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The problem of establishing the correct approach to complexity is a very hot and

crucial issue to which this dissertation gives some contributions. This dissertation

considers two main possibilities, one, advocated by Tsallis and co-workers, setting the

foundation of complexity on a generalized, non extensive, form of thermodynamics,

and another, proposed by the UNT Center for Nonlinear Science, on complexity as

a new condition that, for physical systems, would be equivalent to a state of matter

intermediate between dynamics and thermodynamics.

In the first part of this dissertation, the concept of Kolmogorov-Sinai entropy

is introduced. The Pesin theorem is generalized in the formalism of Tsallis non-

extensive thermodynamics. This generalized form of Pesin theorem is used in the

study of two major classes of problems, whose prototypes are given by the Manneville

and the logistic map respectively. The results of these studies convince us that the

approach to complexity must be made along lines different from those of the non-

extensive thermodynamics. We have been convinced that the Lévy walk can be used

as a prototype model of complexity, as a condition of balance between order and

randomness that yields new phenomena such as aging, and multifractality. We reach

the conclusions that these properties must be studied within a dynamic rather than

thermodynamic perspective.

The second part focuses on the study of the heart beating problem using a dynamic

model, the so-called memory beyond memory, based on the Lévy walker model. It is

proved that the memory beyond memory effect is more obvious in the healthy heart

beating sequence. The concepts of fractal, multifractal, wavelet transformation and

wavelet transform maximum modulus (WTMM) method are introduced. Artificial

time sequences are generated by the memory beyond memory model to mimic the

heart beating sequence. Using WTMM method, the multifratal singular spectrums

of the sequences are calculated. It is clear that the sequence with strong memory

beyond memory effect has broader singular spectrum.
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CHAPTER 1

INTRODUCTION

The problem of establishing the correct approach to complexity is a topic of great in-

terest and crucial issue to which this dissertation makes some contributions. This dis-

sertation considers two main possibilities, one, advocated by Tsallis and co-workers,

setting the foundation of complexity on a generalized, non extensive , form of ther-

modynamics, and another, proposed by the UNT Center for Nonlinear Science, on

complexity as a new condition that, for physical systems, would be equivalent to a

state of matter intermediate between dynamics and thermodynamics.

In the first part of this dissertation, the concept of Kolmogorov-Sinai entropy is

introduced. The Pesin theorem is generalized in the formalism of Tsallis non-extensive

thermodynamics. This generalized form of Pesin theorem is used in the study of

two major classes of problems, whose prototypes are given by the Manneville and

logistic map respectively. The results of these study convince us that the approach

to complexity must be made along lines different from those of the non-extensive

thermodynamics. We think that the Lévy walk can be used as a prototype model of

complexity, as a condition of balance between order and randomness that yields new

phenomena such as aging, and multifractality. We reach the conclusions that these

properties must be studied within a dynamic rather than thermodynamic perspective.

The second part focuses on the study of heart beating problem using a dynamic

model, so called memory beyond memory, based on the Lévy walker model. It is

proved that the memory beyond memory effect is more obvious in the healthy heart

beating sequence. The concepts of fractal, multifractal, wavelet transformation and

wavelet transform maximum modulus (WTMM) method are introduced. Artificial

time sequences are generated by the memory beyond memory model to mimic the

heart beating sequence. Using WTMM method, the multifratal singular spectrums

of the sequences are calculated. It is clear that the sequence with strong memory

beyond memory effect has broader singular spectrum.
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CHAPTER 2

GENERALIZATION OF PESIN THEOREM

2.1 From Kolmogorov complexity to Pesin theorem

2.1.1 Kolmogorov complexity

Kolmogorov complexity [1] is an important concept on information theory to quantify

the amount of information in an individual object. It was independently proposed by

A.N. Kolmogorov, Ray Solomonoff and Gregory Chaitin in the 1960s. It has many

names, such as “K-complexity”, “Kolmogorov-Chaitin randomness”, “algorithm com-

plexity”, etc.

The idea is simple. The amount of information that a finite string contains, is the

binary length (number of bits) of the shortest program which is able to reproduce it.

For example, a string has 10,000 letter “a”.

Sn = aaaa......aa︸ ︷︷ ︸
10,000 times

.

Obviously, this is not a very complicated string. We don’t need 10,000 bytes to store

this string, but just a piece of code like this

for(i = 1; i <= 10000; i + +) count >> ′a′;

In this case, the Kolmogorov complexity is proportional to the logarithm of n, which

is the length of string.

K(Sn) ∼ ln n.

This example is trivial. But if we look at π = 3.1415926......, it seems like a

random digit sequence. Of course, it is not; a short code is enough to reproduce

it. So its Kolmogorov complexity is the binary length of shortest code which can

calculate π.

For a “real” random n-symbol sequence, there is no way to find a code to compress

it. It is “incompressible.” The Kolmogorov complexity is of the same order of n.

K(Sn) ∼ n.
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2.1.2 Kolmogorov-Sinai entropy

One of the important applications of Kolmogorov complexity is so called Kolmogorov-

Sinai entropy, a characteristic property of deterministic dynamical system, which

describes the degree of chaoticity of the system.

For a long symbol sequence, S, defined by

S ≡ (s0s1s2......),

its Kolmogorov-Sinai entropy hKS is given by

hKS = lim
n→∞

1

n
K(Sn), (2.1)

where K(Sn) is the Kolmogorov complexity of the first n-symbols.

For a dynamical system, its Kolmogorov-Sinai entropy is defined as[3]: Consider

a differentiable map f with differentiable inverse f−1. µ is an invariant probability

measure for a dynamical system; let Γ = (Γ1, · · · , ΓN) be a finite partition of the

whole phase space. For Γj we use f−kΓj to denote all the points mapped by fk to

Γj, such that

Γ(n) = Γi1

⋂
f−1Γi2 · · ·

⋂
f−n+1Γin (2.2)

where ij ∈ 1, 2, · · · , N . Now we define

H(Γ(n)) = − ∑

{i1,i2,···,in}
µ(Γi1,i2,···,in) ln µ(Γi1,i2,···,in), (2.3)

where Γi1,i2,···,in is a piece of partition, which all the points in it will go through

partition i1, i2, · · · , in−1, in in sequence in the next n steps; {i1, i2, · · · , in} runs over

all the possible combinations of n partitions in Γ. H(Γ(n)) is the Shannon entropy of

partition Γ(n), or the amount of information. Define

h(µ) = lim
n→∞

1

n
H(Γ(n)). (2.4)

This definition depends on the choice of partition. To make it to be a unique

quantity for each dynamical system, the Kolmogorov-Sinai entropy is defined as the

supremum of h(µ) over all the possible finite partitions of the phase space Γ

hKS = sup
Γi

h(µ). (2.5)

3



To see the connection between H(Γ(n)) and Kolmogorov complexity, we need to

symbolize the trajectory of the dynamical system. We give a unique symbol to each

partition Γj. At each discrete time step, the dynamical system falls in one of these

partitions, the symbol of this partition is used to indicate its location. In this way,

the continuous trajectory is represented by a symbol sequence. Then we pick out all

the n-symbol strings from this sequence, find the probability of each of them, which

corresponds to µ(Γ{i1,i2,···,in}) in equation (2.3). H(Γ(n)) is equivalent to the average

of Kolmogorov complexity of all these n-symbol strings. Zurek gave a short argument

about this interesting connection[2]. Imagine there is a universal computer U, which

can run any self-delimiting program put on it. A self-delimiting program contains the

information that when the universal computer should stop running it. In order to get

an output o, we feed our universal computer U by many “legal” random programs

which are self-delimiting. The probability of generating a random program i is

p(i) = 2−|i|. (2.6)

So the probability to have output o is

p(o) =
∑

{i|U(i)=o}
2−|i|, (2.7)

which is the sum of the probability of all inputs i which generate output o. The

dominant contribution in this sum comes from the shortest program. Hence

K(o) ' − log2 p(o). (2.8)

The foregoing is why we call −∑
µ(Γi1,i2,···,in) ln µ(Γi1,i2,···,in) the average of Kol-

mogorov complexity of all possible n-symbol strings.

Let us look at a simple example to make this important concept clear: Baker’s

map. Its name derives from the fact that this map is like a baker who plays with a

unit square phase space. There are two steps. First, the unit square is contracted in

y-direction and stretched in x-direction by a factor of 2. Now the square becomes an

rectangle. Second, cut the right half of the rectangle and put it on the top of the left

4



half. It can be described by the following expression

(xn+1, yn+1) = B(xn, yn) =





(2x, y/2) if x < 1/2

(2x− 1, (y + 1)/2) if x ≥ 1/2
(2.9)

First we divide the whole phase space into 2 partitions, Γ0 and Γ1. Now look at

the intersections of Γi and its pre-image B−1(Γj)(i, j = 0, 1), Γi
⋂

B−1(Γj):

Γ00 = {x : x ∈ Γ0, B(x) ∈ Γ0},
Γ01 = {x : x ∈ Γ0, B(x) ∈ Γ1},
Γ10 = {x : x ∈ Γ1, B(x) ∈ Γ0},
Γ11 = {x : x ∈ Γ1, B(x) ∈ Γ1}.

All the points in Γij start in Γi and go to Γj in the next step. Keeping doing this, we

can get:

Γ(n) = Γi1

⋂
f−1Γi2 · · ·

⋂
f−n+1Γin .

Each piece of partition in Γ(n) represents an unique n-symbol sequence. Obviously,

H(Γ(1)) = H({Γi}) = −2(1
2
ln 1

2
) = ln 2,

H(Γ(2)) = H({Γi
⋂

B−1(Γj)}) = −4(1
4
ln 1

4
) = ln 4,

...

H(Γ(n)) = H({Γi
⋂

B−1(Γj) · · ·⋂ B−n+1(Γk)}) = −2n( 1
2n ln 1

2n ) = ln 2n.

So under this partition, the Kolmogorov-Sinai entropy of baker’s map is

hKS = lim
n→∞

1

n
H(Γ(n)) = ln 2. (2.10)

Kolmogorov-Sinai entropy gives the average rate of information creation of the

dynamical system in one time step. In equation (2.3), H(Γ(n)) represents the average

information we need to find out which n-symbol sequence {i1, i2, · · · , in} system is at.

So the additional information we need to locate the system is,

4Hn = H(Γ(n+1))−H(Γ(n)). (2.11)

5



So the average of the additional information in each time step is:

4H = lim
m→∞

1

m

m∑

n=1

4Hn

= lim
m→∞

1

m

m∑

n=1

[H(Γ(n+1))−H(Γ(n))] (2.12)

= lim
m→∞

1

m
[H(Γ(m+1))−H(Γ(1))]

= h(µ).

If H(Γ(1)) is finite, we get 4H = h(µ).

Kolmogorov-Sinai entropy is a very useful quantity in nonlinear dynamics. If a

dynamical system’s Kolmogorov-Sinai entropy is larger than 0, it can be defined as

“chaotic”. It also measures the degree of chaoticity of the system in a quantitative

way: the larger the KS entropy, the more chaotic the system.

2.1.3 Lyapunov exponent

Lyapunov exponent is another important quantity in nonlinear dynamics. It describes

how fast two adjacent trajectories leave each other in phase space. Consider a one-

dimensional map f(x) on phase space Γx = [a, b]

xn+1 = f(xn). (2.13)

In one time step, a small interval 40 is transformed into 41

41 = |f ′(x0)|40, (2.14)

where x0 is a point in interval 40. After n time steps, 40 becomes

4n = |f (n)′(x0)|40, (2.15)

where f (n) is n-times iterated map. Lyapunov exponent λ(x0) is defined as

λ(x0) = lim
n→∞ lim

40→0

1

n
ln

∣∣∣∣∣
4n

40

∣∣∣∣∣ = lim
n→∞

1

n
ln |f (n)′(x0)|. (2.16)
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Since

f (n)′ =
n−1∏

i=0

f ′(xi),

equation (2.16) becomes

λ(x0) = lim
n→∞

1

n

n−1∑

i=0

ln |f ′(xi)| . (2.17)

If the map is ergodic, Lyapunov exponent λ will not depend on the initial point x0.

Since for ergodic map, its time average is equivalent to ensemble average, Lyapunov

exponent can also be written as

λ = lim
n→∞

1

n

n−1∑

i=0

ln |f ′(xi)| =
∫

dxρ(x) ln |f ′(x)|. (2.18)

A positive Lyapunov exponent implies a small interval will expand as the system

evolves, negative implies it will shrink. It characterizes the system’s sensitivity to the

change of initial condition.

It is easy to generalize the Lyapunov exponent to d-dimensional map: one must

only change the absolute value f (n)′(x0) into the Jacobi determinant. The Jacobian

matrix Mn(X0) is defined as

[Mn(X0)]ij ≡ [Df (n)(X0)]ij =
∂f

(n)
i (X0)

∂xj

, (2.19)

where i, j = 1, 2, · · · , d. Equation (2.17) becomes

λ(X0) = lim
n→∞

1

n

n−1∑

i=0

ln[detMn(Xi)]. (2.20)

But this quantity is not very useful in some cases, especially when one is dealing

with a Hamiltonian system, whose Jacobi determinant is always 1, which makes λ

vanished, regardless if this system is regular or not.

2.1.4 Pesin Theorem

There is another more interesting approach, which defines Lyapunov exponents in the

tangent space. Let is look at 2 vectors X0 and X′
0 in the phase space. They are very

7



close to each other. After one iteration, they are mapped to X1 and X′
1 respectively.

Now we define two new vectors, Y0 and Y1:

Y0 = X′
0 −X0 (2.21)

Y1 = X′
1 −X1. (2.22)

Y0 and Y1 are vectors in the tangent space. Since X0 and X1 are very close, so Y1

can be written as

Y1 = D f(X0)(X
′
0 −X0) = M1(X0)Y0. (2.23)

After n steps iteration, we have

Yn = D f (n)(X0)(X
′
0 −X0) = Mn(X0)Y0. (2.24)

Let us denote γα(X0) as the eigenvalues of Mn(X0), where α = 1, 2, · · · , d. If Y0 is

chosen in the direction of a eigenvector yα, we have

Yn = γαY0. (2.25)

Now we can define the Lyapunov exponents λαon the directions of eigenvectors yα as

λα(X0) = lim
n→∞

1

n
ln |γα(X0)|. (2.26)

In the language of Lyapunov exponent, a dynamical system is chaotic only if at

least one of λα is positive. A positive Lyapunov exponents means one component of

phase space expands exponentially. Although the total volume of phase space of the

system may still be constant, the positive Lyapunov exponents reveal the complicated

behavior of the system.

There is a well know relation between Kolmogorov-Sinai entropy and Lyapunov

exponent, which is called the Pesin theorem, or Pesin identity[4]

h(µ) =
∑

λα>0

λα. (2.27)

The Kolmogorov-Sinai entropy is equal to the sum of the positive Lyapunov expo-

nents. The Pesin identity holds (not always) for most physical systems.

8



2.2 Generalization of Pesin Theorem in Tsallis Formalism

2.2.1 Tsallis entropy

In addition to the Shannon entropy, there are some other information measures.

Rényi entropy being one of them, is widely used in nonlinear dynamics and statistical

mechanics. The Rényi entropy is defined as

Sβ =
1

1− β
ln

N∑

i=1

(pi)
β, (2.28)

where β is a real parameter. It is easy to see, when β = 1, the Rényi entropy

becomes Sβ→1 = −∑
pi ln pi, which is the Shannon entropy. Thus the Rényi entropy

is a generalization of Shannon entropy. The parameter β is to control the part of the

distribution of interest. When β is small, the states with small probability are more

important ; when β is large, the states with large probability dominate the entropy.

Another property of the Rényi entropy is that it is additive or extensive, which means

that the entropy of whole system is equal to the sum of entropy of its subsystems.

The Tsallis entropy is another well known generalization. It was proposed by C.

Tsallis in 1988 [5], to overcome the difficulties of standard statistical mechanics in so

called non-extensive systems, such as those systems with long-range interactions, or

long-range microscopic memory.

Sq =
1−∑N

i=1 pq
i

q − 1
, (2.29)

where q is a real parameter, and N is the total number of states with nonzero possi-

bility. When q = 1 , Tsallis entropy recovers the standard Boltzmann entropy

Sq→1 = −∑
pi ln pi. (2.30)

So the standard statistical mechanics is a special case of Tsallis’ non-extensive statis-

tics.

One distinctive property of Tsallis entropy is that it is non-extensive, the entropy

of the whole system is not equal to the sum of the entropies of its subsystems. Instead

it fulfills the following relation

Sq(A + B)/k = [Sq(A)/k] + [Sq(B)/k] + (1− q)[Sq(A)/k][Sq(B)/k], (2.31)

9



where A and B are two independent systems, with no correlation.

Here are the generalization of expectation, exponential and logarithm function in

Tsallis formalism.

< A >q≡
N∑

i=1

pq
i Ai, (2.32)

ex
q ≡ [1 + (1− q)x](1/(1−q), (2.33)

lnqx = [xq−1 − 1]/[1− q]. (2.34)

It is easy to see that all these generalizations go back to their normal forms when

q = 1.

In the Tsallis formalism, it is straightforward to generalize Kolmogorov-Sinai en-

tropy to so called Kolmogorov-Sinai-Tsallis entropy

hq(ρ) = lim
n→∞

1

n
Hq(Γ

(n)), (2.35)

where the definition of Hq is just the equation (2.3) replaced by the Tsallis entropy

Hq(Γ
(n)) =

1−∑
{i1,i2,···,in} µq(Γi1,i2,···,in)

q − 1
. (2.36)

The Lyapunov exponent λ can also be generalized to λq. Since the normal Lya-

punov exponent λ can be written in the following way

∆x(t) ∼ ∆x(0)eλt. (2.37)

Applying the generalized exponential function, we can get the generalized Lyapunov

exponent λq as the following

∆x(t) ∼ ∆x(0)[1 + (1− q)λqt]
1/(1−q). (2.38)

Again, λq reverts to the normal Lyapunov exponent λ when q equals 1. According

to Tsallis, the normal Lyapunov exponent λ is not quite effective in weak chaos

systems, where the increase of difference of two close trajectories in a long-time run,

goes slower than exponentially. This gives us a zero Lyapunov exponent, which is

not a good description of these kinds of systems. The idea of generalized Lyapunov
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exponent λq is similar to fractal dimension. There exists a q∗, which makes λq∗ finite.

All the other λq are either 0 or infinite. In the next section, I will provide a possible

generalization of Pesin theorem to connect Kolmogorov-Sinai-Tsallis entropy to λq

together in Tsallis’ formalism. In the following discussion, I only consider about the

one dimensional ergodic map.

2.2.2 Generalization of Pesin theorem

In equation (2.36), the definition of Kolmogorov-Sinai-Tsallis entropy, the most im-

portant and also most difficult part of the calculation, is given by this summation

Z(q, n) =
∑

{i1,i2,···,in}
µq(Γi1,i2,···,in). (2.39)

The whole phase space Γ is divided into N partitions. Each partition is labelled by

i; i = 1, 2, · · · , N . Γi1,i2,···,in is a piece of the partition, where all points in it will go

through partition i1, i2, · · · , in−1, in in sequence in n steps. {i1i2, · · · , in} runs over all

the possible combinations of n partitions in Γ.

Since µ is an ergodic probability measurement of a dynamical system, it is possible

to calculate Z(q, n) along a single trajectory. To do this, let us start from the simplest

case n = 1, where Z(q, n) becomes

z(q, 1) =
∑

i

µq(Γi), (2.40)

with µ(Γi) being the probability to find a point in partition i. By using the property

of ergodicity

Z(q, 1) =
∑

i

µq(Γi) =
∑

i

µ(Γi) · µq−1(Γi) =< µq−1 >= lim
l→0

1

M

M∑

j=1

µ̃q−1
j (l), (2.41)

where µ̃j(l) is the probability to find a point of the trajectory in a box of size l with

xj as the center, and M is total number of points on the trajectory. In the last step,

I used a property of ergodicity, the ensemble average is equal to the time average.

To extend this result to the cases n > 1, one must construct a n-dimensional phase

space Y (n) first. The coordinate of a point yj in space Y is (xj, xj+1, · · · , xj+n−1),
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which are the coordinates of n successive points starting from xj on the trajectory.

The distance between two points yj and yk is defined as

|yj − yk| = max{|xj − xk|, |xj+1 − xk+1|, · · · , |xj+n−1 − xk+n−1|}. (2.42)

Now µ(Γi1,i2,···,in) becomes µ(Y (n)
α ), where Y (n)

α is such a partition in Y space that any

point y(y1, y2, · · · , yn) in it, its first coordinate component y1 is in partition Γi1 of the

original Γ space, y2 is in Γi2 , and so on. Applying the ergodicity property again, I

can get

Z(q, n) =
∑

i

µq(Y
(n)
i ) = lim

l→0

1

M

M∑

j=1

µ̃q−1(yj; l), (2.43)

where yj is a point in phase space Y (n), with coordinate (xj, xj+1, · · · , xj+n−1). µ̃(yj; l)

is the probability to find a point in a box of size l with yj as its center.

Now let us have a close look at µ̃(yj; l). It can also be written in the following

form, µ̃(xj, xj+1, · · · , xj+n−1; l). Here I need to use Frobenius-Peron equation

ρ(xn) =
∫

ρ(y)δ[xn −M (n)(y)]dy. (2.44)

The meaning of this equation is as the following, the probability density of xn is

equal to the sum of all the probability density of yi, which are mapped to xn after n

iterations. By using the property of δ function

δ(xn −M (n)(y)) =
∑

i

δ(y − yi)

|M (n)′(yi)| , (2.45)

where yi is a point satisfies xn = M (n)(yi). Since

|M (n)′(yi)| = |∆xn

∆x0

|x0=yi
≡ ξ(yi, n), (2.46)

where ξ(yi, n) is a denotation of the ratio of separation at point yi after n iterations.

It is directly related to Lyapunov exponent, equation (2.45) becomes

δ(xn −M (n)(y)) =
∑

i

δ(y − yi)

ξ(yi, n)
. (2.47)

Put this equation back into equation (2.44), I have

ρ(xn) =
∑

i

ρ(yi)/ξ(yi, n). (2.48)
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Since I am studying a single trajectory

ρ(xj+k) = ρ(xj)/ξ(xj, k), k = 1, · · · , n− 1. (2.49)

If multiply both sides of equation (2.49) by the size of cell l, it becomes

ρ(xj+k) · l = ρ(xj) · (l/ξ(xj, k)). (2.50)

The meaning of this equation is clear: only those points in the cell of size l/ξ(xj, k)

of xj, will be found in the cell of size l of xj+k, where xj+k = M (k)(xj). Now it is time

to go back to equation (2.43). µ̃(yj; l) is the probability to find a point in a box of

size l with yj, (xj, xj+1, · · · , xj+n−1), as its center. The meaning of this is as follows:

we start from a cell containing xj, the size of this cell has to be small enough to make

sure after k steps of iteration ((k = 1, · · · , n − 1)), all the points in this cell will fall

into cells of size l with xj+k as their centers. Obviously, the only way to guarantee

this, is to make the size of cell of xj to be

l/ξ̄(xj, n− 1), (2.51)

where ξ̄(xj, n− 1) ≡ max{ξ(xj, k)}, k = 1, 2, · · · , n− 1. So at last, I get

µ̃(xj, xj+1, · · · , xj+n−1; l) = µ̃(xj; l)/ξ̄(xj, n− 1). (2.52)

Put this into equation (2.43)

Z(q, n) = lim
l→0

1

M

M∑

j=1

µ̃q−1(xj; l) · ξ̄1−q(xj, n− 1) =
1

M

M∑

j=1

µ̃q−1
j · ξ̄1−q(xj, n− 1) (2.53)

The Kolmogorov-Sinai-Tsallis entropy becomes

hKST (q) = lim
n→∞

1

n
· 1− 1

M

∑M
j=1 µ̃q−1

j ξ̄1−q(xj, n− 1)

q − 1
. (2.54)

Again, using the property of ergodicity, this equation can also be written as,

hKST (q) = lim
n→∞

1

n
· 1−∑

i µ
q
i ξ̄i

1−q
(n− 1)

q − 1
. (2.55)
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When the size of partition Γi is small enough, the discrete summation in equation

(2.55) can be replaced by a continuous integral, which is the main result in our paper

[6]

hKST (q) = lim
t→∞

1

t
· 1− k(q) · ∫ dxρ(x)q ξ̄1−q(x, t)

q − 1
, (2.56)

where ρ(x) is the probability density at position x, and k(q) ≡ sq−1.

Equation (2.54) can be used to see the possible way to generalize the Pesin theorem

in Tsallis formalism. Since ξ(t) ≡ ∆x(t)/∆x(0), from equation (2.38)

ξ(t) ∼ [1 + (1− q)λqt]
1/(1−q). (2.57)

Put it into equation (2.56), I get

hKST (q) =
1

M

M∑

j=1

µ̃q−1
j · λq(xj) =

N∑

i=1

µq
i · λ(i)

q =< λq >q, (2.58)

which says that the Kolmogorov-Sinai-Tsallis entropy is equal to the q-average of

generalized Lyapunov exponent λq. It is easy to verify that, when q = 1, the normal

Pesin theorem is recovered

hKS =
N∑

i=1

µi · λi = λ. (2.59)

Tsallis, Plastino and Zheng [7] discussed the logistic map at its threshold to chaos,

and found q ≈ 0.2445 to make the Kolmogorov-Sinai-Tsallis entropy finite. It is

convenient to verify their result on the base of our result equation (2.56). First let

us have a look at ξ̄(x, t), since logistic map at the chaotic threshold is ergodic, at the

limit t → ∞, ξ̄(x, t) is independent of initial position x. So I can simply write it as

x̄ξ(t). In Tsallis’ paper [7], they declared that the upper edge of ln(∆x(t)/∆x(0)) vs.

ln t can be fitted by a straight line very well. The slope of this straight line is 1.3236.

This upper edge is exactly the meaning of ξ̄(t), so in this case, I get

ξ̄(n) ∼ t1.3236. (2.60)

Put it back into equation (2.56), it becomes

hKST (q) ∼ lim
t→∞

t1.3236(1−q)−1

q − 1
. (2.61)
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At the limit of t going to ∞, only when the whole exponent of t is equal to zero,

hKTS(q∗) can stay finite, which means

1.3236 · (1− q∗)− 1 = 0. (2.62)

So q∗ = 0.2445, which exactly what Tsallis got in his paper [7].

In ref.[8], S. Montangero et al. use equation (2.56), numerically calculate the

Kolmogorov-Sinai-Tsallis entropy of logistic map at the chaotic threshold. They find,

when q = 0.25, Kolmogorov-Sinai-Tsallis entropy is finite. When q > 0.25, it goes to

0, when q < 0.25, it goes to ∞. Using the result of this dissertation , these authors

can also evaluate the value of this generalized Kolmogorov-Sinai-Tsallis entropy.

2.3 Discussion

As we can see, in the case of logistic map at its chaotic threshold, equation (2.56) yields

a finite value of the Kolmogorov-Sinai-Tsallis entropy, as expected by the advocates of

non-extensive thermodynamics. However, this work also proves that the adoption of

the conventional Shannon indicator makes the Kolmogorov complexity increase as a

logarithmic function of time. This is in line with the expectations of mathematicians

(see refs. [20-21] of ref. [8]). It is easy to prove that a periodic process yields the

same kind of entropy increase. The logistic map at the chaotic threshold is quasi-

periodic, rather than periodic. However, the Kolmogorov complexity increases in the

same way in both cases, signaling that we are in the presence of dynamics rather

than thermodynamics. In conclusion, this result, resting on the first result of this

dissertation, makes us conclude that the logistic map at the chaotic threshold shares

the same complexity as that of deterministic processes.

The approach to complexity based on the generalized thermodynamics has been

pursued in ref. [9]. This paper adopted equation (2.56) to prove that the adoption

of a non-extensive approach does not serve any predictive purpose: It does not even

signal a transition from a stationary to a non-stationary regime. This paper proves

also that Lévy statistics, which is claimed to find in the non-extensive thermodynam-

ics its thermodynamic foundation, actually do not imply any need to depart from the
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adoption of traditional complexity measure. In other words, when dynamical prop-

erties are compatible with the birth of Levy statistics, the Kolmogorov-Sinai entropy

is finite.
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CHAPTER 3

MULTIFRACTALITY AND MEMORY BEYOND MEMORY

3.1 Introduction

In recent years, the analysis of heartbeat sequences has attracted a lot of attentions of

researchers from different areas[20, 21, 22, 23, 24]. In [23], Stanley’s group in Boston,

investigates the heartbeat sequences of a group of people, using Wavelet Transform

Maximum Modulus method. They found multifractality in healthy heartbeat, and a

loss of multifractality for a life-threatening condition: congestive heart failure. In our

research work on this topic[24], our group proposes a model of heart beating, called

memory beyond memory. Two types of memory are distinguished in a time series.

The first type of memory, yielding anomalous diffusion, implies the inverse power-law

nature of the waiting time distribution and the second implies the correlation among

distinct times and the occurrence of many pseudoevents (not real random events).

Using diffusion entropy analysis, we are able to find the scaling of real events alone. I

prove that the effect of memory beyond memory for heart beating of healthy people

is much more obvious than those people with heart problems. Based on this model,

I generate artificial sequences to mimic the heartbeat in different conditions. The

multifractal singular spectrums are calculated using WTMM. I find broader spectrum

for the sequences with strong memory beyond memory effect, which can be considered

as a connection to Stanley’s work.

3.2 Fractal

Fractal is a concept introduced by Benoit B. Mandelbrot in 1977 [10]. The objects

of fractal geometry are not Euclidean lines, circles and spheres, but something more

“natural” or “irregular”, like seashores, clouds, rocks and mountains etc.. The com-

mon characteristics of these objects are self-similarity and scaling. Self-similarity
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means the part of object resembles the whole in some way. Scaling means the mea-

surement of some properties depends on the scale. It is not a good question to ask

the length of a seashore, since it depends on the scale you choose in the measurement.

3.2.1 Fractal dimension

Fractal dimension is one of the properties that distinguishes fractal from “regular”

objects. In Mandelbrot’s famous book, “The fractal geometry of nature”, he defined

fractal as, “... a set for which the Hausdoff-Besicovitch dimension strictly exceeds

the topological dimension”. There are several ways to generalize the definition of

dimension. Before doing that, let us see how is “regular” dimension is defined. For

example if we want to measure the area of a surface, we use small squares of size δ

to cover it, count the number of squares N(δ), where N(δ) = A/δ2. So the measure

of the surface is the following

M2(δ) = N(δ) · δ2 δ→0−→ A · δ0. (3.1)

M2(δ) is finite at the limit δ goes to zero, the index 2 indicates the dimension of the

square. If we try to cover the same surface with small boxes, the number of boxes

will be the same as the number of squares, the corresponding measure M3(δ) is as

the following

M3(δ) = N(δ) · δ3 δ→0−→ A · δ1. (3.2)

Obviously, M3(δ) will be zero at the limit δ goes to zero, which means that box is

not a good choice to measure surface. Using the same discussion, we can see that

the measure M1(δ) will become infinite when we use line to cover the surface. This

example illustrates a way to define dimension. To measure a given set, we cover it by

lines, squares or disks, boxes and balls with size of δ, which depends on the support

of the set. The measure Md of the set is defined as

Md(δ) ∝
∑

δd = N(δ) · δd δ→0−→




0, d > Dh

∞, d < Dh

(3.3)

Dh is called Hausdorff-Besicovitch dimension, which is the d makes measure Md(δ)

finite at the limit δ goes to zero. Sometimes Md can also be infinite, then Dh is where
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Md jumps from zero to infinite.

Hausdorff-Besicovitch dimension Dh is a generalization of the topological dimen-

sion. For some “strange” objects, Dh can be a non-integer. let us look at a simple

example, Cantor set. First we have a line with unit length, then we take a segment

of length 1/3 in the middle. Now we have 2 segments with length 1/3 and a gap

in the middle. We repeat the same operation to the 2 remained segments, take off

a segment of length 1/9 in the middle ...... Keep doing this, when the number of

operations goes to infinite, we get Cantor set fig. (3.1).

Figure 3.1: This figure shows the first 5 operations of the construction of Cantor set.
Its Hausdorff-Besicovitch dimension Dh = ln 2/ ln 3.

To calculate the Hausdorff-Besicovitch dimension Dh, we need to use small line

segments to cover the whole set. Obviously, for the nth generation (let us say the

original segment with unit length is the 0th generation), we need 2n segments each

of length 3−n. So the measure is given by

Md(δ) =
∑

δd = 2n · (3−n)d = (3−n)d−ln 2/ ln 3 (3.4)
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where δ = 3−n. At the limit of n goes to infinite, Md is finite only when d =

ln 2/ ln 3 = 0.6309, which is the Hausdorff-Besicovitch dimension of Cantor set. It is

a non-integer between 0 and 1.

Dh is also called box counting dimension. We cover the set with boxes of size δ,

and count the number of unemptied boxes N(δ). According to Equation (3.3), we

have the following relation

N(δ) ∼ 1

δD
, (3.5)

where D is the box counting dimension of the set.

Box counting dimension is a simple and practical definition, but also has its draw-

back. In the counting, the importance of every box is the same, no matter how many

points are in it. To improve this, this definition can be modified by introducing weight

µ and index q.

Md(q, δ) =
N∑

i=1

µq
i δ

d = N(q, δ)δd δ→0−→




0, d > τ(q)

∞, d < τ(q)
(3.6)

µi is the weight of cell i, or the probability to find a point in it. q is arbitrary real

number. τ(q) is defined as
∑

µq
i ∼ δ−τ(q). (3.7)

The spectrum of fractal dimension with respect to q is given by

Dq = lim
δ→0

1

q − 1

ln
∑

µq
i

ln δ
=

τ(q)

1− q
. (3.8)

It is easy to see that when q = 0, D0 goes back to box counting dimension. If q = 1,

equation (3.8) becomes

D1 = lim
δ→0

∑
µi ln µi

ln δ
. (3.9)

D1 is called information dimension, since it reflects the scaling of the entropy of the

measure on the set.

We can consider Dq as a general form of fractal dimension. When q changes, the

importance of the weight of each box changes. If we are measuring a “normal’ object,

Dq is equal to the topological dimension at any q.
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3.2.2 Multifractal

Before we introduce the concept of multifractal, let us look at the Cantor set from

another point of view in the light of equation (3.6). This time we consider the unit

segment as a bar with unit density, ρ0 = 1. So the mass of this unit bar µ0 = 1. The

operation now is to cut the bar into 2 pieces with the same mass µ0 = µ1 = 1/2, then

squeeze them to make their length become δ0 = δ1 = 1/3. Now the density of each

bar is ρ1 = 3/2. Repeat this operation n times, we will get 2n small segments each

with a mass µi = 2−n and a length δn = 3−n. Put these into equation (3.8)

Dq =
1

q − 1
lim
δ→0

ln
∑

µq
i

ln δ
=

1

q − 1
lim

n→∞
ln(2n · 2−nq)

ln 3−n
=

ln2

ln3
, (3.10)

where Dq is independent of index q.

In this simple example, we can introduce another exponent αi to look at fractal

in a different way. αi is defined as

µi = δα
i (3.11)

This exponent α is called the Lipschitz-Hölder exponent in mathematics. Since the

density of bar ρ = lα−1, it is easy to see that α describes the singularity of the density.

If α < 1, when δ goes to zero, the density becomes infinite. So we can define fractal

as a set which has some self-similar properties in the sense that its singular structure

is the same at any scale. In the case of Cantor set, there is only one Lipschitz-Hölder

exponent α, and it is the same everywhere. But this is not always true, in fact

there is no such perfect fractal in nature. Usually we see a fractal has a spectrum of

singularity and it is a function of position. We call this kind of fractal as multifractal,

which reflects the fact that it does not just have a single Lipschitz-Hölder exponent

α everywhere. On the contrary, a fractal like Cantor set with a single α everywhere

is called monofractal.

The idea of the multifractal was originally introduced by Mandelbrot[11]. It was

developed in the work by Grassberger[12], Hentschel and Procaccia[13] and Grass-

berger and Procaccia[14]. Halsey et al. [15] proposed a formalism to characterize the

measure on multifractal sets by introducing a smooth function f(α), which is usually
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called singularity spectrum. let us have a look at their formalism in the following

part.

In equation (3.8), the most important part is the calculation of
∑

µq
i . This is

like the partition function in statistical mechanics. The whole multifratal set S is

divided into a lot of subsets, S = {si}, with size of l. The measure of subset si is µi.

Lipschitz-Hölder exponent αi is given on subset si by µi ∼ δαi . Now we can calculate
∑

µq
i in α space. The whole multifractal set is divided into subsets {s′(αj)}. Each

subset s′(αj) is a monofractal with a single Lipschitz-Hölder exponent αi. Let f(αi)

be the Hausdorff dimension of subset s′(αj), according to equation (3.5), the number

of unemptied “box” with size of δ is δ−f(αi). So between α′ and α′+ dα′, this number

becomes

δ−f(α′)ρ(α′)dα′. (3.12)

Now the calculation of
∑

µq
i becomes

∑
µq

i =
∑

δαiq ·N(αi) =
∫

δα′qδ−f(α′)ρ(α′)dα′ =
∫

δα′q−f(α′)ρ(α′)dα′. (3.13)

When δ goes to zero, the integral is dominated by the α(q) which makes the value of

α′q − f(α′) minimum, so α(q) is given by,

d[α′q − f(α′)]
dα′

| α′=α(q) = 0,

d2[α′q − f(α′)]
d2α′

| α′=α(q) > 0.

It is straight forward to see that

f ′(α(q)) = q. (3.14)

So equation (3.13) becomes

∑
µi

q ∼ δα(q)q−f(α(q)) = δ−τ(q), (3.15)

where τ(q) is given by

τ(q) = f(α(q))− α(q)q. (3.16)
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Put this back into equation (3.8), Dq can be written as

Dq =
f(α(q))− α(q)q

1− q
. (3.17)

It is trivial to use this formalism to deal with monofractal like Cantor set. For a

monofractal set
∑

µi = 1, (3.18)

where µi = δα0 , so that

1 = N · δα0 . (3.19)

This gives us N = δ−α0 , where N is the number of “boxes” with size of δ0. Lipschitz-

Hölder exponent of each “box” is α0. To find out f(α), we need to use box counting

method. From equation (3.5)

f(α) = Dh = − ln N

ln δ
= α0 (3.20)

Since f(α) is constant, so α(q) = α0, and f(α(q)) = α0. Put this into equation (3.17)

Dq =
f(α(q))− α(q)q

1− q
= α0. (3.21)

We can see that Dq is independent of q and goes back to Hausdorff dimension.

In equation (3.6), the size of each“box” δ is assumed to be the same. In the work

of Halsey etc., this is extended to partition of a set with “boxes” of different sizes.

Now the measure becomes

Md(q, δ) =
N∑

i=1

µq
i δi

d δ→0−→




0, d > τ(q)

∞, d < τ(q)
(3.22)

where δi < δ. It can be proved, for large N , Md(q) is of the order of unit only if

d = τ(q) = (q − 1)Dq.

let us use this formalism to look at a serious multifractal, Feigenbaum attractor,

the orbit of logistic map f(x) = 1 − µx2 when the control parameter µ reaches its

critical value µ∞ = 1.401155189..., which is called the accumulation point of period-

doubling cascade. The most natural partition of this set is shown in figure (3.2).
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Figure 3.2: The construction of Feigenbaum attractor

For example, in the first generation, the segment s1,1 is constructed by f 1(0) and

its nearest neighbor in this generation, f 3(0). In the nth generation, the segment

si,n is constructed by f i(0) and its nearest neighbor f i+2n
(0). The measure of si,n is

2−n. li,n, the length of segment si,n, is the distance between point f i(0) and f i+2n
.

Approximately Feigenbaum attractor can be regarded as a two-scale Cantor set, with

contraction rates a1 = 1/2.502 and a2 = 1/6.264 ∼ a1
2. So the length of segment si,n

can be written as

li,n = a1
ma2

n−m, (3.23)

where m is an integer between 0 and n, 0 ≤ m ≤ n. Its value depends on i. At nth

generation, the number of segments with length of a1
ma2

n−m is given by

Nn(m) =


 n

m


 =

n!

m!(n−m)!
. (3.24)

From equation (3.11), we can get the Lipschitz-Hölder exponent for each segment si,n

α(m,n) =
ln 2−n

lna1
ma2

n−m
=

n

m− 2n

ln 2

ln a1

(3.25)
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At the nth generation, the α of each segment is determined by m only, since the mea-

sure of each segment is the same. We already know Nn(m), the number of segments

of length a1
ma2

n−m as a function of m, it is easy to find the singular spectrum f(m),

which is the Hausdorff dimension of sets of segments with the same length a1
ma2

n−m.

Nn(m) ∼ (a1
ma2

n−m)−f(m) (3.26)

When n →∞, we can use Stirling’s formula for n!

n! =
√

2πnn+ 1
2 e−n. (3.27)

Now equation (3.24) becomes

Nn(m) ∼
√

2πnn+ 1
2 e−n

2πnm+ 1
2 e−m · (n−m)n−m+ 1

2 em−n
=

√
n

2πm(n−m)
· nn

mm · (n−m)n−m

(3.28)

To make the calculation easier, we introduce another variable ξ to replace m, where

ξ = m/n, which is a number between 0 and 1. Now correspondingly, equation (3.25),

(3.26) and (3.28) become

α(ξ) =
1

ξ − 2
· ln 2

ln a1

, (3.29)

Nn(ξ) ∼ (a1
nξa2

n(1−ξ))−f(ξ). (3.30)

Nn(ξ) ∼
√

1

2πnξ(1− ξ)
· 1

ξnξ · (1− ξ)n(1−ξ)
, (3.31)

So we can get f(ξ) directly from equation (3.30) and (3.31)

f(ξ) = − ln Nn(ξ)

ln (a1
nξa2

n(1−ξ))
(3.32)

Since a2 ∼ a1
2, a1

nξa2
n(1−ξ) = a1

n(2−ξ). When n is large

f(ξ) ∼ ξ ln ξ + (1− ξ) ln(1− ξ)

(2− ξ) ln a1

(3.33)

To get f(α), we just need to replace ξ by α. This can be easily done by rewriting

equation (3.29) to get ξ(α).

ξ(α) = 2 +
ln 2

ln a1

· 1

α
(3.34)
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Finally the singular spectrum of Feigenbaum attractor is

f(α) = −1.44
[
(−0.756 + 2α) ln

(
2− 0.756

α

)
+ (0.756− α) ln

(
0.756

α
− 1

)]
, (3.35)

which is shown in Figure (3.3). Obviously α is confined in an interval [0.378, 0.756].

According to equation (3.14), αmin = 0.378 corresponds to q = +∞, and αmax = 0.756

corresponds to q = −∞.
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Figure 3.3: Multifractal singular spectrum f(α) of Feigenbaum attractor

Using the same discussion, we can also calculate another important property Dq

of Feigenbaum attractor. From equation (3.22), we need to find τ(q) first.

Md(q, δ) =
N∑

i=1

µi
qδi

d =
n∑

m=0


 n

m


 (p0

qa1
d)m(p0

qa2
d)(n−m) = p0

qn(a1
d + a2

d)n,

(3.36)

where p0 = 1/2. To make this measurement finite, p0
q(a1

d + a2
d) has to be 1. For

arbitrary q, the index d satisfies this condition gives us τ(q).

a1
τ(q) =

−1 +
√

1 + 22+q

2
. (3.37)
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Given a1 = 1/2.502, τ(q) can be written as

τ(q) = −1.090 · ln
[−1 +

√
1 + 22+q

2

]
(3.38)

From equation (3.8), we can get Dq. It is shown in figure (3.4).

Dq =
1.090

q − 1
ln

[−1 +
√

1 + 22+q

2

]
(3.39)
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Figure 3.4: Dq of Feigenbaum attractor

3.3 Multifractality revisited by wavelet

In the last section, when we introduced the concept of multifractal, we studied the

singularity of the measure of a fractal set. This formalism can be generalized to a

fractal function with a slightly changed definition of Hölder exponent

|g(x + δ)− g(x)| ∼ δh(x) (3.40)
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h(x) characterizes the local singularity of function g(x), the closer to zero, the more

singular of the g(x) at x. If n < h(x) < n + 1, where n is an integer, then g(x) is n

times differentiable but not n + 1 times differentiable at x.

It is easy to see the connection between h(x) and α(x) in last section. If function

g(x) is the distribution function of the measure, g(x) =
∫ x
−∞ dµ, and h(x) is the Hölder

exponent of g(x), and α(x) is the Hölder exponent of µ(x), then h(x) = α(x) + 1. So

the new definition is more general.

Now we can use the same formalism to deal with this function g(x) and get

its singularity spectrum f(h). Instead of calculating
∑

µi
q, Frisch and Parisi[16]

suggested structure function Sp(l)

Sp(l) =
∫
|g(x + l)− g(x)|pdx ∼ lζp , (3.41)

where p is a parameter like q. Using the same discussion, we can get an equation

similar to equation (3.16)

ζp = 1 + (ph(p)− f(h(p))). (3.42)

h(p) is the parameter which makes ph− f(h) minimum with a given p.

But structure function method has some drawbacks, like Sp(l) diverges when p <

0, and it is not stable when the signal has strong singular behavior. To solve these

problems, we need to introduce a method called Wavelet Transform Modulus Maxima

Method, which is based on the recently developed powerful tool, wavelet transform.

Before we see how to use wavelet transform to detect the singularity of the signal, let

us have a brief look at wavelet transform method itself. Since we are only interested

in WTMM method here, only continuous wavelet transform is investigated.

3.3.1 Wavelet transform

Wavelet transform is introduced by Grossman and Morlet [17] in 1984. They found

it was more natural to model some seismic signals by combining translation and

dilation of wavelet, a function with some oscillations in finite duration. With the

contributions of people from different areas, wavelet transform has been developed
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into a powerful tool for numerical calculation. It has extended applications in various

domains like fractal theory, theoretical physics, signal processing, image compressing

and functional analysis.

The definition of the continuous wavelet transform of a square integrable function

f(t) is

Wf(u, s) =
∫ ∞

−∞
f(t)

1√
s
Ψ∗(

t− u

s
)dt. (3.43)

Wavelet Ψ(t) is a function with zero average

∫ ∞

−∞
Ψ(t)dt = 0, (3.44)

and also square integrable ∫ ∞

−∞
|Ψ(t)|2dt < ∞ (3.45)

Mexican hat wavelet is a famous wavelet, also very useful in our following discus-

sion.

Ψ(t) =
1√
2π

(t2 − 1) exp (−t2

2
). (3.46)

It is the second derivative of Gaussian function (1/
√

2π)e−t2/2.

To understand wavelet transform, we need to look at it in Fourier space. It is easy

to see that wavelet transform can be rewritten as a convolution product

Wf(u, s) =
∫ ∞

−∞
f(t)

1√
s
Ψ∗(

t− u

s
)dt = f ? Ψ̃s(u), (3.47)

where

Ψ̃s(t) =
1√
s
Ψ∗(

−t

s
). (3.48)

The symbol ? represents convolution product

g(u) = h ? f(u) =
∫ ∞

−∞
h(t)f(u− t)dt. (3.49)

It has a useful property, the Fourier transform of the convolution product of two

function, is the product of the Fourier transform of each function

ĝ(ω) = ĥ(ω) · f̂(ω). (3.50)
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Figure 3.5: Mexican hat wavelet

So the Fourier transform of wavelet transform of f(x) is,

Ŵf(ω, s) = f̂(ω) · ˆ̃Ψs(ω) =
√

s · f̂(ω) · Ψ̂∗(sω). (3.51)

In the last step, we use the scaling property of Fourier transform, the Fourier trans-

form of function f(t/s) is |s| · f̂(sω)

From equation (3.51) and figure (3.5), we can see that wavelet transform works

like a frequency filter. After the wavelet transform, only the information of the

frequency near the center frequency, where the Fourier transform magnitude has

a peak, is captured. As figure (3.6) shows, when s increases, the peak shifts to

the lower frequency end, so the information of lower frequency is captured; when s

decreases, the peak shifts to the higher frequency end, and the information of higher

frequency is captured. In all the discussions till now, we assume that the parameter

u is fixed. Since the oscillation of the wavelet function is confined to a finite area,

only information of f(x) near this area is captured in Wf(u, s). We can change u to

investigate different part of f(x).
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Thus wavelet transform offers time and frequency selection. It is able to localize

the information of the signal both in time and frequency. These properties make the

wavelet transform to be a powerful tool distinct from Fourier transform.
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Figure 3.6: Squared magnitude of the Fourier transform of Mexican hat wavelet with
different scale s

3.3.2 Wavelet Transform Maximum Modulus (WTMM) method

The property of wavelet transform makes it very useful in the study of fractal. In

this section, we will see how to use wavelet transform to do the analysis of local

singularity of function, wavelet transform maximum modulus (WTMM) method and

its application in the study of multifractal.

First let us give a rigorous definition of the Hölder exponent. The Hölder exponent

h(x0) of a function f at the point x0 is the greatest h so that f is Lipschitz h at x0,

which means there exists a constant C and polynomial Pn(x) of order n so that for
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all x in a neighborhood of x0 we have

|f(x)− Pn(x− x0)| ≤ C|x− x0|h. (3.52)

If n < h(x0) < n + 1, then f(x) is n times differentiable but not n + 1 times.

Then let us look at a special class of wavelet, nth-derivative of Gauss function,

and an important property of it. Wavelet ψ(n)(x) is defined as

ψ(n)(x) =
dn

dxn

1√
2π

e−
x2

2 . (3.53)

As we already know, the Mexican hat wavelet belongs to this class. It is the second

derivative of Gauss function, ψ(2)(x). An interesting property of this class of wavelet

is ∫ ∞

−∞
ψ(n)(x)xqdx = 0, 0 ≤ q < n. (3.54)

This property is very useful in the analysis of singularity.

There is a theorem of the wavelet transform of a function around a point x0 with

Hölder exponent h(x0), which was proven by Jaffard in 1989.

Theorem 1: If f ∈ L2(<) is Lipschitz h(x0) ≤ n at x0, then there exists A such

that

∀(u, s) ∈ < × <+, |Wf(u, s)| ≤ Ash(x0)+1/2(1 + |u− x0

s
|h(x0)), (3.55)

where the wavelet has n vanishing moments.

Here is a brief proof of this theorem. Around x0, f(x) can be written as

f(x) = c0 + c1(x− x0) + c2(x− x0)
2 + · · ·+ cn(x− x0)

n−1 + ch(x− x0)
h(x0). (3.56)

The wavelet transformation of f(x) around x0, with ψ(m)(x) as the wavelet Ψ(x),

where n ≤ m, is as the following,

Wf(u, s) =
∫ ∞

−∞
f(x)

1√
s
Ψ∗(

x− u

s
)dx

=
∫ ∞

−∞
(
n−1∑

i=0

ci(x− x0)
i + C|x− x0|h(x0))

1√
s
Ψ∗(

x− u

s
)dx. (3.57)
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Replace (x− u)/s by x′ in the integral,

Wf(u, s) =
√

s
∫ ∞

−∞
(
n−1∑

i=0

ci(sx
′ + u− x0)

i + C|sx′ + u− x0|h(x0))ψ(m)(x′)dx′.

= sh(x0)+1/2C
∫ ∞

−∞
|x′ + u− x0

s
|h(x0)ψ(m)(x′)dx′.

In the last step, we take the advantage of the n vanishing moments property of wavelet

ψ(m)(x). So the absolute value of Wf(u, s) becomes,

|Wf(u, s)| = |Csh(x0)+1/2| · |
∫ ∞

−∞
|x′ + u− x0

s
|h(x0)ψ(m)(x′)dx′|

≤ |Csh(x0)+1/2| ·
∫ ∞

−∞
|x′ + u− x0

s
|h(x0)|ψ(m)(x′)|dx′. (3.58)

Since |a + b|α ≤ 2α(|a|α + |b|α),

|Wf(u, s)| ≤ A|sh(x0)+1/2| · (
∫ ∞

−∞
|x′|h(x0)|ψ(m)(x′)|dx′ +

∫ ∞

−∞
|u− x0

s
|h(x0)|ψ(m)(x′)|dx′)

≤ Ash(x0)+1/2 · (1 + |u− x0

s
|h(x0)), (3.59)

where A = |2h(x0)C|.
It is safe to suppose that wavelet ψ(m)(x) has a compact support, [−D, D]. In the

(u, s) space, this implies an area called cone of influence. Only the set of points in

this area affects the calculation of wavelet transform. It is easy to see that all the

points in the cone of influence of x0 must satisfy the following condition

|u− x0| ≤ Ds. (3.60)

Put this back into equation (3.55)

|Wf(u, s)| ≤ A′sh(x0)+1/2. (3.61)

Equation (3.55) provides a way to calculate the Hölder exponent at x0, h(x0). In the

cone of influence, |x − x0| ≤ Ds, h(x0) is the exponent which makes the magnitude

of Wf(x, s) to be the maximum. This is called the modulus maxima, a notation

introduced by Mallat and Zhong [18] in 1992. Then we follow the change of these

maximum values as the scale s goes to 0, and get a so called maxima line, a curve

connecting modulus maxima.
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Figure (3.7) shows an example of the application of wavelet transform modulus

maximum method to a function

f(x) =





1−
√
|x|+ (|x| − 1)/2, if − 1 ≤ x ≤ 1

0, if |x| > 1
(3.62)

In figure (3.7), all the 3 modulus maxima lines go to the singular point of the function,

when s goes to 0. Along the modulus maxima line, log2|Wf(u, s)| vs log2s is a straight

line. According to equation (3.55), the slope is equal to h(x0) + 1/2. So the Hölder

exponent we obtain is 0.488, which is near 0.5.

Compare equation (3.11) and (3.55), it is easy to see that we can apply the whole

multifractal formalism to the wavelet transform of fractal function along the modulus

maxima lines, which is called the wavelet transform modulus maxima method. If

Nh(s) is the number of modulus maxima lines at scale s, with the same h, it can be

proved [19] that Nh(s) satisfies the following equation

Nh(s) ∼ s−f(h), (3.63)

where f(h) is the singularity spectrum. Similar to equation (3.13), we need to calcu-

late a partition function Z(q, s)

Z(q, s) =
∑

i

|Wf(ui, s)|q ∼ s−τ(q), (3.64)

where ui is the location of the points on all the modulus maxima lines. Using equation

(3.63), it is easy to prove the following theorem.

Theorem 2: Let Λ=[hmin, hmax] be the support of f(h). Let ψ be a wavelet with

n > hmax vanishing moments. If it is a self-similar signal then

τ(q) = max
h∈Λ

(f(h)− q(h + 1/2)) (3.65)

where the wavelet has n vanishing moments.

The following theorem is going to be useful in the calculation of singularity spec-

trum f(h).

Theorem 3: If and only if f(h) is convex

f(h) = min
q∈<

(q(h + 1/2) + τ(q)). (3.66)
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Figure 3.7: (a): Wavelet transform of f(x), the darker color represents larger mag-
nitude of Wf(u, s). The wavelet used is Mexican hat. (b): Modulus maxima lines
of Wf(u, s). (c): The change of log2|Wf(u, s| along the second(middle) modulus
maxima line, the slope gives h(x0)+1/2. In this case, the Hölder exponent we obtain
is 0.488, which is near 0.5.
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The procedure of numerical calculation of singularity spectrum f(h) based on

these 2 theorems is as the following,

• Calculate Wf(u, s) and the modulus maxima at each scale s, chain them to-

gether to form modulus maxima lines.

• Calculate the partition function Z(q, s) as in equation (3.64).

• Calculate τ(q) by evaluate the slope of log2Z(s, q) vs log2s.

• Calculate f(h) by using equation (3.66).

To see the power of WTMM method, we used it to calculate the singularity spec-

trum of logistic map at its critical threshold µ∞. The result is shown in figure (3.8).

We can see the result is close to the theoretical result, equation (3.35).

3.4 Memory beyond memory

3.4.1 A short introduction to CTRW

Let us give a quick look at Continuous Time Random Walk (CTRW) theory. In this

model, a random walker walks in a continuous way, both the length of a jump and

the waiting time between 2 successive jumps, which is described by function w(x, t).

w(x, t) dx dt represents the probability that a walker makes a jump of length x after

a period of waiting time t. Now we can define waiting time distribution ψ(t) as

ψ(t) =
∫ +∞

−∞
w(x, t) dx (3.67)

Obviously, ψ(t) dt is the probability to have a jump of waiting time t. In the same

way, we can define the jump length distribution λ(x) as

λ(x) =
∫ +∞

0
w(x, t) dt (3.68)

λ(x) dx is the probability that a walker has a jump of length x.
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ψ(t) and λ(x) play important roles in CTRW model, which characterize the prop-

erty of the corresponding diffusion process. It can be proved, if ψ(t) decays expo-

nentially, and λ(x) has a finite variance, the diffusion process must be a Brownian

motion. If ψ(t) obeys inverse power law, with an asymptotic behavior like

ψ(t) ∼ t−µ (3.69)

we get anomalous diffusion process. For example, when 2 < µ < 3, a Lévy process

will be produced.

Given a waiting time distribution ψ(t), we can define different rules of jumping,

which generate different diffusion models.

• Symmetric Jump Model (SJM): A walker remains at rest for time t, then ran-

domly makes a jump either forward or backward. The variance of the length of

a jump is finite.

• Asymmetric Jump Model (AJM): Same as the SJM, except every jump is in

the same direction.

• Symmetric Velocity Model (SVM): A walker moves in a constant velocity during

the waiting time interval. Then he may or may not change the direction of

movement in the next waiting time interval, but still of the same speed.

3.4.2 Memory beyond memory and heart beating

To illustrate the concepts of events, pseudoevents and memory, let us look at an

dynamics model first, which is given by

ẋ = Φ(x) > 0 (3.70)

where x is the coordinate of a walker, moving within the interval [0,1]. Before the

walker reaches the right border 1, his behavior is determined by equation (3.70) and

the initial condition; after it reaches 1, he will be injected back to a new position,

which is randomly selected between 0 and 1. We call an event occurs when the walker

reaches the right border. “Event” here means real random event, since the next initial
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position is selected randomly. We use pseudoevent to represent an not real random

event.

By running this model, we can get a time series {ti}, where ti is the time when

the particle reaches the right border. It can be proved, if Φ(x) = kxz, with z > 1 and

k > 0, the distribution of {ti} is in the following form

ψ(t) = (µ− 1)
T µ−1

(T + t)µ
(3.71)

where µ = z/(z − 1) and T = (µ− 1)/k. When 2 < µ < 3, the mean waiting time is

finite, where < t >= T/(µ− 2), but the second moment of waiting time distribution

diverges.

From ψ(t), we can generate a time series {ti}, then apply Asymmetric Jump Model

(AJM) to convert this time series into a random walk. A walker remains in a state of

rest in the time interval ti, then makes a jump at the end of ti. Each jump is in the

same direction with the same length. It can be proved that this diffusion process is

an asymmetric Lévy distribution, which has a general form like

p(x, t) =
1

tδ
F (

x

tδ
) (3.72)

There is a simple relation between µ and δ

δ =





1/(µ− 1) if 2 < µ < 3

1/2 if µ > 3
(3.73)

As we know, if the waiting time distribution is in exponential form, the corre-

sponding diffusion process is a Brownian motion with δ = 1/2. It is a Markovian

process, every event is independent from each other. There is no memory in Brow-

nian motion. So a deviation from δ = 1/2 is a signature of the presence of memory.

We call this kind of memory Type 1 memory. In our example, if the walker is in

a state of rest at the current moment, with a large probability, he will stay rest at

the next moment. So we can see he keeps the memory of earlier times. When the

waiting time ψ(t) decays very fast, the memory of walker becomes short. If it decays

exponentially, his memory becomes so short, we will see a Brownian motion. In this
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case, the waiting time ti are uncorrelated. The memory presented in the system only

comes from the power law behavior of waiting time distribution ψ(t).

If ti are correlated, the system has a different type of memory, we call it Type 2

memory. To illustrate the concept of Type 2 memory, let us look at another dynamics

model, 2-walker model, which is similar to the first one, but with 2 variables x and y

corresponding to the coordinates of 2 walkers A and B.

ẋ = Φ(x) > 0 (3.74)

ẏ = Θ(y) > 0 (3.75)

where Φ(x) = kxz, Θ(y) = k′xz′ . Equation (3.74) is exactly the same as the one in

our first model, so the walker A has Type 1 memory. The behavior of walker B at the

border depends on the status of walker A. When the walker B reaches the right border,

he will be injected back to a randomly chosen initial position, only if the walker A

has at least reached the right border once in this walking period. Otherwise he will

start from the same initial position as the previous one, which means that he will

spend the same amount of time to reach the right border. So this is a pseudoevent.

Obviously, {tBi } for walker B are correlated, the fast movement (small tBi ) has more

probability to be repeated.

We can do the same analysis of the behavior of walker B as the first walker.

Generate a waiting time distribution {tBi }, apply AJM to convert it into random

walk, and use the diffusion entropy (DE) to evaluate the scaling exponent δ of this

process [24]. In figure (3.9), we can see that diffusion entropy analysis is able to detect

the scaling of real events.

δ 6= 1/(µ− 1) (3.76)

where δ is the scaling exponent detected by diffusion entropy analysis, µ is the power

exponent of waiting time distribution ψ(t). (3.73) is not true any more. This is a

signature of the presence of Type 2 memory, which is called memory beyond mem-

ory by us. If we shuffle the waiting time sequence {ti}, the shape of waiting time

distribution is still the same, but the correlation is destroyed, so equation (3.73) is

recovered.
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Figure 3.9: Diffusion entropy for 2-walker model as a function of the window length
l. The squares correspond to k′ = 0.018, z′ = 1.83, and to a slope equal to 0.83,
while the triangles correspond to k′ = 0.011, z′ = 1.71, and to a slope equal to 0.71.
For Both curves k = 0.4, z = 1.25. In the inset: the same curves after shuffling, the
straight line slope is 0.5. This figure is taken from the paper, Allegrini, P., Grigolini,
P., Hamilton, P., Palatella, L., Raffaelli, G., Phys. Rev. E.65, 041926-1 (2002),
c©2002 The American Physical Society.

3.4.3 Applications to heart beating problem

The memory beyond memory effect in heart beating time sequence is also investi-

gated in the following way. Ti represents the time interval between the ith and i+1th

heart beating. To make this time sequence suitable to illustrate the memory beyond

memory effect, we need to do coarse graining to it first. Time T is divided into many

intervals with a constant width of ∆T . Any point inside an interval, its value is

approximated to that of the point in the middle of this interval. An event occurs,

when the borders of these intervals are crossed. Applying this procedure, we get a

new waiting time sequence {ti}, where ti is the time interval between two subsequent

events. Obviously, this waiting time sequence depends on the choice of ∆T . But it

is shown that the result is not sensitive to it. The power exponent µ of waiting the

time distribution ψ(t) can be retrieved immediately, see figure (3.10). Here Ψ(t) is
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defined as

Ψ(t) =
∫ ∞

t
ψ(τ)dτ (3.77)

which represents the probability of waiting time being larger than t. Ψ(t) for patient

with congestive heart failure is a stretched exponential and the healthy individual

is an inverse power law with the index as 3.25, which corresponds to the waiting

time distribution ψ(t) with µ = 4.25. From equation (3.73), this observation implies

Brownian motion with δ = 0.5. By doing diffusion entropy analysis to ti, we can get

the scaling exponent δ. The result is shown in figure (3.11). For heart failure people

δ = 0.71 and for healthy people δ = 0.82. The relation (3.73) is broken again, which

means that memory beyond memory is a genuine property of heartbeat.

Figure 3.10: Survival probability Ψ(t). The circles denote the c.h.f. patients and the
corresponding fitting function is Ψ(t) = 0.19exp[−(t/3.1)0.6]. The diamonds denote
the healthy patient and the corresponding fitting function is Ψ(t) = 5.71/(0.93+t)3.25.
This figure is taken from the paper, Allegrini, P., Grigolini, P., Hamilton, P., Palatella,
L., Raffaelli, G., Phys. Rev. E.65, 041926-1 (2002), c©2002 The American Physical
Society.

In the work of Stanley’s group[23], they showed a connection between multifarc-

tality and health condition of heart, by analysis of the heart beating sequences. They
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Figure 3.11: Diffusion entropy for heartbeat sequences as a function of the window
size l. In the inset, the same two curves with δ = 0.5 illustrate the effect of shuffling.
This figure is taken from the paper, Allegrini, P., Grigolini, P., Hamilton, P., Palatella,
L., Raffaelli, G., Phys. Rev. E.65, 041926-1 (2002), c©2002 The American Physical
Society.

found multifractality in healthy heart beat, and a loss of it for a life-threatening con-

dition. To establish a connection between memory beyond memory effect and mul-

tifractality in heart beating, we propose a model, based on memory beyond memory

effect, to generate an artificial heart beating sequence. Then I use WTMM method

to analysis the multifractality of it.

In this model, there are 2 steps to generate the artificial heart beating sequence.

• Generate a time-angle pair sequence {ti, αi}, then use it to generate a heart

beating sequence.

• Apply white noise to it.

Time sequence {tj} is generated by sampling an inverse power law distribution

ψ(t) = (µ−1)·(T µ−1)/(T +t)µ, which is the same as equation (3.71). {αj} is generated

by sampling an uniform distribution between [−π/2, π/2]. Using {tj, αj}, a time
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sequence {T̃j} is created in the following way. Let T̃0 to be 0, T̃j = T̃j−1 + tj · tan(αj),

see Figure (3.12). let us take a look at the memory beyond memory effect in this

time sequence. I use the same analysis technique in our previous 2-walker model, do

coarse graining to this time sequence to get a waiting time series. In the segments

with small angle α or large t, the waiting times are the same. This is exactly the

same scenery in the 2-walker model. This waiting time series is correlated, that is

where the memory beyond memory effect comes from.
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Figure 3.12: Time sequence {T̃i}, each segment is generated by T̃j = T̃j−1+tj ·tan(αj).
The dashed vertical lines define the zones of constant slope. The horizontal dotted
lines divide time T̃ into small cells, which is called coarse graining. The waiting time
is defined as the time which the trajectory remains in the same cell. An event happens
when the trajectory crosses a dotted line.

As we know, time interval between subsequent heartbeats is confined in a range,

like 0.4 to 1.2 seconds. So I also set 2 borders for our artificial time sequence. If xj

is going to cross the borders, then it is reflected back.

In the second step, noise is applied to the time series {T̃i} is sampled from a

Gaussian distribution, with zero mean and variance σ as a parameter. σ is used
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to control the intensity of noise. Noise ηi is added to T̃i at each time step, Ti =

T̃i + ηi. {Ti} is the final heart beating time sequence. The noise is used to control

the correlation of the time sequence.

I use WTMM method to calculate the multifractal singular spectrum of this time

sequence {Ti}. To find out the connection between multifractality and memory be-

yond memory effect, I investigate the time sequences with different noise intensities.

Figure (3.13) shows the time sequence {T1i} with weak noise applied.
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Figure 3.13: Time sequence {T1i} with weak noise applied, where µ = 2.17, T = 1
and σ = 2.

Figure (3.14) shows the corresponding multifractal singular spectrum of {T1i}
Figure (3.15) shows the time sequence {T2i} with strong noise applied.

Figure (3.16) shows the corresponding multifractal singular spectrum of {T2i}
Compare figure (3.14) and figure (3.16), we can see the multifractal singularity

spectrum of time sequence with weak noise applied has a broader spectrum. This

result shows a clear connection between multifractality and memory beyond memory

effect. There is a complicated control mechanism behind a healthy heartbeat. When

the heart beats too fast, it will slow it down. On the contrary, when the heart
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Figure 3.14: Multifractal singularity spectrum of time sequence T1.
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Figure 3.15: Time sequence {T2i} with a strong noise applied, where µ = 2.17, T = 1
and σ = 20.
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Figure 3.16: Multifractal singularity spectrum of time sequence T2.

beats too slowly, it will make it beat faster. So there is a strong correlation between

time intervals of heartbeats. We conclude that this is why we see memory beyond

memory effect in healthy heartbeat. For heartbeats in life-threatening condition, this

self-regulatory mechanism does not work well, which causes the correlation between

heartbeats lost. Multifractality, as pointed out by the group of Stanely [23], reveals

the nonlinearity of heartbeat dynamics. It is interesting to see that these two different

aspects match so well. Another interesting result we see in this model, is the power of

diffusion entropy analysis. It has the capacity to detect the scaling of hidden random

events, which can not be detected experimentally. It provides a very efficient way to

detect the memory of the random sequences as we already see in the analysis of this

model.
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CHAPTER 4

CONCLUDING REMARKS

The original motivation of this dissertation was to establish the best perspective to

address the problems raised by the physics of complexity. Statistical mechanics stems

from the pioneering work of Boltzmann, who suggested the main lines to establish

a link between microscopic dynamics and macroscopic thermodynamics. This ap-

proach, which led to outstanding successes in the past, does not seem to be adequate

to address the issues raised by the field of complexity. The existence of long-range cor-

relation and extended memory makes these ordinary investigation tools inadequate.

The first part of this dissertation has explored the possibilities offered by the

adoption of a generalized form of thermodynamics, and with it, of a generalized

form of entropy. The results obtained, however, raise some doubts about the real

benefits stemming from the adoption of a procedure of this kind. The discovery of

anomalous entropic indices that make the Kolmogorov-Sinai-Tsallis entropy increase

linearly in time, also in the case when the Lyapunov coefficient vanishes, seems to

be a way of rephrasing in a different way what is already know. The logistic map

at the chaos threshold, studied in Chapter 2, is proven [8] to lead to an increase in

time proportional to log t, a fact that seems to indicate this condition is essentially

equivalent to a quasi-periodic dynamics process.

We think that a more convincing approach to complexity is that adopted in Chap-

ter 3. This is based on the conjecture that the emerging of cooperation and inverse

power law distribution are to be interpreted to a new condition, intermediate be-

tween the dynamic and the thermodynamic condition. This perspective is based on

the adoption of a dynamic model based on sporadic random events, occurring at a

time interval, one from the next, with a non-Poissonian distribution. The direct de-

tection of this property is made difficult, if not impossible, by the fact that the direct

evaluation relies on arbitrary ingredients. One relevant example is given by Figure

(3.12): the distribution of times of sojourn in a single strip depends on the width

of the strip and cannot be interpreted as a genuine property of the process under

49



investigation, the heart beating in the case of Chapter 3. The method of diffusion

entropy, shown in action in Chapter 3, proves that this method affords the attractive

possibility of discovering the real distribution of time intervals between two nearest

neighbor events. The authors of ref.[24] called “memory beyond memory” the cor-

relation induced by the procedure of direct evaluation of the distribution of waiting

times. This property, which apparently seems to be only an artifact of the method of

analysis adopted, becomes significant and gives rise to ostensible effects only if this

distribution is an inverse power law with a diverging second moment. It would not

be observable in the case of a Poissonian waiting time distribution. In this sense,

the memory beyond memory effect reflects a genuine property of the system under

study. The authors of [24] made the conjecture that this property might be intimately

related to the emergency of multifractality. The most important result of Chapter 3

is that this is indeed the case. This discovery is expected to trigger further research

work, since it generates to important issue, both worth of investigation.

The former issue is that the model used to mimic heart beating is known [25] to

produce Lévy diffusion. Lévy diffusion, in the form of Lévy walk [26], and this, in turn,

was shown to yield bi-fractality. The computer simulation of Chapter 3 proves that

the special kind of Lévy diffusion emerging from the heart-beating model generates

multifractality. This is an important theoretical result that is expected to shed more

light into the dynamical approach to complexity insofar as it leads us to conjecture

that multifractality might be a significant manifestation of the earlier mentioned new

condition, intermediate between the dynamic and the thermodynamic condition.

The latter issue has to do with medical applications. The authors of ref.[23]

used multifractality as a way to divide the patients into two groups, the healthy

patients and the patients with heart pathologies. The authors of ref.[24] established

an equivalent division using the memory beyond memory criterion. The results of

Chapter 3 establish an attractive connection between the two apparently different

perspectives and are expected to help the researchers of this field of investigation

with the design of an even more efficient method that might have also a diagnostic

significance.
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