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The fractal operators discussed in this dissertation are introduced in the form originally 

proposed in an earlier book of the candidate, which proves to be very convenient for physicists, 

due to its heuristic and intuitive nature. This dissertation proves that these fractal operators are 

the most convenient tools to address a number of problems in condensed matter, in accordance 

with the point of view of many other authors, and with the earlier book of the candidate. 

The microscopic foundation of the fractal calculus on the basis of either classical or 

quantum mechanics is still unknown, and the second part of this dissertation aims at this 

important task. This dissertation proves that the adoption of a master equation approach, and 

so of probabilistic as well as dynamical argument yields a satisfactory solution of the problem, 

as shown in a work by the candidate already published. At the same time, this dissertation 

shows that the foundation of Levy statistics is compatible with ordinary statistical mechanics 

and thermodynamics. The problem of the connection with the Kolmogorov-Sinai entropy is a 

delicate problem that, however, can be successfully solved. The derivation from a microscopic 

Liouville-like approach based on densities, however, is shown to be impossible. This 

dissertation, in fact, establishes the existence of a striking conflict between densities and  

trajectories. 

The third part of this dissertation is devoted to establishing the consequences of the 

conflict between trajectories and densities in quantum mechanics, and triggers a search for the 

experimental assessment of spontaneous wave-function collapses. The research work of this 

dissertation has been the object of several papers and two books. 
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CHAPTER 1

INTRODUCTION

The fractal operators discussed in this dissertation are introduce in the form originally

proposed in an earlier book of the candifate, which proves to be very convenient for

physicists, due to its heuristic and intuitive nature. This dissertation proves that

these fractal operators are the most convenient tools to address a number of problems

in condensed matter, in accordance with the point of view of many other authors,

and with the earlier book of the candidate. The microscopic foundation of the fractal

calculus on the basis of either classical or quantum mechanics is still unknown, and the

second part of this dissertation aims at this important task. This dissertation proves

that the adoption of a master equation approach, and so of probabilistic as well as

dynamical argument yields a satisfactory solution of the problem, as shown in a work

by the candidate already published. At the same time, this dissertation shows that

the foundation of Levy statistics is compatible with ordinary statistical mechanics and

thermodynamics. The problem of the connection with the Kolmogorov-Sinai entropy

is a delicate problem that, however, can be successfully solved. The derivation from

a microscopic Liouville-like approach based on densities, however, is shown to be

impossible. This dissertation, in fact, establishes the existence of a striking conflict

between densities and trajectories.

The third part of this dissertation is devoted to establishing the consequences of

the conflict between trajectories and densities in quantum mechanics, and triggers a

search for the experimental assessment of spontaneous wave-function collapses. The

research work of this dissertation has been the object of several papers and two books.
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CHAPTER 2

MATHEMATICAL BACKGROUND

Since this dissertation is mostly about anomalous diffusion we need to introduce the

appropriate mathematical tool: the fractional calculus.

2.1 Standard derivative

There are many formal ways to introduce the fractional calculus (see for example

[1, 2]), but for this dissertation it will be chosen an ”intuitive” way [3]; it will not

contain the rigorous mathematical formalism, but it will be enough for the purpose

of this dissertation. We consider the general properties of the derivative operator Dn
t

for n ∈ N , that is, n is an integer. This operator is, in fact, defined to have the

following properties, all of which we would like the fractional derivative to share. The

first property of interest is that of association

Dn
t [Cf (t)] = CDn

t [f (t)] , (2.1)

where C is a constant. The second property we would like to incorporate into the

fractional calculus is the distributive law

Dn
t [f (t)± g (t)] = Dn

t [f (t)]±Dn
t [g (t)] . (2.2)

The final property is that the operator obeys the Leibniz rule for taking the derivative

of the product of two functions

Dn
t [f (t) g (t)] =

n∑

k=0

(
n

k

)
Dn−k

t [f (t)] Dk
t [g (t)] =

n∑

k=0

(
n

k

)
Dn−k

t [g (t)] Dk
t [f (t)] (2.3)

where we have changed the order of the two functions on the right-hand side of (2.3)

in the second equality to emphasize that the order in which the functions f (t) and
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g (t) appear is of no consequence in taking the derivative, due to the symmetry of the

binomial coefficient:

(
α

k

)
=

Γ (α + 1)

Γ (k + 1) Γ (α + 1− k)
. (2.4)

The above properties are certainly retained for the nth derivative of a monomial tm

with m ∈ N , so that

Dn
t [tm] = m (m− 1) · · · (m− n + 1) tm−n =

m! tm−n

(m− n)!
=

Γ (m + 1)

Γ (m + 1− n)
tm−n (2.5)

for m > n. Properties (2.1) and (2.2) establish that the operator Dn
t is linear and

(2.5) enables us to compute the n− th derivative of any analytic function expressed

in terms of Taylor’s series.

2.2 Fractional derivatives

We now extend these considerations to fractional derivatives. By analogy with (2.5)

we define a real-indexed derivative, or more generally, a complex-indexed derivative

Dα
t with α ∈ R (or α ∈ C), of a monomial tβ, with β ∈ R (or β ∈ C), as

dα

dtα

[
tβ

]
≡ Dα

t

[
tβ

]
=

Γ (β + 1)

Γ (β + 1− α)
tβ−α (2.6)

where β+1 6= 0,−1, ···,−n; see, for example, (4.15). We assume that the Leibniz rule

for the derivative of the product of functions (2.3) can be generalized to fractional

derivatives as

Dα
t [f (t) g (t)] =

∞∑

k=0

(
α

k

)
Dα−k

t [f (t)] Dk
t [g (t)] =

∞∑

k=0

(
α

k

)
Dα−k

t [g (t)] Dk
t [f (t)] (2.7)

and since α is not integer the upper limit of the sum in (2.7) is infinite (for the proof

see for example Ref. [2]). If one of the functions in the product is a constant, say

g (t) = C, then (2.7) reduces to

3



Dα
t [f (t) C] =

∞∑

k=0

(
α

k

)
Dα−k

t [f (t)] Dk
t [C] = Dα

t [f (t)] C, (2.8)

since only the k = 0 term survives in the series because the integer derivatives of the

constant vanish. Thus, property (2.1) is retained by the generalized Leibniz rule (2.7).

If we now write the function f (t) in (2.8) as the sum of two functions, h (t) + g (t),

set the constant C equal to unity, and rewrite the equation in the form

Dα
t [f (t) · 1] = Dα

t

[
f (t) · t0

]
(2.9)

we obtain using (2.7)

Dα
t [h (t) + g (t)] =

∞∑

k=0

(
α

k

)
Dα−k

t

[
t0

]
Dk

t [h (t) + g (t)] = Dα
t [h (t)] + Dα

t [g (t)] ,

(2.10)

where we used property (2.2) in going from the first to the second line of (2.10).

Thus, we see that the associative property is also true for the fractional derivative

Dα
t . Further, equations (2.8) and (2.10), taken together, establish that the fractional

derivative is a linear operator.

2.3 Fractional derivative of negative monomial

Now let us consider the case where the index of the monomial is negative integer

valued: β + 1 = 0,−1, · · ·,−n and we operate with the ordinary integer derivative.

Consider the monomial function f (t) = t−m with m a positive definite integer, from

which we obtain

Dn
t

[
t−m

]
= (−1)n m (m + 1) · · · (m + n− 1)

tm+n
(2.11)

or using the properties of gamma functions

Dn
t

[
t−m

]
= (−1)n Γ (m + n)

Γ (m)
t−(m+n) (2.12)
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with n ∈ N . If we restrict ourselves to real indices, then again proceeding by analogy

we write for 0 < α < 1,

Dα
t

[
t−m

]
= (−1)α Γ (m + α)

Γ (m)
t−(m+α), (2.13)

but we have to change the definition of the gamma functions when the argument in

the numerator is a negative integer. This new definition transforms real functions into

complex functions and vice versa, because there is the complex coefficient (−1)α =

eiαπ.

2.4 Constant functions

We define A (α) to be the set of constant functions under the real indexed derivative

Dα
t and C (α) is the generic constant of index α. So, for example, we consider the two

functions: f (t) = t−1/2 and f (t) = C and use the derivative of the monomial (2.6)

to obtain:

D
1/2
t

[
t−1/2

]
=

Γ (1/2)

Γ (0)
t−1 = 0, (2.14)

since Γ (0) = ∞. Thus, a particular function is effectively a ”constant” with regard

to a certain fractional derivative. In the second example

D
1/2
t [C] = C

Γ (1)

Γ (1/2)
t−1/2 =

C√
πt

, (2.15)

where we see that a constant is not ”constant” with regard to fractional derivatives.

These two examples demonstrate that there are functions that, under real-indexed

derivatives, are additive constants and there are additive constants that, under real-

indexed derivatives, are functions. In general a function will be a C (α) constant if it

is a linear combination of powers of the independent variable, tβk , with βk + 1− α =

0,−1, · · ·,−n with k = 0, 1,· · ·, n, since the gamma function in the denominator of

(2.13) would diverge. In the example, the more general function

f (t) =
∞∑

k=0

Ckt
−k−1/2, (2.16)
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would be a C (1/2) constant. We can now enunciate one of the few theorems on which

this dissertation rests:

Theorem 1: Let f (t) be a function having a power series representation and

assume that there exists derivatives Dµ
t [f (t)] , Dν

t [f (t)] and Dα
t [f (t)] with α = µ+ν.

Iff (t) is not a C (µ)and C (ν) constant then we have the semi-group property:

Dα
t [f (t)] = Dµ+ν

t [f (t)] = Dµ
t [Dν

t [f (t)]] = Dν
t [Dµ

t [f (t)]] . (2.17)

Demonstration: We first consider a monomial and establish the form of (2.17) for this

power of t and then extend the argument to a series of such terms. We obtain the

following chain of equalities, by using (2.6) sequentially

Dν
t

[
Dµ

t

[
tβ

]]
= Dν

t

[
Γ (β + 1)

Γ (β + 1− µ)
tβ−µ

]

=
Γ (β + 1)

Γ (β + 1− µ− ν)
tβ−µ−ν =

Γ (β + 1)

Γ (β + 1− α)
tβ−α = Dα

t

[
tβ

]
(2.18)

since by hypothesis tβ is not a C (µ) or a C (ν) constant, which is to say that we have

excluded β − α + 1 = 0,−1, · · ·. We can repeat the above argument with the indices

in reverse order to obtain

Dµ
t

[
Dν

t

[
tβ

]]
= Dα

t

[
tβ

]
. (2.19)

Now because the fractional derivative is a linear operator we can write a function as

a linear superposition of monomials in the form

F (t) =
∞∑

k=0

Bkt
βk , (2.20)

where the Bk are constants and by assumption the monomials are not individually

C (µ) or C (ν) constants. Thus, we may write by using (2.18) on each of the terms in

(2.20)

Dα
t [F (t)] = Dν

t [Dµ
t [F (t)]] = Dµ

t [Dν
t [F (t)]] = Dµ+ν

t [F (t)] , (2.21)
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which is what we had intended to prove. A consequence of the above demonstration

is that if the function is a ”constant function”, say for example a C (µ) constant, then

we need to keep track of the order of operation of the derivatives

Dα
t [f (t)] = Dµ

t [Dν
t [f (t)]] , (2.22)

since by assumption

Dµ
t [Dν

t [f (t)]] 6= Dν
t [Dµ

t [f (t)]] = 0. (2.23)

The right hand side of (2.23) is zero because f (t) is, by assumption, a C (µ) constant,

whereas the left hand side of the equation is not zero. We infer from this inequality

that a constant function under a real derivative destroys the commutativity of the

operators Dµ
t and Dν

t .

Theorem 2: Let f (t) be a function with fractional derivatives, then we can write

Dα
t [f (at)] = aαDα

x [f (x)]x=at . (2.24)

Demonstration: By assumption the function under consideration has fractional deriva-

tives so that using (2.7) we obtain the series

Dα
t [f (t)] =

∞∑

k=0

(
α

k

)
Dα−k

t

[
t0

]
Dk

t [f (t)] . (2.25)

We can rewrite this series as

Dα
t [f (t)] =

∞∑

k=0

(
α

k

)
tk−α

Γ (k + 1− α)
Dk

t [f (t)] (2.26)

and inserting the change of variables x = at into the right hand side of (2.26) we

obtain

Dα
t [f (at)] =

∞∑

k=0

(
α

k

)
tk−α

Γ (k + 1− α)
Dk

t [f (at)]

=
∞∑

k=0

(
α

k

)
tk−α

Γ (k + 1− α)
ak

[
Dk

x [f (x)]
]
x=at

. (2.27)
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Thus, rearranging terms in (2.27), we have

Dα
t [f (at)] =

∞∑

k=0

(
α

k

)
aα (at)k−α

Γ (k + 1− α)

[
Dk

x [f (x)]
]
x=at

= aαDα
x [f (x)]x=at , (2.28)

which was to be proved.

2.5 Convolution representation

We examine the C(−n) constant and in particular the C(−1) constant. We first

examine the operator D−1
t applied to a monomial

D−1
t

[
tβ

]
=

Γ (β + 1)

Γ (β + 1 + 1)
tβ+1 =

tβ+1

β + 1
, (2.29)

from which we see that this is the integration operator. Now again using the linearity

property of the operator we know that we can take a sum of infinitesimals to obtain

the standard definition of the integral and therefore in general we can write

D−1
t [f (t)] =

∫ t

0
f (τ) dτ. (2.30)

So in this real indexed fractional derivative formalism the integral is only a particular

case, with a negative integer value. By extension we can define

gn (t) = D−1
t [gn−1 (t)] (2.31)

so that

gn (t) =
∫ t

0
gn−1 (τ) dτ =

∫ t

0
D−1

τ [gn−2 (τ)] dτ =
∫ t

0
dτ2

∫ τ2

0
gn−2 (τ1) dτ1 (2.32)

and if g0 (t) = f (t), then by induction we can write

gn (t) ≡ D−n
t [f (t)] =

∫ t

0
· · ·

∫ τ3

0
dτ2

∫ τ2

0
f (τ1) dτ1. (2.33)

Theorem 3 : Let f (t) be a C (−1) constant function. In this case we have

8



f (t) ≡ 0. (2.34)

Demonstration: Using the definition of the integral given by (2.30) we know that

D−1
t [f (t)] =

∫ t
0 f (τ) dτ . But by assumption this function is a C (−1) constant so

that

D−1
t [f (t)] = 0 =

∫ t

0
f (τ) dτ, ∀t ∈ R (2.35)

and the only function that can satisfy this integral condition is one that is identically

zero for all values of the independent variable t, that is, f (t) = 0. Finally, by using

(2.3), we obtain the generalization for the integration by parts equation from the

traditional calculus, given by

D−1
t [f (t) g (t)] =

∞∑

k=0

(−1

k

)
D−1−k

t [f (t)] Dk
t [g (t)]

=
∞∑

k=0

(−1)k D−1−k
t [f (t)] Dk

t [g (t)] , (2.36)

where we have used

(1 + t)−1 =
∞∑

k=0

(−1

k

)
tk =

∞∑

k=0

(−1)k tk (2.37)

thereby establishing the equivalence of the binomial coefficient and the phase factor

in (2.36). More formally we could write

(−α

k

)
=

Γ (1− α)

Γ (k + 1) Γ (1− k − α)
= (−1)k Γ (k + α)

Γ (k + 1) Γ (α)
, (2.38)

so that with α = 1 the binomial coefficient reduces to a phase, as we saw in (2.37).

2.6 An algebraic function

In the general situation the fractional derivative of a function is a series. How-

ever, there are some cases where it is possible to express the result in terms of el-

ementary functions. It is not our purpose here to provide an exhaustive list of the
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fractional derivative of functions, but it may be useful to see how such expressions

are constructed from the definitions provided. An example is given by the function

f (t) = tα (a + bt)β, where applying the generalized Leibniz rule (2.7) we obtain

Dµ
t

[
tα (a + bt)β

]
=

∞∑

k=0

(
µ

k

)
Dµ−k

t [tα] Dk
t

[
(a + bt)β

]
, (2.39)

so that in terms of the fractional derivative of a constant and the integer k derivative

of the function we have

Dµ
t

[
tα (a + bt)β

]
=

∞∑

k=0

(
µ

k

)
Γ (α + 1) tα+k−µ

Γ (α + k − µ + 1)
β (β − 1)

· · · (β − k + 1) bk (a + bt)β−k (2.40)

The multiplicative factors in (2.40) may be expressed in terms of gamma functions

Γ (β + 1) = β (β − 1) · · · (β − k) Γ (β − k) , (2.41)

so that

Dµ
t

[
tα (a + bt)β

]
= bµ−α

∞∑

k=0

(
µ

k

)
(bt)α+k−µ Γ (α + 1)

Γ (α + k − µ + 1)
·

· Γ (β + 1)

Γ (β + 1− k)
(a + bt)β−k . (2.42)

Now if we set µ− α− k = β + 1− k, which implies µ = α + β + 1 as a constraint on

the indices, then we use the expression between gamma functions

Γ (β + 1− k) Γ (k − β) =
π

sin π (k − β)
(2.43)

to obtain, using sin[(k − β) π] = (−1)k−1 sin πβ,

Dµ
t

[
tα (a + bt)β

]
=

Γ (β + 1) Γ (α + 1)

π

× [a + bt]β sin π (µ− α)

tµ−α

∞∑

k=0

(
µ

k

)
(−bt)k

(a + bt)k . (2.44)
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We sum the geometric series using the binomial relation

∞∑

k=0

(
µ

k

)
zk = (1 + z)µ , (2.45)

where z = −bt (a + bt)−1, to obtain from (2.44)

Dµ
t

[
tα (a + bt)β

]
=

Γ (β + 1) Γ (α + 1)

π

[a + bt]β sin πµ

tµ−α

[
1− bt

a + bt

]µ

=
Γ (β + 1) Γ (α + 1)

π

aµ [a + bt]β−µ sin π (µ− α)

tµ−α
. (2.46)

In a similar way we can use β = µ− α− 1 to obtain

Dµ
t

[
tα (a + bt)β

]
=

Γ (µ− α) Γ (α + 1)

π

aµ sin π (µ− α)

[a + bt]α+1 tµ−α
, (2.47)

which reduces to

Dµ
t

[
tα (a + bt)β

]
=

Γ (α + 1)

Γ (α− µ + 1)

aµtα−µ

[a + bt]α+1 . (2.48)

2.7 The generalized exponential function

The fractional calculus would not be interesting as a modeling tool for physical sci-

entists unless it provided a short-hand for the complexity encountered in naturally

occurring phenomena. The first function that is of interest in this regard is the gener-

alization of the exponential function. We shall find that the generalized exponential

function is to the fractional calculus what the ordinary exponential is to the calculus

of Newton, which is to say, that the generalized exponential appears repeatedly in

the solutions to the fractional equations of motion for complex systems. We now turn

our attention to the fractional derivative of the exponential function et, which when

expressed in terms of an infinite series, yields

Dµ
t

[
et

]
= Dµ

t

[ ∞∑

k=0

tk

k!

]
=

∞∑

k=0

tk−µ

Γ (k + 1− µ)
≡ Et

µ, (2.49)
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where we define the generalized exponential function, Et
µ, by the series in (2.49). Note

that this definition of the generalized exponential is closely related to, but different

from, the definition of the generalized exponential function used by Miller and Ross

[1]

Et (−µ, a) = t−µ
∞∑

k=0

(at)k

Γ (k − µ + 1)
. (2.50)

For the time being let us explore the meaning of the generalized exponential given by

(2.49). Introducing a constant a into the exponential we obtain from (2.49)

Dµ
t

[
eat

]
= Dµ

t

[ ∞∑

k=0

(at)k

k!

]
=

∞∑

k=0

aktk−µ

Γ (k + 1− µ)
= aµEat

µ . (2.51)

Thus, we can relate our generalized exponential to that of Miller and Ross by means

of the equation

Eat
µ = a−µEt (−µ, a) . (2.52)

Note that when µ = 1 the fractional derivative in (2.49) becomes the ordinary first

derivative and the generalized exponential is the usual exponential.

A second series expansion for the generalized exponential can be obtained using

(2.7) as follows

Dµ
t

[
et

]
=

∞∑

k=0

(
µ

k

)
Dµ−k

t

[
t0

]
Dk

t

[
et

]
= et

∞∑

k=0

(
µ

k

)
tk−µ

Γ (k + 1− µ)
, (2.53)

so that we have

e−tEt
µ =

∞∑

k=0

(
µ

k

)
tk−µ

Γ (k + 1− µ)
. (2.54)

If the real indexed derivative is integer valued, that is, µ ∈ N , then we have the

coincidence of the generalized exponential and the Napierian exponential, Et
µ = et.

In fact if µ is an integer the gamma function in Equation (2.54) gives

Γ (k + 1− µ) = Γ (−m) with m = 0, 1, 2, · · ·, µ− 1, (2.55)
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which diverges and therefore gives a zero on the right-hand side of (2.54). Only when

k = µ do we have a finite value for the gamma function, so that

e−tEt
µ =

µ∑

k=0

(
µ

k

)
tk−µ

Γ (k + 1− µ)
=

(
µ

µ

)
= 1, µ = integer, (2.56)

as we said. Now consider the situation when the real-valued index in (2.54) is a

negative integer µ = −1,−2, · · ·. Starting from the definition (2.49) we have for

µ = −1

Et
−1 = D−1

t

[
et

]
=

∞∑

k=0

tk+1

Γ (k + 2)
(2.57)

so that reindexing the series we have

Et
−1 =

∞∑

j=1

tj

Γ (j + 1)
= et − 1. (2.58)

Of course, we can also write the negatively indexed generalized exponential as the

first-order integral

Et
−1 = D−1

t

[
et

]
=

∫ t

0
eτdτ = et − 1. (2.59)

For the case µ = −2 we can use the definition, (2.49), to write

Et
−2 = D−2

t

[
et

]
=

∞∑

k=0

tk+2

Γ (k + 3)
, (2.60)

so that again reindexing the series we can write

Et
−2 =

∞∑

j=2

tj

Γ (j + 1)
= et − 1− t. (2.61)

Here again we can also write the negatively indexed generalized exponential as the

second-order integral

Et
−2 = D−2

t

[
et

]
=

∫ t

0
dτ2

∫ τ2

0
eτ1dτ1 =

∫ t

0
(eτ2 − 1) dτ2 = et − 1− t. (2.62)
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We can continue this process, using either the series definition or the integral repre-

sentation, to the n− th integral to obtain

Et
−n = D−n

t

[
et

]
= et −

n−1∑

k=0

tk

k!
. (2.63)

and taking the limit n →∞ we have

lim
n→∞D−n

t

[
et

]
= 0. (2.64)

Equation (2.64) means that the exponential function et is a C (∞) constant.

2.8 A second generalized exponential

Now let us consider the fractional derivative of the negative exponential function, e−t.

We do this by considering the fractional derivative

Dµ
t

[
eat

]
= Dµ

t

[ ∞∑

k=0

(at)k

k!

]
= aµ

∞∑

k=0

(at)k−µ

Γ (k + 1− µ)
≡ aµEat

µ , (2.65)

where a is an arbitrary constant. If we choose a = −1 we can use (2.65) to write

Dµ
t

[
e−t

]
= (−1)µ E−t

µ = eiπµE−t
µ , (2.66)

which we can further use to define another generalized exponential function

∗E−t
µ ≡ eiπµE−t

µ . (2.67)

In series form we write this new generalized exponential function as

Dµ
t

[
e−t

]
=∗ E−t

µ =
∞∑

k=0

(−1)k tk−µ

Γ (k + 1− µ)
. (2.68)

Both (2.67) and (2.68) make it abundantly clear that the function ∗E−t
µ is not Et

µ

calculated with −t; the new function differs from the old by the phase factor eiπµ.

We can use Theorem 2 to write

14



Dµ
t

[
e−t

]
= (−1)µ Dµ

x [ex]x=−t = eiπµE−t
µ , (2.69)

just as we obtained in (2.66) and here E−t
µ is a function in the complex field. For real

functions it is convenient to define ∗E−t
µ as Et

µ calculated with −t, but in order to do

this we need to define the generalized exponential as

Et
µ = |t|−µ

∞∑

k=0

tk

Γ (k + 1− µ)
, (2.70)

where it is possible to evaluate this function for both positive and negative values

of the independent variable. In general, however, when we are dealing with complex

functions we use the first definition of the generalized exponential given by (2.49).

To emphasize this last observation concerning the difference between ∗E−t
−n and E−t

−n

consider the case µ = −n = −1. We can write the generalized exponential function

as

E−t
−1 = D−1

−t

[
e−t

]
= t

∞∑

k=0

(−t)k

Γ (k + 2)
= e−t − 1 (2.71)

and the related function by

∗E−t
−1 = D−1

t

[
e−t

]
=

∞∑

k=0

(−t)k+1

Γ (k + 2)
= −e−t + 1 = −E−t

−1. (2.72)

We can see that the two functions are therefore related by the phase factor eiπ = −1.

For completeness we define the inverse of the generalized exponential function as the

generalized logarithm, which is to say, the function that satisfies the relation

lnµ Et
µ = t. (2.73)

We plot the generalized exponential function for both positive and negative values of

the index in Fig. 2.1.
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Figure 2.1: The generalized exponential function is plotted for both positive and neg-
ative values of the fractional index. In the top there is the plot of Et

µ for µ = 0.1
(dashed curve). In the middle is plotted an ordinary exponential . Finally the lowest
curve is the plot of Et

µ for µ = −0.1. All these functions asymptotically approach the
ordinary exponential function.

2.9 Generalized trigonometric functions

Generalizing the complex exponential function, it is possible to construct a general-

ization of the Euler relation, that being,

Eit
µ = cosµ t + i sinµ t. (2.74)

From the real part of (2.74) we obtain the equation for the generalized cosine function

cosµ t =
1

2

(
Eit

µ + E−it
µ

)
(2.75)

and from the imaginary part of (2.74) we obtain the equation for the generalized sine

function

sinµ t =
1

2i

(
Eit

µ − E−it
µ

)
. (2.76)

We can then extend these definitions even further and construct the generalized tan-

gent function as well

tanµ t ≡ sinµ t

cosµ t
. (2.77)
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We can also express the generalized sine and generalized cosine functions in series

form using the series definition of the generalized exponential. The generalized cosine

function is given by

cosµ t =
1

2

(
Eit

µ + E−it
µ

)
=

∞∑

k=0

tk−µ cos [(k − µ) π/2]

Γ (k + 1− µ)
(2.78)

and the generalized sine function is given by

sinµ t =
1

2i

(
Eit

µ − E−it
µ

)
=

∞∑

k=0

tk−µ sin [(k − µ) π/2]

Γ (k + 1− µ)
. (2.79)

From (2.78) and (2.79) we can see that for integer µ the generalized trigonometric

series sinµ t and cosµ t become the ordinary trigonometric functions sint and cos t. For

negative integer µ we can write, considering, for example, cosµ t,

cos−m t =
∞∑

k=0

tk+m

Γ (k + 1 + m)
cos [(k + m) π/2] (2.80)

where we have set µ = −m and m is a positive integer. Making a variable change in

the sum, n = k + m, (2.80) simplifies to

cos−m t =
∞∑

n=m

tn

Γ (n + 1)
cos [nπ/2] = cos t−

m−1∑

n=0

tn cos [nπ/2]

Γ (n + 1)
, (2.81)

from which we can infer that for µ > −1 the generalized trigonometric function goes

over to the ordinary trigonometric function with the difference between the two being

a decreasing power law. The inverse power law arises in (2.81) because with µ > −1,

m < 1, and therefore n ≤ 0. Starting from µ = −1 the generalized trigonometric

functions differ from ordinary trigonometric functions by increasing power laws. In

particular we have

cos−1 t = cos t− 1. (2.82)

It is also useful to study the derivatives of the generalized trigonometric functions

in order to further understand how these periodic functions differ from those in the

standard form. Consider the first-order time derivative of the generalized cosine

function
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Figure 2.2: The graph of the generalized cosine function compared with the ordinary
cosine function (continuous line) for two different values of the fractional index: µ =
0.5 (dashed) and µ = −0.5 (dotted). All these functions asymptotically approach the
ordinary cos x function.

Dt [cosµ t] =
∞∑

k=0

(k − µ) tk−µ−1

Γ (k + 1− µ)
cos [(k − µ) π/2] (2.83)

where by reindexing the series with k = j + 1 and using the Γ function’s properties,

we can write

Dt [cosµ t] =
∞∑

j=−1

tj−µ cos [(j + 1− µ) π/2]

Γ (j + 1− µ)
. (2.84)

Separating the j = −1 term from the series and using the trigonometric identity

cos (j + 1− µ) π
2

= − sin (j − µ) π
2

yields

Dt [cosµ t] = − sinµ t +
cos (µπ/2)

Γ (−µ) tµ+1
, (2.85)

where we have used (2.79) to replace the series. We see that the formal relation result-

ing from the derivative of the generalized cosine differs from that of the derivative of

the cosine by a term that decays as an inverse power law in the independent variable.

Thus, as t →∞, the formal relation for the two derivatives approach one another:
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Figure 2.3: The graph of the generalized sine function compared with the ordinary sine
function (continuous line) for two different values of the fractional index: µ = 0.5
(dashed) and µ = −0.5 (dotted). All these functions asymptotically approach the
ordinary sin x function.

lim
t→∞Dt [cosµ t] = Dt [cos t] = − sin t. (2.86)

The inverse power-law form of the term in (2.85) is quite suggestive, since the memory

in dynamical processes that make it impossible to join the microscopic and macro-

scopic descriptions of complex phenomena are exactly of this inverse power-law form.

In a similar way we can treat the derivative of the generalized sine function:

Dt [sinµ t] =
∞∑

k=0

(k − µ) tk−µ−1

Γ (k + 1− µ)
sin [(k − µ) π/2] (2.87)

where by reindexing the series with k = j + 1, we can write

Dt [sinµ t] =
∞∑

j=−1

tj−µ sin [(j + 1− µ) π/2]

Γ (j + 1− µ)
. (2.88)

Separating the j = −1 term from the series and using the trigonometric identity

sin (j + 1− µ) π/2 = cos (j − µ) π/2 yields
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Dt [sinµ t] = cosµ t− sin (µπ/2)

Γ (−µ) tµ+1
, (2.89)

where we have used (2.78) to replace the series. We see that the formal relation

resulting from the derivative of the generalized sine differs from the derivative of the

sine by a term that decays as an inverse power law in the independent variable, just

as it did for the generalized cosine. Thus, as t →∞ the formal relations for the two

derivatives approach one another:

lim
t→∞Dt [sinµ t] = Dt [sin t] = cos t. (2.90)

We have examined what happens to a generalized trigonometric function when we take

an ordinary derivative. Now let us examine what happens to an ordinary trigonomet-

ric function when we take a fractional derivative. Consider the fractional derivative

of the sine function

Dµ
t [sin t] =

1

2i

(
Dµ

t

[
eit

]
−Dµ

t

[
e−it

])
=

1

2i

(
ei µπ

2 Eit
µ − e−i µπ

2 Eit
µ

)
(2.91)

so that using the Euler relations for both the exponential and generalized exponential

and combining terms we obtain

Dµ
t [sin t] = sin

(
µπ

2

)
cosµ t + cos

(
µπ

2

)
sinµ t. (2.92)

Equation (2.92) is reminiscent of the trigonometric expansion of sin
(
t + µπ

2

)
. In the

same way we take the fractional derivative of the cosine function

Dµ
t [cos t] =

1

2

(
Dµ

t

[
eit

]
+ Dµ

t

[
e−it

])
=

1

2

(
ei µπ

2 Eit
µ + e−i µπ

2 E−it
µ

)
, (2.93)

so again, using the Euler relations and combining terms, we obtain

Dµ
t [cos t] = cos

(
µπ

2

)
cosµ t− sin

(
µπ

2

)
sinµ t. (2.94)
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Equation (2.94) is reminiscent of the trigonometric expansion of cos
(
t + µπ

2

)
. A sim-

ilar kind of analysis can be done for the generalization of the hyperbolic sines and

cosines. The generalized hyperbolic cosine function is given by

coshµ t =
1

2

(
Et

µ +∗ E−t
µ

)
, (2.95)

the generalized hyperbolic sine function is given by

sinhµ t =
1

2

(
Et

µ −∗ E−t
µ

)
, (2.96)

and finally the generalized hyperbolic tangent is given by

tanhµ t =
sinhµ t

coshµ t
. (2.97)

Note that we use the generalized exponential for a real function given by ∗E−t
µ and

not E−t
µ in the definitions of the generalized hypergeometric functions. Now let us

consider the derivatives of the generalized hypergeometric functions. It is possible to

incorporate all the derivatives for the complex exponential into the single relationship

Dt

[
E±it

µ

]
= ±i

[
E±it

µ +
1

Γ (−µ)

1

(±i)µ tµ+1

]
(2.98)

from which one can immediately construct (2.85) and (2.89) from the definition of

the generalized cosine and generalized sine, respectively. In this same way we can use

the definition of the generalized hyperbolic cosine and (2.98) to obtain

Dt [coshµ t] = sinhµ t +
1

Γ (−µ) tµ+1
(2.99)

and the definition of the generalized hyperbolic sine and (2.98) to obtain

Dt [sinhµ t] = coshµ t. (2.100)

It is interesting that only the derivative of the hyperbolic cosine function has the

additional inverse power law term. This is due to the symmetry of the generalized

hyperbolic cosine. There is no such correction to the anti-symmetric generalized

21



hyperbolic sine function. For completeness the derivative of the generalized logarithm,

defined as: lnα Et
α = t, is given:

Dt [lnα t] =
1

Dx [Ex
α]

=
1

t + 1
Γ(−α)[lnα t]α+1

, (2.101)

which again reduces to the familiar result when α is an integer and the gamma

function diverges.

2.10 Some general results

Consider a function of n variables f (x1, x2, · · ·, xn). The m−th order, integer, partial

derivative of this function has the symmetry

∂mf (x1, x2, · · ·, xn)

∂x1 · ·∂xj · ·∂xk

=
∂mf (x1, x2, · · ·, xn)

∂xj · ·∂x1 · ·∂xk

= · · · (2.102)

so that the value of the multiple derivative is independent of the order in which the

derivatives are taken. We can rewrite (2.102) for fractional partial derivatives as

∂α1

∂xα1
1

· · ∂αj

∂x
αj

j

· · ∂αk

∂xαk
k

f (x1, x2, · · ·, xn) =
∂αj

∂x
αj

j

· · ∂α1

∂xα1
1

· · ∂αk

∂xαk
k

f (x1, x2, · · ·, xn) (2.103)

where the operator ∂αj

∂x
αj
j

is the fractional partial derivative D
αj
xj . In this sense the

multiple integral and the parametric derivative under the integral are particular cases

of (2.103). Take, for example, the double integral

∂−1

∂y−1

∂−1

∂x−1
f (x, y) =

∫
f (x′, y′) dx′dy′ =

∂−1

∂x−1

∂−1

∂y−1
f (x, y) , (2.104)

where we see that the order of the integration operation does not matter. From this

relation we can also write that the parametric derivative and the integration commute

with one another:

∂

∂λ

∂−1

∂x−1
f (x, λ) =

∂−1

∂x−1

∂

∂λ
f (x, λ) , (2.105)

which means
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∂

∂λ

∂−1

∂x−1
f (x, λ) =

∫ ∂

∂λ
f (x′, λ) dx′. (2.106)

We can use the fractional derivative with respect to a parameter to produce the

possibility of new transformations. Consider, for example, the integral

I (a, b) =
∫ ∞

0
tα

(
a + btβ

)γ−1
dt, (2.107)

which is convergent for α > −1 and (γ − 1) β +α +1 < 0 (with a, b 6= 0). We rewrite

(2.107) in terms of parametric derivatives

I (a, b) = bγ−1D−γ
a
b

[
Dγ

a
b

∫ ∞

0
tα

(
a/b + tβ

)γ−1
dt

]
(2.108)

in order to simplify its evaluation. We can use (2.46) in terms of the parametric

fractional derivative to obtain from (2.108)

I (a, b) = bγ−1 sin πγ

π
Γ (γ) D−γ

λ

[
λ−γ

∫ ∞

0
tα+γβ

(
λ + tβ

)−1
dt

]
, (2.109)

where λ = a/b. Making the further substitution z = tβ in (2.109) we have:

I (a, b) = bγ−1 sin πγ

π
Γ (γ) D−γ

λ


λ−γβ−1

∫ ∞

0

z
α+1

β
+γ−1

z + λ
dz


 (2.110)

and using the calculus of residues to evaluate the simple pole in the remaining integral

we have

I (a, b) = bγ−1 Γ (γ) sin πγ

π

π

sin
[(

α+1
β

+ γ
)
π

]D−γ
λ

[
λ

α+1
β
−1

]
(2.111)

so that we finally obtain

I (a, b) =
bγ−1 sin πγ

β sin
[(

α+1
β

+ γ
)
π

]
Γ (γ) Γ

(
α+1

β

)

Γ
(

α+1
β

+ γ
)

(
a

b

)α+1
β

+γ−1

. (2.112)

As final example we shall evaluate the Fourier transform of the function f(x) =
1

(a+|x|)1+α . It can be easily checked by direct derivation, that the function defined in

Eq.(2.49) fulfill the important relation
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∫
xαexdx = Γ(1 + α)e−xEx

−1−α. (2.113)

We can use Eq.(2.113) to evaluate:

f̂(k) ≡
+∞∫

−∞

exp(ıkx)

(a + |x|)1+α
= 2<

∫ +∞

0

exp(ıkx)

(a + x)1+α
. (2.114)

After long but straightforward calculation:

f̂(k) = 2Γ (−α) |k|α
[
sin

[
π

2
(1 + α) + |ka|

]
− s̃inα

[
π

2
(1 + α) + |ka|

]]
, (2.115)

where

s̃inα

[
π

2
(1 + α) + |ka|

]
≡ cos

[
π

2
(α + 1)

]
sinα |ka|+ sin

[
π

2
(α + 1)

]
cosα ka. (2.116)

We shall use this result in Chapter 4 were we shall prove that Lévy processes can be

derived via a master equation where the Fourier transform of the kernel is a power

law.
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CHAPTER 3

GENERALIZED CENTRAL LIMIT THEOREM AND CONTINUOUS TIME

RANDOM WALK

The literature about the random walker is huge; for this reason, this Chapter will

be devoted to a short review of the main results. For a more detailed discussion see

the Refs. [4, 5].

3.1 Basic ideas of probability theory

Let us first introduce a few elements of probability theory [6]. Let us consider

a changing in time stochastic variable X , with a probability density distribution

P (x, t). Introducing the concept of the joint probability density, we can write the

general definition: Pn (x1, t1; x2, t2; . . . ; xn, tn) ≡ Joint probability density that the

stochastic variable X has value x1 at time t1, x2 at time t2, . . . xn at time tn; clearly

P1 (x1, t1) ≡ P (x, t). We shall also introduce the concept of conditional probability

density : P1|1 (x1, t1 | x2, t2) ≡ the probability for the stochastic variable X to have

value x2 at time t2, given that it had value x1 at time t1; in a more formal way:

P1|1 (x1, t1 | x2, t2) P1 (x1, t1) = P2 (x1, t1; x2, t2) . (3.1)

Using the relation:

Pn−1 (x1, t1; x2, t2; . . . ; xn−1, tn−1) =
∫

Pn (x1, t1; x2, t2; . . . ; xn, tn) dxn (3.2)

and integrating Eq.(3.1) in the variable x2, we obtain the property for the conditional

probability density:

∫
P1|1 (x1, t1 | x2, t2) dx2 = 1. (3.3)
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When the stochastic process has memory only of its immediate past then the condi-

tional probability density has the property:

Pn−1|1 (x1, t1; x2, t2; . . . ; xn−1, tn−1 | xn, tn) = P1|1 (xn−1, tn−1 | xn, tn) . (3.4)

We shall call this process a Markov process. For this kind of process we can find an

equation for the conditional probability density; in fact using Eq. (3.1) we write:

P3 (x1, t1; x2, t2; x3, t3) = P2 (x1, t1; x2, t2) P2|1 (x1, t1; x2, t2 | x3, t3)

= P1 (x1, t1) P1|1 (x1, t1; x2, t2) P1|1 (x2, t2 | x3, t3) . (3.5)

Integrating Eq. (3.5) with respect to x2 and dividing the result by P (x1, t1) we obtain

the equation:

P1|1 (x1, t1 | x3, t3) =
∫

P1|1 (x1, t1 | x2, t2) P1|1 (x2, t2 | x3, t3) dx2 (3.6)

(Chapman-Kolmogorov equation). Finally, integrating Eq. (3.1) in the variable x1,

we obtain the equation for the density probability P1 (x, t):

P1 (x2, t2) =
∫

P1|1 (x1, t1 | x2, t2) P1 (x1, t1) dx1 (3.7)

3.2 Random walk

Let now introduce the concept of the one-dimensional random walk; a very simple

model of the random walk can be sketched as a walker, initially for example in x = 0,

that makes steps either back or forth with a transition probability P1|1 (y, tn | x, tn+1)

at any step; assuming the process markovian, at the step n by Eq. (3.7 ) we have:

P (x, n + 1) =

∞∫

−∞
P (y, n) P1|1 (y, n | x, n + 1) dy, (3.8)

where the role of t is played by the discrete variable n. Making the assumption

that the transition probability depends only on the difference of the variables, and
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the process is stationary, so that only differences in time are important, we can

set P1|1 (y, n | x, n + 1) = P1|1 (x− y) since the unitary difference in time has been

omitted. Introducing the characteristic function as:

p̂(k, t) =

∞∫

−∞
eıkxP (x, t)dx, (3.9)

we get immediately a functional equation for the characteristic functions in Eq. (3.8):

p̂(k, n + 1) = p̂(k, n)p̂(k). (3.10)

Since we assumed that at n = 0 P (x, 0) = δ(x), we obtain:

p̂(k, 1) = p̂(k, 0)p̂(k), p̂(k, 2) = p̂(k, 1)p̂(k) = p̂(k, 0)p̂2(k) . . . (3.11)

Using the fact that p̂(k, 0) = 1 we find:

p̂(k, n + 1) = p̂n+1(k). (3.12)

We are ready for the first example: a walker is moving along a line and at any step of

length a and the walker decides, for example tossing a coin, to go ahead or backward

with the same probability: P1|1(x) = 1/2 [δ(x− a) + δ(x + a)]; using Eq. (3.12) we

get:

p̂n+1(k) = cosn+1 (ka) . (3.13)

To find the distribution P (x, n) we have to invert the Fourier transform and, formally,

we write:

P (x, n) =

∞∫

−∞
e−ıkx cosn (ka)

dk

2π
. (3.14)

We want to find the limit distribution for n → ∞ and making the approximation:

cosn (ka) ≈
(
1− (ka)2

2
+ . . .

)n ≈ e−
n(ka)2

2 we obtain:
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P (x, n) ≈
∞∫

−∞
e−ıkxe−

n(ka)2

2
dk

2π
=

e−
x2

2a2n√
2πa2n

, (3.15)

that is a, gaussian; as we shall see this result is not a particular case but a general

property of many random processes. Let us consider a two dimensional example. We

can imagine that our walker is moving on a surface and at any step the walker chooses

any directions the two-dimensional plan. Then for the P1|1(x, y) we write:

P1|1(x, y) =
1

2N

2N−1∑

j=0

δ
(
x− a cos

πj

N

)
δ

(
y − a sin

πj

N

)
(3.16)

or in polar coordinates:

P1|1(r, θ) =
1

2N

2N−1∑

j=0

1

a
δ (r − a) δ

(
θ − πj

N

)
. (3.17)

Using the characteristic function, we get:

p̂ (k) =
∫

eıkr cos θ 1

2N

2N−1∑

j=0

1

a
δ (r − a) δ

(
θ − πj

N

)
rdrdθ =

1

2N

2N−1∑

j=0

eıka cos πj
N . (3.18)

Taking the limit for N →∞ we should be able to find a two dimensional walker with

uniform probability distribution for the angular variable (Pearson random walk [7]);

in fact, setting φ = πj
N

and observing that:

1

2N

2N−1∑

j=0

eıka cos πj
N ≈ 1

2N

∞∫

0

eıka cos πj
N dj =

1

2π

∞∫

0

eıka cos φdφ = J0(ka), (3.19)

where J0(ka) is the Bessel function of zero order, we obtain:

P (r, n) = P (r, n) =
∫

p̂n (k) e−ık·r d2k

(2π)2 =
1

2π

∞∫

0

kJn
0 (ka)J0(kr)dk, (3.20)

that is, the expression for the density probability at time n in the Pearson random

walk. Taking again the limit for n →∞, we find the limit distribution:
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P (r, n) =
1

2π

∞∫

0

kJn
0 (ka)J0(kr)dk ≈ 1

2π

∞∫

0

k

(
1− k2a2

4
. . .

)n

J0(kr)dk (3.21)

and finally we obtain:

P (r, n) ≈ 1

2π

∞∫

0

ke−
nk2a2

4 J0(kr)dk =
1

πa2n
e−

r2

a2n , (3.22)

that is, a gaussian.

3.3 Generalized Central Limit Theorem

The result of Eq. (3.22) is a general result, which is more formally expressed by

the Central Limit Theorem (CLT); before enouncing the theorem, we need first to

introduce the concept of Infinitely Divisible Distributions: a stochastic variable, Y, is

infinitely divisible if for any integer N, it can be represented by a sum of identically

distributed stochastic variables with density distribution p(x)

Y =
N∑

j=1

Xj. (3.23)

Theorem 4:(CLT) Given a stochastic variable Y , infinitely divisible, such that

σ2
X =

∫
X

x2p (x) dx −
(

∫
X

xp (x) dx

)2

< ∞ there exists a limit distribution of the

stochastic variable for N →∞; this distribution is a gaussian distribution given by:

P (yN) =
1√

2πσXN
exp

(
−(yN −N 〈x〉)2

2σ2
XN

)
, (3.24)

where yN =
N∑

j=1
xj. To perform the demonstration let us to consider the following

transformation:

ξk =
xk − 〈xk〉

σk

(3.25)
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that, simply, transforms a random variable with non vanishing average and arbitrary

deviation standard, into a new random variable with vanishing average and unit

deviation standard; in other words:

〈ξk〉 = 0 , 〈ξ2
k〉 = 1. (3.26)

Let us to consider now the sum of these new variables in such a way that also the sum

variable has vanishing average and unit standard deviation; we can write: SN =

N∑
k=1

ξk

√
N

.

As often happens, it is more convenient to evaluate the characteristic function of such

a distribution to get information about the distribution itself. By definition:

P̂N(k) =

∞∫

−∞
p (ξ1) · · · p (ξN) eıkSN dξ1 · · · dξN =




∞∫

−∞
p (ξ) e

ık ξ√
N dξ




N

(3.27)

The last equality hold true, because, by hypothesis, the random variables are inde-

pendent and equally distributed. Expanding the exponential function, in the limit

for N →∞, we obtain:

P̂N(k) =




∞∫

−∞
p (ξ) e

ık ξ√
N dξ




N

'
(

1− k2

2N

)N

→ e−
k2

2 , (3.28)

where the properties (3.26) for the variable ξ have been taken in account. Taking the

inverse Fourier transform, for the standard variable SN , we get easily:

P (SN) =

∞∫

−∞
P̂N(k)e−ıkSN

dk

2π
=

1√
2π

e−
S2

N
2 . (3.29)

Using the fact that :

SN =

N∑
k=1

ξk

√
N

=

N∑
k=1

xk−〈xk〉
σk√

N
=

yN −N〈x〉
σX

√
N

(3.30)

and passing to the distribution of the yN variable, we obtain Eq. (3.24).
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At the beginning of the last century, the mathematician Paul Lévy elaborated a

generalization of Theorem 4, known as the Generalized Central Limit Theorem [8].

Before enouncing the statement of this fundamental theorem we need to review a basic

definition: P (x) is defined as stable if: ∀a1 > 0, b1, a2 > 0, b2 there are correspondent

constants a > 0, b such that the equation:

P (ax + b) = P (a1x + b1) ∗ P (a2x + b2) (3.31)

holds (where ∗ means convolution). This leads to the following important theorem:

Theorem 5: In order that the distribution function P (x) be a limit distribution

for infinitely divisible variables, it is necessary and sufficient that it be stable.

Finally it is possible to enunciate the Generalized Central Limit Theorem [9]:

Theorem 6: (GCLT) In order that the distribution function P (x) be stable it is

necessary and sufficient that its characteristic function be represented by the formula:

p̂ (k) = eıγk−b|k|α[1+ıβ k
|k|ω(k,α)], (3.32)

where γ is any real number, b ≥ 0, 0 < α ≤ 2, −1 ≤ β ≤ 1 and

ω =





tan πα
2

if α 6= 1
2
π

log[k] if α = 1.

In many practical problems, since γ represents just a translation parameter, we shall

have γ = 0 and, due to the symmetry of the problems, also β = 0 so that, often, we

shall deal with the distribution:

Pα (x) =

∞∫

−∞
e−b|k|α cos (kx)

dk

2π
(3.33)

which is called the Symmetric Lévy Distribution. Generally speaking there is not a

closed expression in the range of the parameter α, except for few values; for example

α = 1, corresponding to a lorentzian distribution, α = 1
2
, 3

2
and, of course, α = 2

when the Lévy distribution becomes a gaussian distribution. Anyway, it is possible

to find the asymptotic behavior for any value of α. In fact, considering the limit for

x →∞, only the region for k → 0 contributes to Eq. (3.33); so that we can write:

31



Pα (x) =

∞∫

−∞
e−b|k|α cos (kx)

dk

2π
∼

∞∫

−∞
(1− b | k |α) cos (kx)

dk

2π
∼ A

| x |α+1
(3.34)

3.4 The continuous time random walk (CTRW)

In Section 3.2 the random walk has been introduced. The basic assumption was that

any step of the walker was made in a constant interval of time; the result of this

assumption is the discretization of time, as it can be deduced from the equations of

Section 3.2. It is interesting to consider the case where the time between two steps

is, itself, a random variable (see for example [5, 10]) The CTRW model is based on

the idea that the length of a given jump, as well as the waiting time elapsing between

two successive jumps, is regulated by a Probability Density Function w(x, t). Limiting

ourselves to the one-dimensional case, starting from w(x, t), we can define the Jump

Length Distribution λ(x) as

λ (x) =

∞∫

0

w (x, t) dt (3.35)

that represents the probability for a jump length in the interval (x, x+dx). Similarly

we can define the Waiting Time Function Distribution ψ(t) as

ψ(t) =

∞∫

−∞
w (x, t) dx (3.36)

that represents the probability for a waiting time in the interval (t, t+ dt). Generally

speaking, the function w(x, t) shall be coupled to the function ψ(t) via the relation

w(x, t) = ψ(t)p (x | t), where the probability p (x | t) expresses the fact the to make a

jump of a certain length it will take a certain amount of time, since the velocity is

finite (a typical constraint is: p (x | t) = 1
2
δ (|x | −vt) where v is the velocity of the

walker). Let us to consider the probability h(x′, t′) to have just arrived in x′ at time

t′; so the probability to make a jump of length ∆x in an interval of time ∆t and arrive

in the site x = x′ + ∆x at time t = t′ + ∆t is:
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h (x, t) =

∞∫

−∞
dx′

t∫

0

dt′h (x′, t′) w (∆x, ∆t′) + δ (x) δ (t) , (3.37)

where the second term in Eq. (3.37) denotes the initial condition of the random walk,

chosen to be in the origin of our system. Finally, the probability to find the walker

at position x at a certain time t is:

P (x, t) =

t∫

0

h (x, t′) Ψ(t− t′)dt′, (3.38)

where the function Ψ(t) is the probability of no jump occurring during an interval of

time (0, t), and is defined as:

Ψ(t) = 1−
t∫

0

ψ(t′)dt′ =
∞∫

t

ψ(t′)dt′. (3.39)

In other words, Eq. (3.38) says that when the walker arrives in x at a certain earlier

time t′ it must not jump until the observation time t. A last remark is that Kenkre

et al [11]. showed (and in the more general multidimensional case) that Eq. (3.38) is

equivalent to a generalized master equation:

∂

∂t
P (x, t) =

∫

X

d3x′
∞∫

0

K (x− x′, t− t′) P (x′, t′) dt′. (3.40)

3.5 Brownian motion

We will end the Chapter with a short review of the Brownian motion. Let us consider

a particle moving in a fluid; its equations of motion are:

dx

dt
= v (3.41)

dv

dt
= −βv + A (t) + K (t) (3.42)
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where x is the position of the particle, v denotes its velocity, −βv is the term taking

in account the systematic action of the surrounding fluid, A (t) is a fluctuating accel-

eration due to molecular collision, which is the characteristic of Brownian motion, and

K (t) is an external field per unit of mass. We shall assume that A(t) is white noise

process with zero mean with respect to the probability distribution of realizations of

the stochastic variable A so that 〈A(t)〉 = 0 and 〈Ai(t1)Aj(t2)〉 = gδ (t1 − t2) δij.

Let us go back to Eq. (3.7) and adapt it to the multidimensional case; since the

process is a Marcoff process we can write:

P (x,v, t + ∆t) =
∫

P1|1 (x−∆x,v −∆v | x,v) P (x−∆x,v −∆v, t) d (∆x) d (∆v) (3.43)

with obvious meanings of the symbols; as we already have seen in the previous sec-

tion we can assume that the transition probability can be expressed by the formula:

P1|1 (x−∆x,v −∆v | x,v) = φ (v −∆v,v) δ3 (∆x− v∆t). Performing the integra-

tion over the space coordinate and readjusting the argument of the functions we

obtain:

P (x + v∆t,v, t + ∆t) =
∫

φ (v −∆v, ∆v) P (x,v −∆v, t) d (∆v) . (3.44)

Expanding the functions in Taylor series, we obtain:

(
∂

∂t
P + v · ∇xP

)
∆t = 〈∆v〉 · ∇vP +

1

2

∑

i,j

〈∆vi∆vj〉 ∂2

∂vi∂vj

P (3.45)

where P ≡ P (x,v, t) ; ∇x = ∂
∂x

; ∇v = ∂
∂v

and

〈∆vi〉 =
∫

∆viφ (v, ∆v) d (∆v) ; 〈∆vi∆vj〉 =
∫

∆vi∆vjφ (v, ∆v) d (∆v) . (3.46)

Directly from Eq. (3.42) and taking in account the hypothesis on the random variable

A(t)we can write:

〈∆v〉 = (K(t)− βv) ∆t; 〈∆vi∆vj〉 = 2D∆tδij + O(∆t2). (3.47)
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Setting the limit for ∆t → 0, we obtain the so called Fokker-Planck equation in the

phase space

∂

∂t
P + v · ∇xP + K · ∇vP = β∇v · (Pv) + D∇2

vP. (3.48)

It is easy to check that, looking for a Maxwellian distribution as a stationary solution,

in the case of free particles, we have to set D = kBT
βm

with kB Boltzmann’s constant

and T the temperature. In fact from the condition ∂
∂t

P = 0 we have:

β∇v · (Pv) + D∇2
vP = 0. (3.49)

Solving Eq. (3.49) and imposing that P ∝ exp
[

mv2

kBT

]
, we obtain the relation between

D and kBT . Exactly in the same way it is possible to write the equation for the x-

space; considering a time scale very large compared to the relaxation time β−1 (that

means constant velocity), we end up with:

P (x, t + ∆t) =
∫

P1|1 (x−∆x | x) P (x−∆x, t) d (∆x) (3.50)

and we readily obtain the Diffusion Equation (in the case of free particles)

∂

∂t
P (x, t) = D∇2

xP (x, t) . (3.51)

We shall see in the next chapters how to get the diffusion equation from a Liouvillian

formalism and we shall explore the case where the GCLT holds instead of CLT, where

the last theorem is the base of Eq. (3.51)
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CHAPTER 4

LÉVY PROCESS

The Lévy diffusion processes are a form of non ordinary statistical mechanics resting,

however, on the conventional Markov property. As a consequence of this, their dy-

namic derivation is possible provided that (i) a source of randomness is present in the

corresponding microscopic dynamics and (ii) that the consequent process of memory

erasure is properly taken into account by the theoretical treatment.

4.1 Lévy flight and Lévy walk

The theoretical treatment of anomalous diffusion, namely diffusion processes either

faster or slower than ordinary Brownian diffusion, is an active field of research. A

well known case of superdiffusion is given by the diffusion processes of the Lévy

type [8, 12]. The reader can find an exhaustive discussion of the recent literature

on this subject in excellent review papers [13, 14, 15]. However, we would like to

draw the reader’s attention also to some key papers of the literature on this subject

[15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. We plan to adopt a dynamic [28, 29]

rather than a probabilistic approach. To make the significance of this purpose more

transparent it is convenient to compare what we mean by dynamic to the conventional

probabilistic treatment, either resting on the Lévy flight or the Lévy walk method.

Both the Lévy flight and the Lévy walk method are based on a totally probabilistic

treatment. The Lévy flight method is based on the assumption that at regular time

intervals a space transition of arbitrarily large intensity might take place. With the

Lévy walk, on the contrary, the jumps over larger distances take place in larger times.

This property make these processes non-Markovian and consequently the derivation

of Lévy diffusion more delicate than from within the Lévy flight perspective.This is

easily realized, for instance, by using the continuous time randow walk formalism

[23] and expressing the time evolution for the probability that the particle is at a
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given space location at a given time by means of the equivalent generalized master

equation, see also [24, 25]. It is then easily seen that the case where the waiting

time distribution is characterized by a finite time scale yields immediately a Markov

process in the long-time limit, and the anomalous diffusion properties only depend

on the long-range nature of the displacement per step distribution. In Section 4.5

of this Chapter we shall study a physical condition of the same kind. Some special

attention has to be devoted therefore to the Lévy walk condition, since it shares with

the dynamic approach (see Section 4.3 for a more precise definition of this approach)

a long-time memory, which has to be properly erased to establish in the long-time

limit the conditions for Lévy statistics.

4.2 From the probabilistic to the dynamic approach

The dynamic approach, whose precise meaning will be discussed in Section 4.3, is still

somewhat obscure due to some conflicting aspects of the recent theoretical derivations

used to realize this goal. This is so, in spite of the fact that the explicit adoption of

techniques derived by the random walk literature yields a satisfactory derivation of

the processes of Lévy diffusion from within the theoretical framework of probabilistic

treatments [16, 17, 14, 15]. The purpose of this Chapter is that of affording a unified

perspective with no internal contradictions. Here we limit ourselves to point out some

aspects of the Lévy walk method which must be retained by the dynamic approach.

First of all, as is made clear by the work of Klafter and Zumofen [26] and Zumofen

ad Klafter [27] (see also the report of Klafter, Zumofen and Schlesinger [15]), we have

to point out that the process of Lévy diffusion can be derived from within a dynamic

perspective if the so-called Lévy walk view is adopted. This means a trajectory

moving with constant velocity along a straight line for an extended time and from

time to time making abrupt direction changes. The time of sojourn in one of these

straight paths is characterized by the probability density

ψ(t) =
(µ− 1) T µ−1

(T + t)µ
, (4.1)

where T/(µ− 2) denotes the mean waiting time. The renormalization group method,
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as illustrated by Zaslavsky [30], affords a reliable way of fixing the time-asymptotic

form of (4.1), and, notably, the power index µ in terms of the rescaling properties of

the fractal region at the border between chaotic sea and stability islands. The theorem

of Kac [31] ensures that the first moment of ψ(t) is finite. This important theorem

refers to the distribution of the Poincaré recurrence times under the crucial condition

that the system under study is ergodic. Zaslavsky [30] noticed that when a stability

island is imbedded within the chaotic sea, the distribution of Poincaré recurrence

times becomes equivalent to the distribution of the times of sojourn at the border

between chaotic sea and stability island. This is so because a trajectory moving from

a given small portion of the chaotic sea through a fast diffusion process arrives at the

fractal region and it sticks to it for an extended time before returning to the departure

region.Thus, in a full accordance with the Kac theorem, the renormalization group

theory yields µ > 2, thereby insuring that the first moment of this distributions is

finite, and consequently that also the distribution of the Poincaré recurrence times is

finite.

We note that all this supports the asymptotic form of (4.1) leaving, though, the

impression that its short-time structure is arbitrary. It is not so. Note that the explicit

form of (4.1) that we are using is fixed, of course, by both the normalization condition

and the condition that the first moment is finite and that its value is T/ (µ− 2). In

conclusion, the form of Eq.(4.1) is a unique analytical expression determined by the

joint use of dynamics and renormalization group technique.

Of course, with no sacrifice of the most important ingredients behind the dy-

namic derivation of a Lévy diffusion process we can restrict our investigation to the

one-dimensional case. In this condition the role of the deterministic and dynamical

generator of the Lévy diffusion can be properly played by the intermittent map [32]

used by Zumofen and Klafter [27] and by Klafter and Zumofen [26]. This is a map

with the same algorithmic complexity as the Manneville map [33], the complexity of

which has been studied by Gaspard and Wang [34] by means of the Kolmogorov-Sinai

entropy.

In the Hamiltonian model of Zavslasky the derivation of the diffusion processes

of the Lévy kind rests on the microcanonical conditions. This means that the kinetic

38



energy of the flight process is fixed. Consequently, the one-dimensional version of

this Hamiltonian perspective yields the important property that only two velocity

states exist, one with velocity W and one with velocity −W . As a consequence of the

one-dimensional assumption, therefore, we are allowed to use the key relation [32]

Φξ(t) =
µ− 2

T

∫ ∞

t
(t′ − t)ψ(t′) dt′ , (4.2)

which is equivalent to

ψ(t) =
T

µ− 2

d2

dt2
Φξ(t). (4.3)

Equations (4.2) and (4.3) relate to one another the physical properties ψ(t) and

Φξ(t). The former property , ψ(t), is the distribution density of sojourn times, which,

as earlier stressed, has an inverse power law form (see Eq.(4.1)); the latter, Φξ(t), is

the velocity correlation function. The function Φξ(t) is determined by the statistical

properties of the velocity of the paths moving with constant velocity and without

changing direction. We note that Eq. (4.3) establishes that ψ(t) is proportional

to the second-order time derivative of the function Φξ(t), thereby implying, as a

consequence of Eq. (4.1), that for t → ∞ the decay of Φξ(t) is proportional to 1/tβ

with β = µ− 2. The region of interest for us is that where the first moment of ψ(t)

is finite (so as to fit the Kac theorem) and the second moment is divergent so as to

prevent the system from falling in the attraction basin of the central limit theorem.

Consequently, we restrict our analysis to the interval 0 < β < 1. Note that (4.2) is

exact [32] if the assumption is made that the time interval between the transition from

one to the other velocity state is instantaneous. To help the reader to understand the

main conclusion of this Chapter we have also to make another preliminary remark.

The correlation function Φξ(t) is a stationary property [28], implying the existence of

an invariant, or equilibrium, distribution. A genuinely dynamic approach to the Lévy

processes, consistent with the ergodic assumption behind the Kac theorem, implies

that this equilibrium distribution is established by a single trajectory, provided that

this trajectory runs for an unlimited amount of time. The lack of a finite microscopic

time scale makes this condition difficult to realize in practice, and it is probably one

of the sources of the conflicting views that will be discussed in this Chapter.

39



4.3 The dynamic approach

The general program of the dynamic approach to statistical mechanics is illustrated

in a series of recent papers [35, 36, 37, 38]. We are very close to the program of

Ref. [38]. The ambitious purpose of these authors is to derive an important equa-

tion such as the Fokker-Planck equation without using any statistical assumption

whathsoever, so as to reverse the ordinary path from thermodynamics to statistical

mechanics. In other words, the path to follow moves from dynamics and reaches the

level of statistical mechanics using only deterministic randomness with no recourse to

thermodynamics, this being the last step, stemming from the dynamically generated

statistical equilibrium distributions.

The authors of [29] adopted the same perspective to move from dynamics to Lévy

statistics. The authors of Ref. [29] found that the density distribution σ(x, t) of the

variable x driven by a process described by Eq.(4.2) obeys the equation of motion:

∂

∂ t
σ(x, t) = 〈 ξ2 〉

∫ t

0
Φξ(t

′)
∂2

∂ x2
σ(x, t− t′) dt′. (4.4)

We shall give a demonstration of Eq. (4.4) in Chapter 5. Within the context of

a dynamic approach to the Lévy processes, this equation should be given special

attention, since no explicit use of probabilistic arguments was made to derive it [29].

However, no general solution of it is available, and the emergence of the Lévy diffusion

out of it rests on an approximation which has been questioned [39, 40]. Different

approximations to the solution of Eq.(4.4) lead to different statistical processes. Here

we limit ourselves to noticing that this equation is exact under the condition that the

velocity variable is dichotomous and the initial distribution is a Dirac delta centered

at x = 0. Thus, there is an intimate relation between Eq.(4.2) and Eq.(4.4).

4.4 Purpose and outline of the Chapter

The main purpose of this Chapter is that of stressing that the intimate connection

between Eq. (4.2) and Eq.(4.4) does not leave room for a solution implying a memory

infinitely extended in time. In other words, we want to prove that the adoption of a
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Markovian perspective, although apparently incompatible with the time convolution

of Eq. (4.4), is dictated by the steady action of the randomness corresponding to

the transition from the one to the other state of the variable velocity. Consequently

the Markov structure emerging from Eq.(4.4) according to the prescriptions of [29]

cannot be misled as an undue approximation. This is rather an ingenuous way of

establishing a physical condition fitting the result of an earlier, and crucial, research

work. Gaspard and Wang [34] prove that in the long-time limit the Manneville map

becomes equivalent to the Bernouilli shift map. This is a consequence of the fact that

the repeated exit and re-entering into the laminar region results in a memory erasure.

As we shall see, this is the main reason why the final state is as Markov as a genuine

Lévy process must be.

In other words, we plan to make randomness emerge from the dynamic approach,

resting on Eq.(4.4), so as to render this dynamic approach equivalent to the Lévy

walk perspective. The purpose of this Chapter is to show that the Markov property

necessary to derive the process of Lévy diffusion is not arbitrary, but rather corre-

sponds intimately to the nature of the dynamic process resulting in Eq.(4.4). This is

so because Eq.(4.4) implies the dichotomous nature of the variable ξ. The condition

where for t →∞ the decay of Φξ(t) is proportional to 1/tβ with β = µ−2 means that

the process is deterministic for an overwhelming amount of time. There exists an inti-

mate equivalence between Eq.(4.2), in this physical condition, and intermittent maps.

Randomness shows up only when the trajectory reaches the border between laminar

and chaotic region [33]. At this crucial stage there are only two possible events, either

a jump from the original into the other laminar region, corresponding to a distinct

velocity state, or the jump back to the original laminar region, namely, the original

velocity state [27]. At this stage dynamics are essentially indistinguishable from the

time evolution of the Bernouilli shift map, whose connection with thermodynamics

and statistical mechanics has been recently clearly illustrated by Zaslavsky [30]. This

means that randomness is a rare event and it is in fact the reason why we have

adopted the concept of sporadic randomness. The main purpose of this Chapter is

that of making a choice between two distinct ways of solving Eq.(4.4), based on the

criterion that the right solution must reflect this sporadic randomness.
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The outline of this Chapter is as follows. In Section 4.5 we review the arguments

used in an earlier paper [41], to derive a process of Lévy diffusion by means of a

generalized master equation. In Section 4.6, we show that the same result is derived

from a master equation which looks like the Markov approximation of that of Section

4.6. In Section 4.7 we review, in the light of the perspective established in this

Chapter, the method used in Ref. [29] to assign to Eq(.4.4) a Markov structure.

Some final conclusions are made in Section 4.8.

4.5 The generalized master equation

The first step of our approach rests on the use of the generalized master equation of

Ref. [11]. This equation reads:

∂

∂t
σ(x, t) =

∫ t

0
dt′

∫ ∞

−∞
κ(x− x′, t− t′)σ(x′, t′) dx′ , (4.5)

where

κ(x, t) ≡ π(x, t)− δ(x)
∫ ∞

−∞
dx′π(x′, t) (4.6)

and π(x, t) denotes the probability for the particle to make a jump by a distance

x at time t. This equation is very general and is expected to be compatible with

the description of highly non-Markovian processes like that corresponding to Eq.(4.4)

with the non integrable correlation function generated by Eqs.(4.1) and (4.2). The

intimate connection between these two equations will be discussed in Section 4.7.

Here we limit ourselves to stressing that the asymptotic regime of σ(x, t), as given

by Eq.(4.5), can be studied without making explicitly the Markov approximation.

In fact, using the property that this equation is convoluted in both space and time

variables, we get for the Fourier-Laplace transform of σ(x, t), denoted by σ̂(k, s), the

following expression:

σ̂(k, s) =
1

s− κ̂(k, s)
, (4.7)

where, of course, κ̂(k, s) denotes the Fourier-Laplace transform of κ(x, t). As pointed

out in Section 4.1, the dynamic approach to Lévy statistics that we are considering is

related to the Lévy walk condition. This means that a transition of lenght |x| implies
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a time t = |x|/W . In conclusion we are forced to make the following choice for π(x, t),

with t > 0:

π(x, t) = ψ(t)δ(|x| −Wt). (4.8)

The authors of Ref. [41] studied the asymptotic regime of Eq.(4.7), supplemented by

Eq.(4.8), searching for the rescaling condition

s ∝ kα, (4.9)

with α > 1. This is a reasonable assumption, since in the asymptotic limit the second

moment is known [41] to yield

x ≈ t2 H (4.10)

with:

H = 1− β/2 . (4.11)

On the other hand the rescaling of Eq.(4.9) suggests that the condition α = 1/H might

apply, thereby resulting in the property α > 1, which is essential for the calculations

aiming at establishing the exact dependence of α on β.

With straightforward calculations it is shown [41] that in the asymptotic limit

Eq.(4.7) and Eq.(4.8) yield:

α = β + 1 (4.12)

and

σ̂(k, s) =
1

s + b|k|α , (4.13)

with (in dimensionless units)

b ≡ Γ(1− α)T α−1)(α− 1)cos(
απ

2
). (4.14)

Note that this is the Laplace transform of the following equation of motion:

∂

∂ t
σ̂(k, t) = −b| k |ασ̂(k, t). (4.15)

This means that the asymptotic regime of the generalized master equation of Eq.(4.5)

is a process of diffusion with a genuinely Lévy nature [12].
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We note that Eq.(4.12) means the rescaling

H =
1

1 + β
, (4.16)

which is different from that of Eq.(4.11). The difference between the two rescalings

is a fact of crucial importance deserving proper comments.We note that the rescaling

of Eq.(4.11) is somewhat ambiguous since it refers to the dynamics of Eq.(4.7). As

pointed out in Ref. [29], as well as in the earlier work of Zumofen and Klafter [27]

and Klafter and Zumofen [26], the diffusion process described by Eq.(4.7) consists

of a central part and a propagation front signalled by two sharp peaks. At time t

a particle leaving the origin x = 0 at t = 0 cannot be found at a distance from

the origin larger than Wt. This has the effect of producing an accumulation of

particles at the front itself of the diffusion process, namely at x = ±Wt. This is

the origin of the two ballistic peaks of the propagation front. At earlier times the

initial distribution, concentrated at x = 0, splits into these two ballistic peaks and

the region between the two peaks is empty. Due to the effect of sporadic randomness,

some trajectories leave the propagation front and the population of the central part

steadily increases in time, while the peak intensity, proportional to the correlation

function Φξ slowly decreases. Note that this means that the diffusion process cannot

be described by a single rescaling. The peaks of the propagation front rescale with

H = 1, a fact implying a diffusion faster than that predicted by the rescaling of

Eq.(4.11). The rescaling of the central part is properly expressed by Eq.(4.16). The

calculations leading to Eq.(4.15) refer to a physical condition where the intensity of

the ballistic peaks is negligible, so that the rescaling of Eq.(4.16) only reflects the

diffusion properties of the distribution central part. On the contrary, the rescaling

of Eq.(4.11) is a sort of balance between the fast rescaling of the propagation front

and the rescaling of the central part of the distribution σ(t), which is in fact slower

than the rescaling of Eq.(4.16). In conclusion, the discrepancy between the rescaling

of Eq.(4.11) and the rescaling of Eq.(4.16) reflects the fact the derivation of the

Lévy process from within the Lévy walk perspective rests on a deep conflict between

the dynamic properties still present within the Lévy walk perspective and a merely
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probabilistic treatment.

We want to make a further remark, concerning the derivation of a Lévy process

from the generalized master equation of Eq.(4.5). We note that the Lévy processes

are a form of Markov statistics [8] thereby implying that the asymptotic regime of the

dynamic process described by Eq. (4.5) involves a process of memory erasure. This

Chapter is devoted to proving that Eq.(4.4), in spite of its non-Markovian structure,

yields an asymptotic regime whose statistics are determined by this process of memory

erasure.

4.6 The Markov master equation

As pointed out at the end of Section 4.5, the process of Lévy diffusion is Markovian.

Therefore, it is convenient to discuss their derivation from a Markov master equation.

This discussion will serve the useful purpose of proving that the master equation is, in

a sense, a bridge between the dynamic treatment and the diffusion regime. The latter

is the subject of thermodynamical arguments and the former rests, in the theoretical

picture adopted in this Chapter, on classical mechanics. Thus, the master equation

can also be regarded as an important bridge between mechanics and thermodynamics.

In the continuous representation the master equation reads, see [12, 41, 42]:

∂

∂ t
σ(x, t) =

∫ ∞

−∞
K(x− x′) σ(x′, t) dx′ , (4.17)

where:

K(x) = Π(x)− δ(x)
∫ ∞

−∞
Π(x′)dx′. (4.18)

As far as the transition probability Π(x) is concerned, we adopt the result of the

entropic analysis of Ref. [43]. Thus we write:

Π(x) =
1

2W
ψ

( | x |
W

)
=

(µ− 1) T µ−1 W 1−µ

2(T W + |x |)µ
, (4.19)

with 2 < µ < 3. In fact, the theoretical work of Ref. [43] proves that (4.17) changes

into:

∂

∂ t
σ(x, t) =

(µ− 1) T µ−1 W 1−µ

2

[ ∫ ∞

−∞
σ(x′, t) dx′

(T W + |x− x′ |)2+β
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−
∫ ∞

−∞
dx′

(TW + |x′ |)2+β
σ(x, t)

]
, (4.20)

where µ = 2 + β with 0 < β < 1. As shown in Section 2.10, Eqs. (2.115), (2.116)

Fourier transform analysis of (4.20) proves that in the asymptotic regime (k W T ¿ 1)

this equation is equivalent to the process of Lévy diffusion of Eq.(4.15) with the same

value of the parameter b. In other words, we derive the same result as that of Section

4.5. Note that in the limiting case T = 0 the term within the square brackets of

Eq.(4.20) becomes the regularized [44] form of:

∫ +∞

−∞
1

|x− x′|2+β
σ(x′, t)dx′ (4.21)

and, in this sense, coincides with the expression found by Seshadri and West [18].

Note that keeping T > 0 makes it possible for Eq.(4.20) to cross the critical condition

β = 1 without meeting the divergence corresponding to the Lévy prescription, namely

the divergence of b of Eq.(4.14) at α = 2. The result of Eq.(4.20) can be used also to

study the region β > 1 corresponding to the attraction basin of the ordinary central

limit theorem.

It is important to observe that the Markovian master equation here under study

can be derived from the generalized master equation of Eq.(4.5) by using the Markov

condition:

Π(x) =
∫ ∞

0
π(x, t′)dt′. (4.22)

This is an axpect of crucial importance. In fact Eq.(6.19) yields Eq. (4.19), showing

that the Markov property makes it possible to establish an important connection

between dynamics and thermodynamics. The Markov perspective adopted in this

Section is essential to establish the key connection between the structure of Eq.(4.19),

resulting from the adoption of entropic arguments, and the structure of Eq.(4.1),

generated by the adoption of the renormalization group arguments, which, in turn,

reflect genuinely Hamiltonian properties[30]. Note that we refer to Eq.(6.19) as a

Markov condition rather than as a Markov approximation. This is so because the

term “approximation” suggests a given departure from the exact solution or, in other
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words, an error whose intensity must be defined. We see, on the contrary, that the

asymptotic regime of Eq.(4.20) coincides with that of Eq.(4.5), if, the latter equation is

supplemented by the crucial condition of Eq.(4.8), mirroring the dynamics illustrated

in the Introduction.

4.7 The exact diffusion equation and the Markov regime

Is there a connection between Eq.(4.4) and Eq.(4.20)? It is evident that this con-

nection would be established by the exact solution of (4.4), if this yielded, in the

asymptotic time limit, a diffusion process of the Lévy kind. It has to be pointed out,

however, that finding the exact solution of (4.4) is not easy. In the literature we find

only solutions of (4.4) based on approximations [29, 39, 40]. In Ref. [29] a solution

of Eq.(4.4) was found, with a Markov character, and corresponding to Eq.(4.20) with

only the first of the two terms between the square brackets on the r.h.s of this equa-

tion. In ref. [39] a non-Markov solution has been discussed, which has been later

judged to be the correct solution [40].

The purpose of this Section is that of discussing these two proposed solutions in

the light of the sporadic randomness illustrated in Section I. In the work of [39] it

was argued that an analytical solution of Eq. (4.4) can be found, based on the fact

that a fractional derivative in time emerges from the r.h.s of (4.4) if the correlation

function Φξ(t), which should fulfill the normalization condition Φξ(0) = 1, is replaced

by a function like const/tβ. This means a function with the same long-time property

as the original correlation function, breaking however the normalization condition

at t = 0. This approximation results in very appealing mathematical properties.

In fact, it has the nice effect of resulting in a process with infinite memory, and in

an analytical expression for the effects that this infinitely extended memory has on

diffusion. The adoption of this approximation yields [40] the rescaling of Eq.(4.11).

It is straightforward to prove that this rescaling can be obtained from the Fourier-

Laplace transform of Eq. (4.4)

σ̂(k, s) =
< ξ2 >

s + Φ̂ξ(s)k2
, (4.23)
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where Φ̂ξ(s) is the Laplace transform of the correlation function Φξ(t). To derive the

rescaling of Eq. (4.11) we have to replace in Eq. (4.23) Φ̂ξ(s) with sβ−1 (see [45]).

This rescaling, however, conflicts with the numerical observation of Ref. [29], which

results in a different rescaling, corresponding to that of Eq.(4.16). The discussion of

Section 4.5 sheds light on the origin of this rescaling, different from that of Eq. (4.11).

It seems to be evident to us that the study of the asymptotic properties of Eq. (4.23)

resting on the limiting condition lims→0 Φ̂ξ(s) = const sβ−1, loses any dependence on

the key parameter T , and with it, on the fact that there exists a propagation front

moving with finite velocity. This explains why the same method of time asymptotic

analysis applied to Eq. (4.7) yields the correct rescaling. This is so because in this

case the Lévy flight nature of the process under study is retained by the kernel κ(x, t)

due to the wise choice made for π(x, t) in Eq. (4.8).

In conclusion, we are convinced that the solution implying the existence of an

infinitely extended memory conflicts with the numerical treatment of the diffusion

process resulting from the fluctuations of the dichotomous variable ξ with a non

integrable correlation function Φξ(t). This is so because the steady action of sporadic

randomness has the effect of producing Markov statistics, although this occurs in the

long-time limit. How to make the rescaling of the central part of the distribution σ(t)

become compatible with the effect of sporadic randomness and with the predictions

of the Lévy-Gnedenko theorem [9] in the long-time limit? The most direct way to

realize the correct rescaling of the central part of the distribution and to make the

Markov property emerge is that of assuming that:

σ(x, t− t′) =
1

2

∫ ∞

−∞
δ(W t′ − | x− x′ |) σ(x′, t) dx′ . (4.24)

As earlier pointed out, if we apply this condition to the term on the r.h.s. of Eq.(4.4),

we obtain an equation of motion identical to one that would result from Eq.(4.20)

cancelling the second of the two terms within the square brackets of this equation.

This intersting result implies some algebra based on the method of integration by

parts and the properties of the delta of Dirac. More details on this calculationcan be

found in Ref. [29].

It is important to point out the physical meaning of the constraint of Eq.(4.24).
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This means that we imagine a condition still unaffected by randomness, since this

constraint would be rigorously valid only in the case of merely ballistic motion. Yet,

the effect of placing (4.24) into the r.h.s of (4.4) is that of producing a Markov

structure as an effect of the time convoluted form of Eq.(4.4). We are convinced that

the emergence of this Markovian structure is not an artefact of the approximation

of Eq.(4.24). The error associated to this approximation is not the emergence of

the Markov structure. This error is totaly different in nature, and it can be easily

evaluated. In fact, as earlier repeatedly pointed out, this approximation has the effect

of resulting only in the first term on the r.h.s of (4.20). The error associated to this

approximation is signaled by the breaking of the norm conservation. It is evident in

fact that the condition: ∫ ∞

−∞
σ(x, t) dx = 1 (4.25)

is fulfilled by both (4.4) and (4.20) and that in the latter case this is the consequence

of the wise structure of the master equation of (4.17). This is the reason why we

look at the master equation of (4.20) as a natural bridge to cross when moving from

the dynamical perspective of (4.4) to the final regime of Lévy kind. As noticed in

Section 4.6, the emergence of this final condition from (4.20) is made by using the

mathematical approach of the Chapter 2,Section 2.10 which proves that the Fourier

trasform of (4.20) yields the genuinely Lévy process of diffusion of Eq.(4.15). We note

that in the earlier work [29, 46] no proper attention was devoted to the crucial fact

that the second term within the square bracket of Eq.(4.20) is essential for a proper

derivation of the Lévy processes, or of the equivalent fractional derivative.

4.8 Concluding remarks

In conclusion, we have provided a convincing demonstration of how to derive Lévy

processes from within a dynamic approach. As pointed out in an earlier work [46] the

Lévy process corresponds to a form of fractional calculus which can be regarded as

a form of macroscopic manifestation of microscopic randomness. However, it seems

to us that fractional derivatives in time have a different meaning from fractional

derivatives in space. The choice made by the authors of Ref. [40] has the effect of
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relating the solution of Eq.(4.4) to a form of fractional derivative in time. It seems to

us that this choice corresponds to a case where the decay of the correlation function

is not originated by the sporadic action of randomness on a single trajectory. In this

latter case, as shown in this Chapter, to obtain the correct result we are forced to make

the Markov property emerge, and this is realized by adopting the trick of Eq.(4.24).

The assumption made by the authors of Ref. [40], on the contrary, seems to imply

that the decay of the correlation function is originated by a statistical distribution

over a range of initial conditions.

Should the proof be given that the relaxation of the correlation function Φξ can

also be determined by statistics as well as by dynamics, with no conflict with the

dichotomous property behind Eq. (4.4), we would reach the impressive conclusion

that this exact equation admits two distinct classes of solution, determined by the

extra information about the physical origin of the relaxation process. We are inclined

to believe that the relaxation of a dichotomous variable can only be compatible with

the action of a sporadic randomness; the next Chapter shall be devoted to clarify

this important aspect. Thus the emergence of the Markov property at extremely

long times is a fair reflection of the dynamical processes generating the Lévy diffusion

processes, not to speak of the fact that the corresponding rescaling of the central part

of the distribution fits the results of the numerical calculations [29].

It is also important to stress that the repeated action of randomness is subtly

related to the possibility of establishing a connection between mechanics and ther-

modynamics also in the case, studied in this Chapter, of apparently infinite memory.

The random seed is given by the fact that the duration of the times of sojourn in the

laminar region cannot be predicted. This is so because of the random injection into

the laminar region from the chaotic part of the map [32]. This is the reason why we

have to introduce probabilistic arguments within the dynamical picture of the process

under study. In other words, the Lévy statistics rest on the emergence of probabilistic

aspects generated by a sporadic form of randomness.

Finally, we are left with the intriguing issue of the dependence of all these prop-

erties on the space dimensions. The treatment of this Chapter has been confined to

the one-dimensional case, where the crucial action of the stability islands pointed out
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by the theoretical analysis of Zaslavski [30] is correctly mirrored by the dichotomous

nature of the fluctuating variable ξ. We are convinced that the essence of the present

treatment can be extended to the multidimensiuonal case, including the more realistic

three-dimensional case. However, we have to recognize that this extension is not a

trivial matter and that further research work has to be done to settle the technical

problems triggered by the two- and three-dimensional case.
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CHAPTER 5

TRAJECTORIES AND DENSITIES

We study a process of anomalous diffusion, based on intermittent velocity fluctua-

tions, and we show that its scaling depends on whether we observe the motion of

many independent trajectories or that of a driven density described by a Liouville-

like equation . The reason for this discrepancy seems to be that the Liouville-like

equation is unable to reproduce the multi-scaling properties emerging from trajec-

tory dynamics. We argue that this conflict between density and trajectory might

help us to define the uncertain border between dynamics and thermodynamics, and

that between quantum and classical physics as well.

5.1 General remarks

In statistical physics we assume two distinct, but equivalent descriptions of the dy-

namics of physical systems; the trajectories of individual particles and the density

function for an ensemble of such trajectories. The dynamics of the trajectories are

determined by Hamilton’s equations of motion and the evolution of the phase space

density is determined by Liouville’s equation. The word representation clearly indi-

cates that these are just two ways of looking at the same physical phenomenon and

it would therefore appear frivolous to question their equivalence. In this Chapter we

do call this equivalence into question. However, we do not elect to formulate a grand

theory to establish the difference between the two points of view, as has been done

by Petrosky and Prigogine [36, 47], but rather we take the more modest approach of

establishing an inconsistency based on a simple physical problem.

First let us examine how the connection between trajectories, x (t) , and phase

space densities, σ (x, t), are usually made. A numerical treatment of the phase

space density requires, by necessity, a transformation of the Liouville density function

σ (x, t) into a probability, through the relation
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p (xi, t) = 〈σ (xi, t)〉 δxi (5.1)

where the x-axis is divided into N equal parts indexed by j = 1, 2, ..., N , δxi is a

small phase space interval (xi, xi + δxi) and the probability density is normalized to

unity at all times

N∑

i=1

p (xi, t) = 1. (5.2)

In statistical mechanics p (xi, t) is the probability of the system being in the interval

(xi, xi + δxi) at time t. As a practical matter, in numerical simulations, the quantity

p (xi, t) is the histogram defined by counting the number of trajectories that lie in the

interval (xi, xi + δxi) at time t. It is clear that this interval can be made as small as

we wish, as long as it remains non-zero in numerical calculations. If we consider a

set of initial conditions that produce a sharply peaked Liouville density, the density

could either remain peaked as it wanders through phase space, or it could spread

out, thereby producing the continuous spectrum of σ (x, t). There are at least two

ways such spreading can occur. The first way spreading occurs is by introducing an

ensemble distribution of initial conditions, as is usually done in statistical physics.

In this approach the statistics are introduced through the assumption of ignorance

regarding the initial state of the system. This assumption is made because of the large

number of degrees of freedom in the environment (heat bath) whose dynamics are

not explicitly modeled. The second way spreading of the Liouville density can occur

is through trajectory instabilities due to nonlinear interactions among the degrees of

freedom of the system of interest. The kind of statistics emerging from the former

case is the result of an assumption, one that is made regarding the initial states of

the system. Thus, statistics in the latter case is a consequence of dynamics whereas

in the former case it is the result of an assumption.

It is important to stress that the theoretical concept of probability, or Liouville

density, and computational probability are not equivalent. In fact while the theoret-

ical probability could be a very complex function, the computational probability is

essentially a relative frequency concept, strongly dependent on the size of the cells
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that are used in the calculation. The computational probability can be interpreted

more as a coarse-grained probability than as a true Liouville density. Consequently,

it is not unexpected that the two pictures, that of trajectories and that of densities,

at least in principle, might produce different results.

However, we know that trajectories and densities have historically produced the

same statistical effects. We know, for example, that when the Markov condition

applies, the probabilistic representation, based on trajectories, follows the Central

Limit Theorem (CLT). This agrees with the density perspective. In fact, as recently as

last year, Lee [48] showed that the adoption of the Liouville approach is compatible, in

the long-time limit, with Fick’s law, and, consequently, with the tenets of the CLT. In

this Chapter we show that this equivalence is lost when the Generalized CLT (GCLT)

of Lévy-Gnedenko [9] applies. In this latter case, the density picture cannot properly

reproduce the mechanism of memory erasure necessary for the GCLT to apply. The

density representation seems to be more adequate to mimic the relaxation processes,

determined by the action of many degrees of freedom, without involving trajectory

randomness, and therefore compatible with the existence of an infinite memory.

5.2 On a time-convoluted equation with infinite memory

In this section we derive a single equation of motion for the Liouville density, in

two distinct ways. The first is based on the Liouville equation of all the variables,

both the diffusing variable x and those responsible for the fluctuations generating the

diffusion process under study. The second way is based on the direct integration of the

equation of motion for a single trajectory, and serves essentially the purpose of double

checking the generalized diffusion equation resulting from the first method. The first

method, identical to that used in an earlier publication [29], is applied imagining

that fluctuations are produced by a set of bath variables, and is compatible with

the theoretical perspective, on the foundation of statistical mechanics, based on the

action of infinitely many degrees of freedom. However, as shown in [49], the same

result can be obtained by means of trajectory randomness. We consider one of the

simplest differential equations
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dx (t)

dt
= ξ (t) , (5.3)

where ξ (t) is a two-state random process taking the values ±W . If φ (x, ξ, t) is the

phase space distribution function, then the equation of evolution corresponding to

the dynamical equation (5.3) is

∂

∂t
φ (x, ξ,R, t) =

(
−ξ̂

∂

∂x
+ Γ̂

)
φ (x, ξ,R, t) . (5.4)

We are adopting a quantum-like formalism. Thus, Γ̂ is an operator characterizing the

dynamics of the ξ−process and ξ̂ is an operator having the eigenvalues ±W , namely

ξ̂|±〉 = ±W |±〉. (5.5)

The underlying process generating ξ (t) need not be specified, but one realization of

it could be a Hamiltonian system with a set of variables R. These latter variables can

be infinitely many so as to result in the relaxation of the correlation properties of the

system.

At equilibrium, the two states |+〉 and |−〉 must have the same statistical weight.

Thus we assume that the bath equilibrium corresponds to the state

|p0〉 =
1√
2
(|+〉+ |−〉)Π(R), (5.6)

where Π(R) denotes the equilibrium distribution of the variables responsible for the

stochastic dynamics of the variable ξ. The state |p0〉 is one of the eigenstates of the

operator Γ̂. In fact, we set

Γ̂|µ〉 = −Λµ|µ〉, (5.7)

and |p0〉 = |µ = 0〉, Λ0 = 0. Within this quantum-like formalism the variable ξ, as

earlier said, corresponds to the operator ξ̂. This operator, applied to the equilibrium

state |p0〉 yields the excited state

|p1〉 =
(ξ̂|p0〉)Π(R)

W
. (5.8)
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This means that the operator ξ̂ does not affect the distribution of R. It has the effect

of making the transitions |+〉+ |−〉 → |+〉− |−〉 and |+〉− |−〉 → |+〉+ |−〉, without

affecting the other bath variables. The “excited” state |p1〉 is not an eigenstate of Γ̂,

but it is a linear combinations of the states |µ〉, with µ 6= 0. The operator Γ̂ applied

to the “excited” state |p1〉 has the effect of realizing a relaxation by coupling the state

|p1〉 to infinitely many other eigenstates |µ〉. The correlation function 〈ξξ(t)〉, within

this quantum-like formalism, reads

〈ξξ(t)〉 = 〈p0|ξ̂exp(Γ̂t)ξ̂|p0〉. (5.9)

On the basis of the properties of the operators ξ̂ and Γ̂, this correlation function can

also be expressed under the form:

〈ξξ(t)〉 = W 2
∑

µ6=0

〈p1|µ〉〈µ|p1〉 exp (−Λµt). (5.10)

It is convenient to define

σµ(x, t) ≡ 〈µ|φ(x, ξ,R, t)〉, (5.11)

with µ = 0, 1, 2, . . .. We are interpreting the distribution φ of Eq.(5.4) as a sort of

ket vector |φ〉. By multiplying Eq. (5.4) on the left by the states |µ〉 we get

∂

∂t
σ0(t) = −W

∞∑

µ 6=0

aµ
∂

∂x
σµ(x, t) (5.12)

and, for µ > 0,

∂

∂t
σµ(t) = −Wa∗µ

∂

∂x
σ0(x, t)− Λµσµ(x, t), µ 6= 0 (5.13)

with aµ = 〈p0|ξ̂|µ〉.
Let us make the assumption that at t = 0 all the σµ’s but the one with µ = 0

vanish. This condition is equivalent (see also [49]) to assuming the spatial distribution

to be statistically independent of the “velocity” distribution, and has the nice effect,

as we shall see below, of resulting in an equation of motion without an inhomogeneous

term. By solving Eq.(5.13), and replacing the solution into Eq. (5.12). we get

∂

∂t
σ0(t) = W 2

∞∑

µ 6=0

∂

∂x
|aµ|2

∫ t

0
dt′exp[−Λµ(t− t′)]

∂

∂x
σ0(x, t′). (5.14)
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From now on we shall focus on the reduced density matrix σ0(x, t) and for the sake

of simplicity we shall omit the subscript 0. Using Eq.(5.10) we can rewrite Eq. (5.14)

in the form

∂

∂t
σ (x, t) =

∫ t

0
〈ξ (t) ξ (t′)〉 ∂2σ (x, t′)

∂x2
dt′. (5.15)

In the case where the correlation function in (5.15) is an exponential

〈ξ (t) ξ (t′)〉 =
〈
ξ2

〉
e−γ(t−t′), (5.16)

taking the time derivative of (5.15) yields

∂2σ (x, t)

∂t2
+ γ

∂σ (x, t)

∂t
−

〈
ξ2

〉 ∂2σ (x, t)

∂x2
= 0. (5.17)

This is the celebrated telegrapher’s equation, whose phenomenological pedigree orig-

inates with Maxwell. His (Maxwell’s) argument was to include relaxation into the

wave equation and did not require the invocation of microscopic dynamics. However,

this use of dissipation was compatible with the action of infinitely many degrees of

freedom in the medium supporting the wave motion, and made the Poincaré recur-

rence times of the dynamics, infinitely long. On the other hand, the case of ordinary

statistical mechanics is where we do not find any conflict between the adoption of a

density picture and a trajectory picture. The trajectory for an unforced system rate

equation driven by the random function ξ (t) , such as (5.3), is given by

x (t) = x (0) +
∫ t

0
ξ (t′) dt′. (5.18)

We again assume that the random driving function can only take on two values, ±W .

The fluctuation ξ(t) gets one of these two values for an unpredictable length of time

and we shall see that the the condition of anomalous diffusion here under study is due

to the inverse power nature of the corresponding distribution of sojourn times in each

of these two states. In the absence of bias, the odd-order moments of the fluctuations

vanish, and using the dichotomous nature of ξ (t) we obtain the factorization result

〈ξ (t1) ξ (t2) · · · ξ (t2n−1) ξ (t2n)〉 = 〈ξ (t1) ξ (t2)〉 · · · · 〈ξ (t2n−1) ξ (t2n)〉 . (5.19)
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With these conditions on the correlation properties of the random force, introducing

the correlation function

Φξ (t1 − t2) =
〈ξ (t1) ξ (t2)〉

〈ξ2〉 , (5.20)

and, using 〈ξ2〉 = W 2, it is straight forward to show that the moments of the system

response has the convolution form

〈
x (t)2n

〉
= (2n)!W 2n

∫ t

0
dt1

∫ t1

0
dt2 ···

∫ t2n

0
dt2n−1Φξ (t1 − t2)···Φξ (t2n−1 − t2n). (5.21)

Let us consider the Liouville-like equation

∂σ (x, t)

∂t
= W 2

∫ t

0
Φξ (t− t′)

∂2σ (x, t′)
∂x2

dt′. (5.22)

This is the same equation as that derived from the quantum-like formalism of Eq.

(5.15). Let us multiply it on the left by x2n and, integrating over all phase space and

performing two integrations by parts, we get

d 〈x2n; t〉
dt

= W 2n(n− 1)
∫ t

0
Φξ (t− t′)

〈
x2n−2; t′

〉
dt′. (5.23)

Thus, we can see that following an integration over time we obtain the recursive

moment relation

〈
x2n; t

〉
= W 2n(n− 1)

∫ t

0
dt1

∫ t1

0
Φξ (t1 − t2)

〈
x2n−2; t2

〉
dt2, (5.24)

whose solution, obtained by reinsertion of the equation backs into itself, is given by

(5.21). Thus, we have the equivalence between the moments of the dynamical variable

and the moments of the phase space variable:

〈
x (t)2n

〉
=

〈
x2n; t

〉
. (5.25)

The meaning of this result is that Eq. (5.15) is the proper Liouville-like equation for

the dynamic process under study. So, the conflict between trajectory and density,

which is the central issue of this Chapter, cannot be ascribed to the fact that the
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density equation of motion is questionable. It is not so; the generalized diffusion

equation, Eq. (5.15), generates the same moments as the trajectories, under the

assumption that the correlation functions factorized. The discrepancy between the

two pictures has a deep motivation that we can already try to identify at this level.

Paraphrasing Fox [50], we note that the Liouville-like equation, Eq. (5.15), is not a

bona fide diffusion equation. This is because of its irretrievably Non-Markov character

that forces us to adopt it always with the same initial condition, the distribution of

the coordinate x independent of that of the ”velocity” ξ. As we shall see, at long

times the adoption of the trajectory perspective has, on the contrary, the effect of

erasing any form of memory. This is the true reason for the conflict between the two

perspectives. The ambiguity results from the constraints imposed by the moments

which cannot be invoked. In fact, it is straightforward to show that the moment

hierarchy of Eq. (5.24) fits the Hamburger condition [51] ensuring the uniqueness of

the solution of Eq. (5.15). The equation of motion for the Liouville density that we

obtained using the quantum-like Liouville approach, in complete accordance with the

moment constraints resulting from the trajectory argument, is of the form

∂σ (x, t)

∂t
=

∫ t

0
Φ (t− t′)

∂2σ (x, t′)
∂x2

dt′ =
∫ t

0
Φ (t′)

∂2σ (x, t− t′)
∂x2

dt′. (5.26)

In the case when the correlation function Φ (t) is integrable, using the last term of

the equality of (5.26), we can easily make the Markov approximation. This is based

on replacing ∂2σ(x,t−t′)
∂x2 with ∂2σ(x,t)

∂x2 and in extending the time integration from 0 to

∞ rather than from 0 to t. Thus we get

∂σ (x, t)

∂t
= D

∂2σ (x, t)

∂x2
, (5.27)

where the diffusion coefficient D is given by

D = W 2τC (5.28)

and

τC =
∫ ∞

0
dt′Φξ (t′) . (5.29)
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Notice that the Continuous Time Random Walk (CTRW) as used in [27] yields,

in the case where the waiting time distribution is exponential, ψ (t) = a exp [−at],

the same evolution for the probability density p (x, t) as that for the phase space

distribution σ (x, t) resulting from (5.26). This can be established by noticing that

in the case of the dichotomous variable ξ used here, the waiting time distribution is

related to the correlation function by the exact relation [52]

Φξ (t) =
1

τW

∫ ∞

t
dt′ (t′ − t) ψ (t′) , (5.30)

where τW denotes the mean sojourn time. In the exponential case this sojourn time

becomes identical to the correlation time defined by Eq. (5.29). In other words, since

Φξ (0) = 1, in the exponential case a = 1
τW

and τC = τW .

In this Chapter we study the case where the waiting time distribution ψ(τ) has

the inverse power law form:

ψ(τ) =
(µ− 1)T µ−1

(t + T )µ
, (5.31)

where µ = β + 2 and T is a parameter determining the length of the laminar region

of a dynamical map [29]. According to Eq. (5.30), the corresponding correlation

function Φξ(t) reads

Φξ(t) = (
T

(T + t)
)β. (5.32)

We shall focus our attention on β < 1. This means that the correlation time τC

becomes infinite, while the mean waiting time τW = T/β remains finite. As pointed

out by the authors of Ref. [53], the numerical calculation, based on trajectories,

yields perfect agreement with the predictions of the GCLT at times t À τW . This

means that in this time scale the trajectory treatment yields a distribution that does

not keep memory of the initial condition. This is in a striking conflict with the non-

Markovian character of Eq. (5.26), and already affords good reasons to explain the

emergence of two distinct solutions from the same equation. Actually, as we shall

see, one of these solutions is correct, and it is the unique solution of Eq. (5.26). The

other solution rests on an approximation, necessary to recover the Markov nature of

the process described by the GCLT. This is not a genuine solution of Eq. (5.26): its
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departure from the exact solution is a measure of the discrepancy between trajectory

and density.

It is worth pointing out that the CTRW of Ref. [27] rests on the waiting time

distribution ψ(t), whereas the generalized diffusion equation of Eq. (5.15) is based

on the correlation function Φξ(t). This explains why the former theory is compatible

with the Markov character of Lévy diffusion (τW is finite) while the latter one is not

(τC is infinite).

5.3 On the correct solution to the generalized diffusion equation

We shall investigate the solution to (5.26) in the case where the correlation time

diverges. In the case where there is no finite correlation time, the determination of the

statistical properties of the system depends on whether we analyze the trajectories or

the density distribution function. The two ”representations” appear to give different

results. The closed form solution to (5.26) depends on the choice of the correlation

function in the integrand. We select an inverse power-law correlation function for the

kernel,

Φ (t) = W 2 T β

(T + t)β , (5.33)

with 0 < β < 1, and T is a positive constant. The equation for the density distribution

can now be written, with a little adjustment, as

∂σ (x, t)

∂t
= W 2 T β

(T + t)β

∫ t

0

dt′
(
1− t′

T+t

)β

∂2σ (x, t′)
∂x2

. (5.34)

We note that since t > t′, we can expand the kernel using the binomial theorem

(Taylor expansion). In fact, t′/(T + t) < 1. Retaining the lowest order term in T in

the binomial expansion, namely only the constant vale 1, we have

∂σ (x, t)

∂t
≈ W 2 T β

(T + t)β

∫ t

0

∂2σ (x, t′)
∂x2

dt′, (5.35)

so that defining
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v (t)2 ≡ W 2 T β

(T + t)β , (5.36)

we can transform the differential-integral equation (5.35) into an ordinary partial-

differential equation by differentiating this equation in time to obtain

∂

∂t

[
1

v (t)2

∂σ (x, t)

∂t

]
=

∂2σ (x, t)

∂x2
. (5.37)

Introducing the dimensionless quantities τ = 1 + t/T and q = x/WT, into (5.37) and

taking the Fourier transform with respect to the variable q we arrive at Lommel’s

equation [54]:

∂2σ̂ (k, τ)

∂τ 2
+

β

τ

∂σ̂ (k, τ)

∂τ
+

k2

τβ
σ̂ (k, τ) = 0, (5.38)

whose solution is expressed in terms of Bessel functions as:

σ̂ (k, τ) = τ
1−β

2

[
a (k) Jν

(
2

2− β
kτ

2−β
2

)
+ b (τ) J−ν

(
2

2− β
kτ

2−β
2

)]
, (5.39)

where the coefficients a (k) and b (τ) satisfy the initial conditions:

σ̂ (k, τ)|τ=1 = 1 and
∂σ̂ (k, τ)

∂τ

∣∣∣∣∣
τ=1

= 0 (5.40)

and ν = 1−β
2−β

. After some algebra we obtain

a (k) = −
1−β
2k

J−ν

(
2

2−β
k
)

+ J
′
−ν

(
2

2−β
k
)

sin νπ

πk

2− β
(5.41)

and

b (k) =

1−β
2k

Jν

(
2

2−β
k
)

+ J
′
ν

(
2

2−β
k
)

sin νπ

πk

2− β
. (5.42)

Since the argument of the Bessel functions are almost always greater than ν we can

adopt the approximation

Jν (z) ≈
√

2

πz

m−1∑

n=0

c (n)

zn
cos

[
z − π (2ν − 2n + 1)

4

]
, (5.43)
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which when inserted into the solution (5.39) enables us to invert the Fourier transform.

The density distribution resulting from the Fourier inversion of this lowest order

solution to the Liouville equation, remembering that q is the Fourier complement to

k, is

σ (x, t) =
T β/4

2 (T + t)β/4
δ


 |x|
WT

− 2

2− β


(T + t)1−β/2

T 1−β/2
− 1





 , (5.44)

with the region between the two peaks corresponding to a negligible constant density

distribution. What is interesting about this solution is that it has two delta function

peaks traveling in opposite directions at a speed which is time dependent. It is a

simple matter to check that for early times, T À t, we have a ballistic propagation

front that is characteristic of a system of trajectories with x ∼ ±Wt. On the other

hand, for late times, t À T , the distribution has propagation fronts that scale with

time as x ∼ ±t1−β/2, whereas the trajectories themselves would still maintain the

ballistic front.

So what have we learned? In the exponential case the trajectory and the density

pictures coincide. Now we have also established that for early times, T À t, there is no

difference in the evolutions of the system between the exponential and inverse power-

law correlation functions. This is the reason why the two pictures coincide. However,

at late times, when the memory becomes important, the scaling of the trajectory and

density pictures appear to be quite different. But this was an approximate solution;

what about the exact solution? In this section we are interested in the asymptotic

behavior of the exact solution to (5.26). The most direct way to determine these

properties is to take the Laplace transform in time and Fourier transform in space to

obtain the Fourier-Laplace transform of the Liouville density

̂̃σ (k, s) =
1

s + Φ̃ (s) k2
, (5.45)

where we have imposed the initial conditions

σ (x, t)|t=0 = δ (x) and
∂σ (x, t)

∂t

∣∣∣∣∣
t=0

= 0. (5.46)
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The inverse Fourier transform of (5.45) yields

σ̃ (x, s) =

√
s

Φ̃ (s)

e
−|x|

√
s

Φ̃(s)

2s
, (5.47)

which we can integrate to obtain

∫ ∞

−∞
σ̃ (x, s) dx =

1

s
, (5.48)

indicating the conservation of normalization over time. To go beyond the formal

solution (5.47) we must specify the correlation function. We assume the inverse

power-law form given by (5.33) so that its Laplace transform becomes

Φ̃ (s) =
Γ (1− β) TW 2

(sT )1−β

[
esT − EsT

β−1

]
, (5.49)

where the generalized exponential function is defined by [55, 2]

Ex
γ ≡ Dγ

x [ex] =
∞∑

n=0

xn−γ

Γ (n + 1− γ)
. (5.50)

Let us first consider the behavior of the correlation function at early times. In this

domain, t → 0, we have s →∞, so that the generalized exponential becomes

EsT
β−1 ≈ esT − 1

Γ (1− β) (sT )β , (5.51)

which when substituted into (5.49) yields Φ̃ (s) ≈ W 2/s so that the Laplace transform

of the early time approximation to the exact solution is

σ̃ (x, s) ≈ e−|x|s/W

2W
. (5.52)

The inverse Laplace transform of (5.52) yields the delta function

σ (x, t) ≈ 1

2W
δ

(
t− |x|

W

)
. (5.53)

Thus, for times shorter than T , the evolution of the Liouville density consists of two

peaks traveling in opposite directions at the same speed, W . Note that this is the
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same early-time solution obtained in the previous section. Now let us consider the

asymptotic in time behavior of the exact solution. In the late time domain t → ∞,

we have s → 0, so examining the behavior of (5.49) in this domain we have

Φ̃ (s) ≈ Γ (1− β) TW 2

(sT )1−β

[
1− (sT )1−β

Γ (1− β)

]
. (5.54)

Note that as s → 0 the leading term in this expansion diverges for β < 1 corresponding

to the fact that there is no correlation time for this process. Inserting this expression

for the Laplace transform of the correlation function into (5.49), keeping only the

diverging term, yields

σ̃ (x, s) ≈
exp

[
− |x|s1−β/2

Γ(1−β)WT β/2

]

2Γ (1− β) W (sT )β/2
. (5.55)

The inverse Laplace transform of (5.55) is

σ (x, t) ≈ 1

2 〈x〉 t1−β/2

∞∑

n=0

(−1)n

n!Γ (1− (n + 1) (1− β/2))

( |x|
〈x〉 t1−β/2

)n

, (5.56)

where the average of the system variable is

〈x〉 = WT β/2Γ (1− β) , (5.57)

as had been obtained previously [56]. Straight forward dimensional analysis indicates

that the space variable scales as x ∼ tα, where

α = 1− β/2. (5.58)

This scaling is the same scaling as that of the second moment [29, 57] and it is different

from the Lévy scaling, which is, as we shall see in Section 5.4, α = 1/(β+1). Thus, in

the late time region the exact solution of Eq. (5.15) departs from the Lévy diffusion,

in accordance with the conclusions of the authors of Ref. [58]. It is worth remarking

that from a mathematical point of view, according to Ref. [4], the equation of motion

admits a solution also for |x| À tα.This solution is proved to drop exponentially with
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|x|. We think that the two peaks traveling in the opposite direction of Eq.(5.44)

are a signature of the two ballistic peaks stemming from the numerical calculation

based on trajectory dynamics [53, 29]. The population beyond these two peaks is

rigorously zero. On the basis of this physical suggestion we neglect this contribution

to the general solution of Eq. (5.15). This makes the solution proposed in this

Chapter different from that proposed by the authors of Ref. [58]. However, this is

not relevant for the main finding of this Chapter, the conflict between trajectory and

density perspective, since also the solution of the authors of Ref. [58] departs from

Lévy statistics. We only note that our choice insures the existence of a unique scaling

while the solution of the authors of Ref. [58] does not. To support our conclusion we

note that in the asymptotic limit s → 0, k → 0, Eq. (5.45) yields

ˆ̃σ(k, s) =
1

s + const sβ−1k2
. (5.59)

The scaling condition x ∼ tα implies k = sα, which plugged into the right hand side

term of Eq.(5.59) makes the left hand side of the same equation proportional to 1/s

when the scaling condition of Eq. (5.58) applies. We note that 1/s is the Laplace

transform of a constant in accordance with the fact that scaling is a reflection of

stationarity. For this reason we are inclined to believe that the density perspective

yields in the asymptotic limit a unique scaling and that our solution correctly reflects

this condition.

5.4 Lévy scaling

It is clear that the memory effect contained in the correlation function, that is, the

memory kernel in (5.26), implies that the density dynamics are not Markovian. How-

ever, as earlier pointed out, the individual trajectories are driven by the waiting time

distribution ψ(τ), and consequently, in accordance with the GCLT, yield the Markov

condition under the form of Lévy statistics. Here we discuss how to make Eq. (5.26)

compatible with this Markov condition. This requires the adoption of an unusual

form of a Markov approximation. First of all we change the notation from σ to p to

stress that we depart from a rigorous treatment in terms of the density σ. Then we
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identify p(x, t − t′) with p(x, t) + ∆p (x, t; t′). The second term denotes the change

to the probability distribution p(x, t) occurring when time changes from t′ to t. The

contribution stemming from p(x, t) would produce a diffusion process with scaling

slower than the Lévy scaling, and diffusion with Gaussian rather than inverse power

law tails. For this reason, we think that it can be safely neglected. As to ∆p (x, t; t′),

we assume this change to fit the following relation

∆p (x, t; t′) =
1

2W

∫ ∞

−∞
δ

[
t′ − |x− x′|

W

]
p (x′, t) dx′

− 1

2W

∫ ∞

−∞
δ

[
t′ − |x− x′|

W

]
p (x, t) dx′. (5.60)

The total change is zero, as it can be easily assessed by integrating ∆p (x, t; t′) from

−∞ to +∞. This is so because the change is assumed to be determined only by the

uniform motion with velocity W . We impose the condition (5.60) on the form of the

Liouville densities in (5.26). At this stage, as done in Ref. [55], we commute the order

of integration. We do first the integration on x′ and then the integration on t′. Then

we express the second order derivative with respect to x as a second order derivative

with respect to t′. We apply the method of integration by parts, which has the effect

of applying the second-order time derivative to the function Φ(t′). Finally we make

the integration over t′, using the property of the delta of Dirac. We thus obtain the

master equation [55]

∂p (x, t)

∂t
=

1

2W

∫ ∞

−∞

[
∂2

∂x′2
Φ (|x− x′|)

]
p (x′, t) dx′

− 1

2W

∫ ∞

−∞

[
∂2

∂x′2
Φ (|x− x′|)

]
p (x, t) dx′. (5.61)

Inserting the inverse power-law correlation function into (5.61), performing the indi-

cated differentiations and taking the limit kTW << 1 has been shown to yield[55]

∂p (x, t)

∂t
= b

∫ ∞

−∞
p (x′, t) dx′

|x− x′|β+2 , (5.62)

which is the Reisz fractional derivative discovered by Seshadri and West [18] and

whose solution is the symmetric Lévy distribution. The approximation of Eq. (5.60)
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makes it possible for us to get rid of the time convolution nature of the general-

ized diffusion equation of Eq.(5.15). At the same time, this key relation replaces

the correlation function Φξ(t) with its second-order derivative, and, consequently, in

accordance with Eq. (5.30), with the waiting time distribution ψ(τ). It is worth

stressing that in the last few years the approaches based on fractional derivatives,

of which Ref. [18] is one of the earlier examples, have received an ever increasing

interest, as shown by the interesting review paper by Metzler and Klafter [5].

The symmetric Lévy distribution that solves (5.62) is

p (x, t) =
∫ ∞

−∞
eikxe−bt|k|β+1 dk

2π
, (5.63)

which satisfies the scaling relation

p (x, t) = γ
1

β+1 p
(
γ

1
β+1 x, γt

)
. (5.64)

From (5.64) it is clear that the Lévy diffusion process has a scaling, x ∼ tα, with

α =
1

β + 1
. (5.65)

This scaling is consistent with the process generated by the fluctuations of the variable

ξ, as proved by the numerical simulation [53]. It is evident that at a given time t,

such that t À tW , a single trajectory has been sojourning in a given laminar phase a

number of times given by

N =
t

tW
. (5.66)

It is also evident that the position occupied by the diffusing particle at time t is

equivalent to the superposition of N variables yj, j = 1, 2, ..., N , each with the same

inverse power-law waiting time distribution and index β + 2. In fact, the extended

time regions, of duration τj, where the variable ξ keeps a constant value, either W

or −W , corresponds to uncorrelated “flights” of length |yj| = Wτj. Thus, the GCLT

applies to the superposition of trajectories, resulting in a Lévy process, and we have

the scaling with the power-law index given by (5.64). However, this solution, which
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agrees with the results of numerical simulation and the predictions of the GCLT, and

so with the trajectory perspective, dramatically departs from the unique solution of

Eq. (5.15), illustrated in Section 5.3.

What is the reason for this conflict? The numerical treatment [29, 53] shows that

there exists a multi-scaling condition. In fact, there is a finite probability that a

trajectory, with velocity W , at t = 0, maintains this velocity up to a given time t.

The number of these trajectories is proportional to the correlation function Φξ(t), and

consequently decays as 1/tβ, with an infinite decay time. These trajectories generate

the two side peaks of the broadening distribution, and a ballistic propagation front.

This means that the probability distribution does not have a defined scaling, but

it is rather the combination of two. The probability distribution, enclosed by the

two ballistic peaks is proven numerically [53, 29] to have the scaling α = 1/(β + 1),

namely, the Lévy scaling of Eq.(5.65). The propagation front, moving ballistically,

would yield the scaling α = 1. The exact solution of Section 5.3, as we have seen,

yields the scaling of Eq. (5.58), which is a kind of compromise between the ballistic

and the Lévy scaling, being smaller than the former and greater than the latter. It

seems that the Liouville-like approach is unable to reproduce this multiple scaling

condition, and this is probably the reason of conflict between trajectory and density

picture.

Before ending this section we would like to notice that a non-Markov process can be

shown [59] to be equivalent to a multidimensional Markov process. This perspective,

in turn, rests on the continued fraction expansion suggested by the Mori theory [60].

The result of this Chapter suggests that a memory kernel with an inverse power law

nature sets a limit to the validity of the approach of Ref. [59]. This is an issue worth

of further investigation.

5.5 First Consequence: Foundation of statistical mechanics

The foundation of statistical mechanics is still the object of debates, and it seems to us

that the main conflict is that between the advocates of trajectory randomness and the

advocates of the infinitely large number of degrees of freedom, as the main ingredient
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to produce the transition from dynamics to thermodynamics. As an example of the

former view we quote Ref. [61]. In this paper, although the importance of using

a very large number of degrees of freedom for the foundation of ordinary statistical

mechanics is not ruled out, deterministic chaos of classical trajectories is suggested

to be the main ingredient for the foundation of statistical mechanics. The authors of

this paper [61] derive indeed an expression for temperature more general than that

proposed by Boltzmann, and recover the Boltzmann principle in the limiting case of

infinite number of degrees of freedom.

The advocates of infinitely many degrees of freedom, as the main ingredient for

the foundation of statistical mechanics, are many. The first, as repeatedly stated

by Lebowitz, is Boltzmann. In the last few years the traditional point of view of

Boltzmann has been sustained by Lebowitz [62] and by Goldstein [63]. Another as-

pect of the controversy has to do with the origin itself of entropy production. The

former party seems to rest on the impossibility of keeping under control the initial

conditions not so much as a consequence of trajectory instability, but much more

as a consequence of the infinitely many degrees of the systems that are expected to

characterize the systems that at the macroscopic level exhibit thermodynamic prop-

erties. In a sense, the conflict between these two distinct perspectives might lead

the advocates of the latter party [62, 63] to support the derivation of the generalized

master equation here under study through the procedure adopted in Section 5.2, with

the relaxation process being induced by the action of infinitely many degrees of free-

dom. The advocates of randomness would probably make the choice of the derivation

given in [49]. The two views yield equivalent results in the case of ordinary statistical

mechanics. In fact the Fick’s law, derived in Ref. [48], without involving trajectory

randomness, is compatible with the CLT accounting for the Gaussian nature of the

ordinary diffusion processes. In the case of strange kinetics here under discussion the

advocates of randomness, as a source of memory erasure, would probably adopt the

Markov approximation of Section 5.4. This approximation has in fact the attractive

property of establishing perfect agreement with numerical simulation. However, in

so doing, the advocates of randomness should acknowledge that the adoption of the

generalized Master equation, here under discussion, is not appropriate and that Lévy
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processes are incompatible with a Liouville-like approach.

The experimental assessment of Lévy statistics might be regarded as compelling

evidence of the existence of random trajectories. These random trajectories, on the

other hand, are characterized by a well defined Kolmogorov-Sinai (KS) entropy [64].

In fact, the diffusing trajectories are generated by an intermittent process, and the

entropy increase is generated by the random choice of the waiting times of Eq. (6.33).

Since the dynamic realization of Lévy diffusion, with 2 < µ < 3 implies the existence

of a finite τW , the entropy increase per unit of time is fixed and a departure from

this ordinary KS condition is expected to take place only for µ < 2, a condition that

would yield τW = ∞. It is worth remarking that this physical condition, yielding

sub diffusion, has been analyzed by Metzler et al [25] with a fractional Fokker-Planck

equation. We are not aware of any Liouville-like approach as the one studied in this

paper that applies to that physical condition. Thus, it is not possible to further

comment on the conflict between trajectories and densities in this case. We expect

that if a Liouville-like approach, concerning this case, were found, it would result in

a even more dramatic conflict with the trajectory perspective.

5.6 Second consequence: Decoherence and spontaneous wave-function collapses

In a recent paper, celebrating 100 years of the quantum [65], Tigmark and Wheeler

emphasize that the de-coherence theory has made obsolete the hypothesis of the

wave function collapses of the founding fathers of quantum mechanics. A classical

trajectory is imagined as a succession of dimensionless points, with the particle being

located at a given time in only one of these positions. This is quite different from

a wave function that might imply the presence of a particle at the same time in

different positions, say, two distinct positions. According to de-coherence theory [66]

the classical trajectories are recovered because the environment measures, so to speak,

the position, and provokes a collapse into one of the two positions. As Tigmark and

Wheeler pointed out, this is not a real collapse but only a consequence of the system

entanglement with the environment. The reduced density matrix ”looks like” the one

that would be produced by a real collapse, and while we have the impression of seeing
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a collapse, actually there has been an entanglement between system and environment,

driven by a unitary transformation. This simulacrum of a collapse apparently conflicts

with a realistic perspective, but d’Espagnat in a recent paper [67] warns us that the

answer to the question ”How do we know that there is a stone on the path, or a tree in

the courtyard?” must be addressed with caution. He urges us to adopt this approach:

”We know that if we had a look at the path, to check whether or not we have the

impression of seeing a stone, we should actually get the impression in question.” It

is difficult to support the realistic perspective advocated by Bassi and Ghirardi [68]

precisely because wave-function collapses and de-coherence theory produce the same

reduced density matrix.

The result of this Chapter might transform the philosophical debate between

d’Espagnat and Bassi and Ghirardi into a real scientific issue. Our arguments are

conjectural but plausible. Let us see why. Let us consider Eq. (5.26). If we move

from within a quantum mechanical picture, we have to make the conjecture that the

derivation of the classical process of anomalous diffusion must go through this equa-

tion. In other words, if the de-coherence program is reliable, and yields any kind of

classical diffusion, normal and anomalous, then we expect that it will do it remaining

at the level of densities, without ever invoking the concept of trajectory. Of course,

the Markovian approximation stemming from Eq.(5.60) would not be possible and

we should therefore give credit to the exact solution of Eq. (5.26). If, on the con-

trary, the trajectories exist and are produced by real wave-function collapses, then

we expect that the Lévy statistical mechanics might emerge. We would be tempted

to say that the experimental assessment of the existence of Lévy processes is a proof

of the occurrence of genuine wave function collapses. It is evident, however, that this

would require a more careful derivation from Hamiltonian dynamics, and the exper-

imental assessment of Lévy processes with a microscopic rather than a macroscopic

and phenomenological origin.
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5.7 Concluding remarks

Sections 5.5 and 5.6 refer to possible consequences of the results of this Chapter

that are very ambitious. In the final balance of this Section we adopt a much more

modest view: we make a short history of the facts that led us to reach the conclusions

illustrated in this Chapter. A nice dynamic foundation of Lévy processes was given

by Zumofen and Klafter [27]. The source of fluctuations used by these authors is

very similar to that adopted in [49]. The theory used by them to account for their

experimental results is that of CTRW. As already remarked in Section 5.3, this theory

is not based on the Liouville-like prescriptions used in this Chapter, and, it is, in

our view compatible with the concept of trajectory. This is why the authors of

Ref. [27] found correct and non-contradictory results. The authors of Ref. [29], on

the contrary, adopted a Liouville-like approach that led them to establish, for the

first time, the generalized diffusion equation here under discussion. However, these

authors made use of computer simulation and found that the Markov approximation

of Section 5.4 is necessary to establish a satisfactory accordance with the results

of numerical simulation. They made also the wrong conjecture that the Markov

approximation of Eq. (5.60) is legitimate from a mathematical as well as from a

physical point of view, and that the solution emerging from it is very close to the

exact solution, unknown to them. This is the main reason why the later paper of

Ref. [39] was fraught by internal contradictions, correctly pointed out by Metzler and

Nonnemacher [58] in a subsequent paper. The authors of Ref. [55], having in mind the

numerical results of the earlier work [29], used the generalized master equation [11], as

a bridge between the Hamiltonian microscopic dynamics and the long-time limit, or

macroscopic level, where Lévy statistics show up. The physical arguments are correct

and the agreement with the numerical results is remarkable. However, no attention

was devoted by these authors [55] to the striking fact that the generalized diffusion

equation (5.15) is incompatible with the Markovian approximation necessary to derive

Lévy statistics. We hope that the present Chapter might serve at least the good

purpose of explaining the mathematical and physical reasons behind the contradictory

conclusions of the papers of Refs. [29, 58, 39, 55]. We think that this might bear
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also the significant consequences of establishing the borders between dynamics and

thermodynamics (Section 5.4) and between quantum and classical mechanics (Section

5.5). This will be the object of further research work.
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CHAPTER 6

DECOHERENCE, WAVE FUNCTION COLLAPSES AND NON-ORDINARY

STATISTICAL MECHANICS

We consider a toy model of pointer interacting with a 1/2-spin system, whose σx

variable is measured by the environment, according to the prescription of decoher-

ence theory. If the environment measuring the variable σx yields ordinary statistical

mechanics, the pointer sensitive to the 1/2-spin system undergoes the same, expo-

nential, decoherence regardless of whether real collapses or an entanglement with the

environment, mimicking the effect of real collapses, occur. In the case of non-ordinary

statistical mechanics the occurrence of real collapses make the pointer still relax ex-

ponentially in time, while the equivalent picture in terms of reduced density matrix

generates an inverse power law decoherence.

6.1 Introduction

Many authors define complexity as a condition of balance between randomness and

order. In this sense, we might consider quantum dynamics as the proper theoretical

tool to describe the complexity of reality. In fact, as clearly illustrated by Penrose [69],

undisturbed time evolution is unitary, is driven by the U -principle, and is consequently

a manifestation of order. Randomness is involved through the measurement process

that brings, in fact, in action, what Penrose refers to as the R-principle.

In spite of these attractive properties, quantum mechanics is not used as a paradigm

of complexity. We conjecture that the reason for missing this wonderful opportunity

is that the R-principle is ignored by the majority of physicists. We have to admit

that the R-principle is foreign to the standard quantum mechanics, which implies

only unitary transformation: the R-principle as a spontaneous wave-function reduc-

tion is a manifestation of the breakdown of the unitary nature of ordinary quantum

mechanics [70, 71, 72]. In the growing field of quantum computing, to make a relevant
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example, the quantum errors are interpreted as the effects of unitary transformations

that produce the entanglement between the q-bit and its environment. This means

that only the U -principle is used. The leading perspective is that of decoherence.

Decoherence theory was born in 1970 with the seminal work of Zeh [73] and grew up

with the work of Zurek and others over the following decades. It is now regarded to

be a theory so robust as to make obsolete the hypothesis of wave function collapses

made by the founding fathers of quantum mechanics [74].

It is important to point out that, in spite of the almost universal agreement on the

U -principle as the only motor of quantum mechanics, perceived as a quite satisfac-

tory representation of reality, attempts at interpreting the R-principle in an objective

rather than subjective way [70] have been already made by several groups. First of

all we have to quote the work of Refs. [71, 72]. These authors built up a generalized

version of the Schrödinger equation, with stochastic and nonlinear corrections that

are not significant in the ordinary microscopic conditions, thereby yielding the or-

dinary unitary evolution of quantum mechanics. The constraints on the elementary

constituents of a macroscopic body have the effect of conveying all these corrections

to its center of gravity. As a consequence of this, the corrections to the ordinary

Schrödinger equation are significantly enhanced. No more room is left for the linear

superposition of different spatial positions, and the macroscopic body moves accord-

ing to the prescriptions of classical mechanics.

More recently, another interesting proposal has been made [75] for a realistic

setting for Feynman paths. This is an attempt at a realistic interpretation of the

amplitudes, rather than probabilities, in the Feynman interpretation of quantum me-

chanics with the path-integral formalism. This new formulation rests on the dynamics

of a pair of entwined trajectories. The particles move on entwined-pair trajectories

in space time therefore generating the impression of unitary time evolution, with

dynamic rules, though, that are as random as the random walker prescriptions of

classical mechanics. This is in a sense the reverse of the assumption implicitly made

by the advocates of decoherence, whose philosophy would lead us to conclude that

wave-function collapses, and with them the second principle of thermodynamics it-

self, are an illusion of observers forced by their human limitation to look at a limited

76



portion of the Universe. The authors of Ref. [75] conjecture that from their theory

a realistic interpretation of the wave-function collapse might emerge. This is quite

possible, due to the fact that the new physics that they propose is essentially random

and non-unitary. Another approach to quantum mechanics moving from thermody-

namics, with the second law regarded as being a fundamental law of nature, rather

than an illusion of the human observer, has been proposed by El Naschie [76]. El

Naschie proves that the Cantorian space can serve as a geometrical model for a space-

time support of the thermodynamical approach. Additional work at uncovering some

unsuspected connections between the abstract algebra of wild topology and high en-

ergy physics has been more recently found by the same author [77]. Using the same

perspective, the three Nicolis [78] explained the two-slit delayed experiment without

using the Wheeler interpretation of the ”observer participancy”, setting doubts on

the independent existence of the Universe. The main purpose of this chapter is to

contribute the debate between these two opposite views with a proposal the ultimate

goal of which is to turn a philosophical controversy into a falsifiable scientific issue.

We prove in fact that the occurrence of real collapses is indistinguishable from the

entanglement between the system of interest and its environment only in the case of

ordinary statistical mechanics. If the conditions for anomalous diffusion apply, this

equivalence is lost. This means that, in principle, it is possible to experimentally

assess if real spontaneous collapses do or do not occur. We shall come back to this

point in Section 6.3.

6.2 Unitary transformations and ordinary statistical mechanics

The current literature on quantum computing is forcing us to analyze physical con-

ditions departing from the ordinary statistical mechanics, implicitly or explicitly as-

sumed by the advocates of decoherence theory. We discuss the case when the en-

vironment influence yields an inverse power law rather than exponential correlation

function, which is the key property of ordinary statistical mechanics. For an example

of this kind in the recent literature on quantum computing, see, for instance, Ref.

[79]. We show that in this anomalous condition the statistical equivalence between
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wave-function collapses and decoherence is lost. To show this basic property, let us

consider the following toy Hamiltonian

HT = GΣzσx + Hσ, (6.1)

where

Hσ = − V√
2
σz + gσxη + HB. (6.2)

We have a 1/2-spin system, characterized by the Pauli matrix Σ, called pointer,

interacting with a 1/2-spin system, characterized by the Pauli matrix σ, and called

system of interest. The system of interest undergoes an interaction with a bath,

through a variable η, driven by the Hamiltonian HB. The density matrices of the

pointer and of the system of interest are called ρΣ and ρσ, respectively. The former

is derived from a contraction over the degrees of freedom of the system of interest,

and of its bath as well. The latter requires a contraction over the pointer degrees of

freedom as well as on the bath of the system of interest. It is important to remark that

the pointer ”perceives” the time evolution of σx as independent of its own dynamics.

First of all, we show that, as expected, in the special case where the correlation

function of σx is exponential, the two pictures, wave-function collapses and decoher-

ence theory, yield the same decay process for the pointer coherence. Then we study

the inverse power law case, a case where the connection between master equation and

equivalent wave-function collapses is not yet established [80]. We solve this intriguing

problem by expressing the correlation function as a sum of infinitely many exponential

functions [81], and in fact we find a complete equivalence between the two pictures, as

far as the fluctuations of the system of interest are concerned. However, the pointer

decoherence is either exponential or an inverse power law according to whether the

collapses do or do not occur.

The case of wave-function collapse in the Markovian case was already discussed in

an earlier publication [82], where it was proved that the bath of the system of interest,

making measurements with frequency 1/τ , where τ = (1/2)[h̄2/(g2〈η2〉τη)]
1, τη being

1As in [82], the heuristic arguments here adopted are based on the assumption that the time
distance between one measurement and the next is fixed, with no consequence on the theoretical
prediction.
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the correlation time of η, results in a sequence of symbols such as +,+,+,-,-,-,... This

is so because the observable σx has the eigenstates |+〉x and |−〉x, with the eigenvalues

1 and −1, respectively. The inphasing term −V σz/
√

2 forces the system of interest

to stay in a linear combination of both states, with the form

|Ψ(t)〉 = |+〉x cos(ωt + φ)− i|−〉x sin(ωt + φ). (6.3)

If the first measurement is done at t = 0, and the system of interest makes an

instantaneous collapse into |+〉x, for instance, then the subsequent time evolution of

the system of interest is given by Eq.(6.3) with φ = 0. We set the condition τ ¿ 1/ω

(overdamped condition), with ω ≡ V/
√

2h̄. This means that the next measurement,

occurring at t = τ , will probably make the system collapse into |+〉x again. In fact, the

overdamped condition makes it possible for us to evaluate the probability of collapse

into |−〉x by Taylor series expansion of sin(ωt), and this yields, for the probability

of the system to collapse into |−〉x, the value (ωτ)2 ¿ 1. This is a small, but non-

vanishing, quantity. Thus, sooner or latter, the system of interest will collapse into

|−〉x. If it does, it will keep collapsing into |−〉x several more times. The distribution

of waiting times in either of these two states is expressed by [82]

ψ(t) =
γ

2
exp(−γ

2
t), with γ ≡ 2ω2τ. (6.4)

Note that this picture in terms of wave function collapses is compatible with the

Lindblad equation [83] that reads

d

dt
ρσ = Lσρσ(t) = −iω[σz, ρσ]− 1

2τ
[σx, [σx, ρσ]]. (6.5)

It is important to notice that

Φσ(t) = 〈σx(0)σx(t)〉. (6.6)

can be evaluated, with no assumption of wave-function collapses, from Eq. (6.5). In

the specific case when the overdamped condition applies, the operator Lσ has virtually

only two eigenstates, namely 0 and γ, and it is easy to prove that

Φσ(t) = exp(−γt). (6.7)
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On the other hand the renewal theory [84] allows us to establish a connection between

the waiting time distribution ψ(t) and the correlation function Φξ(t) of the sequence

of eigenvalues ξ(t) of σx, generated by the wave-function collapses. We have

Φξ(t) =
1

〈t〉
∫ ∞

t
(t
′ − t)ψr(t

′
)dt

′
. (6.8)

The symbol 〈t〉 denotes the mean waiting time determined by ψr(t). The Laplace

transform of ψr, ψ̂r(s), is related to the Laplace transform of ψ(t), ψ̂(s), by [?]

ψ̂r(s) = 2
ψ̂(s)

1 + ψ̂(s)
. (6.9)

This is so because the renewal theory implies a random choice of sign at the end of

the laminar region, namely ψr(t), while ψ(t) refers to the alternated sign condition.

It is straightforward to show that ψr(t) = γ exp(−γt), 〈t〉 = 1/γ, Φξ(t) = exp(−γt) =

Φσ(t), the latter equality being another manifestation of the equivalence between

decoherence theory and wave-function collapses. A further significant aspect of this

equivalence has been pointed out in Ref. [82]. These authors proved, in fact, that dur-

ing the transition process from an initial out-of equilibrium condition (〈+|xρσ(0)|+〉x
being the only non-vanishing component of the reduced density matrix) to the final

equilibrium, with the two states |+〉x and |−〉x equally populated, the von Neumann

entropy increases with a rate identical to the Kolmogorov-Sinai (KS) entropy. The

KS entropy refers to trajectories and the von Neumann entropy to densities. This

identity therefore confirms that the system decoherence can be safely interpreted as

equivalent to the occurrence of quantum jumps.

We show that this equivalence rests on the central limit theorem and ordinary

diffusion. Let us suppose that the initial pointer state is

|U〉Σ = α|+〉z + β|−〉z, (6.10)

with |+〉z and |−〉z denoting the eigenstates of Σz, with eigenvalues 1 and −1, respec-

tively. As a result of the entanglement with its own environment [85], the pointer

reduced density matrix becomes the sum of a diagonal, D(t) and off-diagonal part,

Q(t), with the following forms:

D(t) = |α|2|+〉z〈+|z + |β|2|−〉z〈−|z (6.11)
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and

Q(t) = βα∗|−〉z〈+|zR(t) + αβ∗|+〉z〈−|zR∗(t), (6.12)

respectively. The pointer decoherence R(t) is given by

R(t) =
〈
T exp

(
2iG

h̄
x(t)

)〉
, (6.13)

where 〈...〉 means average on the equilibrium state of the pointer environment, T

denotes time order and

x(t) ≡
∫ t

0
σx(t

′)dt′, (6.14)

with

σx(t) ≡ exp
(

i

h̄
Hσt

)
σx exp

(
− i

h̄
Hσt

)
. (6.15)

According to decoherence theory, also the wave function of the system of interest, as

well as the pointer, is made to collapse by its own environment, and, consequently, the

quantum time dependent variable σx(t) becomes equivalent to a classical fluctuation

ξ(t), holding either the value ξ = +1 or ξ = −1. Consequently x(t) becomes a

classical random walk trajectory driven by the diffusion equation

∂

∂t
p(x, t) =

〈ξ2〉
γ

∂2

∂x2
p(x, t). (6.16)

In this case, by means of standard Gaussian integration, Eq.(6.13) yields

R(t) = exp

(
− 4G2

h̄2ω2τ
t

)
. (6.17)

On the other hand, using the Zwanzig projection method [?], we derive for the reduced

density matrix ρΣ(t) the following equation of motion:

d

dt
ρΣ = 2

(
G2

h̄2

) ∫ t

0
dt′Φσ(t− t′)[ΣzρΣ(t′)Σz − ρΣ(t′)]. (6.18)

This equation is exact. This is a consequence of the exponential condition of Eq.(6.7)

reducing the Hilbert space of the operator Lσ of Eq. (6.5) to only two states. Fur-

thermore the exponential decoherence leads naturally to the Markov approximation,

and consequently to the Lindblad form [83]
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∂

∂t
ρΣ = 2

(
G2

h̄2γ

)
[ΣzρΣ(t)Σz − ρΣ(t)], (6.19)

which yields for R(t) = 〈−|zρΣ(t)|+〉z the same expression as Eq.(6.17). The pointer

variable Σz is measured by the 1/2-spin system. Consequently, the pointer density

matrix becomes diagonal in the basis set of the two eigenstates of this variable, with

the same exponential decoherence, regardless of whether the 1/2-spin system has

been made to collapse or not, by its thermal bath. The occurrence of real collapses

would imply a non-unitary time evolution [71, 72]. However, with the adoption of

Eqs. (6.11) and (6.12) we proved that the same result can be obtained using the

entanglement between system of interest and environment. The entanglement process

is driven by a unitary transformation, and so the Lindblad master equation, and the

wave-function collapses mimicked by this equation, are compatible with the use of

quantum mechanics and unitary transformations.

6.3 Non-ordinary statistical mechanics

Let us consider now the condition

Φσ(t) =
(

T

t + T

)β

. (6.20)

In principle, we can express it as the sum of infinitely many exponentials, and conse-

quently address the unravelling issue [80] with merely mathematical arguments. We

can also imagine this mathematical result to be produced by a modulation process

similar to that recently adopted by Beck [87]. This means that the Hamiltonian Hσ

of Eq.(6.2) must be replaced by the Hamiltonian Hσ,ζ , defined by

Hσ,ζ = − V√
2
σz + g(ζ)σxη + HB(η, ζ) + Hζ , (6.21)

where we introduce an interaction with a slow modulating environment, driven by

the Hamiltonian Hζ , so as to create a distribution of γ, rather than a single γ,

corresponding to ordinary statistical mechanics, and to the exponential functions of

Eqs.(6.7) and (6.8). We note that the time scales τη, τσ, τζ and τΣ, of the fluctuation η,
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of the 1/2-spin system, of the modulating variable ζ, and of the pointer, respectively,

fulfill the important condition

τη ¿ τσ ¿ τζ ¿ τΣ. (6.22)

Let us choose for the equilibrium distribution of γ the following form [87]

peq(γ) =
T µ−1

Γ(µ− 1)
γµ−2 exp(−γT ). (6.23)

Actually, we assume the ergodic condition to apply, and consequently the correlation

function Φσ(t) can also be evaluated through an average in time, as follows:

Φσ(t) = lim
L→∞

1

L

L∫

0

exp[−γ(t′)t]dt′, (6.24)

thereby implying that the time spent in a physical condition characterized by a given

value of γ is proportional to peq(γ)/(γ〈1/γ〉). Thus, we evaluate the integral of

Eq.(6.24) by using the following prescription

Φσ(t) =

〈
1

γ

〉−1
T µ−1

Γ(µ− 1)
(6.25)

×
∞∫

0

dγ
dγ

γ
exp(−γT )γµ−2 exp(−γt). (6.26)

At this stage it is straightforward to prove that the correlation function Φσ(t) gets

the inverse power law form of Eq.(6.20), with β = µ− 2.

Splitting the inverse power law correlation functions into a sum of infinitely many

exponentials and using the approach of Ref. [81], we get again the master equation

of Eq.(6.18) with Φσ(t) given by Eq. (6.20). This non-Markovian equation yields for

the decoherence R(t) of the pointer the following equation of motion:

dR

dt
= −k

∫ t

0
Φσ(t− t′)R(t′)dt′. (6.27)

The Laplace transform of R(t), R̂(s), is connected to the Laplace transform of Φσ(t),

Φ̂σ(s), by

R̂(s) =
1

s + kΦ̂σ(s)
. (6.28)
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Using a method based on fractional derivatives, detailed in Ref. [88], we study the

case where 0 < β < 1 and show that in the limiting case s → 0,

Φ̂(s) = T

[
Γ(1− β)

(sT )1−β
− 1

]
. (6.29)

We note that Φ̂(s) diverges for s → 0. This means that s in Eq. (6.28) can be

neglected and Eq.(6.28) yields

R̂(s) =
k

T

(sT )1−β

Γ(1− β)
. (6.30)

Using the Tauberian theorem [4], we arrive at the main conclusion that in the time

asymptotic limit (t →∞)

R(t) ∝ 1

t2−β
. (6.31)

What about the case when wave-function collapses occur? If they do occur, the

important property to evaluate becomes the waiting time distribution ψr(t). Accord-

ing to the modulation prescription, this function turns out to be given by

ψr(t) =

∞∫

0

dγ
T µ−1

Γ(µ− 1)
γµ−2 exp(−γT )γ exp(−γt). (6.32)

Notice that it is straightforward to prove that this waiting time distribution reads

ψr(t) = (µ− 1)
T µ−1

(t + T )µ
, (6.33)

which is related to the correlation function of Eq.(6.20) by the renewal theory pre-

scription of Eq.(6.8). This means that even in the case where Eq.(6.20) applies,

the environment-induced jumps create an equivalent symbolic sequence ξ(t), with

the correlation function Φξ(t) identical to Φσ(t), the quantum mechanical correlation

function evaluated without using the collapse assumption. This is a consequence of

the unravelling approach we propose in this Chapter.

The fact that the existence of trajectories enforces the use of ψr(t) rather than

that of Φσ(t) = Φξ(t), has impressive consequences, in the case 0 < β < 1. The

important relation of Eq.(6.13), if wave-function collapses occur, becomes identical
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to the characteristic function 〈exp(ikx)〉t of the corresponding diffusion process. The

diffusion process is determined by the waiting time distribution ψr(t). In this case,

the waiting time distribution has the form of Eq. (6.33). We remind the reader that

we are referring ourselves to the case where the condition 2 < µ < 3 applies. This

means that the second moment of the waiting time distribution ψr(t) is divergent. We

cannot use the ordinary central limit theorem to evaluate this characteristic function.

We can, however, use the generalized central limit theorem [9] and, following Ref.

[53, 81]2, we obtain

R(t) = exp(−b|K|µ−1t), (6.34)

where K = 2G/h̄ and b = T µ−2 sin[π(µ− 2)/2]Γ(3− µ). In conclusion, in the case of

anomalous statistical mechanics, the pointer decoherence turns out to be exponential

or an inverse power law, according to whether wave-function collapses do or do not

occur.

6.4 Concluding remarks

The discovery of the conflict between Eq. (6.31) (no genuine collapse occurring) and

Eq. (6.34) (genuine collapses occurring) is a striking result since it implies that a real

experiment might make it possible to assess if wave-function collapses do or do not

occur. If the experiment assessed the power law nature of the pointer decoherence, it

would confirm the validity of quantum mechanics in a condition where the equivalence

between decoherence theory and wave-function collapses is broken. If, on the contrary,

the experiment yielded for the pointer an exponential decoherence, this would support

the existence of real wave-function collapses, and these wave-function collapses, in

turn, could not be entirely attributed to an environmental effect. In fact, both the

non-markovian master equation of Eq. (6.29) and the spin relaxation function of

Eq.(6.25) can be interpreted as the result of a process of entanglement. The former

is the entanglement of the pointer with the 1/2-spin system of interest, the latter is

2Note that the authors of Ref. [81] proved that a slowly decaying oscillatory contribution to the
pointer decoherence exists, due to the important fact that the diffusion process is characterized by
a finite propagation front. However, this term becomes irrelevant with increasing the time scale
separation between system of interest and pointer.
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the entanglement of the 1/2-spin system of interest with its own thermal bath. The

second kind of entanglement involves many degrees of freedom, consisting of bosons,

as shown, for instance, in the work of Ref. [89]. The entanglement of the bath with

the two spin-states would imply a displacement of many bosons, and consequently, it

is plausible to imagine that this might enhance the rate of occurrence of spontaneous

collapses. In the conditions of ordinary statistical mechanics discussed in Section 6.2,

if these enviroment-induced spontaneous collapses occur, they would be invisible, and

the resulting effect would be indistinguishable from that produced by the ordinary

quantum mechanical entanglement. In the case of non-ordinary statistical mechanics,

on the contrary, as proved in Section 6.3, the pointer relaxation would signal if they

do or do not occur.

We note that a perfect equivalence between the two pictures is guaranteed only

by the exponential condition (β = ∞). In the case β > 1 the two pictures are ex-

pected to produce the same exponential behavior only after a transient, which might

be experimentally observable. This is an issue of fundamental importance that might

be resolved by means of real experiment, since there are currently realistic projects,

for instance the cantilever experiment of Ref. [90] with pointers (the cantilever) sen-

sitive to the fluctuations of also a single spin. We notice that the breakdown of

the equivalence between decoherence resting on unitary transformation and real col-

lapses is closely related the breakdown of the equivalence between trajectories and

densities in classical statistical mechanics found by Bologna, Grigolini and West in

the course of their attempts at deriving Lévy statistics from within a Liouville-like

derivation [91]. It is important to notice that the breakdown of the statistical equiv-

alence between trajectories and densities is not a quite surprising result. Petrosky

and Prigogine [92] have already pointed out the possible breakdown of this equiva-

lence in the case when recourse has to be made to the diagonalization of matrices of

infinite size. These authors consider ensembles more fundamental than trajectories.

We are inclined to share the opposite view, still sharing the basic tenet of the Bruss-

sel school that the second principle is a fundamental law of nature rather than an

illusion of the human observer. Some years ago El Naschie [93] used the Kolmogorov
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paradigm of turbuence to support the Prigogine view that the transition from dy-

namics to thermodynamics causes a deep change in the structure of spacetime. It is

remarkable that the possibility of an experimental observation of the physical effects

of genuine collapses is intimately related to intermittency. In conclusion, we found

that in the specific case where conditions of non-ordinary statistical mechanics, re-

lated to intermittency and turbulence, apply, the equivalence between environmental

decoherence and wave-function collapses is lost. In principle, an experiment can be

done to establish the occurrence of either environmental decoherence or spontaneous

wave-function collapses. This would be a way to establish with a true experiment who

is right, whether the advocate of randomness as an illusion [73, 74] or the advocate

of order as an approximation to a random reality [71, 72, 75, 76, 77, 78].
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