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An inductive proof
of the Cayley-Hamilton theorem

N. ANGHEL1

Abstract. In this note we investigate a computational proof of the Cayley-Hamilton theorem,
based on induction.
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In a recent issue of Recreaţii Matematice [2] M. Tetiva explored the possibility
of providing a computational proof for the Cayley-Hamilton theorem. This elegant
result in Matrix Theory states that for any n× n complex matrix A one has

(5) An − s1A
n−1 + s2A

n−2 + · · ·+ (−1)n−1sn−1A+ (−1)nsnIn = On,

where s1, s2, . . . sn are the (un-signed) coefficients of the characteristic polynomial
pA(λ) of A, given by

(6) pA(λ) = det(λIn−A) = λn− s1λ
n−1+ s2λ

n−2+ · · ·+(−1)n−1sn−1λ+(−1)nsn.

As pointed out in [2] there are many proofs for this theorem. Perhaps the most
recognizable one [1] starts by addressing first the case of diagonalizable matrices,
for which the theorem is a tautology. Typically, these proofs fail to capture the
dynamic interplay between the entries of the various powers of A and the coefficients
of the characteristic polynomial of A. In other words, while we know how to multiply
matrices, on one hand, and we know that, equivalently, the characteristic coefficient
si, i = 1, . . . , n, equals the sum of the

�n
i

�
diagonal minors of A (i.e., the determinants

of the sub-blocks of A obtained by eliminating the same n − i rows and columns of
A), on the other hand, we do not know the subtle assembling of them that makes
up (5). Only a computational proof of (5), which amounts to the verification of n2

polynomial identities involving the entries of A, would provide that.
The above points are taken up in [2] for the first non-trivial case, n = 3, by

reducing the problem to invertible matrices A, when (5) becomes equivalent to

(7) A2 − s1A+ s2I3 − s3A
−1 = O3.

The ease of computing A2 and the usual expressions for the entries of A−1 make the
verification of (7) simple. Although not mentioned in [2], the case n = 4 can be
handled similarly, by showing that

(8) A2 − s1A+ s2I4 − s3A
−1 + s4(A

−1)2 = O4.

It is worth saying that originally Cayley verified (5) in the case n = 3 by brute-
force calculation [1]. It is also apparent that a verification of (5) by the above methods
becomes untenable for n ≥ 5.
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The purpose of this note is to provide a proof for the Cayley-Hamilton theorem
for arbitrary n that certainly captures some of the computational flavour sought after
above. The proof is done by induction on n. It is very unlikely that this proof is
new, however we do not have a reference for it. The proof is also very elementary.
It uses only standard facts about matrices, such that: a) any complex square matrix
admits an eigenvalue, b) The coefficients of the characteristic polynomial pA(λ) are
left invariant by transposition or similarity changes of A. Consequently, the Cayley-
Hamilton equation (5) holds for A if and only if it holds for AT , or for M−1AM , M
invertible matrix.

To get the inductive step under way, assume now that (5) holds for any matrix A
of size n, for some fixed integer n. We want to show that then it also holds for matrices
B of size n + 1. To this end, let µ ∈ C be an eigenvalue for BT with corresponding
eigenvector b ∈ Cn+1, written as a column vector. By extending the vector b to
a basis in Cn+1 and then representing BT in this new basis, we conclude that B is

similar to a matrix B0 :=

�
µ 0
a A

�
, for some vector a ∈ Cn and some complex n×n

matrix A. Therefore, it suffices to prove (5) for the particular conjugate B0 of B.
Suppose first that µ is not an eigenvalue of A. It is then easily seen that for any

positive integer k,

(9) Bk
0 =

264 µk 0
k−1X
i=0

µiAk−1−ia Ak

375 =

�
µk 0

(A− µIn)
−1(Ak − µkIn)a Ak

�
.

Also, by using the characterization of si one can see that

(10) si(B0) = µsi−1(A) + si(A), i = 1, 2, . . . , n+ 1,

where we convene that s0(A) = 1 and sn+1(A) = 0.
In view of (9), the verification of the Cayley-Hamilton equation for B0 is equivalent

with checking that

(7) µn+1 − s1(B0)µ
n + s2(B0)µ

n−1 + · · ·+ (−1)nsn(B0)µ+ (−1)n+1sn+1(B0) = 0,

and that

(8) An+1−s1(B0)A
n+s2(B0)A

n−1+· · ·+(−1)nsn(B0)A+(−1)n+1sn+1(B0)In = On.

Both checks are straightforward, by making use of the contents of (10) and of the
inductive hypothesis on A.

If µ does happen to be an eigenvalue for A one can replace A by A − zIn in B0,
which for values of z ∈ C close to 0 does not have µ as an eigenvalue, and then reach
the desired conclusion for the original B0 via a limiting argument.
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