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Preface

The present volume is an outgrowth of a Conference on Mathematical Tables
held at Cambridge, Mass., on September 15-16, 1954, under the auspices of the
National Science Foundation and the Massachusetts Institute of Technology. The
purpose of the meeting was to evaluate the need for mathematical tables in the light
of the availability of large scale computing machines. It was the consensus of
opinion that in spite of the increasing use of the new machines the basic need for
tables would continue to exist.

Numerical tables of mathematical functions are in continual demand by scien-
tists and engineers. A greater variety of functions and higher accuracy of tabula-
tion are now required as a result of scientific advances and, especially, of the in-
creasing use of automatic computers. In the latter connection, the tables serve
mainly for preliminary surveys of problems before programming for machine operation.
For those without easy access to machines, such tables are, of course, indispensable.

Consequently, the Conference recognized that there was a pressing need for a
modernized version of the classical tables of functions of Jahnke-Emde. To imple-
ment the project, the National Science Foundation requested the National Bureau
of Standards to prepare such a volume and established an Ad Hoc Advisory Com-
mittee, with Professor Philip M. Morse of the Massachusetts Institute of Technology
as chairman, to advise the staff of the National Bureau of Standards during the
course of its preparation. In addition to the Chairman, the Committee consisted
of A. Erdélyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John
Todd, C. B. Tompkins, and J. W. Tukey.

The primary aim has been to include a maximum of useful information within
the limits of a moderately large volume, with particular attention to the needs of
scientists in all fields. An attempt has been made to cover the entire field of special
functions. To carry out the goal set forth by the Ad Hoc Committee, it has been
necessary to supplement the tables by including the mathematical properties that
are important in computation work, as well as by providing numerical methods
which demonstrate the use and extension of the tables.

The Handbook was prepared under the direction of the late Milton Abramowitz,
and Irene A. Stegun. Its success has depended greatly upon the cooperation of
many mathematicians. Their efforts together with the cooperation of the Ad Hoc
Committee are greatly appreciated. The particular contributions of these and
other individuals are acknowledged at appropriate places in the text. The sponsor-
ship of the National Science Foundation for the preparation of the material is
gratefully recognized.

It is hoped that this volume will not only meet the needs of all table users but
will in many cases acquaint its users with new functions.

AvLiLen V. Astin, Director.

Washington, D.C.



Foreword

This volume is the result of the cooperative effort of many persons and a number
of organizations. The National Bureau of Standards has long been turning out
mathematical tables and has had under consideration, for at least 10 years, the
production of a compendium like the present one. During a Conference on Tables,
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo-
witz of that Division mentioned preliminary plans for such an undertaking, but
indicated the need for technical advice and financial support.

The Mathematics Division of the National Research Council has also had an
active interest in tables; since 1943 it has published the quarterly journal, “Mathe-
matical Tables and Aids to Computation” (MTAC), editorial supervision being
exercised by a Committee of the Division.

Subsequent to the NBS Conference on Tables in 1952 the attention of the
National Science Foundation was drawn to the desirability of financing activity in
table production. With its support a 2-day Conference on Tables was called at the
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the
needs for tables of various kinds. Twenty-eight persons attended, representing
scientists and engineers using tables as well as table producers. This conference
reached consensus on several conclusions and recommendations, which were set
forth in the published Report of the Conference. There was general agreement,
for example, ‘“‘that the advent of high-speed computing equipment changed the
task of table making but definitely did not remove the need for tables”. It was
also agreed that “an outstanding need is for a Handbook of Tables for the Qccasional
Computer, with tables of usually encountered functions and a set of formulas and
tables for interpolation and other techniques useful to the occasional computer”.
The Report suggested that the NBS undertake the production of such a Handbook
and that the NSF contribute financial assistance. The Conference elected, from its
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz,
J. H. Curtiss, R. W. Hamming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to
help implement these and other recommendations.

The Bureau of Standards undertook to produce the recommended tables and the
National Science Foundation made funds available. To provide technical guidance
to the Mathematics Division of the Bureau, which carried out the work, and to pro-
vide the NSF with independent judgments on grants for the work, the Conference
Committee was reconstituted as the Committee on Revision of Mathematical
Tables of the Mathematics Division of the National Research Council. This, after
some changes of membership, became the Committee which is signing this Foreword.
The present volume is evidence that Conferences can sometimes reach conclusions
and that their recommendations sometimes get acted on.



VI

FOREWORD

Active work was started at the Bureau in 1956. The overall plan, the selection
of authors for the various chapters, and the enthusiasm required to begin the task
were contributions of Dr. Abramowitz. Since his untimely death, the effort has
continued under the general direction of Irene A. Stegun. The workers at the
Bureau and the members of the Committee have had many discussions about
content, style and layout. Though many details have had to be argued out as they
came up, the basic specifications of the volume have remained the same as were
outlined by the Massachusetts Institute of Technology Conference of 1954.

The Committee wishes here to register its commendation of the magnitude and
quality of the task carried out by the staff of the NBS Computing Section and their
expert collaborators in planning, collecting and editing these Tables, and its appre-
ciation of the willingness with which its various suggestions were incorporated into
the plans. We hope this resulting volume will be judged by its users to be a worthy
memorial to the vision and industry of its chief architect, Milton Abramowitz.
We regret he did not live to see its publication.

P. M. Mogsg, Chairmen.
A. ErpELyI

M. C. Gray

N. C. MEeTROPOLIS

J. B. Rosser

H. C. THACHER, JT.
Joux Topp

C. B. TompkINs

J. W. Tukey.



Contents

Page

Preface . . . . . . . . .. e e e e e 111

Foreword . . . . . . . . ... ... .. .. e e e v

Introduction . . . . . . . . . . ... ... . ... IX

1. Mathematical Constants . . . . . . . . . . . . 1
Davip S. LiepMaN

2. Physical Constants and Conversion Factors . . . . . e 5
A. G. McNisu

3. Elementary Analytical Methods . . . . . . . . . . e e 9
MiILToN ABRAMOWITZ

4. Elementary Transcendental Functions . . . . . . . . . . . . . 65

Logarithmic, Exponential, Circular and Hyperbohc Functions

RurH ZuckEer

5. Exponential Integral and Related Functions . . . . . . . . . .227
WaALTER GavrscHI and WiLniam F. CamILL

6. Gamma Function and Related Functions. . . . . . . . . . . . 253
PuiLir J. Davis

7. Error Function and Fresnel Integrals . . . . . . . . . coo.o . 295
WALTER GAUTSCHI

8. Legendre Functions . . . . . . . . . . . .. ... .. ... 331
IrENE A. STEGUN

9. Bessel Functions of Integer Order . . . . . . . . . . . . . .. 355
F. W. J. OLver

10. Bessel Functions of Fractional Order. . . . . . e e e . . ... 435
H. A. AnNTosiEwICZ

11. Integrals of Bessel Functions . . . . . . . . . . . . .. ... 479
YupeLL L. Luke

12. Struve Functions and Related Functions . . . . . . . . . . .. 495
MiLTON ABRAMOWITZ

13. Confluent Hypergeometric Functions . . . . . . . ...« .. 503
Lucy Joax SLATER

14. Coulomb Wave Functions . . . . . . . . . . . . . .. ... 537
MILTON ABRAMOWITZ

15. Hypergeometric Functions . . . . . . . . . . . . . . . ... 555
FrITz OBERHETTINGER

16. Jacobian Elliptic Functions and Theta Functions . . . . . . . . 567
L. M. Mi~xe-THOMSON

17. Elliptic Integrals . . . . . . . . . . . . .. .. e . . .. b87

- L. M. M~ne-THOMSON

18. Weierstrass Elliptic and Related Functions . . . . . . . . . . . 627
TraoMAas H. SouTHARD

19. Parabolic Cylinder Functions . . . . . . . e 685

J. C. P. MILLER



VIIL

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

CONTENTS

Mathieu Functions
GERTRUDE BLANCH
Spheroidal Wave Functions.
ArnoLp N. Lowan

Orthogonal Polynomials .
Urs W. HoCHSTRASSER

Bernoulli and Euler Polynomisals, Riemann Zeta Function .

Emiuie V. HaynsworTH and KarL GOLDBERG
Combinatorial Analysis . . . . .
K. GoLpBERG, M. NEWMA\I and E HAYNSWORTH
Numerical Interpolation, Differentiation and Integration .
PaiLip J. Davis and Ivan Poronsky
Probability Functions . .
MarviN ZeLen and NORMAN C SEVERo
Miscellaneous Functions .
IreNE A. STEGUN
Scales of Notation. .
S. Peavy and A. SCHOPF
Laplace Transforms .

Subject Index
Index of Notations . . . . . .

Page
721

751

771

803

821

875

925

997

1011

1019
1031
1044



Handbook of Mathematical Functions

with

Formulas, Graphs, and Mathematical Tables

Edited by Milton Abramowitz and Irene A. Stegun

1. Imtroduction

The present Handbook has been designed to
provide scientific investigators with a compre-
hensive and self-contained summary of the mathe-
matical functions that arise in physical and engi-
neering problems. The well-known Tables of
Functions by E. Jahnke and F. Emde has been
invaluable to workers in these fields in its many
editions! during the past half-century. The
present volume extends the work of these authors
by giving - more extensive and more accurate
numerical tables, and by giving larger collections
of mathematical properties of the tabulated
functions. The number of functions covered has
also been increased.

The classification of functions and organization
of the chapters in this Handbook is similar to
that of An Index of Mathematical Tables by
A. Fletcher, J. C. P. Miller, and L. Rosenhead.?
In general, the chapters contain numerical tables,
graphs, polynomial or rational approximations
for automatic computers, and statements of the
principal mathematical properties of the tabu-
lated functions, particularly those of computa-

tional importance. Many numerical examples
are given to illustrate the use of the tables and
also the computation of function values which lie
outside their range. At the end of the text in
each chapter there is a short bibliography giving
books and papers in which proofs of the mathe-
matical properties stated in the chapter may be
found. Also listed in the bibliographies are the
more important numerical tables. Comprehen-
sive lists of tables are given in the Index men-
tioned above, and current information on new
tables is to be found in the National Research
Council quarterly Mathematics of Computation
(formerly Mathematical Tables and Other Aids
to Computation). :

The mathematical notations used in this Hand-
book are those commonly adopted in standard
texts, particularly Higher Transcendental Func-
tions, Volumes 1-3, by A. Erdélyi, W. Magnus,
F. Oberhettinger and F. G. Tricomi (McGraw-
Hill, 1953-55). Some alternative notations have
also been listed. The introduction of new symbols
has been kept to a minimum, and an effort has
been made to avoid the use of conflicting notation.

2. Accuracy of the Tables

The number of significant figures given in each
table has depended to some extent on the number
available in existing tabulations. There has been
no attempt to make it uniform throughout the
Handbook, which would have been a costly and
laborious undertaking. In most tables at least
five significant figures have been provided, and
the tabular intervals have generally been chosen
to ensure that linear interpolation will yield. four-
or five-figure accuracy, which suffices in most
physical applications. Users requiring higher

1 The most recent, the sixth, with F. Loesch added as co-author, was
published in 1960 by McGraw-Hill, U.S.A., and Teubner, Germany.

2 The second edition, with L. J. Comrie added as co-author, was published
in two volumes in 1962 by Addison-Wesley, U.S.A., and Scientific Com-
puting Service Ltd., Great Britain.

precision in their interpolates may obtain them
by use of higher-order interpolation procedures,
described below.

In certain tables many-figured function values
are given at irregular intervals in the argument.
An example is provided by Table 9.4. The pur-
pose of these tables is to furnish “key values” for
the checking of programs for automatic computers;
no question of interpolation arises.

The maximum end-figure error, or “tolerance”
in the tables in this Handbook is %, of 1 unit
everywhere in the case of the elementary func-
tions, and 1 unit in the case of the higher functions
except in a few cases where it has been permitted
to rise to 2 units.

IX
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3. Auxiliary Functions and Arguments

One of the objects of this Handbook is to pro-
vide tables or computing methods which enable
the user to evaluate the tabulated functions over
complete ranges of real values of their parameters.
In order to achieve this object, frequent use has
been made of auxiliary functions to remove the
infinite part of the original functions at their
singularities, and auxiliary arguments to cope with
infinite ranges. An example will make the pro-
cedure clear.

The exponential integral of positive argument
is given by
Tz ¥

—du

“J-ou

Ei(z)
VI o b e b
STTREITIITRITRsIT

e?| 1 2t 3!
~};’[1+?+F+F+ .. .](:c—)m)

The logarithmie singularity precludes direct inter-
polation near z=0. The functions Ei(z)—In =
and z7'[Ei(z)—In z-—v], however, are well-
behaved and readily interpolable in this region.
Either will do as an auxiliary function; the latter
was in fact selected as it yields slightly higher
accuracy when Ei(z) is recovered. The function
z7!|Ei(z)—In z—v] has been tabulated to nine
decimals for the range 0<z<j. For }<z<2,
Ei(z) is sufficiently well-behaved to admit direct
tabulation, but for larger values of z, its expo-
nential character predominates. A smoother and
more readily interpolable function for large z is
ze~*Ei(z); this has been tabulated for 2 <z <10.
Finally, the range 10 <2< is covered by use of
the inverse argument z~!. Twenty-one entries of
ze~*Ei(z), corresponding to z'=.1(—.005)0, suf-
fice to produce an interpolable table.

4. Interpolation

The tables in this Handbook are not provided
with differences or other aids to interpolation, be-
cause it was felt that the space they require could
be better employed by the tabulation of additional
functions. deittedly aids could have been given
without consuming extra space by increasing the
intervals of tabulation, but this would have con-
flicted with the requirement that linear interpola-
tion is accurate to four or five figures.

For applications in which linear interpolation
is insufficiently accurate it is "intended that
Lagrange’s formula or Aitken’s method of itera-
tive linear interpolation® be used. To help the
user, there is a statement at the foot of most tables
of the maximum error in a linear interpolate,
and the number of function values needed in
Lagrange’s formula or Aitken’s method to inter-
polate to full tabular accuracy.

As an example, consider the following extract
from Table 5.1.

z zezE) (z) z zez B (x)
7.5 . 89268 7854 8.0 . 89823 7113
7.6 . 89384 6312 8.1 . 89927 7888
7.7 . 89497 9666 8.2 . 90029 7306
7.8 . 89608 8737 8.3 . 90129 60°3
7.9 . 89717 4302 8. 4 . 90227 4695

(—6)3

5
The numbers in the square brackets mean that
the maximum error in a linear interpolate is
3X 107 and that to interpolate to the full tabular

accuracy five points must be used in Lagrange’s
and Aitken’s methods.

3 A, C. Aitken, On interpolation by iteration of proportional parts, with-
out the use of differences, Proc. Edinburgh Math. Soc. 3, 56-76 (1832).

Let us suppose that we wish to compute the
value of ze*E,(z) for z="7.9527 from this table.
We describe in turn the application of the methods
of linear interpolation, Lagrange and Aitken, and
of alternative methods based on differences and
Taylor’s series.

(1) Linear interpolation. The formula for this
process is given by

So={1—D)fo+2h

where f,, f, are consecutive tabular values of the
function, corresponding to arguments z, &, re-
spectively; p is the given fraction of the argument
interval

p=(x—20)/(T1—2Z0)
and f, the required interpolate. In the present
instance, we have
f,=.89717 4302  f,=.89823 7113  p=.527
The most convenient way to evaluate the formula
on a desk calculating machine is to set f; and f
in turn on the keyboard, and carry out the multi-
plications by 1—p and p cumulatively; a partial
check is then provided by the multiplier dial
reading unity. We obtain

Fsm=(1—.527)(.89717 4302)+.527(.89823 7113)
= 89773 4403.

Since it is known that there is a possible error
of 3X10~%in the linear formula, we round off this
result to .89773. The maximum possible error in
this answer is composed of the error committed
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by the last rounding, that is, .4403X107% plus

3X107% and so certainly cannot exceed .8X10~%,
(2) Lagrange’s formula. In this example, the

relevant formula is the 5-point one, given by

f=A_2(p)f -2+ A1 (D)f -1+ A@)fo+ A1 (D)
A5 (p)te

Tables of the coefficients A,(p) are given in chapter
25 for the range p=0(.01)1. e evaluate the
formula for p=.52, .53 and .54 in turn. Again,
in each evaluation we accumulate the A,(p) in the
multiplier register since their sum is unity. We

The numbers in the third and fourth columns are
the first and second differences of the values of
ze“k () (see below); the smallness of the second
difference provides a check on the three interpola-
tions. The required value is now obtained by
linear interpolation:

f»=.3(.89772 9757)4-.7(.89774 0379)
=.89773 7192.

In cases where the correct order of the Lagrange

now have the following subtable. 8 W. agr
| polynomial is not known, one of the preliminary
x ze By () interpolations may have to be performed with
7.952  .89772 9757 622 polynomials of two or more different orders as a
7.953 89774 0379 - check on their adequacy.
620 _ (3) Aitken’s method of iterative linear interpola-
7.954  .89775 0999 tion. The scheme for carrying out this process
in the present example is as follows:
n Zn Yn=2ze*E;(x) Yo, n Yo,1,n Yo.1,2. 0 Yo,1,2,3,n Tn—2
0 80 .89823 7113 . 0473
1 7.9 .89717 4302 . 89773 44034 —. 0627
2 81 .89927 7888 .89774 48264 .89773 71499 . 1473
3 7.8 .89608 8737 2 90220 2394 . 89773 71938 —. 1627
4 82 .90029 7306 4 98773 1216 16 89773 71930 . 2473
5 .7.7 .89497 9666 2 35221 2706 43 30 —. 2527
Here S 3¢
1/
e— ER it Con
Ta—ZolYn  Ta—Z 831 8%ss
z; S 8y oty
Youm= 1 yoa n—r sz 852
B T fs 8%fs
) of1s2
1 You1, . « . m—1lm Tm—2T Ty f4
Yo.1.. . .. m~1,ma=
Ta—ZmiY0,1, « - -, m—1.n Tpn—% Here

If the quantities z,—z and z,—z are used as
multipliers when forming the cross-product on a
desk machine, their accumulstion (z,—z) — (2, —)
in the multiplier register is the divisor to be used
at that stage. An extra decimal place is usually
carried in the intermediate interpolates to safe-
guard against accumulation of rounding errors.

" The order in which the tabular values are used

is immaterial to some extent, but to achieve the
maximum rate of convergence and at the same
time minimize accumulation of rounding errors,
we begin, as in this example, with the tabular
argument nearest to the given argument, then
take the nearest of the remaining tabular argu-
ments, and so on. :

The number of tabular values required to
achieve a given precision emerges naturally in
the course of the iterations. Thus in the present
example six values were used, even though it was
known in advance that five would suffice. The
extra row confirms the convergence and provides
a valuable check.

(4) Difference formulas. We use the central
difference notation (chapter 25),

fip=fi—fu &fsn=Ff—f1, . . .,,
Efr=08fsp—8fip=Fo—2f1+fo
8%aj3= 8% — 8% 1=fs—3f-+3f1—fo
8ifa= 8% — 83 p=F1— 4fs+ 6fa— 4f1 +fo
and so on.

In the present example the relevant part of the
difference table is as follows, the differences being
written in units of the last decimal place of the
function, as is customary. The smallness of the
high differences provides a check on the function
values

x zer By (x) 82f 8
7.9 .89717 4302 —2 2754 —34
8.0 .89823 7113 —2 2036 —39

Applying, for example, Everett’s interpolation
formula

Fo=(1—p)fo+ E2(p) %o+ Es(p)é'fo+ . . .
+pfi+ Fa(p)éifi+ Fy(p)othi+ . . -

and taking the numerical values of the interpola-
tion coefhicients E,(p), E;(ﬁ)), Fy(p) and Fu(p)
from Table 25.1, we find that
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10% ;0 =.473(89717 4302) +.061196(2 2754) —.012(34)
+.527(89823 7113) +.063439(2 2036) —.012(39)
=89773 7193. :

We may notice in passing that KEverett’s
formula shows that the error in a linear interpolate
is approximately

Ey(p) 82y + Fy(p)6if = ¥ Eo(p) + Fo(p) 1820+ 8%f1]

Since the maximum value of |Ey(p)-+F;3(p)| in the
range 0<p<1 is %, the maximum error in a linear
interpolate is approximately

1 o1
1 9o+ 81, that is, 7o lfo—fi—fo+ /=l
(5) Taylor’s series. In cases where the succes-

sive derivatives of the tabulated function can be
computed fairly easily, Taylor’s expansion

f(x) =f(xo) + (x—x0) f’l(:!%) + (x—xo)z'ﬂz(!—@
+a—ap Ty

31
5. Inverse

With linear interpolation there is no difference
in principle between direct and inverse interpola-
tion. In cases where the linear formula provides
an insufficiently accurate answer, two methods are
available. We may interpolate directly, for
example, by Lagrange’s formula to prepare a new
table at a fine interval in the neighborhood of the
approximate value, and then apply accurate
inverse linear interpolation to the subtabulated
values. Alternatively, we may use Aitken’s
method or even possibly the Taylor’s series
method, with the roles of function and argument
interchanged.

It is important to realize that the accuracy of
an inverse interpolate may be very different from
that of a direct interpolate. This is particularly
true in regions where the function is slowly
varying, for example, near a maximum or mini-
mum. The maximum precision attainable in an
inverse interpolate can be estimated with the aid of
the formula

Aa;zAf/%

-in which Af is the maximum possible error in the
function values.
Example. Given ze’E;(x)=.9, find = from the

table on page X.
(1) Inverse linear interpolation. The formula
for p is
p=f—f) [(h—fo)-
In the present example, we have

_ .9—.80027 7888 72 2112
P=90029 7306—.89927 7888 101 9418

=.708357.

can be used. We first compute as many of the
derivatives f™(x) as are significant, and then
evaluate the series for the given value of =z.
An advisable check on the computed values of the
derivatives is to reproduce the adjacent tabular
values by evaluating the series for x=2_, and 2.

In the present example, we have

f(x) =ze=E\(x)
f@)=0+z)f(x)—1
()= (1+z)f' () —x~f(x)

F11(@) = (+2=9f"(@) — 2273 () + 227(0).

With 2,=7.9 and 2—x,=.0527 our computations
are as follows; an extra decimal has been retained
in the values of the terms in the series to safeguard
against accumulation of rounding errors.

k T® (o) [k} (x—2q) ¥f P (o) /!
0 89717 4302 89717 4302
1 101074 0669 ‘00056 6033 3
2 —.00113 7621  —.00000 3159 5
3 100012 1987 :00000 0017 9
89773 7194
Interpolation

The desired z is therefore
z=x¢+p(x;—2,) =8.14+.708357(.1) =8.17083 57

To estimate the possible error in this answer,
we recall that the maximum error of direct linear
interpolation in this table is Af=3X107%. An
approximate value for df/dz is the ratio of the
first difference to the argument interval (chapter
25), in this case .010. Hence the maximum error
in z is approximately 3X107%/(.010), that is, .0003.

(i) Subtabulation method. To improve the
approximate value of z just obtained, we inter-
polate directly for p=.70, .71 and .72 with the aid
of Lagrange’s 5-point formula,

T zerE, (x) H 8
8. 170 . 89999 3683
1 0151
8. 171 . 90000 3834 —2
1 0149
8 172 . 90001 3983

Inverse linear interpolation in the new table
gives

_.9—.89999 3683 _

P=""50001 0161 0223

Hence x=8.17062 23.

An estimate of the maximum error in this result

18
df 1X10~° o
M gg="o10 <10
(iii) Aitken’s method. Thisis carried outin the
same manner as in direct interpolation.
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n y,.=a;e3E,(x) Tn To,n To.1.n To.1,2.n To,1.2,3.n Yn—Y

0 .90029 7306 8 2 . 00029 7306
1 .89927 7888 8.1 8 17083 5712 —. 00072 2112
2 .90129 6033 8 3 817023 1505 8. 17061 9521 . 00129 6033
3 .89823 7113 8 0 8. 17113 8043 2 5948 8. 17062 2244 —. 00176 2887
4 .90227 4695 8.4 8 16992 9437 1 7335 415 8 17062 2318 . 00227 4695
5 .89717 4302 7.9 8 17144 0382 2 8142 231 265 —. 00282 5698

The estimate of the maximum error in this
result is the same as in the subtabulation method.
An indication of the error is also provided by the

discrepancy in the highest interpolates, in this
Case o124, 80d To1.2.3.5.

6. Bivariate Interpolation

Bivariate interpolation is generally most simply
performed as a sequence of univariate interpola-
tions. We carry out the interpolation in one
direction, by one of the methods already described,
for several tabular values of the second argument
in the neighborhood of its given value. The
interpolates are differenced as a check, and

interpolation is then carried out in the second
direction.

An alternative procedure in the case of functions
of a complex variable is to use the Taylor’s series
expansion, provided that successive derivatives
of the function can be computed without much
difficulty.

7. Generation of Functions from Recurrence Relations

Many of the special mathematical functions
which depend on a parameter, called their index,
order or degree, satisfy a linear difference equa-
tion (or recurrence relation) with respect to this
parameter. Examples are furnished by the Le-
gendre function P,(x), the Bessel function .J,(x)
and the exponential integral E,(x), for which we
have the respective recurrence relations

(n+1)Ppyy~ 2n+1)2Pr+nPp =0
Jn+l_“27n Jn+-]n—-1=0

NEp+zE,=e">.

Particularly for automatic work, recurrence re-
lations provide an important and powerful com-
puting tool. If the values of P,(x) or J,(x) are
known for two consecutive values of n, or E,(x)
is known for one value of n, then the function may
be computed for other values of n by successive
applications of the relation. Since generation is
carried out perforce with rounded values, it is
vital to know how errors may be propagated in
the recurrence process. If the errors do not grow
relative to the size of the wanted function, the
process is said to be stabie. If, however, the

relative errors grow and will eventually over-

whelm the wanted function, the process is unstable.

It is important to realize that stability may
depend on (i) the particular solution of the differ-
ence equation being computed; (ii) the values of
x or other parameters in the difference equation;

(ili) the direction in which the recurrence is being
applied. Examples are as follows.

Stability—increasing n
Pu(z), Pr(x)

Qu(x), Qr(z) =<1)
Ya@), Kal2)

Jon-35(@), T—n-34(x)
Eu@) (n<2)
Stability—decreasing n
Pu(z), Pr(z) (<1)
Qn(@), Qn(x)

Ja(@), I.(@)

Jn435(®), Tntss()

E, @) (n>x)

F,(n, p) (Coulomb wave function)

Illustrations of the generation of functions from
their recurrence relations are given in the pertinent
chapters. It is also shown that even in cases
where the recurrence process is unstable, it may
still be used when the starting values are known
to sufficient accuracy.

Mention must also be made here of a refinement,
due to J. C. P. Miller, which enables a recurrence
process which is stable for decreasing n to be
applied without any knowledge of starting values
for large ». Miller’s algorithm, which is well-
suited to automatic work, is described in 19.28,
Example 1.
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2 MATHEMATICAL CONSTANTS

TABLE 1. 1. MATHEMATICAL CONSTANTS

n(prime) \/n
2 1. 4142 13562 37309 50488 1012 3.1622 77660 16837 93320
3 1. 7320 50807 56887 72935 1012 2. 1544 34690 03188 37219
5 2.2360 67977 49978 96964 101/ 1. 7782 79410 03892 28012
7 2. 6457 51311 06459 05905 101/ 1. 5848 93192 46111 34853
11 3.3166 24790 35539 98491 10012 4, 6415 88833 61277 88924 *
13 3.6055 51275 46398 92931 1001/ 2. 5118 86431 50958 01112
17 4.1231 05625 61766 05498 10001/ 5.6234 13251 90349 08040
19 4. 3588 98943 54067 35522 10001/5 3.9810 71705 53497 25077 *
23 4.7958 31523 31271 95416 nn 1.2599 21049 89487 31648
29 5.3851 64807 13450 40313 313 1. 4422 49570 30740 83823
31 5. 5677 64362 83002 19221 o1/t 1. 1892 07115 00272 10667
37 6. 0827 62530 29821 96890 3 1.3160 74012 95249 24608 *
41 6. 4031 24237 43284 86865 2-12 (— 1) 7.0710 67811 86547 52440
43 6. 5574 38524 30200 06523 3-12 (— 1) 5.7735 02691 89625 76451
47 6. 8556 54600 40104 41249 5712 (— 1) 4. 4721 35954 99957 93928
53 7. 2801 09889 28051 82711
59 7. 6811 45747 86860 81758
61 7. 8102 49675 90665 43941 em2 4.8104 77380 96535 16555
67 8. 1853 52771 87244 99700 e/t 2.1932 80050 73801 54566
71 8. 4261 49773 17635 86306 e*2 (— 1) 2.0787 95763 50761 90855
73 8. 5440 03745 31753 11679 e™4  (— 1) 4.5593 81277 65996 23677
79 8 8881 94417 31558 88501 o 1. 6487 21270 70012 81468
83 9. 1104 33579 14429 88819 e12  (— 1) 6.0653 06597 12633 42360
89 9.4339 81132 05660 38113 an 1. 3956 12425 08608 95286
97 9. 8488 57801 79610 47217 e (— 1) 7.1653 13105 73789 25043
n en n e—n
1 2. 7182 81828 45904 52353 60287 1 (— 1) 3.6787 94411 71442 32159 55238
2 7.3890 56098 93065 02272 30427 2 (— 1) 1.3533 52832 36612 69189 39995
3 (1) 2.0085 53692 31876 67740 92853 3 (— 2) 4.9787 06836 78639 42979 34242
4 (1) 5.4598 15003 31442 39078 11026 4 (— 2) 1.8315 63888 87341 80293 71802
5 ( 2) 1.4841 31591 02576 60342 11156 5 (— 3) 6.7379 46999 08546 70966 36048
6 ( 2) 4.0342 87934 92735 12260 83872 6 (— 3) 2.4787 52176 66635 84230 45167
7 ( 3) 1.0966 33158 42845 85992 63720 7 (— 4) 9.1188 19655 54516 20800 31361
8 ( 3) 2.9809 57987 04172 82747 43592 8 (— 4) 3.3546 26279 02511 83882 13891
9 ( 3) 81030 83927 57538 40077 09997 9 (— 4) 1.2340 98040 86679 54949 76367
10 ( 4) 2.2026 46579 48067 16516 95790 10 (— 5) 4.5399 92976 24848 51535 59152
n env n e—n*
1 (1) 2.3140 69263 27792 69006 1 (— 2) 4.3213 91826 37722 49774
2 ( 2) 5.3549 16555 24764 73650 2 (— 3) 1.8674 42731 70798 88144
3 ( 4) 1.2391 64780 79166 97482 3 (— 5) 80699 51757 03045 99239
4 ( 5) 2.8675 13131 36653 29975 4 - (— 6) 3.4873 42356 20899 54918
5 ( 6) 6.6356 23999 34113 42333 5 (— 7) 15070 17275 39006 46107
6 ( 8 1.5355 29353 95446 69392 6 (— 9) 6.5124 12136 07990 07282
7 ( 9) 3.5533 21280 84704 43597 7 (—10) 2. 8142 68457 48555 27211
8 (10) 8.2226 31558 55949 95275 8 (—11) 1. 2161 55670 94093 08397
9 (12) 1.9027 73895 29216 12917 9 (—13) 5.2554 85176 00644 85552
10 (13) 4.4031 50586 06320 29011 10 (—14) 2.2711 01068 32409 38387
e (1 15154 26224 14792 64190 e-s  (— 2) 6.5988 03584 53125 37077
& 1. 7810 72417 99019 79852 e (— 1) 5.6145 94835 66885 16982
n Inn n logw n
2 0.6931 47180 55994 53094 172321 2 (—1) 3.0102 99956 63981 19521 37389
3 1. 0986 12288 66810 96913 952452 3 (—1) 4. 7712 12547 19662 43729 50279
4 1. 3862 94361 11989 06188 344642 4 (—1) 6.0205 99913 27962 39042 74778
5 1. 6094 37912 43410 03746 007593 5 (—1) 6.9897 00043 36018 80478 62611
6 1.7917 59469 22805 50008 124774 6 (—1) 7.7815 12503 83643 63250 87668
7 1.9459 10149 05531 33051 053527 7 (—1) 8 4509 80400 14256 83071 22163
8 2. 0794 41541 67983 59282 516964 8 (—1) 9.0308 99869 91943 58564 12167
9 2.1972 24577 33621 93827 904905 9 (—1) 9. 5424 25094 39324 87459 00558
10 2.3025 85092 99404 56840 179915 10 1. 0000 00000 00000 00000 00000
11 2.3978 95272 79837 05440 619436 11 1. 0413 92685 15822 50407 50200
13 2. 5649 49357 46153 67360 534874 13 1. 1139 43352 30683 67692 06505
17 2. 8332 13344 05621 60802 495346 17 1. 2304 48921 37827 39285 40170
19 2. 9444 38979 16644 04600 090274 19 1. 2787 53600 95282 89615 36333
23 3.1354 94215 92914 96908 067528 23 1. 3617 27836 01759 28788 67777
29 3.3672 95829 98647 40271 832720 29 1. 4623 97997 89895 60873 32847
31 3.4339 87204 48514 62459 291643 31 1. 4913 61693 83427 26796 66704
37 3.6109 17912 64422 44443 680957 37 1. 5682 01724 06699 49968 08451
41 3.7135 72066 70430 78038 667634 41 1. 6127 83856 71973 54945 09412
43 3.7612 00115 69356 24234 728425 43 1. 6334 68455 57958 65264 05088

*See page II
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2. Physical Constants and Conversion Factors

The tables in this chapter supply some of
the more commonly needed physical con-
stants and conversion factors.

All scientific measurements in the fields of
mechanics and heat are based upon four in-
ternational arbitrarily adopted units, the
magnitudes of which are fixed by four agreed
on standards:

Length—the meter—fixed by the vacuum
wavelength of radiation corresponding to the
transition 2P,,—5D; of krypton 86

(1 meter —1650763.73 ).

Mass —the kilogram—fixed by the interna-
tional kilogram at Sévres, France.

Time —the second — fixed as 1/31,556,925.9747
of the tropical year 1900 at 12" ephemeris
time, or the duration of 9,192,631,770 cycles
of the hyperfine transition frequency of cesi-
um 133.

Temperature —the degree —fixed on a ther-
modynamic basis by taking the temperature
for the triple point of natural water as 273.16
°K. (The Celsius scale is obtained by adding
—273.15 to the Kelvin scale.)

Other units are defined in terms of them by
assigning the value unity to the proportion-
ality constant in each defining equation. The
entire system, including electricity units, is
called the Systéme International d’Unités
(SI). Taking the 1/100 part of the meter as
the unit of length and the 1/1000 part of the
kilogram as the unit of mass, similarly, gives

rise to the CGS system, often used in physics
and chemistry.

Table 2.1. Common Units and Conversion

Factors
: SI CGS SI unit/
Quantity name name CGS unit
Force, F newton dyne 105
Energy, W joule erg 107
Power, P watt | . 107

The SI unit of electric current is the ampere
defined by the equation 2I'nI,I:/Aw=F giving
the force in vacuo per unit length between
two infinitely long parallel conductors of in-
finitesimal cross-section. If F' is in newtons,
and I, has the numerical value 4w X107,
then I, and I, are in amperes. The custom-
ary equations define the other electric and
magnetic units of SI such as the volt, ohm,
farad, henry, etc. The force between elec-
tric charges in a vacuum in this system is
given by @.Q:/AnT.r*=F, I'. having the nu-
merical value 107/4wc? where ¢ is the speed
of light in meters per second (I'.=28.854
X 10-12),

The CGS unrationalized system is obtained
by deleting 47 in the denominators in these
equations and expressing F' in dynes, and r
in centimeters. Setting I, equal to unity de-
fines the CGS unrationalized electromagnetic
system (emu), I'. then taking the numerical
value of 1/¢%. Setting I'. equal to unity de-
fines the CGS unrationalized electrostatic
system (esu), I'n then taking the numerical
value of 1/c2

Table 2.2. Names and Conversion Factors for Electric and Magnetic Units

Quantity SI emu esu ST unit/ ST unit/
name name name emu unit esu unit
Current ampere abampere statampere 101 ~3X10?
Charge coulomb abcoulomb statcoulomb 107! ~3X10°
Potential volt abvolt statvolt 108 ~(1/3) X102
Resistance ohm abohm statohm 10° ~(1/9) X101
Inductance henry centimeter  |_ .. ___________ 100 ~(1/9) X101
Capacitance farad = ... centimeter 10-° ~9 X101
Magnetizing force amp. turns/ oersted oo L_._._.__ 47 X 1073% ~3 X 109%*
meter

Magnetomotive force amp. turns gilbert | __________ 47 X1071% ~3/108*
Magnetic flux weber maxwell | _____.________ 108 ~(1/3) X102
Magnetic flux density tesla gauss  |oooo._._______ 10¢ ~(1/3) X10-¢
Electric displacement || |e e 10-5% ~3 X 10%*

Example: If the value assigned to a current is 100 amperes its value in abamperes is 100X10-1=10.
*Divide this number by 4w if unrationalized system is involved; other numbers are unchanged.
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PHYSICAL CONSTANTS AND CONVERSION FACTORS 7

The adjusted values of constants given in Table 2.3 are those recommended by the National Academy of Sciences-National
Research Council Committee on Fundamental Constants in 1963. The error limits are three times the standard errors estimated
from the experimental data included in the adjustment. Values, where pertinent, are based on the unified scale of atomic masses
in which the atomic mass unit (u) is defined at 1/12 of the mass of the atom of the ?C nuclide.

TABLE 2.3 Adjusted values of constants

Est. Unit
Constant Symbol Value error
limit | Systéine International Centimeter-gram-second
(MKSA) Sr)
Speed of light in vacuum....... .. c 2.997925 3 X108 m s~! X 1010 cm 87!
Elementary charge. . ............ e 1. 60210 7 10~ | C 1072 | cmifglz *
4.80298 20 oo 1010 | cmd/2giag=t
Avogadro constant. . ... ... .... Ny 6. 02252 28 102 | mol™! 103 | mol!
Electronrest mass............... m, 9.1091 4 10-3t | kg 102 | g
5. 48597 9 104 | u 104 | u
Protonrest mass................ m, 1. 67252 8 107 | kg 1% | ¢
1. 00727663 24 100 u 100 u
Neutron rest mass............... ma 1. 67482 8 10-77 | kg 10-% | g
1. 0086654 13 100 u 100 u
Faraday constant. .............. F 9. 64870 16 10+ C mol-! 10 cm!/2gl2mol -1 *
2. 89261 [ T P 104 | cm3/2gl%s—imol—! }
Planck constant................. h 6. 6256 5 103 | J 1072 | erg s
K 1. 05450 7 103 | J 10727 | erg s
Fine structure constant. . ........ a 7.29720 10 10-3 4. il 10-3
l/a 1. 370388 19 100 ... 102
a2x 1. 161385 16 1073 ...l 10-3
ot 5. 32492 14 1075 [ ... .. 10-3
Charge to mass ratio for electron . . . | ¢/m. 1. 758796 19 10t | Ckgt 107 cm!/g-in *
5.27274 (2 S P 107 | cmd/2g—125-1 §
Quantum-charge ratio. ........... hie 4.13556 12 10715 | Js Ct 107 | cm3/2glig-t *
1. 37947 O 1017 | cmi/2glz
Compton wavelength of electron. .. | A¢ 2.42621 6 102 | m 101 | cm
Ac/2r 3.86144 9 10-83 | m 10-1 | cm
Compton wavelength of proton. ... | Ac p 1. 32140 4 1075 | m 10-8 | cm
Ac. p/27 2.10307 6 10-1¢ | m 10-4 | cm
Rydberg constant. .............. R, 1. 0973731 3 107 m! 105 cm™!
Bohrradius.............oovnnn a, 5.29167 7 101t | ' m 10-* | cm
Electronradius. . . .............. Te 2. 81777 11 10715 | m 10-2 | cm
r 7.9398 6 10-% | m? 10-% | cm?
Thomson cross section. .. ........ 81rr3/3 6. 6516 5 10-2 | m? 10-% | cm?
Gyromagnetic ratio of proton. . ... ¥ 2.67519 2 108 rad s~1T! 104 rad =G~ *
Y2 4.25770 3 107 Hz Tt 102 sTIG- *
(uncorrected for diamagnetism, | v’ 2.67512 2 108 rad s~-T-1 104 rad s~1G-1 *
H.0) v [2% 4.25759 3 107 Hz T-! 10° sTIG™ *
Bohr magneton. . ............... kB 9.2732 6 10-2 | J Tt 10-2 | erg Gt *
Nuclear magneton............... BN 5. 0505 4 10-2 | J Tt 1072 | erg Gt *
Proton moment. . .. ............. p 1. 41049 13 10— [ J T-! 108 | erg G *
wolun 2.79276 7 100 ...l 100
(uncorrected for diamagnetism, H:0)| u’5/un 2. 79268 7 100 ... 100
Anomalous electron moment corrn. (e/mo) — 1 1. 159615 15 10-3 |.......... ... 10-3
Zeeman splitting constant........ uglhc 4. 66858 4 10t m~1T-! 105 | cm™ Gt *
Gasconstant................... R 8.3143 12 100 J °K-! mol-! 107 erg °K~! mol!
Normal volume perfect gas....... I 2.24136 30 10-2 | m? mol™! 104 cm?® mol—!
Boltzmann constant. . ........... k 1. 38054 18 10-8 | J °K-! 10-t¢ | erg °K-!
*First radiation constant 2mhc?) ... | ¢ 3. 7415 3 1018 | W m? 10-5 | erg cm?s™!
Second radiation coustant........ €y 1. 43879 19 10-2 | m °K 100 cm °K
Wien displacement constant. .. ... b 2.8978 4 103 | m °K 10t | em °K
Stefan-Boltzmann constant. .. ... 4 5. 6697 29 108 | W m~2 °K~ 10-5 | erg cin? st ° K4
Gravitational constant. . ......... G 6.670 15 10-1t | N m? kg2 108 | dyncm®g?
{Based on 3 std. devy applied to Jast digits in preceding column. *Electromagnetic systeni. tElectrostatic system.

C—conlomb J—joule Hz—hertz W—watt N—newton T—tesla G—gauss

*See page II.



Standard gravity g,

Standard atmospheric pressure P,

1 Thermodynamic calorie 2 cal,

1 I T calorie® cal,
1 liter 1

1 Angstrom unit A
1 Bar

PHYSICAL CONSTANTS AND CONVERSION FACTORS

Table 2.4. Miscellaneous Conversion Factors
=9.80665 m sec™?

=1X10"3 m3

=10"Ym

=10% newtons m~2

=1.013250<10° newtons m~?
10® dynes cm™2

=4.1840 joules

=4.1868 joules

*

10% dynes em=2 *

1 Gal =102 m sec™?
1 ¢cm sec™2
1 Astronomical unit a.u. =1.49598X10" m *
1 Light year =9.46 X10" m
1 Parsec =3.08X10% m

=3.26 light years
1 Curie, the quantity of radioactive material undergoing 3.700<10% disintegrations sec™.
1 Roentgen, the exposure of x- or gamma radiation which produces together with its secondaries

2.082 X 10° electron-ion pairs in 0.001293 gm air.

Formula for index of refraction of atmosphere for radio waves (f<(310%)(n—1)10°=(77.6/T) (p+
4810¢/T), where n is refractive index; T temperature °K; p total pressure in millibars, ¢ water vapor

partial pressure in millibars.

Factors for converting the customary United
States units to units of the metric system are given
in Table 2.5.

Table 2.5. Factors for Converting Customary
U.S. Units to Metric Units

Geodetic constants for the international (Hay-
ford) spheroid are given in Table 2.6. The
gravity values are on the basis of the old Potsdam
value and have not been corrected for more
recent determinations. They are probably about
13 parts per million too great. They are calcu-
lated for the surface of the geoid by the inter-

Table 2.6. Geodetic Constants

1 yard 0.9144 meter national formula.
1 foot 0.3048 meter
1 inch 0.0254 meter

1609.344 meters *
1852 meters

1 statute mile
1 nautical mile (inter-

a=6,378,388 m; f=1/297; b=6,356,912 m

national) : Length | Length of 1’ of
Latitude of 1 oefngarallel elrlr;geridoian ° !

1 pound (avdp.) 0.45359237 kilogram *
1 oz. (avdp.) 0.0283495 kilogram * 0° ) 15458?1'8398 ) %{ft2"8925 Aget;gsé‘i%c(;
1 ° . * y . y . .
. g’l‘l’l‘md force ‘1" 44§222 ’L;ths 15 | 1,792.580 | 1.844.170 | 9.783940

g : ograms 30 | 1,608.174 | 1,847.580 | 9.793378
1 poundal 0.138255 newtons 45 | 1,314.175 | 1,852.256 | 9.806294
1 foot pound 1.35582 joules 60 930.047 | 1,856.951 | 9.819239

75 481.725 1, 860. 401 9. 828734
Temperature 324 (9/5) temperature 90 0 1,861. 666 9. 832213
(Fahrenheit) Celsius

1 British thermal unit * | 1055 joules

2 Used principally by chemists.
3 Used principally by engineers.

This represents a rounded mean value differing from

4 Various definitions are given for the British thermal unit.
none of the more important definitions by more than 3in 104

*See page II.
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3. Elementary Analytical Methods

3.1. Binomial Theorem and Binomial Coeffi-
cients; Arithmetic and Geometric Progres-
sions; Arithmetic, Geometric, Harmeonic and
Generalized Means

Binomial Theorem

3.1.1
(a—}—b)":a"_}-(’ll) a"“b_}-(g) a"—2b?

+(’§) @ L L. b
(n a positive integer)

Binomial Coefficients (see chapter 24)

3.1.2

n\_ ,_nnh—=1)...(n—k+1)  nl
* (k)_"(”‘_ ] YA

3.1.3 (Z)=(nﬁk)=(_l)k(k—z—1)

3.1.4 (";:1)=(Z)+(kﬁl)
3.15 (g)=(:)=1
3.1.6 1+(’1L)+(’2L)+ N _+(‘Z)=2n

3.1.7 1—(’;)+(’2L)—. . .+(—1)"(:)=0

Table of Binomial Coefficients (Z)

3.1.8
\\k0123456789101112
n

AN
.| 1 1
277l o2 1
3277 1) 3 3 1
42277 1 4 6 4 1
5| 1) 5| 10 10| 5 1
6. | 1| e| 15 20/ 15| 6 1
7| 1| 7| 21| 35| 35/ 210 7| 1
82-_7| 1| 8| 28| 56| 70| 56| 28 8§ 1
9.27| 1| 9| 36| 84/126/126| 84 36| 9 1

10___7| 1| 10| 15120/210252(210/120{ 45 10| 1
11.._2| 1| 11] 55165/330|462|462(330(165 55| 11| 1

122207 1] 12| 66|220|495(792(924|792|295/220| 66| 12| 1

For a more extensive table see chapter 24.
*See page 1L

10

3.1.9

Sum of Arithmetic Progression to n Terms
at-(at+d)+(a+2d)+ ... +(a+{n—1)d)
=na+% n(n—l)d=72—L (a+1),
last term in series=Il=a+ (n—1)d
Sum of Geometric Progression to n Terms

3.1.10

Sp=a-+tar+tar*+ . .. —}—ar”“:M

1—r

lim s,=a/(1—7)
n—rew

(—1<r<1)
Arithmetic Mean of # Quantities A

A=a1+a2+ ... YFa,

n

3.1.11

Geometric Mean of n Quantities G

3.1.12 G=(aa;...a)"* (@, >0,k=1,2,...,n)

Harmonic Mean of n Quantities

3.1.13
1

171 1 1
gen ot +r)  @>0k=12,..,n)

Generalized Mean

1 n 1/¢
3.1.14 M(t)=(— s a},)
n k=1
3.1.15 M()=0(t<0, some a, zero)
3.1.16 lim M (t)=max. (@, ay,...,a,)=max.a
>
3.1.17 lm M(t)=min. (a1,a,, .. .,a,)=min. a
o—w

3.1.18 lim M (t)=@
t—0

3.1.19 M@1)=4

3.1.20 M((—-1)=H

3.2. Inequalities

Relation Between Arithmetic, Geometric, Harmonic
and Generalized Means

3.2.1
A> G>H, equality if and only if a,=a,= . . . —a,

3.2.2 min. a< M (t)<max. a
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3.2.3 min. ¢<@<max. a

equality holds if all @, are equal, or t<{0
and an a; Is zero

3.24 M (t)<<M(s) if t< s unless all a, are equal,

or <0 and an g is zero.

Triangle Inequalities

3.2.5 1] —aa] < a1 @] <|ay| +|ae|
3.2.6 zn)ak < Zn) |
k=1 k=1

Chebyshev’s Inequality
Ifa>a:>0> ... >a,
bi>b>bs> . . . 20,

3.2.9 n Zn: akka(zn; ak) (zn; bk)
k=1 k=1 k=1

Hélder’s Inequality for Sums

1.1
If =4==1,p>1, ¢>1
p+q p>1, ¢

n n Up/ n llq_
328 Slabl<(D a?) (X 10ke)
k=1 k=1 k=1

equality holds if and only if [bs|=c|a.|*"" (¢=con-
stant>0). If p=g=2 we get

Cauchy’s Inequality
3.29

2
[n a,,,bk] Sf‘__, al i bZ (equality for a,=cb;,
k=1 k=1 k=1

¢ constant).
Hélder’s Inequality for Integrals
1,1
3.2.10

[(v@s@las<] [ v@imaa] "] [ lo@ieas] ™

equality holds if and only if |g(z)|=c|f(x)|?™!
(c=constant>0).
If p=q=2 we get

Schwarz’s Inequality
3.2.11

[ff @) (’”)d’”] Zﬁf: [f (@) Pdz f [g(2) Pda

Minkowski’s Inequality for Sums

If p>1 and ay, b;>0 for all £,
3.2.12

1/p

(& @rwr)"<(Z o) +(Fw)"

equality holds if and only if by,=ca; (c=con-
stant>0).

Minkowski’s Inequality for Integrals
It p>1,
3.2.13

(J. vorra@pra)”<([ i)
+(J;b |g(=) Ipdx)””

equality holds if and only if g(z)=¢f(x) (¢=con-
stant>0).

3.3. Rules for Differentiation and Integration

Derivatives
3.3.1 dix (cu)=c Z—:x ¢ constant
3.3.2 % (uﬂ):Z_;t +Z_i
3.3.3 d;‘i () =1 z_z +o %
3.3.4 Edi (/) =__v@/dxv_—2udv/dx
3.3.5 d% () =3_;t Z_i
3.3.6 d_(i () =w’ (% (i—:-}—ln u 3-2

Leibniz’s Theorem for Differentiation of an Integral

3.3.7

d b{e)
d_c © f(.’l:,C)d-’l?

b(e) b i
- (0 %f(x, e)dz+1 (b, ¢) %_f(“: ) de
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Leibniz’s Theorem for Differentiation of a Product The following formulas are useful for evaluating
3.3.8 f (axf)-l(—?ﬁc)" where P(z) is a polynomial and
d'udv )\ d"%u d¥
dx" (uv) _dx" +( ) dz"-1 dr +(2) T2 da? n>1 is aninteger.
dn i dr dn 3-3-16
+o () ot B2 i
(@az*+bz+ec) (dac—b>)? (4ac— b2
3.3.9 de_, My (b*—4ac<0)
dy dx
3.3.17 1 |2az+b— (b°—4ac)}
d2 PR e (b>—4ac)t ™ 2az+ b+ (B2—4ac)?
x —
3.3.10 oy ( dZ) (b*—4ac>0)
—2
3.3.18 =2 (b*—dac=0)
2
san Lr__[Pydy dzy)’] (dy) wtd
- dy? da® dx dzx 3.3.19
xdx b d
Integration by Parts faxz+bx+c %a In |a932+b2+c| % axz-l—lfx-l—c
3.3.12 fudv:uv—fvdu 3.3.20
dx 1 ]c +dzx
@Fb2) (0T da) ad—bo ™ |atba) (@7PO
3.3.13 fuvdx-(fudx) v——f(fudx) - dx d b
3.3.21 f ; +’£2 —=_ arctan ;
Integrals of Rational Algebraic Functions eda
3.3.22 f T L ey b
(Integration constants are omitted) a*+ b 2b
de 1 a+bzx
(az+b)™ 3.3.23 @b 2ab " |a—bz
3.3.14 f(ax-l—b)”dx— n=—1)
a(r+1) 3.3.24 f aretan “+5——
( 2+ 2)2 3 2a2(x2+a2)
de 1 dzx —z atz
3.3.15 fax-l—b In |ax+-b| 3.3.25 f(:ﬁ 2 w—ah) 4a In i—z
Integrals of Irrational Algebraic Functions
dzx —d(a+ bz) 2
3.3.26 f[(a-l' bx) (c+d2)]1/2 ( bd) 172 arctan b( -I—dx) (bd<0)
3.3.27 =(—_b-7d1)”2 arcsin M;—I—fajj—%) (6>0, d<0)
3.3.28 =ﬁu2 In |[bd(a+ b2)]V2 4 b(c+dx)*?| (bd>0)
2 da+bx)T
3.3.29 f(a-l—bx)”z(c-l—dx) [d(Go—ad) ] arctan (ho—ad) (d(ad—be)<0)
1 d(a+bz)V*—[d(ad— bec)]"/?
3.3.30 T P e s s | @ad—b0>0
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3.3.31
[ Ka+ba) et es
— (@d=b) L2V ) (4 4 ba) (o-+ )
(ad—bc)? dx
8bd [(@4bx) (c+dx)]'/?
3.3.32
/2
rr
(ad bc) J‘
[(a+bx) (c-I—dx)]‘/’
3.3.33
dx
(a2’ +bx+c)'?
=a""%In |2¢"*(az?+ bz+c)V*+2ax+b|(a>0)
3.3.34 —a~V arcsinh %
(@>0, 4ac>b?)
3.3.35 =a~ 2 In |2az+b|(@>0, b*=4ac)
. (2ex+b
3.3.36 =—(—a)~ Y2 arcsin ([Esz‘;;c)Ll/z
@<0, b*>4ac, |2az+b|< (b*—4ac)'?)
3.3.37
f (ax*+bx+c)Vde= ax-l— b (a2’ bx+c)V/?
L4cw— b? dzx
T 8a (a2 +bz+c)'?
3.3.38

where t=1/z

f dzx _ dt
r(ax?+bz+c)? (a+bt+ct®)/?

3.3.39
f xdx
(@x®+bx+c)'?
1 b dz
= (@x®+bx+c)'? 2% ) @G baro®
3.3.40 f( T g =lIn |2+ (22+a?}|
3.3.41

2
f(xzztaz)*dx=g (.’t2:taz)§:h92—ln |z+ (22 a?)}|

de 1. |a+(2®+a??

3.3.42 f sl
dx 1 a
3.3.43 fx(xz—tﬂ); —= arccos — p
dx . T
3.3.44 fm—arcsm —d

3.3.45 f(az—xz)*dx=g (az—avz)H-%2 arcsin 2
de 1. la+(a*—2?)}
3.3.46 f——x(tﬁ—xz)i_ p In —
dx . T—
3.3.47 fm=arcsm Ta
3.3.48
f(2ax— Niday= ( o) (2ax— xz)*—l—— arcsin __a_a
3.3.49
dx
(ax2+b) (cx?*+d)?
S S z(ad—be)*
==t arctan b d)] (ad>be)
3.3.50
. 1 [b(cx®+d)+x(be—ad)?
“be—ad)]t " |[b(cx*+d)i—z(be—ad)}
(be>ad)

3.4. Limits, Maxima and Minima

Indeterminate Forms (L’Hospital’s Rule)

3.4.1 Let f(x) and g(x) be differentiable on an
interval a <z<(b for which ¢’ (x) =0.

If
Iim f(z)=0 and lim g(x)=0
zb— z-b—
or if
lim f(x)= »and lim g(z)=
z—>b— z->b—
and if

Li L (x)——l then hmf()

e ¢ (2) o g@)

Both b and ! may be finite or infinite.
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Maxima and Minima

3.4.2 (1) Functions of One Variable

The function y=f(z) has a maximum at z=1z,
if f(x)=0 and f"'(x)<0, and a minimum at
a=z, if f(x)=0 and f"/(2,)>0. Points a, for
which f’(2,) =0 are called stationary points.

3.4.3 (2) Functions of Two Variables
The function f(z, ¥) has a maximum or minimum
for those values of (x,, ¥,) for which

of . of _
5 =0, b_y_o
. O*f/0xdy O*f/ox? .
and for which ooy % ozdy <0;

(a) f(z,y) has a maximum

it 270 and a?j§<0 at (o, %0),

(b) f(z,y) has a minimum

if bf>0 and a?j;>0 at (o, Yo)-

3.5. Absolute and Relative Errors

(1) If z, is an approximation to the true value
of z, then

3.5.1 (a) the absolute error of z, is Arx=z,—z,
r—ux, is the correction to x.

3.5.2 (b) the relative error of x, is 5$_Axx Axx
0

3.5.3 (c) the percentage error is 100 times the
relative error.

3.5.4 (2) The absolute error of the sum or
difference of several numbers is at most equal to
the sum of the absolute errors of the individual
numbers.

3.5.5 (3) If f(ay, 25, . . ., T,) is & function of
*, &, . . ., &, and the absolute error in
(¢=1, 2, . . . n) is Ax,, then the absolute error
in fis

f Azt . of Az,

_of
af o, Az Oz oz,

3.5.6 (4) The relative error of the product or
quotient of several factors is at most equal to the
sum of the relative errors of the individual factors.
3.5.7

(5) If y= f(x), the relative error ay——— zj}((

Approximate Values

It 'el<<1; l"’l<<ly b<<a;

3.5.8 (a+b)k~at+kat-1b

3.5.9 1+ (1+n) =1+etn
1+e

3.5.10 IT 1 +€—

3.6. Infinite Series

Taylor’s Formula for a Single Variable

3.6.1
fath=1@)+hf' @ +§f“<x>

oA e [ @ Ry

n—
3.6.2

f(”)($+01h) ( 1)' (1 02)n lf(”)($+02h)

0<6,2(x)<1)
3.6.3

=(nﬁ#1)!ﬁl (A —&)»1f ™ (z4th)dt
3.6.4

1@=1@+E52 1@ +E5 2 1 @+

+(i'én ai)' fD(@)+R,
365 R=U"D g (4<<2)

Lagrange’s Expansion

If y=f(), yo=F1(x0), f’(xo) #0, then

3.6.6

=T+ Zl (y k;yO) dil?*’ l{f(x) o }k]z=z0
3.6.7
9(z) =g(o)

25 o {2 )]

where g(z) is any function indefinitely differenti-
able.

Binomial Series

3.6.8

<1+””)"=?3; (Z) 2 (—1<2<1)
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3.6.9 3.6.14
—1 1 2
(1Faymttaat D) gy olem VD oy i 4,
(1+2) 3 +9 +243
3.6.10
91 5 728 5
(l+x _1—_—1‘—x+x2‘—x3+x4’— e (_1<x<1) 729 +6561 T e (_1<x<1)
3.6.11 A totic E .
2 725 218 symptotic Expansions
$—
(a)i=145— 8+16 o ag5—Tosa )
(—1<2<1) 3.6.15 A series % e~ * is sald to be an asymp-
3.6.12 totic expansion of a function f(z) if
1% 322 5% 35x* 63x°
(+a)=1—5+"¢ 76 T 128 256 n=1
) F@—>20 ez *=0(z~") as x>
231z° k=0
022~ (—1<z<D) .
for everyn=1,2,.... We write
3.6.13 .
10 -k
P 2 Y o3 It f(x)’vz [1 7% N
(1+2) 1'*'3 ’” ’” +81 o ” k=0
2 , 154 The series itself may be either convergent or
720 ° 6561 T (—1<e<D) divergent.
Operations With Series
Let s;=1+4+ax+ar®*+a2® +axt+ . . .
82=1+b1x+b2x2+b3z3+b4x4+ PR
ss=14+czter* e teat+ . . .
Operation ¢ 2 C3 C4
3.6.16 s3=s7! —ay aé—a 2a,a;—az—a} 2a,a;— 3aias —as+aitat
3.6.17 s3=s872 —2a, 3a? —2a; 6a,a; —2as — 4ad 6a.as+3a: —2a, — 12aa,+ 5at
3.618 | sy=si' éa‘ éag—éaf é%‘ialaﬁ'i%a? §a4—7ia1as ag-l- e — lgsa%
3.6.19 | ss=s% —%a, —gaf—éag Zalag——%as—%a‘{ §a1a3+ga§—éa4 igalag+128 4
3.6.20 §3=81 na, l(n——l)clal—l—nag;* cla,i(n 1) na4+cla3(n—1)+—n(n—l)a§
2 +=¢ai(n—1) (n— 2) ¥ ) 2
6 +nas +3 (n=1) (n—2)cia,a,
+o3(n=1) (n—2) (n—3)cia}
3.6.21 §3=5153 a;-+by bs+abi+a; bs+aibs+azhi+-as bitaibs+azbs+ashi+as
3.6.22 | s3=si/s; ar—by | az— (bier+by) — (bics+bacy +bs) as— (bicz-+ bscat- bsey +by)
3.6.23 | s;=exp (s;—1) | a az+éa¥ as+a1az+%5ai’ a4+a1as+éa§+éa2a¥+2—l4af
3.6.24 83=1+1n 81 ay ag—%alcl a3~%(a201+2a102) (144—%((13014— 2a202—|— 3(1103) *

*See page II.
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Reversion of Series Polar Form
3.6.25 Given 3.7.2 z=re=r(cos 01 sin 0)
= qz 4+ b2+ cad + dat +ex® - frf 4 ga” 4
y=aetbaiter fetty 3.7.3 Modulus: |2|= @*+y?)i=r
then 3.7.4 A t tan (y/z)=6 (oth
1. rqument: arg z=arctan (y/x)=0 (other
z=Ay+ By + 0y + Dy + By + Fy' + Gy + . .. notations for arg z are am z and ph 2).
where
3.7.5 Real Part: s=%z=r cos 0
aA=1
@B=—b 3.7.6 Imaginary Part: y=z=r sin 0
a’C=2b*—ac Complex Conjugate of z
'D=>5abc—a*d—5b 3.7.7 F=ar—1iy
@®E=6a2bd + 3a’c®+ 14b*— a’e—21ab’c -
3.7.8 EEE
' F="17a%be+Ta*cd+84ab’c—a'f _
—28a2bc?—42b5—28a%b*d | 3.7.9 arg 2= —arg z
a®G=8a*bf +8atce+4ad?* + 120a%b%d Multiplication and Division
+180a%b%c +132b°— a®g—36a°b’e . .
—72a3bed— 12a°c*—330abc If zy=a,+1y, =111y, then
Kummer’s Transformation of Series 3.7.10 2122=x1w2—y1?/z+i(x1yz+x2y1)
3.6.26 Let i a,=sbe agiven convergent series and 3.7.11 | 2122 =21l | 22|
k=0
3.7.12 arg (212;)=arg z;+arg 2

@
> ¢,=c be a given convergent series with known

k=0 .
- B 3.7.13 21 2122 $1x2+?/1?/2+2($2?/1—x1?/2)
sum ¢ such that ,}LIE . A0, Tl Y
Then al ol
et (1N & 3.7.14 R
s——kc—}-fg‘é 1—X\ a . 2| 2]
Euler’s Transformation of Series 3.7.15 arg (?2—1)=arg 21— 8T 2
© 2
3.6.27 If > (—1)*a=a—a+a— . . .is a con-
k=0 ) Powers
vergent series with sum s then 3.7.16 z'=r"¢"
(—1)*A*a k ke 3.7.17 =7" cos nf+4r" sin n
-5‘—-[; T 0, Aka,0=mz=0 (—1) m g —m (n=0,:}:1,:{:2, .. .)
3.7.18 2=p2— 1y +1i(2zy)
Euler-Maclaurin Summation Formula
3.6.28 3.7.19 A= —3ry* +1(3x%y—y°)

S o= [ a3 O 401+ o= ) | 3720 #=a by Y rilsy )

1 1 3.7.21 =ua’— 10x3y2+ 5x?j4+2(5$4y— 10$2y3 +99)
=g L =S (O)H-M) Lf" @) —f7(0)]

3.7.22
(VID) n (VID 0
1209600 [P =T 0+ 2n=[xn_(g) T +(z) e ]
3.7. Complex Numbers and Functions
AN 7\ s
Cartesian Form +2 [(1) x" l?/‘—(3) il o S B

3.7.1 e=a+1iy (n=1,2,...)
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If z2"=u,+,, then z"*'=w, ,+0,,; Where

3.7.23 Up 1 =2Un—YVn; Vpt1=T0n+YUn
R 2" and Fz" are called harmonic polynomials.

12 _a2—1y
3.7.24 T Ay
13 .
3.7.25 ?“"lzlzn_(z )
Roots
3.7.26 zt=-+/z=rlet"=p cos 39-+irt sin 30

If —x<{6<x this is the principal root. The
other root has the opposite sign. The principal
root is given by

3.7.27  2Z=[30r+2)FLii¢r—z)=u+iv where
2up=y and where the ambiguous sign is taken to
be the same as the sign of y.

3.7.28 2t/"=rlne!/" (principal root if —r<{8< 7).
Other roots are ri/7g!®+2¥/n (k=12 3 . . n—1),
Inequalities

3.7.29 '21'_’22’ S’Zlﬂ:22ls’21'+’22,

Complex Functions, Cauchy-Riemann Equations

f@)=f@+w)=u@,y)+iv(,y) whereu(z,y), v(z,y)
are real, is analytic at those points z=z-14y at
which

bu bv bu _ov

If z=re®,
u_1o 1du__
3.7.31 > r o8 r3M 3

Laplace’s Equation

The functions u(z,y) and o(x,y) are called
harmonic functions and satisfy Laplace’s equation:

Cartesian Coordinates

u, Ou_ O O

3.7.32 :v2+by bx2+b’y2 0
Polar Coordinates
b ou 62u b bzv
3.7. e
B 5o ) tow— ( ) tor=

3.8. Algebraic Equations
Solution of Quadratic Equations

3.8.1 Given ez’+bz+¢=0,

b 1
21,2=""(2—a)ﬂ:§a ¢, qg=0b*—4ac,
21+22— ——b/a, 2122—0/0

If ¢>0, two real roots,
¢=0, two equal roots,
¢<0, pair of complex conjugate roots.

Solution of Cubic Equations
3.8.2 Given 224 a.2’+a;2+a,=0, let

1

1
g=3 &g &3 1= (alaz 3ao)——

If ¢#+r*>0, one real root and a pair of complex

conjugate roots,

@+r*=0, all roots real and at least two are
equal,

¢+r*<0, all roots real (irreducible case).

Let

si=[r+(@+m)1}, sy=[r—(¢+r)}}

then
[12]
21=(81+3$,) -3

WE]

=g (e~ 24 (51— s)

a2 ’L‘/_ (81—

23— — (81 + 2) )

If 2y, 2,, 2, are the roots of the cubic equation
21t 2+ 23=—
2122+ 2123+ 2223=a,
212223= — Qg
Solution of Quartic Equations

3.8.3 Given #*+a;2®+ay2*+a,2+a,=0, find the
real root u; of the cubic equation
— U’ + (@183 —4a0)u— (a] +aad —4a.a,) =0

and determine the four roots of the quartic as
solutions of the two quadratic equations

ool ey o[-
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If all roots of the cubic equation are real, use the
value of «; which gives real coefficients in the quad-
ratic equation.

If
A a2+ a2t a2+ o= (2+ pri2+q) (P4 P22+ @),
then
D1+ Po= s, PP+ @1+ @2 =02, Prge+ P2i=01, $1¢2=o-

If 21, 2., 23, 2. are the roots,

Z2,=—Q3, 22252;,= —ay,
2225= 0, %1%22324=o.
3.9. Successive Approximation Methods
General Comments

3.9.1 Let z=z;, be an approximation to z=§
where f(£)=0 and both z; and £ are in the interval
a<z<b. We define '

Ln41 =xn+cnf(xn)

Then, if f’(z)>0 and the constants ¢, are
negative and bounded, the sequence x, converges
monotonically to the root &.

If ¢,—c=constant<{0 and f’(z)>0, then the
process converges but not necessarily monotoni-
cally.

(n=1,2, ...).

Degree of Convergence of an Approximation Process

3.9.2 Let i, z2, 3, . . . be an infinite sequence
of approximations to a number £ Then, if

|w,,+1-——£|<A|:t,,-—£|",

where A and k are independent of n, the sequence
is said to have convergence of at most the kth
degree (or order or index) to & If k=1 and
A< 1 the convergence is linear; if k=2 the con-
vergence is quadratic.

n=1,2,...)

Regula Falsi (False Position)

3.9.3 Given y=f(z) to find £ such that f(§)=0,
choose z, and z; such that f(x) and f(z;) have
opposite signs and compute

. __(731—10) __flxo‘_foftl
N 7o AL

Then continue with x, and either of x, or x, for
which f(z,) or f(z;) is of opposite sign to f(z,).

Regula falsi is equivalent to inverse linear inter-
polation.

Method of Iteration (Successive Substitution)

3.9.4 The iteration scheme z,,=F(z,) will
converge to a zero of x=F(zx) if

1) |F'(@)|<q<1{or a<z<b,

| F(xo)—

(2) eSmE— Zil <,

Newton’s Method of Successive Approximations

3.9.5

Newton’s Rule

If z=1, is an approximation to the solution
z=¢ of f(x)=0 then the sequence

J ()

Tp+1= xk_f/ (xk)

will converge quadratically to z=§: (if instead of
the condition (2) above),

(1) Monotonic convergence, f(xo)f’’ (xo) >0
and f’(x), f/(z) do not change sign in the
interval (%, £), or

(2) Oscillatory convergence, f(xo)f"’ (zo)<<0
and f’(z), f”’(x) do not change sign in the
interval (2o, o), 2o <£Zu;.

Newton’s Method Applied to Real nth Roots

3.9.6 Given z"=N, if z, is an approximation
z==NV" then the sequence

1T N
Tepr=p [:;:iz_——l'*'(n—l)xk]

will converge quadratically to z.
1 /N
If n=2, (Ek+1=-2- (-i;-,r(l?k):

1/N
Ifn=3, (Ek+1='3— F-’rzflﬁk)
k

Aitken’s 52-Process for Acceleration of Sequences

3.9.7 If 2, %341, Tree are three successive iterates
in a sequence converging with an error which is
approximately in geometric progression, then

2 2
(Te—Ti)® _ Talita— Tictr,
APy, A%,

A2, =2, — 2L 1T Teg2

Tp=T—

is an improved estimate of z. In fact, if z=x+

OO\ then Z=z+O0N").
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3.10. Theorems on Continued Fractions

Definitions
3.10.1
(1) Let f b0+b _+_a2
b2+as
bt
ay Q3

=bot 3 5

If the number of terms is finite, f is called a
terminating continued fraction. If the number
of terms is infinite, f is called an infinite continued
fraction and the terminating fraction

A,
fn=B

a/n

@y 2
b B Bt
is called the nth convergent of f.

2) If lim % exists, the infinite continued frac-
n—yeo n

tion f is said to be convergent. 1f ¢;,=1 and the
b, are integers there is always convergence.
Theorems

(1) If a; and b, are positive then fo,<fonrs,
.f2n—-l >f2n+1 .

@) Iff.=

n

AnzbnAn—l+anAn—2
Bn=ann—l+aan—2
Where A__1=1, A():bo, B__IZO, B():l

A, A,y A,y by
o LH S
Bn Bn—-l Bn—Z a’n

(4) Aan—l'—'An—an:(—l)n—l ﬁ ay;
k=1
(5) For every n>0,
ity €160 €3 Crn1Cn
"Zb 11 12-233”‘7;17;7;
f 0+Clb1+ C2bot czbs+ b,
6) 14b,4+bsbs+ ... +bsbs... 0,
=L .b2 b3 bn
1— by F1— byt 1— " b, +1
1.1 1_1 wio
w Tt Cu— u1+u2— D —Uno U,
1z z 4 (=1 —
Qo oty = Qoidy Ao @s . . . 4,
_ 1 aox (1 2% 4 Q1L
o+ a—x+ ap—2+ " Fa,—x
y
2.0t e

]
1
t
|
|
(
\
(
(
|
'
1
'
)
t
I
'
|
|
1
)

Numerical Methods

3.11. Use and Extension of the Tables

Example 1. Compute z° and z¥ for z=29

using Table 3.1.
19— 9. 410
=(1.45071 4598-10%%)(4.20707 2333-10)
=6.10326 1248-10%
1= ()
=(1.25184 9008 -10%)2/29

=5.40388 2547-.10%
Example 2. Compute z=3/ for =9.19826.
(9.19826)14= (919.826/100)1 4= (919.826)114/10}

273-888 O-67—3

AN
or : e
! ~ B
6 : \
: . LEN]
]
4t |
! re-a
i .
2F \\
Il nx-§
of Mt e T
o .2 4 .6 .8 1O 12 1.4 1.6 1.8 2.0
Ficure 3 1. y=x"
1
+n= 0, —5: 2:1 2 5.
Linear interpolation in Table 3.1 gives

(919.826)14 =5.507144.
By Newton’s method for fourth roots with
N=919.826,

1 %+3(5.507144)]=5.50714 3845

Repetition yields the same result. Thus,

r14=5.50714 3845/10t=1.74151 1796,
-3 =gt/r=.18933 05683.

3.12. Computing Techniques

Example 3. Solve the quadratic equation
22— 18.22+.056 given the coeflicients as 18.2 + .1,

*See page II.
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056+.001. From 3.8.1 the solution is
r=1(18.2 +[(18.2)2—4(.056) )
—1(18.2 +:[331.016]) = 1(18.2 + 18.1939)
—18.1969, .003

The smaller root may be obtained more accurately

from
* .056/18.1969=.0031 4-.0001.

Example 4. Compute (—3+-.00762)%.
From 3.7.26, (—3+.00761)}=wu--iv where

Y (T2 )

u=g v—( 5 )’r—(ﬁ-l—y’)

Thus

r=[(—3)2+(.0076)2]}= (9.00005776)*=3.00000 9627

[3.00000 9627 —(—3) |k
V= 5

_y_ 0076
2 2(1.73205 2196)

We note that the principal square root has been
computed.

=1.73205 2196

=.00219 392926

U

Example 5. Solve the cubic equation 2*—18.1x
—34.8=0. )

To use Newton’s method we first form the
table of f(z)=1*—18.1x—34.8

@
—43.2
- 3

72.6

181.5

-3 O Uv

We obtain by linear inverse interpolation:
_ 0—(—.3)

20=5+75 6—(—.3)

Using Newton’s method, f/(x)=32?—18.1 we get

A zxo—f(xo)/f' (10)
N _(—.07215 9936)
~5.004 57.020048

Repetition yields z,=5.00526 5097. Dividing
f(x) by x—5.00526 5097 gives z?4-5.00526 5097z
+6.95267 869 the zeros of which are —2.50263 2549
+.83036 8004.

=5.004.

=~5.00526.

Example 6. Solve the quartic equation

2*—2.37752 4922234 6.07350 5741a*
—11.17938 0232-49.05265 5259=0.

Resolution Into Quadratic Factors

We seek that value of ¢ for which y(g)=0.
Inverse interpolation in y(g) gives y(¢:) =0 for

(z*+piw+q) (@2 +pr+g0) ¢:=2.003. Then,
by Inverse Interpolation
Starting with the trial value ¢g=1 we compute
. o g2 P P2 | ylg
successively
2. 003 4. 520 -—2.550 | . 172 . 011
Q q2=9_° pl=q}.:‘l?g_‘ pe=a;—p1 |y(@)=q1+ g2+ P1p2 l l
q @—q — G
. s Inverse interpolation between ¢=2.2 and ¢=
1 . 0563 —1. 093 —1.284 . 383 : —
2 4 5% | —2 543 " 165 032 | 2.003 gives ¢1=2.0041, and thus,
2.2 4. 115 —3. 106 . 729 —2.023
Q ‘ Q ‘ P ‘ P2 1 ylgy
2. 0041 | 4. 51706 7640 —2. 55259 257 | . 17506 765 . 00078 552
2. 0042 | 4. 51684 2260 — 2, 55282 851 | . 17530 358 . 00001 655
2. 0043 | 4. 51661 6903 —2. 55306 447 | . 17553 955 —. 00075 263
Inverse interpolation gives ¢;=2.00420 2152, and we get finally,
a1 I Q2 l l P2 ’ e,
2. 00420 2152 l 4, 51683 7410 —2. 55283 358 ‘ . 17530 8659 ‘ —. 00000 0011

——

*See page 11.
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Double Precision Multiplication and Division on a
Desk Calculator

Example 7. Multiply M=20243 97459 71664 32102
by m=69732 82428 43662 95023 on a 10X10X20
desk calculating machine.

Let M,=20243 97459, M,=71664 32102, m,=
69732 82428, m;=43662 95023. Then Mm=
Momo102°+ (Mym, + Myme)10°+ Mim,.

(1) Multiply Mm,=31290 75681 96300 28346
and record the digits 96300 28346 appearing in
positions 1 to 10 of the product dial.

(2) Transfer the digits 31290 75681 from posi-
tions 11 to 20 of the product dial to positions 1 to
10 of the product dial.

(3) Multiply cumulatively M mq+ Mym, +31290
75681 =>58812 67160 12663 25894 and record the
digits 12663 25894 in positions 1 to 10.

(4) Transfer the digits 58812 67160 from posi-
tions 11 to 20 to positions 1 to 10.

(5) Multiply cumulatively Mym,+ 58812 67160
=14116 69523 40138 17612. The results as ob-

tained are shown below,
96300 28346

12663 25894
14116 69523 40138 17612
14116 69523 40138 17612 12663 25894 96300 28346

If the product Mm is wanted to 20 digits, only
the result obtained in step 5 need be recorded.
Further, if the allowable error in the 20th place is
a unit, the operation M;m, may be omitted.
When either of the factors M or m contains less
than 20 digits it is convenient to position the
numbers as if they both had 20 digits. This
multiplication process may be extended to any
higher accuracy desired.

Example 8. Divide N=14116 69523 40138 17612
by d=20243 97459 71664 32102.
Method (1)—linear interpolation.

N/20243 97459-10"=.69732 82430'90519 39054
N/20243 97460-10"°= 69732 82427 46057 26941
Difference=3 44462 12113.

Difference X.71664 32102=24685 644028-1072°
(note this is an 11 X10 multiplication).

Quotient=
(69732 82430 90519 39054 —246856 44028)-10~%
=.69732 82428 43662 95026

There is an error of 3 units in the 20th place due
to neglect of the contribution from second differ-
ences.

Method (2)—If N and d are numbers each not
more than 19 digits let N=N,+N,10%, d=d,+
do10° where N, and d, contain 10 digits and N,
and d, not more than 9 digits. Then

N N0109—I—N1 [N Nodl
0l0109
Here

d~ d,10°+d,
N=14116 69523 40138 1761,
d=20243 97459 71664 3210
No=14116 69523, dy=20243 97459,
d,=71664 3210

(1) Nodi=10116 63378 42188 8830 (product dial).

(2) (Nody)/dy=49973 55504 (quotient dial).

(8) N—(Nod,)/dy=14116 69522 90164 62106
(product dial).

(4) [N— (Nody)/do]/de10°= 69732 82428 =first 10
digits of quotient in quotient dial. Remainder
=r=08839 11654, in positions 1 to 10 of product
dial.

(6) 7/(do10%)=.43662 9502-10~=next 9 digits of
quotient. N/d=.69732 82428 43662 9502. This
method may be modified to give the quotient of
20 digit numbers. Method (1) may be extended
to quotients of numbers containing mere than 20
digits by employing higher order interpolation.

Example 9. Sum the series S=1—%+43—1
+ . . . to 5D using the Euler transform.

The sum of the first 8 terms is .634524 to 6D.
If u,=1/n we get

n Uy, Au, Ay, Ay, Ay,
9 .111111
—11111
10 .100000 2020
—9091 —505
11 . 090909 1515 156
— 7576 —349
12 . 083333 1166
—6410
13 .076923
From 3.6.27 we then obtain
S=.634524+'1112111 (—. 011111)+ 00;3020
(= 000505) .000156
+- 35

=.6345244-.0555564-.002778+.000253

+.000032+4-.000005
=.693148

(S=In 2=.6931472 to 7D).
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Example 10. Evaluate the 1ntegralf sinz dz

=§ to 4D using the Euler transform.

f°° sinzdz__if"‘“" sinz .
0 x k=0 J = x

. sin (fr+t) T sint
=5 [T =g o

Evaluating the integrals in the last sum by
numerical integration we get

t.

7 gint
k 0 kr+t
0 1. 85194
1 . 43379
2 . 25661
3 . 18260 A A? A? At
4 . 14180
—2587
5 . 11593 799
— 1788 —321
6 . 09805 478 153
—1310 —168
7 . 08495 310
—1000
8 . 07495

The sum to k=3 is 1.49216. Applying the
Euler transform to the remainder we obtain

% (.14180)——% (—.02587)+% (.00799)

—51; (—.00321)+§1E (.00153)

=.07090+-.00647 +.00100--.00020
-+.00005
=.07862

We obtain the value of the integral as 1.57078 as

compared with 1.57080. \
Example 11. Sum the series kz k‘2=% using
=1

the Euler-Maclaurin summation formula.
From 3.6.28 we have forn= o,

> k=
k=1

kZ"{k 2+Z‘, (k+10)~*

. 10 _ ® 1 1 ,
=2 ko [T k=) fo— 5 1

+720 0 = v e

where f(k)=(k+10)"2. Thus,

> kTI=1.54976 7731 +.1
=1
—.005+.00016 6667 — .00000 0333
=1.64493 4065,

as compared with 7%2=1.64493 4067.

Example 12. Compute
arctan r= —x—z— —iz —9—12
1+ 3+ 5+ 7+

to 5D for z=.2. Here a,=z, a,=(n—1)%? for
'n>1, bo=0, bn=2'n—1 A..l—l B_I—O Ao ,

Forn>1
_An— An—lAn—2 2n—1

i Lo #e
_Bn_ B-n—an—z (n_l)zzz 0
A, 0 1 1 2
| B, 1 0 |].2 1 1
A, 2 0 |3 .6

= = ‘;2 197368
| B, 1 1 .04 3.04 2
A, 6 2 |5 3.032

- = ‘;3 197396
| B,] | 3.04 1 |16 15.36 3
A, 13.032 6 ||7 21.440 | 4

= = F‘=.197396
| B,| |15.36 3.04 ||.36] |108.6144| ©*

Note that in carrying out the recurrence method
for computing continued fractions the numerators
A, and the denominators B, must be used as
originally computed. The numerators and de-
nominators obtained by reducing 4,/B, to lower
terms must not be used.
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ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

See Examples 1-5 for use

Floating decimal notation:

~(9)3.4867 84401

2
16
100
604

(18)4.7383

2.4494
1. 8171
1. 5650
1.4309

1

17

194

2143
9)2.3579
10)2.5937

(24)9. 8497

3.3166
2,2239
1,8211
1. 6153

10

167

2684

( 9)4.2949
10)6. 8719
12)1.0995

(28)7.9228

4, 0000
2.5198
2.0000
1.7411

1
40

857

( 9)1.8010
10)3. 7822
11)7.9428
(13)1. 6679

(31)5. 4108

4,5825
2, 7589
2.1406

Table 3.1
k
1
2
H of the table.
5
6
7
3 910_34867 84401
10
24
1/2
1/3
1/4
1/5
1 5
2 25
3 125
4 625
5 3125
6 15625
7 78125
8 3 90625
9 19 53125
10 97 65625
24 (16) 5. 9604 64478
1/2 2.2360 67977
1/3 1. 7099 75947
1/4 1.4953 48781
1/5 1. 3797 29662
1 10
2 100
3 1000
4 10000
5 1 00000
6 10 00000
7 100 00000
8 1000 00000
9 ( 9)1.0000 00000
10 (10) 1. 0000 00000
24 (24)1.0000 00000
1/2 3,1622 77660
1/3 2.1544 34690
1/4 1. 7782 79410
1/5 1. 5848 93192
1 15
2 225
3 3375
4 50625
5 7 59375
6 113 90625
7 1708 59375
8 9) 2. 5628 90625
9 10) 3, 8443 35938
10 11) 5. 7665 03906
24 (28)1.6834 11220
1/2 3,8729 83346
1/3 2.4662 12074
1/4 1. 9679 89671
1/5 1.7187 71928
1 20
2 400
3 8000
4 1 60000
5 32 00000
6 640 00000
7 9)1.2800 00000
8 10) 2. 5600 00000
9 (11 5.1200 00000
10 (13)1.0240 00000
24 (31)1. 6777 21600
1/2 4, 4721 35955
1/3 2.7144 17617
1/4 2.1147 42527
1/5 1. 8205 64203

1.8384

nl=
n2—
n3=
ni—=
ng=
e 2
8=
29—
al0—
n24— 167
al2—  1,4142
nlB= 1. 2599
nl/4= 1.1892
nl/5= 1.1486
6
36
216
1296
7776
46656 1
79936 8
79616 57
77696 403
66176 2824
81338 (20)1.9158
89743 2. 6457
20593 1.9129
84580 1. 6265
69081 1. 4757
11
121
1331
14641
61051 2
71561 29
87171 358
58881 4299
47691 s 9)5.1597
42460 (10)6.1917
32676  (25)7.9496
24790 3. 4641
80091 2. 2894
60287 1. 8612
94266 1. 6437
16
256
4096
65536
48576 14
77216 241
35456 4103
67296 9) 6. 9757
47674 (11)1.1858
11628  (12)2.0159
16251  (29)3.3944
00000 4,1231
42100 2.5712
00000 2. 0305
01127 1. 7623
21
441
9261
94481 2
84101 51
66121 1133
88541 9) 2. 4943
85936 (10)5. 4875
00466 (12)1.2072
88098 (13)2.6559
19838 (32)1.6525
75695 4, 6904
24176 2. 8020
95143 2.1657
1. 8556

16287

512
1024

77216

13562
21050
07115
98355

7

49
343
2401
16807
17649
23543
64801
53607
75249

12314

51311
31183
76562
73162

12
144
1728
20736
48832
85984
31808
81696
80352
36422

84720

01615
28485
09718
51830

17
289
4913
83521
19857
37569
38673
57441
78765
93900

86713

05626
81591
43185
40348

22
484
10648
34256
53632
79904
57888
87354
69218

92279

10926

15760
39331
36771
00736

(11) 2. 8242

1.7320
1, 4422
1, 3160
1.2457

2
20

167

1342

( 9)1.0737

(21)4.7223

2, 8284
2. 0000
1. 6817
1. 5157

3

48

627

8157
510;1.0604
11)1. 3785

(26)5. 4280

3. 6055
2,3513
1. 8988
1. 6702

1

18

340

6122
10)1.1019
11;1.9835
12)3.5704

(30)1. 3382

4,2426
2. 6207
2.0597
1.7826

2

64

1480
9)3.4048
10)7. 8310
12)1. 8011
13) 4. 1426

(32) 4. 8025

4,7958
2.8438
2.1899
1. 8721

3

9

27

81
243
729
2187
6561
19683
59049

95365

50808
49570
74013
30940

8

64
512
4096
32768
62144
97152
77216
17728
41824

66483

27125
00000
92831
16567

13
169
2197
28561
71293
26809
48517
30721
49937
84918

07704

51275
34688
28922
77652

18
324
5832
04976
89568
12224
20032
96058
92904
67227

58845

40687
41394
67144
02458

23
529
12167
79841
36343
35889
25447
98528
52661
51121

07640

31523
66980
38703
71231

2
10

(14) 2. 8147

2. 0000
1.5874
1, 4142
1.3195

5

47

430

3874

( 9)3.4867

(22)7.9766

3. 0000
2. 0800
1.7320
1.5518

5

75

1054

9) 1. 4757
10) 2. 0661
11)2. 8925

(27)3.2141

3,.7416
2. 4101
1.9343
1. 6952

1

24

470

8938

10) 1. 6983
11) 3, 2268
12) 6.1310

(30)4. 8987

4,3588
2, 6684
2,0877
1. 8019

3

79

1911
9;4.5864
11)1.1007
12;2.6418
13) 6. 3403

(33)1.3337

4, 8989
2. 8844
2,2133
1. 8881

16

256
1024
4096

16384
65536
62144
48576

49767

00000
01052
13562
07911

81
729
6561
59049
31441
82969
46721
20489
84401

44308

00000
83823
50808
45574

14
196
2744
38416
37824
29536
13504
89056
04678
46550

99700

57387
42264
36420
18203

19
361
6859
30321
76099
45881
71739
56304
76978
66258

62931

98944
01649
97630
83127

24
576
13824
31776
62624
02976
71424
53142
07540
38097

35777

79486
99141
63839
75023



3

97

2441

9) 6, 1035
11)1. 5258
12)3. 8146
(13)9. 5367

24 (33)3.5527

1/2 5. 0000
1/3 2. 9240
1/4 2,2360
1/5 1.9036

CVONCUT LW - X

—

8
243

729
10)2. 1870
11)6.5610
13)1.9683
(14)5. 9049

24 (35)2.8242

1/2 5. 4772
1/3 3.1072
1/4 2,3403
1/5 1.9743

—

15
525
( 9)1.8382

10) 6. 4339

12)2.2518

13)7. 8815

15)2. 7585
(3

7)1.1419

1/2 5.9160
1/3 3.2710
1/4 2.4322
1/5 2, 0361

—

1

2

3

4 25
5 1024
6 9) 4. 0960
7 11)1. 6384
8 12) 6. 5536
9 14)2, 6214
0 (16)1. 0485

24 (38)2.8147

1/2 6, 3245
1/3 3.4199
1/4 2.5148
1/5 2.0912

—

9
1)3.7366
3)1. 6815
7.5668
(16) 3. 4050

24 (39)4.7544
1/2 6. 7082
1/3 3.5568

1/4 2,5900
1/5 2,1411

—

25
625
15625
90625
65625
40625
15625
78906
97266
43164

13679

00000
17738
67977
53939

30
900
27000
10000
00000

0 00000

00000
00000
00000
00000

95365

25575
32506
47319
50486

35
1225
42875
00625
21875
65625
29688
75391
63867
47354

13124

79783
66310
99279
68005

40
1600
64000
60000
00000
00000
00000
00000
40000
76000

49767

55320
51893
66859
79105

45
2025
91125
00625
28125
65625
94531
12539
06426
62892

50505
03932
93304

20064
27368

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

4

118

3089
9)8.0318
11)2, 0882
12)5. 4295
14)1. 4116

(33)9.1066

5. 0990
2,9624
2,2581
1.9186

9

286

8875

10)2, 7512
11) 8. 5289
13) 2. 6439
14)8.1962

(35) 6. 2041

5. 5677
3.1413
2,359
1.9873

16

604
9)2.1767
10)7. 8364
12)2.8211
14)1.0155
15)3, 6561

(37)2.2452

6. 0000
3.3019
2, 4494
2.0476

28

1158
9)4.7501
11;1.9475
12)7.9849
14;3'2738
16)1. 3422

(38) 5. 0911

6, 4031
3, 4482
2.5304
2.1016

44

2059

9)9. 4742
11)4. 3581
13)2. 0047
14;9.2219
16)4.2420

(39) 8. 0572
6.7823
3. 5830

2. 6042
2.1505

1
A9

*See page II.

26
676
17576
56976
81376
15776
10176
70646
03679
70957

85770

19514
96068
00864
45192

31
961
29791
23521
29151
03681
61411
10374
62216
82870

26610

64363
80652
11062
40755

36
1296
46656
79616
66176
82336
16410
09907
99567
58440

25771

00000
27249
89743
72511

41
1681
68921
25761
56201
04241
42739
25229
19344
65931

10945

24237
17240
39534
32478

46
2116
97336
77456
62976
96896
76572
61223
01627
74748

70802
29983
47871

90687
60013

w

143

3874
10)1.0460
11)2. 8242
12)7. 6255
(14)2. 0589

(34)2.2528

5.1961
3. 0000
2.2795
1.9331

10

335
9)1,0737
10) 3. 4359
12)1. 0995
13)3.5184
15)1.1258

(36) 1. 3292

5. 6568
3.1748
2,3784
2, 0000

18

693
9)2.5657
10)9. 4931
12)3.5124
14)1. 2996
15) 4. 8085

(37)4.3335

6. 0827
3.3322
2, 4663
2, 0589

31

1306

§ 9) 5. 4890
11)2. 3053
12)9, 6826
14) 4. 0667
16) 1. 7080

(38)9.0778

6. 4807
3.4760
2.5457
2.1117

—

48

2293
(10;1.0779
(11) 5. 0662
13)2. 3811
15)1. 1191
16)5.2599

(40)1. 3500
6. 8556
3. 6088

2, 6183
2.1598

,,2{(—471) 1

27
729
19683
31441
48907
20489
35320
95365
97485
11321

39954

52423
00000
07057
82045

32
1024
32768
48576
54432
41824
73837
11628
37209
99907

27996

54249
02104
14230
00000

37
1369
50653
74161
43957
26409
87713
79454
17398
84372

25711

62530
21852
25715
24137

42
1764
74088
11696
91232
31744
93332
51996
13838
19812

49315

40698
26645
29895
85765

47
2209
03823
79681
45007
21533
31205
28666
30473
13224

46075
54600
26080

30499
30012

6

172

4818

10} 1, 3492

11)3, 7780

13)1, 0578

(14)2.9619

(34) 5. 3925

5.2915
3.0365
2, 3003
1. 9472

11

391
9)1.2914
10) 4. 2618
12)1. 4064
13)4. 6411
15)1.5315

(36)2.7818

5. 7445
3,2075
2. 3967
2,0123

20

792

{ 9)3.0109
11)1. 1441

12)4.3477

14)1. 6521

15) 6. 2782

(37)8. 2187

6.1644
3.3619
2.4828
2, 0699

34

1470

9}6. 3213
11)2. 7181
13)1. 1688
13)5. 0259
(16)2.1611

(39) 1. 5967

6.5574
3.5033
2.5607
2.1217

1

53

2548
(10)1.2230
11)5. 8706
13)2. 8179
15)1. 3526
(16) 6. 4925

(40)2.2376
6. 9282
3. 6342

2, 6321
2.1689

1
nt (=59
8
The numbers in square brackets at the bottom of the page mean that the maximum
error in a linear interpolate is @ X 10-# (p in parentheses), and that to interpolate to

the full tabular accuracy m points must be used in Lagrange’s and Aitkens methods for
the respective functions nt/r, ~ *

28
784
21952
14656
10368
90304
92851
19983
45595
67667

32264

02622
88972
26634
94361

33
1089
35937
85921
35393
67969
44298
08618
48440
78985

55434

62647
34330
81727
46617

38
1444
54872
85136
35168
36384
55826
92138
61013
11848

60383

14003
75407
23796
35054

43
1849
79507
18801
08443
63049
86111
20028
26119
48231

72093

38524
98060
49602
47461

48
2304
10592
08416
03968
59046
83423
28043
05461
06211

37322

03230
41186
48026
43542

Table 3.1

7

205

5948

10)1, 7249
11)5,0024
13) 1. 4507
14)4, 2070

(35)1.2518

5. 3851
3.0723
2, 3205
1. 9610

13

454
9)1.5448
10)5. 2523
12) 1, 7857
13)6. 0716
15)2. 0643

(36)5. 6950

5. 8309
3.2396
2.4147
2,0243

23

902
9)3.5187
11)1. 3723
12)5, 3520
1422.0872
15) 8. 1404

(38)1. 5330

6. 2449
3.3912
2.4989
2,0807

37

1649
9)7.2563
11)3,1927
13)1. 4048
14)6.1812
16)2,7197

(39)2.7724
6. 6332
3.5303

2,5755
2.1315

—

57

2824
510;1.3841
11) 6. 7822
13)3.3232
15)1. 6284
16) 7. 9792

(40) 3. 6703

7.0000
3. 6593
2. 6457
2.1779

n§[<—2)7]

29
841
24389
07281
11149
23321
87631
64130
14598
72333

49008

64807
16826
95787
09057

34
1156
39304
36336
35424
04416
35014
93905
99277
77754

03680

51895
11801
36403
97459

39
1521
59319
13441
24199
43761
10067
09260
83612
06085

29700

97998
11443
99399
16549

44
1936
85184
48096
16224
13856
78097
22363
18395
36094

53276

49581
48335
09577
25513

49
2401
17649
64801
75249
28720
30728
93057
13598
26630

36822

00000
05710
51311
06425

25
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Table 3.1
k
1
2
3 1
4 62
5 3125
6 10) 1. 5625
7 11)7. 8125
8 13) 3. 9062
9 15)1.9531
10 16)9.7656
24 (40) 5. 9604
1/2 7.0710
1/3 3. 6840
1/4 2.6591
1/5 2.1867
1
2
3 1
4 91
5 5032
6 (10) 2. 7680
7 12)1.5224
8 13)8. 3733
9 15) 4. 6053
10 17)2.5329
24 (41)5. 8708
1/2 7.4161
1/3 3. 8029
1/4 2.7232
1/5 2.2288
1
2
3 2
4 129
5 7776
6 10) 4. 6656
7 12)2. 7993
8 14)1. 6796
9 16)1. 0077
10 (17) 6. 0466
24 (42)4.7383
1/2 7.7459
1/3 3,9148
1/4 2.7831
1/5 2.2679
1
2
3 2
4 178
5 9) 1. 1602
6 10)7. 5418
1 12)4. 9022
8 14) 3. 1864
9 16) 2, 0711
10 18) 1. 3462
24 (43)3.2353
1/2 8. 0622
1/3 4,0207
1/4 2.8394
1/5 2. 3045
1
2
3 3
4 240
5 9} 1. 6807
6 11)1. 1764
7 12)8. 2354
8 14)5. 7648
9 16)4.0353
10 18) 2. 8247
24 (44)1.9158
1/2 8. 3666
1/3 4,1212
1/4 2.8925
1/5 2. 3389

50
2500
25000
50000
00000
00000
00000
50000
25000
25000

64478

67812
31499
47948
24148

55
3025
66375
50625
84375
64063
35234
93789
66584
51621

98173

98487
52461
69815
07384

60
3600
16000
60000
00000
00000
60000
16000
69600
17600

81338

66692
67641
57684
33155

65
4225
74625
50625
90625
89063
27891
48129
91284
74334

44710

57748
25759
11514
31620

70
4900
43000
10000
00000
90000
30000
01000
60700
52490
12314
00265
85300

07608
42837

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

1

67

3450
10)1.7596
11)8.9741
13)4.5767
15) 2. 3341
17)1.1904

(40)9.5870

7.1414
3.7084
2.6723
2.1954

1

98

5507

10) 3. 0840
12)1.7270
13)9.6717
15)5. 4161
17)3.0330

(41)9.0471

7.-4833
3, 8258
2. 7355
2.2368

2

138

8445
10)5. 1520
12) 3. 1427
14)1.9170
16)1.1694
17)7.1334

(42)7.0455

7. 8102
3.9364
2.7946
2.2754

2
189

9)1. 2523
0) 8. 2653
2)5.4551
4)3.6004
16)2. 3762
18) 1. 5683
(43) 4. 6671
8.1240
4.0412

2. 8502
2, 3115

3

11)1.2810
12)9. 0951
1426.4575

25
( 9£1.8042

16) 4. 5848
18) 3. 2552

(44)2. 6927
8. 4261
4,1408

2. 9027
2. 3455

uy

51
2601
32651
65201
25251
28780
06779
94457
65173
24238

33090

28429
29769
45118
01897

56
3136
75616
34496
31776
97946
94850
31157
69448
54891

67858

14774
62366
64800
53829

61
3721
26981
45841
96301
37436
42836
73130
14609
29117

68477

49676
97183
82393
43032

66
4356
87496
74736
32576
95002
60701
06063
68001
36881

78950

38405
40021
69883
79249

71
5041
57911

4 11681

29351
02839
20158
35312
50072
43551

76876
49773
17749

83108
87669

1

73

3802
10)1.9770
12)1. 0280
13)5. 3459
15)2.7799
17) 1. 4455

(41)1.5278

7.2111
3.7325
2. 6853
2. 2039

1

105

6016

10) 3. 4296
12)1.9548
14)1.1142
15) 6. 3514
17) 3. 6203

(42)1. 3835

7. 5498
3, 8485
2. 7476
2, 2447

2

147

9161

10) 5. 6800
12) 3. 5216
14)2.1834
16) 1. 3537
17) 8. 3929

(43)1.0408

7. 8740
3.9578
2. 8060
2.2828

3

201

9) 1. 3501
10)9. 0458
12) 6. 0607
14)4.0606
16)2. 7206
18)1. 8228

(43) 6. 6956

8,1853
4.0615
2. 8610
2.3185

3
268

( 9)1.9349
11)1. 3931

13)1. 0030

14)7.2220

16}5.1998

18)3.7439

(44)3. 7668

8.4852
4,1601
2.9129
2. 3521

1

52
2704
40608
11616
04032
60966
71703
72853
05884
51059

48342

02551
11157
49614
44575

57
3249
85193
56001
92057
44725
97493
91571
61955
33315

55344

34435
01131
96205
86134

62
3844
38328
76336
32832
23558
14606
01056
08655
93659

79722

07874
91610
66263
55056

67
4489
00763
51121
25107
38217
11605
76776
53440
37805

88867

52772
48100
05553
41963

72
5184
73248
73856
17632
40695
61300
41363
69781
06243

63772

81374
67646
50630
58045

1

78

4181

10) 2. 2164
12)1.1747
13)6. 2259
15) 3. 2997
17)1. 7488

53

2809
48877 1
90481 85
95493 4591

36113 10)2. 4794
11140 12)1.3389
69041 13)7.2301
63592 15)3.9043
74704 (17)2.1083

(41)2.4133 53110 (41)3.779%6
7.2801 09889 7.3484
3,7562 85754 3.77197
2. 6981 67876 2.7108
2.2123 56822 2.2206

58

3364
1 95112 2
113 16496 121
6563 56768 7149
10) 3. 8068 69254 10) 4. 2180
512 2.2079 84168 12) 2. 4886
14)1.2806 30817 14)1. 4683
15)7.4276 58740 15) 8. 6629
17)4.3080 42069 17)5.1111

(42)2.1002 54121 (42) 3.1655
7. 6157 73106 7. 6811
3. 8708 76641 3. 8929
2.7596 69021 2.7714
2.2526 07878 2.2603

63

3969
2 50047 2
157 52961 167
9924 36543 9)1.0737
10) 6. 2523 50221 10) 6. 8719
12) 3.9389 80639 12)4. 3980
14)2. 4815 57803 14)2. 8147
16)1. 5633 81416 16)1. 8014
17)9. 8493 02919 (18)1.1529

(43)1.5281 75339 (43)2.2300
7.9372 53933 8. 0000
3.9790 57208 4.0000
2.8173 13247 2. 8284
2.2901 72049 2.2973

68

4624
3 14432 3
213 81376 226
9) 1, 4539 33568 9?1.5640
10)9. 8867 48262 11}1. 0791
12) 6, 7229 88818 12)7. 4463
14)4.5716 32397 14)5.1379
16)3.1087 10030 16) 3. 5452
18) 2. 1139 22820 18) 2. 4461

(43)9. 5546 30685 (44)1.3563
8.2462 11251 8.3066
4,0816 55102 4,1015
2. 8716 21711 2. 8821
2.3254 22030 2.3322

73

5329
3 89017 4
283 98241 299
9)2.0730 71593 9)2.2190
11)1, 5133 42263 11) 1. 6420
13)1.1047 39852 13}1. 2151
14) 8, 0646 00919 14)8.9919
16)5. 8871 58671 16} 6. 6540
18)4.2976 25830 18)4.9239

(44)5.2450 38047  (44)7.2704
8.5440 03745 8. 6023
4,1793 39196 4,1983
2.9230 12786 2.9329
2.3586 55818 2. 3650

1
17

,,%[<—§>2]

54
2916
57464
03056
65024
91130
25210
96134
05912
25193

38253

69228
63150
06011
43035

59
3481
05379
17361
24299
53364
51485
04376
95819
67533

43453

45748
96416
88002
22470

64
4096
62144
77216
41824
47674
46511
49767
39851
21505

74520

00000
00000
27125
96710

69
4761
28509
67121
31349
81631
53253
83744
08784
94061

70007

23863
65930
21417
21626

74
5476
05224
86576
06624
64902
28027
47402
41078
90397

49690

25267
36454
72088
82769
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75

5625

4 21875

316 40625

( 9)2.3730 46875
11)1.7797 85156
13) 1. 3348 38867
15)1. 0011 29150
16)7.5084 68628
18)5. 6313 51471

(45)1. 0033 91278

8. 6602 54038
4, 2171 63326
2. 9428 30956
2. 3714 40610

80

6400

5 12000

409 60000

9) 3. 2768 00000
11)2. 6214 40000
13)2.0971 52000
15)1. 6777 21600
17)1. 3421 77280
19)1. 0737 41824

(45)4.7223 66483

8.9442 71910
4, 3088 69380
2.9906 97562
2.4022 48868

85

7225

6 14125

522 00625

( 9)4.4370 53125
11) 3. 7714 95156

13)3,2057 70883

15) 2. 7249 05250

17)2. 3161 69463

19)1. 9687 44043

(46)2.0232 71747

9.2195 44457
4, 3968 29672
3.0363 70277
2. 4315 53252

90

8100

7 29000

656 10000

( 9)5.9049 00000
11)5. 3144 10000

13)4. 7829 69000

15) 4. 3046 72100

17) 3.8742 04890

19) 3. 4867 84401

(46)7.9766 44308

9.4868 32981
4.4814 04747
3.0800 70288
2. 4595 09486

95

9025

8 57375

814 50625
9)7.7378 09375
11)7. 3509 18906
13) 6.9833 72961
15) 6. 6342 04313
17) 6. 3024 94097
(19)5.9873 69392

(47)2.9198 90243

9.7467 94345
4.5629 02635
3.1219 85641
2. 4862 49570

ELEMENTARY ANALYTICAL

POWERS AND ROOTS n*

4

333
9)2.5355
11) 1. 9269
13) 1. 4645
15)1. 1130
16) 8. 4590
18) 6. 4288

(45)1.3788

8.7177
4,2358
2. 9525
2.3777

5
430

9)3. 4867
11} 2. 8242
13)2.2876
15)1. 8530
17)1.5009
(19)1. 2157

(45) 6. 3626

9. 0000
4, 3267
3, 0000
2. 4082

6

547
9)4.7042
11)4.0456
13) 3. 4792
15)2. 9921
17)2.5732
19)2.2130

(46)2.6789

9.2736
4, 4140
3, 0452
2.4372

7
685

9) 6. 2403
11)5. 6786
13} 5. 1676
15)4. 7025
17)4.2792
(19) 3. 8941

(47)1.0399

9.5393
4, 4979
3.0885
2. 4649

8

849

9) 8. 1537
11)7. 8275
13)7.5144
15)7.2138
17) 6.9253
19) 6. 6483

(47)3.7541

9.7979
4,5788
3,1301
2.4914

,,%{(—;)5}

76
5776
38976
62176
25376
99286
19457
34787
64385
88932

79182

97887
23584
91724
30992

81
6561
31441
46721
84401
95365
79245
20189
46353
66546

85441

00000
48711
00000
24685

86
7396
36056
00816
70176
72351
78222
79271
74173
15789

39031

18495
04962
61646
47818

91
8281
53571
74961
21451
92520
10194
25276
98001
61181

04400

92014
41445
90619
50932

9
9216
84736
34656
26976
77897
74781
95790
39958
26360

32467
58971
56970

69160
61879

4
351
9)2.7067
11)2. 0842
13} 1. 6048
15} 1. 2357
516 9.5151
18)7. 3266

(45)1.8870

8.7749
4,2543
2. 9622
2. 3839

5

452
9)3.7073
11) 3. 0400
13) 2. 4928
15)2..0441
17)1.6761
19) 1. 3744

(45)8.5414

9.0553
4. 3444
3.0092
2.4141

6

572
9)4.9842
11)4. 3362
13)3.7725
15)3.2821
17) 2. 8554
19) 2. 4842

(46) 3.5355

9.3273
4. 4310
3.0540
2.4428

7
716
9;6.5908
1)6.0635
3)5.5784
5}5.1321
7)4.7216
9)4.3438

7)1. 3517
9.5916
4,5143

3.0970
2. 4703

(1
1
31
1
(1
(4

7.6023
7.3742

7)4.8141
9.8488
4,5947

3.1382
2. 4966

[

77
5929
56533
53041
84157
23801
52327
36292
69445
80473

23915

64387
20865
56638
55503

82
6724
51368
12176
98432
66714
54706
40859
95504
80313

66801

85138
81486
16698
41771

87
7569
58503
89761
09207
62010
47949
16715
41542
34142

91351

79053
47622
75810
89656

92
8464
78688
39296
15232
50013
66012
88731
13633
84542

85726

63047
57435
41015
44749

97
9409
12673
29281
40257
20049
28448
33594
10587
41269

72219
57802
00892

88993
30932

4
370

( 9)2.8871
11)2. 2519
13) 1. 7565
15)1. 3701
17)1. 0686
18) 8. 3357

(45)2.5719

8. 83217
4,.2726
2.9718
2. 3901

5
474

{ 9)3.9390
11} 3. 2694

13}2.7136

15)2. 2522

17) 1. 8694

19)1.5516

(46)1.1425

9.1104
4. 3620
3.0183
2. 4200

9. 3808
4. 3479
3.0628
2. 4484

8

748

9) 6.9568
11) 6. 4699
13)6. 0170
15)5.5958
17)5.2041
19)4. 8398

(47)1. 7522

9. 6436
4, 5306
3,1054
2.4756

9

922
9)9.0392
11) 8. 8584
13) 8. 6812
(15)8.5076
17)8.3374
19) 8. 1707

(47)6.1578

9.8994
4, 6104
3.1463
2.5017

,;i{(—g)l]

METHODS

78
6084
74552
15056
74368
96007
56885
14371
89209
75831

97041

60866
58682
27866
15677

83

6889
71787
58321
40643
03734
05099
92232
02553
04119

47375

33579
70671
49479
01407

a8
7744
81472
69536
19168
40868
55964
45248
83818
09760

04745

31520
60181
14314
79851

93
8649
04357
05201
83693
01834
08706
18097
10830
23072

28603

50761
54896
22799
91866

98
9604
41192
36816
07968
23809
55332
30226
77621
28069

03365
94937
36292

46284
57527

Table 3.1

4

389
9)3. 0770
11)2.4308
13)1.9203
15)1, 5171
17)1. 1985
18)9. 4682

(45)3.4918

8. 8881
4,2908
2.9813
2. 3962

5

497
9)4.1821
11) 3.5129
13)2.9509
15)2. 4787
17)2. 0821
19)1.7490

(46)1.5230

9.1651
4, 3795
3.0274
2.4258

7

627
9;5.5840
11)4. 9698
13}4.4231
15) 3. 9365
17) 3.5035
19)3. 1181

(46) 6. 1004

9.4339
4, 4647
3.0714
2.4540

8

780
9)7.3390
11) 6. 8986
13)6. 4847
15) 6. 0956
17)5. 7299
19) 5. 3861

(47)2.2650

9.6953
4,.5468
3,1137
2.4809

9

960
9)9.5099
11}9.4148
13)9. 3206
15)9. 2274
17)9.1351
19)9.0438

(47)7. 8567

9.9498
4, 6260
3,1543
2.5068

L

79
6241
93039
50081
56399
74555
90899
08810
15960
76083

06676

94417
40427
07501
12991

84
7056
92704
87136
19424
80316
03466
58911
57485
12288

10388

51390
19140
00104
04834

89
7921
04969
42241
59449
12910
33490
88806
64037
71993

25945

81132
45096
78656
19455

94
8836
30584
74896
40224
97811
75942
89385
48022
51141

01461

59715
35944
37258
93182

99
9801
70299
59601
00499
01494
53479
46944
72475
20750

81408

74371
65009
42146
42442

27
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Table 3.1
k
1
2
3 10
4 1000
5 (10)1.0000
6 12) 1. 0000
7 14)1. 0000
8 16} 1. 0000
9 18)1. 0000
10 20) 1, 0000
24 (48)1.0000
1/2  ( 1)1.0000
1/3 4, 6415
174 3.1622
1/5 2.5118
1
2
3 11
4 1215
5 10)1, 2762
6 12) 1. 3400
7 14)1. 4071
8 16)1. 4774
9 18)1.5513
10 20)1.6288
24 (48)3.2250
172 ( 1)1.0246
173 4.7176
1/4 3.2010
1/5 2.5365
1
2
3 13
3 1464
5 10)1. 6105
6 12)1.7715
7 14)1.9487
8 16)2.1435
9 18)2, 3579
10 20) 2, 5937
24 (48)9. 8497
1/2  ( 1)1.0488
173 4.7914
1/4 3,2385
1/5 2. 5602
1
2
3 15
4 1749
5 10)2, 0113
6 12)2. 3130
7 14)2. 6600
8 16) 3. 0590
9 18)3.5178
10 20) 4. 0455
24 (49)2.8625
1/2  ( 1)1.0723
1/3 4. 8629
174 3.2747
1/5 2.5830
1
2
3 17
3 2073
5 10)2. 4883
6 12)2. 9859
7 14) 3. 5831
8 16) 4. 2998
9 18)5.1597
10 (20)6.1917
24 (49)7.9496
1/2  ( 1)1.0954
1/3 4.9324
1/4 3, 3097
1/5 2. 6051

100
10000
00000
00000
00000
00000
00000
00000
00000
00000

00000

00000
88834
77660
86432

105
11025
57625
50625
81563
95641
00423
55444
28216
94627

99944

95077
93980
85873
17482

110
12100
31000
10000
10000
61000
17100
88810
47691
42460

32676

08848
19857
31840
27376

115
13225
20875
00625
57188
60766
19880
22863
76292
57736

17619

80529
44131
22171
90178

120
14400
28000
60000
20000
84000
80800
16960
80352
36422

84720
45115
24149

50920
71085

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

10

1040

10) 1, 0510
12)1. 0615
14) 1. 0721
16)1. 0828
18) 1. 0936
20)1.1046

(48) 1. 2697
( 1)1.0049
4, 657
3.1701
2.5168

11

1262

10) 1, 3382
12)1.4185
14) 1. 5036
16} 1.5938
18) 1. 6894
20)1.7908

(48) 4. 0489

( 1)1,0295
4, 7326
3,2086
2,5413

13

1518

10) 1. 6850
12)1. 8704
14) 2. 0761
16) 2. 3045
18) 2, 5580
20) 2, 8394

(49)1.2239
( 1)1.0535
4, 8058

3,2458
2, 5648

15

1810
10)2,1003
12) 2. 4363
14)2, 8262
16) 3. 2784
18) 3. 8029
20)4.4114

(49)3.5236

( 1)1.0770
. 8769
3,2818
2.5875

17

2143

10) 2. 5937
12)3.1384
14)3,7974
16) 4. 5949
18)5. 5599
20)6.7274

(49)9. 7017
( 1)1.1000
. 946

3,3166
2, 6094

A

101
10201
30301
60401
10050
20151
35352
56706
85273
22125

34649
87562

0 09508

53880
90229

106
11236
91016
47696
25578
19112
30259
48075
78959
47697

34641

63014
23491
80436
30642

111
12321
67631
07041
58155
14552
60153
37770
36924
20986

15658

65375
95534
67180
65499

116
13456
60896
63936
41658
96323
19734
14892
61275
35079

41704

32961
98961
18035
66964

121
14641
71561
58881
42460
28377
98336
72986
17313
99949

23378
00000

0 87443

24790
98635

10

1082

10) 1. 1040
12)1.1261
14} 1. 1486
16)1.1716
18)1.1950
20)1.2189

(48) 1. 6084

( 1)1.0099
4, 6723
3.1779
2.5218

12

1310

10)1, 4025
12)1.5007
14) 1. 6057
16)1. 7181
18) 1. 8384
20) 1. 9671

(48)5.0723

( 1)1.0344
4,7474
3,2162
2.5461

14

1573

10} 1. 7623

12)1.9738

14)2.2106

16) 2. 4759

18) 2. 7730

(20) 3.1058

(49)1.5178

( 1)1.0583
4, 8202
3.2531
2.5694

16

1873

10)2, 1924
12)2. 5651
14) 3, 0012
16) 3. 5114
18)4.1084
20) 4. 8068

(49)4. 3297

( 1)1.0816
4, 8909
3. 2888
2. 5920

18

2215

10) 2, 7027
12)3.2973
14) 4, 0227
16) 4. 9077
18)5.9874
20) 7. 3046

(50)1.1820
( 1)1.1045
4, 9596

3,3234
2. 6137

,,%{(—g)l]

102
10404
61208
43216
80803
62419
85668
59381
92569
94420

37249

50494
28728
71828
54548

107
11449
25043
79601
51731
30352
81476
86180
59212
51357

66953

08043
59398
21453
07613

112
12544
04928
51936
41683
22685
81407
63176
78757
48208

62893

00524
84528
53123
70314

117
13689
01613
88721
48036
64202
42116
53276
00333
28389

28675

65383
73246
68168
12982

122
14884
15848
33456
08163
03959
10830
07213
02800
31415

50242
36102
75664

56186
97668

10

1125

10) 1.1592
12) 1. 1940
14) 1. 2298
16) 1. 2667
18) 1. 3047
20) 1. 3439

(48)2,0327

( 1)1.0148
. 6875
3.1857
2.5267

12
1360

10) 1. 4693
12)1.5868
14)1.7138
16)1. 8509
18)1.9990
(20) 2. 1589
(48) 6. 3411
( 1)1.0392
4.7622

3,2237
2,5508

14

1630

10) 1. 8424

12)2, 0819

14) 2, 3526

16) 2. 6584

18) 3. 0040

(20) 3. 3945

(49)1.8788

( 1)1.0630
4, 8345
3, 2603
2.5740

16

1938

10) 2. 2877
12) 2. 6995
14)3.1854
16)3. 7588
18) 4. 4354
20)5.2338

(49)5. 3109
( 1)1.0862
4.9048
3.2958
2. 5964

18

2288

10) 2. 8153
12) 3. 4628
14) 4, 2592
16) 5. 2389
18) 6. 4438
20)7,9259

(50)1, 4378

( 1)1.1090
4,9731
3.3302
2. 6180

[

103
10609
92727
50881
74074
52297
73865
70081
73184
16379

94106

89157
48148
32501
80083

108
11664
59712
48896
28077
74323
24269
30210
04627
24997

80737

30485
03156
09795
49001

113
12769
42897
47361
35179
51753
05480
44193
41938
67390

09051

14581
88127
90439
42354

118
13924
43032
77776
57757
54153
73901
59203
53859
35554

00627

78049
68131
73252
28703

123
15129
60867
86641
05684
25992
75970
09443
58615
46096

80104

53651
89833
45713
68602

11

1169

10) 1. 2166
12)1,2653
14)1. 3159
16) 1. 3685
18) 1. 4233
20) 1. 4802

(48)2.5633
( 1)1.0198
4,7026

3.1934
2.5316

12

1411

10) 1. 5386
12)1. 6771
14) 1. 8280
16)1. 9925
18)2.1718
20)2.3673

(48)7.9110

( 1)1.0440
7768
3,2311
2.5555

14

1688

10) 1. 9254
12)2, 1949
14)2,5022
16) 2. 8525
18) 3, 2519
20)3.7072

(49) 2. 3212
( 1)1.0677
4,8488

3,2675
2.5785

16

2005

10) 2, 3863
12) 2. 8397
14) 3. 3793
16) 4. 0213
18) 4. 7854
20) 5. 6946

(49) 6. 5031

( 1)1.0908
4, 9186
3.3028
2. 6008

19

2364

10) 2. 9316
12) 3. 6352
14)4.5076
16) 5. 5895
18) 6. 9309
20)8.5944

(50)1. 7463
( 1)1.1135
4, 9866

3.3369
2, 6223

A9

104
10816
24864
85856
52902
19018
31779
69050
11812
44285

04165

03903
69375
36868
67508

109
11881
95029
58161
23955
00111
39121
62642
93279
63675

83175

30651
56181
46315
55397

114
12996
81544
96016
14582
72624
68791
86422
48521
21314

20685

07825
07586
79877
82140

119
14161
85159
33921
53660
60855
15418
85347
48563
83790

99444

71211
84734
33952
14587

124
15376
06624
21376
25062
15077
66696
06703
88312
25506

06393
52873
30952

93965
11847
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19

2441

10) 3. 0517
12)3. 8146
14)4, 7683
16) 5. 9604
18)7. 4505
20)9. 3132

(50)2.1175

( 1)1.1180
5. 0000
3,3437
2. 6265

3,3766
2. 6472

24

3321

510 4, 4840
12) 6. 0534

14)8,1721

17)1.1032

19)1, 4893

21)2, 0106

(51) 1. 3427

( 1)1.1618
. 1299
3.4086
2. 6672

27

3841
10) 5. 3782
12)7.5295
15) 1. 0541
17) 1, 4757
(19)2, 0661
(21) 2. 8925

(51)3.2141

( 1)1.1832
5.1924
3. 4397
2. 6867

(21) 4. 1084
(51)7.4616
( 1)1.2041
5. 2535
3, 4701
2.7056

125
15625
53125
40625
57813
97266
71582
64478
80597
25746

82368

33989
00000
01525
27804

130
16900
97000
10000
30000
09000
51700
07210
49937
84918

07704

75425
97019
48375
11681

135
18225
60375
50625
33438
45141
50940
40377
74509
55587

97252

95004
27840
58099
68608

140
19600
44000
60000
40000
36000
35040
89056
04678
46550

99700

15957
94102
90628
39790

145
21025
48625
50625
34063
14391
46587
87551
26948
69075

01544
59458
87872

00082
62363

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

20

2520
(10)3,1757
(12}4. 0015
514 5. 0418
16) 6. 3527
(18) 8. 0045
(21)1.0085

(50)2. 5638

( 1)1.1224
5.0132
3, 3503
2. 6307

22

2944

510 3.8579
12) 5. 0539
14} 6. 6206
16)8, 6730
19)1.1361
21)1.4883

(50)6. 5239

( 1)1.1445
5,0787
3, 3831
2. 6512

25

3421

10) 4, 6525

12) 6, 3275

14)8. 6054

517 1.1703
19)1, 5916

(21)2. 1646

(51)1. 6030

( 1)1.1661
5.1425
3. 4149
2.6712

28

3952

10)5. 5730
12)7. 8580
15)1.1079
17)1.5622
19)2. 2027
(21)3.1059

(51) 3. 8129

( 1)1.1874
5.2048
3. 4459
2. 6905

31

4543

10) 6. 6338

12}9. 6853

15)1. 4140

(17)2. 0645
§19 3,0142
21)4, 4007

(51)8. 7997

( 1)1.2083
5. 2656
3.4760
2,7093

{7

126
15876
00376
47376
96938
04141
95218
87975
12848
68619

52774

97216
97935
68959
16865

131
17161
48091
99921
48965
13144
26219
20347
65665
77022

57088

52314
53078
23282
71840

136
18496
15456
02016
87418
18888
25688
37894
59535
56968

01028

90379
63181
52970
08461

141
19881
03221
54161
83670
47975
84764
58518
84510
26159

28871

34209
27863
16727
67070

146
21316
12136
71856
29098
90482
67010
37835
25239
68850

13625

04597
37428
67602
84058
1

20

2601

10) 3, 3038
12)4,1958
14)5, 3287
16} 6. 7675
18) 8. 5947
21)1. 0915

(50) 3. 0994

( 1)1.1269
. 0265
3. 3569
2.6348

22

3035
10) 4. 0074
12) 5, 2898
14) 6. 9826
16)9.2170
19)1. 2166
(21)1. 6059

(50) 7. 8302

( 1)1.1489
5.0916
3. 3895
2.6553

25

3522
10) 4, 8261
12)6, 6118
14)9. 0582
17) 1. 2409
19}1. 7001
21)2. 3291

(51)1.9111

( 1)1.1704
5.1551
3. 4212
2, 6751

28

4065
510)5.7735
12)8.1984
15)1. 1641
17)1. 6531
19)2, 3474
21)3.3333

(51)4.5177

( 1)1.1916
5,2171
3.4520
2, 6943

31

4669
10) 6. 8641
13)1. 0090
15)1, 4832
17)2,1804
519 3.2052
21)4.7116

(52)1. 0366
( 1)1.2124
5.2776

3, 4820
2.7130

,lé[(—§)9]

127
16129
48383
44641
36941
72915
58602
23424
54749
33853

83316

42767
25695
96823
79413

132
17424
99968
95776
64243
52801
05697
39521
49217
76966

26935

12529
43370
61224
07280

137
18769
71353
75361
72446
56251
43063
79300
41641
94048

44882

69991
36735
13222
25206

142
20164
63288
86896
33923
18171
75380
29040
43237
69396

29930

37529
03446
10326
72696

147
21609
76523
48881
48551
29837
73860
12575
06485
53533

11527
35565
32088

04545
85417

20

268
10) 3, 4359
12)4. 3980
14) 5, 6294
16)7. 2057

18)9.2233
21)1.1805

(50) 3. 7414

( 1)1.1313
5.0396
3.3635
2.6390

23

3129
10)4.1615
12)5. 5349
14)7. 3614
16}9. 7906
19)1. 3021
(21)1.7318

(50)9. 3851

( 1)1.1532
5. 1044
3. 3959
2. 6593

(21)2.5049
(51)2. 2756

( 1)1.1747
5,1676
3.4274
2, 6790

29

4181
51m19m7
12) 8. 5509
15)1, 2227
17)1. 7485
19) 2. 5004
21)3. 5756

(51)5. 3464

( 1)1.1958
5.2293
3.4580
2. 6981

S T

(21)5. 0421
(52)1.2197

( 1)1.2165
5, 2895
3.4879
2. 7167

A9

128
16384
97152

4 35456

73837
46511
99534
59404
72037
91621

44192

70850
84200
85661
15822

133
17689
52637
00721
79589
00854
18136
86120
61254
74468

10346

56259
68722
62690
18337

138
19044
28072
73936
00317
62437
32163
23839
46897
02718

11258

34012
49252
39296
19145

143
20449
24207
61601
10894
86579
91081
91246
85481
94238

42484

26074
21532
71824
56943

148
21904
41792
85216
21197
21537
63875
38535
69032
66167

79049

52506
72473
11275
66686

1

Table 3.1

21

276

10) 3, 5723
12)4. 6082
14) 5, 9446
16)7. 6686

18)9.8925
21)1.2761

(50)4.5097

( 1)1.1357
5. 0527
3, 3701
2.6431

24

3224

10)4. 3204
12)5,7893
14)7.7577
17)1, 0395
19) 1. 3929
21) 1. 8665

(51)1.1233

( 1)1.1575
5.1172
3.4023
2.6633

26

3733
10)5.1888
12)7.2125
15)1. 0025
17) 1. 3935
19)1.9370
21)2, 6924

(51) 2. 7061
( 1)1.1789
0

3.4336
2. 6828

29

4299

10) 6. 1917
12)8, 9161
15)1.2839
17)1. 8488
19)2. 6623
21) 3, 8337

(51)6. 3197

( 1)1.2000
. 2414
3. 4641
2.7019

33
492

10) 7. 3439
13)1. 0942
15) 1. 6304
17)2. 4293
19)3. 6197
21)5. 3934

(52)1.4337

( 1)1.2206
5.3014
3. 4937
2.7204

(93]

129
16641
46689

9 22881

05165
73663
73025
28202
30381
36419

56022

81669
74347
36005
26458

134
17956
06104
17936
00342
36459
10855
33255
74561
85912

50184

83690
29947
28159
05339

129
19321
85619
01041
84470
49413
44368
36672
15974
52204

70815
82612

1 01467

31623
90577

144
20736
85984
81696
36422
00448
18465
42589
33328
59992

48715

00000
82788
01615
20077

149
22201
07949

8 84401

77575
52659
36461
50327
31988
00662

40132

55562
59192
88147
28110

29



30

Table 3.1
k
1
2
3 33
3 5062
5  (10)7.5937
6 13}1.1390
7 15)1. 7085
8 17)2. 5628
9 19) 3. 8443
10 21)5. 7665
24 (52)1.6834
172 ( 1)1.2247
1/3 5.3132
1/4 3. 4996
1/5 2. 7240
1
2
3 37
3 5772
5 1oga.9466
6 13)1. 3867
7 15)2.1494
8 17)3.3316
9 19)5. 1639
10 21y 8. 0041
24 (52)3.6979
172 ( 1)1.2449
1/3 5,3716
1/4 3.5284
1/5 2.7419
1
2
3 40
3 6553
5 511 1. 0485
6 13)1. 6777
7 15)2. 6843
8 17) 4. 2949
9 519%6.8719
10 22)1. 0995
24 (52)7.9228
172 ( 1)1.2649
1/3 5. 4288
1/4 3.5565
1/5 2.7594
1
2
3 44
3 7412
5 11)1.2229
6 1332, 0179
7 15) 3. 3295
8 17) 5. 4937
9 19)9. 0647
10 22)1. 4956
24 (53)1. 6581
172 ( 1)1.2845
1/3 5.4848
1/4 3. 5840
1/5 2.7764
1
2
3 49
3 8352
5 511 1.4198
6 13)2. 4137
7 15)4.1033
8 17)6.9757
9 20)1.1858
10 (22)2.0159
24 (53)3.3944
172 ( 1)1.3038
1/3 5.5396
1/4 3.6108
1/5 2.7931

150
22500
75000
50000
50000
62500
93750
90625
35938
03906

11220

44871
92846
35512
69927

155
24025
23875
00625
09688
24502
22977
05615
88703
82490

47627

89960
85355
41525
92987

160
25600
96000
60000
76000
21600
54560
67296
47674
11628

16251

11064
35233
58820
59323

165
27225
92125
00625
81031
18702
65858
83665
43047
82603

15050

23258
06552
24634
94317

170
28900
13000
10000
57000
56900
86730
57441
78765
93900

86713

40481
58257
73137
21220

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

34

5198
10;7.8502
13)1.1853
15)1,7899
17)2.7028
19)4, 0812
21) 6. 1626

(52)1.9744

( 1)1.2288
5. 3250
3.5054
2.7276

37
5922
(10)9. 2389
13)1.4412
15)2, 2483
17)3.5074
19;5.4716
(21)8.5358

(52) 4.3150

( 1)1.2489
5. 3832
3.534]
2.7455

41

6718
11)1,0817
13)1,7416
15) 2, 8040
17)4.5144
19)7.2683
22)1.1701

(52)9. 2007
( 1)1.2688
5. 4401

3. 5621
2.7629

3)1.9168

1)1, 2884
5.4958
3.5894
2,7798

50

8550

11}1, 4621
13)2.5002
15)4, 2753
17)7.3108
20)1, 2501
22)2,1377

(53)3.9075

( 1)1.3076
5.5504
3.6161
2.7963

17

151
22801
42951
85601
72575
91159
40650
10381
43676
77950

52704

20573
74022
53712
92374

156
24336
96416
40896
57978
77445
92813
92789
88751
34451

94990

99600
12612
18843
21947

161
25921
73281
98241
56168
27430
20163
72463
00665
96407

03274

57754
21825
02966
00056

166
27556
74296
33136
93006
18390
14527
68114
41070
42618

76411

09873
64660
42676
51635

171
29241
00211
36081
11699
11004
60818
66998
58257
70619

68945

69683
99103
71571
99540

35

5337
10)8.1136
13)1, 2332
15)1, 8745
17)2,8493
19)4. 3310
21)6. 5831

(52)2.3133

( 1)1.2328
5. 3368
3,5112
2.7312

38

6075

10} 9. 5388

13)1, 4976

15)2, 3512

17)3.6914

19) 5, 7955

(21)9. 0990

(52)5.0302

( 1)1.2529
5. 3946
3.5397
2. 7490

42

6887

1131, 1157
13)1.8075
15)2, 9282
17)4, 7437
19)7. 6848
22) 1. 2449

(53)1. 0674

( 112727
5.4513
3.5676
2.7663

46

7777

11} 1.2989
13)2,1691
15) 3, 6225
17) 6. 0496
20} 1. 0102
22)1.6871

(53)2. 2140

( 1)1.2922
5. 5068
3.5948
2.7831

50

8752
11;1.5053
13)2,.5892
15) 4. 4534
17)7. 6599
20) 1. 3175
22) 2, 2661

(53)4. 4945
( 1)1.3114
5.5612

3.6214
2.79%

oy

152
23104
11808
94816
81203
79543
84905
69056
40965

82267 -

75387

82801
03297
43086
95679

157
24649
69893
73201
99256
07183
43278
51946
79555
59901

74186

96409
90712
68931
32856

162
26244
51528
47536
71008
49033
29434
31683
45327
44943

81480

92206
61778
21345
23734

167
27889
57463
96321
19856
96160
57587
71170
95085
92792

90189

84798
78446
36294
92813

172
29584
88448
13056
66456
30305
76124
78934
16377
28168

13878
87705
97766

46817
62559

35

5479

10) 8. 3841
13)1,2827
15)1. 9626
17)3.0028
19)4,5943
21)7.0293

52)2,7076

1)1, 2369
5,3484
3.5170
2.7348

o e i e o,

39

6232
10}9.8465
13}1. 5557
15) 2. 4581
17) 3. 8837
19}6. 1364
(2139. 6955

(52)5. 8582

( 1)1.2569
5. 4061
3.5453
2.7525

43

7059

11) 1. 1506
13}1, 8755
15)3,0571
17)4.9831
19)8,1224
22)1.3239

(53)1. 2373

( 11,2767
5, 4625
3.5731
2, 7697

47

7965

11)1. 3382
13)2. 2483
1533.7771
17)6. 3456
(20) 1. 0660
(22)1.7909

(53)2.5551

( 1)1.2961
5.5178
3. 6002
2. 7865

51

153
23409
81577
81281
13599
69381
37152
34843
37310
36085

61312

31688
81241
03963
80069

158
24964
44312
01296
80477
59715
00350
98553
01714
14709

79483

80509
20176
92093
25920

163
26569
30747
11761
36170
36958
25241
14143
76053
63597

78329

14533
55571
14235
30547

168
28224
41632
94176
78216
07402
56436
22812
64632
88583

87425

48140
48353
05744
18023

173
29929
77717

7 45041

11)1, 5496
13)2. 6808
15) 4, 6379
17)8,0235
20) 1. 3880
22)2,4013

(53)5.1654

( 1)1.3152
5,5720
3. 6266
2. 8029

12

38921
75333
14326
91785
81379
80785

29935

94644
54656
99110
10436

36
5624

10)8. 6617

13)1.3339

15) 2. 0542

17)3.1634

19)4.8717

(21)7.5025

(52)3.1659

( 1)1.2409
5. 3601
3.5227
2.7384

40
6391
11;1.0162
13)1. 6157
15) 2. 5690
17} 4. 0848
19) 6. 4949
(22)1. 0326

(52) 6. 8160
( 1)1.2609
5.417

3.5509
2.7560

44

7233
11)1. 1863
13)1.9456
15)3.1908
17)5. 2330
19) 8. 5821
22)1.2074

(53)1. 4330

( 1)1.2806
5. 4737
3.5785
2.7731

48

8157

(11}1. 3785
13)2, 3298

15)3.9373

17) 6. 6541

20)1,1245

22)1.9004

(53)2.9463

( 1)1.3000
5.5287
3, 6055
2.7898

52

9166
11}1,5949
13)2.7752
15)4. 8288
17)8, 4022

20} 1. 4619
22)2.5438

(53)5.9317

( 1)1.3190
5.5827
3. 6319
2. 8061

,,é[«g)s]

154
23716
52264
48656
09302
03233
10978
84906
66756
20804

00782

67365
08411
36670
45765

159
25281
19679
28961
15048
81926
93263
58288
24678
93024

22003
52021

5 01515

88625
01343

164
26896
10944
94816
67498
42697
54023
00598
20981
67841

20335

24847
03675
81908
20681

169
28561
26809
30721
84918
08512
76386
66092
54070
96377

26763

00000
74814
51275
27436

174
30276
68024
36176
46946
07686
61374
18792
86070
55761

37979
90596
70172

28683
43329
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53

9378

11)1. 6413
13)2. 8722
15)5. 0265
17)8.7963
20)1.5393
22)2.6938

(53)6. 8063

( 1)1.3228
5.5934
3. 6371
2.8093

58
9) 1. 0497
11)1. 8895
13)3. 4012
15)6.1222
18)1.1019
20) 1. 9835
22)3.5704

(54)1.3382

( 1)1.3416
5. 6462
3. 6628
2.8252

63
9)1.1713
11)2.1669
13)4.0089
15) 7. 4165
18)1, 3720
20)2.5383
22)4. 6958

(54)2.5829

( 1)1.3601
5. 6980
3. 6880
2.8407

68
9)1.3032
11)2.4760
13) 4. 7045
15) 8. 9387
18)1,6983
20) 3. 2268
22)6.1310

(54)4. 8987
( 1)1.3784
5. 7488

3.7126
2.8559

74
9) 1. 4459
11)2. 8195
13)5. 4980
16)1.0721
18) 2. 0906
20) 4. 0767
22)7.9496

(54)9.1375

( 1)1.3964
5. 7988
3. 7368
2.8708

175
30625
59375
90625
08594
90039
07568
88245
67943
93900

32613

75656
44710
35763
61392

180
32400
32000
60000
68000
22400
00320
96058
92904
67227

58845

40786
16173
41501
34501

185
34225
31625
50625
98656
47514
52901
62287
15230
83176

82606

47051
19215
17151
58702

190
36100
59000
10000
99000
88100
17390
56304
76978
66258

62931

04875
97079
87538
50791

195
38025
14875
00625
06219
37127
17240
28617
25804
15318

69069

24004
89998
75706
26340

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

54

9595

11)1, 6887
13)2.9721
15)5.2310
17)9. 2066
20)1.6203
22)2.8518

(53)7.8037
( 1)1.3266

3.6423
2.8125

22)3.7738
(54) 1. 5285

( 1)1.3453
5. 6566

3 7o
2.8283

64
9)1.1968
11)2. 2262
13)4.1407
15)7.7017
18) 1. 4325
20) 2. 6645
22)4.9559

(54)2.9397

( 1)1.3638
5.7082
3.6929
2. 8438

69
9)1.3308
11)2.5419
13)4,8551
15)9.2732
18)1. 7711
20) 3. 3829
22)6.4615

(54)5. 5564

( 1)1.3820
5. 7589
3. 7175
2. 8589

75
9}1.4757
11)2. 8925
13)5. 6693
16)1,1112
18)2.1779
20)4. 2687
22) 8. 3668

(55)1. 0331

( 1)1.4000
5. 8087
3.7416
2.8737

9

176
30976
51776
12576
42134
86155
47634
43835
69315
49994

62212
49916

0 78661

20574
64777

181
32761
29741
83121
42449
82833
90927
36658
05351
59685

71637

62405
52826
18217
66697

186
34596
34856
83216
02782
37174
71144
29433
04745
78826

51775

18170
67473
90888
23174

191
36481
67871
63361
49020
22627
84218
97286
86816
04818

93542

27496
65220
63041
50746

196
38416
29536
89056
46550
91238
00683
53338
88542
25543

07971

00000
85734
57387
64756

55

9815
11)1,7372
13)3. 0749
15)5. 4426
17)9. 6335
20)1.7051
22)3.0180

(53)8.9404

( 1)1.3304
5.6146
3. 6474
2.8157

60
9)1.0971
11)1. 9969
13)3. 6343
15) 6. 6145
18)1.2038
20)2,1910
22)3.9876

(54)1.7446

( 1)1.3490
5. 6670
3.6729
2.8314

65
9)1.2228
11) 2. 2866
13}4, 2761
15)7.9963
18) 1. 4953
20) 2. 7962
22)5.2289

(54)3.3434

( 1)1.3674
5. 7184
3.6979
2.8468

9;1 3589
11)2. 6091
3)5. 0096
5)9.6185
8) 1.8467
20 3,65457
22 6.8078

(54)6.2983

( 1)1.3856
5. 7689
3.7224
2.8619

76
9)1.5061
11)2. 9670
13)5. 8451
16)1.1514
18)2. 2684
20) 4. 4688
22)8.8036

(55)1.1673

( 1)1.4035
5. 8186
3. 7464
2. 8766

A0

177
31329
45233
06241
66047
60902
80797
45011
37467
93317

29702

13470
72408
83337
53634

182
33124
28568
99376
02864
63213
41048
46471
00577
21050

70074

73756
51108
73940
85080

187
34969
39203
30961
93897
17588
39889
15559
40096
68979

78670

79433
79065
44609
74493

192
36864
0 77888
54496
92632
49854
27720
57322
74059
86193

89130

40646
98281
19436
38162

197
38809
45373
38481
92808
72831
99048
53124
52654
39729
18660
66885
47867
20805
91203

56
9)1.0038
11)1,7868
13} 3.1806
15)5. 6616
18)1.0077
20)1.7938
22)3.1930

(54)1.0234

( 1)1.3341
5. 6252
3.6526
2.8189

22}4.2122
(54)1.9898

( 1)1.3527
5.6774
3. 6780
2.8345

66
9)1.2491
11)2. 3484
13)4,4151
15) 8. 3005
18) 1. 5604
20)2. 9337
22}5. 5154

(54) 3. 8000

( L3711
5.7286
3. 7028
2. 8499

.o
9)1.3874
11)2. 6778
13)65. 1682
15)9.9747
18)1, 9251
20) 3.7154
22)7.1708

(54)7.1346
( 1)1.3892
5.7789

3.7272
2. 8649

77
( 9)1.5369
11)3. 0431
13) 6. 0254
16)1.1930
18)2. 3622
20)4. 6772
22)9. 2608

(55)1. 3181
( 1)1.4071
5

12

81638

66406
26328
24271
28111

183
33489
28487
13121
69011
35291
78582
91681
58775
18559

76639

74926
11371
08871
89786

188
35344
44672
98336
92872
66599
13206
96483
33387
18768

41874

30920
54316
78502
12786

193
37249
89057
88001
51842
54055
30326
22953
87299
90487

95065

44399
96565
56899
13156

198
39204
62392
53616
68160
72956
43645
26418
08307
72448

49187

24728
76683
66123
05790

Table 3.1

57
9) 1. 0266
11)1. 8376
13)3. 2894
15) 5. 8880
18)1. 0539
20) 1. 8865
22)3.3769

(54)1.1707

( 1)1.3379
5.6357
3. 6577
2.8220

20) 2. 4174
22) 4. 4481

(54)2.2679
( 1)1.3564
5. 6877

3,6830
2.8376

67
9)1.2759
11)2.4116
13)4.5579
15) 8. 6145
18) 1. 6281
20) 3, 0772
22) 5. 8159

(54) 4. 3160

( 1)1.3747
5. 7387
3.7077
2.8529

73
9)1.4164
11)2.7479
13)5. 3310
16) 1. 0342
18)2. 0063
20) 3. 8923
22)7.5512

(54)8.0768

( 1)1.3928
5.7889
3.7320
2.8678

78
9}1.5682
11)3.1207
13)6.2103
16) 1. 2358
18) 2. 4593
20) 4. 8941
22)9.7393

(55)1.4875

( 1)1.4106
5. 8382
3. 7558
2. 8825

4y

179
32041
35339
25681
59969
11344
46307
60289
88917
94162

73122

08816
40794
43589
88352

184
33856
29504
28736
60874
72009
36496
40315
66180
377171

20111

65997
33960
23210
80950

189
35721
51269
89841
20799
63311
50658
50074
03640
14881

18526

72708
93548
92751
38178

194
37636
01384
68496
48882
20832
18041
83000
83020
23059

40718

38828
60372
75599
75844

199
39601
80599
39201
96010
84060
66428
74192
54641
67736

57746

73598
72461
93499
08624

31
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200
40000

0 00000

9) 1. 6000
11} 3. 2000
13}6, 4000
16)1. 2800
18) 2. 5600
20)5.1200
23)1.0240

(55)1. 6777

( 1)1.4142
5. 8480
3.7606
2. 8853

86
9)1.7661
11) 3. 6205
13)7.4220
16) 1.5215
18) 3. 1191
20) 6. 3941
23) 1. 3108

(55) 3. 0345

( 1)1.4317
5.8963
3.7838
2.899%6

23) 1. 6679
(55)5. 4108

( 1)1.4491
. 9439
3, 8067
2.9136

99
9)2.1367
11)4. 5940
13)9.8771
16)2.1235
18)4. 5657
20)9. 8162
23)2.1104

(55)9.5175

( 1)1. 4662
5,9907
3.8292
2.9274

106
9) 2. 3425
11;5.1536
14)1.1337
16) 2. 4943
18) 5. 4875
21)1. 2072
23)2.6559

(56)1. 6525

( 1)1.4832
6.0368
3,8512
2. 9409

00000
00000
00000
00000
00000
00000
00000

21600

13562
35476
03093
99812

205
42025
15125
00625
06281
37877
17765
11418
78406
06573

38594

82106
68540
89674
84668

210
44100
61000
10000
01000
12100
88541
85936
00466
88098

19838

37675
21953
54096
93459

215
46225
38375
50625
13844
29764
82899
03233
61952
96320

03342

87830
26415
13796
37906

220
48400
48000
60000
32000
99040
57888
87354
69218
92279

10926

39697
10737
85107
28975

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

81
9) 1. 6322
11) 3. 2808
13) 6. 5944
16)1. 3254
18) 2. 6642
20) 5. 3550
23)1.0763

(55)1. 8910

( 1)1.4177
5. 8577
3.7652
2.8882

87
9)1. 8008
11} 3.7096
13)7. 6419
16)1.5742
18) 3. 2429
20) 6, 6804
23}1. 3761

(55) 3. 4104

( 1)1.4352
5,905
3.7884
2.9025

93
9)1.9821
11)4.1822
13) 8. 8245
16)1. 8619
18) 3, 9287
20) 8. 2897
(23)1.7491

(55)6. 0642

( 1)1.4525
5.9533
3.8112
2.9164

100
9)2.1767
11)4.7018
14)1.0155
16)2.1936
18) 4, 7383
21)1.0234
23)2.2107

(56)1. 0638

( 1)1.4696
6, 0000
3.8336
2.9301

107
9) 2. 3854
11)5.2718
14)1.1650
16) 2. 5748
18) 5. 6903
21)1, 2575
23)2.7792

(56)1.8425

( 1)1.4866
6.0459
3.8556
2.9435

7

201
40401
20601
40801
04010
16060
77628
10032
62165
67495

60303

44688
66003
95059
79458

206
42436
41816
14096
77038
34698
38548
31408
38701
70372

62581
70009

9 40584

95756
08125

211
44521
93931
19441
72021
93963
89326
97478
62679
39925

75557

83905
41813
77876
63134

216
46656
77696
82336
49846
99567
95064
81338
90369
39197

73589

93846
00000
58625
56052

221
48841
93861
43281
29651
74353
14320
39647
65062
18787

30003

06875
43596
54127
97699

9) 1. 6649
11) 3. 3632
13)6. 7937
16) 1. 3723
18)2.7721
20)5.5996
23)1.1311

(55)2.1302

( 1)1.4212
5.8674
3.7699
2. 8911

88
9)1.8360
11) 3, 8005
13)7.8672
16) 1. 6285
18) 3. 3710
20) 6. 9780
(23)1. 4444

(55) 3. 8307

( 1)1.4387
5,9154
3.7930
2.9053

95
9)2.0199
11)4.2823
13)9.0785
16) 1. 9246
18) 4, 0802
520 8.6501
23)1.8338

(55)6.7929

( 1)1.4560
5.9627
3.8157
2.9192

102
9)2.2173
11) 4. 8117
14)1.0441
16) 2. 2657
18)4.9167
21) 1. 0669
23)2, 3152

(56)1.1885

( 1)1.4730
6. 009
3.8380
2.9328

[¥]

109
9) 2. 4289
11)5. 3921
14)1,1970
16)2. 6574
18) 5. 8996
21)1. 3097
23)2.9075

(56)2.0533

( 1)1.4899
6. 0550
3. 8600
2. 9462

[

202
40804
42408
66416
32160
28964
33251
13166
68596
33056

61246

67040
64308
69549
47666

207
42849
69743
36801
96178
34089
17456
31135
34449
53131

89523

49457
81700
85099
20638

212
44944
28128
63136
21848
22318
46732
51071
32270
28041

85105

21978
31958
85604
22328

217
47089
18313
73921
01409
39206
82076
47106
34122
47045

94216

91986
45007
88048
64149

222
49284
41048
12656
86096
65313
84996
16690
14905
67090

89736

66443
48947
08345
56780

203 204
41209 41616
83 65427 84 89664
9)1. 6981 81681 9)1.7318 91456
11) 3. 4473 08812 11} 3. 5330 58570
13)6,9980 36889 13)7.2074 39483
16} 1. 4206 01489 16)1. 4703 17655
18) 2. 8838 21022 18)2.9994 48015
20)5. 8541 56674 20)6.1188 73951
23)1.1883 93805 23)1,2482 50286
(55)2.3983 07745  (55)2.6985 09916
( 1)1.4247 80685  ( 1)1.4282 85686
5.8771 30659 5.8867 65317
3, 7746 26716 3.7792 66709
2. 8940 04537 2.8968 50171
208 209
43264 43681
89 98912 91 29329
9)1.8717 73696 9)1.9080 29761
11) 3. 8932 89288 11) 3. 9877 82200
13)8.0980 41718 13) 8. 3344 64799
16}1. 6843 92677 16) 1. 7419 03143
18) 3. 5035 36769 18) 3. 6405 77569
20)7.2873 56480 20)7.6088 07119
23)1,5157 70148 23)1.5902 40688
(55)4.3005 10765  (55)4.8251 50531
( 1)1.4422 20510 ( 1)1.4456 83229
. 9249 92137 5.9344 72140
3,7976 57844 3, 8022 14131
2.9081 22302 2.9109 13212
213 214
45369 45796
96 63597 98 00344
9)2. 0583 46161 9)2.0972 73616
11)4. 3842 77323 11)4. 4881 65538
13)9.3385 10698 13)9. 6046 74252
16)1.9891 02779 16)2. 0554 00290
18) 4, 2367 88919 18;4.3965 56620
20)9. 0243 60396 20)9. 4129 11168
23)1.9221 88764 23)2,0143 62990
(55)7.6051 97251  (55)8.5100 19601
( 1)1.4594 51952  ( 1)1.4628 73884
5.9720 92620 5.9814 24030
3,8202 77414 3, 8247 53435
2.9219 71130 2.9247 09627
218 219
47524 47961
103 60232 105 03459
9)2.2585 30576  ( 9)2.3002 57521
11}4. 9235 96656 11}5. 0375 63971
14)1, 0733 44071 14)1.1032 26510
16)2. 3398 90075 16) 2. 4160 66056
18)5.1009 60363 18)5.2911 84663
21)1.1120 09359 21)1.1587 69441
(23)2. 4241 80403 23)2,.5377 05076
(56)1.3272 59512  (56)1.4813 53665
( 1)1.4764 82306  ( 1)1.4798 64859
6.0184 61655 6. 0276 50160
3, 8425 02187 3, 8469 01167
2.9355 62280 2.9382 50529
223 224
49729 50176
0 89567 112 39424
9)2.4729 73441  ( 9;2-5176 30976
11)5.5147 30773 11)5. 6394 93386
14)1,2297 84962 14)1.2632 46519
16) 2. 7424 20466 16) 2. 8296 72201
18) 6. 1155 97640 18) 6. 3384 65731
21)1. 3637 78274 21)1.4198 16324
23)3. 0412 25550 23)3,1803 88565
(56)2.2872 66205  (56)2.5465 51362
( 1)1.4933 18452  ( 1)1.4966 62955
. 0641 26994 6.0731 77944
3, 8643 47878 3, 8686 72841
2.9489 06295 2.9515 46323
1
n5[( 6)2]

Sy
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113
9)2.5628
11)5.7665
14)1.2974
16)2.9192
18)6.5684
21)1. 4778
23)3.3252

(56)2.8338

( 1)1.5000
6. 0822
3.8729
2. 9541

121
9)2.7984
11)6.4363
14)1. 4803
16)3. 4048
18)7. 8310
21}1. 8011
23)4.1426

(56)4. 8025
( 1)1.5165
269

3.8943
2.9671

23)5. 1366
(56) 8. 0469

( 1)1.5329
6.1710
3.9153
2.9799

138
9)3.2177
11}7.9626
14)1.9110
16)4.5864
19)1.1007
21)2.6418
23) 6. 3403

(57)1.3337

( 1)1.5491
6.2144
3.9359
2.9925

23}7.7922
(57)2.1876
( 1)1.5652

6. 2573

3.9563
3.0049

225
50625
90625
90625
03906
63379
92603
08356
91880
56730

73334

00000
01996
83346
76939

230
52900
67000
10000
43000
58890
25447
98528
52661
51121

07640

75089
25675
22905
91438

235
55225
77875
00625
31469
52395
93129
83852
01705
34007

01671

70972
05793
17320
81531

240
57600
24000
60000
24000
29760
71424
53142
07540
38097

35777

93338
65012
79343
55740

245
60025
06125
00625
51531
01125
17757
61350
95308
13506

91225
47584
24746

20998
22094

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

115

9) 2. 6087

11)5. 8957
14)1.3324
16)3.0113
18) 6. 8056
21)1.5380
23)3. 4760

(56)3.1521

( 1)1.5033
6. 0911
3.8772
2.9567

123
9)2.8473
11)6.5774
14)1.5193
16)3.5098
18)8.1076
21)1. 8728
23)4.3263

(56)5. 3295
( 1)1.5198
6.1357

3.8985
2.9697

131
9)3.1020
11} 7. 3208
14)1.7277
16)4.0774
18)9. 6226
21)2.2709
23)5.3594

(56) 8. 9102

( 1)1.5362
6.1797
3.9194
2.9825

139
9)3.3734
11)8.1299
14)1. 9593
16)4.7219
19)1.1379
21)2.7425
23) 6. 6095

(57)1. 4736
( 1)1.5524
0

3. 9400
2.9950

14
9) 3. 6621
11)9. 0089
14)2.2162

23)8.1161
(57)2.4123

( 1)1.5684
6. 2658
3.9603
3.0073

4Sy

226
51076
43176
57776
92574
49122
35015
17134
69472
37007

18526

29638
99349
79507
98218

231
53361
26391
96321
85502
99151
12038
65809
70802
31552

12896

68415
92440
48980
67129

236
55696
44256
44416
24822
14658
06593
79559
52376
47607

12697

29150
46606
75921
13380

241
58081
97521
02561
00172
05941
27319
84484
42606
27681

99791

17470
84253
72930
45390

246
60516

8 86936

86256
78190
08635
73241
60817
55611
68802

62509

38714
26556
51896
71096

227 228
51529 51984

116 97083 118 52352

9)2. 6552 37841 9)2.7023 36256
11)6.0273 89899  (11)6.1613 26664
14)1.3682 17507  (14)1. 4047 82479
16)3.1058 53741  (16)3.2029 04053
18}7.0502 87992 (18)7.3026 21240
21)1.6008 15374  (21)1. 6649 97643
23)3. 6329 42900 (23)3.7961 94626
(56)3.5044 55686  (56)3.8943 62082
( 1)1.5066 51917  ( 1)1.5099 66887
6.1001 70200 1091 14744
3.8815 61435 3.8858 29238
2.9594 10235 2.9620 13062

232 233

53824 54289

124 87168 126 49337
9)2.8970 22976 9)2.9472 95521
11)6.7210 93304  {11)6.8671 98564
14)1.5592 93647 (14)1. 6000 57265
16)3.6175 61260  (16)3.7281 33428
18}8.3927 42123  (18)8. 6865 50888
21}1.9471 16173 (21)2.0239 66357
23)4.5173 09521  (23)4.7158 41612
(56)5.9116 89798  (56)6. 5545 38287
( 1)1.5231 54621  ( 1)1.5264 33752
- 1446 33651 6.1534 49494

3. 9027 61357 3.9069 60138
2.9723 33915 2.9748 91866

237 238

56169 56644

133 12053 134 81272
9)3.1549 56561 9)3.2085 42736
11)7.4772 37050  (11)7. 6363 31712
14)1.7721 07551  (14)1. 8174 46947
16)4.1998 94895  (16)4. 3255 23735
18)9.9537 50902  (19)1. 0294 74649
21)2.3590 38964  (21)2.4501 49664
23§5.5909 22344  (23)5.8313 56201
(56)9.8618 93410  (57)1.0910 55818
( 1)1.5394 80432 ( 1)1.5427 24862
6.1884 62762 6.1971 54435
3.9236 21327 3.9277 53635
2.9850 36660 2.9875 51438

242 243

58564 59049

141 72488 143 48907
9)3.4297 42096 9)3. 4867 84401
11)8.2999 75872  (11)8.4728 86094
14)2.0085 94161  (14)2. 0589 11321
16)4.8607 97870  (16)5.0031 54510
19)1.1763 13085  (19)1.2157 b6546
21)2.8466 77665 (21)2.9543 12707
23)6.8889 59948  (23)7.1789 79877
(57)1.6276 79087  (57)1.7970 10300
( 1)1.5556 34919  ( 1)1.5588 45727
- 2316 79684 6. 2402 51469
3.944) 53798 3.9482 22039
2.9975 26790 3.0000 00000

247 248

61009 61504

150 69223 152 52992

9)3. 7220 98081 9)3.7827 42016
11)9.1935 82260  (11)9.3812 00200
14)2.2708 14818  (14)2.3265 37650
16)5.6089 12601  (16)5.7698 13371
19)1.3854 01412  (19)1. 4309 13716
21)3.4219 41489  (21)3.5486 66016
23)8.4521 95477 (23)8.8006 91719
(57)2. 6590 52293  (57)2.9298 15956
( 1)1.5716 23365 ( 1)1.5748 01575
. 2743 05357 6.2827 61305
3.9643 70523 3.9683 76966
3.0098 12147 3.0122 45305

1
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120
9)2.7500
11)6.2976
14)1, 4421
16) 3. 3025
18)7.5628
21)1.7318
23)3.9660

(56) 4. 3256
(1)1.5132
6.1180

3,8900
2.9646

128
9)2.9982
11)7.0158
14)1. 6417
16) 3. 8415
18)8.9893
21)2.1035
23)4.9221

(56) 7.2640
( 1)1.5297
6.1622
3.9111
2.9774

136
9)3.2628
11)7.7981
14)1, 8637
16} 4. 4543
19)1. 0645
21)2.5443
23)6.0810

(57)1.2065
( 1)1.5459
6. 2058

3.9318
2. 9900

145
9)3.5445
11) 8. 6486
14)2.1102
16)5.1490
19)1. 2563
21) 3. 0655
23)7.4799

(57)1.9831

( 1)1.5620
6. 2487
3.9522
3. 0024

154
9) 3. 8441
11}9.5718
14)2. 3833
16)5.9346
19)1.4777
21)3.6795
23)9.1620

(57)3.2268
( 1)1.5779
- 291
3.9723
3.0146

,,%{(—2) 1

229
52441
08989
58481
33921
58168
42205
21649
86158
19301

51988

74595
33173
83026
06773

234
54756
12904
19536
33714
05089
89909
20386
00970
92271

79321

05854
40148
45426
41049

239
57121

56093
61943

62483
21795
72942
57776

244
59536
26784
35296
66122
74534
69863
73046
50233
42569

51223

49935
99770
77742
65081

249
62001
38249
24001
68762
95322
54351
28934
45044
67161

91257
73384

1 94552

71312
70627

33



34

Table 3.1

=

OOV VB WNH

I~ - - I~

-

156
9) 3. 9062
11)9.7656
14)2,4414
16) 6. 1035
19}1.5258
21) 3. 8146
23)9.5367

(57)3. 5527

( 1)1.5811
6.2996
3.9763
3.0170

165
9)4.2282
12)1.0782
14)2.7494
16}7.0110
19)1.7878
21)4.5589
24)1.1625

(57)5.7143

( 1)1.5968
6. 3413
3.9960
3.0290

175
9) 4. 5697
12)1.1881
14) 3. 0891
16) 8. 0318
19)2. 0882
21)5. 4295
24)1.4116

(57)9.1066
( 1)1.6124
6. 382

4.0155
3.0408

186
9)4.9315
12)1. 3068
14) 3. 4631
16)9.1774
19)2.4320
21)6.4448
24)1.7078

(58)1. 4384

( 1)1.6278
6. 4231
4.0347
3.0524

196
9)5.3144
12)1.4348
14)3.8742
17)1. 0460
19)2.8242
21)7. 6255
24)2.0589

(58)2.2528

( 1)1.6431
6. 4633
4.0536
3.0638

250
62500
25000
50000
25000
06250
15625
78906
97266
43164

13679

38830
05249
53644
88168

255
65025
81375
50625
03909
19969
20921
10335
16354
23670

17018

71942
25705
88015
61117

260
67600
76000
60000
37600
57760
10176
70646
03679
70957

85770
51550

5 04299

34273
47703

265
70225
09625
50625
60916
81426
30780
19157
50765
85453

70548

82060
58289
02045
54329

270
72900
83000
10000
90700
04890
35320
95365
97485
11321

39954

67673
04070

00464

87063
1

n2

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

158
9) 3. 9691
11)9. 9625
14)2.5005
16)6.2764
19)1.5753
21) 3. 9542
23)9.9251

(57)3.9099

( 1)1.5842
6. 3079
3.9803
3.0194

167
9)4.2949
12)1. 0995
14) 2. 8147
16)7.2057
19) 1. 8446
21)4.7223
24)1.2089

(57)6.2171

( 1)1.6000
6. 3496
4.0000
3.0314

177
9) 4. 6404
12)1.2111
14) 3. 1611
16) 8. 2505
19)2.1533
21)5.6203
24) 1. 4669

(57)9.9855

( 1)1.6155
6. 3906
4,0193
3.0431

188
9)5.0064
12)1.3317
14) 3.5423
16)9.4226
19)2.5064
21) 6. 6670
24)1.7734

(58)1.5745

( 1)1.6309
. 4312
4. 0385
3. 0547

199
9)5.3935
12) 1. 4616
14) 3.9610
17)1.0734
19)2.9090
21)7.8835
24)2.1364

(58)2.4618

( 1)1.6462
6.4712
4.0573
3. 0661

9

251
63001
13251
26001
06263
89072
78570
96121
44264
53103

33001

97952
93549
24047
97986

256
65536
77216
67296
11628
49767
59404
74407
66483
25820

01735

00000
04208
00000
33133

261
68121
79581
70641
62837
35005
62364
926777
65588
15418

54265

49442
76528
89807
83226

266
70756
21096
11536
05469
36546
15213
15647
65620
39455

60235

50643
27591
02994
54599

271
73441
02511
80481
60310
99441
57949
71041
82520
50863

57897

07763
73627
48596
53254

160

9) 4. 0327

12)1. 0162
14)2.5609
16) 6. 4536

252
63504
03008 161
58016 9)4.0971
55020 12)1.0365
62650 14)2.6225
25879 16) 6. 6350

19)1.6263 13722 19)1.6786
21)4.0983 10578 21)4.2470
24)1.0327 74266 24)1.0744
(57)4.3014 31179 (57)4.7303
( 1)1.5874 50787 ( 1)1.5905
6.3163 59598 6. 3247
3.9842 82604 3.9882
3.0219 00136 3.0242

257

66049
169 74593 171
9) 4. 3624 70401 9) 4. 4307
212 1.1211 54893 12)1.1431
14)2. 8813 68075 14)2.9492
16) 7.4051 15953 16)7. 6091
19)1.9031 14800 19)1.9631
21)4.8910 05036 21}5. 0649
24)1.2569 88294 24)1.3067
(57)6.8927 88615  (57)7.5661
( 1)1.6031 21954 { 1)1.6062
6.3578 61180 6. 3660
4. 0039 00541 4, 0077
3.0337 97748 3.0361

262

68644
179 84728 181
9)4.7119 98736 9)4.7843
12)1.2345 43669 12)1.2582
14) 3. 2345 04412 14)3.3092
16)8.4744 01560 16)8.7034
19)2, 2202 93209 19)2.2890
21)5.8171 68207 21) 6. 0200
24)1, 5240 98070 24)1. 5832
(58)1.0945 38372  (58)1.1993
( 1)1.6186 41406 ( 1)1.6217
6. 3988 27910 6. 4069
4,0232 34278 4,0270
3.0455 11602 3.0478

267

71289
190 34163 192
9)5.0821 21521 9)5.1586
12}1. 3569 26446 12)1.3825
14)3. 6229 93611 14)3.7051
16)9.6733 92942 16)9.9298
19)2.5827 95915 19)2.6612
21) 6. 8960 65094 21)7.1320
24)1. 8412 49380 24)1.9113
(58)1.7229 40472  (58)1.8846
( 1)1.6340 13464 ( 1)1.6370
. 4392 76696 6.4473
4.0422 93240 4, 0460
3.0570 47961 3.0593

272

73984
201 23648 203
9)5.4736 32256 9)5.5545
12)1. 4888 27974 12)1.5163
14)4.0496 12088 14)4.1397

17)1.1014
19) 2. 9960
21)8.1492
24)2.2166

(58)2.6893

( 1)1.6492
6.4792
4. 0610
3. 0684

S

94488 17)1.1301
65007 19) 3. 0853
96820 21)8.4229
08735 24)2.2994

89450  (58)2.9369

42250  ( 1)1.6522
23603 6.4871
86370 4. 0648
12765 3.0706

[

253
64009
94277
52081
79476
46076
41571
65517
23759
97011

41643

97372
03543
29397
94671

258
66564
73512
66096
37653
95144
81472
68820
75555
63693

15089

37840
96760
89716
55014

263
69169
91447
50561
84198
87440
25966
01029
72706
79122

27974

27474
58577
67760
32879

268
71824
48832
86976
28110
75334
69894
05132
29753
83974

68868

70554
05727
72854
34462

273
74529
46417
71841
98113
66847
56349
26834
42256
63236

97176

71164
54117
13851
65640

1
n5[

163
9)4.1623
12)1.0572
14)2.6853
16) 6. 8208
19)1.7324
21)4.4005
24)1.1177

(57)5.2000

( 1)1.5937
6.3330
3.9921
3. 0266

173
9)4.4998
12)1.1654
14) 3.0185
16)7.8180
19)2, 0248
21)5.2444
24)1.3583

(57)8.3022

( 1)1.6093
6.3743
4.0116
3.0385

183
9)4. 8575
12)1,2823
14) 3. 3855
16)8.9377
19) 2. 3595
21)6.2292
24) 1. 6445

(58)1. 3136

( 1)1.6248
6. 4150
4.0308
3.0501

194
9)5.2361
12) 1. 4085
14) 3. 7889
17)1.0192
19)2.7416
21)7.3751
24)1.9839

(58) 2. 0608

( 1)1.6401
6. 4553
4.0498
3. 0616

205
9)5.6364
12)1.5443
14)4.2315
17)1.1594
19)3.1769
21)8. 7047
24) 2. 3850

(58) 3. 2063

( 1)1.6552
6. 4950
4. 0685
3.0729

(—2) 1]

254
64516
87064
14256
27821
58665
11010
85997
14431
30666

70108

371745
25531
64507
81647

259
67081
73979
60561
63886
51463
48289
74507
24973
06068

21920

47694
11088
67601
04982

264
69696
99744
32416
88558
05793
35293
62117
43990
20413

94086

07681
68660
90325
47105

269
72361
65109
14321
14752
04684
15360
89318
44266
13808

89564

21947
14811
41906
14147

274
75076
70824
05776
75183
88000
55112
07007
25200
94705
69049
94536
65288
31106
11923
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21)8.9948
24)2, 4735

(58)3. 4993

( 1)1.6583
6.5029
4.0722
3. 0751

24)2. 9619
(58)5. 3925

( D1.6733
6. 5421
4.0906
1. 0862

231
9) 6, 5975
12)1. 8802
14)5. 3588
17)1, 5272
19) 4, 3527
22) 1. 2405
24) 3, 5354

(58) 8.2466

( 1)1.6881
6. 5808
4,1087
31,0971

243
9)7.0728
12)2, 0511
14) 5. 9482
17)1.7249
19) 5. 0024
22) 1, 4507
24)4,2070

(59)1.2518

( 1)1.7029
6. 6191
4.1266
3.1079

256
9)7.5733
12)2,2341
14) 6. 5907
17)1. 9442
19)5, 7355
22)1. 6919
24)4.9913

(59)1.8868

( 1)1.7175
6. 6569
4,1443
3.1186

273-888 O-67—4

275
75625
96875
40625
63672
00098
02527
56949
56609
85568

28001

12395
57234
38199
51657

280
78400
52000
60000
36800
03040
92851
19983
45595
67667

32264

20053
32620
23489
53577

285
81225
49125
00625
87678
19883
63667
01450
19913
81753

32480

94302
44365
64171
98013

290
84100
89000
10000
14900
33210
87631
64130
14598
72333

49008

38637
05948
67707
89906

295
87025
72375
50625
38434
08381
58973
63969
91371
74544

10930
56404

30232

41207
33956

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

210
9)5. 8027
12)1. 6015
14)4.4203
17) 1. 2200
19) 3. 3672
21)9.2935
24)2,5650

(58)3.8178

( 1)1.6613
6.5108
4,0759
3.0773

221
9)6.2348
12)1,7519
14)4.9230
17)1. 3833
19) 3, 8873
22)1,0923
24) 3. 0694

(58)5. 8742

( 1)1,6763
6, 5499
4,0942
3.0884

233
9) 6. 6905
12)1.9135
14)5. 4726
17)1. 5651
19)4.4763
22)1, 2802
24) 3. 6615

(58)8.9698

( 1)1.6911
6. 5885
4,1123
3.0993

246
9)7.1708
12)2.0867
14)6.0723
17)1.7670
19)5.1421
22)1, 4963
24)4,3544

(59)1. 3596

( 1)1.7058
6, 6267
4,1302
3.1101

259
9;7.6765
12)2,2722
14)6,7258
17)1.9908
19) 5. 8929
22)1.7443
24)5,1631

(59)2. 0464

( 1)1.7204
6. 6644
4,1478
3,1207

n%[(—g)iq

276
76176
24576
82976
68101
27960
10517
29027
52114
20383

42160

24773
30071
35196
84885

281
78961
88041
39521
89905
91634
88749
22385
37590
68629

39885

05461
11620
70950
54901

286
81796
93656
85616
07486
31410
72583
93589
48566
10900

42039

53453
32275
63618
68441

291
84681
42171
71761
23682
65916
58482
40181
62793
15727

64428

72211
05387
20588
30396

296
87616
34336
63456
62783
97838
65760
62649
16944
78155

49657
65053
43703
48904
45423

24)2. 6594
(58) 4. 1640

( 1)1.6643
. 5186
4.0796
3. 0796

224
9) 6. 3240
12)1.7833
14)5. 0291
17)1. 4182
19) 3. 9993
22)1.1278
24)3,1804

(58) 6. 3970
( 1)1.6792
6.5576
4.0979
3. 0906

24)3.7915
(58)9.7536
( 1)1.6941

6.5962

4.1159
3.1015

248
9)7.2699
12)2.1228
14) 6. 1986
17)1. 8100
19)5, 2852
22)1.5432
24)4.5063

(59)1. 4763

( 1)1.7088
6. 6342
4.1337
3.1122

261
9)7.7808
12)2. 3109
14) 6. 8633
17) 2. 0384
19) 6. 0541
22)1,7980
24) 5, 3402

(59)2. 2189
( 1)1.7233
6. 6719
4,1513
3,1228

n§[<—g>2]

271
76729
53933
39441
93025
96680
91180
76569
32097
85891

35828

31698
83915
22161
11650

282
79524
25768
66576
86774
50704
20498
81806
25669
68387

33126

85562
72186
08689
49967

287
82369
39903
52161
95170
50138

292
85264
97088
49696
25311
49909
05773
16858
83323
87302

46962

00749
87437
64325
65011

297
88209
98073
27681
05821
90289
26916
27940
75998
85715

87131
68794
40272
47726
51191

Table 3.1
278 279
77284 77841
214 84952 217 17639
9)5. 9728 16656 9)6. 0592 21281
12)1. 6604 43030 12) 1. 6905 22737
14)4. 6160 31624 14)4. 7165 58437
17) 1.2832 56792 17)1. 2159 19804
19)3.5674 53881 19)3. 6714 16253
21)9,.9175 21788 22)1. 0243 25135
24)2.7570 71057 24)2,8578 67126
(58)4.5402 01230  (58)4.9488 11121
( 1)1.6673 33200 ( 1)1.6703 29309
6. 5265 18879 6.5343 35077
4.0832 99156 4. 0869 66245
3, 0818 31992 3, 0840 45954
283 284
80089 80656
226 65187 229 06304
9) 6. 4142 47921 9)6.5053 90336
12)1. 8152 32162 12) 1. 8475 30855
14)5.1371 07017 14)5. 2469 87629
17)1. 4538 01286 17)1. 4901 44487
19)4.1142 57639 19) 4. 2320 10342
22)1.1643 34912 22)1, 2018 90937
24)3.2950 67801 24)3, 4133 70262
(58)6.9642 51599  (58)7.5794 93086
( 1)1.6822 60384  ( 1)1.6852 29955
6.5654 14427 6.5731 38451
4.1015 36766 4.1051 55240
3,0928 28815 3,0950 21484
288 289
82944 83521
238 87872 241 37569
9)6.8797 07136 9)6.9757 57441
12)1.9813 55655 12)2. 0159 93900
14)5.7063 04287 14)5. 8262 22372
17)1. 6434 15635 17) 1. 6837 78266
19)4.7330 37028 19)4. 8661 19188
22)1.3631 14664 22)1. 4063 08445
24)3,9257 70232 24) 4, 0642 31407
(59)1.0602 77893  (59)1.1522 54005
( 1)1.6970 56275  ( 1)1.7000 00000
6.6038 54498 6. 6114 89018
4.1195 34288 4,1231 05626
3.1036 91148 3.1058 43502
293 294
85849 86436
251 53757 254 12184
5 9)7.3700 50801 9)7. 4711 82096
12)2.1594 24885 12)2. 1965, 27536
14) 6. 3271 14912 14) 6. 4577 90956
17)1. 8538 44669 17)1. 8985 90541
19)5. 4317 64881 19)5.5818 56191
22)1.5915 07110 22)1. 6410 65720
24)4.6631 15833  (24)4.8247 33217
(59)1.6025 91698  (59)1.7391 45550
( 1)1.7117 24277  ( 1)1.7146 42820
. 6418 52195 . 6493 99761
4.1372 98970 4.1408 24580
3.1143 93785 3,1165 16755
298 299
88804 89401
264 63592 267 20899
9)7.8861 50416 9)7.9925 38801
12)2.3500 72824 12)2. 3897 69101
14)7. 0032 17015 14)7.1454 09613
17)2. 0869 58671 17)2.1364 77474
19)6.2191 36838  (19)6.3880 67649
22)1.8533 02778  (22)1.9100 32227
24)5,5228 42278  (24)5.7109 96358
(59)2.4054 16789  (59)2.6068 04847
( 1)1.7262 67650  ( 1)1.7291 61647
6.6794 20032 6. 6868 83077
4.1548 37723 4,1583 18947
3,1249 51295 13,1270 45768
1
S[(-D8
4

7]
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270

9) 8.1000

12)2.4300
14)7,2900
17)2.1870
19) 6. 5610
22)1.9683
24)5.9049

(59) 2. 8242

( 1)1.7320
6. 6943
4.1617
3.1291

283
9)8. 6536
12)2.6393
14) 8. 0500
17)2.4552
19)7.4885
22)2.2840
24) 6.9662

(59) 4.1994
( 1)1.7464

4.1790
3.1394

297
9)9.2352
12)2.8629
14) 8.8750
17)2,7512
19) 8, 5289
22)2.6439
24)8.1962

(59)6.2041
( 1)1.7606

4.1960
3.1497

24)9.6184
(59)9.1086

( 1)1.7748
6. 8040
4.2128
3.1598

1

327

10)1. 0485
12) 3.3554
15}1.0737
17) 3.4359
20) 1. 0995
22)3.5184
25)1.1258

(60) 1. 3292
( 1)1.7888
6.8399

4,2294
3.1697

300
90000
00000
00000
00000
00000
00000
00000
00000
00000

95365

50808
29501
91450
34645

305
93025
72625
50625
63441
58494
67841
66914
12909
39372

86063
24920

3 15497

24910
96244

310
96100
91000
10000
15100
36810
61411
10374
62216
82870

26610
81686

8 99452

47767
22833

315
99225
55875
00625

79328
59882

34822

23935
92116
65931
18306

320
02400
68000
76000
43200
41824
73837
11628
37209
99907

27996

54382
03787
85054
86385

1
n2[

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

272
9)8.2085
12)2. 4707
14)7. 4370
17)2.2385
19)6.7380
22)2.0281
24)6,1047

(59)3.0591

( 1)1.7349
6.7017
4.1652
3.1312

286
9)8.7677
12)2, 6829
14)8.2097
17)2.5121
19)7. 6872
22)2.3523
24)7.1980

(59) 4.5427

( 1)1.7492
6.7286
4.1824
3.1415

24) 8. 4645
(59) 6. 7026

( 1)1.7635
6.7751
4.1994
3,1517

315
9)9.9712
12)3.1509
14)9. 9568
17) 3.1463

24)9.9282
(59)9. 8285

( 1)1.7776
6.8112
4.2162
3.1618

1

330

10)1. 0617
12) 3. 4082
15)1. 0940
17)3.5118
20)1.1273
22)3,6186
25)1.1615

(60)1.4325

( 1)1.7916
6. 8470
4.2327
3.1717

(—2) 6]

301
90601
70901 275
41201 9)8. 3181
70902 12)2.5120
20414 14)7.5865
43144 17)2.2911
14865 19)6.9191
42474 22)2. 0895
08848 24)6.3105

15639  (59)3.3125

35157 ( 1)1.7378

59395 6,7091

55283 4.1687

17958 3.1332
306

93636

52616 289

00496 9) 8. 8828

16352 12)2.7270
24036 14)8. 3720
75555 17)2.5702
57199 19)7. 8905
00703 22)2,4223
40151 24)7.4367

01868  (59)4.9127

85568 ( 1)1.7521

64101 6.7459

46136 4.1858

52236 3.1436
311

96721

80231 303

51841 9)9. 4758

90023 12)2.9564
02970 14)9. 2241
91124 17)2.8779
12395 19)8.9791
20355 22)2.8015
50303 24)8.7406

93132 (59)7.2395
19209  ( 1)1.7663
68952 6. 7824
27591 4.2027
52295 3.1537
316
99856 1
54496 318
20736  (10)1.0098

05753 12)3.2010
62178 15) 1. 0147
68448 17)3.2167
24297 20)1.0197
37678 22)3.2324
07062 25)1.0246

62028  (60)1.0602

38883  ( 1)1.7804
84608 6. 8184
05502 4.2195
21997 3.1638
321
03041 1
76161 333
44768 (10)1.0750

00706 12) 3. 4616
32426 15)1.1146
44089 17) 3.5891
01953 20)1.1557
39268 22)3,7213
83205 25)1.1982

86248 (60)1.5436
47287 ( 1)1.7944

21278 6.8541
85474 4,2360
65030 3.1737

[

302
91204
43608
69616
87224
03417
24032
94576
96762
82221

81949

14720
72852
10496
95743

307
94249
34443
74001
42318
19917
10115
45052
97331
59806

08679

41547
96712
58988
02859

312
97344
71328
54336
66553
75645
42801
81540
04640
94478

28072

52173
22886
99273
76544

317
00489
55013
03912
78401
41853
31675
03941
61493
90293

84208

49381
61941
37156
20622

322
03684
86248
37186
19738
41556
45809
04950
69940
81121

21862
35844
24002

78192
38749

278
9g8.4288
12)2,5539
14)7.7384
17) 2. 3447
19)7.1046
22)2.1527
24)6.5226

(59) 3. 5861

( 1)1.7406
6.7165
4.1721
3.1353

292
9)8.9991
12)2.7717
14)8.5369
17) 2. 6293
19)8. 0985
22)2.4943
24)7.6825

(59)5. 3115

( 1)1.7549
6.7533
4,1892
3.1456

306
9)9.5979
12)3.0041
14)9. 4029
17)2.9431
19)9.2120
22)2.8833
24)9. 0249

(59)7.8174

( 1)1.7691
6. 7896
4.2061
3.1557

1

321

10)1. 0226
12) 3.2518
15)1. 0341
17)3.2884
20) 1. 0457
22) 3. 3254
25)1. 0574
(60)1.1435
( 1)1.7832
. 8256
4,2228
3.1658

1
33

510;1.0884
12) 3. 5157
15)1.1355
17)3.6679
20)1.1847
22) 3, 8266
25)1.2360

(60) 1. 6628
( 1)1.7972

303
91809
18127
92481
54422
81898
60015
22846
00722
83188

05682

89519
69962
57138
68030

308
94864
18112
78496
46977
80688
90052
21360
44579
81303

00125

92877
13417
63512
48146

313
97969
64297
24961
50513
91105
36216
16356
61119
20304

31800

80601
61336
62861
95609

318
01124
57432
06338
88154
00433
39376
23722
01435
77656

38734
55450
24197

60938
14209

323
04329

6 98267

54024
06498
73199
01432
32163
84885
19218

78568
20076

2 12036

4.2393
3.1757

éﬁfn]

63249
07571

280
9)8.5407
12)2,.5963
14)7.8929
17)2.3994
19)7.2943
22)2.2174
24)6.7411

(59) 3.8811

( 1)1.7435
6.7239
4.1755
3.1374

295
9)9.1166
12)2.8170
14)8.7046
17)2. 6897
19)8. 3112
22)2.5681
24)7.9356

(59)5. 7412

( 1)1.7578
6. 7606
4,1926
3.1476

309
9)9.7211
12)3.0524
14)9. 5846
17) 3. 0095
19)9. 4501
22)2.9673
24)9.3174

(59)8.4393

( 1)1.7720
6.7968
4, 2095
3,1578

1

324

10) 1. 0355
12)3.3033
15)1.0537
17) 3. 3615
20)1.0723
22) 3, 4207
25)1. 0912

(60)1. 2330

{ 1)1.7860
6.8327
4,2261
3.1678

1

340
10)1.1019
12)3.5704
15)1.1568
17)3.7481
20)1.2143
22)3.9346
25)1.2748

(60)1. 7909

( 1)1.8000
6. 8682
4.2426
3.1776

;ﬁ?q

304
92416
94464
17056
77985
89074
68679
84783
92974
78641

99856

59577
50814
95260
34853

309
95481
03629
21361
36001
41242
34144
78504
85058
91828

10972

39583
14302
59756
88127

314
98596
59144
71216
47762
85972
91395
16981
36732
37339

99655

04515
84386
18398
09519

319
01761
61759
30112
41058
65797
12894
22613
09136
06214

37808

57110
71452
76889
02787

324
04976
12224
96058
67227
31381
33676
95311
40808
23622

36736
00000
85455
40687
71523
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1

343
10)1.1156
12) 3. 6259
15)1.1784
17) 3, 8298
20) 1. 2447
22)4. 0452
25)1. 3147

(60)1.9284

( 1)1.8027
753
4,2459
3.1796

1

359
10)1.1859
12)3.9135
15)1.2914
17)4.2618
20) 1. 4064
22)4.6411
25)1.5315

(60)2.7818

( 1)1.8165
. 9104
4.2621
3,1893

1

375
10)1.2594
12)4.2191
15)1. 4124
17)4.7349
20) 1. 5862
22)5,3137
25)1. 7801

(60) 3.9909

( 1)1.8303
6.9451
4.2782
3.1989

1

393
10)1.3363
12)4.5435
15) 1. 5448
17)5.2523
20)1,7857
22)6.0716
25)2. 0643

(60) 5. 6950

( 1)1.8439
6.9795
4.2940
3,2084

1

410

10) 1. 4166
12)4. 8875
15) 1. 6862
17)5.8174
20) 2, 0070
22)6.9242
25)2. 3888

(60)8.0845

( 1)1.8574
7.0135
4,3097
1.2178

325
05625
28125
64063
08203
20166
65540
06300
95476
21030

15722

75638
44335
10547
30632

330
08900
37000
21000
39300
67969
44298
08618
48440
78985

55434

90212
23230
47595
54454

335
12225
95375
45063
40959
12221
30942
01865
76249
15044

41565

00522
49558
01166
61118

340
15600
04000
36000
42400
04416
35014
93905
99277
77754

03680

08891
32047
76026
53751

345
19025
63625
95063
97966
21298
63479
24900
35905
61387

95243

17562
79083
76748
35355

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

1

346
10)1.1294
12) 3. 6820
15)1.2003
17)3.9131
20)1.2756
22)4.1587
25)1. 3557

(60)2.0759

( 1)1.8055
6. 8823
4.2491
3.1815

1

362
10)1.2003
12)3,9731
15) 1. 3151
17)4. 3530
20) 1. 4408
22)4.7692
25)1.5786

(60)2.9913

( 1)1.8193
6.9173
4,2653
3.1912

1

379
10)1.2745
12)4.2824
15) 1. 4389
17)4.8347
20)1. 6244
22)5. 4582
25)1.8339

(60)4. 2868

( 1)1.8320
. 9520
4,2813
1.2008

1

39
10) 1. 3521
12)4.6107
15)1.5722
17)5. 3614
20) 1. 8282
22) 6.2343
25)2.1259

(60)6.1108

( 1)1.8466
6.9863
4.2972
3.2103

1

414
10)1.4331
12)4.9588
15)1.7157
17)5.9365
20) 2, 0540
22)7.1069
25)2.4590

(60) 8. 6661

( 1)1.8601
7.0203
4,3128
1.2196

A9

326
06276
45976
58818
35745
43653
20309
77221
07739
38723

76350

47009
88750
72871
84924

33
09561
64691
61272
95811
27813
73062
67184
70378
28495

81825

40540
96417
72832
85058

336
12896
33056
50682
90290
16737
60238
79440

50918

72309
93134
30278
53290

90286
68669

341
16281

6 51821

27096
53398
66909
30158
47684
24602
04689

98859

18531
68028
29958
38860

346
19716
21736
92066
44547
60213
30338
39497
76659
13924

53376
07524
48952

96386
98608

327
1 06929 1
349 65783 352
10)1. 1433 81104 10)1.1574

12)3.7388
15)1. 2226
17)3.9979
20)1. 3073
22)4.2749
25)1. 3979

(60) 2. 2343

( 1)1.8083
6. 8894
4,2524
3.1835

1

365
10)1.2149
12)4.0335
15)1. 3391
17)4. 4459
20)1. 4760
22)4.9005
25)1. 6269

(60) 3, 2159

( 1)1.8220
6.9243
4.2685
3,1932

1

382
10)1.2897
12) 4. 3465
15)1. 4648
17)4.9363
20)1. 6635
22)5. 6062
25)1. 8892

(60) 4. 6038
( 1)1.8357
6. 9589
4.2845
3,2027

1

400

10} 1. 3680
12)4. 6787
15)1. 6001
17)5.4724
20)1. 8715
22)6.4008
25)2.1890

(60) 6.5558

( 1)1.8493
6.9931
4.3003
3,2122

1

417

10) 1. 4498
12)5. 0309

56210 12)3.7963
05981 15)1. 2452
21557 17)4.0842
20349 20)1.3396
37542 22)4.3940
04576 25)1. 4412

23554  (60)2.4042

14132 ( 1)1.8110
18774 6.8964
27697 4.2556
34426 3.1854
332
10224 1
94368 369
33018  (10)1.2296

77618 12)4. 0946

47769 15) 1. 3635
70594 17)4.5405
62237 20}1.5120
26628 22)5.0349
74840 25)1. 6766
84959  (60)3.4566
86716  ( 1)1.8248
55573 6.9313
90770 4,2718
11001 3.1951
337
13569 1
72753 386
91776 10) 1. 3051

98285 12)4.4114
03622 15) 1. 4910
88207 17)5.0398
62826 20)1.7034
06723 22)5.7577
91666 25)1. 9461

12427 (60) 4.9431
55975 ( 1)1.8384
43337 6.9658
72295 4, 2877
71684 3.2046
342
16964 1
01688 403
57730 10)1. 3841

57435 12)4.7475
35043 15)1. 6284
61847 17)5.5854
81952 20)1.9158
10274 22)6.5712
77114 25)2.2539

12822 (60)7.0316
24201 ( 1)1.8520
90657 7.0000
76961 4,3035
19552 3.2140
347
20409 1
81923 421
32728 10) 1. 4666

19567 12)5.1038

15)1.7457 29090  (15)1.7761
17)6.0576 79941  (17)6.1809
20)2.1020 14939  (20)2.1509
22)7.2939 91840  (22)7. 4853
25)2.5310 15168  (25)2. 6049
(60)9.2876 83235  (60)9.9518
( 1)1.8627 93601  ( 1)1.8654

L0271 05788 7.0338

4.3160 09269 4.3191

3.2215 57557 3.2234

4ay

1
9]

Table 3.1
328 329
07584 1 08241
87552 356 11289
31706 10)1.1716 11408
75994 12) 3, 8546 01533
11326 15)1.2681 63904
93150 17)4.1722 59245
48153 20)1.3726 73292
45942 22)4.5160 95129
47069 25)1.4857 95298
09169  (60)2.5864 34894
77028 ( 1)1.8138 35715
34481 6.9034 35942
75067 4,2589 15020
79164 3,1874 19165
333 334
10889 1 11556
26037 372 59704
37032 10)1. 2444 74114
91317 12)4,1565 43539
32209 15)1. 3882 85542
62254 17)4.6368 73711
07231 20)1,5487 15819
84078 22)5.1727 10837
49698 25)1.7276 85420
99320  (60)3.7146 26935
28759 ( 1)1.8275 66688
00768 6.9382 32074
01446 4,2750 04899
32308 3.1970 49006
338 339
14244 1 14921
14472 389 58219
69154 10)1. 3206 83624
71739 12)4,4771 17486
77448 15)1.5177 42828
41774 17)5.1451 48186
66520 20) 1, 7442 05235
16836 22)5.9128 55747
08291 25)2,0044 58098
16051  (60)5. 3063 11693
77631 ( 1)1.8411 95264
19768 6.9726 82649
47230 4,2909 15128
70186 3,2065 64201
343 344
17649 1 18336
53607 407 07584
28720 10)1.4003 40890
61510 12)4.8171 72660
13598 15)1. 6571 07395
58641 17)5.7004 49439
12314 20)1.9609 54607
36236 22)6.7456 83848
34029 25)2.3205 15244
76479 (60)7.5405 43015
25918 ( 1)1.8547 23699
00000 7.0067 96121
17071 4,3066 50321
95850 3.2159 67776
348 349
21104 1 21801
44192 425 08549
17882 10;1.4835 48360
30228 12)5.1775 83777
32919 15)1.8069 76738
42559 17) 6. 3063 48816
68011 20)2,2009 15737
68677 22)7.6811 95921
08300 25)2.6807 37377
04932 (61)1.0661 30203
75811 ( 1)1.8681 54169
49656 7.0405 80617
15431 4,3222 14906
122%6 3.2252 62636

»[(D6

4

37
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Table 3.1

COVE~NOCN HRWN -

[ = =

[

1

428

510 1. 5006
12} 5, 2521

15)1, 8382

17) 6. 4339

20) 2, 2518

22)7. 8815

25) 2, 7585

(61)1.1419

( 1)1.8708
7.0472
4,3253
3,227

1

447

10)1. 5882
12)5, 6382
15) 2. 0015
17)7.1055
20)2,5224
22)8,9547
25)3.1789

(61)1. 6050

( 1)1.8841
7.0806
4,3406
3,2362

1

466

10)1, 6796
12) 6. 0466
15)2.1767
17) 7. 8364
20)2.8211
23)1. 0155
25) 3, 6561

(61)2. 2452

( 1)1.8973
7.1137
4, 3558
3,2453

[

486
10)1.7748
12} 6, 4783
15) 2. 3645
17)8. 6307
20) 3.1502
23}1.1498
25)4,1969

(61)3,1262

( 1)1.9104
7.1465
4.3709
3.2543

1

506

10)1. 8741
12) 6. 9343
15) 2. 5657
17)9. 4931
20)3.5124
23)1, 2996
25) 4, 8085

(61)4. 3335

( 1)1.9235
7.1790
4,3858
3,2631

350
22500
75000
25000
87500
65625
29688
75391
63867
47354

13124

28693
98732
07727
08809

355
26025
38875
30063
16722
66936
62624
74731
85297
48780

20092

44368
98751
73183
76880

360
29600
56000
16000
17600
82336
16410
09907
99567
58440

25771

66596
86609
77175
42223

365
33225
27125
90063
48728
97286
80093
34734
35678
00224

86296

973117
69499
23607
07394

370
36900
53000
61000
95700
26409
87713
79454
17398
84372

25711

38406
54352
16237
74848

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

1

432
10)1.5178
12)5. 3276
15)1, 8700
17) 6. 5637
20) 2.3038
22) 8. 0865
25)2.8383

(61)1.2228

( 1)1.8734
7. 0540
4,3283
3.2289

1

451

10}1, 6062
12)5.7180
15) 2. 0356
17)7. 2468
20)2,5798
22)9.1843
25)3.2696

(61)1.7171

{ 1)1.8867
. 0873
4,3437
3, 2380

[

470
10)1. 6983
12)6,1310
15)2,2133
17)7. 9900
20)2, 8844
23)1,0412
25)3, 7589

(61)2. 3997

( 1)1.9000
7.1203
4, 3588
3. 2471

[

490
10)1. 7944
12) 6, 5675
15) 2. 4037
17)8.7976
20)3.2199
23)1,1785
25)4,3133

(61)3.3384

( 1)1.9131
7.1530
4,3739
3. 2560

1

510

10)1. 8945
12)7.0286
15)2. 6076
17)9. 6742
20) 3. 5891
23)1,3315
25) 4, 9401

(61)4. 6235

( 1)1.9261
7.1855
4, 3887
3.2649

A9

351
23201
43551
48640
48727
04703
16508
64494
64375
84096

43263

99400
04063
93928
50768

356
26736
18016
01370
76876
35368
61909
82840
82909
40316

17251

96226
41061
26771
98084

361
30321
45881
56304
66258
14919
66858
14136
73503
97346

87825

00000
67359
98944
43191

366
33956
27896
20994
80837
34586
68585
46702
00493
11804

59019

12647
90095
14319
88625

371
37641
64811
04488
11651
14922
51362
47255
73632
38174
31606
36028
16151
76627
36822

352 353 354
1 23904 1 24609 1 25316
436 14208 439 86977 443 61864
10)1.5352 20122  (10)1.5527 40288  (10)1.5704 09986
12)5.4039 74828  ({12)5.4811 73217  (12}5.5592 51349
15)1.9021 99139  (15)1.9348 54146  (15)1.9679 74978
17)6.6957 40971  {17)6.8300 35134  (17)6, 9666 31421
20)2,3569 00822  (20)2.4110 02402  (20)2.4661 87523
22)8.2962 90893  {22)8.5108 38480 22)8.7303 03831
25)2.9202 94394  (25)3.0043 25983  (25)3.0905 27556
(61)1,3092 54042  (61)1.4014 99442  (61)1.4999 55202
( 1)1.8761 66304 ( 1)1.8788 29423  ( 1)1.8814 88772
7.0606 96671 . 0673 76615 - 0740 43955
43314 73541 4.3345 46600 4.3376 13137
3.2307 88532 3,2326 22125 3.2344 51567
357 358 359
1 27429 1 28164 1 28881
454 99293 458 82712 462 68279
10)1. 6243 24760  (10)1.6426 01090  (10)1.6610 31216
12)5.7988 39394  (12)5.8805 11901  (1235.9631 02066
15)2.0701 85663  (15)2.1052 23260  (15)2.1407 53642
17)7.3905 62819  (17)7.5366 99273  (17)7.6853 05573
20)2, 6384 30926  (20)2.6981 38340  (20)2.7590 24701
22)9.4191 98407  [22)9.6593 35256  {22)9.9048 98676
25)3.3626 53831  (25)3.4580 42022  (25)3.5558 58625
(61)1.8366 95605  (61)1,9642 31355  (61)2.1002 29556
( 1)1.8894 44363  ( 1)1.8920 88793 ( 1)1.8947 29532
7.0939 70945 7.1005 88459 7.1071 93661
4, 3467 73933 4. 3498 14700 4,3528 49104
3.2399 15199 3.2417 28247 3.2435 37249
362 363 364
1 31044 1 31769 1 32496
474 37928 478 32147 482 28544
10)1.7172 52994  (10)1.7363 06936  (10)1.7555 19002
12)6,2164 55837  (12)6.3027 94178  ({12)6. 3900 89166
15)2.2503 57013  (15)2.2879 14287  (15)2. 3259 92456
17)8.1462 92387  (17)8.3051 28860 {17)8. 4666 12541
20)2.9489 57844  (20)3.0147 61776  (20)3.0818 46965
23)1.0675 22740  (23)1.0943 58525 ({23}1.1217 92295
25)3,8644 32317  (25)3.9725 21445  (25)4. 0833 23955
(61)2.5645 17652 (61)2.7400 53237  (61)2.9270 70667
( 1)1.9026 29759  ( 1)1.9052 55888 ( 1)1.9078 78403
7.1269 35967 .1334 92490 1400 36982
4.3619 14441 4.3649 23697 4.3679 26743
3.2489 40172 3,2507 33187 3.2525 22254
367 368 369
1 34689 1 35424 1 36161
494 30863 498 36032 502 43409
10)1.8141 12672  (10)1.8339 65978  (10)1.8539 81792
12)6.6577 93507  (12}6,7489 94798  (12)6.8411 92813
15)2.4434 10217  (15}2.4836 30086  (15)2.5244 00148
17)8.9673 15496  (17)9.1397 58715  (17)9. 3150 36546
20)3.2910 04787  (20)3.3634 31207  (20)3. 4372 48485
23)1,2077 98757  (23)1.2377 42684  (23)1.2683 44691
25)4.4326 21438  (25)4.5548 93078  (25)4. 6801 91910
(61)3.5643 92671  (61)3, 8049 38558  (61)4. 0609 98114
( 1)1.9157 24406  ( 1)1.9183 32609 ( 1)1.9209 37271
7.1595 98825 . 1660 95742 7.1725 80900
4.3768 98909 4.3798 77406 4,3828 49839
3.2578 65967 3,2596 39439 3.2614 09059
372 373 374
1 38384 1 39129 1 39876
514 78848 518 95117 523 13624
10)1,9150 13146  (10)1.9356 87864  (10)1.9565 29538
12)7.1238 48902 (12)7.2201 15733  (12)7.3174 20471
15)2,6500 71791  (15)2.6931 03168  (15)2.7367 15256
17)9.8582 67064  (18)1.0045 27482 18)1. 0235 31506
20)3.6672 75348  (20)3.7468 87507  (20)3.8280 07832
23)1.3642 26429  (23)1.3975 89040 23)1. 4316 74929
25)5.0749 22317  (25)5.2130 07120 25)5. 3544 64234
(61)4.9320 85051  (61)5.2603 17567  (61)5. 6094 26383
( 1)1.9287 30152 ( 1)1.9313 20792  ( 1)1.9339 07961
7.1919 66348 7.1984 04996 7.2048 32147
4.3917 31039 4.3946 79501 4.3976 22040
3.2666 95001 3, 2684 494%4 3,2702 00047
1
(=78 A5[(=D5
4 4

ng[(_4)2]
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1

527
10)1.9775
12)7.4157
15)2.7809
18)1. 0428
20) 3.9106
23)1.4664
25)5,4993

(61)5.9806

( 1)1.9364
7.2112
4. 4005
3.2719

25) 6. 2782
(61)8.2187

( 1)1.9493
7.2431
4, 4151
3. 2806

1

570
10)2.1970
12) 8. 4587
15) 3, 2565
18)1,2537
20) 4. 8270
23)1.8584
25)7.1549

(62)1.1247

( 1)1.9621
7.2747
4.4296
3.2892

1

593

10) 2, 3134
12)9.0224
15) 3.5187
18) 1. 3723
20) 5. 3520
23)2.0872
25) 8.1404

(62)1.5330
( 1)1.9748
7.306

4.4439
3.2977

1

616
10)2.4343
12)9. 6158
15) 3.7982
18)1.5003
20) 5. 9262
23) 2. 3408
25)9.2463

(62)2. 0812

( 1)1.9874
7.3372
4.4580
3, 3061

78067

91673
47852
58684
46950

380
44400
72000
36000
16800
36384
55826
92138
61013
11848

60383

58869
56443
54436
25976

385
48225
66625
65063
00491
99689
90880
94889
31532
61399

53901

41687
86349
06853
14120

390
52100
19000
41000
19900
43761
10067
09260
83612
06085

29700
41766

1 43574

19178
13494

395
56025
29875
80063
01247
41493
05390
06289
51484
63362

78965

60691
33921
94538
26138

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

1

531
10)1.9987
12)7.5151
15) 2, 8257
18) 1. 0624
20) 3.9948
23)1.5020
25) 5. 6477

(61) 6. 3754

( 1)1.9390
7.2176
4, 4034
3.2736

1

553
10)2.1071
12)8.0283
15) 3. 0587
18) 1. 1653
20) 4. 4401
23)1. 6917
25) 6. 4453

(61)8.7538

( 1)1.9519
7.2495
4.4180
3.2823

1

575
10)2.2199
12)8.5691
15) 3. 3076
18) 1. 2767
20) 4, 9283
23)1.9023
25)7.3429

(62)1.1970

( 1)1.9646
7.2810
4,4324
3.2909

1

597
10) 2. 3372
12)9.1386
15)3.5732
18)1.3971
20)5. 4627
23)2.1359
25)8. 3515

(62) 1. 6302

( 1)1.9773
7.3123
4, 4467
3.2994

1

620

10)2. 4591
12)9.7381
15) 3.8563
18) 1. 5270
20) 6. 0472
23) 2. 3947
25)9.4831

(62)2.2114

( 1)1.9899
L3434
4. 4609
3.3077

1
{7

376 377
41376 1 42129
57376 535 82633
17338 (10)2.0200 65264
77189 (12)7.6156 46046
06623  (15)2.8710 98559
65690  (18)1.0824 04157
70996  (20)4.0806 63671
71494  (23)1.5384 10204
88819  (25)5.7998 06469
12334 (61)6.7950 46060
71943 ( 1)1.9416 48784
52160 7. 2240 45124
89461 4.4064 14397
90130 3.2754 29605

381 382
45161 1 45924
06341 557 42968
71592 (10)2.1293 81378
23766 (12)8.1342 36862
91355  (15)3.1072 78481
99506  (18)1.1869 80380
72119  (20)4.5342 65051
05577  {23)1.7320 89250
98249  (25)6. 6165 80933
56362 (61)9.3222 49236
22130 ( 1)1.9544 82029
04524 7.2558 41507
56280 4. 4209 52418
50807 3. 2840 72019

386 387
48996 1 49769
12456 579 60603
80802  (10)2.2430 75336
25894  (12)8.6807 01551
82595  (15)3.3594 31500
65482 (18)1.3000 99991
14759 (20)5. 0313 86963
29497  (23)1.9471 46755
91859  (25)7.5354 57941
03202  (62)1.2736 88303
88270  ( 1)1.9672 31557
79420 7.2873 61631
80423 4,4353 48416
21030 3.2926 24406

391 392
52881 1 53664
76471 602 36288
60016  (10)2.3612 62490
86663  (12)9.2561 48959
26485  {15)3. 6284 10392
31556  (18)1.4223 36874
84383  (20)5.5755 60545
48694  (23)2.1856 19734
59392  (25)8.5676 29356
04837  (62)1.7332 67559
71993  ( 1)1.9798 98987
82812 7.3186 11420
65109 4. 4496 05586
02898 3.3010 88848

396 397
56816 1 57609
99136 625 70773
25786  (10)2.4840 59688
38111  (12)9.8617 16962
02692  (15)3.9151 01634
95866  (18)1.5542 95349
99629  (20)6.1705 52534
30653 {23)2.4497 09356
33387  (25)9.7253 46143
87364  (62)2.3494 82217
74874  ( 1)1.9924 85885
20462 7.3495 96597
13443 4,24637 27013
98433 3,3094 67354

H3[(-6)2
7]

=

540
10) 2. 0415
12)7.7171
15)2.9170
18) 1. 1026
20)4.1680
23) 1. 5755
25)5, 9554

(61)7. 2410

( 1)1.9442
7.2304
4, 4093
3.2171

1

561

10) 2. 1517
12) 8, 2412
15) 3.1564
18)1.2089
20) 4. 6300
23}1.7733
25) 6. 7918

(61)9.9259

( 1)1.9570
7. 2621
4, 4238
3. 2857

1

584

10) 2. 2663
12)8.7934
15) 3. 4118
18)1, 3237
20)5.1363
23)1.9929
25)7.7324

(62) 1. 3550

( 1)1.9697
7.2936
4, 4382
3.2943

1

606

10) 2, 3854
12)9. 3748
15) 3. 6843
18)1. 4479
20) 5, 6903
23)2.2363
25)8.7887

(62) 1. 8425

( 1)1.9824
7.3248
4.24524
3. 3027

1

630

10) 2, 5091
12)9, 9865
15) 3. 9746
18)1.5819
20) 6.2959
23)2.5058
25)9.9731

(62)2.4957
( 1)1.9949
7. 3557

4, 4665
3.3111

1
,,;[(—7)8]

Table 3.1
378 379
42884 1 43641
10152 544 39939
83746 10)2. 0632 73688
86558  (12)7.8198 07278
96519 15)2. 9637 06958
62484  (18)1.1232 44937
64190 20)4.2570 98312
28264  (23)1.6134 40260
96838 25Y6. 1149 38586
77507 (61)7.7150 90756
22210 ( 1)1.9467 92233
26792 . 2367 97216
33520 4.4122 46858
65392 3,2788 97510
383 384
46689 1 47456
81887 566 23104
66272 10)2. 1743 27194
64822 12) 8, 3494 16423
04427  (15)3.2061 75907
02895 18)1.2311 71548
98090 20)4. 7276 98745
27568 23)1, 8154 36318
44587  (25)6.9712 75461
15535  (62)1.0566 94349
38579  ( 1)1.9595 91794
67440 . 2684 82371
42876 4.4267 27679
89631 3,2875 03659
388 389
50544 1 51321
11072 588 63869
49594 10)2. 2898 04504
36423  (12)8.9073 39521
53332 15) 3. 4649 55074
99093 18) 1. 3478 67524
40480 20)5. 2432 04667
00106 23)2.0396 06615
52413 25)7.9340 69734
69013  (62)1.4414 19629
71560  ( 1)1.9723 08292
33030 7.2998 93662
10856 4.4410 67768
24265 3.2960 20622
393 394
54449 1 55236
98457 611 62984
49360  (10)2, 4098 21570
15985 12)9. 4946 96984
02682 15) 3. 7409 10612
30954 18) 1. 4739 18781
68650 20)5. 8072 39997
14879 23)2.2880 52559
17476 25)9. 0149 27082
58176  (62)1.9584 35730
22760 ( 1)1.9849 43324
29445 7.3310 36930
40634 4,4552 70277
71361 3.3044 50453
398 399
58404 1 59201
44792 - 635 21199
82722 10)2.5344 95840
47232 13)1.0112 63840
45798 15)4.0349 42722
09028 18)1. 6099 42146
97930 20) 6. 4236 69163
07176 23)2.5630 43996
12562 26)1. 0226 54554
07762 (62)2. 6506 32365
93734 ( 1)1.9974 98436
62368 7.3619 17821
35273 4, 4693 38246
329%? 3, 3127 95131

s[5

4

39
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1

640

10) 2. 5600
13)1.0240
15) 4, 0960
18)1.6384
20) 6. 5536
23)2. 6214
26)1.0485

(62)2.8147

( 1)2.0000
7. 3680
4.4721
3. 3144

1

664

10) 2. 6904
13)1.0896
15)4.4129
18)1.7872
20)7.2383
23)2.9315
26)1.1872

(62)3.7924
( 1)2.0124
7. 398
4,4860
3. 3226

1

689
10)2, 8257
13)1,1585
15) 4. 7501
18)1. 9475
20)7.9849
23)3.2738
(26) 1. 3422

(62)5. 0911

( 1)2.0248
7. 4289
4. 4998
3. 3308

1

714

10) 2, 9661

13)1.2309

15)5.1084

18)2.1200

20) 8, 7980

23) 3. 6511

126)1.5152

(62) 6. 8101

( 1)2.0371
7. 4590
4.5134
3. 3389

1

740
10;3.1116
13) 1. 3069
15)5, 4890
18)2.3053
20)9. 6826
23)4.0667
26)1.7080

(62)9.0778

( 1)2.0493
7.4888
4.5270
3. 3469

400
60000
00000
00000
00000
00000
00000
00000
40000
76000

49767

00000
62997
35955
54017

405
64025
30125
20063
20125
61508
49411
60113
35846
72017

56055
61180

6 36223

46344
99030

410
68100
21000
61000
62010
04241
42739
25229
19344
65931

10945

45673
58841
28522
63008

415
72225
73375
45063
50201
43334
03984
16532
76861
38397

13045

54879
35926
85215
47722

420
76400
88000
96000
12320
31744
93332
51996
13838
19812

49315

90153
72387
19056
54883
1

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS rk

1

644
10)2.5856
13)1.0368
15)4.1578
18) 1. 6672
20) 6. 6858
23) 2. 6810
26) 1. 0750

(62)2. 9885
( 1)2.0024
74

4.4749
3. 3161

1

669

10)2. 7170
13)1.1031
15)4.4787
18)1.8183
20) 7. 3825
23)2.9973
26)1.2169

(62)4.0236

( 1)2.0149
7. 4047
4. 4888
3. 3243

1

694
10)2.8534
13)1.1727
15) 4, 8200
18)1.9810
20) 8. 1420
23) 3. 3463
26)1.3753

(62) 5. 3976

( 1)2.0273
7. 4349
4.5025
3.3324

1

719

10) 2. 9948
13) 1. 2458
15)5. 1827
18) 2. 1560
20) 8. 9690
23}3.7311
26)1.5521

(62)7.2150
( 1)2.0396
65

4.5162
3.3405

1

746

10) 3.1414
13) 1. 3225
15)5.5679
18) 2. 3440
20) 9, 8686
23)4.1546
26)1.7491

(62)9. 6110

( 1)2.0518
7. 4948
4.5297
3. 3485

A

401
60801
81201
96160
64160
25282
87938
24632
15678
87287

80393
98439

1 97940

28423
09590

406
64836
23416
90690
38820
43609
69905
81816
28217
15256

92707

44168
20630
12948
38251

411
68921
26531
30424
59904
43207
37758
65185
88791
65793

37632

13493
93742
69814
86236

416
73056
91296
37914
52572
46700
22627
54129
26518
48631

59801
07805

0 22314

01729
55305

421
77241
18461
37208
45065
14722
52098
27732
92275
25448

38126

28453
11226
11307
47155

1

649

310 2, 6115
13)1. 0498

15)4,2204

18) 1. 6966

20) 6. 8203

23)2.7417

(26)1.1022

(62)3.1726
( 1)2.0049

4.3777
3.3177

1

674

10) 2. 7439
13) 1. 1167
15) 4,5453
18) 1. 8499
20)7.5293
23) 3. 0644
26)1.2472

(62)4.2684

( 1)2.0174
7.4107
4.4915
3. 3259

1

699
10)2.8813
13)1.1870
15) 4. 8908
18)2.0150
20) 8, 3019
23)3.4203
26)1. 4091

(62)5.7218

( 1)2.0297
7.4410
4.5053
3. 3341

1

725

10) 3, 0237

13)1.2608

15) 5, 2579

18)2.1925

20) 9. 1429

23)3.8126

§26 1.5898

(62)7.6430

( 1)2.0420
7. 4709
4.5189
3. 3421

1

751
10)3.1713
13)1.3383
15) 5, 6477
18)2, 3833
21)1. 0057
23)4.2443
26)1.7911

(63)1.0174

( 1)2.0542
7.5007
4.5323
3. 3501

ke

402
61604
64808
85282
57283
26278
11364
77683
91829
00315

72718
93766

3 22692

15674
61862

407
65649
19143
59120
91362
40843
53723
11653
29843
22946

06980

24100
95055
74446
74245

412
69744
34528
02554
96652
38207
25341
04405
84615
98461

06738

78313
18861
06108
06308

417
73889
11713
38432
98926
48522
64534
94106
28542
66102

25690

57786
99115
13349
59799

422
78084
51448
91106
27047
40136
46338
72154
58492
19284

16609

63858
40668
98767
36405

1

654

10) 2. 6376
13)1.0629
15)4.2838
18)1.7263
20) 6. 9572
23)2.8037
26)1.1299

(62)3. 3676

( 1)2.0074
7. 3864
4. 2804
3. 3194

1

679
10)2.7710
13)1.1305
15) 4. 6127
18) 1. 8820
20}7.6785
23)3.1328
26)1.2782

(62)4.5273
( 1)2.0199
7. 416

4. 4943
3.3276

1

704

10) 2. 9093
13)1.2015
15)4.9624
18) 2. 0495
20) 8. 4644
23)3.4958
26) 1. 4437

(62) 6. 0645
( 1)2.0322
7. 447

4. 5080
3.3357

1

730

10) 3, 0528
13)1.2760
15)5. 3340
18) 2. 2296
20)9. 3198
23) 3. 8957
26)1.6284

(62) 8. 0952

( 1)2.0445
7.4769
4.5216
3. 3437

1

756

10) 3. 2015
13)1. 3542
15)5. 7285
18) 2. 4231
21)1.0249
23)4. 3357
26)1.8340

(63)1. 0768

( 1)2.0566
7.5066
4.5350
3, 3517

nimﬂ]

403
62469
50827
68328
80336
10755
75734
94209
89566
27195

04703

85990
37295
97729
10850

408
66464
17312
26330
78742
61269
06598
86919
63463
08293

48373
00988

8 59539

30860
07026

413
70569
44997
78376
73269
97602
11510

‘82535

31287
78322

87127
40143

0 34238

37426
23237

418
74724
34632
47618
90304
57471
36023
78576
£9245
06464

59269

04830
66370
20097
61218

423
78929
86967
58704
59332
16974
62680
97814
40751
18338

83734

96380
60749
81455
22644

nd

1

659
10) 2. 6639
13)1.0762
15} 4, 3479
18) 1. 7565
20} 7. 0966
23)2.8670
26)1.1582

(62)3.5739

( 1)2.0099
7. 3925
4,832
3. 3210

1

684

10) 2. 7982
13)1.1445
15) 4, 6810
18)1.9145
20)7.8304
23)3.2026
26)1.3098

(62) 4. 8013

( 1)2.0223
7. 4229
4. 4970
3. 3292

1

709

10) 2. 9376
13)1.2161
15} 5, 0350
18) 2. 0845
20) 8, 6298
23)3.5727
26)1.4791

(62) 6. 4269

( 1)2.0346
7.4530
4,5107
3, 3373

1

735

10} 3, 0821
13)1.2914
15)5. 4110
18)2.2672
20) 9. 4997
23)3.9803
26)1. 6677

(62)8.5730
( 1)2.0469
7. 482

4.5243
3.3453

1

762

%10 3.2319
13)1.3703
15) 5. 8102
18) 2. 4635
21)1. 0445
23)4. 4288
26)1.8778

(63)1.139

( 1)2.0591
7.5125
4.5377
3, 3533

7"

404
63216
39264
46266
34291
86537
86561
09706
30321
80250

85306

75124
41792
74611
56568

409
67281
17929
93296
01958
13009
34321
45371
52157
84732

06073

74842
14120
82211
36609

414
71396
57944
58882
920777
29817
02344
39705
53638
20006

98328

98995
39914
63788
37037

419
75561
60059
66472
27752
82280
43475
50162
95318
85638

73581
48949

9 24114

21992
59575

424
79776
25024
41018
42991
54284
47816
44274
67722
39914

73784

26028
71508
59390
05887
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1

767

10) 3, 2625
13) 1. 3865
15) 5. 8929
18)2, 5045
21}1. 0644
23)4,5237
26) 1. 9226

(63) 1. 2059

( 1)2.0615
7.5184
4.5404
3.3548

0
[

7
10)3,4188
13)1.4700
15)6.3213
18)2,7181
21)1.1688
23)5. 0259
26)2.1611

(63)1. 5967

( 1)2.0736
7.5478
4.5537
3.3627

1

823

10) 3, 5806
13)1,5575
15) 6. 7754
18)2.9473
21)1.2820
23)5.5770
26)2.4260

(63)2.1073

( 1)2.0856
. 5769
4. 5669
3. 3705

1

851

10) 3, 7480
13)1.6491
15)7,2563
18) 3.1927
21)1,4048
23)6.1812
26)2.7197

(63)2.7724

( 1)2.0976
7. 6059
4.5799
3, 3782

1

88l

10) 3, 9213
13)1.7450
15)7.7653
18) 3, 4555
21)1.5377
23) 6. 8428
26) 3. 0450

(63)3. 6361
( 1)2.1095
7. 6346
4.5929
3, 3858

425
80625
65625
39063
79102
61182
08502
16113
68482
01605

63938

52813
72981
32593
86145

430
84900
07000
01000
84430
63049
86111
20028
26119
48231

72093

44135
42314
28292
43107

435
89225
12875
10063
65377
09391
03085
76842
34263
09904

76666

65361
84852
08540
27318

440
93600
84000
96000
62240
13856
78097
22363
18395
36094

53276

17696
04922
75651
40276

445
98025
21125
90063
18578
32671
73039
30002
98510
89837

37215
02311
06721

31864
83431

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

1

773

10)3, 2933
13)1.4029
15)5,9766
18) 2. 5460
21) 1. 0846
23)4, 6204
26)1.9683

(63)1. 2759

( 1)2.0639
7.5243
4.5431
3.3564

1

800

{10) 3. 4507
13)1.4872

15)6.4100

18)2. 7627

21)1.1907

23)5.1321

26)2.2119

(63)1.6883

( 1)2.0760
7.5536
4.5563
3. 3643

1

828

10) 3. 6136
13)1.5755
15) 6. 8694
18) 2, 9950
21}1, 3058
23)5, 6934
26)2.4823

(63)2.2267

( 1)2.0880
7.5827
4.5695
3.3720

1

857

10) 3, 7822
13)1. 6679
15)7. 3558
18) 3.2439
21)1, 4305
23)6.3088
26)2.7821

(63)2.9276

( 1)2.1000
L6116
4.5825
3.3797

1

887

10) 3. 9567
13)1.7647
15)7.8706
18)3,5102
21) 1. 5655
23)6.9825
26)3.1142

(63)3.8373

( 1)2.1118
. 6403
4.5955
3. 3874

,l%[(—-gm]

426
81476
08776
53858
68743
46847
51557
17963
72523
21295

40370

76744
65204
01082
63431

431
85761
62991
14912
58127
82528
45570
43340
03797
36737

18906

53949
88825
73502
05720

436
90096
81856
48922
50930
02054
59296
45853
87918
60732

71952

61302
86527
30941
75562

441
94481
66121
85936
88098
27511
19933
68690
07924
84294

97132

00000
62611
75695
74445

446

98916
16536
57506
13847
23760
98197
92996
44761
14964

95917

71208
21250
09991
03811

n3

1

778
10) 3. 3243
13)1. 4195
15) 6. 0613
18) 2, 5881
21)1.1051
23)4.7190
26)2, 0150

(63)1.3497

( 1)2.0663
7.5302
4.5457
3.3580

1

806

10) 3. 4828
13)1.5045
15) 6. 4998
18)2, 8079
21)1.2130
23)5, 2402
26)2.2637

(63)1.7848

( 1)2.0784
7.5595
4,5590
3. 3658

—

834
10) 3. 6469
13)1.5937
15)6. 9644
18) 3, 0434
21) 1. 3299
23)5, 8120
26)2.5398

(63)2.3526

( 1)2.0904
7.5885
4.5721
3.3736

1

863

10) 3. 8167
13) 1. 6869
15)7. 4564
18) 3, 2957
21)1, 4567
23)6.4387
26}2. 8459

(63)3. 0912

( 1)2.1023
7.6174
4, 5851
3.3813

1

893

10) 3, 9923
13)1.7845
15)7.9771
18)3,5657
21)1.5938
23)7.1247
26)3.1847

(63)4. 0493

( 1)2.1142
7. 6460
4, 5980
3. 3889

9]

427
82329
54483
86424
13003
20523
83863
54510
09756
17166

98685

97832
48212
64877
37758

432
86624
21568
51738
91951
37227
29682
25623
70690
96938

83700

60969
26299
14114
65436

437
90969
53453
15896
02247
78818
77243
99555
98057
86851

34640

54496
79338
48834
20969

442
95364
50888
09250
85488
75858
62329
26950
33117
20038

52385

79604
11603
71321
05834

447
99809
14623
63648
86551
01882
64541
96750
18472
49157

05610

37451
27242
83787
21465

n4

1

784

10) 3, 3556
13) 1. 4362
15) 6. 1469
18)2, 6309
21)1.1260
23)4.8194
26)2. 0627

(63)1.4277

( 1)2.0688
.5361
4.5484
3. 359

428
83184
02752
37786
12972
91521
12371
30495
10518
07702

44370

16087
22043
23998
09138

433

1 87489

811
10) 3, 5152
13)1.5220
15) 6, 5906
18)2, 8537
21)1.2356
23)5, 3504
26) 2. 3167

(63)1.8867

( 1)2.0808
7.5653
4.5616
3.3674

1

840

10) 3, 6804
13)1. 6120
15)7, 0606
18) 3. 0925
21)1.3545
23)5,9328
26) 2. 5986

(63)2. 4852

( 1)2.0928
7.5943
4.5747
3.3751

1

869

10) 3, 8513
13)1. 7061
15)7.5582
18) 3, 3483
21)1.4833
23)6.5710
26)2.9109

(63)3.2635

( 1)2.1047
7.6231
4,5877
3.3828

2

899

10) 4. 0282
13) 1. 8046
15) 8. 0847
18) 3, 6219
21)1. 6226
23)7.2694
26) 3. 2567

(63)4.2724
( 1)2.1166
7. 6517
4. 6006
3. 3904

B

82737
12512
87018
36787
45729
71901
59329
48890

28946

65205
54772
50145
22267

438
91844
27672
12034
20471
49662
64552
43274
99539
09998

99040

44954
63318
62238
63549

443
96249
38307
67000
55581
69224
13266
02777
31302
66867

43677

56518
51930
62546
34454

448
00704
15392
09562
37884
77719
80418
47227
59578
17891

04226

01049
24731
53268
36406

n.’)

Table 3.1

—

78
10} 3, 3871
13)1.4530
15) 6. 2336
18)2, 6742
21)1.1472
23)4,9217
26)2.1114

(63)1.5099

( 1)2.0712
7.5419
4.5510
3. 3611

1

817

10) 3.5477
13)1.5397
15) 6. 6824
18) 2. 9002
21)1.2586
23)5. 4627
26)2. 3708

(63)1.9941

( 1)2.0832
7.5711
4.5642
3, 3689

1

846
10)3,7141
13)1. 6305
15)7.1579
18)3,1423
21)1.3794
23) 6, 0559
26) 2. 6585

(63)2. 6251

( 1)2.0952
7. 6001
4.5773
3.3767

1

875

10) 3, 8862
13)1.7254
15)7. 6612
18) 3, 4015
21)1.5103
23) 6. 7057
26)2.9773

(63)3.4450
( 1)2.1071
7. 6288

4.5903
3.3843

2

905

10) 4. 0642
13)1.8248
15)8.1936
18) 3, 6789
21)1.6518
23)7. 4168
26) 3. 3301

(63)4.5072

( 1)2.1189
. 6574
4, 6032
3. 3919

7

429
84041

9 53589

08968
69747
69216
44094
50716
05572
11691

93273

31518
86732
78463
77583

434
88356
46504
98274
44451
90916
01058
87259
02704
12974

30189

66666
74278
8lel4
76223

439
92721
04519
38384
06751
24635
28915
82394
27708
52264

15920

32684
38502
71171
03314

444
97136
28384
60250
99551
18006
80795
01873
40315
48700

16313

30751
83626
49388
60316

449
01601
18849
96320
69048
62024
54249
50458
08555
47041

55570

62010
13748
18450
48644

41
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Table 3.1
k

1 450
2 2 02500
3 911 25000
4 10)4. 1006 25000
5 13)1. 8452 81250
6 15} 8. 3037 65625
7 18) 3. 7366 94531
8 21)1.6815 12539
9 23)7.5668 06426
10 26)3. 4050 62892
24 (63)4.7544 50505
1/2  ( 1)2.1213 20344
1/3 7. 6630 94324
174 4. 6057 79352
1/5 3.3934 58190
1 455
2 2 07025
3 941 96375
4 10) 4. 2859 35063
5 13)1.9501 00453
6 15)8. 8729 57063
7 18} 4. 0371 95464
8 21)1. 8369 23936
9 23)8.3580 03909
10 26)3.8028 91778
24 (63)6.1983 13235
172 ( 1)2.1330 72901
1/3 6913 71681
1/4 4.6185 20218
1/5 3.4009 65915
1 460
2 2 11600
3 973 36000
4 10) 4. 4774 56000
5 13)2. 0596 29760
6 15)9. 4742 96896
7 18)4. 3581 76572
8 21)2.0047 61223
9 23)9.2219 01627
10 26}4.2420 74748
24 (63)8.0572 70802
172 ( 1)2.1447 61059
1/3 7.7194 42629
1/4 4.6311 56507
1/5 3.4084 07924
1 465
2 2 16225
3 1005 44625
4 10)4. 6753 25063
5 13)2.1740 26154
6 16)1.0109 22162
7 18) 4. 7007 88052
8 21)2.1858 66444
9 24)1. 0164 27896
10 26)4. 7263 89719
24 (64)1.0444 09634
172 ( 1)2.1563 85865
1/3 7.7473 10895
1/4 4. 6436 90198
1/5 3.4157 85500
1 470
2 2 20900
3 1038 23000
4 10) 4. 8796 81000
5 13)2.2934 50070
6 16)1. 0779 21533
7 18)5. 0662 31205
8 21)2.3811 28666
9 24)1.1191 30473
10 26)5.2599 13224
24 (64)1.3500 46075
172 ( 1)2.1679 48339
1/3 7.7749 80097
1/4 4. 6561 23215
1/5 3.4230 99883

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

2

917
10)4.1371
13)1. 8658
15) 8. 4150
18) 3. 7952
21}1.7116
23)7.7194
26)3.4814

(63)5. 0146

( 1)2.1236
7. 6687
4. 6083
3.3949

2

948

10} 4. 3237
13)1.9716
15) 8. 9906
18) 4. 0997
21)1. 8694
23) 8. 5247
26)3.8873

(63)6.5336

( 1)2.1354
7.6970
4. 6210
3.4024

2

979

10) 4. 5165
13)2. 0821
15)9. 5985
18)4. 4249
21}2,0398
23)9.4039
26)4.3352

(63)8. 4883

{ 1)2.1470
7.7250
4. 6336
3. 4098

2

1011
10)4. 7156
13)2.1975
16)1. 0240
18)4.7720
21)2.2237
24)1. 0362
26} 4. 8290

(64)1.09%

( 1)2.1587
7.7528
4. 6461
3.4172

2

1044
510;4.9213
13) 2. 3179
16)1.0917
18)5.1421
21)2. 4219
24)1.1407
(26)5.3729

(64)1. 4206

( 1)2.1702
7.7804
4. 6585
3.4245

,é[(-—g)s]

451
03401
33851
96680
75703
99419
09838
39637
94763
92138

08183

76058
66491
35988
65055

456
07936
18816
38010
24532
07868
17188
71038
87931
03297

55383

15650
02263
55778
59532

461
12521
72181
17544
14588
48250
30743
93073
07065
01157

29103

91055
32380
71390
88554

466
17156
94696
72834
03540
36650
10788
57027
70775
21810

69046

03314
60547
84795
53393

471
21841
87111
42928
52519
55637
69048
61622
43924
03881

98007

53441
90361
97902
55283

452

2 04304

923 45408
10)4.1740 12442
13}1. 8866 53624
15)8.5276 74379
18) 3. 8545 08819
21)1. 7422 37986
23)7.8749 15698
26)3.5594 61895

(63)5.2883 77338

{ 1)2.1260 29163
7. 6744 30279
4. 6108 88377
3.3964 69249

457

2 08849

954 43993

10) 4. 3617 90480
13)1.9933 38249
15)9.1095 55800
18)4.1630 67001
21}1.9025 21619
23) 8. 6945 23800
26)}3.9733 91377

(63) 6. 8863 45396

( 1)2.1377 55833
7.7026 24618
4, 6235 87171
3.4039 50532

462

2 13444

986 11128

10) 4. 5558 34114
13)2.1047 95360
15)9.7241 54565
18) 4. 4925 59409
21)2. 0755 62447
23)9.5890 98505
26)4. 4301 63510

(63)8. 9414 38903

( 1)2.1494 18526
7.7306- 14052
4, 6361 82186
3.4113 66616

467

2 18089

1018 47563

10)4. 7562 81192
13)2.2211 83317
16)1. 0372 92609
18) 4. 8441 56484
21)2.2622 21078
24)1. 0564 57243
26)4.9336 55326

(64)1.1577 24259

( 1)2.1610 18278
7.7584 02264
4, 6486 75380
3.4187 18768

472

2 22784

1051 54048

10) 4. 9632 71066
13) 2. 3426 63943
16)1.1057 37381
18)5.2190 80439
21)2. 4634 05967
24)1.1627 27616
26)5.4880 74350

(64)1.4948 85630

( 1)2.1725 56098
7.7859 92832
4. 6610 68652
3.4260 08213

SN-6)1 i
27

{ 1)2.1517
7.7

{ 1)2.1633
7.7

2
929

4.2110
1.9076
8. 6415
3.9146
1.7733
8.0331
3.6389

(63)5.5764

( 1)2.1283
7. 6800
4.6134
3.3979

2
960

4. 4000
2.0152
9.2298
4, 2272
1. 9360
8.8672
4,0612

(63)7.2572

( 1)2.1400
7.7082
4. 6261
3. 4054

2
992

4,5954
2.1276
9. 8511
4.5610
2.1117
9.7775
4,5269

(63)9.4176

361

4.6386
3.4128

2
1025

4,7971
2. 2450
1. 0506
4.9172
2.3012
1. 0769
5.0403

(64)1.2187

639

46511
3.4201

2
1058

élO 5.0054
13)2.3675
16)1.1198
18)5. 2969
21)2.5054
24)1.1850
26)5. 6054

(64)1.5727
( 1)2.1748

(-5
4

914

4, 6635
3.4274

]

453
05209 2
59677 935

73368 10) 4. 2483
16236 13)1.9287
01548 15) 8. 7565
00201 18)3.9754
13891 21)1. 8048
11927 23)8.1941

99703 26)3.7201
37619 (63)5.8795
79665 ( 1)2.1307
85719 7. 6857
36534 4. 6159
70784 3.3994
458
09764 2
71912 967

93570 10} 4. 4386
42855 13)2,0373
12275 15)9. 3513
54022 18)4.2922
82342 21)1.9701

57127 23)9.0430
03764 26)4.1507
39774 (63)7. 6472
93456 ( 1)2.1424
38778 7.7138
14413 4, 6286
38923 3.4069
463
14369 2
52847 998

06816 10} 4. 6352
73356 13)2.1507
27638 15)9.9794
72096 18)4. 6304
76381 21)2.1485

24642 23)9.9692
93909 26) 4. 6257
76852 (63)9.9181
43479 ( 1)2.1540
87677 7.7417
88909 4, 6411
42121 3.4143
468
19024 2
03232 1031

51258 10) 4. 8382
66789 13) 2. 2691
91257 16} 1. 0642
35083 18)4. 9912
66019 21) 2. 3408
92497 24)1.0978
24885 26)5.1490

10278 (64)1.2827
30765 ( 1)2.1656
36077 7.7694
61968 4, 6536
81635 3.4216
473
23729 2
23817 1064

66544 10} 5. 0479
85675 13) 2. 3927
68024 16)1.1341
75756 18)5. 3758
69532 21)2.5481
87089 24)1,2078
61930 26)5.7251

77826 (64)1. 6545
56317 ( 1)2.11M

87536 7.7969
35480 4, 6659
58683 3. 4289

u

454
06116
76664
80546
64768
92045
92789
73726
26716
33529

01000

27575
32843
80476
69669

459
10681
02579
48376
39605
88785
87452
59941
34128
52665

35292

28529
44772
37519
24718

464
15296
97344
36762
49857
79338
78413
41984
34804
24949

69666

65923
53281
91574
15079

469
19961
61709
84152
55267
33820
56618
99354
81797
65627

68318

40783
62012
44575
42003

474
24676
96424
30498
19056
48832
65466
60231
27949
04480

51159

54106
74500
98399
06701
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N

1071
10) 5. 0906
13)2. 4180
16)1. 1485
18)5.4557
21)2,.5914
24)1.2309
26) 5. 8470

(64)1.7403

( 1)2.1794
7.8024
4, 6684
3.4303

N

1105
10) 5. 3084
13) 2. 5480
16)1, 2230
18) 5. 8706
21)2.8179
24)1. 3526
26) 6. 4925

(64)2.2376

( 1)2.1908
7. 8297
4. 6806
3. 4375

1.4848
7.2014

(64) 2. 8694

( 1)2.2022
7. 8568
4, 6928
3.4446

2

1176

10) 5. 7648
13)2, 8247
16)1. 3841
18) 6. 7822
21)3,3232
24)1.6284
26}7.9792

(64) 3, 6703

( 1)2.2135
7.8837
4,7048
3.4517

24)1,7842
26)8.8318
(64) 4. 6830
( 1)2.2248
7.9104
4.7168
3. 4587

475
25625
71875
64063
65430
81079
60126
86060
55878
40422

90207

49472
53753
57424
52278

480
30400
92000
16000
39680
59046
83423
28043
05461
06211

37322

90230
35282
94639
43855

485
35225
84125
80063
43830
18758
65975
97498
26286
07489

70250

71555
28008
36620
75750

490
40100
49000
01000
52490
28720
30728
93057
13598
26630

36822

94362
35163
85081
49066

495
45025
87375
25063
43906
62733
60531
71463
13374
56201

06649

59546
59893
41683
64874

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

2

1078
10)5.1336
13) 2. 4436
16)1.1631
18) 5. 5366
21)2, 6354
24)1.2544
26)5.9713

(64)1.8304

( 1)2.1817
7. 8079
4. 6709
3.4317

2

1112

10) 5. 3527
13)2.5746
16)1.2384
18)5. 9568
21)2, 8652
24) 1. 3781
26} 6. 6290

(64) 2. 3522

( 1)2.1931
7.8351
4, 6831
3. 4389

2

1147
10)5.5788
13}2, 7113
16)1.3177
18) 6. 4040
21)3.1123
24)1.5126
26}7.3512

(64) 3, 0148

( 1)2.2045
7. 8622
4, 6952
3.4460

2

476
26576
50176
68378
26148
66046
70380
55101
76628
08750

87912

42423
25322
12569
95422

481
31361
84641
91232
92583
27132
34506
37397
79188
41895

41094

71220
68827
30598
74973

486
36196
91256
55042
23550
03245
37773
62358
08106
75394

82996

40769
24183
53740
95065

491

41081

3 70771

10} 5. 8120
13)2. 8536
16)1.4011
18) 6. 8797
21) 3. 3779
24)1. 6585
26)8.1435

(64)3.8543

( 1)2.2158
7. 8890
4.7072
3. 453]

2

1220

10} 6. 0523
13)3,0019
16)1. 4889
18)7. 3853
21) 3. 6631
24)1. 8169
26)9.0119

(64) 4. 9154

( 1)2.22711
7.9157
4,.7192
3.4601

1
ng[(--e)s]

04856
94384
63943
14959
40045
68562
71639

91376

51981
94604
83697
56794

496
46016
23936
87226
84064
84096
61115
39113
17000
08320

15513
05745
83219

22124
61227

477
2 27529 2
1085 31333 1092
10;5.1769 44584 10} 5. 2204
13)2. 4694 02567 13)2.4953
16)1.1779 05024 16)1. 1927
18) 5. 6186 06966 18)5.7015
21)2. 6800 75523 21)2,7253
24)1,2783 96024 24)1, 3027
26) 6. 0979 49036 26)6. 2270
(64)1.9250 45935  (64)2, 0242
( 1}2.1840 32967 ( 1)2.1863
7.8133 89232 7.8188
4, 6733 63849 4, 6758
3.4332 36143 3.4346

482
2 32324 2
1119 80168 1126
10) 5. 3974 44098 10) 5. 4423
13) 2. 6015 68055 13) 2, 6286
16)1.2539 55803 16)1. 2696
18) 6. 0440 66968 18)6.1323
21)2,9132 40279 21)2.9619
24)1, 4041 81814 24)1, 4306
26) 6. 7681 56345 26)6.9098
(64)2.4724 57971 (64)2.5985
( 1)2.1954 49840 ( 1)2.1977
7. 8405 94846 7. 8460
4, 6855 62762 4, 6879
3.4404 03713 3.4418

487
2 37169 2
1155 01303 1162
10) 5. 6249 13456 10)5. 6712
13)2.7393 32853 13)2.7675
16)1. 3340 55099 16)1. 3505
18) 6. 4968 48334 18) 6. 5908
21)3.1639 65139 21}3,2163
24)1,5408 51023 24)1, 5695
26)7.5039 44480 26)7. 6594
(64)3.1673 42798 (64) 3. 3271
( 1)2.2068 07649 ( 1)2.2090
7.8676 12960 7. 8729
4, 6976 67133 4,7000
3.4475 12045 3.4489

492
2 42064 2
1190 95488 1198
10) 5. 8594 98010 10) 5. 9072
13)2, 8828 73021 13) 2,9122
16)1. 4183 73526 16)1, 4357
18)6.9783 97749 18)7. 0782
21)3.4333 71692 21) 3, 4895
24)1, 6892 18873 24)1,7203
26) 8. 3109 56854 26)8.4814
(64) 4. 0472 72689 (64) 4. 2493
( 1)2.2181 073201 ( 1)2,2203
7.8944 46773 7.8997
4,7096 78653 4,7120
3,4545 62231 3.4559

497
2 47009 2
1227 63473 1235
10) 6.1013 44608 10) 6. 1505
13)3. 0323 68270 13) 3, 0629
16)1.5070 87030 16)1, 5253
18)7.4902 22541 18)7.5963
21)3,7226 40603 21)3,7829
24)1, 8501 52380 24) 1. 8839
26)9.1952 57326 26)9. 3819
(64)5.1588 55098 (64)5.4138
{ 1)2.2293 49681 ( 1)2.2315
7.9210 99395 7.9264
4,7215 98967 4,7239
3.4615 55329 3.4629

1
nd[ (D5
4

488

478
28484
15352
93826
96049
99311
80708
55578
19966
01440

75033

21111
45511
11278
74449

483
33289
78587
75752
67488
46397
92097
45383
19620
92764

50361

26098
13365
91145
30083

488
38144
14272
56474
73159
75702
09424
14999
61719
61191

75643

72203
94366
76812
26700

493
43049
23157
81640
89849
58895
91354
97638
71635
32162

84825

60331
91695
69960
65384

498
48004
05992
98402
98004
73006
57570
86070
27063
56772

25162

91360
08444
72227
47190

Table 3.1

2

1099

10) 5. 2643
13) 2, 5216
16)1. 2078
18)5.7856
21)2,7713
é24 1.3274
26)6. 3585

(64)2.1283

( 1)2.1886
7. 8242
4. 6782
3. 4361

2

1133

10)5. 4875
13) 2, 6559
16} 1, 2855
18) 6. 2218
21)3,0113
24)1.4574
26)7.0542

(64)2.7307

( 1)2.2000
7. 8514
4. 6904
3. 4432

2

1169
10)5.7178
13) 2. 7960
16)1. 3672
18) 6. 6859
21)3,2694
24)1.5987
26)7.8178

(64) 3. 4947

( 1)2.2113
7.8783
4.7024
3. 4503

2
1205
10} 5. 9553
13)2.9419
16) 1. 4533
18)7.1794
21)3. 5466
24)1.7520
26) 8. 6550

(64) 4, 4611

( 1)2.2226
7.9051
4,7144
3.4573

2

1242

10) 6. 2001
13)3,0938
16)1.5438
18)7.7037
21) 3, 8441
24)1.9182
26)9.5720

(64) 5. 6808

( 1)2.2338
7.9317
4.7263
3. 4643

,3[(-’37)3]

479
29441
02239
17248
07962
50214
02524
03609
54429
06713

95451

06863
94186
54870
10350

484
34256
79904
87354
92279
00263
21273
61496
98964
94987

92362

00000
24411
15760
54092

489
39121
30169
85264
45894
66442
32903
21189
46962
72642

21879

34439
68425
82790
39037

494
44036
53784
56930
46323
21484
08129
27616
34042
48169

49467

11077
29393
57633
66263

499
49001
51499
49800
74750
43500
79067
85754
48691
60970

47029

30790
10391
41916
36816

43



44

Table 3.1
k
1
2 2
3 1250
4 10) 6. 2500
5 13§ 3. 1250
6 16)1.5625
7 18)7.8125
8 21)3.9062
9 24)1. 9531
10 26)9.7656
24 (64)5.9604
172 ( 1)2.2360
1/3 7.9370
1/4 4.7287
1/5 3. 4657
1
2 2
3 1287
4 10) 6. 5037
5 12)3. 2844
6 16)1. 6586
7 18) 8. 3760
8 21)4. 2299
9 24)2.1361
10 27)1.0787
24 (64)7.5682
172 ( 1)2.2472
1/3 7.9633
1/4 4.7404
1/5 3.4726
1
2 2
3 1326
4 10) 6. 7652
5 12)3. 4502
6 16)1. 7596
7 18) 8. 9741
8 21)4.5767
9 24)2. 3341
10 27)1.1904
24 (64)9.5870
172 ( 1)2.2583
1/3 7.9895
1/4 4.7521
1/5 3.4794
1
2 2
3 1265
4 10)7. 0344
5 13)3. 6227
6 16)1. 8657
7 18)9. 6083
8 21)4.9483
9 24)2. 5483
10 27)1.3124
24 (65)1.2116
172 ( 1)2.2693
1/3 8. 0155
1/4 4,7637
1/5 3, 4862
1
2 2
3 1406
4 10;7.3116
5 139 3. 8020
6 16)1.9770
7 19)1. 0280
8 21)5. 3459
9 24)2.7799
10 27)1.4455
24 (65)1.5278
172 ( 1)2.2803
1/3 8.0414
1/4 4,7753
1/5 3,4930

500
50000
00000
00000
00000
00000
00000
50000
25000
25000

64478

67977
05260
08045
24216

505
55025
87625
75063
06407
25235
57438
09006
04048
32544

08268

20505
74242
85740
28104

510
60100
51000
01000
52510
28780
06779
94457
65173
24238

33090

17958
69740
76299
77522

515
65225
90875
30063
31482
06713
89574
20630
85125
18339

39706

61144
94581
81212
73428

520
70400
08000
16000
40320
60966
71703
72853
05884
51059

48342

50850
51517
01928
16754

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

n

1257
10) 6. 3001
13)3.1563
16)1.5813
18)7.9225
21)3.9691
24)1.9885
26)9.9627

(64) 6. 2532

( 1)2.2383
7.9422
4.7310
3. 4671

2

1295
10;6.5554
13)3. 3170
16)1. 6784
18)8.4928
21)4.2973
24)2.1744
27)1.1002

(64)7.9361

( 1)2.2494
7.9686
4.7428
3.4740

2

1334

10) 6. 8184
13) 3. 4842
16}1.7804
18)9. 0980
21) 4. 6490
24)2.3756
27)1.2139

(65)1. 0048

( 1)2.2605
7.9947
4.7545
3. 4808

2

1373
10)7. 0892
13) 3. 6580
16)1. 8875
18)9.7397
21) 5. 0257
24;2.5932
27)1.3381

(65)1. 2693
( 1)2.2715
8. 0207

4,7660
3.4876

44659

02929
93073
70628
09398

506
56036
54216
43330
54325
29488
53211
83725
76165
84939

96349

44376
27129
30775
02314

511
61121
32831
17664
11426
32039
07719
81944
80873
72926

50848

30911
88272
04087
40954

516
66256
88096
25754
40489
48892
52284
12179
67484
26022

83471

63338
79314
92045
26271

521

2 71441

1414
10) 7. 3680
13) 3. 8387
16)1. 9999
19)1. 0419
21)5. 4287
24)2.8283
27)1.4735

(65)1.5999
( 1)2.2825

4.7775
3.4943

19

20761
21648
39279
83164
91229
74301
91411
91925

46126
42442

6 02993

96092
59190

502

2 52004

1265
10} 6. 3506
13) 3.1880
16)1. 6003
18)8.0338
21)4,0330
24)2.0245
27)1.0163

(64) 6.5597

( 1)2.2405
7.9475
4.7334
3. 4684

10) 6. 6074
33} 3.3499
16)1.6984
18)8. 6110
21) 4. 3657
24)2.2134
27)1.1222

(64)8. 3212

( 1)2.2516
7.9738
4.7451
3. 4753

06008
01602
02004
77006
92570
14070
73063
35678

79050

35650
73855
29676
92370

507
57049
23843
18840
61352
30405
42156
98373
59775
24106

97020

66050
73099
72336
74353

512

2 62144

1242
10)6.8719
13)3.5184
16)1.8014
18Y9. 2223
21)4.7223
24)2.4178

(27)1.2379

(65)1. 0531

( 1)2.2627
8. 0000
4.7568
3, 4822

2

1281
10)7. 1443
1393, 6936
16)1. 9096
18)9.8726
21)5.1041
24)2. 6388
27)1. 3642

(65)1. 3297

( 1)2.2737
8.0259
4.7683
3, 4889

27)1.5021
(65)1. 6752

( 1)2.2847
8.0517
4.7798
3.4956

"‘71‘[(“1)9]

17728
47674
37209
39851
72037
66483
51639
40039

22917

41700
00000
28460
02253

517
67289
88413
40952
24272
03749
51381
60764
51115
86026

59294

63400
57353
99522
77017

522
72484
36648
53026
21079
26403
71983
95749
27181
21389

98008
31932
47881

86957
99566

2

1272
10) 6. 4013
13)3.2198
16)1.619
18)8.1465
21)4.0977
24)2. 0611
27)1.0367

(64) 6. 8806

( 1)2.2427
7.9528
4.7357
3. 4698

2

1310

10} 6. 6597
13)3, 3831
16)1.7186
18)8.7306
21) 4. 4351
24)2.2530
27)1.1445

(64)8.7242

( 1)2.2538
7.9791
4.7475
3. 4767

503
53009
63527
55408
81770
00530
90668
35106
60758
63861

84448

66149
47628
85203
73139

508
58064
96512
02810
29027
29546
38093
64151
63389
56202

69942

85534
12176
10436
44229

513

2 63169

1350
10) 6. 9257
13)3. 5529
16)1. 8226
18)9. 3502
21)4.7966
24} 2. 4606
27)1.2623

(65)1.1036
( 1)2.2649
8. 0052

4.7591
3. 4835

24)2. 6851
27)1.3909

(65)1. 3928

( 1)2.2759
8. 0311
4.7707
3, 4903

2

1430
10)7.4818
13)3.9129
16) 2. 0464
19)1.0703
21)5. 5977
24)2.9276
27)1.5311

(65)1. 7540
( 1)2.2869
8. 0568
4,7821
3, 4970

19

05697
92256
31427
53822
14108
59837
86497
32173

12886

50331
04946
49431
61427

518
68324
91832
76898
84433
72936
10181
78738
45586
05414

81704

61335
28718
03654
25675

523
73529
55667
11384
87354
92386
15518
50159
23333
47003

44200

19325
86203
74532
37889

27)1.0575
(64)7.2166

( 1)2.2449
7.9581
4.7381
3,4712

2
131
(10)6.7122
13§ 3. 4165
1631.7390
18)8. 8516
21}4.5054
24)2.2932
27)1.1672

(64)9.1459
( 1)2.2561
7.9843
4.7498
3.4781

2

1357

10) 6. 9799
13)3.5876
16) 1. 8440
18)9.4785
21)4.8719
24}2.5041
27)1.2871

(65)1.1564

( 1)2.2671
8.0104
4.7614
3. 4849

2

1397

10) 7. 2555
13)3. 7656
16)1.9543
19)1.0143
21)5. 2642
24)2.7321
27)1.4179

(65)1. 4588

( 1)2.2781
8. 0362
4.7730
3.4916

2

1438
10)7.5391
13)3. 9505
16)2,0700
19)1. 0847
21)5. 6839
24)2.9783
27)1.5606

(65)1. 8363
( 1)2.2891
8. 0620
4.7844
3, 4983

n%[<~g>3]

504
54016
24064
12826
16064
16096
41125
63127
35016
60848

04000

94432
14416
37221
51715

509
59081

8 72229

96456
58896
28478
54954
92371
95617
87469

06897

02835
44383
45086
11950

514
64196
96744
52642
95658
75568
48420
73888
94578
56013

18034

56810
03133
67011
18483

519
69361
98359
34832
22578
58118
11863
78570
60578
91340

69982

57150
93433
04452
72252

524
74576
77824
97978
39740
82824
23400
50615
90122
76424

30669
04628
17979
58829
74167



COVE@MNONBWBN- F

- g g -

—

2

1447
10)7.5969
13) 3, 9883
16) 2. 0938
19) 1. 0992
21)5.7713
24) 3. 0299
27)1.5907

(65)1.9223

( 1)2.2912
8. 0671
4,7867
3. 4997

525
75625
03125
14063
79883
99438
97205
10327
37922
17409

09365

87847
43230
39859
08406

530

2 80900

1488
10) 7. 8904
13)4.1819
16)2.2164
19)1.1747
21) 6.2259
24) 3, 2997
27)1.7488

(65)2.4133

( 1)2.3021
8. 0926
4.7980
3.5063

2

1531
10)8.1924
13)4. 3829
16) 2, 3448
19 1. 2545
21)6.7116
24)3,5907
27)1.9210

(65) 3. 0233

(1)2.3130
8.1180
4.8093
3.5129

2

1574
10}8. 5030
13)4.5916
16)2.4794
19) 1. 3389
21)7.2301
24) 3.9043
27)2.1083

(65)3.7796

( 1)2.3237
8.1432
4.8205
3.5194

2

1618

10) 8. 8223
13) 4. 8081
16)2. 6204
19)1. 4281
21)7.7834
24)4.2419
27)2. 3118

(65)4.7153

( 1)2.3345
8.1683
4, 8316
3. 5259

77000
81000
54930
36113
11140
69041
63592
74704

53110

72887
72335
96379
49267

535
86225
30375
75063
74158
91175
16778
64765
40649
46247

66304

06701
41379
72829
40196

540
91600
64000
56000
50240
91130
25210
96134
05912
25193

38253

90008
52850
70514
82029

545
97025
78625
85063
99859
68923
55563
47819
79061
78588

73024

23506
09170
90704
75582

1
n2[

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

526
2 76676 2
1455 31576 1463
10)7.6549 60898  (10)7.7133
13)4.0265 09432 (13} 4. 0649
16)2.1179 43961  {16)2.1422
19)1.1140 38524  (19)1.1289
21)5.8598 42634  (21)5. 9495
24)3.0822 77226  {24)3.1354
27)1.6212 77821  (27)1.6523
(65)2.0121 38448  (65)2.1059
( 1)2.2934 68988  ( 1)2.2956
. 0722 61977 8.0773
4.7890 17632 4.7912
3.5010 40614 3.5023

531
2 81961 2
1497 21291 1505
10)7.9502 00552  (10)8. 0102
13)4.2215 56493  (13}4.2614
16)2. 2416 46498 (16} 2. 2670
19)1.1903 14290  (19)1.2060
21)6.3205 68882  (21}6.4164

24) 3. 3562
27)1.7821

(65)2. 5250

( 1)2.3043
8.0977
4. 8003
3.5076

2

1539

10) 8. 2538
13)4.4240
16)2. 3713
19)1.2710
21) 6. 8126
24) 3. 6515
27)1.9572

(65)3.1619

( 1)2.3151
. 1230
4.8116
3.5142

2

1583

10) 8. 5662
13)4.6343
16)2. 5071
19)1. 3563
21} 7. 3380
24}3,9698
27)2.1476

(65)3.9512

( 1)2.3259
8.1482
4.8228
3. 5207

2

1627

10) 8, 8873
13) 4. 8524
16) 2. 6494
19) 1. 4466
21)7.8984
24)4. 3125
27)2.3546

(65)4.9274

( 1)2.3366
L1733
4.8339
3.5272

(—36) 3]

22076 24) 3. 4135
53922 27)1. 8160

41417  (65)2. 6416

43724 ( 1)2.3065
58868 8.1028
58033 4.8026
71420 3.5089
536
87296 2
90656 1548
99162  (10)8. 3156

89951 13)4.4655
12214 16) 2. 3979
23346 19)1.2877
85137 21) 6. 9150
99233 24)3.7133
57189 27)1.9940

49669  (65) 3. 3066

67381 ( 1)2.3173
96201 8.1281
18626 4,8138
52463 3, 5155
541
92681 2
40421 1592
16776 10) 8. 6297

23276 13)4,6773
68892 16) 2. 5351
78371 19)1.3740
06986 21)7. 4472
61779 24)4,0363
95223 27)2.1877

48669  (65)4.1303
40670  ( 1)2.3280

76449 8.1532

00711 4, 8250

84576 3.5220
546

98116 2

71336 1636

14946 10} 8. 9526

73960 13)4.8970
50782 16) 2. 6786
00127 19) 1. 4652
36694 218, 0149
46435 24)4, 3841
50354 27) 2. 3981

63602  (65)5.1486

64289  ( 1)2.3388
02026 8.1782
05553 4, 8361
68570 3. 5285
1
B3[(-78
4

527
77729 2
63183 1471
39744 (10)7.7720
30045 {13)4.1036
18134  (16)2.1667
48957  (19)1.1440
61001  (21)6.0404
18647  (24)3.1893
65627  (27)1.6839
82534  (65)2.2040
48057 ( 1)2.2978
74241 8. 0824
92160 4.7935
70797 3.5036

532
83024 2
68768 1514
58458  (10)8.0706
57499  (13)4.3016
95390  (16)2. 2927
94747  (19)1. 2220
24056  (21)6.5135
37598  (24)3.4717
02002  (27)1.8504
73716 (65)2. 7634
12519 ( 1)2.3086
39019 8.1079
16494 4.8048
91583 3.5103

537
88369 2
54153 1557
68016  (10)8.3777
13725 (13}4.5072
80870  (16)2. 4248
15727  (19)1.3045
33455  (21)7.0187
72966  (24)3.7760
81282 (27)2.0315
09101  (65)3.4575
26045  ( 1)2.3194
44739 8.1331
61283 4. 8161
62774 3.5168

542
93764 2
20088 1601
28770 (10)8. 6935
12993  (13)4.7206
03642 16) 2. 5632
26174  (19)1.3918
21864  (21)7.5578
94250  (24)4.1039
25684  (27)2.2284
12169  (65)4.3171
89345  ( 1)2.3302
93862 8.1583
27819 4.8272
85199 3.5233

547
99209 3
67323 1645
02568  (10)9.0182
73605 13) 4.9420
99262 16)2. 7082
48496  (19)1.4841
09274  (21}8.1328
55373 {24)4.4568
32089  (27)2.4423
79188  (65)5.3793
03113 ( 1)2.3409
88788 8.1832
17361 4.8383
59664 3.5298

1
(=74
3

Table 3.1
528 529
78784 2 79841
97952 1480 35889
51866 (10)7.8310 98528
43385 13)4,1426 51121
23707 16)2.1914 62443
30117 19)1, 1592 83632
79020 21)6.1326 10416
72923 24) 3, 2441 50910
88903 27)1.7161 55831
12944 (65)2. 3064 07963
25059 ( 1)2.3000 00000
80041 8.0875 79399
63454 4,7958 31523
98962 3.5050 25117
533 534
84089 2 85156
19437 1522 73304
55992 10)8.1313 94434
59644 13) 4. 3421 64628
84590 16) 2, 3187 15911
54187 19)1, 2381 94297
48814 21)6.6119 57543
21518 24)3,5307 85328
27569 (27)1.8854 39365
58943 (65) 2. 8906 14446
79276 ( 1)2.3108 44002
12808 8.1129 80255
71774 4,8071 23882
09762 3,5116 25964
538 539
89444 2 90521
20872 1565 90819
82914 10) 8. 4402 45144
47208 13)4,5492 92133
98998 16) 2. 4520 68460
95661 19)1, 3216 64900
24655 21)7.1237 73809
73864 24) 3, 8397 14083
27739 27)2. 0696 05891
98937 (65) 3. 6151 83652
82701  ( 1)2.3216 37353
87014 8.1382 23044
00810 4,8183 37217
71134 3, 5181 77550
543 544
94849 2 95936
03007 1609 89184
93280 10} 8, 7578 11610
21151 13)4.7642 49516
97285 16) 2, 5917 51736
70426 19) 1. 4099 12945
56412 21)7.6699 26419
16032 24}4,1724 39972
26405 27)2.2698 07345
37789 (65)4.5120 46770
36040 ( 1)2.3323 80758
05107 .1633 10204
51847 4,8294 72806
83903 3.5246 80696
548 549
00304 3 01401
66592 1654 69149
49242 10)9. 0842 56280
00584 13}4,9872 56698
16320 16) 2, 7380 03927
02543 19)1.5031 64156
81938 21)8,2523 71216
19302 24)4,5305 51798
36978 27)2. 4872 72937
94612 (65)5.6199 99369
39982 ( 1)2.3430 74903
69477 8.1882 44110
26138 4,8405 31895
48871 3.5311 36198
1
5[(-13
3

45
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Table 3.1
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1663
(10)9.1506
213 5.0328
16) 2. 7680
19)1, 5224
21)8,3733
24)4.6053
27)2. 5329

(65)5. 8708

( 1)2.3452
8.1932
4.8427
3.5324

24} 4,9961
27)2,7728

(65)7.2951
( 1)2.3558

4.8537
3.5388

3

1756
10)9. 8344
13}5.5073
16) 3. 0840
19)1. 7270
21)9.6717
24)5, 4161
27)3.0330

(65)9. 0471
( 1)2.3664
8. 2425

4.8645
3.5451

3

1803

11) 1, 0190
13}5.7576
16) 3. 2530
19)1. 8379
22)1.0384
24)5.8672
27)3.3150

(66)1.1198

( 1)2.3769
8.2670
4,8754
3.5514

550
02500
75000
25000
43750
64063
35234
93789
66584
51621

98173

07880
12706
34641
21650

555
08025
53875
40063
06735
22738
00119
00663
65868
72057

05803
43798

9 65765

03532
21007

560
13600
16000
96000
17760
97946
94850
31157
69448
54891

67858

31913
70600
98558
74407

565
19225
62125
46006
09935
49613
73032
54763
69410
07217

57461

72865
29409
20869
82586

570

3 24900

1851
11)1.0556
13) 6. 0169
16) 3. 4296
19)1. 9548
22)1.1142
24) 6, 3514
27)3. 6203

(66)1.3835
( 1)2.3874
8.2913

4, 8861
3.5577

93000
00100
20570
44725
97493
91571
61955
33315

55344

67277
44342
71586
46263

ELEMENTARY

ANALYTICAL METHODS

POWERS AND ROOTS nk

551 552 553 554
3 03601 3 04704 3 05809 3 06916
1672 84151 1681 96608 1691 12377 1700 31464
10)9.2173 56720  (10)9.2844 52762 10)9.3519 14448  (10)9.4197 43106
13)5. 0787 63553 13)5.1250 17924  (13)5.1716 08690 13)5.2185 37681
16)2. 7983 98718  (16)2. 8290 09894 16) 2. 8598 99605 16)2. 8910 69875
19)1.5419 17693 19)1.5616 13462 19)1.5815 24482 19)1. 6016 52711
21)8.4959 66491  (21)8.6201 06308 (21)8.7458 30384  (21)8.8731 56018
24)4, 6812 77536  (24)4.7582 98682 24) 4.8364 44203 24)4.9157 28434
27)2.5793 83922  (27)2.6265 80873  (27)2.6745 53644  (27)2.7233 13552
(65)6.1325 11516  (65)6. 4052 76258  (65)6. 6896 46227  (65)6. 9860 92851
( 1)2.3473 38919  ( 1)2.3494 68025 ( 1)2.3515 95203  ( 1)2.3537 20459
8.1981 75283 8.2031 31859 8.2080 82453 8.2130 27082
4.8449 34384 4.8471 31136 4.8493 24905 4,8515 15700
3.5337 05234 3.5349 86956 3.5362 66821 3.5375 44836
556 557 558 559
3 09136 3 10249 3 11364 3 12481
1718 79616 1728 08693 1737 41112 1746 76879
210 9.5565 06650 10)9. 6254 44200 10)9. 6947 54050 10)9. 7644 37536
13)5.3134 17697 13)5.3613 72419  (13)5.4096 72760 13)5.4583 20583
16) 2. 9542 60240 16)2. 9862 84438 16) 3. 0185 97400 16)3. 0512 01206
19) 1. 6425 68693 19)1.6633 60432  (19)1.6843 77349  (19)1.7056 21474
21)9. 1326 81934 21)9.2649 17605 21)9. 3988 25608 21)9.5344 24040
24)5,0777 71156  (24)5.1605 59106 24)5.2445 44689 24)5,3297 43038
27)2.8232 40762 27)2.8744 31422 (27)2.9264 55937 27)2.9793 26358
(65)7.6171 93672  (65)7.9528 84664 - (65)8,3027 27311  {65)8.6672 91224
( 1)2.3579 65225  ( 1)2.3600 84744  ( 1)2.3622 02362 ( 1)2.3643 18084
8.2228 98519 8.2278 25361 8.2327 46311 8.2376 61384
4,8558 88409 4.8580 70341 4.8602 49337 4, 8624 25407
3.5400 95340 3.5413 67840 3.5426 38514 3.5439 07368
561 562 563 564
3 14721 3 15844 3 16969 3 18096
1765 58481 1775 04328 1784 53547 1794 06144
10)9.9049 30784 10)9.9757 43234 11)1. 0046 93470 11)1. 0118 50652
13)5.5566 66170 13)5. 6063 67697 13)5. 6564 24234 13)5. 7068 37678
16)3.1172 89721 16) 3. 1507 78646 16)3.1845 66844 16) 3. 2186 56450
19)1.7487 99534  (19)1.7707 37599 19)1.7929 11133 19)1.8153 22238
21)9. 8107 65384 21)9.9515 45306 22)1. 0094 08968 22)1.0238 41742
24)5.5038 39380 24)5.5927 68462 24)5, 6829 72489 24)5.7744 67426
27)3.0876 53892  (27)3.1431 35876 27)3.1995 13511 2733. 2567 99629
(65)9.4429 71309  (65)9.8553 39138  (66)1.0284 93323  (66)1.0732 44065
( 1)2.3685 43856  ( 1)2.3706 53918  ( 1)2.3727 62104 { 1)2.3748 68417
8.2474 73974 8.2523 71525 8.2572 63270 8.2621 49226
4.8667 68801 4.8689 36145 4,8711 00598 4.8732 62170
3.5464 39637 3.5477 03064 3.5489 64695 3.5502 24533
566 567 568 569
3 20356 3 21489 3 22624 3 23761
1813 21496 1822 84263 1832 50432 1842 20009
11)1.0262 79667 11)1. 0335 51771 11)1.0408 62454  (11)1.0482 11851
13}5.8087 42917 13)5.8602 38543 1395.9120 98737 13)5.9643 25433
16)3.2877 48491 16) 3. 3227 55254 16) 3, 3580 72083 16) 3. 3937 01172
19)1.8608 65646  (19)1.8840 02229 19)1.9073 84943 19)1.9310 15967
22)1. 0532 49956 22)1.0682 29264 22)1.0833 94648 22)1. 0987 48085
24)5.9613 94749  (24)6.0568 59926 24)6.1536 81599 24)6.2518 76604
27)3.3741 49428  {27)3.4342 39578 27)3.4952 91148  (27)3.5573 17788
(66)1.1684 07534  (66)1.2189 71112  (66)1.2716 27927  (66)1.3264 60719
( 1)2.3790 75451  ( 1)2.3811 76180  ( 1)2.3832 75058  ( 1)2.3853 72088
8.2719 03838 8.2767 72529 8,2816 35499 8.2864 92764
4.8775 76704 4. 8797 29685 4, 8818 79820 4,8840 27117
3.5527 38859 3.5539 93358 3.5552 46087 3.5564 97054
571 572 573 574
3 26041 3 27184 3 28329 3 29476
1861 69411 1871 49248 1881 32517 1891 19224
11)1. 0630 27337 11) 1. 0704 93699 11) 1. 0779 99322 11)1. 0855 44346
13) 6. 0698 86093 13) 6. 1232 23956 13)6.1769 36117 13} 6. 2310 24545
16)3.4659 04959 16) 3. 5024 84103 16) 3.5393 84395 16)3.5766 08089
19)1.9790 31732 19) 2. 0034 20907 19)2.0280 67258 19)2. 0529 73043
22)1.1300 27119 22)1.1459 56759 22)1.1620 82539 22)1.1784 06527
24) 6. 4524 54848 24) 6. 5548 72660 24)6, 6587 32949 24)6. 7640 53463
27)3.6843 51718  (27)3.7493 87161 27) 3. 8154 53980 27)3.8825 66688
(66)1.4430 00887  (66)1.5048 89774  (66)1.5693 17896  (66)1.6363 84728
( 1)2.3895 60629  ( 1)2.3916 52149  ( 1)2.3937 41841  ( 1)2.3958 29710
8.2961 90248 8.3010 30501 8.3058 65115 8.3106 94107
4.8883 13236 4.8904 52074 4.8925 88109 4.8947 21351
3.5589 93720 3,5602 39430 3.5614 83400 3.5627 25633
i 1 1
S[D8 AT(-D4 7]
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1901
11)1. 0931
13)6.2854
16) 3. 6141
19)2. 0781
22}1.1949
24) 6. 8708
27)3.9507

(66)1.7061
( 1)2.3979
8. 3155

4.8968
3.5639

3

1951
11)1.1316
13) 6. 5635
16) 3. 8068
19) 2.2079
22}1.2806
24)7,4276
27)4. 3080

(66) 2. 1002
( 1)2.4083

4.9074
3.5701

3

2002
11)1.1711
13) 6. 8514
16) 4. 0080
19) 2. 3447
22)1.3716
24) 8, 0242
27) 4. 6941

(66) 2. 5807

( 1)2.4186
. 3634
4,9180
3.5762

3

2053

11)1. 2117
13)7.1492
16)4. 2180
19} 2. 4886
22)1.4683
24) 8. 6629
27)5.1111

(66) 3. 1655

( 1)2.4289
8. 3872
4.9284
3.5823

3

210
11)1.2533
13)7.4573
16)4.4371
19) 2. 6400
22)1.5708
24)9, 3465
27)5.5612

(66)3.8762

( 1)2.4392
8.4108
4.9388
3.5884

575
30625
09375
28906
91211
57446
40532
30806
52133
39976

93459

15762
17494
51807
66137

580
36400
12000
49600
67680
69254
84168
30817
58740
42069

54121
18916

5 50915

62599
42892

585
42225
01625
79506
00112
69065
20403
61436
19400
68349

19397

77324
46607
05007
77194

590
48100
79000
36100
42990
53364
51485
04376
95819
67533

43453

91560
06527
80050
69695

595
54025

6 44875

37006
55187
26336
90170
53651
79225
14639

08928

62184
32585
88725
21030

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

3

1911
11)1.1007
13) 6, 3403
16) 3. 6520
19)2.1035
22)1.2116
24)6.9791
27)4.0199

(66)1.7788

( 1)2.4000
8.3203
4, 8989
3.5652

3

1961
11)1.1394
13)6. 6203
16) 3. 8464
19) 2.2347
22)1.2984
24)7.5437
27)4.3828

(66)2.1889

( 1)2.4103
8. 3443
4.9095
3.5713

3

2012
11)1.1792
13}6. 9101
16)4. 0493
19) 2. 3729
22)1. 3905
24)8,1485
27)4.7750

(66) 2. 6887

( 1)2.4207
8. 3682
4.9201
3.5774

3

2064

11)1. 2199
13}7.2100
16) 4. 2611
19)2.5183
22)1.4883
24)8.7960
27)5.1984

(66)3.2968

( 1)2.4310
L3919
4.9305
3.5835

3

2117

11) 1. 2617
13}7.5202
16) 4. 4820
19)2.6713
22)1.5920
24)9. 4889
27)5.6553

(66)4. 0356

( 1)2.4413
8. 4155
4,9409
3.5896

9

576
31776
02976
53142
38097
34744
72012
57479
47080
88718

51122

00000
35292
79486
04916

581
37561
22941
74287
45609
20799
70484
01651
13594
97598

06331

94159
41009
76518
73127

586
43396
30056
08128
59631
53544
21177
31810
16404
30613

02707

43687
09391
05372
99018

591
49281
25071
72170
35522
30994
28417
32095
42679
61223

52680

49156
42387
67063
83235

596
55216
08736
84067
33037
58890
07098
99031
10223
90493

19703

11123
41899
62581
26411

w

1921
11)1.1084
13} 6. 3955
16) 3. 6902
19)2.1292
22)1.2285
24)7. 0889
27)4.0903

(66)1. 8544

( 1)2.4020
8. 3251
4.9011
3. 5664

3

1971
11)1.1473
13) 6.6775
16) 3. 8863
19) 2. 2618
22)1.3163
24)7. 6613
27)4. 4589

(66)2. 2811
( 1)2.4124
8. 34

4.9116
3.5726

0
-

3

2022
11)1.1872
13)6. 9693
16) 4. 0909
19)2. 4014
22)1. 4096
24)8.2745
27)4. 8571

(66) 2. 8010

( 1)2.4228
8.3729
4.9222
3.5787

3

2074
11)1.2282
13)7.2712
16) 4. 3045

577
32929 3
00033 1931

17190 11)1.1161
67189 13) 6.4511
42268 16) 3. 7287
69789 19) 2.1552
88668 22) 1.2457
56614 24)7.2002
27966 27)4.1617

68735  (66)1.9331

82430  ( 1)2.4041
47517 8.3299
04396 4.9032
41976 3.5676
582
38724 3
37368 1981
39482 11)1. 1552

15784 13)6.7350

14186 16) 3, 9265
34856 19)2.2891
87886 22)1. 3345
77499 24)7.7806
21704 27)4.5361
38380 (66)2.3770
67616  ( 1)2.4145
25609 8.3539
87710 4,9137
01670 3.5738
587
44569 3
62003 2032
77958 11)1.1953

21611 13)7.0288
91786 16)4.1329
12178 19) 2. 4301
28949 22)1. 4289
21928 24) 8. 4022
44372 27) 4. 9405

08521 (66)2.9178

08288 ( 1)2.4248
66760 8.3777
03051 4,9242
19175 3.5799
592
50464 3
74688 2085
50153 11)1. 2365

40906 13)7.3328
74616 16) 4. 3483

19)2.5483 08173  (19)2.5785
22)1.5085 98438  {22)1.5291
24)8.9309 02754  (24)9. 0675
27)5.2870 94431  {27)5.3770
(66)3.4333 72793 (66)3.5753
( 1)2.4331 05012 ( 1)2.4351
8. 3966 72908 8. 4013
4.9326 51429 4.9347
3.5847 95134 3. 5860
597
3 56409 3
2127 76173 2138
11)1.2702 73753  (11)1.2788
13)7.5835 34304  {13)7. 6472
16)4.5273 69980  (16)4.5730 -
19)2.7028 39878  (19)2.7346
22)1.6135 95407  {22)1.6353
24)9.6331 64580 (24)9.7793
27)5.7509 99254  (27)5.8480
(66)4.2013 02448  (66)4.3734
( 1)2.4433 58345  ( 1)2.4454
8. 4202 45948 8. 4249
4.9430 33830 4,9451
3.5908 30176 3.5920

A7

17

578
34084
00552
21191
80481
82318
36180
26512
99239
72960

61432

63056
54185
26546
77321

583
39889
55287
45323
80234
51777
79686
91757
69942
30576

88299

39294
04732
96184
28526

588
45744
97472
89135
88116
86212
95893
55185
56487
26815

02055

71131
18728
98052
37670

593
51649
27857
70192
61239
86715
93322
05840
97630
85394

01250

59132
98104
33156
05396

598
57604
47192
06208
61125
62153
91167
45318
65002
60271

92798

03852
44747
02478
32329

1
n5[

Table 3.1

3

1941
11)1.1238
13)6.5071
16) 3.7676
19)2.1814
22)1.2630
2417.3131
27)4.2343

(66)2. 0150

( 1)2. 4062
8. 3347
4.9053
3.5689

3

1991
11)1.1631
13}6.7930
16) 3.9671
19) 2. 3168
22)1.3530
24)7.9016
27) 4. 6145

(66)2.4768

( 1)2.4166
8. 3586
4.9159
3.5750

579
35241
04539
65281
79976
57206
73522
73169
93651
39124

48620

41883
55313
45944
10958

584
41056
76704
91951
40996
35942
07390
15516
10612
40597

99188

09195
78393
01946
53698

589

3 46921

2043
11)1. 2035
13)7. 0888
16)4.1753
19) 2. 4592
22) 1. 4485
24)8.5317
27)5.0251

(66) 3. 0392

( 1)2.4269
8. 3824
4.9263
3.5811

3

2095
11;1.2449
13)7.3948
16) 4. 3925
19) 2. 6091
22}1.5498
24)9. 2061
27)5.4684

(66)3.7228
( 1)2.4372
0

4.9368
3.5872

o
-

3

2149
11)1.2873
13)7.7114
16)4. 6191
19) 2. 7668
22)1. 6573
24)9.9275
27)5.9465

(66)4.5524

( 1)2.4474
8. 4296
4,9471
3.5932

(~g) 21

36469
41802
61216
39256
74822
12870
40805
95334

54545

32220
65312
90382
54508

594
52836
84584
32429
98628
69785
86452
56753
49111
52572

42640

11521
17992
12252
14026

599
58801
21799
81576
15640
37969
63643
51322
34420
93118
34829
47650
38310
68534
32875

47
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600

3 60000

2160
11) 1. 2960
13)7.7760
16) 4, 6656
19)2.7993
22)1. 6796
25)1.0077
27) 6. 0466

(66) 4. 7383
( 1)2.4494
. 434

4.9492
3,5944

3

2214

11) 1, 3397
13)8.1054
16)4,9037
19) 2, 9667
22)1. 7949
25)1, 0859
27)6.5698

(66)5. 7826

( 1)2.459
8. 4576
4.9595
3. 6004

00000
00000
00000
00000
60000
16000
69600
17600

81338
89743

3 26653

32004
31819

605
66025
45125
43006
45188
94339
95575
11323
21350
24169

77757

74775
90558
10838
02669

610

372100

2269
11) 1. 3845
13) 8. 4459
16) 5. 1520
19) 3. 1427
22)1.9170
25) 1, 1694
27)7.1334

(66)7.0455

( 1)2.4698
8. 4809
4.9697
3. 6063

3

2326

11) 1. 4305
13)8.7978
16) 5. 4106
19)3. 3275
22) 2. 0464
25)1, 2585
27)7.7401

(66)8.5704

{ 1)2.4799
8. 5040
4.9798
3.6122

3

2383

11)1, 4776
13)9.1613
16) 5. 6800
19) 3. 5216
22)2.1834
25)1, 3537
27)8.3929

(67)1. 0408
( 1)2.4899
8. 5270

4.9899
3.6180

81000
84100
63010
37436
42836
73130
14609
29117

68477

17807
26088
26156
34171

615
78225
08375
41506
30263
65612
59351
49001
66136
81734

33286

19354
34993
78868
26906

620
84400
28000
33600
28320
23558
14606
01056
08655
93659

79722

79920
18983
69859
81437

3
n2[

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

601
3 61201 3
2170 81801 2181
11} 1. 3046 61624 11) 1, 3133
13)7.8410 16360 13)7.9064
16)4. 7124 50833 16) 4, 7596
19)2. 8321 82950 19)2.8653
22)1.7021 41953 22)1.7249
25)1,0229 87314 25)1, 0384
27) 6. 1481 53756 27)6.2512
(66)4.9315 94142  (66)5.1323
( 1)2.4515 30134 ( 1)2.4535
8.4390 09789 8.4436
4.9512 92896 4,9533
3.5956 29165 3.5968

606
3 67236 3
2225 45016 2236
11) 1. 3486 22797 11) 1, 3575
13)8.1726 54150 13)8.2403
16)4.9526 28415 16)5. 0018
19)3.0012 92819 19) 3. 0361
22)1. 8187 83448 22} 1. 8429
25)1.1021 82770 25)1.1186
27) 6. 6792 27585 27)6.7902
(66)6.0164 86963  (66)6.2593
( 1)2.4617 06725 ( 1)2.4637
8.4623 47878 8. 4670
4.9615 58954 4.9636
3. 6015 92098 3, 6027

611
3 73321 3
2280 99131 2292
11)1. 3936 85690 11)1. 4028
13)8.5154 19568 13)8.5853
16)5.2029 21356 16)5. 2542
19) 3.1789 84949 19)3.2155
22)1.9423 59804 22)1.9679
25)1. 1867 81840 25)1.2043
27)7.2512 37043 27)7.3707
(66)7.3280 60494  (66)7.6213
( 1)2.4718 41419 ( 1)2.4738
. 4855 57944 8. 4901
4.9717 61679 4,9737
3. 6075 15802 3, 6086

616
3 79456 3
2337 44896 2348
11)1. 4398 68559 11) 1, 4492
13) 8. 8695 90326 13)8.9418
16) 5. 4636 67641 16)5.5171
19) 3. 3656 19267 19} 3. 4040
22)2.0732 21468 22)2.1002
25)1.2771 04424 25) 1. 2958
(27)7.8669 63254 27)7.9956
(66)8.9112 18488  {66)9.2649
( 1)2.4819 34729 ( 1)2.4839
.5086 41730 8.5132
4,9819 01975 4,.9839
3. 6134 00850 3. 6145

621
3 85641 3
2394 83061 2406
11} 1, 4871 89809 11} 1, 4967
13)9.2354 48713 13)9. 3100
16)5. 7352 13651 16)5.7908
19)3.5615 67677 19) 3. 6019
22)2,2117 33527 22)2.2403
25)1. 3734 86521 25) 1. 3935
27)8.5293 51293 27) 8. 6676
(67)1. 0819 28109  (67)1.1245
( 1)2.4919 87159 ( 1)2.4939
8.5316 00940 8.5361
4.9919 80728 4,9939
3. 6192 47808 3. 6204

1

(-6)2 B[=DT
3 4

602
62404
67208
66592
66885
93065
35225
31805
08947
21860

44384

68829
87734
51218
24918

607
68449
48543
46656
08202
67079
33317
32923
60284
67926

40623

36999
00076
04536
79959

612
74544
20928
32079
32326
23383
84711
37843
77960
93114

89047

63375
84749
94704
95885

617
80689
85113
41147
17878
01631
51706
99903
85040
10697

68280

48470
43484
22621
73271

622
86884
41848
92295
48072
49901
08638
87173
20822
99511

25305

92783
77980
89170
12677

603

3 63609

2192
11) 1. 3221
13)7.9723
16) 4. 8073
19) 2, 8988
22)1.7479
25) 1, 0540
27)6.3558

(66)5. 3409

{ 1)2.4556
8. 4483
4.9554
3.5980

3

2247

11) 1, 3665
13)8.3084
16) 5. 0515
19)3. 0713
22)1.8673
25)1,1353
27)6.9029

(66)6.5115

( 1)2.4657
8.4716
4. 9656
3. 6039

3

2303

11)1, 4120
13) 8. 6557
16) 5. 3059
19) 3. 2525
22)1.9938
25) 1, 2222
27)7.4921

(66)7.9259

( 1)2.4758
8.4948
4.9758
3. 6098

3

2360

11) 1. 4586
13)9.0145
16)5.5709
19) 3. 4428
22)2.1276
25) 1. 3149
27)8. 1261

(66)9. 6321

( 1)2.4859
.5178
4.9859
3.6157

3

2418
11;1.5064
13)9. 3851
16) 5. 8469
19) 3, 6426
22)2.2693
25)1,4138
27) 8. 8080

(67)1.1687
( 1)2.4959
. 540

4.9959
3. 6215

WD

56227
15049
53744
29308
19573
88202
36886
42422

12849

05832
60500
06978
19083

608
69664
55712
14729
09552
13008
19909
62504
56403
66929

72833

65601
47168
47592
66255

613
75769
46397
23414
03525
46261
45058
10121
05604
20352

51097

83681
06516
25239
74428

618
81924
29032
59418
15202
70395
59704
87297
10750
48432

53659

60579
40269
40813
44173

623
88129
04367
41206
28716
35190
40623
65108
14463
64101

27115
96795

7 50116

95191
76049

1
n5l:

604

3 64816

2203
(11) 1. 3309
13)8.0386
16) 4. 8553
19)2.9326
22)1.7713
25) 1. 0698
27) 6. 4620

(66)5.5575

( 1)2.4576
8.4530
4.9574
3.5992

48864
07139
79117
62187
38761
13811
73542
36194

90288

41145
28104
60182
11665

609

3 70881

27)7. 0173
(66) 6. 7735

( 1)2.4677
8.4762
4,9676
3, 6051

3

2314

11) 1, 4212
13) 8.7265
16)5. 3580
19)3,2898
22)2.0199
25) 1. 2402
27)7.6152

( 66)8. 2421

( 1)2.4779
8. 4994
4.9778
3. 6110

66529
27162
60414
68892
55455
74972
73658
46578

29447

92536
89168
88130
50991

614
76996
75544
59840
35419
92747
68947
79533
67433
42041

57465

02339
23260
53291
51433

619

3 8316l

2371
11) 1. 4681
13)9.0876
16) 5. 6252
19) 3. 4820
22)2.1553
25)1, 3341
27) 8. 2586

(67)1. 0013

{ 1)2.4879
8. 5224
4.9879
3. 6169

3

2429
11;1.5161
13)9. 4606
16)5.9034
19) 3, 6837
22}2.2986
25} 1.4343
27)8.9504

(67)1.2145

( 1)2.4979
8.5453
4.9979
3. 6227

07

76659
23519
84584
76757
46313
86668
84347
01110

26192

71061
32097
56556
13560

624
89376
70624
36694
92969
72413
66786
70474
70376
71145

91262

99199
17363
98799
37928
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25)1.4551
27)9. 0949

(67)1.2621

( 1)2.5000
8.5498
5. 0000
3.6238

3

2500
11}1,5752
13)9.9243
16) 6.2523
19)3.9389
22) 2. 4815
25)1,.5633
27)9.8493

(67)1. 5281

( 1)2.5099
8.5726
5. 0099
3.6296

4

2560
11) 1, 6259
14)1, 0324
16) 6. 5560
19)4.1630
22)2.6435
25} 1, 6786
28)1, 0659

(67)1.8474

( 1)2.5199
. 5952
5.0198
3.6354

4

2621
11)1, 6777
14)1,0737
16) 6, 8719
19) 4, 3980
22)2.8147
25)1,8014
28)1,1529

(67)2.2300

( 1)2.5298
8.6177
5.0297
3.6411

4

2683
11)1,7307
14)1,1163
16)7.2004
19} 4. 6442
22)2.9955
25)1,9321
28)1. 2462

(67)2. 6880

( 1)2.539%
8. 6401
5. 0395
3. 6467

625
90625
40625
78906
43164
64478
90298
06437
91523
47018

77448

00000
79733
00000
98318

630
96900
47000
96100
65430
50221
80639
57803
81416
02919

75339

80080
18882
70139
78090

635
03225
47875
04006
49044
51429
92658
63838
63037
51028

36020

20634
38034
81108
21280

640
09600
44000
21600
41824
47674
46511
49767
39851
21505

74520

22128
38760
33719
28406

645
16025
36125
68006
45364
27598
75801
57891
34840
26972

24057

85020
22598
28767
99973

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

626
3 91876 3
2453 14376 2464
11)1.5356 67994 11} 1.5455
13)9.6132 81641 13)9.6903
16) 6. 0179 14307 16) 6. 0758
19) 3. 7672 14356 19) 3, 8095
22)2,3582 76187 22)2. 3885
25)1.4762 80893 25)1.4976
(27)9.2415 18391 27)9. 3902
(67)1.3115 47419 (67)1. 3627
( 1)2.5019 99201 ( 1)2.5039
8.5544 37239 . 5589
5.0019 98801 5.0039
3.6250 57224 3.6262

631
3 98161 3
2512 39591 2524
11)1.5853 21819 11)1. 5953
14)1.0003 38068 14}1. 0082
16) 6, 3121 33209 16)6.3723
19) 3, 9829 56055 19)4, 0273
22)2.5132 45270 22)2,5452
25)1,.5858 57766 25) 1. 6086
28)1.0006 76250 28)1.0166
(67)1.5874 66692 (67)1. 6489
( 1)2.5119 71337 ( 1)2.5139
8.5771 52262 8. 5816
5.0119 57040 5.0139
3.6308 29638 3.6319

636
4 04496 4
2572 59456 2584
11) 1. 6361 70140 (11)1.6464
14) 1, 0406 04209 14)1. 0488
16) 6. 6182 42770 16) 6. 6809
19)4,.2092 02402 19)4, 2557
22)2.6770 52728 22)2.7109
25)1.7026 05535 25)1.7268
28)1. 0828 57120 28)1.1000
(67)1.9185 39634 (67)1.9922
( 1)2.5219 04043 ( 1)2.5238
8.5997 47604 8. 6042
5.0218 56273 5.0238
3.6365 65574 3.6377

641
4 10881 4
2633 74721 2646
11)1. 6882 31962 11)1. 6987
14)1. 0821 56687 14)1. 0906
16) 6. 9366 24366 16)7.0018
19) 4. 4463 76219 19) 4. 4951
22} 2. 8501 27156 22)2.8858
25)1.8269 31507 25)1.8527
28)1.1710 63096 28)1.1894
(67)2.3152 22362 (67)2.4034
( 1)2.5317 97780 ( 1)2.5337
8.6222 24830 8. 6267
5.0316 97308 5.0336
3.6422 65548 3,6434

646
4 17316 4
2695 86136 2708
(11)1,7415 26439 (11)1.7523
14}1. 1250 26079 14)1.1337
16)7.2676 68472 16) 7. 3354
19) 4. 6949 13833 19)4, 7460
22)3.0329 14336 22)3.0706
25)1.9592 62661 25)1.9867
28) 1, 2656 83679 28)1.2854
(67)2.7898 47292 (67)2.8953
( 1)2.5416 53005 ( 1)2.5436
8. 6445 85472 8. 6490
5.0414 80939 5.0434
3.6479 30063 3.6490

1

B[N6
4

{9

627 628
93129 3 94384
91883 2476 73152
04106 11)1,5553 87395
10747 13)9.7678 32838
24838 16) 6.1341 99022
42174 19) 3, 8522 76986
82943 22)2.4192 29947
41505 25;1.5192 76407
12238 27)9.5410 55835
65028 (67)1.4158 96309
96805 ( 1)2.5059 92817
89894 8.5635 37711
95209 5.0059 89230
14650 3.6273 70600

632 633
99424 4 00689
35968 2536 36137
95318 11)1. 6055 16747
89841 14)1,0162 92101
91794 16) 6.4331 28999
51614 19)4. 0721 70657
86220 22)2.5776 84026
20891 25;1.6316 73988
48403 28)1.0328 49635
59081 (67)1.7127 30535
61018 ( 1)2.5159 49125
80854 . 2 04672
41581 5.0159 23768
79727 3.6331 28361

637 638
05769 4 07044
74853 2596 94072
84814 11)1. 6568 48179
10826 14)1, 0570 69138
24963 16) 6. 7441 01103
49202 19)4,3027 36504
12241 22)2. 7451 45889
51098 25}1.7514 03077
04149 (28)1.1173 95163
61654 (67)2.0686 94164
85893 ( 1)2.5258 66188
52449 8.6087 52582
29110 5.0257 99626
08430 3.6388 49851

642 643
12164 4 13449
09288 2658 47707
91629 11}1.7094 00756
24226 14)1, 0991 44686
07530 16)7. 0675 00332
60434 19)4. 5444 02713
92999 22)2,9220 50945
43305 25}1,8788 78757
61202 28)1,2081 19041
80891 (67)2. 4949 58638
71892 ( 1)2.5357 44467
06237 . 6311 82992
58602 5.0356 17605
01272 3.6445 35581

647 648
18609 4 19904
40023 2720 97792
34949 11)1, 7631 93692
60712 14)1, 1425 49513
31806 16)7.4037 20841
24378 19)4,7976 11105
77773 22)3,1088 51996
28519 25)2. 0145 36093
13352 28)1.3054 19389
61105 (67)3.0046 93247
19468 ( 1)2.5455 84412
43742 8.6534 97422
30845 5.0453 78492
58755 3,6501 86051

1 1
n4[(—§)3] ns[

Table 3.1

25)1, 5411
27)9. 6940

(67)1.4710

( 1)2.5079
8. 5680
5.0079
3.6285

4

2548
11} 1, 6156
14)1,0243
16) 6, 4943
19)4.1174
22}2.6104
25) 1, 6550
28)1. 0492

(67)1.7788

( 1)2.5179
8. 5907
5.0179
3.6342

4

2609
11} 1, 6672
14)1, 0653
16) 6. 8077
19) 4. 3501
2232.7797
25)1, 7762
28)1.1350

(67)2.1479

( 1)2.5278
8.6132
5.0277
3. 6399

4

2670
11)1, 7200
14)1,1077
16)7.1337
19)4, 5941
22)2.9586
25}1.9053
28)1.2270

(67)2.5897
( 1)2.5377
8. 6356
5. 0375
3. 6456

4

2733
11;1.7741
14)1,1513
16)7. 4725
19) 4. 8496
22}3.1474
25)2.0426
28)1. 3257

(67)3.1179

( 1)2.5475
8.6579
5. 0473
3.6513

629
95641
58189
18009
50275
39823
22049
20469
88675
76765

09545

87241
80703
80871
25079

634
01956
40104
86259
45088
47861
16544
42089
20284
82860

61719

35662
23728
03608
75544

639
08321
17119
60390
79389
74299
67777
57209
64857
33244

32334

44932
48015
67827
89842

644
14736
89984
59497
18316
05955
06635
04673
41409
39868

67740

15508
55108
74325
68481

649
21201
59449
02824
92733
38836
77704
40830

89099 -

05225
75679

47841
46522
23886
11957

49
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Table 3.1
k
1
2 4
3 2746
2 11)1.7850
5 14}1.1602
6 16)7. 5418
7 19)4. 9022
8 22)3.1864
9 25)2.0711
10 28)1. 3462
24 (67)3.2353
172 { 1)2.5495
173 8. 6623
173 5. 0492
1/5 3. 6524
1
2 4
3 2810
2 11) 1. 8406
5 13)1.2056
6 16)7. 8967
7 19)5.1723
8 22)3.3878
9 25)2.2190
10 28)1. 4534
24 (67)3.8885
172 ( 1)2.5592
173 8. 6845
173 5. 0589
1/5 3. 6580
1
2 4
3 2874
2 11)1.8974
5 1441, 2523
6 16)8. 2653
7 19) 5. 4551
8 22)3. 6004
9 25%2.3762
10 28)1.5683
24 (67)4. 6671
172 ( 1)2.5690
173 8.7065
174 5. 0685
1/5 3. 6636
1
2 4
3 2940
3 11)1.9556
5 13)1. 3004
6 16} 8. 6482
7 19) 5. 7511
8 22} 3. 8244
9 25)2. 5432
10 28)1. 6912
24 (67)5.5939
172 ( 1)2.5787
173 8.7285
1/4 5. 0781
175 36691
1
2 4
3 3007
3 §11)2.0151
5 13)1. 3501
6 16)9. 0458
7 19) 6. 0607
8 22)4. 0606
9 25)2.7206
10 28)1.8228
24 (67)6.6956
172 { 1)2.5884
1/3 8. 7503
173 5. 0876
1/5 3. 6746

650
22500
25000
62500
90625
89063
27891
48129
91284
74334

44710

09757
91053
67033
36476

655
29025
11375
24506
09052
39288
64234
98573
73565
93185

81447

96778
45603
49277
38399

660
35600
96000
73600
32576
95002
60701
06063
68001
36881

78950

46516
87691
76246
06215

665
42225
79625
29506
93622
82584
07918
86766
83699
83660

61683

59392
18735
48670
40389

670
48900
63000
12100
25107
38217
11605
76776
53440
37805

88867

35821
40123
67266
41374

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

4

2758
11)1. 7960
14)1.1692
16) 7. 6117
19) 4. 9552
22) 3.2258
25)2.1000
28)1. 3671

(67)3.3569

( 1)2.5514
. 6668

5. 0512
3.6535

4
2823
11;1.3513
13)1. 2148
16} 7. 9693
19)5. 2278
22)3. 4294
25)2.2497
(28)1.4758

(67)4.0335

( 1)2.5612
. 6889
5. 0608
36591

4

2888
11)1. 9089
14}1.2618
16} 8. 3408
19)5. 5132
22) 3. 6442
25)2.4088
28)1. 5922

(67)4.8398

( 1)2.5709
8.7109
5.0704
3. 6647

4
2954
11)1.9674
14)1. 3103
16} 8. 7266
19)5. 8119
22)3.8707
25)2.5779
28)1.7168

(67)5. 7993

( 1)2.5806
8.7328
5. 0800
3.6702

4

3021
1132.0271
14)1. 3602
16;9.1271
19) 6.1243
22)4.1094
25)2.7574
28} 1. 8502

(67)6.9396
( 1)2.5903

5. 0895
3.6757

17

651
23801
94451
72876
43442
74809
65401
77776
46432
30227

41134

70164
31029
07939
59612

656
30336
00416
90729
40318
52487
95232
99272
51522
36999

93654

49695
62971
79069
54676

661
36921
04781
99602
48737
20153
82121
79482
68738
62236

84834

92026
82739
95071
15727

666
43556
08296
19251
01221
06135
19686
38511
11848
89291

79113

97580
91741
56673
43226

671
50241
11711
69581
30789
48592
16705
16509
18478
27799

96605
66769

6 91362

64588
37627

4

2771
11)1. 8071
14)1.1782
16)7. 6821
19) 5. 0087
22) 3. 2657
25)2.1292
28)1. 3882

(67) 3. 4829

( 1)2.5534
8.6712
5. 0531
3. 6546

4

2835
11)1. 8632
14)1.2241
16) 8. 0425
19)5. 2839
22)3.4715
25) 2.2808
28)1.4984

(67)4.1837

( 1)2.5632
8. 6933
5. 0628
3. 6602

4

2901
11)1. 9205
14)1.2714
16)8.4168
19)5.5719
22) 3. 6886
25)2.4418
28)1. 6165

(67)5.0187
( 1)2.5729
715

5. 0724
3. 6658

4

2967
11)1.9792
14)1. 3201
16} 8. 8055
19)5.8732
22)3.9174
25)2. 6129
28)1. 7428

(67)6. 0120

( 1)2.5826
8.7372
5.0819
3.6713

4
3034

11)2. 0392

14)1. 3703

16)9.2090

19)6.1884

22)4,1586

25) 2. 7946

28)1.8779

(67)7.1922

( 1)2.5922
8. 7590
5. 0914
3.6768

7T

652
25104
67808
34108
51439
99379
93995
33685
58363
76452

10364

29067
66460
46611
81368

657
31649
93393
08592
28045
21255
36465
46257
05891
89470

80288

01124
75853
06656
69592

662
38244
17528
78035
22659
18005
33519
19990
66433
15579

05901
36066

3 73356

11720
23896

667
44889
40963
62223
67903
19912
81781
78948
58458
43292

14426

34314
60372
62528
44740

672
51584
64448
81091
96893
67120
93105
67366
24470
87644

13208
96279
38280

59790
32575

4

2784

11)1. 8182

14)1.1873

16)7.7531

19)5. 0628

22)3.3060

25)2.1588

(28)1. 2097

(67)3.6134

( 1)2.5553
8. 6756
5. 0550
3. 6558

4

2848
11)1. 8745
14}1.2334
16)8.1162
19)5. 3404
22)3.5140
25)2. 3122
28)1.5214

(67)4.3393

( 1)2.5651
8. 6977
5. 0647
3. 6613

4

2914
11)1.9322
14)1.2810
16)8.4933
19) 5. 6311
22)3.7334
25)2.4752
28)1. 6411

(67)5.2038

( 1)2.5748
8.7197
5. 0743
3. 6669

4
2980
(11)1.9911
14)1. 3300
16) 8. 8850
19)5. 9351
22) 3, 9647
25;2.6484
28)1.7691

(67)6.2321

( 1)2.5845
8.7416
5.0838
3.6724

4
3048

11)2. 0514
14)1. 3806
16}9.2915
19)6. 2532
22)4. 2084
25)2. 8322
§28)1.9061
(67)7.4535
( 1)2.5942
8. 7633
5.0933
3.6779

A

653
26409
45077
46353
14868
66091
17457
19800
30929
16597

02582

86468
97359
83054
01749

658
32964
90312
78253
72490
48987
91834
43626
40706
54385

17689

51068
84260
32044
83152

663
39569
34247
09058
54605
92032
18918
31842
65311
00901

48947

78638
59553
26200
30727

668
46224
77632
58582
93933
27470
98350
12498
27948
49870

09844

69597
24639
66242
44934

673
52929
21217
46790
23690
97433
45073
33934
76038
21773

22063

24354
80887
52878
26219

4

2797
11)1, 8294
1431.19%64
16)7. 8246
19)5.1173
22) 3. 3467
25}2.1887
28)1.4314

(67) 3. 7485
( 1)2.5573

5.0570
36569

654
27716
26264
09767
33987
78277
39593
40094
68021
54286

72888
42371

1 23736

17274
20758

659

4 34281

3.6624

4

2927
11)1.9438
14)1.2907
16)8.5705
19} 5. 6908
22)3.7787
25)2.5090
28)1. 6660

(67)5. 3955

( 1)2.5768
8.7241
5.0762
3. 6680

4
2994

11)2. 0031
§14 1. 3400
16) 8. 9651
19} 5. 9976
22)4.0124
25)2. 6843
28)1.7958

(67) 6. 4599

( 1)2.5865
8.7459
5.0857
3.6735

4

3061
11)2. 0636
14)1. 3909
16)9. 3747
19) 6. 3185
22) 4. 2587
25)2.8703
28)1. 9346

(67)7.7239
( 1)2.5961
8.7677

5. 0952
3.6790

niﬁ{(—g)z}

91179
99870
73914
39094
65263
95508
60040
35566

87920

99531
88202
55239
95358

664
40896
54944
92828
44838
45724
42360
19327
69633
22237

27431

19745
41343
38514
36224

669
47561
18309
08487
79578
32376
73560
43612
24776
13275

15340

03431
84552
67819
43810

674
54276
82024
66842
11451
43182
76905
20834
77842
34665

15552
50997
19196

43858
18565
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675

4 55625

3075 46875
(11;2.0759 41406
(14)1.4012 60449
16;9.4585 08032
6. 3844 92922

22)4. 3095 32722
25)2.9089 34587
28)1.9635 30847

(67)8.0036 95322

( 1)2.5980 76211
8.7720 53215
5.0971 32735
3. 6801 09614

680

4 62400

3144 32000
11)2.1381 37600
14)1,4539 33568
16)9. 8867 48262
19) 6. 7229 88818
22)4.5716 32397
25)3.1087 10030
(28)2.1139 22820

(67)9.5546 30685

( 1)2.6076 80962
. 7936 59344
5.1065 45762
3. 6855 45546

685

4 69225

3214 19125
2.2017 21006
1.5081 78889
;1.0331 02539
7.0767 52393
14.8475 75389
;3.3205 89142
(28)2.2746 03562

(68)1.1391 31118

( 1)2.6172 50466
8. 8151 59819
5.1159 07022
3. 6909 49595

P

690

4 76100

3285 09000
11)2,2667 12100
14)1.5640 31349
17)1.0791 81631
19)7.4463 53253
22}5.1379 83744
25) 3. 5452 08784
(28)2.4461 94061

(68)1.3563 70007

( 1)2.6267 85107
8. 8365 55922
5.1252 17173
3.6963 22179

695

4 83025

3357 02375
(11;2.3331 31506
£14 1, 6215 26397
17)1.1269 60846
19)7.8323 77878
22)5. 4435 02625
25)3.7832 34325
(28)2.6293 47856
(68)1.6130 03502
( 1)2.6362 85265
8.8578 48911
5.1344 76863
3.7016 63707

9

273-888 O-67—5

ELEMENTARY ANALYTICAL

METHODS

POWERS AND ROOTS nk

676

4 56976

3089 15776
(11)2.0882 70646
14)1.4116 70957
16)9.5428 95666
19)6.4509 97470
22)4.3608 74290
25)2.9479 51020
28)1.9928 14890

(67)8.2931 72571

( 1)2.6000 00000
8.7763 82955
5.0990 19514
3.6811 99371

681

4 63761

3158 21241
11)2.1507 42651
14)1, 4646 55745
16)9.9743 05627
19)6.7925 02132
22)4.6256 93952
25)3.1500 97581
28)2.1452 16453

(67)9.8976 17949

( 1)2.6095 97670
8.7979 67850
5.1084 22134
3. 6866 28893

686

4 70596

3228 28856
11}2.2146 05952
14)1.5192 19683
17)1.0421 84703
19)7.1493 87060
22)4.9044 79523
25) 3.3644 72953
28)2.3080 28446

(68)1.1797 19551

( 1)2.6191 60171
8.8194 47349
5.1177 73120
3. 6920 26615

691

4 77481

3299 39371
11)2.2798 81054
14)1.5753 97808
17)1. 0885 99885
19)7.5222 25208
22)5.1978 57619
25)3.5917 19614
(28)2.4818 78254

(68)1.4043 42816

( 1)2.6286 87886
8.8408 22729
5.1270 73128
3.6973 92956

696

4 84416

3371 53536

11)2, 3465 88611
14)1. 6332 25673
17)1.1367 25068
19)7.9116 06476
22)5.5064 78107
25) 3.8325 08763
28)2.6674 26099

(68)1.6696 35809

( 1)2.638] 81192
8, 8620 95243
5.1363 22801
3.7027 28321

4

3102
11}2.1006
14)1, 4221
16}9. 6279
19) 6. 5180
22)4,4127
25)2.9874
28)2.0224

(67)8.5926

( 1)2.6019
8.7807
5.1009
3.6822

4

3172
11;2.1634
14)1.4754
17)1.0062
19) 6. 8626
22})4, 6803
25%3.1919
28)2.1769

(68)1. 0252
( 1)2.6115
02

5.1102
3.6877

4

3242
11)2.2275
14)1.5303
17)1.0513
19)7.2226
22)4.9619
25) 3. 4088
28)2.3418

(68)1.2216

( 1)2.6210
8. 8237
5.1196
3.6931

4
3313

511 2.2931
14)1. 5868
(1791.0980
(19)7. 5987
(22)5. 2583
(25 3. 6387
{28)2.5180

(68)1.4539

( 1)2.6305
8. 8450
5.1289
3. 6984

4

3386
11)2. 3601
14)1, 6449
17)1.1465
19)7.9915
22)5.5700
25) 3, 8823
28)2.7059

(68)1. 7281

( 1)2.6400
8. 86
5.1381
3.7037

7

677
58329
88733
54722
43247
09783
94923
50263
31928
91415

68325

22366
08428
04200
87840

682
65124
14568
03354
41087
50822
30603
14071
74196
26402

38701
12971

2 72141

96441
10968

687
71969
42703
47370
25043
33304
59802
67284
71524
94737

91886

68484
30714
37179
02381

692
78864
73888
07305
30255
86536
58832
41112
72050
30258

39271

89288
85422
27069
62494

697
85809
08873
03845
92380
59689
21031
90158
52840
99930

70846
75756

3 37511

66751
91713

678

4 59684

3.0273
82, 0525

(67)8.9025
( 1)2.6038
5

5.1027
3.6833

4

3186
11}2.1761
14)1. 4862
17)1, 0151
19)6.9333
22)4,.7354
25)3.2343
28)2.2090

(68)1.0619
( 1)2.6134
6

5.1121
3. 6887

4
3256
11)2.2405
14)1.5414
17)1. 0605
19)7. 2965
22}5.0200
25)3.4537
28)2.3762

(68)1.2650

( 1)2.6229
8, 8280
5.1214
3. 6941

4
3328

(11)2, 3063
514 1.5983
17)1.1076

19)7.6759

22)5.3194

25) 3. 6863

28)2.5546

(68)1.5052

( 1)2.6324
8.8493
5.1307
3. 6995

4

3400
11}2, 3736
14) 1. 6568
17)1.1564
19)8, 0721
22)5.6343
25;3.9327
28)2.7450

(68)1.7886

( 1)2.6419
8. 8705
5.1400
3.7048

ni[(—gﬁ]

65752
93799
77595
54097
89678
65402
82142
65092

13744
43313

0 29644

86801
75023

683
66489
11987
19871

89872 -

35983
78761
97694
44925
57584

32441
26869

5 72225

68688
91774

688
73344
60672
45423
95251
48733
75282
43794
90130
07610

93189

75410
09925
99204
76894

693
80249
12557
91020
28977
41981
58928
39537
71599
55518

11857

89316
44010
79001
30796

698
87204
68392
77376
26809
65112
26484
44286
72312
75074

69670
68963
75722

08719
53884

Table 3.1

3.0678

3.6844

4

3200
(11)2.1888
14)1. 4972
17)1.0240
19)7. 0047
22}4.7912
25)3.2772
28)2.2416

(68)1.0998

( 1)2.6153
. 8108
5.1140
3.6898

4

3270
11)2.2536
14)1. 5527
17)1. 0698
19)7. 3711
22)5.0787
25)3.4992
28)2.4109

(68)1.3099
( 1)2.6248
22

5.1233
3.6952

4

3342
11) 2, 3197
14)1, 6098
17)1.1172
19)7.7538
22}5. 3811
25)3.7345
28)2.5917

(68)1. 5582

( 1)2.6343
8.8535
5.1326
3.7005

4

3415
511;2.3873
14)1, 6687
17)1.1664
19}8.1534
22)5. 6992
25)3.9837
28)2.7846

(68)1.8511

( 1)2.6438
8.8748
5.1418
3.7059

,,%,[<~g>2]

679
61041
46839
88037
74277
32341
86159
24502
06537
40639

50418

62844
46612
67319
60923

684
67856
13504
92367
02379
86427
51164
49796
14860
14965

82878

39366
68115
38880
71315

689
74721
82769
00278
30592
31378
38193
14215
34094
72291

69927

80950
84991
59200
50159

694
81636
55384
32365
94261
66617
30324
58245
23822
59533

14678

87974
98503
28931
97866

699
88601
32099
09372
29251
41746
27808
46038
72980
57313

95210
60813
09888

48708
14839

51
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ELEMENTARY ANALYTICAL METHODS

Table 3.1 POWERS AND ROOTS nk
k
1 700 701 702 703
2 4 90000 4 91401 4 92804 4 94209 4
3 3430 00000 3444 72101 3459 48408 3474 28927 3489
4 11)2. 4010 00000 11) 2. 4147 49428 11)2. 4285 57824 11) 2. 4424 25357 11) 2. 4563
5 14)1. 6807 00000 14)1. 6927 39349 14)1. 7048 47593 14)1. 7170 25026 14)1.7292
6 17}1.1764 90000 17)1.1866 10284 17)1.1968 03010 17)1. 2070 68593 17)1.2174
7 19) 8. 2354 30000 19)8, 3181 38089 19) 8. 4015 57130 19) 8, 4856 92210 19)8. 5705
8 22)5. 7648 01000 22)5. 8310 14800 22)5. 8978 93105 22)5.9654 41624 22)6.0336
9 25) 4. 0353 60700 25) 4. 0875 41375 25)4.1403 20960 25)4.1937 05461 25) 4. 2477
10 28) 2. 8247 52490 28)2. 8653 66504 28)2.9065 05314 28) 2, 9481 74939 28)2.9903
24 (68)1.9158 12314  (68)1.9825 87808  (68)2.0515 90555  (68)2.1228 91511  (68)2.1965
1/2 ( 1)2.6457 51311  ( 1)2.6476 40459  ( 1)2.6495 28260  ( 1)2.6514 14717  ( 1)2.6532
1/3 8. 8790 40017 . 8832 66120 8. 8874 88205 8.8917 06283 8. 8959
1/4 5.1436 86724 5.1455 22771 5.1473 56856 5.1491 88981 5.1510
1/5 3,7069 74581 3,7080 33112 3.7090 90435 3, 7101 46554 3. 7112
1 705 706 707 708
2 4 97025 4 98436 4 99849 5 01264 5
3 3504 02625 3518 95816 3533 93243 8 94912 3564
4 11) 2. 4703 38506 11)2. 4843 84461 11) 2. 4984 90228 11)2.5126 55977 11)2.5268
5 14)1.7415 88647 14)1.7539 75429 14)1. 7664 32591 14)1. 7789 60432 14) 1. 7915
6 17)1.2278 19996 17)1. 2383 06653 17)1.2488 67842 17)1.2595 03986 17)1.2702
7 19)8.6561 30972 19) 8. 7424 44971 19) 8. 8294 95643 19)8.9172 88218 19)9.0058
8 22)6.1025 72335 22)6.1721 66150 22)6.2424 53419 22) 6. 3134 40059 22)6. 3851
9 25) 4. 3023 13497 25)4. 3575 49302 25) 4, 4134 14568 25)4. 4699 15561 25)4. 5270
10 28) 3. 0331 31015 28) 3. 0764 29807 28)3.1202 84099 28)3.1647 00218 28) 3. 2096
24 (68)2.2726 82709  (68)2.3513 25887  (68)2.4325 73275  (68)2.5165 07242  (68)2.6032
1/2 ( 1)2.6551 83609 ( 1)2.6570 66051  ( 1)2.6589 47160 ( 1)2.6608 26939  ( 1)2.6627
1/3 8.9001 30453 . 9043 36564 8.9085 38706 8.9127 36887 8.9169
1/4 5.1528 47377 5.1546 73657 5.1564 97998 5.1583 20404 5.1601
1/5 3, 7122 55193 3,.7133 07718 3.7143 59051 3.7154 09195 3. 7164
1 710 711 712 713
2 5 04100 5 05521 5 06944 5 08369 5
3 3579 11000 3594 25431 3609 44128 3624 67097 3639
4 11)2.5411 68100 11)2.5555 14814 11)2.5699 22191 11) 2. 5843 90402 11) 2. 5989
5 14)1. 8042 29351 14)1.8169 71033 14)1. 8297 84600 14)1. 8426 70356 14)1. 8556
6 17)1.2810 02839 17)1. 2918 66404 17)1. 3028 06635 17)1. 3138 23964 17)1. 3249
7 19)9. 0951 20158 19)9.1851 70136 19)9.2759 83244 19)9.3675 64864 19)9. 4599
8 22)6.4575 35312 22) 6.5306 55967 22) 6. 6045 00070 22) 6. 6790 73748 22) 6. 7543
9 25) 4, 5848 50072 25) 4. 6432 96392 25} 4. 7024 04050 25) 4, 7621 79582 25) 4, 8226
10 28) 3, 2552 43551 28)3. 3013 83735 28)3. 3481 11683 28) 3. 3954 34042 28) 3. 4433
24 (68)2.6927 76876  (68)2.7852 89985  (68)2.8808 44702  (68)2.9795 36544  (68)3.0814
1/2 ( 1)2.6645 82519  ( 1)2.6664 58325  ( 1)2.6683 32813 ( 1)2.6702 05985  ( 1)2.6720
1/3 8.9211 21404 8.9253 07760 8.9294 90191 8.9336 68708 8.9378
1/4 5.1619 59433 5.1637 76065 5.1655 90782 5.1674 03588 5.1692
1/5 3. 7175 05928 3,7185 52523 3.7195 97942 3. 7206 42186 3. 7216
1 715 716 77 718
2 5 11225 5 12656 5 14089 5 15524 5
3 3655 25875 3670 61696 3686 01813 3701 46232 3716
4 11) 2. 6135 10006 11)2.6281 61743 11) 2. 6428 74999 11)2. 6576 49946 11)2. 6724
5 14)1.8686 59654 14)1. 8817 63808 14)1. 8949 41374 14)1. 9081 92661 14)1.9215
6 17)1.3360 91653 17)1. 3473 42887 17)1. 3586 72965 17)1.3700 82331 17)1.3815
7 19)9.5530 55319 19)9. 6469 75069 19)9. 7416 85162 19)9. 8371 91134 19)9.9334
8 22) 6. 8304 34553 22)6.9072 34149 22)6.9847 88261 22)7.0631 03234 22)7.1421
9 25) 4. 8837 60705 25)4,9455 79651 25)5, 0080 93183 25)5, 0713 08122 25)5.1352
10 28) 3. 4918 88904 28) 3. 5410 35030 28)3.5908 02813 28) 3. 6411 99232 28) 3. 6922
24 (68)3.1867 28051  (68)3.2954 33372  (68)3.4076 87302  (68)3.5236 00491  (68)3.6432
1/2 ( 1)2.6739 48391  ( 1)2.6758 17632  ( 1)2.6776 85568 ( 1)2.6795 52201  ( 1)2.6814
1/3 . 9420 14037 . 9461 80866 8.9503 43817 8.9545 02899 8.9586
1/4 5.1710 23488 5.1728 30591 5.1746 35801 5.1764 39125 5.1782
1/5 3, 7227 27165 3, 7237 67905 3. 7248 07483 3, 7258 45902 3, 7268
1 720 721 722 723
2 5 18400 5 19841 5 21284 5 22729 5
3 3732 48000 3748 05361 3763 67048 3779 33067 3795
4 11) 2. 6873 85600 11)2.7023 46653 11)2.7173 70087 11)2. 7324 56074 11)2.7476
5 14)1.9349 17632 14)1,9483 91937 14)1.9619 41202 14)1. 9755 65742 14)1. 9892
6 17)1. 3931 40695 17)1. 4047 90586 17}1. 4165 21548 17)1. 4283 34031 17) 1. 4402
7 20)1. 0030 61300 20)1.0128 54013 20)1. 0227 28558 20)1.0326 85505 20)1. 0427
8 22)7.2220 41363 22)7.3026 77432 22)7. 3841 00187 22)7.4663 16199 22)7.5493
9 25)5.1998 69781 25)5. 2652 30428 25)5, 3313 20335 25)5, 3981 46612 25)5. 4657
10 28)3.7439 06243 28) 3, 7962 31139 28) 3, 8492 13282 28)3.9028 60000 28)3.9571
24 (68)3.7668 63772  (68)3.8944 51981  (68)4.0261 75870 (68)4.1621 63488  (68)4. 3025
1/2 ( 1)2.6832 81573 ( 1)2.6851 44316  ( 1)2.6870 05769 ( 1)2.6888 65932  ( 1)2.6907
1/3 8.9628 09493 8.9669 57022 8.9711 00718 8.9752 40590 8.9793
1/4 5.1800 40128 5.1818 37817 5.1836 33637 5.1854 27593 5.1872
1/5 3. 7279 19213 3.7289 542?2 3.7299 88042 3. 7310 20708 3, 7320
1 1
n2[(-6)2 2315 a[(-D2 5[ (=12
3 4 3 3

704
95616
13664
52195
71945
07449
48443
66104
00937
81460

63787

99832
20362
19154
01473

709
02681
00829
81878
59251
15509
27960
32023
58605
84551

12640

05391
31117
40881
58153

714
09796
94344
19616
28606
18825
20408
83171
29584
57523

63889

77843
43321
14489
85260

719
16961
94959
86755
17977
71425
98549
85457
31343
31336

86875

17536
58122
40566
83164

724
24176
03424
04790
65868
28488
25426
32081
16426
78693

46659
24809
76646

19688
52232
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5
3810
(11)2.7628
(14)2. 0030
17)1.4522
20)1. 0528
22)7. 6331
§25 5.5340
28)4.0121
(68)4. 4474
( 1)2.6925
8.9835

5. 1890
3.7330

5

3890
11)2,8398
14)2. 0730
17)1.5133
20)1. 1047
22)8. 0646
2595, 8871
(28) 4. 2976
(68)5. 2450
( 1)2.7018
9.0041
5.1979
3.7382

5

3970
11)2.9184
14)2.1450
17)1.5766
20)1.1588
22Y8.5172
25) 6. 2601
28)4. 6012
(68) 6. 1786
( 1)2.7110
9. 0246
5.2068
3.7433

5

4052

11)2. 9986
14§2. 2190
17)1. 6420
20)1. 2151
22)8. 9919
25) 6. 6540
28)4. 9239
(68)7.2704
( 1)2.7202
9.0450

5. 2156
3.7484

5

4134

11) 3, 0805
14)2. 2949
17)1.7097
20)1,2737
22)9.489
25)7. 0697
28)5. 2669
(68) 8. 5457
( 1)2.7294
9. 0653
5.2244
3.7534

725
25625
78125
16406
41895
05374
48896
54495
37009
76831

61095

82404
08896
09928
82616

730
32900
17000
24100
71593
42263
39852
00919
58671
25830

38047

51217
13346
33452
17550

735
40225
65375
30506
46422
09120
07703
36620
68916
24153

86185

88342
23926
11253
24423

740
47600
24000
57600
06624
64902
28027
47402
41078
90397

49690

94102
41696
43874
03580

745
55025
93625
27506
92992
69779

78485 |

49717
89039
92834

57129
68813
67701

31847
55355

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

5
3826
11)2.7780
14}2.0168
17)1. 4642
20)1. 0630
22)7.7177
25Y5. 6031
28)4, 0678
(68) 4. 5970
( 1)2.6944
8.9876
5.1907
3.7341

5

3906

11)2. 8554
14)2. 0873
17)1.5258
20)1.1153
22)8.1534
25Y5. 9601
28Y4. 3568
(68)5. 4202
( 1)2.7037
. 0082
5.1997
3.7392

5

3986
11)2.9343
14§ 2.159
17)1.5895
20)1. 1698
22Y8. 6103
25) 6. 3372
28) 4. 6642
(68) 6. 3836
( 1)2.7129
. 0287
5.2085
3.7443

5

4068

11)3. 0148
14)2. 2340
17)1. 6554
20)1. 2266
22)9. 0896
25)6. 7354
28) 4. 9909
(68)7.5099
( 1)2.7221
. 0491
5.2174
3.7494

5

4151

11)3. 0971
14) 2. 3104
17)1.7235
20)1. 2857
22)9. 5920
25Y7. 1556
285, 3381
(68)8. 8253
( 1)2.7313
9. 0694

5. 2261
3.7544

n%[(—gm]

726
27076 5
57176 3842
91098  (11)2.7934
94137  (14}2.0308
65143  (17)1.4764
56494  (20)1.0733
90147 {22)7.8032
15647  (25)5. 6729
61960  (28)4.1242
46501  (68)4.7514
38717 ( 1)2.6962
37347 8.9917
98317 5.1925
11864 3.7351
731
34361 5
17891 3922
16783  (11)2.8710
09669 (14)2.1016
23368 (17)1.5383
76882  (20)1.1261
05006  (22)8.2430
39059  {25)6. 0339
61652  (28)4.4168
21655  (68)5.6010
01167 ( 1)2.7055
22937 9. 0123
12653 5.2014
41158 3.7402
736
41696 5
88256 4003
45564 511 2.9503
78335  (14)2.1743
23255 (17)1.6025
89115  (20)1.1810
83890  (22)8.7044
42543 (25)6.4151
10512 (28)4.7279
27605  (68)6.5950
31993 ( 1)2.7147
14871 9. 0328
81374 5.2103
42261 3.7453
741
49081 5
69021 4085
99446  (11)3.0312
40489  (14)2.2491
24002 17)1. 6688
69186  {20)1.2383
18667  (22)9.1882
07432 (25)6. 8176
36907  {28)5. 0587
49065  (68)7.7569
31518 ( 1)2.7239
14206 9, 0531
05023 5.2191
16115 3.7504
746
56516 5
60936 4168
00583 11)3.1137
37035 14)2. 3259
86028 (17)1.7374
95177 20)1,2979
32018 (22)9. 6953
55886 25)7, 2424
19291 28)5.4101
48404  (68)9.1136
00057  ( 1)2.7331
21981 L0734
84131 L2279
62453 . 7554

,,%{(—:95

— wue

727
28529 5
40583 3858
29038 (11)2.8088
22911 14) 2. 0448
08256 17} 1. 4886
48802 20) 1, 0837
45793 22)7. 8895
59691 25)5.7435
41696 28)4.1813
46686  (68)4.9108
93753 ( 1)2.6981
62009 8. 9958
84860 5.1943
39979 3.7361
732
35824 5
23168 3938
73590 11;2.8867
25868 14)2. 1160
90135 17)1.5510
01579 20)1, 1369
63558 22)8. 3335
22524 25) 6. 1085
31288 28) 4, 4775
04807  (68)5.7875
49852  ( 1)2.7073
28782 9, 0164
90029 5.2032
63647 3.7412
737
43169 5
15553 4019
25626 11)2.9663
89986 $14 2.1891
25420 17) 1. 6156
61234 20)1. 1923
21297 22)8,7993
58496 25) 6. 4939
71812 28)4.7925
74542 (68)6. 8132
74392 ( 1)2.7166
02112 9.0368
49693 5.2121
59393 3,7463
742
50564 5
18488 4101
07181 11) 3. 0475
55728 14)2. 2643
73550 17) 1. 6824
04174 20) 1. 2500
16974 22)9. 2877
56995 25)6. 9007
01490  (28)5.1272
98844  (68)8.0118
67694 ( 1)2.7258
83053 9. 0572
64391 5.2209
27557 3,7514
747
58009 5
32723 4185
40441 11)3.1304
64109 14)2. 3415
95190 17) 1. 7514
08907 20} 1. 3101
79533 22)9.7997
48511 25)7. 3301
09038 28)5. 4829
94019  (68)9.4110
30074 ( 1)2.7349
72639 9.0775
34653 5.2296
68472 3. 7564

aih

728
29984
28352
30403
28533
35172
26405
28230
76552
23730

09683

47513
82891
69560
66963

733
37289
32837
94695
20512
43035
14545
83612
16788
42805

58467

97274
30890
65584
85019

97764
20327
00049
75636
71376

55807
58866
19683
83419
73415
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3874
8242
0589
5009
0941
9766
8149
2391

0752

7000
0000
1961
7371

4035
9824

. 2040
. 6287
.2036
. 8951

5735
8578

0382

7184
0409

.2138
. 7473

L7177

7367
0815
2314
7574

729
31441
20489
95365
11321
46353
89891
44308
73700
15828

87861

00000
00000
52423
92819

734
38756
46904
80275
93922
82539
16384
72255
29635
04352

58576

42437
29268
39324
05277

739
46121
83419
81466
53804
95761
80067
95697
49620
53170

79698

55444
65517
80938
89950

744
53536
30784
21033
31649
45947
58184
24890
39318
20453

65623

36339
09792
77799
47174

749
61001
89749
21220
68694
94252
30094
01408
46054
15695

03069

86437
63122
30432
77282

53
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5

4218
11) 3. 1640
14)2.3730
17)1.7797
20) 1. 3348
23)1. 0011
25)7.5084
28)5.6313

(69)1.0033

( 1)2.7386
9.085
5.2331
3.7584

o

5

4303
11) 3. 2492
14)2.4532
17)1.8521
20) 1. 3983
23) 1. 0557
25)7.9711
28) 6. 0182

(69)1.1768

( 1)2.7477
9.1057
5.2418
3.7634

750
62500
75000
62500
46875
85156
38867
29150
68628
51471

91278

12788
02964
75697
80079

755
70025
68875
85006
10180
73686
91133
85305
79054
40186

65520

26333
48491
75936
78075

760

5 77600

4389
11) 3. 3362
14) 2.5355
17) 1. 9269
20) 1. 4645
23)1.1130
25)8.4590
28) 6. 4288

(69)1.3788

( 1)2.7568
9.1258
5. 2505
3.7684

76000
17600
25376
99286
19457
34787
64385
88932

79182

09750
05271
33069
49662

765

5 85225

5.2591
3.7733

5

4565
11)3.5153
14)2. 7067
17)2.0842
20) 1. 6048
23)1.2357
25)9.5151
28) 7. 3266

(69) 1. 8870
( 1)2.7748
9. 1656

5.2677
3.7783

97125
83006
35500
27157
10275
82361
15059
86020

91907

63337
74274
47590
95151

770
92900
33000
04100
84157
23801
52327
36292
69445
80473

23915

87385
56454
19986
14849
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5

4235

11) 3. 1809
14) 2. 3889
17) 1.7940
20) 1. 3473
23)1.0118
25)7.5990
28)5.7068

(69)1.0359

( 1)2.7404
9. 0896
5.2349
3.7594

751
64001
64751
71280
09431
70983
47308
57828
52291
88271

96977

37921
39217
19217
81806

756

5 71536

4320
11} 3. 2665
14) 2. 4694
17)1. 8669
20)1. 4114
23)1.0670
25) 8. 0667
28)6.0984

(69)1.2148

( 1)2.7495

9.1097
5.2436
3.7644

5

4407
11)3.3538
14)2.5522
17) 1.9422
20} 1.4780
23)1.1248
25)8.5597
28) 6.5139

(69)1.4230

{ 1)2.7586
9.1298
5.2522
3.7694

8)6.9548
9) 1. 6652

1)2. 7676
9.1497
5.2608
3.7743

(1
%1
1
2
22
2
2
(6
(

81216
33993
99699
41772
07980
24433
04711
28762

51214

45417
66916
10795
74495

761
79121
11081
11326
50419
62569
61815
05041
66364
82203

88020

22845
06063
59366
40838

766
86756
55096
26035
04743
98833
95706
05111
37150
48857

92289

70501
57625
65424
81144

771

5 94441

4583
11)3.5336
14)2.7244
17)2.1005
20} 1. 6194
23)1.2486
25)9. 6269
28)7.4223

(69) 1. 9467

( 1)2.7766
9.1696
5.2694
3.7792

A9

14011
01025
06390
17327
98859
33620
65212
90179

27094

88675
22555
29452
95720

752

5 65504

4252
11)3.1979
14)2.4048
17)1.8084
20) 1. 3599
23) 1. 0226
25)7.6906

(28)5.7833

(69) 1. 0696

( 1)2.7422
9.0936
5.2366
3. 7604

5

4337
11)3.2838
14)2.4858
17)1.8818
20) 1. 4245
23)1.0783
25) 8. 1632
28)6.1795

(69)1.2540

( 1)2.7513
9.1137
5.2453
3.7654

59008
47740
56701
52239
56084
86975
06051
35750

16698

61840
71888
60997
82467

757
73049
98093
51564
75634
07855
28546
68109
46588
77667

10313

63298
81798
43934
69862

762

5 80644

4424
11)3.3714
14)2.5690
17)1.9576
20) 1. 4917
23)1.1366
25) 8. 6615
28) 6. 6000

(69) 1. 4686

( 1)2.7604
9.1338
5.2539
3.7704

5

4512

11) 3. 4608
14) 2. 6544
17) 2. 0359
20} 1.5615
23)1.1977
25)9.1866
28) 7. 0461

(69)1.7182

( 1)2.7694
9.1537
5. 2625
3.7753

5

4600

11) 3.5519
14)2. 7421
17)2.1169
20) 1. 6342
23) 1. 2616
25)9.7399
28)7.5192

(69)2. 0082
( 1)2.7784
9.1735

5.2711
3.7802

19

50728
74547
63605
26467
11368
84062
32555
87807

53390

34748
03351
83963
30972

767
88289
17663
39475
63877
73794
91900
40987
73373
78477

59425

76485
37512
81576
66108

772
95984
99648
69283
20286
16861
59817
48578
27025
23664

38127

88798
85227
37257
75573

5

4269

11) 3.2149
14)2.4208
17)1. 8229
20} 1. 3726
23)1.0336
25)}17.7831
28) 5. 8607

(69)1.1042

( 1)2.7440
9.0977
5.2384
3.7614

753
67009
57777
92061
89022
29433
65863
17395
38985
03656

80565

84547
00985
01041
82064

758

5 74564

4355
11) 3. 3012
14)2.5023
17) 1. 8967
20)1. 4377
23)1.0898
25)8.2608
28) 6, 2616

(69)1.2943

( 1)2.7531
9.1177
5.2470
3.7664

19512
37901
38329
72453
53520
17168
14132
97112

77441

79980
93146
75356
64176

763

5 82169

4441
11) 3. 3892
14)2.5859
17)1.9730
20) 1.5054
23)1.1486
25)8.7643
28) 6. 6872

(69)1.5156

( 1)2.7622
9,1377
5.2557
3.7714

5

4529
11)3.4789
14)2. 6718
17)2.0519
20)1.5758
23)1.2102
25)9.2950
28)7.1385

(69)1.7728

( 1)2.7712
9.1577
5.2642
3.7763

5

4618
11)3.5704
14)2.7599
17)2.1334
20} 1. 6491
23)1.2747
25)9.8540
28)7.6171

(69)2.0716

( 1)2.7802
9.1775
5.2728
3.7812

P

94947
07446
65281
91509
68822
72711
72784
16435

15056

45463
97144
06863
20068

768
89824
84832
23510
13255
52580
99582
90879
33948
86072

38934

81292
13940
96052
50045

773
97529
89917
09058
26202
22954
35944
82084
65513
92641

09310
87755
44479
43403
54412

754

5 68516

4286
11) 3.2321
14)2.4370
17)1.8375
20) 1. 3854
23) 1. 0446
25) 7. 8766
28)5.9390

(69) 1. 1400

( 1)2.7459
9.1017
5.2401
3.7624

61064
04423
06735
03078
77321
49900
60245
01825

19555

06044
26517
39353
80599

759

5 76081

4372
11) 3. 3186
14)2.5188
17)1.9118
20) 1. 4510
23)1.1013
25) 8. 3594
28) 6. 3447

(69) 1. 3359

( 1)2.7549
9.1218
5. 2488
3.7674

5

4459

11) 3. 4070
14) 2. 6029
17) 1. 9886
20)1.5193
23)1.1607
25) 8. 8682
28)6.7753

(69)1.5640

( 1)2.7640
9.1417
5.2574
3.7724

5

4547

11) 3. 4970
14) 2. 6892
17)2. 0680
20) 1.5903
23)1.2229
25)9.4045
28)7.2320

(69) 1. 8290

( 1)2.7730
9.1616
5. 2660
3.7773

5

4636

11) 3. 5889
14)2.7778
17)2.1500
20) 1. 6641
23) 1. 2880
25)9.9693
28)7.7163

(69)2.1368

( 1)2.7820
9.1815
5.2745
3.7822

n%{(—?p 1

45479
93186
88128
36089
83592
72446
16865
97401

88198

95463
00968
05067
57442

764
83696
43744
10204
55796
58228
34886
71853
96958
78876

13890

54992
87449
28071
08126

769
91361
56609
78323
53231
35734
19480
55680
29178
82938

77701

84925
86919
08854
32958

774
99076
84824
20538
24496
36160
27988
35063
91385
08932

94378
85549
00317
47894
32239
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4654

11) 3. 6075
14)2,7958
17)2.1667
201, 6792
23)1.3014
26)1. 0085
28) 7. 8165

(69) 2. 2041

( 1)2.7838
9.1854
5,2762
3.7832

6

4745

11) 3. 7015
14) 2. 8871
17)2. 2519
20} 1. 7565
23)1,3701
26)1. 0686
28) 8. 3357

(69)2.5719
( 1y2.7928
05

5. 2847
3.7880

6

4837
11)3.7973
14) 2. 9809
17) 2. 3400
20)1. 8369
23)1.4419
26)1.1319
28) 8, 8858

(69) 2. 9982
( 1)2.8017
9,224
5.2931
3. 7929

6

© 4930

11} 3. 8950

14} 3. 0770

17)2.4308

20)1,.9203

23)1.5171

26)1,1985

(28)9. 4682

(69)3.4918

( 1)2.8106
9.2443
5. 3015
3.7977

6

5024

11) 3. 9945
14)3.1756
17) 2. 5246
20) 2. 0071
23)1.5956
26)1.2685
29)1. 0084

(69)4. 0626

( 1)2.8195
9, 2637
5. 3099
3. 8025

775
00625
84375
03906
15527
57034
36701
08443
91544
84463

48547

82181
52750
50735
09055

780
08400
52000
05600
74368
96007
56885
14371
89209
75831

97041
48009

1 64083

40305
78066

785
16225
36625
32506
06017
11224
08811
73416
49132
00685

77060
85145

7 91357

89157
22172

790
24100
39000
08100
56399
74555
90899
08810
15960
76083

06676

93865
35465
97745
41656

795
32025
59875
56006
72025
59260
04112
47769
39976
89281
65702
74436
97282
66512
36800
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6

4672

§11 3. 6261
14)2.8138

17)2.1835

20)1. 6944

23)1.3149

26)1.0203

28)7.9180

(69)2.2734

( 1)2.7856
9.1894
5,2779
3.7841

6

4763

11) 3. 7205
14)2,9057
17)2.2693
20)1.7723
23)1. 3842
26)1, 0810
28) 8. 4432

(69) 2. 6523

( 1)2.7946
9, 2090
5. 2864
3. 7890

6

4855

11) 3, 8167
14} 2, 9999
17) 2. 3579
20)1.8533
23)1. 4567
26;1.1449
28) 8. 9996

(69)3. 0912
( 1)2.8035
9,228

5.2948
3.7938

- 6
4949

(11) 3. 9147
14) 3. 0965
17) 2. 4493
20)1.9374
23)1.5325
26)1,2122
28)9. 5888

(69)3.5994

( 1)2.8124
9. 2482
5. 3032
3.7987

6

5043
11}4.0146
14)3.1956
17)2. 5437
20)2, 0248
23}1.6117
26)1, 2829
29)1. 0212

(69)4.1871

( 1)2.8213
9, 2676
5. 3116
3.8034

19

776
02176
88576
59350
99655
86133
62839
03163
64854
312711

28553

77655
01784
51928
84864

781
09961
79541
24215
29412
74671
81618
30044
83664
63416

13239

37722
96233
33218
48871

786
17796
87656
18976
41115
53717
51621
34374
93218
46695

99652
69154

7 06804

74081
88029

791
25681
13671
67138
80806
95417

1775
40174
39278
12687

45514

72222
34384
74670
02623

796
33616
58336
92355
95114
73311
43555
75470
73274
46726

02820
47196
79846

35526
92932

6
4690

(11) 3. 6448
14) 2. 8320

17) 2. 2005

20}1.7098

23)1, 3285

26)1. 0322

28)8. 0206

(69) 2. 3447

( 1)2.7874
9.1933
5.2796
3.7851

6

4782

11) 3. 7396
14)2. 9243
17) 2. 2868
20)1, 7883
23)1. 3984
26)1.0936
28) 8. 5519

(69)2.7350

( 1)2. 7964
9.2130
5. 2881
3. 7900

6

4874
ll§3.3361
14) 3. 0190
17)2. 3760
20)1. 8699
23)1.4716
2631, 1581
28)9.1148

(69) 3. 1870
( 1)2.8053
32

5. 2965
3.7948

6

4967
11) 3. 9346
14)3,1162
17)2. 4680
20)1.9546
23)1. 5481
26)1, 2261
28)9.7107

(69)3.7102

( 1)2.8142
9.2521
5. 3049
3.7996

6

5062
11)4. 0349
14)3. 2158
17)2. 5630
20)2. 0427
23)1. 6280
26} 1. 2975
29)1. 0341

(69) 4. 3151

( 1)2.8231
9, 2715
5. 3133
3, 8044

1Y

777
03729
97433
87054
77241
24016
07161
20164
60167
61501

92689

71973
47428
51478
59667

782
11524
11768
16026
79732
64951
28391
72802
05731
96818

29868

26291
25029
24706
18681

787
19369
43403
79582
73331
10711
20430
27378
70747
03776

84488
52028

6 18931

57399
52904

792
27264
93088
01257
04196
33723
82708
08705
02094
28588

60118

49456
30018
50005
62619

797
35209
61573
04737
19075
07803
17219
45624
52362
49232

87922

18843
59160
02968
48104

6

4709

11) 3. 6636
14) 2. 8503
17)2.2175
20)1. 7252
23)1. 3422
26)1, 0442
28)8.1244

(69) 2. 4183

( 1)2.7892
9.1972
5.2813
3. 7861

6

4800

(11) 3. 7587
14)2. 9431

17)2. 3044

20)1. 8043

23)1.4128

26)1.1062

28) 8. 6619

(69) 2. 8202

( 1)2.7982
9, 2169
5. 2898
3. 7909

6

4893

11) 3, 8557
14)3.0383
17)2. 3941
20) 1. 8866
23}1, 4866
26}1.1714
28)9.2312

(69) 3. 2857

( 1)2.8071
9.2365
5.2982
3.7958

6

4986
1133.9545
14) 3. 1359
17) 2. 4867
20)1.9720
23)1.5638
26}1, 2401
28)9. 8340

(69)3.8243

( 1)2.8160
9. 2560
5. 3066
3.8006

6

5081

11) 4, 0551
14) 3. 2360
17)2.5823
20} 2. 0607
23)1. 6444
26Y1, 3122
29)1. 0471

(69) 4. 4470

( 1)2.8248
9, 2754
5. 3149
3. 8054

(9

778
05284
10952
87207
48647
71247
70430
60395
78587
87408

00846

65136
89687
49388
33467

783
13089
48687
81219
25695
67419
97989
43625
56559
88854

15463

13716
50477
14473
87500

788
20944
03872
14511
03035
82792
16040
53439
82910
85332

09926

33770
27746
39113
16799

793
28849
77257
10648
26944
90066
24523
15447
05649
37197

39997

25568
22375
23755
21646

798
36804
69592
93344
44289
63342
25947
59306
78526
98264

23172

89378
35230
68841
02317

1
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6 06841

4727
11) 3. 6825
14) 2. 8687
17) 2. 2347
20)1.7408
23)1. 3561
26)1, 0564
28)8.2295

(69) 2. 4940
( 1)2.7910
9, 201

5.2830
3.7871

6

4818
11)3,. 7780
14)2, 9619
17) 2. 3221
20} 1, 8205
23)1,4273
26)1.1190
28)8.7732

(69) 2. 9079
( 1)2.8000
9, 2208

5.2915
3.7919

29139
59993
14234
28389
53415
24810
21227
21359

14558
57147

2 28569

45663
06266

784
14656
90304
19983
67667
82651
91198
43499
37304
52460

40422

00000
72584
02622
55329

789

6 22521

4911
1133.8753
14) 3. 0576
17)2.4124
20)1.9034
23)1.5018
26)1.1849
28)9. 3491

(69) 3. 3872

( 1)2.8089
9, 2404
5. 2999
3. 7967

6

5005
11)3. 9744
14) 3.1557
17)2.5056
20)1. 9894
23)1.5796
26)1, 2542
28)9.9587

(69) 3. 9417

( 1)2.8178
9.2599
5. 3082
3,8015

6

5100
11)4. 0755
14) 3. 2563
17)2. 6018
20)2. 0788
23)1. 6610
26)1, 3271
(29)1. 0603

(69) 4. 5827

( 1)2.8266
9,2793
5. 3166
3.8063

2

-7

69069
23954
30600
70543
39259
13575
30911
04886

56439

14381
33255
19227
79716

794
30436
66184
95501
49428
65046
98046
61449
51190
54451

77065

00561
11460
95923
79705

799
38401

82399 -

58368
71136
40538
70590
17601
53063
95298

13463

58805
08064
33150
55574

55
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Table 3.1

L
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6
5120
511 4. 0960

14)3.2768
17)2. 6214
20)2. 0971
23)1.6777
26)1. 3421
29)1. 0737

(69)4.7223
( 1)2. 8284
9. 283
5.3182
3.8073

6

5216
11)4,1993
14) 3. 3804
17) 2. 7212
20)2.1906
23)1.7634
26)1.4195
29) 1. 1427

(69)5. 4840

( 1)2.8372
9. 3024
5. 3265
3.8120

[

5314

11)4. 3046
14) 3. 4867
17) 2. 8242
20) 2. 2876
23)1.8530
26) 1. 5009
29)1.2157

(69) 6. 3626
( 1)2. 8460
9. 3216

5.3348
3.8167

29)1. 2929
(69)7. 3753
( 1)2.8548

9. 3408

5.3430
3.8214

6

5513
11)4.5212
14)3.7073
17) 3. 0400
20)2, 4928
23) 2. 0441
26) 1. 6761
29)1.3744

(69) 8. 5414

( 1)2.8635
9. 3599
5.3512
3.8261

800
40000
00000
00000
00000
40000
52000
21600
77280
41824

66483
27125

1 77667

95897
07877

805
48025
60125
64006
88025
92860
40752
65806
89974
69929

46503

52192
77468
86329
55159

810
56100
41000
72100
84401
95365
79245
20189
46353
66546

85441

49894
97518
38230
78910

815
64225
43375
48506
38033
26497
79095
28962
21104
33200

49576

20485
38634
52016
79391

820
72400
68000
17600
98432
66714
54706
40859
95504
80313

66801

64213
01623
28095
56858

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

6

139
11)4.1165
14) 3. 2973
17)2. 6411
20)2.1155
23) 1. 6945
26)1.3573
29)1. 0872

(69) 4. 8660

( 1)2.8301
9, 2870
5. 3199
3. 8082

6

5236

11)4. 2202
14) 3, 4015
17)2. 7416
20) 2. 2097
23)1.7810
26)1.4355
29)1.1570

(69)5. 6499

( 1)2.8390
9. 3063
5. 3282
3.8130

6

5334

11)4. 3259
14)3.5083
17) 2. 8452
20) 2. 3075
23)1.8714
26)1.5177
29)1.2308

(69) 6.5539

( 1)2.8478
9. 3255
5. 3364
3.8177

6

5433
11)4.4336
14)3.6178
17) 2. 9521
20)2. 4089
23)1.9657
26) 1. 6040
29)1.3088

(69)7.5956
( 1)2.8565

5.3446
3.8224

6

5533
11)4.5433
14) 3. 7300
17) 3. 0623
20)2. 5142
23)2.0641
26) 1. 6946
29)1. 3913

(69) 8. 7949
( 1)2.8653
9. 3637
5.3528
3. 8270

éﬁ?ﬂ

801
41601
22401
18432
31264
62342
71036
72400
52492
39346

92789

94340
44047
57086
59229

806
49636
06616
69325
37076
38883
60940
67318
40258
45448

03151

13913
27832
39778
01783

811
57721
11731
69138
60971
80748
22686
00899
06129
59670

10420

06173
32030
84023
20859

816
65856
38496
42127
51976
67212
68445
18251
26093
85292

30157
71371

6 57457

90236
16717

821
74041
87661
12697
59724
79033
13186
69026
82770
34555

98523
09756
04916
58822
89612

29)1.1008
(69)5. 0140

( 1)2.8319
9, 2909
5.3216
3. 8092

6

5255

11) 4. 2412
14) 3. 4226
17)2.7621
20)2. 2290
23)1.7988
26)1.4516
29)1.1714

(69)5.8205
( 1)2. 8407
10

5.3298
3.8139

6

5353

11) 4. 3473

14) 3. 5300

17) 2. 8663

20)2. 3275

23) 1. 8899

26) 1.5346

(29)1. 2461

(69) 6. 7506

( 1)2.8495
9.3293
5.3381
3.8186

6

5453

11)4. 4554
14) 3.6400
17)2. 9739
20) 2. 4297
23)1.9850
26) 1. 6218
29) 1. 3250

(69)7. 8222

( 1)2.8583
9. 3484
5. 3463
3.8233

802
43204
49608
13856
65313
08181
28561
71106
80027
89382

05879

60452
07211
16720
09631

807
51249
57943
52600
90848
11515
23992
22362
49646
81264

60843
74542

1 75012

91690
47468

812
59344
87328
45103
44224
95910
13479
40945
32047
21222

36166

61370
63391
28295
61880

817
67489
38513
15651
74587
40938
09746
72863
04529
14300

07941

21186
73160
26950
53125

822

6 75684

5554
11)4. 5654
14)3.7528
17)3. 0848
20)2. 5357
23)2.0843
26)1.7133
29) 1. 4083

(69)9. 0557

( 1)2.8670
9. 3675
5. 3544
3. 8280

érgﬂ

12248
88679
31694
27652
28330
68687
51061
74572

33244
54237
05121

88059
21458

6
5177
(11)4.1577
14) 3. 3387
17) 2. 6809
20)2.1528
23)1. 7287
26)1. 3881
29)1. 1146

(69)5. 1662

( 1)2.8337
9.2947
5.3232
3.8101

6

5275

11) 4.2623
14) 3. 4439
17)2. 7827
20) 2. 2484
23)1. 8167
26) 1. 4679
29) 1. 1860

(69)5. 9961

( 1)2.8425
9, 3140
5.3315
3.8148

6

5373

11)4. 3688
14)3.5518
17) 2. 8876
20) 2. 3476
23)1.9086
26) 1. 5517
29)1. 2615

(69) 6.9530

( 1)2.8513
9.3331
5. 3397
3.8196

803
44809
81627
86465
02531
78133
25440
18829
61219
93459

22264

25463
67164
74803
59085

808
52864
14112
14025
49732
11384
30798
32085
19524
78976

52346

34081
19016
42067
92216

813
60969
67797
00190
34554
41493
52533
41510
25547
52870

13847

15486
91608
71049
01974

818

6 69124

5473
11)4. 4772
14) 3, 6624
17) 2. 9958
20) 2. 4506
23) 2. 0045
26) 1. 6397
29)1.3413

(69) 8. 0552
( 1)2. 8600
9,352
5. 3479
3. 8242

6
5574
11)4.5877

14)3.7757.

17)3.1074
20)2. 5574
23)2.1047
26) 1. 7322
29)1. 4256

(69)9. 3238

( 1)2. 8687
9.3713
5. 3561
3. 8289

5ﬁ?ﬂ

43432
69274
06266
48326
03930
94015
57904
21966

54907
69929

2 85752

62163
88616

823
77329
41767
45742
14746
13236
01093
41100
01925
02184

66467

97658
02245
15810
52397

]

5197
11)4.1785
14) 3. 3595
17)2.7010
20)2.1716
23)1.7460
26) 1. 4037
29)1.1286

(69)5. 3228

( 1)2.8354
9. 2986
5. 3249
3.8111

6

5294
11)4.2834
14)3. 4653
17) 2. 8034
20) 2. 2679
23)1. 8347
26)1.4843
29) 1. 2008

(69) 6. 1768

( 1)2.8442
9.3178
5.3331
3.8158

6

5393

11)4. 3903
14)3.5737
17)2. 9090
20)2. 3679
23)1.9275
26) 1. 5689
29)1.2771

(69)7.1611

( 1)2.8530
9. 3370
5.3414
3. 8205

6
- 5493
11) 4. 4992

804
46416
18464
36451
43306
72818
62546
16687
97416
53123

61548

89376
23915
31338
07593

809
54481
75129
53794
14119
39122
82250
97640
51291
40194

13927

92531
59849
90912
36029

814
62596
53144
34592
32358
18139
40765
03783
88079
56297

98588

68524
16687
12288
21144

819
70761
53259
03191

14) 3. 6848~ 47414

17)3.0178
20)2. 4716
23)2. 0242
26) 1. 6578
29)1.3578

(69) 8. 2949

( 1)2.8618
9. 3560
5.3495
3. 8252

6
5594

(11) 4. 6100
14)3. 7987

17)3.1301

20)2.5792

23)2.1252

26)1.7512

29)1. 4430

(69)9.5995

( 1)2.8705
9. 3750
5.3577
3.8298

éﬁ?ﬂ

90032
51936
82936
87724
10046

47511

17604
95237
95877
23193

824
78976
76224
84086
09287
36452
32437
87528
36923
19224

98755

40019
96295
42079
82432
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6

5615

11) 4.6325
14)3.8218
17}3.1529
20)2.6012
23)2.1460
26)1.7704
29) 1. 4606

(69)9. 8831
( 1)2.8722

5. 3593
3.8308

6

5717

11) 4.7458
14)3.9390
17) 3.2694
20)2.7136
23)2,2522
26) 1. 8694
29)1. 5516

(70)1.1425
( 1)2.8809

5. 3674
3.8354

6

5821

11) 4. 8612
14) 4, 0591
17)3,3893
20)2, 8301
23)2.3631
26)1. 9732
29)1. 6476

(70)1. 3197
( 1)2.889%
9. 4166

5, 3755
3. 8400

825
80625
15625
03906
15723
97971
23326
09244
57626
27542

35853
81323

8 87277

66869
11564

830
88900
87000
32100
40643
03734
05099
92232
02553
04119

47375
72058

7 96375

68731
43756

835
97225
82875
27006
24550
68999
23115
52801
32589
49211

00592

36655
29685
34071
53677

840

7 05600

5927
11)4. 9787
14)4.1821
17)3.5129
20) 2. 9509
23)2.4787
26)2.0821
29)1. 7490

(70)1. 5230

( 1)2.8982
9.4353
5. 3835
3.8446

7

6033

11)5. 0983
14) 4. 3080
17)3.6403
20) 3. 0760
23)2.5992
26)2.1963
29)1. 8559

(70)1. 7561

( 1)2.9068
9. 4540
5.3915
3.8492

04000
13600
19424
80316
03466
58911
57485
12288

10388

75349
87961
63271
41568

845
14025
51125
17006
77870
25800
75301
83630
94667
53494

47601

88371
71946
56705
07664

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

6

5635

11) 4. 6550
14) 3. 8450
17)3.1759
20)2, 6233
23)2.1669
26)1.7898
29)1.4784

(70)1.0174

( 1)2.8740
9. 3826
5. 3609
3.8317

6

5738

11)4. 7687
14) 3, 9628
17} 3.2931
20)2, 7365
23)2.2740
26)1. 8897
29)1.5703

(70)1.1760

( 1)2.8827
9. 4015
5. 3690
3.8363

6

5842

11) 4. 8845
14)4.0834
17) 3, 4137
20) 2. 8539
23)2, 3858
26) 1. 9946
29)1. 6674

(70)1. 3581

( 1)2.8913
9.4203
5.3771
3.8409

7
5948

(11)5. 0024
14) 4. 2070

17)3.5381

20)2.9755

23)2.5024

26)2.1045

(29)1. 7699

(70)1. 5671
( 1)2.9000
9. 4391

5. 3851
3.8455

7
605
11)5. 1224
14)4. 3336
17) 3. 6662
20)3.1016
23)2. 6239
26)2.2198
(29)1. 8780

(70)1. 8067

( 1)2.9086
9.4577
5.3931
3.8501

A9

826
82276
59976
05402
34462
98465
74732
07529
65619
29001

68882

21573
75196
90182
39795

831
90561
56191
44947
27051
09279
73811
92837
71148
99824

46709

07061
69076
84709
67514

836
98896
77056
56188
88973
96782
34109
88916
03133
88220

59133

66459
87319
42790
73010

841
07281
23321
64130
72333
47832
82327
64737
72844
45762

25939

00000
30677
64807
56523

846
15716

4 95736

93927
29862
50863
48230
94403
99265
34778

11101
07914
99893
51133
18288

6

5656

11) 4. 6775
14) 3.8683
17) 3.1991
20) 2. 6456
23)2.1879
26)1.8094
29)1.49%64

(70)1. 0474

( 1)2.8757
9, 3864
5. 3626
3. 8326

6

5759
11)4.7917
14) 3. 9867
17) 3. 3169
20)2.7597
23)2.2960
26}1.9103
29)1. 5894

(70)1. 2104

( 1)2.8844
9. 4053
5.3706
3.8372

7
5863
11)4.9079
14)4. 1079
17) 3. 4383
20)2. 8779
23)2. 4088
26)2. 0161
(29)1. 6875

(70)1. 3976
( 1)2.8930

5. 3787
3.8418

7

5969

11)5. 0262
14)4. 2321
17)3.5634
20) 3.0004
23)2.5263
26)2.1272
29)1.7911

(70)1. 6124

( 1)2.9017
9. 4428
5. 3867
3. 8464

7
6076
11)5. 1467
14)4. 3593
17) 3. 6923
20)3.1274
23)2. 6489
26)2.2436
29)1. 9003

(70)1. 8586

( 1)2.9103
9. 4615
5. 3947
3.8510

,;é[(—g)«t]

827
83929
09283
88770
65913
38610
87631
83671
62496
25484

47415

60769
60060
12021
67128

832
92224
30368
40662
28231
57888
08963
77857
36777
00198

86167

41020
38751
99229
90383

837
00569
76253
69238
70252
71101
16611
16204
79163
41959

90431
95228

1 41957

50067
91464

. 842
08964
47688
99533
44207
65422
37885
68700
02445
04459

64626

23626
70428
64916
70609

847
17409
45423
56733
02953
29601
03172
10487
27182
52223

68111

26442
24903
44148
28051

6

5676

11)4. 7002

14)3.8918

17)3.2224
20} 2. 6681
23)2. 2092
26) 1. 8292
29} 1. 5146

(70)1. 0782
( 1)2.8774
9. 3902

5. 3642
3.8335

6

5780
11)4. 8148
14)4.0107
17) 3. 3409
20)2. 7830
23)2.3182
(26)1.9311
(299 1. 6086

(70)1. 2458
( 1)2. 8861
9. 4091

5.3723
3.8382

7

5884
11)4.9314
14)4.1325
17) 3. 4630
20)2. 9020
23)2.4319
26) 2. 0379
29)1.7078

(70)1. 4383

( 1)2.8948
9.4278
5.3803
3.8428

7

5990

11)5. 0502
14)4.2573
17)3.5889
20) 3, 0254
23)2.5504
26)2.1500
29)1. 8124

(70)1. 6590

( 1)2.9034
9. 4466
5. 3883
3. 8473

7

6098
11)5.1711
14)4, 3850
17)3.7185
20} 3,1533
23)2. 6740
26)2. 2675
(29)1. 9229

(70)1. 9120

( 1)2.9120
9.4652
5. 3963
3.8519

,,z[(—'37) 2]

828
85584
63552
54211
10486
19083
63000
38964
49863
18886

71392

98914
41873
32391
93565

833
93889
09537
19443
44596
50249
11557
48627
01106
07222

90957

73938
05407
12294
12366

838
02244
80472
66355
68806
92659
71648
36041
62403
12493

23072

22965
93606
55904
09040

843
10649
77107
20012
35470
33801
71195
72217
48079
90531

58848

46228
07220
63600
83826

848
19104
00192
05628
97573
62742
41205
33342
80274
08072

55324

43956
46982
35753
36956

1
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Table 3.1

6

5697
11)4.7230
14)3,9153
17) 3.2458
20)2. 6908
23)2, 2306
26) 1. 8492
29)1. 5330

(70)1. 1099

( 1)2.8792
9, 3940
5. 3658
3.8345

6

5800
11) 4. 8379
14)4. 0348
17 3. 3650
20) 2. 8064
23)2. 3406
26;1.9520
29)1. 6280

(70)1. 2822

( 1)2.8879
9.4128
5.3739
3.839]

7

5905
11)4.9550
14)4.1572
17) 3. 4879
20) 2. 9264
23)2. 4552
26)2.0599
29)1.7283

(70)1. 4800

( 1)2.8965
9. 4316
5. 3819
3. 8437

7

6012

11}5. 0742
14)4. 2826
17) 3. 6145
20) 3. 0506
23)2.5747
26)2,1731
29} 1. 8341

(70)1. 7069

( 1)2.9051
9. 4503
5. 3899
3. 8482

7

6119
11)5. 1955
14) 4. 4110
17) 3. 7449
20)3.1794
23)2.6993
26)2,2917
29)1. 9457

(70)1. 9669

( 1)2.9137
9. 4689
5. 3979
3.8528

3

829
87241
22789
01921
68592
40563
01827
74714
29338
11121

63591

36010
20643
51293
19107

834
95556
93704
81491
76564
87054
82603
06491
65814
22889

86929

05816
69049
23907
33463

839
03921
89719
47742
85056
62162
00254
49813
54593
01904

86372

49672
42272
60304
25741

844
12336
11584
25769
46549
53687
83312
76715
11548
06146

41821

67809
41057
60862
96177

849
20801
60049
40816
14153
51016
63412
64437
60407
04586

10351

60457
66137
25951
45003

57
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7

6141
11)5.2200
§l4$4.4370
17)3.7714
20) 3. 2057
23)2.7249
26)2.3161
29)1.9687

(70)2.0232

( 1)2.9154
. 4726
5. 3995
3.8537

850
22500
25000
62500
53125
95156
70883
05250
69463
44043

71747

75947
82372
14744
52195

855

7 31025

6250
(11)5.3439
14) 4. 5690
17) 3. 9065
20) 3. 3401
23)2. 8558
26)2. 4417
29)2.0876

(70)2. 3290

( 1)2.9240
9. 4912
5.4074
3.8582

7

6360

11)5. 4700

14)4. 7042

17) 4. 0456

20)3.4792

23)2.9921

26)2.5732

(29)2.2130

(70)2.6789

( 1)2.9325
. 5096
5.4153
3.8627

7

6472
(11)5. 5984
14)4. 8426
17)4. 1888
20)3.6233
23)3.1342
26)2.7110
29)2.3450

(70)3.0788

( 1)2.9410
9.5280
5. 4231
3,8672

7

14) 4. 9842
17) 4. 3362
20)3.7725
23)3.2821
26)2. 8554
29) 2.4842

(70)3.5355

( 1)2.9495
9, 5464
5. 4310
3,8717

658
Ell 5. 7289

26375
75506
99058
79694
25639
07421
15345
66620

92589

38303
19958
37751
75391

860
39600
56000
81600
70176
72351
78222
79271
74173
15789

39031

75660
85413
26084
77475

865
48225
14625
06506
21628
67708
70568
15541
96443
98423

36164

88234
79435
80095
58668

870
56900

5 03000

76100
09207
62010
47949
16715
41542
34142

91351

76241
02709
00130
19185

17

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

851

7 24201

6162 95051
11)5.2446 70884
14)4. 4632 14922
17)3,7981 95899
20) 3.2322 64710
23)2.7506 57268
26)2.3408 09335
29)1.9920 28744

(70)2. 0811 79034

( 1)2.9171 90429
9,4763 95693
5.4011 02137
3. 8546 58534

856

7 32736

6272 22016

11)5. 3690 20457
14)4.5958 81511
17) 3. 9340 74574
20) 3. 3675 67835
23)2.8826 38067
26)2.4675 38185
29)2.1122 12686

(70)2. 3953 57569

( 1)2.9257 47768
9.4949 18797
5.4090 18180
3. 8591 77490

861

7 41321

6382 77381
11)5.4955 68250
14)4.7316 84264
17} 4. 0739 80151
20)3, 5076 96910
23)3,0201 27039
26)2. 6003 29381
29)2.2388 83597

(70)2.7547 08410

( 1)2.9342 80150
9,5133 69910
5.4168 99621
3.8636 75378

866

7 49956

6494 61896

11) 5. 6243 40019
14}4.8706 78457
17)4.2180 07544
20} 3, 6527 94533
23)3.1633 20065
26)2.7394 35177
29)2.3723 50863

(70)3.1654 05907

( 1)2.9427 87794
9.5317 49727
5. 4247 46809
3. 8681 52418

871

7 58641

6607 76311
11)5.7553 61669
14)5. 0129 20014
17)4,3662 53332
20) 3. 8030 06652
23)3.3124 18794
26)2.8851 16769
29)2.5129 36706

(70) 3. 6344 25075
( 1)2.9512 70913
9.5500 58934

5.4325 60090
3.8726 08827

7

6184
11)5. 2693
14) 4. 4894
17) 3. 8250
20) 3. 2589
23)2.7766
26) 2. 3656
29)2. 0155

(70)2.1406
( 1)2.9189

5.4026
3.8555

7

6294
11) 5, 3941
14)4. 6227
17)3.9617
20)3, 3952
23}2. 9096
26)2.4936
29)2.1370

(70)2. 4634

( 1)2.9274
9, 4986
5. 4105
3. 8600

7

6405
11)5. 5211
14)}4. 7592
17)4.1024
20) 3.5363
23)3.0483
26;2.6276
29)2.2650

(70)2.8325

( 1)2.9359
9, 5170
5.4184
3. 8645

7

6517
11)5. 6503
14)4. 8988
17)4.2473
20) 3. 6824
23)3.1926
26)2.7680
29)2.3998

(70)3.2543

( 1)2.9484
9, 5354
5.4263
3. 8690

7

6630
11)5.7818
14)5. 0417
17}4. 3964
20)3.8336
23)3.3429
26)2.9150
29) 2.5419

(70)3.7359

( 1)2.9529
9,5537
5.4341
3.8734

9

852
25904
70208
66172
99979
53982
45993
21986
81932
61006

72719
03904

1 06107

88131
64021

857
34449
22793
53336
89409
30523
03059
89021
03491
18192

27165

56234
14756
97225
78746

862
43044
03928
43859
26007
52818
14329
02952
37144
23218

29097
83651

51555

71787
72447

867
51689
14363
63527
65178
16109
23067
60799
36913
88003

05644

86373
17196
12167
45344

872
60384
54848
38275
62975
17315
75898
65383
65814
37390

03403
64612
12362

18707
97651

7

6206
(11)5.2941
(14)4. 5159
(17)3.8520
(20)3. 2858
(23)2. 8028
(26} 2. 3907
(29)2.0393

(70)2.2017

( 1)2.9206
. 4838
5. 4042
3. 8564

7

6316

11)5. 4193

14} 4. 6498

17)3.9895

20)3.4230

23)2.9369

26)2.5199

(29)2.1620

(70)2.5333

( 1)2.9291
9, 5023
5. 4121
3. 8609

7

6427

11) 5. 5468
14)4, 7868
17)4.1310
20)3.5651
23)3.0767
26) 2. 6551
29)2.2914

(70)2.9124

( 1)2.9376
9, 5207
5. 4200
3, 8654

7

6539
11)5. 6764
14)4.9271
17)4.2767
20) 3. 7122
23) 3, 2222
26)2.7969
29)2.4277

(70)3.3455

( 1)2.9461
9, 5390
5.4278
3. 8699

7

6653
11)5.8084
14)5.0707
17) 4. 4267
20) 3. 8645
23)3.3737
26)2,9452
29)2.5712

(70) 3. 8400

( 1)2.9546
. 9, 5573
5.4356
3.8743

]

853
27609
50477
48569
08729
70146
15835
00907
89174
43165

94325

16373
13619
72729
68659

858
36164
28712
74349
23191
48298
32440
61833
13253
85571

48329

63703
07842
74889
79161

863
44769
35647
08634
95851
91119
31636
08602
99523
37189

54150

86164
30354
42587
68684

868
53424
72032
77238
82242
94186
57354
39383
03785
12485

95291

83973
81845
76171
37445

873
62129
38617
06126
38548
54753
56899
58173
90885
38943
93943
57341
62998
75984
85661

~

6228
11)5. 3190
14)4. 5424
17)3.8792
20)3.3128

23)2.8291
26)2.4161
29)2.0633

(70)2.2645

( 1)2.9223
. 4875
5. 4058
3,8573

29)2.1874
(70) 2. 6051

( 1)2.9308
9, 5059
5.4137
3.8618

7

6449
11)5.5725
14)4. 8146
17)4.1598
20)3. 5941
23)3,1053
26)2. 6830
29)2. 3181
(70)2.9945
( 1)2.9393
9, 5244
5.4216

3. 8663

7

6562

11)5. 7026

14) 4. 9556

17) 4. 3064

20)3.7422

23)3.2520

26) 2. 8260

(29} 2. 4558

(70)3.4393

( 1)2.9478
9, 5427
5. 4294
3.8708

7

6676

11) 5. 8350
14)5. 0998
17)4.4572
20) 3. 8956
23) 3. 4047
26)2.9757
29) 2. 6008

(70)3.9470

( 1)2.9563
9. 5610
5. 4372
3.8752

1
A7)

854
29316
35864
18279
41610
45135
75345
95545
32995
77578

86409

27839
18234
55935
72448

859
37881
39779
83702
83300
28654
57114
58061
69474
17279

69182

70178
98059
51174
78737

864
46496
72544
62780
94242
95825
49993
45594
18593
28064

37938

87691
06312
12022
64090

869
55161
34909
81359
30101
42558
98583
57468
37940
26970

36231

80595
43681
38824
28725

874
63876
27624
65434
47189
66443
50871
98862
94205
44135

65953

49100
10846
31924
72857
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875

7 65625

6699
11)5. 8618
14)5.1290
17)4.4879
20) 3. 9269
23) 3.4360
26) 3. 0065
29)2. 6307

(70)4.0568

( 1)2.9580
9. 5646
5. 4387
3.8761

7

6814

11)5. 9969
14)5.2773
17} 4. 6440
20) 4. 0867
23}3.5963
26) 3, 1647
(29)2. 7850

(70)4.6514

( 1)2.9664
9.5828
5.4465
3, 8805

21875
16406
89355
53186
59038
89158
78013
55762

90376

39892
55914
86530
59242

880
74400
72000
53600
19168
40868
55964
45248
83818
09760

04745

79395
39714
39631
79047

885

7 83225

6931
11} 6.1344
14)5. 4289
17)4.8046
20) 4, 2520
23)3.7631
26)3.3303
29)2.9473

(70 5. 3289
( 1)2.9748

5.4542
3.8849

7

7049

11) 6. 2742

14)5.5840

17)4.9698

20)4, 4231

23)3.9365

26) 3.5035

(29)3.1181

(70)6.1004

( 1)2.9832
9. 6190
5.4619
3.8893

54125
14006
56396
26410
94373
03520
46615
56754

11365
94956

9 54766

59763
78808

890
92100
69000
24100
59449
12910
33490
88806
64037
71993

25945

86778
01716
47252
58728

895

8 01025

7169
11)6. 4164
14)5.7426
17)5.1397
20)4,6000
23)4,1170
26) 3. 6847
29)3.2978

(70)6.9783

( 1)2.9916
9. 6369
5. 4696
3,8937

17375
10506
87403
05226
36177
32378
43979
45861

51604

55060
81200
02417
19006

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS n*

876

7 67376

3.0376
29) 2. 6609

(70)4, 1696

( 1)2.9597
9. 5682
5.4403
3.8770

7

6837

11)6. 0242
14)5.3073
17)4,6757
20}4.1193
23} 3. 6291
26) 3.1972
29)2.8168

(70)4.7799
( 1)2.9681

5. 4480
3.8814

7

6955
11) 6. 1621
14) 5. 4596
17)4. 8372
20)4. 2858
23)3.7972
26) 3. 3643
29) 2. 9808

(70)5.4753

( 1)2.9765
9. 6045
5.4557
3.8858

7

7073
11;6.3024
14)5. 6155
17)5. 0034
20}4.4580
23)3,9721
26) 3. 5391
29)3.1533

(70) 6. 2670

( 1)2.9849
9. 6226
5. 4634
3. 8902

9]

21376
59254
65506
15784
82626
30781
44564
76638

39882

29717
98205
39803
44816

881
76161
97841
58979
72161
94874
75284
69625
98440
19925

32920
64416

4 68204

86284
60596

886
84996
06456
87200
97859
92303
40981
55109
68027
30072

17719

75213
69584
99862
56373

891
93881
47971
70422
01146
11521
39665
13342
52987
85312

75070

62311
02930
80860
32348

896
02816
23136
35299
41228
57740
34935
76902
63304
79120

04854

25909
69057
29599
88722

Table 3.1
877 878 879
7 69129 7 70884 7 72641
6745 26133 6768 36152 6791 51439
11)5.9155 94186 (11)5.9426 21415 11)5.9697 41149
14)5.1879 76101 (14)5.2176 21602 14)5,2474 02470
17;4.5498 55041  (17)4.5810 71767 17)4, 6124 66771
20)3.9902 22871 (20;4.0221 81011 20)4, 0543 58292
23)3.4994 25458 (23)3.5314 74928 23)3,5637 80938
26) 3. 0689 96127 (26;3. 1006 34987 26) 3. 1325 63445
29) 2. 6915 09603 (29)2.7223 57518 29)2.7535 23268
(70)4.2853 88904  (70)4.4042 13682  (70)4.5261 92303
( 1)2.9614 18579  ( 1)2.9631 06478  ( 1)2,9647 93416
9.5719 37725 9.5755 74480 9,5792 08475
5.4418 91747 5.4434 42365 5,.4449 91658
3,8779 29583 3,8788 13542 23,8796 96696
882 883 884
7 77924 7 79689 7 81456
6861 28968 6884 65387 6908 07104
11)6. 6516 57498 (11)6.0791 49367 11)6. 1067 34799
14)5.3375 61913 (14)5,3678 88891 14)5. 3983 53563
17)4.7077 29607 (17)4.7398 45891 17)4.7721 44549
20)4,1522 17514 (20)4.1852 83922 20)4.2185 75782
23) 3. 6622 55847 &23 3.6956 05703 23)3,7292 20991
26) 3, 2301 09657 26)3,2632 19836 26) 3, 2966 31356
29) 2. 8489 56718 (29)2.8814 23115 29)2.9142 22119
(70)4.9118 60716  (70)5.0472 74047  (70)5.1862 60897
( 1)2.9698 48481  ( 1)2.9715 31592  ( 1)2.9732 13749
9,5900 93948 9.5937 16954 9.5973 37224
5.4496 31621 5.4511 75645 5.4527 18358
3,8823 41346 3,8832 21296 3.8841 00450
887 888 889
7 86769 7 88544 7 90321
6978 64103 1002 27072 7025 95369
11)6.1900 54594 11)6.2180 16399 11)6. 2460 72830
14)5.4905 78425 14)5.5215 98563 14)5.5527 58746
17)4.8701 43063 17)4.9031 79524 17)4.9364 02525
20)4.3198 16896 20)4, 3540 23417 20) 4, 3884 61845
23)3.8316 77587 23)3,8663 72794 23}3,9013 42580
26) 3. 3986 98020 526;3.4333 39041 26) 3, 4682 93554
29)3.0146 45144 29) 3.0488 05069 29) 32,0833 12969
(70)5.6255 74442 (70)5.7797 78281 (70)5.9380 28303
( 1)2.9782 54522 ( 1)2.9799 32885  ( 1)2.9816 10303
9. 6081 81682 9.6117 91067 9,6153 97744
5.4573 38658 5.4588 76153 5.4604 12350
3,8867 33146 3.8876 09128 3.8884 84321
892 893 894
7 95664 7 97449 7 99236
7097 32288 7121 21957 7145 16984
11)6. 3308 12009 11)6. 3592 49076 11)6. 3877 81837
14)5. 6470 84312 14)5.6788 09425 14)5.7106 76962
17)5.0371 99206 17)5.0711 76816 17)5.1053 45204
20)4.4931 81692 20) 4, 5285 60897 20} 4, 5641 78613
23)4.0079 18069 23)4,0440 04881 23}4.0803 75680
26)3.5750 62918 26) 3, 6112 96359 26)3.6478 55858
29)3.1889 56123 29)3.2248 87648 29)3.2611 83137
(70)6. 4380 82017  (70)6.6135 55666  (70)6.7936 07487
( 1)2.9866 36905 ( 1)2.9883 10559 ( 1)2.9899 83278
9,6262 01570 9, 6297 97462 9.6333 90671
5.4650 13179 5. 4665 44210 5.4680 73955
3,8911 05185 3.8919 77239 3.8928 48512
897 898 899
8 04609 8 06404 8 08201
7217 34273 7241 50792 7265 72699
(11) 6. 4739 56429 11)6,5028 74112 11)6.5318 88564
14)5.8071 38917 14;5.8395 80953 14)5.8721 67819
17)5.2090 03608 17)5. 2439 43696 17)5.2790 78869
20) 4. 6724 76237 20)4.7090 61439 20)4,7458 91904
23)4.1912 11184 23)4,2287 37172 23}4,2665 56821
26)3.7595 16432 26)3.7974 05980 26)3,8356 34582
29)3.3722 86240 (29)3.4100 70570 29) 3, 4482 35490
(70)7.3623 86846 (70)7.5619 20026 (70)7.7666 29743
( 1)2.9949 95826  ( 1)2.9966 64813  ( 1)2.9983 32870
9, 6441 54244 9, 6477 36769 9,6513 16634
5,4726 55504 5.4741 80133 5.4757 03489
3,8954 57662 3,8963 25828 3.8971 93220
1 1
[ (=02 #[(D1
3 3
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8

7290

11) 6. 5610
14)5.9049
17)5. 3144
20)4.7829
23)4.3046
26)3.8742
29) 3. 4867

(70)7.9766

( 1)3.0000
9. 6548
5. 4772
3.8980

8

7412
11}6.7080
14) 6. 0707
17)5. 4940
20} 4.9721
23)4.4997
26)4.0722
29)3. 6854

(70)9.1109

( 1)3.0083
9. 6727
5. 4848
3.9023

8

7535
(11)6.8574
14) 6. 2403
17)5.6786
20)5.1676
23)4.7025
26)4.2792
29) 3. 8941

(71)1.0399

( 1)3.0166
9. 6905
5.4923
3.9066

8

7660

11) 7. 0094
14}6.4136
17) 5. 8684
20) 5. 3696
23)4.9132
26)4.4956
29)4.1134

(71)1.1860

( 1)3.0248
9.7082
5. 4999
3.9109

8

7786
11)7.1639
14)6.5908
17) 6. 0635
20)5.5784
23)5.1321
26)4.7216
29)4.3438

(71)1.3517

( 1)3.0331
9.7258
5.5074
3.9152

900
10000
00000
00000
00000
10000
69000
72100
04890
84401

44308

00000
93846
25575
59841

905
19025
17625
19506
57653
35676
02287
52570
76076
09848

96943

21791
40271
17035
81426

910
28100
71000
96100
21451
92520
10194
25276
98001
61181

04400

20626
21083
77104
83951

915
37225
60875
57006
53161
92642
70767
48752
22608
94687

58902

96692
36884
06083
67606

920
46400
88000
29600
15232
50013
66012
88731
13633
84542

85726
50178
88262
04268
32576

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

901

8 11801

7314
11)6.5902
14)5.9377
17)5. 3499
20) 4. 8202
23)4.3430
26)3.9131
29)3.5257

(70)8.1920
( 1)3.0016
. 658

5. 4787
3.8989

8

7436
11;6.7377
14)6.1043
17)5.5305
20) 5. 0106
23)4.5396
26)4.1129
29)3.7263

(70)9. 3557

( 1)3.0099
9. 6763
5.4863
3.9032

8

7560
11)6. 8876
14)6.2746
17)5.7162
20)5.2074
23)4.7440
26)4. 3218
29)3.9371

(71)1. 0676
( 1)3.0182
94

5.4938
3.9075

8

7685

11} 7. 0401
14) 6. 4487
17)5.9070
20)5.4108
23)4.9563
26}4.5400
29)4.1586

(71)1.2175

( 1)3.0265
9.7117
5.5014
3.9118

8

7812
11)7.1951
14)6. 6267
17)6.1032
20) 5. 6210
23)5.1769
26} 4. 7680
29)4.3913

(71)1. 3874

( 1)3.0347
9.7294
5.5089
3.9160

9

32701
08636
77981
37961
94103
84987
19573
20735

95066
66204

4 68409

46393
25692

906
20836
77416
17389
71954
60991
88258
83561
53307
35696

09844

83389
01663
31551
43449

911
29921
58031
88662
84371
37462
92328
25511
07241
66396

79852
77655

0 69425

85378
42186

916
39056
75296
49711
77136
79856
85148
70796
35649
72654

62793

49190
72294
08174
22089

921
48241
29961
27941
12833
02520
49521
86608
04666
32298

94035
98181
10859
00236
83344

8

7338

11) 6. 6195
14)5.9708
17)5. 3856
20)4.8578
23)4.3817
26)3.9523
29} 3.5650

(70)8.4131

( 1)3.0033
9. 6620
5. 4802
3.8997

8

7461
11)6.7675
14)6.1381
17)5.5672
20} 5. 0495
23)4.5799
26)4.1539
(29)3.7676

(70)9. 6067
( 1)3.0116
9. 679
5. 4878
3.9041

8
7585
gll 6.9179

14) 6. 3091
517 5. 7539
20) 5. 2476
23)4.7858
326 4.3646
29) 3.9805

(71)1. 0961

( 1)3.0199
9.6976
5. 4953
3.9083

8

7710
11}7.0709
14) 6. 4840
17)5. 9458
20)5.4523
23)4.9998
26;4.5848
29) 4. 2042

(71)1.2498

( 1)3.0282
9.7153
5.5029
3.9126

8

7837
11;7.2264
14) 6. 6627
17)6.1430
20) 5. 6639
23)5.2221
26)4.8148
29)4.4392

(71)1.4241

( 1)3.0364
9.7329
5.5103
3.9169

,,é[(—gﬁ]

902
13604
70808
14688
02249
63628
68593
97471
81319
47949

16465

31484
40328
65946
90774

907
22649
42643
13772
34991
88437
30612
24265
91309
70117

14616
44069

8 60436

44813
04712

912
31744
50528
80815
98504
89035
38000
45856
91421
98576

65476

33774
15172
92410
99668

917
40889
95213
43103
54826
78275
70378
23637
38275
96698

67732

00786
05133
09036
75826

922
50084
77448
28071
66681
70880
11351
26266
00417
45985

05308

45290
30906
94986
33373

1
n4[

903

8 15409

7363
11;6.6489
14) 6. 0039
17)5. 4215
20) 4. 8956
23)4.4208
26)3.9919
29)3.6047

(70)8. 6398

( 1)3.0049
9. 6656
5.4817
3.9006

8

7486
11)6.7974
14)6.1720
17) 5. 6042
20)5. 0886
23)4. 6204
26)4.1953
29) 3. 8094

(70)9. 8641

( 1)3.0133
9.6834
5.4893
3.9049

3.9092

8

7736
11)7.1018
14)6.5194
17)5. 9848
20) 5. 4941
23)5.0436
26) 4. 6300
29)4.2503

(71)1. 2829

( 1)3.0298
9.7188
5.5044
3.9135

14327
18373
73291
87881
93857
11553
92832
69527

46120

95840
09608
84235
55089

908
24464
13312
08873
47257
18909

16734
65825

03835
16593
56824
65216

913
33569
48497
72778
64346
48148
48659
88426
53433
61484

78622

88986
58327
98203
56397

918
42724
20632
37402
86735
88823
27939
09448
33473
70729

93183

51482
35404
08671
28819

923

8 51929

7863
11)7.2578
14) 6. 6989
17)6.1831
20)5.7070

523 5.2676
26) 4, 8620
(29)4.4876

(71)1. 4616
( 1)3.0380
6

5.5118
3.9177

(—37) 2]

30467
30210
77284
56033
53019
09936
03971
29665

41363
91506

4 48410

88520
82664

i
n5[

7387
(11;6 6784
14)6.0372
7)5.4577
0)4.9337
3)4.4601
26 4,.0319
29 3. 6448

(70)8.8724
( 1)3.0066
669

5.4833
3.9015

8

7510

11) 6. 8274
14)6.2061
17)5. 6413
20)5.1279
23)4.6613
26)4.2371
29) 3. 8515

(71)1.0128

( 1)3.0149
9. 6869
5. 4908
3.9058

8
7635
511;6.9788
14)6.3786
17)5. 8301
20;5.3287
23)4. 8704
(26;4.4515
(29) 4. 0687
(71)1.1553

( 1)3.0232
9.7046
5.4984
3.9101

8
7761

11)7.1328

14) 6. 5550
17) 6. 0241
20)5. 5361
23)5. 0877
26) 4. 6756

(29)4. 2968

(71)1. 3169

( 1)3.0315
9.7223
5.5059
3.9143

8

7888

11)7. 2893
14)6.7353
17)6.2234
20) 5. 7504
23)5.3134
§26 4,9096
29)4.5364

(71)1.5001

( 1)3.0397
9.7399
5.5133
3.9186

( -g) 1]

904
8 17216
63264
19907
91596
11602
71289
29245
56837
88981

24888
59276

1 76254

01264
18640

909
26281
89429
02910
09245
53304
90153
43049
60832
79196

22166

62686
70141
67587
24962

914
35396
51944
64768
82398
15712
25761
55345
96186
58914

37042

43292
98896
02760
12376

919
44561
51559
32827
73368
12425
59319
30414
24251
98686

59057

01278
63112
07081
81068

924
53776
89024
34582
45154
58922
76044
39864
18435
87434

24518
36831
63373
80842
31220
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e

8

7914

11)7. 3209
14)6.7718
17)6.2639
20)5.7941
23)5. 3596
226 4, 9576
29)4.5858

(71)1.5395

( 1)3.0413
9.7434
5.5148
3.9194

8

8043

211 7. 4805
14) 6. 9568

17) 6. 4699

20)6.0170

23)5.5958

26)5.2041

29)4.8398

(71)1.7522

( 1)3.0495
9.7610
5.5223
3.9237

8

8174

11}7. 6426
14)7.1459
17) 6. 6814
20) 6. 2471
23)5.8410
26)5.4614
29)5.1064

(71)1.9928

( 1)3.0577
9, 7784
5.5297
3.9279

8

8305
(11)7.8074
214 7. 3390
17)6. 8986
20) 6. 4847
23)6. 0956
26)5. 7299
29) 5. 3861

(71) 2. 2650

( 1)3.0659
9.7958
5.5370
3.9321

8

8439
11)7.9749
14)7.5363
17)7.1218
20) 6.7301
23) 6. 3599
26} 6.0101
29)5. 6796

(71)2.5725

( 1)3.0740
9. 8131
5.5444
3.9362

925
55625
53125
41406
70801
80491
81954
18307
46934
23414

77607

81265
75802
71952
79042

930
64900
57000
20100
83693
01834
08706
18097
10830
23072

28603

90136
00077
09423
07185

935
74225
00375
93506
18428
33731
40538
76403
06437
15018

68584

76970
61652
16964
17180

940
83600
84000
89600
40224
97811
75942
89385
48022
51141

01461

41943
61087
94855
09204

945
93025
08625
36506
14998
17673
17701
61228
63360
04376

47511

85230
98931
43371
83427

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

926 927
8 57476 8 59329

7940 22776 7965 97983

(11)7. 3526 50906 11;7.3844 63302
(14)6.8085 54739 14) 6. 8453 97481
(17)6.3047 21688 17) 6. 3456 83465
20)5. 8381 72283 20) 5. 8824 48572
23)5. 4061 47534 23)5.4530 29826
26)5.0060 92617 26)5. 0549 58649
é29)4.6356 41763 29) 4. 6859 46668
(71)1.5800 23988  (71)1.6214 87554
( 1)3.0430 24811  ( 1)3.0446 67470
9.7469 85700 9.7504 93072
5.5163 61854 5.5178 50550
3.9203 26131 3.9211 72488

931 932

8 66761 8 68624

8069 54491 8095 57568
11)7.5127 46311 11)7.5450 76534
14}6.9943 66816 14)7.0320 11329
17)6.5117 55505 17)6.5538 34559
20} 6. 0624 44376 20 6.1081 73809
23)5. 6441 35714 23)5. 6928 17990
26)5.2546 90349 26)5.3057 06367
29)4.8921 16715 29)4.9449 18334
(71)1.7980 10997  (71)1.8449 38512
( 1)3.0512 29260  ( 1)3.0528 67504
9.7644 97390 9. 7679 92199
5.5237 93317 5.5252 76015
3.9245 50630 3.9253 93351

936 937

8 76096 8 77969

8200 25856 8226 56953

11)7. 6754 42012 11)7.7082 95650
14)7.1842 13723 14)7. 2226 73024
17) 6.7244 24045 17)6. 7676 44623
20) 6. 2940 60906 20} 6. 3412 83012
23)5.8912 41008 23)5.9417 82182
26)5.5142 01584 26;5.5674 49905
(29)5.1612 92682  (29)5.2167 00561
(71)2. 0446 56558  (71)2.0977 32860
( 1)3.0594 11708 ( 1)3.0610 45573
9.7819 46493 9.7854 28852
5.5311 94905 5.5326 71663
3.9287 57017 3.9295 96137

941 942

8 85481 8 87364

8332 37621 8358 96888

11)7. 8407 66014 11)7. 8741 48685
14)7. 3781 60819 14)7.4174 48061
17) 6.9428 49330 17) 6. 9872 36074
20)6.5332 21220 20)6.5819 76381
23)6.1477 61168 23}6.2002 21751
26)5.7850 43259 26} 5. 8406 08890
29)5. 4437 25707 29)5.5018 53574
(71)2.3235 44328  (71)2.3835 35733
( 1)3.0675 72330 ( 1)3.0692 01851
9.7993 33566 9.8028 03585
5.5385 66899 5.5400 37771
3.9329 45467 3.9337 81020
946 947

8 94916 8 96809

8465 90536 8492 78123
(11)8.0087 46471 11)8. 0426 63825
14}7.5762 74161 14}7. 6164 02642
17)7.1671 55356  (17)7.2127 33302
20) 6. 7801 28967 20} 6. 8304 58437
23}6.4140 02003 23)6. 4684 44140
26)6. 0676 45895 26)6.1256 16600
29)5.7399 93016 29)5.8009 58921
(71)2.6386 83331  (71)2.7064 46809
( 1)3.0757 11300 ( 1)3.0773 36511
9.8166 59156 9. 8201 16944
5.5459 09574 5.5473 74614
3.9371 16151 3.9379 48170

9

n§[<~g>3]

1

Table 3.1

928 929

8 61184 8 63041

7991 78752 8017 65089
(11)7.4163 78819  (11)7.4483 97677
14)6. 8823 99544 14)6.9195 61442
17) 6. 3868 66776 17)6. 4282 72579
20)5.9270 12369 20)5. 9718 65226
23)5.5002 67478 23)5.5478 62795
26)5.1042 48220 26)5.1539 64537
29)4. 7367 42348 29)4.7880 33055
(71)1. 6639 92748  (71)1.7075 64573
( 1)3.0463 09242  ( 1)3.0479 50131
L7539 97922 9.7575 00256
5.5193 38042 5.5208 24332
3.9220 18115 3.9228 63013

933 934

8 70489 8 72356

8121 66237 8147 80504
211)7.5775 10991 11)7. 6100 49907
14)7. 0698 17755 14)7.1077 86613
17)6.5961 39965 17)6. 6386 72697
20)6.1541 98588 20)6. 2005 20299
23)5. 7418 67282 23)5.7912 85959
226 5.3571 62174 26Y5. 4090 61086
29)4.9982 32309 29)5. 0520 63054
(71)1.8930 38514  (71)1.9423 38996
( 1)3.0545 04870  ( 1)3.0561 41358
9.7714 84510 9.7749 74326
5.5267 57521 5.5282 37837
3.9262 35348 3.9270 76625

938 939

8 79844 8 81721

8252 93672 8279 36019
11)7.7412 54643  (11)7.7743 19218
14)7. 2612 96855 14)7. 3000 85746
17)6.8110 96450 17)6. 8547 80516
20) 6. 3888 08471 20} 6. 4366 38904
23)5.9927 02345 23)6.0440 03931
26)5. 6211 54800 26)5. 6753 19691
29)5. 2726 43202 (2935.3291 25190
(71)2.1521 28115  (71)2.2078 73640
( 1)3.0626 78566  ( 1)3.0643 10689
9.7889 08735 9.7923 86145
5.5341 47239 5.5356 21636
3.9304 34540 3.9312 72229

943 944

8 89249 8 91136

8385 61807 8412 32384
11)7.9076 37840  (11)7.9412 33705
14)7. 4569 02483 14)7. 4965 24617
17)7. 0318 59042 17)7. 0767 19239
20)6.6310 43076 20) 6. 6804 22962
23)6.2530 73621 23)6. 3063 19276
26)5. 8966 48424 26)5.9531 65396
29)5.5605 39464 29)5. 6197 88134
(71)2.4450 09921  (71)2.5080 01911
( 1)3.0708 30507  ( 1)3.0724 58299
9.8062 71149 9.8097 36263
5.5415 07472 5.5429 76005
3.9346 15863 3.9354 49998
948 949

8 98704 9 00601

8519 71392 8546 70349
11)8.0766 88796 11)8.1108 21612
14) 7. 6567 00979 1437. 6971 69710
17)7.2585 52528 17)7.3046 14055
20)6.8811 07796 20)6.9320 78738
23)6.5232 90191 23)6.5785 42722
26)6.1840 79101 26)6.2430 37043
29)5. 8625 06988 29) 5.9246 42154
(71)2.7758 76218  (71)2.8470 10693
( 1)3.0789 60864  ( 1)3.0805 84360
9.8235 72299 9. 8270 25224
5.5488 38494 5.5503 01217
3.9387 79487 3.9396 10103

- [(*g) 2}

,;é[<-§>9]
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Table 3.1

(=3 -X--ENF. AV PEEWY XY ]

— — [ —

o

9

8573
(11)8.1450
14}7.7378
17)7.3509
20)6.9833
23) 6. 6342
26)6.3024
(29)5.9873

(71)2.9198

( 1)3.0822
9.8304
5.5517
3.9404

26)6,6073
29) 6. 3100

(71)3.3119
( 1)3.0903
9. 8476

5.5590
3.9445

o e i o e,
n
=]
-~
N
>
P
-~

9

8847
(11)8. 4934
14;8.1537
17)7.8275
20)7.5144
23)7.2138
26)6. 9253
(29) 6. 6483

(71)3.7541

( 1)3.0983
9.8648
5.5663
3,9487

950
02500
75000
62500
09375
18906
72961
04313
94097
69392

90243

07001
75725
62784
40019

955
12025
83875
96006
90686
29105
53295
39397
96124
63299

28238

07428
92005
53362
79145

960
21600
36000
65600
26976
77897
74781
95790
39958
26360

32467

86677
48297
15367
00972

965

9 31225

26)7.2568
29)7.0028

(71)4.2526

( 1)3.10064
9.8819
5.5735
3.9528

9

9126
511;8.8529
14)8.5873
17)8,3297
20)8. 0798
23)7.8374
26)7.6023
29)7.3742

(71)4. 8141

( 1)3.1144
9. 8989
5.5807
3.9568

32125
00006
87006
96961
58067
11535
11131
22742

09649

44913
45122
49061
05659

970
40900
73000
28100
40257
20049
28448
33594
10587
41269

72219

82300
82992
54698
93368

1
n2[

ELEMENTARY ANALYTICAL METHODS

{11

llg
14

14)8.1962
17)7.8766
20}7.5694
23)7.2742
26) 6. 9905
29)6.7179

(71)3.8491
( 1)3.1000
9.8682 72403

5.5677
3.9495

11}8.7078
14)8.4117
17)8.1257
20}7. 8494
23)7.5825
26)7.3247
29)7.0757

(71)4. 3596

( 1)3.1080
9.8853
5.5749
3.9536

(-6)1
3

8.1794
7.7786
17)7.3974
20)7.0349
23) 6. 6902
26) 6. 3624
29) 6. 0506

(71)2. 9945
( 1)3.0838
9.8339 23805

5.5532
3.9412

8, 3527
7.9852
17)7.6339
20}7.2980
23) 6. 9769
26) 6. 6699
29)6.3764

(71)3.3961

( 1)3.0919
9. 8511
5. 5605
3.9454

]

951
04401
85351
11688
20515
68110
92173
77556
53956
93712

55775
28789

23198
69236

956
13936
22816
90121
67356
15592
23306
10280

26228 -

49474
69948

24967
28046
08040
04889

961

9 23521
887
211 8.5289

03681
10374
82870
27838
39352
31217
36200
05288

18699
00000

64363
23275

966

9 33156

28696
01203
35962
36940
61884
80180
72454
30190

44069

54054
57396
92425
24554

9N

9 42841

8.8894
8. 6316
8.3813
8.1383
7.9023
7.6731
7.4506

(71)4.9347

( 1)3.1160
3 83537
5.5821
3.9577

98611
91513
96259
77067
17132
05936
39063
18031

08664
87290

92482
08886

1
n3[

9

8628
(11)8.2138
14)7.8196
17)7. 4442
20}7.0869
23) 6.7467
26) 6. 4229
(29)6.1146
(71) 3. 0710
( 1)3.0854
9.8373
5.5546

3. 9420

26)6.7329
(29) 6. 4434

(71) 3.4824

( 1)3.0935
9. 8545
5.5619
3. 9462

9
8902

(11)8. 5644
14}8.2390

17§7.9259

20)7. 6247

23}7.3350

26)7.0562

29) 6. 7881

(71) 3. 9464

( 1)3.1016
9.8716
5. 5692
3.9503

952
06304
01408
69404
03673
62696
38087
65059
20336
20160

49109

49724
69469
82461
97756

957
15849
67493
93908
18770
52663
28698
08664
81792
63575

62966

41660
61691
61578
29943

962
25444
77128
65971
16264
33646
48168
07737
77443
38901

05693

12484
94135
12228
44894

967

9 35089

9042
(11)8.7439
14)8.4553
17)8.1763
20)7.9065
23) 7. 6456
26)7.3932
29)7.1493

(71)4. 4692
( 1)3.1096
9. 8887

5.5764
3.9544

9

9183
11;8.9261
14) 8, 6762
17)8.4333
20)8.1971
23}7.9676
26}7.7445
29)7.5277

(71)5. 0581

( 1)3.1176
9.9057
5.5836
3.9585

(—g) 3]

31063
14379
65205
38153
18994
03867
98939
20074

57504

62361
67316
34668
42771

972
44784
30048
68067
35361
00771
68349
47635
53501
06003

34323

91454
81747
29155
23732

POWERS AND ROOTS nk

953

9 08209

8655
(11) 8, 2484
(14)7. 8607
17)7.4913
20)7.1392
23) 6.8036
26)6.4838
29)6.1791

(71)3.1494

( 1)3.0870
9. 8408
5. 5561
3.9429

8792
;8 4229
8. 0691
7)7.7302

0} 7.4055
3)7.0945
26 6.7965
29 6.5111

(71)3.5708

( 1)3.0951
9.8579
5.5634
3.9470

o,

(29) 6. 8590
(71)4. 0460
( 1)3.1032
9. 8751
5.5706
3.9511

23177
35877
59391
03699
12425
69441
96978
53820

12996

69808
12721
40574
25580

958

9 17764 .

17912
07597
45478
41368
71230
37239
66675
10874

55021

57508
92945
13977
54307

963
27369
56347
32622
27715
96389
03023
28111
67671
32667

46699

24130
13495
58964
65831

968

9 37024

9070
11) 8, 7801
14) 8. 4991
17) 8. 2272
20}7.9639
23}7.7090
26)7.4623
(29)7.2235

(71)4.5815

( 1)3.1112
9. 8921
5.5778
3.9552

9

9211
(1138.9629
14) 8. 7209
17) 8. 4854
20) 8. 2563
23}8.0334
26)7.8165
29)7.6055

(71)5.1845

( 1)3.1192
9. 9091
5. 5850
3.9593

19

39232
39766
75293
01684
31230
85431
94697
98067

09331

69837
74886
75794
60312

973
46729
67317
57994
58129
92259
83968
61601
58138
11068

15371

94792
776217
64719
37908

9

8682
(11)8.2831
514 7.9020
17)7.5385
(20)7.1918
523 6. 8609
26) 6.5453
(29} 6. 2442

(71)3.2296
( 1)3.0886

5.5575
3.9237

9

8819

511 8, 4581
14)8.1113
17)7.7787
20)7.4598
23)7.1539
26) 6. 8606
29)6.5793

(71)3.6613

( 1)3.0967
9. 8614
5.5648
3.9478

9

895
511 8. 6359
14)8. 3250
17) 8. 0253
20)7.7364
23)7.4578
26)7.1894
29) 6, 9305

(71)4.1480
( 1)3.1048

5.5721
3.9519

9

9098
11})8. 8164
14) 8. 5431
17)8.2783
20)8, 0217
23)7.7730
26)7.5320
29)7.2985

(71)4. 6964

( 1)3.1128
9. 8955
5.5793
3.9560

9

9240

11)8. 9998
14) 8, 7658
17)8.5379
20) 8. 3159
23) 8. 0997
26)7.8891
29) 7. 6840

(71)5.3139

( 1)3.1208
9.9125
5.5864
3. 9601

n§[<—§)9]

954
10116
50664
11335
88213
92155
16916
93338
87645
99813

91146
89042

2 53565

97541
52709

959
19681
74079
31418
48029
82760
52667
98708
84761
96686

94899

72513
21813
65240
77983

964
29296

8 41344

10556
17776
17136
05719
95113
10889
92097

96142
34939

5 30490

04575
86085

969
38961
53209
77595
66790
28619
00432
27719
63859
69880

60232

76483
80110
15803
mmn

974
48676
10424
61530
65130
52637
65868
50755
57236
39148

19427
97307
71181

99178
51415
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9

9268
(11)9. 0368
(14)8. 8109
517 8.5906
20)8. 3759
23)8.1665
326;7.9623
29)7.7632

(71)5. 4464

(. 1)3.1224
9.9159
5.5879
3. 9609

9

9411
§11;9.2236
14)9.0392
(17)8.8584
20} 8. 6812
23)8.5076
26)8.3374
29)8.1707

(71)6.1578

( 1)3.1304
9.9328
5.5950
3. 9650

9

9556
11)9.4133
1%mzn1
17)9.1330
20) 8. 9960
23)8. 8611
26)8. 7282
(29)8.5973

(71)6.9577

( 1)3.1384
9.9497
5. 6022
3. 9690

526 9.1351
29)9.0438
(71)7. 8567

( 1)3.1464
9. 9665
5. 6093
3.9730

9

9850
(11)9. 8014
14;9.7524
17)9.7037
2049, 6552
23)9. 6069
(26)9. 5588
(29)9.5111

(71)8. 8665

( 1)3.1543
9.9833
5. 6163
3.9770

975
50625
59375
78906
56934
83010
15935
18037
55086
96209

15584

98999
62413
32533
64254

980
60400
92000
81600
07968
23809
55332
30226
77621
28069

03365

95168
83884
82813
18474

985
70225
71625
65506
65024
82548
86310
45015
27840
04423

61406

70965
47896
05785
56179

990
80100
99000
60100
00499
01494
53479
46944
72475
20750

81408

26545
54934
01690
77521

995
90025
74875
95006
87531
25094
06468
30436
95784
01305

35105

62059
05478
70767
82648

n2

N

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS nk

976 977
9 52576 9 54529
9297 14176 9325 74833
11)9.0740 10358 (11)9.1112 56118
14)8. 8562 34109 (14)8.9016 97228
17) 8. 6436 84491 (17)8.6969 58191
20)8.4362 36063 {20) 8. 4969 28153
23)8.2337 66397 (23)8.3014 98806
26)8. 0361 56004 (26)8.1105 64333
29)7.8432 88260 (29)7.9240 21353
(71)5.5820 74443 (71)5.7209 68141
( 1)3.1240 99870 ( 1)3.1256 99922
9.9193 51328 . 9227 37928
5.5893 64785 5. 5907 95938
3.9617 76427 3.9625 87934
981 982
9 62361 9 64324
9440 76141 9469 66168
511 9.2613 86943 11)9.2992 07770
14)9. 0854 20591 14)9.1318 22030
17)8.9127 97600 17)8.9674 49233
20) 8.7434 54446 20)8.8060 35147
23)8.5773 28811 23) 8. 6475 26515
26) 8.4143 59564 26)8.4918 71037
29)8.2544 86732 29)8. 3390 17359
(71)6. 3103 89657 (71)6.4665 95666
( 1)3.1320 91953 ( 1)3.1336 87923
9.9362 61267 .9396 36356
5.5965 09584 5.5979 35265
3.9658 27331 3.9666 35529
986 987
9 72196 9 74169
9585 85256 9615 04803
11)9.4516 50624 11)9. 4900 52406
14)9.3193 27515 14)9. 3666 81724
17)9.1888 56930 17)9.2449 14862
20)9.0602 12933 20)9.1247 30969
(23)8.9333 69952 23)9. 0061 09466
§26 8.8083 02773 26)8.8890 30043
29) 8. 6849 86534 (29)8.7734 72653
(71)7.1292 84708 (71)7.3048 56083
( 1)3.1400 63694 ( 1)3.1416 55614
. 9531 13846 9.9564 77521
5.6036 27123 5. 6050 47381
3.9698 61752 3.9706 66671
991 992
9 82081 9 84064
9732 42271 976l 91488
(11)9. 6448 30906 11)9. 6838 19561
14)9.5580 27427 14)9.6063 49004
17)9.4720 05181 17)9.5294 98212
20)9. 3867 57134 20)9.4532 62227
23)9.3022 76320 23)9.3776 36129
26)9.2185 55833 26)9.3026 15040
29)9.1355 88830 29)9.2281 94120
(71)8.0494 77813 (71)8. 2466 98779
( 1)3.1480 15248 ( 1)3.1496 03150
9.9699 09547 9.9732 61904
5.6107 17644 5.6121 32527
3.9738 79839 3.9746 81509
996 997
9 92016 9 94009
9880 47936 9910 26973
11;9.8409 57443 (11)9.8805 38921
14)9. 8015 93613 (14)9.8508 97304
17)9.7623 87238 17)9.8213 44612
20)9.7233 37689 20)9.7918 80578
23)9. 6844 44339 23)9.7625 04937
(26)9.6457 06561 26)9.7332 17422
(29)9.6071 23735 29)9.7040 17769
(71)9. 0828 91413 (71)9.3043 02025
( 1)3.1559 46768 ( 1)3.1575 30681
9.9866 48849 9.9899 89983
5.6177 81384 5. 6191 90939
3.9778 81740 3.9786 80191
1
6)1 B3
3 3

9) 8. 0055
1)5. 8631

1)3.1272
9.9261
5.5922
3.9633

(1
(1

51

2

323 8.3697
2

2

(7

(

9

9498
11)9.3371
14)9.1784
17)9.0223
20) 8. 8689
23)8.7182
26) 8. 5700
(29)8. 4243

(71) 6. 6265

( 1)3.1352
9.9430
5.5993
3.9674

9

9644
11)9.5285
14)9. 4142
17)9. 3012
20)9.1896
23)9.0793
26}8.9704
29) 8. 8627

(71)7. 4845

( 1)3.1432
9.9598
5. 6064
3.9714

9

9791
11)9.7229
14)9. 6548
17)9.5872
20)9. 5201
23)9.4535
26)9.3873
29)9. 3216

(71)8. 4485

( 1)3.1511
9.9766
5. 6135
3.9754

9

9940
(11)9. 9202
14)9.9003
17)9. 8805
20)9. 8608
23)9. 8411
26)9. 8214
29)9.8017

(71)9.5308

( 1)3.1591
9.9933
5. 6205
3.9794

,,;[(—g) 1]

94115
18245
84443
01586

70383

99154
22218
25992
98776

983
66289
62087
44315
12862
79843
99386
26396
16548
26266

03443

83081
09155
59857
43069

988
76144
30272
71087
28234
57495
42406
66697
14296
69325

66822

46729
38925
66560
70939

993
86049
46657
26304
65820
81759
70787
29591
54884
43400

45822

90251
12009
46340
82534

998
96004
11992
39680
99201
98402
37206
15531
33300
90434

79767

13800
28884
99434
78001

1
n5[

(~§) 8]

Table 3.1

29)8.0877
(71)6. 0087
( 1)3.1288

29

5.5936
3.9642

9

9527
11)9.3751
14§9.2251
17)9.0775
20)8.9323
23)8.7894
26;8.6488
29)8.5104

(71)6. 7901

( 1)3.1368
9.9463
5.6007
3. 9682

9

9673
(11)9.5672
14)9. 4619
17)9.3578
20} 9. 2549
23)9.1531
26)9.0524
29)8.9528

(71)7. 6685

( 1)3.1448
9.9631
5. 6078
3.9722

9

9821
11)9. 7621
14)9.7035
17)9. 6453
20)9.5874
23)9.5299
26)9.4727
29)9.4159

(71) 8. 6551

( 1)3.1527
9.9799
5. 6149
3.9762

9. 9401
20)9. 9302
23§9.9202

26)9.9103
29)9. 9004

(71)9. 7627

( 1)3.1606
9.9966
5. 6220
3. 9802

979
58441
13739
91505
83583
26728
35867
27713
20731
35096

56477
97569

5 04202

54950
08956

984
68256
63904
96815
93666
90568
49119
31533
00628
19818

96812

77428
79667
83363
49952

989
78121
61669
06206
67630
85987
49241
44799
60206
83144

10178

37039
98061
84662
74555

994
88036
07784
51373
78465
56994
84852
59943
80183
43502

22630

76554
59866
59086
82913

999
98001
02999
59960
99900
49800
09650
79441
59161
48802

39866

96126
65555
06871
75173
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4. Elementary Transcendental Functions

Logarithmic, Exponential, Circular and Hyperbolic Functions

Mathematical Properties

4.1. Logarithmic Function

Integral Representation

4.1.1 In z———f dt
r ¢t
iy
ar 0 X
25X 41y
Ficure 4.1. Branch cut for In z and 2.

(a not an integer or zero.)

where the path of integration does not pass
through the origin or cross the negative real
axis. In z is a single-valued function, regular in
the z-plane cut along the negative real axis, real
when z is positive.

z=x+1y=re®.

4.1.2 In z=Iln r+i6 (—x<0<Lw).

4.1.3 r=(a:’~’+y’~’)*, x=r cos f, y=rsiné,

f#=arctan Y,
x

The general logarithmic function is the many-
valued function Lin z defined by

([t
Ln Z—J; —t-

where the path does not pass through the origin.

4.1.4

4.1.5
Ln (re®)=In (re®)+2kmwi=In r+1(0+2kx),

k being an arbitrary integer. In z is said to be the

prineival branch of Lin 2.

273-888 O-67—6

Logarithmic Identities

4.1.6 Ln (z,2;)=Ln z,+Ln 2,.

(i.e., every value of Ln (2122) i1s one of the values
of Ln z+Ln 2.)

4.1.7 In (z;2;)=In z,+1In 2
(—w<Llarg z;+arg 2,<m)
4.1.8 Ln §=Ln Z;-—Ln 29
2
4.1.9 In Z=In z;—In z,
2
(—w<arg z,—arg ;<)
4.1.10 Ln z*=n Ln 2 (n integer)
4.1.11 In z"=nln z
(n integer, —xr<narg z<w)
Special Values (see chapter 1)
4.1.12 In 1=0
4.1.13 In0=—o
4.1.14 In (—1)=wi
4.1.15 In(£3)=+4m
4.1.16 In e¢=1, e is the real number such that
] _‘ié=1
1 &
4.1.17 e=lim (1+ ) =2.71828 18284 ...
n—o
(see 4.2.21)
Logarithms to General Base
4.1.18 log, z=In z/ln a
_log, 2
4.1.19 log, Z—log,,a
4.1.20 log, b=—1—
*" logsa
4.1.21 log,z=In z
4.1.22 logj z=In z/In 10=log;;e In 2z

=(43429 44819...)In 2

67
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4.1.23 In 2=In 10log;, 2=(2.30258 50929 ...) log, 2
(log, z=In z, called natural, Napierian, or hyper-
bolic loga,rlthms logo 2, called common or Briggs
logarithms.)

Series Expansions

4.1.24 In 1+2)=2—%2243%23—
(|2]<1 and 2 —1)
4.1.25
z2—1 1/2—1 z—1
ne=(T (5 ()
(#=21%)
4.1.26
In 2=(2—1)—}(z—1)?+3(2—1)*—
(lz—1|<1, 250)
4.1.27
z—1\, 1/2—1\* 1/2—1}\°
o 2=2 [(z+1>+§ G+ G+ ]
(R220, =z70)

1 1 1
41.28 In (2+ 2(5+3l23+52—5+. . )
(lz|=21, z¥£1)

4.1.29
In (z+a)=Ina+2 [(ﬁ)% (5;3_‘;)3

() + ]
@>0, Rz>—az)

Limiting Values

4.1.30 lim 2=« In 2=0
bl
(a constant, Ha>0)
4.1.31 lim z# In =0
0
(a constant, ZHo>0)
4.1.32
lim E ——ln m>~—'y (Euler’s constant)
myo \k=1
=.57721 56649 . . .
(see chapters 1, 6 and 23)
Inequalities
x
4.1.33 m <ln (1+$)<$
(x>—1, 270)
4134 2<
(x<1, x#0)

4.1.35 In (1—2)|< %f (0< 2< .5828)
4.1.36 Inx<z—1 x>0)
4.1.37 In z<n(x¥"—1)for any positive n
’ (>0)
4.1.38 In (142)|<—In (1—]2]) (I2|<1)
Continued Fractions
4,1.39
2 2 2z 4z 4z 9z
n (14+2)=1F 57 57 54 54 61
(z in the plane cut from —1 to — =)
4.1.40
In (1+2 _21 22 422 922
1—2) 1-3=5—7—
(z in the cut plane of Figure 4.7.)
Polynomial Approximations 2
4.1.41 ——<z<410

‘/__
logi, z=a:t +ast® +e(x), t=(x—1)/(z+1)
le(z)|<6X107*

a;=.86304 a;=.36415

4.1.42 J— —<2<4/10
logi, z=a:t +ast®+ast®+ast"+ast® +e(z)
t=(—1)/(z+1)
le(2)| <1077
a:=.86859 1718
a;=.28933 5524
- a5==.17752 2071

a,=.09437 6476
ay=.191337714

4.1.43
In (1+2)=a:12+a22+a:2*+aat+-as2°+e(x)
le(2)] <1X107®

0<z<L1

a;=.99949 556
a,=—.49190 896
a;=.28947 478

ay=—.13606275
as;=.03215 845

z The aXproumatlons 4.1.41 to 4.1. 44 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).
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4.1.44 0<z<L1
In 0 +2)=az+ax2+azr® +ax+asa’+agr’
+ a2+ asz®+e(x)
le(x)| <3X1078
a= .99999 64239 as= .16765 40711

ap=-—. 49987 41238
;= .33179 90258
a,=—. 24073 38084

as=—. 09532 93897
a;= .03608 84937
as=—. 00645 35442

3

Approximation in Terms of Chebyshev Polynomials ?

4.1.45 0<z<L1

T, *(x)=cos 18, cos §=2r—1 (see chapter 22)

In (1 +x)=20 A, T, *(x)

n A, n A,

0 .37645 2813 6 —. 00000 8503
1 .34314 5750 7 .00000 1250
2 —.02943 7252 8 —. 00000 0188
3 .00336 7089 9 . 00000 0029
4 —. 00043 3276 10 —. 00000 0004
5 .00005 9471 11 . 00000 0001

Differentiation Formulas

4.1.46 9 =L
dz 2
4.1.47 Ll In z=(—1)*"Y(n—1)!z""
dz" )
Integration Formulas
4.1.48 f ‘E=ln z
P
4.1.49 fln z2dz=zInz—:2
4.1.50
" _ 2n+l 2n+1
fz In zdz—n_H In 2_(n+1)“’
(ns*—1, n integer)
4.1.51
" may_ 2 Ina™ m n m—l
fz (In 2)" dz= P E— fz (In 2)"~dz

(n*—1)

# The approximation 4.1.45 is from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).

4.1.52 =In In 2

fdz
zln z

fln [24 (224 1)Hdz=2 In [24 (22 1)} — (22 1)}

4.1.53

4.1.54
nt1
n 2 3 =.Z__... $
fz In [24 (22 + 1)} dz | In [z24 (22 +1)¥]
1 2n+1
1 ) LD dz (n#—1)
Definite Integrals
1
4.1.55 Int g— e
0 l_t
11n ¢
4.1.56 L iTe dt=-—n%/12

[ dt_,.
4.1.57 J. In t—lz(z) (see‘5.1.3)

4.2. Exponential Function

Series Expansion

4.2.1
. ., 2,2 2 —ztiy)
e*=exp 2_1+ﬁ+ﬁ+ﬁ+ - (=24
where ¢ is the real number defined in 4.1.16
Fundamental Properties

4.2.2 Ln (exp z)=2+42kx¢ (k any integer)

4.2.3 In (exp 2)=2z (—n<S2L7)
4.2.4 exp (In z)=exp (Ln 2)=¢
4.2.5 4 exp z2==exp 2
dz

Definition of General Powers
4.2.6 If N=a?, then z=Log, N
4.2.7 a*=exp (zIn a)
4.2.8 If a=|a|exp (2 arga) (—=x<larga<m)
4.2.9 |a?|=|a|e ¥ or8 ¢
4.2.10 arg (@)=yIn |a|+zarga
4.2.11

Ln a*=zIn a for one of the values of Ln a*
4.2.12 Ina*=zlna (areal and positive)

4.2.13 |e*|=e®
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4,2.14 arg (e9)=y Special Values (see chapter 1)
4.2.15 azlazzzazl+z2 4‘.2.22 e=2.71828 18284 .
4,2,2 0—
4216 atb'=(ab)* (—r<arg at+arg b<r) 3 e'=1
4.2.24 e’ =
' ‘ 4.2.25 =0
T 4.2.26 etmi— 1
/// L :o;."_":
o 1 a2.27 ¢ 2=1ti
e, 4.2.28 ¢**=1 (k any integer)
T Exponential Inequalities
) If z is real and different from zero
z
) 4.2.29 e 1Tl—2<le (2<1)
-8} /
al / 4.2.30 e>1+4z
N /
Ficure 4.2. Logarithmic and exponential functions. | 4.2.31 €< 1 7 (@< 1
Periodic Property 4.2.32 1 +x<(1——e Nz (x>—1)
4.2.17 e* ¥k = g? (k any integer) | 4.2.33 2 (¢F— 1)<1 (z<1)
—z
Exponential Identities z
i+ —_
42.18 S 4.2.34 1+z>e  (@>—1)
xn
4219 (e1)r=er> (=< I <m) | 42.35 e >1+ (>0, 2>0)
The restriction (—=r<#2 <) can be removed N2
if 2, is an integer. 4.2.36 e’>(1 +?7) Sett (20, y>0)
Limiting Values ey x 0 <1.5036
4.2.20 4.2.37 e~ < —3 0<x<L1. )
lim ze¢ *=0 (largz|<ir—e<}r, o constant) ) .
e 4238 lel<le—1i<glel (0<[2I<D)
. AN
4.2.21 Lim 1+R) =¢ 4239  |e—1[<e—1<[zle'  (all 2)

Continued Fractions

4.2.40 gl 2 2 2 2 2 2 (|2]< »)

1— 1+ 2— 3+ 2— 5+ 2—"

2 2 2z & 2z 2 2 (|2]< =)

=l4{-5Fr3=ar5-aF7—"

=1 2z 2%/4.3 2%/4-15 2%/4-35 224 (4nt—
Ta—@T 1+ 1+ F I

z® a2 2 (n+1)z 2z (n+2)z 3z

- (l2]<=)

- (l2]<=)

4.2.41 e*—e,_y(2)

(For e,(z) see 6.5.11)

al— (n+1)+ (n+2)— @+3)+ (n+4)— (n+5)+ (n+6)—
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4.2.42

26 a*+1 a®+4 a?+9
z—a+ 3z+ 5z4+ 7z4+ "

e2a arctan §=1+

(2 in the cut plane of Figure 4.4.)

Polynomial Approximations*

4.2.43 0<z<In2=.693. ..
e =14ar+ax?+e(x)
le(z)] <3X1073
a=—9664 @,=.3536
4.2.44 0<z<In 2
e "=14a,x+a,2%+a30* +a g +e(x)
Je(z)| <3X10°
a,;=—.99986 84 a;=-—.15953 32
ay= 4982926 a,= .02936 41
4.2.45 0<z<In 2
e *=1+ta,2+ax? +as3 +axt -asz’
+aexbta;2"+e(x)

le(2)| <2X10-10
a;=-—.99999 99995 a;=—.00830 13598

a;= 4999999206  g,= .0013298820
ay=—.16666 53019  a,=—.00014 13161
a= .0416573475

4.2.46° 0<z<1

10°=(1+a,2+4-a2*+ a2 +a.x)?+e(x)
le(2)] <7X10™*

a,=1.14991 96 a3;=.20800 30
ay= .6774323 a4=.12680 89
4.2.47 0<z<1
10°=(14a,x+ a2+ ax® + aa' -+ azx®
+ a2’ +a:2")2 +-e(x)

le(x)[<5X1078

a,=1.15129 277603 a;=. 01742 111988
= . 66273 088429 as=. 00255 491796
as= . 25439 357484 a,;=. 00093 264267
as= . 07295 173666

4 The approximations 4.2.43 to 4.2.45 are from B. Carl-
son, M. Goldstein, Rational approximation of funections,
Los_Alamos Scientific Laboratory LA-1943, Los Alamos,
N. Mex., 1955 (with permission).

& The approxzimations 4.2.46 to 4.2.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).

Approximations in Terms of Chebyshev Polynomials ¢

4.2.48 0<z<1
T5(x)=cos nf, cos #=2z—1 (see chapter 22)

=" A, T%(x) e =32 A,T*@)
n=0 n=0

n An n An
0 1. 75338 7654 0 . 64503 5270
1 . 85039 1654 1 —.31284 1606
2 . 10520 8694 2 . 03870 4116
3 . 00872 2105 3 —.00320 8683
4 . 00054 3437 4 . 00019 9919
5 . 00002 7115 5 —.00000 9975
6 . 00000 1128 6 . 00000 0415
7 . 00000 0040 7 —.00000 0015
8 . 00000 0001
Differentiation Formulas
d Z_p2
4.24'9 E e"—e
dn a2 ___ 4N ,02
4.2.50 (w e '=qa"e
4.2.51 4 &*=a*ln a
dz
d a___ a--1
4.2.52 I =0z
4.2.53 4 zZ*=(1+In z)z*
- dz
Integration Formulas
4.2.54 f e“dz=e¢%/a
4.2.55

fz”e’"dz=f,; {(az)"—n(az)""'+n(n—1)(az)*"?
+ . (=Dl az)+(—1)"] (n>0)
4.2.56
Z‘” dz=_(n—e1)z”“+nil f% dz
(See chapters 5, 7 and 29 for other integrals
involving exponential functions.)

(n>1)

4.3. Circular Functions

Definitions
. et —eg ¥ .
4.3.1 sin g=—-—— (z=2+1y)
24
iz —1iz
4.3.2 cos z=%

¢ The approximations 4.2.48 are from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).
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4.3.3

4.3.4

4.3.5

4.3.6

4.3.7
4.3.8
4.3.9

ELEMENTARY TRANSCENDENTAL FUNCTIONS

sin z
tan z=

cos 2
CSC 2—=—

sin 2
sec 2=

cos 2
cot z=

tan z

Periodic Properties
sin (z+2kn)=sin 2 (k any integer)
cos (z+2kr)=cos z

tan (z4+kr)=tan 2

-360°

4.3.10
4.3.11
4.3.12

4.3.13

4.3.14

4.3.15

4.3.16

-270°

sinx
----- cosXx
—-— tanx

—— CSCX
-------- Sec X
—-— cot x

Ficure 4.3. Circular functions.
Relations Between Circular Functions
sin? z+cos? z==
sec? z—tan? z2==1
cse? z—cot? z==1
Negative Angle Formulas
sin (—z)=—sin z
cos (—z)=cos z
tan (—z)=—tan z
Addition Formulas

sin (2,+2,)=sin 2; cos z;-cos 2; sin 2,

4.3.17

4.3.18

4.3.19

4.3.20

4.3.21

4.3.22

cos (21+2;) ==cos 2; €os z;—sin z; sin z,

tan z,-+tan z,

tan (21+22)— —tan z; tan z,

cot 2, cot z,—1

cot (2142)= cot z,-+cot 2

Half-Angle Formulas -

.2 1—cos 2\
s1n§—:!:<—T—>
cos ——:l:(l +cos 2)

mng_:l:(l—eos 2)%_1——cos z_ sinz
2 1+cos 2/

sinz 14cosz

The ambiguity in sign may be resolved with the
aid of a diagram.

Transformation of Trigonometric Integrals

If tan g=z then

4.3.23

4.3.24

4.3.25

4.3.26

4.3.27
4.3.28
4.3.29
4.3.30

4.3.31
4.3.32
4.3.33

sin u== 22 cos Y=— 2 du=——
1422 1+ 2 1+z2
Multiple-Angle Formulas
sin 22=2 sin z cos Z—M—
1+tan?z
cos 2z=2 cos? z—1=1—2sin?z
—=cos? z—sin? 2—'%
1+tan?z
tfmzz__Ztanz__Zcotz_ 2
1—tan?z cot?z—1 cotz—tan z
sin 3z2=3 sin z—4 sin®z
cos 3z=—3 cos z+4 cos?® z
sin 4z—8 cos® z sin z—4 cos zsin z

cos 4z2==38 cos* z—8 cos? z+1

Products of Sines and Cosines
2 sin z; sin z,=cos (z;— 2;) —cos (21+25)
2 cos 2 COS 2;=C08 (2;— 25) +c0s (214 22)

2 sin 2, cos zp==sin (21— 2,) +sin (21422)

Addition and Subtraction of Two Circular Functions

4.3.34

sin z;-+sin z,=2 sin (21;22> cos (21—2—22>
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4.3.35
sin z;—sin 2,=2 cos (21+22) sin (2—1-_—9
2 . 2
4.3.36
cos z;+cos z;=2 cos <2—1_2t9) cos (fl.'é_.z_ﬂ

4.3.37
€08 2;—COS 2z=—2 sin (21—;22) sin (21522>

4.3.38

tan z;4-tan z,

__sin(z1%2,)

4.3.41

cos? 2;—c0s? z;=—sin (2:+2,) sin (2;—2,)

4.3.42

cos? z;—sin? z;=cos (z:1+2;) €08 (21— 2)

4.3.43
Signs of the Circular Functions
in the Four Quadrants

" Co8 2; COS 25
4.3.39 Quadrant | sin cos tan
e . csc sec cot
cot z14-cot 22=W
sin z; sin z,
Relations Between Squares of Sines and Cosines %I + +
+ _—
4.3.40 II1 — +
sin? z;—sin? z,=sin (z;+2,) sin (z;— zy) v - + -
4.3.44
Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (0<6 < k any integer)
—8 FE0 r+6 33”10 e+ 6
sin___.____ —sin 6 cos @ Fsin 6 —cos 0 +sin 6
COS_ _ . ___. cos 0 Fsin 6 —cos # +sin 6 +cos @
tan_______ —tan @ Fcot 8 +tan @ Fcot 6 +tan
CSCo e o oo —csc f +sec 8 Fcsc b —sec 0 tcsc b
Sec_ .. ___.. sec 6 Fcsc —sec 0 tcsc @ +sec 6
cot______. —cot 6 Ftan @ tcot @ Ftan 0 tcot 8
4.3.45 Relations Between Circular (or Inverse Circular) Functions
sin x=a Ccos r=a tan r=a csc r=a sec r=a cot z=a
sinx_____._ a (1—a?)? a(l4+a?? a! a (a*—1)} (1+a?®}
COS T_____. (1—a?? a (14+a?? a~Y(a*—1)} a’! a(l+a?—?
tan .. ____ a(l—a?™t a Y (1—a?)? a (@*—1)"% (a*—1)t a!
CSCT_ . ___ a’! (1—a?~? a"(1+a?? a a(a*—1)"t (14a?)?
sec T __. (1—a?)~? a! (14+a?t aa*—1)"* a a"'(1+a?)
cot ... a"(1—a?? a(l—a?~? a~! (a*—1)} (@*—1)% a

(039&3%) Tllustration: If sin z=a, cot z=a"'(1—a?)?

arcsec a=arccot (a’—1)~#
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4.3.46 Circular Functions for Certain Angles

0 w/12 /6 w/4 /3
0° 15° 30° 45° 60°
sin |0 % (v3—1) | 1/2 V2/2 1432
cos |1 ‘—f (V3+1) | v3/2 | v2/2 |1/2
tan | 0 | 2—+3 ¥3/3 |1 V3
esc | ® | v2(+3+1) |2 V2 2v3/3
sec |1 | v2(y3—=1) | 2+43/3 |2 2
cot | © | 2443 V3 1 V3/3
5mw/12 w2 Tr/12 27/3
75° 90° 105° 120°
sin ‘ZF (VW3+1) |1 ‘/g (v3+1) V3/2
cos ‘g(\/ —1) |0 Z;‘—@(ﬁ—l) —1/2
tan | 2++/3 ® | —(24+3) 3
esc | V2(+¥3—1) |1 |+2(+3—1) 2v3/3
sec | V2(y341) | © | —2(\3+1) | —2
cot | 2—+/3 0 | —(2—3) —+/3/3
3r/4 57/6 117/12 T
135° 150° 165° 180°
sin v2/2 1/2 ' ‘/2 (+W3—1) |0
cos | B2 | =B | SR GE+ | -1
tan -1 —+/3/3 —(2—+/3) 0
csc V2 2 V2(V3+1) | e
sec —2 —243/3 | —2(+3—-1) | —1
cot ~1 —3 —(24+43) S

Euler’s Formula

4.3.47 e*=¢"tW=¢" (cos y+1 sin y)
De Moivre’s Theorem
4.3.48 (cos z+7 sin z)*=cos pz+1 sin pz

(—7<Z=z<mw unless » is an integer)
Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12)

4.3.49 sin z=—1¢ sinh ¢z

4.3.50 cos z==cosh ¢z

4.3.51 tan z=—1 tanh 7z

4.3.52 csc z=1 csch ¢z

4.3.53 sec z=sech ¢z

4.3.54 cot z==1 coth iz

Circular Functions in Terms of Real and Imaginary
Parts

4.3.55 sin z=sin z cosh y+1 cos z sinh y

4.3.56 cos z=cos x cosh y—1 sin z sinh y

4.3.57 tan 228;2322:161-}-_::(’:;1;1223

4358 cot 2=sin 2x-—1 sinh 2y

cosh 2y—cos 2z
Modulus and Phase (Argument) of Circular Functions
4.3.59 [sin z|=(sin?® z-+sinh? y)}

=[1 (cosh 2y—cos 2z)}}

4.3.60 arg sin z=arctan (cot x tanh ¥y)
4.3.61 |cos z|=(cos?® z+sinh? y)}
=[3} (cosh 2y+cos 2z)]*
4.3.62 arg cos z=—arctan (tan z tanh y)
__{cosh 2y—cos 2w>%
4.3.63 [tan z|= (cosh 2y Tcos 22
- sinh 2y
4.3.64 arg tan z=arctan (——Sin 2%
Series Expansions
4.3.65
. 23 25 27 (l2]< )
sin 2—‘——2—:—)’7—{—5“-—77—{— .
4.3.66
4 6
; (l2]<=)

cos z==1— 2‘—1—4‘ 6'+
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4.3.67
225 1727
tan 2‘2+3+15+‘315+
—1)" 122"~ 1) By
+E0 (275)! Mow i ('ZKg)
4.3.68
31
csc 2= + 151202-}—..
—1)*12(22*-1—1)B,, ..
+&2 ((2n)'. Wan iy (lal<m)
4.3.69
5z¢ 612°
secz—1+ + +720+
_1 n n
4.3.70
ot =12 2 228
COLE= TR a5 945
1" l22an e
—EWT I B g (el<)
4.3.71
in 2z & 1)"2-1B,, ..
In S5 35 (SR B (I2|<m)
4.3.72
° (—1)"2i2m—1)B,, ..
In cos o= 33 T E=D B e (514
4.3.73
tan z_ =, (=222 1—1)B,, ..
In —=—=2, n(2n)! 2
(|2|<3m)

where B, and E, are the Bernoulli and Euler
numbers (see chapter 23).

Limiting Values

sin

4.3.74 lim =1
-0

4.3.75 lim 2802y
0 T

4.3.76 lim = sin Iy
n>w n

4.3.77 lim n tan Z=2z
> n

4.3.78 lim cos 2=1
o n

Inequalities
4.3.79 nz.2 (—5<a<3
2 2
4.3.80 sin e<z<tan x (0<:t:§12—r
4.3.81 cos xgsu; <1 (0<z<7)
sin 72
4.3.82 < 20— x)§4 (0<z<L1)
4.3.83 Isinh 9| <lsin z|<cosh y
4.3.84 jsinh y| <|cos z|<cosh y
4.3.85 lesc z| <eschly]
4.3.86 |cos z| <cosh|z|
4.3.87 |sin z| <sinh|z|
4.3.88 |cos z|]<<{ 2, |[sin zlgglzl (lz]<1)
Infinite Products
4.3 i (12
.3.89 sin z=z /cI-—Ix —W)
i 422
4.3.90 CO8 2—-"]31 1—(2’0_—1‘)2‘”2
Expansion in Partial Fractions
4.3.91 ctz—l 22%—1—
3. 0 ——Z-l— D Ny o
(z#0,+7,4+2m,...)
" 2 — «©
4.3.92 csc? z= k=2° o= lc1r)2
(250, +7,4+2r, .. .)
_1 © (__l)k
4.3.93 csc 2—-2-}-22 & 2
(z#0,+m,4+2m,...)
Continued Fractions
z 22 22 22 T
4.3.94 tan Z—IT g: 5—_ ‘7——‘_‘ . (Z #—2-:i:’n1r)
4.3.95
—_—2 2 —n2 2
ta.naz=ata'n z (1—a?) tan? z (4—a?) tan? z

14

(9—a?) tan® z

7+

3+ 5+

. (_’.2E<gz 2 az #%ﬂ:n'rr)
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Polynomial Approximations 7

4.3.96 0< 15’2'
A 14 gzt aat+e(z)
le(x)] <2X 10—+
@=—.16605 a,=.00761
4.3.97 0 stg
sin z
=1+, a2 +as2®+as2®+a,7'° - ¢(2)
le(@)|<2X10-°
a,=—.16666 66664 az= .00000 27526

a,= .00833 33315
as=—.00019 84090

a,o==—.00000 00239

4.3.98 0<z gg
cos z=1+4a®+axt+e(x)
le(@)|<9X10~
@, = — 49670 a,=.03705
4.3.99 0<z gg

cos r=1-+a,2?+ax+asrbtazet+a,02"° +e(x)
le(x)| <2X107°
az;=—.49999 99963

a,= .04166 66418
as=—.00138 88397

az= .00002 47609
a,0=—.00000 02605

0_<_av<7—r

4.3.100 =2

tan =

=14ax*+asxt+e(x)

le(z)| <1X10-3

a,=.31755 a,=.20330

7 The approximations 4.3.96 to 4.3.103 are from B. Carl-
son, M. gol(lstein, Rational approximation of functions,
Los Alamos Scientific Laboratory 1.A-1943, Los Alamos,
N. Mex., 1955 (with permission).

4.3.101 0<z<

AN

tan ¢

P 14a.x2 a2+ agr® + a2t +-a,,2°

+ 1222+ (x)

le(@)] <2X107°

a,=.33333 14036
a,=.13339 23995
ag=.05337 40603

as=.02456 50893
@0=.00290 05250
@ 2==.00951 68091

4.3.102 0<z< ;1
* x cot =1+ax?+aa*+e(x)
e (2)| <3X10
a.=—.332867 a,=—.024369
4.3.103 0<z< ;—'

z cot z=1+a,x?+axt+tagr®tasa®+a,2®+e(x)
le(2)|<4Xx 1071

az=—.00020 78504
a==—.00002 62619

a,=—.33333 33410
a,=—.02222 20287
ag=—.00211 77168
Approximations in Terms of Chebyshev Polynomials *

4.3.104 —1<L5zL1

T%(x)=cosnb, cos =2x—1 (see chapter 22)

sin dre=z 3 A, T*() cos drz=3" A, T*(z?)

n=0 n=0

n A, n A,

0 1.27627 8962 0 47200 1216
1 —.28526 1569 1 —.49940 3258
2 .00911 8016 2 .02799 2080
3 —.00013 6587 3 —.00059 6695
4 .00000 1185 4 .00000 6704
5 —.00000 0007 5 —.00000 0047

8 The approximmations 4.3.104 are from C. W. Clenshayw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).

*See page IL
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Differentiation Formulas

4.3.105 4 sin z==cCo8 2
dz
d .
4.3.106 — €08 z==-—8In 2
dz
d 2
4.3.107 —— tan z=sec® z
dz
d
4.3.108 —— €8¢ 2==—¢Cs¢ 2 cot 2
dz
d
4.3.109 —— sec¢ z==sec z tan z
dz
d
4.3.110 — cot z=—csc? 2
dz
sz Lain —in(+1n)
3. 7o~ Sin 2=s 2+-5nx
4.3.112 iico =¢ (+ln)
3. gon o8 2=cos { z+5nr
Integration Formulas
4.3.113 fsin zdz=—cos 2z
4.3.114 fcos z2dz=sinz
4.3.115 ftan z2dz=—In cosz=Insecz
4.3.116

1—cos z

2 1
fcsc zdz=In tan §—ln (csc z—cot z)—-§ In1+cos z

4.3.117
fsec zdz=In(secz-}tanz)=Intan (£+§)= gd~1(2)
=]nverse Gudermannian Function

gd z=2 arctan e’—-‘%

4.3.118 fcot 2dz=In sin z=-—In csc 2
4.3.119
fz" sin zdz=-—2" cos z—l—nfz"" cos zdz

4.3.120
sin z —gin 2 cos 2,
f 4= (n—1)z" ‘+'n,—— fz"“"'z

4.3.121 f o
s1n® 2

(n>1)

—z cot z-+In sin 2

4.3.122
J‘ zdz —z o8 2 1
sin®z (n—1)sin"'z (n—1) (n—2)sin" 22
n—2)  zdz
]
T(n—1)J sin®2 2 (n>2)
4.3.123

rz" cos zdz=2"gin z—~nfz"“‘ sin zdz

4.3.124

f cos"' z do—
2
z
4.3.125 f——-;,—d
cos? z

cosz_ 1 fsmzd @>1)

(n—1)z"' n—1]J 2*!

z==2 tan z-+In cos 2

4.3.126
zdz _ zsinz 1
cos®z (n—1)cos" 'z (n—1) (n—2)cos" 2z
(n—2) zdz
+('n,—1) cos™™ 22( n>2)
4.3.127
f - . sin™t!z cos® 'z
sin®z cos®zdz=———"———
m+n
+ ((:l:_l,,z) 8in™ 2z cos®~2 zdz
_sin™"! z cos™t! 2
m+n
+Ez‘|—-’flb; sin™2 2 cos® zdz
(ms—n)
4.3.128
f dz _ 1
gin™ z cos® 2 (n—1) sin™! z cos™® ! 2
+ m+n—2 dz
n—1 sin™ z cos™~% 2
(n>1)
—1

~(m—1) sin™ 'z cos™ ' 2

+ m+n—2
s;ln"“2 z cos" z

(m>1)
n—1
4.3.129 jtan®z dz——:ti%n_—lz—-ftan"‘” zdz (n#1)
n—1
4.3.130 fcot" z dz=—00t_ 1 2’——fcot"‘2 z2dz (n#1)
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4.3.131 o (2145
de 2 @ tan ('é) (@>b?)
fa+b sinz  (@—b7)1 2T g

1 @ tan (g)+b—(b2—a2)*
== In
(b2_a2)5 a tan ('g‘)+b+(b2_ 2)»3

(b*>a?)
4.3.132 f T (4 2)
4.3.133 .
dz 9 (@—>b) tan 5
f a-+b cos z=(a2_b2)&arctan (a*—b?)} (@®>b%)

1 (b—a) tan §+ (b2—a?)?

= In
2 2)3
= 6—a) tan 2= pr—ap
(b2>a?)

dz z
4.3.134 fl-i—cos p, ==tan 3

dz z
43135 fl‘—COS 2 cot 5
4.3.136

fe“ sin bz dz=#"b2 (@ sin bz—b cos bz)

4.3.137
fe“‘ cos bzdz=—— 2+b2 (@ cos bz+b sin bz)
4.3.138
. e* sin"" ' bz .
fe“’ sin® bz dz=w (@ sin bz—nb cos bz)
J— 2
+7t1,(2nTn123>% e sin" 2 bz dz
4.3.139
az n—1
fe“’ cos” bz dz=eac2(_)EW2bz (a cos bz-+nb sin b2)
J— 2
+% e” cos" 2 bz dz
Definite Integrals
4.3.140 fwsin mt sin nt dt=0
0

(m#~n, m and n integers)

f cos mt cos nt dt=0
0

4.3.141 f sin? nt dt= f cos? nt dt=—
0 0

2
J; sin mt dt-——— (m>0)

(n an integer,
=0 (m=0)

5 (m<0)

n#0)

4.3.142

~05 8 41—n (bja)

4.3.144 f sin £ dt= f cos t2dt=l\/£
0 0 2V2

4.3.145
/2 . /2 T
f Insint dt=f Incost dt==—=1n 2
0 0 2

4.3.143 J‘“’cosat-—
0

4.3.146 f o8 Mt 4y T gom
0

14-¢% 2
(See chapters 5 and 7 for other integrals involv-
ing circular functions.)
(See [5.3] for Fourier transforms.)

4.3.147

Formulas for Solution of Plane Right Triangles

If A, B and C are the vertices (C the right
angle), and a, b and ¢ the sides opposite respectively,

. a 1
sin A_E—csc A
b 1
cos A——_—sec i

a 1
tan A—Z—wt A

versine A=vers A=1—cos A
coversine A=covers A=1—sin A
haversine A=hav A=} vers A

exsecant A=exsec A=sec A—1
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4.3.148

Formulas for Solution of Plane Triangles

AN

A b [+

In a triangle with angles A4, B and C and sides
opposite a, b and ¢ respectively,

a b ¢
sin A" sin B sin C

c2+ b2_a2
2be

a=>b cos C+ccos B

a+b_tan $(4+B)
a—b  tan 3(4—B)

area== M——[S(S—a) (s—b)(s—c)]t

cos A=

s=%(a+b+c)
4.3.149

Formulas for Solution of Spherical Triangles

If A, B and C are the three angles and a, b and
¢ the opposite sides,

sinA sin B
sina sinb

sin

sin ¢

cos a=cos b cos ¢+sin b sin ¢ cos 4

__cos b cos (c+0)
cos 6

where tan 8=tan b cos A

cos A==—cos B cos C+sin B sin C cos a

4.4. Inverse Circular Functions

Definitions
4.4.1
aresin z=fz _dt (z=z-+1y)
o (1—t9)t
4.4.2
arccos z== f = t2)* —aresin 2
4.4.3

arctan z-—-f 1+t2 12r arccot z

The path of integration must not cross the
real axis in the case of 4.4.1 and 4.4.2 and the
imaginary axis in the case of 4.4.3 except possibly
inside the unit circle. Each function is single-
valued and regular in the z-plane cut along the
real axis from —  to —1 and +1to +  in the case
of 4.4.1 and 4.4.2 and along the imaginary axis
from % to 2 and —% to —i e in the case of 4.4.3.

Inverse circular functions are also Written
arcsin z==sin~! 2, arecos z==cos™! 2z, arctan =z
=tan™! z,

When —1 <x<1 arcsin z and arccos z are
real and

4.4.4 —ir<arcsin z<3m, 0<Larccos z<w
4.4.5 —3irlarctan z<1ir
4.4.6 arcesc z==arcsin 1/z
4.4.7 arcsec z=arccos 1/2
4.4.8 arccot z=arctan 1/z
4.4.9 arcsec z-+arcesc z=3%w
(see 4.3.45)
iy iy
+i
X X
R
=1 0 +| 0
-
arcsin z ond arctan z
arccosz
iy 1y
+
— e X X
- Y o
-
arccsc z and arccot 2
arcsec z

Fricure 4.4. Branch cuts for inverse circular
Sunctions.



80 ELEMENTARY TRANSCENDENTAL FUNCTIONS

Fundamental Property

The general solutions of the equations

sin t=2
cos =z
tan =z

are respectively

4.4.10 t=Arcsin z=(—1)* arcsin z+kn
4.4.11 t=Arccos z= +-arccos z-+2kr
4.4.12

{=Arctan z=arctan z-+k= (22#—1)
where k is an arbitrary integer.

4.4.13 Interval containing principal value

y z positive  z negative
or zero
arcsin z and arctanz 0<y<z/2 - 72 <y<0
arccos z and arccotz 0Ly <n/2 r2<y<w
arcsec z and arcescz 0Ly<n/2 —a<y<L—n/2

¥

_arccot x “.arccos x 3.0

T e . 2.5

~.
, [ i

arctonx -7 1.0 arcsin x
....... . - ~--=- QrCCOS X
arcsin x Lois —--— arctanx

~ e OrCCSC X
.20 seseees QFCSEC X
— e OFCCOt X

Fiourk 4.5. Inverse circular functions.

Functions of Negative Arguments

4.4.14 arcsin (—z)= —arcsin 2
4.4.15 arccos (—2)=mr—arecos z
4.4.16 arctan (—z)=—arctan z
4.4.17 arcesc (—z)= —arcesc 2
4.4.18 arcsec (—z)=m-—arcsec 2
4.4.19 arccot (—z)=m—arccot 2

Relation to Inverse Hyperléo{i(; Functions (see 4.6.14 to
4.6.19

4.4.20 Arcsin 2= —1 Aresinh ¢z
4.4.21 Arccos z=+1 Arccosh 2z
4.4.22 Arctan z=—1¢ Arctanh 7z (2% —1)

4.4.23 Arccse z==1 Arcesch iz
4.4.24 Arcsec z= 41 Arcsech z
4.4.25 Arccot z==7 Arccoth ¢z
Logarithmic Representations
4.4.26 Arcsin z=—14Ln [(1—2®)i4iz] (22<L1)
4.4.27 Arccos z=—1 Ln [z+i(1—2?)¥] (22<L1)
) 1—iz @ Y
4.4.28 Arctan r=5 Ln 1Tz 2 Ln —
(z real)
2 1) 47
4.4.29 Arccsc z=—1 Ln [(z—%:l (x?>1)
e 10
4.4.30 Arcsec z=—i Ln [5%2] (x2>1)
_ 1z--1 __i r—1
4.4.31 Arccot z—zL (w: 7 (z+i)
(z real)

Addition and Subtraction of Two Inverse Circular
Funections

4.4.32
Arcsin 2,4 Aresin 2,

=Arcsin [21(1—28)4 2,(1—2})3]
4.4.33

Arccos 214 Arccos 2,
=Arccos {212, F[(1—2%) (1—22)]}}

zd:zz)
1—?2122

4.4.34
Arctan z,+4 Arctan z,=Arctan

4.4.35
Arcsin 2z, 4 Arecos 2z,
= Aresin{z,2,+[(1—2%) (1—29)]}}

=Arccos [2,(1— 2D Fz1(1—29)Y]
4.4.36

Arctan 2,4 Arccot 2,

__ lezﬂzl) ( 2eF 21
—Arctan( 2:F 2y =Aree 122E1

Inverse Circular Functions in Terms of Real and
Imaginary Parts
4.4.37

Arcsin z=kr+(—1)* arcsin

+(—1*%1In[a+ (=1}
4.4.38

Arccos z=2kr+ {arccos —1t In [a+(a®>—1)1]}
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4.4.39
Arctan z=kr-+}1 arctan <—ﬁ—>
retan z=kr-+3 arct -

2 1
GG @D
where k is an integer or zero and
=}(@+ D+ [ D g
=3[(z+1)*+ 91—} [(z—1)*+ ¢t

Series Expansions

4.4.40

arcsin 2—2+ 3+2 4 ; i 6. 7+. .o (J2l1)

4.4.41

arcsin (1-—2)—-—-—(22) 1+Zl)l zz,f(zk_é?l)clc_!l) 2k
(121<2)

4.4.42

3
arctan 2=2—§3—+55-——?+ . (|z2|€1and 225 —1)

=5—5 355t - -(z[>landz2=—1)

oz 2 2 2.4
~im et (o)
(2?57 —1)

Continued Fractions

2 z? 422 922 1622
s - & F&" J=7
4.43 arctan z= —l+ 3+ 5+ 7+ 9+

(z in the cut plane of Figure 4.4.)

i .2221.9223.422 .42
W T T
(z in the cut plane of Figure 4.4.)
Polynomial Approximations °
4.4.45 0<2<1

arcsin x=7§r—-— (1—2) ey +ar1z-+a.22+az23) +e(x)

le(x)| <5X1078

a= 1.57072 88 a;= .07426 10
o=-.21211 44 a;==—.01872 93

 The approximations 4.4.45 to 4.4.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).

4.4.46 0<z<L1

arcsin x=72—r— (I—)¥ay+amz+a.x?+aze®

+axt a2+ agx®+ax") +e(x)

le(z)] <2X 108

ao= 1.57079 63050 a,= .03089 18810
ay=—.21459 88016 as=—.01708 81256
a,= .08897 89874 as= .00667 00901
=—.05017 43046 a;=—.00126 24911
4.4.47 —1<2<1

arctan r=a,x+a;2*+as2® + ;2" + a2’ + e(x)
le(z)] <1078
a= .99986 60

a;=—.33029 95 Gp=
a= .18014 10

a;=—.08513 30
.02083 51

4.4.48" —1<z<1

arctan r=

X
T+oszTe@®

le(z)] <5X10-2
4.4.491 0<e<1

arctan ¢

8
=1+ 2 au2™+e(2)

le(x)| <2X1078

ap=—.07528 96400
o= .04290 96138
a,=—.01616 57367
.00286 62257

a,=—.33333 14528
a,=— .19993 55085
as=—.14208 89944
az= .10656 26393

13T

10 The approximation 4.4.48 is from C. Hastings, Jr.,
Note 143, Math. Tables Aids Comp. 6, 68 (1953) (with
permlssmn)

11 The approximation 4.4.49 is from B. Carlson, M. Gold-
stein, Rational approximation of functions, Los Alamos
Scientific Laboratory LA-1943, Los Alamos, N. Mex.,
1955 (with permission).
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Approximations in Terms of Chebyshev Polynomials 2

4.4.50 —1<L2L1

T¥(x)=cosnh, cosf=2r—1 (see chapter 22)

arctan x=z >, A, T%(x?)
n=0

n A, n A,

0 . 88137 3587 i) . 00000 3821
1 —.10589 2925 7 —.00000 0570
2 .01113 5843 8 . 00000 0086
3 —.00138 1195 9 —.00000 0013
4 . 00018 5743 10 . 00000 0002
5 —.00002 6215

For |z{>>1, use arctan a=4r—arctan (1/x)
—32<e<32

arcsin z=z >, A,T*(22?)
n=0

4.4.51

0<e<}v2
arccos r=ir—z i A, TE(22%
n=0
n A, n A,
0 1.05123 1959 5 . 00000 5881
1 . 05494 6487 6 . 00000 0777
2 . 00408 0631 7 . 00000 0107
3 . 00040 7890 8 . 00000 0015
4 9 . 00000 0002

. 00004 6985
|

For 44/2<2<1, use arcsin z=arccos(1—2?)}, arc-
cos x=arcsin (1—x?)%,

Differentiation Formulas

4.4.52 4 arcsin z=(1—z2)~t

dz
4.4.53 ‘(‘i‘arccos z=—(1—z)~%
o dz
4.4.54 —— arctan z=——1——
) dz 1422
4.4.55 arccot z=— —1
. 7 T
d 1
4.4.56 a‘z' arcsec Z——m

2 The approximations 4.4.50 to 4.4.51 are from C. W.
Clenshaw, Polynomial approximations to elementary
functions, Math. Tables Aids Comp. 8, 143-147 (1954)
(with permission).

_
z(22—1)}

Integration Formulas

4.4.57 —d— arcese 2=~
dz

4.4.58 farcsin 2z dz=z arcsin z+(1—2?)}
4.4.59 fa,rccos 2 dz=z arccos z—(1—2%)}

4.4.60 farctan zdz==z arctan z—31In (1+22)

4.4.61

‘ farccsc z dz==z arcesc z+1n [z (22—1)}]

0<arccsc z<g

-—7—2r<arccsc 20

4.4.62
J arcsec z dz=z arcsec zFIn [z4(22—1)]

0<arcsec z<7§r

n
-2—<arcsec 2w

4.4.63
farccot z dz=z arccot z+3% In (1422

4.4.64
fz arcsin z dz—-(—--—— aresin z+i~ (1—2z%t
4.4.65
u iz d zmtl . " gmHl
fz arcsin z z=, 7 aresin z— +1 A=z dz
(n#—1)
4.4.66
fz arccos z dz-—(——— arccos z-———Z— (1—2%)}
4.4.67
2n+1 2n+1 d
fz arccoszdz—n_{_1 arceos z+——r- +1 f(l oy 2
(n#—1)
4.4.68

fz arctan z dz=% (1+22) arctan z—-%
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4.4.69
N d 2n+1 1 2n+1 d
fz arctan z z—m arctan z—m 1—_*_2—2 z
(n=—1)

4.4.70
fz arccot z dz=% (142?) arccot 2—}—%

4.4.71
n d 2n+1 1 2n+1 d
fz arccot z z—n———_H arccot z+n——+1 112 2
(n¥<—1)
4.5. Hyperbelic Funections
Definitions
4.5.1 sinh 2= _2"_ (z=z+1y)
452 cosh z="£E
4.5.3 tanh z=sinh z/cosh 2
4.5.4 csch z=1/sinh z
4.5.5 sech z=1/cosh 2
4.5.6 coth z=1/tanh 2

sinh x 1

Ficurke 4.6. Hyperbolic functions.

Relation to Circular Functions (see 4.3.49 to 4.3.54)

Hyperbolic formulas can be derived from
trigonometric identities by replacing z by ¢z
4.5.7 sinh z=—71 sin 7z

273-888 O-67—7

4.5.8 cosh z=cos iz
4.5.9 tanh z=—1 tan ¢z
4.5.10 csch z=1 csc 72
4.5.11 sech z=sec iz
4.5.12 coth z=1 cot ¢z
Periodic Properties
4.5.13 sinh (z+42k#?)=sinh 2
(k any integer)
4.5.14 cosh (z+2kxi)=cosh z
4.5.15 tanh (z+kxt)=tanh z
Relations Between Hyperbolic Functions
4.5.16 cosh? z—sinh? z2=1
4.5.17 tanh? z+sech? z=1
4.5.18 coth? z—csch? z=1
4.5.19 cosh z+sinh z=¢?
4.5.20 cosh z—sinh z=e¢™*
Negative Angle Formulas
4.5.21 sinh (—2z)= —sinh 2
4.5.22 cosh (—z)=cosh 2
4.5.23 tanh (—z)=—tanh z
Addition Formulas
4.5.24 sinh (g,+ 2;) =sinh 2z, cosh 2,
+cosh 2, sinh z;
4.5.25 cosh (z,+2;)=cosh 2, cosh 2,
+sinh 2, sinh z,
4.5.26 tanh (z,-}2z;)=(tanh z;4tanh 2,)/
(14 tanh z; tanh zy)
4.5.27 coth (z,+2)=/{(coth 2z, coth z,+1)/
(coth z;-+-coth 2;)
Half-Angle Formulas
4.5.28

sinh Z— (cosh z2— 1)%
2 2
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4.5.29
osh g___(cosh 2—{—1)&
cosh 5=(—5—
4.5.30
tanh g_(cosh z—1\# coshz—1_ sinhz
08 5=\ cosh z+1 sinh z  cosh 241
Multiple-Angle Formulas
4.5.31 sinh 2z=2 sinh z cosh 2=M
1—tanh? z
4.5.32 cosh 22=2 cosh? z—1=2 sinh? z+1
=cosh? z+sinh? z
2 tanh z
4533 ta,nh 22—1—m
4.5.34 sinh 3z2=3 sinh z-+4 sinh® z
4.5.35 cosh 32=—3 cosh z-}+4 cosh? z
4.5.36 sinh 4z=4 sinh?® z cosh 244 cosh? z sinh z
4.5.37 cosh 4z=cosh* z+ 6 sinh? z cosh? 2z sinh* z

Products of Hyperbolic Sines and Cosines

4.5.38 2 sinh z, sinh z,=cosh (z;,+2;)

—cosh (21—22)
4.5.39 2 cosh 2, cosh z;=cosh (2,4 25)

+cosh (z,—z;)
4.5.40 2 sinh 2, cosh z,=sinh (z2,+2)

-+sinh (21—22)
Addition and Subtraction of Two Hyperbolic Functions

4.5.41
sinh z,-+sinh z;,=2 sinh (é—?) cosh (5—112_—22)

4.5.42
sinh z,~—sinh z;==2 cosh (—————21_;22) sinh (——21322)

4.5.43
cosh 2z, +cosh z;=2 cosh (ﬁ_{z—_@) cosh (@;_22)

4.5.44
cosh z,—cosh z;=2 sinh (ﬂzh) sinh (21"2‘22)

4.5.45

tanh z,+-tanh 22=w

cosh z; cosh 2z,

4.5.46

coth z,+-coth 2y Sih (21 +2))

sinh z, sinh z,

Relations Between Squares of Hyperbolic Sines and
Cosines

4.5.47
sinh? z,—sinh? z;=sinh (2,+2,) sinh (z,—2,)
=cosh? z;—cosh? z,
4.5.48
sinh? 2, +cosh? z,=cosh (z,+2;) cosh (z,—2z;)
=cosh? z;+sinh? z,

Hyperbolic Functions in Terms of Real and Imaginary

Parts
(z=z+1y)
4.5.49 sinh z=sinh z cos y+% cosh z sin y
4.5.50 cosh z=cosh z cos y+-% sinh z sin ¥
__sinh 2z4-4 sin 2y
4.5.51 tanh z= cosh 2z+cos 2y
4552 coth 2_s1nh 2x—1 sin 2y

cosh 2z—cos 2y

De Moivre’s Theorem
4.5.53 (cosh z-+sinh z)"=cosh nz4-sinh nz

Modulus and Phase (Argument) of Hyperbolic

Functions
4.5.54 |sinh z|=(sinh? z4-sin? y)}
=[%(cosh 2z—cos 2y)]}
4.5.55 arg sinh z=arctan (coth z tan y)
4.5.56 |cosh z|= (sinh? z+cos? y)*
=[%(cosh 2z+cos 2y)]}
4.5.57 arg cosh z=arctan (tanh r tan y)
__{cosh 2z—cos 2y\}
4.5.58 |tanh 2’—(cosh 2z+cos 2y

4.5.59

sin 2y )
sinh 2z

arg tanh 2=arctan(
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions
sinh 2=a cosh z=a tanh z=a esch z=a sech z=a coth z=a
sinhz_____ a (a*—1)? a(l—a?)~t a! a"1(1—a?)? (a®—1)1
coshz____. (1+4a?t a (1—a?)—t e '(14a?)? a™! a(a*—1)"
tanh z_____ a(l4+a?)~? a (a?—1)} a Q+4ae*)# (1—a?)t a™!
eschz____. a™! (a*—1)"% o '(1—a?)} a a(l—a®? (a®—1)}
sechz_._ .. (14a*)? ot (1—a?? a(14a*)—? a e (a®—1)}
cothz_____ a~(a?+1)} a(a®—1)" a™! (14+a>t (1—a?)—t a
Nlustration: If sinh z=a, coth z==a"'(a?+ 1)}
arcsech a=arccoth (1—aqa?) -}
4.5.61 Special Values of the Hyperbolic Functions | 4.5.66
- _2_2 .§_ 4___ 6 E”"n z2n
2 0| %i| m §2"_ri - sech 2=1—F+g5#'=7502t - T@m1#" -
(12l< 2)
sinh z_______ 0 ? 0 —1 ® 4.5.67
1 2z 2 2 22 an n—
cosh z____._._ 1 0 -1 10 o coth 2=2+§—E+'9T5 2= AT 2n)! 27
tanh 2. _____ 0 X 0 — @ 1 (,2,<1r)
. where B, and E, are the nth Bernoulli and Euler
esch z. ... ® -t © v 0 numbers, see chapter 23.
sechz_____'[1 ® —1 ® 0 Infinite Products
coth z_______ ® 0 ® 0 1
4.5.68 sinh z=z II 1+Ic21r2>
. . 2
Series Expansions 4.5.69 cosh 2= H 1+(2k4 1)21r2:|
. 28 28 27
4.5.62 sinh 2=2+§Y+5+7_7+ e (,2,< ) Continued Fraction
22 2t 2 iiii
4.5.63 cosh 2=1+2_!+:1_!+.6i+ o (2l< o) 4.5.70 tanh z= 1F3F557F
m . N
3 (2 o z:{:nm)
4.5.64 tanh 2=2—§——{—3 25~—1~727 2
3 315 . I
. 22n(22n B Differentiation Formulas
———— 2n 2n— .o
toet (2n)! + 4.5.71 4 sinh z=cosh z
dz
(121<3) )
4.5.65 4.5.72 P cosh z=sinh 2
1 2z, 7 31
esch g=—mct —— 23— 54
z 67360 15120 4.5.73 di tanh z=sech? z
22" '—1) By, i
- (2n)! =+ d
(‘2‘<1r) 4.5.74 i csch z=—csch z coth 2

*See page II.
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4 sech z=—sech z tanh z

4.5.75 P
4.5.76 % coth z=—csch? z
Integration Formulas
4.5.77 fsinh zdz=cosh 2z
4.5.78 fCOSh zdz=sinh 2
4.5.79 ftanh zdz=In cosh 2
4.5.80 fcsch zdz=In tanh %
4.5.81 fsech zdz=arctan (sinh z)
4.5.82 fcoth zdz=In sinh z
4.5.83

fz" sinh zdz=2" cosh z——nfz"“ cosh zdz

4.5.84
fz" cosh z dz=2z" sinh z—-nfz"“ sinh zdz

4.5.85
fsinh"‘ z cosh® zdz=

sinh™*! 2z cosh™"! ¢

1
m-+n

n—1 c 1m e
+mf51nh z cosh® 2zdz

1 .
= sinh”~! z cosh™*! z

m-+n

m—1

—m—{—n

sinh™"2 z cosh”® z dz

(m+n#0)

dz —1 1

4.5.86 fsinh"‘ z cosh® 2~ m—1 sinh™ Tz cosh™ ' 2

m+n— f
s1nh"‘ 2z cosh"

1
n——l sinh™! 2z cosh""1 P

(m##1)

m+n—-2 dz
+ f sinh™ z cosh™? z (n=1)

4.5.87
ftanh" z d.z=—%+ftanh"‘2 zdz
(n#1)
4.5.88

fcoth" 2 dz=__coth"‘1 £

+fcoth"‘2 zdz
(n1)

(See chapters 5 and 7 for other integrals in-
volving hyperbolic functions.)

4.6. Inverse Hyperbolic Functions

Definitions
4.6.1 arcsinh z= *__dt =z}
.6. sinh 2= , Aoy (e==z+1y)
: dt
462 arccosh Z——L m
4.6.3 arctanh 2= [ ——ii—t—g
0 l—t

The paths of integration must not cross the fol-
lowing cuts.

4.6.1 imaginary axis from —¢o to —7 and ¢
to e
4.6.2 real axis from — » to -+1

4.6.3 real axis from — o to —1 and +1 to
+

Inverse hyperbolic functions are also written
sinh™! 2z, arsinh z, .&/r sinh z, etc.

4.6.4 arccsch z=arcsinh 1/z
4.6.5 arcsech z=arccosh 1/z
4.6.6 arccoth z=arctanh 1/z
iy iy iy
+i
x =< +1 X X
o ) -1 |0+
-1
arcsinh z arccosh z arctanh z
iy iy iy
+ X - +1 + oo ~-i 1+ X
Y 0 X 0
arceschz arcsech z arccoth z

Ficure 4.7. Branch cuts for inverse hyperbolic
Junctions.
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4.6.7 arctanh z=arccoth 2+ }=¢

(see 4.5.60) (according as #z=0)
Fundamental Property

The general solutions of the equations

2=sinh ¢
z==cosh ¢
z=tanh ¢

are respectively

4.6.8 {=Arcsinh z=(—1)* arcsinh z+kx¢
4.6.9 t==Arccosh z=+arccosh z42kni
4.6.10 ¢{=Arctanh z=arctanh z4kwxi
(k, integer)
Functions of Negative Arguments
4.6.11 arcsinh (—z)=—arcsinh 2
4.6.12 arccosh (—z)=arccosh 2
4.6.13 arctanh (—z)= —arctanh z
Relation to Inverse Circ:‘l:;s)Functions (see 4.4.20 to

Hyperbolic identities can be derived from trig-
onometric identities by replacing z by ¢z.

4.6.14 Arcsinh z=—¢ Arcsin ¢z
4.6.15 Arccosh 2= 417 Arccos 2
4.6.16 Arctanh z==-—17 Arctan iz
4.6.17 Arcesch z=1 Arcesc 12
4.6.18 Arcsech z= 41 Arcsec 2
4.6.19 Arccoth z=17 Arccot 7z
Logarithmic Representations
4.6.20 arcsinh z=In [z+(x2+1)3}
4.6.21 arccosh z=In [z+(z*—1)}] (x>1)
4.6.22 arctanh =% ln l—l—:c 0<22<1)
4.6.23 arcesch :c—lnl: +( +1) ] (z5#0)
4.6.24 arcsech z=In l: (———1) ] (0<2<1)

ln z+1

e @>1)

4.6.25 arccoth :c—-—

4.5
4.0
3.5

i
.__‘Erfcosh x aresech x \
BN ."‘
Sl s \

e —

3

“ ;
R S >’ 5
~ f S
Sosd A
AV k' S e—
5040 3o -20 ¥ o H L L 1 T ey
e ) ls o 20 30 40 30
orceath X N\ F-10 arcsinh x
\ / \ bus  ~==-- arccashx
\ 20 —~— orctanh x
aresioh x ——— orceschx
\ [-25 wceeere QrcseCh x
\lao —--— arccoth x

35
=0
1--a5

orclanh x

e e e e s

Frourr 4.8. Inverse hyperbolic functions.

Addition and Subtraction of Two Inverse Hyperbolic
Functions

4.6.26
Arcsinh 2,4 Aresinh 2,
=Aresinh [2,(1422)} 4 25(1+23)}]

4.6.27
Arccosh 2,4 Arccosh z,

=Arccosh {2z,2,+[(23—1)(22—1)]}}

4.6.28

_ 2y +2
Arctanh 2+ Arctanh z;=Arctanh (1 -+ lez)

4.6.29

Arcsinh z,+ Arccosh ‘zz

11}
=Arccosh [2,(1+2)¥+ 2, (23— 1)}]

=Aresinh{2,2,+ [(1+2}) (23—

4.6.30
Arctanh 2,4 Arccoth z;=Arctanh (lez:tl
2:t 21
Z2:t 21
=Arccoth (lez:lzl
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Series Expansions

4.6.31
R 1-3
arcsinh z=z 3.3 z3+2 457
1-3.5
—-2—.4.6.72—1-...
(J21<1)
1.3
=In 2z+5- 22 T2.4.4z
1.3-5
T3 2.6-6
(J2|>1)
4.6.32
1 1.3
arccosh z=In 2z 5ToA 3.4 4P
. 1-3-5
2.4.6.62°
(J2|>1)
4.6.33 arctanh z—z+ + + + (l2]<1)
1
4.6.34 arccoth z= +3z3+5z5+7z7+
(|2]>1)

Continued Fractions

z 22 422 922

4,6.35 arctanh 2=T: :—3—: 5—_—: 7: .«

(z in the cut plane of Figure 4.7.)
4.6.36
arcsinh z 2 1-2221.22°3.4223.42°

Jitezr 1+ 3+ 5+ 7+ 9+

Differentiation Formulas

4.6.37 Zld—z arcsinh z=(1-+}22)-%
4.6.38 4 arccosh z=(z2—1)-%
e dz
4.6.39 4 arctanh z=(1—2?)"!
o dz
1
4.6.40 7 arcesch z= Zlim

(according as #z=0)

1

4.6.41 A=

diz arcsech z=F

4.6.42 Zldz arccoth z=(1—2%)"!

Integration Formulas

4.6.43 f&rcsinh zdz=2z arcsinh z— (1422t

4.6.44 f&rccosh zdz=2z arccosh z—(z2—1)}

4.6.45 f&rctanhz dz=2z arctanh z+3In (1—22?)
4.6.46 f arcesch z dz=zarccsch z+}-aresinh 2
4.6.47 f arcsech z dz==z arcsech z-+arcsin 2
4.6.48 f arccoth z dz==z arccoth z+3 In (22—1)
4.6.49
2
fz arcsinhzdz=224+1 aresinh z—z (22+1)%
4.6.50
n . h d zn+l . h zn+l
fz arcsinh z z—m arcsinhz— +1 L dz
(n#*—1)
4.6.51
2__
fz arccosh z dz=2'z4 1 arccosh z-—-Z(zz—l)*
4.6.52
n h d _zn+l h zn+1
fz arccosh z z——n+1 arccoshz— = 1)*
(n#—1)
4.6.53
22—1 z
f z arctanh g dz= 5 arctanh z+§
4.6.54
n zn+l h zn+l d
f 2" arctanh z dz_r_HTl arctanh z— P f 2
(n# 1)
4.6.55

2
f z arcesch z dz =% arcesch z +% (14224

4.6.56

n hzd _Zn+l h _l_f_Ldz
fz arccsch z z——m&rccsc 2+n+1 (21t
(n=—1)
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4.6.57
2
fz arcsech z dz=% arcsech z——é— (1—2z2)}
4.6.58
fn h d—-ﬁ h"+—i—fi—d
z"arcsech z z—n+1arcsec o7 Ja—m z

(ns%—1)

4.6.59
fz arccoth z dz=z2—2-1

arccoth z+g

4.6.60

zn+1

fz" arccoth z dz=n+1

th o+— (2 4
arcco z+1ﬂ_—1—f;2?1 z

(n—1)

Numerical Methods

4.7. Use and Extension of the Tables

Note: In the examples given it is assumed that
the arguments are exact.

Example 1. Computation of Common Logarithms.

To compute common logarithms, the number
must be expressed in the form z.10¢, (1 <z<10,
— o Lg< ). The common logarithm of z-10?
consists of an integral part which is called the
characteristic and a decimal part which is called
the mantissa. Table 4.1 gives the common
logarithm of z.

x z-109 logyo - 107

.009836 9.836-10~% 3.99281 85=(—2.00718 15)
09836 9.836-102 2.99281 85=(—1.0071815)

9836  9.836-10"! 1.99281 85=(—0.0071815)
9.836  9.836-10° 0.99281 85
98.36 9.836.10!  1.99281 85
983.6 9.836.10¢  2.99281 85

Interpolation in Table 4.1 between 983 and 984
gives .99281 85 as the mantissa of 9836.

Note that 3.99281 85=-—-3+-.99281 85. When
g is negatlve the common logarithm can be
expressed in the alternative forms

logyo (.009836) =3.99281 85=7.99281 85~10
=—2.00718 15.

The last form is convenient for conversion from
common logarithms to natural logarithms.

The inverse of logyo is called the antilogarithm
of z, and is written antilog  or log~! z. The
logarithm of the reciprocal of a number is called
the cologarithm, written colog.

Example 2.

Compute 273/ for =9.19826 to 10D using the
Table of Common Logarithms.

From Table 4.1, four-point Lagrangian interpola-
tion gives logi, (9.19826)==.96370 56812. - Then,

—2 loguo (x) = —.72277 92609=9.27722 07391 — 10.

Linear inverse interpolation in Table 4.1 yields
antilog (1.27722)=.18933. For 10 place accuracy
subtabulation with 4-point Lagrangian inter-
polants produces the table

N logio NV A A?
.1 .

8933 27721 94350 2 29379
.18934 27724 23729 2 20366 —13
.18935 .27726 53095

By linear inverse interpolation
x~¥4= 18933 05685.
Example 3.

Convert log;, x to In z for =.009836.

Using 4.1.23 and Table 4.1, In (.009836)=
In 10 logy, (.009836) =2.30258 5093 (— 2.00718 15)
=—4.62170 62.

Example 4.

Compute In z for x==.00278 to 6D.

Using 4.1.7, 4.1.11 and Table 4.2, In (.00278)=
In (.278-107%)=Iln (.278)—2 In 10=—5.885304.

Linear interpolation between 2=.002 and
z=.003 would give In(.00278)=-—5.898. To
obtain 5 decimal place accuracy with linear
interpolation it is necessary that z>.175.

Example 5.

Compute In z for x=1131.718 to 8D.
Using 4.1.7, 4.1.11 and Table 4.2

1131.718

., 1131718 R
=In 1151 +In1.131 +In 10

=In (1.00063 4836)+1n 1.131+3 In 10.
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Then from 4.1.24

In 1131.718=(.00063 4836)—%(.00063 4836)

+In 1.13143 In 10=:.00063 4836 —.00000 0202
+.12310 219746.90775 5279=7.03149 211.

Example 6.
Compute In z working with 16D for
x=1.38967 12458 179231.

Since 1—3%)=1.00048 32583 282384=1+a, using

4.1.24 and Table 4.2 we compute successively

a= .00048 32583 282384

a2
5= 1167 693059
@ 37
= - 6199
a4
. 136
In (14+a)= .00048 31415 965388
In 1.380 = .32858 40637 722067
Inz= .32906 72053 687455.

Example 7.

Compute the principal value of In (£2437).
From 4.1.2, 4.1.3 and Tables 4.2 and 4.14.

In (2+439) =% In (223?43 arctan g

=1.282475+1(.982794)
~ 1 ./ 3
In (—2+3%) =3 In 1342 (r\-—a.rctan 5)

=1.282475+14(2.158799)

In (—2—37) =% In 13+ (—-n-—i—a.rctan g)

=1.282475—(2.158799)

In (2—37) =% In 1342 (—a.rctan g)
=1.282475—1(.982794).

Example 8.

Compute (.227)-% to 7D.
Using 4.2.7 and Tables 4.2 and 4.4,

(.227)'69—:8'69 1n (.227) 28.69(—1.48280 5262)

=¢10%13 581— 35046 60.

Example 9.

Compute e*%% % to 7S,
Using 4.2.18 and Table 4.4,

4.99728 60_— ;4.9

e.09728 69.

[

Linear interpolation 7gives "B 9=1.10217 67
with an error of 1XX1077,

49978 9 (134 28978)(1.10217 67)=148.0111.

Example 10.

Compute ¢* to 18D for
£=.86725 13489 24685 12693.

Let a=z—.867. Using 4.2.1, compute succes-

sively
1.00000 00000 00000 00000
a= .00025 13489 24685 12693

a2
—2—‘= . 315 88140 97019

a3
-3—‘= 2646 54842

4
%_—_ ) 16630
¢*=1.00025 13805 15472 81184

e87=2 37976 08513 29496 863 from Table 4.4

e ¥=¢"==2.38035 90768 39006 089.

Example 11.
Compute ¢ to 7S.
z . z
Let =10 and d=the decimal part of 1o
Then

exp T=exp (ﬁ) In 10)=exp [(n+d) In 10]

=exp (In 107) exp (d In 10)
=10" exp (d In 10)

¥rom Table 4.4

¢ —exp %41861“ 10)=exp (281.42282 42 In 10)

=102 exp (.42282 42 In 10)=10%* exp .97358 87
=10%81(2.647428) = (281)2.647428.
Example 12.

Compute ¢~* for z=.75 using the expansion in
Chebyshev polynomials.
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Following the procedure in [4.3] we have from
4.2.48

7
e"=kZ_OAkT’£(I)

where T} (x) are the Chebyshev polynomials
defined in chapter 22. Assuming by=5b,=0 we
generate by, k=7,6,5,...0 from the recurrence
relation

by=(42—2)br11— b4zt 4,
k by

—.00000 0015
.00000 0400

—.00000 9560
.00018 9959

—.00300 9164
.03550 4993

—.27432 7449

0 .33520 2828

= N W ket &~

since f(z)=b,— (22— 1)b,,
e”-""=.33520 2828—(.5)(—.27432 7449)
=.47236 6553.
Example 13.
Express 38°42’32"/ in radians to 6D.
1°=.01745 32925 19943 29577 r

1’=.00029 08882 08665 72159 62 r
1’7=.00000 48481 36811 09535 9936 r

Therefore
38°=.66322 51 r
42’'= 01221 73 r
32"=.00015 51 r
38°42/32'' = 675598 r.
Example 14.

Express £=1.6789 radians in degrees, minutes
and seconds to the nearest tenth of a second.

From Table 1.1 giving the mathematical con-
stants we have

_180°

lr — =57.29577 95130° . . .

1.6789 r=96.19388°
.19388°X 60=11.633’
.633'X60=38.0""
1.6789 r=96°11"38.0"".

*See page 1I.

Example 15.

Compute sin z and cos z for £=2.317 to 7D.
From 4.3.44 and Table 4.6

sin (2.317)=sin (r—2.317)=sin (.82459 2654)
=.73427 12

cos (2.317)=cos (r—2.317)= —cos (.82459 2654)
=-—_67885 60.

Linear interpolation for z=.82459 2654 gives an
error of 91078,

Example 16.

Compute sin z for x=12.867 to 8D.
From 4.3.16 and Tables 4.6 and 4.8

sin (12.867)=sin 12 cos .867 +cos 12 sin .867
=.29612 142.

The method of reduction to an angle in the first
quadrant which was given in Example 15 may
also be used.

Example 17.

Compute sin z to 19D for
*=_86725 13489 24685 12693.

Let «=.867, From 4.3.16 and
Table 4.6

B=z—a.

sin (a+B)=sin « cos B-+cos a sin B
sin «=.76239 10208 07866 22598
cos a=.64711 66288 94312 75010

With the series expansions for sin 8 and cos 8 we
compute successively

1.00000 00000 00000 00000
315 88140 97019

o
g
b= 16630
cos = .99999 99684 11859 19611
B= 00025 13489 24685 12693
- 2646 54842
£ _
5 1
sin = .00025 13489 22038 57852

sin a cos B=.76239 09967 25351 31308
cos a sin §=.00016 26520 67105 82436

sin £=.76255 36487 92457 1374
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This procedure is equivalent to interpolation with
Taylor’s formula 3.6.4.

Example 18.

In the plane triangle ABC, =123, B=29°16’,
¢==321; find A, b.

b?=a?+c*—2ac cos B=(123)?4(321)?
—2(123)(321) cos 29°16’

5=221.99934 00

__asin B (123)(.48887 50196)
b T 221.99934 00

A=15°42"56.469"".

sin A =.27086 39918

Example 19,

In the plane triangle ABC, a=4, b=7, ¢=9,
find 4, B, and C.

A+b?—a?_814+49—16 114
2be 2.7-9 126

A=.43997 5954=25°12"31.6""
sin A=.42591 7709

. B=7(.425s;1 7709)

.90476 1905

cos A=

B=.84106 8670
=48°11'22.9""

0 0 9(:42591 7709)

4 (C=1.86054 803

=106°36"5.6""

where the supplementary angle must be chosen for
C.  As a check we get A+ B+ C=180°00".1"".

Example 20.

Compute cot z for =.4589 to 6D.
Since z<.5, using Table 4.9 with interpolation

in (@ !'—cot x), we find 71%§§_c°t('4589)=
.155159. Therefore cot (.4589)=2.179124 —

.155159=2.023965.

Example 21.

Compute arcsin z for 2=.99511.
For £>>.95, using Table 4.14 with interpolation
in the auxiliary function f(x) we find

aresin x=1§r— [2(1—2) ] f(x)

arcsin (.99511)=’-25—[2(.00489)]%f(.99511)

=1.57079 6327— (.09889 388252)
(1.00040 7951)
=1.47186 2100.

Example 22.

Compute arctan 20 and arccot 20 to 9D.
Using 4.4.3, 4.4.8, and Table 4.14

arctan 20=’§’—-arctan 1/20=1.52083 7931

arccot, 2O=1§r—arctan 20=arctan .05=.04995 8396.

Example 23.

Express z=3+9¢ in polar form.

z=r+1iy=re", where r=(2?+y?)},

f§=arctan %-}—2«1{:, k is an integer. For k=0,
r=(3249?)}= 00=9.486833

§=arctan 9/3=arctan 3=1.24904 58.
Thus 34-9:=9.486833 exp (1.24904 587).

Example 24.

Compute arctan z for z=1/3 to 12D.
From 4.4.34 and 4.4.42 we have

arctan r=arctan (x,+h)

_h
14-ah+ak

=garctan xo+arctan

3
=aretan ”°+(1+xfh+x3>"1?§(1+x&+x%) te
We have
x=%=.33333 33333 33 so that A=.00033 33333 33
and, from Table 4.14, arctan z,=arctan .333

=.32145 05244  03. h

Since m=
.00030 00300 03 we get
arctan r=.32145 05244 03+4.00030 00300 03
—.00000 00000 09

=.32175 05543 97.

If z is given in the form b/e it is convenient to
use 4.4.34 in the form

b b—ax
arctan ==arctan z,+arctan 2

a+bx,

In the present example we get

1 1
arctan §=a,rctan .333--arctan 3333
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Example 25.

Compute arcsec 2.8 to 5D.
Using 4.3.45 and Table 4.14

. (22—1)}
arcsec z==arcsin ~———

[(2.8)2—1]}

2.8
=aresin .93404 97735
=1.20559

arcsec 2.8==arcsin

or using 4.3.45 and Table 4.14

arcsec z=arctan (22— 1)}
arcsec 2.8=arctan 2.61533 9366

=’§'-— arctan .38235 95564,

from 4.4.3 and 4.4.8
=1.570796—.365207

=1.20559.

Example 26.

Compute arctanh z for =.96035 to 6D.
From 4.6.22 and Table 4.2

14-.96035
1—.96035

=% 1n 49.44136 191
=%(3.90078 7359)=1.9503%4.

1.96035

arctanh .96035=1% In -03965

=LIn

Example 27,

Compute arccosh z for z=1.5368 to 6D.
Using Table 4.17

arccosh  _arccosh 1.5368
(z*—1)* " [(1.5368)*—1]F -

arccosh 1.5368=(.852346)(1.361754)}
=(.852346) (1.166942)
= .994638.

852346

Example 28.

Compute arccosh z for z=31.2 to 5D.
Using Tables 4.2 and 4.17 with 1/r=1/31.2
=.03205 128205

arccosh 31.2—In 31.2=.692886
arccosh 31.2=.692886-3.440418-=4.13330.
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COMMON LOGARITHMS Table 4.1

x logio 2 z logio = 2 logio T logio x logio

100 00000 00000 150 17609 12591 200 30102 99957 250 39794 00087 300 47712 12547
101 00432 13738 151 17897 69473 201 30319 60574 251 39967 37215 301 47856 64956
102 00860 01718 152 18184 35879 202 30535 13694 252 40140 05408 302 48000 69430
103 01283 72247 153 18469 14308 203 30749 60379 253 40312 05212 303 48144 26285
104 01703 33393 154 18752 07208 204 30963 01674 254 40483 37166 304 - 48287 35836

105 02118 92991 155 19033 16982  2p5 31175 38611 255 40654 01804 305 48429 98393
106 02530 58653 156 19312 45984 206 31386 72204 20 40823 99653 306 48572 14265
107 02938 37777 157 19589 96524 207 31597 03455 257 40993 31233 307 48713 83755
108 03342 37555 158 19865 70870 208 31806 33350 258 41161 97060 308 48855 07165
109 03742 64979 159 20139 71243 209 32014 62861 259 41329 97641 309 48995 84794

110 04139 26852 160 20411 99827 210 32221 92947 260 41497 33480 310 49136 16938
111 04532 29788 161 20682 58760 211 32428 24553 261 41664 05073 311 49276 03890
112 04921 80227 162 20951 50145 212 32633 58609 262 41830 12913 312 49415 45940
113 05307 84435 163 21218 76044 213 32837 96034 263 41995 57485 313 49554 43375
114 05690 48513 164 21484 38480 214 33041 37733 264 42160 39269 314 49692 96481

115 06069 78404 165 21748 39442 215 33243 84599 265 42324 58739 315 49831 05538
116 06445 79892 166 22010 80880 216 33445 37512 266 42488 16366 316 49968 70826
117 06818 58617 167 22271 64711 217 33645 97338 267 42651 12614 317 50105 92622
118 07188 20073 168 22530 92817 218 33845 64936 268 42813 47940 318 50242 71200
119 07554 69614 169 22788 67046 219 34044 41148 269 42975 22800 319 50379 06831

120 07918 12460 170 23044 89214 220 34242 26808 270 43136 37642 320 50514 99783
121 08278 53703 171 23299 61104 221 34439 22737 271 43296 92909 321 50650 50324
122 08635 98307 172 23552 84469 222 34635 29745 272 432456 89040 322 50785 58717
123 08990 51114 173 23804 61031 223 34830 48630 273 43616 26470 323 50920 25223
124 09342 16852 174 24054 92483 224 35024 80183 274 43775 05628 324 51054 50102

125 09691 00130 175 24303 80487 225 35218 25181 275 43933 26938 325 51188 33610
126 10037 05451 176 24551 26678 226 35410 84391 276 44090 90821 326. 51321 76001
127 10380 37210 177 24797 32664 227 35602 58572 277  4424% 97691 327 51454 77527
128 10720 99696 178 25042 00023 228 35793 48470 278 44404 47959 328 51587 38437
129 11058 97103 179 25285 30310 229 35983 54823 279 44560 42033 329 51719 58979

130 11394 33523 180 25527 25051 230 36172 78360 280 44715 80313 330 51851 39399
131 11727 12957 181 25767 85749 231 36361 19799 281 44870 63199 331 51982 79938
132 12057 39312 182 26007 13880 232 36548 79849 282 45024 91083 332 52113 80837
133 12385 16410 183 26245 10897 233 36735 59210 283 45178 64355 333 52244 42335
134 12710 47984 184 26481 78230 234 36921 58574 284 45331 83400 334 52374 64668

135 13033 37685 185 26717 17284 235 37106 78623 285 45484 48600 335 52504 48070
136 13353 89084 186 26951 29442 23 37291 20030 286 45636 60331 336 52633 92774
137 13672 05672 187 27184 16065 237 37474 83460 287 45788 18967 337 52762 99009
138 13987 90864 188 27415 78493 238 37657 69571 288 45939 24878 338 52891 67003
139 14301 48003 189 27646 18042 239 37839 79009 289 46089 78428 339 53019 96982

140 14612 80357 190 27875 36010 240 38021 12417 290 46239 79979 340 53147 89170
141 14921 91127 191 28103 33672 241 38201 70426 291 46389 29890 341 53275 43790
142 15228 83444 192 28330 12287 242 38381 53660 292 46538 28514 342 53402 61061
143 15533 60375 193 28555 73090 243 38560 62736 293 46686 76204 343 53529 41200
144 15836 24921 194 28780 17299 244 38738 98263 294 46834 73304 344 53655 84426

145 16136 80022 195 29003 46114 245 38916 60844 295 46982 20160 345 53781 90951
146 16435 28558 196 29225 60714 246 39093 51071 296 47129 17111 346 53907 60988
147 16731 73347 197 29446 62262 247 39269 69533 297 47275 64493 347 54032 94748
148 17026 17154 198 29666 51903 248 39445 16808 298 47421 62641 348 54157 92439
149 17318 62684 199 29885 30764 249 39619 93471 299 47567 11883 349 54282 54270

150 17609 12591 200 30102 99957 250 39794 00087 300 47712 12547 350 54406 80444
—-6)6 (-6)2 -6)1 (-79 (-7)6
("] [72"] (2] [4"] (7]
For use of common logarithms see Examples 1-3. For 100<z<135 interpolate in the range
1000<2<1850. Compiled from A. J. Thompson, Standard table of logarithms to twenty decimal

places, Tracts for Computers, No. 22. Cambridge Univ. Press, Cambridge, England, 1952 (with
permission).
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Table 4.1

x logio
350 54406 80444
351 54530 71165
352 54654 26635
353 54777 47054
354 54900 32620
355 55022 83531
356 55144 99980
357 55266 82161
358 55388 30266
359 55509 44486
360 55630 25008
361 55750 72019
362 55870 85705
363 55990 66250
364 56110 13836
365 56229 28645
366 56348 10854
367 56466 60643
368 56584 78187
369 56702 63662
370 56820 17241
371 56937 39096
372 57054 29399
373 57170 88318
374 57287 16022
375 57403 12677
376 57518 78449
377 57634 13502
378 57749 17998
379 57863 92100
380 57978 35966
381 58092 49757
382 58206 33629
383 58319 87740
384 58433 12244
385 58546 07295
386 58658 73047
387 58771 09650
388 58883 17256
389 58994 96013
390 59106 46070
391 59217 67574
392 59328 60670
393 59439 25504
394 59549 62218
395 59659 70956
396 59769 51859
397 59879 05068
398 59988 30721
399 60097 28957
400 60205 99913

(7

&€

400
401
402
403
404

405
406
407
408
409

410
411
412
413
414

415
416
417
418
419

420
421
422
423
424

425
426
427
428
429

430
431
433
433
434

435
436
437
438
439

440
441
442
443
444

445
446
447
448
449

450
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logio =

60205
60314
60422
60530
60638

60745
60852
60959
61066
61172

61278
61384
61489
61595
61700

61804

61909
62013
62117
62221

62324
62428
62531
62634
62736

62838
62940
63042
63144
63245

63346
63447
63548
63648
63748

63848
63948
64048
64147
64246

64345
64443
64542
64640
64738

64836
64933
65030
65127
65224

65321

99913
43726
60531
50461
13651

50232
60336
44092
01631
33080

38567
18219
72160
00517
03411

80967
33306
60550
62818
40230

92904
20958
24510
03674
58566

89301
95991
78750
37690
72922

84556
72702
37468
78964
97295

92570
64893
14370
41105
45202

26765
85895
22693
37262
29701

00110
48587
75231
80140
63410

25138

7

€

450
451
452
453
454

455
456
457
458
459

460
461
462
463
464

465
466
467
468
469

470
471
472
473
474

475
476
477
478
479

480
481
482
483
484

485
486
487
488
489

490
491
492
493
494

495
496
497
498
499

500

logio z

65321
65417
65513
65609
65705

65801
65896
65991
66086
66181

66275
66370
66464
66558
66651

66745
66838
66931
67024
67117

67209
67302
67394
67486
67577

67669
67760
67851
67942
68033

68124
68214
68304
68394
68484

68574
68663
68752
68841
68930

69019
69108
69196
69284
69372

69460
69548
69635
69722
69810

69897

25138
65419
84348
82020
58529

13967
48427
62001
54780
26855

78317
09254
19756
09910
79806

29529
59167
68806
58531
28427

78579
09071
19986
11407
83417

36096
69527
83790
78966
55134

12374
50764
70382
71308
53616

17386
62693
89612
98220
88591

60800
14921
51028
69193
69489

51989
16765
63887
93428
05456

00043

7

X

500
501
502
503
504

505
506
507
508
509

510
511
512
513
514

515
516
517
518
519

520
521
522
523
524

525
526
527
528
529

530
531
532
533
534

535
536
537
538
539

540
541
542
543
544

545
546
547
548
549

550

logio =

69897
69983
70070
70156
70243

70329
70415
70500
70586
70671

70757
70842
70926
71011
71096

71180
71264
71349
71432
71516

71600
71683
71767
71850
71933

72015
72098
72181
72263
72345

724217
72509
72591
72672
72754

72835
72916
729917
73078
73158

73239
73319
73399
73479
73559

73639
73719
73798
73878
73957

74036

00043
77259
37171
79851
05364

13781
05168
79593
37123
77823

01761
09001
99610
73651
31190

72290
97016
05431
97597
73578

33436
77233
05030
16889
12870

93034
57442
06152
39225
56720

58696
45211
16323
72090
12570

37820
47897
42857
22757
87652

37598
72651
92865
98296
88997

65023
26427
73263
05585
23445

26895

7

X

550
551
552
553
554

555
556
557
558
559

560
561
562
563
564

565
566
567
568
569

570
571
572
573
574

575
576
577
578
579

580
581
582
583
584

585
586
587
588
589

590
591
592
593
594

595
596
597
598
599

600

logio =

74036
74115
74193
74272
74350

74429
74507
74585
74663
74741

74818
74896
74973
75050
75127

75204
75281
75358
75434
75511

75587
75663
75739
75815
75891

75966
76042
76117
76192
76267

76342
76417
76492
76566
76641

76715
76789
76863
76937
77011

77085
77158
77232
77305
77378

77451
77524
775917
77670
77742

77815

26895
15989
90777
51313
97647

29831
47916
51952
41989
18079

80270
28613
63156
83949
91040

84478
64312
30589
83357
22664

48557
61082
60288
46220
18924

78447
24834
58132
78384
85637

79936
61324
29846
85548
28471

58661
76160
81012
73261
52948

20116
74809
17067
46934
64450

69657
62597
43311
11840
68224

12504

7



600
601
602
603
604

605
606
607
608
609

610
611
612
613
614

615
616
617
618
619

620
621
622
623
624

625
626
627
628
629

630
631
632
633
634

635
636
637
638
639

640
641
642
643
644

645
646
647
648
649

650

logio

77815
77887
77959
78031
78103

78175
78247
78318
78390
78461

78532
78604
78675
78746
78816

78887
78958
79028
79098
79169

79239
79309
79379
79448
79518

79588
79657
79726
79795
79865

79934
80002
80071
80140
80208

80277
80345
80413
80482
80550

80617
80685
80753
80821
80888

80955
81023
81090
81157
81224

81291

12504
44720
64913
73121
69386

53747
26242
86911
35793
72926

98350
12102
14221
04745
83711

51158
07122
51640
84751
06490

16895
16002
03847
80467
45897

00173
43332
75408
96437
06454

05495
93592
70783
37100
92579

37253
71156
94323
06787
08582

99740
80295
50281
09729
58674

97146
25180
42807
50059
46968

33566

7

&

650
651
652
653
654

655
656
657
658
659

660
661
662
663
664

665
666
667
668
669

670
671
672
673
674

675
676
677
678
679

680
681
682
683
684

685
686
687
688
689

690
691
692
693
694

695
696
697
698
699

700
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81291 33566
81358 09886
81424 75957
81491 31813
81557 77483

81624 13000
81690 38394
81756 53696
81822 58936
81888 54146

81954 39355
82020 14595
82085 79894
82151 35284
82216 80794

82282 16453
82347 42292
82412 58339
82477 64625

82542 61178

82607 48027
82672 25202
82736 92731

82801 50642

82865 98965

82930 37728
82994 66959
83058 86687
83122 96939
83186 97743

83250 89127
83314 71119
83378 43747
83442 07037
83505 61017

83569 05715
83632 41157
83695 67371
83758 84382
83821 92219

83884 90907
83947 80474
84010 60945
84073 32346
84135 94705

84198 48046
84260 92396
84323 27781
84385 54226
84447 71757

84509 80400

(7

@

700
701
702
703
704

705
706
707
708
709

710
711
712
713
714

715
716
717
718
719

720
721
722
723
724

725
726
727
728
729

730
731
732
733
734

735
736
737
738
739

740
741
742
743
744

745
746
747
748
749

750

l