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Preface
The present volume is an outgrowth of a Conference on Mathematical Tables

held at Cambridge, Mass., on September 15-16, 1954, under the auspices of the
National Science Foundation and the Massachusetts Institute of Technology. The
purpose of the meeting was to evaluate the need for mathematical tables in the light
of the availability of large scale computing machines. It was the consensus of
opinion that in spite of the increasing use of the new machines the basic need for
tables would continue to exist.

Numerical tables of mathematical functions are in continual demand by scien-
tists and engineers. A greater variety of functions and higher accuracy of tabula-
tion are now required as result of scientific advances and, especially, of the in-
creasing use of automatic computers. In the latter connection, the tables serve
mainly for preliminary surveys of problems before programming for machine operation.
For those without easy access to machines, such tables are, of course, indispensable.

Consequently, the Conference recognized that there was a pressing need for a
modernized version of the classical tables of functions of Jahnke-Emde. To imple-
ment the project, the National Science Foundation requested the National Bureau
of Standards to prepare such a volume and established an Ad Hoc Advisory Com-
mittee, with Professor Philip M. Morse of the Massachusetts Institute of Technology
as chairman, to advise the staff of the National Bureau of Standards during the
course of its preparation. In addition to the Chairman, the Committee consisted
of A. Erdélyi, M. C. Gray, N. Metropolis, J. B. Rosser, H. C. Thacher, Jr., John
Todd, C. B. Tompkins, and J. W. Tukey.

The primary aim has been to include a maximum of useful information within
the limits of a moderately large volume, with particular attention to the needs of
scientists in all fields. An attempt has been made to cover the entire field of special
functions. To carry out the goal set forth by the Ad Hoc Committee, it has been
necessary to supplement the tables by including the mathematical properties that
are important in computation work, as well as by providing numerical methods
which demonstrate the use and extension of the tables.

The Handbook was prepared under the direction of the late Milton Abramowitz,
and Irene A. Stegun. Its success has depended greatly upon the cooperation of
many mathematicians. Their efforts together with the cooperation of the Ad Hoc
Committee are greatly appreciated. The particular contributions of these and
other individuals are acknowledged at appropriate places in the text. The sponsor-
ship of the National Science Foundation for the preparation of the material is
gratefully recognized.

It is hoped that this volume will not only meet the needs of all table users but
will in many cases acquaint its users with new functions.

ALLEN V. ASTIN, Director.

Washington, D.C.
m



Foreword
This volume is the result of the cooperative effort of many persons and a number

of organizations. The National Bureau of Standards has long been turning out
mathematical tables and has had under consideration, for at least 10 years, the
production of a compendium like the present one. During a Conference on Tables,
called by the NBS Applied Mathematics Division on May 15, 1952, Dr. Abramo-
witz of that Division mentioned preliminary plans for such an undertaking, but
indicated the need for technical advice and financial support.

The Mathematics Division of the National Research Council has also had an
active interest in tables; since 1943 it has published the quarterly journal, "Mathe-
matical Tables and Aids to Computation" (MTAC), editorial supervision being
exercised by a Committee of the Division.

Subsequent to the NBS Conference on Tables in 1952 the attention of the
National Science Foundation was drawn to the desirability of financing activity in
table production. With its support a 2-day Conference on Tables was called at the
Massachusetts Institute of Technology on September 15-16, 1954, to discuss the
needs for tables of various kinds. Twenty-eight persons attended, representing
scientists and engineers using tables as well as table producers. This conference
reached consensus on several conclusions and recommendations, which were set
forth in the published Report of the Conference. There was general agreement,
for example, "that the advent of high-speed computing equipment changed the
task of table making but definitely did not remove the need for tables". It was
also agreed that "an outstanding need is for a Handbook of Tables for the Occasional
Computer, with tables of usually encountered functions and a set of formulas and
tables for interpolation and other techniques useful to the occasional computer".
The Report suggested that the NBS undertake the production of such a Handbook
and that the NSF contribute financial assistance. The Conference elected, from its
participants, the following Committee: P. M. Morse (Chairman), M. Abramowitz,
J. H. Curtiss, R. W. Hamming, D. H. Lehmer, C. B. Tompkins, J. W. Tukey, to
help implement these and other recommendations.

The Bureau of Standards undertook to produce the recommended tables and the
National Science Foundation made funds available. To provide technical guidance
to the Mathematics Division of the Bureau, which carried out the work, and to pro-
vide the NSF with independent judgments on grants for the work, the Conference
Committee was reconstituted as the Committee on Revision of Mathematical
Tables of the Mathematics Division of the National Research Council. This, after
some changes of membership, became the Committee which is signing this Foreword.
The present volume is evidence that Conferences can sometimes reach conclusions
and that their recommendations sometimes get acted on.

V



VI FOREWORD

Active work was started at the Bureau in 1956. The overall plan, the selection
of authors for the various chapters, and the enthusiasm required to begin the task
were contributions of Dr. Abramowitz. Since his untimely death, the effort has
continued under the general direction of Irene A. Stegun. The workers at the
Bureau and the members of the Committee have had many discussions about
content, style and layout. Though many details have had to be argued out as they
came up, the basic specifications of the volume have remained the same as were
outlined by the Massachusetts Institute of Technology Conference of 1954.

The Committee wishes here to register its commendation of the magnitude and
quality of the task carried out by the staff of the NBS Computing Section and their
expert collaborators in planning, collecting and editing these Tables, and its appre-
ciation of the willingness with which its various suggestions were incorporated into
the plans. We hope this resulting volume will be judged by its users to be a worthy
memorial to the vision and industry of its chief architect, Milton Abramowitz.
We regret he did not live to see its publication.

P. M. MORSE, Chairman.
A. ERDLYI

C. GRAY
C. METROPOLIS

J. B. ROSSER
H. C. THACHER, Jr.
JOHN TODD
C. B. TOMPKINS
J. W. TUKEY.
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Handbook of Mathematical Functions
with

Formulas, Graphs, and Mathematical Tables
Edited by Milton Abramowitz and Irene A. Stegun

1. Introduction
The present Handbook has been designed to

provide scientific investigators with a compre-
hensive and self-contained summary of the mathe-
matical functions that arise in physical and engi-
neering problems. The well-known Tables of
Functions by E. Jahnke and F. Emde has been
invaluable to workers in these fields in its many
editions1 during the past half-century. The
present volume extends the work of these authors
by giving more extensive and more accurate
numerical tables, and by giving larger collections
of mathematical properties of the tabulated
functions. The number of functions covered has
also been increased.

The classification of functions and organization
of the chapters in this Handbook is similar to
that of An Index of Mathematical Tabie by
A. Fletcher, J. C. P. Miller, and L. Rosenhead.2
In general, the chapters contain numerical tables,
graphs, polynomial or rational approximations
for automatic computers, and statements of the
principal mathematical properties of the tabu-
1 ated functions, particularly those of computa-

2. Accuracy

The number of significant figures given in each
table has depended to some extent on the number
available in existing tabulations. There has been
no attempt to make it uniform throughout tlie
Handbook, which would have been a costly and
laborious undertaking. In most tables at least
five significant figures have been provided, and
the tabulaf intervals have generally been chosen
to ensure that linear interpolation will yield. four-
or five-figure accuracy, which suffices in most
physical applications. Users requiring higher

i The most recent, the sixth, with F. Loesch added as co-author, was
published in 1960 by MeGraw-ITill, U.S.A., and Teubner, Germany.

i The second edition, with L. J. Comrie added as co-author, was published
in two volumes in 1962 by Addison-Wesley, U.S.A., and Scientific Com-
puting Service Ltd., Great Britain.

tional importance. Many numerical examples
are given to illustrate the use of the tables and
also the computation of function values which lie
outside their range. At the end of the text in
each chapter there is a short bibliography giving
books and papers in which proofs of the mathe-
matical properties stated in the chapter may be
found. Also listed in the bibliographies are the
more important numerical tables. Comprehen-
sive lists of tables are given in the Index men-
tioned above, and current information on new
tables is to be found in the National Research
Council quarterly Mathematics of Computation
(formèrly Mathematical Tables and Other Aids
to Computation).

The mathematical notations used in this Hand-
book are those commonly adopted in standard
texts, particularly Higher Transcendental Func-
tions, Volumes 1-3, by A. Erdélyi, W. Magnus,
F. Oberhettinger and F. G. Tricorni (McGraw-
Hill, 1953-55). Sorne alternative notations have
also been listed. The introduction of new symbols
has been kept to a minimum, and an effort has
been made to avoid the use of conflicting notation.

of the Tables

precision in their interpolates may obtain them
by use of higher-order interpolation procedures,
described below.

In certain tables many-figured function values
are given at irregular intervals in the argument.
An example is provided by Table 9.4. The pur-
pose of these tables is to furnish "key values" for
the checking of programs for automatic computers;
no question of interpolation arises.

The maximum end-figure error, or "tolerance"
in the tables in this Handbook is 90 of 1 unit
everywhere in the case of the elementary func-
tions, and i unit in the case of the higher functions
except in a few cases where it has been permitted
to rise to 2 units.

Ix



One of the objects of this Handbook is to pro-
vide tables or computing methods which enable
the user to evaluate the tabulated functions over
complete ranges of real values of their parameters.
In order to achieve this object, frequent use has
been made of auxiliary functions to remove the
infinite part of the original functions at their
singularities, and auxiliary arguments to cope with
infinite ranges. An example will make the pro-
cedure clear.

The exponential integral of positive argument
is given by

Ei(x) =f-_du

X X2 X37+ln

The tables in this Handbook are not provided
with differences or other aids to interpolation, be-
cause it was felt that the space they require could
be better employed by the tabulation of additional
functions. Admittedly aids could have been given
without consuming extra space by increasing the
intervals of tabulation, but this would have con-
flicted with the requirement that linear interpola-
tion is accurate to four or five figures.

For applications in which linear interpolation
is insufficiently accurate it is intended that
Lagrange's formula or Aitken's method of itera-
tive linear interpolation3 be used. To help the
user, there is a statement at the foot of most tables
of the maximum error in a linear interpolate,
and the number of function values needed in
Lagrange's formula or Aitken's method to inter-
polate to full tabular accuracy.

As an example, consider the following extract
from Table 5.1.

The numbers in the square brackets mean that
the maximum error in a linear interpolate is
3X10-6, and that to interpolate to the full tabular
accuracy five points must be used in Lagrange's
and Aitken's methods.

3 A. C. Aitken, On interpolation by iteration of proportional parts, with-
out the use of differences, Proc. Edinburgh Math. Soc. 3, 56-76 (1932).

4. Interpolation

The logarithmic singularity precludes direct inter-
polation near x=0. The functions Ei(x) ln x
and x'[Ei(x)ln x-7], however, are well-
behaved and readily interpolable in this region.
Either will do as an auxiliary function; the latter
was in fact selected as it yields slightly higher
accuracy when Ei(r) is recovered. The function
x1Ei(x) in x--y] has been tabulated to nine
decimals for the range O x. For x2,
Ei(x) is sufficiently well-behaved to admit direct
tabulation, but for larger values of r, its expo-
nential character predominates. A smoother and
more readily interpolable function for large r is
xeEi(x); this has been tabulated for 2 r 10.
Finally, the range 10 X is covered by use of
the inverse argument x1. Twenty-one entries of
reEi(x), corresponding to x'=.1(.005)0, suf-
fice to produce an interpolable table.

Let us suppose that we wish to compute the
value of xeEi(x) for x=7.9527 from this table.
We describe in turn the application of the methods
of linear interpolation, Lagrange and Aitken, and
of alternative methods based on differences and
Taylor's series.

(1) Linear interpolation. The formula for this
process is given by

j,= (1 p)j+pj
where jo, j1 are consecutive tabular values of the
function, corresponding to arguments r0, z, re-
spectively; p is the given fraction of the argument
interval

p= (xx3)/(xixo)

and f, the required interpolate. In the present
instance, we have

f0=.89717 4302 j=.89823 7113 p=.527'

The most convenient way to evaluate the formula
on a desk calculating machine is to set Jo and j1

in turn on the keyboard, and carry out the multi-
plications by 1p and p cumulatively; a partial
check is then provided by the multiplier dial
reading unity. We obtain

j.527= (1.527) (.89717 4302) + .527(.89823 7113)
=.89773 4403.

Since it is known that there is a possible error
of 3X10-6 in the linear formula, we round off this
result to .89773. The maximum possible error in
this answer is composed of the error committed

z xeEi(z) z zeEi(z)
7. 5 . 89268 7854 8. 0 . 89823 7113
7. 6 . 89384 6312 8. 1 . 89927 7888
7. 7 . 89497 9666 8. 2 . 90029 7306
7. 8 . 89608 8737 8. 3 . 90129 603
7. 9 . 89717 4302 8. 4 . 90227 4695

X INTRODUCTION

3. Auxiliary Functions and Arguments



by the last rounding, that is, .4403X10°, plus
3X10-8, and so certainly cannot exceed .8X10°.

(2) Lagrange's formula. In this example, the
relevant formula is the 5-point one, given by

f=A2(p)f2+A1 (p)f-i +Ao(p)fo+A1 (p)Ji
+A2(p)f2

Tables of the coefficients A(p) are given in chapter
25 for the range p=O(.Ol)1. We evaluate the
formula for p=.52, .53 and .54 in turn. Again,
in each evaluation we accumulate the Ak(p) in the
multiplier register since their sum is unity. We
now have the following subtable.

x xeE,(x)

If the quantities x,,x and XmX are used as
multipliers when forming the cross-product on a
desk machine, their accumulation (x0x) - (XmX)
in the multiplier register is the divisor to be used
at that stage. An extra decimal place is usually
carried in the intermediate interpolates to safe-
guard against accumulation of rounding errors.

The order in which the tabular values are used
is immaterial to some extent, but to achieve the
maximum rate of convergence and at the same
time minimize accumulation of rounding errors,
we begin, as in this example, with the tabular
argument nearest to the given argument, then
take the nearest of the remaining tabular argu-
ments, and so on.

The number of tabular values required to
achieve a given precision emerges naturally in
the course of the iterations. Thus in the present
example six values were used, even though it was
known in advance that five would suffice. The
extra row confirms the convergence and provides
a valuable check.

(4) Difference formulas. We use the central
difference notation (chapter 25),

INTRODUCTION XI

The numbers in the third and fourth columns are
the first and second differences of the values of
xeE1 (x) (see below); the smallness of the second
difference provides a check on the three interpola-
tions. The required value is now obtained by
linear interpolation:

,f= .3 (.89772 9757) + .7(.89774 0379)

=.89773 7192.

In cases where the correct order of the Lagrange
polynomial is not known, one of the preliminary
interpolations may have to be performed with
polynomials of two or more different orders as a
check on their adequacy.

(3) Aitken's method of iterative linear interpola-
tion. The scheme for carrying out this process
in the present example is as follows:

01,/2 1i1o, &f3/2f2f,, .
02f, = 0f3/3 0f1/2 =12 2f, +fo

03f3/2 0f2 02f, =13 - 312+ 3h fo
öf2= ô'fo/2 O'f3/2=f4 413+ 6f3 4fi+fo

and so on.
In the present example the relevant part of the

difference table is as follows, the differences being
written in units of the last decimal place of the
function, as is customary. The smallness of the
high differences provides a check on the function
values

Applying, for example, Everett's interpolation
formula

+E4(p)04f0+f=(1p)fo+E3(p)02fo
+pf,+F2(p)o2f,+F4(p)04f,+

and taking the numerical values of the interpola-
tion coefficients E2(,p), E4(p), F2(p) and F4(p)
from Table 25.1, we find that

7.952

7.953

7.954

.89772

.89774

.89775

9757

0379

0999

10622

10620
2

Here
1

! !!!_
0 8.
1 7.
2 8.
3 7.
4 &
5 7.

Yo

Yn

Yo,,

Yo,,,

y=xeE,(x) Yo,

89773
89774

2
4
2

m-1m
m-1,,,

44034
48264
90220
98773
35221

XmX

YO,i,n

89773 71499
2394
1216
2706

Here

Yo i, 2, n

89773 71938
16
43

X0 fo

X' f'
X2 h
X3 13

X4 f4

YO,1,z,3,n

89773 71930
30

OfI/2
02f,

8f3/3
02f2

02f3

XnX
0473

-. 0527
1473

-. 1527
. 2473

-. 2527

03f3/2
04f3

ö'fo/2

0 . 89823
9 . 89717
1 . 89927
8 . 89608
2 . 90029
7 . 89497

X0X
XnX

xix
xnx
1

7113
4302
7888
8737
7306
9666

Yo,,,

1
Yo., ,n =_1

XnXm Yo,i,-

z xeE,(x) 02f 04f

7. 9 89717 4302 2 2754 34
8.0 .89823 7113 2 2036 39
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10'f=.473(89717 4302)+.061196(2 2754)-.012(34)
+ .527(89823 7113)+.063439(2 2036)- .012(39)

=89773 7193.

We may notice in passing that Everett's
fprmula shows that the error in a linear interpolate
is approximately

E2(p) O2fo+ F2(p)62f1 [E,(p) + F2(p) ][ô2fo+ ö2fi]

Since the maximum value of IE2(p)+F2(p) in the
range O.(p<l is %, the maximum error in a linear
interpolate is approximately

jô2fe+ô2fiI, that is,jf2-fi--fo+f-iI.

(5) Taylor's series. In cases where the succes-
sive derivatives of the tabulated function can be
computed fairly easily, Taylor's expansion

f(x) rf(xo) + (X-Xo)
f'(zo) + (X_XO)2f'r0)

With linear interpolation there is no difference
in principle between direct and inverse interpola-
tion. In cases where the linear formula provides
an insufficiently accurate answer, two methods are
available. We may interpolate directly, for
example, by Lagrange's formula to prepare a new
table at a fine interval in the neighborhood of the
approximate value, and then apply accurate
inverse linear interpolation to the subtabulated
values. Alternatively, we may use Aitken's
method or even possibly the Taylor's series
method, with the roles of function and argument
interchanged.

It is important to realize that the accuracy of
an inverse interpolate may be very different from
that of a direct interpolate. This is particularly
true in regions where the function is slowly
varying, for example, near a maximum or mini-
mum. The maximum precision attainable in an
inverse interpolate can be estimated with the aid of
the formula

All

in which is the maximum possible error in the
function values.

Example. Given xezEi(x) =.9, find x from the
table on page X.

(i) Inverse linear interpolation. The formula
for p is

p= (f-f)I(f-f).
In the present example, we have

.9- .89927 7888 72 2112
7306- .89927 7888iö1 9418708357

5. Inverse Interpolation

can be used. We first compute as many of the
derivatives f() (z0) as are significant, and then
evaluate the series for the given value of x.
An advisable check on the computed values of the
derivatives is to reproduce the adjacent tabular
values by evaluating the series for x=x_1 and z1.

In the present example, we have

f(x) _-xeEi(x)
f'(x) = (1+x')f(x) -1

f"(x) = (1+x')f'(x) -x'f(x)
f"(x) = (1+x1)f"(x) _2x2f'(x) +2x'f(x).

With x0=7.9 and x-x0=.0527 our computations
are as follows; an extra decimal has been retained
in the values of the terms in the series to safeguard
against accumulation of rounding errors.

The desired z is therefore

x=zo+p(xi-xo)=8.l+ .708357(.1)==8.17083 57

To estimate the possible error in this answer,
we recall that the maximum error of direct linear
interpolation in this table is 4f=3X 10_6. An
approximate value for dJ/dx is the ratio of the
first difference to the argument interval (chapter
25), in this case .010. Hence the maximum error
in z is approximately 3X 106/(.010), that is, .0003.

Sub tabulation niethod. To improve the
approximate value of z just obtained, we inter-
polate directly for p=.'ZO, .71 and .72 with the aid
of Lagrange's 5-point formula,

X xeE1 (x) 6 82

8. 170 89999 3683
1 0151

8. 171 90000 3834 -2
1 0149

8. 172 90001 3983

Inverse linear interpolation in the new table
gives

.9- .89999 3683
.00001 0151

- .6223

Hence x=8.17062 23.

An estimate of the maximum error in this result
is

All L1 X10-9_i xio-7
dx .010

Aitken's method. This is carried out in the
same manner as in direct interpolation.

k f(k)(xo)/kt (x-x0) kf(k)(xo)/k!
0 .89717 4302 .89717 4302
1 .01074 0669 .00056 6033 3
2 - .00113 7621 - .00000 3159 5
3 .00012 1987 .00000 0017 9

.89773 7194



The estimate of the maximum error in this
result is the same as in the subtabulation method.
An indication of the error is also provided by the

6. Bivariate Interpolation

Bivariate interpolation is generally most simpiy
performed as a sequence of univariate interpola-
tions. We carry out the interpolation in one
direction, by one of the methods already described,
for several tabular values of the second argument
in the neighborhood of its given value The
interpolates are differenced as a check, and

Many of the special mathematical functions
which depend on a parameter, called their index,
order or degree, satisfy a linear difference equa-
tion (or recurrence relation) with respect to this
parameter. Examples are furnished by the Le-
gendre function P(x), the Bessel function J(x)
and the exponential integral E(x), for which we
have the respective recurrence relations

(n,+ 1)P,1 (2n+ 1)xP,,+nP,,_1=0

Jn+I J,.+J,I=0

nE,,+1 +xE,,= e.

Particularly for automatic work, recurrence re-
lations provide an important and powerful com-
puting tool. If the values of P(x) or J(x) are
known for two consecutive values of n, or E,,(x)
is known for one value of n, then the function may
be computed for other values of n by successive
applications of the relation. Since generation is
carried out perforce with rounded values, it is
vital to know how errors may be propagated in
the recurrence process. Tithe errors do not grow
relative to the size of the wanted function, the
process is said to be stable. If, however, the
relative errors grow and will eventually over-
whelm the wanted function, the process is unstable.

It is important to realize that stability may
depend on (i) the particular solution of the duff er-
ence equation being computed; (ii) the values of
x or other parameters in the difference equation;

discrepancy in the highest interpolates, in this
case x0,1,2,3,4, and x0,1,2,3,5.

interpolation is then carried out in the second
direction.

An alternative procedure in the case of functions
of a complex variable is to use the Taylor's series
expansion, provided that successive derivatives
of the function can be computed without much
difficulty.

7. Generation of Functions from Recurrence Relations

(iii) the direction in which the recurrence is being
applied. Examples are as follows.

Stabilityincreasing n
P,,(z), P(x)

Q,,(z), Q(x) (x<1)
Y,,(x), K,,(x)

J_,_(x), I_,,_(x)
E,.(x) (n<x)

Stabilitydecreasing n

P,,(z), P:(x) (x<1)
Q,,(x), Q'(x)

f,,(x), I,,(x)

J,,(x), I,,+(x)
E,,(x) (n>x)
F,,(, p) (Coulomb wave function)

Illustrations of the generation of functions from
their recurrence relations are given in the pertinent
chapters. It is also shown that even in cases
where the recurrence process is unstable, it may
still be used when the starting values are known
to sufficient accuracy.

Mention must also be made here of a refinement,
due to J. C. P. Miller, which enables a recurrence
process which is stable for decreasing n to be
applied without any knowledge of starting values
for large n. Miller's algorithm, which is well-
suited to automatic work, is described in 19.28,
Example 1.

n
O

i
2
3
4
5

ynxezEi(X)
. 90029 7306
. 89927 7888
. 90129 6033
. 89823 7113
. 90227 4695
. 89717. 4302

X,
8. 2
8. 1
8. 3
8. 0
8. 4
7. 9

8.
&
8.
8.
8.

X0,,,

17083
17023
17113
16992
17144

5712
1505
8043
9437
0382

8.

INTRODUCTION

XQ,i,,,

17061 9521
2 5948 8. 17062
1 7335
2 8142

2244
415
231

8. 17062 2318
265

y,, - y
00029

-. 00072
00129

-. 00176
00227

-. 00282

xm

7306
2112
6033
2887
4695
5098
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1. Mathematical Constants

DAVID S. LIEPMAN 1

Contents
Page

Table 1.1. Mathematical Constants 2

n prime <100, 20S 2

Some roots of 2, 3, 5, 10, 100, 1000, e, 20S 2

e, n=1(1)l0, 25S 2

e±T,n=1(l)10, 20S 2

e6, e7, 20S 2

in n, log10 n, n=2(l)10, primes <100, 26, 25S 2

in ir, ln-I, log10 ir, log10 e, 25S 3

n in 10, n=1(1)9, 25S a

fir, n=1(1)9, 25S 3

ir*, n=1(l)1O, 25S 3

Fractions of ir, powers and roots involving ir, 25S 3

1 radian in degrees, 26S 3

10, 1', 1" in radians, 24D 3

'y,1n7, 24D 3

r(4, 1/r(), 15D 3

F(x), 1/r(x), in r(x), x=, , , lSD 3

i



*See page II.

2

n(prime)

MATHEMATICAL CONSTANTS

TABLE 1. 1. MATHEMATICAL CONSTANTS

2 1. 4142 13562 37309 50488 101/2 3. 1622 77660 16837 93320
3 1. 7320 50807 56887 72935 101/3 2. 1544 34690 03188 37219
5 2. 2360 67977 49978 96964 10" 1. 7782 79410 03892 28012
7 2. 6457 51311 06459 05905 10" 1. 5848 93192 46111 34853

11 3. 3166 24790 35539 98491 100" 4. 6415 88833 61277 88924 *

13 3. 6055 51275 46398 92931 100" 2. 5118 86431 50958 01112
17 4. 1231 05625 61766 05498 1000" 5. 6234 13251 90349 08040
19 4. 3588 98943 54067 35522 1000" 3. 9810 71705 53497 25077 *

23 4. 7958 31523 31271 95416 2' 1. 2599 21049 89487 31648
29 5. 3851 64807 13450 40313 31/3 1. 4422 49570 30740 83823
31 5. 5677 64362 83002 19221 2'/ 1. 1892 07115 00272 10667
37 6. 0827 62530 29821 96890 31/4 1. 3160 74012 95249 24608 *

41 6. 4031 24237 43284 86865 2' (- 1) 7.0710 67811 86547 52440
43 6. 5574 38524 30200 06523 3-1/2 (- 1) 5. 7735 02691 89625 76451
47 6. 8556 54600 40104 41249 5-1/2 (- 1) 4.4721 35954 99957 93928
53 7. 2801 09889 28051 82711
59 7. 6811 45747 86860 81758
61 7. 8102 49675 90665 43941 e13 4. 8104 77380 96535 16555
67 8. 1853 52771 87244 99700 e14 2. 1932 80050 73801 54566
71 8.4261 49773 17635 86306 e12 (- 1) 2.0787 95763 50761 90855
73 8. 5440 03745 31753 11679 e14 (- 1) 4. 5593 81277 65996 23677
79 8. 8881 94417 31558 88501 e'13 1. 6487 21270 70012 81468
83 9. 1104 33579 14429 88819 e113 (- 1) 6.0653 06597 12633 42360
89 9. 4339 81132 05660 38113 e'1' 1. 3956 12425 08608 95286
97 9. 8488 57801 79610 47217 e'13 (- 1) 7. 1653 13105 73789 25043

n n
1 2. 7182 81828 45904 52353 60287 1 (- 1) 3. 6787 94411 71442 32159 55238
2 7. 3890 56098 93065 02272 30427 2 (- 1) 1. 3533 52832 36612 69189 39995
3 ( 1) 2. 0085 53692 31876 67740 92853 3 (- 2) 4.9787 06836 78639 42979 34242
4 ( 1) 5. 4598 15003 31442 39078 11026 4 (- 2) 1. 8315 63888 87341 80293 71802

5
6
7

( 2)
( 2)
( 3)

1. 4841
4. 0342
1. 0966

31591
87934
33158

02576
92735
42845

60342
12260
85992

11156
83872
63720

5
6
7

(- 3)
(- 3)(- 4)

6. 7379
2.4787
9. 1188

46999
52176
19655

08546
66635
54516

70966
84230
20800

36048
45167
31361

8
9

10

( 3)
( 3)
( 4)

2. 9809
8. 1030
2. 2026

57987
83927
46579

04172
57538
48067

82747
40077
16516

43592
09997
95790

8
9

10

(- 4)
(- 4)
(- 5)

3.3546
1.2340
4.5399

26279
98040
92976

02511
86679
24848

83882
54949
51535

13891
76367
59152

n n
i ( 1) 2.3140 69263 27792 69006 1 (- 2) 4.3213 91826 37722 49774
2 ( 2) 5.3549 16555 24764 73650 2 (- 3) 1.8674 42731 70798 88144
3 ( 4) 1.2391 64780 79166 97482 3 (- 5) 8.0699 51757 03045 99239
4 ( 5) 2.8675 13131 36653 29975 4 (- 6) 3.4873 42356 20899 54918
5 ( 6) 6. 6356 23999 34113 42333 5 (- 7) 1. 5070 17275 39006 46107
6 ( 8) 1.5355 29353 95446 69392 6 (- 9) 6.5124 12136 07990 07282
7 ( 9) 3.5533 21280 84704 43597 7 (-10) 2.8142 68457 48555 27211
8 (10) 8.2226 31558 55949 95275 8 (-11) 1.2161 55670 94093 08397
9 (12) 1.9027 73895 29216 12917 9 (-13) 5.2554 85176 00644 85552

10 (13) 4.4031 50586 06320 29011 10 (-14) 2.2711 01068 32409 38387

e ( 1) 1. 5154 26224 14792 64190 e (- 2) 6. 5988 03584 53125 37077
e7 1.7810 72417 99019 79852 e7 (- 1) 5.6145 94835 66885 16982

n in n n logw

2 0.6931 47180 55994 53094 172321 2 (-1) 3.0102 99956 63981 19521 37389
3 1.0986 12288 66810 96913 952452 3 (-1) 4.7712 12547 19662 43729 50279
4 1.3862 94361 11989 06188 344642 4 (-1) 6.0205 99913 27962 39042 74778
5 1.6094 37912 43410 03746 007593 5 (-1) 6.9897 00043 36018 80478 62611
6 1.7917 59469 22805 50008 124774 6 (-1) 7.7815 12503 83643 63250 87668
7 1.9459 10149 05531 33051 053527 7 (-1) 8.4509 80400 14256 83071 22163
8 2.0794 41541 67983 59282 516964 8 (-1) 9.0308 99869 91943 58564 12167
9 2. 1972 24577 33621 93827 904905 9 (-1) 9. 5424 25094 39324 87459 00558

10 2. 3025 85092 99404 56840 179915 10 1. 0000 00000 00000 00000 00000
11 2. 3978 95272 79837 05440 619436 11 1. 0413 92685 15822 50407 50200
13 2. 5649 49357 46153 67360 534874 13 1. 1139 43352 30683 67692 06505
17 2. 8332 13344 05621 60802 495346 17 1. 2304 48921 37827 39285 40170
19 2. 9444 38979 16644 04600 090274 19 1. 2787 53600 95282 89615 36333
23 3. 1354 94215 92914 96908 067528 23 1. 3617 27836 01759 28788 67777
29 3. 3672 95829 98647 40271 832720 29 1. 4623 97997 89895 60873 32847
31 3. 4339 87204 48514 62459 291643 31 1. 4913 61693 83427 26796 66704
37 3. 6109 17912 64422 44443 680957 37 1. 5682 01724 06699 49968 08451
41 3. 7135 72066 70430 78038 667634 41 1. 6127 83856 71973 54945 09412
43 3. 7612 00115 69356 24234 728425 43 1. 6334 68455 57958 65264 05088



*See page II.
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n

MATHEMATICAL CONSTANTS

TABLE 1.1. MATHEMATICAL CONSTANTS-Continued

Inn n logion

3

47 3. 8501 47601 71005 85868 209507 47 1. 6720 97857 93571 74644 14219
53 3. 9702 91913 55212 18341 444691 53 1. 7242 75869 60078 90456 32992
59 4. 0775 37443 90571 94506 160504 59 1. 7708 52011 64214 41902 60656
61 4. 1108 73864 17331 12487 513891 61 1. 7853 29835 01076 70338 85749
67 4. 2046 92619 39096 60596 700720 67 1. 8260 74802 70082 64341 49132
71 4. 2626 79877 04131 54213 294545 71 1. 8512 58348 71907 52860 92829
73 4. 2904 59441 14839 11290 921089 73 1. 8633 22860 12045 59010 74387
79 4. 3694 47852 46702 14941 729455 79 1. 8976 27091 29044 14279 94821
83 4. 4188 40607 79659 79234 754722 83 1. 9190 78092 37607 39038 32760
89 4. 4886 36369 73213 98383 178155 89 1. 9493 90006 64491 27847 23543
97 4. 5747 10978 50338 28221 167216 97 1. 9867 71734 26624 48517 84362

mir 1. 1447 29885 84940 01741 43427 logloir (-1) 4.9714 98726 94133 85435 12683
inV2ir (-1) 9. 1893 85332 04672 74178 03296 log10e (-1) 4. 3429 44819 03251 82765 11289

n nlnlO n nir
1 2. 3025 85092 99404 56840 17991 1 3. 1415 92653 58979 32384 62643
2 4. 6051 70185 98809 13680 35983 2 6. 2831 85307 17958 64769 25287
3 6. 9077 55278 98213 70520 53974 3 9. 4247 77960 76937 97153 87930
4 9. 2103 40371 97618 27360 71966 4 ( 1) 1.2566 37061 43591 72953 85057
5 ( 1) 1. 1512 92546 49702 28420 08996 5 ( 1) 1. 5707 96326 79489 66192 31322
6 ( 1) 1.3815 51055 79642 74104 10795 6 ( 1) 1. 8849 55592 15387 59430 77586
7 ( 1) 1. 6118 09565 09583 19788 12594 7 ( 1) 2. 1991 14857 51285 52669 23850
8 ( 1) 1. 8420 68074 39523 65472 14393 8 ( 1) 2. 5132 74122 87183 45907 70115
9 ( 1) 2.0723 26583 69464 11156 16192 9 ( 1) 2. 8274 33388 23081 39146 16379

n 7r' n
1 3. 1415 92653 58979 32384 62643 1 (-1) 3. 1830 98861 83790 67153 77675
2 9. 8696 04401 08935 86188 34491 2 (-1) 1.0132 11836 42337 77144 38795
3 ( 1) 3. 1006 27668 02998 20175 47632 3 (-2) 3.2251 53443 31994 89184 42205
4 ( 1) 9. 7409 09103 40024 37236 44033 4 (-2) 1.0265 98225 46843 35189 15278
5 ( 2) 3. 0601 96847 85281 45326 27413 5 (-3) 3. 2677 63643 05338 54726 28250
6 ( 2) 9. 6138 91935 75304 43703 02194 6 (-3) 1.0401 61473 29585 22960 89838
7 ( 3) 3. 0202 93227 77679 20675 14206 7 (-4) 3.3109 36801 77566 76432 59528
8 ( 3) 9. 4885 31016 07057 40071 28576 8 (-4) 1.0539 03916 53493 66633 17287
9 ( 4) 2. 9809 09933 34462 11666 50940 9 (-5) 3.3546 80357 20886 91287 39854

10 ( 4) 9. 3648 04747 60830 20973 71669 10 (-5) 1.0678 27922 68615 33662 04078

ir/2 1. 5707 96326 79489 66192 31322 3ii-/2 4. 7123 88980 38468 98576 93965
ir/3 1. 0471 97551 19659 77461 54214 4w/3 4. 1887 90204 78639 09846 16858

(-1) 7. 8539 81633 97448 30961 56608 4. 4428 82938 15836 62470 15881
irl/2 1. 7724 53850 90551 60272 98167 (-1) 5. 6418 95835 47756 28694 80795

1. 4645 91887 56152 32630 20143 ir" (-1) 6.8278 40632 55295 68146 70208
71I4 1. 3313 35363 80038 97127 97535 -'I (-1) 7. 5112 55444 64942 48285 87030
iru/3 2. 1450 29397 11102 56000 77444 72/3 (-1) 4.6619 40770 35411 61438 19885

2. 3597 30492 41469 68875 78474 ir' (-1) 4.2377 72081 23757 59679 10077
3/2 5. 5683 27996 83170 78452 84818 7.3J2 (-1) 1. 7958 71221 25166 56168 90820

1) 2.2459 15771 83610 45473 42715 (-2) 4.4525 26726 69229 06151 35273
(2ir)h/2 2. 5066 28274 63100 05024 15765 (2ir)'/2 (-1) 3.9894 22804 01432 67793 99461
(ir/2)h/2 1. 2533 14137 31550 02512 07883 (2/ir)1/2 (-1) 7. 9788 45608 02865 35587 98921

2. 2214 41469 07918 31235 07940 2112/ir (-1) 4.5015 81580 78553 03477 75996

ir 57. 2957 79513 08232 08767 98155° 1' 0. 0002 90888 20866 57215 96154r
1° 0. 0174 53292 51994 32957 69237r 1" 0. 0000 04848 13681 10953 59936r

0. 5772 15664 90153 28606 06512 in y -0. 5495 39312 98164 48223 37662

r(1/2) 1. 7724 53850 905516 1/r(1/2) 0. 5641 89583 547756
r(1/3) 2. 6789 38534 707748 1/r(1/3) 0. 3732 82173 907395
r(2/3) 1. 3541 17939 426400 1/r(2/3) 0. 7384 88111 621648
P(i/4) 3. 6256 09908 221908 1/r(1/4) 0. 2758 15662 830209
r(3/4) 1. 2254 16702 465178 1/r(3/4) 0. 8160 48939 098263
r(4/3) 0. 8929 70511 569249 1/r(4/3) 1. 1198 46521 722186
T(5/3) 0. 9027 45292 950934 1/r(5/3) 1. 1077 32167 432472
r(5/4) 0. 9064 02477 055477 i/r(5/4) 1. 1032 62651 320837
r(7/4) 0. 9190 62526 848883 1/P(7/4) 1. 0880 65252 131017
in r(i/3) 0. 9854 20646 927767 in r(4/3) -0. 1131 91641 740343
in r(2/3) 0. 3031 50275 147523 in r(5/3) -0. 1023 14832 960640
in F(1/4) i. 2880 22524 698077 in r(5/4) -0. 0982 71836 421813
in r(3/4) 0. 2032 80951 431296 in r(7/4) -0. 0844 01121 020486
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2. Physical Constants and Conversion Factors

The tables in this chapter supply some of
the more commonly needed physical con-
stants and conversion factors.

All scientific measurements in the fields of
mechanics and heat are based upon four in-
ternational arbitrarily adopted units, the
magnitudes of which are fixed by four agreed
on standards:

Lengththe meterfixed by the vacuum
wavelength of radiation corresponding to the
transition 2P10 - 5D5 of krypton 86

(1 meter - 1650763.73À).

Massthe kilogramfixed by the interna-
tional kilogram at Sèvres, France.

Time - the second - fixed as 1/31,556,925.9747
of the tropical year 1900 at 12h ephemeris
time, or the duration of 9,192,631,770 cycles
of the hyperfine transition frequency of cesi-
um 133.

Temperaturethe degreefixed on a ther-
modynamic basis by taking the temperature
for the triple point of natural water as 273.16
°K. (The Celsius scale is obtained by adding
273.15 to the Kelvin scale.)

Other units are defined in terms of them by
assigning the value unity to the proportion-
ality constant in each defining equation. The
entire system, including electricity units, is
called the Système International d'Unités
(SI). Taking the 1/100 part of the meter as
the unit of length and the 1/1000 part of the
kilogram as the unit of mass, similarly, gives

rise to the CGS system, often used in physics
and chemistry.

Table 2.1. Common Units and Conversion
Factors

The SI unit of electric current is the ampere
defined by the equation 2FmIiI2/4iTF giving
the force in vacuo per unit length between
two infinitely long parallel conductors of in-
finitesimal cross-section. If F is in newtons,
and F has the numerical value 4 X 10v,
then 11 and 12 are in amperes. The custom-
ary equations define the other electric and
magnetic units of SI such as the volt, ohm,
farad, henry, etc. The force between elec-
tric charges in a vacuum in this system is
given by QiQ2/4TrFer2F, l'e having the nu-
merical value 107/4rc2 where e is the speed
of light in meters per second (F=8.854
X 10_12).

The CGS unrationalized system is obtained
by deleting 'lr in the denominators in these
equations and expressing F in dynes, and r
in centimeters. Setting Fm equal to unity de-
fines the CGS unrationalized electromagnetic
system (emu), Fe then taking the numerical
value of 1/c2. Setting Fe equal to unity de-
fines the CGS unrationalized electrostatic
system (esu), Fm then taking the numerical
value of 1/c2.

Table 2.2. Names and Conversion Factors for Electric and Magnetic Units

Example: If the value assigned to a current is 100 amperes its value in abamperes is 100X 10-1= lo.
*Divide this number by 4ir if unrationalized system is involved; other numbers are unchanged.

6

Quantity SI
name

emu
name

esu
name

SI uniti
emu unit

SI uniti
esu unit

Current ampere abampere statampere 10-1 3 X 10°

Charge coulomb abcoulomb statcoulomb 10_i 3 X 10°

Potential volt abvolt statvolt 108 '-'(1/3) X 102
Resistance ohm abohm statohm 10° .-.'(1/9) X 10"
Inductance henry centimeter 10° '(l/9) X 10h1
Capacitance farad centimeter 10° '-.9X 1011

Magnetizing force amp. turns!
meter

oersted 4rX 103* ".'3X 108*

Magnetomotive force amp. turns gilbert 47rX 10*
Magnetic flut weber maxwell 108 ..(l/3) X 10_2
Magnetic flux density tesla gauss 10 ''(l/3) X 10_6
Electric displacement 10°' '-'3 X 1O°'

Quantity SI
name

CGS
name

SI uniti
CGS unit

Force, F newton dyne 1O
Energy, W joule erg 10
Power, P watt 10



Based on 3 std. dcv, applied to last digits in preceding column. °Electromagnetic system. tElectrostatic system.
C-coulomb J-joule Hz-hertz W-watt N-newton T-tesla G-gauss

'See page II.

Constant Symbol Value
Est.
error
limit

Unit

Systkme International
(MKSA)

Centimeter-gram--second
(CS)

Speed of light in vacuum e 2.997925 3 X 10° m s' X lolo cm
Elementary charge e 1.60210 7 10'° C 1O° cmi/'g" s

4. 80298 20 10b8 cm3/'g"2s t
Avogadro constant NA 6. 02252 28 1022 mol' 1023 mol-'
Electron rest mass m. 9. 1091 4 10-" kg 10-28 g

5.48597 9 10-i u 1O u
Proton rest mass mp 1. 67252 8 1027 kg 1O g

1. 00727663 24 10° u 10° u
Neutron rest mass m,, 1. 67482

1.0086654
8

13
10'
100

kg
u

10_24

10°
g
u

Faraday constant F 9.64870 16 10° C mol-' 10 cmIImgl/2mo1' *
2. 89261 5 10'° cm'/'g'Ims'mol-' f

Planck constant h 6. 6256 5 10° J s 1027 erg s
1. 05450 7 10° J s 10' erg s

Fine structure constant a 7.29720 10 10' 10-'
1/a 1.370388 19 10' 102

a/2ar 1. 161385 16 10' 10-2

82 5.32492 14 10' 10'
Charge to mass ratio for electron . .. elm, 1. 758796

5. 27274
19
6

10" C kg-' 10
1017

cm"g-" *
c°m"2g-"s' t

Qtiantum.charge ratio hie 4. 13556 12 10b1 J s C' 10 cm"g"s' *
1. 37947 4 10'7 cm"g" t

Compton wavelengthof electron... Xc 2. 42621 6 102 m 10_I' cm
Xc/2ir 3.86144 9 10-° m 10" cm

Compton wavelength of proton.... Xc. p 1.32140 4 10-" m 10-13 cm
Xc p/2'w 2. 10307 6 10b0 m 10-14 cm

Rydberg constant R,, 1.0973731 3 102 m1 10' cm'
Bohr radius 0 5.29167 7 10-" m 10-s cm
Electron radius r, 2. 81777

7. 9398
11
6

10-
10°

m
m'

10_1'
10'°

cm
cm'

'rhomson cross section 8iu-r/3 6.6516 5 10_20 mtm 10-22 cm2

Gyroinagnetic ratio of proton -y 2.67519 2 108 rad s'T' 10 rad s'G' s
4.25770 3 10 Hz T-' 10 s'G' *

(uncorrected for diamagnetism,
11,0)

-y'

y'f2ir
2. 67512
4.25759

2

3

108

10'
rad s1''
Hz T-'

10°

10'
rad s-'G-' *
s'G *

Bohr magneton 9.2732 6 10'° J T-' 10-" erg G-' *
Nuclear magneton IhN 5.0505 4 10-27 J T-' 10'4 erg G-' *
Proton moment L'y 1.41049 13 10'° J T-' 10 erg G-' *

IhpIIhN 2. 79276 7 10° 100

(uncorrected for diamagnetism, H20) 'p/PN 2. 79268 7 10° 100

Anomalous electron moment corrn. (y,/)- 1 1. 159615 15 10-' 1O-
Zeeman splitting constant Ihß/he 4.66858 4 10' -1- 10-' cmG' *
Gas constant R 8.3143 12 100 J °K' mol 10' erg °K' mol'
Normal volume perfect gas i 2.24136 30 10-' m3 mol' 10° cm2 mol'
Boltzmann constant k 1. 38054 18 10-22 J °K-' 10-10 erg °K'
First radiation constant (2irhc2). . . e, 3. 7415 3 10'° W m2 105 erg cm' s'
Second radiation constant e2 1.43879 19 10-2 m °K 100 cm °K
Wien displacement constant b 2. 8978 4 10-' m °K 10-' cm
Stefan-Boltzmann constant a 5. 6697 29 108 W m2 °K-° 10-' erg Cjn' s °K°
Gravitational Constant G 6.670 15 10-" N m' kg2 10-8 dyn cm' g-'

PHYSICAL CONSTANTS ANJ) CONVERSION FACTORS 7

The adjusted values of constants given in Table 2.3 are those recommended by the National Academy of Sciences-National
Research Council Committee on Fundamental Constants in 1963. The error limits are three times the standard errors estimated
from the experimental data included in the adjustment. Values, where pertinent, are based on the unified scale of atomic masses
in which the atomic mass unit (u) is defined at 1/12 of the mass of the atom of the '2C nuclide.

TABLE 2.3 AdJusted values of constants
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Factors for converting the customary United
States units to units of the metric system are given
in Table 2.5.

Table 2.5. Factors for Converting Customary
U.S. Units to Metric Units

1 yard
1 foot
1 inch
i statute mile
i nautical mile (inter-

national)

i pound (avdp.)
i oz. (avdp.)
i poundS force
1 slug
i poundal
1 foot pound

Temperature
(Fahrenheit)

i British thermal unit

0.9144 meter
0.3048 meter
0.0254 meter
1609.344 metèrs
1852 meters

0.45359237 kilogram
0.0283495 kilogram *

4.44822 newtons *

14.5939 kilograms
0.138255 newtons
1.35582 joules

32+ (9/5) temperature
Celsius

1055 joules

2 Used principally by chemists.
'Used principally by engineers.
Various definitions are given for the British thermal unit.

none of the more important definitions by more than 3 in 1O.

See page ii.

Geodetic constants for the international (Hay-
ford) spheroid are given in Tablè 2.6. The
gravity values are on the basis of the old Potsdam
value and have not been corrected for more
recent determinations. They are probably about
13 parts per million too great. They are calcu-
lated for the surface of the geoid by the inter-
national formula.

Table 2.6. Geodetic Constants

a=6,378,388 m;f=l/297; b=6,356,912 m

This represents a rounded mean value differing from

Latitude Length
of 1' of parallel

Length of 1' of
meridian

g

*

Meters Meters Meters/sec2 *
00 1, 855. 398 1, 842. 925 9. 780490
15 1, 792. 580 i, 844. 170 9. 783940
30 i, 608. 174 1, 847. 580 9. 793378
45 i, 314. 175 1, 852. 256 9. 806294
60 930.047 1,856.951 9.819239
75 481. 725 1, 860. 401 9. 828734
90 0 1,861.666 9.832213

Table 2.4. Miscellaneous Conversion Factors

Standard gravity g0 =9.80665 m sec2
Standard atmospheric pressure P0 =1.013250X 10° newtons m2

106 dynes cm2
1 Thermodynamic calorie2 cale =4.1840 joules
1 I T calorie cal1 =4.1868 joules
iliterl =1x10-3m3 *

i Angstrom unit A =10_lo m
1 Bar = 10 newtons rn-2

106 dynes cm2
i Gal =10_2 m sec2

1 cm sec2
1 Astronomical unit a.u. = 1.49598 X i0' m
1 Light year =9.46X 10'° m
1 Parsec =3.08X 1016 m

= 3.26 light years
1 Curie, the quantity of radioactive material undergoing 3.700 X l0'° disintegrations sec.
i Roentgen, the exposure of x- or gamma radiation which produces together with its secondaries

2.082X109 electron-ion pairs in 0.001293 gm air.

Formula for index of refraction of atmosphere for radio waves (J<3 X 1010) (n- 1)106= (77.6/T) (p+
4810e/T), where n is refractive index; T temperature °K; p total pressure in millibars, e water vapor
partial pressure in millibars.



3. Elementary Analytical Methods
MILTON ABRAMOWITZ

Contents
Page

Elementary Analytical Methods 10

3.1. Binomial Theorem and Binomial Coefficients; Arithmetic and
Geometric Progressions; Arithmetic, Geometric, Harmonic
and Generalized Means 10

3.2. Inequalities 10

3.3. Rules for Differentiation and Integration 11

3.4. Limits, Maxima and Minima 13

3.5. Absolute and Relative Errors 14

3.6. Infinite Series 14

3.7. Complex Numbers and Functions 16

3.8. Algebraic Equations 17

3.9. Successive Approximation Methods 18

3.10. Theorems on Continued Fractions 19

Numerical Methods 19

3.11. Use and Extension of the Tables 19

3.12. Computing Techniques 19

References 23

Table 3.1. Powers and Roots 24

nk, k=1(1)10, 24, 1/2, 1/3, 1/4, 1/5

n=2(l)999, Exact or lOS

The author acknowledges the assistance of Peter J. O'Hara and Kermit C. Nelson in
the preparation and checking of the table of powers and roots.

'National Bureau of Standards. (Deceased.)

g



3.1. Binomial Theorem and Binomial Coeffi-
cients; Arithmetic and Geometric Progres-
sions; Arithmetic, Geometric, Harmonic and
Generalized Means

Binomial Theorem
3.1.1

(a+b)"=a+() a''b+() a"2b2

a3b3+.. +b
(n a positive integer)

Binomial Coefficients (see chapter 24)
3.1.2

* (n)cn(n-1)
(nk+1) n!- k!

3.1.3 ()(nk)_1 (k_n_1)

3.1.4 (n+l)(n)+(n)

3.1.5
(n\ (n
'vo)

3.1.6 .

3.1.7 i_()+()_. +(_1Y()=O

Table of Binomial Coefficients (n

3.1.8

*See page II.
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For a more extensive table see chapter 24.

3.1.9

Sum of Arithmetic Progression to n Terms

a-f-(a+d)+(a+2d)+ ... +(a+(nl)d)
(a+l),

last term in seri es=l=a+ (n-1)d

Sum of Geometric Progression to n Terms

3.1.10

s=a+ar+ar2+ 1r
hm s=a/(1r) (-1<r<1)
n-)

Arithmetic Mean of n Quantities A

3.1.11 A=a1+a2+ +a

Geometric Mean of n Quantities G

3.1.12 G=(a1a2. .an)'1" (a>O,k=1,2, .,n)

harmonic Mean of n Quantities H
3.1.13

(-+-+. +-) (ak>O, k= 1,2, . ., n)

Generalized Mean

i n 1/I
3.1.14 M(t)=(_>2 a)
3.1.15 M(t)=O(t<O, some ak zero)

3.1.16 him M(t)=max. (a1,a2,.. .,a)=inax.a
t-4

3.1.17 limM(t)=min. (a1,a2,.. .,a)=min. a
t-4-

3.1.18 limM(t)=G
t-90

3.1.19 M(1)=A

3.1.20 M(-1)=H
3.2. Inequalities

Relation Between Arithmetic, Geometric, Harmonic
and Generalized Means

3.2.1

AGH, equality if and oniy if a1=a2=

3.2.2 min. a<M(t)<inax. a

123456789101112
1____ 1 12_ 1 2 1

1 3 3 1

4 1 4 6 4 1

5__. 1 5 10 10 5 1

1 6 15 20 15 6 1

7___ 1 7 21 35 35 21 7 1

8. 1 8 28 56 70 56 28 8 1

1 9 36 84126126 84 36 9 1

i0 1 10 45120210252210120 45 10 1

1 11 55165330462462330165 55 11
12 1 12 66220495792924792495220 66 12



3.2.3 min. a<G<max. g

equality holds if all ak are equal, or t<O
and an ak is zero

3.2.4 M(t)<M(s) if t<s unless all a are equal,
or s<O and an ak is zero.

Triangle Inequalities

3.2.5 IalI-1a21Ial+a21Iall+1a21

3.2.6 a j1 j

Chebyshev's Inequality

If . . .

b1b2b3 . .

3.2.7 n akbk( a1)( b1)

llblder's Inequality for Sums

If +=1,p>1, q>!pq
n / \1/p/o \lIq

3.2.8 1a1b11<( aj' ) ( bl )
k=1 \k1 / \k1 /

equality holds if and only if 1b11=cIa1I"' (c=con.-
stant>O). If p=q=2 we get

Cauchy's Inequality
3.2.9

c constant).

Bölder's Inequality for Integrals

If +=1,p>1, q>!pq
3.2.10
fbjf(X)g(x)jdx:[fjf(x)

Pdx]"[f °!g(x)ldx]

equality holds if and oniy if g(x)j=cjf(x)!1
(c=constant>O).

If p=q=2 we get

Schwarz's Inequality
3.2.11

[f' J(x)g(x)dx]' i: [J(x) l2dx
fgb

[g(x)

ELEMENTARY ANALYTICAL METHODS

Minkowski's Inequality for Sums

If p)'l and a,, b,>O for all k,

3.2.12
/ n \l/p / n \l/p / n \l/p((a,+b,)') <(af) +(bf)
\k=1 / \k=1 / \k=1 /

equality holds if and oniy if b,=ca, (c=con-
stant>O).

Minkowski's Inequality for Integrals

If p>l,

3.2.13

(f 1(x) + g(x) Pdx)" (f' jf(x) I
i/p

+(ft' I9(x)Vdx)1'

equality holds if and only if g(x) =cJ(x) (c=con-
stant>O).

3.3. Rules for Differentiation and Integration
Derivatives

3.3.1 - (cu)=c , e constant
dx dx
d du

d du dv(u+v)=-+--3.3.2

d dv du(uv)=u-+v--3.3.3

d vdu/dxudv/dx
(u/y)= V2

3.3.4

d dudvu(v)=---3.3.5 dx dvdx

d /vdu dv(u') =u' +ln u3.3.6

Leibniz's Theorem for Differentiation of an Integral

3.3.7

d ¡'b(c)

dCJa(c)
f(x,c)dx

I(e) db da

fa(e)
-f(x,c)dx+f(b,c) d__f(a,c)

11

rn j2 n n

I
Lk=1

ab
JI :E a

k=1 k-1
b (equality for a1=cb1,



Leibniz's Theorem for Differentiation of a Product

3.3.8

du fn\ d"u dv fn\ d2u d2v(uv)= V+1) dx'' +(2) dx'2 ¿i

+ +(n
dtudtv d'v

r)dxfl-r+ +u

3.3.9

3.3.10

3.3.15

3.3.30

dy dx

d2x_d2y (dy'ç'
dy2 dx2 \dxJ

3 3 11 d3x[d'y
fd2y\ ídy\

dy3 dx3 dx dx2) j
Integration by Parts

3.3.12
f'wiv=

uv_f

dx3.3.13 fuvdx=(fix) v_f (fudx) dv
dx

Integrals of Rational Algebraic Functions

(Integration constants are omitted)

(ax+b)"'3.3.14 f(ax+b)dx=
a(n+1)

('dx i
Jaxl_balr1 Iax+bI

(n 1)

Integrals of Irrational Algebraic Functions

dx 2 rd(a+bx)arctan
L b(c+dx)

]1/2
3.3.26 f[ (a+ bx) (c+ dx)]h/2 (_ bd)"2

1 . /2bdx+ad+bc\3.3.27 = (bd)"2 arcsin( bcad )
2

3.3.28 = (bd)'12
in I {bd(a+ bx)]112+ b(c +dx) 1/21

dx 2 arctan rd(a+bxyl"23.3.29 f (a+bx) "2(c+dx) [d(bcad)]"2 L (bid)j
i

in[d(adbc)]"2

The following formulas are useful for evaluating

fP(x)dx(ax2+bx+c)
where P(x) is a polynomial and

n>i, is an integer.

3.3.16

r dx 2 2ax+b
J(ax2+bx+c)(4ac_b2)i

aretan
(4ac_b2)i

(b2-4ac<O)

3.3.17 -
(b2 4ac)4'

I2ax+b(b2-4ac)lI- I2ax+b+(b2_4ac)*I
(b2-4ac>O)2

3.3.18 - (b2-4ac=O)
2ax+b

3.3.19

r xdx 1 b r dx
Jax+bx+c2a in Jax2-l-bx+cI--

J ax2+bx-l-c

3.3.20

f dx i c-f-dxtin(a+bx) (c+dx)adbc a+bxl

dx i bx
3.3.21

J a2--b2 X2 ab
arctan -a

C xdx i
3.3.22

J a2+b2x2 in 1a2+ b2x21

r dx i a-l-bx3.3.23
J a2bx2 in

2ab abx
3 3 24 f dx 1 arctan x+ x

(x2+a2)2 a 2a'(x2+a2)

3325 f
dx

(x2_a2)22a2(x2_a2) '43 ax
x a-l--x

(bd<O)

(b>O, d<O)

(bd>O)

(d(ad bc) <O)

d(a+ bx) 1/2 [d(ad bc)]"2
d(a+bx) v2+[d(ad_ bc)]"2 (d(ad bc)>O)

(ad # bc)
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3.3.31

f [(a+bx)
(adbc)+2b(c+dx)

4bd

(adbc)2f
dx

Sbd [(a+bx)(c+dx)]"

3.3.32

f[C
+dx]"2

a+bx dx= [(a+bx)(c+dx)1"2

(adbc) Ç dx
2b J [(+bx)(c+dx)1"2

3.3.33

r dx
J(ax'+bx-j-c)"2

=a1"2 in !2a"2(ax2+ bx+c)"2+2ax+ b (a>O)

3.3.34 =a"2 arcsinh (2ax+b)
(4ac b2)"

(a>O, 4ac>b')

3335 ¡n ¡2ax+b(a>O, b2=4ac)

(2ax+ b)
3.3.36 =(a)"2 arcsin (b2-4ac)"2

(a(O, b2>4ac, I2ax+bl<(b2-4ac)"2)

3.3.37

f(ax2+bx+c)hI2dx=2

4acb2 f dx+ 8a J (ax2+bx+c)"
3.3.38

Jr
dx f dt

x(ax2+bx+c)1'2 (a+bt+ct1/2Wl1 t=l/x

3.3.39

(. xdx
J (ax+bx+c)"2

3.3.40

- (ax2+bx+c)h12_ f dx- 2a (ax2+bx+c)1"2

r dx
J (x2±a)1' ¡x+(x2±a2)'

3.3.41

f(x±a2)dx= (x2±a2)I± in

ELEMENTARY ANALYTICAL METHODS 13

3.3.42

3.3.46

r dx i
J x(x+a) ina

r dx i a3.3.43
J x(x'a) arccos -

a x

r dx =arcsrn -3.3.44
J (a'x')1 a

X
3.3.45 f(a2_x2)dx= (a2_x2)+ arcsm -a

Jr
dx

1h:ìx(a"x)4 a

r dx xa
3.3.47

J (2ax_x2)an a

3.3.48

a2 xa
f (2ax_x2)4dx_ (2axx')+-- arcsm a

3.3.49

r dx

J (ax2+b)(cx2+d)*

i x(adbc)aretan[b(adbc)] [b(cx2-l-d)]

3.3.50

i in
2[b (bcad) ]

X

a+ (a2x')
X

[b(cx2+d) 1+x(bcad)
[b (cx'-j-d) ] x(bcad)

3.4. Limits, Maxima and Minima

Indeterminate Forms (L'Hospital's Rule)

3.4.1 Let f(x) and g(x) be differentiable on an
interval ax<b for which g'(x)O.

If
limJ(x)=O and um g(x)=O

x7*b-

or if
iimf(x)= and um g(x)=

and if

urn
f'(x) =1 then um =1.
g (x) z-b- g(x)

Both b and i may be finite or infinite.

(ad>bc)

(bc>ad)
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Maxima and Minima

3.4.2 (1) Functions of One Variable
The function y=f(x) has a maximum at x=x0

if J'(x)=O and f"(xo)<O, and a minimum at
,=xo if f'(x)=O and f"(x0)>O. Points for
which f'(xo)=O are called stationary points.

3.4.3 (2) Functions of Two Variables
The functionf(x, y) has a maximum or minimum

for those values of (s0, y) for which

j_o pio
òx 'òy

ò'f/ÒxÒy ò2f/òx2
and for which ò2f/òsòy <O;

f(x, y) has a maximum

if -<O and at (x0,y0),

f(x,y) has a minimum

if 4>O and at (xo,yo).

3.5. Absolute and Relative Errors

(1) If s0 is an approximation to the true value
of s, then

3.5.1 (a) the absolute error of x is zx=xox,
xx is the correction to s.

Lis Lis
3.5.2 (b) the relative error of x is &=-

X X

3.5.3 (c) the percentage error is 100 times the
relative error.

3.5.4 (2) The absolute error of the sum or
difference of several numbers is at most equal to
the sum of the absolute errors of the individual
numbers.

3.5.5 (3) If f(, x2, . . ., x) is a function of
s1, x2, . . ., s, and the absolute error in x

(i=l, 2, . . . n) is LiX, then the absolute error
in f is

LifL Ax1+-t- Lix2+ .. . + Lix
òx1 òx2 xn

3.5.6 (4) The relative error of the product or
quotient of several factors is at most equal to the
sum of t.he relative errors of the individual factors.

3.5.7
Liy f'(x)(5) If y=f(x), the relative error ôy=--. f(s) LiS

Approximate Values

1 kj«l, InK<l,b«a,
(a+b)Ic ak+kak_lb

(l+e)(1+l+e+
1+6
i+,1;cccl+6_fl

3.6. Infinite Series
Taylor's Formula for a Single Variable

3.6.1

f(x+h) =f(x) +hf' (x) +f" (s)

+... +(fll)!f')+Rfl
3.6.2

(lO2)'f(x+O2h)
(O<O1,2(x)<l)

3.6.3

(nl)Jo (lt)1f(x+th)dt

3.6.4

(xa)
1!

(s a) n-1
+ (nl)!

3.6.5

Lagrange's Expansion

If y=f(x), yo=f(xo), f'(xo) O, then

3.6.6

x=xo+
(y_y°; d' Ici

k=1 k! [dxk_1 f(x)y0
3.6.7

g(x)=g(xo)

{
XX(io)kL-' f(x)yo) /] XZo

where g(x) is any function indefinitely differenti-
able.

Binomial Series
3.6.8

(l+x)a=± () k

D (x_a)1&
Ll

n! (a<E<x)

(l<x<l)

3.5.8

3.5.9

3.5.10



*See page II.

Operations With Series

Let s=1+a1x+a2x2+a3x3+a4x4+
s2=1+b1x+b2x2+b3+b4x4+
83=1 +Clx+ c2x2+c3x3 +c4x4+

Operation e1 e2 e3 c4

3.6.16 83=S' a1 aa3 2a1a3a3a 2a1a3-3aa2a4+a+a

3.6.17

3.6.18

s3=sj2

83= 8

- 2a1

i
a2

3a - 2a3

i i
a2 -8a

6a1a2 - 2a3 - 4a

a3 -

6a1a3+ 3a 2a4 - 12aa2+ 5a

- a1a3 - -
1 321 3 1 5

3.6.19 8a=sr' a1 -8a1--2a3 -4a1a3 a3a a1a3+a a4aa2+
3.6.20 83=8v na1 (n-1)ciai+na3 * c1a3(n-1)

* na4+c1a3(ni)+1n(n-1)a+cia(ni)(n-2)
+naa +(n-1)(n-2)ciaia2

+(n-1)(n-2)(n-3)cia

3.6.21 s3=81s3 a1 + b1 b2+a1b1 +a2 b3+a1b2+ a2b1+a3 bi+a1b3+a2ba+a3bi+ai

3.6.22 83=82/82 a1b1 a2 (bici+b2) a3 (bica+b2ci+b3) a4 (bic3+b2c3+b3ei+b4)

3.6.23 s3=exp (s 1) a1 a2+a

i

a3+aiaa+a

1

a4+a1a3+a+a2a +-at

1
3.6.24 s3=1+ln s a2 a2--2a1e1 a3(a2c1+2aic2) a4--4(a3c1+2a2c2+3aics) *

3.6.10

(1+x)_1=1_x+x2_xa+x4_ . . . (-1<x<1)
728 6- x+ x -... (-1<x<1)

3.6.11
x3 5x4 7x5 21x6

Asymptotic Expansions

(1+x)*=1++_+256 1024+
(-1<x<1) 3.6.15 A series ax is said to be an asymp-

3.6.12 totic expansion of a function f(x) if
x 3x2 5x3 35x4 63x6(1+x)+=1_+--_+ 128 n-1f(x) ax=O(x') as x

23 ix6 (-1<x<1)
k=O

for everym=1, 2.....We write
+ 1024

3.6.13

(1+x)=1+ X_ x2+ X-3 X f(x)'-' aax.

22 154 The series itself may be either convergent or
divergent.+729 X56S6l x6+ (-1<x<1)
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3.6.9 3.6.14

(1+x)a=1+axf 2! (1+x)l=1 X+ X' x3+24 x



Reversion of Series

3.6.25 Given

y= ax + bx2 +cx3 + dx4 + ex5 +fx6 + gx7 +

then

x=Ay+By2+CyS+Dy4+EyS+FY6+GY7+..
where

aA= i
a3B=b
a5C= 2 b2 - ac

aD=5abca2d--5b3
a9E= 6a2bd + 3a2c2 + 14b4 a3e 2 lab2c

a11F= 7a8 be + 7a3cd + 84ab3c - a4f
- 28a2 be2 42 b5 28a2b2d

a'3G= 8a4bf+8a4ce +4a4d2+ 120a2b3d
+ 180a2b2c2+ 132b6_aSg_36a5b2e

72a3 bed 12a3c3-330ab4c

Kummer's Transformation of Series

3.6.26 Leta=sbeagivefl convergentseries and
k -Q

ÊCk=C be a given convergeiit series with known
k Q

aksum e such that 11m =XO.
k- Ck

Then
s xc+Ê ( Ck= 1X--)ak.

k=O ak,

Euler's Transformation of Series

3.6.27 If Ê (_1)kak=ao_al+a2_ . . . is a con-
k O

vergent series with sum s then

k

s=Ê (_l)ao, ka (_l)m(k')
ak_rn

k=Q 21 m=O

Euler-Maclaurin Summation Formula
3.6.28

n-1 rn i i
EJk= I f(k)d1c [i(0) -1-J (n)I+- [f'(n)f'(0)J
k=1 Jo lh

720 [f"(n)f"(0)]+3040 [f(V)(fl)_f(V>(0)]

i
1209600

[J( VII) (n) _J( VII)

3.7. Complex Numbers and Functions

Cartesian Form

3.7.1 z=xH-iy

2[X() xti_2y2+() . .1

+ () -_() x-3y3+ . . .1,

(n=i,2, . . .)

3.7.10 z522=xlzsylys+i(xjy2+x2yl)

3.7.11 IZ122I=!Z1IIZ2

3.7.12 arg (z1z2)=arg z1+arg 22

3.7.13 212122 x5x2+y1y2+i(x2yixiy2)

2
3.7.14

22 22

3.7.15
( Ziarg - )=arg z1arg 22

22/

Powers
3.7.16

3.7.17 =rz cos nO+ir sin nO
(n=O,±i,±2,...)

3.7.18 z2_ x2 y2 +i (2xy)

3.7.19 z=x-3xy2+i(3x2yy8)

3.7.20 z4=x4 6x2y2+y4+i(4ay_4xYS)

3.7.21 z5=x5 10x3y2+ 5xy4+i(5x4Y 10x2y3 +y5)

3.7.22

16 ELEMENTARY ANALYTICAL METHODS,

Polar Form

3.7.2 z=re°=r(cos O±i sin O)

3.7.3 Ii'fodulus: !z=(x2+y2)=r

3.7.4 Argument: arg z=arctan (y/x)=O (other
notations for arg 2 are am z and ph z).

3.7.5 Real Part: x=z=r cos O

3.7.6 Imaginary Part: y=Jz=r sin O

Complex Conjugate of z

3.7.7 =xiy
3.7.8 I=IzI

3.7.9 arg 2=arg z
Multiplication and Division

If z1=x1+iy1, z2=x2+iy2, then



If z"=u,,+iv, then z+1u+i+W+i where

3.7.23 U+iXu-yv; Vn+l=XVn+YUn
.? z" and ./z are called harmonic polynomials.

3724 1_ _xiy
z1z12x2+y2

3.7.25
i n

z 2n (zr)"

Roots

3.7.26 z1=Iz=rle0=r1 cos O+ ir1 sin O

If ir<Oir this is the principal root. The
other root has the opposite sign. The principal
root is given by

3.7.27 z1=[(r+x)]1±i[(rx)]+=u+ iv where
2uv=y and where the ambiguous sign is taken to
be the same as the sign of y.

3.7.28 zh/=r1mebo/, (principal root if ir<Oir).
Other roots are rime

Inequalities

3.7.29

3.7.30

If z=re°,

3.7.31

3.7.32

1211 02f

,(8+2,ç)/n (k= 1,2, 3, . . ., n-1).

jzi+ zI< fzif+f I

Complex Functions, Cauchy-Riemann Equations

f(z) =f(x +iy) =u(x, y) +iv(x, y) where u (x, y), v(x, y)
are real, is analytic at those points z=x+iy at
which

òuòv òu òv
òxòy' òy òx

òulòv ày
òrr òO' r ò0òr

Laplace's Equation

The functions u(x, y) and v(x, y) are called
harmonic functions and satisfy Laplace's equation:

Cartesian Coordinates

à2u ò2u ò2v ò2v2+i1+àf'°
Polar Coordinates

3.7.33 r - ( òu\1 ò2u à / òv\ ò2v
òr \T +=r - (r )+=O
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3.8. Algebraic Equations

Solution of Quadratic Equations

3.8.1 Given az2+bz+c=O,

q1, q=b2-4ac,

01+22= b/a, ziz2=c/a

If q>O, two real roots,
q=O, two equal roots,
q<O, pair of complex conjugate roots.

Solution of Cubic Equations

3.8.2 Given z3+a2z2+a1z+a0=O, let

q= a1 a; r= (a1a2-3a0) a

If q3+r2>O, one real root and a pair of complex
conjugate roots,

qß +r2=O, all roots real and at least two are
equal,

q3-1-r2<O, all roots real (irreducible case).

Let

then
s1=[r+(q+r2)1}1, s2=[r(q3+r2)l]l

3

i a2
(S1+82)---+ 2

(s12)

Z3 (S1+S2) (s).
If 2, 22, 23 are the roots of the cubic equation

Z1+22+23' a2

2122+ 2j23+ z2z3=a1

212223= a0

Solution of Quartic Equations

3.8.3 Given z4+a3z3+a2z2+a1z+a0=O, find the
real root u1 of the cubic equation

u3a2u2+ (a1a3-4a0)u (a+aoa-4aoa2)=O

and determine the four roots of the quartic as
solutions of the two quadratic equations

17
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If all roots of the cubic equation are real, use the
value of u1 which gives real coefficients in the quad-
ratic equation.

If

24+a3z3+a222+aiZ+ao= (z2+p1z+qi) (22+P22+ 2),

then

p' + p2=a3, p1P2+q +q2=a2, p,q2+p2qi=a,, q,q2=ao.

If Zi, 23, 24 are the roots,

zj=a3, Z2J2k-a1,

zz5=a2, z1r2r3z4=a0.

3.9. Successive Approximation Methods

General Comments

3.9.1 Let x=x1 be an approximation to x=
where f()=O and both x, and are in the interval
axb. We define

x+i= x,,+ c,f(x,,) (n=1,2, . .

Then, if f'(x)O and the constants e,, are
negative and bounded, the sequence x,, converges
monotonically to the root .

If c,,=c=constant<O and f'(x)>O, then the
process converges but not necessarily monotoni-
cally.

Degree of Convergence of an Approximation Process

3.9.2 Let x,, x2, x3, . . . be an infinite sequence
of approximations to a number . Then, if

Ixn+r_i<AIXn_Ik, (n=1, 2, . .

where A and k are independent of n, the sequence
is said to have convergence of at most the kth
degree (or order or index) to . If k= i and
A<1 the convergence is linear; if k=2 the con-
vergence is quadratic.

Regula Falsi (False Position)

3.9.3 Given y=f(x) to find such that f()=0,
choose x0 and x1 such that f(x0) and f(x,) have
opposite signs and compute

(x,x0) j1xoJox,
Xl_Xl_(f f) f,fo

Then continue with x2 and either of x0 or x1 for
which f(xo) or f(xj) is of opposite sign to f(x2).

Regula falsi is equivalent to inverse linear inter-
polation.
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Method of Iteration (Successive Substitution)

3.9.4 The iteration scheme xk+l=F(xk) will
converge to a zero of x=F(x) if

F'(x)q<i for axb,
axo±0X0lb.

Newton's Method of Successive Approximations

3.9.5
Newton's Rule

If XX is an approximation to the solution
x= of f(x)=0 then the sequence

f(Xk)
Xk+lXk f'(xk)

will converge quadratically to x=: (if instead of
the condition (2) above),

Monotonic convergence, f(xo)f" (x0) >0
and f'(x), f"(x) do not change sign in the
interval (z0, ), or

Oscillatory convergence, f(xo)f" (z0) <0
and f'(x), f"(x) do not change sign in the
interval (z0, z,), x0xi.

Newton's Method Applied to Real nth Roots

3.9.6 Given x"=N, if Xk is an approximation
x=NL' then the sequence

Xk+1-
irT (n-1) Xk

will converge quadratically to z.

i(NIf n=2, x1=

1(NIf n=3, x1=

Aitken's ö2-Process for Acceleration of Sequences

3.9.7 If x, Xk+j, x2 are three successive iterates
in a sequence converging with an error which is
approximately in geometric progression, then

- (xk_xk+1)2_xkxk-,2_X+1.
XkXk

42Xk 2Xk

2xkxk_2xk+j+xk+2

is an improved estimate of z. In fact, if xk=X+
O(Xk) then =z+O(Xk).



-b a1 a2 a3
- 0+b+

If the number of terms is finite, f is called a
terminating continued fraction. If the number
of ternis is infinite,f is called an infinite continued
fraction and the terminating fraction

[An1 [An_i An_21 [lin

LBn]iBn_i Bn_2j [an
(3)

3.11. Use and Extension of the Tables

Example 1. Compute x'9 and x47 for x=29
using Table 3.1.

Xi9=XS. XIO

= (1.45071 4598. 10's) (4 .20707 2333. 10')

=6.10326 1248.1027

x47== (x24)2/x

=(1.25184 9008.1035)2/29

=5.40388 2547.1068

Example 2. Compute for x=9.19826.

(9.19826)"= (919.826/100)"= (919.826)1/4/101

273-888 0-67-3

Numerical Methods

*See page II.

1 b2 b3 bn

=1- b2+1- b3+1- bn+1
1 1 1_1

+Un U1 U1U2- Un_i+Un
1 x X2

a0 aoal+aoaia2 + (_1)n
a0a1a2.. . a,,

1 a0x a1x an_ix
a0+ a1-x+ a2-x+ +a-x

FIGURE 3.1. y=x".
1,2,5.

Linear interpolation in Table 3.1 gives
(919.826)i/4 5.507 144.

By Newton's method for fourth roots with
N=919.826,

[(5 4)3+3(5.507144)]5.50714 3845

Repetition yields the same result. Thus,

x"4=5.50714 38451101= 1.74151 1796,
x314=x*/x=.18933 05683.

3.12. Computing Techniques

Example 3. Solve the quadratic equation
x2-18.2x+.056 given the coefficients as 18.2±.1,

2.0

I.e

1.6

Jnbo+
b2+

is called the nth convergent off..An.
(2) If hrn -- exists, the infinite continued frac-

tion f i: said to be convergent. 1f a1 =1 and the
b1 are integers there is always convergence.

1.4

.2

Theorems
1.0

(1) If a1 and b1 are positive then f2n<f2n+2,
.f2_1 >f2+1. .8

.6
(2) If

.4

An= bnAn_i+anAn_2
.2

Bn= bnBn_i+anBn_2

where A_3=l, A0=b0, B_1=0, .8=1.
o
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3.10. Theorems on Continued Fractions

METHODS

(4) AnBn_iAn_iBn(1)"' II ak
k = i

19

3.10.1

(1) Let

Definitions (5) For every nO,
c5a1 c1c2a2 c2c3a3 Cn_ICnan

fnbo+Cb+ c2b2+ c3b3+ Cbf_b0+b
(6) 1+b2+b2b3+ . . . +b2b3 . . . bnb2 +a3
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.056±.001. From 3.8.1 the solution is

x= (18.a± [(18.2)2-4(.05fi)]1)
=ì(18.±[33LQiffl1)= (18.± 18.1939)

=18.jQ9, .00

The smaller root may be obtained more accurately
from

* .056/18.1969=.0031±.0001.

Example 4. Compute (3+.0076i)l.
From 3.7.26, (3+.0076i)l==u+iv where

y /r-x\u=-- v= 2 ) r=(x2+y2)1

Thus

r= [ (_3)2+ (.0076)211= (9.00005776)1=3.00000 9627

r3.000009627-( 3)
v=L 2

- ]=1.732o5 2196

u-y .0076
2(1.73205 2196)_.00219 392926

We note that the principal square root has been
computed.

Example 6. Solve the quartic equation

x4-2.37752 4922x3+6.07350 5741x2
-11.17938 023x+9.05265 5259=0.

Resolution Into Quadratic Factors
(x2 + mx + qi) (x2 + p2x + q2)
by Inverse Interpolation

Starting with the trial value q1 = i we compute
successively

q

1
2
2. 2

a0q2=-

9. 053
4 526
4. 115

aSee page II.

a1 -a3qi
P' = q2-q,

- 1. 093
543
106

2. 0041
2. 0042
2. 0043

q,

pz=a3- Pi

-1. 284
165
729

ELEMENTARY ANALYTICAL METHODS

y(qi) =q, + qz+ PiTh
- a2

q2

4. 51706 7640
4. 51684 2260
4. 51661 6903

5. 383
032

-2. 023

-2.55259
-2. 55282
-2. 55306

Inverse interpolation gives q,=2.00420 2152, and we get finally,

Example 5. Solve the cubic equation x3-18.lx
-34.8=0.

To use Newton's method we first form the
table of f(x)=x3-18.lx-34.8

X f(x)

We obtain by linear inverse interpolation:

Xo=5+726(3)=5.004.
Using Newton's method, f'(x)=3x2- 18.1 we get

x xo-f (xo)/f' (Xo)

(- .072 15 9936)
5 00526=5.004

57.020048

Repetition yields x1=5.00526 5097. Dividing
f(x) by x-5.00526 5097 gives x2+5.00526 5097x
+6.95267 869 the zeros of which are -2.50263 2549
± .8303 6 800i.

We seek that value of qi for which y(qi) =0.
Inverse interpolation in y(q1) gives y(q,) 0 for
q,2.003. Then,

Inverse interpolation between qi=2.2 and q1=
2.003 gives qi=2.0041, and thus,

q, q2 Pi P2 y(qi)

2. 003 4. 520 -2. 550 . 172 . 011

257 17506 765 00078 552
851 17530 358 00001 655
447 17553 955 -. 00075 263

4 -43.25 -.3
6 72.6
7 181.5

q, q2 Pl Pl y(qi)

2. 00420 2152 4. 51683 7410 -2. 55283 358 17530 8659 -. 00000 0011

PI P2 y(qi)



Douhie Precision Multiplication and Division on a
Desk Calculator

Example 7. MultiplyM=20243 97459 71664 32102
by m=69732 82428 43662 95023 on a 10X10X20
desk calculating machine.

Let M0=20243 97459, 1l'f=71664 32102, m0=
69732 82428, m1=43662 95023. Then Mm=
M0mo1020+ (M0m1 + Mimo) 1010+M1m1.

Multiply M1m1=31290 75681 96300 28346
and record the digits 96300 28346 appearing in
positions i to 10 of the product dial.

Transfer the digits 31290 75681 from posi-
tions lito 20 of the product dial to positions 1 to
10 of the product dial.

Multiply cumulatively M1m0+M0m1 +3 1290
75681=58812 67160 12663 25894 and record the
digits 12663 25894 in positions i to 10.

Transfer the digits 58812 67160 from posi-
tions lito 20 to positions i to 10.

Multiply cumulatively Momo+ 58812 67160
=14116 69523 40138 17612. The results as ob-
tained are shown below,

96300 28346
12663 25894

14116 69523 40138 17612
14116 69523 40138 17612 12663 25894 96300 28346

1f the product Mm is wanted to 20 digits, only
the result obtained in step 5 iìeed be recorded.
Further, if the allowable error in the 20th place is
a ilnit, the operation M1m1 may be omitted.
When either of the factors M or m contains less
than 20 digits it is convenient to position the
numbers as if they both liad 20 digits. This
multiplication process may be extended to any
higher accuracy desired.

Example 8. Divide N=141i6 69523 40138 17612
by d=20243 97459 71664 32102.

Method (l)-linear interpolation.

Difference X .71664 32102=24685 644028.10-20
(note this is an 11X10 multiplication).

Quotient=
(69732 82430 90519 39054-246856 4402).10_20

=.69732 82428 43662 95026

There is an error of 3 units in the 20th place due
to neglect of the contribution from second differ-
ences.
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Method (2)-1f N and d are numbers each not
more than 19 digits let N=N1+N0i09, d=d1+
d0iO° where N0 and d0 contain 10 digits and N1
and d1 not more than 9 digits. Then

NN01O°+N1 i [N_Nod1
d d0109H-d1 d010 L d0

Here

N=14116 69523 40138 1761,
d=20243 97459 71664 3210

N0= 14116 69523, d0=20243 97459,
d1=71664 3210

N0d1= 10116 63378 42188 8830 (productdial).
(N0d1)/d0= 49973 55504 (quotient dial).
N-(N0d1)/d0= 14116 69522 90164 62106

(product dial)
[N- (N0d1)/d0]/d010°= .69732 82428 =first 10

digits of quotient in quotient dial. Remainder
=r=08839 11654, in positions i to 10 of product
dial.

r/(d0iO°)= .43662 9502.10°=next 9 digits of
quotient. N/d=.69732 82428 43662 9502. This
method may be modified to give the quotient of
20 digit numbers. Method (1) may be extended
to quotients of numbers containing more than 20
digits by employing higher order interpolation.

Example 9. Sum the series S= i - + *-
+ . . . to 5D using the Euler transform.

The sum of the first 8 terms is .634524 to 6D.
If u=1/n we get

From 3.6.27 we then obtain

.111111 (-.011111) .002020
S= .634524+

2 22 + 2

(- .000505) .000156
2 + 2°

= .634524+ .055556+ .002778+ .000253
+.000032+.000005

= .693148

(S=ln 2=.6931472 to 7D).

21

n
9

10

ii

12

13

. 111111

. 100000

.090909

. 083333

. 076923

un

-11111

-9091

-7576

-6410

2u,,.

2020

1515

1166

¿8u,

-505

-349

¿'4un

156

N/20243 97459.10b0=.69732 8243090519 39054
N/20243 97460.10'°=.69732 82427 46057 26941

Difference=3 44462 12113.
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Example 10. Evaluate the integral f Slfl X
dx

to 4D using the Euler transform.

r X dx=
fk

dx
o k=0 X

± farsin(k1r+t)Ê1 sint dt.
k0.,o kir-Ht k0 Jo kir+t

Evaluating the integrals in tile last sum by
numerical integration we get
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The sum to k=3 is 1.49216. Applying the
Euler transform to the remainder we obtain

(.14180)- (-.02587)+ (.00799)

- (- .00321)+ (.00153)

= .07090+ .00647 + .00100 + .00020
+ .00005

= .07862

We obtain the value of the integral as 1 .570w as
compared with 1.57080.

ir2
Example 11. Sum the series k-2=-- using

the Euler-Maclaurin summation formula.
From 3.6.28 we have for n= ,

lo
k2= k2+ (k+10)-2

k=i ki k=i

lo
= k2+ff(k)dk_fo_J

+720 J"

where j(k)=(k+10)2. Thus,

Ê k2=1.54976 7731+.1
k= i

- .005+.00016 6667- .00000 0333

= 1.64493 4065,

as compared with Ç=1.64493 4067.

Example 12. Compute

x x2 4x2 9x2arctanx=-1+3+5+7+
to 5D for x=.2. Here a1=x, a=(n-1)2x2 for
n>1, b0=0, b=2n-1, A1=1, B_1=0, A0=0,
B0=1.

For n 1

Note that in carrying out the recurrence method
for computing continued fractions the numerators
A. and the denominators B must be used as
originally computed. The numerators and de-
nominators obtained by reducing A/B to lower
terms must not be used.

A_1A_2 r2Th_1 4=0
[B [(n_1)2X2 B0

[A 0 1 1 .2 A1
2

[B,
[A2

1 0

.2 0

.2

3

i B1

.6
i=.197368

[B2 1 1 .04 3.04

[A3 .6 .2 5 3.032
=.197396

[B,
[A4

3.04 1

3.032 .6

.16

7

15.36

21.440
.197396

[B4 15.36 3.04 .36 108.6144

k Idt
Jo kT+t

o

i

2

3

1. 85194

.43379

25661

18260 A A2 A3 A4

4 14180
-2587

5 11593 799
-1788 -321

6 09805 478 153
-1310 -168

7 08495 310
-1000

8 07495
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Table 3.1 

k 

See Examples 1-5 for 
3 of the table. 
4 
5 
6 Floating decimal notation: 
7 
8 910=34867 84401 9 

10 

24 =(9)3.4867 84401 

1/2 
1/3 
1/4 
1/5 

1 5 
2 25 
3 125 
4 625 
5 3125 
6 15625 
7 78125 
8 3 90625 
9 19 53125 

10 97 65625 

24 (16) 5. 9604 64478 (18)4.7383 
1/2 2. 2360 67977 
1/3 1. 7099 75947 
1/4 1. 4953 48781 
1/5 1. 3797 29662 

1 10 
2 100 
3 1000 
4 10000 
5 1 00000 
6 10 00000 
7 100 00000 
8 1000 00000 
9 ( 9)1. 0000 00000 9)2.3579 

10 (10)1.0000 00000 (10)2.5937 
24 (24) 1. 0000 00000 (24)9. 

1/2 3. 1622 77660 
1/3 2. 1544 34690 
1/4 1. 7782 79410 
1/5 1. 5848 93192 

1 15 
2 225 
3 3375 
4 50625 
5 7 59375 
6 113 90625 
7 1708 59375 
8 9 2. 5628 90625 9)4.2949 
9 10 3. 8443 35938 (10)6.8719 

10 11 5. 7665 03906 (12)1. 
24 (28)1. 6834 11220 (28)7.9228 

1/2 3. 8729 83346 
1/3 2. 4662 12074 
1/4 1. 9679 89671 
1/5 1. 7187 71928 

1 20 
2 400 
3 8000 
4 1 60000 
5 32 00000 
6 640 00000 
7 ( 9)1.2800 00000 9)1.8010 
8 (10 2.5600 00000 (10)3.7822 
9 (11 5. 1200 00000 (11)7. 

10 (13 1.0240 00000 (13) 
24 (31)1. 6777 21600 (31)5.4108 

1/2 4. 4721 35955 
1/3 2. 7144 17617 
1/4 2. 1147 42527 
1/5 1. 8205 64203 

POWERS AND ROOTS 

use 2 
n2= 4 
n3= 8 
n4 16 
n5= 32 

64 
128 
256 

n9= 512 
nlø= 1024 

167 77216 
i/2 1.4142 13562 

n113= 1. 2599 21050 
,1/4 1.1892 07115 
nlIS= 1. 1486 98355 

6 7 
36 49 

216 343 
1296 2401 
7776 16807 

46656 1 17649 
2 79936 8 23543 

16 79616 57 64801 
100 77696 403 53607 
604 66176 2824 75249 

81338 (20) 1. 9158 12314 

2. 4494 89743 2. 6457 51311 
1. 8171 20593 1. 9129 31183 
1. 5650 84580 1. 6265 76562 
1. 4309 69081 1. 4757 73162 

11 12 
121 144 

1331 1728 
14641 20736 

1 61051 2 48832 
17 71561 29 85984 

194 87171 358 31808 
2143 58881 4299 81696 

47691 9)5. 1597 80352 
42460 (10)6.1917 36422 

8497 32676 (25) 7. 9496 84720 

3. 3166 24790 3. 4641 01615 
2. 2239 80091 2. 2894 28485 
1. 8211 60287 1. 8612 09718 
1. 6153 94266 1. 6437 51830 

16 17 
256 289 

4096 4913 
65536 83521 

lo 48576 14 19857 
167 77216 241 37569 

2684 35456 4103 38673 
67296 9 6. 9757 57441 
47674 11 1. 1858 78765 

0995 11628 12 2. 0159 93900 

16251 (29)3.3944 86713 

4. 0000 00000 4. 1231 05626 
2. 5198 42100 2. 5712 81591 
2. 0000 00000 2. 0305 43185 
1. 7411 01127 1. 7623 40348 

21 22 
441 484 

9261 10648 
1 94481 2 34256 

40 84101 51 53632 
857 66121 1133 79904 

88541 9 2. 4943 57888 
85936 10 5. 4875 87354 

9428 00466 12 1. 2072 69218 
1. 6679 88098 (13 2.6559 92279 

19838 (32)1.6525 10926 

4. 5825 75695 4. 6904 15760 
2,7589 24176 2.8020 39331 
2. 1406 95143 2. 1657 36771 
1. 8384 16287 1. 8556 00736 

k 

(11) 2. 8242 

1. 7320 
1. 4422 
1. 3160 
1. 2457 

2 
20 

167 
1342 

9)1.0737 
(21)4.7223 

2. 8284 
2. 0000 
1. 6817 
1. 5157 

3 
48 

627 
8157 

(10)1.0604 
(11)1.3785 
(26)5.4280 

3. 6055 
2. 3513 
1. 8988 
1. 6702 

1 
18 

340 
6122 

10)1.1019 
11) 1. 9835 
12) 3. 5704 

(30) 1. 3382 

4. 2426 
2. 6207 
2. 0597 
1. 7826 

2 
64 

1480 
9) 3. 4048 

10 7. 8310 
12 1. 8011 
13 4. 1426 

(32) 4. 8025 

4. 7958 
2. 8438 
2. 1899 
1. 8721 

3 
9 

27 
81 

243 
729 

2187 
6561 

19683 
59049 

95365 

50808 
49570 
74013 
30940 

8 
64 

512 
4096 

32768 
62144 
97152 
77216 
17728 
41824 
66483 

27125 
00000 
92831 
16567 

13 
169 

2197 
28561 
71293 
26809 
48517 
30721 
49937 
84918 
07704 

51275 
34688 
28922 
77652 

18 
324 

5832 
04976 
89568 
12224 
20032 
96058 
92904 
67227 

58845 
40687 
41394 
67144 
02458 

23 
529 

12167 
79841 
36343 
35889 
25447 
98528 
52661 
51121 
07640 

31523 
66980 
38703 
71231 

2 
10 

(14)2.8147 
2. 0000 
1. 5874 
1. 4142 
1. 3195 

5 
47 

430 
3874 

9)3.4867 
(22)7.9766 

3. 0000 
2. 0800 
1. 7320 
1. 5518 

5 
75 

1054 
9 1. 4757 

10 2. 0661 
11 2. 8925 

(27)3.2141 
3. 7416 
2. 4101 
1. 9343 
1. 6952 

1 
24 

470 
8938 

10 1. 6983 
11 3. 2268 
12 6. 1310 

(30)4.8987 
4. 3588 
2. 6684 
2. 0877 
1. 8019 

3 
79 

1911 
9) 4. 5864 

11) 1. 1007 
12) 2. 6418 
13)6. 3403 

(33) 1. 3337 

4. 8989 
2. 8844 
2. 2133 
1. 8881 

4 
16 
64 

256 
1024 
4096 

16384 
65536 
62144 
48576 
49767 
00000 
01052 
13562 
07911 

9 
81 

729 
6561 

59049 
31441 
82969 
46721 
20489 
84401 
44308 

00000 
83823 
50808 
45574 

14 
196 

2744 
38416 
37824 
29536 
13504 
89056 
04678 
46550 
99700 
57387 
42264 
36420 
18203 

19 
361 

6859 
30321 
76099 
45881 
71739 
56304 
76978 
66258 
62931 

98944 
01649 
97630 
83127 

24 
576 

13824 
31776 
62624 
02976 
71424 
53142 
07540 
38097 

35777 

79486 
99141 
63839 
75023 
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5See page II.

n[(4)3]

The numbers in square brackets at the bottom of the page mean that the maximum
error In a linear interpolate Is a X 1O- (p in parentheses), and that to interpolate to
the full tabular accuracy in points must be used in Lagrange's and Aitkens methods for
the respective functions n'i'. *

25

k
1
2

3

25
625

15625

POWERS AND ROOTS

26 27
676 729

17576 19683

k

28
784

21952

Table 3.1

29
841

24389
4 3 90625 4 56976 5 31441 6 14656 7 07281
5 97 65625 118 81376 143 48907 172 10368 205 11149
6 2441 40625 3089 15776 3874 20489 4818 90304 5948 23321
7 9 6. 1035 15625 9 8. 0318 10176 10 1. 0460 35320 10 1. 3492 92851 10 1. 7249 87631
8 11 1. 5258 78906 11 2. 0882 70646 1]. 2. 8242 95365 11 3. 7780 19983 1]. 5. 0024 64130
9 12 3. 8146 97266 12 5. 4295 03679 12 7. 6255 97485 13 1. 0578 45595 13 1. 4507 14598

10 (13 9.5367 43164 14 1.4116 70957 (14 2.0589 11321 (14)2.9619 67667 14 4.2070 72333
24 (33)3.5527 13679 (33)9.1066 85770 (34)2.2528 39954 (34)5.3925 32264 (35)1.2518 49008

1/2 5.0000 00000 5. 0990 19514 5. 1961 52423 5.2915 02622 5.3851 648071/3 2.9240 17738 2.9624 96068 3.0000 00000 3.0365 88972 3.0723 16826
1/4 2. 2360 67977 2. 2581 00864 2. 2795 07057 2. 3003 26634 2. 3205 95787
1/5 1. 9036 53939 1. 9186 45192 1. 9331 82045 1. 9472 94361 1. 9610 09057

1 30 31 32 33 34
2 900 961 1024 1089 1156
3 27000 29791 32768 35937 39304
4 8 10000 9 23521 10 48576 11 85921 13 36336
5 243 00000 286 29151 335 54432 391 35393 454 35424
6 7290 00000 8875 03681 9 1.0737 41824 9 1.2914 67969 9 1.5448 04416
7 10 2.1870 00000 10 2.7512 61411 10 3.4359 73837 10 4.2618 44298 10 5.2523 35014
8 11 6.5610 00000 11 8. 5289 10374 12 1.0995 11628 12 1.4064 08618 12 1.7857 93905
9 13 1.9683 00000 13 2. 6439 62216 13 3.5184 37209 13 4. 6411 48440 13 6. 0716 99277

10 (14 5.9049 00000 14 8. 1962 82870 15 1.1258 99907 15)1.5315 78985 15 2.0643 77754
24 (35)2.8242 95365 (35)6.2041 26610 (36)1.3292 27996 (36)2.7818 55434 (36)5.6950 03680

1/2 5.4772 25575 5.5677 64363 5.6568 54249 5.7445 62647 5.8309 51895
1/3 3.1072 32506 3. 1413 80652 3. 1748 02104 3.2075 34330 3.2396 118011/4 2.3403 47319 '2 3596 11062 2.3784 14230 2.3967 81727 2.4147 364031/5 1.9743 50486 1.9873 40755 2.0000 00000 2.0123 46617 2.0243 97459

1 35 36 37 38 39
2 1225 1296 1369 1444 1521
3 42875 46656 50653 54872 59319
4 15 00625 16 79616 18 74161 20 85136 23 13441
5 525 21875 604 66176 693 43957 792 35168 902 24199
6 ( 9 1. 8382 65625 9 2. 1767 82336 9 2. 5657 26409 ( 9 3. 0109 36384 9) 3. 5187 43761
7 10 6. 4339 29688 10 7. 8364 16410 10 9. 4931 87713 11 1. 1441 55826 11) 1. 3723 10067
8 12 2.2518 75391 12 2.8211 09907 12 3.5124 79454 12 4.3477 92138 12 5.3520 09260
9 13 7.8815 63867 14 1. 0155 99567 14 1.2996 17398 14 1.6521 61013 14 2.0872 83612

10 15)2. 7585 47354 15 3. 6561 58440 15 4. 8085 84372 15 6. 2782 11848 15 8. 1404 06085
24 (37)1.1419 13124 (37)2.2452 25771 (37)4.3335 25711 (37)8.2187 60383 (38)1.5330 29700

1/2 5. 9160 79783 6. 0000 00000 6. 0827 62530 6. 1644 14003 6. 2449 97998
1/3 3.2710 66310 3.3019 27249 3.3322 21852 3.3619 75407 3.3912 11443
1/4 2.4322 99279 2.4494 89743 2.4663 25715 2.4828 23796 2.4989 99399
1/5 2. 0361 68005 2.0476 72511 2. 0589 24137 2. 0699 35054 2. 0807 16549

1 40 41 42 43 44
2 1600 1681 1764 1849 1936
3 64000 68921 74088 79507 85184
4 25 60000 28 25761 31 11696 34 18801 37 48096
5 1024 00000 1158 56201 1306 91232 1470 08443 1649 16224
6 9 4.0960 00000 9)4.7501 04241 ( 9 5.4890 31144 9 6.3213 63049 9)7.2563 13856
7 11 1.6384 00000 11) 1.9475 42739 (11 2. 3053 93332 11 2.7181 86111 1113. 1927 78097
8 12 6. 5536 00000 I 02)7.9849 25229 12 9.6826 51996 13 1.1688 20028 13 1.4048 22363
9 14 2. 6214 40000 14)3.2738 19344 14 4.0667 13838 14 5.0259 26119 1416. 1812 18395

10 (16)1.0485 76000 (16)1.3422 65931 16 1.7080 19812 (16)2.0611 48231 16)2.7197 36094
24 (38)2. 8147 49767 (38)5.0911 10945 (38)9. 0778 49315 (39)1. 5967 72093 (39)2.7724 53276

1/2 6. 3245 55320 6.4031 24237 6.4807 40698 6.5574 38524 6.6332 49581
1/3 3. 4199 51893 3. 4482 17240 3. 4760 26645 3. 5033 98060 3. 5303 483351/4 2. 5148 66859 2.5304 39534 2.5457 29895 2.5607 49602 2.5755 09577
1/5 2. 0912 79105 2. 1016 32478 2. 1117 85765 2. 1217 47461 2. 1315 25513

1 45 46 47 48 49
2 2025 2116 2209 2304 2401
3 91125 97336 1 03823 1 10592 1 17649
4 41 00625 44 77456 48 79681 53 08416 57 64801
5 1845 28125 2059 62976 2293 45007 2548 03968 2824 75249
6 ( 9)8. 3037 65625 9 9.4742 96896 (10)1.0779 21533 (10 1.2230 59046 (10)1.3841 28720
7 (11)3.7366 94531 11 4.3581 76572 (11)5.0662 31205 11 5.8706 83423 (11)6.7822 30728
8 (13 1. 6815 12539 13 2. 0047 61223 13)2.3811 28666 13 2.8179 28043 13 3. 3232 93057
9 (14 7.5668 06426 14)9.2219 01627 15)1.1191 30473 15 1.3526 05461 15 1.6284 13598

10 (16 3.4050 62892 16)4.2420 74748 16)5.2599 13224 (16 6.4925 06211 16 7. 9792 26630
24 (39) 4. 7544 50505 (39)8. 0572 70802 (40) 1. 3500 46075 (40)2. 2376 37322 (40) 3. 6703 36822

1/2 6. 7082 03932 6 7823 29983 6.8556 54600 6.9282 03230 7.0000 00000
1/3 3. 5568 93304 3 5830 47871 3. 6088 26080 3 6342 41186 3. 6593 05710
1/4 2.5900 20064 2. 6042 90687 2. 6183 30499 2.6321 48026 2. 6457 51311
1/5 2.1411 27368 2. 1505 60013 2.1598 30012 2.1689 43542 2. 1779 06425
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Table 3.1 POWERS AND ROOTS

k

k

1
2
3
4
5
6
7
8
9

10

10
11
13
15
16

50
2500

1 25000 1
62 50000 67

3125 00000 3450
1.5625 00000 10 1.7596
7.8125 00000 11 8.9741
3.9062 50000 13 4.5767
1.9531 25000 15 2.3341
9.7656 25000 17 1. 1904

51
2601

32651
65201
25251
28780
06779
94457
65173
24238

1
73

3802
10 1.9770
12 1.0280
13 5.3459
15 2.7799
17 1.4455

52
2704

40608
11616
04032
60966
71703
72853
05884
51059

1
78

4181
10 2. 2164
12 1. 1747
13 6.2259
15 3.2997

(17 1. 7488

53
2809

48877
90481
95493
36113
11140
69041
63592
74704

1
85

4591
10) 2. 4794
12'l. 3389
13 7.2301
153.9043

(17) 2. 1083

54
2916

57464
03056
65024
91130
25210
96134
05912
25193

24 (40)5.9604 64478 (40)9.5870 33090 (41)1. 5278 48342 (41)2.4133 53110 (41)3.7796 38253

1/2
1/3
1/4
1/5

7. 0710 67812 7. 1414
3. 6840 31499 3.7084
2.6591 47948 2.6723
2.1867 24148 2.1954

28429
29769
45118
01897

7. 2111
3. 7325
2. 6853
2.2039

02551
11157
49614
44575

7. 280].
3.7562
2. 6981
2. 2123

09889
85754
67876
56822

7.3484
3.7797
2. 7108
2. 2206

69228
63150
06011
43035

1 55 56 57 58 59

2 3025 3136 3249 3364 3481
3 1 66375 1 75616 1 85193 1 95112 2 05379
4 91 50625 98 34496 105 56001 113 16496 121 17361
5 5032 84375 5507 31776 6016 92057 6563 56768 7149 24299
6 (10 2.7680 64063 10 3.0840 97946 10 3.4296 44725 (10 3.8068 69254 10 4.2180 53364
7 12 1.5224 35234 12 1.7270 94850 12 1.9548 97493 (12 2.2079 84168 12 2.4886 51485
8 13 8. 3733 93789 13 9.6717 31157 14 1. 1142 91571 14 1. 2806 30817 14 1. 4683 04376
9 15 4.6053 66584 (15 5.4161 69448 15 6.3514 61955 15 7.4276 58740 15 8.6629 95819

10 17 2. 5329 51621 (17 3. 0330 54891 17 3. 6203 33315 17 4. 3080 42069 17 5. 1111 67533

24 (41)5. 8108 98173 (41)9. 0471 67858 (42) 1. 3835 55344 (42) 2. 1002 54121 (42) 3. 1655 43453

1/2 7.4161 98487 7.-4833 14774 7.5498 34435 7.6157 73106 7.6811 45748
1/3 3.8029 52461 3.8258 62366 3. 8485 01131 3.8708 76641 3.8929 96416
1/4 2.7232 69815 2.7355 64800 2.7476 96205 2.7596 69021 2.7714 88002
1/5 2.2288 07384 2.2368 53829 2.2447 86134 2.2526 07878 2.2603 22470

1
2
3
4
5
6
7
8
9

10

60
3600

2 16000 2
129 60000 138

7776 00000 8445
10)4.6656 00000 iO 5.1520
12 2. 7993 60000 12 3. 1427
14 1.6796 16000 14 1.9170
16 1.0077 69600 16 1.1694

(17 6.0466 17600 17 7.1334

61
3721

26981
45841
96301
37436
42836
73130
14609
29117

2
147

9161
10 5.6800
12 3. 5216
14 2.1834
16 1.3537
17 8.3929

62
3844

38328
76336
32832
23558
14606
01056
08655
93659

2
157

9924
10 6. 2523
12 3. 9389
14 2. 4815
16 1. 5633
17 9. 8493

63
3969

50047
52961
36543
50221
80639
57003
81416
02919

2
167

9 1. 0737
10 6. 8719
12 4. 3980
14 2. 8147
16 1. 8014

(18 1. 1529

64
4096

62144
77216
41824
47674
46511
49767
39851
21505

24 (42)4.7383 81338 (42)7.0455 68477 (43)1.0408 79722 (43)1.5281 75339 (43)2.2300 74520

1/2
1/3
1/4
1/5

7.7459 66692 7.8102
3.9148 67641 3.9364
2.7831 57684 2.7946
2.2679 33155 2.2754

49676
97183
82393
43032

7.8740
3.9578
2.8060
2.2828

07874
91610
66263
55056

7. 9372
3. 9790
2. 8173
2. 2901

53933
57208
13247
72049

8. 0000
4. 0000
2. 8284
2. 2973

00000
00000
27125
96710

1
2
3
4
5
6
7
8
9

10

65
4225

2 74625
178 50625

9 1. 1602 90625 (
10 7. 5418 89063
12 4. 9022 27891
14 3. 1864 48129
16 2. 0711 91284
18 1.3462 74334

2
189

9 1. 2523
10 8. 2653
12 5.4551
14 3.6004

(16 2. 3762
(18 1.5683

66
4356

87496
74736
32576
95002
60701
06063
68001
36881

3
201

9 1. 3501
10 9. 0458
12 6. 0607
14 4. 0606
16 2. 7206
18 1.8228

67
4489

00763
51121
25107
38217
11605
76776
53440
37805

3
213

9 1.4539
10 9.8867
12 6.7229
14 4. 5716
16 3. 1087
18 2. 1139

68
4624

14432
81376
33568
48262
88818
32397
10030
22820

3
226

( 9)1.5640
(11)1.0791
12 7.4463
14 5. 1379
16 3. 5452
18 2. 4461

69
4761

28509
67121
31349
81631
53253
83744
08784
94061

24 (43)3.2353 44710 (43)4.6671 78950 (43)6.6956 88867 (43)9. 5546 30685 (44)1.3563 70007

1/2
1/3
1/4
1/5

8. 0622 57748 8. 1240
4. 0207 25759 4. 0412
2.8394 11514 2.8502
2. 3045 31620 2. 3115

38405
40021
69883
79249

8. 1853
4. 0615
2.8610
2. 3185

52772
48100
05553
41963

8. 2462
4. 0816
2. 8716
2. 3254

11251
55102
21711
22030

8. 3066
4.1015
2. 8821
2. 3322

23863
65930
21417
21626

1 70 71 72 73 74

2 4900 5041 5184 5329 5476

3 3 43000 3 57911 3 73248 3 89017 4 05224
4 240 10000 254 11681 268 73856 283 98241 299 86576
5 9 1.6807 00000 ( 9 1.8042 29351 ( 9 1.9349 17632 9 2.0730 71593 9 2.2190 06624
6 ii 1. 1764 90000 11 1. 2810 02839 11 1. 3931 40695 11 1. 5133 42263 11 1. 6420 64902
7 12 8.2354 30000 12 9.0951 20158 13 1.0030 61300 13 1.1047 39852 13 1.2151 28027
8 14 5.7648 01000 14 6.4575 35312 14 7.2220 41363 14 8.0646 00919 14 8.9919 47402
9 16 4. 0353 60700 16 4.5848 50072 16)5. 1998 69781 (16 5.8871 58671 16 6. 6540 41078

10 18 2.8247 52490 18 3.2552 43551 18)3.7439 06243 (18 4.2976 25830 18)4.9239 90397

24 (44)1. 9158 12314 (44)2. 6927 76876 (44) 3. 7668 63772 (44) 5. 2450 38047 (44)7. 2704 49690

1/2 8.3666 00265 8.4261 49773 8.4852 81374 8.5440 03745 8.6023 25267
1/3 4.1212 85300 4.1408 17749 4.16.01 67646 4. 1793 39196 4.1983 36454
1/4 2.8925 07608 2.9021 83108 2.9129 50630 2.9230 12786 2.9329 72088
1/5 2.3389 42837 2.3455 87669 2.3521 58045 2.3586 55818 2.3650 82769
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k
1
2

75
5625

ELEMENTARY ANALYTICAL METHODS

POWERS AND ROOTS flk

76 77 78
5776 5929 6084

Table 3.1

79
6241

3 4 21875 4 38976 4 56533 4 74552 4 93039
4 316 40625 333 62176 351 53041 370 15056 389 50081
5 ( 9 2. 3730 46875 9 2.5355 25376 9)2. 7067 84157 ( 9 2. 8871 74368 9 3. 0770 56399
6 11 1. 7797 85156 11 1.9269 99286 11)2. 0842 23801 11 2.2519 96007 11 2.4308 74555
7 13 1. 3348 38867 13 1.4645 19457 13 1. 6048 52327 13 1. 7565 56885 13 1.9203 90899
8 15 1. 0011 29150 15 1. 1130 34787 15 1.2357 36292 15 1. 3701 14371 1S1. 5171 08810
9 16 7. 5084 68628 16 8. 4590 64385 (16 9. 5151 69445 17 1. 0686 89209 17 1. 1985 15960

10 18 5. 6313 51471 18 6.4288 88932 (18 7. 3266 80473 18 8.3357 75831 18 9.4682 76083

24 (45)1.0033 91278 (45)1. 3788 79182 (45)1. 8870 23915 (45)2.5719 97041 (45)3.4918 06676

1/2 8. 6602 54038 8. 7177 97887 8. 7749 64387 8. 8317 60866 8. 8881 94417
1/3 4.2171 63326 4.2358 23584 4.2543 20865 4.2726 58682 4.2908 40427
1/4 2. 9428 30956 2.9525 91724 2.9622 56638 2. 9718 27866 2.9813 07501
1/5 2. 3714 40610 2. 3777 30992 2. 3839 55503 2. 3901 15677 2. 3962 12991

1 80 81 82 83 84

2 6400 6561 6724 6889 7056
3 5 12000 5 31441 5 51368 5 71787 5 92704
4 409 60000 430 46721 452 12176 474 58321 497 87136
5 9 3. 2768 00000 9 3. 4867 84401 9 3. 7073 98432 ( 9 3 9390 40643 9 4. 1821 19424
6 ii 2.6214 40000 11 2.8242 95365 11 3.0400 66714 11 3.2694 03734 11 3.5129 80316
7 13 2.0971 52000 13 2.2876 79245 13 2.4928 54706 13 2.7136 05099 13 2.9509 03466
8 15 1.6777 21600 15 1.8530 20189 15 2.0441 40859 15 2.2522 92232 15 2.4787 58911
9 17 1. 3421 77280 17 1. 5009 46353 17 1.6761 95504 17)1. 8694 02553 (17 2.0821 57485

10 19 1. 0737 41824 (19) 1. 2157 66546 19 1. 3744 80313 19) 1. 5516 04119 (19 1. 7490 12288

24 (45) 4. 7223 66483 (45) 6. 3626 85441 (45) 8. 5414 66801 (46) 1. 1425 47375 (46) 1. 5230 10388

1/2 8.9442 71910 9.0000 00000 9.0553 85138 9.1104 33579 9.1651 51390
1/3 4. 3088 69380 4.3267 48711 4.3444 81486 4. 3620 70671 4. 3795 19140
1/4 2.9906 97562 3.0000 00000 3.0092 16698 3. 0183 49479 3. 0274 00104
1/5 2.4022 48868 2.4082 24685 2.4141 41771 2.4200 01407 2.4258 04834

1 85 86 87 88 89

2 7225 7396 7569 7744 7921
3 6 14125 6 36056 6 58503 6 81472 7 04969
4 522 00625 547 00816 572 89761 599 69536 627 42241
5 9 4. 4370 53125 4.7042 70176 9 4.9842 09207 ( 9 5.2773 19168 9)5.5840 59449
6 11 3. 7714 95156 11 4.0456 72351 11 4.3362 62010 (11 4.6440 40868 11)4.9698 12910
7 13 3. 2057 70883 13 3.4792 78222 13 3.7725 47949 (13 4. 0867 55964 13 4.4231 33490
8 15 2. 7249 05250 15 2.9921 79271 15 3.2821 16715 (is 3.5963 45248 15 3.9365 88806
9 17 2. 3161 69463 17 2. 5732 74173 17 2. 8554 41542 (17 3. 1647 83818 17 3. 5035 64037

10 19 1. 9687 44043 19 2.2130 15789 (19)2.4842 34142 (19 2.7850 09760 19 3.1181 71993

24 (4Al2072 71747 (46)2.6789 39031 (46) 3. 5355 91351 (46)4. 6514 04745 (46) 6. 1004 25945

1/2 9. 2195 44457 9. 2736 18495 9. 3273 79053 9. 3808 31520 9. 4339 81132
1/3 4.3968 29672 4. 4140 04962 4.4310 47622 4.4479 60181 4.4647 45096
1/4 3.0363 70277 3.0452 61646 3. 0540 75810 3. 0628 14314 3.0714 78656
1/5 2. 4315 53252 2. 4372 47818 2. 4428 89656 2. 4484 79851 2. 4540 19455

1 90 91 92 93 94

2 8100 8281 8464 8649 8836

3 7 29000 7 53571 7 78688 8 04357 8 30584
4 656 10000 685 74961 716 39296 748 05201 780 74896
5 ( 9 5. 9049 00000 9 6. 2403 21451 ( 9) 6. 5908 15232 ( 9 6. 9568 83693 9 7. 3390 40224
6 11 5.3144 10000 11 5.6786 92520 (11)6.0635 50013 (11 6.4699 01834 11 6.8986 97811
7 13 4.7829 69000 13 5. 1676 10194 13 5. 5784 66012 13 6. 0170 08706 13 6.4847 75942
8 15 4. 3046 72100 15 4. 7025 25276 15 5. 1321 88731 15 5. 5958 18097 15 6. 0956 89385
9 17 3.8742 04890 17 4.2792 98001 17 4. 7216 13633 17 5.2041 10830 (17 5. 7299 48022

10 19 3.4867 84401 (19)3. 8941 61181 (19 4. 3438 84542 (19 4. 8398 23072 (19 5. 3861 51141

24 (46)7.9766 44308 (47)1. 0399 04400 (47)1. 3517 85726 (47)1. 7522 28603 (47)2. 2650 01461

1/2 9. 4868 32981 9. 5393 92014 9. 5916 63047 9. 6436 50761 9. 6953 59715
1/3 4. 4814 04747 4. 4979 41445 4. 5143 57435 4. 5306 54896 4. 5468 35944
1/4 3.0800 70288 3. 0885 90619 3. 0970 41015 3. 1054 22799 3. 1137 37258
1/5 2.4595 09486 2.4649 50932 2.4703 44749 2.4756 91866 2.4809 93182

1 95 96 97 98 99

2 9025 9216 9409 9604 9801
3 8 57375 8 84736 9 12673 9 41192 9 70299
4 814 50625 849 34656 885 29281 922 36816 960 59601
5 ( 9 7. 7378 09375 9 8. 1537 26976 ( 9)8.5873 40257 ( 9)9. 0392 07968 9 9. 5099 00499
6 (n 7. 3509 18906 11 7.8275 77897 (11)8.3297 20049 11)8.8584 23809 11 9.4148 01494
7 13 6. 9833 72961 13 7.5144 74781 (13 8.0798 28448 13) 8 6812 55332 13 9. 3206 53479
8 15 6. 6342 04313 15 7. 2138 95790 (15 7. 8374 33594 (15 8. 5076 30226 15 9. 2274 46944
9 17 6. 3024 94097 17 6.9253 39958 (17 7. 6023 10587 (17 8. 3374 77621 (17)9. 1351 72475

10 (19 5. 9873 69392 19)6. 6483 26360 (19 7.3742 41269 (19 8. 1707 28069 (19)9. 0438 20750

24 (47)2.9198 90243 (47)3.7541 32467 (47)4.8141 72219 (47)6.1578 03365 (47)7.8567 81408

1/2 9.7467 94345 9.7979 58971 9.8488 57802 9. 8994 94937 9. 9498 74371
1/3 4. 5629 02635 4. 5788 56970 4. 5947 00892 4. 6104 36292 4. 6260 65009
1/4 3. 1219 85641 3. 1301 69160 3. 1382 88993 3. 1463 46284 3. 1543 42146
1/5 2. 4862 49570 2. 4914 61879 2. 4966 30932 2. 5017 57527 2. 5068 42442
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n[(5)3] [(_5)1] [e_6)8] [(_)5]

Table 3.1

k

POWERS AND ROOTS k

1
2
3
4
5

100
10000

10 00000
1000 00000

(10)1.0000 00000

10
1040

10 1. 0510

101
10201
30301
60401
10050

10
1082

10 1. 1040

102
10404
61208
43216
80803

103
10609

10 92727
1125 50881

10 1. 1592 74074

11
1169

10 1. 2166

104
10816
24864
85856
52902

6 12 1. 0000 00000 12 1. 0615 20151 12 1. 1261 62419 12 1. 1940 52297 12 1.2653 19018
7
8

14j1.0000 00000
161. 0000 00000

14 1. 0721
16 1. 0828

35352
56706

14 1. 1486
16 1. 1716

85668
59381

14 1. 2298 73865
16 1. 2667 70081

14 1. 3159
16 1. 3685

31779
69050

9 (18)1.0000 00000 18 1. 0936 85273 18 1. 1950 92569 18 1. 3047 73184 18 1. 4233 11812
10 (20)1.0000 00000 20 1. 1046 22125 20 1. 2189 94420 20 1. 3439 16379 20 1. 4802 44285

24 (48)1.0000 00000 48) 1. 2697 34649 (48)1.6084 37249 (48) 2. 0327 94106 (48)2. 5633 04165

1/2
1/3

( 1)1.0000 00000
4. 6415 88834

1) 1. 0049
4. 6570

87562
09508

( 1) 1. 0099
4. 6723

50494
28728

( 1) 1. 0148 89157
4. 6875 48148

( 1) 1. 0198
4. 7026

03903
69375

1/4
1/5

3. 1622 77660
2. 5118 86432

3. 1701
2. 5168

53880
90229

3. 1779
2. 5218

71828
54548

3. 1857 32501
2. 5267 80083

3. 1934
2. 5316

36868
67508

1 105 106 107 108 109

2 11025 11236 11449 11664 11881

5 11 57625 11 91016 12 25043 12 59712 12 95029

4 1215 50625 1262 47696 1310 79601 1360 48896 1411 58161

5 10 1. 2762 81563 10 1. 3382 25578 10 1. 4025 51731 (10 1. 4693 28077 10 1. 5386 23955
6 12 1. 3400 95641 12 1.4185 19112 12 1.5007 30352 (12 1.5868 74323 12 1. 6771 00111
7 14 1. 4071 00423 14 1. 5036 30259 14 1. 6057 81476 14 1. 7138 24269 14 1. 8280 39121
8 16 1. 4774 55444 16 1. 5938 48075 16 1. 7181 86180 16 1. 8509 30210 16 1. 9925 62642
9 (18 1. 5513 28216 18 1. 6894 78959 18 1. 8384 5212 18 1. 9990 04627 18 2. 1718 93279

10 (20 1.6288 94627 20 1.7908 47697 20 1.9671 51357 (20)2.1589 24997 20 2.3673 63675

24 (48) 3. 2250 99944 (48)4. 0489 34641 (48) 5. 0723 66953 (48) 6. 3411 80737 (48)7. 9110 83175

1/2 ( 1) 1. 0246 95077 ( 1) 1. 0295 63014 ( 1) 1. 0344 08043 ( 1) 1. 0392 30485 ( 1) 1. 0440 30651

1/3 4.7176 93980 4.7326 23491 4.7474 59398 4.7622 03156 4.7768 56181
1/4 3.2010 85873 3.2086 80436 3.2162 21453 3.2237 09795 3.2311 46315
1/5 2.5365 17482 2.5413 30642 2.5461 07613 2.5508 49001 2. 5555 55397

1
2
3
4
5
6
7
8
9

10

110
12100

13 31000
1464 10000

10 1. 6105 10000
12 1. 7715 61000
14 1. 9487 17100
16 2. 1435 88810

(18 2. 3579 47691
(20 2. 5937 42460

13
1518

10 1. 6850
12 1. 8704
14 2. 0761
16 2. 3045
18 2. 5580
20 2. 8394

111
12321
67631
07041
58155
14552
60153
37770
36924
20986

14
1573

10 1. 7623
12 1.9738
14 2.2106
16 2. 4759
18 2. 7730

(20 3.1058

112
12544
04928
51936
41683
22685
81407
63176
78757
48208

113
12769

14 42897
1630 47361

(10 1. 8424 35179
(12 2.0819 51753
14 2.3526 05480
16 2.6584 44193
18 3. 0040 41938

(20 3.3945 67390

14
1688

10 1. 9254
12 2. 1949
14 2. 5022
16 2. 8525
18 3. 2519
20 3. 7072

114
12996
81544
96016
14582
72624
68791
86422
48521
21314

24 (48) 9. 8497 32676 (49) 1. 2239 15658 (49)1.5178 62893 (49)1. 8788 09051 (49)2. 3212 20685

1/2 ( 1) 1. 0488 08848 ( 1) 1. 0535 65375 ( 1) 1. 0583 00524 ( 1) 1. 0630 14581 ( 1)1. 0677 07825
1/3 4. 7914 19857 4. 8058 95534 4. 8202 84528 4. 8345 88127 4. 8488 07586

1/4 3. 2385 31840 3. 2458 67180 3. 2531 53123 3. 2603 90439 3. 2675 79877

1/5 2. 5602 27376 2. 5648 65499 2. 5694 70314 2. 5740 42354 2. 5785 82140

1
2
3
4
5
6
7
8
9

10

115
13225

15 20875
1749 00625

(10 2. 0113 57188
(12 2. 3130 60766
14 2.6600 19880
16 3.0590 22863
18 3.5178 76292
20 4. 0455 57736

15
1810

10 2. 1003
12 2. 4363
14 2.8262
16 3.2784
18 3.8029
20 4.4114

116
13456
60896
63936
41658
96323
19734
14892
61275
35079

16
1873

10 2. 1924
12 2. 5651
14 3. 0012
16 3. 5114
18 4. 1084
20 4. 8068

117
13689
01613
88721
48036
64202
42116
53276
00333
28389

118
13924

16 43032
1938 77776

10 2. 2877 57757
12 2. 6995 54153
14 3.1854 73901
16 3. 7588 59203
18 4. 4354 53859
20 5. 2338 35554

16
2005

10 2. 3863
12 2. 8397
14 3.3793
16 4. 0213
18 4. 7854
20 5. 6946

119
14161
85159
33921
53660
60855
15418
85347
48563
83790

24 (49) 2. 8625 17619 (49) 3. 5236 41704 (49)4. 3297 28675 (49)5. 3109 00627 (49)6.5031 99444

1/2 ( 1)1.0723 80529 ( 1)1. 0770 32961 ( 1)1.0816 65383 ( 1)1.0862 78049 ( 1)1.0908 71211
1/3 4. 8629 44131 4. 8769 98961 4. 8909 73246 4. 9048 68131 4. 9186 84734

1/4 3.2747 22171 3.2818 18035 3.2888 68168 3.2958 73252 3.3028 33952
1/5 2. 5830 90178 2. 5875 66964 2. 5920 12982 2. 5964 28703 2. 6008 14587

1 120 121 122 123 124

2 14400 14641 14884 15129 15376

3 17 28000 17 71561 18 15848 18 60867 19 06624

4 2073 60000 2143 58881 2215 33456 2288 86641 2364 21376

5 (10 2. 4883 20000 10 2. 5937 42460 10 2. 7027 08163 10 2 8153 05684 10 2. 9316 25062
6 (12 2.9859 84000 123.1384 28377 12 3.2973 03959 12 3 4628 25992 12 3.6352 15077
7 14 3. 5831 80800 143.7974 98336 14 4. 0227 10850 14 4 2592 75970 14 4. 5076 66696
8 16 4. 2998 16960 16 4. 5949 72986 16 4. 9077 07213 16 5 2389 09443 16 5. 5895 06703
9 18 5.1597 80352 18 5.5599 17313 18 5.9874 02800 18)6 4438 58615 18 6.9309 88312

10 (20)6. 1917 36422 20)6. 7274 99949 20 7. 3046 31415 20) 7. 9259 46096 20 8. 5944 25506

24 (49)7.9496 84720 (49)9.7017 23378 (50)1.1820 50242 (50)1.4378 80104 (50)1. 7463 06393

1/2 ( 1)1. 0954 45115 ( 1)1. 1000 00000 ( 1)1. 1045 36102 ( 1)1 1090 53651 ( 1)1. 1135 52873

1/3 4.9324 24149 4.9460 87443 4.9596 75664 4 9731 89833 4.9866 30952

1/4 3. 3097 50920 5.3166 24790 5.3234 56186 3 3302 45713 3 3369 93965

1/5 2.6051 71085 2.6094 98635 2.6137 97668 2.6180 68602 2.6223 11847
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5)2
4

[(-56)9] n [(-6)51 no[(6)314] 4]

29

k
1
2
3
4
5
6
7
8
9

10

125
15625

19 53125
2441 40625

10 3. 0517 57813
12 3. 8146 97266
14 4. 7683 71582
16 5. 9604 64478
18) 7. 4505 80597
20)9. 3132 25746

POWERS AND ROOTS k

126 127 128
15876 16129 16384

20 00376 20 48383 20 97152
2520 47376 2601 44641 2684 35456

(10)3.1757 96938 10 3. 3038 36941 10 3. 4359 73837
(12)4. 0015 04141 12 4. 1958 72915 12 4. 3980 46511
(14 5.0418 95218 14 5. 3287 58602 14 5. 6294 99534
(16 6.3527 07975 16 6. 7675 23424 16 7. 2057 59404
(18 8. 0045 12848 18 8. 5947 54749 18 9. 2233 72037
(21)1.0085 68619 21 1. 0915 33853 21 1. 1805 91621

Table 3.1

129
16641

21 46689
2769 22881

10 3. 5723 05165
12 4. 6082 73663
14 5. 9446 73025
16 7. 6686 20202
18 9. 8925 30381
21 1. 2761 36419

24 (50)2. 1175 82368 (50)2. 5638 52774 (50)3.0994 83316 (50)3. 7414 44192 (50)4. 5097 56022
1/2
1/3
1/4
1/5

1)1.1180 33989
5. 0000 00000
3. 3437 01525
2. 6265 27804

1)1.1224 97216
5. 0132 97935
3. 3503 68959
2. 6307 16865

1) 1. 1269 42767
5. 0265 25695
3. 3569 96823
2. 6348 79413

1)1.1313 70850
5. 0396 84200
3. 3635 85661
2. 6390 15822

1)1.1357 81669
5. 0527 74347
3. 3701 36005
2. 6431 26458

1

2
3
4
5

6
7
8
9

10

130
16900

21 97000
2856 10000

(10) 3. 7129 30000
(12)4. 8268 09000
(14 6.2748 51700
(16 8.1573 07210
(19 1. 0604 49937
(21 1. 3785 84918

131
17161

22 40091
2944 99921

(10)3. 8579 48965
(12)5.0539 13144

14 6. 6206 26219
16 8.6730 20347
19 1. 1361 65665
21 1. 4883 77022

132
17424

22 99968
3035 95776

10)4. 0074 64243
12 5. 2898 52801
14 6. 9826 05697
16 9. 2170 39521
19 1. 2166 49217

(21 1. 6059 76966

133
17689

23 52637
3129 00721

10)4.1615 79589
12) 5. 5349 00854
14 7. 3614 18136
16 9. 7906 86120
19 1. 3021 61254

(21)1.7318 74468

134
17956

24 06104
3224 17936

10 4. 3204 00342
12 5. 7893 36459
14 7. 7577 10855
17 1. 0395 33255
19 1. 3929 74561
21 1. 8665 85912

24 (50) 5. 4280 07704 (50)6.5239 57088 (50)7.8302 26935 (50)9. 3851 10346 (51)1.1233 50184
1/2
1/3
1/4
1/5

1) 1. 1401 75425
5. 0657 97019
3. 3766 48375
2. 6472 11681

1) 1. 1445 52314
5. 0787 53078
3. 3831 23282
2.6512 71840

1) 1. 1489 12529
5. 0916 43370
3. 3895 61224
2. 6553 07280

1)1.1532 56259
5.1044 68722
3. 3959 62690
2. 6593 18337

1)1.1575 83690
5.1172 29947
3. 4023 28159
2. 6633 05339

1
2
3
4
5
6
7
8
9

10

135
18225

24 60375
3321 50625

(10 4. 4840 33438
(12 6. 0534 45141

14 8. 1721 50940
17 1. 1032 40377
19)1.4893 74509
21)2.0106 55587

136
18496

25 15456
3421 02016

(10)4. 6525 87418
(12)6. 3275 18808
(14)8.6054 25688
(17)1. 1703 37894
(19)1.5916 59535
(21)2.1646 56968

12
14
17
191.
21

10)4.

137
18769

25 71353
3522 75361
8261 72446

6. 6118 56251
9. 0582 43063
1. 2409 79300

7001 41641
2. 3291 94048

138
19044

26 28072
3626 73936

10 5. 0049 00317
12 6. 9067 62437
14 9.5313 32163
17 1. 3153 23839
19) 1. 8151 46897

(21,2.5049 02718

139
19321

26 85619
3733 01041

10 5.1880 84470
12 7. 2125 49413
15 1. 0025 44368
17 1. 3935 36672
19 1. 9370 15974
21 2. 6924 52204

24 (51) 1. 3427 97252 (51)1. 6030 01028 (51)1. 9111 44882 (51)2. 2756 11258 (51)2.7061 70815
1/2 ( 1)1. 1618 95004 1) 1. 1661 90379 1)1.1704 69991 1) 1. 1747 34012 1)1.1789 826121/3
1/4

5. 1299 27840
3. 4086 58099

5. 1425 63181
3. 4149 52970

5. 1551 36735
3. 4212 13222

5. 1676 49252
3. 4274 39296

5. 1001 01467
3. 4336 316231/5 2. 6672 68608 2. 6712 08461 2.6751 25206 2. 6790 19145 2. 6828 90577

1
2
3
4

5
6
7
8
9

10

140
19600

27 44000
3841 60000

10)5. 3782 40000
12) 7. 5295 36000
15) 1. 0541 35040
17 1. 4757 89056

(19 2. 0661 04678
(21 2. 8925 46550

141
19881

28 03221
3952 54161

10) 5. 5730 83670
12 7. 8580 47975
15 1. 1079 84764

(17 1.5122 58518
(19 2.2027 04510
(21)3.1059 26159

142
20164

28 63288
4065 86896

(10)5.7735 33923
(12 8. 1984 18171
15 1. 1641 75380
17 1. 6531 29040
19 2. 3474 43237
21 3.3333 69396

143
20449

29 24207
4181 61601

(10)5. 9797 10894
(12 8. 5509 06579

15 1.2227 91081
17 1. 7485 91246
19 2. 5004 85481
21)3. 5756 94238

144
20736

29 05984
4299 81696

10 6. 1917 36422
12 8. 9161 00448
15 1. 2839 18465
17 1. 8488 42589
19 2. 6623 33328
21 3. 8337 59992

24 (51) 3. 2141 99700 (51)3. 8129 28871 (51)4.5177 29930 (51)5. 3464 42484 (51)6.3197 48715
1/2
1/3
1/4
1/5

1)1.1832 15957
5. 1924 94102
3. 4397 90620
2. 6867 39790

1)1.1074 34209
5. 2048 27863
3. 4459 16727
2. 6905 67070

1)1. 1916 37529
5. 2171 03446
3.4520 10326
2. 6943 72696

1)1. 1958 26074
5. 2293 21532
3. 4580 71824
2. 6981 56943

1)1.2000 00000
5. 2414 82788
3. 4641 01615
2. 7019 20077

1
2

3
4
5
6
7
8
9

10

145
21025

30 48625
4420 50625

(10)6.4097 34063
(12)9.2941 14391
(15)1.3476 46507
(17)1. 9540 87551
(19)2. 8334 26948
(21)4. 1084 69075

146
21316

31 12136
4543 71856

10)6. 6338 29098
12)9. 6853 90482
15) 1. 4140 67010

(17)2. 0645 37835
(19)3. 0142 25239
(21)4. 4007 68850

147
21609

31 76523
4669 48881

10)6.8641 48551
13 1. 0090 29837
15 1. 4832 73860
17 2. 1804 12575

(19 3.2052 06405
(21)4. 7116 53533

148
21904

32 41792
4797 85216

(10 7. 1000 21197
(13 1. 0509 21537
(15 1.5553 63875
(17)2.3019 38535
(19) 3. 4068 69032
(21)5.0421 66167

149
22201

33 07949
4928 84401

10)7. 3439 77575
13 1. 0942 52659
15 1. 6304 36461
17 2. 4293 50327
19)3. 6197 31988
21)5. 3934 00662

24 (51) 7. 4616 01544 (51)8. 7997 13625 (52) 1. 0366 11527 (52)1.2197 79049 (52)1.4337 40132
1/2
1/3
1/4

( 1)1.2041 59458
5. 2535 87872
3. 4701 00082

1)1.2083 04597
5. 2656 37428
3. 4760 67602

1)1.2124 35565
5. 2776 32080
3. 4820 04545

1)1.2165 52506
5. 2895 72473
3. 4879 11275

( 1)1.2206 55562
5.3014 59192
3. 4937 881471/5 2.7056 62363 2. 7093 84058 2.7130 85417 2.7167 66686 2. 7204 28110
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Table 3.1

k
1
2
3 33
4 5062

150
22500
75000
50000

POWERS AND ROOTS fl'

151 152
22801 23104

34 42951 35 11808 35
5198 85601 5337 94816 5479

153
23409
81577
81281

36
5624

154
23716
52264
48656

5 (10 7.5937 50000 (10)7.8502 72575 lo o. 1136 81203 10 0.3841 13599 10 8.6617 09302
6 13 1. 1390 62500 (13)1.1853 91159 13 1.2332 79543 13 1.2827 69381 13 1. 3339 03233
7 15 1.7085 93750 15 1. 7899 40650 15 1.8745 84905 15 1.9626 37152 15 2.0542 10978
8 17 2.5628 90625 17 2. 7028 10381 17 2.8493 69056 17 3. 0028 34843 11 3.1634 84906
9 19 3. 8443 35938 19 4. 0812 43676 19 4. 3310 40965 (19 4. 5943 37310 19 4. 8717 66756

10 21 5. 7665 03906 21 6. 1626 77950 21 6. 5831 82267 (21 7. 0293 36085 (21 7. 5025 20804
24 (52)1.6834 11220 (52)1. 9144 52704 (52)2.3133 75387 (52)2.7076 61312 (52)3.1659 00782

1/2 ( 1)1.2247 44871 ( 1)1.2288 20573 ( 1)1.2328 82801 ( 1)1.2369 31688 ( 1)1.2409 67365
1/3 5.3132 92846 5. 3250 74022 5.3368 03297 5. 3484 81241 5.3601 08411
1/4 3.4996 35512 3.5054 53712 3.5112 43086 3.5170 03963 3.5227 36670
1/5 2. 7240 69927 2. 7276 92374 2. 7312 95679 2. 7348 80069 2. 7384 45765

155 156 157 158 159
2 24025 24336 24649 24964 25281
3 37 23815 37 96416 38 69893 39 44312 40 19679
4 5772 00625 5922 40896 6075 73201 6232 01296 6391 28961
5 10)8.9466 09688 (10)9.2389 57978 10 9.5388 99256 10)9.8465 80477 11)1.0162 15048
6 13)1.3067 24502 13 1. 4412 77445 13 1.4976 07183 13)1.5557 59715 13)1.6157 81926
1 15)2. 1494 22977 15 2.2483 92813 15 2.3512 43278 15 2.4581 00350 15 2.5690 93263
8 17 3.3316 05615 17 3.5074 92789 17 3.6914 51946 17 3.8837 98553 17 4.0848 58288
9 19 5. 1639 88703 19)5.4716 88151 19 5.7955 79555 19 6. 1364 01714 19 6.4949 24678

10 21 8. 0041 82490 (21)8. 5358 34451 (21 9. 0990 59901 (21 9. 6955 14709 (22 1. 0326 93024
24 (52)3. 6979 47627 (52) 4. 3150 94990 (52) 5. 0302 74186 (52)5. 8582 79483 (52) 6. 8160 22003

1/2 ( 1)1. 2449 89960 ( 1) 1. 2489 99600 ( 1) 1. 2529 96409 ( 1) 1. 2569 80509 ( 1) 1. 2609 52021
1/3 5.3716 85355 5. 3832 12612 5. 3946 90712 5.4061 20176 5.4175 01515
1/4 3. 5284 41525 3. 5341 18843 3. 5397 68931 3. 5453 92093 3. 5509 88625
1/5 2.7419 92987 2.7455 21947 2. 1490 32856 2.7525 25920 2.7560 01343

1 160 161 162 163 164
2 25600 25921 26244 26569 26896
3 40 96000 41 73281 42 51528 43 30747 44 10944
4 6553 60000 6718 98241 6887 47536 7059 11761 7233 94816
s (11 1. 0485 76000 11 1. 0817 56168 11 1.1157 71008 11 1. 1506 36170 11 1.1863 67498
6 (13 1.6777 21600 13 1.7416 27430 13 1.8075 49033 13 1.8755 36958 13 1.9456 42697
7 (15 2.6843 54560 15 2.8040 20163 15 2.9282 29434 15 3. 0571 25241 15 3.1908 54023
8 (17 4.2949 67296 17 4.5144 72463 17 4.7437 31683 17 4.9831 14143 17 5.2330 00598
9 (19 6.8719 47674 19 7.2683 00665 19 7.6848 45327 19 8.1224 76053 19 8.5821 20981

io (22) 1.0995 11628 (22 1.1701 96407 22 1.2449 44943 22 1.3239 63597 22 1.4074 67841
24 (52)7. 9228 16251 (52)9. 2007 03274 (53) 1. 0674 81480 (53) 1. 2373 78329 (53)1. 4330 20335

1/2 ( 1)1.2649 11064 ( 1)1.2688 57754 ( 1)1.2727 92206 ( 1)1.2767 14533 ( 1)1.2806 24847
1/3 5. 4288 35233 5. 4401 21825 5. 4513 61778 5. 4625 55571 5. 4737 03675
1/4 3. 5565 58820 3. 5621 02966 3. 5676 21345 3. 573]. 14235 3. 5785 81908
1/5 2. 7594 59323 2. 7629 00056 2. 7663 23734 2. 7697 30547 2. 7731 20681

1 165 166 167 168 169
2 27225 27556 27889 28224 28561
3 44 92125 45 74296 46 57463 47 41632 48 26809
4 7412 00625 7593 33136 7777 96321 7965 94176 8157 30721
5 11 1.2229 81031 11 1.2604 93006 11 1.2989 19856 11 1.3382 78216 (11 1. 3785 84918
6 13 2. 0179 18702 13 2. 0924 18390 13 2. 1691 96160 13 2. 2483 07402 13 2. 3298 08512
7 15 3. 3295 65858 15 3. 4734 14527 15 3. 6225 57587 15 3. 7771 56436 15 3. 9373 76386
8 17 5.4937 83665 17 5. 7658 68114 17 6. 0496 71170 17 6.3456 22812 17 6.6541 66092
9 19 9. 0647 43047 19 9. 5713 41070 20 1. 0102 95085 (20 1. 0660 64632 20 1. 1245 54070

10 22)1.4956 82603 22 1.5888 42618 22 1.6871 92792 (22 1.7909 88583 22 1.9004 96377
24 (53) 1. 6581 15050 (53) 1. 9168 76411 (53)2. 2140 90189 (53) 2. 5551 81425 (53) 2. 9463 26763

1/2 ( 1)1. 2845 23258 ( 1)1. 2884 09873 ( 1)1. 2922 84798 ( 1)1. 2961 48140 ( 1)1. 3000 00000
1/3 5.4848 06552 5.4958 64660 5. 5068 78446 5.5178 48353 5.5287 74814
1/4 3. 5840 24634 3. 5894 42676 3. 5948 36294 3 6002 05744 3. 6055 51275
1/5 2.7764 94317 2.7798 51635 2.7831 92813 2.7865 18023 2.7898 27436

1 170 171 172 173 174
2 28900 29241 29584 29929 30276
3 49 13000 50 00211 50 88448 51 77717 52 68024
4 8352 10000 8550 36081 8752 13056 8957 45041 9166 36176
5 (11 1. 4198 57000 11) 1. 4621 11699 11) 1. 5053 66456 113 1. 5496 38921 11 1. 5949 46946
6 (13 2.4137 56900 1332.5002 11004 13)2.5892 30305 132.6808 75333 13 2.1752 07686
7 15 4.1033 86730 151 4.2753 60818 15 4.4534 76124 15 4. 6379 14326 15 4.8288 61374
8 17 6. 9757 57441 17 7. 3108 66998 17 7. 6599 78934 17 8. 0235 91785 17 8. 4022 18192
9 20 1.1858 78765 20 1.2501 58257 20 1.3175 16377 20 1.3880 01379 20 1.4619 86070

10 (22 2.0159 93900 22 2.1377 70619 22 2.2661 28168 22 2.4013 80785 22 2.5438 55761
24 (53)3.3944 86713 (53)3.9075 68945 (53)4.4945 13878 (53)5.1654 29935 (53)5.9317 37979

1/2 ( 1)1. 3038 40481 ( 1) 1. 3076 69683 ( 1) 1. 3114 87705 ( 1) 1. 3152 94644 ( 1)1. 3190 90596
1/3 5.5396 58257 5. 5504 99103 5.5612 97766 5.5720 54656 5.5827 70172
1/4 3.6108 73137 3.6161 71571 3.6214 46817 3.6266 99110 3. 6319 28683
1/5 2. 7931 21220 2. 7963 99540 2. 7996 62559 2. 8029 10436 2. 8061 43329
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k
1
2

175
30625

POWERS AND ROOTS flk

176 177
30976 31329

Table 3.1

178 179
31684 32041

3 53 59375 54 51776 55 45233 56 39752 57 35339
4 9378 90625 9595 12576 9815 06241 9 1. 0038 75856 9 1. 0266 2561
5 11 1.6413 08594 11 1.6887 42134 11 1. 7372 66047 11 1. 7868 99024 11 1. 8376 59969
6 13 2.8722 90039 13 2.9721 86155 13 3. 0749 60902 13 3. 1806 80262 13 3. 2894 11344
7 15 5. 0265 07568 15 5. 2310 47634 15 5. 4426 80797 15 5. 6616 10867 15 5. 8880 46307
8 17 8.7963 88245 17 9.2066 43835 17 9. 6335 45011 18 1. 0077 66734 18 1. 0539 60289
9 20 1. 5393 67943 20 1. 6203 69315 20 1. 7051 37467 20 1. 7938 24787 20 1. 8865 88917

10 22 2.6938 93900 22 2.8518 49994 22 3. 0180 93317 22 3. 1930 08121 22 3. 3769 94162

24 (53)6.8063 32613 (53)7.8037 62212 (53)8.9404 29702 (54)1.0234 81638 (54)1.1707 73122
1/2 ( 1)1.3228 75656 ( 1)1. 3266 49916 ( 1)1.3304 13470 ( 1)1.3341 66406 ( 1)1.3379 08816
1/3 5. 5934 44710 5. 6040 78661 5. 6146 72408 5. 6252 26328 5. 6357 40794
1/4 3. 6371 35763 3. 6423 20574 3. 6474 83337 3. 6526 24271 3. 6577 43589
1/5 2.8093 61392 2.8125 64777 2.8157 53634 2.8189 28111 2.8220 88352

1 180 181 182 183 184
2 32400 32761 33124 33489 33856
3 58 32000 59 29741 60 28568 61 28487 62 29504
4 1. 0497 60000 9 1. 0732 83121 9 1. 0971 99376 9 1. 1215 13121 9 1. 1462 28736
5 11 1. 8895 68000 11 1. 9426 42449 11 1.9969 02864 11 2.0523 69011 11 2. 1090 60874
6 13 3. 4012 22400 13 3. 5161 82833 13 3. 6343 63213 13 3. 7558 35291 13 3. 8806 72009
7 15 6. 1222 00320 15 6. 3642 90927 15 6. 6145 41048 15 6. 8731 78582 15 7. 1404 36496
8 18 1. 1019 96058 18 1. 1519 36658 18 1.2038 46471 18 1.2577 91681 18 1. 3138 40315
9 (20 1. 9835 92904 20 2. 0850 05351 20 2. 1910 00577 20 2. 3017 58775 20 2. 4174 66180

10 (22 3. 5704 67227 22 3. 7738 59685 22 3.9876 21050 22 4.2122 18559 22 4. 4481 37771

24 (54)1.3382 58845 (54)1.5285 71637 (54) 1. 7446 70074 (54)1.9898 76639 (54)2.2679 20111
1/2 ( 1)1. 3416 40786 ( 1)1. 3453 62405 ( 1) 1. 3490 73756 ( 1)1. 3527 74926 ( 1) 1. 3564 65997
1/3 5.6462 16173 5.6566 52826 5.6670 51108 5.6774 11371 5.6877 33960
1/4 3.6628 41501 3.6679 18217 3.6729 73940 3.6780 08871 3.6830 23210
1/5 2. 8252 34501 2. 8283 66697 2. 8314 85080 2. 8345 89786 2. 8376 80950

185 186 187 188 189
2 34225 34596 34969 35344 35721
3 63 31625 64 34856 65 39203 66 44672 67 51269
4 9 1. 1713 50625 9 1. 1968 83216 9 1. 2228 30961 9)1.2491 98336 9 1.2759 89841

11 2. 1669 98656 11 2. 2262 02782 11 2. 2866 93897 112.3484 92872 11 2.4116 20799
6 13 4. 0089 47514 13 4.1407 37174 13 4.2761 17588 134.4151 66599 13 4.5579 63311
7 15 7. 4165 52901 15 7. 7017 71144 15 7. 9963 39889 158.3005 13206 15 8.6145 50658
8 18 1. 3720 62287 18 1. 4325 29433 18 1. 4953 15559 181.5604 96483 18 1.6281 50074
9 20 2. 5383 15230 20 2. 6645 04745 20 2. 7962 40096 20 2. 9337 33387 20 3. 0772 03640

10 22 4. 6958 83176 22 4.9559 78826 22 5.2289 68979 22, 5.5154 18768 22 5.8159 14881
24 (54)2.5829 82606 (54) 2. 9397 51775 (54) 3. 3434 78670 (54) 3. 8000 41874 (54)4. 3160 18526

1/2 ( 1)1. 3601 47051 ( 1)1. 3638 18170 ( 1)1.3674 79433 ( 1)1.3711 30920 1)1. 3747 72708
1/3 5.6980 19215 5.7082 67473 5.7184 79065 5.7286 54316 5. 7387 93548
1/4 3. 6880 17151 3. 6929 90888 3. 6979 44609 3. 7028 78502 3. 7077 92751
1/5 2.8407 58702 2.8438 23174 2.8468 74493 2.8499 12786 2. 8529 38178

1 190 191 192 193 194
2 36100 36481 36864 37249 37636
3 68 59000 69 67871 70 77888 71 89057 73 01384
4 9)1. 3Q32 10000 9 1. 3308 63361 ( 9) 1. 3589 54496 9 1.3874 88001 9 1. 4164 68496
5 11) 2. 4760 99000 11 2. 5419 49020 (11)2. 6091 92632 11 2. 6778 51842 11 2. 7479 48882
6 13 4.7045 88100 13 4.8551 22627 13 5.0096 49854 13 5. 1682 54855 13 5. 3310 20832
7 15 8. 9387 17390 15 9. 2732 84218 15 9. 6185 27720 15 9. 9747 30326 16 1. 0342 18041
8 181.6983 56304 18 1.7711 97286 18 1.8467 57322 18 1. 9251 22953 18 2. 0063 83000
9 20 3. 2268 76978 20 3. 3829 86816 20) 3. 5457 74059 20 3. 7154 87299 20 3. 8923 83020

10 22)6.1310 66258 22 6.4615 04818 22)6.8078 86193 22 7. 1708 90487 22 7. 5512 23059

24 (54)4. 8987 62931 (54)5. 5564 93542 (54) 6. 2983 89130 (54)7.1346 95065 (54)8. 0768 40718

1/2 ( 1)1. 3784 04875 ( 1)1.3820 27496 ( 1)1.3856 40646 1)1. 3892 44399 1)1.3928 38828
1/3 5.7488 97079 5.7589 65220 5.7689 98281 5. 7789 96565 5. 7889 60372
1/4 3.7126 87538 3.7175 63041 3.7224 19436 3. 7272 56899 3. 7320 75599
1/5 2. 8559 50791 2. 8589 50746 2. 8619 38162 2. 8649 13156 2. 8678 75844

1 195 196 197 198 199
2 38025 38416 38809 39204 39601
3 74 14875 75 29536 76 45373 77 62392 78 80599
4 9 1. 4459 00625 9 1. 4757 89056 9 1. 5061 38481 ( 9) 1. 5369 53616 9 1. 5682 39201
5 11 2.8195 06219 11 2.8925 46550 11 2.9670 92808 11 3.0431 68160 11 3.1207 96010
6 13 5.4980 37127 13 5.6693 91238 13 5.8451 72831 13 6.0254 72956 13 6.2103 84060
7 16 1. 0721 17240 16 1. 1112 00683 16 1. 1514 99048 16 1. 1930 43645 16 1. 2358 66428
8 18 2. 0906 28617 18 2. 1779 53338 18 2. 2684 53124 18 2. 3622 26418 18 2. 4593 74192
9 20 4. 0767 25804 20 4.2687 88542 20 4.4688 52654 20 4.6772 08307 20 4.8941 54641

10 22 7.9496 15318 22 8.3668 25543 22 8.8036 39729 22 9.2608 72448 22 9.7393 67736
24 (54)9. 1375 69069 (55) 1. 0331 07971 (55) 1. 1673 18660 (55) 1. 3181 49187 (55) 1. 4875 57746

1/2 ( 1)1.3964 24004 ( 1)1.4000 00000 ( 1)1.4035 66885 ( 1)1.4071 24728 ( 1)1.4106 73598
1/3 5. 7988 89998 5. 8087 85734 5. 8186 47867 5. 8284 76683 5. 8382 72461
1/4 3. 7368 75706 3. 7416 57387 3. 7464 20805 3. 7511 66123 3. 7558 93499
1/5 2. 8708 26340 2.8737 64756 2.8766 91203 2.8796 05790 2.8825 08624
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[(_5)1] J[(_)5]

Table 3.1

k
1
2

200
40000

POWERS AND ROOTS

201 202
40401 40804

k

203
41209

204
41616

3 80 00000 81 20601 82 42408 83 65427 84 89664
4 9 1.6000 00000 9 1.6322 40801 9)1.6649 66416 9 1.6981 81681 9)1.7318 91456
5 11 3.2000 00000 11 3.2808 04010 11 3.3632 32160 11 3.4473 08812 113.5330 58570
6 13 6.4000 00000 13 6.5944 16060 13(6. 7937 28964 13 6.9980 36889 13 7.2074 39483
7 16 1.2800 00000 16 1. 3254 77628 16(1.3723 33251 16 1.4206 01489 16 1. 4703 17655
8 18 2.5600 00000 18 2.6642 10032 18(2.7721 13166 18 2. 8838 21022 18 2.9994 48015
9 20)5. 1200 00000 20 5. 3550 62165 20) 5. 5996 68596 20 5. 8541 56674 20) 6. 1188 73951

10 23)1.0240 00000 23 1.0763 67495 23, 1.1311 33056 23)1.1883 93805 23)1.2482 50286
24 (55) 1. 6777 21600 (55)1. 8910 60303 (55)2. 1302 61246 (55) 2. 3983 07745 (55) 2. 6985 09916

1/2 ( 1) 1. 4142 13562 ( 1) 1. 4177 44688 ( 1)1. 4212 67040 ( 1) 1. 4247 80685 ( 1) 1. 4282 85686
1/3 5. 8480 35476 5. 8577 66003 5. 8674 64308 5. 8771 30659 5. 8867 65317
1/4 3. 7606 03093 3. 7652 95059 3. 7699 69549 3. 7746 26716 3. 7792 66709
1/5 2.8853 99812 2.8882 79458 2.8911 47666 2.8940 04537 2.8968 50171

1 205 206 207 208 209
2 42025 42436 42849 43264 43681
3 86 15125 87 41816 88 69743 89 98912 91 29329
4 9 1. 7661 00625 9 1. 8008 14096 9 1. 8360 36801 9 1. 8717 73696 9) 1. 9080 29761
5 11 3. 6205 06281 11 3. 7096 77038 11 3 8005 96178 11 3. 8932 89288 11) 3. 9877 82200
6 13 7.4220 37877 13 7.6419 34698 13 7.8672 34089 13 8.0980 41718 13)8. 3344 64799
7 16 1. 5215 17765 16 1. 5742 38548 16 1. 6285 17456 16 1. 6843 92677 16) 1. 7419 03143
8 18 3. 1191 11418 18 3. 2429 31408 18 3. 3710 31135 18 3. 5035 36769 18 3. 6405 77569
9 20 6. 3941 78406 20 6. 6804 38701 20 6. 9780 34449 20 7. 2873 56480 20 7. 6088 07119

10 23 1.3108 06573 23 1.3761 70372 (23 1.4444 53131 23 1.5157 70148 23 1.5902 40688
24 (55)3.0345 38594 (55)3.4104 62581 (55)3. 8307 89523 (55)4. 3005 10765 (55)4. 8251 50531

1/2 ( 1)1.4317 82106 ( 1)1.4352 70009
( 1)1.4387 49457 ( 1)1.4422 20510 ( 1)1.4456 83229

1/3 5.8963 68540 5.9059 40584 5.9154 81700 5.9249 92137 5.9344 72140
1/4 3.7838 89674 3.7884 95756 3.7930 85099 3.7976 57844 3. 8022 14131
1/5 2.8996 84668 2.9025 08125 2.9053 20638 2.9081 22302 2.9109 13212

1 210 211 212 213 214
2 44100 44521 44944 45369 45796
3 92 61000 93 93931 95 28128 96 63597 98 00344
4 9 1. 9448 10000 ( 9 1.9821 19441 9 2.0199 63136 9)2.0583 46161 ( 9)2.0972 73616
5 11 4. 0841 01000 11 4. 1822 72021 11 4. 2823 21848 11)4. 3842 77323 (11) 4. 4881 65538
6 13 8. 5766 12100 13 8. 8245 93963 13 9. 0785 22318 13 9. 3385 10698 (13) 9. 6046 74252
7 16 1.8010 88541 16 1.8619 89326 16 1.9246 46732 16 1.9891 02779 16)2. 0554 00290
8 18 3. 7822 85936 18 3. 9287 97478 18 4. 0802 51071 18 4. 2367 88919 18) 4. 3985 56620
9 20 7.9428 00466 20 8.2897 62679 (20 8.6501 32270 20 9.0243 60396 20)9.4129 11168

10 23 1. 6679 88098 (23 1. 7491 39925 (23 1. 8338 28041 23 1. 9221 88764 (23) 2. 0143 62990
24 (55)5.4108 19838 (55) 6. 0642 75557 (55) 6. 7929 85105 (55) 7. 6051 97251 (55) 8. 5100 19601

1/2 ( 1)1. 4491 37675 ( 1) 1. 4525 83905 ( 1)1. 4560 21978 ( 1) 1. 4594 51952 ( 1) 1. 4628 73884
1/3 5.9439 21953 5.9533 41813 5.9627 31958 5.9720 92620 5.9814 24030
1/4 3.8067 54096 3.8112 77876 3.8157 85604 3.8202 77414 3.8247 53435
1/5 2.9136 93459 2.9164 63134 2.9192 22328 2.9219 71130 2.9247 09627

215 216 217 218 219
2 46225 46656 47089 47524 47961
3 99 38375 100 77696 102 18313 103 60232 105 03459
4 9 2. 1367 50625 9 2. 1767 82336 9 2. 2173 73921 9) 2. 2585 30576 ( 9 2. 3002 57521
5 11 4. 5940 13844 11 4. 7018 49846 11 4.8117 01409 1L4.9235 96656 11 5.0375 63971
6 13 9. 8771 29764 14 1. 0155 99567 14 1. 0441 39206 141. 0733 44071 14 1. 1032 26510
7 16 2. 1235 82899 16 2. 1936 95064 16 2.2657 82076 16i2.3398 90075 16 2.4160 66056
8 18 4. 5657 03233 18 4. 7383 81338 18 4. 9167 47106 18 5. 1009 60363 18 5. 2911 84663
9 20 9. 8162 61952 21 1. 0234 90369 21 1. 0669 34122 21) 1. 1120 09359 21 1. 1587 69441

10 23 2. 1104 96320 23 2. 2107 39197 23 2. 3152 47045 (23) 2. 4241 80403 (23 2. 5377 05076
24 55)9. 5175 03342 (56)1. 0638 73589 (56)1. 1885 94216 (56) 1. 3272 59512 (56) 1. 4813 53665

1/2 1)1.4662 87830 1)1.4696 93846 1)1.4730 91986 1)1.4764 82306 ( 1)1.4798 64859
1/3 5. 9907 26415 6. 0000 00000 6. 0092 45007 6. 0184 61655 6. 0276 50160
1/4 3.8292 13796 3. 8336 58625 3. 8380 88048 3. 8425 02187 3. 8469 01167
1/5 2. 9274 37906 2. 9301 56052 2. 9328 64149 2. 9355 62280 2. 9382 50529

1 220 221 222 223 224
2 48400 48841 49284 49729 50176
3 106 48000 107 93861 109 41048 110 89567 112 39424
4 9)2. 3425 60000 9)2. 3854 43281 9)2.4289 12656 9 2.4729 73441 ( 9)2.5176 30976
5 11) 5. 1536 32000 11 5. 2718 29651 ii) 5. 3921 86096 11 5. 5147 30773 11) 5. 6394 93386
6 14) 1. 1337 99040 14 1. 1650 74353 14 1. 1970 65313 14 1. 2297 84962 14 1. 2632 46519
7 16 2.4943 57888 16 2.5748 14320 16 2.6574 84996 16 2.7424 20466 16 2.8296 72201
8 18 5. 4875 87354 18 5. 6903 39647 18 5. 8996 16690 18 6. 1155 97640 18 6. 3384 65731
9 21 1.2072 69218 21(1.2575 65062 21 1.3097 14905 21 1.3637 78274 21 1.4198 16324

10 23 2.6559 92279 23)2.7792 18787 23 2.9075 67090 23 3.0412 25550 23 3.1803 88565
24 (56)1.6525 10926 (56)1.8425 30003 (56)2.0533 89736 (56)2.2872 66205 (56)2.5465 51362

1/2 ( 1)1.4832 39697 ( 1)1.4866 06875 ( 1)1.4899 66443 ( 1)1.4933 18452 ( 1)1.4966 62955
1/3 6.0368 10737 6. 0459 43596 6. 0550 48947 6. 0641 26994 6. 0731 77944
1/4 3.8512 85107 3.8556 54127 3. 8600 08345 3.8643 47878 3.8686 72841
1/5 2.9409 28975 2.9435 97699 2.9462 56780 2. 9489 06295 2.9515 46323
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k
1
2
3
4
5
6
7
8

9
11
14
16
18

113
2.5628
5.7665
1.2974
2.9192
6. 5684

POWERS AND ROOTS

225 226 227
50625 51076 51529
90625 115 43176 116 97083
90625 9)2.6087 57776 9 2.6552 37841
03906 115.8957 92574 11 6.0273 89899
63379 14 1.3324 49122 14 1.3682 17507
92603 1613.0113 35015 16 3.1058 53741
08356 1816.8056 17134 18 7. 0502 87992

k

118
9 2. 7023

11 6. 1613
14 1. 4047
16 3. 2029
18 7. 3026

228
51984
52352
36256 9

26664 11
82479 14
04053 16
21240 18

Table 3.1

229
52441

120 08989
2. 7500 58481
6. 2976 33921
1. 4421 58168
3. 3025 42205
7. 5628 21649

9 21 1. 4778 91880 21) 1. 5380 69472 21 1. 6004 15374 21 1. 6649 97643 21 1. 7318 86158
10 23 3. 3252 56730 23)3. 4760 37007 23 3. 6329 42900 23 3. 7961 94626 23 3. 9660 19301

24 (56)2.8338 73334 (56)3.1521 18526 (56)3.5044 55686 (56)3.8943 62082 (56)4.3256 51988

1/2
1/3
1/4
1/5

( 1) 1. 5000
6.0822
3. 8729
2.9541

00000 ( 1)1. 5033
01996 6.0911
83346 3. 8772
76939 2.9567

29638
99349
79507
98218

( 1) 1. 5066
6.1001
3. 8815
2.9594

51917
70200
61435
10235

1) 1. 5099
6. 1091
3. 8858
2.9620

66887 1)1.5132
14744 6. 1180
29238 3. 8900
13062 2. 9646

74595
33173
83026
06773

1 230 231 232 233 234
2 52900 53361 53824 54289 54756
3 121 67000 123 26391 124 87168 126 49337 128 12904
4
5

9 2. 7984
11 6.4363

10000 ( 9 2. 8473
43000 (11 6. 5774

96321
85502

9 2. 8970
11 6.7210

22976
93304

9 2.9472
11 6. 8671

95521 i
98564

9)2.9982
11)7.0158

19536
33714

6 14 1. 4803 58890 14 1. 5193 99151 14 1. 5592 93647 14 1. 6000 57265 I 141. 6417 05089
7
8

16 3. 4048
18 7. 8310

25447
98528

,16 3. 5098
18 8. 1076

12038
65809

16 3. 6175
18 8. 3927

61260
42123

16 3. 7281
18 8. 6865

33428
50888

16 3. 8415
18)8.9893

89909
20386

9 21 1. 8011 52661 21 1. 8728 70802 21 1.9471 16173 21 2. 0239 66357 21 2.1035 00970
10 23 4. 1426 51121 (23 4. 3263 31552 23 4. 5173 09521 23 4. 7158 41612 23,4.9221 92271

24 (56)4. 8025 07640 (56)5. 3295 12896 (56)5.9116 89798 (56)6.5545 38287 (56)7.2640 79321

1/2
1/3
1/4
1/5

( 1)1. 5165
6. 1269
3.8943
2. 9671

75089 ( 1) 1. 5198
25675 6.1351
22905 3.8985
91438 2. 9697

68415
92440
48980
67129

( 1) 1. 5231
6.1446
3.9027
2. 9723

54621
33651
61357
33915

1) 1. 5264
6. 1534
3. 9069
2. 9748

33752 1)1.5297
49494 6. 1622
60138 3. 9111
91866 2. 9774

05854
40148
45426
41049

1
2
3
4
5
6
7
8
9

10

129
9 3. 0498

11 7.1670
14 1. 6842
16 3. 9579
18 9. 3012
21 2. 1858
23 5. 1366

235
55225
77875 131
00625 9 3. 1020
31469 11 7.3208
52395 14 1. 7277
93129 16 4. 0774
83852 18 9.6226
01705 21 2.2709
34007 23 5.3594

236
55696
44256
44416
24822
14658
06593
79559
52376
47607

133
9 3. 1549

11 7.4772
14 1. 7721
16 4. 1998
18 9.9537
21 2. 3590
23 5.5909

237
56169
12053
56561
41050
07551
94895
50902
38964
22344

134
9 3. 2085

11 7. 6363
14 1. 8174
16 4. 3255
19 1. 0294
21 2. 4501
23 5. 8313

238
56644
81272 136
42736 9 3. 2628
31712 11 7.7981
46947 14 1. 8637
23736 16 4.4543
74649 19 1. 0645
49664 21 2. 5443
56201 23 6. 0810

239
57121
51919
08641
12652
48924
59928
92023
74934
56093

24 (56)8. 0469 01671 (56)8.9102 12697 (56)9.8618 93410 (57)1. 0910 55818 (57) 1. 2065 61943

1/2
1/3
1/4
1/5

( 1) 1. 5329
6.1710
3. 9153
2.9799

70972 ( 1) 1. 5362
05793 6.1797
17320 3. 9194
81531 2.9825

29150
46606
75921
13380

( 1) 1. 5394
6.1884
3. 9236
2.9850

80432
62762
21327
36660

1)1.5427
6. 1971
3. 9277
2. 9875

24862 1)1.5459
54435 6. 2058
53635 3. 9318
51438 2. 9900

62483
21795
72942
57776

1
2
3
4
5

138
9 3. 3177

11 7. 9626

240
57600
24000 139
60000 9 3. 3734
24000 11 8. 1299

241
58081
97521
02561
00172

141
9 3. 4297

11 8.2999

242
58564
72488
42096
75872

143
9 3. 4867

11 8. 4728

243
59049
48907 145
84401 9 3. 5445
86094 11 8. 6486

244
59536
26784
35296
66122

6
7
8
9

10

14 1. 9110
16 4. 5864
19 1. 1007
21 2. 6418
23 6. 3403

29760 14 1. 9593
71424 16 4. 7219
53142 19 1. 1379
07540 21 2. 7425
38097 23 6. 6095

05941
27319
84484
42606
27681

14 2. 0085
16 4. 8607
19 1. 1763
21 2. 8466
23 6. 8889

94161
97870
13085
77665
59948

14 2. 0589
16 5. 0031
19 1. 2157
21 2. 9543
23 7. 1789

11321 14 2. 1102
54510 16 5. 1490
66546 19 1. 2563
12707 21 3. 0655
79877 23 7. 4799

74534
69863
73046
50233
42569

24 (57)1. 3337 35777 (57)1.4736 99791 (57)1.6276 79087 (57)1.7970 10300 (57)1.9831 51223

1/2
1/3
1/4
1/5

( 1)1.5491
6.2144
3. 9359
2. 9925

93338 ( 1)1.5524
65012 6.2230
79343 3. 9400
55140 2. 9950

17470
84253
72930
45390

( 1)1.5556
6.2316
3. 9441
2. 9975

34919
79684
53798
26790

1) 1. 5588
6. 2402
3. 9482
3. 0000

45727 1)1.5620
51469 6. 2487
22039 3. 9522
00000 3. 0024

49935
99770
77742
65081

1
2
3
4
5
6
7
8
9

10

147
9 3. 6030

11 8. 8273
14 2.1627
16 5. 2986
19 1. 2981
21 3. 1804
23 7. 7922

245
60025
06125 148
00625 9 3. 6621
61531 11 9. 0089
01125 14 2. 2162
17757 16 5. 4518
61350 19 1. 3411
95308 21 3. 2992
13506 23 8. 1161

246
60516
86936
86256
78190
08635
73241
60817
55611
68802

150
9 3.7220

11 9. 1935
14 2.2708
16 5.6089
19 1. 3854
21 3.4219
23 8. 4521

247
61009
69223
98081
82260
14818
12601
01412
41489
95477

152
( 9)3.7827
(11)9. 3812

14 2.3265
16 5.7698
19 1. 4309
21 3.5486
23 8. 8006

248
61504
52992 154
42016 9)3.8441
00200 119.5718
37650 1412. 3833
13371 16 5. 9346
13716 191.4777
66016 21 3. 6795
91719 23)9. 1620

249
62001
38249
24001
68762
95322
54351
28934
45044
67161

24 (57)2. 1876 91225 (57)2.4123 62509 (57)2.6590 52293 (57)2.9298 15956 (57)3.2268 91257

1/2 ( 1) 1. 5652 47584 ( 1)1. 5684 38714 ( 1) 1. 5716 23365 ( 1)1. 5748 01575. ( 1) 1. 5779 73384
1/3 6.2573 24746 6.2658 26556 6.2743 05357 6.2827 61305 6.2911 94552
1/4 3.9563 20998 3.9603 51896 3.9643 70523 3.9683 76966 3.9723 71312
1/5 3. 0049 22094 3. 0073 71096 3;0098 12147 3. 0122 45305 3. 0146 70627

i i i i
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Table 3.1

k
1
2
3 156

250
62500
25000

POWERS AND ROOTS

251 252
63001 63504

158 13251 160 03008

k

161

253
64009
94277 163

254
64516
87064

4 9 3.9062 50000 9 3.9691 26001 9 4.0327 58016 9 4.0971 52081 9 4.1623 14256
5 11 9.7656 25000 11 9.9625 06263 12 1.0162 55020 12 1.0365 79476 12 1. 0572 27821
6 14 2.4414 06250 14 2.5005 89072 14 2.5609 62650 14 2.6225 46076 14 2.6853 58665
7 16 6. 1035 15625 16 6.2764 78570 16 6.4536 25879 16 6.6350 41571 16 6.8208 11010
8 19 1. 5258 78906 19 1. 5753 96121 19 1. 6263 13722 19 1. 6786 65517 19 1. 7324 85997
9 21 3. 8146 97266 21 3. 9542 44264 21 4. 0983 10578 21 4. 2470 23759 21 4. 4005 14431

10 23 9. 5367 43164 23 9. 9251 53103 24 1. 0327 74266 24 1. 0744 97011 24 1. 1177 30666

24 (57)3. 5527 13679 (57)3. 9099 33001 (57)4. 3014 31179 (57)4. 7303 41643 (57) 5. 2000 70108

1/2 ( 1)1.5811 38830 ( 1)1.5842 97952 ( 1)1. 5874 50787 ( 1)1.5905 97372 ( 1)1.5937 37745
1/3 6. 2996 05249 6. 3079 93549 6. 3163 59598 6. 3247 03543 6. 3330 25531
1/4 3.9763 53644 3.9803 24047 3.9842 82604 3.9882 29397 3.9921 64507
1/5 3. 0170 88168 3. 0194 97986 3. 0219 00136 3. 0242 94671 3. 0266 81647

1 255 256 257 258 259
2 65025 65536 66049 66564 67081
3 165 81375 167 77216 169 74593 171 73512 173 73979
4 9)4. 2282 50625 9 4. 2949 67296 ( 9 4. 3624 70401 9 4. 4307 66096 9 4. 4998 60561
5 12 1. 0782 03909 12 1.0995 11628 (12 1.1211 54893 12 1. 1431 37653 12 1.1654 63886
6 14!. 7494 19969 14 2. 8147 49767 14 2. 8813 68075 14 2. 9492 95144 14 3. 0185 51463
7 16 7.0110 20921 16 7.2057 59404 16 7.4051 15953 16 7.6091 81472 16 7.8180 48289
8 19 1.7878 10335 19 1.8446 74407 19 1.9031 14800 19 1.9631 68820 19 2.0248 74507
9 21 4. 5589 16354 21 4. 7223 66483 21 4. 8910 05036 21 5. 0649 75555 21)5. 2444 24973

10 24) 1. 1625 23670 24 1. 2089 25820 24 1. 2569 88294 24 1. 3067 63693 24) 1. 3583 06068

24 (57)5.7143 17018 (57)6.2771 01735 (57)6.8927 88615 (57)7.5661 15089 (57)8.3022 21920

3/2 ( 1)1.5968 71942 ( 1)1.6000 00000 ( 1)1.6031 21954 ( 1)1.6062 37840 ( 1)1.6093 47694
1/3 6.3413 25705 6. 3496 04208 6. 3578 61180 6. 3660 96760 6. 3743 11088
1/4 3. 9960 88015 4. 0000 00000 4. 0039 00541 4. 0077 89716 4. 0116 67601
1/5 3.0290 61117 3.0314 33133 3.0337 97748 3.0361 55014 3.0385 04982

1 260 261 262 263 264
2 67600 68121 68644 69169 69696
3 175 76000 177 79581 179 84728 181 91447 183 99744
4 9 4.5697 60000 9 4.6404 70641 9)4.7119 98736 9 4.7843 50561 9 4.8575 32416
5 12 1.1881 37600 12 1.2111 62837 12 1.2345 43669 12 1.2582 84198 12 1.2823 88558
6 14 3.0891 57760 14 3.1611 35005 143.2345 04412 14 3.3092 87440 14 3.3855 05793
7 16 8. 0318 10176 16 8. 2505 62364 16 8. 4744 01560 16 8. 7034 25966 16 8. 9377 35293
8 19 2.0882 70646 19 2. 1533 96777 19 2.2202 93209 19 2.2890 01029 19 2. 3595 62117
9 21 5.4295 03679 21 5. 6203 65588 215.8171 68207 21 6.0200 72706 21 6. 2292 43990

10 24 1.4116 70957 24 1.4669 15418 24 1.5240 98070 24 1.5832 79122 24 1. 6445 20413

24 (57)9.1066 85770 (57)9.9855 54265 (58)1.0945 38372 (58)1.1993 27974 (58)1.3136 94086

1/2 ( 1)1. 6124 51550 ( 1)1.6155 49442 ( 1)1.6186 41406 ( 1)1.6217 27474 ( 1)1.6248 07681
1/3 6. 3825 04299 6. 3906 76528 6. 3988 27910 6. 4069 58577 6. 4150 68660
1/4 4.0155 34273 4. 0193 89807 4.0232 34278 4. 0270 67760 4. 0308 90325
1/5 3. 0408 47703 3. 0431 83226 3. 0455 11602 3. 0478 32879 3. 0501 47105

1 265 266 267 268 269
2 70225 70756 71289 71824 72361
3 186 09625 188 21096 190 34163 192 48832 194 65109
4 ( 9 4. 9315 50625 9 5. 0064 11536 9 5. 0821 21521 9 5. 1586 86976 9 5. 2361 14321
5 (12 1. 3068 60916 12 1. 3317 05469 12 1. 3569 26446 12 1. 3825 28110 12 1. 4085 14752
6 14 3. 4631 81426 14 3. 5423 36546 14 3. 6229 93611 14 3. 7051 75334 14 3. 7889 04684
7 16 9. 1774 30780 16 9.4226 15213 16 9.6733 92942 16 9.9298 69894 17 1.0192 15360
8 19 2. 4320 19157 19 2. 5064 15647 19 2. 5827 95915 19 2. 6612 05132 19 2. 7416 89318
9 L 21 6.4448 50765 21 6.6670 65620 21 6.8960 65094 21 7.1320 29753 21 7.3751 44266

10 24 1. 7078 85453 24 1. 7734 39455 24 1. 8412 49380 (24) 1. 9113 83974 24 1. 9839 13808

24 (58)1. 4384 70548 (58) 1. 5745 60235 (58)1. 7229 40472 (58)1.8846 68868 (58)2.0608 89564

1/2 ( 1) 1. 6278 82060 ( 1) 1. 6309 50643 ( 1) 1. 6340 13464 ( 1) 1. 6370 70554 ( 1) 1. 6401 21947
1/3 6. 4231 58289 6. 4312 27591 6. 4392 76696 6. 4473 05727 6. 4553 14811
1/4 4. 0347 02045 4.0385 02994 4.0422 93240 4.0460 72854 4.0498 41906
1/5 3. 0524 54329 3. 0547 54599 3. 0570 47961 3. 0593 34462 3. 0616 14147

1. 270 271 272 273 274
2 72900 73441 73984 74529 75076
3 196 83000 199 02511 201 23648 203 46417 205 70824
4 9 5. 3144 30000 9 5. 3935 80481 9 5. 4736 32256 9 5. 5545 71841 9 5. 6364 05776
5 12 1. 4348 90700 12 1. 4616 60310 12 1. 4888 27974 12 1. 5163 98113 12 1. 5443 75183
6 14 3. 8742 04890 14 3. 9610 99441 14 4. 0496 12088 14 4. 1397 66847 14 4. 2315 88000
7 17 1.0460 35320 I 17 1.0734 57949 17 1. 1014 94488 17 1. 1301 56349 17 1. 1594 55112
8 19 2.8242 95365 19 2.9090 71041 19 2. 9960 65007 19 3. 0853 26834 19 3. 1769 07007
9 21 7.6255 97485 (21 7.8835 82520 21 8. 1492 96820 21 8.4229 42256 21 8.7047 25200

10 24 2.0589 11321 (24 2.1364 50863 24 2. 2166 08735 24 2. 2994 63236 24 2. 3850 94705

24 (58)2. 2528 39954 (58)2. 4618 57897 (58)2.6893 89450 (58)2.9369 97176 (58)3.2063 69049

1/2 ( 1)1.6431 67673 ( 1)1.6462 07763 ( 1)1.6492 42250 ( 1)1.6522 71164 ( 1)1.6552 94536
1/3 6.4633 04070 6.4712 73627 6.4792 23603 6.4871 54117 6.4950 65288
1/4 4.0536 00464 4.0573 48596 4.0610 86370 4.0648 13851 4. 0685 31106
1/5 3. 0638 87063 3. 0661 53254 3. 0684 12765 3. 0706 65640 3. 0729 11923
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k
1 275
2 75625

POWERS AND ROOTS fl" Table 3.1

276 277 278 279
76176 76729 77284 77841

3 207 96875 210 24576 212 53933 214 84952 217 17639
4 9 5.7191 40625 9 5.8027 82976 9 5.8873 39441 9 5.9728 16656 9 6.0592 21281
5 12 1.5727 63672 12 1.6015 68101 12 1.6307 93025 12 1.6604 43030 12 1.6905 22737
6 14 4. 3251 00098 14 4.4203 27960 14 4.5172 96680 14 4.6160 31624 14 4.7165 58437
7 17 1.1894 02527 17 1.2200 10517 17 1.2512 91180 17 1.2832 56792 17 1.3159 19804
8 19 3.2708 56949 19 3.3672 29027 19 3.4660 76569 19 3.5674 53881 19 3.6714 16253
9 21 8. 9948 56609 21 9. 2935 52114 21 9. 6010 32097 21 9.9175 21788 22 1. 0243 25135

10 24 2.4735 85568 24 2.5650 20383 24 2.6594 85891 24 2.7570 71057 24 2.8578 67126
24 (58)3.4993 28001 (58)3.8178 42160 (58)4.1640 35828 (58)4.5402 01230 (58)4.9488 11121

1/2 ( 1) 1. 6583 12395 ( 1)1. 6613 24773 ( 1) 1. 6643 31698 ( 1)1. 6673 33200 ( 1)1. 6703 293091/3 6.5029 57234 6.5108 30071 6.5186 83915 6.5265 18879 6.5343 35077
1/4 4. 0722 38199 4.0759 35196 4.0796 22161 4.0832 99156 4.0869 66245
1/5 3. 0751 51657 3. 0773 84885 3. 0796 11650 3. 0818 31992 3. 0840 45954

1 280 281 282 283 284
2 78400 78961 79524 80089 80656
3 219 52000 221 88041 224 25768 226 65187 229 06304
4 9 6. 1465 60000 9 6. 2348 39521 9)6. 3240 66576 9)6. 4142 47921 9 6. 5053 90336
5 12 1.7210 36800 12 1.7519 89905 12 1.7833 86774 12)1.8152 32162 12 1.8475 30855
6 14 4.8189 03040 14 4.9230 91634 14 5.0291 50704 145.1371 07017 14 5.2469 87629
7 17 1. 3492 92851 17 1.3833 88749 17 1.4182 20498 17 1.4538 01286 17 1.4901 44487
8 19 3.7780 19983 19 3.8873 22385 193.9993 81806 194.1142 51639 19 4.2320 10342
9 22 1. 0578 45595 22 1. 0923 37590 221.1278 25669 221. 1643 34912 22 1. 2018 90937

10 24 2. 9619 67667 24 3. 0694 68629 24) 3. 1804 68387 24 3. 2950 67801 24 3. 4133 70262
24 (58) 5. 3925 32264 (58) 5. 8742 39885 (58)6. 3970 33126 (58)6. 9642 51599 (58)7. 5794 93086

1/2 ( 1) 1. 6733 20053 ( 1)1. 6763 05461 ( 1) 1. 6792 85562 ( 1) 1. 6822 60384 ( 1)1. 6852 29955
1/3 6.5421 32620 6.5499 11620 6.5576 72186 6.5654 14427 6.5731 38451
1/4 4. 0906 23489 4. 0942 70950 4.0979 08689 4.1015 36766 4. 1051 55240
1/5 3.0862 53577 3.0884 54901 3.0906 49967 3.0928 38815 3.0950 21484

1 285 286 287 288 289
2 81225 81796 82369 82944 83521
3 231 49125 233 93656 236 39903 238 87872 241 37569
4 9 6. 5975 00625 9 6. 6905 85616 9 6. 7846 52161 9 6.8797 07136 9 6. 9757 57441
5 12 1. 8802 87678 12 1. 9135 07486 12 1. 9471 95170 12 1.9813 55655 12 2. 0159 93900
6 14 5.3588 19883 14 5.4726 31410 14 5.5884 50138 14 5.7063 04287 14 5.8262 22372
7 17 1.5272 63667 17 1.5651 72583 17 1.6038 85190 17 1.6434 15635 17 1.6837 78266
8 19 4. 3527 01450 19 4. 4763 93589 19 4. 6031 50495 19 4. 7330 37028 19 4. 8661 19188
9 22 1. 2405 19913 22 1. 2802 48566 22 1. 3211 04192 22 1. 3631 14664 22 1. 4063 08445

10 24 3.5354 81753 24 3.6615 10900 24 3.7915 69031 (24 3.9257 70232 24 4.0642 31407
24 (58) 8. 2466 32480 (58) 8. 9698 42039 (58)9. 7536 13040 (59)1. 0602 77893 (59)1. 1522 54005

1/2 ( 1) 1. 6881 94302 ( 1) 1. 6911 53453 ( 1) 1. 6941 07435 ( 1) 1. 6970 56275 ( 1)1. 7000 00000
1/3 6. 5808 44365 6. 5885 32275 6.5962 02284 6. 6038 54498 6.6114 89018
1/4 4. 1087 64171 4. 1123 63618 4.1159 53637 4. 1195 34288 4.1231 05626
1/5 3.0971 98013 3.0993 68441 3.1015 32807 3.1036 91148 3. 1058 43502

1 290 291 292 293 294
2 84100 84681 85264 85849 86436
3 243 89000 246 42171 248 97088 251 53757 254 12184
4 9 7. 0728 10000 9 7. 1708 71761 9 7.2699 49696 ( 9 7.3700 50801 ( 9 7. 4711 82096
5
6

12 2.0511 14900
14 5.9482 33210

12 2. 0867
14 6. 0723

23682
65916

12
14

2.1228
6.1986

25311 (12
49909 14

2.1594 24885
6.3271 14912

(12 2. 1965,
14 6.4577

27536
90956

7 i 17 1.7249 87631 17 1. 7670 58482 17 1.8100 05773 17 1.8538 44669 17 1.8985 90541
8 19 5. 0024 64130 19 5. 1421 40181 19 5. 2852 16858 19 5. 4317 64881 19 5. 5818 56191
9 22 1.4507 14598 22 1.4963 62793 22 1.5432 83323 22 1.5915 07110 22 1.6410 65720

10 24 4.2070 72333 24 4. 3544 15727 24 4.5063 87302 24 4.6631 15833 24 4.8247 33217
24 (59)1.2518 49008 (59)1.3596 64428 (59)1.4763 46962 (59)1.6025 91698 (59)1.7391 45550

1/2 ( 1) 1. 7029 38637 ( 1) 1. 7058 72211 ( 1)1. 7088 00749 ( 1) 1. 7117 24277 ( 1) 1. 7146 42820
1/3 6.6191 05948 6.6267 05387 6.6342 87437 6.6418 52195 6.6493 99761
1/4 4. 1266 67707 4. 1302 20588 4.1337 64325 4. 1372 98970 4. 1408 24580
1/5 3.1079 89906 3. 1101 30396 3.1122 65011 3. 1143 93785 3.1165 16755

1 295 296 297 298 299
2 87025 87616 88209 88804 89401
3 256 72375 259 34336 261 98073 264 63592 267 30899
4 9 7.5733 50625 9)7.6765 63456 9 7.7808 27681 9 7.8861 50416 9 7.9925 38801
5 12 2. 2341 38434 12)2. 2722 62783 12 2. 3109 05821 12 2. 3500 72824 12 2. 3897 69101
6 14 6.5907 08381 14 6.7258 97838 14 6.8633 90289 14 7.0032 17015 14 7.1454 09613
7 17 1.9442 58973 17 1.9908 65760 17 2.0384 26916 17 2.0869 58671 17 2.1364 77474
8 19 5.7355 63969 19 5.8929 62649 19 6.0541 27940 19 6.2191 36838 19 6.3880 67649
9 22 1.6919 91371 22 1.7443 16944 (22 1.7980 75998 22 1.8533 02778 22 1.9100 32227

10 24 4.9913 74544 24 5.1631 78155 (24 5.3402 85715 24 5.5228 42278 (24 5.7109 96358
24 (59)1.8868 10930 (59)2.0464 49657 (59)2.2189 87131 (59)2.4054 16789 (59)2. 6068 04847

1/2 ( 1)1.7175 56404 ( 1)1.7204 65053 ( 1)1.7233 68794 ( 1)1.7262 67650 ( 1)1.7291 61647
1/3 6.6569 30232 6.6644 43703 6.6719 40272 6.6794 20032 6.6868 83077
1/4 4. 1443 41207 4. 1478 48904 4. 1513 47726 4. 1548 37723 4. 1583 18947
1/5 3.1186 33956 3.1207 45423 3.1228 51191 3.1249 51295 3.1270 45768
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Table 3.1

k

POWERS AND ROOTS nk

1 300 301 302 303 304
2 90000 90601 91204 91809 92416
3 270 00000 272 70901 275 43608 278 18127 280 94464
4 9 8. 1000 00000 9 8. 2085 41201 9 8. 3181 69616 9) 8. 4288 92481 9 8. 5407 17056
5 12 2. 4300 00000 12 2. 4707 70902 12 2. 5120 87224 12)2. 5539 54422 12 2. 5963 77985
6 14 7.2900 00000 14 7.4370 20414 14 7. 5865 03417 14 7.7384 81898 14 7.8929 89074
7 17 2. 1870 00000 17 2. 2385 43144 17 2. 2911 24032 17 2. 3447 60015 17 2. 3994 68679
8 19 6.5610 00000 19 6.7380 14865 19 6.9191 94576 19 7.1046 22846 19 7.2943 84783
9 22 1.9683 00000 22 2.0281 42474 22 2.0895 96762 22 2.1527 00722 22 2.2174 92974

10 24 5.9049 00000 24 6.1047 08848 24 6.3105 82221 24 6.5226 83188 24 6.7411 78641
24 (59)2.8242 95365 (59)3.0591 15639 (59)3.3125 81949 (59)3.5861 05682 (59)3.8811 99856

1/2 ( 1) 1. 7320 50808 ( 1) 1. 7349 35157 ( 1)1. 7378 14720 ( 1) 1. 7406 89519 ( 1) 1. 7435 59577
1/3 6. 6943 29501 6. 7017 59395 6. 7091 72852 6. 7165 69962 6. 7239 50814
1/4 4.1617 91450 4.1652 55283 4.1687 10496 4.1721 57138 4. 1755 95260
1/5 3. 1291 34645 3. 1312 17958 3. 1332 95743 3. 1353 68030 3. 1374 34853

1 305 306 307 308 309
2 93025 93636 94249 94864 95481
3 283 72625 286 52616 289 34443 292 18112 295 03629
4 9 8. 6536 50625 9 8. 7677 00496 9 8. 8828 74001 9 8. 9991 78496 9 9. 1166 21361
5 12 2. 6393 63441 12 2. 6829 16352 12 2. 7270 42318 12 2. 7717 46977 12 2. 8170 36001
6 14 8. 0500 58494 14 8. 2097 24036 14 8. 3720 19917 14 8. 5369 80688 14 8. 7046 41242
7 17 2. 4552 67841 17 2. 5121 75555 17 2. 5702 10115 17 2. 6293 90052 17 2. 6897 34144
8 19 7. 4885 66914 19 7. 6872 57199 19 7. 8905 45052 19 8. 0985 21360 19 8. 3112 78504
9 22 2. 2840 12909 22 2. 3523 00703 22 2. 4223 97331 22 2. 4943 44579 22 2. 5681 85058

10 24 6. 9662 39372 24 7. 1980 40151 24 7. 4367 59806 24 7. 6825 81303 24 7. 9356 91828
24 (59)4. 1994 86063 (59)4.5427 01868 (59)4.9127 08679 (59)5. 3115 00125 (59)5.7412 10972

1/2 ( 1)1.7464 24920 ( 1)1.7492 85568 1)1.7521 41547 1)1.7549 92877 1) 1. 7578 39583
1/3 6. 7313 15497 6. 7386 64101 6. 7459 96712 6. 7533 13417 6. 7606 14302
1/4 4. 1790 24910 4. 1824 46136 4. 1858 58988 4. 1892 63512 4. 1926 59756
1/5 3. 1394 96244 3. 1415 52236 3. 1436 02859 3. 1456 48146 3. 1476 88127

1 310 311 312 313 314
2 96100 96721 97344 97969 98596
3 297 91000 300 80231 303 71328 306 64297 309 59144
4 9 9. 2352 10000 9 9. 3549 51841 9 9. 4758 54336 9 9. 5979 24961 9 9. 7211 71216
5 12 2.8629 15100 12 2.9093 90023 12 2. 9564 66553 12 3. 0041 50513 12 3. 0524 47762
6 14 8. 8750 36810 14 9. 0482 02970 14 9. 2241 75645 14 9. 4029 91105 14 9. 5846 85972
7 17 2.7512 61411 17 2.8139 91124 17 2. 8779 42801 17 2. 9431 36216 17 3. 0095 91395
8 19 8.5289 10374 19 8.7515 12395 19 8. 9791 81540 19 9. 2120 16356 19 9. 4501 16981
9 22 2. 6439 62216 22 2. 7217 20355 22 2. 8015 04640 22 2. 8833 61119 22 2. 9673 36732

10 24 8. 1962 82870 (24 8.4645 50303 24 8. 7406 94478 24 9. 0249 20304 24 9. 3174 37339
24 (59)6. 2041 26610 (59) 6. 7026 93132 (59)7. 2395 28072 (59)7.8174 31800 (59) 8. 4393 99655

1/2 ( 1)1.7606 81686 ( 1)1.7635 19209 1) 1. 7663 52173 1)1.7691 80601 1)1.7720 04515
1/3 6.7678 99452 6.7751 68952 6. 7824 22886 6. 7896 61336 6. 7968 84386
1/4 4.1960 47767 4.1994 27591 4. 2027 99273 4. 2061 62861 4. 2095 18398
1/5 3.1497 22833 3.1517 52295 3. 1537 76544 3. 1557 95609 3. 1578 09519

1 315 316 317 318 319
2 99225 99856 1 00489 1 01124 1 01761
3 312 55875 315 54496 318 55013 321 57432 324 61759
4 9 9.8456 00625 9 9.9712 20736 10 1.0098 03912 10 1.0226 06338 10 1.0355 30112
5 12 3. 1013 64197 12 3. 1509 05753 12 3. 2010 78401 12 3. 2518 88154 12 3. 3033 41058
6 14 9.7692 97220 14 9.9568 62178 15 1. 0147 41853 15 1.0341 00433 15 1.0537 65797
7 17 3. 0773 28624 17 3.1463 68448 17 3.2167 31675 17 3.2884 39376 17 3.3615 12894
8 19 9.6935 85167 19 9.9425 24297 20 1.0197 03941 20 1.0457 23722 20 1.0723 22613
9 22 3.0534 79328 22 3.1418 37678 22 3.2324 61493 22 3.3254 01435 22 3.4207 09136

10 24 9. 6184 59882 24 9. 9282 07062 25 1.0246 90293 25 1. 0574 77656 25 1. 0912 06214
24 (59)9.1086 34822 (59)9.8285 62028 (60)1.0602 84208 (60)1. 1435 38734 (60)1.2330 37808

1/2 ( 1) 1. 7748 23935 ( 1) 1. 7776 38883 ( 1) 1. 7804 49381 ( 1) 1. 7832 55450 ( 1) 1. 7860 57110
1/3 6.8040 92116 6.8112 84608 6.8184 61941 6.8256 24197 6.8327 71452
1/4 4. 2128 65931 4. 2162 05502 4. 2195 37156 4. 2228 60938 4. 2261 76889
1/5 3.1598 18306 3.1618 21997 3.1638 20622 3. 1658 14209 3.1678 02787

1 320 321 322 323 324
2 1 02400 1 03041 1 03684 1 04329 1 04976
3 327 68000 330 76161 333 86248 336 98267 340 12224
4 101.0485 76000 10 1. 0617 44768 10 1. 0750 37186 (10)1.0884 54024 10 1. 1019 96058
5 123.3554 43200 12 3. 4082 00706 12 3. 4616 19738 (12)3.5157 06498 12 3. 5704 67227
6 15 1. 0737 41824 15 1. 0940 32426 15 1. 1146 41556 15 1. 1355 73199 15 1. 1568 31381
7 17 3. 4359 73837 17 3. 5118 44089 17 3. 5891 45809 17 3. 6679 01432 17 3. 7481 33676
8 201.0995 11628 20 1. 1273 01953 20 1. 1557 04950 20 1. 1847 32163 20 1. 2143 95311
9 22 3. 5184 37209 22 3. 6186 39268 22 3. 7213 69940 22 3. 8266 84885 22 3. 9346 40808

10 25 1. 1258 99907 25 1. 1615 83205 25 1. 1982 81121 25 1. 2360 19218 25 1. 2748 23622
24 (60)1. 3292 27996 (60)1.4325 86248 (60)1.5436 21862 (60)1.6628 78568 (60)1.7909 36736

1/2 ( 1) 1. 7888 54382 ( 1) 1. 7916 47287 ( 1) 1. 7944 35844 ( 1) 1. 7972 20076 ( 1) 1. 8000 00000
1/3 6. 8399 03787 6. 8470 21278 6. 8541 24002 6. 8612 12036 6. 8682 85455
1/4 4.2294 85054 4.2327 85474 4.2360 78192 4. 2393 63249 4.2426 40687
1/5 3. 1697 86385 3. 1717 65030 3. 1737 38749 3. 1757 07571 3. 1776 71523
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k
1 325

POWERS AND ROOTS nh

326 327 328

Table 3.1

329
2 1 05625 1 06276 1 06929 1 07584 1 08241
3 343 28125 346 45976 349 65783 352 87552 356 11289
4 10 1. 1156 64063 10)1.1294 58818 10 1. 1433 81104 10 1.1574 31706 10)1. 1716 11408
5 12 3.6259 08203 12 3. 6820 35745 12 3. 7388 56210 12 3. 7963 75994 12 3. 8546 01533
6 15 1. 1784 20166 15 1. 2003 43653 15 1. 2226 05981 15 1. 2452 11326 15 1. 2681 63904
7 17 3. 8298 65540 17 3. 9131 20309 17 3. 9979 27557 17 4. 0842 93150 17 4. 1722 59245
8 20 1. 2447 06300 20 1. 2756 77221 20 1. 3073 20349 20 1. 3396 48153 20 1. 3726 73292
9 22 4. 0452 95476 22 4. 1587 07739 22 4. 2749 37542 22 4. 3940 45942 22 4. 5160 95129

10 25 1. 3147 21030 25 1. 3557 38723 25 1. 3979 04576 25 1. 4412 47069 25 1. 4857 95298
24 (60)1.9284 15722 (60)2.0759 76350 (60)2.2343 23554 (60)2.4042 09169 (60)2.5864 34894

1/2 ( 1) 1. 8027 75638 ( 1) 1. 8055 47009 ( 1) 1. 8083 14132 ( 1) 1. 8110 77028 ( 1) 1. 8138 35715
1/3 6.8753 44335 6.8823 88750 6.8894 18774 6.8964 34481 6.9034 35942
1/4 4. 2459 10547 4. 2491 72871 4.2524 27697 4.2556 75067 4. 2589 15020
1/5 3. 1796 30632 3. 1815 84924 3. 1835 34426 3. 1854 79164 3. 1874 19165

1 330 331 332 333 334
2 1 08900 1 09561 1 10224 1 10889 1 11556
3 359 37000 362 64691 365 94368 369 26037 372 59704
4 10 1. 1859 21000 10 1. 2003 61272 10 1. 2149 33018 10 1. 2296 37032 10 1. 2444 74114
5 12 3. 9135 39300 12 3. 9731 95811 12 4. 0335 77618 12 4. 0946 91317 12 4. 1565 43539
6 15 1. 2914 67969 15 1. 3151 27813 15 1. 3391 47769 15 1. 3635 32209 15 1. 3882 85542
7 17 4. 2618 44298 174.3530 73062 17 4. 4459 70594 17 4. 5405 62254 17 4. 6368 73711
8 20 1. 4064 08618 20 1. 4408 67184 20 1. 4760 62237 20 1. 5120 07231 20 1. 5487 15819
9 22 4. 6411 48440 224.7692 70378 22 4. 9005 26628 22 5. 0349 84078 22 5. 1727 10837

10 25 1. 5315 78985 251.5786 28495 25 1. 6269 74840 25 1. 6766 49698 25 1. 7276 85420
24 (60)2.7818 55434 (60)2.9913 81825 (60)3.2159 84959 (60) 3. 4566 99320 (60)3.7146 26935

1/2 ( 1)1. 8165 90212 ( 1)1. 8193 40540 ( 1)1. 8220 86716 ( 1) 1. 8248 28759 ( 1)1. 8275 66688
1/3 6.9104 23230 6.9173 96417 6.9243 55573 6.9313 00768 6.9382 32074
1/4 4.2621 47595 4.2653 72832 4.2685 90770 4.2718 01446 4.2750 04899
1/5 3. 1893 54454 3. 1912 85058 3. 1932 11001 3. 1951 32308 3. 1970 49006

1 335 336 337 338 339
2 112225 1 12896 1 13569 1 14244 1 14921
3 375 95375 379 33056 382 72753 386 14472 389 58219
4 10 1. 2594 45063 10 1. 2745 50682 10 1. 2897 91776 10 1. 3051 69154 10 1. 3206 83624
5 12 4. 2191 40959 12 4. 2824 90290 12 4.3465 98285 12 4.4114 71739 12 4. 4771 17486
6 15 1. 4134 12221 15 1. 4389 16737 15 1.4648 03622 15 1.4910 77448 15 1. 5177 42828
7 17 4. 7349 30942 17 4. 8347 60238 17 4. 9363 88207 17 5. 0398 41774 17 5. 1451 48186
8 20 1. 5862 01865 20 1. 6244 79440 20 1. 6635 62826 20 1. 7034 66520 20 1. 7442 05235
9 22 5. 3137 76249 22 5. 4582 50918 22 5. 6062 06723 22 5. 7577 16836 22 5. 9128 55747

10 25 1. 7801 15044 25 1. 8339 72309 25 1.8892 91666 25 1.9461 08291 25 2. 0044 58098
24 (60) 3. 9909 41565 60)4.2868 93134 (60)4. 6038 12427 (60)4.9431 16051 60)5.3063 11693

1/2 ( 1)1.8303 00522 1)1. 8330 30278 1)1.8357 55975 1)1.8384 77631 1) 1. 8411 95264
1/3 6. 9451 49558 6. 9520 53290 6. 9589 43337 6.9658 19768 6. 9726 82649
1/4 4. 2782 01166 4. 2813 90286 4. 2845 72295 4. 2877 47230 4. 2909 15128
1/5 3. 1989 61118 3. 2008 68669 3. 2027 71684 3. 2046 70186 3. 2065 64201

1 340 341 342 343 344
2 1 15600 1 16281 1 16964 1 17649 1 18336
3 393 04000 396 51821 400 01688 403 53607 407 07584
4 10 1. 3363 36000 10 1. 3521 27096 10 1. 3680 57730 10 1.3841 28720 10)1.4003 40890
5 12 4. 5435 42400 12 4. 6107 53398 12 4. 6787 57435 12 4. 7475 61510 12 4. 8171 72660
6 15 1.5448 04416 15 1.5722 66909 15 1. 6001 35043 15 1.6284 13598 15 1.6571 07395
7 17 5.2523 35014 17 5.3614 30158 17 5. 4724 61847 17 5. 5854 58641 17 5. 7004 49439
8 20 1. 7857 93905 20 1. 8282 47684 20 1. 8715 81952 20 1.9158 12314 20 1.9609 54607
9 22 6.0716 99277 22 6.2343 24602 22 6.4008 10274 22 6.5712 36236 22 6.7456 83848

10 25 2. 0643 77754 25 2. 1259 04689 25 2. 1890 77114 25 2.2539 34029 25 2. 3205 15244
24 (60) 5. 6950 03680 (60) 6. 1108 98859 (60)6.5558 12822 (60)7.0316 76479 (60)7.5405 43015

1/2 ( 1)1.8439 08891 ( 1)1.8466 18531 ( 1)1.8493 24201 ( 1)1.8520 25918 ( 1)1.8547 23699
1/3 6. 9795 32047 6. 9863 68028 6. 9931 90657 7. 0000 00000 7. 0067 96121
1/4 4. 2940 76026 4. 2972 29958 4. 3003 76961 4. 3035 17071 4. 3066 50321
1/5 3.2084 53751 3.2103 38860 3.2122 19552 3.2140 95850 3.2159 67776

1 345 346 347 348 349
2 1 19025 1 19716 1 20409 1 21104 1 21801
3 410 63625 414 21736 417 81923 421 44192 425 08549
4 10 1. 4166 95063 10) 1. 4331 92066 10 1.4498 32728 10 1.4666 17882 10)1.4835 48360
5 12 4. 8875 97966 12)4.9588 44547 12 5. 0309 19567 12 5.1038 30228 12)5.1775 83777
6 15 1. 6862 21298 15 1. 7157 60213 15 1. 7457 29090 15 1. 7761 32919 15 1. 8069 76738
7 17 5. 8174 63479 175.9365 30338 17 6. 0576 79941 17 6. 1809 42559 17 6. 3063 48816
8 20 2. 0070 24900 202. 0540 39497 20 2. 1020 14939 20 2.1509 68011 20 2.2009 15737
9 22 6. 9242 35905 227.1069 76659 22 7. 2939 91840 22 7.4853 68677 22 7. 6811 95921

10 25 2. 3888 61387 25)2. 4590 13924 25 2. 5310 15168 25 2.6049 08300 25 2.6807 37377
24 (60)8.0845 95243 (60)8.6661 53376 (60)9.2876 83235 (60)9.9518 04932 (61)1.0661 30203

1/2 ( 1)1.8574 17562 ( 1)1.8601 07524 ( 1)1.8627 93601 ( 1)1.8654 75811 ( 1)1.8681 54169
1/3 7. 0135 79083 7.0203 48952 7.0271 05788 7.0338 49656 7.0405 80617
1/4 4. 3097 76748 4. 3128 96386 4. 3160 09269 4. 3191 15431 4. 3222 14906
1/5 3.2178 35355 3.2196 98608 3.2215 57557 3.2234 12226 3.2252 62636
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Table 3.1

k

POWERS AND ROOTS flk

1 350 351 352 353 354
2 1 22500 1 23201 1 23904 1 24609 1 25316
3 428 75000 432 43551 436 14208 439 86977 443 61864
4 (10 1. 5006 25000 10 1. 5178 48640 10) 1. 5352 20122 10 1. 5527 40288 10 1. 5704 09986
5 (12 5. 2521 87500 12 5. 3276 48727 12 5. 4039 74828 12 5. 4811 73217 12 5.5592 51349
6 15 1. 8382 65625 15 1. 8700 04703 15 1. 9021 99139 15 1. 9348 54146 15 1. 9679 74978
7 17 6.4339 29688 17 6.5637 16508 17 6.6957 40971 17 6.8300 35134 17 6.9666 31421
8 20 2.2518 75391 20)2.3038 64494 20 2.3569 00822 20 2.4110 02402 20 2.4661 87523
9 22 7. 8815 63867 22) 8. 0865 64315 22 8. 2962 90893 22 8. 5108 38480 22)8. 7303 03831

10 25 2.7585 47354 25)2. 8383 84096 25 2.9202 94394 (25 3. 0043 25983 25)3.0905 27556
24 (61)1. 1419 13124 (61)1. 2228 43263 (61)1. 3092 54042 (61) 1. 4014 99442 (61) 1 4999 55202

1/2 ( 1)1.8708 28693 ( 1)1.8734 99400 ( 1)1.8761 66304 ( 1)1.8788 29423 ( 1)1.8814 88772
1/3 7. 0472 98732 7. 0540 04063 7. 0606 96671 7. 0673 76615 7. 0740 43955
1/4 4. 3253 07727 4. 3283 93928 4. 3314 73541 4. 3345 46600 4. 3376 13137
1/5 3.2271 08809 3.2289 50768 3.2307 88532 3.2326 22125 3.2344 51567

1 355 356 357 358 359
2 1 26025 1 26736 1 27449 1 28164 1 28881
3 447 38875 451 18016 454 99293 458 82712 462 68279
4 10 1. 5882 30063 10 1. 6062 01370 10 1. 6243 24760 10 1. 6426 01090 10 1. 6610 31216
5 12 5. 6382 16722 12 5. 7180 76876 12 5. 7988 39394 12 5. 8805 11901 12 5. 9631 02066
6 15 2. 0015 66936 15 2. 0356 35368 15 2. 0701 85663 15 2. 1052 23260 15 2. 1407 53642
7 177.1055 62624 17 7.2468 61909 17 7.3905 62819 17 7.5366 99273 17 7.6853 05573
8 20 2.5224 74731 20 2.5798 82840 20 2.6384 30926 (20 2.6981 38340 20 2.7590 24701
9 22)8. 9547 85297 22 9. 1843 82909 22 9. 4191 98407 22 9. 6593 35256 22 9. 9048 98676

10 25) 3. 1789 48780 25 3. 2696 40316 25 3. 3626 53831 25 3.4580 42022 25 3. 5558 58625
24 (61)1.6050 20092 (61)1.7171 17251 (61)1.8366 95605 (61)1.9642 31355 (61)2.1002 29556

1/2 ( 1)1. 8841 44368 ( 1)1.8867 96226 ( 1)1.8894 44363 ( 1)1.8920 88793 ( 1)1.8947 29532
1/3 7.0806 98751 7.0873 41061 7.0939 70945 7.1005 88459 7.1071 93661
1/4 4.3406 73183 4.3437 26771 4.3467 73933 4.3498 14700 4. 3528 49104
1/5 3.2362 76880 3.2380 98084 3.2399 15199 3.2417 28247 3.2435 37249

1 360 361 362 363 364
2 1 29600 1 30321 1 31044 1 31769 1 32496
3 466 56000 470 45881 474 37928 478 32147 482 28544
4 10 1. 6796 16000 10 1. 6983 56304 10 1. 7172 52994 10 1. 7363 06936 10 1. 7555 19002
5 12 6. 0466 17600 12 6.1310 66258 '12 6.2164 55837 12 6.3027 94178 12 6.3900 89166
6 15 2.1767 82336 15 2.2133 14919 (j5 2.2503 57013 15 2.2879 14287 15 2.3259 92456
7 17 78364 16410 17 7.9900 66858 17 8.1462 92387 17 8.3051 28860 17 8.4666 12541
8 20 2.8211 09907 20 2.8844 14136 20 2. 9489 57844 20 3. 0147 61776 20 3. 0818 46965
9 23 1.0155 99567 23 1. 0412 73503 23 1. 0675 22740 23 1.0943 58525 23 1.1217 92295

10 25 3.6561 58440 25 3.7589 97346 (25 3. 864t 32317 25 3.9725 21445 25 4.0833 23955
24 (61)2. 2452 25771 (61)2. 3997 87825 (61)2. 5645 17652 (61)2. 7400 53237 (61)2. 9270 70667

1/2 ( 1) 1. 8973 66596 ( 1) 1. 9000 00000 ( 1) 1.9026 29759 ( 1)1. 9052 55888 ( 1)1. 9078 78403
1/3 7.1137 86609 7. 1203 67359 7. 1269 35967 7.1334 92490 7.1400 36982
1/4 4. 3558 77175 4. 3588 98944 4. 3619 14441 4. 3649 23697 4. 3679 26743
1/5 3. 2453 42223 3. 2471 43191 3. 2489 40172 3.2507 33187 3 2525 22254

1 365 366 367 368 369
2 1 33225 1 33956 1 34689 1 35424 1 36161
3 486 27125 490 27896 494 30863 498 36032 502 43409
4 10 1.7748 90063 10 1.7944 20994 10 1.8141 12672 10 1.8339 65978 10 1.8539 81792
5 12 6.4783 48728 12 6.5675 80837 12 6.6577 93507 12 6.7489 94798 12 6.8411 92813
6 15 2.3645 97286 15 2.4037 34586 15 2.4434 10217 15 2.4836 30086 15 2.5244 00148
7 17 8.6307 80093 17 8.7976 68585 17 8.9673 15496 17 9.1397 58715 17 9.3150 36546
8 20 3.1502 34734 20 3.2199 46702 20 3.2910 04787 20 3.3634 31207 20 3.4372 48485
9 23 1.1498 35678 23 1.1785 00493 23 1.2077 98757 23 1.2377 42684 23 1.2683 44691

10 25 4.1969 00224 25 4.3133 11804 25 4.4326 21438 25 4.5548 93078 25 4. 6803. 91910
24 (61) 3. 1262 86296 (61) 3. 3384 59019 (61)3. 5643 92671 (61) 3. 8049 38558 (61)4. 0609 98114

1/2 ( 1)1.9104 97317 ( 1)1.9131 12647 ( 1)1.9157 24406 ( 1)1.9183 32609 ( 1)1.9209 37271
1/3 7.1465 69499 7.1530 90095 7.1595 98825 7.1660 95742 7.1725 80900
1/4 4.3709 23607 4.3739 14319 4.3768 98909 4.3798 77406 4.3828 49839
1/5 3.2543 07394 3.2560 88625 3.2578 65967 3.2596 39439 3.2614 09059

1 370 371 372 373 374
2 1 36900 1 37641 1 38384 1 39129 1 39876
3 506 53000 510 64811 514 78848 518 95117 523 13624
4 10 1.8741 61000 10 1.8945 04488 10 1.9150 13146 10 1.9356 87864 10 1.9565 29538
5 12 6.9343 95700 12 7.0286 11651 12 7.1238 48902 12 7.2201 15733 12 7.3174 20471
6 15 2.5657 26409 15 2.6076 14922 15 2.6500 71791 15 2.6931 03168 15 2.7367 15256
7 17 9.4931 87713 17 9.6742 51362 17 9.8582 67064 18 1.0045 27482 18 1.0235 31506
8 20 3. 5124 79454 20 3. 5891 47255 20 3. 6672 75348 20 3. 7468 87507 20 3. 8280 07832
9 23 1.2996 17398 23 1.3315 73632 23 1.3642 26429 23 1.3975 89040 23 1.4316 74929

10 25 4.8085 84372 25 4.9401 38174 25 5.0749 22317 25 5.2130 07120 23 5.3544 64234
24 (61)4. 3335 25711 (61)4.6235 31606 (61)4.9320 85051 (61)5.2603 17567 (61)5.6094 26383

1/2 ( 1)1.9235 38406 ( 1)1.9261 36028 ( 1)1.9287 30152 ( 1)1.9313 20792 ( 1)1.9339 07961
1/3 7. 1790 54352 7. 1855 16151 7. 1919 66348 7. 1984 04996 7. 2048 32147
1/4 4.3858 16237 4.3887 76627 4.3917 31039 4.3946 79501 4.3976 22040
1/5 3.2631 74848 3.2649 36822 3.2666 95001 3.2684 49404 3.2702 00047
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1 375

POWERS AND ROOTS flk

376 377 378

Table 3.1

379
2 1 40625 1 41376 1 42129 1 42884 1 43641
3 527 34375 531 57376 535 82633 540 10152 544 39939
4 10 1. 9775 39063 10 1.9987 17338 10 2. 0200 65264 10 2.0415 83746 10 2. 0632 73688
5 12 7. 4157 71484 12 7. 5151 77189 12 7. 6156 46046 12 7. 7171 86558 12 7. 8198 07278
6 15 2. 7809 14307 15 2. 8257 06623 15 2. 8710 98559 15 2. 9170 96519 15 2. 9637 06958
7 18 1. 0428 42865 18 1. 0624 65690 18 1. 0824 04157 18 1. 1026 62484 18 1. 1232 44937
8 20 3. 9106 60744 20 3.9948 70996 20 4. 0806 63671 20 4.1680 64190 20 4.2570 98312
9 23 1. 4664 97779 23) 1. 5020 71494 23 1. 5384 10204 23 1. 5755 28264 23 1. 6134 40260

10 25 5. 4993 66671 25)5.6477 88819 25 5.7998 06469 25 5.9554 96838 25 6. 1149 38586
24 (61) 5. 9806 78067 (61) 6. 3754 12334 (61)6. 7950 46060 (61)7. 2410 77507 (61)7.7150 90756

1/2 ( 1) 1. 9364 91673 ( 1) 1. 9390 71943 ( 1) 1. 9416 48784 ( 1) 1. 9442 22210 ( 1) 1. 9467 92233
1/3 7.2112 47852 7.2176 52160 7.2240 45124 7.2304 26792 7.2367 97216
1/4 4. 4005 58684 4. 4034 89461 4. 4064 14397 4. 4093 33520 4. 4122 46858
1/5 3. 2719 46950 3. 2736 90130 3. 2754 29605 3. 2771 65392 3. 2788 97510

1 380 381 382 383 384
2 1 44400 1 45161 1 45924 1 46689 1 47456
3 548 72000 553 06341 557 42968 561 81887 566 23104
4 (10 2. 0851 36000 10) 2. 1071 71592 10) 2. 1293 81378 10 2. 1517 66272 10 2. 1743 27194
5 12 7.9235 16800 12)8.0283 23766 12 8.1342 36862 12 8.2412 64822 12 8. 3494 16423
6 15 3. 0109 36384 15) 3. 0587 91355 15 3. 1072 78481 15 3. 1564 04427 15 3. 2061 75907
7 18 1.1441 55826 18)1.1653 99506 18 1.1869 80380 18 1.2089 02895 18 1.2311 71548
8 20 4. 3477 92138 20 4. 4401 72119 20 4. 5342 65051 20 4. 6300 98090 20 4. 7276 98745
9 23 1. 6521 61013 23 1. 6917 05577 23 1. 7320 89250 23 1. 7733 27568 23 1. 8154 36318

10 25 6.2782 11848 25 6.4453 98249 25)6.6165 80933 25 6.7918 44587 (25 6.9712 75461
24 (61)8. 2187 60383 (61) 8. 7538 56362 (61)9. 3222 49236 (61)9. 9259 15535 (62) 1. 0566 94349

1/2 ( 1)1.9493 58869 ( 1)1.9519 22130 ( 1)1.9544 82029 ( 1)1.9570 38579 ( 1)1.9595 91794
1/3 7.2431 56443 7.2495 04524 7.2558 41507 7.2621 67440 7.2684 82371
1/4 4. 4151 54436 4. 4180 56280 4. 4209 52418 4. 4238 42876 4. 4267 27679
1/5 3.2806 25976 3.2823 50807 3.2840 72019 3.2857 89631 3.2875 03659

1 385 386 387 388 389
2 1 48225 1 48996 1 49769 1 50544 1 51321
3 570 66625 575 12456 579 60603 584 11072 588 63869
4 10)2. 1970 65063 10 2. 2199 80802 (10 2. 2430 75336 10 2. 2663 49594 10 2. 2898 04504
5 12 8. 4587 00491 12 8. 5691 25894 12 8. 6807 01551 12 8. 7934 36423 12 8. 9073 39521
6 15 3.2565 99689 15 3.3076 82595 15 3.3594 31500 15 3.4118 53332 15 3.4649 55074
7 18 1.2537 90880 18 1.2767 65482 18 1.3000 99991 18 1.3237 99093 18 1.3478 67524
8 20 4. 8270 94889 20 4. 9283 14759 20 5. 0313 86963 20 5. 1363 40480 20 5. 2432 04667
9 23 1. 8584 31532 23 1. 9023 29497 23 1. 9471 46755 23 1. 9929 00106 23 2. 0396 06615

10 25 7. 1549 61399 25 7. 3429 91859 (25) 7. 5354 57941 25 7. 7324 52413 (25) 7. 9340 69734
24 (62) 1. 1247 53901 (62) 1. 1970 03202 (62) 1. 2736 88303 (62)1.3550 69013 (62)1.4414 19629

J/2 ( 1)1.9621 41687 ( 1)1.9646 88270 ( 1)1.9672 31557 ( 1)1.9697 71560 ( 1)1.9723 08292
1/3 7.2747 86349 7.2810 79420 7.2873 61631 7.2936 33030 7.2998 93662
1/4 4. 4296 06853 4. 4324 80423 4. 4353 48416 4. 4382 10856 4. 4410 67768
1/5 3. 2892 14120 3. 2909 21030 3. 2926 24406 3. 2943 24265 3. 2960 20622

1 390 391 392 393 394
2 1 52100 1 52881 1 53664 1 54449 1 55236
3 593 19000 597 76471 602 36288 606 98457 611 62984
4 10 2. 3134 41000 10)2.3372 60016 10 2. 3612 62490 10 2. 3854 49360 10 2. 4098 21570
5 12 9.0224 19900 12)9. 1386 86663 12 9.2561 48959 12 9. 3748 15985 12 9.4946 96984
6 15 3.5187 43761 15 3.5732 26485 15 3. 6284 10392 15 3.6843 02682 15 3.7409 10612
7 18 1. 3723 10067 18 1. 3971 31556 18 1. 4223 36874 18 1. 4479 30954 18 1. 4739 18781
8 20 5.3520 09260 20 5.4627 84383 20 5. 5755 60545 20 5.6903 68650 20 5.8072 39997
9 23 2. 0872 83612 23 2. 1359 48694 23)2. 1856 19734 23 2. 2363 14879 23 2. 2880 52559

10 25 8.1404 06085 25)8. 3515 59392 25)8.5676 29356 25 8.7887 17476 25 9.0149 27082
24 (62)1. 5330 29700 (62)1. 6302 04837 (62) 1. 7332 67559 (62)1.8425 58176 (62)1.9584 35730

1/2 ( 1) 1. 9748 41766 ( 1) 1. 9773 71993 ( 1) 1. 9798 98987 1)1.9824 22760 1)1.9849 43324
1/3 7.3061 43574 7. 3123 82812 7. 3186 11420 7. 3248 29445 7. 3310 36930
1/4 4.4439 19178 4.4467 65109 4.4496 05586 4. 4524 40634 4. 4552 70277
1/5 3. 2977 13494 3. 2994 02898 3. 3010 88848 3. 3027 71361 3. 3044 50453

1 395 396 397 398 399
2 1 56025 1 56816 1 57609 1 58404 1 59201
3 616 29875 620 99136 625 70773 630 44792 635 21199
4 10 2. 4343 80063 10)2. 4591 25786 10 2. 4840 59688 10 2. 5091 82722 (10)2. 5344 95840
5 12 9. 6158 01247 12 9. 7381 38111 12 9. 8617 16962 12 9. 9865 47232 (13)1.0112 63840
6 15 3. 7982 41493 15 3. 8563 02692 15 3. 9151 01634 15 3. 9746 45798 15 4. 0349 42722
7 18 1. 5003 05390 18 1. 5270 95866 18 1. 5542 95349 18 1.5819 09028 18 1.6099 42146
8 20 5. 9262 06289 20 6. 0472 99629 20 6. 1705 52534 20 6. 2959 97930 20 6. 4236 69163
9 23 2. 3408 51484 23 2. 3947 30653 23 2. 4497 09356 23 2.5058 07176 23 2.5630 43996

10 25 9. 2463 63362 25 9. 4831 33387 25 9. 7253 46143 25 9.9731 12562 26 1.0226 54554
24 (62)2. 0812 78965 (62)2.2114 87364 (62)2.3494 82217 62)2. 4957 07762 (62)2. 6506 32365

1/2 ( 1)1. 9874 60691 ( 1)1. 9899 74874 ( 1) 1. 9924 85885 1)1.9949 93734 ( 1)1.9974 98436
1/3 7. 3372 33921 7. 3434 20462 7 3495 96597 7. 3557 62368 7. 3619 17821
1/4 4. 4580 94538 4. 4609 13443 4. 4637 27013 4. 4665 35273 4. 4693 38246
1/5 3. 3061 26138 3. 3077 98433 3. 3094 67354 3. 3111 32914 3. 3127 95131
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i[(_6)1]

Table 3.1

k
1

2 1

3 640

400
60000
00000

POWERS AND ROOTS nk

401 402
1 60801 1 61604 1

644 81201 649 64808 654

403
62409
50827

1

659

404
63216
39264

4 10 2. 5600 00000 10 2. 5856 96160 10 2.6115 85282 10 2.6376 68328 10)2.6639 46266
5 13 1. 0240 00000 13 1. 0368 64160 13 1. 0498 57283 13 1. 0629 80336 13 1. 0762 34291
6 15 4. 0960 00000 15 4. 1578 25282 15 4. 2204 26278 15 4. 2838 10755 15 4. 3479 86537
7 18 1.6384 00000 18 1.6672 87938 18 1.6966 11364 18W7263 75734 18 1.7565 86561
8 20 6. 5536 00000 20 6.6858 24632 20 6. 8203 77683 206. 9572 94209 20 7. 0966 09706
9 23 2.6214 40000 23)2. 6810 15678 23 2.7417 91829 23 2.8037 89566 23 2. 8670 30321

10 26 1. 0485 76000 26) 1. 0750 87287 (26 1. 1022 00315 26 1. 1299 27195 26 1. 1582 80250

24 (62) 2. 8147 49767 (62)2. 9885 80393 (62) 3. 1.726 72718 (62) 3. 3676 04703 (62) 3. 5739 85306

1/2 ( 1)2. 0000 00000 ( 1)2. 0024 98439 ( 1) 2. 0049 93766 ( 1)2. 0074 85990 ( 1) 2. 0099 75124
1/3 7. 3680 62997 7.3741 97940 7. 3803 22692 7.3864 37295 7. 3925 41792
1/4 4.4721 35955 4.4749 28423 4.4777 15674 4.4804 97729 4.4832 74611
1/5 3. 3144 54017 3. 3161 09590 3. 3177 61862 3. 3194 10850 3. 3210 56568

405 406 407 408 409
2 1 64025 1 64836 1 65649 1 66464 1 67281
3 664 30125 669 23416 674 19143 679 17312 684 17929
4 10 2. 6904 20063 10 2. 7170 90690 10 2. 7439 59120 10 2. 7710 26330 10 2. 7982 93296
5 13 1. 0896 20125 13 1. 1031 38820 13 1. 1167 91362 13 1. 1305 78742 13 1. 1445 01958
6 15 4. 4129 61508 15 4. 4787 43609 15 4. 5453 40843 15 4. 6127 61269 15 4. 6810 13009
7 18 1. 7872 49411 18 1. 8183 69905 18 1. 8499 53723 18 1. 8820 06598 18 1. 9145 34321
8 20 7. 2383 60113 20 7. 3825 81816 20 7. 5293 11653 20 7. 6785 86919 20 7. 8304 45371
9 23 2. 9315 35846 23 2. 9973 28217 23 3. 0644 29843 23 3. 1328 63463 23 3. 2026 52157

10 26 1. 1872 72017 26 1. 2169 15256 26 1. 2472 22946 26 1. 2782 08293 26 1. 3098 84732

24 (62)3.7924 56055 (62)4. 0236 92707 (62)4.2684 06980 (62)4.5273 48373 (62)4.8013 06073

1/2 ( 1)2. 0124 61180 ( 1) 2. 01.49 44168 ( 1)2. 0174 24100 ( 1)2. 0199 00988 ( 1) 2. 0223 74842
1/3 7. 3986 36223 7. 4047 20630 7. 4107 95055 7. 4168 59539 7. 4229 14120
1/4 4. 4860 46344 4. 4888 12948 4. 4915 74446 4. 4943 30860 4. 4970 82211
1/5 3.3226 99030 3. 3243 38251 3.3259 74245 3.3276 07026 3. 3292 36609

1 410 411 412 413 414
2 1 68100 1 68921 1 69744 1 70569 1 71396
3 689 21000 694 26531 699 34528 704 44997 709 57944
4 10 2.8257 61000 10 2.8534 30424 10 2.8813 02554 10 2.9093 78376 10 2.9376 58882
5 13 1.1585 62010 13 1.1727 59904 13 1.1870 96652 13 1.2015 73269 13 1.2161 90777
6 15 4.7501 04241 15 4.8200 43207 15 4.8908 38207 15 4.9624 97602 15 5.0350 29817
7 18 1. 9475 42739 18 1. 9810 37758 18 2. 0150 25341 18 2. 0495 11510 18 2. 0845 02344
8 20 7. 9849 25229 20 8. 1420 65185 20 8. 3019 04405 20 8. 4644 82535 20 8. 6298 39705
9 23 3. 2738 19344 23) 3. 3463 88791 23 3. 4203 84615 23 3. 4958 31287 23) 3. 5727 53638

10 (26 1. 3422 65931 26) 1. 3753 65793 26 1. 4091 98461 26 1. 4437 78322 26) 1. 4791 20006

24 (62) 5. 0911 10945 (62) 5. 3976 37632 (62) 5. 7218 06738 (62) 6. 0645 87127 (62) 6. 4269 98328

1/2 ( 1) 2. 0248 45673 ( 1)2. 0273 13493 ( 1)2. 0297 78313 ( 1) 2. 0322 40143 ( 1)2. 0346 98995
1/3 7. 4289 58841 7. 4349 93742 7. 4410 18861 7. 4470 34238 7. 4530 39914
1/4 4.4998 28522 4.5025 69814 4.5053 06108 4.5080 37426 4. 5107 63788
1/5 3. 3308 63008 3. 3324 86236 3. 3341 06308 3. 3357 23237 3. 3373 37037

1 415 416 417 418 419
2 1 72225 1 73056 1 73889 1 74724 1 75561
3 714 73375 719 91296 725 11713 730 34632 735 60059
4 10 2. 9661 45063 10 2. 9948 37914 10 3. 0237 38432 10)3. 0528 47618 10 3. 0821 66472
S 13 1. 2309 50201 13 1. 2458 52572 13 1. 2608 98926 13 1. 2760 90304 13 1. 2914 27752
6 15 5. 1084 43334 15 5. 1827 46700 15 5.2579 48522 15 5.3340 57471 15 5.4110 82280
7 18 2. 1200 03984 18 2. 1560 22627 18 2. 1925 64534 18 2. 2296 36023 18)2. 2672 43475
8 20 8.7980 16532 20 8.9690 54129 20 9.1429 94106 20 9. 3198 78576 20)9.4997 50162
9 23) 3. 6511 76861 23 3. 7311 26518 (23 3. 8126 28542 23 3. 8957 09245 233. 9803 95318

10 26) 1. 5152 38397 26 1. 5521 48631 (26) 1. 5898 66102 26 1. 6284 06464 26) 1. 6677 85638

24 (62)6.8101 13045 (62)7.2150 59801 (62)7. 6430 25690 (62)8.0952 59269 (62)8. 5730 73581

1/2 ( 1)2. 0371 54879 ( 1) 2. 0396 07805 ( 1) 2. 0420 57786 ( 1)2. 0445 04830 ( 1) 2. 0469 48949
1/3 7.4590 35926 7.4650 22314 7.4709 99115 7.4769 66370 7.4829 24114
1/4 4. 5134 85215 4.5162 01729 4.5189 13349 4.5216 20097 4.5243 21992
1/5 3. 3389 47722 3. 3405 55305 3. 3421 59799 3. 3437 61218 3. 3453 59575

1 420 421 422 423 424
2 1 76400 1 77241 1 78084 1 78929 1 79776
3 740 88000 746 18461 751 51448 756 86967 762 25024
4 10) 3. 1116 96000 10 3. 1414 37208 (10 3. 1713 91106 10) 3. 2015 58704 (10 3. 2319 41018
5 13)1.3069 12320 13 1.3225 45065 (13 1.3383 27047 13)1.3542 59332 (13 1.3703 42991
6 15 5. 4890 31744 15 5. 5679 14722 15 5. 6477 40136 15) 5. 7285 16974 15 5. 8102 54284
7 18 2. 3053 93332 18 2. 3440 92098 18 2. 3833 46338 18)2. 4231 62680 18 2. 4635 47816
8 20 9. 6826 51996 20 9. 8686 27732 21 1. 0057 72154 21 1. 0249 97814 21 1. 0445 44274
9 23 4.0667 13838 23 4.1546 92275 (23 4.2443 58492 23 4.3357 40751 23 4.4288 67722

10 26) 1.7080 19812 26)1.7491 25448 (26 1.7911 19284 26 1.8340 18338 26 1.8778 39914

24 (62)9. 0778 49315 (62)9.6110 38126 (63)1.0174 16609 (63)1.0768 83734 (63)1. 1396 73784

1/2 ( 1) 2. 0493 90153 ( 1) 2. 0518 28453 ( 1)2. 0542 63858 ( 1) 2. 0566 96380 ( 1)2. 0591 26028
1/3 7.4888 72387 7.4948 11226 7.5007 40668 7.5066 60749 7. 5125 71508
1/4 4. 5270 19056 4. 5297 11307 4. 5323 98767 4. 5350 81455 4. 5377 59390
1/5 3. 3469 54883 3.3485 47155 3. 3501 36405 3. 3517 22644 3. 3533 05887



1 430 431 4342 1 84900 1 85761 1 88356
3 795 07000 800 62991 817 46504

1/2 ( 1)2. 0736 44135 ( 1) 2. 0760 53949 ( 1)2. 0784 60969 ( 1)2. 0808 65205 ( 1)2. 0832 666661/3 7.5478 42314 7.5536 88825 7. 5595 26299 7.5653 54772 7.5711 742781/4 4.5537 28292 4.5563 73502 4.5590 14114 4.5616 50145 4.5642 816141/5 3.3627 43107 3. 3643 05720 3.3658 65436 3.3674 22267 3. 3689 76223

13
15
18
21
23
26

(63)1.5967 72093

1 435
2 1 89225
3 823 12875
4 10 3. 5806 10063
5 13 1. 5575 65377
6 15 6. 7754 09391
7 18 2. 9473 03085
8 21 1.2820 76842
9 23 5. 5770 34263

10 26 2. 4260 09904
24 (63)2. 1073 76666

1/2 ( 1)2. 0856 65361
1/3 7. 5769 84852
1/4 4. 5669 08540
1/5 3. 3705 27318

'10
13
15
18
21
23
26

(63) 1. 6883 18906

436
1 90096

828 81856
10 3. 6136 48922
13 1. 5755 50930
15 6. 8694 02054
18 2. 9950 59296
21 1. 3058 45853
23 5. 6934 87918
26 2. 4823 60732
63)2. 2267 71952

1)2.0880 61302
7. 5827 86527
4. 5695 30941
3. 3720 75562

10
13
15
18
21
23
26

4 10) 3. 4188 01000 3. 4507 14912 10 3. 5477 98274
5 1. 4700 84430 1. 4872 58127 13 1. 5397 444516 6. 3213 63049 6. 4100 82528 15 6. 6824 909167 2. 7181 86111 2. 7627 45570 18 2. 9002 010588 1. 1688 20028 1. 1907 43340 21 1. 2586 872599 5. 0259 26119 5. 1321 03797 23 5.4627 0270410 2.1611 48231 2.2119 36737 26 2.3708 12974

432
1 86624

806 21568
4828 51738
5045 91951

6. 4998 37227
8079 29682
2130 25623

5. 2402 70690
2637 96938

24 (63)1.9941 30189(63)1.7848 83700

437
1 90969

834 53453
10 3. 6469 15896
13 1. 5937 02247
15 6. 9644 78818
18 3. 0434 77243
21 1. 3299 99555
23 5. 8120 98057
26 2. 5398 86851

(63)2.3526 34640
1)2. 0904 54496

7. 5885 79338
4. 5721 48834
3. 3736 20969

433
1 87489

811 82737
10 3. 5152 12512
13 1. 5220 87018
15 6. 5906 36787
18 2. 8537 45729
21 1. 2356 71901
23 5. 3504 59329
26 2. 3167 48890

(63)1. 8867 28946

(63)2.4852 99040
1)2. 0928 44954

7. 5943 63318
4. 5747 62238
3. 3751 63549

n[()6]

439
1 92721

846 04519
10 3. 7141 38384
13 1. 6305 06751
15 7. 1579 24635
18 3. 1423 28915
21 1. 3794 82394
23 6. 0559 27708
26 2. 6585 52264

(63)2.6251 15920
1)2. 0952 32684

7. 6001 38502
4. 5773 71171
3. 3767 03314

1 440 441 442 443 4442 1 93600 1 94481 1 95364 1 96249 1 971363 851 84000 857 66121 863 50888 869 38307 875 283844 10 3.7480 96000 10 3.7822 85936 10 3.8167 09250 10 3.8513 67000 10 3.8862 602505 13 1. 6491 62240 13 1.6679 88098 13 1. 6869 85488 13 1. 7061 55581 13 1.7254 995516 15 7.2563 13856 15 7. 3558 27511 15 7.4564 75858 15 7.5582 69224 15 7.6612 180067 18 3. 1927 78097 18 3. 2439 19933 18 3. 2957 62329 18 3. 3483 13266 18 3. 4015 807958 21 1.4048 22363 21 1.4305 68690 21 1.4567 26950 21 1.4833 02777 21 1.5103 018739 236.1812 18395 23 6.3088 07924 23 6.4387 33117 23 6.5710 31302 23 6.7057 4031510 26)2. 7197 36094 26 2. 7821 84294 26 2. 8459 20038 26) 2. 9109 66867 26 2. 9773 48700
24 (63)2.7724 53276 (63)2.9276 97132 (63)3.0912 52385 (63)3.2635 43677 (63)3.4450 16313

1/2 ( 1)2. 0976 17696 ( 1)2. 1000 00000 ( 1)2. 1023 79604 ( 1)2.1047 56518 ( 1)2. 1071 307511/3 7.6059 04922 7.6116 62611 7.6174 11603 7.6231 51930 7.6288 836261/4 4.5799 75651 4.5825 75695 4.5851 71321 4.5877 62546 4.5903 493881/5 3. 3782 40276 3. 3797 74445 3. 3813 05834 3. 3828 34454 3. 3843 60316

1 445 446. 447 448 4492 1 98025 1 98916 1 99809 2 00704 2 01601
3 881 21125 887 16536 893 14623 899 15392 905 188494 10)3.9213 90063 10)3.9567 57506 10 3.9923 63648 10 4.0282 09562 10 4.0642 963205 13)1.7450 18578 1311.7647 13847 13 1. 7845 86551 13 1. 8046 37884 13 1. 8248 690486 15) 7. 7653 32671 15 7. 8706 23760 15 7. 9771 01882 15 8. 0847 77719 15 8. 1936 620247 18)3.4555 73039 18 3.5102 98197 18 3.5657 64541 18 3.6219 80418 18 3.6789 542498 21 1. 5377 30002 21 1. 5655 92996 21 1. 5938 96750 21 1. 6226 47227 21 1. 6518 504589 23 6. 8428 98510 23)6. 9825 44761 23 7. 1247 18472 23) 7. 2694 59578 23 7. 4168 0855510 26 3.0450 89837 26)3. 1142 14964 26 3. 1847 49157 26)3.2567 17891 26 3.3301 47041

24 (63)3. 6361 37215 (63)3.8373 95917 (63)4. 0493 05610 (63)4.2724 04226 (63)4.5072 55570
1/2 ( 1)2.1095 02311 ( 1)2. 1118 71208 ( 1)2. 1142 37451 ( 1)2. 1166 01049 ( 1)2. 1189 620101/3 7. 6346 06721 7. 6403 21250 7. 6460 27242 7. 6517 24731 7. 6574 137481/4 4. 5929 31864 4 5955 09991 4. 5980 83787 4. 6006 53268 4. 6032 184501/5 3.3858 83431 3.3874 03811) 3.3889 214651 3.3904 364061 3.3919 48644
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POWERS AND ROOTS flk Table 3.1

k
1 425 426 427 428 429
2 1 80625 1 81476 1 82329 1 83184 1 84041
3 767 65625 773 08776 778 54483 784 02752 789 535894 10) 3. 2625 39063 10)3. 2933 53858 10 3. 3243 86424 10 3. 3556 37786 10 3. 3871 089685 13)1.3865 79102 13)1.4029 68743 13 1. 4195 13003 13 1.4362 12972 13 1.4530 697476 15 5. 8929 61182 15 5. 9766 46847 15 6. 0613 20523 15 6. 1469 91521 15 6. 2336 692167 18 2. 5045 08502 18 2. 5460 51557 18 2. 5881 83863 18 2. 6309 12371 18 2. 6742 440948 21 1.0644 16113 21 1.0846 17963 21 1.1051 54510 21 1.1260 30495 21 1.1472 507169 23 4. 5237 68482 23 4.6204 72523 23 4. 7190 09756 23 4. 8194 10518 23 4. 9217 0557210 26 1. 9226 01605 26 1. 9683 21295 26 2. 0150 17166 26 2. 0627 07702 26 2. 1114 11691

24 (63)1.2059 63938 (63)1.2759 40370 (63)1. 3497 98685 (63)1.4277 44370 (63)1. 5099 93273
1/2 ( 1)2. 0615 52813 ( 1)2. 0639 76744 ( 1)2. 0663 97832 ( 1)2. 0688 16087 ( 1) 2. 0712 315181/3 7. 5184 72981 7. 5243 65204 7. 5302 48212 7. 5361 22043 7. 5419 867321/4 4. 5404 32593 4. 5431 01082 4. 5457 64877 4. 5484 23998 4. 5510 784631/5 3.3548 86145 3.3564 63431 3.3580 37758 3. 3596 09138 3. 3611 77583

438
1 91844

840 27672
10 3. 6804 12034
13 1. 6120 20471
15 7. 0606 49662
18 3. 0925 64552
21 1. 3545 43274
23 5. 9328 99539
26 2. 5986 09998
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[4j L4i L4j L3

Table 3.1
k
1 450

POWERS AND ROOTS fl'C

451 452 453 454
2 2 02500 2 03401 2 04304 2 05209 2 06116
3 911 25000 917 33851 923 45408 929 59677 935 76664
4 10 4.1006 25000 10 4. 1371 96680 10 4. 1740 12442 10 4. 2110 73368 10 4. 2483 80546
5 13 1. 8452 81250 13 1. 8658 75703 13 1.8866 53624 13 1. 9076 16236 13 1. 9287 64768
6 15 8. 3037 65625 15 8. 4150 99419 15 8. 5276 74379 15 8. 6415 01548 15 8. 7565 92045
7 18 3.7366 94531 18 3. 7952 09838 18 3. 8545 08819 18 3.9146 00201 18 3. 9754 92789
8 21 1. 6815 12539 21 1. 7116 39637 21 1. 7422 37986 21 1.7733 13891 21 1. 8048 73726
9 23 7. 5668 06426 23 7. 7194 94763 23 7. 8749 15698 23 8. 0331 11927 23 8. 1941 26716

10 26 3. 4050 62892 26 3. 4814 92138 26 3.5594 61895 26 3. 6389 99703 26 3. 7201 33529
24 (63)4.7544 50505 63)5.0146 08183 (63)5.2883 77338 (63)5.5764 37619 (63)5. 8795 01000

1/2 ( 1)2. 1213 20344 1)2. 1236 76058 1)2.1260 29163 1)2. 1283 79665 1)2.1307 27575
1/3 7. 6630 94324 7. 6687 66491 7. 6744 30279 7. 6800 85719 7. 6857 32843
1/4 4. 6057 79352 4. 6083 35988 4. 6108 88377 4. 6134 36534 4. 6159 80476
1/5 3. 3934 58190 3. 3949 65055 3. 3964 69249 3. 3979 70784 3. 3994 69669

1 455 456 457 458 459
2 2 07025 2 07936 2 08849 2 09764 2 10681
3 941 96375 948 18816 954 43993 960 71912 967 02579
4 10 4.2859 35063 10)4. 3237 38010 10 4.3617 90480 10 4.4000 93570 10)4.4386 48376
5 13 1. 9501 00453 131.9716 24532 13 1. 9933 38249 13 2.0152 42855 13)2. 0373 39605
6 15 8.8729 57063 15 8.9906 07868 15 9.1095 55800 15 9.2298 12275 159.3513 88785
7 18 4. 0371 95464 18 4. 0997 17188 18 4.1630 67001 18 4. 2272 54022 18 4. 2922 87452
8 21 1.8369 23936 11.8694 71038 21 1.9025 21619 21 1.9360 82342 2U1.9701 59941
9 23 8.3580 03909 238.5247 87931 23 8.6945 23800 23 8.8672 57127 23 9.0430 34128

10 26 3.8028 91778 26 3.8873 03297 26 3.9733 97377 26 4.0612 03764 26.4. 1507 52665
24 (63)6.1983 13235 (63) 6. 5336 55383 (63) 6. 8863 45396 (63)7.2572 39774 (63)7. 6472 35292

1/2 ( 1) 2. 1330 72901 ( 1) 2. 1354 15650 ( 1) 2. 1377 55833 ( 1)2. 1400 93456 ( 1) 2. 1424 28529
1/3 7.6913 71681 7. 6970 02263 7.7026 24618 7.7082 38778 7.7138 44772
1/4 4.6185 20218 4.6210 55778 4.6235 87171 4.6261 14413 4.6286 37519
1/5 3. 4009 65915 3. 4024 59532 3. 4039 50532 3. 4054 38923 3. 4069 24718

i 460 461 462 463 464
2 2 11600 2 12521 2 13444 2 14369 2 15296
3 973 36000 979 72181 986 11128 992 52847 998 97344
4 10 4. 4714 56000 10 4. 5165 17544 10 4. 5558 34114 10 4. 5954 06816 10 4. 6352 36762
5 13 2. 0596 29760 13 2. 0821 14588 13 2. 1047 95360 13 2. 1276 73356 13 2. 1507 49857
6 15 9. 4742 96896 15 9. 5985 48250 15 9. 7241 54565 15 9. 8511 27638 15 9. 9794 79338
7 18 4. 3581 76572 18 4. 4249 30743 18 4. 4925 59409 18 4. 5610 72096 18 4. 6304 78413
8 21 2. 0047 61223 21 2. 0398 93073 21 2. 0755 62447 21 2. 1117 76381 21 2. 1485 41984
9 23 9. 2219 01627 23 9. 4039 07065 23 9. 5890 98505 23 9. 7775 24642 23 9. 9692 34804

10 26 4. 2420 74748 26 4. 3352 01157 26 4. 430Í63510 26 4. 5269 93909 26 4. 6257 24949
24 (63)8. 0572 70802 (63)8.4883 29103 (63)8. 9414 38903 (63)9.4176 76852 (63)9.9181 69666

1/2 ( 1) 2. 1447 61059 ( 1) 2. 1470 91055 ( 1)2. 1494 18526 ( 1)2. 1517 43479 ( 1)2. 1540 65923
1/3 7.7194 42629 7.7250 32380 7.7306 14052 7.7361 87677 7. 7417 53281
1/4 4. 6311 56507 4. 6336 71390 4. 6361 82186 4. 6386 88909 4. 6411 91574
1/5 3.4084 07924 3.4098 88554 3.4113 66616 3. 4128 42121 3.4143 15079

1 465 466 467 468 469
2 2 16225 2 17156 2 18089 2 19024 2 19961
3 1005 44625 1011 94696 1018 47563 1025 03232 1031 61709
4 10 4. 6753 25063 10)4.7156 72834 10 4.7562 81192 10 4.7971 51258 (10 4.8382 84152
5 13 2. 1740 26154 132.1975 03540 13 2. 2211 83317 13 2. 2450 66789 13 2. 2691 55267
6 16 1. 0109 22162 16 1. 0240 36650 16 1. 0372 92609 16 1. 0506 91257 i 16 1. 0642 33820
7 18 4. 7007 88052 184.7720 10788 18 4.8441 56484 18 4.9172 35083 18 4.9912 56618
8 21 2. 1858 66444 21 2. 2237 57027 21 2. 2622 21078 21 2. 3012 66019 '21 2. 3408 99354
9 24 1. 0164 27896 24 1. 0362 70775 24 1. 0564 57243 24 1. 0769 92497 24 1. 0978 81797

10 26 4. 7263 89719 26)4. 8290 21810 26 4. 9336 55326 26 5. 0403 24885 , 26 5. 1490 65627
24 64) 1. 0444 09634 (64) 1. 0996 69046 (64)1.1577 24259 (64) 1. 2187 10278 (64)1. 2827 68318

1/2 1)2. 1563 85865 1)2.1587 03314 1)2.1610 18278 1)2. 1633 30765 ( 1)2.1656 40783
1/3 7. 7473 10895 7. 7528 60547 7. 7584 02264 7. 7639 36077 7. 7694 62012
1/4 4. 6436 90198 4. 6461 84795 4. 6486 75380 4. 6511 61968 4. 6536 44575
1/5 3. 4157 85500 3. 4172 53393 3. 4187 18768 3. 4201 81635 3.4216 42003

1 470 471 472 473 474
2 2 20900 2 21841 2 22784 2 23729 2 24676
3 1038 23000 1044 87111 1051 54048 1058 23817 1064 96424
4 10 4.8796 81000 (10)4.9213 42928 10 4.9632 71066 (10)5.0054 66544 10)5.0479 30498
5 13 2.2934 50070 (13)2. 3179 52519 13 2.3426 63943 (13)2. 3675 85675 13)2. 3927 19056
6 16 1.0779 21533 16 1.0917 55637 16 1.1057 37381 16 1. 1198 68024 16 1. 1341 48832
7 18 5.0662 31205 18 5. 1421 69048 18 5.2190 80439 18 5.2969 75756 18 5. 3758 65466
8 21 2.3811 28666 21 2.4219 61622 21 2.4634 05967 21 2.5054 69532 21 2.5481 60231
9 24 1.1191 30473 24 1.1407 43924 24 1.1627 27616 24 1.1850 87089 24)1.2078 27949

10 26 5. 2599 13224 (26 5. 3729 03881 26 5. 4880 74350 26 5. 6054 61930 26)5. 7251 04480
24 (64)1. 3500 46075 (64) 1. 4206 98007 (64) 1. 4948 85630 (64) 1. 5727 77826 (64) 1. 6545 51159

1/2 ( 1)2. 1679 48339 ( 1) 2. 1702 53441 ( 1) 2. 1725 56098 ( 1) 2. 1748 56317 ( 1)2. 1771 54106
1/3 7.7749 80097 7. 7804 90361 7. 7859 92832 7.7914 87536 7.7969 74500
1/4 4.6561 23215 4. 6585 97902 4. 6610 68652 4. 6635 35480 4.6659 98399
1/5 3.4230 99883 3.4245 55283 3.4260 08213 3.4274 58683 3.4289 06701

i i i i
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k

POWERS AND ROOTS nk Table 3.1

1 475 476 477 478 479
2 2 25625 2 26576 2 27529 2 28484 2 29441
3 1071 71875 1078 50176 1085 31333 1092 15352 1099 02239
4 10 5. 0906 64063 10 5. 1336 68378 10)5. 1769 44584 10 5. 2204 93826 (10) 5. 2643 17248
S 13 2. 4180 65430 13 2. 4436 26148 13) 2. 4694 02567 13 2. 4953 96049 (13) 2. 5216 07962
6 16 1.1485 81079 16 1.1631 66046 16 1.1779 05024 16 1.1927 99311 (16 1.2078 50214
7 18 5. 4557 60126 18 5. 5366 70380 18 5. 6186 06966 18 5. 7015 80708 (18 5. 7856 02524
8 21 2.5914 86060 21 2.6354 55101 21 2.6800 75523 21 2.7253 55578 21 2.7713 03609
9 24 1. 2309 55878 24 1. 2544 76628 24 1. 2783 96024 24 1. 3027 19966 (24) 1. 3274 54429

10 26 5. 8470 40422 26 5. 9713 08750 26 6. 0979 49036 26 6. 2270 01440 (26)6. 3585 06713
24 (64) 1. 7403 90207 (64) 1. 8304 87912 (64) 1. 9250 45935 (64) 2. 0242 75033 (64) 2. 1283 95451

1/2 ( 1) 2. 1794 49472 ( 1)2. 1817 42423 ( 1)2. 1840 32967 ( 1)2. 1863 21111 1)2. 1886 06863
1/3 7.8024 53753 7. 8079 25322 7.8133 89232 7.8188 45511 7. 8242 94186
1/4 4.6684 57424 4.6709 12569 4.6733 63849 4.6758 11278 4. 6782 54870
1/5 3. 4303 52278 3. 4317 95422 3. 4332 36143 3. 4346 74449 3. 4361 10350

1 480 481 482 483 484
2 2 30400 2 31361 2 32324 2 33289 2 34256
3 1105 92000 1112 84641 1119 80168 1126 78587 1133 79904
4 10 5. 3084 16000 10 5. 3527 91232 10 5. 3974 44098 10 5. 4423 75752 10 5. 4875 87354
5 13 2. 5480 39680 13 2. 5746 92583 13 2. 6015 68055 13 2. 6286 67488 13 2. 6559 92279
6 16 1. 2230 59046 16 1. 2384 27132 16 1. 2539 55803 16 1. 2696 46397 16 1. 2855 00263
7 18 5. 8706 83423 18 5. 9568 34506 18 6. 0440 66968 18 6. 1323 92097 18 6. 2218 21273
8 21 2. 8179 28043 21 2. 8652 37397 21 2. 9132 40279 21 2. 9619 45383 21 3. 0113 61496
9 24 1. 3526 05461 24 1. 3781 79188 24 1. 4041 81814 24 1. 4306 19620 24 1. 4574 98964

10 (26 6. 4925 06211 26 6. 6290 41895 26 6. 7681 56345 26 6. 9098 92764 26 7. 0542 94987
24 (64)2. 2376 37322 (64)2. 3522 41094 (64)2. 4724 57971 (64)2.5985 50361 (64)2.7307 92362

1/2 ( 1)2.1908 90230 ( 1)2.1931 71220 ( 1)2.1954 49840 ( 1)2.1977 26098 ( 1)2.2000 00000
1/3 7. 8297 35282 7. 8351 68827 7. 8405 94846 7. 8460 13365 7. 8514 24411
1/4 4. 6806 94639 4. 6831 30598 4. 6855 62762 4. 6879 91145 4. 6904 15760
1/5 3.4375 43855 3.4389 74973 3.4404 03713 3.4418 30083 3. 4432 54092

1 485 486 487 488 489
2 2 35225 2 36196 2 37169 2 38144 2 39121
3 1140 84125 1147 91256 1155 01303 1162 14272 1169 30169
4 10 5.5330 80063 10 5. 5788 55042 10 5. 6249 13456 (10 5. 6712 56474 10 5. 7178 85264
5 13 2. 6835 43830 13 2. 7113 23550 13 2. 7393 32853 (13 2. 7675 73159 13 2. 7960 45894
6 16 1. 3015 18758 16 1. 3177 03245 16 1. 3340 55099 16 1. 3505 75702 16 1. 3672 66442
7 18 6. 3123 65975 i 18 6. 4040 37773 18 6. 4968 48334 18 6. 5908 09424 18 6. 6859 32903
8 21 3. 0614 97498 21 3. 1123 62358 21 3. 1639 65139 21 3. 2163 14999 21 3. 2694 21189
9 24 1. 4848 26286 24 1. 5126 08106 24 1. 5408 51023 24 1. 5695 61719 24 1. 5987 46962

10 (26 7.2014 07489 26 7. 3512 75394 26) 7. 5039 44480 26 7. 6594 61191 26 7. 8178 72642
24 (64)2.8694 70250 (64)3. 0148 82996 (64)3.1673 42798 (64)3. 3271 75643 (64)3.4947 21879

1/2 ( 1) 2. 2022 71555 ( 1)2. 2045 40769 ( 1) 2. 2068 07649 ( 1)2. 2090 72203 ( 1)2. 2113 34439
1/3 7.8568 28008 7.8622 24183 7. 8676 12960 7.8729 94366 7.8783 68425
1/4 4.6928 36620 4.6952 S3740 4.6976 67133 4.7000 76812 4.7024 82790
1/5 3. 4446 75750 3.4460 95065 3.4475 12045 3.4489 26700 3.4503 39037

1 490 491 492 493 494
2 2 40100 2 41081 2 42064 2 43049 2 44036
3 1176 49000 1183 7771 1190 95488 1198 23157 1205 53784
4 10)5. 7648 01000 10 5.8120 04856 10 5.8594 98010 10 5. 9072 81640 10 5.9553 56930
5 13 2. 8247 52490 13 2. 8536 94384 13 2. 8828 73021 13 2. 9122 89849 13 2. 9419 46323
6 16,1.3841 28720 16 1. 4011 63943 16 1. 4183 73526 16 1. 4357 58895 16 1. 4533 21484
7 18 6. 7822 30728 18 6. 8797 14959 18 6. 9783 97749 18 7. 0782 91354 18 7. 1794 08129
8 21 3.3232 93057 21 3. 3779 40045 2]. 3.4333 71692 21 3. 4895 97638 21 3. 5466 27616
9 241.6284 13598 24 1.6585 68562 24 1.6892 18873 24 1. 7203 71635 24 1. 7520 34042

10 26,7.9792 26630 26 8. 1435 71639 26)8. 3109 56854 26 8. 4814 32162 26 8. 6550 48169
24 (64)3.6703 36822 (64)3. 8543 91376 (64)4.0472 72689 (64)4.2493 84825 (64) 4. 4611 49467

1/2 ( 1)2. 2135 94362 ( 1)2. 2158 51981 ( 1) 2. 2181 07301 ( 1)2. 2203 60331 ( 1) 2. 2226 11077
1/3 7. 8837 35163 7. 8890 94604 7. 8944 46773 7. 8997 91695 7. 90S1 29393
1/4 4.7048 85081 4.7072 83697 4.7096 78653 4.7120 69960 4.7144 57633
1/5 3. 4517 49066 3. 4531 S6794 3. 4545 62231 3. 4559 65384 3. 4573 66263

1 495 496 497 498 499
2 2 45025 2 46016 2 47009 2 48004 2 49001
3 1212 87375 1220 23936 1227 63473 1235 05992 1242 51499
4 10 6. 0037 25063 10 6. 0523 87226 10) 6. 1013 44608 10 6. 1505 98402 10) 6. 2001 49800
5 13 2.9718 43906 13 3. 0019 84064 13 3. 0323 68270 13 3. 0629 98004 13)3. 0938 74750
6 16 1.4710 62733 i 16 1.4889 84096 16 1.5070 87030 16 1.5253 73006 16 1.5438 43500
7 18 7. 2817 60531 (18 7. 3853 61115 18 7. 4902 22541 18 7. 5963 57570 18 7. 7037 79067
8 21 3. 6044 71463 (21 3. 6631 39113 21 3. 7226 40603 21 3. 7829 86070 21 3. 8441 85754
9 24 1.7842 13374 (24)1.8169 17000 24 1.8501 52380 24)1.8839 27063 24 1.9182 48691

10 26)8.8318 56201 (26)9.0119 08320 26 9.1952 57326 26)9.3819 56772 26 9.5720 60970
24 (64) 4. 6830 06649 (64)4. 9154 15513 (64) 5. 1588 55098 (64) 5. 4138 25162 (64) 5. 6808 47029

1/2 ( 1) 2. 2248 59546 ( 1)2. 2271 05745 ( 1)2. 2293 49681 ( 1) 2. 2315 91360 ( 1) 2. 2338 30790
1/3 7. 9104 59893 7. 9157 83219 7. 9210 99395 7. 9264 08444 7. 9317 10391
1/4 4. 7168 41683 4. 7192 22124 4. 7215 98967 4. 7239 72227 4. 7263 41916
1/5 3.4587 64874 3.4601 61227 3.4615 55329 3.4629 47190 3.4643 36816
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Table 3.1

k
1

POWERS AND ROOTS flk

500 501 502 503 504
2 2 50000 2 51001 2 52004 2 53009 2 54016
3 1250 00000 1257 51501 1265 06008 1272 63527 1280 24064
4 10 6.2500 00000 (10 6.3001 50200 10)6.3506 01602 10) 6. 4013 55408 10 6. 4524 12826
5 13 3.1250 00000 13 3.1563 75250 13)3. 1880 02004 13)3.2198 81770 13 3. 2520 16064
6 16 1. 5625 00000 16 1. 5813 44000 16 1. 6003 77006 16) 1. 6196 00530 16 1. 6390 16096
7 18 7. 8125 00000 18 7. 9225 33442 18 8. 0338 92570 18)8. 1465 90668 18 8. 2606 41125
8 21 3. 9062 50000 21 3. 9691 89254 21 4. 0330 14070 21)4. 0977 35106 21 4. 1633 63127
9 24 1. 9531 25000 24 1. 9885 63816 24 2. 0245 73063 24)2. 0611 60758 24 2. 0983 35016

10 26 9.7656 25000 26 9.9627 04720 27 1.0163 35678 27)1. 0367 63861 27 1. 0575 60848
24 (64) 5. 9604 64478 (64) 6. 2532 44659 (64) 6. 5597 79050 (64)6.8806 84448 64)7.2166 04000

1/2 ( 1)2. 2360 67977 ( 1)2. 2383 02929 ( 1)2. 2405 35650 1)2.2427 66149 1)2.2449 94432
1/3 7. 9370 05260 7. 9422 93073 7. 9475 73855 7. 9528 47628 7. 9581 14416
1/4 4. 7287 08045 4. 7310 70628 4.7334 29676 4. 7357 85203 4.7381 37221
1/5 3. 4657 24216 3. 4671 09398 3. 4684 92370 3. 4698 73139 3.4712 51715

1 505 506 507 508 509
2 2 55025 2 56036 2 57049 2 58064 2 59081
3 1287 87625 1295 54216 1303 23843 1310 96512 1318 72229
4 10)6. 5037 75063 10)6. 5554 43330 10 6. 6074 18840 10 6. 6597 02810 10 6. 7122 96456
5 13 3. 2844 06407 13) 3. 3170 54325 1.3 3. 3499 61352 13 3. 3831 29027 13 3. 4165 58896
6 16 1. 6586 25235 16 1. 6784 29488 16 1. 6984 30405 16 1. 7106 29546 16 1. 7390 28478
7 18 8. 3760 57438 18 8. 4928 53211 18 8. 6110 42156 18 8. 7306 38093 18 8. 8516 54954
8 21 4. 2299 09006 21 4. 2973 83725 21 4. 3657 98373 21 4. 4351 64151 21 4. 5054 92371
9 24 2. 1361 04048 (24 2. 1744 76165 24 2. 2134 59775 24 2. 2530 63389 24 2. 2932 95617

10 27 1. 0787 32544 (27) 1. 1002 84939 (27 1. 1222 24106 27 1. 1445 56202 27 1. 1672 87469
24 (64) 7. 5682 08268 (64)7. 9361 96349 (64) 8. 3212 97020 64)8.7242 69942 (64) 9. 1459 06897

1/2 ( 1)2. 2472 20505 ( 1)2. 2494 44376 ( 1) 2. 2516 66050 1)2. 2538 85534 ( 1)2. 2561 02835
1/3 7.9633 74242 7.9686 27129 7.9738 73099 7.9791 12176 7.9843 44383
1/4 4. 7404 85740 4. 7428 30775 4. 7451 72336 4.7475 10436 4.7498 45086
1/5 3.4726 28104 3.4740 02314 3. 4753 74353 3. 4767 44229 3.4781 11950

1 510 511 512 513 514
2 2 60100 2 61121 2 62144 2 63169 2 64196
3 1326 51000 1334 32831 1342 17728 1350 05697 1357 96744
4 10) 6. 7652 01000 (10 6. 8184 17664 10 6. 8719 47674 10) 6. 9257 92256 10 6. 9799 52642
5 13 3.4502 52510 (13 3.4842 11426 13 3. 5184 37209 13 3. 5529 31427 13 3. 5876 95658
6 16 1. 7596 28780 16 1. 7804 32039 16 1. 8014 39851 16 1. 8226 53822 16 1. 8440 75568
7 18 8. 9741 06779 18 9. 0980 07719 18 9. 2233 72037 18 9. 3502 14108 18 9. 4785 48420
8 21 4.5767 94457 21 4.6490 81944 21 4. 7223 66483 21 4. 7966 59837 21 4. 8719 73888
9 24 2. 3341 65173 24 2. 3756 80873 24 2. 4178 51639 24 2. 4606 86497 24 2. 5041 94578

10 27 1.1904 24238 (27 1.2139 72926 (27 1. 2379 40039 27 1. 2623 32173 27 1. 2871 56013
24 (64)9.5870 33090 (65)1. 0048 50848 (65)1. 0531 22917 (65)1.1036 12886 (65) 1. 1564 18034

1/2 ( 1)2.2583 17958 ( 1)2.2605 30911 1)2.2627 41700 1)2.2649 50331 ( 1)2.2671 56810
1/3 7. 9895 69740 7. 9947 88272 8. 0000 00000 8.0052 04946 8.0104 03133
1/4 4.7521 76299 4.7545 04087 4. 7568 28460 4.7591 49431 4.7614 67011
1/5 3. 4794 77522 3. 4808 40954 3. 4822 02253 3.4835 61427 3.4849 18483

1 515 516 517 518 519
2 2 65225 2 66256 2 67289 2 68324 2 69361
3 1365 90875 1373 88096 1381 88413 1389 91832 1397 98359
4 10 7.0344 30063 10 7.0892 25754 10 7. 1443 40952 10 7. 1997 76898 10 7. 2555 34832
5 13 3.6227 31482 13 3.6580 40489 13 3. 6936 24272 13 3. 7294 84433 13 3. 7656 22578
6 16 1. 8657 06713 16 1. 8875 48892 16 1. 9096 03749 16 1.9318 72936 16 1. 9543 58118
7 18 9. 6083 89574 18 9. 7397 52284 18 9. 8726 51381 19 1. 0007 10181 19 1. 0143 11863
8 21 4.9483 20630 21 5. 0257 12179 21 5. 1041 60764 21 5. 1836 78738 21 5. 2642 78570
9 24 2.5483 85125 24)2.5932 67484 24 24 2. 6851 45586 24 2. 7321 60578

10 27)1. 3124 10339 27)1. 3381 26022 27)1.3642 86026 27 1. 3909 05414 27 1. 4179 91340
24 (65) 1. 2116 39706 (65)1.2693 83471 (65)1.3297 59294 65)1.3928 81704 (65)1.4588 69982

1/2 ( 1)2.2693 61144 ( 1)2.2715 63338 1)2.2737 63400 1)2. 2759 61335 1)2.2781 57150
1/3 8. 0155 94581 8. 0207 79314 8. 0259 57353 8. 0311 28718 8. 0362 93433
1/4 4. 7637 81212 4. 7660 92045 4. 7683 99522 4. 7707 03654 4. 7730 04452
1/5 3.4862 73428 3.4876 26271 3. 4889 77017 3. 4903 25675 3. 4916 72252

1 520 521 522 523 524
2 2 70400 2 71441 2 72484 2 73529 2 74576
3 1406 08000 1414 20761 1422 36648 1430 55667 1438 77824
4 10) 7. 3116 16000 10 7. 3680 21648 10 7. 4247 53026 10 7.4818 11384 10 7. 5391 97978
5 13)3.8020 40320 13 3.8387 39279 13 3.8757 21079 13 3. 9129 87354 13 3. 9505 39740
6 16 1. 9770 60966 16 1. 9999 83164 16 2. 0231 26403 16 2. 0464 92386 16 2. 0700 82824
7 19 1. 0280 71703 19 1. 0419 91229 19 1. 0560 71983 19 1. 0703 15518 19 1. 0847 23400
8 21 5. 3459 72853 21 5. 4287 74301 21 5. 5126 95749 21 5.5977 50159 21 5.6839 50615
9 24 2. 7799 05884 24)2. 8283 91411 24 2.8776 27181 24 2.9276 23333 24 2. 9783 90122

10 27 1. 4455 51059 (27)1.4735 91925 27 1. 5021 21389 27 1. 5311 47003 27 1. 5606 76424
24 (65)1. 5278 48342 (65) 1. 5999 46126 (65) 1. 6752 98008 (65)1. 7540 44200 65)1.8363 30669

1/2 ( 1)2.2803 50850 ( 1)2.2825 42442 ( 1)2.2847 31932 1)2.2869 19325 1)2. 2891 04628
1/3 8. 0414 51517 8. 0466 02993 8. 0517 47881 8. 0568 86203 8. 0620 17979
1/4 4.7753 01928 4.7775 96092 4.7798 86957 4. 7821 74532 4. 7844 58829
1/5 3. 4930 16754 3. 4943 59190 3. 4956 99566 3. 4970 37889 3. 4983 74167
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k
1 525

POWERS AND ROOTS

526 527

k

528

Table 3,1

529
2 2 75625 2 76676 2 77729 2 78784 2 79841
3 1447 03125 1455 31576 1463 63183 1471 97952 1480 35889
4 (10 7. 5969 14063 (10 7. 6549 60898 10 7. 7133 39744 10 7. 7720 51866 (10) 7. 8310 98528
5 (13 3. 9883 79883 (13 4. 0265 09432 13 4. 0649 30045 13 4. 1036 43385 13)4. 1426 51121
6 t 16 2. 0938 99438 16 2. 1179 43961 16 2. 1422 18134 16 2. 1667 23707 161 2. 1914 62443
7 (19 1. 0992 97205 19 1. 1140 38524 19 1. 1289 48957 19 1. 1440 30117 19 1. 1592 83632
8 21 5. 7713 10327 21 5. 8598 42634 21 5. 9495 61001 21 6. 0404 79020 21 6. 1326 10416
9 24) 3. 0299 37922 24 3. 0822 77226 24 3. 1354 18647 24 3. 1893 72923 24 3. 2441 50910

10 (27) 1. 5907 17409 27 1. 6212 77821 27 1. 6523 65627 27 1. 6839 88903 27 1. 7161 55831
24 (65) 1. 9223 09365 (65)2. 0121 38448 (65)2. 1059 82534 (65)2. 2040 12944 (65)2. 3064 07963

1/2 ( 1)2.2912 87847 ( 1)2. 2934 68988 ( 1)2.2956 48057 ( 1)2.2978 25059 ( 1)2.3000 00000
1/3 8.0671 43230 8.0722 61977 8.0773 74241 8.0824 80041 8.0875 79399
1/4 4. 7867 39859 4. 7890 17632 4. 7912 92160 4. 7935 63454 4. 7958 31523
1/5 3.4997 08406 3.5010 40614 3.5023 70797 3.5036 98962 3.5050 25117

1 530 531 532 533 534
2 2 80900 2 81961 2 83024 2 84089 2 85156
3 1488 77000 1497 21291 1505 68768 1514 19437 1522 73304
4 10 7. 8904 81000 10 7. 9502 00552 10 8. 0102 58458 10)8.0706 55992 10)8.1313 94434
5 13 4.1819 54930 13 4.2215 56493 13 4. 2614 57499 13 4. 3016 59644 13)4. 3421 64628
6 16 2. 2164 36113 16 2. 2416 46498 16 2. 2670 95390 16 2.2927 84590 16 2.3187 15911
7 19 1. 1747 11140 19 1. 1903 14290 19 1. 2060 94747 19 1. 2220 54187 19 1. 2381 94297
8 21 6.2259 69041 21 6.3205 68882 21 6. 4164 24056 21 6. 5135 48814 21 6. 6119 57543
9 24 3. 2997 63592 24 3. 3562 22076 24 3. 4135 37598 24 3. 4717 21518 24 3. 5307 85328

10 27 1.7488 74704 27 1.7821 53922 27 1. 8160 02002 27 1.8504 27569 (27 1.8854 39365
24 (65)2.4133 53110 (65)2.5250 41417 (65)2.6416 73716 (65)2.7634 58943 (65)2.8906 14446

1/2 ( 1)2. 3021 72887 ( 1)2. 3043 43724 ( 1) 2. 3065 12519 ( 1)2. 3086 79276 ( 1)2. 3108 44002
1/3 8. 0926 72335 8.0977 58868 8.1028 39019 8.1079 12808 8.1129 80255
1/4 4, 7980 96379 4. 8003 58033 4. 8026 16494 4. 8048 71774 4. 8071 23882
1/5 3.5063 49267 3.5076 71420 3.5089 91583 3.5103 09762 3.5116 25964

i 535 536 537 538 539
2 2 86225 2 87296 2 88369 2 89444 2 90521
3 1531 30375 1539 90656 1548 54153 1557 20872 1565 90819
4 10)8. 1924 75063 10 8. 2538 99162 10 8.3156 68016 10 8.3777 82914 10)8.4402 45144
5 13 4.3829 74158 13 4.4240 89951 13 4.4655 13725 13 4. 5072 47208 13 4. 5492 92133
6 16 2. 3448 91175 16 2. 3713 12214 16 2.3979 80870 16 2.4248 98998 16 2. 4520 68460
7 19 1. 2545 16778 19 1. 2710 23346 19 1.2877 15727 19 1.3045 95661 19 1. 3216 64900
8 21 6.7116 64765 21 6.8126 85137 21 6.9150 33455 21 7. 0187 24655 21 7. 1237 73809
9 24 3. 5907 40649 24 3. 6515 99233 24 3. 7133 72966 24 3. 7760 73864 24 3. 8397 14083

10 27 1.9210 46247 27 1.9572 57189 27 1.9940 81282 27 2.0315 27739 27 2. 0696 05891
24 (65)3.0233 66304 (65)3.1619 49669 (65)3.3066 09101 (65) 3. 4575 98937 (65)3.6151 83652

1/2 ( 1)2.3130 06701 ( 1)2.3151 67381 ( 1)2.3173 26045 ( 1)2.3194 82701 1)2.3216 37353
1/3 8. 1180 41379 8. 1230 96201 8. 1281 44739 8. 1331 87014 8. 1382 23044
1/4 4.8093 72829 4.8116 18626 4.8138 61283 4.8161 00810 4. 8183 37217
1/5 3.5129 40196 3.5142 52463 3.5155 62774 3.5168 71134 3. 5181 77550

1 540 541 542 543 544
2 2 91600 2 92681 2 93764 2 94849 2 95936
3 1574 64000 1583 40421 1592 20088 1601 03007 1609 89184
4 10 8. 5030 56000 10 8. 5662 16776 10 8. 6297 28770 10)8. 6935 93280 10 8. 7578 11610
5 13 4.5916 50240 13 4.6343 23276 13 4.6773 12993 13)4.7206 21151 13 4.7642 49516
6 16 2. 4794 91130 16 2. 5071 68892 16 2. 5351 03642 16 2. 5632 97285 16 2. 5917 51736
7 19 1.3389 25210 19 1. 3563 78371 19 1.3740 26174 19 1. 3918 70426 19 1.4099 12945
8 21 7.2301 96134 21 7.3380 06986 21 7.4472 21864 21 7.5578 56412 21 7.6699 26419
9 24 3.9043 05912 24 3.9698 61779 24 4.0363 94250 24 4.1039 16032 24 4.1724 39972

10 27 2. 1083 25193 27 2. 1476 95223 27 2. 1877 25684 27 2. 2284 26405 27 2. 2698 07345
24 (65)3.7796 38253 (65)3.9512 48669 (65)4.1303 12169 (65)4.3171 37789 (65)4.5120 46770

1/2 ( i) 2. 3237 90008 ( 1) 2. 3259 40670 ( 1) 2. 3280 89345 ( 1)2. 3302 36040 ( 1)2. 3323 80758
1/3 8. 1432 52850 8.1482 76449 8.1532 93862 8.1583 05107 8.1633 10204
1/4 4.8205 70514 4.8228 00711 4.8250 27819 4.8272 51847 4.8294 72806
1/5 3.5194 82029 3.5207 84576 3.5220 85199 3.5233 83903 3.5246 80696

1 545 546 547 548 549
2 2 97025 2 98116 2 99209 3 00304 3 01401
3 1618 78625 1627 71336 1636 67323 1645 66592 1654 69149
4 10 8.8223 85063 10 8.8873 14946 10 8.9526 02568 10 9.0182 49242 10 9.0842 56280
5 13 4.8081 99859 13 4.8524 73960 13 4.8970 73605 13 4.9420 00584 13 4.9872 56698
6 16 2.6204 68923 16 2. 6494 50782 16 2.6786 99262 16 2.7082 16320 16 2.7380 03927
7 191.4281 55563 19 1.4466 00127 19 1.4652 48496 19 1.4841 02543 19 1.5031 64156
8 21 7. 7834 47819 21 7. 8984 36694 21 8. 0149 09274 21 8. 1328 81938 21 8. 2523 71216
9 244.2419 79061 24 4. 3125 46435 24 4. 3841 55373 24 4. 4568 19302 24 4. 5305 51798

10 27)2.3118 78588 27 2.3546 50354 27 2.3981 32989 27 2.4423 36978 27 2.4872 72937
24 (65)4.7153 73024 (65)4.9274 63602 (65)5.1486 79188 (65)5.3793 94612 (65)5.6199 99369

1/2 ( 1) 2. 3345 23506 ( 1)2. 3366 64289 ( 1) 2. 3388 03113 ( 1)2. 3409 39982 ( 1)2.3430 74903
1/3 8. 1683 09170 8. 1733 02026 8. 1782 88788 8. 1832 69477 8. 1882 44110
1/4 4. 8316 90704 4. 8339 05553 4. 8361 17361 4. 8383 26138 4. 8405 31895
1/5 3.5259 75582 3.5272 68570 3.5285 59664 3.5298 48871 3. 5311 36198
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IJ

Table 3.1

k

1 550

POWERS AND ROOTS

551 552

k

553 554
2 3 02500 3 03601 3 04704 3 05809 3 06916
3 1663 75000 1672 84151 1681 96608 1691 12377 1700 31464
4 (10 9.1506 25000 10 9.2173 56720 10 9.2844 52762 10)9. 3519 14448 109.4197 43106
5 (13 5.0328 43750 13 5.0787 63553 13 5. 1250 17924 13)5.1716 08690 13 5.2185 37681
6 (16 2.7680 64063 16 2. 7983 98718 16 2. 8290 09894 16 2. 8598 99605 16 2. 8910 69875
7 19 1.5224 35234 19 1. 5419 17693 19 1. 5616 13462 19 1. 5815 24482 191.6016 52711
8 21 8. 3733 93789 21 8. 4959 66491 21 8. 6201 06308 21 8. 7458 30384 218. 8731 56018
9 24 4.6053 66584 24 4.6812 77536 24 4.7582 98682 24 4.8364 44203 244.9157 28434

10 27 2. 5329 51621 27 2.5793 83922 27 2.6265 80873 27 2. 6745 53644 27)2. 7233 13552

24 (65)5.8708 98173 (65)6.1325 11516 (65)6.4052 76258 (65) 6. 6896 46227 (65)6. 9860 92851

1/2 ( 1)2. 3452 07880 ( 1)2. 3473 38919 ( 1) 2. 3494 68025 ( 1) 2. 3515 95203 ( 1) 2. 3537 20459
1/3 8. 1932 12706 8.1981 75283 8.2031 31859 8.2080 82453 8.2130 27082
1/4 4.8427 34641 4.8449 34384 4.8471 31136 4.8493 24905 4.8515 15700
1/5 3.5324 21650 3.5337 05234 3.5349 86956 3.5362 66821 3.5375 44836

1 555 556 557 558 559
2 3 08025 3 09136 3 10249 3 11364 3 12481
3 1709 53875 1718 79616 1728 08693 1737 41112 1746 76879
4 10)9. 4879 40063 (10 9. 5565 06650 10 9. 6254 44200 10 9. 6947 54050 10 9. 7644 37536
5 13i5.2658 06735 (13 5.3134 17697 13 5.3613 72419 13 5.4096 72760 13 5.4583 20583
6 16 2. 9225 22738 16 2. 9542 60240 16 2. 9862 84438 16 3. 0185 97400 16 3. 0512 01206
7 19 1. 6220 00119 19 1. 6425 68693 19 1. 6633 60432 19 1. 6843 77349 19 1. 7056 21474
8 219.0021 00663 21 9.1326 81934 21 9.2649 17605 21 9.3988 25608 21 9.5344 24040
9 24 4. 9961 65868 24 5. 0777 71156 24 5. 1605 59106 24 5. 2445 44689 24 5. 3297 43038

10 27)2. 7728 72057 27 2. 8232 40762 27 2. 8744 31422 27 2. 9264 55937 27 2. 9793 26358

24 (65) 7. 2951 05803 (65)7. 6171 93672 (65)7. 9528 84664 (65) 8. 3027 27311 (65)8.6672 91224

1/2 ( 1)2.3558 43798 ( 1)2.3579 65225 ( 1)2.3600 84744 ( 1)2.3622 02362 ( 1)2. 3643 18084
1/3 8. 2179 65765 8. 2228 98519 8. 2278 25361 8. 2327 46311 8. 2376 61384
1/4 4.8537 03532 4.8558 88409 4.8580 70341 4.8602 49337 4.8624 25407
1/5 3.5388 21007 3.5400 95340 3.5413 67840 3.5426 38514 3.5439 07368

1 560 561 562 563 564
2 3 13600 3 14721 3 15844 3 16969 3 18096
3 1756 16000 1765 58481 1775 04328 1784 53547 1794 06144
4 10 9. 8344 96000 10 9. 9049 30784 10 9.9757 43234 11 1.0046 93470 11 1.0118 50652
5 13 5. 5073 17760 13 5. 5566 66170 13 5.6063 67697 13 5.6564 24234 13 5.7068 37678
6 16 3. 0840 97946 16 3. 1172 89721 16 3. 1507 78646 16 3. 1845 66844 16 3.2186 56450
7 19 1. 7270 94850 19 1. 7487 99534 19 1. 7707 37599 19 1. 7929 11133 19 1. 8153 22238
8 21 9. 6717 31157 21 9. 8107 65384 2] 9. 9515 45306 22 1. 0094 08968 22 1. 0238 41742
9 24 5. 4161 69448 24 5. 5038 39380 24 5.5927 68462 24 5.6829 72489 24 5.7744 67426

10 27 3. 0330 54891 27 3. 0876 53892 27 3.1431 35876 27 3.1995 13511 27 3.2567 99629

24 (65)9.0471 67858 (65)9.4429 71309 (65)9.8553 39138 (66) 1. 0284 93323 (66) 1. 0732 44065

1/2 ( 1)2.3664 31913 ( 1)2. 3685 43856 ( 1)2.3706 53918 ( 1)2.3727 62104 ( 1)2. 3748 68417
1/3 8. 2425 70600 8. 2474 73974 8. 2523 71525 8. 2572 63270 8. 2621 49226
1/4 4.8645 98558 4.8667 68801 4.8689 36145 4.8711 00598 4.8732 62170
1/5 3. 5451 74407 3. 5464 39637 3. 5477 03064 3. 5489 64695 3. 5502 24533

1 565 566 567 568 569
2 3 19225 3 20356 3 21489 3 22624 3 23761
3 1803 62125 1813 21496 1822 84263 1832 50432 1842 20009
4 11 1.0190 46006 11 1. 0262 79667 11 1. 0335 51771 11 1. 0408 62454 (11)1. 0482 11851
5 13 5. 7576 09935 13 5. 8087 42917 13 5. 8602 38543 13 5.9120 98737 13 5.9643 25433
6 16 3. 2530 49613 16 3. 2877 48491 16 3. 3227 55254 16 3. 3580 72083 16 3. 3937 01172
7 19 1. 8379 73032 19 1. 8608 65646 19 1. 8840 02229 19 1. 9073 84943 19 1. 9310 15967
8 22 1. 0384 54763 22 1. 0532 49956 22 1. 0682 29264 22 1. 0833 94648 22 1. 0987 48085
9 24 5. 8672 69410 24 5. 9613 94749 24 6. 0568 59926 24 6. 1536 81599 24 6. 2518 76604

10 27 3. 3150 07217 27 3. 3741 49428 27 3. 4342 39578 27 3. 4952 91148 27 3. 5573 17788

24 (66)1.1198 57461 (66)1.1684 07534 (66)1.2189 71112 (66)1. 2716 27927 (66)1.3264 60719

1/2 ( 1)2. 3769 72865 ( 1)2. 3790 75451 ( 1)2. 3811 76180 ( 1)2. 3832 75058 ( 1)2. 3853 72088
1/3 8. 2670 29409 8. 2719 03838 8. 2767 72529 8. 2816 35499 8. 2864 92764
1/4 4.8754 20869 4.8775 76704 4.8797 29685 4.8818 79820 4.8840 27117
1/5 3.5514 82586 3.5527 38859 3.5539 93358 3.5552 46087 3.5564 97054

1 570 571 572 573 574
2 3 24900 3 26041 3 27184 3 28329 3 29476
3 1851 93000 1861 69411 1871 49248 1881 32517 1891 19224
4 11 1.0556 00100 11 1.0630 27337 11 1.0704 93699 11 1.0779 99322 11 1.0855 44346
5 13 6.0169 20570 13 6.0698 86093 13 6.1232 23956 13 6. 1769 36117 13 6. 2310 24545
6 16 3.4296 44725 16 3.4659 04959 16 3.5024 84103 16 3. 5393 84395 16 3. 5766 08089
7 19 1.9548 97493 19)1.9790 31732 19 2.0034 20907 19 2. 0280 67258 19 2.0529 73043
8 22 1.1142 91571 221.13OO 27119 22 1.1459 56759 22 1. 1620 82539 22 1. 1784 06527
9 24 6.3514 61955 246.4524 54848 24 6.5548 72660 24 6. 6587 32949 24 6. 7640 53463

10 27 3.6203 33315 27 3.6843 51718 27 3.7493 87161 27 3.8154 53980 27 3.8825 66688

24 (66) 1. 3835 55344 (66) 1. 4430 00887 (66) 1. 5048 89774 (66)1.5693 17896 (66)1. 6363 84728

1/2 ( 1)2.3874 67277 ( 1)2.3895 60629 ( 1)2.3916 52149 1)2. 3937 41841 1)2. 3958 29710
1/3 8.2913 44342 8.2961 90248 8.3010 30501 8. 3058 65115 8. 3106 94107
1/4 4. 8861 71586 4. 8883 13236 4. 8904 52074 4. 8925 88109 4. 8947 21351
1/5 3.5577 46263 3.5589 93720 3.5602 39430 3. 5614 83400 3. 5627 25633
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n [(-36)2] n[(_47)7]

47

k
1 575

POWERS AND ROOTS rok

576 577

Table 3.1

578 579
2 3 30625 3 31776 3 32929 3 34084 3 35241
3 1901 09375 1911 02976 1921 00033 1931 00552 1941 04539
4 11 1. 0931 28906 11 1. 1007 53142 11 1. 1084 17190 11 1.1161 21191 11 1. 1238 65281
5 13 6. 2854 91211 13 6. 3403 38097 13 6. 3955 67189 13 6. 4511 80481 13 6. 5071 79976
6 16 3. 6141 57446 16 3. 6520 34744 16 3. 6902 42268 16 3.7287 82318 '16 3. 7676 57206
7 19 2. 0781 40532 19 2. 1035 72012 19 2. 1292 69789 19 2. 1552 36180 19 2. 1814 73522
8 22 1. 1949 30806 22 1. 2116 57479 22 1. 2285 88668 22 1. 2457 26512 i 22 1. 2630 73169
9 24 6. 8708 52133 24 6. 9791 47080 24 7. 0889 56614 24 7.2002 99239 124 7. 3131 93651

10 27 3. 9507 39976 27 4. 0199 88718 (27 4. 0903 27966 27 4. 1617 72960 (27 4. 2343 39124
24 (66)1.7061 93459 (66) 1. 7788 51122 (66)1.8544 68735 (66) 1. 9331 61432 (66)2. 0150 48620

1/2 ( 1)2.3979 15762 1)2. 4000 00000 1)2.4020 82430 1)2.4041 63056 1)2.4062 41883
1/3 8. 3155 17494 8. 3203 35292 8. 3251 47517 8. 3299 54185 8. 3347 55313
1/4 4.8968 51807 4. 8989 79486 4. 9011 04396 4. 9032 26546 4. 9053 45944
1/5 3. 5639 66137 3. 5652 04916 3. 5664 41976 3. 5676 77321 3. 5689 10958

1 580 581 582 583 584
2 3 36400 3 37561 3 38724 3 39889 3 41056
3 1951 12000 1961 22941 1971 37368 1981 55287 1991 76704
4 11 1. 1316 49600 (11 1. 1394 74287 11 1. 1473 39482 '11 1. 1552 45323 11 1.1631 91951
5 13 6.5635 67680 113 6. 6203 45609 13 6. 6775 15784 13 6. 7350 80234 13 6. 7930 40996
6 16 3. 8068 69254 16 3. 8464 20799 16 3. 8863 14186 16 3. 9265 51777 16 3. 9671 35942
7 19 2. 2079 84168 19 2. 2347 70484 19 2. 2618 34856 19 2. 2891 79686 19 2. 3168 07390
8 22 1. 2806 30817 22 1.2984 01651 22 1. 3163 87886 22 1. 3345 91757 22 1. 3530 15516
9 24 7. 4276 58740 i 24 7. 5437 13594 24 7. 6613 77499 24 7. 7806 69942 24 7. 9016 10612

10 27 4. 3080 42069 (27 4. 3828 97598 27 4. 4589 21704 27 4. 5361 30576 27 4. 6145 40597
24 (66)2.1002 54121 (66)2.1889 06331 (66)2.2811 38380 (66)2. 3770 88299 (66)2.4768 99188

1/2 ( 1)2.4083 18916 1)2.4103 94159 1)2.4124 67616 1)2.4145 39294 1)2.4166 09195
1/3 8. 3395 50915 8. 3443 41009 8. 3491 25609 8. 3539 04732 8. 3586 78393
1/4 4. 9074 62599 4. 9095 76518 4. 9116 87710 4. 9137 96184 4. 9159 01946
1/5 3. 5701 42892 3. 5713 73127 3. 5726 01670 3. 5738 28526 3. 5750 53698

1 585 586 587 588 589
2 3 42225 3 43396 3 44569 3 45744 3 46921
3 2002 01625 2012 30056 2022 62003 2032 97472 2043 36469
4 11 1. 1711 79506 11 1.1792 08128 11 1. 1872 77958 11 1. 1953 89135 (11 1. 2035 41802
5 13 6. 8514 00112 13 6. 9101 59631 13 6. 9693 21611 13 7.0288 88116 13 7. 0888 61216
6 16 4.0080 69065 16 4.0493 53544 16 4. 0909 91786 16 4.1329 86212 i 16 4. 1753 39256
7 19 2. 3447 20403 19 2. 3729 21177 19 2. 4014 12178 19 2.4301 95893 119 2. 4592 74822
8 22 1. 3716 61436 22 1. 3905 31810 22 1. 4096 28949 22 1. 4289 55185 22 1. 4485 12870
9 24 8. 0242 19400 24 8. 1485 16404 (24 8. 2745 21928 24 8.4022 56487 (24 8. 5317 40805

10 27 4.6941 68349 27 4.7750 30613 27)4.8571 44372 27 4. 9405 26815 (27 5. 0251 95334
24 (66)2.5807 19397 (66)2.6887 02707 (66)2.8010 08521 66)2.9178 02055 (66)3. 0392 54545

1/2 ( 1)2.4186 77324 ( 1)2.4207 43687 ( 1)2.4228 08288 1)2. 4248 71131 1)2.4269 32220
1/3 8. 3634 46607 8. 3682 09391 8. 3729 66760 8. 3777 18728 8. 3824 65312
1/4 4. 9180 05007 4. 9201 05372 4. 9222 03051 4. 9242 98052 4. 9263 90382
1/5 3. 5762 77194 3. 5774 99018 3. 5787 19175 3. 5799 37670 3. 5811 54508

1 590 591 592 593 594
2 3 48100 3 49281 3 50464 3 51649 3 52836
3 2053 79000 2064 25071 2074 74688 2085 27857 2095 84584
4 11 1.2117 36100 11 1.2199 72170 11 1.2282 50153 (11 1.2365 70192 11)1.2449 32429
5 13 7. 1492 42990 13 7. 2100 35522 13 7. 2712 40906 (13 7. 3328 61239 13) 7. 3948 98628
6 16 4.2180 53364 16 4.2611 30994 16 4.3045 74616 (lEi 4.3483 86715 164.3925 69785
7 19 2. 4886 51485 19 2. 5183 28417 19 2. 5483 08173 (19 2. 5785 93322 19 2. 6091 86452
8 22 1.4683 04376 22 1.4883 32095 22 1.5085 98438 22 1.5291 05840 22 1.5498 56753
9 24 8.6629 95819 24 8.7960 42679 24 8.9309 02754 24 9.0675 97630 249.2061 49111

10 27 5.1111 67533 27 5.1984 61223 27 5.2870 94431 27)5.3770 85394 27 5.4684 52572
24 (66)3.1655 43453 (66)3.2968 52680 (66)3.4333 72793 (66)3.5753 01250 (66)3.7228 42640

1/2 ( 1)2.4289 91560 ( 1)2.4310 49156 ( 1)2.4331 05012 ( 1)2.4351 59132 1)2. 4372 11521
1/3 8. 3872 06527 8. 3919 42387 8. 3966 72908 8. 4013 98104 8. 4061 17992
1/4 4. 9284 80050 4.9305 67063 4. 9326 51429 4. 9347 33156 4. 9368 12252
1/5 3. 5823 69695 3. 5835 83235 3. 5847 95134 3. 5860 05396 3. 5872 14026

1 595 596 597 598 599
2 3 54025 3 55216 3 56409 3 57604 3 58801
3 2106 44875 2117 08736 2127 76173 2138 47192 2149 21799
4 11 1. 2533 37006 11 1. 2617 84067 11 1.2702 73753 (11 1 2788 06208 11 1.2873 81576
5 13 7. 4573 55187 13 7. 5202 33037 13 7.5835 34304 (13 7 6472 61125 13 7.7114 15640
6 16 4. 4371 26336 16 4. 4820 58890 16 4. 5273 69980 16 4 5730 .62153 16 4. 6191 37969
7 19 2. 6400 90170 19 2. 6713 07098 19 2.7028 39878 19 2.7346 91167 19 2.7668 63643
8 22 1.5708 53651 22 1.5920 99031 22 1. 6135 95407 22 3. 6353 45318 22 1. 6573 51322
9 24 9. 3465 79225 24 9. 4889 10223 24 9. 6331 64580 24 9. 7793 65002 24 9. 9275 34420

10 27 5. 5612 14639 27 5. 6553 90493 27 5.7509 99254 27 5.8480 60271 27 5.9465 93118
24 (66) 3. 8762 08928 (66)4. 0356 19703 (66)4.2013 02448 (66)4.3734 92798 (66)4.5524 34829

1/2 ( 1)2. 4392 62184 ( 1)2. 4413 11123 ( 1) 2. 4433 58345 ( 1)2 4454 03852 ( 1)2. 4474 47650
1/3 8.4108 32585 8.4155 41899 8.4202 45948 8 4249 44747 8.4296 38310
1/4 4.9388 88725 4.9409 62581 4.9430 33830 4 9451 02478 4.9471 68534
1/5 3.5884 21030 3.5896 26411 3. 5908 30176 3. 5920 32329 3.5932 32875
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n[(7)3]

Table 3.1

k

1 600

POWERS AND ROOTS fl's

601 602 603 604
2 3 60000 3 61201 3 62404 3 63609 3 64816
3 2160 00000 2170 81801 2181 67208 2192 56227 2203 48864
4 11 1.2960 00000 11 1.3046 61624 11 1.3133 66592 11 1. 3221 15049 (11 1. 3309 07139
5 13 7. 7760 00000 13 7. 8410 16360 13 7. 9064 66885 13 7. 9723 53744 13 8. 0386 79117
6 16 4. 6656 00000 16 4. 7124 50833 16 4. 7596 93065 16 4. 8073 29308 16 4. 8553 62187
7 19 2.7993 60000 19 2.8321 82950 19 2.8653 35225 19 2. 8988 19573 19 2. 9326 38761
8 22 1. 6796 16000 22 1. 7021 41953 22 1.7249 31805 22 1. 7479 88202 22 1. 7713 13811
9 25 1. 0077 69600 25 1. 0229 87314 25 1. 0384 08947 25 1. 0540 36886 25 1. 0698 73542

10 27 6.0466 17600 27 6. 1481 53756 27 6.2512 21860 27 6. 3558 42422 27 6. 4620 36194

24 (66)4.7383 81338 (66)4.9315 94142 (66)5.1323 44384 (66)5. 3409 12849 (66) 5. 5575 90288

1/2 ( 1) 2. 4494 89743 ( 1) 2. 4515 30134 ( 1)2. 4535 68829 ( 1) 2. 4556 05832 ( 1) 2. 4576 41145
1/3 8.4343 26653 8.4390 09789 8.4436 87734 8.4483 60500 8.4530 28104
1/4 4.9492 32004 4.9512 92896 4.9533 51218 4.9554 06978 4.9574 60182
1/5 3. 5944 31819 3. 5956 29165 3. 5968 24918 3. 5980 19083 3. 5992 11665

605 606 607 608 609
2 3 66025 3 67236 3 68449 3 69664 3 70881
3 2214 45125 2225 45016 2236 48543 2247 55712 2258 66529
4 11 1. 3397 43006 11 1.3486 22797 11 1. 3575 46656 11)1. 3665 14729 (11 1. 3755 27162
5 13 8.1054 45188 13 8.1726 54150 13 8.2403 08202 13 8. 3084 09552 13 8. 3769 60414
6 16 4. 9037 94339 16 4. 9526 28415 16 5. 0018 67079 165.0515 13008 16 5. 1015 68892
7 19 2. 9667 95575 19 3. 0012 92819 19 3. 0361 33317 19 3. 0713 19909 19 3. 1068 55455
8 22 1. 7949 11323 22 1. 8187 83448 22 1. 8429 32923 22 1. 8673 62504 22 1. 8920 74972
9 25 1. 0859 21350 25 1. 1021 82770 25 1. 1186 60284 25) 1. 1353 56403 25 1. 1522 73658

10 27 6. 5698 24169 27 6. 6792 27585 27 6. 7902 67926 27) 6. 9029 66929 27 7. 0173 46578

24 (66)5.7826 77757 (66) 6. 0164 86963 (66) 6. 2593 40623 (66)6.5115 72833 (66)6.7735 29447

1/2 ( 1)2. 4596 74775 ( 1) 2. 4617 06725 ( 1) 2. 4637 36999 ( 1)2. 4657 65601 ( 1)2. 4677 92536
1/3 8.4576 90558 8.4623 47878 8.4670 00076 8.4716 47168 8.4762 89168
1/4 4.9595 10838 4.9615 58954 4.9636 04536 4.9656 47592 4.9676 88130
1/5 3. 6004 02669 3. 6015 92098 3. 6027 79959 3. 6039 66255 3. 6051 50991

1 610 611 612 613 614
2 3 72100 3 73321 3 74544 3 75769 3 76996
3 2269 81000 2280 99131 2292 20928 2303 46397 2314 75544
4 11 1.3845 84100 11 1.3936 85690 11 1. 4028 32079 11 1. 4120 23414 11 1. 4212 59840
5 13 8.4459 63010 13 8.5154 19568 13 8. 5853 32326 13 8.6557 03525 13 8.7265 35419
6 16 5. 1520 37436 16 5. 2029 21356 16 5. 2542 23383 16 5. 3059 46261 16 5. 3580 92747
7 19 3.1427 42836 19 3.1789 84949 19 3. 2155 84711 19 3. 2525 45058 19 3. 2898 68947
8 22 1. 9170 73130 22 1. 9423 59804 22 1. 9679 37843 22 1. 9938 10121 22 2. 0199 79533
9 25 1. 1694 14609 25) 1. 1867 81840 25 1. 2043 77960 (25 1. 2222 05604 25 1. 2402 67433

10 27 7.1334 29117 27) 7. 2512 37043 27 7. 3707 93114 (27 7. 4921 20352 27 7. 6152 42041

24 (66)7.0455 68477 (66)7. 3280 60494 66)7.6213 89047 (66)7.9259 51097 (66)8.2421 57465

1/2 ( 1)2.4698 17807 ( 1)2.4718 41419 1)2.4738 63375 1)2.4758 83681 1)2.4779 02339
1/3 8. 4809 26088 8. 4855 57944 8. 4901 84749 8. 4948 06516 8. 4994 23260
1/4 4.9697 26156 4.9717 61679 4. 9737 94704 4. 9758 25239 4. 9778 53291
1/5 3. 6063 34171 3. 6075 15802 3. 6086 95885 3. 6098 74428 3. 6110 51433

1 615 616 617 618 619
2 3 78225 3 79456 3 80689 3 81924 3 83161
3 2326 08375 2337 44896 2348 85113 2360 29032 2371 76659
4 11 1. 4305 41506 11 1. 4398 68559 11 1. 4492 41147 11 1. 4586 59418 11 1. 4681 23519
5 13 8. 7978 30263 13 8. 8695 90326 13 8. 9418 17878 13 9. 0145 15202 13 9. 0876 84584
6 16 5. 4106 65612 16 5. 4636 67641 16 5. 5171 01631 16 5. 5709 70395 16 5. 6252 76757
7 19 3. 3275 59351 19 3.3656 19267 19 3.4040 51706 19 3. 4428 59704 19 3.4820 46313
8 22 2. 0464 49001 22 2. 0732 21468 22 2. 1002 99903 22 2.1276 87297 22 2.1553 86668
9 25 1. 2585 66136 25 1.2771 04424 25 1.2958 85040 25 1. 3149 10750 (25 1. 3341 84347

10 27 7. 7401 81734 (27 7. 8669 63254 27 7. 9956 10697 (27 8.1261 48432 (27 8.2586 01110

24 (66) 8. 5704 33286 (66)8. 9112 18488 (66)9. 2649 6828Ó (66)9.6321 53659 (67)1. 0013 26192

1/2
1/3
1/4

( 1)2.4799
8.5040
4.9798

19354
34993
78868

( 1)2.4819
8.5086
4.9819

34729
41730
01975

1)2.4839
8. 5132
4. 9839

48470
43484
22621

1)2.4859
8. 5178
4. 9859

60579
40269
40813

1)2.4879
8. 5224
4. 9879

71061
32097
56556

1/5 3. 6122 26906 3. 6134 00850 3. 6145 73271 3. 6157 44173 3. 6169 13560

1 620 621 622 623 624
2 3 84400 3 85641 3 86884 3 88129 3 89376
3 2383 28000 2394 83061 2406 41848 2418 04367 2429 70624
4 111.4776 33600 11 1. 4871 89809 11 1. 4967 92295 11)1 5064 41206 11) 1. 5161 36694
5 13 9. 1613 28320 13 9. 2354 48713 13 9. 3100 48072 13)9 3851 28716 13)9.4606 92969
6 165.6800 23558 16 5. 7352 13651 16 5. 7908 49901 16 5 8469 35190 16 5. 9034 72413
7 19 3.5216 14606 19 3. 5615 67677 19 3. 6019 08638 19 3 6426 40623 19 3. 6837 66786
8 22 2. 1834 01056 22 2. 2117 33527 22 2. 2403 87173 22 2 2693 65108 22 2. 2986 70474
9 25 1.3537 08655 25 1. 3734 86521 25 1. 3935 20822 25 1 4138 14463 25 1. 4343 70376

10 278.3929 93659 27 8. 5293 51293 27 8. 6676 99511 27 8. 8080 64101 27 8. 9504 71145

24 (67) 1. 0408 79722 67) 1. 0819 28109 (67) 1. 1245 25305 (67) 1 1687 27115 (67)1.2145 91262

1/2 ( 1)2.4899 79920 1)2.4919 87159 ( 1)2. 4939 92783 ( 1)2 4959 96795 1)2. 4979 99199
1/3 8. 5270 18983 8. 5316 00940 8. 5361 77980 8 5407 50116 8.5453 17363
1/4 4. 9899 69859 4. 9919 80728 4. 9939 89170 4. 9959 95191 4. 9979 98799
1/5 3. 6180 81437 3. 6192 47808 3. 6204 12677 3. 6215 76049 3. 6227 37928
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k
1
2 3
3 2441

625
90625
40625

POWERS AND ROOTS n6

626 627
3 91876 3 93129 3

2453 14376 2464 91883 2476

628
94384
73152

Table 3.1

629
3 95641

2488 58189
4 11 1.5258 78906 11 1.5356 67994 11 1.5455 04106 11 1.5553 87395 11 1.5653 18009
5 13 9.5367 43164 13 9.6132 81641 13 9.6903 10747 13 9.7678 32838 13 9.8458 50275
6 16 5. 9604 64478 16 6. 0179 14307 16 6. 0758 24838 16 6. 1341 99022 16 6. 1930 39823
7 19 3.7252 90298 19 3.7672 14356 19 3.8095 42174 19 3.8522 76986 19 3.8954 22049
8 22 2. 3283 06437 22 2. 3582 76187 22 2. 3885 82943 22 2. 4192 29947 22 2. 4502 20469
9 25 1. 4551 91523 25 1. 4762 80893 25 1. 4976 41505 25) 1. 5192 76407 25 1. 5411 88675

10 27 9. 0949 47018 (27 9. 2415 18391 27 9; 3902 12238 27)9. 5410 55835 27 9. 6940 76765
24 (67) 1. 2621 77448 (67)1. 3115 47419 (67)1. 3627 65028 (67) 1. 4158 96309 (67)1. 4710 09545

1/2 ( 1) 2. 5000 00000 ( 1)2. 5019 99201 ( 1)2. 5039 96805 ( 1)2. 5059 92817 ( 1)2. 5079 87241
1/3 8. 5498 79733 8. 5544 37239 8. 5589 89894 8. 5635 37711 8. 5680 80703
1/4 5.0000 00000 5.0019 98801 5.0039 95209 5.0059 89230 5.0079 80871
1/5 3.6238 98318 3.6250 57224 3.6262 14650 3.6273 70600 3.6285 25079

1 630 631 632 633 634
2 3 96900 3 98161 3 99424 4 00689 4 01956
3 2500 47000 2512 39591 2524 35968 2536 36137 2548 40104
4 11 1. 5752 96100 11 1. 5853 21819 11) 1. 5953 95318 11 1. 6055 16747 11 1. 6156 86259
5 13 9. 9243 65430 14 1. 0003 38068 14 1. 0082 89841 14 1. 0162 92101 14 1. 0243 45088
6 16 6.2523 50221 166.3121 33209 166.3723 91794 16 6.4331 28999 16 6.4943 47861
7 19 3.9389 80639 19 3.9829 56055 19 4.0273 51614 19 4.0721 70657 19 4.1174 16544
8 22 2.4815 57803 222. 5132 45270 222. 5452 86220 22 2.5776 84026 22 2.6104 42089
9 25 1.5633 81416 25 1.5858 57766 25)1.6086 20891 25)1.6316 73988 25 1.6550 20284

10 27 9. 8493 02919 28 1. 0006 76250 28) 1. 0166 48403 28) 1. 0328 49635 28 1. 0492 82860
24 (67) 1. 5281 75339 (67) 1. 5874 66692 (67)1. 6489 59081 (67) 1. 7127 30535 (67)1. 7788 61719

1/2 ( 1)2.5099 80080 ( 1)2.5119 71337 ( 1)2.5139 61018 ( 1)2.5159 49125 ( 1)2.5179 35662
1/3 8.5726 18882 8.5771 52262 8.5816 80854 8.5862 04672 8.5907 23728
1/4 5.0099 70139 5. 0119 57040 5.0139 41581 5.0159 23768 5. 0179 03608
1/5 3. 6296 78090 3. 6308 29638 3. 6319 79727 3. 6331 28361 3. 6342 75544

1 635 636 637 638 639
2 4 03225 4 04496 4 05769 4 07044 4 08321
3 2560 47875 2572 59456 2584 74853 2596 94072 2609 17119
4 11 1. 6259 04006 11 1. 6361 70140 (11 1. 6464 84814 11 1. 6568 48179 11 1. 6672 60390
5 14 1. 0324 49044 14 1. 0406 04209 14 1. 0488 10826 14 1. 0570 69138 14 1. 0653 79389
6 16 6. 5560 51429 16 6. 6182 42770 16 6. 6809 24963 16 6. 7441 01103 16 6. 8077 74299
1 19 4. 1630 92658 19 4. 2092 02402 19 4. 2557 49202 19 4. 3027 36504 19 4. 3501 67777
8 22 2.6435 63838 22 2.6770 52728 22 2.7109 12241 22 2.7451 45889 22 2.7797 57209
9 25 1.6786 63037 25 1.7026 05535 25 1.7268 51098 25 1.7514 03077 25 1.7762 64857

10 28 1. 0659 51028 28 1. 0828 57120 28 1. 1000 04149 (28) 1. 1173 95163 28 1. 1350 33244
24 (67)1.8474 36020 (67)1.9185 39634 (67)1.9922 61654 (67)2. 0686 94164 (67)2.1479 32334

1/2 ( 1)2.5199 20634 ( 1)2.5219 04043 ( 1)2.5238 85893 ( 1)2.5258 66188 ( 1)2.5278 44932
1/3 8.5952 38034 8.5997 47604 8.6042 52449 8.6087 52582 8.6132 48015
1/4 5. 0198 81108 5. 0218 56273 5. 0238 29110 5. 0257 99626 5. 0277 67827
1/5 3.6354 21280 3.6365 65574 3.6377 08430 3.6388 49851 3.6399 89842

1 640 641 642 643 644
2 4 09600 4 10881 4 12164 4 13449 4 14736
3 2621 44000 2633 74721 2646 09288 2658 47707 2670 89984
4 11 1.6777 21600 11 1.6882 31962 11 1.6987 91629 11 1.7094 00756 11 1.7200 59497
5 14 1.0737 41824 14 1.0821 56687 14 1. 0906 24226 14 1. 0991 44686 14 1. 1077 18316
6 16 6. 8719 47674 16 6. 9366 24366 16 7. 0018 07530 16 7. 0675 00332 16 7. 1337 05955
7 19 4.3980 46511 19 4.4463 76219 19 4.4951 60434 19 4.5444 02713 19 4.5941 06635
8 22 2. 8147 49767 22 2. 8501 27156 22 2. 8858 92999 22 2. 9220 50945 22 2. 9586 04673
9 25 1.8014 39851 25 1.8269 31507 25 1.8527 43305 25 1.8788 78757 25 1.9053 41409

10 28 1. 1529 21505 28 1. 1710 63096 28 1. 1894 61202 28 1. 2081 19041 28 1. 2270 39868
24 (67)2.2300 74520 (67)2.3152 22362 (67)2.4034 80891 (67)2.4949 58638 (67)2.5897 67740

1/2 ( 1)2. 5298 22128 ( 1) 2. 5317 97780 ( 1)2. 5337 71892 ( 1)2. 5357 44467 ( 1)2. 5377 15508
1/3 8. 6177 38760 8. 6222 24830 8. 6267 06237 8. 6311 82992 8. 6356 55108
1/4 5.0297 33719 5. 0316 97308 5.0336 58602 5. 0356 17605 5. 0375 74325
1/5 3. 6411 28406 3. 6422 65548 3. 6434 01272 3. 6445 35581 3. 6456 68481

1 645 646 647 648 649
2 4 16025 4 17316 4 18609 4 19904 4 21201
3 2683 36125 2695 86136 2708 40023 2720 97792 2733 59449
4 11 1.7307 68006 (11 1.7415 26439 (11 1 7523 34949 11 1.7631 93692 11)1.7741 02824
5 14 1.1163 45364 14 1.1250 26079 14 1.1337 60712 14 1.1425 49513 14)1.1513 92733
6 16 7. 2004 27598 16 7. 2676 68472 16 7. 3354 31806 16 7. 4037 20841 16)7. 4725 38836
7 19 4.6442 75801 19 4.6949 13833 19 4.7460 24378 19 4. 7976 11105 19)4.8496 77704
8 22 2.9955 57891 22 3.0329 14336 22 3.0706 77773 22 3.1088 51996 22 3. 1474 40830
9 25 1.9321 34840 25 1.9592 62661 25 1.9867 28519 (25 2. 0145 36093 25 2.0426 89099

10 28 1. 2462 26972 28 1. 2656 83679 28 1 2854 13352 (28 1. 3054 19389 28 1. 3257 05225
24 (67)2. 6880 24057 (67)2. 7898 47292 (67) 2 8953 61105 (67) 3. 0046 93247 (67) 3. 1179 75679

1/2 ( 1)2. 5396 85020 ( 1)2. 5416 53005 ( 1)2. 5436 1946& ( 1)2. 5455 84412 ( 1)2. 5475 47841
1/3 8. 6401 22598 8. 6445 85472 8. 6490 43742 8. 6534 97422 8. 6579 46522
1/4 5.0395 28767 5. 0414 80939 5.0434 30845 5.0453 78492 5. 0473 23886
1/5 3.6467 99973 3.6479 30063 3.6490 58755 3.6501 86051 3.6513 11957
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n[()6]

Table 3.1
k

1
2 4
3 2746
4 11 1. 7850
5 14 1. 1602
6 16 7. 5418
7 19 4.9022
8 22 3. 1864
9 25) 2. 0711

10 28)1. 3462

650
22500
25000
62500
90625
89063
27891
48129
91284
74334

POWERS AND ROOTS fl'

651 652
4 23801 4 25104 4

2758 94451 2771 67808 2784
11 1.7960 72876 (11 1. 8071 34108 11 1.8182
14 1.1692 43442 14 1. 1782 51439 14 1. 1873
16 7.6117 74809 16 7. 6821 99379 16 7. 7531
19 4. 9552 65401 «19 5. 0087 93995 19 5. 0628
22 3. 2258 77776 22 3. 2657 33685 22 3. 3060
25 2. 1000 46432 k 25 2. 1292 58363 25 2. 1588
28 1.3671 30227 (28 1. 3882 76452 (28 1.4097

653
26409
45077
46353
14068
66091
17457
19800
30929
16597

4
2797

11 1. 8294
14 1. 1964
16 7. 8246
19 5. 1173
22 3. 3467
25 2. 1887
28 1. 4314

654
27716
26264
09767
33987
78277
39593
40094
68021
54286

24 (67) 3. 2353 44710 (67) 3. 3569 41134 (67)3.4829 10364 (67)3. 6134 02582 (67)3.7485 72888

1/2 ( 1)2. 5495
1/3 8. 6623
1/4 5. 0492
1/5 3. 6524

09757
91053
67033
36476

1)2.5514
8. 6668
5. 0512
3. 6535

70164
31029
07939
59612

1)2.5534
8. 6712
5. 0531
3. 6546

29067
66460
46611
81368

1)2.5553
8. 6756
5. 0550
3. 6558

86468
97359
83054
01749

1)2. 5573
0. 6801
5. 0570
3. 6569

42371
23736
17274
20758

1
2
3
4
5
6
7 i

8 (22
9 (25

10 (28

4
2810

11 1. 8406
14 1.2056
16 7.8967
19 5.1723

3. 3878
2. 2190
1. 4534

655
29025
11375
24506
09052
39288
64234
98513
73565
93185

4
2823

11) 1. 8518
14)1.2148
16)7.9693
19 5.2278
22 3. 4294
25 2.2497

(28 1.4758

656
30336
00416
90729
40318
52487
95232
99272
51522
36999

4
2835

11 1. 8632
14 1.2241
16 8.0425
19 5.2839
22 3. 4715
25 2. 2808
28 1.4984

657
31649
93393
08592
28045
21255
36465
46257
05891
89470

4
2848

11) 1. 8745
14 1.2334
16 8.1162
19 5. 3404
22 3. 5140
25 2. 3122
28 1. 5214

658
32964
90312
78253
72490
48987
91834
43626
40706
54385

4
2861

(11)1.8859
14 1. 2428
16 8. 1905
19 5. 3975
22 3. 5569
25 2. 3440
28 1. 5447

659
34281
91179
99870
73914
39094
65263
95508
60040
35566

24 (67)3.8885 81447 (67)4.0335 93654 (67)4.1837 80288 (67)4. 3393 11689 (67)4.5003 87920

1/2 ( 1) 2. 5592
1/3 8. 6845
1/4 5. 0589
1/5 3. 6580

96778
45603
49277
38399

( 1) 2. 5612
8. 6889
5. 0608
3. 6591

49695
62971
79069
54676

1) 2. 5632
8. 6933
5. 0628
3. 6602

01124
75853
06656
69592

1)2.5651
0. 6977
5. 0647
3. 6613

51068
84260
32044
83152

1)2. 5670
8. 7021
5.0666
3. 6624

99531
88202
55239
95358

1
2 4
3 2874
4 11 1. 8974
5 14 1.2523
6 16 8. 2653
7 19)5.4551
8 22) 3. 6004
9 (25)2. 3762

10 (28)1. 5683

660
35600
96000
73600
32576
95002
60701
06063
68001
36881

4
2888

11 1. 9089
14 1. 2618
16 8. 3408
19 5.5132
22 3. 6442

(25 24088
(28 1. 5922

661
36921
04781
99602
48737
20153
82121
79482
68738
62236

4
2901

11) 1. 9205
14 1. 2714
16 8. 4168
19 5. 5719
22 3. 6886
25 2.4418
28 1.6165

662
38244
17528
70035
22659
18005
33519
19990
66433
15579

4
2914

11 1. 9322
14 1. 2810
16 0. 4933
19 5. 6311
22 3. 7334
25 2.4752
28 1.6411

663
39569
34247
09058
54605
92032
18918
31842
65311
00901

4
2927

11 1. 9438
14 1. 2907
16 8. 5705
19 5. 6908
22 3. 7787
25 2. 5090
28 1. 6660

664
40896
54944
92828
44838
45724
42360
19327
69633
22237

24 (67)4. 6671 78950 (67)4.8390 84834 (67)5.0187 05901 (67)5.2038 48947 67)5. 3955 27431

1/2 ( 1)2.5690
1/3 8. 7065
1/4 5. 0685
1/5 3. 6636

46516
87691
76246
06215

1)2. 5709
8. 7109
5. 0704
3. 6647

92026
82739
95071
15727

1) 2. 5729
8. 7153
5.0724
3. 6658

36066
73356
11720
23896

1)2.5748
8. 7197
5. 0743
3. 6669

78638
59553
26200
30727

1)2. 5768
8. 7241
5. 0762
3. 6680

19745
41343
38514
36224

1
2 4

665
42225 4

666
43556 4

667
44889 4

668
46224 4

669
47561

3 2940 79625 2954 08296 2967 40963 2980 77632 2994 18309
4 11 1. 9556 29506 (11)1.9674 19251 11 1.9792 62223 (11 1.9911 58582 (11 2.0031 08487
5 14 1. 3004 93622 (14)1.3103 01221 14 1. 3201 67903 14 1. 3300 93933 (14 1. 3400 79578
6 16 8. 6482 82584 16: o. 7266 06135 16 8. 8055 19912 16 8. 8850 27470 16 8. 9651 32376
7 19 5. 7511 07918 195.8119 19686 19 5.8732 81781 19 5.9351 98350 19 5.9976 73560
8 22 3. 8244 86766 22' 3.8707 38511 22 3.9174 78948 22 3.9647 12498 22 4.0124 43612
9 25 2. 5432 83699 (252.5779 11848 25 2. 6129 58458 25)2.6484 27948 25 2. 6843 24776

10 28 1. 6912 83660 (28)1.7168 89291 28 1. 7428 43292 28) 1. 7691 49878 28 1. 7958 13275

24 (67)5.5939 61683 (67)5.7993 79113 (67)6. 0120 14426 (61)6.2321 09844 (67)6.4599 15340

1/2 ( 1)2.5787 59392 1)2.5806 97580 1)2.5826 34314 1)2. 5845 69597 ( 1) 2. 5865 03431
1/3 8. 7285
1/4 5. 0781
1/5 3. 6691

18735
48670
40389

8. 7328
5. 0800
3. 6702

91741
56673
43226

0. 7372
5. 0819
3. 6713

60372
62528
44740

8. 7416
5. 0838
3. 6724

24639
66242
44934

8. 7459
5. 0857
3. 6735

84552
67819
43810

1 670 671 672 673 674

2 4 48900 4 50241 4 51584 4 52929 4 54276
3 3007 63000 3021 11711 3034 64448 3048 21217 3061 82024
4 (11)2.0151 12100 11)2.8271 69581 (11)2.0392 81091 11 2.0514 46790 11 2.0636 66842
s (14)1. 3501 25107 14) 1. 3602 30789 (14) 1. 3703 96893 14 1. 3806 23690 14 1. 3909 11451
6 16)9.0458 38217 16)9.1271 40592 16 9.2090 61120 16 9.2915 97433 16 9.3747 43182
7 19)6. 0607 11605 19)6. 1243 16705 19 6.1884 93105 19 6.2532 45073 19 6.3185 76905
8 22)4.0606 76776 22)4.1094 16509 22 4.1586 67366 (22 4.2084 33934 22 4.2507 20834
9 (25)2.7206 53440 25)2.7574 18418 (25 2.7946 24470 (25 2.8322 76030 25 2.8703 77842

10 (28) 1. 8228 37805 28) 1. 0502 27799 (28 1. 8779 87644 (28) 1. 9061 21773 (28 1. 9346 34665

24 (67)6.6956 80867 (67)6.9396 96605 (67)7.1922 13208 (67)7.4535 22063 (67)7.7239 15552

1/2 ( 1) 2. 5884 35821 ( 1) 2. 5903 66769 ( 1)2. S922 96279 ( 1) 2. 5942 24354 ( 1) 2. 5961 50997
1/3 8.7503 40123 0.7546 91362 8.7590 30280 8.7633 00087 8. 7677 19196
1/4 5. 0876 67266 5. 0895 64588 5 0914 S9790 5. 0933 52078 5. 0952 43858
1/5 3. 6746 41374 3. 6757 37627 3. 6768 32575 3.6779 26219 3. 6790 10565
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k

POWERS AND ROOTS flk Table 3.1

1 675 676 677 678 679
2 4 55625 4 56976 4 58329 4 59684 4 61041
3 3075 46875 3089 15776 3102 88733 3116 65752 3130 46839
4 (11)2. 0759 41406 (11 2.0882 70646 11 2.1006 54722 (11)2.1130 93799 (11)2. 1255 88037
5 (14) 1. 4012 60449 14 1. 4116 70957 14 1. 4221 43247 (14 1. 4326 77595 (14)1. 4432 74277
6 16 9. 4585 08032 16 9. 5428 95666 16 9. 6279 09783 (16 9. 7135 54097 (16 9. 7998 32341
7 19 6. 3844 92922 19 6. 4509 97470 19 6. 5180 94923 (19 6. 5857 89678 (19 6. 6540 86159
8 22 4. 3095 32722 22 4. 3608 74290 22 4. 4127 50263 (22 4. 4651 65402 (22 4. 5181 24502
9 25 2.9089 34587 25 2.9479 51020 25 2.9874 31928 (25 3.0273 82142 (25 3.0678 06537

10 28 1.9635 30847 28 1.9928 14890 28 2.0224 91415 (28 2.0525 65092 (28)2.0830 40639
24 (67) 8. 0036 95322 (67)8. 2931 72571 (67)8. 5926 68325 (67)8. 9025 13744 (67)9. 2230 50418

1/2 ( 1)2.5980 76211 ( 1)2.6000 00000 ( 1)2.6019 22366 ( 1)2.6038 43313 ( 1)2.6057 62844
1/3 8.7720 53215 8.7763 82955 8.7807 08428 8.7850 29644 8.7893 46612
1/4 5. 0971 32735 5. 0990 19514 5. 1009 04200 5.1027 86801 5.1046 67319
1/5 3. 6801 09614 3.6811 99371 3.6822 87840 3.6833 75023 3. 6844 60923

1 680 681 682 683 684
2 4 62400 4 63761 4 65124 4 66489 4 67856
3 3144 32000 3158 21241 3172 14568 3186 11987 3200 13504
4 11 2. 1381 37600 11 2. 1507 42651 11)2. 1634 03354 11 2. 1761 19871 (11 2. 1888 92367
5 14 1.4539 33568 14 1. 4646 55745 14) 1. 4754 41087 14 1. 4862 89872 14 1. 4972 02379
6 16 9. 8867 48262 16 9. 9743 05627 17 1. 0062 50822 17 1. 0151 35983 17 1. 0240 86427
7 19 6.7229 88818 19 6.7925 02132 19 6.8626 30603 19 6.9333 78761 19 7.0047 51164
8 22 4.5716 32397 22 4.6256 93952 22 4.6803 14071 22 4.7354 97694 22 4.7912 49796
9 25 3. 1087 10030 25 3. 1500 97581 25) 3. 1919 74196 25 3. 2343 44925 25 3. 2772 14860

10 (28 2.1139 22820 28 2.1452 16453 28)2. 1769 26402 28)2.2090 57584 28) 2.2416 14965
24 (67)9.5546 30685 (67)9.8976 17949 (68)1.0252 38701 (68)1.0619 32441 (68)1.0998 82878

1/2 ( 1) 2. 6076 80962 ( 1)2. 6095 97670 ( 1) 2. 6115 12971 ( 1)2. 6134 26869 ( 1)2. 6153 39366
1/3 8.7936 59344 8.7979 67850 8.8022 72141 8.8065 72225 8.8108 68115
1/4 5. 1065 45762 5. 1084 22134 5. 1102 96441 5. 1121 68688 5. 1140 38880
1/5 3. 6855 45546 3. 6866 28893 3. 6877 10968 3. 6887 91774 3. 6898 71315

1 685 686 687 688 689
2 4 69225 4 70596 4 71969 4 73344 4 74721
3 3214 19125 3228 28856 3242 42703 3256 60672 3270 82769
4 (11)2. 2017 21006 11 2. 2146 05952 11 2. 2275 47370 (11 2. 2405 45423 11 2. 2536 00278
5 (14) 1. 5081 78889 14 1. 5192 19683 14 1. 5303 25043 14 1. 5414 95251 14 1. 5527 30592
6 (17)1. 0331 02539 17 1. 0421 84703 17 1. 0513 33304 17 1.0605 48733 17 1. 0698 31378
7 19)7. 0767 52393 19 7.1493 87060 19 7.2226 59802 19 7.2965 75282 19 7. 3711 38193
8 22)4.8475 75389 22 4.9044 79523 22 4.9619 67284 22 5.0200 43794 22)5.0787 14215
9 25)3.3205 89142 25 3.3644 72953 25 3.4088 71524 25 3.4537 90130 25)3.4992 34094

10 (28) 2. 2746 03562 28 2. 3080 28446 28 2. 3418 94737 28 2. 3762 07610 28)2. 4109 72291
24 (68) 1. 1391 31118 (68) 1. 1797 19551 (68) 1. 2216 91886 (68)1. 2650 93189 (68)1. 3099 69927

1/2 ( 1)2. 6172 50466 ( 1) 2. 6191 60171 ( 1)2. 6210 68484 ( 1)2. 6229 75410 ( 1) 2. 6248 80950
1/3 8. 8151 59819 8. 8194 47349 8. 8237 30714 8. 8280 09925 8. 8322 84991
1/4 5. 1159 07022 5. 1177 73120 5. 1196 37179 5. 1214 99204 5. 1233 59200
1/5 3. 69.09 49595 3. 6920 26615 3. 6931 02381 3. 6941 76894 3. 6952 50159

1 690 691 692 693 694
2 4 76100 4 77481 4 78864 4 80249 4 81636
3 3285 09000 3299 39371 3313 73888 3328 12557 3342 55384
4 11)2.2667 12100 11 2.2798 81054 (11 2.2931 07305 (11 2.3063 91020 11 2.3197 32365
5 14)1.5640 31349 14 1.5753 97808 (14 1.5868 30255 (14 1.5983 28977 14 1.6098 94261
6 17 1.0791 81631 17 1. 0885 99885 (17 1. 0980 86536 (17 1. 1076 41981 17 1.1172 66617
7 19 7.4463 53253 19 7.5222 25208 (19 7.5987 58832 19 7.6759 58928 19 7.7538 30324
8 (22 5. 1379 83744 22 5. 1978 57619 (22 5. 2583 41112 22 5. 3194 39537 22 5. 3811 58245
9 (25)3.5452 08784 25 3. 5917 19614 (25 3.6387 72050 25 3.6863 71599 25 3.7345 23822

10 (28)2. 4461 94061 (28 2. 4818 78254 (28 2. 5180 30258 28) 2. 5546 55518 28 2. 5917 59533
24 (68)1.3563 70007 (68)1.4043 42816 (68)1.4539 39271 (68)1.5052 11857 (68)1.5582 14678

1/2 ( 1)2. 6267 85107 ( 1)2. 6286 87886 ( 1)2. 6305 89288 ( 1)2. 6324 89316 ( 1) 2. 6343 87974
1/3 8.8365 55922 8.8408 22729 8. 8450 85422 8.8493 44010 8.8535 98503
1/4 5. 1252 17173 5. 1270 73128 5. 1289 27069 5. 1307 79001 5. 1326 28931
1/5 3.6963 22179 3.6973 92956 3.6984 62494 3.6995 30796 3.7005 97866

1 695 696 697 698 699
2 4 83025 4 84416 4 85809 4 87204 4 88601
3 3357 02375 3371 53536 3386 08873 3400 68392 3415 32099
4 (11)2. 3331 31506 11 2. 3465 88611 11 2. 3601 03845 11 2. 3736 77376 (11) 2. 3873 09372
5 (14) 1. 6215 26397 14 1. 6332 25673 14 1. 6449 92380 14 1. 6568 26809 (14) 1. 6687 29251
6 (17 1. 1269 60846 17 1. 1367 25068 17 1. 1465 59689 17 1. 1564 65112 17 1. 1664 41746
7 19 7.8323 77878 19 7.9116 06476 19 7.9915 21031 19 8.0721 26484 19 8.1534 27808
8 22 5. 4435 02625 22 5. 5064 78107 22 5. 5700 90158 22 5. 6343 44286 22 5. 6992 46038
9 25 3. 7832 34325 25 3. 8325 08763 25 3. 8823 52840 25) 3. 9327 72312 (25 3. 9837 72980

10 (28 2.6293 47856 28 2.6674 26099 28 2.7059 99930 (28)2.7450 75074 (28 2.7846 57313
24 (68)1.6130 03502 (68)1.6696 35809 (68)1.7281 70846 (68)1.7886 69670 (68)1.8511 95210

1/2 ( 1)2. 6362 85265 ( 1)2. 6381 81192 ( 1)2. 6400 75756 C 1)2. 6419 68963 ( 1)2.6438 60813
1/3 8.8578 48911 8. 8620 95243 8.8663 37511 8.8705 75722 8.8748 09888
1/4 5. 1344 76863 5.1363 22801 5.1381 66751 5.1400 08719 5. 1418 48708
1/5 3. 7016 63707 3. 7027 28321 3. 7037 91713 3. 7048 53884 3. 7059 14839
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[(_7)2] [(_7)2]

Table 3.1

k
1 700

POWERS AND ROOTS flk

701 702 703 704
2 4 90000 4 91401 4 92804 4 94209 4 95616
3 3430 00000 3444 72101 3459 48408 3474 28927 3489 13664
4 '11 2. 4010 00000 11 2. 4147 49428 11 2. 4285 57824 11 2. 4424 25357 11 2. 4563 52195
5 i 14 1. 6807 00000 14 1. 6927 39349 14 1. 7048 47593 14 1. 7170 25026 14 1. 7292 71945
6 17 1.1764 90000 17 1. 1866 10284 17 1. 1968 03010 17 1. 2070 68593 17 1. 2174 07449
7 19 8.2354 30000 19 8. 3181 38089 19 8. 4015 57130 19 8. 4856 92210 19 8. 5705 48443
8 22 5. 7648 01000 22 5. 8310 14800 22 5. 8978 93105 22 5. 9654 41624 22 6. 0336 66104
9 25 4. 0353 60700 25 4. 0875 41375 25 4. 1403 20960 25 4. 1937 05461 25 4. 2477 00937

10 (28 2.8247 52490 28 2. 8653 66504 28 2. 9065 05314 28 2. 9481 74939 28 2. 9903 81460

24 (68)1.9158 12314 68)1.9825 87808 (68)2. 0515 90555 (68)2. 1228 91511 (68)2.1965 63787
1/2 ( 1)2. 6457 51311 1)2. 6476 40459 1)2.6495 28260 1)2.6514 14717 1)2.6532 99832
1/3 8. 8790 40017 8. 8832 66120 8. 8874 88205 8. 8917 06283 8. 8959 20362
1/4 5. 1436 86724 5. 1455 22771 5. 1473 56856 5. 1491 88981 5. 1510 19154
1/5 3. 7069 74581 3. 7080 33112 3. 7090 90435 3. 7101 46554 3. 7112 01473

1 705 706 707 708 709
2 4 97025 4 98436 4 99849 5 01264 5 02681
3 3504 02625 3518 95816 3533 93243 3548 94912 3564 00829
4 11 2.4703 38506 (11 2.4843 84461 11 2.4984 90228 11 2.5126 55977 11 2.5268 81878
5 14 1.7415 88647 14 1.7539 75429 14 1.7664 32591 14 1.7789 60432 14 1.7915 59251
6 17 1.2278 19996 17 1.2383 06653 17 1.2488 67842 17 1.2595 03986 17 1.2702 15509
7 19 8.6561 30972 19 8.7424 44971 19 8.8294 95643 19 8.9172 88218 19 9.0058 27960
8 22 6.1025 72335 22 6.1721 66150 22 6.2424 53419 22 6. 3134 40059 22 6.3851 32023
9 25 4.3023 13497 (25 4.3575 49302 25 4.4134 14568 25 4.4699 15561 25 4.5270 58605

10 28 3. 0331 31015 (28 3. 0764 29807 28 3. 1202 84099 28 3. 1647 00218 28 3. 2096 84551
24 (68)2. 2726 82709 (68)2. 3513 25887 (68) 2. 4325 73275 (68)2. 5165 07242 (68)2. 6032 12640

1/2 ( 1)2. 6551 83609 ( 1)2. 6570 66051 ( 1)2. 6589 47160 ( 1)2. 6608 26939 ( 1)2. 6627 05391
1/3 8.9001 30453 8.9043 36564 8.9085 38706 8.9127 36887 8.9169 31117
1/4 5.1528 47377 5.1546 73657 5.1564 97998 5.1583 20404 5. 1601 40881
1/5 3. 7122 55193 3. 7133 07718 3. 7143 59051 3. 7154 09195 3. 7164 58153

1 710 711 712 713 714
2 5 04100 5 05521 5 06944 5 08369 5 09796
3 3579 11000 3594 25431 3609 44128 3624 67097 3639 94344
4 11 2.5411 68100 1.1 2.5555 14814 11 2.5699 22191 11 2.5843 90402 11)2.5989 19616
5 14 1. 8042 29351 14 1. 8169 71033 14 1. 8297 84600 14 1. 8426 70356 14) 1. 8556 28606
6 17 1. 2810 02839 17 1. 2918 66404 17 1. 3028 06635 17 1. 3138 23964 17 1. 3249 18825
7 19 9.0951 20158 19 9.1851 70136 19 9.2759 83244 19 9. 3675 64864 19, 9.4599 20408
8 22 6. 4575 35312 22 6. 5306 55967 22 6. 6045 00070 22 6. 6790 73748 22 6. 7543 83171
9 25 4. 5848 50072 25 4. 6432 96392 25 4.7024 04050 (25 4.7621 79582 254.8226 29584

10 28 3.2552 43551 28 3.3013 83735 28 3.3481 11683 (28 3.3954 34042 28) 3.4433 57523
24 (68)2. 6927 76876 (68)2. 7852 89985 (68)2. 8808 44702 (68)2. 9795 36544 (68)3. 0814 63889

1/2 ( 1)2.6645 82519 ( 1)2.6664 58325 ( 1)2.6683 32813 ( 1)2.6702 05985 ( 1)2.6720 77843
1/3 8. 9211 21404 8. 9253 07760 8. 9294 90191 8. 9336 68708 8. 9378 43321
1/4 5. 1619 59433 5. 1637 76065 5. 1655 90782 5. 1674 03588 5. 1692 14489
1/5 3.7175 05928 3.7185 52523 3.7195 97942 3.7206 42186 3.7216 85260

1 715 716 717 718 719
2 5 11225 5 12656 5 14089 5 15524 5 16961
3 3655 25875 3670 61696 3686 01813 3701 46232 3716 94959
4 11 2. 6135 10006 11 2. 6281 61743 11 2. 6428 74999 11 2. 6576 49946 11 2. 6724 86755
5 14 1.8686 59654 14 1.8817 63808 14 1.8949 41374 14 1. 9081 92661 14 1. 9215 17977
6 17 1. 3360 91653 17 1.3473 42887 17 1.3586 72965 17 1.3700 82331 17 1.3815 71425
7 19 9. 5530 55319 19 9. 6469 75069 19 9. 7416 85162 19 9. 8371 91134 19 9. 9334 98549
8 22 6. 8304 34553 22 6. 9072 34149 22 6. 9847 88261 22 7. 0631 03234 22 7. 1421 85457
9 25 4. 8837 60705 25 4. 9455 79651 25 5. 0080 93183 25 5. 0713 08122 25 5. 1352 31343

10 28 3.4918 88904 28 3. 5410 35030 28 3.5908 02813 28 3. 6411 99232 28 3. 6922 31336

24 (68) 3. 1867 28051 (68)3. 2954 33372 (68)3. 4076 87302 (68)3.5236 00491 (68)3.6432 86875
1/2 ( 1)2.6739 48391 ( 1)2.6758 17632 ( 1)2.6776 85568 ( 1)2.6795 52201 ( 1)2.6814 17536
1/3 8.9420 14037 8.9461 80866 8.9503 43817 8.9545 02899 8.9586 58122
1/4 5.1710 23488 5.1728 30591 5.1746 35801 5.1764 39125 5. 1782 40566
1/5 3. 7227 27165 3. 7237 67905 3. 7248 07483 3. 7258 45902 3. 7268 83164

1 720 721 722 723 724
2 5 18400 5 19841 5 21284 5 22729 5 24176
3 3732 48000 3748 05361 3763 67048 3779 33067 3795 03424
4 11 2. 6873 85600 11 2. 7023 46653 11. 2. 7173 70087 11 2. 7324 56074 11 2. 7476 04790
5 14 1. 9349 17632 14 1. 9483 91937 14 1. 9619 41202 14 1. 9755 65742 14 1. 9892 65868
6 17 1. 3931 40695 17 1. 4047 90586 17 1. 4165 21548 17 1. 4283 34031 17 1. 4402 28488
7 20 1. 0030 61300 20 1. 0128 54013 20 1. 0227 28558 20 1. 0326 85505 20 1. 0427 25426
8 22 7.2220 41363 22 7. 3026 77432 22 7. 3841 00187 22 7 4663 16199 22 7. 5493 32081
9 25 5.1998 69781 25 5.2652 30428 25 5. 3313 20335 25 5 3981 46612 25 5.4657 16426

10 28 3.7439 06243 28 3.7962 31139 28 3.8492 13282 28 3 9028 60000 28 3.9571 78693
24 (68)3. 7668 63772 (68) 3. 8944 51981 (68)4. 0261 75870 (68)4 1621 63488 (68)4. 3025 46659

1/2 ( 1)2. 6832 81573 ( 1)2. 6851 44316 ( 1)2. 6870 05769 ( 1)2 6888 65932 ( 1)2. 6907 24809
1/3 8.9628 09493 8.9669 57022 8.9711 00718 8 9752 40590 8.9793 76646
1/4 5.1800 40128 5.1818 37817 5. 1836 33637 5 1854 27593 5. 1872 19688
1/5 3. 7279 19273 3. 7289 54232 3. 7299 88042 3. 7310 20708 3. 7320 52232
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POWERS AND ROOTS n Table 3.1
6

1 725 726 727 728 729
2 5 25625 5 27076 5 28529 5 29984 5 31441
3 3810 78125 3826 57176 3842 40583 3858 28352 3874 20489
4 (11 2.7628 16406 11)2.7780 91098 (11 2.7934 29038 (11)2.8088 30403 (11)2.8242 95365
5 (14 2.0030 41895 14)2. 0168 94137 14 2.0308 22911 14 2.0448 28533 (14)2.0589 11321
6 17 1.4522 05374 17)1.4642 65143 17 1.4764 08256 17 1.4886 35172 (17 1.5009 46353
7 20 1. 0528 48896 20 1. 0630 56494 20 1. 0733 48802 20 1. 0837 26405 (20 1. 0941 89891
8 22 7. 6331 54495 22 7. 7177 90147 22 7. 8032 45793 22 7, 8895 28230 (22 7. 9766 44308
9 (25 5. 5340 37009 25 5.6031 15647 25 5.6729 59691 25 5.7435 76552 (25 5.8149 73700

lo (28 4.0121 76831 28 4.0678 61960 (28 4. 1242 41696 28 4. 1813 23730 (28 4, 2391 15828
24 (68)4.4474 61095 (68)4.5970 46501 (68)4.7514 46686 (68)4. 9108 09683 (68)5.0752 87861

1/2 ( 1)2. 6925 82404 ( 1)2. 6944 38717 ( 1)2. 6962 93753 ( 1)2. 6981 47513 ( 1)2. 7000 00000
1/3 8.9835 08896 8.9876 37347 8.9917 62009 8.9958 82891 9.0000 00000
1/4 5.1890 09928 5.1907 98317 5.1925 84860 5. 1943 69560 5.1961 52423
1/5 3. 7330 82616 3. 7341 11864 3. 7351 39979 3. 7361 66963 3. 7371 92819

1 730 731 732 733 734
2 5 32900 5 34361 5 35824 5 37289 5 38756
3 3890 17000 3906 17891 3922 23168 3938 32837 3954 46904
4 11 2.8398 24100 11 2.8554 16783 (11 2.8710 73590 11)2.8867 94695 (11)2.9025 80275
5 14 2.0730 71593 14 2.0873 09669 (14 2. 1016 25868 14)2.1160 20512 (14)2.1304 93922
6 17 1.5133 42263 17 1.5258 23368 17 1.5383 90135 17 1.5510 43035 17 1. 5637 82539
7 20 1. 1047 39852 20 1. 1153 76882 20 1. 1261 01579 20 1. 1369 14545 20 1. 1478 16384
8 22 8.0646 00919 22 8.1534 05006 22 8.2430 63558 22 8. 3335 83612 22 8.4249 72255
9 25 5.8871 58671 25 5.9601 39059 25 6.0339 22524 25 6.1085 16788 (25 6.1839 29635

10 (28 4.2976 25830 28 4.3568 61652 28 4.4168 31288 28 4.4775 42805 (28 4.5390 04352
24 (68)5.2450 38047 (68)5.4202 21655 (68)5.6010 04807 (68)5.7875 58467 (68)5.9800 58576

1/2 ( 1)2. 7018 51217 ( 1)2, 7037 01167 ( 1)2. 7055 49852 ( 1)2. 7073 97274 ( 1) 2. 7092 43437
1/3 9.0041 13346 9.0082 22937 9.0123 28782 9.0164 30890 9. 0205 29268
1/4 5.1979 33452 5.1997 12653 5.2014 90029 5.2032 65584 5.2050 39324
1/5 3.7382 17550 3.7392 41158 3.7402 63647 3.7412 85019 3.7423 05277

1 735 736 737 738 739
2 5 40225 5 41696 5 43169 5 44644 5 46121
3 3970 65375 3986 88256 4003 15553 4019 47272 4035 83419
4 11 2. 9184 30506 11 2. 9343 45564 11 2.9503 25626 (11 2.9663 70867 (11 2.9824 81466
5 14 2. 1450 46422 14 2. 1596 78335 14 2.1743 89986 (14 2.1891 81700 (14 2.2040 53804
6 17 1. 5766 09120 17 1. 5895 23255 17 1. 6025 25420 17 1. 6156 16095 17 1. 6287 95761
7 20 1. 1588 07703 20 1. 1698 89115 20 1. 1810 61234 20 1. 1923 24678 20 1. 2036 80067
8 22 8. 5172 36620 22 8. 6103 83890 22 8.7044 21297 22 8. 7993 56123 22 8. 8951 95697
9 25 6. 2601 68916 25 6. 3372 42543 25 6. 4151 58496 25 6. 4939 24819 25 6. 5735 49620

10 28)4. 6012 24153 28 4. 6642 10512 28 4. 7279 71812 28 4. 7925 16516 (28 4. 8578 53170
24 (68)6.1786 86185 (68)6.3836 27605 (68)6.5950 74542 (68) 6. 8132 24254 (68) 7. 0382 79698

1/2 ( 1)2.7110 88342 1)2.7129 31993 1)2.7147 74392 1)2.7166 15541 1)2.7184 55444
1/3 9. 0246 23926 9. 0287 14871 9. 0328 02112 9. 0368 85658 9. 0409 65517
1/4 5. 2068 11253 5. 2085 81374 5. 2103 49693 5. 2121 16213 5. 2138 80938
1/5 3. 7433 24423 3. 7443 42461 3. 7453 59393 3. 7463 75222 3. 7473 89950

1 740 741 742 743 744
2 5 47600 5 49081 5 50564 5 52049 5 53536
3 4052 24000 4068 69021 4085 18488 4101 72407 4118 30784
4 11 2. 9986 57600 11 3. 0148 99446 11 3. 0312 07181 11 3.0475 80984 (11)3.0640 21033
5 14 2. 2190 06624 14 2.2340 40489 14 2.2491 55728 14 2.2643 52671 14 2.2796 31649
6 17 1. 6420 64902 17 1. 6554 24002 17 1. 6688 73550 17 1.6824 14035 17 1.6960 45947
7 20 1. 2151 28027 20 1.2266 69186 20 1.2383 04174 20 1.2500 33628 20 1.2618 58184
8 22 8. 9919 47402 22 9. 0896 18667 22 9. 1882 16974 22 9.2877 49854 (22 9, 3882 24890
9 25 6. 6540 41078 25 6. 7354 07432 25 6. 8176 56995 25 6. 9007 98142 (25 6. 9848 39318

10 28 4. 9239 90397 28 4.9909 36907 28)5.0587 01490 (28 5. 1272 93019 (28 5. 1967 20453
24 (68)7.2704 49690 (68)7.5099 49065 (68)7.7569 98844 (68)8. 0118 26396 (68) 8. 2746 65623

1/2 ( 1)2.7202 94102 ( 1)2.7221 31518 ( 1)2.7239 67694 1)2. 7258 02634 1)2.7276 36339
1/3 9. 0450 41696 9. 0491 14206 9. 0531 83053 9. 0572 48245 9. 0613 09792
1/4 5, 2156 43874 5, 2174 05023 5.2191 64391 5. 2209 21982 5. 2226 77799
1/5 3. 7484 03580 3. 7494 16115 3. 7504 27557 3. 7514 37909 3. 7524 47174

1 745 746 747 748 749
2 5 55025 5 56516 5 58009 5 59504 5 61001
3 4134 93625 4151 60936 4168 32723 4185 08992 4201 89749
4 11 3. 0805 27506 11 3. 0971 00583 11 3. 1137 40441 (11 3. 1304 47260 11)3. 1472 21220
5 14 2. 2949 92992 14 2. 3104 37035 14 2. 3259 64109 (14 2. 3415 74551 142. 3572 68694
6 17 1. 7097 69779 17 1. 7235 86028 17 1. 7374 95190 17 1. 7514 97764 17) 1. 7655 94252
7 20 1. 2737 78485 20 1. 2857 95177 20 1. 2979 08907 20 1. 3101 20327 20) 1. 3224 30094
8 22 9. 4896 49717 22 9. 5920 32018 22 9. 6953 79533 22 9.7997 00049 22 9.9050 01408
9 25 7. 0697 89039 25 7. 1556 55886 25 25 7. 3301 75636 25 7.4188 46054

10 28 5. 2669 92834 28 5. 3381 19291 28)5.4101 09038 (28 5. 4829 71376 28 5. 5567 15695
24 (68)8.5457 57129 (68)8.8253 48404 (68)9. 1136 94019 (68) 9. 4110 55807 (68)9. 7177 03069

1/2 ( 1)2. 7294 68813 ( 1)2. 7313 00057 ( 1)2. 7331 30074 ( 1) 2. 7349 58866 ( 1) 2. 7367 86437
1/3 9. 0653 67701 9. 0694 21981 9, 0734 72639 9, 0775 19683 9. 0815 63122
1/4 5.2244 31847 5.2261 84131 5.2279 34653 5.2296 83419 5.2314 30432
1/5 3, 7534 55355 3. 7544 62453 3. 7554 68472 3. 7564 73415 3. 7574 77282
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n[()5]

Table 3.1
k

1 750

POWERS AND ROOTS flk

751 752 753 754
2 5 62500 5 64001 5 65504 5 67009 5 68516
3 4218 75000 4235 64751 4252 59008 4269 57777 4286 61064
4 11)3.1640 62500 11 3. 1809 71280 11 3. 1979 47740 11 3. 2149 92061 11 3. 2321 04423
5 14 2. 3730 46875 14 2.3889 09431 14 2.4048 56701 14 2.4208 89022 14 2. 4370 06735
6 17 1. 7797 85156 17 1. 7940 70983 17 1. 8084 52239 17 1. 8229 29433 17 1. 8375 03078
7 20 1. 3348 38867 20 1. 3473 47308 20 1. 3599 56084 20 1. 3726 65863 20 1. 3854 77321
8 23 1. 0011 29150 23 1.0118 57828 23 1. 0226 86975 23 1.0336 17395 23 1. 0446 49900
9 25 7. 5084 68628 25 7. 5990 52291 25 7. 6906 06051 25 7. 7831 38985 25 7. 8766 60245

10 28 5. 6313 51471 28 5. 7068 88271 (28 5. 7833 35750 28 5. 8607 03656 28 5. 9390 01825

24 (69)1.0033 91278 (69)1.0359 96977 (69)1. 0696 16698 (69)1. 1042 80565 (69)1. 1400 19555

1/2 ( 1) 2. 7386 12788 ( 1)2. 7404 37921 ( 1) 2. 7422 61840 ( 1)2. 7440 84547 ( 1) 2. 7459 06044
1/3 9. 0856 02964 9. 0896 39217 9. 0936 71888 9. 0977 00985 9. 1017 26517
1/4 5.2331 75697 5.2349 19217 5.2366 60997 5.2384 01041 5.2401 39353
1/5 3. 7584 80079 3. 7594 81806 3. 7604 82467 3. 7614 82064 3. 7624 80599

1 755 756 757 758 759

2 5 70025 5 71536 5 73049 5 74564 5 76081
3 4303 68875 4320 81216 4337 98093 4355 19512 4372 45479
4 11)3.2492 85006 11 3.2665 33993 11 3. 2838 51564 11 3. 3012 37901 11 3. 3186 93186
5 14 2.4532 10180 14 2.4694 99699 14 2. 4858 75634 14 2. 5023 38329 14 2. 5188 88128
6 17 1.8521 73686 17 1.8669 41772 17 1. 8818 07855 17 1. 8967 72453 17 1. 9118 36089
7 20 1.3983 91133 20 1.4114 07980 20 1. 4245 28546 20 1. 4377 53520 20 1. 4510 83592
8 23 1.0557 85305 23 1.0670 24433 23 1. 0783 68109 23 1. 0898 17168 23 1.1013 72446
9 25 7.9711 79054 25 8.0667 04711 25 8. 1632 46588 25 8. 2608 14132 25 8. 3594 16865

10 28 6. 0182 40186 28 6. 0984 28762 28 6. 1795 77667 28 6. 2616 97112 28 6. 3447 97401

24 (69) 1. 1768 65520 (69) 1. 2148 51214 (69) 1. 2540 10313 (69)1.2943 77441 (69) 1. 3359 88198

1/2 ( 1) 2. 7477 26333 ( 1)2. 7495- 45417 ( 1)2. 7513 63298 ( 1)2. 7531 79980 ( 1) 2. 7549 95463
1/3 9.1057 48491 9.1097 66916 9. 1137 81798 9. 1177 93146 9.1218 00968
1/4 5.2418 75936 5.2436 10795 5.2453 43934 5.2470 75356 5.2488 05067
1/5 3. 7634 78075 3.7644 74495 3.7654 69862 3.7664 64176 3.7674 57442

1 760 761 762 763 764

2 5 77600 5 79121 5 80644 5 82169 5 83696
3 4389 76000 4407 11081 4424 50728 4441 94947 4459 43744
4 11 3. 3362 17600 11 3.3538 11326 (11 3.3714 74547 11 3.3892 07446 11 3.4070 10204
5 14 2. 5355 25376 14 2. 5522 50419 (14 2. 5690 63605 14 2. 5859 65281 14 2. 6029 55796
6 17 1. 9269 99286 17 1.9422 62569 17 1.9576 26467 17 1.9730 91509 17 1.9886 58228
7 20 1. 4645 19457 20 1. 4780 61815 20 1. 4917 11368 20 1. 5054 68822 20 1. 5193 34886
8 23 1. 1130 34787 23 1.1248 05041 23 1.1366 84062 23 1.1486 72711 23 1.1607 71853
9 25)8.4590 64385 25 8. 5597 66364 25 8. 6615 32555 25 8. 7643 72784 25 8. 8682 96958

10 28)6.4288 88932 28)6.5139 82203 28 6. 6000 87807 28)6.6872 16435 28 6.7753 78876

24 (69)1. 3788 79182 (69) 1. 4230 88020 (69) 1. 4686 53390 (69) 1. 5156 15056 (69)1.5640 13890

1/2 ( 1)2. 7568 09750 ( 1) 2. 7586 22845 ( 1) 2. 7604 34748 ( 1) 2. 7622 45463 ( 1)2. 7640 54992
1/3 9. 1258 05271 9.1298 06063 9. 1338 03351 9.1377 97144 9.1417 87449
1/4 5.2505 33069 5.2522 59366 5.2539 83963 5.2557 06863 5.2574 28071

1/5 3. 7684 49662 3. 7694 40838 3. 7704 30972 3. 7714 20068 3. 7724 08126

1
2
3
4
5
6
7
8
9

10

5
4476

(11)3. 4248
(14)2. 6200
(17 2. 0043
(20 1.5333
(23 1.1729
(25 8. 9733
(28 6.8645

765
85225
97125
83006
35500
27157
10275
82361
15059
86020

5
4494

(11)3. 4428
14 2. 6372
17 2. 0200
20 1.5473
23 1.1853
25)9. 0794
28)6.9548

766
86756
55096
26035
04743
98833
95706
05111
37150
48857

5
4512

11) 3. 4608
14) 2. 6544
17 2. 0359
20 1. 5615
23 1. 1977
25 9. 1866
28 7. 0461

767
88289
17663
39475
63877
73794
91900
40987
73373
78477

5
4529

11 3. 4789
14 2. 6718
17 2. 0519
20 1. 5758
23 1. 2102
25 9. 2950
28 7. 1385

768
89824
84832
23510
13255
52580
99582
90879
33948
86072

5

4547
11)3. 4970
14)2. 6892
17 2. 0680
20 1. 5903
23 1. 2229
25 9. 4045
28 7. 2320

769
91361
56609
78323
53231
35734
19480
55680
29178
82938

24 (69)1.6138 91907 (69)1. 6652 92289 (69)1.7182 59425 (69)1.7728 38934 (69)1.8290 77701

1/2 ( 1)2.7658 63337 ( 1)2.7676 70501 ( 1)2.7694 76485 ( 1)2.7712 81292 ( 1)2.7730 84925
1/3 9.1457 74274 9.1497 57625 9.1537 37512 9.1577 13940 9.1616 86919
1/4 5.2591 47590 5.2608 65424 5.2625 81576 5.2642 96052 5.2660 08854
1/5 3. 7733 95151 3. 7743 81144 3. 7753 66108 3. 7763 50045 3. 7773 32958

1
2
3
4
5
6
7
S

9
10

5
4565

11 3. 5153
14 2. 7067
17 2.0842
20 1. 6048
23 1. 2357
25 9.5151
28 7. 3266

770
92900
33000
04100
84157
23801
52327
36292
69445
80473

5
4583

11 3. 5336
14 2. 7244
17 2.1005
20 1. 6194
23 1. 2486
25 9.6269
28 7. 4223

771
94441
14011
01025
06390
17327
98859
33620
65212
90179

5
4600

11 3. 5519
14 2. 7421
17 2. 1169
20 1. 6342
23 1. 2616
25)9.7399
28) 7. 5192

772
95984
99648
69283
20286
16861
59817
48578
27025
23664

5
4618

11 3. 5704
14 2. 7599
17 2. 1334
20 1. 6491
23 1. 2747
25 9. 8540
28 7.6171

773
97529
89917
09058
26202
22954
35944
82084
65513
92641

11'

28)7.

14)2.7778
17)2.1500
20)1.6641
231.2880
25)9.9693

5
4636

3. 5889

7163

774
99076
84824
20538
24496
36160
27988
35063
91385
08932

24 (69)1.8870 23915 (69)1.9467 27094 (69)2.0082 38127 (69)2. 0716 09310 (69)2. 1368 94378

1/2 ( 1)2. 7748 87385 ( 1) 2. 7766 88675 ( 1) 2. 7784 88798 ( 1) 2. 7802 87755 ( 1) 2. 7820 85549

1/3 9. 1656 56454 9. 1696 22555 9. 1735 85227 9. 1775 44479 9. 1815 00317

1/4 5. 2677 19986 5. 2694 29452 5. 2711 37257 5. 2728 43403 5. 2745 47894

1/5 3. 7783 14849 3. 7792 95720 3. 7802 75573 3. 7812 54412 3. 7822 32239
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k

POWERS AND ROOTS nk Table 3.1

1 775 776 777 778 779
2 6 00625 6 02176 6 03729 6 05284 6 06841
3 4654 84375 4672 88576 4690 97433 4709 10952 4727 29139
4 11 3. 6075 03906 (1]. 3. 6261 59350 (11 3. 6448 87054 11 3. 6636 87207 (11) 3. 6825 59993
5 i 14 2.7958 15527 (14 2. 8138 99655 (14 2.8320 77241 14 2.8503 48647 (14 2.8687 14234
6 17 2. 1667 57034 17 2. 1835 86133 (17 2.2005 24016 17 2.2175 71247 17 2.2347 28389
7 20 1.6792 36701 20 1.6944 62839 20 1.7098 07161 20 1.7252 70430 20 1.7408 53415
8 23 1. 3014 08443 23 1. 3149 03163 23 1. 3285 20164 23 1. 3422 60395 23 1. 3561 24810
9 26 1. 0085 91544 26) 1. 0203 64854 26 1. 0322 60167 26 1. 0442 78587 26 1. 0564 21227

10 (28 7.8165 84463 28)7.9180 31271 28 8.0206 61501 28 8.1244 87408 28 8.2295 21359

24 (69)2. 2041 48547 (69)2. 2734 28553 (69) 2. 3447 92689 (69)2. 4183 00846 (69)2. 4940 14558

1/2 ( 1)2.7838 82181 ( 1)2.7856 77655 ( 1)2. 7874 71973 ( 1)2.7892 65136 ( 1)2.7910 57147
1/3 9.1854 52750 9.1894 01784 9. 1933 47428 9.1972 89687 9.2012 28569
1/4 5.2762 50735 5.2779 51928 5. 2796 51478 5.2813 49388 5.2830 45663
1/5 3.7832 09055 3.7841 84864 3.7851 59667 3.7861 33467 3.7871 06266

1 780 781 782 783 784
2 6 08400 6 09961 6 11524 6 13089 6 14656
3 4745 52000 4763 79541 4782 11768 4800 48687 4818 90304
4 11 3. 7015 05600 11 3. 7205 24215 11 3. 7396 16026 (11 3. 7587 81219 11) 3. 7780 19983
5 14 2.8871 74368 14 2.9057 29412 14 2.9243 79732 14 2.9431 25695 14 2.9619 67667
6 17 2. 2519 96007 17 2. 2693 74671 17 2. 2868 64951 17 2. 3044 67419 17 2. 3221 82651
7 20 1.7565 56885 20 1.7723 81618 20 1.7883 28391 20 1.8043 97989 20 1. 8205 91198
8 23 1. 3701 14371 23 1. 3842 30044 23 1. 3984 72802 23 1. 4128 43625 23 1. 4273 43499
9 26 1. 0686 89209 26 1. 0810 83664 26 1. 0936 05731 26 1. 1062 56559 26 1. 1190 37304

10 28 8. 3357 75831 28 8. 4432 63416 28 8. 5519 96818 28 8. 6619 88854 28 8. 7732 52460

24 (69)2. 5719 97041 (69)2. 6523 13239 (69)2. 7350 29868 (69)2. 8202 15463 (69)2. 9079 40422

1/2 ( 1)2. 7928 48009 ( 1)2. 7946 37722 ( 1)2. 7964 26291 ( 1)2. 7982 13716 ( 1)2. 8000 00000
1/3 9.2051 64083 9.2090 96233 9.2130 25029 9.2169 50477 9. 2208 72584
1/4 5. 2847 40305 5. 2864 33318 5. 2881 24706 5. 2898 14473 5. 2915 02622
1/5 3.7880 78066 3.7890 48871 3.7900 18681 3.7909 87500 3.7919 55329

1 785 786 787 788 789
2 6 16225 6 17796 6 19369 6 20944 6 22521
3 4837 36625 4855 87656 4874 43403 4895 03872 4911 69069
4 11 3. 7973 32506 11 3. 8167 18976 (11)3. 8361 79582 11 3. 8557 14511 11)3. 8753 23954
5 14 2.9809 06017 14 2.9999 41115 (14)3.0190 73331 14 3.0383 03035 14)3.0576 30600
6 17 2. 3400 11224 17 2. 3579 53717 17 2. 3760 10711 17 2. 3941 82792 17 2. 4124 70543
7 20 1. 8369 08811 20 1.8533 51621 20 1.8699 20430 20 1.8866 16040 20 1.9034 39259
8 23 1.4419 73416 23 1.4567 34374 23 1.4716 27378 23 1. 4866 53439 23 1.5018 13575
9 26 1.1319 49132 26)1. 1449 93218 26 1.1581 70747 26 1.1714 82910 26 1.1849 30911

10 28 8.8858 00685 28)8.9996 46695 28 9. 1148 03776 28 9.2312 85332 28 9. 3491 04886

24 (69)2. 9982 77060 (69)3. 0912 99652 (69)3. 1870 84488 (69) 3. 2857 09926 (69)3. 3872 56439

1/2 ( 1)2. 8017 85145 ( 1)2. 8035 69154 ( 1)2. 8053 52028 ( 1)2. 8071 33770 ( 1)2. 8089 14381
1/3 9.2247 91357 9.2287 06804 9.2326 18931 9.2365 27746 9.2404 33255
1/4 5. 2931 89157 5. 2948 74081 5. 2965 57399 5. 2982 39J 13 5. 2999 19227
1/5 3. 7929 22172 3. 7938 88029 3. 7948 52904 3. 7958 16799 3. 7967 79716

1 790 791 792 793 794
2 6 24100 6 25681 6 27264 6 28849 6 30436
3 4930 39000 4949 13671 4967 93088 4986 77257 5005 66184
4 11 3. 8950 08100 (11 3. 9147 67138 (11) 3. 9346 01257 11)3. 9545 10648 11 3. 9744 95501
5 14 3.0770 56399 (14 3.0965 80806 (14 3.1162 04196 14)3.1359 26944 14 3.1557 49428
6 17 2.4308 74555 (17 2.4493 95417 17 2.4680 33723 17 2.4867 90066 17 2.5056 65046
7 20 1.9203 90899 (20 1.9374 fl775 20 1.9546 82708 20 1.9720 24523 20 1.9894 98046
8 23 1.5171 08810 23 1. 5325 40174 23 1.5481 08705 23 1. 5638 15447 23 1.5796 61449
9 26 1.1985 15960 26 1.2122 39278 26)1.2261 02094 (26 1.2401 05649 26 1.2542 51190

10 (28 9. 4682 76083 28 9. 5888 12687 28)9. 7107 28588 (28 9. 8340 37797 28 9. 9587 54451

24 (69)3.4918 06676 (69)3.5994 45514 (69)3.7102 60118 (69)3.8243 39997 (69)3.9417 77065

1/2 ( 1)2.8106 93865 ( 1)2.8124 12222 ( 1)2.8142 49456 ( 1)2.8160 25568 ( 1)2.8178 00561
1/3 9.2443 35465 9.2482 34384 9.2521 30018 9.2560 22375 9.2599 11460
1/4 5. 3015 97745 5. 3032 74670 5. 3049 50005 5 3066 23755 5. 3082 95923
1/5 3 7977 41656 3. 7987 02625 3. 7996 62619 3. 8006 21646 3. 8015 79705

1 795 796 797 798 799
2 6 32025 6 33616 6 35209 6 36804 6 38401
3 5024 59875 5043 58336 5062 61573 5081 69592 5100 82399
4 11 3.9945 56006 11 4.0146 92355 11 4.0349 04737 11 4.0551 93344 11 4. 0755 58368
5 14 3.1756 72025 14 3.1956 95114 14 3.2158 19075 14 3.2360 44289 14 3.2563 71136
6 17 2. 5246 59260 17 2. 5437 73311 17 2. 5630 07803 17 2. 5823 63342 17 2. 6018 40538
7 20 2. 0071 04112 20 2. 0248 43555 20 2. 0427 17219 20 2. 0607 25947 20 2. 0788 70590
8 23 1. 5956 47769 23 1. 6117 75470 23 1. 6280 45624 23 1. 6444 59306 23 1. 6610 17601
9 26 1. 2685 39976 (26 1. 2829 73274 26 1. 2975 52362 26 1. 3122 78526 26 1. 3271 53063

10 29 1. 0084 89281 (29 1.0212 46726 29)1. 0341 49232 29 1. 0471 98264 (29)1.0603 95290

24 (69)4.0626 65702 (69)4. 1871 02820 (69)4. 3151 87922 (69)4.4470 23172 (69)4. 5827 13463

1/2 ( 1)2.8195 74436 ( 1)2.8213 47196 ( 1)2.8231 18843 ( 1)2.8248 89378 ( 1)2.8266 58805
1/3 9.2637 97282 9.2676 19846 9.2715 59160 9. 2754 35230 9.2793 08064
1/4 5. 3099 66512 5. 3116 35526 5. 5133 02968 5. 3149 68841 5. 3166 33150
1/5 3. 8025 36800 3. 8034 92932 3. 8044 48104 3. 0054 02317 3. 0063 55574

i i i i
1(-6)21 1(-7)21LJ LJ Li
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T[(-7)2]

Table 3.1

k
1 800

POWERS AND ROOTS nk

801 802 803 804
2 6 40000 6 41601 6 43204 6 44809 6 46416
3 5120 00000 5139 22401 5158 49608 5177 81627 5197 18464
4 (11 4.0960 00000 11 4.1165 18432 11 4.1371 13856 (11 4.1577 86465 11)4.1785 36451
5 (14 3. 2168 00000 14 3. 2973 31264 14 3. 3179 65313 14 3. 3387 02531 14) 3. 3595 43306
6 17 2. 6214 40000 17 2.6411 62342 17 2.6610 08181 17 2.6809 78133 17 2.7010 72818
7 20 2. 0971 52000 20 2. 1155 71036 20 2. 1341 28561 20 2. 1528 25440 20 2. 1716 62546
8 23 1.6777 21600 23 1.6945 72400 23 1.7115 71106 23 1.7287 18829 23 1.7460 16687
9 26 1.3421 77280 26 1.3573 52492 26 1.3726 80027 26 1.3881 61219 26 1.4037 97416

10 29 1. 0737 41824 29 1. 0872 39346 29 1. 1008 89382 29 1. 1146 93459 29 1. 1286 53123

24 (69)4.7223 66483 (69)4.8660 92789 (69)5.0140 05879 (69)5.1662 22264 (69)5. 3228 61548

1/2 ( 1)2. 8284 27125 ( 1)2. 8301 94340 1)2.8319 60452 1)2. 8337 25463 ( 1)2. 8354 89376
1/3 9. 2831 77667 9. 2870 44047 9. 2909 07211 9.2947 67164 9.2986 23915
1/4 5. 3182 95897 5. 3199 57086 5. 3216 16720 5. 3232 74803 5. 3249 31338
1/5 3.8073 07877 3.8082 59229 3. 8092 09631 3. 8101 59085 3. 8111 07593

1 805 806 807 808 809
2 6 48025 6 49636 6 51249 6 52864 6 54481
3 5216 60125 5236 06616 5255 57943 5275 14112 5294 75129
4 11)4.1993 64006 11 4.2202 69325 11)4.2412 52600 11 4.2623 14025 114.2834 53794
5 14)3.3804 88025 14 3.4015 37076 14) 3.4226 90848 14 3.4439 49732 14 3.4653 14119
6 17 2. 7212 92860 17 2. 7416 38883 17)2. 7621 11515 17 2. 7827 11384 17 2. 8034 39122
7 20 2.1906 40752 20 2.2097 60940 20)2. 2290 23992 20 2.2484 30798 20 2.2679 82250
8 23 1. 7634 65806 23 1. 7810 67318 23 1. 7988 22362 23 1. 8167 32085 / 23 1. 8347 97640
9 26 1.4195 89974 26 1.4355 40258 26 1.4516 49646 26 1.4679 19524 26 1.4843 51291

10 29 1.1427 69929 29 1.1510 45448 29 1. 1714 81264 29 1.1860 78976 (29)1.2008 40194

24 (69)5.4840 46503 (69)5.6499 03151 (69)5.8205 60843 (69)5.9961 52346 (69)6.1768 13927

1/2 ( 1)2. 8372 52192 ( 1)2. 8390 13913 ( 1)2. 8407 74542 ( 1)2. 8425 34081 ( 1)2. 8442 92531
1/3 9.3024 77468 9.3063 27832 9.3101 75012 9.3140 19016 9.3178 59849
1/4 5. 3265 86329 5. 3282 39778 5. 3298 91690 5. 3315 42067 5. 3331 90912
1/5 3.8120 55159 3.8130 01783 3.8139 47468 3.8148 92216 3.8158 36029

1 810 811 812 813 814
2 6 56100 6 57721 6 59344 6 60969 6 62596
3 5314 41000 5334 11731 5353 87328 5373 67797 5393 53144
4 11 4. 3046 72100 11)4. 3259 69138 11 4. 3473 45103 11 4. 3688 00190 11 4. 3903 34592
5 14 3. 4867 84401 14)3.5083 60971 14 3. 5300 44224 14 3. 5518 34554 14 3. 5737 32358
6 17 2. 8242 95365 17 2. 8452 80748 17 2. 8663 95910 17 2. 8876 41493 17 2.9090 18139
7 20 2. 2876 19245 20 2. 3075 22686 20 2. 3275 13479 20 2. 3476 52533 20 2. 3679 40765
8 23 1. 8530 20189 23 1. 8714 00899 23 1. 8899 40945 23 1.9086 41510 23 1. 9275 03783
9 26 1. 5009 46353 26 1. 5177 06129 26 1. 5346 32047 26 1. 5517 25547 26 1. 5689 88079

10 29 1. 2157 66546 29 1. 2308 59670 (29 1. 2461 21222 29 1. 2615 52870 (29 1. 2771 56297

24 (69)6.3626 85441 (69)6.5539 10420 (69) 6. 7506 36166 69) 6. 9530 13847 (69)7. 1611 98588

1/2 ( 1)2.8460 49894 1)2.8478 06173 1)2.8495 61370 1)2.8513 15486 1)2.8530 68524
1/3 9. 3216 97518 9. 3255 32030 9. 3293 63391 9. 3331 91608 9. 3370 16687
1/4 5. 3348 38230 5. 3364 84023 5. 3381 28295 5. 3397 71049 5. 3414 12288
1/5 3. 8167 78910 3. 8177 20859 3. 8186 61880 3. 8196 01974 3. 8205 41144

1 815 816 817 818 819
2 6 64225 6 65856 6 67489 6 69124 6 70761
3 5413 43375 5433 38496 5453 38513 5473 43432 - 5493 53259
4 11 4.4119 48506 11 4.4336 42127 11 4. 4554 15651 11 4. 4772 69274 11 4. 4992 03191
5 14 3. 5957 38033 14 3. 6178 51976 14 3. 6400 74587 14 3. 6624 06266 14 3. 6848- 47414
6 17 2. 9305 26497 17 2. 9521 67212 17 2. 9739 40938 17 2. 9958 48326 17 3. 0178 90032
7 20 2.3883 79095 20 2.4089 68445 20 2. 4297 09746 20 2. 4506 03930 20 2. 4716 51936
8 23 1.9465 28962 23 1.9657 18251 23 1. 9850 72863 23 2. 0045 94015 23 2. 0242 82936
9 26 1.5864 21104 26)1.6040 26093 26 1. 6218 04529 26 1. 6397 57904 26 1. 6578 87724

10 29 1.2929 33200 29)1.3088 85292 29 1. 3250 14300 29 1. 3413 21966 29 1. 3578 10046

24 (69)7.3753 49576 (69)7.5956 30157 (69)7. 8222 07941 (69)8. 0552 54907 (69)8. 2949 47511

1/2 ( 1)2. 8548 20485 ( 1)2. 8565 71371 ( 1)2. 8583 21186 1)2.8600 69929 1)2.8618 17604
1/3 9.3408 38634 9.3446 57457 9.3484 73160 9. 3522 85752 9. 3560 95237
1/4 5.3430 52016 5.3446 90236 5.3463 26950 5. 3479 62163 5. 3495 95877
1/5 3.8214 79391 3.8224 16717 3.8233 53125 3. 8242 88616 3. 8252 23193

1 820 821 822 823 824
2 6 72400 6 74041 6 75684 6 77329 6 78976
3 5513 68000 5533 87661 5554 12248 5574 41767 5594 76224
4 11)4.5212 17600 11 4.5433 12697 11)4.5654 88679 11 4.5877 45742 (11 4.6100 84086
5 14 3.7073 98432 14 3.7300 59724 14)3.7528 31694 14 3. 775T 14746 14 3.7987 09287
6 17 3. 0400 66714 17 3. 0623 79033 17)3. 0848 27652 17 3. 1074 13236 17 3. 1301 36452
7 20 2. 4928 54706 20 2. 5142 13186 20 2. 5351 28330 20 2. 5574 01093 20 2. 5792 32437
8 23 2.0441 40859 23 2.0641 69026 23 2.0843 68687 23 2.1047 41100 23 2.1252 87528
9 26) 1. 6761 95504 26 1. 6946 82770 26 1. 7133 51061 26 1. 7322 01925 26 1. 7512 36923

10 29)1.3744 80313 29)1.3913 34555 (29 1.4083 74572 29 1.4256 02184 29 1.4430 19224

24 (69)8. 5414 66801 (69)8. 7949 98523 (69)9. 0557 33244 (69)9. 3238 66467 (69)9. 5995 98755

1/2 ( 1)2. 8655 64213 ( 1)2. 8653 09756 ( 1)2. 8670 54237 ( 1)2. 8681 97658 ( 1)2. 8705 40019
1/3 9. 3599 01623 9. 3637 04916 9. 3675 05121 9. 3713 02245 9 3750 96295
1/4 5.3512 28095 5. 3528 58822 5.3544 88059 5.3561 15810 5.3577 42079
1/5 3. 8261 56858 3. 8270 89612 3 8280 21458 3. 8289 52397 3. 8298 82432
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k

1
2
3

6

5615

POWERS AND ROOTS

825 826 827
80625 6 82276 6 83929
15625 5635 59976 5656 09283

k

6
5676

828
85584
63552

Table 3.1

829
6 87241

5697 22789
4 11 4. 6325 03906 (11 4.6550 05402 11 4.6775 88770 (11)4.7002 54211 11 4.7230 01921
5 14 3.8218 15723 (14 3. 8450 34462 14 3. 8683 65913 (14) 3. 8918 10486 14 3. 9153 68592
6 17 3. 1529 97971 17 3. 1759 98465 17 3. 1991 38610 17 3. 2224 19083 17 3. 2458 40563
7 20 2. 6012 23326 20 2. 6233 74732 20 2. 6456 87631 20 2. 6681 63000 20 2. 6908 01827
8 23 2.1460 09244 23 2.1669 07529 23 2.1879 83671 23 2.2092 38964 23 2.2306 74714
9 26 1. 7704 57626 26 1. 7898 65619 26 1. 8094 62496 26 1. 8292 49863 26 1. 8492 29338

10 29 1. 4606 27542 29 1. 4784 29001 29 1.4964 25484 29 1. 5146 18886 29 1.5330 11121

24 (69)9.8831 35853 (70)1. 0174 68882 (70) 1. 0474 47415 (70) 1. 0782 71392 (70) 1. 1099 63591

1/2 ( 1)2. 8722 81323 ( 1)2. 8740 21573 ( 1) 2. 8757 60769 ( 1)2. 8774 98914 ( 1)2. 8792 36010
1/3 9. 3788 87277 9. 3826 75196 9. 3864 60060 9. 3902 41873 9. 3940 20643
1/4 5.3593 66869 5.3609 90182 5.3626 12021 5. 3642 32391 5.3658 51293
1/5 3. 8308 11564 3. 8317 39795 3. 8326 67128 3. 8335 93565 3. 8345 19107

1 830 831 832 833 834
2 6 88900 6 90561 6 92224 6 93889 6 95556
3 5717 81000 5738 56191 5759 30368 5780 09537 5800 93704
4 11 4.7458 32100 11 4.7687 44947 11 4.7917 40662 11 4.8148 19443 11)4.8379 81491
5 14 3. 9390 40643 14 3. 9628 27051 14 3. 9867 28231 14 4. 0107 44596 14 4. 0348 76564
6 17 3.2694 03734 17 3.2931 09279 17 3.3169 57888 17 3.3409 50249 17 3.3650 87054
7 202.7136 05099 20 2.7365 73811 20 2.7597 08963 20 2.7830 11557 20 2.8064 82603
8 232. 2522 92232 23 2.2740 92837 23 2.2960 77857 23 2.3182 48627 23 2.3406 06491
9 26 1. 8694 02553 26 1. 8897 71148 26 1. 9103 36777 (26 1. 9311 01106 26) 1. 9520 65814

10 29 1. 5516 04119 29)1.5703 99824 29 1.5894 00198 (29 1. 6086 07222 29)1. 6280 22889

24 (70>1. 1425 47375 (70) 1. 1760 46709 (70)1. 2104 86167 (70)1. 2458 90957 (70) 1. 2822 86929

1/2 ( 1)2.8809 12058 ( 1)2.8827 07061 ( 1)2. 8844 41020 ( 1)2.8861 73938 ( 1)2.8879 05816
1/3 9. 3977 96375 9. 4015 69076 9. 4053 38751 9. 4091 05407 9. 4128 69049
1/4 5.3674 68731 5.3690 84709 5.3706 99229 5.3723 12294 5.3139 23907
1/5 3.8354 43756 3.8363 67514 3.8372 90383 3.8382 12366 3.8391 33463

1 835 836 837 838 839
2 6 97225 6 98896 7 00569 7 02244 7 03921
3 5821 82875 5842 77056 5863 76253 5884 80472 5905 89719
4 11 4.8612 27006 11 4.8845 56188 11)4. 9079 69238 11 4.9314 66355 11 4.9550 47742
5 14 4.0591 24550 14 4. 0834 88973 14)4. 1079 70252 14 4.1325 68806 14 4.1572 85056
6 17 3.3893 68999 17 3.4137 96782 17 3.4383 71101 17 3.4630 92659 17 3.4879 62162
7 20 2.8301 23115 20 2.8539 34109 20 2.8779 16611 20 2.9020 71648 20 2.9264 00254
8 23 2.3631 52801 23 2.3858 88916 232. 4088 16204 23 2.4319 36041 23 2.4552 49813
9 26 1. 9732 32589 26 1. 9946 03133 26 2. 0161 79163 26 2. 0379 62403 26 2. 0599 54593

10 29 1.6476 49211 29 1.6674 88220 (29)1.6875 41959 29 1.7078 12493 29 1.7283 01904

24 (70)1. 3197 00592 (70)1. 3581 59133 (70)1. 3976 90431 (70)1.4383 23072 (70)1.4800 86372

1/2 ( 1) 2. 8896 36655 ( 1) 2. 8913 66459 ( 1)2. 8930 95228 ( 1)2. 8948 22965 ( 1) 2. 8965 49672
1/3 9. 4166 29685 9. 4203 87319 9. 4241 41957 9. 4278 93606 9. 4316 42272
1/4 5. 3755 34071 5.3771 42790 5.3787 50067 5.3803 55904 5. 3819 60304
1/5 3.8400 53677 3.8409 73010 3.8418 91464 3.8428 09040 3.8437 25741

1 840 841 842 843 844
2 7 05600 7 07281 7 08964 7 10649 7 12336
3 5927 04000 5948 23321 5969 47688 5990 77107 6012 11584
4 11 4. 9787 13600 (11 5. 0024 64130 11 5. 0262 99533 11. 5.0502 20012 11 5.0742 25769
5 14 4. 1821 19424 14 4. 2070 72333 14 4. 2321 44207 14 4.2573 35470 14 4.2826 46549
6 17 3. 5129 80316 17 3. 5381 47832 17 3. 5634 65422 17 3. 5889 33801 17 3. 6145 53687
7 20 2.9509 03466 20 2.9755 82327 20 3. 0004 37885 20 3.0254 71195 20 3.0506 83312
8 23 2. 4787 58911 23 2. 5024 64737 23 2. 5263 68700 23 2.5504 72217 23 2.5747 76715
9 26 2. 0821 57485 26 2.1045 72844 26 2. 1272 02445 26 2. 1500 48079 26 2. 1731 11548

10 29 1. 7490 12288 (29 1. 7699 45762 29 1. 7911 04459 29 1. 8124 90531 29 1. 8341 06146

24 (70) 1. 5230 10388 (70) 1. 5671 25939 (70)1.6124 64626 (70)1.6590 50848 (70)1.7069 41821

1/2 ( 1)2.8982 75349 ( 1)2.9000 00000 ( 1)2.9017 23626 ( 1)2.9034 46228 ( 1)2.9051 67809
1/3 9. 4353 87961 9. 4391 30677 9. 4428 70428 9. 4466 07220 9. 4503 41057
1/4 5. 3835 63271 5. 3851 64807 5.3867 64916 5. 3883 63600 5.3899 60862
1/5 3.8446 41568 3. 8455 56523 3. 8464 70609 3.8473 83826 3. 8482 96177

1 845 846 847 848 849
2 7 14025 7 15716 7 17409 7 19104 7 20801
3 6033 51125 6054 95736 6076 45423 6098 00192 6119 60049
4 11 5.0983 17006 (11)5.1224 93927 11)5.1467 56733 11 5.1711 05628 11 5.1955 40816
5 14 4. 3080 77870 (14)4. 3336 29862 14 4.3593 02953 14 4.3850 97573 14 4.4110 14153
6 17 3. 6403 25800 17) 3. 6662 50863 17 3. 6923 29601 17 3. 7185 62742 17 3. 7449 51016
7 20 3. 0760 75301 20 3. 1016 48230 20 3. 1274 03172 20 3. 1533 41205 20 3. 1794 63412
8 23 2. 5992 83630 23 2. 6239 94403 23)2. 6489 10487 23 2. 6740 33342 23 2. 6993 64437
9 26 2. 1963 94667 26 2. 2198 99265 26>2. 2436 27182 26 2. 2675 80274 26 2. 2917 60407

10 29 1. 8559 53494 (29 1. 8780 34778 29) 1. 9003 52223 (29 1. 9229 08072 29 1. 9457 04506

24 (70)1.7561 47601 (70)1.8067 11101 (70)1.8586 68111 (10)1.9120 55324 (70)1.9669 10351

1/2 ( 1)2.9068 88371 ( 1)2.9086 07914 ( 1)2.9103 26442 ( 1)2.9120 43956 ( 1)2.9137 60457
1/3 9. 4540 71946 9.4577 99893 9. 4615 24903 9.4652 46982 9.4689 66137
1/4 5.3915 56105 5. 3931 51133 5.3947 44148 5.3963 35753 5.3979 25951
1/5 3.8492 07664 3.8501 18288 3.8510 28051 3.8519 36956 3.8528 45003
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n[(7)4]

Table 3.1

k
1 850

POWERS AND ROOTS flk

851 852 853 854
2 7 22500 7 24201 7 25904 7 27609 7 29316
3 6141 25000 6162 95051 6184 70208 6206 50477 6228 35864
4 11 5.2200 62500 11 5.2446 70884 11)5.2693 66172 (11)5.2941 48569 11)5.3190 18279
5 14 4.4370 53125 14 4.4632 14922 14 4.4894 99979 (14 4.5159 08729 14 4.5424 41610
6 17 3.7714 95156 17 3.7981 95899 17 3.8250 53982 (17 3.8520 70146 17 3.8792 45135
7 20)3.2057 70883 20 3.2322 64710 20 3.2589 45993 (203.2858 15835 20 3.3128 75345
8 23)2.7249 05250 23 2.7506 57268 2312.7766 21986 (23 2.8028 00907 (23 2.8291 95545
9 26)2.3161 69463 26 2.3408 09335 26 2.3656 81932 (26)2.3907 89174 (26 2.4161 32995

10 (29)1.9687 44043 29)1.9920 28744 29 2.0155 61006 (29)2.0393 43165 (29 2.0633 77578
24 (70)2.0232 71747 (70)2.0811 79034 (70)2.1406 72719 (70)2.2017 94325 (70)2.2645 86409

1/2 ( 1)2.9154 75947 ( 1)2.9171 90429 ( 1)2.9189 03904 ( 1)2.9206 16373 ( 1)2.9223 27839
1/3 9.4726 82372 9.4763 95693 9.4801 06107 9.4838 13619 9.4875 18234
1/4 5.3995 14744 5.4011 02137 5.4026 88131 5.4042 72729 5.4058 55935
1/5 3.8537 52195 3.8546 58534 3.8555 64021 3.8564 68659 3.8573 72448

1 855 856 857 858 859
2 7 31025 7 32736 7 34449 7 36164 7 37881
3 6250 26375 6272 22016 6294 22793 6316 28712 6338 39779
4 (11 5.3439 75506 11 5.3690 20457 11)5. 3941 53336 11)5.4193 74349 11 5.4446 83702
5 14 4.5690 99058 14 4.5958 81511 14 4.6227 89409 14 4.6498 23191 14 4.6769 83300
6 17 3. 9065 79694 17 3. 9340 74574 17 3. 9617 30523 17 3. 9895 48298 17 4. 0175 28654
7 20 3.3401 25639 20 3.3675 67835 20 3.3952 03059 20 3.4230 32440 20 3.4510 57114
8 23 2. 8558 07421 23 2. 8826 38067 23 2. 9096 89021 23 2. 9369 61833 23 2. 9644 58061
9 26 2.4417 15345 26 2.4675 38185 26 2.4936 03491 26 2.5199 13253 26 2.5464 69474

10 29 2.0876 66620 29 2.1122 12686 29 2. 1370 18192 (29 2.1620 85571 29 2.1874 17279
24 (70)2.3290 92589 (70)2.3953 57569 (70)2.4634 27165 (70)2.5333 48329 (70)2.6051 69182

1/2 ( 1)2.9240 38303 ( 1)2.9257 47768 ( 1)2.9274 56234 ( 1)2.9291 63703 ( 1)2.9308 70178
1/3 9. 4912 19958 9. 4949 18797 9. 4986 14756 9. 5023 07842 9. 5059 98059
1/4 5.4074 37751 5.4090 18180 5.4105 97225 5.4121 74889 5.4137 51174
1/5 3. 8582 75391 3. 8591 77490 3. 8600 78746 3.8609 79161 3. 8618 78737

1 860 861 862 863 864
2 7 39600 7 41321 7 43044 7 44769 7 46496
3 6360 56000 6382 77381 6405 03928 6427 35647 6449 72544
4 11 5.4700 81600 11 5.4955 68250 11 5.5211 43859 11 5.5468 08634 11 5.5725 62780
5 14 4.7042 70176 144.731684264 144.7592 26007 144.7868 95851 144.814694242
6 17 4.0456 72351 17 4.0739 80151 17 4.1024 52818 17 4.1310 91119 17 4.1598 95825
7 20 3.4792 78222 20 3.5076 96910 20 3.5363 14329 20 3.5651 31636 20 3.5941 49993
8 23)2.9921 79271 23 3.0201 27039 23 3.0483 02952 23 3.0767 08602 23 3.1053 45594
9 26)2.5732 74173 26 2.6003 29381 26)2.6276 37144 26 2.6551 99523 26 2.6830 18593

10 (29)2.2130 15789 29 2.2388 83597 29)2.2650 23218 29 2.2914 37189 29 2.3181 28064
24 (70)2.6789 39031 (70)2.7547 08410 (70)2.8325 29097 (70)2.9124 54150 (70)2. 9945 37938

1/2 ( 1)2. 9325 75660 ( 1)2. 9342 80150 ( 1)2. 9359 83651 ( 1)2. 9376 86164 ( 1)2. 9393 87691
1/3 9.5096 85413 9.5133 69910 9.5170 51555 9.5207 30354 9.5244 06312
1/4 5.4153 26084 5.4168 99621 5.4184 71787 5.4200 42587 5.4216 12022
1/5 3. 8627 77475 3. 8636 75378 3. 8645 72447 3. 8654 68684 3. 8663 64090

1 865 866 867 868 869
2 7 48225 7 49956 7 51689 7 53424 7 55161
3 6472 14625 6494 61896 6517 14363 6539 72032 6562 34909
4 (11 5. 5984 06506 11 5. 6243 40019 11 5. 6503 63527 11 5. 6764 77238 11 5. 7026 81359
5 14 4. 8426 21628 14 4.8706 78457 14 4. 8988 65178 14 4.9271 82242 14 4. 9556 30101
6 17 4. 1888 67708 17 4. 2180 07544 17 4. 2473 16109 17 4. 2767 94186 17 4. 3064 42558
7 20 3. 6233 70568 20 3. 6527 94533 20 3.6824 23067 20 3.7122 57354 20 3. 7422 98583
8 23 3. 1342 15541 23 3. 1633 20065 23 3. 1926 60799 23 3. 2222 39383 23 3. 2520 57468
9 26 2. 7110 96443 26 2. 7394 35177 26 2. 7680 36913 26 2. 7969 03785 26 2. 8260 37940

10 29 2. 3450 98423 29 2. 3723 50863 29 2. 3998 88003 29 2. 4277 12485 (29 2. 4558 26970
24 (70)3.0788 36164 (70) 3. 1654 05907 (70)3.2543 05644 70) 3. 3455 95291 (70)3.4393 36231

1/2 ( 1)2.9410 88234 ( 1)2.9427 87794 ( 1)2.9444 86373 ( 1)2.9461 83973 ( 1)2.9478 80595
1/3 9.5280 79435 9.5317 49727 9.5354 17196 9.5390 81845 9.5427 43681
1/4 5.4231 80095 5.4247 46809 5.4263 12167 5.4278 76171 5.4294 38824
1/5 3. 8672 58668 3. 8681 52418 3. 8690 45344 3. 8699 37445 3. 8708 28725

1 870 871 872 873 874
2 7 56900 7 58641 7 60384 7 62129 7 63876
3 6585 03000 6607 76311 6630 54848 6653 38617 6676 27624
4 (11)5.7289 76100 11 5.7553 61669 11 5.7818 38275 11) 5. 8084 06126 11 5. 8350 65434
5 (14)4.9842 09207 14 5.0129 20014 14 5.0417 62975 14)5.0707 38548 14 5. 0998 47189
6 17 4. 3362 62010 17 4.3662 53332 17 4. 3964 17315 17 4. 4267 54753 17 4.4572 66443
7 20 3.7725 47949 20 3.8030 06652 20 3.8336 75898 20 3.8645 56899 20 3. 8956 50871
8 23 3. 2821 16715 23 3. 3124 18794 23 3. 3429 65383 23 3. 3737 58173 23 3. 4047 98862
9 26 2.8554 41542 26 2.8851 16769 26 2.9150 65814 26 2. 9452 90885 26 2. 9757 94205

10 29 2.4842 34142 29 2.5129 36706 29 2.5419 37390 29 2. 5712 38943 29 2. 6008 44135
24 (70)3. 5355 91351 (70) 3. 6344 25075 (70)3. 7359 03403 (70) 3. 8400 93943 70) 3. 9470 65953

1/2 ( 1)2. 9495 76241 ( 1)2. 9512 70913 ( 1)2. 9529 64612 ( 1)2. 9546 57341 ( 1)2.9563 49100
1/3 9.5464 02709 9.5500 58934 9.5537 12362 9.5573 62998 9. 5610 10846
1/4 5. 4310 00130 5. 4325 60090 5. 4341 18707 5. 4356 75984 5. 4372 31924
1/5 3. 8717 19185 3. 8726 08827 3. 8734 97651 3. 8743 85661 3. 8752 72857
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k

1 875

POWERS AND ROOTS

876 877

k

878

Table 3.1

879
2 7 65625 7 67376 1 69129 7 70884 7 72641
3 6699 21875 6722 21376 6745 26133 6768 36152 6791 51439
4 11 5.8618 16406 11 5.8886 59254 (11)5.9155 94186 (11 5.9426 21415 11 5. 9697 41149
5 14 5. 1290 89355 14 5. 1584 65506 (14)5. 1879 76101. (14 5.2176 21602 14 5. 2474 02470
6 17 4.4879 53186 17 4.5188 15784 17)4. 5498 55041 (17 4.5810 71767 17 4. 6124 66771
7 20 3.9269 59038 (20 3.9584 82626 20)3. 9902 22871 (20)4.0221 81011 20 4. 0543 58292
8 23 3. 4360 89158 (23 3. 4676 30781 23)3. 4994 25458 (23) 3. 5314 74928 23 3. 5637 80938
9 26 3. 0065 78013 (26 3. 0376 44564 (26) 3. 0689 96127 (26) 3. 1006 34987 26 3. 1325 63445

10 29 2.6307 55762 (29)2.6609 76638 (29)2.6915 09603 (29)2.7223 57518 29 2. 7535 23268
24 (10)4. 0568 90376 (70)4. 1696 39882 (70)4.2853 88904 (70)4.4042 13682 (70)4.5261 92303

1/2 ( fl 2. 9580 39892 ( 1)2. 9597 29717 ( 1) 2. 9614 18579 1)2. 9631 06478 1)2.9647 93416
1/3 9. 5646 55914 9. 5682 98205 9. 5719 37725 9. 5755 74480 9. 5792 08475
1/4 5. 4387 86530 5. 4403 39803 5. 4418 91747 5. 4434 42365 5. 4449 91658
1/5 3. 8761 59242 3. 8770 44816 3. 8779 29583 3. 8788 13542 3. 8796 96696

1 880 881 882 883 884
2 7 74400 7 76161 7 77924 7 79689 7 81456
3 6814 72000 6837 97841 6861 28968 6884 65387 6908 07104
4 11)5.9969 53600 11 6.0242 58979 11)6.0516 57498 (11 6. 0791 49367 11 6. 1067 34799
5 14 5. 2773 19168 14 5. 3073 72161 14) 5. 3375 61913 (14 5. 3678 88891 14 5. 3983 53563
6 17 4. 6440 40868 17 4. 6757 94874 17 4. 7077 29607 (17 4.7398 45891 17 4. 7721 44549
7 20 4.0867 55964 20 4. 1193 75284 20 4. 1522 17514 (204. 1852 83922 20 4. 2185 15782
8 23 3. 5963 45248 23 3. 6291 69625 23 3. 6622 55847 (23 3. 6956 05703 23 3. 7292 20991
9 26 3. 1647 83818 26 3. 1972 98440 26 3. 2301 09657 (26)3.2632 19836 26 3. 2966 31356

10 (29 2. 7850 09760 29 2.8168 19925 29)2.8489 56718 (29 2.8814 23115 29 2. 9142 22119
24 (70)4.6514 04745 (70)4.7799 32920 (70)4.9118 60716 (70)5.0472 74047 (70)5. 1862 60897

1/2 ( 1)2.9664 79395 ( 1)2.9681 64416 ( 1)2.9698 48481 ( 1)2.9715 31592 ( 1)2.9732 13749
1/3 9. 5828 39714 9. 5864 68204 9. 5900 93948 9. 5937 16954 9. 5973 37224
1/4 5.4465 39631 5.4480 86284 5.4496 31621 5.4511 75645 5.4527 18358
1/5 3.8805 79047 3.8814 60596 3.8823 41346 3.8832 21296 3.8841 00450

1 885 886 887 888 889
2 7 83225 7 84996 7 86769 7 88544 7 90321
3 6931 54125 6955 06456 6978 64103 7002 27072 7025 95369
4 11 6. 1344 14006 11) 6.1621 87200 11 6.1900 54594 11 6.2180 16399 11 6. 2460 72830
5 14 5. 4289 56396 14 5. 4596 97859 14 5. 4905 78425 14 5. 5215 98563 14 5. 5527 58746
6 17 4. 8046 26410 17 4. 8372 92303 17 4.8701 43063 17 4.9031 79524 17 4. 9364 02525
7 20 4. 2520 94373 20 4. 2858 40981 20 4.3198 16896 20 4.3540 23417 20 4. 3884 61845
8 23 3. 7631 03520 23 3. 7972 55109 23 3.8316 77587 23 3. 8663 72794 23 3. 9013 42580
9 26 3. 3303 46615 26 3. 3643 68027 26 3. 3986 98020 (26)3. 4333 39041 26 3. 4682 93554

10 29 2. 9473 56754 29 2. 9808 30072 29) 3. 0146 45144 (29) 3. 0488 05069 29 3. 0833 12969
24 (70)5.3289 11365 (70)5.4753 17719 (70)5.6255 74442 (70)5.7797 78281 (70)5.9380 28303

1/2 ( 1) 2. 9748 94956 ( 1) 2. 9765 75213 ( 1)2.9782 54522 ( 1) 2. 9799 32885 ( 1) 2. 9816 10303
1/3 9.6009 54766 9.6045 69584 9.6081 81682 9.6117 91067 9.6153 97744
1/4 5. 4542 59763 5. 4557 99862 5. 4573 38658 5. 4588 76153 5. 4604 12350
1/5 3. 8849 78808 3. 8858 56373 3. 8867 33146 3. 8876 09128 3. 8884 84321

1 890 891 892 893 894
2 7 92100 7 93881 7 95664 7 97449 7 99236
3 7049 69000 7073 47971 7097 32288 7121 21957 7145 16984
4 11 6.2742 24100 11)6.3024 70422 11 6.3308 12009 11)6. 3592 49076 11)6.3877 81837
5 14 5. 5840 59449 14) 5. 6155 01146 14 5. 6470 84312 14)5.6788 09425 14)5.7106 76962
6 17 4. 9698 12910 17 5. 0034 11521 17 5.0371 99206 17 5. 0711 76816 17 5. 1053 45204
7 20 4.4231 33490 20 4. 4580 39665 20 4. 4931 81692 20 4. 5285 60897 20 4. 5641 78613
8 23 3.9365 88806 23 3.9721 13342 23 4.0079 18069 23 4. 0440 04881 23 4. 0803 75680
9 26 3. 5035 64037 26 3. 5391 52987 26 3. 5750 62918 26 3. 6112 96359 26)3.6478 55858

10 (29 3. 1181 71993 29)3.1533 85312 29 3. 1889 56123 29 3. 2248 87648 29) 3. 2611 83137
24 (70)6.1004 25945 (70)6.2670 75070 (70)6.4380 82017 (70)6. 6135 55666 (70)6.7936 07487

1/2 ( 1)2.9832 86778 ( 1)2.9849 62311 ( 1)2.9866 36905 ( 1)2.9883 10559 ( 1)2. 9899 83278
1/3 9. 6190 01716 9. 6226 02990 9. 6262 01570 9. 6297 97462 9. 6333 90671
1/4 5. 4619 47252 5. 4634 80860 5. 4650 13179 5. 4665 44210 5. 4680 73955
1/5 3.8893 58728 3.8902 32348 3.8911 05185 3.8919 77239 3.8928 48512

895 896 897 898 899
2 8 01025 8 02816 8 04609 8 06404 8 08201
3 7169 17375 7193 23136 7217 34273 7241 50792 7265 72699
4 11 6. 4164 10506 (11)6.4451 35299 (11 6.4739 56429 11)6.5028 74112 11 6. 5318 88564

14 5. 7426 87403 (14) 5. 7748 41228 14 5. 8071 38917 14) 5. 8395 80953 14 5. 8721 67819
6 17 5. 1397 05226 17 5. 1742 57740 17 5. 2090 03608 17) 5. 2439 43696 17 5. 2790 78869
7 20 4. 6000 36177 20 4.6361 34935 20 4.6724 76237 20 4.7090 61439 20 4. 7458 91904
8 23 4. 1170 32378 23 4.1539 76902 23 4.1912 11184 23 4.2287 37172 23 4. 2665 56821
9 26 3. 6847 43979 (26) 3. 7219 63304 26 3. 7595 16432 26 3. 7974 05980 26) 3. 8356 34582

10 29 3. 2978 45861 (29) 3. 3348 79120 29 3. 3722 86240 (29 3.4100 70570 29)3.4482 35490
24 70)6.9783 51604 (70)7. 1679 04854 (70) 7. 3623 86846 (70) 7. 5619 20026 (70)7.7666 29743

1/2 1)2.9916 55060 1)2.9933 25909 ( 1)2.9949 95826 ( 1)2.9966 64813 1)2.9983 32870
1/3 9. 6369 81200 9. 6405 69057 9. 6441 54244 9. 6477 36769 9. 6513 16634
1/4 5. 4696 02417 5.4711 29599 5.4726 55504 5.4741 80133 5. 4757 03489
1/5 3. 8937 19006 3.8945 88722 3.8954 57662 3.8963 25828 3. 8971 93220
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Table 3.1

k

POWERS AND ROOTS k

1 900 901 902 903 904
2 8 10000 8 11801 8 13604 8 15409 8 17216
3 7290 00000 7314 32701 7338 70808 7363 14327 7387 63264
4 11 6.5610 00000 11 6. 5902 08636 11 6. 6195 14688 11)6.6489 18373 (11)6.6784 19907
5 14 5. 9049 00000 14 5. 9377 77981 14 5.9708 02249 14) 6. 0039 73291 14) 6. 0372 91596
6 17 5. 3144 10000 17 5. 3499 37961 17 5. 3856 63628 17 5.4215 87881 17 5.4577 11602
7 20 4. 7829 69000 20 4. 8202 94103 20 4. 8578 68593 20 4. 8956 93857 20 4. 9337 71289
8 23 4.3046 72100 23 4.3430 84987 23 4.3817 97471 23 4. 4208 11553 23 4. 4601 29245
9 26 3. 8742 04890 26 3. 9131 19573 26 3. 9523 81319 26 3. 9919 92832 26) 4. 0319 56837

10 29 3. 4867 84401 29 3. 5257 20735 29 3. 5650 47949 29 3.6047 69527 29)3. 6448 88981

24 (70)7. 9766 44308 (70)8. 1920 95066 (70)8.4131 16465 (70)8.6398 46120 (70)8.8724 24888

1/2 ( 1)3. 0000 00000 ( 1)3.0016 66204 ( 1)3. 0033 31484 ( 1)3.0049 95840 ( 1)3. 0066 59276
1/3 9. 6548 93846 9. 6584 68409 9. 6620 40328 9. 6656 09608 9. 6691 76254
1/4 5.4772 25575 5.4787 46393 5.4802 65946 5.4817 84235 5.4833 01264
1/5 3.8980 59841 3.8989 25692 3.8997 90774 3.9006 55089 3.9015 18640

1 905 906 907 908 909
2 8 19025 8 20836 8 22649 8 24464 8 26281
3 7412 17625 7436 77416 7461 42643 7486 13312 7510 89429
4 11 6. 7080 19506 11) 6. 7377 17389 11 6. 7675 13772 11 6. 7974 08873 11) 6. 8274 02910
5 14 6. 0707 57653 14) 6. 1043 71954 14 6. 1381 34991 14 6. 1720 47257 14) 6. 2061 09245
6 17 5. 4940 35676 17 5.5305 60991 17 5. 5672 88437 17 5. 6042 18909 17)5. 6413 53304
7 20 4. 9721 02287 20 5.0106 88258 20) 5.0495 30612 20 5. 0886 30769 20)5.1279 90153
8 23 4. 4997 52570 23 4.5396 83561 2314.5799 24265 23 4. 6204 76739 23 4.6613 43049
9 26 4. 0722 76076 26 4.1129 53307 2614. 1539 91309 26 4. 1953 92879 26 4. 2371 60832

10 29 3. 6854 09848 29 3.7263 35696 (29 3.7676 70117 29)3.8094 16734 29 3.8515 79196

24 (70)9.1109 96943 (70)9. 3557 09844 (70)9.6067 14616 (70)9.8641 65825 (71)1.0128 22166

1/2 ( 1)3.0083 21791 ( 1)3.0099 83389 ( 1)3. 0116 44069 ( 1)3. 0133 03835 ( 1)3. 0149 62686
1/3 9.6727 40271 9.6763 01663 9.6798 60436 9. 6834 16593 9. 6869 70141
1/4 5. 4848 17035 5. 4863 31551 5. 4878 44813 5. 4893 56824 5. 4908 67587
1/5 3. 9023 81426 3. 9032 43449 3. 9041 04712 3. 9049 65216 3. 9058 24962

1 910 911 912 913 914
2 8 28100 8 29921 8 31744 8 33569 8 35396
3 7535 71000 7560 58031 7585 50528 7610 48497 7635 51944
4 (11 6.8574 96100 11 6.8876 88662 (11 6.9179 80815 11)6.9483 72778 (11)6.9788 64768
5 14 6.2403 21451 14 6.2746 84371 (14 6.3091 98504 14)6.3438 64346 (14)6.3786 82398
6 17 5.6786 92520 17 5.7162 37462 (17 5.7539 89035 17 5.7919 48148 17)5.8301 15712
7 20 5.1676 10194 20 5.2074 92328 (2015.2476 38000 (20 5.2880 48659 20)5.3287 25761
8 23 4.7025 25276 23 4.7440 25511 23,4.7858 45856 23 4.8279 88426 23)4.8704 55345
9 26 4.2792 98001 26 4.3218 07241 2614.3646 91421 26 4.4079 53433 (26)4.4515 96186

10 29 3.8941 61181 29 3.9371 66396 29. 3.9805 98576 29 4.0244 61484 (29)4. 0687 58914

24 (71)1.0399 04400 (71)1.0676 79852 (71)1. 0961 65476 (71)1. 1253 78622 (71)1. 1553 37042

1/2 1)3.0166 20626 1)3. 0182 77655 ( 1)3.0199 33774 ( 1)3. 0215 88986 1)3.0232 43292
1/3 9. 6905 21083 9.6940 69425 9.6976 15172 9.7011 58327 9. 7046 98896
1/4 5. 4923 77104 5. 4938 85378 5. 4953 92410 5. 4968 98203 5. 4984 02760
1/5 3. 9066 83951 3. 9075 42186 3. 9083 99668 3. 9092 56397 3. 9101 12376

1 915 916 917 918 919
2 8 37225 8 39056 8 40889 8 42724 8 44561
3 7660 60875 7685 75296 7710 95213 7736 20632 7761 51559
4 11'7. 0094 57006 (11 7. 0401 49711 11 7. 0709 43103 (11)7. 1018 37402 11 7.1328. 32827
5 14 6.4136 53161 (14 6.4487 77136 14 6.4840 54826 14 6. 5194 86735 14 6. 5550 73368
6 175. 8684 92642 17 5. 9070 79856 17 5. 9458 78275 17 5. 9848 88823 17 6. 0241 12425
7 20 5.3696 70767 20 5.4108 85148 20 5.4523 70378 20 5.4941 27939 20 5. 5361 59319
8 23 4.9132 48752 23 4.9563 70796 23 4.9998 23637 23 5.0436 09448 23 5. 0877 30414
9 26 4. 4956 22608 26 4. 5400 35649 26)4. 5848 38275 26 4. 6300 33473 26 4. 6756 2425].

10 29 4.1134 94687 29 4.1586 72654 29)4.2042 96698 29 4.2503 70729 (29 4.2968 98686

24 (71)1.1860 58902 (71)1.2175 62793 (71)1.2498 67732 (71)1.2829 93183 (71)1. 3169 59057

1/2 ( 1)3.0248 96692 ( 1)3.0265 49190 ( 1)3.0282 00786 ( 1)3.0298 51482 ( 1)3.0315 01278
1/3 9. 7082 36884 9. 7117 72294 9. 7153 05133 9. 7188 35404 9. 7223 63112
1/4 5. 4999 06083 5. 5014 08174 5. 5029 09036 5. 5044 08671 5. 5059 07081
1/5 3.9109 67606 3.9118 22089 3.9126 75826 3.9135 28819 3.9143 81068

1 920 921 922 923 924
2 8 46400 8 48241 8 50084 8 51929 8 53776
3 7786 88000 7812 29961 7837 77448 7863 30467 7888 89024
4 11 7.1639 29600 11 7.1951 27941 11)7.2264 28071 11 7.2578 30210 11)7.2893 34582
5 14 6. 5908 15232 14 6. 6267 12833 14) 6. 6627 66681 14 6. 6989 77284 14 6. 7353 45154
6 17 6. 0635 50013 17 6. 1032 02520 17 6. 1430 70880 17 6. 1831 56033 17 6. 2234 58922
7 20 5.5784 66012 20 5.6210 49521 20 5.6639 11351 20 5.7070 53019 20 5.7504 76044
8 23 5.1321 88731 23 5.1769 86608 23 5.2221 26266 (23 5.2676 09936 23 5.3134 39864
9 26 4.7216 13633 26 4.7680 04666 26 4.8148 00417 (26 4.8620 03971 (26 4.9096 18435

10 29 4. 3438 84542 29 4. 3913 32298 29 4. 4392 45985 (29 4. 4876 29665 (29 4. 5364 87434

24 (71)1. 3517 85726 (71)1. 3874 94035 (71)1.4241 05308 (71)1.4616 41363 (71)1. 5001 24518

1/2 ( 1) 3. 0331 50178 ( 1) 3. 0347 98181 ( 1) 3. 0364 45290 ( 1) 3. 0380 91506 ( 1) 3. 0397 36831
1/3 9.7258 88262 9.7294 10859 9.7329 30906 9.7364 48410 9.7399 63373
1/4 5. 5074 04268 5. 5089 00236 5. 5103 94986 5. 5118 88520 5. 5133 80842
1/5 3.9152 32576 3.9160 83344 3.9169 33373 3.9177 82664 3.9186 31220
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k

POWERS AND ROOTS flk Table 3.1

1 925 926 927 928 929
2 8 55625 8 57476 8 59329 8 61184 8 63041
3 7914 53125 7940 22776 7965 97983 7991 78752 8017 65089
4 11 7.3209 41406 (11)7. 3526 50906 (11)7.3844 63302 (11 7.4163 78819 (11)7.4483 97677
5 14 6. 7718 70801 (14)6.8085 54739 14)6.8453 97481 14 6.8823 99544 (14 6.9195 61442
6 07 6.2639 80491 (17)6.3047 21688 17 6.3456 83465 17 6.3868 66776 (ii 6.4282 72579
7 20 5.7941 81954 (20) 5. 8381 72283 20 5. 8824 48572 20 5. 9270 12369 20 5. 9718 65226
8 23 5. 3596 18307 (23)5. 4061 47534 23 5.4530 29826 23 5.5802 67478 23 5.5478 62795
9 (26)4.9576 46934 (26)5. 0060 92617 26 5. 0549 58649 26 5. 1042 48220 26 5.1539 64537

10 (29)4.5858 23414 (29)4. 6356 41763 29 4. 6859 46668 29 4. 7367 42348 29 4. 7880 33055
24 (71)1.5395 77607 (71) 1. 5800 23988 (71) 1. 6214 87554 (71) 1. 6639 92748 (71) 1. 7075 64573

1/2 ( 1) 3. 0413 81265 ( 1) 3. 0430 24811 ( 1) 3. 0446 67470 1)3.0463 09242 1)3.0479 50131
1/3 9. 7434 75802 9. 7469 85700 9. 7504 93072 9. 7539 97922 9. 7575 00256
1/4 5. 5148 71952 5. 5163 61854 5. 5178 50550 5. 5193 38042 5. 5208 24332
1/5 3. 9194 79042 3. 9203 26131 3. 9211 72488 3. 9220 18115 3. 9228 63013

1 930 931 932 933 934
2 8 64900 8 66761 8 68624 8 70489 8 72356
3 8043 57000 8069 54491 8095 57568 0121 66237 8147 80504
4 (11 7.4805 20100 11)1.5127 46311 11 7. 5450 76534 (11)7. 5775 10991 11 7. 6100 49907
5 (14 6. 9568 83693 14 6. 9943 66816 14 7.0320 11329 (14 7.0698 17755 14 7.1877 86613
6 17 6. 4699 01834 176.5117 55505 17 6. 5538 34559 17 6. 5961 39965 17 6. 6386 72697
7 28 6. 0170 08706 20 6. 0624 44376 20 6. 1081 73809 20 6. 1541 98588 20 6. 2005 20299
8 23 5. 5958 18097 2315.6441 35714 23 5. 6928 17990 23 5. 7418 67282 23 5. 7912 85959
9 26 5. 2041 10830 26)5.2546 90349 (26 5.3057 06361 (26)5. 3571 62174 26 5.4090 61086

10 29 4. 8398 23072 29)4. 8921 16715 (29 4.9449 10334 (29)4.9982 32309 29 5.0520 63054
24 (71)1. 7522 28603 (71)1. 7980 10997 (11)1.8449 38512 (71)1.8930 38514 (71)1.9423 38996

1/2 ( 1) 3. 0495 90136 ( 1)3. 0512 29260 ( 1) 3. 0528 67504 ( 1) 3. 0545 04870 ( 1) 3. 0561 41358
1/3 9. 7610 00077 9. 7644 97390 9.7679 92199 9.7714 84510 9. 7749 74326
1/4 5. 5223 09423 5. 5237 93317 5. 5252 76015 5. 5267 57521 5. 5282 37837
1/5 3.9237 07185 3.9245 50630 3.9253 93351 3.9262 35348 3.9270 76625

1 935 936 937 938 939
2 8 74225 8 76096 8 77969 8 79844 8 81721
3 8174 00375 8200 25856 8226 56953 8252 93672 8279 36019
4 11 7.6426 93506 11)7.6754 42012 11 7.7082 95650 11 7.7412 54643 (11)7.7743 19218
5 14 7.1459 18428 14)7. 1842 13723 14 7.2226 73024 14 7.2612 96855 14 7.3000 85746
6 17 6.6814 33731 17)6.7244 24045 17 6.7676 44623 17 6.8110 96450 17 6.8547 80516
7 20 6. 2471 40538 20) 6. 2948 60906 20 6. 3412 83012 20 6. 3888 08471 20 6. 4366 38904
8 23 5. 8410 76403 23 5. 8912 41008 23 5. 9417 82182 23 5. 9927 02345 23 6. 0440 03931
9 26 5. 4614 06437 26 5. 5142 01584 26) 5. 5674 49905 26 5. 6211 54800 26) 5. 6753 19691

10 (29 5. 1064 15018 (29 5. 1612 92682 (29)5.2167 00561 29)5.2726 43202 (29)5. 3291 25190
24 (71)1.9928 68584 (71)2.0446 56558 (71)2.0977 32860 (71)2.1521 28115 (71)2.2078 73640

1/2 ( 1)3.0577 76970 1)3. 0594 11708 1)3.0610 45573 1)3.0626 78566 1)3.0643 10689
1/3 9. 7784 61652 9. 7819 46493 9. 7854 28852 9. 7889 08735 9. 7923 86145
1/4 5. 5297 16964 5. 5311 94905 5. 5326 71663 5. 5341 47239 5. 5356 21636
1/5 3. 9279 17180 3. 9287 57017 3. 9295 96137 3. 9304 34540 3. 9312 72229

1 940 941 942 943 944
2 8 83600 8 85481 8 87364 8 89249 8 91136
3 8305 84000 0332 37621 0358 96888 8385 61807 8412 32384
4 (11 7.8074 89600 11 7.8407 66014 11 7.8741 48685 (11 7.9076 37840 (11 7.9412 33705
5 (14 7.3390 40224 14 7.3781 60819 14 7.4174 48061 14 7.4569 02483 14 7.4965 24617
6 (ii 6.8986 97811 17 6.9428 49330 17 6.9872 36074 17 7.0318 59042 17 7.0767 19239
7 20 6. 4847 75942 20 6. 5332 21220 20 6. 5819 76381 20 6. 6310 43076 20 6. 6804 22962
8 23 6. 0956 89385 23 6. 1477 61168 23 6. 2002 21751 23 6.2530 73621 23 6. 3063 19276
9 26 5. 7299 48022 26 5. 7850 43259 26 5. 8406 08890 26 5. 8966 48424 26 5. 9531 65396

10 29)5. 3861 51141 29 5. 4437 25707 29 5.5018 53574 29 5.5605 39464 29 5.6197 88134
24 (71)2. 2650 01461 (71)2. 3235 44328 (71)2. 3835 35733 (71) 2. 4450 09921 (71)2. 5080 01911

1/2 ( 1)3. 0659 41943 ( 1)3.0675 72330 ( 1)3. 0692 01851 1)3.0708 30507 ( 1)3.0724 58299
1/3 9. 7958 61087 9. 7993 33566 9. 8028 03585 9. 8062 71149 9. 8097 36263
1/4 5. 5370 94855 5. 5385 66899 5. 5400 37771 5. 5415 07472 5. 5429 76005
1/5 3. 9321 09204 3. 9329 45467 3. 9337 81020 3.9346 15863 3.9354 49998

1 945 946 947 948 949
2 8 93025 8 94916 8 96809 8 98704 9 00601
3 8439 08625 8465 90536 8492 78123 8519 71392 8546 70349
4 11 7.9149 36506 (11 8.0087 46471 11 8.0426 63825 11 8.0766 88.796 (11 8.1108 21612
5 14 7.5363 14998 (14 7.5762 74161 14 7.6164 02642 14 7.6567 00979 (14 7.6971 69710
6 17 7.1208 17673 (17 7.1671 55356 17 7.2127 33302 17 7.2585 52528 17 7.3046 14055
7 20 6.7301 17701 120 6.7801 28967 20 6.8304 58437 20 6.8811 07796 20 6.9320 78738
8 23 6.3599 61228 423 6. 4140 02003 23 6.4684 44140 23 6. 5232 90191 23 6. 5785 42722
9 26 6. 0101 63360 I 26 6. 0676 45895 26 6. 1256 16600 26 6. 1840 79101 (26)6. 2430 37043

10 29 5. 6796 04376 29 5. 7399 93016 29 5. 8009 58921 29 5. 8625 06988 (29) 5. 9246 42154
24 (71) 2. 5725 47511 (71)2. 6386 83331 (71)2. 7064 46809 (71) 2. 7758 76218 (71)2. 8470 10693

1/2 ( 1) 3. 0740 85230 ( ) 3 0157 11300 ( 1) 3. 0773 36511 ( 1) 3. 0789 60864 ( 1) 3. 0805 84360
1/3 9.8131 98931 9.8166 59156 9.8201 16944 9.8235 72299 9.8270 25224
1/4 5. 5444 43371 5. 5459 09574 5. 5473 74614 5.5488 38494 5.5503 01217
1/5 3. 9362 83427 3 9371 16151 3. 9379 48170 3 9387 79487 3. 9396 10103
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Table 3.1

k

1

POWERS AND ROOTS flk

950 951 952 953 954
2 9 02500 9 04401 9 06304 9 08209 9 10116
3 8573 75000 8600 85351 8628 01408 8655 23177 8682 50664
4 (11 8.1450 62500 (11)8.1794 11688 (11 9.2138 69404 (11 8.2484 35877 (11 8.2831 11335
5 (14 7.7378 09375 (14)7.7786 20515 (14 7.8196 03673 (14 7.8607 59391 (14 7.9020 88213
6 (17 7. 3509 18906 17 7. 3974 68110 (17 7. 4442 62696 17 1. 4913 03699 (17 7.5385 92155
7 20 6. 9833 72961 20 7. 0349 92173 20 1. 0869 38087 20 7. 1392 12425 (20 7. 1918 16916
8 23 6. 6342 04313 23 6. 6902 71556 23 6.7467 65059 23 6.8036 69441 (23 6.8609 93338
9 26 6. 3024 94097 26) 6. 3624 53956 26 6. 4229 20336 26 6. 4838 96978 (26 6. 5453 87645

10 (29)5.9873 69392 29) 6.0506 93712 (29 6.1146 20160 29 6.1791 53820 (29 6.2442 99813
24 (71)2.9198 90243 (71)2.9945 55775 (71)3.0710 49109 (71)3.1494 12996 (71)3.2296 91146

1/2 ( 1)3.0822 07001 ( 1)3.0838 28789 ( 1)3.0854 49724 ( 1)3.0870 69808 ( 1)3.0886 89042
1/3 9. 8304 75725 9. 8339 23805 9. 8373 69469 9. 8408 12121 9. 8442 53565
1/4 5. 5517 62784 5 5532 23198 5. 5546 82461 5. 5561 40574 5. 5575 97541
1/5 3.9404 40019 3.9412 69236 3.9420 97756 3.9429 25580 3.9437 52709

1 955 956 957 958 959
2 9 12025 9 13936 9 15849 9 17764 9 19681
3 8709 83875 8737 22816 8764 67493 8792 17912 0819 74079
4 (11)8.3178 96006 11)8.3527 90121 (11 8. 3877 93908 11) 8. 4229 07597 (11) 8. 4581 31418
5 (14 7. 9435 90686 14)7.9852 67356 (14 8. 0271 18770 14)8. 0691 45478 (14)8. 1113 48029
6 (17 7. 5861 29105 17 7. 6339 15592 (17 7. 6819 52663 17 7. 7302 41368 177.7787 82760
7 (20 7. 2447 53295 20 7. 2980 23306 20 7. 3516 28698 20 7. 4055 71230 i 20 7. 4598 52667
8 23 6. 9187 39397 23 6. 9769 10280 23 7. 0355 08664 23 7. 0945 37239 23 7.1539 98708
9 26 6. 6073 96124 26 6. 6699 26228 26 6. 7329 81792 26)6.7965 66675 i 26 6. 8606 84761

10 29 6. 3100 63299 29 6. 3764 49474 (29 6. 4434 63575 29)6.5111 10874 (29,6.5793 96686
24 (71) 3. 3119 28238 (71)3.3961 69948 (71)3.4824 62966 (71) 3. 5708 55021 (71) 3. 6613 94899

1/2 ( 1)3.0903 07428 ( 1)3.0919 24967 ( 1)3.0935 41660 ( 1)3.0951 57508 ( 1)3.0967 72513
1/3 9.8476 92005 9.8511 28046 9.8545 61691 9.8579 92945 9.8614 21813
1/4 5.5590 53362 5.5605 08040 5.5619 61578 5.5634 13977 5.5648 65240
1/5 3. 9445 79145 3. 9454 04889 3. 9462 29943 3. 9470 54307 3. 9478 77983

1 960 961 962 963 964
2 9 21600 9 23521 9 25444 9 27369 9 29296
3 8847 36000 8875 03681 8902 77128 8930 56347 8958 41344
4 (11)8.4934 65600 (11)8.5289 10374 (11 8.5644 65971 11 8.6001 32622 (11)8.6359 10556
5 14)8. 1537 26976 (14) 8. 1962 82870 14 8. 2390 16264 14 8. 2819 27715 (14) 8. 3250 17776
6 17) 7. 8275 77897 (17 7. 8766 27838 17 7. 9259 33646 17 7. 9754 96389 17 8. 0253 17136
7 20 7. 5144 74781 20 7. 5694 39352 20 7. 6247 48168 (20 7. 6804 03023 20 7. 7364 05719
0 23 7.2138 95790 23 7.2742 31217 23 7.3350 07737 (23 7.3962 28111 23 7.4578 95113
9 26 6. 9253 39958 26 6. 9905 36200 26 7. 0562 77443 (26 7. 1225 67671 (26 7. 1894 10889

10 (29 6. 6483 26360 29 6. 7179 05288 29 6. 7881 38901 (29)6. 8590 32667 (29 6. 9305 92097
24 (71) 3. 7541 32467 (71) 3. 8491 18699 (71) 3. 9464 05693 (71)4. 0460 46699 (71)4. 1480 96142

1/2 ( 1) 3. 0983 86677 ( 1)3. 1000 00000 ( 1) 3. 1016 12484 1)3.1032 24130 1) 3. 1048 34939
1/3 9.8648 48297 9. 8682 72403 9.8716 94135 9. 8751 13495 9. 8785 30490
1/4 5. 5663 15367 5. 5677 64363 5. 5692 12220 5. 5706 58964 5. 5721 04575
1/5 3. 9487 00972 3. 9495 23275 3. 9503 44894 3. 9511 65831 3. 9519 86085

1 965 966 967 968 969
2 9 31225 9 33156 9 35089 9 37024 9 38961
3 8986 32125 9014 20696 9042 31063 9070 39232 9098 53209
4 11 8.6718 00006 11 8.7078 01203 (11 8.7439 14379 11 8.7801 39766 (11 8. 8164 77595
5 14 8.3682 87006 14 8.4117 35962 14 8.4553 65205 14 8. 4991 75293 (14 8. 5431 66790
6 17 8. 0753 96961. 17 8. 1257 36940 17 8. 1763 38153 17 8.2272 01684 (17 8. 2783 28619
7 20 7. 7927 58067 20 7. 8494 61884 20 7. 9065 18994 20 7.9639 31230 (20 8. 0217 00432
8 23 7. 5200 11535 23 7. 5825 80180 23 7. 6456 03867 23 7. 7090 85431 23 7. 7730 27719
9 26 7. 2568 11131 26 7. 3247 72454 26 7. 3932 98939 26 7. 4623 94697 26 7. 5320 63859

10 29 7. 0028 22742 9 7. 0757 30190 29 7. 1493 20074 (29 7.2235 98067 29 7. 2985 69880

24 (71)4.2526 09649 (71)4. 3596 44069 (71)4.4692 57504 (71)4.5815 09331 (71)4.6964 60232
1/2 ( 1)3.1064 44913 ( 1)3. 1080 54054 ( 1)3.1096 62361 ( 1)3.1112 69837 ( 1)3. 1128 76483
1/3 9. 8819 45122 9. 8853 57396 9. 8887 67316 9. 8921 74886 9. 8955 80110
1/4 5. 5735 49061 5. 5749 92425 5. 5164 34668 5. 5770 75794 5. 5793 15803
1/5 3. 9528 05659 3. 9536 24554 3. 9544 42771 3. 9552 60312 3. 9560 77177

1 970 971 972 973 974
2 9 40900 9 42841 9 44784 9 46729 9 48676
3 9126 73000 9154 98611 9183 30048 9211 67317 9240 10424
4 (11)8. 8529 28100 (11)8.8894 91513 11)8.9261 68067 (11)8. 9629 57994 11 8.9998 61530
5 (14)8.5873 40257 14 8. 6316 96259 14) 8. 6762 35361 14) 8. 7209 58129 14 8. 7650 65130
6 0.3297 20049 17 8. 3813 77067 17 8. 4333 00771 17 8. 4854 92259 17 8. 5379 52637
7 20 8. 0798 28448 2O 8.1383 17132 20 8.1971 68349 20 8.2563 83968 20 8.3159 65868
8 23 7. 8374 33594 23 7. 9023 05936 23 7. 9676 47635 23 8. 0334 61601 23 8. 0997 50755
9 26 7. 6023 10587 26 7. 6731 39063 26 7. 7445 53501 26 7.8165 58138 26 7. 8891 57236

10 29 7. 3742 41269 29 7. 4506 18031 29 7. 5277 06003 29 7. 6055 11068 29)7. 6840 39148
24 (71)4. 8141 72219 (71)4. 9347 08664 (71) 5. 0581 34323 (71) 5. 1845 15371 (71) 5. 3139 19427

1/2 ( 1)3. 1144 82300 ( 1)3. 1160 87290 ( 1)3.1176 91454 ( 1)3. 1192 94792 ( 1)3. 1208 97307
1/3 9. 8989 82992 9. 9023 83537 9. 9057 81747 9.9091 77627 9.9125 71181
1/4 5. 5807 54698 5. 5821 92482 5. 5836 29155 5. 5850 64719 5. 5864 99178
1/5 3.9560 93368 3.9577 08886 3.9585 23732 3. 9593 37908 3. 9601 51415

I i
1j[(_7)3] [(7)2]
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k
1 975

POWERS AND ROOTS

976 977

k

978

Table 3.1

979
2 9 50625 9 52576 9 54529 9 56484 9 58441
3 9268 59375 9297 14176 9325 74833 9354 41352 9383 13739
4 (11 9.0368 78906 11 9.0740 10358 (11)9.1112 56118 (11)9. 1486 16423 11 9.1860 91505
5 (14 8.8109 56934 14 8. 8562 34109 (14)8. 9016 97228 (14 8.9473 46861 14 8.9931 83583
6 (17 8. 5906 83010 17 8. 6436 84491 (17)8. 6969 58191 (17 8. 7505 05230 17 8. 8043 26728
7 (20 8.3759 15935 20 8.4362 36063 (20)8.4969 28153 (20 8.5579 94115 20 8.6194 35867
8 23 8. 1665 18037 23 8.2337 66397 (23)8.3014 98806 23 8.3697 18245 23 8.4384 27713
9 26)7.9623 55086 26 8.0361 56004 (26)8. 1105 64333 26 8.1855 84443 26 8.2612 20731

10 29)7.7632 96209 29 7.8432 88260 (29)7.9240 21353 29 8.0055 01586 29 8.0877 35096
24 (71)5.4464 15584 (71)5. 5820 74443 (71)5.7209 68141 (71)5.8631 70383 (71)6.0087 56477

1/2 ( 1)3. 1224 98999 ( 1)3. 1240 99870 ( 1)3. 1256 99922 ( 1)3. 1272 99154 ( 1)3.1288 97569
1/3 9. 9159 62413 9. 9193 51328 9. 9227 37928 9. 9261 22218 9. 9295 04202
1/4 5.5879 32533 5.5893 64785 5. 5907 95938 5.5922 25992 5.5936 54950
1/5 3. 9609 64254 3. 9617 76427 3. 9625 87934 3. 9633 98776 3. 9642 08956

1 980 981 982 983 984
2 9 60400 9 62361 9 64324 9 66289 9 68256
3 9411 92000 9440 76141 9469 66168 9498 62087 9527 63904
4 (11)9.2236 81600 (11 9.2613 86943 11 9.2992 07770 11)9.3371 44315 11 9.3751 96815
5 (14)9. 0392 07968 (14 9. 0854 20591 14 9.1318 22030 14)9.1784 12862 14 9.2251 93666
6 (17)8.8584 23809 17 8.9127 97600 17 8.9674 49233 17) 9.0223 79843 17 9.0775 90568
7 20)8.6812 55332 20 8.7434 54446 20 8.8060 35147 208.8689 99386 20)8.9323 49119
8 23 8. 5076 30226 23 8. 5773 28811 23 8. 6475 26515 23 8. 7182 26396 23) 8. 7894 31533
9 26 8.3374 77621 26 8.4143 59564 26 8.4918 71037 26) 8.5700 16548 26)8.6488 00628

10 29 8.1707 28069 29 8.2544 86732 29 8.3390 17359 (29, 8.4243 26266 29)8.5104 19818
24 (71)6. 1578 03365 (71)6. 3103 89657 (71)6.4665 95666 (71)6.6265 03443 (71)6.7901 96812

1/2 ( 1)3.1304 95168 ( 1)3.1320 91953 ( 1)3.1336 87923 ( 1)3.1352 83081 ( 1)3.1368 77428
1/3 9. 9328 83884 9. 9362 61267 9. 9396 36356 9. 9430 09155 9. 9463 79667
1/4 5.5950 82813 5.5965 09584 5.5979 35265 5.5993 59857 5.6007 83363
1/5 3.9650 18474 3.9658 27331 3.9666 35529 3.9674 43069 3.9682 49952

1 985 986 987 988 989
2 9 70225 9 72196 9 74169 9 76144 9 78121
3 9556 71625 9585 85256 9615 04803 9644 30272 9673 61669
4 11)9.4133 65506 11 9.4516 50624 11 9.4900 52406 (11 9.5285 71087 (11 9.5672 06906
5 14) 9. 2721 65024 14 9. 3193 27515 14 9. 3666 81724 (14 9. 4142 28234 14 9. 4619 67630
6 17)9. 1330 82548 17 9. 1888 56930 17 9. 2449 14862 (17 9. 3012 57495 17 9. 3578 85987
7 20)8.9960 86310 20 9.0602 12933 20 9.1247 30969 20 9.1896 42406 20 9.2549 49241
8 23)8.8611 45015 (23 8.9333 69952 23 9.0061 09466 23 9. 0793 66697 23 9.1531 44799
9 26) 8. 7282 27840 (26 8. 8083 02773 26 8. 8890 30043 26 8. 9704 14296 26 9. 0524 60206

10 (29)8.5973 04423 (29 8.6849 86534 (29 8.7734 72653 29 8.8627 69325 29 8.9528 83144
24 (71) 6. 9577 61406 (71) 7. 1292 84708 (71)7. 3048 56083 (71)7. 4845 66822 (71)7. 6685 10178

1/2 ( 1) 3. 1384 70965 ( 1) 3. 1400 63694 ( 1) 3. 1416 55614 1)3.1432 46729 1)3. 1448 37039
1/3 9. 9497 47896 9. 9531 13846 9. 9564 77521 9. 9598 38925 9. 9631 98061
1/4 5. 6022 05785 5. 6036 27123 5. 6050 47381 5. 6064 66560 5. 6078 84662
1/5 3. 9690 56179 3. 9698 61752 3 9706 66671 3. 9714 70939 3. 9722 74555

1 990 991 992 993 994
2 9 80100 9 82081 9 84064 9 86049 9 88036
3 9702 99000 9732 42271 9761 91488 9791 46657 9821 07784
4 (11)9. 6059 60100 (11 9. 6448 30906 11 9.6838 19561 11 9. 7229 26304 11 9. 7621 51373
5 (14)9. 5099 00499 14 9. 5580 27427 14 9.6063 49004 14 9.6548 65820 14 9.7035 78465
6 (17 9. 4148 01494 17 9. 4720 05181 17 9. 5294 98212 17 9. 5872 81759 17 9. 6453 56994
7 (20 9. 3206 53479 20)9. 3867 57134 20 9.4532 62227 20 9.5201 70787 20 9.5874 84852
8 (23 9.2274 46944 23 9.3022 76320 23 9.3776 36129 23 9.4535 29591 23 9.5299 59943
9 (26)9.1351 72475 26 9.2185 55833 26 9.3026 15040 26 9.3873 54884 26 9.4727 80183

10 (29)9.0438 20750 29 9. 1355 88830 29 9.2281 94120 29 9.3216 43400 29 9.4159 43502
24 (71)7. 8567 81408 (71) 8. 0494 77813 (71)8. 2466 98779 (71)8. 4485 45822 (71) 8. 6551 22630

1/2 ( 1)3.1464 26545 ( 1)3. 1480 15248 ( 1)3. 1496 03150 ( 1)3. 1511 90251 ( 1)3.1527 76554
1/3 9.9665 54934 9.9699 09547 9.9732 61904 9.9766 12009 9.9799 59866
1/4 5.6093 01690 5.6107 17644 5. 6121 32527 5. 6135 46340 5.6149 59086
1/5 3.9730 77521 3.9738 79839 3.9746 81509 3.9754 82534 3.9762 82913

1 995 996 997 998 999
2 9 90025 9 92016 9 94009 9 96004 9 98001
3 9850 74875 9880 47936 9910 26973 9940 11992 9970 02999
4 (11)9.8014 95006 11)9.8409 57443 (11)9.8805 38921 (11)9.9202 39680 (11)9.9600 59960
5 14)9. 7524 87531 14)9. 8015 93613 (14)9. 8508 97304 14)9. 9003 99201 (14)9. 9500 99900
6 17)9. 7037 25094 17 9.7623 87238 (17 9.8213 44612 17)9. 8805 98402 17)9. 9401 49800
7 20 9. 6552 06468 20 9. 7233 37689 (20 9.7918 80578 20)9.8608 37206 20)9.9302 09650
8 23 9.6069 30436 23 9. 6844 44339 23 9. 7625 04937 23)9.8411 15531 23 9.9202 79441
9 (26 9.5588 95784 (26 9. 6457 06561 26 9.7332 17422 26)9.8214 33300 (26 9.9103 59161

10 (29 9.5111 01305 (29 9.6071 23735 29 9.7040 17769 29)9.8017 90434 (29 9.9004 48802
24 (71)8.8665 35105 (71)9. 0828 91413 (71)9.3043 02025 (71)9.5308 79767 (71)9.7627 39866

1/2 ( 1)3.1543 62059 ( 1)3.1559 46768 ( 1)3.1575 30681 ( 1)3.1591 13800 ( 1)3.1606 96126
1/3 9.9833 05478 9.9866 48849 9.9899 89983 9.9933 28884 9.9966 65555
1/4 5. 6163 70767 5. 6177 81384 5. 6191 90939 5. 6205 99434 5. 6220 06871
1/5 3.9770 82648 3.9778 81740 3.9786 80191 3.9794 78001 3.9802 75173
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ex, ±x=0(.001)1, 18D, x=0(.1)5, 15D

x=5(.1)10, 12D, x=0(.1)10, 20D
±x=0(1)100, 19S
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ex, e, x=10(10)10'', n=10(-1)1, 25D
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'National Bureau of Standards.
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Radian Arguments (0x1.6) 186

tan x, cot x, sec x, csc x, x=0(.01)1.6, 7 to 9D
x'cot x, csc xx', x=0(.01).5, 8D

Table 4.10. Circular Sines and Cosines to Tenths of a Degree (00 O 900) 189
sin O, cos O, O=0°(.1°)90°, lSD

Table 4.11. Circular Tangents, Cotangents, Secants and Cosecants to
Five Tenths of a Degree (0°O90°) 198

tan O, cot 8, O=00(.50)900, 15D
sec 8, csc O, O=oo(.5o)900, SD

Table 4.12. Circular Functions for the Argument x (0 x 1) . . . 200

ir ir ir ir ir irsin 2x, cos x, tan x, cot x, sec 2x, csc x, x=0(.01)1, 20D

Table 4.13. Harmonic Analysis 202
2irr 2irrsin -, cos -i r=1(1)[s/21, s even

r=1(1)[(s-1)/2], s odd
s=3(1)25, bD

Table 4.14. Inverse Circular Sines and Tangents (0x1) 203
arcsin x, arctan x, x=0(.001)1, 12D
j(x)=[2(1 x)][irarcsin x}, x .95(.001)1, 12D

Table 4.15. Hyperbolic Functions (0 x 10) 213
sinh x, cosh x, x=0(.01)2, 9D, x=2(.1)1O, 9D
tanh x, coth x, x=0(.01)2, 8D, 7D, x=2(.1)10, bD

Table 4.16. Exponential and Hyperbolic Functions for the Argument irx
(0x1) 219e, sinh irE, cosh irx, tanh irx, x=0(.01)1, bD

Table 4.17. Inverse Hyperbolic Functions (0x) 221
arcsinh x, arctanh x, x=0(.01)1, 9D
arcsinh x, (arccosh x)/(x2_1)I, x=1(.01)2, 9D, SD
arcsinh xIn x, arccosh xIn x, x=.5(.01)0, bD

Table 4.18. Roots z,, of cos x,, cosh x,,=±1, n=1(1)5, 7D 223

Table 4.19. Roots z,, of tan x,,=Xx,, ( X0, i?) 224
X=0(.05)1, n=1(1)9, 5D
?c=-1(.05)1, n=1(1)9, SD

Table 4.20. Roots z,, of cot x,,=Xx,, (0 <X) 225
t=0(.05)1, n=1(1)9, 5D
)c'=1(.05)0, m=1(1)9, SD

The author acknowledges the assistance of Lois K. Cherwinski and Elizabeth F. Godefroy
in the preparation and checking of the tables.



4. Elementary Transcendental Functions

Logarithmic, Exponential, Circular and Hyperbolic Functions
Mathematical Properties

4.1. Logarithmic Function Logarithmic Identities

Integral Representation 4.1.6 Ln (z 22) = Ln z1 + Ln 22.

í dt (Le., every value of Ln (2122) is one of the values
4.1.1 in z=j - of Ln zi+Ln 22.)

4.1.7 in (z1z2)=ln z1+in 22

(lr<arg z1+arg 22lr)

-r
z.x+y

FIGuRE 4.1. Branch cut for in z and z«.
(a not an integer or zero.)

where the path of integration does not pass
through the origin or cross the negative real
axis, in z is a single-valued function, regular in
the z-plane cut along the negative real axis, real
when z is positive.

z=z + iy= re9.

4.1.2 in z=ln r+iO (ir<O7).

4.1.3 r=(x2+y2)l, x=r cos O, y=r sin O,

O=arctan
X

The general logarithmic function is the many-
valued function Ln z defined by

4.1.4 Lnz=f T
Z dt

where the path does not pass through the origin.

4.1.5
Ln (re°) =ln (re°) +2kiri=1n r+i(O+ 2kir),

k being an arbitrary integer, in z is said to be the
principal branch of Ln z.

273-888 O-67-6

jy

o

4.1.8 Lu -=Ln z1Ln 22
22

4.1.9 in =ln z1in 22
22

(x<arg z1arg 22lr)
4.1.10 Lu z"=n Ln z (n integer)

4.1.11 in z5=nlu z
(n integer, ir<n arg z r)

Special Values (see chapter 1)

4.1.12 in 1=0

4.1.13 in 0=
4.1.14 ln(-1)=ri
4.1.15 in (±i)=±Fri
4.1.16 in e=1, e is the real number such that

J':lt=i
4.1.17 e=iim (1+)z=2.71828 18284...

n-+ fl

(see 4.2.2 1)

Logarithms to General Base

4.1.18 log4 z=in z/ln a

4.1.19 log4
log5 z
logb a

4.1.20 log4b= 1

logo a

4.1.21 log4 z=ln z

4.1.22 log10 z=ln z/ln 10=log10 e in z
=(.43429 44819...)lnz

67



68

4.1.23 in z=ln 10 log10 z=(2.30258 50929.. .) log10 z

(loge x=rin r, called natural, Napierian, or hyper-
bolic logarithms; log10 r, called common or Briggs
logarithms.)

Series Expansions

4.1.24 in
(Izl1 and z-1)

4.1.25
2

1(2-1)3+

(?z)
4.1.26

In z=(z_1)_(z_1)2+(z_1)3_.
(lz-1l1, z0)

4.1.27
r/z-1\ i ¡z-1V 1in z2L-)+ z±1) +

(z0, z0)
4.1.28 in (±)=..2

(jzJ1, z±1)
4.1.29

in (z+a)=ln a+2 [(2a-z) (2a-z)3

(a>0, ?zaz)

4.1.30

4.1.31

4.1.32
/m it: --ln
\k=1 k

um
m-9

4.1.33

Limiting Values

um x in x=0

(a constant, a>O)

hm x in x=0
z-90

(a constant, 3a>0)

m)=Y (Euler's constant)
=.57721 56649.

(see chapters 1, 6 and 23)

Inequalities

1x <in (1+x)<x

4.1.34 x<ln (1x)< -j----

ELEMENTARY TRANSCENDENTA

(x>-1, xO)

(x<1, x0)

L FUNCTIONS

4.1.35 lin (1x)l< (0<x<.5828)

4.1.36 lnx<x-1 (x>0)

4.1.37 in xn(x"-1) for any positive n
(x>0)

4.1.38 lIn (1+z)lln (1JzJ) (121<1)

Contizued Fractions
4.1.39

z z z 4z 4z 9z
in (1+z)=i+ 2+ 3+4+5± 6+

(z in the plane cut from ito -
4.1.40

(1+z\ 2z 22 4z 9z
11\1z,T1-3 5-7-

(z in the cut plane of Figure 4.7.)

Polynomial Approximations 2

4.1.41

logio x=a1t +a3t3 +«x), t=(r 1)/(x+ 1)

k(x)l 6X io-4

a1=.86304 a3=.36415

4.1.42

logi0 x=a1t +a3t3 +a5t5+a7t7+a9t9+ «r)

t=(x-1)/(x+i)

k(z) I iO

a=.86859 1718 a7=.09437 6476

a3= .28933 5524 a9=.19133 7714

a5= .17752 2071

4.1.43 0<x<1

in (1 +x) =a1x+a2x2+a3x+a4x4+a5x5+(x)

k (r) I
ix io-5

a=.99949 556
a2=.49190 896
a3=.28947 478

a4=.13606 275
a5= .032 15 845

2 The approximations 4.1.41 to 4.1.44 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).



4.1.44 0x1
in (1+x)=a,x+a2x2+a3x3+a4x4+asxs+a,x6

+a7x7 + a8x8 + (x)

e (x) 3X10'

Approximation in Terms of Chebyshev Polynomials

4.1.45 0<x<1

T*(x)=cos nO, cos O=2x-1 (see chapter 22)

in (1+x)= AT*(x)
nO

Differentiation Formulas

d i- in z=-
dz z

in z=(-1)'1(n--1)!z

Integration Formulas

Ç dz
i =in zjz

fin zdz=zin zz

4.1.50

f
z+lz"in zdz in z
n+1 (n+1)2

n integer)(n 1,
4.1.51

f z' (In z)m
z'+ (In z)m m

f
z)mdzdz=

n+1 n+1
(n 1)

The approximation 4.1.45 is from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).
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n n
O . 37645 2813 6 -. 00000 8503
1 . 34314 5750 7 . 00000 1250
2 -. 02943 7252 8 -. 00000 0188
3 . 00336 7089 9 . 00000 0029
4 -. 00043 3276 10 -. 00000 0004
5 . 00005 9471 11 .00000 0001

99999 64239 a5= . 16765 40711
a2=.49987 41238 a8=. 09532 93897
a3= . 33179 90258 a7= . 03608 84937
a4=. 24073 38084 a8=. 00645 35442

4.1.52 j z in zi =ininzf dz

4.1.53

fin [+(± 1)1]dz=z in [z+(z2±

4.1.54

fznin [z+(z2±1)*]dz= in {z+(z2±1)1]n+1
i (

n+1 J (Z2±l)idz (n-1)

Definite Integrals

4.1.55 J" dt=ir2/6

4.1.56
f'

4.1.57 r dt =li(x) (see 5.1.3)

4.2. Exponential Function
Series Expansion

4.2.1

ez=exp z=1++++ . . . (z==x---iy)

where e is the real number defined in 4.1.16

Fundamental Properties

4.2.2 Ln (exp z)=z+2kTi (k any integer)

4.2.3 ln(expz)=z (r<Jzir)
4.2.4 exp (in z)= exp (Ln z) = z

4.2.5
d exp z=exp z

Definition of General Powers

4.2.6 If N=az, then z=Log N

4.2.7 &=exp (z in a)

4.2.8 If a=a exp (i arg a) (lr<arg alr)
4.2.9 lazI = Ialxe arg a

4.2.10 arg (az)=y in IaI+x arg a

4.2.11
Ln az=z in a for one of the values of Ln a

4.2.12 in ax=x in a (a real and positive)

4.2.13

4.1.46

4.1.47

4.1.48

4.1.49
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4.2.14

4.2.15

4.2.16 azbz=(ab)2

ELEMENTARY

arg (e2) =y

azIaz2 = a21+22

(-7r<arg a+arg bir)

FIGURE 4.2. Logarithmic and exponentialfunctions.

Periodic Property

4.2.17 = e2 (k any integer)

Exponential Identities

4.2.18 e21e22= ezl+z2

4.2.19 (ez1)==e2122 (ir<Jzi 'r)
The restriction ( ir<5z1 ir) can be removed

if z2 is an integer.

Limiting Values
4.2.20

um zaez=O (argzJir<ir, a constant)

4.2.21 (i+--)m=e

Continued Fractions

i z z z z z z
4.2.40 e2=1 1+ 2 3+ 2 5+ 2- (Izl< )

z z z z z z z

2+ 3 2+5 2+7 (Izl<)

1+ z z2/4.3 z2/4.15 z2/4.35 z2/4(4n2_1)

(iz/2)+ 1+ 1+ 1+ 1+
. (zj<)

z n!z z (n+1)z 2z (n+2)z 3z (1zJ<)4.2.41 e2_e_i(z)=_n! (n+1)+ (n+2) (n+3)+ (n+4) (n+5)+ (n+6)-
(For e(z) see 6.5.11)

TRANSCENDENTAL FUNCTIONS

Special Values (see chapter 1)

4.2.22 e=2.71828 18284

4.2.23 e°==1

4.2.24 e=
4.2.25

4.2.26 e1= 1

4.2.27 e 2

4.2.28 e2tk= i (k any integer)

Exponential Inequalities

If z is real and different from zero

4.2.29 e<1x<e (x(i)
4.2.30 e2>1H-x

4.2.31 (x<1)1z
4.2.32 1<(1e)<x (x>-1)
4.2.33 (x<1)

4.2.34 1+x>e (x>-1)

4.2.35 e2>i+_Ï (n>0, x>O)

4.2.36 ez>(i+)>e (x>O, y>0)

4.2.37 e_2<1_ (0<x1.5936)

4.2.38
j zJ<ei <I z (0<1 zl<i)

4.2.39 e2__1JeI2__1lzle (all z)
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Approximations in Terms of Chebyshev Polynomials 6

4.2.48 0<x<1
T(x)=cos nO, cos 0=2x-1 (see chapter 22)

AT(x) e_Ê AT(x)nO n=O

e'=1 +a1x+a2x2+a3x3+a4x4+(x)

(x)l3X10°
a1=.9998684 a3=--.1595332
a2= .4982926 a4= .0293641

4.2.45 0x1n2
e i +a1x+a2x2+a3x3+a4x4+a5x°

+a6x6+a7x7+ (x)

(x)I2x 10lo
a1=.9999999995 a5=.00830 13598
a2= .49999 99206 a6= .00132 98820
a3.1666653019 a7=.00014 13161
a4= .04165 73475

4.2.46° 0x1
1OZ= (1 +a1x+a2x°+a3x°+a4x4)°+(x)

(z) 7 X 10-i

4.2.42

2a arctan1 2a a2+1 a2-]-4 a2+9
e Z=l+z_a+ 3z+ 5z+ 7z+

(z in the cut plane of Figure 4.4.)

Polynomial Approximations4

4.2.43 0xln 2=.693.
e= 1 +alx+a2x2+E(x)

10

a1=.9664 a2=.3536

4.2.44 0<x<ln 2

4.2.47 0x1
lO= (1 +aix+a2x°+a3x3+a4x4+a5x°

+a6x6+a7x7)° + (x)

Is(x)J<5X 10_8

The approximations 4.2.43 to 4.2.45 are from B. Carl-
son, M. Goldstein, Rational approximation of functions,
Los Alamos Scientific Laboratory LA-1943, Los Alamos,
N. Mex., 1955 (with permission).

6 The approximations 4.2.46 to 4.2.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).

Differentiation Formulas

d-
dz

d eaz_aaez
dz'6 -
cl- az=az in a
dz

cl- zaaza_l
dz

d- z2= (1 +111 z)z'
dz

Integration Formulas

f edz =

4.2.55

fzedz=,,1 [(az)'n(az)' '+n(n-1)
+ . . . +(-1)'n!(az)+(-1)n!] (n0)

4.2.56

fdZ=_(fleZfll+fll f-Ç1 dz (n>1)

(See chapters 5, 7 and 29 for other integrals
involving exponential functions.)

4.3. Circular Functions
Definitions

4.3.1 sin z=ei_iz (z=x+iy)

4.3.2 cosz
2

6 The approximations 4.2.48 are from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. Tables Aids Comp. 8, 143-147 (1954) (with per-
mission).

n A n
0 1. 75338 7654 0 . 64503 5270
1 . 85039 1654 1 -. 31284 1606
2 . 10520 8694 2 . 03870 4116
3 . 00872 2105 3 -. 00320 8683
4 . 00054 3437 4 . 00019 9919
5 . 00002 7115 5 -. 00000 9975
6 . 00000 1128 6 . 00000 0415
7 . 00000 0040 7 -. 00000 0015
8 . 00000 0001

a1=1. 15129 277603 a5=. 01742 111988
a2= . 66273 088429 a8=. 00255 491796
a3= . 25439 357484 a7=. 00093 264267
a4= . 07295 173666

a1=1.14991 96 a3=.20800 30
a2= .67743 23 a4=.12680 89

4.2.49

4.2.50

4.2.51

4.2.52

4.2.53

4.2.54



-I.0

sin ztan 2=cos z

iese 2=sin Z

isec 2=
cos Z

cot z= tan z

Periodic Properties

4.3.7 sin (z+2kir)=sin z (k any integer)

4.3.8 cos (z+2kir)=cos z

4.3.9 tan (z-f-k7r)=tan 2

-- csc :
secx- - cot x

Relations Between Circular Functions

4.3.10 sin2 z+cos2 z=1

4.3.11 sec2 ztan2 z=1

4.3.12 ese2 zcot2 z=1

Negative Angle Formulas

4.3.13 sin (z)=--sin z
4.3.14 cos (z)=cos z

4.3.15 tan (z)=tan z
Addition Formulas

4.3.16 sin (21+z2)=sin zi cos z2±cos 21 Sin 22

4.3.17 cos (z1-]-z2)=cos z cos z2sin z sin 22

tan z1 + tan 22
4.3.18 tan (z1+22)=lt Z tan z2

cot z1 cot Z21
4.3.19 cot (Z1+22)= cot z2±cot z

4.3.20

4.3.21

4.3.22

Half-Angle Formulas

sin =±(105 2)4

=±QH 2)4

(1cos
zYlcos

z sin Z
tan ± 1+cosz smz i+cosz

The anìbiguity in sign may be resolved with the
aid of a diagram.

Transformation of Trigonometric Integrals

If tan = z then

2z 1_22
4.3.23 sin u=12, cosu=12 du=12 dz

Multiple-Angle Formulas

2 tan z
4.3.24 sin 2z=2 sin Z COS 2 i+tan2 z

4.3.25 cos 2z=2 cos2 z-1=i-2 z

1tan2 z
=cos2 z_Sifl2 2

1+tan2z

2tanz 2eotz 2
4.3.26 tan 2z=i tan2 2c0t2 z lcot ztan z

4.3.27 sin 3z=3 sin z-4 sin8 z

4.3.28 cos 3z=-3 cos z+4 cos3 z

4.3.29 sin 4z=8 cos3 z sin z-4 cos z sin z

4.3.30 cos 4z=8 cos4 z-8 cos2 z+1

Products of Sines and Cosines

4.3.31 2 sin z sin z2=cos (21-22)-005 (21+22)

4.3.32 2 cos Zi COS z2=cos (zi 22) +cos (z1+z2)

4.3.33 2 sin z1 cos z2=sin (21-22) +sin (z1+z2)

Addition and Subtraction of Two Circular Functions

4.3.34

22=2
.(zl+z2)(z12)

72 ELEMENTARY TRANSCENDENTAL FUNCTIONS

Circular functions.FIGURE 4.3.

4.3.3

4.3.4

4.3.5

4.3.6



cos z1cos
4.3.37

4.3.44

Functions of Angles in Any Quadrant in Terms of Angles in the First Quadrant. (O O k any integer)

¡21-22Z22 Sin (zi+22)
2

4.3.38
sin (21±22)tan z± tan 22-
COS Zj COS 22

4.3.39
sin (22±21)

cot z1±cot 22
sm Z Slfl 22

(Ox) Illustration: If sin x=a, cot x=a(l_a2)i
arcsec a=arccot (a2-1)*

cos2 z1Sjfl2 22=CO5 (21+ 22) COS (21-22)

4.3.43

4.3.45 Relations Between Circular (or Inverse Circular) Functions

O ±O ir±O ±O 2kir±O

sin
cos
tan
csc
sec
cot

- sin 8
cos O

- tan O
csc O

sec O
cot O

cos 8
R sin O
R: cot 8
+sec O
:Fcsc O
R:tan O

R: sin O
- cos O
± tan O
:Fcsc O
sec O
±cot O

- cos O
± sin 8
R: cot O
sec O
±csc O
Ftan 8

± sin O
+ cos O
± tan O
±csc O
+sec O
±cot O

sinx=a cosx=a tanx=a cscx=a secx=a cotx=a

sin x a (1--a2)1 a(1+a2) a' a'(a2-1)1 (1+a2)'

cos x (1a2)1 a (1+a2) a'(a2 1)1 a' a(1+a2)1

tan x a(1a2) a1(1a2)* a (a2-1)1 (a2-1)1 a'
csc x a' (1a2)1 a1(1+a2)1 a a(a2-1) (1+a2)1

secx (1_a2)i a' (1+a2) a(a2-1)4 a a1(1+a2)'

cot z a(1a2)l a(1_a2)i a' (a2-1)1 (a2-1) a

Relations Between Squares of Sines and Cosines I + + +
II +

4.3.40 III +
sin2 zi_sifl2 z2=sin (21+22) sin (21-22) Iv +
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4.3.35 4.3.41
¡Z1+22\Sfl Z1Sifl 22=2 (\ 2 ) sin (21-22)

2 (+z Sill (21-22)

4.3.36
721+22\ Z1Z2"cos z1+cos 222 COS(\

2 )
cos(

2 )
4.3.42

Signs of the Circular Functions
in the Four Quadrants

Quadrant sin COB tan
csc sec cot



74

4.3.46 Circular Functions for Certain Angles

sin kÍ+1) i

ELEMENTARY TRANSCENDENTAL FUNCTIONS

Euler's Formula

4.3.47 ez=eY=ex (cos y+i sin y)

De Moivre's Theorem

4.3.48 (cos z+i sin z)=rcos Pz+i Sill P2

(ir<í?z<ir unless y is an integer)

Relation to Hyperbolic Functions (see 4.5.7 to 4.5.12)

4.3.49 sin z=i sinh 12

4.3.50 cos z=cosh iz

4.3.51 tan z=i tanh 12

4.3.52 C5C 2=1 csch iz

4.3.53 sec z=sech ir

4.3.54 cot z=i coth ir

Circular Functions in Terms of Real and Imaginary
Parts

4.3.55 sin z=sin x cosh y+i COB x sinh y

4.3.56 COB z=CO5 x cosh yi sin r sinh y

sin 2x+i sinh 2y
4.3.57 tan z= cos 2x+cosh 2y

sin 2xi sinh 2y
4.3.58 cot z= cosh 2ycos 2x

Modulus and Phase (Argument) of Circular Functions

4.3.59 sin rj=(sin2 x+sinh2 y)4

=[ (cosh 2ycos 2x)14

4.3.60 arg sin z=arctan (cot r tanh y)

4.3.61 cos z = (cos2 x+sinh2 y)4

=[ (cosh 2y+cos 2x)]4

4.3.62 arg cos 2= arctan (tan r tanh y)

( cosh 2ycos 2x'
4.3.63 tan rI= cosh 2y+cos 2x,

(sinh
2Y)4.3.64 arg tan z=arctan sin 2x

Series Expansions
4.3.65

2 Z Z
sin

4.3.66

22 2 ZCOS 2lj+j+ .

o
00

ir/12
15°

46
30°

44
45°

43
60°

sin o (-1) 1/2

Cos i 1/2

tan o 2- i t3

csC V(v'+ 1) 2 2/3
sec i J(-.J 1) 2/3 2

cot 2+/ 1

3ir/4
135°

546
150°

11412
165°

ir
180°

sin /2/2 1/2 o

COB //2 /3/2 2 1(+1)

tan 1 /3 (2) O

csc 2

sec - 2/3 --(V 1) i
cot 1 (2+)

COB

tan

0 ( 1) - 1/2

-(2+)
csc 'j(-.J- 1) i 1) 2/3/3

sec /ä+ 1) -IJ+ 1) 2
cot 2- o (2--/ä) _f/3

5ir/12 42 7412 243
750 90° 105° 120°



4.3.67

z 2z 17ztan

(_1)*-l22*(22*_l)B2 Z2*++ (2n)!

4.3.68

lz 7
CSC 2++o +151 +

4.3.69
22 5z 6126

sec

(_1)*E2n22n++ (2n)
4.3.70

i z z 2z
cot

(_1)12(221_ 1)B2
22*_1++ (2n)!

( i)'1°B2* z211_
(2n)!

4.3.71

sin z (-1)22'1B2 22flin =E
z n(2n)!

4.3.72

(-1)522'1(225-1)B2
22*in cos z=Ê

n=1 n(2n)!

4.3.73

tan z (1)*-i227z(22*-l1)B2
22*in =

z n=i n(2n)!
(lzI<jir)

where B and E are the Bernoulli and Euler
numbers (see chapter 23).

Limiting Values

sinxhm =1
x-,O X

tanz
him =1
X-40 X

. Xhrn n. sin -=x
n

X
hrn n tan -=x

n

Xhrn cos -=1
n.

4.3.74

4.3.75

4.3.76

4.3.77

4.3.78

(jz <ir)

(izi4)

Inequalities

sin x>2
X ir

sin x<x<tan X

sin xcosx< <1- X-
sill

il<X(1X) 4

!sinh ylIsin zjcosh y

sinhyIcos zfcosh y
Icsc zIcschJyl

I cos z<coshz

sin zIsinhlz!

(IzI<1)

4.3.91 cot z=+2z E z2k2ir2

(zO,±ir,±2ir,...)
i

4.3.92 ese2 z E (zkir)2-
(zO,±ir,±2ir,...)

4.3.93 ese z=-+2z E (I1
22 k2ir2

(zO,±ir,±2ir,...)
Continued Fractions

4.3.94 tan z=f - - t-... (z±mir)

4.3.95

a tan z (1a2) tan2 z (4a2) tan2 z
tanaz= 1+ 3+ 5+

(9_a2)tan2z

(
az±nir)7+

4.3.88 cos z< 2, sin zIJzJ

Infinite Products

4.3.89 5ifl zz ri (1_2)
k=I

4.3.90 COS z (i 422 \
k=i \ (2k_1)21r2)

Expansion in Partial Fractions
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4.3.79

4.3.80

4.3.81

4.3.82

4.3.83

4.3.84

4.3.85

4.3.86

4.3.87
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4.3.97

Polynomial Approximations

4.3.96

sin X

X
=1+a2x2+a4x4-f«x)

k(x)i2X 10-i

a2=-.16605 a4=.00761

sii: x=i +a2x2+a4x4+a6x°+a8x8+a10x'°+ 6(x)

cos x=1 +a2x2+a4x4+aox°+a8x8+aiox'°+6(x)

2 10-e(z) X

ELEMENTARY TRANSCENDENTAL FUNCTIONS

tan
X

6(x)j 1X 10-e

a2=.31755 a4=.20330

The approximations 4.3.96 to 4.3.103 are from B. Carl-
son, M. Goldstein, Rational approximation of functions,
Los Alamos Scientific Laboratory LA-1943, Los Alamos,
N. Mex., 1955 (with permission).

4.3.101

tan z1
+a2x2+a4x4+a6x°+a8x8+a10x'°

X

+ai2x'2+e(x)

Ei)2X108

4.3.102 0<x<

* x cot x==1+a2x2+a4x4+6(x)

e (z) 3X106

a2=- .332867 a4=-.024369

4.3.103 0x
x cot x= i +a2x2 +a4x4+a6x6+ax8+ a10z'°+ 6(x)

k(x)I.4X 10-

Approximations in Terms of Chebyshev Polynomials

4.3.104 -ix1
T (z) = cos nO, cos O=2x- i (see chapter 22)

8 The approximations 4.3.104 are from C. W. Clenshaw,
Polynomial approximations to elementary functions,
Math. TablQs Aids Comp. 8, 143-147 (1954) (with per-
mission).
See page II.

sin

n

rX=X
nO

AT(x2) cos 1rx=EAT(x2)
nO

n
0 1.27627 8962 0 .47200 1216

1 - .28526 1569 1 -.49940 3258

2 .00911 8016 2 .02799 2080

3 - .00013 6587 3 - .00059 6695
4 .00000 1185 4 .00000 6704

5 - .00000 0007 5 - .00000 0047

a2=-.49999 99963 a8= .00002 47609

a4= .04166 66418 a10=-.00000 02605

a8=-.00138 88397

a2=.33333 14036 a8=.02456 50893

a4=.13339 23995 a10=.00290 05250

a6=.05337 40603 a12=.00951 68091

a2=-.16666 66664 a8== .00000 27526

a4= .00833 33315 a10=-.00000 00239

a6=-.00019 84090

a2=-.33333 33410 a8=-.00020 78504

a4=-.02222 20287 a10=-.00002 62619

a6=-.00211 77168

4.3.98 0x
cos x=1+a2x2+a4x4+E(x)

(z) 9 X 10-d

a2=-.49670 03705

4.3.99

4.3.100 0x



Differentiation Formulas

d.4.3.105 - sin z=cos z
dz

d4.3.106 - cos z=srn z
dz

4.3.107 -- tan z=sec2 z
dz

4.3.108 ese z=csc z cot z
dz

4.3.109 -- sec z=sec z tan z
dz

4.3.110 -- cot z=csc2 z
dz

4.3.111 sin z=sin (z+ni-)

d5
4.3.112 cos z=cos (z+n)

4.3.121

4.3.116
i 1coszinfese zdz=ln tan =ln (cee zcot z)

1+cos z

4.3.117

fece zdz =ln (sec z +tan z) =in tan (+)=gd_1 (z)

=Inverse Gudermaimian Function

gd z=2 arctan et_i

4.3.118 fcot zdz=ht sin z=ln csc z

4.3.119

fzt sinzdz=_z& cos z+nfz'' cos zdz

4.3.120
r5j z sin z rcos z

Jz" dz_(fll)zfl1+fl1lJ ,,.1dz (n)'l)

i dz= -z cot z +in sm zj sin2 z

ELEMENTARY TRANSCENDENTAL FUNCTIONS

4.3.122

f zdz zcosz 1

J sjn" z(n-1) sin"1 z (n-1) (n-2) gj2 z

(n>2)
4.3.123

fza
cos zdz=z" sin z_nfzn_' sin zdz

4.3.124
rcos z cos z i (sin z

J z"
dz= (ni)z"' 1J-ïdz (n>1)

4.3.125
fCO:2

dzz tan z+ln cos z
z

4.3.126

f zdz zsinz i
J cos" z(n-1) cos"' z (n-1) (n-2) COSfl2 z

+ifco: z
(n>2)

4.3.127

f sinn z cos" Sjflmi z cos" zz dz=
m+n

77

+(rn+n)fsrnm z cos"2 zdz

sinmi z cos"1' z
m+n

+(m»fsinm_2 z cos" zdz
(m+n)

(mgn)
4.3.128

f dz 1

J sin" z cos" z(n-1) sinm_l z cos"' z

m+n-2 f dz+ n-1 J sin" z cos"2 z
(n>1)1

(m-1) Sjflm_l z cos"1 z

m+n-2 f dz+ m-1 J z cosa z

(m>i)

. zdz-43 129 ftann tan"z ftann_2zdz (n1)n-1

4.3.130 fcotn z dz=_C0t" z fcot- z dz (n 1)ni

Integration Formulas

4.3.113 fsm zdz=cosz

4.3.114 fcos

4.3.115 ftan zdz=in cosz=in secz
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4.3.131
r dz 2

Ja+b sin z(a2_b2)i

ra tan ()+b_(b2_a2)i in- (b2a2)1 tan ()+b + (b2a2)1

(b2>a2)
r dz

4.3.132
J i±sinzFtan(1)

4.3.133
r dz 2

(ab)tan
Ja+b cos z=(a2__b2)*'Ct (a2b2)i (a2)'b2)

i r(b) tan +(b2_a2)
'n I(b2_a2)i

[(b_a) tan _(b2_a2)l

(b2>a2)

S
dz z

i+cosz
an

r dz z
J1cosz cot

4.3.136

fe sin br dz= (a sin bzb cos bz)

4.3.137

fecosbzdz= (acosbz+bsinbz)a2+ b2

4.3.138

fe sin' bz dz-

4.3.139
ßOZ ((1Qfl1 /,

f e cos& br

e sin'' bz
a2+n2b2

(a sin brnb cos bz)

n(n_1)b2+
a2+n2b2

feu 5jn2 bz dz

a2+n2b2
(a cos

n(n-1)b2+
a2+n2b2

Definite Integrals

4.3.140 I sin mt sin mt dt=0
Jo

(mm, m and n integers)

frcos mt cosnt dt=0

ELEMENTARY TRANSCENDENTAL FUNCTIONS

a tan i -\2J (a2>b2)
(a2 b2)+

bz+mb sin br)

e° cos'2 br dz

4.3.141 Jsin2nt dt= I cos2nt dt=!
o Jo 2

(n an integer, n0)

(m>0)

=0 (rn=0)

(m<0)

r sin mt
4.3.142

J0
dt=

4.3.146

cos atcos bt dt=ln (b/a)t

4.3.144 fo sin t2 dt=f cos t2

4.3.145

fo
insin tdt=f 1ncostdt=ln2

cos mt
Jo i+t2

dt=em

(See chapters 5 and 7 for other integrals involv-
ing circular functions.)

(See [5.3] for Fourier transforms.)

4.3.147

Formulas for Solution of Plane Right Triangles

If A, B and C are the vertices (C the right
angle), and a, b and c the sides opposite respectively,

asin
c cscA

bcos A= =
e secA

atan A==
b cotA

versine A=vers A=1cos A

coversine A=covers A= 1sin A

haversine A=hav A= vers A

exsecant A=exsec A=sec A-1

4.3.143
fo

4.3.134

4.3.135

ir

2



4.3. 148

Formulas for Solution of Plane Triangles

In a triangle with angles A, B and C and sides
opposite a, b and e respectively,

a_b_c
sinA smB sin0

c2+ b2a2cos A=
2bc

a=b cos C+c cos B

a+b tan (A+B)
abtan (AB)

bc sin Aarea=
2

[s(sa) (sb) (sc)]1

8= (a + b +c)

4.3.149

Formulas for Solution of Spherical Triangles

If A, B and C are the three angles and a, b and
c the opposite sides,

sinA smB sinG
sin a - sin b sin e

cos a=cos b cos c+sin b sin c cos A

cos b cos (c±O)
cos O

where tan 8= tan b cos A

cos A=cos B cos G+sin B sin Ccos a

ELEMENTARY TRANSCENDENTAL FUNCTIONS

4.4. Inverse Circular Functions
Definitions

4.4.1
dtarcsin 2 (z=x+iy)(1t2)

4.4.2
'" dt irarccos 2 arcsin z(1t)2

4.4.3
dt irarctan 2 I arccot zjo 1+t2

The path of integration must not cross the
real axis in the case of 4.4.1 and 4.4.2 and the
imaginary axis in the case of 4.4.3 except possibly
inside the unit circle. Each function is single-
valued and regular in the 2-plane cut along the
real axis from - oe to 1 and +1 to + min the case
of 4.4.1 and 4.4.2 and along the imaginary axis
from i to joe and ito joe in the case of4.4.3.

Inverse circular functions are also written
arcsin z=sin' z, arccos z=cos1 z, arctan z
=tan1 z.....

When lxl, arcsin x and arccos x are
real and

4.4.4 irarcsin x7r, Oarccos x,r
4.4.5 ir<arctan x1r
4.4.6 arccsc z=arcsin liz

4.4.7 arcsec z=arccos l/z

4.4.8 arecot z=arctan l/z

4.4.9 arcsec z+arccsc zir

jy

o +j

arcsin z and
arccOs z

X

(see 4.3.45)

¡y

arctan z

¡y

Io.

arccsc z and arccot z
arcsec z

FIGURE 4.4. Branch cuts for inverse circular
functions.
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Fundamental Property

The general solutions of the equations

sin t=z

cos t=z

tan t=z
are respectively

4.4.10 t=Arcsin z=(_1)k arcsin z+lcir

4.4.11 t=Arccos z= ±arccos z-1-2kir

4.4.12
t=Arctan z=arctan z+kir (z2_l)

where k is an arbitrary integer.

4.4.13 Interval containing principal value
y x positive x negative

or zero

arcsinxand arctanx O<y<ir/2 ir/2<y<(O

arccos x and arceot s O<y ir/2 -ir/2<y <ir

arcsec s and arccsc s O y <ir/2 - ir <y < - ir/2

arCseC X

-15

0rC_t0n______.

,1OrCC5C X

orCsin X

0
.5 10

OrCtOflX

0 XC sec X
OrCCOt X

FIGURE 4.5. Inverse circular functions.

Functions of Negative Arguments

4.4.14 aresin ( z)= arcsin z

4.4.15 arccos (z) =irarccos z

4.4.16 arctan (z)=arctan z
4.4.17 arccsc ( z) = arccsc z

4.4.18 aresec (z)=irarcsec z

4.4.19 arccot (z)=ir--arccot z

Relation to Inverse Hyperbolic Functions (see 4.6.14 to
4.6.19)

4.4.20 Arcsin z= i Arcsinh iz

4.4.21 Arccos z= ±i Arceosh z

4.4.22 Arctan z=i Arctanh iz (z2-1)

TRANSCENDENTAL FUNCTIONS

4.4.23 Arccsc z=i Arccsch iz

4.4.24 Arcsec z= ±i Arcsech z

4.4.25 Arccot z=i Arccoth iz

Logarithmic Representations

4.4.26 Arcsin x=iLn[(1---x2)+ix] (x2<1)

4.4.27 Arccos x=i Ln [x+i(1_52)1] (x2<1)

4.4.28 Arctan x= Ln Lu i+X
2 1-j--IX 2 IX

(x2>.1)

Arctan z1±Arctan z2=&rctan( zj±z2

4.4.35

Arcsin z1±Arccos z2

=Arcsin{ziz2± [(1z) (1z)]1}
=Arccos [z2(1z)Fzj(1z)1]

4.4.36

Arctan zi±Arccot z2
/ z2Fzi=Arctan z2z1 )_Arccot z1z2±1

( z1z2±1

Inverse Circular Functions in Terms of Real and
Imaginary Parts

4.4.37

Arcsin z=kir+(-1)t arcsinß
+(_iYciln [a+(a-1)]

4.4.38

Arecos z=2kir±{arccosßiln[a+(a2-1)*]}

i z1z2

(s real)

4.4.29 Arccsc x=i LnL (x2 1)

4.4.30 Aresec x=i Ln [1 +i(x2_ 1)1]

4.4.31 Arccot x Ln
.

Ln (')
i

(ix+1
(s real)

Addition and Subtraction of Two Inverse Circular
Functions

4.4.32

Arcsin z ± Arcsin z2

=Arcsin [z1(1z)i±z2(1z)l]
4.4.33

Arccos zj ± Arccos z2

=Arccos{zjz2:F[(1_z) (1z)]i}
4.4.34

OrCOOt X 'arCc0s X



4.4.39 / 2x \
Arctan z=k7r+ arctan (1_x2_)

[x2+(y+1)21+' x±(y1)j
(z2_l)

where k is an integer or zero and

Series Expansions
4.4.40

z 1.3z 1.3.5z7
aresin z=z++2 5+2467*

.
. (jz<1)

4.4.41

arcsin (1z)=_(2z)[1+Ê'
.3.5. . . (2k-1) fl

k=1 22k(2k+1)k! J
(jzJ<2)

4.4.42

arctan z=zÇ+Ç_.Ç+... (Izl i and z2_l)

in i i=+5i+.. .(!zj>iandz2-1)
z2 2.4 /

2
\2

1+z2 [i+ 1+22+35 (1+22) +...]
(z2-1)

Continued Fractions

z 22 4z2 9z2 16224.4.43 arctan z= --
(z in the cut plane of Figure 4.4.)

arosin z z 1.222 1.2z23.4z23.4z2

Vi_22 1 3 5 7 j-:--
(z in the cut plane of Figure 4.4.)

Polynomial Approximations

4.4.45 Ox1
ir

arcsin x_(1_x)l(ao+ajx--a2x2+a3x3)+«x)

¡E(x) 5X105

a0= 1.57072 88

The approximations 4.4.45 to 4.4.47 are from C. Hast-
ings, Jr., Approximations for digital computers. Princeton
Univ. Press, Princeton, N.J., 1955 (with permission).

ELEMENTARY TRANSCENDENTAL FUNCTIONS

a2== .07426 10

4.4.46 0x1
arcsin x= (1 _x)l(ao+aix+a2x2+a3xi

+a4x4+a5x5+a6x6+a7x7) +(x)

I(x)I2X 10_8

4.4.47 1x1
arctan x=a1x+ a3x3 +a8x5+ a7x7+ a9x° + (x)

4.4.48b0 1<x<1

arctan x=1 +r282+(x)

e(x)J 5X103
4449i1 0x1

arctan Xl+±28+()
X k=1

E(x) 2X108

81

10 The approximation 4.4.48 is from C. Hastings, Jr.,
Note 143, Math. Tables Aids Comp. 6, 68 (1953) (with
permission).

1 The approximation 4.4.49 is from B. Canson, M. Gold-
stein, Rational approximation of functions, Los Alamos
Scientific Laboratory LA-1943, Los Alamos, N. Mex.,
1955 (with permission).

a2=.33333 14528 a10=.07528 96400

a4= .19993 55085 a12= .04290 96138

a0=.14208 89944 a14=.01616 57367

a8= .10656 26393 a18= .00286 62257

a0= 1.57079 63050 a4= .03089 18810

a1=.21459 88016 a5=.01708 81256

a2= .08897 89874 a6= .00667 00901

a3=.05017 43046 a7=.00126 24911

a1= .99986 60 a7=.08513 30
a3=.33029 95 a0= .02083 51

a5= .18014 10

a1=.21211 44 a3=.0i872 93

c= I(x+1)2+ y2}1+ [(x l)2+y2}1
[(x+1)2+ y2]1 [(z 1)2+ y2]1
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Approximations in Terms of Chebyshev Polynomials 12

For h'x1, use arcsin
cos x=arcsin (1x2)1.

4.4.52

4.4.53

4.4.54

4.4.55

4.4.56

For xI>1, use arctan x=irarctan (lJx)

4.4.51 <x<f.J
arcsin x=x AT(2x2)ne

0<x</

Differentiation Formulas

aresin z=(1-

d
arccos

d- arctan 2
dz 14z2

d 1arccot

darcsecz (z2.__i)*dz z

ELEMENTARY TRANSCENDENTAL FUNCTIONS

x=arccos(ix2)1, arc-

4.4.57

4.4.65f. . i " zz+I
z arcsin z dz= arcsin 2n+1 J (1z2)1 dzn+i

(n i 1)
4.4.66

z2 1\ zfz arccos z dz=(-_-) arccos z (1_z2)l

4.4.67

f
2n+1 1' z'4'z arccos z dz= arccos z+_ J (1z2)1 dz
n+1

(n i 1)
12 The approximations 4.4.50 to 4.4.51 are from C. S\. 4.4.68

Clenshaw, Polynomial approximations to elementary
functions, Math. Tables Aids Comp. 8, 143-147 (1954)
(with permission).

d arccsc z
dz z(z2-1)l

Integration Formulas

4.4.58 f arcsin z dz=z arcsin z+(1_z2)l

4.4.59 f arccos z dz=z arccos z (1_z2)*

4.4.60 f arctan z dz=z arctan z-1n (1+22)

4.4.61

farccsc z dz=z arccsc z±ln

0<arccsc z<

<arccsc 2<0
4.4.62

Jarcsec z dz=z arcsec z+in

0<arcsec

<arcsec z<lr

4.4.63

farccot z dz=z arccot z+ in (1+22)

4.4.64
22 1\ zfz arcsin z dz=(_) aresin z+ (1_z2)l

fz arctan z dzt (1+22) arctan

arccos x=irx
nO

A,T(2x2)

n A n A
0 1. 05123 1959 5 . 00000 5881
i . 05494 6487 6 . 00000 0777
2 . 00408 0631 7 . 00000 0107
3 .00040 7890 8 .00000 0015
4 . 00004 6985 9 . 00000 0002

4.4.50 1x1
T(x)=cos nO, cos O=2x-1 (see chapter 22)

arctan x=x AT(x2)
nO

n A n
0 .88137 3587 6 . 00000 3821
i -. 10589 2925 7 -. 00000 0570
2 .01113 5843 8 . 00000 0086
3 -. 00138 1195 9 -. 00000 0013
4 . 00018 5743 10 . 00000 0002
5 -. 00002 6215



4.4.69

f
2iz-1-i 1 r 2n+l

zarctanzdz= arctanz +iJ i+22d2n+1 n

(n 1)
4.4.70

fr arccot z dz= (1+22) arccot

4.4.71

f
2tz+l ? 1

z'arccotzdz= arccotz-4- -_iJi+22d2n+1 n

(n 1)
4.5. Hyperbolic Functions

Definitions

4.5.1 sinhz=

4.5.2 cosh z
e Z + e

4.5.3 tanh z=sinh z/cosh z

4.5.4 csch z=1/smh z

4.5.5 sech z=1/cosh z

4.5.6 coth z=1/tanh z

eZ_e
2

FIGURE 4.6. Hyperbolic functions.

Relation to Circular Functions (see 4.3.49 to 4.3.54)

Hyperbolic formulas can ¶e derived from
trigonometric identities by replacing z by iz

4.5.7 sinh z=i sin iz
273-888 O-67-7

(z=x+iy)

4.5.8 cosh z=cos iz

4.5.9 tanh z= - tan iz

4.5.10 csch z=i csc iz

4.5.11 sech z=sec ir

4.5.12 coth z=i cot iz

Periodic Properties

4.5.13 sinh (z-I--2kiri)=sinh z

(k any integer)

4.5.14 cosh (z+2kiri) =cosh z

4.5.15 tanh (z+kiri)=tanh z

Relations Between Hyperbolic Functions

4.5.16 cosh2 zsinh2 z=1

4.5.17 tanh2 z+sech2 z=1

4.5.18 coth2 zcsch2 z=1

4.5.19 cosh z+sinh 2=ez

4.5.20 cosh zsinh z=e
Negative Angle Formulas

4.5.21 smb (z)=sinh z
4.5.22 cosh (z)=cosh z

4.5.23 tanh (z)=tanh z
Addition Formulas

4.5.24 sinh (zj+z2)=sinh z1 cosh 22

+ cosh 2j sinh 22

4.5.25 cosh (z1+z2)=cosh z cosh 22

+ sinh ri sinh 22

4.5.26 tanh (z1+z2)=(tanh z1+tanh 22)!

(1 +tanh 21 anh 22)

4.5.27 coth (zi+z2)=(coth z coth 22+1)/

(coth z2+coth z)

Half-Angle Formulas

4.5.28
'cosh z-1sinh=(

2 Y
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4.5.29

cosh z(coshz+1)

4.5.30

tanh z

(Gosh
z_iy cosh z-1 sinh z

2 cosh z+1 - sinh z cosh z+1

Multiple-Angle Formulas

2 tanh z
4.5.31 sinh 2z=2 smb z cosh z=1 tanh2 z

4.5.32 cosh 2z=2 cosh2 z-1=2 sirih2 z+1

=cosh2 z+sinh2 z

4.5.33 tanh 2z= 1+tanh2 z
2 tanh z

4.5.34 sinh 3z=3 smb z+4 sinh3 z

4.5.35 cosh 3z=-3 cosh z+4 cosh3 z

4.5.36 sinh 4z=4 sinh3 z cosh z+4 cosh3 z sinh z

4.5.37 cosh 4z=cosh4 2+6 smb2 z cosh2 z+sinh4 z

Products of Hyperbolic Sines and Cosines

4.5.38 2 sinh z1 sinh z2=cosh (z1+z2)

- cosh (21 22)

4.5.39 2 cosh z cosh z2=cosh (21+22)

+ cosh (z1 - 22)

4.5.40 2 smb z1 cosh z2=sinh (21+22)

+sinh (21-22)

Addition and Subtraction of Two Hyperbolic Functions

4.5.41

sinh z1+sinh 22=2 smb (zi+z2) cosh (21_22)

4.5.42

sinh z1sinh 222 cosh (21+22) smb (zl22)

4.5.43

cosh 21 +cosh 22=2 cosh (21+22) cosh (zi 22)

ELEMENTARY TRANSCENDENTAL FUNCTIONS

4.5.44

cosh z1cosh z22 smb (zi+z2) sinh (zI_zl)

4.5.45

taub z1+tanh 22 smb (21+22)
cosh zi cosh 22

4.5.46

coth z1+coth z2-
sinh z1 sinh 22
sinh (z1+z2)

Relations Between Squares of Hyperbolic Sines and
Cosines

4.5.47
sinh2 z1sinh2 z2=sinh (z1H-z2) smb (z1z2)

=cosb2 z1cosh2 22
4.5.48

smb2 z1+cosh2 z2=cosh (21+ 22) cosh (21-22)
=cosh2 z1+sinh2 22

Hyperbolic Functions in Terms of Real and Imaginary
Parts

(z=x-j-iy)

4.5.49 sinh z=sinh x cos y+i cosh x sin y

4.5.50 cosh z=cosh x cos y+i sinh x sin y

smb 2xH-i sin 2ytanh 2=
cosh 2x+cos 2y

smb 2xi sin 2y
coth z cosh 2xcos 2y

De Moivre's Theorem

4.5.53 (cosh z+sinh z)'=cosh nz+sinh nz

Modulus and Phase (Argument) of Hyperbolic
Functions

4.5.54 smb zj=(sinh2 X+Sj112 y)1

=[(cosh 2xcos 2y)]1

4.5.55 arg smb z=arctan (coth x tan y)

4.5.56 Icosh zI=(sinh2 x+cos2 y)1
=[(cosh 2x+cos 2y)]*

4.5.57 arg cosh z=arctan (tanh x tan y)

4.5.58 tanh z=( cosh 2xcos 2y\1
cosh 2x+cos 2y)

/ sin 2y \
4.5.59 arg taub z=arctan sinh 2x)

4.5.51

4.5.52



4.5.61 Special Values of the Hyperbolic Functions

4.5.64

4.5.65

*See page II.

Series Expansions

sinh

cosh

Illustration: If sinh x=a, coth x=a1(a2+ 1)4
arcsech a=arccoth (1a2)4

(Izt<)

(lzK)
z3 2 177-ztanh z=z---+z

315

22(22--1)B2 2n_1+
(2n)!

31csch Z!+23
15120 2+...

2(22l_1)B2n2ni+
(2m)!

( zJ<ir)

4.5.66
z 5sech z=1--+ z4_%- 26+ .. +(2), 2fl+

(izI<)
4.5.67

02fl Z?z z 2 .coth z=++z -. Th (2m)!
z21+...

(!zl<ir)

where B, and E are the nth Bernoulli and Euler
numbers, see chapter 23.

Infinite Products

4.5.68 sinh z=z II (1+-2)

4.5.69 cosh z= ii 422 I

k=i

Continued Fraction

z 22 22 22
4.5.70 tasih z=- - - -.1+3+5+7+ ( i±niri)

Differentiation Formulas

sinh z=cosh z
dz

d- cosh z=sinh z
dz

d tanh z=sech2 z
dz

d- csch z=csch z coth z
dz

sinh x a (a2-1)i a(1a2) a' a'(1a2)l (a2_1)i
cosh x (1+a2)4 a (1a2) a'(1+a2)4 a1 a(a2-1)1

tanhx a(1+a2)4 a'(a2-1)* a (1+a2)1 (1a2)l
csch x a1 (a2-1) a'(1a2)i a a(1a2)4 (a2-1)4

seehx (1+a2)4 a (1a2)i a(1+a2)1 a a'(a2-1)4

coth x a1(a2+1)1 a(a2-1)4 a' (1+a2)* (1a2)* a

Z O
ir. -

iii
3ir.

sinhz

coshz

tanhz

cschz

sechz

cothz

O

1

O

i

i

0jj
O

O

1
O

1

i
0j
O

i

O

0

i
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4.5.60 Relations Between Hyperbolic (or Inverse Hyperbolic) Functions

sinh x=a cosli x=a tanh x=a csch x=a sech x=a coth x=a

4.5.62

4.5.63

4.5.71

4.5.72

4.5.73

4.5.74
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4.5.75 sech z=sech z tanh z
dz

4.5.76 coth z=csch2 z
dz

Integration Formulas

4.5.77 55mb zdz=cosh z

4.5.78 f cosh zdz==sinh z

4.5.79 f tanh zdz=In cosh z

4.5.80 f csch zdz=ln tanh

4.5.81 f sech z dz=arctan (smb z)

4.5.82 f coth zdz=ln smb z

4.5.83

4.5.84

4.5.85

fz' smb zdz=z' cosh z_nfzt_i cosh

fz" cosh zdz=z" smb z._nf z*1 sinh

Isinhm z cosh" zdz= sinhm+l z cosh"1 z
J m+n

ELEMENTARY TRANSCENDENTAL FUNCTI0NS

+jfsmnbm z cosh"2 zdz

i sinh1 z cosh"' z
m+n

m

rniC.i sinh" z cosh" z dzm +nj
(m+nO)

4.5.86 f
dz 1 1

sinhm z cosh" z m-1 sirthm_I z cosh"1 z

+n-2f dz
m-1 ) sinhm_2 z cosh" z

(m1)

_1 i
n-1 sinhm_l z cosh"' z

m+n-2f
dz+ nl sinhm z cosh"2 z (n1)

4.5.87

4.5.88

f tanh" z dz tanh" z+ftaflhfl_2 z dz- n-1
(n 1)

f coth" z dz coth"' z+fcoth"2 z dz- n-1
(n 1)

(See chapters 5 and 7 for other integrals in-
volving hyperbolic functions.)

4.6. Inverse Hyperbolic Functions
Definitions

ÇZ dt
4.6.1 arcsinh z=j (1+t2)i

Z dt4.6.2 arccosh z=J
(t2-1)4

(' dt4.6.3 arctanh z=j -_

The paths of integration must not cross the fol-
lowing cuts.

4.6.1 imaginary axis from joe to i and j
to joe

4.6.2 real axis from - oe to + 1
4.6.3 real axis from - o to - Î and + i to

+oe
Inverse hyperbolic functions are also written
sinh' z, arsinh z, .rlr sinh z, etc.

+1
X -

z

'y

¡y

+1 X

FIGURE 4.7. Branch cuts for
functions.

o -I

(z=x+iy)

arccosh z orctanh z

iy ¡y

inverse hyperbolic

+1 +1 +
o x

arcsech z

-1 +1 X

O

orccoth z

o

orccsch z

'y

X

0 +1

4.6.4

4.6.5

4.6.6

arccsch z=arcsinh l/z
arcsech z=arccosh 1/z
arccoth z= arctanh l/z



4.6.7 arctanh z=arccoth z±-iri

(see 4.5.60) (according as

Fundamental Property

The general solutions òf the equations

z=sinh t
zcosh t
z=tanh t

are respectively

4.6.8 t=Arcsinh z=(1)' arcsinh z+klri

4.6.9 t=Arccosh z ± arccosh z+2kiri

4.6.10 t=Arctanh z=arctanh z+kiri
(k, integer)

Functions of Negative Arguments

4.6.11 arcsinh (z)=arcsinh z

4.6.12 arccosh (- z) = arccosh z

4.6.13 arctanh (- z) = - arctanh z

Relation to Inverse Circular Functions (see 4.4.20 to
4.4.25)

Hyperbolic identities can be derived from trig-
onometric identities by replacing z by iz.

4.6.14 Arcsinh z i Arcsin iz

4.6.15 Arccosh z ±i Arccos z

4.6.16 Arctanh z= i Arctan iz

4.6.17 Arccsch zi Arccsc ic

4.6.18 Arcsech z= ± i Arcsec z

4.6.19 Arccoth z=i Arccot iz

Logarithmic Representations

4.6.20 arcsinh zin [x+(z2+1)1J

4.6.21 arccosh x=ln [x+(x2-1)1] (x1)

(OX2<1)

4.6.23 arccsch x=In [+(-i+i)1] (xO)

4.6.24 arcsech x=ln [+(i)] (O<x1)

1+x4.6.22 arctanh x= In

ELEMENTARY TRANSCENDENTAL FUNCTIONS

1x

i x+14.6.25 arccoth in x-1

..._0rCCo2h ,

4.0 -5.0
-1.0

,ccCoth

ar,Sinh e

o,Clanh e ¡ -40

4

j'

.0
0 5.0 4.0 5

CeSsinO X

,tCCOsh e

OrStonhe
orce sch o

Orcsech e

FIGURE 4.8. Inverse hyperbolic functions.

Addition and Subtraction of Two Inverse Hyperbolic
Functions

4.6.26

Arcsinh z1 ± Arcsinh z2

=Arcsinh [z1 (i +z)± z2(i +z)*1

4.6.27

Arccosh z1 ± Arceosh z2

=nArccosh {zjz5±[(zi)(z-1))1}

4.6.28

Arctanh z1±Arctanh z2=Arctanh

4.6.29

Arcsinh z1 ±Arccosh z2

=Arcsinh{ z1z2± [(i +z)(z 1)]4}

=Arccosh [z2(1+z)4±z1(z-1)1]
4.6.30

1z1z2± iArctanh z1±Arccoth z2=Arctanh
z2±z1

(z2±z1\=Arccoth \z1z2± i)

87
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Series Expansions
4.6.31

1 1.3
arcsinh

1.3.52.4.6.72+...
(J zJ<1)

1 1.3
=11122+222 2.44z

i ..Fi
+246626

(J zJ>1)
4.6.32

1 1.3arccosh z=ln 2z 2.222 244z
1.3.5

ELEMENTARY TRANSCENDENTAL FUNCTIONS

2.4.6.626

(JzJ>1)

4.6.33 arctanh z=z+-+-++ ... (JzJ<1)

4.6.34 arccoth

(JzI>1)
Continued Fractions

Z Z 422 922
4.6.35 arctanh z=1 - h- -

(z in the cut plane of Figure 4.7.)

4.6.36
arcsinhzz 1.2z21.2z234z234z2

/1+Z2 1+ 3+ 5+ 7+ 9+

Differentiation Formulas

4.6.37 -arcsinh Z=(1+Z2)_4

4.6.38 arecosh z=(2-_1)I

4.6.39 arctanhz=(1z2)'

d4.6.40 arccsch

(according as P,?Z O)

4.6.42 arccoth z=(1 )'

Integration Formulas

4.6.43 farcsinh z dz=z arcsinh z(1+z)

4.6.44 farccosh z dz=z arccosh z (Z2_ 1)4

4.6.45 farctanhz dz= z arctanh z + in (1 2)

4.6.46 f arccsch z dz=z arccsch z+arcsinh z

4.6.47 farcsech z dz=z arcsech z+arcsin z

4.6.48 farccoth z dz=z arccoth z+ in (z2-1)

4.6.49
222+1fzarcsinhzdz= arcsinh Z (22+1)4

4.6.50

f hz
r2+

z" arcsinh zdz= arcsrn -
n+1 n+iJ (l+22)*dz

(n 1)

4.6.51
222_lfzarccoshzdz=

4
arccoshz_(z2_1)i

4.6.52
251

z"arccoshzdz= arccoshz 1f(21)4dz
f n+1

(n-1)
4.6.53

fz arctanh z dz
z2 1 arctanh

4.6.54

Sz" arctanh
i

f
z"'z dz= arctanh z- 2dz

n+1 n+1 1z
(n 1)

4.6.55

fz arccsch z dz=Çarccschz+.(1+z2)4

4.6.56
2"

z" arccsch z dz= arccsch z+-4j-f(S+l)4dzS
zn+l

n+1
(n 1)4.6.41 arcsech



4.6.57
r 22

jz arcsech z dz=-- arcsech z- (1z2)

4.6.58 4.6.60

fzn
arcsech z dz=4- arcsech z+ f(1_2)k dz

(n -1)

Numerical Methods
4.7. Use and Extension of the Tables

NOTE: In the examples given it is assumed that
the arguments are exact.

Example 1. Computation of Common Logarithms.

To compute common logarithms, the number
must be expressed in the form x. 10g (1 x<10,- q co). The common logarithm of x. 0°
consists of an integral part which is called the
characteristic and a decimal part which is called
the mantissa. Table 4.1 gives the common
logarithm of x.

Interpolation in Table 4.1 between 983 and 984
gives .99281 85 as the mantissa of 9836.

Note that 3.99281 85=-3+.99281 85. When
q is negative the common logarithm can be
expressed in the alternative forms

log , (.009836) =.99281 85=7.99281 85-10
=-2.00718 15.

The last form is convenient for conversion from
common logarithms to natural logarithms.

The inverse of log,0 x is called the antilogarithm
of z, and is written antilog z or log-' z. The
logarithm of the reciprocal of a number is called
the coiogarithm, written colog.

4.6.59
22_1 zfz arccoth z dz=

2
arccoth

f
z"' 1

f
z"'

z" arccoth z dz- arccoth z+ 2_1 dz
n+1 n+1 z

(n -1)

Example 2.

Compute x"4 for x=9.19826 to bD using the
Table of Common Logarithms.

From Table 4.1, four-point Lagrangian interpola-
tion gives log,0 (9.19826)=.96370 56812. Then,
- log,0 (x)= -.72277 92609=9.27722 07391-10.
Linear inverse interpolation in Table 4.1 yields
antilog (1.27722)=.18933. For 10 place accuracy
subtabulation with 4-point Lagrangian inter-
polants produces the table

N log,0 N

.18933 .27721 94350
.18934 .27724 23729
.18935 .27726 53095

Compute in z for z=.00278 to 6D.
Using 4.1.7, 4.1.11 and Table 4.2, in (.00278) =

in (.278.10°)=ln (.278)-2 in 10=-5.885304.
Linear interpolation between x= .002 and

x=.003 would give ln(.00278)=-5.898. To
obtain 5 decimal place accuracy with linear
interpolation it is necessary that z> .175.

Example 5.

Compute In z for x=1131.718 to 8D.
Using 4.1.7, 4.1.11 and Table 4.2

in 1131.718=in( 1131)

=ln '11'8+1n 1.131 +ln 10°

=ln(1.00063 4836) +in 1.131+3 in 10.

X x.10° log,0 x.10° By linear inverse interpolation

.009836 9.836. 10' .99281 85=(-2.00718 15) x°14= .18933 05685.

.09836 9.836.10-2 .99281 85r=(-1.00718 15) Example 3.

.9836 9.836.10' 1.99281 85=(-0.00718 15) Convert log10 z to in x for x=.009836.
9.836 9.836.100 0.99281 85 Using 4.1.23 and Table 4.1, in (.009836)=

In 10 log,0 (.009836)=2.30258 5093 (-2.00718 15)
98.36 9.836.101 1.9928 1 85 =-4.62170 62.

983.6 9.836.102 2.9928 1 85 Example 4.
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Then from 4.1.24
in 1131.718=(.00063 4836)-(.00063 4836)2
+ln 1.131+3 in 10==.00063 4836-.00000 0202

+.12310 2197+6.90775 5279rrr7.03149 211.

Example 6.
Compute in z working with 16D for

x=1.38967 12458 179231.

Since
1

389=1.00048 32583 282384=1+a, using

4.1.24 and Table 4.2 we compute successively

Example 7.

Compute the principal value of in (± 2 ± 3i).
From 4.1.2, 4.1.3 and Tables 4.2 and 4.14.

in (2+3i)=ln (22+32)-f-i arctan

= 1.282475 +i(.982794)

in (-2-j-3i)= in 13H-i (-_arctan )
= 1.282475 +i(2.158799)

in (-2-3i)= in 13+i (-r+arctan )
= 1.282475-i(2. 158799)

in (2-3i)= in 13+i (_arctan )
=1 .282475-i(9 82794).

Example 8.

Compute (.227)69 to 7D.
Using 4.2.7 and Tables 4.2 arid 4.4,

(.227).69 =e69 '1 (.227) ==e614828° 5262)

=e1°'3 5631_ 35946 60.

TRANSCENDENTAL F1JNCTIONS

Example 9.

Compute e4997 69 to 7S.
Using 4.2.18 and Table 4.4,

e472 69=e49e°97 69

Linear interpolation gives e°97 69= 1.102 17 67
with an error of iX i0,

e499728 69 (134 28978)(i 10217 67) 148.0111.

Example 10.

Compute e to 18D for

e(e.867=ex=2.38035 90768 39006 089.

Example 11.

Compute e8 to 7S.

Let n= X and d=the decimal part of X

miO miO
Then

exp x=exp in 10)=exp [(n+d) in 101

=exp (in 10") exp (d ln 10)

=10" exp (din lo)

From Table 4.4

e648= exp (1480in 1O)=exp (281.42282 42 in 10)

=10281 exp (.42282 42 in 10)= 10281 exp .97358 87

= 10281(2.647428) = (281)2.647428.

Example 12.

Compute for x= .75 using the expansion in
Chebyshev polynomials.

x=.86725 13489 24685 12693.

Let a=x- .867. Using 4.2.1, compute succes-
sively

1.00000 00000 00000 00000

a= .00025 13489 24685 12693

a2

2!
315 88140 97019

a3

3!
2646 54842

a4

4!
16630

ea=1.00025 13805 15472 81184

e867=2.37976 08513 29496 863 from Table 4.4

a= .00048 32583 282384

a2
1167 693059

2

a3 376199
3

a4 136
4

in (1+a)= .00048 31415 965388

in 1.389 = .32858 40637 722067
in x= .32906 72053 687455.



Following the procedure in [4.3] we have from
4.2.48

7

e_z=EAkT(x)
k=O

* where T (x) are the Chebyshev polynomials
defined in chapter 22. Assuniing b8=b9=0 we
generate b, k=7, 6, 5, . . . O from the recurrence
relation

b= (4x- 2) b+1 - bk+2 +A

k

7 - .00000 0015

6 .00000 0400

5 - .00000 9560

4 .00018 9959

3 - .00300 9164

2 .03550 4993

i - .27432 7449

0 .33520 2828

since f(x)=bo-(2x-1)b1,

e75=.33520 2828-(.5)(--.27432 7449)
=.47236 6553.

Example 13.

Express 38°42'32" in radians to 6D.

1°=.01745 32925 19943 29577 r

1'=.00029 08882 08665 72159 62 r

1"=.00OOO 48481 36811 09535 9936 r

Therefore
38°=.66322 51 r
42'=.01221 73r
32"= 00015 51 r

38°42'32"=.675598 r.

Example 14.

Express x=1.6789 radians in degrees, minutes
and seconds to the nearest tenth of a second.

From Table 1.1 giving the mathematical con-
stants we have

180°-=57.29577 95130°
ir

1.6789 r=96.19388°

.19388°X60=11.633'
633'X60=38 0"
1.6789 r=96°11'38.O".

*See page ii.

1 r=

Example 15.

Compute sin x and cos z for x=2.317 to 7D.
From 4.3.44 and Table 4.6

sin (2.317)=sin (ir-2.317)=sin (.82459 2654)

=.73427 12

cos (2.317)=cos (ir-2.317)=-cos (.82459 2654)

=-.67885 60.

Linear interpolation for x=.82459 2654 gives an
error of 9X10-8.

Example 16.

Compute sin z for x=12.867 to 8D.
From 4.3.16 and Tables 4.6 and 4.8

sin (12.867)=sin 12 cos .867+cos 12 sin .867

=.29612 142.

The method of reduction to an angle in the first
quadrant which was given in Example 15 may
also be used.

Example 17.

Compute sin z to 19D for
x=.86725 13489 24685 12693.

Let a=.867, ß=x-a. From 4.3.16 and
Table 4.6

sin (a+ß)=sin a cos ß+cos a sin ß

With we

sin a=.76239 10208 07866 22598

cos a.64711 66288 94312 75010

the series expansions for sin ß and cos ß
compute successively

1.00000 00000 00000 00000
ß2-Ï--.
ß4

315 88140 97019

4! 16630

cosß= .99999 99684 11859 19611

ß= .00025 13489 24685 12693

2646 54842

i

sin ß= .00025 13489 22038 57852

sin a cos ß.76239 09967 25351 31308
cos a sin ß.00016 26520 67105 82436

sin x=.76255 36487 92457 1374
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This procedure is equivalent to interpolation with
Taylor's formula 3.6.4.

Example 18.

In the plane triangle ABC, a=123, B=29°16',
e=321; find A, b.

b2=a2+c2-2ac ces B=(123)2+(321)2
-2(123)(321) cos 29°16'

b=221.99934 00

a sin B (123)(.48887 50196)27086 39918sin A-
b - 221.99934 00

A= 15°42'56.469".

Example 19.

In the plane triangle ABC, a=4, b-7, c=9,
find A, B, and C.

c2H-b2-a2 81+49-16 114cos A= = ==-=.90476 1905
2bc 2.7.9 126

A=.43997 5954=25°12'31.6"

sin A=.42591 7709

7(.42591 7709)sinB= , B=.841068670

=48°11 '22.9"

9(.42591 7709)sin C= , C=1.86054 803

= 106°36'5.6"

where the supplementary angle must be chosen for
C. As a check we get A+B+C=180°00'.l".

Example 20.

Compute cot x for x=.4589 to 6D.
Since x<.5, using Table 4.9 with interpolation

in (x'-cot x), we find
4589

cot(.4589)=
.155159. Therefore cot (.4589) =2.179124 -
.155159=2.023965.

Example 21.

Compute arcsin x for x=.99511.
For x>.95, using Table 4.14 with interpolation

in the auxiliary function f(x) we find

arcsin x=- [2(1 -x)]4J(x)

arcsin (.99511)=[2C00489)]f(.99511)

=1.57079 6327--(.09889 388252)
(1.00040 7951)

=1.47186 2100.

ELEMENTARY TRANSCENDENTAL FUNCTIONS,

Example 22.

Compute arctan 20 and arccot 20 to 9D.
Using 4.4.3, 4.4.8, and Table 4.14

aretan 20=-arctan 1/20=1.52083 7931

arccot 20=-arctan 20=arctan .05=.04995 8396.

Example 23.

Express z=3+9i in polar form.

z=x+iy- re'°, where r= (x2+ y2)4,

O=arctan +2irk, k is an integer. For k=0,
r= (32+92)4= jiö= 9.486833

O=arctan 9/3=arctan 3=1.24904 58.

Thus 3+9i=9.486833 exp (1.24904 58i).

Example 24.

Compute arctan x for x=1/3 to 12D.
From 4.4.34 and 4.4.42 we have

arctan x=arctan (xo+h)

h=arctan xo+arctan 1 +xoh+x

=arctan X0+( C++)3+.
We have

x===.33333 33333 33 so that h=.00033 33333 33

and, from Table 4.14, arctan x0=arctan .333
h

1+x0h+x
.00030 00300 03 we get

arctan x=.32145 05244 03+.00030 00300 03

- .00000 00000 09

=.32175 05543 97.

If x is given in the form b/a it is convenient to
use 4.4.34 in the form

arctan =arctan x0+arctan b-ax0
a a+bx0

In the present example we get

1arctan =arctan .333+arctan

=.32145 05244 03. Since



(z2_1)I
aresec z=arcsin

z

[(2.8)2_1]
arcsec 2.8=arcsm

2 8

=arcsin .93404 97735

= 1.20559

or using 4.3.45 and Table 4.14

arcsec z=arctan (z2__1)*

arcsec 2.8=arctan 2.61533 9366

=-arctan .38235 95564,
from 4.4.3 and 4.4.8

=1.570796-.365207
= 1.20559.

Example 26.

Compute arctanh x for x=.96035 to 6D.
From 4.6.22 and Table 4.2
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[4.191 National Bureau of Standards, Table of natural
logarithms for arguments between zero and five
to sixteen decimal places, 2d ed., Applied Math.
Series 31 (U.S. Government Printing office,
Washington, D.C., 1953). x=0(.0001)5, 16 D.

[4.201 National Bureau of Standards Tables of the ex-
ponential function e, 3d ed., Applied Math. Series
14 (U.S. Government Printing Office, Washing-
ton, D.C., 1951). x=-2.4999(.0001) .9999,
18D, x= 1 (.0001) 2.4999, 15D, x= 2.5(.001)4.999,
15D, x=5(.01)9.99, 12D, x=.000099(.000001)
.000099, 18D, x=-100(1)100, 19S, x=-9X
10"(10)9X10", n=10, 9, 8, 7, 18D; values of
e and 1/e, 2556D.

[4.21] National Bureau of Standards, Table of the de-
scending exponential x=2.5 to x= 10, Applied
Math. Series 46 (U.S. Government Printing
Office, Washington, D.C., 1955). x=2.5(.001)1O,
20D.

[4.22] National Bureau of Standards, Tables of sines and
cosines for radian arguments, 2d ed., Applied
Math. Series 43 (U.S. Government Printing
Office, Washington, D.C., 1955). sin z, cos x,
x=0(.001)25.2, 0(1)100, 8D, x= 10"(10-")9 X
10-', n=5, 4,3,2, 1, 15D,x=0(.00O01) .01, 12D.

[4.23] National Bureau of Standards, Tables of circular
and hyperbolic sines and cosines for radian
arguments, 2d ed., Applied Math. Series 36 (U.S.
Government Printing Office, Washington, D.C.,
1953). sin z, COB X, sinh z, cosh z, x=0(.0001)
1.9999, 0(.1)10, 9D.

[4.24] National Bureau of Standards, Table of circular
and hyperbolic tangents and cotangents for radian
arguments, 2d printing (Cólumbia Univ. Press,
New York, N.Y., 1947). tan z, cot z, tanh x,
coth z, z=0(.0001)2, 81) or 8S, z=0(.1)10,
bD.

[4.25] National Bureau of Standards, Table of sines and
cosines to fifteen decimal places at hundredths of
a degree, Applied Math. Series 5 (U.S. Government
Printing Office, Washington, D.C., 1949). sin z,
cos z, x=0°(.O1°)9O°, 15D supplementary table
of sin z, cos z, x=1°(1°)89°, 30 D.

[4.26] National Bureau of Standards, Table of secants and
cosecants to nine significant figures at hundredths
of a degree, Applied Math. Series 40 (U.S. Gov-
ernment Printing Office, Washington, D.C., 1954).

[4.27] National Bureau of Stanùrds, Tables of functions
and of zeros of functions, Collected short tables
of the Computation Laboratory, Applied Math.
Series 37 (U.S. Government Printing Office,
Washington, D.C., 1954).

[4.28] National Bureau of Standards, Table of arcsin z
(Columbia Univ. Press, New York, N.Y., 1945).
arcsin z, z=0(.0001).989(.00001)1, 12D; auxil-
iary table of f(v)=[irarcsin (1v)]/(2v),
v=0(.00001).0005, 13D.

[4.29] National Bureau of Standards, Tables of arctan z,
2d ed., Applied Math. Series 26 (U.S. Govern-
ment Printing Office, Washington D.C., 1953).
z=0(.001)7(.01)50(.1)300(1)2000(10)10000, 12D.

[4.30] National Bureau of Standards, Table of hyperbolic
sines and cosines, x==2 to z=10, Applied Math.
Series 45 (U.S. Government Printing Office,
Washington, D.C., 1955). z=2(.001)10, 9S.

[4.311 B. O. Peire, A short table of integrals, 4th ed.
(Ginn and Co., Boston, Mass., 1956).

[4.32] J. Peters, Ten-place logarithm table, vols. 1, 2
(together with an appendix of mathematical
tables) (Berlin, 1922; rev, ed., Frederick Ungar
Publ. 60., New York, N.Y., 1957).

[4.33] J. Peters, Seven-place values of trigonometric
functions for every thousandth of a degree
(Berlin-Friedenau, 1918; D. Van Nostrand Co.,
Inc., New York, N.Y., 1942).

[4.34] L. W. Pollak, Rechentafeln zur harmonischen
Analyse (Johann Ambrosius Barth, Leipzig,
Germany, 1926).

[4.35] A. J. Thompson, Standard table of logarithms to
twenty decimal places, Tracts for Computers, No.
22 (Cambridge Univ. Press, Cambridge, England,
and New York, N.Y., 1952).

[4.36] J. Todd, Table of arctangents of rational numbers,
NBS Applied Math. Series 11 (U.S. Government
Printing Office, Washington, D.C., 1951). arctan
rn/n and arccot rn/n, 0<m<n100, 12D; re-
ductions of aretan rn/n, 0(rn<n 100; reduc-
tions of arctan n for reducible n2089.

[4.37] U.S. Department of Commerce, Coast and Geodetic
Survey, Natural sines and cosines to eight decimal
places, Special Publication No. 231 (U.S. Gov-
ernment Printing Office, Washington, D.C., 1942).

[4.38] C. E. Van Ostrand, Tables of the exponential
function and of the circular sine and cosine to
radian arguments, Memoirs of the National
Academy of Sciences 14, 5th Memoir (U.S.
Government Printing Office, Washington, D.C.,
1921).

[4.39] B. V. Vega, Logarithmic tables of numbers and
trigonometrical functions (G. E. Stechert & Co.,
New York, N.Y., 1905); logu z, x=1(1)l00000;
logarithms of the trigonometrical functions for
every ten seconds.
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[(-6)6] [(_6)2] [(_6)1] [(_7)9] [(_7)6]

For use of common logarithms see Examples 1-3. For lOO<x<l35 interpolate in the range
1000<x<1350. Compiled from A. J. Thompson, Standard table of logarithms to twenty decimal
places, Tracts for Computers, No. 22. Cambridge Univ. Press, Cambridge, England, 1952 (with
permission).

lOO 00000 00000 150 17609 12591 200 30102 99957 250 39794 00087 300 47712 12547
101 00432 13738 151 17897 69473 201 30319 60574 251 39967 37215 301 47856 64956
102 00860 01718 152 18184 35879 202 30535 13694 252 40140 05408 302 48000 69430
103 01283 72247 153 18469 14308 203 30749 60379 253 40312 05212 303 48144 26285
104 01703 33393 154 18752 07208 204 30963 01674 254 40483 37166 304 48287 35836

105 02118 92991 155 19033 16982 205 31175 38611 255 40654 01804 305 48429 98393
106 02530 58653 156 19312 45984 206 31386 72204 2% 40823 99653 306 48572 14265
107 02938 37777 157 19589 96524 207 31597 03455 257 40993 31233 307 48713 83755
108 03342 37555 158 19865 70870 208 31806 33350 258 41161 97060 308 48855 07165
109 03742 64979 159 20139 71243 209 32014 62861 259 41329 97641 309 48995 84794

110 04139 26852 160 20411 99827 210 32221 92947 260 41497 33480 310 49136 16938
111 04532 29788 161 20682 58760 211 32428 24553 261 41664 05073 311 49276 03890
112 04921 80227 162 20951 50145 212 32633 58609 262 41830 12913 312 49415 45940
113 05307 84435 163 21218 76044 213 32837 96034 263 41995 57485 313 49554 43375
114 05690 48513 164 21484 38480 214 33041 37733 264 42160 39269 314 49692 96481

115 06069 78404 165 21748 39442 215 33243 84599 265 42324 58739 315 49831 05538
116 06445 79892 166 22010 80880 216 33445 37512 266 42488 16366 316 49968 70826
117 06818 58617 167 22271 64711 217 33645 97338 267 42651 12614 317 50105 92622
118 07188 20073 168 22530 92817 218 33845 64936 268 42813 47940 318 50242 71200
119 07554 69614 169 22788 67046 219 34044 41148 269 42975 22800 319 50379 06831

120 07918 12460 170 23044 89214 220 34242 26808 270 43136 37642 320 50514 99783
121 08278 53703 171 23299 61104 221 34439 22737 271 43296 92909 321 50650 50324
122 08635 98307 172 23552 84469 222 34635 29745 272 43456 89040 322 50785 58717
123 08990 51114 173 23804 61031 223 34830 48630 273 43616 26470 323 50920 25223
124 09342 16852 174 24054 92483 224 35024 80183 274 43775 05628 324 51054 50102

125 09691 00130 175 24303 80487 225 35218 25181 275 43933 26938 325 51188 33610
126 10037 05451 176 24551 26678 226 35410 84391 276 44090 90821 326 51321 76001
127 10380 37210 177 24797 32664 227 35602 58572 277 44247 97691 327 51454 77527
128 10720 99696 178 25042 00023 228 35793 48470 278 44404 47959 328 51587 38437
129 11058 97103 179 25285 30310 229 35983 54823 279 44560 42033 329 51719 58979

130 11394 33523 180 25527 25051 230 36172 78360 280 44715 80313 330 51851 39399
131 11727 12957 181 25767 85749 231 36361 19799 281 44870 63199 331 51982 79938
132 12057 39312 182 26007 13880 232 36548 79849 282 45024 91083 332 52113 80837
133 12385 16410 183 26245 10897 233 36735 59210 283 45178 64355 333 52244 42335
134 12710 47984 184 26481 78230 234 36921 58574 284 45331 83400 334 52374 64668

135 13033 37685 185 26717 17284 235 37106 78623 285 45484 48600 335 52504 48070
136 13353 89084 186 26951 29442 236 37291 20030 286 45636 60331 336 52633 92774
137 13672 05672 187 27184 16065 237 37474 83460 287 45788 18967 337 52762 99009
138 13987 90864 188 27415 78493 238 37657 69571 288 45939 24878 338 52891 67003
139 14301 48003 189 27646 18042 239 37839 79009 289 46089 78428 339 53019 96982

140 14612 80357 190 27875 36010 240 38021 12417 290 46239 79979 340 53147 89170
141 14921 91127 191 28103 33672 241 38201 70426 291 46389 29890 341 53275 43790
142 15228 83444 192 28330 12287 242 38381 53660 292 46538 28514 342 53402 61061
143 15533 60375 193 28555 73090 243 38560 62736 293 46686 76204 343 53529 41200
144 15836 24921 194 28780 17299 244 38738 98263 294 46834 73304 344 53655 84426

145 16136 80022 195 29003 46114 245 38916 60844 295 46982 20160 345 53781 90951
146 16435 28558 196 29225 60714 246 39093 51071 296 47129 17111 346 53907 60988
147 16731 73347 197 29446 62262 247 39269 69533 297 47275 64493 347 54032 94748
148 17026 17154 198 29666 51903 248 39445 16808 298 47421 62641 348 54157 92439
149 17318 62684 199 29885 30764 249 39619 93471 299 47567 11883 349 54282 54270

150 17609 12591 200 30102 99957 250 39794 00087 300 47712 12547 350 54406 80444
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Table 4.1

a logio

COMMON LOGARITHMS

logio x a loglo x x logio x X logio x

350
351
352
353
354

54406
54530
54654
54777
54900

80444
71165
26635
47054
32620

400
401
402
403
404

60205
60314
60422
60530
60638

99913
43726
60531
50461
13651

450
451
452
453
454

65321
65417
65513
65609
65705

25138
65419
84348
82020
58529

500
501
502
503
504

69897
69983
70070
70156
70243

00043
77259
37171
79851
05364

550
551
552
553
554

74036
74115
74193
74272
74350

26895
15989
90777
51313
97647

355
356
357
358
359

55022
55144
55266
55388
55509

83531
99980
82161
30266
44486

405
406
407
408
409

60745
60852
60959
61066
61172

50232
60336
44092
01631
33080

455
456
47
458
459

65801
65896
65991
66086
66181

13967
48427
62001
54780
26855

505
506
507
508
509

70329
70415
70500
70586
70671

13781
05168
79593
37123
77823

555
556
557
558
559

74429
74507
74585
74663
74741

29831
47916
51952
41989
18079

360
361
362
363
364

55630
55750
55870
55990
56110

25008
72019
85705
66250
13836

410
411
412
413
414

61278
61384
61489
61595
61700

38567
18219
72160
00517
03411

460
461
462
463
464

66275
66370
66464
66558
66651

78317
09254
19756
09910
79806

510
511
512
513
514

70757
70842
70926
71011
71096

01761
09001
99610
73651
31190

560
561
562
563
564

74818
74896
74973
75050
75127

80270
28613
63156
83949
91040

365
366
367
368
369

56229
56348
56466
56584
56702

28645
10854
60643
78187
63662

415
416
417
418
419

61804
61909
62013
62117
62221

80967
33306
60550
62818
40230

465
466
467
468
469

66745
66838
66931
67024
67117

29529
59167
68806
58531
28427

515
516
517
518
519

71180
71264
71349
71432
71516

72290
97016
05431
97597
73578

565
566
567
568
569

75204
75281
75358
75434
75511

84478
64312
30589
83357
22664

370
371
372
373
374

56820
56937
57054
57170
57287

17241
39096
29399
88318
16022

420
421
422
423
424

62324
62428
62531
62634
62736

92904
20958
24510
03674
58566

470
471
472
473
474

67209
67302
67394
67486
67577

78579
09071
19986
11407
83417

520
521
522
523
524

71600
71683
71767
71850
71933

33436
77233
05030
16889
12870

570
571
572
573
574

75587
75663
75739
75815
75891

48557
61082
60288
46220
18924

375
376
377
378
379

57403
57518
57634
57749
57863

12677
78449
13502
17998
92100

425
426
427
428
429

62838
62940
63042
63144
63245

89301
95991
78750
37690
72922

475
476
477
478
479

67669
67760
67851
67942
68033

36096
69527
83790
78966
55134

525
526
527
528
529

72015
72098
72181
72263
72345

93034
57442
06152
39225
56720

575
576
577
578
579

75966
76042
76117
76192
76267

78447
24834
58132
78384
85637

380
381
382
383
384

57978
58092
58206
58319
58433

35966
49757
33629
87740
12244

430
431
432
433
434

63346
63447
63548
63648
63748

84556
72702
37468
78964
97295

480
481
482
483
484

68124
68214
68304
68394
68484

12374
50764
70382
71308
53616

530
531
532
533
534

72427
72509
72591
72672
72754

58696
45211
16323
72090
12570

580
581
582
583
584

76342
76417
76492
76566
76641

79936
61324
29846
85548
28471

385
386
387
388
389

58546
58658
58771
58883
58994

07295
73047
09650
17256
96013

435
436
437
438
439

63848
63948
64048
64147
64246

92570
64893
14370
41105
45202

485
486
487
488
489

68574
68663
68752
68841
68930

17386
62693
89612
98220
88591

535
536
537
538
539

72835
72916
72997
73078
73158

37820
47897
42857
22757
87652

585
586
587
588
589

76715
76789
76863
76937
77011

58661
76160
81012
73261
52948

390
391
392
393
394

59106
59217
59328
59439
59549

46070
67574
60670
25504
62218

440
441
442
443
444

64345
64443
64542
64640
64738

26765
85895
22693
37262
29701

490
491
492
493
494

69019
69108
69196
69284
69372

60800
14921
51028
69193
69489

540
541
542
543
544

73239
73319
73399
73479
73559

37598
72651
92865
98296
88997

590
591
592
593
594

77085
77158
77232
77305
77378

20116
74809
17067
46934
64450

395
396
397
398
399

59659
59769
59879
59988
60097

70956
51859
05068
30721
28957

445
446
447
448
449

64836
64933
65030
65127
65224

00110
48587
75231
80140
63410

495
496
497
498
499

69460
69548
69635
69722
69810

51989
16765
63887
93428
05456

545
546
547
548
549

73639
73719
73798
73878
73957

65023
26427
73263
05585
23445

595
596
597
598
599

77451
77524
77597
77670
77742

69657
62597
43311
11840
68224

400 60205 99913 450 65321 25138 500 69897 00043 550 74036 26895 600 77815 12504

1 (-7)4[4 1(-7)3[4 1 (-7)3
L4

1 (-7)2[4 1 (-7)2[4
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X logio x X

COMMON LOGARITHMS

ogio X 10gm X logm x X

Table 4.1

logm xx

600 77815 12504 650 81291 33566 700 84509 80400 750 87506 12634 800 90308 99870
601 77887 44720 651 81358 09886 701 84571 80180 751 87563 99370 801 90363 25161
602 77959 64913 652 81424 75957 702 84633 71121 752 87621 78406 802 90417 43683
603 78031 73121 653 81491 31813 703 84695 53250 753 87679 49762 803 90471 55453
604 78103 69386 654 81557 77483 704 84757 26591 754 87737 13459 804 90525 60487

605 78175 53747 655 81624 13000 705 84818 91170 755 87794 69516 805 90579 58804
606 78247 26242 656 81690 38394 706 84880 47011 756 87852 17955 806 90633 50418
607 78318 86911 657 81756 53696 707 84941 94138 757 87909 58795 807 90687 35347
608 78390 35793 658 81822 58936 708 85003 32577 758 87966 92056 808 90741 13608
609 78461 72926 659 81888 54146 709 85064 62352 759 88024 17759 809 90794 85216

610 78532 98350 660 81954 39355 710 85125 83487 760 88081 35923 810 90848 50189
611 78604 12102 661 82020 14595 711 85186 96007 761 88138 46568 811 90902 08542
612 78675 14221 662 82085 79894 712 85247 99936 762 88195 49713 812 90955 60292
613 78746 04745 663 82151 35284 713 85308 95299 763 88252 45380 813 91009 05456
614 78816 83711 664 82216 80794 714 85369 82118 764 88309 33586 814 91062 44049

615 78887 51158 665 82282 16453 715 85430 60418 765 88366 14352 815 91115 76087
616 78958 07122 666 82347 42292 716 85491 30223 766 88422 87696 816 91169 01588
617 79028 51640 667 82412 58339 717 85551 91557 767 88479 53639 817 91222 20565
618 79098 84751 668 82477 64625 718 85612 44442 768 88536 12200 818 91275 33037
619 79169 06490 669 82542 61178 719 85672 88904 769 88592 63398 819 91328 39018

620 79239 16895 670 82607 48027 720 85733 24964 770 88649 07252 820 91381 38524
621 79309 16002 671 82672 25202 721 85793 52647 771 88705 43781 821 91434 31571
622 79379 03847 672 82736 92731 722 85853 71976 772 88761 73003 822 91487 18175
623 79448 80467 673 82801 50642 723 85913 82973 773 88817 94939 823 91539 98352
624 79518 45897 674 82865 98965 724 85973 85662 774 88874 09607 824 91592 72117

625 79588 00173 675 82930 37728 725 86033 80066 775 88930 17025 825 91645 39485
626 79657 43332 676 82994 66959 726 86093 66207 776 88986 17213 826 91698 00473
627 79726 75408 677 83058 86687 727 86153 44109 777 89042 10188 827 91750 55096
628 79795 96437 678 83122 96939 728 86213 13793 778 89097 95970 828 91803 03368
629 79865 06454 679 83186 97743 729 86272 75283 779 89153 74577 829 91855 45306

630 79934 05495 680 83250 89127 730 86332 28601 780 89209 46027 830 91907 80924
631 80002 93592 681 83314 71119 731 86391 73770 781 89265 10339 831 91960 10238
632 80071 70783 682 83378 43747 732 86451 10811 782 89320 67531 832 92012 33263
633 80140 37100 683 83442 07037 733 86510 39746 783 89376 17621 833 92064 50014
634 80208 92579 684 83505 61017 734 86569 60599 784 89431 60627 834 92116 60506

635 80277 37253 685 83569 05715 735 86628 73391 785 89486 96567 835 92168 64755
636 80345 71156 686 83632 41157 736 86687 78143 786 89542 25460 836 92220 62774
637 80413 94323 687 83695 67371 737 86746 74879 787 89597 47324 837 92272 54580
638 80482 06787 688 83758 84382 738 86805 63618 788 89652 62175 838 92324 40186
639 80550 08582 689 83821 92219 739 86864 44384 789 89707 70032 839 92376 19608

640 80617 99740 690 83884 90907 740 86923 17197 790 89762 70913 840 92427 92861
641 80685 80295 691 83947 80474 741 86981 82080 791 89817 64835 841 92479 59958
642 80753 50281 692 84010 60945 742 87040 39053 792 89872 51816 842 92531 20915
643 80821 09729 693 84073 32346 743 87098 88138 793 89927 31873 843 92582 75746
644 80888 58674 694 84135 94705 744 87157 29355 794 89982 05024 844 92634 24466

645 80955 97146 695 84198 48046 745 87215 62727 795 90036 71287 845 92685 67089
646 81023 25180 696 84260 92396 746 87273 88275 796 90091 30677 846 92737 03630
647 81090 42807 697 84323 27781 747 87332 06018 797 90145 83214 847 92788 34103
648 81157 50059 698 84385 54226 748 87390 15979 798 90200 28914 848 92839 58523
649 81224 46968 699 84447 71757 749 87448 18177 799 90254 67793 849 92890 76902

650 81291 33566 700 84509 80400 750 87506 12634 800 90308 99870 850 92941 89257

[(-7)24
1 (-7)1
14 1(-7)1

L4
1(-7)1
14

1 (-8)8
L4
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98 

Table 4.1 

X loglo 

850 92941 
851 92992 
852 93043 
853 93094 
854 93145 

855 93196 
856 93247 
857 93298 
858 93348 
859 93399 

860 93449 
861 93500 
862 93550 
863 93601 
864 93651 

865 93701 
866 93751 
867 93801 
868 93851 
869 93901 

870 93951 
871 94001 
872 94051 
873 94101 
874 94151 

875 94200 
876 94250 
877 94299 
878 94349 
879 94398 

880 94448 
881 94497 
882 94546 
883 94596 
884 94645 

885 94694 
886 94743 
887 94792 
888 94841 
889 94890 

890 94939 
891 94987 
892 95036 
893 95085 
894 95133 

895 95182 
896 95230 
897 95279 
898 95327 
899 95375 

900 95424 

X 

89257 
95601 
95948 
90312 
78707 

61147 
37647 
08219 
72878 
31638 

84512 
31515 
72658 
07957 
37425 

61075 
78920 
90975 
97252 
97764 

92526 
81550 
64849 
42437 
14326 

80530 
41062 
95934 
45159 
88751 

26722 
59084 
85851 
07036 
22650 

32707 
37219 
36198 
29658 
17610 

00066 
77040 
48544 
14589 
75188 

30353 
80097 
24430 
63367 
96917 

25094 
1 (-8)8 
L4 

900 
901 
902 
903 
904 

905 
906 
907 
908 
909 

910 
911 
912 
913 
914 

915 
916 
917 
918 
919 

920 
921 
922 
923 
924 

925 
926 
927 
928 
929 

930 
931 
932 
933 
934 

935 
936 
937 
938 
939 

940 
941 
942 
943 
944 

945 
946 
947 
948 
949 

950 

95424 
95472 
95520 
95568 
95616 

95664 
95712 
95760 
95808 
95856 

95904 
95951 
95999 
96047 
96094 

96142 
96189 
96236 
96284 
96331 

96378 
96425 
96473 
96520 
96567 

96614 
96661 
96707 
96754 
96801 

96848 
96894 
96941 
96988 
97034 

97081 
97127 
97173 
97220 

97312 

ELEMENTARY 

97266 

97358 
97405 
97451 
97497 

97543 
97589 
97634 
97680 
97726 

97772 

iogiox 
25094 
47910 
65375 
77503 
84305 

85792 
81977 
72871 
58485 
38832 

13923 
83770 
48383 
07775 
61957 

10941 
54737 
93357 
26812 
55114 

78273 
96302 
09211 
17010 
19712 

17327 
09867 
97341 
79762 
57140 

29486 
96810 
59124 
16437 
68762 

16109 
58487 
95909 
28384 
55923 

78536 
96234 
09028 
16927 
19943 

18085 
11364 
99790 
83373 
62124 

36053 
1(-8)7 [4 

COMMON 

x logio 

950 97772 
951 97818 
952 97863 
953 97909 
954 97954 

955 98000 
956 98045 
957 98091 
958 98136 
959 98181 

960 98227 
961 98272 
962 98317 
963 98362 
964 98407 

965 98452 
966 98497 
967 98542 
968 98587 
969 98632 

970 98677 
971 98721 
972 98766 
973 98811 
974 98855 

975 98900 
976 98944 
977 98989 
978 99033 
979 99078 

980 99122 
981 99166 
982 99211 
983 99255 
984 99299 

985 99343 
986 99387 
987 99431 
988 99475 
989 99519 

990 99563 
991 99607 
992 99651 
993 99694 
994 99738 

995 99782 
996 99825 
997 99869 
998 99913 
999 99956 

1000 00000 

TRANSCENDENTAL 

LOGARITHMS 

x 

36053 
05169 
69484 
29006 
83747 

33716 
78923 
19378 
55091 
86072 

12330 
33877 
50720 
62871 
70339 

73133 
71264 
64741 
53573 
37771 

17343 
92299 
62649 
28403 
89569 

46157 
98177 
45637 
88548 
26918 

60757 
90074 
14878 
35178 
50984 

62305 
69149 
71527 
69446 
62916 

51946 
36545 
16722 
92485 
63844 

30807 
93384 
51583 
05413 
54882 

00000 
1(-8)61 L3i 

FUNCTIONS 

X loglo 

1000 00000 
1001 00043 
1002 00086 
1003 00130 
1004 00173 

1005 00216 
1006 00259 
1007 00302 
1008 00346 
1009 00389 

1010 00432 
1011 00475 
1012 00518 
1013 00560 
1014 00603 

1015 00646 
1016 00689 
1017 00732 
1018 00774 
1019 00817 

1020 00860 
1021 00902 
1022 00945 
1023 00987 
1024 01029 

1025 01072 
1026 01114 
1027 01157 
1028 01199 
1029 01241 

1030 01283 
1031 01325 
1032 01367 
1033 01410 
1034 01452 

1035 01494 
1036 01535 
1037 01577 
1038 01619 
1039 01661 

1040 01703 
1041 01745 
1042 01786 
1043 01828 
1044 01870 

1045 01911 
1046 01953 
1047 01994 
1048 02036 
1049 02077 

1050 02118 

x 

00000 
40775 
77215 
09330 
37128 

60618 
79807 
94706 
05321 
11662 

13738 
11556 
05125 
94454 
79550 

60422 
37079 
09529 
77780 
41840 

01718 
57421 
08958 
56337 
99566 

38654 
73608 
04436 
31147 
53748 

72247 
86653 
96973 
03215 
05388 

03498 
97554 
87564 
73535 
55476 

33393 
07295 
77190 
43084 
04987 

62904 
16845 
66817 
12826 
54882 

92991 

1 (-8)5 [3 

X 

1050 
1051 
1052 
1053 
1054 

1055 
1056 
1057 
1058 
1059 

1060 
1061 
1062 
1063 
1064 

1065 
1066 
1067 
1068 
1069 

1070 
1071 
1072 
1073 
1074 

1075 
1076 
1077 
1078 
1079 

1080 
1081 
1082 
1083 
1084 

1085 
1086 
1087 
1088 
1089 

1090 
1091 
1092 
1093 
1094 

1095 
1096 
1097 
1098 
1099 

1100 

02118 
02160 
02201 
02242 
02284 

02325 
02366 
02407 
02448 
02489 

02530 
02571 
02612 
02653 
02694 

02734 
02775 
02816 
02857 
02897 

02938 
02978 
03019 
03059 
03100 

03140 
03181 
03221 
03261 
03302 

03342 
03382 
03422 
03462 
03502 

03542 
03582 
03622 

logio 

03662 
03702 

03742 
03782 
03822 
03862 
03901 

03941 
03981 
04020 
04060 
04099 

04139 

x 

92991 
27160 
57398 
83712 
06109 

24596 
39182 
49873 
56677 
59601 

58653 
53839 
45167 
32645 
16280 

96078 
72047 
44194 
12527 
77052 

37777 
94708 
47854 
97220 
42814 

84643 
22713 
57033 
87609 
14447 

37555 
56940 
72608 
84566 
92822 

97382 
98253 
95441 
88954 
78798 

64979 
47506 
26384 
01619 
73220 

41192 
05541 
66276 
23401 
76924 

26852 
1(-8)5 [3 
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1 (-8)5
L3
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2. logio x

ELEMENTARY TRANSCENDENTAL

COMMON

10gm X

FUNCTIONS

X logio X X

99

Table 4.1

logm X

LOGARITHMS

logio x

1100 04139 26852 1150 06069 78404 1200 07918 12460 1250 09691 00130 1300 11394 33523
1101 04178 73190 1151 06107 53236 1201 07954 30074 1251 09725 73097 1301 11427 72966
1102 04218 15945 1152 06145 24791 1202 07990 44677 1252 09760 43289 1302 11461 09842
1103 04257 55124 1153 06182 93073 1203 08026 56273 1253 09795 10710 1303 11494 44157
1104 04296 90734 1154 06220 58088 1204 08062 64869 1254 09829 75365 1304 11527 75914

1105 04336 22780 1155 06258 19842 1205 08098 70469 1255 09864 37258 1305 11561 05117
1106 04375 51270 1156 06295 78341 1206 08134 73078 1256 09898 96394 1306 11594 31769
1107 04414 76209 1157 06333 33590 1207 08170 72701 1257 09933 52777 1307 11627 55876
1108 04453 97604 1158 06370 85594 1208 08206 69343 1258 09968 06411 1308 11660 77440
1109 04493 15461 1159 06408 34360 1209 08242 63009 1259 10002 57301 1309 11693 96466

1110 04532 29788 1160 06445 79892 1210 08278 53703 1260 10037 05451 1310 11727 12957
1111 04571 40589 1161 06483 22197 1211 08314 41431 1261 10071 50866 1311 11760 26917
1112 04610 47872 1162 06520 61281 1212 08350 26198 1262 10105 93549 1312 11793 38350
1113 04649 51643 1163 06557 97147 1213 08386 08009 1263 10140 33506 1313 11826 47261
1114 04688 51908 1164 06595 29803 1214 08421 86867 1264 10174 70739 1314 11859 53652

1115 04727 48674 1165 06632 59254 1215 08457 62779 1265 10209 05255 1315 11892 57528
1116 04766 41946 1166 06669 85504 1216 08493 35749 1266 10243 37057 1.316 11925 58893
1117 04805 31731 1167 06707 08560 1217 08529 05782 1267 10277 66149 1317 11958 57750
11.18 04844 18036 1168 06744 28428 1218 08564 72883 1268 10311 92535 1318 11991 54103
1119 04883 00865 1169 06781 45112 1219 08600 37056 1269 10346 16221 1319 12024 47955

1120 04921 80227 1170 06818 58617 1220 08635 98307 1270 10380 37210 1320 12057 39312
1121 04960 56126 1171 06855 68951 1221 08671 56639 1271 10414 55506 1321 12090 28176
1122 04999 28569 1172 06892 76117 1222 08707 12059 1272 10448 71113 1322 12123 14551
1123 05037 97563 1173 06929 80121 1223 08742 64570 1273 10482 84037 1323 12155 98442
1124 05076 63112 1174 06966 80969 1224 08778 14178 1274 10516 94280 1324 12188 79851

1125 05115 25224 1175 07003 78666 1225 08813 60887 1275 10551 01848 1325 12221 58783
1126 05153 83905 1176 07040 73217 1226 08849 04702 1276 10585 06744 1326 12254 35241
1127 05192 39160 1177 07077 64628 1227 08884 45627 1277 10619 08973 1327 12287 09229
1128 05230 90996 1178 07114 52905 1228 08919 83668 1278 10653 08538 1328 12319 80750
1129 05269 39419 1179 07151 38051 1229 08955 18829 1279 10687 05445 1329 12352 49809

1130 05307 84435 1180 07188 20073 1230 08990 51114 1280 10720 99696 1330 12385 16410
1131 05346 26049 1181 07224 98976 1231 09025 80529 1281 10754 91297 1331 12417 80555
1132 05384 64269 1182 07261 74765 1232 09061 07078 1282 10788 80252 1332 12450 42248
1133 05422 99099 1183 07298 47446 1233 09096 30766 1283 10822 66564 1333 12483 01494
1134 05461 30546 1184 07335 17024 1234 09131 51597 1284 10856 50237 1334 12515 58296

1135 05499 58615 1185 07371 83503 1235 09166 69576 1285 10890 31277 1335 12548 12657
1136 05537 83314 1186 07408 46890 1236 09201 84708 1286 10924 09686 1336 12580 64581
1137 05576 04647 1187 07445 07190 1237 09236 96996 1287 10957 85469 1337 12613 14073
1138 05614 22621 1188 07481 64406 1238 09272 06447 1288 10991 58630 1338 12645 61134
1139 05652 37241 1189 07518 18546 1239 09307 13064 1289 11025 29174 1339 12678 05770

1140 05690 48513 1190 07554 69614 1240 09342 16852 1290 11058 97103 1340 12710 47984
1141 05728 56444 1191 07591 17615 1241 09377 17815 1291 11092 62423 1341 12742 87779
1142 05766 61039 1192 07627 62554 1242 09412 15958 1292 11126 25137 1342 12775 25158
1143 05804 62304 1193 07664 04437 1243 09447 11286 1293 11159 85249 1343 12807 60127
1144 05842 60245 1194 07700 43268 1244 09482 03804 1294 11193 42763 1344 12839 92687

1145 05880 54867 1195 07736 79053 1245 09516 93514 1295 11226 97684 1345 12872 22843
1146 05918 46176 1196 07773 11797 1246 09551 80423 1296 11260 50015 1346 12904 50599
1147 05956 34179 1197 07809 41504 1247 09586 64535 1297 11293 99761 1347 12936 75957
1148 05994 18881 1198 07845 68181 1248 09621 45853 1298 11327 46925 1348 12968 98922
1149 06032 00287 1199 07881 91831 1249 09656 24384 1299 11360 91511 1349 13001 19497

1150 06069 78404 1200 07918 12460 1250 09691 00130 1300 11394 33523 1350 13033 37685



I (-5)5
L 12

For use of natural logarithms see Examples 4.-7.

in 10=2.30258 50929 940457

loo

Table 4.2

in x

ELEMENTARY TRANSCENDENTAL

NATURAL LOGARITHMS

FUNCTIONS

X in xin x

0. 000 - 0. 050 -2. 99573 22735 539910 0. 100 -2. 30258 50929 940457
0. 001 -6. 90775 52789 821371 0. 051 -2. 97592 96462 578113 0.101 -2. 29263 47621 408776
0. 002 -6. 21460 80984 221917 0.052 -2. 95651 15604 007097 0. 102 -2. 28278 24656 978660
0. 003 -5. 80914 29903 140274 0. 053 -2. 93746 33654 300152 0. 103 -2. 27302 62907 525013
0. 004 -5. 52146 09178 622464 0. 054 -2. 91877 12324 178627 0.104 -2. 26336 43798 407644

0. 005 -5. 29831 73665 480367 0. 055 -2. 90042 20937 496661 0.105 -2. 25379 49288 246137
0. 006 -5. 11599 58097 540821 0.056 -2. 88240 35882 469878 0.106 -2. 24431 61848 700699
0. 007 -4. 96184 51299 268237 0. 057 -2. 86470 40111 475869 0.107 -2. 23492 64445 202309
0. 008 -4. 82831 37373 023011 0. 058 -2. 84731 22684 357177 0.108 -2. 22562 40518 579174
0. 009 -4. 71053 07016 459177 0. 059 -2. 83021 78350 764176 0.109 -2. 21640 73967 529934

0. 010 -4. 60517 01859 880914 0. 060 -2. 81341 07167 600364 0.110 -2. 20727 49131 897208
0. 011 -4. 50986 00061 837665 0. 061 -2. 79688 14148 088258 0.111 -2. 19822 50776 698029
0. 012 -4. 42284 86291 941367 0.062 -2. 78062 08939 370455 0.112 -2. 18925 64076 870425
0. 013 -4. 34280 59215 206003 0. 063 -2. 76462 05525 906044 0.113 -2. 18036 74602 697965
0. 014 -4. 26869 79493 668784 0. 064 -2. 74887 21956 224652 0.114 -2.17155 68305 876416

0. 015 -4. 19970 50778 799270 0. 065 -2. 73336 80090 864999 0. 115 -2. 16282 31506 188870
0. 016 -4. 13516 65567 423558 0. 066 -2. 71810 05369 557115 0. 116 -2. 15416 50878 757724
0. 017 -4. 07454 19349 259210 0. 067 -2. 70306 26595 911710 0. 117 -2. 14558 13441 843809
0. 018 -4. 01738 35210 859724 0. 068 -2. 68824 75738 060304 0. 118 -2. 13707 06545 164723
0. 019 -3. 96331 62998 156966 0. 069 -2. 67364 87743 848777 0. 119 -2. 12863 17858 706077

0. 020 -3.91202 30054 281461 0. 070 -2. 65926 00369 327781 0. 120 -2. 12026 35362 000911
0.021 -3. 86323 28412 587141 0. 071 -2. 64507 54019 408216 0. 121 -2. 11196 47333 853960
0. 022 -3. 81671 28256 238212 0. 072 -2. 63108 91599 660817 0. 122 -2. 10373 42342 488805
0. 023 -3. 77226 10630 529874 0. 073 -2. 61729 58378 337459 0. 123 -2. 09557 09236 097196
0. 024 -3. 72970 14486 341914 0. 074 -2. 60369 01857 779673 0. 124 -2. 08747 37133 771002

0. 025 -3. 68887 94541 139363 0. 075 -2. 59026 71654 458266 0.125 -2. 07944 15416 798359
0. 026 -3. 64965 87409 606550 0.076 -2. 57702 19386 958060 0.126 -2. 07147 33720 306591
0. 027 -3. 61191 84129 778080 0. 077 -2. 56394 98571 284532 0. 127 -2. 06356 81925 235458
0. 028 -3. 57555 07688 069331 0.078 -2. 55104 64522 925453 0. 128 -2. 05572 50150 625199
0. 029 -3. 54045 94489 956630 0. 079 -2. 53830 74265 151156 0. 129 -2. 04794 28746 204649

0. 030 -3. 50655 78973 199817 0. 080 -2. 52572 86443 082554 0. 130 -2. 04022 08285 265546
0. 031 -3. 47376 80744 969908 0. 081 -2. 51330 61243 096983 0. 131 -2. 03255 79557 809855
0. 032 -3. 44201 93761 824105 0. 082 -2. 50103 60317 178839 0.132 -2. 02495 33563 957662
0. 033 -3. 41124 77175 156568 0. 083 -2. 48891 46711 855391 0. 133 -2. 01740 61507 603833
0. 034 -3. 38139 47543 659757 0. 084 -2. 47693 84801 388234 0. 134 -2. 00991 54790 312257

0. 035 -3. 35240 72174 927234 0. 085 -2. 46510 40224 918206 0. 135 -2. 00248 05005 437076
0. 036 -3. 32423 63405 260271 0. 086 -2. 45340 79827 286293 0.136 -1. 99510 03932 460850
0. 037 -3. 29683 73663 379126 0. 087 -2. 44184 71603 275533 0. 137 -1. 98777 43531 540121
0. 038 -3. 27016 91192 557513 0. 088 -2. 43041 84645 039306 0. 138 -1. 98050 15938 249324
0. 039 -3. 24419 36328 524906 0. 089 -2. 41911 89092 499972 0.139 -1. 97328 13458 514453

0. 040 -3. 21887 58248 682007 0. 090 -2. 40794 56086 518720 0. 140 -1. 96611 28563 728328
0. 041 -3. 19418 32122 778292 0. 091 -2. 39689 57724 652870 0. 141 -1. 95899 53886 039688
0. 042 -3. 17008 56606 987687 0. 092 -2. 38596 67019 330967 0.142 -1. 95192 82213 808763
0. 043 -3. 14655 51632 885746 0.093 -.2. 37515 57858 288811 0. 143 -1. 94491 06487 222298
0. 044 -3. 12356 56450 638759 0. 094 -2. 36446 04967 121332 0. 144 -1. 93794 19794 061364

0. 045 -3. 10109 27892 118173 0. 095 -2. 35387 83873 815962 0. 145 -1. 93102 15365 615627
0. 046 -3. 07911 38824 930421 0.096 -2. 34340 70875 143008 0. 146 -1. 92414 86572 738006
0. 047 -3. 05760 76772 720785 0. 097 -2. 33304 43004 787542 0.147 -1. 91732 26922 034008
0. 048 -3. 03655 42680 742461 0. 098 -2. 32278 78003 115651 0.148 -1. 91054 30052 180220
0. 049 -3. 01593 49808 715104 0. 099 -2. 31263 54288 475471 0. 149 -1. 90380 89730 366779

0.050 -2. 99573 22735 539910 0. 100 -2. 30258 50929 940457 0. 150 -1. 89711 99848 858813
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in

NATURAL LOGARITHMS

X) in a X

Table 4.2

In

0. 150 -1. 89711 99848 858813 0.200 -1. 60943 79124 341004 0.250 -1. 38629 43611 198906
0. 151 -1. 89047 54421 672127 0. 201 -1. 60445 03709 230613 0. 251 -1. 38230 23398 503532
0. 152 -1. 88387 47581 358607 0. 202 -1. 59948 75815 809323 0.252 -1. 37832 61914 707137
0. 153 -1. 87731 73575 897016 0. 203 -1. 59454 92999 403497 0.253 -1. 37436 57902 546168
0.154 -1. 87080 26765 685079 0. 204 -1. 58963 52851 379207 0.254 -.1. 37042 10119 636005

0. 155 -1. 86433 01620 628904 0.205 -1. 58474 52998 437289 0. 255 -1. 36649 17338 237109
0. 156 -1. 85789 92717 326000 0. 206 -1. 57987 91101 925560 0.256 -1. 36257 78345 025746
0.157 -1. 85150 94736 338290 0.207 -1. 57503 64857 167680 0. 257 -1. 35867 91940 869173
0. 158 -1. 84516 02459 551702 0. 208 -1. 57021 71992 808191 0. 258 -1. 35479 56940 605196
0. 159 -1. 83885 10767 619055 0. 209 -1. 56542 10270 173260 0. 259 -1. 35092 72172 825993

0. 160 -1. 83258 14637 483101 0. 210 -1. 56064 77482 646684 0.260 34707-1. 36479 666093
0. 161 -1. 82635 09139 976741 0. 211 -1. 55589 71455 060706 0.261 -1. 34323 48716 594436
0. 162 -1. 82015 89437 497530 0.212 -1. 55116 90043 101246 0.262 -1. 33941 07752 210402
0. 163 -1. 81400 50781 753747 0. 213 -1. 54646 31132 727119 0.263 -1. 33560 12468 043725
0. 164 -1. 80788 88511 579386 0. 214 -1. 54177 92639 602856 0. 264 -1. 33180 61758 358209

0. 165 -1. 80180 98050 815564 0. 215 -1. 53711 72508 544743 0.265 -1. 32802 54529 959148
0.166 -1. 79576 74906 255938 0.216 -1. 53247 68712 979720 0. 266 -1. 32425 89702 004380
0. 167 -1. 78976 14665 653819 0. 217 -1. 52785 79254 416775 0.267 -1. 32050 66205 818875
0. 168 -1. 78379 12995 788781 0.218 -1. 52326 02161 930480 0.268 -1. 31676 82984 712804
0. 169 -.1. 77785 65640 590636 0. 219 -1. 51868 35491 656362 0.269 -1. 31304 38993 802979

0. 170 -1. 77195 68419 318753 0. 220 -1. 51412 77326 297755 0. 270 -1. 30933 33199 837623
0. 171 -1. 76609 17224 794772 0. 221 -1. 50959 25774 643842 0.271 -1. 30563 64581 024362
0. 172 -.1. 76026 08021 686840 0. 222 -1. 50507 78971 098576 0.272 -1. 30195 32126 861397
0. 173 -L 75446 36844 843581 0.223 -1. 50058 35075 220183 0.273 -1. 29828 34837 971773
0. 174 -1. 74869 99797 676080 0. 224 -1. 49610 92271 270972 0.274 -1. 29462 71725 940668

0. 175 -1. 74296 93050 586230 0. 225 -1. 49165 48767 777169 0. 275 -1. 29098 41813 155658
0. 176 -1. 73727 12839 439853 0. 226 -1. 48722 02797 098512 0.276 -1. 28735 44132 649871
0. 177 -1. 73160 55464 083079 0.227 -1. 48280 52615 007344 0.277 -1. 28373 77727 947986
0. 178 -1. 72597 17286 900519 0. 228 -1. 47840 96500 276963 0.278 -1. 28013 41652 915000
0. 179 -1. 72036 94731 41 3821 0. 229 -1. 47403 32754 278974 0.279 -1. 27654 34971 607714

0. 180 -1. 71479 84280 919267 0. 230 -1. 46967 59700 589417 0.280 -1. 27296 56758 128874
0. 181 -1. 70925 82477 163113 0.231 -1. 46533 75684 603435 0.281 -1. 26940 06096 483913
0. 182 -1. 70374 85919 053417 0. 232 -1. 46101 79073 158271 0.282 -1. 26584 82080 440235
0. 183 -1. 69826 91261 407161 0. 233 -1. 45671 68254 164365 0. 283 -1. 26230 83813 388994
0. 184 -1. 69281 95213 731514 0. 234 -1. 45243 41636 244356 0.284 -1. 25878 10408 209310

0. 185 -1. 68739 94539 038122 0.235 -1. 44816 97648 379781 0.285 -1. 25526 60987 134865
0. 186 -1. 68200 86052 689358 d. 236 -1. 44392 34739 565270 0. 286 -1. 25176 34681 622845
0. 187 -1. 67664 66621 275504 0. 237 -1. 43969 51378 470059 0. 287 -1. 24827 30632 225159
0. 188 -1. 67131 33161 521878 0.238 -1. 43548 46053 106624 0.288 -1. 24479 47988 461911
0.189 -1. 66600 82639 224947 0. 239 -1. 43129 17270 506264 0. 289 -1.24132 85908 697049

0. 190 .4.66073 12068 216509 0. 240 -1. 42711 63556 401457 0. 290 -1. 23787 43560 016173
0. 191 -1. 65548 18509 355072 0. 241 -1. 42295 83454 914821 0.291 -1. 23443 20118 106445
0. 192 -1.65025 99069 543555 0. 242 -1. 41881 75528 254507 0. 292 -1. 23100 14767 138553
0. 193 -1. 64506 50900 772515 0. 243 -1. 41469 38356 415886 0. 293 -1. 22758 26699 650697
0. 194 -1. 63989 71199 188089 0. 244 -1. 41058 70536 889352 0. 294 -1. 22417 55116 434554

0. 195 -1. 63475 57204 183903 0. 245 -1. 40649 70684 374101 0. 295 -1. 22077 99226 423172
0. 196 -1. 62964 06197 516198 0. 246 -1. 40242 37430 497742 0.296 -1. 21739 58246 580767
0. 197 -1. 62455 15502 441485 0.247 -1. 39836 69423 541599 0.297 -1. 21402 31401 794374
0. 198 -1. 61948 82482 876018 0. 248 -1. 39432 65328 171549 0.298 -1. 21066 17924 767326
0. 199 -1. 61445 04542 576447 0. 249 -1. 39030 23825 174294 0. 299 -1. 20731 17055 914506

0. 200 -1. 60943 79124 341004 0. 250 -1. 38629 43611 198906 0. 300 -1. 20397 28043 259360
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0. 300 -1. 20397 28043 259360 0. 350 -1. 04982 21244 986777 0.400 -0. 91629 07318 741551
0. 301 -1. 20064 50142 332613 0. 351 -1. 04696 90555 162712 0.401 -0. 91379 38516 755679
0. 302 -1. 19732 82616 072674 0. 352 -1. 04412 41033 840400 0. 402 -0. 91130 31903 631160
0. 303 -1. 19402 24734 727679 0. 353 -1. 04128 72220 488403 0.403 -0. 90881 87170 354541
0. 304 -1. 19072 75775 759154 0. 354 -1. 03845 83658 483626 0.404 -0. 90634 04010 209870

0. 305 -1. 18744 35023 747254 0. 355 -1. 03563 74895 067213 0. 405 -0. 90386 82118 755979
0. 306 -1. 18417 01770 297563 0. 356 -1. 03282 45481 301066 0. 406 -0. 90140 21193 804044
0. 307 -1. 18090 75313 949399 0. 357 -1. 03001 94972 024980 0. 407 -0. 89894 20935 395421
0. 308 -1. 17765 54960 085626 0. 358 -1. 02722 22925 814367 0.408 -0. 89648 81045 779754
0. 309 -1. 17441 40020 843916 0. 359 -1. 02443 28904 938582 0. 409 -0. 89404 01229 393353

0. 310 -1. 17118 29815 029451 0. 360 -1. 02165 12475 319814 0. 410 -0. 89159 81192 837836
0. 311 -1. 16796 23668 029029 0. 361 -1. 01887 73206 492561 0. 411 -0. 88916 20644 859024
0. 312 -1. 16475 20911 726547 0. 362 -1. 01611 10671 563660 0. 412 -0. 88673 19296 326107
0. 313 -1. 16155 20884 419838 0. 363 -1. 01335 24447 172863 0.413 -0. 88430 76860 211043
0. 314 -1. 15836 22930 738837 0. 364 -1. 01060 14113 453964 0. 414 -0. 88188 93051 568227

0. 315 -1. 15518 26401 565040 0. 365 -1. 00785 79253 996455 0.415 -0. 87947 67587 514388
0. 316 -1. 15201 30653 952249 0. 366 -1. 00512 19455 807708 0. 416 -0. 87707 00187 208738
0.317 -1. 14885 35051 048564 0. 367 -1. 00239 34309 275668 0.417 -0. 87466 90571 833356
0.318 -1. 14570 38962 019602 0. 368 -0. 99967 23408 132061 0. 418 -0. 87227 38464 573807
0. 319 -1. 14256 41761 972925 0. 369 -0. 99695 86349 416099 0. 419 -0. 86988 43590 599993

0. 320 -.1. 13943 42831 883648 0. 370 -0. 99425 22733 438669 0.420 -0. 86750 05677 047231
0. 321 -1. 13631 41558 521212 0. 371 -0.99155 32163 747019 0. 421 -0. 86512 24452 997556
0. 322 -1. 13320 37334 377287 0. 372 -0. 98886 14247 089905 0.422 -0. 86274 99649 461252
0. 323 -1. 13010 29557 594805 0. 373 -0. 98617 68593 383215 0. 423 -0. 86038 30999 358591
0. 324 -1. 12701 17631 898077 0. 374 -0. 98349 94815 676051 0. 424 -0. 85802 18237 501793

0. 325 -1. 12393 00966 523996 0. 375 -0. 98082 92530 117262 0. 425 -0. 85566 61100 577202
0. 326 -1. 12085 78976 154294 0. 376 -0. 97816 61355 922425 0.426 -0. 85331 59327 127666
0. 327 -1. 11779 51080 848837 0. 377 -0. 97551 00915 341263 0. 427 -0. 85097 12657 535125
0. 328 -1. 11474 16705 979933 0. 378 -0. 97286 10833 625494 0.428 -0. 84863 20834 003403
0. 329 -1. 11169 75282 167652 0. 379 -0. 97021 90738 997107 0.429 -0. 84629 83600 541201

0. 330 -1. 10866 26245 216111 0. 380 -0. 96758 40262 617056 0.430 -0. 84397 00702 945289
0.331 -1. 10563 69036 050742 0. 381 -0. 96495 59038 554361 0. 431 -0. 84164 71888 783893
0. 332 -1. 10262 03100 656485 0. 382 -0. 96233 46703 755619 0. 432 -0. 83932 96907 380267
0. 333 -1. 09961 27890 016932 0. 383 -0. 95972 02898 014911 0.433 -0. 83701 75509 796472
0. 334 -1. 09661 42860 054366 0. 384 -0. 95711 27263 944102 0. 434 -0. 83471 07448 817322

0. 335 -1. 09362 47471 570706 0. 385 -0. 95451 19446 943528 0. 435 -0. 83240 92478 934530
0. 336 -1. 09064 41190 189328 0. 386 -0. 95191 79095 173062 0.436 -0. 83011 30356 331027
0. 337 -1. 08767 23486 297753 0. 387 -0. 94933 05859 523552 0.437 -0. 82782 20838 865469
0. 338 -1. 08470 93834 991183 0. 388 -0. 94674 99393 588636 0. 438 -0. 82553 63686 056909
0. 339 -1. 08175 51716 016868 0. 389 -0. 94417 59353 636908 0. 439 -0. 82325 58659 069657

0. 340 -1. 07880 96613 719300 0. 390 -0. 94160 85398 584449 0. 440 -0. 82098 05520 698302
0. 341 -1. 07587 28016 986203 0. 391 -0. 93904 77189 967713 0. 441 -0. 81871 04035 352911
0. 342 -1. 07294 45419 195319 0. 392 -0. 93649 34391 916745 0. 442 -0. 81644 53969 044389
0. 343 -1. 07002 48318 161971 0. 393 -0. 93394 56671 128758 0. 443 -0. 81418 55089 370014
0. 344 -1. 06711 36216 087387 0. 394 -0. 93140 43696 842032 0.444 -0. 81193 07165 499123

0. 345 -1. 06421 08619 507773 0. 395 -0. 92886 95140 810152 0. 445 -0. 80968 09968 158968
0. 346 -1. 06131 65039 244128 0. 396 -0. 92634 10677 276565 0. 446 -0. 80743 63269 620730
0.347 -1. 05843 04990 352779 0. 397 -0. 92381 89982 949466 0. 447 -0. 80519 66843 685682
0. 348 -1. 05555 27992 076627 0. 398 -0. 92130 32736 976993 0. 448 -0. 80296 20465 671519
0. 349 -1. 05268 33567 797099 0. 399 -0. 91879 38620 922736 0.449 -0. 80073 23912 398828

0.350 -1.04982 21244 986777 0.400 -0.91629 07318 741551 0.450 -0. 79850 76962 177716
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0.450 -0.79850 76962 177716 0.500 -0. 69314 71805 599453 0.550 -0. 59783 70007 556204
0.451 -0. 79628 79394 794587 0. 501 -0. 69114 91778 972723 0.551 -0. 59602 04698 292226
0. 452 -0.79407 30991 499059 0.502 -0. 68915 51592 904079 0.552 -0. 59420 72327 050417
0. 453 -0. 79186 31534 991030 0.503 -0. 68716 51088 823978 0.553 -0. 59239 72774 598023
0. 454 -0. 78965 80809 407891 0.504 -0. 68517 90109 107684 0.554 -0. 59059 05922 348532

0. 455 -0. 78745 78600 311866 0.505 -0. 68319 68497 067772 0.555 -0. 58878 71652 357025
0. 456 -0. 78526 24694 677510 0.506 -0. 68121 86096 946715 0. 556 -0. 58698 69847 315547
0. 457 -0. 78307 18880 879324 0.507 -0. 67924 42753 909539 0.557 -0. 58519 00390 548530
0.458 -0. 78088 60948 679521 0.508 -0. 67727 38314 036552 0.558 -0. 58339 63166 008261
0. 459 -0. 77870 50689 215919 0.509 -0. 67530 72624 316143 0. 559 -0. 58160 58058 270379

0. 460 -0. 77652 87894 989964 0.510 -0. 67334 45532 637656 0.560 -0. 57981 84952 529421
0. 461 -0. 77435 72359 854885 0. 511 -0. 67138 56887 784326 0.561 -0. 57803 43734 594407
0. 462 -0. 77219 03879 003982 0.512 -0. 66943 06539 426293 0.562 -0. 57625 34290 884460
0. 463 -0. 77002 82248 959030 0. 513 -0. 66747 94338 113675 0. 563 -0. 57447 56508 424467
0. 464 -0. 76787 07267 558818 0. 514 -0. 66553 20135 269719 0.564 -0. 57270 10274 840782

0. 465 -0. 76571 78733 947807 0.515 -0. 66358 83783 184009 0.565 -0. 57092 95478 356961
0. 466 -0. 76356 96448 564912 0. 516 -0. 66164 85135 005743 0. 566 -0. 56916 12007 789541
0. 467 -0. 76142 60213 132397 0.517 -0. 65971 24044 737079 0.567 -0. 56739 59752 543850
0. 468 -0. 75928 69830 644903 0.518 -0. 65778 00367 226540 0.568 -0. 56563 38602 609857
0. 469 -0. 75715 25105 358577 0.519 -0. 65585 13958 162484 0. 569 -0. 56387 48448 558061

0. 470 -0. 75502 25842 780328 0.520 -0. 65392 64674 066640 0. 570 -0. 56211 89181 535412
0.471 -0. 75289 71849 657193 0. 521 -0. 65200 52372 287701 0. 571 -0. 56036 60693 261268
0.472 -0. 75077 62933 965817 0.522 -0. 65008 76910 994983 0.572 -0. 55861 62876 023392
0. 473 -0. 74865 98904 902041 0.523 -0. 64817 38149 172142 0.573 -0. 55686 95622 673975
0. 474 -0. 74654 79572 870606 0.524 -0. 64626 35946 610949 0. 574 -0. 55512 58826 625706

0. 475 -0. 74444 04749 474958 0.525 -0. 64435 70163 905133 0.575 -0. 55338 52381 847866
0. 476 -0. 74233 74247 507170 0. 526 -0. 64245 40662 444272 0.576 -0. 55164 76182 862458
0. 477 -0. 74023 87880 937958 0.527 -0. 64055 47304 407747 0.577 -0. 54991 30124 740375
0. 478 -0. 73814 45464 906811 0.528 -0. 63865 89952 758756 0.578 -0. 54818 14103 097596
0.479 -0. 73605 46815 712218 0.529 -0. 63676 68471 238377 0. 579 -0. 54645 28014 091418

0. 480 -0. 73396 91750 802004 0.530 -0. 63487 82724 359695 0. 580 -0. 54472 71754 416720
0. 481 -0. 73188 80088 763759 0.531 -0. 63299 32577 401982 0. 581 -0. 54300 45221 302258
0. 482 -0. 72981 11649 315367 0.532 -0. 63111 17896 404927 0.582 -0. 54128 48312 506992
0. 483 -0. 72773 86253 295644 0. 533 -0. 62923 38548 162925 0. 583 -0. 53956 80926 316447
0. 484 -0. 72567 03722 655053 0.534 -0. 62735 94400 219422 0. 584 -0. 53785 42961 539100

0. 485 -0. 72360 63880 446539 0.535 -0. 62548 85320 861305 0.585 -0.53614 34317 502806
0. 486 -0. 72154 66550 816433 0.536 -0. 62362 11179 113351 0.586 -0.53443 54894 051244
0.487 -0. 71949 11558 995473 0.537 -0. 62175 71844 732724 0.587 -0.53273 04591 540406
0. 488 -0. 71743 98731 289899 0. 538 -0. 61989 67188 203526 0.588 -0.53102 83310 835101
0.489 -0.71539 27895 072650 0.539 -0. 61803 97080 731399 0.589 -0.52932 90953 305503

0.490 -0. 71334 98878 774648 0. 540 -0. 61618 61394 238170 0.590 -0.52763 27420 823719
0. 491 -0. 71131 11511 876165 0. 541 -0. 61433 60001 356555 0.591 -0.52593 92615 760389
0. 492 -0. 70927 65624 898289 0. 542 -0. 61248 92775 424908 0.592 -0.52424 86440 981314
0. 493 -0. 70724 61049 394469 0. 543 -0. 61064 59590 482016 0. 593 -0. 52256 08799 844116
0. 494 -0. 70521 97617 942145 0. 544 -0. 60880 60321 261944 0. 594 -0. 52087 59596 194921

0. 495 -0. 70319 75164 134468 0.545 -0. 60696 94843 188930 0.595 -0.51919 38734 365073
0.496 -0. 70117 93522 572096 0. 546 -0. 60513 63032 372320 0.596 -0. 51751 46119 167873
0. 497 -0. 69916 52528 855083 0.547 -0. 60330 64765 601558 0.597 -0.51583 81655 895350
0. 498 -0. 69715 52019 574841 0.548 -0. 60147 99920 341215 0.598 -0.51416 45250 315053
0. 499 -0. 69514 91832 306184 0. 549 -0. 59965 68374 726064 0.599 -0.51249 36808 666877

0. 500 -0. 69314 71805 599453 0.550 -0. 59783 70007 556204 0.600 -0.51082 56237 659907
1(-7)6
17 1 (-7)5

L6
(-7)4

6

ELEMENTARY TRANSCENDENTAL FUNCTIONS 103



in 10=2.30258 50929 940457

104 ELEMENTARY TRANSCENDENTAL FUNCTIONS

Table 4.2 NATURAL LOGARITHMS

In x X mcc X in cc

0. 600 -0. 51082 56237 659907 0.650 -0.43078 29160 924543 0. 700 -0. 35667 49439 387324
0. 601 -0. 50916 03444 469295 0. 651 -0. 42924 56367 735678 0.701 -0. 35524 73919 475470
0. 602 -0.50749 78336 733160 0.652 -0.42771 07170 554841 0.702 -0. 35382 18749 563259
0. 603 -0. 50583 80822 549516 0.653 -0.42617 81497 057060 0.703 -0. 35239 83871 714721
0. 604 -0. 50418 10810 473221 0.654 -0.42464 79275 249384 0.704 -0. 35097 69228 240947

0. 605 -0. 50252 68209 512956 0.655 -0.42312 00433 468851 0. 705 -0. 34955 74761 698684
0. 606 -0. 50087 52929 128226 0.656 -0.42159 44900 380480 0.706 -0. 34814 00414 888950
0. 607 -0. 49922 64879 226388 0.657 -0.42007 12604 975265 0. 707 -0. 34672 46130 855643
0. 608 -0. 49758 03970 159700 0.658 -0.41855 03476 568199 0. 708 -0. 34531 11852 884173
0. 609 -0. 49593 70112 722400 0.659 -0.41703 17444 796298 0. 709 -0. 34389 97524 500096

0. 610 -0. 49429 63218 147801 0. 660 -0. 41551 54439 616658 0.710 -0. 34249 03089 467759
0. 611 -0. 49265 83198 105417 0.661 -0.41400 14391 304508 0. 711 -0. 34108 28491 788962
0. 612 -0. 49102 29964 698110 0.662 -0.41248 97230 451288 0. 712 -0. 33967 73675 701613
0. 613 -0. 48939 03430 459257 0.663 -0.41098 02887 962745 0. 713 -0. 33827 38585 678411
0. 614 -0. 48776 03508 349946 0.664 -0.40947 31295 057032 0. 714 -0. 33687 23166 425527

0. 615 -0. 48613 30111 756192 0.665 -0.40796 82383 262829 0. 715 -0. 33547 27362 881294
0.616 -0. 48450 83154 486173 0.666 -0.40646 56084 417479 0.716 -0. 33407 51120 214914
0. 617 -0. 48288 62550 767492 0.667 -0.40496 52330 665133 0. 717 -0. 33267 94383 825167
0. 618 -0. 48126 68215 244463 0. 668 -0. 40346 71054 454913 0.718 -0. 33128 57099 339129
0. 619 -0. 47965 00062 975409 0.669 -0.40197 12188 539086 0.719 -0. 32989 39212 610904

0. 620 -0. 47803 58009 429998 0.670 -0.40047 75665 971253 0. 720 -0. 32850 40669 720361
0.621 -0. 47642 41970 486583 0. 671 -0. 39898 61420 104553 0.721 -0. 32711 61416 971880
0. 622 -0. 47481 51862 429576 0.672 -0.39749 69384 589875 0. 722 -0. 32573 01400 893108
0. 623 -0. 47320 87601 946839 0. 673 -0. 39600 99493 374092 0.723 -0. 32434 60568 233724
0. 624 -0. 47160 49106 127094 0.674 -0.39452 51680 698300 0. 724 -0. 32296 38865 964207

0. 625 -0. 47000 36292 457356 0.675 -0.39304 25881 096072 0.725 -0. 32158 36241 274623
0. 626 -0,46840 49078 820385 0.676 -0.39156 22029 391730 0.726 -0. 32020 52641 573410
0. 627 -0. 46680 87383 492164 0.677 -0.39008 40060 698621 0.727 -0. 31882 88014 486177
0. 628 -0. 46521 51125 139384 0.678 -0.38860 79910 417415 0.728 -0. 31745 42307 854511
0. 629 -0. 46362 40222 816965 0.679 -0.38713 41514 234409 0. 729 -0. 31608 15469 734789

0. 630 -0. 46203 54595 965587 0.680 -0.38566 24808 119847 0. 730 -0. 31471 07448 397002
0. 631 -0. 46044 94164 409239 0. 681 -0. 38419 29728 326247 0. 731 -0. 31334 18192 323585
0. 632 -0. 45886 58848 352796 0.682 -0.38272 56211 386750 0.732 -0. 31197 47650 208255
0. 633 -0. 45728 48568 379609 0. 683 -0. 38126 04194 113470 0.733 -0. 31060 95770 954856
0. 634 -0.45570 63245 449111 0.684 -0.37979 73613 595866 0. 734 -0. 30924 62503 676215

0. 635 -0.45413 02800 894454 0. 685 -0. 37833 64407 199118 0. 735 -0. 30788 47797 693004
0. 636 -0. 45255 67156 420149 0.686 -0.37687 76512 562518 0. 736 -0. 30652 51602 532608
0. 637 -0. 45098 56234 099737 0. 687 -0. 37542 09867 597877 0. 737 -0. 30516 73867 928004
0. 638 -0. 44941 69956 373472 0. 688 -0. 37396 64410 487934 0.738 -0. 30381 14543 816646
0. 639 -0. 44785 08246 046022 0.689 -0.37251 40079 684785 0.739 -0. 30245 73580 339353

0. 640 -0. 44628 71026 284195 0.690 -0.37106 36813 908320 0.740 -0. 30110 50927 839216
0. 641 -0. 44472 58220 614670 0. 691 -0. 36961 54552 144672 0. 741 -0.29975 46536 860502
0. 642 -0. 44316 69752 921759 0. 692 -0. 36816 93233 644675 0. 742 -0. 29840 60358 147566
0. 643 -0.44161 05547 445177 0. 693 -0. 36672 52797 922338 0.743 -0. 29705 92342 643779
0. 644 -0. 44005 65528 777834 0. 694 -0. 36528 33184 753326 0. 744 -0.29571 42441 490452

0. 645 -0. 43850 49621 863646 0. 695 -0. 36384 34334 173449 0. 745 -0. 29437 10606 025775
0. 646 -0. 43695 57751 995352 0.696 -0.36240 56186 477174 0. 746 -0. 29302 96787 783762
0. 647 -0. 43540 89844 812365 0.697 -0.36096 98682 216132 0. 747 -0. 29169 00938 493197
0. 648 -0. 43386 45826 298624 0. 698 -0. 35953 61762 197646 0. 748 -0. 29035 23010 076598
0. 649 -0. 43232 25622 780471 0.699 -0.35810 45367 483268 0. 749 -0. 28901 62954 649176

0.650 -0.43078 29160 924543 0.700 -0.35667 49439 387324 0. 750 -0. 28768 20724 517809
1(-7)3
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0. 750 -0. 28768 20724 517809 0. 800 -0. 22314 35513 142098 0. 850 -0. 16251 89294 977749
0.751 -0. 28634 96272 180023 0.801 -0. 22189 43319 137778 0. 851 -0. 16134 31504 087629
0. 752 -0. 28501 89550 322973 0. 802 -0. 22064 66711 156226 0. 852 -0. 16016 87521 528213
0. 753 -0. 28369 00511 822435 0. 803 -0. 21940 05650 353754 0. 853 -0. 15899 57314 904579
0. 754 -0. 28236 29109 741810 0. 804 -0. 21815 60098 031707 0. 854 -0. 15782 40851 935672

0. 755 -0. 28103 75297 331123 0. 805 -0. 21691 30015 635737 0. 855 -0. 15665 38100 453768
0. 756 -0. 27971 39028 026041 0.806 -0. 21567 15364 755088 0. 856 -0. 15548 49028 403950
0. 757 -0. 27839 20255 446883 0. 807 -0. 21443 16107 121883 0.857 -0. 15431 73603 843573
0. 758 -0. 27707 18933 397654 0. 808 -0. 21319 32204 610417 0. 858 -0,. 15315 11794 941748
0. 759 -0. 27575 35015 865071 0. 809 -0.21195 63619 236454 0. 859 -0. 15198 63569 978817

0. 760 -0. 27443 68457 017603 0. 810 -0. 21072 10313 156526 0. 860 -0. 15082 28897 345836
0. 761 -0. 27312 19211 204512 0.811 -0. 20948 72248 667241 0. 861 -0. 14966 07745 544063
0.762 -0. 27180 87232 954908 0. 812 -0. 20825 49388 204591 0. 862 -0. 14850 00083 184440
0. 763 -0. 27049 72476 976800 0. 813 -0. 20702 41694 343265 0. 863 -0. 14734 05878 987091
0. 764 -0. 26918 74898 156166 0. 814 -0. 20579 49129 795968 0. 864 -0. 14618 25101 780814

0. 765 -0. 26787 94451 556012 0. 815 -0. 20456 71657 412743 0. 865 -0. 14502 57720 502577
0. 766 -0. 26657 31092 415458 0. 816 -0. 20334 09240 180300 0. 866 -0. 14387 03704 197019
0. 767 -0. 26526 84776 148809 0. 817 -0. 20211 61841 221342 0. 867 -0. 14271 63022 015952
0. 768 -0. 26396 55458 344649 0. 818 -0. 20089 29423 793900 0. 868 -0. 14156 35643 217869
0. 769 -0. 26266 43094 764931 0. 819 -0. 19967 11951 290676 0.869 -0. 14041 21537 167450

0. 770 -0. 26136 47641 344075 0. 820 -0. 19845 09387 238383 0. 870 -0. 13926 20673 335076
0. 771 -0. 26006 69054 188076 0.821 -0. 19723 21695 297088 0. 871 -0. 13811 33021 296343
0. 772 -0. 25877 07289 573609 0. 822 -0. 19601 48839 259571 0.872 -0. 13696 58550 731574
0. 773 -0. 25747 62303 947151 0. 823 -0. 19479 90783 050672 0. 873 -0. 13581 97231 425348
0. 774 -0. 25618 34053 924099 0. 824 -0. 19358 47490 726654 0. 874 -0. 13467 49033 266016

0. 775 -0. 25489 22496 287901 0. 825 -0. 19237 18926 474561 0. 875 -0. 13353 13926 245226
0. 776 -0. 25360 27587 989183 0. 826 -0. 19116 05054 611590 0. 876 -0. 13238 91880 457456
0. 777 -0. 25231 49286 144896 0. 827 -0. 18995 05839 584457 0. 877 -0. 13124 82866 099540
0. 778 -0. 25102 87548 037454 0. 828 -0. 18874 21245 968774 0. 878 -0. 13010 86853 470204
0. 779 -0. 24974 42331 113888 0. 829 -0. 18753 51238 468421 0. 879 -0. 12897 03812 969601

0. 780 -0. 24846 13592 984996 0. 830 -0. 18632 95781 914934 0. 880 -0. 12783 33715 098849
0. 781 -0. 24718 01291 424511 0. 831 -0. 18512 54841 266889 0. 881 -0. 12669 76530 459575
0. 782 -0. 24590 05384 368260 0. 832 -0. 18392 28381 609285 0.882 -0. 12556 32229 753457
0. 783 -0. 24462 25829 913340 0. 833 -0. 18272 16368 152944 0. 883 -0. 12443 00783 781770
0. 784 -0. 24334 62586 317292 0. 834 -0. 18152 18766 233903 0. 884 -0. 12329 82163 444936

0. 785 -0. 24207 15611 997286 0. 835 -0. 18032 35541 312816 0. 885 -0. 12216 76339 742075
0.786 -0. 24079 84865 529305 0. 836 -0. 17912 66658 974354 0. 886 -0. 12103 83283 770561
0. 787 -0. 23952 70305 647338 0. 837 -0. 17793 12084 926617 0. 887 -0. 11991 02966 725576
0. 788 -0. 23825 71891 242579 0. 838 -0. 17673 71785 000540 0. 888 -0. 11878 35359 899670
0. 789 -0. 23698 89581 362628 0. 839 -0. 17554 45725 149309 0. 889 -0. 11765 80434 682325

0. 790 -0. 23572 23335 210699 0. 840 -0. 17435 33871 447778 0. 890 -0. 11653 38162 559515
0. 791 -0. 23445 73112 144832 0. 841 -0. 17316 36190 091890 0.891 -0. 11541 08515 113277
0. 792 -0. 23319 38871 677112 0. 842 -0. 17197 52647 398103 0. 892 -0. 11428 91464 021277
0. 793 -0. 23193 20573 472891 0. 843 -0. 17078 83209 802816 0. 893 -0. 11316 86981 056380
0. 794 -0. 23067 18177 350013 0. 844 -0. 16960 27843 S61799 0. 894 -0. 11204 95038 086229

0.795 -0.22941 31643 278052 0. 845 -0. 16841 86516 249632 0.895 -0. 11093 15607 072817
0.796 -0.22815 60931 317540 0. 846 -0. 16723 59193 759138 0. 896 -0. 10981 48660 072066
0.797 -0.22690 06001 919220 0. 847 -0. 16605 45843 300827 0. 897 -0. 10869 94169 233409
0.798 -0.22564 66815 323283 0. 848 -0. 16487 46431 902340 0. 898 -0. 10758 52106 799374
0.799 -0.22439 43332 158624 0. 849 -0. 16369 60926 707897 0.899 -0. 10647 22445 105168

0. 800 -0. 22314 35513 142098 0.850 -0.16251 89294 977749 0.900 -0.10536 05156 578263
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0. 900 -0.10536 05156 578263 0.950 -0. 05129 32943 875505 1. 000 0.00000 00000 000000
0. 901 -0. 10425 00213 737991 0. 951 -0. 05024 12164 367467 1. 001 0. 00099 95003 330835
0. 902 -0. 10314 07589 195134 0.952 -0. 04919 02441 907717 1. 002 0. 00199 80026 626731
0. 903 -0. 10203 27255 651516 0. 953 -0. 04814 03753 279349 1. 003 0. 00299 55089 797985
0. 904 -0. 10092 59185 899606 0. 954 -0. 04709 16075 338505 1. 004 0. 00399 20212 695375

0. 905 -0.09982 03352 822109 0. 955 -0. 04604 39385 014068 1. 005 0. 00498 75415 110391
0.906 -0. 09871 59729 391577 0. 956 -0. 04499 73659 307358 1.006 0. 00598 20716 775475
0. 907 -0. 09761 28288 670004 0. 957 -0. 04395 18875 291828 1. 007 0. 00697 56137 364252
0.908 -0. 09651 09003 808438 0. 958 -0. 04290 75010 112765 1. 008 0. 00796 81696 491769
0. 909 -0. 09541 01848 046582 0. 959 -0. 04186 42040 986988 1. 009 0.00895 97413 714719

0. 910 -0. 09431 06794 712413 0. 960 -0. 04082 19945 202551 1. 010 0. 00995 03308 531681
0.911 -0. 09321 23817 221787 0. 961 -0. 03978 08700 118446 1.011 0. 01093 99400 383344
0. 912 -0. 09211 52889 078057 0.962 -0. 03874 08283 164306 1. 012 0.01192 85708 652738
0. 913 -0. 09101 93983 871686 0. 963 -0. 03770 18671 840115 1. 013 0.01291 62252 665463
0.914 -0. 08992 47075 279870 0. 964 -0. 03666 39843 715914 1. 014 0. 01390 29051 689914

0. 915 -0. 08883 12137 066157 0. 965 -0. 03562 71776 431511 1.015 0. 01488 86124 937507
0.916 -0. 08773 89143 080068 0.966 -0. 03459 14447 696191 1.016 0. 01587 33491 562901
0. 917 -0. 08664 78067 256722 0.967 -0. 03355 67835 288427 1.017 0. 01685 71170 664229
0. 918 -0. 08555 78883 616466 0. 968 -0. 03252 31917 055600 1. 018 0. 01783 99181 283310
0. 919 -0. 08446 91566 264500 0.969 -0. 03149 06670 913708 1. 019 0. 01882 17542 405878

0.920 -0. 08338 16089 390511 0.970 -0. 03045 92074 847085 1. 020 0. 01980 26272 961797
0.921 -0. 08229 52427 268302 0. 971 -0. 02942 88106 908121 1. 021 0. 02078 25391 825285
0. 922 -0. 08121 00554 255432 0. 972 -0. 02839 94745 216980 1.022 0. 02176 14917 815127
0. 923 -0. 08012 60444 792849 0.973 -0. 02737 11967 961320 1. 023 0. 02273 94869 694894
0. 924 -0. 07904 32073 404529 0. 974 -0. 02634 39753 396020 1.024 0. 02371 65266 173160

0. 925 -0. 07796 15414 697119 0. 975 -0. 02531 78079 842899 1. 025 0. 02469 26125 903715
0. 926 -0. 07688 10443 359577 0. 976 -0. 02429 26925 690446 1. 026 0. 02566 77467 485778
0. 927 -0. 07580 17134 162819 0. 977 -0. 02326 86269 393543 1. 027 0. 02664 19309 464212
0.928 -0. 07472 35461 959365 0. 978 -0. 02224 56089 473197 1.028 0. 02761 51670 329734
0. 929 -0. 07364 65401 682985 0. 979 -0. 02122 36364 516267 1. 029 0. 02858 74568 519126

0. 930 -0. 07257 06928 348354 0.980 -0. 02020 27073 175194 1. 030 0. 02955 88022 415444
0. 931 -0. 07149 60017 050700 0. 981 -0. 01918 28194 167740 1. 031 0. 03052 92050 348229
0.932
0.933

-0.
-0.

07042 24642 965459
06935 00781 347932

0. 982
0. 983

-0.
-0.

01816 39706 276712 1. 032
01714 61588 349705 1.033

0. 03149 86670 593710
0. 03246 71901 375015

0. 934 -0. 06827 88407 532944 0. 984 -0. 01612 93819 298836 1. 034 0. 03343 47760 862374

0. 935 -0.06720 87496 934501 0.985 -0. 01511 36378 100482 1. 035 0. 03440 14267 173324
0. 936
0. 937
0. 938
0. 939

-0. 06613 98025 045450
-0. 06507 19967 437149
-0. 06400 53299 759124
-0. 06293 97997 738741

0. 986
0. 987
0. 988
0.989

-0.
-0.
-0.
-0.

01409 89243 795016 1. 036
01308 52395 486555 1. 037
01207 25812 342692 1. 038
01106 09473 594249 1. 039

0. 03536 71438 372913
0. 03633 19292 473903
0. 03729 57847 436969
0. 03825 87121 170903

0. 940 -0. 06187 54037 180875 0. 990 -0. 01005 03358 535014 1. 040 0.03922 07131 532813
0. 941
0. 942

-0.06081 21393 967574
-0. 05975 00044 057740

0. 991
0. 992

-0.
-0.

00904 07446 521491 1. 041
00803 21716 972643 1. 042

0. 04018 17896 328318
0. 04114 19433 311752

0. 943
0. 944

-0.
-0.

05868 89963 486796
05762 91128 366364

0.993
0. 994

-0.
-0.

00702 46149 369645 1. 043
00601 80723 255630 1. 044

0. 04210 11760 186354
0. 04305 94894 604470

0. 945
0. 946

-0.
-0.

05657 03514 883943
05551 27099 302588

0. 995
0. 996

-0.
-0.

00501 25418 235443 1. 045
00400 80213 975388 1. 046

0.04401 68854 167743
0. 04497 33656 427312

0.947
0. 948

-0.
-0.

05445 61857 960588
05340 07767 271152

0. 997
0. 998

-0.
-0.

00300 45090 202987 1. 047
00200 20026 706731 1. 048

0. 04592 89318 883998
0. 04688 35858 988504

0. 949 -0. 05234 64803 722092 0. 999 -0. 00100 05003 335835 1. 049 0. 04783 73294 141601

0.950 -0.05129 32943 875505 1.000 0.00000 00000 000000 1.050 0.04879 01641 694320
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1. 050 0. 04879 01641 694320 1. 100 0. 09531 01798 043249 1.150 0. 13976 19423 751587
1. 051 0. 04974 20918 948141 1.101 0. 09621 88577 405429 1. 151 0. 14063 11297 397456
1. 052 0. 05069 31143 155181 1. 102 0. 09712 67107 307227 1. 152 0. 14149 95622 736995
1. 053 0.05164 32331 518384 1. 103 0. 09803 37402 713654 1.153 0. 14236 72412 869220
1. 054 0. 05259 24501 191706 1. 104 0. 09893 99478 549036 1. 154 0. 14323 41680 859078

1. 055 0. 05354 07669 280298 1.105 0. 09984 53349 697161 1. 155 0. 14410 03439 737569
1. 056 0. 05448 81852 840697 1. 106 0. 10074 99031 001431 1. 156 0. 14496 57702 501857
1. 057 0. 05543 47068 881006 1. 107 0. 10165 36537 264998 1. 157 0. 14583 04482 115395
1. 058 0. 05638 03334 361076 1. 108 0. 10255 65883 250921 1. 158 0. 14669 43791 508035
1. 059 0.05732 50666 192694 1. 109 0. 10345 87083 682300 1. 159 0. 14755 75643 576147

1. 060 0. 05826 89081 239758 1. 110 0. 10436 00153 242428 1. 160 0. 14842 00051 182733
1. 061 0.05921 18596 318461 1.111 0. 10526 05106 574929 1. 161 0. 14928 17027 157544
1. 062 0. 06015 39228 197471 1.112 0. 10616 01958 283906 1.162 0. 15014 26584 297195
1. 063 0. 06109 50993 598109 1.113 0. 10705 90722 934078 1.163 0. 15100 28735 365274
1. 064 0. 06203 53909 194526 1. 114 0. 10795 71415 050923 1. 164 0. 15186 23493 092461

1. 065 0. 06297 47991 613884 1. 115 0. 10885 44049 120821 1.165 0. 15272 10870 176639
1. 066 0.06391 33257 436528 1. 116 0. 10975 08639 591192 1. 166 0. 15357 90879 283006
1. 067 0.06485 09723 196163 1. 117 0.11064 65200 870637 1. 167 0. 15443 63533 044189
1. 068 0. 06578 77405 380031 1. 118 0. 11154 13747 329074 1.168 0. 15529 28844 060353
1. 069 0. 06672 36320 429082 1. 119 0. 11243 54293 297882 1. 169 0. 15614 86824 899314

1. 070 0. 06765 86484 738148 1. 120 0.11332 86853 070032 1. 170 0. 15700 37488 096648
1. 071 0. 06859 27914 656117 1. 121 0. 11422 11440 900229 1.171 0. 15785 80846 155803
1. 072 0. 06952 60626 486102 1. 122 0. 11511 28071 005046 1. 172 0.15871 16911 548209
1. 073 0.07045 84636 485614 1. 123 0. 11600 36757 563061 1. 173 0. 15956 45696 713384
1. 074 0.07138 99960 866729 1. 124 0. 11689 37514 714993 1.174 0. 16041 67214 059047

1. 075 0. 07232 06615 796261 1.125 0. 11778 30356 563835 1.175 0. 16126 81475 961223
1. 076 0. 07325 04617 395927 1. 126 0. 11867 15297 174986 1.176 0. 16211 88494 764352
1. 077 0. 07417 93981 742515 1. 127 0.11955 92350 576392 1.177 0. 16296 88282 781397
1. 078 0. 07510 74724 868054 1. 128 0. 12044 61530 758672 1. 178 0. 16381 80852 293950
1. 079 0. 07603 46862 759976 1. 129 0. 12133 22851 675250 1. 179 0. 16466 66215 552339

1. 080 0. 07696 1041]. 361283 1. 130 0. 12221 76327 242492 1. 180 0. 16551 44384 775734
1. 081 0. 07788 65386 570712 1. 131 0. 12310 21971 339834 1.181 0. 16636 15372 152253
1. 082 0. 07881 11804 242898 1. 132 0. 12398 59797 809912 1. 182 0. 16720 79189 839065
1. 083 0. 07973 49680 188536 1. 133 0. 12486 89820 458693 1. 183 0. 16805 35849 962497
1. 084 0. 08065 79030 174545 1. 134 0. 12575 12053 055603 1. 184 0. 16889 85364 618139

1. 085 0. 08157 99869 924229 1. 135 0. 12663 26509 333660 1. 185 0. 16974 27745 870945
1. 086 0. 08250 12215 117437 1. 136 0. 12751 33202 989596 1. 186 0. 17058 63005 755337
1. 087 0. 08342 16081 390724 1. 137 0. 12839 32147 683990 1.187 0. 17142 91156 275310
1. 088 0. 08434 11484 337509 1. 138 0. 12927 23357 041392 1. 188 0. 17227 12209 404532
1. 089 0. 08525 98439 508234 1.139 0. 13015 06844 650451 1. 189 0. 17311 26177 086448

1. 090 0. 08617 76962 410523 1. 140 0. 13102 82624 064041 1. 190 0. 17395 33071 234380
1.091 0. 08709 47068 509338 1. 141 0. 13190 50708 799386 1. 191 0. 17479 32903 731631
1. 092 0. 08801 08773 227133 1.142 0. 13278 11112 338185 1. 192 0. 17563 25686 431580
1. 093 0. 08892 62091 944015 1. 143 0. 13365 63848 126736 1. 193 0. 17647 11431 157791
1. 094 0. 08984 07039 997895 1. 144 0. 13453 08929 576062 1. 194 0. 17730 90149 704103

1. 095 0. 09075 43632 684641 1. 145 0. 13540 46370 062030 1. 195 0. 17814 61853 834740
1. 096 0. 09166 71885 258238 1. 146 0. 13627 76182 925478 1. 196 0. 17898 26555 284400
1. 097 0. 09257 91812 930932 1. 147 0. 13714 98381 472336 1. 197 0. 17981 84265 758361
1. 098 0. 09349 03430 873389 1. 148 0. 13802 12978 973747 1. 198 0. 18065 34996 932576
1. 099 0. 09440 06754 214843 1. 149 0. 13889 19988 666186 1. 199 0. 18148 78760 453772

1.100 0. 09531 01798 043249 1.150 0. 13976 19423 751587 1.200 0.18232 15567 939546
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1.200 0. 18232 15567 939546 1.250 0. 22314 35513 142098 1. 300 0. 26236 42644 674911
1.201 0. 18315 45430 978465 1. 25]. 0. 22394 32314 847741 1. 301 0. 26313 31995 303682
1. 202 0. 18398 68361 130158 1. 252 0. 22474 22726 779068 1. 302 0. 26390 15437 863775
1.203 0. 18481 84369 925418 1. 253 0. 22554 06759 139312 1. 303 0. 26466 92981 427081
1. 204 0. 18564 93468 866293 1. 254 0.22633 84422 107290 1. 304 0. 26543 64635 044612

1. 205 0. 18647 95669 426183 1. 255 0. 22713 55725 837472 1. 305 0. 26620 30407 746567
1. 206 0. 18730 90983 049937 1. 256 0. 22793 20680 460069 1. 306 0. 26696 90308 542393
1. 207 0. 18813 79421 153944 1. 257 0. 22872 79296 081104 1. 307 0. 26773 44346 420849
1.208 0. 18896 60995 126232 1. 258 0. 22952 31582 782488 1. 308 0. 26849 92530 350070
1. 209 0. 18979 35716 326556 1. 259 0. 23031 77550 622101 1. 309 0. 26926 34869 277629

1. 210 0. 19062 03596 086497 1. 260 0.23111 17209 633866 1. 310 0. 27002 71372 130602
1. 211 0. 19144 64645 709552 1. 261 0. 23190 50569 827825 1. 311 0. 27079 02047 815628
1. 212 0. 19227 18876 471227 1. 262 0. 23269 77641 190214 1. 312 0. 27155 26905 218973
1. 213 0. 19309 66299 619131 1.263 0. 23348 98433 683541 1. 313 0. 27231 45953 206591
1. 214 0. 19392 06926 373065 1.264 0. 23428 12957 246657 1. 314 0. 27307 59200 624188

1. 215 0. 19474 40767 925118 1. 265 0. 23507 21221 794836 1. 315 0. 27383 66656 297279
1. 216 0. 19556 67835 439753 1. 266 0. 23586 23237 219844 1. 316 0. 27459 68329 031255
1.217 0. 19638 88140 053901 1. 267 0. 23665 19013 390020 1. 317 0. 27535 64227 611440
1. 218 0. 19721 01692 87705:3 1. 268 0. 23744 08560 150342 1.318 0. 27611 54360 803155
1. 219 0. 19803 08504 991345 1. 269 0. 23822 91887 322506 1. 319 0. 27687 38737 351775

1. 220 0. 19885 08587 451652 1.270 0. 23901 69004 704999 1.320 0. 27763 17365 982795
1.221 0. 19967 01951 285676 1. 271 0. 23980 39922 073170 1. 321 0. 27838 90255 401883
1. 222 0. 20048 88607 494036 1. 272 0. 24059 04649 179304 1. 322 0. 27914 57414 294945
1. 223 0. 20130 68567 050353 1. 273 0. 24137 63195 752695 1.323 0. 27990 18851 328186
1. 224 0. 20212 41840 901343 1. 274 0. 24216 15571 499716 1. 324 0. 28065 74575 148165

1. 225 0. 20294 08439 966903 1.275 0. 24294 61786 103895 1. 325 0. 28141 24594 381855
1. 226 0. 20 375 68375 140197 1. 276 0. 24373 01849 225981 1. 326 0. 28216 68917 636708
1. 227 0.20457 21657 287744 1. 277 0. 24451 35770 504022 1. 327 0. 28292 07553 500705
1. 228 0.20538 68297 249507 1. 278 0. 24529 63559 553431 1. 328 0. 28367 40510 542421
L 229 0. 20620 08305 838978 1. 279 0. 24607 85225 967056 1. 329 0. 28442 67797 311083

1. 230 0. 20701 41693 843261 1. 280 0. 24686 00779 315258 1. 330 0. 28517 89422 336624
1.231 0. 20782 68472 023165 1. 281 0. 24764 10229 145972 1. 331 0. 28593 05394 129746
1.232 0. 20863 88651 113280 1. 282 0. 24842 13584 984783 1. 332 0. 28668 15721 181974
1. 233 0. 20945 02241 822072 1.283 0. 24920 10856 334994 1. 333 0. 28743 20411 965716
1. 234 0. 21026 09254 831961 1. 284 0. 24998 02052 677694 1. 334 0. 28818 19474 934320

1. 235 0.21107 09700 799405 1. 285 0. 25075 87183 471831 1. 335 0. 28893 12918 522129
1.236 0. 21188 03590 354990 1. 286 0. 25153 66258 154276 1. 336 0. 28968 00751 144540
1. 237 0.21268 90934 103508 1. 287 0. 25231 39286 139896 1. 337 0. 29042 82981 198061
1. 238 0. 21349 71742 624044 1. 288 0. 25309 06276 821619 1. 338 0. 29117 59617 060367
1. 239 0. 21430 46026 470054 1. 289 0. 25386 67239 570503 1. 339 0. 29192 30667 090355

1. 240 0. 21511 13796 169455 1. 290 0.25464 22183 735807 1. 340 0. 29266 96139 628200
1. 241 0.21591 75062 224702 1. 291 0. 25541 71118 645054 1. 341 0. 29341 56042 995415
1. 242 0.21672 29835 112870 1. 292 0. 25619 14053 604101 1. 342 0. 29416 10385 494901
1. 243 0.21752 78125 285741 1. 293 0. 25696 50997 897204 1. 343 0. 29490 59175 411005
1. 244 0. 21833 19943 169877 1. 294 0.25773 81960 787088 1. 344 0. 29565 02421 009578

1. 245 0.21913 55299 166709 1. 295 0. 25851 06951 515011 1. 345 0. 29639 40130 538024
1. 246 0. 21993 84203 652614 1.296 0. 25928 25979 300830 1. 346 0. 29713 72312 225361
1. 247 0. 22074 06666 978994 1. 297 0. 26005 39053 343068 1. 347 0. 29787 98974 282269
1. 248 0.22154 22699 472359 1. 298 0. 26082 46182 818983 1. 348 0. 29862 20124 901153
1. 249 0. 22234 32311 434406 1. 299 0. 26159 47376 884625 1. 349 0. 29936 35772 256188

1.250 0.22314 35513 142098 1. 300 0. 26236 42644 674911 1. 350 0. 30010 45924 503381
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1. 350 0. 30010 45924 503381 1. 400 0. 33647 22366 212129 1.450 0. 37156 35564 324830
L 351 0. 30084 50589 780618 1. 401 0. 33718 62673 548700 1.451 0. 37225 29739 020508
1. 352 0. 30158 49776 207723 1. 402 0. 33789 97886 123983 1.452 0. 37294 19164 026043
1. 353 0. 30232 43491 886510 1. 403 0. 33861 28011 203239 1. 453 0. 37363 03845 881459
1. 354 0. 30306 31744 900833 1. 404 0. 33932 53056 036194 1.454 0. 37431 83791 113276

1. 355 0. 30380 14543 316642 1. 405 0. 34003 73027 857091 1. 455 0. 37500 59006 234558
1. 356 0. 30453 91895 182038 1. 406 0. 34074 87933 884732 1. 456 0. 37569 29497 744942
1. 357 0. 30527 63808 527321 1. 407 0. 34145 97781 322520 1. 457 0. 37637 95272 130678
1. 358 0. 30601 30291 365044 1.408 0. 34217 02577 358507 1.458 0. 37706 56335 864664
1. 359 0. 30674 91351 690067 1. 409 0. 34288 02329 165432 1. 459 0. 37775 12695 406486

1. 360 0. 30748 46997 479606 1. 410 0. 34358 97043 900769 1. 460 0. 37843 64357 202451
1. 361 0. 30821 97236 693290 1. 411 0. 34429 86728 706770 1.461 0. 37912 11327 685624
1. 362 0. 30895 42077 273206 1. 412 0. 34500 71390 710503 1.462 0. 37980 53613 275868
1. 363 0. 30968 81527 143956 1. 413 0. 34571 51037 023904 1.463 0.38048 91220 379873
1. 364 0. 31042 15594 212704 1. 414 0. 34642 25674 743810 1. 464 0. 38117 24155 391198

1. 365 0. 31115 44286 369231 1.415 0. 34712 95310 952009 1. 465 0. 38185 52424 690306
1. 366 0. 31188 67611 485983 1. 416 0. 34783 59952 715280 L 466 0. 38253 76034 644597
1. 367 0. 31261 85577 418125 1. 417 0. 34854 19607 085434 1.467 0. 38321 94991 608447
1. 368 0. 31334 98192 003587 1. 418 0. 34924 74281 099358 1. 468 0. 38390 09301 923238
1. 369 0. 31408 05463 063118 1. 419 0. 34995 23981 779056 1.469 0. 38458 18971 917403

1. 370 0. 31481 07398 400335 1. 420 0. 35065 68716 131694 1.470 0. 38526 24007 906449
1. 371 0. 31554 04005 801773 1.421 0. 35136 08491 149636 1.471 0. 38594 24416 193005
1. 372 0. 31626 95293 036935 1. 422 0. 35206 43313 810491 1. 472 0. 38662 20203 066845
1. 373 0. 31699 81267 858340 1. 423 0. 35276 73191 077153 1. 473 0. 38730 11374 804932
1. 374 0. 31772 61938 001576 1. 424 0. 35346 98129 897840 1. 474 0. 38797 97937 671449

1. 375 0. 31845 37311 185346 1. 425 0. 35417 18137 206138 1. 475 0. 38865 79897 917831
1. 376 0. 31918 07395 111519 1. 426 0. 35487 33219 921042 1.476 0. 38933 57261 782808
1. 377 0. 31990 72197 465178 1. 427 0. 35557 43384 946994 1.477 0. 39001 30035 492427
1. 378 0. 32063 31725 914668 1.428 0. 35627 48639 173926 1.478 0. 39068 98225 260100
1. 379 0. 32135 85988 111648 1. 429 0. 35697 48989 477304 1.479 0. 39136 61837 286627

1. 380 0. 32208 34991 691133 1.430 0. 35767 44442 718159 1. 480 0. 39204 20877 760237
1. 381 0. 32280 78744 271551 1. 431 0. 35837 35005 743139 1.481 0. 39271 75352 856617
1. 382 0. 32353 17253 454782 1. 432 0. 35907 20685 384539 1.482 0. 39339 25268 738951
1. 383 0. 32425 50526 826212 1. 433 0. 35977 01488 460348 1. 483 0. 39406 70631 557950
L 384 0. 32497 78571 954778 1. 434 0. 36046 77421 774286 1. 484 0. 39474 11447 451887

1. 385 0. 32570 01396 393018 1. 435 0. 36116 48492 115844 1.485 0. 39541 47722 546629
1. 386 0. 32642 19007 677115 1. 436 0. 36186 14706 260324 1. 486 0. 39608 79462 955674
1. 387 0. 32714 31413 326945 1. 437 0. 36255 76070 968879 1.487 0. 39676 06674 780180
1. 388 0. 32786 38620 846128 1. 438 0.36325 32592 988549 1.488 0. 39743 29364 109001
1. 389 0. 32858 40637 722067 1. 439 0. 36394 84279 052308 1.489 0. 39810 47537 018719

1. 390 0. 32930 37471 426004 1. 440 0. 36464 31135 879093 1. 490 0. 39877 61199 573678
1. 391 0. 33002 29129 413059 1. 441 0.36533 73170 173850 1.491 0. 39944 70357 826014
1. 392 0. 33074 15619 122279 1. 442 0. 36603 10388 627573 1. 492 0. 40011 75017 815691
1. 393 0. 33145 96947 976686 1. 443 0. 36672 42797 917338 1. 493 0.40078 75185 570533
1. 394 0. 33217 73123 383321 1. 444 0. 36741 70404 706345 1.494 0.40145 70867 106256

1. 395 0. 33289 44152 733290 1. 445 0. 36810 93215 643955 1.495 0. 40212 62068 426497
1. 396 0. 33361 10043 401807 1. 446 0. 36880 11237 365729 1. 496 0.40279 48795 522855
1. 397 0. 33432 70802 748248 1. 447 0. 36949 24476 493468 1.497 0. 40346 31054 374913
1. 398 0. 33504 26438 116185 1. 448 0. 37018 32939 635246 1. 498 0.40413 08850 950277
1. 399 0. 33575 76956 833441 1. 449 0. 37087 36633 385453 1. 499 0.40479 82191 204607

1.400 0. 33647 22366 212129 1.450 0. 37156 35564 324830 1.500 0.40546 51081 081644
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Table 4.2 NATURAL LOGARITHMS

X In X In x X

1. 500 0. 40546 51081 081644 1. 550 0. 43825 49309 311553 1. 600 0. 47000
1. 501 0. 40613 15526 513249 1. 551 0. 43889 98841 944018 1. 601 0. 47062
1. 502 0. 40679 75533 419430 1. 552 0. 43954 44217 610270 1. 602 0. 47125
1. 503 0. 40746 31107 708374 1. 553 0. 44018 85441 665500 1.603 0. 47187
1. 504 0. 40812 82255 276481 1. 554 0. 44083 22519 454557 1. 604 0. 47250

1. 505 0. 40879 28982 008391 1. 555 0. 44147 55456 311975 1. 605 0.47312
1. 506 0. 40945 71293 777018 1. 556 0.44211 84257 561999 1. 606 0. 47374
1. 507 0. 41012 09196 443584 1. 557 0. 44276 08928 518613 1. 607 0. 47436
1. 508 0. 41078 42695 857643 1. 558 0. 44340 29474 485565 1. 608 0. 47499
1.509 0. 41144 71797 857118 1. 559 0. 44404 45900 756395 1. 609 0. 47561

1. 510 0. 41210 96508 268330 1.560 0. 44468 58212 614457 1.610 0. 47623
1. 511 0. 41277 16832 906025 1. 561 0. 44532 66415 332950 1. 611 0. 47685
1. 512 0. 41343 32777 573413 1. 562 0. 44596 70514 174942 1. 612 0. 47747
1. 513 0. 41409 44348 062189 1. 563 0. 44660 70514 393396 1.613 0. 47809
1.514 0. 41475 51550 152570 1. 564 0. 44724 66421 231193 1.614 0. 47871

1.515 0. 41541 54389 613325 1. 565 0. 44788 58239 921165 1. 615 0. 47933
1. 516 0. 41607 52872 201799 1. 566 0. 44852 45975 686114 1. 616 0. 47995
1.517 0. 41673 47003 663952 1.567 0. 44916 29633 738838 1. 617 0. 48057
1. 518 0. 41739 36789 734382 1.568 0. 44980 09219 282161 1. 618 0. 48119
1. 519 0.41805 22236 136358 1. 569 0. 45043 84737 508955 1. 619 0. 48180

1.520 0. 41871 03348 581850 1. 570 0. 45107 56193 602167 1. 620 0. 48242
1.521 0. 41936 80132 771558 1. 571 0. 45171 23592 734841 1.621 0. 48304
1. 522 0. 42002 52594 394941 1. 572 0. 45234 86940 070148 1. 622 0. 48365
1. 523 0. 42068 20739 130248 1. 573 0. 45298 46240 761408 1. 623 0. 48427
1. 524 0.42133 84572 644545 1. 574 0.45362 01499 952115 1. 624 0. 48489

1. 525 0.42199 44100 593749 1. 575 0. 45425 52722 775964 1. 625 0. 48550
1. 526 0. 42264 99328 622653 1. 576 0. 45488 99914 356874 1. 626 0. 48612
1. 527 0. 42330 50262 364954 1. 577 0. 45552 43079 809013 1. 627 0. 48673
1. 528 0. 42395 96907 443287 1. 578 0. 45615 82224 236825 1. 628 0. 48735
1. 529 0. 42461 39269 469252 1.579 0. 45679 17352 735050 1. 629 0. 48796

1. 530 0. 42526 77354 043441 1.580 0. 45742 48470 388754 1. 630 0. 48858
1. 531 0. 42592 1±166 7554\67 1. 581 0. 45805 75582 273350 1. 631 0. 48919
1. 532 0. 42657 40713 183996 1. 582 0. 45868 98693 454621 1. 632 0. 48980
1. 533 0. 42722 65998 896771 1. 583 0. 45932 17808 988751 1. 633 0. 49041
1. 534 0. 42787 87029 450644 1. 584 0. 45995 32933 922341 1.634 0. 49103

1.535 0. 42853 03810 391605 1.585 0. 46058 44073 292439 1. 635 0.49164
1. 536 0. 42918 16347 254804 1. 586 0. 46121 51232 126562 1. 636 0. 49225
1. 537 0. 42983 24645 564588 1. 587 0. 46184 54415 442720 1. 637 0. 49286
1. 538 0. 43048 28710 834522 1. 588 0. 46247 53628 249440 1. 638 0. 49347
1. 539 0. 43113 28548 567422 1. 589 0. 46310 48875 545789 1. 639 0. 49408

1.540 0. 43178 24164 255378 1. 590 0. 46313 40162 321402 1.640 0. 49469
1. 541 0. 43243 15563 379787 1. 591 0. 46436 27493 556498 1. 641 0. 49530
1. 542 0. 43308 02751 411377 1.592 0. 46499 10874 221913 1. 642 0. 49591
1. 543 0. 43372 85733 810238 1. 593 0. 46561 90309 279115 1. 643 0. 49652
1. 544 0. 43437 64516 025844 1.594 0. 46624 65803 680233 1.644 0.49713

1. 545 0. 43502 39103 497088 1. 595 0. 46687 37362 368079 1.645 0. 49774
1. 546 0. 43567 09501 652302 1. 596 0. 46750 04990 276170 1.646 0. 49834
1. 547 0. 43631 75715 909291 1. 597 0. 46812 68692 328754 1. 647 0. 49895
1. 548 0. 43696 37751 675354 1. 598 0. 46875 28473 440829 1. 648 0. 49956
1. 549 0. 43760 95614 347316 1. 599 0. 46937 84338 518172 1. 649 0.50016

1. 550 0. 43825 49309 311553 1.600 0. 47000 36292 457356 1.650 0. 50077
(-8)6
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In x

36292 457356
84340 145776
28486 461675
68736 274159
05094 443228

37565 819792
66155 245699
90867 553755
11707 567746
28680 102462

41789 963716
51041 948373
56440 844365
57991 430718
55698 477571

49566 746199
39600 989036
25805 949698
08186 362999
86746 954981

61492 442927
32427 535391
99556 932212
62885 324542
22417 394862

78157 817008
30111 256188
78282 369007
22675 803486
63296 199081

00148 186710
33236 388768
62565 419153
88139 883281
09964 378111

28043 492167
42381 805553
52983 889979
59854 308777
62997 616926

62418 361071
58121 079538
50110 302365
38390 551310
22966 339882

03842 173352
81022 548781
54511 955033
24314 872800
90435 774619

52879 124892
[(j) 5]
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Table 4.2

in x

1.650 0.50077 52879 124892 1.700 0. 53062 82510 621704 1.750 0. 55961 57879 354227
1.651 0.50138 11649 379910 1.701 0.53121 63134 137247 1. 751 0. 56018 70533 037148
1. 652 0. 50198 66750 987863 1. 702 0. 53180 40301 511824 1. 752 0. 56075 79925 141997
1.653 0.50259 18188 388871 1.703 0. 53239 14016 805512 1. 753 0. 56132 86059 390974
1.654 0.50319 65966 014996 1.704 0. 53297 84284 071240 1. 754 0. 56189 88939 499913

1.655 0.50380 10088 290262 1.705 0. 53356 51107 354801 1. 755 0. 56246 88569 178291
1.656 0.50440 50559 630679 1.706 0. 53415 14490 694874 1. 756 0. 56303 84952 129249
1.657 0.50500 87384 444259 1.707 0. 53473 74438 123036 1.757 0. 56360 78092 049601
1.658 0.50561 20567 131032 1.708 0.53532 30953 663781 1. 758 0. 56417 67992 629853
1.659 0.50621 50112 083074 1.709 0. 53590 84041 334538 1.759 0. 56474 54657 554211

1.660 0.50681 76023 684519 1.710 0. 53649 33705 145685 1.760 0. 56531 38090 500604
1.661 0. 50741 98306 311578 1.711 0. 53707 79949 100564 1.761 0. 56588 18295 140691
1. 662 0.50802 16964 332564 1. 712 0. 53766 22777 195504 1. 762 0. 56644 95275 139878
1.663 0.50862 32002 107906 1.713 0. 53824 62193 419829 1.763 0. 56701 69034 157332
1.664 0.50922 43423 990168 1.714 0. 53882 98201 755880 1.764 0. 56758 39575 845996

1.665 0.50982 51234 324071 1.715 0. 53941 30806 179032 1.765 0. 56815 06903 852601
1.666 0.51042 55437 446509 1.716 0.53999 60010 657705 1. 766 0. 56871 71021 817683
1.667 0. 51102 56037 686569 1.717 0. 54057 85819 153385 1. 767 0. 56928 31933 375593
1.668 0.51162 53039 365550 1.718 0. 54116 08235 620636 1. 768 0. 56984 89642 154517
1.669 0.51222 46446 796980 1.719 0. 54174 27264 007122 1.769 0. 57041 44151 776482

1.670 0. 51282 36264 286637 1.720 0. 54232 42908 253617 1. 770 0. 57097 95465 857378
1.671 0. 51342 22496 132567 1.721 0. 54290 55172 294024 1. 771 0. 57154 43588 006965
1.672 0.51402 05146 625099 1.722 0. 54348 64060 055391 1. 772 0. 57210 88521 828892
1.673 0.51461 84220 046869 1.723 0. 54406 69575 457926 1.773 0. 57267 30270 920708
1.674 0.51521 59720 672836 1.724 0. 54464 71722 415014 1.774 0. 57323 68838 873877

1. 675 0.51581 31652 770298 1. 725 0. 54522 70504 833231 1.775 0. 57380 04229 273791
1.676 0.51641 00020 598913 1.726 0. 54580 65926 612362 1.776 0. 57436 36445 699783
1.677 0.51700 64828 410718 1.727 0. 54638 51991 645415 1. 777 0. 57492 65491 725143
1.678 0.51760 26080 450144 1.728 0. 54696 46703 818639 1.778 0. 57548 91370 917128
1. 679 0. 51819 83780 954038 1. 729 0. 54754 32067 011534 1.779 0. 57605 14086 836981

1.680 0.51879 37934 151676 1.730 0. 54812 14085 096876 1.780 0. 57661 33643 039938
1.681 0.51938 88544 264786 1.731 0.54869 92761 940722 1.781 0. 57717 50043 075246
1.682 0.51998 35615 507563 1.732 0. 54927 68101 402434 1.782 0. 57773 63290 486176
1.683 0. 52057 79152 086690 1.733 0. 54985 40107 334690 1.783 0. 57829 73388 810034
1.684 0.52117 19158 201350 1.734 0. 55043 08783 583501 1. 784 0. 57885 80341 578176

1.685 0.52176 55638 043250 1.735 0. 55100 74133 988225 1. 785 0. 57941 84152 316024
1.686 0. 52235 88595 796637 1.736 0. 55158 36162 381584 1.786 0. 57997 84824 543073
1.687 0.52295 18035 638312 1.737 0. 55215 94872 589679 1. 787 0. 58053 82361 772910
1.688 0.52354 43961 737654 1.738 0. 55273 50268 432003 1.788 0. 58109 76767 513224
1.689 0.52413 66378 256630 1.739 0. 55331 02353 721460 1. 789 0. 58165 68045 265821

1.690 0. 52472 85289 349821 1.740 0. 55388 51132 264377 1.790 0. 58221 56198 526636
1.691 0.52532 00699 164432 1.741 0. 55445 96607 860520 1.791 0. 58277 41230 785747
1.692 0. 52591 12611 840315 1.742 0. 55503 38784 303111 1.792 0. 58333 23145 527387
1.693 0. 52650 21031 509983 1.743 0. 55560 77665 378839 1.793 0. 58389 01946 229958
1.694 0.52709 25962 298627 1.744 0. 55618 13254 867879 1.794 0. 58444 77636 366044

1. 695 0. 52768 27408 324136 1. 745 0. 55675 45556 543905 1.795 0. 58500 50219 402422
1. 696 0. 52827 25373 697113 1. 746 0. 55732 74574 174105 1. 796 0. 58556 19698 800079
1. 697 0.52886 19862 520893 1. 747 0.55790 00311 519195 1.797 0. 58611 86078 014220
1.698 0.52945 10878 891556 1.748 0. 55847 22772 333437 1. 798 0. 58667 49360 494285
1. 699 0. 53003 98426 897950 1. 749 0. 55904 41960 364650 1.799 0. 58723 09549 683961

1.700 0.53062 82510 621704 1.750 0. 55961 57879 354227 1.800 0.58778 66649 021190

ELEMENTARY TRANSCENDENTAL FUNCTIONS 111
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1. 800 0. 58778 66649 021190 1. 850 0. 61518 56390 902335 1.900 0. 64185
1.801 0. 58834 20661 938190 1. 851 0. 61572 60335 913605 1.901 0. 64238
1. 802 0. 58889 71591 861462 1. 852 0. 61626 61362 239876 1. 902 0. 64290
1. 803 0. 58945 19442 211802 1. 853 0. 61680 59473 032227 1.903 0. 64343
1. 804 0. 59000 64216 404319 1. 854 0. 61734 54671 436634 1. 904 0. 64395

1. 805 0. 59056 05917 848442 1. 855 0. 61788 46960 593985 1. 905 0. 64448
1. 806 0. 59111 44549 947937 1. 856 0. 61842 36343 640088 1.906 0. 64500
1. 807 0. 59166 80116 100914 1. 857 0. 61896 22823 705687 1.907 0. 64553
1. 808 0. 59222 12619 699848 1. 858 0. 61950 06403 916468 1. 908 0. 64605
1. 809 0. 59277 42064 131581 1. 859 0. 62003 87087 393070 1.909 0. 64657

1.810 0. 59332 68452 777344 1. 860 0. 62057 64877 251099 1. 910 0. 64710
1. 811 0. 59387 91789 012763 1. 861 0. 62111 39776 601137 1.911 0. 64762
1. 812 0. 59443 12076 207876 1. 862 0. 62165 11788 548753 1.912 0. 64814
1. 813 0. 59498 29317 727140 1. 863 0. 62218 80916 194514 1.913 0. 64867
1. 814 0. 59553 43516 929449 1. 864 0. 62272 47162 633994 1.914 0. 64919

1. 815 0. 59608 54677 168141 1. 865 0. 62326 10530 957789 1.915 0. 64971
1. 816 0. 59663 62801 791016 1. 866 0. 62379 71024 251521 1. 916 0. 65023
1. 817 0. 59718 67894 140341 1. 867 0. 62433 28645 595856 1. 917 0. 65076
1. 818 0. 59773 69957 552871 1. 868 0. 62486 83398 066509 1.918 0. 65128
1. 819 0. 59828 68995 359852 1. 869 0. 62540 35284 734258 1. 919 0. 65180

1. 820 0. 59883 65010 887040 1. 870 0. 62593 84308 664953 1. 920 0. 65232
1.821 0. 59938 58007 454709 1. 871 0. 62647 30472 919526 1.921 0. 65284
1. 822 0. 59993 47988 377666 1. 872 0. 62700 73780 554003 1. 922 0. 65336
1. 823 0. 60048 34956 965260 1. 873 0. 62754 14234 619515 1. 923 0. 65388
1. 824 0. 60103 18916 521396 1. 874 0. 62807 51838 162304 1.924 0. 65440

1. 825 0.60157 99870 344548 1. 875 0. 62860 86594 223741 1.925 0. 65492
1. 826 0. 60212 77821 727767 1. 876 0. 62914 18505 840329 1.926 0. 65544
1. 827 0. 60267 52773 958697 1. 877 0. 62967 47576 043718 1. 927 0. 65596
1. 828 0. 60322 24730 319583 1. 878 0. 63020' 73807 860712 1.928 0. 65648
1. 829 0. 60376 93694 087286 1. 879 0. 63073 97204 313283 1. 929 0. 65700

1.830 0. 60431 59668 533296 1. 880 0. 63127 17768 418578 1.930 0. 65752
1. 831 0. 60486 22656 923737 1. 881 0. 63180 35503 188933 1.931 0. 65803
1. 832 0. 60540 82662 519385 1. 882 0. 63233 50411 631879 1. 932 0. 65855
1. 833 0. 60595 39688 575680 1. 883 0. 63286 62496 750154 1.933 0. 65907
1. 834 0. 60649 93738 342731 1. 884 0. 63339 71761 541713 1. 934 0. 65959

1. 835 0. 60704 44815 065336 1. 885 0. 63392 78208 999741 1. 935 0.66010
1. 836 0. 60758 92921 982987 1. 886 0. 63445 81842 112658 1.936 0. 66062
1. 837 0. 60813 38062 329886 1. 887 0. 63498 82663 864132 1.937 0. 66114
1. 838 0. 60867 80239 334953 1. 888 0. 63551 80677 233089 1. 938 0. 66165
1. 839 0. 60922 19456 221840 1. 889 0. 63604 75885 193725 1. 939 0. 66217

1. 840 0. 60976 55716 208943 1. 890 0. 63657 68290 715510 1.940 0. 66268
1. 841 0. 61030 89022 509408 1. 891 0. 63710 57896 763204 1.941 0. 66320
1. 842 0. 61085 19378 331151 1. 892 0. 63763 44706 296865 1.942 0. 66371
1. 843 0. 61139 46786 876862 1. 893 0. 63816 28722 271858 1. 943 0. 66423
1. 844 0. 61193 71251 344021 1. 894 0. 63869 09947 638865 1.944 0. 66474

1. 845 0. 61247 92774 924905 1. 895 0. 63921 88385 343897 1.945 0. 66526
1. 846 0. 61302 11360 806604 1. 896 0. 63974 64038 328301 1. 946 0. 66577
1. 847 0. 61356 27012 171029 1. 897 0. 64027 36909 528772 1. 947 0. 66628
1. 848 0. 61410 39732 194924 1. 898 0. 64080 07001 877361 1. 948 0. 66680
1. 849 0. 61464 49524 049878 1. 899 0. 64132 74318 301488 1. 949 0. 66731

1.850 0.61518 56390 902335 1.900 0.64185 38861 723948 1.950 0. 66782

r(-8)4
15

1 (-8)4
L5

in x

38861 723948
00635 062921
59641 231986
15883 140124
69363 691736

20085 786643
68052 320104
13266 182820
55730 260948
95447 436106

32420 585385
66652 581360
98146 292095
26904 581158
52930 307625

76226 326093
96795 486688
14640 635074
29764 612465
42170 255629

51860 396902
58837 864196
63105 481007
64666 066427
63522 435147

59677 397475
53133 759338
43894 322293
31961 883539
17339 235920

00029 167942
80034 463774
57357 903263
32002 261938
03970 311026

73264 817451
39888 543853
03844 248588
65134 685745
23762 605148

79730 752368
33041 868732
83698 691332
31703 953030
77060 382473

19770 704096
59837 638133
97263 900626
32052 203434
64205 254238

93725 756554

[1]
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Table 4.2

in x

1. 950 0. 66782 93725 756554 2. 000 0. 69314 71805 599453 2. 050 0. 71783 97931 503168
1. 951 0. 66834 20616 409742 2. 001 0. 69364 70556 015964 2. 051 0. 71832 74790 902436
1. 952 0. 66885 44879 909007 2. 002 0. 69414 66808 930288 2. 052 0. 71881 49273 085231
1. 953 0. 66936 66518 945419 2. 003 0. 69464 60566 836812 2. 053 0. 71930 21380 367965
1. 954 0. 66987 85536 205910 2. 004 0. 69514 51832 226184 2. 054 0. 71978 91115 063665

1. 955 0. 67039 01934 373291 2. 005 0. 69564 40607 585325 2.055 0. 72027 58479 481979
1. 956 0. 67090 15716 126256 2. 006 0. 69614 26895 397438 2. 056 0. 72076 23475 929187
1. 957 0. 67141 26884 139392 2. 007 0. 69664 10698 142011 2.057 0. 72124 86106 708201
L 958 0. 67192 35441 083186 2. 008 0. 69713 92018 294828 2.058 0. 72173 46374 118579
1. 959 0. 67243 41389 624037 2. 009 0. 69763 70858 327974 2. 059 0. 72222 04280 456524

1. 960 0. 67294 44732 424259 2.010 0. 69813 47220 709844 2. 060 0. 72270 59828 014897
1. 961 0. 67345 45472 142092 2. 011 0. 69863 21107 905150 2. 061 0. 72319 13019 083220
1. 962 0. 67396 43611 431713 2. 012 0. 69912 92522 374928 2. 062 0. 72367 63855 947682
1. 963 0. 67447 39152 943240 2. 013 0. 69962 61466 576544 2. 063 0. 72416 12340 891148
1. 964 0. 67498 32099 322741 2. 014 0. 70012 27942 963706 2. 064 0. 72464 58476 193163

1. 965 0. 67549 22453 212246 2. 015 0. 70061 91953 986463 2. 065 0. 72513 02264 129961
1. 966 0. 67600 10217 249748 2.016 0. 70111 53502 091222 2. 066 0. 72561 43706 974468
1. 967 0. 67650 95394 069220 2.017 0. 70161 12589 720747 2. 067 0. 72609 82806 996312
1. 968 0. 67701 77986 300617 2. 018 0.70210 69219 314172 2. 068 0. 72658 19566 461827
1. 969 0. 67752 57996 569885 2. 019 0. 70260 23393 307004 2. 069 0. 72706 53987 634060

1. 970 0. 67803 35427 498971 2. 020 0. 70309 75114 131134 2. 070 0. 72754 86072 772777
1. 971 0. 67854 10281 705832 2. 021 0. 70359 24384 214840 2. 071 0. 72803 15824 134471
1. 972 0. 67904 82561 804437 2. 022 0. 70408 71205 982797 2. 072 0. 72851 43243 972366
1. 973 0. 67955 52270 404783 2. 03 0. 70458 15581 856084 2. 073 0. 72899 68334 536425
1. 974 0. 68006 19410 112898 2. 024 0. 70507 57514 252191 2. 074 0. 72947 91098 073356

1. 975 0. 68056 83983 530852 2. 025 0. 70556 97005 585025 2. 075 0. 72996 11536 826616
1. 976 0. 68107 45993 256761 2. 026 0. 70606 34058 264916 2. 076 0. 73044 29653 036422
1. 977 0. 68158 05441 884799 2. 027 0. 70655 68674 698630 2. 077 0. 73092 45448 939753
1. 978 0. 68208 62332 005204 2. 028 0. 70705 00857 289367 2. 078 0. 73140 58926 770357
1. 979 0. 68259 16666 204287 2. 029 0. 70754 30608 436777 2. 079 0. 73188 70088 758759

1. 980 0. 68309 68447 064439 2. 030 0. 70803 57930 536960 2. 080 0. 73236 78937 132266
1. 981 0. 68360 17677 164139 2. 031 0. 70852 82825 982476 2. 081 0. 73284 85474 114974
1. 982 0. 68410 64359 077962 2.032 0. 70902 05297 162355 2. 082 0. 73332 89701 927771
1. 983 0. 68461 08495 376589 2. 033 0. 70951 25346 462096 2. 083 0. 73380 91622 788349
1. 984 0. 68511 50088 626811 2. 034 0. 71000 42976 263682 2. 084 0. 73428 91238 911205

1. 985 0. 68561 89141 391537 2. 035 0. 71049 58188 945583 2. 085 0. 73476 88552 507648
1. 986 0. 68612 25656 229808 2. 036 0. 71098 70986 882763 2. 086 0. 73524 83565 785807
1. 987 0. 68662 59635 696798 2. 037 0. 71147 81372 446688 2. 087 0. 73572 76280 950637
1. 988 0. 68712 91082 343823 2. 038 0. 71196 89348 005331 2. 088 0. 73620 66700 203923
1. 989 0. 68763 19998 718351 2. 039 0. 71245 94915 923181 2. 089 0. 73668 54825 744287

1.990 0. 68813 46387 364010 2.040 0. 71294 98078 561250 2. 090 0. 73716 40659 767196
1. 991 0. 68863 70250 820592 2. 041 0. 71343 98838 277077 2.091 0. 73764 24204 464965
1. 992 0.68913 91591 624065 2. 042 0. 71392 97197 424738 2. 092 0. 73812 05462 026765
1. 993 0. 68964 10412 306577 2. 043 0. 71441 93158 354850 2. 093 0.73859 84434 638627
1. 994 0. 69014 26715 396466 2. 044 0. 71490 86723 414580 2. 094 0. 73907 61124 483451

1. 995 0. 69064 40503 418268 2. 045 0. 71539 77894 947651 2. 095 0. 73955 35533 741011
1. 996 0. 69114 51778 892722 2. 046 0. 71588 66675 294347 2. 096 0. 74003 07664 587957
1. 997 0. 69164 60544 336782 2. 047 0. 71637 53066 791525 2. 097 0. 74050 77519 197829
1. 998 0. 69214 66802 263618 2. 048 0. 71686 37071 772614 2. 098 0. 74098 45099 741054
1. 999 0. 69264 70555 182630 2. 049 0. 71735 18692 567627 2. 099 0. 74146 10408 384959

2.000 0. 69314 71805 599453 2.050 0.71783 97931 503168 2.100 0. 74193 73447 293773
1 (-8)3
15

r(-8)3
15

1(-8)3[5
For x>2.l see Example 5. In 10=2.30258 50929 940457
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Table 4.3

X n

ELEMEWI'ARY TRANSCENDENTAL FUNCTIONS

RADIX TABLE OF NATURAL LOGARITHMS

in (1+x1O) -in (1-x10)
i 10 0. 00000 00000 99999 99999 50000 0. 00000 00001 00000 00000 50000
2 10 0.00000 00001 99999 99998 00000 0. 00000 00002 00000 00002 00000
3 10 0.00000 00002 99999 99995 50000 0.00000 00003 00000 00004 50000
4 10 0.00000 00003 99999 99992 00000 0. 00000 00004 00000 00008 00000
5 io o. 00000 00004 99999 99987 50000 0. 00000 00005 00000 00012 50000
6 lo 0. 00000 00005 99999 99982 00000 0.00000 00006 00000 00018 00000
7 10 0.00000 00006 99999 99975 50000 0. 00000 00007 00000 00024 50000
8 10 0.00000 00007 99999 99968 00000 0.00000 00008 00000 00032 00000
9 10 0.00000 00008 99999 99959 50000 0.00000 00009 00000 00040 50000

i 9 0. 00000 00009 99999 99950 00000 0. 00000 00010 00000 00050 00000
2 9 0. 00000 00019 99999 99800 00000 0. 00000 00020 00000 00200 00000
3 9 0.00000 00029 99999 99550 00000 0. 00000 00030 00000 00450 00000
4 9 0.00000 00039 99999 99200 00000 0. 00000 00040 00000 00800 00000
5 9 0. 00000 00049 99999 98750 00000 0. 00000 00050 00000 01250 00000
6 9 0.00000 00059 99999 98200 00001 0. 00000 00060 00000 01800 00001
7 9 0.00000 00069 99999 97550 00001 0.00000 00070 00000 02450 00001
8 9 0.00000 00079 99999 96800 00002 0. 00000 00080 00000 03200 00002
9 9 0. 00000 00089 99999 95950 00002 0. 00000 00090 00000 04050 00002

1 8 0. 00000 00099 99999 95000 00003 0.00000 00100 00000 05000 00003
2 8 0. 00000 00199 99999 80000 00027 0.00000 00200 00000 20000 00027
3 8 0. 00000 00299 99999 55000 00090 0. 00000 00300 00000 45000 00090
4 8 0.00000 00399 99999 20000 00213 0. 00000 00400 00000 80000 00213
5 8 0.00000 00499 99998 75000 00417 0. 00000 00500 00001 25000 00417
6 8 0. 00000 00599 99998 20000 00720 0.00000 00600 00001 80000 00720
7 8 0. 00000 00699 99997 55000 01143 0.00000 00700 00002 45000 01143
8 8 0. 00000 00799 99996 80000 01707 0. 00000 00800 00003 20000 01707
9 8 0.00000 00899 99995 95000 02430 0.00000 00900 00004 05000 02430

1 7 0. 00000 00999 99995 00000 03333 0. 00000 01000 00005 00000 03333
2 7 0. 00000 01999 99980 00000 26667 0.00000 02000 00020 00000 26667
3 7 0. 00000 02999 99955 00000 90000 0. 00000 03000 00045 00000 90000
4 7 0.00000 03999 99920 00002 13333 0.00000 04000 00080 00002 13333
5 7 0. 00000 04999 99875 00004 16667 0. 00000 05000 00125 00004 16667
6 7 0. 00000 05999 99820 00007 20000 0.00000 06000 00180 00007 20000
7 7 0.00000 06999 99755 00011 43333 0. 00000 07000 00245 00011 43334
8 7 0.00000 07999 99680 00017 06666 0.00000 08000 00320 00017 06668
9 7 0. 00000 08999 99595 00024 29998 0.00000 09000 00405 00024 30002

i 6 0. 00000 09999 99500 00033 33331 0. 00000 10000 00500 00033 33336
2 6 0. 00000 19999 98000 00266 66627 0. 00000 20000 02000 00266 66707
3 6 0.00000 29999 95500 00899 99798 0.00000 30000 04500 00900 00203
4 6 0.00000 39999 92000 02133 32693 0.00000 40000 08000 02133 33973
5 6 0. 00000 49999 87500 04166 65104 0.00000 50000 12500 04166 68229
6 6 0.00000 59999 82000 07199 96760 0. 00000 60000 18000 07200 03240
7 6 0.00000 69999 75500 11433 27331 0. 00000 70000 24500 11433 39336
8 6 0. 00000 79999 68000 17066 56427 0. 00000 80000 32000 17066 76907
9 6 0.00000 89999 59500 24299 83598 0. 00000 90000 40500 24300 16403
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RADIX TABLE OF NATURAL LOGARITHMS Table 4.3

in (1+x1O) -In (1-x1O)
1 5 0. 00000 99999 50000 33333 08334 0. 00001 00000 50000 33333 58334
2 5 0.00001 99998 00002 66662 66673 0. 00002 00002 00002 66670 66673
3 5 0,00002 99995 50008 99979 75049 0. 00003 00004 50009 00020 25049
4 5 0.00003 99992 00021 33269 33538 0. 00004 00008 00021 33397 33538
5 5 0.00004 99987 50041 66510 42292 0. 00005 00012 50041 66822 92292
6 5 0. 00005 99982 00071 99676 01555 0. 00006 00018 00072 00324 01555
7 5 0.00006 99975 50114 32733 11695 0. 00007 00024 50114 33933 61695
8 5 0. 00007 99968 00170 65642 73220 0. 00008 00032 00170 67690 73221
9 5 0. 00008 99959 50242 98359 86809 0. 00009 00040 50243 01640 36811

1 4 0. 00009 99950 00333 30833 53332 0. 00010 00050 00333 35833 53335
2 4 0.00019 99800 02666 26673 06560 0. 00020 00200 02667 06673 06773
3 4 0. 00029 99550 08997 97548 58785 0. 00030 00450 09002 02548 61215
4 4 0. 00039 99200 21326 93538 06509 0. 00040 00800 21339 73538 20162
5 4 0. 00049 98750 41651 04791 40636 0. 00050 01250 41682 29791 92719
6 4 0. 00059 98200 71967 61554 42280 0.00060 01800 72032 41555 97800
7 4 0. 00069 97551 14273 34192 77369 0. 00070 02451 14393 39196 69533
8 4 0. 00079 96801 70564 33215 90059 0. 00080 03201 70769 13224 63873
9 4 0. 00089 95952 42836 09300 94948 0. 00090 04052 43164 14318 66419

1 3 0. 00099 95003 33083 53316 68094 0. 00100 05003 33583 53350 01430
2 3 0. 00199 80026 62673 05601 82538 0. 00200 20026 70673 07735 16511
3 3 0. 00299 55089 79798 47881 16106 0. 00300 45090 20298 72181 32509
4 3 0. 00399 20212 69537 45299 90751 0.00400 80213 97538 81834 87927
5 3 0. 00498 75415 11039 07361 21022 0. 00501 25418 23544 28204 30937
6 3 0. 00598 20716 77547 46378 20189 0. 00601 80723 25563 01620 19350
7 3 0. 00697 56137 36425 24209 95222 0. 00702 46149 36964 45987 41123
8 3 0. 00796 81696 49176 87351 07973 0. 00803 21716 97264 25903 86494
9 3 0. 00895 97413 71471 90444 31465 0. 00904 07446 52149 06220 55241

1 2 0. 00995 03308 53168 08284 82154 0. 01005 03358 53501 44118 35489
2 2 0. 01980 26272 96179 71302 60291 0. 02020 27073 17519 44840 80453
3 2 0. 02955 88022 41544 40273 26194 0. 03045 92074 84708 54591 92613
4 2 0. 03922 07131 53281 29626 92009 0. 04082 19945 20255 12955 45771
5 2 0. 04879 01641 69432 00306 53744 0. 05129 32943 87550 53342 61961
6 2 0. 05826 89081 23975 77552 57184 0. 06187 54037 18087 47179 78001
7 2 0. 06765 86484 73814 80526 84159 0. 07257 06928 34835 43071 15733
8 2 0. 07696 10411 36128 32498 42170 0. 08338 16089 39051 05839 47658
9 2 0. 08617 76962 41052 33234 13335 0. 09431 06794 71241 32687 71427

1 1 0. 09531 01798 04324 86004 39521 0. 10536 05156 57826 30122 75010
2 1 0. 18232 15567 93954 62621 17180 0. 22314 35513 14209 75576 62951
3 1 0. 26236 42644 67491 05203 54960 0. 35667 49439 38732 37891 26387
4 1 0. 33647 22366 21212 93050 45934 0. 51082 56237 65990 68320 55141
5 1 0. 40546 51081 08164 38197 80131 0. 69314 71805 59945 30941 72321
6 1 0. 47000 36292 45735 55365 09370 0. 91629 07318 74155 06518 35272
7 1 0. 53062 82510 62170 39623 15432 1. 20397 28043 25935 99262 27462
8 1 0. 58778 66649 02119 00818 97311 1. 60943 79124 34100 37460 07593
9 1 0. 64185 38861 72394 77599 10360 2. 30258 50929 94045 68401 79915

1 o 0. 69314 71805 59945 30941 72321 co
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1(-7)1
L6

For use and extension of the table see Examples 8-11.
2 %2

See Table 7.1 for values of e and Table 26.1 for e 2
íir

1(-7)116

Table 4.4

X

EXPONENTIAL FUNCTION

ex e-x

0. 000 1. 00000 00000 00000 000 1. 00000 00000 00000 000
0. 001 1. 00100 05001 66708 342 0.99900 04998 33374 992
0. 002 1. 00200 20013 34000 267 0. 99800 19986 67333 067
0. 003 1. 00300 45045 03377 026 0. 99700 44955 03372 976
0. 004 1. 00400 80106 77341 872 0. 99600 79893 43991 472

0. 005 1. 00501 25208 59401 063 0. 99501 24791 92682 313
0. 006 1. 00601 80360 54064 865 0. 99401 79640 53935 265
0. 007 1. 00702 45572 66848 555 0. 99302 44429 33235 105
0. 008 1. 00803 20855 04273 431 0. 99203 19148 37060 630
0. 009 1. 00904 06217 73867 814 0. 99104 03787 72883 662

0. 010 1. 01005 01670 84168 058 0. 99004 98337 49168 054
0.011 1. 01106 07224 44719 556 0. 98906 02787 75368 698
0. 012 1. 01207 22888 66077 754 0. 98807 17128 61930 540
0. 013 1. 01308 48673 59809 158 0. 98708 41350 20287 583
0. 014 1. 01409 84589 38492 345 0. 98609 75442 62861 903

0. 015 1. 01511 30646 15718 979 0. 98511 19396 03062 661
0. 016 1. 01612 86854 06094 822 0. 98412 73200 55285 115
0. 017 1. 01714 53223 25240 748 0. 98314 36846 34909 635
0. 018 1. 01816 29763 89793 761 0. 98216 10323 58300 718
0. 019 1. 01918 16486 17408 011 0. 98117 93622 42806 006

0. 020 1. 02020 13400 26755 810 0. 98019 86733 06755 302
0. 021 1. 02122 20516 37528 653 0. 97921 89645 69459 588
0. 022 1. 02224 37844 70438 235 0. 97824 02350 51210 045
0. 023 1. 02326 65395 47217 475 0. 97726 24837 73277 073
0. 024 1. 02429 03178 90621 534 0. 97628 57097 57909 314

0. 025 1. 02531 51205 24428 841 0. 97530 99120 28332 669
0. 026 1. 02634 09484 73442 115 0. 97433 50896 08749 328
0. 027 1. 02736 78027 63489 392 0. 97336 12415 24336 791
0. 028 1. 02839 56844 2142ES 045 0. 97238 83668 01246 891
0. 029 1. 02942 45944 75130 820 0. 97141 6464466604 825

0.030 1. 03045 45339 53516 856 0. 97044 55335 48508 177
0. 031 1. 03148 55038 86522 716 0. 96947 55730 76025 948
0.032 1. 03251 75053 05118 420 0. 96850 65820 79197 585
0.033 1. 03355 05392 41305 472 0. 96753 85595 89032 009
0.034 1. 03458 46067 28117 894 0. 96657 15046 37506 651

0. 035 1. 03561 97087 99623 260 0. 96560 54162 57566 478
0. 036 1. 03665 58464 90923 727 0. 96464 02934 83123 030
0. 037 1. 03769 30208 38157 074 0. 96367 61353 49053 452
0. 038 1. 03873 12328 78497 733 0. 96271 29408 91199 529
0. 039 1. 03977 04836 50157 831 0. 96175 07091 46366 723

0. 040 1. 04081 07741 92388 227 0. 96078 94391 52323 209
0. 041 1. 04185 21055 45479 549 0. 95982 91299 47798 914
0. 042 1. 04289 44787 50763 238 0. 95886 97805 72484 552
0. 043 1. 04393 78948 50612 586 0. 95791 13900 67030 669
0. 044 1. 04498 23548 88443 779 0. 95695 39574 73046 678

0. 045 1. 04602 78599 08716 943 0. 95599 74818 33099 907
0. 046 1. 04707 44109 56937 184 0. 95504 19621 90714 635
0. 047 1. 04812 20090 79655 638 0. 95408 73975 90371 141
0. 048 1. 04917 06553 24470 516 0. 95313 37870 77504 745
0. 049 1. 05022 03507 40028 148 0. 95218 11296 98504 853

0.050 1.05127 10963 76024 040 0. 95122 94245 00714 009
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X

EXPONENTIAL FUNCTION Table 4.4

0. 050 1. 05127 10963 76024 040 0. 95122 94245 00714 009
0. 051 1. 05232 28932 83203 913 0. 95027 86705 32426 935
0. 052 1. 05337 57425 13364 763 0. 94932 88668 42889 583
0. 053 1. 05442 96451 19355 907 0. 94838 00124 82298 184
0.054 1. 05548 46021 55080 041 Q 94743 21065 01798 300

0. 055 1. 05654 06146 75494 286 0. 94648 51479 53483 869
0. 056 1. 05759 76837 36611 252 0. 94553 91358 90396 267
0. 057 1. 05865 58103 95500 087 0. 94459 40693 66523 349
0. 058 1. 05971 49957 10287 540 0. 94364 99474 36798 514
0. 059 1. 06077 52407 40159 012 0. 94270 67691 57099 754

0. 060 1. 06183 65465 45359 622 0. 94176 45335 84248 710
0. 061 1. 06289 89141 87195 264 0. 94082 32397 76009 730
0. 062 1. 06396 23447 28033 669 0. 93988 28867 91088 928
0. 063 1. 06502 68392 31305 464 0. 93894 34736 89133 241
0. 064 1. 06609 23987 61505 244 0. 93800 49995 30729 488

0. 065 1. 06715 90243 84192 625 0. 93706 74633 77403 433
0. 066 1. 06822 67171 65993 321 0. 93613 08642 91618 844
0. 067 1. 06929 54781 74600 202 0. 93519 52013 36776 558
0. 068 1. 07036 53084 78774 366 0. 93426 04735 77213 542
0. 069 1. 07143 62091 48346 205 0. 93332 66800 78201 958

0. 070 1. 07250 81812 54216 479 0. 93239 38199 05948 229
0. 071 1. 07358 12258 68357 383 0. 93146 18921 27592 106
0. 072 1. 07465 53440 63813 620 0. 93053 08958 11205 732
0. 073 1. 07573 05369 14703 476 0. 92960 08300 25792 713
0. 074 1. 07680 68054 96219 891 0. 92867 16938 41287 187

0. 075 1. 07788 41508 84631 536 0. 92774 34863 28552 892
0. 076 1. 07896 25741 57283 889 0. 92681 62065 59382 237
0. 077 1. 08004 20763 92600 313 0. 92588 98536 06495 377
0. 078 1. 08112 26586 70083 133 0. 92496 44265 43539 280
0. 079 1. 08220 43220 70314 117 0. 92403 99244 45086 807

0.080 1. 08328 70676 74958 554 0. 92311 63463 86635 783
0.081 1. 08437 08965 66760 341 0. 92219 36914 44608 072
0. 082 1. 08545 58098 29549 059 0. 92127 19586 96348 654
0. 083 1. 08654 18085 48238 061 0. 92035 11472 20124 706
0. 084 1. 08762 88938 08826 156 0.91943 12560 95124 674

0. 085 1. 08871 70666 98398 696 0.91851 22844 01457 356
0. 086 1. 08980 63283 05128 660 0. 91759 42312 20150 982
0. 087 1. 09089 66797 18277 747 0,91667 70956 33152 295
0. 088 1. 09198 81220 28197 460 0. 91576 08767 23325 631
0. 089 1. 09308 06563 26330 201 0. 91484 55735 74452 003

0. 090 1. 09417 42837 05210 358 0. 91393 11852 71228 187
0. 091 1. 09526 90052 58465 401 0. 91301 77108 99265 803
0. 092 1. 09636 48220 80816 975 0. 91210 51495 45090 403
0. 093 1. 09746 17352 68081 994 0. 91119 35002 96140 557
0. 094 1. 09855 97459 17173 736 0. 91028 27622 40766 940

0. 095 1. 09965 88551 26102 942 0. 90937 29344 68231 420
0. 096 1. 10075 90639 93978 912 0. 90846 40160 68706 150
0. 097 1. 10186 03736 21010 606 0. 90755 60061 33272 654
0. 098 1. 10296 27851 08507 743 0. 90664 89037 53920 921
0. 099 1. 10406 62995 58881 902 0. 90574 27080 23548 496

0. 100 1. 10517 09180 75647 625 0. 90483 74180 35959 573
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-7)1L6
-7)1L6

Table 4.4

X

EXPONENTIAL FUNCTION

ex e -

o. loo 1. 10517 09180 75647 625 0. 90483 74180 35959 573
0. 101 1. 10627 66417 63423 521 0. 90393 30328 85864 089
0. 102 1. 10738 34717 27933 371 0. 90302 95516 68876 819
0. 103 1. 10849 14090 76007 230 0. 90212 69734 81516 470
0. 104 1. 10960 04549 15582 540 0. 90122 52974 21204 780

0. 105 1.11071 06103 55705 232 0. 90032 45225 86265 613
0. 106 1. 11182 18765 06530 839 0. 89942 46480 75924 059
0. 107 1. 11293 42544 79325 605 0. 89852 56729 90305 534
0. 108 1. 11404 77453 86467 594 0. 89762 75964 30434 876
0. 109 1. 11516 23503 41447 807 0. 89673 04174 98235 45°

0. 110 1. 11627 80704 58871 292 0. 89583 41352 96528 251
o. iii 1. 11739 49068 54458 258 0. 89493 87489 29031 000
0. 112 1. 11851 28606 45045 196 0. 89404 42575 00357 257
0. 113 1. 11963 19329 48585 987 0. 89315 06601 16015 519
0. 114 1. 12075 21248 84153 031 0. 89225 79558 82408 325

0. 115 1. 12187 34375 71938 354 0. 89136 61439 06831 368
0. 116 1. 12299 58721 33254 738 0. 89047 52232 97472 599
0. 117 1. 12411 94296 90536 839 0. 88958 51931 63411 334
0. 118 1. 12524 41113 67342 307 0. 88869 60526 14617 364
0. 119 1. 12636 99182 88352 913 0. 88780 78007 61950 067

0. 120 1. 12749 68515 79375 671 0. 88692 04367 17157 516
0. 121 1. 12862 49123 67343 967 0. 88603 39595 92875 591
0. 122 1. 12975 41017 80318 682 0. 88514 83685 02627 096
0. 123 1. 13088 44209 47489 324 0. 88426 36625 60820 866
0. 124 1. 13201 58709 99175 153 0. 88337 98408 82750 886

0. 125 1. 13314 84530 66826 317 0. 88249 69025 84595 403
0. 126 1. 13428 21682 83024 976 0. 88161 48467 83416 046
0. 127 1. 13541 70177 81486 442 0. 88073 36725 97156 940
0. 128 1. 13655 30026 97060 307 0. 87985 33791 44643 827
0. 129 1. 13769 01241 65731 582 0. 87897 39655 45583 178

0. 130 1. 13882 83833 24621 831 0. 87809 54309 20561 324
0. 131 1. 13996 77813 11990 306 0. 87721 77743 91043 564
0. 132 1. 14110 83192 67235 091 0. 87634 09950 79373 297
0. 133 1. 14224 99983 30894 235 0. 87546 50921 08771 138
0. 134 1. 14339 28196 44646 898 0. 87459 00646 03334 043

0. 135 1. 14453 67843 51314 488 0. 87371 59116 88034 434
0. 136 1. 14568 18935 94861 807 0. 87284 26324 88719 322
0. 137 1. 14682 81485 20398 195 0. 87197 02261 32109 436
0. 138 1. 14797 55502 74178 672 0. 87109 86917 45798 347
0. 139 1. 14912 41000 03605 088 0. 87022 80284 58251 595

0. 140 1. 15027 37988 57227 268 0. 86935 82353 98805 820
0. 141 1. 15142 46479 84744 161 0. 86848 93116 9.7667 890
0. 142 1. 15257 66485 37004 992 0. 86762 12564 85914 032
0. 143 1. 15372 98016 66010 407 0. 86675 40688 95488 962
0. 144 1. 15488 41085 24913 632 0. 86588 77480 59205 017

0. 145 1. 15603 95702 68021 623 0. 86502 22931 10741 288
0. 146 1. 15719 61880 50796 218 0. 86415 77031 84642 755
0. 147 1. 15835 39630 29855 297 0. 86329 39774 16319 421
0. 148 1. 15951 28963 62973 936 0. 86243 11149 42045 443
0. 149 1, 16067 29892 09085 563 0. 86156 91148 98958 277

0. 150 1. 16183 42427 28283 123 0. 86070 79764 25057 807



- 7)1L6 -7)1L6

0. 150 1. 16183 42427 28283 123 0. 86070 79764 25057 807
0. 151 1. 16299 66580 81820 230 0. 85984 76986 59205 488
0. 152 1, 16416 02364 32112 335 0. 85898 82807 41123 482
0. 153 1, 16532 49789 42737 886 0. 85812 97218 11393 800
0. 154 1, 16649 08867 78439 490 0. 85727 20210 11457 440

0. 155 1. 16765 79611 05125 080 0. 85641 51774 83613 531
0. 156 1. 16882 62030 89869 080 0. 85555 91903 71018 473
0. 157 1. 16999 56139 00913 572 08547O 40588 17685 083
0. 158 1. 17116 61947 07669 465 0. 85384 97819 68481 735
0. 159 1. 17233 79466 80717 662 0. 85299 63589 69131 511

0.160 1. 17351 08709 91810 235 0. 85214 37889 66211 338
0. 161 1. 17468 49688 13871 592 0. 85129 20711 07151 144
0. 162 1. 17586 02413 20999 654 0. 85044 12045 40232 998
0. 163 1. 17703 66896 88467 025 0. 84959 11884 14590 263
0. 164 1. 17821 43150 92722 171 0. 84874 20218 80206 741

0. 165 1. 17939 31187 11390 594 0. 84789 37040 87915 828
0. 166 1. 18057 31017 23276 011 0. 84704 62341 89399 660
0. 167 1. 18175 42653 08361 533 0.84619 96113 37188 270
0.168 1. 18293 66106 47810 843 0. 84535 38346 84658 733
0. 169 1. 18412 01389 23969 378 0. 84450 89033 86034 326

0. 170 1. 18530 48513 20365 514 0. 84366 48165 96383 682
0.171 1. 18649 07490 21711 746 0. 84282 15734 71619 939
0. 172 1. 18767 18332 13905 874 0. 84197 91731 68499 904
0. 173 1. 18886 61050 84032 188 0. 84113 76148 44623 201
0. 174 1. 19005 55658 20362 660 0. 84029 68976 58431 438

0. 175 1. 19124 62166 12358 122 0. 83945 70207 69207 358
0. 176 1. 19243 80586 50669 468 0. 83861 79833 37074 003
0. 177 1. 19363 10931 27138 834 0. 83777 97845 22993 869
0. 178 1. 19482 53212 34800 796 0. 83694 24234 88768 073
0. 179 1. 19602 07441 67883 563 0. 83610 58993 97035 511

0. 180 1. 19721 73631 21810 165 0. 83527 02114 11272 021
0. 181 1. 19841 51792 93199 657 0. 83443 53586 95789 549
0. 182 1. 19961 41938 79868 311 0. 83360 13404 15735 309
0. 183 1. 20081 44080 80830 812 0. 83276 81557 37090 951
0. 184 1. 20201 58230 96301 462 0. 83193 58038 26671 728

0. 185 1. 20321 84401 27695 376 0. 83110 42838 52125 659
0. 186 1. 20442 22603 77629 686 0. 83027 35949 81932 701
0. 187 1. 20562 72850 49924 742 0. 82944 37363 85403 915
0. 188 1.20683 35153 49605 317 0. 82861 47072 32680 634
0. 189 1. 20804 09524 82901 811 0. 82778 65066 94733 637

0. 190 1. 20924 95976 57251 458 0. 82695 91339 43362 318
0. 191 1. 21045 94520 81299 533 0. 82613 25881 51193 854
0. 192 1. 21167 05169 64900 562 0. 82530 68684 91682 387
0. 193 1. 21288 27935 19119 527 0. 82448 19741 39108 186
0. 194 1. 21409 62829 56233 085 0. 82365 79042 68576 832

0. 195 1. 21531 09864 89730 774 0. 82283 46580 56018 384
0. 196 1. 21652 69053 34316 229 0. 82201 22346 78186 562
0. 197 1. 21774 40407 05908 396 0. 82119 06333 12657 919
0. 198 1. 21896 23938 21642 747 0. 82036 98531 37831 021
0. 199 1. 22018 19658 99872 499 0. 81954 98933 32925 626

0.200 1. 22140 27581 60169 834 0. 81873 07530 77981 859
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Table 4.4

X

EXPONENTIAL FUNCTION

ex ex
0. 200 1. 22140 27581 60169 834 0. 81873 07530 77981 859
0.201 1. 22262 47718 23327 112 0. 81791 24315 53859 397
0. 202 1. 22384 80081 11358 099 0. 81709 49279 42236 649
0. 203 1. 22507 24682 47499 185 0. 81627 82414 25609 934
0. 204 1. 22629 81534 56210 607 0.81546 23711 87292 668

0. 205 1. 22752 50649 63177 678 0. 81464 73164 11414 545
0. 206 1. 22875 32039 95312 005 0. 81383 30762 82920 720
0. 207 1. 22998 25717 80752 723 0. 81301 96499 87570 998
0. 208 1. 23121 31695 48867 721 0. 81220 70367 11939 015
0. 209 1. 23244 49985 30254 869 0. 81139 52356 43411 427

0. 210 1. 23367 80599 56743 251 0. 81058 42459 70187 100
0.211 1. 23491 23550 61394 396 0. 80977 40668 81276 291
0.212 1. 23614 78850 78503 512 0. 80896 46975 66499 845
0. 213 1. 23738 46512 43600 719 0. 80815 61372 16488 379
0.214 1. 23862 26547 93452 285 0. 80734 83850 22681 475

0. 215 1. 23986 18969 66061 862 0. 80654 14401 77326 874
0.216 1. 24110 23790 00671 728 0. 80573 53018 73479 662
0.217 1. 24234 41021 37764 020 0. 80492 99693 05001 467
0.218 1. 24358 70676 19061 978 0. 80412 54416 66559 655
0.219 1. 24483 12766 87531 187 0. 80332 17181 53626 521

0.220 1. 24607 67305 87380 820 0. 80251 87979 62478 483
0.221 1. 24732 34305 64064 879 0. 80171 66802 90195 284
0.222 1. 24857 13778 64283 447 0. 80091 53643 34659 186
0. 223 1. 24982 05737 35983 926 0. 80011 48492 94554 165
0. 224 1. 25107 10194 28362 294 0. 79931 51343 69365 114

0. 225 1. 25232 27161 91864 345 0. 79851 62187 59377 043
0. 226 1. 25357 56652 78186 948 0. 79771 81016 65674 274
0. 227 1. 25482 98679 40279 295 0. 79692 07822 90139 647
0. 228 1. 25608 53254 32344 151 0. 79612 42598 35453 721
0. 229 1. 25734 20390 09839 113 0. 79532 85335 05093 973

0. 230 1. 25860 00099 29477 863 0. 79453 36025 03334 008
0. 231 1. 25985 92394 49231 426 0. 79373 94660 35242 758
0. 232 1. 26111 97288 28329 426 0. 79294 61233 06683 687
0.233 1. 26238 14793 27261 349 0. 79215 35735 24314 003
0.234 1. 26364 44922 07777 797 0. 79136 18158 95583 855

0. 235 1. 26490 87687 32891 756 0. 79057 08496 28735 550
0.236 1. 26617 43101 66879 857 0. 78978 06739 32802 754
0. 237 1. 26744 11177 75283 640 0. 78899 12880 17609 706
0.238 1. 26870 91928 24910 818 0. 78820 26910 93770 426
0. 239 1. 26997 85365 83836 547 0. 78741 48823 72687 922

0. 240 1. 27124 91503 21404 692 0. 78662 78610 66553 409
0. 241 1.27252 10353 08229 095 0. 78584 16263 88345 515
0. 242 1. 27379 41928 16194 849 0. 78505 61775 51829 496
0. 243 1. 27506 86241 18459 570 0. 78427 15137 71556 451
0. 244 1. 27634 43304 89454 665 0. 78348 76342 62862 532

0. 245 1. 27762 13132 04886 611 0. 78270 45382 41868 168
0.246 1. 27889 95735 41738 230 0. 78192 22249 25477 270
0. 247 1. 28017 91127 78269 966 0. 78114 06935 31376 458
0. 248 1. 28145 99321 94021 162 0. 78035 99432 78034 273
0. 249 1. 28274 20330 69811 341 0. 77957 99733 84700 396

0. 250 1. 28402 54166 87741 484 0. 77880 07830 71404 868
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0. 250 1. 28402 54166 87741 484 0. 77880 07830 71404 868
0. 251 1. 28531 00843 31195 317 0. 77802 23715 58957 312
0. 252 1. 28659 60372 84840 591 0. 77724 47380 68946 150
0. 253 1. 28788 32768 34630 366 0. 77646 78818 23737 828
0. 254 1. 28917 18042 67804 299 0. 77569 18020 46476 034

0.255 1.29046 16208 72889 931 0. 77491 64979 61080 928
0.256 1. 29175 27279 39703 974 0. 77414 19687 92248 360
0. 257 1. 29304 51267 59353 603 0. 77336 82137 65449 096
0.258 1. 29433 88186 24237 745 0. 77259 52321 06928 045
0. 259 1. 29563 38048 28048 373 0. 77182 30230 43703 483

0. 260 1. 29693 00866 65771798 0. 77105 15858 03566 284
0. 261 1. 29822 76654 33689 967 0. 77028 09196 15079 142
0. 262 1.29952 65424 29381 755 0. 76951 10237 07575 806
0.263 1. 30082 67189 51724 266 0. 76874 18973 11160 303
0. 264 1. 30212 81963 00894 131 0. 76797 35396 56706 173

0. 265 1. 30343 09757 78368 808 0. 76720 59499 75855 698
0. 266 1. 30473 50586 86927 883 0. 76643 91275 01019 133
0. 267 1. 30604 04463 30654 372 0. 76567 30714 65373 938
0. 268 1. 30734 71400 14936 028 0. 76490 77811 02864 015
0. 269 1. 30865 51410 46466 646 0. 76414 32556 48198 937

0. 270 1. 30996 44507 33247 364 0. 76337 94943 36853 186
0. 271 1. 31127 50703 84587 979 0.76261 64964 05065 386
0. 272 1. 31258 70013 11108 252 0. 76185 42610 89837 543
0.273 1. 31390 02448 24739 218 0. 76109 27876 28934 278
0. 274 1. 31521 48022 38724 500 0. 76033 20752 60882 066

0. 275 1. 31653 06748 67621 623 0. 75957 21232 24968 476
0. 276 1. 31784 78640 27303 324 0. 75881 29307 61241 409
0.277 1. 31916 63710 34958 873 0. 75805 44971 10508 337
0. 278 1. 32048 61972 09095 387 0. 75729 68215 14335 547
0. 279 1. 32180 73438 69539 151 0. 75653 99032 15047 380

0. 280 1. 32312 98123 37436 936 0. 75578 37414 55725 472
0.281 1. 32445 36039 35257 318 0. 75502 83354 80208 002
0. 282 1. 32577 87199 86792 007 0. 75427 36845 33088 932
0. 283 1. 32710 51618 17157 164 0. 75351 97878 59717 250
0.284 1. 32843 29307 52794 731 0. 75276 66447 06196 222

0.285 1. 32976 20281 21473 753 0. 75201 42543 19382 630
0. 286 1. 33109 24552 52291 710 0. 75126 26159 46886 026
0. 287 1, 33242 42134 75675 843 0. 75051 17288 37067 974
0.288 1. 33375 73041 23384 488 0. 74976 15922 39041 301
0. 289 1. 33509 17285 28508 403 0. 74901 22054 02669 348

0. 290 1. 33642 74880 25472 103 Q. 74826 35675 78565 215
0. 291 1. 33776 45839 50035 199 0. 74751 56780 18091 016
0. 292 1. 33910 30176 39293 724 0. 74676 85359 73357 128
0.293 1. 34044 27904 31681 481 0.74602 21406 97221 444
0. 294 1. 34178 39036 66971 373 0. 74527 64914 43288 626

0. 295 1. 34312 63586 86276 747 0. 74453 15874 65909 357
0. 296 1. 34447 01568 32052 735 0. 74378 74280 20179 599
0.297 1. 34581 52994 48097 594 0. 74304 40123 61939 843
0. 298 1. 34716 17878 79554 052 0. 74230 13397 47774 369
0. 299 1. 34850 96234 72910 654 0. 74155 94094 35010 502

0.300 1. 34985 88075 76003 104 0. 74081 82206 81717 866
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0. 300 1. 34985 88075 76003 104 0. 74081 82206 81717 866
0. 301 1. 35120 93415 38015 618 0. 74007 77727 46707 647
0. 302 1. 35256 12267 09482 272 0. 73933 80648 89531 848
0. 303 1. 35391 44644 42288 348 0. 73859 90963 70482 549
0.304 1. 35526 90560 89671 692 0. 73786 08664 50591 171

0. 305 1. 35662 50030 06224 066 0.73712 33743 91627 732
0. 306 1. 35798 23065 47892 497 0.73638 66194 56100 112
0. 307 1. 35934 09680 71980 642 0.73565 06009 07253 313
0. 308 1. 36070 09889 37150 137 0. 73491 53180 09068 726
0. 309 1. 36206 23705 03421 961 0. 73418 07700 26263 391

0. 310 1. 36342 51141 32177 794 0. 73344 69562 24289 264
0.311 1. 36478 92211 86161 378 0. 73271 38758 69332 482
0. 312 1. 36615 46930 29479 880 0. 73198 15282 28312 628
0.313 1. 36752 15310 27605 258 0. 73124 99125 68882 001
0. 314 1. 36888 97365 47375 624 0. 73051 90281 59424 881

0. 315 1. 37025 93109 56996 611 0. 72978 88742 69056 797
0. 316 1. 37163 02556 26042 743 0. 72905 94501 67623 797
0. 317 1. 37300 25719 25458 804 0. 72833 07551 25701 720
0. 318 1. 37437 62612 27561 208 0. 72760 27884 14595 463
0. 319 1. 37575 13249 06039 370 0. 72687 55493 06338 254

0. 320 1. 37712 77643 35957 085 0. 72614 90370 73690 925
0. 321 1. 37850 55808 93753 895 0. 72542 32509 90141 181
0. 322 1. 37988 47759 57246 476 0. 72469 81903 29902 880
0. 323 1. 38126 53509 05630 003 0. 72397 38543 67915 300
0. 324 1. 38264 73071 19479 542 0. 72325 02423 79842 419

0. 325 1. 38403 06459 80751 421 0. 72252 73536 42072 189
0. 326 1. 38541 53688 72784 611 0. 72180 51874 31715 812
0. 327 1. 38680 14771 80302 136 0. 72108 37430 26607 016
0. 328 1. 38818 89722 89412 403 0. 72036 30197 05301 338
0. 329 1. 38957 78555 87610 642 0. 71964 30167 47075 395

0. 330 1. 39096 81284 63780 266 0. 71892 37334 31926 170
0. 331 1. 39235 97923 08194 268 0. 71820 51690 40570 286
0. 332 1. 39375 28485 12516 609 0. 71748 73228 54443 294
0. 333 1. 39514 72984 69803 608 0. 71677 01941 55698 947
0. 334 1. 39654 31435 74505 339 0. 71605 37822 27208 486

0. 335 1. 39794 03852 22461 023 0. 71533 80863 52559 924
0. 336 1. 39933 90248 10930 424 0. 71462 31058 16057 326
0. 337 1. 40073 90637 38535 249 0. 71390 88399 02720 095
0. 338 1. 40214 05034 05320 540 0. 71319 52878 98282 260
0. 339 1. 40354 33452 12726 081 0. 71248 24490 89191 756

0. 340 1. 40494 15905 63593 797 0. 71177 03227 62609 715
0. 341 1. 40635 32408 62169 155 0. 71105 89082 06409 751
0. 342 1. 40776 02975 14102 572 0. 71034 82047 09177 248
0. 343 1. 40916 87619 26450 817 0. 70963 82115 60208 649
0. 344 1. 41057 86355 07678 418 0. 70892 89280 49510 748

0.345 1.41198 99196 67659 075 0.70822 03534 67799 913
0.346 1.41340 26158 17677 066 0.70751 24871 06501 685
0.347 1.41481 67253 70428 658 0.70680 53282 57749 463
0.348 1. 41623 22497 40023 522 0. 70609 88762 14384 398
0.349 1. 41764 91903 41986 146 0. 70539 31302 69954 390

0. 350 1. 41906 75485 93257 248 0. 70468 80897 18713 434
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0. 350 1. 41906 75485 93257 248 0. 70468 80897 18713 434
0. 351 1.42048 73259 12195 200 0. 70398 37538 55620 921
0. 352 1. 42190 85237 18577 438 0. 70328 01219 76340 929
0.353 1.42333 11434 33601 886 0. 70257 71933 77241 521
0. 354 1. 42475 51864 79888 380 0. 70187 49673 55394 037

0. 355 1.42618 06542 81480 082 0.70117 34432 08572 398
0. 356 1. 42760 75482 63844 915 0. 70047 26202 35252 399
0. 357 1.42903 58698 53876 979 0. 69977 24977 34611 008
0. 358 1. 43046 56204 79897 983 0. 69907 30750 06525 666
0. 359 1. 43189 68015 71658 672 0. 69837 43513 51573 587

0. 360 1. 43332 94145 60340 258 0. 69767 63260 71031 057
0. 361 1. 43476 34608 78555 848 0. 69697 89984 66872 738
0. 362 1. 43619 89419 60351 880 0. 69628 23678 41770 967
0. 363 1. 43763 58592 41209 556 0. 69558 64334 99095 062
0. 364 1. 43907 42141 58046 276 0. 69489 11947 42910 621

0. 365 1. 44051 40081 49217 078 0. 69419 66508 77978 831
0. 366 1, 44195 52426 54516 071 0. 69350 28012 09755 768
0. 367 1. 44339 79191 15177 881 0. 69280 96450 44391 707
0. 368 1. 44484 20389 73879 090 0. 69211 71816 88730 425
0. 369 1. 44628 76036 74739 677 0. 69142 54104 50308 508

0. 370 1. 44773 46146 63324 462 0. 69073 43306 37354 660
0. 371 1. 44918 30733 86644 554 0. 69004 39415 58789 010
0. 372 1. 45063 29812 93158 799 0. 68935 42425 24222 423
0. 373 1. 45208 43398 32775 223 0. 68866 52328 43955 806
0. 374 1. 45353 71504 56852 487 0. 68797 69118 28979 422

0. 375 1. 45499 14146 18201 336 0. 68728 92787 90972 199
0. 376 1. 45644 71337 71086 052 0. 68660 23330 42i01 040
0. 377 1. 45790 43093 71225 910 0. 68591 60738 96020 141
0. 378 1. 45936 29428 75796 632 0.68523 05006 65870 297
0. 379 1. 46082 30357 43431 842 0. 68454 56126 66278 222

0. 380 1. 46228 45894 34224 532 0. 68386 14092 12355 858
0. 381 1. 46374 76054 09728 512 0. 68317 78896 19899 696
0. 382 1. 46521 20851 32959 881 0. 68249 50532 05390 084
0. 383 1. 46667 80300 68398 485 0. 68181 28992 85990 553
0. 384 1. 46814 54416 81989 380 0. 68113 14271 79547 125

0. 385 1. 46961 43214 41144 302 0. 68045 06362 04587 638
0. 386 1. 47108 46708 14743 133 0. 67977 05256 80321 060
0. 387 1. 47255 64912 73135 370 0. 67909 10949 26636 810
0. 388 1. 47402 97842 88141 592 0. 67841 23432 64104 077
0. 389 1. 47550 45513 33054 939 0. 67773 42700 13971 142

0. 390 1. 47698 07938 82642 577 0. 67705 68744 98164 700
0. 391 1. 47845 85134 13147 180 0. 67638 01560 39289 177
0. 392 1. 47993 77114 02288 401 0. 67570 41139 60626 058
0. 393 1. 48141 83893 29264 352 0. 67502 87475 86133 209
0. 394 1. 48290 05486 74753 084 0. 67435 40562 40444 198

0. 395 1. 48438 41909 20914 066 0. 67368 00392 48867 624
0. 396 1. 48586 93175 51389 667 0. 67300 66959 37386 438
0. 397 1. 48735 59300 51306 642 0. 67233 40256 32657 274
0. 398 1. 48884 40299 07277 615 0. 67166 20276 62009 771
0. 399 1. 49033 36186 07402 565 0. 67099 07013 53445 901

0. 400 1. 49182 46976 41270 318 0. 67032 00460 35639 301
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Table 4.4

X

EXPONENTIAL FUNCTION

0. 400 1. 49182 46976 41270 318 0. 67032 00460 35639 301
0. 401 1. 49331 72684 99960 030 0. 66965 00610 37934 596
0. 402 1. 49481 13326 76042 686 0. 66898 07456 90346 733
0. 403 1. 49630 68916 63582 585 0. 66831 20993 23560 309
0. 404 1. 49780 39469 58138 840 0. 66764 41212 68928 902

0. 405 1. 49930 25000 56766 870 0. 66697 68108 58474 400
0. 406 1. 50080 25524 58019 898 0. 66631 01674 24886 338
0. 407 1. 50230 41056 61950 452 0. 66564 41903 01521 227
0. 408 1. 50380 71611 70111 860 0. 66497 88788 22401 888
0. 409 1. 50531 17204 85559 754 0. 66431 42323 22216 786

0. 410 1. 50681 77851 12853 578 0. 66365 02501 36319 366
0.411 1. 50832 53565 58058 082 0. 66298 69316 00727 386
0. 412 1. 50983 44363 28744 838 0. 66232 42760 5212.2 256
0. 413 1. 51134 50259 33993 742 0. 66166 22828 27848 372
0. 414 1. 51285 71268 84394 526 0. 66100 09512 65912 454

0. 415 L 51437 07406 92048 265 0. 66034 02807 04982 886
0. 416 1. 51588 58688 70568 894 0. 65968 02704 84389 050
0. 417 1. 51740 25129 35084 718 0. 65902 09199 44120 673
0. 418 1. 51892 06744 02239 927 0. 65836 22284 24827 158
0. 419 1. 52044 03547 90196 115 0. 65770 41952 67816 932

0. 420 1. 52196 15556 18633 796 0. 65704 68198 15056 782
0. 421 1. 52348 42784 08753 926 0. 65639 01014 09171 201
0. 422 1. 52500 85246 83279 422 0. 65573 40393 93441 728
0. 423 1. 52653 42959 66456 685 0. 65507 86331 11806 293
0. 424 1. 52806 15937 84057 126 0. 65442 38819 08858 560

0. 425 1. 52959 04196 63378 690 0. 65376 97851 29847 271
0. 426 1. 53112 07751 33247 382 0. 65311 63421 20675 593
0. 427 1. 53265 26617 24018 802 0. 65246 35522 27900 462
0. 428 1. 53418 60809 67579 666 0. 65181 14147 98731 930
0. 429 1. 53572 10343 97349 347 0. 65115 99291 81032 515

0. 430 1. 53725 75235 48281 402 0. 65050 90947 23316 545
0. 431 1. 53879 55499 56865 110 0. 64985 89107 74749 506
0. 432 1. 54033 51151 61127 008 0.64920 93766 85147 398
0. 433 1. 54187 62207 00632 428 0. 64856 04918 04976 075
0. 434 1. 54341 88681 16487 038 0. 64791 22554 85350 604

0. 435 1. 54496 30589 51338 384 0. 64726 46670 78034 611
0.436 1. 54650 87947 49377 427 0. 64661 77259 35439 635
0. 437 1. 54805 60770 56340 096 0. 64597 14314 10624 479
0. 438 1. 54960 49074 19508 826 0. 64532 57828 57294 565
0. 439 1. 55115 52873 87714 108 0. 64468 07796 29801 285

0. 440 1. 55270 72185 11336 042 0. 64403 64210 83141 359
0. 441 1. 55426 07023 42305 879 0. 64339 27065 72956 185
0. 442 1. 55581 57404 34107 580 0. 64274 96354 55531 200
0. 443 1. 55737 23343 41779 367 0. 64210 72070 87795 233
0. 444 1. 55893 04856 21915 277 0. 64146 54208 27319 863

0. 445 1. 56049 01958 32666 719 0. 64082 42760 32318 776
0. 446 1. 56205 14665 33744 035 0. 64018 37720 61647 123
0. 447 1. 56361 42992 86418 055 0. 63954 39082 74800 880
0. 448 1. 56517 86956 53521 663 0. 63890 46840 31916 208
0. 449 1. 56674 46571 99451 356 0. 63826 60986 93768 809

0. 450 1. 56831 21854 90168 811 0. 63762 81516 21773 293
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Table 4.4

0. 450 1. 56831 21854 90168 811 0. 63762 81516 21773 293
0. 451 1. 56988 12820 93202 449 0. 63699 08421 77982 535
0. 452 1. 57145 19485 77649 003 0. 63635 41697 25087 037
0. 453 1. 57302 41865 14175 089 0. 63571 81336 26414 293
0. 454 1. 57459 79974 75018 775 0. 63508 27332 45928 153

0. 455 1. 57617 33830 33991 152 0. 63444 79679 48228 182
0. 456 1. 57775 03447 66477 911 0. 63381 38370 98549 030
0. 457 1. 57932 88842 49440 916 0. 63318 03400 62759 794
0. 458 1. 58090 90030 61419 781 0. 63254 74762 07363 387
0. 459 1. 58249 07027 82533 449 0. 63191 52448 99495 898

0. 460 1. 58407 39849 94481 775 0. 63128 36455 06925 969
0. 461 1. 58565 88512 80547 101 0. 63065 26773 98054 154
0. 462 1. 58724 53032 25595 846 0. 63002 23399 41912 291
0. 463 1. 58883 33424 16080 087 0. 62939 26325 08162 872
0. 464 1. 59042 29704 40039 147 0. 62876 35544 67098 411

0. 465 1. 59201 41888 87101 182 0. 62813 51051 89640 814
0. 466 1. 59360 69993 48484 772 0. 62750 72840 47340 750
0. 467 1. 59520 14034 17000 511 0. 62688 00904 12377 027
0. 468 1. 59679 74026 87052 601 0. 62625 35236 57555 956
0. 469 1. 59839 49987 54640 444 0. 62562 75831 56310 730

0. 470 1. 59999 41932 17360 241 0. 62500 22682 82700 796
0. 471 1. 60159 49876 74406 589 0. 62437 75784 11411 229
0. 472 1. 60319 73837 26574 077 0. 62375 35129 17752 104
0. 473 1. 60480 13829 76258 891 0. 62313 00711 77657 876
0. 474 1. 60640 69870 27460 416 0. 62250 72525 67686 754

0. 475 1. 60801 41974 85782 835 0. 62188 50564 65020 075
0. 476 1. 60962 30159 58436 741 0. 62126 34822 47461 685
0. 477 1. 61123 34440 54240 740 0. 62064 25292 93437 314
0. 478 1. 61284 54833 83623 064 0. 62002 21969 81993 957
0. 479 1. 61445 91355 58623 174 0. 61940 24846 92799 250

0. 480 1. 61607 44021 92893 382 0. 61878 33918 06140 853
0. 481 1. 61769 12849 01700 456 0. 61816 49177 02925 827
0. 482 1. 61930 97853 01927 238 0. 61754 70617 64680 018
0. 483 1. 62092 99050 12074 265 0. 61692 98233 73547 436
0. 484 1. 62255 16456 52261 382 0. 61631 32019 12289 639

0. 485 1. 62417 50088 44229 364 0. 61569 71967 64285 113
0. 486 1. 62579 99962 11341 538 0. 61508 18073 13528 659
0. 487 1. 62742 66093 78585 406 0. 61446 70329 44630 776
0. 488 1. 62905 48499 72574 272 0. 61385 28730 42817 043
0. 489 1. 63068 47196 21548 865 0. 61323 93269 93927 508

0. 490 1. 63231 62199 55378 970 0. 61262 63941 84416 069
0. 491 1. 63394 93526 05565 057 0. 61201 40740 01349 867
0. 492 1. 63558 41192 05239 912 0. 61140 23658 32408 668
0. 493 1. 63722 05213 89170 270 0. 61079 12690 65884 251
0. 494 1. 63885 85607 93758 453 0. 61018 07830 90679 799

0. 495 1. 64049 82390 57044 002 0. 60957 09072 96309 287
0. 496 1. 64213 95578 18705 315 0. 60896 16410 72896 868
0. 497 1. 64378 25187 20061 292 0. 60835 29838 11176 269
0. 498 1. 64542 71234 04072 971 0. 60774 49349 02490 178
0. 499 1. 64707 33735 15345 173 0. 60713 74937 38789 634

0.500 1. 64872 12707 00128 147 0. 60653 06597 12633 424



0. 500
0. 501
0. 502
0.503
0. 504

0. 505
0. 506
0. 507
0. 508
0. 509

0. 510
0. 511
0. 512
0. 513
0. 514

0. 515
0. 516
0. 517
0. 518
0. 519

0. 520
0. 521
0. 522
0. 523
0. 524

0. 525
0. 526
0. 527
0. 528
0. 529

0. 530
0. 531
0. 532
0. 533
0. 534

0. 535
0. 536
0. 537
0. 538
0. 539

0. 540
0. 541
0. 542
0. 543
0. 544

0. 545
0. 546
0. 547
0. 548
0. 549

0. 550

1. 64872
1. 65037
1. 65202
1. 65367
1. 65532

12707 00128 147
08166 06319 214
20128 83464 418
48611 82760 175
93631 57054 920

23086 18550
20906 76549
35733 66781
67583 90727
16474 51574

0. 60653 06597 12633 424
0.60592 44322 17187 470
0. 60531 88106 46224 228
0. 60471 37943 94122 075
0. 60410 93828 55864 709

0. 60350 55754
0. 60290 23715
0. 60229 97704
0. 60169 77717
0. 60109 63747

0. 60049 55788
0. 59989 53833
0. 59929 57878
0. 59869 67916
0. 59809 83940

0. 59750 05946
0. 59690 33926
0. 59630 67876
0. 59571 07789
0. 59511 53658

27040 541
03842 093
83065 390
62109 362
38975 237

12265 943
81185 502
45538 434
05729 153
62761 369

18237 489
74358 019
33920 965
00321 238
77550 053

0. 59452 05479 70194 339
0. 59392 63245 83436 138
0. 59333 26951 23052 015
0. 59273 96589 95412 460
0. 59214 72156 07481 294

0. 59155 53643 66815 082
0. 59096 41046 81562 533
0. 59037 34359 60463 912
0. 58978 33576 12850 450
0. 58919 38690 48643 749

654 0. 58860 49696 78355 196
702 0. 58801 66589 13085 372
146 0. 58742 89361 64523 463
817 0. 58684 18008 44946 670
883 0. 58625 52523 67219 626

0. 58566 92901 44793 803
0. 58508 39135 91706 932
0. 58449 91221 22582 409
0. 58391 49151 52628 716
0.58333 12920 97638 836

0. 58274 82523 73989 665
0. 58216 57953 98641 430
0. 58158 39205 89137 107
0. 58100 26273 63601 839
0. 58042 19151 40742 351

0. 57984 17833 39846 373
0. 57926 22313 80782 055
0. 57868 32586 83997 389
0. 57810 48646 70519 631
0. 57752 70487 61954 718

0. 57694 98103 80486 695
F(-8)8[6
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1. 65698 55204 60850
1. 65864 33347 50305
1. 66030 28076 83232
1. 66196 39409 19105
1. 66362 67361 19058

1. 66529 11949 45886
1. 66695 73190 64047
1. 66862 51101 39666
1. 67029 45698 40535
1. 67196 56998 36112

1. 67363 85017 97529
1. 67531 29773 97587
1. 67698 91283 10762
1. 67866 69562 13205
1. 68034 64627 82744

1. 68202 76496 98886 347
1. 68371 05186 42818 123
1. 68539 50712 97408 851
1. 68708 13093 47211 326
1. 68876 92344 78463 738

88483 79091 359
01527 38708 232
31492 48618 855
78396 01819 881
42254 93001 803

82422 54211 545
65445 05232 748
65559 12940 887
82781 87347 510
17130 40175 036

1. 71600 68621 84858 460
1. 71772 37273 36547 069
1. 71944 23102 12106 159
1.72116 26125 30118 747
1. 72288 46360 10887 296

1. 72460 83823 76435 429
1. 72633 38533 50509 656
1. 72806 10506 58581 095
1. 72978 99760 27847 197
1. 73152 06311 87233 477

1. 73325 30178 67395 237
F ( - 7)2L6

766
156
516
918
736

308
601
871
333
826

486
414
348
342
439

1. 69045
1. 69215
1. 69384
1. 69553
1. 69723

1. 69893
1. 70063
1.70233
1. 70403
1. 70574

1. 70744
1. 70915
1. 71086
1. 71257
1. 71429
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0. 550 1. 73325 30178 67395 237 0. 57694 98103 80486 695
0. 551 1. 73498 71378 00719 302 0. 57637 31489 48877 132
0.552 1. 73672 29927 21325 750 0. 57579 70638 90464 548
0. 553 1. 73846 05843 65069 647 0. 57522 15546 29163 839
0. 554 1. 74019 99144 69542 780 0. 57464 66205 89465 693

0. 555 1. 74194 09847 74075 399 0. 57407 22611 96436 024
0. 556 1. 74368 37970 19737 955 0. 57349 84758 75715 391
0. 557 1. 74542 83529 49342 837 0. 57292 52640 53518 425
0. 558 1. 74717 46543 07446 121 0. 57235 26251 56633 257
0. 559 1. 74892 27028 40349 310 0. 57178 05586 12420 941

0. 560 1. 75067 25002 96101 083 0. 57120 90638 48814 886
0. 561 1. 75242 40484 24499 041 0. 57063 81402 94320 280
0. 562 1. 75417 73489 77091 459 0. 57006 77873 78013 522
0. 563 1. 75593 24037 07179 036 0. 56949 80045 29541 648
0. 564 1. 75768 92143 69816 648 0. 56892 87911 79121 761

0.565 1.75944 77827 21815 104 0.56836 01467 57540 464
0.566 1.76120 81105 21742 902 0.56779 20706 96153 288
0.567 1.76297 01995 29927 989 0.56722 45624 26884 125
0.568 1.76473 40515 08459 520 0.56665 76213 82224 657
0.569 1.76649 96682 21189 621 0.56609 12469 95233 792

0.570 1.76826 70514 33735 152 0.56552 54386 99537 097
0.571 1.77003 62029 13479 471 0.56496 01959 29326 229
0.572 1.77180 71244 29574 208 0.56439 55181 19358 370
0.573 1.77357 98177 52941 024 0.56383 14047 04955 664
0.574 1.77535 42846 56273 392 0.56326 78551 22004 648

0.575 1. 77713 05269 14038 362 0. 56270 4868e 06955 693
0.576 1.77890 85463 02478 341 0.56214 24451 96822 437
0.577 1.78068 83445 99612 864 0.56158 05837 29181 224
0.578 1.78246 99235 85240 377 0.56101 92838 42170 538
0.579 1.78425 32850 40940 016 0.56045 85449 74490 445

0.580 1.78603 84307 50073 382 0.55989 83665 65402 033
0.581 1. 78782 53624 97786 336 0.55933 87480 54726 843
0.582 1. 78961 40820 71010 772 0. 55877 96888 82846 320
0.583 1. 79140 45912 58466 414 0. 55822 11884 90701 245
0.584 1.79319 68918 50662 599 0.55766 32463 19791 179

0.585 1. 79499 09856 39900 067 0. 55710 58618 12173 905
0. 586 1. 79678 68744 20272 757 0. 55654 90344 10464 868
0. 587 1. 79858 45599 87669 600 0. 55599 27635 57836 621
0. 588 1. 80038 40441 39776 313 0. 55543 70486 98018 264
0. 589 1. 80218 53286 76077 198 0. 55488 18892 75294 892

0. 590 1. 80398 84153 97856 940 0. 55432 72847 34507 035
0. 591 1. 80579 33061 08202 413 0. 55377 32345 21050 107
0. 592 1. 80760 00026 12004 477 0. 55321 97380 80873 848
0. 593 1. 80940 85067 15959 787 0. 55266 67948 60481 771
0. 594 1. 81121 88202 28572 596 0. 55211 44043 06930 610

0. 595 1. 81303 09449 60156 569 0. 55156 25658 67829 766
0. 596 1. 81484 48827 22836 588 0. 55101 12789 91340 753
0. 597 1. 81666 06353 30550 566 0. 55046 05431 26176 649
0. 598 1. 81847 82045 99051 264 0. 54991 03577 21601 542
0. 599 1. 82029 75923 45908 101 0. 54936 07222 27429 984

0. 600 1. 82211 88003 90508 975 0. 54881 16360 94026 433
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0. 600 1. 82211 88003 90508 975 0. 54881 16360 94026 433
0. 601 1.82394 18305 54062 083 0. 54826 30987 72304 710
0. 602 1. 82576 66846 59597 740 0. 54771 51097 13727 448
0. 603 1. 82759 33645 31970 203 0. 54716 76683 70305 543
0. 604 1. 82942 18719 97859 499 0. 54662 07741 94597 605

0. 605 1. 83125 22088 85773 244 0. 54607 44266 39709 413
0. 606 1.83308 43770 26048 479 0. 54552 86251 59293 368
0. 607 1. 83491 83782 50853 497 0. 54498 33692 07547 943
0. 608 1. 83675 42143 94189 676 0. 54443 86582 39217 140
0. 609 1. 83859 18872 91893 312 0. 54389 44917 09589 946

0. 610 1. 84043 13987 81637 455 0. 54335 08690 74499 787
0. 611 1. 84227 27507 02933 750 0.54280 77897 90323 981
0. 612 1. 84411 59448 97134 270 0. 54226 52533 13983 200
0. 613 1. 84596 09832 07433 364 0. 54172 32591 02940 922
0. 614 1. 84780 78674 78869 496 0. 54118 18066 15202 890

0.615 1. 84965 65995 58327 090 0. 54064 08953 09316 571
0. 616 1. 85150 71812 94538 381 0. 54010 05246 44370 616
0. 617 1. 85335 96145 38085 258 0. 53956 06940 79994 313
0. 618 1. 85521 39011 41401 120 0. 53902 14030 76357 053
0. 619 1. 85707 00429 58772 725 0. 53848 26510 94167 789

0. 620 1. 85892 80418 46342 044 0. 53794 44375 94674 492
0. 621 1. 86078 78996 62108 121 0. 53740 67620 39663 618
0. 622 1. 86264 96182 65928 925 0. 53686 96238 91459 568
0. 623 1. 86451 31995 19523 215 0. 53633 30226 12924 149
0. 624 1. 86637 86452 86472 402 0. 53579 69576 67456 037

0. 625 1. 86824 59574 32222 407 0. 53526 14285 18990 242
0. 626 1. 87011 51378 24085 530 0. 53472 64346 31997 571
0. 627 1. 87198 61883 31242 321 0. 53419 19754 71484 093
0. 628 1. 87385 91108 24743 442 0. 53365 80505 02990 602
0.629 1. 87573 39071 77511 543 0. 53312 46591 92592 086

0. 630 1. 87761 05792 64343 132 0. 53259 18010 06897 190
0. 631 1. 87948 91289 61910 454 0. 53205 94754 13047 683
0. 632 1. 88136 95581 48763 361 0. 53152 76818 78717 927
0. 633 1. 88325 18687 05331 198 0. 53099 64198 72114 344
0. 634 1. 88513 60625 13924 678 0. 53046 56888 61974 883

0. 635 1. 88702 21414 58737 766 0. 52993 54883 17568 489
0. 636 1. 88891 01074 25849 565 0. 52940 58177 08694 574
0.637 1. 89079 99623 03226 199 0. 52887 66765 05682 485
0. 638 1. 89269 17079 80722 703 0. 52834 80641 79390 975
0. 639 1. 89458 53463 50084 912 0. 52781 99802 01207 673

0. 640 1. 89648 08793 04951 353 0. 52729 24240 43048 557
0. 641 1. 89837 83087 40855 140 0. 52676 53951 77357 426
0. 642 1. 90027 76365 55225 865 0. 52623 88930 77105 369
0. 643 1. 90217 88646 47391 502 0. 52571 29172 15790 242
0. 644 1. 90408 19949 18580 301 0. 52518 74670 67436 140

0. 645 1. 90598 70292 71922 692 0. 52466 25421 06592 872
0. 646 1. 90789 39696 12453 188 0. 52413 81418 08335 432
0. 647 1. 90980 28178 47112 287 0. 52361 42656 48263 478
0. 648 1. 91171 35758 84748 384 0. 52309 09131 02500 807
0. 649 1. 91362 62456 36119 674 0. 52256 80836 47694 830

0. 650 1. 91554 08290 13896 070 0. 52204 57767 61016 048
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0. 650 1. 91554 08290 13896 070 0. 52204 57767 61016 048
0. 651 1. 91745 73279 32661 108 0. 52152 39919 20157 530
0. 652 1. 91937 57443 08913 867 0. 52100 27286 03334 394
0. 653 1. 92129 60800 61070 883 0. 52048 19862 89283 277
0. 654 1. 92321 83371 09468 067 0. 51996 17644 57261 823

0. 655 1.92514 25173 76362 630 0. 51944 20625 87048 156
0. 656 1. 92706 86227 85934 997 0. 51892 28801 58940 364
0. 657 1. 92899 66552 64290 740 0. 51840 42166 53755 974
0. 658 1. 93092 66167 39462 496 0. 51788 60715 52831 438
0. 659 1. 93285 85091 41411 902 0. 51736 84443 38021 612

0. 660 1. 93479 23344 02031 522 0. 51685 13344 91699 238
0. 661 1. 93672 80944 55146 776 0. 51633 47414 96754 426
0. 662 1. 93866 57912 36517 879 0. 51581 86648 36594 140
0. 663 1. 94060 54266 83841 774 0. 51530 31039 95141 674
0. 664 1. 94254 70027 36754 070 0. 51478 80584 56836 146

0. 665 1. 94449 05213 36830 982 0. 51427 35277 06631 974
0. 666 1.94643 59844 27591 272 0. 51375 95112 29998 365
0. 667 1. 94838 33939 54498 192 0. 51324 60085 12918 798
0. 668 1. 95033 27518 64961 432 0. 51273 30190 41890 516
0. 669 1. 95228 40601 08339 065 0. 51222 05423 03924 002

0. 670 1. 95423 73206 35939 496 0. 51170 85777 86542 478
0. 671 1.95619 25354 01023 417 0. 51119 71249 77781 383
0. 672 1. 95814 97063 58805 754 0. 51068 61833 66187 865
0. 673 1. 96010 88354 66457 630 0. 51017 57524 40820 271
0. 674 1. 96206 99246 83108 314 0.50966 58316 91247 632

0. 675 1. 96403 29759 69847 187 0. 50915 64206 07549 157
0. 676 1. 96599 79912 89725 700 0. 50864 75186 80313 718
0. 677 1. 96796 49726 07759 335 0. 50813 91254 00639 348
0. 678 1. 96993 39218 90929 575 0. 50763 12402 60132 723
0. 679 1. 97190 48411 08185 868 0. 50712 38627 50908 661

0. 680 1. 97387 77322 30447 594 0. 50661 69923 65589 610
0. 681 1. 97585 25972 30606 040 0. 50611 06285 97305 142
0. 682 1. 97782 94380 83526 371 0. 50560 47709 39691 448
0. 683 1. 97980 82567 66049 605 0. 50509 94188 86890 827
0. 684 1. 98178 90552 56994 589 0. 50459 45719 33551 185

0. 685 1. 98377 18355 37159 979 0,50409 02295 74825 526
0. 686 1. 98575 65995 89326 220 0. 50358 63913 06371 449
0. 687 1. 98774 33493 98257 531 0. 50308 30566 24350 644
0. 688 1. 98973 20869 50703 885 0. 50258 '2250 25428 387
0. 689 1. 99172 28142 35403 001 0.50207 .3960 06773 037

0. 690 1. 99371 55332 43082 329 0. 50157 60690 66055 534
0. 691 1. 99571 02459 66461 043 0. 50107 47437 01448 895
0. 692 1. 99770 69544 00252 033 0. 50057 39194 11627 713
0. 693 1. 99970 56605 41163 899 0. 50007 35956 95767 658
0. 694 2. 00170 63663 87902 948 0. 49957 37720 53544 971

0. 695 2. 00370 90739 41175 193 0. 49907 44479 85135 969
0. 696 2.00571 37852 03688 356 0. 49857 56229 91216 541
0. 697 2. 00772 05021 80153 865 0. 49807 72965 72961 653
0. 698 2. 00972 92268 77288 865 0. 49757 94682 32044 844
0. 699 2. 01173 99613 03818 219 0. 49708 21374 70637 732

0.700 2. 01375 27074 70476 522 0. 49658 53037 91409 515
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0.700 2. 01375 27074 70476 522 0. 49658 53037 91409 515
0.701 2. 01576 74673 90010 108 0. 49608 89666 97526 471
0. 7Ó2 2. 01778 42430 77179 065 0. 49559 31256 92651 465
0. 703 2. 01980 30365 48759 247 0. 49509 77802 80943 451
0.704 2. 02182 38498 23544 296 0. 49460 29299 67056 976

0.705 2. 02384 66849 22347 653 0. 49410 85742 56141 685
0. 706 2. 02587 15438 68004 586 0. 49361 47126 53841 826
0. 707 2. 02789 84286 85374 210 0. 49312 13446 66295 756
0. 708 2. 02992 73414 01341 511 0. 49262 84698 00135 445
0. 709 2. 03195 82840 44819 374 0. 49213 60875 62485 987

0. 710 2. 03399 12586 46750 612 0. 49164 41974 60965 102
0. 711 2. 03602 62672 40109 996 0. 49115 27990 03682 649
0. 712 2. 03806 33118 59906 288 0. 49066 18916 99240 129
0.713 2. 04010 23945 43184 280 0. 49017 14750 56730 197
0.714 2. 04214 35173 29026 822 0. 48968 15485 85736 169

0.715 2. 04418 66822 58556 873 0. 48919 21117 96331 534
0. 716 2. 04623 18913 74939 531 0. 48870 31641 99079 460
0. 717 2. 04827 91467 23384 083 0. 48821 47053 05032 312
0.718 2. 05032 84503 51146 049 0. 48772 67346 25731 153
0.719 2. 05237 98043 07529 226 0. 48723 92516 73205 263

0. 120 2. 05443 32106 43887 743 0. 48675 22559 59971 650
0. 721 2. 05648 86714 13628 106 0. 48626 57469 99034 560
0.722 2. 05854 61886 72211 257 0.48577 97243 03884 990
0.723 2. 06060 57644 77154 626 0. 48529 41873 88500 207
0. 124 2. 06266 74008 88034 189 0. 48480 91357 67343 253

0. 725 2. 06473 10999 66486 529 0. 48432 45689 55362 467
0. 726 2. 06679 68637 76210 896 0. 48384 04864 67990 997
0.727 2. 06886 46943 82971 273 0. 48335 68878 21146 315
0.728 2. 07093 45938 54598 438 0. 48287 37725 31229 734
0.729 2. 07300 65642 60992 036 0. 48239 11401 15125 923

0.730 2. 07508 06076 74122 645 0. 48190 89900 90202 427
0. 731 2. 07715 67261 68033 852 0. 48142 73219 74309 180
0.732 2. 07923 49218 18844 323 0. 48094 61352 85778 027
0.733 2. 08131 51967 04749 882 0. 48046 54295 43422 238
0. 734 2. 08339 75529 06025 589 0. 47998 52042 66536 031

0.735 2. 08548 19925 05027 819 0. 47950 54589 74894 090
0. 736 2. 08756 85175 86196 344 0. 47902 61931 88751 082
0. 737 2. 08965 71302 36056 419 0. 47854 74064 28841 182
0. 738 2. 09174 78325 43220 868 0. 47806 90982 16377 589
0. 739 2. 09384 06265 98392 173 0. 47759 12680 73052 052

0. 740 2. 09593 55144 94364 563 0. 47711 39155 21034 388
0. 741 2. 09803 24983 26026 109 0. 47663 70400 82972 004
0. 742 2. 10013 15801 90360 816 0. 47616 06412 81989 423
0. 743 2. 10223 27621 86450 725 0. 47568 47186 41687 803
0.744 2. 10433 60464 15478 007 0. 47520 92716 86144 466

0. 745 2.10644 14349 80727 065 0.4747342999 39912 416
0. 746 2. 10854 89299 87586 641 0. 47425 98029 28019 867
0. 747 2. 11065 85335 43551 917 0. 47378 57801 75969 767
0. 748 2. 11277 02477 58226 625 0. 47331 22312 09739 326
0. 749 2. 11488 40747 43325 155 0. 47283 91555 55779 537

0.750 2. 11700 00166 12674 669 0. 47236 65527 41014 707
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0. 750 2. 11700 00166 12674 669 0. 47236 65527 41014 707
0. 751 2.11911 80754 82217 212 0. 47189 44222 92841 982
0. 752 2. 12123 82534 70011 830 0. 47142 27637 39130 875
0. 753 2. 12336 05526 96236 688 0.47095 15766 08222 791
0. 754 2. 12548 49752 83191 190 0. 47048 08604 28930 562

0. 755 2. 12761 15233 55298 098 0. 47001 06147 30537 969
0. 756 2. 12974 01990 39105 663 0. 46954 08390 42799 274
0. 757 2. 13187 10044 63289 745 0. 46907 15328 95938 749
0. 758 2. 13400 39417 58655 946 0. 46860 26958 20650 211
0. 759 2.13613 90130 58141 739 0. 46813 43273 48096 543

0. 760 2. 13827 62204 96818 602 0. 46766 64270 09909 234
0. 761 2. 14041 55662 11894 152 0. 46719 89943 38187 907
0. 762 2. 14255 70523 42714 282 0. 46673 20288 65499 852
0. 763 2, 14470 06810 30765 301 0. 46626 55301 24879 557
0. 764 2. 14684 64544 19676 075 0. 46579 94976 49828 242

0. 765 2. 14899 43746 55220 173 0. 46533 39309 74313 393
0. 766 2. 15114 44438 85318 010 0. 46486 88296 32768 297
0. 767 2. 15329 66642 60038 993 0. 46440 41931 60091 573
0. 768 2. 15545 10379 31603 678 0. 46394 00210 91646 708
0. 769 2. 15760 75670 54385 916 0. 46347 63129 63261 598

0. 770 2. 15976 62537 84915 008 0. 46301 30683 11228 073
0. 771 2. 16192 71002 81877 866 0. 46255 02866 72301 444
0. 772 2. 16409 01087 06121 167 0. 46208 79675 83700 034
0. 773 2. 16625 52812 20653 514 0. 46162 61105 83104 714
0. 774 2. 16842 26199 90647 604 0. 46116 47152 08658 446

0. 775 2. 17059 21271 83442 386 0. 46070 37809 98965 818
0.77 2. 17276 38049 68545 234 0. 46024 33074 93092 580
0.77 2. 17493 76555 17634 114 0. 45978 32942 30565 189
0. 778 2. 17711 36810 04559 757 0. 45932 37407 51370 344
0. 779 2. 17929 18836 05347 830 0. 45886 46465 95954 527

0. 780 2. 18147 22654 98201 117 0.45840 60113 05223 545
0. 781 2. 18365 48288 63501 691 0. 45794 78344 20542 069
0. 782 2. 18583 95758 83813 099 0. 45749 01154 83733 175
0.783 2. 18802 65087 43882 545 0. 45703 28540 37077 890
0. 784 2. 19021 56296 30643 070 0. 45657 60496 23314 727

0. 785 2. 19240 69407 33215 744 0. 45611 97017 85639 236
0. 786 2. 19460 04442 42911 852 0.45566 38100 67703 540
0. 787 2. 19679 61423 53235 086 0. 45520 83740 13615 885
0. 788 2. 19899 40372 59883 740 0. 45475 33931 67940 176
0. 789 2. 20119 41311 60752 903 0. 45429 88670 75695 532

0. 790 2. 20339 64262 55936 659 0. 45384 47952 82355 822
0. 791 2. 20560 09247 47730 288 0. 45339 11773 33849 215
0. 792 2. 20780 76288 40632 465 0. 45293 80127 76557 724
0. 793 2. 21001 65407 41347 466 0. 45248 53011 57316 754
0. 794 2. 21222 76626 58787 377 0. 45203 30420 23414 649

0. 795 2. 21444 09968 04074 299 0. 45158 12349 22592 237
0. 796 2. 21665 65453 90542 561 0. 45112 98794 03042 379
0. 797 2. 21887 43106 33740 936 0. 45067 89750 13409 518
0. 798 2. 22109 42947 51434 850 0. 45022 85213 02789 227
0. 799 2. 22331 64999 63608 607 0. 44977 85178 20727 758

0.800 2. 22554 09284 92467 605 0. 44932 89641 17221 591
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0. 800 2. 22554 09284 92467 605 0. 44932 89641 17221 591
0. 801 2. 22776 75825 62440 556 0. 44887 98597 42716 986
0. 802 2. 22999 64644 00181 717 0. 44843 12042 48109 530
0. 803 2. 23222 75762 34573 111 0. 44798 29971 84743 691
0.804 2. 23446 09202 96726 759 0. 44753 52381 04412 369

0. 805 2. 23669 64988 19986 909 0. 44708 79265 59356 447
0. 806 2. 23893 43140 39932 270 0.44664 10621 02264 340
0. 807 2. 24117 43681 94378 249 0. 44619 46442 86271 556
0. 808 2. 24341 66635 23379 186 0. 44574 86726 64960 242
0. 809 2. 24566 12022 69230 599 0. 44530 31467 92358 738

0. 810 2. 24790 79866 76471 419 0. 44485 80662 22941 134
0. 811 2. 25015 70189 91886 242 0. 44441 34305 11626 826
0. 812 2. 25240 83014 64507 569 0. 44396 92392 13780 063
0. 813 2. 25466 18363 45618 061 0. 44352 54918 85209 512
0. 814 2. 25691 76258 88752 788 0. 44308 21880 82167 806

0. 815 2. 25917 56723 49701 480 0. 44263 93273 61351 106
0.816 2.26143 59779 86510 786 0. 44219 69092 79898 654
0.817 2. 26369 85450 59486 532 0. 44175 49333 95392 332
0. 818 2. 26596 33758 31195 979 0.44131 33992 65856 218
0. 819 2. 26823 04725 66470 087 0. 44087 23064 49756 146

0. 820 2. 27049 98375 32405 781 0. 44043 16545 05999 263
0. 821 2. 27277 14729 98368 215 0. 43999 14429 93933 588
0. 822 2. 27504 53812 35993 046 0. 43955 16714 73347 574
0. 823 2. 27732 15645 19188 700 0.43911 23395 04469 662
0. 824 2. 27960 00251 24138 650 0. 43867 34466 47967 847

0. 825 2. 28188 07653 29303 690 0. 43823 49924 64949 237
0.826 2. 28416 37874 15424 217 0. 43779 69765 16959 611
0. 827 2. 28644 90936 65522 506 0. 43735 93983 65982 985
0. 828 2. 28873 66863 64904 998 0. 43692 22575 74441 171
0. 829 2. 29102 65678 01164 583 0. 43648 55537 05193 342

0. 830 2. 29331 87402 64182 888 0. 43604 92863 21535 593
0. 831 2. 29561 32060 46132 567 0. 43561 34549 87200 502
0. 832 2. 29790 99674 41479 593 0. 43517 80592 66356 699
0. 833 2. 30020 90267 46985 553 0. 43474 30987 23608 428
0. 834 2. 30251 03862 61709 945 0. 43430 85729 23995 109

0.835 2, 30481 40482 87012 474 0. 43387 44814 32990 906
0. 836 2. 30712 00151 26555 358 0. 43344 08238 16504 293
0. 837 2. 30942 82890 86305 628 0. 43300 75996 40877 616
0. 838 2, 31173 88724 74537 437 0. 43257 48084 72886 664
0. 839 2. 31405 17676 01834 366 0. 43214 24498 79740 233

0. 840 2. 31636 69767 81091 734 0. 43171 05234 29079 693
0. 841 2. 31868 45023 27518 913 0. 43127 90286 88978 558
0. 842 2. 32100 43465 58641 644 0. 43084 79652 27942 052
0. 843 2. 32332 65117 94304 351 0.43041 73326 14906 679
0. 844 2. 32565 10003 56672 462 0. 42998 71304 19239 788

0. 845 2. 32797 78145 70234 734 0. 42955 73582 10739 148
0. 846 2. 33030 69567 61805 575 0. 42912 80155 59632 516
0. 847 2. 33263 84292 60527 370 0. 42869 91020 36577 204
0. 848 2. 33497 22343 97872 812 0. 42827 06172 12659 654
0. 849 2. 33730 83745 07647 233 0. 42784 25606 59395 005

0.850 2. 33964 68519 25990 937 0. 42741 49319 48726 670
r(-s)6L6 L6
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0. 850 2. 33964 68519 25990 937 0. 42741 49319 48726 670
0. 851 2. 34198 76689 91381 538 0. 42698 77306 53025 901
0. 852 2. 34433 08280 44636 295 0. 42656 09563 45091 367
0. 853 2. 34667 63314 28914 459 0. 42613 46085 98148 726
0. 854 2. 34902 41814 89719 607 0. 42570 86869 85850 193

0. 855 2. 35137 43805 74901 997 0. 42528 31910 82274 123
0. 856 2. 35372 69310 34660 911 0. 42485 81204 61924 574
0. 857 2. 35608 18352 21547 002 0. 42443 34746 99730 893
0. 858 2. 35843 90954 90464 656 0. 42400 92533 71047 281
0. 859 2. 36079 87141 98674 336 0. 42358 54560 51652 373

0. 860 2. 36316 06937 05794 948 0.42316 20823 17748 817
0. 861 2. 36552 50363 73806 196 0. 42273 91317 45962 841
0. 862 2. 36789 17445 67050 946 0. 42231 66039 13343 840
0. 863 2. 37026 08206 52237 586 0.42189 44983 97363 945
0. 864 2. 37263 22669 98442 400 0. 42147 28147 75917 606

0. 865 2. 37500 60859 77111 933 0. 42105 15526 27321 165
0. 866 2. 37738 22799 62065 359 0.42063 07115 30312 439
0. 867 2. 37976 08513 29496 863 0. 42021 02910 64050 296
0. 868 2. 38214 18024 57978 010 0. 41979 02908 08114 234
0. 869 2. 38452 51357 28460 126 0. 41937 07103 42503 963

0. 870 2. 38691 08535 24276 682 0. 41895 15492 47638 983
0. 871 2. 38929 89582 31145 671 0. 41853 28071 04358 162
0. 872 2. 39168 94522 37171 999 0. 41811 44834 93919 324
0. 873 2. 39408 23379 32849 872 0. 41769 65779 97998 822
0. 874 2. 39647 76177 11065 184 0. 41727 90901 98691 126

0. 875 2. 39887 52939 67097 915 0. 41686 20196 78508 403
0. 876 2. 40127 53690 98624 518 0. 41644 53660 20380 096
0. 877 2. 40367 78455 05720 327 0. 41602 91288 07652 513
0. 878 2. 40608 27255 90861 947 0.41561 33076 24088 408
0. 879 2. 40849 00117 58929 666 0.41519 79020 53866 560

0. 880 2. 41089 97064 17209 851 0. 41478 29116 81581 367
0. 881 2. 41331 18119 75397 361 0. 41436 83360 92242 420
0. 882 2. 41572 63308 45597 956 0.41395 41748 71274 097
0. 883 2. 41814 32654 42330 708 0. 41354 04276 04515 140
0. 884 2. 42056 26181 82530 413 0.41312 70938 78218 250

0. 885 2. 42298 43914 85550 015 0. 41271 41732 79049 666
0. 886 2. 42540 85877 73163 018 0. 41230 16653 94088 753
0. 887 2. 42783 52094 69565 911 0.41188 95698 10827 593
0. 888 2. 43026 42590 01380 593 0. 41147 78861 17170 568
0. 889 2. 43269 57387 97656 799 0.41106 66139 01433 949

0. 890 2. 43512 96512 89874 527 0.41065 57527 52345 488
0. 891 2. 43756 59989 11946 472 0. 41024 53022 59044 001
0. 892 2. 44000 47841 00220 460 0. 40983 52620 11078 959
0. 893 2. 44244 60092 93481 882 0. 40942 56315 98410 082
0. 894 2. 44488 96769 32956 134 0. 40901 64106 11406 922

0. 895 2. 44733 57894 62311 060 0. 40860 75986 40848 458
0. 896 2. 44978 43493 27659 394 0. 40819 91952 77922 685
0. 897 2. 45223 53589 77561 203 0. 40779 12001 14226 207
0. 898 2. 45468 88208 63026 343 0. 40738 36127 41763 826
0. 899 2. 45714 47374 37516 904 0. 40697 64327 52948 135

0.900 2. 45960 31111 56949 664 0. 40656 96597 40599 112
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0. 900 2. 45960 31111 56949 664 0. 40656 96597 40599 112
0. 901 2. 46206 39444 79698 548 0. 40616 32932 97943 710
0.902 2. 46452 72398 66597 083 0. 40575 73330 18615 453
0. 903 2.46699 29997 80940 863 0.40535 17784 96654 028
0. 904 2. 46946 12266 88490 006 0. 40494 66293 26504 879

0. 905 2. 47193 19230 57471 626 0. 40454 18851 03018 802
0. 906 2. 47440 50913 58582 298 0. 40413 75454 21451 540
0.907 2. 47688 07340 64990 529 0. 40373 36098 77463 377
0.908 2.47935 88536 52339 232 0.40333 00780 67118 736
0.909 2. 48183 94525 98748 200 0. 40292 69495 86885 773

0.910 2. 48432 25333 84816 587 0. 40252 42240 33635 975
0.911 2. 48680 80984 93625 386 0. 40212 19010 04643 753
0. 912 2. 48929 61504 10739 912 0. 40171 99800 97586 047
0. 913 2. 49178 66916 24212 291 0. 40131 84609 10541 915
0. 914 2. 49427 97246 24583 942 0. 40091 73430 41992 136

0.915 2. 49677 52519 04888 075 0. 40051 66260 90818 809
0.916 2. 49927 32759 60652 177 0. 40011 63096 56304 950
0.917 2. 50177 37992 89900 513 0. 39971 63933 38134 089
0.918 2. 50427 68243 93156 620 0. 39931 68767 36389 877
0.919 2. 50678 23537 73445 810 0. 39891 77594 51555 677

0. 920 2. 50929 03899 36297 671 0. 39851 90410 84514 173
0. 921 2. 51180 09353 89748 577 0. 39812 07212 36546 962
0. 922 2. 51431 39926 44344 189 0. 39772 27995 09334 165
0. 923 2. 51682 95642 13141 971 0. 39732 52755 04954 021
0. 924 2. 51934 76526 11713 703 0. 39692 81488 25882 492

0. 925 2. 52186 82603 58147 991 0.39653 14190 74992 866
0. 926 2. 52439 13899 73052 794 0. 39613 50858 55555 360
0. 927 2. 52691 70439 79557 936 0. 39573 91487 71236 720
0. 928 2. 52944 52249 03317 633 0.39534 36074 26099 830
0. 929 2. 53197 59352 72513 022 0. 39494 84614 24603 311

0.930 2. 53450 91776 17854 680 0. 39455 37103 71601 130
0. 931 2. 53704 49544 72585 166 0. 39415 93538 72342 199
0. 932 2. 53958 32683 72481 544 0. 39376 53915 32469 987
0. 933 2. 54212 41218 55857 927 0. 39337 18229 58022 122
0.934 2. 54466 75174 63568 010 0. 39297 86477 55429 996

0. 935 2. 54721 34577 39007 611 0. 39258 58655 31518 373
0.936 2. 54976 19452 28117 220 0. 39219 34758 93504 997
0. 937 2. 55231 29824 79384 537 0. 39180 14784 49000 198
0. 938 2. 55486 65720 43847 026 0. 39140 98728 06006 497
0. 939 2. 55742 27164 75094 464 0. 39101 86585 72918 221

0.940 2. 55998 14183 29271 496 0.39062 78353 58521 102
0. 941 2. 56254 26801 65080 189 0. 39023 74027 71991 894
0. 942 2. 56510 65045 43782 593 0. 38984 73604 22897 977
0. 943 2. 56767 28940 29203 299 0. 38945 77079 21196 971
0. 944 2. 57024 18511 87732 007 0. 38906 84448 77236 341

0. 945 2. 57281 33785 88326 089 0. 38867 95709 01753 010
0. 946 2. 57538 74788 02513 161 0. 38829 10856 05872 971
0. 947 2. 57796 41544 04393 651 0. 38790 29886 01110 896
0.948 2. 58054 34079 70643 376 0. 38751 52794 99369 747
0. 949 2. 58312 52420 80516 117 0. 38712 79579 12940 390

0.950 2. 58570 96593 15846
r(-7)3

199 0. 38674 10234 54501
[(-8)5

207
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0. 950 2.58570 96593 15846 199 0. 38674 10234 54501 207
0.951 2. 58829 66622 61051 072 0. 38635 44757 37117 707
0. 952 2. 59088 62535 03133 898 0. 38596 83143 74242 140
0. 953 2. 59347 84356 31686 135 0.38558 25389 79713 111
0. 954 2. 59607 32112 38890 126 0. 38519 71491 67755 194

0. 955 2. 59867 05829 19521 695 0. 38481 21445 52978 545
0. 956 2. 60127 05532 70952 740 0. 38442 75247 50378 516
0. 957 2. 60387 31248 93153 828 0. 38404 32893 75335 273
0. 958 2. 60647 83003 88696 799 0. 38365 94380 43613 409
0. 959 2. 60908 60823 62757 366 0. 38327 59703 71361 560

0. 960 2. 61169 64734 23117 718 0. 38289 28859 75112 023
0. 961 2. 61430 94761 80169 136 0.38251 01844 71780 368
0. 962 2.61692 50932 46914 592 0. 38212 78654 78665 061
0.963 2. 61954 33272 38971 373 0. 38174 59286 13447 076
0. 964 2. 62216 41807 74573 688 0. 38136 43734 94189 517

0. 965 2. 62478 76564 74575 291 0.38098 31997 39337 233
0. 966 2. 62741 37569 62452 101 0. 38060 24069 67716 437
0. 967 2. 63004 24848 64304 825 0. 38022 19947 98534 325
0. 968 2. 63267 38428 08861 583 0. 37984 19628 51378 697
0. 969 2. 63530 78334 27480 539 0. 37946 23107 46217 574

0. 970 2. 63794 44593 54152 532 0. 37908 30381 03398 818
0. 971 2. 64058 37232 25503 708 0. 37870 41445 43649 757
0. 972 2. 64322 56276 80798 158 0. 37832 56296 88076 798
0.973 2. 64587 01753 61940 558 0. 37794 74931 58165 054
0. 974 2. 64851 73689 13478 808 0. 37756 97345 75777 964

0. 975 2. 65116 72109 82606 682 0. 37719 23535 63156 913
0.976 2. 65381 97042 19166 470 0. 37681 53497 42920 859
0. 977 2. 65647 48512 75651 628 0. 37643 87227 38065 949
0. 978 2. 65913 26548 07209 434 0. 37606 24721 71965 147
0. 979 2. 66179 31174 71643 642 0. 37568 65976 68367 855

0.980 2. 66445 62419 29417 138 0. 37531 10988 51399 539
0. 981 2. 66712 20308 43654 602 0. 37493 59753 45561 350
0. 982 2. 66979 04868 80145 169 0. 37456 12267 75729 751
0. 983 2. 67246 16127 07345 099 0. 37418 68527 67156 142
0. 984 2. 67513 54109 96380 441 0. 37381 28529 45466 482

0. 985 2. 67781 18844 21049 708 0. 37343 92269 36660 918
0. 986 2. 68049 10356 57826 547 0. 37306 59743 67113 412
0. 987 2. 68317 28673 85862 418 0. 37269 30948 63571 361
0.988 2. 68585 73822 86989 272 0. 37232 05880 53155 231
0. 989 2. 68854 45830 45722 235 0. 37194 84535 63358 181

0. 990 2. 69123 44723 49262 289 0. 37157 66910 22045 691
0. 991 2. 69392 70528 87498 962 0. 37120 53000 57455 187
0. 992 2. 69662 23273 53013 016 0. 37083 42802 98195 674
0. 993 2. 69932 02984 41079 142 0. 37046 36313 73247 362
0. 994 2. 70202 09688 49668 652 0. 37009 33529 11961 296

0. 995 2. 70472 43412 79452 181 0. 36972 34445 44058 983
0. 996 2. 70743 04184 33802 382 0. 36935 39058 99632 024
0. 997 2. 71013 92030 18796 637 0. 36898 47366 09141 744
0. 998 2. 71285 06977 43219 755 0. 36861 59363 03418 822
0. 999 2. 71556 49053 18566 687 0. 36824 75046 13662 921

1. 000 2. 71828 18284 59045 235 0. 36787 94411 71442 322
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From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine
to radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S.
Government Printing Office, Washington, D.C., 1921 (with permission) for ex, X 2.4.

Table 4.4

X

EXPONENTIAL FUNCTION

ex e-x

0.0 1. 00000 00000 00000 1. 00000 00000 00000 00000
0.1 1.10517 09180 75648 0. 90483 74180 35959 57316
0.2 1.22140 27581 60170 0. 81873 07530 77981 85867
0.3 1.34985 88075 76003 0.74081 82206 81717 86607
0.4 1. 49182 46976 41270 0. 67032 00460 35639 30074

0.5 1.64872 12707 00128 0. 60653 06597 12633 42360
0.6 1.82211 88003 90509 0. 54881 16360 94026 43263
0.7 2.01375 27074 70477 0. 49658 53037 91409 51470
0.8 2. 22554 09284 92468 0. 44932 89641 17221 59143
0.9 2.45960 31111 56950 0. 40656 96597 40599 11188

1.0 2.71828 18284 59045 0. 36787 94411 71442 32160
1.1 3.00416 60239 46433 0. 33287 10836 98079 55329
1.2 3. 32011 69227 36547 0. 30119 42119 12202 09664
1. 3 3. 66929 66676 19244 0. 27253 17930 34012 60312
1.4 4. 05519 99668 44675 0. 24659 69639 41606 47694

1.5 4. 48168 90703 38065 0. 22313 01601 48429 82893
1.6 4. 95303 24243 95115 0. 20189 65179 94655 40849
1.7 5. 47394 73917 27200 0. 18268 35240 52734 65022
1. 8 6. 04964 74644 12946 0. 16529 88882 21586 53830
1. 9 6. 68589 44422 79269 0. 14956 86192 22635 05264

2.0 7.38905 60989 30650 0. 13533 52832 36612 69189
2. 1 8. 16616 99125 67650 0. 12245 64282 52981 91022
2.2 9. 02501 34994 34121 0. 11080 31583 62333 88333
2. 3 9. 97418 24548 14721 0. 10025 88437 22803 73373
2.4 11.02317 63806 41602 0. 09071 79532 89412 50338

2.5 12.18249 39607 03473 0. 08208 49986 23898 79517
2.6 13.46373 80350 01690 0. 07427 35782 14333 88043
2.7 14.87973 17248 72834 0. 06720 55127 39749 76513
2.8 16.44464 67710 97050 0. 06081 00626 25217 96500
2.9 18. 17414 53694 43061 0. 05502 32200 56407 22903

3. 0 20. 08553 69231 87668 0. 04978 70683 67863 94298
3.1 22. 19795 12814 41633 0. 04504 92023 93557 80607
3.2 24.53253 01971 09349 0. 04076 22039 78366 21517
3.3 27. 11263 89206 57887 0. 03688 31674 01240 00545
3.4 29.96410 00473 97013 0. 03337 32699 60326 07948

3.5 33. 11545 19586 92314 0.03019 73834 22318 50074
3.6 36.59823 44436 77988 0. 02732 37224 47292 56080
3.7 40.44730 43600 67391 0. 02472 35264 70339 39120
3.8 44. 70118 44933 00823 0. 02237 07718 56165 59578
3.9 49.40244 91055 30174 0. 02024 19114 45804 38847

4.0 54.59815 00331 44239 0. 01831 56388 88734 18029
4.1 60.34028 75973 61969 0. 01657 26754 01761 24754
4.2 66. 68633 10409 25142 0. 01499 55768 20477 70621
4.3 73.69979 36995 95797 0. 01356 85590 12200 93176
4.4 81.45086 86649 68117 0. 01227 73399 03068 44118

4.5 90.01713 13005 21814 0. 01110 89965 38242 30650
4.6 99.48431 56419 33809 0. 01005 18357 44633 58164
4.7 109. 94717 24521 23499 0. 00909 52771 01695 81709
4.8 121. 51041 75187 34881 0. 00822 97470 49020 02884
4.9 134.28977 96849 35485 0. 00744 65830 70924 34052

5.0 148.41315 91025 76603 0.00673 79469 99085 46710
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5.0 148.41315 91025 77 0. 00673 79469 99085 46710
5. 1 164. 02190 72999 02 0. 00609 67465 65515 63611
5.2 181.27224 18751 51 0. 00551 65644 20760 77242
53 200.33680 99747 92 0. 00499 15939 06910 21621
54 221.40641 62041 87 0. 00451 65809 42612 66798

55 244.69193 22642 20 0. 00408 67714 38464 06699
5.6 270.42640 74261 53 0. 00369 78637 16482 93082
5 298. 86740 09670 60 0. 00334 59654 57471 27277
5.8 330. 29955 99096 49 0. 00302 75547 45375 81475
59 365.03746 78653 29 0. 00273 94448 18768 36923

6. 0 403. 42879 34927 35 0. 00247 87521 76666 35842
6. 1 445. 85777 00825 17 0. 00224 28677 19485 80247
6. 2 492. 74904 10932 56 0. 00202 94306 36295 73436
6. 3 544. 57191 01259 29 0. 00183 63047 77028 90683
6. 4 601. 84503 78720 82 0.00166 15572 73173 93450

6. 5 665. 14163 30443 62 0. 00150 34391 92977 57245
6. 6 735. 09518 92419 73 0. 00136 03680 37547 89342
6. 7 812. 40582 51675 43 0. 00123 09119 02673 48118
6. 8 897. 84729 16504 18 0. 00111 37751 47844 80308
6. 9 992. 27471 56050 26 0. 00100 77854 29048 51076

7. 0 1096. 63315 84284 59 0. 00091 18819 65554 51621
7. 1 1211. 96707 44925 77 0. 00082 51049 23265 90427
7. 2 1339. 43076 43944 18 0. 00074 65858 08376 67937
7. 3 1480. 29992 75845 45 0. 00067 55387 75193 84424
7. 4 1635. 98442 99959 27 0. 00061 12527 61129 57256

7. 5 1808. 04241 44560 63 0. 00055 30843 70147 83358
7. 6 1998. 19589 51041 18 0. 00050 04514 33440 61070
7. 7 2208. 34799 18872 09 0. 00045 28271 82886 79706
7. 8 2440. 60197 76244 99 0. 00040 97349 78979 78671
7. 9 2697. 28232 82685 09 0. 00037 07435 40459 08837

8. 0 2980. 95798 70417 28 0. 00033 54626 27902 51184
8. 1 3294. 46807 52838 41 0. 00030 35391 38078 86666
8. 2 3640. 95030 73323 55 0. 00027 46535 69972 14233
8. 3 4023. 87239 38223 10 0. 00024 85168 27107 95202
8. 4 4447. 06674 76998 56 0. 00022 48673 24178 84827

8. 5 4914. 76884 02991 34 0. 00020 34683 69010 64417
8. 6 5431. 65959 13629 80 0. 00018 41057 93667 57912
8. 7 6002. 91221 72610 22 0. 00016 65858 10987 63341
8. 8 6634. 24400 62778 85 0. 00015 07330 75095 47660
8. 9 7331. 97353 91559 93 0.00013 63889 26482 01145

9. 0 8103. 08392 75753 84 0. 00012 34098 04086 67955
9. 1 8955. 29270 34825 12 0. 00011 16658 08490 11474
9. 2 9897. 12905 87439 16 0. 00010 10394 01837 09335
9. 3 10938. 01920 81651 84 0. 00009 14242 31478 17334
9. 4 12088. 38073 02169 84 0. 00008 27240 65556 63226

9. 5 13359. 72682 96618 72 0. 00007 48518 29887 70059
9. 6 14764. 78156 55772 73 0. 00006 77287 36490 85387
9. 7 16317. 60719 80154 32 0. 00006 12834 95053 22210
9. 8 18033. 74492 78285 11 0. 00005 54515 99432 17698
9. 9 19930. 37043 82302 89 0. 00005 01746 82056 17530

10.0 22026. 46579 48067 17 0. 00004 53999 29762 48485
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Table 4.4

X

EXPONENTIAL FUNCTION

ex

0 0)1.00000 00000 00000 000 0)1.00000 00000 00000 000
1 0)2.71828 18284 59045 235 (- 1) 3. 67879 44117 14423 216
2 0)7. 38905 60989 30650 227 - 1 1. 35335 28323 66126 919
3 1)2.00855 36923 18766 774 - 2 4. 97870 68367 86394 298
4 1)5.45981 50033 14423 908 - 2 1. 83156 38888 73418 029

5 2)1.48413 15910 25766 034 - 3) 6. 73794 69990 85467 097
6 2)4.03428 79349 27351 226 - 3)2. 47875 21766 66358 423
7 3)1.09663 31584 28458 599 - 4 9. 11881 96555 45162 080
8 3)2.98095 79870 41728 275 - 4 3. 35462 62790 25118 388
9 3)8.10308 39275 75384 008 - 4 1. 23409 80408 66795 495

10 4)2.20264 65794 80671 652 -5 4. 53999 29762 48485 154
11 4) 5. 98741 41715 19781 846 -5 1. 67017 00790 24565 931
12 5)1.62754 79141 90039 208 -6 6. 14421 23533 28209 759
13 5)4.42413 39200 89205 033 -6 2. 26032 94069 81054 326
14 6)1.20260 42841 64776 778 -7 8. 31528 71910 35678 841

15 6)3.26901 73724 72110 639 - 7) 3. 05902 32050 18257 884
16 6)8. 88611 05205 07872 637 - 7 1. 12535 17471 92591 145
17 7)2.41549 52753 57529 821 - 8 4. 13993 77187 85166 660
18 7)6.56599 69137 33051 114 - 8 1. 52299 79744 71262 844
19 8)1.78482 30096 31872 608 - 9 5. 60279 64375 37267 540

20 8 4. 85165 19540 97902 780 - 9)2. 06115 36224 38557 828
21 9 1. 31881 57344 83214 697 -10)7.58256 04279 11906 728
22 9 3. 58491 28461 31591 562 -10 2. 78946 80928 68924 808
23 9)9.74480 34462 48902 600 -10 1. 02618 79631 70189 030
24 (10)2.64891 22129 84347 229 -11 3. 77513 45442 79097 752

25 10 7. 20048 99337 38587 252 -11 1. 38879 43864 96402 059
26 11 1. 95729 60942 88387 643 -12 5. 10908 90280 63324 720
27 11 5. 32048 24060 17986 167 -12 1. 87952 88165 39083 295
28 12) 1. 44625 70642 91475 174 -13 6. 91440 01069 40203 009
29 12)3.93133 42971 44042 074 -13 2. 54366 56473 76922 910

30 13 1. 06864 74581 52446 215 -14 9. 35762 29688 40174 605
31 13 2. 90488 49665 24742 523 -14 3. 44247 71084 69976 458
32 13 7. 89629 60182 68069 516 -14 1. 26641 65549 09417 572
33 14 2. 14643 57978 59160 646 -15 4. 65888 61451 03397 364
34 (14 5.83461 74252 74548 814 -15 1. 71390 84315 42012 966

35 (15)1.58601 34523 13430 728 -16 6. 30511 67601 46989 386
36 15 4. 31123 15471 15195 227 -16 2. 31952 28302 43569 388
37 16 1. 17191 42372 80261 131 -17 8. 53304 76257 44065 794
38 16 3.18559 31757 11375 622 -17 3. 13913 27920 48029 629
39 (16)8.65934 00423 99374 695 -17 1. 15482 24173 01578 599

40 (17)2. 35385 26683 70199 854 (-18 4. 24835 42552 91588 995
41 17 6. 39843 49353 00549 492 (-18 1. 56288 21893 34988 768
42 18 1. 73927 49415 20501 047 -19 5. 74952 22642 93559 807
43 18 4. 72783 94682 29346 561 -19 2. 11513 10375 91080 487
44 (19) 1. 28516 00114 35930 828 -20 7. 78113 22411 33796 516

45 19 3. 49342 71057 48509 535 -20 2. 86251 85805 49393 644
46 19 9. 49611 94206 02448 875 -20 1. 05306 17357 55381 238
47 20 2. 58131 28861 90067 396 -21 3. 87399 76286 87187 113
48 20 7. 01673 59120 97631 739 -21 1. 42516 40827 40935 106
49 (21 1. 90734 65724 95099 691 -22 5. 24288 56633 63463 937

50 (21)5.18470 55285 87072 464 (-22) 1. 92874 98479 63917 783



For jz!>iOO see Example 11.
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X

ELEMENTARY TRANSCENDENTAL FUNCTIONS

EXPONENTIAL FUNCTION

ex

Table 4.4

50 21 5. 18470 55285 87072 464 -22 1. 92874 98479 63917 783
51 22 1. 40934 90824 26938 796 -23 7. 09547 41622 84704 139
52 22 3. 83100 80007 16576 849 -23 2. 61027 90696 67704 805
53 23 1. 04137 59433 02908 780 (-24 9. 60268 00545 08676 030
54 23 2. 83075 33032 74693 900 (-24 3. 53262 85722 00807 030

55 23 7. 69478 52651 42017 138 -24 1. 29958 14250 07503 074
56 24 2. 09165 94960 12996 154 -25 4. 78089 28838 85469 081
57 24 5.68571 99993 35932 223 -25 1. 75879 22024 24311 649
58 25 1. 54553 89355 90103 930 -26 6. 47023 49256 45460 326
59 (25 4.20121 04037 90514 255 -26 2. 38026 64086 94400 606

60 26 1. 14200 73898 15684 284 -27 8. 75651 07626 96520 338
61 26 3. 10429 79357 01919 909 -27 3. 22134 02859 92516 089
62 26 8. 43835 66687 41454 489 -27 1. 18506 48642 33981 006
63 27 2. 29378 31594 69609 879 -28 4. 35961 00000 63080 974
64 27 6.23514 90808 11616 883 -28 1. 60381 08905 48637 853

65 28 1. 69488 92444 10333 714 -29 5.90009 05415 97061 391
66 28 4. 60718 66343 31291 543 -29 2. 17052 20113 03639 412
67 29 1. 25236 31708 42213 781 -30 7. 98490 42456 86978 808
68 29 3. 40427 60499 31740 521 -30 2. 93748 21117 10802 947
69 29 9. 25378 17255 87787 600 -30 1. 08063 92777 07278 495

70 30 2. 51543 86709 19167 006 -31 3. 97544 97359 08646 808
71 30 6.83767 12297 62743 867 -31 1.46248 62272 51230 947
72 31 1. 85867 17452 84127 980 -32 5. 38018 61600 21138 414
73 (31 5.05239 36302 76104 195 -32 1. 97925 98779 46904 554
74 (32 1.37338 29795 40176 188 -33 7. 28129 01783 21643 834

75 32 3. 73324 19967 99001 640 -33 2. 67863 69618 08077 944
76 33 1. 01480 03881 13888 728 -34 9.85415 46861 11258 029
77 33 2. 75851 34545 23170 206 -34 3. 62514 09191 43559 224
78 33)7.49841 69969 90120 435 -34 1.33361 48155 02261 341
79 34)2.03828 10665 12668 767 -35 4. 90609 47306 49280 566

80 (34 5. 54062 23843 93510 053 -35 1. 80485 13878 45415 172
81 (35 1. 50609 73145 85030 548 -36 6. 63967 71995 80734 401
82 35 4. 09399 69621 27454 697 -36 2. 44260 07377 40527 679
83 36 1. 11286 37547 91759 412 -37 8. 98582 59440 49380 670
84 36 3. 02507 73222 01142 338 -37 3. 30570 06267 60734 298

85 (36 8. 22301 27146 22913 510 -37 1. 21609 92992 52825 564
86 (37 2.23524 66037 34715 047 -38 4. 47377 93061 81120 735
87 37 6. 07603 02250 56872 150 -38 1. 64581 14310 82273 651
88 38 1. 65163 62549 94001 856 -39 6. 05460 18954 01185 885
89 38 4.48961 28191 74345 246 -39 2. 22736 35617 95743 739

90 (39 1.22040 32943 17840 802 -40 8. 19401 26239 90515 430
91 (39 3.31740 00983 35742 626 -40 3. 01440 87850 65374 553
92 39 9. 01762 84050 34298 931 -40 1. 10893 90193 12136 379
93 40 2. 45124 55429 20085 786 -41 4. 07955 86671 77560 158
94 40 6. 66317 62164 10895 834 -41 1. 50078 57627 07394 888

95 41 1. 81123 90828 89023 282 -42 5. 52108 22770 28532 732
96 41 4.92345 82860 12058 400 -42 2. 03109 26627 34810 926
97 42 1. 33833 47192 04269 500 -43 7. 47197 23373 42990 161
98 42 3. 63797 09476 08804 579 -43 2. 74878 50079 10214 930
99 42 9.88903 03193 46946 771 -43 1. 01122 14926 10448 530

100 (43)2.68811 71418 16135 448 (-44)3.72007 59760 20835 963



For n>10, e'°=1 ±x10+ x2102' to 25D.
Compiled from C. E. Van Orstrand, Tables of the exponential function and of the circular sine
aid cosine to radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth
Memoir. U.S. Government Printing Office, Washington, D.C., 1921 (with permission).
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Table 4.5

X fl

ELEMENTARY TRANSCENDENTAL FUNCTIONS

RADIX TABLE OF THE EXPONENTIAL FUNCTION

eXlO exlO

i io 1. 00000 00001 00000 00000 50000 0. 99999 99999 00000 00000 50000
2 10 1. 00000 00002 00000 00002 00000 0. 99999 99998 00000 00002 00000
3 10 1. 00000 00003 00000 00004 50000 0. 99999 99997 00000 00004 50000
4 10 1. 00000 00004 00000 00008 00000 0. 99999 99996 00000 00008 00000
5 10 1. 00000 00005 00000 00012 50000 0. 99999 99995 00000 00012 50000
6 10 1.00000 00006 00000 00018 00000 0. 99999 99994 00000 00018 00000
7 10 1. 00000 00007 00000 00024 50000 0. 99999 99993 00000 00024 50000
8 10 1. 00000 00008 00000 00032 00000 0. 99999 99992 00000 00032 00000
9 10 1. 00000 00009 00000 00040 50000 0. 99999 99991 00000 00040 50000

1 9 1. 00000 00010 00000 00050 00000 0. 99999 99990 00000 00050 00000
2 9 1. 00000 00020 00000 00200 00000 0. 99999 99980 00000 00200 00000
3 9 1. 00000 00030 00000 00450 00000 0. 99999 99970 00000 00450 00000
4 9 1. 00000 00040 00000 00800 00000 0. 99999 99960 00000 00800 00000
5 9 1. 00000 00050 00000 01250 00000 0. 99999 99950 00000 01250 00000
6 9 1. 00000 00060 00000 01800 00000 0. 99999 99940 00000 01800 00000
7 9 1. 00000 00070 00000 02450 00001 0. 99999 99930 00000 02449 99999
8 9 1. 00000 00080 00000 03200 00001 0. 99999 99920 00000 03199 99999
9 9 1. 00000 00090 00000 04050 00001 0. 99999 99910 00000 04049 99999

1 8 1. 00000 00100 00000 05000 00002 0. 99999 99900 00000 04999 99998
2 8 1. 00000 00200 00000 20000 00013 0. 99999 99800 00000 19999 99987
3 8 1. 00000 00300 00000 45000 00045 0. 99999 99700 00000 44999 99955
4 8 1. 00000 00400 00000 80000 00107 0. 99999 99600 00000 79999 99893
5 8 1. 00000 00500 00001 25000 00208 0. 99999 99500 00001 24999 99792
6 8 1. 00000 00600 00001 80000 00360 0. 99999 99400 00001 79999 99640
7 8 1. 00000 00700 00002 45000 00572 0. 99999 99300 00002 44999 99428
8 8 1. 00000 00800 00003 20000 00853 0. 99999 99200 00003 19999 99147
9 8 1. 00000 00900 00004 05000 01215 0. 99999 99100 00004 04999 98785

1 7 1. 00000 01000 00005 00000 01667 0. 99999 99000 00004 99999 98333
2 7 1. 00000 02000 00020 00000 13333 0. 99999 98000 00019 99999 86667
3 7 1. 00000 03000 00045 00000 45000 0. 99999 97000 00044 99999 55000
4 7 1. 00000 04000 00080 00001 06667 0. 99999 96000 00079 99998 93333
5 7 1. 00000 05000 00125 00002 08333 0.99999 95000 00124 99997 91667
6 7 1.00000 06000 00180 00003 60000 0. 99999 94000 00179 99996 40000
7 7 1. 00000 07000 00245 00005 71667 0. 99999 93000 00244 99994 28333
8 7 1. 00000 08000 00320 00008 53334 0. 99999 92000 00319 99991 46667
9 7 1. 00000 09000 00405 00012 15000 0. 99999 91000 00404 99987 85000

1 6 1.00000 10000 00500 00016 66667 0. 99999 90000 00499 99983 33334
2 6 1. 00000 20000 02000 00133 33340 0. 99999 80000 01999 99866 66673
3 6 1.00000 30000 04500 00450 00034 0. 99999 70000 04499 99550 00034
4 6 1. 00000 40000 08000 01066 66773 0. 99999 60000 07999 98933 33440
5 6 1. 00000 50000 12500 02083 33594 0. 99999 50000 12499 97916 66927
6 6 1. 00000 60000 18000 03600 00540 0. 99999 40000 17999 96400 00540
7 6 1.00000 70000 24500 05716 67667 0. 99999 30000 24499 94283 34334
8 6 1. 00000 80000 32000 08533 35040 0. 99999 20000 31999 91466 68373
9 6 1. 00000 90000 40500 12150 02734 0.99999 10000 40499 87850 02734



10-n
X n eXl e

1 5 1. 00001 00000 50000 16666 70833 0.99999 00000 49999 83333 37500
2 5 1. 00002 00002 00001 33334 00000 0. 99998 00001 99998 66667 33333
3 5 1.00003 00004 50004 50003 37502 0. 99997 00004 49995 50003 37498
4 5 1. 00004 00008 00010 66677 33342 0. 99996 00007 99989 33343 99991
5 5 1. 00005 00012 50020 83359 37526 0. 99995 00012 49979 16692 70807
6 5 1. 00006 00018 00036 00054 00065 0. 99994 00017 99964 00053 99935
7 5 1. 00007 00024 50057 16766 70973 0.99993 00024 49942 83433 37360
8 5 1. 00008 00032 00085 33504 00273 0. 99992 00031 99914 66837 33060
9 5 1. 00009 00040 50121 50273 37992 0. 99991 00040 49878 50273 37008

1 4 1. 00010 00050 00166 67083 34167 0. 99990 00049 99833 33749 99167
2 4 1. 00020 00200 01333 40000 26668 0. 99980 00199 98666 73333 06668
3 4 1. 00030 00450 04500 33752 02510 0.99970 00449 95500 33747 97510
4 4 1. 00040 00800 10667 73341 86724 0.99960 00799 89334 39991 46724
5 4 1. 00050 01250 20835 93776 04384 0. 99950 01249 79169 27057 29384
6 4 1. 00060 01800 36005 40064 80648 0. 99940 01799 64005 39935 20648
7 4 1. 00070 02450 57176 67223 40801 0.99930 02449 42843 33609 95801
8 4 1. 00080 03200 85350 40273 10308 0. 99920 03199 14683 73060 30307
9 4 1. 00090 04051 21527 34242 14882 0.99910 04048 78527 33257 99880

1 3 1. 00100 05001 66708 34166 80558 0.99900 04998 33374 99166 80554
2 3 1. 00200 20013 34000 26675 55810 0. 99800 19986 67333 06675 55302
3 3 1. 00300 45045 03377 02601 29341 0. 99700 44955 03372 97601 20662
4 3 1. 00400 80106 77341 87235 88080 0.99600 79893 43991 47235 23064
5 3 1. 00501 25208 59401 06338 35662 0.99501 24791 92682 31335 25642
6 3 1.00601 80360 54064 86485 55845 0. 99401 79640 53935 26474 44988
7 3 1. 00702 45572 66848 55523 16000 0. 99302 44429 33235 10490 47970
8 3 1. 00803 20855 04273 43117 20736 0.99203 19148 37060 63033 98697
9 3 1. 00904 06217 73867 81406 25705 0. 99104 03787 72883 66216 45648

1 2 1. 01005 01670 84168 05754 21655 0. 99004 98337 49168 05357 39060
2 2 1. 02020 13400 26755 81016 01439 0. 98019 86733 06755 30222 08141
3 2 1. 03045 45339 53516 85561 24400 0. 97044 55335 48508 17693 25284
4 2 1. 04081 07741 92388 22675 70448 0. 96078 94391 52323 20943 92107
5 2 1. 05127 10963 76024 03969 75176 0.95122 94245 00714 00909 14253
6 2 1. 06183 65465 45359 62222 46849 0. 94176 45335 84248 70953 71528
7 2 1. 07250 81812 54216 47905 31039 0.93239 38199 05948 22885 79726
8 2 1. 08328 70676 74958 55443 59878 0.92311 63463 86635 78291 07598
9 2 1. 09417 42837 05210 35787 28976 0. 91393 11852 71228 18674 73535

1 1 1. 10517 09180 75647 62481 17078 0.90483 74180 35959 57316 42491
2 1 1. 22140 27581 60169 83392 10720 0. 81873 07530 77981 85866 99355
3 1 1. 34985 88075 76003 10398 37443 0. 74081 82206 81717 86606 68738
4 1 1. 49182 46976 41270 31782 48530 0.67032 00460 35639 30074 44329
5 1 1. 64872 12707 00128 14684 86508 0. 60653 06597 12633 42360 37995
6 1 1. 82211 88003 90508 97487 53677 0. 54881 16360 94026 43262 84589
7 1 2. 01375 27074 70476 52162 45494 0. 49658 53037 91409 51470 48001
8 1 2. 22554 09284 92467 60457 95375 0.44932 89641 17221 59143 01024
9 1 2. 45960 31111 56949 66380 01266 0. 40656 96597 40599 11188 34542

i o 2. 71828 18284 59045 23536 02875 0. 36787 94411 71442 32159 55238
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Table 4.6 CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

1 (-9)6
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1(-7)1
17

For conversion from degrees to radians see Example 13.
For use and extension of the table see Examples 15-17.
From C. E. Van Orstrand, Tables of the exponential function and of thecir-
cular sine and cosine to radian arguments,Memoirs of the National Academy of
Sciences, vol. 14, Fifth Memoir. U.S. Government Printing Office, Washington,
D.C., 1921 (with permission). Known errors have been corrected.

X sin z cos z
0. 000 0. 00000 00000 00000 00000 000 1. 00000 00000 00000 00000 000
0. 001 0. 00099 99998 33333 34166 667 0. 99999 95000 00041 66666 528
0. 002 0.00199 99986 66666 93333 331 0. 99999 80000 00666 66657 778
0. 003 0. 00299 99955 00002 02499 957 0. 99999 55000 03374 99898 750
0. 004 0. 00399 99893 33341 86666 342 0. 99999 20000 10666 66097 778

0. 005 0. 00499 99791 66692 70831 783 0. 99998 75000 26041 64496 529
0.006 0. 00599 99640 00064 79994 446 0. 99998 20000 53999 93520 004
0.007 0.00699 99428 33473 39150 327 0. 99997 55001 00041 50326 542
0. 008 0. 00799 99146 66939 73291 723 0. 99996 80001 70666 30257 819
0.009 0. 00899 98785 00492 07405 100 0. 99995 95002 73374 26188 857

0.010 0. 00999 98333 4166 66468 254 0. 99995 00004 16665 27778 026
0. 011 0. 01099 97781 68008 75446 684 0. 99993 95006 10039 20617 059
0. 012 0. 01199 97120 02073 59289 053 0. 99992 80008 63995 85281 066
0.013 0.01299 96338 36427 42921 659 0. 99991 55011 90034 96278 551
0.014 0. 01399 95426 71148 51241 801 0. 99990 20016 00656 20901 438

0. 015 0. 01499 94375 06328 09109 944 0. 99988 75021 09359 17975 106
0.016 0. 01599 93173 42071 41340 585 0.99987 20027 30643 36508 430
0.017 0.01699 91811 78498 72691 726 0. 99985 55034 80008 14243 829
0.018 0. 01799 90280 15746 27852 832 0. 99983 80043 73952 76107 331
0. 019 0. 01899 88568 53967 31431 205 0. 99981 95054 29976 32558 650

0.020 0.01999 86666 93333 07936 649 0. 99980 00066 66577 77841 270
0.021 0. 02099 84565 34033 81764 335 0. 99977 95081 03255 88132 556
0. 022 0. 02199 82253 76279 77175 771 0. 99975 80097 60509 19593 878
0. 023 0. 02299 79722 20302 18277 769 0. 99973 55116 59836 06320 750
0.024 0. 02399 76960 66354 28999 311 0. 99971 20138 23734 58193 002

0.025 0. 02499 73959 14712 33066 217 0. 99968 75162 75702 58624 967
0.026 0.02599 70707 65676 53973 517 0. 99966 20190 40237 62215 698
0.027 0.02699 67196 19572 14955 411 0. 99963 55221 42836 92299 214
0.028 0. 02799 63414 76750 38952 746 0. 99960 80256 09997 38394 779
0.029 0. 02899 59353 37589 48577 881 0. 99957 95294 69215 53557 207

0. 030 0. 02999 55002 02495 66076 853 0. 99955 00337 48987 51627 216
0.031 0. 03099 50350 71904 13288 752 0. 99951 95384 78809 04381 810
0.032 0. 03199 45389 46280 11602 188 0. 99948 80436 89175 38584 710
0.033 0.03299 40108 26119 81908 762 0. 99945 55494 11581 32936 824
0.034 0.03399 34497 11951 44553 435 0. 99942 20556 78521 14926 773

0.035 0.03499 28546 04336 19281 702 0. 99938 75625 23488 57581 460
0.036 0.03599 22245 03869 25183 461 0. 99935 20699 80976 76116 700
0.037 0. 03699 15584 11180 80633 489 0. 99931 55780 86478 24487 902
0.038 0.03799 08553 26937 03228 414 0. 99927 80868 76484 91840 819
0.039 0. 03899 01142 51841 09720 085 0. 99923 95963 88487 98862 358

0.040 0. 03998 93341 86634 15945 255 0. 99920 01066 60977 94031 457
0.041 0.04098 85141 32096 36751 449 0. 99915 96177 33444 49770 040
0.042 0. 04198 76530 89047 85918 946 0. 99911 81296 46376 58494 043
0. 043 0. 04298 67500 58349 76078 755 0. 99907 56424 41262 28564 524
0. 044 0. 04398 58040 40905 18626 492 0. 99903 21561 60588 80138 853

0.045 0.04498 48140 37660 23632 066 0. 99898 76708 47842 40921 992
0. 046 0. 04598 37790 49604 99745 054 0. 99894 21865 47508 41817 869
0.047 0.04698 26980 77774 54095 689 0. 99889 57033 05071 12480 849
0. 048 0. 04798 15701 23249 92191 340 0. 99884 82211 67013 76767 299
0.049 0. 04898 03941 87159 17808 403 0. 99879 97401 80818 48087 272

0.050 0. 04997 91692 70678 32879 487 0. 99875 02603 94966 24656 287



X sin X cos X

0.050 0.04997 91692 70678 32879 487 0. 99875 02603 94966 24656 287
0.051 0.05097 78943 75032 37375 800 0. 99869 97818 58936 84647 237
0.052 0.05197 65685 01496 29184 649 0. 99864 83046 23208 81242 407
0. 053 0. 05297 51906 51396 03981 925 0. 99859 58287 39259 37585 623
0.054 0.05397 37598 26109 55099 505 0. 99854 23542 59564 41634 531

0.055 0.05497 22750 27067 73387 446 0. 99848 78812 37598 40913 005
0.056 0.05597 07352 55755 47070 891 0. 99843 24097 27834 37163 704
0.057 0. 05696 91395 13712 61601 567 0. 99837 59397 85743 80900 770
0.058 0. 05796 74868 02534 99503 794 0. 99831 84714 67796 65862 676
0.059 0. 05896 57761 23875 40214 896 0. 99826 00048 31461 23365 235

0.060 0.05996 40064 79444 59919 909 0. 99820 05399 35204 16554 766
0.061 0.06096 21768 71012 31380 500 0. 99814 00768 38490 34561 437
0.062 0. 06196 02863 00408 23757 982 0. 99807 86156 01782 86552 769
0.063 0.06295 83337 69523 02430 343 0. 99801 61562 86542 95687 334
0. 064 0. 06395 63182 80309 28803 166 0. 99795 26989 55229 92968 628

0.065 0.06495 42388 34782 60114 361 0. 99788 82436 71301 10999 144
0. 066 0. 06595 20944 35022 49232 601 0. 99782 27904 99211 77634 635
0.067 0. 06694 98840 83173 44449 361 0. 99775 63395 04415 09538 592
0.068 0. 06794 76067 81445 89264 458 0. 99768 88907 53362 05636 926
0.069 0. 06894 52615 32117 22165 004 0. 99762 04443 13501 40472 866

0. 070 0. 06994 28473 37532 76397 655 0. 99755 10002 53279 57462 091
0.071 0. 07094 03632 00106 79734 071 0. 99748 05586 42140 62048 084
0.072 0.07193 78081 22323 54229 480 0. 99740 91195 50526 14757 726
0.073 0. 07293 51811 06738 15974 250 0. 99733 66830 49875 24157 139
0.074 0.07393 24811 55977 74838 360 0. 99726 32492 12624 39707 777

0.075 0. 07492 97072 72742 34208 684 0. 99718 88181 12207 44522 774
0.076 0.07592 68584 59805 90718 980 0. 99711 33898 23055 48023 568
0.077 0. 07692 39337 20017 33972 485 0. 99703 69644 20596 78496 785
0.078 0. 07792 09320 56301 46257 015 0. 99695 95419 81256 75551 417
0.079 0.07891 78524 71660 02252 478 0. 99688 11225 82457 82476 279

0. 080 0. 07991 46939 69172 68730 688 0. 99680 17063 02619 38497 771
0.081 0. 08091 14555 51998 04247 389 0. 99672 12932 21157 70937 933
0.082 0.08190 81362 23374 58826 394 0. 99663 98834 18485 87272 823
0.083 0. 08290 47349 86621 73635 718 0. 99655 74769 76013 67091 212
0.084 0.08390 12508 45140 80655 638 0. 99647 40739 76147 53953 598

0.085 0. 08489 76828 02416 02338 544 0. 99638 96745 02290 47151 570
0. 086 0. 08589 40298 62015 51260 514 0. 99630 42786 38841 93367 506
0.087 0. 08689 02910 27592 29764 492 0. 99621 78864 71197 78234 626
0.088 0.08788 64653 02885 29594 973 0. 99613 04980 85750 17797 412
0.089 0. 08888 25516 91720 31524 112 0. 99604 21135 69887 49872 388

0.090 0. 08987 85491 98011 04969 125 0. 99595 27330 11994 25309 284
0.091 0. 09087 44568 25760 07600 919 0. 99586 23565 01450 99152 586
0.092 0. 09187 02735 79059 84943 819 0. 99577 09841 28634 21703 483
0.093 0. 09286 59984 62093 69966 323 0. 99567 86159 84916 29482 217
0. 094 0. 09386 16304 79136 82662 751 0. 99558 52521 62665 36090 844

0.095 0.09485 71686 34557 29625 724 0. 99549 08927 55245 22976 426
0. 096 0. 09585 26119 32817 03609 347 0. 99539 55378 57015 30094 649
0. 097 0.09684 79593 78472 83083 006 0. 99529 91875 63330 46473 881
0.098 0. 09784 32099 76177 31775 683 0. 99520 18419 70541 00679 686
0.099 0. 09883 83627 30679 98210 683 0. 99510 35011 75992 51179 796

0. 100 0. 09983 34166 46828 15230 681 0. 99500 41652 78025 76609 556
[(-8)1 [(-7)1[7 [7
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o. loo 0. 09983 34166 46828 15230 681 0. 99500 41652 78025 76609 556
0. 101 0. 10082 83707 29567 99512 975 0. 99490 38343 75976 65937 840
0.102 0. 10182 32239 83945 51074 864 0. 99480 25085 70176 08533 469
0. 103 0. 10281 79754 15107 52769 040 0. 99470 01879 61949 84132 117
0.104 0. 10381 26240 28302 69768 897 0. 99459 68726 53618 52703 737

0.105 0. 10480 71688 28882 49043 655 0. 99449 25627 48497 44220 501
0. 106 0. 10580 16088 22302 18823 209 0. 99438 72583 50896 48325 268
0. 107 0. 10679 59430 14121 88052 588 0. 99428 09595 66120 03900 596
0. 108 0. 10779 01704 10007 45835 941 0. 99417 36665 00466 88538 307
0. 109 0. 10878 42900 15731 60869 939 0. 99406 53792 61230 07909 607

0.110 0. 10977 83008 37174 80866 495 0. 99395 60979 56696 85035 784
0. 111 0. 11077 22018 80326 31964 714 0. 99384 58226 96148 49459 483
0. 112 0. 11176 59921 51285 18131 952 0. 99373 45535 89860 26316 578
0. 113 0. 11275 96706 56261 20553 909 0. 99362 22907 49101 25308 652
0. 114 0. 11375 32364 01575 97013 636 0.99350 90342 86134 29576 080

0. 115 0. 11474 66883 93663 81259 372 0. 99339 47843 14215 84471 755
0. 116 0. 11574 00256 39072 82361 097 0. 99327 95409 47595 86235 439
0. 117 0. 11673 32471 44465 84055 722 0.99316 33043 01517 70568 768
0. 118 0. 11772 63519 16621 44080 790 0. 99304 60744 92218 01110 921
0. 119 0. 11871 93389 62434 93496 613 0. 99292 78516 36926 57814 950

0. 120 0. 11971 22072 88919 35996 735 0. 99280 86358 53866 25224 810
0. 121 0. 12070 49559 03206 47206 615 0. 99268 84272 62252 80653 067
0. 122 0. 12169 75838 12547 73970 447 0. 99256 72259 82294 82259 329
0. 123 0. 12269 00900 24315 33626 003 0. 99244 50321 35193 57029 382
0. 124 0. 12368 24735 46003 13267 407 0. 99232 18458 43142 88655 070

0. 125 0. 12467 47333 85227 68995 744 0. 99219 76672 29329 05314 910
0. 126 0. 12566 68685 49729 25157 389 0. 99207 24964 17930 67355 462
0. 127 0. 12665 88780 47372 73569 978 0. 99194 63335 34118 54873 474
0. 128 0. 12765 07608 86148 72735 909 0. 99181 91787 04055 55198 803
0. 129 0. 12864 25160 74174 47043 273 0. 99169 10320 54896 50278 123

0. 130 0. 12963 41426 19694 85954 121 0. 99156 18937 14788 03959 451
0.131 0. 13062 56395 31083 43179 968 0. 99143 17638 12868 49177 481
0. 132 0. 13161 70058 16843 35844 433 0. 99130 06424 79267 75039 751
0. 133 0. 13260 82404 85608 43632 907 0.99116 85298 45107 13813 659
0. 134 0.13359 93425 46144 07929 171 0. 99103 54260 42499 27814 325

0. 135 0. 13459 03110 07348 30938 844 0. 99090 13312 04547 96193 339
0. 136 0. 13558 11448 78252 74799 575 0. 99076 62454 65348 01628 375
0. 137 0. 13657 18431 68023 60677 867 0. 99063 01689 59985 16913 714
0. 138 0. 13756 24048 85962 67852 453 0. 99049 31018 24535 91451 667
0. 139 0. 13855 28290 41508 32784 107 0. 99035 50441 96067 37644 937

0. 140 0. 13954 31146 44236 48171 799 0. 99021 59962 12637 17189 895
0. 141 0. 14053 32607 03861 61995 092 0.99007 59580 13293 27270 829
0. 142 0. 14152 32662 30237 76542 691 0. 98993 49297 38073 86655 145
0. 143 0. 14251 31302 33359 47427 025 0. 98979 29115 28007 21689 546
0. 144 0. 14350 28517 23362 82584 791 0. 98964 99035 25111 52197 214

0. 145 0. 14449 24297 10526 41263 332 0. 98950 59058 72394 77275 984
0. 146 0. 14548 18632 05272 32992 773 0. 98936 09187 13854 60997 551
0. 147 0. 14647 11512 18167 16543 800 0. 98921 49421 94478 18007 704
0. 148 0. 14746 02927 59922 98870 997 0. 98906 79764 60241 99027 617
0.149 0. 14844 92868 41398 34041 627 0. 98892 00216 58111 76256 193

0. 150 0. 14943 81324 73599 22149 773 0. 98877 10779 36042 28673 498
[(_S)2] -7)1
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0.150 0.14943 81324 73599 22149 773 0. 98877 10779 36042 28673 498
0.151 0.15042 68286 67680 08215 725 0. 98862 11454 42977 27245 283
0.152 0.15141 53744 34944 81070 532 0. 98847 02243 28849 20028 611
0. 153 0. 15240 37687 86847 72225 604 0. 98831 83147 44579 17178 614
0.154 0. 15339 20107 34994 54727 267 0. 98816 54168 42076 75856 382

0. 155 0. 15438 00992 91143 41996 190 0. 98801 15307 74239 85038 006
0.156 0. 15536 80334 67205 86651 555 0. 98785 66566 94954 50224 794
0.157 0.15635 58122 75247 79319 902 0. 98770 07947 59094 78054 663
0.158 0. 15734 34347 27490 47428 529 0. 98754 39451 22522 60814 736
0. 159 0. 15833 08998 36311 53983 354 0. 98738 61079 42087 60855 150

0.160 0. 15931 82066 14245 96331 146 0. 98722 72833 75626 94904 095
0. 161 0. 16030 53540 73987 04906 020 0. 98706 74715 81965 18284 099
0. 162 0. 16129 23412 28387 41960 095 0. 98690 66727 20914 09029 574
0.163 0.16227 91670 90460 00278 226 0. 98674 48869 53272 51905 638
0.164 0.16326 58306 73379 01876 705 0. 98658 21144 40826 22328 234

0.165 0.16425 23309 90480 96685 825 0. 98641 83553 46347 70185 554
0. 166 0. 16523 86670 55265 61216 228 0. 98625 36098 33596 03560 791
0.167 0. 16622 48378 81396 97208 916 0. 98608 78780 67316 72356 233
0.168 0.16721 08424 82704 30268 843 0. 98592 11602 13241 51818 712
0. 169 0. 16819 66798 73183 08481 981 0. 98575 34564 38088 25966 434

0.170 0.16918 23490 66996 01015 762 0. 98558 47669 09560 70917 193
0.171 0. 17016 78490 78473 96702 805 0. 98541 50917 96348 38117 998
0.172 0. 17115 31789 22117 02607 812 0. 98524 44312 68126 37476 124
0.173 0.17213 83376 12595 42577 560 0. 98507 27854 95555 20391 598
0.174 0.17312 33241 64750 55773 865 0. 98490 01546 50280 62691 158

0.175 0. 17410 81375 93595 95189 433 0. 98472 65389 04933 47463 670
0.176 0. 17509 27769 14318 26146 505 0. 98455 19384 33129 47797 052
0. 177 0. 17607 72411 42278 24778 176 0. 98437 63534 09469 09416 699
0. 178 0. 17706 15292 93011 76492 317 0. 98419 97840 09537 33225 443
0. 179 0. 17804 56403 82230 74417 975 0. 98402 22304 09903 57745 046

0.180 0.17902 95734 25824 17834 180 0. 98384 36927 88121 41459 272
0.181 0. 18001 33274 39859 10581 029 0. 98366 41713 22728 45058 522
0. 182 0. 18099 69014 40581 59452 980 0. 98348 36661 93246 13586 083
0.183 0.18198 02944 44417 72574 233 0. 98330 21775 80179 58485 974
0.184 0. 18296 35054 67974 57756 116 0. 98311 97056 65017 39552 448

0.185 0. 18394 65335 28041 20836 370 0. 98293 62506 30231 46781 122
0.186 0. 18492 93776 41589 64000 231 0.98275 18126 59276 82121 799
0.187 0. 18591 20368 25775 84083 224 0. 98256 63919 36591 41132 959
0. 188 0. 18689 45100 97940 70855 554 0. 98237 99886 47595 94537 971
0.189 0. 18787 67964 75611 05288 013 0. 98219 26029 78693 69683 022

0. 190 0. 18885 88949 76500 57799 285 0. 98200 42351 17270 31896 788
0.191 0.18984 08046 18510 86484 571 0. 98181 48852 51693 65751 875
0. 192 0. 19082 25244 19732 35325 424 0. 98162 45535 71313 56228 034
0. 193 0. 19180 40533 98445 32380 691 0. 98143 32402 66461 69777 178
0. 194 0. 19278 53905 73120 87958 485 0. 98124 09455 28451 35290 214

0. 195 0. 19376 65349 62421 92769 058 0. 98104 76695 49577 24965 723
0. 196 0. 19474 74855 85204 16058 510 0.98085 34125 23115 35080 479
0. 197 0. 19572 82414 60517 03723 204 0. 98065 81746 43322 66661 867
0.198 0.19670 88016 07604 76404 820 0. 98046 19561 05437 06062 170
0.199 0. 19768 91650 45907 27565 917 0. 98026 47571 05677 05434 796

0.200 0.19866 93307 95061 21545 941 0. 98006 65778 41241 63112 420
[(-8)2
L7

[(-7)1
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0.200 0.19866 93307 95061 21545 941 0. 98006 65778 41241 63112 420
0.201 0.19964 92978 74900 91597 545 0. 97986 74185 10310 03887 090
0. 202 0.20062 90653 05459 37903 151 0. 97966 72793 12041 59192 306
0.203 0.20160 86321 06969 25571 640 0. 97946 61604 46575 47187 084
0.204 0.20258 79972 99863 82615 083 0. 97926 40621 15030 52742 047

0.205 0.20356 71599 04777 97905 397 0. 97906 09845 19505 07327 536
0.206 0.20454 61189 42549 19110 856 0. 97885 69278 63076 68803 784
0.207 0. 20552 48734 34218 50612 330 0. 97865 18923 49802 01113 156
0.208 0.20650 34224 01031 51399 175 0. 97844 58781 84716 53874 491
0.209 0.20748 17648 64439 32944 665 0. 97823 88855 73834 41879 553

0.210 0.20845 98998 46099 57060 871 0. 97803 09147 24148 24491 614
0.211 0. 20943 78263 67877 33732 895 0.97782 19658 43628 84946 201
0.212 0.21041 55434 51846 18932 346 0. 97761 20391 41225 09554 014
0.213 0.21139 30501 20289 12409 982 0. 97740 11348 26863 66806 039
0.214 0.21237 03453 95699 55467 398 0. 97718 92531 11448 86380 882

0.215 0.21334 74283 00782 28707 677 0. 97697 63942 06862 38054 344
0.216 0. 21432 42978 58454 49764 905 0. 97676 25583 25963 10511 247
0.217 0. 21530 09530 91846 71012 439 0.97654 77456 82586 90059 555
0.218 0. 21627 73930 24303 77249 851 0. 97633 19564 91546 39246 782
0.219 0.21725 36166 79385 83368 434 0. 97611 51909 68630 75378 736

0.220 0.21822 96230 80869 31995 179 0. 97589 74493 30605 48940 602
0.221 0.21920 54112 52747 91115 124 0. 97567 87317 95212 21920 392
0.222 0. 22018 09802 19233 51671 977 0. 97545 90385 81168 46034 788
0.223 0.22115 63290 04757 25146 920 0. 97523 83699 08167 40857 388
0.224 0. 22213 14566 33970 41115 484 0.97501 67259 96877 71849 392

0.225 0.22310 63621 31745 44782 417 0.97479 41070 68943 28292 737
0.226 0.22408 10445 23176 94494 428 0. 97457 05133 46983 01125 708
0.227 0.22505 55028 33582 59230 720 0. 97434 59450 54590 60681 052
0.228 0. 22602 97360 88504 16071 214 0. 97412 04024 16334 34326 607
0.229 0. 22700 37433 13708 47642 363 0. 97389 38856 57756 84008 477

0.230 0. 22797 75235 35188 39540 462 0. 97366 63950 05374 83696 773
0.231 0.22895 10757 79163 77732 354 0. 97343 79306 86678 96733 940
0.232 0.22992 43990 72082 45933 437 0. 97320 84929 30133 53085 695
0.233 0.23089 74924 40621 22962 869 0. 97297 80819 65176 26494 602
0.234 0. 23187 03549 11686 80075 884 0. 97274 66980 22218 11536 294

0.235 0. 23284 29855 12416 78273 112 0. 97251 43413 32643 00578 389
0.236 0. 23381 53832 70180 65586 809 0. 97228 10121 28807 60642 091
0.237 0. 23478 75472 12580 74343 904 0. 97204 67106 44041 10166 529
0.238 0. 23575 94763 67453 18405 752 0. 97181 14371 12644 95675 843
0.239 0.23673 11697 62868 90384 520 0. 97157 51917 69892 68349 034

0.240 0.23770 26264 27134 58836 079 0. 97133 79748 52029 60492 618
0.241 0. 23867 38453 88793 65429 334 0. 97109 97865 96272 61916 095
0.242 0.23964 48256 76627 22091 869 0. 97086 06272 40809 96210 262
0.243 0. 24061 55663 19655 08131 828 0. 97062 04970 24800 96928 391
0.244 0. 24158 60663 47136 67335 933 0. 97037 93961 88375 83670 294

0.245 0.24255 63247 88572 05043 522 0. 97013 73249 72635 38069 313
0.246 0. 24352 63406 73702 85196 546 0. 96989 42836 19650 79682 233
0.247 0.24449 61130 32513 27365 389 0. 96965 02723 72463 41782 166
0.248 0.24546 56408 95231 03750 445 0. 96940 52914 75084 47054 425
0.249 0. 24643 49232 92328 36159 337 0. 96915 93411 72494 83195 397

0.250 0. 24740 39592 54522 92959 685 0. 96891 24217 10644 78414 459
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0.250 0.24740 39592 54522 92959 685 0. 96891 24217 10644 78414 459
0.251 0.24837 27478 12778 86007 332 0. 96866 45333 36453 76838 955
0.252 0.24934 12879 98307 67549 922 0. 96841 56762 97810 13822 250
0.253 0.25030 95788 42569 27105 742 0. 96816 58508 43570 91154 897
0.254 0.25127 76193 77272 88317 722 0. 96791 50572 23561 52178 941

0.255 0.25224 54086 34378 05782 506 0. 96766 32956 88575 56805 375
0.256 0.25321 29456 46095 61854 486 0. 96741 05664 90374 56434 780
0.257 0.25418 02294 44888 63424 714 0. 96715 68698 81687 68781 180
0.258 0. 25514 72590 63473 38674 587 0. 96690 22061 16211 52599 126
0.259 0. 25611 40335 34820 33804 209 0. 96664 65754 48609 82314 035

0.260 0. 25708 05518 92155 09735 339 0. 96638 99781 34513 22555 822
0.261 0. 25804 68131 68959 38788 820 0.96613 24144 30519 02595 835
0.262 0. 25901 28163 98972 01336 401 0. 96587 38845 94190 90687 131
0.263 0. 25997 85606 16189 82426 844 0. 96561 43888 84058 68308 107
0.264 0.26094 40448 54868 68386 239 0. 96535 39275 59618 04309 520

0.265 0. 26190 92681 49524 43392 399 0. 96509 25008 81330 28964 923
0.266 0.26287 42295 34933 86023 278 0. 96483 01091 10622 07924 537
0.267 0.26383 89280 46135 65779 278 0. 96456 67525 09885 16072 584
0.268 0.26480 33627 18431 39579 372 0. 96430 24313 42476 11288 118
0.269 0. 26576 75325 87386 48230 942 0. 96403 71458 72716 08109 368

0.270 0.26673 14366 88831 12873 229 0. 96377 08963 65890 51301 623
0.271 0. 26769 50740 58861 31394 301 0. 96350 36830 88248 89328 696
0.272 0.26865 84437 33839 74821 451 0. 96323 55063 07004 47727 972
0.273 0.26962 15447 50396 83684 915 0. 96296 63662 90334 02389 084
0.274 0. 27058 43761 45431 64354 828 0. 96269 62633 07377 52736 246

0.275 0.27154 69369 56112 85351 302 0. 96242 51976 28237 94814 248
0.276 0. 27250 92262 19879 73627 557 0. 96215 31695 23980 94278 169
0.277 0. 27347 12429 74443 10825 981 0. 96188 01792 66634 59286 807
0.278 0.27443 29862 57786 29507 043 0. 96160 62271 29189 13299 879
0.279 0.27539 44551 08166 09350 952 0. 96133 13133 85596 67778 997

0.280 0.27635 56485 64113 73331 967 0. 96105 54383 10770 94792 459
0.281 0.27731 65656 64435 83865 270 0. 96077 86021 80586 99523 878
0.282 0. 27827 72054 48215 38926 293 0. 96050 08052 71880 92684 682
0. 283 0. 27923 75669 54812 68142 411 0. 96022 20478 62449 62830 504
0.284 0. 28019 76492 23866 28856 909 0. 95994 23302 31050 48581 495

0.285 0.28115 74512 95294 02165 110 0. 95966 16526 57401 10746 590
0.286 0.28211 69722 09293 88922 591 0. 95938 00154 22179 04351 746
0.287 0.28307 62110 06345 05725 374 0. 95909 74188 07021 50572 193
0.288 0. 28403 51667 27208 80861 997 0. 95881 38630 94525 08568 713
0.289 0. 28499 38384 12929 50237 384 0. 95852 93485 68245 47227 984

0.290 0. 28595 22251 04835 53268 394 0. 95824 38755 12697 16807 013
0.291 0. 28691 03258 44540 28750 981 0.95795 74442 13353 20481 688
0.292 0. 28786 81396 73943 10698 841 0. 95767 00549 56644 85799 478
0.293 0.28882 56656 35230 24153 475 0. 95738 17080 29961 36036 308
0.294 0. 28978 29027 70875 80965 551 0. 95709 24037 21649 61457 636

0.295 0.29073 98501 23642 75547 489 0. 95680 21423 21013 90483 768
0.296 0.29169 65067 36583 80597 155 0. 95651 09241 18315 60759 429
0.297 0.29265 28716 53042 42792 582 0. 95621 87494 04772 90127 632
0.298 0. 29360 89439 16653 78457 616 0. 95592 56184 72560 47507 858
0.299 0. 29456 47225 71345 69198 389 0. 95563 15316 14809 23678 590

0.300 0.29552 02066 61339 57510 532 0. 95533 64891 25606 01964 231



[1] I ( - 7)1
L7

X sin X cos X

0. 300 0. 29552 02066 61339 57510 532 0. 95533 64891 25606 01964 231
0. 301 0. 29647 53952 31151 42357 025 0. 95504 04912 99993 28826 414
0. 302 0.29743 02873 25592 74716 586 0. 95474 35384 33968 84359 763
0. 303 0.29838 48819 89771 53102 518 0. 95444 56308 24485 52692 116
0. 304 0. 29933 91782 69093 19051 897 0. 95414 67687 69450 92289 242

0. 305 0. 30029 31752 09261 52585 026 0. 95384 69525 67727 06164 084
0. 306 0. 30124 68718 56279 67635 045 0. 95354 61825 19130 11990 559
0. 307 0.30220 02672 56451 07447 613 0. 95324 44589 24430 12121 945
0. 308 0. 30315 33604 56380 39950 549 0. 95294 17820 85350 63513 878
0. 309 0. 30410 61505 02974 53093 365 0. 95263 81523 04568 47552 001

0. 310 0. 30505 86364 43443 50156 564 0. 95233 35698 85713 39784 281
0. 311 0. 30601 08173 25301 45030 632 0. 95202 80351 33367 79558 038
0. 312 0. 30696 26921 96367 57464 615 0. 95172 15483 53066 39561 711
0. 313 0. 30791 42601 04767 08284 189 0. 95141 41098 51295 95271 383
0. 314 0. 30886 55200 98932 14579 138 0. 95110 57199 35494 94302 111

0. 315 0. 30981 64712 27602 84860 120 0. 95079 63789 14053 25664 080
0. 316 0. 31076 71125 39828 14184 658 0. 95048 60870 96311 88923 617
0. 317 0.31171 74430 84966 79252 234 0.95017 48447 92562 63269 094
0. 318 0. 31266 74619 12688 33468 402 0. 94986 26523 14047 76481 749
0. 319 0. 31361 71680 72974 01977 833 0. 94954 95099 72959 73811 467

0. 320 0. 31456 65606 16117 76666 176 0. 94923 54180 82440 86757 531
0. 321 0. 31551 56385 92727 11130 659 0. 94892 03769 56583 01754 395
0. 322 0. 31646 44010 53724 15619 332 0. 94860 43869 10427 28762 501
0. 323 0. 31741 28470 50346 51938 844 0. 94828 74482 59963 69764 173
0. 324 0. 31836 09756 34148 28330 674 0. 94796 95613 22130 87164 613

0. 325 0. 31930 87858 57000 94315 718 0. 94765 07264 14815 72098 048
0. 326 0. 32025 62767 71094 35507 128 0. 94733 09438 56853 12639 034
0.327 0.32120 34474 28937 68391 319 0. 94701 02139 68025 61918 976
0. 328 0. 32215 02968 83360 35077 048 0. 94668 85370 69063 06147 877
0. 329 0. 32309 68241 87512 98012 460 0. 94636 59134 81642 32541 351

0. 330 0. 32404 30283 94868 34670 020 0. 94604 23435 28386 97152 941
0. 331 0. 32498 89085 59222 32199 224 0. 94571 78275 32866 92611 768
0. 332 0. 32593 44637 34694 82047 011 0.94539 23658 19598 15765 535
0.333 0. 32687 96929 75730 74545 756 0. 94506 59587 14042 35228 939
0. 334 0. 32782 45953 37100 93468 777 0. 94473 86065 42606 58837 502

0. 335 0. 32876 91698 73903 10553 241 0. 94441 03096 32643 01006 864
0. 336 0. 32971 34156 41562 79990 386 0. 94408 10683 12448 49997 577
0. 337 0. 33065 73316 95834 32882 957 0. 94375 08829 11264 35085 413
0. 338 0. 33160 09170 92801 71669 766 0. 94341 97537 59275 93637 243
0. 339 0. 33254 41708 88879 64517 288 0. 94308 76811 87612 38092 499

0. 340 0. 33348 70921 40814 39678 177 0. 94275 46655 28346 22850 264
0. 341 0. 33442 96799 05684 79816 635 0. 94242 07071 14493 11062 025
0. 342 0. 33537 19332 40903 16300 519 0. 94208 58062 80011 41330 105
0. 343 0. 33631 38512 04216 23460 104 0. 94174 99633 59801 94311 834
0. 344 0. 33725 54328 53706 12813 399 0. 94141 31786 89707 59229 468

0. 345 0. 33819 66772 47791 27257 928 0.94107 54526 06513 00285 905
0. 346 0.33913 75834 45227 35228 880 0. 94073 67854 47944 22986 218
0. 347 0. 34007 81505 05108 24823 531 0. 94039 71775 52668 40365 059
0. 348 0.34101 83774 86866 97891 850 0. 94005 66292 60293 39119 944
0. 349 0. 34195 82634 50276 64093 188 0.93971 51409 11367 45650 473

0.350 0. 34289 78074 55451 34918 963 0. 93937 27128 47378 92003 503
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Table 4.6

0. 350 0. 34289 78074 55451 34918 963 0.93937 27128 47378 92003 503
0. 351 0. 34383 70085 62847 17681 237 0. 93902 93454 10755 81724 321
0. 352 0. 34477 58658 33263 09467 102 0. 93868 50389 44865 55613 841
0. 353 0. 34571 43783 27841 91058 778 0. 93833 97937 94014 57391 869
0. 354 0. 34665 25451 08071 20819 319 0. 93799 36103 03447 99266 461

0. 355 0. 34759 03652 35784 28543 852 0.93764 64888 19349 27409 412
0. 356 0. 34852 78377 73161 09276 237 0. 93729 84296 88839 87337 915
0. 357 0. 34946 49617 82729 17091 064 0. 93694 94332 59978 89202 418
0. 358 0. 35040 17363 27364 58840 891 0. 93659 94998 81762 72980 716
0. 359 0. 35133 81604 70292 87868 632 0. 93624 86299 04124 73578 312

0. 360 0. 35227 42332 75089 97684 991 0.93589 68236 77934 85835 091
0. 361 0. 35320 99538 05683 15610 866 0. 93554 40815 54999 29438 322
0. 362 0.35414 53211 26351 96384 608 0. 93519 04038 88060 13742 042
0. 363 0. 35508 03343 01729 15734 065 0. 93483 57910 30795 02492 855
0. 364 0. 35601 49923 96801 63913 294 0. 93448 02433 37816 78462 165

0. 365 0. 35694 92944 76911 39203 863 0. 93412 37611 64673 07984 897
0. 366 0. 35788 32396 07756 41380 647 0.93376 63448 67846 05404 739
0. 367 0. 35881 68268 55391 65142 021 0. 93340 79948 04751 97425 922
0.368 0. 35975 00552 86229 93504 354 0. 93304 87113 33740 87371 606
0. 369 0. 36068 29239 67042 91160 721 0. 93268 84948 14096 19348 871

0. 370 0. 36161 54319 64961 97803 \729 0. 93232 73456 06034 42320 381
0. 371 0. 36254 75783 47479 21412 373 0. 93196 52640 70704 74082 737
0. 372 0. 36347 93621 82448 31502 813 0.93160 22505 70188 65151 560
0. 373 0. 36441 07825 38085 52343 006 0. 93123 83054 67499 62553 347
0. 374 0. 36534 18384 82970 56131 067 0. 93087 34291 26582 73524 125

0. 375 0. 36627 25290 86047 56137 291 0. 93050 76219 12314 29114 948
0. 376 0. 36720 28534 16625 99809 733 0.93014 08841 90501 47704 265
0. 377 0. 36813 28105 44381 61843 251 0. 92977 32163 27881 98417 211
0. 378 0. 36906 23995 39357 37211 926 0. 92940 46186 92123 64451 836
0. 379 0. 36999 16194 71964 34164 758 0.92903 50916 51824 06312 328

0. 380 0. 37092 04694 12982 67184 549 0.92866 46355 76510 24949 253
0.381 0. 37184 89484 33562 49909 881 0. 92829 32508 36638 24806 858
0. 382 0.37277 70556 05224 88020 096 0.92792 09378 03592 76777 471
0. 383 0. 37370 47899 99862 72083 184 0. 92754 76968 49686 81063 030
0. 384 0. 37463 21506 89741 70366 479 0. 92717 35283 48161 29943 792

0. 385 0. 37555 91367 47501 21610 089 0. 92679 84326 73184 70454 235
0. 386 0. 37648 57472 46155 27762 945 0. 92642 24101 99852 66966 223
0. 387 0. 37741 19812 59093 46681 397 0. 92604 54613 04187 63679 438
0. 388 0. 37833 78378 60081 84790 240 0. 92566 75863 63138 47019 143
0. 389 0. 37926 33161 23263 89706 110 0. 92528 87857 54580 07941 297

0. 390 0. 38018 84151 23161 42823 118 0. 92490 90598 57313 04145 068
0. 391 0. 38111 31339 34675 51860 671 0. 92452 84090 51063 22192 776
0. 392 0. 38203 74716 33087 43373 349 0. 92414 68337 16481 39537 314
0. 393 0. 38296 14272 94059 55222 774 0. 92376 43342 35142 86457 070
0. 394 0. 38388 49999 93636 29011 366 0.92338 09109 89547 07898 401

0. 395 0. 38480 81888 08245 02477 888 0.92299 65643 63117 25225 693
0. 396 0. 38573 09928 14697 01854 707 0. 92261 12947 40199 97879 040
0. 397 0. 38665 34110 90188 34186 658 0.92222 51025 06064 84939 589
0. 398 0. 38757 54427 12300 79611 426 0. 92183 79880 46904 06602 584
0. 399 0. 38849 70867 59002 83601 363 0. 92144 99517 49832 05558 150

0.400 0. 38941 83423 08650 49166 631 0. 92106 09940 02885 08279 853
r(-8)5
L7

[(-7)1
L7



02885 08279 853
95020 86221 075
16118 16919 248
56976 45007 979
09315 43137 110

65774 72800 745
19913 45073 295
66209 81253 568
00060 73416 956
17781 44875 737

16605 10547 564
94682 37232 150
51081 03796 202
85785 61266 649
99696 92832 194

[1]

94631 73753 232
73322 31180 180
39416 03880 251
97475 01872 722
52975 65972 725

cos X

12308
82776
72597
90901
47728

54033
21681
63449
93022
24998

74885
59097
94960
00709
95484

99336
33221
19003
79452
38245

19963
50093
55027
62061
99394

96132
82279
88745
47341
90780

27243
66357
72866
04379
45647

67564
86066
20950
54591
90577

12247
41143
95366
47844
84510

62385
67577
73181
97096
59747

41716
41286
31889
19473
99766

15457
13291
01061
04523
24210

609
915
996
332
576

373
990
808
701
360

591
638
563
729
435

731
465
601
848
647

554
061
904
892
305

899
573
718
319
832

52676 92166 884
-7)1

L7

X sin X

0.400 0.38941 83423 08650 49166 631 0.92106 09940
0.401 0.39033 92084 39988 29019 595 0.92067 11151
0.402 0.39125 96842 32150 17700 358 0.92028 03157
0.403 0.39217 97687 64660 43663 363 0.91988 85959
0.404 0.39309 94611 17434 61324 955 0.91949 59563

0.405 0.39401 87603 70780 43071 820 0.91910 23971
0.406 0.39493 76656 05398 71230 202 0.91870 79189
0.407 0. 39585 61759 02384 29995 816 0. 91831 25219
0.408 0. 39677 42903 43226 97324 356 0.91791 62067
0.409 0.39769 20080 09812 36782 508 0.91751 89735

0.410 0.39860 93279 84422 89359 380 0.91712 08228
0.411 0.39952 62493 49738 65238 251 0.91672 17549
0.412 0.40044 27711 88838 35528 558 0.91632 17704
0.413 0.40135 88925 85200 23958 010 0.91592 08695
0.414 0.40227 46126 22702 98524 766 0.91551 90527

0. 415 0. 40318 99303 85626 63109 550 0. 91511 63204
0. 416 0. 40410 48449 58653 49047 645 0. 91471 26730
0.417 0. 40501 93554 26869 06660 654 0. 91430 81109
0.418 0. 40593 34608 75762 96747 939 0. 91390 26344
0. 419 0. 40684 71603 91229 82037 655 0. 91349 62441

0.420 0. 40776 04530 59570 18597 279 0. 91308 89403
0.421 0.40867 33379 67491 47203 546 0. 91268 07233
0. 422 0. 40958 58142 02108 84671 703 0. 91227 15937
0.423 0. 41049 78808 50946 15143 980 0. 91186 15518
0. 424 0. 41140 95370 01936 81337 201 0. 91145 05981

0. 425 0. 41232 07817 43424 75749 435 0. 91103 87329
0. 426 0. 41323 16141 64165 31825 593 0.91062 59567
0. 427 0. 41414 20333 53326 15081 889 0. 91021 22698
0. 428 0. 41505 20384 00488 14189 067 0. 90979 76727
0. 429 0.41596 16283 95646 32014 301 0. 90938 21659

0.430 0. 41687 08024 29210 76621 692 0. 90896 57496
0.431 0.41777 95595 92007 52231 243 0. 90854 84244
0.432 0.41868 78989 75279 50136 257 0. 90813 01906
0.433 0.41959 58196 70687 39579 028 0. 90771 10488
0.434 0. 42050 33207 70310 58584 774 0. 90729 09991

0.435 0.42141 04013 66648 04753 684 0. 90687 00422
0.436 042231 70605 52619 26011 018 0. 90644 81785
0.437 0. 42322 32974 21565 11315 146 0. 90602 54083
0.438 0.42412 91110 67248 81323 456 0. 90560 17320
0.439 0.42503 45005 83856 79016 027 0.90517 71502

0.440 0.42593 94650 65999 60276 972 0. 90475 16632
0.441 0.42684 40036 08712 84433 381 0. 90432 52714
0.442 0. 42774 81153 07458 04751 750 0. 90389 79753
0.443 0.42865 17992 58123 58891 823 0.90346 97753
0.444 0. 42955 50545 57025 59317 745 0. 90304 06718

0.445 0.43045 78803 00908 83666 443 0. 90261 06653
0.446 0.43136 02755 86947 65073 141 0.90217 97562
0.447 0. 43226 22395 12746 82453 917 0. 90174 79449
0.448 0.43316 37711 76342 50745 219 0. 90131 52319
0.449 0.43406 48696 76203 11100 244 0. 90088 16175

0.450 0. 43496 55341 11230 21042 084 0. 90044 71023
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0.450 0.43496 55341 11230 21042 084 0. 90044 71023 52676 92166 884
0.451 0.43586 57635 80759 44573 567 0. 90001 16866 67546 28580 847
0.452 0.43676 55571 84561 42243 681 0. 89957 53709 70803 98337 319
0.453 0.43766 49140 22842 61170 507 0. 89913 81556 98765 67474 569
0.454 0.43856 38331 96246 25020 568 0. 89870 00412 88646 59552 965

0.455 0.43946 23138 05853 23944 492 0. 89826 10281 78561 11933 463
0.456 0.44036 03549 53183 04468 918 0. 89782 11168 07522 31966 167
0.457 0.44125 79557 40194 59344 542 0. 89738 03076 15441 53089 030
0.458 0.44215 51152 69287 17350 215 0. 89693 86010 43127 90836 721
0.459 0. 44305 18326 43301 33053 008 0. 89649 59975 32287 98759 714

0.460 0. 44394 81069 65519 76524 151 0. 89605 24975 25525 24253 639
0.461 0.44484 39373 39668 23010 752 0. 89560 81014 66339 64298 937
0.462 0. 44573 93228 69916 42563 218 0. 89516 28097 99127 21110 867
0.463 0. 44663 42626 60878 89618 275 0.89471 66229 69179 57699 908
0.464 0. 44752 87558 17615 92537 506 0. 89426 95414 22683 53342 602

0.465 0. 44842 28014 45634 43101 319 0. 89382 15656 06720 58962 873
0.466 0.44931 63986 50888 85958 244 0. 89337 26959 69266 52423 883
0.467 0. 45020 95465 39782 08029 479 0. 89292 29329 59190 93730 459
0.468 0.45110 22442 19166 27868 603 0. 89247 22770 26256 80142 134
0.469 0.45199 44907 96343 84976 342 0. 89202 07286 21120 01196 857

0.470 0.45288 62853 79068 29070 327 0. 89156 82881 95328 93645 402
0. 471 0. 45377 76270 75545 09309 736 0. 89111 49562 01323 96296 541
0.472 0.45466 85149 94432 63474 735 0. 89066 07330 92437 04773 005
0.473 0. 45555 89482 44843 07100 635 0. 89020 56193 22891 26178 292
0.474 0. 45644 89259 36343 22566 671 0. 88974 96153 47800 33674 367

0.475 0.45733 84471 78955 48139 307 0. 88929 27216 23168 20970 288
0.476 0.45822 75110 83158 66969 994 0. 88883 49386 05888 56721 822
0.477 0.45911 61167 59888 96047 279 0. 88837 62667 53744 38842 074
0.478 0.46000 42633 20540 75103 180 0. 88791 67065 25407 48723 197
0.479 0.46089 19498 76967 55473 739 0. 88745 62583 80438 05369 212

0. 480 0.46177 91755 41482 88913 664 0. 88699 49227 79284 19439 995
0.481 0.46266 59394 26861 16364 968 0. 88653 27001 83281 47206 469
0.482 0. 46355 22406 46338 56679 522 0. 88606 95910 54652 44417 051
0.483 0.46443 80783 13613 95295 430 0. 88560 55958 56506 20075 401
0.484 0. 46532 34515 42849 72867 132 0. 88514 07150 52837 90129 517

0.485 0. 46620 83594 48672 73849 162 0. 88467 49491 08528 31072 223
0.486 0. 46709 28011 46175 15033 451 0. 88420 82984 89343 33453 094
0.487 0.46797 67757 50915 34040 104 0.88374 07636 61933 55301 874
0.488 0. 46886 02823 78918 77761 558 0. 88327 23450 93833 75463 416
0.489 0.46974 33201 46678 90760 024 0. 88280 30432 53462 46844 214

0.490 0. 47062 58881 71158 03618 136 0. 88233 28586 10121 49570 547
0.491 0.47150 79855 69788 21242 715 0. 88186 17916 33995 44058 307
0.492 0.47238 96114 60472 11121 556 0. 88138 98427 96151 23994 541
0.493 0.47327 07649 61583 91533 149 0.88091 70125 68537 69230 763
0.494 0. 47415 14451 91970 19709 261 0. 88044 33014 23984 98588 075

0.495 0.47503 16512 70950 79950 264 0. 87996 87098 36204 22574 157
0.496 0. 47591 13823 18319 71693 150 0. 87949 32382 79786 96012 154
0.497 0.47679 06374 54345 97532 118 0. 87901 68872 30204 70581 529
0.498 0.47766 94157 99774 51191 668 0.87853 96571 63808 47270 917
0.499 0. 47854 77164 75827 05452 099 0. 87806 15485 57828 28743 023

0.500 0.47942 55386 04203 00027 329 0. 87758 25618 90372 71611 628
r(-8)6
L7

1(-7)1
L7



X sin x cos X

0.500 0.47942 55386 04203 00027 329 0. 87758 25618 90372 71611 628
0.501 0.48030 28813 07080 29394 947 0. 87710 26976 40428 38630 733
0.502 0.48117 97437 07116 30578 414 0. 87662 19562 87859 50795 903
0.503 0.48205 61249 27448 70881 314 0. 87614 03383 13407 39357 847
0.504 0.48293 20240 91696 35573 583 0.87565 78441 98689 97748 295

0.505 0.48380 74403 23960 15529 617 0. 87517 44744 26201 33418 203
0.506 0.48468 23727 48823 94818 170 0. 87469 02294 79311 19588 355
0.507 0. 48555 68204 91355 38243 967 0. 87420 51098 42264 46912 391
0.508 0. 48643 07826 77106 78840928 0. 87371 91160 00180 75052 318
0. 509 0.48730 42584 32116 05316 931 0. 87323 22484 39053 84166 561

0.510 0.48817 72468 82907 49450 013 0. 87274 45076 45751 26310 581
0.511 0. 48904 97471 56492 73435 934 0. 87225 58941 08013 76750 129
0.512 0.48992 17583 80371 57187 006 0. 87176 64083 14454 85187 176
0.513 0.49079 32796 82532 85582 104 0. 87127 60507 54560 26898 565
0.514 0. 49166 43101 91455 35667 778 0. 87078 48219 18687 53787 441

0.515 0.49253 48490 36108 63810 364 0. 87029 27222 98065 45347 504
0.516 0. 49340 48953 45953 92799 025 0. 86979 97523 84793 59540 132
0.517 0. 49427 44482 50944 98899 617 0. 86930 59126 71841 83584 429
0.518 0.49514 35068 81528 98859 309 0. 86881 12036 53049 84660 240
0.519 0.49601 20703 68647 36861 855 0. 86831 56258 23126 60524 189

0.520 0.49688 01378 43736 71433 446 0. 86781 91796 77649 90038 785
0.521 0.49774 77084 38729 62299 043 0. 86732 18657 13065 83614 647
0.522 0.49861 47812 86055 57189 109 0. 86682 36844 26688 33565 898
0.523 0. 49948 13555 18641 78596 658 0. 86632 46363 16698 64378 779
0.524 0.50034 74302 69914 10484 518 0. 86582 47218 82144 82893 524

0.525 0.50121 30046 73797 84942 748 0. 86532 39416 22941 28399 561
0.526 0.50207 80778 64718 68796 092 0. 86482 22960 39868 22644 077
0.527 0. 50294 26489 77603 50161 411 0. 86431 97856 34571 19753 996
0.528 0. 50380 67171 47881 24954 981 0. 86381 64109 09560 56071 436
0.529 0.50467 02815 11483 83349 596 0. 86331 21723 68210 99902 671

0.530 0.50553 33412 04846 96181 366 0. 86280 70705 14761 01180 670
0.531 0.50639 58953 64911 01306 143 0.86230 11058 54312 41041 248
0.532 0.50725 79431 29121 89905 473 0. 86179 42788 92829 81312 894
0.533 0. 50811 94836 35431 92741 999 0. 86128 65901 37140 13920 311
0.534 0. 50898 05160 22300 66364 220 0. 86077 80400 94932 10201 726

0.535 0. 50984 10394 28695 79260 534 0. 86026 86292 74755 70140 025
0.536 0. 51070 10529 94093 97962 456 0. 85975 83581 86021 71507 760
0.537 0. 51156 05558 58481 73096 946 0. 85924 72273 39001 18926 068
0.538 0.51241 95471 62356 25387 754 0. 85873 52372 44824 92837 581
0.539 0. 51327 80260 46726 31605 686 0. 85822 23884 15482 98393 339

0.540 0. 51413 59916 53113 10467 728 0. 85770 86813 63824 14253 797
0.541 0.51499 34431 23551 08484 914 0. 85719 41166 03555 41303 947
0. 542 0. 51585 03796 00588 85758 874 0. 85667 86946 49241 51282 623
0. 543 0. 51670 68002 27290 01726 969 0. 85616 24160 16304 35326 032
0. 544 0. 51756 27041 47234 00855 920 0. 85564 52812 21022 52425 567

0.545 0.51841 80905 04516 98283 861 0. 85512 72907 80530 77799 957
0.546 0. 51927 29584 43752 65410 714 0. 85460 84452 12819 51181 787
0.547 0.52012 73071 10073 15436 812 0. 85408 87450 36734 25018 472
0.548 0. 52098 11356 49129 88849 675 0. 85356 81907 71975 12587 703
0.549 0. 52183 44432 07094 38858 868 0. 85304 67829 39096 36027 442

0.550 0. 52268 72289 30659 16778 838 0.85252 45220 59505 74280 498
1(-8)7 -7)1
L7 L7
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cos X

E

-7)1
7

X sin X

0.550 0.52268 72289 30659 16778 838 0. 85252
0.551 0.52353 94919 67038 57359 653 0. 85200
0.552 0.52439 12314 63969 64065 565 0. 85147
0.553 0. 52524 24465 69712 94301 297 0. 85095
0.554 0.52609 31364 33053 44585 976 0. 85042

0.555 0.52694 33002 03301 35674 635 0. 84990
0.556 0.52779 29370 30292 97627 180 0. 84937
0.557 0.52864 20460 64391 54824 757 0. 84884
0.558 0.52949 06264 56488 10933 415 0. 84831
0.559 0.53033 86773 58002 33815 002 0. 84778

0.560 0. 53118 61979 20883 40385 187 0. 84725
0.561 0. 53203 31872 97610 81418 533 0. 84672
0.562 0. 53287 96446 41195 26300 543 0. 84619
0.563 0.53372 55691 05179 47726 585 0. 84565
0.564 0.53457 09598 43639 06347 607 0. 84512

0.565 0. 53541 58160 11183 35362 572 0. 84458
0.566 0.53626 01367 62956 25057 521 0. 84405
0.567 0.53710 39212 54637 07291 168 0. 84351
0.568 0.53794 71686 42441 39926 969 0. 84297
0.569 0.53878 98780 83121 91211 553 0. 84244

0.570 0.53963 20487 33969 24099 446 0. 84190
0.571 0.54047 36797 52812 80524 005 0. 84136
0.572 0.54131 47702 98021 65614 465 0. 84082
0.573 0. 54215 53195 28505 31859 028 0. 84027
0.574 0.54299 53266 03714 63213 905 0. 83973

0.575 0.54383 47906 83642 59158 222 0. 83919
0.576 0.54467 37109 28825 18694 718 0. 83864
0.577 0.54551 20865 00342 24296 136 0. 83810
0.578 0.54634 99165 59818 25797 231 0. 83755
0.579 0.54718 72002 69423 24232 321 0. 83701

0.580 0. 54802 39367 91873 55618 270 0. 83646
0.581 0.54886 01252 90432 74682 851 0. 83591
0.582 0.54969 57649 28912 38538 382 0. 83536
0.583 0. 55053 08548 71672 90300 563 0. 83481
0.584 0.55136 53942 83624 42652 424 0. 83426

0.585 0. 55219 93823 30227 61353 309 0. 83371
0. 586 0.55303 28181 77494 48692 799 0. 83315
0.587 0. 55386 57009 91989 26889 504 0. 83260
0.588 0.55469 80299 40829 21434 637 0. 83205
0.589 0. 55552 98041 91685 44380 278 0. 83149

0.590 0.55636 1022912783 77572 254 0. 83094
0.591 0.55719 16852 72905 55827 556 0. 83038
0.592 0. 55802 17904 41388 50056 192 0.82982
0.593 0. 55885 13375 88127 50327 409 0. 82926
0.594 0. 55968 03258 83575 48880 201 0. 82870

0.595 0. 56050 87544 98744 23078 004 0. 82814
0.596 0. 56133 66226 05205 18307 516 0. 82758
0.597 0.56216 39293 75090 30821 541 0. 82702
0.598 0.56299 06739 81092 90525 792 0. 82646
0.599 0.5638] 68555 96468 43709 545 0. 82589

0.600 0. 56464 24733 95035 35720 095 0. 82533
r(-8)7

45220 59505 74280 498
14086 55464 10953 761
74432 50084 82092 114
26263 67333 23867 110
69585 32026 20180 431

04402 69831 50182 218
30721 07267 35704 287
48545 71701 88608 318
57881 91352 58049 047
58734 95285 77652 517

51110 13416 12609 452
35012 76506 06683 799
10448 16165 29136 481
77421 64850 21564 438
35938 55863 44654 991

86004 23353 24855 579
27624 02313 00958 945
60803 28580 70603 796
85547 38838 36691 011
01861 70611 53715 445

09751 62268 74013 376
09222 53020 93925 658
00279 82920 99876 632
82928 92863 14368 839
57175 24582 41893 605

23024 20654 14757 543
80481 24493 38825 019
29551 80354 39176 658
70241 33330 05683 918
02555 29351 38499 807

26499 15186 93465 789
42078 38442 27434 927
49298 47559 43511 337
48164 91816 36205 988
38683 21326 36508 907

20858 87037 56877 861
94697 40732 36143 543
60204 35026 84331 337
17385 23370 27399 720
66245 60044 51895 332

06791 00163 49524 800
39026 99672 61643 346
62959 15348 23660 255
78593 04797 09361 243
85934 26455 75147 786

84988 39590 04193 468
75761 04294 50517 407
58257 81491 82974 799
32484 32932 29164 660
98446 21193 19254 799

56149 09678 29724 095
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Table 4.6

X

CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

sin z cos z

0.600 0.56464 24733 95035 35720 095 0. 82533 56149 09678 29724 095
0.601 0.56546 75265 51175 93580 897 0. 82477 05598 62617 27022 123
0.602 0.56629 20142 39837 08553 336 0. 82420 46800 45065 11146 193
0.603 0.56711 59356 36531 18642 028 0. 82363 79760 22901 59135 858
0.604 0.56793 92899 17336 91043 574 0. 82307 04483 62830 68484 934

0.605 0.56876 20762 58900 04538 687 0. 82250 20976 32380 00471 116
0.606 0.56958 42938 38434 31827 607 0. 82193 29243 99900 23403 216
0. 607 0. 57040 59418 33722 21808 719 0. 82136 29292 34564 55786 102
0.608 0.57122 70194 23115 81800 299 0. 82079 21127 06368 09403 380
0.609 0. 57204 75257 85537 59705 300 0. 82022 04753 86127 32317 893

0.610 0. 57286 74601 00481 26119 098 0. 81964 80178 45479 51790 075
0.611 0.57368 68215 48012 56380 111 0. 81907 47406 56882 17114 225
0.612 0.57450 56093 08770 12563 221 0. 81850 06443 93612 42372 770
0.613 0.57532 38225 63966 25415 904 0.81792 57296 29766 49108 549
0.614 0.57614 14604 95387 76236 989 0. 81734 99969 40259 08915 198

0. 615 0. 57695 85222 85396 78697 975 0. 81677 34469 00822 85945 685
0. 616 0. 57777 50071 16931 60606 809 0. 81619 60800 88007 79339 051
0. 617 0. 57859 09141 73507 45614 047 0. 81561 78970 79180 65565 411
0.618 0.57940 62426 39217 34861 330 0. 81503 88984 52524 40689 288
0.619 0.58022 09916 98732 88572 073 0. 81445 90847 87037 62551 318

0.620 0. 58103 51605 37305 07584 296 0. 81387 84566 62533 92868 400
0.621 0. 58184 87483 40765 14825 522 0. 81329 70146 59641 39252 335
0.622 0.58266 17542 95525 36729 641 0. 81271 47593 59801 97147 027
0. 623 0. 58347 41775 88579 84595 681 0. 81213 16913 45270 91684 290
0.624 0. 58428 60174 07505 35888 387 0. 81154 78111 99116 19458 331

0.625 0. 58509 72729 40462 15480 540 0. 81096 31195 05217 90218 953
0.626 0.58590 79433 76194 76836 923 0. 81037 76168 48267 68483 556
0.627 0.58671 80279 04032 83139 861 0. 80979 13038 13768 15067 973
0.628 0. 58752 75257 13891 88356 252 0. 80920 41809 88032 28536 214
0.629 0. 58833 64359 96274 18246 006 0. 80861 62489 58182 86569 178

0.630 0. 58914 47579 42269 51311 811 0. 80802 75083 12151 87252 371
0.631 0.58995 24907 43555 99690 151 0. 80743 79596 38679 90282 722
0.632 0. 59075 96335 92400 89983 484 0. 80684 76035 27315 58094 522
0.633 0. 59156 61856 81661 44033 509 0. 80625 64405 68414 96904 569
0.634 0.59237 21462 04785 59635 440 0. 80566 44713 53140 97676 566

0.635 0. 59317 75143 55812 91193 198 0. 80507 16964 73462 77004 837
0.636 0.59398 22893 29375 30315 454 0. 80447 81165 22155 17917 411
0.637 0.59478 64703 20697 86352 425 0. 80388 37320 92798 10598 548
0.638 0. 59559 00565 25599 66873 364 0. 80328 85437 79775 93030 752
0. 639 0. 59639 30471 40494 58084 641 0. 80269 25521 78276 91556 338

0.640 0. 59719 54413 62392 05188 355 0. 80209 57578 84292 61358 611
0.641 0.59799 72383 88897 92681 375 0. 80149 81614 94617 26862 715
0.642 0. 59879 84374 18215 24594 757 0. 80089 97636 06847 22056 216
0.643 0. 59959 90376 49145 04673 426 0. 80030 05648 19380 30729 469
0.644 0.60039 90382 81087 16496 070 0. 79970 05657 31415 26635 842

0.645 0. 60119 84385 14041 03535 151 0. 79909 97669 42951 13571 848
0.646 0.60199 72375 48606 49156 949 0. 79849 81690 54786 65377 243
0.647 0.60279 54345 85984 56561 576 0. 79789 57726 68519 65855 159
0.648 0. 60359 30288 27978 28662 868 0.79729 25783 86546 48612 327
0.649 0. 60439 00194 76993 47908 070 0. 79668 85868 12061 36819 444

0.650 0.60518 64057 36039 56037 252 0. 79608 37985 49055 82891 760



[(
8)8

7

cos X

37985 49055 82891 760
82142 02318 08089 927
18343 77432 42041 183
46596 80778 62180 929
66907 19531 33114 757

79281 01659 45900 987
83724 35925 57253 785
80243 31885 28666 909
68843 99886 65458 154
49532 51069 55734 550

22314 97365 09278 382
87197 51494 96354 080
44186 26970 86436 061
93287 38093 86857 558
34506 99953 81380 523

67851 28428 68686 643
93326 40184 00789 551
10938 52672 21368 279
20693 84132 04022 017
22598 53587 90446 244

16658 80849 28530 294
02880 86510 10376 414
81270 91948 10240 374
51835 19324 22393 698
14579 91581 98907 578

69511 32446 87358 526
16635 66425 68455 830
55959 18805 93590 877
87488 15655 22308 414
11228 83820 59699 786

27187 50927 93718 239
35370 45381 32416 339
35783 96362 41105 566
28434 33829 79438 156
13327 88518 38411 247

90470 91938 77293 390
59869 76376 60473 500
21530 74891 94232 293
75460 21318 63436 286
21664 50263 68154 418

60149 97106 60197 354
90922 97998 79579 541
13989 89862 90904 069
29357 10392 19670 418
37030 98049 88505 132

37017 92068 53315 502
29324 32449 39366 321
13956 59961 77279 757
90921 16142 38958 434
60224 43294 73431 759

21872 84488 42625 586
[(-7)1
L7

X sin X

0.650 0.60518 64057 36039 56037 252 0. 79608
0.651 0.60598 21868 08730 33782 358 0. 79547
0.652 0.60677 73618 99284 80505 818 0. 79487
0.653 0.60757 19302 12527 93778 646 0. 79426
0.654 0.60836 58909 53891 48897 929 0. 79365

0.655 0.60915 92433 29414 78343 652 0. 79304
0.656 0.60995 19865 45745 51174 755 0. 79243
0.657 0. 61074 41198 10140 52364 359 0. 79182
0.658 0. 61153 56423 30466 62074 073 0. 79121
0.659 0. 61232 65533 15201 34867 307 0. 79060

0. 660 0. 61311 68519 73433 78861 515 0. 78999
0.661 0.61390 65375 14865 34819 272 0. 78937
0.662 0.61469 56091 49810 55178 137 0. 78876
0.663 0. 61548 40660 89197 83019 186 0. 78814
0.664 0. 61627 19075 44570 30974 165 0. 78753

0.665 0.61705 91327 28086 60071 171 0. 78691
0.666 0.61784 57408 52521 58518 785 0. 78629
0.667 0.61863 17311 31267 20428 576 0. 78568
0.668 0. 61941 71027 78333 24475 901 0. 78506
0.669 0. 62020 18550 08348 12498 919 0. 78444

0.670 0.62098 59870 36559 68035 744 0. 78382
0.671 0. 62176 94980 78835 94799 654 0. 78320
0.672 0. 62255 23873 51665 95092 281 0. 78257
0.673 0.62333 46540 72160 48154 700 0. 78195
0.674 0.62411 62974 58052 88456 349 0. 78133

0.675 0. 62489 73167 27699 83921 682 0. 78070
0.676 0.62567 77111 00082 14094 496 0. 78008
0.677 0.62645 74797 94805 48239 849 0. 77945
0.678 0. 62723 66220 32101 23383 477 0. 77882
0.679 0. 62801 51370 32827 22288 658 0. 77820

0.680 0.62879 30240 18468 51370 418 0. 77757
0.681 0.62957 02822 11138 18547 018 0. 77694
0.682 0.63034 69108 33578 11028 644 0. 77631
0.683 0.63112 29091 09159 73043 207 0. 77568
0.684 0. 63189 82762 61884 83499 197 0. 77505

0.685 0.63267 30115 16386 33585 498 0. 77441
0. 686 0. 63344 71140 97929 04308 084 0. 77378
0.687 0. 63422 05832 32410 43963 542 0. 77315
0. 688 0. 63499 34181 46361 45549 306 0. 77251
0.689 0. 63576 56180 66947 24110 566 0. 77188

0.690 0.63653 71822 21967 94023 743 0. 77124
0.691 0. 63730 81098 39859 46216 467 0. 77060
0.692 0.63807 84001 49694 25323 984 0. 76997
0.693 0. 63884 80523 81182 06781 899 0. 76933
0.694 0.63961 70657 64670 73855 200 0. 76869

0.695 0. 64038 54395 31146 94603 464 0. 76805
0.696 0.64115 31729 12236 98782 185 0. 76741
0.697 0.64192 02651 40207 54680 136 0. 76677
0.698 0.64268 67154 47966 45892 698 0. 76612
0.699 0.64345 25230 69063 48031 063 0. 76548

0.700 0. 64421 76872 37691 05367 261 0. 76484
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0.700 0.64421 76872 37691 05367 261 0. 76484 21872 84488 42625 586
0.701 0.64498 22071 88685 07414 902 0. 76419 75872 83558 57055 252
0. 702 0. 64574 60821 57525 65445 583 0. 76355 22230 85105 11442 075
0.703 0.64650 93113 80337 88940 870 0. 76290 60953 34492 20253 368
0.704 0.64727 18940 93892 61979 783 0. 76225 92046 77847 53166 023

0.705 0.64803 38295 35607 19561 705 0. 76161 15517 62061 70453 752
0.706 0.64879 51169 43546 23864 641 0. 76096 31372 34787 58298 030
0.707 0.64955 57555 56422 40438 747 0. 76031 39617 44439 64022 815
0.708 0. 65031 57446 13597 14335 062 0. 75966 40259 40193 31253 107
0.709 0.65107 50833 55081 46169 354 0. 75901 33304 71984 34997 406

0.710 0. 65183 37710 21536 68121 013 0. 75836 18759 90508 16654 146
0.711 0. 65259 18068 54275 19866 915 0. 75770 96631 47219 18942 159
0.712 0.65334 91900 95261 24450 173 0. 75705 66925 94330 20755 235
0.713 0. 65410 59199 87111 64083 709 0. 75640 29649 84811 71940 852
0.714 0.65486 19957 73096 55888 565 0. 75574 84809 72391 28003 128

0.715 0.65561 74166 97140 27566 883 0. 75509 32412 11552 84730 074
0.716 0. 65637 21820 03821 93009 463 0. 75443 72463 57536 12745 203
0.717 0.65712 62909 38376 27837 851 0. 75378 04970 66335 91983 563
0.718 0.65787 97427 46694 44880 853 0. 75312 29939 94701 46092 263
0.719 0. 65863 25366 75324 69585 417 0. 75246 47378 00135 76755 558

0.720 0. 65938 46719 71473 15361 800 0. 75180 57291 40894 97944 549
0.721 0.66013 61478 83004 58862 952 0. 75114 59686 75987 70091 576
0.722 0. 66088 69636 58443 15198 027 0. 75048 54570 65174 34189 363
0.723 0. 66163 71185 46973 13079 967 0. 74982 41949 68966 45814 983
0.724 0. 66238 66117 98439 69907 065 0. 74916 21830 48626 09078 707

0.725 0.66313 54426 63349 66778 441 0. 74849 94219 66165 10497 806
0.726 0.66388 36103 92872 23443 354 0. 74783 59123 84344 52795 369
0.727 0.66463 11142 38839 73184 280 0. 74717 16549 66673 88624 209
0.728 0.66537 79534 53748 37633 666 0. 74650 66503 77410 54215 910
0.729 0. 66612 41272 90759 01524 309 0. 74584 08992 81559 02955 103

0.730 0.66686 96350 03697 87373 259 0. 74517 44023 44870 38879 013
0.731 0.66761 44758 47057 30099 195 0. 74450 71602 33841 50102 364
0.732 0. 66835 86490 75996 51573 181 0. 74383 91736 15714 42167 693
0.733 0. 66910 21539 46342 35102 739 0. 74317 04431 58475 71321 153
0.734 0.66984 49897 14589 99849 159 0. 74250 09695 30855 77713 862

0.735 0. 67058 71556 37903 75177 973 0. 74183 07534 02328 18528 866
0.736 0. 67132 86509 74117 74942 523 0. 74115 97954 43109 01033 791
0.737 0. 67206 94749 81736 71700 537 0. 74048 80963 24156 15559 237
0.738 0. 67280 96269 19936 70863 650 0. 73981 56567 17168 68402 998
0.739 0. 67354 91060 48565 84779 796 0. 73914 24772 94586 14660 158

0. 740 0. 67428 79116 28145 06748 388 0. 73846 85587 29587 90979 142
0.741 0. 67502 60429 19868 84968 216 0. 73779 39016 96092 48243 787
0.742 0.67576 34991 85605 96417 996 0. 73711 85068 68756 84181 492
0.743 0. 67650 02796 87900 20669 485 0. 73644 23749 22975 75897 532
0. 744 0. 67723 63836 89971 13633 096 0. 73576 55065 34881 12335 582

0.745 0. 67797 18104 55714 81235 936 0. 73508 79023 81341 26664 537
0.746 0.67870 65592 49704 53032 193 0. 73440 95631 39960 28591 681
0.747 0.67944 06293 37191 55745 803 0. 73373 04894 89077 36602 285
0.748 0. 68017 40199 84105 86745 313 0. 73305 06821 07766 10125 695
0.749 0. 68090 67304 57056 87450 880 0. 73237 01416 75833 81627 975

0.750 0. 68163 87600 23334 16673 324 0. 73168 88688 73820 88631 184
(- 7)1

L7
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X sin X

87600 23334
01079 50908
07735 08431
07559 65237
00545 91345

86686 57454
65974 34953
38401 95911
03962 13086
62647 59922

14451 10551
59365 39792
97383 23154
28497 36835
52700 57724

69985 63401
80345 32137
83772 42896
80259 75335
69800 09807

52386 27356
28011 09725
96667 39351
58347 99368
13045 73609

60753 46603
01464 03580
35170 30469
61865 13900
81541 41203

94192 00410
99809 80256
98387 70180
89918 60324
74395 41535

51811 05365
22158 44073
85430 50625
41620 18692
90720 42656

32724 17607
67624 39345
95414 04380
16086 09933
29633 53937

36049 35036
35326 52590
27458 06672
12436 98066
90256 28277

60908 99522
[ (-8)9

7 E

-8)9
7

cos X

16673 324 0. 73168 88688 73820 88631 184
23885 163 0. 73100 68643 83000 05659 342
22423 554 0. 73032 41288 85375 76111 160
62625 080 0. 72964 06630 63683 44059 608
04892 285 0. 72895 64676 01388 85978 367

92691 917 0. 72827 15431 82687 42395 268
25484 772 0. 72758 58904 92503 49472 750
31587 089 0. 72689 95102 16489 70515 436
40963 419 0. 72621 24030 41026 27404 867
57950 885 0. 72552 45696 53220 31961 494

33914 776 0. 72483 60107 40905 17233 969
39835 383 0. 72414 67269 92639 68715 814
38826 030 0. 72345 67190 97707 55489 548
58582 200 0. 72276 59877 46116 61298 318
63761 700 0. 72207 45336 28598 15545 123

28295 794 0. 72138 23574 36606 24219 693
07631 223 0. 72068 94598 62317 00753 084
10903 039 0. 71999 58415 98627 96800 072
73038 195 0. 71930 15033 39157 32949 410
26789 802 0. 71860 64457 78243 29362 010

74701 988 0. 71791 06696 10943 36337 129
61005 296 0. 71721 41755 33033 64806 626
43442 524 0. 71651 69642 41008 16757 355
65024 972 0. 71581 90364 32078 15581 770
25718 983 0. 71512 03928 04171 36356 807

54062 747 0. 71442 10340 55931 36051 117
78713 256 0. 71372 09608 86716 83660 709
99923 379 0.71302 01739 96600 90273 093
60948 949 0. 71231 86740 86370 39059 972
19385 818 0. 71161 64618 57525 15198 564

18436 790 0. 71091 35380 12277 35721 626
58108 374 0. 71020 99032 53550 79296 239
66337 280 0. 70950 55582 84980 15931 435
70046 581 0. 70880 05038 10910 36614 737
66131 480 0. 70809 47405 36395 82877 671

92374 614 0. 70738 82691 67199 76290 330
98290 801 0. 70668 10904 09793 47885 059
15901 193 0. 70597 32049 71355 67509 330
30436 730 0. 70526 46135 59771 73107 880
50970 857 0. 70455 53168 83632 99934 173

80981 403 0. 70384 53156 52236 09691 278
88841 574 0. 70313 46105 75582 19602 208
78239 979 0. 70242 32023 64376 31409 812
58529 620 0. 70171 10917 30026 60306 275
15005 776 0. 70099 82793 84643 63792 314

79112 713 0. 70028 47660 41039 70466 123
98579 148 0. 69957 05524 12728 08742 151
07482 391 0. 69885 56392 13922 35499 779
96241 109 0. 69814 00271 59535 64661 971
81536 630 0. 69742 37169 65179 95703 964

76162 718 0.69670 67093 47165 42092. 075

0.750 0.68163
0.751 0.68237
0.752 0.68310
0.753 0.68383
0. 754 0. 68456

0.755 0.68528
0.756 0.68601
0.757 0. 68674
0.758 0. 68747
0.759 0.68819

0.760 0. 68892
0. 761 0. 68964
0.762 0.69036
0. 763 0. 69109
0.764 0. 69181

0. 765 0. 69253
0. 766 0. 69325
0.767 0. 69397
0.768 0. 69469
0. 769 0.69541

0.770 0. 69613
0.771 0. 69685
0.772 0.69756
0.773 0. 69828
0.774 0. 69900

0.775 0.69971
0.776 0.70043
0.777 0. 70114
0.778 0.70185
0.779 0.70256

0.780 0.70327
0.781 0.70398
0.782 0. 70469
0.783 0.70540
0.784 0. 70611

0.785 0.70682
0.786 0.70753
0. 787 0. 70823
0.788 0.70894
0.789 0.70964

0.790 0. 71035
0.791 0. 71105
0.792 0. 71175
0.793 0. 71246
0.794 0.71316

0.795 0. 71386
0.796 0.71456
0.797 0.71526
0.798 0. 71596
0.799 0. 71665

0.800 0. 71735
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[1]

X sin x cos X

0. 800 0. 71735 60908 99522 76162 718 0. 69670 67093 47165 42092 075
0. 801 0. 71805 24388 14736 58803 753 0. 69598 90050 22499 59652 695
0. 802 0. 71874 80686 77571 43741 255 0. 69527 06047 08886 74871 538
0. 803 0. 71944 29797 92397 50488 651 0. 69455 15091 24727 13123 218
0. 804 0. 72013 71714 64303 73354 263 0. 69383 17189 89116 26831 236

0. 805 0. 72083 06429 99098 50932 396 0. 69311 12350 21844 23558 425
0. 806 0. 72152 33937 03310 35522 503 0. 69239 00579 43394 94027 956
0. 807 0. 72221 54228 84188 62476 322 0. 69166 81884 74945 40074 951
0. 808 0. 72290 67298 49704 19472 935 0. 69094 56273 38365 02528 784
0. 809 0. 72359 73139 08550 15721 677 0. 69022 23752 56214 89026 151

0. 810 0.72428 71743 70142 51092 818 0. 68949 84329 51747 01754 964
0. 811 0. 72497 63105 44620 85175 959 0. 68877 38011 48903 65129 158
0. 812 0. 72566 47217 42849 06266 069 0. 68804 84805 72316 53394 472
0. 813 0. 72635 24072 76416 00277 085 0. 68732 24719 47306 18165 280
0. 814 0. 72703 93664 57636 19583 027 0. 68659 57759 99881 15892 545

0.815 0. 72772 55985 99550 51786 534 0. 68586 83934 56737 35262 969
0. 816 0. 72841 11030 15926 88414 775 0. 68514 03250 45257 24529 414
0.817 0. 72909 58790 21260 93542 651 0. 68441 15714 93509 18772 652
0. 818 0. 72977 99259 30776 72343 223 0. 68368 21335 30246 67094 544
0. 819 0. 73046 32430 60427 39565 302 0. 68295 20118 84907 59742 692

0.820 0. 73114 58297 26895 87938 131 0. 68222 12072 87613 55166 656
0. 821 0. 73182 76852 47595 56503 084 0. 68148 97204 69169 07005 802
0. 822 0. 73250 88089 40670 98872 320 0. 68075 75521 61060 91008 857
0. 823 0. 73318 92001 24998 51414 329 0. 68002 47030 95457 31885 232
0. 824 0. 73386 88581 20187 01366 283 0. 67929 11740 05207 30088 213

0. 825 0. 73454 77822 46578 54873 150 0. 67855 69656 23839 88530 058
0. 826 0. 73522 59718 25249 04953 477 0. 67782 20786 85563 39229 106
0. 827 0. 73590 34261 78008 99391 793 0. 67708 65139 25264 69888 949
0. 828 0. 73658 01446 27404 08557 557 0. 67635 02720 78508 50409 750
0. 829 0. 73725 61264 96715 93150 579 0. 67561 33538 81536 59331 781

0. 830 0. 73793 13711 09962 71872 858 0. 67487 57600 71267 10211 246
0. 831 0. 73860 58777 91899 89026 752 0. 67413 74913 85293 77928 481
0. 832 0. 73927 96458 68020 82039 434 0. 67339 85485 61885 24928 580
0. 833 0. 73995 26746 64557 48913 544 0. 67265 89323 39984 27394 537
0. 834 0. 74062 49635 08481 15603 989 0. 67191 86434 59207 01352 983

0. 835 0. 74129 65117 27503 03320 808 0. 67117 76826 59842 28712 570
0. 836 0. 74196 73186 50074 95758 049 0. 67043 60506 82850 83235 098
0. 837 0. 74263 73836 05390 06248 576 0. 66969 37482 69864 56439 445
0. 838 0. 74330 67059 23383 44844 755 0. 66895 07761 63185 83438 385
0. 839 0. 74397 52849 34732 85324 932 0. 66820 71351 05786 68708 357

0. 840 0. 74464 31199 70859 32125 657 0. 66746 28258 41308 11792 267
0. 841 0. 74531 02103 63927 87199 577 0. 66671 78491 14059 32935 396
0. 842 0. 74597 65554 46848 16798 923 0. 66597 22056 69016 98654 482
0. 843 0. 74664 21545 53275 18184 539 0. 66522 58962 51824 47240 065
0. 844 0. 74730 70070 17609 86260 385 0. 66447 89216 08791 14192 152

0. 845 0. 74797 11121 74999 80133 429 0. 66373 12824 86891 57589 286
0. 846 0. 74863 44693 61339 89598 886 0. 66298 29796 33764 83391 100
0. 847 0. 74929 70779 13273 01550 724 0. 66223 40137 97713 70674 409
0. 848 0. 74995 89371 68190 66317 368 0. 66148 43857 27703 96802 946
0. 849 0. 75062 00464 64233 63922 547 0. 66073 40961 73363 62530 783

0.850 0. 75128 04051 40292 70271 207 0. 65998 31458 84982 17039 542
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0.850 0.75128 04051 40292 70271 207 0. 65998 31458 84982 17039 542
0.851 0.75194 00125 36009 23260 432 0. 65923 15356 13509 82909 449
0.852 0.75259 88679 91775 88815 295 0. 65847 92661 10556 81024 321
0. 853 0. 75325 69708 48737 26849 594 0. 65772 63381 28392 55410 547
0.854 0.75391 43204 48790 57151 380 0. 65697 27524 19944 98010 152

0.855 0.75457 09161 34586 25193 237 0. 65621 85097 38799 73388 013
0.856 0.75522 67572 49528 67867 227 0.65,46 36108 39199 43373 300
0.857 0.75588 18431 37776 79144 450 0. 65470 80564 76042 91635 218
0.858 0. 75653 61731 44244 75659 143 0. 65395 18474 04884 48193 134
0.859 0.75718 97466 14602 62217 260 0. 65319 49843 81933 13861 148

0.860 0. 75784 25628 95276 97229 459 0. 65243 74681 64051 84627 203
0. 861 0. 75849' 46213 33451 58068 441 0. 65167 92995 08756 75966 794
0.862 0.75914 59212 77068 06350 566 0. 65092 04791 74216 47091 357
0.863 0.75979 64620 74826 53141 684 0. 65016 10079 19251 25131 418
0. 864 0.76044 62430 76186 24087 122 0. 64940 08865 03332 29254 574

0.865 0. 76109 52636 31366 24465 750 0. 64864 01156 86580 94718 373
0.866 0.76174 35230 91346 04168 073 0. 64787 86962 29767 96858 196
0.867 0.76239 10208 07866 22598 272 0. 64711 66288 94312 75010 176
0.868 0. 76303 77561 33429 13500 144 0. 64635 39144 42282 56369 276
0.869 0. 76368 37284 21299 49706 858 0. 64559 05536 36391 79782 561

0. 870 0. 76432 89370 25505 07814 480 0. 64482 65472 40001 19477 766
0.871 0. 76497 33813 00837 32779 191 0. 64406 18960 17117 08727 234
0.872 0. 76561 70606 02852 02438 134 0. 64329 66007 32390 63447 280
0. 873 0. 76625 99742 87869 91953 834 0. 64253 06621 51117 05733 091
0.874 0. 76690 21217 12977 38182 114 0. 64176 40810 39234 87329 202

0.875 0.76754 35022 36027 03963 458 0. 64099 68581 63325 13035 656
0.876 0. 76818 41152 15638 42337 736 0. 64022 89942 90610 64049 903
0.877 0.76882 39600 11198 60682 252 0. 63946 04901 88955 21244 528
0. 878 0. 76946 30359 82862 84773 027 0. 63869 13466 26862 88380 872
0.879 0. 77010 13424 91555 22769 271 0. 63792 15643 73477 15258 639

0.880 0.77073 88788 98969 29120 965 0. 63715 11441 98580 20801 550
0.881 0. 77137 56445 67568 68399 506 0. 63638 00868 72592 16079 131
0.882 0.77201 16388 60587 79051 337 0. 63560 83931 66570 27264 710
0.883 0. 77264 68611 42032 37074 497 0. 63483 60638 52208 18529 695
0.884 0.77328 13107 76680 19618 049 0. 63406 30997 01835 14874 218

0.885 0.77391 49871 30081 68504 290 0. 63328 95014 88415 24894 213
0.886 0.77454 78895 68560 53673 706 0. 63251 52699 85546 63485 020
0.887 0.77518 00174 59214 36552 600 0. 63174 04059 67460 74481 571
0. 888 0. 77581 13701 69915 33343 321 0. 63096 49102 09021 53235 256
0.889 0.77644 19470 69310 78237 045 0. 63018 87834 85724 69127 530

0.890 0.77707 17475 26823 86549 033 0.62941 20265 73696 88020 355
0.891 0.77770 07709 12654 17776 316 0. 62863 46402 49694 94643 540
0.892 0. 77832 90165 97778 38577 722 0. 62785 66252 91105 14919 057
0.893 0.77895 64839 53950 85676 211 0. 62707 79824 75942 38222 428
0.894 0.77958 31723 53704 28683 432 0. 62629 87125 82849 39581 242

0. 895 0. 78020 90811 70350 32846 443 0. 62551 88163 91096 01810 880
0. 896 0. 78083 42097 77980 21716 548 0. 62473 82946 80578 37587 545
0.897 0. 78145 85575 51465 39740 163 0. 62395 71482 31818 11458 656
0.898 0.78208 21238 66458 14771 667 0.62317 53778 25961 61790 683
0.899 0. 78270 49080 99392 20508 171 0. 62239 29842 44779 22654 524

0.900 0.78332 69096 27483 38846 138 0. 62160 99682 70664 45648 472
-7)1

L7
[(_8)8]



r (-7)1L7

cos X

70664 45648 472
86633 21658 870
76323 02558 530
23992 22842 983
14519 21204 658

33401 62045 040
66755 56924 921
01314 85952 792
24430 19111 466
24068 37523 020

88811 54652 118
07856 37447 803
71013 27423 839
68705 61677 674
91968 93848 110

32450 15011 758
82406 74518 350
34706 00764 999
82824 21909 476
20845 86522 589

43462 84179 741
45973 65991 745
24282 65074 984
74899 16960 980
94936 79945 468

82112 55377 043
34746 07885 466
51758 85549 703
32673 40005 791
77612 46494 584

87298 23849 491
63051 54424 260
06791 03960 905
21032 41397 846
08887 58618 345

74063 90139 324
20863 32740 634
54181 65034 867
79507 66977 785
02922 39319 443

31098 22996 099
71298 18462 976
31375 04967 973
19770 59766 388
45514 77276 748

18224 88177 827
48104 78446 913
45944 08339 436
23117 31310 012
91583 12874 994

63883 49416 618
[(_8)8]

X sin x

0.900 0.78332 69096 27483 38846 138 0. 62160 99682
0.901 0.78394 81278 28730 22159 796 0. 62082 63306
0.902 0.78456 85620 81914 55501 279 0. 62004 20722
0.903 0.78518 82117 66602 18722 439 0. 61925 71938
0.904 0.78580 70762 63143 48518 260 0. 61847 16961

0.905 0.78642 51549 52674 00391 817 0. 61768 55799
0.906 0.78704 24472 17115 10540 713 0, 61689 88460
0. 907 0. 78765 89524 39174 57664 940 0. 61611 14953
0.908 0.78827 46700 02347 24696 094 0. 61532 35284
0.909 0.78888 95992 90915 60447 888 0. 61453 49462

0.910 0. 78950 37396 89950 41187 896 0. 61374 57494
0.911 0.79011 70905 85311 32130 474 0. 61295 59390
0.912 0. 79072 96513 63647 48850 789 0. 61216 55155
0.913 0. 79134 14214 12398 18619 897 0. 61137 44799
0.914 0.79195 24001 19793 41660 812 0. 61058 28329

0.915 0.79256 25868 74854 52325 499 0. 60979 05754
0.916 0. 79317 19810 67394 80192 738 0. 60899 77080
0.917 0.79378 05820 88020 11086 785 0. 60820 42317
0.918 0. 79438 83893 28129 48016 785 0. 60741 01471
0.919 0.79499 54021 79915 72036 860 0. 60661 54552

0.920 0.79560 16200 36366 03026 828 0. 60582 01566
0.921 0.79620 70422 91262 60393 471 0. 60502 42522
0.922 0. 79681 16683 39183 23692 319 0. 60422 77428
0.923 0.79741 54975 75501 93169 858 0. 60343 06291
0. 924 0. 79801 85293 96389 50226 129 0. 60263 29120

0.925 0. 79862 07631 98814 17797 639 0. 60183 45923
0.926 0. 79922 21983 80542 20660 537 0. 60103 56708
0.927 0.79982 28343 40138 45653 978 0. 60023 61482
0.928 0.80042 26704 76967 01823 638 0. 59943 60254
0.929 0. 80102 17061 91191 80485 294 0. 59863 53031

0.930 0. 80161 99408 83777 15208 432 0. 59783 39822
0.931 0.80221 73739 56488 41719 806 0. 59703 20635
0.932 0.80281 40048 11892 57726 899 0. 59622 95478
0.933 0. 80340 98328 53358 82661 218 0. 59542 64358
0.934 0. 80400 48574 85059 17341 371 0. 59462 27284

0.935 0. 80459 90781 11969 03555 863 0. 59381 84263
0.936 0.80519 24941 39867 83565 545 0. 59301 35305
0.937 0. 80578 51049 75339 59525 671 0. 59220 80416
0.938 0. 80637 69100 25773 52827 488 0.59140 19605
0.939 0.80696 79086 99364 63359 313 0. 59059 52881

0.940 0. 80755 81004 05114 28687 022 0. 58978 80250
0.941 0.80814 74845 52830 83153 915 0. 58898 01721
0.942 0.80873 60605 53130 16899 872 0. 58817 17303
0.943 0.80932 38278 17436 34799 758 0. 58736 27003
0.944 0. 80991 07857 57982 15321 017 0. 58655 30829

0.945 0.81049 69337 87809 69300 383 0. 58574 28790
0.946 0.81108 22713 20770 98639 669 0. 58493 20893
0.947 0.81166 67977 71528 54920 560 0. 58412 07147
0.948 0.81225 05125 55555 97938 351 0. 58330 87560
0.949 0.81283 34150 89138 54154 591 0. 58249 62139

0.950 0. 81341 55047 89373 75068 542 0. 58168 30894
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X sin z cos X

0.950 0.81341 55047 89373 75068 542 0. 58168 30894 63883 49416 618
0.951 0.81399 67810 74171 95507 433 0. 58086 93832 53142 86928 810
0.952 0.81457 72433 62256 91835 411 0. 58005 50961 73067 39704 748
0.953 0.81515 68910 73166 40081 165 0. 57924 02290 37944 08966 253
0.954 0.81573 57236 27252 73984 145 0. 57842 47826 62640 01435 096

0.955 0.81631 37404 45683 42959 322 0. 57760 87578 62601 47846 300
0.956 0.81689 09409 50441 69980 433 0. 57679 21554 53853 21403 511
0.957 0.81746 73245 64327 09381 654 0. 57597 49762 52997 56176 536
0. 958 0. 81804 28907 10956 04577 644 0. 57515 72210 77213 65441 113
0.959 0.81861 76388 14762 45701 891 0. 57433 88907 44256 59961 007

0.960 0. 81919 15683 00998 27163 322 0. 57351 99860 72456 66212 505
0.961 0.81976 46785 95734 05121 101 0. 57270 05078 80718 44551 395
0.962 0.82033 69691 25859 54877 569 0. 57188 04569 88520 07322 513
0.963 0. 82090 84393 19084 28189 263 0. 57105 98342 15912 36911 940
0.964 0.82147 90886 03938 10495 962 0. 57023 86403 83518 03741 923

0.965 0. 82204 89164 09771 78067 694 0. 56941 68763 12530 84208 614
0.966 0. 82261 79221 66757 55069 656 0. 56859 45428 24714 78562 699
0.967 0.82318 61053 05889 70544 986 0. 56777 16407 42403 28733 004
0.968 0. 82375 34652 58985 15315 328 0. 56694 81708 88498 36093 162
0.969 0.82432 00014 58683 98799 136 0. 56612 41340 86469 79171 417

0.970 0.82488 57133 38450 05747 662 0. 56529 95311 60354 31303 653
0.971 0. 82545 06003 32571 52898 564 0. 56447 43629 34754 78229 727
0. 972 0. 82601 46618 76161 45547 087 0. 56364 86302 34839 35633 190
0.973 0. 82657 78974 05158 34034 750 0. 56282 23338 86340 66624 480
0.974 0.82714 03063 56326 70155 495 0. 56199 54747 15554 99167 663

0.975 0.82770 18881 67257 63479 226 0. 56116 80535 49341 43450 813
0.976 0.82826 26422 76369 37592 699 0. 56034 00712 15121 09200 110
0.977 0.82882 25681 22907 86257 689 0. 55951 15285 40876 22937 736
0.978 0.82938 16651 46947 29486 397 0. 55868 24263 55149 45183 654
0. 979 0.82993 99327 89390 69534 022 0. 55785 27654 87042 87601 358

0.980 0. 83049 73704 91970 46808 453 0. 55702 25467 66217 30087 666
0.981 0.83105 39776 97248 95697 028 0. 55619 17710 22891 37806 645
0.982 0.83160 97538 48619 00310 290 0. 55536 04390 87840 78167 757
0.983 0. 83216 46983 90304 50142 703 0. 55452 85517 92397 37748 295
0.984 0.83271 88107 67360 95650 254 0. 55369 61099 68448 39160 207

0.985 0. 83327 20904 25676 03744 902 0. 55286 31144 48435 57861 376
0.986 0.83382 45368 11970 13205 801 0. 55202 95660 65354 38911 453
0.987 0.83437 61493 73796 90007 262 0. 55119 54656 52753 13672 322
0.988 0.83492 69275 59543 82563 379 0. 55036 08140 44732 16453 272
0.989 0.83547 68708 18432 76889 279 0.54952 56120 75943 01100 969

0.990 0.83602 59786 00520 51678 926 0. 54868 98605 81587 57534 313
0.991 0.83657 42503 56699 33299 444 0. 54785 35603 97417 28224 252
0.992 0. 83712 16855 38697 50701 883 0.54701 67123 59732 24618 647
0.993 0. 83766 82835 99079 90248 385 0. 54617 93173 05380 43512 268
0.994 0. 83821 40439 91248 50455 694 0. 54534 13760 71756 83362 006

0.995 0.83875 89661 69442 96654 953 0. 54450 28894 96802 60547 375
0.996 0. 83930 30495 88741 15567 733 0. 54366 38584 19004 25576 412
0. 997 0. 83984 62937 05059 69798 245 0. 54282 42836 77392 79237 026
0. 998 0. 84038 86979 75154 52241 668 0. 54198 41661 11542 88693 907
0. 999 0. 84093 02618 56621 40408 555 0. 54114 35065 61572 03531 067

1.000 0. 84147 09848 07896 50665 250 0. 54030 23058 68139 71740 094
1 (-7)1
L7 [(- 8)7L7



- 7)1
L7

- 8)7
L7

X sin X cos X

1. 000 0. 84147 09848 07896 50665 250 0. 54030 23058 68139 71740 094
1. 001 0. 84201 08662 88256 92390 268 0. 53946 05648 72446 55654 214
1. 002 0.84254 99057 57821 22046 578 0. 53861 82844 16233 47828 237
1. 003 0. 84308 81026 77549 97169 747 0. 53777 54653 41780 86864 465
1. 004 0. 84362 54565 09246 30271 873 0. 53693 21084 91907 73184 669

1. 005 0. 84416 19667 15556 42661 273 0. 53608 82147 09970 84748 188
1. 006 0. 84469 76327 59970 18177 851 0. 53524 37848 39863 92716 262
1. 007 0. 84523 24541 06821 56844 116 0. 53439 88197 26016 77062 668
1. 008 0. 84576 64302 21289 28431 774 0. 53355 33202 13394 42130 747
1. 009 0. 84629 95605 69397 25943 853 0. 53270 72871 47496 32136 904

1. 010 0. 84683 18446 18015 19012 310 0. 53186 07213 74355 46620 673
1. 011 0. 84736 32818 34859 07211 051 0. 53101 36237 40537 55841 426
1. 012 0. 84789 38716 88491 73284 331 0. 53016 59950 93140 16121 808
1. 013 0. 84842 36136 48323 36290 466 0.52931 78362 79791 85137 984
1. 014 0. 84895 25071 84612 04660 810 0. 52846 91481 48651 37156 798

1. 015 0. 84948 05517 68464 29173 940 0. 52761 99315 48406 78219 896
1. 016 0. 85000 77468 71835 55845 003 0. 52677 01873 28274 61274 932
i. 017 0. 85053 40919 67530 78730 164 0. 52591 99163 37999 01253 921
1. 018 0. 85105 95865 29204 92646 111 0.52506 91194 27850 90098 832
1. 019 0. 85158 42300 31363 45804 549 0. 52421 77974 48627 11734 503

1. 020 0. 85210 80219 49362 92361 655 0. 52336 59512 51649 56988 961
1. 021 0. 85263 09617 59411 44882 415 0. 52251 35816 88764 38461 245
1. 022 0. 85315 30489 38569 26719 808 0. 52166 06896 12341 05336 792
1. 023 0. 85367 42829 64749 24308 778 0. 52080 72758 75271 58150 502
1. 024 0. 85419 46633 16717 39374 945 0. 51995 33413 30969 63497 542

1. 025 0. 85471 41894 74093 41057 997 0. 51909 88868 33369 68691 985
1. 026 0. 85523 28609 17351 17949 715 0. 51824 39132 36926 16373 373
1. 027 0. 85575 06771 27819 30046 586 0. 51738 84213 96612 59061 276
1. 028 0. 85626 76375 87681 60616 931 0. 51653 24121 67920 73657 956
1. 029 0. 85678 37417 79977 67982 525 0. 51567 58864 06859 75899 186

1. 030 0. 85729 89891 88603 37214 627 0. 51481 88449 69955 34753 350
1. 031 0. 85781 33792 98311 31744 398 0. 51396 12887 14248 86768 878
1. 032 0. 85832 69115 94711 44887 626 0. 51310 32184 97296 50370 116
1. 033 0. 85883 95855 64271 51283 734 0. 51224 46351 77168 40101 715
1. 034 0. 85935 14006 94317 58248 998 0. 51138 55396 12447 80821 625

1. 035 0. 85986 23564 73034 57043 938 0.51052 59326 62230 21842 776
1. 036 0. 86037 24523 89466 74054 819 0. 50966 58151 86122 51023 535
1. 037 0. 86088 16879 33518 21889 224 0. 50880 51880 44242 08807 028
1. 038 0. 86139 00625 95953 50385 634 0. 50794 40520 97216 02209 404
1. 039 0. 86189 75758 68397 97536 975 0. 50708 24082 06180 18757 138

1. 040 0. 86240 42272 43338 40328 079 0. 50622 02572 32778 40373 447
1. 041 0. 86291 00162 14123 45486 997 0.50535 76000 39161 57213 919
1. 042 0. 86341 49422 74964 20150 131 0. 50449 44374 87986 81451 427
1. 043 0. 86391 90049 20934 62441 124 0. 50363 07704 42416 61010 426
1. 044 0. 86442 22036 47972 11963 456 0. 50276 65997 66117 93250 711

1. 045 0. 86492 45379 52878 00206 699 0. 50190 19263 23261 38600 728
1. 046 0. 86542 60073 33318 00866 385 0. 50103 67509 78520 34140 520
1. 047 0. 86592 66112 87822 80077 424 0. 50017 10745 97070 07134 396
1. 048 0. 86642 63493 15788 46561 037 0. 49930 48980 44586 88513 415
1. 049 0. 86692 52209 17477 01685 140 0. 49843 82221 87247 26307 756

1. 050 0. 86742 32255 94016 89438 141 0. 49757 10478 91726 99029 085
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1.050 0.86742 32255 94016 89438 141 0. 49757 10478 91726 99029 085
1.051 0.86792 03628 47403 46316 092 0. 49670 33760 25200 29002 975
1.052 0.86841 66321 80499 51123 146 0. 49583 52074 55338 95651 499
1.053 0.86891 20330 97035 74685 276 0. 49496 65430 50311 48726 051
1. 054 0. 86940 65651 01611 29477 198 0. 49409 73836 78782 21490 510

1.055 0.86990 02276 99694 19162 460 0. 49322 77302 09910 43854 806
1.056 0.87039 30203 97621 88046 624 0. 49235 75835 13349 55459 008
1.057 0.87088 49427 02601 70443 529 0. 49148 69444 59246 18707 979
1.058 0.87137 59941 22711 39954 543 0. 49061 58139 18239 31756 732
1. 059 0. 87186 61741 66899 58660 794 0. 48974 41927 61459 41446 534

1.060 0. 87235 54823 44986 26228 295 0. 48887 20818 60527 56191 864
1.061 0.87284 39181 67663 28925 947 0. 48799 94820 87554 58818 317
1.062 0. 87333 14811 46494 88556 345 0. 48712 63943 15140 19351 528
1.063 0. 87381 81707 93918 11299 356 0. 48625 28194 16372 07757 202
1.064 0. 87430 39866 23243 36468 402 0. 48537 87582 64825 06632 362

1. 065 0. 87478 89281 48654 85179 424 0. 48450 42117 34560 23847 867
1.066 0.87527 29948 85211 08932 453 0. 48362 91807 00124 05142 311
1. 067 0. 87575 61863 48845 38105 753 0. 48275 36660 36547 46667 387
1.068 0.87623 85020 56366 30362 492 0. 48187 76686 19345 07484 800
1.069 0. 87671 99415 25458 18969 874 0. 48100 11893 24514 22014 811

1.070 0.87720 05042 74681 61030 706 0. 48012 42290 28534 12436 509
1.071 0. 87768 01898 23473 85627 336 0. 47924 67886 08365 01039 904
1.072 0. 87815 89976 92149 41877 919 0. 47836 88689 41447 22529 904
1.073 0. 87863 69274 01900 46904 963 0. 47749 04709 05700 36282 289
1.074 0.87911 39784 74797 33716 111 0. 47661 15953 79522 38551 762

1.075 b.87959 01504 33788 98997 101 0. 47573 22432 41788 74632 160
1. 076 0. 88006 54428 02703 50816 869 0. 47485 24153 71851 50968 911
1. 077 0. 88053 98551 06248 56244 731 0. 47397 21126 49538 47223 840
1. 078 0. 88101 33868 70011 88879 619 0. 47309 13359 55152 28292 396
1.079 0.88148 60376 20461 76291 297 0. 47221 00861 69469 56273 392

1.080 0.88195 78068 84947 47373 533 0. 47132 83641 73740 02391 353
1.081 0.88242 86941 91699 79609 169 0. 47044 61708 49685 58871 547
1.082 0.88289 86990 69831 46247 031 0. 46956 35070 79499 50767 810
1. 083 0. 88336 78210 49337 63390 660 0. 46868 03737 45845 47743 217
1.084 0. 88383 60596 61096 36998 790 0. 46779 67717 31856 75803 727

1.085 0.88430 34144 36869 09797 534 0. 46691 27019 21135 28984 862
1.086 0. 88476 98849 09301 08104 243 0. 46602 81651 97750 80991 522
1.087 0.88523 54706 11921 88562 972 0. 46514 31624 46239 96791 014
1.088 0. 88570 01710 79145 84791 522 0. 46425 76945 51605 44159 401
1.089 0. 88616 39858 46272 53940 000 0. 46337 17623 99315 05181 235

1.090 0.88662 69144 49487 23160 860 0. 46248 53668 75300 87702 790
1.091 0.88708 89564 25861 35990 371 0. 46159 85088 65958 36738 852
1.092 0.88755 01113 13352 98641 470 0.46071 11892 58145 45833 190
1.093 0.88801 03786 50807 26207 951 0. 45982 34089 39181 68372 764
1. 094 0. 88846 97579 77956 88779 948 0. 45893 51687 96847 28855 783

1,095 0. 88892 82488 35422 57470 660 0. 45804 64697 19382 34113 686
1. 096 0. 88938 58507 64713 50354 274 0.45715 73125 95485 84487 142
1.097 0. 88984 25633 08227 78315 047 0. 45626 76983 14314 84956 158
1.098 0.89029 83860 09252 90807 488 0. 45537 76277 65483 56224 382
1. 099 0. 89075 33184 11966 21527 609 0. 45448 71018 39062 45757 688

1.100 0. 89120 73600 61435 33995 180 0. 45359 61214 25577 38777 137
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1.100 0.89120 73600 61435 33995 180 0. 45359 61214 25577 38777 137
1.101 0.89166 05105 03618 67046 971 0. 45270 46874 16008 69206 400
1.102 0.89211 27692 85365 80240 901 0. 45181 28007 01790 30573 730
1.103 0.89256 41359 54417 99171 080 0. 45092 04621 74808 86868 576
1.104 0.89301 46100 59408 60693 678 0. 45002 76727 27402 83352 928

1.105 0.89346 41911 49863 58063 585 0. 44913 44332 52361 57327 478
1.106 0.89391 28787 76201 85981 812 0. 44824 07446 42924 48852 689
1.107 0.89436 06724 89735 85553 594 0. 44734 66077 92780 11424 866
1.108 0.89480 75718 42671 89157 146 0. 44645 20235 96065 22607 305
1.109 0. 89525 35763 88110 65223 027 0. 44555 69929 47363 94616 628

1.110 0.89569 86856 80047 62924 063 0. 44466 15167 41706 84864 374
1.111 0.89614 28992 73373 56775 801 0. 44376 55958 74570 06453 951
1.112 0. 89658 62167 23874 91147 427 0. 44286 92312 41874 38633 030
1.113 0.89702 86375 88234 24683 120 0. 44197 24237 39984 37201 474
1.114 0.89747 01614 24030 74633 785 0. 44107 51742 65707 44874 890

1.115 0.89791 07877 89740 61099 138 0. 44017 74837 16293 01603 891
1.116 0. 89835 05162 44737 51180 079 0. 43927 93529 89431 54849 166
1.117 0.89878 93463 49293 03041 321 0. 43838 07829 83253 69812 438
1. 118 0. 89922 72776 64577 09884 230 0. 43748 17745 96329 39623 410
1.119 0. 89966 43097 52658 43829 826 0. 43658 23287 27666 95482 777

1.120 0. 90010 04421 76504 99711 910 0. 43568 24462 76712 16761 399
1. 121 0 90053 56744 99984 38780 263 0. 43478 21281 43347 41055 736
1.122 0. 90097 00062 87864 32313 880 0. 43388 13752 27890 74199 612
1.123 0. 90140 34371 05813 05144 201 0.43298 01884 31095 00232 420
1.124 0. 90183 59665 20399 79088 276 0. 43207 85686 54146 91323 845

1.125 0.90226 75940 99095 16291 842 0. 43117 65167 98666 17655 197
1.126 0.90269 83194 10271 62482 258 0. 43027 40337 66704 57257 452
1.127 0.90312 81420 23203 90131 256 0. 42937 11204 60745 05806 078
1.128 0.90355 70615 08069 41527 464 0. 42846 77777 83700 86372 749
1.129 0.90398 50774 35948 71758 658 0. 42756 40066 38914 59134 030

1.130 0. 90441 21893 78825 91603 708 0. 42665 98079 30157 31037 122
1.131 0.90483 83969 09589 10334 160 0. 42575 51825 61627 65422 763
1.132 0.90526 36996 02030 78425 425 0. 42485 01314 37950 91605 376
1.133 0.90568 80970 30848 30177 523 0. 42394 46554 64178 14410 540
1.134 0.90611 15887 71644 26245 348 0. 42303 87555 45785 23669 902

1.135 0.90653 41744 00926 96078 401 0. 42213 24325 88672 03673 585
1.136 0.90695 58534 96110 80269 960 0. 42122 56874 99161 42580 219
1.137 0.90737 66256 35516 72815 632 0. 42031 85211 83998 41784 656
1. 138 0. 90779 64903 98372 63281 260 0. 41941 09345 50349 25243 478
1.139 0.90821 54473 64813 78880 126 0. 41850 29285 05800 48758 379

1.140 0.90863 34961 15883 26459 422 0.41759 45039 58358 09217 519
1.141 0.90905 06362 33532 34395 940 0. 41668 56618 16446 53794 933
1. 142 0. 90946 68673 00620 94400 939 0. 41577 64029 88907 89108 094
1.143 0. 90988 21889 00918 03234 153 0. 41486 67283 85000 90333 707
1. 144 0. 91029 66006 19102 04326 885 0. 41395 66389 14400 10281 852

1.145 091071 01020 40761 29314 164 0. 41304 61354 87194 88428 529
1.146 0.91112 26927 52394 39475 912 0. 41213 52190 13888 59906 732
1.147 0. 91153 43723 41410 67087 073 0. 41122 38904 05397 64456 120
1.148 0.91194 51403 96130 56676 684 0. 41031 21505 73050 55331 381
1.149 0.91235 49965 05786 06195 821 0. 40940 00004 28587 08169 395

1.150 0.91276 39402 60521 08094 403 0. 40848 74408 84157 29815 258
-7)1 r ( - 8)6

L7 L7
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1.150 0.91276 39402 60521 08094 403 0. 40848 74408 84157 29815 258
1.151 0.91317 19712 51391 90306 792 0.40757 44728 52320 67107 284
1.152 0.91357 90890 70367 57146 165 0. 40666 10972 46045 15621 071
1.153 0.91398 52933 10330 30107 602 0. 40574 73149 78706 28372 706
1.154 0.91439 05835 65075 88579 865 0. 40483 31269 64086 24481 224

1.155 0.91479 49594 29314 10465 816 0. 40391 85341 16372 97790 397
1.156 0.91519 84204 98669 12711 431 0. 40300 35373 50159 25449 945
1.157 0. 91560 09663 69679 91743 383 0. 40208 8137 80441 76456 266
1.158 0. 91600 25966 39800 63815 143 0. 40117 23357 22620 20152 779
1.159 0.91640 33109 07401 05261 556 0. 40025 61326 92496 34689 958

1.160 0. 91680 31087 71766 92661 866 0. 39933 95294 06273 15445 164
1.161 0. 91720 19898 33100 42911 136 0.39842 25267 80553 83402 355
1.162 0.91759 99536 92520 53200 023 0. 39750 51257 32340 93491 775
1.163 0. 91799 69999 52063 40902 883 0. 39658 73271 79035 42889 706
1.164 0.91839 31282 14682 83374 147 0. 39566 91320 38435 79278 377

1. 165 0. 91878 83380 84250 57652 941 0. 39475 05412 28737 09066 125
1.166 0.91918 26291 65556 80075 906 0. 39383 15556 68530 05567 898
1.167 0.91957 60010 64310 45798 178 0. 39291 21762 76800 17146 187
1.168 0. 91996 84533 87139 68222 492 0. 39199 24039 72926 75312 486
1.169 0.92035 99857 41592 18336 360 0. 39107 22396 76682 02789 366

1.170 0.92075 05977 36135 63957 301 0. 39015 16843 08230 21533 266
1.171 0.92114 02889 80158 08886 071 0. 38923 07387 88126 60718 072
1.172 0. 92152 90590 83968 31967 851 0. 38830 94040 37316 64679 599
1.173 0.92191 69076 58796 26061 369 0. 38738 76809 77135 00821 054
1.174 0. 92230 38343 16793 36915 902 0. 38646 55705 29304 67479 575

1.175 0. 92268 98386 71033 01956 127 0. 38554 30736 15936 01753 942
1.176 0.92307 49203 35510 88974 783 0. 38462 01911 59525 87293 547
1.177 0.92345 90789 25145 34733 097 0. 38369 69240 82956 62048 718
1.178 0.92384 23140 55777 83468 944 0. 38277 32733 09495 25982 487
1.179 0.92422 46253 44173 25312 701 0. 38184 92397 62792 48743 902

1.180 0. 92460 60124 08020 34610 754 0. 38092 48243 66881 77302 960
1. 181 0. 92498 64748 65932 08156 619 0. 38000 00280 46178 43547 271
1.182 0.92536 60123 37446 03329 642 0. 37907 48517 25478 71840 534
1. 183 0. 92574 46244 43024 76141 242 0. 37814 92963 29958 86542 917
1.184 0.92612 23108 04056 19188 645 0. 37722 33627 85174 19493 444

1.185 0.92649 90710 42853 99516 095 0. 37629 70520 17058 17454 471
1.186 0. 92687 49047 82657 96383 480 0. 37537 03649 51921 49518 342
1.187 0.92724 98116 47634 38942 352 0. 37444 33025 16451 14476 334
1.188 0.92762 37912 62876 43819 290 0. 37351 58656 37709 48149 962
1. 189 0. 92799 68432 54404 52606 588 0. 37258 80552 43133 30684 752

1.190 0.92836 89672 49166 69260 202 0. 37165 98722 60532 93806 568
1.191 0. 92874 01628 75038 97404 950 0. 37073 13176 18091 28040 589
1. 192 0. 92911 04297 60825 77546 899 0. 36980 23922 44362 89893 026
1.193 0. 92947 97675 36260 24192 928 0. 36887 30970 68273 08995 672
1. 194 0.92984 81758 32004 62877 403 0. 36794 34330 19116 95213 382

1.195 0.93021 56542 79650 67095 956 0. 36701 34010 26558 45714 570
1. 196 0. 93058 22025 11719 95146 303 0. 36608 30020 20629 52004 819
1. 197 0. 93094 78201 61664 26876 083 0. 36515 22369 31729 06923 698
1.198 0.93131 25068 63866 00337 679 0. 36422 11066 90622 11604 876
1.199 0.93167 62622 53638 48349 974 0. 36328 96122 28438 82399 631

1.200 0. 93203 90859 67226 34967 013 0. 36235 77544 76673 57763 837



cos X

76673 57763 837
67184 05108 539
32190 27614 189
04273 71008 651
16376 30309 065

01799 56527 660
94203 63341 607
27606 33727 018
36382 26557 166
55261 83165 039

19330 33870 301
64027 04470 775
25144 22698 521
38826 24640 616
41568 61124 730

70217 04069 578
61966 52800 358
54360 40329 260
85289 39601 140
92990 69704 455

16047 02047 552
93385 66500 405
64277 57501 890
68336 40132 702
45517 56153 996

36117 30011 855
80771 74807 668
20455 98234 533
96483 08479 750
50503 20093 523

24502 59823 955
60802 72418 427
02059 26391 462
91261 19759 164
71729 85740 328

87117 98424 316
81408 78405 786
98914 98386 387
84277 88743 487
82466 43066 054

38776 23657 769
98828 67007 475
08569 89227 042
14269 91456 764
62521 65238 364

00239 97855 712
74660 77643 341
33339 99262 871
24152 68947 423
95292 09714 116

95268 66544 754

E
-8)5

7

X sin X

1.200 0.93203 90859 67226 34967 013 0. 36235 77544
1.201 0.93240 09776 41805 91853 542 0. 36142 55343
1.202 0.93276 19369 15485 54567 367 0. 36049 29528
1.203 0.93312 19634 27305 98748 519 0. 35956 00108
1.204 0.93348 10568 17240 76215 175 0. 35862 67092

1.205 0.93383 92167 26196 50966 302 0. 35769 30490
1.206 0.93419 64427 96013 35090 992 0. 35675 90310
1.207 0.93455 27346 69465 24584 444 0. 35582 46564
1.208 0.93490 80919 90260 35070 567 0. 35488 99259
1.209 0. 93526 25144 03041 37431 162 0. 35395 48405

1.210 0. 93561 60015 53385 93341 646 0. 35301 94012
1.211 0.93596 85530 87806 90713 291 0. 35208 36088
1.212 0. 93632 01686 53752 79041 926 0. 35114 74644
1.213 0.93667 08478 99608 04663 095 0. 35021 09688
1.214 0. 93702 05904 74693 45913 598 0. 34927 41230

1.215 0. 93736 93960 29266 48199 416 0. 34833 69279
1.216 0.93771 72642 14521 58969 959 0. 34739 93845
1.217 0. 93806 41946 82590 62598 617 0. 34646 14937
1.218 0. 93841 01870 86543 15169 574 0. 34552 32564
1.219 0. 93875 52410 80386 79170 848 0. 34458 46736

1.220 0.93909 93563 19067 58093 524 0. 34364 57463
1.221 0.93944 25324 58470 30937 151 0. 34270 64752
1.222 0. 93978 47691 55418 86621 257 0. 34176 68615
1.223 0.94012 60660 67676 58302 957 0. 34082 69060
1.224 0.94046 64228 53946 57600 622 0. 33988 66097

1.225 0.94080 58391 73872 08723 559 0. 33894 59735
1.226 0.94114 43146 88036 82507 685 0. 33800 49983
1.227 0.94148 18490 57965 30357 157 0. 33706 36852
1.228 0.94181 84419 46123 18091 912 0. 33612 20349
1.229 0. 94215 40930 15917 59701 104 0. 33518 00486

1.230 0. 94248 88019 31697 51002 382 0. 33423 77271
1.231 0. 94282 25683 58754 03206 998 0. 33329 50713
1.232 0. 94315 53919 63320 76390 684 0. 33235 20823
1. 233 0. 94348 72724 12574 12870 299 0. 33140 87608
1.234 0.94381 82093 74633 70486 175 0. 33046 51080

1.235 0.94414 82025 18562 55790 164 0. 32952 11247
1.236 0.94447 72515 14367 57139 322 0. 32857 68119
1.237 0. 94480 53560 32999 77695 223 0. 32763 21705
1.238 0.94513 25157 46354 68328 851 0. 32668 72015
1.239 0. 94545 87303 27272 60431 046 0. 32574 19058

1.240 0.94578 39994 49538 98628 471 0. 32479 62844
1.241 0.94610 83227 87884 73405 063 .0.32385 03381
1.242 0. 94643 17000 17986 53628 942 0. 32290 40681
1.243 0. 94675 41308 16467 18984 738 0. 32195 74751
1.244 0.94707 56148 60895 92311 309 0. 32101 05601

1.245 0.94739 61518 29788 71844 815 0. 32006 33242
1.246 0.94771 57414 02608 63367 118 0. 31911 57681
1.247 0.94803 43832 59766 12259 472 0. 31816 78930
1.248 0.94835 2077Q 82619 35461 479 0. 31721 96997
1.249 0.94866 88225 53474 53335 262 0. 31627 11891

1.250 0.94898 46193 55586 21434 849 0. 31532 23623
-7)1
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1.250 0. 94898 46193 55586 21434 849 0. 31532 23623 95268 66544 754
1. 251 0. 94929 94671 73157 62180 713 0. 31437 32202 72909 11534 791
1. 252 0. 94961 33656 91340 96439 444 0. 31342 37637 77355 49010 665
1.253 0. 94992 63145 96237 75008 528 0. 31247 39938 58064 20615 601
1. 254 0. 95023 83135 74899 10006 196 0. 31152 39114 64805 10363 979

1.255 0. 95054 93623 15326 06166 303 0. 31057 35175 47660 49664 355
1. 256 0. 95085 94605 06469 92038 225 0. 30962 28130 57024 22311 242
J.. 257 0. 95116 86078 38232 51091 729 0. 30867 17989 43600 69445 729
1. 258 0. 95147 68040 01466 52726 783 0. 30772 04761 58403 94485 052
1. 259 0.95178 40486 87975 83188 287 0. 30676 88456 52756 68021 196

1. 260 0. 95209 03415 90515 76385 682 0. 30581 69083 78289 32688 634
1.261 0.95239 56824 02793 44617 416 0. 30486 46652 86939 08001 291
1. 262 0.95270 00708 19468 09200 227 0. 30391 21173 30948 95158 833
1. 263 0. 95300 35065 36151 31003 222 0. 30295 92654 62866 81822 373
1. 264 0. 95330 59892 49407 40886 709 0. 30200 61106 35544 46859 693

1. 265 0. 95360 75186 56753 70045 767 0. 30105 26538 02136 65060 070
1. 266 0. 95390 80944 56660 80258 512 0. 30009 88959 16100 11818 814
1.267 0.95420 77163 48552 94039 032 0. 29914 48379 31192 67791 595
1. 268 0. 95450 63840 32808 24694 963 0. 29819 04808 01472 23518 675
1. 269 0. 95480 40972 10759 06289 671 0. 29723 58254 81295 84019 121

1. 270 0.95510 08555 84692 23509 018 0. 29628 08729 25318 73355 114
1.271 0. 95539 66588 57849 41432 673 0. 29532 56240 88493 39166 425
1. 272 0. 95569 15067 34427 35209 944 0. 29437 00799 26068 57175 182
1. 273 0. 95598 53989 19578 19640 104 0. 29341 42413 93588 35661 000
1. 274 0. 95627 83351 19409 78657 170 0. 29245 81094 46891 19906 579

1. 275 0. 95657 03150 40985 94719 118 0.29150 16850 42108 96613 869
1. 276 0. 95686 13383 92326 78101 497 0. 29054 49691 35665 98290 890
1. 277 0. 95715 14048 82408 96095 419 0. 28958 79626 84278 07609 308
1. 278 0. 95744 05142 21166 02109 886 0. 28863 06666 44951 61732 860
1. 279 0. 95772 86661 19488 64678 437 0. 28767 30819 74982 56616 726

1. 280 0. 95801 58602 89224 96370 075 0. 28671 52096 31955 51277 939
1. 281 0. 95830 20964 43180 82604 453 0. 28575 10505 73742 72036 934
1. 282 0. 95858 73742 95120 10371 286 0. 28479 86057 58503 16730 332
1. 283 0. 95887 16935 59764 96853 962 0. 28383 98761 44681 58895 050
1. 284 0. 95915 50539 52796 17957 320 0. 28288 08626 91007 51923 831

1. 285 0.95943 74551 90853 36739 577 0. 28192 15663 56494 33192 303
1.286 0. 95971 88969 91535 31748 357 0. 28096 19881 00438 28157 651
1. 287 0. 95999 93790 73400 25260 814 0. 28000 21288 82417 54428 993
1. 288 0. 96027 89011 55966 11427 805 0. 27904 19896 62291 25809 577
1. 289 0. 96055 74629 59710 84322 094 0. 27808 15714 00198 56310 871

1. 290 0. 96083 50642 06072 65890 556 0. 27712 08750 56557 64138 661
1. 291 0.96111 17046 17450 33810 354 0. 27615 99015 92064 75651 234
1. 292 0. 96138 73839 17203 49249 056 0.27519 86519 67693 29289 769
1. 293 0. 96166 21018 29652 84528 675 0.27423 71271 44692 79480 997
1. 294 0. 96193 58580 80080 50693 590 0. 27327 53280 84588 00512 263

1.295 0. 96220 86523 94730 24982 339 0.27231 32557 49177 90379 053
1. 296 0. 96248 04845 00807 78203 231 0.27135 09111 00534 74605 108
1. 297 0. 96275 13541 26481 02013 782 0. 27038 82951 01003 10035 206
1. 298 0. 96302 12610 00880 36103 915 0.26942 54087 13198 88600 711
1. 299 0. 96329 02048 54098 95282 920 0. 26846 22529 00008 41057 992

1.300 0.96355 81854 17192 96470 135 0. 26749 88286 24587 40699 798
r(-7)1
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1.300 0.96355 81854 17192 96470 135 0. 26749 88286 24587 40699 798
1.301 0.96382 52024 22181 85589 331 0.26653 51368 50360 07039 695
1.302 0.96409 12556 02048 64366 761 0. 26557 11785 41018 09469 650
1.303 0.96435 63446 90740 17032 855 0.26460 69546 60519 70890 877
1.304 0.96462 04694 23167 36927 537 0. 26364 24661 73088 71318 016

1.305 0.96488 36295 35205 53009 126 0. 26267 77140 43213 51456 761
1.306 0.96514 58247 63694 56266 806 0.26171 26992 35646 16255 031
1.307 0.96540 70548 46439 26036 635 0. 26074 74227 15401 38427 774
1.308 0. 96566 73195 22209 56221 061 0. 25978 18854 47755 61955 494
1.309 0.96592 66185 30740 81411 924 0. 25881 60883 98246 05556 626

1. 310 0.96618 49516 12734 02916 926 0. 25785 00325 32669 66133 818
1.311 0.96644 23185 09856 14689 520 0. 25688 37188 17082 22194 242
1.312 0. 96669 87189 64740 29162 218 0. 25591 71482 17797 37244 030
1. 313 0. 96695 41527 20986 02983 276 0.25495 03217 01385 63156 911
1.314 0.96720 86195 23159 62656 736 0. 25398 32402 34673 43517 173

1.315 0.96746 21191 16794 39085 794 0. 25301 59047 84742 16937 022
1.316 0.96771 46512 48390 48019 478 0. 25204 83163 18927 20348 457
1.317 0.96796 62156 65416 05402 607 0. 25108 04758 04816 92269 738
1.318 0. 96821 68121 16306 62628 991 0.25011 23842 10251 76046 556
1.319 0.96846 64403 50465 76697 879 0. 24914 40425 03323 23067 996

1.320 0. 96871 51001 18265 26273 590 0. 24817 54516 52372 95957 398
1.321 0. 96896 27911 71045 36648 340 0. 24720 66126 25991 71738 199
1.322 0.96920 95132 61115 04608 211 0. 24623 75263 93018 44974 865
1.323 0.96945 52661 41752 23202 252 0. 24526 81939 22539 30889 04
1.324 0. 96970 00495 67204 06414 685 0. 24429 86161 83886 68450 760

1. 325 0. 96994 38632 92687 13740 188 0. 24332 87941 46638 23445 582
1.326 0.97018 67070 74387 74662 236 0. 24235 87287 80615 91516 463
1.327 0.97042 85806 69462 13034 465 0. 24138 84210 55885 01181 759
1.328 0. 97066 94838 36036 71365 051 0. 24041 78719 42753 16828 662
1. 329 0. 97090 94163 33208 35004 060 0. 23944 70824 11769 41682 448

1.330 0. 97114 83779 21044 56233 768 0. 23847 60534 33723 20751 578
1.331 0. 97138 63683 60583 78261 900 0. 23750 47859 79643 43748 768
1.332 0.97162 33874 13835 59117 786 0. 23653 32810 20797 47988 097
1.333 0.97185 94348 43780 95451 405 0. 23556 15395 28690 21258 288
1.334 0. 97209 45104 14372 46235 282 0. 23458 95624 75063 04672 221

1.335 0. 97232 86138 90534 56369 230 0. 23361 73508 31892 95492 805
1.336 0.97256 17450 38163 80187 900 0. 23264 49055 71391 49935 286
1. 337 0. 97279 39036 24129 04871 129 0. 23167 22276 66003 85946 099
1. 338 0.97302 50894 16271 73757 046 0. 23069 93180 88407 85958 358
1.339 0.97325 53021 83406 09557 931 0.22972 61778 11512 99624 085

1. 340 0. 97348 45416 95319 37478 787 0. 22875 28078 08459 46523 264
1.341 0.97371 28077 22772 08238 616 0. 22777 92090 52617 18849 831
1.342 0. 97394 01000 37498 20994 365 0. 22680 53825 17584 84074 691
1.343 0. 97416 64184 12205 46167 522 0. 22583 13291 77188 87585 859
1.344 0. 97439 17626 20575 48173 349 0. 22485 70500 05482 55305 819

1.345 0.97461 61324 37264 08052 713 0. 22388 25459 76744 96286 212
1.346 0. 97483 95276 37901 46006 501 0. 22290 78180 65480 05279 929
1.347 0.97506 19479 99092 43832 603 0. 22193 28672 46415 65290 729
1.348 0. 97528 33932 98416 67265 423 0. 22095 76944 94502 50100 463
1.349 0. 97550 38633 14428 88217 916 0. 21998 23007 84913 26774 007

1.350 0. 97572 33578 26659 06926 111 0. 21900 66870 93041 58142 002
r(-7)1
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cos z

[1]

X

1.350
1.351
1.352
1. 353
1. 354

0.97572
0.97594
0.97615
0. 97637
0. 97659

33578
18766
94194
59861
15764

sin z

26659
15612
62771
50591
62506

06926
73996
12353
39095
87244

111
110
536
407
418

0. 21900
0. 21803
0. 21705
0. 21607
0.21510

1.355 0.97680 61901 82927 27405 609 0. 21412
1.356 0.97701 98270 97238 89325 386 0. 21314
1.357 0.97723 24869 91804 83352 894 0. 21217
1.358 0. 97744 41696 53965 21803 706 0. 21119
1.359 0. 97765 48748 72037 40225 805 0. 21021

1.360 0. 97786 46024 35316 18567 849 0. 20923
1.361 0. 97807 33521 34074 02249 690 0.20826
1.362 0.97828 11237 59561 23135 125 0. 20728
1.363 0.97848 79171 04006 20406 864 0. 20630
1.364 0. 97869 37319 60615 61343 685 0. 20532

1.365 0.97889 85681 23574 61999 774 0. 20434
1.366 0. 97910 24253 88047 07786 196 0. 20336
1.367 0. 97930 53035 50175 73954 516 0. 20238
1.368 0. 97950 72024 07082 45982 521 0.20140
1.369 0. 97970 81217 56868 39862 027 0. 20042

1.370 0.97990 80613 98614 22288 769 0. 19944
1.371 0.98010 70211 32380 30754 328 0. 19846
1.372 0.98030 50007 59206 93540 094 0. 19748
1.373 0.98050 20000 81114 49613 233 0. 19650
1.374 0.98069 80189 01103 68424 652 0. 19552

1.375 0.98089 30570 23155 69608 920 0. 19454
1.376 0.98108 71142 52232 42586 155 0. 19356
1.377 0. 98128 01903 94276 66065 826 0. 19258
1. 378 0. 98147 22852 56212 27452 479 0. 19160
1.379 0. 98166 33986 45944 42153 343 0. 19062

1.380 0.98185 35303 72359 72787 813 0. 18964
1.381 0.98204 26802 45326 48298 791 0. 18865
1.382 0. 98223 08480 75694 82965 850 0. 18767
1.383 0.98241 80336 75296 95320 221 0. 18669
1. 384 0. 98260 42368 56947 26961 571 0. 18571

1.385 0.98278 94574 34442 61276 561 0. 18472
1.386 0.98297 36952 22562 42059 162 0. 18374
1.387 0. 98315 69500 37068 92032 708 0. 18276
1.388 0. 98333 92216 94707 31273 673 0. 18178
1.389 0. 98352 05100 13205 95537 148 0. 18079

1.390 0.98370 08148 11276 54484 004 0. 17981
1.391 0. 98388 01359 08614 29809 722 0. 17882
1.392 0. 98405 84731 25898 13274 870 0. 17784
1.393 0.98423 58262 84790 84637 207 0. 17686
1.394 0. 98441 21952 07939 29485 405 0. 17587

1.39.5 0. 98458 75797 18974 56974 360 0. 17489
1.396 0.98476 19796 42512 17462 083 0. 17390
1.397 0.98493 53948 04152 20048 145 0. 17292
1.398 0.98510 78250 30479 50013 670 0. 17193
1.399 0. 98527 92701 49063 86162 846 0. 17095

1.400 0. 98544 97299 88460 18065 947 0. 16996
- 7)1[7

66870 93041 58142 002
08543 94501 05261 504
48036 65124 29854 627
85358 80961 96725 291
20520 18281 76154 163

53530 53567 46271 899
84399 63517 95410 772
13137 25046 24434 790
39753 15278 49048 406
64257 11553 02083 908

86658 91419 35767 598
06968 32637 23964 842
25195 13175 64404 112
41349 11211 80880 089
55440 05130 25435 952

67477 73521 80524 932
77471 95182 61151 240
85432 49113 16990 457
91369 14517 34489 495
95291 70801 38946 217

97209 97572 96568 820
97133 74640 16515 079
95072 82010 52911 545
91036 99890 06852 798
85036 08682 28380 853

77079 88987 18444 822
67178 21600 30840 918
55340 87511 74132 912
41577 67905 13553 129
25898 44156 72884 094

08312 97834 36320 915
88831 10696 50314 508
67462 64691 25395 757
44217 41955 37980 715
19105 24813 32156 930

92135 95776 21451 016
63319 37540 90577 542
32665 32988 97169 360
00183 65185 73489 451
65884 17379 28124 404

29776 72999 47659 616
91871 15656 98336 311
52177 29142 27690 484
10704 97424 66173 860
67464 04651 28756 976

22464 35146 16514 467
75715 73409 18192 681
27228 04115 11759 690
77011 12112 65937 830
25074 82423 41718 833

71429 00240 93861 675
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CIRCULAR SINES AND COSINES FOR RADIAN ARGUMENTS

sin X cos X

1. 400 0. 98544 97299 88460 18065 947 0. 16996 71429 00240 93861 675
1. 401 0. 98561 92043 78208 63203 840 0. 16898 16083 50929 72373 233
1.402 0. 98578 76931 48834 84013 966 0. 16799 59048 20024 23971 842
1. 403 0. 98595 51961 31850 04837 776 0.16701 00332 93227 93533 854
1. 404 0. 98612 17131 59751 28769 609 0. 16602 39947 56412 25523 303

1. 405 0. 98628 72440 66021 54406 982 0. 16503 77901 95615 65404 770
1. 406 0. 98645 17886 85129 92502 294 0. 16405 14205 97042 61039 544
1. 407 0. 98661 53468 52531 82515 912 0. 16306 48869 47062 64065 184
1. 408 0. 98677 79184 04669 09070 631 0. 16207 81902 32209 31258 571
1. 409 0. 98693 95031 78970 18307 486 0. 16109 13314 39179 25882 568

1. 410 0. 98710 01010 13850 34142 909 0. 16010 43115 54831 19016 356
1.411 0. 98725 97117 48711 74427 198 0. 15911 71315 66184 90869 577
1. 412 0. 98741 83352 23943 67004 304 0. 15812 97924 60420 32080 359
1. 413 0. 98757 59712 80922 65672 895 0. 15714 22952 24876 44997 336
1. 414 0. 98773 26197 62012 66048 706 0. 15615 46408 47050 44945 751

1.415 0. 98788 82805 10565 21328 142 0. 15516 68303 14596 61477 752
1.416 0. 98804 29533 70919 57953 120 0. 15417 88646 15325 39606 967
1.417 0. 98819 66381 88402 91177 144 0. 15319 07447 37202 41027 471
1. 418 0. 98834 93348 09330 40532 586 0. 15220 24716 68347 45317 231
1.419 0. 98850 10430 81005 45199 170 0. 15121 40463 97033 51126 135

1. 420 0. 98865 17628 51719 79273 627 0. 15022 54699 11685 77348 698
1.421 0. 98880 14939 70753 66940 521 0. 14923 67432 00880 64281 559
1.422 0. 98895 02362 88375 97544 222 0. 14824 78672 53344 74765 840
1. 423 0. 98909 79896 55844 40562 021 0.14725 88430 57953 95314 499
1. 424 0. 98924 47539 25405 60478 351 0. 14626 96716 03732 37224 747

1. 425 0. 98939 05289 50295 31560 129 0. 14528 03538 79851 37675 648
1. 426 0. 98953 53145 84738 52533 174 0. 14429 08908 75628 60810 986
1.427 0. 98967 91106 83949 61159 714 0. 14330 12835 80526 98807 514
1. 428 0. 98982 19171 04132 48716 941 0. 14231 15329 84153 72928 666
1. 429 0. 98996 37337 02480 74376 619 0. 14132 16400 76259 34563 848

1. 430 0. 99010 45603 37177 79485 729 0. 14033 16058 46736 66253 390
1. 431 0. 99024 43968 67397 01748 121 0.13934 14312 85619 82699 275
1. 432 0. 99038 32431 53301 89307 176 0. 13835 11173 83083 31761 733
1. 433 0. 99052 10990 56046 14729 460 0. 13736 06651 29440 95441 799
1. 434 0. 99065 79644 37773 88889 346 0. 13637 00755 15144 90849 940

1. 435 0. 99079 38391 61619 74754 605 0. 13537 93495 30784 71160 849
1. 436 0. 99092 87230 91709 01072 941 0. 13438 84881 67086 26554 495
1. 437 0. 99106 26160 93157 75959 459 0. 13339 74924 14910 85143 546
1. 438 0. 99119 55180 32073 00385 060 0. 13240 63632 65254 13887 244
1. 439 0. 99132 74287 75552 81565 735 0. 13141 51017 09245 19491 852

1. 440 0. 99145 83481 91686 46252 760 0. 13042 37087 38145 49297 752
1. 441 0. 99158 82761 49554 53923 766 0. 12943 21853 43347 92153 306
1. 442 0. 99171 72125 19229 09874 676 0. 12844 05325 16375 79275 576
1. 443 0. 99184 51571 71773 78212 505 0. 12744 87512 48881 85098 002
1. 444 0. 99197 21099 79243 94748 990 0. 12645 68425 32647 28105 135

1. 445 0. 99209 80708 14686 79795 055 0. 12546 48073 59580 71654 525
1. 446 0. 99222 30395 52141 50856 088 0. 12447 26467 21717 24785 871
1. 447 0. 99234 70160 66639 35228 024 0. 12348 03616 11217 43017 513
1. 448 0. 99247 00002 34203 82494 216 0. 12248 79530 20366 29130 391
1. 449 0. 99259 19919 31850 76923 086 0. 12149 54219 41572 33939 548

1.450 0. 99271 29910 37588 49766 535 0. 12050 27693 67366 57053 287
-7)1 17- 8)2
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1.450 0.99271 29910 37588 49766 535 0. 12050 27693 67366 57053 287
1.451 0.99283 29974 30417 91459 118 0. 11950 99962 90401 47620 080
1.452 0.99295 20109 90332 63717 946 0. 11851 71037 03450 05063 327
1.453 0.99307 00315 98319 11543 325 0. 11752 40925 99404 79804 068
1.454 0.99318 70591 36356 75120 114 0. 11653 09639 71276 73971 735

1.455 0. 99330 30934 87418 01619 777 0. 11553 77188 12194 42103 061
1.456 0. 99341 81345 35468 56903 143 0. 11454 43581 15402 91829 237
1.457 0.99353 21821 65467 37123 830 0. 11355 08828 74262 84551 407
1.458 0. 99364 52362 63366 80232 355 0. 11255 72940 82249 36104 618
1.459 0. 99375 72967 16112 77380 893 0. 11156 35927 32951 17410 313

1.460 0.99386 83634 11644 84228 683 0.11056 97798 20069 55117 465
1.461 0. 99397 84362 38896 32148 075 0. 10957 58563 37417 32232 463
1.462 0. 99408 75150 87794 39331 194 0. 10858 18232 78917 88737 835
1.463 0. 99419 55998 49260 21797 223 0. 10758 76816 38604 22199 915
1.464 0. 99430 26904 15209 04300 286 0. 10659 34324 10617 88365 556

1.465 0.99440 87866 78550 31137 923 0. 10559 90765 89208 01747 983
1.466 0.99451 38885 33187 76860 141 0. 10460 46151 68730 36201 884
1.467 0.99461 79958 74019 56879 043 0. 10361 00491 43646 25487 846
1.468 0.99472 11085 96938 37979 012 0. 10261 53795 08521 63826 230
1.469 0. 99482 32265 98831 48727 437 0. 10162 06072 58026 06440 584

1.470 0. 99492 43497 77580 89785 993 0. 10062 57333 86931 70090 698
1.471 0.99502 44780 32063 44122 430 0. 09963 07588 90112 33595 391
1.472 0.99512 36112 62150 87122 898 0. 09863 56847 62542 38345 147
1.473 0.99522 17493 68709 96604 762 0. 09764 05119 99295 88804 678
1.474 0. 99531 88922 53602 62729 932 0. 09664 52415 95545 53005 525

1.475 0.99541 50398 19685 97818 664 0. 09564 98745 46561 63028 806
1.476 0.99551 01919 70812 46063 854 0. 09465 44118 47711 15478 186
1.477 0.99560 43486 11829 93145 787 0. 09365 88544 94456 71943 189
1.478 0.99569 75096 48581 75747 356 0. 09266 32034 82355 59452 948
1.479 0. 99578 96749 87906 90969 720 0. 09166 74598 07058 70920 484

1.480 0. 99588 08445 37640 05648 408 0. 09067 16244 64309 65577 623
1.481 0. 99597 10182 06611 65569 851 0. 08967 56984 49943 69400 641
1.482 0.99606 01959 04648 04588 337 0. 08867 96827 59886 75526 752
1.483 0. 99614 83775 42571 53643 374 0. 08768 35783 90154 44661 519
1.484 0.99623 55630 32200 49677 461 0.08668 73863 36851 05477 303

1.485 0. 99632 17522 86349 44454 246 0. 08569 11075 96168 55002 845
1.486 0. 99640 69452 18829 13277 079 0. 08469 47431 64385 59004 070
1.487 0.99649 11417 44446 63607 933 0. 08369 82940 37866 52356 240
1.488 0. 99657 43417 79005 43586 693 0. 08270 17612 13060 39407 518
1. 489 0. 99665 65452 39305 50450 815 0. 08170 51456 86499 94334 076

1.490 0. 99673 77520 43143 38855 320 0. 08070 84484 54800 61486 832
1.491 0.99681 79621 09312 29093 143 0. 07971 16705 14659 55729 907
1.492 0.99689 71753 57602 15215 811 0. 07871 48128 62854 62770 926
1.493 0. 99697 53917 08799 73054 448 0. 07771 78764 96243 39483 234
1.494 0. 99705 26110 84688 68141 099 0. 07672 08624 11762 14220 152

1.495 0.99712 88334 08049 63530 364 0. 07572 37716 06424 87121 354
1.496 0.99720 40586 02660 27521 334 0. 07472 66050 77322 30411 478
1. 497 0. 99727 82865 93295 41279 821 0. 07372 93638 21620 88691 060
1.498 0.99735 15173 05727 06360 877 0. 07273 20488 36561 79219 898
1.499 0.99742 37506 66724 52131 595 0. 07173 46611 19459 92192 943

1.500 0.99749 49866 04054 43094 172 0. 07073 72016 67702 91008 819
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X sin x cos X

1.500 0.99749 49866 04054 43094 172 0. 07073 72016 67702 91008 819
1.501 0.99756 52250 46480 86109 251 0. 06973 96714 78750 12531 065
1.502 0.99763 44659 23765 37519 509 0. 06874 20715 50131 67342 208
1.503 0.99770 27091 66667 10173 501 0. 06774 44028 79447 39990 761
1.504 0.99776 99547 06942 80349 750 0. 06674 66664 64365 89231 245

1.505 0.99783 62024 77346 94581 063 0. 06574 88633 02623 48257 343
1.506 0.99790 14524 11631 76379092 0. 06475 09943 92023 24928 268
1.507 0.99796 57044 44547 32859 104 0. 06375 30607 30434 01988 470
1.508 0. 99802 89585 11841 61264 976 0. 06275 50633 15789 37280 758
1.509 0. 99809 12145 50260 55394 397 0. 06175 70031 46086 63952 953

1.510 0.99815 24724 97548 11924 274 0. 06075 88812 19385 90658 160
1.511 0.99821 27322 92446 36636 332 0. 05976 06985 33809 01748 769
1.512 0. 99827 19938 74695 50542 912 0. 05876 24560 87538 57464 281
1.513 0.99833 02571 85033 95912 947 0.05776 41548 78816 94113 053
1.514 0. 99838 75221 65198 42198 118 0. 05676 57959 05945 24248 072

1.515 0. 99844 37887 57923 91859 188 0. 05576 73801 67282 36836 851
1.516 0.99849 90569 06943 86092 495 0. 05476 89086 61243 97425 545
1.517 0.99855 33265 56990 10456 612 0. 05377 03823 86301 48297 399
1.518 0. 99860 65976 53793 00399 163 0. 05277 18023 40981 08625 609
1.519 0. 99865 88701 44081 46683 784 0.05177 31695 23862 74620 716

1.520 0.99871 01439 75583 00717 231 0. 05077 44849 33579 19672 613
1.521 0.99876 04190 97023 79776 634 0. 04977 57495 68814 94487 284
1.522 0.99880 96954 58128 72136 872 0. 04877 69644 28305 27218 360
1.523 0. 99885 79730 09621 42098 089 0. 04777 81305 10835 23593 598
1.524 0. 99890 52517 03224 34913 328 0. 04677 92488 15238 67036 388

1.525 0.99895 15314 91658 81616 285 0. 04578 03203 40397 18782 371
1.526 0. 99899 68123 28645 03749 180 0. 04478 13460 85239 17991 291
1. 527 0. 99904 10941 68902 17990 729 0. 04378 23270 48738 81854 166
1.528 0. 99908 43769 68148 40684 234 0. 04278 32642 29915 05695 871
1.529 0.99912 66606 83100 92265 762 0. 04178 41586 27830 63073 262

1.530 0.99916 79452 71476 01592 427 0. 04078 50112 41591 05868 899
1.531 0. 99920 82306 91989 10170 755 0.03978 58230 70343 64380 513
1.532 0.99924 75169 04354 76285 152 0. 03878 65951 13276 47406 277
1.533 0.99928 58038 69286 79026 436 0. 03778 73283 69617 42326 008
1.534 0.99932 30915 48498 22220 463 0. 03678 80238 38633 15178 390

1.535 0.99935 93799 04701 38256 819 0. 03578 86825 19628 10734 312
1.536 0.99939 46689 01607 91817 592 0. 03478 93054 11943 52566 435
1.537 0. 99942 89585 03928 83506 202 0. 03378 98935 14956 43115 073
1.538 0.99946 22486 77374 53376 306 0. 03279 04478 28078 63750 505
1. 539 0. 99949 45393 88654 84360 752 0. 03179 09693 50755 74831 796

1.540 0. 99952 58306 05479 05600 596 0. 03079 14590 82466 15762 248
1. 541 0.99955 61222 96555 95674 180 0. 02979 19180 22720 05041 568
1.542 0. 99958 54144 31593 85726 242 0. 02879 23471 71058 40314 858
1.543 0. 99961 37069 81300 62497 095 0. 02779 27475 27051 98418 526
1.544 0. 99964 09999 17383 71251 832 0. 02679 31200 90300 35423 217

1.545 0. 99966 72932 12550 18609 586 0. 02579 34658 60430 86673 867
1.546 0.99969 25868 40506 75272 821 0. 02479 37858 37097 66826 971
1.547 0. 99971 68807 75959 78656 660 0. 02379 40810 19980 69885 184
1.548 0. 99974 01749 94615 35418 249 0. 02279 43524 08784 69229 328
1.549 0.99976 24694 73179 23886 150 0. 02179 46010 03238 17647 934

1.550 0.99978 37641 89356
r(-7)1
L7

96389 761 0. 02079 48278 03092
r(-9)9L7

47364 391
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X Sin X cos X

1.550 0.99978 37641 89356 96389 761 0. 02079 48278 03092 47364 391
1.551 0.99980 40591 21853 81488 767 0. 01979 50338 08120 70061 827
1.552 0.99982 33542 50374 86102 606 0. 01879 52200 18116 76905 802
1.553 0.99984 16495 55624 97539 966 0. 01779 53874 32894 38564 929
1.554 0.99985 89450 19308 85428 298 0. 01679 55370 52286 05229 507

1. 555 0. 99987 52406 24131 03543 342 0. 01579 56698 76142 06628 284
1.556 0.99989 05363 53795 91538 676 0. 01479 57869 04329 52043 433
1.557 0. 99990 48321 93007 76575 277 0. 01379 58891 36731 30323 849
1. 558 0. 99991 81281 27470 74851 093 0. 01279 59775 73245 09896 874
1.559 0.99993 04241 43888 93030 623 0. 01179 60532 13782 38778 533

1.560 0.99994 17202 29966 29574 517 0. 01079 61170 58267 44582 392
1.561 0.99995 20163 74406 75969 172 0. 00979 61701 06636 34527 146
1.562 0.99996 13125 66914 17856 344 0. 00879 62133 58835 95443 014
1.563 0.99996 96087 98192 36062 758 0. 00779 62478 14822 93777 062
1.564 0. 99997 69050 59945 07529 731 0. 00679 62744 74562 75597 546

1.565 0. 99998 32013 44876 06142 794 0. 00579 62943 38028 66597 372
1.566 0. 99998 84976 46689 03461 318 0. 00479 63084 05200 72096 784
1.567 0. 99999 27939 60087 69348 142 0. 00379 63176 76064 77045 359
1.568 0.99999 60902 80775 72499 201 0. 00279 63231 50611 46023 436
1.569 0.99999 83866 05456 80873 162 0. 00179 63258 28835 23243 059

1.570 0. 99999 96829 31834 62021 053 +0. 00079 63267 10733 32548 541
1.571 0.99999 99792 58612 83315 895 -0. 00020 36732 03695 22583 254
1.572 0. 99999 92755 85495 12082 337 -0.00120 36729 14450 59042 804
1.573 0. 99999 75719 13185 15626 285 -0. 00220 36714 21533 14087 901
1.574 0.99999 48682 43386 61164 539 -0. 00320 36677 24944 45343 613

1.575 0.99999 11645 78803 15654 423 -0. 00420 36608 24688 30802 109
1.576 0.99998 64609 23138 45523 419 -0. 00520 36497 20771 68822 280
1.577 0.99998 07572 81096 16298 798 -0. 00620 36334 13205 78129 029
1.578 0. 99997 40536 58379 92137 261 -0. 00720 36109 02006 97812 142
1.579 0.99996 63500 61693 35254 568 -0. 00820 35811 87197 87324 647

1.580 0.99995 76464 98740 05255 179 -0. 00920 35432 68808 26480 539
1.581 0. 99994 79429 78223 58361 895 -0. 0102Q 34961 46876 15451 796
1.582 0. 99993 72395 09847 46545 499 -0. 01120 34388 21448 74764 568
1.583 0. 99992 55361 04315 16554 408 -0. 01220 33702 92583 45294 454
1.584 0.99991 28327 73330 08844 324 -0. 01320 32895 60348 88260 743

1.585 0.99989 91295 29595 56407 893 -0. 01420 31956 24825 85219 553
1.586 0. 99988 44263 86814 83504 374 -0. 01520 30874 86108 38055 737
1. 587 0. 99986 87233 59691 04289 313 -0. 01620 29641 44304 68973 475
1.588 0.99985 20204 63927 21344 232 -0. 01720 28245 99538 20485 440
1.589 0. 99983 43177 16226 24106 322 -0. 01820 26678 51948 55400 452

1.590 0.99981 56151 34290 87198 158 -0. 01920 24929 01692 56809 503
1.591 0.99979 59127 36823 68657 422 -0. 02020 22987 48945 28070 065
1.592 0. 99977 52105 43527 08066 646 -0. 02120 20843 93900 92788 583
1.593 0. 99975 35085 75103 24582 972 -0. 02220 18488 36773 94801 039
1.594 0.99973 08068 53254 14867 933 -0. 02320 15910 77799 98151 502

1.595 0.99970 71054 00681 50917 259 -0. 02420 13101 17236 87068 552
1.596 0. 99968 24042 41086 77790 702 -0. 02520 10049 55365 65939 492
1.597 0.99965 67033 99171 11241 891 -0. 02620 06745 92491 59282 234
1.598 0.99963 00029 00635 35248 219 -0. 02720 03180 28945 11714 764
1.599 0.99960 23027 72179 99440 759 -0. 02819 99342 65082 87922 093

1.600 0.99957 36030 41505 16434 211 -0. 02919 95223 01288 72620 577
1(-7)1
17

1 (-9)3
17

For r>1.6 see Example 16.

=1.57O79 63267 94896 61923 132 73.14159 26535 89793 23846 264



For n >10, sin r10- = riO-n; cos ,rl0- = 1- 210-2n; to 25D.

From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine to
radian arguments, Memoirs of the National Academy of Sciences, vol. 14, Fifth Memoir. U.S.
Government Printing Office, Washington, D.C., 1921 (with permission).

.r Sin x1O COS vlO

i lo 0.00000 00001 00000 00000 00000 0.99999 99999 99999 99999 50000
2 10 0.00000 00002 00000 00000 00000 0.99999 99999 99999 99998 00000
3 10 0.00000 00003 00000 00000 00000 0.99999 99999 99999 99995 50000
4 10 0.00000 00004 00000 00000 00000 0.99999 99999 99999 99992 00000
5 10 0.00000 00005 00000 00000 00000 0.99999 99999 99999 99987 50000
é lo 0.00000 00006 00000 00000 00000 0.99999 99999 99999 99982 00000
7 10 0.00000 00007 00000 00000 00000 0.99999 99999 99999 99915 50000
8 10 0.00000 00008 00000 00000 00000 0.99999 99999 99999 99968 00000
9 10 0.00000 00009 00000 00000 00000 0.99999 99999 99999 99959 50000

i 9 0.00000 00010 00000 00000 00000 0.99999 99999 99999 99950 00000
2 9 0.00000 00020 00000 00000 00000 0.99999 99999 99999 99800 00000
3 9 0.00000 00030 00000 00000 00000 0.99999 99999 99999 99550 00000
4 9 0.00000 00040 00000 00000 00000 0.99999 99999 99999 99200 00000
5 9 0.00000 00050 00000 00000 00000 0.99999 99999 99999 98750 00000
é 9 0.00000 00060 00000 00000 00000 0.99999 99999 99999 98200 00000
7 9 0.00000 00069 99999 99999 99999 0.99999 99999 99999 97550 00000
8 9 0.00000 00079 99999 99999 99999 0.99999 99999 99999 96800 00000
9 9 0.00000 00089 99999 99999 99999 0.99999 99999 99999 95950 00000

1 8 0. 00000 00099 99999 99999 99998 0. 99999 99999 99999 95000 00000
2 8 0. 00000 00199 99999 99999 99987 0. 99999 99999 99999 80000 00000
3 8 0. 00000 00299 99999 99999 99955 0. 99999 99999 99999 55000 00000
4 8 0. 00000 00399 99999 99999 99893 0. 99999 99999 99999 20000 00000
5 8 0.00000 00499 99999 99999 99792 0.99999 99999 99998 75000 00000
6 8 0. 00000 00599 99999 99999 99640 0. 99999 99999 99998 20000 00000
7 8 0. 00000 00699 99999 99999 99428 0. 99999 99999 99997 55000 00000
8 8 0. 00000 00799 99999 99999 99147 0. 99999 99999 99996 80000 00000
9 8 0.00000 00899 99999 99999 98785 0.99999 99999 99995 95000 00000

1 7 0.00000 00999 99999 99999 98333 0.99999 99999 99995 00000 00000
2 7 0.00000 01999 99999 99999 86667 0.99999 99999 99980 00000 00000
3 7 0. 00000 02999 99999 99999 55000 0. 99999 99999 99955 00000 00000
4 7 0. 00000 03999 99999 99998 93333 0.99999 99999 99920 00000 00000
5 7 0.00000 04999 99999 99997 91667 0.99999 99999 99875 00000 00000
6 7 0. 00000 05999 99999 99996 40000 0. 99999 99999 99820 00000 00000
7 7 0. 00000 06999 99999 99994 28333 0. 99999 99999 99755 00000 00000
8 7 0. 00000 07999 99999 99991 46667 0.99999 99999 99680 00000 00000
9 7 0. 00000 08999 99999 99987 85000 0. 99999 99999 99595 00000 00000

1 6 0. 00000 09999 99999 99983 33333 0. 99999 99999 99500 00000 00000
2 6 0.00000 19999 99999 99866 66667 0.99999 99999 98000 00000 00007
3 6 0. 00000 29999 99999 99550 00000 0. 99999 99999 95500 00000 00034
4 6 0.00000 39999 99999 98933 33333 0.99999 99999 92000 00000 00107
5 6 0.00000 49999 99999 97916 66667 0. 99999 99999 87500 00000 00260
6 6 0. 00000 59999 99999 96400 00000 0. 99999 99999 82000 00000 00540
7 6 0.00000 69999 99999 94283 33333 0.99999 99999 75500 00000 01000
8 6 0. 00000 79999 99999 91466 66667 0. 99999 99999 68000 00000 01707
9 6 0.00000 89999 99999 87850 00000 0.99999 99999 59500 00000 02734

1 5 0. 00000 99999 99999 83333 33333 0. 99999 99999 50000 00000 04167
2 5 0.00001 99999 99998 66666 66667 0.99999 99998 00000 00000 66667
3 5 0.00002 99999 99995 50000 00002 0.99999 99995 50000 00003 37500
4 5 0.00003 99999 99989 33333 33342 0.99999 99992 00000 00010 66667
5 5 0.00004 99999 99979 16666 66693 0.99999 99987 50000 00026 04167
6 5 0.00005 99999 99964 00000 00065 0.99999 99982 00000 00054 00000
7 5 0. 00006 99999 99942 83333 33473 0. 99999 99975 50000 00100 04167
8 5 0.00007 99999 99914 66666 66940 0.99999 99968 00000 00170 66667
9 5 0. 00008 99999 99878 50000 00492 0. 99999 99959 50000 00273 37500

1 4 0. 00009 99999 99833 33333 34167 0. 99999 99950 00000 00416 66667
2 4 0. 00019 99999 98666 66666 93333 0. 99999 99800 00000 06666 66666
3 4 0. 00029 99999 95500 00002 02500 0. 99999 99550 00000 33749 99990
4 4 0.00039 99999 89333 33341 86667 0.99999 99200 00001 06666 66610
5 4 0. 00049 99999 79166 66692 70833 0. 99999 98750 00002 60416 66450
6 4 0.0Q059 99999 64000 00064 80000 0. 99999 98200 00005 39999 99352
7 4 0. 00069 99999 42833 33473 39167 0.99999 97550 00010 00416 65033
8 4 0.00079 99999 14666 66939 73333 0.99999 96800 00017 06666 63026
9 4 0. 00089 99998 78500 00492 07499 0.99999 95950 00027 33749 92619

1 3 0.00099 99998 33333 34166 66665 0.99999 95000 00041 66666 52778
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From C. E. Van Orstrand, Tables of the exponential function and of the circular sine and cosine to
radian arguments, Memoirs of the National Academy of Sciences, voI. 14, Fifth Memoir. U.S.

Government Printing Office, Washington, D.C., 1921 (with permission) for X 100.
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X sin x cos X

0 0.00000 00000 00000 00000 000 1. 00000 00000 00000 00000 000
1 +0. 84147 09848 07896 50665 250 +0. 54030 23058 68139 71740 094
2 +0.90929 74268 25681 69539 602 -0. 41614 68365 47142 38699 757

+0. 14112 00080 59867 22210 074 -0.98999 24966 00445 45727 157
4 -0.75680 24953 07928 25137 264 -0. 65364 36208 63611 91463 917

5 -0.95892 42746 63138 46889 315 +0. 28366 21854 63226 26446 664
6 -0. 27941 54981 98925 87281 156 +0. 96017 02866 50366 02054 565
7 +0. 65698 65987 18789 09039 700 +0. 75390 22543 43304 63814 120
8 +0. 98935 82466 23381 77780 812 -0. 14550 00338 08613 52586 884
9 +0. 41211 84852 41756 56975 627 -0. 91113 02618 84676 98836 829

10 -0. 54402 11108 89369 81340 475 -0.83907 15290 76452 45225 886
11 -0. 99999 02065 50703 45705 156 +0. 00442 56979 88050 78574 836
12 -0. 53657 29180 00434 97166 537 +0. 84385 39587 32492 10465 396
13 +0. 42016 70368 26640 92186 896 +0. 90744 67814 50196 21385 269
14 +0. 99060 73556 94870 30787 535 +0. 13673 72182 07833 59424 893

15 +0. 65028 78401 57116 86582 974 -0. 75968 79128 58821 27384 815
16 -0. 28790 33166 65065 29478 446 -0. 95765 94803 23384 64189 964
17 -0.96139 74918 79556 85726 164 -0. 27516 33380 51596 92222 034
18 -0. 75098 72467 71676 10375 016 +0. 66031 67082 44080 14481 610
19 +0. 14987 72096 62952 32975 424 +0. 98870 46181 86669 25289 835

20 +0. 91294 52507 27627 65437 610 +0. 40808 20618 13391 98606 227
21 +0. 83665 56385 36056 03186 648 -0. 54772 92602 24268 42138 427
22 -0. 00885 13092 90403 87592 169 -0. 99996 08263 94637 12645 417
23 -0. 84622 04041 75170 63524 133 -0. 53283 30203 33397 55521 576
24 -0. 90557 83620 06623 84513 579 +0. 42417 90073 36996 97593 705

25 -0. 13235 17500 97773 02890 201 +0. 99120 28118 63473 59808 329
26 +0. 76255 84504 79602 73751 582 +0. 64691 93223 28640 34272 138
27 +0. 95637 59284 04503 01343 234 -0. 29213 88087 33836 19337 140
28 +0. 27090 57883 07869 01998 634 -0. 96260 58663 13566 60197 545
29 -0. 66363 38842 12967 50215 117 -0. 74805 75296 89000 35176 519

30 -0. 98803 16240 92861 78998 775 +0. 15425 14498 87584 05071 866
31 -0. 40403 76453 23065 00604 877 +0. 91474 23578 04531 27896 244
32 +0. 55142 66812 41690 55066 156 +0. 83422 33605 06510 27221 553
33 +0. 99991 18601 07267 14572 808 -0. 01327 67472 23059 47891 522
34 +0. 52908 26861 20023 82083 249 -0. 84857 02747 84605 18659 997

35 -0. 42818 26694 96151 00440 675 -0. 90369 22050 91506 75984 730
36 -0. 99177 88534 43115 73683 529 -0. 12796 36896 27404 68102 833
37 -0. 64353 81333 56999 46068 567 0. 76541 40519 45343 35649 108
38 +0. 29636 85787 09385 31739 230 +0. 95507 36440 47294 85758 654
39 +0. 96379 53862 84087 75326 066 +0. 26664 29323 59937 25152 683

40 +0. 74511 31604 79348 78698 771 -0. 66693 80616 52261 84438 409
41 -0. 15862 26688 04708 98710 332 -0. 98733 92775 23826 45822 883
42 -0. 91652 15479 15633 78589 899 -0. 39998 53149 88351 29395 471
43 -0. 83177 47426 28598 28820 958 +0.55511 33015 20625 67704 483
44 +0. 01770 19251 05413 57780 795 +0. 99984 33086 47691 22006 901

45 +0. 85090 35245 34118 42486 238 +0. 52532 19888 17729 69604 746
46 +0. 90178 83476 48809 18503 329 -0. 43217 79448 84778 29495 278
47 +0. 12357 31227 45224 00406 153 -0. 99233 54691 50928 71827 975
48 -0. 76825 46613 23666 79904 497 -0. 64014 43394 69199 73131 294
49 -0. 95375 26527 59471 81836 042 +0. 30059 25437 43637 08368 703

50 -0. 26237 48537 03928 78591 439 +0. 96496 60284 92113 27406 896
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50 -0.26237 48537 03928 78591 439 +0. 96496 60284 92113 27406 896
51 +0.67022 91758 43374 73449 435 +0.74215 41968 13782 53946 738
52 +0.98662 75920 40485 29658 757 -0. 16299 07807 95705 48100 333
53 0.39592 51501 81834 18150 339 -0. 91828 27862 12.118 89119 973
54 -0.55878 90488 51616 24581 787 -0. 82930 98328 63150 14772 785

55 -0.99975 51733 58619 83659 863 +0. 02212 67562 61955 73456 356
56 -0.52155 10020 86911 88018 741 +0. 85322 01077 22584 11396 968
57 +0. 43616 47552 47824 95908 053 +0. 89986 68269 69193 78650 300
58 +0. 99287 26480 84537 11816 509 +0. 11918 01354 48819 28543 584
59 +0. 63673 80071 39137 88077 123 -0. 77108 02229 75845 22938 744

60 -0. 30481 06211 02216 70562 565 -0. 95241 29804 15156 29269 382
61 -0. 96611 77700 08392 94701 829 -0. 25810 16359 38267 44570 121
62 -0. 73918 06966 49222 86727 602 +0. 67350 71623 23586 25288 783
63 +0. 16735 57003 02806 92152 784 +0. 98589 65815 82549 69743 864
64 +0. 92002 60381 96790 68335 154 +0. 39185 72304 29550 00516 171

65 +0. 82682 86794 90103 46771 021 -0. 56245 38512 38172 03106 212
66 -0. 02655 11540 23966 79446 384 -0. 99964 74559 66349 96483 045
67 -0. 85551 99789 75322 25899 683 -0. 51776 97997 89505 06565 339
68 -0. 89792 76806 89291 26040 073 +0. 44014 30224 96040 70593 105
69 -0. 11478 48137 83187 22054 507 +0. 99339 03797 22271 63756 155

70 +0. 77389 06815 57889 09778 733 +0. 63331 92030 86299 83233 201
71 +0. 95105 46532 54374 63665 657 -0. 30902 27281 66070 70291 749
72 +0. 25382 33627 62036 27306 903 -0. 96725 05882 73882 48729 171
73 -0. 67677 19568 87307 62215 498 -0. 73619 27182 27315 96016 815
74 -0. 98514 62604 68247 37085 189 +0. 17171 73418 30777 55609 845

75 -0. 38778 16354 09430 43773 094 +0. 92175 12697 24749 31639 230
76 +0. 56610 76368 98180 32361 028 +0. 82433 13311 07557 75991 501
77 +0. 99952 01585 80731 24386 610 -0. 03097 50317 31216 45752 196
78 +0. 51397 84559 87535 21169 609 -0. 85780 30932 44987 85540 835
79 -0. 44411 26687 07508 36850 760 -0. 89597 09467 90963 14833 703

80 -0. 99388 86539 23375 18973 081 -0. 11038 72438 39047 55811 787
81 -0. 62988 79942 74453 87856 521 +0. 77668 59820 21631 15768 342
82 +0. 31322 87824 33085 15263 353 +0. 94967 76978 82543 20471 326
83 +0. 96836 44611 00185 40435 015 +0. 24954 01179 73338 12437 735
84 +0. 73319 03200 73292 16636 321 -0. 68002 34955 87338 79542 720

85 -0. 17607 56199 48587 07696 212 -0. 98437 66433 94041 89491 821
86 -0. 92345 84470 04059 80260 163 -0. 38369 84449 49741 84477 893
87 -0. 82181 78366 30822 54487 211 +0. 56975 03342 65311 92000 851
88 +0. 03539 83027 33660 68362 543 +0. 99937 32836 95124 65698 442
89 +0. 86006 94058 12453 22683 685 +0. 51017 70449 41668 89902 379

90 +0. 89399 66636 00557 89051 827 -0. 44807 36161 29170 15236 548
91 +0. 10598 75117 51156 85002 021 -0. 99436 74609 28201 52610 672
92 -0. 77946 60696 15804 68855 400 -0. 62644 44479 10339 06880 027
93 -0. 94828 21412 69947 23213 104 +0. 31742 87015 19701 64974 551
94 -0. 24525 19854 67654 32522 044 +0. 96945 93666 69987 60380 439

95 +0. 68326 17147 36120 98369 958 +0. 73017 35609 94819 66479 352
96 +0. 98358 77454 34344 85760 773 -0. 18043 04492 91083 95011 850
97 +0. 37960 77390 27521 69648 192 -0. 92514 75365 96413 89170 475
98 -0. 57338 18719 90422 88494 922 -0. 81928 82452 91459 25267 566
99 -0. 99920 68341 86353 69443 272 +0. 03982 08803 93138 89816 180

100 -O. 50636 56411 09758 79365 656 +0. 86231 88722 87683 93410 194



100 -0. 50636 564 0. 86231 887 150 -0. 71487 643 +0. 69925 081
101 +0. 45202 579 0. 89200 487 151 +0. 20214 988 +0. 97935 460
102 0. 99482 679 +0. 10158 570 152 +0. 93332 052 +0. 35904 429
103 +0. 62298 863 -0. 78223 089 153 +0. 80640 058 -0. 59136 968
104 -0. 32162 240 -0. 94686 801 154 -0. 06192 034 -0.99808 109

105 -0. 97053 528 -0.24095 905 155 -0. 87331 198 -0. 48716 135
106 -0. 72714 250 +0. 68648 655 156 -0. 88178 462 +0. 47165 229
107 +0. 18478 174 +0. 98277 958 157 -0. 07954 854 +0. 99683 099
108 +0. 92681 851 0. 37550 960 158 0. 79582 410 +0. 60552 787
109 0. 81674 261 -0. 57700 218 159 0. 93951 973 -0. 34249 478

110 -0. 04424 268 -0. 99902 081 160 +0. 21942 526 -0. 97562 931
111 -0. 86455 145 -0. 50254 432 161 -0. 70240 779 -0. 71177 476
112 -0. 88999 560 +0. 45596 910 162 -0. 97845 035 +0. 20648 223
113 -0. 09718 191 +0. 99526 664 163 -0. 35491 018 +0. 93490 040
114 +0. 78498 039 +0. 61952 061 164 0. 59493 278 +0. 80377 546

115 +0. 94543 533 -0. 32580 981 165 +0. 99779 728 -0. 06633 694
116 +0. 23666 139 -0. 97159 219 166 0.48329 156 -0. 87545 946
117 -0. 68969 794 -0. 72409 720 167 -0. 47555 019 -0. 87968 859
118 -0. 98195 217 0. 18912 942 168 -0. 99717 329 -0. 07513 609
119 -0. 37140 410 +0. 92847 132 169 -0. 60199 987 +0. 79849 619

120 +0. 58061 118 +0. 81418 097 170 +0. 34664 946 +0. 93799 475
121 0. 99881 522 -0. 04866 361 171 0. 97659 087 +0. 21510 527
122 0. 49871 315 -0. 86676 709 172 +0. 70865 914 -0. 70555 101
123 -0. 45990 349 -0. 88796 891 173 -0.21081 053 -0. 97752 694
124 -0. 99568 699 -0. 09277 620 174 -0. 93646 197 -0. 35076 911

125 -0. 61604 046 +0. 78771 451 175 -0. 80113 460 0. 59848 422
126 +0. 32999 083 +0. 94398 414 176 +0. 07075 224 +0. 99749 392
127 +0. 97263 007 +0. 23235 910 177 0. 87758 979 +0. 47941 231
128 +0. 72103 771 -0. 69289 582 178 +0. 87757 534 -0. 47943 877
129 -0. 19347 339 -0. 98110 552 179 +0. 07072 217 -0. 99749 605

130 -0. 93010 595 -0. 36729 133 180 -0. 80115 264 -0. 59846 007
131 -0. 81160 339 +0. 58420 882 181 -0. 93645 140 0. 35079 734
132 +0. 05308 359 +0. 99859 007 182 -0. 21078 107 0. 97753 329
133 0. 86896 576 +0. 49487 222 183 +0. 70868 041 +0. 70552 964
134 +0. 88592 482 -0. 46382 887 184 +0. 97658 438 -0. 21513 471

135 +0. 08836 869 -0. 99608 784 185 +0. 34662 118 -0. 93800 520
136 -0. 79043 321 -0. 61254 824 186 -0. 60202 394 -0. 79847 804
137 -0. 94251 445 +0. 33416 538 187 -0.99717 102 +0. 07516 615
138 -0. 22805 226 0. 97364 889 188 -0. 47552 367 0. 87970 293
139 +0. 69608 013 0. 71796 410 189 +0. 48331 795 +0. 87544 489

140 +0. 98023 966 -0. 19781 357 190 0. 99779 928 +0. 06630 686
141 +0. 36317 137 -0. 93172 236 191 0. 59490 855 -0. 80379 339
142 -0. 58779 501 -0. 80900 991 192 -0. 35493 836 -0. 93488 971
143 -0.99834 536 0. 05750 253 193 -0. 97845 657 -0. 20645 273
144 -0. 49102 159 +0. 87114 740 194 -0. 70238 633 +0. 71179 593

145 0. 46774 516 0. 88386 337 195 +0. 21945 467 0. 97562 270
146 +0. 99646 917 0. 08395 944 196 +0. 93953 006 0. 34246 646
147 +0. 60904 402 -0. 79313 642 197 +0. 79580 584 -0. 60555 186
148 -0. 33833 339 -0. 94102 631 198 -0.07957 859 -0. 99682 859
149 -0. 97464 865 -0. 22374 095 199 -0. 88179 884 -0. 47162 571

150 -0. 71487 643 +0. 69925 081 200 -0. 87329 730 +0. 48718 768
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X SiflX cosX X S1flX COSX

200 -0. 87329 730 +0. 48718 768 250 -0. 97052 802 0. 24098 831
201 -0. 06189 025 0. 99808 296 251 -0. 32159 386 0. 94687 771
202 +0. 80641 841 0. 59134 538 252 +0. 62301 221 +0. 78221 211
203 +0. 93330 970 -0. 35907 242 253 +0. 99482 373 -0. 10161 569
204 +0. 20212 036 -0. 97936 069 254 0. 45199 890 -0. 89201 850

205 -0. 71489 751 -0. 69922 926 255 -0. 50639 163 -0. 86230 361
206 -0. 97464 190 +0. 22377 033 256 -0.99920 803 -0. 03979 076
207 -0. 33830 503 +0. 94103 651 257 -0. 57335 717 +0. 81930 553
208 +0. 60906 793 +0. 79311 806 258 0. 37963 563 0. 92513 609
209 0. 99646 664 -0. 08398 947 259 0. 98359 318 0. 18040 080

210 0. 46771 852 -0. 88387 747 260 0. 68323 970 -0. 73019 416
211 -0. 49104 785 -0. 87113 260 261 -0. 24528 121 -0. 96945 197
212 -0. 99834 709 -0. 05747 243 262 -0. 94829 171 -0. 31740 012
213 -0. 58777 062 +0. 80902 763 263 -0. 77944 719 0. 62646 794
214 +0. 36319 945 +0. 93171 141 264 +0. 10601 749 +0. 99436 427

215 +0. 98024 562 +0. 19778 403 265 0. 89401 017 +0. 44804 667
216 +0. 69605 849 -0. 71798 508 266 0. 86005 403 -0. 51020 297
217 -0. 22808 161 -0. 97364 202 267 0. 03536 818 -0. 99937 435
218 -0. 94252 453 -0. 33413 697 268 -0. 82183 501 -0. 56972 556
219 -0. 79041 474 0. 61257 207 269 -0. 92344 688 +0. 38372 628

220 0. 08839 871 +0. 99608 517 270 -0. 17604 595 0. 98438 195
221 +0. 88593 880 +0. 46380 216 271 0. 73321 082 +0. 68000 139
222 +0. 86895 084 -0. 49489 841 272 0. 96835 694 -0. 24956 931
223 +0. 05305 349 -0. 99859 167 273 +0. 31320 015 -0. 94968 714
224 -0. 81162 100 -0. 58418 435 274 -0. 62991 141 -0. 77666 699

225 -0. 93009 488 0. 36731 937 275 -0. 99388 533 +0. 11041 720
226 -0. 19344 382 0. 98111 135 276 -0. 44408 566 0. 89598 433
227 +0. 72105 860 +0. 69287 409 277 +0. 51400 431 0. 85778 760
228 0. 97262 306 -0. 23238 842 278 0. 99952 109 0. 03094 490
229 +0. 32996 237 -0. 94399 409 279 +0. 56608 279 -0. 82434 840

230 -0. 61606 420 -0. 78769 594 280 -0. 38780 942 -0. 92173 958
231 -0. 99568 419 +0. 09280 622 281 -0. 98515 144 -0. 17168 765
232 -0. 45987 672 0. 88798 277 282 -0. 67674 976 +0. 73621 312
233 +0. 49873 928 +0. 86675 206 283 +0. 25385 252 +0. 96724 294
234 +0. 99881 669 0. 04863 350 284 0. 95106 397 +0. 30899 406

235 +0. 58058 664 -0. 81419 847 285 +0. 77387 159 -0. 63334 253
236 -0. 37143 209 -0. 92846 012 286 -0. 11481 476 -0. 99338 692
237 -0. 98195 787 -0. 18909 982 287 -0. 89794 095 -0. 44011 595
238 -0. 68967 611 +0. 72411 799 288 -0. 85550 437 +0. 51779 559
239 +0. 23669 068 +0. 97158 506 289 -0. 02652 102 0. 99964 826

240 +0. 94544 515 +0. 32578 131 290 +0. 82684 563 0. 56242 893
241 +0. 78496 171 -0. 61954 428 291 0. 92001 423 -0. 39188 496
242 -0. 09721 191 -0. 99526 371 292 +0. 16732 598 -0. 98590 163
243 -0. 89000 935 -0. 45594 228 293 -0. 73920 100 -0. 67348 488
244 -0. 86453 630 +0. 50257 038 294 -0. 96610 999 0. 25813 076

245 -0. 04421 256 0. 99902 215 295 -0. 30478 191 0. 95242 217
246 +0. 81676 000 0. 57697 756 296 +0. 63676 125 0. 77106 103
247 0. 92680 719 -0. 37553 754 297 +0. 99286 906 -0. 11921 006
248 +0. 18475 212 -0.98278 515 298 +0. 43613 763 -0. 89987 997
249 -0. 72716 319 -0.68646 463 299 -0. 52157 672 -0. 85320 439

250 -0. 97052 802 +0. 24098 831 300 -0. 99975 584 -0. 02209 662
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273-888 O-67--13

X SjflX COSX X sinX cosx

300 -0. 99975 584 -0. 02209 662 350 -0. 95893 283 -0.28363 328
301 -0. 55876 405 +0. 82932 668 351 -0. 75678 279 0. 65366 643
302 +0. 39595 283 +0. 91827 085 352 +0. 14114 985 +0. 98998 824
303 +0. 98663 250 +0. 16296 104 353 +0. 90930 997 +0. 41611 943
304 +0. 67020 680 -0. 74217 440 354 +0. 84145 470 -0. 54032 767

305 -0. 26240 394 -0. 96495 812 355 -0. 00003 014 -1. 00000 000
306 -0. 95376 171 -0. 30056 379 356 -0. 84148 727 -0. 54027 694
307 -0. 76823 536 +0. 64016 750 357 -0. 90928 488 0. 41617 425
308 +0. 12360 304 +0. 99233 174 358 -0. 14109 017 0. 98999 675
309 +0. 90180 137 +0. 43215 076 359 0. 75682 220 0. 65362 081

310 +0. 85088 769 -0. 52534 764 360 0. 95891 572 -0. 28369 109
311 +0. 01767 179 -0. 99984 384 361 +0. 27938 655 -0. 96017 871
312 -0. 83179 148 -0. 55508 823 362 -0. 65700 932 -0.75388 245
313 -0. 91650 949 +0. 40001 294 363 -0. 98935 386 +0. 14552 986
314 -0. 15859 291 +0. 98734 406 364 -0. 41209 102 0. 91114 268

315 +0. 74513 326 +0. 66691 560 365 0. 54404 640 0. 83905 513
316 +0. 96378 735 -0. 26667 199 366 +0.99999 007 -0. 00445 584
317 +0. 29633 979 -0. 95508 258 367 +0. 53654 748 -0. 84387 013
318 -0. 64356 121 -0. 76539 465 368 -0. 42019 439 -0. 90743 412
319 -0. 99177 500 +0. 12799 359 369 -0. 99061 148 -0. 13670 736

320 -0. 42815 543 +0. 90370 511 370 -0. 65026 494 0. 75970 752
321 +0. 52910 827 0. 84855 433 371 +0. 28793 218 +0. 95765 080
322 +0. 99991 226 +0. 01324 661 372 0. 96140 579 +0. 27513 436
323 +0. 55140 153 -0. 83423 998 373 +0. 75096 734 -0. 66033 935
324 -0. 40406 522 -0. 91473 018 374 -0. 14990 701 -0. 98870 010

325 -0.98803 627 -0. 15422 167 375 -0. 91295 755 -0. 40805 454
326 -0.66361 133 +0. 74807 753 376 -0. 83663 913 +0. 54775 448
327 0. 27093 481 +0. 96259 770 377 +0. 00888 145 0. 99996 056
328 +0. 95638 473 0. 29210 998 378 +0. 84623 647 +0. 53280 751
329 +0. 76253 895 -0. 64694 231 379 +0. 90556 557 -0. 42420 631

330 -0. 13238 163 -0. 99119 882 380 0. 13232 187 -0. 99120 680
331 -0. 90559 115 -0. 42415 171 381 -0. 76257 795 -0. 64689 634
332 -0.84620 434 0. 53285 853 382 -0. 95636 712 0. 29216 764
333 -0. 00882 117 +0. 99996 109 383 -0. 27087 677 +0. 96261 403
334 +0. 83667 215 +0. 54770 404 384 0. 66365 643 0. 74803 752

335 +0. 91293 295 -0. 40810 958 385 0. 98802 697 -0. 15428 123
336 +0. 14984 741 -0. 98870 914 386 0. 40401 007 -0. 91475 454
337 -0. 75100 715 -0. 66029 407 387 -0. 55145 183 -0. 83420 674
338 -0. 96138 920 +0. 27519 232 388 -0.99991 146 +0. 01330 689
339 -0. 28787 445 +0. 95766 816 389 -0. 52905 711 +0. 84858 622

340 +0. 65031 074 +0. 75966 831 390 +0. 42820 991 +0. 90367 930
341 +0. 99060 323 -0. 13676 708 391 0. 99178 271 +0. 12793 379
342 +0. 42013 968 -0. 90745 945 392 0. 64351 506 -0. 76543 345
343 -0. 53659 836 -0. 84383 778 393 -0. 29639 737 -0. 95506 471
344 -0.99999 034 -0. 00439 555 394 -0. 96380 342 -0.26661 388

345 -0.54399 582 0. 83908 793 395 -0. 74509 306 0. 66696 052
346 +0. 41214 595 +0. 91111 784 396 0. 15865 243 0. 98733 450
347 0. 98936 263 +0. 14547 021 397 0. 91653 361 0. 39995 769
348 +0. 65696 387 -0. 75392 206 398 +0. 83175 801 -0. 55513 837
349 -0. 27944 444 -0. 96016 186 399 -0. 01773 206 -0. 99984 277

350 -0. 95893 283 -0. 28363 328 400 -0. 85091 936 -0. 52529 634
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X sinx cos X z sinx cos X

400 -0. 85091 936 -0. 52529 634 450 -0. 68328 373 -0. 73015 296
401 -0.90177 532 +0. 43220 513 451 -0. 98358 231 +0. 18046 010
402 -0. 12354 321 +0.99233 919 452 -0. 37957 985 0. 92515 898
403 +0. 76827 396 +0. 64012 118 453 +0. 57340 657 +0. 81927 096
404 +0. 95374 359 -0. 30062 129 454 +0.99920 563 -0. 03985 100

405 +0. 26234 577 -0. 96497 394 455 +0. 50633 965 -0. 86233 414
406 -0.67025 155 -0. 74213 399 456 -0. 45205 268 -0. 89199 124
407 -0. 98662 268 0. 16302 052 457 -0. 99482 985 -0. 10155 572
408 -0. 39589 747 +0.91829 472 458 -0. 62296 505 +0. 78224 967
409 +0. 55881 405 +0. 82929 299 459 +0. 32165 095 +0. 94685 832

410 +0.99975 451 -0. 02215 689 460 0. 97054 255 +0. 24092 979
411 +0.52152 528 -0. 85323 583 461 +0. 72712 181 -0. 68650 847
412 -0. 43619 188 -0. 89985 368 462 -0. 18481 137 -0. 98277 401
413 -0. 99287 624 -0. 11915 021 463 -0. 92682 982 -0. 37548 166
414 -0. 63671 476 0. 77109 942 464 -0. 81672 521 +0. 57702 680

415 +0. 30483 933 +0. 95240 379 465 +0. 04427 279 +0. 99901 948
416 +0. 96612 555 +0. 25807 251 466 0. 86456 660 +0. 50251 826
417 +0. 73916 039 -0. 67352 944 467 +0. 88998 186 -0. 45599 593
418 -0. 16738 542 -0. 98589 154 468 +0. 09715 190 -0. 99526 957
419 -0. 92003 785 -0. 39182 950 469 -0. 78499 906 -0. 61949 695

420 -0. 82681 172 0. 56247 878 470 -0. 94542 551 +0. 32583 830
421 +0. 02658 129 +0. 99964 666 471 -0. 23663 211 0. 97159 932
422 +0. 85553 559 +0. 51774 401 472 0. 68971 977 +0. 72407 641
423 +0. 89791 441 -0.44017 009 473 +0. 98194 647 -0. 18915 902
424 +0. 11475 487 -0. 99339 384 474 0. 37137 611 -0. 92848 252

425 -0. 77390 977 -0. 63329 587 475 -0. 58063 573 -0. 81416 347
426 -0. 95104 534 0. 30905 140 476 -0. 99881 376 +0. 04869 372
427 -0. 25379 421 +0. 96725 824 477 -0.49868 703 +0. 86678 212
428 +0. 67679 415 +0. 73617 232 478 0. 45993 026 0. 88795 504
429 +0. 98514 108 -0. 17174 704 479 0. 99568 978 +0. 09274 619

430 0. 38775 385 -0. 92176 296 480 +0. 61601 671 -0. 78773 308
431 -0. 56613 249 -0. 82431 427 481 -0. 33001 928 -0. 94397 419
432 -0. 99951 922 +0.03100 516 482 -0. 97263 707 -0. 23232 978
433 -0. 51395 260 0.85781 859 483 -0. 72101 682 +0. 69291 756
434 +0. 44413 968 +0. 89595 756 484 0. 19350 297 +0. 98109 969

435 +0. 99389 198 +0. 11035 728 485 +0. 93011 702 +0. 36726 329
436 +0. 62986 458 -0. 77670 497 486 +0. 81158 578 -0. 58423 328
437 -0. 31325 741 -0. 94966 826 487 -0. 05311 369 -0. 99858 847
438 -0.96837 198 -0. 24951 093 488 -0. 86898 067 -0. 49484 603
439 -0. 73316 982 +0. 68004 560 489 -0. 88591 083 +0. 46385 557

440 +0. 17610 529 +0. 98437 134 490 -0. 08833 866 +0. 99609 050
441 0. 92347 001 0. 38367 061 491 +0. 79045 167 0. 61252 441
442 +0. 82180 066 -0. 56977 511 492 0. 94250 438 -0. 33419 379
443 -0. 03542 843 -0. 99937 222 493 +0. 22802 291 -0. 97365 577
444 -0. 86008 478 -0. 51015 112 494 -0. 69610 177 -0. 71794 312

445 -0. 89398 316 +0. 44810 056 495 -0. 98023 370 +0. 19784 312
446 -0. 10595 754 +0. 99437 066 496 -0. 36314 328 +0. 93173 331
447 +0. 77948 495 +0. 62642 095 497 +0. 58781 939 +0. 80899 219
448 +0. 94827 257 -0. 31745 729 498 0. 99834 363 -0. 05753 262
449 +0. 24522 276 -0. 96946 676 499 +0. 49099 533 -0. 87116 220

450 -0. 68328 373 -0. 73015 296 500 -0. 46777 181 -0. 88384 927



x sinx cosx X SiflX cos z

500 -0. 46777 181 -0. 88384 927 550 -0. 21948 408 -0.97561 608
501 -0. 99647 170 -0. 08392 940 551 -0. 93954 038 -0. 34243 814
502 -0. 60902 011 +0. 79315 478 552 -0.79578 759 +0. 60557 585
503 +0. 33836 176 0. 94101 611 553 +0. 07960 864 +0.99682 620
504 +0. 97465 539 0. 22371 157 554 +0. 88181 305 0.47159 913

505 +0.71485 535 -0. 69927 236 555 +0. 87328 261 -0. 48721 400
506 -0. 20217 940 -0. 97934 850 556 +0. 06186 016 -0.99808 483
507 -0. 93333 135 -0. 35901 615 557 -0. 80643 623 -0. 59132 107
508 -0.80638 275 +0. 59139 399 558 -0. 93329 888 +0. 35910 055
509 +0. 06195 042 0. 99807 923 559 -0. 20209 084 +0. 97936 678

510 +0. 87332 667 0. 48713 502 560 0. 71491 859 +0. 69920 771
511 +0. 88177 040 -0. 47167 887 561 +0. 97463 516 -0. 22379 971
512 +0. 07951 849 -0. 99683 339 562 0. 33827 666 -0. 94104 671
513 -0. 79584 235 -0. 60550 389 563 -0. 60909 184 -0. 79309 970
514 -0. 93950 941 +0. 34252 310 564 -0. 99646 411 0. 08401 951

515 -0.21939 585 +0. 97563 593 565 -0. 46769 187 0. 88389 157
516 +0. 70242 924 +0. 71175 358 566 +0. 49107 411 0. 87111 780
517 +0. 97844 413 -0. 20651 172 567 +0. 99834 883 0. 05744 234
518 +0. 35488 199 -0. 93491 110 568 +0.58774 623 -0. 80904 534
519 -0. 59495 701 -0. 80375 753 569 -0. 36322 754 -0. 93170 046

520 -0. 99779 528 +0. 06636 701 570 -0. 98025 158 -0. 19775 448
521 -0. 48326 517 +0. 87547 403 571 -0. 69603 684 +0. 71800 607
522 0. 47557 670 +0. 87967 426 572 +0. 22811 096 +0.97363 514
523 +0. 99717 555 0. 07510 603 573 0. 94253 460 +0. 33410 856
524 0. 60197 580 -0. 79851 433 574 +0. 79039 628 -0. 61259 589

525 -0. 34667 773 -0. 93798 430 575 -0. 08842 874 -0.99608 251
526 -0. 97659 735 -0. 21507 583 576 -0. 88595 278 -0. 46377 546
527 -0. 70863 787 0. 70557 237 577 -0. 86893 592 +0. 49492 461
528 +0. 21084 000 +0. 97752 059 578 -0. 05302 338 +0. 99859 327
529 +0. 93647 255 +0. 35074 088 579 0. 81163 861 +0. 58415 989

530 +0. 80111 655 -0. 59850 837 580 +0.93008 380 -0. 36734 740
531 -0. 07078 230 -0. 99749 179 581 +0. 19341 424 -0. 98111 719
532 -0. 87760 424 -0. 47938 586 582 -0. 72107 948 -0. 69285 235
533 -0. 87756 088 +0. 47946 522 583 -0. 97261 606 +0. 23241 774
534 -0. 07069 210 +0. 99749 818 584 -0. 32993 391 0. 94400 403

535 +0. 80117 068 +0. 59843 592 585 +0. 61608 795 0.78767 737
536 0. 93644 083 -0. 35082 557 586 +0. 99568 139 -0. 09283 623
537 +0. 21075 160 -0. 97753 965 587 +0. 45984 996 -0. 88799 663
538 -0. 70870 168 -0. 70550 828 588 -0. 49876 541 -0. 86673 702
539 -0. 97657 790 0. 21516 415 589 -0. 99881 816 -0. 04860 339

540 -0. 34659 290 +0.93801 565 590 -0. 58056 210 +0. 81421 597
541 +0. 60204 801 +0. 79845 989 591 0. 37146 008 0. 92844 893
542 +0. 99716 876 -0.07519 621 592 0. 98196 357 0. 18907 022
543 +0. 47549 715 -0. 87971 726 593 +0. 68965 428 -0. 72413 878
544 -0. 48334 434 -0. 87543 032 594 -0. 23671 997 -0. 97157 792

545 -0. 99780 128 -0. 06627 678 595 -0. 94545 497 -0. 32575 281
546 -0. 59488 432 +0. 80381 133 596 -0. 78494 304 0. 61956 794
547 +0. 35496 654 +0. 93487 901 597 0. 09724 191 0. 99526 078
548 0. 97846 280 0. 20642 324 598 0. 89002 309 +0. 45591 545
549 +0. 70236 487 -0. 71181 710 599 +0. 86452 115 -0. 50259 644

550 -0. 21948 408 -0. 97561 608 600 0. 04418 245 -0. 99902 348
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z sinx cos X X sin s cos X

600 +0. 04418 245 -0.99902 348 650 +0. 30475 320 -0. 95243 136
601 -0.81677 739 -0. 57695 294 651 -0. 63678 449 -0. 77104 183
602 -0. 92679 586 +0. 37556 547 652 -0. 99286 546 +0. 11923 999
603 -0. 18472 249 +0. 98279 072 653 -0.43611 050 +0.89989 312
604 +0. 72718 389 +0. 68644 271 654 +0. 52160 244 +0. 85318 866

605 +0. 97052 075 -0. 24101 756 655 +0. 99975 651 +0. 02206 648
606 +0.32156 532 -0. 94688 740 656 0. 55873 905 -0. 82934 352
607 -0. 62303 579 -0. 78219 333 657 -0. 39598 051 -0. 91825 891
608 -0. 99482 067 +0. 10164 568 658 -0. 98663 742 -0. 16293 130
609 -0. 45197 201 +0. 89203 212 659 -0.67018 443 +0. 74219 460

610 +0. 50641 763 +0. 86228 834 660 0. 26243 303 +0. 96495 021
611 +0. 99920 923 +0. 03976 064 661 +0. 95377 077 +0.30053 504
612 +0.57333 248 -0.81932 281 662 +0. 76821 607 -0. 64019 066
613 -0. 37966 351 -0. 92512 465 663 -0. 12363 295 -0. 99232 802
614 -0.98359 862 -0. 18037 115 664 -0. 90181 440 -0. 43212 358

615 -0. 68321 769 +0. 73021 475 665 -0. 85087 185 +0.52537 329
616 +0. 24531 043 +0.96944 458 666 -0. 01764 165 +0. 99984 437
617 +0. 94830 128 +0. 31737 153 667 +0.83180 821 +0. 55506 315
618 +0. 77942 830 -0. 62649 144 668 +0. 91649 743 -0. 40004 057
619 -0. 10604 746 -0. 99436 107 669 +0. 15856 314 -0. 98734 884

620 -0.89402 368 -0. 44801 972 670 -0. 74515 337 -0. 66689 314
621 -0. 86003 865 +0. 51022 890 671 -0. 96377 931 +0. 26670 104
622 -0. 03533 805 +0. 99937 542 672 -0. 29631 100 0. 95509 151
623 +0. 82185 218 +0. 56970 079 673 +0. 64358 428 +0. 76537 525
624 +0. 92343 531 -0. 38375 412 674 +0. 99177 114 -0. 12802 348

625 +0. 17601 627 -0. 98438 726 675 +0. 42812 819 -0. 90371 802
626 -0. 73323 132 -0. 67997 929 676 -0.52913 384 -0. 84853 838
627 -0. 96834 941 +0. 24959 850 677 -0. 99991 266 -0. 01321 646
628 -0. 31317 153 +0. 94969 658 678 -0. 55137 639 +0. 83425 660
629 +0. 62993 482 +0. 77664 801 679 +0. 40409 279 0. 91471 800

630 +0. 99388 200 -0. 11044 716 680 +0. 98804 092 +0. 15419 188
631 +0. 44405 865 -0. 89599 772 681 0. 66358 878 -0. 74809 754
632 -0. 51403 017 -0. 85777 210 682 -0. 27096 382 -0. 96258 953
633 -0. 99952 202 -0. 03091 477 683 -0. 95639 354 -0. 29208 115
634 -0. 56605 794 +0. 82436 546 684 -0. 76251 945 +0. 64696 529

635 +0. 38783 721 0. 92172 789 685 +0. 13241 151 +0. 99119 483
636 +0. 98515 661 +0. 17165 795 686 0. 90560 393 +0. 42412 441
637 +0. 67672 757 -0. 73623 352 687 +0. 84618 828 -0. 53288 404
638 -0. 25388 168 -0. 96723 528 688 0. 00879 102 -0. 99996 136
639 -0. 95107 328 -0. 30896 539 689 -0. 83668 866 -0. 54767 882

640 -0. 77385 250 +0.63336 586 690 -0. 91292 065 0. 40813 710
641 +0. 11484 470 +0. 99338 346 691 -0. 14981 760 +0. 98871 365
642 +0. 89795 421 0. 44008 889 692 +0. 75102 706 +0. 66027 143
643 +0. 85548 876 -0.51782 138 693 +0. 96138 090 -0. 27522 130
644 +0. 02649 089 -0.99964 905 694 +0. 28784 558 -0.95767 684

645 -0. 82686 259 -0. 56240 400 695 -0. 65033 364 -0. 75964 871
646 -0. 92000 241 +0. 39191 270 696 -0. 99059 911 +0. 13679 694
647 -0. 16729 626 +0. 98590 667 697 -0. 42011 233 +0.90747 211
648 +0. 73922 130 +0. 67346 260 698 0. 53662 379 +0. 84382 161
649 +0. 96610 221 -0. 25815 988 699 +0. 99999 047 +0. 00436 541

650 +0. 30475 320 -0. 95243 136 700 +0. 54397 052 -0. 83910 433
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X Sin X COS X X Sfl X COS X

700 +0. 54397 052 -0. 83910 433 750 +0. 74507 295 -0. 66698 298
701 -0.41217 342 -0. 91110 541 751 -0. 15868 219 -0.98732 971
702 -0.98936 702 -0. 14544 039 752 -0. 91654 566 -0. 39993 006
703 -0. 65694 115 +0. 75394 186 753 -0. 83174 127 +0. 55516 345
704 +0. 27947 339 +0. 96015 344 754 +0. 01776 220 +0. 99984 224

705 +0. 95894 137 +0. 28360 437 755 +0. 85093 519 +0. 52527 069
706 +0. 75676 309 -0. 65368 925 756 +0. 90176 229 -0. 43223 231
707 -0. 14117 969 -0. 98998 399 757 +0. 12351 330 -0.99234 292
708 -0. 90932 251 -0. 41609 202 758 -0. 76829 325 -0. 64009 802
709 -0.84143 841 +0. 54035 304 759 -0.95373 453 +0. 30065 004

710 +0. 00006 029 +1. 00000 000 760 -0. 26231 668 +0. 96498 184
711 +0. 84150 356 +0. 54025 157 761 +0. 67027 392 +0. 74211 379
712 +0. 90927 234 -0. 41620 166 762 +0. 98661 776 -0. 16305 026
713 +0. 14106 032 -0.99000 100 763 +0. 39586 979 -0. 91830 665
714 -0. 75684 190 -0.65359 799 764 -0. 55883 905 -0. 82927 614

715 -0. 95890 717 +0. 28372 000 765 -0. 99975 384 +0. 02218 703
716 -0. 27935 761 +0. 96018 713 766 -0.52149 956 +0. 85325 155
717 +0. 65703 205 +0. 75386 264 767 +0. 43621 901 +0. 89984 053
718 +0. 98934 947 -0. 14555 968 768 +0. 99287 983 +0. 11912 028
719 +0. 41206 355 -0. 91115 511 769 +0. 63669 152 -0. 77111 861

720 -0. 54407 170 -0. 83903 873 770 -0. 30486 804 -0. 95239 460
721 -0. 99998 994 +0. 00448 599 771 -0. 96613 333 -0. 25804 339
722 -0. 53652 204 +0. 84388 631 772 -0. 73914 009 +0. 67355 173
723 +0. 42022 174 +0. 90742 145 773 +0. 16741 514 +0. 98588 649
724 +0. 99061 560 +0. 13667 750 774 +0. 92004 966 +0. 39180 176

725 +0. 65024 204 -0. 75972 712 775 +0. 82679 477 -0. 56250 370
726 -0. 28796 105 -0. 95764 212 776 -0. 02661 142 -0. 99964 585
727 -0. 96141 408 -0. 27510 538 777 -0. 85555 119 -0. 51771 822
728 -0. 75094 744 +0. 66036 198 778 -0. 89790 114 +0. 44019 716
729 +0. 14993 682 +0.98869 558 779 -0. 11472 492 +0. 99339 730

730 +0. 91296 985 +0.40802 782 780 +0. 77392 886 +0. 63327 255
731 +0. 83662 262 -0. 54777 970 781 +0. 95103 602 -0. 30908 007
732 -0. 00891 160 -0. 99996 029 782 +0. 25376 505 -0. 96726 589
733 -0. 84625 253 -0. 53278 200 783 -0. 67681 634 -0. 73615 192
734 -0. 90555 279 +0. 42423 360 784 -0. 98513 591 +0. 17177 673

735 -0. 13229 199 +0. 99121 079 785 -0. 38772 606 +0. 92177 465
736 +0. 76259 745 +0. 64687 335 786 +0. 56615 :733 +0. 82429 720
737 +0. 95635 831 -0. 29219 647 787 +0. 99951 829 -0. 03103 529
738 +0.27084 775 -0. 96262 220 788 +0. 51392 674 -0. 85783 408
739 -0. 66367 898 -0.74801 752 789 -0. 44416 668 -0. 89594 417

740 -0. 98802 232 +0. 15431 102 790 -0. 99389 531 -0. 11032 732
741 -0. 40398 250 +0. 91476 672 791 -0. 62984 117 +0. 77672 396
742 +0. 55147 697 +0. 83419 011 792 +0. 31328 604 +0. 94965 881
743 +0.99991 106 -0. 01333 703 793 +0. 96837 950 +0. 24948 174
744 +0. 52903 153 -0. 84860 217 794 +0. 73314 932 -0. 68006 770

745 -0. 42823 715 -0. 90366 639 795 -0. 17613 497 -0. 98436 603
746 -0. 99178 657 -0. 12790 390 796 -0. 92348 158 -0. 38364 277
747 -0. 64349 199 +0. 76545 285 797 -0. 82178 349 +0. 56979 988
748 +0. 29642 616 +0. 95505 577 798 +0. 03545 855 +0. 99937 115
749 +0. 96381 146 +0. 26658 483 799 +0. 86010 016 +0. 51012 519

750 +0. 74507 295 -0. 66698 298 800 +0.89396 965 -0. 44812 751



X SjflX cos z z sinx COS X

800 +0. 89396 965 -0. 44812 751 850 +0. 98022 773 -0. 19787 267
801 +0. 10592 756 -0. 99437 385 851 +0. 36311 519 -0. 93174 426
802 -0. 77950 384 -0. 62639 745 852 -0. 58784 378 -0. 80897 447
803 -0. 94826 300 0. 31748 587 853 -0. 99834 189 0. 05756 271
804 -0. 24519 354 0. 96947 415 854 -0. 49096 907 +0. 87117 700

805 0. 68330 573 +0. 73013 237 855 +0. 46779 845 0. 88383 517
806 0. 98357 687 .-0. 18048 975 856 +0. 99647 423 +0. 08389 936
807 +0. 37955 196 -0. 92517 042 857 0. 60899 620 -0.79317 314
808 -0. 57343 126 -0. 81925 368 858 -0. 33839 013 -0. 94100 591
809 -0. 99920 443 +0. 03988 112 859 -0.97466 214 -0. 22368 219

810 -0. 50631 365 +0. 86234 940 860 -0. 71483 427 +0.69929 390
811 +0. 45207 956 0. 89197 762 861 +0. 20220 893 0. 97934 241
812 +0. 99483 291 0. 10152 573 862 0. 93334 217 0. 35898 802
813 +0. 62294 147 -0. 78226 845 863 0. 80636 493 -0. 59141 830
814 -0. 32167 949 -0. 94684 862 864 -0. 06198 051 -0. 99807 736

815 -0. 97054 981 -0. 24090 054 865 -0. 87334 135 -0. 48710 870
816 -0. 72710 111 0. 68653 039 866 -0. 88175 618 0.47170 545
817 +0. 18484 099 0. 98276 844 867 -0. 07948 845 0. 99683 579
818 +0. 92684 114 0. 37545 372 868 +0. 79586 060 0. 60547 989
819 0. 81670 782 -0. 57705 142 869 0. 93949 908 -0. 34255 142

820 -0. 04430 291 -0. 99901 814 870 0. 21936 644 -0. 97564 254
821 -0. 86458 174 -0. 50249 220 871 -0. 70245 070 -0. 71173 241
822 -0. 88996 811 +0. 45602 276 872 -0. 97843 790 0. 20654 122
823 -0. 09712 190 +0. 99527 249 873 -0. 35485 381 0. 93492 180
824 +0. 78501 774 0. 61947 329 874 +0. 59498 124 +0. 80373 959

825 +0. 94541 569 -0. 32586 680 875 0. 99779 328 -0. 06639 709
826 +0. 23660 282 -0. 97160 646 876 0. 48323 878 -0. 87548 859
827 -0. 68974 159 -0. 72405 561 877 -0. 47560 322 -0. 87965 992
828 -0. 98194 076 +0. 18918 862 878 -0. 99717 782 -0.07507 597
829 -0. 37134 812 0. 92849 371 879 -0. 60195 173 +0. 79853 248

830 +0. 58066 027 0. 81414 596 880 0. 34670 601 0. 93797 385
831 0. 99881 229 -0. 04872 383 881 0.97660 383 +0. 21504 639
832 +0. 49866 090 -0. 86679 716 882 0. 70861 660 -0. 70559 373
833 -0. 45995 702 -0. 88794 118 883 -0. 21086 947 -0. 97751 423
834 -0.99569 258 -0. 09271 618 884 -0. 93648 312 -0. 35071 265

835 -0. 61599 297 0. 78775 165 885 -0. 80109 851 0. 59853 252
836 +0. 33004 774 +0. 94396 424 886 +0. 07081 237 0. 99748 965
837 +0. 97264 407 +0. 23230 046 887 +0. 87761 869 0. 47935 940
838 0. 72099 594 -0. 69293 929 888 +0. 87754 643 -0. 47949 167
839 -0. 19353 254 -0. 98109 386 889 0. 07066 203 -0.99750 031

840 -0. 93012 809 -0. 36723 525 890 -0. 80118 871 -0. 59841 177
841 -0. 81156 816 +0. 58425 775 891 -0. 93643 025 0. 35085 380
842 0. 05314 379 0. 99858 687 892 -0. 21072 213 0. 97754 600
843 +0. 86899 559 +0. 49481 983 893 0. 70872 294 0. 70548 692
844 0. 88589 685 -0. 46388 228 894 +0. 97657 141 -0. 21519 358

845 +0. 08830 863 -0. 99609 316 895 +0. 34656 463 -0. 93802 610
846 -0. 79047 014 -0. 61250 058 896 -0. 60207 208 -0. 79844 174
847 -0. 94249 431 +0. 33422 221 897 -0. 99716 649 0. 07522 627
848 -0. 22799 356 +0. 97366 264 898 -0. 47547 063 0. 87973 159
849 +0. 69612 342 +0. 71792 213 899 0. 48337 073 0. 87541 575

850 +0. 98022 773 -0. 19787 267 900 0.99780 327 +0. 06624 670
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For x>1000 see Example 16.

X sin X cos X X sinx c08 X

900 +0. 99780 327 0. 06624 670 950 0. 94546 479 +0. 32572 431
901 +0. 59486 009 -0. 80382 926 951 +0. 78492 436 -0. 61959 160
902 -0. 35499 472 -0. 93486 831 952 -0. 09727 191 -0. 99525 784
903 -0. 97846 902 -0.20639 374 953 -0. 89003 684 -0. 45588 862
904 -0. 70234 341 +0. 71183 827 954 -0. 86450 600 +0. 50262 250

905 +0. 21951 349 0. 97560 947 955 -0. 04415 233 +0. 99902 481
906 +0. 93955 070 +0. 34240 981 956 +0. 81679 478 0. 57692 832
907 +0. 79576 933 -0. 60559 984 957 +0. 92678 454 -0. 37559 341
908 -0. 07963 869 -0. 99682 380 958 +0. 18469 287 -0. 98279 629
909 -0. 88182 727 -0. 47157 255 959 -0. 72720 458 -0. 68642 079

910 -0. 87326 792 +0. 48724 032 960 -0. 97051 349 0. 24104 682
911 -0. 06183 008 +0. 99808 669 961 -0. 32153 677 +0. 94689 709
912 +0. 80645 406 +0. 59129 676 962 +0. 62305 937 0. 78217 455
913 +0. 93328 805 -0. 35912 869 963 0. 99481 760 -0. 10167 567
914 0. 20206 131 -0. 97937 287 964 +0. 45194 512 -0. 89204 574

915 -0. 71493 966 -0. 69918 616 965 -0. 50644 362 -0. 86227 308
916 -0. 97462 841 0. 22382 909 966 -0. 99921 043 -0. 03973 052
917 -0. 33824 829 +0. 94105 690 967 -0. 57330 778 0. 81934 009
918 +0. 60911 575 0. 79308 134 968 +0. 37969 140 0. 92511 320
919 +0. 99646 158 -0. 08404 955 969 0. 98360 406 +0. 18034 150

920 0. 46766 523 -0. 88390 567 970 +0. 68319 568 -0. 73023 535
921 -0. 49110 037 -0. 87110 299 971 -0. 24533 966 -0. 96943 718
922 -0. 99835 056 -0. 05741 224 972 -0. 94831 084 -0. 31734 294
923 -0. 58772 184 0. 80906 306 973 -0. 77940 942 +0. 62651 493
924 +0. 36325 562 +0. 93168 952 974 0. 10607 744 +0. 99435 787

925 +0. 98025 754 +0. 19772 493 975 +0. 89403 718 +0. 44799 277
926 +0. 69601 520 -0. 71802 705 976 +0. 86002 327 -0. 51025 482
927 -0. 22814 031 -0. 97362 827 977 +0. 03530 793 -0. 99937 648
928 -0. 94254 467 -0. 33408 015 978 -0. 82186 936 -0. 56967 601
929 -0. 79037 781 +0. 61261 972 979 -0. 92342 374 0. 38378 195

930 +0. 08845 877 +0. 99607 984 980 -0. 17598 660 +0. 98439 256
931 +0. 88596 676 +0. 46374 875 981 0. 73325 181 +0. 67995 719
932 +0. 86892 100 -0. 49495 080 982 0. 96834 189 -0. 24962 769
933 +0. 05299 328 -0. 99859 487 983 +0. 31314 290 -0. 94970 602
934 -0. 81165 622 -0. 58413 542 984 -0. 62995 823 -0. 77662 902

935 -0. 93007 273 +0. 36737 544 985 -0. 99387 867 +0. 11047 712
936 -0. 19338 467 +0. 98112 302 986 -0. 44403 164 +0. 89601 111
937 +0. 72110 037 +0. 69283 061 987 +0. 51405 603 +0. 85775 661
938 +0. 97260 905 -0. 23244 706 988 +0. 99952 296 +0. 03088 464
939 +0. 32990 546 -0. 94401 398 989 +0. 56603 309 -0. 82438 252

940 -0. 61611 169 -0. 78765 880 990 -0. 38786 499 -0. 92171 620
941 -0. 99567 859 0. 09286 625 991 -0. 98516 179 -0. 17162 825
942 -0. 45982 319 +0. 88801 049 992 -0. 67670 538 0. 73625 392
943 +0. 49879 154 +0. 86672 199 993 +0. 25391 083 +0. 96722 763
944 +0. 99881 962 +0. 04857 328 994 +0. 95108 260 +0. 30893 672

945 0.58053 755 -0. 81423 347 995 0. 77383 341 -0. 63338 919
946 -0. 37148 806 -0. 92843 773 996 -0. 11487 465 -0. 99338 000
947 -0. 98196 927 -0. 18904 062 997 -0. 89796 748 -0. 44006 182
948 -0. 68963 246 +0. 72415 957 998 -0. 85547 315 +0. 51784 716
949 +0. 23674 926 +0. 97157 078 999 -0. 02646 075 +0. 99964 985

950 0.94546 479 +0.32572 431 1000 0.82687 954 0. 56237 908
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Compilation of tanz and cot z from National
gents for radian arguments, 2d printing.

- 5)2
L4

Bureau of Standards, Table of circul
Columbia Univ. Press, New York,

[(_7)9] [(_7)8]

ar and hyperbolic tangents and cotan-
N.Y., 1947 (with permission).

z tanz cot z sec z csc X x-l- cot z cse x-x
0.00 0.00000 000e 00 1.00000 00 00 0.00000 000 0.00000 000
0.01 0.01000 0333 99.99666 66 1.00005 00 100.00166 67 0.00333 335 0.00166 668
0.02 0.02000 2667 49.99333 32 1.00020 00 50.00333 35 0.00666 684 0.00333 349
0.03 0.03000 9003 33.32333 27 1.00045 02 33.33833 39 0.01000 060 0.00500 053
0.04 0.04002 1347 24.98666 52 1.00080 05 25.00666 79 0.01333 476 0.00666 791

0.05 0.05004 1708 19.98333 06 1.00125 13 20.00833 58 0.01666 944 0.00833 576
0.06 0.06007 2104 16.64666 19 1.00180 27 16.67667 09 0.02000 -480 0.01000 420
0.07 0.07011 4558 14.26237 33 1.00245 50 14.29738 76 0.02334 096 0. 0 1167 334
0.08 0.08017 1105 12.47332 19 1.00320 86 12.51334 32 0.02667 805 0.01334 330
0.09 0.09024 3790 11.08109 49 1.00406 37 11.12612 53 0.03001 621 0.01501 419

l.10 0.10033 467 9.96664 44 1.00502 09 10.01668 61 0.03335 558 0.01668 614
0.11 0.11044 582 9.05421 28 1.00608 07 9.10926 83 0.03669 628 0.01835 925
0.12 0.12057 934 8.29329 49 1.00724 35 8.35336 70 0.04003 845 0.02003 365
0.13 0.13073 732 7.64892 55 1.00850 99 7.71401 72 0.04338 223 0.02170 946
0.14 0.14092 189 7.09612 94 1.00988 07 7.16624 39 0.04672 776 0.02338 680

0.15 0.15113 522 6.61659 15 1.01135 64 6.69173 24 0.05007 516 0.02506 578
0.16 0.16137 946 6.19657 54 1.01293 80 6.27674 65 0.05342 458 0.02674 653
0.17 0.17165 682 5.82557 68 1.01462 61 5.91078 21 0.05677 615 0.02842 915
0.18 0.18196 953 5.49542 56 1.01642 16 5.58566 93 0.06013 000 0.03011 379
0.19 0.19231 984 5.19967 16 1.01832 55 5.29495 84 0.06348 628 0.03180 054

0.20 0.20271 004 4.93315 49 1.02033 88 5.03348 95 0.06684 512 0.03348 955
0.21 0.21314 244 4.69169 81 1.02246 26 4.79708 57 0.07020 667 0.03518 092
0.22 0.22361 942 4.47188 35 1.02469 78 4.58232 93 0.07357 105 0.03687 477
0.23 0.23414 336 4.27088 77 1.02704 58 4.38639 73 0.07693 841 0.03857 124
0.24 0.24471 670 4.08635 78 1.02950 78 4.20693 71 0.08030 889 0.04027 044

0,25 0.25534 192 3.91631 74 1.03208 50 4.04197 25 0.08368 264 0.04197 250
0.26 0.26602 154 3.75909 41 1.03477 89 3.88983 14 0.08705 978 0.04367 754
0.27 0.27675 814 3.61326 32 1.03759 10 3.74908 94 0.09044 046 0.04538 569
0.28 0.28755 433 3.47760 37 1.04052 27 3.61852 56 0.09382 483 0.04709 707
0.29 0.29841 279 3. 35106 28 1.04357 57 3.49708 77 0.09721 302 0.04881 181

0.30 0.30933 625 3.23272 81 1.04675 16 3.38386 34 0.10060 519 0.05053 003
0.31 0.32032 751 3. 12180 50 1.05005 22 3.27805 83 0.10400 147 0.05225 186
0.32 0.33138 941 3. 01759 80 1.05347 94 3.17897 74 0.10740 202 0.05397 744
0.33 0.34252 487 2.91949 61 1.05703 51 3.08600 99 0.11080 697 0.05570 689
0.34 0.35373 688 2.82696 00 1.06072 13 2.99861 68 0.11421 648 0.05744 034

0.35 0.36502 849 2.73951 22 1.06454 02 2.91632 08 0.11763 070 0.05917 792
0.36 0.37640 285 2.65672 80 1.06849 38 2.83869 75 0.12104 976 0.06091 976
0.37 0.38786 316 2.57822 89 1.07258 47 2.76536 87 0.12447 383 0.06266 601
0.38 0.39941 272 2. 50367 59 1.07681 50 2.69599 57 0.12790 306 0.06441 678
0.39 0.41105 492 2.43276 50 1.08118 74 2.63027 48 0.13133 759 0.06617 222

0.40 0.42279 322 2.36522 24 1.08570 44 2.56793 25 0.13477 758 0.06793 246
0.41 0.43463 120 2.30080 12 1.09036 89 2.50872 20 0.13822 318 0.06969 763
0.42 0.44657 255 2.23927 7& 1.09518 36 2.45242 03 0.14167 456 0.07146 789
0.43 0.45862 102 2.18044 95 1.10015 15 2.39882 48 0.14513 185 0.07324 336
0.44 0.47078 053 2.12413 20 1.10527 57 2.34775 15 0.14859 524 0.07502 418

0.45 0.48305 507 2.07015 74 1.11055 94 2.29903 27 0.15206 486 0.07681 051
0.46 0.49544 877 2.01837 22 1.11600 60 2.25251 55 0.15554 089 0.07860 247
0.47 0.50796 590 1.96863 61 1.12161 91 2.2 080 5 98 0.15902 348 0.08040 022
0.48 0.52061 084 1.92082 05 1.12740 22 2.16553 72 0.16251 280 0.08220 390
0.49 0.53338 815 1.87480 73 1.13335 91 2. 12483 00 0.16600 901 0.08401 366

0.50 0.54630 249 1.83048 77 1.13949 39 2.08582 96 0.16951 228 0.08582 964
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ELEMENTARY TRANSCENDENTAL FUNCTIONS

CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS Table 4.9

FOR RADIAN ARGUMENTS

* [(-4)11 N-4)21 [(-4)1] r(-4)2[5J L6i L5J L5

187

X tanx cotx seex
0.50 0.54630 249 1.83048 772 1.13949 39 2.08582 96
0.51 0.55935 872 1.78776 154 1.14581 07 2.04843 63
0.52 0.57256 183 1.74653 626 1.15231 38 2.01255 78
0.53 0.58591 701 1.70672 634 1.15900 77 1.97810 89
0.54 0.59942 962 1.66825 255 1.16589 70 1.94501 07

0.55 0.61310 521 1.63104 142 1.17298 68 1.91319 00
0.56 0.62694 954 1.59502 471 1.18028 21 1.88257 90
0.57 0.64096 855 1.56013 894 1.18778 81 1.85311 45
0.58 0.65516 845 1.52632 503 1.19551 06 1.82473 78
0.59 0.66955 565 1.49352 784 1.20345 53 1.79739 41

0.60 0.68413 681 1.46169 595 1.21162 83 1.77103 22
0.61 0.69891 886 1.43078 125 1.22003 59 1.74560 45
0.62 0.71390 901 1.40073 873 1.22868 47 1.72106 62
0.63 0.72911 473 1.37152 626 1.23758 16 1.69737 57
0.64 0.74454 382 1.34310 429 1.24673 39 1.67449 37

0.65 0.76020 440 1.31543 569 1.25614 92 1.65238 34
0.66 0.77610 491 1.28848 559 1.26583 52 1.63101 05
0.67 0.79225 417 1.26222 118 1.27580 04 1.61034 23
0.68 0.80866 138 1.23661 155 1.28605 34 1.59034 84
0.69 0.82533 611 1.21162 759 1.29660 31 1.57100 01

0.70 0.84228 838 1.18724 183 1.30745 93 1.55227 03
0.71 0.85952 867 1.16342 833 1.31863 17 1.53413 35
0.72 0.87706 790 1.14016 258 1.33013 09 1.51656 54
0.73 0.89491 753 1.11742 140 1.34196 77 1.49954 35
0.74 0.91308 953 1.09518 285 1.35415 38 1.48304 60

0.75 0.93159 646 1.07342 615 1.36670 11 1.46705 27
0.76 0.95045 146 1.05213 158 1.37962 24 1.45154 43
0.77 0.96966 833 1.03128 046 1.39293 10 1.43650 25
0.78 0.98926 154 1.01085 503 1.40664 08 1.42190 99
0.79 1.00924 629 0.99083 842 1.42076 67 1.40775 03

0.80 1.02963 857 0.97121 460 1.43532 42 1.39400 78
0.81 1.05045 514 0.95196 830 1.45032 96 1.38066 78
0.82 1.07171 372 0.93308 500 1.46580 02 1.36771 62
0.83 1.09343 292 0.91455 085 1.48175 42 1.35513 96
0.84 1.11563 235 0.89635 264 1.49821 08 1.34292 52

0.85 1.13833 271 0.87847 778 1.51519 02 1.33106 09
0.86 1.16155 586 0.86091 426 1.53271 39 1.31953 53
0.87 1.18532 486 0.84365 058 1.55080 46 1.30833 72
0.88 1.20966 412 0.82667 575 1.56948 63 1.29745 63
0.89 1.23459 946 0.80997 930 1.58878 44 1.28688 25

0.90 1.26015 822 0.79355 115 1.60872 58 1.27660 62
0.91 1.28636 938 0.77738 169 1.62933 92 1.26661 84
0.92 1.31326 370 0.76146 169 1.65065 49 1.25691 05
0.93 1.34087 383 0.74578 232 1.67270 52 1.24747 40
0.94 1.36923 448 0.73033 510 1.69552 44 1.23830 10

0.95 1.39838 259 0.71511 188 1.71914 92 1.22938 40
0.96 1.42835 749 0.70010 485 1.74361 84 1.22071 57
0.97 1.45920 113 0.68530 649 1.76897 37 1.21228 91
0.98 1.49095 827 0.67070 959 1.79525 95 1.20409 77
0.99 1.52367 674 0.65630 719 1.82252 32 1.19613 51

1.00 1.55740 772 0.64209 262 1.85081 57 1.18839 51
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Table 4.9 CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS
FOR RADIAN ARGUMENTS

tan x cot z sec z csc z

1.00 1.55740 77
1.01 1.59220 60
1.02 1.62813 04
1.03 1.66524 40
1.04 1.70361 46

0.64209 262
0.62805 942
0.61420 141
0.60051 260
0.58698 722

1.85081 57
1.88019 15
1.91070 89
1.94243 08
1.97542 47

1.18839 51
1.18087 20
1.17356 01
1.16645 42
1.15954 90

1.05 1.74331 53
1.06 1.78442 48
1.07 1.82702 82
1.08 1.87121 73
1.09 1.91709 18

0.57361 970
0.56040 467
0.54733 693
0.53441 147
0.52162 342

2.00976 32
2.04552 49
2.08279 43
2.12166 31
2.16223 06

1.15283 98
1.14632 17
1.13999 02
1.13384 11
1.12787 01

LlO 1.96475 9
1.11 2.01433 82
1.12 2.06595 53
1.13 2.11975 01
1.14 2.17587 51

0.50896 811
0.49644 096
0.48403 759
0.47175 371
0.45958 520

2.20460 44
2.24890 16
2.29524 97
2.34378 77
2.39466 75

1.12207 33
1.11644 69
1.11098 71
1.10569 05
1.10055 37

1.15 2.23449 69
1.16 2.29579 85
1.17 2.35998 11
1.18 2.42726 64
1.19 2.49789 94

0.44752 802
0.43557 829
0.42373 221
0.41198 610
0.40033 638

2.44805 57
2.50413 48
2.56310 57
2.62518 99
2.69063 21

1.09557 35
1.09074 67
1.08607 04
1.08154 17
1.07715 79

1.20 2.57215 16
1.21 2.65032 46
1.22 2.73275 42
1.23 2.81981 57
1.24 2.91192 99

0.38877 957
0.37731 227
0.36593 119
0.35463 310
0.34341 486

2.75970 36
2.83270 55
2.90997 35
2.99188 25
3.07885 30

1.07291 64
1.06881 46
1.06485 01
1.06102 06
1.05732 39

1.25 3.00956 97
1.26 3.11326 91
1.27 3.22363 32
1.28 3.34135 00
1.29 3.46720 57

0.33227 342
0.32120 577
0.31020 899
0.29928 023
0.28841 670

3.17135 77
3.26993 04
3.37517 57
3.48778 15
3.60853 36

1.05375 79
1.05032 05
1.04700 98
1.04382 41
1.04076 14

1.30 3.60210 24
1.31 3.74708 10
1.32 3.90334 78
1.33 4.07230 98
1.34 4.25561 79

0.27761 565
0.26687 440
0.25619 034
0.24556 088
0.23498 350

3.73833 41
3.87822 33
4.02940 74
4.19329 31
4.37153 10

1.03782 00
1.03499 85
1.03229 53
1.02970 88
1.02723 77

1.35 4.45522 18
1.36 4.67344 12
1.37 4.91305 81
1.38 5.17743 74
1.39 5.47068 86

0.22445 572
0.21397 509
0.20353 922
0.19314 574
0.18279 234

4.56607 06
4.77923 14
5.01379 49
5.27312 60
5.56133 39

1.02488 07
1.02263 65
1.02050 39
1.01848 18
1.01656 93

1.40 5.79788 37
1.41 6.16535 61
1.42 6.58111 95
1.43 7.05546 38
1.44 7.60182 61

0.17247 673
0.16219 663
0.15194 983
0.14173 413
0.13154 734

5.88349 01
6.24592 80
6.65666 08
7.12597 85
7.66731 76

1.01476 51
1.01306 85
1.01147 85
1.00999 43
1.00861 52

1.45 8.23809 28
1.46 8.98860 76
1.47 9.88737 49
1.48 10.98337 93
1.49 12.34985 64

0.12138 732
0.11125 194
0.10113 908
0.09104 6660
0.08097 2601

8.29856 45
9.04406 25
9.93781 58

11.02880 87
12.39027 66

1.00734 05
1.00616 95
1.00510 15
1.00413 62
1.00327 29

1.50 14.10141 99
1.51 16.42809 17
1.52 19.66952 78
1.53 24.49841 04
1.54 32.46113 89

0.07091 4844
0.06087 1343
0.05084 0061
0.04081 8975
0.03080 6066

14.13683 29
16.45849 92
19.69493 14
24.51881 14
32.47653 83

1.00251 13
1.00185 09
1.00129 15
1.00083 27
1.00047 44

1.55 48.07848 25
1.56 92.62049 63
1.57 +1255.76559 15
1.58 - 108.64920 36
1.59 - 52.06696 96

0.02079 9325
0.01079 6746

+ 0.00079 6327
- 0.00920 3933
- 0.01920 6034

48.08888 10
92.62589 45

+1255.76598 97
- 108.65380 55
- 52.07657 18

1.00021 63
1.00005 83
1.00000 03
1.00004 24
1.00018 44

1.60 - 34.23253 27 - 0.02921 1978 - 34.24713 56 1.00042 66

For x>l.6, use 4.3.44.
- 5)2

L5
I ( - 5)3
L4
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For conversion from radians to degrees see Example 14.
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE

8 sin O cos O

Table 4.10
90°-o

0. 0°
0. 1
0. 2
0. 3
0. 4

0. 00000 00000 00000
0. 00174 53283 65898
0. 00349 06514 15224
0. 00523 59638 31420
0. 00698 12602 97962

1. 00000 00000 00000
0. 99999 84769 13288
0. 99999 39076 57790
0. 99998 62922 47427
0. 99997 56307 05395

90. 0°
89. 9
89. 8
89. 7
89. 6

0. 5
0. 6
0. 7
0. 8
0. 9

0. 00872 65354 98374
0. 01047 17841 16246
0. 01221 70008 35247
0. 01396 21803 39145
0. 01570 73173 11821

0. 99996 19230 64171
0. 99994 51693 65512
0. 99992 53696 60452
0. 99990 25240 09304
0. 99987 66324 81661

89. 5
89. 4
89. 3
89.2
89. 1

1. 0
1. 1
1. 2
1. 3
1. 4

0. 01745 24064 37284
0. 01919 74423 99690
0. 02094 24198 83357
0. 02268 73335 72781
0. 02443 21781 52653

0. 99984 76951 56391
0. 99981 57121 21644
0. 99978 06834 74845
0. 99974 26093 22698
0. 99970 14897 81183

89. 0
88.9
88.8
88.7
88. 6

1.5
1. 6
1.7
1.8
1.9

0.02617 69483 07873
0. 02792 16387 23569
0.02966 62440 85111
0.03141 07590 78128
0.03315 51783 88526

0. 99965 73249 75557
0. 99961 01150 40354
0. 99955 98601 19384
0. 99950 65603 65732
0. 99945 02159 41757

88. 5
88. 4
88. 3
88. 2
88. 1

2. 0
2. 1
2. 2
2. 3
2. 4

0. 03489 94967 02501
0. 03664 37087 06556
0. 03838 78090 87520
0.04013 17925 32560
0. 04187 56537 29200

0. 99939 08270 19096
0. 99932 83937 78656
0. 99926 29164 10621
0. 99919 43951 14446
0. 99912 28300 98858

88. 0
87. 9
87. 8
87. 7
87. 6

2. 5
2. 6
2. 7
2. 8
2. 9

0. 04361 93873 65336
0. 04536 29881 29254
0. 04710 64507 09643
0. 04884 97697 95613
0. 05059 29400 76713

0.99904 82215 81858
0. 99897 05697 90715
0. 99888 98749 61970
0. 99880 61373 41434
0. 99871 93571 84186

87. 5
87. 4
87. 3
87.2
87. 1

3. 0
3. 1
3. 2
3. 3
3. 4

0. 05233 59562 42944
0. 05407 88129 84775
0. 05582 15049 93164
0. 05756 40269 59567
0. 05930 63735 75962

0. 99862 95347 54574
0. 99853 66703 26212
0. 99844 07641 81981
0. 99834 18166 14028
0. 99823 98279 23765

87. 0
86. 9
86. 8
86. 7
86. 6

3. 5
3. 6
3. 7
3. 8
3. 9

0. 06104 85395 34857
0. 06279 05195 29313
0. 06453 23082 52958
0. 06627 39004 00000
0. 06801 52906 65248

0. 99813 47984 21867
0. 99802 67284 28272
0. 99791 56182 72179
0. 99780 14682 92050
0. 99768 42788 35605

86. 5
86.4
86. 3
86. 2
86. 1

4. 0
4. 1
4. 2
4. 3
4. 4

0. 06975 64737 44125
0. 07149 74443 32686
0. 07323 81971 27632
0. 07497 87268 26328
0. 07671 90281 26819

0. 99756 40502 59824
0. 99744 07829 30944
0. 99731 44772 24458
0. 9971S 51335 25116
0. 99705 27522 26920

86. 0
85. 9
85. 8
85. 7
85. 6

4.5
4.6
4.7
4.8
4. 9

0.07845 90957 27845
0. 08019 89243 28859
0.08193 85086 30041
0.08367 78433 32315
0. 08541 69231 37367

0. 99691 73337 33128
0. 99677 88784 56247
0. 99663 73868 18037
0. 99649 28592 49504
0. 99634 52961 90906

85. 5
85.4
85. 3
85.2
85. 1

5. 0 0. 08715 57427 47658 0. 99619 46980 91746 85. 0

900_8 cos O
* 1(-8)3

sin O

r(-7)4
O

L5i L5
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Table 4.10

g

CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE

sino coso 900_8

5. 0° 0. 08715 57427 47658 0.99619 46980 91746 85. 0°
5.1 0.08889 42968 66442 0.99604 10654 10770 84.9
5.2 0.09063 25801 97780 0.99588 43986 15970 84.8
5. 3 0. 09237 05874 46562 0. 99572 46981 84582 84. 7
5.4 0.09410 83133 18514 0.99556 19646 03080 84.6

5. 5 0. 09584 57525 20224 0.99539 61983 67179 84.5
5.6 0.09758 28997 59149 0.99522 73999 81831 84.4
5. 7 0. 09931 97497 43639 0. 99505 55699 61226 84.3
5. 8 0. 10105 62971 82946 0. 99488 07088 28788 84.2
5.9 0. 10279 25367 87247 0.99470 28171 17174 84.1

6.0 0.10452 84632 67653 0.99452 18953 68273 84.0
6.1 0. 10626 40713 36233 0. 99433 79441 33205 83.9
6.2 0.10799 93557 06023 0.99415 09639 72315 83.8
6.3 0. 10973 43110 91045 0. 99396 09554 55180 83.7
6. 4 0. 11146 89322 06325 0.99376 79191 60596 83. 6

6.5 0.11320 32137 67907 0.99357 18556 76587 83.5
6.6 0. 11493 71504 92867 0. 99337 27656 00396 83.4
6.7 0.11667 07370 99333 0.99317 06495 38486 83.3
6.8 0.11840 39683 06501 0.99296 55081 06537 83.2
6. 9 0. 12013 68388 34647 0.99275 73419 29446 83. 1

7. 0 0.12186 93434 05147 0.99254 61516 41322 83.0
7.1 0.12360 14767 40493 0.99233 19378 85489 82.9
7.2 0.12533 32335 64304 0.99211 47013 14478 82.8
7.3 0.12706 46086 01350 0.99189 44425 90030 82.7
7.4 0.12879 55965 77563 0.99167 11623 83090 82.6

7.5 0.13052 61922 20052 0.99144 48613 73810 82.5
7. 6 0. .13225 63902 57122 0.99121 55402 51542 82.4
7.7 0.13398 61854 18292 0.99098 31997 14836 82.3
7. 8 0. 13571 55724 34304 0. 99074 78404 71444 82.2
7. 9 0. 13744 45460 37147 0.99050 94632 38309 82. 1

8.0 0. 13917 31009 60065 0.99026 80687 41570 82.0
8.1 0.14090 12319 37583 0.99002 36577 16558 81.9
8. 2 0. 14262 89337 05512 0.98977 62309 07789 81. 8
8. 3 0. 14435 62010 00973 0.98952 57890 68969 81. 7
8.4 0.14608 30285 62412 0.98927 23329 62988 81.6

8.5 0.14780 94111 29611 0.98901 58633 61917 81.5
8.6 0.14953 53434 43710 0.98875 63810 47006 81.4
8.1 0.15126 08202 47219 0.98849 38868 08684 81.3
8. 8 0. 15298 58362 84038 0. 98822 83814 46553 81. 2
8.9 0. 15471 03862 99468 0.98795 98657 69389 81.1

9. 0 0. 15643 44650 40231 0.98768 83405 95138 81. 0
9. 1 0. 15815 80672 54484 0. 98741 38067 50911 80. 9
9.2 0.15988 11876 91835 0.98713 62650 72988 80.8
9.3 0. 16160 38211 03361 0.98685 57164 06807 80.7
9.4 0.16332 59622 41622 0.98657 21616 06969 80.6

9. 5 0. 16504 76058 60678 0.98628 56015 37231 80.5
9.6 0. 16676 87467 16102 0.98599 60370 70505 80.4
9.7 0.16848 93795 65003 0.98570 34690 88854 80.3
9. 8 0. 17020 94991 66033 0.98540 78984 83490 80.2
9. 9 0.17192 91002 79410 0.98510 93261 54774 80.1

10.0 0.17364 81776 66930 0.98480 77530 12208 80.0
900_8 COSO sin 0 8
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CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE

sinO cose

Table 4.10

90°-e

10. o° 0. 17364 81776 66930 0.98480 77530 12208 80.00
10.1 0. 17536 67260 91987 0. 98450 31799 74437 79.9
10.2 0.17708 47403 19583 0.98419 56079 69242 79.8
10.3 0.17880 22151 16350 0.98388 50379 33542 79.7
10.4 0. 18051 91452 50560 0. 98357 14708 13386 79.6

10.5 0. 18223 55254 92147 0. 98325 49075 63955 79.5
10.6 0.18395 13506 12720 0.98293 53491 49554 79.4
10.7 0. 18566 66153 85577 0. 98261 27965 43615 79. 3
10.8 0. 18738 13145 85725 0.98228 72507 28689 79.2
10.9 0.18909 54429 89891 0.98195 87126 96444 79.1

11.0 0. 19080 89953 76545 0. 98162 71834 47664 79.0
11.1 0.19252 19665 25907 0.98129 26639 92245 78.9
11.2 0.19423 43512 19972 0.98095 51553 49192 78.8
11.3 0.19594 61442 42518 0.98061 46585 46613 78.7
11.4 0. 19765 73403 79126 0. 98027 11746 21722 78.6

11.5 0. 19936 79344 17197 0. 97992 47046 20830 78.5
11.6 0.20107 79211 45965 0.97957 52495 99344 78.4
11.7 0.20278 72953 56512 0.97922 28106 21766 78.3
11.8 0.20449 60518 41790 0.97886 73887 61685 78.2
11.9 0.20620 41853 96630 0. 97850 89851 01778 78.1

12.0 0.20791 16908 17759 0.97814 76007 33806 78.0
12. 1 0.20961 85629 03822 0.97778 32367 58606 77.9
12. 2 0.21132 47964 55389 0.97741 58942 86096 77.8
12.3 0.21303 03862 74977 0.97704 55744 35264 77.7
12.4 0.21473 53271 67063 0.97667 22783 34168 77.6

12.5 0.21643 96139 38103 0.97629 60071 19933 77.5
12.6 0.21814 32413 96543 0.97591 67619 38747 77.4
12. 7 0.21984 62043 52838 0.97553 45439 45857 77. 3
12.8 0.22154 84976 19467 0.97514 93543 05563 77.2
12. 9 0.22325 01160 10951 0.97476 11941 91222 77.1

13.0 0.22495 10543 43865 0.97437 00647 85235 77.0
13.1 0.22665 13074 36855 0.97397 59672 79052 76.9
13.2 0.22835 08701 10656 0.97357 89028 73160 76.8
13.3 0.23004 97371 88104 0.97317 88727 77088 76.7
13.4 0.23174 79034 94157 0.97277 58782 09397 76.6

13. 5 0.23344 53638 55905 0. 97236 99203 97677 76.5
13.6 0.23514 21131 02590 0.97196 10005 78546 76.4
13. 7 0. 23683 81460 65619 0.97154 91199 97646 76. 3
13.8 0.23853 34575 78581 0.97113 42799 09636 76.2
13. 9 0. 24022 80424 77264 0. 97071 64815 78191 76. 1

14.0 0.24192 18955 99668 0.97029 57262 75996 76.0
14.1 0.24361 50117 86023 0.96987 20152 84747 75.9
14.2 0. 24530 73858 78803 0. 96944 53498 95139 75.8
14.3 0.24699 90127 22743 0.96901 57314 06870 75.7
14.4 0.24868 98871 64855 0.96858 31611 28631 75.6

14.5 0. 25038 00040 54441 0. 96814 76403 78108 75.5
14.6 0.25206 93582 43114 0.96770 91704 81971 75.4
14.7 0.25375 79445 84806 0.96726 77527 75877 75. 3
14.8 0.25544 57579 35791 0.96682 33886 04459 75.2
14.9 0.25713 27931 54696 0.96637 60793 21329 75.1

15.0 0.25881 90451 02521 0.96592 58262 89068 75.0
90°-e cosO sine o
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15. 00 0. 25881 90451 02521 0. 96592 58262 89068 75. 00
15. 1 0. 26050 45086 42648 0. 96547 26308 79225 74. 9
15. 2 0. 26218 91786 40865 0. 96501 64944 72311 74. 8
15. 3 0. 26387 30499 65373 0. 96455 74184 57798 74. 7
15. 4 0. 26555 61174 86809 0. 96409 54042 34110 74. 6

15. 5 0. 26723 83760 78257 0. 96363 04532 08623 74. 5
15. 6 0. 26891 98206 15266 0.96316 25667 97658 74. 4
15. 7 0. 27060 04459 75864 0. 96269 17464 26479 74. 3
15. 8 0. 27228 02470 40574 0. 96221 79935 29285 74. 2
15. 9 0. 27395 92186 92432 0.96174 13095 49211 74. 1

16. 0 0. 27563 73558 16999 0.96126 16959 38319 74. 0
16. 1 0. 27731 46533 02378 0. 96077 91541 57594 73. 9
16. 2 0. 27899 11060 39229 0. 96029 36856 76943 73. 8
16. 3 0. 28066 67089 20788 0. 95980 52919 75187 73. 7
16. 4 0. 28234 14568 42876 0. 95931 39745 40058 73. 6

16. 5 0. 28401 53447 03923 0. 95881 97348 68193 73. 5
16. 6 0. 28568 83674 04974 0. 95832 25744 65133 73.4
16. 7 0. 28736 05198 49712 0.95782 24948 45315 73.3
16. 8 0. 28903 17969 44472 0. 95731 94975 32067 73.2
16. 9 0. 29070 21935 98252 0. 95681 35840 57607 73. 1

17.0 0.29237 17047 22737 0.95630 47559 63035 73.0
17.1 0.29404 03252 32304 0.95579 30147 98330 72.9
17. 2 0. 29570 80500 44047 0.95527 83621 22344 72.8
17. 3 0.29737 48740 77786 0. 95476 07995 02797 72. 7
17.4 0.29904 07922 56087 0.95424 03285 16277 72.6

17.5 0.30070 57995 04273 0.95371 69507 48227 72.5
17. 6 0. 30236 98907 50445 0. 95319 06677 92947 72.4
17.7 0. 30403 30609 25490 0.95266 14812 53586 72.3
17.8 0.30569 53049 63106 0.95212 93927 42139 72.2
17. 9 0. 30735 66177 99807 0. 95159 44038 79438 72. 1

18. 0 0. 30901 69943 74947 0.95105 65162 95154 72. 0
18.1 0.31067 64296 30732 0.95051 57316 27784 71.9
18.2 0.31233 49185 12233 0.94997 20515 24653 71.8
18.3 0. 31399 24559 67405 0. 94942 54776 41904 71.7
18.4 0. 31564 90369 47102 0. 94887 60116 44497 71.6

18.5 0.31730 46564 05092 0.94832 36552 06199 71.5
18.6 0.31895 93092 98070 0.94776 84100 09586 71.4
18. 7 0. 32061 29905 85676 0.94721 02777 46029 71. 3
18. 8 0. 32226 56952 30511 0.94664 92601 15696 71.2
18.9 0.32391 74181 98149 0.94608 53588 27545 71.1

19. 0 0. 32556 81544 57157 0.94551 85755 99317 71. 0
19.1 0.32721 78989 79104 0.94494 89121 57531 70.9
19. 2 0. 32886 66467 38583 0. 94437 63702 37481 70.8
19.3 0.33051 43927 13223 0.94380 09515 83229 70.7
19.4 0.33216 11318 83703 0.94322 26579 47601 70.6

19. 5 0.33380 68592 33771 0.94264 14910 92178 70.5
19. 6 0. 33545 15697 50255 0. 94205 74527 87297 70.4
19. 7 0. 33709 52584 23082 0. 94147 05448 12038 70.3
19. 8 0.33873 79202 45291 0.94088 07689 54225 70.2
19. 9 0.34037 95502 13050 0.94028 81270 10419 70.1

20. 0 0. 34202 01433 25669 0. 93969 26207 85908 70. 0
900_e cose sin 8 9
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20.00 0.34202 01433 25669 0.93969 26207 85908 70.00
20. 1 0. 34365 96945 85616 0. 93909 42520 94709 69.9
20.2 0. 34529 81989 98535 0.93849 30227 59556 69.8
20.3 0.34693 56515 73256 0.93788 89346 11898 69.7
20.4 0. 34857 20473 21815 0.93728 19894 91892 69.6

20.5 0. 35020 73812 59467 0.93667 21892 48398 69.5
20.6 0.35184 16484 04702 0.93605 95357 38973 69.4
20.7 0. 35347 48437 79257 0. 93544 40308 29867 69.3
20. 8 0. 35510 69624 08137 0. 93482 56763 96014 69. 2
20.9 0.35673 79993 19625 0.93420 44743 21030 69.1

21.0 0.35836 79495 45300 0.93358 04264 97202 69.0
21.1 0.35999 68081 20051 0.93295 35348 25489 68.9
21. 2 0.36162 45700 82092 0.93232 38012 15512 68.8
21. 3 0. 36325 12304 72978 0. 93169 12275 85549 68.7
21.4 0.36487 67843 37620 0.93105 58158 62528 68.6

21.5 0.36650 12267 24297 0.93041 75679 82025 68.5
21.6 0.36812 45526 84678 0.92977 64858 88251 68.4
21. 7 0. 36974 67572 73829 0. 92913 25715 34056 68.3
21. 8 0.37136 78355 50235 0.92848 58268 80914 68.2
21.9 0.37298 77825 75809 0.92783 62538 98920 68.1

22. 0 0. 37460 65934 15912 0.92718 38545 66787 68. 0
22. 1 0. 37622 42631 39366 0.92652 86308 71837 67. 9
22.2 0.37784 07868 18467 0.92587 05848 09995 67.8
22. 3 0. 37945 61595 29005 0. 92520 97183 85782 67. 7
22.4 0. 38107 03763 50274 0.92454 60336 12313 67.6

22.5 0. 38268 34323 65090 0.92387 95325 11287 67.5
22.6 0.38429 53226 59804 0.92321 02171 12981 67.4
22. 7 0. 38590 60423 24319 0.92253 80894 56246 67. 3
22.8 0. 38751 55864 52103 0. 92186 31515 88501 67.2
22.9 0.38912 39501 40206 0.92118 54055 65721 67.1

23.0 0.39073 11284 89274 0.92050 48534 52440 67.0
23.1 0.39233 71166 03561 0.91982 14973 21738 66.9
23. 2 0. 39394 19095 90951 0. 91913 53392 55234 66.8
23. 3 0. 39554 55025 62965 0. 91844 63813 43087 66. 7
23.4 0. 39714 78906 34781 0.91775 46256 83981 66.6

23.5 0. 39874 90689 25246 0.91706 00743 85124 66.5
23.6 0.40034 90325 56895 0.91636 27295 62240 66.4
23.7 0.40194 77766 55960 0.91566 25933 39561 66.3
23.8 0.40354 52963 52390 0.91495 96678 49825 66.2
23.9 0.40514 15867 79863 0.91425 39552 34264 66.1

24.0 0.40673 66430 75800 0.91354 54576 42601 66.0
24. 1 0. 40833 04603 81385 0. 91283 41772 33043 65. 9
24.2 0. 40992 30338 41573 0. 91212 01161 72273 65.8
24.3 0.41151 43586 05109 0.91140 32766 35445 65.7
24.4 0. 41310 44298 24542 0. 91068 36608 06177 65.6

24. 5 0.41469 32426 56239 0.90996 12708 76543 65.5
24.6 0.41628 07922 60401 0.90923 61090 47069 65.4
24.7 0.41786 70738 01077 0.90850 81775 26722 65.3
24. 8 0.41945 20824 46177 0.90777 74785 32909 65. 2
24.9 0.42103 58133 67491 0.90704 40142 91465 65.1

25.0 0. 42261 82617 40699 0. 90630 77870 36650 65.0
900_o cosO sinO O
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25.00 0.42261 82617 40699 0.90630 77870 36650 65.0°
25.1 0.42419 94227 45390 0.90556 87990 11140 64.9
25.2 0.42577 92915 65073 0.90482 70524 66020 64.8
25. 3 0. 42735 78633 87192 0. 90408 25496 60778 64.7
25.4 0.42893 51334 03146 0.90333 52928 63301 64.6

25.5 0.43051 10968 08295 0.90258 52843 49861 64.5
25.6 0.43208 57488 01982 0.90183 25264 05114 64.4
25.7 0. 43365 90845 87544 0. 90107 70213 22092 64.3
25.8 0.43523 10993 72328 0.90031 87714 02194 64.2
25.9 0.43680 17883 67702 0.89955 77789 55180 64.1

26.0 0.43837 11467 89077 0.89879 40462 99167 64.0
26.1 0.43993 91698 55915 0.89802 75757 60616 63.9
26.2 0.44150 58527 91745 0.89725 83696 74328 63.8
26. 3 0. 44307 11908 24180 0. 89648 64303 83441 63. 7
26.4 0. 44463 51791 84927 0. 89571 17602 39413 63.6

26.5 0. 44619 78131 09809 0.89493 43616 02025 63. 5
26. 6 0. 44775 90878 38770 0. 89415 42368 39368 63.4
26. 7 0.44931 89986 15897 0.89337 13883 27838 63. 3
26.8 0.45087 75406 89431 0.89258 58184 52125 63.2
26.9 0.45243 47093 11783 0.89179 75296 05214 63.1

27. 0 0.45399 04997 39547 0. 89100 65241 88368 63. 0
27.1 0.45554 49072 33516 0.89021 28046 11127 62.9
27.2 0.45709 79270 58694 0.88941 63732 91298 62.8
27.3 0.45864 95544 84315 0.88861 72326 54949 62.7
27.4 0. 46019 97847 83852 0. 88781 53851 36401 62. 6

27. 5 0.46174 86132 35034 0. 88701 08331 78222 62. 5
27.6 0.46329 60351 19862 0.88620 35792 31215 62.4
27.7 0.46484 20457 24620 0.88539 36257 54416 62.3
27.8 0. 46638 66403 39891 0.88458 09752 15084 62.2
27. 9 0.46792 98142 60573 0.88376 56300 88693 62. 1

28.0 0.46947 15627 85891 0.88294 75928 58927 62.0
28.1 0.47101 18812 19410 0.88212 68660 17668 61.9
28.2 0.47255 07648 69054 0. 88130 34520 64992 61.8
28. 3 0.47408 82090 47116 0. 88047 73535 09162 61. 7
28.4 0.47562 42090 70275 0.87964 85728 66617 61.6

28. 5 0. 47715 87602 59608 0.87881 71126 61965 61.5
28. 6 0. 47869 18579 40607 0. 87798 29754 27981 61.4
28. 7 0. 48022 34974 43189 0. 87714 61637 05589 61. 3
28. 8 0. 48175 36741 01715 0.87630 66800 43864 61. 2
28. 9 0.48328 23832 55002 0. 87546 45270 00018 61. 1

29. 0 0. 48480 96202 46337 0. 87461 97071 39396 61. 0
29.1 0. 48633 53804 23490 0.87377 22230 35465 60.9
29.2 0. 48785 96591 38733 0. 87292 20772 69810 60.8
29. 3 0. 48938 24517 48846 0. 87206 92724 32121 60. 7
29.4 0. 49090 37536 15141 0. 87121 38111 20189 60.6

29. 5 0. 49242 35601 03467 0. 87035 56959 39900 60. 5
29.6 0.49394 18665 84231 0.86949 49295 05219 60.4
29.7 0.49545 86684 32408 0.86863 15144 38191 60.3
29.8 0.49697 39610 27555 0.86776 54533 68928 60.2
29. 9 0. 49848 77397 53830 0. 86689 67489 35603 60. 1

30.0 0.50000 00000 00000 0.86602 54037 84439 60. 0
90°-O coso sinO o
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30.0° 0.50000 00000 00000 0.86602 54037 84439 60.0°
30.1 0.50151 07371 59457 0.86515 14205 69704 59.9
30.2 0.50301 99466 30235 0.86427 48019 53705 59.8
30. 3 0.50452 76238 15019 0. 86339 55506 06772 59. 7
30.4 0.50603 37641 21164 0.86251 36692 07257 59.6

30.5 0.50753 83629 60704 0.86162 91604 41526 59.5
30. 6 0. 50904 14157 50371 0. 86074 20270 03944 59.4
30. 7 0. 51054 29179 11606 0. 85985 22715 96873 59. 3
30. 8 0. 51204 28648 70572 0. 85895 98969 30664 59.2
30.9 0.51354 12520 58170 0.85806 49057 23645 59.1

31.0 0.51503 80749 10054 0.85716 73007 02112 59.0
31.1 0.51653 33288 66642 0.85626 70846 00328 58.9
31.2 0.51802 70093 73130 0.85536 42601 60507 58.8
31. 3 0.51951 91118 79509 0.85445 88301 32807 58.7
31.4 0.52100 96318 40576 0.85355 07972 75327 58.6

31.5 0.52249 85647 15949 0.85264 01643 54092 58.5
31.6 0.52398 59059 70079 0. 85172 69341 43048 58.4
31. 7 0. 52547 16510 72268 0. 85081 11094 24051 58. 3
31. 8 0. 52695 57954 96678 0. 84989 26929 86864 58.2
31. 9 0. 52843 83347 22347 0.84897 16876 29141 58.1

32. 0 0. 52991 92642 33205 0. 84804 80961 56426 58. 0
32.1 0.53139 85795 18083 0.84712 19213 82137 57.9
32. 2 0. 53287 62760 70730 0. 84619 31661 27564 57. 8
32.3 0.53435 23493 89826 0.84526 18332 21856 577
32. 4 0. 53582 67949 78997 0.84432 79255 02015 57.6

32. 5 0. 53729 96083 46824 0. 84339 14458 12886 51,5
32.6 0. 53877 07850 06863 0. 84245 23970 07148 574
32. 7 0. 54024 03204 77655 0.84151 07819 45306 57. 3
32.8 0.54170 82102 82740 0.84056 66034 95684 57.2
32.9 0. 54317 44499 50671 0. 83961 98645 34413 57.].

33.0 0.54463 90350 15027 0.83867 05679 45424 57.0
33.1 0.54610 19610 14429 0.83771 87166 20439 56.9
33.2 0. 54756 32234 92550 0.83676 43134 58962 56.8
33.3 0.54902 28179 98132 0.83580 73613 68270 56.7
33.4 0.55048 07400 84996 0.83484 78632 63407 56.6

33.5 0.55193 69853 12058 0.83388 58220 67168 56.5
33.6 0.55339 15492 43344 0.83292 12407 10099 56.4
33. 7 0. 55484 44274 47999 0. 83195 41221 30483 56. 3
33.8 0.55629 56155 00305 0.83098 44692 74328 56.2
33.9 0. 55774 51089 79690 0.83001 22850 95367 56.1

34.0 0. 55919 29034 70747 0. 82903 75725 55042 56.0
34.1 0. 56063 89945 63242 0. 82806 03346 22494 559
34.2 0. 56208 33778 52131 0. 82708 05742 74562 55.8
34. 3 0. 56352 60489 37571 0. 82609 82944 95764 55. 7
34.4 0.56496 70034 24938 0.82511 34982 78295 55.6

34. 5 0. 56640 62369 24833 0. 82412 61886 22016 55.5
34.6 0.56784 37450 53101 0.82313 63685 34442 55.4
34,7 0.56927 95234 30844 0.82214 40410 30737 55.3
34. 8 0. 57071 35676 84432 0. 82114 92091 33704 55.2
34.9 0.57214 58734 45516 0.82015 18758 73772 55.].

35.0 0.57357 64363 51046 0.81915 20442 88992 55. 0
90°-e cos O sin O O



196

See page II.

ELEMENTARY TRANSCENDENTAL FUNCTIONS

(-7)21 [(-7)35i L5

Table 4.10

O

CIRCULAR SINES AND COSINES TO TENTHS OF A DEGREE

sin 8 coso 90°O

35. 0° 0.57357 64363 51046 0.81915 20442 88992 55. 00

35. 1 0. 57500 52520 43279 0. 81814 97174 25023 54.9
35.2 0. 57643 23161 69793 0.81714 48983 35129 54.8
35. 3 0.57785 76243 83505 0.81613 75900 80160 54.7
35. 4 0. 57928 11723 42679 0. 81512 77957 28554 54.6

35. 5 0.58070 29557 10940 0.81411 55183 56319 54.5
35. 6 0.58212 29701 57289 0.81310 07610 47028 54.4
35. 7 0.58354 12113 56118 0.81208 35268 91806 54.3
35.8 0.58495 76749 87215 0.81106 38189 89327 54.2
35.9 0.58637 23567 35789 0.81004 16404 45796 54.1

36. 0 0.58778 52522 92473 0.80901 69943 74947 54.0
36. 1 0. 58919 63573 53342 0. 80798 98838 98031 53.9
36. 2 0.59060 56676 19925 0. 80696 03121 43802 53. 8
36. 3 0. 59201 31787 99220 0. 80592 82822 48516 53.7
36. 4 0.59341 88866 03701 0.80489 37973 55914 53.6

36. 5 0.59482 27867 51341 0.80385 68606 17217 53.5
36. 6 0.59622 48749 65616 0.80281 74751 91115 53.4
36. 7 0. 59762 51469 75521 0. 80177 56442 43754 53.3
36. 8 0.59902 35985 15586 0.80073 13709 48733 53.2
36. 9 0.60042 02253 25884 0.79968 46584 87091 53.1

37. 0 0. 60181 50231 52048 0. 79863 55100 47293 53.0
37. 1 0.60320 79877 45282 0.79758 39288 25229 52.9
37.2 0.60459 91148 62375 0.79652 99180 24196 52.8
37. 3 0. 60598 84002 65711 0. 79547 34808 54896 52.7
37. 4 0.60737 58397 23287 0.79441 46205 35418 52.6

37. 5 0.60876 14290 08721 0.79335 33402 91235 52.5
37.6 0.61014 51639 01268 0.79228 96433 55191 52.4
37. 7 0. 61152 70401 85831 0.79122 35329 67490 52. 3
37. 8 0.61290 70536 52976 0.79015 50123 75690 52.2
37.9 0. 61428 52000 98943 0. 78908 40848 34691 52.1

38. 0 0. 61566 14753 25658 0. 78801 07536 06722 52. 0
38. 1 0.61703 58751 40749 0.78693 50219 61337 51.9
38. 2 0.61840 83953 57554 0.78585 68931 75402 51.8
38. 3 0.61977 90317 95140 0.78477 63705 33083 51.7
38. 4 0.62114 77802 78310 0.78369 34573 25840 51.6

38. 5 0. 62251 46366 37620 0. 78260 81568 52414 51.5
38. 6 0.62387 95967 09386 0.78152 04724 18819 51.4
38. 7 0. 62524 26563 35705 0. 78043 04073 38330 51.3
38. 8 0. 62660 38113 64461 0. 77933 79649 31474 51.2
38. 9 0.62796 30576 49338 0.77824 31485 26021 51.1

39. 0 0. 62932 03910 49837 0. 77714 59614 56971 51. 0
39. 1 0.63067 58074 31286 0.77604 64070 66546 50.9
39.2 0.63202 93026 64851 0.77494 44887 04180 50.8
39. 3 0.63338 08726 27550 0.77384 02097 26506 50.7
39. 4 0.63473 05132 02268 0.77273 35734 97351 50.6

39. 5 0.63607 82202 77764 0.77162 45833 87720 50.5
39. 6 0.63742 39897 48690 0.77051 32427 75789 50.4
39. 7 0. 63876 78175 15598 0. 76939 95550 46895 50. 3
39. 8 0.64010 96994 84955 0.76828 35235 93523 50.2
39. 9 0. 64144 96315 69158 0. 76716 51518 15300 50.1

40. 0 0. 64278 76096 86539 0. 76604 44431 18978 50.0
90°-o coso sinO 8
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40.00 0.64278 76096 86539 0.76604 44431 18978 50.00
40. 1 0. 64412 36297 61387 0. 76492 14009 18432 49.9
40. 2 0. 64545 76877 23951 0.76379 60286 34642 49. 8
40.3 0. 64678 97795 10460 0. 76266 83296 95688 49.7
40.4 0. 64811 99010 63131 0. 76153 83075 36737 49.6

40.5 0.64944 80483 30184 0.76040 59656 0031 49.5
40.6 0.65077 42172 65851 0.75927 13073 34881 49.4
40.7 0.65209 84038 30392 0.75813 43361 97652 49.3
40.8 0. 65342 06039 90105 0.75699 50556 51756 49.2
40.9 065474 08137 17340 0.75585 34691 67640 49.1

41.0 0. 65605 90289 90507 0. 75470 95802 22772 49.0
41.1 0.65737 52457 94096 0.75356 33923 01638 48.9
41.2 0. 65868 94601 18680 0. 75241 49088 95724 48.8
41.3 0.66000 16679 60937 0.75126 41335 03511 48.7
41.4 0. 66131 18653 23652 0. 75011 10696 30460 48.6

41.5 0.66262 00482 15737 0.74895 57207 89002 48.5
41.6 0.66392 62126 52242 0.74779 80904 98532 48.4
41.7 0. 66523 03546 54361 0. 74663 81822 85391 48.3
41.8 0. 66653 24702 49452 0. 74547 59996 82862 48.2
41. 9 0. 66783 25554 71047 0. 74431 15462 31154 48. 1

42. 0 0. 66913 06063 58858 0. 74314 48254 77394 48. 0
42.1 0.67042 66189 58799 0.74197 58409 75616 47.9
42.2 0.67172 05893 22990 0.74080 45962 86750 47.8
42. 3 0. 67301 25135 09773 0. 73963 10949 78610 47. 7
42.4 0. 67430 23875 83723 0. 73845 53406 25884 47.6

42.5 0.67559 02076 15660 0.73727 73368 10124 47.5
42.6 0.67687 59696 82661 0. 73609 70871 19734 47.4
42.7 0.67815 96698 68071 0.73491 45951 49960 47.3
42.8 0.67944 13042 61517 0.73372 98645 02876 47.2
42.9 0.68072 08689 58918 0.73254 28987 87379 47.1

43. 0 0. 68199 83600 62499 0. 73135 37016 19170 47.0
43.1 0.68327 37736 80799 0.73016 22766 20752 46.9
43.2 0. 68454 71059 28689 0. 72896 86274 21412 46.8
43.3 0.68581 83529 27376 0.72777 27576 57210 46.7
43.4 0.68708 75108 04423 0.72657 46709 70976 46.6

43.5 0.68835 45756 93754 0.72537 43710 12288 46.5
43.6 0.68961 95437 35670 0.72417 18614 37468 46.4
43.7 0.69088 24110 76858 0.72296 71459 09568 46.3
43.8 0.69214 31738 70407 0.72176 02280 98362 46.2
43.9 0.69340 18282 75813 0.72055 11116 80330 46.1

44.0 0.69465 83704 58997 0.71933 98003 38651 46.0
44.1 0.69591 27965 92314 0.71812 62977 63189 45.9
44.2 0. 69716 51028 54565 0. 71691 06076 50483 45.8
44.3 0.69841 52854 31006 0.71569 27337 03736 45.7
44.4 0.69966 33405 13365 0.71447 26796 32803 45.6

44.5 0.70090 92642 99851 0.71325 04491 54182 45.5
44.6 0. 70215 30529 95162 0. 71202 60459 90996 45.4
44.7 0.70339 47028 10504 0.71079 94738 72992 45.3
44.8 0.70463 42099 63595 0.70957 07365 36521 45.2
44.9 0.70587 15706 78681 0.70833 98377 24529 45.1

45.0 0.70710 67811 86548 0.70710 67811 86548 45.0
90°-8 COS 8 sin 0 8
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e
0.00
0. 5

0
1.5

0

5
0

3.5
0

4. 5

5. 0
5
0

6. 5
7. 0

5
0

8. 5
9.0

5

10.0
5
0

11. 5
0

12. 5
13. 0
13. 5
14. 0
14. 5

0
15.5

0
16. 5

0

5
0

18. 5
0

19.5

20.0
20.5
21.0
21.5
22. 0

22. 5
9Ø0 -e

1(- 5)1
L8

1(-5) i
L4

900_9

90. 0°
89.5
89. 0
88. 5
88. 0

87. 5
87. 0
86. 5
86. 0
85.5

85. 0
84. 5
84. 0
83.5
83. 0

82. 5
82. 0
81. 5
81. 0
80. 5

80.0
79. 5
79. 0
78.5
78. 0

77. 5
77. 0
76. 5
76. 0
75. 5

75. 0
74. 5
74. 0
73. 5
73. 0

72. 5
72. 0
71. 5
71. 0
70. 5

70. 0
69.5
69. 0
68. 5
68. 0

67.5
9

tane
0. 00000 00000 00000

coto
00

seco
1. 00000 000

escO
00

0.00872 68677 90759 114. 58865 01293 09608 1. 00003 808 114. 59301 348
0. 01745 50649 28217 57. 28996 16307 59424 1. 00015 233 57. 29868 850
0. 02618 59215 69187 38. 18845 92970 25609 1. 00034 279 38. 20155 001
0. 03492 07694 91747 28. 63625 32829 15603 1. 00060 954 28. 65370 835

0. 04366 09429 08512 22. 90376 55484 31198 1. 00095 269 22. 92558 563
0. 05240 77792 83041 19. 08113 66877 28211 1. 00137 235 19. 10732 261
0. 06116 26201 50484 16. 34985 54760 99672 1. 00186 869 16. 38040 824
0. 06992 68119 43510 14. 30066 62567 11928 1. 00244 190 14. 33558 703
0. 07870 17068 24618 12. 70620 47361 74704 1. 00309 220 12. 74549 484

0. 08748 86635 25924 11. 43005 23027 61343 1. 00381 984 11. 47371 325
0. 09628 90481 97538 10. 38539 70801 38159 1. 00462 509 10. 43343 052
0. 10510 42352 65676 9. 51436 44542 22585 1. 00550 828 9. 56677 223
0. 11393 56083 01645 8. 77688 73568 69956 1. 00646 973 8. 83367 147
0. 12278 45609 02904 8. 14434 64279 74594 1. 00750 983 8. 20550 905

0. 13165 24975 87396 7. 59575 41127 25150 1. 00862 896 7. 66129 758
0. 14054 08347 02391 7. 11536 97223 84209 1. 00982 757 7. 18529 653
0. 14945 10013 49128 6. 69115 62383 17409 1. 01110 613 6. 76546 908
0. 15838 44403 24536 6. 31375 15146 75043 1. 01246 513 6. 39245 322
0. 16734 26090 81419 5. 97576 43644 33065 1. 01390 510 6. 05885 796

0. 17632 69807 08465 5. 67128 18196 17709 1. 01542 661 5. 75877 049
0. 18533 90449 31534 5. 39551 71743 19137 1. 01703 027 5. 48740 427
0. 19438 03091 37718 5. 14455 40159 70310 1. 01871 670 5. 24084 307
0. 20345 22994 23699 4. 91515 70310 71205 1. 02048 657 5. 01585 174
0.21255 65616 70022 4. 70463 01094 78454 1. 02234 059 4. 80973 435

0. 22169 46626 42940 4. 51070 85036 62057 1. 02427 951 4. 62022 632
0.23086 81911 25563 4. 33147 58742 84155 1. 02630 411 4. 44541 148
0. 24007 87590 80116 4. 16529 97700 90417 1. 02841 519 4. 28365 757
0. 24932 80028 43180 4. 01078 09335 35844 1. 03061 363 4. 13356 550
0. 25861 75843 55890 3. 86671 30948 98738 1. 03290 031 3. 99392 916

0. 26794 91924 31122 3. 73205 08075 68877 1. 03527 618 3. 86370 331
0. 27732 45440 59838 3. 60588 35087 60874 1. 03774 221 3. 74197 754
0. 28674 53857 58808 3. 48741 44438 40908 1. 04029 944 3. 62795 528
0. 29621 34949 62080 3. 37594 34225 91246 1. 04294 891 3. 52093 652
0. 30573 06814 58660 3. 27085 26184 84141 1. 04569 176 3. 42030 362

0. 31529 87888 78983 3. 17159 48023 63212 1. 04852 913 3. 32550 952
0. 32491 96962 32906 3. 07768 35371 75253 1. 05146 222 3. 23606 798
0. 33459 53195 02073 2. 98868 49627 42893 1. 05449 231 3.15154 530
0. 34432 76132 89665 2. 90421 08776 75823 1. 05762 068 3. 07155 349
0. 35411 85725 30698 2. 82391 28856 00801 1. 06084 870 2. 99574 431

0. 36397 02342 66202 2. 74747 74194 54622 1. 06417 777 2. 92380 440
0. 37388 46794 84804 2. 67462 14939 26824 1. 06760 936 2. 85545 095
0. 38386 40350 35416 2. 60508 90646 93801 1. 07114 499 2. 79042 811
0. 39391 04756 14942 2. 53864 78956 64307 1. 07478 624 2. 72850 383
0. 40402 62258 35157 2.47508 68534 16296 1. 07853 474 2. 66946 716

0. 41421 35623 73095
cot O

2. 41421 35623 73095
tan O

1. 08239 220
escO

2. 61312 593
secO
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L9

1(-5)4
L5

1(-4)3L6

O

CIRCULAR TANGENTS, COTANGENTS, SECANTS AND COSECANTS Table 4.11

TO FIVE TENTHS OF A DEGREE
tanö cot o sec U csc O 900-O

22.5° 0.41421 35623 73095 2. 41421 35623 73095 1. 08239 220 2. 61312 593 67. 5°

23.0 0.42447 48162 09604 2. 35585 23658 23753 1. 08636 038 2. 55930 467 67.0
23.5 0.43481 23749 60933 2.29984 25472 36257 1. 09044 110 2. 50784 285 66.5

24.0 0.44522 86853 08536 2. 24603 67739 04216 1. 09463 628 2. 45859 334 66. 0

24. 5 0. 45572 62555 32584 2. 19429 97311 65038 1. 09894 787 2. 41142 102 65. 5

25. 0 0. 46630 76581 54998 2. 14450 69205 09558 1. 10337 792 2. 36620 158 65. 0

25. 5 0. 47697 55326 98160 2. 09654 35990 88174 1. 10792 854 2. 32282 050 64. 5

26. 0 0. 48773 25885 65861 2. 05030 38415 79296 1. 11260 194 2. 28117 203 64. 0

26. 5 0. 49858 16080 53431 2. 00568 97082 59020 1. 11740 038 2. 24115 845 63.5
27. 0 0. 50952 54494 94429 1. 96261 05055 05150 1. 12232 624 2. 20268 926 63. 0

27. 5 0. 52056 70505 51746 1. 92098 21269 71166 1. 12738 195 2. 16568 057 62. 5

28. 0 0. 53170 94316 61479 1. 88072 64653 46332 1.13257 005 2. 13005 447 62. 0

28. 5 0. 54295 56996 38437 1. 84177 08860 33458 1.13789 318 2. 09573 853 61.5
29. 0 0. 55430 90514 52769 1. 80404 77552 71424 1. 14335 407 2. 06266 534 61. 0

29.5 0. 56577 27781 87770 1. 76749 40162 42891 1. 14895 554 2. 03077 204 60.5

30.0 0. 57735 02691 89626 1. 73205 08075 68877 1. 15470 054 2. 00000 000 60. 0

30.5 0. 58904 50164 20551 1.69766 31193 26089 1. 16059 210 1. 97029 441 59. 5

31. 0 0. 60086 06190 27560 1. 66427 94823 50518 1. 16663 340 1. 94160 403 59. 0

31.5 0. 61280 07881 39932 1. 63185 16871 28789 1. 17282 770 1. 91388 086 58. 5

32. 0 0. 62486 93519 09327 1. 60033 45290 41050 1. 17917 840 1. 88707 991 58. 0

32. 5 0. 63707 02608 07493 1. 56968 55771 17490 1. 18568 905 1. 86115 900 57.5
33. 0 0. 64940 75931 97510 1. 53986 49638 14583 1. 19236 329 1. 83607 846 57. 0

33. 5 0. 66188 55611 95691 1.51083 51936 14901 1. 19920 494 1. 81180 103 56.5
34. 0 0. 67450 85168 42426 1.48256 09685 12740 1.20621 795 1. 78829 165 56. 0

34. 5 0. 68728 09586 01613 1. 45500 90286 72445 1.21340 641 1. 76551 728 55. 5

35. 0 0. 70020 75382 09710 1. 42814 80067 42114 1. 22077 459 1. 74344 680 55. 0

35. 5 0. 71329 30678 97005 1.40194 82944 76336 1. 22832 691 1. 72205 082 54. 5

36. 0 0. 72654 25280 05361 1. 37638 19204 71173 1.23606 798 1. 70130 162 54. 0

36. 5 0. 73996 10750 28487 1. 35142 24379 45808 1. 24400 257 1. 68117 299 53. 5

37. 0 0. 75355 40501 02794 1. 32704 48216 20410 1.25213 566 1. 66164 014 53. 0

37. 5 0. 76732 69879 78960 1. 30322 53728 41206 1. 26047 241 1. 64267 963 52. 5

38. 0 0. 78128 56265 06717 1. 27994 16321 93079 1. 26901 822 1. 62426 925 52.0

38. 5 0. 79543 59166 67828 1. 25717 22989 18954 1. 27777 866 1. 60638 793 51.5
39. 0 0. 80978 40331 95007 1.23489 71565 35051 1. 28675 957 1. 58901 573 51. 0

39. 5 0. 82433 63858 17495 1.21309 70040 92932 1. 29596 700 1.57213 369 50. 5

40. 0 0. 83909 9631]. 77280 1. 19175 35925 94210 1. 30540 729 1. 55572 383 50. 0

40. 5 0. 85408 06854 63466 1. 17084 95661 12539 1. 31508 700 1. 53976 904 49. 5

41. 0 0. 86928 67378 16226 1. 15036 84072 21009 1. 32501 299 1. 52425 309 49. 0

41. 5 0. 88472 52645 55944 1. 13029 43863 61753 1. 33519 242 1. 50916 050 48. 5

42. 0 0. 90040 40442 97840 1. 11061 25148 29193 1. 34563 273 1. 49447 655 48. 0

42. 5 0. 91633 11740 17423 1. 09130 85010 69271 1. 35634 170 1. 48018 723 47. 5

43. 0 0. 93251 50861 37661 1. 07236 87100 24682 1. 36732 746 1. 46627 919 47. 0

43. 5 0. 94896 45667 14880 1. 05378 01252 80962 1. 37859 847 1. 45273 967 46. 5

44. 0 0. 96568 87748 07074 1. 03553 03137 90569 1. 39016 359 1. 43955 654 46. 0

44. 5 0. 98269 72631 15690 1. 01760 73929 72125 1. 40203 206 1. 42671 819 45. 5

45.0
90°-o

1.00000 00000 00000
coto

1. 00000 00000 00000
tan O

1.41421 356
csc O

1.41421 356
seco

45.0
o
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Table 4.12

X Sifl

ELEMENTARY TRANSCENDENTAL FUNCTIONS

CIRCULAR FUNCTIONS FOR THE ARGUMENT

cos

x

tanx l-x
0.00 0.00000 00000 00000 00000 1. 00000 00000 00000 00000 0. 00000 00000 00000 00000 1.00
0.01 0. 01570 73173 11820 67575 0. 99987 66324 81660 59864 0. 01570 92553 23664 91632 0.99
0.02 0.03141 07590 78128 29384 0. 99950 65603 65731 55700 0. 03142 62660 43351 14782 0.98
0.03 0.04710 64507 09642 66090 0. 99888 98749 61969 97264 0. 04715 88028 77480 47448 0.97
0.04 0.06279 05195 29313 37607 0. 99802 67284 28271 56195 0. 06291 46672 53649 75722 0.96

0.05 0.07845 90957 27844 94503 0. 99691 73337 33127 97620 0. 07870 17068 24618 44806 0.95
0.06 0.09410 83133 18514 31847 0. 99556 19646 03080 01290 0.09452 78311 79282 04901 0.94
0.07 0.10973 43110 91045 26802 0. 99396 09554 55179 68775 0. 11040 10278 15818 94497 0.93
0.08 0.12533 32335 64304 24537 0.99211 47013 14477 83105 0. 12632 93784 46108 17478 0.92
0.09 0.14090 12319 37582 66116 0. 99002 36577 16557 56725 0. 14232 10757 02942 94229 0.91

0.10 0. 15643 44650 40230 86901 0. 98768 83405 95137 72619 0. 15838 44403 24536 29384 0.90
0.11 0. 17192 91002 79409 54661 0. 98510 93261 54773 91802 0. 17452 79388 94365 08461 0.89
0.12 0. 18738 13145 85724 63054 0. 98228 72507 28688 68108 0. 19076 02022 18566 74856 0.88
0.13 0. 20278 72953 56512 48344 0. 97922 28106 21765 78086 0. 20709 00444 27938 70402 0.87
0.14 0. 21814 32413 96542 55202 0. 97591 67619 38747 39896 0. 22352 64828 97149 10184 0.86

0.15 0. 23344 53638 55905 41177 0. 97236 99203 97676 60183 0. 24007 87590 80116 03926 0.85
0.16 0. 24868 98871 64854 78824 0. 96858 31611 28631 11949 0. 25675 63603 67726 78332 0.84
0.17 0. 26387 30499 65372 89696 0. 96455 74184 57798 09366 0. 27356 90430 82237 23655 0.83
0.18 0. 27899 11060 39229 25185 0. 96029 36856 76943 07175 0. 29052 68567 31916 45432 0.82
0.19 0. 29404 03252 32303 95777 0. 95579 30147 98330 12664 0. 30764 01696 59898 29067 0.81

0.20 0. 30901 69943 74947 42410 0. 95105 65162 95153 57211 0. 32491 96962 32906 32615 0.80
0.21 0. 32391 74181 98149 41440 0. 94608 53588 27545 31853 0. 34237 65257 28683 05965 0.79
0.22 0. 33873 79202 45291 38122 0. 94088 07689 54225 47232 0. 36002 21530 95756 62634 0.78
0.23 0. 35347 48437 79257 12472 0. 93544 40308 29867 32518 0. 37786 85117 75820 93670 0.77
0.24 0. 36812 45526 84677 95915 0. 92977 64858 88251 40366 0. 39592 80087 97721 26049 0.76

0.25 0. 38268 34323 65089 77173 0. 92387 95325 11286 75613 0. 41421 35623 73095 04880 0.75
0.26 0. 39714 78906 34780 61375 0. 91775 46256 83981 14114 0. 43273 86422 47425 93197 0.74
0.27 0.41151 43586 05108 77405 0. 91140 32766 35445 24821 0. 45151 73130 86983 28945 0.73
0.28 0. 42577 92915 65072 64886 0. 90482 70524 66019 52771 0. 47056 42812 12251 49308 0.72
0.29 0. 43993 91698 55915 14083 0. 89802 75757 60615 63093 0. 48989 49450 22477 05270 0.71

0.30 0. 45399 04997 39546 79156 0. 89100 65241 88367 86236 0. 50952 54494 94428 81051 0.70
0.31 0. 46792 98142 60573 37723 0. 88376 56300 88693 42432 0. 52947 27451 82014 63252 0.69
0.32 0. 48175 36741 01715 27498 0. 87630 66800 43863 58731 0.54975 46521 92770 07429 0.68
0.33 0. 49545 86684 32407 53805 0. 86863 15144 38191 24777 0. 57038 99296 73294 88698 0.67
0.34 0. 50904 14157 50371 30028 0. 86074 20270 03943 63716 0. 59139 83513 99471 09817 0.66

0.35 0. 52249 85647 15948 86499 0. 85264 01643 54092 22152 0. 61280 07881 39931 99664 0.65
0.36 0. 53582 67949 78996 61827 0. 84432 79255 02015 07855 0. 63461 92975 44148 10071 0.64
0.37 0. 54902 28179 98131 74352 0. 83580 73613 68270 25847 0.65687 72224 01279 37691 0.63
0.38 0. 56208 33778 52130 60010 0. 82708 05742 74561 82492 0. 67959 92982 24526 52184 0.62
0.39 0. 57500 52520 43278 56590 0. 81814 97174 25023 43213 0. 70281 17712 40357 33761 0.61

0.40 0. 58778 52522 92473 12917 0. 80901 69943 74947 42410 0. 72654 25280 05360 88589 0.60
0.41 0. 60042 02253 25884 04976 0. 79968 46584 87090 53868 0.75082 12380 38764 68575 0.59
0.42 0. 61290 70536 52976 49336 0. 79015 50123 75690 36516 0.77567 95110 49613 10378 0.58
0.43 0. 62524 26563 35705 17290 0. 78043 04073 38329 73585 0. 80115 10705 58751 23382 0.57
0.44 0. 63742 39897 48689 71017 0. 77051 32427 75789 23080 0. 82727 19459 72475 63403 0.56

0.45 0. 64944 80483 30183 65572 0.76040 59656 00030 93817 0. 85408 06854 63466 63752 0.55
0.46 0. 66131 18653 23651 87657 0.75011 10696 30459 54151 0. 88161 85923 63189 11465 0.54
0.47 0. 67301 25135 09773 33872 0.73963 10949 78609 69747 0. 90992 99881 77737 46579 0.53
0.48 0. 68454 71059 28688 67373 0.72896 86274 21411 52314 0. 93906 25058 17492 35255 0.52
0.49 0. 69591 27965 92314 32549 0.71812 62977 63188 83037 0.96906 74171 93793 27618 0.51

0.50 0.70710 67811 86547 52440 0. 70710 67811 86547 52440 1.00000 00000 00000 00000 0.50
1-x cosX sin X

- 5)2
L lo L lo
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CIRCULAR FUNCTIONS FOR THE ARGUMENT
ircøtx sec x

1. 00000 00000 00000 00000

x

ir
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Table 4.12

l-x
1.00

0.01 63.65674 11628 71580 99500 1. 00012 33827 39761 81169 63. 66459 53060 00564 58546 0.99
0.02 31.82051 59537 73958 03934 1. 00049 36832 37144 42400 31. 83622 52090 97622 95566 0.98
0.03 21.20494 87896 88751 52283 1. 00111 13587 85243 76109 21. 22851 50958 16816 17580 0.97
0.04 15. 89454 48438 65303 44576 1. 00197 71730 71142 10978 15. 92597 11099 08654 59358 0.96

0.05 12. 70620 47361 74704 64602 1. 00309 21984 82825 50283 12. 74549 48431 82374 28619 0.95
0.06 10.57889 49934 05635 52417 1. 00445 78193 57019 51480 10. 62605 37962 83115 99865 0.94
0.07 9.05788 66862 38928 19329 1. 00607 57361 86291 90575 9. 11292 00161 49841 72675 0.93
0.08 7.91581 50883 05826 84427 1. 00794 79708 09297 28943 7. 97872 97555 59476 60149 0.92
0.09 7.02636 62290 41380 19848 1. 01007 68726 13784 19104 7. 09717 00264 69225 38129 0.91

0.10 6.31375 15146 75043 09898 1. 01246 51257 88002 93136 6. 39245 32214 99661 54704 0.90
0.11 5.72974 16467 24314 86192 1. 01511 57576 62501 87437 5. 81635 10329 24944 03199 0.89
0.12 5.24218 35811 13176 73758 1. 01803 21481 91042 38259 5. 33671 14122 92458 78659 0.88
0.13 4.82881 73521 92759 97818 1. 02121 80406 26567 47910 4. 93127 53949 49859 96253 0.87
0.14 4.47374 28292 11554 62415 1. 02467 75534 55900 33566 4. 58414 38570 27373 56913 0.86

0.15 4.16529 97700 90417 20387 1. 02841 51936 65208 54585 4. 28365 75697 31185 03924 0.85
0.16 3.89474 28549 29859 33474 1. 03243 58714 17339 88710 4. 02107 22333 75967 50952 0.84
0.17 3.65538 43546 52259 73004 1. 03674 49162 32016 53065 3. 78970 11465 59780 81919 0.83
0.18 3.44202 25766 69218 62809 1. 04134 80947 70681 14007 3. 58434 36523 72161 57038 0.82
0. 19 3. 25055 08012 99836 37634 1. 04625 16303 39647 78848 3. 40089 40753 61802 31848 0.81

0.20 3.07768 35371 75253 40257 1. 05146 22242 38267 21205 3. 23606 79774 99789 69641 0.80
0.21 2.92076 09892 98816 40048 1. 05698 70790 93232 61183 3. 08720 66268 08416 38088 0.79
0.22 2.77760 68539 14974 88865 1. 06283 39243 36113 96396 2. 95213 47928 09339 97327 0.78
0.23 2. 64642 32102 86631 86514 1. 06901 10439 98926 01199 2. 82905 56388 91501 64260 0.77
0. 24 2. 52571 16894 47304 99451 1. 07552 73070 22247 78234 2. 71647 18916 65871 74307 0.76

0.25 2.41421 35623 73095 04880 1. 08239 22002 92393 96880 2. 61312 59297 52753 05571 0.75
0.26 2.31086 36538 82410 63708 1. 08961 58646 48705 30888 2. 51795 36983 10349 34110 0.74
0.27 2.21475 44978 13361 51875 1. 09720 91341 29537 26252 2. 43004 88648 55296 52041 0.73
0.28 2.12510 81731 57202 76115 1. 10518 35787 56399 59380 2. 34863 46560 54351 86300 0.72
0.29 2.04125 39671 21703 26026 1. 11355 15511 90413 37268 2. 27304 15214 61957 72361 0.71

0.30 1.96261 05055 05150 58230 1. 12232 62376 34360 80715 2. 20268 92645 85266 62156 0.70
0.31 1.88867 13416 31067 67620 1. 13152 17133 97749 42882 2. 13707 26325 27611 85837 0.69
0.32 1.81899 32472 81066 27571 1. 14115 30035 92241 17245 2. 07574 96076 48793 05903 0.68
0.33 1.75318 66324 72237 08332 1. 15123 61494 81376 51287 2. 01833 18280 89559 43676 0.67
0.34 1.69090 76557 85011 24674 1. 16178 82810 72765 98515 1. 96447 66988 67248 48330 0.66

0.35 1.63185 16871 28789 61767 1. 17282 76966 14008 94955 1. 91388 08554 30942 72280 0.65
0.36 1.57574 78599 68651 08688 1. 18437 39497 36918 17500 1. 86627 47167 00567 54120 0.64
0.37 1.52235 45068 96131 24085 1. 19644 79450 89806 17366 1. 82141 79214 74081 38479 0.63
0.38 1.47145 53158 19969 04283 1. 20907 20434 06541 15436 1. 77909 54854 79867 33350 0. 62
0.39 1.42285 60774 31870 59031 1. 22227 01770 86068 14117 1. 73911 45497 30640 74960 0.61

0.40 1.37638 19204 71173 53820 1. 23606 79774 99789 69641 1. 70130 16167 04079 86436 0.60
0.41 1.33187 49515 02597 59439 1. 25049 29154 09784 85573 1. 66550 01910 65749 08074 0.59
0.42 1.28919 22317 85066 67042 1. 26557 44560 72090 15648 1. 63156 87575 13749 73007 0.58
0.43 1.24820 40363 53049 43751 1. 28134 42308 20677 31999 1. 59937 90408 68062 88301 0.57
0.44 1.20879 23504 09609 13115 1. 29783 62271 84727 12712 1. 56881 45035 05365 75750 0.56

0. 45 1. 17084 95661 12539 22520 1. 31508 69998 90784 80424 1. 53976 90432 22366 30748 0.55
0.46 1.13427 73492 55405 46422 1. 33313 59054 50172 40410 1. 51214 58610 31226 40092 0.54
0.47 1.09898 56505 36301 56382 1. 35202 53634 40027 12805 1. 48585 64735 81717 76608 0.53
0.48 1.06489 18403 24791 86700 1. 37180 11480 64918 28453 1. 46081 98491 22513 12750 0.52
0.49 1.03191 99492 80495 57182 1. 39251 27141 49012 49662 1. 43696 16493 57094 20394 0.51

0.50 1.00000 00000 00000 00000 1. 41421 35623 73095 04880 1.41421 35623 73095 04880 0.50
1-x tanx csc X secx x



Table 4.13

r Sin
2,i-- cos
s

s=3

2rr-
s

HARMONIC ANALYSIS
. 2,rr 2,rr

Sin COS s
s4

.
Sin

2rr- coss
s=5

2-r-
s

1 0.86602 54038 -0. 50000 00000 1. 00000 00000 + 0.00000 00000 0.95105 65163 + 0.30901 69944
2 0.00000 00000 -1. 00000 00000 0.58778 52523 -0. 80901 69944

s=fi s--7 s=8
1 0.86602 54038 +0.50000 00000 0. 78183 14824 +0.62348 98019 0. 70710 67812 0. 70710 67812
2 0.86602 54038 -0.50000 00000 0. 97492 79122 -0.22252 09340 1. 00000 00000 +0.00000 00000
3 0.00000 00000 -1. 00000 00000 0. 43388 37391 -0.90096 88679 0. 70710 67812 -0. 70710 67812
4 0.00000 00000 -1. 00000 00000

s--9 s--10 s-11
1 0. 64270 76097 0. 76604 44431 0.58778 52523 0.80901 69944 0.54064 08174 0.84125 35328
2 0.98480 77530 +0.17364 81777 0.95105 65163 +0. 30901 69944 0.90963 19953 +0.41541 50130
3 0.86602 54038 -0. 50000 00000 0.95105 65163 -0. 30901 69944 0.98982 14419 -0. 14231 48383
4 0.34202 01433 -0. 93969 26208 0.58778 52523 -0.80901 69944 0.75574 95743 -0.65486 07340
5 0.00000 00000 -1. 00000 00000 0.28173 25568 -0. 95949 29736

s12 s--13 s=14
1 0. 50000 00000 0.86602 54038 0. 46472 31720 0. 88545 60257 0.43388 37391 0.90096 88679
2 0. 86602 54038 0. 50000 00000 0. 82298 38659 0. 56806 47468 0. 78183 14825 0. 62348 98019
3 1.00000 00000 +0.00000 00000 0. 99270 88741 +0.12053 66803 0. 97492 79122 +0.22252 09340
4 0.86602 54038 -0. 50000 00000 0.93501 62427 -0.35460 48871 0. 97492 79122 -0.22252 09340
5 0. 50000 00000 -0.86602 54038 0. 66312 26582 -0. 74851 07482 0. 78183 14825 -0. 62348 98019
6 0.00000 00000 -1.00000 00000 0. 23931 56643 -0.97094 18174 0. 43388 37391 -0.90096 88679
7 0. 00000 00000 -1. 00000 00000

s-15 s--16 s--17
1 0. 40673 66431 0. 91354 54576 0.38268 34324 0.92387 95325 0.36124 16662 0.93247 22294
2 0. 74314 48255 0.66913 06064 0.70710 67812 0.70710 67812 0.67369 56436 0.73900 89172
3 0.95105 65163 +0.30901 69944 0.92387 95325 0.38268 34324 0.89516 32913 0.44573 83558
4 0. 99452 18954 -0.10452 84633 1.00000 00000 +0. 00000 00000 0.99573 41763 +0. 09226 83595
5 0.86602 54038 -0. 50000 00000 0.92387 95325 -0. 38268 34324 0.96182 56432 -0. 27366 29901
6 0. 58778 52523 -0.80901 69944 0. 70710 67812 -0. 70710 67812 0. 79801 72273 -0. 60263 46364
7 0.20791 16908 -0.97814 76007 0. 38268 34324 -0.92387 95325 0.52643 21629 -0. 85021 71357
8 0. 00000 00000 -1. 00000 00000 0. 18374 95178 -0. 98297 30997

s=18 s--19 s=20
1 0. 34202 01433 0. 93969 26208 0.32469 94692 0.94581 72417 0.30901 69944 0.95105 65163
2 0.64278 76097 0.76604 44431 0.61421 27127 0.78914 05094 0.58778 52523 0.80901 69944
3 0.86602 54038 0. 50000 00000 0.83716 64782 0.54694 81581 0.80901 69944 0.58778 52523
4 0.98480 77530 +0.17364 81777 0. 96940 02659 +024548 54872 0. 95105 65163 0. 30901 69944
5 0. 98480 77530 -0.17364 81777 0.99658 44930 -0.08257 93455 1.00000 00000 +0.00000 00000
6 0.86602 54038 -0.50000 00000 0.91577 33266 -0. 40169 54247 0.95105 65163 -0. 30901 69944
7 0.64278 76097 -0. 76604 44431 0. 73572 39107 -0. 67728 15716 0.80901 69944 -0. 58778 52523
8 0. 34202 01433 -0. 93969 26208 0.47594 73930 -0. 87947 37512 0.58778 52523 -0. 80901 69944
9

10
0. 00000 00000 -1.00000 00000 0.16459 45903 -0. 98636 13034 0.30901

0. 00000
69944 -0. 95105
00000 -1. 00000

65163
00000

s--21 s-22 s--23
1 0.29475 51744 0.95557 28058 0.28173 25568 0.95949 29736 0.26979 67711 0.96291 72874
2 0. 56332 00580 0. 82623 87743 0. 54064 08174 0.84125 35328 0.51958 39500 0.85441 94046
3 0. 78183 14825 0. 62348 98019 0.75574 95743 0.65486 07340 0.73083 59643 0.68255 31432
4 0. 93087 37486 0. 36534 10244 0.90963 19953 0.41541 50130 0.88788 52184 0.46006 50378
5 0. 99720 37972 +0.07473 00936 0.98982 14419 +0.14231 48383 0.97908 40877 +0.20345 60131
6 0.97492 79122 -0. 22252 09340 0.98982 14419 -0. 14231 48383 0.99766 87692 -0. 06824 24134
7 0.86602 54038 -0. 50000 00000 0.90963 19953 -0.41541 50130 0.94226 09221 -0. 33487 96122
8
9

0.68017
0. 43388

27378 -0.73305
37391 -0.90096

18718
88679

0.75574
0. 54064

95743 -0. 65486
08174 -0. 84125

07340
35328

0.81696
0. 63108

98930 -0. 57668
79443 -0. 77571

03221
12907

10 0.14904 22662 -0.98883 08262 0.28173 25568 -0. 95949 29736 0.39840 10898 -0. 91721 13015
11 0.00000 00000 -1. 00000 00000 0.13616 66491 -0. 99068 59460

s-24 s--25
1 0.25881 90451 0.96592 58263 0.24868 98872 0. 96858 31611
2
3
4

0.50000
0.70710
0. 86602

00000 0.86602
67812 0.70710
54038 0. 50000

54038
67812
00000

0.48175
0. 68454
0.84432

36741 0.87630
71059 0. 72896
79255 0.53582

66801
86274
67950

5
6

0. 96592
1.00000

58263 0. 25881
00000 +0.00000

90451
00000

0. 95105
0.99802

65163 0. 30901
67284 +0.06279

69944
05196

7 0. 96592 58263 -0.25881 90451 0. 98228 72507 -0.18738 13146
8 0.86602 54038 -0.50000 00000 0. 90482 70525 -0.42577 92916
9 0. 70710 67812 -0.70710 67812 0. 77051 32428 -0. 63742 39898

10 0.50000 00000 -0.86602 54038 0. 58778 52523 -0.80901 69944
11 0.25881 90451 -0.96592 58263 0. 36812 45527 -0.92977 64859
12 0. 00000 00000 -1.00000 00000 0. 12533 32336 -0. 99211 47013
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For use and extension of the
4.345.
Compilation of arcsin x from
Press, New York, N.Y., 1945

table see Examples 21-25. For other inverse functions see 4.4 and
=1. 57079 63267 95

National Bureau of Standards, Table of arcsin x. Columbia Univ.
(with permission).

INVERSE CIRCULAR SINES AND TANGENTS

arcsin x arctan X arcsin x

Table 4.14

arctan x
0.000 0.00000 00000 00 0. 00000 00000 00 0.050 0. 05002 08568 06 0.04995 83957 22
0.001 0.00100 00001 67 0. 00099 99996 67 0.051 0. 05102 21344 17 0.05095 58518 77
0.002 0.00200 00013 33 0. 00199 99973 33 0.052 0. 05202 34632 28 0.05195 32065 61
0.003 0.00300 00045 00 0. 00299 99910 00 0.053 0. 05302 48442 51 0.05295 04578 05
0.004 0.00400 00106 67 0. 00399 99786 67 0.054 0. 05402 62784 97 0.05394 76036 42

0.005 0.00500 00208 34 0.00499 99583 34 0.055 0.05502 77669 81 0.05494 46421 07
0. 006 0. 00600 00360 01 0.00599 99280 02 0.056 0. 05602 93107 15 0. 05594 15712 34
0. 007 0. 00700 00571 68 0. 00699 98856 70 0. 057 0. 05703 09107 14 0. 05693 83890 60
0.008 0.00800 00853 36 0.00799 98293 40 0.058 0.05803 25679 92 0.05793 50936 23
0.009 0.00900 01215 04 0.00899 97570 12 0.059 0.05903 42835 64 0.05893 16829 64

0. 010 0. 01000 01666 74 0. 00999 96666 87 0. 060 0.06003 60584 45 0. 05992 81551 21
0.011 0.01100 02218 45 0.01099 95563 66 0.061 0.06103 78936 52 0.06092 45081 38
0.012 0.oigoo 02880 19 0.01199 94240 50 0.062 0.06203 97902 01 0.06192 07400 58
0. 013 0. 01300 03661 95 0. 01299 92677 41 0. 063 0. 06304 17491 09 0. 06291 68489 26
0.014 0. 01400 04573 74 0. 01399 90854 41 0. 064 0. 06404 37713 94 0. 06391 28327 89

0.015 0.01500 05625 57 0.01499 88751 52 0.065 0.06504 58580 75 0.06490 86896 93
0.016 0.01600 06827 45 0.01599 86348 76 0.066 0.06604 80101 69 0.06590 44176 90
0. 017 0. 01700 08189 40 0. 01699 83626 17 0. 067 0. 06705 02286 97 0. 06690 00148 29
0.018 0.01800 09721 42 0.01799 80563 78 0.068 0.06805 25146 79 0.06789 54791 63
0.019 0.01900 11433 52 0.01899 77141 62 0.069 0.06905 48691 36 0.06889 08087 46

0.020 0.02000 13335 73 0.01999 73339 73 0.070 0.07005 72930 88 0.06988 60016 35
0.021 0.02100 15438 06 0.02099 69138 17 0.071 0.07105 97875 58 0.07088 10558 85
0. 022 0. 02200 17750 53 0.02199 64516 97 0. 072 0. 07206 23535 68 0. 07187 59695 56
0.023 0.02300 20283 16 0.02299 59456 20 0.073 0.07306 49921 42 0.07287 07407 09
0.024 0. 02400 23045 97 0. 02399 53935 92 0. 074 0. 07406 77043 03 0. 07386 53674 06

0. 025 0. 02500 26048 99 0. 02499 47936 19 0.075 0. 07507 04910 77 0. 07485 98477 11
0. 026 0. 02600 29302 25 0. 02599 41437 08 0. 076 0.07607 33534 87 0. 07585 41796 89
0. 027 0. 02700 32815 77 0. 02699 34418 68 0. 077 0. 07707 62925 62 0. 07684 83614 08
0.028 0.02800 36599 58 0.02799 26861 07 0.078 0.07807 93093 26 0.07784 23909 37
0.029 0.02900 40663 72 0.02899 18744 33 0.079 0.07908 24048 07 0.07883 62663 48

0.030 0.03000 45018 23 0.02999 10048 57 0.080 0.08008 55800 34 0.07982 99857 12
0. 031 0. 03100 49673 15 0. 03099 00753 89 0. 081 0.08108 88360 35 0. 08082 35471 05
0.032 0.03200 54638 51 0.03198 90840 39 0.082 0.08209 21738 40 0.08181 69486 04
0.033 0.03300 59924 37 0.03298 80288 21 0.083 0.08309 55944 79 0.08281 01882 86
0.034 0. 03400 65540 77 0. 03398 69077 46 0. 084 0. 08409 90989 83 0. 08380 32642 31

0.035 0.03500 71497 75 0.03498 57188 29 0.085 0.08510 26883 84 0.08479 61745 23
0. 036 0. 03600 77805 38 0.03598 44600 82 0. 086 0. 08610 63637 15 0. 08578 89172 45
0.037 0.03700 84473 72 0.03698 31295 22 0.087 0.08711 01260 09 0.08678 14904 84
0.038 0.03800 91512 81 0.03798 17251 64 0.088 0.08811 39763 00 0.08777 38923 27
0.039 0.03900 98932 73 0.03898 02450 25 0.089 0.08911 79156 23 0.08876 61208 65

0.040 0.04001 06743 54 0.03997 86871 23 0.090 0.09012 19450 15 0.08975 81741 90
0.041 0.04101 14955 31 0.04097 70494 77 0.091 0.09112 60655 11 0.09075 00503 96
0.042 0.04201 23578 12 0.04197 53301 05 0.092 0.09213 02781 49 0.09174 17475 79
0. 043 0. 04301 32622 04 0. 04297 35270 30 0. 093 0. 09313 45839 68 0. 09273 32638 38
0. 044 0. 04401 42097 16 0. 04397 16382 71 0. 094 0. 09413 89840 07 0. 09372 45972 74

0.045 0.04501 52013 56 0.04496 96618 52 0.095 0.09514 34793 06 0.09471 57459 88
0. 046 0. 04601 62381 33 0. 04596 75957 97 0. 096 0. 09614 80709 05 0. 09570 67080 87
0.047 0.04701 73210 57 0.04696 54381 30 0.097 0.09715 27598 48 0.09669 74816 76
0.048 0.04801 84511 37 0.04796 31868 77 0.098 0.09815 75471 75 0.09768 80648 65
0. 049 0. 04901 96293 83 0.04896 08400 65 0. 099 0. 09916 24339 32 0. 09867 84557 66

0. 050 0. 05002 08568 06 0.04995 83957 22 0.100 0.10016 74211 62 0.09966 86524 91
f(-9) 6
L4

1(-8)11L4J 1(-8)11L4J r(-8)2
L4
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Table 4.14

X aresin s

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

arctan x ' arcsin z arctan X

0.100 0.10016 74211 62 0.09966 86524 9]. 0.150 0.15056 82727 77 0.14888 99476 09
0. 101 0. 10117 25099 11 0. 10065 86531 58 0. 151 0. 1517 97940 40 0. 14986 77989 58
0.102 0.10217 77012 25 0.10164 84558 83 0.152 0.15259 14716 20 0.15084 53616 21
0.103 0.10318 29961 53 0.10263 80587 89 0.153 0.15360 33066 23 0.15182 26338 59
0.104 0.10418 83957 41 0.10362 74599 97 0.154 0.15461 53001 61 0.15279 96139 37

0. 105 0. 10519 39010 40 0. 10461 66576 33 0. 155 0. 15562 74533 44 0. 15377 63001 20
0.106 0.10619 95131 00 0.10560 56498 23 0.156 0.15663 97672 86 0.15475 26906 78
0.107 0.10720 52329 72 0.10659 44346 99 0.157 0.15765 22431 01 0.15572 87838 86
0.108 0.10821 10617 08 0.10758 30103 93 0.158 0.15866 48819 05 0.15670 45780 19
0. 109 0. 10921 70003 62 0. 10857 13750 39 0.159 0. 15967 76848 15 0. 15768 00713 58

0.110 0.11022 30499 88 0.10955 95267 74 0.160 0.16069 06529 52 0.15865 52621 86
0.111 0. 11122 92116 41 0. 11054 74637 38 0.161 0. 16170 37874 35 0.15963 01487 91
0. 112 0. 11223 54863 77 0. 11153 51840 74 0. 162 0.16271 70893 88 0. 16060 47294 61
0. 113 0. 11324 18752 55 0. 11252 26859 25 0.163 0. 16373 05599 34 0. 16157 90024 91
0.114 0.11424 83793 32 0.11350 99674 40 0.164 0.16474 42001 99 0.16255 29661 78

0.115 0.11525 49996 68 0.11449 70267 67 0.165 0.16575 80113 10 0.16352 66188 21
0.116 0.11626 17373 23 0.11548 38620 60 0.166 0.16677 19943 96 0.16449 99587 25
0.117 0.11726 85933 61 0.11647 04714 73 0.167 0.16778 61505 87 0.16547 29841 97
0. 118 0. 11827 55688 42 0. 11745 68531 63 0. 168 0. 16880 04810 17 0. 16644 56935 49
0.119 0.11928 26648 32 0.11844 30052 90 0.169 0.16981 49868 19 0.16741 80850 93

0. 120 0. 12028 98823 95 0. 11942 89260 18 0.170 0. 17082 96691 29 0. 16839 01571 48
0.121 0.12129 72225 97 0.12041 46135 12 0.171 0.17184 45290 84 0.16936 19080 34
0.122 0.12230 46865 07 0.12140 00659 40 0.172 0.17285 95678 23 0.17033 33360 78
0.123 0.12331 22751 92 0.12238 52814 72 0.173 0.17387 47864 87 0.17130 44396 07
0. 124 0. 12431 99897 22 0. 12337 02582 82 0. 174 0. 17489 01862 19 0. 17227 52169 54

0.125 0.12532 78311 68 0.12435 49945 47 0.175 0.17590 57681 64 0.17324 56664 52
0. 126 0. 12633 58006 02 0. 12533 94884 45 0. 176 0. 17692 15334 66 0.17421 57864 43
0.127 0.12734 38990 98 0.12632 37381 58 0.177 0.17793 74832 75 0.17518 55752 68
0.128 0.12835 21277 29 0.12730 77418 71 0.178 0.17895 36187 40 0.17615 50312 74
0. 129 0. 12936 04875 72 0. 12829 14977 71 0. 179 0. 17996 99410 13 0. 17712 41528 10

0. 130 0. 13036 89797 03 0. 12927 50040 48 0. 180 0.18098 64512 47 0.17809 29382 31
0.131 0.13137 76052 01 0.13025 82588 96 0.181 0.18200 31505 97 0.17906 13858 94
0.132 0.13238 63651 45 0.13124 12605 10 0.182 0.18302 00402 20 0.18002 94941 59
0.133 0.13339 52606 16 0.13222 40070 89 0.183 0.18403 71212 76 0.18099 72613 91
0.134 0.13440 42926 95 0.13320 64968 35 0.184 0.18505 43949 25 0.18196 46859 59

0. 135 0. 13541 34624 67 0. 13418 87279 52 0.185 0. 18607 18623 31 0. 18293 17662 35
0.136 0.13642 27710 15 0.13517 06986 49 0.186 0.18708 95246 57 0.18389 85005 94
0.137 0.13743 22194 25 0.13615 24071 35 0.187 0.18810 73830 71 0.18486 48874 16
0.138 0.13844 18087 85 0.13713 38516 25 0.188 0.18912 54387 40 0.18583 09250 85
0.139 0.13945 15401 83 0.13811 50303 34 0.189 0.19014 36928 36 0.18679 66119 87

0.140 0.14046 14147 10 0.13909 59414 82 0.190 0.19116 21465 31 0.18776 19465 14
0. 141 0. 14147 14334 56 0. 14007 65832 92 0.191 0. 19218 08009 99 0. 18872 69270 59
0.142 0. 14248 15975 13 0. 14105 69539 90 0.192 0. 19319 96574 17 0. 18969 15520 22
0.143 0.14349 19079 77 0.14203 70518 03 0.193 0.19421 87169 63 0.19065 58198 05
0.144 0.14450 23659 42 0.14301 68749 65 0.194 0.19523 79808 18 0.19161 97288 15

0. 145 0. 14551 29725 04 0. 14399 64217 09 0.195 0. 19625 74501 64 0. 19258 32774 60
0. 146 0. 14652 37287 64 0. 14497 56902 74 0. 196 0. 19727 71261 85 0. 19354 64641 55
0.147 0. 14753 46358 19 0.14595 46789 00 0. 197 0. 19829 70100 69 0. 19450 92873 18
0. 148 0. 14854 56947 71 0. 14693 33858 33 0. 198 0. 19931 71030 03 0. 19547 17453 71
0.149 0.14955 69067 22 0.14791 18093 19 0.199 0.20033 74061 80 0.19643 38367 38

0.150 0.15056 82727 77 0.14888 99476 09 0.200 0.20135 79207 90 0.19739 55598 50
r(-8)21L4J r(-8)41L4J r(-8)31L4J 1(-8)5

L4



=1.57O79 63267 95

0. 200 0. 20135 79207 90 0. 19739 55598 50 0.250 0. 25268 02551 42 0. 24497 86631 27
0.201 0. 20237 86480 31 0. 19835 69131 40 0.251 0. 25371 31886 28 0. 24591 96179 19
0. 202 0. 20339 95890 97 0. 19931 78950 44 0.252 0. 25474 63988 49 0.24686 01284 51
0. 203 0. 20442 07451 90 0.20027 85040 06 0.253 0.25577 98871 33 0. 24780 01933 77
0. 204 0. 20544 21175 10 0.2012387384 69 0.254 0. 25681 36548 08 0.24873 98113 53

0. 205 0.20646 37072 61 0. 20219 85968 83 0.255 0. 25784 77032 07 0. 24967 89810 38
0. 206 0. 20748 55156 48 0. 20315 80777 01 0. 256 0. 25888 20336 66 0. 25061 77010 99
0.207 0. 20850 75438 81 0. 20411 71793 81 0. 257 0. 25991 66475 22 0. 25155 59702 05
0. 208 0.20952 97931 68 0. 20507 59003 83 0.258 0.26095 15461 18 0. 25249 37870 29
0.209 0. 21055 22647 22 0. 20603 42391 73 0.259 0. 26198 67307 97 0. 25343 11502 51

0. 210 0. 21157 49597 58 0. 20699 21942 20 0.260 0.26302 22029 08 0.25436 80585 53
0. 211 0. 21259 78794 93 0. 20794 97639 97 0.261 0.26405 79638 02 0. 25530 45106 23
0. 212 0. 21362 10251 46 0. 20890 69469 83 0.262 0. 26509 40148 31 0. 25624 05051 53
0. 213 0. 21464 43979 39 0. 20986 37416 57 0. 263 0. 26613 03573 53 0. 25717 60408 40
0. 214 0. 21566 79990 96 0.21082 01465 06 0.264 0.26716 69927 28 0. 25811 11163 83

0.215 0. 21669 18298 42 0. 21177 61600 20 tL265 0. 26820 39223 20 0. 25904 57304 89
0.216 0. 21771 58914 06 0.21273 17806 92 0.266 0. 26924 11474 95 0. 25997 98818 68
0.217 0. 21874 01850 19 0.21368 70070 19 0. 267 0.27027 86696 22 0. 26091 35692 33
0.218 0. 21976 47119 15 0. 21464 18375 04 0. 268 0. 27131 64900 75 0. 26184 67913 04
0.219 0. 22078 94733 28 0. 21559 62706 53 0.269 0. 27235 46102 31 0.26277 95468 05

0. 220 0. 22181 44704 97 0. 21655 03049 76 0.270 0.27339 30314 67 0.26371 18344 62
0. 221 0. 22283 97046 62 0. 21750 39389 87 0.271 0.27443 17551 69 0. 26464 36530 10
0. 222 0. 22386 51770 66 0.21845 71712 05 0.272 0.27547 07827 21 0. 26557 50011 84
0. 223 0.22489 08889 55 0. 21941 00001 53 0.273 0. 27651 01155 13 0. 26650 58777 27
0. 224 0. 22591 68415 75 0. 22036 24243 57 0.274 0. 27754 97549 38 0. 26743 62813 84

0. 225 0. 22694 30361 79 0.22131 44423 48 0.275 0. 27858 97023 92 0. 26836 62109 06
0. 226 0.22796 94740 17 0. 22226 60526 61 0.276 0. 27962 99592 75 0. 26929 56650 49
0. 227 0. 22899 61563 45 0.22321 72538 37 0. 277 0. 28067 05269 90 0. 27022 46425 71
0. 228 0. 23002 30844 22 0. 22416 80444 19 0.278 0.28171 14069 43 0. 27115 31422 39
0.229 0.23105 02595 07 0. 22511 84229 53 0.279 0. 28275 26005 45 0. 27208 11628 19

0.230 0.23207 76828 63 0.22606 83879 94 0.280 0. 28379 41092 08 0. 27300 87030 87
0.231 0. 23310 53557 56 0. 22701 79380 96 0.281 0. 28483 59343 51 0. 27393 57618 19
0. 232 0. 23413 32794 53 0. 22796 70718 22 0. 282 0.28587 80773 93 0. 27486 23377 99
0. 233 0.23516 14552 26 0.22891 57877 34 0.283 0. 28692 05397 58 0. 27578 84298 14
0. 234 0.23618 98843 48 0. 22986 40844 03 0.284 0. 28796 33228 75 0.27671 40366 55

0. 235 0. 23721 85680 94 0. 23081 19604 03 0.285 0. 28900 64281 74 0. 27763 91571 20
0.236 0. 23824 75077 44 0. 23175 94143 10 0.286 0. 29004 98570 89 0. 27856 37900 08
0. 237 0. 23927 67045 78 0. 23270 64447 07 0.287 0. 29109 36110 61 0. 27948 79341 26
0.238 0. 24030 61598 80 0. 23365 30501 80 0.288 0. 29213 76915 30 0. 28041 15882 83
0. 239 0.24133 58749 37 0.23459 92293 19 0.289 0. 29318 20999 43 0. 28133 47512 95

0. 240 0. 24236 58510 39 0. 23554 49807 21 0.290 0. 29422 68377 49 0. 28225 74219 81
0. 241 0.24339 60894 77 0.23649 03029 83 0. 291 0. 29527 19064 01 0. 28317 95991 65
0.242 0. 24442 65915 47 0. 23743 51947 10 0.292 0.29631 73073 57 0. 28410 12816 76
0. 243 0. 24545 73585 45 0. 23837 96545 10 0.293 0. 29736 30420 76 0. 28502 24683 46
0.244 0.24648 83917 73 0. 23932 36809 95 0.294 0. 29840 91120 25 0. 28594 31580 14

0. 245 0. 24751 96925 34 0.24026 72727 81 0. 295 0. 29945 55186 70 0. 28686 33495 23
0246 0.24855 12621 33 0. 24121 04284 90 0. 296 0. 30050 22634 85 0.28778 30417 18
0. 247 0.24958 31018 81 0.24215 31467 47 0.297 0. 30154 93479 45 0. 28870 22334 53
0. 248 0. 25061 52130 88 0. 24309 54261 82 0.298 0. 30259 67735 30 0. 28962 09235 83
0. 249 0. 25164 75970 69 0. 24403 72654 29 0.299 0. 30364 45417 24 0. 29053 91109 69

0.250 0.25268 02551 42 0. 24497 86631 27 0.300 0.30469 26540 15 0. 29145 67944 78
r(-8)4L4

- 8)6
L4
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Table 4.14

X aresin X

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

arctan X X aresin X aretan X

0. 300
0. 301
0. 302
0. 303
0. 304

0. 30469
0. 30574
0. 30678
0. 30783
0. 30888

26540
11118
99168
90704
85740

15
95
60
09
46

0. 29145
0. 29237
0. 29329
0. 29420
0. 29512

67944
39729
06453
68104
24672

78
79
47
62
09

0. 350
0. 351
0. 352
0. 353
0. 354

0. 35757 11036
0. 35863 88378
0. 35970 69995
0. 36077 55905
0. 36184 46125

46
55
85
70
51

0.
0.
0.
0.
0.

33667
33756
33845
33934
34023

48193
54100
54442
49211
38398

87
58
85
81
61

0. 305
0.306
0. 307
0. 308
0. 309

0. 30993
0. 31098
0. 31203
0. 31309
0. 31414

84292
86376
92005
01196
13964

78
19
83
91
68

0. 29603
0. 29695
0. 29786
0. 29877
0. 29969

76144
22511
63761
99883
30866

75
55
46
52
80

0. 355
0. 356
0. 357
0. 358
0. 359

0. 36291 40672
0. 36398 39564
0. 36505 42819
0. 36612 50454
0.36719 62486

71
82
39
05
46

0.
0.
0.
0.
0.

34112
34200
34289
34378
34467

21994
99990
72378
39149
00294

49
70
56
42
69

0. 310
0. 311
0. 312
0. 313
0. 314

0. 31519
0. 31624
0. 31729
0. 31835
0. 31940

30324
50291
73881
01108
31990

41
43
12
88
18

0. 30060
0. 30151
0. 30242
0. 30334
0. 30425

56700
77373
92875
03195
08322

42
55
41
25
38

0. 360
0. 361
0. 362
0.363
0. 364

0. 36826 78934
0. 36933 99815
0. 37041 25147
0. 37148 54949
0. 37255 89237

37
54
84
16
46

0.
0.
0.
0.
0.

34555
34644
34732
34820
34909

55805
05674
49891
88449
21339

82
30
68
54
52

0.315
0. 316
0. 317
0. 318
0. 319

0. 32045
0. 32151
0. 32256
0. 32361
0. 32467

66540
04775
46710
92361
41743

50
38
42
24
51

0. 30516
0. 30607
0. 30697
0. 30788
0. 30879

08246
02955
92441
76691
55696

16
99
31
62
46

0. 365
0. 366
0.367
0. 368
0. 369

0. 37363 28030
0. 37470 71347
0.37578 19204
0. 37685 71621
0. 37793 28616

75
12
71
69
34

0. 34997
0. 35085
0. 35173
0. 35261
0.35350

48553
70082
85919
96054
00481

30
60
21
93
64

0.320
0. 321
0. 322
0. 323
0. 324

0. 32572
0. 32678
0. 32784
0. 32889
0. 32995

94872 95
51765 31
12436 42
76902 11
4517829

0. 30970
0. 31060
0. 31151
0. 31242
0. 31332

29445
97928
61134
19053
71675

42
14
29
60
84

0. 370
0. 371
0.372
0.373
0. 374

0. 37900 90206
0. 38008 56411
0. 38116 27249
0. 38224 02738
0. 38331 82897

96
93
69
73
61

0.
0.
0.
0.
0.

35437
35525
35613
35701
35789

99191
92175
79426
60937
36698

23
68
98
18
38

0. 325
0. 326
0. 327
0. 328
0. 329

0. 33101
0. 33206
0. 33312
0. 33418
0. 33524

17280
93225
73029
56707
44276

89
91
38
38
04

0. 31423
0. 31513
0. 31603
0. 31694
0. 31784

18990
60988
97658
28991
54976

84
47
63
30
47

0.375
0. 376
0. 377
0. 378
0. 379

0. 38439 67744
0. 38547 57299
0. 38655 51579
0. 38763 50604
0. 38871 54393

96
45
83
92
57

0.
0.
0.
0.
0.

35877
35964
36052
36139
36227

06702
70942
29409
82096
28995

71
35
56
58
76

0. 330
0. 331
0. 332
0. 333
0.334

0. 33630
0.33736
0. 33842
0. 33948
0. 34054

35751
31150
30487
33781
41047

54
09
98
50
05

0. 31874
0.31964
0. 32055
0. 32145
0. 32235

75604
90864
00747
05244
04343

21
60
81
03
49

0.380
0. 381
0. 382
0. 383
0. 384

0. 38979 62964
0. 39087 76337
0. 39195 94530
0. 39304 17563
0.39412 45455

74
42
68
64
51

0.
0.
0.
0.
0.

36314
36402
36489
36576
36663

70099
05400
34890
58562
76408

46
09
12
04
40

0. 335
0. 336
0. 337
0. 338
0.339

0. 34160
0. 34266
0.34372
0. 34479
0.34585

52301
67559
86840
10158
37531

02
88
15
39
21

0.32324
0. 32414
0. 32504
0. 32594
0. 32684

98036
86313
69164
46580
18551

48
34
46
25
19

0.385
0. 386
0. 387
0. 388
0. 389

0. 39520 78225
0. 39629 15893
0.39737 58477
0. 39846 05998
0.39954 58474

54
06
48
24
89

0. 36750
0. 36837
0. 36924
0. 37011
0.37098

88421
94594
94920
89390
77999

81
90
36
92
35

0. 340
0. 341
0. 342
0. 343
0. 344

0. 34691
0. 34798
0. 34904
0. 35010
0. 35117

68975
04507
44144
87902
35798

27
29
03
30
98

0. 32773
0. 32863
0. 32953
0. 33042
0. 33131

85067
46120
01700
51797
96403

81
66
37
60
04

0. 390
0. 391
0. 392
0. 393
0.394

0. 40063 15927
0. 40171 78374
0. 40280 45836
0.40389 18333
0. 40497 95884

01
28
44
27
67

0.
0.
0.
0.
0.

37185
37272
37359
37445
37532

60738
37601
08580
73668
32860

49
18
36
96
01

0. 345
0. 346
0. 347
0. 348
0. 349

0. 35223
0. 35330
0. 35437
0. 35543
0. 35650

87850
44075
04488
69108
37952

97
25
84
81
29

0. 33221
0. 33310
0. 33399
0. 33489
0. 33578

35507
69101
97176
19722
36731

47
67
49
83
63

0. 395
0. 396
0. 397
0.398
0. 399

0. 40606 78510
0. 40715 66231
0. 40824 59066
0. 40933 57035
0.41042 60160

57
00
02
81
60

0. 37618
0. 37705
0.37791
0. 37878
0. 37964

86146
33521
74978
10510
40109

53
62
43
12
93

0.350 0.35757 11036
- 8)5

L4
46 0. 33667 48193

- 8)7
L4

87 0.400 0.41151 68460
1(-8)6
L4

67 0.38050 63771
- 8)8

L4
12
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X aresin X

INVERSE CIRCULAR SINES AND TANGENTS

arctan z X aresin z

Table 4.14

aretan X

0. 400 0. 41151 68460 67 0. 38050 63771 12 0.450 0. 46676 53390 47 0. 42285 39261 33
0. 401 0. 41260 81956 42 0.38136 81487 02 0.451 0. 46788 54404 09 0. 42368 52156 87
0. 402 0. 41370 00668 29 0. 38222 93250 97 0. 452 0. 46900 61761 03 0. 42451 58823 89
0. 403 0. 41479 24616 80 0. 38308 99056 39 0.453 0. 47012 75486 20 0.42534 59257 92
0. 404 0. 41588 53822 54 0. 38394 98896 72 0.454 0. 47124 95604 59 0. 42617 53454 56

0.405 0. 41697 88306 20 0. 38480 92765 46 0.455 0. 47237 22141 29 0. 42700 41409 43
0. 406 0. 41807 28088 50 0. 38566 80656 14 0. 456 0. 47349 55121 50 0. 42783 23118 21
0. 407 0. 41916 73190 29 0. 38652 62562 34 0. 457 0. 47461 94570 53 0. 42865 98576 60
0. 408 0. 42026 23632 45 0. 38738 38477 69 0.458 0. 47574 40513 79 0. 42948 67780 36
0. 409 0. 42135 79435 96 0. 38824 08395 85 0. 459 0. 47686 92976 80 0. 43031 30725 28

0. 410 0. 42245 40621 87 0. 38909 72310 55 0. 460 0. 47799 51985 19 0. 43113 87407 19
0.411 0. 42355 07211 3]. 0. 38995 30215 54 0. 461 0. 47912 17564 68 0. 43196 37821 96
0. 412 0. 42464 79225 49 0. 39080 82104 62 0.462 0.48024 89741 12 0.43278 81965 51
0. 413 0. 42574 56685 70 0. 39166 27971 64 0.463 0. 48137 68540 46 0. 43361 19833 80
0. 414 0. 42684 39613 30 0. 39251 67810 48 0. 464 0. 48250 53988 75 0. 43443 51422 81

0. 415 0. 42794 28029 74 0. 39337 01615 09 0. 465 0. 48363 46112 18 0. 43525 76728 58
0.416 0. 42904 21956 53 0.39422 29379 43 0. 466 0.48476 44937 02 0.43607 95747 19
0. 417 0. 43014 21415 30 0. 39507 51097 52 0. 467 0. 48589 50489 67 0. 43690 08474 74
0. 418 0. 43124 26427 72 0.39592 66763 44 0.468 0. 48702 62796 64 0. 43772 14907 40
0. 419 0.43234 37015 57 0. 39677 76371 29 0.469 0. 48815 81884 55 0. 43854 15041 36

0. 420 0.43344 53200 70 0. 39762 79915 22 0.470 0. 48929 07780 14 0. 43936 08872 85
0. 421 0. 43454 75005 03 0. 39847 77389 43 0. 471 0. 49042 40510 26 0. 44017 96398 14
0. 422 0. 43565 02450 60 0. 39932 68788 14 0. 472 0. 49155 80101 88 0. 44099 77613 55
0. 423 0. 43675 35559 49 0. 40017 54105 66 0.473 0. 49269 26582 08 0. 44181 52515 43
0. 424 0. 43785 74353 90 0. 40102 33336 29 0. 474 0. 49382 79978 07 0. 44263 21100 17

0.425 0. 43896 18856 10 0. 40187 06474 40 0. 475 0. 49496 40317 17 0. 44344 83364 20
0. 426 0. 44006 69088 44 0. 40271 73514 42 0. 476 0. 49610 07626 82 0. 44426 39303 99
0.427 0. 44117 25073 36 0. 40356 34450 79 0. 477 0.49723 81934 59 0. 44507 88916 06
0. 428 0. 44227 86833 39 0. 40440 89278 00 0.478 0. 49837 63268 16 0. 44589 32196 95
0. 429 0. 44338 54391 3.6 0. 40525 37990 60 0. 479 0. 49951 51655 34 0. 44670 69143 24

0. 430 0. 44449 27769 36 0. 40609 80583 18 0. 480 0. 50065 47124 05 0. 44751 99751 57
0. 431 0. 44560 06990 78 0. 40694 17050 34 0. 481 0. 50179 49702 34 0. 44833 24018 60
0. 432 0. 44670 92078 31 0. 40778 47386 77 0.482 0. 50293 59418 39 0. 44914 41941 03
0. 433 0. 44781 83054 92 0. 40862 71587 18 0. 483 0. 50407 76300 52 0. 44995 53515 61
0. 434 0. 44892 79943 67 0. 40946 89646 31 0. 484 0. 50522 00377 13 0. 45076 58739 11

0. 435 0. 45003 82767 71 0. 41031 01558 96 0. 485 0. 50636 31676 79 0. 45157 57608 36
0. 436 0. 45114 91550 28 0. 41115 07319 97 0.486 0. 50750 70228 19 0. 45238 50120 20
0. 437 0. 45226 06314 71 0. 41199 06924 22 0. 487 0. 50865 16060 14 0. 45319 36271 55
0. 438 0. 45337 27084 44 0. 41283 00366 64 0. 488 0. 50979 69201 57 0. 45400 16059 33
0. 439 0. 45448 53882 99 0. 41366 87642 17 0.489 0. 51094 29681 57 0. 45480 89480 51

0. 440 0. 45559 86733 96 0. 41450 68745 85 0. 490 0.51208 97529 34 0. 45561 56532 11
0. 44]. 0. 45671 25661 07 0. 41534 43672 70 0.491 0. 51323 72774 22 0. 45642 17211 17
0. 442 0. 45782 70688 11 0. 41618 12417 83 0. 492 0. 51438 55445 69 0. 45722 71514 78
0. 443 0. 45894 21838 99 0. 41701 74976 36 0. 493 0. 51553 45573 34 0. 45803 19440 06
0. 444 0. 46005 79137 71 0. 41785 31343 48 0. 494 0. 51668 43186 93 0. 45883 60984 16

0. 445 0. 46117 42608 35 0. 41868 81514 38 0. 495 0. 51783 48316 32 0. 45963 96144 30
0. 446 0. 46229 12275 10 0. 41952 25484 34 0.496 0.51898 60991 55 0. 46044 24917 71
0. 447 0. 46340 88162 25 0. 42035 63248 66 0. 497 0. 52013 81242 77 0. 46124 47301 65
0. 448 0. 46452 70294 19 0. 42118 94802 67 0. 498 0. 52129 09100 26 0. 46204 63293 45
0. 449 0. 46564 58695 40 0. 42202 20141 75 0. 499 0. 52244 44594 47 0. 46284 72890 44

0.450 0.46676 53390 47 0.42285 39261 33 0.500 0.52359 87755 98 0. 46364 76090 01
- 8)8[4 r(-8)8

L4
-7)1[4 [(- 8)8

L4
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Table 4.14

X aresin X

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

arctan X X arcsiii X arctan X

0. 500 0. 52359 87755 98 0. 46364 76090 01 0. 550 0. 58236 42378 69 0. 50284 32109 28
0. 501 0. 52475 38615 51 0. 46444 72889 58 0.551 0. 58356 20792 89 0. 50361 06410 37
0. 502 0. 52590 97203 91 0. 46524 63286 62 0. 552 0. 58476 08688 33 0. 50437 74226 73
0. 503 0. 52706 63552 20 0. 46604 47278 61 0. 553 0. 58596 06104 84 0. 50514 35557 57
0. 504 0. 52822 37691 54 0. 46684 24863 09 0. 554 0. 58716 13082 43 0. 50590 90402 12

0. 505 0. 52938 19653 22 0. 46763 96037 63 0. 555 0. 58836 29661 37 0. 50667 38759 68
0. 506 0. 53054 09468 69 0. 46843 60799 83 0. 556 0. 58956 55882 10 0. 50743 80629 53
0. 507 0. 53170 07169 56 0. 46923 19147 34 0.557 0. 59076 91785 32 0. 50820 16011 02
0. 508 0. 53286 12787 56 0. 47002 71077 82 0. 558 0. 59197 37411 92 0. 50896 44903 52
0. 509 0. 53402 26354 61 0. 47082 16589 00 0.559 0. 59317 92803 04 0. 50972 67306 43

0.510 0. 53518 47902 76 0.47161 55678 62 0. 560 0. 59438 58000 01 0. 51048 83219 17
0. 511 0. 53634 77464 20 0. 47240 88344 48 0. 561 0. 59559 33044 41 0. 51124 92641 21
0. 512 0. 53751 15071 30 0.47320 14584 38 0.562 0. 59680 17978 05 0. 51200 95572 04
0. 513 0. 53867 60756 57 0. 47399 34396 20 0. 563 0. 59801 12842 95 0. 51276 92011 19
0. 514 0. 53984 14552 69 0. 47478 47777 82 0.564 0. 59922 17681 37 0. 51352 81958 22

0. 515 0. 54100 76492 49 0. 47557 54727 17 0. 565 0. 60043 32535 81 0. 51428 65412 69
0. 516 0. 54217 46608 96 0. 47636 55242 22 0. 566 0. 60164 57448 99 0. 51504 42374 25
0. 517 0. 54334 24935 25 0. 47715 49320 97 0. 567 0. 60285 92463 89 0. 51580 12842 52
0. 518 0. 54451 11504 67 0. 47794 36961 45 0. 568 0. 60407 37623 71 0. 51655 76817 18
0. 519 0. 54568 06350 69 0. 47873 18161 73 0.569 0. 60528 92971 89 0. 51731 34297 96

0. 520 0. 54685 09506 96 0. 47951 92919 93 0. 570 0. 60650 58552 13 0. 51806 85284 57
0. 521 0. 54802 21007 28 0. 48030 61234 17 0. 571 0. 60772 34408 36 0. 51882 29776 79
0. 522 0. 54919 40885 61 0. 48109 23102 64 0. 572 0. 60894 20584 75 0. 51957 67774 41
0. 523 0. 55036 69176 11 0. 48187 78523 54 0. 573 0. 61016 17125 74 0. 52032 99277 27
0. 524 0. 55154 05913 07 0. 48266 27495 12 0. 574 0. 61138 24076 01 0. 52108 24285 22

0. 525 0. 55271 51130 97 0. 48344 70015 67 0. 575 0. 61260 41480 49 0. 52183 42798 14
0. 526 0. 55389 04864 46 0. 48423 06083 50 0.576 0. 61382 69384 37 0. 52258 54815 96
0. 527 0. 55506 67148 37 0. 48501 35696 94 0. 577 0. 61505 07833 09 0. 52333 60338 62
0. 528 0. 55624 38017 69 0. 48579 58854 40 0.578 0. 61627 56872 37 0. 52408 59366 09
0. 529 0. 55742 17507 59 0. 48657 75554 29 0.579 0. 61750 16548 17 0. 52483 51898 38

0. 530 0. 55860 05653 43 0. 48735 85795 05 0.580 0. 61872 86906 72 0. 52558 37935 52
0. 531 0. 55978 02490 72 0. 48813 89575 18 0. 581 0. 61995 67994 52 0. 52633 17477 57
0. 532 0. 56096 08055 18 0. 48891 86893 19 0. 582 0. 62118 59858 34 0. 52707 90524 63
0. 533 0. 56214 22382 69 0. 48969 77747 65 0. 583 0. 62241 62545 21 0. 52782 57076 82
0. 534 0. 56332 45509 33 0. 49047 62137 12 0. 584 0. 62364 76102 44 0. 52857 17134 28

0. 535 0. 56450 77471 34 0. 49125 40060 25 0.585 0. 62488 00577 61 0. 52931 70697 19.
0. 536 0. 56569 18305 17 0. 49203 11515 68 0. 586 0. 62611 36018 60 0. 53006 17765 76
0. 537 0. 56687 68047 44 0. 49280 76502 10 0. 587 0. 62734 82473 54 0. 53080 58340 23
0. 538 0. 56806 26734 97 0. 49358 35018 23 0. 588 0. 62858 39990 87 0. 53154 92420 86
0. 539 0. 56924 94404 76 0. 49435 87062 83 0. 589 0. 62982 08619 28 0. 53229 20007 93

0. 540 0. 57043 71094 00 0.49513 32634 68 0. 590 0. 63105 88407 78 0. 53303 41101 77
0. 541 0. 57162 56840 08 0.49590 71732 62 0.591 0. 63229 79405 66 0. 53377 55702 73
0. 542 0. 57281 51680 58 0. 49668 04355 48 0. 592 0. 63353 81662 50 0. 53451 63811 18
0. 543 0. 57400 55653 28 0. 49745 30502 17 0. 593 0. 63477 95228 17 0. 53525 65427 53
0. 544 0. 57519 68796 15 0. 49822 50171 59 0. 594 0. 63602 20152 84 0. 53599 60552 20

0. 545 0. 57638 91147 36 0. 49899 63362 71 0. 595 0. 63726 56487 00 0. 53673 49185 66
0. 546 0. 57758 22745 29 0. 49976 70074 50 0. 596 0. 63851 04281 42 0. 53747 31328 39
0. 547 0. 57877 63628 51 0. 50053 70305 98 0. 597 0. 63975 63587 17 0. 53821 06980 90
0. 548 0. 57997 13835 79 0. 50130 64056 22 0. 598 0. 64100 34455 66 0. 53894 76143 74
0. 549 0. 58116 73406 12 0. 50207 51324 28 0. 599 0. 64225 16938 57 0. 53968 38817 48

0. 550 0. 58236 42378 69 0. 50284 32109 28 0.600 0.64350 11087 93 0. 54041 95002 71
-7)1[4 1(-8)8[4 -7)2

L5
1(-8)8
L4
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0. 600 0. 64350 11087 93 0. 54041 95002 71 0. 650 0. 70758 44367 25 0. 57637 52205 91
0. 601 0. 64475 16956 07 0.54115 44700 04 0. 651 0. 70890 10818 82 0. 57707 78870 95
0. 602 0. 64600 34595 63 0. 54188 87910 15 0. 652 0. 71021 92154 53 0. 57777 99113 37
0. 603 0. 64725 64059 60 0. 54262 24633 69 0. 653 0. 71153 88447 93 0. 57848 12935 07
0. 604 0. 64851 05401 26 0. 54335 54871 37 0. 654 0. 71285 99773 14 0. 57918 20337 94

0. 605 0. 64976 58674 24 0. 54408 78623 92 0. 655 0.71418 26204 76 0.57988 21323 94
0. 606 0. 65102 .23932 51 0. 54481 95892 10 0. 656 0. 71550 67817 97 0. 58058 15895 01
0. 607 0. 65228 01230 34 0. 54555 06676 70 0. 657 0. 71683 24688 45 0. 58128 04053 13
0. 608 0. 65353 90622 38 0. 54628 10978 51 0. 658 0. 71815 96892 45 0. 58197 85800 31
0. 609 0. 65479 92163 58 0. 54701 08798 38 0. 659 0. 71948 84506 75 0. 58267 61138 57

0. 610 0. 65606 05909 25 0. 54774 00137 16 0. 660 0. 72081 87608 70 0.58337 30069 94
0. 611 0. 65732 31915 05 0.54846 84995 75 0.661 0. 72215 06276 21 0. 58406 92596 49
0. 612 0. 65858 70237 00 0. 54919 63375 05 0. 662 0. 72348 40587 76 0. 58476 48720 31
0. 613 0. 65985 20931 44 0.54992 35276 01 0. 663 0. 72481 90622 40 0. 58545 98443 49
0. 614 0. 66111 84055 09 0. 55065 00699 59 0.664 0. 72615 56459 74 0.58615 41768 17

0. 615 0. 66238 59665 02 0. 55137 59646 79 0. 665 0. 72749 38180 01 0. 58684 78696 50
0. 616 0. 66365 47818 67 0.55210 12118 61 0. 666 0. 72883 35864 02 0. 58754 09230 63
0. 617 0. 66492 48573 84 0. 55282 58116 10 0. 667 0. 73017 49593 16 0. 58823 33372 77
0. 618 0. 66619 61988 69 0. 55354 97640 33 0. 668 0.73151 79449 44 0. 58892 51125 11
0. 619 0. 66746 88121 78 0.55427 30692 38 0. 669 0. 73286 25515 49 0. 58961 62489 89

0. 620 0. 66874 27032 02 0. 55499 57273 39 0. 670 0. 73420 87874 53 0. 59030 67469 35
0. 621 0. 67001 78778 71 0. 55571 77384 48 0. 671 0. 73555 66610 44 0. 59099 66065 77
0. 622 0. 67129 43421 53 0. 55643 91026 82 0. 672 0. 73690 61807 69 0. 59168 58281 44
0. 623 0. 67257 21020 54 0. 55715 98201 62 0. 673 0.73825 73551 41 0. 59237 44118 66
0. 624 0. 67385 11636 20 0. 55787 98910 07 0. 674 0. 73961 01927 39 0. 59306 23579 77

0. 625 0. 67513 15329 37 0. 55859 93153 44 0. 675 0.74096 47022 03 0. 59374 96667 11
0. 626 0. 67641 32161 29 0. 55931 80932 97 0. 616 0. 74232 08922 43 0. 59443 63383 05
0. 627 0. 67769 62193 62 0.56003 62249 97 0. 677 0. 74367 87716 32 0. 59512 23729 99
0. 628 0. 67898 05488 41 0. 56075 37105 14 0. 678 0. 74503 83492 13 0. 59580 77710 32
0. 629 0. 68026 62108 12 0. 56147 05501 63 0. 679 0.74639 96338 96 0. 59649 25326 49

0. 630 0. 68155 32115 63 0.56218 67439 00 0. 680 0. 74776 26346 60 0. 59717 66580 93
0. 631 0. 68284 15574 24 0. 56290 22919 24 0. 681 0. 74912 73605 52 0. 59786 01476 11
0. 632 0. 68413 12547 66 0. 56361 71943 75 0. 682 0. 75049 38206 91 0. 59854 30014 52
0. 633 0. 68542 23100 04 0. 56433 14513 97 0. 683 0. 75186 20242 68 0. 59922 52198 66
0. 634 0. 68671 47295 93 0.56504 50631 37 0. 684 0. 75323 19805 42 0. 59990 68031 06

0. 635 0. 68800 85200 35 0. 56575 80297 42 0. 685 0. 75460 36988 49 0. 60058 77514 26
0. 636 0. 68930 36878 74 0. 56647 03513 63 0. 686 0. 75597 71885 95 0. 60126 80650 81
0. 637 0. 69060 02396 97 0. 56718 20281 53 0. 687 0. 75735 24592 63 0. 60194 77443 31
0. 638 0. 69189 81821 37 0. 56789 30602 67 0.688 0. 75872 95204 10 0. 60262 67894 35
0. 639 0. 69319 75218 73 0.56860 34478 63 0. 689 0. 76010 83816 68 0. 60330 52006 54

0. 640 0. 69449 82656 27 0. 56931 31911 01 0. 690 0. 76148 90527 48 0. 60398 29782 53
0. 641 0. 69580 04201 68 0. 57002 22901 42 0. 69]. 0.76287 15434 36 0. 60466 01224 96
0. 642 0. 69710 39923 13 0. 57073 07451 52 0. 692 0. 76425 58636 00 0. 60533 66336 52
0. 643 0. 69840 89889 23 0. 57143 85562 98 0. 693 0. 76564 20231 84 0. 60601 25119 88
0. 644 0. 69971 54169 09 0. 57214 57237 47 0. 694 0. 76703 00322 15 0. 60668 77577 76

0. 645 0. 70102 32832 27 0. 57285 22476 73 0. 695 0.76841 99008 00 0. 60736 23712 89
0. 646 0. 70233 25948 84 0. 57355 81282 48 0. 696 0. 76981 16391 29 0. 60803 63528 01
0. 647 0. 70364 33589 34 0. 57426 33656 48 0. 697 0. 77120 52574 75 0. 60870 97025 88
0. 648 0. 70495 55824 80 0. 57496 79600 51 0. 698 0. 77260 07661 95 0. 60938 24209 28
0. 649 0. 70626 92726 76 0. 57567 19116 38 0. 699 0. 77399 81757 30 0.61005 45081 01

0.650 0. 70758 44367 25 0. 57637 52205 91 0.700 0.77539 74966 11 0. 61072 59643 89
1(-7)2
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INVERSE CIRCULAR SINES AND TANGENTS Table 4.14

X arcsin X arctan X X arcsin x aretan z
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Table 4.14

X arcsin X

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

aretan X X arcsin X aretan X

0. 700
0. 701
0. 702
0. 703
0. 704

0.
0.
0.
0.
0.

77539
77679
77820
77960
78101

74966
87394
19149
70339
41072

11
52
57
20
23

0.
0.
0.
0.
0.

61072
61139
61206
61273
61340

59643
67900
69854
65507
54863

89
75
44
83
79

0.750
0. 751
0. 752
0.753
0. 754

0.
0.
0.
0.
0.

84806 20789
84957 52355
85109 10007
85260 93916
85413 04254

81
56
70
63
45

0.
0.
0.
0.
0.

64350
64414
64477
64541
64605

11087
08016
98804
83456
61974

93
53
75
20
52

0. 705
0. 706
0. 707
0. 708
0. 709

0. 78242
0.78383
0. 78524
0. 78666
0. 78807

31458
41608
71633
21647
91762

43
47
95
44
45

0. 61407
0. 61474
0.61540
0. 61607
0. 61674

37925
14695
85176
49371
07284

25
10
29
78
52

0. 755
0. 756
0. 757
0. 758
0. 759

0.
0.
0.
0.
0.

85565 41195
85718 04914
85870 95588
86024 13398
86177 58524

04
02
84
74
85

0.
0.
0.
0.
0.

64669
64733
64796
64860
64923

34363
00626
60767
14789
62697

37
40
30
75
45

0.710
0. 711
0. 712
0. 713
0. 714

0.
0.
0.
0.
0.

78949
79091
79234
79376
79519

82093
92755
23866
75542
47901

46
96
39
24
99

0.
0.
0.
0.
0.

61740
61807
61873
61939
62006

58917
04273
43356
76168
02712

52
76
27
09
26

0. 760
0.761
0. 762
0. 763
0. 764

0.
0.
0.
0.
0.

86331 31150
86485 31459
86639 59639
86794 15879
86949 00370

16
55
86
89
42

0.
0.
0.
0.
0.

64987
65050
65113
65176
65240

04494
40183
69769
93255
10645

12
48
28
25
18

0. 715
0. 716
0. 717
0. 718
0. 719

0. 79662
0. 79805
0.79948
0. 80092
0. 80236

41065
55152
90285
46586
24179

16
32
08
13
26

0.
0.
0.
0.
0.

62072
62138
62204
62270
62336

22991
37009
44769
46274
41526

86
97
70
14
45

0. 765
0. 766
0.767
0. 768
0.769

0.
0.
0.
0.
0.

87104 13304
87259 54876
87415 25283
87571 24724
87727 53401

26
26
38
65
29

0.65303
0. 65366
0. 65429
0. 65492
0. 65555

21942
27151
26276
19320
06286

83
99
46
05
59

0. 720
0. 721
0. 722
0. 723
0. 724

0.
0.
0.
0.
0.

80380
80524
80668
80813
80958

23189
43742
85965
49986
35935

33
33
35
66
64

0.
0.
0.
0.
0.

62402
62468
62533
62599
62665

30529
13287
89802
60077
24116

77
26
10
48
63

0. 770
0.771
0. 772
0. 773
0. 774

0.
0.
0.
0.
0.

87884 11516
88040 99276
88198 16888
88355 64562
88513 42511

69
42
33
55
51

0.
0.
0.
0.
0.

65617
65680
65743
65805
65868

87179
62003
30762
93459
50098

91
87
31
11
15

0. 725
0. 726
0. 727
0. 728
0. 729

0.
0.
0.
0.
0.

81103
81248
81394
81540
81685

43942
74140
26660
01637
99207

88
11
28
58
37

0.
0.
0.
0.
0.

62730
62796
62861
62927
62992

81922
33499
78848
17975
50882

76
11
95
54
17

0.775
0. 776
0.777
0. 778
0. 779

0.
0.
0.
0.
0.

88671 50950
88829 90095
88988 60166
89147 61386
89306 93979

00
19
70
58
43

0.
0.
0.
0.
0.

65931
65993
66055
66118
66180

00683
45218
83707
16154
42563

33
55
72
79
67

0. 730
0. 731
0. 732
0. 733
0.734

0.
0.
0.
0.
0.

81832
81978
82125
82272
82419

19506
62672
28844
18163
30770

32
31
52
44
85

0.
0.
0.
0.
0.

63057
63122
63188
63253
63318

77572
98048
12315
20375
22232

15
79
41
38
04

0. 780
0. 781
0. 782
0.783
0.784

0.
0.
0.
0.
0.

89466 58172
89626 54195
89786 82279
89947 42661
90108 35578

34
03
83
72
41

0.
0.
0.
0.
0.

66242
66304
66366
66428
66490

62938
77282
85600
87896
84174

33
73
83
62
09

0. 735
0. 736
0. 737
0. 738
0. 739

0.
0.
0.
0.
0.

82566
82714
82862
83010
83158

66809
26424
09761
16968
48191

86
94
92
01
83

0. 63383
0. 63448
0. 63512
0.63577
0. 63642

17888
07348
90616
67693
38584

78
99
06
42
50

0. 785
0. 786
0. 787
0. 788
0.789

0.
0.
0.
0.
0.

90269 61270
90431 19980
90593 11956
90755 37444
90917 96699

38
87
01
80
17

0.
0.
0.
0.
0.

66552
66614
66676
66738
66799

74437
58690
36936
09181
75427

26
12
71
07
24

0. 740
0. 741
0. 742
0. 743
0. 744

0. 83307
0. 83455
0.83604
0. 83754
0. 83903

03583
83294
87477
16286
69878

42
24
24
83
93

0.
0.
0.
0.
0.

63707
63771
63836
63900
63965

03292
61821
14174
60355
00366

76
64
63
21
89

0.790
0.791
0.792
0. 793
0. 794

0.
0.
0.
0.
0.

91080 89974
91244 17527
91407 79620
91571 76517
91736 08485

07
48
46
23
19

0.
0.
0.
0.
0.

66861
66922
66984
67045
67107

35679
89941
38217
80511
16827

28
25
24
32
61

0. 745
0. 746
0. 747
0. 748
0. 749

0.
0.
0.
0.
0.

84053
84203
84353
84504
84655

48410
52041
80932
35244
15141

98
95
39
42
77

0. 64029
0.64093
0. 64157
0. 64221
0. 64286

34213
61897
83423
98795
08015

19
63
76
14
33

0. 795
0. 796
0. 797
0.798
0.799

0.
0.
0.
0.
0.

91900 75795
92065 78720
92231 17539
92396 92532
92563 03983

02
67
49
24
15

0.
0.
0.
0.
0.

67168
67229
67290
67352
67413

47170
71543
89950
02397
08886

20
22
79
05
15

0.750 0.84806 20789
- 7)3

L5
81 0. 64350 11087

r(-8)s[4
93 0.800 0. 92729 52180

r (-7)5[5
02 0. 67474 09422

r ( - 8)8
L4

24



=1.57079 6326795

273-888 O-67-15

0. 800 0. 92729 52180 02 0. 67474 09422 24 0. 850 1. 01598 52938 15 0. 70449 40642 42
0. 801 0. 92896 37414 22 0. 67535 04009 49 0. 851 1. 01788 65272 25 0. 70507 43293 58
0. 802 0. 93063 59980 83 0. 67595 92652 08 0. 852 1. 01979 36361 62 0. 70565 40219 63
0. 803 0. 93231 20178 64 0. 67656 75354 19 0. 853 1. 02170 66824 41 0.70623 31425 16
0. 804 0. 93399 18310 25 0. 67717 52120 01 0. 854 1. 02362 57289 29 0. 70681 16914 73

0. 805 0. 93567 54682 12 0. 67778 22953 77 0.855 1. 02555 08395 76 0. 70738 96692 96
0. 806 0. 93736 29604 66 0. 67838 87859 65 0. 856 1. 02748 20794 40 0. 70796 70764 42
0. 807 0. 93905 43392 28 0. 67899 46841 90 0.857 1. 02941 95147 10 0. 70854 39133 73
0. 808 0. 94074 96363 49 0. 67959 99904 74 0. 858 1. 03136 32127 41 0. 70912 01805 50
0. 809 0. 94244 88840 95 0. 68020 47052 41 0. 859 1. 03331 32420 77 0. 70969 58784 34

0. 810 0. 94415 21151 54 0. 68080 88289 16 0.860 1. 03526 96724 81 0. 71027 10074 87
0. 811 0. 94585 93626 48 0. 68141 23619 25 0. 861 1. 03723 25749 68 0. 71084 55681 72
0. 812 0. 94757 06601 38 0.68201 53046 96 0. 862 1. 03920 20218 39 0. 71141 95609 52
0. 813 0. 94928 60416 29 0. 68261 76576 55 0.863 1. 04117 80867 05 0. 71199 29862 92
0. 814 0.95100 55415 87 0. 68321 94212 31 0.864 1. 04316 08445 30 0. 71256 58446 55

0. 815 0. 95272 91949 40 0. 68382 05958 54 0. 865 1. 04515 03716 61 0. 71313 81365 07
0. 816 0. 95445 70370 88 0. 68442 11819 54 0. 866 1. 04714 67458 63 0. 71370 98623 14
0.817 0. 95618 91039 18 0. 68502 11799 62 0. 867 1. 04915 00463 62 0. 71428 10225 41
0. 818 0. 95792 54318 04 0. 68562 05903 10 0. 868 1. 05116 03538 76 0. 71485 16176 56
0. 819 0. 95966 60576 23 0. 68621 94134 31 0. 869 1. 05317 77506 61 0. 71542 16481 25

0. 820 0. 96141 10187 64 0. 68681 76497 59 0. 870 1. 05520 23205 49 0. 71599 11144 16
0. 821 0.96316 03531 36 0. 68741 52997 28 0. 871 1. 05723 41489 91 0. 71656 00169 99
0. 822 0. 96491 40991 79 0. 68801 23637 73 0. 872 1. 05927 33231 01 0. 71712 83563 41
0. 823 0. 96667 22958 76 0. 68860 88423 31 0. 873 1. 06131 99317 03 0. 71769 61329 12
0. 824 0. 96843 49827 60 0. 68920 47358 39 0. 874 1. 06337 40653 78 0. 71826 33471 82

0. 825 0. 97020 21999 29 0. 68980 00447 34 0. 875 1. 06543 58165 11 0. 71882 99996 22
0. 826 0. 97197 39880 56 0. 69039 47694 55 0. 876 1. 06750 52793 43 0. 71939 60907 02
0. 827 0. 97375 03884 00 0. 69098 89104 41 0. 877 1. 06958 25500 24 0. 71996 16208 94
0. 828 0. 97553 14428 17 0. 69158 24681 33 0. 878 1. 07166 77266 67 0. 72052 65906 70
0. 829 0. 97731 71937 77 0. 69217 54429 71 0. 879 1. 07376 09094 07 0. 72109 10005 03

0. 830 0. 97910 76843 68 0. 69276 78353 97 0. 880 1. 07586 22004 54 0. 72165 48508 65
0. 831 0. 98090 29583 19 0. 69335 96458 54 0. 881 1. 07797 17041 59 0. 72221 81422 30
0. 832 0. 98270 30600 05 0. 69395 08747 85 0. 882 1. 08008 95270 75 0. 72278 08750 71
0. 833 0. 98450 80344 64 0. 69454 15226 33 0. 883 1. 08221 57780 22 0. 72334 30498 64
0. 834 0. 98631 79274 13 0. 69513 15898 44 0. 884 1. 08435 05681 59 0. 72390 46670 83

0. 835 0. 98813 27852 56 0. 69572 10768 63 0.885 1. 08649 40110 49 0. 72446 57272 04
0. 836 0. 98995 26551 06 0. 69630 99841 36 0. 886 1. 08864 62227 36 0. 72502 62307 01
0. 837 0. 99177 75847 95 0. 69689 83121 11 0. 887 1. 09080 73218 22 0. 72558 61780 53
0. 838 0. 99360 76228 94 0. 69748 60612 34 0. 888 1. 09297 74295 43 0.72614 55697 34
0. 839 0. 99544 28187 22 0. 69807 32319 55 0. 889 1. 09515 66698 56 0. 72670 44062 23

0. 840 0. 99728 32223 72 0. 69865 98247 21 0.890 1. 09734 51695 23 0. 72726 26879 97
0. 841 0. 99912 88847 18 0. 69924 58399 85 0. 891 1. 09954 30581 99 0. 72782 04155 34
0. 842 1. 00097 98574 39 0. 69983 12781 94 0. 892 1. 10175 04685 30 0. 72837 75893 12
0. 843 1. 00283 61930 35 0. 70041 61398 02 0. 893 1. 10396 75362 43 0. 72893 42098 11
0. 844 1. 00469 79448 46 0.70100 04252 59 0. 894 1. 10619 44002 56 0. 72949 02775 09

0. 845 1. 00656 51670 67 0. 70158 41350 19 0. 895 1. 10843 12027 75 0. 73004 57928 87
0. 846 1. 00843 79147 75 0. 70216 72695 35 0. 896 1. 11067 80894 12 0. 73060 07564 24
0. 847 1. 01031 62439 41 0. 70274 98292 60 0. 897 1. 11293 52092 94 0.73115 51686 02
0. 848 1. 01220 02114 56 0. 70333 18146 49 0. 898 1. 11520 27151 85 0. 73170 90299 00
0. 849 1. 01408 98751 50 0. 70391 32261 58 0. 899 1. 11748 07636 13 0. 73226 23408 01

0. 850 1. 01598 52938 15 0. 70449 40642 42 0. 900 1. 11976 95149 99 0. 73281 51017 87
-7)7 r(-8)71 -6)1 - 8)7
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INVERSE CIRCULAR SINES AND TANGENTS Table 4.14

X aresin X arctan z X arcsin X aretan X



For aretan , r>l see Example 22.
arcsin £1-{2(1-x) ]Af(x) =1.57O79 63267 95
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Table 4.14

arcsin

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE CIRCULAR SINES AND TANGENTS

arctafl arcsin arctan x J(x)
0. 900 1. 11976 95149 99 0. 73281 51017 87 0.950 1. 25323 58975 03 0. 75976 27548 76 1. 00421 42513 02
0.901 1. 12206 91337 93 0. 73336 73133 38 0.951 1. 25645 42223 06 0.76028 81166 70 1. 00412 90197 55
0. 902 1. 12437 97886 21 0. 73391 89759 38 0. 952 1. 25970 47250 03 0. 76081 29540 28 1. 00404 38274 04
0. 903 1. 12670 16524 29 0. 73447 00900 70 0.953 1. 26298 84259 28 0. 76133 72674 43 1. 00395 86742 15
0.904 1. 12903 49026 45 0. 73502 06562 16 0. 954 1. 26630 64000 67 0.76186 10574 14 1. 00387 35601 52

0. 905 1. 13137 97213 39 0.73557 06748 62 0.955 1. 26965 97812 42 0. 76238 43244 37 1. 00378 84851 78
0. 906 1. 13373 62953 96 0.73612 01464 89 0.956 1. 27304 97667 20 0.76290 70690 08 1.00370 34492 58
0.907 1. 13610 48166 99 0. 73666 90715 84 0.957 1. 27647 76222 92 0. 76342 92916 23 1. 00361 84523 57
0. 908 1. 13848 54823 12 0.73721 74506 30 0. 958 1.27994 46878 88 0. 76395 09927 81 1. 00353 34944 39
0. 909 1. 14087 84946 83 0. 73776 52841 13 0.959 1.28345 23838 00 0. 76447 21729 78 1. 00344 85754 69

0.910 1. 14328 40618 50 0.73831 25725 17 0.960 1. 28700 22175 87 0. 76499 28327 11 1. 00336 36954 10
0. 911 1. 14570 23976 58 0. 73885 93163 30 0.961 1.29059 57917 69 0.76551 29724 78 1. 00327 88542 28
0.912 1. 14813 37219 91 0. 73940 55160 36 0.962 1.29423 48124 14 0. 76603 25927 75 1. 00319 40518 88
0.913 1. 15057 82610 10 0. 73995 11721 22 0.963 1.29792 10987 43 0. 76655 16941 02 1. 00310 92883 53
0. 914 1. 15303 62474 12 0. 74049 62850 76 0.964 1. 30165 65939 20 0. 76707 02769 55 1. 00302 45635 89

0.915 1. 15550 79206 90 0.74104 08553 83 0.965 1. 30544 33771 97 0.76758 83418 33 1.00293 98775 61
0.916 1. 15799 35274 19 0.74158 48835 32 0. 966 1. 30928 36776 35 0. 76810 58892 33 1. 00285 52302 33
0. 917 1. 16049 33215 50 0. 74212 83700 10 0.967 1. 31317 98896 52 0. 76862 29196 53 1. 00277 06215 71
0.918 1. 16300 75647 25 0.74267 13153 04 0. 968 1.31713 45907 19 0. 76913 94335 92 1. 00268 60515 39
0. 919 1. 16553 65266 04 0. 74321 37199 05 0.969 1. 32115 05615 54 0. 76965 54315 49 1. 00260 15201 02

0.920 1. 16808 04852 14 0.74375 55842 99 0.970 1.32523 08092 80 0. 77017 09140 20 1. 00251 70272 25
0. 921 1. 17063 97273 16 0. 74429 69089 76 0.971 1.32937 85940 93 0. 77068 58815 06 1. 00243 25728 74
0. 922 1. 17321 45487 95 0. 74483 76944 25 0.972 1. 33359 74601 02 0. 77120 03345 05 1. 00234 81570 13
0.923 1. 17580 52550 71 0. 74537 79411 35 0.973 1. 33789 12711 79 0. 77171 42735 14 1. 00226 37796 07
0. 924 1. 17841 21615 31 0.74591 76495 97 0.974 1. 34226 42528 47 0. 77222 76990 34 1.00217 94406 23

0.925 1. 18103 55939 97 0. 74645 68203 00 0. 975 1. 34672 10414 93 0. 77274 06115 63 1. 00209 51400 25
0.926 1. 18367 58892 09 0. 74699 54537 35 0. 976 1. 35126 67425 45 0.77325 30116 01 1.00201 08777 78
0. 927 1. 18633 33953 44 0. 74753 35503 92 0.977 1. 35590 69996 85 0. 77376 48996 45 1. 00192 66538 49
0.928 1. 18900 84725 71 0. 74807 11107 62 0. 978 1. 36064 80777 70 0. 77427 62761 95 1. 00184 24682 01
0. 929 1. 19170 14936 35 0. 74860 81353 36 0.979 1. 36549 69629 42 0. 77478 71417 51 1. 00175 83208 02

0. 930 1.19441 28444 77 0. 74914 46246 06 0.980 1. 37046 14844 72 0.77529 74968 12 1. 00167 42116 16
0.931 1. 19714 29249 00 0.74968 05790 63 0. 981 1. 37555 04644 29 0. 77580 73418 77 1. 00159 01406 08
0. 932 1. 19989 21492 75 0. 75021 59991 99 0. 982 1. 38077 39033 32 0. 77631 66774 45 1. 00150 61077 45
0. 933 1.20266 09472 92 0. 75075 08855 06 0.983 1. 38614 32129 70 0.77682 55040 17 1. 00142 21129 93
0. 934 1. 20544 97647 69 0. 75128 52384 76 0.984 1. 39167 15119 16 0. 77733 38220 91 1. 00133 81563 16

0.935 1.20825 90645 07 0.75181 90586 03 0. 985 1. 39737 40056 99 0. 77784 16321 67 1. 00125 42376 80
0. 936 1.21108 93272 10 0.75235 23463 79 0. 986 1. 40326 84832 96 0. 77834 89347 44 1. 00117 03570 52
0. 937 1.21394 10524 70 0. 75288 51022 96 0. 987 1. 40937 59766 46 0. 77885 57303 23 1.00108 65143 98
0. 938 1. 21681 47598 22 0.75341 73268 49 0.988 1. 41572 16538 31 0. 77936 20194 04 1. 00100 27096 82
0.939 1.21971 09898 74 0.75394 90205 30 0.989 1. 42233 60557 98 0.77986 78024 85 1. 00091 89428 72

0. 940 1. 22263 03055 22 0.75448 01838 34 0. 990 1.42925 68534 70 0. 78037 30800 67 1. 00083 52139 33
0. 941 1. 22557 32932 59 0. 75501 08172 55 0. 991 1.43653 14207 77 0.78087 78526 49 1. 00075 15228 31
0. 942 1. 22854 05645 81 0. 75554 09212 86 0. 992 1. 44422 07408 32 0.78138 21207 32 1. 00066 78695 32
0. 943 1.23153 27575 05 0. 75607 04964 22 0.993 1. 45240 56012 67 0. 78188 58848 15 1. 00058 42540 02
0. 944 1. 23455 05382 02 0. 75659 95431 57 0.994 1.46119 69689 63 0.78238 91453 98 1.00050 06762 08

0. 945 1. 23759 46027 74 0.75712 80619 86 0.995 1. 47075 46131 83 0. 78289 19029 81 1. 00041 71361 15
0. 946 1.24066 56791 62 0.75765 60534 05 0.996 1. 48132 37665 90 0. 78339 41580 64 1. 00033 36336 91
0. 947 1. 24376 45292 24 0. 75818 35179 08 0.997 1. 49331 72818 71 0. 78389 59111 47 1. 00025 01689 01
0. 948 1. 24689 19509 90 0. 75871 04559 90 0.998 1.50754 02279 20 0.78439 71627 31 1. 00016 67417 11
0. 949 1. 25004 87811 06 0.75923 68681 48 0. 999 1. 52607 12396 26 0. 78489 79133 14 1. 00008 33520 89

0.950 1.25323 58975
f(-6)41L6i

03 0.75976 27548
f(-8)7
14

76 1.000 1. 57079 63267 95 0.78539 81633
1(-8)7
L4

97 1. 00000 00000
1(-9)5
L4

00



ELEMENTARY TRANSCENDENTAL FUNCTIONS

Compilation of tanh z and coth z from National Bureau of Standards, Table
of circular and hyperbolic tangents and cotangents for radian arguments, 2d
printing. Columbia Univ. Press, New York, N.Y., 1947 (with permission).
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HYPERBOLIC FUNCTIONS Table 4.15
z sinhz cosh z tanh z coth z

0. 00 0. 00000 0000 1. 00000 0000 0. 00000 000
0. 01 0. 01000 0167 1. 00005 0000 0. 00999 967 100. 00333 33
0.02 0.02000 1333 1. 00020 0007 0. 01999 733 50. 00666 65
0. 03 0. 03000 4500 1. 00045 0034 0. 02999 100 33. 34333 27
0. 04 0. 04001 0668 1. 00080 0107 0. 03997 868 25. 01333 19

0. 05 0. 05002 0836 1. 00125 0260 0.04995 838 20. 01666 39
0. 06 0. 06003 6006 1. 00180 0540 0. 05992 810 16. 68666 19
0.07 0.07005 7181 1. 00245 1001 0. 06988 589 14. 30904 00
0. 08 0. 08008 5361 1. 00320 1707 0. 07982 977 12. 52665 53
0.09 0. 09012 1549 1. 00405 2734 0. 08975 779 11. 14109 49

0.10 0.10016 6750 1.00500 4168 0. 09966 800 10. 03331 11
0.11 0. 11022 1968 1. 00605 6103 0. 10955 847 9. 12754 62
0.12 0. 12028 8207 1. 00720 8644 0. 11942 730 8. 37329 50
0.13 0. 13036 6476 1. 00846 1907 0. 12927 258 7. 73559 23
0. 14 0. 14045 7782 1. 00981 6017 0. 13909 245 7. 18946 29

0.15 0. 15056 3133 1. 01127 1110 0. 14888 503 6.71659 18
0.16 0.16068 3541 1.01282 7330 0. 15864 850 6. 30324 25
0.17 0.17082 0017 1.01448 4834 0. 16838 105 5. 93891 07
0. 18 0. 18097 3576 1. 01624 3787 0. 17808 087 5. 61542 64
0.19 0.19114 5232 1.01810 4366 0. 18774 621 5. 32633 93

0.20 0.20133 6003 1.02006 6756 0. 19737 532 5. 06648 96
0.21 0. 21154 6907 1. 02213 1153 0. 20696 650 4. 83169 98
0.22 0.22177 8966 1.02429 7764 0. 21651 806 4. 61855 23
0.23 0.23203 3204 1.02656 6806 0. 22602 835 4. 42422 37
0.24 0.24231 0645 1.02893 8506 0. 23549 575 4. 24636 11

0. 25 0. 25261 2317 1. 03141 3100 0. 24491 866 4. 08298 82
0.26 0.26293 9250 1.03399 0836 0. 25429 553 3. 93243 24
0.27 0.27329 2478 1.03667 1973 0. 26362 '484 3. 79326 93
0.28 0.28367 3035 1.03945 6777 0.27290508 3. 66427 77
0.29 0.29408 1960 1.04234 5528 0. 28213 481 3. 54440 49

0. 30 0. 30452 0293 1. 04533 8514 0. 29131 261 3. 43273 84
0.31 0.31498 9079 1.04843 6035 0. 30043 710 3. 32848 38
0.32 0. 32548 9364 1. 05163 8401 0. 30950 692 3. 23094 55
0.33 0.33602 2198 1.05494 5931 0. 31852 078 3. 13951 26
0. 34 0. 34658 8634 1. 05835 8957 0. 32747 740 3. 05364 59

0. 35 0. 35718 9729 1. 06187 7819 0. 33637 554 2. 97286 77
0. 36 0. 36782 6544 1. 06550 2870 0. 34521 403 2. 89675 36
0.37 0. 37850 0142 1. 06923 4473 0. 35399 171 2. 82492 49
0. 38 0. 38921 1590 1. 07307 2999 0. 36270 747 2. 75704 28
0.39 0.39996 1960 1.07701 8834 0. 37136 023 2. 69280 32

0.40 0.41075 2326 1.08107 2372 0. 37994 896 2. 63193 24
0.41 0. 42158 3767 1. 08523 4018 0. 38847 268 2. 57418 36
0. 42 0. 43245 7368 1. 08950 4188 0. 39693 043 2. 51933 32
0. 43 0. 44337 4214 1. 09388 3309 0. 40532 131 2. 46717 85
0. 44 0. 45433 5399 1. 09837 1820 0. 41364 444 2. 41753 52

0.45 0.46534 2017 1.10297 0169 0. 42189 901 2. 37023 55
0.46 0.47639 5170 1.10767 8815 0. 43008 421 2. 32512 60
0.47 0.48749 5962 1.11249 8231 0. 43819 932 2. 28206 66
0.48 0.49864 5505 1.11742 8897 0. 44624 361 2. 24092 84
0.49 0.50984 4913 1.12247 1307 0. 45421 643 2. 20159 36

0.50 0. 52109 5305 1. 12762 5965 0.46211 716 2. 16395 34
f(-6)61 1(-5)11 1(-6)9L4J L4J L4

For coth z, z .1 use 4.5.67.
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Table 4.15

X sinh x

HYPERBOLIC FUNCTIONS

cosi' X tanh z coth z

0.50 0. 52109 5305 1. 12762 5965 0. 46211 716 2. 16395 34
0.51 0. 53239 7808 1.13289 3387 0.46994 520 2.12790 77
0.52 0. 54375 3551 1. 13827 4099 0. 47770 001 2. 09336 40
0.53 0. 55516 3669 1. 14376 8639 0. 48538 109 2. 06023 68
0.54 0. 56662 9305 1. 14937 7557 0. 49298 797 2. 02844 71

0.55 0. 57815 1604 1.15510 1414 0.50052 021 1.99792 13
0.56 0. 58973 1718 1. 16094 0782 0. 50797 743 1. 96859 14
0.57 0. 60137 0806 1.16689 6245 0.51535 928 1.94039 39
0.58 0. 61307 0032 1.17296 8399 0.52266 543 1.91326 98
0.59 0. 62483 0565 1. 17915 7850 0. 52989 561 1. 88716 42

0.60 0. 63665 3582 1.18546 5218 0.53704 957 1.86202 55
0.61 0. 64854 0265 1.19189 1134 0.54412 710 1.83780 59
0.62 0. 66049 1802 1. 19843 6240 0. 55112 803 1. 81446 04
0.63 0. 67250 9389 1. 20510 1190 0. 55805 222 1.79194 70
0.64 0. 68459 4228 1.21188 6652 0.56489 955 1.77022 62

0.65 0. 69674 7526 1.21879 3303 0.57166 997 1.74926 10
0.66 0. 70897 0500 1.22582 1834 0. 57836 341 1. 72901 67
0.67 0. 72126 4371 1.23297 2949 0.58497 988 1.70946 05
0.68 0. 73363 0370 1.24024 7362 0.59151 940 1.69056 16
0.69 0. 74606 9732 1. 24764 5801 0.59798 200 1. 67229 11

0.70 0. 75858 3702 1.25516 9006 0.60436 778 1.65462 16
0.71 0. 77117 3531 1.26281 7728 0.61067 683 1.63752 73
0.72 0. 78384 0477 1.27059 2733 0.61690 930 1.62098 38
0.73 0. 79658 5809 1.27849 4799 0. 62306 535 1. 60496 81
0.74 0. 80941 0799 1.28652 4715 0.62914 516 1.58945 83

0.75 0. 82231 6732 1.29468 3285 0.63514 895 1.57443 38
0.76 0. 83530 4897 1. 30297 1324 0. 64107 696 1. 55987 51
0.77 0. 84837 6593 1.31138 9661 0.64692 945 1.54576 36
0.78 0. 86153 3127 1.31993 9138 0.65270 671 1.53208 17
0.79 0. 87477 5815 1.32862 0611 0.65840 904 1.51881 27

0.80 0. 88810 5982 1.33743 4946 0.66403 677 1.50594 07
0.81 0. 90152 4960 1.34638 3026 0.66959 026 1.49345 06
0.82 0. 91503 4092 1.35546 5746 0.67506 987 1.48132 81
0.83 0. 92863 4727 1. 36468 4013 0. 68047 601 1. 46955 95
0.84 0. 94232 8227 1.37403 8750 0.68580 906 1.45813 18

0.85 0. 95611 5960 1. 38353 0892 0. 69106 947 1.44703 25
0.86 0. 96999 9306 1. 39316 1388 0. 69625 767 1. 43624 99
0.87 0. 98397 9652 1.40293 1201 0. 70137 413 1.42577 26
0.88 0. 99805 8397 1. 41284 1309 0. 70641 932 1. 41558 98
0.89 1. 01223 6949 1.42289 2702 0.71139 373 1.40569 13

0.90 1. 02651 6726 1. 43308 6385 0. 71629 787 1. 39606 73
0.91 1. 04089 9155 1.44342 3379 0.72113 225 1.38670 82
0.92 1. 05538 5674 1. 45390 4716 0.72589 742 1. 37760 51
0.93 1. 06997 7734 1. 46453 1444 0. 73059 390 1. 36874 95
0.94 1. 08467 6791 1.47530 4627 0.73522 225 1.36013 29

0.95 1. 09948 4318 1. 48622 5341 0. 73978 305 1. 35174 76
0.96 1. 11440 1794 1. 49729 4680 0. 74427 687 1. 34358 60
0.97 1. 12943 0711 1.50851 3749 0. 74870 429 1. 33564 08
0.98 1. 14457 2572 1. 51988 3670 0.75306 591 1. 32790 50
0.99 1. 15982 8891 1. 53140 5582 0. 75736 232 1.3203720

1.00 1. 17520 1194 1. 54308 0635 0. 76159 416 1. 31303 53
[(-5)11 r(-5)21 r(-6)91 [(-4)2

L4J L4J L4i L5
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(-6)81 1(-5)211( -5)31L4J [1] [i L4i
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z

1. 00
1. 01
1. 02
1. 03

HYPERBOLIC FUNCTIONS

sinh z cosh z tanh z

1. 17520 1194 1.54308 0635 0.76159 416
1. 19069 1018 1.55490 9997 0. 76576 202
1. 20629 9912 1. 56689 4852 0. 76986 654
L 22202 9437 1. 57903 6398 0. 77390 834

Table 4.15

coth z

1.31303 53
1. 30588 87
1.29892 64
1.29214 27

1.04 1.23788 1166 1.59133 5848 0.77788 807 1.28553 20

1. 05 1. 25385 6684 1. 60379 4434 0. 78180 636 1. 27908 91
1. 06 1. 26995 7589 1. 61641 3400 0.78566 386 1. 27280 90
1. 07 1. 28618 5491 1. 62919 4009 0. 78946 122 1.26668 67
1.08 1.30254 2013 1.64213 7538 0.79319 910 1.26071 75
1. 09 1.31902 8789 1. 65524 5283 0. 79687 814 1.25489 70

1.10 1.33564 7470 1.66851 8554 0.80049 902 1.24922 08
1.11 1.35239 9717 1.68195 8678 0.80406 239 1.24368 46
1. 12 L 36928 7204 1. 69556 6999 0. 80756 892 1. 23828 44
1. 13 1. 38631 1622 1. 70934 4878 0. 81101 926 1. 23301 63
1. 14 1.40347 4672 1. 72329 3694 0. 81441 409 1. 22787 66

1. 15 1. 42077 8070 1. 73741 4840 0. 81775 408 1.22286 15
1.16 1.43822 3548 1.75170 9728 0.82103 988 1.21796 76
1.17 1. 45581 2849 1. 76617 9790 0.82427 217 1. 21319 15
1.18 1.47354 7732 1.78082 6471 0.82745 161 1.20852 99
1. 19 1. 49142 9972 1. 79565 1236 0. 83057 887 1.20397 96

1.20 1.50946 1355 1.81065 5567 0. 83365 461 1. 19953 75
1.21 1. 52764 3687 1. 82584 0966 0. 83667 949 1. 19520 08
1.22 1.54597 8783 1.84120 8950 0.83965 418 1.19096 65
1.23 1.56446 8479 1.85676 1057 0.84257 933 1.18683 19
1. 24 1.58311 4623 1. 87249 8841 0. 84545 560 1.18279 42

1.25 1. 60191 9080 1. 88842 3877 0.84828 364 1.17885 10
1.26 1.62088 3730 1.90453 7757 0.85106 411 1.17499 96
1.27 1.64001 0470 1.92084 2092 0.85379 765 1.17123 77
1. 28 1. 65930 1213 1. 93733 8513 0. 85648 492 1. 16756 29
1. 29 1. 67875 7886 1. 95402 8669 0. 85912 654 1. 16397 29

1.30 1.69838 2437 1.97091 4230 0. 86172 316 1. 16046 55
1.31 1. 71817 6828 1. 98799 6884 0. 86427 541 1. 15703 86
1. 32 1. 73814 3038 2. 00527 8340 0. 86678 393 1. 15369 01
1. 33 1. 75828 3063 2. 02276 0324 0.86924 933 1. 15041 79
1. 34 1. 77859 8918 2. 04044 4587 0. 87167 225 1. 14722 02

1. 35 1.79909 2635 2. 05833 2896 0.87405 329 1. 14409 50
1. 36 1.81976 6262 2. 07642 7039 0. 87639 307 1. 14104 05
1.37 1.84062 1868 2.09472 8828 0.87869 219 1.13805 50
1.38 1.86166 1537 2.11324 0090 0.88095 127 1.13513 66
1. 39 1. 88288 7374 2. 13196 2679 0. 88317 089 1.13228 37

1. 40 1.90430 1501 2. 15089 8465 0. 88535 165 1. 12949 47
1.41 1.92590 6060 2.17004 9344 0.88749 413 1.12676 80
1.42 1. 94770 3212 2. 18941 7229 0. 88959 892 1. 12410 21
1.43 1.96969 5135 2.20900 4057 0.89166 660 1.12149 54
1. 44 1.99188 4029 2. 22881 1788 0. 89369 773 1. 11894 66

1.45 2.01427 2114 2.24884 2402 0.89569 287 1.11645 41
1.46 2. 03686 1627 2.26909 7902 0. 89765 260 1. 11401 67
1.47 2. 05965 4828 2.28958 0313 0. 89957 745 1. 11163 30
1.48 2.08265 3996 2.31029 1685 0.90146 799 1.10930 17
1.49 2. 10586 1432 2. 33123 4087 0.90332 474 1. 10702 16

1. 50 2.12927 9455 2. 35240 9615 0.90514 825 1. 10479 14
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1(-5)41 1(-5)51 [(_6)41 Í(-6)61L5J L5i 4] L3J

Table 4.15

x sinh x

HYPERBOLIC FUNCTIONS

cosh x tanh x coth x

1. 50 2. 12927 9455 2. 35240 9615 0. 90514 825 1. 10479 14
1.51 2.15291 0408 2.37382 0386 0.90693 905 1.10260 99
1. 52 2. 17675 6654 2.39546 8541 0. 90869 766 1. 10047 60
1.53 2.20082 0577 2.41735 6245 0.91042 459 1.09838 86
1. 54 2. 22510 4585 2. 43948 5686 0.91212 037 1.09634 65

1.55 2.24961 1104 2.46185 9078 0.91378 549 1.09434 87
1.56 2.27434 2587 2.48447 8658 0.91542 046 1.09239 42
1.57 2.29930 1506 2.50734 6688 0.91702 576 1.09048 19
1. 58 2.32449 0357 2. 53046 5455 0.91860 189 1.08861 09
1. 59 2. 34991 1658 2. 55383 7270 0.92014 933 1. 08678 01

1.60 2. 37556 7953 2. 57746 447]. 0.92166 855 1. 08498 87
1. 61 2. 40146 1807 2. 60134 9421 0.92316 003 1. 08323 58
1. 62 2. 42759 5809 2. 62549 4.508 0. 92462 422 1. 08152 04
1. 63 2. 45397 2572 2.64990 2146 0.92606 158 1.07984 18
1. 64 2. 48059 4735 2. 67457 4777 0.92747 257 1. 07819 90

1. 65 2. 50746 4959 2.69951 4868 0.92885 762 1. 07659 13
1.66 2.53458 5932 2.72472 4912 0.93021 718 1.07501 78
1. 67 2. 56196 0366 2. 75020 7431 0. 93155 168 1. 07347 77
1. 68 2.58959 0998 2.77596 4974 0. 93286 155 1. 07197 04
1. 69 2. 61748 0591 2.80200 0115 0.93414 721 1. 07049 51

1. 70 2. 64563 1934 2. 82831 5458 0.93540 907 1.06905 10
1. 71 2. 67404 7843 2.85491 3635 0. 93664 754 1.06763 75
1.72 2.70273 1158 2.88179 7306 0.93786 303 1.06625 38
1. 73 2.73168 4749 2.90896 9159 0. 93905 593 1.06489 93
1. 74 2. 76091 1511 2. 93643 1912 0.94022 664 1. 06357 34

1. 75 2. 79041 4366 2.96418 8310 0.94137 554 1. 06227 53
1. 76 2.82019 6265 2.99224 1129 0.94250 301 1.06100 46
1.77 2.85026 0186 3.02059 3175 0.94360 942 1.05976 05
1.78 2.88060 9136 3.04924 7283 0.94469 516 1.05854 25
1. 79 2. 91124 6148 3. 07820 6318 0.94576 057 1. 05735 01

1. 80 2. 94217 4288 3. 10747 3176 0.94680 601 1. 05618 26
1.81 2.97339 6648 3.13705 0785 0.94783 185 1.05503 95
1. 82 3. 00491 6349 3. 16694 2100 0. 94883 842 1. 05392 02
1.83 3. 03673 6545 3. 19715 0113 0. 94982 608 1. 05282 43
1.84 3.06886 0417 3.22767 7844 0.95079 514 1.05175 13

1.85 3.10129 1178 3.25852 8344 0.95174 596 1.05070 05
1.86 3.13403 2071 3.28970 4701 0.95267 884 1.04967 17
1. 87 3. 16708 6369 3.32121 0031 0.95359 412 1. 04866 42
1. 88 3. 20045 7378 3. 35304 7484 0. 95449 211 1. 04767 76
1.89 3.23414 8436 3.38522 0245 0.95537 312 1.04671 15

1.90 3.26816 2912 3.41773 1531 0.95623 746 1.04576 53
1.91 3.30250 4206 3.45058 4593 0.95708 542 1.04483 88
1. 92 3. 33717 5754 3. 48378 2716 0. 95791 731 1. 04393 14
1.93 3.37218 1022 3.51732 9220 0.95873 341 1.04304 28
1.94 3.40752 3510 3.55122 7460 0.95953 401 1.04217 25

1.95 3.44320 6754 3.58548 0826 0.96031 939 1.04132 02
1. 96 3. 47923 4322 3. 62009 2743 0.96108 983 1. 04048 55
1.97 3. 51560 9816 3. 65506 6672 0. 96184 561 1. 03966 79
1.98 3.55233 6874 3.69040 6111 0.96258 698 1.03886 72
1. 99 3. 58941 9168 3. 72611 4594 0. 96331 422 1. 03808 29

2. 00 3.62686 0408 3. 76219 5691 0.96402 758 1. 03731 47



1 (-4)1L6
r(-4)2
L9

X smb z

HYPERBOLIC FUNCTIONS

cosh z tanh x

Table 4.15

coth z

2. 0 3. 62686 0408 3. 76219 5691 0. 96402 75801 1. 03731 47207
2. 1 4. 02185 6742 4. 14431 3170 0. 97045 19366 1. 03044 77350
2. 2 4. 45710 5171 4. 56790 8329 0. 97574 31300 1. 02485 98932
2. 3 4. 93696 1806 5. 03722 0649 0.98009 63963 1. 02030 78022
2. 4 5. 46622 9214 5. 55694 7167 0. 98367 48577 1. 01659 60756

2. 5 6. 05020 4481 6. 13228 9480 0. 98661 42982 1. 01356 73098
2. 6 6. 69473 2228 6. 76900 5807 0. 98902 74022 1. 01109 43314
2. 7 7. 40626 3106 7. 47346 8619 0. 99100 74537 1. 00907 41460
2. 8 8. 19191 8354 8. 25272 8417 0. 99263 15202 1. 00742 31773
2. 9 9. 05956 1075 9. 11458 4295 0. 99396 31674 1. 00607 34973

3. 0 10. 01787 4927 10. 06766 1996 0. 99505 47537 1. 00496 98233
3. 1 11. 07645 1040 11. 12150 0242 0. 99594 93592 1. 00406 71152
3. 2 12. 24588 3997 12. 28664 6201 0. 99668 23978 1. 00332 86453
3. 3 13. 53787 7877 13. 57476 1044 0. 99728 29601 1. 00272 44423
3. 4 14. 96536 3389 14. 99873 6659 0. 99777 49279 1. 00223 00341

3. 5 16. 54262 7288 16. 57282 4671 0. 99817 78976 1. 00182 54285
3. 6 18. 28545 5361 18. 31277 9083 0. 99850 79423 1. 00149 42872
3.7 20. 21129 0417 20.23601 3943 0. 99877 82413 1. 00122 32532
3. 8 22. 33940 6861 22. 36177 7633 0. 99899 95978 1. 00100 14040
3. 9 24. 69110 3597 24. 71134 5508 0. 99918 08657 1. 00081 98059

4. 0 27. 28991 7197 27. 30823 2836 0. 99932 92997 1. 00067 11504
4. 1 30. 16185 7461 30. 17843 0136 0. 99945 08437 1. 00054 94581
4. 2 33. 33566 7732 33. 35066 3309 0. 99955 03665 1. 00044 98358
4. 3 36. 84311 2570 36. 85668 1129 0. 99963 18562 1. 00036 82794
4. 4 40. 71929 5663 40. 73157 3002 0. 99969 85793 1. 00030 15116

4. 5 45. 00301 1152 45. 01412 0149 0. 99975 32108 1. 00024 6501
4. 6 49. 73713 1903 49. 74718 3739 0. 99979 79416 1. 00020 20992
4. 7 54. 96903 8588 54. 97813 3865 0. 99983 45656 1. 00016 54618
4. 8 60. 75109 3886 60. 75932 3633 0. 99986 45517 1. 00013 54666
4. 9 67. 14116 6551 67. 14861 3134 0. 99988 91030 1. 00011 09093

5. 0 74. 20321 0578 74. 20994 8525 0. 99990 92043 1. 00009 08040
5. 1 82. 00790 5277 82. 01400 2023 0. 99992 56621 1. 00007 43434
5. 2 90. 63336 2655 90. 63887 9220 0. 99993 91369 1. 00006 08668
5. 3 100. 16590 9190 100. 17090 0784 0. 99995 01692 1. 00004 98333
5. 4 110. 70094 9812 110. 70546 6393 0. 99995 92018 1. 00004 07998

5. 5 122. 34392 2746 122. 34800 9518 0. 99996 65972 1. 00003 34040
5. 6 135. 21135 4781 135. 21505 2645 0. 99997 26520 1. 00002 73488
5. 7 149.43202 7501 149. 43537 3466 0. 99997 76093 1. 00002 23912
5. 8 165. 14826 6177 165. 15129 3732 0. 99998 16680 1. 00001 83323
5. 9 182. 51736 4210 182. 52010 3655 0. 99998 49910 1. 00001 50092

6. 0 201. 71315 7370 201. 71563 6122 0. 99998 77117 1. 00001 22885

ELEMENTARY TRANSCENDENTAL FUNCTIONS 217
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Table 4.15

X smb x

ELEMENTARY TRANSCENDENTAL FUNCTIONS

HYPERBOLIC FUNCTIONS

cosh X tanh x coth x
6. 0 201. 71315 7370 201. 71563 6122 0. 99998 77117 1. 00001 22885
6. 1 222. 92776 3607 222. 93000 6475 0. 99998 99391 1. 00001 00610
6. 2 246. 37350 5831 246. 37553 5262 0. 99999 17629 1. 00000 82372
6. 3 272. 28503 6911 272. 28687 3215 0. 99999 32560 1. 00000 67441
6. 4 300. 92168 8157 300. 92334 9715 0. 99999 44785 1. 00000 55216

6. 5 332. 57006 4803 332. 57156 8242 0. 99999 54794 1. 00000 45207
6. 6 367.54691 4437 367. 54827 4805 0. 99999 62988 I. 00000 37012
6. 7 406. 20229 7128 406. 20352 8040 0. 99999 69697 1. 00000 30303
6. 8 448. 92308 8938 448. 92420 2713 0. 99999 75190 1. 00000 24810
6. 9 496. 13685 3910 496. 13786 1695 0. 99999 79687 1. 00000 20313

7. 0 548. 31612 3273 548. 31703 5155 0. 99999 83369 1. 00000 16631
7. 1 605. 98312 4694 605. 98394 9799 0. 99999 86384 1. 00000 13616
7. 2 669. 71500 8904 669. 71575 5490 0. 99999 88852 1. 00000 11148
7. 3 740. 14962 6023 740. 15030 1562 0. 99999 90873 1. 00000 09127
7. 4 817. 99190 9372 817.99252 0624 0. 99999 92527 1. 00000 07473

7. 5 904. 02093 0686 904. 02148 3770 0. 99999 93882 1. 00000 06118
7. 6 999. 09769 7326 999. 09819 7778 0. 99999 94991 1. 00000 05009
7. 7 1104. 17376 9530 1104. 17422 2357 0. 99999 95899 1. 00000 04101
7. 8 1220. 30078 3945 1220. 30119 3680 0. 99999 96642 1. 00000 03358
7. 9 1348. 64097 8762 1348. 64134 9506 0.99999 97251 1. 00000 02749

8.0 1490. 47882 5790 1490. 47916 1252 0. 99999 97749 1. 00000 02251
8.1 1647.23388 5872 1647. 23418 9411 0. 99999 98157 1. 00000 01843
8.2 1820.47501 6339 1820. 47529 0993 0.99999 98491 1. 00000 01509
8.3 2011.93607 2653 2011. 93632 1170 0. 99999 98765 1. 00000 01235
8.4 2223.53326 1416 2223. 53348 6284 0. 99999 98989 1. 00000 01011

8. 5 2457. 38431 8415 2457. 38452 1884 0. 99999 99172 1. 00000 00828
8.6 2715. 82970 3629 2715. 82988 7734 0. 99999 99322 1. 00000 00678
8.7 3001. 45602 5338 3001. 45619 1923 0. 99999 99445 1. 00000 00555
8.8 3317. 12192 7772 3317. 12207 8505 0. 99999 99546 1. 00000 00454
8.9 3665. 98670 1384 3665. 98683 7772 0. 99999 99628 1. 00000 00372

9.0 4051. 54190 2083 4051. 54202 5493 0. 99999 99695 1. 00000 00305
9. 1 4477. 64629 5908 4477. 64640 7574 0. 99999 99751 1. 00000 00249
9. 2 4948. 56447 8852 4948. 56457 9892 0. 99999 99796 1. 00000 00204
9. 3 5469. 00955 8370 5469. 00964 9795 0. 99999 99833 1. 00000 00167
9. 4 6044. 19032 3746 6044. 19040 6471 0. 99999 99863 1. 00000 00137

9. 5 6679. 86337 7405 6679.86345 2257 0. 99999 99888 1. 00000 00112
9. 6 7382. 39074 8924 7382. 39081 6653 0. 99999 99908 1. 00000 00092
9. 7 8158. 80356 8366 8158. 80362 9649 0. 99999 99925 1. 00000 00075
9. 8 9016. 87243 6188 9016. 87249 1640 0. 99999 99939 1. 00000 00061
9. 9 9965. 18519 4028 9965. 18524 4202 0.99999 99950 1. 00000 00050

10.0 11013. 23287 4703 11013. 23292 0103 0. 99999 99959 1. 00000 00041
* 1(-8)5 L5

For x»O, sinh x-cosh x-'-- ex. For x>1O, tanh x4_2e2x, coth x_1+2e_2x to bD.



[(_4)6] [(_4)1]

Compiled from British Association for the Advancement of Science, Mathematical Tables, vol. I.
hyperbolic functions, exponential, sine and cosine integrals, factorial function and allied functions, Hermitian
probability functions, 3d ed. Cambridge Univ. Press, Cambridge, England, 1951 (with permission). Known
errors have been corrected.

- 5)9
L7

Circular and

0.00 1. 00000 00000 1. 00000 00000 0. 00000 00000 1.00000 00000 0. 00000 00000
0.01 1. 03191 46153 0. 96907 24263 0. 03142 10945 1. 00049 35208 0. 03140 55952
0.02 1. 06484 77733 0. 93910 13674 0. 06287 32029 1. 00197 45704 0. 06274 93000
0.03 1. 09883 19803 0. 91005 72407 0. 09438 73698 1. 00444 46105 0. 09396 97111
0. 04 1. 13390 07803 0. 88191 13783 0. 12599 47010 1. 00790 60793 0. 12500 63906

0.05 1. 17008 87875 0. 85463 59992 0. 15772 63942 1. 01236 23933 0. 15580 03292
0. 06 1. 20743 17210 0. 82820 41813 0. 18961 37699 1. 01781 79512 0. 18629 43856
0.07 1. 24596 64399 0. 80258 98355 0. 22168 83022 1. 02427 81377 0. 21643 36952
0.08 1. 28573 09795 0. 77776 76792 0. 25398 16502 1. 03174 93294 0. 24616 60434
0.09 1. 32676 45892 0. 75371 32120 0. 28652 56886 1. 04023 89006 0. 27544 21974

0.10 1. 36910 77706 0. 73040 26910 0. 31935 25398 1. 04975 52308 0. 30421 61929
0. 11 1. 41280 23184 0. 70781 31080 0. 35249 46052 1. 06030 77132 0. 33244 55730
0.12 1. 45789 13610 0. 68592 21659 0. 38598 45975 1. 07190 67634 0. 36009 15776
0. 13 1. 50441 94029 0. 66470 82576 0. 41985 55727 1. 08456 38303 0. 38711 92833
0.14 1.55243 23694 0. 64415 04440 0. 45414 09627 1. 09829 14067 0. 41349 76928

0. 15 1. 60197 76513 0. 62422 84336 0. 48887 46088 1. 11310 30425 0. 43919 97777
0.16 1. 65310 41518 0. 60492 25628 0. 52409 07945 1. 12901 33573 0. 46420 24748
0.17 1. 70586 23348 0. 58621 37756 0. 55982 42796 1.14603 80552 0. 48848 66406
0.18 1. 76030 42750 0. 56808 36059 0. 59611 03346 1. 16419 39405 0.51203 69673
0.19 1. 81648 37088 0. 55051 41583 0. 63298 47753 1. 18349 89335 0. 53484 18637

0.20 1. 87445 60876 0. 53348 80911 0. 67048 39982 1. 20397 20893 0. 55689 33069
0.21 1.93427 86325 0. 51698 85988 0. 70864 50169 1. 22563 36157 0. 57818 66683
0.22 1. 99601 03910 0.50099 93958 0. 74750 54976 1. 24850 48934 0. 59872 05188
0.23 2. 05971 22948 0. 48550 47001 0. 78710 37973 1.27260 84975 0. 61849 64181
0.24 2. 12544 72203 0. 47048 92177 0. 82747 90013 1. 29796 82190 0. 63751 86920

0.25 2. 19328 00507 0. 45593 81278 0. 86867 09615 1. 32460 90893 0. 65579 42026
0.26 2. 26327 77398 0. 44183 70677 0. 91072 03361 1. 35255 74038 0. 67333 21140
0.27 2. 33550 93782 0. 42817 21192 0. 95366 86295 1. 38184 07487 0. 69014 36583
0.28 2. 41004 62616 0. 41492 97945 0. 99755 82336 1. 41248 80280 0. 70624 19035
0.29 2. 48696 19609 0. 40209 70227 1. 04243 24691 1. 44452 94918 0. 72164 15276

0.30 2. 56633 23952 0. 38966 11374 1. 08833 56289 1. 47799 67663 0. 73635 85995
0. 31 2. 64823 59064 0. 37760 98638 1. 13531 30213 1. 51292 28851 0. 75041 03695
0.32 2. 73275 33366 0. 36593 13069 1. 18341 10148 1. 54934 23218 0. 76381 50706
0.33 2. 81996 81081 0. 35461 39395 1. 23267 70843 1. 58729 10238 0. 77659 17313
0.34 2.90996 63054 0. 34364 65907 1. 28315 98573 1. 62680 64481 0. 78876 00021

0.35 3. 00283 67606 0. 33301 84355 1. 33490 91626 1. 66792 75980 0. 80033 99933
0.36 3. 09867 11407 0. 32271 89833 1. 38797 60787 1. 71069 50620 0. 81135 21279
0.37 3. 19756 40381 0. 31273 80681 1. 44241 29850 1. 75515 10531 0. 82181 70068
0.38 3. 29961 30643 0. 30306 58385 1. 49827 36129 1. 80133 94514 0. 83175 52873
0. 39 3. 40491 89460 0. 29369 27474 1. 55561 30993 1. 84930 58467 0. 84118 75743

0.40 3. 51358 56243 0. 28460 95433 1. 61448 80405 1. 89909 75838 0. 85013 43239
0.41 3. 62572 03579 0. 27580 72607 1. 67495 65486 1. 95076 38093 0. 85861 57589
0.42 3. 74143 38283 0. 26727 72113 1. 73707 83085 2. 00435 55198 0. 86665 17947
0.43 3. 86084 02496 0.25901 09757 1. 80091 46370 2. 05992 56127 0. 87426 19762
0.44 3. 98405 74810 0. 25100 03946 1. 86652 85432 2. 11752 89378 0. 88146 54241

0.45 4. 11120 71429 0. 24323 75614 1. 93398 47907 2. 17722 23522 0. 88828 07899
0.46 4. 24241 47373 0. 23571 48138 2. 00334 99617 2. 23906 47756 0.89472 62194
0.47 4. 37780 97717 0. 22842 47266 2. 07469 25226 2. 30311 72491 0. 90081 93236
0.48 4. 51752 58864 0. 22136 01040 2. 14808 28912 2. 36944 29952 0. 90657 71557
0.49 4. 66170 09873 0. 21451 39731 2. 22359 35071 2. 43810 74802 0.91201 61950

0.50 4.81047 73810 0.20787 95764 2.30129 89023 2.50917 84787 0. 91715 23357
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EXPONENTIAL AND HYPERBOLIC FUNCTIONS FOR THE ARGUMENT rx Table 4.16
X sinh 7rX cosh rx tanh TX
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Table 4.16 
X 

0.50 4. 81047 
0.51 4. 96400 
0.52 5. 12242 
0.53 5. 28590 
0.54 5. 45460 

0.55 5. 62868 
0.56 5. 80832 
0. 57 5. 99369 
0.58 6. 18497 
0.59 6. 38237 

0.60 6. 58606 
0. 61 6. 79625 
0.62 7. 01315 
0. 63 7. 23697 
0.64 7. 46794 

0.65 7. 70627 
0.66 7. 95222 
0.67 8. 20601 
0.68 8. 46790 
0.69 8. 73815 

0. 70 9. 01702 
0.71 9. 30480 
0.72 9. 60176 
0.73 9.90819 
0.74 10. 22441 

0.75 10. 55072 
0. 76 10. 88744 
0.77 11. 23491 
0.78 11. 59347 
0.79 11. 96347 

0.80 12. 34528 
0.81 12. 73927 
0.82 13. 14584 
0.83 13.56539 
0.84 13. 99832 

0.85 14. 44507 
0.86 14. 90608 
0.87 15. 38180 
0.88 15. 87271 
0.89 16. 37928 

0.90 16. 90202 
0.91 17. 44144 
0.92 17. 99808 
0.93 18. 57248 
0.94 19. 16521 

0. 95 19. 77686 
0.96 20. 40804 
0.97 21. 05935 
0.98 21. 73145 
0.99 22. 42500 

1. 00 23. 14069 

e 

1( -3)3 [6 

EXPONENTIAL 

73810 
19160 
61276 
63869 
40558 

56460 
29831 
33767 
97951 
10460 

19627 
35967 
34158 
55091 
07985 

72563 
01304 
21768 
38986 
37941 

86109 
36103 
28381 
94054 
57779 

40742 
63743 
50371 
30285 
42604 

39392 
89270 
81133 
27988 
70916 

83157 
74333 
94795 
40119 
55735 

41717 
57711 
28034 
46925 
83968 

89693 
01345 
48847 
60946 
71560 

26328 

0. 20787 
0. 20145 
0. 19521 
0. 18918 
0. 18333 

0. 17766 
0. 17216 
0. 16684 
0. 16168 
0.15668 

0. 15183 
0. 14713 
0. 14258 
0. 13817 
0. 13390 

0. 12976 
0. 12575 
0. 12186 
0. 11809 
0. 11444 

0. 11090 
0. 10747 
0. 10414 
0. 10092 
0. 09780 

0. 09478 
0. 09184 
0. 08900 
0. 08625 
0. 08358 

0. 08100 
0.07849 
0. 07606 
0. 07371 
0. 07143 

0. 06922 
0. 06708 
0. 06501 
0. 06300 
0. 06105 

0. 05916 
0. 05733 
0. 05556 
0. 05384 
0. 05217 

0. 05056 
0. 04900 
0. 04748 
0. 04601 
0. 04459 

0. 04321 

ELEMENTARY 

AND 
e 

95764 
03654 
99944 
23136 
13637 

13694 
67343 
20350 
20156 
15832 

58020 
98890 
92093 
92710 
57214 

43423 
10461 
18713 
29793 
06500 

12784 
13709 
75422 
65114 
50993 

02248 
89025 
82388 
54299 
77587 

25922 
73785 
96451 
69955 
71077 

77313 
66855 
18571 
11981 
27239 

45113 
46965 
14735 
30919 
78557 

41212 
02956 
48354 
62446 
30738 

39183 - 5)3 
L5 

HYPERBOLIC 

TRANSCENDENTAL 

3. 91323 
4. 04207 
4. 17490 

4. 45306 

4. 74880 
4. 90363 

10. 17951 
10. 50593 
10. 84271 
11. 19020 

11. 54873 

sinhwz 

FUNCTIONS 

FUNCTIONS 

FOR 

10. 22852 

89023 
57753 
30666 
20366 
63461 

21383 
81244 
56709 
88897 
47314 

30804 
68538 
21032 
81191 
75386 

64570 
45422 
51527 
54597 
65720 

36663 
61197 
76480 
64470 
53393 

19247 
87359 
33992 
87993 
32508 

06735 
07743 
92341 
79017 
49919 

52922 
03739 
88112 
64069 
64248 

98302 
55373 
06650 
08003 
02706 

24240 
99195 
50247 
99250 
70411 

93573 

2. 50917 
2. 58272 
2. 65882 
2. 73754 
2. 81896 

2. 90317 
2. 99024 
3. 08026 
3. 17333 
3. 26952 

3. 36894 
3. 47169 
3. 57787 
3. 68757 
3. 80092 

3. 91802 
4. 03898 
4. 16393 
4. 29299 
4.42629 

4. 56396 
4. 70613 
4. 85295 
5. 00456 
5. 16111 

5. 32275 
5. 48964 
5. 66196 
5. 83986 
6. 02353 

6. 21314 
6. 40888 
6. 61095 
6. 81955 
7. 03488 

7. 25715 
7. 48658 
7. 72341 
7. 96785 
8. 22016 

8. 48059 
8. 74939 
9. 02682 
9. 31316 
9. 60869 

9. 91371 

10. 55341 
10. 88873 
11. 23480 

11. 59195 

THE 
cosh z 

( -3)1 L6 

84787 
61407 
30610 
43503 
77098 

35077 
48587 
77058 
09054 
63146 

88823 
67428 
13125 
73901 
32600 

07993 
55883 
70240 
84390 
72220 

49447 
74906 
51901 
29584 
04386 

21495 
76384 
16379 
42292 
10095 

32657 
81528 
88792 
48972 
20996 

30235 
70594 
06683 
76050 
91487 

43415 
02338 
21384 
38922 
81263 

65453 
02151 
98601 
61696 
01149 

32755 

ARGUMENT 

0. 91715 
0. 92200 
0. 92657 
0. 93089 
0. 93496 

0. 93880 
0. 94242 
0. 94583 
0. 94904 
0. 95207 

0. 95493 
0. 95761 
0. 96014 
0. 96252 
0. 96477 

0. 96688 
0. 96886 
0. 97073 
0. 97249 
0. 97414 

0. 97570 
0. 97716 
0. 97853 
0. 97983 
0. 98104 

0. 98219 
0. 98326 
0. 98427 
0. 98522 
0. 98612 

0. 98696 
0. 98775 
0. 98849 
0. 98919 
0. 98984 

0. 99046 
0. 99103 
0. 99158 
0. 99209 
0. 99257 

0. 99302 
0. 99344 
0. 99384 
0. 99421 
0. 99456 

0. 99489 
0. 99520 
0. 99550 
0. 99577 
0. 99603 

0. 99627 

tauh irX 

23357 
08803 
65378 
34251 
50714 

44259 
38675 
52160 
97460 
82009 

08086 
72978 
69151 
84417 
02118 

01293 
56859 
39783 
17255 
52857 

06726 
35718 
93563 
31019 
96015 

33800 
87071 
96111 
98912 
31297 

27033 
17946 
34022 
03509 
53014 

07591 
90830 
24938 
30818 
28142 

35419 
70066 
48468 
86036 
97268 

95797 
94443 
05263 
39591 
08084 

20762 
r(-5)4 L6 

2. 30129 
2. 38127 
2. 46360 
2. 54836 
2. 63563 

2. 72551 
2. 81807 
2. 91342 
3. 01164 
3. 11284 

3. 21711 
3. 32455 
3. 43528 
3. 54939 
3. 66701 

3.78825 

4. 31185 

4. 59866 

5. 06330 

5. 22797 
5. 39779 
5. 57295 
5. 75360 
5. 93994 

6. 13214 
6. 33039 
6. 53488 
6. 74583 
6. 96344 

7. 18792 
7. 41950 
7. 65839 
7. 90485 
8. 15911 

8. 42142 
8. 69205 
8. 97126 
9. 25932 
9. 55652 

9. 86315 

-3)1 L6 



ELEMENTARY TRANSCENDENTAL FUNCTIONS

For use of the table see Examples 26-28.
Qo(X) (Legendre Function-Second Kind) arctanh x(IxI<1)

=arccoth x(jxI>1)
Compiled from Harvard Computation Laboratory, Tables of inverse hyperbolic
functions. Harvard Univ. Press, Cambridge, Mass., 1949 (with permission).
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X

0. 00
0.01
0.02
0.03
0.04

0.05
0.06
0. 07
0.08
0.09

0.10
0. 11
0. 12
0.13
0.14

0.15
0.16
0.17
0.18
0.19

0.20
0.21
0.22
0.23
0.24

0.25
0.26
0.27
0.28
0.29

0.30
0.31
0.32
0.33
0.34

0.35
0.36
0.37
0.38
0. 39

0.40
0.41
0.42
0.43
0.44

0.45
0.46
0.47
0.48
0.49

0. 50

arcsinh
0. 00000
0. 00999
0. 01999
0. 02999
0. 03998

0. 04997
0. 05996
0. 06994
0. 07991
0. 08987

0. 09983
0. 10977
0. 11971
0. 12963
0. 13954

0. 14944
0. 15932
0. 16919
0. 17904
0. 18887

0. 19869
0. 20848
0. 21826
0. 22801
0. 23775

0. 24746
0. 25715
0. 26682
0. 27646
0. 28608

0.29567
0. 30523
0. 31477
0. 32428
0. 33376

0. 34322
0. 35264
0. 36203
0. 37140
0. 38073

0. 39003
0. 39930
0. 40854
0. 41774
0. 42691

0. 43604
0. 44515
0. 45421
0. 46325
0. 47224

0.48121

x

9833

5080

5015

8972

4691

5980
6295
8352

1555

9121
2391
4624

4001

9359

[(_6)5]

0000

8667
5502
9341

9190
4058
2959
4912
8941

4079
9366
3851
6590
6654

3120

1636
1904

0110
6350
2908

3749

6462
6349
2667

1715

3048
8020

5330

5320

0208
3500
3454

9669
1759

2120
9713

1825

0. 40005

0. 43561

INVERSE
arctanh

0. 00000
0. 01000
0.02000
0. 03000
0. 04002

0. 05004
0. 06007
0. 07011
0. 08017
0. 09024

0. 10033
0. 11044
0. 12058
0. 13073
0. 14092

0. 15114
0. 16138
0. 17166
0. 18198
0. 19233

0. 20273
0. 21317
0. 22365
0. 23418
0. 24477

0.25541
0. 26610
0. 27686
0. 28768
0. 29856

0. 30951
0. 32054
0. 33164
0. 34282
0. 35409

0. 36544
0. 37688
0. 38842

0. 41180

0. 42364

0. 44769
0. 45989
0.47223

0. 48470
0.49731
0. 51007
0. 52298
0.53606

0.54930

x
0000
0333
2667
9004
1353

1729
2156
4671
1325
4188

5347
6915
1028
9850
5576

0436
6696
6663
2689
7169

2554
1346
6109
9466
4112

2812
8407
3823
2072
6264

9604
5409
7108
8254
2528

3754
5901
3100
9650
0034

8930
1223
2023
6681
0804

0279
1288
0337
4278
0337

6144
[(_5)2]

HYPERBOLIC FUNCTIONS
X arcsinh

0.50 0. 48121
0.51 0. 49013
0.52 0. 49902
0.53 0. 50788
0.54 0. 51669

0.55 0. 52548
0.56 0. 53422
0.57 0. 54293
0.58 0. 55159
0.59 0. 56023

0.60 0. 56882
0.61 0.57738
0.62 0. 58589
0.63 0. 59437
0.64 0. 60282

0.65 0. 61122
0.66 0. 61958
0.67 0. 62791
0.68 0. 63620
0.69 0. 64445

0.70 0.65266
0.71 0. 66083
0.72 0. 66897
0.73 0. 67707
0.74 0. 68512

0.75 0. 69314
0.76 0. 70112
0.77 0. 70907
0.78 0.71697
0.79 0. 72484

0.80 0. 73266
0.81 0. 74045
0.82 0. 74820
0.83 0. 75592
0.84 0. 76359

0.85 0. 77123
0.86 0. 77883
0.87 0. 78640
0.88 0. 79392
0.89 0. 80141

0.90 0. 80886
0.91 0. 81628
0.92 0. 82365
0.93 0. 83100
0.94 0. 83830

0.95 0. 84557
0.96 0. 85280
0.97 0. 86000
0.98 0. 86716
0.99 0. 87428

1. 00 0. 88137

x
1825
8161
8444
2413
9824

0448
4074
0505
9562
1077

4899
0892
8932
8911
0733

4314
9584
6485
4970
5005

6566
9641
4227
0332
7974

7181
7988
0441
4594
0509

8256
7912
9563
3300
9222

7433
8046
1177
6950
5491

6936
1421.
9091
0091
4575

2697
4617
0498
0507
4812

3587
1(-6) 5
14

Table 4.17
arctanh x

0. 54930 6144
0. 56272 9769
0. 57633 9754
0.59014 5160
0. 60415 5603

0. 61838 1313
0. 63283 3186
0. 64752 2844
0. 66246 2707
0. 67766 6068

0. 69314 7180
0. 70892 1359
0. 72500 5087
0. 74141 6144
0. 75817 3745

0. 77529 8706
0. 79281 3631
0. 81074 3125
0. 82911 4038
0. 84795 5755

0.86730 0527
0. 88718 .3863
0. 90764 4983
0. 92872 7364
0.95047 9381

0. 97295 5074
0. 99621 5082
1. 02032 7758
1. 04537 0548
1.07143 1684

1. 09861 2289
1. 12702 9026
1. 15681 7465
1. 18813 6404
1. 22117 3518

1. 25615 2811
1.29334 4672
1. 33307 9629
1. 37576 7657
1. 42192 5871

1. 47221 9490
1. 52752 4425
1.58902 6915
1. 65839 0020
1. 73804 9345

1. 83178 0823
1. 94591 0149
2. 09229 5720
2. 29755 9925
2. 64665 2412

a,



Table 4.17

X arcsinh

INVERSE

arceosh x

HYPERBOLIC FUNCTIONS

z arcsinh z
arceosh z

x (x2- 1)4 (z2- 1)

1. 00 0. 88137 3587 1.00000 000 1.50 1. 19476 3217 0. 86081 788
1.01 0. 88842 7007 0.99667 995 1.51 1. 20029 7449 0. 85849 554
1.02 0. 89544 5249 0. 99338 621 1.52 1. 20580 6263 0. 85618 806
1.03 0. 90242 8496 0.99011 848 1.53 1. 21128 9840 0. 85389 528
1.04 0. 90937 6928 0.98687 641 1.54 1. 21674 8362 0. 85161 706

1.05 0. 91629 0732 0. 98365 968 1.55 1. 22218 2008 0. 84935 324
1.06 0. 92317 0094 0. 98046 798 1.56 1. 22759 0958 0. 84710 368
1.07 0. 93001 5204 0. 97730 099 1.57 1. 23297 5390 0. 84486 823
1. 08 0. 93682 6251 0. 97415 841 1.58 1. 23833 5478 0. 84264 676
1.09 0. 94360 3429 0. 97103 994 1.59 1. 24367 1400 0. 84043 913

1. 10
1.11
1.12
1.13
1.14

0. 95034 6930 0. 96794 529 1.60
0. 95705 6950 0. 96487 415 1.61
0. 96373 3684 0. 96182 625 1.62
0. 97037 7331 0. 95880 131 1.63
0. 97698 8088 0. 95579 904 1.64

1. 24898 3328 0. 83824 520
1. 25427 1436 0. 83606 483
1. 25953 5895 0. 83389 788
1. 26477 6877 0. 83174 424
1. 26999 4549 0. 82960 376

1. 15
1.16

0.98356 6154 0. 95281 918 1.65
0. 99011 1729 0. 94986 146 1.66

1. 27518 9081 0. 82747 632
1. 28036 0639 0. 82536 179

1.17
1. 18
1.19

0. 99662 5013 0. 94692 561 1.67
1. 00310 6208 0. 94401 139 1.68
1. 00955 5514 0. 94111 853 1.69

1. 28550 9389 0. 82326 005
1. 29063 5495 0. 82117 097
1. 29573 9120 0. 81909 443

1.20
1.21
1.22
1. 23
1.24

1. 01597 3134 0. 93824 678 1.70
1. 02235 9270 0. 93539 589 1.71
1. 02871 4123 0. 93256 563 1.72
1. 03503 7896 0. 92975 576 1.73
1. 04133 0792 0. 92696 604 1.74

1. 30082 0427 0. 81703 032
1. 30587 9576 0. 81497 850
1. 31091 6727 0. 81293 888
1. 31593 2038 0. 81091 132
1. 32092 5666 0. 80889 572

1.25
1.26
1.27
1.28
1.29

1. 04759 3013 0. 92419 624 1.75
1. 05382 4760 0. 92144 613 1.76
1. 06002 6237 0. 91871 550 1.77
1. 06619 7645 0. 91600 411 1.78
1. 07233 9185 0.91331 175 1.79

1. 32589 7767 0. 80689 197
1. 33084 8496 0. 80489 994
1. 33577 8006 0. 80291 954
1. 34068 6450 0. 80095 066
1. 34557 3978 0. 79899 318

1.30
1.31
1. 32
1.33
1.34

1. 07845 1059 0. 91063 821 1.80
1. 08453 3467 0. 90798 328 1.81
1. 09058 6610 0. 90534 676 1.82
1. 09661 0688 0. 90272 843 1.83
1. 10260 5899 0. 90012 810 1.84

1. 35044 0740 0. 79704 701
1. 35528 6886 0. 79511 203
1. 36011 2562 0. 79318 816
1. 36491 7914 0. 79127 527
1. 36970 3089 0. 78937 328

1.35
1.36
1.37
1.38

1. 10857 2442 0. 89754 557 1.85
1. 11451 0515 0. 89498 064 1.86
1. 12042 0317 0. 89243 313 1.87
1. 12630 2042 0. 88990 284 1.88

1. 37446 8228 0. 78748 209
1. 37921 3477 0. 78560 160
1. 38393 8975 0. 78373 170
1. 38864 4863 0. 78187 231

1.39 1. 13215 5887 0. 88738 959 1.89 1. 39333 1280 0. 78002 334

1.40
1.41
1.42
1.43
1.44

1. 13798 2046 0. 88489 320 1.90
1. 14378 0715 0. 88241 348 1.91
1. 14955 2086 0. 87995 026 1.92
1. 15529 6351 0. 87750 336 1.93
1. 16101 3703 0. 87507 261 1.94

1. 39799 8365 0. 77818 468
1. 40264 6254 0. 77635 625
1. 40727 5083 0. 77453 796
1. 41188 4987 0. 77272 971
1. 41647 6099 0. 77093 142

1.45
1.46
1.47
1.48

1. 16670 4331 0. 87265 784 1.95
1. 17236 8425 0. 87025 888 1.96
1. 17800 6174 0. 86787 557 1.97
1. 18361 7765 0. 86550 774 1.98

1. 42104 8552 0. 76914 300
1. 42560 2476 0. 76736 437
1. 43013 8002 0. 76559 544
1. 43465 5259 0. 76383 612

1.49 1. 18920 3384 0. 86315 523 1.99 1. 43915 4374 0. 76208 633

1.50 1. 19476 3217
[(-6)4
L4

0. 86081 788
[(-6)3[4

2.00 1. 44363 5475
[(- 6)3[4

0. 76034 600
[(-6)2[4
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For u5, [2u+1]ir

ROOTS x, OF cos x, cosh x,=-1
n

For n>5 [2n-1]r

<>-=nearest integer to j'.

ROOTS x, OF cos x, cosh x,1= i Table 4.18

x arcsinh x-In x

ELEMENTARY TRANSCENDENTAL FUNCTIONS

INVERSE HYPERBOLIC FUNCTIONS

arccosh x-In x Kx> arcsinh x-In x

223

Table 4.17

arccosh x-In x (x>
0.50 0. 75048 82946 0. 62381 07164 2 0.25 0. 70841 81861 0. 67714 27078 4
0.49 0. 74839 16011 0. 62685 90940 2 0.24 0. 70724 57326 0. 67842 57947 4
0.48 0. 74632 48341 0. 62981 77884 2 0.23 0. 70611 72820 0. 67965 18411 4
0.47 0. 74428 85962 0. 63268 90778 2 0.22 0. 70503 32895 0. 68082 14660 5
0.46 0. 74228 34908 0. 63547 51194 2 0.21 0. 70399 41963 0. 68193 52541 5

0.45 0. 74031 01215 0. 63817 79566 2 0.20 0. 70300 04288 0. 68299 37571 5
0.44 0. 73836 90921 0. 64079 95268 2 0.19 0. 70205 23983 0. 68399 74947 5
0.43 0. 73646 10057 0. 64334 16670 2 0.18 0. 70115 05002 0. 68494 69555 6
0.42 0. 73458 64641 0.64580 61207 2 0.17 0. 70029 51134 0. 68584 25981 6
0.41 0.73274 60676 0. 64819 45429 2 0.16 0. 69948 66000 0. 68668 48518 6

0.40 0. 73094 04145 0. 65050 85051 3 0.15 0. 69872 53043 0. 68747 41175 7
0.39 0.72917 01001 0. 65274 95004 3 0.14 0. 69801 15527 0. 68821 07683 7
0.38 0. 72743 57167 0. 65491 89477 3 0.13 0. 69734 56533 0. 68889 51504 8
0.37 0. 72573 78524 0. 65701 81952 3 0.12 0. 69672 78946 0. 68952 75836 8
0.36 0. 72407 70912 0. 65904 85249 3 0.1]. 0. 69615 85462 0. 69010 83616 9

0. 35 0. 72245 40117 0. 66101 11555 3 0.10 0. 69563 78573 0. 69063 77531 10
0.34 0. 72086 91873 0. 66290 72458 3 0.09 0.69516 60572 0. 69111 60018 11
0.33 0. 71932 31846 0. 66473 78974 3 0.08 0. 69474 33542 0. 69154 33269 13
0.32 0. 71781 65636 0. 66650 41577 3 0.07 0. 69436 99357 0.69191 99235 14
0. 31 0. 71634 98766 0. 66820 70226 3 0.06 0. 69404 59680 0. 69224 59631 17

0.30 0. 71492 36678 0. 66984 74382 3 0.05 0. 69377 15954 0. 69252 15938 20
0.29 0. 71353 84725 0. 67142 63038 3 0.04 0.69354 69408 0. 69274 69403 25
0.28 0. 71219 48165 0. 67294 44732 4 0.03 0. 69337 21047 0. 69292 21046 33
0.27 0.71089 32154 0. 67440 27575 4 0.02 0. 69324 71656 0. 69304 71656 500.26 0. 70963 41742 0. 67580 19258 4 0.01 0.69317 21796 0. 69312 21796 100

0. 25 0. 70841 81861 0. 67714 27078 4 0. 00 0. 69314 71806 0. 69314 71806
1(-6) 5
15

1(-5)1
L6 f(- 6)6

L5
* 1(-6)7

n
1

x

4.73004 07
2 7. 85320 46
3 10. 99560 78
4 14. 13716 55
5 17. 27875 96

1. 87510 41
2 4. 69409 11
3 7. 85475 74
4 10. 99554 07
5 14. 13716 84



X-1 Xi X2 £3 ìj4 X5 Xii 7 X8 9 <>
-1.00 2.02876 4.91318 7.97867 11.08554 14.20744 17.33638 20.46917 23.60428 26.74092 - i
-0.95 2.01194 4.90375 7.97258 11.08110 14.20395 17.33351 20.46673 23.60217 26.73905 - i
-0.90 1.99465 4.89425 7.96648 11.07665 14.20046 17.33064 20.46430 23.60006 26.73718 - 1
-0.85 1.97687 4.88468 7.96036 11.07219 14.19697 17.32777 20.46187 23.59795 26.73532 - i
-0.80 1.95857 4.87504 7.95422 11.06773 14.19347 17.32490 20.45943 23.59584 26.73345 - i
-0.75 1.93974 4.86534 7.94807 11.06326 14.18997 17.32203 20.45700 23.59372 26.73159 - 1
-0.70 1.92035 4.85557 7.94189 11.05879 14.18647 17.31915 20.45456 23.59161 26.72972 - 1
-0.65 1.90036 4.84573 7.93571 11.05431 14.18296 17.31628 20.45212 23.58949 26.72785 - 2
-0.60 1.87976 4.83583 7.92950 11.04982 14.17946 17.31340 20.44968 23.58738 26.72598 - 2
-0.55 1.85852 4.82587 7.92329 11.04533 14.17594 17.31052 20.44724 23.58526 26.72411 - 2

-0.50 1.83660 4.81584 7.91705 11.04083 14.17243 17.30764 20.44480 23.58314 26.72225 - 2
-0.45 1.81396 4.80575 7.91080 11.03633 14.16892 17.30476 20.44236 23.58102 26.72038 - 2
-0.40 1.79058 4.79561 7.90454 11.03182 14.16540 17.30187 20.43992 23.57891 26.71851 - 3
-0.35 1.76641 4.78540 7.89827 11.02730 14.16188 17.29899 20.43748 23.57679 26.71664 - 3
-0.30 1.74140 4.77513 7.89198 11.02278 14.15835 17.29610 20.43503 23.57467 26.71477 - 3

-0.25 1.71551 4.76481 7.88567 11.01826 14.15483 17.29321 20.43259 23.57255 26.71290 - 4
-0.20 1.68868 4.75443 7.87936 11.01373 14.15130 17.29033 20.43014 23.57043 26.71102 - 5
-0.15 1.66087 4.74400 7.87303 11.00920 14.14777 17.28744 20.42769 23.56831 26.70915 - 7
-0.10 1.63199 4.73351 7.86669 11.00466 14.14424 17.28454 20.42525 23.56619 26.70728 -10
-0.05 1.60200 4.72298 7.86034 11.00012 14.14070 17.28165 20.42280 23.56407 26.70541 -20

0.00 1.57080 4.71239 7.85398 10.99557 14.13717 17.27875 20.42035 23.56194 26.70354
0.05 1.53830 4.70176 7.84761 10.99102 14.13363 17.27586 20.41790 23.55982 26.70166 20

0.10 1.50442 4.69108 7.84123 10.98647 14.13009 17.27297 20.41545 23.55770 26.69979 10

0.15 1.46904 4.68035 7.83484 10.98192 14.12655 17.27007 20.41300 23.55558 26.69792 7

0.20 1.43203 4.66958 7.82844 10.97736 14.12301 17.26718 20.41055 23.55345 26.69604 5

0.25 1.39325 4.65878 7.82203 10.97279 14.11946 17.26428 20.40810 23.55133 26.69417 4

0.30 1.35252 4.64793 7.81562 10.96823 14.11592 17.26138 20.40565 23.54921 26.69230 3

0.35 1.30965 4.63705 7.80919 10.96366 14.11237 17.25848 20.40320 23.54708 26.69042 3

0.40 1.26440 4.62614 7.80276 10.95909 14.10882 17.25558 20.40075 23.54496 26.68855 3

0.45 1.21649 4.61519 7.79633 10.95452 14.10527 17.25268 20.39829 23.54283 26.68668 2

0.50 1.16556 4.60422 7.78988 10.94994 14.10172 17.24978 20.39584 23.54071 26.68480 2

0.55 1.11118 4.59321 7.78344 10.94537 14.09817 17.24688 20.39339 23.53858 26.68293 2

0.60 1.05279 4.58219 7.77698 10.94079 14.09462 17.24398 20.39094 23.53646 26.68105 2

0.65 0.98966 4.57114 7.77053 10.93621 14.09107 17.24108 20.38848 23.53433 26.67918 2

0.70 0.92079 4.56007 7.76407 10.93163 14.08752 17.23817 20.38603 23.53221 26.67730 1

0.75 0.84473 4.54899 7.75760 10.92704 14.08396 17.23527 20.38357 23.53008 26.67543 1

0.80 0.75931 4.53789 7.75114 10.92246 14.08041 17.23237 20.38112 23.52796 26.67355 1

0.85 0.66086 4.52678 7.74467 10.91788 14.07686 17.22946 20.37867 23.52583 26.67168 1

0.90 0.54228 4.51566 7.73820 10.91329 14.07330 17.22656 20.37621 23.52370 26.66980 1

0.95 0.38537 4.50454 7.73172 10.90871 14.06975 17.22366 20.37376 23.52158 26.66793 1

1.00 0.00000 4.49341 7.72525 10.90412 14.06619 17.22075 20.37130 23.51945 26.66605 1

Table 4.19 ROOTS X nOF tan X n

-X XI X2 X3 X4 X5 Xii X7 xs rs
0.00 3.14159 6.28319 9.42478 12.56637 15.70796 18.84956 21.99115 25.13274 28.27433
0.05 2.99304 5.99209 9.00185 12.02503 15.06247 18.11361 21.17717 24.25156 27.33519
o lo 2.86277 5.76056 8.70831 11.70268 14.73347 17.79083 20.86724 23.95737 27.05755
0.15 2.75032 5.58578 8.51805 11.52018 14.56638 17.64009 20.73148 23.83468 26.94607
0.20 2.65366 5.45435 8.39135 11.40863 14.46987 17.55621 20.65782 23.76928 26.88740

0.25 2.57043 5.35403 8.30293 11.33482 14.40797 17.50343 20.61203 23.72894 26.85142
0.30 2.49840 5.27587 8.23845 11.28284 14.36517 17.46732 20.58092 23.70166 26.82716
0.35 2.43566 5.21370 8.18965 11.24440 14.33391 17.44113 20.55844 23.68201 26.80971
0.40 2.38064 5.16331 8.15156 11.21491 14.31012 17.42129 20.54146 23.66719 26.79656
0.45 2.33208 5.12176 8.12108 11.19159 14.29142 17.40574 20.52818 23.65561 26.78631

0.50 2.28893 5.08698 8.09616 11.17271 14.27635 17.39324 20.51752 23.64632 26.77809
0.55 2.25037 5.05750 8.07544 11.15712 14.26395 17.38298 20.50877 23.63871 26.77135
0.60 2.21571 5.03222 8.05794 11.14403 14.25357 17.37439 20.50147 23.63235 26.76572
0.65 2.18440 5.01031 8.04298 11.13289 14.24475 17.36711 20.49528 23.62697 26.76096
0.70 2.15598 4.99116 8.03004 11.12330 14.23717 17.36086 20.48996 23.62235 26.75688

0.75 2.13008 4.97428 8.01875 11.11496 14.23059 17.35543 20.48535 23.61834 26.75333
0.80 2.10638 4.95930 8.00881 11.10764 14.22482 17.35068 20.48131 23.61483 26.75023
0.85 2.08460 4.94592 7.99999 11.10116 14.21971 17.34648 20.47774 23.61173 26.74749
0.90 2.06453 4.93389 7.99212 11.09538 14.21517 17.34274 20.47457 23.60897 26.74506
0.95 2.04597 4.92303 7.98505 11.09021 14.21110 17.33939 20.47172 23.60651 26.74288

1.00 2.02876 4.91318 7.97867 11.08554 14.20744 17.33638 20.46917 23.60428 26.74092

For x-0, see of Table 10.6. <x>-=nearest integer to x.
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See page II.

<X> = nearest integer to X.

For X > .20, the maximum error in linear interpolation is (-4)7; five-point interpolation gives 5D.

For X .20,
i

[
1 iixl- i

V _+36OX2_3+.

1.00 0.8603 3 3.42562 6.43730 9.52933 12.64529 15.77128 18.90241 22.03650 25.17245 1
0.95 0.84426 3. 41306 6.42987 9. 52419 12.64138 15. 76814 18.89978 22.03424 25. 17047 i
0.90 0. 82740 3.40034 6.42241 9. 519 04 12.63747 15.76499 18. 89715 22. 03197 2 5.16848 1
0.85 0. 80968 3.38744 6.41492 9. 51388 12. 63355 15. 76184 18.89451 22. 02971 25.16650 1
0.80 0. 79103 3.37438 6.40740 9. 50871 12. 62963 15. 75868 18.89188 22. 02745 25.16452 i
0.75 0. 77136 3. 36113 6.39984 9.5 0353 12.62570 15.7555 3 18.88924 22. 02519 25.16254 1
0.70 0. 75056 3.34772 6.39226 9.49834 12.62177 15.752 37 18.88660 22. 02292 25.16055 1
0.65
0.60

0. 72851
0. 70507

3. 33413
3. 32 037

6.38464
6.37700

9.49314
9.48793

12. 61784
12. 61390

15.74921
15. 74605

18.88396
18.88132

22. 02 066
22. 01839

25. 15857
25.15659 2

2
0.55 0. 68006 3. 30643 6. 36932 9.48271 12. 60996 15. 74288 18.87868 22. 01612 25.15460 2

0.50 0.65327 3.29231 6.36162 9.47749 12. 60601 15. 73972 18. 87604 22. 01386 25.15262 2
0.45
0.40
0.35
0.30

0.62444
0. 59324
0. 55922
0. 52 179

3.27802
3.2 6355
3.24891
3. 23409

6.35389
6. 34613
6. 33835
6.33054

9.47225
9.46700
9.46175
9.45649

12.602 06
12. 59811
12.59415
12. 59019

15.73655
15.7 3338
15.73021
15.72704

18.87339
18.87075
18.86810
18.86546

22. 01159
22.00932
22. 00705
22. 00478

25.15063
25.14864
2 5.14666
25.14467

2
3
3
3

0.25 0.48009 3.2 1910 6.32270 9.45122 12. 5862 3 15.72 386 18.86281 22.00251 25. 142 68 4
0.20 0.43284 3.20393 6. 31485 9.44595 12. 5822 6 15. 72068 18.86016 22. 00024 25. 14070 5
0.15 0.37788 3. 18860 6.30696 9.44067 12. 57829 15. 71751 18. 85751 2 1. 99797 25. 13871 7
0.10 0. 31105 3.17310 6.29906 9.43538 12. 57432 15.71433 18.85486 21.99569 25.13672 10
0.05 0. 22176 3. 15743 6.29113 9. 43008 12. 57 035 15.71114 18. 852 21 2 1. 99342 25.13473 20

0.00 0.00000 3.14159 6.28319
[(-5)21 [(-5)1L3 JL2

9.42478 12.56637
r(-5)'i [(-)'1L2 ..1L2 -

15.70796
[(-5)1
L2

18. 8495 6
[(-5)1[2

21.99115
[(-5)1
L2

25.13274
[(-5)1[2

X Xl X2 X3

ROOTS X. OF cot XXX
X4 X5 X6 X7

Table 4.20
X9

0.00 1.57080 4. 712 39 7.85398 10. 99557 1413717 17. 27876 2 0.42 035 2 3. 56194 26.70354
0.05 1. 49613 4.49148 7.49541 10. 51167 13. 54198 16. 58639 19.64394 22. 71311 25. 792 32
0.10 1. 42887 4. 30580 7. 22811 10. 20026 13. 2 1418 16. 25936 19. 327 03 22. 41 085 25.50638
0.15 1. 36835 4.15504 7. 04126 10. 012 22 13. 03901 16. 10053 19. 18401 22.28187 25.38952
0.20 1. 31384 4. 03357 6. 90960 9.89275 12. 93522 16. 01066 19. 10552 22.21256 2 5. 32765

0.25 1. 26459 3. 935 16 6.81401 9. 81188 12. 86775 15.95363 19.05645 22.16965 25.28961
0.30 1. 21995 3. 85460 6. 742 33 9. 75407 12.82073 15.91443 19.02302 22.14058 25.26392
0.35 1. 17933 3.78784 6.68698 9. 71 092 12. 78621 15.88591 18.99882 22.11960 25.24544
0.40 1. 1422 3 3.73184 6. 64312 9. 67758 12. 75985 15.86426 18.98052 22.10377 25.23150
0.45 1. 10820 3.68433 6. 60761 9. 65109 12. 73907 15.84728 18.96619 22.09140 2 5. 22062

0.50 1.07687 3. 64360 6.57833 9. 62956 12. 72230 15. 83361 18.95468 2 2. 08147 25.2 1190
0.55 1.04794 3. 60834 6. 55380 9. 61173 12. 70847 15.82237 18. 94523 22. 07333 25.2 0475
0.60 1. 02 111 3.57756 6. 53297 9. 59673 12. 69689 15. 81297 18.93734 22. 06653 2 5. 19878
0.65 0.99617 3. 55048 6. 51508 9. 58394 12. 68704 15. 805 00 18. 93065 22. 06077 25. 19373
0.70 0.97291 3. 52649 6.49954 9. 57292 12. 67857 15. 79814 18. 92490 22. 05583 25. 189 39

0.75 0.95116 3. 50509 6. 48593 9.56331 12.67121 15. 79219 18. 91991 22.05154 25.185 63
0.80 0. 93076 3. 48590 6.47392 9.55486 12.66475 15. 78698 18.91554 22. 04778 2 5. 182 34
0.85 0. 91158 3.46859 6.46324 9.54738 12.65904 15. 782 37 18.91168 22.04447 2 5. 17943
0.90 0.89 352 3. 45292 6.45368 9.54072 12.65395 15. 77827 18. 90825 22. 04151 25. 17684
0.95 0.87647 3. 43865 6. 445 08 9.53473 12.64939 15. 77459 18.90518 22. 03887 25.17453

1.00 0.86033 3.42562 6. 43730 9.52933 12.64529 15. 77128 18.90241 22. 03650 25.17245

Xi X2 X3 X4 X5 X7 X9 <A>
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5. Exponential Integral and Related Functions
Mathematical Properties

5.1. Exponential Integral

Definitions

5.1.1 Ei(z)=f-dt (argzJ<ir)

foe
e dt=_C

et
5.1.2 Ei(x)_:J_Ï_ j 7dt (x>O)

r dt5.1.3 li(x)=j- _j=Ei(ln s) (x>1)

5.1.4

J'
e_tt--dt (n=O,1,2, . .

5.1.5

floe

t'ettdt (n=O, 1, 2, . . .; z>Q)

5.1.6 ß(z)=J" t'tettdt (n=0, 1, 2, . . . )

In 5.1.1 it is assumed that the path of integration
excludes the origin and does not cross the negative
real axis

Analytic continuation of the functions in 5.1.1,
5.1.2, and 5.1.4 for n>O yields multi-valued func-
tions with branch points at z=O and =
They are single-valued functions in the z-plane
cut along the negative real axis.4 The function
li(z), the logarithmic integral, has an additional
branch point at z=1.

Interrelations
5.1.7

E1(x±iO)=Ei(x) Fiir,
Ei(s) = [Ei(x+iO) +E1(x---iO)] (x>O)

8 Some authors [5.14], [5.16] use the entire function

f(1e_t)dt/t as the basic function and denote it by
Ein(r). We have Ein(z)=E,(z)+ln z-j-y.

Various authors define the integral f (e '/t)d in the
z-plane cut along the positive real axis and denote it also
by Ei(r). For z=x>0 additional notations such as Ei(x),
(e.g., in [5.10], [5.25]), E*(x) (in [5.2]), Ei*(x) (in [5.61) are
then used to designate the principal value of the integral.
Correspondingly, E, (z) is often denoted by - Ei(z).

228

Explicit Expressions for a,(z) and ß(z)

5.1.8 an(z)n!z__ae_' (1+z++ . . .

5.1.9
Znß(z) =n!zh{e2 [1z+. . . +(-1) 1n!

22e' (l+z+j+ . . . +)}

LO

.8

.6

.4

.2

FIGu 5.1. y=Ei(x) and y=E1(x).

.4 .6 0 .2 1.4 1.6

FIGURE 5.2. y=E(x)
n=O, 1, 2, 3, 5, 10

Xo .2



y Symmetry Relation

n0 n1 n.2 n3 n4 n5 n6
5.1.13

Recurrence Relations

5.1.14

5.1.10

1.0 .5 2.0 2.5 3.0 3.5

FIGURE 5.3. y=cÍn(x)
n = 0(1)6

FIGURE 5.4. y=ß(x)
n==0, 1, 2, 5, 10, 15

Series Expansions

Ei(x)=7+lnx+Ê _-in=1 mn.

5.1.11

Ei(z)=y---1nzÊ (-1)"
,j nm!

5.1.12
( Z)"(_z)n_i In z+(n)J' (mn+1)m!(n-1)! m=Oinn-1

fli 1.(1)='y, (n)=-7+mi m

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

n0

n2

y=.57721 56649 . . . is Euler's constant.

(Iarg zj<ir)

(arg zI<ir)

(n >1)

X

5.1.17

5.1.15 zan(z)=e_z+nan_i(z) (n1,2,3, . .

5.1.16

zßn(2)=(1)nez_e+n,,..j(z) (n=1,2,3, . .

Inequalities [5.8], [5.4]

n-1
n E(x)<E+i(x)<E(x) (x>0;n=1,2,3,...)

5.1.18

E(x)<E...j(x)E,,+j(x) (x>0;n=1,2,3,. ..)

5.1.19

(x>0;n=1,2,3,...)

5.1.20

in (1--)<exEi(x)<in (i+) (x>0)

5.1.21

d [En(x)
]>.o (x>0;n=1,2,3,...)dx E_1(x)

Continued Fraction

5.1.22
/1 n in-f-12

1+ (Iarg zI<(r)

Special Values

(n>1)

Eo(z) =

5.1.25 ao(2)=--, ßo(2)2 sinh Z

229

(n=1,2,3,...)

4

3

2

o

5

Io

5

-5

-Io

-15

5.1.23

5.1.24



5.1.31

ft+ibt2+b2
e*dt=e_6b(_Ei(ab)+i,r)

(a>O, b>O)

5.1.32 f ee dt hi

5.1.33 f E(t)dt=2 In 2

5.1.34

JeE(t)dt=o

n-i (-1)a(_1Y'i[in (1+a)+a' k (a>»

5.1.35

fet em bt dt=irarctan
o t

(a>O, b>O)

P e

J. b+
dt=eabEi(_iab)

5.1.30

t' tib

(a>O, b>Q)

(a>O, b>O)

INTEGRAL AND RELATED FUNCTIONS

5.1.36

feat
sin bt dt=arctan +.JE1(a+ib)

o t

(a>O, b real)

5.1.37

fl
eat (1cos bt) dt= In (1+)+Ei(a)ot

+.'?E1(a+ib) (a).O,b real)

5.1.38

fI
e-t(1cos bt) dt= in (1+)Ei(a)t 2

+.E1(a+ib) (a>O,b real)

r 1e'
5.1.39

Jo t dt=E1(z)+lnz+-r

et1
5.1.40

Jo t
dt=Ei (x)In X-7 (x>O)

5.1.41

fe i
a2+x2

dx=- [e"E1(aix)e"E1(aix)]

+const.

5.1.42

r xe 1

J a+x [eEi(_a_ix)+eaEi(a_ix)]

+oonst.

5.1.43

fez dz= J(e«Ej(x+ia))+const. (a>O)
a2+X2 a

5.1.44

faZx2 dx= (e"E1(x+ia))+const. (a>O)

Relation to Incomplete Gamma Function (see 6.5)

5.1.45 E(z)=z'r(1n, z)
5.1.46 a(z)=z'r(n+1, z)
5.1.47 ß(z)=z-"1[r(n+1, z)r(n+1, z)]

Relation to Spherical Bessel Functions (see 10.2)

5.1.48 ao(z) K1(z), ß0(z) =/ 4(z)

5.1.49 ai(z)=.t/--K3i2(z), ßi(z)=_.tjIai2(z)

230 EXPONENTIAL

Derivatives

5.1.26 dEfl(z)__E(Z) (n=1,2,3,...)
dz

5.1.27

d d"[ezEi(z) ]=_ [ezEi(z)]

Definite and Indefinite Integrals

(For more extensive tables of integrals see
[5.3], [5.6], [5.11], [5.12], [5.13]. For integrals
involving E(x) see [5.9].)

5.1.28 f dt=e°1'Ej(ab)

5.1.29



EXPONENTIAL INTEGRAL

Number-Theoretic Significance of li (z)

(Assuming Riemann's hypothesis that all non-
real zeros of (z) have a real part of )

5.1.50 ii (x)r.(x)O(- in z) (*)
lr(x) is the number of primes less than or equal
to X.

5.1.51

E (z) n n(n.+1) n(n+l)(n+2)
z2 z

(arg zj<Ilr)
Representation of E(z) for Large n

5.1.52
n n(n-2x)

(x+n)4

n(6x2 8nx+n2)+ (x+n)
+R(n, x)}

.36n4R(n, z) (i i) n4 (x>O)

Polyñomial and Rational Approximations5

5.1.53. 0z1
E1(x)+ln x=a+aix+ax+aax3+a4x4+a5x5+e(x)

k(x)I<2 X 10

200 400 600 800 1000

FIGURE 5.5. y=ii(x) and y=ir(x)

Asymptotic Expansion

The approximation 5.1.53 is from E. E. Allen, Note
169, MTAC 8, 240 (1954); approximations 5.1.54 and
5.1.56 are from C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955;
approximation 5.1.55 is from C. Hastings, Jr., Note 143,
MTAC 7, 68 (1953) (with permission).

5.2. Sine and Cosine Integrals
Definitions

5.2.1 Si(z)= sint
Jo t

z
dt

5.2.2 6

Î COS dt (Jarg zI<ir)Oi(z)=y+1n z+
o t

5.2.3 Shi(z)=J'5 sinh
dt

o t
5.2.4

f cosh
dt (Jarg zJ<irChi(z)=y-1-1n z+

o

a1= 8.57332 87401 b= 9.57332 23454
a2=18.05901 69730 b2==25.63295 61486
a3= 8.63476 08925 b3=21.09965 30827
a4= .26777 37343 b4= 3.95849 69228

a0=.57721 566 a3= .05519 968
a1= .99999 193 a4=.00976 004
a2=.24991 055 a5= .00107 857

° Some authors [5.14], [5.16) use the entire function

fo (1 cos t)dt/t as the basic function and denote it by
Cm(r). We have

Cin(z)=Ci(z)+ln 2+7.
7 The notations Sih(z) sinh t dt/t,

Cinh(z) =f (cosh t 1)dt/t have also been proposed [5.14.]
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5.1.54 lX<
xexEi (z) z2+a1x+a2

x2+bx+b2
(z)

k(x) <5X l0

a1=2.334733 b1=3.330657
a2= .250621 b2=1.681534

5.1.55 10x<
z2+a1x+a2zexEi(x) x2+biX+b2+e (z)

e (z)
J <10

a1=4.03640 b1=5.03637
a2=1.15198 b2=4.19160

5.1.56 1<x<
xezEi(x)_x+a1+a2x+3x14

z4+bjza+62x2+b3z+b»
(z)

k(x)I<2X108



5.2.15 Si(z)=7r Ê Jn+i
11=0 ()

FIGURE 5.6. y=rSi(x) and y=Ci(x)

Series Expansions

(-1)"z2'
5.2.14 Si(z)=Ên0 (2n+1)(2n+1)!

-* X

AND RELATED FUNCTIONS

= (l)z
Ci(z)=y-+-ln z+ 2n(2n)!

Shi(z)=Ê (2n+1)(2n+1)!
2n

Chi(z) =y+ln z+E 2n(2n)!

Symmetry Relations

5.2.19 Si(z)=Si(z), Si()=Si(z)
5.2.20

Ci(z)=Ci(z)iir (O<arg z<7r)

Ci(z)=Ci(z)

Relation to Exponential Integral
5.2.21

Si(z)=[E1(iz)Ej(iz)]+ (jarg zI<)

5.2.22 Si(ix)= [Ei(x) +Ei(x)] (x>O)

5.2.23

[E1(iz)+Ei(iz)1 (Iarg zI<)

5.2.24 Ci (ix) [Ei (x) E1 (x) ]+i (x>O)

Value at Infinity

5.2.25 um Si(x)=-

Integrals

(For more extensive tables of integrals see
[5.31, [5.6], [5.11], [5.12], [5.13].)

5.2.26 f
smt dt=si (z) (Iarg z<1r

5.2.27 5Ctdt=_Ci(z) (argz<r)

5.2.28 f e«tCi (t)dt=- ln (1+a2) ([?4'a>Q)

5.2.29 J' e' si (t)dt= aretan a (a>O)
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5.2.5 si(z) =Si(z)-

Auxiliary Functions

5.2.6 f(z)=Ci(z) sin zsi(z) cos z

5.2.7 g(z)=Ci(z) cos zsi(z) sin z

Sine and Cosine Integrals in Terms of Auxiliary
Functions

5.2.8 Si(z)=f(z) cos zg(z) sin z

5.2.9 Ci(z) f (z) sin zg(z) cos z

Integral Representations

T
P2

5.2.10 si(z)==
J

e °' COB (z sin t)dt
.0

P2
5.2.11 Ci(z)+Ei(z)J e_°°8 sin (z sin t)dt

o

e -rsintdl 2+1dt (1!iz>O)5.2.12 f(z)=J t+z .,

cos t dt tet
5.2.13 g(z)=f t+z i: 2+ dt (z>O)

5.2.30
fo

cos tOi (t)dt_f sin tsi (t)dt=-

5.2.16

5.2.17

5.2.18



irCi2 (t)dt= I si (t)dt=
Jo

fCi (t) si (t)dt=-ln 2

fo
i (1-e) cos bt dt= in (i+) +Ci (b)

+.?Ei(a+ib) (a real, b>0)

Asymptotic Expansions
5.2.34

i 2 4! 6J(z)'. (i-+-+...) (jarg zI<ir)

5.2.35

EXPONENTIAL INTEGRAL

Rational Approximations8

5.2.36 1 x<
1 (x4+a1x2+a2\f(x) = \x4+bix2+bs)+«)

(x)r<2X 10
a1=7.241163 b1=9.068580

a2=2.463936 b2=7.157433

5.3. Use and Extension of the Tables

Example 1. Compute Ci (.25) to 5D.
From Tables 5.1 and 4.2 we have

Ci (.25)- ln(.25)-y
(.25)2 - .249350,

Ci (.25) = (.25)2(_ .249350) + (-1.38629)
+.577216=-.82466.

Example 2. Compute Ei (8) to 5S.
From Table 5.1 we have xe_zEi (x)=1.18185 for

x=8. From Table 4.4, e8=2.98096X 10e. Thus
Ei (8) =440.38.

(arg zj<ir)

See page II.

8 From C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955
(with permission).

AND RELATED FUNCTIONS

5.2.37

Numerical Methods

1X<co

g(x)
x2

(+a1x2+a2-- x4+bix2+b2»

I «z) J
i0

a1=7.547478 b1= 12 .723684

a2= 1.564072 b2= 15.723606

5.2.38 1 x<
1 fxs+aixs+a2x4+a3x2+a4)+()J(x) = x+b1x6+ b2x4+ b3z2 + b4

k(x)J<5X 10
a1= 38.027264 b1= 40.02 1433

a2=265.187033 b2=322.624911

a3= 335.677320 b3== 570.236280

a4= 38.102495 b4= 157.105423

5.2.39 1 z<

g(x) 1 fxs+alzo+aix4+aix2+a4)+ (z)= tx8+bx6+bx4+bx2+b

k(x)J<3X107
a1= 42.242855 b1= 48.196927

a2=302.757865 b2= 482.485984

a3=352.018498 b3= 1114.978885

a4= 21.821899 b4= 449.690326
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Example 3. Compute Si (20) to 5D.
Since 1/20=.05 from Table 5.2 we find

J(20) = .049757, g(20) = .002464. Froni Table 4.8,
sin 20=.912945, cos 20=.408082. Using 5.2.8

Si(20)=-J(20) cos 20-g(20) sin 20
=1.570796-.022555=1.54824.

Example 4. Compute E(x), n=1(1)N, to 5S
for z=1.275, N=10.

If z is less than about five, the recurrence
relation 5.1.14 can be used in increasing order of n
without serious loss of accuracy.

By quadratic interpolation in Table 5.1 we get
E1(1.275)=.1408099, and from Table 4.4, e75
=.2794310. The recurrence formula 5.1.14 then
yields

5.2.31
fo

5.2.32

5.2.33
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E(1.275)
6 .0430168

7 .0374307

8 .0331009

9 .0296534

10 .0268469

Interpolating directly in Table 5.4 for n=lO
we get E10(l.275)=.0268470 as a check.

Example 5. Compute E(x), n=1(1)1V to SS
for x=10, N=10.

If, as in this example, x is appreciably larger
than five and Nx, then the recurrence relation
5.1.14 may be safely used in decreasing order of
n([5.5]). From Table 5.5 for x'=.l we get
(x± 10)exEio(x) = 1.02436 so that E10(10) =2.32529
X 10_6. Using this as the initial value we obtain
column (2).

From Table 5.2 we get xe'E1(x)=.915633 so
that E1(10)=4.15697X 10-6 as a check. Forward
recurrence starting with E1 (10) =4.1570 X 10_6

yields the values in column (1). The underlined
figures are in error.

Example 6. Compute E(x), n=1(1)N, to SS
for x=12.3, N=20.

If N is appreciably larger than x, and x appre-
ciably larger than five, then the recurrence rela-
tion 5.1.14 should be used in the backward direc-
tion to generate E(x) for n<n0, and in the forward
direction to generate E(x) for n>n0, where
no= x).

From 5.1.52, with n0=12, x=12.3, we have

-12.3
Efl0(X)=e243 (1 +.02032- .00043- .00001)

=1.91038X107.

Using the recurrence relation 5.1.14, as indicated,
we get

AND RELATED FtTNCTIONS

From Tables 5.2 and 5.5 we find E1(12.3)=.343953
X 10_6, E20(12.3)=.143609X 10_6 as a check.

Example 7. Compute o(2) to 6S for n=1(1)5.
The recurrence formula 5.1.15 can be used for

all x>0 in increasing order of n without loss of
1accuracy. From 5.1.25 we have ao(2)= e2

Independent calculation with 5.1.8 yields the
same result for a5(2).

The functions ao(E) and a(x) can be obtained
from Table 10.8 using 5.1.48, 5.1.49.

Example 8. Compute ß(x), n=0(1)N to 6S
for x=1, N=5.

Use the recurrence relation 5.1.16 in increasing
order of n if

x>.368N+.184 ln N+.821
and in decreasing order of n otherwise [5.5].

From 5.1.9 with n=5 we get ß(1)=-.324297
correctly rounded to 6D. Using the recurrence
formula 5.1.16 in decreasing order of n and
carrying 9D we get the values in column (2).

Using forward recurrence instead, starting with

n l06E(12.3) 106E(12.3) n
12 . 191038 . 191038 12
11 . 199213 . 183498 13
10 . 208098 . 176516 14

9 . 217793 . 170042 15
8 . 228406 . 164015 16
7 . 240073 . 158397 17

6 . 252951 . 153144 18
5 . 267234 . 148226 19
4 .283155 .143608 20

3 . 300998
2 .321117

i . 343953

n
ß.(1)
(i)

ß,(1)
(2)

0 2.35040 2 2.35040 2389
1 - .73575 9269 - .73575 888Ö
2 .87888 3849 .87888 462
3 - .44950 9722 - .44950 7383
4 .55236 3499 .55237 2854
5 - .32434 3774 - .32429 7

= .06 76676, so we get
n
0 .0676676
1 .101501
2 .169169

3 .321421
4 .710510
5 1.84394
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n E(1.275)
1 .1408099

2 .0998984

3 .0760303

4 .0608307

5 .0504679

n
l05E(10)

(1)
1O5E,.(10)

(2)

1 .41570 .41570
2 .38300 .38302
3 .3550 .35488
4 .330 .33041
5 .310ö .30898
6 .28800 .29005
7 .27 .27325
8 .25822

9 .24472
10 .22573 .23253



ß0(1)=2 sinh 1=2.350402 and again carrying 9D,
we obtain column (1). The underlined figures
are in error. The above shows that three signifi-
cant figures are lost in forward recurrence, whereas
about three significant figures are gained in back-
ward recurrence!

An alternative procedure is to start with an
arbitrary value for n sufficiently large (see also
[5.11). To illustrate, starting with the value
zero at n=11 we get

EXPONENTIAL INTEGRAL

The functions ßo(x) and ß (x) can be obtained
from Table 10.8 using 5.1.48, 5.1.49.

Example 9. Compute E1(z) for zr=3.2578
+6.8943i.

From Table 5.6 we have for zo=xo+iy0=3+7i

z.,ezoEj (z0) = .934958 + .095598i,

90E1 (z0) = .059898 - . 107895i.

From Taylor's formula with f(z) = ezEj (z) we have

J(z) =J(z0+z) =f(z) +'° L?
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Table 5.1

z

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

SINE, COSINE AND EXPONENTIAL INTEGRALS

z'Si(x) x2ECi(x)-1n x-j'] x-1[Ei(z) - in x-71 x1[Ei(x) +ln x+71
0.00 1.00000 00000 -0. 25000 00000 1.00000 0000 1.00000 00000
0.01 0.99999 44444 -0. 24999 89583 1.00250 5566 0.99750 55452
0.02 0.99997 77781 -0. 24999 58333 1.00502 2306 0.99502 21392
0.03 0.99995 00014 -0.24999 06250 1.00755 0283 0.99254 97201
0.04 0.99991 11154 -0. 24998 33339 1. 01008 9560 0.99008 82265

0.05 0.99986 11215 -0.24997 39598 1.01264 0202 0.98763 75971
0.06 0.99980 00216 -0.24996 25030 1.01520 2272 0.98519 77714
0.07 0.99972 78178 -0.24994 89639 1.01777 5836 0.98276 86889
0. 08 0. 99964 45127 -0. 24993 33429 1. 02036 0958 0.98035 02898
0. 09 0. 99955 01094 -0. 24991 56402 1.02295 7705 0.97794 25142

0.10 0.99944 46111 -0. 24989 58564 1. 02556 6141 0.97554 53033
0.11 0. 99932 80218 -0. 24987 39923 1. 02818 6335 0.97315 85980
0. 12 0. 99920 03455 -0. 24985 00480 1. 03081 8352 0.97078 23399
0.13 0.99906 15870 -0.24982 40244 1.03346 2259 0.96841 64710
0.14 0.99891 17512 -0.24979 59223 1.03611 8125 0.96606 09336

0.15 0.99875 08435 -0.24976 57422 1.03878 6018 0.96371 56702
0.16 0.99857 88696 -0.24973 34850 1.04146 6006 0.96138 06240
0. 17 0.99839 58357 -0. 24969 91516 1. 04415 8158 0.95905 57383
0. 18 0. 99820 17486 -0. 24966 27429 1. 04686 2544 0.95674 09569
0. 19 0. 99799 66151 -0. 24962 42598 1. 04957 9234 0.95443 62237

0.20 0. 99778 04427 -0. 24958 37035 1.05230 8298 0. 95214 14833
0.21 0.99755 32390 -0.24954 10749 1.05504 9807 0.94985 66804
0.22 0.99731 50122 -0.24949 63752 1.05780 3833 0.94758 17603
0.23 0.99706 57709 -0.24944 96056 1.06057 0446 0.94531 66684
0.24 0.99680 55242 -0. 24940 07674 1. 06334 9719 0.94306 13506

0.25 0. 99653 42813 -0. 24934 98618 1. 06614 1726 0. 94081 57528
0.26 0.99625 20519 -0.24929 68902 1.06894 6539 0.93857 98221
0.27 0. 99595 88464 -0. 24924 18540 1. 07176 4232 0.93635 35046
0.28 0.99565 46750 -0.24918 47546 1.07459 4879 0.93413 67481
0. 29 0. 99533 95489 -0. 24912 55938 1. 07743 8555 0. 93192 94997

0. 30 0. 99501 34793 -0. 24906 43727 1. 08029 5334 0.92973 17075
0.31 0.99467 64779 -.0. 24900 10933 1. 08316 5293 0.92754 33196
0. 32 0.99432 85570 -0. 24893 57573 1. 08604 8507 0. 92536 42845
0.33 0.99396 97288 -0.24886 83662 1.08894 5053 0.92319 45510
0.34 0.99360 00064 -0.24879 89219 1.09185 5008 0.92103 40684

0. 35 0. 99321 94028 -0. 24872 74263 1. 09477 8451 0.91888 27858
0. 36 0.99282 79320 -0. 24865 38813 1.09771 5458 0. 91674 06533
0. 37 0.99242 56078 -0. 24857 82887 1.10066 6108 0.91460 76209
0.38 0.99201 24449 -0.24850 06507 1.10363 0481 0.91248 36388
0.39 0.99158 84579 -0.24842 09693 1.10660 8656 0.91036 86582

0.40 0.99115 36619 -0.24833 92466 1.10960 0714 0.90826 26297
0.41 0.99070 80728 -0.24825 54849 1.11260 6735 0.90616 55048
0.42 0.99025 17063 -0.24816 96860 1.11562 6800 0.90407 72350
0.43 0. 98978 45790 -0. 24808 18528 1. 11866 0991 0. 90199 77725
0. 44 0.98930 67074 -0. 24799 19870 1. 12170 9391 0. 89992 70693

0. 45 0. 98881 81089 -0. 24790 00913 1. 12477 2082 0. 89786 50778
0. 46 0.98831 88008 -0. 24780 61685 ] 12784 9147 0.89581 17511
0.47 0. 98780 88010 -0. 24771 02206 1. 13094 0671 0. 89376 70423
0.48 0. 98728 81278 -0. 24761 22500 1. 13404 6738 0. 89173 09048
0. 49 0. 98675 67998 -0. 24751 22600 1. 13716 7432 0. 88970 32920

0.50 0.98621 48361 -0.24741 02526 1.14030 2841 0.88768 41584
[(..6)l] [(_7)3] [(_6)2] [(_6)2]

See Examples 1-2.
70.57721 56649



x Si(x)
0.50 0. 49310 74180
0.51 0. 50268 77506
0.52 0. 51225 15212
0.53 0. 52179 84228
0.54 0. 53132 81492

0.55 0. 54084 03951
0.56 0. 55033 48563
0.57 0. 55981 12298
0.58 0. 56926 92137
0.59 0. 57870 85069

0.60 0. 58812 88096
0.61 0.59752 98233
0.62 0. 60691 12503
0.63 0. 61627 27944
0.64 0. 62561 41603

0.65 0. 63493 50541
0.66 0. 64423 51831
0.67 0. 65351 42557
0.68 0. 66277 19817
0.69 0. 67200 80721

0.10 0. 68122 22391
0.71 0. 69041 41965
0.72 0. 69958 36590
0.73 0. 70873 03430
0.74 0. 71785 39E6O

0.75 0. 72695 42472
0.76 0. 73603 09067
0.17 0. 74508 36664
0.78 0. 75411 22494
0.79 0.76311 63804

0.80 0. 77209 57855
0.81 0. 78105 01921
0.82 0. 78997 93293
0.83 0. 79888 29277
0.84 0. 80776 07191

0.85 0. 81661 24372
0.86 0. 82543 78170
0.87 0. 83423 65953
0.88 0. 84300 85102
0.89 0.85175 33016

0.90 0. 86047 07107
0.91 0. 86916 04808
0.92 0. 87782 23564
0.93 0. 88645 60839
0.94 0. 89506 14112

0.95 0. 90363 80880
0.96 0. 91218 58656
0.97 0. 92070 44970
0.98 0. 92919 37370
0.99 0. 93765 33420

1. 00 0. 94608 30704
[(-6)4[4

Ci(x)
-0. 17778 40788
-0. 16045 32390
-0. 14355 37358
-0. 12707 07938
-0. 11099 04567

-0. 09529 95274
-0. 07998 55129
-0. 06503 65744
-0. 05044 14815
-0. 03618 95707

-0. 02227 07070
-0. 00867 52486
+0. 00460 59849

0. 01758 17424
0. 03026 03686

0. 27606 78305
0. 28289 32065
0. 28955 77018
0. 29606 41358
0. 30241 52458

0. 30861 36908
0. 31466 20547
0. 32056 28495
0. 32631 85183
0. 33193 14382

0. 33740 39229
[(- 5)5[6 [ (-5)4

5
[(-5)4
L5

0. 45421 9905 0. 55977 3595
0. 48703 2167 0. 54782 2352
0. 51953 0633 0. 53621 9798
0. 55173 0445 0. 52495 1510
0. 58364 5931 0. 51400 3886

0.61529 0657 0. 50336 4081
0. 64667 7490 0. 49301 9959
0. 67781 8642 0. 48296 0034
0. 70872 5720 0. 47317 3433
0. 73940 9764 0. 46364 9849

0. 76988 1290 0. 45437 9503
0. 80015 0320 0. 44535 3112
0. 83022 6417 0. 43656 1854
0. 86011 8716 0. 42799 7338
0. 88983 5949 0. 41965 1581

0. 91938 6468 0. 41151 6976
0. 94877 8277 0. 40358 6275
0.97801 9042 0. 39585 2563
1. 00711 6121 0. 38830 9243
1. 03607 6576 0. 38095 0010

1. 06490 7195 0. 37376 8843
1. 09361 4501 0. 36675 9981
1. 12220 4777 0. 35991 7914
1. 15068 4069 0. 35323 7364
1. 17905 8208 0. 34671 3279

1. 20733 2816 0. 34034 0813
1. 23551 3319 0. 33411 5321
1. 26360 4960 0. 32803 2346
1. 29161 2805 0. 32208 7610
1. 31954 1753 0. 31627 7004

1. 34739 6548 0. 31059 6579
1. 37518 1783 0. 30504 2539
1. 40290 1910 0. 29961 1236
1. 43056 1245 0. 29429 9155
1. 45816 3978 0.28910 2918

1. 48571 4176 0.28401 9269
1. 51321 5791 0. 27904 5070
1. 54067 2664 0.27417 7301
1. 56808 8534 0. 26941 3046
1. 59546 7036 0. 26474 9496

1. 62281 1714 0. 26018 3939
1. 65012 6019 0. 25571 3758
1. 67741 3317 0. 25133 6425
1. 70467 6891 0. 24704 9501
1. 73191 9946 0. 24285 0627

1. 75914 5612 0. 23873 7524
1. 78635 6947 0. 23470 7988
1. 81355 6941 0. 23075 9890
1. 84074 8519 0. 22689 1167
1. 86793 4543 0. 22309 9826

1. 89511 7816 0.21938 3934
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SINE, COSINE AND EXPONENTIAL INTEGRALS Table 5.1

0. 04264 98293
0. 05475 77343
0. 06659 13594
0. 07815 76659
0.08946 33195

0. 10051 47070
0. 11131 79525
0. 12187 89322
0. 13220 32879
0. 14229 64404

0. 15216 36010
0. 16180 97827
0. 17123 98110
0. 18045 83335
0. 18946 98290

0. 19827 86160
0. 20688 88610
0. 21530 45859
0. 22352 96752
0.23156 78824

0. 23942 28368
0. 24709 80486
0. 25459 69153
0. 26192 27264
0. 26907 86687

Ei(x) Ei(x)



Ei(x)
1. 89511 7816
1. 92230 1085
1. 94948 7042

97667 8325
00387 7525

2. 03108
2. 05830
2. 08554
2. 11280
2. 14007

2. 16737
2. 19470
2. 22205
2. 24943
2. 27684

2. 30428
2. 33176
2.35928
2. 38684
2. 41444

2.44209
2. 46978
2. 49752
2. 52531
2.55315

2. 58104
2. 60899
2. 63700
2. 66507
2. 69320

2. 72139
2. 74965
2. 77798
2. 80637
2. 83484

2. 86337
2. 89198
2. 92067
2. 94943
2. 97828

3. 00720
3. 03621
3. 06530
3. 09448
3. 12375

3. 15310
3. 18255
3. 21209
3. 24172
3.27145

7184
9800
7825
3672
9712

8280
1672
2152
1949
3260

8252
9062
7800
6549
7367

2285
3315
2442
1634
2836

7974
8956
7673
5997
5785

8880
7110
2287
6214
0677

7453
8308
4997
9263
2844

7464
4843
6691
4712
0601

6049
2741
2355
6566
7042

3. 30128 5449
[ (-5)1

o

Ei(x)
0. 21938 3934
0. 21574 1624
0.21217 1083
0.20867 0559
0. 20523 8352

0. 10001 9582
r(-6)9
L5

X Si(x) Ci(x)
1.00 0. 94608 30704 0. 33740 39229
1.01 0. 95448 26820 0. 34273 82254
1.02 0. 96285 19387 0. 34793 65405
1.03 0.97119 06039 0. 35300 10067
1.04 0. 97949 84431 0. 35793 37091

1.05 0. 98777 52233 0. 36273 66810
1.06 0. 99602 07135 0. 36741 19060
1.07 1. 00423 46846 0. 37196 13201
1.08 1. 01241 69091 0. 37638 68132
1.09 1. 02056 71617 0. 38069 02312

1. 10 1. 02868 52187 0. 38487 33774
1.11 1. 03677 08583 0. 38893 80142
1.12 1. 04482 38608 0. 39288 58645
1.13 1. 05284 40082 0. 39671 86134
1.14 1. 06083 10845 0. 40043 79090

1.15 1. 06878 48757 0. 40404 53647
1.16 1. 07670 51696 0. 40754 25593
1.17 1. 08459 17561 0.41093 10390
1.18 1. 09244 44270 0. 41421 23185
1.19 1. 10026 29760 0. 41738 78816

1.20 1. 10804 71990 0. 42045 91829
1.21 1. 11579 68937 0. 42342 76482
1.22 1. 12351 18599 0. 42629 46760
1.23 1. 13119 18994 0.42906 16379
1.24 1. 13883 68160 0. 43172 98802

1.25 1. 14644 64157 0. 43430 07240
1.26 1. 15402 05063 0. 43677 54665
1.27 1. 16155 88978 0. 43915 53815
1.28 1. 16906 14023 0. 44144 17205
1.29 1. 17652 78340 0. 44363 57130

1.30 1. 18395 80091 0. 44573 85675
1.31 1. 19135 17459 0. 44775 14723
1.32 1. 19870 88649 0. 44967 55955
1.33 1. 20602 91886 0. 45151 20863
1.34 1.21331 25418 0. 45326 20753

1.35 1. 22055 87513 0. 45492 66752
1.36 1. 22776 76460 0. 45650 69811
1.37 1. 23493 90571 0. 45800 40711
1.38 1. 24207 28180 0. 45941 90071
1.39 1. 24916 87640 0. 46075 28349

1.40 1. 25622 67328 0. 46200 65851
1.41 1. 26324 65642 0. 46318 12730
1.42 1. 27022 81004 0. 46427 78995
1.43 1. 27717 11854 0. 46529 74513
1.44 1. 28407 56658 0. 46624 09014

1.45 1. 29094 13902 0. 46710 92094
1.46 1. 29776 82094 0. 46790 33219
1.47 1. 30455 59767 0. 46862 41732
1.48 1. 31130 45473 0. 46927 26848
1.49 1. 31801 37788 0. 46984 97667

1.50 1.32468 35312 0. 47035 63172
[(- 6)5 [(- 5)2
L4 Lo

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS
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2813
2347
5403
0479
6118

0905
3465
2467
6615
4651

5354
7535
0040
1748
1567

8437
1324
9226
1164
6188

3373
1815
0639
8989
6032

0958
2975
1314
5224
3972

6844
3146
2198
3337
5919

9313
2903
6090
8287
8923

7440
3291
5946
4882
9593

0. 20187
0. 19857
0. 19533
0. 19216
0. 18904

0. 18599
0. 18299
0. 18005
0. 17716
0. 17433

0. 17155
0. 16882
0. 16615
0. 16352
0. 16094

0. 15840
0. 15592
0. 15347
0. 15108
0. 14872

0. 14641
0. 14414
0. 14191
0. 13971
0.13756

0. 13545
0. 13337
0. 13133
0. 12932
0. 12735

0. 12541
0. 12351
0. 12164
0. 11980
0. 11799

0. 11621
0. 11447
0. 11275
0. 11106
0. 10940

0. 10777
0.10617
0. 10459
0. 10304
0. 10151



1.50 1. 32468 35312 0. 47035 63172 3. 30128 5449 0. 10001 9582
1.51 1. 33131 36664 0. 47079 32232 3. 33121 3449 0. 09854 4365
1.52 1. 33790 40489 0. 47116 13608 3. 36124 2701 0. 09709 3466
1.53 1. 34445 45453 0. 47146 15952 3. 39137 4858 0. 09566 6424
1.54 1. 35096 50245 0. 47169 47815 3. 42161 1576 0. 09426 2786

1.55 1. 35743 53577 0. 47186 17642 3. 45195 4503 0. 09288 2108
1.56 1. 36386 54183 0.47196 33785 3. 48240 5289 0. 09152 3960
1.57 1. 37025 50823 0. 47200 04495 3.51296 5580 0. 09018 7917
1.58 1. 37660 42275 0. 47197 37932 3.54363 7024 0. 08887 3566
1.59 1. 38291 27345 0. 47188 42164 3. 57442 1266 0. 08758 0504

1.60 1. 38918 04859 0. 47173 25169 3. 60531 9949 0. 08630 8334
1.61 1. 39540 73666 0.47151 94840 3. 63633 4719 0. 08505 6670
1.62 1. 40159 32640 0. 47124 58984 3. 66746 7221 0. 08382 5133
1.63 1.40773 80678 0.47091 25325 3.69871 9099 0. 08261 3354
1.64 1. 41384 16698 0.47052 01507 3. 73009 1999 0. 08142 0970

1.65 1. 41990 39644 0. 47006 95096 3.76158 7569 0. 08024 7627
1.66 1. 42592 48482 0. 46956 13580 3. 79320 7456 0. 07909 2978
1.67 1. 43190 42202 0. 46899 64372 3. 82495 3310 0. 07795 6684
1.68 1. 43784 19816 0. 46837 54812 3. 85682 6783 0. 07683 8412
1.69 1. 44373 80361 0. 46769 92169 3.88882 9528 0. 07573 7839

1.70 1. 44959 22897 0.46696 83642 3. 92096 3201 0. 07465 4644
1.71 1. 45540 46507 0. 46618 36359 3. 95322 9462 0. 07358 8518
1.72 1. 46117 50299 0. 46534 57385 3. 98562 9972 0. 07253 9154
1.73 1. 46690 33404 0. 46445 53716 4. 01816 6395 0. 07150 6255
1.74 1. 47258 94974 0. 46351 32286 4. 05084 0400 0. 07048 9527

1.75 1. 47823 34189 0. 46251 99967 4. 08365 3659 0. 06948 8685
1.76 1. 48383 50249 0.46147 63568 4. 11660 7847 0. 06850 3447
1.77 1. 48939 42379 0. 46038 29839 4. 14970 4645 0. 06753 3539
1.78 1. 49491 09830 0. 45924 05471 4. 18294 5736 0. 06657 8691
1.79 1. 50038 51872 0. 45804 97097 4. 21633 2809 0. 06563 8641

1.80 1. 50581 67803 0. 45681 11294 4. 24986 7557 0. 06471 3129
1.81 1. 51120 56942 0.45552 54585 4. 28355 1681 0. 06380 1903
1.82 1. 51655 18633 0. 45419 33436 4. 31738 6883 0.06290 4715
1.83 1. 52185 52243 0. 45281 54262 4. 35137 4872 0. 06202 1320
1.84 1. 52711 57165 0. 45139 23427 4. 38551 7364 0. 06115 1482

1.85 1. 53233 32813 0. 44992 47241 4. 41981 6080 0. 06029 4967
1.86 1. 53750 78626 0. 44841 31966 4. 45427 2746 0. 05945 1545
1.87 1. 54263 94066 0. 44685 83813 4. 48888 9097 0. 05862 0994
1.88 1. 54772 78621 0.44526 08948 4. 52366 6872 0. 05780 3091
1.89 1. 55277 31800 0. 44362 13486 4. 55860 7817 0. 05699 7623

1.90 1. 55777 53137 0. 44194 03497 4. 59371 3687 0. 05620 4378
1.91 1. 56273 42192 0. 44021 85005 4. 62898 6242 0. 05542 3149
1.92 1. 56764 98545 0. 43845 63991 4. 66442 7249 0. 05465 3731
1.93 1. 57252 21801 0. 43665 46388 4. 70003 8485 0. 05389 5927
1.94 1. 57735 11591 0. 43481 38088 4. 73582 1734 0. 05314 9540

1.95 1. 58213 67567 0. 43293 44941 4. 77177 8785 0.05241 4380
1.96 1. 58687 89407 0. 43101 72752 4.80791 1438 0. 05169 0257
1.97 1. 59157 76810 0. 42906 27288 4. 84422 1501 0. 05097 6988
1.98 1. 59623 29502 0. 42707 14273 4. 88071 0791 0. 05027 4392
1.99 1. 60084 47231 0. 42504 39391 4.91738 1131 0. 04958 2291

2.00 1. 60541 29768 0. 42298 08288 4. 95423 4356 0.04890 0511
[(-6)5
L4

[(- 6)9
L5

[(-5)2[4 [(- 6)3[4
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X Si(x) Ci(x) Ei(x) Ei(x)



242 EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

Table 5.1

X

SINE, COSINE AND EXPONENTIAL INTEGRALS

Si(x) Ci(x) xe'Ei(x) xexEi(x)

2. 0 1. 60541 2768 0. 42298 08288 1.34096 5420 0.72265 7234
2. 1 1. 64869 86362 0. 40051 19878 1. 37148 6802 0. 73079 1502
2.2 1. 68762 48272 0. 37507 45990 1.39742 1992 0.73843 1132
2. 3 1. 72220 74818 0. 34717 56175 1. 41917 1534 0. 74562 2149
2. 4 1. 75248 55008 0. 31729 16174 1. 43711 8315 0. 75240 4829

2. 5 1. 77852 01734 0. 28587 11964 1. 45162 5159 0. 75881 4592
2. 6 1. 80039 44505 0. 25333 66161 1.46303 3397 0.76488 2722
2. 7 1. 81821 20765 0. 22008 48786 1.47166 2153 0.77063 6987
2. 8 1. 83209 65891 0. 18648 83896 1. 47780 8187 0. 77610 2123
2. 9 1. 84219 01946 0. 15289 53242 1. 48174 6162 0. 78130 0252

3. 0 1. 84865 25280 0. 11962 97860 1. 48372 9204 0. 78625 1221
3. 1 1. 85165 93077 0. 08699 18312 1.48398 9691 0.79097 2900
3. 2 1. 85140 08970 0. 05525 74117 1. 48274 0191 0. 79548 1422
3. 3 1. 84808 07828 +0. 02467 82846 1. 48017 4491 0. 79979 1408
3. 4 1. 84191 39833 -0. 00451 80779 1.47646 8706 0.80391 6127

3. 5 1. 83312 53987 -0. 03212 85485 1. 47178 2389 0. 80786 7661
3. 6 1. 82194 81Th6 -0. 05797 43519 1. 46625 9659 0. 81165 7037
3. 7 1. 80862 16809 -0. 08190 10013 1.46003 0313 0.81529 4342
3. 8 1. 79339 03548 -0. 10377 81504 1. 45321 0902 0. 81878 8821
3. 9 1. 77650 13604 -0. 12349 93492 1. 44590 5765 0.82214 8967

4. 0 1. 75820 31389 -0. 14098 16979 1. 43820 8032 0. 82538 2600
4. 1 1. 73874 36265 -0. 15616 53918 1.43020 0557 0.82849 6926
4.2 1. 71836 85637 -0. 16901 31568 1. 42195 6813 0. 83149 8602
4. 3 1. 69731 98507 -0. 17950 95725 1.41354 1719 0.83439 3794
4. 4 1. 67583 39594 -0. 18766 02868 1.40501 2424 0.83718 8207

4. 5 1. 65414 04144 -0. 19349 11221 1. 39641 9030 0. 83988 7144
4. 6 1. 63246 03525 -0. 19704 70797 1. 38780 5263 0. 84249 5539
4. 7 1. 61100 51718 -0. 19839 12468 1. 37920 9093 0. 84501 7971
4. 8 1. 58997 52782 -0. 19760 36133 1. 37066 3313 0. 84745 8721
4. 9 1. 56955 89381 -0. 19477 98060 1. 36219 6054 0. 84982 1778

5. 0 1. 54993 12449 -0. 19002 97497 1. 35383 1278 0.85211 0880
5. 1 1. 53125 32047 -0. 18347 62632 1.34558 9212 0.85432 9519
5. 2 1. 51367 09468 -0. 17525 36023 1. 33748 6755 0. 85648 0958
5. 3 1. 49731 50636 -0. 16550 59586 1. 32953 7845 0. 85856 8275
5. 4 1. 48230 00826 -0. 15438 59262 1.321753788 0.86059 4348

5. 5 1. 46872 40727 -0. 14205 29476 1. 31414 3566 0. 86256 1885
5. 6 1. 45666 83847 -0. 12867 17494 1.30671 4107 0.86447 3436
5. 7 1. 44619 75285 -0. 11441 07808 1.29947 0536 0.86633 1399
5. 8 1. 43735 91823 -0. 09944 06647 1.29241 6395 0.86813 8040
5. 9 1. 43018 43341 -0. 08393 26741 1. 28555 3849 0. 86989 5494

6. 0 1. 42468 75513 -0. 06805 72439 1.27888 3860 0.87160 5775
6. 1 1. 42086 73734 -0. 05198 25290 1. 27240 6357 0. 87327 0793
6. 2 1. 41870 68241 -0. 03587 30193 1.26612 0373 0.87489 2347
6. 3 1. 41817 40348 -0. 01988 82206 1. 26002 4184 0. 87647 2150
6. 4 1. 41922 29740 -0. 00418 14110 1. 25411 5417 0. 87801 1816

6. 5 1. 42179 42744 +0. 01110 15195 1.24839 1155 0.87951 2881
6. 6 1. 42581 61486 0. 02582 31381 1. 24284 8032 0. 88097 6797
6. 7 1. 43120 53853 0. 03985 54400 1. 23748 2309 0. 88240 4955
6. 8 1. 43786 84161 0. 05308 07167 1. 23228 9952 0. 88379 8662
6. 9 1. 44570 24427 0. 06539 23140 1.22726 6684 0.88515 9176

7. 0 1. 45459 66142 0. 07669 52785 1. 22240 8053 0. 88648 7675
- 4)5 [(-4)41 [(-4)61 [(-5)6[7 [8j [7j [6



EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

Table 5.2

SINE, COSINE AND EXPONENTIAL JINTEGRALS FOR LAR(;E ARGUMENTS

[(5)1] [(_5)4] [(_5)5] [(_5)1]

Si(i) =-f(.r) Cos i-fi(i) Sifl r Ci()/() Sin .z-q(z) COS

=1.57O79 63268 <.r>nearest integer to r.
See Example 3.

273-888 O-67-17

243

z

SINE, COSINE AND EXPONENTIAL INTEGRALS

Si() Ci(x) xe-Ei(x)

Table 5.1

7. 0 1. 45459 66142 0. 07669 52785 1.22240 8053 0.88648 7675
7. 1 1. 46443 32441 0. 08690 68881 1. 21770 9472 0. 88778 5294
7.2 1. 47508 90554 0. 09595 70643 1. 21316 6264 0. 88905 3119
7.3 1. 48643 64451 0. 10378 86664 1. 20877 3699 0. 89029 2173
7.4 1. 49834 47533 0. 11035 76658 1.20452 7026 0.89150 3440

7.5 1.51068 15309 0.11563 32032 1.20042 1500 0.89268 7854
7.6 1. 52331 37914 0.11959 75293 1.19645 2401 0.89384 6312
7.7 1.53610 92381 0.12224 58319 1.19261 5063 0.89497 9666
7.8 1.54893 74581 0.12358 59542 1.18890 4881 0.89608 8737
7.9 1.56167 10702 0.12363 80071 1.18531 7334 0.89717 4302

8. 0 1.57418 68217 0. 12243 38825 1.18184 7987 0.89823 7113Li 1.58636 66225 0.12001 66733 1.17849 2509 0.89927 7888
8.2 1.59809 85106 0.11644 00055 1.17524 6676 0.90029 7306
8.3 1. 60927 75419 0. 11176 72931 1. 17210 6376 0. 90129 6033
8.4 1.61980 65968 0.10607 09196 1.16906 7617 0.90227 4695

8.5 1.62959 70996 0.09943 13586 1.16612 6526 0.90323 3900
8.6 1.63856 96454 0.09193 62396 1.16327 9354 0.90417 4228
8.7 1.64665 45309 0.08367 93696 1.16052 2476 0.90509 6235
8. 8 1. 65379 21861 0. 07475 97196 1. 15785 2390 0. 90600 0459
8.9 1.65993 35052 0.06528 03850 1.15526 5719 0.90688 7415

9. 0 1. 66504 00758 0. 05534 75313 1.15275 9209 0.90775 7602
9. 1 1. 66908 43056 0. 04506 93325 1. 15032 9724 0. 90861 1483
9.2 1. 67204 94480 0. 03455 49134 1.14797 4251 0.90944 9530
9.3 1. 67392 95283 0. 02391 33045 1.14568 9889 0.91027 2177
9.4 1. 67472 91725 0. 01325 24187 1. 14347 3855 0.91107 9850

9.5 1.67446 33423 +0. 00267 80588 1.14132 3476 0.91187 2958
9.6 1.67315 69801 -0. 00770 70361 1.13923 6185 0.91265 1897
9.7 1.67084 45697 -0. 01780 40977 1.13720 9523 0.91341 7043
9.8 1. 66756 96169 -0. 02751 91811 1.13524 1130 0.91416 8766
9.9 1. 66338 40566 -0. 03676 39563 1.13332 8746 0.91490 7418

10.0 1.65834 75942 -0.04545 64330 1.13147 0205 0.91563 3339

zf(x) x2g(x) xEi(z) B1() <>
0.100 0.98191 0351 0.94885 39 1.13147 021 0.91563 33394 10
0.095 0.98353 4427 0.95323 18 1.12249 671 0.91925 68286 ii
0.090 0.98509 9171 0.95748 44 1.11389 377 0.92293 15844 11
0.085 0.98660 1776 0.96160 17 1.10564 739 0.92665 90998 12
0.080 0.98803 9405 0.96557 23 1.09773 775 0.93044 09399 13

0.075 0.98940 9188 0.96938 56 1.09014 087 0.93427 87466 13
0.070 0.99070 8244 0.97302 98 1.08283 054 0.93817 42450 14
0.065 0.99193 3695 0.97649 35 1.07578 038 0.94212 92486 15
0. 060 0.99308 2682 0.97976 47 1.06896 548 0.94614 56670 17
0.055 0. 99415 2385 0. 98283 17 1. 06236 365 0. 95022 55126 18

0. 050 0. 99514 0052 0.98568 24 1.05595 591 0.95437 09099 20
0.045 0.99604 3013 0.98830 52 1.04972 640 0.95858 41038 22
0.040 0.99685 8722 0. 990(R 81 1.04366 194 0.96286 74711 25
0.035 0.99758 4771 0. 992e 12 1. 03775 135 0.96722 35311 29
0. 030 0.99821 8937 0.99469 37 1. 03198 503 0.97165 49596 33

0.025 0.99875 9204 0.99629 57 1.02635 451 0.97616 46031 40
0.020 0.99920 3795 0.99761 89 1.02085 228 0.98075 54965 50
0.015 0.99955 1207 0.99865 60 1.01547 157 0.98543 08813 67
0.010 0.99980 0239 0.99940 12 1.01020 625 0.99019 42287 100
0.005 0.99995 0015 0.99985 01 1.00505 077 0.99504 92646 200

0. 000 1. 00000 0000 1. 00000 00 1.00000 000 1. 00000 00000

f(--4)11 1(-4)21 1(-5)21 1(-6)4L71 L71 151 L4
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odd. We have

EXPONENTIAL INTEGRAL AND RELATED FUNCTIONS

[(_3)5] [(_3)6]
[V7] [P7]

Ci(7rx)=7+ln r+1n x-Cin(irx) ,+1n ,r=1.72194 55508

Si(nr) are maximum values of Si(x) if n>O is odd, and minimum values if n>0 is even.

Ci [(+) ]are maximum values of Ci(.) if n>0 is even, and minimum values if n>0 is

Si(nir)_j- e[1-!2_...] (n-..)

Ci [(i
(-i)' 2! 4!+](

+

[i +)2( +)44 ...] (n )

Table 5.3

Si(rx)
0.0 0. 00000
0.1 0. 31244
0. 2 0. 61470
0.3 0.89718
0.4 1.15147

00
18
01
92
74

SINE AND COSINE INTEGRALS FOR ARGUMENTS rx

Cin('rx) w Si(rx) Cin(rr)
0.00000 00 5. 0 1.63396 48 3.32742 23
0.02457 28 5.1 1.63088 98 3.36670 50
0.09708 67 5. 2 1.62211 92 3. 40335 81
0.21400 75 5.3 1.60871 21 3.43582 68
0.36970 10 5.4 1.59212 99 3.46297 82

0.5 1. 37076 22 0.55679 77 5. 5 1.57408 24 3.48419 47
0. 6 1. 55023 35 0. 76666 63 5. 6 1. 55635 75 3. 49941 45
0.7 1.68729 94 0.98995 93 5.7 1.54064 82 3.50911 89
0. 8 1. 78166 12 1.21719 42 5. 8 1.52839 53 3.51426 89
0.9 1.83523 65 1.43932 68 5.9 1.52065 96 3.51619 81

1. 0 1. 85193 70 1. 64827 75 6.0 1.51803 39 3.51647 44
1. 1 1. 83732 28 1. 83737 48 6.1 1.52060 20 3.51674 38
1. 2 1. 79815 90 2. 00168 51 6.2 1. 52794 77 3. 51857 25
1. 3 1. 74191 10 2. 13821 22 6. 3 1.53921 04 3. 52330 06
1. 4 1. 67621 68 2. 24595 41 6.4 L 55318 17 3. 53192 30
1. 5 1. 60837 27 2. 32581 82 6.5 1.56843 12 3.54500 55
1. 6 1. 54487 36 2. 38040 96 6.6 1.58344 97 3.56264 55
1. 7 1. 49103 51 2. 41370 98 6.7 1. 59679 62 3. 58447 72
1. 8 1. 45072 37 2. 43067 75 6.8 1.60723 30 3.60972 10
1. 9 1. 42621 05 2. 43680 30 6.9 1. 61383 85 3. 63727 15

2. 0 1. 41815 16 2. 43765 34 7.0 1.61608 55 3. 66581 26
2. 1 1. 42569 13 2. 43844 23 7. 1 1.61388 08 3. 69395 05
2. 2 1. 44667 38 2. 44365 73 7.2 1. 60756 18 3. 72034 97
2. 3 1. 47794 03 2. 45676 95 7.3 1.59785 21 3. 74385 98
2. 4 1. 51568 40 2. 48004 47 7.4 1. 58578 13 3. 76362 13
2. 5 1. 55583 10 2. 51446 40 7.5 1.57257 88 3.77914 01
2. 6 1. 59441 60 2. 55975 53 7. 6 1.55954 96 3. 79032 64
2. 7 1. 62792 16 2. 61452 59 7. 7 1.54794 81 3.79749 22
2. 8 1. 65355 62 2. 67647 93 7. 8 1. 53885 84 3. 80131 21
2. 9 1. 66945 05 2. 74269 41 7. 9 1. 53309 50 3. 80274 91

3. 0 1. 67476 18 2. 80993 76 8. 0 1. 53113 13 3. 80295 56
3. 1 1. 66968 11 2. 87498 49 8.1 1.53306 26 3.80315 83
3. 2 1. 65535 02 2. 93491 77 8.2 1.53860 67 3.80453 88
3. 3 1. 63369 82 2. 98737 63 8. 3 1.54713 99 3. 80812 16
3.4 1. 60721 88 3. 03074 73 8.4 1.55776 52 3.81467 97
3. 5 1. 57870 92 3. 06427 25 8.5 1.56940 54 3.82466 68
3. 6 1. 55099 62 3. 08807 51 8. 6 1.58091 06 3. 83818 15
3. 7 1. 52667 49 3. 10310 38 8. 7 1. 59117 06 3. 85496 61
3. 8 1. 50788 19 3. 11100 53 8. 8 1. 59922 11 3. 87444 05
3. 9 1. 49612 20 3. 11393 95 8.9 1. 60433 29 3. 89576 52

4. 0 1. 49216 12 3. 11435 65 9.0 1.60607 69 3.91792 84
4. 1 1. 49599 24 3. 11475 82 9. 1 1. 60435 85 3. 93984 77
4. 2 1. 50687 40 3. 11746 60 9.2 1. 59942 00 3. 96047 61
4. 3 1. 52343 40 3. 12441 61 9.3 1. 59180 91 3. 97890 22
4. 4 1. 54382 74 3. 13699 91 9. 4 1. 58232 00 3. 99443 58
4. 5 1. 56593 04 3. 15595 79 9.5 1.57191 16 4. 00666 94
4. 6 1. 58755 15 3. 18134 84 9. 6 1. 56161 12 4. 01551 22
4. 7 1. 60664 04 3. 21256 74 9.7 1.55241 46 4.02119 22
4. 8 1. 62147 45 3. 24843 85 9.8 1.54519 00 4.02422 80
4. 9 1. 63080 69 3. 28734 92 9. 9 1. 54059 74 4. 02537 29

5. 0 1. 63396 48 3. 32742 23 10. 0 1.53902 91 4.02553 78
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1(-5)fl r(-5)51 1(-5)fl F(-6)21 r(-7)7[3] L6J L4J L3J [3
See Examples 4-6.
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x

0.00
0. 01
0.02

E2(x) -x in x

1.00000 00
0. 99572 22
0.99134 50

EXPONENTIAL

E3(x)

0.50000 00
0. 49027 66
0.48096 83

E(x)

Eio(x)
33 0.11111 11
24 0. 10986 82
64 0.10863 95

Table 5.4

E20(x)
0.05263 16
0. 05207 90
0.05153 21

INTEGRALS

E4(x)
0.33333
0. 32838
0.32352

0. 03 0. 98686 87 0.47199 77 0. 31876 19 0. 10742 46 0.05099 11
0. 04 0. 98229 39 0. 46332 39 0. 31408 55 0. 10622 36 0. 05045 58

0. 05 0. 97762 11 0.45491 88 0. 30949 45 0. 10503 63 0. 04992 60
0. 06 0. 97285 08 0. 44676 09 0. 30498 63 0.10386 24 0. 04940 19
0. 07 0. 96798 34 0. 43883 27 0. 30055 85 0. 10270 18 0. 04888 33
0. 08 0. 96301 94 0. 43111 97 0. 29620 89 0. 10155 44 0. 04837 02
0. 09 0. 95795 93 0. 42360 96 0.29193 54 0. 10042 00 0. 04786 24

0.10 0.95280 35 0.41629 15 0.28773 61 0.09929 84 0.04736 00
0.11 0.94755 26 0.40915 57 0.28360 90 0.09818 96 0.04686 29
0.12 0.94220 71 0.40219 37 0.27955 24 0.09709 34 0.04637 10
0. 13 0. 93676 72 0. 39539 71 0.27556 46 0. 09600 95 0. 04588 43
0. 14 0. 93123 36 0. 38876 07 0. 27164 39 0. 09493 80 0. 04540 27

0. 15 0. 92560 67 0. 38227 61 0. 26778 89 0. 09387 86 0. 04492 62
0.16 0.91988 70 0.31593 80 0.26399 79 0.09283 12 0.04445 47
0.17 0.91407 48 0.36974 08 0.26026 96 0.09179 56 0.04398 82
0. 18 0. 90811 06 0. 36367 95 0.25660 26 0. 09077 18 0. 04352 66
0.19 0.90217 50 0.35774 91 0.25299 56 0.08975 95 0.04306 98

0. 20 0. 89608 8.2 0. 35194 53 0. 24944 72 0. 08875 87 0. 04261 79
0.21 0.88991 ci9 0.34626 38 0.24595 63 0.08776 93 0.04217 07
0. 22 0. 88364 33 0. 34070 05 0. 24252 16 0. 08679 10 0. 04172 82
0.23 0.87728 60 0.33525 18 0.23914 19 0.08582 38 0.04129 03
0. 24 0. 87083 93 0. 32991 42 0. 23581 62 0. 08486 75 0. 04085 71

0. 25 0. 86430 37 0. 32468 41 0. 23254 32 0. 08392 20 0. 04042 85
0. 26 0. 85767 97 0. 31955 85 0.22932 21 0. 08298 72 0. 04000 43
0. 27 0. 85096 76 0. 31453 43 0. 22615 17 0. 08206 30 0. 03958 46
0.28 0.84416 78 0.30960 86 0.22303 11 0.08114 92 0.03916 93
0. 29 0. 83728 08 0. 30477 87 0. 21995 93 0. 08024 57 0. 03875 84

0.30 0.83030 71 0.30004 18 0.2193 52 0.07935 24 0.03835 18
0.31 0.82324 69 0.29539 56 0.21395 81 0.07846 93 0.03794 95
0.32 0.81610 01 0.29083 74 0.21102 70 0.07759 60 0.03755 15
0.33 0.80886 90 0.28636 52 0.20814 11 0.07673 27 0.03715 76
0. 34 0. 80155 21 0. 28197 65 0. 20529 94 0. 07587 90 0. 03676 78

0.35 0.79415 04 0.27766 93 0.20250 13 0.07503 50 0.03638 22
0. 36 0. 78666 44 0.27344 16 0. 19974 58 Ó. 07420 06 0. 03600 06
0. 37 0. 77909 43 0. 26929 13 0. 19703 22 0. 07337 55 0. 03562 31
0.38 0.77144 07 0.26521 65 0.19435 91 0.07255 91 0.03524 95
0. 39 0. 76370 39 0. 26121 55 0. 19172 76 0. 07175 31 0. 03487 98

0. 40 0. 75588 43 0. 25728 64 0. 18913 52 0. 07095 51 0. 03451 40
0.41 0.74798 23 0.25342 76 0.18658 16 0.07016 71 0.03415 21
0. 42 0. 13999 82 0. 24963 73 0. 18406 64 0. 06938 75 0. 03379 39
0.43 0.73193 24 0.24591 41 0.18158 87 0.06861 67 0.03343 96
0. 44 0. 72378 54 0. 24225 63 0. 17914 79 0. 06785 45 0. 03308 89

0.45 0.71555 75 0.23866 25 0.17674 33 0.06710 09 0.03274 20
0.46 0.70724 91 0.23513 13 0.17437 44 0.06635 58 0.03239 87
0.47 0.69886 05 0.23166 12 0.17204 05 0.06561 91 0.03205 90
0.48 0. 69039 21 0. 22825 08 0. 16974 10 0. 06489 07 0. 03172 29
0.49 0.68184 43 0.22489 90 0.16747 53 0.06417 04 0.03139 03

0.50 0.67321 75 0.22160 44 0.16524 28 0.06345 83 0.03106 12
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r(-5)n r(_6)71 F(-6)41 1(-6)11
[4] L3j L3J L3j

Table 5.4

x

0.50
0.51
0.52
0.53

E2(x)
0.32664
0.32110
0. 31568
0.31038

39
62
63
07

EXPONENTIAL INTEGRAL S E(x)

E3(x) E4(x) Ejo(x)
0.22160 44 0.16524 28 0.06345
0.21836 57 0.16304 30 0.06275
0.21518 18 0. 16087 53 0. 06205

0.21205 16 0.15873 92 0.06136

83
42
80
96

E2o(x)
0.03106
0.03073
0.03041
0.03009

12
56
34
46

0. 54 0. 30518 62 0. 20897 39 0. 15663 41 0. 06068 89 0. 02977 9].

0. 55 0. 30009 96 0.20594 75 0. 15455 96 0. 06001 59 0. 02946 70
0. 56 0. 29511 79 0.20297 15 0.15251 50 0. 05935 05 0. 02915 81

0. 57 0.29023 82 0.20004 48 0. 15050 00 0. 05869 25 0. 02885 25

0. 58 0. 28545 78 0. 19716 64 0. 14851 39 0. 05804 19 0. 02855 01
0. 59 0.28077 39 0. 19433 53 0. 14655 65 0. 05739 86 0.02825 08

0.60 0. 27618 39 0.19155 06 0. 14462 71 0. 05676 26 0. 02795 48
0.61 0. 27168 55. 0. 18881 14 0. 14272 53 0. 05613 36 0.02766 18
0.62 0.26727 61 0.18611 66 0.14085 07 0.05551 18 0.02737 19
0.63 0. 26295 35 0. 18346 56 0. 13900 28 0.05489 69 0.02708 50
0. 64 0. 25871 54 0. 18085 73 0. 13718 13 0. 05428 89 0. 02680 12

0.65 0.25455 97 0. 17829 10 0. 13538 55 0. 05368 77 0. 02652 04

0. 66 0. 25048 44 0. 17576 58 0. 13361 53 0. 05309 33 0. 02624 25

0. 67 0. 24648 74 0.17328 10 0. 13187 01 0. 05250 55 0. 02596 75

0. 68 0. 24256 67 0. 17083 58 0. 13014 95 0. 05192 43 0.02569 54
0.69 0.23872 06 0.16842 94 0.12845 33 0.05134 97 0.02542 62

0. 70 0. 23494 71 0. 16606 12 0. 12678 08 0. 05078 15 0. 02515 98

0.71 0.23124 46 0.16373 03 0.12513 19 0.05021 96 0.02489 62
0.72 0.22761 14 0.16143 60 0.12350 61 0.04966 40 0.02463 53
0. 73 0. 22404 57 0. 15917 78 0. 12190 31 0. 04911 47 0. 02437 72

0. 74 0. 22054 61 0. 15695 49 0. 12032 24 0. 04857 15 0.02412 19

0. 75 0. 21711 09 0. 15476 67 0. 11876 38 0. 04803 44 0. 02386 92

0.76 0.21373 88 0.15261 25 0.11722 70 0.04750 33 0.02361 91
0.77 0.21042 82 0.15049 17 0.11571 15 0.04697 81 0.02337 17
0.78 0.20717 77 0.14840 37 0.11421 70 0.04645 88 0.02312 69
0.79 0. 20398 60 0. 14634 79 0. 11274 33 0. 04594 53 0. 02288 46

0.80 0. 20085 17 0. 14432 38 0. 11129 00 0. 04543 76 0. 02264 49

0.81 0.19777 36 0.14233 07 0.10985 67 0.04493 56 0.02240 78
0. 82 0. 19475 04 0. 14036 81 0. 10844 33 0.04443 91 0. 02217 31

0.83 0. 19178 10 0. 13843 55 0. 10704 93 0.04394 82 0. 02194 08

0. 84 0. 18886 41 0.13653 24 0. 10567 44 0.04346 28 0. 02171 11

0. 85 0. 18599 86 0. 13465 81 0. 10431 85 0. 04298 29 0. 02148 37

0. 86 0. 18318 33 0. 13281 22 0. 10298 12 0. 04250 82 0. 02125 87

0.87 0. 18041 73 0. 13099 43 0. 10166 22 0. 04203 89 0.02103 61
0. 88 0. 17769 94 0. 12920 37 0. 10036 12 0.04157 49 0. 02081 58

0.89 0. 17502 87 0.12744 01 0. 09907 80 0.04111 60 0. 02059 78

0.90 0.17240 41 0.12570 30 0.09781 23 0.04066 22 0.02038 21
0. 91 0. 16982 47 0. 12399 19 0. 09656 39 0.04021 35 0. 02016 87

0. 92 0. 16728 95 0. 12230 63 0. 09533 24 0. 03976 98 0. 01995 75

0.93 0. 16479 77 0. 12064 59 0. 09411 77 0. 03933 11 0. 01974 86

0.94 0.16234 82 0.11901 02 0.09291 94 0.03889 73 0.01954 18

0.95 0. 15994 04 0. 11739 88 0.09173 74 0. 03846 83 0. 01933 72

0.96 0.15757 32 0.11581 13 0.09057 13 0.03804 41 0.01913 47
0.97 0.15524 59 0.11424 72 0.08942 11 0.03762 46 0.01893 44
0.98 0.15295 78 0.11270 63 0.08828 63 0.03720 98 0.01873 62
0.99 0.15070 79 0.11118 80 0.08716 69 0.03679 96 0.01854 01

1.00 0. 14849 55 0. 10969 20 0.08606 25 0. 03639 40 0. 01834 60
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x E2()
EXPONENTIAL INTEGRALS E(x)

E4() .Ejo(r)

Table 5.4
E20(v)

1.00 0.14849 55 0.10969 20 0.08606 25 0.03639 40 0.01834 60
1. 01 0. 14631 99 0.10821 79 0.08497 30 0.03599 29 0.01815 39
1.02 0. 14418 04 0. 10676 54 0. 08389 81 0. 03559 63 0.01796 39
1. 03 0.14207 63 0.10533 42 0. 08283 76 0.03520 41 0. 01777 59
1.04 0. 14000 68 0. 10392 38 0. 08179 13 0. 03481 63 0. 01758 98

1.05 0.13797 13 0.10253 39 0.8075 90 0.03443 28 0.01740 57
1. 06 0. 13596 91 0.10116 43 0.07974 06 0. 03405 35 0.01722 35
1. 07 0. 13399 96 0. 09981 45 0. 07873 57 0. 03367 85 0.01704 33
1. 08 0. 13206 22 0. 09848 42 0. 07774 42 0.03330 77 0. 01686 49
1. 09 0. 13015 62 0. 09717 31 0. 07676 59 0. 03294 10 0. 01668 84

1.10 0. 12828 11 0. 09588 09 0. 07580 07 0. 03257 84 0. 01651 37
1. 11 0. 12643 62 0. 09460 74 0.07484 83 0. 03221 98 0.01634 09
1.12 0.12462 10 0.09335 21 0.07390 85 0.03186 52 0.01616 99
1.13 0. 12283 50 0. 09211 49 0.07298 12 0. 03151 45 0. 01600 07
1.14 0.12107 75 0.09089 53 0.07206 61 0.03116 78 0.01583 33

1.15 0. 11934 81 0. 08969 32 0.07116 32 0. 03082 49 0.01566 76
1.16 0. 11764 62 0. 08850 83 0. 07027 22 0. 03048 58 0. 01550 37
1. 17 0.11597 14 0.08734 02 0. 06939 30 0.03015 05 0. 01534 14
1.18 0. 11432 31 0. 08618 88 0. 06852 53 0. 02981 89 0. 01518 09
1.19 0. 11270 08 0. 08505 37 0. 06766 91 0. 02949 10 0.01502 21

1.20 0. 11110 41 0. 08393 47 0.06682 42 0. 02916 68 0. 01486 49
1. 21 0. 10953 25 0. 08283 15 0. 06599 04 0. 02884 61 0. 01470 94
1.22 0. 10798 55 0.08174 39 0. 06516 75 0. 02852 90 0. 01455 55
1.23 0. 10646 27 0. 08067 17 0. 06435 55 0.02821 55 0.01440 32
1.24 0.10496 37 0. 07961 46 0. 06355 40 0. 02790 54 0. 01425 26

1.25 0. 10348 81 0.07857 23 0.06276 31 0. 02759 88 0. 01410 35
1.26 0.10203 53 0.07754 47 0.06198 25 0.02729 55 0.01395 59
1.27 0.10060 51 0.07653 16 0.06121 22 0.02699 57 0.01381 00
1.28 0.09919 70 0.07553 26 0.06045 19 0.02669 91 0.01366 55
1.29 0.09781 06 0.07454 76 0.05970 15 0. 02640 59 0. 01352 26

1.30 0.09644 55 0. 07357 63 0.05896 09 0.02611 59 0. 01338 11
1.31 0.09510 15 0.07261 86 0.05822 99 0.02582 91 0.01324 12
1.32 0. 09377 80 0. 07167 42 0. 05750 85 0. 02554 55 0. 01310 27
1.33 0.09247 47 0.07074 29 0.05679 64 0.02526 51 0.01296 57
1. 34 0.09119 13 0. 06982 46 0.05609 36 0. 02498 78 0. 01283 01

1.35 0.08992 75 0.06891 91 0.05539 98 0.02471 35 0.01269 59
1. 36 0.08868 29 0.06802 60 0.05471 51 0. 02444 23 0.01256 31
137 0. 08745 71 0. 06714 53 0. 05403 93 0. 02417 41 0.01243 17
1. 38 0.08624 99 0. 06627 68 0. 05337 22 0.02390 88 0. 01230 17
1. 39 0.08506 10 0.06542 03 0.05271 37 0. 02364 65 0.01217 31

1. 40 0. 08388 99 0. 06457 55 0. 05206 37 0. 02338 72 0. 01204 58
1.41 0.08273 65 0.06374 24 0.05142 22 0.02313 06 0.01191 98
1.42 0.08160 04 0. 06292 07 0. 05078 89 0. 02287 70 0.01179 52
1.43 0.08048 13 0.06211 04 0.05016 37 0.02262 61 0.01167 19
1.44 0.07937 89 0.06131 11 0.04954 66 0.02237 80 0.01154 99

1.45 0.07829 30 0.06052 27 0.04893 74 0.02213 27 0.01142 91
1.46 0.07722 33 0. 05974 52 0. 04833 61 0.02189 01 0.01130 96
1.47 0. 07616 94 0.05897 82 0.04774 25 0. 02165 01 0. 01119 14
1.48 0.07513 13 0.05822 17 0.04715 65 0.02141 28 0.01107 44
1.49 0.07410 85 0.05747 55 0.04657 80 0.02117 82 0. 01095 86

1. 50 0. 07310 08 0.05673 95 0.04600 70 0.02094 61 0. 01084 40
1.51 0.07210 80 0.05601 35 0.04544 32 0.02071 67 0.01073 07
1.52 0. 07112 98 0. 05529 73 0. 04488 67 0. 02048 97 0. 01061 85
1.53 0.07016 60 0.05459 08 0.04433 72 0.02026 53 0.01050 75
1.54 0.06921 64 0.05389 39 0.04379 48 0.02004 33 0.01039 77

1. 55 0. 06828 07 0. 05320 64 0. 04325 93 0. 01982 38 0. 01028 90
1.56 0.06735 87 0.05252 83 0.04273 07 0.01960 67 0.01018 15
1.57 0.06645 02 0.05185 92 0.04220 87 0.01939 21 0.01007 50
1.58 0. 06555 49 0. 05119 92 0. 04169 35 0. 01917 98 0. 00996 97
1. 59 0. 06467 26 0. 05054 81 0. 04118 47 0. 01896 98 0. 00986 56

1.60 0.06380 32 0.04990 57 0.04068 25 0.01876 22 0. 00976 24
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1(-6)21 1(-6)11 [(_7)81 r(-7)31 r(-7)fl13J L3J 3J L3J 13J
TabLe 5.5 EXPONENTIAL INTEGRALS E,.(x) FOR LARGE ARGUMENTS

<.l>nearest integer to x.

Table 5.4

X

EXPONENTIAL INTEGRALS E(x)

.Eior)
1.60 0.06380 32 0.04990 57 0.04068 25 0.01876 22 0.00976 24
1. 61 0.06294 64 0.04927 20 0.04018 66 0.01855 68 0.00966 04
1. 62 0. 06210 20 0.04864 67 0.03969 70 0. 01835 38 0.00955 95
1.63 0.06126 98 0.04802 99 0.03921 36 0.01815 30 0.00945 96
1. 64 0.06044 97 0.04742 13 0. 03873 64 0.01795 43 0.00936 07

1.65 0. 05964 13 0. 04682 09 0. 03826 52 0. 01775 79 0. 00926 29
166 0. 05884 46 0. 04622 84 0. 03779 99 0. 01756 37 0. 00916 61
1.67 0. 05805 94 0. 04564 39 0. 03734 06 0. 01737 16 0. 00907 03
1. 68 0. 05728 54 0. 04506 72 0. 03688 70 0. 01718 16 0. 00897 56
1.69 0. 05652 26 0. 04449 82 0. 03643 92 0. 01699 37 0. 00888 18

1.70 0. 05577 06 0. 04393 67 0. 03599 70 0. 01680 79 0. 00878 90
1.71 0. 05502 94 0. 04338 27 0. 03556 04 0. 01662 42 0. 00869 72
1.72 0. 05429 88 0. 04283 61 0. 03512 93 0. 01644 24 0. 00860 63
1.73 0. 05357 86 0. 04229 67 0. 03470 37 0. 01626 27 0. 00851 64
1.74 0. 05286 86 0. 04176 45 0. 03428 34 0. 01608 50 0. 00842 74

1.75 0. 05216 87 0. 04123 93 0. 03386 84 0. 01590 92 0. 00833 94
1.76 0. 05147 88 0. 04072 11 0. 03345 86 0. 01573 54 0.00825 22
1.77 0. 05079 86 0.04020 97 0. 03305 39 0. 01556 34 0. 00816 60
1.78 0. 05012 81 0. 03970 51 0. 03265 44 0. 01539 34 0. 00808 07
1.79 0. 04946 70 0. 03920 71 0. 03225 98 0. 01522 53 0. 00799 63

1.80 0. 04881 53 0. 03871 57 0. 03187 02 0. 01505 90 0. 00791 28
1.81 0. 04817 27 0. 03823 08 0. 03148 55 0. 01489 45 0. 00783 02
1.82 0. 04753 92 0. 03775 22 0. 03110 56 0. 01473 18 0. 00774 84
1.83 0. 04691 46 0. 03728 00 0. 03073 04 0. 01457 10 0. 00766 74
1.84 0. 04629 87 0. 03681 39 0. 03035 99 0. 01441 19 0. 00758 74

1.85 0. 04569 15 0.03635 40 0. 02999 41 0. 01425 46 0. 00750 81
1.86 0. 04509 28 0. 03590 01 0. 02963 28 0. 01409 90 0. 00742 97
1.87 0. 04450 24 0. 03545 21 0. 02927 61 0.01394 51 0. 00735 21
1.88 0. 04392 03 0. 03501 00 0. 02892 38 0. 01379 29 0. 00727 53
1.89 0. 04334 63 0. 03457 37 0. 02857 59 0. 01364 24 0. 00719 93

1.90 0. 04278 03 0. 03414 30 0. 02823 23 0.01349 35 0. 00712 42
1.91 0. 04222 22 0. 03371 80 0. 02789 30 0. 01334 63 0. 00704 98
1.92 0. 04167 18 0. 03329 86 0. 02755 79 0. 01320 07 0. 00697 62
1.93 0. 04112 91 0. 03288 46 0. 02722 70 0. 01305 67 0. 00690 33
1.94 0. 04059 38 0. 03247 59 0. 02690 02 0. 01291 43 0. 00683 12

1.95 0. 04006 60 0. 03207 27 0. 02657 75 0.01277 34 0. 00675 99
1.96 0. 03954 55 0. 03167 46 0. 02625 87 0. 01263 41 0. 00668 93
1.97 0. 03903 22 0. 03128 17 0. 02594 40 0. 01249 64 0. 00661 95
1.98 0. 03852 59 0. 03089 39 0. 02563 31 0. 01236 01 0. 00655 04
1.99 0. 03802 67 0. 03051 12 0. 02532 61 0. 01222 54 0. 00648 20

2. 00 0. 03753 43 0. 03013 34 0. 02502 28 0.01209 21 0.00641 43

x-1 (x+2)exE2() (x+3)eE1(x) (x+4)exE4(x) (x+1O)exEjo(x) (z+20)exE2o(x) <X>
0.50 1.10937 1.11329 1.10937 1.07219 1.04270 2
0.45 1.09750 1.10285 1.10071 1.06926 1.04179 2
0.40 1.08533 1.09185 1.09136 1.06586 1.04067 3
0.35 1.07292 1.08026 1.08125 1.06187 1.03932 3
0.30 1.06034 1.06808 1.07031 1.05712 1.03762 3
0.25 1.04770 1.05536 1.05850 1.05138 1.03543 4
0.20 1. 03522 1.04222 1.04584 1.04432 1.03249 5
0.15 1.02325 1.02895 1.03247 1.03550 1.02837 7
0.10 1.01240 1.01617 1.01889 1.02436 1.02222 10

0.09 1.01045 1.01377 1.01624 1.02182 1.02060 11
0.08 1.00861 1.01147 1.01366 1.01917 1.01883 13
0.07 1.00688 1.00927 1.01116 1.01642 1.01688 14
0.06 1.00528 1.00721 1.00878 1.01360 1.01472 17
0.05 1. 00384 1.00531 1.00654 1.01074 1.01234 20
0.04 1.00258 1.00361 1.00451 1.00790 1.00973 25
0.03 1.00152 1.00217 1. 00275 1.00516 1.00692 33
0.02 1.00071 1.00103 1.00133 1.00271 1.00401 50
0.01 1.00019 1. 00027 1.00036 1.00081 1.00137 100
0.00 1.00000 1.00000 1.00000 1.00000 1.00000

[(_4)1] [(_)7] [(_4)1] [(_4)3] [(-4)3]



y\x -14 -13 -12 -11 -10
0 1.084892 0.000037 1.093027 0.000092 1.102975 0.000232 1.115431 0.000577 1.131470 0.001426
1 1.084200 0.007359 1.092067 0.008913 1.101566 0.011063 1.113230 0.014169 1.127796 0.018879
2 1.082276 0.014306 1.089498 0.017161 1.098025 0.020981 1.108170 0.026241 1.120286 0.033700
3 1.079313 0.020604 1.085635 0.024471 1.092873 0.029507 1.101137 0.036189 1.110462 0.045218
4 1.075560 0.026075 1.080853 0.030637 1.086686 0.036422 1.093013 0.043843 1.099666 0.053451

5 1.071279 0.030642 1.075522 0.035599 1.079985 0.041724 1.084526 0.049336 1.088877 0.058817
6 1.066708 0.034303 1.069960 0.039405 1.073185 0.045552 1.076197 0.052967 1.078701 0.061886
7 1.062046 0.037117 1.064412 0.042169 1.066578 0.048115 1.068350 0.055093 1.069450 0.063225
8 1.057448 0.039174 1.059054 0.044041 1.060352 0.049644 1.061159 0.056057 1.061235 0.063322
9 1.053021 0.040580 1.053997 0.045176 1.054606 0.050359 1.054687 0.056158 1.054046 0.062566

10 1.048834 0.041444 1.049303 0.045719 1.049380 0.050452 1.048933 0.055640 1.047807 0.061249
11 1.044928 0.041867 1.044997 0.045801 1.044674 0.050084 1.043853 0.054695 1.042417 0.059584
12 1.041320 0.041938 1.041080 0.045531 1.040464 0.049384 1.039389 0.053465 1.037766 0.057719
13 1.038010 0.041734 1.037537 0.044999 1.036713 0.048452 1.035473 0.052056 1.033752 0.055758
14 1.034989 0.041321 1.034344 0.044277 1.033378 0.047365 1.032040 0.050547 1.030282 0.053773

15 1.032241 0.040751 1.031474 0.043422 1.030414 0.046180 1.029026 0.048991 1.027274 0.051808
16 1.029747 0.040066 1.028895 0.042477 1.027781 0.044941 1.026377 0.047428 1.024658 0.049894
17 1.027486 0.039301 1.026579 0.041475 1.025438 0.043679 1.024043 0.045883 1.022375 0.048049
18 1.025437 0.038481 1.024499 0.040444 1.023352 0.042417 1.021981 0.044374 1.020375 0.046282
19 1.023580 0.037629 1.022628 0.039401 1.021489 0.041170 1.020155 0.042912 1.018617 0.044599

20 1.021896 0.036759 1.020942 0.038361 1.019824 0.039950 1.018533 0.041505 1.017066 0.043001

y\x -9 -8 7 -6 -5
0 1.152759 0.003489 1.181848 0.008431 1.222408 0.020053 1.278884 0.046723 1.353831 0.105839
1 1.146232 0.026376 1.169677 0.038841 1.199049 0.060219 1.233798 0.097331 1.268723 0.160826
2 1.134679 0.044579 1.151385 0.060814 1.169639 0.085335 1.186778 0.122162 1.196351 0.175646
3 1.120694 0.057595 1.131255 0.074701 1.140733 0.098259 1.146266 0.130005 1.142853 0.170672
4 1.106249 0.065948 1.111968 0.082156 1.115404 0.102861 1.114273 0.128440 1.105376 0.158134

5 1.092564 0.070592 1.094818 0.085055 1.094475 0.102411 1.089952 0.122397 1.079407 0.143879
6 1.080246 0.072520 1.080188 0.084987 1.077672 0.099188 1.071684 0.114638 1.061236 0.130280
7 1.069494 0.072580 1.067987 0.083120 1.064339 0.094618 1.057935 0.106568 1.048279 0.118116
8 1.060276 0.071425 1.057920 0.080250 1.053778 0.089537 1.047493 0.098840 1.038838 0.107508
9 1.052450 0.069523 1.049645 0.076885 1.045382 0.084405 1.039464 0.091717 1.031806 0.098337

10 1.045832 0.067197 1.042834 0.073340 1.038659 0.079462 1.033205 0.085271 1.026459 0.090413
11 1.040241 0.064664 1.037210 0.069803 1.033231 0.074821 1.028260 0.079488 1.022317 0.083544
12 1.035508 0.062063 1.032539 0.066381 1.028808 0.070524 1.024300 0.074315 1.019052 0.077561
13 1.031490 0.059482 1.028638 0.063128 1.025171 0.066576 1.021090 0.069688 1.016439 0.072320
14 1.028065 0.056975 1.025359 0.060070 1.022152 0.062962 1.018458 0.065542 1.014319 0.067702

15 1.025132 0.054573 1.022583 0.057215 1.019626 0.059658 1.016277 0.061817 1.012577 0.063610
16 1.022608 0.052291 1.020219 0.054559 1.017494 0.056638 1.014452 0.058460 1.011130 0.059962
17 1.020426 0.050135 1.018192 0.052094 1.015681 0.053874 1.012912 0.055424 1.009915 0.056694
18 1.018530 0.048106 1.016444 0.049806 1.014129 0.051341 1.011600 0.052670 1.008887 0.053752
19 1.016874 0.046201 1.014929 0.047684 1.012790 0.049015 1.010476 0.050161 1.008009 0.051092

20 1.015422 0.044413 1.013607 0.045714 1.011629 0.046875 1.009505 0.047870 1.007254 0.048675

EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS
zezEi (z)

, .1 j ? J f
Table 5.6

i J
y\x -19 -18 -17 -16 -15
o 1.059305 0.000000 1.063087 0.000001. 1.067394 0.000002 1.072345 0.000006 1.078103 0.000014
1 1.059090 0.003539 1.062827 0.004010 1.067073 0.004584 1.071942 0.005296 1.077584 0.006195
2 1.058456 0.007000 1.062061 0.007918 1.066135 0.009032 1.070774 0.010403 1.076102 0.012118
3 1.057431 0.010310 1.060829 0.011633 1.064636 0.013226 1.068925 0.015172 1.073783 0.017579
4 1.056058 0.013410 1.059190 0.015079 1.062657 0.017075 1.066508 0.019486 1.070793 0.022432

5 1.054391 0.016252 1.057215 0.018202 1.060297 0.020512 1.063659 0.023272 1.067318 0.026598
6 1.052490 0.018806 1.054981 0.020969 1.057655 0.023505 1.060510 0.026499 1.063538 0.030055
7 1.050413 0.021055 1.052565 0.023364 1.054829 0.026044 1.057187 0.029167 1.059610 0.032823
8 1.048217 0.022996 1.050037 0.025391 1.051905 0.028141 1.053795 0.031306 1.055664 0.034957
9 1.045956 0.024637 1.047458 0.027066 1.048958 0.029824 1.050421 0.032960 1.051797 0.036527

10 1.043672 0.025993 1.044880 0.028412 1.046045 0.031130 1.047129 0.034183 1.048081 0.037609
11 1.041402 0.027086 1.042345 0.029461 1.043212 0.032102 1.043967 0.035034 1.044559 0.038282
12 1.039177 0.027940 1.039882 0.030245 1.040490 0.032781 1.040965 0.035567 1.041259 0.038616
13 1.037018 0.028581 1.037515 0.030796 1.037901 0.033211 1.038140 0.035836 1.038192 0.038677
14 1.034942 0.029034 1.035259 0.031148 1.035456 0.033431 1.035501 0.035888 1.035359 0.038520

15 1.032959 0.029326 1.033123 0.031330 1.033162 0.033476 1.033049 0.035765 1.032754 0.038193
16 1.031076 0.029477 1.031110 0.031368 1.031019 0.033377 1.030780 0.03502 1.030365 0.037735
17 1.029296 0.029511 1.029222 0.031288 1.029025 0.033162 1.028685 0.035129 1.028180 0.037179
18 1.027620 0.029445 1.027456 0.031110 1.027174 0.032855 1.026756 0.034672 1.026183 0.036552
19 1.026046 0.029296 1.025809 0.030854 1.025459 0.032474 1.024981 0.034150 1.024360 0.035873

20 1.024570 0.029080 1.024275 0.030534 1.023872 0.032037 1.023349 0.033582 1.022695 0.035160

For z> 4, linear interpolation will yield about four decimals, eight-point interpolation will
yield about six decimals.
See ExampIe9 -10.
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Table 5.6 EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS
zeZEi (z)

See page II.

Ei(iy)'=-Ci(y)+i si(y) (y real)

y\x -4
f ?

-3
J J

-2 -1
J j

0
0 1.438208 0.230161 1.483729 0.469232 1.340965 0.850337 0.697175 1.155727 0.577216 0.000000
1 1.287244 0.263705 1.251069 0.410413 1.098808 0.561916 0.813486 0.578697 0.621450 0.343378
2 1.185758 0.247356 1.136171 0.328439 1.032990 0.388428 0.896419 0.378838 0.798042 0.289091
3 1.123282 0.217835 1.080316 0.262814 1.013205 0.289366 0.936283 0.280906 0.875873 0.237665
4 1.085153 0.189003 1.051401 0.215118 1.006122 0.228399 0.957446 0.222612 0.916770 0.198713

5 1.061263 0.164466 1.035185 0.180487 1.003172 0.187857 0.969809 0.183963 0.940714 0.169481
6 1.045719 0.144391 1.025396 0.154746 1.001788' 0.159189 0.977582 0.156511 0.955833 0.147129
7 1.035205 0.128073 1.019109 0.135079 1.001077 0.137939 0.982756 0.136042 0.965937 0.129646
8 1.027834 0.114732 1.014861 0.119660 1.000684 0.121599 0.986356 0.120218 .0.972994 0.115678
9 1.022501 0.103711 1.011869 0.107294 1.000454 0.108665 0.988955 0.107634 0.978103 0.104303

10 1.018534 0.094502 1.009688 0.097181 1.000312 0.098184 0.990887 0.097396 0.981910 0.094885
11 1.015513 0.086718 1.008052 0.088770 1.000221 0.089525 0.992361 0.088911 0.984819 0.086975
12 1.013163 0.080069 1.006795 0.081673 1.000161 0.082255 0.993508 0.081769 0.987088 0.080245
13 1.011303 0.074333 1.005809 0.075609 1.000119 0.076067 0.994418 0.075676 0.988891 0.074457
14 1.009806 0.069340 1.005022 0.070371 1.000090 0.070738 0.995151 0.070419 0.990345 0.069429

15 1.008585 0.064959 1.004384 0.065803 1.000070 0.066102 0.995751 0.065838 0.991534 0.065024
16 1.007577 0.061086 1.003859 0.061786 1.000055 0.062032 0.996246 0.061812 0.992518 0.061135
17 1.006735 0.057640 1.003423 0.058227 1.000043 0.058432 0.996661 0.058246 0.993342 0.057677
18 L006025 0.054555 1.003057 0.055052 1.000035 0.055224 0.997011 0.055066 0.994038 0.054583
19 1.005420 0.051779 1.002747 0.052202 1.000028 0.052349 0.997309 0.052214 0.994631 0.051801

20 1.004902 0.049267 1.002481 0.049631 1.000023 0.049757 0.997565 0.049640 0.995140 0.049284

y\x i 2 3 4 5
o 0.596347 0.000000 0.722657 0.000000 0.786251 0.000000 0.825383 0.000000 0.852111 0.000000
1 0.673321 0.147864 0.747012 0.075661 0.797036 0.045686 0.831126 0.030619 0.855544 0.021985
2 0.777514 0.186570 0.796965 0.118228 0.823055 0.078753 0.846097 0.055494 0.864880 0.040999
3 0.847468 0.181226 0.844361 0.132252 0.853176 0.096659 0.865521 0.072180 0.877860 0.055341
4 0.891460 0.165207 0.881036 0.131686 0.880584 0.103403 0.885308 0.081408 0.892143 0.064825

5 0.919826 0.148271 0.907873 0.125136 0.903152 0.103577 0.903231 0.085187 0.906058 0.070209
6 0.938827 0.132986 0.927384 0.116656 0.921ß06 0.100357 0.918527 0.085460 0.918708 0.072544
7 0.952032 0.119807 0.941722 0.107990 0.934958 0.095598 0.931209 0.083666 0.929765 0.072792
8 0.961512 0.108589 0.952435 0.099830 0.945868 0.090303 0.941594 0.080755 0.939221 0.071700
9 0.968512 0.099045 0.960582 0.092408 0.954457 0.084986 0.950072 0.077313 0.947219 0.069799

10 0.973810 0.090888 0.966885 0.085758 0.961283 0.079898 0.957007 0.073688 0.953955 0.067447
11 0.977904 0.083871 0.971842 0.079836 0.966766 0.075147 0.962708 0.070080 0.959626 0.064878
12 0.981127 0.077790 0.975799 0.074567 0.971216 0.070769 0.967423 0.066599 0.964412 0.062242
13 0.983706 0.072484 0.979000 0.069873 0.974865 0.066762 0.971351 0.063300 0.968464 0.059630
14 0.985799 0.067822 0.981621 0.065679 0.977888 0.063104 0.974646 0.060206 0.971911 0.057096

15 0.987519 0.063698 0.983791 0.061921 0.980414 0.059767 0.977430 0.057322 0.974858 0.054671
16 0.988949 0.060029 0.985606 0.058539 0.982544 0.056723 0.979799 0.054644 0.977391 0.052371
17 0.990149 0.056745 0.987138 0.055485 0.984353 0.053941 0.981827 0.052162 0.979579 0.050200
18 0.991167 0.053792 0.988442 0.052717 0.985902 0.051394 0.983574 0.049861 0.981478 0.048160
19 0.992036 0.051122 0.989561 0.050199 0.987237 0.049057 0.985089 0.047728 0.983135 0.046245

20 0.992784 0.048699 0.990527 0.047900 0.988395 0.046909 0.986410 0.045749 0.984587 0.044449

y\x 6 7 8 9 10
0 0.871606 0.000000 0.886488 0.000000 0.898237 '0.000000 0.907758 0.000000 0.915633 0.000000
1 0.873827 0.016570 0.888009 0.012947 0.899327 0.010401 0.908565 0.008543 0.916249 0.007143
2 0.880023 0.031454 0.892327 0.024866 0.902453 0.020140 0.910901 0.016639 0.918040 0.013975
3 0.889029 0.043517 0.898793 0.034995 0.907236 0.028693 0.914531 0.023921 0.920856 0.020230
4 0.899484 0.052380 0.906591 0.042967 0.913167 0.035755 0.919127 0.030145 0.924479 0.025717

5 0.910242 0.058259 0.914952 0.048780 0.919729 0.041242 0.924336 0.035208 0.928664 0.030334
6 0.920534 0.061676 0.923283 0.052667 0.926481 0.045242 0.929836 0.039123 0.933175 0.034063
7 0.929945 0.063220 0.931193 0.054971 0.933096 0.047942 0.935365 0.041986 0.937807 0.036944
8 0.938313 0.063425 0.938469 0.056047 0.939359 0.049570 0.940731 0.043936 0.942398 0.039060
9 0.945629 0.062714 0.945023 0.056211 0.945154 0.050349 0.945812 0.045128 0.946833 0.040514

10 0.951965 0.061408 0.950850 0.055725 0.950427 0.050481 0.950535 0.045711 0.951035 0.041413
11 0.957427 0.059735 0.955987 0.054790 0.955176 0.050135 0.954870 0.045818 0.954959 0.041861
12 0.962128 0.057855 0.960495 0.053560 0.959421 0.049444 0.958814 0.045563 0.958586 0.041948
13 0.966178 0.055877 0.964444 0.052146 0.963201 0.048514 0.962379 0.045038 0.961913 0.041755
14 0.969673 0.053874 0.967903 0.050627 0.966559 0.047425 0.965591 0.044319 0.964949 0.041347

15 0.972699 0.051894 0.970935 0.049062 0.969539 0.046236 0.968477 0.043463 0.967710 0.040780
16 0.975326 0.049966 0.973597 0.047489 0.972185 0.044992 0.971067 0.042516 0.970214 0.040095
17 0.977617 0.048109 0.975940 0.045935 0.974538 0.043724 0.973393 0.041512 0.972484 0.039329
18 0.979622 0.046332 0.978009 0.044419 0.976632 0.042456 0.975481 0.040477 0.974540 0.038508
19 0.981384 0.044641 0.979839 0.042951 0.978500 0.041205 0.977357 0.039431 0.976402 0.037653

20 0.982938 0.043036 0.981465 0.041538 0.980169 0.039980 0.979047 0.038388 0.978090 0.036781

If x>10 ory>10 then (see [5.15])
0.711093 0.278518 0.010389

+a, <3x10 6e7Ei(z)=
z+Ø.415775 + z+2.29428 + z+6.2900
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y\x

EXPONENTIAL INTEGRAL FOR COMPLEX ARGUMENTS
zezEi (z)j Y j y j

11 12 13 14

Table 5.6

Y j
15

0 0.9 222 60 0.000000 0. 927914 0.000000 0. 932 796 0.0 00000 0. 937 055 0.0 000 00 0. 94 0804 0. 000000
0.92 274 0 0. 00 6063 0. 92829 5 0. 0052 12 0.9 33105 0. 0045 2 8 0.937308 0. 003972 0.941014 0. 003512

2 0. 924 14 3 0. 0119 02 0.929416 0. 0102 5 8 0. 934 013 0. 008932 0.938055 0.0 0784 7 0. 941636 0.006949
3 0.926370 0. 0173 2 1 0.9312 05 0. 014991 0.93 54 73 0. 013 098 0. 939261 0. 011540 0. 94264 3 0. 010242
4 0.929270 0. 022171 0.9335 60 0. 0192 95 0. 937408 0. 016934 0.940870 0. 014974 0. 943994 0. 0133 31

5 0.932672 0. 02 6361 0.936356 0.023 091 0. 939729 0. 02 0373 0.942 816 0. 018095 0.945640 0. 016169
6 0.936400 0. 029857 0.93 94 62 0.026339 8.942338 0. 023378 0. 945 024 0.0 20867 0.947522 0. 018725
7 0.940297 0. 032 670 0. 94275 7 0. 029 036 0. 945140 0. 025934 0.947419 0. 023273 0. 949582 0. 020 980
8 0.944229 0. 034847 0.946132 0. 031205 0. 948047 0. 028052 0.949933 0. 02 5315 0.951765 0. 022931
9 0.948093 0. 0364 53 0. 949500 0. 032 887 0.95 0985 0. 029756 0.952502 0. 027 004 0. 954018 0.024582

10 0. 951816 0.037566 0.952 792 0. 034134 0.953 895 0.0 310 81 0.9550 75 0. 02 83 65 0. 956296 0. 025949
11 0. 955347 0.038261 0. 955 958 0. 035 004 0.956729 0. 032 068 0.957610 0.029426 0.958563 0.027052
12 0. 958659 0.038612 0.9 58968 0. 035552 0. 9594 54 0. 032761 0.960 073 0.030221 0.960787 0. 027915
13 0.9617 39 0. 038684 0.961800 0. 03583 3 0. 962 049 0. 0332 01 0. 962443 0. 030 781 0.962947 0. 028564
14 0. 9 64583 0.0 38534 0. 9 64447 0. 035893 0. 964499 0.0 33428 0. 9647 02 0.0 31140 0.965026 0. 029 024

15 0. 967199 0. 038211 0.966907 0. 035 775 0.966799 0. 03347 9 0.966843 0. 031327 0. 967011 0.029320
16 0. 96959 7 0.037756 0. 969184 0. 035515 0.968947 0. 033384 0.968860 0.031370 0.968897 0. 029476
17 0. 971789 0.037200 0. 9712 85 0. 035144 0.97 0946 0. 033172 0. 97 075 2 0. 031293 0.970680 0. 029512
18 0. 973 7 92 0. 036572 0.973220 0. 034687 0. 972 802 0. 032865 0.972521 0. 031117 0. 972 359 0. 029448
19 0.975621 0. 035893 0. 97 4999 0. 034166 0.974 521 0.032485 0. 974172 0.0 30862 0.973936 0. 029301

20 0.977290 0.035179 0.976634 0.033597 0.976112 0.032049 0.975709 0. 030542 0.975414 0.029086

y\x 16 17 18 19 20
0 0.944130 0.000000 0.947100 0.000000 0.949769 0. 00 0000 0. 952 18 1 0.000000 0. 954 371 0.0 00000
1 0.944306 0.003128 0.947250 0.0 02 804 0. 949897 0.002527 0. 95 2291 0.002290 0. 954467 0. 002 085
2 0.944829 0.006196 0.947 693 0. 0055 60 0. 950 2 77 0.005016 0. 952619 0.0 04549 0. 954752 0. 004 144
3 0.945678 0.009150 0. 948416 0. 008223 0.950898 0.0 07430 0. 953156 0. 006745 0. 95 5219 0. 006151
4 0.946824 0.011940 0. 94 9 39 5 0. 010754 0. 951741 0. 009735 0. 95 3887 0.00 8853 0. 95585 6 0. 008084

5 0.948226 0. 0145 29 0.950600 0 01312 1 0. 952 782 0.0119 04 0.954 793 0. 010847 0. 95 6 650 0.0 09922
6 0.949842 0. 016086 0. 951995 0. 015 296 0.953995 0.013916 0. 955853 0. 012 709 0. 957581 0.0 11649
7 0.951624 0. 018994 0. 953 54 5 0. 0172 65 0.955 349 0. 015 753 0. 957043 0. 014425 0.95863 1 0. 013253
8 0.953527 0. 02 0847 0.95 52 12 0.0 19019 0.9 56815 0.0 17409 0.9583 37 0.015986 0. 959779 0. 014723
9 0.955509 0. 02 2445 0. 9569 60 0. 02 0555 0. 958 3 63 0. 018878 0. 9597 12 0. 0173 87 0. 9610 04 0. 016 056

10 0.957530 0. 02 3797 0. 9587 5 8 0. 02187 8 0.959966 0. 020163 0.961144 0. 01862 8 0. 962 2 88 0. 017250
11 0. 959559 0.0 249 17 0. 960576 0. 022 99 8 0. 961 59 8 0.021270 0. 962612 0.019712 0.963611 0.0 18305
12 0. 9615 68 0.025823 0. 96239 1 0. 02 3927 0. 963 238 0.022207 0. 964 09 7 0. 020645 0. 9 64956 0. 019227
13 0. 9 63 53 4 0. 0265 34 0.9 64181 0.0 24679 0. 964868 0. 02 2984 0.9 65582 0. 02 14 36 0. 96 6310 0. 02002 1
14 0.9 654 43 0.027070 0. 9659 31 0.025271 0. 966472 0. 02 3616 0.967052 0. 022 094 0.967658 0.020694

15 0.967280 0. 02 745 3 0.9 6762 8 0.025720 0. 968 039 0. 024 114 0.968496 0. 02262 9 0.968990 0.02 1255
16 0.969038 0. 027 700 0.9 692 64 0. 026 041 0. 969558 0.0 24493 0. 9699 06 0. 023052 0. 97 0297 0.0 21712
17 0. 97 0712 0.027831 0. 970 832 0. 02 6249 0. 971023 0. 024765 0.9 7127 3 0. 023375 0. 971571 0. 02207 5
18 0. 97 23 00 0. 027862 0. 97 2 328 0.0 26361 0.972430 0. 024943 0.972 594 0. 023607 0.972808 0. 022352
19 0.973800 0. 02 7009 0.973751 0. 02 6388 0. 973775 0. 0250 38 0. 973 863 0. 02 3760 0.974004 0. 022 5 52

20 0.975215 0.027685 0.975099 0.026343 0.975057 0.025062 0.975079 0. 023842 0.975155 0.022684

y\x

EXPONENTIAL INTEGRAL FOR SMALL COMPLEX ARGUMEN TS Table 5.7
eEi(z)

J -9 j Y j j j J
-4.0 -3.5 -3.0 -2.5 -2.0

0.0 -0.359552 -0.057540 -0.420509 -0.094868 -0.494576 -0.156411 -0.580650 -0.257878 -0.670483 -0.425168
0.2 -0.347179 -0.078283 -0.400596 -0.119927 -0.462493 -0.185573 -0.528987 -0.289009 -0.587558 -0.451225
0.4 -0.333373 -0.096648 -0.379278 -0.141221 -0.429554 -0.208800 -0.478303 -0.310884 -0.510543 -0.463193
0.6 -0.318556 -0.112633 -0.357202 -0.158890 -0.396730 -0.226575 -0.429978 -0.324774 -0.441128 -0.464163
0.8 -0.303109 -0.126301 -0.334923 -0.173169 -0.364785 -0.239500 -0.384941 -0.332047 -0.380013 -0.457088
1.0 -0.287369 -0.137768 -0.312894 -0.184355 -0.334280 -0.248231 -0.343719 -0.334043 -0.327140 -0.444528

Ej(z)+ln z
y\x -2.0 -1.5 -1.0 -0.5 o

0.0 -4.261087 0.000000 -2.895820 0.000000 -1.895118 0.000000 -1.147367 0.000000 .0.577216 0.000000
0.2 -4.219228 0.636779 -2.867070 0.462804 -1.875155 0.342700 -1.133341 0. 25 8840 -0.567232 0.199556
0.4 -4.094686 1.260867 -2.781497 0.917127 -1.815717 0.679691 -1.091560 0.5138 06 -0.537482 0.396461
0.6 -3.890531 1.859922 -2.641121 1.354712 -1.718135 1.005410 -1. 0229 11 0.761122 -0.488555 0.588128
0.8 -3.611783 2.422284 -2.449241 1.767748 -1.584591 1.314586 -0. 928842 0. 9972 00 -0.421423 0.772095
1.0 -3.265262 2.937296 -2.210344 2.149077 -1.418052 1.602372 -0.81132 7 1. 2 18 731 -0.337404 0.946083

y\x 0.5 1.0 1.5 2.0 2.5
0.0 -0.133374 0.000000 0.219384 0.000000 0.505485 0.000000 0.742 048 0.000000 0.941206 0.000000

0.2 -0.126168 0.157081 0.224661 0.126210 0.509410 0.103432 0.745 014 0.0 86359 0.943484 0.073355
0.4
0.6
0.8
1.0

-0.104687
-0.069328
-0.020743
+0.040177

0.312331
0.463961
0.610264
0.749655

0.240402
0.266336
0.302022
0.346856

0.251143
0.373547
0.492229
0.606074

0.521123 0.205962
0.540441 0.306707
0.567061 0.404823
0.600568 0.499516

0.753 871
0.768490
0.7 88664
0.814107

0. 172 075
0.2 56515
0. 339 075
0. 419185

0.950289
0.961532
0.977068
0.996699

0.146246
0.218215
0.288822
0.357653
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6. Gamma Function and Related Functions

6.1. Gamma (Factorial) Funition
Euler's Integral

6.1.1 r(z)=f t1e'dt (.q2>O)

==k25 t1etdt (z>O, k>O)

Euler's Formula
6.1.2

n! Z

F(z)=liin
(z+n)

(zO,1,-2,...)
Euler's Infinite Product

6.1.3
1 7x fj [(i+)e"] (jzI<)r(z)

+1_in m]

=.57721 56649.

'Y is known as Euler's constant and is given to 25
decimal places in chapter 1. F(z) is single valued
and analytic over the entire complex plane, save
for the points z=n(n=0, 1, 2, . . . ) where it
possesses simple poles with residue (-1) "/n!. Its
reciprocal 1/P (z) is an entire function possessing
simple zeros at the points z=n(n=0, 1, 2, . .

Ilankel's Contour Integral

The path of integration C starts at + on the
real axis, circles the origin in the counterclockwise
direction and returns to the starting point.

Factorial and U Notations

6.1.5 rI(z)=z!=r(z+l)
Integer Values

6.1.6 r(n+1)=1-2.3. . . (n-1)n=n!

6.1.7
ihm 0-2-3fl r(z) (n-1)!

Fractional Values
6.1.8

r()=2f e'2dt=-1=L77245 38509. -

Mathematical Properties

(n=0, 1, 2, . .

-4

-5

6.1.9 r(3/2)=4=88622 69254. ..

6.1.10 r(n-!4)=15943 (4m-3)
1)

r(*)=3.62560 99082...

6.1.11 F(n+)-4710" (3ì.-2) F()3*

r(j)=2.67893 85347...

6.1.12 P(n+)-357" (2m-1) r()

2 2-58l1 ... (3m-1) r(j)6.1.13 F(n+)- 3*

r()=l.35411 79394...

3.7.11-15. . . (4m-1) F()6.1.14 F(n+) 4*

F()=1.22541 67024 -
See page n. 255

X

FIGURE 6.1. Gamma function *

y=F(x), - - - -, y=1/F(x)

6.1.4 (t)e'dt (In< OD)
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Recurrence Formulas

6.1.15 r(z+1)=zr(z)=z!=z(z-1)!

6.1.16

F(n+z)=(n-1+z)(n-2+z) . . (1--z)r(1-j-z)
= (n-1 + z)!

=(n-1+z)(n-2+z) . .. (l+z)z!
Reflection Formula

6.1.17 P(z)r(1z)= zr(z)F(z)=* csc irz

=J'dt (0<.z<1)

Duplication Formula

6.1.18 F(2z)=(2i):224 r(z) r(z+)
Triplication Formula

6.1.19 r(3z)=(2ir)-33x-+ r(z)r(z+)r(z+)

Gauss' Multiplication Formula

6.1.20 r(nz)=(2ir)2(1_n)nnz_ll'r(z+)

flinomial Coefficient

z! r(z+1)6.1.21 (w)(zw)! r (w+ 1) F(zw+ i)

Pochhammer's Symbol
6.1.22

(z)=1,

6.1.27

argr(x+iy)=y(x)+( arctanXfl X+fl/
(x+iy0,-1,-2, . . . )

where '(z) = r' (z)/r (z)

6.1.28 r(1+iy)=iy F(iy)

GAMMA FUNCTION AND RELATED FIIJNCTIONS

2 ir
6.1.29 r(iy)r(iy)=r(iy)1

ir
6.1.30 r(+iy)r(iy)=lr(+iy)j cosh iry

'2 iry6.1.31 r(1+iy)r(1iy)=Ir(1+iy)1 sinh iry

6.1.32 r(.+iy)r(_iy)_COSh lry+i sinh lry

Power Series
6.1.33

In r(1+z)=In(1+z)+z(1y)

+E (_1)1[(n)_1]z/n (zI<2)

(n) is the Riemann Zeta Function (see chapter
23).

Series Expansion2 for 1/r(z)

6.1.34
1 (Izl<co)F(z) k.1

k

2 The coefficients e,, are from H. T. Davis, Tables of
higher mathematical functions, 2 vols., Principia Press,
Bloomington, md., 1933, 1935 (with permission); with
corrections due to H. E. Saizer.

1 1. 00000 00000 000000

2 0. 57721 56649 015329
3 0. 65587 80715 02538
4 0. 04200 26350 340952
5 0. 16653 86113 822915
6 0. 04219 77345 555443

7 0.00962 19715 278770
8 0. 00721 89432 466630

9 0. 00116 51675 918591

10 0. 00021 52416 741149

11 0. 00012 80502 823882

12 0. 00002 01348 547807
13 0. 00000 12504 934821

14 0. 00000 11330 272320
15 0. 00000 02056 338417

16 0. 00000 00061 160950
17 0. 00000 00050 020075

18 000000 00011 812746
19 0. 00000 00001 043427

20 0. 00000 00000 077823

21 0. 00000 00000 036968

22 0. 00000 00000 005100

23 0. 00000 00000 000206

24 0. 00000 00000 000054

25 0. 00000 00000 000014

26 0. 00000 00000 000001

6.1.23

6.1.24 arg

6.1.25

6.1.26

(z)=z(z+1)(z+2)...

Gamma Function

flr(z+n)(z+n - F(z)
in the Complex Plane

r()=r(z);

r(x+iy)

r(z+1)=arg

In r()=1n r(z)

r(z)+arctan

2 1
2=1111+ -1

r (x)

F(x+iy)Ir(x)I
nOL (x+n)2j



Polynomial Approximations3

6.1.35 0xi
F(x+ 1) =x!z= 1 +aix+a2x2+a3xS+a4x4+asxS+ (z)

6(X) 5X 1O

a1=. 57486 46 a4= .42455 49
a2= .95123 63 a5=. 10106 78
a3=. 69985 88

6.1.36 0x1
F(x+1)=x!=1+bix+b2x2+ . . . +b8x8+(x)

k(x)I 3X iø-

b1rr. 57719 1652 b5rrr. 75670 4078
b2= .98820 5891 b6 .48219 9394
b3=. 89705 6937 b7--. 19352 7818
b4= . 91820 6857 b= . 03586 8343

Stirling's Formula

6.1.37

1 139r(z)'S.e_zz2_l(21r)*[1+12+28822
51840z

571 +...]2488320z

6.1.38

x!=-J x4exp(_x+±.) (x>0, 0<9<1)

Asymptotic Formulas

6.1.39

F(az+ b) ''I e(az) (farg zi<lr, a>0)

6.1.40

In r(z)(z.) In ZZ+j in (2ir)
B2m

m=1 2m(2m-1)z'
For B see chapter 23

6.1.41
i iin F(z) '-.'(z) In zz+ in (2ir)+j--

360z3

+126023 168027+

(z.co in arg zJ<ir)

(z in arg zf <ir)

(z in arg zI<ir)

From C. Hastings, Jr., Approximations for digital
computers, Princeton Univ. Press, Princeton, N.J., 1955
(with permission).

GAMMA FUNCTION AND RELATED FtJNCYPIONS

then

where

Error Term for Asymptotic Expansion

6.i.42

If

R(z)= in r (z)(z-4) in z-}-z---+ in (2ir)

B
2m(2m-1)z

R(z)J < IB2+2fK(z)
- (2m-I-1) (2m-I-2) IzI 2n+1

K(z) = upper bound ¡z2/(m2+ f

For z real and positive, R is less in absolute value
than the first term neglected and has the same
sign.

6.1.43

.q?1n r(iy)=ln F(iy)

in (2ir)iryjin y, (y+ co)

6.1.44

fin r(iy)=arg F(iy)=arg r(iy)
=fln r(iy)

(i)' B2'.'y lu yy +irE (2m-1) (2n)y2

(y+)
6.i.45 lim(2ir) 41 r (x+iy) !eTtt19yI

-z=
lvI-

6.1.46

6.i.47

F(z+a) (ab)(a+b-1)
2z

1(ab'\+\ 2 j (3(a+b_1)2_a+b_1»+...

asz along any curve joining z=0 and z=,
providingz a, ai, . . . ; z b, bi,

um
n- r(+b)

257
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Continued Fraction

6.1.48

in F(z)+z(z) in zfln (2ir)
a0 a1 a2 a3 a4 a5

z+Z+Z+2+Z+Z+...
1 1 53 195

a0= a,--0 a2=210 a3=371

22999 29944523 109535241009a4-22737' a5-19733142' a8 48264275462

Wallis' Formula4
6.1.49

2 íTI2/jfl\2fl 1-3.5 . . (2n-1)) xdx=
Jo cos 2.4.6... (2m)

(2m)! 1 (2n'r(n+)
22nn!)222t \n, riF(n+1)

Some Definite Integrals

6.1.50

e'e't1 dt
in r(z)=j [(z_l)e 1et it (?z > 0)

6.2.2

=(z-4)ln zz+Iin 2r

+2J
arctan (t/z) dt

o e21
6.2. Beta Function

6.2.1

B(z,w)==J
t'' (1t)"' dt=ff1

o (1+t)
Pir/2

=2J
(sin t)2'-' (cos t)2'° dt

o (.z >0, w>0)

B(z,w)= r(z+w)

6.3. Psi (Digamma) Function

6.3.1 '(z)=d[in r(z)]/dz=r'(z)/r(z)

Some authors employ the special double factorial nota-
tion as follows:

(2m) ! =2.4.6 . . . (2n)=2"n
(2n-1) 1! =135 . . . (2n-1)=iri 2' F(n+4)

5Some authors write (z) ln r(z+ i) and similarly for

the polygamma functions.

GAMMA FUNCTION AND RELATED FUNCTIONS

(.z>0)

6.3.4

'(m+)=Y-21n 2+2(1++ +2ml)
(n 1)

Recurrence Formulas

6.3.5

6.3.6

-4 -3 -2

f

-2

-3

-4

A

o

5

3

2

2 3 4

-5

FIGURE 6.2. Psi function.

y=5'(x)=dln r(x)/dx

Integer Values

n-'
6.3.2 '(1)=-1, ,t'(n)='r+ Ek' (n2)

k=1

y

Fractional Values

6.3.3

X

'()='y-2ln2=--1.9635l 00260 21423...

+th+i+#(1+z)

irfl [1_-+ì22_. I



6.3.17

iP2'(i+iy)i 'y
i + y2

+± (l)'1ft(2n+1)iJy2
(JyI<2)

=-1'+y2 n1(n2+y2)'n=1 (_<y<)

(zø-1,---2,-3, . . )

Asymptotic Formulas

6.3.18

#(z) 's'in B2
i 2nz2

i i i i=ln Z
2z 12z2+ 120z 25226+

(z>co in argz<1r)

273-888 O-67--18

6.3.22

x0=1.46163 21449 68362

F(x0)= .88560 31944 10889

6.3.20 x=n+(1n n)1+o[(ln n)2J
Definite Integrals

6.3.21

(z)=J
e' -,

[t 1ej
i ldt=J[et_(i+t)6jT

tdti=Inz__2f (t2+22)(e2Ti_1)

e':t dt=f1 dt

1=1

=r(1-)
6 From W. Sibagaki, Theory and applications of the

gamma function, Iwanami Syoten, Tokyo, Japan, 1952
(with permission).

n x,, P(x)

0 +1.462 +0.886
1 0.504 3.545
2 1.573 +2. 302
3 2.611 0.888
4 3.635 +0.245
5 4.653 0.053
6 5.667 +0. 009
7 6.678 0.001
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6.3.19

q(l+iy) 'in y+ (-1)"1B2
n=i 2ny2'

=In
i i i

(y )
Extrema6 of r(x) - Zeros of t'(x)

GAMMA FUNCTION AND

Reflection Formula

6.3.7 (1 z)=(z)+1r cot irz
Duplication Formula

Ó.3.8 (2z)=b(z)+fr(z+) +ln 2
Psi Function in the Complex Plane

6.3.9

6.3.10

1'(iy)= '(iy)=(l +iy)= '(1 iy)

6.3.11 ir coth iry

6.3.12 .f'(+iy)=ir tanh iry

6.3.13 J&(1+iy)=--+ ircoth iry

y(n2+y2) -'
n=1

Series Expansions

6.3.14 #(1+z)=-7+E(-1)"(n)z'' (IzI<1)n2
6.3.15

(1+z)=-z1ir cot (1z2)1+1y
_±ft(2n+1)__1]z2n (JzI<2)n1

6.3.16

z
n(n+z)

(z>0)

(iarg zI<
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6.4. Polygamma Functions7

6.4.1

d dn+1
(z)=j-j #(z)=dZfl+1 in F(z)

(n=l,2,3, . . . )

- ( i)n+ te
* fo i_etd

.), is a single valued analytic
function over the entire complex plane save at
the points z=m(m=O,l,2, . ) where it pos-
sesses poles of order (n+ 1).

Integer Values

6.4.2
(n=1,2,3, .

6.4.3
(m)(n+1)(_1)mm! [_(m+1)+1

+J:-i+. +nt,+i]

Fractional Values
6.4.4

= (l)'n!(2"' 1)(n+1)
(n=1,2, . . . )

6.4.5 "(n+4)=4ir2-4 Ê (2k-1)2

Recurrence Formula

6.4.6 ,(n) (z+ 1)= (z) + ( l)"n!z'
Reflection Formula

6.4.7

d"(lz)+(-1)''»'>(z)=(-1)"r--- cot ,rz
dz"

Multiplication Formula
6.4.8

4"'(mz)In m+1
1( (+)

ô=1, n=0
n>0

(z>0)

" is known as the trigamma function. i", ) are
the tetra-, penta-, and hexagamma functions respectively.
Some authors write #(z) = d[in r(z+ 1)1/dz, and similarly
for the polygamma functions.

*See page H.
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Series Expansions
6.4.9

(1+z)=(-1)' [n!r(n+ì

(n+1)' (n+2)!
1!

+2)2+ 2!
(n+3)z2-

(i z <1)
6.4.10

"(z)=(-1)"n! (z+k)"'
k=0 (z0,-1,-2, .. .)

Asymptotic Formulas

6.4.11

r(nl)! n!"(z) .(_i)fl_1
L z"

B (2k+n-1)fl+Ê 2k (2k)!z2f]
k=1

6.4.12

" (z) 30z9+

(zco in arg zI<ir)
6.4.13

11 1 1 1 3 5

22 z 224+626 628+ 10210 6212+

(z>inl arg z 1<4

6.4.14

>(z)

(2) in argzj<ir)

6.5. Incomplete Gamma Function
(see also 26.4)

6.5.1

1
I'Z

P(a, z)
J

e_tta_l dt (a>0)
o

6.5.2

-f(a,4=P(a, x)r(a)=J e't1dt (?a>0)
o

6.5.3

r(a,x) =r(a)y(a,x)= f ett°1dt
Jr

6.5.4
.y*(a, x)=xP(a, x)="'(a, z)

y* is a single valued analytic function of a and
x possessing no finite singularities.

(z inlarg zI <ir)



*

5

4

2

o

2

3

4

-5

See page II.

X

- O(T' 0.25

¡F::4 11f
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-6 -3 -2 -I o 2 3 4

FIGURE 6.3. Incomplete gamma function.

7*(ax)) Jette 'dt
From F. G. Tricorni, Sulla funzione gamma incompleta, Annali di Matematica, IV, 33, 1950 (with permission).
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6.5.5

Probability Integral of the XI_Distribution

P(x2Iv)
24.T() o

6.5.6

(Pearson's Form of the Incomplete Gamma Function)

i f'et' dtI(u, p) T(p+1)

=P(p+1, w./p+i)

6.5.7 C(x,a)=J' ta_l cos tdt ('a<1)

6.5.8 S(x;a)=f ta_l sin t dt (?a<1)

6.5.9

E5 (x)=fe_xt_5dt=xt_1r(1_n,x)

6.5.10

6.5.11

a,, (x)=Jetdt=z1r(i+,x)
n

e,, (x)=
j=O 3

Incomplete Gamma Function as a Confluent
Hypergeometric Function (see chapter 13)

6.5.12 -f(a,x) = a_1xeM(1, i +a,x)

=a_1x" M(a, 1+a,x)

Special Values

6.5.13

z2 x"' \P(n,x)=i(i+x++ .. .

=1e,,_1(x)e'

For relation to the Poisson distribution, see
26.4.

6.5.14 7*(_fl, x)=x

6.5.15 F (O, x)_f e't'dt=E1 (z)

GAMMA FUNCTION AND RELATED FUNCTIONS

6.5.16 x2)=2fe_t2dt=/erfx

6.5.17 r(.,x2)=2fe_t2dt=..j erfe x
X

6.5.18 x.y*(-,_x2)__fet2dt
o

(1)" n-1 (-1)'jfl
6.5.19 F(n,x)= [E1(x)_e_Xio X11 J
6.5.20 F (a,ix) = e" {C (x,a) iS(x,a)}

Recurrence Formulas

6.5.21 P(a+1, x)=P(a, x) r(a+i)

6.5.22 7(a+ 1,x)=ay(a,x)x5e

6.5.23

Derivatives and Differential Equations

6.5.24

e -'dt
&)a_O

in x=E1(x)ln z

07(a,x) OF(a,x) =x_1e_z6.5.25

6.5.26

on [x"I' (a,x)] = (-1)x"5F (a+n,x)
Ox5

(n=O, 1, 2,
6.5.27

on- [eXzy* (a,x)]=ezx1_?y*(a_r&, z)
Ox5

(n=O, 1, 2,..

6.5.28

6.5.29

Ox Ox

Series Developments

z" 1 (z)"
r(a+n+1) F(a) (a+n)nlz=0

(lzI<)



6.5.30

y(a, x+y)-7(a, x)

(a-1)(a-2).
[1 e'en(y)]nO

(JyI<IxI)

Continued Fraction

6.5.31

r(a,x)e'xa(
i ia i 2a 2- x+1+x+1+z+ )

(x>O,jaj< )

Asymptotic Expansions

6.5.32

r(a, z) ._za_le_z [i+a_1+(a1) (a_2)+ ]L z z2

Numerical
6.7. Use and Extension of the Tables

Example 1. Compute r(6.38) to 8S. Using
the recurrence relation 6.1.16 and Table 6.1 we
have,

r(6.38) = [(5.38) (4.38) (3.38) (2.38) (1.38)]T(l.38)

=232.43671.

Example 2. Compute hi r(56.38), using Table
6.4 and linear interpolation in 12. We have

ln r(56.38)= (56.38-4-) ln (56.38) (56.38)
+12(56.38)

GAMMA FUNCTION AND RELATED FUNCTIONS

Definite Integrals

6.5.36

Je_at
r(b,ct)dt=F11 Cb i

o a L (a+c)lj

((a+c)>0,.b> 1)
6.5.37

Jta_lr(b,t)
d_r(a+b)

o a

(.«a+b)>0, a>0)

6.6. Incomplete Beta Function

6.6.1 Bz(a,b)=JZ ta_l(1_t)b_idt

6.6.2 I(a,b)=B(a,b)/B(a,b)

For statistical applications, see 26.5.
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Methods

The error of linear interpolation in the table of
the function 12 is smaller than 10 in this region.
Hence, f2(56.38)=.92041 67 and ln r(56.38)==
169.85497 42.

Direct interpolation in Table 6.4 of log10 r(n)
eliminates the necessity of employing logarithms

However, the error of linear interpolation is .002 so
that log10 r(n) is obtained with a relative error
of iO.

See page II.

and sign R(a,z) = sign

6.5.33 1'(a,z)'-'±

u,1 (a,z).

( l)za--

For binomial distribution, see 26.1.

Recurrence Formulas

6.6.5 I(a,b)=xI(a-1,b)+(1x)I(a,b-1)
(a-+)+nn!

6.5.34
e(an)hm <

rofora>1
4- for a=1

Ii for Oa<1
6.6.6 (a+bab)I(a,b)

=a(1z)I(a+ 1,b 1)+bI(a,b+ 1)n-e
6.5.35 6.6.7 (a+b)I(a,b) =aI(a+ 1,b)+bI(a,b+ 1)

r(zH-1,z) e_zzz(./ Zi++' -+...) Relation to ffypergeonietric Function

(z-co in arg z<44r) 6.6.8 Bz(a,b)=aXaF(a,i_b; a+i; z)

3ir\(z_c» in arg Symmetry

Suppose R(a,z) =u+1(a,z) + . . . is the re-
6.6.3 I(a,b) = 1 I1_(b,a)

mainder after n terms in this series.

are real, we have for n>a-2
Then if a,z Relation to Binomial Expansion

6.6.4 I,(a, na+ i) =Ê (;')pi(i _p&J
IR(a,z)l Fu+i(a,z)l
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Example 3. Compute &(6.38) to 8S. Using the
recurrence relation 6.3.6 and Table 6.1.

'(6.38) - 538+4.38+3.38+2.38+1 .38+1 .38)

=1.77275 59.

Example 4. Compute '(56.38). Using Table
6.3 we have '(56.38)=1n 56.38-13(56.38).

The error of linear interpolation in the table of
the function f3 is smaller than 8 X 1O- in this
region. Hence,f,(56.38)= .00889 53 and(56.38)=
4.023219.

Example 5. Compute ln r(1-i). From the
reflection principle 6.1.23 and Table 6.7,
in F(1-i)=inr(1+i)=-.6509-l-.3016i.

Example 6. Compute in F(-+}i). Taking
the logarithm of the recurrence relation 6.1.15 we
have,

in T(+i)=in F(i+i)-1n (+i)
.23419+ .03467i

-( in +i arctan 1)
=.11239-.75073i

The logarithms of complex numbers are found
from 4.1.2.

Example 7. Compute In r(3+7i) using the
duplication formula 6.1.18. Taking the logarithm
of 6.1.18, we have

--1n2ir=- .91894
(I+7i) in 2= 1.73287+ 4.85203i
in r(-+-i)=-3.31598+ 2.32553i
in r(2+i)=-2.66047+ 2.93869i

in F(3+7i)=-5.16252+10.11625i

Example 8. Compute In r(3+7i) to SD using
the asymptotic formula 6.1.41. We have

In (3+7i)=2.03022 15+1.16590 45'i.

Then,

RELATED FUNCTIONS

6.8. Summation of Rational Series by Means
of Polygamma Functions

An infinite series whose generai term is a ra-
tional function of the index may always be reduced
to a finite series of psi and polygamma functions.
The method will be illustrated by writing the ex-
plicit formula when the denominator contains a
triple root.

Let the general term of an infinite series have
the form

p(n)Utd (n)d2(n)d3(n)

where

dj(n)=(n+a1) (n-f-a2) . . . (n+)
d2(n)=(n+ß1)2(n+ß2)2 . . . (n+ß,.)2

(n+y8)3

where p(n) is a polynomial of degree m+2r+3s-2
at most and where the constants a, ß, and are
distinct. Expand u in partial fractions as follows

' blk b2k+Eki (n+crk) i

Cjic

(fl+7k) ' (n+.yk)2m (n+yk)3

ak+ bjk+± C1k0.

Then, we may express u, in terms of the
u i

constants appearing in this partial fraction expan-
sion as follows

u,=_ a,'(1+a1)

r r

-E b1'(1+ß1)+E b25/(1+ß1)j=i j..'

8 8

-E cj«1+7)+E c25#'(1+11)j..'

Higher order repetitions in the denominator are
handled similarly If the denominator contains

(2.5+7i) in (3+7i)=-3. 0857779+ 17.1263119i
-(3+7i)=-3. 0000000- 7. 0000000i

ln(2ir)= 9189385

[12(3+7i)]'= 0043103- . 0100575i

-[360(3+7i)3]'= 0000059- . 0000022i

in F(3+7i)=-5. 16252 +10. 11625i



only simple or double roots, omit the correspond-
ing lines.

Since

1 __1
(+1)(2n+1)(4n+1)n±1

we have

2ajrrl, a2, a3=, a1=, a2=-1,

Thus,

8= - «2) +'(1 ) - t'(1 ) = .047198.

Example 10.

1Finds=
n2(8n-F1)2

Since
1 16 16 1 1

fl2(8fl+1)2 11 +fl+1+fl2+(fl+1)2

we have,

D....A _1 L ii i. i' L i LP1U, P2-b 011-1U, 012=10, 021=1, 022
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References

Therefore

8= 16'(1) - 16(1) +&'(1) +&'(1) = .013499.

Example 11.

1Evaluate 8=
(n2+1)(n2+4)

i i(1 1')We have,
(fl2+1)(fl2+4) i(i 1

12 \r&+2i n-2i

Hence, a1= a2= 6?, a3-, a4=1-

a1=i, a2=i, a3='2i, a4=-2i,

and therefore

8 E'(1 +i) #(1 - i)] + ['(1 +2i) '(1-2i)].

By 6.3.9, this reduces to

s= ,f'(1+i) J'(1+2i).

From Table 6.8, s=.13876.
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(see also 6.3.13).
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Example 9. Find
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[(6)6] [1] [(_6)7]

log10 e=Ø.43429 44819

1(-5)215
For x>2 see Examples l-4.

Compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia
Press, Bloomington, md., 1933, 1935) (with permission). Known error has been corrected.

267

X

GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS Table 6.1

r(x) In r(x) (x) #' (x)
1.000 1.00000 00000 0.00000 00000 -0.57721 56649 1.64493 40668 0.000
1.005 0.99713 85354 -0.00286 55666 -0.56902 09113 1.63299 41567 0.005
1.010 0.99432 58512 -0.00569 03079 -0.56088 54579 1.62121 35283 0.010
1.015 0.99156 12888 -0.00847 45187 -0.55280 85156 1.60958 91824 0.015
1.020 0.98884 42033 -0.01121 84893 -0.54478 93105 1.59811 81919 0.020

1.025 0.98617 39633 -0.01392 25067 -0.53682 70828 1.58679 76993 0.025
1.030 0.98354 99506 -0.01658 68539 -0.52892 10873 1.57562 49154 0.030
1.035 0.98097 15606 -0.01921 18101 -0.52107 05921 1.56459 71163 0.035
1.040 0.97843 82009 -0.02179 76511 -0.51327 48789 1.55371 16426 0.040
1.045 0.97594 92919 -0.02434 46490 -0.50553 32428 1.54296 58968 0.045

1.050 0.97350 42656 -0.02685 30725 -0.49784 49913 1.53235 73421 0.050
1.055 0.97110 25663 -0.02932 31868 -0.49020 94448 1.52188 35001 0.055
1.060 0.96874 36495 -0.03175 52537 -0.48262 59358 1.51154 19500 0.060
1.065 0.96642 69823 -0.03414 95318 -0.47509 38088 1.50133 03259 0.065
1.070 0.96415 20425 -0.03650 62763 -0.46761 24199 1.49124 63164 0.070

1.075 0.96191 83189 -0.03882 57395 -0.46018 11367 1.48128 76622 0.075
1.080 0.95972 53107 -0.04110 81702 -0.45279 93380 1.47145 21556 0.080
1.085 0.95757 25273 -0.04335 38143 -0.44546 64135 1.46173 76377 0.085
1.090 0.95545 94882 -0.04556 29148 -0.43818 17635 1.45214 19988 0.090
1.095 0.95338 57227 -0.04773 57114 -0.43094 47988 1.44266 31755 0.095

1.100 0.95135 07699 -0.04987 24413 -0.42375 49404 1.43329 91508 0.100
1.105 0.94935 41778 -0.05197 33384 -0.41661 16193 1.42404 79514 0.105
1.110 0.94739 55040 -0.05403 86341 -0.40951 42761 1.41490 76482 0.110
1.115 0.94547 43149 -0.05606 85568 -0.40246 23611 1.40587 63535 0.115
1.120 0.94359 01856 -0.05806 33325 -0.39545 53339 1.39695 22213 0.120

1.125 0.94174 26997 -0.06002 31841 -0.38849 26633 1.38813 34449 0.125
1.130 0.93993 14497 -0.06194 83322 -0.38157 38268 1.37941 82573 0.130
1.135 0.93815 60356 -0.06383 89946 -0.37469 83110 1.37080 49288 0.135
1.140 0.93641 60657 -0.06569 53861 -0.36786 56106 1.36229 17670 0.140
1.145 0.93471 11562 -0.06751 77212 -0.36107 52291 1.35387 71152 0.145

1.150 0.93304 09311 -0.06930 62087 -0.35432 66780 1.34555 93520 0.150
1.155 0.93140 50217 -0.07106 10569 -0.34761 94768 1.33733 68900 0.155
1.160 0.92980 30666 -0.07278 24716 -0.34095 31528 1.32920 81752 0.160
1.165 0.92823 47120 -0.07447 06558 -0.33432 72413 1.32117 16859 0.165
1.170 0.92669 96106 -0.07612 58106 -0.32774 12847 1.31322 59322 0.170

1.175 0.92519 74225 -0.07774 81345 -0.32119 48332 1.30536 94548 0.175
1.180 0.92372 78143 -0.07933 78240 -0.31468 74438 1.29760 08248 0.18e
1.185 0.92229 04591 -0.08089 50733 -0.30821 86809 1.28991 86421 0.185
1.190 0.92088 50371 -0.08242 00745 -0.30178 81156 1.28232 15358 0.190
1.195 0.91951 12341 -0.08391 30174 -0.29539 53259 1.27480 81622 0.195

1.200 0.91816 87424 -0.08537 40900 -0.28903 98966 1.26737 72054 0.200
1.205 0.91685 72606 -0.08680 34780 -0.28272 14187 1.26002 73755 0.205
1.210 0.91557 64930 -0.08820 13651 -0.27643 94897 1.25275 74090 0.210
1.215 0.91432 61500 -0.08956 79331 -0.27019 37135 1.24556 60671 0.215
1.220 0.91310 59475 -0.09090 33619 -0.26398 37000 1.23845 21360 0.220

1.225 0.91191 56071 -0.09220 78291 -0.25780 90652 1.23141 44258 0.225
1.230 0.91075 48564 -0.09348 15108 -0.25166 94307 1.22445 17702 0.230
1.235 0.90962 34274 -0.09472 45811 -0.24556 44243 1.21756 30254 0.235
1.240 0.90852 10583 -0.09593 72122 -0.23949 36791 1.21074 70707 0.240
1.245 0.90744 74922 -0.09711 95744 -0.23345 68341 1.20400 28063 0.245

1.250 0.90640 24771 -0.09827 18364 -0.22745 35334 1.19732 91545 0.250

y! my! d d2
d2 my! y
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£ r(x) in r(x)
1.250 0.90640 24771 -0.09827 18364 -0.22745 35334 1.19732 91545 0.250
1.255 0.90538 57663 -0.09939 41651 -0.22148 34266 1.19072 50579 0.255
1.260 0.90439 71178 -0.10048 67254 -0.21554 61686 1.18418 94799 0.260
1.265 0.90343 62946 -0.10154 96809 -0.20964 14193 1.17772 14030 0.265
1.270 0.90250 30645 -0.10258 31932 -0.20376 88437 1.17131 98301 0.270

1.275 0.90159 71994 -0.10358 74224 -0.19792 81118 1.16498 37821 0.275
1.280 0.90071 84765 -0.10456 25269 -0.19211 88983 1.15871 22990 0.280
1.285 0.89986 66769 -0.10550 86634 -0.18634 08828 1.15250 44385 0.285
1.290 0.89904 15863 -0.10642 59872 -0.18059 37494 1.14635 92764 0.290
1.295 0.89824 29947 -0.10731 46519 -0.17487 71870 1.14027 59053 0.295

1.300 0.89747 06963 -0.10817 48095 -0.16919 08889 1.13425 34350 0.300
1.305 0.89672 44895 -0.10900 66107 -0.16353 45526 1.12829 09915 0.305
1.310 0.89600 41767 -0.10981 02045 -0.15790 78803 1.12238 77175 0.310
1.315 0.89530 95644 -0.11058 57384 -0.15231 05782 1.11654 27706 0.315
1.320 0.89464 04630 -0.11133 33587 -0.14674 23568 1.11075 53246 0.320

1.325 0.89399 66866 -0.11205 32100 -0.14120 29305 1.10502 45678 0.325
1.330 0.89337 80535 -0.11274 54356 -0.13569 20180 1.09934 97037 0.330
1.335 0.89278 43850 -0.11341 01772 -0.13020 93416 1.09372 99497 0.335
1.340 0.89221 55072 -0.11404 75756 -0.12475 46279 1.08816 45379 0.340
1.345 0.89167 12485 -0.11465 77697 -0.11932 76069 1.08265 27136 0.345

1.350 0.89115 14420 -0.11524 08974 -0.11392 80127 1.07719 37361 0.350
1.355 0.89065 59235 -0.11579 70951 -0.10855 55827 1.07178 68773 0.355
1.360 0.89018 45324 -0.11632 64980 -0.10321 00582 1.06643 14226 0.360
1.365 0.88973 71116 -0.11682 92401 -0.09789 11840 1.06112 66696 0.365
1.370 0.88931 35074 -0.11730 54539 -0.09259 87082 1.05587 19286 0.370

1.375 0.88891 35692 -0.11775 52707 -0.08733 23825 1.05066 65216 0.375
1.380 0.88853 71494 -0.11817 88209 -0.08209 19619 1.04550 97829 0.380
1.385 0.88818 41041 -0.11857 62331 -0.07687 72046 1.04040 10578 0.385
1.390 0.88785 42918 -0.11894 76353 -0.07168 78723 1.03533 97036 0.390
1.395 0.88754 75748 -0.11929 31538 -0.06652 37297 1.03032 50881 0.395

1.400 0.88726 38175 -0.11961 29142 -0.06138 45446 1.02535 65905 0.400
1.405 0.88700 28884 -0.11990 70405 -0.05627 00879 1.02043 36002 0.405
1.410 0.88676 46576 -0.12017 56559 -0.05118 01337 1.01555 55173 0.410
1.415 0.88654 89993 -0.12041 88823 -0.04611 44589 1.01072 17518 0.415
1.420 0.88635 57896 -0.12063 68406 -0.04107 28433 1.00593 17241 0.420

1.425 0.88618 49081 -0.12082 96505 -0.03605 50697 1.00118 48640 0.425
1.430 0.88603 62361 -0.12099 74307 -0.03106 09237 0.99648 06113 0.430
1.435 0.88590 96587 -0.12114 02987 -0.02609 01935 0.99181 84147 0.435
1.440 0.88580 50635 -0.12125 83713 -0.02114 26703 0.98719 77326 0.440
1.445 0.88572 23397 -0.12135 17638 -0.01621 81479 0.98261 80318 0.445

1.450 0.88566 13803 -0.12142 05907 -0.01131 64226 0.97807 87886 0.450
1.455 0.88562 20800 -0.12146 49657 -0.00643 72934 0.97357 94874 0.455
1.460 0.88560 43364 -0.12148 50010 -0.00158 05620 0.96911 96215 0.460
1.465 0.88560 80495 -0.12148 08083 +0.00325 39677 0.96469 86921 0.465
1.470 0.88563 31217 -0.12145 24980 0.00806 64890 0.96031 62091 0.470

1.475 0.88567 94575 -0.12140 01797 0.01285 71930 0.95597 16896 0.475
1.480 0.88574 69646 -0.12132 39621 0.01762 62684 0.95166 46592 0.480
1.485 0.88583 55520 -0.12122 39528 0.02237 39013 0.94739 46509 0.485
1.490 0.88594 51316 -0.12110 02585 0.02710 02758 0.94316 12052 0.490
1.495 0.88607 56174 -0.12095 29852 0.03180 55736 0.93896 38700 0.495

1.500 0.88622 69255 -0.12078 22376 0.03648 99740 0.93480 22005 0.500
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X

GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS Table 6.1

r(x) in r(x)
1.500 0.88622 69255 -0.12078 22376 0.03648 99740 0.93480 22005 0.500
1.505 0.88639 89744 -0.12058 81200 0.04115 36543 0.93067 57588 0.505
1.510 0.88659 16850 -0.12037 07353 0.04579 67896 0.92658 41142 0.510
1.515 0.88680 49797 -0.12013 01860 0.05041 95527 0.92252 68425 0.515
1.520 0.88703 87833 -0.11986 65735 0.05502 21146 0.91850 35265 0.520

1.525 0.88729 30231 -0.11957 99983 0.05960 46439 0.91451 37552 0.525
1.530 0.88756 76278 -0.11927 05601 0.06416 73074 0.91055 71245 0.530
1.535 0.88786 25287 -0.11893 83580 0.06871 02697 0.90663 32361 0.535
1.540 0.88817 76586 -0.11858 34900 0.0732 3 36936 0.90274 16984 0.540
1.545 0.88851 29527 -0.11820 60534 0.07773 77400 0.89888 21253 0.545

1.550 0.88886 83478 -0.11780 61446 0.08222 25675 0.89505 41371 0.550
1.555 0.88924 37830 -0.11738 38595 0.08668 83334 0.89125 73596 0.555
1.560 0.88963 91990 -0.11693 92928 0.09113 51925 0.88749 14249 0.560
1.565 0.89005 45387 -0.11647 25388 0.09556 32984 0.88375 59699 0.565
1.570 0.89048 97463 -0.11598 36908 0.09997 28024 0.88005 06378 0.570

1.575 0.89094 47686 -0.11547 28415 0.10436 38544 0.87637 50766 0.575
1.580 0.89141 95537 -0.11494 00828 0.10873 66023 0.87272 89402 0.580
1.585 0.89191 40515 -0.11438 55058 0.11309 11923 0.86911 18871 0.585
1.590 0.89242 82141 -0.11380 92009 0.11742 77690 0.86552 35815 0.590
1.595 0.89296 19949 -0.11321 12579 0.12174 64754 0.86196 36921 0.595

1.600 0.89351 53493 -0.11259 17657 0.12604 74528 0.85843 18931 0.600
1.605 0.89408 82342 -0.11195 08127 0.13033 08407 0.85492 78630 0.605
1.610 0.89468 06085 -0.11128 84864 0.13459 67772 0.85145 12856 0.610
1.615 0.89529 24327 -0.11060 48737 0.13884 53988 0.84800 18488 0.615
1.620 0.89592 36685 -0.10990 00610 0.14307 68404 0.84457 92455 0.620

1.625 0.89657 42800 -0.10917 41338 0.14729 12354 0.84118 31730 0.625
1.630 0.89724 42326 -0.10842 71769 0.15148 87158 0.83781 33330 0.630
1.635 0.89793 34930 -0.10765 92746 0.15566 94120 0.83446 94315 0.635
1.640 0.89864 20302 -0.10687 05105 0.15983 34529 0.83115 11790 0.640
1.645 0.89936 98138 -0.10606 09676 0.16398 09660 0.82785 82897 0.645

1.650 0.90011 68163 -0.10523 07282 0.16811 20776 0.82459 04826 0.650
1.655 0.90088 30104 -0.10437 98739 0.17222 69122 0.82134 74802 0.655
1.660 0.90166 83712 -0.10350 84860 0.17632 55933 0.81812 90092 0.660
1.665 0.90247 28748 -0.10261 66447 0.18040 82427 0.81493 48001 0.665
1.670 0.90329 64995 -0.10170 44301 0.18447 49813 0.81176 45875 0.670

1.675 0.90413 92243 -0.10077 19212 0.18852 59282 0.80861 81094 0.675
1.680 0.90500 10302 -0.09981 91969 0.19256 12015 0.80549 51079 0.680
1.685 0.90588 18996 -0.09884 63351 0.19658 09180 0.80239 53282 0.685
1.690 0.90678 18160 -0.09785 34135 0.20058 51931 0.79931 85198 0.690
1.695 0.90770 07650 -0.09684 05088 0.20457 41410 0.79626 44350 0.695

1.700 0.90863 87329 -0.09580 76974 0.20854 78749 0.79323 28302 0.700
1.705 0.90959 57079 -0.09475 50552 0.21250 65064 0.79022 34645 0.705
1.710 0.91057 16796 -0.09368 26573 0.21645 01462 0.78723 61012 0.710
1.715 0.91156 66390 -0.09259 05785 0.22037 89037 0.78427 05060 0.715
1.720 0.91258 05779 -0.09147 88929 0.22429 28871 0.78132 64486 0.720

1.725 0.91361 34904 -0.09034 76741 0.22819 22037 0.77840 37011 0.725
1.730 0.91466 53712 -0.08919 69951 0.23207 69593 0.77550 20396 0.730
1.735 0.91573 62171 -0.08802 69286 0.23594 72589 0.77262 12424 0.735
1.740 0.91682 60252 -0.08683 75466 0.23980 32061 0.76976 10915 0.740
1.745 0.91793 47950 -0.08562 89203 0.24364 49038 0.76692 13714 0.745

1.750 0.91906 25268 -0.08440 11210 0.24747 24535 0.76410 18699 0.750
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Table 6.1 GAMMA, DIGAMMA AND TRIGAMMA FUNCTIONS

' (x)X r (x) in r(X) (x)

1.750 0.91906 25268 -0.08440 11210 0.24747 24535 0.76410 18699 0.750
1.755 0.92020 92224 -0.08315 42192 0.25128 59559 0.76130 23773 0.755
1.760 0.92137 48846 -0.08188 82847 0.25508 55103 0.75852 26870 0.760
1.765 0.92255 95178 -0.08060 33871 0.25887 12154 0.75576 25950 0.765
1.770 0.92376 31277 -0.07929 95955 0.26264 31686 0.75302 19003 0.770

1.775 0.92498 57211 -0.07797 69782 0.26640 14664 0.75030 04040 0.775
1.780 0.92622 73062 -0.07663 56034 0.27014 62043 0.74759 79107 0.780
1.785 0.92748 78926 -0.07527 55386 0.27387 74769 0.74491 42268 0.785
1.790 0.92876 74904 -0.07389 68509 0.27759 53776 0.74224 91617 0.790
1.795 0.93006 61123 -0.07249 96070 0.28129 99992 0.73960 25271 0.795

1.800 0.93138 37710 -0.07108 38729 0.28499 14333 0.73697 41375 0.800
1.805 0.93272 04811 -0.06964 97145 0.28866 97707 0.73436 38093 0.805
1.810 0.93407 62585 -0.06819 71969 0.29233 51012 0.73177 13620 0.810
1.815 0.93545 11198 -0.06672 63850 0.29598 75138 0.72919 66166 0.815
1.820 0.93684 50832 -0.06523 73431 0.29962 70966 0.72663 93972 0.820

1.825 0.93825 81682 -0.06373 01353 0.30325 39367 0.72409 95297 0.825
1.830 0.93969 03951 -0.06220 48248 0.30686 81205 0.72157 68426 0.830
1.835 0.94114 17859 -0.06066 14750 0.31046 97335 0.71907 11662 0.835
1.840 0.94261 23634 -0.05910 01483 0.31405 88602 0.71658 23333 0.840
1.845 0.94410 21519 -0.05752 09071 0.31763 55846 0.71411 01788 0.845

1.850 0.94561 11764 -0.05592 38130 0.32119 99895 0.71165 45396 0.850
1.855 0.94713 94637 -0.05430 89276 0.32475 21572 0.70921 52546 0.855
1.860 0.94868 70417 -0.05267 63117 0.32829 21691 0.70679 21650 0.860
1.865 0.95025 39389 -0.05102 60260 0.33182 01056 0.70438 51138 0.865
1.870 0.95184 01855 -0.04935 81307 0.33533 60467 0.70199 39461 0.870

1.875 0.95344 58127 -0.04767 26854 0.33884 00713 0.69961 85089 0.875
1.880 0.95507 08530 -0.04596 97497 0.34233 22577 0.69725 86512 0.880
1.885 0.95671 53398 -0.04424 93824 0.34581 26835 0.69491 42236 0.885
1.890 0.95837 93077 -0.04251 16423 0.34928 14255 0.69258 50790 0.890
1.895 0.96006 27927 -0.04075 65875 0.35273 85596 0.69027 10717 0.895

1.900 0.96176 58319 -0.03898 42759 0.35618 41612 0.68797 20582 0.900
1.905 0.96348 84632 -0.03719 47650 0.35961 83049 0.68568 78965 0.905
1.910 0.96523 07261 -0.03538 81118 0.36304 10646 0.68341 84465 0.910
1.915
1.920

0.96699 26608
0.96877 43090

-0.03356 43732
-0.03172 36054

0.36645 25136
0.36985 27244

0.68116 35696
0.67892 31293

0.915
0.920

1.925 0.97057 57134 -0.02986 58646 0.37324 17688 0.67669 69903 0.925
1.930 0.97239 69178 -0.02799 12062 0.37661 97179 0.67448 50194 0.930
1.935 0.97423 79672 -0.02609 96858 0.37998 66424 0.67228 70846 0.935
1.940
1.945

0.97609 89075
0.97797 97861

-0.02419 13581
-0.02226 62778

0.38334 26119
0.38668 76959

0.67010 30559
0.66793 28044

0.940
0.945

1.950
1.955

0.97988 06513
0.98180 15524

-0.02032 44991
-0.01836 60761

0.39002 19627
0.39334 54805

0.66577 62034
0.66363 31270

0.950
0.955

1.960
1.965
1.970

0.98374 25404
0.98570 36664
0.98768 49838

-0.01639 10621
-0.01439 95106
-0.01239 14744

0.39665 83163
0.39996 05371
0.40325 22088

0.66150 34514
0.65938 70538
0.65728 38134

0.960
0.965
0.970

1.975
1.980

0.98968 65462
0.99170 84087

-0.01036 70060
-0.00832 61578

0.40653 33970
0.40980 41664

0.65519 36104
0.65311 63266

0.975
0.980

1.985 0.99375 06274 -0.00626 89816 0.41306 45816 0.65105 18450 0.985
1.990
1.995

0.99581 32598
0.99789 63643

-0.00419 55291
-0.00210 58516

0.41631 47060
0.41955 46030

0.64900 00505
0.64696 08286

0.990
0.995

2.000 1.00000 00000 0.00000 00000 0.42278 43351 0.64493 40668 1.000

y! my!
d-1ny!

d2
y
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Table 6.2

1.00 -2.40411 38063 6.49393 94023 0.00 1.50 -0.82879 66442 1.40909 10340 0.50
1.01 -2.34039 86771 6.25106 18729 0. 01 1.51 -0.81487 76121 1.37489 70527 0.51
1.02 -2.27905 42052 6.01969 49890 0.02 1.52 -0.80129 51399 1.34177 21104 0.52
1.03 -2.21996 85963 5.79918 38573 0.03 1.53 -0.78803 87419 1.30967 56244 0.53
1.04 -2.16303 63855 5.58891 68399 0.04 1.54 -0.77509 83287 1.27856 88154 0.54

1.05 -2.10815 80219 5.38832 23132 0. 05 1.55 -0.76246 41904 1.24841 46160 0.55
1.06 -2.05523 94833 5.19686 56970 0.06 1.56 -0.75012 69793 1.21917 75841 0.56
1.07 -2.00419 19194 5.01404 67303 0. 07 1.57 -0.73807 76946 1.19082 38216 0.57
1.08 -1.95493 13213 4.83939 69702 0.08 1.58 -0.72630 76669 1.16332 08979 0.58
1.09 -1.90737 82154 4.67247 74947 0.09 1.59 -0.71480 85441 1.13663 77770 0.59

LlO -1.86145 73783 4.51287 67903 0.10 1.60 -0.70357 22779 1.11074 47490 0.60
1.11 -1.81709 75731 4.36020 88083 0. 11 1.61 -0.69259 11105 1.08561 33658 0.61
1.12 -1.77423 13035 4.21411 11755 0.12 1.62 -0.68185 75627 1.06121 63792 0.62
1.13 -1.73279 45852 4.07424 35447 0. 13 1.63 -0.67136 44220 1.03752 76835 0.63
1.14 -1.69272 67342 3.94028 60737 0. 14 1.64 -0.66110 47316 1.01452 22608 0.64

1.15 -1.65397 01677 3.81193 80220 0. 15 1.65 -0.65107 17793 0.99217 61290 0.65
1.16 -1.61647 02206 3.68891 64540 0.16 1.66 -0.64125 90881 0.97046 62927 0.66
1.17 -1.58017 49731 3.57095 50416 0.17 1.67 -0.63166 04061 0.94937 06973 0.67
1.18 -1.54503 50903 3.45780 29554 0.18 1.68 -0.62226 96973 0.92886 81843 0.68
1.19 -1.51100 36723 3.34922 38402 0.19 1.69 -0.61308 11332 0.90893 84502 0.69

1.20 -1.47803 61144 3.24499 48647 0. 20 1.70 -0.60408 90841 0.88956 20066 0.70
1.21 -1.44608 99765 3.14490 58422 0.21 1.71 -0.59528 81112 0.87072 01433 0.71
1.22 -1.41512 48602 3.04875 84139 0.22 1.72 -0.58667 29593 0.85239 48922 0.72
1.23 -1.38510 22950 2.95636 52925 0.23 1.73 -0.57823 85490 0.83456 89940 0.73
1.24 -1.35598 56308 2.86754 95589 0.24 1.74 -0.56997 99702 0.81722 58660 0.74

1.25 -1.32773 99375 2.78214 40092 0. 25 1.75 -0.56189 24756 0.80034 95719 0.75
1.26 -1.30033 19112 2.69999 05478 0.26 1.76 -0.55397 14738 0.78392 47929 0.76
1.27 -1.27372 97857 2.62093 96227 0.27 1.77 -0.54621 25238 0.76793 68005 0.77
1.28 -1.24790 32496 2.54484 97000 0.28 1.78 -0.53861 13291 0.75237 14300 0.78
1.29 -1.22282 33691 2.47158 67746 0.29 1.79 -0.53116 37320 0.73721 50564 0.79

1.30 -1.19846 25147 2.40102 39143 0. 30 1.80 -0.52386 57084 0.72245 45705 0.80
1.31 -1.17479 42923 2.33304 08348 0. 31 1.81 -0.51671 33630 0.70807 73565 0.81
1.32 -1.15179 34794 2.26752 35032 0. 32 1.82 -0.50970 29242 0.69407 12710 0.82
1.33 -1.12943 59642 2.20436 37678 0. 33 1.83 -0.50283 07396 0.68042 46226 0.83
1.34 -1.10769 86881 2.14345 90132 0.34 1.84 -0.49609 32712 0.66712 61527 0.84

1.35 -1.08655 95925 2.08471 18367 0. 35 1.85 -0.48948 70921 0.65416 50169 0.85
1.36 -1.06599 75682 2.02802 97472 0.36 1.86 -0.48300 88813 0.64153 07680 0.86
1.37 -1.04599 24073 1.97332 48830 0. 37 1.87 -0.47665 54207 0.62921 33389 0.87
1.38 -1.02652 47586 1.92051 37473 0. 38 1.88 -0.47042 35909 0.61720 30270 0.88
1.39 -1.00757 60850 1.86951 69616 0.39 1.89 -0.46431 03677 0.60549 04793 0.89

1.40 -0.98912 86236 1.82025 90339 0. 40 1.90 -0.45831 28188 0.59406 66772 0.90
1.41 -0.97116 53479 1.77266 81419 0. 41 1.91 -0.45242 81007 0.58292 29238 0.91
1.42 -0.95366 99322 1.72667 59295 0. 42 1.92 -0.44665 34549 0.57205 08299 0.92
1.43 -0.93662 67177 1.68221 73161 0. 43 1.93 -0.44098 62055 0.56144 23020 0.93
1.44 -0.92002 06808 1.63923 03178 0.44 1.94 -0.43542 37563 0.55108 95304 0.94

1.45 -0.90383 74031 1.59765 58792 0. 45 1.95 -0.42996 35876 0.54098 49774 0.95
1.46 -0.88806 30426 1.55743 77157 0. 46 1.96 -0.42460 32537 0.53112 13668 0.96
1.47 -0.87268 43070 1.51852 21649 0.47 1.97 -0.41934 03805 0.52149 16733 0.97
1.48 -0.85768 84281 1.48085 80478 0.48 1.98 -0.41417 26631 0.51208 91127 0.98
1.49 -0.84306 31376 1.44439 65370 0.49 1.99 -0.40909 78630 0.50290 71324 0.99

1.50 -0.82879 66442 1.40909 10340 0.50 2.00 -0.40411 38063 0.49393 94023 1.00

in y! d4 in y! y in y! d-1ny! y
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(n-1)! 1/ (n--1)! (n - )! - ln(n -1)! *
n != (2w)"fj (n) r(n) = (2)n"-'fi (n) (n) =ln n-_f3(n) (27)=2.50662 82746 31001

(n) compiled from H. T. Davis, Tables of the higher mathematical functions, 2 vols. (Principia Press,
Bloomington, md., 1933, 1935) (with permission).

n i'(n) 1/r(ì) r(n+) (n) IT (n)

i ( 0)1.00000 00000 0) 1.00000 000 -1)8.86226 93 -0.57721 56649 1.08443 755 0.57721 566
2 0 1.00000 00000 0 1.00000 000 0 1.32934 04 +0.42278 43351 1.04220 712 0.27036 285
3 0 2.00000 00000 - 1 5.00000 000 0 3.32335 10 0.92278 43351 1.02806 452 0.17582 795
4 0 6.00000 00000 - 1 1.66666 667 1 1.16317 28 1.25611 76684 1.02100 830 0.13017 669
5 ( 1)2.40000 00000 (- 2)4.16666 667 ( 1)5.23427 78 1.50611 76684 1.01678 399 0.10332 024

6 2 1.20000 00000 (- 3 8.33333 333 2)2.87885 28 1.70611 76684 1.01397 285 0.08564 180
7 2 7.20000 00000 - 3 1.38888 889 3)1.87125 43 1.87278 43351 1.01196 176 0.07312 581
8 3 5.04000 00000 - 4 1.98412 698 4) 1.40344 07 2.01564 14780 1.01046 565 0.06380 006
9 4)4.03200 00000 - 5 2.48015 873 5) 1.19292 46 2.14064 14780 1.00929 843 0.05658 310

10 5)3.62880 00000 (- 6)2.75573 192 6) 1.13327 84 2.25175 25891 1.00836 536 0.05083 250

11 6)3.62880 00000 (- 7)2.75573 192 7 1.18994 23 2.35175 25891 1.00760 243 0.04614 268
12 7)3.99168 00000 - 8)2.50521 084 8 1.36843 37 2.44266 16800 1.00696 700 0.04224 497
13 8 4.79001 60000 - 9) 2.08767 570 9 1.71054 21 2.52599 50133 1.00642 958 0.03895 434
14 9 6.22702 08000 -10) 1.60590 438 10 2.30923 18 2.60291 80902 1.00596 911 0.03613 924
15 10 8.71782 91200 (-11) 1.14707 456 11) 3.34838 61 2.67434 66617 1.00557 019 0.03370 354

16 (12 1.30767 43680 -13) 7.64716 373 12 5.18999 85 2.74101 33283 1.00522 124 0.03157 539
17 (13 2.09227 89888 -14) 4.77947 733 13 8.56349 74 2.80351 33283 1.00491 343 0.02970 002
18 (14 3.55687 42810 -15 2.81145 725 15 1.49861 21 2.86233 68577 1.00463 988 0.02803 490
19 (15 6.40237 37057 -16 1.56192 070 16 2.77243 23 2.91789 24133 1.00439 519 0.02654 657
20 (17)1.21645 10041 -18 8.22063 525 17 5.40624 30 2.97052 39922 1.00417 501 0.02520 828

21 (18)2.43290 20082 (-19 4.11031 762 (19)1.10827 98 3.02052 39922 1.00397 584 0.02399 845
22 19)5.10909 42172 (-20 1.95729 411 20 2.38280 16 3.06814 30399 1.00379 480 0.02289 941
23 21 1.12400 07278 (-22 8.89679 139 21 5.36130 36 3.11359 75853 1.00362 953 0.02189 663
24 22 2.58520 16739 (-23 3.86817 017 23 1.25990 63 3.15707 58462 1.00347 806 0.02097 798
25 (23 6.20448 40173 (-24 1.61113 757 (24 3.08677 05 3.19874 25129 1.00333 872 0.02013 331

26 (25)1.55112 10043 (-26)6.44695 029 (25)7.87126 49 3.23874 25129 1.00321 011 0.01935 403
27 26)4.03291 46113 (-27)2.47959 626 27) 2.08588 52 3.27720 40513 1.00309 105 0.01863 281
28 28) 1.08888 69450 (-29)9.18368 986 28) 5.73618 43 3.31424 10884 1.00298 050 0.01796 342
29 29) 3.04888 34461 t -30) 3.27988 924 30) 1.63481 25 3.34995 53741 1.00287 758 0.01734 046
30 (30)8.84176 19937 (-31)1.13099 629 31)4.82269 69 3.38443 81327 1.00278 154 0.01675 925

31 32 2.65252 85981 (-33)3.76998 763 (33) 1.47092 26 3.41777 14660 1.00269 170 0.01621 574
32 33 8.22283 86542 (-34)1.21612 504 34) 4.63340 61 3.45002 95305 1.00260 748 0.01570 637
33 35 2.63130 83693 (-36 3.80039 076 36) 1.50585 70 3.48127 95305 1.00252 837 0.01522 803
34 36 8.68331 76188 (-37 1.15163 356 37)5.04462 09 3.51158 25608 1.00245 392 0.01477 796
35 (38)2.95232 79904 (-39 3.38715 754 (39)1.74039 42 3.54099 43255 1.00238 372 0.01435 374

36 40 1.03331 47966 :--41)9.67759 296 40)6.17839 94 3.56956 57541 1.00231 744 0.01395 318
37 41 3.71993 32679 (-42 2.68822 027 42) 2.25511 58 3.59734 35319 1.00225 474 0.01357 438
38 43 1.37637 53091 (-44 1.26546 018 43) 8.4566 8 42 3.62437 05589 1.00219 534 0.01321 560
39 44)5.23022 61747 (-45 1.91196 320 45)3.25582 34 3.65068 63484 1.00213 899 0.01287 530
40 46)2.03978 82081 (-47 4.90246 916 41) 1.28605 02 3.67632 73740 1.00208 546 0.01255 208

41 (47)8.15915 28325 -48) 1.22561 744 48)5.20850 35 3.70132 73740 1.00203 455 0.01224 469
42 (49 3.34525 26613 -50)2.98931 083 50) 2.16152 90 3.72571 76179 1.001l?8 606 0.01195 200
43 (51 1.40500 61178 -52) 7.11740 673 51)9.18649 81 3.74952 71417 1.00193 983 0.01167 297
44 (52 6.04152 63063 (-53) 1.6552 1 087 53) 3.99612 67 3.77278 29557 1.00189 570 0.01140 668
45 (54)2.65827 15748 (-55) 3.76184 288 55) 1.77827 64 3.79551 02284 1.00185 354 0.01115 226

46 56)1.19622 22087 (-57) 8.359 65 084 (56)8.09115 74 3.81773 24506 1.00181 321 0.01090 895
47 57)5.50262 21598 -58) 1.81731 540 58) 3.76238 82 3.83947 15811 1.00177 460 0.01067 602
48 59 2.58623 24151 -60 3.86662 851 60) 1.78713 44 3.86074 81768 1.00173 759 0.01045 283
49 61 1.24139 15593 -62 8.05547 607 61)8.66760 18 3.88158 15102 1.00170 210 0.01023 879
50 62 6.08281 86403 -63 1.64397 471 (63)4.29046 29 3.90198 96734 1.00166 803 0.01003 333

51 (64)3.04140 93202 (-65)3.28794 942 (65)2.16668 38 3.92198 96734 1.00163 530 0.00983 596
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f
51 64) 3.04140 93202 65) 3.28794 942 65) 2.16668 38 3.92198 96734 1.00163 530 0.00983 596
52 66)1.55111 87533 67) 6.44695 964 67) L11584 21 3.94159 75166 1.00160 383 0.00964 620
53 67) 8.06581 75171 68) 1.23979 993 68) 5.85817 12 3.96082 82858 1.00157 355 0.00946 363
54 69) 4.27488 32841 70) 2.33924 515 70) 3.13412 16 3.97969 62103 1.00154 438 0.M0928 784
55 71) 2.30843 69734 72) 4.33193 547 72) 1.70809 63 3.99821 47288 1.00151 628 0.00911 846

56 73)1.26964 03354 74) 7. 87624 631 73) 9.47993 44 4.0 1639 65470 1.0 0148 919 0. 00895 514
57 74)7.10998 58780 75) 1.40647 255 75) 5.35616 29 4.0 342 5 36899 1. 00146 304 0. 00879 758
58 76 4.05269 19505 77 2.46749 571 77) 3.07979 37 4.05179 75495 1. 00143 780 0. 00864 546
59 78 2.35056 13313 79 4.25430 295 79)1.80167 93 4.06903 89288 1. 00141 341 0. 00849 852
60 80 1.38683 11855 81 7.21068 296 81) 1.07199 92 4. 08598 80814 1. 00138 984 0.0 0835 648

61 81)8.32098 71127 82) 1.20178 049 82) 6.48559 51 4.102 65 47481 1.00136 704 0. 00821 912
62 83 5.07580 21388 84 1.97013 196 84) 3.98864 10 4.11904 81907 1.0 0134 498 0. 00808 619
63 85 3.14699 73260 86 3.17763 219 86) 2.49290 06 4.13517 72229 1. 00132 362 0.00795 750
64 87 1.98260 83154 88 5.04386 062 88)1.58299 19 4.15105 02388 1. 00130 292 0. 00783 284
65 89) 1.26886 93219 90 7.88103 221 90)1.02102 98 4.16667 52388 1. 00128 286 0.0 0771 203

66 90) 8.24765 05921 91) 1.21246 649 91) 6.68774 50 4.18205 98542 1. 00126 341 0.00759 489
67 92) 5.44344 93908 93 1.83707 044 93) 4.44735 04 4.19721 13693 1. 00124 455 0. 00748 125
68 94)3.64711 10918 95 2.74189 619 95) 3.00196 15 4.21213 67425 1. 00122 623 0. 00737 096
69 96)2.48003 55424 97 4.03220 028 97) 2.05634 36 4.22 684 26248 1. 00120 845 0. 00726 388
70 98) 1.71122 45243 99) 5.84376 852 99) 1.42915 88 4.24133 53785 1.00119 118 0. 00715 986

71 100 1.19785 71670 (-101)8.34824 074 (101 1. 00 755 70 4.2 5562 10927 1.0 0117 439 0. 00705 878
72 101 8.50478 58857 (-102 1.17580 856 (102 7.2 040 3 24 4.2 6970 55998 1. 00115 807 0.0 0696 052
73 103 6.12344 58377 (-104 1.63306 744 104 5. 22292 35 4.2 8359 44887 1. 00114 220 0. 00686 495
74 (105 4.47011 54615 (-106 2.23707 868 106 3. 83884 87 4.2972 9 31188 1.00112 675 0. 00677 197
75 (107)3.30788 54415 (-108)3.02307 930 108 2.85994 23 4.31080 66323 1. 00111 172 0. 00668 148

76 (109)2.48091 40811 -110) 4. 03077 240 (110)2.15925 64 4.32413 99657 1. 00109 709 0.0 0659 337
77 (n]. 1.88549 47017 -112) 5.30364 789 (112 1.65183 12 4. 3372 9 78604 1.00108 283 0. 00650 756
78 (113 1.45183 09203 -114) 6. 88785 441 (114 1.28016 92 4.35028 48734 1. 00 106 894 0.00 642 395
79 (115 1.13242 81178 -116) 8.83058 257 (116 1.00493 28 4. 36310 53862 1.00105 540 0. 00634 247
80 (116)8.94618 21308 -117)1.11779 526 (117 7.98921 57 4.37576 36140 1.0 0104 220 0. 0062 6 302

81 (118 7.15694 57046 -119 1.39724 408 (119 6. 43131 87 4. 3882 6 36140 1. 00 102 933 0.Q0618 554
82 (120 5.79712 60207 -121 1.72499 269 (121 5.2 4152 47 4.4 0060 92931 1.0 010 1 677 0. 00610 995
83 (122 4.75364 33370 -123 2.10364 962 (123 4. 32425 79 4.4 1280 44150 1. 00100 452 0.0 060 3 619
84 (124 3.94552 39697 (-125)2.53451 761 (125 3.61075 53 4.42485 26078 1.00099 255 0.0 0596 419
85 (126)3.31424 01346 (-127)3.01728 287 (127 3. 05 108 83 4.43675 73697 1.00098 087 0.0 0589 389

86 (128)2.81710 41144 -129) 3.54974 456 129) 2.60868 05 4.44852 20756 1.00096 946 0. 00582 522
87 (130)2.42270 95384 -131) 4.12760 995 131) 2.25650 86 4.46014 99825 1. 000 95 831 0.00575 814
88 (132)2.10775 72984 -133 4.74437 926 133) 1.97444 50 4.47164 42354 1.00094 741 0. 00569 258
89 (134)1.85482 64226 -135 5.39134 006 (135)1.74738 38 4.48300 78718 1. 00093 676 0.0 0562 850
90 (136)1.65079 55161 -137 6.05768 546 (137) 1.56390 85 4.49424 38268 1. 00092 635 0.00556 584

91 (138 1. 48571 59645 -139) 6.73076 163 139) 1.41533 72 4.5 05 35 49379 1.00091 617 0. 00550 457
92 (140 1. 35200 15277 -141) 7. 39644 134 141)1.29503 36 4.5 1634 39489 1. 00090 620 0.00 544 463
93 (142 1. 24384 14055 -143) 8.03961 016 143)1.19790 60 4.52 721 35142 1. 00089 646 0.00538 598
94 (144 1.15677 25071 -145) 8.64474 211 (145)1.12004 22 4.53796 62023 1. 00088 691 0. 00532 858
95 (146 1.08736 61567 (-147)9.19653 415 (147)1.05843 98 4.54860 45002 1.0 0087 757 0.00527 239

96 148 1.03299 78488 (-149 9.68056 227 149 1.01081 00 4.559 13 08160 1.00086 843 0.00521 738
97 149 9.91677 93487 (-150 1.00839 190 150 9.75431 69 4.56954 74827 1.00085 947 0.00516 350
98 151 9.61927 59682 -152 1.03957 928 152 9.51045 90 4.5 7985 67610 1.00085 070 0.00511 072
99 (153)9.42689 04489 -154) 1. 06079 519 154) 9.36780 21 4.59006 08426 1.00084 210 0.00505 901

100 (155)9.33262 15444 -156)1.07151 029 156) 9. 32096 31 4.60016 18527 1.00083 368 0.00500 833

101 (157)9.33262 15444 (-158)1.07151 029 (158)9.36756 79 4.61016 18527 1.00082 542 0.00495 866

(n-1) 1/(n-1)! (n-i)! *hin(,i1)! [(_')2] [(_)1]



In r(n)=in (n-1) !=(n-) In n-n+f2(m) in 10=2.30258 509299
log10 T(n) compiled from E. S. Pearson, Table of the logarithms of the complete c-function, arguments
2 to 1200. Tracts for Computers No. VIII (Cambridge Univ. Press, Cambridge, England, 1922) (with
permission).
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Table 6.4 LOGARITHMS OF THE GAMMA FUNCTION

n log10 P (n) log10 (n±) log10 P (n+-) log10 r (n+-) f2()
1 0.00000 000 -0.04915 851 -0.05245 506 -0.04443 477 1.00000 000
2 0.00000 000 +0.07578 023 +0.12363 620 +0.17741 398 0.96027 923
3 0.30103 000 0.44375 702 0.52157 621 0.60338 271 0.94661 646
4 0.77815 125 0.96663 576 1.06564 43 1.16765 41 0.93972 921
5 1.38021 12 1.60345 79 1.71885 68 1.83666 09 0.93558 323

6 2.07918 12 2.33045 66 2.45921 95 2.58998 86 0.93281 466
7 2.85733 25 3.13208 89 3.27213 28 3.41389 73 0.93083 524
8 3.70243 05 3.99739 04 4.14719 41 4.29850 39 0.92934 980
9 4.60552 05 4.91820 91 5.07661 30 5.23635 60 0.92819 400

10 5.55976 30 5.88824 59 6.05433 66 6.22163 27 0.92726 910

11 6.55976 30 6.90248 63 7.07552 59 7.24966 15 0.92651 221
12 7.60115 57 7.95684 40 8.13622 37 8.31660 83 0.92588 137
13 8.68033 70 9.04792 45 9.23313 38 9.41927 06 0.92534 753
14 9.79428 03 10.17286 3 10.36346 8 10.55493 3 0.92488 990
15 10.94040 8 11.32921 0 11.52483 6 11.72126 5 0.92449 327

16 12.116500 12.514847 12.715167 12.916241 0.92414 619
17 13.320620 13.727922 13.932651 14.138090 0.92383 993
18 14. 551069 14.966804 15.175689 15. 385245 0.92356 769
19 15.806341 16.230045 16.442861 16.656311 0.92332 409
20 17.085095 17.516352 17.732896 17.950042 0.92310 485

21 18.386125 18.824561 19.044649 19.265313 0.92290 649
22 19.708344 20.153619 20.377088 20.601105 0.92272 615
23 21. 050767 21.502573 21.729270 21.956492 0.92256 149
24 22.412494 22.870550 23.100338 23.330629 0.92241 055
25 23.792706 24.256751 24.489504 24.722740 0.92227 169

26 25.190646 25.660444 25.896045 26. 132109 0.92214 350
27 26.605619 27.080949 27.319290 27.558078 0.92202 481
28 28.036983 28. 517642 28.758623 29.000035 0.92191 460
25 29.484141 29.969940 30.213468 30.457412 0.92181 198
30 30.946539 31.437301 31.683290 31.929681 0.92171 621

31 32.423660 32.919221 33.167590 33.416347 0.92162 661
32 33.915022 34À15228 34.665900 34.916950 0.92154 262
33 35.420172 35.924878 36.177784 36.431055 0.92146 371
34 36.938686 37.447757 37.702829 37.958255 0.92138 944
35 38.470165 38.983473 39.240648 39.498167 0.92131 942

36 40.014233 40.531658 40.790876 41.050429 0.92125 329
37 41. 570535 42. 091963 42.353169 42.614701 0.92119 073
38 43.138737 43.664060 43.927200 44.190658 0.92113 146
39 44.718520 45.247636 45.512661 45.777995 0.92107 524
40 46.309585 46.842397 47.109258 47.376420 0.92102 182

41 47.911645 48.448061 48.716713 48.985659 0.92097 101
42 49.524429 50.064362 50.334761 50.605448 0.92092 262
43 51.147678 51.691044 51.963150 52.235536 0.92087 648
44 52.781147 53.327866 53.601639 53.875686 0.92083 244
45 54.424599 54.974597 55.249999 55.525670 0.92079 035

46 56.077812 56.631014 56.908011 57.185269 0.92075 010
47 57.740570 58.296908 58.575464 58.854276 0.92071 156
48 59.412668 59.972075 60.252157 60.532491 0.92067 462
49 61.093909 61.656322 61.937899 62.219723 0.92063 919
50 62.784105 63.349462 63.632504 63.915788 0.92060 518

51 64.483075 65.051318 65.335796 65.620510 0.92057 250
log10 (n-1)! log10 (n-i)! log10 (n-)! log10 (n-)!
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12(n)
51 64.483075 65.051318 65.335796 65.620510 0.92057 250
52 66.190645 66.761717 67.047603 67.33720 0.92054 108
53 67.906648 68.480496 68.767762 69. 055256 0.92051 084
54 69.630924 70.207494 70.496116 70.784961 0.92 048 173
55 71.363318 71.942561 72.232512 72.522683 0.92045 367

56 73.103681 73.685548 73.976805 74.268279 0.92042 661
57 74.851869 75.436313 75.728854 76.021606 0.92040 051
58 76.607744 77.194720 77.488522 77.782531 0.92037 530
59 78.371172 78.960637 79.255677 79.550922 0.92035 095
60 80.142024 80.733936 81.030194 81.326654 0.92032 741

61 81.920175 82.514493 82.811950 83.109604 0.92030 464
62 83.705505 84.302190 84.600825 84.899655 0.92028 261
63 85.497896 86.096910 86.396705 86.696691 0.92026 127
64 87.297237 87.898542 88.199479 88.500604 0.92 024 061
65 89,103417 89.706978 90.009038 90.311284 0.92022 057

66 90.916330 91.522113 91.825280 92.128629 0.92020 115
67 92.735874 93.343845 93.648101 93.952538 0.92018 231
68 94.561949 95.172075 95.477405 95.782913 0.92016 401
69 96.394458 97.006708 97.313096 97.619659 0.92014 625
70 98.233307 98.847650 99.155080 99.462684 0.92012 900

71 100.07841 100.69481 101.00327 101. 31190 0.92011 223
72 101.92966 102.54810 102.85758 103.16722 0.92009 593
73 103.78700 104.40744 104.71791 105.02855 0.92008 008
74 105.65032 106.27274 106.58420 106.89582 0.92006 465
75 107.51955 108.14393 108.45636 108.76895 0.92 004 964

76 109.39461 110.02091 110.33430 110.64785 0.92003 502
77 111.27543 111.90363 112.21797 112.53246 0.92 002 078
78 113.16192 113.79200 114.10727 114.42269 0.92000 690
79 115.05401 115.68594 116. 00214 116.31848 0.91999 338
80 116.95164 117.58540 117.90250 118.21976 0.91998 019

81 118.85473 119.49029 119.80830 120.12646 0.91996 733
82 120.76321 121.40056 12171946 122.03850 0.91995 479
83 122.67703 123.31614 123.63591 123.95583 0.91994 254
84 124.59610 125.23696 125.55760 125.87838 0.91993 059
85 126.52038 127.16296 127.48445 127.80610 0.91991 892

86 128.44980 129.09407 129.41642 129.73891 0.91990 752
87 130.38430 131.03025 131.35344 131.67676 0.91989 638
88 132.32382 132.97143 133.29545 133.61959 0.91988 550
89 134.26830 134.91756 135.24239 135.56735 0.91987 486
90 136.21769 136.86857 137.19421 137.51999 0.91986 446

91 138.17194 138.82442 139.15086 139.47743 0.91985 428
92 140.13098 140.78505 141.11228 141.43964 0.91984 433
93 142.09477 142.75041 143.07842 143.40657 0.91983 459
94 144.06325 144.72044 145.04923 145.37815 0.91982 505
95 146.03638 146.69511 147.02467 147.35435 0.91981 572

96 148.01410 148.67435 149.00467 149.33511 0.91980 659
97 149.99637 150.65813 150.98920 151.32039 0.91979 764
98 151.98314 152.64639 152.97820 153.31013 0.91978 887
99 153.97437 154.63909 15 4. 9 7164 155.30430 0.91978 028

100 155.97000 156.63619 156.96946 157.30285 0.91977 186

101 157.97000 158.63763 158.97163 159.30574 0.91976 361
log10 (n-1)! log10 (n-i)! log10 (n-)! log10 (n-)! 1(-7)2

ln r(n)=In (n-1) !==(n-) In n-n+f2(n) in 10=2.30258 509299 L 3
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Table 6.5 AUXILIARY FUNCTIONS FOR GAMMA AND DIGAMMA FUNCTIONS

x!= (2ir)Ixx+efi(x)

in rx)=1n x-1) != (x-4) in x-x-f-f2(x)

.(x) =in x-f3(X)

(2r)=2.50662 82746 31001

<x>=nearest integer to z.

Table 6.6 FACTORIALS FOR LARGE ARGUMENTS

0. 015
0.014
0. 013
0.012

f' (x)
1. 00125 077
1.00116 735
1. 00108 391
1.00100 050

f2 (x)
0. 92018 852
0.92010 519
0.92002 186
0.91993 853

f3 (x)
0. 00751 875
0.00701 633
0. 00651 408
0.00601 200

<X>
67
71
77
83

0. 011 1. 00091 708 0. 91985 520 0. 00551 008 91

0. 010 1. 00083 368 0. 91977 186 0. 00500 833 100
0. 009 1. 00075 028 0. 91968 853 0. 00450 675 111
0. 008 1. 00066 689 0. 91960 520 0. 00400 533 125
0.007 1.00058 350 0.91952 187 0.00350 408 143
0.006 1.00050 012 0.91943 853 0.00300 300 167

0.005 1. 00041 675 0. 91935 52 0. 00250 208 200
0.004 1.00033 339 0.91927 187 0.00200 133 250
0.003 1.00025 003 0.91918 853 0.00150 075 333
0.002 1.00016 668 0.91910 520 0.00100 033 500
0.001 1.00008 334 0.91902 187 0.00050 008 1000

0.000 1.00000 000 0.91893 853 0.00000 000 co

n n! n n!

100 157 9. 3326 21544 39441 52682 600 1408 1. 2655 72316 22543 07425
200 374 7. 8865 78673 64790 50355 700 1689 2. 4220 40124 75027 21799
300 614 3. 0605 75122 16440 63604 800 1976 7. 7105 30113 35386 00414
400 868 6. 4034 52284 66238 95262 900 2269 6. 7526 80220 96458 41584
500 1134 1. 2201 36825 99111 00687 1000 2567 4. 0238 72600 77093 77354

[(-8)11
L 2 J

[(-8)11
L 2 J

[(-8)2
L 3

r (n + 1) r (n+ 1)
Compiled from Ballistic Research Laboratory, A table of the factorial numbers and their reciprocals
from 1! to 1000! to 20 significant digits, Technical Note No. 381, Aberdeen Proving Ground, Md.(1951)
(with permission).



Linear interpolation will yield about three figures; eight-point interpolation will yield about eight figures.

For z outside the range of the table, see Examples 5-8.

ln r(z)=In r(z)I fin r(z)=arg r(z)

y

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

x=1.O

in r(z) fin r(z) y 1n r(z)

Table 6.7

fin r(z)
0.0 0.00000 00000 00 0.00000 00000 00 5.0 - 6.13032 41445 53 3.81589 85746 15
0.1 - 0.00819 77805 65 - 0.05732 29404 17 5.1 - 6.27750 24635 84 3.97816 38691 88
0.2 - 0.03247 62923 18 - 0.11230 2222644 5.2 - 6.42487 30533 35 4. 14237 74050 86
0,3 - 0.07194 62509 00 - 0.16282 06721 68 5.3 - 6.57242 85885 29 4. 30850 21885 83
0.4 - 0.12528 93748 21 - 0.20715 58263 16 5.4 - 6.72016 21547 03 4. 47650 25956 68

0.5 - 0.190945499181 - 0.244058298905 5.5 - 6.868067218048 4. 64634 42978 70
0.6 - 0.26729 00682 14 - 0..27274 38104 91 5.6 - 7.01613 75979 76 4. 81799 41933 05
0.7 - 0.35276 86908 60 - 0.29282 63511 87 5.7 - 7.16436 74421 06 4.99142 03424 89
0.8 - 0.44597 87835 49 - 0.30422 56029 76 5.8 - 7.31275 12034 30 5. 16659 19085 37
0.9 - 0.54570 51286 05 - 0.30707 4375642 5.9 - 7.46128 36194 29 5.343479101353

1.0 - 0.65092 31993 02 - 0.30164 03204 68 6.0 - 7.60995 96929 51 5.52205 31255 15
1.1 - 0.76078 39588 41 - 0.28826 66142 39 6.1 - 7.75877 46746 55 5. 70228 61315 35
1.2 - 0.87459 04638 95 - 0.26733 05805 81 6.2 - 7.90772 40468 98 5.884151170239
1.3 - 0.99177 27669 59 - 0. 23921 67844 65 6.3 - 8. 05680 35089 G4 6. 06762 21500 13
1.4 - 1.11186 45664 26 - 0.20430 07241 49 6.4 - 8.20600 89631 00 6.252673796705

1.5 - 1.23448 3051547 - 0. 16293 9769480 6.5 - 8.35533 65025 11 6. 43928 16159 76
1.6 - 1.35931 22484 65 - 0.11546 87935 89 6.6 - 8.50478 23991 25 6. 62742 18579 12
1.7 - 1.48608 96127 51 - 0.06219 86983 29 6.7 - 8.65434 30931 23 6.817071483744
1.8 - 1.61459 53960 00 - 0.00341 66314 77 6.8 - 8.80401 51829 10 7.008208134502
1.9 - 1.74464 42761 74 + 0.06061 28742 95 6.9 - 8.95379 54158 79 7.20081 01014 93

2.0 - 1.876078786431 0.129646316310 7.0 - 9.103680679832 7. 39485 62984 36
2.1 - 2.00876 41504 71 0.20345 94738 33 7.1 - 9.25366 79950 15 7. 59032 62351 84
2.2 - 2.14258 42092 96 0.28184 56584 26 7.2 - 9.40375 45067 08 7. 78719 99928 77
2.3 - 2.27743 81922 04 0.36461 40489 50 7.3 - 9.55393 74783 21 7.98545 82004 68
2.4 - 2.41323 81411 84 0. 45158 81524 41 7.4 - 9.70421 42849 72 8.185082012503

2.5 - 2.549906842495 0.54260 4405852 7.5 - 9.85458 24074 86 8.386053088089
2.6 - 2.687376153750 0.637510919046 7.6 -10.00503 9426790 8. 58835 35709 62
2.7 - 2.825585641191 0. 73616 63516 79 7.7 -10.155583018686 8. 79196 60705 87
2.8 - 2.96448 14617 89 0. 83843 89130 96 7.8 -10.30621 09489 48 8. 99687 36442 29
2.9 - 3.10401 54399 01 0. 94420 54730 39 7.9 -10. 45692 10687 39 9.203059779925

3.0 - 3.244144299590 1. 05335 07110 69 8.0 -10. 60771 13103 15 9. 41050 83803 12
3.1 - 3.38482 90223 77 1.16576 61132 86 8.1 -10.758579682995 9.619203747242
3.2 - 3.526034306709 1.28135 17459 32 8.2 -10. 90952 42693 78 9. 82913 05671 62
3.3 - 3.667128110488 1.400010296576 8.3 -11. 06054 32217 92 10. 04027 38971 80
3.4 - 3.809881261823 1. 52165 22746 73 8.4 -11. 21163 47589 48 10. 25261 91518 09

3.5 - 3.95246 71261 89 1. 64619 26242 69 8.5 -11. 36279 71628 04 10. 46615 20903 24
3.6 - 4.09546 13204 51 1. 77355 09225 91 8.6 -11.51402 87756 02 10. 68085 88047 12
3. 7 - 4. 23884 14660 71 1.90365 10190 19 8.7 -11. 66532 79970 81 10.89672 57081 77
3.8 4.38258 69752 28 2.036420109693 8.8 -11. 81669 32818 48 11. 11373 95241 57
3.9 - 4.52667 88647 16 2. 17179 14436 05 8.9 -11. 96812 31369 01 11. 33188 72758 53

4.0 - 4.67109 95934 09 2.309698056573 9.0 -12. 11961 61192 81 11. 55115 62762 02
4. 1 - 4.81583 29191 96 2.450078529947 9.1 -12. 27117 08338 67 11.77153 41183 09
4. 2 - 4.96086 37766 87 2. 59287 37713 19 9.2 -12. 42278 59312 81 11. 99300 86662 85
4.3 - 5. 10617 81606 63 2. 73802 74148 20 9.3 -12. 57446 01059 08 12. 21556 80464 79
4.4 - 5.25176 30342 30 2. 88548 56389 27 9.4 -12. 72619 20940 29 12. 43920 06390 90

4.5 - 5.397606238984 3. 03519 69999 22 9.5 -12. 87798 06720 44 12. 66389 50701 28
4.6 - 5.54369 64183 04 3.187112279389 9.6 -13. 02982 4654789 12. 88964 02037 08
4.7 - 5.69002 29483 73 3.34118 43443 27 9.7 -13. 18172 28939 51 13. 11642 51346 66
4.8 - 5.83657 58764 54 3.49736 80186 15 9.8 -13. 33367 42765 47 13.344239181477
4.9 - 5.98334 58655 32 3.655619964712 9.9 -13. 48567 7723495 13. 57307 1879455

5.0 6.13032 41445 53 3.81589 85746 15 10.0 -13.63773 21882 47 13.80291 2974230
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y

0.0
0.1
0.2

in r (z)

- 0.049872441260
- 0.057020229038
- 0.078243580168

J in r (z)
0. 00000 00000 00

- 0.042066544376
- 0.082309738398

y

5.0
5.1
5.2

in r (z)

- 5.96893 91493 52
- 6.11415 43840 05
- 6.25959 93585 61

J in r(z)
3. 96198 63258 60
4. 12446 68364 90
4. 28888 73284 80

0.3 - 0.11291 43470 17 - 0.11905 06275 18 5.3 - 6.405265356640 4. 45521 12743 47
0.4 - 0.16008 2125799 - 0.15086 79240 09 5.4 - 6.551144148020 4. 62340 34819 04

0.5 - 0. 21858 96764 09 - 0.17666 11398 43 5.5 - 6.697227953189 4. 79343 00232 04
0.6 - 0.287189983943 - 0. 19566 16788 64 5.6 - 6.843509411069 4.965258168367
0.7 - 0.364643873153 - 0.207403552660 5.7 - 6.989981549570 5. 13885 6323891
0.8 - 0.449788313187 - 0.21167 10325 55 5.8 - 7.136637758696 5. 31419 39750 77
0.9 - 0.541575409311 - 0. 20843 91333 00 5.9 - 7.28347 17659 19 5. 49124 16322 40

1.0 - 0.639087815348 - 0. 19781 78257 67 6.0 - 7.43047 76136 25 5. 66997 07803 94
1.1 - 0.74153 80620 74 - 0.180005517574 6.1 - 7.57764 96383 95 5. 85035 38321 46
1.2 - 0.848258564626 - 0.15525 3322212 6.2 - 7.72498 24519 72 6.032364083550
1.3 - 0.958687336497 - 0.12383 93047 38 6.3 - 7.87247 09237 38 6.21597 56726 90
1.4 - 1.072352651967 - 0.08605 08957 00 6.4 - 8.02011 01645 61 6. 40116 35407 92

1.5 - 1.188858481522 - 0.042173490711 6.5 - 8.16789 55118 88 6. 58790 33956 67
1.6 - 1.307871557595 + 0.007516519179 6.6 - 8.31582 25159 69 6. 77617 16773 32
1.7 - 1.429110340204 0. 06275 56777 30 6.7 - 8.46388 69271 17 6. 96594 55256 30
1.8 - 1.552335833611 0. 12329 53847 15 6.8 - 8.61208 46838 95 7. 15720 27497 24
1.9 - 1.67734 40572 49 0. 18890 25358 69 6.9 - 8.76041 19021 72 7. 34992 17993 20

2.0 - 1. 80395 99248 63 0. 25935 93780 23 7.0 - 8.90886 48649 60 7. 54408 17375 09
2. 1 - 1.93203 22878 13 0. 33446 29085 79 7.1 - 9.057440012963 7. 73966 22151 13
2. 2 - 2. 06142 99239 46 0. 41402 40321 50 7.2 - 9.20613 39357 92 7. 93664 34464 25
2.3 - 2.19203 82866 29 0.497866608582 7.3 - 9.35494 33637 73 8. 13500 61862 70
2.4 - 2. 32375 68617 01 0.585826474504 7.4 - 9.503865160325 8. 33473 17082 71

2.5 - 2.45649 70097 26 0.677750486809 7.5 - 9.652896314829 8.535801784276
2.6 - 2.59018 01959 43 0. 77349 56148 91 7.6 - 9.802033935983 8. 73819 86648 33
2.7 - 2.72473 65306 67 0.872928094966 7.7 - 9.951275245581 8. 94190 50606 84
2. 8 - 2.86010 35591 81 0. 97592 26515 07 7.8 -10. 10061 7572694 9. 14690 41251 84
2.9 - 2.99622 52529 98 1.082361785908 7.9 -10.250058348221 9. 35317 94376 01

3.0 - 3. 13305 11644 50 1. 19213 51297 05 8.0 -10. 39959 50997 80 9. 56071 49872 49
3. 1 - 3. 27053 57144 30 1. 30513 88581 77 8.1 -10. 54922 54469 17 9. 76949 51583 85
3.2 - 3.40863 75892 32 1. 42127 51595 43 8.2 -10. 69894 70966 06 9. 97950 47158 43
3.3 - 3.54731 92273 03 1. 54045 17547 76 8.3 -10. 84875 78390 24 10. 19072 87913 49
3.4 - 3.686546380417 1.662581463194 8.4 -10. 99865 55435 72 10. 40315 28704 84

3.5 - 3.82628 77368 25 1. 78758 18092 68 8.5 -11. 14863 81551 38 10. 61676 27802 52
3.6 - 3.96651 45962 20 1. 91537 46664 26 8.6 -11. 29870 36905 72 10. 83154 46772 22
3.7
3.8

- 4. 10720 05882 64
- 4. 24832 14278 81

2.045885934024
2.179045244032

8.7
8.8

-11. 44885 02353 71
-11. 59907 59405 42

11. 04748 50362 14
11. 26457 06394 86

3.9 - 4.38985 47017 40 2.31478 56943 26 8.9 -11. 74937 90196 53 11.48278 85664 18

4. 0 - 4. 53177 96812 84 2. 45304 36058 25 9.0 -11. 89975 77460 43 11.70212 61836 32
4. 1 - 4. 67407 71584 70 2. 59375 83010 13 9.1 -12. 0502.1 04501 83 11. 92257 11355 62
4. 2 - 4.816729300983 2. 73687 19016 54 9.2 -12. 20073 55171 88 12. 14411 13354 15
4.3 - 4.95971 95242 44 2. 88232 91437 48 9.3 -12. 35133 13844 58 12. 36673 49565 33
4.4 - 5.10303 23779 21 3.030077208009 9.4 -12. 50199 65394 43 12. 59043 04241 06

4. 5 - 5. 24665 34450 28 3. 18006 55643 29 9.5 -12. 65272 9517533 12. 81518 64072 43
4.6 - 5.39056 92519 72 3. 33224 58288 43 9.6 -12. 80352 89000 52 13. 04099 18113 65
4. 7 - 5.534767188164 3. 48657 16324 07 9.7 -12. 95439 33123 60 13. 26783 57709 12
4. 8 - 5.67923 54339 89 3. 64299 84993 84 9.8 -13. 10532 14220 44 13. 49570 76423 49
4.9 - 5. 82396 28961 29 3. 80148 37357 79 9.9 -13. 25631 19372 14 13.724596997444

5.0 - 5.96893 91493 52 3.96198 63258 60 10.0 -13. 40736 36048 74 13. 95449 36168 27
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS

.r=1. i



y

0.0
0.1
0.2

in F (z)

- 0.085374090003
- 0.09169 75124 13
- 0.110508906786

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

J in F (z) y 1nF(z)

0.000000000000 5.0 - 5.80731 5267285
- 0.02865 84973 21 5.1 - 5.95057 6651939
- 0.055863990367 5.2 - 6.094104721191

Table 6.7

J in r (z)

4. 10609 64053 70
4. 26883 00575 53
4.433494020401

0.3 - 0.141350953262 - 0.08025 91592 09 5.3 - 6.23788 94064 81 4. 60005 23089 91
0. 4 - 0. 18352 07443 57 - 0.10066 05658 03 5.4 - 6.38192 11972 10 4. 76847 02339 50

0.5 - 0.236143268851 - 0.11610 77219 87 5.5 - 6.52619 11003 82 4. 93871 43339 56
0.6 - 0.298249850935 - 0.125880093513 5.6 - 6.670690603824 5. 11075 23127 64
0.7 - 0.368848356049 - 0.12948 68069 28 5.7 - 6.815411642598 5. 28455 29803 68
0.8 - 0.446977386490 - 0. 12663 80564 16 5.8 - 6.960346568297 5. 46008 61980 02
0.9 - 0.53174 2275696 - 0.11720 77278 71 5.9 - 7. 10548 81209 15 5. 63732 28266 55

1.0 - 0.62233 46814 87 - 0.101194834490 6.0 - 7.250829403054 5. 81623 46788 41
1.1 - 0.718039531344 - 0.07868 85726 52 6.1 - 7.396363856229 5. 99679 44733 73
1.2 - 0.818233413320 - 0.04983 92764 14 6.2 - 7.542085239070 6. 17897 57929 16
1.3 - 0.92237 79303 78 - 0.014835756265 6.3 - 7.687987607247 6.362753044111
1.4 - 1.03001 0629486 + 0. 02611 15201 47 6.4 - 7.834065294957 6. 54810 14200 83

1.5 - 1.140735234162 0.072782393261 6.5 - 7.98031 2897826 6. 73499 68651 55
1.6 - 1.254212204739 0. 12495 51937 38 6.6 - 8.126725257099 6. 92341 60416 24
1.7 - 1.370150153637 0. 18241 21090 01 6.7 - 8.273297445010 7. 11333 62984 34
1.8 - 1.48829 83245 09 0.244942527348 6.8 - 8.420024751217 7.304735641632
1.9 - 1.60844 0157857 0. 31234 49712 35 6.9 - 8.566902670220 7. 49759 27064 69

2.0 - 1.73038 78680 93 0. 38442 80719 73 7.0 - 8.71392 68896 74 7. 69188 67310 43
2.1 - 1.85397 79144 87 0. 46101 0910087 7.1 - 8.861093279524 7.887597531386
2.2 - 1.97906 72374 32 0. 54192 29484 31 7.2 - 9.00839 78818 89 8. 08470 54778 77
2.3 - 2.10553 01371 17 0.62700 37140 16 7.3 - 9.15583 6901637 8. 28319 14729 22
2.4 - 2.23325 56848 33 0. 71610 23338 39 7.4 - 9. 30340 66975 98 8.48303 69297 94

2.5 - 2.362145572743 0.809076994569 7.5 - 9.451103774360 8. 68422 37525 82
2.6 - 2.492112323246 0. 90579 43715 71 7.6 - 9.598924774601 8. 88673 43171 55
2.7 - 2.623077792895 1.006129056143 7.7 - 9.746866471923 9. 09055 14530 96
2.8 - 2.754971917739 1. 10996 29987 33 7.8 - 9.894925764138 9. 29565 84265 39
2.9 - 2.88773 1656877 1. 21718 49784 62 7.9 -10.04309 96669 84 9.502038923850

3.0 - 3.021300099207 1.327690104418 8. 0 -10. 19138 53082 31 9.709677036108
3.1 - 3.155625704965 1. 44137 93510 29 8.1 -10. 33977 99221 46 9.918557244336
3.2 - 3. 29066 16590 00 1.558159127868 8.2 -10. 48828 08443 04 10. 12866 44054 34
3.3 - 3.42636 53170 56 1. 67794 08829 56 8.3 -10. 63688 55067 01 10. 33998 37387 77
3.4 - 3.56269 77297 54 1. 80064 07379 67 8.4 -10. 78559 1433166 10. 55250 08134 40

3.5 - 3.699623231785 1.92617 91533 49 8.5 -10. 93439 62350 38 10. 76620 15360 05
3.6 - 3.83710 90860 24 2. 05448 06211 84 8.6 -11. 08329 76070 93 10. 98107 21389 38
3.7 - 3.97512 51741 07 2. 18547 33836 08 8.7 -11. 23229 33237 11 11. 19709 91694 76
3.8 - 4.11364 37264 61 2.319089174667 8.8 -11. 38138 12352 53 11. 41426 94790 19
3.9 - 4.25263 90859 57 2.455262983570 8.9 -11. 53055 92646 46 11. 63257 02129 90

4.0 - 4.392087500342 2. 59393 28374 55 9.0 -11. 67982 54041 57 11.851988801132
4.1 - 4.531966939370 2. 73503 96019 03 9.1 -11. 82917 7712344 12. 07251 29482 35
4.2 - 4.672256933223 2. 87852 6797601 9.2 -11. 97861 43111 70 12. 29413 06252 48
4.3 - 4.81293 84293 30 3.024340431686 9. 3 -12. 12813 33832 78 12. 51683 00607 77
4.4 - 4.95399 36651 50 3. 17242 88424 26 9.4 -12. 27773 3169404 12.740599732936

4.5 - 5.095406054836 3.322742556043 9.5 -12.42741 19659 29 12. 96542 83615 35
4.6 - 5.237160088020 3.475234154572 9.6 -12. 57716 81225 64 13. 19130 49005 92
4.7 - 5.379241239193 3. 62985 81537 79 9.7 -12. 72700 00401 42 13. 41821 85311 47
4.8 - 5.521635886397 3.786570890231 9.8 -12. 87690 6168535 13. 64615 86543 64
4.9 - 5.66433 12381 00 3.94533 04167 32 9.9 -13.026885004668 13. 87511 48849 16

5.0 - 5.807315267285 4. 10609 64053 70 10. 0 -13. 17693 50906 38 14.105077044623
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y 1nF(z) J in r (z) y . in r (z) J in F(z)

0.0 - 0. 10817 48095 08 0. 00000 00000 00 5.0 - 5.64541 41381 33 4. 24823 90621 27
0. 1 - 0. 11383 61080 85 - 0.01671 99199 34 5.1 - 5.78673 23355 37 4.41126 31957 95
0.2 - 0. 13070 20636 90 - 0.03225 84033 35 5.2 - 5.92835 35606 66 4. 57620 66023 67
0.3 - 0. 15843 10081 49 - 0.04549 95427 81 5.3 - 6.07026 64370 51 4. 74303 39118 17
0.4 - 0. 19649 12771 78 - 0.05544 82296 06 5.4 - 6.21246 02140 03 4. 91171 10050 12

0. 5 - 0. 24420 93680 45 - 0.06126 78750 55 5.5 - 6.35492 47217 66 5. 08220 49501 77
0.6 - 0.30082 34434 02 - 0.06229 79103 48 5.6 - 6.49765 03305 97 5. 25448 39434 72
0. 7 - 0.36553 39002 19 - 0.05805 28252 04 5.7 - 6.64062 79133 72 5. 42851 72533 50
0.8 - 0.43754 53407 27 - 0.04820 73993 35 5.8 - 6.78384 88113 55 5. 60427 51684 12
0.9 - 0. 51609 74046 40 - 0.03257 37450 94 5.9 - 6.'2730 48028 21 5. 78172 89485 09

1.0 - 0.60048 45154 05 - 0.01107 52190 48 6. 0 - 7.07098 80742 52 5. 96085 07788 45
1. 1 - 0.69006 62005 12 + 0.01627 90894 04 6. 1 - 7.21489 11938 62 6. 14161 37268 52
1. 2 - 0. 78427 03001 02 0.04941 70710 23 6.2 - 7.35900 70872 13 6.32399 1701649
1.3 - 0.88259 13601 03 0. 08822 25250 96 6.3 - 7.50332 90147 58 6. 50795 94158 99
1.4 - 0.98458 61322 90 0.13255 01649 50 6.4 - 7.64785 05510 98 6. 69349 23498 81

1.5 - 1.08986 76158 16 0. 18223 70479 17 6.5 - 7.79256 55658 27 6.88056 67176 38
1.6 - 1.19809 86148 04 0.23711 09920 47 6.6 - 7.93746 82058 02 7. 06915 94350 45
1. 7 - 1.30898 54162 82 0.29699 65855 44 6. 7 - 8.08255 28787 24 7.259248089676
1.8 - 1.42227 19237 14 0. 36171 93463 93 6.8 - 8.22781 42379 13 7. 45081 09123 38
1.9 - 1.53773 44011 63 0. 43110 85022 51 6.9 - 8.37324 71681 76 7. 64382 67501 64

2.0 - 1.65517 68709 10 0. 50499 87656 67 7. 0 - 8.51884 67726 68 7.838275041167
2. 1 - 1. 77442 71431 91 0. 58323 13926 09 7. 1 - 8.66460 83606 78 8.034135790150
2. 2 - 1.89533 34239 28 0.66565 47394 67 7. 2 - 8.81052 74362 48 8.231389545891
2.3 - 2.01776 14331 34 0. 75212 44759 30 7.3 - 8.95659 96875 66 8. 43001 73795 19
2.4 - 2. 14159 19646 87 0. 84250 35670 42 7.4 - 9.10282 09770 73 8.630000864004

2.5 - 2.26671 88222 04 0.93666 21049 03 7.5 - 9.2491.8 73322 19 8.831322054697
2. 6 - 2. 39304 70725 18 1. 03447 7ß464 53 7.6 - 9.39569 49368 29 9.033963470843
2.7 - 2.52049 1565937 1.13583 18965 15 7.7 - 9.54234 01230 14 9.237908078023
2.8 - 2.64897 56799 18 1.24061 63628 56 7.8 - 9.68911 93636 11 9.44313 92714 58
2.9 - 2.77843 02497 03 1.34872 60013 87 7.9 - 9.83602 92650 88 9. 64964 08601 22

3.0 - 2.90879 26554 06 1.46006 18633 96 8.0 - 9.98306 65608 89 9. 85739 70516 25
3. 1 - 3.04000 60402 26 1.57453 01525 07 8. 1 -10. 13022 81051 96 10. 06639 24378 12
3. 2 - 3. 17201 86387 60 1. 69204 18960 57 8.2 -10. 27751 08670 60 10. 27661 19810 47
3.3 - 3.30478 31979 94 1. 81251 26335 69 8.3 -10.42491 19248 88 10. 48804 10011 24
3.4 - 3.43825 64765 05 1.93586 21235 97 8.4 -10. 57242 84612 54 10. 70066 51627 91

3. 5 - 3.57239 88099 07 2. 06201 40693 37 8.5 -10. 72005 77580 15 10. 91447 04638 39
3.6 - 3.70717 37325 19 2. 19089 58627 45 8.6 -10. 86779 71917 09 11.1294432237 30
3.7 - 3.84254 76469 59 2.32243 83465 44 8.7 -11. 01564 42292 16 11. 34557 00727 24
3.8 - 3.97848 95346 95 2. 45657 55932 86 8.8 -11. 16359 64236 64. 11. 56283 79415 00
3.9 - 4.11497 07016 98 2. 59324 47004 59 8.9 -11. 31165 14105 63 11. 78123 40512 20

4. 0 - 4.25196 45543 18 2.73238 56006 34 9.0 -11. 45980 69041 59 12. 00074 59040 23
4. 1 - 4.38944 64012 12 2. 87394 08855 80 9.1 -11. 60806 06939 74 12. 22136 12739 31
4. 2 - 4.52739 32778 30 3. 01785 56433 48 9.2 -11. 75641 06415 49 12. 44306 81981 38
4.3 - 4.665783790484 3. 16407 73073 22 9. 3 -11.90485 46773 52 12. 66585 49686 64
4.4 - 4.80459 79774 65 3.31255 55163 23 9.4 -12. 05339 07978 49 12. 88971 01243 51

4.5 - 4.94381 71850 33 3.46324 19848 78 9.5 -12. 20201 70627 34 13.114622443199
4.6 - 5. 08342 39564 42 3. 61609 03828 59 9.6 -12.35073 15923 02 13.340580935003
4. 7 - 5.22340 19323 94 3. 77105 62237 32 9.7 -12.49953 25649 49 13. 56757 48342 95
4.8 - 5.363735761552 3.92809 67607 19 9.8 -12. 64841 82148 10 13. 79559 35935 62
4.9 - 5.50441 10199 31 4.08717 08902 55 9.9 -12. 79738 68295 12 14. 02462 68767 33

5.0 - 5.645414138133 4. 24823 90621 27 10. 0 -12. 94643 67480 34 14. 25466 45529 28
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS



y

0.0

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

r==1.4

1nP(z) J in r (z) y in r (z)

- 0.11961 2914172 0.000000000000 5.0 - 5.483198051150

Table 6.7

fin r(z)
4.388425988887

0.1 - 0.12473 21357 76 - 0. 00597 40017 43 5. 1 - 5.622585103775 4.55177 72808 10
0. 2 - 0. 14000 01552 88 - 0.01097 08056 66 5. 2 - 5.76231 08530 59 4. 71703 54898 14
0.3 - 0. 16515 59551 89 - 0.01405 93840 03 5.3 - 5.90236 26637 68 4. 88416 59286 80
0.4 - 0.199789361612 - 0.01439 47989 49 5.4 - 6.04272 85898 90 5. 05313 51119 86

0.5 - 0.243373443809 - 0.01124 72025 18 5.5 - 6.18339 73257 62 5. 22391 06968 84
0. 6 - 0. 29530 16779 62 - 0.00401 77865 38 5.6 - 6.324358161411 5.396461427535
0.7 - 0.35492 46161 10 + 0.00775 78473 84 5. 7 - 6.465600941701 5. 57075 70829 41
0.8 - 0.42158 20669 55 0.024416512432 5.8 - 6. 60711 60288 99 5.746768427933
0.9 - 0.49462 85345 46 0.046l8 11610 42 5.9 - 6.74889 42683 24 5. 92446 71670 92

1. 0 - 0.57345 12921 03 0. 07317 82199 73 6. 0 - 6. 89092 69567 80 6. 10382 59013 94
1.1 - 0.657481650641 0. 10545 58409 92 6. 1 - 7.033205813518 6. 28481 80874 01
1. 2 - 0.74620 06322 98 0. 14300 11986 37 6. 2 - 7.17572 29534 78 6. 46741 79988 09
1.3 - 0.83914 0463804 0. 18575 57618 52 6.3 - 7.31847 08625 98 6. 65160 06901 96
1.4 - 0.93588 32199 21 0.233628093340 6.4 - 7.46144 23750 25 6. 83734 19628 28

1.5 - 1.036057715627 0. 28650 41540 26 6.5 - 7. 60463 06520 25 7. 02461 83323 73
1.6 - 1.139335474288 0. 34425 53337 92 6.6 - 7.74802 91624 64 7. 21340 69984 03
1.7 - 1.24542 63479 49 0. 40674 45404 87 6. 7 - 7.89163 16647 23 7. 40368 58155 67
1.8 - 1.354074161564 0. 47383 07041 21 6.8 - 8.03543 21899 02 7. 59543 32663 20
1.9 - 1.46505 26007 14 0. 54537 20299 26 6.9 - 8. 17942 50262 34 7. 78862 84351 12

2.0 - 1.57816 14562 85 0.621228288581 7. 0 - 8. 32360 47045 82 7. 98325 09839 40
2.1 - 1.69322 320219 0. 70126 23803 49 7. 1 - 8.46796 59849 44 8. 17928 11291 83
2.2 - 1.810080383854 0. 78534 13608 50 7.2 - 8. 61250 38438 82 8. 37669 96196 29
2.3 - 1.928592366309 0. 87333 70735 61 7. 3 - 8. 75721 3462790 8. 57548 77156 28
2.4 - 2.048633788408 0.96512 64991 00 7.4 - 8.902090216954 8. 77562 71692 98

2.5 - 2.170092303273 1. 06059 19035 92 7.5 - 9.047129665317 8. 97710 02057 23
2.6 - 2.29286 69947 17 1. 15962 08468 95 7.6 - 9. 19232 75409 21 9. 17988 95050 80
2.7 - 2.41686 69570 58 1. 26210 60952 18 7.7 - 9.337679741953 9.383978185634
2.8 - 2.54201 0073484 1. 36794 54704 02 7 8 - 9.48318 23233 58 9. 58934 97875 68
2.9 - 2.66822 1964086 1. 47704 16591 47 7.9 - 9.62883 14889 78 9. 79598 82575 76

3.0 - 2.79543 5078495 1. 58930 1998743 8.0 - 9.774623584176 10.003877934191
3.1 - 2.923587911675 1. 70463 82510 60 8.1 - 9.92055 50889 05 10. 21300 35337 97
3.2 - 3.05262 43245 92 1. 82296 63729 35 8.2 -10. 06662 26112 05 10.423350137294
3.3 - 3. 18249 29542 71 1. 94420 62885 89 8.3 -10.212822881076 10. 63490 31773 72
3.4 - 3.313146700161 2. 06828 16678 10 8.4 -10. 35915 27447 20 10.847648426358

3.5 - 3.44454 22757 38 2. 19511 97123 13 8. 5 -10. 50560 91591 10 11. 06157 19846 19
3.6 - 3. 57663 98160 21 2. 32465 09517 70 8.6 -10. 65218 91868 81 11. 27666 02694 74
3.7 - 3.70940 25331 00 2. 45680 90502 77 8.7 -10. 79888 99915 05 11. 49290 00045 92
3.8 - 3.842796413002 2. 59153 06235 98 8.8 -10. 94570 88327 39 11.710278209857
3.9 - 3.97678 99482 49 2.728755067188 8.9 -11. 09264 30623 27 11. 92878 2191670

4.0 - 4.11135 39012 79 2. 86842 43947 56 9.0 -11. 23969 01199 39 12. 14839 95336 59
4. 1 - 4.24646 10946 69 3.010483087018 9.1 -11. 38684 75293 27 12. 36911 80877 89
4.2 - 4.382086224651 3. 15487 79501 77 9.2 -11. 53411 2894697 12. 59092 59658 40
4.3 - 4.518205694947 3. 30155 79836 24 9.3 -11. 68148 38972 65 12.813811531239
4.4 - 4.65479 74683 75 3. 45047 42563 18 9.4 -11. 82895 82920 01 13. 03776 33912 29

4.5 - 4.791840934018 3. 60157 97913 33 9.5 -11. 97653 39045 38 13. 26277 03893 53
4.6 - 4.92931 67880 70 3. 75482 94580 13 9.6 -12. 12420 86282 47 13.488821598245
4.7 - 5.067206926730 3.91017 98712 52 9.7 -12.27198 04214 52 13. 71590 63127 03
4.8 - 5.20549 43497 23 4.06758 92973 81 9.8 -12. 41984 73048 02 13. 94401 40430 46
4.9 - 5.34416 30732 30 4. 22701 75662 27 9.9 -12. 56780 73587 55 14. 17313 45087 16

5.0 - 5.48319 80511 50 4.388425988887 10.0 -12. 71585 87212 03 14. 40325 76321 42
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y L?1n r(z) J in r (z) y Inr(z) J in r (z)

0.0 - 0.120782237635 0.000000000000 5.0 5.32063 00229 09 4.526670268319
0.1 - 0.125450392811 0. 00378 68415 10 5.1 - 5.45809 92990 12 4. 69038 46594 51
0.2 - 0.13938 5317579 0.008393901217 5.2 - 5.595942198769 4. 85599 23475 89
0.3 - 0.16238 37050 76 0. 01460 80536 11 5.3 - 5.73414 4881677 5. 02345 93914 30
0.4 - 0.194123525445 0. 02315 34211 15 5.4 - 5.87269 42552 05 5.192752998442

0.5 - 0.23418 63474 70 0.034668961275 5.5 - 6.01157 7922361 5.363841470224
0.6 - 0.282083613663 0.049694663836 5.6 - 6.150784133733 5. 53669 41510 65
0.7 - 0.33728 34790 33 0.06866 64150 66 5.7 - 629030 17435 55 5. 71128 13794 95
0.8 - 0.39923 54301 20 0. 09191 83319 43 5.8 - 6.430120169396 5. 88757 44426 18
0.9 - 0.46739 08704 08 0. 11969 06415 60 5.9 - 6.57022 93551 39 6. 06554 55330 63

1.0 - 0.54121 88685 47 0. 15214 09934 52 6.0 - 6.710619736914 6. 24516 77083 65
1.1 - 0.62021 7089671 0. 18935 73091 01 6.1 - 6.851282211736 6. 42641 48526 40
1.2 - 0.703918469897 0. 23137 07067 73 6.2 - 6.99220 81085 67 6. 60926 16403 83
1.3
1.4

- 0.79189 44573 28
- 0.88375 56946 74

0.278167527032
0.32969 99180 52

6.3
6.4

- 7. 13338 91616 09
- 7.21481 74856 07

6. 79368 35022 65
6. 97965 65928 01

1.5 - 0.97915 09391 81 0.385894771267 6.5 - 7.41648 5552997 7.167157759760
1.6
1.7

- 1.07776 48736 47
- 1.179315306181

0.44666 10201 49
0. 51189 54441 75

6.6
6.7

- 7.55838 61727 29
- 7.70051 2470626

7. 35616 45152 22
7.546655008165

1.8 - 1.283550113419 0. 58148 71805 09 6.8 - 7.842857871149 7.738607998487
1.9 1.39024 41643 92 0. 65532 11610 93 6.9 - 7.98541 60804 40 7. 93200 28323 86

2.0 - 1.49919 63725 85 0.733280681691 7.0 - 8.128181070551 8. 12681 94190 02
2.1
2.2

- 1.61022 69592 23
- 1.72317 49667 28

0. 81524 92850 60
0.90111 21116 92

7.1
7.2

- 8.27114 70647 52
- 8.41430 8523840

8. 32303 82082 45
8. 52064 0169748

2.3
2.4

- 1.837896032796
- 1.95426 04180 71

0. 99075 68430 94
1. 08407 43370 92

7.3
7.4

- 8.557660133352
- 8.70119 67916 34

8. 71960 67728 67
8.91991 99676 60

2.5
2.6
2.7

- 2.07215 1270683
- 2.19146 31061 38
- 2.31210 04795 77

1. 18095 90329 08
1. 28130 91860 05
1.38502 69784 97

7.5
7.6
7.7

- 8.844913598681
- 8.98880 5845698
- 9.13286 90053 22

9.121562166812
9. 32451 62284 17
9.528765439597

2.8 - 2.43397 68277 27 1. 49201 8539798 7.8 - 9.277098722465 9. 73429 35008 92
2.9 - 2.55701 34593 17 1.602193903570 7.9 - 9.42149 08057 13 9.941084511382

3.0
3.1

- 2.681138674674
- 2.806286997289

1.715466920467
1. 83175 51411 18

8.0
8.1

- 9.56604 12192 67
- 9.710746075360

10. 14912 29545 01
10. 35839 36845 06

3.2
3.3
3.4

- 2.93239 85022 62
- 3.059418228463
- 3.18729 5663057

1.95097 96800 61
2. 07306 50684 28
2. 19793 91011 06

8.2
8.3
8.4

- 9.85560 16271 36
-10.00060 42619 46
-10. 14575 04950 41

10.56888 19135 53
10. 78057 31993 69
10.99345 34334 60

3.5
3.6
3.7

- 3.31598 42885 64
- 3.44544 11840 65
- 3.575626673310

2. 32553 26824 38
2.455719673392
2. 58861 67421 82

8.5
8.6
8.7

-10. 29103 69636 22
-10. 43646 04212 40
-10. 58201 77325 09

11. 20750 88298 51
11. 42272 59143 12
11. 63909 15140 53

3.8
3.9

- 3.706504013544
- 3.83803 91197 27

2. 72398 32197 35
2. 86182 09608 36

8.8
8.9

-10. 72770 58681 09
-10. 87352 19000 77

11. 85659 27478 60
12. 07521 70166 56

4.0 - 3.97020 03195 93 3.002074211508 9.0 -11. 01946 29973 44 12. 29495 19944 46
4.1 - 4.102958135626 3.144689482847 9.1 -11. 16552 64215 28 12. 51578 56196 58
4.2 - 4.23628 50905 75 3. 28961 54314 23 9.2 -11. 31170 95229 33 12. 73770 60868 20
4.3 - 4.37015 5533609 3. 43680 27461 51 9.3 -11. 45800 97367 84 12. 96070 18385 99
4.4 - 4.50454 54845 89 3.586204041507 9.4 -11. 60442 45796 38 13. 18476 15581 47

4.5 - 4.63943 24943 00 3.737773756862 9.5 -11. 75095 16459 94 13. 40987 41617 61
4.6 - 4.774795518751 3. 89146 80616 79 9.6 -11. 89758 86050 76 13. 63602 87918 31
4.7 - 4.91061 48059 11 4. 04724 47663 05 9.7 -12.044333197778 13. 86321 48100 75
4.8 - 5.04687 17934 63 4.205063238055 9.8 -12. 19118 32337 59 14. 09142 17910 27
4.9 - 5.18354 90163 32 4. 36488 43223 09 9.9 -12. 33813 6588695 14. 32063 95157 82

5.0 - 5. 32063 00229 09 4. 52667 02683 19 10.0 -12. 48519 12016 51 14. 55085 79659 84
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS

x= 1.5



y 1n F(z) f in F(z) y inP(z) f in F(z)

0.0 - 0.112591765697 0. 00000 00000 00 5.0 5. 15767 38696 89 4. 66298 63139 40
0.1 - 0.11687 93076 07 0.01272 17953 11 5. 1 5. 29324 00046 70 4. 82709 89421 23
0.2 - 0. 12968 70233 13 0. 02614 08547 67 5.2 5. 42921 38858 50 4. 99309 00410 26
0.3 - 0.150853845214 0. 04092 98346 69 5.3 5.565580524767 5. 16092 64732 77
0.4 - 0.18012 29875 82 0. 05771 4726693 5.4 5.702325734710 5. 33057 61938 2:9

0.5 - 0.217157659172 0. 07705 74009 90 5. 5 5. 83943 60752 49 5. 50200 82001 33
0.6 - 0.26155 99560 50 0. 09944 39491 75 5.6 5.97689 88014 04 5.675192485030
0.7 - 0.312890714269 0.12527 90746 90 5.7 6. 11470 18170 24 5.85009 99922 08
0.8 - 0.370688384740 0. 15488 59553 99 5. 8 6. 25283 36319 59 6. 02670 25740 71
0.9 - 0.43448 55339 80 0. 18851 04588 87 5.9 6. 39128 33226 66 6. 20497 29518 79

1.0 - 0. 50382 21960 58 0. 22632 83631 44 6. 0 6. 53004 04959 33 6.384884678037
1.1 - 0. 57825 58588 66 0. 26845 42738 89 6. 1 6.66909 52554 28 6. 56641 21003 90
1.2 - 0. 65736 82809 44 0. 31495 11405 00 6.2 6.80843 81708 20 6. 74953 03284 11
1.3 - 0.740769583361 0. 36583 95580 78 6.3 6. 94806 02492 33 6. 93421 52011 79
1.4 - 0.828100166120 0.42110 63293 75 6.4 7. 08795 29088 41 7. 12044 32570 25

1.5 - 0.91903 10002 05 0. 48071 20031 31 6. 5 7.22810 79544 00 7. 30819 17047 52
1.6 - 1.013262786452 0. 54459 72874 22 6.6 7.36851 75545 64 7.497438396344
1.7 - 1.11052 43845 66 0.612688358673 6. 7 7.50917 42208 19 7. 68816 18010 64
1.8 - 1.210570822870 0. 68490 11588 51 6.8 7. 65007 07879 17 7.880340980867
1.9 - 1.31318 1115050 0. 76114 48080 60 6.9 7. 79120 03956 68 8. 07395 55670 43

2.0 - 1.41815 60399 85 0.84132 42695 09 7. 0 7.932556471990 8. 26898 57380 27
2.1 - 1.52531 59861 47 0.92534 23984 61 7. 1 8. 07413 27171 08 8. 46541 21983 05
2.2 - 1.634498921598 1.013101493456 7.2 8. 21592 30888 20 8. 66321 61583 45
2.3 - 1.745558521999 1. 10450 44515 88 7.3 8. 35792 17887 32 8. 86237 93155 10
2.4 - 1.85836 2469622 1. 19945 56127 07 7.4 8. 50012 32493 99 9.06288 38358 78

2.5 - 1.97279 09238 15 1. 29786 13618 36 7.5 8. 64252 21222 97 9.264712336930
2.6 - 2.088735155724 1. 39963 05453 39 7.6 8. 78511 32665 62 9. 46784 78710 61
2.7 - 2.206096335810 1.504674744881 7.7 8. 92789 17384 38 9. 67227 39098 48
2.8 - 2.32478 44606 95 1.61290 84436 93 7.8 9. 07085 27813 87 9. 87797 43290 61
2.9 - 2.444717405294 1.724249112048 7.9 9. 21399 18168 02 10. 08493 33943 44

3.0 - 2.565820086546 1. 83861 72327 21 8.0 9.357304435292 10. 29313 57475 61
3.1 - 2.68802 37258 40 1.95593 62824 65 8. 1 9. 50078 63884 89 10. 50256 63937 51
3.2 - 2.81126 51983 53 2.076132681755 8.2 9. 64443 35813 39 10. 71321 06886 60
3.3 - 2.93548 64586 59 2. 19913 57221 55 8.3 9.788242064848 10.92505 43268 31
3.4 - 3.06063 40331 69 2. 32487 74784 17 8.4 9. 93220 80292 58 11. 13808 33302 08

3.5 - 3.18665 85710 48 2.45329 27106 82 8. 5 -10. 07632 77975 98 11. 35228 40372 42
3.6 - 3.313514446300 2. 58431 87608 00 8.6 -10. 22059 7819620 11. 56764 30924 55
3.7 - 3.44115 94046 31 2.717895445796 8.7 -10. 36501 46660 67 11. 78414 74364 58
3.8 - 3.569554249522 2. 85396 49506 80 8.8 -10. 50957 50232 55 12. 00178 42963 80
3.9 - 3.69866 25626 62 2. 99247 17222 46 8.9 -10.654275687966 12. 22054 11767 06

4.0 - 3.82845 04545 47 3. 13336 23649 89 9.0 -10. 79911 35626 11 12. 44040 58504 89
4.1 - 3.958886341567 3. 27658 55399 89 9.1 -10. 94408 5650653 12. 66136 63509 22
4.2 - 4.089940746423 3. 42209 18672 73 9. 2 -11. 08918 90522 76 12.883410963256
4.3 - 4.221586119090 3. 56983 38320 36 9.3 -11. 23442 0960286 13. 10652 82170 40
4.4 - 4.353796675932 3. 71976 56948 92 9.4 -11. 37977 86562 21 13. 33070 68786 75

4.5 - 4.486548254865 3. 87184 34062 62 9.5 -11. 52525 95066 64 13. 55593 59442 57
4.6 - 4.619818184738 4.02602 45248 92 9.6 -11. 67086 09597 45 13.782204632706
4.7 - 4.753585167333 4. 18226 81404 46 9.7 -11. 81658 0541821 14. 00950 23791 60
4.8 - 4.887829170581 4. 34053 48000 81 9.8 -11. 96241 58543 24 14. 23781 88286 23
4.9 - 5.02253 13317 74 4. 50078 64388 72 9.9 -12. 10836 45707 60 14. 46714 38298 57

5.0 - 5.15767 38696 89 4. 66298 63139 40 10.0 -12. 25442 44338 60 14. 69746 74295 03
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GAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.7

x=1.fi



y

0.0
0.1
0.2
0.3
0.4

1nr(z)

- 0.095807697407
- 0.099770162455
- 0.111613520343
- 0.131208241720
- 0.158346709943

J in r (z)

0. 00000 00000 00
0.020955310147
0. 04250 99781 99
0. 06524 48506 20
0.089705448034

y

5.0
5.1
5.2
5.3
5.4

Inr(z)

- 4.99429 42740 24
- 5.127973107701
- 5.262092948679
- 5.39663 77210 79
- 5.53159 21994 12

J1nF(z)

4. 79738 98064 85
4. 96193 49448 28
5.128342583088
5. 29658 04404 97
5. 46661 72692 91

0.5 - 0.192754498943 0. 11638 82473 83 5.5 - 5.666941950553 5.638422809855
0.6 - 0.234104175411 0. 14573 09476 06 5.6 - 5.80267 32805 14 5. 81196 77481 03
0.7 - 0.282030146830 0. 17810 70108 82 5.7 - 5.93877 31855 28 5.987223674988
0.8 - 0.336143200735 0.21382 42284 85 5.8 - 6.075229307061 6.164163048045
0.9 - 0.39604 36829 33 0. 25312 66649 29 5.9 - 6.21202 98903 76 6.342759154866

1.0 - 0.461332644119 0. 29619 91243 57 6.0 - 6.34916 37463 25 6. 52298 60784 05
1.1 - 0.531620656278 0.343173245542 6.1 - 6.486620216075 6. 70481 86640 24
1.2 - 0.606534302930 0. 39413 44205 39 6.2 - 6.62438 91385 04 6. 88823 24881 89
1.3 - 0.685720555237 0. 44912 88915 80 6.3 - 6.762460820042 7.073203828720
1. 4 - 0.76884 93610 19 0. 50817 05624 82 6.4 - 6.900826006727 7.259709636525

1.5 - 0.855614813432 0. 57124 72307 84 6.5 - 7.039475858298 7.447727508722
1.6 - 0.94573 52538 42 0.638326086603 6.6 - 7.178401924147 7. 63723 56630 84
1.7 - 1.038952621076 0.709358428002 6.7 - 7.31759 61209 77 7.828212913739
1.8 - 1.135031303983 0.784283612389 6.8 - 7.457050712018 8. 02063 86480 35
1.9 - 1.23375 6697590 0. 86303 23052 04 6.9 - 7.59675 8287682 8. 21449 28045 37

2.0 - 1.334933611609 0. 94552 91079 51 7.0 - 7.73671 1747534 8.409755852062
2.1 - 1.438384636905 1. 03169 4654137 7.1 - 7.876904283481 8. 60640 87697 25
2.2 - 1.54394 85411 53 1. 12144 72591 94 7.2 - 8.017329364069 8.804433027913
2.3 - 1.651478738910 1. 21470 42030 73 7.3 - 8.15798 07198 22 9.003810570163
2.4 - 1.760841862315 1. 31138 27144 41 7.4 - 8.298852329523 9.204523795873

2.5 - 1.87191 64452 44 1. 41140 07152 26 7.5 - 8.439938407380 9. 40655 55438 14
2.6 - 1.98459 1724680 1. 51467 73744 45 7.6 - 8.581233391002 9.609889076393
2.7 - 2.09876 65571 99 1. 62113 3511476 7.7 - 8.722731930122 9. 81450 80646 38
2.8 - 2.21434 84448 82 1. 73069 18813 34 7.8 - 8.86442 8876030 10.020396573846
2.9 - 2.33125 26629 53 1. 84327 73680 71 7.9 - 9.00631 92716 38 10. 22753 90498 84

3.0 - 2.44940 14805 61 1.95881 71071 34 8.0 - 9.148398342151 10. 43592 0306085
3.1 - 2.568723465889 2. 07724 05531 98 8.1 - 9.290661486298 10. 64552 5510728
3.2 - 2.689152867003 2.198479506474 8.2 - 9.433104268075 10. 85634 01750 59
3.3 - 2.810629060359 2. 32246 81077 41 8.3 - 9.57572 24089 73 11. 06835 01418 23
3.4 - 2.93309 60594 79 2. 44914 28100 87 8.4 - 9.71851 1780654 11. 28154 15743 00

3.5 - 3.056502077024 2. 57844 23336 16 8.5 - 9.861468398047 11. 49590 09457 89
3.6 - 3. 18079 91341 33 2.710307607967 8.6 -10. 00458 84128 32 11. 71141 50295 52
3.7 - 3.305942711593 2. 84468 17064 22 8.7 -10.147868107285 11. 92807 08891 58
3. 8 - 3.43189 14379 84 2. 98150 97744 80 8.8 -10. 29130 38884 74 12. 14585 58692 46
3.9 - 3.55860 68105 24 3. 12073 89551 42 8.9 -10. 43489 22827 58 12. 36475 75866 47

4.0 - 3.68605 29448 47 3. 26231 83125 99 9.0 -10. 57862 99305 96 12. 58476 39218 81
4.1 - 3.814196350382 3. 40619 87555 93 9.1 -10. 72251 35816 27 12. 80586 30109 93
4.2 - 3.94300 57284 13 3. 55233 29614 33 9.2 -10. 86654 00900 14 13. 02804 32377 08
4.3 - 4.072451790259 3. 70067 53013 46 9.3 -11. 01070 64100 32 13. 25129 32259 06
4.4 - 4.202507093322 3. 85118 1767702 9.4 -11. 15500 95918 83 13. 47560 18323 86

4.5 - 4.333145893001 4. 00380 99034 45 9.5 -11. 29944 67777 28 13.700958139916
4.6 - 4.46434 40087 52 4. 15851 87339 90 9.6 -11. 44401 51979 25 13. 92735 14505 47
4.7 - 4.596078702747 4. 31526 87017 23 9.7 -11. 58871 21674 47 14. 15477 12791 90
4.8 - 4.728328569779 4.474021603194 9.8 -11. 73353 50824 91 14. 38320 73474 23
4.9 - 4.861073437226 4.634740529018 9.9 -11. 87848 14172 43 14.612649577551

5.0 - 4.99429 42740 24 4. 79738 98064 85 10.0 -12. 02354 87208 09 14.843088086868
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS



y

0.0
0.1

GAMMA FUNCTION FOR COMPLEX ARGUMENTS

x=1.8

1n F(z) J in F (z) y in r (z)

- 0.07108 38729 14 0.000000000000 5.0 - 4.83045 68451 13
- 0.07476 57386 86 0. 02858 63331 36 5.1 - 4.96226 53555 54

Table 6.7

J in r(z)

4. 92989 76263 84
5.094908627580

0.2 - 0.085775529709 0. 05769 29209 31 5.2 - 5.094547221670 5. 26176 50781 04
0.3 - 0.104007685732 0. 08782 58538 91 5.3 - 5.227285343389 5.430435600962
0.4 - 0.129292248630 0. 11946 40495 57 5.4 - 5.36046 35143 73 5.600889790512

0.5 - 0.161403101552 0. 15304 83729 82 5.5 - 5.494066361968 5. 77309 81726 78
0.6 - 0.200068202953 0.188973542970 5.6 - 5. 62807 92920 13 5. 94703 21669 16
0.7 - 0.244980814951 0.227583101417 5.7 - 5.762488438056 6. 12266 40498 86
0.8 - 0.295810772171 0. 26916 7361258 5.8 - 5.897280614563 6. 29996 69207 68
0.9 - 0.35221 50054 25 0. 31396 39650 50 5.9 - 6.03244 32737 64 6. 47891 46681 58

1.0 - 0.41384 67690 74 0.362160512009 6.0 - 6.16796 44658 02 6. 65948 19384 99
1.1 - 0.480363266952 0. 41389 86472 00 6.1 - 6.303832801905 6. 84164 41059 65
1.2 - 0.55143 1588074 0. 46927 90315 88 6.2 - 6.440037420292 7. 02537 72437 42
1.3 - 0.626733027243 0. 52836 66950 54 6.3 - 6.57656 79546 04 7. 21065 80966 53
1.4 - 0.705965971303 0. 59119 63857 23 6.4 - 6.71341 45046 23 7.397464055043

1.5 - 0.788847585080 0. 65777 76436 6 6.5 - 6.850567609092 7.585773129885
1.6 - 0.87511 45440 57 0. 72809 94297 11 6.6 - 6.98801 82204 65 7.775563929039
1.7 - 0.96452 30468 26 0. 80213 42229 48 6.7 - 7.125757681417 7. 96681 56346 11
1.8 - 1.056848311180 0. 87984 15616 08 6.8 - 7.26377 77029 87 8. 15950 79813 46
1.9 - 1.15188 37223 02 0.96117 10434 30 6.9 - 7. 40207 0344198 8. 35362 1236030

2.0 - 1.249439765929 1.046064826765 7.0 - 7.540627993063 8. 54913 61778 15
2.1 - 1.349342846999 1.134459686598 7. 1 - 7. 67944 33488 49 8. 74603 40794 54
2.2 - 1.45143 40669 35 1. 22628 86841 72 7.2 - 7.818509405506 8. 94429 66893 74
2.3 - 1.55556 80105 11 1.32148 25078 65 7.3 - 7.957819436178 9.143906214564
2.4 - 1.661611576122 1. 41997 05387 49 7.4 - 8.09736 69787 03 9.344845304225

2.5 - 1.769442870384 1. 52168 1688490 7.5 - 8.237145822035 9. 54709 70341 42
2.6 - 1.878950178638 1. 62654 50508 69 7.6 - 8.377149993516 9. 75064 48917 54
2.7 - 1.99003 10163 61 1.734490402035 7.7 - 8.517373746939 9.955472761874
2.8 - 2.10259 1261995 1. 84544 85788 28 7.8 - 8.657811551342 10. 16156 49130 30
2.9 - 2.21654 43688 12 1. 95935 17594 45 7.9 - 8.798458080475 10. 36890 59844 02

3.0 - 2.331810651627 2. 07613 36663 29 8.0 - 8.93930 82029 08 10. 57748 09733 12
3.1 - 2.44831 66432 13 2. 19572 97074 49 8.1 - 9.080356972714 10. 78727 52232 56
3.2 2.565994514778 2. 31807 70690 52 8.2 - 9.221599620708 10. 99827 44124 32
3.3 - 2.68478 15548 41 2. 44311 47704 17 8.3 - 9.36303 15461 81 11. 21046 45427 62
3.4 - 2.804619700953 2. 57078 36890 62 8.4 - 9.504648309120 11. 42383 19293 59

3.5 - 2.92545 51190 19 2.701026563150 8.5 - 9.646445622863 11.638363190438
3.6 - 3.047237825342 2.833787976490 8.6 - 9.788419347163 11. 85404 52376 37
3.7 - 3.169921346931 2. 96901 43304 05 8.7 - 9.930565481643 12. 07086 52667 34
3.8 - 3.29346 24159 89 3. 10665 38058 79 8.8 -10. 07288 0159606 12.288810748737
3.9 - 3.41782 06949 39 3. 24665 6318651 8.9 -10.215359642185 12. 50786 94213 31

4.0 - 3.54295 85286 89 3.388973469393 9.0 -10. 35800 0312801 12. 72802 92806 69
4.1 - 3.668840721213 3. 53355 84906 21 9.1 -10. 50079 86719 24 12. 94927 85734 79
4.2 - 3.795434333826 3. 68036 61916 47 9.2 -10. 64375 13321 05 13. 17160 57894 90
4.3 - 3.92270 85028 21 3. 82935 29025 75 9.3 -10. 78685 50132 67 13. 39499 96541 43
4.4 - 4. 05063 42744 24 3. 98047 64181 31 9.4 -10. 93010 65382 43 13.619449121587

4.5 - 4.17918 44552 05 4. 13369 59419 14 9.5 -11. 07350 28285 39 13. 84494 33679 42
4.6 - 4.308333476348 4.288972031517 9.6 -11. 21704 09003 12 14. 07147 17848 17
4.7 - 4.43805 72703 06 4. 44626 65448 66 9.7 -11. 36071 7860547 14.299023973075
4.8 - 4.56833 31585 96 4. 60554 25879 92 9.8 -11. 50453 09034 33 14. 52758 97368 21
4.9 - 4.699139749561 4. 76676 44644 38 9.9 -11. 64847 73069 06 14. 75715 90776 29

5.0 - 4.830456845113 4. 92989 76263 84 10.0 -11. 79255 44293 69 14. 98772 21889 61
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Table 6.7 GAMMA FUNCTION FOR COMPLEX ARGUMENTS

r=1.9

y 1nF(z) JInr(z) y .1nr(z) J in r(z'

0.0 - 0.03898 42759 23 0. 00000 00000 00 5.0 - 4.66612 81728 77 5.060527783038
0. 1 - 0.04242 16648 18 0. 03569 47077 36 5. 1 - 4.796084407424 5. 22603 70297 75
0.2 - 0.05270 43596 13 0. 07184 49288 73 5. 2 - 4.92654 53878 64 5. 39337 36626 27
0.3 - 0.06974 53071 16 0. 10889 51730 33 5. 3 - 5. 05749 30552 47 5. 56250 72499 47
0.4 - 0. 09340 38158 25 0. 14726 87453 39 5.4 - 5. 18891 02823 51 5. 73340 82679 93

0.5 - 0.12349 16727 26 0. 18735 90383 60 5.5 - 5.320780812105 5. 90604 80662 49
0.6 - 0.15978 08372 30 0. 22952 28050 02 5.6 - 5.453089200898 6.080398834038
0.7 - 0. 20201 20244 82 0. 27407 56544 06 5.7 - 5.58582 07663 21 6. 25643 35684 02
0.8 - 0.24990 35004 09 0. 32128 97690 64 5.8 - 5.71896 15389 41 6.434126043249
0.9 - 0.30315 95035 34 0. 37139 36389 55 5.9 - 5.85249 82177 50 6. 61345 07797 49

1.0 - 0. 36147 78527 10 0. 42457 34706 81 6.0 - 5.98641 81289 78 6. 79438 30179 35
1. 1 - 0.42455 64621 11 0. 48097 58618 37 6.1 - 6. 12070 91879 56 6. 97689 86894 96
1.2 - 0.49209 86372 39 0. 54071 13247 70 6. 2 - 6. 25535 98637 85 7. 16097 43917 16
1.3 - 0.563817150420 0. 60385 82827 52 6.3 - 6.39035 91465. 66 7. 34658 73625 14
1.4 - 0. 63943 71834 98 0. 67046 72268 81 6.4 - 6.525696516971 7. 53371 54565 59

1.5 - 0.71869 82795 42 0.74056 47971 47 6.5 - 6.66136 19179 75 7. 72233 71224 13
1.6 - 0.80135 54698 30 0. 81415 76239 52 6. 6 - 6.797345728554 7. 91243 13806 57
1.7 - 0.88717 97447 03 0.89123 58296 55 6.7 - 6.93363 87392 01 8. 10397 78029 64
1.8 - 0.97595 80247 42 0.97177 61401 47 6.8 - 7.07023 21291 12 8.29695 64920 80
1.9 - 1.06749 27687 53 1. 05574 45936 43 6.9 - 7.20711 74449 04 8. 49134 80626 65

2.0 - 1. 16160 13318 68 1. 14309 88592 34 7. 0 - 7.34428 65807 56 8.68713 36229 72
2. 1 - 1.258115164183 1. 23379 01934 57 7.1 - 7.48173 17598 49 8. 88429 47573 07
2. 2 - 1.35687 89195 14 1. 32776 50714 39 7. 2 - 7.61944 55170 18 9. 08281 35092 45
2.3 1.457749525972 1. 42496 65323 75 7. 3 - 7.75742 06825 11 9. 28267 23655 74
2.4 - 1.560595255463 1.52533 52787 28 7. 4 - 7.895650366787 9. 48385 42409 11

2. 5 - 1.665294817611 1. 62881 05662 06 7. 5 - 8.03412 79462 62 9. 68634 24629 88
2.6 - 1.77173 64947 51 1.73533 09179 80 7.6 - 8.17284 70499 43 9. 89012 07585 45
2.7 - 1.87981 73280 00 1. 84483 46926 69 7. 7 - 8.31180 15468 79 10. 09517 32398 33
2.8 - 1.98944 23595 80 1. 95726 05315 67 7.8 - 8. 45098 55343 75 10. 30148 43916 76
2.9 - 2. 10052 39332 16 2. 07254 77068 08 7.9 - 8.59039 33269 14 10. 50903 90590 64

3.0
3. 1

- 2. 21298 10520 42
- 2. 32673 87919 77

2. 19063 63887 13
2.31146 78475 36

8.0
8.1

- 8.73001 94457 32
- 8.86985 86090 10

10. 71782 24352 78
10. 92782 00504 91

3.2 - 2.441727767572 2.43498 46022 00 8. 2 9. 00990 57226 31 11. 13901 77608 39
3.3 - 2.55788 36468 15 2. 56L13 05263 98 8.3 - 9. 15015 58714 69 11.35140 17379 39
3.4 - 2.67514 67111 48 2. 68985 09205 60 8. 4 - 9. 29060 43111 75 11. 56495 84588 29

3.5 - 2.79346 14569 24 2. 82109 25566 19 8.5 - 9.43124 64604 23 11.77967 46963 13
3.6
3. 7

- 2.91277 62346 38
- 3.03304 29224 14

2.95480 37012 40
3. 09093 41220 91

8.6
8. 7

- 9.57207 78935 85
- 9.71309 43338 13

11. 99553 75096 87
12. 21253 42358 42

3.8 - 3. 15421 66305 10 3.22943 50808 91 8.8 - 9.85429 16464 97 12. 43065 24807 06
3.9 - 3.27625 54337 96 3.37025 93162 16 8.9 - 9.99566 58330 75 12. 64988 01110 27

4. 0 - 3.399120129442 3.51336 10185 24 9.0 -10.13721 30251 72 12. 87020 52464 75
4. 1 - 3.. 52277 40173 08 3.65869 57993 21 9.1 -10. 27892 94790 52 13. 09161 6252042
4. 2 - 3.64718 27007 49 3. 80622 06560 50 9.2 -10. 42081 15703 58 13. 31410 17307 41
4.3 - 3.77231 3905784 3.95589 39339 63 9.3 -10. 56285 57891 26 13. 53765 05165 78
4. 4 - 3.898137316771 4. 10767 52859 66 9.4 -10. 70505 87350 54 13.762251667785

4. 5 - 4.02462 44269 53 4.26152 56312 41 9.5 -10. 84741 71130 08 13.987894460316
4. 6 - 4. 15174 84023 59 4.41740 71132 72 9.6 -10. 98992 77287 64 14. 21456 83815 73
4. 7 - 4. 27948 39577 56 4. 57528 30577 67 9.7 -11. 13258 74849 48 14. 44226 31243 75
4.8 - 4.40780 72434 44 4.73511 79308 60 9.8 -11. 27539 33771 93 14. 67096 85811 36
4.9 - 4.53669 57418 38 4. 89687 72979 01 9.9 -11. 41834 24904 66 14. 90067 48382 65

5.0 - 4.666128172877 5. 06052 77830 38 10.0 -11. 56143 19955 88 15. 13137 21707 60



GAMMA FUNCTION FOR COMPLEX ARGUMENTS

1nr(z) Jlnr(z) y tlnr(z)

Table 6.7

Jlnr(z)
0.0 0.00000 00000 00 0.00000 00000 00 5.0 - 4.50127 58755 42 5. 18929 93415 60
0. 1 - 0.00322 26151 39 0.04234 57120 74 5.1 * 4.62939 88796 82 5.35533 82031 27
0. 2 - 0.01286 59357 41 0.08509 33372 06 5.2 - 4.75805 70222 52 5. 52318 54439 62
0.3 - 0.02885 74027 79 0.12863 61223 10 5.3 - 4.88723 13522 76 5. 69281 16137 11
0.4 - 0.05107 93722 62 0.17335 05507 97 5.4 - 5.01690 38831 33 5. 86418 81052 00

0.5 - 0.07937 37235 30 0. 21958 93100 95 5.5 - 5.14705 75299 57 6. 03728 71248 73
0.6 - 0. 11354 77183 40 0.26767 56897 80 5.6 - 5. 27767 60518 81 6. 21208 16640 30
0. 7 - 0. 15338 06308 81 0.31789 96132 02 5.7 - 5.40874 39987 03 6. 38854 54709 43
0.8 - 0.19863 06626 31 0.37051 53392 47 5.8 - 5.54024 66615 82 6. 56665 30238 56
0.9 - 0.24904 17059 66 0.42574 07261 44 5.9 - 5.67217 00274 24 6. 74637 95048 97

1.0 * 0. 30434 96090 22 0.48375 78429 30 6.0 - 5.80450 07366 29 6. 92770 07748 95
1. 1 - 0.36428 77010 76 0.54471 46524 35 6.1 - 5.93722 60439 25 7. 11059 33491 13
1. 2 - 0.42859 14442 42 0.60872 74700 17 6.2 - 6.07033 37820 31 7. 29503 43738 76
1.3 - 0.49700 21701 52 0.67588 39160 88 6.3 - 6.20381 23278 98 7. 48100 16040 81
1.4 - 0.56926 99322 58 0.74624 61166 63 6. 4 - 6.33765 05713 36 7.66847 33815 76

1.5 - 0.64515 55533 76 0.81985 39537 67 6.5 - 6.47183 78858 22 7. 85742 86143 76
1.6 - 0.72443 19760 33 0.89672 82178 63 6. 6 - 6. 60636 41013 16 8. 04784 67567 00
1.7 - 0.806885033942 0.976873561207 6.7 - 6.74121 94789 19 8. 23970 7789807
1.8 - 0.89231 37613 78 1.060281190926 6.8 - 6.87639 46872 45 8.432992203586
1.9 - 0.98053 03476 69 1. 14693 12720 53 6.9 - 7.01188 07803 50 8. 62768 09788 99

2. 0 - 1.07135 98302 14 1.23679 50341 04 7.0 - 7. 14766 91771 18 8. 82375 55706 27
2. 1 - 1. 16463 96040 42 1.32983 65907 26 7. 1 - 7.28375 16419 82 9. 02119 78914 05
2. 2 - 1.26021 88108 76 1.42601 44920 94 7.2 - 7.42012 02668 81 9. 21999 02960 14
2.3 - 1.357957656848 1.525283035204 7.3 - 7.55676 74543 62 9. 42011 55664 09
2.4 - 1.45772 66961 57 1. 62759 33595 36 7.4 - 7.69368 59017 46 9.62155 68973 45

2.5 - 1.55940 61080 61 1.73289 43555 35 7.5 * 7.83086 85862 69 9. 82429 78825 87
2.6 - 1.66288 49866 52 1.84113 34120 22 7.6 - 7.96830 87511 38 10. 02832 25016 83
2.7 - 1.768060656617 1.952257026463 7.7 - 8.105999892436 10.233615107254
2.8 - 1.87483 80234 65 2.06621 12994 71 7.8 - 8. 24393 57468 08 10. 44016 04128 09
2.9 - 1.98312 89631 02 2.18294 23322 91 7.9 - 8.38211 02798 83 10. 64794 34810 3.5

3. 0 - 2.09285 17530 93 2.30239 65434 67 8.0 - 8.52051 76753 67 10. 85694 97125 60
3. 1 - 2.20393 05460 64 2.42452 09185 18 8. 1 - 8.65915 23247 82 11. 06716 48351 59
3. 2 - 2.31629 48844 77 2.54926 32043 52 8.2 - 8. 79800 88177 87 11. 27857 48933 86
3.3 - 2.42987 92551 37 2.67657 20582 60 8.3 - 8.93708 19330 47 11. 49116 62386 IO
3.4 - 2.54462 26813 03 2.80639 71597 50 8.4 - 9. 07636 66296 28 11. 70492 55194 45

3.5 - 2.66046 83499 73 2.9386892920 59 8.5 - 9.21585 8038855 11.9198396725 52
3. 6 - 2.77736 32717 84 3.07340 03990 47 8.6 - 9.35555 14566 37 12. 13589 59137 86
3. 7 - 2.89525 79709 78 3.21048 36221 88 8.7. - 9.49544 23361 92 12. 35308 17297 01
3.8 - 3. 01410 62029 30 3.34989 33215 16 8.8 9.63552 62811 84 12. 57138 48693 62
3.9 - 3. 13386 46968 42 3.49158 50837 57 8.9 - 9.77579 90392 11 12. 79079 33364 76

4.0 - 3.25449 29213 81 3.63551 57202 41 9.0 - 9.91625 6495649 13.0112953818 23
4.1 - 3.37595 28711 45 3. 78164 32567 78 9.1 -10. 05689 46678 12 13. 23287 94959 63
4.2 - 3.49820 88720 59 3.92992 69172 45 9.2 -10. 19770 96994 20 13. 45553 44022 19
4.3 - 3.62122 74039 03 4.08032 71023 23 9.3 -10.33869 78553 49 13.67924 90499 21
4.4 - 3.74497 69383 89 4. 23280 53645 81 9.4 -10. 47985 55166 49 13. 90401 26078 95

4.5 - 3.86942 77912 99 4.38732 43808 43 9.5 -10.62117 91758 12 14.12981 44581 93
4.6 - 3.99455 19873 65 4. 54384 79226 20 9.6 -10. 76266 54322 81 14. 35664 41900 46
4.7 - 4.120323136690 4.70234 08252 48 9.7 -10.90431 09881 75 14.58449 1594042
4.8 - 4.246716321620 4.862768956220 9.8 -11. 04611 26442 29 14.813346656509
4.9 - 4.37370 7993087 5.02509 91831 32 9.9 -11. 18806 72959 27 15.043199554092

5.0 - 4.50127 58755 42 5. 18929 93415 60 10.0 -11.33017 19298 27 15. 27404 06485 34
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Tahie 6.8 D1GAMMA FUNCTION FOR COMPLEX ARGUMENTS
x=1.O

[(_3)2] [(_5)5] [(_5)1]

f(1+iy) =rth ry_
(z) to 5D, computed by M. Goldstein, Los A1anos Scientific Laboratory.

AUXILIARY FUNCTION FOR (l+iy)

y-1 f(y) <y> y-1 f4(y) <y>

Í(_6)21 'f(1+iy)=lny+f4(y) [(_6)2
L J <y>-nearest integer to y. L 3

y J(z) y f(z)
0.0 -0.57721 56649 0.00000 5.0 1.61278 48446 1.47080
0.1 -0.56529 77902 0.16342 5.1 1.63245 69889 1.47276
0.2 -0.53073 04055 0.32064 5.2 1.65175 20861 1.47464
0.3 -0.47675 48934 0.46653 5.3 1.67068 42228 1.47646
0.4 -0.40786 79442 0.59770 5.4 1.68926 67162 1.47820

0.5 -0.32888 63572 0.71269 5.5 1.70751 21687 1.47989
0.6 -0.24419 65809 0.81160 5.6 1.72543 25175 1.48151
0.7 -0.15733 61258 0.89563 5.7 1.74303 90807 1.48308
0.8 -0.07088 34022 0.96655 5.8 1.76034 25988 1.48459
0.9 +0.01345 20154 1.02628 5.9 1.77735 32733 1.48605

1.0 0.09465 03206 1.07667 6.0 1.79408 08018 1.48746
1.1 0.17219 05426 1.11938 6.1 1.81053 44105 1.48883
1.2 0.24588 65515 1.15580 6.2 1.82672 28842 1.49015
1.3 0.31576 20906 1.187&7 6.3 1.84265 45939 1.49143
1.4 0.38196 28134 1.21413 6.4 1.85833 75219 1.49267

1.5 0.44469 79402 1.23772 6.5 1.87377 92858 1.49387
1.6 0.50420 34618 1.25843 6.6 1.88898 71602 1.49504
1.7 0.56072 00645 1.27675 6.7 1.90396 80964 1.49617
1.8 0.61448 06554 1.29306 6.8 1.91872 87422 1.49727
1.9 0.66570 39172 1.30766 6.9 1.93327 54582 1.49833

2.0 0.71459 15154 1.32081 7.0 1.94761 43346 1.49937
2.1 0.76132 74328 1.33271 7.1 1.96175 12062 1.50037
2.2 0.80607 84807 1.34353 7.2 1.97569 16663 1.50135
2.3 0.84899 54079 1.35341 7.3 1.98944 10799 1.50230
2.4 0.89021 42662 1.36246 7.4 2.00300 45959 1.50323

2.5 0.92985 78387 1.37080 7.5 2.01638 71585 1.50413
2.6 0.96803 70243 1.37849 7.6 2.02959 35177 1.50501
2.7 1.00485 21252 1.38561 7.7 2.04262 82397 1.50586
2.8 1.04039 40175 1.39222 7.8 2.05549 57159 1.50669
2.9 1.07474 51976 1.39838 7.9 2.06820 01717 1.50751

3.0 1.10798 07107 1.40413 8.0 2.08074 56749 1.50830
3.1 1.14016 89703 1.40951 8.1 2.09313 61434 1.50907
3.2 1.17137 24783 1.41455 8.2 2.10537 53524 1.50982
3.3 1.20164 84581 1.41928 8.3 2.11746 69410 1.51056
3.4 1.23104 94107 1.42374 8.4 2.12941 44191 1.51127

3.5 1.25962 36033 1.42794 8.5 2.14122 11731 1.51197
3.6 1.28741 54995 1.43191 8.6 2.15289 04718 1.51266
3.7 1.31446 61381 1.43566 8.7 2.16442 54716 1.51332
3.8 1.34081 34679 1.43922 8.8 2.17582 92217 1.51398
3.9 1.36649 26435 1.44259 8.9 2.18710 46687 1.51462

4.0 1.39153 62879 1.44580 9.0 2.19825 46616 1.51524
4.1 1.41597 47255 1.44885 9.1 2.20928 19555 1.51585
4.2 1.43983 61892 1.45175 9.2 2.22018 92160 1.51645
4.3 1.46314 70060 1.45452 9.3 2.23097 90229 1.51703
4.4 1.48593 17620 1.45716 9.4 2.24165 38740 1.51760

4.5 1.50821 34505 1.45969 9.5 2.25221 61882 1.51816
4.6 1.53001 36052 1.46210 9.6 2.26266 83093 1.51871
4.7 1.55135 24197 1.46441 9.7 2.27301 25085 1.51925
4.8 1.57224 88550 1.46663 9.8 2.28325 09877 1.51978
4.9 1.59272 07370 1.46876 9.9 2.29338 58823 1.52029

5.0 1.61278 48446 1.47080 10.0 2.30341 92637 1.52080

0.11 0.00100 956 9 0.05 0.00020 839 20
0.10 0.00083 417 10 0.04 0.00013 335 25
0.09 0.00067 555 11 0.03 0.00007 501 33
0.08 0.00053 368 13 0.02 0.00003 333 50
0.07 0.00040 853 14 0.01 0.00000 833 100
0.06 0.00030 011 17 0.00 0.00000 000



x=1.1 x=1.2

y ?ip(z) f',&(z) y z) /#(z) y I(z) f(z) y &(z) Jb(z)
0.0 -0.42375 0.00000 5.0 1.61498 1.45097 0.0 -0.28904 0.00000 5.0 1.61756 1.43125
0.1 -0.41451 0.14258 5.1 1.63457 1.45332 0.1 -0.28169 0.12620 5.1 1.63705 1.43396
0.2 -0.38753 0.28082 5.2 1.65378 1 45557 0.2 -0.26014 0.24926 5.2 1.65617 1.43658
0.3 -0.34490 0.41099 53 1.67264 1.45774 0.3 -0.22578 0.36640 5.3 1.67494 1.43910
0.4 -0.28961 0.53042 5.4 1.69115 1.45983 0.4 -0.18064 0.47552 5.4 1.69336 1.44152

0.5 -0.22498 0.63764 5.5 1.70933 1.46184 0.5 -0.12710 0.57530 5.5 1.71146 1.44386
0.6 -0.15426 0.73229 5.6 1.72718 1.46378 0.6 -0.06753 0.66517 5.6 1.72924 1.44612
0.7 -0.08023 0.81484 5.7 1.74473 1.46565 0.7 -0.00412 0.74519 5.7 1.74672 1.44829
0.8 -0.00509 0.88630 5.8 1.76197 1.46746 0.8 +0.06130 0.81589 5.8 1.76390 1.45039
0.9 +0.06954 0.94792 5.9 1.77893 1.46921 0.9 0.12730 0.87806 5.9 1.78079 1.45243

1.0 0.14255 1.00102 6.0 1.79561 1 47090 1.0 0.19280 0.93260 6.0 1.79740 1.45439
1.1 0.21327 1.04687 6.1 1.81201 1 47253 1.1 0.25707 0.98046 6.1 1.81375 1.45629
1.2 0.28131 1.08660 6.2 1.82815 1.47411 1.2 0.31960 1.02252 6.2 1.82983 1.45813
1.3 0.34649 1.12119 6.3 1.84404 1.47565 1.3 0.38012 1.05960 6.3 1.84567 1.45991
1.4 0.40880 1.15146 6.4 1.85968 1.47713 1.4 0.43846 1.09240 6.4 1.86126 1.46164

1.5 0.46829 1.17810 6.5 1.87508 1.47857 1.5 0.49459 1.12153 6.5 1.87661 1.46331
1.6 0.52507 1.20169 6.6 1.89025 1 47996 1.6 0.54851 1.14752 6.6 1.89173 1.46493
1.7 0.57930 1.22269 6.7 1.90519 1.48132 1.7 0.60028 1.17082 6.7 1.90663 1.46651
1.8 0.63111 1.24148 6.8 1.91992 1.48263 1.8 0.64999 1.19179 6.8 1.92132 1.46803
1.9 0.68067 1.25839 6.9 1.93443 1.48391 1.9 0.69774 1.21074 6.9 1.93579 1.46952

2.0 0.72813 1.27368 7.0 1.94874 1.48515 2.0 0.74362 1.22794 7.0 1.95006 1.47096
2.1 0.77363 1.28755 7.1 1.96284 1.48635 2.1 0.78775 1.24362 7.1 1.96413 1.47236
2.2 0.81730 1.30021 7.2 1.97675 1.48752 2.2 0.83022 1.25796 7.2 1.97800 1.47372
2.3 0.85928 1.31179 7.3 1.99047 1 48866 2.3 0.87114 1.27112 7.3 1.99169 1.47505
2.4 0.89967 1.32243 7.4 2.00401 1.48977 2.4 0.91060 1.28323 7.4 2.00519 1.47634

2.5 0.93858 1.33224 7.5 2.01736 1.49085 2.5 0.94868 1.29442 7.5 2.01852 1.47760
2.6 0.97610 1.34131 7.6 2.03054 1.49190 2.6 0.98546 1.30478 7.'6 2.03167 1.47882
2.7 1.01234 1.34972 7.7 2.04356 1 49292 2.7 1.02103 1.31441 7.7 2.04465 1.48001
2.8 1.04736 1.35753 7.8 2.05640 1 49392 2.8 1.05546 1.32337 7.8 2.05746 1.48117
2.9 1.08124 1.36482 7.9 2.06908 1.49489 2.9 1.08881 1.33173 7.9 2.07012 1.48230

3.0 1.11405 1.37162 8.0 2.08160 1.49584 3.0 1.12113 1.33955 8.0 2.08262 1.48341
3.1 1.14586 1.37800 8.1 2.09397 1.49676 3.1 1.15250 1.34688 8.1 2.09496 1.48448
3.2 1.17671 1.38398 8.2 2.10619 1.49767 3.2 1.18295 1.35377 8.2 2.10716 1.48553
3.3 1.20667 1.38960 8.3 2.11826 1.49855 3.3 1.21254 1.36024 8.3 2.11921 1.48656
3.4 1.23578 1.39489 8.4 2.13019 1.49940 3.4 1.24132 1.36635 8.4 2.13111 1.48756

3.5 1.26409 1.39989 8.5 2.14198 1 50024 3.5 1.26932 1.37211 8.5 2.14288 1.48853
3.6 1.29164 1.40461 8.6 2.15363 1.50106 3.6 1.29659 1.37756 8.6 2.15451 1.48949
3.7 1.31847 1.40907 8.7 2.16515 1.50186 3.7 1.32315 1.38272 8.7 2.16601 1.49042
3.8 1.34461 1.41331 8.8 2.17654 1.50265 3.8 1.34905 1.38761 8.8 2.17738 1.49133
3.9 1.37010 1.41732 8.9 2.18780 1.50341 3.9 1.37432 1.39226 8.9 2.18862 1.49222

4.0 1.39496 1.42114 9.0 2.19893 1.50416 4.0 1.39898 1.39667 9.0 2.19973 1.49310
4.1 1.41924 1.42478 9.1 2.20995 1 50489 4.1 1.42306 1.40088 9.1 2.21073 1.49395
4.2 1.44294 1.42824 9.2 2.22084 1 50561 4.2 1.44659 1.40489 9.2 2.22160 1.49478
4.3 1.46611 1.43154 9.3 2.23161 150631 4.3 1.46959 1.40871 9.3 2.23236 1.49560
4.4 1.48876 1.43469 9.4 2.24228 1:50699 4.4 1.49209 1.41236 9.4 2.24301 1.49640

4.5 1.51092 1.43771 9.5 2.25283 1.50766 4.5 1.51410 1.41586 9.5 2.25354 1.49718
4.6 1.53261 1.44059 9.6 2.26326 1.50832 4.6 1.53565 1.41920 9.6 2.26397 1.49794
4.7 1.55384 1.44335 9.7 2.27360 1.50896 4.7 1.55676 1.42240 9.7 2.27429 1.49869
4.8 1.57463 1.44600 9.8 2.28382 1.50960 4.8 1.57743 1.42547 9.8 2.28450 1.49943
4.9 1.59501 1.44854 9.9 2.29395 1.51021 4.9 1.59769 1.42842 9.9 2.29461 1.50015

5.0 1.61498 1.45097 10.0 2.30397 1.51082 5.0 1.61756 1.43125 10.0 2.30462 1.50085

r (-3)2
LS

r(-3)2
LS

[(_35)5] [(_5)1] [(-3)11L5i [(-3)115J [(-5)51 [(-5)11L3J L2J
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y Pi(z) J,ii(z)

x=1.3

y 1'(z) J,b(z) y .?(z) J(z)
x=1.4

Y '(z) J(z)
0.0 -0.16919 0.00000 5.0 1.62052 1.41163 0.0 -0.06138 0.00000 5.0 1.62386 1.39213
0.1 -0.16323 0.11303 5.1 1.63990 1.41472 0.1 -0.05646 0.10223 5.1 1.64311 1.39559
0.2 -0.14567 0.22372 5.2 1.65891 1.41769 0.2 -0.04192 0.20269 5.2 1.66200 1.39891
0.3 -0.11748 0.32997 5.3 l677 1.42055 0.3 -0.01844 0.29974 5.3 1.68055 1.40211
0.4 -0.08009 0.43011 5.4 i9si 1.42331 0.4 +0.01295 0.39204 5.4 1.69878 1.40519

0.5 -0.03520 0.52298 5.5 1.71392 1.42597 0.5 0.05100 0.47862 5.5 1.71668 1.40817
0.6 +0.01541 0.60796 5.6 1.73161 1.42853 0.6 0.09436 0.55886 5.6 1.73428 1.41103
0.7 0.07003 0.68491 5.7 1.74900 1.43101 0.7 o.inii 0.63250 i.iis 1.41380
0.8 0.12718 0.75404 5.8 1.76611 1.43340 0.8 0.19183 0.69957 5.8 1.76860 1.41648
0.9 0.18561 0.81582 5.9 1.78292 1.43571 0.9 0.24367 0.76033 5.9 1.78533 1.41907

1.0 0.24434 0.87085 6.0 1.79947 1.43794 1.0 0.29635 0.81517 6.0 1.80180 1.42157
1.1 0.30262 0.91983 6.1 1.81575 1.44011 1.1 0.34918 0.86457 6.1 1.81800 1.42399
1.2 0.35994 0.96341 6.2 1.83177 1.44220 1.2 0.40163 0.90903 6.2 1.83395 1.42634
1.3 0.41593 1.00227 6.3 184754 1.44423 1.3 0.45331 0.94907 6.3 1.84966 1.42861
1.4 0.47035 1.03698 6.4 1â63O8 1.44619 1.4 0.50395 0.98517 6.4 1.86513 1.43081

1.5 0.52310 1.06809 6.5 1 87837 1.44810 1.5 0.55336 1 01778 6.5 1.88036 1.43294
1.6 0.57409 1.09605 6.6 1.89344 1.44995 1.6 0.60144 1.04730 6.6 1.89537 1.43502
1.7 0.62333 1.12126 6.7 1.90829 1.45174 1.7 0.64811 1.07409 6.7 1.91017 1.43702
1.8 0.67084 1.14409 6.8 1.92293 1.45348 1.8 0.69337 1.09849 6.8 1.92475 1.43898
1.9 0.71667 1.16483 6.9 1.93735 1.45517 1.9 0.73722 1.12075 6.9 1.93912 1.44087

2.0 0.76087 1.18373 7.0 1.95158 1.45681 2.0 0.77968 1.14113 7.0 1.95330 1.44271
2.1 0.80353 1.20102 7.1 1.96560 1.45841 2.1 0.82078 1.15984 7.1 1.96727 1.44450
2.2 0.84470 1.21688 7.2 1.97944 1.45996 2.2 0.86058 1.17707 7.2 1.98106 1.44625
2.3 0.88447 1.23148 7.3 1.99309 1.46147 2.3 0.89913 1.19296 7.3 1.99467 1.44794
2.4 0.92290 1.24495 7.4 2.00655 1.46294 2.4 0.93647 1.20768 7.4 2.00809 1.44959

2.5 0.96007 1.25743 7.5 2.01984 1.46438 2.5 0.97265 1.22133 7.5 2.02134 1.45119
2.6 0.99604 1.26900 7.6 2.03296 1.46577 2.6 1.00775 1.23402 7.6 2.03442 1.45276
2.7 1.03088 1.27976 7.7 2.04591 1.46713 2.7 1.04179 1.24585 7.7 2.04733 1.45428
2.8 1.06464 1.28980 7.8 2.05869 1.46845 2.8 1.07484 1.25689 7.8 2.06008 1.45576
2.9 1.09739 1.29918 7.9 2.07131 1.46974 2.9 1.10693 1.26723 7.9 2.07267 1.45721

3.0 1.12917 1.30797 8.0 2.08378 1.47100 3.0 1.13813 1.27693 8.0 2.08510 1.45862
3.1 1.16004 1.31621 8.1 2.09610 1.47223 3.1 1.16846 1.28604 8.1 2.09739 1.46000
3.2 1.19005 1.32396 8.2 2.10827 1.47342 3.2 1.19797 1.29461 8.2 2.10952 1.46134
3.3 1.21923 1.33126 8.3 2.12029 1.47459 3.3 1.22670 1.30269 8.3 2.12151 1.46266
3.4 1.24763 1.33814 8.4 2.13217 1.47573 3.4 1.25469 1.31032 8.4 2.13337 1.46394

3.5 1.27529 1.34464 8.5 2.14391 1.47685 3.5 1.28196 1.31753 8.5 2.14508 1.46519
3.6 1.30223 1.35080 8.6 2.15552 1.47794 3.6 1.30855 1.32436 8.6 2.15666 1.46641
3.7 1.32851 1.35663 8.7 2.16700 1.47900 3.7 1.33450 1.33084 8.7 2.16811 1.46760
3.8 1.35413 1.36216 8.8 2.17834 1.48004 3.8 1.35983 1.33699 8.8 2.17943 1.46877
3.9 1.37915 1.36742 8.9 2.18956 1.48106 3.9 1.38456 1.34283 8.9 2.19063 1.46991

4.0 1.40357 1.37242 9.0 2.20066 1.48205 4.0 1.40873 1.34840 9.0 2.20170 1.47103
4.1 1.42744 1.37718 9.1 2.21163 1.48302 4.1 1.43235 1.35370 9.1 2.21265 1.47212
4.2 1.45077 1.38172 9.2 2.22249 1.48397 4.2 1.45546 1.35876 9.2 2.22349 1.47319
4.3 1.47358 1.38606 9.3 2.23323 1.48490 4.3 1.47806 1.36359 9.3 2.23421 1.47423
4.4 1.49590 1.39020 9.4 2.24386 1.48582 4.4 1.50019 1.36821 9.4 2.24481 1.47525

4.5 1.51775 1.39416 9.5 2.25437 1.48671 4.5 1.52185 1.37263 9.5 2.25531 1.47626
4.6 1.53914 1.39795 9.6 2.26478 1.48758 4.6 1.54307 1.37686 9.6 2.26570 1.47724
4.7 1.56010 1.40158 9.7 2.27508 1.48844 4.7 1.56387 1.38092 9.7 2.27598 1.47820
4.8 1.58064 1.40507 9.8 2.28528 1.48927 4.8 1.58425 1.38481 9.8 2.28616 1.47914
4.9 1.60078 1.40841 9.9 2.29537 1.49010 4.9 1.60425 1.38854 9.9 2.29623 1.48006

5.0 1.62052 1.41163 10.0 2.30537 1.49090 5.0 1.62386 1.39213 10.0 2.30621 1.48096

[(_3)2] [(_3)1] 7_5)5] [(5)2] [(_3)1] [(4)s] [(_5)5] [(_5)2]
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f(z)
0.0 0.03649 0.00000 5.0 1.62756 1.37278 0.0 0.12605 0.00000 5.0 1.63162 1.35357
0.1 0.04062 0.09325 5.1 1.64667 1.37658 0.1 0.12955 0.08566 5.1 1.65057 1.35773
0.2 0.05284 0.18511 5.2 1.66543 1.38025 0.2 0.13995 0.17023 5.2 1.66919 1.36173
0.3 0.07266 0.27432 5.3 1.68386 1.38378 0.3 0.15687 0.25268 5.3 1.68748 1.36558
0.4 0.09932 0.35978 5.4 1.70196 1.38719 0.4 0.17976 0.33214 5.4 1.70546 1.36930

0.5 0.13189 0.44066 5.5 1.71976 1.39047 0.5 0.20790 0.40789 5.5 1.72313 1.37289
0.6 0.16935 0.51640 5.6 1.73725 1.39364 0.6 0.24050 0.47942 5.6 1.74051 1.37635
0.7 0.21064 0.58668 5.7 1.75445 1.39670 0.7 0.27674 0.54642 5.7 1.75760 1.37969
0.8 0.25479 0.65144 5.8 1.77137 1.39965 0.8 0.31581 0.60875 5.8 1.77441 1.38293
0.9 0.30091 0.71078 5,9 1.78801 1.40251 0.9 0.35697 0.66642 5.9 1.79095 1.38605

1.0 0.34824 0.76494 6.0 1.80439 1.40528 1.0 0.39957 0.71957 6.0 1.80724 1.38908
1.1 0.39614 0.81424 6.1 1.82051 1.40796 1.1 0.44305 0.76840 6.1 1.82327 1.39200
1.2 0.44411 0.85907 6.2 1.83638 1.41055 1.2 0.48692 0.81319 6.2 1.83906 1.39484
1.3 0.49175 0.89980 6.3 1.85201 1.41306 1.3 0.53082 0.85423 6.3 1.85460 1.39759
1.4 0.53878 0.93684 6.4 1.86741 1.41549 1.4 0.57445 0.89183 6.4 1.86992 1.40025

1.5 0.58497 0.97054 6.5 1.88258 1.41786 1.5 0.61757 0.92629 6.5 1.88501 1.40284
1.6 0.63018 1.00127 6.6 1.89752 1.42015 1.6 0.66001 0.95790 6.6 1.89989 1.40534
1.7 0.67432 1.02932 6.7 1.91225 1.42237 1.7 0.70167 0.98693 6.7 1.91455 1.40778
1.8 0.71732 1.05500 6.8 1.92677 1.42453 1.8 0.74244 1.01363 6.8 1.92900 1.41014
1.9 0.75916 1.07855 6.9 1.94109 1.42663 1.9 0.78228 1.03824 6.9 1.94326 1.41244

2.0 0.79983 1.10020 7.0 1.95521 1.42866 2.0 0.82115 1.06096 7.0 1.95731 1.41467
2.1 0.83935 1.12015 7.1 1.96914 1.43065 2.1 0.85905 1.08197 7.1 1.97118 1.41684
2.2 0.87772 1.13857 7.2 1.98287 1.43257 2.2 0.89597 1.10144 7.2 1.98487 1.41895
2.3 0.91499 1.15563 7.3 1.99643 1.43445 2.3 0.93193 1.11953 7.3 1.99837 1.42101
2.4 0.95118 1.17146 7.4 2.00981 1.43628 2.4 0.96694 1.13635 7.4 2.01169 1.42301

2.5 0.98634 1.18618 7.5 2.02301 1.43805 2.5 1.00102 1.15204 7.5 2.02485 1.42496
2.6 1.02050 1.19990 7.6 2.03604 1.43978 2.6 1.03421 1.16668 7.6 2.03784 1.42686
2.7 1.05370 1.21271 7.7 2.04891 1.44147 2.7 1.06653 1.18039 7.7 2.05066 1.42871
2.8 1.08598 1.22469 7.8 2. 06162 1.44312 2.8 1.09801 1.19324 7.8 2.06332 1.43051
2.9 1.11738 1.23592 7.9 2.07417 1.44472 2.9 1.12867 1.20530 7.9 2.07583 1.43227

3.0 1.14794 1.24647 8.0 2.08657 1.44628 3.0 1.15856 1.21664 8.0 2.08819 1.43398
3.1 1.17769 1.25639 8.1 2.09882 1.44781 3.1 1.18770 1.22733 8.1 2.10040 1.43565
3.2 1.20667 1.26574 8.2 2.11092 1.44930 3.2 1.21611 1.23741 8.2 2.11246 1.43728
3.3 1.23491 1.27457 8.3 2.12288 1.45075 3.3 1.24383 1.24693 8.3 2.12439 1.43888
3.4 1.26245 1.28290 8.4 2.13470 1.45217 3.4 1.27089 1.25594 8.4 2.13617 1.44043

3.5 1.28931 1.29080 8.5 2.14638 1.45355 3.5 1.29731 1.26448 8.5 2.14782 1.44195
3.6 1.31552 1.29828 8.6 2.15794 1.45491 3.6 1.32311 1.27257 8.6 2.15934 1.44344
3.7 1.34112 1.30537 8.7 2.16936 1.45623 3.7 1.34833 1.28026 8.7 2.17073 1.44489
3.8 1.36612 1.31212 8.8 2.18065 1.45753 3.8 1.37297 1.28757 8.8 2.18199 1.44631
3.9 1.39055 1.31853 8.9 2.19182 1.45879 3.9 1.39707 1.29454 8.9 2.19313 1.44770

4.0 1.41443 1.32464 9.0 2.20286 1.46003 4.0 1.42065 1.30117 9.0 2.20415 1.44905
4.1 1.43779 1.33047 9.1 2.21379 1.46124 4.1 1.44373 1.30750 9.1 2.21504 1.45038
4.2 1.46065 1.33603 9.2 2.22460 1.46242 4.2 1.46632 1.31354 9.2 2.22583 1.45168
4.3 1.48302 1.34134 9.3 2.23530 1.46358 4.3 1.48844 1.31932 9.3 2.23650 1.45295
4.4 1.50493 1.34642 9.4 2.24588 1.46471 4.4 1.51012 1.32485 9.4 2.24706 1.45420

4.5 1.52639 1.35128 9.5 2.25635 1.46582 4.5 1.53136 1.33014 9.5 2.25751 1.45542
4.6 1.54742 1.35594 9.6 2.26672 1.46691 4.6 1.55219 1.33522 9.6 2.26785 1.45661
4.7 1.56804 1.36041 9.7 2.27698 1.46798 4.7 1.57262 1.34009 9.7 2.27809 1.45778
4.8 1.58826 1.36470 9.8 2.28714 1.46902 4.8 1.59265 1.34476 9.8 2.28822 1.45892
4.9 1.60810 1.36882 9.9 2.29720 1.47004 4.9 1.61232 1. 34925 9.9 2.29826 1.46005

5.0 1.62756 1.37278 10.0 2.30716 1.47105 5.0 1.63162 1.35357 10.0 2.30820 1.46115
[(_-3)11 r(-4)n [(-5)41 r(-5)21 r(-4)91 [(-4)6] r(-5)41 r(-5)21L4iL4i L3.iL3i [4JL4J [3j[3j
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Table 6.8

y i(z)

GAMMA FUNCTION AND RELATED FUNCTIONS

DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS
x=1.8x=1.7

J'(z) y z) J(z) y .1'(z) f(z) y f#(z) f,&(z)

0.0 0.20855 0.00000 5.0 1.63603 1.33453 0.0 0.28499 0.00000 5.0 1.64078 1.31566
0.1 0.21156 0.07918 5.1 1.65482 1.33902 0.1 0.28760 0.07358 5.1 1.65939 1.32048
0.2 0.22050 0.15747 5.2 1.67328 1.34335 0,2 0.29537 0.14644 5.2 1.67769 1.32513
0.3 0.23511 0.23407 5.3 1.69142 1.34752 0.3 0.30809 0.21792 5.3 1.69567 1.32961
0.4 0.2 5494 0.30824 5.4 1.70926 1.35154 0.4 0.32541 0.28740 5.4 1.71336 1.33393

0.5 0.27945 0.37937 55 1.72680 1.35543 0.5 0.34693 0.35437 5.5 1.73076 1.33810
0.6 0.30803 0.44701 5.6 1.74405 1.35918 0.6 0.37215 0.41842 5.6 1.74787 1.34213
0.7 0.34001 0.51086 5.7 1.76102 1.36280 0.7 0.40053 0.47928 5.7 1.76472 1.34603
0.8 0.37474 0.57074 5.8 1.77772 1.36630 0.8 0.43155 0.53675 5.8 1.78130 1.34979
0.9 0.41161 0.62661 5.9 1.79416 1.36969 0.9 0.46469 0.59076 5.9 1.79762 1.35344

1.0 0.45005 0.67852 6.0 1.81034 1.37297 1.0 0.49947 0.64131 6.0 1.81369 1.35697
1.1 0.48957 0.72661 6.1 1.82627 1.37614 1.1 0.53546 0.68847 6.1 1.82952 1.36038
1.2 0.52973 0.77107 6.2 1.84196 1.37922 1.2 0.57226 0.73237 6.2 1.84511 1.36369
1.3
1.4

0.57018
0.61063

0.81211
0.84996

6.3
6.4

1.85742
1.87266

1.38220
1.38509

1.3
1.4

0.60955
0.64706

0.77316
0.81103

6.3
6.4

1.86047
1.87561

1.36690
1.37001

1.5
1.6
1.7
1.8
1.9

0.65085
0.69065
0.72990
0.76849
0.80636

0.88488
0.91710
0.94685
0.97436
0.99982

6.5
6.6
6.7
6.8
6.9

1.88767
1.90246
1.91705
1.93143
1.94562

1.38789
1.39061
1.39326
1.39582
1.39832

1.5
1.6
1.7
1.8
1.9

0.68455
0.72184
0.75879
0.79528
0.83122

0.84617
0.87877
0.90903
0.93713
0.96326

6.5
6.6
6.7
6.8
6.9

1.89053
1.90525
1.91975
1.93406
1.94817

1.37303
1.37596
1.37881
1.38158
1.38426

2.0
2.1
2.2
2.3
2.4

0.84345
0.87973
0.91519
0.94981
0.98362

1.02342
1.04533
1.06570
1.08468
1.10238

7.0
7.1
7.2
7.3
7.4

1.95961
1.97342
1.98704
2.00048
2.01375

1.40074
1.40310
1.40539
1.40762
1.40980

2.0
2.1
2.2
2.3
2.4

0.86655
0.90123
0.93523
0.96853
1.00111

0.98757
1.01022
1.03136
1.05110
1.06957

7.0
7.1
7.2
73
7.4

1.96210
1.97583
1.98939
2.00277
2.01598

1.38688
1.38942
1.39189
1.39430
1.39664

2.5
2.6
2.7
2.8
2.9

1.01661
1.04879
1.08020
1.11084
1.14075

1.11893
1.13441
1.14893
1.16257
1.17539

7.5
7.6
7.7
7.8
7.9

2.02685
2.03979
2.05256
2.06518
2.07764

1.41191
1.41398
1.41599
1.41794
1.41986

2.5
2.6
2.7
2.8
2.9

1.03299
1.06416
1.09463
1.12442
1.15353

1.08687
1.10310
1.11836
1.13270
1.14622

7.5
7.6
77
7.8
79

2.02903
2.04191
2.05463
2.06719
2.07960

1.39892
1.40115
1.40332
1.40543
1.40749

3.0
3.1
3.2
3.3
3.4

1.16993
1.19842
1.22625
1.25342
1.27997

1.18747
1.19886
1.20962
1.21981
1.22945

8.0
8.1
8.2
8.3
8.4

2.08996
2.10212
2.11415
2.12603
2.13778

1.42172
1.42354
1.42531
1.42704
1.42874

3.0
3.1
3.2
3.3
3.4

1.18200
1.20982
1.23703
1.26363
1.28965

1.15898
1.17103
1.18243
1.19322
1.20345

8.0
8.1
8.2
8.3
8.4

2.09187
2.10399
2.11597
2.12781
2.13952

1.40950
1.41146
1.41338
1.41525
1.41708

3.5
3.6
3.7
3.8
3.9

1.30592
1.33129
1.35610
1.38037
1.40413

1.23859
1.24727
1.25553
1.26338
1.27087

8.5
8.6
8.7
8.8
8.9

2.14939
2.16087
2.17222
2.18345
2.19456

1.43039
1.43200
1.43358
1.43513
1.43664

3.5
3.6
3.7
3.8
3.9

1.31511
1.34003
1.36441
1.38829
1.41168

1.21317
1.22241
1.23119
1.23956
1.24754

8.5
8.6
8.7
8.8
8.9

2.15109
2.16253
2.17385
2.18504
2.19611

1.41886
1.42061
1.42231
1.42398
1.42561

4.0
4.1
4.2
4.3
4.4

1.42738
1.45015
1.47246
1.49432
1.51574

1.27800
1.28481
1.29132
1.29755
1.30351

9.0
9.1
9.2
9.3
9.4

2.20555
2.21642
2.22717
2.23781
2.24834

1.43811
1.43956
1.44097
1.44235
1.44371

4.0
4.1
4.2
43
4.4

1.43459
1.45704
1.47904
1.50062
1.52178

1.25516
1.26243
1.26939
1.27605
1.28242

9.0
9.1
9.2
93
9.4

2.20707
2.21790
2.22862
2.23923
2.24974

1.42720
1.42876
1.43029
1.43178
1.43324

4.5
4.6
4.7
4.8
4.9

1.53675
1.55736
1.57758
1.59742
1.61690

1.30922
1.31470
1.31996
1.32501
1.32986

9.5
9.6
9.7
9.8
9.9

2.25877
2.26908
2.27930
2.28941
2.29942

1.44503
1.44633
1.44760
1.44885
1.45007

4.5
4.6
47
4.8
4.9

1.54254
1.56292
1.58291
1.60255
1.62183

1.28854
1.29440
1.30004
1.30545
1.31065

95
9.6
97
9.8
9.9

2.26013
2.27042
2.28061
2.29069
2.30068

1.43468
1.43608
1.43745
1.43880
1.44012

5.0 1.63603 1.33453
1(-4)71 r(-4)51L4 iL4i

10.0 2.30933 1.45127
1(-)1 r(-5)2
L3 JL 3

5.0 1.64078 1.31566
r(-4)61 r(-4)4L4]L4

10.0 2.31057
r(-5)4[3

1.44142
[(-5)2[3



.f4(2+iy)=41r coth 1+3y2
2y(1+y2)

DIGAMMA FUNCTION FOR COMPLEX ARGUMENTS Table 6.8

x=1.9 x=2.O

Y f4(z) J',b(z) y ) /4(z) y 14(z) /4(z) Y .?b(z) J4(z)
0.0 0.35618 0.00000 5.0 1.64585 1.29698 0.0 0.42278 0.00000 5.0 1.65125 1.27849
0.1 0.35847 0.06870 5.1 1.66428 1.30212 0.1 0.42480 0.06441 5.1 1.66948 1.28394
0.2 0.36528 0.13681 5.2 1.68240 1.30707 0.2 0.43081 0.12833 5.2 1.68742 1.28919
0.3 0.37644 0.20377 5.3 1.70022 1.31185 0.3 0.44068 0.19130 5.3 1.70506 1.29426
0.4 0.39169 0.26908 5.4 1.71775 1.31647 0.4 0.45420 0.25288 5.4 1.72242 1.29916

0.5 0.41071 0.33229 5.5 1.73500 1.32092 0.5 0.47111 0.31269 5.5 1.73951 1.30389
0.6 0.43309 0.39306 5.6 1.75197 1.32522 0.6 0.49110 0.37042 5.6 1.75633 1.30846
0.7 0.45842 0.45110 5.7 1.76868 1.32938 0.7 0.51380 0.42583 .7 1.77290 1.31288
0.8 0.48625 0.50624 5.8 1.78513 1.33341 0.8 0.53887 0.47874 5.8 1.78921 1.31715
0.9 0.51614 0.55838 5.9 1.80133 1.33730 0.9 0.56594 0.52904 5.9 1.80528 1.32129

1.0 0.54770 0.60749 6.0 1.81728 1.34107 1.0 0.59465 0.57667 6.0 1.82111 1.32530
1.1 0.58053 0.65359 6.1 1.83300 1.34473 Li 0.62468 0.62165 6.1 1.83671 1.32918
1.2 0.61431 0.69677 6.2 1.84848 1.34827 1.2 0.65572 0.66400 6.2 1.85208 1.33295
1.3 0.64872 0.73714 6.3 1.86374 1.35170 1.3 0.68751 0.70380 6.3 1.86723 1.33660
1.4 0.68351 0.77483 6.4 1.87878 1.35503 1.4 0.71980 0.74116 6.4 1.88217 1.34015

1.5 0.71846 0.80999 6.5 1.89361 1.35826 1.5 0.75239 0.77618 6.5 1.89690 1.34358
1.6 0.75338 0.84278 6.6 1.90824 1.36140 1.6 0.78510 0.80899 6.6 1.91143 1.34692
1.7 0.78814 0.87335 6.7 1.92266 1.36445 1.7 0.81779 0.83973 6.7 1.92576 1.35017
1.8 0.82261 0.90188 6.8 1.93688 1.36741 1.8 0.85033 0.86853 6.8 1.93990 1.35332
1.9 0.85669 0.92851 6.9 1.95092 1.37029 1.9 0.88262 0.89551 6.9 1.95385 1.35639

2.0 0.89031 0.95338 7.0 1.96476 1.37308 2.0 0.91459 0.92081 7.0 1.96761 1.35937
2.1 0.92342 0.97664 7.1 1.97843 1.37581 2.1 0.94617 0.94454 7.1 1.98120 1.36227
2.2 0.95598 0.99840 7.2 1.99192 1.37846 2.2 0.97731 0.96681 7.2 1.99462 1.36509
2.3 0.98795 1.01879 7.3 2.00523 1.38104 2.3 1.00798 0.98775 7.3 2.00786 1.36784
2.4 1.01932 1.03792 7.4 2.01838 1.38355 2.4 1.03814 1.00743 7.4 2.02094 1.37052

2.5 1.05008 1.05588 7.5 2.03136 1.38599 2.5 1.06779 1.02597 7.5 2.03385 1.37313
2.6 1.08022 1.07278 7.6 2.04418 1.38838 2.6 1.09690 1.04344 7.6 2.04661 1.37567
2.7 1.10975 1.08868 7.7 2.05684 1.39070 2.7 1.12548 1.05992 7.7 2.05921 1.37815
2.8 1.13867 1.10367 7.8 2.06935 1.39297 2.8 1.15352 1.07548 7.8 2.07167 1.38056
2.9 1.16698 1.11782 7.9 2.08171 1.39518 2.9 1.18102 1.09020 7.9 2.08397 1.38292

3.0 1.19470 1.13119 8.0 2.09393 1.39734 3.0 1.20798 1.10413 8.0 2.09613 1.38522
3.1 1.22184 1.14384 8.1 2.10600 1.39944 3.1 1.23442 1.11733 8.1 2.10815 1.38746
3.2 1.24841 1.15583 8.2 2.11793 1.40149 3.2 1.26034 1.12985 8.2 2.12003 1.38966
3.3 1.27442 1.16719 8.3 2.12973 1.40350 3.3 1.28575 1.14174 8.3 2.13178 1.39180
3.4 1.29990 1.17798 8.4 2.14139 1.40546 3.4 1.31067 1.15304 8.4 2.14339 1.39389

3.5 1.32485 1.18823 8.5 2.15292 1.40738 3.5 1.33510 1.16379 8.5 2.15487 1.39593
3.6 1.34929 1.19798 8.6 2.16432 1.40925 3.6 1.35905 1.17403 8.6 2.16623 1.39793
3.7 1.37324 1.20727 8.7 2.17560 1.41108 3.7 1.38254 1.18379 8.7 2.17746 1.39988
3.8 1.39670 1.21613 8.8 2.18675 1.41286 3.8 1.40558 1.19310 8.8 2.18858 1.40179
3.9 1.41970 1.22458 8.9 2.19778 1.41461 3.9 1.42818 1.20200 8.9 2.19957 1.40366

4.0 1.44226 1.23265 9.0 2.20870 1.41632 4.0 1.45036 1.21050 9.0 2.21045 1.40548
4.1 1.46437 1.24037 9.1 2.21950 1.41800 4.1 1.47212 1.21864 9.1 2.22121 1.40727
4.2 1.48606 1.24775 9.2 2.23019 1.41964 4.2 1.49348 1.22643 9.2 2.23187 1.40902
4.3 1.50734 1.25482 9.3 2.24077 1.42124 4.3 1.51446 1.23389 9.3 2.24241 1.41074
4.4 1.52822 1.26160 9.4 2.25124 1.42281 4.4 1.53505 1.24105 9.4 2.25284 1.41241

4.5 1.54872 1.26810 9.5 2.26160 1.42435 4.5 1.55527 1.24792 9.5 2.26318 1.41406
4.6 1.56885 1.27434 9.6 2.27186 1.42586 4.6 1.57514 1.25452 9.6 2.27340 1.41566
4.7 1.58861 1.28033 9.7 2.28202 1.42733 4.7 1.59466 1.26086 9.7 2.28353 1.41724
4.8 1.60803 1.28610 9.8 2.29207 1.42878 4.8 1.61385 1.26696 9.8 2.29356 1.41879
4.9 1.62710 1.29164 9.9 2.30203 1.43020 4.9 1.63270 1.27283 9.9 2.30349 1.42030

5.0 1.64585 1.29698 10.0 2.31190 1.43159 5.0 1.65125 1.27849 10.0 2.31332 1.42179
1(-4)61 1(-4)41L4JL4J 1(-5)41 1(-5)21L3JL3J 1(-4)51 1(-4)3L4JL4 1(-5)41 1(-5)3L3J L3
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7. Error Function and Fresnel Integrals
Mathematical Properties

7.1. Error Function

Definitions

7.1.1 erf z=- fte_t2dt
O

7.1.2 erfc z=-- Je_t2dt=1__erf z

7.1.3 w(z) 2(i (Izet2dt)=e_z2 erfc (iz)
JO

In 7.1.2 the path of integration is subject to the

restriction arg ta with as t along the

path. (a= is permissible if remains bounded

to the left.)

Integral Representation

7.1.4
_2 _2i i e dt 2iz ¡ e tdt

w(z)= i 2irJ_0. zt ir J0 Z t

p=2

p=4

1.0 .2 1.4 .6 1.8 2.0 2.2 2.4

FrntTRE 7.1. y=eZ»j etdt.
p=2(1)6

(Jz>o)

Series Expansions

7.1.5 erfz=--E (_1)z21
.Çn..O n!(2n+1)

2 2 2
7.1.6 e 1.3... (2n+1)

7.1.7 (-1) *[12fl+I,2(z2) Iin+3,2(22)]
n O

7.1.8 w(z)= (jz)'
nO r (+i)

For I_1(x), see chapter 10.

Symmetry Relations

7.1.9 erf (z)=erf z
7.1.10 erf =erf z

7.1.11 w(_z)=2e_82_w(z)

7.1.12 w=w(z)

FIGuRE 7.2. y=eJXet.
p-2(1)6
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7.1.13

7.1.14

FIGURE 7.3. Altitude Chart of w(z).

Inequalities [7.11], [7.17J

e'2dt

(For other inequalities see [7.2].)

Continued Fractions

ERROR FUNCTION AND FRESNEL INTEGRALS

3.0

2.6

2.2

.8

.4

1.0

(x0)

222 e_t2dt= 1 1/2 1 3/2 2 (z>O)z+z+z+Z+2+

7.1.15
i 1 e2dt_ 1 1/2 1 3/2 2

- zt Z Z Z Z 2

1 (fz 0)1imn- k1
x and are the zeros and weight factors of
the Hermite polynomials For numerical values
see chapter 25.

Value at Infinity

7.1.16 erf z-1 (z- in arg

Maximum and Inflection Points for Dawson's
Integral [7.31]

F(x)=e e2dt

7.1.17 F(.92413 88730. . . )=.54104 42246..

7.1.18 F(1.50197 52682. . . )=.42768 66160.

Derivatives
7.1.19

2erf z=(-1)' - (n=0, 1, 2,.

7.1.20
w(+I) (z) +2zwl+ (z) +2(n+ 1)w" (z)=0

(n=0, 1,2,.

w°(z)=w(z),

(For the Hermite polynomials H(z) see chapter
22.)

Relation to Confluent Hypergeometric Function (see
chapter 13)

7.1.21

erf z=3M( , 2)2z eM(1, , Z2)

The Normal Distribution Function With Mean m and
Standard Deviation (see chapter 26)

(t-m)1

7.1.22 e dt=(1+erf('))
Asymptotic Expansion

7.1.23
1.3... (2m-1)

ze2'erfcZ1+ (_1)m
m=1

(222)m

3ir\(z-, arg zI<--)
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If R,(z) is the remainder after n terms then

7.1.24
.3... (2ni)

(222)'2

floe '2.-i

OeJe'(i+-) dt
o

!OK1

For x real, R(x) is less in absolute value than
the first neglected term and of the same sign.

Rational A ro im ti 2 (0 x< o)
7.1.25

erf x=1(ajt+a2t2+a3t3) e2+6(x),

Je(x)f2.5X105

p=.4704'7 a1=.34802 42 a2= .09587 98
a3=.74785 56

7.1.26

erf x= 1 (ajt+a2t2+a3t3+a4t4+a5t5) e2+E(x),
i

1+px
k(x)1.5X107

p=.32759 11 a1=.25482 9592
a2=.28449 6736 i3=1.4214i 3741

a4=-1.45315 2027 a5=1.06140 5429

7.1.27

eri x=i -
[1 +aix+a2x2+a3x+a4x414+«2

i

k(x) 5X 10-i

a1= .278393 a2= .230389

G3 .000972 a4=.078i08
7.1.28

erf x=1
[1+a1x+a2x2+ . . . +a6x6I18+E(X)

i

JE(X)I3X107

2 Approximations 7.1.25-7.1.28 are from O. Hastings, Jr.,
Approximations for digital computers. Princeton Univ.
Press, Princeton, N. J., 1955 (with permission).

eri (x+iy)=erf x+ [(1cos 2y)+i sin 2xyJ2irx

[f(x,y)+ig(x,y)]+e(x,y)n=i n.2+4x2

where

J(x, y) =2x-2x cosh ny cos 2xy+n sinh ny sin 2zy
g(x,y)=2x coshny sin 2xy+n sinhny cos 2xy

¡s(x,y)1m1016j erf (z+iy)j

7.2. Repeated Integrals of the Error Function

Definition
7.2.1

i cric z=f i1 eric t dt (n=0, 1,2,. .

i1 cric z=
2 _,2 0 erle z=erfc ze

1/ir

Differential Equation

7.2.2 2+22 L_2nyO

y=Ai'2 eric z+Bi'2 eric (z)

(A and B are constants.)

Expression as a Single Integral

2 (tz)"
7.2.3 i" erIcz=

J
e'2dt

n!

Power Series

(
1)2k

nk\7.2.4 i" eric
2t'k!F(1+.----)

Recurrence Relations
7.2.5

2....i" crIc z=-- i" 'erfc 2+in 2 erIc z
n 2n

(n==1,2,3,...)

7.2.6

2(n+1)(n+2)i'22 erle z

=(2n+1+2z2)i" ericz i"-2 erfc 2

(n=1,2,3,...)

The terms in this series corresponding to k=n+2,
n+4, n+6, . . . are understood to be zero.

a1=.07052 30784 a2=.04228 20123
a3= .00927 05272 a4=.00015 20143
a5=.00027 65672 a6= .00004 30638

FRESNEL INTEGRALS 299

Infinite Series Approximation for Complex Error
Function [7.19]

7.1.29
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7.2.7
ii' erfc 0=

2r (+i)

Value at Zero

(n=-1,0,1,2, . .

1.0 1.2 .4 16 18

Derivatives

7.2.8 j" erfc z--i"' erfc z (n=0, 1,2, . .

7.2.9

-it' / 2 erfc z)=(i)"2"n!e'2it' erfc z

(n=0,1,2,. ..)

Relation to Hh,,(z) (see 19.14)

i
7.2.10 it' erfe z=(2fl_l)Hhfl(V2z)

Relation to Hermite Polynomials (see chapter 22)

7.2.11 (-1)t'it'erfc z+it'erfc ( z)-2_l!IIfl(iz)

ERROR FtJNCTION AND FRESNEL INTEGRALS

X

Relation to the Confluent Hypergeometric Function
(see chapter 13)

7.2.12

j" erfc z=e_2Z r M('1 , z)
[2t'r (+i)

2"-1r (l+l)MG+1
22)]z

Relation to Parabolic Cylinder Functions (see
chapter 19)

-lz'
7.2.13 i"erfc z=(2l)D_flI(z)

Asymptotic Expansion
7.2.14

j" erfc z 2 _z2

Ê (._1)m(2m+n)!
(2z)t' m-O n!m!(2z)2m

3ir\(z_-, arg

7.3. Fresnel Integrals
Definition

'z
7.3.1 C(z)=J cos t2) dt

o

7.3.2 S(z)= sin(t2)dt
.10

The following functions are also in use:

7.3.3

C1(x)
" i fZg

= -J cost2dt,C2(x)J0
ir o

dt

7.3.4
Ç sin tS'(x)=/J sin t2dt,iro dt

Auxiliary Functions
7.3.5

f(z)=[_S(z)] cos ( 22)_['---C(z)]sin ( 22)

7.3.6

g(z)=[_C(z)] cos ( z2)+[_S(z)] sin ( 22)

Interrelations

7.3.7 C(x)=Gj (x-\/)=c2 ( X)

FIGURE 7.4. Repeated Integrals of the Error Function.

¡'criez

n-O, 1, 2, 4, 8, 14, 22



7.3.8 S(x)=S1 (x\/)=S ( X)

7.3.9 C(z)=+f(z) sin ( z2)_g(z)
cos ( 22)

7.3.10 S'(z)=f(z) cos (
22)_g(z) sin ( z2)

Series Expansions

7.3.11 C(z)=E
(-1)'(ir/2)2
(2n)!(4n+1)

7.3.12

C(z)=cos( 22)± (_1)&ir2

ol-3... (4n+1)

¡ir+s1n(22) (_1)firI+l 24n+3
=o13. . .(4n+3)

(_l)(,r/2)2n+l
24n+37.3.13 S(z)=Ê (2n+1)!(4n+3)n-O

V

ERROR FUNCTION AND FRESNEL INTEGRALS

FIGURE 7.5. Fresnel Integrals.
y=C(z), yS(x)

7.3.14

24n+3S(z)=cos ( 22) (_1)2n+1
o13.. .(4n--3)

+sin(z2 (-1)ir
z4tl+1

(4n+1)

7.3.15 02(2) =J112(z) +J,2 (z) +J912 (z) +
7.3.16 82(2) =J312 (z) +J712(z) +J2112(z) +

For Bessel functions J+j12(z) see chapter 10.

Symmetry Relations

7.3.17 C(z)=-0(z), S(z)=S(z)
7.3.18 0(iz) r=iC(z), S(iz) - iS(z)
7.3.19 C()=C(z), S()=)

7.3.20

Value at Infinity

Derivatives

7.3.21 dJ(x)
lrxg(x),

dx

Relation to Error Function (see 7.1.1, 7.1.3)

7.3.22

C(z)+iS(z)=- erf[3 (1_i)z]

l+i{iiz2E (i+i)z]}

7.3.23 g(x {
1 +i

w (1 +i) xJ }

7.3.24 f(x)=J{1w[ (1+i)x]}

Relation to Confluent Hypergeometric Function (see
chapter 13)

7.3.25

C(z)+iS(z)=zM( , i z)

ZeM(i, ,_i 2)

Relation to Spherical Bessel Functions (see chapter 10)

7.3.26 (72(2) J_(t)dt, S2(z)=f J(t)dt

(x* )
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Asymptotic Expansions
7.3.27

zf(z)1+
(_1)m1 .3... (4m-1)

m-1
(.22)2rn

(z_-co, arg

7.3.28

irzg(z)'-'E
(_1)m1 .3... (4m+1)

m-O
(.22)2ml

(-_>co, arg

If R» (z), fl) (z) are the remainders after n terms
in 7.3.27, 7.3.28, respectively, then

7.3.29
3... (4n-1)

(rz2)2"

(f)
i roe

f(2n+) Jo
1Q2)2dt(Jar zi4)

irz
7.3.30

.3... (4n+1)0
(irz2)2"

1 e ett2+*
r(2n+)Jo 2 2dt(!argzl<)

7.3.31 O!<l, O'<1 (jarg zJ
For x real, R/ (z) and (x) are less in absolute
value than the first neglected term and of the
same sign.

Rational Approximations4 (0 x )
7.3.32

1+.926x
E(x I <2X103

7.3.33
1 «z)

I
(z) 2 X io

(For more accurate approximations see [7.1].)

7.4. Definite and Indefinite Integrals

For a more extensive list of integrals see [7.5],
7-.8], [7.15].

7.4.1
joe

Approximations 7.3.32, 7.3.33 are based on those given
in C. Hastings, Jr., Approximations for calculating Fresnel
integrals, Approximation Newsletter, April 1956, Note 10.
[See also MTAC 10, 173, 1956.1

s2ac b
e " erfc - (a>0)2Va

7.4.3

fo e (g?a>0, b>0)

7.4.4

foae'dt
1.3.. .(2n-1)/- = 2'+'a* a

F(n+) (PIa>0;n-0, 1,2,...)- 2a"H
7.4.5

foe t2n+le-at'dt
n! (?a>0;n=0, 1,2,...)

o 2a"'

7.4.6

foe e-"' cos (2zt)dt=1
O 2Ia

7.4.7

foe e-a' sin (2xt)dt=- e_x2Iof2' e'2dt
O o

7.4.8
joe eaidt

Ieaz2 erfc.[az
(J +z »J

7.4.9

Jr-
e°'dt =:!_eazerfc%I;

o t+z)

r- ye'2dt
Joe (zt)+YT .w(z+iy)

See page II.

(?a>0)

(a>0)

(k>0, iz>O)

(a>0, z0,arg zI<ir)
7.4.10

foe
e2dt_ [Vrj'2dt1 Ei(az2)]

(a>0, x>0)
7.4.11

e'2dt ir 2

Jo 2+ - e eric -x (a>0, x>0)

r' eatldt_y
ea[1_ (eri 'ä)2] (a>0)7.4.12 Jo t+14

(z real, y>0)

302 ERROR FUNCTION AND FRESNEL INTEGRALS

7.4.2

fo



7.4.14

7.4.15

r[t2 (x2y2)]e_t2dt

t4_2(x2_y2)t2+(x2+y2)2

fo

f(x_t)e2dtJW(X+Y)(xt)2+y2

e°' erf bt dt= e erfc --a 2b

(a>, arg b14)
7.4.18

sin (2at) erfc bt dt=- [1e2](a>0,P4'b>0)
2a

7.4.19

7.4.21

a2

1/b
aVa+b

(x real, y>0)

w(x+ iy)
yix
(x real, y>0)

7.4.16

foe
2xye'2dt ir

, t4_2(xf_y2)t2+(x2Iy2)22 yix
(x real, y>0)

7.4.17

(94'(a+b)>O)

(+ Í)f eric '+-tjDdt_r+)
(.b>0, c>0)

7.4.22

fo e_ai cos (t2)dt=V{ [i_sO cos (i!)

_[_c( V)]sin(Ç)} (a>0)
7.4.23

f e_ai sin (t2)dt

=V{[j_o OV)] c° ()
+[s ('!)] sin ()} (.?a>0)

7.4.24

foe
sin (t2) dt=ir-[_C(V)]2t 2

+ [i_s (V)]2 (?4'a>0)

7.4.25

f: 2dt=7r { [lcÇ,/b)] (ab)

+[s (/)] sin (ab) } (?a>O, b>0)

7.4.26

roe e°dt ir I

Jo J?(t2+b2)b
{[ S(./)]cos (ab)

_[_c(,J)] sin (ab) } (a>0, b>0)

7.4.27

f e'c( Idt= i
Jo 'V Ir! 2a(/a2+1_a)/a2+1

(a>0)
7.4.30

featS(/)dt=o ir 2a(/a2+1+a)/a2+1
(a>0)

1 2 1 217.4.31
foef[] +[S(t] j iro'-

i

7.4.32

22ac
fe_2+2tdx_Ve a erl (ix+=)+const.

(a 0)

7.4.28
sin ()} (a>0)

fo

oe

e"S(t)dt= {[_c()] a2cos ()

S (e)] sin O)} (a>0)
7.4.29

ERROR FUNCTION AND FRESNEL INTEGRALS 303

fo e_atC(t)dt= {Ei_s()]s(E)

fo
e«t erf[idt=

7.4.20

fe_vu eric dt= e2 (a>0,.4'b>0)
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7.4.33

feLix= [e erf (ax+)

+e erf (ax.)]+const.
7.4.34

é_a212+6' bSe ''dx 4a [w (+iax)

+w (-+ iax)]+const.

7.4.35 ferf xdx=x erf e_x2+const.

7.4.36

fe erl bxdx=1 [e erf bxe erf (bx_)]
+cOflSt. (a0)

7.4.37

J'e eri dx={e eri
X

+ e[w(+i .tj)+w (_+ V)]}
+const. (a0)

(a O)

(a 0)

Numerical

7.5. Use and Extension of the Tables

Example 1. Compute erf .745 and
using Taylor's series.

With the aid of Taylor's theorem and 7.1.19
it can be shown that

eri (xo+ph)=erf Xo

+ eph [i_phxo+P2h2(2x_1)]+

eo'2=e [1_2phxo+p2h2(2xo-_1)

- p3h3xo(2xo-3)]+

where I<1.2X10-'°, nI<3.2X1O'° if h=10_2,
IpI. With x0==.74, p=.5 and using Table 7.1

ERROR FUNCTION AND FRESNEL INTEGRALS

7.4.38

fcos (ax+2bx+c)dx

V {
'62ac\

a )C[V (ax+b)]= - cos(

+sin
()2)s [/i (ax+b)]}+const.

7.4.39

f sin

/ir
{ (b2-_ae)s[V (ax+b)]

sin (b2) (ax+b)]}+const.

7.4.44) f G(x)dx=xC(x) sin ( x2)+const.

7.4.41 f S(x)dx=xS(x) CO5 (
X2)+COflSt.

Methods

erf .745==.70467 80779+(.5)(.00652 58247)X

[1 - (.005) (.74) + (.00000 83333) (.0952)]

=.70792 8920

e - () (.65258 24665) [1 .0074

+ (.000025) (.0952) + (.00000 00833) (.74) (1.9048)]

=.57405 7910.

As a check the computation was repeated with
x0=.75,p=.5.

Example 2. Compute eric z to 5S for x==4.8.
We have 1/x2= .0434028. With Table 7.2 and

linear interpolation in Table 7.3, we obtain

eric 4.8= (1.11253)(10_b0)(.552669)
2

= (1.1352)10k'.



Example 3. Compute e_x2fZehldt to 5S for

x=6.5.

With 1/x2= .0236686 and linear interpolation
in Table 7.5

e6f e"dt=(.506143)/(6.5)=.077868.

Example 4. Compute i2 erIc 1.72 using the
recurrence relation and Table 7.1.

By 7.2.1, using Table 7.1,

i'erfc 1.72=.05856 50.

Using the recurrence relation 7.2.5 and Table 7.1

i erfe 1.72=-(1.72)(.01499 72)+(.5)(.05856 50)

= .0034 873

j2 erIc 1.72= - (.86) (.0034873) ± (.25) (.01499 72)

= .0007502.

Note the loss of two significant digits.

Example 5. Compute k erfc 1.72 for k=1, 2, 3
by backward recurrence.

Let the sequence w?(x)(=m, m-1, . . ., 1, 0,
-1) be generated by backward use of the recur-
rence relation 7.2.5 starting with w2=0, w1= 1.
Then, for any fixed k, (see [7.7]),

wr(x) _E exhik erfc X (x>0).hrn w1(x)

With x=1.72, m=15 we obtain

ERROR FUNCTION AND FRESNEL I]TEGRALS

From Table 7.1 we have -- e1.72)2=.O58565.

Thus,

i erfc 1.72 (.058565) (6.0064 X 1011)/i .0087 X 10's
=3.4873 X 10

i2 erfc 1.72 (.058565) (1.2920 X 10")/l .0087 X 1013
= 7.5013 X 10

i3 erfc 1.72 (.058565) (2.6031 X l0'°)/l .0087 X 10's
=1.5114X104.

Example 6. Compute C(8.65) using Table 7.8.
With x=8.65, 1/x=.1i5607 we have from Table

7.8 by linear interpolation

J(8.65) = .036797, g(8.65) = .000159.

From Table 4.6

( x2)=_.961382, cos ( x2)=_ .2752 18.

Using 7.3.9

C(8.65)=.5+ (.036797)(- .961382)
- (.000159) (-.275218)= .46467.

Example 7. Compute 8(1.1) to bD.
Using 7.3.8 and 7.3.10 we obtain by 6-pt inter-

polation in Table 7.8

S(1.1)=S (i.i

=S(.87767 30169)=.31865 57172.

Example 8. Compute 82(5.24) to 6D.
Enter Table 7.7 in the column headed by u.

Using Aitken's scheme of interpolation

u S,(u)

305

82(5.24) = .427177

Example 9. Compute 82(5.24) using Taylor's
series and Table 7.8.

Using 7.3.21 we can write Taylor's series forf2 (u)

=f and g2 (u) =g in the form

5.20310 58
5.3180880

.43280 06

.4157397
03689 42

-.0780880 .4273263
5.08938 01 . 45093 88 .15061 99 691 63 .42718 63
5.43432 70 .39999 44 -.19432 70 756 60 6 52 . 42717 71
4.97691 11 - 46990 94 .26308 89 674 79 9 39 61 . 42717 67

w(1.72) w'(1.72) w(1.72) ,s w'(1.72)

17 0 12 (3) 2.1011 7 (7) 2.5879 2 (11) 1.2920
16 1 11 (4) 1.3831 6 (8) 1.5569 1 (11) 6.0064
15 3.44 10 (4) 9. 8005 5 (8) 8.9787 0 (12) 2. 5830
14 (1) 4. 3834 9 (5) 6.4143 4 (9) 4.9570 -1 (13) 1.0087
13 (2) 2.5399 8 (6) 4. 1666 3 (10) 2.6031
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f2@)=co+ci(u-uo)+ (U_Uo)2+ (t)+

g2(u) = (u-u0)

+ (uoY+
where

c0=f2(uo), ci= -g2(uo),
i f i\k13" . (2k-l)

k-/2iruo(2Uo)

(k=0, 1, 2, . -. .).

Consulting Table 7.8 we chose u= 1/.185638
= 5.386819, thus having u-u0=5.24 - 5.386819
=-.146819. FromTable7.8

J2(uo)=.168270, g2(u)=.014483.

Hence, applying the series above,

J2(5.24).170436, g2(5.24)=.015O30.

Using the 4th formula at the bottom of Table 7.8

82(5.24) = .5- (.170436) (.503471)
- (.015030) (- .864012) = .42718.

Example 10. Compute 82(2) using 7.3.16.
Generating the values of J4(2) as described

in chapter 10 we find

82(2) =J312(2) +J712(2) +J11(2) +J1512(2)+
=.49129+.06852+.00297+.00006= .56284.

Example 11. Computef Y0(t)
dt by numerical

integration using Tables 9.1 and 7.8. [Y0(t) is the
Bessel function of the second kind defined in 9.1.16.]

We decompose the integral into three parts

Y0(t)
dt i"° d
T=J1 Yo(t)+J[Yo(t)-(t)}t 10

+ ro(t)dt
Jio

where

9
\S1fl(t*)

0(t)=(1 r') -i

1

\cos(t-)
k. 128t) 8t-í

represents the first two terms of the asymptotic
expansion 9.2.2.

FRESNEL INTEGRALS

By numerical integration, using Table 9.1,

f'°Yo(t) =.4l826 00.

Using the fact that the remainder terms of the
asymptotic expansion are less in absolute value
than the first neglected terms, we can estimate

r [Y0(t)-0(t)] -

r32 .52.72

-v ir ho L 212.4! t'1'2
lo

32.52.72.92
+ 210.5!

tla/2]dt=7.33X107.

Finally,

Jp0(t)
dt 14659 '[l C(i0) 8(10)]

/

lO 6720

5953819 cos 10-sin 10
2688000 /iöi
23 107 cos 10+sin 10

.02298 78,
2150400 -/iö- -

using Tables 7.8 and 4.8. Hence

fY0(t)
=.41826 00-.02298 78=.39527 22.

The answer correct to 8D is .39527 290 (Table
11.2).

Example 12. Compute w(.44+.67i) using bi.-
variate linear interpolation.

By linear interpolation in Table 7.9 along the
x-direction at y=.6 and y=i'

w(.44+ .6i) .6(.522246+ .167880i) + .4 (.498591

+ .202666i) .5 12784 + . 181794i

w(.44 + .7i) .6 (.487556 + . 147975i) + .4 (.467521
+ .179123i)= .479542 + .160434i.

By linear interpolation along the y-direction at
x= .44

w(.44+ .67i) .3 (.512784 + .181794i) + .7 (.479542
+ .160434i) = .489515 + . 166842i.

The correct answer is .489557+.166889i.

Example 13. Compute w(z) for z=.44+.61i.
Bivariate linear interpolation, as described in

Example 12, is most accurate if lies near the
center or along a diagonal of one of the squares
of the tabular grid [7.6]. It is not as accurate for
z near the midpoint of a side of a square, as in this
example. However, we may introduce an auxil-



iary square (see diagram) which contains z close
to its center. Bivariate linear interpolation can
then be applied within this auxiliary square.

The values of w(z) needed at z= , and z= 2
are easily approximated by the average of the four
neighboring tabular values. Furthermore the
parts to be used are given by

zo-
P1+P2, P1P2

ERROR FUNCTION AND

ZO.I

where z=zo+.1(pi+ip2). Thus, with zo=.4+.6i,
1=.45+.65i, 2=.45+.55i, p'=.4, PF.l, we get

from Table 7.9

_(.522246 + .498591 + .487556 + .467521)
= .493979

.?w(2) 522246 +.498591+.561252+.533157)
= .528812

w(z) [1- (.4+.l)J{[1-(.4-.1)}.522246
+(.4-.1).528812}+(.4+.1)X

[1-(.4- .1)1 .493979+ (.4-.1).498591 } = .509789.

The correct answer is .509756. Straightforward
bivariate interpolation gives .509460.

Example 14. Compute Jw(.39+.61i) to 6D
using Taylor's series.

Let z=.39+.61i, z,=.4+.6i. From 7.1.20,
and using Table 7.9, we have

w(z0) = .522246 + . 167880i

w'(z0)= -.21634+.36738i, z_Zo=.(_1+i)1O_2
w"(z0)= -.215-.185i, (z_zo)2= 2iX 10

fw(z)=.167880-.0021634-.0036738
+ .0000430= .162086.

Example 15. Compute w(.4-1.3i).
From 7.1.11, 7.1.12

w(.4- 1.3i)=w(-.4--- 1.3i)=2e_'2

Using Tables 7.9, 4.4 and 4.6

w(.4- 1.3i)=4.33342+8.04201j.

273-888 0-67-21

-w(.4+1.3i).
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Example 16. Compute w(7 + 2i).
Using the second formula at the end of Table 7.9

1' .5124242w(7+2i)=(-2+7i) 44.72474+28i

.05176536 \
+4227525 +28i)= .021853 + .075010i.

Example 17. Compute erf (2 +i).
From 7.1.3, 7.1.12 we have

erf z=1 _e_z2w(jz) = i -e22(cos 2xy

-i sin 2xy)w(y±ix) (z=x+iy).

Using Tables 7.9, 4.4, 4.6

erf (2+i)= i-e3 (cos 4-i sin 4)w(1+2i)

= 1.003606-.0112590i.

Example 18. Compute s1 ((+i>V).
From 7.3.22, 7.3.8, 7.3.18 we have

S(z)=- e2w[(1+i)
]

_1+i _iz2 rÇ_l) ..4e WLi

Setting z =(+i) and making use of 7.1.11,

7.1.12, and Table 7.9

s, ((+) ì)=
i 1-i -2" 3\ /1 3.- e

1+i 2" . 3\ ¡3 1.+ e

=-.990734-.681619i.

Example 19. Computef eh/4)t23tcos (2t)dt

using Table 7.9.
Setting b=y+ix, c=0 in 7.4.2 and using 7.1.3,

7.1.12 we find

f' e2 cos (2xt)dt= V! (x+iY\
a

(a>0, x, y real).
Hence from Table 7.9

e cos (2t)dt= ,/.qw(2+3i) = .231761.
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Table 7.1

0.00
0.01
0.02
0. 03
0.04

0. 05
0.06
0.07
0.08
0. 09

0.10
0.11
0. 12
0.13
0.14

0. 15
0.16
0.17
0. 18
0. 19

0.20
0.21
0.22
0.23
0.24

0.25
0.26
0.27
0.28
0.29

0. 30
0.31
0. 32
0. 33
0.34

0. 35
0.36
0. 37
0.38
0. 39

0.40
0.41
0.42
0.43
0.44

0.45
0.46
0.47
0.48
0.49

0. 50

p_%2
7r

1. 12837
1. 12826
1. 12792
1. 12736
1. 12657

1. 12556
1. 12432
1. 12286
1. 12118
1. 11927

1. 11715
1. 11480
1. 11224
1. 10946
1. 10647

1. 10327
1. 09985
1. 09623
1. 09240
1. 08837

1. 08413
1. 07969
1. 07506
1. 07023
1. 06522

1. 06001
1. 05462
1. 04904
1. 04329
1. 03736

1. 03126
1. 02498
1. 01855
1. 01195
1. 00519

0. 99828
0. 99122
0. 98401
0. 97665
0. 96916

0. 96154
0. 95378
0. 94590
0. 93789
0. 92977

0. 92153
0. 91318
0. 90473
0. 89617
0. 88752

0. 87878

E 5

See Example 1.

ERROR FUNCTION AND ITS DERWATIVE

erf r 2 2- erf
ir

91671 0. 00000 00000 0.50 0. 87878 25789 0. 52049 98778
63348 0. 01128 34156 0.51 0.86995 15467 0.52924 36198
79057 0. 02256 45747 0.52 0.86103 70343 0.53789 86305
40827 0. 03384 12223 0.53 0. 85204 34444 0. 54646 40969
52040 0. 04511 11061 0.54 0. 84297 51813 0. 55493 92505

17424 0. 05631 19778 0.55 0. 83383 66473 0. 56332 33663
43052 0. 06762 15944 0.56 0.82463 22395 0.57161 57638
36333 0. 07885 77198 0.57 0. 81536 63461 0. 57981 58062
06004 0. 09007 81258 0. 58 0. 80604 33431 0. 58792 29004
62126 0. 10128 05939 0.59 0. 79666 75911 0. 59593 64972

16068 0. 11246 29160 0. 60 0. 78124 34317 0. 60385 60908
80500 0. 12362 28962 0.61 0.77777 51846 0.61168 12189
69379 0. 13475 83518 0.62 0.76826 71442 0.61941 14619
97934 0. 14586 71148 0. 63 0. 75872 35764 0. 62704 64433
82654 0. 15694 70331 0.64 0.74914 87161 0.63458 58291

41267 0. 16799 59714 0. 65 0. 73954 67634 0. 64202 93274
92726 0. 17901 18132 0. 66 0. 72992 18814 0. 64937 66880
57192 0. 18999 24612 0.67 0.72027 81930 0.65662 77023
56008 0. 20093 58390 0.68 0. 71061 97784 0. 66378 22027
11683 0. 21183 98922 0.69 0.70095 06721 0.67084 00622

47871 0. 22270 25892 0.70 0.69127 48604 0.67780 11938
89342 0. 23352 19230 0.71 0. 68159 62792 0. 68466 55502
61963 0. 24429 59116 0.72 0.67191 88112 0.69143 31231
92612 0. 25502 25996 0.73 0.66224 62838 0.69810 39429
09449 0. 26570 00590 0.74 0. 65258 24665 0. 70467 80779

41294 0. 27632 63902 0.75 0. 64293 10692 0. 71115 56337
18194 0. 28689 97232 0.76 0. 63329 57399 0. 71753 67528
71098 0. 29741 82185 0.77 0.62368 00626 0.72382 16140
31885 0. 30788 00680 0.78 0.61408 75556 0.73001 04313
33334 0. 31828 34959 0.79 0.60452 16696 0.73610 34538

09096 0. 32862 67595 0. 80 0. 59498 57863 0. 74210 09647
93657 0. 33890 81503 0.81 0.58548 32161 0.74800 32806
22310 0. 34912 59948 0.82 0. 57601 71973 0.75381 07509
31119 0. 35927 86550 0.83 0.56659 08944 0.75952 37569
56887 0. 36936 45293 0.84 .55720 73967 0. 76514 27115

37121 0. 37938 20536 0. 85 0. 54786 97173 0. 77066 80576
10001 0. 38932 97011 0.86 0. 53858 07918 0. 77610 02683
14331 0. 39920 59840 0.87 0. 52934 34773 0. 78143 98455
89542 0. 40900 94534 0.88 0. 52016 05514 0. 78668 73192
75592 0. 41873 87001 0.89 0.51103 47116 0.79184 32468

12988 0. 42839 23550 0.90 0.50196 85742 0.79690 82124
42727 0. 43796 90902 0. 91 0. 49296 46742 0.80188 28258
06256 0. 44746 76184 0.92 0. 48402 54639 0. 80676 77215
45443 0. 45688 66945 0.93 0. 47515 33132 0. 81156 35586
02537 0. 46622 51153 0.94 0.46635 05090 0.81627 10190

20130 0. 47548 17198 0.95 0.45761 92546 0.82089 08073
41122 0. 48465 53900 0. 96 0.44896 16700 0. 82542 36496
08685 0. 49374 50509 0.97 0. 44037 97913 0. 82987 02930
66223 0. 50274 96701 0.98 0.43187 55710 0.83423 15043
57337 0. 51166 82612 0.99 0. 42345 08779 0. 83850 80696

25789 0.52049 98778 1.00 0.41510 74974 0.84270 07929
[(-5)1] [(_5)1] [(_5)1]

erf r= f' í-tIt 0.88622 69255



[(5)1] [(_5)1] [(_5)1] [(_6)4]

=O.88622 69255

X
2-= e-i
/7r
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Table 7.1

erf z

1. 00 0. 41510 74974 0. 84270 07929 1.50 0.11893 02892 0.96610 51465
1. 01 0. 40684 71315 0. 84681 04962 1.51 0.11540 38270 0.96727 67481
1.02 0. 39867 13992 0. 85083 80177 1.52 0. 11195 95356 0. 96841 34969
1.03 0. 39058 18368 0.85478 42115 1.53 0.10859 63195 0.96951 62091
1. 04 0. 38257 98986 0. 85864 99465 1.54 0.10531 30683 0.97058 56899

1.05 0. 37466 69570 0. 86243 61061 1.55 0.10210 86576 0.97162 27333
1. 06 0. 36684 43034 0. 86614 35866 1.56 0.09898 19506 0.97262 81220
1. 07 0. 35911 31488 0. 86977 32972 1.57 0.09593 17995 0.97360 26275
1.08 0. 35147 46245 0. 87332 61584 1. 58 0. 09295 70461 0. 97454 70093
1. 09 0. 34392 97827 0. 87680 31019 1.59 0. 09005 65239 0. 97546 20158

1. 10 0. 33647 95978 0. 88020 50696 1. 60 0. 08722 90586 0. 97634 83833
1. 11 0. 32912 49667 0. 88353 30124 1. 61 0. 08447 34697 0. 97720 68366
1. 12 0. 32186 67103 0. 88678 78902 1.62 0.08178 85711 0.97803 80884
1. 13 0. 31470 55742 0. 88997 06704 1. 63 0. 07917 31730 0. 97884 28397
1.14 0. 30764 22299 0. 89308 23276 1.64 0.07662 60821 0.97962 17795

1.15 0. 30067 72759 0. 89612 38429 1.65 0. 07414 61034 0.98037 55850
1.16 0.29381 12389 0.89909 62029 1.66 0.07173 20405 0.98110 49213
1. 17 0. 28704 45748 0. 90200 03990 1. 67 0. 06938 26972 0. 98181 04416
1.18 0. 28037 76702 0.90483 74269 1.68 0. 06709 68781 0.98249 27870
1.19 0.27381 08437 0.90760 82860 1.69 0.06487 33895 0.98315 25869

1.20 0.26734 43470 0.91031 39782 1.70 0.06271 10405 0.98379 04586
1.21 0.26097 83664 0.91295 55080 1.71 0.06060 86436 0.98440 70075
1. 22 0.25471 30243 0. 91553 38810 1.72 0. 05856 50157 0. 98500 28274
1. 23 0. 24854 83805 0. 91805 01041 1. 73 0. 05657 89788 0. 98557 84998
1. 24 0. 24248 44335 0. 92050 51843 1. 74 0. 05464 93607 0.98613 45950

1. 25 0. 23652 11224 0. 92290 01283 1. 75 0. 05277 49959 0. 98667 16712
1.26 0.23065 83281 0.92523 59418 1.76 0.05095 47262 0.98719 02752
1. 27 0. 22489 58748 0. 92751 36293 1. 77 0. 04918 74012 0. 98769 09422
1.28 0.21923 35317 0.92973 41930 1.78 0.04747 18791 0.98817 41959
1.29 0.21367 10145 0.93189 86327 1.79 0.04580 70274 0.98864 05487

1. 30 0. 20820 79868 0.93400 79449 1. 80 0. 04419 17233 0. 98909 05016
1. 31 0. 20284 40621 0. 93606 31228 1. 81 0. 04262 48543 0. 98952 45446
1.32 0.19757 88048 0.93806 51551 1.82 0.04110 53185 0.98994 31565
1. 33 0. 19241 17326 0. 94001 50262 1. 83 0. 03963 20255 0. 99034 68051
1.34 0.18734 23172 0.94191 37153 1.84 0.03820 38966 0.99073 59476

1.35 0.18236 99865 0.94376 21961 1.85 0.03681 98653 0.99111 10301
1.36 0.17749 41262 0.94556 14366 1.86 0.03547 88774 0.99147 24883
1. 37 0. 17271 40811 0. 94731 23980 1. 87 0. 03417 98920 0. 99182 07476
1. 38 0. 16802 91568 0. 94901 60353 1. 88 0. 03292 18811 0. 99215 62228
1.39 0.16343 86216 0.95067 32958 1.89 0.03170 38307 0.99247 93184

1. 40 0. 15894 17077 0. 95228 51198 1. 90 0. 03052 47404 0. 99279 04292
1.41 0.15453 76130 0. 95385 24394 1.91 0. 02938 36241 0.99308 99398
1.42 0. 15022 55027 0. 95537 61786 1.92 0. 02827 95101 0. 99337 82251
1.43 0.14600 45107 0.95685 72531 1.93 0.02721 14412 0.99365 56502
1.44 0.14187 37413 0.95829 65696 1.94 0.02617 84752 0.99392 25709

1. 45 0. 13783 22708 0. 95969 50256 1. 95 0. 02517 96849 0. 99417 93336
1.46 0.13387 91486 0.96105 35095 1.96 0.02421 41583 0.99442 62755
1.47 0.13001 33993 0.96237 28999 1.97 0.02328 09986 0.99466 37246
1.48 0.12623 40239 0.96365 40654 1.98 0.02237 93244 0.99489 20004
1.49 0.12254 00011 0.96489 78648 1.99 0.02150 82701 0.99511 14132

1.50 0.11893 02892 0.96610 51465 2.00 0.02066 69854 0.99532 22650
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Table 7.2

X e-'2
ir

ERROR FUNCTION AND FRESNEL INTEGRALS

DERIVATIVE OF THE ERROR FUNCTION

X e-'2 X ei X e'2
2.00 2 2. 0666 985 2.50 - 3 2.1782 842 3.00 4)1.3925 305 3.50 - 6 5.3994 268
2.01 2 1.9854 636 2.51 - 3 2.0718 409 3.01 4) 1.3113 047 3.51 - 6 5.0338 887
2.02 2 1. 9070 402 2.52 -- 3 1.9702 048 3.02 4 1.2345 698 3.52 - 6 4.6921 589
2.03 2 1. 8313 482 2.53 -- 3 1.8731 800 3.03 4 1.1620 929 3.53 - 6 4.3727 530
2.04 2 1. 7583 088 2.54 - 3 1.7805 771 3.04 4 1.0936 521 3.54 - 6 4.0742 749

2.05 2 1.6878 448 2.55 - 3 1.6922 136 3.05 - 4 1. 0290 362 3.55 - 6 3. 7954 113
2.06 2 1. 6198 806 2.56 - 3 1.6079 137 3.06 - 5 9.6804 434 3.56 - 6 3.5349 275
2.07 2 1. 5 543 422 2.57 3 1.5275 078 3.07 - 5 9.1048 542 3.57 - 6 3.2916 626
2.08 2 1. 4911 571 2.58 3 1.4508 325 3.08 - 5 8.5617 765 3.58 - 6 3. 0645 257
2.09 2 1. 4302 545 2.59 3 1.3777 304 3.09 - 5 8. 0494 817 3.59 - 6 2.8524 914

2.10 2 1. 3715 650 2.60 - 3) 1.3080 500 3.10 - 5 7. 5663 267 3.60 - 6 2.6545 968
2.11 2 1. 3150 207 2.61 - 3 1.2416 455 3.11 - 5 7. 1107 499 3.61 - 6 2.4699 374
2.12 2 1. 2605

u

554 2.62 3 1.1783 764 3.12 - 5 6.6812 674 3.62 - 6 2.2976 636
2.13 2 1.2 08 1 043 2.63 3 1.1181 075 3.13 - S 6.2764 699 3.63 - 6 2.1369 782
2.14 2 1.1576 041 2.64 3 1.0607 090 3.14 - 5 5.8950 187 3.64 - 6 1.9871 328

2.15 2)1.1089 930 2.65 - 3)1.0060 558 3.15 - 5 5. 5356 429 3.65 - 6 1.8474 250
2.16 2)1.0622 108 2.66 - 4 9.5402 778 3.16 - 5 5.1971 360 3.66 - 6 1. 7171 961
2.17 2 1.0171 986 2.67 3.17 - S 4. 8783 532 3.67 - 6 1.5958 281
2.18 3 9.7389 910 2.68 3.18 - 5 4.5782 082 3.68 - 6 1.4827 416
2.19 3 9.3225 623 2.69 - 3.19 - 5 4.2956 707 3.69 - 6 1.3773 933

2.20
2.21
2.22

(- 3)8.9221
(- 3)8.5372
- 3)8.1672

551
378
930

2.70
2.71
2.72

-
-
-

4)7.6992
4)7.2937
4 6.9082

476
850
932

3.20
3.21
3.22

-
-
-

5)4.0297
s) 3.7795
5 3.5441

636
604
831

3.70
3.71
3.72

-
-
-

6 1.2792
6 1.1879
6 1.1028

741
068
445

2.23 - 3)7.8118 164 2.73 - 4 6.5418 671 3.23 - 5 3.3227 997 3.73 - 6 1. 0236 686
2.24 - 3)7.4703 176 2.74 - 4 6.1936 378 3.24 - 5 3.1146 217 3.74 - 7 9.4998 679

2.25 3 7. 1423 190 2.75 - 4 5.8627 725 3.25 - 5)2.9189 025 3.75 - 7 8.8143 219
2.26 3 6.8273 562 2.76 - 4 5.5484 722 3.26 - 5)2.7349 351 3.76 - 7 8.1766 120
2.27 3 6.5249 776 2.77 - 4 5.2499 713 3.27 - 5 2.5620 500 3.77 - 7 7. 5835 232
2.28 3 6. 2347 440 2.78 - 4 4.9665 360 3.28 5 2.3996 135 3.78 - 7 7.0320 473
2.29 3 5. 9562 287 2.79 - 4 4.6974 632 3.29 - 5 2.2470 263 3.79 - 7 6. 5193 709

2.30 3 5.6890 172 2.80 4 4.4420 794 3.30 - S 2.1037 210 3.80 - 7 6. 0428 629
2.31 3 5.4327 069 2.81 4 4.1997 400 3.31 - S 1.9691 613 3.81 - 7 5.6000 632
2.32 3 5.1869 067 2.82 4 3.9698 274 3.32 - 5 1.8428 397 3.82 - 7 5.1886 725
2.33 3 4.9512 374 2.83 4 3.7517 508 3.33 - 5 1. 7242 768 3.83 - 7 4. 8065 419
2.34 3)4.7253 306 2.84 4 3.5449 449 3.34 - 5 1.6130 192 3.84 - 7 4.4516 637

2.35 3 4.5088 292 2.85 4 3.3488 688 3.35 - 5 1. 5086 387 3.85 - 7 4.1221 624
2.36 3 4.3013 869 2.86 4 3.1630 053 3.36 - 5 1.4107 306 3.86 - 7 3. 8162 867
2.37 3 4.1026 681 2.87 4 2.9868 598 3.37 - 5 1.3189 127 3.87 - 7 3. 5324 013
2.38 3 3.9123 473 2.88 4 2.8199 597 3.38 - 5 1.2328 243 3.88 - 7 3.2689 796
2.39 3)3.7301 092 2.89 4 2.6618 533 3.39 - 5 1. 152 1 246 3.89 - 7 3. 0245 971

2.40 3 3. 5556 487 2.90 - 4 2.5121 089 3.40 - 5 1.0764 921 3.90 - 7 2.7979 245
2.41 3 3. 3886 700 2.91 - 4 2.3703 144 3.41 - 5 1. 0056 235 3.91 - 7 2. 5877 218
2.42 3 3.2288 871 2.92 - 4 2.2360 761 3.42 - 6 9. 3923 243 3.92 - 7 2. 3928 327
2.43 3 3. 0760 230 2.93 - 4 2.1090 184 3.43 - 6 8.7704 910 3.93 - 7 2.2121 788
2.44 3 2. 92 9 8 098 2.94 - 4 1.9887 824 3.44 - 6 8. 1881 894 3.94 - 7 2. 0447 548

2.45 3 2. 7899 886 2.95 - 4)1.8750 262 3.45 - 6 7.6430 199 3.95 (- 7 1.8896 240
2.46 3 2. 6563 089 2.96 - 4 1.7674 231 3.46 - 6 7.1327 211 3.96 - 7 1.7459 135
2.47 3 2. 5285 285 2.97 - 4 1.6656 619 3.47 - 6 6. 6551 620 3.97 - 7 1.6128 098
2.48 3 2.4064 136 2.98 - 4 1.5694 459 3.48 - 6 6.2083 353 3.98 - 7 1.4895 557
2.49 3 2. 2897 383 2.99 - 4 1.4784 919 3.49 - 6 5.7903 503 3.99 - 7 1.3754 458

2.50 3)2.1782 842 3.00 (- 4)1.3925 305 3.50 (- 6)5.3994 268 4.00 (- 7)1.2698 235
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4.00 (- 7 1.2698 235 4.50 -9 1.8113 059 5.00 -11 1.5670 866 5.50 -14 8.2233 160
4.01 (- 7 1.1720 776 4.51 -9 1.6552 434 5.01 -11 1.4178 169 5.51 -14 7.3659 906
4.02 -7 1.0816 394 4.52 -9 1.5123 248 5.02 -11 1.2825 089 5.52 -14 6.5967 265
4.03 -8 9.9797 993 4.53 -9 1.3814 699 5.03 -11 1.1598 820 5.53 -14 5.9066 187
4.04 -8 9.2060 694 4.54 -9 1.2616 849 5.04 -11 1.0487 702 5.54 -14 5.2876 480

4.05 (.- 8 8.4906 281 4,55 - 9 1.1520 559 5.05 -12)9.4811 285 5.55 -14 4.7325 943
4.06 -8 7.8292 207 4.56 - 9 1.0517 423 5.06 -12) 8.5694 483 5.56 -14 4.2349 585
4.07 -8 7.2178 923 4.57 -10 9.5997 127 5.07 -12 7.7438 839 5.57 -14 3.7888 917
4.08 -8 6.6529 674 4.58 -10)8.7603 264 5.08 -12 6.9964 533 5.58 -14 3.3891 310
4.09 -8 6.1310 313 4,59 -10)7,9927 363 5.09 -12 6.3198 998 5.59 -14 3.0309 422

4.10 - 8)5.6489 121 4.60 (-10)7.2909 450 5.10 -12 5.7076 270 5.60 -14 2.7100 675
4.11 - 8)5.2036 639 4.61 (-10)6.6494 435 5.11 -12 5.1536 405 5.61 -14 2.4226 780
4.12 - 8 4.7925 517 4.62 -10 6.0631 724 5.12 -12 4.6524 937 5.62 -14 2.1653 317
4.13 - 8 4.4130 364 4.63 -10 5.5274 864 5.13 -12 4.1992 391 5.63 -14 1.9349 346
4.14 - 8 4.0627 618 4.64 -10 5.0381 209 5.14 -12)3.7893 835 5.64 -14 1.7287 067

4.15 (- 8)3.7395 414 4.65 -10 4.5911 621 5.15 -12' 3.4188 470 5.65 -14 1.5441 499
4.16 - 8 3.4413 471 4.66 -10 4.1830 187 5.16 -12 3.0839 257 5.66 -14 1.3790 206
4.17 - 8 3.1662 977 4.67 -10 3.8103 962 5.17 _121 2.7812 580 5.67 -14 1.2313 037
4.18 - 8 2.9126 490 4.68 -10 3.4702 727 5.18 -12 2.5077 937 5.68 -14 1.0991 900
4.19 - 8)2.6787 841 4.69 (-10 3.1598 772 5.19 -12 2.2607 652 5.69 -15 9.8105 529

4.20 (- 8)2.4632 041 4.70 (-10)2.8766 694 5.20 -12 2.0376 626 5.70 -15 8.7544 193
4.21 (- 8)2.2645 204 4.71 (-10)2.6183 207 5.21 -12 1.8362 094 5.71 -15 7.8104 192
4.22 -8 2.0814 463 4.72 -10 2.3826 973 5.22 -12 1.6543 420 5.72 -15 6.9668 183
4.23 -8 1.9127 901 4.73 -10 2.1678 441 5.23 -12 1.4901 896 5.73 -15 6.2130 917
4.24 -8 1.7574 484 4.74 -10 1.9719 702 5.24 -12 1.3420 568 5.74 -15 5.5398 013

4.25 -8 1.6143 994 4.75 -10 1.7934 357 5.25 -12 1.2084 075 5.75 -15 4.9384 851
4.26 -8 1.4826 974 4.76 -10 1.6307 388 5.26 -12 1.0878 501 5.76 -15 4.4015 583
4.27 -8 1.3614 673 4.77 -10 1.4825 049 5.27 -13 9.7912 433 5.77 -15 3.9222 232
4.28 -8 1.2498 993 4.78 -10 1.3474 759 5.28 -13 8.8108 899 5.78 -15 3.4943 893
4.29 -8 1.1472 445 4.79 -10 1.2245 007 5.29 -13 7.9271 093 5.79 -15 3.1126 008

4.30 -8 1.0528 102 4.80 -10 1.1125 261 5.30 -13 7.1305 505 5.80 -15 2.7719 710
4.31 -9 9.6595 598 4.81 -10 1.0105 888 5.31 -13 6.4127 516 5.81 -15 2.4681 247
4.32 -9 8.8608 977 4.82 -11 9.1780 821 5.32 -13 5.7660 568 5.82 -15 2.1971 447
4.33 (- 9 8.1266 442 4.83 -11 8.3337 894 5.33 -13 5.1835 412 5.83 -15 1.9555 249
4.34 (- 9 7.4517 438 4.84 -11 7.5656 500 5.34 -13 4.6589 423 5.84 -15 1.7401 279

4.35 -9 6.8315 260 4.85 -11 6.8669 377 5.35 -13 4.1865 979 5.85 -15 1.5481 468
4.36 -9 6.2616 772 4.86 -11 6.2315 074 5.36 -13 3.7613 895 5.86 -15 1.3770 708
4.37 -9 5.7382 144 4.87 -11 5.6537 456 5.37 -13 3.3786 913 5.87 -15 1.2246 543
4.38 -9 5.2574 603 4.88 -11 5.1285 259 5.38 -13 3.0343 233 5.88 -15 1.0888 898
4.39 -9 4.8160 210 4.89 -11 4.6511 675 5.39 -13 2.7245 096 5.89 -16 9.6798 241

4.40 -9 4.4107 647 4.90 -11 4.2173 976 5.40 -13 2.4458 396 5.90 -16 8.6032 817
4.41 -9 4.0388 018 4.91 -11 3.8233 166 5.41 -13 2.1952 336 5.91 -16 7.6449 380
4.42 -9 3.6974 673 4.92 -11 3.4653 660 5.42 -13 1.9699 112 5.92 -16 6.7919 883
4.43 -9 3.3843 033 4.93 -11 3.1402 998 5.43 -13 1.7673 627 5.93 -16 6.0329 959
4.44 -9 3.0970 439 4.94 -11 2.8451 570 5.44 -13 1.5853 234 5.94 -16 5.3577 479

4.45 (- 9 2.8336 002 4.95 -11 2.5772 379 5.45 -13 1.4217 499 5.95 -16 4.7571 261
4.46 -9 2.5920 474 4.96 -11 2.3340 811 5.46 -13 1.2747 989 5.96 -16 4.2229 913
4.47 -9 2.3706 118 4.97 -11 2.1134 428 5.47 -13 1.1428 081 5.97 -16 3.7480 801
4.48 -9 2.1676 596 4.98 -11 1.9132 785 5.48 -13 1.0242 785 5.98 -16 3.3259 113
4.49 -9 1.9816 862 4.99 -11 1.7317 254 5.49 -14 9.1785 895 5.99 -16 2.9507 038

4.50 (- 9)1.8113 059 5.00 (-11)1.5670 866 5,50 (-14)8.2233 160 6.00 (-16)2.6173 012
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Table 7.2
2 2

ERROR FUNCTION AND FRESNEL INTEGRALS

DERIVATIVE OF THE ERROR FUNCTION
2 2 2

X - e-x X e-x
I7r

X

6.00
6.01
6.02
6.03
6.04

-16 2.6173
-16 2.3211
-16 2.0580
-16) 1.8243
-16) 1.6169

012
058
187
864
533

6.50
6.51
6.52
6.53
6.54

-19)
-19
-19

(-19
(-19

5.0525
4.4362
3.8942
3.4178
2.9990

800
038
418
066
603

7.00
7.01
7.02
7.03
7.04

-22
-22
-22
-22
-22

5.9159
5.1425
4.4694
3.8835
3.3738

630
768
005
679
492

7.50
7.51
7.52
7.53
7.54

-25 4.2013
-25 3.6157
-25 3.1112
-25 2.6764

(-25 2.3020

654
871
033
989
719

6.05
6.06
6.07
6.08
6.09

(-16 1.4328
(-16 1.2693

-16 1.1243
-17 9.9575
-17) 8.8165

188
992
934
277
340

6.55
6.56
6.57
6.58
6.59

-19
-19
-19
-19
-19

2.6310
2.3078
2.0238
1.7744
1.5555

921
100
447
651
031

7.05
7.06
7.07
7.08
7.09

-22
-22
-22
-22
-22

2.9304
2.5448
2.2094
1.9179
1.6645

450
057
736
450
491

7.55
7.56
7.57
7.58
7.59

-25 1.9796
-25 1.7020
-25 1.4630
-25 1.2573
-25 1.0803

292
094
299
541
765

6.10
6.11
6.12
6.13
6.14

-17) 7.8047
-17) 6.9076
-17) 6.1124
-17) 5.4077
-17) 4.7832

211
453
570
268
911

6.60
6.61
6.62
6.63
6.64

-19
-19
-19
-20
-20

1.3632
1.1945
1.0465
9.1667
8.0275

874
852
500
618
879

7.10
7.11
7.12
7.13
7.14

-22
-22
-22
-23
-23

1.4443
1.2530
1.0868
9.4247
8.1713

426
171
181
516
928

7.60
7.61
7.62
7.63
7.64

(-26 9.2812
-26 7.9716
-26 6.8455
-26 5.8772
-26 5.0449

353
752
216
834
849

6.15
6.16
6.17
6.18
6.19

(-17 4.2301
(-17 3.7401
-17 3.3062
-17 2.9221
-17 2.5821

135
616
970
768
666

6.65
6.66
6.67
6.68
6.69

-20
-20
-20
-20
-20

7.0285
6.1526
5.3848
4.7118
4.1221

758
575
212
664
880

7.15
7.16
7.17
7.18
7.19

-23
-23
-23
-23
-23

7.0832
6.1388
5.3192
4.6082
3.9913

963
620
876
095
893

7.65
7.66
7.67
7.68
7.69

-26 4.3296
-26 3.7150
-26 3.1870
-26 2.7335
-26 2.3440

844
594
466
323
839

6.20
6.21
6.22
6.23
6.24

-17)2.2812
-17 2.0150
-17 1.7794
-17 1.5711
-17 1.3869

620
194
936
830
801

6.70
6.71
6.72
6.73
6.74

-20
-20
-20
-20
-20

3.6055
3.1530
2.7568
2.4098
2.1061

852
937
372
972
973

7.20
7.21
7.22
7.23
7.24

-23
-23
-23
-23
-23

3.4564
2.9925
2.5904
2.2419
1.9399

408
904
701
351
057

7.70
7.71
7.72
7.73
7.74

(-26 2.0097
(-26 1.7227
-26 1.4763
-26 1.2650
-26 1.0837

185
031
822
285
147

6.25
6.26
6.27
6.28
6.29

-17 1.2241
-17 1.0801
-18 9.5297
-18 8.4057
-18 7.4128

281
812
064
325
421

6.75
6.76
6.77
6.78
6.79

-20
-20
-20
-20
-20

1.8404
1.6078
1.4043
1.2264
1.0707

021
278
634
013
765

7.25
7.26
7.27
7.28
7.29

-23
-23
-23
-23
-24

1.6782
1.4515
1.2552
1.0852
9.3813

295
608
558
815
574

7.75
7.76
7.77
7.78
7.79

-27 9.2820
-27 7.9484
-27 6.8051
-27 5.8251
-27 4.9852

251
723
505
209
310

6.30
6.31
6.32
6.33
6.34

-18) 6.5359
-18) 5.7615
-18 5.0779

(-18 4.4745
(-18 3.9421

252
925
819
863
013

6.80
6.81
6.82
6.83
6.84

-21
-21
-21
-21
-21

9.3471
8.1577
7.1183
6.2100
5.4166

286
565
018
515
048

7.30
7.31
7.32
7.33
7.34

-24
-24
-24
-24
-24

8.1077
7.0057
6.0522
5.2274
4.5141

830
026
159
546
841

7.80
7.81
7.82
7.83
7.84

-27 4.2655
-27 3.6490
-27 3.1210
-27 2.6689
-27 2.2818

868
970
820
356
346

6.35
6.36
6.37
6.38
6.39

-18 3.4722
-18 3.0578
-18 2.6923
-18 2.3700

(-18 2.0859

886
557
486
568
281

6.85
6.86
6.87
6.88
6.89

(-21
(-21
(-21
(-21
(-21

4.7235
4.1184
3.5900
3.1288
2.7263

904
183
610
615
649

7.35
7.36
7.37
7.38
7.39

-24
-24
-24
-24
-24

3.8974
3.3643
2.9035
2.5053
2.1613

577
153
220
400
315

7.85
7.86
7.87
7.88
7.89

-27 1.9504
-27 1.6669
-27 1.4242
-27 1.2167
-27 1.0392

883
236
990
456
297

6.40
6.41
6.42
6.43
6.44

-18 1.8354
-18 1.6148
-18 1.4203
-18 1.2490

(-18)1.0982

945
045
650
883
455

6.90
6.91
6.92
6.93
6.94

-21
-21
-21
-21
-21)

2.3751
2.0688
1.8Ù15
1.5685
1.3654

704
010
892
776
297

7.40
7.41
7.42
7.43
7.44

-24
-24
-24
-24
-24)

1.8641
1.6075
1.3860
1.1947
1.0296

859
712
036
351
557

7.90
7.91
7.92
7.93
7.94

-28 8.8743
-28 7.5766
-28 6.4673
-28 5.5193
-28)4.7094

478
022
396
762
204

6.45
6.46
6.47
6.48
6.49

(-19)9.6542
-19 8.4849
-19 7.4558
-19 6.5502
-19) 5.7534

574
924
503
224
461

6.95
6.96
6.97
6.98
6.99

(-21
-21
-22
-22
-22

1.1883
1.0340
8.9957
7.8244
6.8042

540
356
684
565
967

7.45
7.46
7.47
7.48
7.49

-25
-25
-25
-25
-25

8.8720
7.6431
6.5831
5.6689
4.8808

826
480
250
820
021

7.95
7.96
7.97
7.98
7.99

(-28)4.0175
-28 3.4265
-28 2.9219
-28 2.4912
-28 2.1234

202
874
899
008
982

6.50 (-19)5.0525 800 7.00 (-22)5.9159 630 7.50 (-25)4.2013 654 8.00 (-28)1.8097 068
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Table 7.2

2 2C
OF THE ERROR

X

8.00 -28 1.8097 068 8.50 -32)4.7280 139 9.00 -36 7.4920 734 9.50 -40) 7.2007 555
8.01 -28 1.5419 762 8.51 -32) 3.9884 601 9.01 -36 6.2572 800 9.51 -40) 5.9541 351
8.02 -28 1.3135 913 8.52 -32 3.3639 141 9.02 -36 5.2249 519 9.52 -40 4.9223 495
8.03 -28)1.1188 091 8.53 -32 2.8365 973 9.03 -36 4.3620 651 9.53 (-40 4.0685 471
8.04 -29) 9.5271 911 8.54 -32 2.3914 628 9.04 -36 3.6409 535 9.54 (-40 3.3621 678

8.05 -29 8.1112 334 8,55 (-32 2.0157 780 9.05 -36) 3.0384 441 9.55 -40 2.7778 742
8.06 -29 6.9043 382 8.56 -32 1.6987 713 9.06 -36)2.5351 317 9.56 -40 2.2946 629
8.07 -29 5.8758 453 8.57 -32 1.4313 316 9.07 -36 2.1147 690 9.57 -40 1.8951 272
8.08 -29 4.9995 601 8.58 -32 1.2057 541 9.08 -36 1.7637 559 9.58 (-40)1.5648 437
8.09 (-29)4.2531 077 8.59 -32 1.0155 245 9.09 -36 1.4707 105 9.59 (-40)1.2918 638

8.10 -29 3.6173 797 8.60 -33 8.5513 598 9.10 -36) 1.2261 088 9.60 -40)1.0662 907
8.11 -29 3.0760 612 8.61 -33 7.1993 468 9.11 -36 1.0219 837 9.61 -41 8.7992 901
8.12 -29 2.6152 245 8.62 -33 6.0598 819 9.12 -37 8.5167 148 9.62 -41 7.2599 363
8.13 -29 2.2229 829 8.63 -33 5.0997 438 9.13 -37 7.0959 960 9.63 -41 5.9886 802
8.14 (-29)1.8891 933 8.64 -33 4.2908 734 9.14 (-37 5.9110 925 9.64 -41 4.9390 403

8.15 -29 1.6052 025 8.65 (-33)3.6095 760 9.15 (-37 4.9230 619 9.65 -41 4.0725 570
8.16 -29 1.3636 296 8.66 -33 3.0358 465 9.16 -37 4.0993 592 9.66 -41 3.3574 141
8.17 -29 1.1581 801 8.67 -33 2.5527 988 9.17 -37 3.4127 918 9.67 -41 2.7672 971
8.18 (-30 9.8348 778 8.68 -33 2.1461 817 9.18 -37 2.8406 437 9.68 -41 2.2804 460
8.19 (-30 8.3497 786 8.69 -33 1.8039 709 9.19 -37 2.3639 423 9.69 -41 1.8788 710

8.20 -30 7.0875 167 8.70 -33 1.5160 228 9.20 (-37) 1.9668 449 9.70 -41 1.5477 017
8.21 -30 6.0148 717 8.71 -33 1.2737 818 9.21 (-37)1.6361 251 9.71 -41 1.2746 493
8.22 -30 5.1035 431 8.72 -33 1.0700 339 9.22 -37 1.3607 427 9.72 -41 1.0495 600
8.23 -30 4.3294 262 8.73 -34 8.9869 668 9.23 -37 1.1314 847 9.73 -42 8.6404 628
8.24 (-30)3.6719 947 8.74 -34 7.5464 360 9.24 -38 9.4066 395 9.74 -42 7.1118 055

8.25 -30 3.1137 725 8.75 -34 6.3355 422 9.25 (-38 7.8186 802 9.75 -42 5.8524 252
8.26 -30 2.6398 841 8.76 -34 5.3178 836 9.26 (-38 6.4974 888 9.76 -42 4.8150 968
8.27 -30 2.2376 697 8.77 -34 4.4627 957 9.27 -38 5.3984 710 9.77 -42 3.9608 401
8.28 -30 1.8963 577 8.78 -34 3.7444 525 9.28 -38 4.4844 496 9.78 -42 3.2574 873
8.29 (-30 1.6067 846 8.79 -34 3.1411 074 9.29 -38 3.7244 373 9.79 -42) 2.6784 979

8.30 -30 1.3611 569 8.80 (-34 2.6344 525 9.30 -38 3.0926 112 9.80 -42)2.2019 782
8.31 -30 1.1528 476 8.81 -34 2.2090 784 9.31 -38 2.5674 566 9.81 -42) 1.8098 720
8.32 -31 9.7622 228 8.82 -34 1.8520 172 9.32 -38 2.1310 520 9.82 -42)1.4872 907
8.33 -31 8.2649 206 8.83 -34 1.5523 585 9.33 (-38)1.7684 718 9.83 -42) 1.2219 600
8.34 -31 6.9958 710 8.84 -34 1.3009 248 9.34 (-38)1.4672 880 9.84 -42) 1.0037 632

8.35 (-31 5.9204 954 8.85 -34 1.0899 975 9.35 -38 1.2171 545 9.85 (-43)8.2436 338
8.36 (-31 5.0094 199 8.86 -35 9.1308 655 9.36 -38 1.0094 602 9.86 -43 6.7689 179
8.37 (-31 4.2376 977 8.87 -35 7.6473 600 9.37 -39 8.3703 932 9.87 -43 5.5569 047
8.38 (-31 3.5841 456 8.88 -35 6.4036 010 9.38 -39 6.9392 997 9.88 -43 4.5609 970
8.39 (-31 3.0307 803 8.89 -35 5.3610 534 9.39 (-39)5.7517 311 9.89 -43) 3.742 8 271

8.40 -31) 2.5623 380 8.90 -35 4.4873 418 9.40 (-39 4.7664 456 9.90 -43) 3.0708 096
8.41 -31)2.1658 657 8.91 -35 3.7552 711 9.41 -39 3.9491 520 9.91 -43 2.5189 477
8.42 -31) 1.8303 736 8.92 -35 3.1420 030 9.42 -39 3.2713 439 9.92 -43 2.0658 489
8.43 -31)1.5465 399 .93 -35 2.6283 611 9.43 -39 2.7093 286 9.93 -43 1.6939 130
8.44 (-31)1.3064 586 8.94 -35 2.1982 476 9.44 -39 2.2434 186 9.94 -43 1.3886 628

8.45 -31 1.1034 263 8.95 (-35 1.8381 516 9.45 -39 1.8572 574 9.95 -43)1.1381 922
8.46 -32 9.3176 012 8.96 -35 1.5367 357 9.46 -39 1.5372 589 9.96 -44)9.3271 204
8.47 -32 7.8664 369 8.97 -35 1.2844 884 9.47 -39 1.2721 404 9.97 -44)7.6417 477
8.48 -32 6.6399 552 8.98 -35) 1.0734 315 9.48 -39 1.0525 343 9.98 -44) 6.2596 629
8.49 -32 5.6035 774 8.99 -36) 8.9687 435 9.49 -40 8.7066 400 9.99 -44)5.1265 162

8.50 (-32)4.7280 139 9.00 (-36)7.4920 734 9.50 (-40)7.2007 555 10.00 (-44)4.1976 562



r ( - 6)1
L3

See Example 2.

<X> = nearest integer to x.

FUNCTION

xe2 erfe X

0. 53406 72
0. 53511 47
0. 53617 29
0. 53724 20
0. 53832 23

0. 53941 41
0. 54051 76
0. 54163 32
0. 54276 11
0. 54390 16

0. 54505 51
0. 54622 19
0. 54740 24
0. 54859 69
0. 54980 58

0. 55102 95
0. 55226 85
0. 55352 32
0. 55479 41
0. 55608 17

0. 55738 65
0. 55870 90
0. 56005 00
0. 56140 99
0. 56278 96

0. 56418 96[3]

erfcx=-- fe_t2dt=1_erf XIx
erfc Jn compiled from O. Emersieben, Numerische Werte des Fehierintegrals für
Z. Angew. Math. Mech. 31, 393-394, 1951 (with permission).

X-.-2 xer2erfc x <X> X-2

0. 250 0. 51079 14 2 0. 125
0. 245 0.51163 07 2 0.120
0. 240 0. 51247 67 2 0.115
0. 235 0. 51332 94 2 0. 110
0. 230 0. 51418 90 2 0. 105

0. 225 0. 51505 55 2 0. 100
0. 220 0. 51592 92 2 0. 095
0. 215 0. 51681 01 2 0. 090
0. 210 0. 51769 83 2 0. 085
0. 205 0.51859 40 2 0. 080

0. 200 0. 51949 74 2 0. 075
0. 195 0. 52040 85 2 0. 070
0. 190 0. 52132 75 2 0. 065
0. 185 0. 52225 45 2 0. 060
0. 180 0. 52318 98 2 0. 055

0. 175 0. 52413 33 2 0. 050
0. 170 0. 52508 55 2 0. 045
0. 165 0. 52604 63 2 0. 040
0. 160 0. 52701 59 3 0. 035
0.155 0. 52799 46 3 0. 030

0. 150 0. 52898 25 3 0. 025
0. 145 0. 52997 98 3 0. 020
0. 140 0. 53098 67 3 0.015
0. 135 0. 53200 35 3 0. 010
0. 13.0 0. 53303 02 3 0. 005

0. 125 0. 53406 72 3 0. 000

n erf e n erf e

1 0. 01218 88821 84803 6 0. 00000 00008 25422
2 0. 00039 27505 88282 7 0.00000 00000 33136
3 0. 00001 41444 02689 8 0. 00000 00000 01343
4 0. 00000 05351 64662 9 0. 00000 00000 00055
5 0. 00000 00208 26552 10 0. 00000 00000 00002
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Table 7.3 COMPLEMENTARY ERROR

<X>
3
3
3
3
3

3
3
3
3
4

4
4
4
4
4

4
5
5
5
6

6
7
8

10
14

00



X

0. 0

REPEATED INTEGRALS OF THE

2r (+i) fl erfc
n=1 n =2
1. 00000 1. 00000

Table 7.4.

n =4
1. 00000

ERROR FUNCTION

n =3
1. 00000

0.1 - 1 8.32738 - 1)7.93573 - 1 7. 62409 - 1 7. 36220
0.2 - 1 6.85245 - 1)6. 22654 - 1 5. 74882 - 1 5. 36163
0.3 - 1 5.56938 - 1)4. 82842 - 1 4. 28565 - 1 3. 86125
0.4 - 1 4.46884 - 1)3.69906 - 1 3. 15756 - 1 2. 74894

0.5 - 1 3.53855 - 1 2. 79859 -1 2. 29846 - 1 1. 93408
0.6 - 1 2.76388 - 1 2. 09021 -1 1. 65244 - 1 1. 34438
0.7 - 1 2.12869 - 1 1. 54061 -1 1. 17295 - 2 9. 22962
0.8 (- 1 1.61601 - 1)1.12021 -2 8. 21802 (- 2 6. 25650
0.9 (- 1 1. 20884 - 2)8. 03288 -2 5. 68138 (- 2 4. 18643

1.0 - 2 8.90739 -2 5. 67901 -2 3. 87449 - 2 2. 76442
1.1 - 2 6.46332 -2 3. 95711 -2 2. 60573 - 2 1. 80092
1.2 - 2 4.61706 -2 2. 71686 -2 1. 72776 - 2 1. 15720
1.3 - 2 3.24613 -2 1. 83748 -2 1. 12918 - 3 7. 33229
1.4 - 2 2. 24570 -2 1. 22388 -3 7. 27211 - 3 4.58017

1.5 - 2 1.52836 -3 8. 02626 -3 4. 61400 - 3 2. 81992
1.6 - 2 1. 02305 -3 5. 18140 -3 2. 88347 - 3 1. 71085
1.7 - 3 6. 73408 -3 3. 29192 -3 1. 77452 - 3 1. 02261
1.8 - 3 4.35805 -3 2. 05795 -3 1. 07519 - 4 6. 02074
1.9 - 3 2.77245 -3 L 26566 -4 6. 41281 - 4 3.49094

2.0 - 3 1.73350 -4 7. 65644 -4 3. 76431 - 4 1. 99301
2.1 - 3 1.06515 -4 4. 55498 -4 2. 17431 - 4 1. 12014
2.2 - 4 6.43074 -4 2. 66457 -4 1. 23562 - 5 6.19670
2.3 - 4 3.81436 -4 1. 53245 -5 6. 90731 - 5 3. 37364
2.4 - 4 2. 22250 -5 8. 66372 -5 3. 79773 - 5 1. 80727

2.5 - 4 1.27195 -5 4. 81417 -5 2. 05339 - 6 9. 52500
2.6 - 5 7.14929 -5 2. 62896 -5 1. 09167 - 6 4.93818
2.7 - 5 3.94619 -5 1. 41072 -6 5. 70591 - 6 2. 51807
2.8 - 5 2.13882 -6 7. 43784 -6 2. 93172 - 6 1. 26274
2.9 - 5 1.13820 -6 3. 85260 -6 1. 48058 - 7 6. 22654

3.0 - 6 5.94664 -ó 1. 96029 -7 7. 34867 - 7 3. 01870
3.1 - 6 3. 05003 -7 9. 79725 -7 3. 58429 - 7 1. 43874
3.2 - 6 1. 53562 -7 4. 80916 -7 1. 71780 - 8 6. 74044
3.3 - 7 7. 58899 -7 2. 31835 -8 8. 08871 - 8 3. 10379
3.4 - 7 3. 68109 -7 1. 09748 -8 3. 74180 - 8 1. 40460

3.5 - 7 1.75241 -8 5. 10148 -8 1. 70036 - 9 6. 24636
3.6 - 8 8. 18726 -8 2. 32831 -9 7. 58967 - 9 2. 72947
3.7 - 8 3.75373 -8 1. 04329 -9 3. 32733 - 9 1. 17184
3.8 - 8 1. 68883 -9 4. 58945 -9 1. 43260 -10 4. 94271
3.9 - 9 7.45575 -9 1. 98190 -10 6. 05736 -10 2. 04800

4.0 - 9 3.22966 -10 8. 40124 -10 2. 51501 -11 8. 33554
4.1 - 9 1. 37267 -10 3. 49560 -10 1. 02533 -11 3. 33230
4. 2 -10 5. 72405 -10 1. 42757 -11 4. 10427 -11 1. 30837
4. 3 -10 2. 34181 -11 5. 72196 -11 1. 61297 -12 5. 04508
4. 4 -11 9. 39929 -11 2. 25085 -12 6. 22316 -12 1. 91041

4. 5 -11 3. 70102 -12 8. 68930 -12 2. 35705 -13 7. 10366
4. 6 -11 1. 42960 -12 3. 29184 -13 8. 76348 -13 2. 59364
4. 7 -12 5. 41708 -12 1. 22375 -13 3. 19826 -14 9. 29786
4.8 -12 2. 01353 -13 4. 46407 -13 1. 14567 -14 3. 27252
4. 9 -13 7. 34149 -13 1. 59785 -14 4. 02809 -14 1. 13080

5. 0 (-13)2. 62561 (-14)5. 61169 (-14) 1. 38998 (-15)3. 83592

[2nr (;+i)]'
(-1)5. 64189 58355 (-1)2. 50000 00000 (-2)9. 40315 97258 (-2)3. 12500

See Examples 4 and 5.
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Table 7.4.

X n=5

ERROR FUNCTION AND FRESNEL INTEGRALS

REPEATED INTEGRALS OF THE ERROR FUNCTION

2F (+i) i' erfc z

n6 n=1O n=ll
0. 0
0. 1
0. 2
0. 3
0. 4

1. 00000
- 1 7. 13475
- 1 5. 03608
- 1 3. 51572
- 1 2. 42671

1. 00000
(- 1 6. 93283
(- 1 4. 75548
(- 1 3. 22652
(- 1 2. 16478

1. 00000
- 1 6. 28971
- 1 3.91490
- 1 2.41089
- 1 1. 46861

1. 00000
- 1 6. 15727
- 1 3.75188
- 1 2.26201
- 1 1. 34906

0.5
0.6
0.7
0.8
0.9

-1 1. 65569
-1 1. 11630
-2 7. 43528
-2 4. 89121
-2 3. 17704

- 1 1. 43588
- 2 9. 41309
- 2 6. 09742
- 2) 3. 90166
- 2)2.46567

- 2 8.84744
- 2 5.27007
- 2 3.10323
- 2)1. 80600
- 2)1. 03859

- 2)7.95749
- 2)4.64127
- 2)2.67626
- 2)1. 52533
- 3)8. 59126

1.0
1.1
1.2
1.3
1.4

-2 2. 03707
-2 1. 28901
-3 8. 04765
-3 4. 95614
-3 3. 01008

-2 1. 53850
-3 9. 47623
-3 5. 76033
-3 3. 45489
-3 2. 04411

- 3 5. 90062
- 3 3.31130
- 3 1. 83510
- 3 1.00415
- 4 5. 42413

- 3)4. 78106
- 3 2.62835
- 3 1. 42708
- 4 7.65146
- 4 4. 05030

1. 5
1. 6
1. 7
1. 8
1. 9

-3 1. 80252
-3 1. 06403
-4 6. 19032
-4 3. 54870
-4 2. 00419

- 3 1. 19278
- 4 6. 86307
- 4 3. 89303

(- 4)2.17663
(- 4)1.19930

(- 4 2. 89186
- 4 1. 52145
- 5 7. 89765
- 5 4. 04407
- 5 2.04244

- 4)2. 11641
- 4)1. 09146
- 5)5. 55435
- 5)2. 78871
- 5)1. 38116

2.0
2.1
2.2
2.3
2.4

-4 1. 11492
-5 6. 10810
-5 3. 29497
-5 1. 74988
-6 9. 14767

-5 6. 51088
-5 3. 48211
-5 1. 83427
-6 9. 51547
-6 4. 86044

- 5 1. 01722
- 6 4.99509
- 6 2. 41807
- 6 1.15378
- 7 5.42553

- 6)6. 74666
- 6)3. 24987
- 6) 1. 54350
- 7)7.22681
- 7)3.33519

2. 5
2. 6
2. 7
2. 8
2. 9

-6 4. 70641
-6 2. 38278
-6 1. 18695
-7 5. 81672
-7 2. 80391

- 6 2.44418
- 6 1. 20988
- 7 5. 89435
- 7 2. 82592
- 7 1. 33308

- 7 2.51397
- 7 1.14766
- 8 5. 16116
- 8)2. 28612
- 9)9. 97266

- 7 1.51693
- 8 6.79864
- 8 3. 00212
- 8 1. 30595
- 9 5. 59577

3.0
3.1
3.2
3.3
3.4

-7 1. 32935
-8 6. 19798
-8 2. 84151
-8 1. 28082
-9 5. 67576

-8 6. 18684
-8 2. 82454
-8 1. 26835
-9 5. 60145
-9 2. 43265

- 9 4.28380
- 9 1. 81176
-10 7. 54345
-10 3. 09165
-10 1.24712

- 9 2.36143
-10 9.81330
-10 4. 01541

(-10 1. 61759
(-11 6.41479

3. 5
3. 6
3. 7
3. 8
3. 9

- 9 2. 47236
- 9 1. 05855
-10 4. 45435
-10)1. 84200
-11)7. 48503

-9 1. 03880
-10 4. 36132
-10 1. 80009

(-11 7. 30331
(-11 2. 91245

-11 4.95086
-11 1. 93401
-12 7. 43354
-12 2. 81094
-12 1. 04564

-11 2.50393
-12 9. 61928
-12 3. 63661
-12)1. 35283
-13)4. 95149

4.0
4.1
4.2
4.3
4.4

-11 2. 98854
-11 1. 17234
-12 4. 51802

(-12 1. 71044
(-13 6. 36069

-11 1. 14149
-12 4. 39668
-12 1. 66412
-13 6. 18894
-13)2. 26147

(-13 3. 82601
(-13 1. 37691
-14 4.87328
-14)1. 69612
-15)5. 80461

-13 1. 78294
-14 6. 31544
-14 2.20038
-15)7. 54020
-15)2. 54109

4. 5
4. 6
4. 7
4. 8
4. 9

-13 2. 32332
-14 8. 33482
-14 2. 93656
-14) 1. 01604
-15)3. 45215

-14 8.11851
-14 2. 86315
-15 9. 91898
-15 3. 37534
-15 1. 12815

-15)1. 95316
-16) 6. 46126
-16 2.10125
-17 6. 71719
-17 2. 11065

(-16)8. 42124
-16)2. 74419
-17)8.79230
-17)2. 76954
-18)8. 57626

5. 0 (-15) 1. 15173 (-16) 3. 70336 (-18)6. 51829 (-18)2. 61062

[2nr + i)]-'
(-3)9.40315 97258 (-3)2. 60416 66667 (-6)8. 13802 08333 (-6)1. 69609 66316



[(-5)7
L4

See Example 3.

[(- 5)4
L4

<z> =nearest integer to X.

[(-6)8
L6

Compiled from J. B. Rosser, Theory and application of edx and f &P2Y2dy f0! «_x2d.r.

Mapleton House, Brooklyn, N.Y., 1948; and B. Lohmander and S. Rittsten, Table of the
function y=e_12f0X et'dt,Kungl. Fysiogr. Sällsk. i Lund Förh. 28, 45-52, 1958 (with permission).

X ef e'dt X

DAWSON'S INTEGRAL
2

J0
et dt X2

Table 7.5
_X2rX tzxe io e dt <X>

0.00 0. 00000 00000 1. 00 0. 53807 95069 0.250 0. 60268 0777 2
0. 02 0. 01999 46675 1. 02 0. 53637 44359 0. 245 0. 60046 6027 2
0.04 0. 03995 73606 1.04 0. 53431 71471 0. 240 0. 59819 8606 2
0. 06 0. 05985 62071 1.06 0.53192 50787 0. 235 0. 59588 1008 2
0.08 0. 07965 95389 1.08 0. 52921 57454 0. 230 0. 59351 6018 2

0.10 0. 09933 59924 1. 10 0. 52620 66800 0. 225 0. 59110 6724 2
0.12 0.11885 46083 1.12 0. 52291 53777 0. 220 0. 58865 6517 2
0.14 0. 13818 49287 1.14 0. 51935 92435 0. 215 0. 58616 9107 2
0.16 0. 15729 70920 1.16 0. 51555 55409 0.210 0. 58364 8516 2
0.18 0. 17616 19 254 1.18 0. 51152 13448 0. 205 0. 58109 9080 2

0. 20 0. 19475 10334 1. 20 0.50727 34964 0. 200 0. 57852 5444 2
0.22 0. 21303 68833 1. 22 0. 50282 85611 0. 195 0. 57593 2550 2
0.24 0. 23099 28865 1.24 0. 49820 27897 0. 190 0. 57332 5618 2
0.26 0. 24859 34747 1.26 0. 49341 20827 0. 185 0. 57071 0126 2
0.28 0. 26581 41727 1.28 0. 48847 19572 0.180 0. 56809 1778 2

0.30 0. 28263 16650 1.30 0.48339 75174 0. 175 0. 56547 6462 2
0.32 0. 29902 38575 1.32 0. 47820 34278 0. 170 0. 56287 0205 2
0.34 0. 31496 99336 1.34 0. 47290 38898 0.165 0. 56027 9114 2
0.36 0. 33045 04051 1.36 0. 46751 26208 0.160 0. 55770 9305 3
0.38 0. 34544 71562 1.38 0. 46204 28368 0. 155 0.55516 6829 3

0.40 0. 35994 34819 1.40 0. 45650 72375 0.150 0. 55265 7582 3
0.42 0. 37392 41210 1.42 0. 45091 79943 0. 145 0. 55018 7208 3
0.44 0. 38737 52812 1.44 0. 44528 67410 0. 140 0. 54776 0994 3
0.46 0. 40028 46599 1.46 0. 43962 45670 0. 135 0. 54538 3766 3
0.48 0. 41264 14572 1.48 0. 43394 20135 0. 130 0. 54305 9774 3

0.50 0. 42443 63835 1.50 0. 42824 90711 0.125 0. 54079 2591 3
0.52 0. 43566 16609 1.52 0.42255 51804 0. 120 0. 53858 5013 3
0.54 0. 44631 10184 1.54 0. 41686 92347 0.115 0. 53643 8983 3
0.56 0.45637 96813 1.56 0. 41119 95842 0.110 0. 53435 5529 3
0.58 0. 46586 43551 1.58 0. 40555 40424 0.105 0. 53233 4747 3

0.60 0. 47476 32037 1. 60 0. 39993 98943 0.100 0. 53037 5810 3
0.62 0. 48307 58219 1. 62 0. 39436 39058 0. 095 0. 52847 7031 3
0.64 0. 49080 32040 1.64 0. 38883 23346 0. 090 0. 52663 5967 3
0.66 0.49794 77064 1.66 0. 38335 09429 0. 085 0. 52484 9575 3
0.68 0. 50451 30066 1.68 0. 37792 50103 0. 080 0. 52311 4393 4

0.70 0.51050 40576 1.70 0. 37255 93490 0. 075 0.52142 6749 4
0.72 0. 51592 70382 1.72 0. 36725 83182 0. 070 0. 51978 2972 4
0.74 0. 52078 93010 1.74 0. 36202 58410 0. 065 0. 51817 9571 4
0.76 0. 52509 93152 1.76 0. 35686 54206 0. 060 0.51661 3369 4
0.78 0.52886 66089 1.78 0. 35178 01580 0. 055 0.51508 1573 4

0.80 0. 53210 17071 1.80 0. 34677 27691 0. 050 0. 51358 1788 4
0.82 0. 53481 60684 1.82 0. 34184 56029 0. 045 0.51211 1971 5
0.84 0. 53702 20202 1.84 0. 33700 06597 0. 040 0. 51067 0372 5
0.86 0. 53873 26921 1.86 0. 33223 96091 0. 035 0. 50925 5466 5
0.88 0. 53996 19480 1.88 0.32756 38080 0. 030 0. 50786 5903 6

0.90 0. 54072 43187 1.90 0. 32297 43193 0. 025 0. 50650 0473 6
0.92 0. 54103 49328 1.92 0. 31847 19293 0. 020 0. 50515 8078 7
0.94 0.54090 94485 1.94 0. 31405 71655 0. 015 0. 50383 7717 8
0.96 0.54036 39857 1.96 0. 30973 03141 0. 010 0. 50253 8471 10
0.98 0. 53941 50580 1.98 0.30549 14372 0. 005 0. 50125 9494 14

1.00 0.53807 95069 2.00 0.30134 03889 0. 000 0. 50000 0000
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r(-5)6[4 - 5)7[5
r (i-'\

'"=0.89297 95116

Compiled from M. Abramowitz, Table of the integral fxeu3du, J. Math. Phys. 30, 162-163, 1951
(with permission).
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Table 7.6

X

3 eX_8edt

ERROR FUNCTION

X

AND FRESNEL INTEGRALS

5''etdt

X

3 CX_3

rQ) °
3 X3

r () °
i edtr()io

0.00 0. 00000 00 0.70 0. 72276 69 1.40 0. 98973 54
0. 02 0. 02239 69 0.72 0.73842 49 1.42 0. 99109 36
0.04 0. 04479 31 0.74 0.75360 34 1.44 0. 99229 70
0.06 0. 06718 72 0.76 0. 76829 12 1.46 0. 99335 97
0.08 0. 08957 63 0. 78 0. 78247 88 1.48 0. 99429 49

0.10 0. 11195 67 0.80 0. 79615 78 1.50 0. 99511 49
0.12 0. 13432 36 0.82 0. 80932 16 1. 52 0. 99583 14
0.14 0. 15667 11 0.84 0. 82196 48 1.54 0. 99645 52
0.16 0. 17899 22 0.86 0. 83408 41 1.56 0. 99699 62
0.18 0. 20127 90 0.88 0. 84567 73 1.58 0. 99746 38

0.20 0. 22352 24 0.90 0. 85674 42 1.60 0. 99786 63
0.22 0.24571 24 0.92 0. 86728 62 1.62 0. 99821 16
0.24 0. 26783 80 0.94 0. 87730 62 1.64 0. 99850 65
0.26 0. 28988 71 0.96 0. 88680 89 1.66 0. 99875 75
0.28 0. 31184 70 0.98 0. 89580 05 1.68 0. 99897 03

0.30 0. 33370 37 1.00 0. 90428 86 1.70 0. 99914 99
0.32 0. 35544 26 1.02 0. 91228 25
0.34 0. 37704 82 1.04 0. 91979 27
0.36 0. 39850 45 1.06 0. 92683 11
0.38 0. 41979 45 1.08 0. 93341 06

0.40 0. 44090 07 1.10 0. 93954 56 1.70 0. 99914 99
0.42 0. 46180 52 1.12 0.9452509 1.74 0. 99942 75
0.44
0.46

0. 48248
0. 50293

96
51

1.14
1.16

0. 95054 27
0. 95543 76

1.78
1.82

0. 99962 05
0. 99975 26

0.48 0. 52312 25 1.18 0. 95995 30 1.86 0. 99984 14

0.50
0.52
0.54
0.56
0.58

0. 54303
0. 56264
0. 58194
0. 60090
0. 61951

28
66
46
80
78

1.20
1.22
1.24
1.26
1.28

0.96410 64
0. 96791 62
0. 97140 05
0. 97457 79
0. 97746 66

1.90
1.94
1.98
2.02
2.06

0. 99990 01
0. 99993 82
0. 99996 24
0. 99997 76
0. 99998 69

0. 60 0. 63775 57 1. 30 0.98008 48 2.10 0. 99999 25
0. 62 0. 65560 39 1. 32 0. 98245 07 2.14 0. 99999 57
0.64 0. 67304 52 1.34 0. 98458 18 2.18 0. 99999 77
0. 66 0. 69006 30 1. 36 0.98649 52 2.22 0. 99999 87
0.68 0. 70664 18 1.38 0. 98820 77 2.26 0. 99999 93

0. 70 0. 72276 69 1. 40 0. 98973 54 2.30 0. 99999 97



For x-.O:C(x) x5 S(x).* x3_6

x u=x2

sin t2) dt

C(a)'C2(u) 8(x)=S2(u) r

' sin t dt=S L /'\j!_ lr/
S(r) =S2()

s2(n)
.2rJO \V

u=j x2 G(x) =C2(u)

0.00 0. 00000 00 0.00000 00 0.00000 00 1.00 1.57079 63 0. 77989 34 0.43825 91
0. 02 0. 00062 83 0. 02000 00 0. 00000 42 1. 02 1.63425 65 0.77926 11 0. 45824 58
0.04 0.00251 33 0.04000 00 0.00003 35 1. 04 1.69897 33 0.77735 01 0.47815 08
0. 06 0.00565 49 0. 05999 98 0.00011 31 1.06 1.76494 68 0. 77414 34 0.49788 84
0.08 0.01005 3]. 0.07999 92 0.00026 81 1.08 1.83217 68 0.76963 03 0.51736 86

0. 10 0.01570 80 0.09999 75 0. 00052 36 1. 10 1.90066 36 0.76380 67 0.53649 79
0.12 0.02261 95 0. 11999 39 0.00090 47 1. 12 1.97040 69 0.75667 60 0.55517 92
0.14 0.03078 76 0. 13998 67 0.00143 67 1.14 2. 04140 69 0.74824 94 0.57331 28
0. 16 0. 04021 24 0. 15997 41 0.00214 44 1. 16 2.11366 35 0.73854 68 0.59079 66
0. 18 0.05089 38 0. 17995 34 0. 00305 31 1.18 2. 18717 68 0. 72759 68 0.60752 74

0.20 0.06283 19 0. 19992 11 0.00418 76 1.20 2.26194 67 0.71543 77 0.62340 09
0. 22 0. 07602 65 0.21987 29 0. 00557 30 1.22 2. 33797 33 0. 70211 76 0.63831 34
0.24 0.09047 79 0.23980 36 0.00723 40 1.24 2.41525 64 0.68769 47 0.65216 19
0.26 0. 10618 58 0.25970 70 0.00919 54 1.26 2.49379 62 0. 67223 78 0.66484 56
0.28 0. 12315 04 0.27957 56 0. 01148 16 1.28 2.57359 27 0.65582 63 0.67626 72

0. 30 0.14137 17 0.29940 10 0. 01411 70 1.30 2. 65464 58 0.63855 05 0.68633 33
0.32 0.16084 95 0.31917 31 0.01712 56 1.32 2.73695 55 0.62051 11 0.69495 62
0.34 0.18158 41 0.33888 06 0.02053 11 1.34 2.82052 19 0.60181 95 0.70205 50
0. 36 0. 20357 52 0. 35851 09 0. 02435 68 1. 36 2. 90534 49 0. 58259 73 0. 70755 67
0. 38 0.22682 30 0. 37804 96 0. 02862 55 1.38 2.99142 45 0.56297 59 0.71139 77

0.40 0.25132 74 0.39748 08 0.03335 94 1.40 3.07876 08 0.54309 58 0.71352 51
0.42 0.27708 85 0.41678 68 0.03858 02 1.42 3. 16735 37 0.52310 58 0.71389 77
0.44 0.30410 62 0.43594 82 0.04430 85 1.44 3.25720 33 0.50316 23 0.71248 78
0.46 0.33238 05 0.45494 40 0.05056 42 1.46 3.34830 95 0.48342 80 0. 70928 16
0.48 0.36191 15 0.47375 10 0.05736 63 1.48 3.44067 23 0.46407 05 0.70428 12

0.50 0. 39269 91 0.49234 42 0.06473 24 1.50 3.53429 17 0.44526 12 0.69750 50
0. 52 0. 42474 33 0.51069 69 0.07267 89 1. 52 3. 62916 78 0.42717 32 0. 68898 88
0.54 0.45804 42 0. 52878 01 0.08122 06 1.54 3.72530 06 0.40997 99 0.67878 67
0.56 0.49260 17 0.54656 30 0.09037 08 1.56 3.82268 99 0. 39385 29 0.66697 13
0. 58 0. 52841 59 0. 56401 31 0. 10014 09 1. 58 3.92133 60 0. 37895 96 0. 65363 46

0.60 0.56548 67 0.58109 54 0.11054 02 1.60 4.02123 86 0.36546 17 0.63888 77
0.62 0.60381 41 0.59777 37 0. 12157 59 1.62 4.12239 79 0. 35351 20 0. 62286 07
0.64 0.64339 82 0.61400 94 0.13325 28 1. 64 4.22481 38 0.34325 29 0. 60570 26
0.66 0.68423 89 0.62976 25 0.14557 29 1.66 4.32848 64 0.33481 32 0.58758 04
0. 68 0.72633 62 0. 64499 12 0. 15853 54 1. 68 4. 43341 56 0. 32830 61 0.56867 83

0.70 0.76969 02 0.65965 24 0.17213 65 1.70 4.53960 14 0.32382 69 0.54919 60
0.72 0. 81430 08 0.67370 12 0. 18636 89 1.72 4. 64704 39 0. 32145 02 0. 52934 73
0.74 0.86016 81 0.68709 20 0.20122 21 1.74 4.75574 30 0.32122 83 0.50935 84
0.76 0.90729 20 0.69977 79 0.21668 16 1.76 4. 86569 87 0.32318 87 0. 48946 49
0.78 0.95567 25 0.71171 13 0.23272 88 1.78 4.97691 11 0.32733 25 0.46990 94

0.80 1.00530 96 0.72284 42 0.24934 14 1.80 5.08938 01 0.33363 29 0.45093 88
0. 82 1. 05620 35 0. 73312 83 0. 26649 22 1.82 5.20310 58 0.34203 39 0.43280 06
0.84 1.10835 39 0.74251 54 0.28414 98 1. 84 5. 31808 80 0. 35244 96 0.41573 97
0.86 1. 16176 10 0. 75095 79 0. 30227 80 1.86 5. 43432 70 0. 36476 35 0. 39999 44
0.88 1.21642 47 0.75840 90 0.32083 55 1.88 5. 55182 25 0. 37882 93 0. 38579 25

0.90 1.27234 50 0.76482 30 0.33977 63 1.90 5. 67057 47 0. 39447 05 0. 37334 73
0.92 1.32952 20 0.77015 63 0.35904 93 1.92 5.79058 36 0.41148 24 0.36285 37
0. 94 1. 38795 56 0. 77436 72 0. 37859 81 1.94 5.91184 91 0.42963 33 0. 35448 37
0.96 1.44764 59 0. 77741 68 0. 39836 12 1.96 6. 03437 12 0. 44866 69 0. 34838 30
0.98 1.50859 28 0. 77926 95 0.41827 21 1.98 6.15814 99 0.46830 56 0.34466 65

1.00 1. 57079 63 0. 77989 34 0.43825 91 2. 00 6.28318 53 0.48825 34 0. 34341 57
[(_4)2] [(_4)2] [(5)8] [(_.4)2] {(4)3] [(_)3]

See Example 8.
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FRESNEL INTEGRALS Table 7.7

cos (t2) dt G2(n)
o \ irj



322 ERROR FUNCTION AND FRESNEL INTEGRALS

Table 7.7

X C(x)
2. 00 0. 48825 34
2. 02 0. 50820 04
2. 04 D. 52782 73
2. 06 0. 54681 06
2. 08 0. 56482 79

2. 10 0. 58156 41
2. 12 0. 59671 75
2. 14 0. 61000 60
2. 16 0. 62117 32
2. 18 0.62999 53

2.20 0.63628 60
2.22 0.63990 31
2. 24 0.64075 25
2.26 0.63879 28
2.28 0.63403 83

2.30 0.62656 17
2. 32 0. 61649 45
2. 34 0. 60402 69
2. 36 0.58940 65
2. 38 0. 57293 44

2.40 0.55496 14
2.42 0.53588 11
2. 44 0.51612 29
2. 46 0.49614 28
2.48 0.47641 35

2.50 0.45741 30
2.52 0.43961 32
2. 54 0.42346 72
2.56 0.40939 65
2. 58 0.39777 91

2. 60 0. 38893 75
2.62 0.38312 73
2.64 0.38052 80
2.66 0.38123 50
2. 68 0. 38525 32

2. 70 0. 39249 40
2.72 0.40277 39
2.74 0.41581 68
2. 76 0. 43125 85
2.78 0.44865 46

2.80 0.46749 17
2.82 0.48720 04
2.84 0.50717 21
2.86 0.52677 66
2. 88 0. 54538 21

2.90 0.56237 64
2.92 0.57718 78
2.94 0.58930 60
2.96 0.59830 19
2.98 0.60384 56

3.00 0. 60572 08
[(_4)5] [(_4)4] [(_4)6] [(1)6] [(_4)7] [(_4)8]

sin cos (r '\

For r>5 ¶,1=0.5±(0.3183099
0.068) cos \2 '1 (0.10132

]4) sin \2 I
-«x) (r)<3x107

sin c9s (u)
( 019947 - +«u) (í)<3x10-70.3\ cos

(u) 0.748) sin
For u>39 = 0.5±(0.3989423 2) - .2 (n)

S()

FRESNEL INTEGRALS()jX
ens (z) (lt

x 0(r) S(.)

shi (i2) (/f

(i(x)
0. 34341 57 3. 00 0. &0572 08 0. 49631 30 4. 00 0. 49842 60 0. 42051 58
0. 34467 48 3. 02 0. 60383 73 0. 51619 42 4. 02 0. 51821 54 0. 42301 99
O. 34844 87 3. 04 0. 59823 78 0. 53536 29 4. 04 0. 53675 05 0. 43039 00
0. 35470 04 3. 06 0. 58910 11 0. 55311 95 4. 06 0. 55284 04 0. 44217 81
0. 36334 98 3. 08 0. 57674 01 0. 56880 28 4. 08 0. 56543 47 0. 45764 45

0. 37427 34 3. 10 0. 56159 39 0. 58181 59 4. 10 0. 57369 56 0. 47579 83
0. 38730 37 3. 12 0. 54421 58 0. 59165 11 4. 12 0. 57705 88 0. 49545 71
0. 40223 09 3. 14 0. 52525 53 0. 59791 29 4. 14 0. 57527 76 0. 51532 14
0. 41880 45 3. 16 0. 50543 56 0. 60033 66 4. 16 0. 56844 74 0. 53405 87
0.43673 63 3.18 0.48552 76 0.59880 34 4.18 0.55700 75 0. 55039 41

0.45570 46 3.20 0.46632 03 0.59334 95 4.20 0. 54171 92 0.56319 89
0.47535 85 3.22 0.44858 96 0.58416 97 4.22 0.52362 06 0.57157 23
0.49532 41 3.24 0.43306 55 0.57161 47 4.24 0. 50396 08 0.57491 03
0.51521 11 3.26 0.42040 05 0.55618 06 4.26 0. 48411 63 0.57295 47
0.53462 03 3.28 0.41113 97 0.53849 35 4.28 0.46549 61 0.56582 05

0.55315 16 3.30 0.40569 44 0.51928 61 4. 30 0. 44944 12 0.55399 59
0. 57041 28 3. 32 0.40431 99 0. 49936 95 4. 32 0. 43712 50 0. 53831 55
0. 58602 84 3. 34 0. 40709 96 0. 47960 04 4. 34 0. 42946 40 0. 51990 77
0.59964 89 3. 36 0.41393 66 0.46084 46 4. 36 0.42704 39 0.50011 73
0.61095 96 3.38 0.42455 18 0.44393 82 4.38 0.43006 79 0.48041 08

0. 61969 00 3.40 0.43849 17 0.42964 95 4.40 0.43833 29 0.46226 80
0.62562 11 3.42 0.45514 37 0.41864 11 4.42 0.45123 59 0.44707 06
0.62859 38 3.44 0.47375 96 0.41143 69 4.44 0.46781 05 0.43599 33
0.62851 43 3.46 0.49348 70 0.40839 28 4.46 0. 48679 41 0.42990 86
0. 62535 98 3.48 0.51340 62 0.40967 54 4.48 0. 50671 95 0.42931 16

0.61918 18 3.50 0.53257 24 0.41524 80 4.50 0.52602 59 0.43427 30
0.61010 76 3.52 0.55006 11 0.42486 72 4.52 0.54318 11 0. 44442 34
0.59834 06 3.54 0.56501 32 0.43808 83 4. 54 0.55680 46 0.45897 36
0.58415 75 3.56 0.57668 02 0.45428 17 4.56 0.56578 27 0.47676 89
0. 56790 42 3. 58 0.58446 43 0.47265 92 4. 58 0. 56936 57 0.49637 56

0. 54998 93 3. 60 0.58795 33 0.49230 95 4. 60 0. 56723 67 0. 51619 23
0.53087 53 3.62 0.58694 64 0.51224 12 4.62 0.55954 81 0.53457 97
0.51106 79 3.64 0.58147 10 0.53143 21 4. 64 0.54691 86 0.54999 67
0.49110 35 3. 66 0.57178 75 0.54888 15 4.66 0.53039 13 0. 56113 28
0.47153 52 3.68 0.55838 18 0.56366 38 4. 68 0.51135 38 0.56702 44

0.45291 75 3. 70 0. 54194 57 0. 57498 04 4. 70 0.49142 65 0. 56714 55
0.43578 98 3.72 0.52334 49 0.58220 56 4.72 0.47232 71 0.56146 19
0.42066 03 3. 74 0.50357 70 0.58492 61 4.74 0.45572 30 0.55044 52
0. 40798 90 3. 76 0.48371 94 0.58296 92 4.76 0. 44308 30 0. 53504 16
0. 39817 24 3.78 0.46487 19 0.57641 91 4.78 0.43554 28 0. 51659 82

0. 39152 84 3.80 0.44809 49 0.56561 87 4.80 0.43379 66 0.49675 02
0.38828 41 3. 82 0.43434 86 0.55115 74 4. 82 0.43802 47 0.47728 00
0.38856 43 3.84 0.42443 43 0.53384 32 4. 84 0. 44786 69 0.45995 75
0.39238 50 3.86 0.41894 43 0. 51466 22 4.86 0.46244 40 0.44637 74
0. 39964 80 3.88 0.41822 16 0.49472 45 4.88 0.48042 90 0.43780 82

0.41014 06 3.90 0.42233 27 0.47520 24 4.90 0.50016 10 0.43506 74
0.42353 87 3.92 0.43105 68 0.45726 13 4.92 0. 51979 51 0.43843 48
0.43941 39 3.94 0.44389 17 0.44198 92 4.94 0.53747 34 0.44761 56
0.45724 45 3.96 0.46007 70 0.43032 79 4. 96 0. 55150 25 0.46175 67
0.47643 06 3.98 0.47863 51 0.42301 17 4.98 0.56051 94 0.47951 78

0.49631 30 4.00 0.49842 60 0.42051 58 5.00 0.56363 12 0.49919 14



ERROR FUNCTION AND FRESNEL INTEGmALS

r(-4)2
L3

See Examples 6, 7, and 9.
1 . 17r

C(r)=+f(x) sin tx2)-Y(X) cos lx2

S(x)=-J(x) cos (x2)-g(x) sin (X2)

273-888 O-67-22

1(-5) 7
L lo

F(-5)8
L 10

C2(u)=+f2(u) sin u-g2(u) cos u

iS2(u)=-fz(u) cos u-g2(u) sin u

323

X r2

AUXILIARY FUNCTIONS

f(x)= 12(u)

Table 7.8

g2 (u)

0.00
0.02
0.04
0.06
0.08

0. 00000
0. 00062
0. 00251
0. 00565
0. 01005

00000
83185
32741
48667
30964

00000
30718
22872
76462
91487

0. 50000
0. 49969
0. 49880
0. 49739
0. 49548

00000
41196
88057
07811
44294

00000
39303
20520
66949
00553

0. 50000
0. 48031
0. 46125
0. 44281
0. 42500

00000
40626
51239
99356
33536

00000
54163
79101
00196
38036

0.10
0.12
0.14
0.16
0.18

0. 01570
0. 02261
0. 03078
0. 04021
0. 05089

79632
94671
76080
23859
38009

67949
05847
05180
65949
88155

0. 49313
0. 49037
0. 48724
0. 48378
0. 48002

18256
27777
48761
35493
21268

06624
82254
11561
31728
70713

0. 40779
0. 39119
0. 37518
0. 35976
0. 34491

85545
72364
98069
55566
28197

29930
96391
99885
09573
39391

0.20
0.22
0.24
0.26
0.28

0. 06283
0. 07602
0. 09047
0. 10618
0. 12315

18530
65422
78684
58316
04320

71796
16873
23386
91335
20720

0. 47599
0. 47172
0. 46724
0. 46257
0.45774

19056
22205
05176
24293
18508

49140
45221
22164
12303
40978

0. 33061
0. 31687
0. 30365
0. 29095
0. 27876

91227
13200
57186
81914
42811

69034
89318
36191
92531
44593

0.30
0.32

0. 14137
0. 16084

16694
95438

11541
63797

0. 45277
0. 44768

10172
05805

56087
06203

0. 26705
0. 25582

92929
83796

81728
244200.34

0.36
0.38

0. 18158
0. 20357
0. 22682

40553
52039
29895

77490
52619
89183

0. 44248
0. 43721
0. 43187

96860
60487
60273

81319
95888
53913

0. 24505
0. 23472
0. 22483

66166
90703
08578

57772
35799
07150

0.40
0.42
0.44
0.46
0.48

0.25132
0. 27708
0. 30410
0. 33238
0. 36191

74122
84720
61688
05027
14736

87183
46620
67492
49800
93544

0. 42648
0. 42105
0. 41560
0.41013
0. 40466

46973
59227
24246
58491
68313

90789
36507
90070
35691
67950

0. 21534
0. 20626
0. 19756
0. 18923
0. 18126

72003
34704
52322
82774
86555

95520
48744
49727
60398
47172

0.50 0. 39269 90816 98724 0. 39920 50585 25702 0. 17364 26996 132380.52
0.54
0.56
0.58

0. 42474
0. 45804
0.49260
0. 52841

33267
42088
17280
58843

65340
93392
82880
33803

0. 39375
0. 38833
0. 38294
0. 37759

93295
76127
71004
42617

63563
15400
26771
52882

0. 16634
0. 15936
0. 15269
0. 14631

70480
86623
48414
32329

39628
13733
00876
91905

0.60
0.62
0.64
0.66
0.68

0.56548
0. 60381
0. 64339
0. 68423
0. 72633

66776
41080
81754
88799
62215

46163
19958
55190
51857
09960

0. 37228
0. 36702
0. 36181
0. 35666
0. 35157

48922
41612
66571
64292
70288

35620
87842
25476
98472
80259

0. 14021
0. 13437
0. 12880
0. 12347
0. 11838

18419
90361
35503
44874
13187

37684
59907
06985
03863
25611

0.70
0.72
0.74
0.76
0.78

0. 76969
0. 81430
0. 86016
0.90729
0. 95567

02001
08158
80685
19583
24852

29499
10474
52885
56732
22015

0. 34655
0. 34159
0. 33670
0. 33188
0. 32713

15463
26474
26065
33382
64271

82434
67053
33192
57734
72503

0. 11351
0. 10886
0. 10441
0. 10016
0. 09611

38821
23788
73696
97688
08389

06517
79214
22082
77848
91866

0.80
0.82
0.84
0.86
0.88

1. 00530
1. 05620
1. 10835
1. 16176
1. 21642

96491
34501
38881
09632
46754

48734
36888
86479
97506
69968

0. 32246
0. 31786
0.31334
0. 30889
0. 30452

31553
45283
12993
39917
29200

61284
60796
49704
09068
36579

0. 09223
0. 08852
0. 08498
0. 08159
0. 07836

21832
57381
37656
88446
38619

05037
23702
77045
61614
62362

0.90
0.92
0.94
0.96
0.98

1. 27234
1. 32952
1. 38795
1. 44764
1. 50859

50247
20109
56343
58947
27922

03866
99200
55971
74177
53819

0. 30022
0. 29600
0. 29186
0.28780
0.28380

82096
98149
75359
10340
98467

95385
76518
51781
91658
20271

0. 07527
0. 07231
0. 06949
0. 06679
0. 06420

20035
67451
18433
13255
94813

30280
87932
26312
49021
13093

1.00 1. 57079 63267 94897 0. 27989 34003 76823 0. 06174 08526 09645



+J(x) sin (X2)_g(.r) cos (2) C2(n)=+f

S(x)=_f(:r) cos (r2)_g(x) sin (2) S2(u)=_f2

<x>=nearest integer to x.

Table 7.8

x_l 2
AUXILIARY FUNCTIONS

J(x)= 12(u) g(x)= g2(u) <X> <u>

1.00 0.63661 97723 67581 0.27989 34003 76823 0. 06174 08526 09645 1 2
0.98 0.61140 96293 81825 0. 27597 33733 36442 0. 05933 31378 64174 1 2
0.96 0.58670 87822 13963 0.27197 11505 76851 0. 05693 89827 01255 1 2
0.94 0.56251 72308 63995 0.26788 56989 47656 0. 05456 06112 91100 1 2

0.92 0. 53883 49753 31921 0.26371 60682 37287 0. 05220 03510 52931 1 2

0.90 0.51566 20156 17741 0.25946 14023 65674 0. 04986 06317 93636 1 2
0.88 0.49299 83517 21455 0.25512 09512 80091 0. 04754 39838 94725 1 2
0.86 0.47084 39836 43063 0.25069 40835 25766 0. 04525 30354 03048 1 2

0.84 0. 44919 89113 82565 0. 24618 02994 44393 0. 04299 05078 69390 1 2

0.82 0.42806 31349 39962 0.24157 92449 31459 0. 04075 92107 68723 1 2

0.80 0.40743 66543 15252 0.23689 07256 57089 0. 03856 20343 27312 1 2

0.78 0. 38731 94695 08436 0. 23211 47216 24632 0. 03640 19405 75704 1 3
0.76 0.36771 15805 19515 0.22725 14019 06110 0. 03428 19524 44132 1 3

0.74 0.34861 29873 48488 0.22230 11393 53995 0. 0320 51407 19129 1 3
0.72 0.33002 36899 95354 0.21726 45250 44609 0. 03017 46086 88637 1 3

0.70 0.31194 36884 60115 0.21214 23821 60229 0. 02819 34743 19381 1 3

0.68 0.29437 29827 42770 0.20693 57789 65521 0.02626 48498 36510 1 3

0.66 0.27731 15728 43318 0.20164 60404 80635 0. 02439 18186 13588 2 4
0.64 0.26075 94587 61761 0.19627 47584 00004 0.02257 74093 32978 2 4
0.62 0. 24471 66404 98098 0. 19082 37987 55563 0. 02082 45674 44482 2 4

0.60 0. 22918 31180 52329 0. 18529 53067 79209 0.01913 61240 35536 2 4
0.58 0.21415 88914 24454 0. 17969 17083 86674 0. 01751 47623 30357 2 5
0.56 0.19964 39606 14474 0.17401 57076 89207 0. 01596 29821 58470 2 5

0.54 0. 18563 83256 22387 0. 16827 02799 47273 0. 01448 30628 73722 2 5

0.52 0. 17214 19864 48194 0. 16245 86594 19322 0.01307 70253 60097 2 6

0. 50 0. 15915 49430 91895 0. 15658 43216 36302 0. 01174 65939 24659 2 6
0.48 0. 14667 71955 53491 0. 15065 09597 56320 0. 01049 31590 42015 2 7
0.46 0. 13470 87438 32980 0. 14466 24548 29603 0. 00931 77420 66589 2 7
0.44 0.12324 95879 30364 0.13862 28400 34552 0. 00822 09631 52815 2 8
0.42 0. 11229 97278 45641 0. 13253 62592 29647 0. 00720 30137 00215 2 9

0.40 0. 10185 .91635 78813 0.12640 69204 94864 0. 00626 36346 49122 3 10
0.38 0. 09192 78951 29879 0. 12023 90456 93806 0. 00540 21018 72942 3 11
0.36 0.08250 59224 98839 0.11403 68174 47880 0. 00461 72197 27002 3 12
0.34 0.07359 32456 85692 0.10780 43252 41741 0. 00390 73235 12822 3 14
0.32 0.06518 98646 90440 0.10154 55126 32988 0. 00327 02912 03254 3 15

0.30 0. 05729 57795 13082 0.09526 41276 74844 0. 00270 35642 68526 3 17
0. 28 0.04991 09901 53618 0.08896 36786 39974 0. 00220 41768 84885 4 20
0.26 0. 04303 54966 12048 0. 08264 73969 33180 0. 00176 87922 53708 4 23
0.24 0. 03666 92988 88373 0. 07631 82087 00913 0. 00139 37442 77909 4 27
0.22 0. 03081 23969 82591 0. 06997 87161 16730 0. 00107 50825 02743 5 32

0.20 0.02546 47908 94703 0.06363 11887 04012 0. 00080 86180 82883 5 39
0.18 0. 02062 64806 24710 0. 05727 75644 30652 0. 00058 99686 10701 6 48
0.16 0.01629 74661 72610 0.05091 94597 59575 0. 00041 45999 18234 6 61
0.14 0.01247 77475 38405 0.04455 81874 32960 0. 00027 78633 97799 7 80
0.12 0.00916 73247 22093 0.03819 47805 44642 0. 00017 50279 00844 8 109

0.10 0. 00636 61977 23676 0. 03183 00214 15118 0. 00010 13057 94484 10 157
0.08 0.00407 43665 43153 0.02546 44738 95252 0. 00005 18732 17470 13 245
0.06 0.00229 18311 80523 0.01909 85179 38105 0. 00002 18849 44630 17 436
0.04 0.00101 85916 35788 0.01273 23855 39770 0. 00000 64845 30524 25 982
0. 02 0. Q0025 46479 08947 0. 00636 61974 14061 0. 00000 08105 69272 50 3927

0. 00 0. 00000 00000 00000 0. 00000 00000 00000 0. 00000 00000 00000
1(-5)61
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(u) sin U-y2(u) cos u

(u) cos u-g2(u) sin n



ERROR FUNCTION AND FRESNEL INTEGRALS

ERROR FUNCTION FOR COMPLEX ARGUMENTS Table 7.9

w(z)e-z2 eric (-iz) z=x+iy

See Examples 12-19. w(x)_e-x2+ e_x2Je2 dt

w(-x+iy)=w(x+iy) w(xiy)=2eu2_x2 (cos 2xy+i sin 2xy)-w(x+iy)

w(iy)=eu2 eric y w[(1+i)u]=e2i12{ 1+ (i-1)[C(2)±iS(2i4)]}

325

y x==O.5 x=O.fi xQ7 xØ.8 x=O.9
0.0 0.778801 0.478925 0.697676 0.535713 0.612626 0.576042 0.527292 0.600412 0.444858 0.610142
0.1 0.717588 0.408474 Q.651076 0.459665 0.580698 0.497744 0.509299 0.522932 0.439421 0.536087
0.2 0.663223 0.350751 0.608322 0.396852 0.549739 0.432442 0.489710 0.457569 0.430271 0.472773
0.3 0.614852 0.303124 0.569238 0.344645 0.520192 0.377688 0.469480 0.402194 0.418736 0.418491
0.4 0.571717 0.263563 0.533581 0.300989 0.492289 0.331535 0.449244 0.355082 0.405763 0.371813

0.5 0.533157 0.230488 0.501079 0.264268 0.466127 0.292432 0.429418 0.314828 0.392021 0.331544
0.6 0.498591 0.202666 0.471453 0.233206 0.441712 0.259136 0.410264 0.280290 0.377977 0.296692
0.7 0.467521 0.179123 0.444434 0.206787 0.418998 0.230646 0.391936 0.250532 0.363957 0.266427
0.8 0.439512 0.159087 0.419766 0.184200 0.397906 0.206155 0.374518 0.224789 0.350182 0.240057
0.9 0.414191 0.141945 0.397216 0.164793 0.378341 0.185005 0.358043 0.202429 0.336799 0.217004

1.0
1.1
1.2
1.3
1.4

0.391234 0.127202
0.370363 0.114460
0.351335 0.103395
0.333942 0.093744
0.318001 0.085288

0.376571 0.148036
0.357637 0.133501
0.340241 0.120838
0.324229 0.109759
0.309463 0.100026

0.360200 0.166660
0.343375 8.150681
0.327766 0.136706
0.313273 0.124435
0.299804 0.113620

0.342511 0.182932
0.327900 0.165868
0.314176 0.150877
0.301294 0.137661
0.289208 0.125971

0.323899 0.196183
0.311537 0.178990
0.299741 0.163281
0.288519 0.149370
0.277865 0.137012

1.5
1.6
1.7
1.8
1.9

0.303355 0.077851
0.289866 0.071283
0.277412 0.065461
0.265890 0.060283
0.255205 0.055661

0.295820 0.091443
0.283192 0.083845
0.271479 0.077096
0.260598 0.071081
0.250469 0.065701

0.287274 0.104054
0.275602 0.095563
0.264718 0.088001
0.254554 0.081245
0.245050 0.075190

0.277869 0.115594
0.267228 0.106355
0.257231 0.098103
0.247851 0.090710
0.239027 0.084068

0.267766 0.126002
0.258203 0.116164
0.249151 0.107348
0.240586 0.099421
0.232482 0.092291

2.0
2.1
2.2
2.3
2.4

0.245276 0.051521
0.236031 0.047804
0.227407 0.044454
0.219347 0.041428
0.211800 0.038686

0.241025 0.060876
0.232204 0.056534
0.223952 0.052617
0.216219 0.049073
0.208961 0.045859

0.236152 0.069748
0.227810 0.064842
0.219978 0.060409
0.212616 0.056391
0.205686 0.052741

0.230724 0.078085
0.222905 0.072680
0.215535 0.067785
0.208581 0.063342
0.202013 0.059298

0.224813 0.085845
0.207552 0.080009
0.210676 0.074712
0.204160 0.069894
0.197982 0.065500

2.5
2.6
2.7
2.8
2.9

0.204723 0.036196
0.198074 0.033929
0.191818 0.031859
0.185924 0.029966
0.180361 0.028231

0.202139 0.042936
0.195317 0.040271
0.189664 0.037836
0.183950 0.035607
0.178549 0.033561

0.199155 0.049417
0.192992 0.046384
0.187170 0.043608
0.181662 0.041064
0.176447 0.038728

0.195804 0.055610
0.189928 0.052238
0.184362 0.04915C'
0.179084 0.046315
0.174074 0.043708

0.192120 0.061486
0.186554 0.057811
0.181265 0.054439
0.176237 0.051339
0.171452 0.048485

3.0 0.175105 0.026636 0.173437 0.031680 0.171502 0.036577 0.169315 0.041306 0.166895 0.045851

y
3?w(z) Jw(z) P)w(z) f w(z)

x4.1
PIw(z) iw(z)

x=Q.2
w(z) fw(z)

x=O.3
94w(z) iw(z)

x=O.4
0.0 1.000000 0.000000 0.990050 0.112089 0.960789 0.219753 0.913931 0.318916 0.852144 0.406153
0.1 0.896457 0.000000 0.888479 0.094332 0.864983 0.185252 0.827246 0.269600 0.777267 0.344688
0.2 0.809020 0.000000 0.802567 0.080029 0.783538 0.157403 0.752895 0.229653 0.712146 0.294653
0.3 0.734599 0.000000 0.729337 0.068410 0.713801 0.134739 0.688720 0.197037 0.655244 0.253613
0.4 0.670788 0.000000 0.666463 0.058897 0.653680 0.116147 0.632996 0.170203 0.605295 0.219706

0.5 0.615690 0.000000 0.612109 0.051048 0.601513 0.100782 0.584333 0.147965 0.561252 0.191500
0.6 0.567805 0.000000 0.564818 0.044524 0.555974 0.087993 0.541605 0.129408 0.522246 0.167880
0.7 0.525930 0.000000 0.523423 0.039064 0.515991 0.077275 0.503896 0.113821 0.487556 0.141975
0.8 0.489101 0.000000 0.486982 0.034465 0.480697 0.068235 0.470452 0.100647 0.456579 0.131101
0.9 0.456532 0.000000 0.454731 0.030566 0.449383 0.060563 0.440655 0.089444 0.428808 0.116714

1.0 0.427584 0.000000 0.426044 0.027242 0.421468 0.054014 0.413989 0.079864 0.403818 0.104380
Li 0.401730 0.000000 0.400406 0.024392 0.396470 0.048393 0.390028 0.071628 0.381250 0.093752
1.2 0.378537 0.000000 0.377393 0.021934 0.373989 0.043542 0.368412 0.064510 0.360799 0.084547
33 0.357643 0.000000 0.356649 0.019805 0.353691 0.039336 0.348839 0.058329 0.342206 0.076538
1.4 0.338744 0.000000 0.337876 0.017951 0.335294 0.035671 0.331054 0.052936 0.325248 0.069538

1.5 0.321585 0.000000 0.320825 0.016329 0.318561 0.032463 0.314839 0.048210 0.309736 0.063393
1.6 0.305953 0.000000 0.305284 0.014905 0.303290 0.029643 0.300009 0.044051 0.295506 0.057978
Li 0.291663 0.000000 0.291072 0.013648 0.289309 0.027154 0.286406 0.040377 0.282417 0.053186
1.8 0.278560 0.000000 0.278035 0.012536 0.276470 0.024948 0.273892 0.037118 0.270346 0.048931
1.9 0.266509 0.000000 0.266042 0.011547 0.264648 0.022987 0.262350 0.034217 0.259186 8.045139

2.0 0.255396 0.000000 0.254978 0.010664 0.253732 0.021236 0.251677 0.031626 0.248844 0.041748
2.1 0.245119 0.000000 0.244745 0.009874 0.243628 0.019669 0.241783 0.029304 0.239239 0.038706
2.2 0.235593 0.000000 0.235256 0.009165 0.234251 0.018260 0.232592 0.027217 0.230300 0.035968
2.3 0.226742 0.000000 0.226438 0.008526 0.225531 0.016991 0.224033 0.025335 0.221963 0.033498
2.4 0.218499 0.000000 0.218224 0.007949 0.217404 0.015845 0.216047 0.023633 0.214172 0.031263

2.5 0.210806 0.000000 0.210557 0.007427 0.209813 0.014806 0.208582 0.022090 0.206879 0.029234
2.6 0.203613 0.000000 0.203387 0.006952 0.202710 0.013862 0.201589 0.020687 0.200039 0.027389
2.7 0.196874 0.000000 0.196668 0.006520 0.196050 0.013002 0.195028 0.019409 0.193613 0.025706
2.8 0.190549 0.000000 0.190360 0.006125 0.189796 0.012216 0.188861 0.018241 0.187566 0.024168
2.9 0.184602 0.000000 0.184429 0.005764 0.183912 0.011498 0.183056 0.017172 0.181868 0.022759

3.0 0.179001 0.000000 0.178842 0.005433 0.178368 0.010839 0.177581 0.016192 0.176491 0.021466



Table 7.9 ERROR FUNCTION FOR COMPLEX ARGUMENTS

w(z)=ez2 erfc (-iz) zx+iy
Iw(z) Jw(z) PAw(z) J/w(z) ?w(z) fíw(z) Jw(z) Jw(z)w(z) lw(z)

See Examples 12-19. w(x)=e-x2+ e_x2Je2 dt

w(-x+iy)--w(x+iy) w(x-iy)=2eY22 (cos 2xy±i sin 2xy)-w(x+iy)

w(iy)-=eY2 ericy w[(1+i)u]=e2iu2{ 1+ (i_1){C(2)+iS(2)}}

y x=1.O x=1.1 x4.2 x=1.3 x=1.4
0.0 0.367879 U.607]58 0.298197 0.593761 0.236928 0.572397 0.184520 0.545456 0.140858 0.515113
0.1 0.373170 0.538555 0.3121% 0.532009 0.257374 0.518283 0.209431 0.499216 0.168407 0.476535
0.2 0.373153 0.478991 0.319717 0.477439 0.270928 0.469488 0.227362 0.456555 0.189247 0.440005
0.3 0.369386 0.427225 0.322586 0.429275 0.279199 0.425667 0.239793 0.417491 0.204662 0.405823
0.4 0.363020 0.382166 0.321993 0.386777 0.283443 0.386412 0.247908 0.381908 0.215711 0.374110

0.5 0.354900 0.342872 0.318884 0.349266 0.284638 0.351299 0.252654 0.349611 0.223262 0.344868
0.6 0.345649 0.308530 0.313978 0.316128 0.283540 0.319910 0.254784 0.320368 0.228026 0.318022
0.7 0.335721 0.278445 0.307816 0.286815 0.280740 0.291851 0.254895 0.293927 0.230578 0.293453
0.8 0.325446 0.252024 0.300807 0.260847 0.276693 0.266757 0.253461 0.270040 0.231385 0.271015
0.9 0.315064 0.228759 0.293259 0.237800 0.271752 0.244295 0.250858 0.248462 0.230826 0.250549

1.0 0.304744 0.208219 0.285402 0.217306 0.266189 0.224168 0.247381 0.228967 0.229205 0.231897
1.1 0.294606 0.190036 0.277407 0.199046 0.260213 0.206108 0.243266 0.211343 0.226767 0.214902
1.2 0.284731 0.173896 0.269401 0.182742 0.253985 0.189878 0.238695 0.195398 0.223710 0.199416
1.3 0.275174 0.159531 0.261476 0.168151 0.247628 0.175271 0.233813 0.180957 0.220192 0.185299
1.4 0.265967 0.146712 0.253697 0.155066 0.241233 0.162100 0.228733 0.167863 0.216340 0.172423

1.5 0.257128 0.135242 0.246112 0.143305 0.234870 0.150205 0.223542 0155975 0.212253 0.160668
1.6 0.248665 0.124954 0.238752 0.132711 0.228592 0.139441 0.218309 0.145167 0.208014 0.149927
1.7 0.240578 0.115702 0.231635 0.123147 0.222436 0.129684 0.213086 0.135326 0.203684 0.140103
1.8 0.232861 0.107361 0.224775 0.114495 0.216428 0.120822 0.207912 0.126353 0.199315 0.131106
1.9 0.225503 0.099824 0.218176 0.106650 0.210587 0.112760 0.202818 0.118158 0.194947 0.122858

2.0 0.218493 0.092998 0.211839 0.099523 0.204926 0.105411 0.197827 0.110662 0.190608 0.115286
2.1 0.211816 0.086801 0.205760 0.093035 0.199452 0.098700 0.192953 0.103795 0.186324 0.108325
2.2 0.205457 0.081162 0.199935 0.087116 0.194166 0.092562 0.188208 0.097495 0.182112 0.101919
2.3 0.199402 0.076021 0.194356 0.081706 0.189072 0.086936 0.183599 0.091706 0.177985 0.096015
2.4 0.193634 0.071324 0.189014 0.076753 0.184165 0.081773 0.179131 0.086378 0.173954 0.090567

2.5 0.188139 0.067024 0.183901 0.072208 0.179444 0.077024 0.174805 0.081467 0.170024 0.085532
2.6 0.182903 0.063080 0.179008 0.068031 0.174903 0.072651 0.170623 0.076933 0.166201 0.080873
2.7 0.177910 0.059456 0.174324 0.064186 0.170538 0.068617 0.166582 0.072742 0.162487 0.076557
2.8 0.173147 0.056118 0.169840 0.060639 0.166342 0.064890 0.162681 0.068863 0.158883 0.072553
2.9 0.168602 0.053041 0.165546 0.057363 0.162310 0.061440 0.158916 0.065266 0.155389 0.068834

3.0 0.164261 0.050197 0.161434 0.054331 0.158435 0.058243 0.155285 0.061926 0.152005 0.065375

y x=1.5 x4.6 x=1.7 x1.8 x=1.9
0.0 0.105399 0.483227 0.077305 0.451284 0.055516 0.420388 0.039164 0.391291 0.027052 0.364437
0.1 0.134049 0.451763 0.105843 0.426168 0.083112 0.400743 0.065099 0.376214 0.051038 0353066
0.2 0.156521 0.421076 0.128895 0.400837 0.105929 0.380161 0.087090 0.359721 0.071811 0.340004
0.3 0.173865 0.391665 0.147272 0.375911 0.124612 0.359313 0.105522 0.342479 0.089592 0.325873
0.4 0.186984 0.363828 0.161702 0.351803 0.139711 0.338676 0.120793 0.324985 0.104641 0.311161

0.5 0.196636 0.337720 0.172820 0.328777 0.151751 0.318584 0.133288 0.307609 0.117233 0.296240
0.6 0.203461 0.313397 0.181177 0.306990 0.161171 0.299261 0.143369 0.290613 0.127644 0.281392
0.7 0.207990 0.290847 0.187245 0.286517 0.168379 0.280846 0.151366 0.274180 0.136134 0.266823
0.8 0.210664 0.270016 0.191423 0.267378 0.173725 0.263418 0.157578 0.258431 0.142949 0.252681
0.9 0.211846 0.250823 0.194049 0.249556 0.177513 0.247012 0.162268 0.243439 0348310 0.239067

LO 0.211837 0.233171 0.195407 0.233009 0.180002 0.231630 0.165667 0.229244 0.152418 0.226046
1.1 0.210881 0.216954 0.195734 0.217678 0.181414 0.217253 0.167977 0.215857 0.155452 0.213656
1.2 0.209182 0.202067 0.195228 0.203494 0.181938 0.203847 0.169373 0.203272 0.157569 0.201914
1.3 0.206902 0.188403 0.194053 0.190384 0.181733 0.191366 0.170003 0.191471 0.158906 0.190821
1.4 0.204177 0.175862 0.192347 0.178275 0.180933 0.179762 0.169997 0.180425 0.159585 0.180367

1.5 0.201115 0.164349 0.190222 0.167092 0.179651 0.168980 0.169465 0.170099 0.159709 0.170534
1.6 0.197806 0.153773 0.187772 0.156765 0.177983 0.158969 0.168500 0.160457 0.159369 0.161300
1.7 0.194320 0.144054 0.185073 0.147226 0.176008 0.149674 0.167183 0.151458 0.158641 0.152637
1.8 0.190717 0.135113 0.182189 0.138412 0.173792 0.141045 0.165579 0.143063 0.157593 0.144516
1.9 0.187043 0.126883 0.179172 0.130262 0.171390 0.133033 0.163746 0.135234 0.156282 0.136908

2.0 0.183335 0.119298 0.176064 0.122723 0.168849 0.125590 0.161733 0.127931 0.154757 0.129781
2.1 0.179623 0.112302 0.172901 0.115744 0.166206 0.118674 0.159580 0.121118 0.153059 0.123108
2.2 0.175930 0.105842 0.169710 0.109277 0.163493 0.112243 0.157320 0.114761 0.151224 0.116858
2.3 0.172276 0.099870 0.166513 0.103280 0.160737 0.106260 0.154982 0.108827 0.149281 0.111003
2.4 0.168674 0.094343 0.163330 0.097713 0.157958 0.100689 0.152591 0.103285 0.147256 0.105519

2.5 0.165136 0.089222 0.160175 0.092541 0.155175 0.095499 0.150165 0.098107 0.145172 0.100378
2.6 0.161669 0.084472 0.157060 0.087732 0.152402 0.090660 0.147722 0.093265 0.143045 0.095558
2.7 0.158281 0.080061 0.153993 0.083254 0.149649 0.086143 0.145274 0.088735 0.140892 0.091037
2.8 0.154975 0.075960 0.150981 0.079082 0.146927 0.081925 0.142834 0.084493 0.138725 0.086794
2.9 0.151753 0.072142 0.148030 0.075191 0.144243 0.077982 0.140411 0.080519 0.136555 0.082809

3.0 0.148618 0.068585 0.145144 0.071558 0.141602 0.074293 0.138012 0.076794 0.134391 0.079065
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ERROR FUNCTION FOR COMPLEX ARGUMENTS Table 7.9
w(z)=e-z2 erfc (-iz) z_-x+iy

w(z) fw) w(z) fw(z) w(z) Jw(z) w(z) fw(z) .?w(z) f w(z)
y x=2.O x2.1 x2.2 x=2.3 x=2.4

See Examples 12-19. w(x)=e-xZ+ e_x2jet2 dt

w(-x+iy)=w(x+iy) w(x_iy)=2e52_x2 (cos 2xy+i sin 2xy)-w(x-iy)

w(iy)=e52 eric y w[(1 +i)u]=e_2u2{ 1+ (i_1)[C(2L)+iS(2)]}

327

0.0 0.018316 0.340026 0.012155 0.318073 0.007907 0.298468 0.005042 0.281026 0.003151 0.265522
0.1 0.040201 0.331583 0.031936 0.311886 0.025678 0.293982 0.020958 0.277795 0.017397 0.263201
0.2 0.059531 0.321332 0.049726 0.303894 0.041927 0.287771 0.035728 0.272968 0.030792 0.259435
0.3 0.076396 0.309831 0.065521 0.294574 0.056586 0.280232 0.049248 0.266865 0.043211 0.254478
0.4 0.090944 0.297529 0.079385 0.284327 0.069655 0.271710 0.061473 0.259775 0.054585 0.248566

0.5 0.103359 0.284786 0.091422 0.273482 0.081182 0.262499 0.072408 0.251953 0.064890 0.241914
0.6 0.113836 0.271881 0.101765 0.262308 0.091245 0.252844 0.082092 0.243617 0.074132 0.234714
0.7 0.122574 0.259031 0.110558 0.251016 0.099943 0.242947 0.090585 0.234952 0.082345 0.227129
0.8 0.129768 0.246396 0.117948 0.239772 0.107383 0.232968 0.097963 0.226111 0.089576 0.219302
0.9 0.135600 0.234096 0.124081 0.228703 0.113679 0.223037 0.104309 0.217219 0.095884 0.211349

1.0 0.140240 0.222213 0.129097 0.217904 0.118941 0.213253 0.109709 0.208376 0.101336 0.203368
1.1 0.143840 0.210805 0.133125 0.207442 0.123277 0.203692 0.114251 0.199660 0.105999 0.195438
1.2 0.146541 0.199904 0.136286 0.197366 0.126788 0.194410 0.118019 0.191133 0.109942 0.187620
1.3 0.148466 0.189529 0.138689 0.187705 0.129570 0.185446 0.121092 0.182840 0.113232 0.179965
1.4 0.149725 0.179687 0.140432 0.178478 0.131709 0.176827 0.123548 0.174814 0.115935 0.172510

1.5 0.150415 0.170371 0.141604 0.169691 0.133284 0.168569 0.125454 0.167078 0.118109 0.165281
1.6 0.150622 0.161572 0.142283 0.161343 0.134367 0.160680 0.126877 0.159646 0.119812 0.158299
1.7 0.150418 0.153274 0.142540 0.153429 0.135021 0.153161 0.127873 0.152526 0.121096 0.151576
1.8 0.149870 0.145457 0.142434 0.145938 0.135305 0.146009 0.128495 0.145721 0.122010 0.145120
1.9 0.149032 0.138100 0.142021 0.138855 0.135269 0.139217 0.128792 0.139229 0.122597 0.138933

2.0 0.147953 0.131180 0.141347 0.132164 0.134959 0.132773 0.128805 0.133045 0.122897 0.133015
2.1 0.146675 0.124674 0.140453 0.125849 0.134414 0.126667 0.128574 0.127161 0.122945 0.127363
2.2 0.145234 0.118558 0.139375 0.119891 0.133669 0.120885 0.128130 0.121569 0.122773 0.121972
2.3 0.143660 0.112810 0.138145 0.114272 0.132755 0.115413 0.127506 0.116258 0.122411 0.116834
2.4 0.141982 0.107408 0.136789 0.108973 0.131699 0.110236 0.126726 0.111218 0.121884 0.111942

2.5 0.140220 0.102329 0.135331 0.103977 0.130524 0.105339 0.125814 0.106436 0.121215 0.107286
2.6 0.138395 0.097554 0.133791 0.099265 0.129252 0.100709 0.124792 0.101901 0.120424 0.102858
2.7 0.136523 0.093062 0.132187 0.094822 0.127900 0.096330 0.123676 0.097601 0.119530 0.098648
2.8 0.134619 0.088837 0.130533 0.090631 0.126483 0.092189 0.122484 0.093523 0.118548 0.094646
2.9 0.132693 0.084859 0.128842 0.086677 0.125016 0.088273 0.121229 0.089658 0.117492 0.090842

3.0 0.130757 0.081113 0.127125 0.082944 0.123510 0.084568 0.119922 0.085992 0.116375 0.087227

y x==2.5 x.2.7 x==2.8 x=2.9
0.0 0.001930 0.251723 0.001159 0.239403 0.000682 0.228355 0.000394 0.218399 0.000223 0.209377
0.1 0.014698 0.250050 0.012635 0.238187 0.011037 0.227458 0.009778 0.217722 0.008769 0.208854
0.2 0.026841 0.247092 0.023653 0.235838 0.021057 0.225569 0.018918 0.216181 0.017134 0.207577
0.3 0.038226 0.243042 0.034087 0.232504 0.030626 0.222800 0.027707 0.213858 0.025225 0.205607
0.4 0.048773 0.238092 0.043849 0.228337 0.039656 0.219268 0.036064 0.210843 0.032967 0.203014

0.5 0.058437 0.232420 0.052885 0.223482 0.048090 0.215093 0.043930 0.207232 0.040304 0.199873
0.6 0.067205 0.226190 0.061167 0.218077 0.055890 0.210387 0.051264 0.203119 0.047194 0.196262
0.7 0.075088 0.219546 0.068691 0.212247 0.063043 0.205258 0.058046 0.198594 0.053611 0.192256
0.8 0.082112 0.212614 0.075467 0.2061.03 0.069548 0.199804 0.064266 0.193741 0.059543 0.187927
0.9 0.088317 0.205504 0.081521 0.199744 0.075416 0.194111 0.069927 0.188638 0.064986 0.183344

1.0 0.093751 0.198307 0.086885 0.193255 0.080670 0.188258 0.075043 0.183354 0.069944 0.178568
1.1 0.098466 0.1.91099 0.091598 0.186707 0.085338 0.182311 0.079632 0.177950 0.074431 0.173654
1 2 0.102518 0.183943 0.095702 0.180163 0.089451 0.176328 0.083718 0.172480 0.078462 0.168651
1.3 0.105960 0.176889 0.099243 0.173670 0.093044 0.170357 0.087328 0.166990 0.082059 0.163603
1.4 0.108848 0.169977 0.102264 0.167270 0.096155 0.164438 0.090492 0.161519 0.085245 0.158547

1.5 0.111233 0.163237 0.104811 0.160996 0.098820 0.158604 0.093239 0.156099 0.088044 0.153515
1 6 0.113165 0.156692 0.106925 0.154872 0.101076 0.152882 0.095601 0.150758 0.090482 0.148534
1.7 0.114690 0.150359 0.108647 0.148918 0.102957 0.147292 0.097608 0.145518 0.092584 0.143625
1.8 0.115851 0.144249 0.110016 0.143147 0.104498 0.141851 0.099288 0.140395 0.094376 0.138807
1.9 0.116689 0.138368 0.111067 0.137569 0.105730 0.136571 0.100671 0.135403 0.095882 0.134094

2.0 0.117239 0.132720 0.111834 0.132191 0.106683 0.131459 0.101783 0.130553 0.097127 0.129498
2.1 0.117534 0.127305 0.112347 0.127015 0.107386 0.126522 0.102649 0.125851 0.098133 0.125027
2.2 0.117606 0.122121 0.112635 0.122042 0.107864 0.121762 0.103293 0.121303 0.098922 0.120688
2.3 0.117481 0.117164 0.112723 0.117271 0.108140 0.117180 0.103737 0.116911 0.099513 0.116484
2.4 0.117184 0.112428 0.112633 0.112699 0.108238 0.112775 0.104002 0.112676 0.099925 0.112419

2.5 0.116737 0.107909 0.112389 0.1.08322 0.108177 0.108546 0.104105 0.108597 0.100177 0.108493
2 6 0.116160 0.103597 0.112008 0.104136 0.107975 0.104489 0.104066 0.104674 0.100284 0.104707
2 7 0.115471 0.099487 0.111508 0.100133 0.107648 0.100601 0.103898 0.100905 0.100261 0.101058
2 8 0.114685 0.095570 0.110904 0.096309 0.107213 0.096876 0.103617 0.097284 0.100122 0.097546
2.9 0.113816 0.091838 0.110210 0.092657 0.106682 0.093310 0.103236 0.093810 0.099879 0.094168

3.0 0.112878 0.088283 0.109439 0.089170 0.106067 0.089898 0.102767 0.090479 0.099544 0.090921
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Table 7.9 ERROR FUNCTION FOR COMPLEX ARGUMENTS

Jf 39 . ¡ 0.4613135 0.09999216 0.002883894\
or y w (z) =iz (z) <2x10 6

f 0.5124242 O.05176536\
If x > flor y>6 w (z) = In(z) <10-6 * *See page n.

y

w(z) Jw(z)
x3.O

w(z)e:2 erfc (-iz) zx+iy
P4w(z) fw(z) 91w(z) Jw(z) w(z) fw(z)

x=3.1 x=3.2 x=3.3

9?w(z) fw(z)
x3.4

0.0 0.000123 0.201157 0.000067 0.193630 0.000036 O.18b704 0.000019 0.180302 0.000010 0.174362
0.1 0.007943 0.200742 0.007254 0.193292 0.006670 0.186421 0.006167 0.180061 0.005728 0.174152
0.2 0.0]5627 0.199669 0.014338 0.192376 0.013225 0.185630 0.012252 0.179369 0.011394 0.173542
0.3 0.023095 0.197980 0.021250 0.190915 0.019639 0.184354 0.018222 0.178245 0.016966 0.172545
0.4 0.030279 0.195732 0.027929 0.188951 0.025862 0.182626 0.024032 0.176715 0.022403 0.171181

0.5 0.037126 0.192984 0.034328 0.186532 0.031849 0.180484 0.029643 0.174808 0.027610 0.169475
0.6 0.043598 0.189798 0.040407 0.183709 0.037565 0.171970 0.035022 0.172560 0.032738 0.167455
0.7 0.049665 0.186239 0.046141 0.180534 0.042983 0.175128 0.040144 0.170006 0.037582 0.165151
0.8 0.055311 0.182368 0.051509 0.177061 0.048083 0.172003 0.044989 0.167184 0.042185 0.162596
0.9 0.060529 0.178243 0.056501 0.173340 0.052854 0.168637 0.049544 0.164132 0.046532 0.159821

1.0 0.065318 0.173918 0.061114 0.169418 0.057289 0.165072 0.053801 0.160886 0.050615 0.156858
1.1 0.069685 0.169445 0.065350 0.165339 0.061387 0.161349 0.057757 0.157480 0.054428 0.153738
1.2 0.073641 0.164866 0.069216 0.161145 0.065151 0.157502 0.061413 0.153948 0.057971 0.150490
1.3 0.077202 0.160223 0.072722 0.156872 0.068589 0.153567 0.064773 0.150320 0.061246 0.147141
1.4 0.080385 0.155551 0.075883 0.152553 0.071711 0.149572 0.067844 0.146623 0.064258 0.143717

1.5 0.083210 0.150880 0.078712 0.148217 0.074529 0.145545 0.070636 0.142882 0.067012 0.140239
1.6 0.085697 0.146236 0.081229 0.143888 0.077055 0.141510 0.073158 0.139120 0.069518 0.136731
1.7 0.087870 0.141640 0.083450 0.139588 0.079306 0.137488 0.075423 0.135357 0.071785 0.133209
1.8 0.089749 0.137113 0.085394 0.135335 0.081297 0.133495 0.077445 0.131609 0.073823 0.129691
1.9 0.091355 0.132667 0.087080 0.131146 0.083044 0.129548 0.079236 0.127892 0.075646 0.126192

2.0 0.092711 0.128317 0.088525 0.127031 0.084562 0.125660 0.080811 0.124219 0.077263 0.122723
2.1 0.093835 0.124071 0.089749 0.123003 0.085867 0.121840 0.082182 0.120600 0.078681 0.119296
2.2 0.094748 0.119936 0.090767 0.119068 0.086974 0.118099 0.083364 0.117045 0.079930 0.115919
2.3 0.095467 0.115919 0.091597 0.115233 0.087900 0.114442 0.084370 0.113560 0.081004 0.112602
2.4 0.096010 0.112023 0.092255 0.111503 0.088657 0.110875 0.085213 0.110153 0.081921 0.109349

2.5 0.096393 0.108249 0.092754 0.107881 0.089259 0.107403 0.085905 0.106827 0.082690 0.106166
2.6 0.096632 0.104600 0.093110 0.104370 0.089719 0.104027 0.086458 0.103586 0.083324 0.103057
2.7 0.096739 0.101076 0.093336 0.100969 0.090050 0.100751 0.086883 0.100433 0.083832 0.100026
2.8 0.096729 0.097674 0.093442 0.097680 0.090263 0.097575 0.087190 0.097369 0.084225 0.097073
2.9 0.096613 0.094395 0.093442 0.094502 0.090368 0.094499 0.087391 0.094396 0.084511 0.094202

3.0 0.096402 0.091236 0.093345 0.091434 0.090375 0.091523 0.087493 0.091513 0.084700 0.091413

Y x=3.5 x=3.6 x=3.7 x=3.8 x3.9
0.0 0.000005 0.168830 0.000002 0.163662 0.000001 0.158821 0.000001 0.154273 0.000000 0.149992
0.1 0.005340 0.168645 0.004995 0.163498 0.004685 0.158673 0.004406 0.154140 0.004153 0.149871
0.2 0.010633 0.168102 0.009952 0.163011 0.009339 0.158235 0.008786 0.153743 0.008282 0.149510
0.3 0.015846 0.167212 0.014841 0.162211 0.013935 0.157513 0.013115 0.153088 0.012368 0.148913
0.4 0.020944 0.165990 0.019632 0.161111 0.018446 0.156516 0.017370 0.152183 0.016389 0.148088

0.5 0.025897 0.164456 0.024297 0.159725 0.022847 0.155260 0.021529 0.151040 0.020326 0.147044
0.6 0.030677 0.162633 0.028812 0.158075 0.027118 0.153760 0.025574 0.149672 0.024162 0.145792
0.7 0.035263 0.160548 0.033158 0.156181 0.031239 0.152034 0.029486 0.148094 0.027880 0.144346
0.8 0.039637 0.158227 0.037316 0.154066 0.035195 0.150102 0.033253 0.146324 0.031469 0.142721
0.9 0.043785 0.155698 0.041274 0.151755 0.038974 0.147985 0.036861 0.144380 0.034916 0.140931

1.0 0.047698 0.152988 0.045023 0.149271 0.042565 0.145703 0.040301 0.142279 0.038212 0.138993
1.1 0.051370 0.150124 0.048556 0.146637 0.045962 0.143277 0.043567 0.140039 0.041352 0.136922
1.2 0.054798 0.147132 0.051869 0.143878 0.049161 0.140727 0.046653 0.137680 0.044328 0.134735
1.3 0.057984 0.144038 0.054962 0.141014 0.052159 0.138074 0.049558 0.135218 0.047139 0.132448
1.4 0.060928 0.140862 0.057835 0.138067 0.054958 0.135336 0.052279 0.132671 0.049783 0.130076

1.5 0.063637 0.137628 0.060491 0.135056 0.057557 0.132530 0.054819 0.130054 0.052260 0.127633
1.6 0.066116 0.134354 0.062936 0.131999 0.059962 0.129674 0.057179 0.127384 0.054572 0.125133
1.7 0.068374 0.131058 0.065176 0.128913 0.062177 0.126782 0.059362 0.124673 0.056720 0.122591
1.8 0.070419 0.127755 0.067217 0.125812 0.064206 0.123869 0.061374 0.121935 0.058708 0.120016
1.9 0.072260 0.124460 0.069068 0.122709 0.066058 0.120947 0.063219 0.119182 0.060540 0.117422

2.0 0.073908 0.121185 0.070736 0.119617 0.067738 0.118027 0.064903 0.116425 0.062222 0.114817
2.1 0.075373 0.117940 0.072232 0.116545 0.069254 0.115120 0.066433 0.113673 0.063759 0.112212
2.2 0.076666 0.114735 0.073563 0.113503 0.070615 0.112234 0.067815 0.110935 0.065156 0.109614
2.3 0.077796 0.111578 0.074739 0.110500 0.071829 0.109377 0.069058 0.108218 0.066420 0.107031
2.4 0.078774 0.108474 0.075770 0.107540 0.072902 0.106556 0.070166 0.105530 0.067556 0.104469

2.5 0.079611 0.105431 0.076664 0.104631 0.073845 0.103777 0.071149 0.102875 0.068572 0.101935
2.6 0.080316 0.102451 0.077430 0.101777 0.074663 0.101044 0.072013 0.100260 0.069474 0.099433
2.7 0.080898 0.099538 0.078076 0.098981 0.075366 0.098362 0.072764 0.097688 0.070267 0.096968
2.8 0.081366 0.096696 0.078612 0.096247 0.075961 0.095734 0.073411 0.095163 0.070959 0.094543
2.9 0.081730 0.093927 0.079044 0.093577 0.076455 0.093162 0.073959 0.092688 0.071555 0.092162

3.0 0.081996 0.091230 0.079381 0.090973 0.076855 0.090649 0.074415 0.090265 0.072061 0.089826
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COMPLEX ZEROS OF THE ERROR FUNCTION Table 7.10

eri z=erf (-za) =erf =erf (-)=0

X1
- /14 1

ln(/2n_)
y 2 2) 24n-)

From H. E. Saizer, Complex zeros of the error function, J. Franklin Inst. 260, 209-211,
1955 (with permission).

COMPLEX ZEROS OF FRESNEL INTEGRALS Table 7.11

C(z)=O ZnVm+iye

S(z)=Ø z=Xj+jy

n Xe
0 0. 0000
1 1. 7437
2 2. 6515
3 3. 3208
4 3. 8759

5

5

rn/4n 11n(1l%I4n -i)
r2(4n _1)3/2

0. 569413 0. 433666

i-2(4n+1)2_3M+ 3(4n+1)5I2

M 2(4n+2)2_3
2+ 3(4n+2)5/2

(n>Ø)

ya
0. 0000 0. 0000
0. 3057 2. 0093
0.2529 2.8335
0. 2239 3. 4675
0. 2047 4. 0026

4. 3611 0. 1909 4. 4742
C C C. C - C.S(ze) S(_Zn) =8(z) 8(Z) =9(z) S(_1) 0

ln(r./4n -i)
yn

ir./4n-1
(n>0)

(n-)

Ye
0. 0000
0.2886
0. 2443
0. 2185
0.2008

0. 1877

0.567822 0.435059

i 72(4fl3)2_3
2 r3(4n+3)SI2

i i6ir2(n+i)2.3
m

2 32ir3(n+1)512

From G. N. Watson, A treatise on the theory of Bessel functions, 2d ed. Cambridge Univ.
Press, Cambridge, England, 1958 (with permission).
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fl
eri z=0 Zn=Zn+iyn

n Xn Yn
1 1.45061 616 1.88094 300 6 4.15899 840 4.43557 144
2 2.24465 928 2.61657 514 7 4.51631 940 4.78044 764
3 2.83974 105 3.17562 810 8 4.84797 031 5.10158 804
4 3.33546 074 3.64617 438 9 5.15876 791 5.40333 264
5 3.76900 557 4.06069 723 10 5.45219 220 5.68883 744

ln(2r./i)
8n3/2 2,r./n

MAXIMA AND MINIMA OF FRESNEL INTEGRALS Table 7.12

M=C(.j+1) m=C(..,j4n+3) Mî==S(I4n+2) m=S(.f4n+4)
n M m M
0 0. 779893 0.321056 0. 713972 0.343415
1 0.640807 0.380389 0.628940 0.387969
2 0. 605721 0.404260 0. 600361 0. 408301
3 0.588128 0. 417922 0. 584942 0.420516
4 0. 577121 0. 427036 0. 574957 0. 428877
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The conventions used are z=x+iy, x, y real,
and in particular, z always means a real number
in the interval 1 x +1 with cos O=x where
O is likewise a real number; n and m are positive
integers or zero; and are unrestricted except
where otherwise indicated.

Other notations are:

n!.P(xP'(x) for (2mI)!!

Pnm(X) for (_1)mP(x)

T(x) for (-1)mP'(x)

P(x) for (_1)m.t(2m+1)(Th_m P(x)
2(m+m)!

c3'(z) for P(z), O(z) for Q(z) (.qz>1)

O(z) for eMTiQ(z)

Q(z) for Q(z)

Various other definitions of the functions occur
as well as mixing of definitions.

8.1.5 P(z) = (z2-1)'2r(v,.i)

8.1.6 e_ipQ(z)=1'(l +v+,z)r(,z)(z1)(z+1)1 /
1+v; 1+;

1+v;

332

8.1.1

- --2e +[v(v+1)-122}w=O(1 22)
'

dw
dz

Solutions

(Degree y and order with singularities at
z= ±1, cc as ordinary branch pointsii, z' arbi-
trary complex constants.)

P (z), Q (z) Associated Legendre Functions (Spher-
ical Harmonics) of the First and Second Kinds 2

arg (z±1)J<ir, arg zj<r
(2_ 1)1"= (z 1)4M(z+ 1)1v

(For P(z), z=O, Legendre polynomials, see
chapter 22.)

8.1.2
i +11 /P(z)_r(l) Lz-ii F(vv+1;

(For F(a, b; c; z) see chapter

r(++1) ++; +; ) (Iz>1)2 2 28.1.3 Q(z)=e21ir1 r(v+)
Alternate Forms

(Additional forms may be obtained by means of the transformation formulas of

geometric function, see [8.1].)
(j'v1v.1.2\ (1VM1VM.3.2

2 -
F---- +2 2' 2' 2

8.1.4 P"(z)=2"ir1(z 1) "c 2z
r (__) r (i+-) r (+-) r (__)

F(1+
V L&. 3. -2)

2 2 2'
z

2vr(+v)z'+V / p ¡z i z' ¡z. 1 -2F(z2_1)12r(1+p_) --' p; z )

the hyper-

(1221<1)

(I z_21<1)

(I1zl<2)

2 The functions Y?(8, =c? ?l} P'(cos 8) caiied surface harmonics of the first kind, tesserai for m<n and sectoral
for m= n. With O O O c' 2,r, they are everywhere one valued and continuous functions on the surface of the
unit sphere x2+ y2+ z2= I where x=sin Q cos , y=sin O sin and z=cos O.

8. Legendre Functions
Mathematical Properties

Notation 8.1. Differential Equation



8.1.8

e22r ('+2) r (P1+1)
W{P'(2), Q'(z)1=

(1z2)T (

8.1.9 W{P(z), Q(z)}=(z2-1)'
8.2. Relations Between Legendre Functions

Negative Degree

8.2.1 P1(z)=P(2)
8.2.2

Q_i(z)={_1reTcos virP'(z)
+Q(z) sin [7r(v+,2)]}/sin [ir(vs)]

Negative Argument (J2 O)
8.2.3

P( 2) = e"P(z) - e sin [lr(v+M) }Q(z)

See page II.

vj+2\
2

8.3.2
P (x)= e'P (x ± iO)

8.3.3
*

8.3.4
_eTQ(x_jØ)] *

Q(x) = e _i7[e_lI1rQ,P (x+iO) +eTQ(x_iO)]

(Formulas for P(x) and Q(x) are obtained with
the replacement of z-1 by (1x)e, (22_1) by
(1x2)e, z+1 byx+1 for z=x±iO.)

8.4. Explicit Expressions

(x=cos O)

8.4.1 Po(z)=1 P0(x)=i

8.4.2

Q0(z)= in (:tD Q.(x)= in (it:)

=xF(, 1; 1; z2)

8.4.3 P1(z)=z P1(x)=x=cos O

8.4.4

Q1(z)= in ()_i Q1(x)= in \1 x/
8.4.5
P2(z) =(3z2 1) P2(x) =k(3x2-1)

=(3 cos 20+ 1)
8.4.6

Q2(z)=fr2(z) in (:t) Q2(x)=

3z (3x2_1\ (1+x\3x
2 \. 4 1 \jx) 2
8.5. Recurrence Relations

(Both P and Q satisfy the same recurrence
relations.)

Varying Order
8.5.1
p+I(2)_(Z2_i)_i{(v_p)Zp(z)_(v+j)pPi(Z)}

LEGENDRE F1JNCTIONS 333

V i V J4.l. 28.1.7 e1 Q(z)=7l2(z2_1)_l{ r (2+2+2)
e*i ,

2r (i+_)

+2r (i++) (1v 2)} (!22<1)r(+FV 2 2 2

-
Wronskian (Upper and lower signs according as .fzO.)

8.2.4 Q(z)= e?Qi(z)
Negative Order

8.2.5

P '(z) r (v++ 1) [P(z) - e - sin (Jsir) Q(z)]
-

8.2.6 Q;(z) =e2 F(v,+ 1)
r(v++1)

Degree and Order v+ *

2>O

8.2.7 P_v_4(
)

(z2-1)''4eQ(z)(zi)' )1/2r(j,+,+Ï) *

8.2.8
_p_4/ Z

Q-L- (\(22_ 1) 1/2) *

--i(r) "2r (vp) (22_1) ''4e P(z)

8.3. Values on the Cut

(-1<x<1)
8.3.1

P (x) = 4[eIP (x+ iO) + e (xiO)]



8.5.2
dP(z)(22_1)

dz _(p+,.L)(P,.+1)(z21)4'(2)
1zP(z)

Varying Degree
8.5.3

(v,.1+1)P+i(z) = (2v+1) zP(z) - (v+,.L)P_i (z)

dP(z)
8.5.4 (22_1)

dz

Varying Order and Degree

8.5.5 P1(z) =P_1(z) +(2v+1) (z2-1)kP1(z)

8.6. Special Values
x=O

8.6.1

P(0)
=2ir Gos

8.6.2

Q (o) =
2'ir sin

8.6.3

[dP
(x)

dx

2M+hir Sin Rir(v+)]
8.6.4

[dQ
(x)

dx 1=
2l'rl cos [ir(v+j4] r(4v++1)/r(v+)

8.6.5
22r (v++1) r (v++)

WfP(x),Q(x)}o=

¿L=m=1, 2, 3,
8.6.6

P(z)=(z2-1)m dmP(z)
dztm

dmP(x)P?(x)=(_1)m(1_x2)m dxtm

8.6.7

Q?(z)=(z21'4m dmQ(z),
dztm

Q?(x) =(_1)m(1_X2)4m dtmQ(x)
dxtm

8.6.8

P(z) = (z2_1) 1/4(2w)1/2 { (z2 1)h/2]r

+[z+(z2-1)"2]1 }
See page II.

8.6.9

P(z)=(
(z2-1) h/4

7r/ 2v+1
[z+ (Z2_ 1) 1/2}--j }

8.6.10

Q(z) =j ('ir) 1/2(z2__ 1) "[z+ (z2 1)1/2] -r-4

8.6.11

(z2 1)"Q(z) = - i (2-)" [z+ (z2_1) 1/2]-v-1
2v+ i

8.6.12

P(cos O)=(r) (sin O) cos [(v+)O]

8.6.13

Q(cos O)=(r) (sin O)1 sui

8.6.14

P;(cos O)=(jir)4(v+4Y'(sin O) sin [(v+4)O]

8.6.15

Q;1(cosO)=(2ir) l(2v+1)(sinO) cos [(v+)O1*

2_1(z21)
r(v+1)

P(cos 0\2(Sifl O)'
' r(+1)

1u=O, vfl

(Rodrigues' Formula)

2"m! dz's

8.6.19 Q(x)=P(x) 1+xin .W1(x)1x
where

W,, (x)
2n-1 2m-5

- = i Pfl.l(x)+3(1) P,,_3(x)

2m-9
+5(n_2) 1n_s(x)+

n
Pmi(X)Pnm(X)

W_1(x) =0
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8.6.16

8.6.17

8.6.18



See page n.
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¡'=0, 1
rop(cos Ofl =2 In (cos 0)8.6.20
L ò j=°
roP»(cos 0)1 =tan ko-2 cot O in (cog 0)8.6.21
L òv o
[ ÔP»(cos 0)18.6.22 j =- tan 0 sifl2 O+sin O In (cos O)

8.7. Trigonometric Expansions (0<0<7r)

F(v+/L+1) (!+('+I+1)k sin [(v++2k+1)0]8.7.1 P (cos O) = r- 1/22p+i (sin 0)' r(v+.) kO k! (v+I)

8.7.2 Q(cos 0)=ir1122(sin 0) r(v+,A+1) (!L+)k(v+,+1)k cos [(v+,L+2k+1)0JT(v+*) k=O

22n+2(n!)2r
. n+1 . 3)0+13 (n+1)(n+2)8.7.3 P(cos 0) sin (n+5)0+ .ir(2n+1)!L' (n+l)O+2+3 sin (n+ f(2n+3)(2n+5)

22''(n!)2 r8.7.4 Q(Coso) Lc05 (n+1)0+2t3cos (n+3)0+-- (n+1)(n+2) cos (n+5)0+...](2n±1)! 2' (2m+3)(2n+5)

8.8. Integral Representations
(z not on the real axis between 1 and a,)

2(z2-1)
J' t) (sinh t)21dt (()>?p>-1)8.8.1 P(z)_r )(+)

eT/2 r(v++l)8.8.2 Q(z) r(+) r(vM+1) (21) f z+(z21) cosh t]'(sinh t)2dt ((v±+1)>O)

i '1
8.8.3 Qn(2)J

_
(zt1P(t) dt= (-1)'1Q(z)

(For other integral representations see [8.2].)

8.9. Summation Formulas
n

8.9.1 (E z)E (2m + 1)Pm(2)Pm(E) = (n+ 1) [P1 (E)P(z) P(E)P+1 (z)]
m=0

n
8.9.2 (Ez) (2m+1)Pm(z) Qm(E)1 - (fl+1)[Pn+i(2)Qn(E)Pa(E)Qa+i(E)]

in =0

8.10. Asymptotic Expansions

For fixed z and ¡' and 8.10.1-8.10.3 are asymptotic expansions if z is not on the real
axis between - and 1 and + and + 1. (Upper or lower signs according as Jz0.)

8.10.1 r(v+/2+1)r02v) (Z+i\M
r(+1) z-1) sin [F(_v, ¡'+1; l+M; +z)

sinyir z i U

sin (2+1)- F(v, +1; 1+;

T r(-f---i) (z+1VU r
8.10.2 Q(z)-=e r(+1) z-1) [F(_v ¡'+1; 1+/2; +z)

e' (z_l'yF(. ¡'+1; 1+/2;\Z + 1,



ir ir
8.10.7 P(cos )_++1) (kir sin O)* cos [(v+) O_+]+O(v_1)

r(v+1)

8.10.8 Q(cos 0)=r +,z+1) ( ir
r(v+I) \2 sin O,

For other asymptotic expansions, see [8.7] and [8.9].

8.11. Toroidal Functions (or Ring Functions)

(Only special properties are given; other properties and representations follow from the earlier
sections.)

8.11.1 P_4(cosh -+v; 1-2z; 1e2'

F(n+m+)(sinh ,)tm 1'lr (sin )2m/
8.11.2 P(cosh r(m_m+)2mr(m+) Jo (cosh n+cos sinh )n+m+4

8.11.3 Q4(cosh n)=[F(l (le_l)e t"' +v+, i +v; e2)

cosh mt dt
8.11.4 f (cosh n+cosh t sinhr(nm+)

'See page II.

(<O<ir, >O)

* (n>m)
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z)F(v, ¡'+1; l+M; -8.10.3 Q'(z)==e'Fcsc[ir(v)] [e (z-1
(z_1)IP F(v, v+l; 1+;z+1

With replaced by su, 8.1.2 is an asymptotic expansion for P;'(z) for fixed z and y and qs

if z is not on the real axis between and 1.
For fixed z and and .?p, 8.10.4 and 8.10.6 are asymptotic expansions if z is not on the real

axis between - and 1 and + and + 1; 8.10.5 if z is not on the real axis between - and + 1.

r(v++1)
)8.10.4 P(z) = (2ir) (z2-1) 1/4

r(+*) { [z+ (z2-1)]' F(+, ; +v z+ (z2-1)4
' 2(z-1)

z+ (z2-1)4+ie_[Z_(z2_1)+]F@+, i;+; 2(z2-1) ) }

8.10.5 Q(z)=e'F(ir)(z2-1)114 r(v++1) [z ; 4+v; (z2-1)
r(v+) 2(z2-1)

eiM'F(ìr)(z2_1Yl4 r(+v) {cos vir[z+ (z2_1)41 +v; 2(z2_1)8.10.6 Q(z)== sin [ir(iv)] r(p)
z+(z2-1) '

+ie'F cos .IL; +v; 2(z2-1)

The related asymptotic expansion for P(z) may be derived from 8.10.4 together with 8.2.1.



8.12.5

P_+(cos 0)
cosh Xir

ir

*See page IL

8.12. Conical Functions

(P+,,(cos 0), 0))

(Only special properties are given as other
properties and representations follow from earlier
sections with v= +iX (X, a real parameter) and
z=cos 0.)

8.12.1
4X2+12 . 2°P_+o (cos 0)=1+

22
Sifl

+(4X2+12)(4x2+32) sin+ . . . (O0<ir)2242

8.13.7
8.12.2 P_+x(cos 0)=P__x(cos 0)

/ 2
z2 ('° cosh Xtdt z+18.12.3 P_+x(cos 0)=- jir o -.,/2 (cos tcos 0)

(z1)8.12.4 [2(z+1)]E

8.13.8 P(x)=K (/1_x)

8.13.9 P_4(cos 0)=K (sin )

8.13.10 Q(x)=K(.t) *

8.13.11

8.13.1 P_(z)=2- / 2 K (/z_1')
8.13.12 Q(x)=K (/1± x)2E (Jx) *

ir 2+1 \ 2+1,
8.14. Integrals

8.14.1
J P(x)Q(x)dx=[(pv) (+ v+ 1)1-' (3p>?v>O)

8.14.2 f Q(x)Qp(x)dx=[(pp) (p+v+ 1)J'[(p+ 1) (v+ 1)J ((p+v)>i, p+v+ i O;
y, p1, 2, 3, . .

8.14.3 f [Q(x)J2dx=(2y+1)'(v+i) (?v>)
r'8.14.4 j P(x)P(x)dx= [(pv) (p+v+1)]' (2 sin lrv sin irp[&(v+ 1) (p+ 1)]+ ir sin (irpirv)I ir

(p+v+1 O)
8.14.5 f [P(x)]2dx_ir2_2fl iry)2+'(v+ 1)

1 ,r2(v+)

C'8.14.6 j Q(x) Q(x) dx= [(pv) (+ v+ 1)J'['(v+ 1) '(p+ 1)j[1 +cos pir cos vir.ir sin (virpir)]I
(p+v+1O; y, p1 2, 3, .r'8.14.7 j [Qv(x)]2dx(2p+1){ir2_%I/(y+1)[1+(Cosvir2I} (v-1, 2, 3, . .i

cos XtdtQ_yjx(cos 0)= ±i smb Xir
j0 -/2(cosIi t+cos 0)

+J
cosh Xtdt

o -/2(cosh tcos 0)

[Q_+x(cos 0)+Q_4_x(cos 0)]

8.13. Relation to Elliptic Integrals
(see chapter 17)

LEGENDRE FUNCTIONS

8.13.2 P_*(cosh i7)=[cosh ]1K (tanh )

8.13.3 Qj(z)= / 2 K (,/)
8.13.4 Q_1(cosh )=2e2K(e")
8.13.5

I 2(z'-1)' \P(z)= (z+z2_i)E(.+(2i),,2)

8.13.6 P (cosh ,) e2E (i - e - 2i)

(-1<x<1)
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8.14.8 f'P(x)Qp(x)dx [(vp) (p+v+1)]' { icos (pirvir) -g sin irv cos irv[«v+1) (p+l)] }

(qv>O, Pìp>O, pv)

8.14.9 f'P(x)Q(x)dx=-_-1 (2v+1)' sin 2vir4"(v+l) (v>O)

(m, n, i positive integers)

8.14.10

r (ln) (i

8.14.11 J"P(x)Pr(x)dx=o (i n)

8.14.12 f'P(x)P (x) (1x2) 1dx= O (i m)

8.14.18 f
For other integrals, see [8.2], [8.4] and chapter

22. '.5

v( cose)

FIGURE 8.1. P(co O). n=O(1)3.

8.14.13 f'[P(x)]2dx==(n+)_1(n+ m) !/(n m)!

8.14.14

J" (1 - 1 [P(x)J2dx= (n+m) !/m (nm)!

8.14.15

il
2-P-lr(1p)

PP(X)xPdx=rr(l+ii)r(i+l+3)
(gìp>l)

8.14.16

J(sin t)P(cos t)dt=r(l±l +i)r(l ')r('+1+1) T(p+)
8.14.17

p-m(z)(z2_l)--*rn . J1ZPp(Z)(dZ)m

/
:-----7-\

FIGURE 8.2. P,(x). n=1(1)3,s1.
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FIGURE 8.5. Q(x). n =0(1)3, x>1.

Numerical Methods

8.15. Use and Extension of the Tables
Computation of P(x)

For all values of x there is very little loss of
significant figures (except at zeros) in using the
recurrence relation 8.5.3 for increasing values of n.

Example!. ComputeP(x) forx==.31415 92654
and x=2.6 for n=2(1)8.
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Computing P8(x) using Table 22.9 carrying ten
significant figures, P8(.31415 92654)=-.25617 2933
and P8(2.6)=78402.55526.

Computation of Q,(x)

For x<1, use of 8.5.3 for increasing values of n
leads to very little loss of significant figures.
However, for x>l, the recurrence relation 8.5.3
should be used only for decreasing values of n,
after having first obtained Q using the formulas
in terms of hypergeometric functions.

92654

Using the results of Example J together with

8.6.19. we find Q4(x) =P4(x)1n ()_Ws(x)

where W3= P3+ P1, giving Q4(.31415 92654)==

.59974 26989.

Texts

[8.1] A. Erdélyi et al., Higher transcendental functions,
voI. 1, ch. 3 (McGraw-Hill Book Co., Inc., New
York, N.Y., 1953).

[8.21 E. W. Hobson, The theory of spherical and ellip-
soidal harmonics (Chelsea Publishing Co., New
York, N.Y., 1955).

[8.3] J. Lense, Kugelfunktionen (Akademische Verlags-
gesellschaft, Leipzig, Germany, 1950).

[8.4] T. M. MacRobert, Spherical harmonics, 2d rev, ed.
(Dover Publications, Inc., New York, N.Y., 1948).

[8.5] W. Magnus and F. Oberhettinger, Formulas and
theorems for the special functions of mathe-
matical physics (Chelsea Publishing Co., New
York, N.Y., 1949).

[8.6] G. Prasad, A treatise on sphrica1 harmonics and
the functions of Bessel and Lamé, Part II (Ad-
vanced) (Mahamandal Press, Benares City,
India, 1932).

FtJNC1IONS

Example 3. Oimpute Q5(x) for x=2.6.

Ten terms in the series for v+1; + )
of 8.1.3 are necessary to obtain nine significant
figures giving Q(2.6)==4.8182 4468X10. Using
8.5.3 with increasing values of n carrying ten
significant figures we obtain

where Qo and Q are obtained using 8.4.2 and 8.4.4.

Computation of P±i(x), Q±i(x)

For all values of x, P±i(x) and Q,(x) are most
easily computed by means of 8.13.

Example 4. Compute Q(x) for x=2.6.
Using 8.13.3 and interpolating in Table 17.1 for

K(.), we find

K (/xi)
=(.74535 59925) (1.90424 1417)

= 1.41933 7751.

On the other hand, at least nine terms in the

expansion of !--; +; -) of 8.1.3 are

necessary to obtain comparable accuracy.
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n P(.31415 92654) P(2.6)
o i 1
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7 -. 20123 39354 16729. 51005
8 -. 25617 29328 78402. 55522

n Q(2.6)
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[(_54)5] [(_35)4] [(_45)9] [(_4]

P2(x)(1+3x2) P3(x)= (3+&r2)

Pg(x) = (120- 18480x2+72072z4 - 102960z6+48628)

Pio(x) = - 252+13860x2- 120120x4+36O360x6-437580+184756x'°)

(n+1)P,+i(x) = (2n+1)xP,(x) -nP,._i(x)
For coefficients of other polynomials, see chapter 22.

Table 8.1

z arccosz

LEGENDRE FUNCTION-FIRST KIND P.(x)

Po(x)=1 Pi(x)=x

P2(x) P3(x) P9(z) Pio(z)
0.00 90.00000 00 -0.50000 0.00000 00 0.00000 000 -0.24609 37
0. 01 89. 42703 26 -0. 49985 -0. 01499 75 0. 02457 330 -0. 24474 14
0. 02 88. 85400 80 -0. 49940 -0. 02998 00 0. 04893 045 -0. 24069 84
0. 03 88. 28086 87 -0. 49865 -0. 04493 25 0. 07285 701 -0. 23400 69
0. 04 87. 70755 72 -0. 49760 -0. 05984 00 0.09614 188 -0. 22473 64

0. 05 87. 13401 60 -0. 49625 -0. 07468 75 0. 11857 899 -0. 21298 35
0.06 86. 56018 72 -0. 49460 -0. 08946 00 0.13996 890 -0. 19887 11
0.07 85. 98601 28 -0. 49265 -0. 10414 25 0.16012 040 -0. 18254 68
0. 08 85. 41143 43 -0. 49040 -0. 11872 00 0.17885 206 -0. 16418 20
0.09 84. 83639 29 -0. 48785 -0. 13317 75 0.19599 366 -0. 14397 02

0.10 84. 26082 95 -0. 48500 -0. 14750 00 0.21138 764 -0. 12212 50
0.11 83. 68468 44 -0. 48185 -0. 16167 25 0.22489 042 -0. 09887 86
0. 12 83. 10789 74 -0. 47840 -0. 17568 00 0.23637 363 -0. 07447 93
0.13 82.53040 77 -0.47465 -0.18950 75 0.24572 526 -0.04918 90
0.14 81. 95215 37 -0. 47060 -0. 20314 00 0.25285 070 -0. 02328 12

0.15 81. 37307 34 -0. 46625 -0. 21656 25 0. 25767 367 +0. 00296 18
0.16 80. 79310 38 -0. 46160 -0. 22976 00 0.26013 706 0. 02925 20
0.17 80. 21218 10 -0. 45665 -0. 24271 75 0.26020 358 0.05529 81
0.18 79. 63024 02 -0. 45140 -0. 25542 00 0. 25785 632 0. 08080 85
0.19 79. 04721 58 -0. 44585 -0. 26785 25 0.25309 918 0. 10549 42

0.20 78.46304 10 -0.44000 -0.28000 00 0.24595 712 0.12907 20
0.21 77. 87764 77 -0. 43385 -0. 29184 75 0.23647 631 0.15126 74
0. 22 77. 29096 70 -0. 42740 -0. 30338 00 0.22472 407 0.17181 75
0.23 76. 70292 82 -0. 42065 -0. 31458 25 0. 21078 870 0.19047 36
0.24 76.11345 96 -0.41360 -0.32544 00 0.19477 914 0.20700 49

0.25 75. 52248 78 -0. 40625 -0.33593 75 0.17682 442 0.22120 02
0. 26 74. 92993 79 -0. 39860 -0. 34606 00 0. 15707 305 0.23287 14
0.27 74. 33573 31 -0. 39065 -0. 35579 25 0.13569 215 0.24185 52
0.28 73. 73979 53 -0. 38240 -0. 36512 00 0.11286 642 0. 24801 62
0.29 73. 14204 40 -0. 37385 -0. 37402 75 0. 08879 707 0.25124 81

0.30 72. 54239 69 -0. 36500 -0. 38250 00 0. 06370 038 0.25147 63
0.31 71. 94076 95 -0. 35585 -0.39052 25 0. 03780 634 0. 24865 91
0.32 71. 33707 51 -0. 34640 -0. 39808 00 +0. 01135 691 0.24278 89
0.33 70. 73122 45 -0. 33665 -0. 40515 75 -0. 01539 566 0. 23389 37
0.34 70. 12312 59 -0.32660 -0. 41174 00 -0. 04219 085 0.22203 73

0.35 69. 51268 49 -0. 31625 -0. 41781 25 -0. 06876 185 0.20732 00
0.36 68. 89980 39 -0. 30560 -0. 42336 00 -0. 09483 780 0.18987 83
0.37 68. 28438 27 -0. 29465 -0. 42836 75 -0. 12014 608 0.16988 48
0.38 67. 66631 73 -0. 28340 -0. 43282 00 -0. 14441 472 0.14754 72
0.39 67. 04550 06 -0. 27185 -0. 43670 25 -0. 16737 489 0. 12310 73

0.40 66. 42182 15 -0. 26000 -0. 44000 00 -0. 18876 356 0.09683 91
0.41 65. 79516 52 -0. 24785 -0. 44269 75 -0. 20832 609 0. 06904 71
0.42 65. 16541 25 -0. 23540 -0. 44478 00 -0. 22581 900 0.04006 39
0. 43 64. 53243 99 -0. 22265 -0. 44623 25 -0. 24101 269 +0. 01024 69
0.44 63. 89611 88 -0. 20960 -0. 44704 00 -0. 25369 426 -0. 02002 45

0.45 63. 25631 61 -0.19625 -0. 44718 75 -0. 26367 022 -0. 05035 30
0.46 62. 61289 25 -0. 18260 -0. 44666 00 -0. 27076 932 -0. 08032 72
0.47 61. 96570 35 -0. 16865 -0. 44544 25 -0. 27484 521 -0. 10952 64
0. 48 61.31459 80 -0. 15440 -0. 44352 00 -0. 27577 908 -0. 13752 51
0.49 60. 65941 84 -0. 13985 -0. 44087 75 -0. 27348 225 -0.16389 87

0.50 60. 00000 00 -0. 12500 -0. 43750 00 -0. 26789 856 -0. 18822 86



0.50 60. 00000 00 -0. 12500 -0. 43750 00 -0. 26789 856 -0. 18822 86
0.51 59. 33617 03 -0. 10985 -0. 43337 25 -0. 25900 667 -0. 21010 83
0.52 58. 66774 85 -0. 09440 -0. 42848 00 -0. 24682 215 -0. 22914 92
0.53 57. 99454 51 -0. 07865 -0. 42280 75 -0. 23139 939 -0. 24498 73
0.54 57. 31636 11 -0. 06260 -0. 41634 00 -0. 21283 321 -0. 25728 92

0.55 56. 63298 70 -0. 04625 -0. 40906 25 -0.19126 025 -0. 26575 85
0.56 55. 94420 22 -0. 02960 -0. 40096 00 -0. 16686 000 -0. 27014 28
0.57 55. 24977 42 -0. 01265 -0. 39201 75 -0. 13985 552 -0. 27023 97
0.58 54. 54945 74 +0. 00460 -0. 38222 00 -0. 11051 366 -0. 26590 30
0.59 53. 84299 18 0. 02215 -0. 37155 25 -0. 07914 497 -0. 25704 92

0.60 53. 13010 24 0. 04000 -0. 36000 00 -0. 04610 304 -0. 24366 27
0.61 52. 41049 70 0. 05815 -0. 34754 75 -0. 01178 332 -0. 22580 16
0.62 51. 68386 55 0. 07660 -0. 33418 00 +0. 02337 862 -0. 20360 19
0.63 50. 94987 75 0. 09535 -0. 31988 25 0. 05890 951 -0. 17728 16
0.64 50. 20818 05 0. 11440 -0. 30464 00 0. 09430 141 -0. 14714 41

0.65 49. 45839 81 0. 13375 -0. 28843 75 0. 12901 554 -0. 11358 05
0.66 48. 70012 72 0.15340 -0. 27126 00 0. 16248 693 -0. 07707 01
0.67 47. 93293 52 0.17335 -0. 25309 25 0.19412 981 -0. 03818 08
0.68 47. 15635 69 0.19360 -0. 23392 00 0. 22334 410 +0. 00243 30
0.69 46. 36989 11 0. 21415 -0. 21372 75 0. 24952 270 0. 04403 37

0.70 45. 57299 60 0.23500 -0.19250 00 0. 27205 993 0. 08580 58
0.71 44. 76508 47 0.25615 -0. 17022 25 0. 29036 111 0. 12686 31
0.72 43. 94551 96 0. 27760 -0.14688 00 0. 30385 323 0. 16625 89
0.73 43. 11360 59 0. 29935 -0. 12245 75 0. 31199 698 0. 20299 76
0.74 42. 26858 44 0. 32140 -0. 09694 00 0. 31430 004 0. 23605 08

0.75 41. 40962 21 0. 34375 -0. 07031 25 0. 31033 185 0. 26437 45
0.76 40. 53580 21 0.36640 -0. 04256 00 0. 29973 981 0. 28693 19
0.77 39. 64611 11 0. 38935 -0. 01366 75 0. 28226 712 0.-30271 79
0.78 38. 73942 46 0.41260 -i-0. 01638 00 0. 25777 224 0. 31078 93
0.79 37. 81448 85 0.43615 0. 04759 75 0. 22625 012 0. 31029 79

0.80 36. 86989 76 0. 46000 0. 08000 00 0. 18785 528 0. 30052 98
0.81 35. 90406 86 0.48415 0. 11360 25 0. 14292 678 0. 28094 87
0.82 34. 91520 62 0.50860 0. 14842 00 0. 09201 529 0. 25124 52
0.83 33. 90126 20 0.53335 0. 18446 75 +0. 03591 226 0. 21139 19
0.84 32. 85988 04 0. 55840 0. 22176 00 -0. 02431 874 0. 16170 50

0.85 31. 78833 06 0. 58375 0. 26031 25 -0. 08730 820 0. 10291 23
0.86 30. 68341 71 0. 60940 0. 30014 00 -0. 15134 456 +0. 03622 91
0.87 29. 54136 05 0. 63535 0. 34125 75 -0. 21433 544 -0. 03655 86
0.88 28. 35763 66 0.66160 0. 38368 00 -0. 27376 627 -0. 11300 29
0.89 27. 12675 31 0. 68815 0. 42742 25 -0. 32665 610 -0. 18989 29

0.90 25. 84193 28 0.71500 0. 47250 00 -0. 36951 049 -0. 26314 56
0.91 24. 49464 85 0. 74215 0. 51892 75 -0. 39827 146 -0. 32768 58
0.92 23. 07391 81 0. 76960 0. 56672 00 -0. 40826 421 -0.37731 58
0.93 21. 56518 50 0. 79735 0. 61589 25 -0. 39414 060 -0. 40457 43
0.94 19. 94844 36 0. 82540 0. 66646 00 -0. 34981 919 -0. 40058 29

0.95 18. 19487 23 0. 85375 0. 71843 75 -0. 26842 182 -0. 35488 03
0.96 16. 26020 47 0. 88240 0.77184 00 -0. 14220 642 -0. 25524 34
0.97 14. 06986 77 0.91135 0. 82668 25 +0. 03750 397 -0. 08749 40
0.98 11. 47834 09 0. 94060 0. 88298 00 0. 28039 609 +0. 16470 81
0.99 8. 10961 44 0.97015 0. 94074 75 0. 59724 553 0. 52008 90

1.00 0.00000 00 1.00000 1.00000 00 1.00000 000 1.00000 00
[(_5)4] [(_4)2 [(-2)1] [(_2)2]

P2(x)=(_1+3x2) Pa(x)-_ (_3+5x2)
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LEGENDRE FUNCTION-FIRST KIND P..(x) Table 8.1

Po(x)l Pj(x)=x

x arccosx P2(x) P3(x) P9(x) Pio(x)

Ps(x) = (1260- 18480x2+72072x4 - 1O2960x+48620x8)

Pjo(x)=101 (- 252+13860x2- 12O12Ox+36O36Ox-487580x8+184756x'°)

(n+1)Pn+i(x) = (2n+1)xP(z) -nP_i(x)
For coefficients of other polynomials, see chapter 22.
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Table 8.2

x
0.00

DERIVATIVE OF THE LEGENDRE FUNCTION-FIRST KIND P',.(x)

P(x)=1 P(x)-3x
P(x) P(x) P(x) Po(x)

-1.50000 0.00000 00 2.46093 75 0.00000 00
0.01 -1. 49925 -0. 07498 25 2.45011 64 0.27023 41
0.02 -1. 49700 -0. 14986 00 2.41773 75 0.53765 93
0.03 -1. 49325 -0. 22452 75 2.36405 34 0.79949 17
0. 04 -1. 48800 -0. 29888 00 2.28948 35 1. 05299 82

0. 05 -1. 48125 -0. 37281 25 2.19461 13 1.29552 05
0. 06 -1. 47300 -0. 44622 00 2.08018 11 1.52449 98
0. 07 -1. 46325 -0. 51899 75 1. 94709 32 1.73750 05
0. 08 -1. 45200 -0. 59104 00 1.79639 87 1.93223 25
0.09 -1. 43925 -0. 66224 25 1.62929 31 2.10657 29

0.10 -1. 42500 -0. 73250 00 1.44710 87 2.25858 73
0.11 -1. 40925 -0. 80170 75 1.25130 64 2.38654 80
0.12 -1. 39200 -0. 86976 00 1. 04346 68 2.48895 24
0.13 -1. 37325 -0. 93655 25 0.82528 00 2.56453 90
0.14 -1. 35300 -1. 00198 00 0.59853 47 2.61230 18

0.15 -1.33125 -1.06593 75 0.36510 73 2.63150 28
0.16 -1. 30800 -1.12832 00 +0. 12694 88 2.62168 25
0.17 -1. 28325 -1.18902 25 -0. 11392 76 2.58266 81
0.18 -1. 25700 -1. 24794 00 -0. 35546 01 2.51458 04
0.19 -1.22925 -1.30496 75 -0.59555 27 2.41783 68

0.20 -1. 20000 -1. 36000 00 -0. 83208 96 2.29315 33
0.21 -1.16925 -1. 41293 25 -1. 06295 03 2.14154 35
0.22 -1.13700 -1. 46366 00 -1. 28602 54 1. 96431 51
0.23 -1.10325 -1. 51207 75 -1. 49923 18 1.76306 37
0.24 -1. 06800 -1. 55808 00 -1. 70052 94 1.53966 43

0.25 -1. 03125 -1. 60156 25 -1. 88793 72 1.29625 99
0.26 -0. 99300 -1. 64242 00 -2. 05954 92 1. 03524 77
0.27 -0. 95325 -1. 68054 75 -2. 21355 15 0.75926 26
0.28 -0.91200 -1.71584 00 -2.34823 78 0.47115 77
0.29 -0. 86925 -1. 74819 25 -2. 46202 63 +0. 17398 30

0.30 -0. 82500 -1. 77750 00 -2. 55347 51 -0. 12903 87
0.31 -0. 77925 -1. 80365 75 -2. 62129 80 -0. 43453 90
0. 32 -0. 73200 -1. 82656 00 -2. 66437 95 -0. 73903 23
0.33 -0. 68325 -1. 84610 25 -2. 68178 96 -1. 03894 72
0.34 -0. 63300 -1. 86218 00 -2. 67279 74 -1. 33065 96

0.35 -0. 58125 -1. 87468 75 -2. 63688 47 -1. 61052 81
0.36 -0. 52800 -1. 88352 00 -2. 57375 82 -1. 87493 10
0.37 -0. 47325 -1. 88857 25 -2. 48336 07 -2.12030 43
0.38 -0. 41700 -1. 88974 00 -2. 36588 14 -2. 34318 21
0.39 -0. 35925 -1. 88691 75 -2. 22176 52 -2. 54023 74

0.40 -0. 30000 -1. 88000 00 -2. 05172 01 -2. 70832 36
0.41 -0. 23925 -1. 86888 25 -1. 85672 35 -2. 84451 75
0.42 -0. 17700 -1. 85346 00 -1. 63802 69 -2. 94616 13
0.43 -0. 11325 -1. 83362 75 -1. 39715 86 -3. 01090 51
0.44 -0. 04800 -1. 80928 00 -1.13592 50 -3. 03674 96

0.45 +0. 01875 -1. 78031 25 -0. 85640 91 -3. 02208 63
0.46 0. 08700 -1. 74662 00 -0. 56096 76 -2. 96573 83
0.47 0.15675 -1. 70809 75 -0. 25222 53 -2. 86699 80
0.48 0. 22800 -1. 66464 00 +0. 06693 30 -2. 72566 30
0.49 0.30075 -1. 61614 25 0.39337 29 -2. 54206 98

0. 50 0. 37500 -1. 56250 00 0. 72372 44 -2.31712 34
[(_4)2] [(_4)6] [(_3)3] [(_3)5]

P(x)=(_3+15x2) Pt(x)= (-60+140x2)

P(x) = (1260- 55440x2+360360x4_720720x6+437580x8)

Po(x) 14 (27720- 480480x2+2162160x4- 3500640x6+1847560)

P(x) = 1_2 [xP(x) -P+i(x)]
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P(x) = ( -3+15x2) F(x) = (-60+140x2)

P(x) = (1260- 55440x2 +360360x4 - 720720x6 +437580x8)

Po(x)
= 1024

(27720- 480480x2+2162160x4 - 3500640x6+1847560x8)

n+1
P,(x) _2 [xP(x) -Pa-i-i (x)]

345

DERIVATIVE OF THE LEGENDRE FUNCTION-FIRST KIND P(x)

P(x)=1 P(x)=3x

x P(x) P(x) P9(x)

Table8.2

Po(x)
0.50 0.37500 - 1.56250 00 0.72372 44 - 2.31712 34
0.51 0.45075 - 1.50360 75 1.05439 75 - 2.05232 40
0.52 0. 52800 - 1.43936 00 1.38160 24 - 1.74978 82
0.53 0. 60675 - 1.36965 25 1.70137 21 - 1.41226 67
0.54 0.68700 - 1.29438 00 2.00958 86 - 1.04315 43

0.55 0.76875 - 1.21343 75 2.30201 29 - 0.64649 54
0.56 0.85200 - 1.12672 00 2.57431 87 - 0.22698 16
0.57 0.93675 - 1.03412 25 2.82213 05 + 0.21005 92
0. 58 1.02300 - 0.93554 00 3.04106 49 0.65868 10
0.59 1.11075 - 0.83086 75 3.22677 77 1.11234 92

0.60 1.20000 - 0.72000 00 3.37501 44 1.56397 82
0.61 1.29075 - 0.60283 25 3.48166 60 2. 00598 31
0.62 1. 38300 - 0. 47926 00 3. 54283 00 2.43034 08
0.63 1.47675 - 0.34917 75 3.55487 57 2.82866 68
0.64 1. 57200 - 0.21248 00 3.51451 63 3.19230 45

0.65 1.66875 - 0.06906 25 3.41888 50 3.51243 07
0.66 1. 76700 + 0. 08118 00 3.26561 84 3.78017 74
0.67 1.86675 0.23835 25 3. 05294 51 3.98677 13
0.68 1.96800 0.40256 00 2.77978 03 4.12369 16
0.69 2.07075 0.57390 75 2.44582 82 4.18284 84

0.70 2.17500 0.75250 00 2.05168 93 4.15678 18
0.71 2. 28075 0.93844 25 1.59897 66 4. 03888 45
0.72 2.38800 1.13184 00 1.09043 73 3.82364 72
0.73 2.49675 1.33279 75 + 0.53008 28 3.50693 03
0.74 2.60700 1.54142 00 - 0. 07667 36 3.08626 20

0.75 2.71875 1.75781 25 - 0.72287 14 2.56116 49
0.76 2. 83200 1.98208 00 - 1.39984 93 1.93351 26
0.77 2.94675 2.21432 75 - 2.09708 32 1.20791 71
0.78 3. 06300 2.45466 00 - 2.80201 52 + 0.39215 05
0.79 3.18075 2.70318 25 - 3.49987 45 - 0.50239 96

0.80 3.30000 2.96000 00 - 4.17348 81 - 1.46023 77
0. 81 3.42075 3.22521 75 - 4. 80308 26 - 2. 46122 91
0.82 3.54300 3.49894 00 - 5.36607 64 - 3.48002 97
0.83 3.66675 3.78127 25 - 5.83686 10 - 4.48547 21
0.84 3.79200 4.07232 00 - 6.18657 35 - 5.43990 91

0. 85 3.91875 4.37218 75 - 6.38285 68 - 6.29851 03
0. 86 4. 04700 4.68098 00 - 6.38961 06 - 7.00851 07
0.87 4.17675 4.99880 25 - 6.16672 97 - 7.50840 93
0. 88 4. 30800 5. 32576 00 - 5. 66983 23 - 7. 72711 51
0. 89 4.44075 5.66195 75 - 4. 84997 54 - 7. 58303 90

0.90 4.57500 6. 00750 00 - 3.65335 89 - 6.98312 79
0. 91 4. 71075 6. 36249 25 - 2.02101 73 - 5. 82184 03
0.92 4. 84800 6. 72704 00 + 0. 1110 20 - 3. 98006 04
0.93 4.98675 7.10124 75 2.81447 18 - 1.32394 73
0.94 5.12700 7.48522 00 6.16433 35 + 2.29628 14

0.95 5.26875 7.87906 25 10. 24405 70 7.04763 58
0.96 5.41200 8.28288 00 15.14351 59 13.11571 11
0.97 5. 55675 8. 69677 75 20. 95987 66 20. 70612 01
0.98 5.70300 9.12086 00 27.79800 16 30.04600 25
0. 99 5.85075 9. 55523 25 35. 77086 77 41. 38561 43

1.00 6.00000 10.00000 00 45.00000 00 55.00000 00
[(_4)2] [(_3)1] [(_i)2]
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Qo(x) = In Ut:) Q' (z) i (it:) -1

in (t:)- Q3(x)= (5x2_3) In

(n+1)Q4+i(x) = (2n+1)xQ,.(x) -nQ,._i(x)

Qo(x) =arctanh z (Table 4.17) is included here for completeness.

Table 8.3

X Qo(x)

LEGENDRE FUNCTION-SECOND KIND Q(x)

Qi (x) Q2(x) Q3(x) Qg(x) Qio(x)
o. oo o. 00000 000 -1. 00000 000 0. 00000 000 0. 66666 667 -0. 40634 921 0. 00000 000
0. 01 0. 01000 033 -0. 99990 000 -0. 01999 867 0. 66626 669 -0. 40452 191 -0. 04056 181
0. 02 0. 02000 267 -0. 99959 995 -.0. 03998 933 0. 66506 699 -0. 39905 538 -0. 08068 584
0. 03 0. 03000 900 -0. 99909 973 -0. 05996 399 0. 66306 829 -0. 38999 553 -0. 11993 860
0. 04 0. 04002 135 -0. 99839 915 -0. 07991 463 0. 66027 179 -0. 37741 852 -0. 15789 513

0. 05 0. 05004 173 -.0. 99749 791 -0. 09983 321 0. 65667 917 -.0. 36143 026 -0. 19414 321
0. 06 0. 06007 216 -0. 99639 567 -0. 11971 169 0. 65229 261 -0. 34216 562 -0. 22828 745
0. 07 0. 07011 467 -0. 99509 197 -0. 13954 199 0. 64711 475 -0. 31978 750 -0. 25995 321
0. 08 0. 08017 133 -0. 99358 629 -0. 15931 602 0. 64114 873 -0. 29448 565 -0. 28879 038
0. 09 0. 09024 419 -0. 99187 802 -0.17902 563 0.63439 817 -0. 26647 538 -0. 31447 701

0.10 0. 10033 535 -0. 98996 647 -.0. 19866 264 0. 62686 720 -0. 23599 595 -0. 33672 259
0.11 0. 11044 692 -0. 98785 084 -0. 21821 885 0. 61856 044 -0. 20330 891 -0. 35527 122
0.12 0.12058 103 -0. 98553 028 -0. 23768 596 0.60948 299 -0. 16869 616 -0.36990 435
0. 13 0. 13073 985 -0. 98300 382 -0. 25705 567 0. 59964 048 -0. 13245 792 -0. 38044 330
0.14 0.14092 558 -0. 98027 042 -0. 27631 958 0.58903 905 -.0. 09491 050 -0. 38675 142

0. 15 0. 15114 044 -0. 97732 893 -0. 29546 923 0.57768 532 -0. 05638 395 -0. 38873 587
0.16 0.16138 670 -0. 97417 813 -0. 31449 610 0.56558 646 -0. 01721 959 -0. 38634 905
0.17 0.17166 666 -0. 97081 667 -.0.33339 158 0.55275 016 +0. 02223 260 -0. 37958 962
0. 18 0.18198 269 -0. 96724 312 -0. 35214 699 0. 53918 465 0.06161 670 -0. 36850 308
0.19 0.19233 717 -0. 96345 594 -0. 37075 353 0.52489 868 0.10057 361 -0. 35318 198

0. 20 0.20273 255 -0. 95945 349 -0. 38920 232 0. 50990 155 0.13874 395 -0.33376 565
0.21 0. 21317 135 -.0. 95523 402 -0. 40748 439 0.49420 314 0.17577 093 -0. 31043 947
0.22 0.22365 611 -0. 95079 566 -0. 42559 062 0.47781 388 0. 21130 336 -0. 28343 378
0. 23 0. 23418 947 -0. 94613 642 -0. 44351 180 0.46074 476 0.24499 861 -0. 25302 221
0.24 0.24477 411 -0. 94125 421 -0. 46123 857 0.44300 738 0.27652 557 -0. 21951 969

0.25 0. 25541 281 -0. 93614 680 -0. 47876 145 0.42461 393 0. 30556 765 -0.18327 994
0. 26 0. 26610 841 -0. 93081 181 -0. 49607 081 0.40557 719 0.33182 571 -0. 14469 251
0. 27 0. 27686 382 -0. 92524 677 -0. 51315 685 0. 38591 059 0.35502 089 -0. 10417 949
0.28 0.28768 207 -0. 91944 902 -0. 53000 962 0.36562 819 0.37489 746 -0. 06219 173
0.29 0.29856 626 -0. 91341 578 -0. 54661 900 0.34474 467 0.39122 551 -0. 01920 468

0.30 0. 30951 960 -0. 90714 412 -0. 56297 466 0.32327 542 0.40380 351 +0. 02428 610
0.31 0.32054 541 -0. 90063 092 -0. 57906 608 0.30123 647 0.41246 080 0. 06776 975
0.32 0.33164 711 -0. 89387 293 -0. 59488 256 0.27864 459 0.41705 981 0.11072 534
0. 33 0. 34282 825 -0. 88686 668 -0. 61041 313 0. 25551 723 0.41749 822 0. 15262 723
0.34 0.35409 253 -0. 87960 854 -0. 62564 662 0.23187 261 0.41371 084 0.19295 076

0.35 0.36544 375 -0. 87209 469 -0. 64057 159 0. 2L772 970 0.40567 128 0.23117 811
0. 36 0. 37688 590 -0. 86432 108 -0. 65517 633 0. 18310 825 0.39339 336 0.26680 432
0.37 0.38842 310 -0. 85628 345 -0. 66944 887 0.15802 883 0.37693 227 0.29934 337
0.38 0.40005 965 -0. 84797 733 -0. 68337 690 0.13251 285 0.35638 546 0.32833 437
0. 39 0.41180 003 -0. 83939 799 -0. 69694 784 0.10658 256 0.33189 317 0.35334 774

0.40 0.42364 893 -0. 83054 043 -0. 71014 872 0.08026 114 0.30363 867 0.37399 123
0.41 0.43561 122 -0. 82139 940 -0. 72296 624 0.05357 267 0.27184 811 0.38991 596
0.42 0.44769 202 -0.81196 935 -0.73538 670 +0.02654 221 0. 23679 006 0. 40082 218
0.43 0.45989 668 -0. 80224 443 -0. 74739 600 -0. 00080 418 0.19877 461 0.40646 477
0.44 0.47223 080 -0. 79221 845 -0. 75897 958 -0. 02843 939 0.15815 208 0.40665 845

0.45 0.48470 028 -0. 78188 487 -0. 77012 243 -0. 05633 524 0.11531 136 0.40128 259
0.46 0.49731 129 -0. 77123 681 -0. 78080 904 -0. 08446 239 0.07067 773 0. 39028 551
0.47 0. 51007 034 -0. 76026 694 -0. 79102 336 -0. 1129 034 +0. 02471 030 0.37368 827
0.48 0. 52298 428 -0. 74896 755 -0. 80074 877 -0. 14128 732 -0. 02210 100 0.35158 779
0.49 0.53606 034 -0. 73733 044 -0. 80996 804 -.0. 16992 027 -0. 06923 897 0.32415 933

0.50 0. 54930 614 -0. 72534 693 -0. 81866 327 0.t19865 477 -0.11616 303 0.29165 814
(-5)2 (--5)4 (-5)7 (-4)1 (-4) (-4)7

6 6



(n+1)Q+i(x) =(2n+1)xQ(x)-nQ._i(x)

0.50 0.54930 614 -0. 72534 693 -0. 81866 327 -0. 19865 477 -0. 11616 303 +0. 29165 814
0. 51 0. 56272 977 -0. 71300 782 -0. 82681 587 -0. 22745 494 -0.16231 372 0. 25442 027
0. 52 0. 57633 975 -0. 70030 333 -0. 83440 647 -0. 25628 339 -0. 20711 759 0. 21286 243
0. 53 0. 59014 516 -0. 68722 307 -0. 84141 492 -0. 28510 113 -0. 24999 263 0. 16748 087
0. 54 0. 60415 560 -0. 67375 597 -0. 84782 014 -0. 31386 748 -0. 29035 406 0.11884 913

0. 55 0. 61838 131 -0. 65989 028 -0. 85360 014 -0. 34253 994 -0. 32762 069 0. 06761 470
0. 56 0. 63283 319 -0. 64561 342 -0. 85873 186 -0. 37107 413 -0. 36122 172 +0. 01449 441
0.57 0. 64752 284 -0. 63091 198 -0. 86319 116 -0. 39942 362 -0. 39060 386 -0. 03973 144
0. 58 0. 66246 271 -0. 61577 163 -0. 86695 267 -0. 42753 983 -0. 41523 901 -0. 09422 630
0. 59 0. 67766 607 -0. 60017 702 -0. 86998 970 -0. 45537 186 -0. 43463 218 -0. 14810 594

0. 60 0. 69314 718 -0. 58411 169 -0. 87227 411 -0. 48286 632 -0. 44832 986 -0. 20044 847
0. 61 0. 70892 136 -0. 56755 797 -0. 87377 622 -0. 50996 718 -0. 45592 864 -0. 25030 577
0. 62 0. 72500 509 -0. 55049 685 -0. 87446 461 -0. 53661 553 -0. 45708 410 -0. 29671 648
0. 63 0. 74141 614 -0. 53290 783 -0. 87430 597 -0. 56274 938 -0. 45151 989 -0.33872 031
0.64 0.75817 374 -0.51476 880 -0.87326 492 -0.58830 338 -0. 43903 693 -0. 37537 391

0. 65 0. 77529 871 -0. 49605 584 -0. 87130 380 -0. 61320 855 -0. 41952 271 -0. 40576 815
0. 66 0. 79281 363 -0. 47674 300 -0. 86838 239 -0. 63739 196 -0. 39296 048 -0. 42904 673
0. 67 0. 81074 313 -0. 45680 211 -0. 86445 768 -0. 66077 634 -0. 35943 834 -0. 44442 606
0. 68 0. 82911 404 -0. 43620 245 -0. 85948 352 -0. 68327 969 -0. 31915 810 -0. 45121 636
0.69 0. 84795 576 -0. 41491 053 -0. 85341 027 -0. 70481 480 -0. 27244 363 -0. 44884 377

0.70 0.86730 053 -0.39288 963 -0.84618 438 -0.72528 868 -0. 21974 878 -0. 43687 329
0. 71 0. 88718 386 -0. 37009 946 -0. 83774 785 -0. 74460 199 -0. 16166 443 -0. 41503 236
0. 72 0. 90764 498 -0. 34649 561 -0. 82803 775 -0. 76264 823 -0. 09892 467 -0.38323 471
0. 73 0. 92872 736 -0. 32202 902 -0. 81698 546 -0. 77931 296 -0. 03241 178 -0. 34160 431
0. 74 0. 95047 938 -0. 29664 526 -0. 80451 593 -0. 79447 280 +0. 03684 038 -0. 29049 884

0. 75 0. 97295 507 -0. 27028 369 -0. 79054 669 -0. 80799 424 0.10764 474 -0. 23053 218
0. 76 0. 99621 508 -0. 24287 654 -0. 77498 679 -0. 81973 225 0. 17866 149 -0. 16259 543
0. 77 1. 02032 776 -0. 21434 763 -0. 75773 539 -0. 82952 866 0. 24840 151 -0. 08787 565
0. 78 1. 04537 055 -0. 18461 097 -0. 73868 011 -0. 83721 016 0. 31523 275 -0. 00787 146
0. 79 1. 07143 168 -0. 15356 897 -0. 71769 507 -0. 84258 586 0. 37739 063 +0. 07559 560

0.80 1.09861 229 -0.12111 017 -0.69463 835 -0.84544 435 0.43299 312 0. 16037 522
0. 81 1.12702 903 -0. 08710 649 -0. 66934 890 -0. 84555 002 0. 48006 146 0. 24398 961
0. 82 1. 15681 746 -0. 05140 968 -0. 64164 264 -0. 84263 849 0. 51654 781 0. 32364 357
0.83 1.18813 640 -0.01384 678 -0.61130 745 -0.83641 078 0. 54037 123 0. 39624 661
0. 84 1. 22117 352 +0. 02578 575 -0. 57809 671 -0. 82652 589 0. 54946 418 0. 45844 913

0. 85 1. 25615 281 0. 06772 989 -0. 54172 080 -0. 81259 105 0.54183 191 0. 50669 726
0. 86 1. 29334 467 0. 11227 642 -0. 50183 576 -0. 79414 886 0. 51562 828 0.53731 190
0. 87 1. 33307 963 0. 15977 928 -0. 45802 786 -0. 77065 991 0. 46925 273 0. 54659 757
0.88 1.37576 766 0.21067 554 -0.40979 212 -0.74147 880 0. 40147 508 0. 53099 253
0. 89 1. 42192 587 0. 26551 403 -0. 35650 171 -0. 70582 022 0.31159 776 0. 48727 156

0. 90 1.47221 949 0. 32499 754 -0. 29736 306 -0. 66270 962 0.19967 037 0.41282 291
0.91 1. 52752 443 0. 39004 723 -0. 23134 775 -0. 61090 890 +0. 06677 934 0. 30602 901
0. 92 1. 58902 692 0.46190 476 -0. 15708 489 -0. 54880 000 -0. 08454 828 +0. 16680 029
0. 93 1. 65839 002 0. 54230 272 -0. 07268 272 -0. 47419 336 -0. 24975 925 -0. 00265 428
0. 94 1. 73804 934 0. 63376 638 +0. 02458 593 -0. 38399 297 -0.42137 701 -0. 19666 273

0. 95 1. 83178 082 0. 74019 178 0. 13888 288 -0. 27356 330 -0.58752 240 -0.40421 502
0.96 1.94591 015 0.86807 374 0.27707 112 -0.13540 204 -0. 72921 201 -0. 60564 435
0. 97 2. 09229 572 1. 02952 685 0.45181 370 +0. 04408 092 -0. 81464 729 -0. 76587 179
0. 98 2.29755 993 1.25160 873 0. 69108 487 0.29436 613 -0. 78406 452 -0. 81720 735
0. 99 2. 64665 241 1. 62018 589 1. 08264 984 0.70624 831 -0. 48875 677 -0. 59305 105

1.00 00 00 00 00 00

Qi(x)= In (1+xQo(z)=jInl

3x2-i '1+x\ 3x (1+x\ 5x2 2Qz(x)= 1ni)_-
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Table 8.4 DERIVATIVE OF THE LEGENDRE FUNCTION-SECOND KIND Q(x)

[(_4)1] [(-4)1] [(_4)2j [(_44] [1] [(_3)6]

z

0.00
Qo(x)

1.00000 000

F

Qi(x)

0.00000 000
Q2(x)

-2.00000 000

F

Q3(x)

0.00000 000

F

Q9(x)

0.00000 00

I
Qio(z)

-4.06349 21
0. 01 1. 00010 001 0. 02000 133 -1. 99959 998 -0. 07999 200 0.36520 25 -4. 04156 71
0. 02 1. 00040 016 0. 04001 067 -1. 99839 968 -0. 15993 599 0. 72733 83 -3. 97600 70
0. 03 1. 00090 081 0. 06003 603 -1. 99639 838 -0. 23978 392 1. 08336 24 -3. 86745 44
0. 04 1.00160 256 0. 08008 546 -1. 99359 487 -0. 31948 767 1.43027 23 -3. 71697 43

0. 05 1. 00250 627 0.10016 704 -1. 98998 747 -0. 39899 900 1. 76512 98 -3. 52604 61
0. 06 1. 00361 301 0.12028 894 -1. 98557 401 -0. 47826 951 2. 08508 14 -3. 29655 13
0. 07 1. 00492 413 0.14045 936 -1. 98035 179 -0. 55725 060 2.38737 90 -3. 03075 84
0.08 1. 00644 122 0.16068 662 -1. 97431 766 -0. 63589 347 2. 66939 94 -2. 73130 45
0.09 1. 00816 615 0.18097 914 -1. 96746 792 -0. 71414 899 2.92866 44 -2. 40117 40

0.10 1. 01010 101 0.20134 545 -1. 95979 839 -0. 79196 777 3. 16285 86 -2. 04367 37
0. 11 1. 01224 820 0.22179 422 -1. 95130 431 -0. 86930 001 3.36984 76 -1. 66240 59
0. 12 1. 01461 039 0.24233 428 -1. 94198 044 -0. 94609 554 3. 54769 49 -1. 26123 82
0.13 1. 01719 052 0.26297 462 -1. 93182 094 -1. 02230 373 3. 69467 78 -0. 84427 11
0.14 1. 01999 184 0. 28372 443 -1. 92081 942 -1. 09787 345 3. 80930 18 -0. 41580 27

0.15 1. 02301 790 0.30459 312 -1. 90896 890 -1. 17275 302 3.89031 48 +0. 01970 77
0.16 1.02627 258 0.32559 031 -1.89626 181 -1.24689 019 3.93671 92 0.45767 92
0. 17 1.02976 007 0.34672 587 -1. 88268 994 -1. 32023 203 3. 94778 25 0. 89344 90
0.18 1. 03348 491 0. 36800 997 -1. 86824 444 -1. 39272 496 3. 92304 76 1.32231 56
0. 19 1. 03745 202 0.38945 305 -1. 85291 580 -1. 46431 458 3. 86234 02 1. 73958 08

0. 20 1. 04166 667 0. 41106 589 -1. 83669 380 -1. 53494 573 3. 76577 54 2. 14059 45
0.21 1. 04613 453 0.43285 960 -1. 81956 752 -i. 60456 234 3. 63376 26 2.52079 94
0. 22 1.05086 171 0.45484 568 -1. 80152 526 -1. 67310 742 3.46700 84 2. 87577 54
0. 23 1. 05585 471 0. 47703 605 -1. 78255 455 -1. 74052 294 3.26651 77 3. 20128 51
0. 24 1. 06112 054 0.49944 304 -1. 76264 210 -1. 80674 982 3. 03359 33 3.49331 81

0. 25 1. 06666 667 0. 52207 948 -1. 74177 372 -1. 87172 780 2. 76983 31 3. 74813 48
0. 26 1. 07250 107 0. 54495 869 -1. 71993 437 -1. 93539 537 2.47712 56 3.96230 97
0.27 1.07863 229 0.56809 454 -1.69710 801 -1.99768 972 2.15764 35 4.13277 26
0.28 1.08506 944 0.59150 152 -1. 67327 761 -2. 05854 661 1. 81383 48 4.25684 84
0.29 1.09182 225 0.61519 472 -1.64842 510 -2.11790 027 1.44841 22 4.33229 46

0.30 1. 09890 110 0.63918 993 -1. 62253 126 -2. 17568 334 1. 06434 02 4.35733 72
0.31 1.10631 707 0.66350 370 -1. 59557 570 -2. 23182 672 0. 66482 02 4. 33070 22
0.32 1.11408 200 0.68815 335 -1.56753 678 -2.28625 944 +0.25327 32 4.25164 55
0.33 1.12220 851 0.71315 706 -1. 53839 152 -2. 33890 860 -0. 16667 95 4.11997 79
0.34 1.13071 009 0. 73853 396 -1. 50811 553 -2. 38969 914 -0. 59123 78 3. 93608 76

0.35 1. 13960 114 0. 76430 415 -1.47668 292 -2. 43855 378 -1. 01644 63 3. 70095 66
0.36 1.14889 706 0.79048 884 -1.44406 617 -2.48539 281 -1.43822 04 3.41617 42
0.37 1. 15861 430 0.81711 039 -1. 41023 606 -2. 53013 394 -1. 85237 43 3.08394 42
0.38 1.16877 045 0. 84419 242 -1. 37516 155 -2. 57269 210 -2. 25465 05 2. 70708 74
0. 39 1.17938 436 0. 87175 994 -1. 33880 960 -2. 61297 926 -2. 64075 25 2.28903 82

0.40 1.19047 619 0. 89983 941 -1.30114 509 -2. 65090 420 -3. 00637 81 1. 83383 54
0.41 1.20206 756 0.92845 892 -1. 26213 064 -2. 68637 229 -3. 34725 61 1.34610 61
0.42 1.21418 164 0.95764 831 -1.22172 641 -2.71928 520 -3.65918 35 0.83104 35
0.43 1.22684 333 0. 98743 931 -1. 17988 995 -2. 74954 067 -3. 93806 51 +0. 29437 81
0.44 1.24007 937 1. 01786 572 -1.13657 597 -2. 77703 216 -4.17995 45 -0. 25765 92

0.45 1. 25391 850 1. 04896 360 -1. 09173 613 -2. 80164 855 -4. 38109 69 -0. 81838 00
0. 46 1. 26839 168 1. 08077 146 -1. 04531 874 -2. 82327 375 -4. 53797 26 -1. 38069 01
0.47 1.28353 228 1.11333 051 -0. 99726 854 -2. 84178 630 -4. 64734 21 -1. 93714 78
0.48 1.29937 630 1.14668 490 -0. 94752 634 -2. 85705 896 -4. 70629 25 -2. 48003 04
0.49 1.31596 263 1. 18088 202 -0. 89602 868 -2. 86895 817 -4. 71228 35 -3. 00140 86

0.50 1.33333 333 1.21597 281 -0. 84270 745 -2. 87734 353 -4. 66319 54 -3. 49322 79



1.00

0. 50 1.33333 333 1. 21597 281 - 0. 84270 74 - 2. 87734 35 - 4. 66319 54 - 3.493228
0.51 1.35153 399 1.25201 210 - 0.78748 95 - 2.88206 72 - 4.55737 62 - 3.947399
0.52 1.37061 403 1. 28905 905 - 0.73029 59 - 2. 88297 33 - 4. 39368 94 - 4. 355894
0.53 1.39062 717 1.32717 756 - 0.67104 20 - 2.87989 70 - 4.17156 11 - 4.710854
0.54 1.41163 185 1. 36643 680 - 0. 60963 61 2. 87266 39 - 3. 89102 65 - 5. 004695

0. 55 1.43369 176 1.40691 178 - 0. 54597 91 - 2. 86108 89 - 3. 55277 54 - 5.230233
0.56 1. 45687 646 1.44868 400 - 0.47996 38 - 2. 84497 53 - 3.15819 61 - 5.380807
0. 57 1. 48126 204 1.49184 220 - 0.41147 39 - 2. 82411 36 - 2. 70941 73 - 5.450406
0. 58 1. 50693 189 1. 53648 320 - 0.34038 30 - 2. 79828 02 - 2. 20934 79 - 5. 43381.2
0. 59 1.53397 760 1. 58271 285 - 0.26655 35 - 2.76723 56 - 1. 66171 26 - 5.326732

0. 60 1. 56250 000 1. 63064 718 - 0.18983 51 - 2.73072 34 - 1. 07108 51 - 5.125950
0. 61 1. 59261 029 1. 68041 364 - 0. 11006 36 - 2. 68846 75 - 0. 44291 60 - 4. 829465
0.62 1.62443 145 1.73215 259 - 0.02705 91 - 2.64017 05 + 0.21644 47 - 4.436645
0.63 1. 65809 982 1. 78601 903 + 0.05937 63 - 2.58551 08 0. 89973 10 - 3. 948368
0. 64 1. 69376 694 1. 84218 458 0. 14946 05 - 2. 52414 00 1.59875 12 - 3.367169

0.65 1.73160 173 1.90083 983 0.24343 42 - 2.45567 92 2.30438 77 - 2.697375
0. 66 1. 77179 305 1. 96219 705 0.34156 40 - 2.37971 49 3. 00660 55 - 1. 945245
0. 67 1. 81455 271 2. 02649 344 0.44414 64 - 2.29579 49 3. 69447 22 - 1.119087
0.68 1. 86011 905 2. 09399 499 0. 55151 17 - 2.20342 26 4.35619 14 - 0. 229371
0.69 1.90876 121 2.16500 099 0.66402 96 - 2.10205 04 4.97914 99 + 0.711177

0. 70 1. 96078 431 2. 23984 955 0. 78211 54 - 1. 99107 23 5. 54998 34 1. 687501
0. 71 2. 01653 559 2. 31892 413 0. 90623 72 - 1. 86981 51 6. 05466 05 2. 682165
0. 72 2. 07641 196 2.40266 159 1. 03692 51 - 1. 73752 72 6. 47859 09 3. 675339
0.73 2.14086 919 2.49156 187 1.17478 21 - 1. 59336 54 6. 80675 90 4. 644816
0. 74 2. 21043 324 2. 58619 998 1.32049 75 - 1. 43637 96 7. 02388 88 5. 566082

0. 75 2.28571 429 2. 68724 079 1.47486 32 - 1.26549 27 7.11464 51 6.412431
0. 76 2. 36742 424 2. 79545 751 1. 63879 46 - 1. 07947 65 7. 06387 68 7.155161
0. 77 2.45639 892 2. 91175 493 1. 81335 60 - 0. 87692 20 6. 85691 02 7.763836
0.78 2.55362 615 3.03719 894 1.99979 32 - 0.65620 16 6.47990 33 8.206652
0. 79 2. 66028 199 3. 17305 446 2.19957 51 - 0.41542 09 5. 92027 14 8.450921

0.80 2.77777 778 3.32083 451 2.41444 73 - 0.15235 72 5.16720 18 8.463693
0. 81 2. 90782 204 3.48236 488 2. 64650 26 + 0. 13562 04 4. 21227 67 8. 212559
0. 82 3. 05250 305 3. 65986 997 2. 89827 40 0. 4515 68 3. 05023 28 7. 666669
0. 83 3.21440 051 3. 85608 883 3.17286 02 0. 79955 16 1. 67989 36 6. 798024
0. 84 3.39673 913 4. 07443 439 3.47409 64 1. 18395 08 + 0. 10532 57 5. 583115

0. 85 3.60360 360 4.31921 588 3. 80679 33 1.61061 19 - 1.66270 85 4.005017
0. 86 3. 84024 578 4. 59595 604 4.17707 50 2. 08677 72 - 3. 60489 91 + 2.056070
0.87 4.11353 352 4.91185 380 4.59287 14 2.62171 45 - 5.69098 02 - 0.258625
0. 88 4.43262 411 5. 27647 688 5. 06465 07 3.22751 63 - 7. 87652 81 - 2. 916594
0. 89 4. 81000 481 5. 70283 015 5.60654 69 3.92032 16 -10. 09858 18 - 5. 871760

0. 90 5. 26315 789 6. 20906 159 6. 23815 05 4. 72224 63 -12. 26944 98 - 9. 045801
0. 91 5. 81733 566 6. 82129 988 6. 98747 73 5. 66456 11 -14. 26758 89 -12. 315713
0.92 6.51041 667 7.57861 025 7.89613 09 6.79318 58 -15.92348 54 -15.495090
0.93 7.40192 450 8.54217 980 9.02883 27 8.17876 62 -16.99643 22 -18.304274
0. 94 8.59106 529 9. 81365 072 10. 49236 44 9. 93658 04 -17. 13329 84 -20. 319071

0. 95 10. 25641 026 11. 57537 057 12. 47698 56 12. 26978 50 -15. 78782 62 -20. 873659
0. 96 12. 75510 204 14. 19080 811 15. 35932 33 15. 57616 37 -12. 04072 38 -18. 851215
0.97 16.92047 377 18.50515 528 20.00905 43 20.76422 38 - 4.11777 87 -12.140718
0. 98 25. 25252 525 27. 04503 467 29. 00735 14 30. 50045 90 +12. 32933 89 + 4.242107
0. 99 50. 25125 628 52. 39539 613 55. 11181 39 57. 80864 53 54. 86521 05 49. 428990
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DERIVATIVE OF THE LEGENDRE FUNCTION-SECOND KIND Q«x) Table 8.4

x Q(x) Q(x) Q(x) Q(x) Qo(x)



Table 8.5

P2(x)

LEGENDRE FUNCTION-FIRST KIND P(x)

Po(x)=1 Pi(x)=x

Ps(s) P4(x) Ps(s) Po(s) Pio(x)
1.0 1.00 1. 00 1. 00000 1. 00000 1. 00000 1. 00000
1.2 1.66 2. 52 4. 04700 6.72552 1 6.02754 2 1.06544
1.4 2.44 4.76 9. 83200 1 2. 09686 2 5. 03668 3 1.13789
1.6 3.34 7.84 (1)1.94470 1 4.97354 3 2.45973 3 6.65436
1.8 4.36 11.88 (1)3.41520 2 1. 01148 3 8. 97882 4 2.81110

2.0 5.50 17.00 1 5.53750 2 1. 85750 4 2. 71007 4 9. 60605
2.2 6.76 23.32 1 8.47120 2 3.16804 4 7.13591 5 2.81929
2.4 8.14 30.96 2 1. 23927 2 5.10597 5 1.69353 5 7.37020
2.6 9.64 40.04 2 1. 74952 2 7. 86743 5 3. 70173 6 1.75809
2.8 11.26 50.68 2 2.39887 3 1.16849 5 7. 56647 6 3. 89219

3,. 0 13. 00 63. 00 2 3. 21000 3 1. 68300 6 1.46256 6 8. 09745
3.2 14.86 77.12 2 4. 20727 3 2.36169 6 2. 69625 7 1. 59814
3.4 16.84 93.16 2 5.41672 3 3. 24050 6 4. 77208 7 3. 01437
3.6 18.94 111.24 2 6.866fi7 3 4.36022 6 8.15181 7 5.46578
3.8 21.16 131.48 2 8. 58472 3 5.76676 7 1.34978 7 9.57313

4. 0 23. 50 154. 00 3 1. 06038 3 7. 51150 7 2.17406 8 1. 62597
4.2 25.96 178.92 3 1.29559 3 9. 65154 7 3.41632 8 2. 68690
4.4 28.54 206.36 3 1. 56757 4 1.22500 7 5.25060 8 4.33189
4.6 31.24 236.44 3 1. 87991 4 1.53765 7 7.90944 8 6.82993
4.8 34.06 269.28 3 2. 23641 4 1.91071 8 1.16994 9 1. 05524

5.0 37.00 305.00 3 2. 64100 4 2.35250 8 1.70196 9 1.60047
5. 2 40. 06 343. 72 3 3. 09781 4 2. 87205 8 2. 43839 9 2.38657
5.4 43.24 385.56 3 3.61111 4 3.47916 8 3.44472 9 3. 50362
5.6 46.54 430.64 3 4.18537 4 4.18440 8 4. 80363 9 5. 06985
5.8 49.96 479.08 3 4. 82519 4 4. 99917 8 6. 61853 9 7. 23884

6.0 53.50 531.00 3 5. 53538 4 5. 93572 8 9.01781 10 1. 02082
6.2 57.16 586.52 3 6.32087 4 7. 00717 9 1.21596 10 1.42299
6.4 60. 94 645. 76 3 7.18681 4 8.22754 9 1.62372 10 1.96229
6.6 64.84 708.84 3 8.13847 4 9. 61180 9 2. 14858 10 2. 67872
6. 8 68. 86 775. 88 3 9. 18133 5 1.11759 9 2.81890 10 3.62216

7. 0 73. 00 847. 00 4 1. 03210 5 1. 29367 9 3. 66876 10 4. 85435
7.2 77.26 922.32 4 1.15633 5 1.49122 9 4.73885 10 6.45123
7.4 81.64 1001.96 4 1. 29142 5 1.71215 9 6.07749 10 8.50564
7.6 86.14 1086.04 4 1. 43797 5 1.95846 9 7.74185 11 1.11305
7.8 90.76 1174.68 4 1. 59663 5 2. 23227 9 9. 79919 11 1. 44623

8.0 95.50 1268.00 4 1. 76804 5 2.53583 10 1.23283 11 1.86653
8.2 100.36 1366.12 4 1.95286 5 2.87149 10 1.54212 11 2.39363
8.4 105.34 1469.16 4 2. 15176 5 3.24171 10 1.91848 11 3.05098
8.6 110.44 1577.24 4 2. 36546 53.64912 10 2.37430 11 3.86641
8.8 115.66 1690.48 (4 2. 59466 554.09643 10 2.92387 11 4.87282

9.0 121.00 1809.00 4 2. 84010 5 4. 58649 10 3. 58363 11 6.10897
9.2 126.46 1932.92 4 3.10252 5 5. 12230 10 4. 37243 11 7. 62030
9.4 132.04 2062.36 4 3. 38268 5 5.70699 10 5.31184 11 9.45994
9. 6 137. 74 2197. 44 (4 3. 68137 5 6.34383 10 6.42640 12 1.16898
9.8 143.56 2338.28 (4 3.99938 5 7.03621 10 7.74404 12 1.43817

10.0 149.50 2485.00 (4)4. 33754 (5)7. 78769 (10)9. 29640 (12)1. 76188
From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New
York, N.Y., 1945 (with permission).
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From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press,
New York, N.Y., 1945 (with permission).
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DERIVATIVE OF THE LEGENDRE FUNCTION-FIRST

PÇ(x)=1

X P(x) P(x)

KIND P(x)

P(x)

P(x)=3x

Table 8.6

PÇ0(x)P(x)
1.0 6.000 1 1.00000 1 1.50000 1 4.50000 1 5.50000
1.2 9.300 1 2.12400 1 4.57230 2 7.77587 3 1.53586
1.4 1 1.320 1 3,75200 2 1.01688 3 4.50787 4 1.13477
1. 6 1 1.770 1 5.96800 2 1. 92723 4 1.74282 4 5.24824
1.8 1 2.280 1 8.85600 2 3.30168 4 533445 ( 5)1.85808

2.0 1 2. 850 2 1.25000 2 5. 26875 5 1.39531 5 5.50068
2. 2 1 3. 480 2 1. 69840 2 7. 97208 5 3. 25362 6 1. 42939
2.4 1 4.170 2 2. 23920 3 1.15704 5 6.94480 6 3.36028
2.6 1 4. 920 2 2. 88080 3 1.62377 6 1. 38132 6 7.29317
2.8 1 5.730 2 3.63160 3 2.21628 6 2.59296 7 1.48267

3. 0 1 6. 600 2 4. 50000 3 2. 95500 6 4. 63721 7 2. 85372
3.2 1 7.530 2 5.49440 3 3. 86184 6 7.95819 7 5.24287
3.4 1 8.520 2 6.62320 3 4.96025 7 1.31805 7 9.25345
3. 6 1 9.570 2 7. 89480 3 6.27516 7 2. 11632 8 1. 57706
3. 8 2 1. 068 2 9. 31760 3 7. 83305 7 3. 30652 8 2. 60626

4.0 2 1.185 3 1.09000 3 9.66187 7 5.04229 8 4.19097
4. 2 2 1.308 3 1.26504 4 1.17911 7 7. 52431 8 6. 57653
4.4 2 1.437 3 1.45772 4 1.42518 8 1. 10110 9 1. 00955
4.6 2 1.572 3 1. 66888 4 1.70764 8 1.58313 9 1.51918
4. 8 2 1.713 3 1.89936 4 2. 02990 8 2.23988 9 2.24508

5.0 2 1.860 3 2.15000 4 2.39550 8 3.12290 9 3.26340
5.2 2 2.013 3 2.42164 4 2.80816 8 4.29574 9 4.67217
5.4 2 2.172 3 2. 71512 4 3.27172 8 5. 83620 9 6. 59627
5.6 2 2.337 3 3. 03128 4 3. 79020 8 7. 83868 9 9.19329
5.8 2 2. 508 3 3.37096 4 4.36775 9 1.04169 10 1. 26604

6. 0 2 2.685 3 3.73500 4 5. 00869 9 1.37071 10 1.72421
6. 2 2 2. 868 3 4. 12424 4 5. 71746 9 1. 78712 10 2. 32397
6.4 2 3. 057 3 4. 53952 4 6.49870 9 2. 31006 10 3.10217
6. 6 2 3.252 3 4.98168 4 7.35714 9 2. 96206 10 4.10354
6. 8 2 3. 453 3 5. 45156 4 8. 29772 9 3. 76947 10 5.38214

7.0 2 3.660 3 5.95000 4 9.32550 9 4.76295 10 7.00283
7. 2 2 3. 873 3 6. 47784 5 1. 04457 9 5. 97809 10 9. 04307
7.4 2 4.092 3 7.03592 5 1.16637 9 7.45591 11 1.15949
7. 6 2 4.317 3 7. 62508 5 1.29849 9 9. 24362 11 1. 47670
7.8 2 4.548 3 8.24616 5 1.44152 10 1.13953 11 1.86875

8. 0 2 4. 785 3 8. 90000 5 1. 59602 10 1.39725 11 2.35063
8. 2 2 5. 028 3 9.58744 5 1.76260 10 1. 70455 11 2. 93985
8.4 2 5.277 4 1. 03093 5 1.94187 10 2.06937 1.1 3. 65675
8.6 2 5.532 4 1.10665 5 2.13445 10 2.50070 11 4.52490
8. 8 2 5. 793 4 1.18598 5 2.34099 10 3. 00866 11 5.57149

9. 0 2 6. 060 4 1. 26900 5 2. 56215 10 3. 60463 11 6. 82780
9.2 2 6.333 4 1.35580 5 2.79860 10 4.30137 11 8.32969
9.4 2 6.612 4 1.44647 5 3.05102 10 5.11311 12 1.01182
9.6 2 6.897 4 1. 54109 5 3. 32013 10 6. 05576 12 1. 22399
9. 8 2 7.188 4 1. 63974 5 3.60663 10 7.14698 12 1.47481

10.0 (2)7.485 (4)1.74250 (5)3.91127 (10)8.40642 (12)1.77028



-1)1. 90253
-2)8. 59466
-2)4. 87829
-2)3. 10233

-2 2. 11838
-2 1. 52029
-2 1. 13240
-3 8. 68364
-3 6. 81708

Q2(x)
00

45667
4. 43984
3. 66347
3. 05981
2. 58298

2. 2 0108
1. 89145
1. 63766
1.42759
1. 25217

1. 10450
9. 79278
8. 72377
7. 80551
7. 01223

6.32330
5. 72204
5.19491

73078
4.32050

3. 95644
3. 63228
3. 34266
3. 08311
2. 84980

2. 63950
2. 44944
2. 27723
2.12082
1. 97844

1. 84855
1. 72979
1.62102
1. 52119
1.42940

(-4)1.34486 (-6)5.77839 (-14)5.69010 (-15)2.71639
From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New
York, N.Y., 1945 (with permission) -

-2
-2
-2
-3

Q3(x)

00

8. 80147
3. 10542
1. 47080
8. 07870

Q9(x)

00

- 3)1.32079
- 4)1.06810
- 5)1.71471
- 6)3. 91902

Q,o(x)
00

(- 4 6. 75615
(- 5 4.27633
(- 6 5.73368
(- 6 1.13241

-3 4. 87112 -6 1.12179 -7 2. 86313
-3 3. 13576 -7 3. 76522 -8 8. 62195
-3 2.12013 -7 1. 42488 -8 2. 96212
-3 1. 48960 -8 5. 92566 -8 1.12879
-3 1. 07961 -8 2. 66020 -9 4. 67876

-4 8. 02854 -8 1.27252 -9 2. 07945
-4 6.10146 -9 6. 42269 -10 9. 80358
-4 4. 72397 -9 3. 39441 -10 4. 86183

(-4 3. 71695 -9 1. 86714 -10 2. 51945
(-4 2. 96625 -9 1. 06372 -10 1. 35695

-4 2. 39697 -10 6. 25130 -11 7. 56235
-4 1. 95866 -10 3. 77701 -11 4. 34493
-4 1. 61661 -10 2. 33956 -11 2. 56563
-4 1. 34641 -10 1. 48213 -11 1.55290

(-4 1.13061 -11 9. 58309 (-12 9. 61271

-5 9. 56532 -11 6. 31274 -12 6. 07362
-5 8. 14823 -11 4.23006 -12 3.91025
-5 6. 98500 -11 2. 87937 -12 2. 56132
-5 6. 02218 -11 1. 98859 -12 1. 70471
-5 5. 22117 -11 1. 39197 -12 1. 15147

-5 4. 54896 -12 9. 86572 -13 7. 88519
-5 3. 98181 -12 7. 07418 -13 5. 46920
-5 3. 50058 -12 5.12787 -13 3. 83900
-5 3. 09006 -12 3. 75499 -13 2. 72499
-5 2. 73812 -12 2. 77600 -13 1. 95462

-5 2. 43500 -12 2. 07071 -13 1. 41592
-5 2. 17277 -12 1. 55770 -13 1. 03525
-5 1. 94497 -12 1. 18115 -14 7. 63577
-5 1. 74631 -13 9. 02383 -14 5. 67877
-5 1. 57242 -13 6. 94338 -14 4. 25654

-5 1. 41968 -13 5. 37876 -14 3.21427
-5 1. 28507 -13 4.19350 -14 2. 44439
-5 1. 16606 -13 3. 28941 -14 1. 87141
-5 1. 06054 -13 2. 59524 -14 1. 44191
-6 9. 66707 -13 2. 05891 -14 1. 11775

-6 8. 83037 -13 1. 64205 -15 8.71513
-6 8. 08237 -13 1. 31620 -15 6. 83294
-6 7. 41202 -13 1. 06011 -15 5. 38569
-6 6. 80982 -14 8. 57794 -15 4. 26656
-6 6. 26763 -14 6. 97159 -15 3. 39644

X

1. 0
Qo(x)
00

Q' (x)
00

1.2 1. 19895 -1 4. 38737
1.4 (-1)8.95880 -1 2. 54232
1.6 (-1)7.33169 -1 1. 73070
1.8 (-1)6.26381 -1 1. 27487

2.0 -1 5.49306 -2 9. 86123
2.2 -1 4.90415 -2 7. 89122
2.4 -1 4.43652 -2 6. 47638
2.6 -1 4.05465 -2 5. 42093
2.8 -1 3.73607 -2 4.61002

3.0 -1 3.46574 -2 3. 97208
3.2 -1 3.23314 -2 3. 46035
3.4 -1 3. 03068 -2 3. 04309
3.6 -1 2. 85272 -2 2. 69807
3.8 (-1 2.69498 -2 2. 40934

4.0 -1 2. 55413 -2 2. 16512
4.2 -1 2. 42754 -2 1. 95664
4.4 -1 2. 31312 -2 1. 77717
4.6 -1 2.20916 -2 1. 62153
4.8 -1 2. 11428 -2 1. 48564

5.0 (-1 2. 02733 -2 1. 36628
5.2 -1 1. 94732 -2 1. 26084
5.4 -1 1. 87347 -2 1. 16723
5.6 -1 1. 80507 -2 1. 08374
5.8 -1 1.74153 -2 1. 00894

6.0 -1 1. 68236 -3 9. 41671
6.2 -1 1. 62711 -3 8. 80944
6.4 -1 1. 57541 -3 8.25935
6.6 -1 1.52691 -3 7. 75944
6.8 -1 1. 48133 -3 7. 30377

7.0 -1 1.43841 -3)6. 88725
7.2 -1 1. 39792 -3)6. 50550
7.4 -1 1.35967 -3 6. 15475
7.6 -1 1. 32346 -3 5;83171
7.8 (-1 1. 28915 -3 5. 53353

8.0 -1 1.25657 -3 5. 25771
8.2 -1 1.22561 -3 5. 00208
8.4 -1 1.19615 -3 4. 76469
8.6 -1 1.16807 -3S4. 54386
8.8 -1 1. 14129 -3)4. 33807

9.0 -1 1.11572 -3 4. 14598
9.2 -1 1. 09127 -3 3. 96640
9.4 -1 1. 06787 -3 3. 79827
9.6 -1 1. 04546 -3 3. 64063
9.8 -1 1. 02397 -3 3.49262

10.0 (-1)1.00335 (-3)3.35348
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Table 8.7 LEGENDRE FUNCTION-SECOND KIND Q(x)

-3
-3
-3
-3
-3

(-3
(-3
(-3
(-3
(-3

-3

:
-4
-4

-4
-4
-4
-4
-4

-4
-4
-4
-4
-4

-4
-4
-4
-4
-4

(-4
(-4
(-4
(-4
(-4



From National Bureau of Standards, Tables of associated Legendre functions. Columbia Univ. Press, New
York, N.Y., 1945 (with permission).

DERIVATIVE OF THE LEGENDRE FUNCTION-SECOND KIND Q(x)

I Ix -Qo(x) -Qi(x) -Q2(x) -Q3(z) -Q9(x)
1.0

Table 8.8

- Qo(x)
00

1.2 2.27273 1. 52833 -1 9. 56516 -1 5.77060 - 2 2. 06667 2 1.15922
1.4 1. 04167 -1 5.62454 -1 2.78972 -1 1.32721 - 3 1.11220 4 4. 88977
1.6 (-1)6. 41026 -1 2.92472 -1 1.21817 -2 4.85580 - 4 1.39114 5 5. 11106
1.8 (-1)4.46429 -1 1.77190 -2 6.39686 -2 2.20736 - 5 2.64367 6 8. 39591

2.0 (-1 3. 33333 (-1 1.17361 -2 3. 74965 -2 1.14416 6 6. 52419 6 1. 83053
2.2 (-1 2.60417 (-2 8. 25020 -2 2. 36801 -3 6. 48766 6 1. 93263 7 4. 86561
2.4 -1 2.10084 (-2 6.05501 -2 1. 57925 -3 3. 93006 7 6. 56197 7 1. 49994
2.6 -1 1.73611 (-2 4. 59238 -2 1. 09833 -3 2. 50557 7 2. 47880 8 5. 19235
2.8 -1 1. 46199 (-2 3. 57495 -3 7. 89834 -3 1. 66411 7 1. 02057 8 1. 97390

3. 0 -1 1.25000 -2)2. 84264 -3 5. 83769 -3 1. 14304 8 4. 51200 -9 8.10849
3. 2 -1 1.08225 -2)2. 30068 -3 4. 41472 -4 8. 07587 8 2.11821 -9 3. 55578
3.4 -2 9.46970 -2 1.89018 -3 3. 40437 -4 5. 84465 8 1. 04686 -9 1. 64904
3. 6 -2 8. 36120 -2 1. 57309 -3 2. 66980 -4 4. 31867 9 5. 40951 -10 8. 02794
3. 8 -2 7. 44048 --2 1. 32398 -3 2. 12471 -4 3. 24956 9 2. 90659 -10 4. 07799

4. 0 -2 6. 66667 -2 1. 12539 -3 1. 71292 -4 2. 48459 -9 1. 61660 -10 2. 15091
4. 2 -2 6. 00962 -3 9. 64994 -3 1. 39691 -4 1. 92694 -10 9. 27220 -10 1. 17316
4. 4 -2 5. 44662 -3 8.33966 -3 1. 15099 -4 1. 51364 -10 5. 46705 -11 6. 59413
4. 6 -2 4. 96032 -3 7.25823 -4 9. 57184 -4 1. 20274 -10 3. 30481 -11 3. 80849
4. 8 -2 4. 53721 -3 6. 35742 -4 8. 02725 -5 9. 65712 -10 2. 04345 -11 2. 25453

5. 0 -2 4. 16667 -3 5. 60078 -4 6.78356 -5 7. 82792 -10 1. 28985 -11 1. 36497
5. 2 -2 3. 84025 -3 4. 96040 -4 5. 77277 -5 6. 40058 -11 8. 29696 -12 8. 43598
5. 4 -2 3.55114 -3 4. 41464 -4 4. 94423 -5 5. 27543 -11 5. 43056 -12 5. 31340
5. 6 -2 3. 29381 -3 3. 94656 -4 4.25974 -5 4. 38019 -11 3. 61188 -12 3. 40566
5. 8 -2 3. 06373 -3 3. 54273 -4 3. 69015 -5 3. 66172 -11 2.43819 -12 2. 21848

6. 0 -2 2. 85714 -3 3. 19245 -4 3. 21299 -5 3. 08050 -11 1. 66874 -12 1.46703
6. 2 -2 2. 67094 -3 2. 88709 -4 2. 81078 -5 2. 60683 -11 1. 15686 -13 9. 83782
6. 4 -2 2. 50250 -3 2. 61964 -4 2. 46977 -5 2. 21813 -12 8. 11673 -13 6. 68395
6. 6 -2 2. 34962 -3 2. 38436 -4 2. 17910 -5 1. 89709 -12 5. 75903 -13 4. 59703
6. 8 -2 2. 21043 -3 2. 17655 -4 1. 93008 -5 1. 63035 -12 4. 12938 -13 3. 19817

7. 0 (-2 2. 08333 (-3 1. 99230 -4 1. 71573 -5 1. 40747 -12 2. 99029 -13 2. 24909
7. 2 (-2 1. 96696 -3 1. 82834 -4 1. 53040 -5 1. 22023 -12 2. 18566 -13 1. 59779
7. 4 -2 1. 86012 -3 1. 68195 -4 1. 36949 -5 1. 06216 -12 1. 61163 -13 1. 14602
7.6 -2 1.76180 -3 1. 55083 -4 1. 22923 -6 9. 28073 -12 1. 19826 -14 8. 29452
7. 8 -2 1.67112 -3 1. 43304 -4 1. 10651 -6 8. 13829 -13 8. 97939 -14 6. 05494

8. 0 -2 1. 58730 -3 1.32691 -5 9. 98765 -6 7. 16078 -13 6. 77915 -14 4. 45610
8. 2 -2 1. 50966 -3 1. 23104 -5 9. 03846 -6 6.32104 -13 5. 15433 -14 3.30480
8. 4 -2 1.43761 -3 1.14421 -5 8. 19960 -6 5. 59691 -13 3. 94535 -14 2. 46898
8. 6 -2 1. 37061 -3 1. 06538 -5 7. 45601 -6 4. 97021 -13 3. 03931 -14 1. 85745
8. 8 -2 1. 30822 -4 9. 93646 -5 6. 79498 -6 4. 42597 -13 2. 35565 -14 1. 40670

9. 0 -2 1.25000 -4 9. 28224 -5 6.20573 (-6 3. 95179 -13 1. 83641 -14 1. 07211
9. 2 -2 1. 19560 -4 8. 68435 -5 5. 67908 (-6 3. 53736 -13 1.43959 -15 8.22064
9.4 -2 1. 14469 -4 8. 13682 -5 5.20722 -6 3.17406 -13 1. 13452 -15 6.33995
9. 6 -2 1. 09697 (-4 7. 63447 -5 4. 78344 -6 2. 85468 -14 8. 98657 -15 4. 91668
9.8 (-2)1. 05219 (-4 7. 17272 -5 4. 40196 -6 2. 57314 -14 7. 15298 -15 3. 83321

10.0 (-2)1.01010 (-4)6.74753 (-5)4. 05782 (-6)2.32430 (-14)5.72014 (-15)3.00374
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Notation
The tables in this chapter are for Bessel func-

tions of integer order; the text treats general
orders. The conventions used are:

z=x+iy; x, y real.
n is a positive integer or zero.
y, u are unrestricted except where otherwise

indicated; i' is supposed real in the sections devoted
to Kelvin functions 9.9, 9.10, and 9.11.

The notation used for the Bessel functions is
that of Watson [9.15] and the British Association
and Royal Society Mathematical Tables. The
function Y(z) is often denoted N,(z) by physicists
and European workers.

Other notations are those of:
Aldis, Airey:

G(z) for 4irY(z),K(z) for ()"K(z).

Clifford:

C(x) for zJ(2ß3).

Gray, Mathews and MacRobert [9.91:

Y(z) for Y(z)+(1n 2'y)J(z),

,tz) for lrePTi sec(v7r)Y,(z),

G,(z) for riH'>().

Jahnke, Emde and Lösch [9.32]:

A,(z) for F(v+1)(z)'J,(z).

Jeffreys:

Hs,(z) for H"(z), Hi(z) for H2(z),

Kh(z) for (2/r)K,(z).

Heine:

K(z) forirY(z).

Neumann:

Y&(z) for ,rY(z)+(ln 2'y)J(z).

Whittaker and Watson [9.18]:

K(z) for cos(vir)K(z).

358

9. Bessel Functions of Integer Order

Mathematical Properties

Bessel Functions J and Y

9.1. Definitions and Elementary Properties

Differential Equation

9.1.1 22 j+2

Solutions are the Bessel functions of the first kind
J(z), of the second kind Y,(z) (also called
Weber's function) and of the third kind H1 (z), (z)
(also called the Hankel functions). Each is a
regular (holomorphic) function of z throughout
the z-plane cut along the negative real axis, and
for fixed z( O) each is an entire (integral) func-
tion of y. When v= ±n, J(z) has no branch point
and is an entire (integral) function of z.

Important features of the various solutions are
as follows: J,(z)(.?vO) is bounded as zO in
any bounded range of arg z. J,(z) and J_(z)
are linearly independent except when y is an
integer. ¿(z) and Y(z) are linearly independent
for all values of y.

H1(z) tends to zero as zI in the sector
O.(arg z<,r; H2(z) tends to zero as zJ> in the
sector ir<arg z<O. For all values of y, H1 (z)
and H2> (z) are linearly independent.

Relations Between Solutions

9.1.2 Y( z)
cos (vir) J_p(z)

sin (vir)

The right of this equation is replaced
limiting value if y is an integer or zero.

9.1.3

H' (z)=J,(z)+iY,(z)
=i csc(vr){eJ,(z)J_(z) }

9.1.4

H2 (z) J,(z) ilÇ(z)
=i csc(vir){J_,(z)e'J(z) }

9.1.5 J_(z) = ()'J(z) Y_(z)= ()"Y (z)

9.1.6 H'P (z)=eH' (z) H (z) =e (z)

by its
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FIGURE 9.1. Jo(x), Y0(x), J1(x), Y1(x).
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FIGURE 9.2. Jio(x), Yjo(x), and

Mio(x)=/Jo(z)+ Y?o(X).

FIGURE 9.3. J(10) and Y,(1O).
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FIGuRE 9.4. Contour lines of the modulus and phase of the Hankel Function H1> (x+iy) =M0e°o. From
E. Jahnke, F. Emde, and F. Lösch, Tables of higher functions, McGraw-Hill Book Co., Inc., New
York, N.Y., 1960 (with permission).
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Limiting Forms for Small Arguments

When y is fixed and z>O

9.1.7
J,(z)'(z)'/F(v+1) ('-1, 2, 3, . .

9.1.8 Y0(z) -.--iFI'(z) '-.-.iH2(z) -.'(2/ir) in z

9.1.9

Y,(z) iH" (z) '-.iH2 (z) - (1/7) r(v)(iz) -,

(>O)
Ascending Series

9.1.10 J, (z) =(4z)'

9.1.11

Yn(2)_2) (nk-1)! (z2)k
ir k=0 k!

r i 2\k'.4 J

k!r(v4-k+1)

+in (z)J5(z)
ir

( z) Ê {&(k+1) +(n±k+1)
ir k0

where #(n) is given by 6.3.2.

(1z2)2 (z2)3
9.1.12 JO(z)=1(11)2+ (2!)2 (3!)2 +

9.1.13
2 z2

Y0(z)= {ln (hz) +',}Jo(z)+- {ÏÏ2
(z2)2 (z2)3(1+) (2!)2 +(1+H4) (3!)2

9.1.14

J,(z)J(z) =

()v+2rE ()5F(v++2k+1) (2)k
k0 F(+k+ 1)r(,+k+ 1)F(v+M+k+1) k!

Wronskians
9.1.15

W{J,(z), J_,(z) } =J,1(z)J_,(z) +J,(z)J_(,+l)(z)

=-2 sin (vir)/(lrz)
9.1.16

W{J,(z), Y,(z) } =J,1(z) Y,(z)J,(z)Y,j(z)

=2/(irz)

9.1.17

W{H1(z), H2(z) (z)H2 (z)H1>(z)Hj(z)
J

LLpf

= 4i/(irz)

OF flTEGER ORDER

9.1.18

J0(z)= rcos(z
iIJ0

9.1.19
4 i'lr

Yo(z)=_jJ cos
ir o

9.1.20

(4z)' f
J,(z) (v+ ) 0

2(z)' 1"

9.1.21

J,, (z)
=1 fT cos (z sin O nO) do

cosO cos (nO)dO

Integral Representations

Sin o)do= JT cos (z cos O)dOir0

(z cos O) ('y+in (2z sin2 0) } do

cos(z cos 0) sin2' OdO

(1t2)' cos (zt)dt (ÇJfv>)

9.1.22
1 ''J,(z)= cos(zsinOvO)dO

sin(v1r)J
e8tthttdt (Jarg zJ<ir)

ir o

1 '
Y,(z)= sin(z sin OvO)dO

ir .10

_J {e'+e''t cos (vn-) }e_2 e" 'dt (arg zj<ir)ir0
9.1.23

2J0(z)= sin(x cosh t)dt (x>O)

Y0(x)= f cos(x cosh t)dt (z>O)

9.1.24
2(x)' f sin (xt)dt

(t2-1)" (j.h!<, z>O)

2(Ix)' f cos(xt)dt
(te-1)'

(4)y z>O)

9.1.25
1 I'+Ti

H"(z)= e' smb '"dt (argz<jir)
72..1 -i r

H(z)=--7J e'°"''dt (argz<jir)
1ml.

9.1.26
i
J

F(t)(x)"2' dt (qh>O, x>O)J,(x)= T(v+t+1)
In the last integrai the path of integration must
lie to the left of the points t=O, 1, 2.....
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Recurrence Relations
9.1.27

(z)

',_1(z) ',(z) =r2'()
z)=',._(z) Çf,(z)

(z)= .+(z)+ (z)

t' denotes J, Y, H2 or any linear combina-
tion of these functions, the coefficients in which
are independent of z and z'.

9.1.28 J(z)=J1(z) Y(z)=Y1(z)

If f,(z)= zÇf,(Xzo) where p, q, X are independent
of z', then

9.1.29
J,,_j(z) +j,,+(z) (2v/X)z!f,(z)
(p+vq)J,_i(z) + (pvq)f,i(z) =(2v/X)z1J(z)
zJ(z) =XqzJ,_i(z)+ (pvq)f,(z)
zf(z) = _Xqzf ,(z) + (p+vq)f,(z)

Formulas for Deri'atives
9.1.30
(ld)k } =zt,_(z)

( -) { z'Ç(z) } = (_)kzk2,+k(z)
(k=O,1,2,...)

9.1.31
Ç' (z)= { 'v_k(Z)

. . +(),+(z)}
(k=O,1,2,...)

Recurrence Relations for Cross-Products
If
9.1.32

p,=J,(a)Y,(b) J,(b)Y,(a)

q,rrJ,(a)Y(b) J(b)Y,.(a)
r,=J(a)Y,(b) J,(b)Y(a)
s,=J(a)Y(b) J(b)Y(a)

then
9.1.33

2v 2v
P'+iP.-i r,

z' I'+l
b

P'i
z' v+1

r,1+q,= Pv P'+i

i i V28,=P'i+P'-iP'
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and

9.1.34 p,8,- 4

Analytic Continuation

In 9.1.35 to 9.1.38, m is an integer.

9.1.35 J,(zemT)=em J,(z)

9.1.36

Y,(zem) =emPTY,(z) + 2i sin(mvir) cot (PT) J,(z)

9.1.37

sin(vir)H,(l)(zem) = sin f(m 1)v,r}H"(z)

_eFTi siri(mvir)HL2 (z)
9.1.38

sin(vir)H? (zem) =sin f(m+ i) vir} H2> (z)

+e" sin(mz'T)H" (z)

9.1.39
¡j1) (ze') = __ePTFI,(2) (z)

(zeTa)= _evTHl' (z)

9.1.40

J,Ç) =J,(z) Y,() = Y,(z)

¡J(I) () .JJ(2)
(z)

ff(2)
()=Lt,' (z) (p real)

Generating Function and Associated Series

9.1.41 tkJk(z) (t vO)

ce

9.1.42 cos (z sin O) =Jo(z) +2 J2(z) cos (2ko)
k.1

9.1.43 sin (z sin O)=2 J2kj(z) sin f(2k+1)O}

9.1.44

cos (z cos O) =J0(z) +2 Ê (_)kJ2k(z) cos (2ko)
k=1

9.1.45

sin (z cos O)=2 (_)kJ,k+I(z) cos f(2k+1)O}
kO

9.1.46 1=J0(z)+2J2(z)+2J4(z)+2J6(z)+

9.1.47

cos z=J0(z)-2J2(z)+2J4(z)-2J6(z)+

9.1.48 sin z=2J1(z)-2J3(z)+2J5(z) .



Other Differential Equations

9.1.49 w"+(X2 12)w=O, w==zÇ(Xz)

'X2 v2_1)
4z 4z2 - ' = ,(Xzi)9.1.50 w"+( w O w z'

9.1.51 w" +X2e'2w=O, 20=21 f(2Xz'/p)

9.1.52

,, 2v-1
w w'+X2w=O,z

w= z',(Az)

9.1.53

¿2w" +(1

w=
9.1.54

w+(Xle2z_Pl)to=O, w=ÇÇ,(Xez)

9.1.55

22(22v2)w" + z(z2-3v2)w'

+ { (zv (z2+v2) }w=O, w==(z)
9.1.56

w(2n)=()5x2nz_5w, w=z1(2Xaz)
where a is any of the 2n roots of unity.

Differential Equations for Products

In the following t z and (z) are any

cylinder functions of orders y, u respectively.

9.1.57

{t4-2(v2+,z2)2+(v2p2)2}w
+4z2(t+ 1) (+2)w=O, w=t',(z)(z)

9.1.58

t(2-4v2)w+4z(t+ 1)w=O, w=

9.1.59

z3w" +z(4z'1+ i 4v2)w'+(4v2 i)w=O,
w=

Upper Bounds

9.1.60 JJ,(x)I1 (vO), IJ,(x)I1/ (v1)
21

9.1.61 O<JP(v)<31r(3)1 (v>O)

9.1.62 ¡J(2)<I21'J (v) *- r(v+1)

page II.

9.1.63 Jn (z) Iz" exp n/(1z)} I

Derivatives With Respect to Order
9.1.64

J,(z)J.(z) in (z)

(bz)' Ê (_)k 1'(v+k+l) (z2)k

k=O F(v+k+1) k!
9.1.65

Y, (z)=cot (P7r) J, (z)irY, (z))

ese (vir) J_,(z)7rJ,(z)
(vO,±1,±2,. . .)

9.1.66

an--1 (z)kJa(z)Y(Z)+22)
kO (nk)k!

9.1.67

ir=J(z)+ (z)kYa(z)

2 k=O (n.k)Ic!

9.1.68

J.(z)]= Y0 (z), [- y, (z)l =
j,=0

i(z)
Expressions in Terms of Ilypergeometric Functions

9.1.69

J,(z)- 0F1(v+1; jz2)- r (v+ 1)

(z),e
- r(v+1) M(v+,2v+1,2iz)

9.1.70

JP(z)=T.)limF(X,;v+1; _Ç-)
as X, through real or complex values; z,
being fixed.

(0F1 is the generalized hypergeometric function.
For M(a, b, z) and F(a, b; e; z) see chapters 13 and
15.)

Connection With Legendre Functions

If and z are fixed and p. through real
positive values

9.1.71

hm { vuP (cos ) } =J (z) (x>O)
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9.1.72

lim {vMQ (cos ;X)}_irY,(x) (x)'O)

For P;' and Q, see chapter 8.

Continued Fractions
9.1.73

J.(z) i i i
J_i(z)2vz' 2(v+l)z 2(v+2)z'-

/p 1z2/{p(y+1) } 12/{ (v+l)(v+2) }1 1 1-
Multiplication Theorem

9.1.74

(R (X2 l)k(zy
kO k!

(lX2-1K1)

If Çf=J and the upper signs are taken, the restric-
tion on X is unnecessary.

This theorem will furnish expansions of (re6)
in terms of Çt'.(r).

Neumann's
Addition Theorems

9.1.75 t'(u±v) k.. (lvi< 'uJ)

The restriction ¡vJ<lui is unnecessary when
Çf=J and y is an integer or zero. Special cases are

9.1.76 1=J(z)+2 J(z)
k =1

9.1.77
2n0E (....)kJk(z)J2 k(Z) +2E Jk(Z)J2fl(2) (n 1)

kO k1

9.1.78

J(2z) J(z) J_ (z) +2E (.._)kJk(z) Jfl+k(z)

Graf's

9.1.79

cosÇ(w) ''yx= '.+(u)J(v) . ka(Jvei<!ul)srn k=- sm

Gegenbauer's

9.1.80

'P(W)2r() (v+k) 'V+k@) J,ft(v) C(cos a)
k=O VP

(vO,-1, . . ., ve«J<juJ)

BESSEL FUNCTIONS OF INTEGER ORDER

In 9.1.79 and 9.1.80,
w=-,/(u2-t--v2---2uv cos a),

t&V COs a=W cos X, V sin a=w sin X

the branches being chosen so that w u and x-O
as v-O. C (cos a) is Gegenbauer's polynomial
(see chapter 22).

V

Gegenbauer's addition theorem.

If u, vare real and positive and O a ir, then w, X
are real and non-negative, and the geometrical
relationship of the variables is shown in the dia-
gram.

The restrictions lveJ< u are unnecessary in
9.1.79 when ÇÇ=J and y is an integer or zero, and
in 9.1.80 when '=J.
Degenerate Form (u= ):
9.1.81

a=r(y) (iv) j (v+k)ikJp+k(v)C (cos a)
k=O

(vO, 1, . . .)

Neumann's Expansion of an Arbitrary Function in a
Series of Bessel Functions

9.1.82 f(z)=a0J0(z)+2 E akJk(z) (Jzj<c)

where e is the distance of the nearest singularity
of f(z) from z=O,

9.1.83 a=- fH' J(t)Ok(t)dt (0<c'<c)

and Ok(t) is Neumann's polynomial. The latter
is defined by the generating function

9.1.84

Jk(Z)Ok(t) (IzKltI)

O(t) is a polynomial of degree n+ lin l/t; 00(t)= l/t,

9.1.85
(mkl)! (2)n_2ki

k!
(n=1,2,. .

The more general form of expansion

9.1.86 J(z)=aoJ,(z)+2 E GkJPs(z)

1<-
k=O

363
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also called a Neumann expansion, is investigated
in [9.7] and [9.15] together with further generaliza-
tions. Examples of Neumann expansions are
9.1.41 to 9.1.48 and the Addition Theorems. Other
examples are

9.1.87
(p+2k)r(v+k)

J2(z)(z)=±
k=O k!

(vO, 1,-2,. .

9.1.88
n-1 (z)'CJ(z)

ir kO (nk)k!

+ {ln (jZ)i/í(n+1)}Jn(Z)ir

-
irkl k(n+k)

where i,&(n) is given by 6.3.2.

9.1.89

{ln (z)+-ï}Jo(z)
4

ic

ir irk=1 k

9.2. Asymptotic Expansions for Large
Arguments

Principal Asymptotic Forms

When y i fixed and zl_

9.2.1

J(z)=sJ2/(irz){cos
(jarg z<1r)

9.2.2

Y(z) =i,J2/(irz) { sin (zv,r-1r)+ eO(1z 1') }
(arg zJ<ir)

9.2.3
¿J(l) (z) I2/(irz)eIPT_l (--lr<arg z<2ir)

9.2.4

H,2> (z) '' .J2/(irz)e (-2ir.(arg z<lr)

Hankel's Asymptotic Expansions

When p is fixed and Izjco

9.2.5

J?(z) =.J2/(irz) {P(v, z) cos X Q(v, z) sin x}

(arg zj<ir)

BESSEL FUNCTIONS 0F INTEGER ORDER

9.2.6

Y(z)=/2/(irz){P(v, z) sin x-I-Q(v, z) cosx}

(arg zJ<ir)

9.2.7

HV1 (z) =/2/(irz) (P(v, z) +iQ(v, z) } e

(lr<arg z<2ir)
9.2.8

H2 (z) =i/2/(irz) { P(v, z) iQ(v, z) }e_ix

(-2ir<arg z<lr)
where x=z(v+)w and, with 4v2 denoted byu,

9.2.9

P(v,z)'-E (v,2k)1 (-1)(,-9)
k-o (2z) 2!(8z)2

+ c 1) (j-9) (n-25) (1h-49)
4!(8z)4

9.2.10

Q(v, z)". (
(v,2k+1)
(2z)+l

1 (1h 1) (1h-9) (1h-25)
8z 3!(8z)3 +

If y is real and non-negative and z is positive, the
remainder after k terms in the expansion of P(v, z)
does not exceed the (k+ 1)th term in absolute
value and is of the same sign, provided that
k>p. The same is true of Q(v,z) provided
that k>jv.

Asymptotic Expansions of Derivatives

With the conditions and notation of the pre-
ceding subsection

9.2.11

J,'(z)=J2/(irz){ R(v, z) sinxS(v, z) cos x.}
(Iarg zI<lr)

9.2.12

Y(z)=I2/(irz){R(v, z) cos xS(v, z) sin x}
(Iarg zI.(lr)

9.2.13

H"'(z)=2/(irz){iR(v, z)S(v, z) }eix
(lr<arg z<2ir)

9.2.14

H2)'(z)=/2/(irz){ iR(v, z) S(v, z) }e
(-2ir<arg z.(lr)



9.2.15

ic 4p2+16k21 (i'2k)
k=O

( 42(4Ic-1)2 (2z)i (IL_1)(IL+lS)+- 2!(82)2

9.2.16

S(p, z) (_)k 4v2+4(2k+1)2-1 (y, 2k+1)
kO 4y2(4k+1)2 (2z)21

12+3 (Ml) (IL-9) (12+35) +...- 8z 3!(8z)3

Modulus and Phase

For real y and positive x

9.2.17

M= iH'(x) i=V{J(x)+ Y(x) }
O=arg H1(x)==arctan f Y(x)/J(x)}

9.2.18

N,= jH"(x) j =f{ J 2(X) + Y 2(x) }
,=arg H''(x)=arctan f Y(x)/J(x) }

9.2.19 J,,(x)=M, cos 0, Y(x)M sin 0,

9.2.20 J(x)=N cos , Y(x)=-N sin q',,.

In the following relations, primes denote differ-
entiations with respect to x.

9.2.21 MO=2/(lrx) NÇP =2 (x2p2)/(lrx')

9.2.22

9.2.23 (x2 - v2)M,,M, +x2N,,N + xN = O

9.2.24

tan (q',, - O,,) =M,,OIM = 2/(irxM,,M)
M,,N,, sin (q',,O,,) 2/(lrx)

9.2.25 x2M7+xM+ (x2p2)M,,-4/(ir2M)=O

9.2.26

x3w"+x(4x2+1-4v2)w'+(4y2-1)w=O, w=xM

O" 3 O" 2_12"(T l '

O,,) x2

Asymptotic Expansions of Modulus and Phase

When y is fixed, xis large and positive, and /L4V2

9.2.28

M----
n-x ' 2 (2x)2 '2.4 (2x)4
') ui1/2_ll.3 (12-1)(M-9)

1.3.5 (ILl)(M_9)(M25)+
.+2.4.6 (2x)6

9.2.27

9.2.29

9.2.30

N2 _1 123 1.1 (IL-1)(IL-45)
' irx (2x)2 2.4 (2x)4

The general term in the last expansion is given by

1.1.3.. . (2k-3)
2.4.6... (2k)

(ILl) (IL-9). . . {12(2k-3)2 } {- (2k+ 1) (2k-1)2)
X (2x)2k

9.2.31

12+3 122+461L634,,"-'x(v--) 71+2(4)+ 6(4x)3

IL+l 85122_ 2O53/.L+l 899

9.3.2

i) (IL25)+(12 l)(M2 11412+1073)
6(4x)3 5(4x)5

+ 14(4x)7

If ' 0, the remainder after k terms in 9.2.28 does
not exceed the (k+l)th term in absolute value
and is of the same sign, provided that k>y.

9.3. Asymptotic Expansions for Large Orders

Principal Asymptotic Forms

In the following equations it is supposed that
p through real positive values, the other vari-
ables being fixed.

9.3.1
1 ¡ez"J,(z)'.. ;;

Y,,(z)'-- Iii(e)'
lfl' \2V/

(a>0)J,(y sech a)
"i2,rv tanh a

a>

(a>O)Y,, (y sech a)
'-.- -'irv tanh a

*$ee page II.

(ILl) (5IL 1535122+5470312_375733)

+ 5(4x)

BESSEL FUNCTIONS OF INTEGER ORDER 365
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9.3.3

J, (y sec ß) =

.,/2/(irv tan ß) (cos (vtanßvß--ir)+O (V_1))

(0<ß<ir)
Y,(v sec

/2/ (tn' tan ß) {sin (y tan ßvßir)+O(v1)
(O<ß<7r)

9.3.6

( 4. \ Ai()J,(vz)' 1_Z2) {

exp (b4) o(4)}+ 1+ftI
Y,(vz) (

4- \Bi(v3)
1za) t

1+p6Ii (jarg zj<ir)

In the last two equations is given by 9.3.38 and
9.3.39 below.

Debye's Asymptotic Expansions

(i) If a is fixed and positive and y is large and
positive

9.3.7

«-a)
J,(v sech a)" h a{1+E

(coth a)3
k=1-/2irp tan

Ai(-2z) +O(v')

Y,(v+zv-2v Bi(-2z)+O(v')
2 i

J,(v) "3r() ;;:;

9.3.8

Y,(v sech a)

)k uk(cotha)vtanha+( k

where

BESSEL FUNCTIONS OF INTEGER ORDER

(j arg zI<7r)

9.3.9

y1 (t' = (3t 59)/24
u2(t)= (81t2-462t4+385t6)/1 152
u3(t)=(30375t3-3 696039+7 65765t7

4 25425t9)/4 14720
u4(t) = (44 651259-941 216769+3499 22430t8

4461 85740t'°+ 1859 10725t'2)/398 13120

9.3.10

uk+l(t) = t2(i - t2)u (t) + f (1 5t2)u.(t)dt
(k=0, 1,...)

Also

9.3.11

J(v sech a)'-'

'sinh 2a
4ii-v

er(t "{1+
(cotha)

k1
9.3.12
Y(v sech a)

/sinh2a e(«_t «{1+ (
)k'k (cotha)}

where

9.3.13
y0 (t) = i
v1(t= (-9t+7t3)!24
v2(t) = (- 135t2+594t4-455t6)/1152
v3(t)=(-42525t3+4 517379-8 83575t7

+4 75475t9)/4 14720
9.3.14
Vk(t) =uk(t) +t(t2 i){ uk_l (t)+tu .1(t) }

(k=1, 2, . .

(ii) If fi is fixed, 0<ß<ir and ' is large and
positive

9.3.15
J,(v sec fi=V2/(irv tan ß)(L(v, fi) cos 'I

+M(v, fi) sin 'I')
9.3.16
Y,(v sec ß)=-/2/(irp tan fi){L(v, fi) sin '

M(v, fi) cos

For v5(t) and u6(t) see [9.41 or [9.21].

where 'rry(tan fifi) -tir

9.3.17

L(v, fi)'.-'
Êu2j cot fi)
k-O

81 cot2 ß+462 cot4 ß+385 cot6=1
1152v2

}

9.3.4

9.3.5



9.3.18
cot ß)

kO
3 cot G+5 cot3 fi- 24v

Also

9.3.19

J;(v sec ß)/(sin 2ß)/(irv){N(v, fi) sin '1'
O(v, fi) cos

9.3.20

Y(v sec ß)=V(sin 2ß)/(irv){N(v, fi) cos 'I'
O(v, G) sin 'I'}

where

9.3.21

N(v, G) '-'
V2 (i cot fi)

k=.O

135 cot2 ß+594 cot4 G+455 cot6 fi
1152v2

9.3.22
cot ß)_9 cot ß+7 cot3 fi

k=O 24v

Asymptotic Expansions in the Transition Regions

When z is fixed, vf is large and arg vI<ir
9.3.23

9.3.25

f1(z)=z

f2(z)= z5+&z2

957 6_ 173 z3 1
f3 (z)=7000 3150

27 z10 23573
z+

5903 c)'f4(z)=20000
147000 138600 346500

21/3 f(z)
Jp(p+zv"3)-' Ai (2l'3z) {1+ 3J/3 }

22/3 g(z)+Ai' (-2"z)
V kO

2" fk(z)Bi (2h/3z) { i +E 2k/3 }k-I '
22/3 gk(z)---Bi' (-2"z)

,y
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9.3.26

g0(z)= 22

g,(z)= z3+

611 z z
3150 3150

8 110767
g3(z)=28000 Z

693000 12375

The corresponding expansions for H' (v+ 2v"3)
and H,2(v+zv"3) are obtained by use of 9.1.3
and 9.1.4; they are valid for ir<arg v<k and
r<arg v<1r, respectively.

9.3.27

22/3 h(z)
J(v+zv113) ''2/3 Ai' (__2h/3z) {1+

k=1 V23
21/3

+4/3 Ai (_2h/32)

367

9.3.28

22/3 h(z)- Bi' (-2"z) {1+

2' Bi (-2"z)
k=O

where

9.3.29

z

h2(z)_j-ö

699 6_2617
Z

23h3(z)=3500z
3150 +3150

115946631 2+g Z
115500

Z
147000

9.3.30

z3_
5

l(z)=_31 z
40 5

9 8 537 2l2(Z)5ØØ 2 +45Ø9 Z
3150

369 6 31727 947
l3(z)7000 693000 +173250 2 +346500

9.3.24

where
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9.3.31 J(v) {1+Ê
Zk} b ,. ß

k1 ' k=O V

312a ., a 3'2b ..{1+-}--5/3 í:ik1 Y9.3.32 Y.(v)

9.3.33 J() k1 2kÌ

9.3.34

where

21/3
a_32/ar(2)_.44730 73184,

22/3
b=31/sr(1)=.4lOSS 01939,

a01, a1-25.004,
a2=.00069 3735 . . ., a3=:.00035 38

ß==.01428 57143 . . .,

.00118 48596

ß2=.00043 78 . . ., ß3=.00038

YOi, 15873 .

Y2.00°93 7300 . . ., y3=.00O44 40

1 947
ôO=

81_3
46500

8.00060 47 . . ., 83=--.00038

Uniform Asymptotic Expansions

These are more powerful than the previous ex-
pansions of this section, save for 9.3.31 and 9.3.32,
but their coefficients are more complicated. They
reduce to 9.3.31 and 9.3.32 when the argument
equals the order.

9335
)1/4 Ai (2/3)

t ,1i3J(vz) (1_22
Ai'(v213) Ê+ p5/3 k=O

2k

9.3.36

()l/4 Bi(v2"3) , aft()
1_22 t pl/3 f p2k

(v')
k

BESSEL FUNCTIONS

a .-. 8k
,2k

31/28 3112a
Y(v) p2/3 t 1+Ê 4) +4/3

k=1 Y

3ki=.77475 90021

31b=.71161 34101

00273 30447

2k}

OF INTEGER ORDER

9.3.37

H(vz)2e(
4 )1/4 Ai(e2'3p2/3) a()

1_22 p1/3 ,2k

fe2asAi (e2'3213r) b(-)
P513 k-.O P

When v'+ , these expansions hold uniformly
with respect to z in the sector arg zllrs, where

is an arbitrary positive number. The corre-
sponding expansion for H2 (vz) is obtained by
changing the sign of i in 9.3.37.

fiere

9.3.38

2f! 111 -t2 dt=ln

equivalently,

9.3.39

(_.)3/2_ Vt2i
dt=Vz2_1_arccos ().11

the branches being chosen so that is real when
2 is positive. The coefficients are given by

9.3.40
2k

ak()=E 3'U3ft { (1z)4}

2k+1E X38I2u._3+j{(1_z2)_i}
aO

where is given by 9.3.9 and 9.3.10, )=r=1
and

9.3.41

(2s+1)(2s+3) ... (6s-1)
xs_ s!(i44)

Thus a0()=1,

9.3.42

5 1 5 1
bo()=_48.2+{24(12)3,2 8(1_z2)

5 1 5 1

482+ (_ {24(22_1)3/2+8(22_1)i}

Tables of the early coefficients are given below.
For more extensive tables of the coefficients and
for bounds on the remainder terms in 9.3.35 and
9.3.36 see [9.38].

6s+ i
Is=
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Uniform Expansions of the Derivatives

With the conditions of the preceding subsection

9.3.43

J'(vz)- 2 1-2'1 Ai (v') ., C,()( 4.){ p4/3 -;;-
Ai' (2/3)

+ 2/3 (-d ,2k J

9.3.44
f1_z2 Bi (v3) Ê Ck()Y (v2) '..

4 J { p4/3
k=O

(v) d()
,2k J

9.3.45

4e2'3/1_z2)l Ai (e2113v213)
/ (v2) -.' { 4/3 t:ii ,2kz 4- p

eaTa Ai' (esT 3Vs/S.) Ê d8(-)+
Y213 k0 2k }

where

9.3.46
2k+1

{ (1-z)i}a0
2k

dk()= X_S/SV2k_, ((1_22)1}

and Vk is given by 9.3.13 and 9.3.14. For bounds
on the remainder terms in 9.3.43 and 9.3.44 see
[9.38].

+ .00427 916(x/3)10- .00024 846(x/3) 12+ e

e< 1.4X 10_8

9.4.3 3x<
Jo(x)=xJo cos O Yo(x)=xiJ0 sin 00

f0=.79788 456- .00000 077(3/x)-.00552 740(3/x)2

- .00009 512(3/x)3+.00137 237(3/x)4

-.00072 805(3/x)5+.00014 476(3/x)6+e

ei< 1.6>< 10_8

2 Equations 9.4.1 to 9.4.6 and 9.8.1 to 9.8.8 are taken
from E. E. Allen, Analytical approximations, Math. Tables
Aids Comp. 8, 240-241 (1954), and Polynomial approxi-
mations to some modified Bessel functions, Math. Tables
Aids Comp. 10, 162-164 (1956) (with permission). They
were checked at the National Physical Laboratory by
systematic tabulation; new bounds for the errors, , given
here were obtained as a result.

b0(r) a1() c0() d1(r)

0 0. 0180 -0. 004 0. 1587 0. 007
i . 0278 -. 004 . 1785 . 009
2 . 0351 -. 001 . 1862 . 007
3 . 0366 +. 002 . 1927 . 005
4 . 0352 . 003 2031 . 004
5 . 0331 . 004 . 2155 . 003
6 . 0311 . 004 . 2284 . 003
7 . 0294 . 004 . 2413 . 003
8 . 0278 . 004 . 2539 . 003
9 . 0265 . 004 . 2662 . 003

10 . 0253 . 004 . 2781 . 003

- b0() a1() C0() d1()

o o. 0180 -0. 004 0. 1587 0. 007
i . 0109 -. 003 . 1323 . 004
2 . 0067 -. 002 . 1087 . 002
3 . 0044 -. 001 . 0903 . 001
4 . 0031 -. 001 . 0764 . 001
5 . 0022 -. 000 . 0658 . 000
6 . 0017 -. 000 . 0576 . 000
7 . 0013 -. 000 . 0511 . 000
8 . 0011 -. 000 . 0459 . 000
9 . 0009 -. 000 . 0415 . 000

10 . 0007 -. 000 . 0379 . 000

+.60559 366(x/3)2- .74350 384(x/3)4

+.25300 117(x/3)6- .04261 214(x/3)8

OF INTEGER ORDER 369

For >10 use

.146r', d1 (h-) = .003.

For <-10 use

2

c0()'-.' - 1_133(_.)_5/2 = .000.

Maximum values of higher coefficients:

jb1()f=.003, ta2()J=.0008, ¡d2()I=.00l

Ici()I=.008 (<1O), c()-'.'-.0O34 as -+
9.4. Polynomial Approximations 2

9.4.1 -3x3
Jo(x)=l-2.24999 97(x/3)2+1.26562 08(x/3)4

-.31638 66(x/3)8+.04444 79(x/3)8

- .00394 44(x/3)'°+ .00021 00(x/3)12+e

kK5X 10_8

9.4.2 0<x3
Yo(x)=(2/ir) 1n(x)Jo(x)+.36746 691
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00=x-

+.00013 558(3/x)6+

kI<7X 10_8

9.4.4 -3x3
x1 J1(x)=-.56249 985(x/3)2+.21093 573(x/3)4

-.03954 289(x/3)6+.00443 319(x/3)8

-.00031 761(x/3)10+.00001 109(x/3)12+

kkz:1.3X 10_8

9.4.5 0<x3
xY1 (s) = (2/ir)x In (s)J1 (s) - .63661 98

+.22120 91(x/3)-4-2.16827 09(x/3)
-1.31648 27(5/3)6+ .31239 51 (x/3)8

-.04009 76(x/3)b0+.00278 73(x/3)'+e

kkZl.1X 10

9.4.6 3 x<
cos 0, Y1(x)=zJi sin 01

J=.79788 456+.00000 156(3/s)+.01659 667(3/5)2
+.00017 105(3/x)-.00249 511(3/x)

+.00113 653(3/x)-.00020 033(3/x)°+

kkZ4X 10_e

8=x-2.35619 449 +.12499 612(3/x)

+ .00005 650(3/s)2_ .00637 879(3/x)

+ .00074 348(3/x)+ .00079 824(3/x)

-.00029 166(3/5)6+6

161<9 X 10

For expansions of J0(x), Y0(x), J1(x), and Y1(x)
in series of Chebyshev polynomials for the ranges
0x8 and 08/x1, see [9.371.

9.5. Zeros

Real Zeros

When y is real, the functions Jv(2), J(z), Y(z)
and Y(z) each have an infinite number -of real
zeros, all of which are simple with the possible
exception of z=0. For non-negative i' the sth
positive zeros of these functions are denoted by

OF INTEGER ORDER

iv,s, j, s liv, and y., respectively, except that z=0
is counted as the first zero of J (z). Since
J(z)= -.J(z), it follows that

9.5.1 j,1=0, j,,=ji.8_i (s=2, 3, . .

The zeros interlace according to the inequalities

9.5.2
ji..l<jv+1,l<Jp,2<jv+1,2<Jv,3<

Yv i<Y-i-i, 1<1/v. 2<1/v-I-i, 2<1/v. 3<

Vj 1<1/v. i<Yv, 1<3v, 2

<l/v.2<Yv.2K/v.2<Jv,3<

The positive zeros of any two real distinct cylinder
functions of the same order are interlaced, as are
the positive zeros of any real cylinder function
Ç'v(z), defined as in 9.1.27, and the contiguous
function 'v+1 (z).

If Pv is a zero of the cylinder function

9.5.3 ÇÇv(Z) =Jv(2) cos(irt) + Yv(Z) sin(irt)

where t is a parameter, then

9.5.4 Ç(p,) 'i-i(Pv) =

If q,, is a zero of ÇÇ (z) then

9.5.5 Ç'v(cTv) 'v-i (cry) = 'r+1 (cr,)

The parameter t may be regarded as a continuous
variable and Pv, as functions p,(t), cry(t) of t. If
these functions are fixed by

9.5.6 p,(0)=O, cr(0)=j,i
then

9.5.7

j,'.s=pv(), Yr,s=pv(8) (.=1,2, . .

9.5.8

j,s=uv(8l), l/,s=O'v(84) (s=1, 2, . .

( Pv dPv) (O2p2
9.5.9 '(pv) ,'v(crv)=

20'v dtj
Infinite Products

J,,(z)
(az)' fj (i_-s-)r(v+1) s=1 2v..

(az)' 1 / z2"
9.5.11 J(z)= - i (i---) (v)'O)

2r(v) s 1 \

9.5.10

.7853k) 816- .04166 397(3/x)

- .00003 954(3/x)2+ .00262 573(3/x)3

- .00054 125(3/x)4- .00029 333(3/x)5



Asymptotic Expansions of Zeros
and Associated Values for Large Orders

9.5.14
j,, i"-v+1.85575 71p113+1.03315 0v_1/3

_.00397v_1_ .0908v5"3+.043p7"3+

9.5.15
y,, i"-'v+ .93 157 68v1"3+ .26035 1v3

+ .01 198v' - .0060v-" .001 v3+

9.5.16
j, i''v+ .80861 65v"+ .07249 Ø-1/3

.O5097v1+.0094p5"3+
9.5.17

"-' v+ 1.82109 80v"3+ .94000 7_1/3

- .05808v .054Ov'+
9.5.18

+.10910v_41'l_.0185v_2_.003v_83+ . .

9.5.20
J,(j,i)'.67488 51v'3(1.16172 3v-2/3

+.02918v413.0068v+
9.5.21
Y,(y,1)'.57319 40v"(1.36422 0v'

+.09077v-'+.0237v'+ . .

Corresponding expansions for s = 2, 3 are given
in [9.40]. These expansions become progressively
weaker as s increases; those which follow do not
suffer from this defect.

273-888 0-67-25

Uniform Asymptotic Expansions of Zeros and
Associated Values for Large Orders

9.5.22 j,,,, ¡'z () with = v213a,

9.5.23
2 Ai' (a8) Fk(){1+v213z()h() k..1

}

with r=v2'3a.

9.5.24 j,,''pz()+ ? with =v2/3a'

9.5.25

J,(j,,)'-'Ai (ai) 1'Q {i+ Gk() with =v2i3a'
k=1

9.5.26

J1() =z() {h() }2b0()
g' (fl = z() {h() } 2co()

where b0(), c0(r) appear in 9.3.42 and 9.3.46.
Tables of the leading coefficients follow. More ex-
tensive tables are given in [9.40].

The expansions of y,,,,, Y,'(y. ,), y,, and Y,,(y,',)
corresponding to 9.5.22 to 9.5.25 are obtained by
changing the symbols j, J, Ai, Ai', a, and a,' to
y, Y, Bi, Bi', b, and b,' respectively.

J(j, )'-1.1i310 28v_2/3/(1+i.48460 6p2"3
+.43294p_4'l_.1943p_2+.019v"S'l+ where a,, a,' are the sth negative zeros of Ai(z),

Ai' (z) (see 10.4), z= z() is the inverse function
9.5.19 defined implicitly by 9.3.39, and
Y(y,,, 1) '« .95554 86v2'3/(1 + .74526 1 r-2/3
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McMahon's Expansions for Large Zeros

When i' is fixed, s»v and =4v2

9.5.12
1 4(-1)(7,---31) 32(_1)(83,2_982+3779)
8j 3(8i3) 15(8/3)

64(u 1) (6949u i 538552 15 85743j 62 77237)
105(8ß)7

where $=(s+v')1r forj.,,, ß=(s+v*)ir for y... With ß=(t+v--)ir, the right of 9.5.12 is the
asymptotic expansion of p(t) for large t.

9.5.13
., , , JL+3 4(7cL2+82_9) 32(83i3+2075/i2_3039j+3537)

8ß' 3(8ß')3 15(8ß')5

64(6949,+2 96492-12 480022+74 l4380j-58 53627)
105(8ß')

where ß'=(s+v)ir forj,,, ß'=(s+v)ir for ß'=(t+v+ì)ir for o.(t). For higher terms in
9.5.12 and 9.5.13 see [9.4] or [9.40].



- z() h() f1(t) F1(t) (-t)gi(t) (-t)3g2(t) (-t)201(r)

0. 0 1. 000000 1. 25992 0. 0143 -0. 007 -0. 1260 -a 010 0. 000
0. 2 1. 166284 1. 22076 . 0142 -. 005 -. 1335 -. 010 . 002
0 4 1. 347557 1. 18337 . 0139 -. 004 -. 1399 -. 009 . 004
0. 6 1. 543615 1. 14780 . 0135 -. 003 -. 1453 -. 009 . 005
a 8 1. 754187 1. 11409 . 0131 -. 003 -. 1498 -. 008 . 006
1. 0 1. 978963 1. 08220 0. 0126 -0. 002 -0. 1533 -a oos 0. 006

-t z() h(t) f() F1(t) p2(t)

1. 0 1. 978963 1. 08220 0. 0126 -a 002 -OE 1533 -a oos OE 006
1. 2 2. 217607 1. 05208 . 0121 -. 002 -. 1301 -. 004 . 004
1. 4 2. 469770 1. 02367 . 0115 -. 001 -. 1130 -. 002 . 003
1. 6 2. 735103 0. 99687 . 0110 -. 001 -. 0998 -. 001 . 002
1. 8 3. 013256 . 97159 . 0105 -. 001 -. 0893 -. 001 . 002

2. 0 3. 303889 0. 94775 0. oio -a ooi -a 0807 -a ooi 0. 001
2. 2 3. 606673 . 92524 . 0095 -0. 001 -. 0734 . 001
2. 4 3. 921292 . 90397 . 0091 -. 0673 . 001
2. 6 4. 247441 . 88387 . 0086 -. 0619 . 001
2. S 4. 584833 86484 . 0082 -. 0573 0. 001

3. 0 4. 933192 0. 84681 0. 0078 -OE 0533
3. 2 5. 292257 . 82972 . 0075 -. 0497
3. 4 5. 661780 . 81348 . 0071 -. 0464
3. 6 6. 041525 . 79806 . 0068 -. 0436
3. 8 6. 431269 . 78338 . 0065 -. 0410

4. 0 6. 830800 0. 76939 0. 0062 -a 0386
4. 2 7. 239917 . 75605 . 0060 -. 0365
4. 4 7. 658427 . 74332 . 0057 -. 0345
4. 6 8. 086150 . 73115 . 0055 -. 0328
4. 8 8. 522912 . 71951 . 0052 -. 0311

5. 0 8. 988548 a 70836 OE 0050 -OE 0296
5. 2 9. 422900 . 69768 . 0048 -. 0282
5. 4 9. 885820 . 68742 0047 -. 0270
5. 6 10. 357162 . 67758 . 0045 -. 0258
5. 8 10. 836791 . 66811 . 0043 - 0246

6. 0 11. 324575 0. 65901 0. 0042 -0. 0236
6. 2 11. 820388 . 65024 . 0040 -. 0227
6. 4 12. 324111 . 64180 . 0039 -. 0218
6. 6 12. 835627 . 63366 . 0037 - 0209
6. S 13. 354826 . 62580 . 0036 -. 0201

7. 0 13. 881601 0. 61821 0. 0035 -OE 0194

Complex Zeros of J.(z)

When p -1 the zeros of J(z) are all real. If
(-)-* - (-)+h(t) fi () gi(t)

0. 40 1. 528915 1. 62026 0. 0040 -0. 0224 -1 and i' is not an integer the number of com-
35 1. 541532 1. 65351 0029 -. 0158 plex zeros of ¿(z) is twice the integer part of
30
25

1.
1.

551741
559490

1.
1.

68067
70146

0020
0012

-.-. 0104
0062 (-i'); if the integer part of (-y) is odd two of

20 1. 564907 1. 71607 0006 -. 0033 these zeros lie on the imaginary axis.
0. 15 1. 568285 1. 72523 0. 0003 -0. 0014 If vO, all zeros of J(z) aro real.

10 1. 570048 1. 73002 0001 -. 0004
05 1. 570703 1. 73180 0000 -. 0001
00 1. 570796 1. 73205 0000 -. 0000

Maximum Values of Higher Coefficients Complex Zeros of Y(a)

If2()I=.001, F2()I=.00O4 (0 <-< rn) When vis real the pattern of the complex zeros of
gs()=.0O1, G2(==.0007 (1 -< rn) Y,(z) and Y(z) depends on the non-integer part
-)5ga()l=.002, !(-)4G2()j=.0007(O-l) of z'. Attention is confined here to the case v=n,

a positive integer or zero.
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FIGuÍE 9.5. Zeros of Y(z) and Y,(z)

arg

Figure 9.5 shows the approximate distribution
of the complex zeros of Y5(z) in the region
arg z r. The figure is symmetrical about the

real axis. The two curves on the left extend to
infinity, having the asymptotes

Jz=±1n3=±.5493l
There are an infinite number of zeros near each of
these curves.

The two curves extending from -n to z=n
and bounding an eye-shaped domain intersect
the imaginary axis at the points ±i(na+b),
where

a=/t-l=.66274

b=/ii1n2=.19146
and t0= 1.19968 . . . is the positive root of coth t
=t. There are n zeros near each of these curves.
Asymptotic expansions of these zeros for large n

Zeros of Yo(z) and Values of Y1 (z) at the Zeros3

Zero Y1

Real Imag. Real
+0. 57678 5129 +.90398 4792 -.76349 7088
-1.94047 7342 +.72118 5919 +.16206 4006
-5. 33347 8617 +.56721 9637 -.03179 4008

are given by the right of 9.5.22 with v=n and
or n_23Öa, where ß, , are the complex

zeros of Bi(z) (see 10.4).
Figure 9.5 is also applicable to the zeros of

Y(z). There are again an infinite number near
the infinite curves, and n near each of the finite
curves. Asymptotic expansions of the latter for

large n are given by the right of 9.5.24 with
v=n and =n2'3 or _2/3; where ß and are
the complex zeros of Bi'(z).

Numerical values of the three smallest com-
plex zeros of Yo(z), Y1 (z) and Y (z) in the region
0< arg z<lr are given below.

For further details see [9.36] and [9.13]. The
latter reference includes tables to facilitate
computation.

Complex Zeros of the Ilankel Functions
The approximate distribution of the zeros of

H" (z) and its derivative in the region arg zl lr
is indicated in a similar manner on Figure 9.6.

CUT

'S
.5.

5.-

FIGURE 9.6. Zeros of H,"(z) and H,'(z)
arg zir.

The asymptote of the solitary infinite curve is

given by
Jz=-1n2=-.34657

Imag.
+. 58924 4865

-. 95202 7886

+.59685 3673

8 From National Bureau of Standards, Tables of the Bessel functions Y,(a) and Y1(z) for complex arguments,
Columbia Univ. Press, New York, N.Y., 1950 (with permission).
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Real Imag. Real Imag.
40301 6632 +. 53988 2313 +. 10074 7689 -. 88196 7710

-5. 51987 6702 +.54718 0011 -.02924 6418 +. 58716 9503

-8.65367 2403 +.54841 2067rn +.01490 8063 -. 46945 8752

Zero8 of Y1(z) and Valizes of Y0(z) at the Zeros
Zero Y0

Real Imag. Real Imag.
-0. 50274 3273 +. 78624 3714 -. 45952 7684 +1. 31710 1937

83353 5193 +.56235 6538 +.04830 1909 -0. 69251 2884
-7. 01590 3683 +. 55339 3046 -. 02012 6949 +0. 51864 2833

Zeros of Y(z) and Values of Yi(z) at the Zeros

Zero Y1
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OF INTEGER ORDER

Modified Bessel Functions I and K

9.6. Definitions and Properties
Differential Equation

ct2w thu29.6.1 22 +z --(z +v2)w=O

Solutions are I,(z) and K.(z). Each is a regular
function of z throughout the z-plane cut along the
negative real axis, and for fixed z( 0) each is an
entire function of y. When v=±n, I.(z) is an
entire function of z.

I.(z) (?v O) is bounded as z-0 in any bounded
range of arg z. I..(z) and I_,(z) are linearly inde-
pendent except when y is an integer. K,(z) tends
to zero as I

z , in the sector !arg zJ<4ir,
and for all values of y, I.(z) and K,(z) are linearly
independent. I,(z), K.(z) are real and positive
when y>' and z>O.

FIGURE 9.7. I(x), 14(x), I(x) and K1(x).

374 BESSEL FUNCTIONS

There are n zeros of each function near the
finite curve extending from z=n to z=n; the
asymptotic expansions of these zeros for large n
are given by the right side of 9.5.22 or 9.5.24
with y=n and =e Tn,2/3a or

Zeros of Cross-Products

If y is real and X is positive, the zeros of the
function

9.5.27 J(z) Y.(Xz) J(Xz) Y,(z)

are real and simple. If X>1, the asymptotic
expansion of the sth zero is

9.5.28 ß+ qpr-4pq+2p3
ß_1_ß3_J

+...

where with 4v2 denoted by

9.5.29
ß=sir/(X 1)

( 1) (L-25) (X3 1)q 6(4X)3(Xl)

(EL i) (2_ il4,+ 1073) (X5 1)
5(4X)5(X-1)

The asymptotic expansion of the large positive
zeros (not necessarily the sth) of the function

9.5.30 J(z) Y(Xz) J(Xz) Y(z) (X>')

is given by 9.5.28 with the same value of ß, but
instead of 9.5.29 we have

9.5.31
_,+3 (M2+46s-63)(X3-1)

8X
' q 6(4X)3(X-1)

_(3+i852_2053+ 1899) (X5-1)r 5(4X)5(Xi)

The asymptotic expansion of the large positive
zeros of the function

9.5.32 J(z)Y(Xz)Y,'(z)J(Xz)

is given by 9.5.28 with

9.5.33
ß= (sr/(X-1)

(+3)X (.u 1)
P 8X(X-1)

(iz+46-63)X3 (ILl) (JL-25)
q 6(4X)3(Xi)

5(4X)5(X 1)r= (,L3+ 185iz2-2053i+ 1899)X5

(n-1) (1h2il4M+lO73)



FIGURE 9.9. I.(5) and K.(5).

Relations Between Solutions

\_.1 I_(z)I,(z)
sm (v7r)

The right of this equation is replaced by its
limiting value if y is an integer or zero.

9.6.3

I(z)=e_TJ,(zeini) (lr<arg zir)
J(z) = e3/2J,(zeaThI2) (r<arg zlr)

9.6.4

K(z) = (èei') (lr<arg z 4ir)

K(z) = riei"H2) (2e_iii) (-4ir<argz r)

BESSEL FUNCTIONS

FIGURE 9.8. eIo(x),eIi(x),exKo() and eK1(x).

OF INTEGER ORDER

9.6.5

Y (zelni) =e - (2/ir)e1"K.(z)
(lr<arg zir)

9.6.6 I_,, (z) Ia (z), K_(z) =K.(z)

Most of the properties of modified Bessel
functions can be deduced immediately from those
of ordinary Bessel functions by application of
these relations.

Limiting Forms for Small Arguments

When z' is fixed and zO

9.6.7

I.(z)».'(z)'/r(v+1) (v-1, 2,...)
9.6.8 z

9.6.9 (P4'v>O)

Ascending Series

(1z2)k
9.6.10 I,(z)=(z)

k!r(v+k+1)
9.6.11

' (nk-1)!K(z)=(z)'
k!

(kO

+ (_)n+1 In (4z)I(z)

+()'() {#(k+1)+'(n+k+1)}
(+z2)ft

kO

where (n) is given by 6.3.2.

(z2)3
9.6.12 Io(z)=1+22+?22+ (3!)2

9.6.13

K0(z)={ln (iz)+7}Io(z)+(1!)2

(z2)2 (kz2)3+(1+) (2!)21+ (3!)2+ .

Wronskians
9.6.14

W{I.(z), I_,(z) J =I,(z)I_(.+1)(z)I,+1(z)I_P(z)
=-2 sin (vlr)/(lrz)

9.6.15

W{K,(z), I.(z) J =I,(z) K1 (z)+I.j(z)K.(z) =1/2

375
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Integral Representations
9.6.16

10(z)
= f e °° 1 fT

cosh (z cos O)dO

9.6.17 Ko(z)=_f e0oBO {y+In (2zsin2 O)}dO
ir o

9.6.18
(z)'

ITiF(v+)
ez cosOsin2v odo

ir

(bz)" 1'

ir(v+) J_i
(1_ti)e±ztdt (b>)

9.6.19 I(z)
f

ez CO cos (nO)dO
ir o

9.6.20

Ip(z)=-Je°88 co (vO)dO
ir

sin (v-)
F e Cogli (Iarg z!<1r)

ir o

9.6.21

Ko(x)=J cos (z sinh t)dt=f cos (xt) dt
o o %/t2+1

(x>O)
9.6.22

K,(x)=sec (vr) f cos (z sinh t) cosh (vt)dt

=csc (vir) f sin (z sinh t) sinh (vt)dt

(f.?vJ-<1, z>O)
9.6.23

iri(z)&
J_zooslit sinh2vt dtKP(2)__r(+i)

O

iri(z)'
Joe

dtr(v+) i
(gv>, arg zI<-zr)

floe

9.6.24 K(z)= (vt)dt (jarg zJ<jir)
.jO

9.6.25

K9(xz)=r+(22 ('e' cos (xt)dt
ir1X Jo (t+z)"1(v, x>O, arg zI<ir)

Recurrence Relations
9.6.26

Z)=.',_i(Z) .'(z)
"_(z) +2",+l(z) =2'(z)

t(z)=fK,+1(z)+ !1',(z)

', denotes L, eK, or any linear combination of
these functions, the coefficients in which are
independent of z and p.

9.6.27 I(z)=I1(z), K(z)=K1(z)

Formulas for Derivatives

9.6.28

/1 d\k
(k z'.,(z) } =

/1 d\k{zZ(z)}=z+k(z) (k==O,1,2,...)

9.6.29

2) (z)= { _(z)

+() Çk4(z)+.. +P+k(Z)}
(krO,1,2,...)

Analytic Continuation

9.6.30 I,(zemTi) .=8mrriJ,,(2) (m an integer)

9.6.31

K.(zemTi) =e_mK(z) ii-i sin (mvii-) csc (vir)I,(z)
(m an integer)

9.6.32 I(z)=I,(z), K(z)=K(z) (vreal)

Generating Function and Associated Series

elt+o)= Ê tklk(z) (tvO)
k.oe

oe

9.6.34 e °° °=I (z) +2 Ik(z) cos(kO)
k-1

9.6.35

f (_)kJ21() sin{(2k+1)O}

+2 (_)kI2k(z) cos(2k0)
k-1

9.6.36 1 _Io(z) 212(z) +214(2) 21(z) +

9.6.37 ez=Io(z) +21i(z) +212(z)+213(z) +

9.6.38 e=Io(z) 2I(z) +212(2) 213(2) +

9.6.39

cosh z-10(z)+2I2(z)+2I4(z)+2I6(z)+

9.6.40 sinh z=211(z)+213(z)+215(z)+

9.6.33
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Other Differential Equations

The quantity ?2 in equations 9.1.49 to 9.1.54
and 9.1.56 can be replaced by - X2 if at the same
time the symbol ?t in the given solutions is
replaced by .

9.6.41

zw"+ z(1 ± 2z)w' + (± z v2)w=O, w-e2f,(z)

Differential equations for products may be
obtained from 9.1.57 to 9.1.59 by replacing z by
iz.

Derivatives With Respect to Order
9.6.42

i,z)=i,z) in (4z) (4z)' ',t(v+k+l) (4z2)1

r(+k+1) k!

9.6.43

K,(z)==4ir csc(vlr)

ircot(vir)K,(z) (vO,±1,±2, .

9.6.44

(Y' [ Ir(z)]

K(z) n?(4z)-1 k
(4z)kI(z)+. 2 kO (nk)k!

9.6.45

roL''] n!(4z)" (4z)kKk(z)
,,, 2 (nk)k!

9.6.46

[- K(z)]=O

Expressions in Terms of ilypergeometric Functions

9.6.47
(4 z)'IP(z)r(+1) 0F (v+1; 4z2)

zM0,,(2z)(4z)Ye_zM (v+4, 2v+1,F(v+1)

9.6.48 K,(z)=(!)iW0 ,(2z)

(0F is the generalized hypergeometric function.
For M(a, b, z), Mo,,(z) and W(,,(z) see chapter 13.)

Connection With Legendre Functions

If u and z are fixed, .9z>O, and p-4 through
real positive values

9.6.49 11m { P;' (cosh f)) =4(z)

OF INTEGER ORDER 377

9.6.50 11m { ve Q (cosh f) } =K(z)

For the definition of P;' and Q, see chapter 8.

Multiplication Theorems
9.6.51

(X2_1)k(4z)k .'(z) (X2-1I<1)9K,(Xz) =X'
k-O k!

If ft=I and the upper signs are taken, the re-
striction on X is unnecessary.

9.6.52

I,(z)=ÊJ.+(z), J.(z)=Ê ()kzk
kO k. k-O

Ip+t(Z)

Neumann Series for K(x)
9.6.53

K(z)=r()''ln (4z)/'(n+1)}I(z)
(4)kJ()

2 k (nk)k!

+()" 'c' (n+2k)Ifl2k(z)
k(n+k)

9.6.54 Ko(z)= {in (42)+7}Io(z)+2 f Iaj(z)

Zeros

Properties of the zeros of I,(z) and K,(z) may
be deduced from those of J,(z) and H° (z) respec-
tively, by application of the transformations
9.6.3 and 9.6.4.

For example, if y is real the zeros of I,(z) are all
complex unless 2k<v<(2k-1) for some posi-
tive integer k, in which event I,(z) has two real
zeros.

The approximate distribution of the zeros of
K(z) in the region 4rarg z4ir is obtained on
rotating Figure 9.6 through an angle so that
the cut lies along the positive imaginary axis.
The zeros in the region 4irarg zk are their
conjugates. K(z) has no zeros in the region
I
arg zj ìir; this result remains true when n is

replaced by any real number y.

9.7. Asymptotic Expansions

Asymptotic Expansions for Large Arguments

When i' is fixed, IzI is large and i=42
9.7.1

(M-1)CuD)I,(Z)'...'{1 /h_1+
2!(8z)2

.} (argzj<4ir)3!(8z)
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9.7.2

K.(z)'.tJ e_i+1+_1)_9)2!(82)2

.1 (arg zI<1r)
3! (8z)

9.7.3

I----{1 i+3 (,-1)(+15)
.,/2irz 8z + 2!(82)2

.}
(argz<ir)

9.7.4

K(z) ' _/-e (1
(-1)(,+15)

(Iarg2j<k)

The general terms in the last two expansions
can be written down by inspection of 9.2.15 and
9.2.16.

If y is real and non-negative and 2 is positive
the remainder after k terms in the expansion
9.7.2 does not exceed the (k+ 1)th term in absolute
value and is of the same sign, provided that
k y -

9.7.5
i iL-i

I,(z)K,(z) 1_2 (22)2

i.3(-1)(-9)
.(2z)

(arg zf<ir)
9.7.6

i {1+1 4_3I(z)K(z)-..-- 52

1.1 (u_1)(JL_45)+
2.4 (2z)

(arg f<ir)
The general terms can be written down by
inspection of 9.2.28 and 9.2.30.

Uniform Asymptotic Expansions for Large Orders

i e"
9.7.7 I,(yz)-..' {1+Ê ,, }/;;; (1+22)1/4 k=1

9.7.8
e"'

y 2y (1+22)u14 k=1
k }

FUNCTIONS OF INTEGER ORDER

i (1+22)1/4
e"{1--9.7.9 I(vz)'-

Z k.lV
9.7.10

I (1+)'K(vz),--i- e_vi (__)k.'!}
V2v z k=1

When v-+-}- , these expansions hold uniformly
with respect to z in the sector arg zI fir- E,
where is an arbitrary positive number. Here

9.7.11 t=i[vTT, /1+22+1fl
Z

i+/1+z2
and uk(t), vk(t) are given by 9.3.9, 9.3.10, 9.3.13
and 9.3.14. See [9.38] for tables of i,
vk(t), and also for bounds on the remainder
terms in 9.7.7 to 9.7.10.

9.8. Polynomial Approximations

In equations 9.8.lto 9.8.4, t=x/3.75.

9.8.1 -3.75x3.75
10(x) = 1+3.51562 29t2+3.08994 24t4+ 1.20674 92t6

+.26597 32t8+.03607 68t'°+.00458 13t12+

lEk(1.6X107

9.8.2 3.75

xleIo(x) = .39894 228 + .01328 592t1
+.00225 319t2- .00157 565t3
+.00916 281t-4-.02057 706e-5
+.02635 537t-6-.01647 633t-7

+.00392 377t8+e

ll<1.9X10

9.8.3 -3.75x3.75
x'11 (x) = + .87890 594t2+ .51498 869f4

+.15084 934f6 +.02658 733f8
+.00301 532t'°+.00032 411t'2+e

IEl<8X10°

9.8.4 3.75 x<
x1eIj(x)=.39894 228-.03988 024t1

-.00362 018t2+.00163 801r3
-.01031 555t-4+.02282 967t5
-.02895 312t-°+.01787 654r7

- .00420 059t8+

ll<2.2X101

4 See footnote 2, section 9.4.



9.8.5 0<z2
K0(z)=ln (t/2)I0(a).5772l 566

+ .42278 420(x/2)2+ .23069 756 (x/2)4
+.03488 590(z/2)6+.00262 698(x/2)8
+ .00010 750 (z/2)'°+ .00000 740 (x/2)12+ E

<1x108
9.8.6 2x<

+.00053 208(2/x)°+e

161<1.9>< 10

9.8.7

xK1(x)=x in (x/2)Ii(x)+1+.15443 144(x/2)2
.67278 579(x/2)4 .18156 897(x/2)6

.01919 402(x/2)8.00110 404(x/2)'°

.00004 686(z/2)'2+e

I<8X 10

9.8.8 2z<
xezKj()=1.25331 414+.23498 619(2/x)

.03655 620(2/x)2+.01504 268(2/x)3

.00780 353(2/x)4-4-.00325 614(2/x)5
- .00068 245(2/x)6+e

kI<2.2X 10

For expansions of 10(x), K0(x), Ij(x), and K1(x)
in series of Chebyshev polynomials for the ranges

0z8 and 08/x1, see [9.37].

Kelvin Functions

9.9. Definitions and Properties

In this and the following section y is real, z is
real and nonnegative, and n is again a positive
integer or zero.

Definitions
9.9.1

ber, x+i bei, z__J,(xe3Tu4) =eJ,(ze'4)

=e1I,(ze'4) =eaP/2I,(ze_3nu/4)

9.9.2

ker, x+i kei, x=e_ilK,(zeTud)

= iriH" (xe3Tu/4) = (xe4)
When v=0, suffices are usually suppressed.

BESSEL FUNCTIONS OF INTEGER ORDER

9.9.9
cos{(v+k)ir}ber,z=(x)'E k!F(v+k+1)

(2)1c

bei, x= (ix)' sin { (v+?c)ir}
kO k!F(v+k+1)

(2)k

9.9.10
(2)2 (1x2)4

ber x=1 (2!)2 + (4!)2 -

(x2)3
bei x=x2 (3!)2 +i

9.9.11
n-1

kern x='t(z) cos
kO

(nk-1)!
k!

(x2)k_1n (ix) bern X+ir bein z

+x)" E cos {(n+ik)ir}
k=O

x 111) }
k!(n+k)!
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xleKo(x)=1.25331 414.07832 358(2/x)
+.02189 568(2/x)2 .01062 446(2/x)3
+.00587 872(2/x)4 .00251 M0(2/x)5

Differential Equations
9.9.3

z2w"+zw'--- (ix2+v2)w=0,
w=ber, x+i bei, z, ber_, z+i beL, z,

ker, x+i kei, z, ker., x+i keL, z

9.9.4

x4w"+23w" (1+2v2) (z2w"zw')

+ (v4-4v2+x4)w0,
w=ber, z, bei±, z, ker±, z, kei±, z

Relations Between Solutions
9.9.5

ber.., z=rcOs(vir) ber, z+sin(vlr) bei, z

+ (2/ir) sin(vir) ker, z

bei_, x=sin(vir) ber, x+cos(vir) bei, z

+ (2/ir) sin (vr) kei, z

9.9.6

ker_, x=cos(vir) ker, xsin(vir) kei, y
kei_, z==sin(vir) ker, z+cOs(vlr) kei, z

9.9.7 ber..., z=()"ber x, bei_a x=()' beix

9.9.8 ker_ z=() kern z, kei_ x= ()' kein z

Ascending Series
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n-1
kein x=(x) E sin {(*n+k)i-}

kO

(x2)k_ln (ix) bein xtir bern
k!

+x)t& sin { (In+?c)ir}
k'-O

{i&(k+ 1) +#(m+k+ 1) } (x2)k
k!(n-j-k)!

where '(n) is given by 6.3.2.

9.9.12

ker x=ln (ix) ber x+r bei x
,(21c+1) (1x2)2k

kO {(2k)!}2

kei x=ln (ix) bei xtir ber x
#(2k+2)+E ()k

kO {(2k-f-1)!}2
('x2)2

Functions of Negative Argument

In general Kelvin functions have a branch
point at x=O and individual functions with argu-
ments are complex. The branch point is
absent however in the case of ber, and bei, when p

is an integer, and

BESSEL FUNCTIONS OF INTEGER ORDER

9.9.16
-.J ber' x=ber1 x+bei1 s

bei' x=ber1 x+bei1 s
9.9.17

- ker' x=ker1 x+kei1 s

&kei' x=ker1 x+kei1 s

Recurrence Relations for Cross-Products
If

9.9.18
p,=ber x+bei z
q,=ber, s bei xber s bei, s
r,,=ber, s ber; z+bei, z bei; x
s,=ber2 s+bei2 s

4V r,

q,i= - p,+r,= - q.-1+ 2r,

r,1= (v-f-1)

1 18,= Pi'+i+ P-i---;:,i P'
and

9.9.20 p,s,=r+q
The same relations hold with ber, bei replaced
throughout by ker, kei, respectively.

Indefinite Integrals

In the following J,., g, are any one of the pairs
given by equations 9.9.15 and Ji', g' are either the
same pair or any other pair.

9.9.21
51+v

fxl+PJcdx=__ (J,+1g,1)=x' ( g1,g;)

9.9.22

,dx= (J,_1g,_1)=x' ( ,+g;)f Xi_p

9.9.23

f x(J,g' 1*)dx.__.. 2/
g(f,+1g,+1)J,(ft+i+g+1) +g,(ft+1g+i)

i x(Jftf..J' +ggg,')

9.9.13

ber(x)=()" bers x, bei(x) =(_)" bei,, x

Recurrence Relations

9.9.14

f..+i+f,-i=------ (f,g,)

f' i (f+i+g1j-1g,1)
p

(f,i+g,--i)

then

9.9.19

where

9.9.15

f,=ber, X J,=bei, s

g,==bei, x g,=ber, s

f,=ker, s f=kei, s
g,=kei, s g,=ker, s



9.9.24

x2(2J,g-f,_igj
*f,+ig,-i+ g1j, g.-iJ+i g,1f,-1)

9.9.25

= - (x/-/) (fPf?+1 +g,gp+i -J,g,+1 +f..+ig,)

9.9.26

J' xf,g4x=

9.9.27

fx(f-g)dx= z2

Ascending Series for Cross-Products
9.9.28

ber x+bei x=
e (2)2k

(X)2V
r(v+k+1)r(v+2k+i) k!

9.9.29

ber, z bei: x-ber: z bei, z
e (x2)2k

= (x)2Y+l
o F(v+k+1)F(v+2k-I-2) k!

9.9.30

bers z ber x+bei, z bei z
i (p2)2k=x)21±kO F(v+k+1)I'(v+2k) k!

9.9.31

ber x+bei? z

Ê (2k2+2vk+v2) (xS)Sk

kO r(v+k+1)r(v+2k+1) k!

Expansions in Series of Bessel Functions

9.9.32

eaP+tnu/4z2Jv+k(x)ber. x+i bei' x=E
kO 2k!

=± e(8P+3t)T4x1Ip+ft(x)

k-O 2 k!
9.9.33

bers (x-/) ke ?2+kJ (x)I (z)

Ic Tbei(x/)= Ê (-j, IJn+2k+1(x)I2k+1(x)krn-e

BESSEL FUNCTIONS OF INTEGER ORDER

9.10. Asymptotic Expansions

Asymptotic Expansions for Large Arguments

When vis fixed and xis large

9.10.1

ber,, x= f J,(x) cos a+g..(z) sin a }

Zeros of Functions of Order Ze5

bei, x={f,,(z) sin a-g,(x) cos a}

+ fcos (2vir) ker, x-sin (2vir) kei, x}

9.10.3

ker, x_-..Jrr/(2x)e'M{f,(_x) cos ß-g,(-x) sin ß)

9.10.4

kei, x=..Jir/(2xezI .12 f -J,(-x) sin ß-g,(-z) cos ß}

where

9.10.5.

(x/f) + (v-)ir, ß=(x/-,/2)+(v+*)7ra+ìlr
and, with 4v2 denoted by ,u,

9.10.6

f,,(±z)
{1z-(2k-i)2} Ikw\

k1 k!(8x)k cos)

381

fsm (2vw) ker, x+cos (2vir kei, x}

9.10.2

5 From British Association for the Advancement of
Science, Annual Report (J. R. Airey), 254 (1927) with
permission. This reference also gives 5-decimal values of
the next five zeros of each function.

ber z bei z ker z kei z

ist zero 2. 84892 5. 02622 1. 71854 3. 91467
2nd zero 7. 23883 9. 45541 6. 12728 8. 34422
3rd zero 11. 67396 13. 89349 10. 56294 12. 78256
4th zero 16. 11356 18. 33398 15. 00269 17. 22314
5th zero 20. 55463 22. 77544 19. 44381 21. 66464

ber' z bei' z ker' z kei' z

ist zero 6. 03871 3. 77320 2. 66584 4. 93181
2nd zero 10. 51364 8. 28099 7. 17212 9. 40405
3rd zero 14. 96844 12. 74215 11. 63218 13. 85827
4th zero 19. 41758 17. 19343 16. 08312 18. 30717
5th zero 23. 86430 21. 64114 20. 53068 22. 75379
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9.10.7

g,( ± z)

k (-1)(-9) . . {(2k-1)2} . (kir
k!(8x)k 5

The terms6 in ker, z and kei, z in equations 9.10.1
and 9.10.2 are asymptotically negligible compared
with the other terms, but their inclusion in numeri-
cal calculations yields improved accuracy.

The corresponding series for ber z, b ei z, ker z
and kei z can be derived from 9.2.11 and 9.2.13
with z=xe3'4; the extra terms in the expansions
of ber z and bei z are respectively

- (1/ir) {sin(2vir)ker x+cos(2vir)kei z}

and
(1/ir) {cos(2vir)ker xsîn(2vir)kei x}.

Modulus and Phase

9.10.8

M, '(ber z +bei z), 8,= arctan (bei, ziber, z)

9.10.9 ber,x=M, cos O,, bei,x=M, sin O,

9.10.10 M_=M, O.Onir
9.10.11

ber i=M,+1 cos(O,iir) M.1 cos (O,_jir)
=(v/x)M, cos 8,+M,+1 cos (O,+iir)
= - (v/x)1f, cos O,M,_1 cos (O,_1ir)

9.10.12

bei x-4M,i sin (O,iir) M,_1 sin (8,_i kir)
= (v/z) M, sin O,+M,+1 sin - tir)
= - (v/x)M, sin 8,-1k!,_ sin (O,.. tir)

9.10.13

ber' x_M1 cos (Oiir), bei' z=M1 sin (Oiir)

9.10.14

cos (0,1O,ir)
= - (v/x)M,M,_j cos (8,_iO, tir)

9.10.15

= (M.11.TVI,) sin (0, - O, tir)
= - (M,_1/M,) sin O, tir)

6 The coefficients of these terms given in [9.17] are in-
correct. The present results are due to Mr. G. F. Miller.
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9.10.16

M=M1 cos (OiOoir)
O= (M1/M0) sin (OiOoir)

9.10.17

d(xMO)/dx=aM, x2M' +xM v2M,=x2M,O2

9.10.18

N,= -/(ker z +kei z), 4',= aretan (kei, x/ker, z)

9.10.19 ker,x=N,cos /,,, kei,x=N, sin ,

FIGURE 9.10. ber x, bei z, ker z and kei z.

o

FIGURE 9.11. ln M0(x), 00(x), in No(x) and 0(x).

Equations 9.10.11 to 9.10.17 hold with the symbols
b, M, O replaced throughout by k, N, 4, respectively.
In place of 9.10.10

9.10.20 N_,=N,, _,=,+vir

-2

-3

-4
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Asymptotic Expansions of Modulus and Phase

When i' is fixed, x is large and j=4v2

9.10.21

11e42 {1_ILl i +(W_1)2
8I2 s 256 s2

(IL1)(IL2+14IL399)l 011
6144.J2

9.10.22

IL-1 i (ILi)(IL-25) iln in (2irx) 8f2 s 384f2

(1)(,ai3)
128

9.10.23

l+L_1 i

(,z i) (/L-25) (i)
384-f2 z3

9.10.24

e_1Y{l+j +(ILl)21
256 2

1 ()}6144'2

9.10.25

in N,=+ In ()+-- +_1)_25) i
8/2 X 384V2

(IL-1) (p-13)
128 s4

9.10.26

ILil p11
16

+(IL_1)(IL_25) 1+0 ()384/2 s3

Asymptotic Expansions of Cross-Products

If z is large

9.10.27

e2(ii+1 iber2x+bei2x' ---2rx

33 1 17971
2562 X3 8192

9.10.28
e2/1 11ber z bei' xber' x bei x-- --I-.- -2irx \f2 8 s

9 i 39 1 75 1
+64/2 i+Sl2 +8192V2 i+

OF INTEGER ORDER

9.10.29
9'f1 31ber s ber' x+bei z bei' s'-'--
2irx

15 1 45 1 315
64J2 s2 512 s3+8192/2 i+

9.10.30
91ber'2 s+bei'2 z-'--e12(3

i27rx

75 1 24751
+256V2 +...)

9.10.31
1 11

ker2 x+kei2 2s

33 1 17971
+2561253 8192+

9.10.32
11

2s

9 1 39 1 75 1

+64f2 z2 512 X3+8192f2 X4+

9.10.33

ker s ker' x+kei s kei' x-'---- 6-x2 / i 3 1
2x

383

151 451 315 1

MV2 x2+512 s3+8192/2 X4+

9.10.34
91ker'2 x+kei'2 z -e_I2(1+ +j2x

75 1 24751
25&/2z3+8192+")

Asymptotic Expansions of Large Zeros

Let
9.10.35

¡L1 1hi (izi)(Sp+lO) 30zl)2
1536ö3 + 5128's +

where z=4v2. Then if s is a large positive integer

9.10.36

Zeros of bers x-1/{öf()},
Zeros of bei' s/{&f(5)},
Zeros of ker, z».--/{6+J(&)}, ô=(sv*)ir
Zeros of kei. x-'--(ö+J(&)}, &=(sv)1r
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For ¡'=0 these expressions give the sth zero of
each function; for other values of y the zeros
represented may not be the sth.

Uniform Asymptotic Expansions for Large Orders

When y is large and positive

9.10.37

ber(vz) +i bei9(vx)
evE /X88T4\/;;I\ '+E) {1+'}

9.10.38

ker, (vx) +i kei, (vx)

I- e_4(xl+ {1+E
2v k=1

k }

9.10.39

ber (vx) +i bei (yx)

I e4 /xe3''4"
"\ 1+E) {1+f1'}

9.10.40

ker (vx)+i kei (vx)

/ir xe34\' k'k(E)
2v Z (+ {1-f-E(

where

9.10.41 =i(l +ix2
and ik(t), v8(t) are given by 9.3.9 and 9.3.13. All
fractional powers take their principal values.

9.11. Polynomial Approximations

9.11.1 -8x8
berx=1-64(x/8)4+113.77777 774(2/8)8

-32.36345 652(x/8)12+2.64191 397(z/8)16

- .08349 609(2/8)20+ .00122 552(2/8)24

-.00000 901(2/8)28+6

kKl X i0

9.11.2 -8x8
bei x=16(x/8)2-113.77777 774(2/8)6

+ 72.81777 742(2/8) i010.56765 779 (xI8)

+.52185 615(z/8)18_.01103 667(2/8)22

+.00011 346(x/8)28+
<6 X 10

OF ITEGEE ORDER

9.11.3 0<x8
ker x= -in (ix) ber x+?r bei x- .5772 1 566

-59.05819 744(x/8)+171.36272 133(2/8)8

-60.60977 451(2/8)12+5.65539 121(x/8)'6
- .19636 347(x/8)20+.00309 699(2/8)24

- .00002 458(x/8)28+t

J<1 X 10_8

9.11.4 0<x8
kei 2=-ln(4x)bei x- ber z+6.76454 936(x/8)2

- 142.91827 687(2/8)6+124.23569 650(2/8)10

-21.30060 904(x/8) '+ 1.17509 064(2/8)18

- .02695 875(2/8)22 + .00029 532(2/8)26 + t

I!<3 X 10

9.11.5 -8x8
ber' x=.x[_4(x/8)2+14.22222 222(x/8)°

-6.06814 810(x/8)10+.66047 849(Z/8)'

- .02609 253 (x/8) 18+ .00045 957(2/8)22

- .00000 394(2/8)261+6

kI<2.l X 10_8

9.11.6 -8x8
bei' 2=x[j- 10.66666 666(x/8)

+ 11.37777 772(x/8)8_2.31167 514(x/8)12

+ .14677 204 (x/8) 16_ .00379 386(2/8)20

+ .00004 609 (x/8) 24} +

kK7X 10_8

9.11.7 0<x8
ker' x=-In (ix) ber' x-x' ber x+,r bei' x

+x[-3.69113 734(2/8)2+21.42034 017x/8)

- 11.36433 272(x/8)°+1.41384 780z/8)14

-.06136 358(x/8)18+.00116 137(z/8)22

- .00001 075(2/8)261+6

e!<8X 1OE8
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9.11.8 0<x8
kei' x=-ln (ix) bei' x-x' bei x-tir ber' z

+x[.21139 217-13.39858 846(x/8)4

+ 19.41182 758(x/8)8--4.65950 823(x/8)12

+.33049 424(x/8)16- .00926 707(x/8)2°

+.00011 997(x/8)24]+e

kI<7 X 10-8

9.11.9 8x<

ker x+i kei x=J(x)(1+ei)

J(x)= /iiexpr 1+i +O(-x)]
\!2x

kI<1 X iO

9.11.10 8x<
ber x+i bei x-p- (ker x+i kei x)=g(x)(1-+-62)

(z)- 1 rl+ig __exPL7_x+o(x)]

k21<3X 10

9.12. Use and Extension of the Tables

Example 1. To evaluate J(1.55), n=0, 1, 2,
each to 5 decimals.

The recurrence relation

J_j(x) +J+1(x)= (2n/x)J(x)

can be used to compute Jo(x), Jj(x), J2(4, . . .,
successively provided that n<x, otherwise severe
accumulation of rounding errors will occur.
Since, however, J(x) is a decreasing function of n
when n>x, recurrence can always be carried out
in the direction of decreasing n.

Inspection of Table 9.2 shows that J(1.55)
vanishes to 5 decimals when n>7. Taking arbi-
trary values zero for J9 and unity for J8, we compute
by recurrence the entries in the second column of
the following table, rounding off to the nearest
integer at each step.

Numerical Methods

OF INTEGER ORDER 385

where

9.11.11

O(x)=(.00000 00-.39269 9h)

+(.01104 86-.01104 85i)(8/x)

+ (.00000 00- .00097 6M) (8/4

+(-.00009 06-.00009 Oli) (8/x)3

+ (-.00002 52 + .00000 OOi) (8/x)4

+(-.00000 34+.00000 51i)(8/x)
+ (.00000 06 + .00000 19i) (8/4e

9.11.12 8x<
ker' x+i kei' x=-f(4(-x)(1+s3)

1631<2 X i0-

9.11.13 8x<
ber' x+i bei' x- (ker' x+i kei' 4 =g(z)(x) (1+84)

where

9.11.14

(x)=(.70710 68+.70710 68i)

+(-.06250 01-.00000 Oli)(8/x)
+(-.00138 13+.00138 iii) (81x)2

+ (.00000 05 + .00024 52i) (8/4e

+ (.00003 46 + .00003 38i) (8/4

+(.00001 17-.00000 24i)(8/x)5

+(.00000 16-.00000 32i)(8/4

We normalize the results by use of the equation
9.1.46, namely

Jo(x)+2J2(x)+2J4(x)+ . . . =1

This yields the normalization factor

1641<3 X iø

1/322376=.00000 31019 7

n Trial values J(1.55)
9 0 .00000
8 1 .00000
7 10 .00003
6 89 .00028
5 679 .00211
4 4292 . 01331
3 21473 . 06661
2 78829 . 24453
1 181957 . 56442
o 155954 . 48376



and multiplying the trial values by this factor we
obtain the required results, given in the third
column. As a check we may verify the value of
J0(1.55) by interpolation in Table 9.1.

Remarks. (i) In this example it was possible
to estimate immediately the value of n=N, say,
at which to begin the recurrence. This may not
always be the case and an arbitrary value of Nmay
have to be taken. The number of correct signifi-
cant figures in the final values is the same as the
number of digits in the respective trial values.
1f the chosen N is too small the trial values will
have too few digits and insufficient accuracy is
obtained in the results. The calculation must
then be repeated taking a higher value. On the
other hand if N were too large unnecessary effort
would be expended. This could be offset to some
extent by discarding significant figures in the trial
values which are in excess of the number of
decimals required in J,,.

If we had required, say, J,(1.55), J1(1.55),
J10(1.55), each to 5 significant figures, we

would have found the values of J10(1.55) and
J11(1.55) to 5 significant figures by interpolation
in Table 9.3 and then computed by recurrence
J9, J8, . . ., J0, no normalization being required.

Alternatively, we could begin the recurrence at
a higher value of N and retain only 5 significant
figures in the trial values for n 10.

Exactly similar methods can be used to
compute the modified Bessel function I,,(x) by
means of the relations 9.6.26 and 9.6.36. If z is
large, however, considerable cancellation will
take place in using the latter equation, and it is
preferable to normalize by means of 9.6.37.

Example 2. To evaluate Y,,(l.55), n=O, 1, 2,
10, each to 5 significant figures.

The recurrence relation
Y,,j(x) + Y,,+1 (z)= (2n/x) Y,,(x)

can be used to compute Y,,(x) in the direction of
increasing n both for n<x and n>; because in
the latter event Y,, (z) is a numerically increasing
function of n.

We therefore compute Y0(l.55) and Y1(l.55) by
interpolation in Table 9.1, generate Y2(l.55),
Y,(l.55), . . ., Y10(l.55) by recurrence and check
Y10(l .55) by interpolation in Table 9.3.

Remarks. (i) An alternative way of computing
Y0(x), should J0(x), J2(x), J4(x), . . ., be avail-
able (see Example 1), is to use formula 9.1.89.
The other starting value for the recurrence,

can then be found from the Wronskian
relation J1(x) Y0(x) -Jo(x) Y1(x) =2/(irx). This is a
convenient procedure for use with an automatic
computer.

(ii) Similar methods can be used to compute the
modified Bessel function K,,(x) by means of the
recurrence relation 9.6.26 and the relation 9.6.54.
except that if z is large severe cancellation will
occur in the use of 9.6.54 and other methods for
evaluating K0(x) may be preferable, for example,
use of the asymptotic expansion 9.7.2 or the poiy-
nomial approximation 9.8.6.

Example 3. To evaluate J0(.36) and Y0(.36)
each to 5 decimals, using the multiplication
theorem.

From 9.1.74 we have

(_)k(X2_l))k
ÇÇ0(Xz) =akÇf(z), whereak -

k=0 k!

We take z=.4. Then X=.9, (X2-l)(z)=--.O38,
and extracting the necessary values of Jk(.4) and
Yk(.4) from Tables 9.1 and 9.2, we compute the
required results as follows:

Remark. This procedure is equivalent to inter-
polating by means of the Taylor series

o(z+h)
k.0

at z=.4, and expressing the derivatives '(z) in
terms of ',(z) by means of the recurrence rela-
tions and differential equation for the Bessel
functions.

Example 4. To evaluate J,(x), J(x), Y(x)
and Y(x) for v=50, x=75, each to 6 decimals.

We use the asyiilptotic expansions 9.3.35, 9.3.36,
9.3.43, and 9.3.44. Here z=x/z'=3/2. From 9.3.39
we find

(_.)3/2!/_arccos =+.2769653.
3 2

k
0
1

2
3
4
5

a,.
+1.0
+0.038
+0.7220X 10-8
+0.914X10-5
+0.87X 10-r
+0.7X109

a,..T,.(.4)
+ .96040
+ .00745
+ .0000 1

a,.Y,.(.4)- .60602
- .06767
- .00599
- .00074
-.00011
- .00002

¿(.36) = + .96786 Y0(.36) - .68055

n Y(1.55) n Y,,(1.55)

0 +0. 40225 6 -1. 9917X102
1 -0.37970 7 -1.5100X103
2 -0.89218 8 -1.3440X104
3 -1.9227 9 -1.3722X108
4 -6. 5505 10 -1. 5801X106
5 -31. 888
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Hence

- .5567724 and ( ._22) + 1.155332.

Next,
v"3.684O31, 2/3._ -7.556562.

Interpolating in Table 10.11, we find that

Ai(v2) = + .299953, Ai'(v213)= +.451441,

Bi(v213) = - .160565, ]3i'(v2) +.819542.

As a check on the interpolation, we may verify
that Ai Bi'-Ai'Bi=1/2r.

Interpolating in the table following 9.3.46 we
obtain

bo()=+.0136, c0()=+.1442.

The contributions of the terms involving a1()
and d1() are negligible, and substituting in the
asymptotic expansions we find that

J50(75)=r + 1.155332(50"3X .299953

+50'X .451441 X .0136)= + .094077,

J(75) = - (4/3) (1 .155332)'(504'3X .299953

X.1442+502X.451441)=-.038658,

-1 .155332(-50'3X .160565
+503X .819542 X .0136)= + .050335,

Y0(75) = + (4/3) (1.155332)(-50413X .160565

X .1442+50213X .819542)= + .069543.

As a check we may verify that

JY'-J'Y=2/(757).

Remarks. This example may also be computed
using the Debye expansions 9.3.15, 9.3.16, 9.3.19,
and 9.3.20. Four terms of each of these series are
required, compared with two in the computations
above. The closer the argument-order ratio is to
unity, th& less effective the Debye expansions
become. In the neighborhood of unity the expan-
sions 9.3.23, 9.3.24, 9.3.27, and 9.3.28 will furnish
results of moderate accuracy; for high-accuracy
work the uniform expansions should again be used.

Example 5. To evaluate the 5th positive zero
of J30(x) and the corresponding value of J0(x),
each to 5 decimals.

We use the asymptotic expansions 9.5.22 and
9.5.23 setting v=10, s=5. From Table 10.11

273-888 0-67-26

Interpolating for 1/X= .667, we obtain
(X-1)' =3.134 and thence the required root
aÀ=6.268.

Example 7. To evaluate bers 1.55, bei, 1.55,
n=0, 1, 2, . . ., each to 5 decimals.

We use the recurrence relation

J_1(xe3'4) +Ji(xe''4)
(1+i)Jn(xesnil4),

taking arbitrary values zero for Jg(xeaTi4) and
1+Oi for J8(xe3'4) (see Example 1).

1/X

0.4
(X- 1)a
3.110

8

+21

M

0.6 3.131 -12
+9

0.8 3.140 -7
+2

1.0 3.142(ir)
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we find

a5=-7.944134, Ai'(a5)=+.947336.

Hence

= 102"3a5= .21544347a5= -1.7115118.

Interpolating in the table following 9.5.26 we
obtain

z(r)= +2.888631, h(-)= +.98259,
.f1()=+.0107, F3()=-.0O1.

The bounds given at the foot of the table show
that the contributions of higher terms to the
asymptotic series are negligible. Hence

.11O. 5=28.88631 +.00107+ . . . =28.88738,

2 .947336=
- 10' 2.88863 1 X .98259

X(1-.00001+ . . .)=-.14381.

Example 6. To evaluate the first root of
J0(x)Yo(Xx)-Yo(x)Jo(Xx)=0 for X= to 4 signifi-
cant figures.

Let denote the root. Direct interpolation
in Table 9.7 is impracticable owing to the
divergence of the differences. Inspection of
9.5.28 suggests that a smoother function is
(X-1 )a1). Using Table 9.7 we compute the fol-
lowing values



The values of berx and beix are computed by
multiplication of the trial values by the normal-
izing factor
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Compiled from British Association for the Advancement of Science, Bessel func-
tions, Part II. Functions of positive integer order, Mathematical Tables, vol. X
(Cambridge Univ. Press, Cambridge, England, 1952) and Harvard Computation
Laboratory, Tables of the Bessel functions of the first kind of orders O through

135, vols. 3-14 (Harvard Univ. Press, Cambridge, Mass., 1947-1951) (with per-
mission).

Table 9.1 BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

Jo(z) Ji (x) J2()
0.0 1.00000 00000 00000 0.00000 00000 0.00000 00000
0..1 0. 99750 15620 66040 0. 04993 75260 0. 00124 89587
0.2 0.99002 49722 39576 0.09950 08326 0.00498 33542
0.3 0.97762 62465 38296 0.14831 88163 0.01116 58619
0. 4 0. 96039 82266 59563 0. 19602 65780 0. 01973 46631

0.5 0.93846 98072 40813 0.24226 84577 0.03060 40235
0.6 0.91200 48634 97211 0.28670 09881 0.04366 50967
0.7 0.88120 08886 07405 0.32899 57415 0.05878 69444
0.8 0. 84628 73527 50480 0. 36884 20461 0. 07581 77625
0.9 0. 80752 37981 22545 0.40594 95461 0. 09458 63043

1. 0 0. 76519 76865 57967 0. 44005 05857 0. 11490 34849
1.1 0. 71962 20185 27511 0. 47090 23949 0. 13656 41540
1. 2 0. 67113 27442 64363 0. 49828 90576 0. 15934 90183
1.3 0.62008 59895 61509 0.52202 32474 0.18302 66988
1.4 0.56685 51203 74289 0.54194 77139 0.20735 58995

1.5 0.51182 76717 35918 0.55793 65079 0.23208 76721
1.6 0.45540 21676 39381 0.56989 59353 0.25696 77514
1.7 0.39798 48594 46109 0.57776 52315 0.28173 89424
1.8 0.33998 64110 42558 0.58151 69517 0. 30614 35353
1.9 0.28181 85593 74385 0.58115 70727 0.32992 57277

2.0 0. 22389 07791 41236 0. 57672 48078 0. 35283 40286
2.1 0.16660 69803 31990 0.56829 21358 0.37462 36252
2.2 0. 11036 22669 22174 0. 55596 30498 0. 39505 86875
2.3 0.05553 97844 45602 0.53987 25326 0.41391 45917
2.4 +0. 00250 76832 97244 0.52018 52682 0.43098 00402

2. 5 -0. 04838 37764 68198 0.49709 41025 0.44605 90584
2.6 -0. 09680 49543 97038 0.47081 82665 0.45897 28517
2.7 -0. 14244 93700 46012 0.44160 13791 0.46956 15027
2.8 -0. 18503 60333 64387 0. 40970 92469 0. 47768 54954
2.9 -0. 22431 15457 91968 0. 37542 74818 0. 48322 70505

3. 0 -0. 26005 19549 01933 0. 33905 89585 0.48609 12606
3.1 -0.29206 43476 50698 0.30092 11331 0.48620 70142
3.2 -0. 32018 81696 57123 0. 26134 32488 0. 48352 77001
3. 3 -0. 34429 62603 98885 0.22066 34530 0.47803 16865
3.4 -0. 36429 55967 62000 0.17922 58517 0.46972 25683

3.5 -0.38012 77399 87263 0.13737 75274 0.45862 91842
3.6 -0. 39176 89837 00798 0. 09546 55472 0.44480 53988
3.7 -0. 39923 02033 71191 0.05383 39877 0.42832 96562
3. 8 -0. 40255 64101 78564 +0. 01282 10029 0.40930 43065
3.9 -0.40182 60148 87640 -0.02724 40396 0.38785 47125

4. 0 -0. 39714 98098 63847 -0. 06604 33280 0. 36412 81459
4. 1 -0. 38866 96798 35854 -0. 10327 32577 0. 33829 24809
4.2 -0. 37655 70543 67568 -0. 13864 69421 0. 31053 47010
4.3 -0. 36101 11172 36535 -0. 17189 65602 0.28105 92288
4.4 -0. 34225 67900 03886 -0. 20277 55219 0. 25008 60982

4.5 -0. 32054 25089 85121 -0. 23106 04319 0. 21784 89837
4.6 -0.29613 78165 74141 -0.25655 28361 0.18459 31052
4. 7 -0. 26933 07894 19753 -0. 27908 07358 0. 15057 30295
4. 8 -0. 24042 53272 91183 -0. 29849 98581 0.11605 03864
4.9 -0.20973 83275 85326 -0.31469 46710 0.08129 15231

5.0 -0. 17759 67713 14338 -0. 32757 91376 0. 04656 51163
(-4)6 (-4)5 (-4)3
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BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

Yo(x) Yi(x)

- -

Table 9.1

Y2(x)

-
0.1 -1. 53423 86514 -6. 45895 10947 -127. 64478 324
0.2 -1. 08110 53224 -3. 32382 49881 - 32. 15714 456
0. 3 -0. 80727 35778 -2. 29310 fl384 - 14. 48009 401
0.4 -0. 60602 45684 -1. 78087 20443 - 8.29833 565

0. 5 -0. 44451 87335 -1. 47147 23927 - 5.44137 084
0. 6 -0. 30850 98701 -1.26039 13472 - 3. 89279 462
0. 7 -0. 19066 49293 -1. 10324 98719 - 2.96147 756
0. 8 -0. 08680 22797 -0. 97814 41767 - 2. 35855 816
0. 9 +0. 00562 83066 -0. 87312 65825 - 1.94590 960

1. 0 0. 08825 69642 -0. 78121 28213 - 1.65068 261
1.1 0. 16216 32029 -0. 69811 95601 - 1.43147 149
1.2 0.22808 35032 -0. 62113 63797 - 1.26331 080
1. 3 0. 28653 53572 -0. 54851 97300 - 1. 13041 186
1. 4 0. 33789 51297 -0. 47914 69742 - 1. 02239 081

1. 5 0. 38244 89238 -0. 41230 86270 - 0.93219 376
1.6 0.42042 68964 -0.34757 80083 - 0.85489 941
1. 7 0. 45202 70002 -0. 28472 62451 - 0. 78699 905
1. 8 0. 47743 17149 -0. 22366 48682 - 0. 72594 824
1.9 0. 49681 99713 -0. 16440 57723 - 0.66987 86a

2.0 0.51037 56726 -0.10703 24315 - 0.61740 810
2.1 0.51829 37375 -0.05167 8612].. - 0.56751 146
2. 2 0. 52078 42854 +0. 00148 77893 - 0. 51943 175
2. 3 0. 51807 53962 0. 05227 73158 - 0.47261 686
2.4 0.51041 47487 0.10048 89383 - 0.42667 397

2. 5 0.49807 03596 0.14591 81380 - 0.38133 585
2.6 0.48133 05906 0.18836 35444 - 0.33643 556
2. 7 0.46050 35491 0.22763 24459 - 0.29188 692
2. 8 0. 43591 59856 0. 26354 53936 - 0. 24766 928
2.9 0.40791 17692 0.29594 00546 - 0.20381 518

3.0 0. 37685 00100 0. 32467 44248 - 0.16040 039
3.1 0.34310 28894 0.34962 94823 - 0.11753 548
3.2 0.30705 32501 0.37071 13384 - 0.07535 866
3. 3 0. 26909 19951 0.38785 29310 - 0. 03402 961
3.4 0. 22961 53372 0. 40101 52921 + 0. 00627 601

3.5 0.18902 19439 0.41018 84179 0.04537 144
3. 6 0. 14771 00126 0. 41539 17621 0. 08306 319
3.7 0.10607 43153 0.41667 43727 0.11915 508
3. 8 0. 06450 32467 0.41411 46893 0.15345 185
3.9 +0. 02337 59082 0.40782 00193 0.18576 256

4. 0 -0. 01694 07393 0. 39792 57106 0.21590 359
4. 1 -0. 05609 46266 0. 38459 40348 0. 24370 147
4.2 -0. 09375 12013 0. 36801 28079 0.26899 540
4.3 -0.12959 59029 0.34839 37583 0.29163 951
4.4 -0.16333 64628 0.32597 06708 0.31150 495

4. 5 -0. 19470 50086 0. 30099 73231 0. 32848 160
4.6 -0.22345 99526 0.27374 52415 0.34247 962
4. 7 -0. 24938 76472 0. 24450 12968 0. 35343 075
4.8 -0.27230 37945 0.21356 51673 0.36128 928
4. 9 -0. 29205 45942 0.18124 66920 0. 36603 284

5. 0 -0. 30851 76252 0.14786 31434 0. 36766 288
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J+1(x) =J(x) -J1(x)

Table 9.1

X

BESSEL FUNCTIONS-ORDERS O, i AND 2

Jo(x) Ji (x) J2(x)

5.0 -0.17759 67713 14338 -0. 32757 91376 0. 04656 51163
5.1 -0. 14433 47470 60501 -0. 33709 72020 +0. 01213 97659
5. 2 -0. 11029 04397 90987 -0. 34322 30059 -0. 02171 84086
5.3 -0.07580 31115 85584 -0. 34596 08338 -0. 05474 81465
5.4 -0. 04121 01012 4491 -0. 34534 47908 -0. 08669 53768

5.5 -0.00684 38694 17819 -0. 34143 82154 -0. 11731 54816
5. 6 +0. 02697 08846 85114 -0. 33433 28363 -0. 14637 54691
5.7 0. 05992 00097 24037 -0. 32414 76802 -0. 17365 60379
5.8 0. 09170 25675 74816 -0. 31102 77443 -0. 19895 35139
5.9 0.12203 33545 92823 -0. 29514 24447 -0. 22208 16409

6.0 0.15064 52572 50997 -0. 27668 38581 -0. 24287 32100
6.1 0. 17729 14222 42744 -0. 25586 47726 -0. 26118 15116
6.2 0. 20174 72229 48904 -0. 23291 65671 -0. 27688 15994

6.3 0. 22381 20061 32191 -0. 20808 69402 -0. 28987 13522
6.4 0.24331 06048 23407 -0. 18163 75090 -0. 30007 23264

6.5 0. 26009 46055 81606 -0. 15384 13014 -0. 30743 03906
6.6 0. 27404 33606 24146 -0. 12498 01652 -0. 31191 61379
6.7 0.28506 47377 10576 -0. 09534 21180 -0. 31352 50715

6.8 0. 29309 56031 04273 -0.06521 86634 -0. 31227 75629
6.9 0.29810 20354 04820 -0. 03490 20961 -0. 30821 85850

7. 0 0. 30007 92705 19556 -0. 00468 28235 -0. 30141 72201

7.1 0. 29905 13805 01550 +0. 02515 32743 -0. 29196 59511

7.2 0. 29507 06914 00958 0. 05432 74202 -0. 27997 97413

7.3 0.28821 69476 35014 0. 08257 04305 -0. 26559 49119
7.4 0.27859 62326 57478 0. 10962 50949 -0. 24896 78286

7.5 0.26633 96578 80378 0. 13524 84276 -0. 23027 34105

7.6 0.25160 18338 49976 0. 15921 37684 -0. 20970 34737

7.7 0.23455 91395 86464 0. 18131 27153 -0. 18746 49278

7.8 0.21540 78077 46263 0. 20135 68728 -0. 16377 78404

7.9 0.19436 18448 41278 0. 21917 93999 -0. 13887 33892

8.0 0.17165 08071 37554 0. 23463 63469 -0. 11299 17204

8.1 0.14751 74540 44378 0. 24760 77670 -0. 08637 97338

8.2 0. 12221 53017 84138 0. 25799 85976 -0. 05928 88146

8.3 0. 09600 61008 95010 0. 26573 93020 -0. 03197 25341

8.4 0.06915 72616 56985 0. 27078 62683 -0. 00468 43406

8.5 0. 04193 92518 42935 0. 27312 19637 +0. 02232 47396

8. 6 +0. 01462 29912 78741 0. 27275 48445 0. 04880 83679

8.7 -0.01252 27324 49665 0. 26971 90241 0. 07452 71058

8. 8 -0. 03923 38031 76542 0. 26407 37032 0. 09925 05539

8.9 -0.06525 32468 51244 0. 25590 23714 0. 12275 93977

9.0 -0.09033 36111 82876 0. 24531 17866 0. 14484 73415

9.1 -0. 11423 92326 83199 0. 23243 07450 0. 16532 29129

9.2 -0.13674 83707 64864 0. 21740 86550 0. 18401 11218

9. 3 -0. 15765 51899 43403 0. 20041 39278 0. 20075 49594

9.4 -0. 17677 15727 51508 0. 18163 22040 0. 21541 67225

9.5 -0.19392 87476 87422 0. 16126 44308 0. 22787 91542

9. 6 -0. 20897 87183 68872 0. 13952 48117 0. 23804 63875

9.7 -0.22179 54820 31723 0. 11663 86479 0. 24584 46878

9.8 -0. 23227 60275 79367 0. 09284 00911 0. 25122 29849

9.9 -0. 24034 11055 34760 0. 06836 98323 0. 25415 31929

10.0 -0.24593 57644 51348 0. 04347 27462 0. 25463 03137

r(-4)4
L li

r(-4)41 r(-4)4L7
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r(-4)41 [(-4)41 [(-4)4
L 8 j

Y+1(x)=Y(x)-Y_i(x)
L 6

393

x

BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

Yo(x) Yi(x)

Table 9.1

Y2(x)

5.0 -0,30851 76252 0.14786 31434 0.36766 288
5.1 -0.32160 24491 0.11373 64420 0.36620 498
5.2 -0. 33125 09348 0.07919 03430 0.36170 876
5. 3 -0. 33743 73011 0. 04454 76191 0. 35424 772
5. 4 -0. 34016 78783 +0. 01012 72667 0. 34391 872

5. 5 -0. 33948 05929 -0. 02375 82390 0. 33084 123
5. 6 -0. 33544 41812 -0. 05680 56144 0. 31515 646
5. 7 -0. 32815 71408 -0. 08872 33405 0. 29702 614
5. 8 -0. 31774 64300 -0. 11923 41135 0. 27663 122
5. 9 -0. 30436 59300 -0. 14807 71525 0.25417 029

6. 0 -0. 28819 46840 -0. 17501 03443 0. 22985 790
6. 1 -0. 26943 49304 -0. 19981 22045 0.20392 273
6. 2 -0. 24830 99505 -0. 22228 36406 0. 17660 555
6. 3 --0. 22506 17496 -0. 24224 95005 0. 14815 715
6.4 -0.19994 85953 -0.25955 98934 0.11883 613

6. 5 -0. 17324 24349 -0. 27409 12740 0. 08890 666
6. 6 -0. 14522 62172 -0. 28574 72791 0. 05863 613
6. 7 -0. 11619 11427 -0. 29445 93130 +0. 02829 284
6. 8 -0. 08643 38683 -0. 30018 68758 -0. 00185 639
6. 9 -0. 05625 36922 -0. 30291 76343 -0. 03154 852

7. 0 -0. 02594 97440 -0. 30266 72370 -0. 06052 661
7. 1 +0. 00418 17932 -0. 29947 88746 -0. 08854 204
7. 2 0. 03385 04048 -0. 29342 25939 -0. 11535 668
7.3 0. 06277 38864 -0. 28459 43719 -0. 14074 495
7. 4 0. 09068 08802 -0. 27311 49598 -0. 16449 573

7.5 0.11731 32861 -0.25912 85105 -0.18641 422
7. 6 0. 14242 85247 -0. 24280 10021 -0. 20632 353
7.7 0.16580 16324 -0. 22431 84743 -0. 22406 617
7. 8 0. 18722 71733 -0. 20388 50954 -0. 23950 540
7. 9 0. 20652 09481 -0. 18172 10773 -0. 25252 628

8.0 0.22352 14894 -0.15806 04617 -0.26303 660
8. 1 0. 23809 13287 -0. 13314 87960 -0. 27096 757
8. 2 0. 25011 80276 -0. 10724 07223 -0. 27627 430
8. 3 0. 25951 49638 -0. 08059 75035 -0. 27893 605
8.4 0.26622 18674 -0.05348 45084 -0.27895 627

8. 5 0. 27020 51054 -0. 02616 86794 -0. 27636 244
8.6 0.27145 77123 +0.00108 39918 -0.27120 562
8. 7 0.26999 91703 0. 02801 09592 -0. 26355 987
8.8 0.26587 49418 0.05435 55633 -0.25352 140
8.9 0.25915 57617 0.07986 93974 -0.24120 758

9.0 0.24993 66983 0.10431 45752 -0.22675 568
9.1 0.23833 59921 0.12746 58820 -0.21032 151
9. 2 0. 22449 36870 0. 14911 27879 -0. 19207 786
9.3 0.20857 00676 0.16906 13071 -0.17221 280
9.4 0.19074 39189 0.18713 56847 -0.15092 782

9.5 0.17121 06262 0.20317 98994 -0. 12843 591
9.6 0.15018 01353 0.21705 89660 -0.10495 952
9.7 0.12787 47920 0.22866 00298 -0.08072 839
9.8 0. 10452 70840 0. 23789 32421 -0. 05597 744
9,9 0.08037 73052 0.24469 24113 -0.03094 449

10.0 0. 05567 11673 0. 24901 54242 -0. 00586 808
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Ji(x) = J(x)-J_i(x)

Table 9.1

x Jo(x)

AND 2

Jz(x)

BESSEL FUNCTIONS-ORDERS O, i

Ji(x)
lO. 0 -0. 24593 57644 51348 0. 04347 27462 0. 25463 03137
10.1 -0. 24902 96505 80910 +0. 01839 55155 0. 25267 23269

10. 2 -0. 24961 70698 54127 -0. 00661 57433 0.24831 98653
10. 3 -0. 24771 68134 82244 -0. 03131 78295 0. 24163 56815

10.4 -0.24337 17507 14207 -0.05547 27618 0.23270 39119

10.5 -0. 23664 81944 62347 -0.07885 00142 0. 22162 91441

10.6 -0. 22763 50476 20693 -0.10122 86626 0.20853 53000
10.7 -0.21644 27399 23818 -0. 12239 94239 0. 19356 43429

10.8 -0.20320 19671 12039 -0. 14216 65683 0. 17687 48248

10.9 -0.18806 22459 63342 -0. 16034 96867 0. 15864 02851

11. 0 -0. 17119 03004 07196 -0. 17678 52990 0. 13904 75188

11.1 -0. 15276 82954 35677 -0.19132 82878 0.11829 47301

11. 2 -0. 13299 19368 59575 -0. 20385 31459 0. 09658 95894

11.3 -0.11206 84561 09807 -0.21425 50262 0.07414 72125

11. 4 -0. 09021 45002 47520 -0. 22245 05864 0. 05118 80816

11.5 -0.06765 39481 11665 -0. 22837 86207 0. 02793 59271

11.6 -0.04461 56740 94438 -0. 23200 04746 +0. 00461 55923

11.7 -0.02133 12813 88500 -0.23330 02408 -0.01854 91017

11. 8 +0. 00196 71733 06740 -0. 23228 47343 -0. 04133 74673

11.9 0.02504 94416 99590 -0. 22898 32497 -0. 06353 40215

12. 0 0. 04768 93107 96834 -0. 22344 71045 -0. 08493 04949

12. 1 0. 06966 67736 06807 -0. 21574 89734 -0. 10532 77609

12.2 0. 09077 01231 70505 -0. 20598 20217 -0. 12453 76677

12. 3 0. 11079 79503 07585 -0. 19425 88480 -0. 14238 47549

12. 4 0. 12956 10265 17502 -0. 18071 02469 -0. 15870 78405

12. 5 0. 14688 40547 00421 -0. 16548 38046 -0. 17336 14634

12. 6 0. 16260 72717 45511 -0. 14874 23434 -0. 18621 71675

12. 7 0. 17658 78885 61499 -0. 13066 22290 -0. 19716 46175

12. 8 0.18870 13547 80683 -0. 11143 15593 -0. 20611 25359

12. 9 0. 19884 24371 36331 -0. 09124 82522 -0. 21298 94530

13. 0 0. 20692 61023 77068 -0. 07031 80521 -0. 21774 42642

13.1 0.21288 81975 22060 -0. 04885 24733 -0. 22034 65904

13.2 0.21668 59222 58564 -0. 02706 67028 -0. 22078 69378

13. 3 0.21829 80903 19277 -0. 00517 74806 -0. 21907 66588

13. 4 0. 21772 51787 31184 +0. 01659 90199 -0. 21524 77131

13. 5 0. 21498 91658 80401 0. 03804 92921 -0.20935 22337

13. 6 0.21013 31613 69248 0. 05896 45572 -0. 20146 19030

13.7 0.20322 08326 33007 0. 07914 27651 -0. 19166 71443

13.8 0. 19433 56352 15629 0. 09839 05167 -0. 18007 61400

- 13.9 0. 18357 98554 57870 0.11652 48904 -0.16681 36842

14. 0 0. 17107 34761 10459 0. 13337 51547 -0. 15201 98826

14. 1 0. 15695 28770 32601 0. 14878 43513 -0. 13584 87137

14.2 0. 14136 93846 57129 0. 16261 07342 -0. 11846 64643

14. 3 0. 12448 76852 83919 0. 17472 90520 -0. 10005 00556

14. 4 0. 10648 41184 90342 0.18503 16616 -0.08078 52766

14. 5 0. 08754 48680 10376 0. 19342 94636 -O. 06086 49420

14. 6 0. 06786 40683 23379 0. 19985 26514 -0. 04048 69928

14.7 0. 04764 18459 01522 0. 20425 12683 -0. 01985 25577

14. 8 0. 02708 23145 85872 0.20659 55672 +0.00083 60053

14. 9 +0. 00639 15448 90853 0.20687 61718 0.02137 70688

15.0 -0.01422 44728 26781 0.20510 40386 0.04157 16780

r(-4)31 [(-4)31 [(-4)3

[ii] [7j [7



1(-4)31 r(-4)31 1(-4)3[s] LS] [6
Y7(x)- Y,_i(x)

X

BESSEL FUNCTIONS-ORDERS O, i AND 2

Yo(x) Yi(x)

Table 9.1

Y2(x)

io. o 0. 05567 11673 0. 24901 54242 -0. 00586 808
10. i 0. 03065 73806 0. 25084 44363 +0. 01901 478
10.2 0.00558 52273 0.25018 58292 0.04347 082
10.3 -0.01929 78497 0.24706 99395 0.06727 260
10.4 -0.04374 86190 0.24155 05610 0.09020 065

10.5 --0. 06753 03725 0.23370 42284 0. 11204 546
10. 6 -0. 09041 51548 0. 22362 92892 0. 13260 936
10. 7 --0. 11218 58897 0. 21144 47763 0.15170 828
10.8 --0.13263 83844 0.19728 90905 0.16917 340
10.9 --0.15158 31932 0.18131 85097 0.18485 264

ii. 0 -0. 16884 73239 0. 16370 55374 0.19861 197
11.1 -0.18427 57716 0.14463 71102 0.21033 651
11.2 -0.19773 28675 0.12431 26795 0.21993 156
11.3 --0. 20910 34295 0. 10294 21889 0. 22732 329
ii. 4 --0. 21829 37073 0. 08074 39654 0.23245 932

11.5 -0.22523 21117 0.05794 25471 0.23530 908
11. 6 -0. 22986 97260 0. 03476 64663 0. 23586 394
11.7 -0. 23218 05930 +0. 01144 60113 0.23413 718
11.8 --0. 23216 17790 -0.01178 90120 0. 23016 364
11.9 -0.22983 32139 -0. 03471 14983 0. 22399 935

12. 0 -0. 22523 73126 -0. 05709 92183 0. 21572 078
12.1 -0. 21843 83806 -0. 07873 69315 0.20542 401
12. 2 -0. 20952 18128 -0. 09941 84171 0. 19322 371
12.3 -0.19859 30946 -0.11894 84033 0.17925 189
12. 4 --0. 18577 66153 -0. 13714 43766 0. 16365 655

12.5 -0. 17121 43068 -0. 15383 82565 0.14660 019
12.6 -0.15506 41238 -0.16887 79186 0.12825 810
12.7 -0.13749 83780 -0.18212 85528 0.10881 672
12.8 -0.11870 19463 -0.19347 38454 0.08847 166
12. 9 -0. 09887 03702 -0. 20281 69743 0. 06742 588

13. 0 -0. 07820 78645 -0. 21008 14084 0. 04588 765
13. 1 -0. 05692 52568 -0. 21521 15060 0. 02406 854
13.2 -0. 03523 78771 -0. 21817 29066 +0. 00218 138
13.3 -0. 01336 34191 -0. 21895 27145 -0. 01956 180
13.4 +0. 00848 02072 -0. 21755 94728 -0. 04095 177

13. 5 0. 03007 70090 -0. 21402 29303 -0. 06178 411
13. 6 0. 05121 50115 -0. 20839 36044 -0. 08186 113
13.7 0. 07168 83040 -0. 20074 21453 -0. 10099 373
13.8 0.09129 90143 -0.19115 85095 -0.11900 315
13. 9 0.10985 91895 -0. 17975 09511 -0. 13572 264

14.0 0.12719 25686 -0.16664 48419 -0.15099 897
14.1 0.14313 62286 -0.15198 13335 -0.16469 386
14.2 0.15754 20895 -0.13591 58742 -0.17668 517
14.3 0.17027 82640 -0.11861 65967 -0.18686 800
14.4 0.18123 02411 -0. 10026 25924 -0. 19515 560

14.5 0.19030 18912 -0.08104 20909 -0.20148 011
14. L' 0. 19741 62858 -0. 06115 05609 -0. 20579 307
14.7 0. 20251 63238 -0. 04078 87536 -0. 20806 581
14. 8 0. 20556 51604 -0. 02016 07059 -0. 20828 958
14. 9 0.20654 64347 +0. 00052 82751 -0. 20647 553

15. 0 0. 20546 42960 0. 02107 36280 -0. 20265 448
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Jn+i(x) Jn(x) -J_i(x)

Table 9.1 BESSEL FUNCTIONS-MODULUS AND PHASE OF ORDERS 0, 1 AND 2

x4Mi (x)
79936
79908
79883
79861
79842

79825
79812
79801
79794
79789

79788[II
<x>=nearest

Table 9.1

x

15.0
15.1
15.2

BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

Jo(x) Ji(x) J2(x)
-0.01422 44728 26781 0.20510 40386 0.04157 16780
-0. 03456 18514 55565 0. 20131 02204 0. 06122 54568
-0. 05442 07968 44039 0. 19554 54359 0. 08015 04595

15.3 -0.07360 75449 51123 0.18787 94498 0.09816 69502
15.4 -0. 09193 62278 62321 0. 17840 02717 0.11510 50943

15.5 -0.10923 06509 00050 0.16721 31804 0.13080 65451
15.6 -0. 12532 59640 2248k 0. 15443 95871 0. 14512 59111
15.7 -0. 14007 02118 29049 0. 14021 57469 0. 15793 20904
15.8 -0.15332 57477 60686 0.12469 13334 0.16910 94608
15.9 -0.16497 04994 85671 0.10802 78901 0.17855 89133

16.0 -0.17489 90739 83629 0.09039 71757 0.18619 87209
16.1 -0. 18302 36924 65310 0.07197 94186 0.19196 52352
16.2 -0. 18927 49469 77945 0. 05296 14991 0. 19581 34037
16.3 -0. 19360 23723 28377 0. 03353 50765 0. 19771 71056
16.4 -0. 19597 48287 91007 0. 01389 46807 0. 19766 93020

16.5 -0. 19638 06929 36861 -0. 00576 42137 0.19568 20004
16.6 -0. 19482 78558 05566 -0. 02524 71116 0.19178 60351
16.7 -0.19134 35295 25189 -0. 04436 24008 0.18603 06671
16.8 -0. 18597 38653 47601 -0. 06292 32177 0.17848 30061
16.9 -0. 17878 33878 91219 -0. 08074 92543 0.16922 72631

17.0 -0.16985 42521 51184 -0.09766 84928 0.15836 38412
17.1 -0.15928 53315 32265 -0.11351 88483 0.14600 82733
17.2 -0.14719 11467 66030 -0.12814 97057 0.13229 00182
17.3 -0. 13370 06470 75764 -0. 14142 33355 0.11735 11285
17.4 -0. 11895 58563 36348 -0. 15321 61760 0. 10134 48016

17.5 -0.10311 03982 28686 -0. 16341 99694 0.08443 38303
1(-4)21
L11J

1(-4)21L7J 1(-4)2
L7

x_l ¿Mo(x)

J(x)M(x) COS o(x)

80(x) --x

0.10 0. 79739 375 -0. 79783 499 0.
0.09 0. 79748 584 -0. 79660 186 0.
0.08 0. 79756 868 -0. 79536 548 0.
0.07 0. 79764 214 -0. 79412 617 0.
0.06 0. 79770 609 -0. 79288 426 0.

0.05 0. 79776 040 -0. 79164 009 0.
0.04 0. 79780 498 -0. 79039 402 0.
0.03 0. 79783 975 -0. 78914 641 0.
0.02 0. 79786 463 -0. 78789 764 0.
0.01 0. 79787 957 -0. 78664 810 0.

0. 00 0. 79788 456 -0. 78539 816 0.
i(-6) i
14

1(-7)4
14

575 -2. 31885 508 0. 80542 555
654 -2. 32256 201 0.80398 367
586 -2. 32627 732 0.80269 711
398 -2. 33000 016 0. 80156 472
116 -2. 33372 965 0.80058 549

761 -2. 33746 488 0. 79975 851
353 -2. 34120 495 0. 79908 299
908 -2. 34494 891 0. 79855 829
438 -2. 34869 580 0. 79818 387
952 -2. 35244 465 0. 79795 937

456 -2. 35619 449 0. 79788 456
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Ym(x)Mn(x) Sin On(x)

0i(x)-x x1M2(x) 02(x)-x <x>
-3. 73985 605 10
-3.75850 527 11
-3.77717 539 13
-3. 79586 377 14
-3.81456 786 17

-3. 83328 521 20
-3. 85201 346 25
-3. 87075 034 33
-3. 88949 363 50
-3. 90824 117 100

-3. 92699 082

[1 i]
14
1 (-5)2

14
r(-6)3

integer to x.



1 (-4)4
L6

BESSEL FUNCTIONS OF INTEGER ORDER

f (-4)2
L7

1 (-4)5
L7

Yo(x) =fi (x) + Jo(x) in r

1(-4)21L7]
2nY+j(x)=- Yn(x)-Yn_i(x)
X

r (-4)2
L6

1 (-4)2
L6

Table 9.1

BESSEL FUNCTIONS-AUXILIARY TABLE FOR SMALL ARGUMENTS

f(-3)1
L6

Yi(x)=f2(x)+Ji(x) in r

397

BESSEL FUNCTIONS-ORDERS O, i AND 2

Y0 (x) Y1 (r)

Table 9.1

Y2 (r)
15. 0 0. 20546 42960 0. 02107 36280 -0. 20265 448
15.1 0. 20234 32292 0. 04127 35340 -0. 19687 654
15. 2 0. 19722 76821 0. 06093 08736 -0.18921 046
15. 3 0. 19018 15001 0. 07985 51269 -0. 17974 292
15. 4 0. 18128 71741 0. 09786 41973 -0. 16857 754

15. 5 0. 17064 49112 0. 11478 61425 -0. 15583 380
15. 6 0. 15837 15368 0. 13046 07959 -0. 14164 579
15. 7 0. 14459 92412 0. 14474 12638 -0. 12616 086
15. 8 0.12947 41833 0. 15749 52835 -0. 10953 807
15. 9 0. 11315 49657 0. 16860 64314 -0. 09194 661

16. 0 0. 09581 09971 0. 17797 51689 -0. 07356 410
16. 1 0. 07762 07587 0. 18551 97173 -0. 05457 483
1. 2 0. 05876 99918 0. 19117 67538 -0. 03516 792
16. 3 0. 03944 98249 0. 19490 19240 -0. 01553 548
16. 4 0. 01985 48596 0. 19667 01648 +0. 00412 931

16. 5 +0. 00018 12325 0. 19647 58378 0. 02363 402
16. 6 -0. 01937 53254 0. 19433 26715 0. 04278 890
16. 7 -0. 03862 14147 0. 19027 35142 0. 06140 866
16. 8 -0. 05736 78596 0. 18434 99015 0. 07931 428
16. 9 -0. 07543 15476 0. 17663 14431 0. 09633 468

17. 0 -0. 09263 71984 0. 16720 50361 0. 11230 838
17. 1 -0. 10881 90473 0. 15617 39131 0. 12708 500
17. 2 -0. 12382 24237 0. 14365 65362 0. 14052 667
17. 3 -0. 13750 52134 0. 12978 53467 0. 15250 930
17. 4 -0. 14973 91883 0. 11470 53859 0. 16292 372

17.5 -0.16041 11925 0. 09857 27987 0. 17167 666

x fi(x) 12(x) r fi(x) 12(X)
0. 0 -0. 07380 430 -0. 63661 977 1. 0 0. 08825 696 -0. 78121 282
0.1 -0.07202 984 -0. 63857 491 1.1 0.11849 917 -0. 79936 142
0. 2 -0. 06672 574 -0. 64437 529 1.2 0.15018 546 -0. 81476 705
0.3 -0.05794 956 -0. 65382 684 1.3 0.18296 470 -0. 82642 473
0.4 -0.04579 663 -0. 66660 964 1.4 0.21647 200 -0. 83332 875

0. 5 -0. 03039 904 -0. 68228 315 1.5 0.25033 233 -0. 83449 074
0. 6 -0. 01192 435 -0. 70029 342 1.6 0.28416 437 -0. 82895 780
0. 7 +0. 00942 612 -0. 71998 221 1. 7 0. 31758 436 -0. 81583 036
0. 8 0. 03341 927 -0. 74059 789 1.8 0. 35020 995 -0. 79427 978
0. 9 0. 05979 263 -0. 76130 792 1.9 0. 38166 415 -0. 76356 508

1. 0 0. 08825 696 -0. 78121 282 2.0 0.41157 912 -0. 72304 896



J9 (x)
0.0000

(-15) 2.7530
(-12)1.4053
(-11)5.3755
(-10)7.1092

- 9 5.2493
- 8 2.6788
- 7 1.0587
- 7 3.4687
- 7 9.8426

- 6) 2.4923
- 6 5.7535
- 5 1.2300
- 5 2.4647
- 5 4.6719

8.4395
1.4615
2.4382
3.9339
6.1597

9.3860
1.3952
2. 0275
2.8852
4.0270

5.5203
7.4411
9.8734
1.2907
1.6639

2.1165
2.6585
3.2990
4.0468
4.9093

5.8921
6.9987
8.2 300
9.5839
1.1054

0.12632
0.14303
0.16049
0.17847
0.19670

0.21488
0.23266
0.24965
0.26546
0.27967

0.29186

Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Func-
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng-
land, 1952) and Mathematical Tables Project, Table of f(x) = n !(x) -nJ(x). J. Math. Phys. 23, 45-60
(1944) (with permission).
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j3 @)

BESSEL FUNCTIONS OF INTEGER ORDER

BESSEL FUNCTIONS-ORDERS 3-9

J4 (x) J5 (x) Jr (x) J7 (x) J8(x)
0.0 0.0000 0.0000 0.0000 0.0000 0. 0000 0.0000
0.2 (-4)1.6625 (-6 4.1583 (-8) 8.3195 -9) 1.3869 (-11)1.9816 -13) 2.4774
0.4 (-3)1.3201 (-5 6.6135 (-6) 2.6489 -8) 8.8382 (- 9)2.5270 -11) 6.3210
0.6 (-3)4.3997 (-4 3.3147 (-5) 1.9948 -7) 9.9956 (- 8)4.2907 - 9)1.6110
0.8 (-2)1.0247 (-3 1.0330 (-5) 8.3084 -6) 5.5601 (- 7)3.1864 - 8)1.5967

1.0 -2 1.9563 -3 2.4766 -4) 2.4976 -5 2.0938 -6 1.5 023 - 8 9.4223
1.2 -2 3.2874 -3 5.0227 -4) 6.1010 -5 6.1541 -6 5.3093 - 7 4.0021
1.4 -2 5.0498 -3 9.0629 -3) 1.2901 -4 1.5231 -5 1.5366 - 6 1.3538
1.6 -2 7.2523 -2 1.4995 -3) 2.4524 -4) 3.3210 -5 3.8397 - 6 3.8744
1.8 -2 9.8802 -2 2.3197 -3) 4.2936 (-4)6.5690 -5 8.5712 - 6 9.7534

2.0 0.12894 -2 3.3996 -3) 7. 0396 -3 1.2024 - 4) 1.7494 - 5) 2.2180
2.2 0.16233 -2 4.7647 -2) 1.0937 -3 2.0660 - 4) 3.3195 - 5)4.6434
2.4 0.19811 -2 6.4307 -2 1.6242 -3 3.3669 - 4 5.9274 - 5 9.0756
2.6 0.23529 -2 8.4013 -2 2.3207 -3 5.2461 - 3 1.0054 - 4 1.6738
2.8 0.27270 -1 1.0667 -2 3.2069 -3 7.8634 - 3 1.6314 - 4 2.9367

3.0 0.30906 0.13203 (-2 4.3028 (-2 1.1394 - 3)2.5473 4)4.9344
3.2 0.34307 0.15972 (-2 5.6238 (-2 1.6022 - 3) 3.8446 4)7.9815
3.4 0.37339 0.18920 -2 7.1785 -2 2.1934 - 3)5.6301 3 1.2482
3.6 0.39876 0.21980 -2 8.9680 -2) 2.9311 - 3) 8.0242 3 1.8940
3.8 0.41803 0.25074 -1 1.0984 -2) 3.8316 - 2)1.1159 3 2.7966

4.0 0.43017 0.28113 0.13209 -2 4.9088 -2 1.5176 -3 4. 0287
4.2 0.43439 0.31003 0.15614 -2 6.1725 -2 2. 0220 -3 5.6739
4.4 0.43013 0.33645 0.18160 -2 7.6279 -2 2.6433 -3 7.8267
4.6 0.41707 0.35941 0.20799 -2 9.2745 -2 3.3953 -2 1.0591
4.8 0.39521 0.37796 0.23473 -1 1.1105 -2 4.2901 -2 1.4079

5.0 0.36483 0.39123 0.26114 0.13105 - 2 5.3376 -2 1.8405
5.2 0.32652 0.39847 0.28651 0.15252 - 2 6.5447 -2 2.3689
5.4 0.28113 0.39906 0.31007 0.17515 - 2 7.9145 -2 3.0044
5.6 0.22978 0.39257 0.33103 0.19856 - 2 9.4455 -2 3.7577
5.8 0.17382 0.37877 0.34862 0.22230 - 1 1.1131 -2 4.6381

6.0 0.11477 0.35764 0.36209 0.24584 0.12959 --2 5.6532
6.2 +0.05428 0.32941 0.37077 0.26860 0.14910 -2 6.8077
6.4 -0.00591 0.29453 0.37408 0.28996 0.16960 -2 8.1035
6.6 -0.06406 0.25368 0.37155 0.30928 0.19077 -2 9.5385
6.8 -0.11847 0.20774 036288 0.32590 0.21224 -1 1.1107

7.0 -0.16756 0.15780 0.34790 0.33920 0.23358 0.12797
7.2 -0.20987 0.10509 0.32663 0.34857 0.25432 0.14594
7.4 -0.24420 +0.05097 0.29930 0.35349 0.27393 0.16476
7.6 -0.26958 -0.00313 0.26629 0.35351 0.29188 0.18417
7.8 -0.28535 -0.05572 0.22820 0.34828 0.30762 0.2 0385

8.0 -0.29113 -0.10536 0.18577 0.33758 0.32059 0.22345
8.2 -0.28692 -0.15065 0.13994 0.32131 0.33027 0.24257
8.4 -0.27302 -0.19033 0.09175 0.29956 0.33619 0.26075
8.6 -0.25005 -0.22326 +0.04237 0.27253 033790 0.27755
8.8 -0.21896 -0.24854 -0.00699 0.24060 0.33508 0.29248

9.0 -0.18094 -0.26547 -0.05504 0.20432 0.32746 0.30507
9.2 -0.13740 -0.27362 -0.10053 0.16435 0.31490 0.31484
9.4 -0.08997 -0.27284 -0.14224 0.12152 0.29737 0.32138
9.6 -0.04034 -0.26326 -0.17904 0.07676 0.27499 0.32427
9.8 +0.00970 -0.24528 -0.20993 +0.03107 0.24797 0.32318

10.0 0.05838 -0.21960 -0.23406 -0.01446 0.21671 0.31785

-5
2-4-4

-4-3-3-3-3
-3-3-3-2-2
-2-2-2-2-2
- 2
- 2
- 2
- 2
- 1



x

0.0
Y3(x)

- 00

BESSEL FUNCTIONS OF INTEGER ORDER

BESSEL FUNCTIONS-ORDERS 3-9

Y4(x) Yô(x) Y6(x) Y7(x)

- 00 - 00 - 00 - 00
Yg(x)

- 00
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Y9(x)

- 00

0.2 2 -6.3982 4 -1.9162 5 -7.6586 7 -3.8274 9 -2.2957 11 -1.6066 13 -1.2850
0.4 1 -8.1202 3 -1.2097 4 -2.4114 5 -6.0163 7 -1.8025 8 -6.3027 10 -2.5193
0.6 1 -2.4692 2 -2.4302 3 -3.2156 4 -5.3351 6 -1.0638 7 -2.4769 8 -6.5943
0.8 1 -1.0815 1 -7.8751 2 -7.7670 3) -9.6300 5 -1.4367 6 -2.5046 7 -4.9949

1.0 -5.8215 (1) -3.3278 2 -2.6041 3 -2.5708 4 -3.0589 5 -4.2567 6 -6.7802
1.2 -3.5899 (1)-1.6686 2 -1.0765 2 -8.8041 3 -8.6964 5 -1.0058 6 -1.3323
1.4 -2.4420 -9.4432 1 -5.1519 2 -3.5855 3 -3.0218 4 -2.9859 5 -3.3823
1.6 -1.7897 -5.8564 1 -2.7492 2 -1.6597 3 -1.2173 4 -1.0485 5 -1.0364
1.8 -1.3896 -3.9059 1 -1.5970 1 -8.4816 2 -5.4947 3 -4.1889 4 -3.6685

2.0 -1.1278 -2.7659 -9.9360 1 -4.6914 2 -2.7155 3 -1.8539 4 -1.4560
2.2 -0.94591 -2.0603 -6.5462 1 -2.7695 2 -1.4452 2 -8.9196 3 -6.3425
2.4 -0.81161 -1.6024 -4.5296 1 -1.7271 1 -8.1825 2 -4.6004 3 -2.9851
2.6 -0.70596 -1.2927 -3.2716 1 -1.1290 1 -4.8837 2 -2.5168 3 -1.5000
2.8 -0.61736 -1.0752 -2.4548 -7.6918 1 -3.0510 2 -1.4486 2 -7.9725

3.0 -0.53854 -0.91668 -1.9059 -5.4365 (1)-1.9840 1 -8.7150 2 -4.4496
3.2 -0.46491 -0.79635 -1.5260 -3.9723 (1) -1.3370 1 -5.4522 2 -2.5924
3.4 -0.39363 -0.70092 -1.2556 -2.9920 -9.3044 1 -3.5320 2 -1.5691
3.6 -0.32310 -0.62156 -1.0581 -2.3177 -6.6677 1 -2.3612 1 -9.8275
3.8 -0.25259 -0.55227 -0.91009 -1.8427 -4.9090 1 -1.6243 1 -6.3483

4.0 -0.18202 -0.48894 -0.79585 -1.5007 -3.7062 ( 1)-1.1471 1 -4.2178
4.2 -0.11183 -0.42875 -0.70484 -1.2494 -2.8650 -8.3005 1 -2.8756
4.4 -0.04278 -0.36985 -0.62967 -1.0612 -2.2645 -6.1442 1 -2.0078
4.6 +0.02406 -0.31109 -0.56509 -0.91737 -1.8281 -4.6463 1 -1.4333
4.8 0.08751 -0.25190 -0.50735 -0.80507 -1.5053 -3.5855 1 -1.0446

5.0 0.14627 -0.19214 -0.45369 -0.71525 -1.2629 -2.8209 -7.7639
5.2 0.19905 -0.13204 -0.40218 -0.64139 -1.0780 -2.2608 -5.8783
5.4 0.24463 -0.07211 -0.35146 -0.57874 -0.93462 -1.8444 -4.5302
5.6 0.28192 -0.01310 -0.30063 -0.52375 -0.82168 -1.5304 -3.5510
5.8 0.31001 0.04407 -0.24922 -0.47377 -0.73099 -1.2907 -2.8295

6.0 0.32825 0.09839 -0.19706 -0.42683 -0.65659 -1.1052 -2.2907
6.2 0.33622 0.14877 -0.14426 -0.38145 -0.59403 -0.95990 -1.8831
6.4 0.33383 0.19413 -0.09117 -0.33658 -0.53992 -0.84450 -1.5713
6.6 0.32128 0.23344 -0.03833 -0.29151 -0.49169 -0.75147 -1.3301
6.8 0.29909 0.26576 +0.01357 -0.24581 -0.44735 -0.67521 -1.1414

7.0 0.26808 0.29031 0.06370 -0.19931 -0.40537 -0.61144 -0.99220
7.2 0.22934 0.30647 0.11119 -0.15204 -0.36459 -0.55689 -0.87293
7.4 0.18420 0.31385 0.15509 -0.10426 -0.32416 -0.50902 -0.77643
7.6 0.13421 0.31228 0.19450 -0.05635 -0.28348 -0.46585 -0.69726
7.8 0.08106 0.30186 0.22854 -0.00886 -0.24217 -0.42581 -0.63128

8.0 0.02654 0.28294 0.25640 0.03756 -0.20006 -0.38767 -0.57528
8.2 -0.02753 0.25613 0.27741 0.08218 -0.15716 -0.35049 -0.52673
8.4 -0.07935 0.22228 0.29104 0.12420 -0.11361 -0.31355 -0.48363
8.6 -0.12723 0.18244 0.29694 0.16284 -0.06973 -0.27635 -0.44440
8.8 -0.16959 0.13789 0.29495 0.19728 -0.02593 -0.23853 -0.40777

9.0 -0.20509 0.09003 0.28512 0.22677 +0.01724 -0.19995 -0.37271
9.2 -0.23262 +0.04037 0.26773 0.25064 0.05920 -0.16056 -0.33843
9.4 -0.25136 -0.00951 0.24326 0.26830 0.09925 -0.12048 -0.30433
9.6 -0.26079 -0.05804 0.21243 0.27932 0.13672 -0.07994 -0.26995
9.8 -0.26074 -0.10366 0.17612 0.28338 0.17087 -0.03928 -0.23499

10.0 -0.25136 -0.14495 0.13540 0.28035 0.20102 +0.00108 -0.19930
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x J3 (x) J4 (x)

BESSEL FUNCTIONS-ORDERS 3-9

J5 (x) J6(x) J7 (.x) J8 (x) J9 (x)
10. 0 0. 05838 -0. 21960 -0. 23406 -0. 01446 0. 21671 0. 31785 0. 29186
10. 2 0. 10400 -0. 18715 -0. 25078 -0. 05871 0. 18170 0. 30811 0. 30161
10.4 0. 14497 -0. 14906 -0. 25964 -0. 10059 0. 14358 0. 29386 0. 30852
10.6 0.17992 -0.10669 -0. 26044 -0.13901 0. 10308 0.27515 0.31224
10. 8 0. 20768 -0. 06150 -0. 25323 -0. 17297 0. 06104 0. 25210 0. 31244

11. 0 0. 22735 -0. 01504 -0. 23829 -0. 20158 +0. 01838 0.22497 0. 30886
11.2 0. 23835 +0. 03110 -0. 21614 -0. 22408 -0. 02395 0. 19414 0. 30130
11. 4 0. 24041 0. 07534 -0. 18754 -0. 23985 -0. 06494 0. 16010 0. 28964
11. 6 0. 23359 0. 11621 -0. 15345 -0. 24849 -0. 10361 0. 12344 0. 27388
11. 8 0. 21827 0. 15232 -0. 11500 -0. 24978 -0. 13901 0. 08485 0. 25407

12. 0 0.19514 0. 18250 -0. 07347 -0. 24372 -0. 17025 0. 04510 0. 23038
12.2 0. 16515 0. 20576 -0. 03023 -0. 23053 -0. 19653 +0. 00501 0. 20310
12.4 0. 12951 0.22138 +0. 01331 -0. 21064 -0. 21716 -0. 03453 0.17260
12. 6 0. 08963 0. 22890 0. 05571 -0. 18469 -0. 23160 -0. 07264 0.13935
12. 8 0. 04702 0.22815 0. 09557 -0. 15349 -0. 23947 -0. 10843 0. 10393

13. 0 +0. 00332 0. 21928 0. 13162 -0. 11803 -0. 24057 -0. 14105 0. 06698
13. 2 -0. 03984 0. 20268 0. 16267 -0. 07944 -0. 23489 -0. 16969 +0. 02921
13. 4 -0. 08085 0. 17905 0. 18774 -0. 03894 -0. 22261 -0. 19364 -0. 00860
13. 6 -0. 11822 0. 14931 0. 20605 +0. 00220 -0. 20411 -0. 21231 -0. 04567
13. 8 -0. 15059 0. 11460 0. 21702 0. 04266 -0. 17993 -0. 22520 -0. 08117

14. 0 -0. 17681 0. 07624 0. 22038 0. 08117 -0. 15080 -0. 23197 -0. 11431
14.2 -0. 19598 +0. 03566 0. 21607 0. 11650 -0. 11762 -0. 23246 -0. 14432
14. 4 -0. 20747 -0. 00566 0. 20433 0. 14756 -0. 08136 -0. 22666 -0. 17048
14. 6 -0. 21094 -0. 04620 0. 18563 0. 17335 -0. 04315 -0. 21472 -0. 19216
14. 8 -0. 20637 -0. 08450 0. 16069 0. 19308 -0. 00415 -0. 19700 -0. 20883

15. 0 -0. 19402 -0. 11918 0. 13046 0. 20615 +0. 03446 -0. 17398 -0. 22005
15. 2 -0. 17445 -0. 14901 0. 09603 0. 21219 0. 07149 -0. 14634 -0. 22553
15.4 -0. 14850 -0. 17296 0. 05865 0. 21105 0. 10580 -0. 11487 -0. 22514
15. 6 -0. 11723 -0. 19021 +0. 01968 0. 20283 0. 13634 -0. 08047 -0. 21888
15.8 -0. 08188 -0. 20020 -0. 01949 0.18787 0. 16217 -0. 04417 -0. 20690

16. 0 -0. 04385 -0. 20264 -0. 05747 0. 16672 0. 18251 -0. 00702 -0. 18953
16. 2 -0. 00461 -0. 19752 -0. 09293 0. 14016 0. 19675 +0. 02987 -0. 16725
16. 4 +0. 03432 -0. 18511 -0. 12462 0. 10913 0. 20447 0. 06542 -0. 14065
16.6 0. 07146 -0. 16596 -0. 15144 0. 07473 0. 20546 0. 09855 -0. 11047
16. 8 0. 10542 -0. 14083 -0. 17248 0. 03817 0. 19974 0. 12829 -0. 07756

17. 0 0. 13493 -0. 11074 -0. 18704 +0. 00072 0. 18755 0. 15374 -0. 04286
17. 2 0. 15891 -0. 07685 -0. 19466 -0. 03632 0. 16932 0. 17414 -0. 00733
17. 4 0. 17651 -0. 04048 -0. 19512 -0. 07166 0. 14570 0. 18889 +0. 02799
17. 6 0. 18712 -0. 00300 -0. 18848 -0. 10410 0.11751 0. 19757 0. 06210
17. 8 0. 19041 +0. 03417 -0. 17505 -0. 13251 0. 08571 0. 19993 0. 09400

18. 0 0. 18632 0. 06964 -0. 15537 -0. 155% 0. 05140 0. 19593 0. 12276
18.2 0.17510 0.10209 -0.13022 -0.17364 +0.01573 0.18574 0.14756
18. 4 0. 15724 0. 13033 -0. 10058 -0. 18499 -0. 02007 0. 16972 0. 16766
18. 6 0. 13351 0.15334 -0. 06756 -0. 18966 -0. 05481 0. 14841 0. 18247
18. 8 0. 10487 0.17031 -0. 03240 -0. 18755 -0. 08731 0. 12253 0. 19159

19. 0 0. 07249 0. 18065 +0. 00357 -0. 17877 -0. 11648 0. 09294 0. 19474
19.2 0. 03764 0. 18403 0. 03904 -0. 16370 -0. 14135 0. 06063 0. 19187
19. 4 +0. 00170 0. 18039 0. 07269 -0. 14292 -0. 16110 +0. 02667 0. 18309
19. 6 -0. 03395 0. 16994 0.10331 -0. 11723 -0. 17508 -0. 00783 0.16869
19. 8 -0. 06791 0. 15313 0. 12978 -0. 08759 -0. 18287 -0. 04171 0. 14916

20. 0 -0. 09890 0.13067 0. 15117 -0. 05509 -0. 18422 -0. 07387 0. 12513
1(-3)11 r(-3)11 [(-3)11 [(-4)91 [(-4)81 r(-4)81 [(-4)8L5J L5J L5J [5J L5J L5i L5
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z Y3(x) Y4(x) Y5(x) Y6(x) Y7(x) Y8(x) Y9(x)
io. o -0. 25136 -0. 14495 0. 13540 0. 28035 0. 20102 0. 00108 -0. 19930
10. 2 -0. 23314 -0. 18061 0. 09148 0. 27030 0. 22652 0. 04061 -0. 16282
10. 4 -0. 20686 -0. 20954 +0. 04567 0. 25346 0. 24678 0. 07874 -0. 12563
10. 6 -0. 17359 -0. 23087 -0. 00065 0. 23025 0. 26131 0. 11488 -0. 08791
10. 8 -0. 13463 -0. 24397 -0. 04609 0. 20130 0. 26975 0. 14838 -0. 04993

11. 0 -0. 09148 -0. 24851 -0. 08925 0. 16737 0.27184 0.17861 -0. 01205
11. 2 -0. 04577 -0. 24445 -0. 12884 0. 12941 0. 26750 0. 20496 +0. 02530
11. 4 +0. 00082 -0, 23203 -0. 16365 0. 08848 0. 25678 0. 22687 0. 06163
11. 6 0. 04657 -0. 21178 -0. 19262 0. 04573 0. 23992 0. 24384 0. 09640
11. 8 0. 08981 -0. 18450 -0. 21489 +0. 00238 0.21732 0. 25545 0. 12906

12. 0 0. 12901 -0. 15122 -0. 22982 -0. 04030 0. 18952 0. 26140 0. 15902
12.2 0. 16277 -0. 11317 -0. 23698 -0. 08107 0. 15724 0. 26151 0. 18573
12.4 0. 18994 -0. 07175 -0. 23623 -0. 11875 0. 12130 0. 25571 0. 20865
12. 6 0. 20959 -0. 02845 -0. 22766 -0. 15223 0. 08268 0. 24409 0. 22728
12.8 0. 22112 +0. 01518 -0. 21163 -0. 18052 0. 04240 0. 22689 0. 24122

13.0 0.22420 0.05759 -0.18876 -0.20279 +0.00157 0.20448 0.25010
13. 2 0.21883 0. 09729 -0. 15987 -0. 21840 -0. 03868 0. 17738 0. 25369
13. 4 0. 20534 0.13289 -0. 12600 -0. 22692 -0. 07722 0.14625 0. 25184
13. 6 0.18432 0. 16318 -0. 08833 -0. 22813 -0. 11296 0. 11185 0. 24454
13. 8 0. 15666 0. 18712 -0. 04819 -0. 22204 -0. 14489 0. 07505 0. 23190

14. 0 0. 12350 0. 20393 -0. 00697 -0. 20891 -0. 17209 +0. 03682 0.21417
14. 2 0. 08615 0. 21308 +0. 03390 -0. 18921 -0. 19380 -0. 00186 0. 19170
14. 4 0. 04605 0. 21434 0. 07303 -0. 16363 -0. 20939 -0. 03994 0. 16501
14. 6 +0. 00477 0. 20775 0. 10907 -0. 13305 -0. 21842 -0. 07640 0. 13470
14. 8 -0. 03613 0. 19364 0. 14080 -0. 09850 -0. 22067 -0. 11024 0. 10149

15. 0 -0. 07511 0.17261 0. 16717 -0. 06116 -0. 21610 -0. 14053 0.06620
15. 2 -0. 11072 0. 14550 0. 18730 -0. 02228 -0. 20489 -0. 16644 +0. 02969
15. 4 -0. 14165 0.11339 0.20055 +0. 01684 -0. 18743 -0. 18723 -0. 00710
15. 6 -0. 16678 0. 07750 0. 20652 0. 05489 -0. 16430 -0. 20234 -0. 04322
15. 8 -0. 18523 +0. 03920 0.20507 0. 09059 -0. 13627 -0. 21134 -0. 07775

16. 0 -0. 19637 -0. 00007 0. 19633 0. 12278 -0. 10425 -0. 21399 -0. 10975
16.2 -0. 19986 -0. 03885 0. 18067 0. 15038 -0. 06928 -0. 21025 -0. 13838
16. 4 -0. 19566 -0. 07571 0. 15873 0. 17250 -0. 03251 -0. 20025 -0. 16286
16. 6 -0. 18402 -0. 10930 0. 13135 0. 18843 +0. 00487 -0. 18432 -0. 18253
16. 8 -0. 16547 -0. 13841 0. 09956 0. 19767 0. 04164 -0. 16297 -0. 19685

17. 0 -0. 14078 -0. 16200 0. 06455 0. 19996 0. 07660 -0. 13688 -0. 20543
17. 2 -0. 11098 -0. 17924 +0. 02761 0. 19529 0. 10864 -0. 10686 -0. 20805
17. 4 -0. 07725 -0. 18956 -0. 00990 0. 18387 0. 13671 -0. 07387 -0. 20464
17. 6 -0. 04094 -0. 19265 -0. 04663 0. 16616 0. 15991 -0. 03895 -0. 19533
17. 8 -0. 00347 -.0. 18846 -0. 08123 0. 14282 0. 17752 -0. 00320 -0. 18039

18. 0 +0. 03372 -0. 17722 -0. 11249 0.11472 0.18897 +0. 03225 -0. 16030
18.2 0. 06920 -0. 15942 -0. 13928 0. 08289 0. 19393 0. 06629 -0. 13566
18.4 0. 10163 -0. 13580 -0.16067 0. 04848 0. 19229 0.09782 -0. 10722
18. 6 0. 12977 -0. 10731 -0. 17593 +0. 01272 0. 18414 0. 12587 -0. 07586
18. 8 0. 15261 -0. 07506 -0. 18455 -0. 02310 0. 16980 0. 14955 -0. 04252

19. 0 0. 16930 -0.d04031 -0. 18628 -0. 05773 0. 14982 0. 16812 -0. 00824
19. 2 0. 17927 -0. 00440 -0. 18111 -0. 08993 0. 12490 0. 18100 +0. 02593
19.4 0.18221 +0.03131 -0.16930 -0.11857 0.09595 0.18782 0.05895
19.6 0.17805 0. 06546 -0. 15134 -0. 14267 0.06399 0. 18838 0. 08979
19. 8 0. 16705 0. 09678 -0. 12794 -0. 16139 +0. 03013 0. 18270 0.11750

20. 0 0. 14967 0. 12409 -0. 10004 -0. 17411 -0. 00443 0. 17101 0. 14124
1(-3)11L5] 1(-3)'lL5] 1(-3)11L5J r(-)°1L5J 1(-4)91L5J r(-4)81L5J r-4)8L5
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J+i(x)J@)-Jm_i(x) Y+i(x)vn(x)Yn_i@
Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Functions
of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, England,
1952), L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal Society
Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954), and Mathe-
matical Tables Project, Table of jn(x) = n !(4x) -nJ(.i). J. Math. Phys. 23, 45-60 (1944) (with per-
mission).

Table 9.3 BESSEL FUNCTIONS-ORDERS 10, 11, 20 AND 21

x 1010x_10J10(:r) 1O'v' i Ji (x) 1O.ix10Yio(x) 1O25x20J2o(x)1O27x_21J2i() 1023x2° Y20(x)
0.0 2. 69114 446 1.22324 748 -0. 11828 049 3. 91990 9. 33311 -0. 406017
0.1 2.69053 290 1.22299 266 -0. 11831 335 3. 91944 9. 33205 -0. 406071
0.2 2.68869 898 1.22222 850 -0. 11841 200 3. 91804 9. 32886 -0. 406231
0.3 2.68564 500 1.22095 588 -0. 11857 661 3. 91571 9. 32357 -0. 406499
0.4 2.68137 477 1.21917 626 -0. 11880 750 3.91244 9. 31615 -0. 406873

0.5 2.67589 362 1.21689 169 -0. 11910 510 3. 90825 9. 30663 -0. 407355
0. 6 2. 66920 838 1.21410 481 -0. 11946 998 3.90314 9.29500 -0.407945
0.7 2.66132 738 1.21081 883 -0.11990 282 3.89710 9.28128 -0.408644
0.8 2.65226 043 1.20703 750 -0.12040 444 3. 89015 9. 26546 -0. 409452
0.9 2.64201 878 1.20276 518 -0. 12097 581 3. 88228 9. 24758 -0. 410369

1. 0 2. 63061 512 1. 19800 675 -0. 12161 801 3 87350 9. 22762 -0. 411397
1. 1 2. 61806 358 1. 19276 764 -0. 12233 229 3 86383 9. 20562 -0. 412536
1. 2 2. 60437 963 1. 18705 385 -0. 12312 002 3. 85325 9. 18157 -0. 413788
1. 3 2. 58958 012 1.18087 185 -0. 12398 273 3 84179 9. 15550 -0. 415153
1. 4 2. 57368 323 1.17422 867 -0. 12492 212 3. 82945 9. 12743 -0. 416632

1.5 2. 55670 842 1.16713 182 -0. 12594 004 3.81624 9.09737 -0. 418228
1. 6 2. 53867 639 1.15958 931 -0. 12703 852 3. 80216 9.06534 -0. 419940
1.7 2. 51960 907 1.15160 961 -0.12821 977 3.78723 9.03137 -0. 421771
1.8 2.49952 955 1.14320 168 -0. 12948 616 3.77146 8.99546 -0. 423722
1.9 2.47846 207 1.13437 488 -0. 13084 030 3. 75485 8.95766 -0. 425795

2. 0 2. 45643 192 1.12513 904 -0. 13228 497 3.73742 8.91797 -0. 427992
2.1 2.43346 545 1.11550 438 -0. 13382 319 3.71918 8.87643 -0. 430315
2. 2 2.40959 000 1.10548 152 -0. 13545 821 3 70015 8.83306 -0. 432764
2.3 2.38483 384 1.09508 144 -0. 13719 351 3.68032 8.78790 -0. 435344
2.4 2. 35922 612 1. 08431 551 -0. 13903 284 3 65973 8.74096 -0. 438056

2. 5 2.33279 682 1.07319 540 -0. 14098 022 3.63837 8.69228 -0. 440902
2. 6 2.30557 673 1. 06173 312 -0. 14303 997 3.61627 8.64189 -0. 443885
2. 7 2.27759 732 1.04994 098 -0. 14521 672 3.59344 8.58981 -0. 447007
2. 8 2.24889 074 1.03783 155 -0. 14751 543 3.56989 8.53609 -0. 450272
2. 9 2. 21948 976 1. 02541 767 -0. 14994 141 3 54564 8. 48076 -0. 453682

3. 0 2. 18942 770 1.01271 242 -0. 15250 037 3.52071 8.42385 -0. 457241
3.1 2. 15873 836 0.99972 906 -0. 15519 840 3.49510 8.36539 -0. 460951
3.2 2. 12745 598 0.98648 108 -0. 15804 206 3.46885 8.30542 -0. 464816
3.3 2. 09561 517 0.97298 213 -0. 16103 836 3.44195 8.24397 -0. 468840
3.4 2.06325 085 0.95924 599 -0. 16419 482 3.41444 8.18110 -0. 473027

3. 5 2. 03039 820 0.94528 659 -0. 16751 951 3. 38633 8. 11682 -0. 477379
3.6 1.99709 260 0.93111 794 -0. 17102 110 3. 35763 8.05119 -0. 481902
3. 7 1. 96336 956 0.91675 415 -0. 17470 889 3.32837 7.98424 -0. 486600
3. 8 1. 92926 467 0. 90220 939 -0. 17859 286 3.29855 7. 91600 -0. 491476
3.9 1. 89481 352 0.88749 785 -0. 18268 376 3.26821 7.84653 -0. 496537

4.0 1.86005 168 0.87263 375 -0. 18699 314 3.23736 7.77586 -0. 501786
4. 1 1. 82501 462 0.85763 130 -0. 19153 346 3.20601 7.70403 -0. 507229
4.2 1.78973 765 0.84250 469 -0. 19631 812 3.17419 7.63108 -0. 512872
4. 3 1.75425 588 0.82726 806 -0. 20136 159 3.14192 7.55707 -0. 518719
4.4 1. 71860 416 0.81193 548 -0. 20667 950 3.10921 7.48202 -0. 524777

4. 5 1. 68281 701 0. 79652 093 -0. 21228 873 3. 07608 7.40598 -0. 531051
4.6 1.64692 860 0.78103 829 -0. 21820 757 3.04256 7.32900 -0. 537549
4. 7 1. 61097 267 0.76550 130 -0. 22445 582 3 00866 7. 25112 -0. 544276
4. 8 1. 57498 249 0.74992 357 -0. 23105 498 2. 97440 7.17238 -0. 551240
4. 9 1. 53899 084 0.73431 852 -0. 23802 840 2.93981 7. 09282 -0. 558448

5.0 1.50302 991 0.71869 942 -0. 24540 147 2.90490 Z. 01250 -0. 565907
[(_4)2] [(-55)6] [(_5)5] [(_4)1] [(_4)3] [(-5)8]
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X 10'°x 10J10 (x)

BESSEL FUNCTIONS-ORDERS 10, 11, 20 AND 21 Table 9.3

lOx 1Jn(x) 10°x ° Yio(x) 1025x2° J2o(x) 1027x21 J21 (s) 1023x20 Y20(x)
5. 0 1. 50302 991 0. 71869 942 -0. 24540 147 2. 90490 7. 01250 -0. 565907
5. 1 1. 46713 132 0. 70307 931 -0. 25320 186 2. 86969 6. 93145 -0. 573626
5. 2 1. 43132 603 0. 68747 104 -0. 26145 975 2. 83421 6. 84971 -0. 581612
5. 3 1. 39564 431 0. 67188 722 -0. 27020 813 2. 79846 6. 76734 -0. 589875
5. 4 1. 36011 571 0. 65634 019 -0. 27948 304 2.76248 6. 68437 -0. 598423

5. 5 1. 32476 904 0. 64084 205 -0. 28932 400 2.72628 6.60085 -0.607266
5. 6 1. 28963 229 0. 62540 463 -0. 29977 431 2. 68988 6. 51682 -0. 616414
5. 7 1. 25473 264 0. 61003 945 -0. 31088 154 2. 65330 6. 43233 -0. 625876
5. 8 1. 22009 642 0. 59475 774 -0. 32269 795 2. 61656 6. 34742 -0. 635663
5. 9 1. 18574 907 0. 57957 041 -0. 33528 105 2.57967 6.26213 -0.645788

6. 0 1. 15171 513 0. 56448 805 -0. 34869 413 2. 54267 6. 17651 -0. 656261
6. 1 1. 11801 822 0. 54952 091 -0. 36300 693 2. 50556 6. 09059 -0. 667094
6. 2 1. 08468 098 0. 53467 890 -0. 37829 631 2. 46837 6. 00443 -0. 678301
6. 3 1. 05172 510 0.51997 158 -0. 39464 698 2. 43111 5. 91806 -0. 689895
6. 4 1. 01917 129 0. 50540 814 -0. 41215 232 2. 39381 5. 83152 -0. 701890

6. 5 0. 98703 926 0. 49099 740 -0. 43091 524 2. 35647 5. 74485 -0. 714300
6. 6 0. 95534 769 0. 47674 781 -0. 45104 907 2. 31913 5. 65810 -0. 727140
6. 7 0. 92411 427 0. 46266 745 -0. 47267 855 2. 28179 5. 57131 -0. 740427
6. 8 0. 89335 563 0. 44876 400 -0. 49594 084 2. 24448 5. 48451 -0. 754178
6. 9 0. 86308 740 0. 43504 477 -0. 52098 648 2. 20721 5. 39775 -0. 768410

7. 0 0. 83332 414 0. 42151 665 -0. 54798 051 2.17000 5. 31106 -0. 783140
7. 1 0. 80407 941 0. 40818 616 -0. 57710 346 2. 13286 5. 22448 -0. 798389
7. 2 0. 77536 570 0. 39505 943 -0. 60855 234 2. 09582 5. 13805 -0. 814177
7. 3 0. 74719 450 0. 38214 216 -0. 64254 159 2. 05888 5. 05181 -0. 830524
7. 4 0. 71957 626 0. 36943 970 -0. 67930 390 2. 02206 4. 96579 -0. 847452

7. 5 0. 69252 040 0. 35695 696 -0. 71909 088 1. 98539 4. 88002 -0. 864985
7. 6 0. 66603 536 0. 34469 850 -0. 76217 356 1. 94887 4. 79455 -0. 883147
7. 7 0. 64012 854 0. 33266 845 -0. 80884 258 1.91252 4. 70940 -0. 901963
7. 8 0. 61480 640 0. 32087 058 -0. 85940 807 1. 87635 4. 62461 -0. 921460
7. 9 0. 59007 439 0. 30930 826 -0. 91419 914 1. 84038 4. 54021 -0. 941665

8. 0 0. 56593 704 0. 29798 448 -0. 97356 279 1. 80462 4. 45624 -0. 962608
8. 1 0. 54239 791 0. 28690 187 -1. 03786 231 1. 76908 4. 37272 -0. 984319
8. 2 0.51945 967 0. 27606 265 -1. 10747 485 1. 73378 4. 28968 -1. 006831
8. 3 0. 49712 408 0. 26546 873 -1. 18278 826 1. 69874 4. 20716 -1. 030178
8. 4 0. 47539 201 0. 25512 162 -1. 26419 685 1. 66395 4. 12518 -1. 054394

8. 5 0.45426 352 0. 24502 250 -1. 35209 608 1. 62944 4. 04377 -1. 079518
8. 6 0. 43373 779 0. 23517 220 -1. 44687 598 1.59521 3. 96296 --1. 105589
8. 7 0. 41381 323 0. 22557 121 -1. 54891 312 1. 56128 3. 88277 -1. 132647
8. 8 0. 39448 748 0.21621 969 -1. 65856 097 1. 52765 3. 80323 -1. 160736
8. 9 0. 37575 740 0.20711 750 -1. 77613 854 1.49434 3. 72436 -1. 189902

9. 0 0. 35761 917 0. 19826 418 -1. 90191 706 1.46136 3. 64619 -1. 220192
9. 1 0. 34006 823 0. 18965 897 -2. 03610 452 1. 42872 3. 56873 -1. 251657
9. 2 0. 32309 939 0. 18130 082 -2. 17882 801 1.39641 3.49201 -1. 284351
9. 3 0. 30670 683 0. 17318 839 -2. 33011 366 1. 36447 3. 41606 -1. 318328
9. 4 0. 29088 411 0. 16532 010 -2. 48986 396 1. 33288 3. 34088 -1. 353647

9. 5 0. 27562 422 0. 15769 409 -2. 65783 251 1. 30166 3. 26651 -1. 390372
9. 6 0. 26091 963 0. 15030 825 -2. 83359 602 1. 27082 3. 19294 -1. 428567
9. 7 0. 24676 227 0. 14316 025 -3. 01652 353 1. 24036 3. 12022 -1. 468301
9. 8 0. 23314 362 0. 13624 751 -3. 20574 283 1.21029 3.04834 -1.509646
9. 9 0. 22005 470 0. 12956 726 -3. 40010 421 1. 18061 2. 97733 -1. 552680

10. 0 0. 20748 611 0.12311 653 -3.59814 152 1.15134 2.90720 -1.597484
r(-5)8 - 5)3 r(-3)'l r(-5)51 r(-4)n 1(-4)2[5 [5 L7J [3J [3] L4
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Table 9.3

X Jio(x)

BESSEL FUNCTIONS-ORDERS 10, 11, 20 AND 21

Ji1 (x) Yio(x) 1025x20J2o(x) 1027x2' J21(x) 10- 23x2° Y2o(x)

10.0 0. 20748 611 0. 12311 653 -0. 35981 415 1.151337 2.907199 - 1. 59748
10.1 0.21587 417 0. 13041 285 -0. 34383 078 1. 122469 2. 837961 - 1.64414
10. 2 0. 22413 707 0. 13787 866 -0. 32793 809 1. 094012 2. 769629 - 1. 69275
10.3 0. 23223 256 0. 14549 509 -0. 31207 433 1. 065970 2. 702215 - 1. 74339
10.4 0. 24011 699 0. 15324 123 -0. 29618 615 1. 038347 2. 635729 - 1. 79618

10.5 0. 24774 554 0.16109 407 -0. 28022 819 1. 011148 2. 570182 - 1.85121
10. 6 0. 25507 240 0. 16902 861 -0. 26416 276 0. 984374 2. 505582 - 1. 90861
lO. 7 0. 26205 109 0. 17701 780 -0. 24795 949 0.958030 2.441939 - 1. 96848
10.8 0. 26863 466 0. 18503 266 -0. 23159 513 0.932118 2.379259 - 2. 03097
lO. 9 0. 27477 603 0.19304 230 -0. 21505 324 0.906639 2. 317550 - 2. 09619

11. 0 0. 28042 823 0. 20101 401 -0. 19832 403 0.881596 2.256817 - 2.16430
11. 1 0. 28554 479 0. 20891 340 -0. 18140 409 0.856989 2. 197065 - 2. 23544
11. 2 0. 29007 999 0.21670 446 -0. 16429 620 0. 832821 2. 138299 - 2. 30977
11.3 0. 29398 925 0. 22434 974 -0. 14700 917 0.809092 2. 080523 - 2. 38746
11. 4 0. 29722 944 0.23181 048 -0. 12955 753 0.785801 2. 023738 - 2.46870

11. 5 0. 29975 923 0. 23904 680 -0.11196 142 0.762950 1. 967947 - 2. 55367
11. 6 0. 30153 946 0. 24601 789 -0. 09424 628 0.740539 1. 913152 - 2. 64257
11. 7 0. 30253 345 0.25268 218 -0. 07644 263 0.718565 1.859352 - 2.73563
11. 8 0. 30270 737 0. 25899 761 -0. 05858 580 0.697029 1.806548 - 2. 83307
11. 9 0. 30203 061 0. 26492 183 -0. 04071 566 0. 675930 1. 754740 - 2. 93513

12. 0 0. 30047 604 0. 27041 248 -0. 02287 631 0. 655266 1. 703925 - 3. 04208
12.1 0. 29802 036 0. 27542 744 -0. 00511 577 0.635035 1. 654102 - 3. 15419
12.2 0.29464 445 0. 27992 508 +0. 01251 441 0. 615236 1. 605267 - 3. 27175
12. 3 0. 29033 357 0.28386 459 0. 02995 946 0.595866 1. 557418 - 3. 39509
12. 4 0. 28507 771 0. 28720 623 0. 04716 182 0.576923 1.510551 - 3. 52453

12. 5 0. 27887 175 0. 28991 166 0. 06406 154 0.558403 1.464660 - 3. 66044
12. 6 0. 27171 575 0. 29194 422 0. 08059 668 0.540305 1.419743 - 3. 80321
12. 7 0. 26361 509 0. 29326 923 0. 09670 381 0.522625 1. 375791 - 3. 95323
12. 8 0. 25458 064 0. 29385 431 0.11231 845 0. 505359 1. 332800 - 4. 11095
12. 9 0. 24462 889 0. 29366 968 0. 12737 554 0.488504 1. 290762 - 4. 27684

13. 0 0.23378 201 0. 29268 843 0. 14180 995 0.472056 1.249671 - 4. 45140
13.1 0. 22206 793 0. 29088 684 0. 15555 698 0.456011 1.209520 - 4. 63518
13. 2 0.20952 032 0.28824 464 0. 16855 286 0. 440365 1. 170299 - 4. 82874
13. 3 0.19617 859 0. 28474 526 0. 18073 529 0.425114 1.132001 - 5. 03272
13. 4 0. 18208 776 0. 28037 612 0. 19204 392 0. 410252 1. 094617 - 5. 24778

13. 5 0. 16729 840 0. 27512 884 0. 20242 090 0. 395776 1. 058137 - 5. 47464
13. 6 0. 15186 646 0. 26899 942 0. 21181 137 0.381681 1.022552 - 5. 71407
13.7 0. 13585 302 0. 26198 851 0.22016 393 0.367961 0.987853 - 5.96691
13. 8 0. 11932 411 0. 25410 149 0. 22743 118 0. 354612 0. 954028 - 6. 23405
13. 9 0.10235 036 0. 24534 866 0. 23357 014 0.341628 0.921067 - 6. 51646

14. 0 0. 08500 671 0. 23574 535 0. 23854 273 0. 329005 0.888960 - 6.81520
14. 1 0. 06737 200 0. 22531 197 0. 24231 614 0. 316736 0. 857694 - 7. 13138
14. 2 0. 04952 862 0. 21407 407 0. 24486 329 0. 304816 0. 827260 - 7. 46624
14. 3 0. 03156 199 0. 20206 238 0. 24616 313 0. 293240 0. 797644 - 7. 82110
14.4 +0. 01356 013 0. 18931 275 0. 24620 100 0.282001 0.768835 - 8. 19739

14. 5 -0. 00438 689 0. 17586 611 0. 24496 888 0.271095 0.740821 - 8. 59667
14. 6 -0. 02218 745 0. 16176 836 0. 24246 568 0. 260516 0. 713590 - 9. 02062
14. 7 -0. 03974 898 0. 14707 028 0. 23869 741 0. 250257 0. 687129 - 9. 47109
14. 8 -0. 05697 854 0.13182 729 0. 23367 730 0. 240312 0. 661426 - 9.95006
14. 9 -0. 07378 344 0. 11609 931 0. 22742 597 0. 230676 0. 636467 -10. 45971

15. 0 -0. 09007 181
1(-4)1

0. 09995 048
-4)1

0. 21997 141
r(-4)2

0.221343
[(-5)61

0.612240
r(-4)11

-11. 00239
r(-3)4[6 [5 [6 L3i [4J [4
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r(-4)2[6 -4)2[6 - 4)2
L6

N - 5)4[4 N - 5)9[4

X Jio(x)

BESSEL FUNCTIONS OF INTEGER ORDER

BESSEL FUNCTIONS-ORDERS 10, 11, 20 AND 21

Ji i(i) Yio(x) J 1027x21 J21(x)

405

Table 9.3

1O 232Oy,()
15. 0 -0.09007 181 0. 09995 048 0. 21997 141 0.22134 33 0. 61224 04 - 11. 0024
15.1 -0.10575 330 0. 08344 886 0. 21134 904 0. 21230 71 0.58873 25 - 11. 5807
15. 2 -0.12073 964 0. 06666 618 0. 20160 159 0. 20356 16 0.56593 06 - 12. 1974
15. 3 -0.13494 535 0. 04967 738 0. 19077 902 0. 19510 08 0. 54382 12 - 12. 8555
15.4 -0.14828 828 0.03256 035 0. 17893 834 0. 18691 87 0. 52239 14 - 13.5585

15. 5 -0. 16069 032 +0. 01539 539 0. 16614 338 0. 17900 91 0. 50162 76 - 14. 3098
15. 6 -0. 17207 791 -0, 00173 513 0. 15246 453 0. 17136 62 0. 48].51 66 - 15.1136
15. 7 -0.18238 269 -0. 01874 731 0. 13797 838 0. 16398 38 0. 46204 52 - 15. 9742
15. 8 -0. 19154 204 -0. 03555 621 0. 12276 733 0.15685 60 0. 44319 99 - 16. 8962
15. 9 -0. 19949 958 -0, 05207 632 0. 10691 918 0. 14997 67 0.42496 74 - 17. 8849

16. 0 -0. 20620 569 -0. 06822 215 0. 09052 660 0.14334 00 0. 40733 43 - 18. 9460
16. 1 -0. 21161 797 -0. 08390 874 0. 07368 666 0.13694 00 0. 39028 75 20.0855
16.2 -0. 21570 160 -0. 09905 224 0. 05650 016 0.13077 08 0.37381 35 - 21. 3104
16. 3 -0. 21842 977 -0. 11357 046 0. 03907 110 0. 12482 65 0. 35789 93 - 22. 6279
16.4 -0. 21978 394 -0. 12738 344 0. 02150 600 0.11910 14 0. 34253 16 - 24. 0462

16. 5 -0. 21975 411 -0. 14041 403 +0. 00391 319 0. 11358 96 0. 32769 75 - 25. 5740
16. 6 -0. 21833 905 -0. 15258 841 -0. 01359 786 0, 10828 55 0. 31338 39 - 27. 2209
16.7 -0. 21554 637 -0. 16383 668 -0. 03091 729 0. 10318 34 0. 29957 78 - 28. 9975
16. 8 -0. 21139 267 -0. 17409 338 -0. 04793 557 0. 09827 77 0. 28626 66 - 30. 9150
16.9 -0. 20590 350 -0. 18329 797 -0. 06454 431 0. 09356 30 0. 27343 76 - 32. 9859

17. O -0. 19911 332 -0. 19139 539 -0. 08063 696 0. 08903 37 0. 26107 81 - 35.2237
17. 1 -0. 19106 538 -0. 19833 646 -0. 09610 960 0. 08468 45 0. 24917 57 - 37. 6429
17.2 -0. 18181 155 -0. 20407 831 -0. 11086 170 0. 08051 02 0. 23771 82 - 40. 2594
17.3 -0. 17141 203 -0. 20858 485 -0. 12479 683 0. 07650 53 0. 22669 32 - 43. 0904
17.4 -0. 15993 505 -0. 21182 701 -0. 13782 343 0. 07266 49 0.21608 89 - 46. 1543

17. 5 -0. 14745 649 -0. 21378 318 -0. 14985 544 0. 06898 37 0. 20589 33 - 49. 4711
17. 6 -0. 13405 943 -0. 21443 935 -0. 16081 304 0. 06545 69 0. 19609 48 - 53. 0622
17. 7 -0. 11983 363 -0. 21378 944 -0. 17062 321 0. 06207 96 0.18668 17 - 56. 9506
17. 8 -0. 10487 499 -0. 21183 538 -0. 17922 038 0.05884 68 0. 17764 27 - 61. 1611
17. 9 -0. 08928 492 -0. 20858 727 -0. 18654 691 0. 05575 39 0. 16896 66 - 65.7197

18. 0 -0. 07316 966 -0. 20406 341 -0. 19255 365 0. 05279 63 0.16064 24 - 70. 6543
18. 1 -0. 05663 961 -0. 19829 032 -0. 19720 030 0.04996 93 0. 15265 91 - 75. 9946
18. 2 -0. 03980 852 -0. 19130 265 -0. 20045 582 O. 04726 85 0. 14500 62 - 81. 7717
18. 3 -0. 02279 278 -0. 18314 307 -0. 20229 875 0. 04468 96 0.13767 32 - 88. 0182
18.4 -0. 00571 052 -0. 17386 213 -0. 20271 742 0. 04222 83 0. 13064 97 - 94. 7683

18. 5 +0. 01131 917 -0. 16351 793 -0. 20171 011 0. 03988 04 O. 12392 57 -102. 0574
18. 6 0. 02817 711 -0. 15217 591 -0. 19928 520 0. 03764 17 0.11749 14 -109. 9219
18. 7 0. 04474 490 -0. 13990 845 -0. 19546 113 0. 03550 84 0. 11133 69 -118. 3992
18. 8 0. 06090 579 -0. 12679 446 -0. 19026 637 0. 03347 64 0. 10545 28 -127. 5270
18. 9 0. 07654 556 -0. 11291 893 -0. 18373 930 0. 03154 21 0. 09982 98 -137. 3432

19. 0 0. 09155 333 -0. 09837 240 -0. 17592 797 0. 02970 16 0. 09445 89 -147. 8850
19.1 0.10582 247 -0. 08325 039 -0. 16688 985 0. 02795 15 0. 08933 10 -159. 1885
19. 2 0. 11925 134 -0. 06765 283 -0. 15669 143 0.02628 80 0. 08443 76 -171. 2882
19. 3 0. 13174 416 -0. 05168 334 -OE. 14540 785 0. 02470 79 0. 07977 01 -184. 2155
19.4 0. 14321 168 -0. 03544 863 -0. 13312 231 0. 02320 78 0. 07532 03 -197. 9980

19. 5 0.15357 193 -0. 01905 771 -0. 11992 560 0. 02178 44 0.07108 01 -212. 6582
19. 6 0. 16275 089 -0. 00262 120 -0. 10591 538 0.02043 46 0. 06704 16 -228. 2122
19.7 0. 17068 305 +0. 01374 948 -0. 09119 555 0. 01915 54 0. 06319 71 -244. 6678
19. 8 0. 17731 198 0. 02994 285 -0. 07587 548 0. 01794 37 0. 05953 92 -262. 0226
19.9 0. 18259 079 0. 04584 818 -0. 06006 922 0. 01679 67 0. 05606 06 -280. 2622

20. 0 0. 18648 256 0. 06135 630 -0. 04389 465 0.01571 16 0. 05275 42 --299. 3574
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Table 9.3
BESSEL FUNCTIONS-MODULUS AND PHASE OF ORDERS 10, 11, 20 AND 21

J7(x)=M(x) cos

x1Iiio(x) 0io(x) -x

Ye(x)Mn(x) 5m

x3Iii (x) 9ii(x)-x <X>
0. 050 0. 85676 701 -13. 94798 864 0.87222 790 -14. 96758 686 20
0.048 0.85136 682 -14. 05389 581 0. 86513 271 -15. 09771 672 21
0. 046 0. 84633 336 -14. 15926 984 0.85857 314 -15. 22701 466 22
0.044 0.84164 245 -14. 26413 968 0. 85250 587 -15. 35552 901 23
0.042 0.83727 251 -14. 36853 333 0. 84689 281 -15. 48330 635 24

0.040 0.83320 419 -14. 47247 807 0.84170 044 -15. 61039 144 25
0.038 0.82942 012 -14. 57600 035 0.83689 917 -15. 73682 771 26
0.036 0.82590 472 -14. 67912 589 0.83246 283 -15. 86265 679 28
0.034 0.82264 403 -14. 78187 967 0.82836 826 -15. 98791 896 29
0.032 0.81962 546 -14.88428 611 0. 82459 496 -16.11265 291 31

0.030 0.81683 775 -14. 98636 880 0.82112 469 -16. 23689 620 33
0.028 0.81427 076 -15. 08815 085 0.81794 133 -16. 36068 504 36
0.026 0.81191 546 -15. 18965 477 0.81503 056 -16. 48405 469 38
0.024 0.80976 370 -15. 29090 253 0.81237 970 -16. 60703 912 42
0.022 0. 80780 825 -15. 39191 569 0. 80997 751 -16. 72967 149 45

0.020 0.80604 267 -15. 49271 527 0. 80781 410 -16. 85198 406 50
0. 018 0.80446 127 -15. 59332 192 0.80588 079 -16. 97400 835 56
0.016 0.80305 902 -15. 69375 598 0.80416 997 -17. 09577 505 63
0.014 0.80183 156 -15. 79403 741 0.80267 505 -17. 21731 438 71
0.012 0.80077 512 -15. 89418 589 0.80139 036 -17. 33865 590 83

0.010 0.79988 647 -15.99422 093 0. 80031 114 -17. 45982 880 100
0.008 0.79916 297 -16. 09416 168 0.79943 341 -17. 58086 166 125
0. 006 0.79860 244 -16.19402 726 0. 79875 398 -17. 70178 301 167
0.004 0.79820 323 -16. 29383 652 0.79827 039 -17. 82262 084 250
0. 002 0.79796 417 -16. 39360 832 0.79798 093 -17. 94340 316 500

0.000 0.79788 456 -16. 49336 143 0. 79788 456 -18. 06415 776
1(-5)5115] f(-5)7

15
1 (-5)7
16

1(-4)1
16

x-i x1M20(x) 020(x)-x xif2i (x) 62lx)-x <x>
0. 050 1.474083 -21. 047407 1. 791133 -21. 290925 20
0.048 1.320938 -21. 606130 1. 525581 -21. 927545 21
0.046 1.211667 -22. 149524 1.347435 -22. 550082 22
0.044 1.131459 -22. 676802 1.224460 -23. 154248 23
0. 042 1.070845 -23. 188535 1.136653 -23. 738936 24

0. 040 1. 023762 -23. 685951 1. 071741 -24. 304948 25
0.038 0. 986284 -24. 170500 1. 022171 -24. 853951 26
0. 036 0.955823 -24. 643620 0. 983229 -25. 387848 28
0. 034 0.930635 -25. 106640 0.951902 -25. 908478 29
0. 032 0.909513 -25. 560748 0.926211 -26. 417500 31

0.030 0.891605 -26. 006988 0. 904821 -26. 916369 33
0.028 0.876293 -26. 446280 0.886799 -27. 406346 36
0. 026 0.863121 -26. 879433 0.871483 -27. 888527 38
0.024 0.851743 -27. 307159 0. 858385 -28. 363869 42
0.022 0.841895 -27. 730098 0.847145 -28. 833211 45

0.020 0.833375 -28. 148822 0.837487 -29. 297299 50
0.018 0.826019 -28. 563847 0. 829198 -29. 756800 56
0.016 0. 819702 -28. 975650 0.822114 -30. 212318 63
0. 014 0.814321 -29. 384666 0.816105 -30. 664405 71
0.012 0.809796 -29. 791303 0.811069 -31. 113569 83

0. 010 0.806062 -30. 195941 0. 806925 -31. 560285 100
0.008 0. 803071 -30. 598942 0.803612 -32. 005000 125
0. 006 0.800781 -31. 000652 0.801081 -32. 448139 167
0. 004 0.799165 -31. 401404 0.799297 -32. 890109 250
0. 002 0. 798204 -31. 801522 0. 798237 -33. 331307 500

0.000 0.797885 -32. 201325 0. 797885 -33. 772121 co

1(-3)5117J 1(-3)2
17

r(-2)1
18

1(-3)2
17

<x>=nearest integer to X.
Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments.
Royal Society Shorter Mathematical Tables No 3(Cambridge Univ Press, Cambridge, England,
1954) (with permission).
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n

BESSEL FUNCTIOÑS-VARIOUS ORDERS Table 9.4

J(1) J(2) J(5)
0 (- 1 7. 65197 6866 - 1 2. 23890 7791 - 1 -1. 77596 7713
1 - 1 4.40050 5857 - 1 5.76724 8078 - 1 -3.27579 1376
2 - 1 1. 14903 4849 - 1 3. 52834 0286 - 2 +4. 65651 1628
3 - 2 1. 95633 5398 - 1 1. 28943 2495 - 1 3. 64831 2306
4 - 3)2. 47663 8964 (-. 2 3. 39957 1981 (- 1 3. 91232 3605

5 (- 4)2. 49757 7302 (- 3)7. 03962 9756 - 1) 2. 61140 5461
6 - 5 2. 09383 3800 - 3 1. 20242 8972 - 1 1. 31048 7318
7 - 6 1.50232 5817 - 4 1.74944 0749 - 2 5.33764 1016
B - 8 9.42234 4173 - 5 2.21795 5229 - 2 1.84052 1665
9 (- 9)5. 24925 0180 - 6)2. 49234 3435 - 3 5.52028 3139

10 - 10 2.63061 5124 - 7 2.51538 6283 - 3 1.46780 2647
11 - 11 1.19800 6746 - 8 2.30428 4758 - 4 3.50927 4498
12 - 13 4.99971 8179 - 9 1.93269 5149 - 5 7.62781 3166
13 - 14 1. 92561 6764 - 10 1. 49494 2010 - 5 1.52075 8221
14 - 16 6. 88540 8200 - 11 1. 07294 6448 - 6 2. 80129 5810

15 (- 17 2. 29753 1532 - 13 7. 18301 6356 - 7 4. 79674 3278
16 (- 19 7.18639 6587 - 14 4.50600 5896 - 8 7.67501 5694
17 - 20 2. 11537 5568 - 15 2. 65930 7805 - 8 1. 15266 7666
18 (- 22)5.88034 4574 (- 16)1.48173 7249 (- 9) 1. 63124 4339
19 (- 23)1.54847 8441 (- 18)7.81924 3273 (- 10) 2.18282 5842

20 - 25 3.87350 3009 - 19 3.91897 2805 - 11 2.77033 0052
30 - 42 3.48286 9794 - 33 3.65025 6266 - 21 2.67117 7278
40 - 60 1.10791 5851 - 48 1.19607 7458 - 33 8.70224 1617
50 - 80 2.90600 4948 - 65 3.22409 5839 - 45 2.29424 7616

100 (-189)8.43182 8790 (-158)1. 06095 3112 (-119) 6.26778 9396

n J(1O) J(50) J(100)
O - 1 -2. 45935 7645 - 2 +5. 58123 2767 -2 +1.99858 5030
1 - 2 +4.34727 4617 - 2 -9.75118 2813 -2 -7.71453 5201
2 - 1 +2. 54630 3137 - 2 -5. 97128 0079 -2 -2. 15287 5734
3 - 2 +5.83793 7931 - 2 +9.27348 0406 -2 +7.62842 0172
4 - 1 -2. 19602 6861 - 2 +7. 08409 7728 -2 +2. 61058 0945

5 - 1 -2. 34061 5282 - 2 -8. 14002 4770 -2 -7. 41957 3696
6 - 2 -1. 44588 4208 - 2 -8. 71210 2682 -2 -3. 35253 8314
7 - 1 +2. 16710 9177 - 2 +6. 04912 0126 -2 +7. 01726 9099
8 - 1 3.17854 1268 - 1 +1. 04058 5632 -2 +4. 33495 5988
9 - 1 2.91855 6853 - 2 -2. 71924 6104 -2 -6. 32367 6141

10 - 1 2.07486 1066 (- 1 -1.13847 8491 -2 -5.47321 7694
11 - 1 1.23116 5280 - 2 -1. 83466 7862 -2 +5.22903 2602
12 - 2 6.33702 5497 - 1 +1.05775 3106 -2 +6.62360 4866
13 - 2 2. 89720 8393 - 2 +6. 91188 2768 -2 -3. 63936 7434
14 - 2 1. 19571 6324 - 2 -6. 98335 2016 -2 -7. 56984 0399

15 - 3 4.50797 3144 - 1 -1.08225 5990 -2 +1.51981 2122
16 - 3 1. 56675 6192 - 3 +4. 89816 0778 -2 +8. 02578 4036
17 - 4 5.05646 6697 - 1 +1. 11360 4219 -2 +1. 04843 8769
18 - 4 1. 52442 4853 - 2 +7. 08269 2610 -2 -7. 66931 4854
19 - 5) 4. 31462 7752 - 2 -6. 03650 3508 -2 -3. 80939 2116

20 - 5 1.15133 6925 - 1 -1.16704 3528 -2 +6.22174 5850
30 -12 1.55109 6078 - 2 +4. 84342 5725 -2 +8. 14601 2958
40 -21 6. 03089 5312 - 1 -1. 38176 2812 -2 +7. 27017 5482
50 -30 1. 78451 3608 - 1 +1. 21409 0219 -2 -3. 86983 3973

100 (-89) 6.59731 6064 (-21)+1.11592 7368 (-2)+9.63666 7330
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Table 9.4

n

BESSEL FUNCTIONS-VARIOUS ORDERS

Y(1) Y(2) Y(5)

0 (- 2)+8.82569 6420 - 1 +5. 10375 6726 - 1)-3. 08517 6252
1 (- 1)-7. 81212 8213 - 1 -1. 07032 4315 - i)+i. 47863 1434
2 ( 0)-1. 65068 2607 - 1 -6. 17408 1042 - 1)+3. 67662 8826
3 ( 0)-5.82151 7606 0 -1. 12778 3777 (- 1)+i. 46267 1627
4 ( 1)-3. 32784 2303 0)-2. 76594 3226 (- 1)-1. 92142 2874

5 2 -2. 60405 8666 0)-9. 93598 9128 - 1 -4. 53694 8225
6 3 -2. 57078 0243 1)-4. 69140 0242 - 1 -7. 15247 3576
7 4 -3. 05889 5705 2)-2. 71548 0254 0 -1. 26289 8836
8 (5 -4. 25674 6185 3)-1. 85392 2175 0) -2. 82086 9383
9 (6 -6. 78020 4939 4)-1. 45598 2938 0)-7. 76388 3188

10 ( 8)-1.21618 0143 5 -1. 29184 5422 1)-2. 51291 1010
11 ( 9)_2.42558 0081 6 -1. 27728 5593 1)-9. 27525 5719
12 10) -5. 32411 4376 7 -1. 39209 5698 2) -3. 82982 1416
13 12)-.1. 27536 1870 8)-1. 65774 1981 3)-1.74556 1722
14 13)-3.31061 6748 9)-2. 14114 3619 3)-8.69393 8814

15 ( 14)-9.25697 3276 10)-2. 98102 3646 4)-4. 69404 9564
16 ( 16 -2. 77378 1366 11 -4. 45012 4034 5)-2. 72949 0350
17 ( 17 -8. 86684 3398 12 -7. 09038 8217 6)-1. 69993 3328
18 ( 19 -3. 01195 2974 14 -1.20091 5873 7)-1. 12865 9760
19 ( 21 -1. 08341 6386 15 -2. 15455 8183 7)-7. 95635 6938

20 ( 22 -4. 11397 0315 16 -4. 08165 1389 8 -5. 93396 5297
30 ( 39 -3. 04812 8783 30 -2. 91322 3848 18 -4. 02856 8418
40 ( 57 -7. 18487 4797 45 -6. 66154 1235 29 -9. 21681 6571
50 ( 77 -2. 19114 2813 62) -1. 97615 0576 42 -2. 78883 7017

100 (185) -3. 77528 7810 (155)-3. 00082 6049 (115)-s. 08486 3915

n Y( 10) Y(50) Y(100)

O -2)+5. 56711 6730 - 2)-9. 80649 9600 -2) -7. 72443 1300
i -1)+2.49015 4242 - 2)-5. 67956 6800 -2)-2. 03723 1100
2 -3) -5. 86808 2460 - 2)+9. 57931 6928 -2)+7. 68368 6678
3 -1)-2.51362 6572 - 2)+6. 44591 2154 -2)+2. 34457 8567
4 (-1)-1. 44949 5119 - 2)-8. 80580 7469 -2) -7. 54301 1964

5 (-1 +1.35403 0477 (- 2)-7. 85484 1349 -2 -2. 94801 9524
6 -1 +2. 80352 5596 - 2 +7. 23483 9200 -2 +7. 24821 0012
7 -1 +2. 01020 0238 - 2 +9. 59120 2757 -2 +3. 81780 4726
8 -3 +1. 07547 3712 - 2 -4. 54930 2428 -2 -6. 71371 7350
9 -1)-1. 99299 2658 - 1 -1. 10469 7953 -2) -4. 89199 9502

10 (-1 -3. 59814 1522 - 3 +5. 72389 7953 -2 +5. 83315 7440
11 -1 -5. 20329 0386 - 1 +1. 12759 3545 -2 +6. 05863 0990
12 -1 -7. 84909 7327 - 2 +4. 38902 1804 -2 -4. 50025 8622
13 0)-1. 36345 4320 - 2 -9. 16920 4986 -2 -7. 13869 3059
14 0)-2. 76007 1499 - 2)-9. 15700 8397 -2 +2. 64419 8427

15 0 -6. 36474 5877 - 2 +4. 04128 0284 -2 +7. 87906 8618
16 1 -1. 63341 6613 - 1 +1.15817 7657 -3 -2.80477 8412
17 1 -4. 59045 8575 - 2 +3. 37105 6719 -2 -7. 96882 1527
18 2 -1. 39741 4254 - 2 -9. 28945 7999 -2 -2. 42892 1478
19 ( 2 -4. 57164 5457 - 1 -1. 00594 6648 -2 +7. 09440 9795

20 ( 3)-1. 59748 3848 - 2 +1.64426 3476 -2)+5. 12479 7200
30 9 -7. 25614 2316 - 1 -1. 16457 2354 -3 +6. 13883 8270
40 18 -1. 36280 3297 - 2 -4. 53080 1034 -2 +4. 07468 5106
50 27 -3. 64106 6502 - 1 -2. 10316 5558 -2 +7. 65052 6379

100 (85) -4. 84914 8271 (+18) -3. 29380 0193 (-1)-1. 66921 4112



s io,8 J'o(jo, 8) ji,8 J'i(ji,8) 32,s J'2(j2, 8)

1 2. 40482 55577 -0. 51914 74973 3. 83171 -0. 40276 5. 13562 -0. 33967
2 5. 52007 81103 +0. 34026 48065 7.01559 0.30012 8.41724 0. 27138
3 8. 65372 79129 -0. 27145 22999 10. 17347 -0. 24970 11.61984 -0. 23244
4 11. 79153 44391 0. 23245 98314 13. 32369 +0. 21836 14. 79595 0. 20654
5 14. 93091 77086 -0. 20654 64331 16. 47063 -0.19647 17. 95982 -0. 18773

6 1807106 39679 0. 18772 88030 19.61586 +0.18006 21.11700 0. 17326
7 21. 21163 66299 -0. 17326 58942 22. 76008 -0. 16718 24. 27011 -0. 16170
8 24.35247 15308 0. 16170 15507 25. 90367 +0. 15672 27. 42057 0. 15218
9 27. 49347 91320 -0. 15218 12138 29. 04683 -0. 14801 30. 56920 -0.14417

10 30. 63460 64684 +0. 14416 59777 32. 18968 0. 14061 33. 71652 0. 13730

11 33. 77582 02136 -0. 13729 69434 35. 33231 -0. 13421 36. 86286 -0.13132
12 36. 91709 83537 0. 13132 46267 38. 47477 +0. 12862 40. 00845 0. 12607
13 40. 05842 57646 -0. 12606 94971 41. 61709 -0. 12367 43.15345 -0.12140
14 43. 19979 17132 +0. 12139 86248 44. 75932 0. 11925 46. 29800 +0. 11721
15 46.34118 83717 -0. 11721 11989 47. 90146 -0.11527 49. 44216 -0. 11343

16 49. 48260 98974 0. 11342 91926 51. 04354 0. 11167 52. 58602 0. 10999
17 52. 62405 18411 -0. 10999 11430 54.18555 -0. 10839 55. 72963 -0. 10685
18 55.76551 07550 0. 10684 78883 57. 32753 +0.10537 58. 87302 0. 10396
19 58.90698 39261 -0. 10395 95729 60. 46946 -0. 10260 62. 01622 -0. 10129
20 62. 04846 91902 0. 10129 34989 63. 61136 0. 10004 65. 15927 0. 09882

s Y3, J'3(j3, 8) 34,8 J'4(34, 8) j5, 8 J'5(j5, 8)

1 6. 38016 -0. 29827 7.58834 -0. 26836 8.77148 -0. 24543
2 9.76102 0. 24942 11. 06471 +0. 23188 12. 33860 0. 21743
3 13. 01520 -0. 21828 14. 37254 -0. 20636 15. 70017 -0. 19615
4 16. 22347 0. 19644 17. 61597 +0. 18766 18. 98013 +0. 17993
5 19. 40942 -0.18005 20. 82693 -0. 17323 22. 21780 -0. 16712

6 22. 58273 0. 16718 24. 01902 0. 16168 25. 43034 0. 15669
7 25. 74817 -0. 15672 27. 19909 -0. 15217 28. 62662 -0. 14799
8 28. 90835 0. 14801 30. 37101 0. 14416 31. 81172 0. 14059
9 32. 06485 -0. 14060 33. 53714 -0.13729 34.98878 -0.13420

10 35. 21867 0. 13421 36. 69900 0. 13132 38. 15987 0. 12861

11 38. 37047 -0. 12862 39. 85763 -0. 12607 41. 32638 -0. 12366
12 41. 52072 0. 12367 43. 01374 0. 12140 44. 48932 0. 11925
13 44. 66974 -0. 11925 46.16785 -0. 11721 47. 64940 -0. 11527
14 47. 81779 0. 11527 49. 32036 0.11343 50.80717 0.11167
15 50. 96503 -0. 11167 52. 47155 -0. 10999 53. 96303 -0. 10838

16 54. 11162 0.10839 55. 62165 0.10685 57.11730 0.10537
17 57. 25765 -0. 10537 58. 77084 -0. 10396 60. 27025 -0. 10260
18 60. 40322 0. 10260 61. 91925 +0. 10129 63. 42205 +0. 10003
19 63. 54840 -0. 10004 65. 06700 -0. 09882 66. 57289 -0. 09765
20 66. 69324 0. 09765 68. 21417 0. 09652 69. 72289 0. 09543

8 36,8 J'6(jo, 8) 37,8 J'7(j7, 8) 38,8 J'8(j8, 8)

1 9.93611 -0. 22713 11. 08637 -0. 21209 12. 22509 -0. 19944
2 13. 58929 0. 20525 14. 82127 0. 19479 16. 03777 0. 18569
3 17. 00382 -0. 18726 18. 28758 -0. 17942 19. 55454 -0. 17244
4 20. 32079 0. 17305 21. 64154 0. 16688 22. 94517 0. 16130
5 23. 58608 -0.16159 24. 93493 -0. 15657 26. 26681 -0. 15196

6 26. 82015 0. 15212 28. 19119 0. 14792 29. 54566 0. 14404
7 30. 03372 -0. 14413 31. 42279 -0. 14055 32. 79580 -0. 13722
8 33. 23304 0. 13727 34. 63709 0.13418 36.02562 0.13127
9 36. 42202 -0. 13131 37. 83872 -0. 12859 39. 24045 -0. 12603

10 39. 60324 0. 12606 41. 03077 0. 12365 42. 44389 0. 12137

11 42. 77848 -0. 12139 44. 21541 -0. 11924 45. 63844 -0. 11719
12 45. 94902 0. 11721 47. 39417 0. 11526 48. 82593 0. 11342
13 49. 11577 -0.11343 50. 56818 -0. 11166 52. 00769 -0. 10998
14 52. 27945 0. 10999 53. 73833 0.10838 55.18475 0.10684
15 55. 44059 -0. 10685 56. 90525 -0. 10537 58. 35789 -0. 10395

16 58. 59961 0. 10396 60. 06948 0. 10260 61. 52774 0. 10129
17 61. 75682 -0. 10129 63. 23142 -0. 10003 64. 69478 -0. 09882
18 64. 91251 0. 09882 66. 39141 0. 09765 67. 85943 +0. 09652
19 68. 06689 -0. 09652 69. 54971 -0. 09543 71. 02200 -0. 09438
20 71. 22013 0. 09438 72. 70655 0. 09336 74.18277 +0. 09237
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Table 9.5
ZEROS AND ASSOCIATED VALUES OF BES SEL FUNCTIONS AND THEIR DERIVATIVES
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Tabla 9.5
ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES

s Y'o(yo, ) Y!, Y'1 (y', ) Y2, Y'2(y2, )
1 0. 89357 697 +0. 87942 080 2.19714 +0. 52079 3.38424 +0. 39921
2 3.95767 842 -0. 40254 267 5.42968 -0. 34032 6.79381 -0. 29992
3 7.08605 106 +0. 30009 761 8.59601 +0. 27146 10. 02348 0. 24967
4 10. 22234 504 -0. 24970 124 11.74915 -0. 23246 13. 20999 -0. 21835
5 13. 36109 747 +0. 21835 830 14. 89744 0. 20655 16. 37897 +0. 19646

6 16. 50092 244 -0.19646 494 18. 04340 -0. 18773 19. 53904 -0. 18006
7 19. 64130 970 +0. 18006 318 21. 18807 +0. 17327 22. 69396 +0. 16718
8 22. 78202 805 -0. 16718 450 24. 33194 -0.16170 25. 84561 -0. 15672
9 25. 92295 765 +0. 15672 493 27. 47529 +0. 15218 28. 99508 +0. 14801

10 29. 06403 025 -0. 14801 108 30. 61829 -0. 14417 32. 14300 -0. 14061

11 32. 20520 412 +0. 14060 578 33. 76102 +0. 13730 35. 28979 +0.13421
12 35. 34645 231 -0. 13421 123 36. 90356 -0. 13132 38. 43573 -0. 12862
13 38. 48775 665 +0. 12861 661 40. 04594 +0. 12607 41. 58101 +0. 12367
14 41. 62910 447 -0.12366 795 43. 18822 -0. 12140 44. 72578 -0. 11925
15 44. 77048 661 +0. 11924 981 46. 33040 +0. 11721 47. 87012 +0. 11527

16 47. 91189 633 -0.11527 369 49. 47251 -0. 11343 51. 01413 -0. 11167
17 51. 05332 855 +0. 11167 049 52. 61455 +0.10999 54.15785 +0. 10839
18 54. 19477 936 -0. 10838 535 55. 75654 -0.10685 57. 30135 -0.10537
19 57. 33624 570 +0.10537 405 58. 89850 +0. 10396 60. 44464 +0. 10260
20 60. 47772 516 -0.10260 057 62. 04041 -0. 10129 63. 58777 -0. 10004

s

1
Y3,

4.52702
Y'3(y,

+0. 33256
7/4,

5.64515
Y'(y4,)

+0. 28909
ys,s

6.74718 +0. 25795
2 8.09755 -0. 27080 9.36162 -0. 24848 10. 59718 -0. 23062
3 11.39647 +0. 23232 12. 73014 +0. 21805 14. 03380 +0. 20602
4 14. 62308 -0. 20650 15. 99963 -0. 19635 17. 34709 -0. 18753
5 17. 81846 +0. 18771 19. 22443 +0. 18001 20.60290 +0. 17317

6 20. 99728 -0. 17326 22. 42481 -0. 16716 23. 82654 -0. 16165
7 24. 16624 +0. 16170 25. 61027 +0. 15671 27. 03013 +0. 15215
8 27. 32880 -0. 15218 28. 78589 -0. 14800 30. 22034 -0.14415
9 30. 48699 +0. 14416 31. 95469 +0. 14060 33. 40111 +0. 13729

10 33. 64205 -0. 13730 35. 11853 -0. 13421 36. 57497 -0. 13132

11 36. 79479 +0.13132 38. 27867 +0. 12861 39. 74363 +0. 12606
12 39. 94577 -0. 12607 41. 43596 -0. 12367 42. 90825 -0. 12140
13 43. 09537 +0. 12140 44. 59102 +0. 11925 46. 06968 +0. 11721
14 46. 24387 -0. 11721 47. 74429 -0. 11527 49. 22854 -0. 11343
15 49. 39150 +0. 11343 50. 89611 +0. 11167 52. 38531 +0. 10999

16 52. 53840 -0. 10999 54. 04673 -0. 10838 55. 54035 -0. 10685
17 55. 68470 +0. 10685 57. 19635 +0. 10537 58. 69393 +0. 10396
18 58. 83049 -0. 10396 60. 34513 -0. 10260 61. 84628 -0. 10129
19 61. 97586 +0. 10129 63. 49320 +0. 10003 64. 99759 +0. 09882
20 65. 12086 -0. 09882 66. 64065 -0. 09765 68. 14799 -0. 09652

s y, Y'6(y6, ) y, Y'7(y7, .) y5, g Y'5(ys, )
1 7. 83774 0. 23429 8.91961 +0. 21556 9. 99463 +0. 20027
2 11. 81104 -0. 21591 13. 00771 -0. 20352 14. 19036 -0. 19289
3 15. 31362 +0. 19571 16. 57392 +0. 18672 17. 81789 +0. 17880
4 18. 67070 -0. 17975 19. 97434 -0.17283 21. 26093 -0.16662
5 21. 95829 +0. 16703 23. 29397 +0. 16148 24. 61258 +0. 15643

6 25. 20621 -0. 15664 26. 56676 -0. 15206 27. 91052 -0. 14785
7 28. 42904 +0. 14796 29. 80953 +0. 14409 31. 17370 +0. 14051
8 31. 63488 -0. 14058 33. 03177 -0. 13725 34. 41286 -0. 13415
9 34. 82864 +0. 13419 36. 23927 +0. 13130 37. 63465 +0. 12857

10 38. 01347 -0. 12860 39. 43579 -0. 12605 40. 84342 -0. 12364

11 41.19152 +0. 12366 42. 62391 +0. 12138 44. 04215 +0.11923
12 44. 36427 -0. 11924 45. 80544 -0. 11720 47. 23298 -0. 11526
13 47.53282 +0.11527 48.98171 +0.11342 50.41746 +0.11166
14 50. 69796 -0. 11167 52. 15369 -0. 10999 53. 59675 -0. 10838
15 53. 86031 +0. 10838 55. 32215 +0. 10684 56. 77177 +0. 10537

16 57. 02034 -0. 10537 58. 48767 -0. 10396 59. 94319 -0. 10260
17 60. 17842 0. 10260 61. 65071 +0. 10129 63. 11158 +0.10003
18 63. 33485 -0. 10003 64. 81164 -0. 09882 66. 27738 -0. 09765
19 66. 48986 +0. 09765 67. 97075 +0. 09652 69. 44095 +0. 09543
20 69. 64364 -0. 09543 71. 12830 -0. 09438 72. 60259 -0. 09336
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Table 9.5
ZEROS AND ASSOCIATED VALLES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES

411

s j'o,. .Jo(j'o,5) i'i,. Ji(j'i,) i'2, J2(j'2,.,)
1 0.00000 00000 +1.00000 00000 1.84118 +0.58187 3.05424 +0.48650
2 3.83170 59702 -0.40275 93957 5.33144 -0.34613 6.70613 -0.31353
3 7.01558 66698 +0.30011 57525 8.53632 +0.27330 9.96947 +0.25474
4 10.17346 81351 -0.24970 48771 11.70600 -0.23330 13.17037 -0.22088
5 13.32369 19363 +0.21835 94072 14.86359 +0.20701 16.34752 +0.19794

6 16.47063 00509 -0.19646 53715 18.01553 -0.18802 19.51291 -0.18101
7 19.61585 85105 +0.18006 33753 21.16437 +0.17346 22.67158 +0.16784
8 22.76008 43806 -0.16718 46005 24.31133 -0.16184 25.82604 -0.15720
9 25.90367 20876 +0.15672 49863 27.45705 +0.15228 28.97767 +0.14836

10 29.04682 85349 -0.14801 11100 30.60192 -0.14424 32.12733 -0.14088

11 32.18967 99110 +0.14060 57982 33.74618 +0.13736 35.27554 +0.13443
12 35.33230 75501 -0.13421 12403 36.88999 -0.13137 38.42265 -0.12879
13 38.47476 62348 +0.12861 66221 40.03344 +0.12611 41.56893 +0.12381
14 41.61709 42128 -0.12366 79608 43.17663 -0.12143 44,71455 -0.11937
15 44.75931 89977 +0.11924 98120 46.31960 +0.11724 47.85964 +0.11537

16 47.90146 08872 -0.11527 36941 49.46239 -0.11345 51.00430 -0.11176
17 51.04353 51836 +0.11167 04969 52.60504 +0.11001 54.14860 +0.10846
18 54,18555 36411 -0.10838 53489 55.74757 -0.10687 57.29260 -0.10544
19 57.32752 54379 +0.10537 40554 58.89000 +0.10397 60.43635 +0.10266
20 60,46945 78453 -0.10260 05671 62,03235 -0.10131 63.57989 -0.10008

S

1

j'3,.,
4.20119

J:(j';)
+0.43439

j'4,, .J4(j'4,)
5.31755 +0.39965 6.41562

J5(j'5,5)
+0.37409

2 8.01524 -0.29116 9.28240 -0.27438 10,51986 -0.26109
3 11.34592 +0.24074 12.68191 +0.22959 13.98719 +0.22039
4 14.58585 -0.21097 15.96411 -0.20276 17,31284 -0.19580
5 17.78875 +0.19042 19.19603 +0.18403 20,57551 +0.17849

6 20.97248 -0.17505 22.40103 -0.16988 23.80358 -0.16533
7 24.14490 +0.16295 25.58976 +0.15866 27.01031 +0.15482
8 27.31006 -0.15310 28.76784 -0.14945 30.20285 -0.14616
9 30.47027 +0.14487 31.93854 +0.14171 33.38544 +0.13885

10 33,62695 -0,13784 35.10392 -0.13509 36.56078 -0.13256

11 36.78102 +0.13176 38.26532 +0.12932 39.73064 +0.12707
12 39.93311 -0.12643 41.42367 -0.12425 42.89627 -0.12223
13 43.08365 +0.12169 44.57962 +0.11973 46.05857 +0.11790
14 46.23297 -0.11746 47.73367 -0.11568 49.21817 -0.11402
15 49.38130 +0.11364 50.88616 0.11202 52.37559 +0.11049

16 52.52882 -0.11017 54.03737 -0.10868 55.53120 -0.10728
17 55.67567 +0.10700 57.18752 +0.10563 58.68528 +0.10434
18 58.82195 -0.10409 60.33677 -0.10283 61.83809 -0.10163
19 61.96775 +0.10141 63.48526 +0.10023 64.98980 +0.09912
20 65.11315 -0.09893 66.63309 -0.09783 68.14057 -0.09678

s j'6, J6(j'6, ) ,i', J7(j'7, .) JS, 'IS(iS, s)

1 7.50127 0.35414 8.57784 +0.33793 9.64742 +0.32438
2 11.73494 -0.25017 12.93239 -0.24096 14.11552 -0.23303
3 15.26818 +0.21261 16.52937 +0.20588 17.77401 +0.19998
4 18.63744 -0.18978 19.94185 -0,18449 21.22906 -0.17979
5 21.93172 +0.17363 23.26805 0.16929 24.58720 +0.16539

6 25.18393 -0.16127 26.54503 -0.15762 27.88927 -0,15431
7 28.40978 +0.15137 29.79075 0.14823 31.15533 +0.14537
8 31.61788 -0.14317 33.01518 -0.14044 34.39663 -0.13792
9 34.81339 +0.13623 36.22438 0.13381 37.62008 +0.13158

10 37.99964 -0.13024 39.42227 -0.12808 40.83018 -0.12608

11 41.17885 +0.12499 42.61152 +0,12305 44.03001 +0.12124
12 44.35258 -0.12035 45.79400 -0.11859 47.22176 -0.11695
13 47.52196 +0.11620 48.97107 +0.11460 50.40702 +0.11309
14 50.68782 -0.11246 52.14375 -0.11099 53.58700 -0.10960
15 53,85079 +0.10906 55.31282 0.10771 56.76260 +0.10643

16 57.01138 -0.10596 58.47887 -0.10471 59.93454 -0.10352
17 60.16995 +0.10311 61.64239 +0.10195 63.10340 0.10084
18 63.32681 -0.10049 64.80374 -0.09940 66.26961 -0.09837
19 66.48221 +0,09805 67.96324 +0.09704 69.43356 +0.09607
20 69.63635 -0.09579 71.12113 -0.09484 72.59554 -0.09393



1 6.25363 +0.33660 7.46492 +0.31432 8.64956 +0.29718
2 9.69879 -0.26195 11. 00517 -0.24851 12.28087 -0.23763
3 12.97241 +0.22428 14. 33172 +0.21481 15.66080 +0.20687
4 16.19045 -0.19987 17. 58444 -0.19267 18.94974 -0.18650
5 19.38239 +0.18223 20.80106 +0.17 651 22.19284 +0.17151

6 22.55979 -0.16867 23.99700 -0.16397 25.40907 -0.15980
7 25.72821 +0.15779 27.17989 +0.15384 28.60804 +0.15030
8 28.89068 -0.14881 30. 35396 -0.14543 31.79520 -0.14236
9 32.04898 +0.14122 33.52180 +0.13828 34.97389 +0.13559

10 35.20427 -0.13470 36.68505 -0.13211 38.14631 -0.12973

11 38.35728 +0.12901 39.84483 +0.12671 41.31392 +0.12458
12 41.50855 -0.12399 43.00191 -0.12193 44.47779 -0.12001
13 44.65845 +0.11952 46.15686 +0.11765 47.63867 0.11591
14 47.80725 -0.11550 49. 31009 -0.11380 50.79713 -0.11221
15 50.95515 +0. 11186 52.46191 + 0.110 31 53.95360 +0.10885

16 54.10232 -0.10855 55.61257 -0.10712 57.10841 -0.10578
17 57.24887 +0.10552 58. 76225 +0.10420 60.26183 +0.10295
18 60.39491 -0.10273 61.91110 -0.10151 63.41407 -0.10035
19 63.54050 +0.10015 65. 05925 +0.09901 66.56530 +0.09793
20 66.68571 -0.09775 68. 20679 -0.09669 69.71565 -0.09568

Y6('6, ,) /17,.' i'7(9/'7, .,) Ys(y's, )
1 9.81480 +0.28339 10. 96515 ±0.27194 12.10364 +0.26220
2 13.53281 -0.22854 14. 76569 -0.22077 15.98284 -0.21402
3 16.96553 +0.2 0007 18.25012 +0.19414 19.51773 +0.18891
4 20.29129 -.0.18111 21. 6127 5 -0.17634 22.91696 -0.17207
5 23.56186 40.16708 24. 91131 ±0.16311 26.24370 +0.15953

6 26.79950 -0.15607 28. 17105 -0.152 69 29.52596 -0.14962
7 30.01567 +0.14709 31.40518 +0.14417 32.77857 +0.14149
8 33.21697 -0.13957 34. 62140 -0.13700 36.01026 -0.13463
9 36.40752 +0.13313 37.82455 +0.13085 39.22658 +0.12874

10 39.59002 -.0.12753 41. 01785 -0.12549 42.43122 -0.12359

11 42.76632 ±0.12260 44. 20351 +0.12 076 45.62678 +0.11904
12 45.93775 -.0.11822 47. 38314 -0.11654 48.81512 -0.11497
13 49.10528 +0.11428 50. 55791 + 0.11275 51.99761 +0.11131
14 52.26963 -0. 11072 53.72870 -0.10931 55.17529 -0.10798
15 55.43136 +0. 10748 56.89619 ±0.10618 58.34899 +0.10494

16 58.59089 --0.104 51 60. 06092 -0.10330 61.51933 -0.10216
17 61.74857 + 0.10177 63. 22331 ±0.100 65 64.68681 +0.09958
18 64.90468 --0.0 9925 66. 38370 -0.09820 67.85185 -0.09720
19 68.05943 0.09690 69.54237 ±0. 09592 71.01478 +0.09498
20 71.21301 -0.09471 72. 69955 -0. 09379 74.17587 -0.09291

s

1 2.19714 133
Yo(y'o, s)

+0.52078 641
ii'i,,,

3. 68302
Y('i,)

+0.41673
/í'2,

5.00258
Y2(y'2,,,)

+0.36766
2 5.42968 104 -0.34031 805 6.94150 -0.30317 8.35072 -0.27928
3 8.59600 587 +0.27145 988 10. 12340 +0.25091 11.57420 +0.23594
4 11.74915 483 -0.23246 177 13.28576 -0.21897 14.76091 -0.20845
5 14.89744 213 +0.20654 711 16. 44006 +0.19683 17.93129 +0.18890

6 18.04340 228 -0.18772 909 19. 59024 -0.18030 21.09289 -0.17405
7 21.18806 893 +0.17326 604 22. 73803 +0.16735 24.24923 +0.16225
8 24.33194 257 -0.16170 163 2 5. 88431 -0.15684 27.40215 -0.15259
9 27.47529 498 +0.15218 126 29.02958 +0.14810 30.55271 +0.14448

10 30.61828 649 -0.14416 600 32.17412 -0.14067 33.70159 -0.13754

11 33.76101 780 +0.13729 696 35. 31813 +0.13427 36.84921 +0.13152
12 36.90355 532 -0.13132 464 38.46175 -0.12866 39.99589 -0.12623
13 40.04594 464 +0.12606 951 41.60507 +0.12370 43.14182 +0.12153
14 43.18821 810 -0.12139 863 44. 74814 -0.11928 46.28716 -0.11732
15 46.33039 925 +0.11721 120 47.89101 +0.11530 49.43202 +0.11352

16 49.47250 568 -0.11342 920 51. 03373 -0.11169 52.57649 -0.11007
17 52.61455 077 +0.10999 115 54.17632 + 0.10840 55.72063 +0.10692
18 55.75654 488 -0.10684 789 57.31880 -0.1 0539 58.86450 -0.10402
19 58.89849 617 +0.10395 957 60.46118 +0.10261 62.00814 +0.10135
20 62.04041 115 -0.10129 350 63.60349 -0.10005 65.15159 -0.09887

s Ys(y'3, ) iJ'4, Y4 (y',,,) Y5 (ii's, s)

412 BESSEL FUNCTIONS OF INTEGER ORDER

Table 9.5
ZEROS AND ASSOCIATED VALUES OF BESSEL FUNCTIONS AND THEIR DERIVATIVES
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[(-4)11 [(-4)81 [(-3)2] [-33] [(-3)5[3] [4J [5J [5] [6
From E. T. Goodwin and J. Staton, Table of Jo (jo,nr), Quart J. Mech. Appi.
Math. 1, 220-224 (1948) (with permission).

413

0. 20 0. 94300 0. 71773 0. 38020 +0. 02438 -0. 25533
0. 22 0. 93124 0. 66392 0. 27960 -0. 09404 -0. 34090
0. 24 0. 91844 0. 60706 0. 17976 -0. 19716 -0. 39013
0. 26 0. 90463 0. 54766 +0. 08277 -0. 28155 -0. 40225
0. 28 0. 88982 0. 48623 -0. 00942 -0. 34466 -0. 37917

0. 30 0. 87405 0. 42333 -0. 09498 -0. 38498 -0. 32527
0. 32 0. 85734 0. 35950 -0. 17226 -0. 40207 -0. 24698
0. 34 0. 83972 0. 29529 -0. 23986 -0. 39653 -0. 15223
0. 36 0. 82122 0. 23126 -0. 29664 -0. 36998 -0. 04980
0. 38 0. 80187 0. 16795 -0. 34171 -0. 32493 +0. 05137

0. 40 0. 78171 0.10590 -0. 37453 -0. 26467 0. 14293
0. 42 0. 76077 +0. 04562 -0. 39482 -0. 19304 0. 21767
0. 44 0. 73908 -0. 01240 -0. 40264 -0. 11431 0. 27011
0. 46 0.71669 -0. 06769 -0. 39835 -0. 03289 0. 29684
0. 48 0. 69362 -0. 11983 -0. 38259 +0. 04684 0. 29671

0. 50 0. 66993 -0. 16840 -0. 35628 0. 12078 0. 27086
0. 52 0. 64565 -0. 21306 -0. 32056 0. 18527 0. 22252
0. 54 0. 62081 -0. 25349 -0. 27678 0. 23725 0. 15667
0. 56 0. 59547 -0. 28941 -0. 22648 0. 27445 +0. 07960
0. 58 0. 56967 -0. 32062 -0. 17130 0. 29541 -0. 00168

0. 60 0. 54345 -0. 34692 -0. 11295 0. 29959 -0. 08007
0. 62 0. 51685 -0. 36821 -0. 05320 0.28731 -0. 14891
0. 64 0.48992 -0. 38441 +0. 00622 0. 25977 -0. 20259
0. 66 0. 46270 -0. 39551 0. 06363 0. 21892 -0. 23697
0. 68 0. 43524 -0. 40152 0. 11745 0. 16735 -0. 24965

0. 70 0. 40758 -0. 40255 0. 16625 0. 10814 -0. 24019
0. 72 0. 37977 -0. 39871 0. 20878 +0. 04470 -0. 21003
0. 74 0.35186 -0. 39019 0. 24399 -0. 01945 -0. 16237
0. 76 0. 32389 -0. 37721 0. 27107 -0. 08082 -0. 10179
0. 78 0. 29591 -0. 36003 0. 28945 -0. 13618 -0. 03389

0. 80 0. 26796 -0. 33896 0. 29882 -0. 18270 +0. 03525
0. 82 0.24009 -0. 31433 0. 29915 -0. 21808 0. 09960
0. 84 0. 21234 -0. 28652 0. 29063 -0. 24067 0. 15369
0. 86 0. 18476 -0. 25591 0. 27374 -0. 24957 0. 19306
0. 88 0. 15739 -0. 22293 0. 24914 -0. 24461 0. 21464

0. 90 0. 13027 -0. 18800 0. 21774 -0. 22637 0. 21694
0. 92 0. 10346 -0. 15157 0. 18059 -0. 19613 0. 20021
0. 94 0. 07698 -0. 11411 0. 13891 -0. 15580 0. 16630
0. 96 0. 05089 -0. 07605 0. 09399 -0. 10779 0. 11854
0. 98 0. 02521 -0. 03787 0. 04722 -0. 05486 0. 06138

1. 00 0. 00000 0. 00000 0. 00000 0. 00000 0. 00000

x Jo(j01z)

BESSEL FUNCTIONS-Jo(j0, x)

Jo(j02x) Jo(j0.3x) ,Jo(j0,4x)

Table 9.6

J0Ci0,5x)

0. 00 1. 00000 1. 00000 1. 00000 1. 00000 1. 00000
0. 02 0. 99942 0. 99696 0. 99253 0. 98614 0. 97783
0.04 0.99769 0.98785 0. 97027 0. 94515 0. 91280
0. 06 0.99480 0.97276 0. 93373 0. 87872 0. 80920
0. 08 0.99077 0.95184 0. 88372 0. 78961 0. 67388

0.10 0.98559 0. 92526 0. 82136 0. 68146 0.51568
0. 12 0.97929 0. 89328 0. 74804 0. 55871 0. 34481
0. 14 0. 97186 0.85617 0. 66537 0. 42632 0. 17211
0. 16 0.96333 0. 81429 0.57518 0.28958 +0. 00827
0.18 0.95370 0.76800 0.47943 0.15386 -0.13693
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<A> =nearest integer to A.

Compiled from H. S. Carsiaw and J. C. Jaeger, Conduction of heat in solids (Oxford
Univ. Press, London, England, 1947) and British Association for the Advancement
of Science, Bessel functions, Part I. Functions of orders zero and unity, Math-
ematical Tables, vol. VI (Cambridge Univ. Press, Cambridge, England, 1950)(with
permission).

Table 9.7 BES SEL FUNCTIONS-MISCELLANEOUS ZEROS

sth Zero of xJi (z) - xJ0 (z)

1 2 3 4 5

0. 00 0. 0000 3.8317 7. 0156 10. 1735 13. 3237
0. 02 0.1995 3. 8369 7. 0184 10. 1754 13. 3252
0.04 0.2814 3.8421 7.0213 10.1774 13.3267
0. 06 0. 3438 3. 8473 7. 0241 10. 1794 13. 3282
0. 08 0. 3960 3.8525 7. 0270 10. 1813 13. 3297
0.10 0.4417 3.8577 7. 0298 10. 1833 13. 3312

0.20 0.6170 3.8835 7.0440 10.1931 13.3387
0.40 0.8516 3. 9344 7. 0723 10. 2127 13. 3537
0. 60 1. 0184 3.9841 7.1004 10. 2322 13. 3686
0.80 1. 1490 4. 0325 7.1282 10. 2516 13. 3835
1. 00 1. 2558 4. 0795 7.1558 10. 2710 13. 3984

1 2 3 4 5 <X>
1.00 1.2558 4.0795 7.1558 10.2710 13.3984 1

0. 80 1.3659 4. 1361 7.1898 10. 2950 13. 4169 1

0. 60 1. 5095 4.2249 7. 2453 10. 3346 13. 4476 2

0. 40 1.7060 4. 3818 7. 3508 10. 4118 13. 5079 3

0.20 1.9898 4. 7131 7. 6177 10.6223 13. 6786 5

0.10 2.1795 5. 0332 7. 9569 10. 9363 13. 9580 10

0.08 2. 2218 5.1172 8. 0624 11. 0477 14. 0666 13
0. 06 2.2656 5.2085 8.1852 11. 1864 14. 2100 17
0. 04 2.3108 5. 3068 8. 3262 11.3575 14. 3996 25
0. 02 2. 3572 5.4112 8. 4840 11. 5621 14. 6433 50

0. 00 2.4048 5. 5201 8. 6537 11.7915 14. 9309

8tli Zero of J1 (x)-AxJ0(x)

A\s 1 2 3 4 5

0. 5 0. 0000 5.1356 8. 4172 11. 6198 14. 7960
0.6 1.1231 5.2008 8.4569 11.6486 14.8185
0.7 1.4417 5.2476 8.4853 11. 6691 14. 8346
0. 8 1. 6275 5.2826 8.5066 11.6845 14. 8467
0.9 1.7517 5. 3098 8.5231 11. 6964 14. 8561
1. 0 1.8412 5. 3314 8. 5363 11. 7060 14. 8636

1 2 3 4 5 <A>
1. 00 1. 8412 5. 3314 8. 5363 11.7060 14. 8636 1

0. 80 1.9844 5. 3702 8.5600 11. 7232 14. 8771 1

0.60 2. 1092 5.4085 8. 5836 11. 7404 14. 8906 2

0. 40 2.2192 5.4463 8. 6072 11. 7575 14. 9041 3

0.20 2. 3171 5.4835 8. 6305 11. 7745 14. 9175 5

0. 10 2. 3621 5. 5019 8. 6421 11.7830 14. 9242 10

0.08 2.3709 5.5055 8.6445 11.7847 14.9256 13
0. 06 2. 3795 5. 5092 8. 6468 11. 7864 14. 9269 17

0. 04 2. 3880 5. 5128 8. 6491 11.7881 14. 9282 25

0.02 2.3965 5.5165 8.6514 11.7898 14. 9296 50
0. 00 2.4048 5. 5201 8. 6537 11.7915 14. 9309



<X> =nearest integer to X.
Compiled from British Association for the Advancement of Sciene, Bessel func-
tions, Part I. Functions of orders zero and unity, Mathematical Tables, vol.VI
(Cambridge Univ. Press, Cambridge, England, 1950) (with permission).

See page II.

*
*

0. 80
0. 60
0. 40
0. 20

0.10
0.08
0. 06
0. 04
0.02
0. 00

1

6. 56973 31Q
2. 60328 138
1. 24266 626
0.51472 663

0.24481 004
0.19461 772
0.14523 798
0.09647 602
0.04813 209
0. 00000 000

31h Zero of J1 (z) Yo (Xx) -

2 3
18. 94971 31. 47626

7. 16213 11. 83783
3.22655 5. 28885
1.24657 2. 00959

0.57258 0.90956
0.45251 0.71635
0. 33597 0.53005
0.22226 0. 34957
0.11059 0.17353
0. 00000 0.00000

Y1 (z) Jo (Xx)

4

44. 02544
16. 53413
7. 36856
2. 78326

1.25099
0.98327
0. 72594
0. 47768
0.23666
0.00000

5

56. 58224
21. 23751
9.45462
3. 56157

1.59489
1.25203
0.92301
0. 60634
0.29991
0.00000

<X>
1
2
3
5

10
13
17
25
50

*

* 0. 80
0. 60
0.40
0.20

0.10
0.08
0. 06
0. 04
0. 02
0.00

1

12. 59004 151
4. 75805 426
2.15647 249
0.84714 961

0.39409 416
0.31223 576
0.23235 256
0. 15400 729
0. 07672 788
0.00000 000

8th Zero of J1 (z) Y1 (Xx) -

2 3
25. 14465 37. 70706

9. 44837 14. 15300
4.22309 6.30658
1.61108 2.38532

0.73306 1.07483
0.57816 0.84552
0.42843 0.62483
0. 28296 0.41157
0. 14062 0.20409
0.00000 0.00000

Y1 (z) J1 (Xx)

4
50. 27145
18. 86146
8.39528
3.16421

1.41886
1. 11441
0. 82207
0. 54044
0. 26752
0.00000

5
62. 83662
23. 57148
10.48619
3.94541

1.76433
1.38440
1. 02001
0.66961
0. 33097
0.00000

<X>
1
2
3
5

10
13
17
25
50

*

* 0.80
0.60
0.40
0.20

0.10
0. 08
0.06
0. 04
0. 02
0. 00

12.55847 031
4.69706 410
2.07322 886
0.76319 127

0.33139 387
0. 25732 649
0.18699 458
0.12038 637
0.05768 450
0. 00000 000

25.12877
9.41690
4.17730
1.55710

0.68576
0.53485
0.39079
0.25340
0.12272
0. 00000

37.69646
14.13189
6.27537
2.34641

1. 03774
0.81055
0.59334
0.38570
0.18751
0.00000

50.26349
18.84558
8.37167
3.13403

1.38864
1. 08536
0.79522
0.51759
0.25214
0.00000

62.83026
23.55876
10.46723
3.92084

1.73896
1. 35969
0.99673
0.64923
0.31666
0.00000

1

2
3
5

10
13
17
25
50
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BESSEL FUNCTIONS-MISCELLANEOUS ZEROS Table 9.7

8th Zero of J0 (z) Yo(Xx) - Yo(x) Jo (Xx)

1 2 3 4 5 <X>



416 BESSEL FUNCTIONS OF INTEGER ORDER

Compiled from British Association for the Advancement of Science, Bessel

functions, Part I. Functions of orders zero and unity, Mathematical Tables,

vol. VI , Part II. Functions of positive integer order, Mathematical Tables,

vol. X(Cambridge Univ. Press, Cambridge, England, 1950, 1952)and L. Fox,

A short table for Bessel functions of integer orders and large arguments. Royal

Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cam-

bridge, England, 1954) (with permission).

Table 9.8

X

MODIFIED BESSEL FUNCTIONS-ORDERS O, i AND 2

exIo(x) exI (x) T,2J2 (x)

0. 0 1. 00000 00000 0. 00000 00000 0. 12500 00000
0. 1 0. 90710 09258 0. 04529 84468 0. 12510 41992
0. 2 0. 82693 85516 0. 08228 31235 0. 12541 71878
0.3 0. 75758 06252 0. 11237 75606 0. 12594 01407
0. 4 0. 69740 21705 0. 13676 32243 0. 12667 50222

0. 5 0. 64503 52706 0.15642 08032 0. 12762 45967
0. 6 0.59932 72031 0.17216 44195 0. 12879 24416
0. 7 0. 55930 55265 0.18466 99828 0. 13018 29658
0. 8 0. 52414 89420 0.19449 86933 0. 13180 14318
0. 9 0. 49316 29662 0.20211 65309 0. 13365 39819

1. 0 0. 46575 96077 0.20791 04154 0. 13574 76698
1.1 0. 44144 03776 0.21220 16132 0. 13809 04952
1. 2 0. 41978 20789 0.21525 68594 0. 14069 14455
1.3 0. 40042 49127 0.21729 75878 0. 14356 05405
1.4 0. 38306 25154 0. 21850 75923 0. 14670 88837

1. 5 0. 36743 36090 0. 21903 93874 0. 15014 87192
1. 6 0. 35331 49978 0. 21901 94899 0. 15389 34944
1. 7 0. 34051 56880 0.21855 28066 0. 15795 79288
1. 8 0. 32887 19497 0.21772 62788 0. 16235 80900
1.9 0. 31824 31629 0.21661 19112 0.16711 14772

2. 0 0. 30850 83225 0.21526 92892 0. 17223 71119
2. 1 0. 29956 30945 0. 21374 76721 0. 17775 56370
2. 2 0. 29131 73331 0. 21208 77328 0. 18368 94251
2. 3 0. 28369 29857 0.21032 30051 0. 19006 26964
2. 4 0. 27662 23231 0.20848 10887 0. 19690 16460

2. 5 0. 27004 64416 0.20658 46495 0. 20423 45837
2. 6 0.26391 39957 0.20465 22544 0. 21209 20841
2. 7 0. 25818 01238 0. 20269 90640 0. 22050 71509
2. 8 0.25280 55337 0.20073 74113 0. 22951 53938
2. 9 0. 24775 57304 0.19877 72816 0. 23915 52213

3. 0 0. 24300 03542 0.19682 67133 0. 24946 80490
3. 1 0.23851 26187 0.19489 21309 0. 26049 85252
3. 2 0.23426 88316 0. 19297 86229 0. 27229 47757
3. 3 0. 23024 79845 0.19109 01727 0. 28490 86686
3. 4 0.22643 14011 0.18922 98511 0. 29839 61010

3. 5 0. 22280 24380 0.18739 99766 0. 31281 73100
3. 6 0. 21934 62245 0.18560 22484 0. 32823 72078
3. 7 0. 21604 94417 0.18383 78580 0. 34472 57467
3. 8 0. 21290 01308 0.18210 75810 0. 36235 83128
3. 9 0.20988 75279 0.18041 18543 0. 38121 61528

4. 0 0.20700 19211 0.17875 08394 0. 40138 68359
4. 1 0.20423 45274 0. 17712 44763 0. 42296 47539
4. 2 0. 20157 73840 0.17553 25260 0. 44605 16629
4. 3 0.19902 32571 0.17397 46091 0. 47075 72701
4. 4 0.19656 55589 0.17245 02337 0. 49719 98689

4. 5 0. 19419 82777 0.17095 88223 0. 52550 70272
4. 6 0.19191 59151 0. 16949 97311 0. 55581 63319
4. 7 0. 18971 34330 0.16807 22681 0. 58827 61978
4. 8 0. 18758 62042 0.16667 57058 0. 62304 67409
4. 9 0. 18552 99721 0.16530 92936 0. 66030 07270

5.0 0. 18354 08126 0.16397 22669 0. 70022 45988
r(-3)2[9 r(-3)1[9 1(-4)3

L7
I+i (r)=- 2I,(x)+Ii (x)
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MODIFIED BESSEL FUNCTIONS-ORDERS O, i AND 2 Table 9.8

z exKo (z) exK1 (z) 2K2 (z)
0.0 2.00000 0000
0. 1 2. 68232 61023 10. 89018 2683 1. 99503 9646
0. 2 2. 14075 73233 5. 83338 6037 1. 98049 7172
0.3 1.85262 73007 4.12515 7762 1.95711 6625
0.4 1.66268 20891 3.25867 3880 1.92580 8202

0. 5 1. 52410 93857 2. 73100 97082 1. 88754 5888
0. 6 1.41673 76214 2.37392 00376 1. 84330 9881
0.7 1. 33012 36562 2.11501 13128 1.79405 1681
0. 8 1. 25820 31216 1. 91793 02990 1. 74067 2762
0.9 1.19716 33803 1.76238 82197 1.68401 1992

1.0 1. 14446 30797 1. 63615 34863 1. 62483 8899
1.1 1. 09833 02828 1. 53140 37541 1. 56385 0953
1.2 1. 05748 45322 1. 44289 75522 1.50167 3576
1. 3 1. 02097 31613 1. 36698 72841 1. 43886 2011
1. 4 0. 98806 99961 1.30105 37400 1. 37590 4446

1. 5 0. 95821 00533 1.24316 58736 1, 31322 5917
1. 6 0. 93094 59808 1. 19186 75654 1. 25119 2681
1.7 0. 90591 81386 1.14603 92462 1.19011 6819
1. 8 0. 88283 35270 1.10480 53726 1.13026 0897
1. 9 0. 86145 06168 1. 06747 09298 1. 07184 2567

2. 0 0. 84156 82151 1. 03347 68471 1. 01503 9018
2.1 0. 82301 71525 1. 00236 80527 0.95999 1226
2. 2 0. 80565 39812 0. 97377 01679 0. 90680 7952
2.3 0,78935 61312 0.94737 22250 0.85556 9487
2.4 0.77401 81407 0.92291 36650 0.80633 1113

2.5 0.75954 86903 0.90017 44239 0.75912 6289
2.6 0.74586 82430 0.87896 72806 0.71396 9565
2. 7 0. 73290 71515 0. 85913 18867 0. 67085 9227
2. 8 0. 72060 41251 0. 84053 00604 0. 62977 9698
2. 9 0, 70890 49774 0. 82304 20403 0. 59070 3688

3. 0 0. 69776 15980 0. 80656 34800 0.55359 4126
3.1 0. 68713 11010 0.79100 30157 0. 51840 5885
3. 2 0.67697 51139 0.77628 02824 0.48508 7306
3.3 0.66725 91831 0.76232 42864 0.45358 1550
3. 4 0. 65795 22725 0. 74907 20613 0. 42382 7789

3. 5 0. 64902 63377 0. 73646 75480 0. 39576 2241
3. 6 0. 64045 59647 0. 72446 06608 0. 36931 9074
3. 7 0.63221 80591 0.71300 65010 0.34443 1194
3.8 0. 62429 15812 0.70206 46931 0.32103 0914
3. 9 0. 61665 73147 0.69159 88206 0.29905 0529

4. 0 0. 60929 76693 0.68157 59452 0.27842 2808
4. 1 0. 60219 65064 0. 67196 61952 0. 25908 1398
4.2 0. 59533 89889 0. 66274 24110 0.24096 1165
4.3 0.58871 14486 0.65387 98395 0.22399 8474
4.4 0.58230 12704 0.64535 58689 0.20813 1411

4.5 0.57609 67897 0.63714 97988 0.19329 9963
4.6 0.57008 72022 0.62924 26383 0.17944 6150
4. 7 0.56426 24840 0.62161 69312 0.16651 4127
4.8 0.55861 33194 0.61425 66003 0.15445 0249
4,9 0.55313 10397 0.60714 68131 0.14320 3117

5. 0 0. 54780 75643 0. 60027 38587 0. 13272 3593

2 1(-3)1
L li
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Table 9.8 MODIFIED BESSEL FUNCTIONS-ORDERS O, i AND 2

[(-6)81 [(-6)31 [(-6)2L61 L51 [5

x e'Io(x) exIi(x) e_v12(x)

5.0 0.18354 08126 0.16397 22669 0.11795 1906
5.1 0. 18161 51021 0.16266 38546 0. 11782 5355
5.2 0.]7974 94883 0. 16138 32850 0. 11767 8994
5. 3 0.17794 08646 0. 16012 97913 0.11751 4528
5. 4 0. 17618 63475 0.15890 26150 0. 11733 3527

5.5 0. 17448 32564 0. 15770 10090 0. 11713 7435
5.6 0.17282 90951 0.15652 42405 0.11692 7581
5. 7 0. 17122 15362 0. 15537 15922 0. 11670 5188
5.8 0.16965 84061 0.15424 23641 0.11647 1384
5. 9 0. 16813 76726 0.15313 58742 0. 11622 7207

6.0 0.16665 74327 0.15205 14593 0.11597 3613
6.1 0.16521 59021 0.15098 84754 0.11571 1484
6.2 0.16381 14064 0.14994 62978 0.11544 1633
6.3 0.16244 23718 0.14892 43212 0.11516 4809
6. 4 0.16110 73175 0.14792 19595 0.11488 1705

6.5 0.15980 48490 0.14693 86457 0.11459 2958
6. 6 0. 15853 36513 0. 14597 38314 0. 11429 9157
6. 7 0. 15729 24831 0. 14502 69866 0. 11400 0845
6. 8 0. 15608 01720 0. 14409 75991 0. 11369 8525
6. 9 0. 15489 56090 0. 14318 51745 0. 11339 2660

7.0 0.15373 77447 0.14228 92347 0.11308 3678
7. 1 0. 15260 55844 0. 14140 93186 0. 11277 1974
7. 2 0. 15149 81855 0. 14054 49809 0. 11245 7913
7. 3 0. 15041 46530 0. 13969 57915 0. 11214 1833
7.4 0.14935 41371 0.13886 13353 0.11182 4046

7. 5 0. 14831 58301 0.13804 12115 0. 11150 4840
7.6 0. 14729 89636 0. 13723 50333 0. 11118 4481
7.7 0.14630 28062 0.13644 24270 0.11086 3215
7. 8 0. 14532 66611 0. 13566 30318 0. 11054 1268
7. 9 0. 14436 98642 0. 13489 64995 0. 11021 8852

8. 0 0. 14343 17818 0. 13414 24933 0. 10989 6158
8.1 0.14251 18095 0.13340 06883 0.10957 3368
8. 2 0. 14160 93695 0. 13267 07705 0. 10925 0645
8. 3 0. 14072 39098 0. 13195 24362 0. 10892 8142
8.4 0.13985 49027 0.13124 53923 0.10860 6000

8.5 0.13900 18430 0.13054 93551 0.10828 4348
8. 6 0. 13816 42474 0.12986 40505 0. 10796 3305
8.7 0. 13734 16526 0.12918 92134 0.10764 2983
8.8 0.13653 36147 0.12852 45873 0.10732 3481
8.9 0.13573 97082 0.12786 99242 0.10700 4894

9. 0 0.13495 95247 0.12722 49839 0. 10668 7306
9.1 0. 13419 26720 0. 12658 95342 0. 10637 0796
9. 2 0. 13343 87740 0.12596 33501 0. 10605 5437
9.3 0.13269 74691 0.12534 62139 0.10574 1294
9.4 0. 13196 84094 0. 12473 79145 0. 10542 8428

9. 5 0. 13125 12609 0.12413 82477 0. 10511 6893
9.6 0. 13054 57016 0.12354 70154 0. 10480 6740
9.7 0.12985 14223 0.12296 40258 0.10449 8015
9. 8 0. 12916 81248 0. 12238 90929 0. 10419 0759
9.9 0.12849 55220 0.12182 20364 0.10388 5010

10. 0 0. 12783 33371 0.12126 26814 0. 10358 0801



BESSEL FUNCTIONS OF INTEGER ORDER

MODIFIED BESSEL FUNCTIONS-ORDERS O, i AND 2 Table 9.8

1(-5)21 [(-5)6L6i [6J LS
273-888 O-67--28

419

z exKo(x) e'Ki(x) exK2(x)
5.0 0.54780 75643 0.60027 38587 0.78791 711
5. 1 0. 54263 53519 0. 59362 50463 0. 77542 949
5.2 0.53760 73540 0.58718 86062 0.76344 913
5.3 0.53271 69744 0.58095 36085 0.75194 475
5. 4 0. 52795 80329 0. 57490 98871 0. 74088 762

5.5 0.52332 47316 0.56904 79741 0.73025 127
5. 6 0. 51881 16252 0. 56335 90393 0. 72001 128
5. 7 0. 51441 35938 0. 55783 48348 0. 71014 511
5. 8 0. 51012 58183 0. 55246 76495 0. 70063 190
5.9 0.50594 37583 0.54725 02639 0.69145 232

6.0 0.50186 31309 0.54217 59104 0.68258 843
6.1 0.49787 98929 0.53723 82386 0.67402 358
6. 2 0. 49399 02237 0. 53243 12833 0. 66574 225
6.3 0.49019 05093 0.52774 94344 0.65773 001
6. 4 0. 48647 73291 0. 52318 74101 0. 64997 339

6.5 0. 48284 74413 0. 51874 02336 0. 64245 982
6. 6 0. 47929 77729 0.51440 32108 0. 63517 753
6.7 0.47582 54066 0.51017 19097 0.62811 553
6.8 0.47242 75723 0.50604 21421 0.62126 350
6. 9 0. 46910 16370 0. 50200 99471 0. 61461 177

7. 0 0. 46584 50959 0. 49807 15749 0. 60815 126
7.1 0.46265 55657 0.49422 34737 0.60187 345
7. 2 0. 45953 07756 0. 49046 22755 0. 59577 030
7. 3 0. 45646 85618 0. 48678 47842 0. 58983 426
7. 4 0. 45346 68594 0.48318 79648 0. 58405 820

7.5 0. 45052 36991 0. 47966 89336 0. 57843 541
7. 6 0. 44763 71996 0. 47622 49486 0. 57295 955
7. 7 0. 44480 55636 0. 47285 33995 0. 56762 463
7.8 0.44202 70724 0.46955 18010 0.56242 497
7. 9 0. 43930 00819 0. 46631 77847 0. 55735 522

8. 0 0. 43662 30185 0.46314 90928 0. 55241 029
8. 1 0. 43399 43754 0. 46004 35709 0. 54758 538
8.2 0.43141 27084 0.45699 91615 0.54287 592
8. 3 0. 42887 66329 0. 45401 39001 0. 53827 757
8.4 0. 42638 48214 0. 45108 59089 0. 53378 623

8.5 0.42393 59993 0.44821 33915 0.52939 797
8.6 0. 42152 89433 0. 44539 46295 0. 52510 909
8. 7 0. 41916 24781 0. 44262 79775 0. 52091 604
8. 8 0. 41683 54743 0. 43991 18594 0. 51681 544
8. 9 0. 41454 68462 0. 43724 47648 0. 51280 410

9.0 0.41229 55493 0.43462 52454 0.50887 894
9. 1 0. 41008 05783 0.43205 19116 0. 50503 704
9.2 0. 40790 09662 0. 42952 34301 0. 50127 562
9.3 0.40575 57809 0.42703 85204 0.49759 202
9.4 0.40364 41245 0.42459 59520 0.49398 369

9.5 0.40156 51322 0.42219 45430 0.49044 819
9. 6 0. 39951 79693 0.41983 31565 0. 48698 321
9. 7 0. 39750 18313 0. 41751 06989 0. 48358 651
9. 8 0. 39551 59416 0. 41522 61179 0. 48025 597
9. 9 0. 39355 95506 0. 41297 84003 0. 47698 953

10.0 0. 39163 19344 0.41076 65704 0. 47378 525
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Table 9.8 MODIFIED BESSEL FUNCTIONS-ORDERS O, i AND 2

[(--6)51
1(-6)41 1(-7)96] L6J [5

x enio(x) e-zIj(x) enI2(x)
10.0 0.12783 33371 0.12126 26814 0.10358 0801
10.2 0.12653 91639 0.12016 64024 0.10297 7124
10.4 0.12528 35822 0.11909 89584 0.10237 9936
10.6 0.12406 47082 0.11805 91273 0.10178 9401
10.8 0.12288 07840 0.11704 57564 0.10120 5644

11.0 0.12173 01682 0.11605 77582 0.10062 8758
11.2 0.12061 13250 0.11509 41055 0.10005 8806
11. 4 0. 11952 28165 0.11415 38276 0. 09949 5829
11. 6 0. 11846 32942 0. 11323 60059 0. 09893 9845
11. 8 0. 11743 14923 0. 11233 97710 0. 09839 0853

12.0 0.11642 62212 0.11146 42993 0.09784 8838
12. 2 0. 11544 63616 0. 11060 88096 0. 09731 3770
12. 4 0. 11449 08594 0.10977 25611 0. 09678 5608
12. 6 0. 11355 87206 0. 10895 48501 0. 09626 4300
12.8 0.11264 90074 0.10815 50080 0.09574 9787

13. 0 0. 11176 08338 0. 10737 23993 0. 09524 2003
13.2 0.11089 33621 0.10660 64190 0.09474 0874
13.4 0.11004 57995 0.10585 64916 0. 09424 6323
13.6 0.10921 73954 0. 10512 20685 0. 09375 8268
13.8 0.10840 74378 0.10440 26267 0.09327 6622

14. 0 0. 10761 52517 0. 10369 76675 0. 09280 1299
14.2 0.10684 01959 0.10300 67148 0.09233 2208
14.4 0.10608 16613 0.10232 93142 0.09186 9257
14.6 0.10533 90688 0.10166 50311 0.09141 2352
14.8 0.10461 18671 0.10101 34506 0.09096 1401

15.0 0.10389 95314 0.10037 41751 0.09051 6308
15.2 0.10320 15618 0.09974 68245 0.09007 6980
15.4 0.10251 74813 0.09913 10348 0.08964 3321
15.6 0.10184 68351 0.09852 64572 0.08921 5238
15.8 0.10118 91887 0.09793 27574 0.08879 2637

16.0 0.10054 41273 0.09734 96147 0.08837 5426
16.2 0.09991 12544 0.09677 67216 0.08796 3511
16. 4 0. 09929 01906 0. 09621 37828 0. 08755 6802
16.6 0.09868 05729 0.09566 05145 0.08715 5210
16.8 0.09808 20539 0.09511 66444 0.08675 8644

17. 0 0. 09749 43005 0. 09458 19107 0. 08636 7017
17. 2 0. 09691 69938 0. 09405 60614 0. 08598 0242
17. 4 0. 09634 98277 0. 09353 88542 0. 08559 8235
17. 6 0. 09579 25085 0. 09303 00560 0. 08522 0911
17. 8 0. 09524 47546 0. 09252 94423 0. 08484 8188

18. 0 0. 09470 62952 0. 09203 67968 0. 08447 9984
18.2 0.09417 68703 0.09155 19113 0.08411 6221
18.4 0.09365 62299 0.09107 45848 0.08375 6819
18.6 0. 09314 41336 0. 09060 46237 0. 08340 1701
18.8 0.09264 03503 0.09014 18411 0.08305 0793

19. 0 0. 09214 46572 0. 08968 60569 0. 08270 4020
19. 2 0. 09165 68400 0. 08923 70968 0. 08236 1309
19.4 0.09117 66923 0.08879 47929 0.08202 2590
19.6 0.09070 40151 0.08835 89829 0.08168 7792
19.8 0.09023 86167 0.08792 95099 0.08135 6848

20.0 0.08978 03119 0.08750 62222 0.08102 9690
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MODIFIED BESSEL FUNCTIONS-ORDERS O, i AND 2 Table 9.8

X exKo(x) exKi (x) exK2(x)

10. 0 0.39163 19344 0.41076 65704 0.47378 525
10.2 0.38786 02539 0.40644 68479 0.46755 571
10.4 0.38419 55846 0.40225 98277 0.46155 324
10. 6 0.38063 29549 0.39819 88825 0.45576 482
10. 8 0.37716 77125 0.39425 78391 0.45017 842

11. 0 0. 37379 54971 0. 39043 09362 0. 44478 294
11. 2 0. 37051 22156 0. 38671 27920 0. 43956 807
11. 4 0. 36731 40243 0. 38309 83725 0. 43452 427
11. 6 0. 36419 73076 0. 37958 29618 0. 42964 265
11. 8 0. 36115 86616 0. 37616 21391 0. 42491 496

12. 0 0. 35819 48784 0. 37283 17534 0. 42033 350
12. 2 0. 35530 29318 0. 36958 79032 0. 41589 111
12. 4 0. 35247 99643 0. 36642 69191 0. 41158 108
12. 6 0. 34972 32746 0. 36334 53438 0. 40739 714
12. 8 0. 34703 03081 0. 36033 99192 0. 40333 342

13. 0
13. 2
13. 4

0. 34439
0. 34182
0. 33931

86455
59943
01806

0. 35740 75702 0. 39938 443
0. 35454 53922 0. 39554 499
0. 35175 06397 0. 39181 028

13. 6 0. 33684 91405 0. 34902 07143 0. 38817 572
13. 8 0. 33444 09142 0.34635 31558 0. 38463 702

14. 0 0. 33208 36383 0. 34374 56322 0. 38119 016
14. 2 0. 32977 55402 0. 34119 59314 0. 37783 131
14. 4 0. 32751 49332 0. 33870 19539 0. 37455 687
14. 6 0. 32530 02091 0. 33626 17039 0. 37136 346
14. 8 0. 32312 98364 0. 33387 32858 0. 36824 785

15. 0 0. 32100 23534 0. 33153 48949 0. 36520 701
15. 2 0. 31891 63655 0. 32924 48132 0. 36223 805
15. 4 0. 31687 05405 0. 32700 14043 0. 35933 826
15. 6 0. 31486 36051 0. 32480 31080 0. 35650 503
15. 8 0. 31289 43424 0. 32264 84361 0. 35373 592

16. 0 0. 31096 15880 0. 32053 59682 0. 35102 858
16.2 0. 30906 42269 0. 31846 43471 0. 34838 081
16. 4 0. 30720 11919 0. 31643 22766 0. 34579 049
16. 6 0. 30537 14592 0. 31443 85164 0. 34325 562
16. 8 0. 30357 40487 0. 31248 18807 0. 34077 427

17. 0 0. 30180 80193 0. 31056 12340 0. 33834 464
17. 2 0. 30007 24678 0. 30867 54888 0. 33596 497
17. 4 0. 29836 65276 0. 30682 36027 0. 33363 361
17. 6
17. 8

0. 29668
0. 29504

93657
01817

0. 30500 45765 0. 33134 898
0. 30321 74518 0. 32910 956

18. 0
18. 2

0. 29341
0. 29182

82062
26987

0. 30146 13089 0.32691 391
0. 29973 52642 0. 32476 064

18. 4
18. 6

0. 29025
0. 28870

29472
82654

0. 29803 84697 0. 32264 843
0. 29637 01096 0. 32057 602

18. 8 0. 28718 79933 0. 29472 94003 0. 31854 218

19. 0
19. 2

0. 28569
0. 28421

14944
81554

0. 29311 55877 0. 31654 577
0. 29152 79458 0. 31458 565

19. 4
19. 6

0. 28276
0. 28133

73848
86117

0. 28996 57766 0. 31266 076
0. 28842 84068 0. 31077 008

19. 8 0. 27993 12862 0. 28691 51886 0. 30891 262

20.0 0.27854 48766 0.28542 54970 0.30708 743
1(-5)11LGJ

F(-5)21[6j L5



i i

For interpolating near x1 =0 note that if f,.(x-l) =xeXI,(x) then f,( -z-') =1r ix2ezK,.(x).

<z> = nearest integer to z.

Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with

permission).

MODIFIED BESSEL FUNCTIONS-AUXILIARY TABLE FOR SMALL ARGUMENTS

422

TabLe 9.8

x

BESSEL FUNCTIONS OF INTEGER ORDER

MODIFIED BESSEL FUNCTIONS-AUXILIARY TABLE FOR LARGE ARGUMENTS

xle-zIo(x) xIeIi(x) xe'I2(x) .-LxlKg(x) -1xIerKi (x) .-1xerK2(x) <z>
0.050
0. 048
0. 046

0. 40150 9761
0. 40140 4058
0. 40129 8619

0. 39133 9722
0. 39164 8743
0. 39195 7336

0. 36237 579
0. 36380 578
0. 36523 854

0. 39651 5620
0. 39661 0241
0. 39670 5057

0. 40631 0355
0. 40601 9771
0. 40572 8854

0. 43714 666
0. 43558 814
0. 43403 211

20
21
22

0. 044
0. 042

0. 40119 3443
0. 40108 8526

0. 39226 5502
0. 39257 3245

0. 36667 408
0. 36811 237

0. 39680 0069
0. 39689 5278

0. 40543 7604
0. 40514 6017

0. 43247 858
0. 43092 754

23
24

0. 040 0. 40098 3868 0. 39288 0567 0. 36955 342 0. 39699 0686 0. 40485 4094 0. 42937 901 25
0. 038
0. 036
0. 034

0. 40087 9466
0. 40077 5319
0. 40067 1424

0. 39318 7470
0. 39349 3958
0. 39380 0032

0. 37099 722
0. 37244 375
0. 37389 302

0. 39708 6293
0. 39718 2101
0. 39727 8110

0. 40456 1832
0. 40426 9230
0. 40397 6286

0. 42783 299
0. 42628 949
0. 42474 850

26
28
29

0. 032 0. 40056 7781 0. 39410 5695 0. 37534 502 0. 39737 4322 0. 40368 2998 0. 42321 003 31

0. 030
0.028

0. 40046 4387
0. 40036 1241

0. 39441 0950
0. 39471 5798

0. 37679 973
0. 37825 716

0. 39747 0738
0. 39756 7359

0.40338 9365
0. 40309 5386

0. 42167 410
0. 42014 070

33
36

0.026
0. 024
0. 022

0. 40025 8340
0. 40015 5684
0. 40005 3270

0. 39502 0243
0. 39532 4286
0. 39562 7929

0. 37971 729
0. 38118 012
0. 38264 564

0. 39766 4186
0. 39776 1221
0. 39785 8465

0. 40280 1058
0. 40250 6380
0. 40221 1349

0. 41860 984
0. 41708 153
0. 41555 576

38
42
45

0.020
0. 018
0.016
0.014
0. 012

0. 39995 1098
0. 39984 9164
0. 39974 7469
0. 39964 6009
0. 39954 4785

0. 39593 1176
0. 39623 4028
0. 39653 6487
0. 39683 8556
0. 39714 0236

0. 38411 385
0. 38558 474
0. 38705 830
0. 38853 453
0. 39001 342

0. 39795 5918
0. 39805 3583
0. 39815 1460
0. 39824 9551
0. 39834 7857

0. 40191 5965
0.40162 0226
0. 40132 4130
0. 40102 7674
0. 40073 0858

0. 41403 256
0. 41251 191
0. 41099 383
0. 40947 833
0. 40796 540

50
56
63
71
83

0. 010
0. 008
0.006
0.004
0. 002

0. 39944 3793
0. 39934 3033
0. 39924 2503
0. 39914 2202
0. 39904 2128

0. 39744 1530
0. 39774 2440
0. 39804 2968
0. 39834 3116
0. 39864 2886

0. 39149 496
0. 39297 915
0. 39446 599
0. 39595 546
0. 39744 756

0. 39844 6379
0. 39854 5119
0. 39864 4077
0. 39874 3256
0. 39884 2657

0. 40043 3679
0. 40013 6136
0. 39983 8226
0. 39953 9949
0. 39924 1300

0. 40645 505
0. 40494 730
0. 40344 214
0. 40193 958
0. 40043 962

100
125
167
250
500

0.000 0.39894 2280 0.39894 2280 0.39894 228 0.39894 2280 0.39894 2280 0.39894 228
r(-8)31L3i 1(-8)51L3J r(-7)31[3J r(-8)31L3J r(-8)51L3J r(-7)3L3

X Ko(x)+Io(x) in z z[Ki(x)-Ii(X) in xi X Ko(x)+Io(x)ln z x[Ki(z)-I,(x) mx]
0. 0 0. 11593 152 1. 00000 000 1. 0 0. 42102 444 0. 60190 723
0. 1 0. 11872 387 0. 99691 180 1.1 0. 49199 896 0. 49390 093
0. 2 0. 12713 128 0. 98754 448 1.2 0. 57261 444 0. 36514 944
0. 3 0. 14124 511 0. 97158 819 1.3 0. 66373 364 0. 21236 381
0. 4 0. 16121 862 0. 94852 090 1.4 0. 76632 938 +0. 03176 677

0. 5 0. 18726 857 0. 91759 992 1.5 0. 88149 436 -0. 18096 553
0. 6 0. 21967 734 0. 87784 980 1.6 1.01045 200 -0. 43076 964
0. 7 0. 25879 579 0. 82804 659 1.7 1.15456 879 -0. 72326 976
0. 8 0. 30504 682 0. 76669 810 1.8 1. 31536 786 -1. 06486 242
0. 9 0. 35892 957 0. 69201 997 1.9 1. 49454 429 -1. 46281 214

1. 0 0. 42102 444
rc -3)1

0. 60190 723
-3)2

2.0 1.69398 200
(- 3)3

-1. 92535 914
[(_3)8][6 [7 [7



BESSEL FUNCTIONS OF INTEGER ORDER

MODIFIED BESSEL FL\CTIOS-ORDERS 3-9 ''ahle 9.9
V eI3(i) ex14(x) eI(x) e-.r11(v) eI7(x) ,-xJ(v) xIq(.v)

Compiled from British Association for the Advancement of Science, Bessel func-
tions, Part II. Functions of positive integer order, Mathematical Tables, vol.
X (Cambridge Univ. Press, Cambridge, England, 1952) (with permission).

*See page II.

423

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.2 ( -4) 1.3680 ( -6) 3.4182 ( -8) 6.8341 * ( -9) 1.0388 -11) 1.6265 ( -13) 2.0328 ( -15) 2.2585
0.4 ( -4) 9.0273 ( -5)4.5047 ( -6) 1.7995 ( -8) 5.9925 - 9) 0.7009 ( -11) 4.2750 ( -13) 9.4957
0.6 ( --3) 2.5257 ( -4) 1.8858 ( -5) 1.1281 ( -7) 5.6286 - 8) 2.4084 ( -10) 9.0201 ( -ii) 3.0037
0.8 ( -3) 4.9877 ( -4) 4.9483 ( -5) 3.9377 ( -6) 2.6152 ( - 7) 1.4902 ( - 9) 7.4343 ( -10) 3.2983

1.0 ( -3) 8.1553 ( -3) 1.0069 ( -5) 9.9866 ( -6) 8.2731 - 7 5.8832 ( - 8) 3.6643 ( - 9) 2.0301
1.2 ( -2) 1.1855 ( -3) 1.7471 ( -4) 2.0719 ( -5) 2.0544 - 6 1.7497 ( - 7) 1.3058 - 9) 8.6707
1.4 ( -2 1.5911 ( -3) 2.7189 ( -4) 3.7459 ( -5) 4.3203 - 6 4.2831 C - i) 3.7225 - 8) 2.8797
1.6 ( -2 2.0168 ( -3) 3.9110 ( -4) 6.1288 ( -5) 8.0504 ( - 6 9.0974 - 7 9.0178 ( - 8) 7.9596
1.8 ( -2 2.4495 ( -3) 5.3023 ( -4) 9.2978 ( -4) 1.3686 ( - 5 1.7349 ( - 6 1.9302 ( - 7) 1.9131

2.0 -2) 2.8791 -3) 6.8654 ( -3 1.3298 -4 2.1656 ( - 5 3.0402 - 6) 3.7487 ( - 7) 4.1199
2.2 -2) 3.2978 -3) 8.5701 ( -3 1.8142 -4 3.2349 - 5 4.9776 - 6) 6.7325 ( - 7) 8.1206
2.4 -2) 3.7001 -2) 1.0386 ( -3 2.3819 -4 4.6097 - 5 7.7080 - 5 1.1339 ( - 6) 1.4883
2.6 -2) 4.0823 -2) 1.2283 ( -3) 3.0293 -4) 6.3166 - 4) 1.1395 ( - 5 0.8099 ( - 6) 2.5669
2.8 (-2)4.4421 ( -2) 1.4234 ( -3) 3.7511 -4) 8.3747 - 4) 1.6197 ( - 5) 2.7609 ( - 6) 4.2048

3.0 ( -2 4.7783 ( -2) 1.6216 -3) 4.5409 -3) 1.0796 ( - 4 2.2265 - 5) 4.0512 ( - 6 6.5905
3.2 ( -2 5.0907 ( -2) 1.8206 -3) 5.3913 -3 1.3584 ( - 4 2.9735 - 5) 5.7482 ( - 6 9.9425
3.4 ( -2 5.3795 ( -2) 2.0188 -3) 6.2947 -3 1.6738 ( - 4 3.8725 - 5) 7.9208 ( - 5 1.4507
3.6 -2 5.6454 -2 2.2145 ( -3) 7.2431 ( -3 2.0249 ( - 4) 4.9334 ( - 4 1.0638 ( - 5) 2.0556
3.8 -2) 5.8893 -2 2.4065 ( -3) 8.2288 ( -3) 2.4106 ( - 4) 6.1640 ( - 4 1.3965 ( - 5) 2.8380

4.0 -2) 6.1124 ( -2 2.5940 -3) 9.2443 ( -3) 2.8291 ( - 4 7.5698 ( - 4 1.7968 - 5) 3.8284
4.2 -2) 6.3161 ( -2 2.7761 -2) 1.0283 ( -3) 3.2785 ( - 4 9.1545 - 4 2.2703 - 5) 5.0587
4.4 -2) 6.5015 ( -2 2.9523 -2) 1.1337 ( -3) 3.7566 ( - 3 1.0919 - 4 2.8224 - 5) 6.5607
4.6 ( -2) 6.6699 ( -2) 3.1221 ( -2) 1.2402 -3) 4.2609 ( - 3) 1.2864 -. 4) 3.4578 ( - 5) 8.3667
4.8 (-2)6.8227 (-2)3.2854 (-2)1.3471 -3) 4.7890 (- 3)1.4986 - 4)4.1806 (- 4)1.0508

5.0 -2 6.9611 (-2)3.4419 (-2)1.4540 (-3 5.3384 - 3)1.7282 - 4)4.9939 (- 4)1.3015
5.2 -2 7.0861 (-2)3.5916 (-2)1.5605 (-3 5.9065 - 3)1.9747 - 4)5.9005 (- 4)1.5916
5.4 -2 7.1989 (-2)3.7346 (-2)1.6662 (-3)6.4909 - 3)2.2374 - 4)6.9020 (- 4)1.9240
5.6 (-2)7.3005 (-2)3.8708 (-2)1.7707 (-3)7.0892 - 3)2.5157 (- 4)7.9996 - 4)2.3010
5.8 (-2)7.3917 (-2)4.0005 (-2)1.8738 (-3)7.6990 - 3)2.8087 (- 4)9.1937 - 4)2.7249

6.0 (-2 7.4736 (-2)4.1238 (-2)1.9752 -3) 8.3181 - 3)3.1156 - 3 1.0484 (- 4)3.1978
6.2 (-2 7.5468 (-2)4.2408 (-2)2.0747 -3) 8.9445 - 3)3.4355 - 3 1.1870 - 4)3.7214
6.4 (-2 7;6121 (-2)4.3518 (-2)2.1723 -3) 9.5763 - 3)3.7674 - 3 1.3351 - 4)4.2971
6.6 (-2 7.6702 (-2)4.4570 (-2)2.2677 (-2)1.0212 - 3)4.1105 (- 3)1.4924 - 4)4.9261
6.8 (-2 7.7216 (-2)4.5567 (-2)2.3608 (-2)1.0849 (- 3)4.4637 (- 3)1.6587 - 4)5.6094

7.0 (-2)7.7670 -2) 4.6509 (-2)2.4516 -2) 1.1486 - 3)4.8261 (- 3)1.8337 (- 4)6.3475
7.2 (-2)7.8068 -2) 4.7401 (-2)2.5401 -2) 1.2122 - 3)5.1969 (- 3)2.0172 (- 4)7.1409
7.4 (-2 7.8416 -2) 4.8244 (-2)2.6261 -2 1.2756 - 3 5.5750 (- 3 2.2089 (- 4)7.9897
7.6 (-2 7.8717 -2) 4.9040 (-2)2.7096 -2 1.3387 - 3 5.9596 (- 3 2.4084 (- 4)8.8937
7.8 (-2 7.8975 -2) 4.9791 (-2)2.7907 -2 1.4012 - 3 6.3499 (- 3 2.6152 (- 4)9.8527

8.0 (-2 7.9194 -2 5.0500 -2) 2.8694 -2 1.4633 - 3)6.7449 - 3 2.8292 - 3)1.0866
8.2 (-2 7.9378 -2 5.1169 -2) 2.9456 -2 1.5247 - 3 7.1440 - 3 3.0497 - 3 1.1933
8.4 -2 7.9528 -2 5.1800 -2 3.0195 -2 1.5854 - 3 7.5464 - 3)3.2766 - 3 1.3053
8.6 -2 7.9649 -2) 5.2395 (-2 3.0909 -2 1.6453 - 3 7.9513 - 3)3.5093 (- 3 1.4224
8.8 -2 7.9741 -2) 5.2954 (-2 3.1601 -2 1.7045 - 3 8.3582 - 3)3.7475 (- 3 1.5446

9.0 (-2 7.9808 (-2)5.3482 (-2)3.2269 (-2)1.7627 (- 3)8.7663 (- 3)3.9907 - 3)1.6716
9.2 (-2 7.9852 (-2)5.3978 (-2)3.2915 (-2)1.8201 (- 3)9.1750 (- 3)4.2386 - 3)1.8035
9.4 (-2 7.9875 (-2 5.4445 (-2)3.3539 -2)1.8765 - 3)9.5839 - 3)4.4908 (- 3)1.9399
9.6 (-2 7.9878 (-2 5.4883 (-2)3.4141 -2 1.9319 - 3)9.9924 - 3)4.7470 (- 3)2.0808
9.8 (-2 7.9862 (-2 5.5296 (-2)3.4723 -2 1.9864 - 2)1.0400 - 3)5.0066 (- 3)2.2260

10.0 (-2)7.9830 (-2)5.5683 (-2)3.5284 (-2)2.0398 (- 2)1.0806 (- 3)5.2694 (- 3)2.3753

10.5 -2 7.9687 (-2)5.6549 -2) 3.6602 (-2)2.1690 (- 2)1.1814 (- 3)5.9380 (- 3)2.7653
11.0 -2 7.9465 (-2)5.7284 -2) 3.7804 (-2)2.2916 (- 2)1.2805 (- 3)6.6192 (- 3)3.1769
11.5 -2 7.9182 (-2)5.7905 -2) 3.8900 (-2)2.4078 - 2)1.3775 (- 3)7.3082 (- 3 3.6073
12.0 (-2)7.8848 (-2)5.8425 -2) 3.9898 (-2)2.5176 - 2)1.4722 (- 3)8.0010 (- 3 4.0537
12.5 (-2)7.8474 (-2)5.8857 -2)4.0805 (-2)2.6212 - 2)1.5642 (- 3)8.6939 (- 3)4.5134

13.0 -2) 7.8067 -2) 5.9211 -2) 4.1630 (-2)2.7188 - 2)1.6533 - 3)9.3836 (- 3)4.9837
13.5 -2) 7.7635 -2 5.9497 -2) 4.2378 (-2)2.8106 - 2)1.7394 - 2)1.0068 (- 3)5.4622
14.0 -2) 7.7183 -2 5.9723 -2) 4.3056 (-2)2.8969 - 2)1.8225 - 2)1.0744 (- 3)5.9469
14.5 -2 7.6716 -2) 5.9896 (-2)4.3670 (-2)2.9779 (- 2)1.9025 (- 2)1.1410 (- 3)6.4354
15.0 -2 7.6236 -2) 6.0022 (-2)4.4225 (-2)3.0538 (- 2)1.9794 (- 2)1.2064 (- 3)6.9260

15.5 (-2)7.5749 (-2)6.0106 -2) 4.4726 -2) 3.1251 - 2 2.0532 (- 2)1.2705 (- 3)7.4171
16.0 (-2)7.5256 (-2)6.0155 -2) 4.5179 -2) 3.1918 - 2 2.1240 (- 2 1.3333 (- 3)7.9071
16.5 (-2 7.4759 (-2)6.0170 -2 4.5585 -2) 3.2543 - 2 2.1918 - 2 1.3946 (- 3 8.3947
17.0 (-2 7.4260 (-2)6.0158 -2 4.5951 -2) 3.3128 - 2 2.2567 - 2)1.4543 (- 3 8.8788
17.5 (-2 7.3761 (-2)6.0119 (-2 4.6278 (-2)3.3675 - 2 2.3187 - 2)1.5125 (- 3 9.3584

18.0 (-2 7.3263 (-2)6.0059 (-2)4.6571 -2 3.4186 (- 22.3780 - 2)1.5691 (- 3 9.8324
18.5 (-2 7.2768 (-2)5.9978 (-2)4.6831 -2 3.4664 (- 2 2.4346 - 2)1.6240 (- 2 1.0300
19.0 (-2 7.2275 (-2)5.9880 -2 4.7062 -2 3.5111 (- 212.4886 - 2 1.6774 - 2 1.0761
19.5 -2 7.1785 (-2)5.9767 -2 4.7266 -2 3.5528 (- 2 2.5402 - 2 1.7291 - 2)1.1215
20.0 -2 7.1300 (-2)5.9640 -2 4.7444 -2) 3.5917 (- 2)2.5894 - 2 1.7792 - 2)1.1661



424 BESSEL FUNCTIONS OF INTEGER ORDER

Table 9.9 MODIFIED BESSEL FUNCTIONS-ORDERS 3-9

ezK8(x) exK9(x)

r

x exK3(x) exK4(x) e'K5(x) ezK6(x) exK7(x)
0.0 u, 00 00 00 00

0.2 1. 2153 3.6520 1.4620 7.3138 9 4.3897
0.4 1.8282 2.7602 5.5388 1.3875 7 4.1679
0.6 6.4573 6.5506 8.7987 1.4730 6 2.9548
0.8 3.2183 2.4743 2.5064 3.1578 5 4.7618

1.0 1. 9303 1.2024 9.8119 9.9322 5 1.2017
1.2 1.2984 6. 8382 4.6886 3.9756 4 4.0225
1.4 9.4345 4.3280 2. 5675 1.8772 4 1.6347
1.6 7.2438 2.9585 1.5517 9.9939 3 7.6506
1.8 5.7946 2.1426 1. 0102 5.8265 3 3.9853

2.0 4. 7836 1.6226 6.9687 3.6466 2.2576
2.2 4. 0481 1.2731 5.0344 2.4157 1.3680
2.4 3.4948 1.0280 3.7762 1.6762 8.7586
2.6 3. 0667 8.4989 2.9217 1.2 087 5.8709
2.8 2. 7276 7.1 659 2.32 02 9.0029 4.0904

3.0 2.4539 6.1432 1.8836 6.8929 2.9455
3.2 2.2290 5.3415 1.5583 5.4037 2.1822
3.4 2. 0415 4.7013 1. 3103 4.3240 1.6572
3.6 1.8833 4.1817 1.1176 3.5226 )1.2860
3.8 1.7482 3. 7541 9.6515 2.9153 1.0171

4.0 1.6317 3.3976 )8.4268 2.4465 8.1821
4.2 1.5303 3. 0971 7.4295 2.0786 6.6819
4.4 1.4414 2.8412 6.6072 1.7858 5.5310
4.6 1. 3629 2.6213 5.9217 1.5495 4.6342
4.8 1.2931 2.4309 5. 3445 1.3565 3.9258

5.0 )1.2306 2.2646 4.8540 )1.1973 3.3589
5.2 1.1745 2.1186 4.4338 1. 0645 2.9000
5.4 1.1237 1.9895 4.0711 9.5285 2.5245
5.6 1.0777 1.8746 3.7557 8.5813 2.2144
5.8 1. 0357 1.7720 3.4798 7.7717 1.9559

6.0 9.9723 1.6798 3.2370 7.0748 1.7387
6.2 9. 6194 1. 5967 3.0221 6.4711 1. 5547
6.4 9.2942 1.5213 2.8311 5.9448 1- 39 78
6.6 8. 9936 1.4528 2.6603 5.4835 1.2 630
6.8 ) 3.7149 1.3902 2. 5071 5.0771 1.1467

7.0 8.4559 1.3 329 2. 3689 4.7171 1.0455
7.2 8.2145 1.2803 2.2440 4.3970 9.5723
7.4 7.9890 1.2318 2.1306 4.1110 8.7970
7.6 7. 7778 1.1870 2.0273 3.8544 8.1132
7.8 7. 5797 1.1455 1.9328 3.6235 7.5074

8.0 7.3935 1. 1069 1.8463 3.4148 )6.9684
8.2 7.2182 1. 0710 1.7667 3.2256 6.4871
8.4 1. 0527 1.0376 1. 6934 3. 0535 6.0556
8.6 6.8963 1.0062 1.6257 2.8966 5.6674
8.8 6.7483 9.7693 1.5629 2.7530 5.3170

9.0 6.6079 -1 9.4941 1.5047 2.6213 4.9998
9.2 6.4746 -1 9.2354 '1.4505 2.5002 4.7117
9.4 6.3480 -1 8.9918 >1.4001 2.3886 4.4493
9.6 6.2274 -1 8.7620 >1.3529 2.2855 4.2098
9.8 )6.1125 -1 8.5449 1.3088 2.1900 3.9904

10.0 6.0028 (-1) 8.3395 )1.2674 2.1014 3.7891

10.5 5.7493 -1) 7.8717 1.1747 )1.9059 3.3529
11.0 5.5217 -1) 7.4597 1.0947 )1.7411 2.9941
11.5 5.3161 -1 7.0942 1. 0251 1.6008 2.6956
12.0 5.1294 -1 6.7680 9.6415 1.4803 2.4444
12.5 4.9591 (-1 6.4751 9.1031 1.3758 )2.2310

13.0 4.8030 -1) 6.2106 8.6249 1.2845 2.0482
13.5 4.6593 -1) 5.9706 8.1974 1.2043 1.89 02
14.0 4.5266 -1 5.7519 7. 8133 1.1333 1. 7527
14.5 4.4036 -1 5.5517 )7.4666 1. 0701 1.6323
15.0 4.2892 -1 5.3678 >7.1520 1.0136 1.5261

15.5 4.1826 -1) 5.1982 6. 8656 9.6276 1.4319
16.0 )4.0829 -1 5.0414 6.6036 9.1686 1.3480
16.5 3.9895 -1 4.8959 6.3633 8.7524 1.2729
17.0 >3.9017 (-1 4.7605 6.1420 8.3 734 1. 2053
17.5 3.8191 (-1)4.6343 5.9376 8.02 72 1.1442

18.0 3.7411 -1 4.5162 5.7483 7.7097 1.0888
18.5 3.6674 -1 4.4055 >5.5725 >7.4176 )1.0384
19.0 )3.5976 -1 4.3015 5.4087 -7.1482 )9.9234
19.5 3.5313 -1) 4.2037 5.2559 ->6.8990 )9.5015
20.0 3.4684 -1) 4.1114 >5.1130 -6.6679 )9.1137

00 00

3.0735 2.4593
1.4602 5.8448
6.9092 1.8454
8.3647 1.6777

1.6923 2.7197
4.7326 6.3504
1.6535 1.9061
6.7942 6.8707
3.1580 2.8469

1.6168 1.3160
8.9469 6.6436
5.2768 3.6055
3.2821 2.0785
2.1352 1.2610

1.4435 7.9932
1.0088 5.2620
7.2560 3.5 803
5.3532 2.5078
4.0388 1.8023

3.1084 1.3252
2.4352 9.9450
1.9384 7.6019
1.5654 5.9082
1.2807 4.6615

1.0602 3.7285
8.8721 3. 0199
7.4980 2.4741
6.3942 2.0483
5.4983 1.7124

4.7644 1.4444
4.1577 1.2284
3.6521 1.0528
3.2275 9. 0873
2.8685 7.8960

2.5628 6.9034
2.3010 6.0705
2.0754 5.3671
1.8800 4.7692
1.7 098 4.2581

1.5610 )3.8188
1.4301 3.4392
1.3146 3.1096
1.2123 2.822 1

)1.1212 2.5702

1.0399 2.3486
9.6702 2.1529
9.0153 1.9794
8.4247 1.8251
7.89 06 1.6873

)7.4062 1.5639

6.3764 1.3069
5.5518 1.1070
4.8824 9.4885
4.3321 8.22 05
3.8745 7.1904

3.4902 6.3439
3.1645 5.6407
2.8860 5.0510
2.6461 4.5521
2.4379 4.1265

2.2 561 3. 7608
2.0964 3.4444
1.9552 3.1689
1.8299 ) 2.9275
1.7181 ) 2.7150

1.6178 2.5269
1.52 76 2. 3595
1.4460 2.2100
1.3 721 ) 2.0759
1. 3048 ) 1.9552



x lO9xIOIio(x)
0.0 0.26911
0.2 0.26935
0.4 0.27009
0.6 0.27132
0.8 0.27305

1.0 0.27529
1.2 0.27805
1.4 0.28135
1.6 0.28519
1.8 0.28961

2.0 0.29462
2.2 0.30025
2.4 0.30653
2.6 0.31350
2.8 0.32118

3.0 0.32963
3.2 0.33888
3.4 0.34899
3.6 0.36002
3.8 0.37203

4.0 0.38508
4.2 0.39925
4.4 0.41464
4.6 0.43132
4.8 0.44940

5.0 0.46899
5.2 0.49022
5.4 0.51322
5.6 0.53813
5.8 0.56513

6.0 0.59438
6.2 0.62610
6.4 0.66050
6.6 0.69781
6.8 0.73832

7.0 0.78229
7.2 0.83007
7.4 0.88201
7.6 0.93850
7.8 0.99998

8.0 1.06693
8.2 1.13989
8.4 1.21945
8.6 1.30625
8.8 1.40103

9.0 1.50460
9.2 1.61784
9.4 1.74175
9.6 1.87744
9.8 2.02612

10.0 2.18917
1(-3)2
17

1(-3)616 E(-)16j
I+iÇ) In(X)+In-1(X)

Compiled from British Association for the Advancement of Science, Bessel functions, Part II. Func-
tions of positive integer order, Mathematical Tables, vol. X (Cambridge Univ. Press, Cambridge, Eng-
land, 1952) and L. Fox, A short table for Bessel functions of integer orders and larga arguments. Royal
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with
permission).

445 1.22324 748 1.85794 560
920 1.22426 724 1.85588 251
468 1.22733 125 1.84970 867
457 1.23245 366 1.83947 021
504 1.23965 820 1.82524 326

480 1.24897 831 1.80713 290
517 1.26045 740 1.78527 169
012 1.27414 918 1.75981 781
648 1.29011 798 1.73095 297
396 1.30843 932 1.69887 992

538 1.32920 036 1.66381 982
682 1.35250 061 1.62600 944
784 1.37845 262 1.58569 822
170 1.40718 285 1.54314 529
565 1.43883 260 1.49861 645

121 1.47355 907 1.45238 126
455 1.51153 657 1.40471 020
681 1.55295 782 1.35587 192
459 1.59803 551 1.30613 075
039 1.64700 388 1.25574 432

316 1.70012 064 1.20496 150
889 1.75766 896 1.15402 052
125 1.81995 978 1.10314 736
237 1.88733 435 1.05255 442
362 1.96016 700 1.00243 944

655 2.03886 82 0.95298 465
387 2.12388 83 0.90435 626
061 2.21572 08 0.85670 405
536 2.31490 71 0.81016 129
169 2.42204 09 0.76484 483

965 2.53777 36 0.72085 532
759 2.66282 00 0.67827 767
400 2.79796 48 0.63718 161
972 2.94406 93 0.59762 235
033 3.10208 00 0.55964 137

881 3.27303 69 0.52326 729
854 3.45808 34 0.48851 672
663 3.65847 74 0.45539 529
764 3.87560 29 0.42389 854
773 4.11098 38 0.39401 295

936 4.36629 90 0.36571 690
641 4.64339 88 0.33898 159
007 4.94432 35 0.31377 202
534 5.27132 42 0.29004 783
829 5.62688 64 0.26776 418

429 6.01375 48 0.24687 251
713 6.43496 31 0.22732 134
933 6.89386 57 0.20905 690
369 7.39417 36 0.19202 382
620 7.93999 51 0.17616 568

062 8.53588 02 0.16142 553

0.391990 0.933311 6.37771
0.392177 0.933736 6.37435
0.392738 0.935008 6.36429
0.393674 0.937136 6.34757
0.394988 0.940123 6.32424

0.396684 0.943974 6.29437
0.398766 0.948703 6.2 5807
0.401239 0.954321 6.21545
0.404112 0.960843 6.16665
0.407392 0.968285 6.11184

0.411087 0.976669 6.05118
0.415209 0.986016 5.98488
0.419768 0.996351 5.91314
0.424778 1.007703 5.83620
0.430253 1.020101 5.75428

0.436209 1.033581 5.66764
0.442662 1.048178 5.57655
0.449632 1.063935 5.48128
0.457139 1.080893 5.38210
0.465205 1.099102 5.27932

0.473853 1.118613 5.17321
0.483111 1.139481 5.06408
0.493006 1.161768 4.95224
0.503569 1.185538 4.83797
0.514832 1.210861 4.72159

0.526830 1.237813 4.60339
0.539601 1.266475 4.48367
0.553186 1.296933 4.36272
0.567630 1.329281 4.24084
0.582979 1.363622 4.11830

0.599284 1.400061 3.99537
0.616599 1.438715 3.87234
0.634984 1.479709 3.74945
0.654501 1.523176 3.62695
0.675219 1.569259 3.50507

0.697210 1.618113 3.38405
0.720554 1.669904 3.26411
0.745333 1.724808 3.14543
0.771639 1.783016 3.02821
0.799570 1.844734 2.91264

0.829231 1.910180 2.79887
0.860735 1.979593 2.68705
0.894204 2.053225 2.57733
0.929769 2.131351 2.46983
0.967571 2.214264 2.36466

1.007764 2.302281 2.2 6193
1.050510 2.395741 2.16172
1.095988 2.495011 2.06411
1.144389 2.600488 1.96916
1.195919 2.712593 1.87692

1.250800 2.831786 1.78744
1(-4)41 1(-4)1 r(_4)8]14] L5i 14j
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MODIFIED BESSEL FUNCT IONS-ORDERS 10, 11, 20 AND 21 Table 9.10

1011xlllii(x) jØ- S,3O K10(.r) 1024,r20i2o(x) 1026r_2hI21 (x) 1O_22x20K2o(x)
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Table 9.10

x exIio(x)

BESSEL FUNCTIONS

MODIFIED BESSEL

OF INTEGER ORDER

FUNCTIONS-ORDERS 10, 11, 20 AND 21

exKio(x) 1024x20120(x) 1026X21121(X) ].O_22x20K2o(x)eIii(x)
10.0 0.00099 38819 0.00038 75284 35.55633 91 1.25080 2.83179 1.787443
10.2 0.00107 29935 0.00042 45861 32.60759 68 1.30927 2.95856 1.7 00753
10.4 0.00115 52835 0.00046 37417 29.98423 91 1.37160 3.09345 1.616873
10.6 0.00124 06973 0.00050 50080 27.64297 29 1.43806 3.23703 1. 535814
10.8 0.00132 91744 0.00054 83934 25.54714 23 1.50895 3.38992 1.457578

11.0 0.00142 06490 0.00059 39013 23.66558 79 1.58462 3.55278 1.382160
11.2 0.00151 50508 0.00064 15309 21.97172 20 1.66540 3.72634 1.309546
11.4 0.00161 23051 0.00069 12768 20.44277 46 1.75169 3.91139 1.239714
11.6 0.00171 23339 0.00074 31298 19.05917 72 1.84390 4.10876 1.172637
11.8 0.00181 50559 0.00079 70766 17.80405 56 1.94249 4.31937 1.108279

12.0 0.00192 03870 0.00085 31003 16.66281 24 2.04795 4.54421 1.046601
12.2 0.00202 82412 0.00091 11805 15.62277 97 2.16080 4.78434 0.987556
12.4 0.00213 85303 0.00097 12937 14.67293 16 2.28162 5.04093 0.931095
12.6 0.00225 11650 0.00103 34132 13.80364 34 2.41105 5.31521 0.877164
12.8 0.00236 60548 0.00109 75097 13.00649 01 2.54975 5.60856 0.825703

13.0 0.00248 31086 0.00116 35512 12.27407 71 2.69846 5.92244 0.776652
13.2 0.00260 22347 0.00123 15035 11.59989 74 2.85799 6.25845 0.729947
13.4 0.00272 33415 0.00130 13301 10.97821 07 3.02921 6.61832 0.685520
13.6 0.00284 63375 0.00137 29926 10.40394 07 3.21306 7.00393 0.643305
13.8 0.00297 11314 0.00144 64509 9.87258 79 3.41058 7.41731 0.603230

14.0 0.00309 76327 0.00152 16634 9.38015 52 3.62289 7.86068 0.565225
14.2 0.00322 57518 0.00159 85870 8.92308 36 3.85121 8.33644 0.529218
14.4 0.00335 53999 0.00167 71776 8.49819 79 4.09686 8.84722 0.495137
14.6 0.00348 64894 0.00175 73898 8.10265 95 4.36131 9.39585 0.462910
14.8 0.00361 89341 0.00183 91776 7.73392 53 4.64613 9.98543 0.432464

15.0 0.00375 26491 0.00192 24942 7.38971 31 4.95305 10.61932 0.403728
15.2 0.00388 75510 0.00200 72921 7.06797 04 5.28394 11.30119 0.376630
15.4 0.00402 35583 0.00209 35235 6.76684 87 5.64087 12.03503 0.351101
15.6 0.00416 05908 0.00218 11403 6.48467 94 6.02608 12.82520 0.327070
15.8 0.00429 85705 0.00227 00942 6.21995 46 6.44202 13.67643 0.304470

16.0 0.00443 74209 0.00236 03366 5.97130 87 6.89137 14.59389 0.283235
16.2 0.00457 70675 0.00245 18192 5.73750 35 7.37705 15.58322 0.263299
16.4 0.00471 74378 0.00254 44936 5.51741 43 7.90228 16.65059 0.244598
16.6 0.00485 84612 0.00263 83118 5.31001 78 8.47055 17.80271 0.227071
16.8 0.00500 00690 0.00273 32259 5.11438 19 9.08571 19.04691 0.210658

17.0 0.00514 21947 0.00282 91884 4.92965 63 9.75197 20.39124 0.195301
17.2 0.00528 47735 0.00292 61523 4.75506 40 10.47392 21.84444 0.180944
17.4 0.00542 77427 0.00302 40709 4.58989 42 11.25663 23.41611 0.167532
17.6 0.00557 10418 0.00312 28982 4.43349 60 12.10562 25.11674 0.155012
17.8 0.00571 46119 0.00322 25887 4.28527 20 13.02697 26.95781 0.143336

18.0 0.00585 83964 0.00332 30977 4.14467 40 14.02734 28.95188 0.132454
18.2 0.00600 23403 0.00342 43808 4.01119 75 15.11406 31.11272 0.122321
18.4 0.00614 63909 0.00352 63948 3.88437 85 16.29515 33.45541 0.112891
18.6 0.00629 04971 0.00362 90969 3.76378 89 17.57946 35.99648 0.104124
18.8 0.00643 46098 0.00373 24450 3.64903 41 18.97668 38.75407 0.095978

19.0 0.00657 86817 0.00383 63982 3.53974 93 20.49749 41.74804 0.088414
19.2 0.00672 26672 0.00394 09161 3.43559 74 22.15363 45.00024 0.081397
19.4 0.00686 65226 0.00404 59590 3.33626 62 23.95803 48.53460 0.074892
19.6 0.00701 02059 0.00415 14885 3.24146 65 25.92489 52.37745 0.068865
19.8 0.00715 36768 0.00425 74667 3.15093 00 28.06989 56.55768 0.063285

20.0 0.00729 68965 0.00436 38567 3.06440 75 30.41029 61.10706 0.058124
- 7)4 - 7)3 r(-2)4 [(-2)21 [(-2)51 [(-4)4

L5 L5 [8 L5J [5] [4



<x>=nearest integer to x.

Compiled from L. Fox, A short table for Bessel functions of integer orders and large arguments. Royal
Society Shorter Mathematical Tables No. 3 (Cambridge Univ. Press, Cambridge, England, 1954) (with
permission).

x-1
i i i i i i

In [2xljO(x)} in [x2e-xIii(x)]1n[ir-ixexKio(x)] in [xerI2o(x)]In [x2ex121(x)] in [-ixexK20(x)] <x>
0.050 -3.42244 002 -3.93653 292 1.47299 048 -10.434749 -11.346341 8.250182 20
0.049 -3.37318 689 -3.87762 888 1.42771 939 -10.263511 -11.160467 8.088946 20
0.048 -3.32386 306 -3.81861 524 1.38232 785 -10.091302 -10.973471 7.926737 21
0.047 -3.27447 055 -3.75949 454 1.33681 644 - 9.918126 -10.785351 7.763551 21
0.046 -3.22501 139 -3.70026 938 1.29118 575 - 9.743983 -10.596108 7.599386 22

0.045 -3.17548 766 -3.64094 242 1.24543 642 - 9.568876 -10.405744 7.434240 22
0.044 -3.12590 147 -3.58151 639 1.19956 910 - 9.392809 -10.214259 7.268110 23
0.043 -3.07625 496 -3.52199 408 1.15358 449 - 9.215785 -10.021658 7.100994 23
0.042 -3.02655 033 -3.46237 835 1.10748 332 - 9.037810 - 9.827944 6.932893 24
0.041 -2.97678 979 -3.40267 211 1.06126 635 - 8.858889 - 9.633121 6.763806 24

0.040 -2.92697 559 -3.34287 833 1.01493 437 - 8.679029 - 9.437195 6.593733 25
0.039 -2.87711 002 -3.28300 006 0.96848 822 - 8.498236 - 9.240173 6.422673 26
0.038 -2.82719 539 -3.22304 039 0.92192 874 - 8.316519 - 9.042063 6.250630 26
0.037 -2.77723 405 -3.16300 246 0.87525 686 - 8.133888 - 8.842873 6.077603 27
0.036 -2.72722 837 -3.10288 949 0.82847 349 - 7.950352 - 8.642612 5.903597 28

0.035 -2.67718 076 -3.04270 472 0.78157 961 - 7.765923 - 8.441293 5.728614 29
0.034 -2.62709 365 -2.98245 146 0.73457 624 - 7.580613 - 8.238927 5.552659 29
0.033 -2.57696 948 -2.92213 308 0.68746 441 - 7.394434 - 8.035529 5.375732 30
0.032 -2.52681 074 -2.86175 298 0.64024 520 - 7.207403 - 7.831113 5.197843 31
0.031 -2.47661 992 -2.80131 461 0.59291 975 - 7.019533 - 7.625695 5.018998 32

0.030 -2.42639 955 -2.74082 147 0.54548 920 - 6.830842 - 7.419294 4.839203 33
0.029 -2.37615 216 -2.68027 709 0.49795 475 - 6.641348 - 7.211929 4.658466 34
0.028 -2.32588 032 -2.61968 504 0.45031 764 - 6.451070 - 7.003620 4.476796 36
0.027 -2.27558 659 -2.55904 894 0.40257 915 - 6.260027 - 6.794389 4.294202 37
0.026 -2.22527 356 -2.49837 243 0.35474 059 - 6.068243 - 6.584261 4.110696 38

0.025 -2.17494 384 -2.43765 918 0.30680 331 - 5.875738 - 6.373261 3.926290 40
0.024 -2.12460 002 -2.37691 291 0.25876 871 - 5.682539 - 6.161416 3.740995 42
0.023 -2.07424 475 -2.31613 733 0.21063 822 - 5.488669 - 5.948754 3.554826 43
0.022 -2.02388 063 -2.25533 620 0.16241 332 - 5.294155 - 5.735305 3.367799 45
0.021 -1.97351 031 -2.19451 329 0.11409 551 - 5.099025 - 5.521102 3.179929 48

0.020 -1.92313 643 -2.13367 239 0.06568 636 - 4.903309 - 5.306177 2.991233 50
0.019 -1.87276 162 -2.07281 731 +0.01718 745 - 4.707035 - 5.090565 2.801730 53
0.018 -1.82238 853 -2.01195 186 -0.03139 959 - 4.510235 - 4.874302 2.611440 56
0.017 -1.77201 979 -1.95107 986 -0.08007 306 - 4.312943 - 4.657427 2.420383 59
0.016 -1.72165 806 -1.89020 514 -0.12883 128 - 4.115190 - 4.439978 2.228582 63

0.015 -1.67130 595 -1.82933 153 -0.17767 247 - 3.917011 - 4.221995 2.036059 67
0.014 -1.62096 610 -1.76846 286 -0.22659 485 - 3.718443 - 4.003521 1.842840 71
0.013 -1.57064 113 -1.70760 295 -0.27559 659 - 3.519520 - 3.784599 1.648949 77
0.012 -1.52033 365 -1.64675 564 -0.32467 581 - 3.320281 - 3.565272 1.454415 83
0.011 -1.47004 626 -1.58592 472 -0.37383 061 - 3.120763 - 3.345586 1.259264 91

0.010 -1.41978 154 -1.52511 400 -0.42305 904 - 2.921004 - 3.125587 1.063526 100
0.009 -1.36954 207 -1.46432 725 -0.47235 911 - 2.721043 - 2.905322 0.867231 111
0.008 -1.31933 040 -1.40356 824 -0.52172 881 - 2.520921 - 2.684838 0.670412 125
0.007 -1.26914 908 -1.34284 072 -0.57116 608 - 2.320676 - 2.464184 0.473099 143
0.006 -1.21900 063 -1.28214 841 -0.62066 881 - 2.120350 - 2.243408 0.275328 167

0.005 -1.16888 754 -1.22149 499 -0.67023 489 - 1.919982 - 2.022558 +0.077133 200
0.004 -1.1188]. 229 -1.16088 414 -0.71986 215 - 1.719613 - 1.801685 -0.121451 250
0.003 -1.06877 735 -1.10031 949 -0.76954 839 - 1.519284 - 1.580838 -0.320388 333
0.002 -1.01878 514 -1.03980 463 -0.81929 138 - 1.319036 - 1.360065 -0.519640 500
0.001 -0.96883 808 -0.97934 314 -0.86908 886 - 1.118907 - 1.139416 -0.719170 1000

0.000 -0.91893 853 -0.91893 853 -0.91893 853 - 0.918939 - 0.918939 -0.918939
1(-6)91L4J 1(-5)l1L4J 1(-5)21L4J 1(--4)l1L4i 1(-4)11L4J r(-4)1

L4

BESSEL FUNCTIONS OF INTEGER ORDER 427

MODIFIED BESSEL FUNCTIONS-AUXILIARY TABLE FOR LARGE ARGUMENTS TabLe 9.10



n
0
1
2
3
4

5
6
7
8
9

10
11
12
13
14

15
16
17
18
19

20
30
40
50

10
11
12
13
14

15
16
17
18
19

k

k

L.

k

o
1
1
2
3

4
5
6
8
9

I(1) I(2)
1. 26606 5878
5. 65159 1040

35747 6698
21684 2492

2.73712 0221

2. 71463 1560
2. 24886 6148
1. 59921 8231
9. 96062 4033
5. 51838 5863

2. 75294 8040
1. 24897 8308
5. 19576 1153

99563 1678
7. 11879 0054

37046 3051
7. 40090 0286
2. 17495 9747
6. 03714 4636
1. 58767 8369

25 3.96683 5986
42 3. 53950 0588
60 1. 12150 9741
80 2. 93463 5309

2, 7. 77188 2864
2)4.49302 2514
2)2. 38025 5848
21. 16066 4327
1)5.23192 9250

18917 0616
8. 53588 0176

11276 9776
1. 06523 2713
3. 43164 7223

1. 04371 4907
3. 00502 5016
8. 21069 0206
2. 13390 3457
5. 28637 7589

k

- 7 3. 01696 3879
- 8 2. 72220 2336
- 9 2. 25413 0978
- 10 1.72451 6264
- 11 1. 22598 3451

- 19 4. 31056 0576
- 33 3. 89351 9664
- 48 1. 25586 9192
- 65 3. 35304 2830

o
O

1
1
2

2. 27958 5302
59063 6855

6. 88948 4477
12739 9592

5. 07285 6998

9. 82567 9323
60017 3364
24639 1420

2. 76993 6951
04418 5903

8. 13943 2531
5. 06857 1401
2. 97182 8970
1. 64621 5204
8. 64160 3385

I..(50)
2. 93255 378
2. 90307 859
2. 81643 064
2. 67776 414
2. 49509 894

2. 27854 831
2. 03938 928
1. 78909 488
1. 53844 272
1. 29679 321

1. 07159 716
8. 68154 347
6. 89609 247
5. 37141 909
4. 10295 454

3. 07376 455
2. 25869 581
1. 62819 923
1. 15152 033
7. 99104 593

k

I(5)
1 2. 72398 7182
1 2. 43356 4214
1 1. 75056 1497
1 1. 03311 5017
0 5. 10823 4764

O

1
1
2
2

-6-7-8-9
- 10

2. 15797 4547
7. 92285 6690
2. 56488 9417
7. 41166 3216
1. 93157 1882

4. 58004 4419
9. 95541 1401
1. 99663 4027
3. 71568 0720
6. 44800 5272

1. 04797 7675
60139 2190
30866 7371
14983 7806
07841 5017

- 11 5. 02423 9358
- 21 3. 99784 4971
- 32 1. 18042 6980
- 45 2. 93146 9647

100 (-189)8. 47367 4008 (-158)1. 08217 1475 (-119)7. 09355 1489

I(1OO)
42 1. 07315 171
42 1. 06836 939
42 1. 05238 432
42 1. 02627 402
41 9. 90807 878

'41 9. 47009 387
41 8. 96106 940
41 8. 39476 555
41 7. 78580 222
41 7. 14903 719

41 6.49897 552
41 5. 84924 209
41 5. 21214 227
41 4. 59832 794
41 4. 01657 700

41 3. 47368 638
41 2. 97447 109
41 2. 52185 563
41 2. 11704 017
41 1. 75972 117

1.00 (-88)1.08234 4202 (-16)2.72788 795 (21)4.64153 494

k

10
11
13
14
16

k

17
19
20
22
23

k

3
3
4
5
6

k

3
4
4
5
6
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Table 9.11 MODIFIED BESSEL FUNCTIONS-VARIOUS ORDERS

20 - 4 1. 25079 9736 18 5. 44200 840 41 1. 44834 613
30 -12 7. 78756 9783 16 4. 27499 365 40 1. 20615 481
40 -20 2. 04212 3274 13 6. 00717 897 38 3. 84170 550
50 -30 4. 75689 4561 +10 1. 76508 024 36 4. 82195 809

I(lO)
3 2. 81571 6628
3 2. 67098 8304
3 2. 28151 8968
3 1. 75838 0717
3 1. 22649 0538

n
0
1
2
3
4

5
6
7
8
9

20
20
20
20
20

20
20
20
20
20

20
19
19
19
19

19
19
19
19
18

1
o
o
0
1

1
2
3
3
4
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n

MODIFIED BESSEL FUNCTIONS-VARIOUS ORDERS Table 9.11

K(1) K(2) K,(5)
O - 1 4.21024 4382 -1 1.13893 8728 -3 3. 69109 8334
1 - 1 6.01907 2302 -1 1.39865 8818 -3 4. 04461 3445
2 0 1. 62483 8899 -1 2. 53759 7546 -3 5. 30894 3712
3 0 7. 10126 2825 -1 6. 47385 3909 -3 8. 29176 8415
4 1 4. 42324 1585 0 2. 19591 5927 -2 1. 52590 6581

5 2 3. 60960 5896 0 9. 43104 9101 -2 3. 27062 7371
6 3 3. 65383 8312 1 4.93511 6143 -2 8. 06716 1323
7 4 4.42070 2033 2 3.05538 0177 -1 2.26318 1455
8 5 6.22552 1230 3 2.18811 7285 -1 7.14362 4206
9 7 1. 00050 4099 ( 4 1. 78104 7630 0 2. 51227 7891

10 8 1.80713 2899 5)1.62482 4040 0 9.75856 2829
11 9 3.62427 0839 6 1.64263 4516 1 4.15465 2921
12 10 7. 99146 7175 7 1. 82314 6208 2 1. 92563 2913
13 12 1.92157 6393 8 2.20420 1795 2 9.65850 3277
14 13 5. 00409 0088 9 2. 88369 3795 3 5. 21498 4995

15 15 1.40306 6801 ( 10 4.05921 3332 ( 4)3.01697 6630
16 16 4. 21420 4494 ( 11 6. 11765 6935 5)1. 86233 5828
17 18 1. 34994 8505 12 9. 82884 3230 6)1. 22206 4696
18 19 4. 59403 9121 14 1. 67702 1006 6)8. 49627 3517
19 21)1. 65520 4032 15 3. 02846 6654 7)6.23952 3402

20 22 6.29436 9360 ( 16 5.77085 6853 ( 8)4.82700 0521
30 39 4. 70614 5527 30 4. 27112 5755 18 4. 11213 2063
40 58 1. 11422 0651 45 9. 94083 9886 30 1. 05075 6722
50 77 3.40689 6854 62 2. 97998 1740 42 3. 39432 2243

100 (185)5. 90033 3184 (155)4. 61941 5978 (115)7. 03986 0193

n K(1O) K(5O) K(1OO)
0 -5 1.77800 6232 -23 3.41016 774 -45 4. 65662 823
1 -5 1.86487 7345 -23 3.44410222 -45 4.67985 373
2 -5 2. 15098 1701 -23 3. 54793 183 -45 4. 75022 530
3 (-5 2. 72527 0026 -23 3.72793 677 -45 4.86986 274
4 (-5 3. 78614 3716 -23 3. 99528 424 -45 5. 04241 707

5 (-5 5. 75418 4999 -23 4. 36718 224 (-45 5.27325 611
6 (-5 9. 54032 8715 -23 4. 86872 069 (-45 5. 56974 268
7 -4 1.72025 7946 -23 5. 53567 521 -45 5. 94162 523
8 -4 3. 36239 3995 -23 6. 41870 975 -45 6. 40157 021
9 -4 7. 10008 8338 -23 7.58966 233 -45 6. 96587 646

10 -3 1. 61425 5300 -23 9.15098 819 -45 7. 65542 797
11 -3 3. 93851 9435 -22 1. 12500 576 -45 8.49696 206
12 -2 1. 02789 9806 -22 1. 41010 135 -45 9. 52475 963
13 -2 2.86081 1477 -22 1.80185 441 -44 1. 07829 044
14 -2 8.46600 9646 -22 2.34706 565 -44 1.23283 148

15 -1 2. 65656 3849 -22 3. 11621 117 -44 1. 42348 325
16 -1 8.81629 2510 -22 4.21679 235 -44 1.65987 645
17 0 3. 08686 9988 -22 5. 81495 828 -44 1. 95464 371
18 1 1.13769 8721 -22 8. 17096 398 -44 2. 32445 531
19 1 4. 40440 2395 -21 1. 16980 523 -44 2. 79144 763

20 ( 2 1. 78744 2782 -21 1. 70614 838 -44 3. 38520 541
30 ( 9 2. 03024 7813 -19 2. 00581 681 -43 3. 97060 205
40 (17 5. 93822 4681 -16 1. 29986 971 -41 1. 20842 080
50 (27 2. 06137 3775 -13 4. 00601 347 -40 9. 27452 265

100 (85)4.59667 4084 (+13)1.63940 352 (-25)7.61712 963



KELVIN FUNCTIONS-AUXILIARY TABLE FOR SMALL ARGUMENTS
ker .r+ber r In .r kej r+bei ,r in .r .r(keri ,r+beri r in r) rkeii r+beii r In r)

bei ber1 r bei1 x
0. 00000 00000 0. 00000 00000 0. 00000 00000
0. 00249 99996 -0. 03539 95148 0. 03531 11265
0. 00999 99722 -0. 07106 36418 0. 07035 65360
0. 02249 96836 -0. 10725 47768 0. 10486 83082
0. 03999 82222 -0.14423 08645 0. 13851 41359

0. 06249 32184 -0. 18224 31238 0. 17119 51797
0. 08997 97504 -0. 22153 37177 0. 20244 39824
0. 12244 89390 -0. 26233 33470 0. 23202 24623
0.15988 62295 -0. 30485 87511 0.25962 00070
0. 20226 93635 -0. 34931 01000 0. 28491 16898

0. 24956 60400 -0. 39586 82610 0. 30755 66314
0. 30173 12692 -0. 44469 19268 0. 32719 65305
0. 35870 44199 -0. 49591 45913 0. 34345 43903
0.42040 59656 -0. 54964 13636 0. 35593 34649
0. 48673 39336 -0. 60594 56099 0. 36421 64560

0. 55756 00623 -0. 66486 54180 0. 36786 49890
0. 63272 56710 -0. 72639 98786 0. 36641 93986
0. 71203 72924 -0. 79050 51846 0. 35939 88584
0. 79526 19548 -0. 85709 05470 0. 34630 18876
0. 88212 23406 -0. 92601 39357 0. 32660 72722

0. 97229 16273 -0. 99107 76519 0. 29977 54370
1. 06538 81608 -1. 07002 37462 0. 26525 03092
1. 16096 99438 -1. 14452 92991 0.22246 17120
1. 25852 89751 -1. 22020 15903 0. 17082 83322
1. 35748 54765 -1. 29657 31717 0. 10976 13027

1. 45718 20442 -1. 37309 68976 +0. 03866 84440
1. 55687 77737 -1. 44914 09315 -0. 04304 07916
1. 65574 24073 -1. 52398 37854 -0. 13594 96285
1. 75285 05638 -1. 59680 94413 -0. 24062 74875
1. 84717 61157 -1. 66610 26139 -0. 35762 26113

1. 93758 67853 -1. 73264 42211 -0. 48745 41770
2. 02283 90420 -1. 79350 71313 -0. 63060 25952
2. 10157 33881 -1. 84805 23125 -0. 78750 00586
2. 17231 01315 -1. 89492 53482 -0. 95851 92089
2. 23344 57503 -1. 93265 36306 -1. 14396 11510

2. 28324 99669 -1. 95964 41313 -1. 34404 23731
2. 31986 36548 -1. 97418 19924 -1. 55888 06139
2. 34129 77145 -1. 97443 00262 -1. 78847 96677
2. 34543 30614 -1. 95842 92665 -2. 03271 31257
2. 33002 18823 -1. 92410 07174 -2. 29130 70630

2. 29269 03227 -1. 86924 84590 -2. 56382 16886
2. 23094 27803 -1. 79156 42730 -2. 84963 19932
2. 14216 79867 -1. 68863 39648 -3. 14790 74393
2. 02364 70694 -1. 55794 55649 -3. 45759 07560
1. 87256 37958 -1. 39689 95991 -3. 77737 59182

1. 68601 72036 -1. 20282 16315 -4. 10568 54084
1. 46103 68359 -0. 97297 72697 -4. 44064 68813
1. 19460 07968 -0. 10458 98649 -4. 78006 93721
0. 88365 68537 -0. 39486 10961 -5. 12141 92170
0. 52514 68109 -0. 04099 46681 -5. 46179 58790

0. 11603 43816 +0. 35977 66668 -5. 79790 79018
[(_3)6] {(_3)6] [(_3)2]

8163 -0. 70710 6781 -0. 70110 6781
7108 -0. 70651 7131 -0. 70215 4903
9267 -0. 70486 2164 -0. 68733 0339
0919 -0. 70248 3157 -0. 66272 8003
0212 -0. 69994 6658 -0. 62851 1738

8693 -0. 69804 1049 -0. 58492 2770

430 BESSEL FUNCTIONS OF INTEGER ORDER

Table 9.12 KELVIN FUNCTIONS-ORDERS O AND I

ber
0. 0 1. 00000 00000
0. 1 0. 99999 84375
0. 2 0. 99997 50000
0. 3 0. 99987 34379
0. 4 0. 99960 00044

0. 5 0. 99902 34640
0. 6 0. 99797 51139
0.7 0. 99624 88284
0. 8 0. 99360 11377
0.9 0. 98975 13567

0. 98438 17812
0. 97713 79732
0. 96762 91558
0. 95542 87468
0. 94007 50567

1. 5 0. 92107 21835
1. 6 0. 89789 11386
1.1 0. 86997 12370
1. 8 0. 83672 17942

9 0. 79752 41670

0 0. 75173 41827
2.1 0. 69868 50014
2.2 0. 63769 04571
2. 3 0. 56804 89261
2. 4 0.48904 77721

2. 5 0. 39996 84171
2. 6 0. 30009 20903
2. 7 0. 18870 63040
2. 8 #0.06511 21084
2. 9 -0. 07136 78258

3. 0 -0. 22138 02496
3.1 -0. 38553 14550
3. 2 -0. 56437 64305
3. 3 -0. 75840 70121
3. 4 -0. 96803 89953

3. 5 -1. 19359 81796
3. 6 -1. 43530 53217
3.7 -1. 69325 99843
3. 8 -1. 96742 32727
3. 9 -2. 25759 94661

4. 0 -2. 56341 65573
4.1 -2. 88430 57320
4. 2 -3. 21947 98323
4. 3 -3. 56791 08628
4. 4 -3. 92830 66215

4. 5 -4. 29908 65516
4. 6 -4. 67835 69312
4. 7 -5. 06388 55867
4. 8 -5. 45301 61749
4. 9 -5. 84294 24419

5. 0 -6. 23008 24787
{(_3)2]

0. 0 0.11593 1516 -0. 78539
0.1 0.11789 2485 -0. 78260
0.2 0.12374 5076 -0. 77421
0.3 0.13339 8210 -0. 76019
0.4 0.14669 9682 -0. 74045

Tables of the Bessel functions Yo(z) and Yi(:) for complex arguments (Columbia Univ. Press, New York,

Compiled from National Bureau of Standards, Tables of the Bessel functions Jo(z) and .J1(z) for complex
arguments, 2d ed. (Columbia Univ. Press, New York, N.Y., 1947) and National Bureau of Standards,

0. 5 0.16343 5574 -0. 71489
[(_4)5] {(_4)8] [(_4)1] [(-3)1]

N.Y., 1950) (with permission).



1(-4)41 f(-4)81 f(-3)11 f(-3)l
17J 17J 17] L7

KELVIN FUNCTIONS-ORDERS O AND i

ker kei ,r ker1 r

Table 9.12

kei1 r
0.0 -0.78539 8163 - -
0.1 2.42047 3980 -0. 77685 0646 -1.14668 1711 -6. 94024 2153
0.2 1.73314 2752 -0. 75812 4933 -3. 63868 3342 -3. 32341 7218
0.3 1..33721 8637 -0. 73310 1912 -2. 47074 2357 -2. 08283 4751
0.4 1. 06262 3902 -0. 70380 0212 -1. 88202 4050 -1. 44430 5150

0. 5 0.85590 5872 -0. 67158 1695 -1. 52240 3406 -1. 05118 2085
0. 6 0.69312 0695 -0. 63744 9494 -1. 27611 7712 -0. 78373 8860
0.7 0.56137 8274 -0. 60217 5451 -1. 09407 2943 -0. 59017 5251
0.8 0.45288 2093 -0. 56636 7650 -0. 95203 2751 -0. 44426 9985
0. 9 0.36251 4812 -0. 53051 1122 -0. 83672 7829 -0. 33122 6820

1.0 0.28670 6208 -0. 49499 4636 -0. 74032 2276 -0. 24199 5966
1.1 0.22284 4513 -0. 46012 9528 -0. 65791 0729 -0. 17068 4462
1.2 0. 16894 5592 -0. 42616 3604 -0. 58627 4386 -0. 11325 6800
1.3 0.12345 5395 -0. 39329 1826 -0. 52321 5989 -0. 06683 2622
1.4 0.08512 6048 -0. 36166 4781 -0. 46718 3076 -0. 02928 3749

1.5 0.05293 4915 -0. 33139 5562 -0. 41704 4285 +0. 00100 8681
1.6 0.02602 9861 -0. 30256 5474 -0. 37195 1238 0.02530 6776
1.7 +0. 00369 1104 -0. 27522 8834 -0. 33125 0485 0.04461 5190
1. 8 -0. 01469 6087 -0. 24941 7069 -0. 29442 5803 0. 05974 7779
1.9 -0. 02966 1407 -0. 22514 2235 -0. 26105 9495 0. 07137 3592

2.0 -0. 04166 4514 -0. 20240 0068 -0. 23080 5929 0.08004 9398
2.1 -0. 05110 6500 -0. 18117 2644 -0. 20337 3135 0.08624 3202
2.2 -0. 05833 8834 -0.16143 0701 -0.17850 9812 0.09035 1619
2. 3 -0. 06367 0454 -0.14313 5677 -0. 15599 6054 0.09271 2940
2.4 -0. 06737 3493 -0. 12624 1488 -0. 13563 6638 0. 09361 7161

2.5 -0. 06968 7972 -0. 11069 6099 -0. 11725 6136 0.09331 3788
2. 6 -0. 07082 5700 -0. 09644 2891 -0. 10069 5314 0. 09201 8037
2.7 -0. 07097 3560 -0. 08342 1858 -0. 08580 8451 0.08991 5810
2. 8 -0. 07029 6321 -0. 07157 0648 -0. 07246 1339 0. 08716 7762
2.9 -0. 06893 9052 -0. 06082 5473 -0. 06052 9755 0. 08391 2666

3.0 -0.06702 9233 -0.05112 1884 -0.04989 8308 0.08027 0223
3.1 -0. 06461 8610 -0. 04239 5446 -0. 04045 9533 0.07634 3451
3.2 -0. 06198 4833 -0. 03458 2313 -0. 03211 3183 0. 07222 0724
3. 3 -0. 05903 2916 -0. 02761 9697 -0. 02476 5662 Q. 06797 7529
3.4 -0. 05589 6550 -0. 02144 6287 -0. 01832 9556 0. 06367 7999

3. 5 -0. 05263 9277 -0. 01600 2568 -0. 01272 3249 0. 05937 6256
3.6 -0. 04931 5556 -0. 01123 1096 -0. 00787 0585 0. 05511 7592
3.7 -0. 04597 1723 -0. 00707. 6704 -0. 00370 0576 0.05093 9514
3.8 -0. 04264 6864 -0. 00348 6665 -0. 00014 7138 0.04687 2681
3. 9 -0. 03937 3608 -0. 00041 0809 +0. 00285 1155 0.04294 1728

4.0 -0. 03617 8848 +0. 00219 8399 0. 00535 1296 0. 03916 6011
4. 1 -0. 03308 4395 0. 00438 5818 0. 00740 6063 0. 03556 0272
4.2 -0. 03010 7574 0. 00619 3613 0. 00906 4226 0.03213 5235
4. 3 -0. 02726 1764 0.00766 1269 0. 01037 0752 0. 02889 8142
4.4 -0. 02455 6892 0. 00882 5624 0. 01136 6998 0. 02585 3229

4.5 -0. 02199 9875 0.00972 0918 0.01209 0904 0. 02300 2160
4.6 -0. 01959 5024 0.01037 8865 0.01257 7182 0.02034 4409
4.7 -0. 01734 4409 0. 01082 8725 0. 01285 7498 0. 01787 7607
4.8 -0. 01524 8188 0. 01109 7399 0.01296 0651 0. 01559 7847
4.9 -0. 01330 4899 0.01120 9526 0.01291 2753 0.01349 9960

5.0 -0. 01151 1727 0.01118 7587 0.01273 7390 0.01157 7754

KELVIN FUNCTIONS-AUXILIARY TABLE FOR SM ALL ARGUMENTS

ker x+ber x in x kei r+bei r in (keri r+beri x in r) rkeii r+beii r in )

0.5 0.16343 5574 -0. 71489 8693 -0. 69804 1049 -0. 58492 2770
0.6 0.18332 9435 -0. 68341 3456 -0. 69777 1567 -0. 53229 1460
0.7 0.20604 1279 -0. 64584 9920 -0. 70035 3648 -0. 47105 2294
0.8 0.23116 6407 -0. 60204 5231 -0. 70720 4389 -0. 40176 2012
0.9 0.25823 4099 -Q. 55182 2327 -0. 71993 1903 -0.32512 0736

1. 0 0.28670 6208 -0. 49499 4636 -0. 74032 2276 -0. 24199 5966

BESSEL FUNCTIONS OF INTEGER ORDER 431



432 BESSEL FUNCTIONS OF INTEGER ORDER

r(-2)41 1(-3)21 r(-2)4L7J L8J 16

KELVIN FUNCTIONS-MODULtT AND PHASE FOR LARGE ARGUMENTS

1(-5) i[2 1(-5)11 f(-6)3[2J 12
<x>-nearest integer to r.

1 (-5)1[2

16

r__I r4e_'2iIo(r) 6o(r)- (r/1/) xexIf7jIf1(r) 61 (x) (r/..J) <r>
0.15 0. 40418 -0. 40758 0.38359 1. 22254 7
0.14 0. 40383 -0. 40644 0. 38457 1. 21922 7
0. 13 0. 40349 -0. 40534 0.38556 1.21598 8
0.12 0.40315 -0. 40427 0. 38655 1. 21280 8
0. 11 0.40281 -0.40323 0. 38755 1. 20968 9

0. 10 0.40246 -0. 40221 0. 38856 1.20660 10
0.09 0.40211 -0.40119 0. 38957 1.20356 11
0.08 0.40176 -0. 40019 0.39060 1.20057 13
0. 07 0.40141 -0. 39921 0. 39162 1.19762 14
0.06 0.40106 -0. 39824 0. 39266 1. 19471 17

0.05 0.40071 -0. 39728 0. 39369 1.19184 20
0. 04 0.40035 -0. 39634 0. 39474 1. 18901 25
0. 03 0.40000 -0. 39541 0. 39578 1.18622 33
0. 02 0. 39965 -0. 39449 0. 39683 1.18348 50
0.01 0.39930 -0. 39359 0. 39789 1. 18077 100

0. 00 0. 39894 -0. 39270 0. 39894 1.17810

Table 9.12

ber x=Mo(x

r
0.0
0. 2
0.4

KELVIN FUNCTIONS-MODULUS AND PhASE

ben Mi (E) cos Oj (r)

sin Oo(a) beii x =I1 (r) sin Oj (r)
8o(x) 81 (r)

0. 000000 0.000000 2.356194
0. 010000 0.100000 2. 361194
0. 039993 0.200013 2.376194

cor, 8 (E)
bei x=]Ío(x)
1io(.r)

1.000000
1. 000025
1. 000400

0. 6 1. 002023 0.089919 0.300101 2.401189
0.8 1.006383 0.159548 0.400427 2.436166

1. 0 1.015525 0.248294 0.501301 2.481086
1.2 1. 031976 0.354999 0.603235 2.535872
1. 4 1. 058608 0. 477755 0. 706982 2.600386
1.6 1.098431 0.613860 0. 813585 2. 674406
1.8 1.154359 0.759999 0.924407 2. 757605

2. 0 1.229006 0.912639 1.041167 2. 849536
2.2 1.324576 1. 068511 1.165949 2.949617
2.4 1. 442891 1.225011 1.301211 3. 057139
2. 6 1.585536 1.380379 1.449780 3.171285
2.8 1.754059 1. 533667 1.614838 3.291160

3. 0 1.950193 1.684559 1.799908 3.415839
3.2 2.176036 1.833156 2. 008844 3.544415
3.4 2.434210 1.979784 2.245840 3.676044
3.6 2.727979 2.124854 2.515453 3. 809981
3. 8 3. 061341 2. 268771 2. 822653 3.945601

4.0 3.439118 2.411887 3.172896 4. 082407
4.2 3.867032 2.554483 3.572227 4.220023
4.4 4. 351791 2. 696771 4. 027393 4.358179
4. 6 4.901189 2. 838893 4.545990 4.496691
4. 8 5. 524209 2. 980942 5. 136619 4. 635441

5. 0 6.231163 3.122970 5.809060 4. 774362
5.2 7. 033841 3.265002 6. 574474 4.913417
5. 4 7.945700 3.407044 7. 445618 5.052589
5. 6 8. 982083 3. 549094 8. 437083 5.191872
5.8 10. 160473 3. 691142 9.565568 5. 331267

6. 0 11. 500794 3.833179 10. 850182 5.470772
6. 2 13. 025757 3. 975197 12. 312791 5.610390
6.4 14. 761257 4. 117190 13. 978402 5.750117
6.6 16. 736836 4. 259152 15. 875614 5. 889950
6. 8 18. 986208 4. 401083 18. 037122 6. 029884

7. 0 21. 547863 4. 542982 20. 500302 6.169913
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<z>=nearest integer to z.
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433

KELVIN FUNCTIONS-MODULUS AND PHASE Table 9.12
ker x=No (x) cos o (x) ker1 x =N (x) Cos i (x)

kei x=N0 () Sin 0 () kei1 . =N1 (x) sin j (x)

x N0 (x) o (x) N1 (z) i (z)

0. 0 0.000000 -2. 356194
0. 2 1. 891702 -0. 412350 4. 927993 -2. 401447
0. 4 1.274560 -0. 584989 2.372347 -2. 487035
0. 6 0. 941678 -0. 743582 1. 497572 -2. 590827
0. 8 0. 725172 -0. 896284 1. 050591 -2. 704976

1. 0 0. 572032 -1. 045803 0.778870 -2. 825662
1.2 0.458430 -1. 193368 0.597114 -2. 950763
1. 4 0. 371548 -1. 339631 0. 468100 -3. 078993
1. 6 0. 303683 -1. 484977 0. 372811 -3. 209526
1. 8 0. 249850 -1. 629650 0. 300427 -3. 341804

2. 0 0. 206644 -1. 773813 0. 244293 -3. 475437
2.2 0.171649 -1. 917579 0. 200073 -3. 610143
2. 4 0. 143095 -2. 061029 0. 164807 -3. 745715
2.6 0.119656 -2. 204225 0.136407 -3. 881994
2. 8 0. 100319 -2. 347212 0. 113353 -4. 018860

3. 0 0. 084299 -2. 490025 0. 094515 -4. 156217
3. 2 0.070979 -2. 632692 0. 079039 -4. 293990
3. 4 0. 059870 -2. 775236 0. 066264 -4. 432118
3. 6 0. 050578 -2. 917672 0. 055677 -4. 570551
3. 8 0. 042789 -3. 060017 0. 046873 -4. 709250

4. 0 0. 036246 -3. 202283 0. 039530 -4. 848179
4. 2 0.030738 -3. 344478 0. 033389 -4. 987312
4. 4 0. 026095 -3. 486612 0. 028242 -5. 126623
4. 6 0. 022174 -3. 628692 0.023918 -5. 266093
4. 8 0. 018859 -3. 770724 0. 020280 -5. 405705

5. 0 0. 016052 -3. 912712 0. 017213 -5. 545443
5. 2 0.013674 -4. 054662 0. 014624 -5. 685295
5. 4 0. 011656 -4. 196576 0. 012435 -5. 825250
5. 6 0. 009942 -4. 338460 0. 010583 -5. 965298
5. 8 0. 008485 -4. 480314 0. 009013 -6. 105430

6. 0 0. 007246 -4. 622142 0. 007682 -6. 245638
6. 2 0. 006191 -4. 763947 0. 006551 -6. 385917
6. 4 0. 005292 -4. 905730 0. 005590 -6. 526260
6. 6 0. 004526 -5. 047493 0. 004773 -6. 666662
6. 8 0. 003872 -5. 189238 0. 004077 -6. 807119

7.0 0.003315 -5. 330966 0. 003485 -6. 947625

z-1 ze'No(x) o(z)+(z/.%f) zeXN2Ni () l(z)+(z/%f) <z>
0.15 1.23695 -0. 38070 1.30377 =1.99943 7
0.14 1.23802 -0. 38142 1.30039 -1. 99725 7
0.13 1.23909 -0. 38217 1.29701 -1. 99505 8
0.12 1. 24017 -0. 38291 1.29363 -1. 99281 8
0.11 1.24125 -0. 38367 1. 29024 -1. 99055 9

0. 10 1. 24233 -0. 38444 1.28687 -1. 98825 10
0. 09 1.24342 -0. 38522 1.28349 -1. 98592 11
0.08 1.24451 -0. 38600 1.28012 -1. 98357 13
0. 07 1. 24560 -0. 38680 1.27675 -1. 98118 14
0. 06 1.24670 -0. 38761 1.27339 -1. 97876 17

0.05 1.24779 -0. 38843 1.27002 -1. 97630 20
0. 04 1.24889 -0. 38926 1.26667 -1. 97381 25
0.03 1.25000 -0. 39010 1.26332 -1. 97128 33
0. 02 1. 25110 -0. 39096 1.25998 -1. 96872 50
0.01 1.25221 -0. 39182 1.25664 -1. 96613 100

0. 00 1. 25331 -0. 39270 1.25331 -1. 96350
1(-6)11 1(-6)31 1(-6)31 r(-6)5112] 12] L2i 12]
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10. Bessel Functions of Fractional Order
Mathematical Properties

10.1. Spherical Bessel Functions Wronskians

Definitions 10.1.6 W{j(z), yn(z)}=z2
Differential Equation 10.1.710.1.1

z2w"+2zw' +[z2n(n+1)lw=O
(n=O,±1, ±2,.. .)

Particular solutions are the Spherical Bessel
functions of the first kind

the Spherical Bes8el functions of the second kind

=
and the Spherical Be88e1 functions of the thìrd
kind

11) (z) =i(Z) +iyn(Z)=
h2 (z) =ift(2) iy(Z) =

The pairs j(2), y(Z) and h"(z), h?(z) are
linearly independent solutions for every n. For
general properties see the remarks after 9.1.1.

Ascending Series (See 9.1.2, 9.1.10)
10.1.2
- I-'--- r-I Z2

!(2n+3)
(,2'2

+2! (2n+3) (2n+5)
10.1.3

1.3.5... (2n-1)f1
yn(Z) z"' I. 1!(1-2n)

(2)2
+2!(12fl)(32fl)

(n=O, 1, 2, . .

Limiting Values as

10.1.4 z"j(z)-135
. (2n+i)

10.1.5

(2n-1) (n=O, 1, 2, . .

W{h(z), h(z)}=-2iz2 (n=O, 1, 2,. .

Representations by Elementary Functions

10.1.8

j(z)=z'[P(n+, z) sin (zn1r)
+Q(n+, z) cos (zn7r)]

10.1.9

y(z)=(-1)"1z1[P(n+, z) cos (z+n1r)
Q(n+, z) sin (z+jnir)]

(n+2)! (2z)_2P (n+, z)=1 2!r(n-1)

=2_ (_1)k(n+, 2k)(2z)2k
o

(_1)k(n+I, 2k+1)(2z)'
o

(n=O,1,2,...)
(n+k)!(n+, k)=k!r(k+1)

437

1 2 3 4 5

1 2
2 6 12
3 12 60 120
4 20 180 840 1680
5 30 420 3360 15120 30240

(n+1)! (2z) (n+3)! (2z)

(2z)...
Q(n+z)_l!r(fl) 3!F(n-2)

(n+5)!
+5!F(n4)



10.1.10

j(z)=f(z) sin z+(1)"f__(z) cos z
fo(z)z', f1(z)=z2

f_(z) +h+1 (z)= (2n+1)z'f(z)
(n=0, ±1, ±2,. .)

The Functionsj,.(z), Ya(Z) for n=0, 1, 2

10.1.11
sinz

z

sinz cose
22 Z

sin z_ cos z

10.1.12
COB Z

z

COSZ BiflZy1(z)=j_2(z)= 22 Z

y2(z)=_j_a(z)=(i+)cos z sin z *

J(x)

See page xi.

FIGURE 10.1. J,.(x). n=O(1)3.

y (x)

FIGURE 10.2. yn(X). n=0(1)3.

FIGuRE 10.3. j(x), ya(X). x=1O.

P&saon's Integral and Gegenbauer's Generalization

10.1.13 i(z)2,j'T cos (z cos O) sin2"1OdO

(See 9.1.20.)

10.1.14

i "f= (i)nj ei008oP,(CosO) sinOdO

(n=0, 1, 2,...)
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Spherical Bessel Functions of the Second and Third
Kind

10.1.15

yn(z)=(-1)"1j_n_i(z) (n=O, ±1, ±2, . .)

10.1.16
n

(n+, k)(-2iz)''I,,.
o

10.1.17
n

7 (2) () jfl+ 'z- lez (n+ , k) (2iz)I(fl
o

10.1.18

h11 (z) =i(-1)'h,'> (z)n-1
h2> (z)=i(-1)"h(z) (n=O, 1, 2, .

.n-1

Elementary Properties
Recurrence Relations

f(z) :jnt'i), Yn(Z), h,'(z), h()
(n=O, ±1, ±2,...)

10.1.19 f_1(z) +fn+i(Z)rrz(2fl+1)Z'fa(Z)

10.1.20 nf_,(z)(n+1)f+i(z)=(2n+1) f,(z)

n+1 d10.1.21 f(z)+f(z)=f_(z)
(See 10.1.23.)

n d10.1.22 f (z) ---f (z) =f+ (z)

(See 10.1.24.)

Differentiation Formulas

f5(z) :j(z), ya(z), h,.1(z), h.2(z)

(n=O, ±1, ±2,...)
/1 d\m10.1.23 (k [z"1f(z)}=

/1 dv"
10.1.24 (- -) [z"f,,(z).J = (- 1)mz"mfn+m(z)

(m=1, 2, 3, ..
Rayleigh's Formulas

10.1.25

jn(z)=z"
z

f 1dysinz

10.1.26

y(z)=z" (_ d \" cos z (n=O, 1, 2,..\. z)
'See page IL
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10.1.39

! sin/z2+2zt=
(t)"

(2!tI<jzl)z o n!

10.1.40 cos -.Jz-2zt= j_,(z)

Modulus and Phase

cos

y(z)=v'7M+*(z) sin O4(z)
(See 9.2.17.)

10.1.27

1 (2nlc)!(2n-2k)! (22)2k_2n( ir/z) M1(z)=

(See 9.2.28.)

10.1.28 (ir/z)M,2 (z) =j(z) +y (z)=

10.1.29

(ir/z)M,2 (z) =j (z) +y (z) z_2+ z_4

10.1.30

(ir/z)MZ,2 (z) =j(z) +y (z) = z2+3z4-F9z6
Cross Products

10.1.31 ja(z)yn_i(Z) j_1(z)y(z) =z2

10.1.32

jni(z)yn_i(z) jn_i(z)yni(z)= (2n+1)z3

10.1.33

jo(z)j(z) +yo(z)yn(z)

= z - (_1)52n_2k (k+) (n_k) z2"

(n=O, 1, 2,..

Analytic Continuation

10.1.34 j(zemT) =em5Tj(z)

10.1.35 y(zem) = (_1)rnernTyn(z)

10.1.36 h» (ze"'") = (_1)nh?) (z)

10.1.37 h (ze""') = (- i)"/4" (z)

10.1.38 (ze"'') =h'1 (z)
(1=1,2; m,n=O, 1,2,...)

Generating Functions
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10.1.41

ICi(2x) sin x--Si(2x) cos x}

10.1.42

[- j(x)] =(1r/x) {Ci(2x) cos x+Si(2x) sin x}

10.1.43

{Oi(2x) cos x+[Si(2x)ir] sin x}

10.1.44

ro i
L J=_1

(iirfx) {Ci(2x) sin x[Si(2x)ir] cos x}

Addition Theorems and Degenerate Forms

r, p, , X arbitrary complex; R=-,I(r2+p2-2rp cosO)

10.1.45 sin1R_E (2n+1)j(Xr)j(Xp)P(cos 0)

cosXR
10.1.46

XR
= (2n+1)j(Xr)y(Xp)P(cos 0)

10.1.47 eiz (2n+ 1) ei'i j(z)P(cos 0)
o

10.1.48

J0(zsin0)= (4n+1)
(2

j2(z)P2(cos9)
o

22tz(n!)2

Duplication Formula
10.1.49

ja(22)

2n.-2k-j-1
*

k! (2n.k+ 1)! 2n_k(Z)?Jfl-4Z)

Some Infinite Series Involving j(z)

10.1.50 E (2n+1)j(z)=1
o

sin2z10.1.51 (1)(2n+1)(2)= 2zo

10.1.52

See page u.

()S(22)
o 2z

BESSEL FUNCTIONS OF

Derivatives With Respect to Order

FRACTIONAL ORDER

Fresnel Integrals
10.1.53

C(2x/ir) J(t)dt

=[cos x E (-1)"J21(x)
o

+sin x (-1)J2312(x)]
10.1.54

S G12x/ir)
=fZJl(t)dt

=.[sin x (_1)aJ2+1()
o

cos x E (_1)*J2312(1x)].
o

(See also 11.1.1, 11.1.2.)

Zeros and Their Asymptotic Expansions

The zeros of jn(X) and y(X) are the same as the
zeros of J,, (X) and Y+4 (x) and the formulas for

and y given in 9.5 are applicable with
=n + . There are, however, no simple relations

connecting the zeros of the derivatives. Ac-
cordingly, we now give formulas for a,,8, b the
s-th positive zero of j,(z), y,(z), respectively;
z=0 is counted as the first zero of j(z).

(Tables of a, b,., jn(a.$), yn(b'a.$) are given in
[10.31].)

Elementary Relations

Jn(Z)=jn(2) cos irt+ya(z) sin irt

(t a real parameter, O t 1)
If is a zero of J(2) then

10.1.55 fn(Tn) =[r/(n+ l)]f_1(r)
(See 10.1.21.)

10.1.56 (r/n)f,1(r)
(See 10.1.22.)

10.1.57 [rn(n+1)]
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McMahon's Expansions for n Fixed and s Large

10.1.58

a,a, b3'ß (,i+7) (8ß)

- (7M2+154M+95)(8ßY3

- (853+35352+3561+6133)(8ß)6

(6949,z4+4749O8,3 +330638,h2

+9046780,z-5O75 147) (8ß)7-

ß=1r(8-4#jnj) for a,3, ß=ir(+n) for bfl8;

p=(2n+1)2

Asymptotic Expansions of Zeros and Associated Values
for n Large

10.1.59

a,1 '' (n+ ) + .8086165(n+I) '13_ .236680(n+ ) j"

.20736(n+)'+.0233(n+)5'3+
10.1.60

(n+) +1.8210980(n+ W

+.802728(n+)'.11740(n+)'
+.0249(n+)5"3+

10.1.61

jn(a' i) 8458430(n,+1)_l#c { i.566032(n+)213

+ .38081 (n+ ) -4/3_ .2203(m+) 2+ .. . }

10.1. 62

y(b1)-.'.7183921(n+)"6{ I 1.274769(n+)21'

+1.23038 (n+ )"-1.0070 (n+)2+ . .

See [10.31] for corresponding expansions for
s=2, 3.
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Uniform Asymptotic Expansions of Zeros and
Associated Values for n Large

10.1.63

a, '-'(n+) {z[(n+)213aJ

+± hk[(n+)_2I3a](n+)_2k}

10.1.64

b,. '(n+) { z[(n+)-213b]

+Ê hk[(n+)2'3bfl(n+j)}ki
10.1.65

j, (a, ) GAi(a) (m+)
h[(n+) _2'3a] (z[(n+ ) _2/3']) -1/2

t '+E
k-1

10.1.66

h[(n14)h1'3b] (z [ (n+) 213b]) 'lì'a

{1+Ê Hk[(n+)h/3b1(n+4)lk}
k-1

h(E), z(E) are defined as in 9.5.26, 9.3.38, 9.3.39.
ai', b.' s-th (negative) real zero of Ai' (z), Bi' (z)
(see 10.4.95, 10.4.99.)

Complex Zeros of h(z), h"(z)

h(z) and h»(zeTi), m any integer, have the
same zeros.

h» (z) has n zeros, symmetrically distributed with
respect to the imaginary axis and lying approxi-
mately on the finite arc joining z= n and z=n
shown in Figure 9.6. If n is odd, one zero lies on
the imaginary axis

h" '(z) has n+ 1 zeros lying approximately on the
same curve. If n is even, one zero lies on the
imaginary axis.



- (-)hi() (-)h3() (--)2H(r) (-)4H2() (_.)6fl3()

0. 0 -. 4409724 -. 122500 -. 06806 000000 00000 . 0000
0.2 -.4572444 -.114201 -.05986 .027518 .00575 .0023
0.4 -.4702250 -.107243 -.05279 .049069 .01118 .0043
0. 6 -. 4802184 -. 101318 -. 04674 065677 01592 . 0061
0. 8 -. 4875705 -. 096159 -. 04160 . 078255 01983 . 0075

1. 0 -. 4926355 -. 091561 -. 03725 087587 02290 0085

- h1() h.(r) h3() fl)
1. 0 -. 4926355 -. 09156 -. 037 . 087587 0229
1.2 -.4131280 -.05056 -.014 .065507 .0121
1. 4 -. 3551700 -. 03043 -. 006 050524 . 0070
1. 6 -. 3108548 -. 01950 -. 003 . 039890 0042
1. 8 -. 2757704 -. 01310 -. 001 . 032085 . 0027

2. 0 -. 2472521 -. 00914 026206 . 0018
2. 2 -. 2235898 -. 00658 . 021682 0012
2.4 -.2036314 -.00485 .018141 .0008
2. 6 -. 1865701 -. 00366 015326 . 0006
2. 8 -. 1718217 -. 00280 . 013061 0004

3.0 -.1589519 -.00219 .011217 .0003
3. 2 -. 1476304 -. 00173 009701 . 0002
3. 4 -. 1376005 -. 00138 008443 . 0002
3.6 -.1286601 -.00112 .007391 .0001
3. 8 -. 1206469 -. 00091 006505 0001

40 -.1134296 -.00075 .005753
4.2 -.1069004 -.00062 .005111
4. 4 -. 1009699 -. 00052 004560
4. 6 -. 0955634 -. 00044 004085
4. 8 -. 0906180 -. 00037 . 003672

5.0 -.0860804 -.00032 .003313
5. 2 -. 0819049 -. 00027 . 002998
5. 4 -. 0780523 -. 00023 . 002722
5. 6 -. 0744888 -. 00020 . 002478
5.8 -.0711850 -.00018 .002262

6.0 -.0681152 -.00015 .002070
6. 2 -. 0652570 -. 00013 . 001899
6.4 -.0625905 -.00012 .001746
6. 6 -. 0600985 - 00010 . 001609
6. 8 - 0577653 - 00009 . 001486

7.0 -.0555773 -.00008 .001375

h1 () h2(r)

0.40 -. 0645731 -. 00013 001859
36 -. 0487592 -. 00005 001056
32 -. 0352949 -. 00002 000551
28 -. 0242415 -. 00001 000259
24 -. 0155683 000106

20 -. 0091416 000037
16 -. 0047276 000010
12 -. 0020068 000002
08 -. 0005965
04 -. 0000747

00 -. 0000000
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10.2. Modified Spherical Bessel Functions

Definitions

Differential Equation
10.2.1

z2w" +2zw' [z2+n(n+ 1)}w=O
(n=O,±1, ±2,

Particular solutions are the Modified Spherical
Bessel functions of the first kind,

10.2.2

.Íir/zI8+i(z) = e_V2j8(zelri/2) (ir<arg zir)
= e"'2j8(ze /) (ir<arg zlr)

of the second kind,

10.2.3

iI-n- 1(z) e3 +flri/2,, (ze2.5n

(ir<arg z1r)
= e - (n+1)1i12y8 (ze _3i/2)

(ir<arg zir)
of the third kind,

10.2.4

ir( 1)'ir/z[I81(z) I...(z) J
The pairs

%/1r/zIflH(z), -../*ir/zI_8(z)
and

/ÏTzIn+i(z), f7K81(z)
are linearly independent solutions for every n.

Most properties of the Modified Spherical
Bessel functions can be derived from those of the
Spherical Bessel functions by use of the above
relations.

Ascending Series
10.2.5

Zn

35... (2njJ

{ 1+
z2

+
1!(2n+3) 2!(2n+3)(2n+5)+ .

.

10.2.6

.3.5 . . (2m-1)
(_i)tz8+1

{ 1+
z2 (22)2

1!(1_2n)+2!(1_2n)(3_2n)+ .
.

(n=O, 1, 2,.
.

Wronskians
10.2.7

W{..,/ir/zI81(z), -s./[I_8_1(z) } = ( 1)"1z
10.2.8

W{i,/ir/I4(z), ir/zK81 (z)) = _.z2

Representations by Elementary Functions

10.2.9

)= (2z) _I[R(n+,_z)ez
- (_1)8R(n+,z)e_z}

10.2.10

= (2z) 1[R(m+, z) ez

+ (_1)zR(n+,z)e_i
10.2.11

R(n+, (2z)_
1! F (n)

(n+2)!+2!r(n1) (2z)2+.

(n+, k)(2z)

(See 10.1.9.)

10.2.12

(n=O,1,2,...)

/7I81(z)=g8(z) sinh z+g_8..1(z) cosh z

go(z)=z1, g1(z)=z2
g8-1 (z) g81 (z) = (2n+ 1) z'g8(z)

(n=O, ±1, ±2,..

The Functions .Ji± (z), n 0, 1, 2

10.2.13

sinh z
-J7I1,2(z) z

sinh z cosh z
z2

+ z

sinh z cosh z

10.2.14
cosh z

../ir/zI_112(z) =
z

sinh z cosh zJir/zI_aI (z) =
z z2

sinh z+(-i-) cosh z

*See page IL
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Modified Spherical Bessel Functions of jhe Third Kind

10.2.15

= rie +t)wi/2h,,1) (ze1')

(-7r<arg zir)
__rie_+lI2 2(ze')'I/n

(ir<arg z7r)

(n+, k)(2z)

10.2.16

K+i(z)K__i(z) (n=O, 1, 2, .)

The Functions VTKn+I(z),O, 1, 2

10.2.17 V7K,,,(z) = (/z)e_t
/ir/zK31, (z)= (ir/z)e(1 + z')

-Íir/zK512(z) = (ir/z)e(1 +3z '+3z2)

Elementary Properties
Recurrence Relations

f(z): 7I+(z),
(n=O,±1,±2,...)

10.2.18 f_,(z)f+1(z)=(2n+1)z'f(z)

10.2.19 flfn.i (z) + (n+1) f,, (z) (2n+1) f (z)

10.2.20 n+1 f(z)+-f(z)=f_,(z)
(See 10.2.22.)

10.2.21 - f(z) +LJn(z) =fj(z)
(See 10.2.23.)

Differentiation Formulas

f(z): (1)''1/7K4(z)
(n.=O, ±1, ±2,...)

/1 d\m
(.,j ¿e;) [zf(z)]_z$_mj(z)

/1 d\m10.2.23 ( a-,, [z 'f(z) } 'Jn+m(z)

(m=1,2,3,. .

10.2.22

y

6

5-1
t I
t I4_l tti
t t
t

t
t

I
t

t
t

I
t

t

2- t''

FIGURa 10.4. JIn+f(X), i.JKn+4(X). n=0(1)3.

n

I t

+

Fiouaa 10.5. 4+i(x), Kn+I(X). x=10.

-x
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Formulas of Rayleigh's Type

'1 d'"sinhz
10.2.24 Jir/In+i(z)=z"

z

10.2.25

( 1 d)ncoshz
z

(n=O,1,2,...)

Formulas for I+*(z) (z)

10.2.26

(jir/z) [ILi(z) __I2_(z)1
_1 ' (2nk)!(2n-2k)! (22)n_2t--E (-1)'

z2 o

(n=O,1,2,...)

10.2.27 (ir/z) [11,2 (z) I1/2 (z)] =

10.2.28 (r/z) [11,2(z)12_312 (z)] =

10.2.29

(ir/z) [I,2(z) I2(z)]= --z2+3z4-9z_6

Generating Functions

10.2.30

! sinh.Íz2_2izt=± (it) [..,/ir/zI_1(z)]z o n!

(2j t <lz I)
10.2.31

cosh./z2+2izt=±
(n

[17i1_4(z)]

Derivatives With Respect to Order

10.2.32

L(x)],..1= ------ [Ei(2x)e_Ei(_2x)ex]
2irx

10.2.33

[ oòp2]- [Ei(2x)e+E1(2z)?]

10.2.34 [- Kv(x)]= :F/7r/2xEi(_2x)ex

For Ei(x) and Ei(x), see 5.1.1, 5.1.2.

See page II.
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Addition Theorems and Degenerate Forms

r, p, O, X arbitrary complex; R=/+p2_2rp cos 8

10.2.35

(2n+1) [/ir/XrI4(Xr)}

[.jir/ÀpK1(X p) ]P(cos 8)

10.2.36

ez0088=± (2n+1) O)

10.2.37

e °0°E (1)"(2n+1)[-/7I+i(z)]P(cos 8)

Duplication Formula
10.2.38
K1(2z) =

n (_1)k(2n_2k+1)n!ir_lzz4i E
o k!(2nk+1)!

10.3. Riccati-Bessel Functions
Differential Equation

10.3.1

z2w"+[z2n(n+1)]w=O
(n=O, ±1, ±2, . .

Pairs of linearly independent solutions are

Zj(Z), zy(z)
z1&" (z), zh (z)

All properties of these functions follow directly
from those of the Spherical Bessel functions.

The Functions zj,1(z), zy(z), n=O, 1, 2

10.3.3

zy0(z)=cos z,

445

zy1(z) = sin z z1 cos z
y2(z)=-3z1 sin z(3z2-1) cos z *

Wrouskians

10.3.4 W{zj(z), zy(z)}=1

10.3.5 W{zh»(z), zh(z)}=-2i
(n=O, 1, 2, .

10.3.2

j0(z)=sin z, zj1(z)=z' sin zcos z
j2(z)=(3z2_1) sin z-3z' cos z *



10.4. Airy Functions

Definitions and Elementary Properties
Differential Equation

10.4.1 w"zw=O
Pairs of linearly independent solutions are

Ai (z), Bi (z),

Ai (z), Ai (ze2T'3),

Ai (z), Ai (_2T/3)

Ascending Series

10.4.2 Ai (z)=c1f(z)c2g(z)

10.4.3 Bi (z) = 11ä [c1f(z) +c2g(z)1

f(z)=1+ z+j-4 z6+i ' 2+

3k (i\ z'
'ö' '\31k (3k)!

g(z)=z+ z7+8 z10+

'2" z3k+1_'Ç 3k j -'
"-' \3,/ (3k+l)!

(a+) i

3k (a+) (3a+ 1) (3a+4) ... (3a+3k 2)
(a arbitrary; k=1, 2, 3,. .

(See 6.1.22.)

10.4.4

c1=Ai (0)=Bi (0)/=3_2/8/r(2/3)
=.35502 80538 87817

10.4.5

c2=Ai' (0)=Bi' (Q)//3-"3/r(1/3)
=.25881 94037 92807

Relations Between Solutions

10.4.6 Bi (z)=e''6 Ai (2Ti/) +e'6 Ai (ze"2'I3)

10.4.7

Ai (z) +e2T Ai (2rifl3) +e_2T Ai (ze_2T) =0

10.4.8

Bi (z)+e2 Bi (ze2ni)+e_2T Bi (_2w/)_O

10.4.9 Ai (ze±2TI3)=e*Tu/3[Ai (z) Fi Bi (z)J

Wronakians

10.4.10 W{Ai (z), Bi (z)) =ir

10.4.11 W{Ai (z), Ai (ze2TU3)} =r"

10.4.12 W{Ai (z), Ai (ze'27U3) } =eTB

10.4.13 W{Ai (ze2T3), Ai (ze_'2T'3) } =4iir1

I.0

-1.0

Ail-x) /I.' \ I t['/ 'I
\ 'I I\I F

' I / I'

2.2

2.0

I.e

Le

.4

I.

-1.0

FIGURE 10.7. Bi (±x), Bi' (±x).

A 1(x)

.0

.6

\

\j
\J

FIGuRE 10.6. Ai (±z), Ai' (±x).

/

Io
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Representations in Terms of Bessel Functions

-= z3'2
10.4.14

Ai (z) = II(-) 1= ir-

10.4.15

Ai (z)=[Jii3U)+J_i,3()]
=[e6HJ() +e6H()]

10.4.16
* - Ai' (z) =z[I_ 2/3(e) 12/3U)] ir'(zIV)K2i3()

10.4.17

Ai' ( z) = z[J_213() J213(r.i]
= (z/)[eT H() +eTeH(.)]

10.4.18 Bi (z) = EI-1/3() +Il/3G)]

10.4.19

Bi ( z) = 1/ [J_113(-) J113()]
= . 7[e"H1( eH (e)]

10.4.20 Bi' (z)=(z/-)[L213()+I213(-)J

10.4.21

Bi' ( z) = (z//) [J-2,3(r) +J213(r)1
= i(z/,f) [e"°R() _eni'6H(r)]

Representations of Bessel Functions in Terms of Airy
Functions

¡3 \2/3
Z )

10.4.22 J±113()== )[/ Ai (z)f Bi (z)]
10.4.23 (z)i Bi (z)]
10.4.24 (z)+i Bi (z)]
10.4.25 I±1,3(r)=b7[F -.J Ai (z)+Bi (z)]

10.4.26 Ai (z)

10.4.27 Ai' (z)+Bi' (z)]
10.4.28

Ha(r) =e2T3H,3()
=e"6(%I/z)[Ai' (--z)--i Bi' (z)]

10.4.29

=
=e_TU6(I5/z)[AiI(_z)+i Bi' (z)]

See page n.
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10.4.30 I±2/3() (//2z) [± Ai' (z) + Bi' (z)]

10.4.31 K213() = ir(f/z) Ai' (z)
Integral Representations

10.4.32

(3a)1ir Ai [± (3a)_h"3x]=f cos (at3±xt)dt

10.4.33

(3a)'ir Bi [± (3a)1x]

[exp (at3±xt)+sin (at3±xt)Jdt

The Integrals Ai (± t)dt, Bi (± t)dt

=1z312

10.4.34 f Ai (t)dt_-4
jr

[I_113(t)-1113(t)]dt

r' irr
10.4.35 I Ai (t)dt=-- [J_113(t)+J1,3(t)]dt

Jo 3J0

10.4.36 f Bi (t)dt=
jr

[I_113(t) +1113(t)]dt

10.4.37 J' Bi (t)dt= jr
[J_113(t)J113(t)}dt

10.4.38

Ascending Series for Ç Ai (± t)dt, Ç Bi (± t)dt

(See 10.4.2.)

10.4.39 f' Ai (t)dt= c1F(z) +c2G( z)

10.4.40 J" Bi (t)dtsJ[c1F(z) +c2G(z)]

(See 10.4.3.)

10.4.41

Bi (t)dt=/'[c1F(z)+c,G(z)]

F(z)=z+j z+ z+

3k (P z3'
O \31'k (3k+1)!

G(z)= z2+y z°+- 81I

(2
O \3, k (3k+2)!

The constants e1, e2 are given in 10.4.4, 10.4.5.

fo

z

fo

z

Ai (t)di=c1F(z) c2G(z)



10.4.49

fZ
(t)dt=--ir[Ai' (z) Gi (z)

Ai (z) Gi' (z)]
10.4.50

=+ir[Ai' (z) Hi (z)
Ai (z)Hi'(z)]

10.4.51
z

Bi (t)dt=ir[Bi' (z) Gi (z)Bi (z) Gi' (z)]
o

10.4.52 =ir[Bi' (z) Hi (z)Bi (z) Hi'(z)]

10.4.53

Bi (t)dt=ir[Bi' (z) Gi (z)
Bi (z) Gi' (z)]

10.4.54 ==ir[Bi' (z) Hi (z)
Bi (z) Hi' (z)]

(z) Hi (z)Ai (z) Hi' (z)]

OF FRACTIONAL ORDER

Differential Equations for Gi (z), Hi (z)

10.4.55 w"zw=ir'
w(0)=r4 Bi (0)=Ai (0)=.20497 55424 78

w'(0)=Bi' (0)= Ai' (0)=.14942 9452449

w(z)=Gi(z)

10.4.56 w"zw=7r1

Bi (0)= Ai (0) = .40995 10849 56

Bi' (0)= Ai' (0)=.29885 89048 98

w(z)=Hi (z)

Differential Equation for Products of Airy Functions

10.4.57 w' "-4zw'-2w=0

Linearly independent solutions are Ai2 (z),
Ai(z) Bi (z),Bi2 (z).

Wronskian for Products of Airy Functions

10.4.58 W{Ai2 (z), Ai (z) Bi (z), Bi2 (z) } =2ir3

Asymptotic Expansions for I z Large

- r(3k+) (2k+1)(2k+3) . . . (6k-1)
c0-1, Ck_54kk!T(k+i)_ 216kk!

6k+1d=1,dk= 6kl' (k=1,2,3,..

z3"2

10.4.59

Ai (z) r1"2z1"4e Ê (_1)kc (farg zI<7r)

10.4.60

Ai (z)' r'12z14 Esin (+) Ê (_1)czkr2k

cos (r+ Ê
(arg zI3ir)

10.4.61

Ai' (z)''ar"2z"4eE (_1)kdk
o

(arg z<ir)
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The Functions Gi(z), 111(z)
10.4.42

Gi (z)=ir_1J'
sinGt3+zt)dt

=Bi (z)+f [Ai (z) Bi (t)Ai (t) Bi (z)]dt

10.4.43

Gi' (z)=Bi' (z) +f (t)Ai (t) Bi'(z)]dt

10.4.44

Hi(z)=ir_1f exp(_ t3+zt) dt

==Bi (z)+f'[Ai (t) Bi (z)Ai(z) Bi(t)Jdt

10.4.45

Hi' (z)=Bi' (z) +f'[Ai (t) Bi' (z) Ai'(z) Bi (t)]dt

10.4.46 Gi (z)+Hi (z)=Bi (z)

Representations off' Ai(±)dt,f'Bi(±t)d
by Gi (±z), Hi (±z)

10.4.47
fZ

(t)dt=+ir[Ai' (z) Gi(z) Ai (z) Gi' (z)]

10.4.48



See page IL
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10.4.62

Ai' ( .__lr1zi Ecos (-- Ê (-1)td2k

+sin (r+) E ( 1)kd2t+i r2k_1]

(Iarg zl<ir)

10.4.63

Bi ()zie Ê cA (Iarg z!<Fw)

10.4.64

Bi (z) r12* [nos (+) Ê (1)kc2t

+sin (+) Ê (_1)cu+ir22]

(Iarg zkz3ir)
10.4.65

Bi (ze''3)

[sin (r+4 in 2 lE ( 1)c2o
cOs(+

- in 2) E (-1)kc2t+1r2k-1]o
(Iarg J<ir)

10.4.66

* Bi' (z)ir3zer Ê dk (Jarg zf<ir)
10.4.67

Bi' z ..'ir-iz sin (+ Ê (-1)td2

cos (+) Ê (_1)kd2t+ir21]
(arg zj< ir)

10.4.68

Bi' (ze/3)

/2/ire16zl [o in 2) E (_1)kd2_uo
+sin(r-i-4in 2)Ê (_1)kd -2k-112k+lr J

(arg zJ<ir)
Modulus and Phase

10.4.69

Ai (x)=M(x) cos0(x), Bi (x)=M(x) sin 0(x)
M(x)=J[Ai2 (_x)+Bi2 (x)],

0(x)=arctan [Bi (x)/Aî (z)]

tan (.-0) =M0'/M'= - (irMM')',
MN sin (_0)=ir_1

10.4.75 M" +xM ir 2M3 = O
10.4.76 (M2) "+4z(M2)' 2M2 =0

10.4.77 t(0"/0')2=x
Asymptotic Expansions of Modulus and Phase for

Large z

10.4.78 M2(x) x12 21k ()(2x)

10.4.79

0(x) 4 ir z312 [i - (2x) 3+15 (2x) -6

82825
(2x)+1282031525 (2x)'2-128 14336

10.4.80

N2(x),Jl (_1)k+16k+123k(P) (2X)_3k
l2kk! 6k-1 \2,3k

10.4.81

(x)'ir_x3h12 [i+ (2x-3 (2x)6
2065 30429+49::1 (2x)9

2048 (2x)12+...]
l.a

Asymptotic Forms ofJ Ai (± t)dt, Bi (±t)dt for Largex
o .10

10.4.82 fAi (t)dt exp (_x3'2)

10.4.83
"X

Ai cos (2/2+1r)
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10.4.70

Ai' (x)=N(x) COB (x), Bi' (x)=N(x) sin i(z)

N(x)=/[Ai'2 (x)+Bi'2 (z)],
(x)=arctan [Bi' (x)/Ai' (z)]

Differential Equations for Modulus and Phase

Primes denote differentiation with respect to z

10.4.71 M20'= ir1, N'= ir'x
10.4.72 T2M2

10.4.73 NN' xMM'
10.4.74



FRACTIONAL ORDER

10.4.104

Bi' (ß,)=(__1)eTUfi [ (4s-1)+ in 2]

10.4.105

Bi ()=(_1)8_1.eTu/6gi [3ui (4 3)+3i lii 2]

lzl sufficiently large

f(z)'-z2'3 (i+ z_2_ z+775 z'
82944

1080 56875 z869 67296

16 23755 96875
)+ 3344 30208

zg(z)'z2'3 (i_h z+2 z4 181223
207360

186 83371
ICI z8

fi(z)_2zuh16(1+ 1525 _
48 4608

z2 z

)
23 97875+ 6 63552

z..
g1(z)'.-'ir"2z"6 (i_J Z_2+ z4

843 94709
265 42080

Formal and Asymptotic Solutions of Ordinary Differ-
ential Equations of Second Order With Turning
Points

An equation

10.4.106 W"+a(z, X)W'+b(z, X)W=0

in which X is a real or complex parameter and,
for fixed X, a(z, X) is analytic in z and b(z, X) is
continuous in z in some region of the z-plane, may
be reduced by the transforination

10.4. 107 W(z) =w(z) exp (_f'a(t, X)dt)

to the equation

10.4.108

'W"+9(z, X)w=0

o(z, X)=b(z, X) a2(z, X) - a(z, X).

450 BESSEL FUNCTIONS OF

10.4.84 ÎBi (t)dtr1"2x314 exp ( x3/2)
o

10.4.85 f Bi (t)dt 112x314 sin ( x3/2+)

Asymptotic FormsofGi (+x), Gi' (+), Hi (±x), Hi' (Ex)
for Large z

10.4.86 Gi (z) -'ir'x1

10.4.87 Gi (--x) '12x1'4 cos ( x3/2+)

10.4.88 Gi' (z) .i... ir_ix_2

10.4.89 Gi' (z) -ir'12x114 sin ( x31'2+)

10.4.90 Hi (x)"-'ir112x1"4 exp (Ix312)

10.4.91 Hi (x)'--ir1x

10. 4.92 Hi' (x) ir "2x"4 exp (x312)

10.4.93 Hi' (_x)..s._ir_1x_2

Zeros and Their Asymptotic Expansions

Ai (z), Ai' (z) have zeros on the negative real
axis only. Bi (z), Bi' (z) have zeros on the nega-
tive real axis and in the sector ir<I arg zI<ir.
a,, a; b,, b.' s-th (real) negative zero of Ai (z),
Ai' (z); Bi (z), Bi' (z), respectively. ß,, ß; ,,
s-th complex zero of Bi (z), Bi' (z) in the sectors
1r<arg z<1r, ir<arg z<ir, respectively.

10.4.94 a,= f[3r(4s 1)18]

10.4.95 a= g[3ir(4s-3)/81

10.4.96 Ai' (a,) = ( 1)''Jj[3ir(4s 1)/8]

10.4.97 Ai (a,') = ( 1)'gj[3ir(4s 3)/81

10.4.98 b,= f[3ir(4s-3)/8]

10.4.99 b,'= g[3ir(4s 1)/Sl

10.4.100 Bi' (b,) = ( 1)'fi[3ir(4s-3)/8]

10.4.101 Bi (b.') = ( 1)'gi[3ir(4s 1)/8]

10.4.102 ß3_eT'3f[ (4s-1)+ in 2]

10.4.103 (4s-3)+ in 2]
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If o(z, X) can be written in the form

10.4.109 X)=X2p(z)+q(z, X)

where q(z, X) is bounded in a region R of the z-
plane, then the zeros of p(z) in R are said to be
turning points of the equation 10.4.108.

The Special Case w"+[X'z+q(z, X)]w=O

Let X=IXje vary over a sectorial domain S:
IXIXo(>0), w1wco2, and suppose that. q(z, X)is
continuous in z for Izj<r and X in S, and q(z, X)

q,,(z)X" as X-' inS.
o

Formal Series Solution
10.4.110

w(z)=u(z) Ê o(z)X"+X1u'(z)
o o

u" +X'zu=O

qo(z)co, 'o(z)=z1c,, c0, e, constants

1ren
+i (z) = - #(z)- I q_(t)I'(t)dt

Jo o

JßZ

E

nt1 ,'(t)+E qn_k(t)cok(t)] dt
o o

(n=O, 1, 2, . .

Uniform Asymptotic Expansions of Solutions

For z real, i.e. for the equation

10.4.111 y"+[X2x+q(x, X)]y=0

where x varies in a bounded interval a<x<b that
includes the origin and where, for each fixed X in S,
q(x, X) is continuous in z for a x b, the following
asymptotic representations hold.

If X is real and positive, there are solutions
y0(x), y1(x) such that, uniformly in s on ax0,

10.4.112

yo(x)=Ai (X2"x)[l+O(X'')J (X-4)
y,(x)=Bi (X'x)[1 +O(X')]

and, uniformly in s on 0xb

10.4.113

Yo(X) =Ai ( X21'x) [1 + O(X1)] +Bi ( X"x) O(X'),

y (s) =Bi ( X"x)[l + O(X')] +Ai ( X'x) O(X')

(X-)
If ?X0, JX0, there are solutions

y0(x), yi(x) such that, uniformly in s on axb,
See page II.
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10.4.114

yo(s) =Ai ( X21'x) [1 + O(X')]

y(x) =Bi (X2"x)[l +O(X1)] (IXI-)
For further representations and details, we refer
to [10.4].

When z is complex (bounded or unbounded),
conditions under which the formal series 10.4.110
yields a uniform asymptotic expansion of a solu-
tion are given in [10.121 if q(z, X) is independent
of X and lXI with fixed w, and in 10.14] if X
lies in any region of the complex plane. Further
references are [10.2; 10.9; 10.10].

The General Case w"+[X'p(z)+q(z, X)]w0

Let X=IXJe where XIXo(>0) and 1rw51r;
suppose that p(z) is analytic in a region R and has
a zero z=z0 in R, and that, for fixed X, q(z, X) is
analytic in z for z in R. The transformation
E=E(z), v=[p(z)/E]"4w(z), where E is defined as
the (unique) solution of the equation

10.4115 E (-')2=p(z),

yields the special case

d2v10.4.116 [X2E+J(E, X)]v=0,

f(E, X)=()q(z, X)_()1 [(d)i]

Example:

Consider the equation

10.4.117 y"+[X2(X2) x']y=O
for which the points x=0, are singular points
and x= i is a turning point. It has the functions
xlJx(Xx), x'Yx(Xs) as particular solutions (see
9.1.49).

The equation 10.4.115 becomes

52

whence

y1_x2+ln x_1(1+I1_s2)

(0<s1)
E"2=Vx2 1 arccos x' (1 X< ).

x2_1\h/4

s'E ) y(s)

Thus

10.4.118



= r'12X-'6
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It follows from 10.4.120 that uniformly in z on
0<z<
10.4.125

J(Xx)
1/421rhi2

r(X+ 1)
e('1) Ai (X'"E)[1 +O(X')]

(IXI_4)

Numerical Methods

10.5. Use and Extension of the Tables
Spherical Bessel Functions

To computej,,(z), y,,(x), n=0, 1, 2, for values of
z outside the range of Table 10.1, use formulas
10.1.11, 10.1.12 and obtain values for the circular
functions from Tables 4.6-4.8.

Example 1. Compute j1(x) for x=11.425.
sins cossFrom 10.1.11, = 2

Hence, using
X

Tables 4.6 and 4.8,
.90920 500 .41634 873j,(11.425)= (11.425)2 11.425

=.00696 54535.03644 1902
.04340 7356.

To compute j,,(x), 11 n20, for a value of z
within the range of Table 10.3, obtain from Table
10.3, directly or possibly by linear interpolation,
j,1(x), j,0(x) and use these as starting values in the
recurrence relation 10.1.19 for decreasing n.

An alternative procedure which often yields
better accuracy and which also applies to compu-
tations of j,,(x) when both n and z are outside the
range of Table 10.1 is the following device essen-
tially due to J. C. P. Miller [9.20].

At some value N larger than the desired value
n, assume tentatively FN+1=0, FN=l and use
recurrence relation 10.1.19 for decreasing N to
obtain the sequence FN_l, . . ., Fo. If N was
chosen large enough, each term of this sequence
up to F,, is proportional, to a certain number of
significant figures, to the corresponding term in
the sequence iN-1 (z), . . ., j(x) of true values.
The factor of proportionality, p, may be obtained
by comparing, say, F0 with the true value j0(z)
computed separately. The terms in the sequence
pFo, . . . pF,, are then accurate to the number
of significant figures present in the tentative
values. If the accuracy obtained is not sufficient,
the process may be repeated by starting from a
larger value N.
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satisfies the equation

5 E2x2(x2+4fl10.4.119 I+[X2 162+ (s'-1)' J v=0

which is of the form 10.4.111 with z replaced by
and q(, X) independent of X.

Suppose X0, JX0. By the first equation
of 10.4.114 there is a solution vo(E) of 10.4.119,
i.e., a solution y,(x) of 10.4.117 for which the
representation
10.4.120

v,(E) (51"4 yo(s) =Ai(X"E)[l +O(X)1

holds uniformly in z on 0<x< as JXJ-o..
To identify Yo(S) in terms M zJ(Xz), x4Y(Xz),

restrict z to O<zb<1 so that by 10.4.118 E is
negative, and replace the Airy function by its
asymptotic representation 10.4.59. This yields

10.4.121

Yo()
/x'l" -1/41

x2 ) -"X'(" exp ( X(_E)3/2)
[1 + O(X)]

i (1z"ç"4 /2
\ 2 ,, exp (j X(_E)3'2)

[1 + O(X 1)]

Let now X be fixed and x-0 in 10.4.121. There
results

10.4.122 yo(s) lI'a)cl/6zh/2 ( x)x e".

On the other hand, yo(s) is a solution of 10.4.117
and therefore it can be written in the form

10.4.123 y0(x) =rXu/'[ClJA(XX) +c,Y(Xz)]

where, from 9.1.7 for X fixed and x-0

J(Xz)
' F(X+i)'

Y(Xx) «.' rtXl) cot Xir csc Xir.

Thus, letting x-0 in 10.4.123 and comparing the
resulting relation with 10.4.122 one finds that
c,=0 and

10.4.124 yo(S) = ir 2X" '1'oer (X-F 1)z"J(Xx).



Example 2. Compute j15(x) for x=24.6.
Interpolation in Table 10.3 yields for x=24.6

x_2l821'86j21(x)= (-28)3.934616
x20e'8j2o(x) = (-27)9.48683

whence

321(24.6) = .05604 29, j20(24.6) = .03896 98.

From the
results

j19(24.6)=
j18(24.6) = -
j17(24.6)=-
j16(24.6) = -
j15(24.6) -

recurrence relation

.00890 67660
.02484 93173
.04628 17554
.04099 87086
.00871 65122

BESSEL FUNCTIONS

10.1.19 there

[.00890 701
[-.02485 90]
[- .04628 16]
[- .04099 88]
[- .00871 67]

For comparison, the correct values, are shown in
brackets.

To compute j15(x) for x=24.6 by Miller's de-
vice, take, for example, N=39 and assume
F40=0, F39=1. Using 10.1.19 with decreasing N,
i.e., FN_l=[(2N+1)/x]FN-FNI, N=39, 38,
1, 0, generate the sequence F'38, F37, . . ., F1, F,,
compute from Table 4.6, j,(24.6)=(sin 24.6)/24.6
= - .02064 620296, and obtain the factor of pro-
portionality

p=jo(24.6)/Fo=.00000 03839 17642.

The value pF15 equals j,(24.6) to 8 decimals.
The final part of the computations is shown in
the following table, in which the correct values
are given for comparison.

It may be observed that the normalization of the
sequence FN, FN_1, . . ., F0 can also be obtained
from formula 10.1.50 by computing the sum
u (2k+1)F and finding p=1/-I This

yields, in the case of the example, p=i/.f=
.00000 03839 177.

OF FRACTIONAL ORDER

Modified Spherical Bessel Functions

To compute -s/ir/xI+i(x), -/TxK(x), n=0,
1, 2, . . . for values of x outside the range of
Table 10.8, use formulas 10.2.13, 10.2.14 together
with 10.2.4 and obtain values for the hyperbolic
and exponential functions from Tables 4.4 and
4.15. In those cases when Jir/xIi(x) and

are nearly equal, i.e., when z is
sufficiently large, compute -s,/ir/xKi(x) from
formula 10.2.15, for which the coefficients (n+, k)
are given in 10.1.9.

Example 3. Compute i/ir/xIoi2(x), Thir/xK,,2(x)
for x=16.2.

From 10.2.13, -,f7xI512(x)= (3+x2) sinh xix3-
3 cosh xix2; from Table 4.4, cosh 16.2=(6)5.4267
59950 and this equals the value of sinh 16.2 to the
same number of significant figures. Hence

-%I1r/16.2I5,2(16.2)=(.06243 402371
-.01143 118427)[(6)5.4267 59950]
= 338814.4594- 62034.29298
= 276780.1664.

To compute -Iir/16.2K512(16.2) use 10.2.17 and
obtain

ri 6 12 1/r/16.2K5i2(16,2)=ire_16.2
L32.4 (32.4)2 (32.4)a]

=(-7)2.8945 38069[.036932 60400]

=(-8)1.0690 28283.

To compute -.,/TxI+1(x), 3n8, for a
value of z within the range of Table 10.9, obtain
from Table 10.9, -../îr/xI1912(x), -Jf7I2112(x) for
the desired value of x and use these as starting
values in the recurrence relation 10.2.18 for
decreasing n.

To compute -/7xK(x) for some integer n
outside the range of Table 10.9, obtain from
10.2.15 or from Table 10.8, -1TxK1(x),
-.s./TxK3i2(x) for the desired value of x and use
these as starting values in the recurrence relation
10.2.18 for increasing n. If z lies within the
range of Table 10.9 and n>10, the recurrence
may be started with -..J7xKjg,2(x), -'s/ir/xK2112(x)
obtained from Table 10.9.

Example 4. Compute -Iir/xKjj,2(x) for x=3.6.
Obtain from Table 10.8 for x=3.6

7iiK,,2(x)=.01192 222

-.Jir/xK312(x) = .0 1523 3952

453

N FN pFN 2N(24.6)

15 -22704. 71107 -. 00871 67391 -. 00871 674
14 +78178.88236 +.03001 42522 +.03001 425
13 +114866.80811 +.04409 93941 +.04409 939
12 +47894.44353 +.01838 75218 +.01838 752
11 -66193. 59317 -. 02541 28882 -. 02541 289
lo -109782. 76234 -. 04214 75392 -. 04214 754
9 -27523. 39903 -. 01056 67185 -. 01056 672
8 +88524.85252 +.03398 62526 +.03398 625
7 + 88699. 11017 +. 03405 31532 +. 03405 315
6 -34440.02929 -.01322 21348 -.01322 213
5 -106899. 12565 -.04104 04602 -.04104 046
4 -13360. 39272 -.00512 92905 -. 00512 929
3 +102011. 17704 +.03916 38905 +.03916 389
2 + 42387. 96341 +. 01627 34870 +. 01627 349
1 -93395. 73728 -. 03585 62712 -. 03585 627
0 -53777. 68747 -. 02064 62030 -. 02064 620
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The recurrence relation 10.2.18 yields successively

-Íir/3.6K512(3.6)-.01192 222

- (.01523 3952)

=-.02461 718

-/ir/3.6K71a(3.6) = .0 1523 3952

+ (.02461 718)

=.04942 4480

-/ir/3.6Kg,2(3.6)=-.02461 718

- (.04942 4480)

=-.12072 034

/ir/3.6Kii,2(3.6) = .04942 4480

+ (.12072 034)

=35122 533.

As a check, the recurrence can be carried out until
n=9 and the value ofIr/3.6K1912(3.6) so obtained
can be compared with the corresponding value
from Table 10.9.

To compute -/[xIi(x) when both n and x
are outside the range &f Table 10.9, use the device
described in [9.20].

Airy Functions

To compute Ai(x), Bi(x) for values of x beyond
1, use auxiliary functions from Table 10.11.

Example 5. Compute Ai(x) for x=4.5.
First, for x=4.5,

E=x31'2= 6.36396 1029, = .15713 48403.

Hence, from Table 10.11, f(-E)=.55848 24 and
thus
Ai (4.5)

=(4.5)(.55848 24) exp (-6.36396 1029)
=(.68658 905)(.55848 24)(.00172 25302)
=.00033 02503.

To compute the zeros e, e' of a solution y(x) of
the equation y"-xy=O and of its derivative

BESSEL FUNCTIONS OF FRACTIONAL ORDER

y' (x), respectively, the following formulas may be
used, in which d, d' denote approximations to e, e'
and u=y(d)/y'(d), v=y'(d')/d'2y(d').

c=d-u-2d +2 _24d2

+88d -(88+720d) 'u7

+5856d2 -(16640d+4o32od)+ .

e'=d' { 1 -v-v- (3+2d')- (15+10d')

- (105+76d3+24d8)

- (945+756dF3+272d6)_ }
y'(c)=y'(d) {1_d +_3d2 Ç+i4d

- (14+45d-+471d2

-(1432d+1575d)+ . .

. }
y(e')=y(d') { 1-d'2 -d' _(3d3+3d/6)

- (15d'+14d'°)

_(105d3+101d6+45d4)_
. }

Example 6. Compute the zero of y(x) r=Ai(x)
-Bi(x) near d= - .4.

From Table 10.11,

y(-.4)=.02420 467, y'(-.4)=-.71276 627

whence 'u=y(-.4)/y'(-.4)=-.03395 8776. From
the above formulas

c=-.4+.03395 8776-.00000 5221
+.00000 0111+.00000 0001

=-.36604 6333.
y'(e)=(-.71276 627){1+.00023 0640

- .00000 6527-.00000 0027+.00000 0002}
=(-.71276 627)(1.00022 4088)
=-.71292 599.
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1(-4)416
[(_4)31 [(_4)2]6j

j (z) (z) y(x) =1/7/xY+4(x) = (lr+1.v//xJ_(n+j) (x)

Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia
Univ. Press, New York, N.Y., 1947 (with permission).

X

0.0

j0(x)
1.00000 000

SPHERICAL BESSEL FUNCTIONS-ORDERS O, i AND 2

j1 (z) 22(x) y0(x) y1(x)
0.00000 0000 0.00000 000000 -00 -00

Table 10.1

y2(x)
-00

0.1 0.99833 417 0.03330 0012 0.00066 619061 -9.95004 17 --100.49875 3005.0125
0.2 0.99334 665 0.06640 0381 0.00265 90561 -4.90033 29 -25.495011 - 377.52483
0.3 0.98506 736 0.09910 2888 0.00596 15249 -3.18445 50 -11.599917 - 112.81472
0.4 0.97354 586 0.13121 215 0.01054 5302 -2.30265 25 -6.73017 71 - 48.173676

0.5 0.95885 108 0.16253 703 0.01637 1107 -1.75516 51 - 4.46918 13 -25.059923
0.6 0.94107 079 0.19289 196 0.02338 8995 -1.37555 94 - 3.23366 97 -14.792789
0.7 0.92031 098 0.22209 828 0.03153 8780 -1.09263 17 - 2.48121 34 -9.54114 00
0.8 0.89669 511 0.24998 551 0.04075 0531 -0.87088 339 - 1.98529 93 -6.57398 92
0.9 0.87036 323 0.27639 252 0.05094 5155 -0.69067 774 -1.63778 29 -4.76859 87

LO 0.84147 098 0.30116 868 0.06203 5052 -0.54030 231 - 1.38177 33 -3.60501 76
1.1 0.81018 851 0.32417 490 0.07392 4849 -0.41236 011 - 1.18506 13 -2.81962 54
1.2 0.77669 924 0.34528 457 0.08651 2186 -0.30196 480 - 1.02833 66 -2.26887 66
1.3 0.74119 860 0.36438 444 0.09968 8571 -0.20576 833 - 0.89948 193 -1.86995 92
1.4 0.70389 266 0.38137 537 0.11334 028 -0.12140 510 - 0.79061 059 -1.57276 05

1.5 0.66499 666 0.39617 297 0.12734 928 -0. 04715 8134 - 0.69643 541 -1.34571 27
1.6 0.62473 350 0.40870 814 0.14159 426 +0.01824 9701 - 0.61332 744 -1.16823 87
1.7 0.58333 224 0.41892 749 0.15595 157 0.07579 0879 - 0.53874 937 -1.02652 51
1.8 0.54102 646 0.42679 364 0. 17029 628 0.12622 339 - 0.47090 236 -0.91106 065
1.9 0.49805 268 0.43228 539 0.18450 320 0.17015 240 - 0.40849 878 -0.81515 048

2.0 0.45464 871 0.43539 778 0.19844 795 0.20807 342 - 0.35061 200 -0.73399 142
2.1 0.41105 208 0.43614 199 0.21200 791 0.24040 291 - 0.29657 450 -0.66408 077
2.2 0.36749 837 0.43454 522 0.22506 330 0.26750 051 - 0.24590 723 -0.60282 854
2.3 0.32421 966 0.43065 030 0.23749 812 0.28968 523 - 0.19826 956 -0.54829 769
2.4 0.28144 299 0.42451 529 0.24920 113 0.30724 738 - 0.15342 325 -0.49902 644

2.5 0.23938 886 0.41621 299 0.26006 673 0.32045 745 - 0.11120 588 -0.45390 450
2.6 0.19826 976 0.40583 020 0.26999 585 0.32957 260 - 0.07151 1067 -0.41208 537
2.7 0.15828 884 0.39346 703 0.27889 675 0.33484 153 - 0.03427 3462 -0.37292 316
2.8 0.11963 863 0.37923 606 0.28668 572 0.33650 798 + 0.00054 2796 -0.33592 641
2.9 0.08249 9769 0.36326 136 0. 29328 784 0.33481 316 0. 03295 3045 -0.30072 380

3.0 0.04704 0003 0.34567 750 0.29863 750 0.32999 750 0.06295 9164 -0.26703 834
3.1 +0.01341 3117 0.32662 847 0.30267 895 0.32230 166 0.09055 5161 -0.23466 763
3.2 -0.01824 1920 0.30626 652 0.30536 678 0.31196 712 0.11573 164 -0.20346 870
3.3 -0.04780 1726 0.28475 092 0. 30666 620 0.29923 629 0.13847 939 -0.17334 594
3.4 -0.07515 9148 0.26224 678 0.30655 336 0.28435 241 0.15879 221 -0.14424 164

3.5 -0.10022 378 0.23892 369 0.30501 551 0,26755 905 0.17666 922 -0.11612 829
3.6 -0.12292 235 0.21495 446 0.302 05 107 0.24909 956 0.19211 667 -0. 08900 2337
3.7 -0.14319 896 0.19051 380 0.29766 961 0.22921 622 0.20514 929 - 0.06287 8964
3.8 -0.16101 523 0.16577 697 0. 29189 179 0.20814 940 0.21579 139 - 0.03778 7773
3.9 -0.17635 030 0.14091 846 0.28474 912 0.18613 649 0. 22407 760 -0. 01376 9102

4.0 -0.18920 062 0.11611 075 0.27628 369 0.16341 091 0.23005 335 + 0.00912 9107
4.1 -0.19957 978 0.09152 2967 0.26654 781 0.14020 096 0.23377 514 0.03085 4018
4.2 -0.20751 804 0.06731 9710 0.25560 355 0.11672 877 0.23531 060 0.05135 0236
4.3 -0.2 1306 185 0.04365 9843 0.24352 220 0.09320 9110 0.23473 838 0.07056 1855
4.4 -0.21627 320 +0.02069 5380 0.23038 368 0.06984 8380 0.23214 783 0.08843 4232

4.5 -0.21722 892 -0.00142 95812 0,21627 586 0.04684 3511 0.22763 858 0.10491 554
4.6 -0.21601 978 -0.02257 9838 0.20129 380 0.02438 0984 0.22132 000 0.11995 814
4.7 -0.21274 963 -0.04262 9993 0.18553 900 4-0.00263 5886 0.21331 046 0.13351 972
4.8 -0.20753 429 -0.06146 5266 0.16911 850 -0.01822 8955 0.20373 659 0.14556 433
4.9 -0.20050 053 -0.07898 2225 0.15214 407 -0.03806 3749 0.19273 242 0.15606 319

5.0 -0.19178 485 -0.09508 9408 0.13473 121 -0.05673 2437 0.18043 837 0.16499 546
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Table 10.1
X j0(x)

SPHERICAL BESSEL FUNCTIONS-ORDERS 0, 1 AND 2

j2(x) y0(x) y1(x) y2(x)

5. 0 -1 -1. 9178 -2 -9. 5089 -1 1. 3473 -2 -5. 6732 -1 1. 8044 -1 1. 6500
5. 1 -1 -1. 8153 -1 -1. 0971 -1 1. 1700 -2 -7. 4113 -1 1. 6700 -1 1.7235
5. 2 -1 -1. 6990 -1 -1. 2277 -2 9. 9065 -2 -9. 0099 -1 1. 5257 -1 1. 7812
5. 3 -1 -1. 5703 -1 -1. 3423 -2 8.1054 -1 -1. 0460 -1 1. 3730 -1 1.8231
5. 4 -1 -1. 4310 -1 -1. 4404 -2 6. 3084 -1 -1. 1754 -1 1.2134 -1 1. 8495

5. 5 -1 -1. 2828 -1 -1. 5217 -2 4.5277 -1 -1. 2885 -1 1. 0485 -1 1. 8604
5. 6 -1 -1. 1273 -1 -1. 5862 -2 2. 7749 -1 -1. 3849 -2 8. 7995 -1 1. 8563
5. 7 -2 -9 6611 -1 -1. 6339 -2 +1. 0617 -1 -1. 4644 -2 7. 0920 -1 1. 8377
5. 8 -2 -8. 0104 -1 -1. 6649 -3 -6. 0100 -1 -1. 5268 -2 5. 3780 -1 1. 8049
5. 9 -2 -6. 3369 -1 -1. 6794 -2 -2. 2024 -1 -1. 5720 -2 3. 6725 -1 1.7587

6. 0 -2 -4. 6569 -1 -1. 6779 -2 -3. 7326 -1 -1. 6003 -2 1. 9898 -1 1. 6998
6. 1 -2 -2. 9863 -1 -1. 6609 -2 -5. 1819 -1 -1. 6119 -3 +3. 4379 -1 1. 6288
6. 2 -2 -1. 3402 -1 -1. 6289 -2 -6. 5418 -1 -1. 6073 -2 -1. 2523 -1 1. 5467
6. 3 -3)+2. 6689 -1 -1. 5828 -2 -7. 8042 -1 -1. 5871 -2 -2. 7861 -1 1. 4544
6. 4 -2) 1.8211 -1 -1. 5234 -2 -8. 9620 -1 -1. 5519 -2 -4. 2458 -1 1. 3528

6.5 -2 3. 3095 -1 -1. 4515 -1 -1. 0009 -1 -1. 5024 -2 -5. 6210 -1 1.2430
6.6 -2 4. 7203 -1 -1. 3682 -1 -1. 0940 -1 -1. 4397 -2 -6. 9018 -1 1. 1260
6.7 -2 6. 0425 -1 -1. 2746 -1 -1.1750 -1 -1. 3648 -2 -8. 0795 -1 1. 0030
6.8 (-2 7.2664 -1 -1. 1717 -1) -1. 2435 -1 -1. 2785 -2 -9. 1466 -2 8.7500
6.9 (-2 8. 3832 -1 -1. 0607 -1) -1. 2995 -1 -1. 1822 -1 -1. 0097 -2 7. 4323

7.0 -2 9. 3855 -2 -9. 4292 -1 -1. 3427 -1 -1. 0770 -1 -1. 0924 -2 6. 0883
7.1 -1 1. 0267 -2 -8. 1954 -1 -1. 3730 -2 -9. 6415 -1 -1. 1625 -2 4. 7295
7.2 -1 1. 1023 -2 -6. 9183 -1 -1. 3906 -2 -8. 4493 -1 -1. 2197 -2 3. 3674
7.3 -1 1. 1650 -2 -5. 6107 -1 -1. 3956 -2 -7. 2065 -1 -1. 2637 -2 2. 0132
7.4 -1 1.2145 -2 -4. 2851 -1 -1. 3882 -2 -5. 9263 -1 -1. 2946 -3 +6. 7812

7.5 -1 1. 2507 -2 -2. 9542 -1 -1. 3688 -2 -4. 6218 -1 -1. 3123 -3 -6. 2736
7.6 -1 1. 2736 -2 -1. 6303 -1 -1. 3379 -2 -3. 3061 -1 -1. 3171 -2 -1. 8929
7.7 -1 1. 2833 -3 -3. 2520 -1 -1. 2960 -2 -1. 9919 -1 -1. 3092 -2 -3. 1089
7.8 -1 1. 2802 -3 +9. 4953 -1 -1. 2437 -3 -6. 9174 -1 -1. 2891 -2 -4. 2662
7.9 -1 1. 2645 -2 2.1829 -1 -1.1816 -3 +5. 8231 -1 -1. 2571 -2 -5. 3561

8.0 -1 1. 2367 -2 3. 3646 -1 -1. 1105 -2 1. 8188 -1 -1. 2140 -2 -6. 3711
8.1 -1 1.1974 -2 4. 4850 -1 -1. 0313 -2 3. 0067 -1 -1.1603 -2 -7. 3040
8.2 -1 1. 1472 -2 5.5351 -2 -9. 4473 -2 4.1360 -1 -1. 0968 -2 -8.1487
8.3 -1 1. 0870 -2 6. 5069 -2 -8. 5177 -2 5.1973 -1 -1. 0243 -2 -8. 8997
8.4 -1 1. 0174 -2 7. 3932 -2 -7. 5334 -2 6.1820 -2 -9. 4378 -2 -9. 5527

8.5 -2 9. 3940 -2 8.1877 -2 -6. 5042 -2 7.0825 -2 -8. 5607 -1 -1. 0104
8.6 -2 8. 5395 -2 8. 8851 -2 -5. 4401 -2 7.8921 -2 -7. 6218 -1 -1. 0551
8.7 -2 7. 6203 -2 9.4810 -2 -4. 3510 -2 8.6051 -2 -6. 6312 -1 -1. 0892
8.8 -2 6. 6468 -2 9.9723 (-2 -3. 2471 -2 9. 2170 -2 -5. 5994 -1 -1. 1126
8.9 -2 5. 6294 -1 1. 0357 (-2 -2. 1385 -2 9.7240 -2 -4. 5369 -1 -1.1253

9. 0 -2 4. 5791 -1 1. 0632 -2 -1. 0349 -1 1. 0124 -2 -3. 4542 -1 -1. 1275
9.1 -2 3. 5066 -1 1. 0800 -4 +5. 3818 -1 1. 0415 -2 -2. 3621 -1 -1.1193
9.2 -2 2.4227 -1 1. 0859 -2 1. 1184 -1 1. 0596 -2 -1. 2710 -1 -1. 1011
9. 3 -2 1. 3382 -1 1.0813 -2 2. 1498 -1 1.0669 -3 -1. 9101 -1 -1. 0731
9. 4 -3 +2. 6357 -1 1. 0663 -2 3.1395 -1 1. 0635 -3 +8. 6782 -1 -1. 0358

9.5 -3 -7. 9106 -1 1. 0413 -2 4. 0795 -1 1. 0497 -2 1. 8960 -2 -9. 8978
9. 6 -2 -1. 8159 -1 1. 0068 -2 4.9622 -1 1. 0257 -2 2. 8844 -2 -9. 3558
9. 7 -2 -2. 8017 -2 9. 6325 -2 5. 7808 -2 9.9213 -2 3. 8245 -2 -8. 7385
9. 8 -2 -3. 7396 -2 9.1126 -2 6. 5291 -2 9. 4941 -2 4. 7084 -2 -8. 0528
9.9 -2 -4. 6216 -2 8.5149 -2 7.2018 -2 8.9817 -2 5. 5288 -2 -7. 3063

10.0 (-2)-5. 4402 (-2) 7. 8467 (-2) 7.7942 (-2) 8. 3907 (-2) 6.2793 (-2)-6. 5069

j (X) = /XJ(X) y(x) (x) (1)fl+1//XJ(fl+*) (X)
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j(r) =/ir/xJ {'2] [(_4]

Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia
Univ. Press, New York, N.Y., 1947 (with permission).

x j3(x) j4(x)

BESSEL FUNCTIONS OF FRACTIONAL ORDER

SPHERICAL BESSEL FUNCTIONS-ORDERS 3-10

j5(x) j6(x) j7(x) 38(X)

459

Table 10.2

lo1O°x°j9(x) 1O"x J(x)
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.52734 93 7.27309 19
0.1 -6)9.5185 -7 1.0577 -10)9.6163 -12 7.3975 (-14)4.9319 (-16 2.9012 1.52698 56 7.27151 10
0.2 -5)7.6021 -6 1.6900 - 8)3.0737 -10 4.7297 (-12)6.3072 -14 7.4212 1.52589 53 7.26677 00
0.3 -4)2.5586 -6 8.5364 - 7)2.3296 - 9 5.3784 (-10)1.0761 -12 1.8995 1.52407 96 7.25887 47
0.4 -4)6.0413 -5 2.6894 - 7)9.7904 - 8 3.0149 (-10)8.0448 -11 1.8938 1.52154 09 7.24783 46

0.5 -3 1.1740 -5 6.5390 - 6 2.9775 - 7 1.1467 - 9 3.8259 -10 1.1261 1.51828 26 7.23366 29
0.6 -3 2.0163 -4 1.3491 - 6 7.3776 - 7 3.4113 - 8 1.3665 -10 4.8282 1.51430 88 7.21637 65
0.7 -3 3.1787 -4 2.4847 - 5 1.5866 - 7 8.5649 - 8 4.0046 - 9 1.6515 1.50962 48 7.19599 61
0.8 (-3 4.7053 (-4 4.2098 - 5 3.0755 - 6 1.8989 - 7 1.0153 - 9 4.7873 1.50423 66 7.17254 61
0.9 (-3 6.6361 (-4 6.6912 - 5 5.5059 - 6 3.8277 - 7 2.3040 - 8 1.2228 1.49815 12 7.14605 44

1.0 -3 9.0066 (-3 1.0110 - 5 9.2561 - 6 7.1569 - 7 4.7901 - 8 2.8265 1.49137 65 7.11655 26
1.1 -2 1.1847 -3 1.4661 - 4 1.4786 - 5 1.2590 - 7 9.2769 - 8 6.0254 1.48392 11 7.08407 57
1.2 -2 1.5183 -3 2.0546 - 4 2.2643 - 5 2.1058 - 6 1.6942 - 7 1.2013 1.47579 48 7.04866 21
1.3 -2 1.9033 -3) 2.7976 - 4 3.3461 - 5 3.3756 - 6 2.9451 - 7 2.2640 1.46700 80 7.01035 39
1.4 -2 2.3411 t-3)3.7164 - 4 4.7963 - 5 5.2181 - 6 4.9082 - 7 4.0669 1.45757 18 6.96919 61

1.5 (-2 2.8325 -3) 4.8324 - 4)6.6962 - 5 7.8174 - 6 7.8875 - 7 7.0086 1.44749 84 6.92523 71
1.6 (-2 3.3774 -3) 6.1667 - 4)9.1354 - 4 1.1395 - 5 1.2279 - 6 1.1649 1.43680 05 6.87852 85
1.7 (-2 3.9754 -3) 7.7397 - 3)1.2212 - 4 1.6212 - 5 1.8587 - 6 1.8756 1.42549 17 6.82912 49
1.8 (-2)4.6252 -3) 9.5709 - 3)1.6031 (- 4)2.2577 (- 5)2.7444 - 6)2.9356 1.41358 63 6.77708 37
1.9 (-2)5.3249 -2)1.1679 - 3)2.0705 (- 4)3.0840 (- 5)3.9632 - 6)4.4800 1.40109 93 6.72246 53

2.0 (-2 6.0722 -2 1.4079 - 3 2.6352 - 4 4.1404 - 5 5.6097 - 6 6.6832 1.38804 63 6.66533 28
2.1 (-2 6.8639 -2 1.6788 - 3 3.3094 - 4 5.4720 - 5 7.7975 - 6 9.7670 1.37444 35 6.60575 19
22 (-2 7.6962 -2 1.9817 - 3 4.1059 - 4 7.1289 - 4 1.0661 - 5 1.4009 1.36030 78 6.54379 07
2.3 (-2 8.5650 -2)2.3176 - 3)5.0375 (- 4 9.1665 - 4 1.4358 - 5 1.9754 1.34565 67 6.47951 98
2.4 (-2 9.4654 -2)2.6872 - 3)6.1171 (- 3 1.1645 - 4 1.9071 - 5)2.7420 1.33050 81 6.41301 19

2.5 (-1 1.0392 (-2 3.0911 - 3 7.3576 -3 1.4630 - 4 2.5009 - 5 3.7516 1.31488 05 6.34434 22
2.6 (-1 1.1339 -2 3.5292 - 3 8.7717 -3 1.8192 - 4 3.2410 - 5 5.0647 1.29879 28 6.27358 74
2.7 -1 1.2301 -2 4.0014 - 2 1. 0372 -3 2.2404 - 4 4.1542 - 5 6.7532 1.28226 44 6.20082 63
2.8 -1 1.3270 -2 4.5071 - 2 1.2169 -3 2.7345 - 4 5.2705 - 5 8.9013 1.26531 50 6.12613 95
2.9 -1 1.4241 -2 5.0454 - 2 1.4174 -3 3.3096 - 4 6.6231 - 4 1.1607 1.24796 48 6.04960 91

3.0 -1 1.5205 -2) 5.6150 - 2 1. 6397 -3 3.9744 - 4 8.2484 - 4 1.4983 1.23023 41 5.97131 85
3.1 -1 1.6156 -2) 6.2142 - 2 1.8848 -3 4.7374 - 3 1.0187 - 4 1.9160 1.21214 38 5.89135 26
3.2 -1 1.7087 -2 6.8409 - 2 2.1532 -3 5.6074 - 3 1.2481 - 4 2.4283 1.19371 48 5.80979 75
3.3 -1 1.7989 -2 7.4929 - 2 2.4457 -3 6.5935 - 3 1.5177 - 4 3.0520 1.17496 82 5.72674 00
3.4 -1 1.8857 -2 8.1673 - 2 2. 7626 -3 7.7045 - 3 1.8326 - 4 3.8056 1.15592 54 5.64226 82

3.5 -1 1.9681 -2 8.8610 - 2 3.1042 -3 8.9491 - 3 2.1980 - 4 4.7098 1.13660 79 5.55647 05
3.6 -1 2.0456 -2 9.5706 - 2 3.4705 1.0336 - 3 2.6195 - 4 5.7875 1.11703 73 5.46943 61
3.7 -1 2.1174 -1 1.0292 - 2 3.8614 1.1873 - 3 3.1030 - 4 7.0639 1.09723 52 5.38125 47
3.8 -1 2.1829 -1 1.1022 - 2 4.2765 -2 1.3569 - 3 3.6544 - 4 8.5665 1.07722 33 5.29201 62
3.9 -1 2.2414 -1 1.1756 - 2 4.7151 -2 1.5429 - 3 4.2801 - 3 1.0325 1.05702 31 5.20181 05

4.0 -1 2.2924 -1 1.2489 - 2 5.1766 -2 1.7462 - 3 4.9865 - 3 1.2372 1.03665 63 5.11072 78
4.1 -1 2.3354 -1 1.3217 - 2 5.6596 -2 1.9673 - 3 5.7801 - 3 1.4743 1.01614 44 5.01885 80
4.2 -1 2.3697 -1 1.3935 - 2 6.1630 -2 2.2065 - 3 6.6676 - 3 1.7473 0.99550 88 4.92629 07
4.3 -1 2.3951 -1 1.4637 - 2 6.6851 -2 2.4645 - 3 7.6554 - 3 2.0603 0.97477 06 4.83311 51
4.4 -1 2.4110 -1 1.5319 - 2 7.2242 -2 2.7413 - 3 8.7501 - 3 2.4174 0.95395 10 4.73942 00

4.5 -1 2.4174 -1 1.5976 - 2 7.7780 -2 3.0371 - 3 9.9581 - 3 2.8229 0.93307 06 4.64529 34
4.6 -1 2.4138 -1 1.6602 - 2 8.3444 -2 3.3520 - 2 1.1286 - 3 3.2814 0.91215 01 4.55082 25
4.7 -1 2.4001 -1 1.7193 - 2 8.92 07 -2 3.6857 - 2 1.2739 - 3 3.7976 0.89120 97 4.45609 35
4.8 -1 2.3763 -1 1.7743 - 2 9.5043 -2 4.0381 (- 2 1.4322 - 3 4.3763 0.87026 94 4.36119 18
4.9 -1 2.3423 -1 1.8247 - 1 1. 0092 -2 4.4086 (- 2 1.6042 - 3 5.0226 0.84934 88 4.26620 13

5.0 (-1)2.2982 (-1)1.8702 (- 1)1.0681 (- 2)4.7967 (- 2)1.7903 (- 3)5.7414 0.82846 70 4.17120 50



f

f

y(X) (X) = (-1)

(

'8( 1O8x'°y(x) 1O9x11y10(x)
- - -0.34459 42 -0.65472 90
-1.3519 1 -2.0277 -0.34469 56 -0.65490 14
-5.2868 1 -3.9643 -0.34499 99 -0.65541 86
-2.0668 1 -1.0329 -0.34550 77 -0.65628 18
-2.0747 -7.7739 -0.34622 02 -0.65749 23

-3.4929 -1.0465 -0.34713 86 -0.65905 23
-8.1579 -2.0357 -0.34826 48 -0.66096 47
-2.3888 -5.1060 -0.34960 12 -0.66323 28
-8.2559 -1.5429 -0.35115 04 -0.66586 06
-3.2389 -5.3756 -0.35291 56 -0.66885 29

-1.4045 -2.0959 -0.35490 04 -0.67221 50
-6.6058 -8.9515 -0.35710 89 -0.67595 30
-3.3227 -4.1224 -0.35954 56 -0.68007 37
-1.7686 -2.0227 -0.36221 57 -0.68458 47
-9.8790 -1.0477 -0.36512 46 -0.68949 42

-5.7534 -5.6859 -0.36827 87 -0.69481 14
-3.4751 -3.2143 -0.37168 46 -0.70054 60
-2.1675 -1.8835 -0.37534 96 -0.70670 90
-1.3911 -1.1395 -0.37928 17 -0.71331 20
-9.1587 -7. 0931 -0.38348 96 -0.72036 75

-6.1705 -4.5301 -0.38798 26 -0.72788 93
-4.2450 -2.9613 -0.39277 08 -0.73589 19
-2.9764 -1.9771 -0.39786 50 -0.74439 11

) -2.1235 -1.3458 -0.40327 71 -0.75340 38
)-1.5395 -9.3247 -0.40901 97 -0.76294 81

-1.1327 -6.5676 -0.41510 62 -0.77304 34
-8.4491 -4.6963 -0.42155 14 -0.78371 06
-6.3832 -3.4058 -0.42837 10 -0.79497 18
-4.8802 -2.5025 -0.43558 18 -0.80685 08
-3.7729 -1.8615 -0.44320 20 -0.81937 31

-2.9476 -1.4006 -0.45125 11 -0.83256 59
-2.3257 -1.0653 -0.45975 01 -0.84645 82
-1.8521 -8.1850 -0.46872 14 -0.86108 11
-1.4881 -6.3496 -0.47818 95 -0.87646 78
-1.2 057 -4.9707 -0.48818 03 -0.89265 39

-9.8471 -3.9249 -0.49872 20 -0.90967 72
-8.1040 -3.1246 -0.50984 49 -0.92757 84
-6.7182 -2.5070 -0.52158 17 -0.94640 10
-5.6086 -2.0265 -0.53396 75 -0.96619 15
-4.7139 -1.6498 -0.54704 05 -0.98699 97

-3.9878 -1.3523 -0.56084 19 -1.00887 91
-3.3947 -1.1158 -0.57541 63 -1.03188 69
-2.9075 -9.2642 -0.59081 20 -1.05608 44
-2.5048 -7.7389 -0.60708 14 -1.08153 78
-2.1704 -6.5027 -0.62428 15 -1.10831 79

-1.8910 )-5.4951 -0.64247 43 -1.13650 10
-1.6566 -4.6692 -0.66172 73 -1.16616 90
-1.4590 -3.9887 -0.68211 42 -1.19741 05
-1.2915 -3.4251 -0.70371 55 -1.23032 08
-1.1491 -2.9560 -0.72661 94 -1.26500 29

)-1.0274 ( )-2.5638 -0.75092 23 -1.30156 80
{(_4)2] [(_4)2]1/1 /J (X)

X y3(x) y4(x) y5(x)- r -0.0 - r
6(X)

- r
0.1 -1. 5015 -1. 0507 -9.4553 1 -1.0400
0.2 -9.412 6 -3.2906 -1.4798 -8.1359
0.3 -1.8686 -4.3489 -1.3028 -4.7726
0.4 -5.9544 -1.0372 -2.3278 -6.3910

0.5 -2.4613 -3.4208 -6.1328 -1.3458
0.6 -1.2004 j -1.3857 -2.0665 -3.7747
0.7 -6. 5670 j -6.4716 -8.2549 -1.2907
0.8 -3.91 02 -3.3557 -3.7361 -5.1035
0.9 -2.4854 -1.8854 -1.8606 -2.2552

1.0 -1.6643 -1.1290 9.9944 -1.0881
1.1 -1.1631 -7.1198 -5.7090 -5. 6378
1.2 -8. 4253 -4. 6879 -3.4317 -3.0988
1.3 -6. 2927 -3.2014 -2.1534 -1.7901
1.4 -4.8264 -2. 2559 -1.4020 -1.0790

1.5 -3.7893 -1. 6338 -9.4236 -6.7473
1.6 -3.0374 -1.2120 -6.5140 -4.3572
1.7 -2.4804 -9. 1871 -4.6157 -2.8948
1.8 -2.0598 -7.0994 3.3437 -1.9724
1.9 -1.7366 -5. 5830 -2.4709 -1.3747

2.0 -1.4844 -4. 4613 -1.8591 -9.7792
2.1 -1.2846 -3. 6178 -1.4220 -7.0870
2.2 -1.1242 -2. 9740 -1.1042 -5.2238
2.3 -9.93 68 -2. 4760 -8.6948 -3.9108
2.4 -8.8622 -2. 0858 -6.9354 -2.9702

2.5 -7.9660 -1. 7766 -5.5991 -2.2859
2.6 -7.2096 -1.5290 -4.5716 -1.7812
2.7 -6.5632 -1.3287 -3.7725 -1.4041
2.8 -6.0041 -1. 1651 -3.1446 ( -1.1189
2.9 -5.5 144 -1. 0303 -2.6462 -9.0069

3.0
3.1
3.2
3.3
3.4

-5.0802
-4.6905
-4. 3365
-4. 0112
-3.7091

-9.1835 -2.2 470
-8. 2448 -1.9246
-7.4514 -1.6621
-6.7752 -1.4467
-6. 1940 -1.2687

-7. 3207
-6. 0048
-4.9682
-4.1447
-3. 4851

3.5
3.6
3.7
3.8
3.9

-3.42 57
-3.1573
-2.9012
-2.6551
-2. 4173

-5. 6901 -1.1206
-5. 2492 -9.9657
-4.8600 -8.92 04
-4.5131 -8. 0339
-4.2011 -7.2774

-2.9528
-2. 52 01
-2. 1660
-1.8743
-1. 6325

4.0
4.1
4.2
4.3
4.4

-2.1864
-1.9615
-1.7418
-r. 5269
-1. 3165

-3. 9175 -6.6280
-3.6574 -6. 0670
-3.4165 -5.5793
-3.1913 -5.1525
-2.9788 -4.7765

-1.4310
-1.2620
-1.1196
-9.9895
-8.9625

4.5
4.6
4.7
4.8
4.9

-1. 1107
-9. 0931
-7.1268
-5.2107
-3.3484

-2.7768 -4.4430
- 2.5833 -4. 1450
-2.3966 -3.8766
-2.2155 -3.63 31
-2.0390 -3.4102

-8. 0839
-7. 3286
-6. 6763
-6. 1102
-5. 6166

5.0 -1.5443 (- -1.8662 (- )-3.2047 (._ )
-5.1841
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Table 10.2 SPHERICAL BESSEL FUNCTIONS-ORDERS 3-10



j(x) =/ /XJ+*(x)
1(- 5)5
L4

- 4)2
LS

X j3(x)

BESSEL FUNCTIONS OF FRACTIONAL ORDER

SPHERICAL BESSEL FUNCTIONS-ORDERS 3-10

9 -9.j4(x) j5(x) j6(x) j7(x) j8(x) 10 x 9(x)
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Table 10.2

11 -10.10 x
5.0 -1 2.2982 -1 1.8702 -1 1. 0681 -2 4.7967 -2 1.7903 -3 5.7414 0.82846 70 4.17120 50
5.1 -1 2.2441 -1 1.9102 -1 1.1268 -2 5.2015 -2 1.9908 -3 6.5379 0.80764 29 4.07628 42
5.2 -1 2.1803 -1 1.9443 -1 1.1849 -2 5. 6221 -2 2.2061 -3 7.4172 0.78689 50 3.98151 88
5.3 -1 2.1069 -1 1.9722 -1 1.2421 -2 6. 0573 -2 2.4365 -3 8.3843 0.76624 10 3.88698 72
5.4 -1 2. 0245 -1 1.9935 -1 1.2980 -2 6.5057 -2 2.6821 -3 9.4443 0.74569 86 3.79276 59

5.5 -1 1.9335 2. 0078 1.3522 (-2 6.9660 -2 2.9429 -2 1.0602 0.72528 47 3.69892 98
5.6 -1 1.8340 2.0150 1.4044 (-2 7.4364 -2 3.2191 -2 1.1862 0.70501 58 3.60555 18
5.7 -1 1.7270 2.0147 1.4542 -2 7.9151 -2 3.5104 -2 1.3229 0.68490 78 3.51270 30
5.8 -1 1.6131 2.0069 1.5011 -2 8.4000 -2 3.8166 -2 1.4707 0.66497 60 3.42045 23
5.9 -1 1.4928 1.9913 1.5448 -2 8.8889 -2 4.1374 -2 1.6299 0.64523 54 3.32886 66

6.0 -1 1.3669 1.9679 1.5850 (-2 9.3796 -2 4.4722 -2 1.8010 0.62570 01 3.23801 06
6.1 -1 1.2361 1.9367 1.6213 (-2 9.8696 -2 4.8205 -2 1.9842 0.60638 37 3.14794 66
6.2 -1 1.1014 1.8977 1.6533 -1 1.0356 -2 5.1815 -2 2.1797 0.58729 93 3.05873 50
6.3 -2 9.6346 1.8509 1.6807 -1 1.0837 -2 5.5543 -2 2.3877 0.56845 94 2.97043 34
6.4 -2 8.2324 1.7966 1.7033 -1 1.1309 -2 5.9379 -2 2.6084 0.54987 57 2.88309 73

6.5 -2 6.8161 1.7349 (-1 1.72 06 -1 1.1769 -2 6.3311 -2 2.8417 0.53155 94 2.79677 98
6.6 -2 5.3947 1.6661 (-1 1.7325 -1 1.2214 -2 6.7327 -2 3.0876 0.51352 10 2.71153 12
6.7 -2 3.9773 1.5905 -1 1.7388 -1 1.2642 -2 7.1412 -2 3.3461 0.49577 04 2.62739 98
6.8 -2 2.5729 1.5084 -1 1.7391 -1 1.3049 -2 7.551 -2 3.6168 0.47831 68 2.54443 09
6.9 -2 +1.1905 1.42 03 -1 1.7335 -1 1.3432 -2) 7.9728 -2 3.8996 0.46116 89 2.46266 76

7.0 -3 -1.6120 1.3265 (-1 1.7217 -1 1.3789 -2 8.3923 -2 4.1940 0.44433 45 2.38215 03
7.1 -2 -1.4736 1.2277 (-1 1.7036 -1 1.4117 -2 8.8118 -2 4.4994 0.42782 11 2.30291 70
7.2 -2 -2.7385 1.1243 -1 1.6793 -1 1.4412 -2 9.2292 -2 4.8154 0.41163 52 2.22500 27
7.3 -2 -3.9479 1.0170 -1 1.6486 -1 1.4672 -2 9.6425 -2 5.1412 0.39578 30 2.14844 05
7.4 -2 -5.0945 9.0628 -1 1.6117 -1 1.4895 -1 1.0049 -2 5.4759 0.38026 97 2.07326 03

7.5 (-2 -6.1713 -2 7.9285 (-1 1.5685 -1 1.5077 -1 1. 0448 5.8188 0.36510 02 1.99948 99
7.6 (-2 -7.1719 -2 6.7736 -1 1.5193 -1 1.5217 -1 1. 0835 6.1686 0.35027 86 1.92715 45
7.7 (-2 -8.0904 -2 5.6051 -1 1.4642 -1 1.5312 -1 1.1209 6.5244 0.33580 85 1.85627 66
7.8 (-2 -8.9217 -2 4.4300 -1 1.4033 (-1 1.5360 -1 1.1568 6.8849 0.32169 28 1.78687 63
7.9 (-2) -9.6613 -2 3.2552 -1 1. 3 370 (-1)1.5361 -1 1.1908 7.2486 0.30793 39 1.71897 14

8.0 -1) -1.0305 (-2 2.0880 (-1 1.2654 -1 1. 5312 (-1 1.2227 -2 7. 6143 0.29453 36 1.65257 72
8.1 -1 -1.0851 -3 +9.3549 -1 1.1890 -1 1. 5212 -1 1.2524 -2 7.9804 0.28149 30 1.58770 64
8.2 -1 -1.1296 -.3 -1.9533 --1 1.1081 -1 1. 5060 -1 1.2795 -2 8.3451 0.26881 29 1.52436 97
8.3 -1 -1.1638 -2 -1.2975 -1 1. 0231 -1 1.4857 -1 1. 3039 -2 8.7069 0.25649 33 1.46257 53
8.4 -1 -1.1877 (-2 -2.3644 (-2 9.3440 (-1 1.4601 (-1 1. 3252 (-2 9. 0640 0.24453 39 1.40232 92

8.5 (-1 -1.2014 -2) -3.3894 (-2 8.4249 (-1)1.4292 -1) 1.3434 -2 9.4145 0.23293 38 1.34363 53
8.6 -1 -1.2 048 -2 -4.3664 -2 7.4784 -1)1.3932 -1 1.3581 -2 9.7564 0.22169 16 1.28649 51
8.7 -1 -1.1982 -2 -5.2894 -2 6. 5099 -1 1.3520 -1 1.3693 -1 1.0088 0.21080 54 1.23090 84
8.8 -1 -1.1817 -2 -6.1529 -2 5.5245 -1 1.3059 -1 1.3767 -1 1.0407 0.20027 29 1.17687 25
8.9 -1 -1.1558 -2 -6.9520 (-2 4.5278 -1 1.2548 -1 1.3801 -1 1.0712 0.19009 14 1.12438 32

9.0 (-1) -1.1207 -2 -7.6819 -2 3.5255 -1 1. 1991 -1 1.3795 1.1000 0.18025 78 1.07343 42
9.1 (-1 -1.0770 -2 -8.3387 -2 2.5233 -1 1.1389 -1 1. 3746 1.1270 0.17076 84 1.02401 72
9.2 -1 -1.0252 -2 -8.9186 -2 1.5269 -1 1. 0744 -1 1.3655 1.1520 0.16161 93 0.97612 24
9.3 -2 -9.6572 -2 -9.4187 -3 +5.4232 -1 1. 0060 -1 1.3520 1.1747 0.15280 62 0.92973 83
9.4 -2) -8.9931 -2 -9.8365 -3) -4.2485 -2 9. 3394 -1 1.3341 1.1949 0.14432 46 0.88485 16

9.5 -8.2662 -1.0170 -2 -1.3689 8. 5853 -1 1.3117 1. 212 6 0.13616 93 0.84144 75
9.6 -7.4836 -1.0419 -2 -2.2842 7. 8016 -1 1.2849 1.2275 0.12833 53 0.79950 99
9.7 -6.6527 -1.0582 -2 -3.1654 6. 9921 1.2536 1.2394 0.12081 68 0.75902 10
9.8 -5.7814 -1. 0659 -2 -4.0072 6.1608 1.2180 -1 1.2482 0.11360 83 0.71996 20
9.9 -4.8776 -1. 0651 -2 -4.8048 5. 3120 1.1780 -1 1.2537 0.10670 35 0.68231 26

10.0 (-2) -3.9496 (-1) -1.0559 (-2) -5.5535 (-2)4.4501 (-1)1.1339 (-1)1.2558 0 10009 64 0 64605 15



y4(x) y6(x) -8 10 -9 11
10 10x y9(x) x y10(x)

-1.30156 80
-1.34013 68
-1.38083 98
-1.42381 86
-1.46922 70

-17.24536 7
1(_3)7]

L 6 J L 6

5.0
5.1
5.2
5.3
5.4

5.5
5.6
5.7
5.8
5.9

6.0
6.1
6.2
6.3
6.4

6.5
6.6
6.7
6.8
6.9

7.0
7.1
7.2
7.3
7.4

7.5
7.6
7.7
7.8
7.9

8.0
8.1
8.2
8.3
8.4

8.5
8.6
8.7
8.8
8.9

9.0
9.1
9.2
9.3
9.4

9.5
9.6
9.7
9.8
9.9

10.0

p3(x)

-1.5443
+1.9691
1.8700
3.4698
4.9908

6.4276
7.7750
9.0279
1.0182
1.1232

1.2175
1.3007
1.3726
1.4329
1.4815

1.5183
1.5432
1.5564
1.5580
1.5482

1. 52 7 3
1.4956
1.4535
1.4016
1.3404

1.2705
1.1925
1.1073
1.0156
9.1812

8.1577
7.0941
5.9992
4.8821
3.7517

2.6172
1.4876

+3.7160
-7.2210
-1.7852

-2 -2.8097
-2 -3.7880
-2 -4.7130
-2 -5.5782
-2 -6.3774

-2 -7.1053
-2 -7.7572
-2 -8.3288
-2 -8.8169
-2 -9.2189

(-2)-9.5327

-1 -1.8662
-1 -1.6965
-1 -1.5295
-1 -1.3649
-1 -1.2025

-1 -1.0424
-2 -8.8447
-2 -7.2898
-2 -5.7610
-2 -4.2612

(-2 -2.7936
(-2 -1.3619
-4 +2.9727
-2) 1.3770
-2) 2.6754

-2 3.9204
-2 5.1 073
-2 6.2315
-2 7.2886
-2 8.2743

9.1846
1.0016
1.0764
1.1427
1.2 001

-1) 1.2485
-i) 1.2877
-1 1.3176
-1 1.3380
-1 1.3491

-1 1.3509
-1 1.3435
-1 1.3270
-1 1.3017
-1 1.2679

1.22 59
1.1762
1.1191
1.0551
9.8492

9.0898
8.2794
7.4246
6.5321
5.6089

4.6623
3.6995
2.7280
1.7550

+7.8793

(-3)-1.6599

-1
-1
-1
-1
-1

-1
-1
-1
-1
-1

-1
-1
-1
-1
-1

-2)
-2)
-2
-2
-2

-2
-2
-2
-4
-2

-2
-2
-2
-2
-2

(-2)

-3.2047
-3.0134
-2.8341
-2.6647
-2.5033

-2.3484
-2.1990
-2.0538
-1.9121
-1.7732

-1.6365
-1.5017
-1.3683
-1.2362
-1.1052

-9.7544
-8.4678
-7.1937
-5.9337
-4.6896

-3.4641
-2.2599
-1.0801
+7.1768
1.1922

2.2774
3.3235
4.3267
5.2830
6.1887

7.0400
7.8334
8.5654
9.2329
9.8330

1. 0363
1.0821
1.12 05
1.1513
1.1745

1.1899
1.1976
1.1976
1.1900
1.1748

1.1522
1.1225
1.0860
1.0429
9.9352

9.3834

-1 -5.1841
-1 -4.8031
-1 -4.4658
-1 -4.1656
-1 -3.8967

-1 -3.6545
-1 -3.4349
-1 -3.2345
-1 -3.0503
-1 -2.8799

-1 -2.7210
-1 -2.5717
-1 -2.4306
-1 -2.2961
-1) -2.1672

-1 -2.0428
-1 -1.9220
-1 -1.8042
-1 -1.6887
-1 -1.5751

-1 -1.4628
-1 -1.3517
-1 -1.2414
-1 -1.1319
-1 -1.0229

-2 -9.1449
-2 -8.0665
-2 -6.9945
-2 -5.9299
-2)-4.8741

-2 -3.8290
-2 -2.7968
-2 -1.7798
-3 -7.8077
-3 41.9747

1.1519
2.0793
2.9765
3.8403
4.6672

5.4540
6.1976
6.8948
7.5427
8.1384

-2 8.6793
-2 9.1630
-2 9.5874
-2 9.9507
-1 1.0251

(-1) 1.0488

ji7(x)

0 -1.0274
-1 -9.2298
-1 -8.3305
-1 -7.5528
-1 -6.8777

-1 -6.2895
-1 -5.7750
-1 -5.3232
-1 -4.9248
-1 -4.5723

-1 -4.2589
-1 -3.9791
-1 -3.7281
-1 -3.5018
-1 -3.2969

-1 -3.1101
-1 -2.9390
-1 -2.7813
-1 -2.6351
-1 -2.4985

-1) -2.3703
-i) -2.2489
-1 -2.1334
-1 -2.0228
-1 -1.9162

-1 -1.8129
-1 -1.7122
-1 -1.6136
-1 -1.5166
-1 -1.4209

-1 -1.3262
-1 -1.2322
-1 -1.1387
-1 -1.0456
-2 -9.5274

-2 -8.6015
-2 -7.6780
-2 -6.7573
-2 -5.8403
-2 -4.9278

-2 -4.0214
-2 -3.1227
-2 -2.2335
-2 -1.3560
-3 -4.9250

-3 +3.5462
-2 1.1827
-2 1.9892
-2 2.7712
-2 3.5259

(-2) 4.2506 (_

y8(x)
-2.5638
-2.2343
-1.9564
-1.7210
-1.5208

-1.3499
-1.2034
-1.0774
-9.6863
-8.7446

-7.9262
-7.2128
-6.5889
-6.0416
-5.5598

-5.1344
-4.7576
-4.4227
-4.1239
-3.8565

-3.6163
-3.3996
-3.2032
-3.0246
-2.8613

-2.7112
-2.5726
-2.4439
-2.3236
-2.2106

-2.1038
-2.0022
-1.9050
-1.8115
-1.7211

-1.6331
-1.5471
-1.4627
-1.3795
-1.2973

-1.2156
-1.1345
-1.0536
-9.7298
-8.9243

-8.1193
-7.3150
-6.5114
5.7090
4.9088

) -4.1117

-0.75092 23
-0.77673 01
-0.80415 92
-0.83333 74
-0.86440 56

- 0.89751 90
- 0.93284 85
- 0.97058 31
-1.01093 09
-1.05412 18

-1.10040 93
-1.15007 32
-1.20342 16
-1.26079 38
-1.32256 26

- 1.38913 71
-1.46096 57
-1.53853 78
-1.62238 69
-1.71309 24

-1.81128 11
-1.91762 85
- 2.03285 95
-2.15774 75
-2.29311 31

- 2.43982 13
-2.59877 67
- 2.77091 77
- 2.95720 73
-3.15862 24

- 3.37613 93
-3.61071 67
-3.86327 49
- 4.13466 98
-4.42566 38

-4.73689 09
- 5.06881 69
- 5.42169 35
-5.79550 68
- 6.18991 88

- 6.60420 33
- 7.03717 50
-7.48710 95
- 7.95166 19
- 8.42777 38

-8.91157 56
-9.39828 63
- 9.88210 58

- 10.35610 3
- 10.81210 4

-11.24057 9

462 BESSEL FUNCTIONS OF FRACTIONAL ORDER

Table 10.2 SPHERICAL BESSEL FUNCTIONS-ORDERS 3-10

-1.51723 25
-1.56801 75
-1.62178 08
-1.67873 97
-1.73913 16

-1.80321 67
-1.87128 02
-1.94363 49
-2.02062 45
-2.10262 69

-2.19005 78
-2.28337 46
-2.38308 14
-2.48973 26
-2.60393 95

-2.72637 44
-2.85777 73
-2.99896 17
-3.15082 08
-3.31433 45

-3.49057 53
-3.68071 56
-3.88603 37
-4.10791 96
-4.34788 05

-4.60754 55
-4.88866 85
-5.19312 95
-5.52293 51
-5.88021 45

-6.26721 41
-6.68628 70
-7.13987 95
-7.63051 13
-8.16074 96

-8.73317 65
-9.35034 96

-10.01475 2
-10.72873 2
-11.49443 4

-12.31371 5
-13.18805 0
-14.11841 9
-15.10518 2
- 16.14793 9



BESSEL FUNCTIONS OF FRACTIONAL ORDER

[I] [(_54)7]

j(x)fxh1 exp (-x2/4n+2) y(x) =gx(n+l) exp (x2/4n+2)
Compiled from National Bureau of Standards, Tables of spherical Bessel fune-
tions, vols. I, II. ColumbiaUniv. Press, New York, N.Y., 1947 (with permission).

463

SPHERICAL BESSEL FUNCTIONS-ORDERS 20 AND 21

1026f20(x) 1OJ21(X)
1024g 20(X)

Table 10.3

1O25g21 (x)
0.0 7.62597 90 1.77348 35 -0.31983 10 -1.31130 70
0.5 7.62705 91 1.77371 23 -0.31988 11 -1.31149 33
1.0 7.63028 29 1.77439 56 -0.32003 25 -1.31205 61
1.5 7.63560 15 1.77552 32 -0.32028 86 -1.31300 70
2.0 7.64293 25 1.77707 85 -0.32065 49 -1.31436 61

2.5 7.65215 99 1.77903 78 -0.32113 96 -1.31616 11
3.0 7.66313 22 1.78137 03 -0.32175 30 -1.31842 87
3.5 7.67566 19 1.78403 80 -0.32250 82 -1.32121 43
4.0 7.68952 28 1.78699 49 -0.32342 08 -1.32457 29
4.5 7.70444 90 1.79018 73 -0.32450 98 -1.32856 95

5.0 7.72013 23 1.79355 29 - 0.32579 69 -1.33328 02
5.5 7.73621 95 1.79702 05 -0.32730 79 -1.33879 33
6.0 7.75231 00 1.80050 95 -0.32907 24 -1.34521 03
6.5 7.76795 28 1.80392 94 -0.33112 44 -1.35264 77
7.0 7.78264 38 1.80717 91 -0.33350 34 -1.36123 89

7.5 7.79582 23 1.81014 64 -0.33625 47 -1.37113 69
8.0 7.80686 80 1.81270 77 -0.33943 07 -1.38251 67
8.5 7.81509 84 1.81472 70 -0.34309 23 -1.39557 96
9.0 7.81976 53 1.81605 56 -0.34731 02 -1.41055 73
9.5 7.82005 32 1.81653 14 -0.35216 70 -1.42771 82

10.0 7. 815076 1. 815979 - 0.35776 04 -1.447374
10.5 7.803876 1.814208 -0.36420 59 -1.469891
11.0 7.785428 1.811016 -0.37164 20 -1.495697
11.5 7.758627 1.806185 -0.38023 59 -1.525305
12.0 7.722309 1.799482 -0.39019 23 -1.559325

12.5 7.675238 1.790664 -0.40176 53 -1.598497
13.0 7.616116 1.779472 -0.41527 46 -1.643728
13.5 7.543601 1.765639 -0.43113 22 -1.696143
14.0 7.456316 1.748885 -0.44987 76 -1.757166
14.5 7.352841 1.728929 -0.47223 40 -1.828625

15.0 7.231764 1.705481 -0.49918 70 -1.912922
15.5 7.091689 1.678251 -0.53209 15 -2.013273
16.0 6.931265 1.646956 -0.57279 98 -2.134049
16.5 6.749220 1.611324 -0.62378 79 -2.281228
17.0 6.544411 1.571096 -0.68821 72 -2.462936

17.5 6.315851 1.526041 -0.76981 49 -2.689957
18.0 6.062784 1.475960 -0.87240 01 -2.975953
18.5 5.784739 1.420698 -0.99883 14 -3.336925
19.0 5.481584 1.360155 -1.149171 -3.789188
19.5 5.153621 1.294299 -1.317987 -4.344958

20.0 4.801647 1.223178 -1.490982 -5.004711
20.5 4.427041 1.146936 -1.641599 -5.745922
21.0 4.031843 1.065826 -1.728777 -6.508927
21.5 3.618830 0.98022 63 -1.697442 -7.182333
22.0 3.191590 0.89065 46 -1.483467 -7.592679

22.5 2.754567 0.79777 92 -1.024223 -7.504782
23.0 2.313103 0.70243 25 -0.274630 -6.640003
23.5 1.873442 0.60561 45 #0.773430 -4.717888
24.0 1.442686 0.50849 80 2.072631 -1.52185
24.5 1.028721 0.41242 27 3.508629 +3.01816

25.0 0.640055 0.31888 30 4.901591 +8.74251



<z> = nearest integer to z.
Compiled from National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II.
Columbia Univ. Press, New York, N.Y., 1947 (with permission).

x-1

j(x) =.-..j1ir/xM+4(x)

Mi% (x)

cosO+(x)

Oi%(x) -x

y(x) =-.j4ir/xMn--(x) sin 0+(x)

O24(x)-x <X>*M2 (z)
0. 100 1. 50513 630 1. 72311 121 1. 84157 799 1. 35401 461 10
0. 095 1.41043 073 1. 44562 029 1. 65174 534 1. 00196 372 11
0. 090 1. 33509 121 1. 17232 718 1. 50947 539 0. 65310 249 11
0. 085 1. 27462 197 0. 90378 457 1. 40190 550 +0. 30984 705 12
0. 080 1. 22560 809 0. 64017 615 1. 31955 792 -0. 02643 915 13

0. 075 1. 18548 011 0. 38142 613 1. 25559 223 -0. 35524 574 13
0. 070 1. 15231 423 +0. 12729 416 1. 20514 049 -0. 67664 889 14
0. 065 1. 12467 134 -0. 12255 277 1. 16476 186 -0. 99107 278 15
0. 060 1. 10147 221 -0. 36849 087 1. 13202 416 -1. 29911 571 17
0. 055 1. 08190 340 -0. 61090 826 1. 10519 883 -1. 60143 947 18

0. 050 1. 06534 781 -0. 85018 673 1. 08304 588 -1. 89870 678 20
0. 045 1. 05133 389 -1. 08669 229 1. 06466 562 -2. 19155 009 22
0. 040 1. 03949 892 -1. 32077 114 1. 04939 746 -2. 48055 907 25
0. 035 1. 02956 235 -1. 55274 891 1. 03675 104 -2. 76627 814 29
0. 030 1. 02130 658 -1. 78293 175 1. 02635 931 -3. 04920 936 33

0. 025 1. 01456 304 -2. 01160 832 1. 01794 637 -3. 32981 737 40
0. 020 1. 00920 210 -2. 23905 224 1. 01130 529 -3. 60853 532 50
0. 015 1. 00512 574 -2. 46552 469 1. 00628 277 -3. 88577 070 67
0. 010 1. 00226 240 -2. 69127 701 1. 00276 864 -4. 16191 106 100
0. 005 1. 00056 327 -2. 91655 326 1. 00068 866 -4. 43732 935 200

0. 000 1. 00000 000 -3. 14159 265 1. 00000 000 -4. 71238 898 00

- 3)2
L9

- 4)6
L9

- 3)6
L9

- 4)9
L 10

x-1 jiM4y2(x) -x 04%(x) -x <X>XM4j/2 (z)

0. 040 1. 31126 605 1. 12909 207 1. 37979 868 +0. 54348 547 25
0. 038 1. 25741 042 0. 61321 135 1. 30763 025 -0. 04056 472 26
0. 036 1. 21433 612 +0. 11048 098 1.25205 767 -0. 60729 830 28
0. 034 1. 17917 949 -0. 38066 745 1. 20806 627 -1. 15885 172 29
0. 032 1. 15001 033 -0. 86163 915 1. 17245 178 -1. 69717 688 31

0. 030 1. 12549 256 -1. 33366 819 1. 14310 153 -2. 22398 514 33
0. 028 1. 10467 736 -1. 79783 172 1. 11857 851 -2. 74075 480 36
0. 026 1. 08687 488 -2. 25507 118 1. 09787 629 -3. 24876 024 38
0. 024 1. 07157 283 -2. 70621 373 1. 08027 122 -3. 74910 503 42
0. 022 1. 05838 371 -3. 15199 149 1. 06523 083 -4. 24275 239 45

0. 020 1. 04700 987 -3. 59305 805 1. 05235 561 -4. 73055 105 50
0. 018 1. 03721 972 -4. 03000 220 1. 04134 092 -5. 21325 651 56
0. 016 1. 02883 137 -4. 46335 928 1. 03195 154 -5. 69154 843 63
0. 014 1. 02170 104 -4. 89362 072 1. 02400 423 -6. 16604 479 71
0. 012 1. 01571 485 -5. 32124 187 1. 01735 560 -6. 63731 350 83

0. 010 1. 01078 282 -5. 74664 872 1. 01189 351 -7. 10588 196 100
0. 008 1. 00683 452 -6. 17024 356 1. 00753 093 -7. 57224 522 125
0. 006 1. 00381 592 -6. 59240 995 1. 00420 153 -8. 03687 285 167
0. 004 1. 00168 705 -7. 01351 707 1. 00185 654 -8. 50021 498 250
0. 002 1. 00042 044 -7. 43392 365 1. 00046 253 -8. 96270 770 500

0. 000 1. 00000 000 -7. 85398 164 1. 00000 000 -9. 42477 796 00

[(_3)1] [(_3)2] [(_3)2] - 3)2[9
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Table 10.4
SPHERICAL BESSEL FUNCTIONS-MODULUS AND PHASE-ORDERS 9, 10, 20 AND 21
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n

SPHERICAL BESSEL FUNCTIONS-VARIOUS ORDERS

j(x)
x=1 x=2

Table 10.5

x=5
0 - 1 8.41470 9848 - 1 4.54648 7134 - 1 -1.91784 8549
i - 1 3. 01168 6789 - 1 4. 35397 7750 - 2 -9. 50894 0808
2 - 2 6.20350 5201 - 1 1.98447 9491 - 1 +1.34731 2101
3 - 3 9.00658 1117 - 2 6. 07220 9766 - 1 2.29820 6182
4 - 3 1.01101 5808 - 2 1.40793 9276 - 1 1.87017 6553

5 - 5 9. 25611 5861 - 3 2.63516 9770 - 1 1.06811 1615
6 - 6 7. 15693 6310 - 4 4. 14040 9734 - 2 4.79668 9986
7 - 7 4. 79013 4199 - 5 5. 60965 5703 - 2 1. 79027 7818
8 - 8 2. 82649 8802 - 6)6. 68320 4324 - 3 5. 74143 4675
9 - 9 1. 49137 6503 - 7)7. 10679 7192 - 3 1. 61809 9715

10 - 11 7. 11655 2640 - 8 6. 82530 0865 - 4 4.07344 2442
11 - 12 3. 09955 1855 - 9 5. 97687 1612 - 5 9.27461 1037
12 - 13 1.24166 2597 - 10 4.81014 8901 - 5 1.92878 6347
13 - 15 4.60463 7678 - 11 3.58145 1402 - 6 3.69320 6998
14 - 16 1.58957 5988 - 12 2.48104 9119 - 7 6.55454 3131

15 -18 5. 13268 6115 - 13 1. 60698 2166 1. 08428 0182
16 -19 1. 55670 8271 - 15 9. 77323 7728 1. 67993 9976
17 -21 4. 45117 7504 - 16 5. 60205 9151 -9 2. 44802 0198
18 -22 1. 20385 5742 - 17 3. 03657 8644 - 10 3. 36741 6303
19 -24 3. 08874 2364 - 18 1. 56113 3992 - 11 4. 38678 6630

20 - 26 7. 53779 5722 - 20 7. 63264 1101 - 12 5. 42772 6761
30 - 43 5. 56683 1267 - 34 5. 83661 7888 - 22 4. 28273 0217
40 - 61 1. 53821 0374 - 49 1. 66097 8779 - 33 1.21034 7583
50 - 81 3. 61527 4717 - 66 4. 01157 5290 - 46 2.85747 9350

100 (-190)7.44472 7742 (-160)9. 36783 2591 (-120) 5. 53565 0303

n x=1O x=50 x=100
O - 2 -5. 44021 1109 (- 3)-5. 24749 7074 -3 -5. 06365 6411
i - 2 7. 84669 4180 - 2)-1. 94042 7051 -3 -8. 67382 5287
2 - 2 +7. 79421 9363 - 3 4. 08324 0843 -3 +4. 80344 1652
3 - 2 -3. 94958 4498 - 2 1. 98125 9460 -3 +8. 91399 7370
4 - 1)-1. 05589 2851 (- 3 -1. 30947 7600 (-3 -4. 17946 1837

5 (- 2)-5. 55345 1162 (- 2 -2. 00483 0056 -3) -9. 29014 8935
6 - 2 +4. 45013 2233 - 3 -3. 10114 8524 -3 +3. 15754 5454
7 - 1 1. 13386 2307 - 2 +1. 92420 0195 -3 +9. 70062 9844
8 - 1 1.25578 0236 - 3 +8. 87374 9108 -3 -1. 70245 0977
9 - 1 1. 00096 4095 (- 2 -1. 62249 2725 (-3 -9. 99004 6510

10 (-2 6. 46051 5449 (- 2 -1. 50392 2146 -4 -1. 95657 8597
11 (-2 3. 55744 1489 - 3 +9.90845 4236 -3 +9.94895 8359
12 -2 1. 72159 9974 - 2 +1.95971 1041 -3 +2. 48391 8282
13 -3 7. 46558 4477 - 4 -1. 09899 0300 -3 -9. 32797 8789
14 -3 2. 94107 8342 - 2 -1. 96564 5589 (-3 -5. 00247 2555

15 - 3 1. 06354 2715 - 2 -1. 12908 4539 -3 +7. 87726 1748
16 - 4 3.55904 0735 - 2 +1.26561 3175 -3 +7. 44442 3697
17 - 4 1.10940 7280 - 2 +1. 96438 9234 -3 -5. 42060 1928
18 - 5) 3.23884 7439 - 3 +1. 09459 2888 -3 -9. 34163 4372
19 - 6) 8. 89662 7269 - 2 -1. 88338 9360 -3 1. 96419 7210

20 - 6 2.30837 1961 - 2 -1. 57850 2990 -2 +1. 01076 7128
30 -13 2. 51205 7385 - 3 -1. 49467 3454 -3 +8. 70062 8514
40 -22 8.43567 1634 - 2 -2. 60633 6952 -2 +1. 04341 0851
50 -31 2.23069 6023 - 2)1. 88291 0737 (-4)5. 79714 0882

100 (-90) 5.83204 0182 (-22)+1. 01901 2263 (-2)1. 08804 7701
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Table 10.5 SPHERICAL BESSEL

n x=1

FUNCTIONS-VARIOUS
y(x)

ORDERS

x=5x=2
0 -1 _5. 40302 3059 -1 +2. 08073 4183 ( -2 -5. 67324 3709
1 0 _1.38177 3291 -1 -3.50612 0043 ( -1 -f1. 80438 3675
2 0 _3.60501 7566 -1 -7.33991 4247 ( -1 +1. 64995 4576
3 1 -1.66433 1454 ( 0 -1.48436 6557 ( -2 -1. 54429 0991
4 2 -1.12898 1842 ( 0)-4. 46129 1526 ( -1 -1. 86615 5315

5 2 _9. 99440 3434 1 -1. 85914 4531 -1 -3. 20465 0467
6 4 ..1. 08809 4559 1 -9. 77916 5769 -1 -5. 18407 5714
7 5 -1.40452 8524 2 -6.17054 3296 0 -1. 02739 4639
8 ( 6 -2. 09591 1840 3 -4. 53011 5815 0 -2. 56377 6345
9 ( 7 -3. 54900 4843 4 -3. 78889 3009 0 -7. 68944 4934

10 ( 8)-6. 72215 0083 5)-3. 55414 7201 ( i -2. 66561 1441
11 ( 10)_1. 40810 2512 6 -3. 69396 5631 ( 2 -1. 04266 2356
12 ( 11)_3.23191 3629 7 -4. 21251 9003 2 -4. 52968 5692
13 ( 12)_8.06570 3047 ( 8 -5. 22870 9098 3 -2. 16057 6611
14 ( 14)_2. 17450 7909 ( 9 -7. 01663 2092 4 -1. 12141 4513

15 ( 15 -6.29800 7233 11)-1. 01218 2944 4 -6. 28814 6513
16 ( 17 -1.95020 7734 12)-1. 56186 6932 5 -3. 78650 9387
17 ( 18-6.42938 7516 13 -2. 56695 8608 6 -2. 43621 4730
18 ( 20)_2.24833 5423 14 -4. 47655 8894 7)-1. 66748 5217
19 ( 21)_8.31241 1677 15 -8. 25596 4368 ( 8)-1.20957 6913

20 23-3.23959 2219 17 -1. 60543 6493 8 -9. 26795 1403
30 40 -2. 94642 8547 31 -1. 40739 3871 18 -7. 76071 7570
40 58 -8.02845 0851 46 -3. 72092 9322 30 -2. 05575 8716
50 78 -2. 73919 2285 63 -1. 23502 1944 42 -6. 96410 9188

100 (186)-6. 68307 9463 (156)-2. 65595 5830 (116)-i. 79971 3983

n x.=10 x=50 x-100
O -2)i-8. 39071 5291 -2 -1. 92993 2057 -3 -8. 62318 8723
1 -2 4-6.27928 2638 -3 4-4. 86151 0663 -3 +4. 97742 4524
2 -2 -6. 50693 0499 -2 +1. 95910 1121 -3+8.77251 1459
3 -2 -9. 53274 7888 -3 -2. 90240 9542 -3 -4. 53879 8951
4 (-3 -1.65993 0220 ( -2 -1. 99973 4855 -3 -9. 09022 7385

5 -2)4-9.38335 4168 -4 -6. 97113 1965 -3)+3. 72067 8486
6 -1)+1. 04876 8261 -2 4-1.98439 8364 -3 +9. 49950 2019
7 -2 +4. 25063 3221 -3 4-5. 85654 8943 -3 -2. 48574 3224
8 -2 -4. 11173 2775 -2 -1. 80870 1896 -3 -9. 87236 3502
9 -1 -1. 12405 7894 -2 -1. 20061 3539 -4)+8. 07441 4285

10 -1 -1. 72453 6721 -2 +1. 35246 8751 -2 +1. 00257 7737
11 -1 -2. 49746 9220 -2 4-1.76865 0414 -3 +1.29797 1820
12 -1 -4. 01964 2485 -3 -5. 38889 5605 -3 -9. 72724 3855
13 -1 -7. 55163 6993 -2 -2. 03809 5195 -3 -3. 72978 2784
14 0 -1. 63697 7739 ( -3)-5. 61681 8446 (-3)4-8. 72020 2503

15 0 -3. 99207 1745 -2) 4-1. 71231 9725 -3)4-6. 25864 1510
16 1 -1. 07384 4467 -2)4-1.62332 0074 -3)-6. 78002 3635
17 1 -3. 14447 9567 -3) -6. 40928 4759 -3 -8. 49604 9309
18 1 -9. 93183 4017 _2)-2.07197 0007 -3 +3.80640 6377
19 2)-3. 36033 0630 -3) -8. 92329 3294 (-3 4-9. 90441 9669

20 3 -1. 21121 0605 -2 4-1. 37595 3130 -5 +5. 63172 9379
30 9 -6. 90831 8646 -2 -2. 24122 6812 -3 -5. 41292 9349
40 18 -1. 51030 4919 -5 1-4. 97879 7221 -4 -7. 04842 0407
50 27)-4. 52822 7272 ( -2)-4. 19000 0150 -2 *1. 07478 2297

100 (85)-8.57322 6309 (+18)-1.12569 2891 (-2)-2.29838 5049



Values to greater accuracy and over a wider range are given in [10.31].
From National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia Univ.
Press, New York, N.Y., 1947 (with permission).

273-888 0-67-31

S J(i) y (-1)''Y(y)
J(i8)=O Y(y

s
8)0

(jr,5) (-1)''Y(y)
1/2 1 3.141593 -0. 45015 82 1.570796 -0. 63661 98 15/2 1 11. 657032 -0. 20550 46 9.457882 +0. 20754 83

2 6.283185 +0. 31830 99 4.712389 +0. 36755 26 2 15. 431289 +0. 19008 87 13. 600629 -0. 19801 01
3 9.424778 -0. 25989 89 7.853982 -0. 28470 50 3 18. 922999 -0. 17582 99 17. 197777 +0. 18264 01
4 12. 566370 +0. 22507 91 10. 995574 +0. 24061 97 4 22. 295348 +0. 16402 38 20. 619612 -0. 16964 44
5 15. 707963 -0. 20131 68 14. 137167 -0. 21220 66 5 23. 955267 +0. 15890 14
6 18. 849556 +0. 18377 63 17. 278760 +0. 19194 81
7 21. 991149 -0. 17014 38 20. 420352 -0. 17656 66
8 23. 561945 +0. 16437 45

17/2 1 12. 790782 -0. 19382 82 10. 529989 -0. 19361 38
2 16.641003 +0.18155 15 14.777175 +0.18810 92
3 20. 182471 -0. 16922 10 18. 434529 -0. 17517 27

3/2 1 4. 493409 -0. 36741 35 2.798386 +0. 44914 84 4 23. 591275 +0. 15870 04 21. 898570 +0. 16373 75
2 7.725252 +0.28469 20 6.121250 -0.31827 37
3 10. 904122 -0. 24061 69 9.317866 +0. 25989 33
4 14. 066194 +0. 21220 57 12. 486454 -0. 22507 76
5 17. 220755 -0. 19194 77 15. 644128 +0. 20131 63 19/2 1 13. 915823 -0. 18376 12 11.597038 +0. 18186 42
6 20. 371303 +0. 17656 64 18. 796404 -0. 18377 61 2 17. 838643 +0. 17398 80 15. 942945 -0. 17944 10
7 23. 519452 -0. 16437 44 21. 945613 +0. 17014 37 3 21. 428487 -0.16326 17 19. 658369 +0. 16849 33

4 24.873214 +0. 15383 84 23.163734 -0. 15837 45

5/2 1 5.763459 -0. 31710 58 3.959528 -0. 36184 68 21/2 1 15. 033469 -0. 17496 82 12. 659840 -0. 17179 22
2 9.095011 +0. 25973 30 7.451610 +0. 28430 75 2 19. 025854 +0. 16722 59 17. 099480 +0. 17176 97
3 12. 322941 -0. 22503 59 10. 715647 -0. 24053 93 3 22. 662721 -0. 15785 09 20. 870973 -0. 16247 13
4 15.514603 +0. 20130 14 13.921686 +0. 21218 15 4 24. 416749 +0. 15347 56
5 18. 689036 -0. 18376 96 17. 103359 -0. 19193 81
6 21.853874 +0. 17014 05 20.272369 +0. 17656 19
7 23. 433926 -0.16437 21

23/2 1 16.144743 -0. 16720 39 13.719013 +0. 16304 06
2 20. 203943 +0. 16113 25 18. 247994 -0. 16491 86
3 23. 886531 -0. 15290 87 22. 073692 +0. 15700 50

7/2 1 6.987932 -0. 28223 71 5. 088498 +0. 30882 36
2 10.417119 +0. 24019 23 8. 733710 -0. 25896 77
3 13.698023 -0.21208 02 12.067544 +0.22485 68 25/2 1 17.250455 -0.16028 44 14.775045 -0.15534 97
4 16. 923621 +0. 19189 90 15. 315390 -0. 20124 01 2 21. 373972 +0. 15560 47 19. 389462 +0. 15875 20
5 20. 121806 -0. 17654 40 18. 525210 +0. 18374 36 3 23. 267630 -0. 15201 34
6 23. 304247 +0. 16436 28 21. 714547 -0. 17012 77
7 24. 891503 +0. 15914 62

27/2 1 18. 351261 -0. 15406 88 15. 828325 +0. 14852 56
2 22.536817 +0. 15056 00 20.524680 -0. 15316 36
3 24. 453705 +0. 14743 15

9/2 1 8.182561 -0. 25620 49 6.197831 -0. 27236 25
2 11.704907 +0. 22432 53 9. 982466 +0. 23908 76
3 15. 039665 -0. 20107 12 13. 385287 -0. 21179 27
4 18. 301256 +0. 18367 44 16. 676625 +0. 19179 35 29/2 1 19. 447703 -0. 14844 69 16. 879170 -0. 14242 04
5 21. 525418 -0. 17009 46 19. 916796 -0. 17649 69 2 23. 693208 +0. 14593 21 21. 654309 +0. 14806 91
6 24.727566 +0. 15912 86 23.128642 +0. 16433 89

31/2 1 20. 540230 -0. 14333 12 17. 927842 +0. 13691 88
2 24. 843763 +0. 14166 70 22. 778902 -0. 14340 05

11/2 1 9.355812 -0. 23580 60 7.293692 +0. 24538 14
2 12. 966530 +0. 21109 29 11.206497 -0. 22293 49
3
4
5

16. 354710
19. 653152
22. 904551

-0. 19155
+0. 17639
-0. 16428

58
49
83

14. 676387
18. 011609
21. 283249

+0. 20067
-0. 18352
+0. 17002

86
21
38

33/2 1
2

21. 629221 -0. 13865 11 18. 974562
23. 898931

-0. 13192
+0. 13910

99
20

6 24. 518929 -0. 15909 15

35/2 1 22.715002 -0. 13434 93 20.019515 +0. 12738 05

13/2 1 10. 512835 -0. 21926 48 8.379626 -0. 22441 70
2 14. 207392 +0. 19983 04 12. 411301 +0. 20946 65 37/2 1 23. 797849 -0. 13037 81 21. 062860 -0. 12321 13
3 17. 647975 -0. 18321 82 15. 945983 -0. 19106 59
4 20. 983463 +0. 16988 82 19. 324820 +0. 17619 60
5 24. 262768 -0. 15902 21 22. 628417 -0. 16419 26 39/2 1 24. 878005 -0. 12669 81 22. 104735 +0. 11937 34
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ZEROS OF BESSEL FUNCTIONS OF HALF-INTEGER ORDER Table 10.6



Values to greater accuracy and over a wider range are given in [10.311.
From National Bureau of Standards, Tables of spherical Bessel functions, vols. I, II. Columbia Univ.
Press, New York, N.Y., 1947 (with permission).

468

Table 10.7

j;,

BESSEL FUNCTIONS OF FRACTIONAL ORDER

ZEROS OF THE DERIVATIVE OF BESSEL FUNCTIONS
OF HALF-INTEGER ORDER
J;(f,)O Y;(y;8)=o

J,(j8) y; (- 1)'Y(y ) 8 j,8 J8(j, 8) ;,8 (- 1Y'Y8(y, 8)
1/2 1 1.165561 +0.679192 2.975086 -0.456186 15/2 1 9.113402 +0.330874 11.535731 +0. 266883

2 4.604217 -0. 369672 6.202750 +0. 319331 2 13. 525575 -0. 236854 15. 376058 -0. 217283
3 7.789884 +0. 285287 9.371475 -0. 260267 3 17. 153587 +0. 202841 18. 885886 +0. 191447
4 10. 949944 -0. 240870 12. 526476 i-0. 225258 4 20. 587450 -0. 182077 22. 266861 -0.174147
5 14. 101725 +0. 212340 15. 676078 -0. 201419 5 23. 929631 +0. 167294
6 17. 249782 -0. 192029 18. 822999 +0. 183841
7 20. 395842 +0. 176620 21. 968393 -0. 170188
8 23.540708 -0.164412

17/2 1 10.180054 +0.318378 12. 669130 -0. 257833
2 14.702493 -0.229449 16. 586323 +0. 210950
3 18.390930 +0.197291 20. 145940 -0. 186505
4 21.866965 -0.177623 23. 563314 +0. 170098

3/2 1 2.460536 +0. 525338 4. 354435 +0. 388891
2 6.029292 -0. 328062 7.655545 -0. 290138
3 9.261402 +0. 263295 10. 856531 +0. 242910
4 12. 445260 -0. 226711 14. 029845 -0. 213417 19/2 1 11.241675 +0. 307606 13. 793646 +0. 249935
5 15. 611585 +0. 202245 17.191285 +0. 192678 2 15. 868463 -0. 222927 17. 784362 -0. 205332
6 18. 769469 -0. 184363 20. 346496 -0. 177046 3 19. 615227 +0. 192335 21. 392422 +0. 182067
7 21. 922619 +0. 170542 23. 498023 +0. 164709 4 23. 132584 -0. 173605 24. 845689 -0. 166427

5/2 1
2
3
4

3. 632797
7.367009

10. 663561
13. 883370

+0. 457398
-0. 301449
+0. 247304
-0. 215670

5. 634297
9.030902

12. 278863
15. 480655

-0. 350669
+0. 270006
-0. 229783
+0. 203956

21/2 1
2
3
4

12. 299124
17. 025072
20. 828186
24. 385974

+0. 298179
-0. 217118
+0. 187870
-0. 169950

14. 910648
18. 971857
22. 627032

-0. 242951
+0. 200296
-0. 178048

5 17. 072849 +0. 194015 18. 661309 -0. 185432
6 20. 246945 -0. 177917 21. 830390 +0. 171262
7 23.412100 +0.165314 24.992411 -0.159953

23/2 1 13.353045 +0.289825 16. 021196 +0. 236710
2 18.173567 -0.211893 20. 150142 -0. 195742
3 22.031181 +0.183813 23. 851147 +0. 174383

7/2 1 4.762196 +0. 415533 6.863232 +0. 324651
2 8. 653134 -0. 282237 10. 356373 -0. 254849
3 12. 018262 +0. 234875 13. 656304 +0. 219318 25/2 1 14. 403937 +0. 282348 17. 126125 -0. 231081
4 15. 279081 -0. 206685 16. 891400 -0.196124 2 19. 314945 -0. 207156 21. 320300 +0. 191594
5 18. 496200 +0. 187103 20. 095393 +0. 179270 3 23. 225333 +0. 180103
6 21. 690284 -0. 172377 23. 281796 -0. 166245
7 24. 870602 +0. 160741

27/2 1 15. 452196 +0. 275596 18. 226109 +0. 225965
2 20. 450018 -0. 202830 22. 483219 -0. 187792
3 24.411571 +0.176690

9/2 1 5.868420 +0. 386006 8.060030 -0. 305246
2 9.904306 -0. 267385 11.646354 +0. 242810
3
4
5

13. 337928
16. 641787
19. 888934

+0. 224788
-0. 199151
+0. 181169

14. 999624
18. 270330
21. 500029

-0. 210673
+0. 189472
-0. 173929

29/2 1
2

16. 498138
21. 579459

+0. 269455
-0. 198856

19. 321702
23. 639641

-0. 221286
+0. 184287

6 23. 105297 -0. 167534 24. 705942 +0. 161826

31/2 1 17. 542024 +0. 263833 20. 413362 +0. 216981
2 22. 703832 -0. 195187 24. 190191 -0. 181040

11/2 1 6.959746 +0. 363557 9.234274 +0. 289946
2 11. 129856 -0. 255385 12. 909478 -0. 232895
3 14. 630406 +0. 216349 16. 315912 +0. 203344 33/2 1 18. 584071 +0. 258658 21. 501477 -0. 213000
4 17. 977886 -0. 192692 19. 623229 -0. 183714 2 23. 823614 -0. 191783
5 21. 256291 +0. 115987 22. 879980 +0. 169229
6 24. 496327 -0. 163244

35/2 1 19.624460 +0.253871 22. 586374 +0. 209303
2 24. 939214 -0. 188612

13/2 1 8. 040535 +0. 345649 10. 391621 -0. 277420 37/2 1 20. 663347 +0. 249423 23. 668335 -0. 205855
2 12. 335631 -0. 245384 14.151399 +0. 224513
3 15.901023 +0.209127 17.610124 -0.197009
4 19. 291967 -0. 187058 20. 954335 +0. 178651
5 22. 602185 +0. 171399 24. 238863 -0. 165043 39/2 1 21. 700865 +0.245275 24. 747606 +0. 202629



- 2)1
L7

F(--2)11

i(x) =/xI(x)

- 3)8[7
k(x) = ir/XK (z)

2 n+

X

0.0

MODIFIED SPHERICAL BESSEL FUNCTIONS-ORDERS O, i AND 2

io(x) i1 (z) i2(x) ko(x) k1 (z)

1.00000 000 0.00000 000 0.00000 0000

Table 10.8

k2 (z)

0.1 1.00166 750 0.03336 668 0.00066 7143 14.21315 293 156.344682 4704.5536
0.2 1.00668 001 0.06693 370 0.00267 4294 6.43029 630 38.58177 78 585.15696
0.3 1.01506 764 0.10090 290 0.00603 8668 3.87891 513 16.80863 22 171.96524
0.4 1.02688 081 0.13547 889 0.01078 9114 2.63234 067 9.21319 233 71.731283

0.5 1.04219 061 0.17087 071 0.01696 6360 1.90547 226 5.71641 679 36.2 03973
0.6 1.06108 930 0.20729 319 0. 02462 3348 1.43678 550 3.83142 801 20.593926
0.7 1.08369 100 0.24496 858 0.03382 5678 1.11433 482 2.70624 170 12.712514
0.8 1.11013 248 0.28412 808 0.04465 2156 0.88225 536 1.98507 456 8.32628 49
0.9 1.14057 414 0.32 501 361 0. 05719 5452 0.70959 792 1.49804 005 5.70306 48

1.0 1.17520 119 0.36787 944 0.07156 2871 0.57786 367 1.15572 735 4.04504 57
1.1 1.21422 497 0.41299 416 0.08787 7251 0.47533 880 0.90746 4974 2.95024 33
1.2 1.25788 446 0.46064 259 0.10627 7995 0.39426 230 0.72281 4219 2.2 0129 78
1.3 1.30644 803 0.51112 785 0.12692 2227 0.32930 149 0.58261 0332 1.67378 69
1.4 1.36021 536 0.56477 365 0.14998 6112 0.27668 115 0.47431 0537 1.29306 09

1.5 1.41951 964 0.62192 665 0.17566 6332 0.23366 136 0.38943 5596 1.01253 25
1.6 1.48472 997 0.68295 906 0.20418 1728 0.19821 144 0.322 09 3595 0.80213 693
1.7 1.55625 408 0.74827 140 0.23577 5138 0.16879 918 0.26809 2818 0.64190 415
1.8 1.63454 127 0.81829 550 0.27071 5433 0.14425 049 0.22438 9655 0.51823 325
1.9 1.72 008 574 0.89349 778 0.30929 9770 0.12365 360 0.18873 4440 0.42165 535

2.0 1.81343 020 0.97438 274 0.35185 6089 0.10629 208 0.15943 8124 0.34544 927
2.1 1.91516 988 1.06149 681 0.39874 5868 0.09159 719 0.1 3521 4906 0.28476 135
2.2 2. 02595 690 1.15543 247 0.45036 7165 0.07911 327 0.11507 3847 0.2 3603 215
2.3 2.14650 513 1.25683 283 0.50715 7959 0.06847 227 0.09824 2824 0.19661 508
2.4 2.27759 551 1.36639 653 0.56959 9849 0.05937 476 0.08411 4246 0.1 6451 757

2.5 2.42008 179 1.48488 308 0.63822 2102 0.0515 7 553 0.07220 5736 0.13822 241
2.6 2.57489 701 1. 61 311 877 0.71360 6125 0.04487 256 0.06213 1241 0.11656 246
2.7 2.74306 041 1.75200 304 0. 79639 0365 0.03909 858 0. 05357 9539 0.09863 140
2.8 2.92568 513 1.90251 546 0.88727 5704 0.03411 437 0.04629 8067 0.08371 944
2.9 3.12398 658 2.06572 335 0.98703 1387 0.02980 354 0.04008 0625 0.07126 626

3.0 3.33929 164 2.24279 012 1. 09650 152 0.02606 845 0.03475 7931 0.06082 638
3.1 3.57304 872 2.43498 437 1.21661 224 0.02282 681 0.03019 0302 0.05204 323
3.2 3.82683 875 2.64368 983 1. 34837 954 0.02000 910 0.02626 1944 0.04462 967
3.3 4.10238 723 2.87041 631 1.49291 787 0.01755 635 0. 02287 6452 0.03835 312
3.4 4.40157 747 3.11681 153 1.65144 965 0.01541 841 0.01995 3243 0. 03302 422

3.5 4.72646 494 3.38467 421 1.82 531 562 0.0 1355 255 0.01742 4712 0. 02848 802
3.6 5.07929 316 3.67596 831 2.01598 623 0. 01192 222 0.0152 3 3952 0.02461 718
3.7 5.46251 092 3.99283 865 2.22507 418 0.01049 611 0.01333 2903 0.02130 658
3.8 5.87879 128 4.33762 799 2.45434 813 0.00924 735 0. 01168 0862 0.01846 908
3.9 6.33105 220 4.71289 572 2.70574 780 0. 00815 280 0. 01024 3262 0.01603 223

4.0 6.82247 930 5.12143 838 2.98140 051 0.0 0719 253 0.00899 0668 0.01393 554
4.1 7.35655 060 5.56631 208 3.28363 932 0.00634 934 0. 00789 7961 0.01212 834
4.2 7.93706 374 6.05085 704 3.61502 300 0. 00560 833 0.00694 3650 0. 01056 808
4.3 8.56816 571 6. 57872 451 3.97835 791 0.00495 661 0. 00610 9316 0.00921 893
4.4 9.25438 538 7.15390 628 4.37672 200 0.00438 300 0. 00537 9136 0.00805 059

4.5 10.00066 914 7.78076 689 4.81 349 122 0.00 387 777 0. 00473 9498 0.00703 744
4.6 10.81241 998 8.46407 908 5.29236 840 0. 00343 248 0.00417 8666 0.00615 769
4.7 11. 69554 012 9.20906 250 5.81741 513 0.00303 975 0.00368 6506 0. 00539 284
4.8 12.65647 789 10. 02142 620 6.39308 652 0.00269 318 0.00325 4257 0.00472 709
4.9 13.70227 889 10.90741 515 7.02426 961 0.002 38 716 0.00287 4331 0.0 0414 695

5.0 14.84064 212 11.87386 128 7.71632 535 0.00211 679 0.00254 0146 0.00364 088
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i(x) = ir/xI(X) k(x) = ir/xK(x)

Compiled from C. W. Jones, A short table for the Bessel functions (2/7-)K ,(x).

Cambridge Univ. Press, Cambridge, England, 1952 (with permission).

Table 10.9

X

MODIFIED SPHERICAL BESSEL FUNCTIONS-ORDERS 9 AND 10

1O9x99 (x) 1O'0x10i10 (x) 1O7x'°k9 (x) 109x11k10(x)

0. 0 1. 52734 93 0. 72730 92 5. 41287 38 1. 02844 60
0.1 1. 52771 30 0.72746 73 5. 41128 21 1. 02817 54
0. 2 1.52880 46 0. 72794 19 5.40650 99 1. 02736 41
0. 3 1. 53062 54 0. 72873 35 5. 39856 70 1. 02601 35
0. 4 1.53317 79 0.72984 30 5. 38746 92 1. 02412 59

0. 5 1. 53646 54 0. 73127 18 5. 37323 85 1. 02170 47
0. 6 1.54049 23 0.73302 17 5.35590 33 1.01875 42
0. 7 1.54526 36 0.73509 47 5.33549 79 1. 01527 95
0. 8 1. 55078 57 0.73749 33 5. 31206 23 1. 01128 67
0. 9 1. 55706 60 0. 74022 04 5. 28564 31 1. 00678 27

1. 0 1. 56411 27 0.74327 93 5.25629 13 1. 00177 53
1.1 1.57193 49 0.74667 38 5.22406 45 0. 99627 31
1.2 1. 58054 32 0.75040 79 5. 18902 48 0.99028 56
1. 3 1. 58994 87 0. 75448 62 5. 15123 93 0. 98382 30
1.4 1. 60016 42 0.75891 37 5.11078 01 0.97689 61

1.5 1.61120 30 0.76369 58 5.06772 38 0.96951 68
1. 6 1. 62308 02 0. 76883 83 5. 02215 07 0.96169 72
1. 7 1. 63581 13 0.77434 76 4. 97414 57 0.95345 03
1. 8 1.64941 38 0. 78023 05 4. 92379 68 0. 94478 97
1.9 1.66390 60 0. 78649 43 4.87119 57 0.93572 94

2. 0 1. 67930 73 0. 79314 68 4. 81643 66 0. 92628 41
2.1 1. 69563 90 0.80019 63 4.75961 72 0.91646 88
2. 2 1. 71292 33 0. 80765 17 4. 70083 65 0.90629 89
2. 3 1. 73118 39 0.81552 21 4. 64019 67 0.89579 04
2.4 1.75044 59 0.82381 79 4.57780 09 0. 88495 95

2. 5 1.77073 63 0.83254 94 4.51375 41 0.87382 25
2.6 1. 79208 32 0.84172 78 4.44816 23 0.86239 63
2.7 1.81451 64 0.85136 49 4.38113 22 0.85069 78
2. 8 1.83806 76 0.86147 30 4.31277 10 0.83874 39
2.9 1.86277 03 0.87206 54 4.24318 63 0.82655 20

3. 0 1. 88865 96 0. 88315 57 4. 17248 53 0. 81413 92
3.1 1.91577 24 0. 89475 86 4.10077 50 0.80152 28
3. 2 1. 94414 79 0. 90688 95 4. 02816 19 0. 78872 01
3. 3 1. 97382 74 0. 91956 42 3. 95475 12 0.77574 83
3. 4 2. 00485 39 0.93279 97 3. 88064 76 0. 76262 45

3. 5 2. 03727 33 0. 94661 40 3. 80595 33 0. 74936 56
3. 6 2. 07113 33 0. 96102 55 3. 73076 99 0.73598 84
3. 7 2.10648 43 0.97605 38 3.65519 70 0.72250 95
3. 8 2.14337 94 0. 99171 97 3. 57933 16 0.70894 53
3. 9 2. 18187 40 1. 00804 44 3. 50326 88 0. 69531 19

4. 0 2.22202 68 1.02505 08 3.42710 13 0.68162 50
4. 1 2. 26389 90 1. 04276 26 3. 35091 95 0. 66790 02
4. 2 2. 30755 54 1. 06120 45 3. 27481 07 0. 65415 25
4. 3 2. 35306 35 1. 08040 28 3. 19885 96 0. 64039 66
4. 4 2. 40049 43 1.10038 47 3. 12314 76 0. 62664 70

4. 5 2. 44992 27 1.12117 91 3. 04775 39 0. 61291 75
4. 6 2. 50142 71 1.14281 58 2. 97275 34 0. 59922 16
4. 7 2. 55508 99 1.16532 63 2. 89821 88 0. 58557 24
4. 8 2. 61099 74 1.18874 39 2.82421 90 0. 57198 25
4. 9 2. 66924 03 1.21310 29 2.75081 98 0. 55846 39

5. 0 2. 72991 40 1.23843 97 2. 67808 38 0. 54502 82
[(_54)3] [(._4)1] [(_54)4] [(_45)7]
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MODIFIED SPHERICAL BESSEL FUNCTIONS-ORDERS 9 AND 10 Table 10.9

X

5. 0
5. 1
5. 2
5. 3
5.

eI19(x)

(-5)6. 40961
(-5)7. 16216
-5)7. 97716
-5)8. 85734
-5)9. 80541

e_xhi(x)

-5 1. 45387
-5 1. 65403
-5 1. 87488
-5 2. 11778
-5)2. 38413

¿Kl9(X)

(2)4. 62276
2 4. 11899
2 3. 68187
2 3. 30123
2)2. 96863

?K21(x)

(3)1. 88159
3 1. 64774
3 1. 44818
3 1. 27719

(3 1. 13013

-4 1. 08240 -5)2. 67535 (2)2. 67706 3)1. 00320
5. 6 -4 1.19157 -5 2. 99285 2)2.42066 2)8. 93250
5. 7 -4 1. 30831 -5 3. 33809 2)2. 19449 2)7. 97686
5. 8 -4 1. 43285 -5 3. 71252 2)1. 99441 2)7. 14360
5. 9 -4 1. 56545 -5 4. 11760 2)1. 81692 2)6. 41477

6. 0 (-4 1. 70632 -5)4. 55480 2 1. 65905 2 5. 77537
6. 1 -4 1. 85569 -5)5. 02559 2 1. 51825 2 5. 21281
6. 2 2. 01376 -5)5. 53143 2 1. 39236 2 4. 71647
6. 3 -4 2. 18075 (-5) 6. 07377 (2)1. 27955 2)4. 27737
6. 4 -4)2. 35684 (-5)6. 65407 (2)1. 17821 2)3. 88791

6. 5 -4 2. 54221 -5 7. 27375 2)1. 08697 2 3.54160
6. 6 -4 2. 73703 -5 7. 93423 2 1. 00464 2 3. 23292
6. 7 -4 2. 94147 -5 8.63691 1 9. 30213 2 2. 95714
6. 8 -4 3. 15568 -5 9. 38317 1 8. 62775 2 2. 71019
6. -4 3. 37978 (-4 1. 01743 1 8. 01557 2 2. 48857

7. 0 -4 3. 61391 -4 1. 10117 1)7. 45880 2 2. 28926
7. 1 4 3 85819 -4 1. 18967 1)6. 95148 2 2.10966
7. 2 4 4 11271 -4 1. 28304 1) 6. 48840 2 1. 94748
7. 3 (-4)4. 37758 -4 1. 38142 1)6. 06498 2 1. 80076
7. (-4)4. 65288 -4)1. 48492 (1)5. 67717 2 1. 66777

7. -4)4. 93867 -4 1. 59365 1 5. 32140 2)1. 54701
7. 6 -4)5. 23503 -4 1. 70773 1 4. 99452 2)1. 43717

- ' -4)5. 54199 -4 1. 82727 1 4. 69371 2)1. 33708
7. 8 (-4)5. 85960 -4 1. 95236 (1)4. 41649 2)1. 24573
7. 9 (-4)6. 18789 -4 2. 08311 (1)4.16065 2)1. 16223

8. 0 -4 6. 52688 -4)2. 21961 1 3. 92420 2 1. 08577
8. 1 -4 6. 87657 -4)2. 36195 1 3. 70539 2 1. 01566
8. 2 -4 7. 23697 -4 2. 51020 1 3. 50262 1 9. 51284
8. 3 -4 7. 60807 (-4 2. 66447 (1 3. 31448 1 8. 92076
8. 4 -4 7 98985 (-4 2. 82481 (1 3. 13970 1 8. 37549

8. 5 -4)8. 38228 -4 2. 99130 (1)2. 97713 1 7. 87266
8. 6 -4 8. 78533 -4 3. 16400 1 2. 82574 1 7. 40835
8. 7 -4 9.19895 -4 3. 34298 1 2. 68460 1 6.97906
8. 8 (-4 9. 62308 (-4)3.52828 1 2. 55287 (1 6. 58165
8. 9 (-3 1. 00576 (-4)3. 71997 (1 2. 42979 (1 6. 21331

9. 0 -3 1. 05026 -4 3. 91809 1 2. 31467 (1 5.87149
9. 1 -3 1. 09579 -4 4. 12268 1 2. 20689 1 5. 55393
9. 2 -3 1. 14235 4 4 33377 1 2.10586 1 5. 25858
9.3 -3)1.18991 -4 4.55140 1)2. 01109 1)4. 98356
9. 4 -3)1. 23849 -4 4. 77560 1)1. 92209 (1)4. 72722

9. -3)1. 28806 -4 5. 00639 (1)1. 83843 1 4. 48802
9. 6 -3)1. 33861 -4 5. 24378 1)1. 75973 1 4. 26461
9. 7 -3)1. 39014 -4 5. 48779 1)1. 68563 1 4. 05572
9. 8 -3)1. 44263 -4)5. 73844 1)1. 61578 (1)3. 86022
9. 9 -3)1. 49607 -4)5. 99571 1)1. 54991 (1)3. 67709

10. 0 (-3)1. 55045 (-4)6. 25963 (1)1. 48772 (1)3. 50537
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Table 10.9

MODIFIED SPHERICAL BESSEL FUNCTIONS-ORDERS 9 AND 10

[(-4)4] [(_4)7] [(-4)3] [(_4)3]

I2irXI19(X) =f9(x)ex_45x
T

,/21rXI21(X) =fio(x)e55
T

,/7Ki9(x) =gg(x)e+''
2

/7K2l(x) =gio(x)e+55'
T

<X> = nearest integer to x.

f9(x) fio(x) g9(x) gio(x) <X>
0.100 1.10630 573 1.21411 149 0.65502 364 0.56777 303 10
0. 095 1. 08238 951 1. 17260 877 0. 68557 030 0. 60351 931 11
0.090 1.06167 683 1.13650 462 0.71563 676 0.63926 956 11
0.085 1.04394 741 1.10534 464 0.74502 124 0.67473 612 12
0.080 1.02899 406 1.07872 041 0.77352 114 0.70961 813 13

0. 075 1. 01661 895 1. 05626 085 0. 80093 667 0. 74360 745 13
0. 070 1. 00662 998 1. 03762 412 0. 82707 483 0. 77639 538 14
0. 065 0. 99883 728 1. 02248 982 0. 85175 354 0. 80768 018 15
0. 060 0. 99304 985 1. 01055 159 0. 87480 587 0. 83717 510 17
0.055 0.98907 251 1.00151 009 0.89608 425 0.86461 675 18

0.050 0.98670 320 0.99506 643 0.91546 455 0.88977 340 20
0. 045 0. 98573 080 0. 99091 634 0. 93284 978 0. 91245 301 22
0. 040 0. 98593 357 0. 98874 519 0. 94817 344 0. 93251 041 25
0.035 0.98707 842 0.98822 421 0.96140 216 0.94985 358 29
0.030 0. 98892 100 0. 98900 824 0. 97253 769 0.96444 830 33

0.025 0.99120 680 0.99073 519 0.98161 804 0.97632 121 40
0. 020 0. 99367 323 0. 99302 746 0. 98871 764 0. 98556 077 50
0. 015 0. 99605 259 0. 99549 538 0. 99394 654 0. 99231 623 67
0.010 0.99807 595 0.99774 259 0.99744 863 0.99679 434 100
0.005 0.99947 760 0.99937 316 0.99939 894 0.99925 415 200

0. 000 1. 00000 000 1. 00000 000 1. 00000 000 1. 00000 000
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Table 10.10
MODIFIED SPHERICAL BESSEL FUNCTIONS-VARIOUS ORDERS

-%f ir/xI(x)
n x=1 x=2 x=5

473

n
0
1
2
3

3
2
2
2

x=1O
1.10132
9.91190
8.03965
5.89207

3287
9633
9985
9640

19
19
19
19

x=50
5.18470
5. 08101
4.87984
4.59302

5529
1418
4844
6934

(41
(41

41
41

x=100
1. 34405 8571
1. 33061 7985
1.30414 0031
1.26541 0984

4 2 3. 91520 4237 19 4. 23682 1073 41 1. 21556 1262

5 2 2. 36839 5827 19 3. 83039 9141 41 1. 15601 0470
6 2 1. 30996 8827 19 3. 39413 3262 41 1. 08840 0111
7 1 6. 65436 3519 19 2. 94792 4492 41 1. 01451 8456
8 1 3. 11814 2991 19 2. 50975 5914 40 9. 36222 3425
9 1 1. 35352 0435 19 2. 09460 7482 40 8. 55360 6574

10 (0 5. 46454 1653 19 1. 71380 5071 (40 7. 73703 8176
11 (o 2. 05966 6874 19 1. 37480 9352 (40 6. 92882 8557
12 -1 7. 27307 8439 19 1. 08139 2769 40 6. 14340 7607
13 -1 2. 41397 2641 18 8. 34112 9672 40 5. 39297 6655
14 -2 7. 55352 3093 18 6. 30971 7670 40 4. 68730 3911

15 -2 2. 23450 9437 18 4. 68149 3423 (40)4.03365 8521
16 -3 6. 26543 8379 18 3. 40719 1747 (40) 3. 43686 9769
17 -3 1. 66914 7720 18 2. 43274 6870 40 2. 89949 1497
18 -4 4. 23421 3574 18 1. 70426 8938 40 2. 42204 7745
19 -4 1. 02488 6979 18 1. 17158 7856 40 2. 00333 3832

20 - 5) 2. 37154 3577 ( 17 7.90430 4104 (40)1.64074 7551
30 -12 1. 22928 4325 ( 15 5.67659 3929 (39 1.30147 2327
40 -21 2. 81471 5830 ( 12 7.34905 8082 (37 3.95371 9716
50 -31 5. 88991 6154 (+ 9 2. 00489 8633 (35 4. 74095 0959

100 (-90)9. 54463 8661 (-17)2. 34189 3740 (20)3. 73598 8741

0 0 1. 17520 1194 0 1.81343 0204 1)1.48406 4212
1 -1 3.67879 4412 - 1 9.74382 7436 1 1.18738 6128
2 -2 7. 15628 7013 - 1 3.51856 0886 0 7. 71632 5346
3 -2 1. 00650 9052 - 2 9.47425 2220 0 4.15753 5935
4 -3 1.10723 6461 - 2 2. 02572 6087 0)1. 89577 5037

5 -5 9.99623 7520 - 3)3. 58484 8301 - 1 7. 45140 8690
6 -6 7. 65033 3778 - 4 5. 40595 2086 - 1 2. 56465 1251
7 -7 5. 08036 0873 - 5 7. 09794 4523 - 2 7. 83315 4364
8 -8 2. 97924 6909 - 6 8. 24936 9394 - 2 2. 14704 9422
9 -9 1.56411 2692 - 7 8.59805 3854 - 3 5.33186 3294

10 -11 7.43279 3549 - 8 8.12182 3211 - 3 1.20941 3702
11 -12 3.22604 7141 - 9 7.01394 8275 - 4 2.52325 7454
12 -13 1.28851 2381 - 10 5.57826 9483 - 5 4.87152 7330
13 -15 4. 76618 7751 - 11 4.11114 2138 - 6 8. 74937 8858
14 -16 1.64168 8672 - 12 2.82275 9636 - 6 1. 46862 7470

15 -18 5. 29060 2725 - 13 1. 81406 6530 - 7 2.31339 5316
16 -19 1. 60182 7153 - 14 1. 09565 1449 - 8 3.43223 7424
17 -21 4.57312 0086 - 16 6.24163 9390 - 9 4.81186 1587
18 -22 1.23512 2995 - 17 3.36455 5792 - 10 6.39343 1309
19 -24 3. 16500 3796 - 18 1. 72111 7468 - 11)8. 07224 1852

20 - 26 7. 71514 7565 - 20 8. 37672 8478 - 12 9. 70826 6441
30 - 43 5. 65589 8686 - 34 6. 21921 4440 - 22 6. 36889 3001
40 - 61 1. 55685 5122 - 49 1. 74298 6176 - 33 1. 63577 1994
50 - 81 3. 65054 5412 - 66 4. 17042 9214 - 46 3. 64245 9664

100 (-190)7. 48149 1755 (-160)9. 55425 1030 (-120)6. 26113 6933



n x=1
0 - 1 5. 77863 6749
1 0 1. 15572 7350
2 0 4. 04504 5724
3 1 2. 13809 5597
4 2 1. 53711 7375

5 3 1. 40478 6594
6 4 1.56063 6427
7 5 2. 04287 5221
8 6 3. 07991 9195
9 7 5. 25629 1384

10 9 1. 00177 5282
11 10 2. 10898 4384
12 11 4. 86068 1836
13 13 1. 21121 9443
14 14 3. 29151 5179

15 15 9. 55756 6814 ( 11 1. 38508 0704
16 17 2.96613 7227 12 2.15637 9105
17 18 9. 79781 0417 13 3. 57187 6330
18 20 3. 43219 9783 14 6. 27234 7368
19 22 1.27089 3701 16 1. 16395 6139

20 ( 23)4. 95991 7633 ( 17)2. 27598 6819 ( 8)7. 66744 6235
30 40 4. 55045 5450 ( 31)2. 06581 6824 ( 18)7. 97979 3303
40 59 1.24524 3351 ( 46)5. 55624 8963 ( 30)2. 35318 1718
50 78 4. 25947 0196 ( 63)1. 86314 7755 ( 42)8. 49795 8757

100 ( 87)1. 04451 3645 (156)4. 08894 4237 (116)2. 49323 8041

j

j:
-1
-1

o

i
i
2
3
3

2. 83107 7584
7. 45780 1433
2. 22213 6131
7. 41218 8536
2. 74235 7715

11621 7817
4. 96235 0604

39430 3059
1. 24677 5036
6. 97201 5499

i=1O x=50 x=100
-6 7. 13140 4291 -24 6. 05934 6353 -46 5. 84348 1679
-6 7. 84454 4720 -24 6. 18053 3280 -46 5. 90191 6495
-6 9. 48476 7707 -24 6. 43017 8350 -46 6. 02053 9173

(-5 1. 25869 2857 -24 6. 82355 1115 -46 6. 20294 3454
(-5 1. 82956 1771 -24 7. 38547 5506 -46 6. 45474 5215

-5 2. 90529 8451 -24 8. 15293 6706 -46 6. 78387 0523
-5 5. 02539 0067 -24 9. 17912 1581 -46 7. 20097 0973
-5 9. 43830 5538 -23 1. 05395 0832 -46 7. 71999 6750
-4 1. 91828 4837 -23 1. 23409 7408 -46 8. 35897 0485

(-4 4. 20491 4777 -23 1. 47354 3950 -46 9. 14102 1732

-4 9. 90762 2914 -23 1. 79404 4109 -45 1. 00957 6461
-3 2. 50109 2290 -23 2. 22704 2476 -45 1. 12611 3230
-3 6. 74327 4558 -23 2. 81848 3648 -45 i. 26858 2504

(-2 1. 93592 7868 -23)3. 63628 4300 -45 1. 44325 8856
(-2 5. 90133 2701 -23)4. 78207 7170 -45 1. 65826 2396

-1 1. 90497 9270 -23 6. 40988 9058 -45 1. 92415 4951
-1 6. 49556 9007 -23 8. 75620 8386 -45 2. 25475 0430

0 2. 33403 5699 -22 1. 21889 8659 -45 2. 66822 2593
0 8. 81868 1848 (-22 1. 72884 9900 -45 3. 18862 8338

( i 3. 49631 5854 (-22 2. 49824 7585 -45 3. 84801 5078

( 2)1. 45175 0001 (-22)3. 67748 3017 (-45)4. 68935 4218
( 9 1.99043 6138 -20 4. 72460 0057 -44)5. 77221 5084
(17 6. 68871 7408 -17 3. 32175 1557 -42)1. 84121 2999
(27 2.59020 6572 -13 1.10246 0162 -40)1. 47876 1633

(85)8. 14750 7624 (+12) 5. 97531 1344 (-25)1. 48279 6529

x=5

jE

i 1. 06292 0829 - 3 2. 11678 8479
1 1. 59438 1243 -3 2. 54014 6175
1 3. 45449 2694 - 3 3. 64087 6184
0 1. 02306 1298 -3 6. 18102 2359
0 3. 92616 3812 - 2 1. 22943 0749

1 1. 86907 9845
2 1. 06725 5553
2 7. 12406 9079
3 5. 44977 7364
4)4. 70355 1451
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Table 10.10

MODIFIED SPHERICAL BESSEL FUNCTIONS-VARIOUS ORDERS

4 4. 16844 6493
5 2. 65415 6981
6 1. 79342 8072
7 1. 28194 1220
7 9. 66570 7838

5 4. 52287 1652
6 4. 79605 0749
7 5. 56068 7078
8 6. 99881 9354
9 9. 50401 2999

n
O

i
2
3
4

5
6
7
8
9

11
12
13
14

15
16
17
18
19

20
30
40
50

100



Ai(x)x ef( -) Bi(x)=x erf() Af(x)_x eg(-) Bi'(x)=xeg()
=

From J. C. P. Miller, The Airy integral, British Assoc. Adv. Sci. Mathematical
Tables, Part-vol. B. Cambridge Univ. Press, Cambridge, England, 1946 (with
permission).

o.on 0.35502 805 -0.2588]. 940 0.61492 663 0.44828 836 0.50 0.23169 361 -0.22491 053 0.85427 704 0.54457 256
0.01 0.35243 992 -0.25880 174 0.61940 962 0.44831 926 0.51 0.22945 031 -0.22374 617 0.85974 431 0.54890 049
0.02 0.34985 21.4 -0.25874 909 0.62389 322 0.44841 254 0.52 0.22721 872 -0.22257 027 0.86525 543 0.55334 239
0.03 0.34726 505 -0.25866 197 0.62837 808 0.44856 9].1 0.53 0.22499 894 -0.22138 322 0.87081 154 0.55789 959
0.04 0.34467 901 -0.25854 090 0.63286 482 0.44878 987 0.54 0.22279 109 -0.22018 541 0.87641 381 0.56257 345

0.05 0.34209 435 -0.25838 640 0.63735 409 0.44907 570 0.55 p.22059 527 -0.21897 720 0.88206 341 0.56736 532
0.06 0.33951 139 -0.25819 898 064184 655 0.44942 752 0.56 0.21841 158 -0.21775 898 0.88776 152 0.57227 662
0.07 0.33693 047 -0.25797 916 0.64634 286 0.44984 622 0.57 0.21624 012 -0.21653 112 0.89350 934 0.57730 873
0.08 0.33435 19]. -0.25772 745 0.65084 370 0.45033 270 0.58 0.21408 099 -0.21529 397 0.89930 810 0.58246 311
0.09 0.33177 603 -0.25744 437 0.65534 975 0.45088 787 0.59 0.21193 427 -0.21404 790 0.90515 902 0.58774 120

0.10 0.32920 313 -0.25713 042 0.65986 169 0.45151 263 0.60 0.20980 006 -0.21279 326 0.91106 334 0.59314 448
0.11 0.32663 352 -0.25678 613 0.66438 023 0.45220 789 0.61 0.20767 844 -0.21153 041 0.91702 233 0.59867 447
0.12 0.32406 751 -0.25641 200 0.66890 609 0.45297 457 0.62 0.20556 948 -0.21025 970 0.92303 726 0.60433 267
0.13 0.32150 538 -0.25600 854 0.67343 997 0.45381 357 0.63 0.20347 327 -0.20898 146 0.92910 941 0.61012 064
0.14 0.31894 743 -0.25557 625 0.67798 260 0.45472 582 0.64 0.20138 987 -0.20769 605 0.93524 011 0.61603 997

0.15 0.31639 395 -0.25511 565 0.68253 473 0.45571 223 0.65 0.19931 937 -0.20640 378 0.94143 066 0.62209 226
0.16 0.31384 521 -0.25462 724 0.68709 709 0.45677 373 0.66 0.19726 182 -0.20510 500 0.94768 241 0.62827 912
0.17 0.31130 150 -0.25411 151 0.69167 046 0.45791 125 0.67 0.19521 729 -020380 004 0.95399 670 0.63460 222
0.18 0.30876 307 -0.25356 898 0.69625 558 0.45912 572 0.68 0.19318 584 -0.20248 920 0.96037 491 0.64106 324
0.19 0.30623 020 -0.25300 013 0.70085 323 0.46041 808 0.69 0.19116 752 -0.20117 281 0.96681 843 0.64766 389

0.20 0.30370 315 -0.25240 547 0.70546 420 0.46178 928 0.70 0.18916 240 -0.19985 119 0.97332 866 0.65440 592
0.21 0.30118 218 -0.25178 548 0.71008 928 0.46324 026 0.71 0.18717 052 -0.19852 464 0.97990 703 0.66129 109
0.22 0.29866 753 -0.25114 067 0.71472 927 0.46477 197 0.72 0.18519 192 -0.19719 347 0.98655 496 0.66832 121
0.23 0.29615 945 -0.25047 151 0.71938 499 0.46638 539 0.73 0.18322 666 -0.19585 798 0.99327 394 0.67549 810
0.24 0.29365 818 -0.24977 850 0.72405 726 0.46808 147 0.74 0.18127 478 -0.19451 846 1.00006 542 0.68282 363

0.25 0.29116 395 -0.24906 211 0.72874 690 0.46986 119 0.75 0.17933 631 -0.19317 521 1.00693 091 0.69029 970
0.26 0.28867 701 -0.24832 284 0.73345 477 0.47172 554 0.76 0.17741 128 -0.19182 851 1.01387 192 0.69792 824
0.27 0.28619 757 -0.24756 115 0.73818 170 0.47367 549 0.77 0.17549 975 -0.19047 865 1.02088 999 0.70571 121
0.28 0.28372 586 -0.24677 753 0.74292 857 0.47571 205 0.78 0.17360 172 -0.18912 591 1.02798 667 0.71365 062
0.29 0.28126 209 -0.24597 244 0.74769 624 0.47783 623 0.79 0.17171 724 -0.18777 055 1.03516 353 0.72174 849

0.30 0.27880 648 -0.24514 636 0.75248 559 0.48004 903 0.80 0.16984 632 -0.18641 286 1.04242 217 0.73000 690
0.31 0.27635 923 -0.24429 976 0.75729 752 0.48235 148 0.81 0.16798 899 -0.18505 310 1.04976 421 0.73842 795
0.32 0.27392 055 -0.24343 309 0.76213 292 0.48474 462 0.82 0.16614 526 -0.18369 153 1.05719 128 0.74701 380
0.33 0.27149 064 -0.24254 682 0.76699 272 0.48722 948 0.83 0.16431 516 -0.18232 840 1.06470 504 0.75576 663
0.34 0.26906 968 -0.24164 140 0.77187 782 0.48980 713 0.84 0.16249 870 -0.18096 398 1.07230 717 0.76468 865

0.35 0.26665 787 -0.24071 730 0.77678 917 0.49247 861 0.85 0.16069 588 -0.17959 851 1.07999 939 0.77378 215
0.36 0.26425 540 -0.23977 495 0.78172 770 0.49524 501 0.86 0.15890 673 -0.17823 223 1.08778 340 0.78304 942
0.37 0.26186 243 -0.23881 481 0.78669 439 0.49810 741 0.87 0.15713 124 -0.17686 539 1.09566 096 0.79249 282
0.38 0.25947 916 -0.23783 731 0.79169 018 0.50106 692 0.88 0.15536 942 -0.17549 823 1.10363 385 0.80211 473
0.39 0.25710 574 -0.23684 291 0.79671 605 0.50412 463 0.89 0.15362 128 -0.17413 097 1.11170 386 0.81191 759

0.40 0.25474 235 -0.23583 203 0.80177 300 0.50728 168 0.90 0.15188 680 -0.17276 384 1.11987 281 0.82190 389
0.41 0.25238 916 -0.23480 512 0.80686 202 0.51053 920 0.91 0.15016 600 -0.17139 708 1.12814 255 0.83207 615
0.42 0.25004 630 -0.23376 259 0.81198 412 0.51389 833 0.92 0.14845 886 -0.17003 090 1.13651 496 0.84243 695
0.43 0.24771 395 -0.23270 487 0.81714 033 0.51736 025 0.93 0.14676 538 -0.16866 551 1.14499 193 0.85298 891
0.44 0.24539 226 -0.23163 239 0.82233 167 0.52092 614 0.94 0.14508 555 -0.16730 113 1.15357 539 0.86373 470

0.45 0.24308 135 -0.23054 556 0.82755 920 0.52459 71.7 0.95 0.14341 935 -0.16593 797 1.16226 728 0.87467 704
0.46 0.24078 139 -0.22944 479 0.83282 397 0.52837 457 0.96 0.14176 678 -0.16457 623 1.17106 959 0.88581 871
0.47 0.23849 250 -0.22833 050 0.83812 705 0.53225 956 0.97 0.14012 782 -0.16321 611 1.17998 433 0.89716 253
0.48 0.23621 482 -0.22720 310 0.84346 952 0.53625 338 0.98 0.13850 245 -0.16185 781 1.18901 352 0.90871 137
0.49 0.23394 848 -0.22606 297 0.84885 248 0.54035 729 0.99 0.13689 066 -0.16050 153 1.19815 925 0.92046 818

0.50 0.23169 361 -0.22491 053 0.85427 704 0.54457 256 1.00 0.13529 242 -0.15914 744 1.20742 359 0.93243 593
1(-6)11 1(-6)41 1(-6)51 1(-5)1] 1(-6)21 r(-6)11 r-5)1] 1-534i L4J L4J L4J L4J L4J L4J L4

AIRY FUNCTIONS-AUXILIARY FUNCTIONS FOR LARGE POSITIVE ARGUMENTS

x f(-) f() g(-) g(r) -1 x f(--) f() g(--) g(r)
1.5 1.000000 0.527027 0.619912 0.619954 0.478728 0.50 2.080084 0.548230 0.593015 0.587245 0.526011
1.4 1.047069 0.528783 0.620335 0.617156 0.479925 0.45 2.231443 0.549584 0.589451 0.585235 0.530678
1.3 1.100099 0.530601 0.620327 0.614275 0.481658 0.40 2.413723 0.550980 0.585855 0.583174 0.535345
1.2 1.160397 0.532488 0.619799 0.611305 0.484018 0.35 2.638450 0.552421 0.582330 0.581056 0.539902
1.1 1.229700 0.534448 0.618649 0.608239 0.487107 0.30 2.924018 0.553912 0.578985 0.578878 0.544235

1.0 1.310371 0.536489 0.616764 0.605068 0.491037 0.25 3.301927 0.555456 0.575908 0.576635 0.548255
0.9 1.405721 0.538618 0.614022 0.601782 0.495921 0.20 3.831547 0.557058 0.573135 0.574320 0.551930
0.8 1.520550 0.540844 0.610309 0.598372 0.501859 0.15 4.641589 0.558724 0.570636 0.571927 0.555296
0.7 1.662119 0.543180 0.605543 0.594823 0.508909 0.10 6.082202 0.560462 0.568343 0.569448 0.558428
0.6 1.842016 0.545636 0.599723 0.591120 0.517032 0.05 9.654894 0.562280 0.566204 0.566873 0.561382

0.5 2.080084 0.548230 0.593015 0.587245 0.526011 0.00 0.564190 0.564190 0.564190 0.564190

[(-3)71 [(-5)21 [(-4)11 [(-5)21 [(-4)11 [(-5)1] [(-5)41 [(-5)11 [(-5)4[9J[4J[ 6j[4J[ 6j [ 4jL 6JL4JL 6
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AIRY FUNCTIONS Table 10.11
X Ai(x) Ai'(x) Bi(x) Bi'(x) x Ai(x) Ai'(x) Bi(x) Bi(x)
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Table 10.11
X Ai(-x) Ai'(-x)

BESSEL FUNCTIONS OF FRACTIONAL ORDER

AIRY FUNCTIONS
Bi(-x) Bi'(-x) X Ai(-x) Ai'(-x) Bi(-x) Bi'(-x)

0.00 0.35502 805 -0.25881 940 0.61492 663 0.44828 836 0.50 0.47572 809 -0.20408 167 0.38035 266 0.50593 371
0.01 0.35761 619 -0.25880 157 0.61044 364 0.44831 896 0.51 0.47775 692 -0.20167 409 0.37528 379 0.50784 166
0.02 0.36020 397 -0.25874 771 0.60596 005 0.44841 015 0.52 0.47976 138 -0.19920 846 0.37019 579 0.50976 123
0.03 0.36279 102 -0.25865 731 0.60147 524 0.44856 104 0.53 0.48174 089 -0.19668 449 0.36508 853 0.51169 132
0.04 0.36537 699 -0.25852 986 0.59698 863 0.44877 074 0.54 0.48369 487 -0.19410 192 0.35996 193 0.51363 080

0.05 0.36796 149 -0.25836 484 0.59249 963 0.44903 833 0.55 0.48562 274 -0.19146 050 0.35481 589 0.51557 853
0.06 0.37054 416 -0.25816 173 0.58800 767 0.44936 293 0.56 0.48752 389 -0.18875 999 0.34965 033 0.51753 339
0.07 0.37312 460 -0.25792 001 0.58351 218 0.44974 364 0.57 0.48939 774 -0.18600 016 0.34446 520 0.51949 424
0.08 0.37570 243 -0.25763 918 0.57901 261 0.45017 955 0.58 0.49124 369 -0.18318 078 0.33926 043 0.52145 991
0.09 0.37827 725 -0.25731 872 0.57450 841 0.45066 976 0.59 0.49306 115 -0.18030 166 0.33403 599 0.52342 927

0.10 0.38084 867 -0.25695 811 0.56999 904 0.45121 336 0.60 0.49484 953 -0.17736 260 0.32879 184 0.52540 115
0.11 0.38341 628 -0.25655 685 0.56548 397 0.45180 945 0.61 0.49660 821 -0.17436 341 0.32352 796 0.52737 438
0.12 0.38597 967 -0.25611 443 0.56096 268 0.45245 712 0.62 0.49833 659 -0.17130 392 0.31824 435 0.52934 780
0.13 0.38853 843 -0.25563 033 0.55643 466 0.45315 546 0.63 0.50003 408 -0.16818 399 0.31294 101 0.53132 022
0.14 0.39109 213 -0.25510 406 0.55189 940 0.45390 355 0.64 0.50170 007 -0.16500 345 0.30761 795 0.53329 046

0.15 0.39364 037 -0.25453 511 0.54735 642 0.45470 047 0.65 0.50333 395 -0.16176 218 0.30227 521 0.53525 733
0.16 0.39618 269 -0.25392 297 0.54280 523 0.45554 530 0.66 0.50493 511 -0.15846 007 0.29691 282 0.53721 964
0.17 0.39871 868 -0.25326 716 0.53824 536 0.45643 713 0.67 0.50650 295 -0.15509 701 0.29153 084 0.53917 618
0.18 0.40124 789 -0.25256 716 0.53367 634 0.45737 503 0.68 0.50803 685 -0.15167 290 0.28612 932 0.54112 575
0.19 0.40376 987 -0.25182 250 0.52909 771 0.45835 806 0.69 0.50953 620 -0.14818 768 0.28070 835 0.54306 714

0.20 0.40628 419 -0.25103 267 0.52450 903 0.45938 529 0.70 0.51100 040 -0.14464 129 0.27526 801 0.54499 912
0.21 0.40879 038 -0.25019 720 0.51990 986 0.46045 578 0.71 0.51242 882 -0.14103 366 0.26980 840 0.54692 048
0.22 0.41128 798 -0.24931 559 0.51529 977 0.46156 860 0.72 0.51382 087 -0.13736 479 0.26432 964 0.54883 000
0.23 0.41377 653 -0.24838 737 0.51067 835 0.46272 279 0.73 0.51517 591 -0.13363 464 0.25883 185 0.55072 642
0.24 0.41625 557 -0.24741 206 0.50604 518 0.46391 740 0.74 0.51649 336 -0.12984 322 0.25331 516 0.55260 852

0.25 0.41872 461 -0.24638 919 0.50139 987 0.46515 148 0.75 0.51777 258 -0.12599 055 0.24777 973 0.55447 506
0.26 0.42118 319 -0.24531 828 0.49674 203 0.46642 408 0.76 0.51901 296 -0.12207 665 0.24222 571 0.55632 480
0.27 0.42363 082 -0.24419 888 0.49207 127 0.46773 423 0.77 0.52021 390 -0.11810 157 0.23665 329 0.55815 647
0.28 0.42606 701 -0.24303 053 0.48738 722 0.46908 095 0.78 0.52137 479 -0.11406 538 0.23106 265 0.55996 884
0.29 0.42849 126 -0.24181 276 0.48268 953 0.47046 327 0.79 0.52249 501 -0.10996 815 0.22545 398 0.56176 063

0.30 0.43090 310 -0.24054 513 0.47797 784 0.47188 022 0.80 0.52357 395 -0.10580 999 0.21982 751 0.56353 059
0.31 0.43330 200 -0.23922 719 0.47325 181 0.47333 081 0.81 0.52461 101 -0.10159 101 0.21418 345 0.56527 745
0.32 0.43568 747 -0.23785 851 0.46851 112 0.47481 405 0.82 0.52560 557 -0.09731 134 0.20852 204 0.56699 994
0.33 0.43805 900 -0.23643 865 0.46375 543 0.47632 895 0.83 0.52655 703 -0.09297 113 0.20284 354 0.56869 679
0.34 0.44041 607 -0.23496 718 0.45898 443 0.47787 450 0.84 0.52746 479 -0.08857 055 0.19714 820 0.57036 671

0.35 0.44275 817 -0.23344 368 0.45419 784 0.47944 970 0.85 0.52832 824 -0.08410 979 0.19143 630 0.57200 845
0.36 0.44508 477 -0.23186 773 0.44939 534 0.48105 354 0.86 0.52914 678 -0.07958 904 0.18570 813 0.57362 071
0.37 0.44739 535 -0.23023 893 0.44457 667 0.48268 500 0.87 0.52991 982 -0.07500 854 0.17996 399 0.57520 220
0.38 0.44968 937 -0.22855 687 0.43974 156 0.48434 307 0.88 0.53064 676 -0.07036 852 0.17420 419 0.57675 165
0.39 0.45196 631 -0.22682 116 0.43488 973 0.48602 670 0.89 0.53132 700 -0.06566 925 0.16842 906 0.57826 777

0.40 0.45422 561 -0.22503 141 0.43002 094 0.48773 486 0.90 0.53195 995 -0.06091 100 0.16263 895 0.57974 926
0.41 0.45646 675 -0.22318 723 0.42513 495 0.48946 652 0.91 0.53254 502 -0.05609 407 0.15683 420 0.58119 484
0.42 0.45868 918 -0.22128 826 0.42023 153 0.49122 062 0.92 0.53308 163 -0.05121 879 0.15101 518 0.58260 321
0.43 0.46089 233 -0.21933 412 0.41531 047 0.49299 611 0.93 0.53356 920 -0.04628 549 0.14518 226 0.58397 309
0.44 0.46307 567 -0.21732 447 0.41037 154 0.49479 193 0.94 0.53400 715 -0.04129 452 0.13933 585 0.58530 317

0.45 0.46523 864 -0.21525 894 0.40541 457 0.49660 702 0.95 0.53439 490 -0.03624 628 0.1347 634 0.58659 217
0.46 0.46738 066 -0.21313 721 0.40043 934 0.49844 031 0.96 0.53473 189 -0.03114 116 0.12760 415 0.58783 879
0.47 0.46950 119 -0.21095 893 0.39544 570 0.50029 070 0.97 0.53501 754 -0.02597 957 0.12171 971 0.58904 174
0.48 0.47159 965 -0.20872 379 0.39043 348 0.50215 713 0.98 0.53525 129 -0.02076 197 0.11582 346 0.59019 973
0.49 0.47367 548 -0.20643 147 0.38540 251 0.50403 850 0.99 0.53543 259 -0.01548 880 0.10991 587 0.59131 145

0.50 0.47572 809 -0.20408 167 0.38035 266 0.50593 371 1.00 0.53556 088 -0.01016 057 0.10399 739 0.59237 563
1(-6)31 1(-6)71 1(-6)21 r(-6)81 1(6)71 1(6)81 1(-6)21 1(-6)6L4J L4J L4J L4J 14J L4J L4J L4



[(_3)2] [(_3)5] [(_3)2] [(_3)5] [(_3)4] [(_2)1] [(_3)4] [(_2)1]

AIRY FUNCTIONS-AUXILIARY FUNCTIONS FOR LARGE NEGATIVE
ARGUMENTS

x f1(r) f2@) g1) g2(-)

Ai(-x)=x4 [f1(r) cos +f2(r) sin ] Bi(-x)=x4 [f2(r) cos -f() sin ]

Ai'(-x)-x4 [g1() sin -g2() cos Bi'(_x)=x4 [g1(r) cos r--g2(r) sin ]

<->nearest integer to .

X Ai(-x) Ai'(-x)

BESSEL FUNCTIONS OF FRACTIONAL ORDER

AIRY FUNCTIONS
Bi(-x) Bi'(-x) x Ai(-x) Ai'(-x)

477

Table 10.11
Bi(-x) Bi'(-x)

1.0 0.53556 088 -0.01016 057 +0.10399 739 0.59237 563 5.5 +0.01778 154 0.86419 722 -0.36781 345 +0.02511 158
1.1 0.53381 051 +0.04602 915 +0.04432 659 0.60011 970 5.6 -0.06833 070 0.85003 256 -0.36017 223 -0.17783 760
1.2 0.52619 437 0.10703 157 -0.01582 137 0.60171 016 5.7 -0.15062 016 0.78781 722 -0.33245 825 -0.37440 903
1.3 0.51227 201 0.17199 181 -0.07576 964 0.59592 975 5.8 -0.22435 192 0.67943 152 -0.28589 021 -0.55300 203
1.4 0.49170 018 0.23981 912 -0.13472 406 0.58165 624 5.9 -0.28512 278 0.52962 857 -0.22282 969 -0.70247 952

1.5 0.46425 658 0.30918 697 -0.19178 486 0.55790 810 6.0 -0.32914 517 0.34593 549 -0.14669 838 -0.81289 879
1.6 0.42986 298 0.37854 219 -0.24596 320 0.52389 354 6.1 -0.35351 168 +0.13836 394 -0.06182 255 -0.87622 530
1.7 0.38860 704 0.44612 455 -0.29620 266 0.47906 134 6.2 -0.35642 107 -0.08106 856 +0.02679 081 -0.88697 896
1.8 0.34076 156 0.50999 763 -0.34140 583 0.42315 137 6.3 -0.33734 765 -0.29899 161 0.11373 701 -0.84276 110
1.9 0.28680 006 0.56809 172 -0.38046 588 0.35624 251 6.4 -0.29713 762 -0.50147 985 0.19354 136 -0.74461 387

2.0 0.22740 743 0.61825 902 -0.41230 259 0.27879 517 6.5 -0.23802 030 -0.67495 249 0.26101 266 -0.59717 067
2.1 0.16348 451 0.65834 069 -0.43590 235 0.19168 563 6.6 -0.16352 646 -0.80711 925 0.31159 995 -0.40856 734
2.2 0.09614 538 0.68624 482 -0.45036 098 +0.09622 919 6.7 -0.07831 247 -0.88790 797 0.34172 774 -0.19009 878
2.3 +0.02670 633 0.70003 366 -0.45492 823 -0.00581 106 6.8 +0.01210 452 -0.91030 401 0.34908 418 +0.04437 678
2.4 -0.04333 414 0.69801 760 -0.44905 228 -0.11223 237 6.9 0.10168 800 -0.87103 106 0.33283 784 0.27926 391

2.5 -0.11232 507 0.67885 273 -0.43242 247 -0.22042 015 7.0 0.18428 084 -0.77100 817 0.29376 207 .0.49824 459
2.6 -0.17850 243 0.64163 799 -0.40500 828 -0.32739 717 7.1 0.25403 633 -0.61552 879 0.23425 088 0.68542 058
2.7 -0.24003 811 0.58600 720 -0.36709 211 -0.42989 534 7.2 0.30585 152 -0.41412 428 0.15821 739 0.82650 634
2.8 -0.29509 759 0.51221 098 -0.31929 389 -0.52445 040 7.3 0.33577 037 -0.18009 580 +0.07087 411 0.90998 427
2.9 -0.34190 510 0.42118 281 -0.26258 500 -0.60751 829 7.4 0.34132 375 +0.07027 632 -0.02159 652 0.92812 809

3.0 -0.37881 429 0.31458 377 -0.19828 963 -0.67561 122 7.5 0.32177 572 0.31880 951 -0.11246 349 0.87780 228
3.1 -0.40438 222 0.19482 045 -0.12807 165 -0.72544 957 7.6 0.27825 023 0.54671 882 -0.19493 376 0.76095 509
3.2 -0.41744 342 +0.06503 115 -0.05390 576 -0.75412 455 7.7 0.21372 037 0.73605 242 -0.26267 007 0.58474 045
3.3 -0.41718 094 -0.07096 362 +0.02196 800 -0.75926 518 7.8 0.13285 154 0.87115 540 -0.31030 057 0.36122 930
3.4 -0.40319 048 -0.20874 905 0.09710 619 -0.73920 163 1.9 +0.04170 188 0.94004 300 -0.33387 856 +0.10670 215

3.5 -0.37553 382 -0.34344 343 0.16893 984 -0.69311 628 8.0 -0.05270 505 0.93556 094 -0.33125 158 -0.15945 050
3.6 -0.33477 748 -0.46986 397 0.23486 631 -0.62117 283 8.1 -0.14290 815 0.85621 859 -0.30230 331 -0.41615 664
3.7 -0.28201 306 -0.58272 780 0.29235 261 -0.52461 361 8.2 -0.22159 945 0.70659 870 -0.24904 019 -0.64232 293
3.8 -0.21885 598 -0.67688 257 0.33904 647 -0.40581 59Z 8.3 -0.28223 176 0.49727 679 -0.17550 556 -0.81860 044
3.9 -0.14741 991 -0.74755 809 0.37289 058 -0.26829 836 8.4 -0.31959 219 +0.24422 089 -0.08751 798 -0.92910 958

4.0 -0.07026 553 -0.79062 858 0.39223 471 -0.11667 057 8.5 -0.33029 024 -0.03231 335 +0.00775 444 -0.96296 917
4.1 +0.00967 698 -0.80287 254 0.39593 974 +0.04347 872 8.6 -0.31311 245 -0.30933 027 0.10235 647 -0.91547 918
4.2 0.08921 076 -0.78221 561 0.38346 736 0.20575 691 8.7 -0.26920 454 -0.56297 685 0.18820 363 -0.78882 623
4.3 0.16499 781 -0.72794 081 0.35494 906 0.36320 468 8.8 -0.20205 445 -0.77061 301 0.25778 240 -0.59221 371
4.4 0.23370 326 -0.64085 018 0.31122 860 0.50858 932 8.9 -0.11726 631 -0.91289 276 0.30483 241 -0.34136 475

4.5 0.29215 278 -0.52336 253 0.25387 266 0.63474 477 9.0 -0.02213 372 -0.97566 398 0.32494 732 -0.05740 051
4.6 0.33749 598 -0.37953 391 0.18514 576 0.73494 444 9.1 +0.07495 989 -0.95149 682 0.31603 471 +0.23484 379
4.7 0.36736 748 -0.21499 018 0.10794 695 0.80328 926 9.2 0.16526 800 -0.84067 107 0.27858 425 0.50894 402
4.8 0.38003 668 -0.03676 510 +0.02570 779 0.83508 976 9.3 0.24047 380 -0.65149 241 0.21570 835 0.73928 028
4.9 0.37453 635 +0.14695 743 -0.05774 655 0.82721 903 9.4 0.29347 756 -0.39986 237 0.13293 876 0.90348 537

5.0 0.35076 101 0.32719 282 -0.13836 913 0.77841 177 9.5 0.31910 325 -0.10809 532 +0.03778 543 0.98471 407
5.1 0.30952 600 0.49458 600 -0.21208 913 0.68948 513 9.6 0.31465 158 +0.19695 044 -0.06091 293 0.97349 918
5.2 0.25258 034 0.63990 517 -0.27502 704 0.56345 898 9.7 0.28023 750 0.48628 629 -0.15379 421 0.86898 388
5.3 0.18256 793 0.75457 542 -0.32371 608 0.40555 694 9.8 0.21886 743 0.73154 486 -0.23186 331 0.67936 774
5.4 0.10293 460 0.83122 307 -0.35531 708 0.22307 496 9.9 0.13623 503 0.90781 333 -0.28738 356 0.42147 209

5.5 0 01778 154 0.86419 722 -0.36781 345 0.02511 158 10.0 0.04024 124 0.99626 504 -0.31467 983 0.11941 411

0.05 9.654894 0.39752 21 0.40028 87 0.40092 31 0.39104 87 20
0.04 11.203512 0.39781 14 0.40002 58 0.40052 06 0.39741 99 25
0.03 13.572088 0.39809 83 0.39975 97 0.40012 11 0.39779 49 33
0.02 17.784467 0.39838 24 0.39949 03 0.39972 48 0.39811 37 50
0.01 28.231081 0.39866 38 0.39921 79 0.39933 19 0.39855 62 100

0.00 0.39894 23 0.39894 23 0.39894 23 0.39894 23

1(-7)41 1(-7)41 1(-7)41 1(-7)5L3] L3] L3i L3



[(_)3] [(-)1] ['] [(_3] [1] [(-3)1]

Table 10.13 ZEROS AND ASSOCIATED VALUES OF AIRY FUNCTIONS
AND THEIR DERIVATIVES

AUXILIARY TABLE-COMPLEX ZEROS AND ASSOCIATED VALUES OF
Bi (z) AND Bi' (z)

eI3o8 Bi'(s8)
s Modulus Phase Modulus Phase
1 2.354 0.095 0.993 +2.641
2 4.093 0.042 1.136 -0.513
3 5.524 0.027 1.224 +2.625
4 6.789 0.020 1.288 -0.519
5 7.946 0.015 1.340 2.622

e-I3ß'8
Modulus Phase

1.121 0.331
3.257 0.059
4.824 0.033
6.166 0.023
7.374 0.017

Froni J. C. P. Miller, The Airy integral, British Assoc. Adv. Sci. Mathematical
Tables Part-vol. B. Cambridge Univ. Press, Cambridge, England, 1946 and
F. W. J. Olver. The asymptotic expansion of Bessel functions of large order.
Philos. Trans. Roy. Soc. London [A] 247, 328-368, 1954 (with permission).

Bi(sÇ)
Modulus Phase

fAi(t)dtfx Ai (_t) dtf Bi(odtf Bi(-t)dt
0.0 0.00000 00 0.00000 00 0.00000 00 0.00000 00 5.0
0.1 0.03421 01 -0.03679 54 0.06373 67 -0.05924 87 5.1
0.2 0.06585 15 -0.07615 70 0.13199 45 -0.11398 10 5.2
0.3 0.09497 09 -0.11802 51 0.20487 68 -0.16411 57 5.3
0.4 0.12164 06 -0.16229 44 0.28256 70 -0.20952 89 5.4

0.5 0.14595 33 -0.20880 95 0.36533 85 -0.25006 28 5.5
0.6 0.16801 79 -0.25736 07 0.45356 50 -0.28553 62 5.6
0.7 0.18795 52 -0.30768 05 0.54773 36 -0.31575 56 5.7
0.8 0.20589 45 -0.35944 15 0.64845 82 -0.34052 58 5.8
0.9 0.22196 97 -0.41225 56 0.75649 64 -0.35966 27 5.9

1.0 0.23631 73 -0.46567 40 0.87276 91 -0.37300 50 6.0
Li 0.24907 33 -0.51918 94 0.99838 41 -0.38042 77 6.1
1.2 0.26037 12 -0.57224 05 1.13466 38 -0.38185 43 6.2
1.3 0.27034 09 -0.62421 79 1.28318 00 -0.37726 99 6.3
1.4 0.27910 66 -0.67447 31 1.44579 42 -0.36673 34 6.4

1.5 0.28678 67 -0.72232 88 1.62470 81 -0.35038 81 6.5
1.6 0.29349 24 -0.76709 26 1.82252 33 -0.32847 24 6.6
1.7 0.29932 75 -0.80807 24 2.04231 52 -0.30132 67 6.7
1.8 0.30438 82 -0.84459 41 2.28772 12 -0.26939 97 6.8
1.9 0.30876 29 -0.87602 06 2.56304 90 -0.23325 04 6.0

2.0 0.31253 28 -0.90177 28 2.87340 83 -0.19354 74 7.0
2.1 0.31577 11 -0.92135 09 . -0.15106 46 7.1
2.2 0.31854 43 -0.93435 56 . -0.10667 1.8 7.2
2.3 0.32091 19 -0.94050 97 . -0.06132 23 7.3
2A 0.32292 74 -0.93967 67 . -0.01603 45 7.4

2.5 0.32463 80 -0.93187 78 . +0.02812 94 7.5
2.6 0.32608 57 -0.91730 54 0.07009 01 7.6
2.7 0.32730 74 -0.89633 20 . 0.10878 06 7.7
2.8 0.32833 55 -0.86951 37 0.14317 88 7.8
2.9 0.32919 83 -0.83758 77 . 0.17234 20 7.9

3.0 0.32992 04 -0.80146 29 0.19544 25 8.0
3.1 0.33052 31 -0.76220 32 0.21180 21 8.1
3.2 0.33102 40 -0.72100 37 0.22092 49 8.2
3.3 0.33144 15 -0.67915 91 0.22252 61 8.3
3.4 0.33178 65 -0.63802 56 0.21655 57 8.4

3.5 0.33207 15 -0.59897 71 0.20321 50 8.5
3.6 0.33230 63 -0.56335 61 . 0.18296 47 8.6
3.7 0.33249 93 -0.53242 25 . 0.15652 33 8.7
3.8 0.33265 76 -0.50730 05 . 0.12485 43 8.8
3.9 0.33278 70 -0.48892 77 . 0.08914 28 8.9

4.0 0.33289 27 -0.47800 75 +0.05076 01 9.0
4.1 0.33297 86 -0.47496 79 0.01121 78 9.1
4.2 0.33304 84 -0.47992 95 -0.02788 79 9.2
43 0.33310 50 -0.49268 51 -0.06494 00 9.3
4.4 0.33315 07 -0.51269 28 -0.09837 02 9.4

4.5 0.33318 76 -0.53908 35 . -0.12673 04 9.5
4.6 0.33321 73 -0.57068 59 . -0.14876 50 9.6
4.7 0.33324 11 -0.60606 63 . -0.16347 66 9.7
4.8 0.33326 02 -0.64358 51 -0.17018 59 9.8
4.9 0.33327 54 -0.68146 70 . -0.16857 74 9.9

5.0 0.33328 76 -0.71788 22 . -0.15873 09 10.0

0.33328 16 -0.71788 22 -0.15873 09
0.33329 73 -0.75103 62 -0.14113 39
0.33330 50 -0.77926 27 -0.11667 30
0.33331 11 -0.80111 58 -0.08660 41
0.33331 59 -0.81545 49 -0.05250 03

0.33331 97 -0.82151 82 -0.0161.7 86
0.33332 27 -0.81897 90 +0.02038 99
0.33332 50 -0.80797 96 0.05518 54
0.33332 69 -0.78914 06 0.08625 18
0.33332 83 -0.76354 19 0.11181 25

033332 95 -0.73267 53 0.13038 11
0.33333 03 -0.69836 93 0.14086 00
0.33333 10 -0.66268 96 0.14262 05
0.33333 16 -0.62781 93 0.13555 73
0.33333 20 -0.59592 62 0.12011 15

0.33333 23 -0.56902 35 0.09726 08
0.33333 25 -0.54883 59 0.06847 29
0.33333 27 -0.53667 65 0.03562 42
0.33333 29 -0.53334 74 +0.00088 80
0.33333 30 -0.53906 98 -0.03340 40

0.33333 31 -0.55345 17 -0.06491 67
0.33333 31 -0.57549 72 -0.09147 36
0.33333 32 -0.60365 96 -0.11121 47
0.33333 32 -0.63593 60 -0.12273 90
0.33333 33 -0.66909 96 -0.12521 80

0.33333 33 -0.70336 19 -0.11847 31
. -0.73355 34 -0.10300 57
. -0.75830 99 -0.07997 85
. -0.77575 13 -0.05114 35
. -0.78453 65 -0.01872 22

-0.78398 26 +0.01475 64
-0.77413 57 0.04664 84
-0.75578 55 0.07440 43
-0.73041 93 0.09577 87
-0.70011 70 0.10902 22

. -0.66739 21 0.11303 86
-0.63499 08 0.10749 35

. -0.60566 32 0.09285 98
-0.58192 70 0.07039 64

. -0.56584 22 0.04205 63

-0.55881 97 +0.01033 04
-0.56148 12 -0.02196 26
-0.57358 51 -0.05192 24
-0.59403 00 -0.07682 93
-0.62093 76 -0.09439 87

-0.65181 01 -0.10300 27
. -0.68375 25 -0.10183 70

-0.71373 85 -0.09101 44
-0.73889 84 -0.07157 33
-0.75680 07 -0.04539 57

. -0.76569 84 -0.01504 04

s a8 Ai'(a) a'8 Ai(a',) b8 Bi'(b8) b'8 Bi(b'8)

2
- 2.33810
- 4.08794

741
944

+0.70121 082
-0.80311 137

- 1.01879
- 3.24819

297
758

+0.53565 666
-0.41901 548

- 1.17371
- 3.27109

322
330

+0.60195
-0.7 6031

789
014

- 2.29443
- 4.07315

968
509

-0.45494
+0.39652

438
284

3
4

- 5.52055
- 6.78670

983
809

+0.86520
-0.91085

403
074

- 4.82009
- 6.16330

921
736

+0.38040
-0.35790

647
794

- 4.83073
- 6.16985

784
213

+ 0. 83699
-0.88947

101
990

- 5.51239
- 6.78129

573
445

-0.36796
0.34949

916
912

5 - 7.94413 359 +0.94733 571 - 7.37217 726 0.34230 124 - 7.37676 208 +0. 92098 364 - 7.94017 869 -0.33602 624

6 - 9.02265 085 -0.97 792 281 - 8.48848 673 -0.33047 623 - 8.49194 885 -0.96323 443 - 9.01958 336 +0.32550 974
7
8

-10.04017
-11.00852

434
430

+1. 00437
-1.02773

012
869

- 9.53544
-10.52766

905
040

+0.32102
-0.31318

229
539

- 9.53819
-10.52991

438
351

+0.99158
-1.01638

637
966

-10.03769
-11.00646

633
267

-0.31693
0.30972

465
594

9
10

-11.93601
-12.82877

556
675

+1. 04872
-1. 06779

065
386

-11.47505
-12.38478

663
837

0.30651
-0.30073

729
083

-11.47695
-12.38641

355
714

+1.03849
-1.05847

429
184

-11.93426
-12.82725

165
831

-0.30352
0.29810

766
491

0.750 +0.466
0.592 -2.632
0.538 +0.515
0.506 -2.624
0.484 +0.519
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Table 10.12 INTEGRALS OF AIRY FUNCTIONS

fAi (z) dt
f

Ai (-t) dzfx Bi (-t) dz
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11.1. Simple Integrals of Bessel Functions

fttJ. (t)dt

11.1.1

zP

JJt)dt=
2 )

o

(v+2k+1)r ('+l+k)
xÊ

k=O

11.1.2

ftJ(t)dt =2 JY-l-lk+l(z) (gb> 1)

I$z Pt n-1
11.1.3 I J2(t)dc= J J0(t)dt-2 J2k+l(Z)

Jo Jo kO

11.1.4 J21c(Z)

Recurrence Relations

11.1.5

J'tJn+i(t)dt=JtJn_i(t)dt2Jn(z) (n>0)

11.1.6 ftJi(t)dt=i J(z)

j'J0(t)dt ,f Y(t)dt
I(t)dt ,fK0(t)dt

480

11. Integrals of Bessel Functions
Mathematical Properties

JP+lk+l (z)r('+3+k)
( (+v+ 1) >0)

11.1.7

feo(t)dt=xco(x) +1rx { II(x) (x)Rj(x)(x) }

Çf(x) =AJ(x) +BY(x),v=0,1

A and B are constants.

11.1.8

ix +1rx[ L0(x)Z1(x) +Li(x)Zo(x)

Z(x) =AI(x) +BeTKp(x),v=0,1

A and B are constants.

H(x) and
chapter 12).

11.1.9

JK0(t)dt=
*

L(x) are Struve functions (see

(x/2)2k(7+ln) x
(k!)2(2k+1)

+x
(x/2)2k

k.O (k02(2k+1)2
(x/2)2k

(k!)2(2k+l) (i+p

y (Euler's constant)= .57721 56649

In this and all other integrals of 11.1, x is real
and positive although all the results remain valid
for extended portions of the complex plane unless
stated to the contrary.

11.1. 10

J K0(t)dt= J' J(t)dt+t
"z.w Y0(t)dt

o

Asymptotic Expansions

11.1.11

f[J0(t)
+iYo(t)]dt

(-)4 e2_n/4)
z ,Tx

()ka2jx_2 l+i (_)kalkx_2k]

11.1.12 r(k+) r(s+)
F(*) s=o 2's!I'(4)

11.1.13

2(k+1)akI=3 (ic-4)(k+) '
_..(k+)2 (k_k)



11.1.14 xef 10(t)dt'-.-' (2ir) Ê
where the ak are defined as in 11.1.12.

11.1.15 xef Ko(t)dt_..()1 Ê ()takx

where the a are defined as in 11.1.12.

Polynomial Approximations2

11.1.16 8z
i: [Jo(t)+iYo(t)]dt

r7

=xe[(_)kak(x/8)_2lk=O

7

+i (_)kbk(x/8)-2k+«x)]kO

k(x)I 2X10°

11.1.17 8x
l'z 6

x4e I0(t)dt=. dk(x/8)+e(x)
Jo kO

I(x)I <2X10°

k

0 . 39894 23

1 .03117 34
2 .00591 91

3 . 00559 56

4 -. 01148 58
5 . 01774 40

6 -. 00739 95
2 Approximation 11.1.16 is from A. J. M. Hitchcock.

Polynomial approximations to Bessel functions of order
zero and one and to related functions, Math. Tables Aids
Comp. 11, 86-88 (1957) (with permission).
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11.1.18 7x
6

xlex
I K0(t)dt= (_)ke(x/7)k+(x)Jx k=O

k(x)! 2X107
k

0 1. 25331 414
1 0. 11190 289
2 . 02576 646
3 . 00933 994
4 . 00417 454
5 .00163 271
6 . 00033 934

fJ0(t)dt f
Y0(t)dt fK(t)dtt' t'

11.1.19

1J0(t)
dt

=2x' Ê (2k+3) ['(k+2) '(1)] J2k-1a(x)
k=O

=1-2x1J1(x)

+2x_1 Ê (2k+5) ['(k+3) '(1) 1 ]J,k+s(x)
k O

For '(z), see 6.3.

11. 1.20

J0(t)dt xfx [1J0(t)}dt
---i-ifl t

x\2k

=-Ê
(_)k()

k-1 2k(k!)2

11.1.21

f:
Y(:)dt (in

)2_
(in )+

(_.)2)

2
(_)k (x)2k

{(k+i)+_1n }+-Eir k=l 2k(k!)2

11.1.22

K(t)dt 1 (in )2+y in

fx\2k

- 22 {(k+1)±_in }
11.1.23

(' K0(t)dt ir (' J0(t)dt ir r Y0(t)dt
j t 2J t 2J t

481

k

0 . 06233 47304 . 79788 45600
i . 00404 03539 . 01256 42405
2 . 00100 89872 . 00178 70944
3 . 00053 66169 . 00067 40148
4 . 00039 92825 . 00041 00676
5 . 00027 55037 . 00025 43955
6 .00012 70039 .00011 07299
7 . 00002 68482 . 00002 26238
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Asymptotic Expansions

11.1.24
(t)dt2g1(x)(x) go(x)(x)

X X2 X

where

go(x)..(_)k (x)_2k(fr!)2
k0

(xV2'
\2JkO

f gi(t)dt
11.1.25 go(x)=2x2

ta

11.1.26

where

11.1.27

x3/2exJ

K0(t)dt (_)kC_lc
X t

13
c0=1, ci=-8-

2(k+1)ckl=[3(k+1)2+] ct(k+)3c_i

INTEGRALS OF BESSEL FUNCTIONS

xiezJoe
K0(t)dt

z t kO

j«x)! <6X10'
k dk

0 1. 25331 41

1 0. 50913 39
2 .32191 84
3 .26214 46
4 .20601 26
5 .11103 96
6 . 02724 00

11.1.31 5<x<

xIe-xfx['0j (x)
+(x)

o t k0

k(x)iL1X1O-5

11.2. Repeated Integrals of J(z) and K0(z)

Repeated Integrals of J,,(z)

Let

11.2.1

Jo, (z) =J(z),

J(t)dt,. . ., f(z) fz

11.2.2 J(z)
Then

11.2.3

1 I'Z

Jr.n(Z)=F(r) J
(zt)7'J(t)dt (?r>0)

11.2.4 Jr n(Z)r.) r(k-j-r)
2i.(Z)n+r+

k fi.

0 0. 39893 14
1 . 13320 55
2 -. 04938 43
3 1. 47800 44
4 8. 65560 13
5 28. 12214 78
6 48. 05241 15
7 40. 39473 40

8 11. 90943 95

9 3. 51950 09
10 2. 19454 64

k al,, b

o i.o 1.0
1 0. 15999 2815 0. 31998 5629
2 . 10161 9385 . 30485 8155
3 . 13081 1585 . 52324 6341
4 . 20740 4022 1. 03702 0112
5 . 28330 0508 1. 69980 3050
6 . 27902 9488 1. 95320 6413
7 . 17891 5710 1. 43132 5684
8 . 06622 8328 0. 59605 4956
9 . 01070 2234 . 10702 2336

11.1.28 x312e
[IO(t)-11dt(2)-I

.10 t k=0

"X loe
CFCXk

where c is defined as in 11.1.27.

Polynomial Approximations

11.1.29 5x
r (t)dt_2gi(x)(x) g0(x)(x)

ix t - X2 X

where

(_)ka(x/5)_2+e(x),

g1(x) ==E ()kb(X/5) +e(X)
k=0

k(x)J2X107

11.1.30 4<x<



Then

11.2.10

Ki(z)

Let

11.3.1 gt(Z)=f e'ttuZ(t)dt

where Z(z) represents any of the Bessel functions
of the first three kinds or the modified Bessel
functions. The parameters a and b appearing in
the reduction formulae are associated with the
particular type of Bessel function as delineated
in the following table.

273-888 O-67-32

Recurrence Relations
11.2.5

r(rl)fr+i, (z) 2fr1)ZJr (z)
[(1r)2rt2+zlfr..1, (z)

+ (2r-3)zf_2,(z) z2f3, (2)
11.2.6

ift1,0(Z) ZIr, o(Z) - (r 1)fr_i, o(Z) + ZIr-2, 0(2)

11.2.7 Jr-i-i, n+i(2)=Jr+i, _1(z)-2J,, (z)

Repeated Integrals of Ko(z)
Let

11.2.8

Kio(z) =K0(z),

Kii(z)f K0(t)dt, . . ., Kjr(Z)J Kjri(t)dt

11.2.9 Ki_(z)=()t Ko(z)

°°"
dt

cosht t

(zO, ?r>O, .q?z>O, r=O)
11.2.11

Ki(z) F (tz)T'Ko(t)dtz
(?2O, ??r>O)

11.2.12 Kjir(0)
_r(r)r(-)
- r(r+) (r>O)

r(r+)
11.2.13 Kj2r+i = r r (r+1) (r>)
11.2.14

rKiri(z) = ZKi7(Z)+ (r l)Kiri (z) + zKi_2(z)

11.3. Reduction Formulas for Indefinite
Integrals

INTEGRALS OF BESSEL FUNCTIONS

11.3.9

fo

fo

etztvJ,(t)dt= [J(z)iJ1(z)]
2v+ i (gv>)

11.3.10

z ezz_P+lett'J(t)dt= [J.(z)+iJ1(z)]2p i

+2P1(2vi)r() (_)
11.3.11

z eizzz+l
etttY.(t)dt= [Yz(2)jYp+i(Z)]2v+ i

i2'F (v+i)
ir(2v+1)

11.3.12

e'tI.(t)dt= [I(z) FI.1(z)]2p+ i (> '
1)

fo

483

11.3.2 Z(z) a b

J,(z), Yz(2), H,1>(z), H(z) i i
I.(z) 1 11 1

11.3.3

pg., .(z) e_z'Z,(z)
+(I.e+v)gp_j, p(Z)agppi(Z)

11.3.4

pg,, .+i(Z) eZZ..i-1(z)
+ (IL v-1 )gp_i,(z) +bg...(z)

11.3.5

(p2+ab)g(z) e'2Z'Z+i(z)

+ (eh p i )e_z_'Z.(z) pe'2z'Z(z)
+p(2i. i )gp._i ,.(z) + Ev2 (,. i )2}g2,(z)

11.3.6

a(v j.)g,1(z)= _2ve_ulzzliZw(z) 2vpg.,,(z)

+b(i+v)g,_i(z)

Case 1: p2+ab=O, v=±(jl)

11.3.7 g..,,,(z)=e_P2z{Z(Z)a Z3(z)}2v+ i

11.3.8 g,..(z)=- Z,_1(z) }2v i



11.3.13

e_tI(t)dt=ze_z[Io(z) +Ii(z)]
n-1

+n[e_zIo(z)_1]+2e_z (nk)Ik(z)
k-1

11.3.14

"z

J
et'I.(t)dt [I,(z)FI_1(z)]2v-1

i (v)
11.3.15

"z ez'
J

et'K(t)dt= [K,(z) ±K1.1(z)]
o

2'T(v+l)
2v-i-1

(.qb> )

King's integral (see [11.5])

11.3.16 fZetKo(t)dt=ze2[Ko(z+Ki(z)]_i

11.3.17

e'tK,(t)dt
ezz_41

[K(z)+K,_i(z)] (b>)
Case2: pO,ji=±v
11.3.18 bg,, ,i(z)=zvZ,(z)

11.3.19 ag_s, 1(z) =zZ(z)
11.3.20 f tJ_1 (t)dt=zJ. (z) ('>O)

12 i
11.3.21 J

t_VJ+i(t)dt_2
(v+ 1)

zJ (z)
11 .3.22

JzJ(2 (2k-1)J2_i(z)
o t Zk-1

= (2k-1)Jlk_l(z) (n>O)
Z k.n+1

11.3.23
"z

(2n+1)
J2+1(t)dt._fz

J0(t)dt
Jo t o

4fl
J1 (z) --- kJ2 (z)

11.3.24

J"z
2r(v)

PY_1(t)dt=z"Y(z)+ (b>O)
o ir

z

o

11.3.25 tI,1 (t)dt = z'I,(z) (>O)
"t

11.3.26
J

t (t)dt= z- I(z) 2r(v+1)
11.3.27

t'K,_1 (t)dt= - z'K(z) +2''r(v) (?v>O)

11.3.28 f t'Kv1(t)dt=z"K(z)
indefinite Integrals of Products of Bessel Functions

Let z) and ,(z) denote any two cylinder
functions of orders and y respectively.

11.3.29

(2_p2)
}(kt)ì(lt)dtf (/c2-12)t

=z {k(,1(kz)
}

*

- (P)'(kz) ì(lz) J
11.3.30

fo

ft

ft

z

= 2(+v+i) {(Z) )++i(z)i(z) I

11.3.31

-
2(+ v+ 1)

11.3.32

ft Ê (v+2k)J+lk(z) (.'z'>O)

11.3.33
z

t[J_1(t) - J1(t) ]dt =2vJ(z) (atv>o)
o

11.3.34 tJ(t)dt=Ç [J(z) +J(z)]

11.3.35

rz i n
I J(t)J1(t)dt= [1J(z)] J(z)

Jo k-1

= J(z)
k n+1

See page II.
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11.3.36

(/+y)JZ t-1(t)2Y9(t)dt

_(+v+2n)f
=Ç(z) (z) +2+k(z)4+k(z)

Convolution Type Integrals
11.3.37

fo

11.3.40

z t1J(t)J(z_t)dt=

(.?p>O, ,v>-1)
11.3.41

íz J(t)J(zt)dt (M+v)J±.(z)
Jo t(zt) -

(>0, v>O)
11.4. Definite Integrals

Orthogonality Properties of Bessel Functions

Let (z) be a cylinder function of order
In particular, let

11.4.1 Ç(z)=AJ(z) +BY,,(z)

where A and B are real constants. Then

11.4.2

fb tÇ'p(Xmt(p(Xnt)dt=O

=[ t{(i_2) (xt)+2(xt)
(m=n) (0<a<b)

provided the following two conditions hold:
1. Xisarea1zeroof

11.4.3 h1XÇ(1(xb) h2(Xb) =0

f1tJ(amt)J.(ant)dt=0 (mn, y>!)
=

(m=n, 6=0, v>-1)
ira2

= L2i [J()]2

(m=n, b0, vi)

11.4.6

i: t'J+2n+i(t)Jv+2m+i(t)dt0 (m n)

2(2n+y+i)

(m=n)(v+n+m>i)
Definite Integrals Over a Finite Range

11.4.7
f2 J2(2z sin t)dt_ J(z)

11.4.8 fT J(2z sin t) cos 2ntdt=irJ(z)

11.4.9 f2 Y(2z sin t) cos 2ntdt= J(z)Y(z)

11.4.10

f2 jM(Z sin t) sin't cos2'1

2r(v+i)- Ji(z) (,L>1, .?v>i)
11.4.11

f2 J,.(z sin2 t)J(z cos2 t) csc 2tdt

J1-.(z) (iM>O, £?v>0)

INTEGRALS OF BESSEL FUNCTIONS 485

2. There must exist numbers k1 and k2 (both
not zero) so that for all n

11.4.4

In connection with these formulae, see 11.3.29.
If a=0, the above is, valid provided B=0. This
case is covered by the following result.

11.4.5

fo J(t) J(z - t)dt=2
k =0

(>i, b>-1)
11.3.38

fo J(t)J1_(zt)dt=J0(z) cos z (i<p<2)
11.3.39

z

J(t)J_,(zt)dt=sin z (13?vI<1)
o

a1, a2, are the positive zeros of
aJ(x) + bxJ (z) = 0, where a and b are real con-
stants.
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fo

11.4.13

r (+v) F ()e_ttIp(t)dtr(i)2r(p+l)

(+v)>O)
11.4.14

F cos btKo(t)dt=(l+b2)
ir

o

11.4.15

fo

fo

fo

Infinite Integrals

Integrals of the Form f e-2ttPZv(t)dt

11.4.12
(u+.')

e1ttu_1Jp(t)dt= F(z+v) r()
r()2r(v+1)

(!L+v)>O)

arc smb bsin btK0(t)dt=
(1+b2)

2ur (v++1)
11.4.16f tJ(t)dt-

o r (i)
(.(M+P)>_1,

11.4.17 .c: J(t)dt=1 (b>-1)

11.4.18

11.4.19

2

J
tisY(t)dt== (+v+1) r (1LV+1)

ir

ir (±v)>-1,
11.4.20 fY(t)dt=tan

o
(i .vj <1)

INTEGRALS OF BESSEL FUNCTIONS

11.4.23 f Ko(t)dt=

11.4.24 fe_i (t)dt-2('(m)
(w2<1)

O(w2>1)

where T(w) is the Chebyshev polynomial of the
first kind (see chapter 22).

11.4.25

(t)dt

(i)"(1w2)U_1(w)(w2<l)

=O(c2>l)

where U(w) is the Chebyshev polynomial of the
second kind (see chapter 22).

11.4.26

fteJ+4(t)dt= (i)'(2ir)P(w)
= Ø(2> 1)

where P(w) is the Legendre polynomial (see
chapter 22).

11.4.27

where 'y(a, z) is the incomplete gamma function
(see chapter 6).

Integrals of the Form f e"2 L2tMZ,(bt) dt

11.4.28

((,h+v)>O, a2>O)

where the notation M(a, b, z) stands for the con-
fluent hypergeometric function (see chapter 13).

11.4.29

fe _a2t2tY+1J(bt)dt
o Lpb2'

(2a2)P+l (.v>-1, a2>O)

fo e_tt1Ja[2(zt)1dt=7 (a>O, z>O)J 2a/2

fo e2 tu-'J(bt)dt

(
2ar(v+1)

[lJ0(t)}dt r () ()
tI 2 (1<.<3)

25{F (+1)}

11.4.21 (t)dt=O

11.422

ft'K(t)dt=21 r (M+v+l) r (i_v+1)



11.4.30
b2

Jet2Y(bt)dt [i. (a-2) tan vir
o

i 'b'+ sec (IbJ< ga2>O)

11.4.31
b8

8a2 /b2\e2Ip(bt)dt=
e I

2a

(b>-1, .a2>O)
11.4.32

fe_a22Ko(bt)dt= e8° K0 () (a2>O)

Weber- Schafheitlin Type Integrals
11.4.33

joe J(at)J(bt)dt br ( 2 )
2xav_lr(v+1)r ('+1)

(,i+vX+1 v----?+1 b2
X2F1

2 ' 2

(.?(z+vX+1)>O, £?X>-1, O<b<a)
11.4.34

fJM(at)J(bt)dt
a"r ( 2 )

( +vX+1 ivX+lX2F1
2 ' 2

(q(+vX+1)>0, X>i, O<a<b)
For 2F1, see chapter 15.

fo
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Special Cases of the Discontinuous Weher-Schafheitlin
Integral

11.4.35

rJ»(at)sinbtdt
1 r b] (0b<a)--51111 z arc sin

o t L a
lrJ.L

a" sin

4b+ (b2a2)*}" (b a>O)

11.4.36
f00 J(at)cosbtdtl[inò]

1ri
a" cos

(ba>0).[b+ (b2a2)l]"
(>0)

11.4.37

fo

[ arc sin
J(at) cos bt dt= (a2b2)

& sin-
2

(b2_a2)*[b+ (b2a2)*]

(b>a>0) (>-1)
arc sin

fJ(at) sin bt dt= (a2b2)4

a" cos

11.4.38

11.4.42 fJ» (at)J_1(bt)d

b0T(p,)

(b>a>0)

(.qb>>-1)

i
2b

(0< b<a)

(0<b =a)

=0 (b>a>0)

(>0)
fJo(at)11.4.43 f iJ0(bt)}dt=0 (0<ba)

b=ln- (ba>0)a

= (b2a2)i[b+ (b2a2)4J"

(b>a>0) (h>-2)
11.4.39

J etJo(at)dtr_(a2 b2)' (0b<a)
1000 i
o

i
(0<a< b)(b2_a2)4

11.4.40

f eub0tYo(at)dt=(2b2)
. barcsm (0b<a)a

2i
- (b2_a2)4(b2_a2)l

Xln
{b_(_a2)1}

(0<a<b)

11.4.41

(at)J(bt)dt=0 (0<b<a)

2_0+la$(b2_a2)__l
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(O<b<a)



(a>ø, íz>0,-1<Jb<2i+

11.4.45

fJ.(at)dt [I(az)-L,(az)]
, tv(t2+zS)2z

(a>o, PÁz>0,

11.4.46r Y0(at)dt Ko(az)
J o t2+22 - z (a>0, z'>0)

11.5. Use and Extension of the Tables

J0(t)dt,f Yo(t)dt,JZ 10(t)dt ,f I(0(t)dt

For moderate values of x, use 11.1.2 and 11.1.7-
11.1.10 as appropriate. For z sufficiently large,
use the asymptotic expansions or the polynomial
approximations 11.1.11-11.1.18.

r 3.05
Example 1. Compute I Jo(t)dt to 5D.

Jo
Using 11.1.2 and interpolating in Tables 9.1 and
9.2, we have

I3.05

JJ0(t)dt=2[.32019 09+.31783 69+.04611 52
o

+. 00283 19+.00009 72+.00000 21]
= 1.37415

Example 2. Compute I J,(t)dt to 5D by
Jo

interpolation of Table 11.1 using Taylor's formula.
We have

rx h2
J0(t)dt= I Jo(t)dt+hJ0(x)--7Ji(x)

J0 JO

+ EJ2(x)-Jo(x)1+ [3J1(x)-J3(x)]+

Then with x=3.0 anl h=.05,
¡f3. 05

I J0t)dt=1.387567+(.05)(-.260052)
Jo

- (.00125) (.339059)

+(.000010)(.746143)=1.37415

11.4.48

ÇJ,(at)dt(t2+
2)l__Ii.(az)K4.(Jaz)

(a>0, .qz>0, .b>-1)
11.4.49

fJ.(at)dt
(r(v+1)

, t(t2+z2) F(2v+1)
I,(az)K,(az)

(a>0, z>0, .b>-1)

Numerical Methods

This value is readily checked using x=3.1 and
h=-.05. Now Jo(x)l1 for all z and jJ(xl
<2i, n i for all z. In Table 11.1, we can
always choose 1&j .05. Thus if all terms of O(h)
and higher are neglected, then a bound for the
absolute error is 2*h4/48<.2.106 for all z if M

.05. Similarly, the absolute error for quadratic
interpolation does not exceed

hS(21+2)/24<.2 . 10.

Example 3. Interpolation of fJo(t)dt using
Simpson's rule. We have

fz-f-h

z z+h
J0(t)dt=f Jo(t)dt+f J0(t)dt

r+h
J(t)dt= [o(x) +4J0 (x++Jo(x+h)]+R

R__2880 J4), x<E<x+h

J4) (z) = [J4(x) -4J2 (z) +3J0(x)]

IJ4)(x)l<656<.82

and with h .05, it follows that

Rl<.9. 10°
Thus if x=3.O and h=.05

Now

r3.05 f Ø5\

JJ0(t)dt=1.38756 72520+' / [-.26005 19549
0 6

+4(- .26841 13883)- .27653 495991
=1.37414 86481
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Bankel-Nicholson Type Integrals

FUNCTIONS

11.4.47

11.4.44
fK.(at)dt

ir2

aIL ZVIL
K,_(az)

, t(t2+z2) 4.+1 [II.(az) -Y,(az)}

(.?a>0, .z>0, b<)ft''J.(at)dt(t2+z2)1 2"F(,L+l)



which is correct to bD. The above procedure
gives high accuracy though it may be necessary to

. . ¡hinterpolate twice in J0(x) to compute Jox+

and Jo(a+h). A similar technique based on the
trapezoidal rule is less accurate, but at most only
one interpolation of J0(x) is required.

I"
Example 4. Compute I Jo(t)dt and I

Yo(t)clt
Jo Jo

to 5D using the representation in terms of Struve
functions and the tables in chapters 9 and 12.

For x=3, from Tables 9.1 and 12.1

Using 11.1.7, we have

foi J0(t)dt=3(.260052) + [(.574306)(.339059)

(1.020110)(.260052)]
= 1.38757

Similarly, r
Jo

Y0(t)dt= .19766

Using 11.1.8 and Tables 9.8 and 12.1, one can
computefX 10(t)dt andf

Z

K0(t)dt.

fJ(t)dt,f
Y0(t)dt,fx [Io(t)-1]dt,f

X t X t O t t

For moderate values of x, use 11.1.19-11.1.23.
For z sufficiently 1arg, use the asymptotic ex-
pansions or the polynomial approximations
11.1.24-11.1.31.

Repeated Integrals of Jo(x)

For moderate values of x and r, use 11.2.4.
If r=1, see Example 1. For moderate values of
z, use the recurrence formula 11.2.5. If z is large
and x»r, see the discussion below.

Example 5. Compute J, 0(x) =fr(Z) to SD for
x=2 and r=0(1)5 using 11.2.6. We have

rfr+i (z) =zfr(x) - (r 1)fr_i (z) +zf_2(x)

f_i(x) =J1(z),f0(x) =Jo(x),f1 (x)=f J0 (t) dt

and the terms on this last line are tabulated. Thus
for z=2,

= - .57672 48, fo .22389 08, = 1.4257703
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Jo=. 260052 Ji= . 339059
376850 Y1= .324674

H= . 574306 H1=1. 020110

The recurrence formula gives

Similarly,
f2=2(f1+f_1)=1.69809 10

f3=1.20909 66,f4=.62451 73,f5=.25448 17

When x»r, it is convenient to use the auxil-
iary function

gr(z)=(r-1)!x'fr(x)
This satisfies the recurrence relation

.2gr+i(x) =x2gr (r 1)2g..j(z)
+(r-1)(r-2)g_2(z), r3

gi(x) =f'Jo(t)dt, g2(z)=g1(z)J1(x)

g3(z) = [z2g2(z) gi(z) +xJo(z)]/x'

Example 6. Compute gr(E) to 5D for x= 10

and r=0(1)6. We have for z=10,

J0=.24593 58, Jj=r.04347 27, g1=1.06701 .13

Thus
g2=1.02353 86, g3=.98827 49

and the forward recurrence formula gives

g4=.96867 36, g5=.94114 12, g6=.90474 64

For tables of 27fr(X), see [11.161.

Repeated Integrals of Ko(x)

For moderate values of z, use the recurrence
formula 11.2.14 for all r.

Example 7. Compute Kir(X) to 5D for x=2
and r=0(1)5. We have

rKi+1(x) = Kir(X) +(r 1)Ki7_j(x) +XKir_i(X)

KL(z) =K1(x), Ki0(x)=Ko(x), Kii(x)=fKo(t)dt
and the functions on this last line are tabulated
Thus for x=2,

K0=.11389 39, K1=.13986 59, Ki1=.09712 06

and
Ki2= 2Ki1 +2K1 = .08549 06

Similarly,

Ki3=.07696 36, Ki4=.07043 17, Ki5=.06525 22

If x/r is not large the formula can still be used
provided that the starting values are sufficiently
accurate to offset the growth of rounding error.

For tables of Ki(x), see [11.11].



o=m. Then

fm(X)= [(m 1)fm2(x)x2K1(x)

x(m 1)K0(x)]/x2 (rn>1)

27,f4= 93,Js= 36f2= .05791 .01458 .00685

um gr_(x)=fm(x), m=r-2k
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1 (-4)7
L7

1(-3)2
L6

0. 0 0. 00000 00000 0. 00000 00000 0. 00000 00 1. 57079 63

0. 1 0. 09991 66979 -0.21743 05666 0. 09055 92 1. 35784 82

0. 2 0.19933 43325 -0. 34570 88380 0. 16429 28 1. 25032 54

0. 3 0.29775 75802 -0. 43928 31758 0. 22391 79 1. 17280 09

0. 4 0. 39469 85653 -0. 50952 48283 0. 27172 46 1.11171 28

0. 5 0. 48968 05066 -0. 56179 54559 0. 30964 29 1. 06127 17

0. 6 0. 58224 12719 -0. 59927 15570 0. 33929 99 1. 01836 48

0. 7 0. 67193 68094 -0. 62409 96341 0. 36206 71 0. 98109 70

0. 8 0. 75834 44308 -0. 63786 88991 0. 37910 05 0. 94821 80

0. 9 0. 84106 59149 -0. 64184 01770 0. 39137 42 0. 91885 56

1. 0 0. 91973 04101 -0. 63706 93766 0. 39970 88 0. 89237 52

1. 1 0. 99399 71082 -0. 62447 91607 0. 40479 52 0. 86829 97

1. 2 1. 06355 76711 -0. 60490 26964 0. 40721 52 0. 84626 10

1. 3 1. 12813 83885 -0. 57911 12548 0. 40745 78 0. 82596 89

1. 4 1. 18750 20495 -0. 54783 19295 0. 40593 39 0. 80719 04

1. 5 1. 24144 95144 -0. 51175 90340 0. 40298 85 0. 78973 57

1. 6 1. 28982 09734 -0. 47156 13039 0. 39891 09 0. 77344 80

1. 7 1. 33249 68829 -0. 42788 62338 0. 39394 29 0. 75819 62

1. 8 1. 36939 85727 -0. 38136 24134 0. 38828 68 0. 74386 97

1. 9 1. 40048 85208 -0. 33260 04453 0. 38211 11 0. 73037 44

2. 0 1. 42577 02932 -0. 28219 28501 0. 37555 57 0. 71762 95

2. 1 1. 44528 81525 -0. 23071 32490 0. 36873 67 0. 70556 50

2. 2 1. 45912 63387 -0. 17871 50399 0. 36174 98 0. 69412 02

2. 3 1. 46740 80303 -0. 12672 97284 0. 35467 38 0. 68324 16

2. 4 1. 47029 39949 -0. 07526 50420 0. 34757 29 0. 67288 26

2. 5 1. 46798 09446 -0. 02480 29261 0. 34049 93 0. 66300 15

2. 6 1. 46069 96081 +0. 02420 24953 0. 33349 48 0. 65356 16

2. 7 1. 44871 25408 0. 07132 69288 0. 32659 30 0. 64452 98

2. 8 1. 43231 16899 0. 11617 78353 0. 31981 99 0. 63587 68

2. 9 1. 41181 57386 0. 15839 62206 0. 31319 59 0. 62757 60

3. 0 1. 38756 72520 0. 19765 82565 0. 30673 62 0. 61960 34

3. 1 1. 35992 96508 0. 23367 66986 0. 30045 18 0. 61193 74

3. 2 1. 32928 40386 0.26620 20748 0. 29435 04 0. 60455 84

3. 3 1. 29602 59125 0. 29502 36222 0. 28843 67 0. 59744 84

3. 4 1. 26056 17835 0. 31996 99576 0. 28271 31 0. 59059 11

3. 5 1. 22330 57382 0. 34090 94657 0. 27718 02 0. 58397 14

3. 6 1. 18467 59706 0. 35775 03989 0. 27183 70 0. 57757 57

3. 7 1. 14509 13136 0. 37044 06831 0. 26668 11 0. 57139 13

3. 8 1. 10496 78009 0. 37896 74266 0. 26170 94 0. 56540 66

3. 9 1. 06471 52877 0. 38335 61369 0. 25691 78 0. 55961 09

4. 0 1. 02473 41595 0. 38366 96479 0. 25230 18 0. 55399 42

4. 1 0. 98541 21560 0. 38000 67672 0. 24785 61 0. 54854 72

4. 2 0. 94712 13375 0. 37250 06552 0. 24357 56 0. 54326 15

4. 3 0. 91021 52175 0. 36131 69475 0. 23945 46 0. 53812 91

4. 4 0. 87502 60866 0. 34665 16398 0. 23548 74 0. 53314 27

4. 5 0. 84186 25481 0. 32872 87513 0. 23166 83 0. 52829 52

4. 6 0. 81100 72858 0. 30779 77892 0. 22799 15 0. 52358 03

4. 7 0. 78271 50802 0. 28413 10351 0. 22445 13 0. 51899 19

4. 8 0. 75721 10902 0. 25802 06786 0.22104 21 0. 51452 43

4. 9 0. 73468 94106 0. 22977 58227 0. 21775 83 0. 51017 24

5.0 0.71531 19178 0. 19971 93876 0. 21459 46 0. 50593 10
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X
IX

f:0 etf 10(t) dt K0 (t) dt



L 7
1(-4)4
L7

I (- 5)1
L4

I (-5)1
L4

5. 0 0.71531 19178 0. 19971 93876 0. 21459 46 0. 50593 10
5. 1 0. 69920 74098 0. 16818 49405 0. 21154 58 0.50179 55
5. 2 0. 68647 10457 0. 13551 34784 0. 20860 68 0. 49776 16
5. 3 0.67716 40870 0. 10205 01932 0. 20577 28 0. 49382 50
5. 4 0.67131 39407 0. 06814 12463 0. 20303 89 0. 48998 19

5. 5 0. 66891 44989 0. 03413 05806 0. 20040 08 0. 48622 86
5. 6 0. 66992 67724 +0. 00035 67983 0. 19785 40 0. 48256 16
5. 7 0. 67427 98068 -0.03284 98697 0. 19539 44 0. 47897 75
5. 8 0. 68187 18713 -0. 06517 04775 0. 19301 81 0. 47547 34
5. 9 0. 69257 19078 -0. 09630 01348 0. 19072 13 0. 47204 60

6. 0 0. 70622 12236 -0. 12595 06129 0. 18850 02 0. 46869 29
6. 1 0. 72263 54100 -0.15385 27646 0. 18635 16 0. 46541 11
6. 2 0. 74160 64692 -0. 17975 87372 0. 18427 20 0. 46219 83
6. 3 0. 76290 51256 -0. 20344 39625 0. 18225 84 0. 45905 20
6. 4 0. 78628 33012 -0. 22470 89068 0. 18030 78 0. 45596 99

6. 5 0. 81147 67291 -0. 24338 05692 0. 17841 74 0. 45294 98
6. 6 0. 83820 76824 -0. 25931 37161 0. 17658 44 0. 44998 97
6. 7 0. 86618 77897 -0. 27239 18447 0. 17480 64 0. 44708 76
6. 8 0. 89512 09137 -0. 28252 78684 0. 17308 09 0. 44424 15
6. 9 0. 92470 60635 -0. 28966 45218 0. 17140 55 0. 44144 97

7. 0 0. 95464 03155 -0. 29377 44843 0. 16977 82 0. 43871 05
7. 1 0. 98462 17153 -0. 29486 02239 0. 16819 68 0. 43602 22
7. 2 1. 01435 21344 -0. 29295 35658 0. 16665 93 0. 43338 34
7. 3 1. 04354 00558 -0. 28811 49927 0. 16516 39 0. 43079 23
7. 4 1. 07190 32638 -0. 28043 26862 0. 16370 89 0. 42824 76

7. 5 1. 09917 14142 -0. 27002 13202 0. 16229 24 0. 42574 81
7. 6 1. 12508 84628 -0. 25702 06208 0. 16091 30 0. 42329 20
7. 7 1. 14941 49299 -0. 24159 37080 0. 15956 91 0. 42087 86
7. 8 1. 17192 99830 -0. 22392 52368 0. 15825 93 0. 41850 63
7. 9 1. 19243 33198 -0. 20421 93575 0. 15698 21 0. 41617 40

8. 0 1. 21074 68348 -0. 18269 75150 0. 15573 64 0. 41388 07
8. 1 1. 22671 60587 -0. 15959 61109 0. 15452 08 0. 41162 52
8. 2 1. 24021 13565 -0. 13516 40494 0. 15333 42 0. 40940 65
8. 3 1. 25112 88778 -0. 10966 01934 0. 15217 55 0. 40722 37
8. 4 1. 25939 12520 -0. 08335 07540 0. 15104 36 0. 40507 56

8. 5 1. 26494 80240 -0. 05650 66385 0. 14993 74 0. 40296 15
8. 6 1. 26777 58297 -0. 02940 07834 0. 14885 61 0. 40088 04
8. 7 1. 26787 83120 -0. 00230 54965 0. 14779 88 0. 39883 15
8. 8 1. 26528 57796 +0. 02451 01664 0. 14676 44 0. 39681 40
8. 9 1. 26005 46162 0. 05078 29664 0. 14575 23 0. 39482 69

9. 0 1. 25226 64460 0. 07625 79635 0. 14476 16 0. 39286 97
9. 1 1. 24202 70675 0. 10069 08937 0. 14379 16 0. 39094 15
9. 2 1. 22946 51666 0. 12385 04194 0. 14284 16 0. 38904 17
9. 3 1. 21473 08237 0. 14552 02334 0. 14191 08 0. 38716 95
9. 4 1. 19799 38314 0. 16550 09969 0. 14099 87 0. 38532 41

9. 5 1. 17944 18392 0. 18361 20962 0. 14010 46 0. 38350 53
9. 6 1. 15927 83464 0. 19969 32017 0. 13922 78 0. 38171 20
9. 7 1. 13772 05614 0. 21360 56169 0. 13836 79 0. 37994 39
9. 8 1. 11499 71504 0. 22523 34059 0. 13752 43 0. 37820 03
9. 9 1. 09134 58985 0. 23448 42919 0. 13669 65 0. 37648 06

10. 0 1. 06701 13040 0. 24129 03183 0. 13588 40 0. 37478 43
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X (t) dt
fXy

(t)dt ex 10(t) dt e'j K0 (t) dt



1(-4)3L6
1(-4)2
17

0.0 0.00000 000 - 0. 00000 000 0. 000000
0. 1 0. 00124 961 -1. 34138 382 0. 00113 140 0. 368126
0.2 0.00499 375 -0. 43423 067 0. 00409 877 0.460111
0. 3 0. 01121 841 -0. 05107 832 0. 00835 768 0. 506394
0.4 0.01990 030 +0.15238 037 0. 01347 363 0. 532910

0. 5 0. 03100 699 0. 26968 854 0. 01910 285 0. 548819
0. 6 0. 04449 711 0. 33839 213 0. 02497 622 0. 558366
0. 7 0. 06032 057 0. 37689 807 0. 03088 584 0. 563828
0. 8 0. 07841 882 0. 39543 866 0. 03667 383 0. 566545
0. 9 0. 09872 519 0. 40022 301 0. 04222 295 0. 567355

1.0 0. 12116 525 0. 39527 290 0. 04744 889 0. 566811
1. 1 0. 14565 721 0. 38332 909 0. 05229 376 0. 565291
1. 2 0. 17211 240 0. 36633 694 0. 05672 080 0. 563058
1. 3 0. 20043 570 0. 34572 398 0. 06070 995 0. 560302
1.4 0.23052 610 0. 32256 701 0. 06425 420 0. 557163

1.5 0.26227 724 0. 29769 696 0. 06735 663 0. 553745
1. 6 0. 29557 796 0. 27176 713 0. 07002 797 0. 550126
1. 7 0. 33031 288 0. 24529 896 0. 07228 458 0. 546364
1.8 0. 36636 308 0. 21871 360 0. 07414 688 0. 542506
1.9 0.40360 666 0. 19235 409 0. 07563 806 0. 538587

2. 0 0. 44191 940 0. 16650 135 0. 07678 298 0. 534635
2.1 0.48117 541 0.14138 594 0. 07760 744 0. 530670
2. 2 0. 52124 775 0. 11719 681 0. 07813 746 0. 526711
2. 3 0. 56200 913 0. 09408 798 0. 07839 884 0. 522768
2.4 0. 60333 248 0. 07218 365 0. 07841 674 0. 518854

2. 5 0. 64509 164 0.05158 229 0. 07821 544 0. 514976
2.6 0. 68716 194 0. 03235 987 0. 07781 809 0. 511139
2. 7 0. 72942 081 +0. 01457 248 0. 07724 664 0. 507350
2.8 0. 77174 836 -0. 00174 144 0. 07652 168 0. 503610
2. 9 0. 81402 795 -0. 01655 931 0. 07566 245 0. 499924

3. 0 0. 85614 669 -0. 02987 272 0. 07468 681 0. 496292
3. 1 0. 89799 596 -0. 04168 613 0. 07361 124 0. 492717
3.2 0.93947 188 -0. 05201 554 0. 07245 090 0. 489198
3. 3 0. 98047 571 -0. 06088 740 0. 07121 963 0. 485736
3. 4 1. 02091 428 -0. 06833 756 0. 06993 006 0. 482332

3. 5 1. 06070 032 -0. 07441 025 0. 06859 360 0. 478984
3. 6 1. 09975 277 -0. 07915 722 0. 06722 060 0. 475694
3.7 1.13799 707 -0. 08263 683 0. 06582 033 0. 472459
3.8 1.17536 536 -0. 08491 323 0. 06440 109 0. 469280
3.9 1. 21179 667 -0. 08605 553 0. 06297 029 0. 466155

4. 0 1. 24723 707 -0. 08613 706 0. 06153 450 0. 463085
4.1 1. 28163 975 -0. 08523 459 0. 06009 952 0. 460067
4. 2 1. 31496 504 -0. 08342 762 0. 05867 042 0.457100
4. 3 1. 34718 044 -0. 08079 769 0. 05725 166 0. 454185
4. 4 1. 37826 0,0 -0. 07742 769 0. 05584 708 0.451320

4.5 1. 40818 716 -0. 07340 123 0. 05446 000 0. 448503
4. 6 1. 43694 870 -0. 06880 199 0. 05309 325 0. 445734
4. 7 1. 46454 052 -0. 06371 317 0. 05174 921 0. 443012
4.8 1. 49096 446 -0. 05821 690 0. 05042 989 0. 440335
4.9 1.51622 864 -0. 05239 371 0. 04913 691 0. 437703

5. 0 1. 54034 722 -0. 04632 205 0. 04787 161 0. 435114
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Table 11.2 INTEGRALS OF BESSEL FUNCTIONS

Jxl_Jo(t)dt j Yc(t)
dt e fxIo(t)_1 dt xef Ko(t)

dt
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495



12. Struve Functions and Related Functions

12.1. Struve FuncUon H(z)
Differential Equation and General Solution

12.1.1
dw 4(z)+'

22 +z +(222)0[r(+i)
The general solution is

12.1.2 w=aJ(z) +bY(z) +H(z) (a,b, constants)

where zHF(2) is an entire function of z.

Power Series Expansion

12.1.3

( 1)k(z)

r(k+)P(k+v+)

12.1.4 llo(z)=[zl22+ 2

12.32 .52

12.1.5

2r22 z 26

Hi(z)=- [i-i:- 12.32.5+12.32.52.7

Integral Representations

if v>,

1

12.1.6
2(z)' '1

J
(1_t2)lsin(zt)dt

o
r

2(z) '
12.1.7 = ( sin(zcosO)sin2OdO

r(v+) .1°

12.1.8 Y. (2)

Î _zt(1+t2)I_ldt
+íii.r(v+) e

o

(iarg zK

Recurrence Relations

2v +12.1.9 U_i+li+i=--

12.1.10 H,_1H1=2H
F(v+)

496

Mathematical Properties

12.1.12

12.1.13 (zfl)=.dz 2T(v+4)

FIGURE 12.1. Struve functions.

H(a), n=O(1)3

FIGuRE 12.2. Struve functiôns.

H(x), n=1(1)3

6
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f t_2Hj(t)dt=--Hj(z)+ f t-' H0(t)dt
ir.12 irz ir,,2

12.1.26
2w

2[z- I r'H0(t)dt=1--
12.32.3

2+12.32.52.5
12.1.27

If f(z)=f H..(t)Pdt

12.1.28
f..j= (2v+ 1)J(z) z''H,(z)

z2v42 (b>)
Asymptotic Expansions for Large IzJ

12.1.29
1 m-1 r(k+) +Rmir k0 r(v+k) (z)2k+1

(arg zI<ir)

where Rm_O(jZIm_l). If z' is real and positive
and m+pQ, the remainder after m terms is
of the same sign and numerically less than the
first term neglected.

12.1.30

Ho(z)Y0(z)-.' [--+ +..12.32 12.32.52 -1

(arg zI<ir)
12.1.31

12.3 12.32.5 1lii(z)Yi(z)''- [1+122
26 Jir

(!arg z<ir)
12.1.32

so

Z

[H0(t)Y0(t)]dt [In (2z) +71
ir

2 (_1)k+l(2k)!(2k_1)1
(arg zJ<ir)

ir k=1

where 7=.57721 56649 . . . is Euler's constant.

12.1.33
2 ,.... (-1)t[(2k)!]2

Sw
t-' [H,(t)Y0 (t)]dt ,

irZ 1=0 (k!)2(2k+1)(2z)2'

(largzl<ir)

497

t-'H(t)dt= r()2»--' tan (iri)
r (v+ 1)

(I<1, .b>.?,z)

FIGuRE 12.3. Struve Jnnctions.

H5(x), x=3, 5

Special Properties

12.1.14 II,(x) O (x>O and v)
12.1.15

(n+l) (z) = ( i)J1(z) (n an integer O)

12.1.16 lli(z)==(--? (1cos z)\irz/

12.1.17
2" /Hi(z)( (i+)(') (sin z+c05 Z)
irz/ \

12.1.18 H..(zem) em&+l) H(z) (m an integer)

4 J21()12.1.19 H0(z)=-
TkO 2kH-1

12.1.20 Uj(z)r=_ Jo(z)+ J2(2)
ir ir irk..14k2-1

3. Z\2(z/2)+'
12.1.21 H?(Z)_.(t4) 1F2 (i; +v, '--:-)

Integrals (See chapter 11)

12.1.22 fo t' H0(t)dt=

12.1.23f2 r_ z 26

r L2 12.32.4+12.32.52.6 1
'z

12.1.24
J

tH..,(t)dt= z zH(z)o 2.-r(v+)

Struve's Integral
12.1.25
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Asymptotic Expansions for Large Orders

12.1.34

H
2(z) k!bk

k=O
2k+1

(larg r<ir,tvI<jzf)

b0=1, b1=2v/z, b2=6(v/z)2, b3=2O(v/z)3-4(vJz

12.1.35
2(z) k!1H(z)+iJ.(z)

.fr(v+I)

FIGURE 12.4. Modified Struvefunctions.

L(x), ±n=O(1)5
See page n.

12.2. Modified Struve Function L.(z)

Power Series Expansion
PT

12.2.1 L,(z)=ie H(iz)
(z/2) 2k

F(k+)F(k+v+I)
Integral Representations

T
2(z/2)* (

12.2.2 L(z)
J

sinh (z cos 8) n2v Odo
o

12.2.3
2(x/2) (tx)(1+tX)v_I dtIP(x)_Ll(X)_F(+i) o

(?v<,x>O)
Recurrence Relations

2v (z/2)
12.2.4 L,_1L+1=7 LI.+(B)

(z/2)"
12.2.5 L_1+L+1=2L

L0 X)

,

(Iv!>Jzi)

,/ III

31.-5 / L_2e 1

/ / L-3,
L3/ / // / I

I / / // / // / /
\ / / /
\ / // /, , ,/ L-i,,
_N' / /, ,-- \ - -, ' L-5"

',- - -- --'. 1- - - - --- >. -- --- - - _-.- L

.5 2.0 _-' 3.0 3.5 4.0 4.5

Asymptotic Expansion for Large J z I

12.2.6 L(z)I_(z)
(1)1r(k+) (largz<ir)

T kO F(v+k) (z)2c+1

Integrals
12.2.7

2r22 z z8

JLO(t)dt=_L2+i2324+is 32,2.6+ Io T

12.2.8
JX

[I0(t)L0(t)]dt. [in (2z)-J--y]
T

2 (2k)! (2k-1)!
T k=1 (k!)2(2z)

(Jarg zJ<ir)

z 212.2.9 f Li(t)dt=L0(z)-- z
T

Relation to Modified Spherickl Bessel Function

12.2.10 L_(4) (z)=-I(fl+4)(z) (n an integerO)

12.3. Anger and Weber Functions

Anger's Function

12.3.1 Je(Z)rz)fTCO5 (vOz sin O)dO
ir o

12.3.2 Jn(2)=Jn(Z) (n an integer)

Weber's Function

12.3.3 Ev(z)fT sin (voz sin O) do

Relations Between Anger's and Weber's Function

12.3.4 sin (vr) .J(z)=cos (vir) E(z)E_,(z)

12.3.5 sin (vir) E(z)=J_(z)cÓs (vir) J(z)

Relations Between Weber's Function and Struve's
Function

If n is a positive integer or zero,

12.3.6 Efl(z) *

12.3.7
In

-11

( 1)5+1Lr nk-4) (4z)' *
ir kO r(k+I)



12.3.9

12.4. Use and Extension of the Tables

Example 1. Compute L0(2) to 6D. From
Table 12.1 I,(2)-L0(2)=.342 152; from Table 9.11
we have I,(2)=2.279585 so that L0(2)=1.937433.

Example 3. ComPute f H0(t)dt for x=6 to

5D. Using Tables 12.2, 11.1 and 4.2, we have

= 1.83148

Example 5. Compute 11(x) for x=4, n=
0(1)10 to 7S. Starting with the values of 11(4)
and H(4) and using 12.1.9 with forward recur-
rence, we get

273-888 0-67-33

Numerical Methods

We note that for n>6 there is a rapid loss of
significant figures. On the other hand using 12.1.3
for x=4 we find H,(4)=.0007935729, J1,(4)=
.00015447630 and backward recurrence with 12.1.9
gives

Example 6. Compute L(.5) for n==0(1)5 to
8S. From 12.2.1 we find L5(.5) = 9.6307462 X iO,

Example 7. Compute L(.5) for -n=0(1)5
to 6S. From Tables 12.1 and 9.8 we find L0(.5) =

we find L0(6) = 67.124454, L1(6) =60.725011.

We note that there is no essential loss of accuracy
until n= -6. However, if further values were
necessary the recurrence procedure becomes un-
stable. To avoid the instability use the methods
described in Examples 5 and 6.

11(4)= .13501 46 118(4) =.05433 54
11(4)=1.06972 67 117(4) =.01510 37
112(4)1.24867 51 H(4) =.00367 33
113(4)= .85800 95 119(4) =.00080 02
114(4)= .42637 41 11,(4)=.00018 5
11(4)= .16719 87

118(4)=.00367 1495 H(4)= .85800 94
Example 2. Compute 11,(10) to 6D. From 117(4)=.01510 315 H2(4)=1.24867 6

Table 12.2 for x1=.1, I1,(10)-Y,(10)=.063072;
from Table 9.1 we have Y0(10)=.055671. Thus,

118(4) = .05433
11(4)=.16719

519
87

11(4) = 1.06972
H(4)= .13501

7
4

H(10)=.118743. 114(4) =.42637 43

Example 4. Compute U,(x) for x=4, -n=
0(1)8 to 6S. From Table 12.1 we have H(4) =
.1350146, H(4)=1.0697267. Using 12.1.9 we find

H,(4)=-.433107 L1_5(4) = .689652

.327240, L1(.5)=.053942. Then employing 12.2.4
with backward recurrence we get

L_,(.5) = .690562 L_4(.5) = -75.1418
L_2(,5)= -1.16177 L_,(.5)=1056.92
L_3(.5) = 7.43824

H_2(4)= .240694 11-8(4)= -1.21906
11_3(4) .152624 H_7(4)= 2.82066 Example 8. Compute L(x) for x=6 and
H_4(4)=-.439789 H_(4) = -8.24933 - n=0(1)6 to 8S. From Tables 12.2 and 9.8

L4(.5)=2.1212342X10°. Then, with 12.2.4 we
get

L3(.5)=3.82465 03 X iO L1(.5)= .05394 2181
L2(.5)=5.36867 34X103 L0(.5)=.32724 068

Using 12.2.4 we get

L_1(6)=61.361631 L_4(6)=16.626028
L_2(6) =46.776680 L5(6) = 7.984089
L_3(6)=30.159494 L_6(6)= 3.32780

fo
J1o(t)dt==J' Yo(t)dt±- In 6+fi(6)

= -.125951-!-(.636620) (1 .791759)
+ .816764
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f [10(t) -L0(t) ]dt===fo(x)

Ho(x), H1 (x), Lo(x), L1 (x), compiled from Mathematical Tables Project, Table of the Struve functions
L,,(x) and H(x), J. Math. Phys. 25, 252-259, 1946 (with permission).

ÇH0(1)dt, Ç [10(t) -L0 (t) }dt, ? H0(t) dt, compiled from M. Abramowitz, Tables of integrals of Struve

functions, J. Math. Phys. 29, 49-51, 1950 (with permission).

X Ho(x) Hi(x)

STRUVE FUNCTIONS

JHo(t)dt 10(x)-Lo(x) Ii(v)-Li(x) fo(x)

Table 12.1

Ho(t) dt

0. 0 0.00000 00 0. 00000 00 0. 000000 1. 000000 0. 000000 0. 00000 1. 000000
0. 1 0. 06359 13 0. 00212 07 0. 003181 0. 938769 0. 047939 0. 09690 0.959487
0. 2 0.12675 90 0. 00846 57 0.012704 0.882134 0. 091990 0. 18791 0.919063
0. 3 0.18908 29 0. 01898 43 0. 028505 0. 829724 0. 132480 0. 27347 0. 878819
0. 4 0.25014 97 0. 03359 25 0. 050479 0.781198 0. 169710 0.35398 0. 838843

0. 5 0. 30955 59 0. 05217 37 0. 078480 0. 736243 0.203952 0. 42982 0.799223
0. 6 0.36691 14 0. 07457 97 0. 112322 0. 694573 0. 235457 0.50134 0. 760044
0. 7 0. 42184 24 0. 10063 17 0. 151781 0. 655927 0. 264454 0. 56884 0.721389
0. 8 0. 47399 44 0. 13012 25 0. 196597 0. 620063 0.291151 0.63262 0. 683341
0. 9 0. 52303 50 0.16281 75 0. 246476 0. 586763 0.315740 0. 69294 0. 645976

1. 0 0. 56865 66 0. 19845 73 0.301090 0. 555823 0. 338395 0. 75005 0. 609371
1. 1 0. 61057 87 0. 23675 97 0. 360084 0. 527058 0. 359276 0. 80418 0. 573596
1. 2 0. 64855 00 0. 27742 18 0.423074 0.500300 0. 378530 0. 85553 0. 538719
1. 3 0. 68235 03 0. 32012 31 0.489655 0. 475391 0. 396290 0. 90430 0. 504803
1. 4 0. 71179 25 0. 36452 80 0. 559399 0.452188 0. 412679 0. 95066 0. 471907

1. 5 0. 73672 35 0. 41028 85 0. 631863 0.430561 0. 427810 0. 99479 0. 440086
1. 6 0. 75702 55 0. 45704 72 0.706590 0.410388 0.441783 1. 03682 0. 409388
1. 7 0. 77261 68 0. 50444 07 0.783111 0. 391558 0. 454694 1. 07691 0. 379857
1. 8 0. 78345 23 0. 55210 21 0.860954 0. 373970 0. 466629 1.11518 0. 351533
1. 9 0. 78952 36 0. 59966 45 0.939643 0. 357530 0. 477666 1. 15174 0.324450

2. 0 0. 79085 88 0. 64676 37 1. 018701 0. 342152 0. 487877 1. 18672 0. 298634
2. 1 0. 78752 22 0. 69304 18 1. 097659 0. 327756 0. 497329 1. 22020 0. 274109
2. 2 0. 77961 35 0. 73814 96 1. 176053 0.314270 0.506083 1. 25230 0. 250891
2. 3 0. 76726 65 0. 78174 98 1. 253434 0. 301627 0. 514194 1. 28309 0. 228992
2. 4 0. 75064 85 0. 82351 98 1. 329364 0. 289765 0.521712 1. 31265 0. 208417

2. 5 0. 72995 77 0. 86315 42 1.403427 0.278627 0. 528685 1. 34106 0. 189168
2. 6 0. 70542 23 0. 90036 74 1.475227 0.268162 0.535156 1. 36840 0. 171238
2. 7 0. 67729 77 0. 93489 57 1. 544392 0. 258319 0. 541164 1. 39472 0.154618
2. 8 0. 64586 46 0. 96649 98 1. 610577 0.249056 0. 546746 1.42008 0. 139293
2. 9 0. 61142 64 0. 99496 63 1. 673465 0. 240332 0.551933 1. 44455 0. 125242

3. 0 0. 57430 61 1. 02010 96 1. 732773 0.232107 0. 556757 1.46816 0. 112439
3. 1 0. 53484 44 1. 04177 30 1.788248 0.224348 0.561246 1. 49098 0. 100857
3. 2 0. 49339 57 1. 05983 03 1. 839675 0. 217022 0. 565426 1. 51305 0. 090460
3. 3 0. 45032 57 1. 07418 63 1. 886873 0.210099 0.569319 1.53440 0. 081212
3. 4 0. 40600 80 1. 08477 74 1. 929699 0. 203553 0. 572948 1. 55508 0. 073071

3. 5 0. 36082 08 1. 09157 23 1. 968046 0. 197357 0. 576333 1.57512 0. 065992
3. 6 0. 31514 40 1. 09457 16 2. 001847 0. 191488 0.579492 1. 59456 0. 059928
3. 7 0. 26935 59 1. 09380 77 2. 031071 0. 185924 0. 582442 1. 61343 0. 054829
3. 8 0. 22382 98 1. 08934 44 2. 055726 0. 180646 0.585199 1. 63176 0.050642
3. 9 0. 17893 12 1. 08127 62 2. 075858 0. 175634 0.587776 1.64957 0. 047311

4. 0 0. 13501 46 1. 06972 67 2. 091545 0. 170872 0. 590187 1.66689 0. 044781
4.1 0.09242 08 1.05484 79 2. 102905 0. 166343 0.592445 1. 68375 0. 042994
4.2 0.05147 40 1.03681 86 2.110084 0.162032 0.594560 1.70017 0.041891
4.3 +0. 01247 93 1.01584 22 2.113265 0.157926 0.596542 1.71616 0.041414
4.4 -0. 02427 98 0.99214 51 2. 112655 0. 154012 0.598402 1. 73176 0. 041502

4. 5 -0. 05854 33 0.96597 44 2. 108492 0.150279 0.600147 1.74697 0.042096
4.6 -0. 09007 71 0.93759 56 2.101037 0.146714 0.601787 1.76182 0.043139
4.7 -0. 11867 42 0.90729 01 2.090574 0. 143309 0. 603328 1.77632 0.044571
4. 8 -0. 14415 67 0. 87535 28 2. 077406 0. 140053 0. 604777 1.79049 0.046335
4.9 -0. 16637 66 0.84208 90 2.061852 0.136938 0.606142 1.80434 0.048376

5.0 -0 18521 68 0.80781 19 2. 044244 0.133955 0.607426 1.81788 0.050640
[(_..4)6] [(_4)5] [(_4)8] [(_4)6] [(_4)5] [(_)7] [(_4)2]
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J
[110(t) - Y0(t)]dt = in z+fj(x)o

-I0(t)]dt= Inx+f2(x)

f [Ro(t) - Y0(t)]

<z> = nearest integer to z.

Starting with H,(z) and I11(z), recurrence formula 12.1.9 may be used to generate H,.(x) for n<0. As long as n<z12
(approx.), H,(x) may be generated by forward recurrence. When n>x/2, forward recurrence is unstable. To avoid the
mstabihty, choose n> >z, compute Hk(z) and Hk+j(x) with 12.1.3, and then use backward recurrence with 12.1.9.

If n >0, L.(z) must be generated by backward recurrence. If n <O, L,(z) may be generated by backward recurrence
as long as L,,(x) increases. If n<O and L,(x) is decreasing, forward recurrence should be used.

See Examples 4-8.

502

Table 12.2

z' IL,(z)-Yo(z)

STRUVE FUNCTIONS AND RELATED FUNCTIONS

STRUVE FUNCTIONS FOR LARGE ARGUMENTS

H,(x)-Y,(z) fj(x) Io(x)-L0(x) I1(z)-L(z) f2(z) f(z) <z>
0.20 0.123301 0. 659949 0. 819924 0. 133955 0.607426 0. 793280 0. 125868 5
0. 19 0. 117449 0.657819 0. 818935 0. 126683 0. 610467 0. 794902 0. 119694 5
0. 18 0. 111556 0. 655774 0.817981 0.119468 0. 613348 0.796448 0.113505 6
0. 17 0. 105625 0.653818 0. 817062 0.112319 0.616060 0. 797910 0.107299 6
0. 16 0.099655 0. 651952 0.816182 0. 105242 0. 618598 0. 799279 0. 101079 6

0. 15 0.093647 0.650180 0. 815341 0. 098241 0. 620955 0.800551 0. 094843 7
0. 14 0.087602 0. 648504 0. 814541 0.091318 0.623129 0. 801721 0. 088593 7
0. 13 0. 081521 0.646927 0. 813785 0. 084474 0. 625119 0. 802787 0. 082328 8
0. 12 0.075404 0. 645452 0.813074 0. 077706 0. 626927 0. 803750 0. 076051 8
0.11 0.069254 0.644081 0.812411 0.071010 0.628558 0.804611 0.069761 9

0. 10 0.063072 0. 642817 0.811796 0. 064379 0.630018 0.805374 0. 063460 10
0. 09 0. 056860 0.641663 0.811232 0. 057805 0.631315 0.806047 0.057147 11
0. 08 0.050620 0. 640622 0. 810722 0. 051279 0. 632457 0. 806634 0. 050824 13
0.07 0.044354 0.639696 0.810266 0.044793 0.633450 0.807140 0.044492 14
0. 06 0. 038064 0.638888 0. 809866 0. 038340 0. 634302 0. 807572 0. 038152 17

0. 05 0.031753 0. 638200 0.809525 0.031912 0. 635016 0. 807933 0. 031805 20
0. 04 0.025425 0.637634 0. 809244 0. 025506 0.635596 0.808225 0. 025451 25
0.03 0. 019082 0.637191 0. 809023 0. 019116 0.636045 0. 808450 0. 019093 33
0. 02 0.012727 0. 636874 0. 808865 0. 012738 0. 636365 0. 808611 0. 012731 50
0. 01 0.006366 0. 636683 0.808770 0.006367 0.636556 0.808706 0. 006366 100

0. 00 0. 000000 0. 636620 0. 808738 0. 000000 0.636620 0. 808738 0. 000000

E(-6)513J r(-5)21L3J 1(-6)81L3i r(-5)11L3J 1(-5)21L3J 1(-5)11L3J r(-6)21L3J
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13.1. Definitions of Kummer and Whittaker
Functions

13.1.1

It has a regular singularity at z=O and an irregalar
singularity at

Independent solutions are

Kummer's Function

13.1.2
(a) ,,z"02 (a)2z2

M(a,b,z)=1+
b +(b)2!+ +(j)+

where

(a)=a(a+l)(a+2) . . . (a+n-1), (a)0=1,

and

13.1.3

ir M(a,b,z)U(a, b, z)=n
irb r(l+ab)r(b)

Zl_bM(l+a,_, z)}- r(a)r(2b)
Parameterz

(m, n pozitive iniegers) M(a, b, z)bn am a convergent series for
all values of a, b and z

a=m a polynomial of degree m
in z

6=n a= m, a simple pole at 6=n
m>n

b--n a=m, undefined
m<n

U(a, b, z) is defined even when b-*±n
As Jzj-.,

13.1.4

r (b)M(a, b, Z)=r() ez[l+O(tz)] (fAz>O)

and

13.1.5

r (b)M(a, b, z)F(b
a) z)_2[l+O(lzJ_l)] (.?z<O)

13. Confluent Hypergeometric Functions
Mathematical Properties

Kummer's Equation

z Ç+(bz) aw=O

504

U(a, b, z) is a many-valued function. Its princi-
pal branch is given by ir< arg z ir.

Logarithmic Solution
13.1.6

U(a,n+1, z) n!r(a n)
[M(an+1, z) lii z

(a)z+E=o (n+1)r!
(nl)!+ r(a) z "ÍvI(an,ln,z)

for n=O, 1, 2, . . , where the last function is the
sum to n terms. It is to be interpreted as zero
when n=0, and '(a)=r'(a)/r(a).

13.1.7 U(a, ln, z)=z"U(a+n 1+n, z)

As qz*
13.1.8 U(a, b, z) = z[l + O(IzJ ')]

Analytic Continuation
13.1.9

?%,fí'h_a hir .\' '.,, V, /U(a, b, ze) sin irb
e2 tr(1+ab)r(b)

z)
r(a)r(2b)

where either upper or lower signs are to be taken
throughout.

13.1.10

r (1 b)U(a, b, ze2nl)=[l_e_2T7] M(a, b, z)r(l+ab)
+e_2TU(a, b, z)

Alternative Notations

1F1(a; b; z) or F(a; b; z) for M(a, b, z)

z22Fo(a, i +ab; ; l/z) or 1'(a; b; z) for U(a, b, z)

Complete Solution

13.1.11 y=AM(a, b, z)+BU(a, b, z)

where A and B are arbitrary constants; b n.

Eight Solutions

13.1.12 y1=M(a, b, z)

13.1.13 y2=M(l+ab, 2b, z)
13.1.14 y3=ezM(b_a, b, z)



13.1.15

13.1.16

13.1.17

13.1.18

oSee pago li.

CONFLUENT

y4=zl_bezM(1_a, 2-b, -z)
y5=U(a, b, z)

y6=zl_bU(1+a_b, 2-b, z)

y7=ezU(b_a, b, -z)

13.1.19 ys=zl_bezU(1_a, 2-b, -z)

Wronskians

If W{m, fl}=ymYYnY'n and
¿=$gn (Jz)=1 if Jz>O,

=-1 if JzO
13.1.20

W{1, 2}=W{3, 4}=W{1, 4}=-W{2, 3)
= (1_b)z_ez

13.1.21

W{1, 3}=W{2, 4)=W{5, 6}=W{7, 8}==O

13.1.22 W{1, 5}=-r(b)ze2/r(a)

13.1.23 T'V{ 1, 7) = r(b)e°z- bez/r(b -a)

13.1.24 W{2, 5) = _r(2_b)z_bea/r(1 +a-)

13.1.25 W{2, 7}=_F(2_b)z_bez/F(1_a)

13.1.26 Wj 5, 7}=er«b_z)z_bez

Kummer Transformations

13.1.27 M(a, b, z)=e2M(b_a, b, -z)

13.1.28

z'M(1+t-b, 2-b, z)_zl_ezM(1_a, 2-b, -z)

13.1.29 U(a, b, z)=z1U(1+a-b, 2-b, z)

13.1.30

ezU(b_a, b, _z)=e _tezzl_bU(1_a, 2-b, -z)

Whittaker's Equation

13.1.31 +[ ++1w=O
Solutions:

Whittaker's Functions

13.1.32 M(z) = i +2i, z)
13.1.33

W0, 5(z)=ezuU(+,.j_,c, 1+2u, z)
(-lr<arg 2lr, ,c=b-a, ,=b-)

w"+[+2f'+--h'4dw'
h" A(A-1)+[(--h'--)(+J')+ z2

2 ah'2+1 _r1°0
Solutions:

13.1.36 Z_A e«M(a, b, h(Z))

13.1.37 Z4e'U(a, b, h(Z))

13.2. Integral Representations

13.2.1

r(b-a)r(a)
r(b) M(a,b,z)

=f'edtt1(1 _t)b_a_ldt

13.2.2

=21_e*zf e1zt(1 +t)b_(l_t)a_Idt

13.2.3

=21_belzf e -4e cosO sinb 10 cotb_20 (io) do
o

13.2.4
l'il

=e_Az I ezt(t_A)0_l(B_t)b_a_Idt
JA

(A=B-1)
£?a>O, z>O

13.2.5

r(a)U(a, b, z)=fett0_1(1+t)b_5_1dt
o

13.2.6

=ezf e_(t_1)0_ltb_a_ldt

13.2.7

=21elzf°° e_Iz 088 sinhb_ IO coth 20 (40)dO *
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13.1.34

r(-2) r(2)
M0, _(z)M0,(z) +W(z)=

General Confluent Equation
13.1.35



13.2.8 r(a) U(a, b, z)

eAzf e_zt (t-A) (t+B)b_a_idt

(A=1-B)

Similar integrals for M., ,.(z) and W.,.(z) can
be deduced with the help of 13.1.32 and 13.1.33.

Barnes-type Contour Integrals
13.2.9

b
I -- r(-s)r(a+s)

r(b) (a, ,z)=-2TI.j_je r(b+s)

for arg (-z)l<ir, a, bO, -1, -2.....The
contour must separate the poies of r(-s) from
those of F(a+s); c is finite.

13.2.10

r(a)r(1+a_b)z0U(a, b, z)
1 rc+i=- I r(-8)r(a+8)r(1+a-b+s)z'ds
iri j C - toe

for ¡arg zI<t aO, -1, -2, . . ., b-a1, 2,
3.....The contour must separate the poles of
r(-8) from those of F(a+s) and (1+a-b+s).

13.3. Connections With Bessel Functions
(see chapters 9 and 10)

Bessel Functions as Limiting Cases

If b and z are fixed,

13.3.1 Iim{M(a, b, z/a)/F(b) } =zI4bIb_l(2f)
a-*oe

13.3.2 lim{M(a, b,-z/a)/r(b) } =z1_*bJb_l(2../)

13.3.3

lim {T(1+a-b) U(a, b, z/a))_-r2ziKb_l(2f)

13.3.4

iim{r(1+a-b)U(a, b, -z/a)}

= (J>O)
13.3.5 =7riezI_IbH2i (2f) (.fz<O)

Expansions in Series
13.3.6

M(a, b, z)=eir

*
(2b-2a-1)(b-2a) (b-a- + n)

n!(b)
(-1)" I(z) (beO,-1,-2, . .

See page IL

13.3.7

1'f(a, b,
r (b)

± A(z)lz(b2a) "Jb_l+(%Í(2zb -4za))

where
A0=1, A1=O, A2=b,

(n+1)A1= (n+ò- 1)A_1+ (2a-b)A_2,

(a real)

13.3.8

M(a,b,z)
r (b)

w

Cflzn(_az)1_t_tJb_lfl(2J(_az))n-o

where

C0=1, 01=-bh, C2=-(2h-1)a+4b(b+1)h2,

(n+ 1)C=[(1 -2h)n-bh]C

+ [(1 -2h)a-h(h- 1)(b+n- 1)JC_
-h(h---1)aC_2 (h real)

13.3.9 M(a, b, z)rC(a, b)I.(z)
nO

where

Co=1, C1(a, b)=2a/b,

C1(a, b)=2aC(a+1, b+1)/b-C'_1(a, b)

13.4. Recurrence Relations and Differential
Properties

13.4.1

(b-a)M(a-1, b, z)+(2a-b+z)M(a, b, z)

-aM(a+1, b, z)=O

13.4.2

b(b-1)M(a, b-i, z)+b(1-b-z)M(a, b, z)

+z(b-a)M(a, b+1, z)=O

13.4.3

(1+a-b)M(a, b, z)-aM(a+1, b, z)

+(b-1)M(a, b-1, z)=O

13.4.4

bM(a, b, z)-bM(a-1, b, z)-zM(a, b+1, z)=O

13.4.5

b(a+z)M(a, b, z)+z(a-b)M(a, b+i, z)

-abM(a+i, b, z)=O
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13.4.6

(ai+z)M(a, b, z)+(ba)M(a-1, b, z)

+(1b)M(a, bi, z)=O

13.4.7

b(ib+z)M(a, b, z)+b(bi)M(ai, bi, z)

azM(a+l, b+i, z)=O

13.4.8 M'(a, b, z)M(a+l, b+i, z)

13.4.9 ',, {M(a, b, z)}=f iM(a+n, b+n, z)

13.4.10 aM(a+1, b, z)aM(a, b, z)+zM'(a, b, z)

13.4.11

(ba)M(ai, b, z)=(ba---z)M(a, b, z)

+zI1'(a, b, z)

13.4.12

(ba)M(a, b+i, z)=bM(a, b, z)bM'(a, b, z)

13.4.13

(b-1)M(a, bi, z)=(bi)M(a, b, z)

+zM'(a, b, z)

13.4.14

(b-1)M(ai, bi, z)(b-1---z)M(a, b, z)

+zM'(a, b, z)

13.4.15

U(ai, b, z)+(b-2a---z)U(a, b, z)

+a(1+ab)U(a+1, b, z)=O

13.4.16

(ba-1)U(a, bi, z)+(ibz)U(a, b, z)

+zU(a, b+i, z)=O

13.4.17

U(a, b, z)aU(a+1, b, z)--U(a, bi, z)=O

13.4.18

(ba)U(a, b, z)+U(ai, b, z)
zU(a, b+i, z)=O

CONFLUENT HYPERGEOMETRIC FUNCTIONS

13.4.19

(a-l-z)U(a, b, z)zU(a, b+1, z)

+a(ba-1)U(a+1, b, z)=O

13.4.20

(a+zi)U(a, b, z)U(ai, b, z)
+(i+ab)U(a, bi, z)=O

13.4.21 U'(a, b, z)=aU(a+1, b.+i, z)

13.4.22

{U(a, b, z)}(i)(a)U(a+n, b+m, z)

13.4.23

a(i+ab)U(a+i, b, z)=aU(a, b, z)

+zU'(a, b, z)
13.4.24

(1+ab)U(a, b-1, z)=(1b)U(a, b, z)

zU'(a, b, z)

13.4.25 U(a, b+1, z)=U(a, b, z)U'(a, b, z)

13.4.26

U(a-1, b, z)=(ab+z)U(a, b, z)zU'(a, b, z)

13.4.27

U(a-1, b-1, z)=(1b+z)U(a, b, z)
zU'(a, b, z)

13.4.28 2I.LMK, M_(z) - _(z)

13.4.29

(1 +2/.L+2K)M1,(z) - (i +2,i-2K)Mi, (z)
=2(2Kz)Af(z)

13.4.30

WK+,(z) zWg,(z) + (,c+,.)W_,(z) =0

13.4.31

(2K-z)W, .(z) +W+, (z)

=(-K+)(+K)W_i,,(z)
13.4.32

zM (z) =(zK)M, (z) +(+,.+K)Mi. (z)

13.4.33 eW(z)=
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13.5. Asymptotic Expansions and Limiting
Forms

For z I large, (a, b fixed)
13.5.1

M(a, b, z)

r (b)

R1 (a)(1+ab) 2)z+0(JZJ)}r(ba) n!

S- (ba),(1a),,
z&+O(!zI) }r(a) n!

the upper sign being taken ifir<arg z<1r, the
lower sign if 1r<arg z tir.
13.5.2

R1 (a)5(1+ab)
( 2)"U(a,b,z)=z_a{

n-O n!

13.5.5

13.5.6

13.5.7

13.5.8

13.5.9

z<}ir)

Converging Factors for the Remainders
13.5.3

(a)R(1+ab)R
O(IzI_R)=

R!
( z)'

E++_+12_)+ 0(izI_2)]

and

13.5.4

o .(ba)8(1a)3
S!

[b+2a-f-z--S+O(jzj1)]

where the R'th and S'th terms are the smallest in
the expansions 13.5.1 and 13.5.2.

For small z (a, b fixed)

As zJ-*O, M(a, b, O)=1, bn.

r(4-1) z1+0(lzj_2)U(a, b, z)= r (a)

(í?b2, b2)
r(b-1)

z1_b+0(I zJ)- P(a)
(b=2)

r(b-1) z'+0(1)- F(a)
(1<b<2)

1 [in z+i/'(a)]+O(Izln zJ)- r (a)
(b=1)

r (1 b)13.5.10 U(a, b, 2_r(1+a__b)+O((Zl g4'

(O<?b<1)
i

zJ) (b=O)

r(1b) +0(lzI)r(1+a b)
(bO, b,O)

For large a (b, z fixed)

13.5.14
M(a, b, x)=T(b)e4z(lbx_ax)4ir

cos (/(2bx-4ax) lbir+ir)
[1+0(llbaI)]

as a-> for b bounded, x real.

13.5.15
U(a, b, z)=

r(lba+l)eIzz1[cos (alr)Jb_l(%J(2bz-4az))
sin (air) Yb_l(J(2bz-4az))] [1 + 0(jlbaI°)]

where o. is defined in 13.5.13.

13.5.16

U(a, b,
cos (/(2bx-4ax) lbir+a,r+ir)

[1 +0(!lb al )]
as a> for b bounded, z real.

For large real a, b, x

If cosh2 O=-x/(2b-4a) so that x>2ba>1,

13.5.17
M(a, b, x)=F(b) sin (air)

exp [(b-2a)(l sinh 20O+cosh2 8)]
[(b-2a) cosh O]l_b[ir(lb_a) sinh 2OJ

[1 +0(llba11)]
13.5.18
U(a, b, x)=exp [(b-2a)(l smb 28_O+cosh2O)]

[(b-2a) cosh O]'_"[(lba) sinh 2O]

13.5.13
M(a, b, z)=

F (b)e'(bza_*l'Jb_l (V(2bz-4az))
[1+0(1 baI-')]

where
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lba and cr==min (lp, lp), Op<l.

13.5.11

13.5.12



If x= (2b-4a)[1 +tI(b-2a)1], so that
x'2b-4a

13.5.19

M(a, b, x)=e(b-2a)1'r(b)[Ai(t) cos (air)
+Bi(t) sin (air)+O(jbaI)]

13.5.20

U(a, b, x)=e'-r()irx61
{ i tF) (bx_2ax)3*ir+O(ba) I

If cos2 0=x/(2b-4a) SO that 2b-4a>x>O,

'See page II.

13.6. Special Cases

M(a, b, z)
Relation Function

a b z

13.6.1 v+ 2v+i 2iz F(1+v)e'(z)_'J,(z) Bessel

[3.6.2 v4- 2v-fi 2iz r(1v)e'(z)jcos (vi)J,(z) sin (vw)Y,(z)] Bessel

[3.6.3 v+ 2v-fi 2z F(1+v)e'(4z)'I,(z) Modified Bessel

[3.6.4 n+1 2n+2 2iz r(4+n)e"Gz)'-lJ+ê(z) Spherical Bessel

[3.6.5 n 2n 2iz r@n)e'(4z)++J_%_l(z) Spherical Bessel

[3.6.6 n+1 2n+2 2z r(4+n)e'(4z)-'--lIi(z) * Spherical Bessel

[3.6.7 n+4 2n+i 2-',Ra F(i+n)e(ixw)'(ber. z-fi bei, z) Kelvin

[3.6.8

13.6.9

L+ i i,7

n
2L-j-2

a+1

2iz

X

e'FL(,7, x)zL1f Cj(',)

n! L(x)
Coulomb Wave

Laguerre(a+1),,

13.6.10 a a+l x aX°y(a,X) Incomplete Gamma

(n!)1x1'
13.6.11 n i+Vn 2 Poisson-Charlier(1+vn), p,.(v,x)

13.6.12

13.6.13

[3.6.14

a

1

1

a

2

2

z

2iz

2z

e'

e'- sin z
z

e'- smh z
z

Exponential

Trigonometric

Hyperbolic

[3.6.15 4v 4 4z' 2i exp (4z')E°(z)

13.6.16

13.6.17

[3.6.18

4-4v

n
n

4

4

4

4z2

4z'

exp (4z2)
Bc" (z)

Weber
or

Parabolic Cylinder

Hermits

Hermite

2: '
n!

(-4)"Hea,(z)

n! *
(2n+1)1 4Y"--He2+,(z)

13.6.19 4 4 z2 TI erf z Error Integral

*
13.6.20 4m-f 4 l+n '

Toronto
r(4m+4)

e'2T(m, n, r)
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13.5.21

M(a, b, x)=F(b) exp { (b-2a) cos2 0)

[(b-2a) cos 0J[ir(òa) sin 20]1
[sin (air) +sin { (4ba) (20sin 20) + ir}

13.5.22
+O(IbaI)1

U(a, b, z) =exp [(b-2a) cos2 0][(b-2a) cos

[(iba) sin 28]1{sin [(iba)
(28sin 20) +ir1+O(IbaI) }



13.7. Zeros and Turning Values

i j, is the r'th positive zero of J0_i(x), then
a first approximation X0 to the r'th positive zero
of M(a, b, x) is

13.7.1 Xo=j1. { 1/(2b-4a)+ O(:L/(ba)2) }

13.7.2
.2(r+ 4b )2

2b-4a

A closer approximation is given by

13.7.3 Xi=XoM(a, b,X0 /M' (a, b,X0
*e page IL

For the derivative,

13.7.4

M'(a,b,X1)=
M(a,b,Xo)

TVI'(a, b, K0) (1+ (bX0) Ikt'(a, b, X0)

If X is the first approximation to a turning value
of M(a, b, x), that is, to a zero of M'(a, b, x) then
a better approximation is

XM' (a, b, X)- aM (a, b,X)13.7.5

U(a, b, z)
Relation Function

a b z

13.6.21 ¡'+4 2v+1 2z Tie'(2z)'K.(z) Modified Bessel

13.6.22 ¡'+4 2v+1 2iz 4e"+*-)(2z)'H(z) Hankel

13.6.23 ¡'+4 2 + i 2iz 4zle('+F') (2z)'H,2 (z) Hankel

13.6.24 n+1 2n+2 2z wle'(2z)iK+i(z) Spherical Bessel

13.6.25 4 4 f z3 ii4z exp (4z2/2)2-21335/6 Ai (z) Airy

13.6.26 n+ 4 2n+ i /r ie"«2-sRxY'[kera z+i kein z] Kelvin

13.6.27 n a+l z (-1)n!L(x) Laguerre

13.6.28 1a 1a z ezr(a, z) Incomplete Gamma

13.6.29 1 1 z e Ei (z) Exponential Integral

13.6.30 1 1 z ea E1 (z) Exponential Integral

13.6.31 1 1 lnz li (z) Logarithmic Integral

13.6.32 4mn i+m z r(1+n4m)ea_a«4.._a), ,,.(z) Cunningham

13.6.33 4e 0 2z F(1+je)eak.(z) for z>O Bateman

13.6.34 1 1 ix e[ - 4iri+i Si (z) - Ci (z) I Sine and Cosine Integral

13.6.35 1 1 ix e[4irii Si (z)Ci (x)1 Sine and Cosine Integral

13.6.36 4e 4 4z' 2i'e'2'D(z) Weber
or

13.6.37 4b 4 4z2 244'e'2'D, (z)/z * Parabolic Cylinder

13.6.38 4-4n 4 z2 2H(x)/x * Hermite

13.6.39 4 4 z2 /i exp (z2) erfcz Error Integral
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13.6. Special CasesContinued
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is an increasing or decreasing function of x, that is,
they form an increasing sequence for M(a, b, x)
if a>0, x<b- or if a<0, x>b-4, and a decreas-
ing sequence if a>.0 and x>b- or if a(0 and
x<b-.

The turning values of wi lie near the curves

13.7.7

w= ± F (b)7"2e'(bx-ax)1'{ 1- x/(2b-4a) } '
Methods

In this way 13.4.1-13.4.7 can be used together
with 13.1.27 to extend Table 13.1 to the range

-10a1O, -10b10, -10x10.
This extension of ten units in any direction is
possible with the loss of about iS. All the re-
currence relations are stable except i) if a<0, b<0
and iaI>ibl, x>0, or ii) b<a, b<0, ib-a!>ibl,
x<0, when the oscillations may become large,
especially if xi also is large.

Neither interpolation nor the use of recurrence
relations should be attempted in the strips
b= -n± .1 where the function is very large nu-
merically. In particular M(a, b, z) cannot be
evaluated in the neighborhood of the points
a=-m, b=-n, mn, as near these points
small changes in a, b or x can produce very large
changes in the numerical value of M(a, b, z).

Example 4. At the point (-1. -1. z). M(a, b, z)
is undefined.
When a=-1, M(-1, b, x)=1-for all z.
Hence um M(-1, b, x)=1 4-x. ButM(b, b, x)=e'

b-3-1
for all z, when a=b. Hence hm M(b, b, z) =?.

b--
In the first case b--1 along the line a=-1, and
in the second case b->-1 along the line a=b.

Derivatives

Example 5. To evaluate M'(- .7, - .6, .5) to
7S. By 13.4.8,whena=-.7 andb=-.6,wehave

M'(-.7, -.6, .5)=M(.3, .4, .5)

= 1.724 128.

Asymptotic Formulas

For x 10, a and b small, M(a, b, z) should be
evaluated by 13.5.1 using converging factors
13.5.3 and 13.5.4 to improve the accuracy if
necessary.

The self-adjoint equation 13.1.1 can also be
written

13.7.6
dz dz
- -]=az e ZWd[zbe_ZdW b-1 -

The Sonine-Polya Theorem

The maxima and minima of w form an in-
creasing or decreasing sequence according as

-ax2 'e
Numerical

13.8. Use and Extension of the Tables
Calculation of M(a, b, x)

Kummer's Transformation

Exaniple 1. Compute M(.3, .2, - .1) to 7S.
Using 13.1.27 and Tables 4.4 and 13.1 we have
a=.3, b=.2 so that

.MC3, .2, -.l)--e1M(- .1, .2, .1)
=.85784 90.

Thus 13.1.27 can be used to extend Table 13.1 to
negative values of x. Kummer's transformation
should also be used when a and b are large nd
nearly equal, for x large or small.

Example 2. Compute M(17, 16, 1) to 7S.
Here a=17, b=16, and

M(17, 16, l)=e'M(-1, 16, -1)
=2.71828 18X1.06250 00

=2.88817 44.
Recurrence Relations

Example 3. Compute M(-l.3, 1.2, .1) to 7S.
Using 13.4.1 and Table 13.1 we have a=-.3,
b=.2 so that

M(-l.3, .2, .l)=2[.7 M(-.3, .2, .1)-.3 M(.7, .2, .1)]
=.35821 23.

By 13.4.5whena=-1.3 and b=.2,
M(-1.3, 1.2, .1)=[.26 M(-.3, .2, .1)

-.24 MÇ-1.3, .2, .1)1/.15
=.89241 08.

Similarly when a=-.3 and b=.2

M(-.3, 1.2, .1)=.97459 52.

Check, by 13.4.6,

M(-1.3, 1.2, .1)=[.2 M(-.3, .2, .1)
+1.2 M(-.3, 1.2, .1)1/1.5

=.89241 08.
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Example 6. Calculate M(.9, .1, 10) to 7S,
using 13.5.1.

r(.1) N (.9)(1.8),
M(.9, .1, 10r(-.8) e9109 E

,, n!(-10)"
r(.1) N (-.8)(.1) f 0(10)+ç(9) e1010' E

=o m!10"

=-.198(.869)+1237253(.99190 285)
+0(1)

=1227235.23-.17+0(1)
= 1227235-j-O(1)

Check, from Table 13.1, M(.9, .1, 10)=1227235.
To evaluate M(a, b, r) with a large, r small and b
small or large 13.5.13-14 should be used.

Example 7. Compute M(-52.5, .1, 1) to 3S,
using 13.5.14.

M(-52.5, .1, 1)=F(.1)e(.05 +52.5).25_.05

.5642 cos [(.2 -4(-- 52.5)) .O5ir+ .25rl

[1+0((.05+52.5)')]=-16.34+O(.2)
By direct application of a recurrence relation,
M(-52.5, .1, 1) has been calculated as -16.447.
To evaluate M(a, b, r) with r, a and/or b large,
13.5.17, 19 or 21 should be tried.

Example 8. Compute M(-52.5, .1, 1) using
13.5.21 to 3S, cos 0=I1/210.2.

M(-52.5, .1, 1)
=r(.1)e105' c0828[105.1 cos 0111.5641

52.55 sin 201[sin (-52.5ir)

+sin [52.55(20-sin 20)+ir}
+ 0((52.55)_1)] = - 16.47+ 0(.02)

A full range of asymptotic formulas to cover all
possible cases is not yet known.

Calculation of U(a, b, x)

For -10x1O, -10a10, -10b10
this is possible by 13.1.3, using Table 13.1 and the
recurrence relations 13.4.15-20.

Example 9. Compute U(1.1, .2, 1) to SS.
Using Tables 13.1, 4.12 and 6.1 and 13.1.3, we
have

U(.1, .2, 1)=

ir {M(.1 .2, 1) M(.9, 1.8, 1)
sin (.2ir) r(.9)r(.2) r(.1)r(1.8)

ButM(.9, 1.8, 1)=.8[M(.9, .8, 1)--M(-.1, .8, 1)1
=1.72329, using 13.4.4.
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Hence

U(.1, .2, 1) =5.344799(.371765 - .194486)
= .94752.

Similarly
U(-.9, .2, 1)=.91272.

Hence by 13.4.15

U(1.1, .2, 1)=[U(.1, .2, 1)-U(-.9, .2, 1)]/.09
= .38664.

Example 10. To compute U'(- .9, - .8, 1) to
5S. By 13.4.21

U'(-.9, -.8, 1)=.9U(.1, .2, 1)
= (.9) (.94752)
= .85276.

Asymptotic Formulas

Example 11. To compute U(1, .1, 100) to 5S.
By 13.5.2

1.9 1.9 2.9
U(1, .1, 10O)=j{1_j-+ioo ïoo

1.9 2.9 3.9

100 100 ioo+OO9))

=.01{1-.019+.000551-.000021
+0(10-e) },

=.00981 53.

Example 12. To evaluate U(.1, .2, .01). For
z small, 13.5.6-12 should be used.

U(.1, .2, .01)= r(1.1-.2) +0((.01)1_ .2)

-
. +0((01'')

P(.9) /

=1.09 to 3S, by 13.5.10.

To evaluate U(a, b, r) with a large, r small and
b small or large 13.5.15 or 16 should be used.

To evaluate U(a, b, r) with r, a and/or b large
13.5.18, 20 or 22 should be tried. In all these
cases the size of the remainder term is the guide to
the number of significant figures obtainable.

Calculation of the Whittaker Functions

Example 13. ComputeM.0,_.4(1)andW.o,_.4(1)
to 5S. By formulas 13.1.32 and 13.1.33 and
Tahlc8 13.1, 4.4

f.0._.4(1)=e5.M(.1, .2, 1)=1.10622,
W.0,....4(1)=e'U(.1, .2, 1)=.57469.



Thus the values of M.,.(x) and W,,,(x) can
always be found if the values of M(a, b, z) and
U(a, b, z) are known.

13.9. Calculation of Zeros and Turning Points

Example 14. Compute the smallest positive
zero of M(-4, .6, z). This is outside the range of
Table 13.2. Using 13.7.2 we have, as a first
approximation

(55.)2
.174.- 17.2 -

Using 13.7.3 we have

X1=X0M(-4, .6, X0)/M'(-4, .6, X0).

But, by 13.4.8,

Jzf'(-4, .6, X0)=(.15)1M(-3, 1.6, X0)

Hence

X1=X0-1-.15M(-4, .6, X0) IM(-3, 1.6, X0),

=.174+(.15)(.030004)
= .17850 as a second approximation.

If we repeat this calculation, we find that

X2=X1+.00002 99=.17852 99 to 7S.

Calculation of Maxima and Minima

Example 15. Compute the value of z at which
M( 1.8, - .2, z) has a turning value. Using 13.4.8
and Table 13.2, we find that M'(-1.8, .2,x)
=9M(.8, .8, x)=0 when x=.94291 59.
Also M"(-1.8, .2, z)=9M'(.8, .8, x)=
9M(.2, 1.8, z) and M(.2, 1.8, .94291 59)>0.
Hence M(-1.8, .2, z) has a maximum in z when
x=.94291 59.

Example 16. Compute the smallest positive
value of z for which M( 3, .6, z) has a turning
value, X. This is outside the range of Table 13.2.
Using 13.4.8 we have

M'(-3, .6, x)=-3M(-2, 1.6, x)/.6.

By 13.7.2 for M(-2, 1.6, z),

Xo=(l.05ir)2/(1 1.2) = .9715.

This is a first approximation to X for M( 3, .6, z).
Using 13.7.5 and 13.4.8 we find a second approxi-
mation

C0NFLUEN'r IIYPERGEOMETRIC FUNCTIONS

X=X [1 M'(-3, .6, X)
3M(-3, .6,X)

=X [1 M(-2, 1.6, X)/.6M(-3, .6, X)]

=.9715X1.0163=.9873 to 4S.

This process can be repeated to give as many
significant figures as are required.

513

2

3 2

4j 211

o'
+1

o

416 V7II
FIGURE 13.1.

Figure 13.1 shows the curves on which M(a, b, z)
=0 in the a, b plane when x=1. The function is
positive in the unshaded areas, and negative in the
shaded areas. The number in each square gives
the number of real positive zeros of M(a, b, z) as a
function of z in that square. The vertical
boundaries to the left are to be included in each
square.

13.10. Graphing M(a, b, x)

Example 17. Sketch M(-4.5, 1, z). Firstly,
from Figure 13.1 we see that the function has
five real positive zeros. From 13.5.1, we find
that M-- , M'-- as x+ and that
M>+ , M'+ as x-- . By 13.7.2 we
have ás first approximations to the zeros, .3, 1.5,3.7,
6,9, 10.6, and by 13.7.2 and 13.4.8 we find as first
approximations to the turning values .9, 2.8, 5.8,
9.9. From 13.7.7, we see that these must lie near
the curves

y= ±e(5z)1(1zI11)ir.
From these facts we can form a rough graph of
the behavior of the function, Figure 13.2.

-? -6
7

6 F-



FIGURE 13.2. M(-4.5, 1, z.
(From F. G. Tricomi, Funzioni, Ipergeometriclse confinent!, Edizioni.

Cremonese, Rome, Italy, 1954, wIth permission.)

M

FIGURE 13.3. M(a, 1, z).
(From E. hbnke and F. Emde, Tables of functions, Dover Publications,

Inc., New York, N.Y., 1945, with permission.)

o
O

oo

Fioi:ran 13.4. M(a, .5, z).
(From E. Jahnke and F. Emde, Tables of functions, Dover Publications,

Inc., New York N.Y., 1945, with permission.)
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For 0x 1, linear interpolation in a, b or x provides 3-4 . Lagrange four-point interpolation gives S in a, b or x over
most of the table, but the Lagrange six-point formula is needed over the range i x 10. Any interpolation formula
can be reapplied to give two dimensional interpolates in a and b, a and x or b and z. This calculation can be checked
by being repeated in a different order.

-1.0 0.00000 00 5,00000 00 (-1) 6.66666 67 7.50000 00 8.00000 00
-0.9 9.58364 34 5,48093 23 (-1 6.98827 46 7.74183 96 8.19391 07
-0.8
-0.7 - ) 290253

25
86 (...

5,96605
6.45537

00
25

(-1 7.31245
(-1 7.63922

77
74

7.98547
8.23090

23
56

8.38915
8.58575

99
33

-0.6 - ) 3.88843 71 6.94891 92 (-1 7.96859 49 8.47814 73 8.78369 61

-0.5 - 4.88360 25 7,44670 94 -1 8.30057 19 8.72720 49 8.98299 40
-0.4 - 5.88807 94 7,94876 28 -1 8.63516 97 8.97808 60 9.18365 22
-0.3 - 6.90191 26 8,45509 89 -1 8.97239 98 9.23079 84 9.38567 64
-0.2 - 7.92514 70 8.96573 73 -1 9.31227 38 9.48534 97 9.58907 21
-0.1 (- 8.95782 77 9.48069 78 -1 9.65480 34 9.74174 76 9.79384 48

0.0 1.00000 00 1,00000 00 0) 1.00000 00 1.00000 00 1.00000 00

0.1 1.10517 09 1,05236 64 1.03478 75 1.02601 15 1.02075 43
0,2 1.21130 01 1,10517 09 1.06984 41 1.05220 99 1.04164 80
0.3 1.31839 21 1.15841 56 1.10517 09 1.07859 61 1.06268 16
0.4 1.42645 14 1.21210 24 1.14076 91 1.10517 09 1.08385 58
0.5 1.53548 28 1.26623 34 1.17663 99 1.13193 51 1.10517 09

0.6 1.64549 07 1,32081 05 1.21278 44 1.15888 93 1.12662 77
0.7 1.75647 99 1,37583 59 1.24920 38 1.18603 45 1.14822 66
0.8 1.86845 49 1,43131 14 1.28589 94 1.21337 14 1.16996 83
0.9 1.98142 05 1.48723 92 1.32287 23 1.24090 08 1.19185 34
1.0 2.09538 12 1.54362 12 1.36012 38 1.26862 36 1.21388 22

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 8.33333 33 (-1 8,57142 86 8.75000 00 8.88888 89 9.00000 00
-0.9 8.49524 54 (-1 8,71045 21 8.87183 35 8.99733 47 9.09772 21
-0.8 8.65820 31 (-1 8,85031 91 8.99436 39 9.10636 73 9.19594 59
-0.7 8.82221 06 (-1 8,99103 26 9.11759 38 9.21598 87 9.29467 31
-0.6 8.98727 18 (-1) 9.13259 59 9.24152 56 9.32620 11 9.39390 52

-0.5 (- 9,15339 10 -1 9.27501 22 9.36616 18 - 9.43700 64 9.49364 42
-0.4 - 9.32057 22 -1 9,41828 47 9.49150 52 - 9.54840 68 9.59389 16
-0.3 - 9.48881 96 -1 9,56241 64 9.61755 81 - 9.66040 42 9.69464 91
-0.2 (- 9.65813 72 -1 9,70741 08 9.74432 32 - 9.77300 09 9.79591 86
-0.1 (- 9.82852 93 -1 9,85327 09 9.87180 29 - 9.88619 88 9.89770 16

0.0 1.00000 00 ( 0) 1.00000 00 1,00000 00 ( ) 1.00000 00 1.00000 00

0.1 1.01725 53 0 1,01476 01 1.01289 17 1.01144 07 1.01028 15
0.2 1.03461 94 0 1,02960 78 1.02585 56 1.02294 21 1.02061 50
0.3 1.05209 25 0 1,04454 34 1.03889 21 1.03450 45 1.03100 04
0.4 1.06967 52 0 1,05956 71 1.05200 13 1.04612 80 1.04143 81
0.5 ( 1.08736 79 0 1.07467 94 1.06518 35 1.05781 30 1.05192 82

0.6 1.10517 09 0) 1.08988 06 1.07843 90 1.06955 95 1.06247 09
0.7 1.12308 48 0 1,10517 09 1.09176 81 1.08136 79 1.07306 64
0.8 1.14110 98 0 1,12055 08 1.10517 09 1.09323 83 1.08371 47
0.9 1.15924 65 0 1.13602 05 1.11864 79 1.10517 09 1.09441 62
1.0 ( 1.17749 53 0) 1.15158 03 1.13219 91 ( 1.11716 60 1.10517 09
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=0.1

a\b 0.1 0.2 0.3 0.4 0.5



a\b 0.1 0.2

x=0.2

0.3 0.4 0.5

-1.0 0) -1.00000 00 0.00000 00 3.33333 33 -1 5.00000 00 -1 6.00000 00
-0.9 (-i) -8.16955 02 9.22415 48 3.95232 64 -1 5.46684 38 -1 6.37527 43
-0.8 (-1)-6.30239 72 1.86164 63 4.58166 34 -1 5.94088 89 -1 6.75592 38
-0.7 (-1) -4.39817 97 2.81785 03 5.22143 72 -1 6.42219 72 -1 7.14199 30
-0.6 (-1) -2.45653 39 3.79118 64 5.87174 11 -1 6.91083 10 -1 7.53352 62

-0.5 -2) -4.77093 96 (- 4.78181 44 6.53266 92 -1 7.40685 28 -1 7.93056 84
-0.4 -1)1.54050 87 (- 5.78989 52 7.20431 59 -1 7.91032 56 -1 8.33316 46
-0.3 -1) 3.59664 50 6.81559 07 7.88677 63 -1 8.42131 28 -1 8.74136 01
-0.2 -1) 5.69168 81 7.85906 39 8.58014 62 -1 8.93987 82 -1 9.15520 06
-0.1 -1) 7.82601 37 (- 8.92047 86 9.28452 18 (-1 9.46608 57 -1 9.57473 18

0.0 ( 0) 1.00000 00 1.00000 00 1.00000 00 0) 1.00000 00 0) 1.00000 00

0.1 ( 0) 1.22140 28 ( ) 1.10977 94 1.07266 78 0) 1.05416 86 0 1.04310 51
0.2 ( 0) 1.44684 80 ( ) 1.22140 28 1.14646 55 0) 1.10912 09 0 1.08679 33
0.3 0) 1.67637 41 1.33488 69 1.22140 28 0 1.16486 34 0 1.13106 91
0.4 0) 1.91002 01 1.45024 87 1.29748 97 0 1.22140 28 0 1.17593 74
0.5 0) 2.14782 49 1.56750 53 1.37473 61 0 1.27874 56 0 1.22140 28

0.6 0 238982 79 1.68667 37 1.45315 23 0 1.33689 87 0 1.26747 01
0.7 0 2.63606 85 1.80777 12 1.53274 81 0 1.39586 86 0 1.31414 41
0.8 0 2.88658 67 1.93081 51 1.61353 39 0 1.45566 22 0 1.36142 97
0.9 0 3.14142 25 2.05582 28 1.69551 97 0 1.51628 63 0 1.40933 17
1.0 ( 0) 3.40061 61 2.18281 20 1.77871 60 0 1.57774 76 O 1.45785 51

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 6.66666 67 7.14285 71 7.50000 00 -1 7.77777 78 -1 8.00000 00
-0.9 6.98070 53 7.41302 26 7.73716 33 -1 7.98920 01 -1 8.19077 41
-0.8 7.29894 21 7.68657 38 7.97712 40 -1 8.20297 76 -1 8.38356 13
-0.7 7.62141 04 7.96353 68 8.21990 25 (-1) 8.41912 68 -1 8.57837 54
-0.6 7.94814 35 8.24393 73 8.46551 94 (-1) 8.63766 45 (-1 8.77523 03

-0.5 8.27917 51 8.52780 14 8.71399 57 -1 8.85860 76 -1) 8.97413 99
-0.4 8.61453 89 8.81515 54 8.96535 20 -1 9.08197 30 -1 9.17511 81
-0.3 8.95426 91 9.10602 57 9.21960 95 -1 9.30777 78 -1) 9.37817 91
-0.2 9.29839 97 9.40043 88 9.47678 92 -1 9.53603 91 -la 9.58333 69
-0.1 9.64696 51 9.69842 13 9.73691 22 -1 9.76677 40 -1) 9.79060 58

0.0 ( 1.00000 00 1.00000 00 1.00000 00 0) 1.00000 00 0) 1.00000 00

0.1 1.03575 39 1.03052 02 1.02660 74 0 1.02357 34 0 1.02115 34
0.2 1.07196 17 1.06140 54 1.05351 56 0 1.04739 95 0 1.04252 22
0.3 1.10862 70 1.09265 84 1.08072 66 0 1.07147 98 0 1.06410 78
0.4 1.14575 32 1.12428 18 1.10824 29 0 1.09581 63 0 1.08591 18
0.5 1.18334 39 1.15627 85 1.13606 64 0 1.12041 07 0 1.10793 56

0.6 1.22140 28 1.18865 12 1.16419 94 0) 1.14526 47 0 1.13018 06
0.7 1.25993 33 1.22140 28 1.19264 41 0 1.17038 02 0 1.15264 83
0.8 1.29893 91 1.25453 59 1.22140 28 0 1.19575 89 0 1.17534 02
0.9 1.33842 39 1.28805 34 1.25047 76 0 1.22140 28 0 1.19825 79
1.0 1.37839 12 1.32195 81 1.27987 08 0) 1.24731 35 0 1.22140 28
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=0.3

0.3 0.4 0.5

0.00000 00 2.5 0000 00 4.000 00 00
8.90939 59 3.17420 35 4.54351 25
1.80524 85 3.86467 39 5. 09916 51
2.74324 64 4.57162 39 5.66711 03
3.70525 58 5.29526 85 6.24750 17

4.69160 23 6. 03582 44 6.84049 44
5.7 02 61 46 6.79351 05 7.44624 48
6.7 3862 42 7.56854 74 8.06491 07
7.79996 60 8.36115 78 8.69665 13
8.88697 76 9.17156 65 9.34162 71

1.00000 00 1.00000 00 1.00000 00

1.11393 77 1. 08466 87 1. 06719 33
1.23054 56 1.17118 59 1.13575 92
1.34985 88 1.25957 47 1.20571 42
1.47191 26 1.34985 88 1.27707 51
1.59674 26 1.442 06 18 1.34985 88

1.72438 49 1.53620 75 1.42408 24
1.85487 58 1.63232 02 1.49976 30
1.98825 19 1.73042 41 1. 57691 80
2.12455 03 1.83054 38 1.65556 49
2.2 6380 82 1.9 3270 41 1.73572 13

0.8 0.9 1.0

6.2 5000 00 6.66666 67 7.0 0000 00
6.595 72 25 6.97537 97 7.27897 71
6.94776 02 7.28940 91 7.56249 82
7.3 0618 39 7.60881 20 7.85061 06
7.67106 45 7.93364 63 8.14336 18

8.04247 38 8.26397 01 8.44079 99
8.42048 41 8.59984 20 8.74297 33
8.80516 81 8.94132 11 9.04993 07
9.19659 93 9.28846 71 9.36172 12
9.59485 17 9.64133 99 9.67839 44

1.00000 00 1.00000 00 1.00000 00

1.04121 19 1.03645 08 1. 03265 88
1.08312 85 1.07349 27 1.06582 lo
1.12575 75 1.11113 16 1.09949 16
1.16910 65 1.14937 40 1.13367 58
1.21318 32 1.18822 61 1.16837 88

1.25799 56 1.2 2769 42 1.20360 57
1.30355 15 1.2 6778 47 1.23936 18
1.34985 88 1.30850 41 1.27565 25
1.39692 56 1.34985 88 1. 31248 30
1.44475 99 1. 39185 54 1.34985 88

a\b 0.1 0.2

-1.0 0) -2.00000 00 -5.00000 00
-0.9 0 -1.73884 94 -3.67762 19
-0.8 0 -1.46940 36 -2.31724 76
-0.7 ( 0 -1.19153 81 -9.18332 95
-0.6 (-1 -9.05127 09 + 5.19671 16

-0.5 (-1)-6.10043 44 1.99731 93
-0.4 (-1) -3.06158 84 3.51517 11
-0.3 -3 6.65629 62 5.07379 19
-0.2 -1 3.28532 83 6.67375 21
-0.1 -1 6.59602 92 8.31562 77

0.0 ( 0) 1.00000 00 1.00000 00

0.1 0 1.34985 88 1.172 74 56
0.2 0 1.70931 54 1.34985 88
0.3 0 2.07850 71 1.5 3139 94
0.4 0 2.45757 28 1.71742 78
0.5 0 2.84665 23 1.9 0800 49

0.6 O 3.24588 71 2.10319 22
0.7
0.8

o
o

3.65541
4. 07539

99
50

2.30305
2.5 0764

18
63

0.9 O 4.50595 77 2.71703 89
1.0 0) 4.94725 50 2 .9 3129 36

a\b 0.6 0.7

-1.0 -1 5. 00000 00 5. 71428 57
-0.9 -1 5.45594 63 6.1 0737 55
-0.8 -1 5.92137 29 6.50811 03
-0.7 (-1 6. 39639 42 6.91657 86
-0.6 (-1 6.88112 54 7.33287 00

-0.5 -1 7.37568 28 7.75707 44
-0.4 -1 7.88018 36 8.18928 28
-0.3 -1 8.39474 59 8.62958 68
-0.2 (-1 8.91948 91 9. 07807 88
-0.1 (-1 9.45453 34 9.53485 19

0.0 0) 1.00000 00 1.00000 00

0.1 0 1.05560 11 1.04736 18
0.2 0 1.11226 90 1.09558 01
0.3 0 1.17001 62 1.14466 45
0.4 0 1.22885 51 1.19462 48
0.5 0 1.28879 84 1.24547 07

0.6 0) 1.34985 88 1.29721 20
0.7 0) 1.412 04 93 1.34985 88
0.8 O 1.47538 27 1.40342 10
0.9
1.0

O

o
1.53987
1.605 53

22
08

1.45790
1.51333

88
23

}

0)

0
0
0
0
0

0)
0
0
0
0)
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=0.4

k

k

0.2

k

k

0.00000 00
- 8.63057 33
- 1.75514 40
- 2.67677 48
- 3.62847 08

0.4

4.61075 95
5.62417 45
6.66925 61
7.74655 09
8.85661 23

1.00000 00

1.11772 81
1.23890 28
1.36358 21
1.49182 47
1.62369 00

1.75923 82
1.89852 99
2.04162 67
2.18859 08
2.33948 51

0.9

5.55555 56
5.95564 45
6.36521 50
6.78440 52
7.21335 46

7.65220 44
8.10109 70
8.56017 66
9.02958 86
9.50948 02

1.00000 00

1.05012 98
1.10135 26
1.15368 38
1.20713 88
1.26173 33

1.31748 31
1.37440 41
1.43251 25
1.49182 47
1.55235 70

k

Table 13.1

0.5

2.00000 00
2.69801 05
3.41768 30
4.15938 56
4.92349 10

5.71037 59
6.52042 19
7.35401 47
8.21154 46
9.09340 66

1.00000 00

1.09317 29
1.18890 02
1.28722 33
1.38818 41
1.49182 47

1.59818 80
1.70731 73
1.81925 64
1.93404 94
2.05174 12

1.0

-1 6.00000 00
-. 6.36214 28
- 6.73238 89
- ) 7.11085 21
- ) 7.49764 78

7.89289 21
8.29670 27
8.70919 82
9.13049 86
9.56072 51

1.00000 00

1.04484 47
1.09061 91
1.13733 58
1.18500 76
1.23364 74

1.28326 80
1.33388 28
1.38550 48
1.43814 76
1.49182 47

519

-1.00000 00 - -3.33333 33
-8.32139 43 - -2.19718 27
-6.57495 96 - -1.01932 12
-4.75937 91 - +2.01024 24
-2.87331 90 - 1.46463 65

1.00000 00 1.00000 00

1.24182 32 1.15892 34
1.49182 47 1.32283 59
1.75015 41 1.49182 47
2.01696 26 1.66597 84
2.29240 35 1.84538 67

2.57663 20 2.03014 00
2.86980 51 2.22033 03
3.17208 18 2.41605 02
3.48362 30 2.61739 39
3.80459 19 2.82445 63

0.7 0.8

4.28571 43 5.00000 00
4.79315 51 5.44722 84
5.31423 36 5.90572 12
5.84916 36 6.37564 87
6.39816 17 6.85718 29

6.9 6144 64 7.35049 77
7.53923 92 7.85576 88
8.13176 35 8.37317 41
8.73924 56 8.90289 30
9.36191 40 9.44510 72

1.00000 00 1.00000 00

1.06537 37 1.05677 57
1.13233 62 1.11485 65
1.20091 13 1.17426 15
1.27112 31 1.23500 97
1.34299 62 1.29712 04

1.41655 50 1.36061 33
1.49182 47 1.42550 81
1.56883 03 1.49182 47
1.64759 75 1.55958 33
1.72815 18 1.62880 44

a\b 0.1

-1.0 -3.00000 00
-0.9 -2.67035 54
-0.8 -2.32590 02
-0.7 -1.96633 24
-0.6 -1.59134 63

-0.5 )-1.20063 19
-0.4 - -7.93875 31
-0.3 - -3.70758 28
-0.2 - )+6.90415 20
-0.1 (- 5.25850 66

0.0 ( 1.00000 00

0.1 1.49182 47
0.2 2.00166 43
0.3 2.52986 27
0.4 3.07676 82
0.5 3.64273 38

0.6 4.22811 68
0.7 4.83327 91
0.8 5.45858 73
0.9 6.10441 27
1.0 6.77113 12

a\b 0.6

-1.0 - 3.33333 33
-0.9 - 3.92050 85
-0.8 - 4.52459 74
-0.7 - 5.14587 62
-0.6 5.78462 40

-0.5 6.44112 32
-0.4 7.11565 94
-0.3 7.80852 14
-0.2 8.52000 13
-0.1 9.25039 46

0.0 1.00000 00

0.1 1.07691 20
0.2 1.15580 59
0.3 1.23671 28
0.4 1.31966 37
0.5 1.40469 04

0.6 1.49182 47
0.7 1.58109 90
0.8 1.672 54 59
0.9 1.76619 84
1.0 1.86208 99
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=0.5

a\b 0.1 0.2 0.3 0.4 0.5

-1.0 )-4.00000 00 ( 0)-1.50000 00 )-6.66666 67 -2.50000 00 0.00000 00
-0.9 -3.61201 86 ( o)-:L30112 70 -5.31342 47 (- -1.46751 27 8.38114 43
-0.8 -3.20079 89 0 -1.09161 33 -3.89475 90 (- -3.89499 09 1.71019 66
-0.7 )-2.76573 85 (-1 -8.71196 18 -2.40912 78 )7.35066 66 2.61697 96
-0.6 )-2.30622 47 (-1 -6.39608 65 -8.54965 30 1.90722 60 - ) 3.55920 78

-0.5 -1.82163 45 -1 -3.9 6579 38 +7.69319 06 3.12803 64 4.53763 61
-0.4 -1.31133 45 -1 -1.41832 63 2.46534 08 4.39857 14 5.55303 09
-0.3 -7.74681 00 -1 +1.24911 75 4.23474 05 5.71992 06 6.60617 00
-0.2 -2.11019 41 (-1 4.03938 42 6.07918 46 7.09319 04 7.69784 21
-0.1 +3.80315 52 (-1 6.95536 57 8.00036 50 8.51950 36 8.82884 81

0.0 ( ) 1.00000 00 0) 1.00000 00 1.00000 00 1.00000 00 1.00000 00

0.1 1.64872 13 O 1.31762 72 1.20798 34 1.15358 36 1.12121 22
0.2 2.32717 78 O 1.64872 13 1.42416 39 1.31281 87 1.24660 50
0.3 3.03607 92 0 1.99359 02 1.64872 13 1.47782 42 1.37626 32
0.4 3.77614 69 0 2.35254 68 1.88183 81 1.64872 13 1.51027 29
0.5 ) 4.54811 35 0 2.72590 86 2.12369 98 1.82563 24 1.64872 13

0.6 5.35272 38 0 3.11399 83 2.37449 45 2.00868 23 1.79169 69
0.7 6.19073 40 0 3.51714 35 2.63441 32 2.19799 70 1.93928 94
0.8 7.06291 26 0 3.93567 68 2.90364 98 2.39370 49 2.09159 01
0.9 ) 7.97004 04 t 0 4.36993 59 3.18240 09 2.59593 60 2.24869 11
1.0 ( ) 8.91291 03 0 4.82026 39 3.47086 63 2.80482 2f 2.41068 61

a\b 0.6 0.7 0.8 0.9 1,0

-1.0
-0.9
-0.8
-0.7
-0.6

(-
(-
(-

) 1.66666
) 2.37390
) 3.10765
) 3.86848

4.65693

67
35
94
36
33

(-1 2.85714
(-1 3.46998
-1 4.10420
-1) 4.76023
-i) 5.43849

29
42
52
18
54

) 3.75000
) 4.29138

4.85042
) 5.42745

6.02283

00
21
16
70
14

4.44444 44
4.92975 27
5.42992 21
5.94522 72
6.47594 62

5.00000
5.44007
5.89284
6.35854
6.83739

00
21
39
17
50

-0.5 5.47357 40 (-1 6.13943 38 6.63689 23 7.02236 09 7.32963 60
-0.4 6.31897 89 (-1 6.86349 09 7.26999 22 7.58475 70 7.83550 00
-0.3 7.19372 99 -1 7.61111 66 7.92248 85 8.16342 38 8.35522 55
-0.2 8.09841 67 -1 8.38276 72 8.59474 31 8.75865 45 8.88905 38
-0.1 9.03363 78 -1 9.17890 54 9.28712 29 9.37074 63 9.43722 94

0.0 ) 1.00000 00 ( 0) 1.00000 00 1.00000 00 1.00000 00 1.00000 00

0.1 1.09981 19 0) 1.08465 27 1.07337 51 1.06467 21 1.05776 16
0.2 1.20286 18 0) 1.17189 67 1.14887 58 1.13112 17 1.11703 33
0.3
0.4

1.30921
1.41892

31
99

0 1.26178
0 1.35435

10
51

1.22654
1.30640

08
94

1.19938 02
1.26947 93

1.17784
1.24020

06
96

0.5 1.53207 73 0 1.44966 91 1.38852 11 1.34145 10 1.30416 68

0.6 1.64872 13 0) 1.54777 40 1.47291 64 1.41532 79 1.36973 88
0.7 1.76892 87 0) 1.64872 13 1.55963 60 1.49114 29 1.43695 27
0.8
0.9

1.89276
2.02030

74
62

0) 1.75256
0) 1.85935

32
29

1.64872
1.74021

13
40

1.56892 95
1.64872 13

1.50583
1.57641

59
61

1.0 2.15161 47 o) 1.96914 38 1.83415 67 1.73055 26 1.64872 13



a\b 0.1 0.2 0.3 0.4 0.5

-1.0 )-5.00000 00 -2.00000 00 -1.00000 00 -5.00000 00 -2.00000 00
-0.9 -4.56442 36 -1.77497 83 -8.45926 51 -3.81848 50 -1.03687 14
-0.8 )-4.09525 03 -1.53457 51 -6.82397 09 -2.57117 79 -2.46606 50
-0.7 -3.59141 57 -1.27832 65 -5.09139 76 -1.25627 00 )+1.03792 44
-0.6 )-3.05183 34 -1.00575 96 -3.25877 35 )+1.28080 81 2.15219 9]

-0.5 -2.47539 54 -7.16392 12 -1.32327 40 1.58375 09 3.31950 22
-0.4 -1.86097 11 -4.09732 38 +7.17978 94 3.11265 10 4.54119 67
-0.3 -1.20740 73 -8.52791 51 2.86791 75 4.71672 67 5.81866 96
-0.2 -5.13527 80 +2.57478 49 5.12952 90 6.39795 93 7.15333 26
-0.1 )+2.21866 89 6.19061 29 7.50585 66 8.15836 59 8.54662 21

0.0 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00

0.1 1.82211 88 1.40083 55 1.26151 16 1.19249 52 1.15149 54
0.2 2.68949 50 1.82211 88 1.53544 21 1.39353 51 1.30929 96
0.3 3.60342 49 2.26441 16 1.82211 88 1.60333 61 1.47356 68
0.4 4.56523 01 2.72828 58 2.12187 52 1.82211 88 1.64445 34
0.5 5.57625 77 3.21432 45 2.43505 08 2.05010 75 1.82211 88

0.6 6.63788 04 3.72312 11 2.76199 12 2.28753 06 2.00672 51
0.7 7.75149 76 4.25528 05 3.10304 83 2.53462 03 2.19843 71
0.8 8.91853 48 4.81141 85 3.45858 04 2.79161 30 2.39742 24
0.9 1.01404 45 5.39216 24 3.82895 20 3.05874 93 2.60385 15
1.0 1.14187 08 5.99815 10 4.21453 44 3.33627 37 2.81789 78

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 0.00000 00 1.42857 14 2.50000 00 3.33333 33 4.00000 00
-0.9 8.15612 80 2.13746 25 3.12786 69 3.89744 84 4.51255 49
-0.8 1.66954 03 2.87723 99 3.78124 01 4.48302 85 5.04345 12
-0.7 2.56274 99 3.64865 28 4.46071 49 5.09055 63 5.59308 68
-0.6 3.49622 62 4.45246 33 5.16689 67 5.72052 24 6.16186 59

-0.5 4.47097 05 5.28944 63 5.90040 05 6.37342 52 6.75019 92
-0.4 5.48800 20 6.16039 00 6.66185 18 7.04977 12 7.35850 35
-0.3 6.54835 72 7.06609 56 7.45188 61 7.75007 48 7.98720 24
-0.2 7.65309 05 8.00737 79 8.27114 95 8.47485 87 8.63672 59
-0.1 8.80327 45 8.98506 53 9.12029 84 9.22465 40 9.30751 06

0.0 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00

0.1 1.12443 77 1.10530 38 1.09109 32 1.08014 45 1.07146 44
0.2 1.25375 32 1.21450 50 1.18537 84 1.16295 44 1.14519 01
0.3 1.38806 15 1.32769 20 1.28292 55 1.24848 64 1.22122 33
0.4 1.52747 91 1.44495 47 1.38380 56 1.33679 79 1.29961 13
0.5 1.67212 47 1.56638 46 1.48809 10 1.42794 70 1.38040 19

0.6 1.82211 88 1.69207 45 1.59585 51 1.52199 31 1.46364 36
0.7 1.97758 41 1.82211 88 1.70717 25 1.61899 63 1.54938 57
0.8 2.13864 53 1.95661 34 1.82211 88 1.71901 75 1.63767 83
0.9 2.30542 91 2.09565 57 1.94077 10 1.82211 88 1.72857 22
1.0 2.47806 43 2.23934 48 2.06320 72 1.92836 31 1.82211 88
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=0.7

0.3 0.4 0.5

E

-1.33333
)-1.16362
)-9.81007
-7.85028

)-5.75241

-3.51185
-1.12388
+1.41630

4.11364
6.97316

1.00000

)' 1.31994
1.65767
2.01375
2.38873
2.78318

3.19769
3.63285
4.08927
4.56758
5.06840

0.8

1.25000
1.95634
2.69751
3.47447
4.28819

5.13967
6.02994
6.96004
7.93103
8.94398

1.00000

1.11002
1.22457
1.34377
1.46774
1.59660

1.73047
1.86948
2.01375
2.16341
2.31861

33
83
11
60
82

70
92
28
25
13

00

11
60
27
10
26

12
27
57
14
38

00
74
66
03
01

66
98
90
40
42

00

02
33
57
58
44

46
15
27
82
02

(-1)
(-1)
-1)
-1)
-1)

(-3
(-1
(-1
(-1
(-1

-
-
-

(-
(-

-7.50000
-6.19090
-4.79194
-3.30020
-1.71267

-2.63083
+1.76203

3.65553
5.65746
7.77115

0) 1.00000

0 1.23474
0 1.48171
0 1.74125
0 2.01375
0) 2.29957

0 2.59910
0 2.91274
0 3.24088
0 3.58393
0 3.94232

0.9

2.22222
2.85846
3.52400

) 4.21962
) 4.94612

5.70431
6.49501
7.31906
8.17733
9.07068

) 1.00000

1.09661
1.19701
1.30129
1.40953
1.52184

1.63831
1.75905
1.88416
2.01375
2.14791

00
30
87
58
91

59
27
75
78
48

00

77
31
83
27
36

58
21
34
85
46

22
10
18
49
53

32
40
85
33
09

00

96
89
20
43
32

77
87
89
27
66

(

-4.00000
-2.92768
-1.78834
-5.79886
+6.99831

2.05299
3.48181
4.98858
6.57561
8.24528

1.00000

1.18422
1.37745
1.57993
1.79195
2.01375

2.24561
2.48782
2.74065
3.00440
3.27935

1.0

3.00000
3.57936
4.18377
4.81385
5.47027

6.15369
6.86479
7.60426
8.37280
9.17114

1.00000

1.08601
1.17522
1.26772
1.36357

) 1.46286

) 1.56566
1.67207
1.78216
1,89603
2.01375

00
78
77
90
62

00
61
44
66
23

00

38
14
98
11
27

74
35
46
00
49

00
92
43
81
56

36
13
03
46
12

00

24
70
07
19
04

72
52
81
16
27

a\b 0.1 0.2

-1.0 -6.00000 00 ( )-2.50000 00
-0.9 )-5.52819 79 -2.25396 47
-0.8 )-5.01049 23 -1.98691 64
-0.7 )-4.44515 47 -1.69810 26
-0.6 )-3.83041 49 -1.38675 31

-0.5 )-3.16446 06 )-1.05207 99
-0.4 -2.44543 68 - )-6.93277 09
-0.3 -1.67144 46 - )-3.09520 29
-0.2 -8.40541 00 - )+1.00033 57
-0.1 )4.92624 47 (- ) 5.36246 53

0.0 1.00000 00 1.00000 00

0.1 2.01375 27 1.49219 50
0.2 3.09264 92 2.01375 27
0.3 4.23886 64 2.56561 44
0.4 5.45463 06 3.14874 21
0.5 6.74221 79 3.76411 90

0.6 8.10395 56 4.41274 94
0.7 9.54222 25 5.09565 95
0.8 1.10594 50 5.81389 76
0.9 1.26581 24 6.56853 43
1.0 1.43407 83 7.36066 31

a\b 0.6 0.7

-1.0 - -1.66666 67 0.00000 00
-0.9 - )-7.54915 03 -2) 7.95165 75
-0.8 - )+2.09154 67 -1) 1.63250 20
-0.7 - 1.22710 86 -1) 2.51322 11
-0.6 - 2.30054 51 -1) 3.43855 96

-0.5 - 3.43109 52 -1) 4.40977 87
-0.4 - 4.62042 36 -1) 5.42816 47
-0.3 - 5.87022 82 -1 6.49502 91
-0.2 - 7.18224 16 (-1 7.61170 97
-0.1 - 8.55823 13 (-1 8.77956 99

0.0 ( 1.00000 00 0) 1.00000 00

0.1 1.15093 86 0) 1.12744 17
0.2 1.30882 66 0) 1.26042 67
0.3 1.47385 50 0 1.39910 20
0.4 1.64621 90 0 1.54361 79
0.5 1.82611 74 0 1.69412 73

0.6 2.01375 27 0) 1.85078 59
0.7 2.20933 17 0) 2.01375 27
0.8 2.41306 50 o) 2.18318 94
0.9 2.62516 74 0) 2.35926 09
1.0 2.84585 75 o) 2.54213 50
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CONFLUENT HYPE EGEOMETRIC FUNCTIONS

CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

i

0.5

-6.00000 00
-4.83512 37
-3.58242 29
-2.23871 07
-8.00722 55

+7.34885 63
2.37153 85
4.11274 30
5.96208 97
7.92325 45

1.00000 00

1.21961 77
1.45157 28
1.69626 83
1.95411 70
2.22554 09

2.51097 18
2.81085 12
3.12563 06
3.45577 20
3.80174 73

1.0

(- 2.00000 00
- 2.64028 04
- 3.31335 07
- 4.02018 75
- 4.76178 82

- 5.53917 14
- 6.35337 71
- 7.20546 73
- 8.09652 62
- 9.02766 05

( ) 1.00000 00

1.10146 98
1.20729 30
1.31758 99
1.43248 29
1.55209 71

1.67656 00
1.80600 17
1.94055 51
2.08035 55
2.22554 09

a\b

-1.0
-0.9
-0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

a\b

-1.0
-0.9
-0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

-

(

-
-
-
-
-

(-
-
-
-
-

(

0.1

-7.00000
-6.50401
-5.94785
-5.32888
-4.64439

-3.89159
-3.06762
-2.16953
-1.19431
-1.38863

)+1.00000

2.22554
3.54111
4.95014
6.45617
8.06281

9.77377
1.15928
1.35239
1.55710
1.77383

0.6

-3.33333
-2.33826
-1.27465
-1.40115
+1.06779

2.35156
3.71375
5.15699
6.68394
8.29734

1.00000

1.17947
1.36846
1.56724
1.77614
1.99547

2.22554
2.46668
2.71923
2.98352
3.25992

00
48
78
96
77

56
06
29
35
05

00

09
04
63
50
37

18
53
56
78
16

33
62
48
64
15

45
95
27
10
28

00

78
08
87
79
19

09
24
11
90
56

0.2

)-3.00000
-2.73837
-2.44921
-2.13135
-1.78363

-1.40483
-9.93710
-5.48990
-6.93656
+4.46505

1.00000

1.59252
2.22554
2.90051
3.61898
4.38249

5.19265
6.05109
6.95949
7.91957
8.93309

0.7

-1.42857
-5.57356
+3.69102

1.35264
2.39517

3.49860
4.66490
5.89611
7.19428
8.56152

1.00000

1.15119
1.30995
1.47651
1.65110
1.83397

2.02537
2.22554
2.43473
2.65322
2.88127

00
67
23
83
55

36
17
22
36
60

00

93
09
91
52
84

68
78
89
87
73

14
94
15
99
31

15
92
50
36
59

00

12
18
22
80
98

37
09
81
74
68

-1

-1
-1
-2
-1
-1

(

-
-
-
-

(

x=0.8

0.3

0 -1.66666
0 -1.48461
0 -1.28563
0 -1.06906

-8.34197

-5.80333
-3.06747
-1.26930
+3.02591

6.39888

0) 1.00000

0 1.38374
O 1.79197
0 2.22554
0 2.68533
0 3.17225

0 3.68723
0 4.23121
0 4.80517
0) 5.41011
0) 6.04704

0.8

0.00000
7.76467
1.59854
2.46770
3.38544

4.35327
5.37278
6.44555
7.57323
8.75747

1.00000

1.13025
1.26668
1.40948
1.55882
1.71491

1.87792
2.04806
2.22554
2.41055
2.60331

67
68
99
32
05

58
02
95
28
38

00

79
39
09
25
39

21
63
86
38
06

00
88
95
86
19

95
55
87
29
79

00

42
86
49
92
10

43
69
09
26
27

(

-
-
-
-
-
-
-
-
-

-1
-1
-1
-1
-1

-1
-1
-1
-1
-1

0
0
0
O

0

0
0
0
0
0

0)

0.4

-1.00000
-8.58588
-7.05401
-5.39992
-3.61905

-1.70668
+3.41976

2.53186
4.86802
7.35564

1.00000

1.28065
1.57807
1.89284
2.22554
2.57675

2.94709
3.33719
3.74769
4.17923
4.63249

0.9

1.11111
1.81250
2.55227
3.33161
4.15173

5.01386
5.91927
6.86926
7.86514
8.90826

1.00000

1.11417
1.23349
1.35811
1.48816
1.62382

1.76522
1.91253
2.06591
2.22554
2.39157

00
03
18
81
04

54
74
47
83
06

00

33
97
81
09
45

89
88
30
55
51

11
42
74
66
34

60
92
51
37
31

00

60
80
24
89
02

23
43
86
09
03
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0.2

( )-3.50000
-3.22852
-2.92208
-2.57899
-2.19753

:1.00000

:1.70274
2.45960
3.27280
4.14464
5.07749

6.07375
7.13594
8.26661
9.46839
1.07439

-1.77594
-1.31238
-8.04973
-2.51778
+3.49195

07

-2.85714
-1.92058
-9.13906
+1.65565

1.32057

2.55395
3.86857
5.26740
6.75350
8.32996

0) 1.00000

0) 1.17668
0) 1.36339
0) 1.56047
0) 1.76826
o) 1.98713

0 2.21745
0 2.45960
0 2.71396
0 2.98095
0 3.26095

E

0.4 0.5

)-1.25000 00 -8.00000 00
)-1.10046 05 -6.76001 98
-9.35972 27 -5.40855 15
-7.55885 89 -3.94096 49
-5.59533 56 -2.35250 18

-3.46228 53 -6.38272 88
)-1.15264 70 +1.20674 49
+1.34083 75 3.18771 09
4.02562 81 5.30992 39
6.90939 03 7.57882 50

1.00000 00 1.00000 00

1.33055 47 1.25791 83
1.68343 42 1.53222 60
2.05949 16 1.82352 69
2.45960 31 2.13244 07
2.88466 81 2.45960 31

3.33560 96 2.80566 62
3.81337 52 3.17129 88
4.31893 69 3.55718 66
4.85329 20 3.96403 28
5.41746 38 4.39255 83

0.9 1.0

0.00000 00 - 1.00000 00
7.59274 35 - 1.69504 02
1.56725 54 - 2.43169 00
2.42566 24 - 3.21136 46
3.33625 68 - 4.03551 32

4.30084 39 - 4.90562 01
5.32127 33 - 5.82320 50
6.39943 94 - 6.78982 39
7.53728 29 - 7.80706 95
8.73679 14 - 8.87657 20

1.00000 00 1.00000 00

1.13289 93 1.11790 61
1.27259 03 1.24155 02
1.41929 15 1.37111 10
1.57322 64 1.50677 14
1.73462 38 ) 1.64871 85

1.90371 79 1.79714 36
2.08074 81 1.95224 22
2.26595 96 2.11421 45
2.45960 31 2.28326 51
2.66193 52 2.45960 31

a\b 0.1

-1.0 -8.00000 00
-0.9 -7.49259 77
-0.8 -6.90878 25
-0.7 -6.24470 96
-0.6 -5.49641 35

-0.5 -4.65980 55
-0.4 -3.73067 11
-0.3 -2.70466 65
-0.2 -1.57731 62
-0.1 -3.44010 11

0.0 ( )+1.00000 00

0.1 2.45960 31
0.2 4.03983 23
0.3 5.74586 78
0.4 7.58304 06
0.5 9.55683 50

0.6 1.16728 93
0.7 1.39370 17
0.8 1.63551 72
0.9 1.89334 94
1.0 ( 2.16782 87

a\b 0.6

-1.0 -1 -5.00000 00
-0.9 -1 -3.93506 44
-0.8 -1 -2.78312 29
-0.7 -1 -1.54071 44
-0.6 -2 -2.04284 74

-0.5 -1 +1.22981 53
-0.4 -1 2.76533 21
-0.3 .4 4.40611 09
-0.2 -1 6.15609 81
-0.1 -1 8.01934 30

0.0 ( 0) 1.00000 00

0.1 0 1.21023 31
0.2 0 1.43307 07
0.3 0 1.66896 10
0.4 0 1.91836 37
0.5 0 2.18175 01

0.6 0 2.45960 31
0.7 0 2.75241 80
0.8 0 3.06070 20
0.9 0 3.38497 53
1.0 0 3.72577 04

x=0.9

0.3

00 -2.00000 00
60 -1.80907 26
06 -1.59665 35
21 -1.36176 43
81 -1.10339 79

43 -8.20518 02
34 -5.12058 10
88 -1.76920 97
79 +1.86021 91
37 5.77931 14

00 1.00000 00

56 1.45345 52
31 1.93955 77
52 2.45960 31
74 3.01492 28
00 3.60688 44

88 4.23689 27
69 4.90639 03
58 5.61685 85
74 6.36981 80
95 7.16683 00

0.8

29 -1.25000 00
43 -4.12148 81
92 +4.83592 97
38 1.43934 85
89 2.45729 51

12 3.53966 52
31 4.68874 74
93 5.90688 76
07 7.19649 04
53 8.56001 96

00 1.00000 00

82 1.15190 18
71 1.31197 24
09 1.48048 31
25 1.65771 19
34 1.84394 34

38 2.03946 90
31 2.24458 71
99 2.45960 31
21 2.68482 96
72 2.92058 65
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

:
-2
-2
-1

-1
-1
-1
-1
-1



a\b

E

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

0.1 0.2

X = 1.0

0.3 0.4 0.5

-9.00000 00 -4.00000 00 -2.33333 33 -1.50000 00 -1.00000 00
-8.49472 34 -3.72474 63 -2.13718 91 -1.34483 48 -8.70327 28
-7.89481 34 -3.40618 57 -1.91443 23 -1.17116 05 -7.26851 39
-7.19487 27 ( )-3.04197 32 -1.66369 18 -9.78067 35 -5.68924 14
-6.38931 44 ( )-2.62968 42 -1.38355 11 -7.64616 83 -3.95877 20

-5.47235 71 )-2.16681 22 -1.07254 74 -5.29840 46 -2.07021 66
-4.43802 02 )-1.65076 69 -7.29170 37 -2.72739 30 -1.64753 21
-3.28011 86 -1.07887 24 -3.51861 30 + 7.71680 36 +2.20976 75
-1.99225 77 -4.48364 63 +6.09884 13 3.12589 94 4.61604 79
-5.67828 07 +2.43610 69 5.11038 28 6.42974 92 7.21012 79

)+1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00

2.71828 18 1.82384 44 1.52963 87 1.38482 77 1.29938 93
4.59430 40 2.71828 18 2.10177 40 1.79865 55 1.62002 78
6.63559 00 3.68654 94 2.71828 18 2.24271 69 1.96278 70
8.84990 62 4.73198 60 3.38109 51 2.71828 18 2.32856 41
1.12452 68 5.85803 42 4.09220 54 3.22665 79 2.71828 18

1.38299 44 7.06824 32 4.85366 43 3.76919 11 3.13288 93
1.66124 65 8.36627 13 5.66758 48 4.34726 65 3.57336 26
1.96016 30 9.75588 81 6.53614 27 4.96230 95 4.04070 56
2.28065 08 1.12409 78 7.46157 79 5.61578 62 4.53595 02
2.62364 52 1.28255 41 8.44619 60 6.30920 50 5.06015 69

0.6 0.7 0.8 0.9 1.0

-6.66666 67 -4.28571 43 -2.50000 00 )-1.11111 11 0.00000 00
-5.54597 35 -3.29502 50 -1.60990 29 -3.01549 81 7.43386 23
-4.31756 71 -2.21753 45 -6.48146 54 +5.68299 01 1.53827 23
-2.97660 48 -1.04950 02 +3.88236 65 1.50083 68 2.38663 42
-1.51809 81 +2.12929 76 1.50229 88 2.49853 18 3.29050 15

)+6.30910 70 1.57371 99 2.69717 87 3.56392 05 4.25195 83
1.77225 36 3.03694 92 3.97610 35 4.69960 88 5.27314 45
3.61483 67 4.60681 41 5.34239 08 5.90827 38 6.35625 70
5.59644 73 6.28763 08 6.79945 04 7.19266 55 7.50355 07
7.72285 59 8.08383 81 8.35078 67 8.55560 76 8.71734 01

1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00

1.24339 88 1.20408 08 1.17507 89 1.15288 20 1.13539 67
1.50311 03 1.42110 86 1.36069 55 1.31451 22 1.27817 41
1.77978 05 1.65157 89 1.55723 97 1.48520 44 1.42858 86
2.07407 40 1.89600 10 1.76511 25 1.66528 05 1.58690 33
2.38667 38 2.15489 81 1.98472 52 1.85507 07 1.75338 77

2.71828 18 2.42880 78 2.21650 01 2.05491 39 1.92831 84
3.06961 97 2.71828 18 2.46087 06 2.26515 76 2.11197 89
3.44142 89 3.02388 72 2.71828 18 2.48615 84 2.30465 98
3.83447 12 3.34620 59 2.98919 01 2.71828 18 2.50665 90
4.24952 89 3.68583 55 3.27406 39 2.96190 29 2.71828 18
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1

a\b

-1.0
-0.9
-0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

-1.0
-0.9
-0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1



Table 13.1

a\b 0.1

CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=2.0

0.2 0.3 0.4 0.5

-1.0 ( 1)-1.90000 00 -9.00000 00 0 -5.66666 67 0 -4.00000 00 -3.00000 00
-0.9 1) -1.94803 05 -9.11450 17 0 -5.67351 46 0 -3.96130 19 -2.939i9 07
-0.8 1) -1.95774 57 -9.05346 68 0 -5.57239 85 0 -3.84746 13 -2.82231 32
-0.7 1) -1.92363 39 -8.79313 67 0 -5.34952 69 0) -3.64939 40 )-2.64293 64
-0.6 1) -1.83976 09 -8.30798 80 0 -4.99011 57 0) -3.35738 15 -2.394i9 32

-0.5 1 -1.69974 68 -7.57063 96 0 -4.47833 69 0) -2.96103 91 -2.06875 95
-0.4 1 -1.49674 24 -6.55175 56 0 -3.79726 52 o) -2.44928 29 -i.65883 14
-0.3 1 -1.22340 44 -5.21994 53 0 -2.92882 34 0 -1.81029 53 -i.i561O 27
-0.2 0 -8.71869 85 -3.54165 86 0) -1.85372 46 0 -1.03148 90 -5. 51740 45
-0.1 0 -4.33729 58 )-1.48107 68 -1) -5.51412 64 -2 -9.94703 39 +1.63 639 8i

0.0 ( 0)i.00000 00 )+1.00000 00 0)+ 1.00000 00 ( 0)+1.00000 00 1.00000 00

0.1 ( 0) 7. 38905 61 3.9422 7 09 0 2.82379 65 O 2.282 04 66 1.96790 63
0.2 (1 1.49320 73 7. 38905 61 0 4.94472 25 O 3.76272 10 3. 07855 71
0.3 1 2. 37378 96 1.13864 24 0 7.38905 61 O 5.459 04 52 4.3438i 17
0.4 1 3. 3922 3 44 1. 59833 25 1) 1.01846 79 O 7.389 05 61 5.77622 05
0.5 1 4.56085 43 2.12 317 23 i) 1.33611 54 0) 9. 57185 22 7.38905 61

0.6 i 5. 89272 84 2. 71867 46 i 1.69497 98 i 1.2 02 76 42 9.19634 52
0.7 1 7.40173 79 3. 390 68 27 1 2.09837 67 1 1.47777 93 1.12129 02
0.8 i 9.102 60 50 4.14538 60 1 2.54981 38 i 1.78448 86 1.34543 65
0.9 (2 1. 10109 32 4. 98933 60 i 3.05299 98 1 2.12527 66 1.59372 26
1.0 (2 1. 31432 41 5.92946 26 1 3.61185 28 i 2.5 02 66 00 1.86788 78

a\b 0.6 0.7 0,8 0.9 1.0

-1.0 -2. 33333 33 0) -1.85714 29 -1. 500 00 00 -1. 22222 22 -1. 000 00 00
-0.9 -2.2612 6 09 0 -1.77944 34 -1.41981 77 )-1.14139 10 -9.19616 98
-0.8 -2.14541 69 0 -1.66645 90 -1. 31049 88 -1.03604 27 -8.18288 30
-0.7 -1.981 02 67 0 -1.51452 14 -1.16915 08 -9.03849 17 -6.94107 82
-0.6 -1.76300 12 0) -1.31972 79 -9.92701 33 -7.42341 04 -5.45 057 il

-0.5 -1.48592 22 0 -1.07793 00 -7. 77889 97 -5.48901 84 -3.69000 42
-0.4 -1.14402 63 -1 -7.84722 05 -5.21259 33 -3.20761 19 -1. 63679 56
-0.3 -7.31188 76 -1 -4.35429 49 -2.19146 36 -5.49879 73 +7.329i4 71
-0.2 -2.409 06 72 -2 -2.50963 14 + 1. 32 327 01 +2.51516 76 3.44431 99
-0.1 (- 3. 33718 60 (-1)4.51527 65 5.37263 41 (- 6.02027 13 6. 52400 38

0.0 1.00000 00 0) 1.00000 00 1.00000 00 1.00000 00 1.00000 00

0.1 1. 76568 32 0) 1.62619 96 1.52511 88 1.44908 29 1.39018 53
0.2 2. 63896 63 0 2.33634 06 2. 11745 72 i.953i2 22 1.82606 83
0.3 3. 62852 02 0 3.13698 76 2.78211 92 2.51617 15 2.31092 49
0.4 4. 74350 99 0 4.03507 07 3. 52448 69 3.14250 04 2.84820 19
0.5 5. 99361 56 0 5.03790 12 4.3502 3 19 3.83660 34 3.44i52 39

0.6 7.3 8905 61 0 6.15318 83 5.2 6532 81 4.60320 94 4.09470 06
0.7 8. 94061 15 0 7.38905 61 6.27606 41 5.44729 15 4.81173 45
0.8 1. 06596 48 0 8.75406 09 7. 38905 61 6.37407 66 5.59682 82
0.9 1.25581 43 1 1.02572 10 8.6112 6 21 7.38905 61 6.45439 28
1.0 1. 46487 09 1 1.19079 79 9.94999 53 8.49799 64 7.38905 61
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CONFLUENT HYPERGEOMETRIC FUNCTIONS

CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

z =3.0

I

(

(

I

0.5

-5.00000 00
-5.35304 11
-5.58342 63
-5.66362 13
-5.56302 55

-5.24773 50
-4.68029 11
-3.81941 32
-2.61971 67
-1.03141 44

)+1.00000 00

3.53408 59
6.63580 90
1.03759 15
1.48313 21
2.00855 37

2.62290 97
3.33600 27
4.15843 31
5.10165 02
6.17800 67

1.0

1.00000 00

a\b 0.1 0.2

-1.0 1 -2.90000 00 1 -1.40000 00
-0.9 1 -3.33062 il 1 -1.57397 85
-0.8 1 -3.67972 78 1 -1.71028 23
-0.7 1 -3.92295 55 1 -1.79849 94
-0.6 1 -4.03286 65 1 -1.82694 57

-0.5 1 -3.97869 07 1 -1.78256 05
-0.4 1 -3.72604 95 1 -1.65079 47
-0.3 1 -3.23666 24 1 -1.41549 22
-0.2 1 -2.46803 49 1 -1.05876 41
-0.1 ( 1 -1.37312 67 0)-5. 60854 66

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00

0.1 1 2.00855 37 0) 9.47722 60
0.2 1 4.41540 99 1) 2.00855 37
0.3 1 7.38953 06 1 3.31122 04
0.4 2 1.10064 09 1 4.88711 46
0.5 2 1.53485 39 1 6.77048 23

0.6 2 2. 05059 14 1 8.99862 23
0.7 2 2.65765 56 2 1.16120 98
0.8 2 3.36670 66 2 1.46549 60
0.9 2 4.18932 19 2 1.81749 79
1.0 2) 5. 13805 80 2 2.22239 01

a\b 06 0.7

-1.0 0) -4.00000 00 -3.28571 43
-0.9 0) -4.22698 22 -3.43076 30
-0.8 0) -4.35776 62 -3.49795 59
-0.7 0) -4.37205 21 -3.47180 10
-0.6 0) -4.24734 55 -3.33517 91

-0.5 0 -3.95879 09 -3.06922 34
-0.4 0 -3.47899 58 -2.65319 12
-0.3 0 -2.77784 38 -2.06432 89
-0.2 0 -1.82229 72 -1.27772 88
-0.1 -1 -5.76188 60 -2.66178 30

0.0 ( 0)+1.00000 00 )+1.00000 00

0.1 0 2.94937 02 2.55311 64
0.2 0 5.31885 34 4.42829 20
0.3 0 8.15947 04 ) 6.66364 61
0.4 1 1.15266 06 9.30049 38
0.5 ( 1) 1.54802 96 1.23835 54

0.6 1 2.00855 37 ) 1.59611 70
0.7 1 2. 5412 6 00 ) 2.00855 37
0.8 i 3.15373 75 2.48129 50
0.9 1 3.85417 22 3.02040 57
1.0 1 4.65138 52 3.63241 26

0.3 0.4

0 -9.00000 00 -6.50000 00
0 -9.93407 08 -7.05978 63
1 -1.06346 98 -7.45607 06
1 -1.10419 34 -7.64967 21
1 -1.10887 39 -7.59691 35

1 -1.07004 00 -7.24926 51
0 -9.79393 09 -6.55296 82
0 -8.27742 10 -5.44863 43
0 -6.04935 06 -3.87082 13
0 -2.99786 41 -1.74758 43

'0)+1.0000 00 )+1.00000 00

0 6.07912 54 4.45833 69
1 1.23871 81 8.72184 59
1 2.00855 37 1.38935 23
1 2.93502 26 2.00855 37
1 4.03729 70 2.74198 55

1 5.33622 57 3.60289 07
1 6.85444 79 4.60562 86
1 8.61651 37 5.76574 86
2 1.06490 11 7.10006 77
2) 1.29806 99 8.62675 30

0.8 0.9

0 -2.75000 00 0 -2.33333 33
0 -2.83937 20 0 -2.38362 40
0 -2.86423 28 0 -.2.37946 93
0) -2.81244 38 0 -2.31115 68
o) -2.67062 69 0 -2.16800 92

o -2.42407
o -2. 05 665
o -1. 55071

50
59
23

o -1.93831
o -1.60926
o -1.16684

65
29
98

-1 -8.86954 74 -1 -5.95815 42
-2 -4.43495 10 -1 +1.20451 21

0) +1.00000 00 ( 0) 1.00000 00

0) 2.27097 84 ( 0 2.06241 49
o) 3.79559 01 0 3.32891 38
0) 5.60309 84 0 4.82245 42
0) 7.72517 18 0 6.56784 35
1) 1.01960 38 ( 0 8.59185 66

1 1.30526 48 i 1.09233 58
1 1.63348 43 i 1.35934 30
1 2.00855 37 i 1.66355 12
1 2.43509 06 1 2.00855 37
1) 2.91805 85 1 2.39820 88

k

-1.56163 15
-1.26366 5
-8.71351 71
-3.72391 35
+2.46564 64

-2.00000 00
-2.02218 41
-1.99773 27
-1.91873 96
-1.77653 50

1.90360 36
2.97434 69
4.23056 48
5.69204 18
7.38010 13

9.31770 09
1.15295 31
1.40421 20
1.68839 43
2.00855 37

(

I
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Table 13.1



a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 

a\b 

-1.0 
-0.9 
-0.8 
-0.7 
-0.6 

-0.5 
-0.4 
-0.3 
-0.2 
-0.1 

0.0 

0.1 
0.2 
0.3 
0.4 
0.5 

0.6 
0.7 
0.8 
0.9 
1.0 

( 
( 
( 
( 
( 

( 

1) 

1 
1 
1 

1 
1 
1 

1 
2 
2 
2) 
2) 

2) 
2) 
3 
3 
3 

0 
0 
0 
0 
0 

o) 
0 
0 
0 

0 
1 
1 
1 
1 

1 
1 
1 
2 
2 

1)-5.28985 

1)-6.39183 
1)-3.76752 

0)+1.00000 

0)-8.46261 

0)+1.00000 

0.1 

-3.90000 

-6.56662 
-7.65252 
-8.45540 

-8.86704 
-8.76134 
-7.99228 

5.45981 
1.25936 
2.18189 
3.34927 
4.80147 

6.58320 
8.74427 
1.13401 
1.44322 
1.80888 

0.6 

-5.66666 
-6.66432 
-7.50985 
-8.14117 
-8.48636 

-7.97509 
-6.91578 
-5.16209 
-2.57549 

5.73952 
1.18390 
1.95174 
2.90181 
4.06117 

5.45981 
7.13090 
9.11107 
1.14406 
1.41640 

00 
40 
17 
34 
43 

80 
25 
75 
19 
93 

00 

50 
21 
72 
25 
67 

17 
45 
20 
61 
49 

67 
27 
56 
89 
64 

04 
54 
17 
26 
99 

00 

56 
73 
11 
11 
30 

50 
76 
21 
67 
95 

0.2 

1 -1.90000 
1 -2.48147 
1 -3.00867 
1 -3.44868 
1 -3.76267 

1 -3.90525 
1 -3.82372 
1 -3.45726 
1 -2.73610 
1 -1.58055 

0)+1.00000 

1 2.40818 
1 5.45981 
1 9.38520 
2 1.43304 
2 2.04591 

2 2.79535 
2 3.70166 
2 4.78740 
2 6.07756 
2 7.59977 

0.7 

0 -4.71428 
0 -5.44175 
0 -6.04428 
0 -6.47484 
0 -6.67916 

0 -6.59496 
0 -6.15120 
0 -5.26711 
0 -3.85134 
0 -1.80088 

0)+1.00000 

0 4.68094 
0 9.38676 
1 1.52787 
1 2.25363 
1 3.13582 

1 4.19644 
1 5.45981 
1 6.95271 
1 8.70463 
2 :1.07479 

00 
20 
57 
41 
54 

49 
05 
34 
36 
26 

00 

08 
50 
09 
83 
31 

32 
95 
93 
33 
67 

57 
41 
51 
53 
15 

95 
28 
67 
51 
43 

00 

79 
76 
90 
21 
01 

69 
50 
64 
66 
72 

1 

( 0)+1.00000 

0.3 

1 -1.23333 
1 -1.55982 
1 -1.85166 
1 -2.09004 
1 -2.25292 

1 -2.31462 
1 -2.24546 
1 -2.01126 
1) -1.57295 
0)-8. 86027 

1 1.44217 
3.20473 

1 5.45981 
1 8.28815 
2 1.17799 

2 1.60355 
2 2.11665 
2 2.72967 
2 3.45631 
2 4.31169 

0.8 

-4.00000 
-4.54078 
-4.97675 
-5.27129 
-5.38234 

-5.26181 
-4.85495 
-4.09978 
-2.92629 
-1.25577 

)-i-1.00000 

3.93968 
7.67325 
1.23229 
1.80245 
2.49282 

3.31999 
4.30227 
5.45981 
6.81475 
8.39140 

33 
88 
07 
11 
22 

88 
12 
30 
45 
55 

00 

35 
65 
50 
42 
11 

04 
31 
48 
21 
57 

00 
84 
07 
22 
50 

06 
90 
13 
19 
95 

00 

87 
59 
94 
87 
52 

64 
62 
50 
87 
83 

( 

0.4 

0)-9.000GO 
1 -1.10723 
1 -1.28958 
1 -1.43486 
1 -1.52885 

1)-1.55505 
1) -1.49445 
1 -1.32524 
1 -1.02255 
0 -5.58125 

0)+1.00000 

0 9.87867 
1 2.14598 
1 3.61972 
1 5.45981 
1 7.72277 

2 1.04714 
2 1.37755 
2 1.77124 
2 2.23672 
2 2.78343 

0.9 

0 -3.44444 
0 -3.85159 
0 -4.16932 
0 -4.36854 
0) -4.41593 

0 -4.27354 
0 -3.89828 
0 -3.24149 
0 -2.24839 

-1 -8.57483 

0)1.00000 

0 3.40078 
0 6.43024 
1 1.01831 
1 1.47644 
1 2.02901 

1 2.68883 
i 3.46999 
i 4.38798 
1 5.45981 
1) 6.70412 

00 
65 
24 
25 
30 

56 
23 
14 
01 
37 

00 

71 
18 
65 
50 
23 

53 
99 
33 
99 
47 

44 
75 
54 
34 
73 

17 
45 
77 
06 
35 

00 

42 
18 
42 
52 
97 

75 
38 
40 
50 
50 

1 

( 0).s-1.00000 

0.5 

0 -7.00000 
0 -8.40761 
0 -9.62460 
1 -1.05661 
1 -1.11333 

1 -1.12123 
1 -1.06719 
O -9.36252 
0 -7.11353 
0 -3.73199 

0 7.32759 
1 1.55257 
1 2.59017 
1 3.87987 
1 5.45981 

7.37235 
1 9.66443 
2 1.23879 
2 1.56000 
2 1.93640 

1.0 

) -3.00000 
-3.30880 
-3.54030 
-3.67096 
-3.67394 

-3.51873 
-3.17081 
-2.59132 
-1.73656 
-5.57651 

)+1.00000 

2.99716 
5.50132 
8.58729 
1.23377 
1.68439 

2.22 065 
2.85359 
3.59535 
4.45924 
5.45981 

00 
69 
70 
02 
79 

61 
99 
11 
67 
87 

00 

68 
11 
89 
49 
50 

87 
28 
22 
85 
05 

00 
92 
67 
90 
51 

12 
98 
26 
51 
91 

00 

17 
78 
05 
53 
84 

21 
16 
37 
13 
50 
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) 

x =4.0 



a\b 0.1 0.2 0.3 0.4 0.5

-1.0 1 -4.90000 00 1 -2.40000 00 1 -1.56666 67 1 -1.15000 00 0 -9.00000 00
-0.9 1 -8.48135 46 1 -3.90138 34 1 -2.41382 36 1 -1.69201 76 1 -1.27235 43
-0.8 2 -1.20177 53 1 -5.37054 86 1 -3.23511 34 1 -2.21244 58 1 -1.62630 91
-0.7 2 -1.52985 90 1 -6.71922 90 1 -3.98065 33 1 -2.67925 47 1 -1.93973 31
-0.6 2 -1.80596 42 1 -7.83737 80 1 -4.58862 62 1 -3.05298 12 1 -2.18551 10

-0.5 2 -1.99749 08 1 -8.58991 93 1 -4.98353 39 1 -3.28566 20 1 -2.33084 19
-0.4 2 -2.06475 40 1 -8.81313 79 1 -5.07426 08 1 -3.31965 25 1 -2.33646 31
-0.3 2 -1.95997 71 1 -8.31068 13 1 -4.75193 11 1 -3.08632 11 1 -2.15579 45
-0.2 2 -1.62617 59 1 -6.84913 57 1 -3.88754 12 1 -2.50460 94 1 -1.73399 46
-0.1 1 -9.95925 89 1 -4.15313 99 1 -2.32934 93 1 -1.47944 56 1 -1.00692 28

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00

0.1 2 1.48413 16 1 6.28624 01 1 3.60663 62 1 2.36223 07 1 1.67304 26
0.2 2 3.53395 30 2 1.48413 16 1 8.42893 34 1 5.45552 50 1 3.81153 30
0.3 2 6.28371 74 2 2.62678 96 2 1.48413 16 1 9.55023 72 1 6.62935 70
0.4 2 9.87643 86 2 4.11434 26 2 2.31584 25 2 1.48413 16 2 1.02565 96
0.5 3 1.44760 74 2 6.01287 11 2 3.37396 77 2 2.15510 54 2 1.48413 16

0.6 3 2.02699 13 2 8.39773 11 2 4.69942 40 2 2.99320 90 2 2.05515 14
0.7 3 2.74711 92 3 1.13545 79 2 6.33864 72 2 4.02706 82 2 2.75772 43
0.8 3 3.63219 45 3 1.49804 92 2 8.34418 40 2 5.28902 72 2 3.61329 22
0.9 3 4.70961 17 3 1.93851 85 3 1.07753 37 2 6.81553 64 2 4.64598 46
1.0 3 6.01029 56 3 2.46923 43 3 1.36988 66 2 8.64757 36 2 5.88289 14

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 0 -7.33333 33 0 -6.14285 71 0 -5.25000 00 -4.55555 56 -4.00000 00
-0.9 1 -1.00125 62 0 -8.13469 15 0 -6.76712 82 -5.73274 31 -4.92670 46
-0.8 1 -1.25327 68 0 -9.98761 99 0 -8.16187 54 -6.80132 29 -5.75641 51
-0.7 1 -1.47334 02 1 -1.15809 94 0 -9.34109 21 -7.68780 55 -6.43011 23
-0.6 1 -1.64188 17 1 -1.27685 52 1 -1.01924 14 -8.30396 66 -6.87726 99

-0.5 1 -1.73534 19 1 -1.33749 40 1 -1.05817 04 -8.54492 28 -7.01437 97
-0.4 1 -1.72563 11 1 -1.31918 93 1 -1.03502 42 -8.28701 58 -6.74333 16
-0.3 1 -1.57953 99 1 -1.19740 11 0 -9.31162 41 -7.38548 98 -5.94963 73
-0.2 1 -1.25808 94 0)-9.43413 73 0 -7.24837 36 -5.67194 55 -4.50048 61
-0.1 0 -7.15818 24 0) -5.23827 09 0 -3.90821 47 -2.95155 22 -2.24261 78

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 )+1.00000 00 )+1.00000 00

0.1 1 1.25021 43 0) 9.72559 33 0 7.81074 40 6.43982 88 5.42870 50
0.2 1 2.80473 44 1 2.14485 95 1 1.69066 81 1.36614 90 1.12729 02
0.3 1 4.84355 66 1 3.67515 33 1 2.87239 67 2.29989 34 1.87930 66
0.4 1 7.45788 26 1 5.62973 09 1 4.37580 33 3.48308 09 2.82840 13
0.5 2 1.07513 41 1 8.08378 40 1 6.25698 73 4.95851 46 4.00784 46

0.6 2) 1.48413 16 2 1.11223 46 1 8.57928 78 6.77444 40 5.45508 08
0.7 2) 1.98603 96 2 1.48413 16 2 1.14140 27 8.98511 69 7.21214 61
0.8 2) 2.59579 43 2 1.93485 65 2 1.48413 16 1.16513 78 9.32612 06
0.9 2) 3.33018 07 2 2.47651 46 2 1.89509 28 1.48413 16 1.18496 18
1.0 2) 4.20801 74 2 3.12265 96 2 2.38432 45 1.86309 66 1.48413 16
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CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1

x=5.O



a\b 0.1 0.2 0.3 0.4 0.5

-1.0 1 -5.90000 00 1 -2.90000 00 1) -1.90000 00 1 -1.40000 00 1 -1.10000 00
-0.9 2 -1.44132 92 1 -6.43961 14 1) -3.88390 81 1 -2.66287 93 1 -1.96459 57
-0.8 2 -2.33128 14 2 -1.01116 95 1 -5.92627 62 1 -3.95288 49 1 -2.84081 83
-0.7 2 -3.20791 31 2 -1.37008 05 1 -7.90656 11 1 -5.19335 87 1 -3.67618 94
-0.6 2 -4.00174 16 2 -1.69209 38 1 -9.66592 36 1 -6.28400 93 1 -4.40252 67

-0.5 2 -4.62243 63 2 -1.94024 69 2 -1.10002 61 1 -7.09668 98 1 -4.93318 77
-0.4 2 -4.95505 80 2 -2.06773 13 2 -1.16523 15 1 -7.47062 14 1 -5.15995 73
-0.3 2 -4.85579 61 2 -2.01621 45 2 -1.13027 51 1 -7.20700 55 1 -4.94954 27
-0.2 2 -4.14715 07 2 -1.71394 56 1 -9.56011 20 1 -6.06296 12 1 -4.13963 47
-0.1 2 -2.61250 17 2 -1.07362 31 1 -5.94951 89 1 -3.74471 97 1 -2.53449 16

0.0 0)1.00000 00 ( 0)+1.00000 00 0) +1. 00000 00 ( 0)+1.00000 00 0)+1.00000 00

0.1 2 4.03428 79 2 1.66280 07 1 9.26969 34 1 5.89051 37 i 4.04184 10
0.2 2 9.83405 67 2 4.03428 79 2 2.23669 33 2 1.41226 82 1 9.61906 66
0.3 3 1. 78513 43 2 7.30095 48 2 4.03428 79 2 2.53795 01 2 1.72165 84
0.4 3 2.86060 97 3 1.16700 13 2 6. 4 3 12 1 54 2 4.03428 79 2 2.72837 67
0.5 3 4.27068 45 3) 1.73835 48 2 9.55746 91 2 5.98067 12 2 4.03428 79

0.6 3 6.08625 44 3 2.47231 35 3 1.35639 99 2 8.46913 69 2 5.69983 97
0.7 3 8.38957 36 3 3.40149 55 3 1.86253 97 3 1.16059 73 2 7.79473 21
0.8 4 1.12757 14 3 4.56354 65 3 2.49428 70 3 1.55134 92 3 1.03990 56
0.9 4 1.48541 80 3) 6.00176 64 3 3.27475 26 3 2.03319 84 3 1.36045 49
1.0 4 1. 92 506 91 3) 7.76580 14 3 4.23039 92 3 2.62218 79 3 1.75159 77

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 0 -9.00000 00 0 -7.57142 86 0 -6.50000 00 0 -5.66666 67 0 -5.00000 00
-0.9 1 -1.52103 70 1 -1.21887 04 1 -1.00236 52 0 -8.41150 68 0 -7.17389 32
-0.8 1 -2.14539 69 1 -1.67928 88 1 -1.35080 52 1 -1.11025 64 0 -9.28639 79
-0.7 1)-2.73534 89 1 -2.11028 68 1 -1.67379 50 1 -1.35713 62 1 -1.12032 42
-0.6 1) -3.24219 87 1 -2.47582 00 1 -1.94390 70 1 -1.56045 26 1 -1.27553 63

-0.5 1 -3.60439 87 1 -2.73056 65 1 -2.12682 93 1 -1.69364 40 1 -1.37333 18
-0.4 1 -3.74541 77 1 -2.81841 55 1 -2.18026 23 1 -1.72410 15 1 -1.38810 25
-0.3 1 -3.57134 39 1 -2.67076 84 1 -2.05268 12 1 -1.61224 68 1 -1.28887 64
-0.2 1 -2.96819 67 ( 1)-2.20463 65 1 -1.68195 09 1)-1.31050 12 1 -1.03853 60
-0.1 1)-1.79891 61 ( 1)-i.32051 32 0 -9.93780 50 0) -7.62137 49 0 -5.92948 86

0.0 0)+1.00000 00 ( 0)+1.00000 00 0)+1.00000 00 ( 0)+1.00000 00 0)+1.00000 00

0.1 1 2.92224 67 1 2.19683 71 1 1.70335 65 1 1.35491 58 1 1.10148 13
0.2 1 6.89588 66 1 5.13440 78 1 3.93817 92 1 3.09503 99 1 2.48291 09
0.3 2 1.22879 89 1 9.10486 02 1 6.94664 31 1 5.42797 37 i 4.32726 56
0.4 2 1.94097 77 2 1.43316 97 2 1.08938 21 1 8.47842 06 1 6.73053 68
0.5 2 2.86223 27 2 2.10737 78 2 1.59705 69 2 1.23903 18 1) 9.80333 40

0.6 2 4.03428 79 2 2.96297 41 2) 2.23967 22 2 1.73291 89 2 1.36726 52
0.7 2 5.50517 98 2 4.03428 79 2 3.04245 98 2 2.34847 33 2 1.84838 13
0.8 2 7.33002 58 2 5.36065 25 2 4.03428 79 2 3.10736 70 2 2.44026 08
0.9 2 9.57187 15 2 6.98699 63 2 5.24808 61 2 4.03428 79 2 3.16176 35
1.0 3 1.23026 21 2 8.96449 42 2 6.72131 30 2 5.15728 26 2 4.03428 79
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

z =6.0



273-888 O-67-35

a\b

-.1.0
-0.9
-0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

a\b

-1.0
-0.9
-0.8
-0.7
-0.6

-0.5
-0.4
-0.3
-0.2
-0.1

0.0

0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

0.1

1 -6.90000
2 -2.66288
2 -4.82834
2 -7.06530
2 -9.19980

3) -1.09929
3 -1.21270
3 -1.21896
3 -1.06546
2 -6.86139

0)41.00000

3 1.09663
3 2. 72 330
3 5. 02903
3 8.19139
4 1.24220

4 1.79722
4 2. 51381
4 3.42679
4 4.57689
4) 6. 01161

0.6

1) -1.06666
1 -2.43203
1 -3.88035
1 -5.32790
1 -6.65941

1 -7.72147
1 -8.31498
1 -8.18647
1 -7.01816
1) -4.41663

0)+1.00000

1 7.11674
2 1.73382
2 3.16073
2 5.09262
2 7.64800

3 1.09663
3 1. 52109
3 2. 0572 5
3 2.72726
3 3. 55 678

CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

x=7.0

0.2 0.3 0.4

00 1 -3.40000 00 1 -2.23333 33 1 -1.65000
80 2 -1.15002 17 1 -6.72111 28 1 -4.47674
55 2 -2.03315 80 2 -1.15809 32 1 -7.51697
95 2 -2.93971 82 2 -1.65375 76 2 -1.05973
13 2 -3.79893 33 2 -2.12025 19 2 -1.34754

51 2 -4.51426 47 2 -2.50491 09 2 -1.58243
91 2 -4.95796 49 2 -2.73838 73 2 -1.72158
61 2 -4.96479 64 2 -2.73134 11 2 -1.71005
71 2 -4.32480 32 2 -2.37063 77 2 -1.47850
84 2 -2.77502 15 2 -1.51499 28 1 -9.40594

00 0)+1.00000 00 ( 0)+1.00000 00 0) +1. 00000

32 2 4.42900 71 2 2.41753 11 2 1.50292
73 3 1. 09663 32 2 5.96600 60 2 3.69501
83 3 2. 02058 34 3 1. 09663 32 2 6.77457
01 3 3.28466 83 3 1. 77901 54 3 1.09663
89 3 4.97211 80 3 2. 68791 51 3 1.65368

28 3 7.18148 47 3 3.87554 96 3 2.38009
30 4 1.002 89 02 3 5.40336 15 3 3.312 82
34 4 1. 36506 23 3 7.34333 78 3 4.49515
88 4 1. 82 058 62 3 9.77948 66 3 5.97748
32 4 2. 38799 82 4 1.28094 89 3 7.81838

0.7 0.8 0.9

67 0 -9.00000 00 0 -7.75000 00 0 -6.77777
85 1 -1.90770 95 1 -1.53927 06 1 -1.27012
55 1 -2.96917 41 1 -2.33863 78 1 -1.88526
43 1 -4.02257 88 1 -3.12617 60 1 -2.48676
15 1 -4.98346 93 1 -3.83826 01 1 -3.02562

28 1 -5.74011 58 1 -4.39120 14 i -3.43770
75 1 -6.14818 51 1 -4.67738 87 i -3.64095
83 1 -6.02463 60 1 -4.56087 46 1 -3.53208
36 1 -5.14074 94 1 -3.87234 20 1 -2.98287
81 1 -3.21419 15 1 -2.40338 13 1 -1.83595

00 0)+1.00000 00 0)+1.00000 00 0) +1.00000

98 1 5.21962 63 i 3.94472 08 1 3.05562
30 2 1.26468 67 i 9.49891 56 i 7.30700
31 2 2.29812 96 2 1.72 012 72 2 1.31824
36 2 3.69345 22 2 2. 75715 27 2 2.10704
47 2 5.53466 48 2 4.12222 44 2 3.14277

32 2 7.92047 08 2 5.88720 07 2 4.47895
75 3 1.09663 32 2 8.13601 69 2 6.17802
48 3 1.48067 73 3 1.09663 32 2 8.31248
12 3 1.95979 60 3 1.44913 63 3 1.09663
22 3 2. 552 05 62 3 1.88419 29 3 1.42364

00li
57
99
31

03
27
68
91
48

00

87
44
83
32
85

49
90
29
66
27

78
46
21
78
11

69
75
76
74
18

00

65
42
90
18
19

79
12
87
32
54

(

(

Table 13.1

0.5

1 -1.30000 00
1 -3.21693 87
1 -5.26450 27
i -7.32517 82
1 -9.23583 79

2 -1.07780 84
2 -1.16671 10
2 -1.15389 05
i -9.93558 67
i -6.28867 03

0)+1.00000 00

2 1.00798 98
2 2.46763 45
2 4.51182 31
2 7.28692 93
3 1.09663 32

3 1.57543 68
3 2.18907 73
3 2.96556 40
3 3.93749 79
3 5.14269 05

1.0

0 -6.00000 00
i -1.06732 11
1 -1.54912 65
1 -2.01662 21
1 -2.43133 06

1 -2.74320 50
1 -2.88847 09
1 -2.78716 65
1 -2.34034 55
1 -1.42690 55

0)+L00000 00

1 2.41701 00
1 5.73511 61
2 1.03047 87
2 1.64217 15
2 2.44332 54

2 3.47456 13
2 4.78318 84
2 6.42409 85
2 8.46076 16
3 1.09663 32
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a\b 0.1 0.2 0.3 0.4 0.5

-1.0 1 -7.90000 00 1 -3.90000 00 1 -2.56666 67 1 -1.90000 00 1 -1.50000 00
-0.9 2 -5.35947 58 2 -2.23970 82 2 -1.26764 73 1 -8.18608 14 1 -5.71092 02
-0.8 3 -1.05913 37 2 -4.34517 66 2 -2.41159 61 2 -1.52562 18 2 -1.04182 83
-0.7 3 -1.62135 82 2 -6.59589 37 2 -3.62791 31 2 -2.27325 01 2 -1.53682 58
-0.6 3 -2.18025 86 2 -8.82153 60 2 -4.82414 97 2 -3.00441 34 2 -2.01811 79

-0.5 3 -2.67429 61 3 -1.07763 74 2 -5.86783 06 2 -3.63786 60 2 -2.43202 00
-0.4 3 -3.01799 53 3 -1.21208 08 2 -6.57678 93 2 -4.06244 15 2 -2.70544 00
-0.3 3 -3.09632 67 3 -1.23996 24 2 -6.70780 36 2 -4.13029 89 2 -2.74155 31
-0.2 3 -2.75810 97 3 -1.10164 91 2 -5.94329 13 2 -3.64902 75 2 -2.41475 59
-0.1 3 -1.80829 89 2 -7.20419 31 2 -3.87580 16 2 -2.37245 74 2 -1.56480 05

0.0 0)+1.00000 00 0)+1.00000 00 0) +1.00000 00 ( 0)+1.00000 00 0)+1.00000 00

0.1 3 2.98095 80 3 1.18444 63 2 6.35818 11 2 3.88567 25 2 2.56061 41
0.2 3 7.51808 32 3 2.98095 80 3 1.59656 00 2 9.73282 54 2 6.39631 86
0.3 4 1.40881 29 3 5.57611 41 2.98095 80 3 1.81369 75 3 1.18950 58
0.4 4 2.32720 88 3 9.19616 72 3 4.90796 57 3 2.98095 80 3 1.95153 01
0.5 4 3.57745 28 4 1.41150 69 3 7.52139 08 3 4.56094 12 3 2.98095 80

0.6 4 5.24445 76 4 2.06625 00 4 1.09940 42 3 6.65669 18 3 4.34399 08
0.7 4 7.42998 57 4 2.92330 17 4 1.55324 53 3 9.39119 38 3 6.11953 13
0.8 5 1. 02 553 76 4 4.02964 70 4 2.13822 46 4 1.29105 19 3 8.40117 14
0.9 5 1.38646 40 4 5.44098 22 4 2.88342 27 4 1.73873 91 4 1.12994 43
1.0 5) 1.84279 80 4 7.22305 38 4 3.82 312 68 4 2.30252 22 4 1.49443 61

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 1 -1.23333 33 1 -1.04285 71 0 -9.00000 00 0 -7.88888 89 0 -7.00000 00
-0.9 1 -4.19816 11 1 -3.20746 94 1 -2.52522 99 1 -2.03685 45 1 -1.67621 46
-0.8 1 -7.49216 65 1 -5.59749 62 1 -4.30847 38 1 -3.39751 08 1 -2.73380 70
-0.7 2 -1.09361 95 1 -8.08183 59 1 -6.15107 90 1 -4.79493 78 1 -3.81325 44
-0.6 2 -1.42648 08 2 -1.04680 37 1 -7.90952 94 1 -6.11965 64 1 -4.82945 42

-0.5 2 -1.71051 24 2 -1.24874 83 1 -9.38477 69 1 -7.22077 10 1 -5.66582 71
-0.4 2 -1.89519 44 2 -1.37780 10 2 -1.03097 46 1 -7.89678 13 1 -6.16743 32
-0.3 2 -1.91386 58 2 -1.38635 99 2 -1.03347 63 1 -7.88488 72 1 -6.13297 12
-0.2 2 -1.68033 35 2 -1.21307 63 1 -9.01063 22 1 -6.84858 28 1. -5.30551 30
-0.1 2 -1.08493 76 1 -7.80116 43 1 -5.76904 74 1 -4.36332 11 1 -3.36181 13

0.0 0)+1.00000 00 ( 0)+1.00000 00 0) +1.00000 00 ( 0)+1.00000 00 0)+1.00000 00

0.1 2 1.77542 34 2 1.27804 07 i 9.47420 10 1 7.19400 22 i 5.57451 38
0.2 2 4.42157 41 2 3.17224 03 2 2.34287 19 2 1.77165 46 2 1.36651 86
0.3 2 8.20490 47 2 5.87308 59 2 4.32702 55 2 3.26355 40 2 2.51027 48
0.4 3 1.34359 84 ( 2) 9.59878 19 2 7.05759 09 2 5.31172 06 2 4.07661 58
0.5 3 2.04885 12 ( 3) 1.46114 76 3 1.07237 41 2 8.05582 19 2 6.17064 03

0.6 3 2.98095 80 3 2.12243 36 3 1.55511 32 3 1.16622 16 2 8.91734 62
0.7 3 4.19313 16 3 2.98095 80 3 2.18075 96 3 1.63280 79 3 1.24646 81
0.8 3 5.74840 89 3 4.08075 63 3 2.98095 80 3 2.22860 68 3 1.69869 84
0.9 3 7.72114 36 3 5.47370 48 3 3.99294 06 3 2.98095 80 3 2.26888 68
1.0 4 1.01986 91 3 7.22067 87 3 5.26034 65 3 3.92186 75 3 2.98095 80
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Table 13.1 COÑFLUENT IJYPERGEOMETRIC FUNCTION M(a, b, x)

x=8.0



a\b 0.1 0.2 0.3 0.4 0.5

-1.0 1 -8.90000 00 1 -4.40000 00 1 -2.90000 00 1 -2.15000 00 1 -1.70000 00
-0.9 3 -1.15822 92 2 -4.70696 01 2 -2.58988 67 2 -1.62573 25 2 -1.10263 21
-0.8 3 -2.42781 38 2 -9.74816 44 2 -5.29323 09 2 -3.27532 02 2 -2.18739 83
-0.7 3 -3.83823 48 3 -1.53240 98 2 -8.26992 61 2 -5.08337 71 2 -3.37079 66
-0.6 3 -5.28795 76 3 -2.10310 78 3 -1.13032 66 2 -6.91755 27 2 -4.56573 11

-0.5 3 -6.62068 16 3 -2.62521 11 3 -1.40643 82 2 -8.57840 43 2 -5.64186 81
-0.4 3 -7.60990 61 3 -3.00975 26 3 -1.60814 10 2 -9.78118 66 2 -6.41404 87
-0.3 3 -7.94036 79 3 -3.13336 92 3 -1.67025 41 3 -1.01340 64 2 -6.62844 84
-0.2 3 -7.18584 92 3 -2.82979 30 3 -1.50519 87 2 -9.11218 60 2 -5.94613 42
-0.1 3 -4.78278 15 3 -1.87974 72 2 -9.97775 31 2 -6.02698 67 2 -3.92362 38

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)1.00000 00

0.1 3) 8.10308 39 3 3.17569 47 3 1.68114 27 3 1.01296 25 2 6.57992 17
0.2 4 2.07097 19 3 8.10308 39 3 4.28218 60 3 2.57548 14 3 1.66969 38
0.3 4 3.93063 86 4 1.53566 77 3 8.10308 39 3 4.86584 85 3 3.14939 49
0.4 4 6.57367 60 4 2.56471 76 4 1.35137 30 3 8.10308 39 3 5.23683 11
0.5 5 1.02271 23 4 3.98485 11 4 2.09683 16 4 1.25557 31 3 8.10308 39

0.6 5 1.51686 28 4) 5.90279 86 4 3.10207 78 4 1.85508 62 4 1.19562 36
0.7 5 2.17356 27 4 8.44810 69 4 4.43426 09 4 2.64844 50 4 1.70478 81
0.8 5 3.03359 16 5 1.17771 47 4 6.17433 59 4 3.68332 96 4 2.36805 96
0.9 5 4.14598 16 5 1.60777 16 4 8.41941 52 4 5.01687 01 4 3.22165 07
1.0 5 5.56941 19 5 2.15743 14 5 1.12854 63 4 6.71721 10 4 4.30870 75

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 1 -1.40000 00 1 -1.18571 43 1 -1.02500 00 0 -9.00000 00 0 -8.00000 00
-0.9 1 -7.88310 88 1 -5.86101 35 1 -4.49394 10 1 -3.53363 88 1 -2.83797 81
-0.8 2 -1.53831 87 2 -1.12401 55 1 -8.46300 77 1 -6.53007 44 1 -5.14354 17
-0.7 2 -2.35259 85 2 -1.70516 69 2 -1.27296 76 1 -9.73476 07 1 -7.59652 04
-0.6 2 -3.17089 67 2 -2.28631 95 2 -1.69747 84 2 -1.29066 47 2 -1.00113 60

-0.5 2 -3.90366 91 2 -2.80365 84 2 -2.07304 42 2 -1.56947 14 2 -1.21196 37
-0.4 2 -4.42433 15 2 -3.16741 38 2 -2.33416 78 2 -1.76099 80 2 -1.35492 40
-0.3 2 -4.56001 78 2 -3.25546 25 2 -2.39208 63 2 -1.79922 96 2 -1.37997 11
-0.2 2 -4.08061 95 2 -2.90574 94 2 -2.12938 18 2 -1.59711 34 2 -1.22131 75
-0.1 2 -2.68584 35 2 -1.90735 35 2 -1.39363 74 2 -1.04195 05 1 -7.94021 75

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00

0.1 2 4.49581 13 2 3.18820 43 2 2.32750 60 2 1.73981 39 2 1.32662 16
0.2 3 1.13844 85 2 8.05506 28 2 5.86608 76 2 4.37321 78 2 3.32490 16
0.3 3 2.14370 76 3 1.51408 89 3 1.10059 12 2 8.18906 59 2 6.21332 82
0.4 3) 3.55908 19 3 2.50977 29 3 1.82136 70 3 1.35291 34 3 1.02470 26
0.5 3) 5.49915 09 3 3.87215 54 3 2.80582 25 3 2.08094 05 3 1.57360 49

0.6 3 8.10308 39 3) 5.69778 22 3 4.12286 14 3 3.05330 38 3 2.30549 09
0.7 4 1.15389 32 3) 8.10308 39 3 5.85547 03 3 4.33052 37 3 3.26534 78
0.8 4 1.60085 54 4 1.12277 41 3 8.10308 39 3 5.98502 62 3 4.50694 55
0.9 4 2.17532 51 4 1.52385 32 4 1.09842 88 3 8.10308 39 3 6.09425 86
1.0 4 2.90602 06 4 2.03337 24 4) 1.46399 00 4 1.07870 28 3 8.10308 39

CONFLUENT HYPERGEOMETRIC FUNCTIONS 533

CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x) Table 13.1

x=9.O



a\b 0.1 0.2 03 0.4 0.5

.4.0 1 -9.90000 00 1 -4.90000 00 1 -3.23333 33 1 -2,40000 00 1 -1.90000 00
-0.9 3 -2.63572 95 3 -1.04774 98 2 -5.63504 48 2 -3.45535 97 2 -2.28812 39
-0.8 3 -5,74321 45 3 -2.26606 51 3 -1.20865 20 2 -7.34339 26 2 -4.81371 33
-0.7 3 -9.29414 29 3 -3.65315 21 3 -1.94041 89 3 -1.17365 02 2 -7.65615 62
-0.6 4 -1.30473 07 3 -5.11412 18 3 -2.70839 91 3 -1.63300 24 3 -1.06170 13

-0.5 4 -1.66086 19 3 -6.49508 42 3 -3.43144 26 3 -2.06370 40 3 -1.33814 35
-0.4 4 -1.93829 90 3 -7.56478 22 3 -3.98819 28 3 -2.39329 23 3 -1.54831 36
-0.3 4 -2.05153 93 3 -7.99213 74 3 -4.20553 66 3 -2.51877 45 3 -1.62617 94
-0.2 4 -1.88191 87 3 -7.31898 36 3 -3.84460 18 3 -2.29844 83 3 -1.48115 57
-0.1 4 -1.26894 82 3 -4.92715 82 3 -2.58388 05 3 -1.54205 59 2 -9.91916 94

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00

0.1 4) 2.20264 66 3 8.52983 30 3 4.46140 89 3 2.65569 71 3 1.70399 66
0.2 4) 5.69563 19 4 2.20264 66 4 1.15043 71 3 6.83804 74 3 4.38084 00
0.3 5) 1.09330 93 4 4.22272 41 4 2.20264 66 4 1.30747 73 3 8.36496 74
0.4 5) 1.84869 24 4 7.13160 87 4 3.71537 68 4 2.20264 66 4 1.40739 54
0.5 5) 2.90713 00 5 1.12016 64 4 5,82887 58 4 3.45147 55 4 2.20264 66

0.6 5) 4.35713 28 5 1.67700 20 4 8.71652 20 4 5.15540 77 4 3.28620 65
0.7 5) 6.30765 47 5 2.42511 79 5 1.25912 31 4 7.43887 06 4 4.73642 75
0.8 5 8.89199 75 5 3.41517 02 5 1.77129 13 5 1.04535 82 4 6.64873 73
0.9 6 1.22723 53 5 4.70872 70 5 2.4.3971 24 5 1.43835 42 4 9.13874 32
1.0 6 1.66450 66 5 6.38024 53 5 3.30250 83 5 1.94508 11 5 1.23458 19

a\b 0.6 0.7 0.8 0.9 1.0

-1.0 1 -1.56666 67 1 -1.32857 14 1 -1.15000 00 1 -1.0111. 11 0 -9.00000 00
-0.9 2 -1.59656 19 2 -1.15824 17 1 -8.66482 26 1 -6.64811 79 1 -5.21121 29
-0.8 2 -3.32180 59 2 -2.38103 41 2 -1.75833 05 2 -1.33052 77 2 -1.02772 90
-0.7 2 -5.25566 60 2 -3.74603 08 2 -2.74969 50 2 -2.06733 55 2 -1.58596 75
-0.6 2 -7.26224 96 2 -5.15669 48 2 -3.77001 68 2 -2.82246 37 2 -2.15560 45

-0.5 2 -9.12749 57 2 -6.46204 50 2 -4.70972 63 2 -3.51454 04 2 -2.67503 59
-0.4 3 -1.05359 27 2 -7,44065 06 2 -5.40890 80 2 -4.02538 09 2 -3.05522 11
-0.3 3 -1.10424 16 2 -7.78122 74 2 -5.64358 20 2 -4.19006 43 2 -3.17236 75
-0.2 3 -1.00381 19 2 -7.05925 89 2 -5.10920 02 2 -3.78501 43 2 -2.85915 68
-0.1 2)-6,70959 43 2 -4,70898 38 2)-3.40090 10 2 -2.51375 92 2 -1.89427 82

0.0 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00 ( 0)+1.00000 00

0.1 3 1.14989 01 2 8.05237 11 2 5.80387 50 2 4.28243 19 2 3.22252 43
0.2 3 2.95153 65 3 2.06339 28 3 1,48456 77 3 1.09332 07 2 8.21055 88
0.3 3 5.62785 57 3 3,92867 40 3 2.82236 24 3 2.07532 55 3 1,55600 88
0.4 3 9.45635 54 3 6,59238 53 3 4.72945 31 3 3.47272 61 3 2.59995 59
0.5 4) 1.47812 55 4 1,02914 95 3 7.37367 65 3 5.40715 90 3 4.04275 54

0.6 4 2.20264 66 4) 1.53174 58 4 1.09611 92 3 8.02783 98 3 5.99449 62
0.7 4 3.17106 89 4) 2.20264 66 4 1.57436 46 4 1.15166 83 3 8.58922 62
0.8 4 4.44649 42 4 3.08513 39 4 2.20264 66 4 1.60942 26 4 1.19892 63
0.9 4) 6.10528 43 4 4.23152 76 4 3,01784 47 4 2.20264 66 4 1.63901 69
1.0 4) 8.23940 35 4 5,70477 12 4 4.06428 07 4 2.96327 38 4 2.20264 66
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Table 13.1 CONFLUENT HYPERGEOMETRIC FUNCTION M(a, b, x)

X = 10.0



Table 13.2 gives the smallest zeros in z of M(a, b, z), near a =b =0, that is, the smallest positive roots in
z of the equation M(a, b, z) =0. Linear interpolation gives 3-4S. Interpolation by the Lagrange six-point
formula in two dimensiocs gives 7S.
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a\b 0.1

CONFLUENT HYPERGEOMETRIC FUNCTIONS

ZEROS OF M(a, b, x)

0.2 0.3 0.4

Table 13.2

0.5

-1. 0 0.10000 00 0.20000 00 0.30000 00 0.40000 00 0.50000 00
-0.9 0.11054 47 0.22012 64 0.32894 15 0.43713 15 0.54480 16
-0.8 0.12357 83 0.24477 52 0.36411 44 0.48196 35 0.59858 98
-0. 7 0.14010 11 0.27567 24 0.40779 72 0. 53721 21 0. 66443 91
-0.6 0.16173 42 0. 31555 72 0.46354 99 0. 60707 04 0.74705 02

-0. 5 0. 19128 98 0. 36906 09 0. 53728 03 0. 69839 96 0. 85403 26
-0. 4 0. 23411 73 0. 44470 78 0. 63961 58 0.82334 00 0.99868 55
-0. 3 0. 30182 31 0. 56019 88 0.79200 44 1. 00591 69 1. 20695 84
-0. 2 0.42537 31 0.75993 80 1. 04632 32 1.30289 37 1.53918 36
-0.1 0.72703 16 1.20342 40 1.58016 05 1.90320 51 2. 19258 90

a\b 0.6 0.7 0.8 0.9 1.0

-1. 0 0. 60000 00 0. 70000 00 0. 80000 00 0.90000 00 1. 00000 00
-0. 9 OL 65203 19 0. 75888 50 0. 86541 05 0. 97164 85 1. 07763 19
-0. 8 0.71419 38 0.82892 89 0.94291 59 1. 05625 10 1.16901 22
-0.7 0.78986 07 0.91376 55 1. 03637 62 1.15786 85 1.27838 33
-0.6 0.88415 45 1.01887 44 1.15158 21 1.28256 70 1. 41205 79

-0. 5 1.00529 53 1.15298 99 1.29771 21 1.43991 63 1. 57995 68
-0.4 1.16751 37 1.33112 03 1.49044 27 1.64618 10 1.79887 13
-0.3 1.39828 59 1.58200 88 1. 75960 56 1.93215 19 2.10045 49
-0.2 1. 76075 91 1.97114 63 2.17271 84 2.36714 89 2.55566 24
-0. 1 2.45881 88 2. 70808 56 2. 94434 51 3. 17028 02 3. 38779 57



14. Coulomb Wave Functions
MILTON ABRAMOWITZ

Contents

Fo(,p), Fo(t,p), Go(,p), Go(,p)

i=.5(.5)2O, p=1(1)20, 5S

Table 14.2. Co(,7)=e*Ir(1+i,,)I
,=0(.05)3, 6S

The author wishes to acknowledge the assistance of David S. Liepman in checking the
formulas and tables.

i Nationa' Bureau of Standards (deceased).
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14.1. Differential Equation, Series Expansions

Differential Equation
14.1.1

d2w 2 L(L+i)
p p2

]w=0

(p>0, - << , L a non-negative integer)

The Coulomb wave equation has a regular
singularity at p= O with indices L + i and - L;
it has an irregular singularity at p=

General Solution

14.1.2
w=C1FL(n, p)+C2GL(n, p) (C,, 02 constants)

where FL(11, p) is the regular Coulomb wave
function and GL(n, p) is the irregular (logarithmic)
Coulomb wave function.

Regular Coulomb Wave Function FL(7, p)

14.1.3

FL(n, p)=CL(n)p''eiPM(L+1_in, 2L+2, 2ip)

14.1.4

14.1.5

14.1.6

14.1.7

(See chapter 6.)

14.1.8

_PL(fl)C(fl)
Ci(n) 2 (2L+ 1)

CL(0)- CL_i(o)L(2L+ 1)

14.1.11 PL(0) (1+02) (4+02) (L2+n2)2
2 (2L+1)[(2L)!]2
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=CL(o)p4'L(n, )

'L(fl,P) E A(n)pk_L_i
k =L+1

AL 1 A'L+1 ,

(k+L)(kL-1)At =2nA_1At_2

14. Coulomb Wave Functions

2Le F(L+1+in)j
CL(0) = r (2L+2)

Mathematical Properties

(k>L+2)

14.1.12 FL(O, p) =CL('7) p (,7, p)

14.1.13 I(n, ) E kA(0)pt''
kL+1

Irregular Coulomb Wave Function GL(?, p)

14.1.14

GL(n, P)-00) FL('7, p)[ln 2p+h1'71+OL('7, p)

14.1.15 OL('7, p)=DL(n)pt/'L('7, p)

1
14.1.16 DL('7)CL('7)_2L+l

14.1.17 !/'L(17,p)E. a(fl)p'
k.. -L

14.1.18
L_1 L_Aa_Li, aL+lu,

(kL-1) (k+L)a=20a_1a_2(2k-1) PL('7)A4

I4.1.19
L 2L+1 1

PL(0) s+n

14.1. 20

i 2(i0L)
(2L)! 2L+i+ 2L(l!)

22(i'7_L)(i'7_L+l)++ (2L-1)(2!)

2(i0L)(i0L+i) . . (i0+L-1)+ (2L)!

14.1.21

,
dGL 2

{Fj[1n 1+p1FL('7,p)}L dp Co2(n) PL(0)

+O(n, p)

F'(l+i0) 2 TL(17)

r(1+in) }+ Y+PL(ll)

(See Table 6.8.)

14.1.9

14.1.10



14.1.22 0j(17, p) D1(,) p_L_lJ()

14.1.2 14(n, p)=k. L

FL FL

1.3

.2

LO

.9

.8

.7

.6

.5

4

.3

.2

FIGURE 14.1. FL(n, p), GL('7, p).

p=lO

/

L

FIGURE 14.2. FL, F, 0L and G.
17=10, p=20

I
I

GL -6L

20

18

16

4

2

IO

8

6

4

2

o

-2
14 16

14.2. Recurrence and Wronskjan Relations

Recurrence Relations

If U1=FL(77, p) or GL(, p),

14.2.1 L

14.2.2

(L+1) [(L+1)2
= p +,7]UL_[(L+1)2+fl2]UL+j

14.2.3

L(L+1) ]t

- (L+1)[L2+n2]luLl

Wronskian Relations

14.2.4 FGLFLG= 1

14.2.5 FLlGLFLGLl=L(L2+,2)-4

14.3. Integral Representations
14.3.1

FL+iGL
iep'

(2L+ 1) !CL(n)f
e

14.3.2

FLiG--

eTpL -
(2L+1) !CL(n)f_1

e1P'(l _t)L(1 +t)Ldt

14.3.3

(2L+ 1) !CL(fl)

.f {(1tanh2 g)L+1 exp [i(p tanh t-2t)]
o

+i(l+t2 exp [pt+2 arctan tJ)dt

14.4. Bessel Function Expansions

Expansion in Terms of Bessel-Clifford Functions

14.4.1

(2L+1)!
(2)"+1 P btk/2Ik(2$/i)

k2L+1

(t=2,1p, 'i>O)

14.4.2

GL(17, p)'.'DL(7,)XL(n)p (1)kbktkI2Kk(2.ui)
k.=2L+1
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FUNCTIONS

fi (1J5)x

J2 (2z+6)

f3=63;00 (84x7+1480x4+2320x)

9i (1/5)x

2= (7x'-30x2)

g=63000 (1056x6 1160x3-2240)

(See chapter 10.)

14.5. Asymptotic Expansions

Asymptotic Expansion for Large Values of p

14.5.1 FLg cos OL+f sin °L

14.5.2 G=f cos OL-9 5fl °L

14.5.3 F=__g* cos O+f5 sin °L

14.5.4 G=f5 cos 8LY* sin °L, gf*_fg*1

14.5.5 8=p in 2pL+u

14.5.6 o=arg F(L+1+i)
(See 6.1.27, 6.1.44.)

14.5.7 oL+loL+arctan L--1
(See Tables 4.14, 6.7.)

w
*f'-'Ef1, g'--E gk,f5'Eft, g* g

kO k-O
14.5.8

where

fol, g0=O,fl=O, g=l/p
fk4.i =akfk bkgk

gki =akgk+bkfk

- t*h *_ /Jk+1akJk kYk .1k-I-i/P

* *17,* Ig1akg Y likf kgIG-I-lip

(2k+1) L(L+1)k(k+1)+i2bIG
(2k+2)p

540 COULOMB WAVE

14.4.3

b+1=1, b+2=O,

42(k-2L) bk+j+kbk_l+bk_2=O (k>2L+2)

14.4.4

E (__1)k(k_1)!b=2
k.2L+l

(See chapter 9.)

Expansion in Terms of Spherical Bessel Functions

14.4.5

p)=
1.3.5. . . (2L+1)pUL(n)

14.4.6
2L+3

=1, L+1 L+1 '

b
(2k+1)

k(k+1)L(L+1)
, (k-1)(k--2)L(L+1)fl'-i 2k-3 bk_2}

(k>L+1)
14.4.7

Fj(,,p)rrrl.3.5. . . (2L+1)pC(i)
(L+1)

(2L+1) bLV JL_l(P)+

Ê bj-Jii()}
kL+1 2P

(k+2) . (k-1)
14.4.8 b=(2k+3) tk+i (2k-1) Ok-1

Expansion in Terms of Airy Functions

x=(2p)/(2)"3 M=(2fl)2h'3, ,»Ø

p-2nj<2
14.4.9

Fo(P)(2)I{Ai(x) [1+i++ .
Go(t,p)

Ai'(x)
+B1(x)

M M

14.4.10

F(flP)l(2)_l{Ai(x) 1g1+xfj
Bi(x) M

2+x12. Ai'(x)
122 }+Bj(x)

M

.]}
M



n34
+

n
4____ ±

2
-G0 smp

A"A
/'\4

v_. I2

../P21?/ V ìYY

FIGURE 14.3. F0(37, p). FIGURE 14.5. Go(n, p).

,i=0, 1, 5, 10, p12 170, 1, 5, 10, pI2

FIGURE 14.4. FÇ(37, p). FIGURE 14.6. G(37, p).
;=0, 1, 5, 10, pI2 13=0, 1, 5, 10, pI2
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14.5.9
(inL) (in+L+ 1)+ (jn (inL+1) (in+L+l) (in+L+2)f+ig"1+ 1!(2ip) 2!(2ip)2

(inL) (iL-]-1) (iL+2) (i+L+1) (in+L+2) (i77+L+3)++ 3!(2ip)3

Asymptotic Expansion for L=0, p=2> >0

F0(2) r(1/3)ß 2 r(2/3) 1 32 1 92672 P(2/3) 1
14.5.10

G0(237)/f 2Q r(1/3)ß 81007371.104r(1/3)$10

14.5.11

F(2) r(2/3) ±1+ 1 T(1/3) 1 8 1 11488 r(1/3) i
i r(2/3) ß2±56700 $6+18711103 r(2/3) }

ß=(2/3)34, F(1/3)=2.6789 38534. .., r(2/3)=1.3541 17939.
14.5.12

F0(2i7) .70633 26373 .04959 570165 .00888 88888 89
G0(2)"1.22340 4016 }

.00245 51991 81 .00091 08958 061 .00025 34684 115
17

374 J
14.5.13

.17282 60369+.00031 74603 174F(2n) .40869 57323}{1±
3734G(2) .70788 17734
±.00358 12148 50 .00031 17R24 fiRO ÛÍUÌQÛ 7cu ¿1.7

-12 j775 = O
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14.6. Special Values and Asymptotic Behavior

14.6.1 L>O, p=O
FLrO, F==O

GL=co, G=
14.6.2 L=O, p=O

F0O, F=Co()
Go=:1/Co(), G=

14.6.3

F..,CL(n)pId4, GL'--'DL(n)p

14.6.4 L=O, n=O
F0=sin p, F=cos p
G0==cos p, G= sin p

14.6.5 p-4tm

GL±iFL'-'exp i[pfl in 2p-----+uL]

14.6.6 LO, ,i=O

FL=(1rp) Jj(p)

GL= C 1)L(irp)4 J-CL+) (s)

14.6.7 LO, 2n»p
(2L+1)!CL(n) (2np)I2L+1[2 (2p)]

(2np)4K2L+1[2 (2p)]
(2L±1)!CL(n)

14.6.8

14.6.9

LtO, 2»p
F0-.- e_T(irp)4Ii[2(2flp)]

F_e_T(27rn) k10[2 (2np) 4]

G0'2eT ()4Ki[2(2P)41I

G'- 2 (!)4eKo[2(2p)4]

L=O, 2n»p

ßea;

G0"ße; Gß'e

ß= (p/2,

COULOMB WAVE FUNCTIONS

14.6.10 L=O, 2»p

F0 ße';

G0ße; G- {ß-2+ t-2ß4}G08

tp/2

a=2{[t(1t)]4+arcsin t'ìir}
= f t/(1 - t) }

14.6.11 L=O, p»2
F0=a sin f3; F=i2(bFoaG0)

G0=a cos f3; G=t2(aFo+bGo)

t=!
p

exp [
8t3-3t4- -::-- 64(2i)2(1_t)3I

(1t)4ir (1t)4 1ß=+2if +in[Ii(l_t)41}

a=t2(1t)4, b=[8i(1t)]1
14.6.12 i»O, 2'-.'p

1/6

FL(n,p) PL
I 'Ai(xfl

GL(i,
1+Çl) 1Bi (x)f

PL

PL=fl+[l2+L(L+ 1) ]12

1

PL PL

14.6.13 'i»O, 2fl'-'p

[Go+iFo]ir"2(2) 116[Bi(x) +iAi(x)]

{G+iF]. 1/2(2) - "6[Bi' (x) +iAi' (x)]

14.6.14 n»0
PLO+[fl2+L(L+ 1) ]h/2

FL(pL) r(1/3) 1/6

GL(pL)/ 2Ç () {i+L(1)}'ß
PL

F(pL) r(2/3) (PL)_1/6{ 1+L(L+1)
' 1/6

G(pL)/ 2/ -



n-l)]
Co(a) (27rfl)L2e_T,

(Equality to 8S for >3.)

F01F0*= 1.7344 X 104=c'.
The values in the second column are obtained

from those in the first by multiplying by the
normalization constant, F0/FO* where F0 is the
known value obtained from Table 14.1.

Repetition starting with F1= i and F=0
yields the same results.

In column 3, the results have been given when
14.2.3 is used in increasing order of L.

F (column 4) follows from 14.2.2.

Numerical
14.7. Use and Extension of the Tables

In general the tables as presented are not simply
interpolable. However, values for L>.0 may be
obtained with the help of the recurrence relations.
The values of GL(n, p) may be obtained by
applying the recurrence relations in increasing
order of L. Forward recurrence may be used for
FL(IÌ, p) as long as the instability does not produce
errors in excess of the accuracy needed. In this
case the backwards recurrence scheme (see Ex-
ample 1) should be used.

Example 1. Compute FL(n, p) and p) for
i=2, p=5, L=O(1)5. Starting with F,=1,
F=0, where F=cFL, we compute from 14.2.3 in
decreasing order of L:

(1) (2) (3) (4)
L F FL FL

o()''-y (7=Euler's constant)
2LL!

2"L'
(2L+1)!

Methods
Example 2. Compute GL(n, p) and G(n, p) for

=2, p=5, L=1(1)5.
Using 14.2.2 and G0(2, 5)=.79445, G=-.67049

from Table 14.1 we find G1(2, 5)=1.0815. Then
by forward recurrence using 14.2.3 we find:

The values of G are obtained with 14.2.1.
Example 3. Compute Go(, p) for =2, p=2.5.
From Table 14.1, G0(2, 2)=3.5124, G(2, 2)

= -2.5554. Successive differentiation of 14.1.1
for L= O gives

dk+2w dIcw dw d1w
P dp2 =a(2_p) k(dk+1 +dpk_1 I

Taylor's expansion is w(p+p) =w(p) + (ip)'w'

As a check the result is obtained with n=2, p=3,
tp= - .5. The derivative p) may be ob-
tained using Taylor's formula with w=G(, p).

asee page ii.

dkG,

With

2.

w=Go(,p) and p=.5

(p)k d"G0
we get:

k

0
1

2

3

4
5

6
7

3.
-2.

3.
-6.

12.

-29.
83.

-268.

dp"
5124
5554
5124
0678
136
540
352
26

G0(2,

k! dp"
3. 5124

-1.2777
43905

-. 12641
03160

-. 00769
00181

-. 00042

5)z2 5726

14.6.15 14.6.17

F0 r(1/3) (2,\1/6
G0II 2/ )

F r(2/3)
-G/./ 2I(2/3)"

14.6.16 14.6d8

11
10

0.
1.

9 4. 49284
8 17. 5225
7 61. 3603
6 191. 238
5 523. 472 .090791 .091 1043
4 1238. 53 .21481 .215 2030
3 2486. 72 .43130 .4313 3205
2 4158.46 .72124 .72125 3952
1 5727. 97 99346 . 99347 3709
0 6591.81 1. 1433 1. 1433 29380

L GL -G'L

1 1. 0815 . 60286
2 1. 4969 . 56619
3 2. 0487 . 79597
4 3. 0941 1. 7318
5 5. 6298 4. 5493
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Table 14.1

5.1660
2.2753
8.4815
2.8898
9.3008
2.8751
8.6200
2.5224
7.2358
2. 0413

5150
1.1001
3. 0676
7. 9334
2.0420
5.2322
1. 3350
3.3929
8. 5905
2. 1673

5.4495
1.3659
3.4129
8. 5032
2.1127
5.2352
1.2940
3.1905
7.8484
1.9263

1

5. 6770
1. 5593
4. 2367
1. 1400
3. 0407
8. 0474
2. 1146
5. 5203
1.432 5
3. 6966

h

h
9. 4903 -10
2.4248 -10
6. 1679 -11
1. 5623 -12
3. 9419 -12
9.9089 -13
2.4822 -13
6. 1972 -14

5424 -14
3.8274 -15

9.4708 -15
3372 -16

5. 7529 -17
1.4126 -17
3.4602 -18
8.4571 -18
2. 0625 -19
5. 0197 -20

2192 -20
9556 -21

5. 9292
4873

1. 5684
6. 1308
2. 1980
7. 4239
2.3993
7. 4933
2.2767
6.7615

1.9700
5.6457
1.5950
4.4497
1.2276
3.3527
9.0744
2.4359
6.4900
1.7173

For use of this table see Examples 1-3.

COULOMB WAVE FUNCTIONS

COULOMB WAVE FUNCTIONS OF ORDER ZERO
Fo(n, p)

-9
-10
-10
-11
-12
-12
-13
-13
-14
-14

O

1
1
1
2
2
3
3
4

5
6
6
7
7
8
8
9
9)

- 4)-5-5-6-6-7-7-8-8
(- 9)

2
1.0211
6.6178
3. 3159
1. 4445
5. 7560
2.1538
7. 6857
2.6417
8. 8072
2.8622

9.1017
2.8403
8. 7187
2.6375
7.8750
2.3238
6. 7842
1.9614
5. 6202
1.5971

4. 5043
1.2613
3. 5086
9. 6998
2. 6660
7.2878
1.9819
5. 3636
1. 4449
3.8752

1.0350
2. 7536
7. 2980
1.9272
5.0719
1.3304
3. 4785
9. 0677
2. 3568
6. 1087

3. 2960
4.8156
3.3631
1. 7962
8.2804
3.4693
1. 3575
5. 0436
1. 7984
6. 2008

2. 0789
6.8046
2.1817
6.8691
2.1283
6.5001
1.9597
5.8395
1.7215
5. 0256

1. 4539
4.1713
1. 1875
3. 3562
9. 4217
2. 6282
7. 2879
2, 0096
5. S121
1. 5043

4. 0861
1.1049
2.9747
7.9764
2.1304
5.6690
1. 5031
3.9718
1. 0461
2. 7464

d

3
o 1. 0432
o 1. 0841-1 7. 3013-1 3. 9861-1 1. 9162

-2 8.4417-2 3. 4863-2 1. 3692-3 5. 1636
-3 1. 8829

-4 6.6735
-4 2.3080
-5 7.8131
-5 2.5954
-6 8.4780
-6 2.7278
-7 8.6573
-7 2.7136
-8 8.4089
-8 2.5785

(- 9) 7. 8306-9 2. 3567
-10 7. 0332
-10 2. 0826
-11 6. 1216
-11 1. 7870
-12 5.1827
-12 1. 4939
-13 4.2812
-13 1. 2201

-14 3.4592
-15 9.7586
-15 2.7399
-16 7.6580
-16 2. 1311
-17 5. 9063
-17 1.6304
-18 4. 4834
-18 1.2284
-19 3. 3538

- 1 -3.1699
-1+3.0192
-1 4.3300
-1 3.2695
-1 1.9237
-2 9.8019
-2 4.5336
-2 1.9532
-3 7.9650
-3 3.1077

(- 3 1. 1690-4 4. 2638-4 1. 5145
-5 5. 2563
-5 1. 7875
-6 5. 9696-6 1. 9614-7 6. 3501-7 2. 0285
- 8 6. 4011

- 8 1.9973
-9 6.1672
-9 1.8860
-10 5.7160
-10 1.7179
-11 5.1227
-11 1.5163

(-12 4.4571
(-12 1.3016
(-13 3.7774

(-13) 1. 0899
(-14) 3.1270
-15 8.9243
-15 2.5341
-16 7. 1612
-16 2. 0144
-17) 5. 6414
-17) 1. 5733
-18) 4. 3698
-18) 1.2090

(-

(-12
(-13

(-17
(-ii)

o-1
-1-1-1
-2-2
-3r
-3-3-4-4
-5-5-6-6-7-7
- 8)-8-9-9
-10
-10
-11
-11
-12
-12

-13
-13
-14
-14
-15
-15
-16
-16
-17
-18

- 1-1-1
-1-1-1-1-2
-.2-2

3
- 3
- 4
- 4
- 4
- 5
- 5
- 6
- 6-7
-7-8-8-9
-9
--10
-10
-11
-11
-12

-13
-14
-14
-15
-15
-16

4
4. 1924
1. 1571
1. 1186
7. 7520
4. 4865
2. 3093
1. 0927
4.8493
2. 0448
8. 2690

3. 2283
1. 2230
4. 5136
1. 6280
5. 7536
1.9966
6.8154
2. 2918
7. 6019
2. 4900

8. 0621
2.5824
8.1895
2.5730
8.0134
2.4754
7. 5877
2. 3090
6. 9781
2. 0952

6. 2521
1. 8147
5. 4712
1. 6053
4. 6864
1. 3614
3. 9364
1. 1331
3. 2476
9. 2696

-8. 6672
-1. 9273
+2. 9671

4. 0401
3. 1922
2. 0030
1. 0945
5. 4362
2. 5140
1. 0992

4.5914
1.8462
7.1867
2.7200
1. 0045
3. 6292
1.2859
4.4771
1.5341
5.1804

1.7262
5.6813
1.8487
5.9521
1.8975
5.9935
1.8768
5.8291
1.7966
5. 4972

1.6705
5. 0433
1. 5132
4.5133
1. 3386
3. 9490
1.1590
3. 3848
9. 8388
2. 8470

-1-1
O

o-1
-1-1-1
-2
-2-3-3-4-4-4-5-5-6-6
- 7-7
- 8
- 8
- 9-9
-10
-10
-11
-11

-12)
-12)
-13
-13
-14
-14
-15
-15
-16
-16

1
1
1
1

1
i
1
2
2

2
3
3
3
4
4
5
5
6
6

-6-7-7-8-8
- 9
- 9
-10
-10
-11

-11)
-12)
-12
-13
-13
-14)
-14)
-15)
-15)
-16)

5
-4. 9046
+6. 8494

1. 2327
1. 1433
8. 0955
4. 8882
2. 6473
1. 3227
6. 2060
2. 7673

1. 1829
4. 8778
1. 9502
7. 5886
2. 8831
1. 0722
3.9115
1. 4023
4. 9481
1. 7207

5.9043
2.0009
6.7032
2.2216
7.2896
2.3694
7. 6337
2.4390
7.7314
2. 4326

7. 5998
2.3584
7.2719
2.2286
6. 7904
2. 0575
6.2009
1.8594
5. 5480
1. 6477

-8. 3314
-7. 2364
-1. 0456
+2. 9380

3. 8386
3. 1264
2. 0555
1. 1839
6. 2113
3. 0360

1. 4028
6. 1885
2. 6259
1. 0777
4. 2964
1. 6695
6. 3417
2. 3601
8. 6225
3. 0976

1. 0958
3. 8219
1. 3157
4. 4743
1. 5045
5. 0060
1. 6492
5. 3830
1. 7417
5. 5888

1.7794
5. 6234
1. 7647
5. 5009
1.7038
5. 2453
1. 6054
4.8863
1. 4793
4.4556

0. 5 -1
L O - 1
1. 5 -2
2. 0 - 2
2. 5 - 3
3. O -3
3. 5 -4
4. 0 -4
4. 5 - 5
5. 0 (- 5)
5. 5 -6
6. 0 -6
6. 5 -7
7. 0 -7
7. 5 -8
8. 0
8. 5 Z
9. 0 -10
9. 5 -10

10. 0 -11

10. 5 (-12
11. 0 -12
11. 5 -13
12. 0 -13
12. 5 -14
13.0 -15
13. 5 -15
14. 0 -16
14. 5 -16
15.0 -17

15.5 -18)
16. 0 -18)
16. 5 -19
17. 0 -19
17. 5 -20
18.0 -21
18. 5 -21
19. 0 -22
19. 5 -22
20. 0 -23

0.5 - 1
1.0 -1
1.5 -1
2.0 -2
2.5 -2
3.0 - 3
3.5 -3
4.0 -4
4.5 -4
5.0 (-5
5. 5 - 5
6. 0 - 6
6. 5 - 6
7. 0 - 7
7. 5 - 7
8. 0 -8
8. 5 -9
9. 0 - 9
9. 5 -10

10.0 -10

10. 5 -11)
11. 0 -ii)
11.5 -12)
12. 0 -13
12. 5 -13
13. 0 -14
13. 5 -14)
14. 0 -is)
14. 5 -16)
15. 0 -16)

15. 5 (-17)
16.0 (-17)
16. 5 -18
17. 0 -19
17. 5 -19
18. 0 -20
18. 5 -20)
19. 0 -21)
19. 5 (-22)
20. 0 (-22)

h

1
1
1

2
2
3
3
4)
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0. 5
1. 0
1. 5
2. 0
2. 5
3. 0
3. 5
4. 0
4. 5
5. 0

5. 5
6. 0
6. 5
7. O
7. 5
8. 0
8. 5
9. 0
9. 5

10. 0

lO. S
11. 0
11. 5
12. 0
12. 5
13. 0
13. 5
14. 0
14. 5
15. 0

15. 5
16. 0
16. 5
17. 0
17. 5
18. 0
18. 5
19. 0
19. 5
20. 0

0. 5
1. 0
1. 5
2. 0
2. 5
3. 0
3. 5
4. 0
4. 5
5. 0

5. 5
6. 0
6. 5
7. 0
7. 5
8. 0
8. 5
9. 0
9. 5

10.0

10.5
11. 0
11. 5
12. 0
12. 5
13. Q
13. 5
14. 0
14. 5
15. 0

15. 5
16. 0
16. 5
17. 0
17. 5
18. 0
18. 5
19. 0
19. 5
20. 0

(

COULOMB WAVE FUNCTIONS OF ORDER
Go(,p)

i 2 3
O 1. 1975 1 5. 3221 -3. 4105
O 2. 0431 o 1.2758 +6. 2704
o 4. 0886 o 2.0276 1. 3423
o 9.8003 0 3. 5124 2. 0405
1 2.6401 0 7.1318 3. 2733
1 7. 6551 1 1. 6390 6. 0195
2 2.3355 1 4. 0982 1. 2493
2 7.4015 2 1. 0878 2. 8313
3 2.4167 2 3.0209 6. 8403
3 8. 0855 2 8.6969 1. 7354

4 2.760G 3 2. 5792 2 4.5790
4 9. 5899 3 7.8428 3 1. 2482
5 3.3815 4 2.4367 3 3.4980
6 1.2081 4 7.7137 4 1. 0041
6 4. 3664 5 2. 4826 4 2. 9432
7 1. 5946 5 8.1086 4 8. 7893
7 5. 8778 6 2.6837 5 2. 6689
8 2.1850 6 8.9891 5 8.2266
8 8. 1855 7 3. 0439 6 2.5706
9) 3. 0882 8 1. 0411 6 8.1333

10 1.1727 8 3. 5934 7) 2. 6029
10 4.4801 9 1.2509 7 8.4187
11 1. 7211 9 4. 3888 8 2. 7496
11 6.6465 10 1. 5511 8 9. 0625
12 2.5793 lo 5. 5199 9 3. 0124
13 1.0055 11 1.9769 lo 1. 0093
13 3.9366 11 7.1230 10 3.4069
14 1. 5474 12 2.5811 11 1.1581
14 6.1061 12 9.4029 11 3.9629
15 2.4181 13 3.4429 12 1.3645

15 9. 6091 14 1. 2667 12 4. 7264
16 3. 8309 14 4. 6814 13 1. 6463
17 1. 5320 15 1. 7377 13 5. 7652
17 6. 1445 15 6. 4769 14 2. 0292
18 2. 4714 16 2. 4236 14 7. 1771
18 9. 9670 16 9. 1034 15 2. 5502
19 4. 0300 17 3. 4316 15 9. 1019
20 1. 6335 18 1. 2981 16 3. 2623
20 6. 6365 18 4. 9263 17 1. 1741
21 2. 7024 19 1. 8756 17 4. 2418

d

1 -5. 6132 (- 1 -8. 0753 - 1 -8. 5494
o -1. 2636 - 1 -5. 8273 - 1 -7. 4783
o -4. 2300 1 -9. 5930 - 1 -5. 7358
1 -1. 3813 0 -2. 5554 - 1 -8. 3499

-4. 5128 0 -7. 1137 0 -1. 9326
2 -1. 5015 1 -2. 0029 0 -4. 8566
2 -5. 1001 1 -5. 7725 1 -1. 2438
3 -1. 7657 2 -1. 7086 1 -3. 2646
3 -6. 2161 2 -5. 1859 1 -8. 8150
4 -2. 2206 3 -1. 6097 2 -2. 4467

4)-8. 0354 3 -5. 0961 2 -6. 9635
5)-2. 9409 4 -1. 6418 3 -2. 0268
6 -1. 0873 4 -5. 3723 3 -6. 0185
6 -4. 0566 5 -1. 7825 4 -1.8195
7 -1. 5259 5 -5. 9890 4 -5. 5897
7 -5. 7831 6 -2. 0352 5 -1. 7425
8)-2. 2067 6 -6. 9879 5 -5. 5045
8) -8. 4732 7 -2. 4222 6 -1.7601
9)-3.2724 7 -8. 4693 6 -5. 6909

10) -1. 2706 8 -2. 9853 7 -1. 8591

10) -4. 9580 9)-1. 0602 -6. 1315
ll)-1.9437 9)-3. 7915 8 -2. 0402
11)-7. 6530 10)-l. 3647 8 -6. 8449
12)-3. 0256 10 -4. 9424 -2. 3143
13)-1. 2008 11 -1. 8002 -7. 8819
13)-4. 7827 11 -6. 5922 10 -2. 7027
14)-1. 9115 12 -2. 4263 10 -9. 3274
14)-7. 6643 12 -8. 9735 11 -3. 2386
15) -3. 0826 13 -3. 3339 12 -1. 1310
16)-1.2434 14 -1. 2440 12 -3. 9713

16)-5. 0296 14)-4. 6610 13) -1. 4017
17) -2. 0399 15) -1. 7532 13) -4. 9720
17 -8. 2941 15)-6. 6194 14 -1.7719
18 -3. 3005 16 -2. 5081 14 -6. 3433
19 -1. 3810 16 -9. 5361 15 -2. 2806
19 -5. 6545 17 -3. 6376 15 -8. 2334
20 -2. 3201 18 -1.3919 16 -2. 9841
20 -9. 5394 18 -5. 3424 17 -1.0857
21 -3. 9299 19 -2. 0564 17 -3. 9642
22 -1. 6221 19 -7. 9378 18 -1. 4526

ZERO

4
-1 -9. 8570
-1 -1. 8901
-1 +7. 1836

o 1. 3975
o 2. 0592
o 3. 1445
o 5. 4049
1 1. 0423
1 2. 1964
1 4. 9434

2 1. 1708
2 2.8891
2 7. 3782
3 1. 9403
3 5.2344
4 1.4441
4 4. 0648
5 1.1648
5 3. 3928
6) 1. 0029

6 3. 0052
6 9.1181
7 2. 7986
7 8. 6825
8 2. 7207
8 8.6053
9 2. 7457
9 8. 8331

lo 2.8638
10 9. 3530

11 3. 0758
12 1. 0182
12 3. 3917
13 1. 1365
13 3. 8299
14 1. 2976
14 4.4194
15 1. 5126
15 5. 2016
16 1. 7969

1 -3. 4747
1 -8. 3273
1 -7. 0346

-5. 6167
1 -7. 6379
o -1. 6029
o -3. 7375
o -8. 9366
1 -2. 1901
1 -5. 5222

2)-l. 4325
2 -3. 8154
3 -1. 0408
3 -2. 9006
3 -8. 2422
4 -2. 3835
4 -7. 0031
5 -2. 0878
5 -6. 3080
6 -1.9295

6 -5. 9693
7 -1. 8664
7 -5. 8932
8 -1. 8780
8 -6. 0367
9 -1. 9562
9 -6. 3878

10 -2. 1009
10 -6. 9573
11 -2. 3188

11 -7. 7763
12 -2. 6230
12 -8. 8973
13 -3. 0340
14 -1. 0399
14 -3. 5813
15 -1. 2392
15 -4. 3069
16 -1. 5033
16 -5. 2691

Table

1
1
1
1
1
1
1
1
1
1

- 1
- 1
- 1
- 1
- 1
- 1

0
o
0
1

1
1
2
2
3
3
4
4
4
5

5
6
6
7
7
8
8
9'

lo
11
11
12
12
13
13
14

15)

9-6.2887
10)-2.

14)-8.

14.1

5
)-9. 3493
)-8. 9841

-5. 3716
+7. 9445

1. 4442
2. 0788
3. 0657
5. 0146
9. 1424
1. 8193

3. 8704
8. 6736
2. 0275
4. 9101
1. 2258
3. 1422
8.2458
2. 2097
6. 0344
1.6764

4. 7305
1. 3542
3. 9285
1. 1537
3. 4272
1. 0290
3. 1205
9. 5523
2. 9500
9.1867

2. 8835
9. 1182
2. 9039
9.3107
3. 0045
9. 7548
3. 1857
1. 0462
3. 4544
1. 1464

+4. 5076
-5. 1080
-8. 0665
-6. 7049
-5. 5046
-7. 1618
-1. 3970
-3. 0719
-6. 9633
-1. 6176

-3. 8641
-9. 4968
-2. 3977
-6. 2044
-1. 6419
-4. 4339
-1. 2197
-3. 4122
-9. 6943
-2. 7937

-8. 1574
-2. 4111
-7. 2077
-2. 1776
-6. 6446
-2. 0464
-6. 3581
-1. 9918

0003

-6. 4071
-2. 0660
-6. 7044
-2. 1889
-7. 1879
-2. 3735
-7. 8789
-2. 6288

8139
-2. 9690
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Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO
p F(9,p)

6 7 8 9 10
0. 5 0 -1. 0286 -1 -7. 6744 1)+1. 0351 - 1)+8. 8802 - 1)+9. 3919
1. 0 1 -1. 6718 -1 -9. 0632 0 -1. 0333 - 1 -4. 3441 - 1)4. 7756
1. 5 1 +8. 7682 -1 +1. 1034 1 -7. 0763 0 -1. 1015 - ]»-8.0125
2. 0 0 1.2850 0 1. 0148 1 +3. 3340 - 1 -4. 9930 0-1.0616
2. 5
3. 0

0) 1.1633
1) 8.3763

O

o
1. 3237 0
1. 1803 0

1.1181
1.3540

- 1
0

+5. 1312
1.1984

- 1-3.0351
- I»+6. 6010

3. 5 1) 5.2251 8. 6154 0 1.1952 0 1. 3786 0 1.2627
4. 0 1 2. 9445 -1 5. 5158 1 8.8245 0 1. 2085 0 1. 3992
4. 5 1 1. 5362 -1 3. 2100 1 5.7720 - 1 9.0109 01 1.2207
5. 0 2 7. 5384 -1 1. 7351 1 3.4502 - 1 6.0014 - 1) 9.1794

5.5 - 2 3. 5181 -2 8. 8379 - 1) 1.9214 - 1 3.6697 - 1 6.2092
6.0 - 2 1. 5740 -2 4. 2849 -1) 1.0100 -1. 2. 0964 - 1' 3.8720
6.5 -3 6. 7927 -2 1. 9924 -2 5.0593 -1 1. 1325 - 1 2.2615
7.0 -3 2. 8407 -3 8. 9366 -2 2.4318 -2 5. 8352 - 1 1.2511
7.5 -3 1. 1557 -3 3. 8839 -2 1.1277 -2 2. 8870 - 2 6.6087
8.0 -4 4. 5875 -3 1. 6415 -3 5.0678 -2 1.3786 - 2 3. 3543
8.5 -4 1. 7814 -4 6. 7674 -3 2.2145 -3 6. 3805 - 2 1.6440
9.0 -5 6. 7813 -4 2. 7281 -4 9.4374 -3 2. 8716 - 3 7. 8106
9.5 -5 2. 5352 -4 1. 0776 -4 3.9317 -3 1. 2603 - 3) 3. 6091

10.0 -6 9. 3224 -5 4.1786 -4 1.6046 -4 5. 4065 - 3) 1. 6263

10. 5 -6 3. 3763 - 5) 1.5930 -5 6.4260 -4 2. 2716 -4 7. 1627
11. 0 -6 1.2058 - 6 5.9782 -5 2.5293 -5 9. 3643 -4 3. 0895
11. 5 -7 4. 2504 - 6 2.2113 -6 9.7972 -5 3. 7930 -4 1. 3072
12. 0 -7 1. 4802 -7 8.0697 -6 3.7389 -5 1. 5115 -5 5. 4341
12. 5 -8 5. 0971 - 7 2.9081 -6 1.4073 -6 5. 9333 -5 2. 2220
13. 0 -8 1. 7367 - 7 1.0358 -7 5.2291 -6 2. 2964 -6 8. 9480
13. 5 -9 5. 8586 - 8 3.6487 -7 1.9195 -7 8. 7713 -6 3. 5521
14. 0 -9 1. 9579 - 8 1.2720 -8 6.9669 -7 3. 3091 -6 1. 3913
14. 5 -10 6. 4858 -9 4.3915 -8 2.5016 -7 1. 2340 -7 5. 3814
15. 0 -10 2. 1306 -9 1.5022 -9 8.8925 -8 4. 5511 -7 2. 0569

15. 5
16.0

-11 6. 9438
-11 2. 2461

-10
-10

5.0935 - 9
1. 7129 - 9

3.1309
1.0924

-8-9 1.6612
6. 0045

7. 7746
g 2. 9076

16. 5 -12 7.2135 -11 5.7147 -10 3.7787 -9 2. 1502 -8 1. 0765
17. 0 -12 2.3009 -11 1. 8924 -10 1. 2965 -10 7. 6316 -9 3. 9479
17. 5 -13 7. 2918 -12 6.2217 -11 4.4135 -10 2. 6859 -9 1. 4347
18.0 -13 2.2965 -12 2.0316 -11 1.4913 -11 9. 3772 -10 5. 1691
18.5 -14 7.1900 -13 6. 5907 -12 5. 0033 -11 3. 2487 -10 1.8470
19. 0 -14 2. 2382 -13 2.1247 -12 1.6672 -11 1. 1173 -11 6. 5478
19.5 -15 6.9296 -14 6. 8088 -13 5. 5194 -12 3. 8154 -11 2. 3038
20. 0 -15 2. 1342 -14 2.1694 -13 1.8158 -12 1. 2942 -12 8. 0470

d
dFo(nP)

0.5 -1 -1. 6439 -1 +6. 5317 - 1 +9. 6217 +4. 8856 (- 1 -3. 9577
1.0 -1 -8. 9251 -1 -4. 9515 - 1 +2. 6293 8. 6117 -1 +8. 4114
1.5 -1 -5. 9833 -8. 7151 - 1 -6. 7918 -2 -5. 9095 -1 +6.3051
2.0 -2 -4. 4197 -4. 9758 1 -8. 2026 -1 -7. 7036 1 -2. 9353
2.5 -1 +2. 9104 -3 -1. 2700 - 1 -4. 1714 -1 -7. 6083 1 -8. 0858
3.0 -1 3. 6867 -1 +2. 8830 - 2 +3. 0507 -1 -3. 5216 1 -7. 0180
3.5 -1 3. 0694 -1 3. 5660 -1 28559 -2 +5. 4822 -1 -2. 9887
4.0 -1 2. 0917 -1 3. 0193 - 1 3.4667 -1 2.8296 -2 +7. 3929
4.5 -1 1. 2557 -1 2. 1173 - 1 2.9748 -1 3. 3827 -1 2. 8044
5.0 -2 6. 8842 -1 1.3148 - 1 2.1357 -1 2. 9346 -1 3. 3103

5.5 - 2 3.5199 -2 7. 4742 1.3640 - 1 2.1489 -1 2. 8982
6.0 -2 1.7018 -2 3. 9680 7.9960 - 1 1. 4058 -1 2. 1583
6.5 - 3 7.8549 -2 1. 9931 4.3832 - 2 8. 4608 -1 1. 4416
7.0 - 3 3.4861 - 3 9. 5595 2.2750 - 2 4. 7685 -2 8.8777
7.5 - 3 1.4956 - 3 4.4083 1.1280 - 2 2. 5468 -2 5. 1268
8.0 - 4 6.2296 - 3 1.9647 5.3775 - 2 1. 2999 -2 2. 8081
8.5 - 4 2.5276 - 4 8. 4983 2.4777 -3 6. 3815 -2 1. 4707
9.0 - 4 1.0018 - 4 3. 5795 1.1077 - 3 3. 0279 -3 7. 4103
9.5 - 5 3.8880 - 4 1. 4721 4.8216 - 3 1. 3940 -3 3. 6095

10.0 - 5 1.4803 - 5 5. 9256 2.0487 -4 6. 2477 -3 1. 7060

10. 5 -6 5. 5384 -5 2. 3388 8.5166 -4 2. 7329 -4 7. 8494
11. 0 -6 2. 0392 -6 9. 0675 3. 4707 -4 1. 1694 -4 3. 5246
11. 5 -7 7.3981 -6 3. 4579 1.3887 -5 4. 9038 -4 1. 5479
12. 0 -7 2. 6475 -6 1. 2988 5. 4642 -5 2. 0187 -5 6. 6617
12. 5 -8 9. 3549 -7 4.8095 2. 1167 -6 8. 1695 -5 2. 8139
13. 0 -8 3. 2665 -7 1. 7578 8.0818 -6 3. 2541 -5 1. 1682
13. 5 -8 1. 1280 -8 6.3458 3.0443 -6 1. 2772 -6 4. 7727
14. 0 -9 3. 8550 -8 2.2647 1. 1324 -7 4.9445 -6 1. 9209
14.5 -9 1. 3046 -9 7. 9952 4. 1623 -7 1. 8896 -7 7. 6241
15. 0 -10 4. 3743 -9 2. 7940 1. 5130 -8 7. 1342 -7 2. 9865

15.5 (-10 1. 4540 -10 9. 6701 - 9 5.4422 -8 2.6629 1. 1555
16. 0 -11 4. 7930 -10 3. 3165 - 9 1.9382 -9 9. 8333 4.4191
16. 5 -11 1. 5677 -10 1. 1277 -10 6. 8378 9 3. 5942 -8 1. 6715
17. 0 -12 5. 0893 -11 3. 8030 -10 2. 3909 -9 1. 3011 -9 6. 2571
17.5 -12 1. 6405 -11 1. 2726 -11 8. 2893 -10 4. 6667 -9 2. 3192
18.0 -13 5. 2523 -12 4. 2267 -11 2.8507 -10 1. 6593 -lo 8. 5155
18. 5 -13 1. 6708 -12 1. 3939 -12 9.7283 11 5. 8508 -10 3. 0988
19.0 -14 5. 2819 -13 4. 5659 -12 3.2955 -11 2. 0467 -10 1. 1181
19.5 -14 1. 6599 -13 1.4859 -12 1.1085 (-12 7.1053 -11 4. 0014
20. 0 -15 5. 1871 -14 4. 8057 -13 3.7036 (-12 2.4488 -11 1. 4209



0. 5
1. 0

5
0

2. 5
3. 0
3. 5
4. 0
4. 5
5. 0

5. 5
6. 0
6. 5
7. 0

5
0

8. 5
9. 0
9. 5

10. 0

10. 5
11.0
11. 5
12. 0
12. 5
13. 0

5
0

14. 5
15. 0

5
0

16.5
0

17. 5
0

18.5
0

19. 5
0

F

15. 5
16.0
16.5
17.0
17.5
18.0
18.5
19.0
19.5
20.0

0. 5 -
1.0 -
1. 5 -
2. 0 -
2. 5 -
3. 0 -
3. 5 -
4. 0

5
0

5. 5
6. 0
6.5

0
7.5

0
8. 5
9.0

5
iO. 0

iO. 5 (
11. 0 (
li. 5
12. 0
12.5
13. 0
13. 5
14. 0

5
0

G(9,p)
6 7 8 9 10

-1. 8864 - 1 +7. 0005 O +1. 0284 -i +5. 2116 - 1 -4. 1435
-1. 0908 - 1 -5. 9842 1 +2. 9114 -i +9. 7148 - 1 +9. 4207
-7. 8946
+5. 7313

0
- 1

-1. 1403 1 -8. 7095
-6.8409 Û -1.1353

-2 -9. 0032
o -1. 0415

- i +7. 4235
- 1 -3. 9931

8. 5834 - 1 +1. 4966 -1 -5. 8782 O -i. 1041 0 -1. 1456
1.4847 - 1 9.1321 -1 +2. 2822 -1 -5. 0095 0 -1. 0601
2.0980
3. 0138
4. 7449

0
0
0

1.5205 -1 9. 6127
2.1165 o 1. 5526
2.9779 o 2. 1340

-1 +2. 9641
o 1. 0040
o 1. 5818

- 1 -4. 2253
- 1 +3. 5656

0 1. 0426
8. 2720 0 4. 5475 (0 2. 9524 O 2. 1507 0 1. 6085

1. 5713
3. 1910

0
1

7. 6426 o 4. 3971
1.3964 o 7. 1665

o 2. 9338
o 4.2789

2.1665
2. 9202

6. 8300 1 2.7266 i 1. 2667 O 6. 7939 4.1837
1. 5259 1 5.6125 1 2. 3913 1 1.1669 6.4944
3. 5340 2 1. 2063 i 4.7587 i 2.1389 i. 0879
8.4429 2 2.6887 1 9. 8888 i 4. 1320 1.9428
2. 0726 2 6.1843 2 2. 1316 i 8. 3352 3. 6553
5. 2121 3 1.4623 2 4.7425 2 1. 7442 7. 1811
1. 3393 3 3. 5436 3 1. 0850 2 3.7678 2 1. 4634
3. 5096 3 8.7792 3 2.5448 2 8.3709 2 3. 0787

9. 3615 4 2. 2190 3 6.1041 3 1. 9070 2) 6. 6618
2. 5381 4 5. 7119 4 1.4943 3 4. 4437 3) 1.4783
6.9851 5 1. 4951 4 3. 7266 4 1. 0570 3 3.3559
1. 9492 5 3. 9745 4 9.4543 4 2. 5623 3 7.7783
5. 5096 6 1. 0718 5 2.4367 4 6. 3199 4 1.8375
1.5761 6 2. 9290 5 6. 3731 5 1. 5841 4 4.4178
4. 5596 6 8.1041 6 1.6898 5 4. 0302 5 1.0796
1. 3330 7 2. 2686 6 4. 5378 6 1. 0398 5 2.6784
3. 9356 7 6. 4200 7 1.2333 6 2.7177 5 6.7399
1. 1728 8 1. 8356 7 3.3897 6 7. 1908 6 1.7186

3. 5260 8 5.2995 7 9.4158 7 1.9247 6 4.4374
1 1. 0689 9 1. 5441 8 2.6418 7 5.2078 7 1.1592
1 3. 2661 9 4.5382 8 7.4830 8 1.4237 7 3. 0621
1 1 0055 10. 1.3449 9 2.1387 8 3. 9301 7 8.1738
1 3. 1176 10 4.0168 9 6.1650 9 1.0950 8 2. 2037
1 9.7326 11 1.2087 10 1.7916 9, 3. 0778 8 5. 9978
1 3. 0582 11 3.6634 10 5.2473 9 8.7237 9 i. 6472
1 9.6692 12 1.1179 11 1. 5483 1O 2.4925 9 4.5626
1 3. 0754 12 3.4335 11 4. 6007 iO) 7.1762 10 1. 2742
1 9. 8379 13) 1.0612 12 1.3764 ii) 2.0813 10 3. 5867

d
dpG0(

1 +9. 4204 - 1 +7. 0722 - i -1. 0134 - 1 -8. 3938 - 1 -8. 9014
1 +1.5804 - 1 +1.7643 - 1 +8. 9368 - 1 +3. 7613 - 1 -4. 3326
1 -6. 0177 - 2 -5. 6347 - i +5. 7724 - 1 +9. 0303 - 1 +6. 6389
1)-7. 8017 - i -6. 4998 - 1 -2. 0611 - 1 +3. 9589 - 1 +8. 3156
1)-6. 4488 - 1 -7. 5558 - 1 -6. 7507 - 1 -3. 1180 - 1 +2. 4273
i -5. 4037 - i -6. 2420 - 1 -1. 3342 - 1 -6. 8725 - 1 -3. 8780
i -6. 8137 - i -5. 3136 - 1 -6. 0700 - 1 -7. 1359 - 1 -6. 9193
0 -1. 2552 - i -6. 5441 - 1 -5. 2327 - 1 -5. 9237 - 1 -6. 9585
0 -2. 6310 0 -1. 1510 - 1)-6. 3266 - 1 -5. 1597 - 1 -5. 7969
0 -5. 7112 0 -2. 3175 0)-i. 0709 - 1 -6. 1460 - i -5. 0932

1 -1. 2704 0 -4. 8515 0)-2. 0829 O -1. 0071 -1 -5. 9925
1 -2. 9032
1 -6. 8237
2 -1. 6477
2 -4. 0793

1
i
1
2

-i. 0407 0
-2. 2915 0-8.
-5. 1862 1

-1. 2056 i

-4. 2272
7913

-1. 8751
-4.1077

0 -1.9007
0 -3. 7545
o -7. 6010

-1. 5769

-1 -9. 5489
o -1. 7550
o -3. 3846
o -6. 6920

3 -1. 0333 2 -2. 8738 i -9. 2394 1) -3. 3 574 1 -1. 3548
3 -2. 6728 2 -7. 0107 2 -2. 1308 1) -7. 3362 i -2. 8128
3 -7. 0464 3 -1. 7469 2-5. 0295 2 -1. 6432 i -5. 9900
4 -1. 8904 3 -4.4387 3) -1. 2129 2 -3. 7670 2 -i. 3072
4 -5. 1540 4 -1. 1482 3)-2. 9831 2 -8. 8229 2 -2. 9193

5 -1. 4262 4 -3. 0197 3 -7. 4717 3 -2. 1080 2 -6. 6607
5 -4. 0011 4 -8. 0639 4 -1. 9033 3 -5. 1298 3 -1. 5503
6 -1. 1369 5 -2. 1843 4 -4. 9246 4 -1. 2698 3 -3. 6759
6 -3. 2694 5 -5. 9953 5 -i. 2929 4 -3. 1937 3 -8. 8669
6 -9. 5069 6 -1. 6661 5 -3. 4407 4 -8. 1522 4 -2. 1734
7 -2. 7936 6 -4. 6839 5 -9. 2739 5 -2. 1099 4 -5. 4080
7 -8.2899 7 -1. 3312 6 -2. 5296 5 -5. 5322 5 -1. 3647
8 -2. 4829 7 -3. 8226 6 -6. 9781 6 -1. 4684 5 -3. 4894
8 -7. 5021 8 -1. 1083 7 -1. 9454 6)-3. 9424 5 -9. 0337
9 -2. 2856 8 -3. 2430 7 -5. 4781 7)-1. 0701 6 -2. 3663

9 -7. 0183 8 -9. 5716 8 -i. 5573 7 -2. 9344 6 -6. 2673
10 -2. 1712 9 -2. 8485 8 -4. 4670 7 -8.1256 7 -1. 6775
10 -6. 7650 9 -8. 5435 9 -1. 2923 8 -2. 2710 7 -4. 5347
11 --2.1221 10 -2. 5817 9)-3. 7692 8 -6. 4031 8 -1. 2375
11 -6. 7001 10 -7. 8569 10)-1. 1079 9 -1. 8206 8 -3. 4078
12 -2. 1285 11 -2. 4075 10 -3. 2807 9 -5. 2180 8 -9. 4651
12 -6. 8019 11 -7. 4250 10 -9. 7840 10 -1. 5070 9 -2. 6506
13 -2.1860 12 -2. 3043 11 -2. 9377 10 -4. 3845 9 -7. 4812
13 -7. 0638 12 -7. 1939 11 -8. 8719 11 -i. 2846 10 -2. 1275
14 -2. 2945 13 -2. 2589 12 -2. 6998 ii -3. 7889 10 -6. 0938

COULOMB WAVE FUNCTIONS

COULOMB WAVE FUNCTIONS OF ORDER ZERO Table 14.1
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550 COULOMB WAVE FUNCTIONS

Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO
Fo(n, p)

11 12 13

0. 5
L O
1. 5
2. 0
2. 5
3. 0

5
0

4. 5
5. 0

- 1 +2. 0734
0 +1. 0298

- 2 +2. 4612
0 -1. 0170

- 1 -9. 6841
- 1 -1.2613
- 1 +7. 8227

0 1. 3156
0 1. 4169
0 1.2318

- 1 9.3335
- 1 6.3994-1 4.0596
- 1 2.4178
- 1 1.3660
-2 7.3768
-2 3.8306
- 2 1.9215
- 3 9.3472
- 3 4.4228

5.5 - l 3.2469
6.0 -1 2.8649
6.5 - 1 2.1649
7.0 - 1 1.4725
7.5 - 2 9.2538
8.0 - 2 5.4607
8.5 - 2' 3.0589
9.0 -2' 1.6394
9.5 (- 3 8.4560

10.0 (- 3, 4.2172

u
-3-3-3-4
-4-4-5-5-6-6

1)-6. 9792
1 +7. 9515
1 +8. 3008
1 -3. 6119
0 -1. 1262

2

o
o

2)
2

2

-8. 5079
+3. 2549

8. 8532
1. 3600
1. 4324

2422
9. 4757
6. 5749
4. 2347

5662
1. 4773
8.1375
4. 3132
2.2096
1. 0980

5. 3087
2. 5036

1541
5. 2182

3072
1. 0036

2931
1. 8082
7. 5055

0731

- 6 1.2422
-7 4.9601
- 7 1.9580
-8 7.6449
- 8 2.9542
- 8 1.1303
- 9 4.2845
- 9 1.6095
-10 5.9943
-10 2.2143

0 -1.0101
- 2 -5. 5932

0 +1. 0493
- 1 +5. 1844
- 1 -6. 5977

0 -1. 1642
- 1 -7. 2395
- 1 +1. 7404
- 1 9.7341

0 1. 3978

- 2 1.2700
- 3 6.2624
-3 3.0126
- 3 1.4168
-4 6.5253
- 4 2.9480
- 4 1.3082
- 5 5.7090
- 5 2.4529
- 5) 1. 0386

- 1 +1. 3869
- 1 -9. 5769
- 1 -1. 7814
- 1 +7. 9972
- 1 +7. 2679
- 2 -2. 2037
- 1 -6. 4688
- 1 -7. 8882
- 1 -5. 4930
- 1)-1.8523

-2-2-2-2

-3-3-4-4-4
-5-5-5
-6-6-7-7-7-8-8-9-9-9

+1. 1221
7353
1402

2. 8059
1722

1. 5231
9. 9853
6.0640

5381
1. 9685

1. 0573
5. 4937
2. 7714
1. 3612
6. 5256
3. 0596

4055
6. 3355

8061
1. 2227

5. 2466
2191

9. 2602
8151

1. 5529
6. 2491

4875
9. 8001

8231
1. 4774

u

u

5 1.3994 - 5 4.2002
6 5.9525 - 5 1.8429
6 2.4990 - 6 7.9746
6 1. 0363 - 6 3. 4058
7 4. 2471 - 6 1. 4366
7 1.7213 - 7 5.9886
8 6.9031 - 7 2.4686
8 2.7406 - 7 1.0068
8 1. 0776 - 8 4. 0646
9 4.1981 - 8 1.6250

1)+8. 7670 - l)+8. 6352
1 -5. 3599 - L+3. 1951
L-8. 2728 - 1' -8. 7421
1+2. 0967 - l -5. 3804
1+8.8132 - 1+4.9591
L+5.7220 - 1 +8.7738
1-1.7427 - 1 +4.1643
1-6. 9700 - 1 -2. 9695
1 -7. 6466 - 1 -7. 2842
1) -5. 0747 - 1 -7. 3777

2. 0412 -3 4. 8467
9. 6175 -3 2. 3971
4. 4224 -3 1.1542
1. 9888 -4 5. 4237
8. 7636 -4 2. 4927
3. 7897 -4 1. 1224
1. 6105 -5 4. 9597
6. 7342 -5 2. 1535
2. 7736 -6 9. 1993
1. 1263 -6 3.8704
4. 5133 -6 1. 6053
1. 7861 -7 6. 5690
6. 9850 -7 2. 6544
2. 7014 -7 1. 0598
1. 0337 -8 4. 1839
3. 9159 -8 1. 6340
1. 4693 -9 6. 3169
5. 4629 -9 2. 4184
2. 0135 -10 9. 1730
7. 3598 -10 3. 4487

-7 1. 1663
-8 4. 5940

u

-8 1. 7916-9 6. 9206-9 2. 6491-9 1. 0052
d

F

1 2.7572
1 3.1907
1 2. 8342
1 2.1694
1 1.4994
2 9. 5947
2 5.7724
2 3. 2995
2 1. 8054
3 9.5118

14 15

F:

1 +1.8869 - 1 +9.1875

l)-4.5964 - 1 +4.8492
1 -8. 6120 - 1 -9. 7879
1 +5. 1243 - 1 -3. 9930
0 +1. 0566 - 1 +8. 8343

1 -8. 7866 - 1 -1. 1758
0 -1. 1551 0 -1. 0318
1 -5. 9595 0 -1. 1153
1 +3. 0035 - 1 -4. 7101
0 1.0496 - 1 +4. 1342

F:
2 9. 6316 - 1 1. 7913

0 1.4305 0 1.1161
o 1.4586 0 1.4592
0 1.2610 0 1.4698
1 9. 7312 0 1. 2697
1 6.8900 - 1 9.8472
1 4. 5535 - 1 7. 0328
1 2.8422 - 1 4.6997
1 1.6898 - 1 2.9711

2 5. 2898 (- 1 1. 0363

F

2 2.8108 - 2 5.7809
2 1.4498 - 2 3.1214
3 7.2798 - 2 1.6367
3 3. 5666 - 3 8. 3567
3 1.7085 - 3 4.1640
4 8. 0157 - 3 2. 0290
4 3. 6890 - 4 9. 6841
4 1. 6677 - 4 4. 5343
5 7.'139 - 4 2.0854
5 3.2448 - 5 9.4326

- 2) 2. 1282 (- 2 3. 9633
2) 1. 1634 (- 2 2. 2844
3 6.1551 - 2 1.2693
3 3.1620 - 3 6.8276
3 1.5818 - 3 3.5670
4 7.7243 - 3 1.8150
4 3.6892 - 4 9.0158
4 1.7264 - 4 4.3806
5) 7. 9271 - 4) 2. 0855
5) 3. 5765 - 5) 9. 7427

L

5 1.5873 - 5 4.4720
6 6.9375 - 5 2.0192
6 2.9885 - 6 8.9777
6 1.2700 - 6 3.9341
7 5.3278 - 6 1.7006
7 2. 2081 - 7 7. 2565
8 9.0465 - 7 3.0587
8 3. 6658 - 7 1. 2744
8 1.4700 - 8 5.2514
9 5. 8367 - 8 2. 1413

o 1. 4462
o 1. 2519-1 9. 6077-1 6. 7378

-1 4. 3989
-1 2. 7074
-1 1. 5852-2 8. 8895-2 4. 8001-2 2. 5064

u

3
4
4
4

5
5
6
6
7

5

5. 2587

2. 0410
9. 2064
4. 0667
1. 7621
7. 5001
3. 1398

2943

1078
8. 3417

15.5 -7 3. 2617
16.0 -7 1. 2609
16.5 -8 4. 8223
17.0 -8 1. 8255
17.5 -9 6. 8436
18.0 -9 2. 5420
18.5 -10 9. 3587
19. 0 -10 3. 4166
19.5 -10 1. 2373
20.0 -11 4. 4462

0.5 - l'-9. 5680 -1 -7. 1349
1.0 - 1+1.8546 - 1 -6. 2449
1.5 - 1+9.2360 - 1 +5. 8520
2.0 - 1+3. 8476 - 1 +8. 5839
2.5 - 1-4.5774 - 1 +1. 6399
3.0 - 1 -8. 1670 - 1 -5. 7064
3.5 - 1k-6. 4636 - 1 -8. 0763
4.0 -1-2.5453 -1 -5. 9550
4.5 -2 +8.9270 -1 -2. 1713
5.0 - 1 2.7803 - 1 +1.0181

1 -1. 5772 - 1 -4. 6963
1 +1. 2094 - 1 -i. 3378
1 2. 7144 - 1 +1. 2836
1 3. 0946 - 1 2. 6945
i 2. 7794 - 1 3.0530

2.1737 - 1 2.7548
1 1. 5440 - 1 2. 1743
1 1.0189 - 1 1.5625
2 6.3375 - 1 1.0450
2 3. 7513 - 2 6.5943

10. 5 (- 3
11. 0 (- 4
11. 5 4
12. 0 -4

5 -5
0 -5

13. 5 -5
14.0 -6
14. 5 -6
15. 0 -6
15. 5 -7
16. 0 -7

5 -8
0 -8

17. 5 -8
0

18.5
0

19. 5
0

-6 4. 3371-6 1. 7878-7 7. 2797-7 2. 9299

5. 5
6. 0
6. 5
7. 0

5
0

8. 5
9. 0
9. 5

io. o

10. 5
11. 0
11. 5
12. 0

5
0

13. 5
14. 0
14. 5
15. 0
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0. 5
1. 0
1. 5
2. 0
2. 5
3. 0
3. 5
4. 0
4. 5
5. 0

5. 5
6. 0
6. 5
7. 0
7. 5
8. 0
8. 5
9. 0
9. 5

10. 0

10. 5
11. 0
11. 5
12. 0
12. 5
13. 0
13. 5
14. 0
14.5
15. 0

15. 5
16. 0
16. 5
17. 0
17. 5
18. 0
18. 5
19. 0
19. 5
20. 0

0.5
1.0
1. 5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

5. 5
6. 0
6. 5
7. 0
7. 5
8. 0
8. 5
9. 0
9. 5

10. 0

10. 5
11. 0
11. 5
12. 0
12. 5
13. 0
13. 5
14. 0
14.5
15. 0

15. 5
16. 0
16.5
17. 0
17. 5
18. 0
18. 5
19. 0
19.5
20. 0

(-
(-
/-

(-
(-

1
- 1
- 1
'- 1
- 1

1

1

-
-
-

2
2

3
3

3
4
4
4
5

5

9
10)

1)-1.
1)-9.

- 2)-3.

COULOMB

11

-1. 0028
i-2. 1054
+1. 0819
+4. 6526
-6. 4066
-1. 2065
-1. 0105
-3. 5145
+4.1032
1. 0777

1. 6333
2.1816
2. 9102
4. 1056
6.2486
1. 0238
1. 7863
3.2824
6. 2966
1. 2529

2. 5735
5. 4370
1. 1780
2. 6115
5. 9114
1. 3640
3. 2036
7. 6488
1.8544
4. 5606

1.1368
2. 8697
7. 3309
1. 8940
4.9456
1.3046
3. 4746
9. 3396
2.5325
6.9249

9549 - 1
3312 - 1
0001 - 1

+8. 0730 - 1
+7.2980 - 1
+1.1621 - 1
-4.4342 - 2
-6.9211 - 1
-6.7991 - 1
-5. 6855 - 1

1 -5. 0324 - 1
1 -5. 8597 - 1
1 -9. 1132 - 1
0 -1. 6356 - 1
o -3.0877 0

0 -5. 9776 0

1 -1. 1842 0
1 -2. 4038 1
1 -5. 0022 1
2 -1. 0663 1)

-2. 3257 1
-5. 1822 2
-1. 1779 2
-2. 7275 2
-6. 4259 3
-1. 5386 3-4.
-3. 7400 4-1.1255
-9. 2211 4k-2.
-2. 3041 4
-5.8301 5v-1.

6)-1. 4929 5
6)-3. 8658 5
7)-1. 0118 6
7)-2. 6753 6
7)-7. 3420 7
8 -1. 9243 7
8 -5. 2302 8
9 -1. 4335 8

-3. 9609 8
-1. 1028 9

WAVE FUNCTIONS

12
-7. 4645
-6. 8021
+6. 8165
+1. 0451
+1. 9303
-8. 2667
-1. 2387
-9. 5867
-2. 8667
+4. 5891

1. 1100
1. 6563
2. 1960
2. 9029
4. 0404
6. 0432
9.7072
1. 6587
2.9836
5. 6013

1. 0906
2. 1919
4.5309
9.6054
2.0835
4. 6148
1.0421
2. 3953
5. 5978
1.3286

3. 1990
7.8082
1. 9303
4. 8301
1. 2225
3. 1276
8.0845
2. 1103
5. 5602
1. 4781

d
aGo(9,p)

+6. 6972
-7. 2341
-7. 2415
+2. 8479
+8. 5982
+6.2091
+1.2156
-4. 8470
-6. 8955
-6. 6551

-5. 5863
-4. 9764
-5. 7431
-8. 7431
-1. 5360
-2. 8442
-5. 4029
-1. 0496
-2. 0879
-4. 2551

-8. 8802
-1. 8956
-4.1335
-9. 1940
-2. 0833

8031

6777
-6. 4624

5808

-3. 9163
-9. 8198
-2. 4904
-6. 3846
-1. 6537
-4. 3256
-1. 1421
-3. 0423
-8. 1738
-2. 2141 (

1
2
1
1
1
1
1
2
1
1

1
1

2
2

5
5

OF ORDER

13

+1. 4266
-1. 0410
-1. 9619
+9. 6524
+9. 1486
-5. 4999
-9. 6933
-1. 2515
-9. 0670
-2. 2730

+5. 0322
1. 1399
1. 6778
2. 2097
2.8977
3. 9853
5. 8691
9. 2614
1. 5529
2. 7395

5. 0429
9. 6258
1. 8964
3.8424
7. 9840
1. 6974
3. 6852
8.1567
1.8380
4. 2110

9.7988
2. 3136
5. 5378
1. 3427
3. 2955
8. 1823
2. 0539
5.2096
1. 3345
3. 4512

+9. 7040 -1
+5. 5060 -1
-9. 1975 -1
-4. 3994 -1
+5. 0789 -1
+8. 5795 -1
+5. 1517 -1
-7. 3596 -1
-5. 1566 -1
-6. 8530 -1
-6. 5243 -
-5. 4972 -
-4. 9245 -
-5. 6396 -
-8. 4240 -
-1.. 4516 -
-2. 6410
-4. 9315
-9. 4124
-1. 8382

-3. 6758
-7. 5239 1
-1.5749
-3. 3666 2

2 -7. 3407 2'
3 -1. 6305
3 -3.6849
3)-8. 4644
4)-1. 9742
4)-4. 6712 (

5 -1. 1203
-2. 7217
-6. 6925

6 -1. 6647
6 -4. 1862
7 -1. 0637
7 -2. 7299
7 -7. 0724
8 -1. 8489
8)-4. 8757

ZERO

14
+9. 0905
-5. 8152
-9. 3005
i-2. 5664
i-1. 0999
+7. 4014
-2. 7342
-1. 0783
-1. 2510
-8. 5560

-1. 7259
+5. 4393
1. 1677
1. 6980
2. 2229
2.8940
3. 9383
5. 7197
8. 8817
1. 4638

2. 5369
4.5863
8. 5960
1.6627
3. 3072
6. 7457
1. 4078
3. 0002
6.5186
1. 4419

3. 2432
7. 4095
1. 7177
4. 0372
9. 6130
2. 3172
5. 6510
1. 3934
3. 4722
8. 7394

+4. 4173
+7. 9924
-4. 4998
-8. 9553
-1. 6218
+6. 5611
+8. 2450
+4. 1682
-1.. 4460
-5. 3907

1 -6. 8002
1 -6. 4050
1 -5. 4165
1 -4. 8763
1 -5. 5466
1 -8. 1456
0 -1. 3790
0 -2. 4689
0 -4. 5385
0 -8. 5238

1 -1. 6369
-3. 2170

1 -6. 4688
-1. 3297
-2. 7912

2 -5. 9750
3-1.3029
3-2.8906
3-6.5183
4)-1.4925

4 -3. 4670
4 -8. 1642
5 -1. 9474
5 -4. 7022
6 -1. 1486
6 -2. 8369
6 -7. 0806
7 -1. 7850
7 -4. 5433
8 -1. 1670

(-

Table

- 1

- 1
- 1

1

-1-1
-1
-1-1-1-1

O

o
O

a
1
1
1

2
2
2
3
3
3

4
5

5
6
6
7
7

- 19.1053
- 1k-3.

- 27.8968
- 17.4771
- 1*7.7350

(- 1)-2.0374

4)-1.
4-2.6329

5)-3.

14.1

15

+8. 9435
+3. 4046
-9. 7885
-6. 2172
+6.1593
+1. 1292
+5. 4881
-4. 6254
-1.1612
-1. 2413

-8. 0595
-1. 2194
+5. 8159

1. 1937
1. 7172
2. 2355
2. 8916
3. 8977
5. 5902
8. 5544

1. 3878
2. 3662
4. 2071
7. 7536
1. 4744
2. 8830
5. 7803
1. 1857
2. 4836
5. 3038

1. 1531
2. 5494
5. 7251
1. 3047
3. 0146
7. 0570
1. 6726
4. 0107
9. 7253
2. 3833

-4. 6958

6132
-7. 5330
-7. 5598

3.2728

-5. 5683
-6. 7414
-6. 2956
-5. 3428
-4. 8313
-5. 4626
-7. 9001
-1. 3359
-2. 3213
-4. 2061

-7. 7837
-1. 4720
-2. 8470
-5. 6316
-1. 1385
-2. 3496
-4. 9448
-1. 0599
-2. 3115
-5. 1233

1531

-6. 0946
-1.4293

3924
-8. 1473
-1. 9785
-4. 8557
-1. 2038
-3. 0133
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- 2) 6.8361
- 2 4.1667
- 2 2.4370
- 2 1.3747
- 3 7.5088
- 3) 3.9846
- 3ì 2.0598
- 3 1.0396
- 4 5.1328
- 4 2.4832

- 8) 7.3379

h

h

COULOMB WAVE FUNCTIONS

1)+6. 6039
1 +6. 1193
1 -8. 5450
1 -7. 4809
1 +5. 2505
0 +1. 1097
1 +4. 6531
1 -6. 0877
0 -1. 1932
1 -9. 8377

1)-2. 3772
1)+6. 0673
01 1.2270
01 1.5072
0 1.4897
0) 1. 2856
0 1. 0060
1 7. 2948
1 4.9703
1) 3.2134 (-

- 1) 1.9857 -
- 1 1.1794 -
-2 6.7632 -
- 2 3.7577 -
-2 2.0290 -
- 2 1.0674 -
- 3 5.4824 -
- 3 2. 7546 -

1.3560 -
6.5497 -

4 3.1079 -
4 1.4504 -
5 6.6636 -
5 3.0167 -
5 1.3469 -
6 5.9345 -
6 2.5824 -
6 1.1105 -
7 4.7213 -

-

dpIo(9P)

1 -7. 5469
1 -6. 8162
1 -4. 0420
2 -9. 4232
1 +1. 4020
1 2.6574
1 2.9796
1 2. 7098
1 2.1730
1 1.5938

-4-4-4-5

-6

3.3276
2. 0789
1.2493
7.2527
4.0816
2.2331

I 1.1907
6.2000
3.1586
1. 5768

(- 1 -9. 5176
(- 3 -6. 9768
- 1 +9. 5486

1-2+8.1839
- 1 -8. 6636
- 1 -6. 0115

I- 1 +3. 1511
- 1 +8. 4585
- 1 +6. 3816

(- 2)+i. 8327

- 1)-5. 3380
- 1 -7. 5595
- 1 -6. 5393
- 1 -3. 7584
- 2 -7. 7728
- 1 +1.4497
- 1 2.6401
- 1 2.9470
- 1 2.6893
- 1 2.1715

-6-6
- 7)

h

5. 2163
3. 4376
2. 1696
1. 3181
7. 7405
4. 4084
2.4418
1. 3185
6. 9542
3. 5893

u

- 1 +5. 8913
- 1 -9. 2215
- 1 -2. 1544
- 1 +9. 0561
- 1 +4. 4171
- 1 -6. 3111
- 1 -8. 4454
- 1 -1. 3528
- 1 +6. 3846
- 1)+8. 2868

- 1 +4. 2976
- 1 -1. 7601
- 1 -6. 1873
- 1 -7. 4462
- 1 -6. 0113
- 1 -3. 2623
- 2 -4. 9686
- 1 +1. 5282
- 1 2.6076
-1 2.8881
-1 2.6513
- 1 2.1673
-1 1.6300
- 1 1.1487
- 2 7.6757
- 2) 4.9026
- 2) 3. 0112
- 2) 1.7861

1. 0279
5. 7512

- 3 3.1370
-3 1.6717
- 4 8.7182
- 4 4.4568
- 4 2.2364
- 4 1.1028
- 5 5.3499
- 5 2.5557
-5 1.2033
- 6 5.5878

1320
-3. 2923
+1.0154
+3. 0159

4813
-7. 8654
+3. 8780
+1. 1240
+7. 6776
-2. 2935

-1. 0524
-1. 2155
-7. 3630
+6. 4345

8. 3446
1. 3538
1.5630
1. 5147
i. 3070
1. 0343

7.6406
5. 3315
3. 5437
2. 2578
1.3858
8. 2258
4. 7375
2. 6546
1. 4504
7. 7433

0459
2. 0721
1.0416
5.1452
2. 5000
1.1961
5.6392
2. 6221
1. 2032

4529

>-2. 6356 >-9.5714
+1. 0298 +5. 9819
-4. 2659 +8. 0098
-1. 0610 -6. 0110
-3. 6504 -1. 0050
+8. 3235 +3. 2093
+1. 0517 +1. 0266
+2. 2016 i-9. 2908
-7. 9196 -1. 3928
-1. 2226 -9. 3827

-9. 0447 -1. 2281
-1. 3066 -8. 2121
+6. 8982 -3. 0049
1. 2736 +7. 6541
1. 5276 1. 3157
1. 4986 1. 5461
1. 2930 1.5069
1. 0159 1. 3001
7. 4157 1. 0253
5. 0960 7.5308

7. 7245 1. 8156
3. 7177 9. 0130
1.7598 4. 3962
8.2016 2. 1092
3. 7665 9. 9629
1. 7058

h

4.6375
7.6243 2.1289
3. 3654 9.6448
1. 4679
6. 3305

4. 3152
1. 9078

1) 1.0912
2) 7.0640
2) 4.3620
2) 2. 5860
2) 1.4792
3) 8.1964
3) 4.4133
3) 2.3153
3) 1.1861
4) 5.9443

h

4) 2.9194
4) L 4071
5 6. 6637
5 3.1043
5 1.4240
6 6.4378
6 2.8708
6 1. 2636
7 5.4935
7) 2. 3605

h

-3. 2396
-7.9198

1234
7886

-3. 3293
-9. 0956

1 -3. 6640
1 +5. 0199
1 +8. 5260
1 +5. 3380

0. 5 0)+1. 0105
1. 0 - 1 -3. 0813

5 0 -1. 0106
0 - 1 +1. 0271

2. 5 0 +1.0681
3. 0 - 1 +7. 0689
3. 5 - 1 -3. 8460
4. 0 0 -1. 1328
4. 5 0 -1. 0557
5. 0 - 1 -3. 5128

5. 5 - 1 +5. 1503
6. 0 0 1.1748
6. 5 0 1.4845
7. 0 o 1.4802
7. 5 0 1.2778
8. 0 - 1 9.9567
8. 5 - 1 7.1674
9. 0 - 1 4.8384
9. 5 - 1 3.0947

io. o (- 1) 1.8899

10. 5 -1 1.1084
11. 0 -2 6. 2723
iL 5 -2 3.4374
12. 0 -2 1. 8300
12.5 -3 9. 4892
13. 0 -3 4. 8032
13. 5 -3 2. 3779
14. 0 -3 1. 1532

5 -4 5. 4870
0 -4 2.5646

15.5 -4 1. 1789
16.0 -5 5. 3346
16.5 -5 2. 3787
17.0 -5 1. 0460
17.5 -6 4. 5399
18.0 -6 1. 9459
18.5 -7 8. 2424
19.0 -7 3. 4522
19.5 -7 1. 4304
20.0 -8 5. 8668

- 1 +1. 0374
- 1 +9. 2398
- 1 -2. 6352
- 1 -9. 2711
- 1 -2. 1794
- 1 +6. 8521
- 1 +8. 2181
- 1 +2. 6981
- 1 -3. 9491
- 1)-7.4641

- 1)-7. 0977
- 1 -4. 3534
- 1 -1. 1279
- 1 +1. 3471
-1 2.6755
- 1 3.0148
- 1 2.7316
- 1 2.1740
- 1 1.5790
- 1) 1. 0690

-4 1. 1789
-5 5.4992-5 2. 5233
-5 1. 1401
-6 5.0769
-6 2. 2300
-7 9. 6688
-7 4.1409
-7 1. 7529

- 3 1.5025
- 4 7.7388
- 4 3.9067
- 4 1.9356
- 5) 9.4242
- 5) 4.5139

2. 1289
9. 8957

-6 4.5369
- 6) 2.0531

1 -7. 4873
i +7. 7918
1 +5. 5592
i -6. 6487
1 -8. 0683
2 +7. 3796
1 i-7. 9551
1 +7. 3722
1 +1.3669
1 -4. 7259

2)-8. 5571
1)-5. 8167
1 -7. 5212
1 -6. 2703
1 -3. 4994
2 -6. 2964
i +1.4915
1 2.6235
1 2. 9166
1 2. 6698

1 2.1696
1 1.6191
1 1.1309
2 7.4828
2 4. 7295
2 2. 8730
2 1.6854
3 9.5832
3 5. 2978
3 2. 8547

Table 14.1 COULOMB WAVE FUNCTIONS OF ORDER ZERO

16 17
Fo(9,p)

18 19 20

0. 5
1. 0

5
0

2. 5
3. 0
3. 5
4. 0
4. 5
5. 0

5. 5
6. 0
6. 5
7. 0
7. 5
8. 0
8. 5
9. 0
9. 5

10. 0

10. 5
11. 0
11. 5
12.0
12. 5
13. 0
13. 5
14. 0

5
0

15. 5
16. 0
16.5
17. 0
17.5
18. 0
18. 5
19. 0

5
0

h

h

1. 6072
1. 1118
7.2792
4. 5494
2. 7313
1.5829
8. 8884
4.8514
2. 5805
1. 3405

6.8135
3.3940
1. 6592
7. 9706
3. 7665
1. 7526
8. 0374
3. 6355
1. 6231
7. 1576
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COULOMB WAVE FUNCTIONS OF ORDER ZERO

16 17
Go(,p)

18 19

Table 14.1

20
0. 5 1 +1. 0821 -7. 7111 -1 -9. 7953 - 1 -3. 3354 +6. 0387
1. 0
1. 5
2. 0
2. 5

1 +9. 8687
1 -2. 9626
o -1. 0694
1 -2. 5363

+8. 3065
+6. 0950
-7. 6383
-9. 5594

-3 -5. 5146 - 1 -8. 3622
o +1. 0457 - 1 +6. 6931

-2 +8. 8035 - 1 +8. 7398
o -1. 0212 - 1 -3. 9315

-9. 7243
-2. 3123
+1. 0133
+5. 0534

3. 0
3. 5

1 +8. 7388
o +1.0876

+1.0254
+1.0419

-1 -7. 2872 o -1. 0987
-1 +4.1434 - 1 -4. 5088

-7. 5896
-1. 0436

4. 0 1 +3. 5629 +i. 0004 0 +1. 1362 - 1 +6. 7042 -1. 6256
4. 5
5. 0

1 -6. 2482
o -1. 2237

+1.7088
-7. 6338

-1 +8. 8526 0 +1. 1729
-3 -3. 2476 - 1 +7. 5425

+8. 7013
+1. 1657

5. 5 O -1. 2251 -1. 2701 - 1 -8. 8135 - 1 -1. 6427 +6. 1562
6. 0 1 -7. 5801 -1. 2045 o -1. 3038 - 1 -9. 8158 -3. 1172
6. 5 2 -7. 4816 -7. 1189 0 -1.1808 o -i. 3275 -1. 0666
7. 0 1 +6. 1662 -3. 0805 - 1 -6. 6763 0 -1. 1549 -1. 3430
7. 5 0 1. 2182 +6. 4936 - 2 +1. 0458 - 1 -6. 2518 -1. 1277
8. 0 O 1.7353 1. 2413 - 1 6.8010 - 2 +4. 9276 -5. 8448
8. 5 0 2.2476 1. 7525 0 1.2631 - i 7.0906 +8. 5910
9. 0 0 2.8903 2.2593 0 1. 7689 o 1. 2839 7. 3645
9. 5 0 3.8625 2. 8897 0) 2. 2705 0 1.7846 1. 3037

10.0 0. 5.4768 3. 8316 0) 2. 8898 0 2.2814 i. 7997

10. 5 o 8.2695 5. 3768 0 3. 8044 0 2.8904 2. 2919
11. 0 1 1. 3223 8.0193 o 5.2879 0 3. 7803 2.8915
11. 5 1 2. 2207 1. 2652 o 7. 7978 o 5.2085 3. 7589
12. 0 1 3.8880 2. 0953 1 1. 2151 o 7. 6004 5. 1370
12. 5 1 7. 0544 3. 6163 1 1. 9863 1 1.1707 7. 4234
13. 0 2 1. 3205 6. 4666 i 3.3826 i 1.8906 1. 1312
13. 5 2 2. 5411. 1. 1927 1 5. 9669 1 3.1797 1.8061
14.0 2 5. 0139 2. 2615 2 1. 0855 1 5. 5380 3. 0021
14. 5 3 1. 01.21 4.3958 2 2. 0297 1 9.9453 5. 1664
15. 0 3 2. 0860 8. 7404 2 3.8903 2 1.8354 9.1659

15. 5 3 4. 3833 1. 7745 2 7. 6267 2 3. 4717 1. 6708
16. 0 3 9. 3774 3. 6727 3 1. 5265 2 6. 7162 3. 1213
16. 5 4 2. 0400 7. 7388 3 3. 1148 3 1. 3264 5. 9630
17. 0 4 4.5079 1. 6582 3 6. 4702 3 2. 6703 1. 1629
17. 5 5 1. 0109 3.6090- 4 1. 3667 3 5. 4726 2. 3115
18. 0 5 2.2987 7. 9717 4 2. 9323 4 1. 1404 4. 6772
18. 5 5 5. 2957 1. 7855 4 6. 3851 4 2.4141 9. 6229
19. 0 6 1. 2353 4.0519 5 1.4098 4 5. 1860 2. 0110
19. 5 6 2. 9156 9. 3105 5 3. 1542 5 1. 1297 4. 2650
20. 0 6 6. 9590 2.1648 5 7. 1454 5 2. 4935 9. 1723

d

0. 5 (- 1 -9. 7855 - 1 -6.4000 - 1 +2. 5695 - i +9. 3189 +7. 9224
1. 0 - 1 +2. 8609 -1 -5.7650 -1 -9. 7102 - 1 -5. 6460 +3.1370
1. 5 - 1 +9. 1227 - 1 +7.7374 - 2 +3. 6067 - 1 -7. 3679 -9. 3578
2. 0 2 -8. 3491 - 1 +6.5787 - 1 +9. 3570 - 1 i-5. 3119 -2. 7296
2. 5 - 1 -8. 8452 - 1-4.3562 -1 -i-3. 1578 - 1 +8. 6483 +8. 1928
3. 0 1 -5. 6757 - 1 -8.9431 - -6. 7512 - 2 -1. 9960 +6. 6241
3. 5 - 1 +2. 7609 - 1 -3.6790 - i -8. 2667 - 1 -8. 1315 -3. 0592
4. 0 - 1 +7. 9794 - 1 +4.3113 - 1 -1. 7673 - 1 -7. 1410 -8. 7013
4. 5 - 1 +7. 1352 - 1 +8.1848 - 1 +5. 4934 - 3 -3. 4829 -5. 7890
5. 0 (- 1)+2.4665 - 1 +6.4978 - 1 +8. 1799 - 1 +6. 3669 +1. 4822

5. 5 - 1)-2. 5327 - 1 +1. 7444 - 1 +5. 8546 i +8. 0282 +6. 9880
6. 0 - 1) -5. 7031 - 1 -2. 9499 - 1 +1. 0993 1 +5. 2246 +7. 7756
6. 5 - 1)-6. 6792 - 1 -5. 8050 - 1 -3. 3031 2 +5. 2317 +4. 6186
7. 0
7. 5

(- 1 -6. 1949 - 1 -6. 6155
(- i -5. 2752 - 1 -6. 1017

- 1 -5. 8814 1 -3. 6035
- 1 -6. 5515 1 -5. 9378

+8. 3738
-3. 8601

8. 0 - 1 -4. 7892 - 1 -5. 2127 - 1 -6. 0151 1 -6. 4880 -5. 9783
8. 5 - 1 -5. 3860 - 1 -4. 7495 - 1 -5. 1547 1 -5. 9344 -6. 4254
9. 0 - 1 -7. 6818 - 1 -5. 3157 - 1 -4. 7121 1 -5. 1007 -5. 8590
9. 5 o -i. 2605 - 1 -7. 4860 - 1 -5. 2509 1 -4. 6767 -5. 0502

10. 0 0 -2. 1932 0 -1. 2115 - 1 -7. 3093 1 -5. 1908 -4. 6431

10. 5
11. 0
11. 5
12. 0

o -3. 9217
0 -7. 1592
1 -1. 3348
1 -2. 5439

o -2. 0812
0 -3. 6757
0 -6. 6261
1 -1. 2193

o -1. 1677 i -7. 1488
o -1. 9822 o -1.1284
o -3. 4609 0 -1. 8942
o -6. 1663 0 -3. 2719

-5.1349
-7. 0023
-1. 0929
-1. 8154

12. 5 1 -4. 9562 1 -2. 2921 -1. 1209 0 -5. 7662 -3. 1044
13. 0 1 -9. 8652 1 -4. 4031 -2. 0805 1 -1. 0363 r: -5. 4152
13. 5 2 -2. 0042 1 -8. 6387 -3. 9443 1 -1. 9007 -9. 6285
14. 0 2 -4. 1515 2 -1. 7295 -7. 6350 1 -3. 5594 -1. 7465
14. 5 2 -8. 7576 2 -3. 5297 2 -1. 5077 1 -6. 8033 -3. 2330
15. 0 3 -1. 8795 2 -7. 3354 2 -3. 0346 2 -1. 3263 -6. 1066

15.5 3 -4. 0993 3 -1. 5507 2 -6. 2186 2 -2. 6348 -1.1761
16. 0 3 -9. 0788 3 -3. 3317 3 -1. 2962 2 -5. 3284 -2. 3079
16. 5 4 -2. 0399 3 -7. 2680 3 -2. 7456 3 -1. 0960 -4. 6095
17. 0 4 -4. 6466 4 -1. 6085 3 -5. 9047 3 -2. 2906 -9. 3627
17.5 5 -1. 0722 4 -3. 6089 4 -1. 2883 3 -4. 8605 -1. 9322
18. 0 5 -2. 5048 4 -8. 2028 4 -2. 8495 4 -1. 0463 -4. 0483
18. 5 5 -5. 9202 5 -1.8875 4 -6. 3850 4 -2. 282 -8. 6039
19. 0 6 -1. 4150 5 -4. 3947 5 -1. 4484 4 -5. 0474 -1. 8537
19. 5
20. 0

6 -3. 4181 6 -1.0347
6 -8. 3412 6 -2. 4624

5 -3. 3247 5 -1. 1297
5 -7. 7176 s -2. 5583

-4. 0457
-8. 9396



r (-4)5[5
For in r(1+iy), see Table 6.7.
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Table 14.2

n Go(n)

COULOMB WAVE FUNCTIONS

Co(n) =e4 1 IF(1+in)I

n Go(n) n Go(n)

0. 00 1. 000000 1. 00 -1)1. 08423 2. 00 (-3) 6. 61992
0. 05 0. 922568 1. 05 -2)9. 49261 2. 05 (-3) 5. 72791
O. lo 0. 847659 1. 10 -2)8. 30211 2. 10 (-3)4. 95461
0. 15 0. 775700 1. 15 -2)7. 25378 2. 15 (-3)4. 28450
0. 20 0. 707063 1. 20 (-2)6. 33205 2. 20 (-3) 3. 70402

0. 25 0. 642052 1. 25 (-2)5. 52279 2. 25 (-3)3. 20136
0. 30 0. 580895 1. 30 (-2)4. 81320 2. 30 (-3) 2. 76623
0. 35 0. 523742 1. 35 (-2 4. 19173 2. 35 (-3) 2. 38968
0. 40 0. 470665 1. 40 (-2 3. 64804 2. 40 (-3) 2. 06392
0. 45 0. 421667 1. 45 (-2 3. 17287 2. 45 (-3)1. 78218

0. 50 0. 376686 1. 50 (-2)2. 75796 2. 50 (-3)1. 53858
0. 55 0. 335605 1. 55 (-2)2. 39599 2. 55 (-3)1. 32801
0. 60 0. 298267 1. 60 (-2)2. 08045 2. 60 (-3)1. 14604
0. 65 0. 264478 1. 65 (-2) 1. 80558 2. 65 (-4) 9. 88816
0. 70 0. 234025 1. 70 (-2)1. 56632 2. 70 (-4)8. 53013

0. 75 0. 206680 1. 75 -2 1. 35817 2. 75 -4)7. 35735
0. 80 0. 182206 1. 80 -2 1. 17720 2. 80 -4) 6. 34476
0. 85 0. 160370 1. 85 -2 1. 01996 2. 85 -4)5. 47066
0. 90 0. 140940 1. 90 (-3)8. 83391 2. 90 (-4)4. 71626
0. 95 0. 123694 1. 95 (-3)7. 64847 2. 95 (-4)4. 06528

1. 00 0. 108423 2. 00 (-3) 6. 61992 3. 00 (-4) 3. 50366
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15.1. Gauss Series, Special Elementary Cases,
Special Values of the Argument

Gauss Series

The circle of convergence of the Gauss hyper-
geometric series

15.1.1

F(a,b;c;z)=2F1(a, b; e; z)

(a)(b) 2
=F(b, a;e; ns (c), n!

r(c) r(a+n)r(b+n) z"
r(a)r(b) nO r(c+n) ;î

is the unit circle zj=1. The behavior of this
series on its circle of convergence is:

Divergence when (cab) 1.
Absolute convergence when (c - a b)> O.
Conditional convergence when 1 <? (ca

b) O; the point z=1 is excluded. The Gauss
series reduces to a polynomial of degree n in z
when a or b is equal to n, (n=O, 1, 2, . . . ).
(For these cases see also 15.4.) The series 15.1.1
is not defined when c is equal to m, (m=O, 1,
2, . . .), provided a or b is not a negative integer
n with n<m. For c=m

15.1.2
ihrn ç F(a, b; e; z)=i C)

(a)m+i(b)m+i zm+1F (a+m+1, b+m+1; m+2; z)
(m+1)!

Special Elementary Cases of Gauss Series

(For cases involving higher functions see 15.4.)

15.1.3 F(1, 1; 2; 2)__Z-1 In (1z) *

15.1.4 F(4-, 1; 4; z2)=4z_1 (1+z\
izJ

15.1.5 F(4, 1; 4; _2)=21 arctan z

15.1.6

F(4, 4; 4; z2)=(1_z2)IF(i, 1; -; Z2)=' arcsin z
See page U.
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15. Hypergeometric Functions
Mathematical Properties

15.1.7

F(4, 4; 4; z2)=(1+z2)4F(1, 1; 4; _z2)

=z' ln [z+(l+z2)1]

15.1.8 F(a, b; b;z)=(1_z)_a

'15.1.9 F(a, 4+a; 4; z2) =4[(1 + z) _2+ (1z) 2O]

15. 1. 10

F(a, 4+a; 4; 2)=
4z'(1-2a)1 [(l+z)1_2a_(1_Z)1_2a]

15.1.11

F(a,a;4; _z2) =4{[(1+z2)l1fzJ2a+[(1+z2)l_z])

15.1.12

F(a, 1a; 4; _z2)=
4(1 + 22)_I { [(1 +22)I+z]2«_1+[(i +z2)zr1}

15.1.13

F(a, 4+a; i+2a; 2)=2[1+(l_z)1]_20
=(1z)1F(1+a, 4+a; i+2a; z)

15.1.14

F(a, 4+a; 2a; z) =22a_1(1_z)_I[1 +(l_z)lp_2a

sin [(2ai)zJ15.1.15 F (a, 1a; 4; sjri2 z)= (2a-1) sin z

sin [(2a-2)z]
15.1.16 F(a, 2a; 4; sin2 z) (a-1) sin (2z)

15.1.17 F(a, a; 4; sin2 z)=cos (2az)

cos [(2ai)z}
15.1.18 F(a, ia; 4-; sin2 z)= cos z

15.1.19 F(a, 4+a; 4; tan2 z)=cos z cos (2az)

Special Values of the Argument

15.1.20

F(a, b; e;
1)F(c)F(c_a_b)

r(ca)r'(cb)
(cO, 1, 2, . . ., (cab)>O)



15.1.21
r(1+ab)F(a, b; ab+1; 1)=2"iri r(1+ab)r(+a)

(1+abO, 1, 2, . .

15.1.22
F(a, b; ab+2;-1)=2'ir'2(b-1)-1r(ab+2)

r(+a)r(+ab) r(±a)r(1+ab)]El
(ab+2O, 1, 2, .

15.1.23 F(1,a;a+l;
15.1.24

F (a, b; ja+b+)=7rI

(a+j-b+O, 1, 2,...)
15.1.25
F(a, b; a+b+l;

(i(a+b)+lO, 1, 2,. .
15.1.26
F(a, la; b; )=

21irlT(b) [r(a+b) r (+ba)]'
(bO, 1,-2,..

15.1.27
F(1, 1; a+l;

(a1,--2,-3,..
15.1.28
F(a, a; a+1;

(a1, 2, 3,.
15.1.29

r(4-)r(----2a)F (a, +a; 2a;I)=(I) r(.)r(-2a)
(j-2aO,1,-2,. ..)

15.1.30
r(I+4a)F (a, +a; *+a; j)=()6ir1

(-+.aO, 1, 2,. .

15.1.31
F (a, a+; a+*; e')

r(*a+*)= e r(a+I)r()
(a 5 11T-')
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15.2. Differentiation Formulas and Gauss'
Relations for Contiguous Functions

Differentiation Formulas

ab15.2.1 - F(a, b; c; z)= F(a+1, b+1; c+1; )dz C

15.2.2

(a)(b)
F(a, b; c; z) F(a-1-n, b+n; c+n; z)

15.2.3

z'-1F(a, b; e; z)]=(a),.z°-1F(a+n, b; e; z)

15.2.4

[z'F(a, b; e; z)]=(cn)z"'F(a, b; cm; z)
dztm

15.2.5

dtm rzc_a+tm_I(l_z)a_F(a, b; e; z)]
dz"

- (ca) ,e-a-1- ,,. (1_z)tm+b_c_F(a_n, b;e; z)

15.2.6

d"
[(1_z)a+b_CF(a, b; C; z)]

(ca),. (cb),.
(e),. (1_z)a_c_nF(a,b;c+m;z)

15.2.7

it
[(1z)«"1F(a, b;e; z)]

(l)"(a)(cb),. (lz)"1F(a+n, b;e+n; z)
(e),.

15.2.8

-7,.

r c-1
dz"

(1z)5"F(a,b;c;z)]

=(en),.z"_"_1(1z)5F(an, b;cn; z)
15.2.9

d" r c-1(z 1z)"'F(a, b;c; z)]

=(e_n),.zc_tm(1_z)a44_tmF(a_n, bn;cn; z)

Gauss' Relations for Contiguous Functions

Thesix functions F(a±l, b; e; z), F(a, b±1; e; z),
F(a, b; c± 1; z) are called contiguous to
F(a, b; e; z). Relations between F(a, b; e; z) and



any two contiguous functions have been given by
Gauss. By repeated application of these rela-
tions the function F(a+m, b+n; c+l; z) with
integral m, n, l(c+lO, 1, 2, . . .) can be
expressed as a linear combination of F(a, b; c; z)
and one of its contiguous functions with coefficients
which are rational functions of a, b, e, z.

15.2.10

(ca)F(a1, b; c; z)+(2acazH-bz)F(a, b; e; z)
+a(z-1)F(a+l, b; e; z)=O

15.2.11

(cb)F(a, b-1; e; z)+(2bcbz+az)F(a, b; c; z)
+b(z-1)F(a, b+1; c; z)=O

15.2.12

c(c-1)(z-1)F(a, b; el; z)
+c[c-1(2cab-1)zIF(a, b; c; z)

+(ca)(cb)zF(a, b; e+1; z)=O
15.2.13

[e-2a(b---a)z]F(a, b; e; z)
+a(1z)F(a+1, b; e; z)

(ca)F(a-1, b; c; z)=O
15.2.14

(ba)F(a, b; c; z)+aF(a+1, b; c; z)
bF(a, b+1; e; z)=O

15.2.15

(cab)F(a,b; e; z)+a(lz)F(a+1, b; e; z)
(cb)F(a, bl; c; z)=O

15.2.16

e[a(eb)zJF(a, b; c; z)ae(1z)F(a+1, b; c; z)
+(ea)(eb)zF(a, b; e+l; z)=O

15.2.17

(ca-1)F(a, b; c; z)-l-aF(a-I-1, b; c; z)
(cl)F(a, b; c-1; z)=O

15.2.18

(ea--b)F(a, b; e; z)(ca)F(a--1, b; C; z)
+b(1z)E(a, b+l; c; z)=O

15.2.19

(ba)(lz)F(a, b; e; z)(ca)F(a-1, b; c; z)

+(cb)F(a, bl; e; z)=O
15.2.20

c(lz)F(a, b; c; z)cF(a-1, b; c; z)
+(eb)zF(a, b; e+l; z)=O

*See page II.

15.2.21

[al---(cbl)z]F(a, b; e; z)
+(ca)F(a1, b; e; z)

(el)(1z)F(a, b; el; z)=O
15.2.22

[c-2b+(ba)z]F(a, b; e; z)
+b(lz)F(a, b+l; c; z)

(cb)F(a, bl; c; z)=O
15.2.23

c[b(ca)z]F(a,b; c; z)bc(lz)F(a, b+l; e; z)

+(ca)(cb)zF(a, b; c+1; z)=O

15.2.24

(cbl)F(a, b; e; z)+bF(a, b+l; c; z)
(el)F(a, b; cl; z)=O

15.2.25

e(1z)F(a, b; c; z)eF(a, bl; e; z)
* +(ca)zF(a, b; c+l; z)=O

15.2.26

[b-1(cal)z]F(a, b; e; z)
+(cb)F(a, b-1; e; z)

(c---l)(lz)F(a, b; cl; z)=O
15.2.27

e[el---(2cab--l)zlF(a, b; c; z)
+(ca)(cb)zF(a, b; c+l; z)

c(c-1)(lz)F(a, b; cl; z)=O

15.3. Integral Representations and Transfor-
mation Formulas

Integral Representations

15.3.1

F(a, b; c; z)=

r(c)
J

t_l(l_t)_l(l_tz)_adtr(b)r(cb)
(c>b>O)

The integral represents a one valued analytic func-
tion in the z-plane cut along the real axis from i to

and hence 15.3.1 gives the analytic continua-
tion of 15.1.1, F(a, b; c; z). Another integral
representation is in the form of a Mellin-Barnes
integral
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r(c)15.3.2 F(a, b; c; z)=2 TOr(b)
r(a+s)P(b-I-s)r(s)

( z)dsr (c+s)
r(c) r(a+s)r(b-l-s)

r(a)r(b) r(1+s) F(c+8)
csc(irs)(z)ds

Here lr<arg(z)<lr and the path of integration is chosen such that the poles of r(a+s) and
r(b+s) i.e. the points s=an and s=bm(n, m=O, 1, 2, . . .) respectively, are at its left
side and the poles of csc(lrs) or r(s) i.e. s=O, 1, 2, are at its right side. The cases in which a, b
or c are non-negative integers or ab equal to an integer are excluded.

Linear Transformation Formulas

From 15.3.1 and 15.3.2 a number of transformation formulas for F(a, b; e; z) can be derived.

15.3.3 F(a, b; c; z)=(1_z)c_E2_bF(c_a, cb; e; z)

15.3.4 =(1_z)_aF(a, cb; c; z)

15.3.5 =(i_zYF(b, ca; c;

15.3.6
=r F(a, b; a+bc+1; 1z)

r(c)r(a+bc) F (ca, cb; cab+1; 1z)+(1_z)c_a_l
r(a)r(b)

(arg (lz)I<ir)
r(c)r(ba)15.3.7 r(b)r(ca) ( z)F(a, 1c--a; 1b+a;

r(c)r(ab)
+r(a)r(cb) ( z)F(b, 1c+b; 1a+b; 1) (Iarg (z)1(lr)

15.3.8 =(1_z)6 r(c)r(ba) F(a, cb; ab+1;r(b)r(ca)
r(c)r(ab) F(b, ca; ba+1; (Iarg (1z)J<ir)+(1z) r(a)r(cb)

r(c)r(cab)
15.3.9 = r(ca)r(cb) z_aF(a,a_c+1;a+b_c+1; i_t)

r(c)r(a+bc)+ r(a)r(b) (1_z)c_a_bza_c F(c_a, 1a;cab+1; i_t)

(arg zI<ir, arg (lz)l<ir)

Each term of 15.3.6 has a pole when c=a+b±m, (m=O, 1, 2, . . .); this case is covered by

r(a+b) (a),,(b),,15.3.10 F(a, b; a+b; z)rQr(b) (n!) [24'(n+1)'(a+n)'(b+n)ln (1z)](1z)'
(Iarg (1z)j<r, 1zI<1)

Furthermore for m= 1, 2, 3, . .

r(m)r(a+b+m) (a)(b) (1z)'15.3.11 F(a, b; a+b+m; z)=r(+ )r(b+ ) n0 n!(1m)
r(a+b+m) (z1)m (a+m)(b+m) (1z)[ln (1z)(n+1)r(a)r(b) nO n!(n+m)!

i,&(m+ m+1)+4'(a+n+m)+J'(b+n+m)] (Iarg (1z)I<r,I1zl<1)
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i'(m)F(a-I--b--m) _)_rn (am),(bm) (lz)"15.3.12 F(a, b; a+bm; z)= F(a)T(b)
(1

nO

(-1y'r(a+b-m) ..., (a),(b),,
r(am)r(bm) n!(n+m)!

(1zhu (lz)/'(n+l)
iJi(n.+m + 1) +'(a+n) +'(b+ n)]

(jarg (1z)I<ir,!1z!<1)

Similarly each term of 15.3.7 has a pole when b=a±m or ba= ±m and the case is covered by

F (e) (a)(1 c+a) z[ln ( z)+2&(n+1)#(a±n)#(can)J15.3.13 F(aa;c;z)=rr( ( z) E
nO (n!)2

(arg (z)I<ir, ¡zj>1, (ca)O, ±1, ±2,..

The case b a= m, (m = 1, 2, 3, . . .) is covered by

15.3.14 F(a,a+m;c; z)F(a+m,a;c; z)
T (e) ( z) -a-rn

Ê (a) n+m(1 c+a)a+m [In ( z) +#(1 + m +n) +#(1 +n)r(a+m)F(ca) ,,
a F(c) rn-i F(mn)(a)

T(a+m) on!F(can) Z

(arg(z)<1r, zJ>1, (ca)O, ±1, ±2,...)

The case ea=O, 1, 2, . . . becomes elementary, 15.3.3, and the case ca=1, 2, 3, . . . can be
obtained from 15.3. 14, by a limiting process (see [15.21).

Quadratic Transformation Formulas

If, and oniy if the numbers ± (1c), ± (ab), ± (a+bc) are such, that two of them are equal
or one of them is equal to , then there exists a quadratic transformation. The basic formulas
are due to Kummer [15.71 and a complete list is due to Goursat [15.3]. Seo also [15.2].

15.3.15 F(a, b; 2b; z) = (1 z) "F (ia, bia; b+;

15.3.16 = (1 z)_aF(Ia, +a; b+; z2(2_ z)2)

15.3.17 =(+hI1_z)F[a ab+; b+;

15.3.18 = (1z)'F (a 2ba; b+;
4-/1 - z

15.3.19 F(a, a+; c;z)=(4+hIl_z)_2aF (2a, 2ac+1; e; 1+/1z

15.3.20 =(1±V)'F(2a,c; 2el;

15.3.21 =(l_z)F(2a, 2c-2a-1; e; ./1_z_1)
211z

15.3.22 F(a,b; a+b+;z)=F(2a, 2b; a+b+1; 4h1z)

15.3.23 =(+1 /iz) F(2a, ab+; a+b+;
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15.3.24 F(a, b; a+b; z)=(lz)IF(2a-1,2b--l;a+b;b'i)
15.3.25 =(1_z) (+ -i)1_2aF(2a_1, ab+; a+b--; iiE1)
15.3.26 F(a, b; ab+1; z)=(1Jz)_aF (ia, a+; ab+1; 4z(1+z)2)
15.3.27 =(1±J)F(a, ab+; 2a-2b+1; ±4(1±)_2)
15.3.28 =(1z)°F(a, ab+; ab+1;-4z(1z)2)
15.3.29 F (a, b; a+b+; z)=(1_2z)_6F(.a, a+; a+b+-; 22)
15.3.30 =F(a, b; a+b+; 4z-4z2)
15.3.31 F(a, 1a; C; z)=(1z)'F(c--a, c+a; c; 4z-4z2)
15.3.32 = (1 _z)_l (1 _2z)a_cF (ic a, ca+; c; (4z2-4z) (1 2z) _2)

Cubic transformations are listed in [15.2] and [15.3].
In the formulas above, the square roots are defined so that their value is real and positive when

O z<1. All formulas are valid in the neighborhood of z=O.

15.4. Special Cases of F(a, b; c; z)

Polynomial.

When a or b is equal to a negative integer, then

15.4.1 F(m, b; e; z)= !

This formula is also valid when c m---l; m, 1=0, 1, 2,

15.4.2 F(m, b;ml; z)==
Some particular cases are

15.4.3 F(n, n; ; x)=T(1-2x)

15.4.4 F(n, n+1; 1; x)=P(1-2x)

15.4.5 F(_n,, n+2a; a+; x)=() C(1-2x)

15.4.6 F(n, a+1+ß+n; a+1; x)= n! P'(1-2x)(a+ l)

Here T, P, C>, P denote Chebyshev, Legendre's, Gegenbauer's and Jacobi's polynomials re-
spectively (see chapter 22).

Legendre Functions

Legendre functions are connected with those special cases of the hypergeometric function for which
a quadratic transformation exists (see 15.3).

15.4.7 F(a, b; 2b; z) =2'-1r (+-f- b) zlb (1 _z)t(b-a-*)P:_1 [(i -) (1-

15.4.8 =22b7r1
2b )

z(1 z)4e'° P: (__ i)

15.4.9 F(a, b; 2b;z)=22ri P: (i+) (f arg zJ<lr, arg (1 ± z)f<ir)
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15.4.10 F(a, a+; e; z)=2c_lF(C)z44c(1 - -
(arg zJ<ir, arg (1z)I<ir, z not between O and - )

15.4.11 F(a, a+; e; z)=2 'r(c)( x)4(1 _x)4c_a_4P;. [(1 x)4] ( w <x<O)

15.4.12 F(a, b; a+b+ ; z)=2 1F(+a+b) ( z)4(I_a_P::E(i )4]

(arg (z)l<ir, z not between O and 1)

15.4.13 F(a, b; a+b+; x)=2(24r(4+a+ b)x[(1 z)4] (O<z<1)

15.4.14 F(a, b; ab-Fl; =F(ab+l)z (1z)P ()
(arg (lz)I<ir, z not between O and w)

15.4.15 F(a, b; ab+1; x)=r(a_b+l)(1_x)_b(_x)1 iapb-a (1+:) ( <z<O)
15.4.16 F(a, 1a; e; z) r (e) ( z)44c(1 z)4c_4P2(1 2z)

(jarg (z).<ir, arg (1z)I<ir, z not between O and 1)

15.4.17 F(a, 1a; e; z) = r (c)x4_4c(1 _z)44P;c(1 2x) (O<x<1)

15.4.18 F(a, b; a+b+; z)== r(+a+b)[z(z_1)14(1_a_b)D1_a_hi' 4(ab-1) 2z)
(arg z <ir, arg (z-1)I<ir, z not between O and 1)

4(1ab)15.4.19 F (a, b; ìa+b+; z) = r (4+a+ 4b) (XX2) P4(a_b_l) (1 2x) (O<x<1)

15.4.20 F(a, b; a+b; z)=2'F(a+b )( z)44(1 z)4P[(1 z)4]
(I arg (z)I<ir,I arg(1z)j<ir,?[(1--z)4]>O,z not between O and 1)

15.4.21 F(a, b; a+b ; x)=24r (a+ b)x4 (1 x)4P4[(l z)4] (O<z<1)

15.4.22 F(a, b; ; z)=rir-42 r(+a)r(+b) (z-1 )4(4_a_ z4)+P(z4)][z ab-4
(arg zI<ir, arg(zl)l<ir, z not between O and 1)

15.4.23 F(a, b; ; z)=ir_42a+b_Ir(+a)r(+ b)(l x)4° [Pt1(z4)+Pz-'1( z4)] (O<z<1)

15.4.24 F(a, b; ;_z)=ir420r(+a)F(l_b)(z+1)_40_4be (b
{P;1[z4(l +z)4]

a+b_11z4(1 +z)-] }+P
(± according as JzO, z not between O and w)

* 15.4.25 F(a, b; ; x)=ir1'F(+a)F(lb)(1+x)- - z 0+11[x*(1 +x)_4]+P4i[$u12(1+4]41 Ç Dba

(O<z<m)

15.4.26 F(a, b;;z) iri24r(a) r(b)x-4(1 z)4-° {p::(x4) P1(x) } (O<x<1)

15.5. The Hypergeometric Differential Equation

The hypergeometrie differential equation

15.5.1 z(1z) +[c (a+b+1)z] abw=O

See page n.
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has three (regular) singular points z=O, 1, The pairs of exponents at these points are

15.5.2 p°=O, 1c, p=O,cab, p=a, b
respectively. The general theory of differential equations of the Fuchsian type distinguishes between
the following cases.

A. None of the numbers e, cab; ab is equal to an integer. Then two linearly independent solutions
of 15.5.1 in the neighborhood of the singular points 0, 1, are respectively

15.5.3 w,(0)=F(a, b; c; z)=(l_z)c_l_bF(c_a, cb; c; z)

15.5.4 w2(o)=zlcF(a_c+1, bc+1; 2c; z)=zl_c(1_z)c_1_bF(1_a, 1b; 2c; z)

15.5.5 wl(l)=F(a, b; a+b+1c; 1z)=z1F(1-I-bc, 1+ac; a+b+ 1c; 1z)
15.5.6 w2(,)=(l_z)c_a_bF(c_b,c_a;c_a_b+1; 1_z)=zl_c(1_z)c_a_bF(1_a, 1b;cab+l; 1z)

15.5.7 11,l(.,)=zF(a, ac+1; ab+1; z-1)=z (z-1)«F(lb, cb; ab+1; z')
15.5.8 v,2(,.)=zbF(b, bc+1; ba+1; z_l)=za_c(z_1)c_a_bF(1_a, ca; ba+1; z-')

The second set of the above expressions is obtained by applying 15.3.3 to the first set.
Another set of representations is obtained by applying 15.3.4 to -15.5.3 through 15.5.8. This

gives 15.5.9-15.5.14.

15.5.9 wl(o)=(1_z)F(a, cb; c; -__j)=(1_z)F(b, ca; c;

15.5.10 w2(o)=z1_c(1_z)c_0_1F(a_c+1, 1b; 2c; 23=z1_1_z_1(b_c+1, 1a; 2c;

15.5.11 wl(l)=zaF(a, ac+1; a+bc+1; 1z')=zF(b, bc+1; a+bc+1; 1z1)
15.5.12

w2(l)=zac(1_z)cabF(c_a, 1a; cab+1; 1_z_l)=z_c(1_z)c_0_bF(c_b, 1b; cab+1; 1z')

15.5.13 wl()=(z_1)_aF(a, cb; ab+1; 11)=(z_1)F(b, ca; ba+1; 1±z)
15.5.14

w2()=zi_c(z_1)6_lF (ac+1, 1b; ab+1; 1l2)=zl_c(z_1)c_1_1F (bc+1, 1a; ba+1; 1-f--z)

15.5.3 to 15.5.14 constitute Kummer's 24 solutions of the hypergeometric equation. The analytic con-
tinuation of w, ,2(o)(z) can then be obtained by means of 15.3.3 to 15.3.9.

One of the numbers a, b, ca, cb is an integer. Then one of the hypergeometric series for
instance w, ,2(o) 15.5.3, 15.5.4 terminates and the correspoiiding solution is of the form

15.5.15 w= z«(1 -

where Pn(Z) is a polynomial in z of degree n. This case is referred to as the degenerate case of the
hypergeometric differential equation and its solutions are listed and discussed in great detail in [15.21.

The number cab is an integer, c noninte gral. Then 15.3.10 to 15.3.12 give the analytic continu-
ation of w, 2(0) into the neighborhood of z= 1. Similarly 15.3.13 and 15.3.14 give the analytic continu-
ation of w1 .2(0) into the neighborhood of z= in case ab is an integer but not c, subject of
course to the further restrictions ca=0, ± 1, ±2 . . . (For a detailed discussion of all possible
cases, see [15.2J).

The number c=1. Then 15.5.3, 15.5.4 are replaced by

15.5.16 w,(0)=F(a, b; 1; z)

273-888 0-67-37
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15.5.17 W2(0) F(a, b; 1; z) in z+j
(i z"[1(a+n)-4'(a)+4'(b+n)#(b) 2#(n+1) +2'(i)] (I zI<1)

E. The number c= m + 1, m = 1, 2, 3.....A fundamental system is

15.5.18 wl(0)=F(a,b;m+1;z)

15.5.19 w2(0)=F(a, b; m+i; z) in z+ ''
(1+m),n!

(n-1)!(m)
(lzl< i and a, bO, 1, 2,... (mi))+'(m+1)«n+1)+'(l)1- (1a,,(1b),

E The number c=1m, m=1, 2, 3.....A fundamental system is

15.5.20 wl(o)==zmF(a+m, b+m; 1+m; z)

15.5.21
(a+m)(b+m)w2(o)==zmF(a+m, b+m; i+m; z) In z+zmzn

(l+m),,n!
m (ni)!(m)#(b+m)'(m+1 +n)+<m+1)#(n+1)+«1)]E

n=1 (iam)(lbm)
(fzl<1 and a,b0,-1,-2, . . . (m-1))

15.6. Riemann's Differential Equation

The hypergeometric differential equation 15.5.1
with the (regular) singular points 0, 1, is a
special case of Riemann's differential equation
with three (regular) singular points a, b, e

15.6.1

d2'w ri-a-a' ißß' i'y--y'J dii,
za + zb + zc J

raa'(ab)(ac)fiß'(bc)(ba)
+L za zb

w
e J (za)(zb)(zc)0

The pairs of the exponents with respect to the
singular points a; b; e are a, a'; ß, ß'; y, y' respec-
tively subject to the condition

15.6.2

The complete set of solutions of 15.6.1 is denoted
by the symbol

15.6.3 la b e

wr=P.a 6 7

1a' ß' 'y'

Special Cases of Riemann's P Function

(a) The generalized hypergeometric function

15.6.4

(b) The hypergeometrie function F(a, b; c; z)

15.6.5

w=P{
1c b cab

The Legendre functions P (z), Q. (z)

15.6.6
i

w=P 4v 4i O (1_Z2)_1

(.4+4v - 4

The confluent hypergeometric function

15.6.7

f O e

c ck z.

(.4u O k

provided 11m c.

i
w==Pa ß 7 Z

6' 7'



15.6.11 : :
,a fi 7,

z }=('y ('y
The P function on the right hand side is Gauss' hypergeometrie function (see 15.6.5). If it is replaced

by Kummer's 24 solutions 15.5.3 to 15.5.14 the complete set of 24 solutions for Riemann's differential
equation 15.6.1 is obtained. The first of these solutions is for instance by 15.5.3 and 15.6.5

15.6.12 w__(:_)a (:cy F[a+ß+7, a+ß'+7; 1+aa'; :i]
15.7. Asymptotic Expansions

The behavior of F(a, b; e; z) for large zj is
described by the transformation formulas of 15.3.

For fixed a, b, z and large ej one has [15.8]

15.7.1

(a)(b) z"
F(a, b;c; z)=

n'O (c)
+0(jcI_m_l)

For fixed a, e, z, (cO, 1, 2, . . . , O<jzj<1)
and large ¡bj one has [15.2]
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16. Jacobian Elliptic Functions and Theta Functions

Jacobian Elliptic Functions
16.1. Introduction

A doubly periodìc meromorphic function is
called an elliptic function.

Let m, m1 be numbers such that

m + m1 1.

We call m the parameter, m1 the complementary
parameter.

In what follows we shall assume that the param-
eter m is a real number. Without loss of gen-
erality we can then suppose that Om1 (see
16.10, 16.11).

We define quarter-periods K and iK' by

16.1.1
.12 dOK(m)=K_f (1m sin2 9)h/2

1'lr/2

iK'(m)=iK'=i I
Jo (1m1 5j112 0)1/2

so that K and K' are real numbers. K is called
the real, iK' the imaginary quarter-period.

We note that

16.1.2 K(m)=K'(mj)=K'(lm).

We also note that if any one of the numbers m,
m1, K(m), K'(m), K'(m)/K(m) is given, all the
rest are determined Thus K and K' can not
both be chosen arbitrarily.

In the Argand diagram denote the points o, K,
K+iK', iK' by s, c, d, n respectively. These
points are at the vertices of a rectangle. The
translations of this rectangle by AK, piK', where
A, i are givèn all integral values positive or nega-
tive, will lead to the lattice

.s .c .s .c

.n .d .n .d

.s .c .s .c

.n .d .n .d

the pattern being repeated indefinitely on all
sides.

Mathematical Properties

do

Let p, q be any two of the letters s, c, d, n.
Then p, q determine in the lattice a minimum
rectangle whose sides are of length K and K' and
whose vertices s, c, d, n are in counterclockwise
order.

Definition

The Jacobian elliptic function pq u is defined by
the following three properties.

pq u has a simple zero at p and a simple
pole at q.

The step from p to q is a half-period of pq u.
Those of the numbers K, iK', K+iK' which differ
from this step are only quarter-periods.

The coefficient of the leading term in the
expansion of pq u in ascending powers of u about
u=O is unity. With regard to (iii) the leading
term is u, 1/u, i according as u=O is a zero, a
pole, or an ordinary point.

Thus the functions with a pole or zero at the
origin (i.e., the functions in which one letter is s)
are odd, and the others are even.

Should we wish to call explicit attention to the
value of the parameter, we write pq (ulm) instead
of pq u.

The Jacobian elliptic functions can also be
defined with respect to certain integrals. Thus if

16.1.3 Uf(1d!20)l/2,

the angle ço is called the amplitude

16.1.4 o=am u

and we define

16.1.5

Sn u=sin o, cn u=cos e,
dn u=(1m srn2 )1/2()

Similarly all the functions pq u can be expressed
in terms of ç. This second set of definitions,
although seemingly different, is mathematically
equivalent to the definition previously given in
terms of a lattice. For further explanation of
notations, including the interpretation, of such
expressions as sn (ço\a), cn (ulm), dn (u, k), see 17.2.
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The three functions in a vertical column are
copolar.

The four functions in a horizontal line are
coperiodic. Of the periods quoted in the last line
of each row only two are independent.

2.5-

ao -

1.5 -

1.0 -

5-
o

-.5

-1.0

-1.5 -

-2.0-

nc u

JACOBIAN ELLIPTIC FUNCTIONS AND T1TETA FUNCTIONS

16.2. Classification of the Twelve Jacobian Elliptic Functions
According to Poles and Half-Periods

FIGURE 16.1. Jacobian elliptic Junctions

Sn u, cn u, dn u
imi

The curve for en (uil) is the boundary between those
which have an inflexion and those which have not.

i nsu

2k

ndu

3K

FIGURE 16.2. Jacobian elliptic Junctions

ns u, nc u, nd n
1m=-

-u
4k

16.3.4

du udc u=en n

pr upq u=-qr u

provided that when two letters are the same, e.g.,
pp n, the corresponding function is put equal to
unity.

FIGURE 16.3. Jacobian elliptic Junctions

son, os u, cd u, dc u
im=

16.3. Relation of the Jacobian Functions to the
Copolar Trio sn n, en n, du u

on n16.3.1 cdn=dn u

16.3.2 sd =sn U 1 du uu ncu= dsn=dun cnn sun

16.3.3 ndu= 1 sun cnnso n= os u=dun cnn snu

And generally if p, q, r are any three of the letters
s, o, d, n,

1nS u=-
Sn 'u

Pole
1K'

Pole
K+iK'

Pole
K

Pole
O

Half period 1K' Sfl u cd u dc u us u Periods 21K', 4K+ 41K', 4K

Half period K+1K' en u sd u nc u ds u Periods 41K', 2K+2iK', 4K

Half period K dn u rid u se u cs u Periods 41K', 4K+4iK', 2K



16.4.2

JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS

16.4. Calculation of the Jacobian Functions by
Use of the Arithmetic-Geometric Mean
(A.G.M.)

For the A.G.M. scale see 17.6.
To calculate sn (ulm), en (ulm), and dn (ulm)

form the A.G.M. scale starting with

16.4.1 a0=1, b0=-11, Co=i/,
terminating at the step N when CN is negligible to
the accuracy required. Find 'p in degrees where

,N=2NaNu
1800

ir

2'm'[ (1f mU2)I/2
+i(1_ml)L'2]

m-'14

Sfl U

and then compute successively N1,
çi, o from the recurrence relation

16.4.3

Then

16.4.4

cos

From these all the other functions can be deter-
mined

16.5. Special Arguments

1

16.6. Jacobian Functions when m=0 or i

m=O

sn (ulm)=sin en (ujm)=cos o

dn (ujm)=

Cn u

m1114

(1-4-mi")"

(mi
1/4

i;;z) (1i)

./1 _m'l\1/2
5k. m112 )

/ m111' \1/2
i (.i_mv)

i(m,/m)"

m=1

Cnsin (2_,j= sin
a

dn u

1

m'1/4

m1112

(14-m")"2

( i)l/4
i(1_m11/2)1/2]

(1m.11')"

o

571

u

16.5.1 o

16.5.2

16.5.3 K

16.5.4 (iK')

16.5.5 (K+iK')

16.5.6 K+(iK')

16.5.7 iK'

16.5.8 K+iK'

16.5.9 K+iK'

16.6.1 sn (u m)
16.6.2 Cn (u m)
16.6.3 dn (ulm)

16.6.4 Cd (u Im)
16.6.5 sd (ulm)
16.6.6 nd (ulm)

16.6.7 dc (u m)
16.6.8 nc (u m)
16.6.9 se (ulm)

16.6.10 ns (u m)
16.6.11 ds (u m)
16.6.12 CS (u Im)

16.6.13 am (u Im)

sin u
COS u
i

COS u
sin u
i

SeC u
sec u
tan u

CSC U
CSC u
COt U

u

tanh u
seCh u
sech u

i
sinh u
COSh u

i
cosh u
sinh u

coth u
csch u
csch u

gd u
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16.9. Relations Between the Squares of the
Functions

16.9.1 - dn2u+mj = m cn2u=m sn2um

16.9.2 - m1nd2u+ m1 - mm1sd2u = m cd2u - m

16.9.3 m1sc2u+m1 ==m1nc2u=dc2u m

16.9.4 cs2u+ m1 = ds2u= ns2u m

In using the above results remember that
m+m1=l.

If pq u, rt u are any two of the twelve functions,
one entry expresses tq2u in terms of pq2u and
another expresses qt2u in terms of rt2u. Since
tq2u. qt2u=1, we can obtain from the table the
bilinear relation between pq2u and rt2u. Thus
for the functions cd u, sn u we have

1m cd2u
16.9.5 nd2u= , dn2u=1m sn2u

m1

and therefore

16.9.6 (1m cd2u)(irn sn2u)=mj.

16.10. Change of Parameter
Negative Parameter

If m is a positive number, let

16.10.1
m i u

1+m' IL11+m? V_IAli (O<,h<l)

fim11/2\2

i+mh12)' v__1 112'

573

en (ulm)=
ii dn(vhii)

1_uil/I dn2 (v)+j.i ii12
dii (ulm)=

/1 du (viii)

16.10.2 sn (ulm)=,sd (v)
16.10.3 cn (ulm)=cd (vl)
16.10.4 du (uJm)=nd (vJ).

16.11. Reciprocal Parameter (Jacobi's Real
Transformation)

16.11.1 m>ø, JL=m, v=um1'2

16.11.2 su (ujm) ''2sn (v!)

16.11.3 Cn. (ulm) =dn (vl,)

16.11.4 dn (ujm)=cn (vI,L)

Here if m>.1 then m1=<1.
Thus elliptic functions whose parameter is real

can be made to depend on elliptic functions whose
parameter lies between O and 1.

16.12. Descending Landen Transformation
(Gauss' Transformation)

To decrease the parameter, let

16.12.1

then

16.12.2 su (ulm) (1+z112) sn (viii)
- 1+ji112 sn2 (vJi)

16.12.3 cn (ulm)= (vi/A) dn (viii)j12sfl2
(vIii)

dn 2 (vi z) (1 _/ih12)16.12.4 du (uJ m)=(l+ 1/2) d2(I)
Note that successive applications can be made

conveniently to find sn (ulm) in terms of sn (vI/i)
and dn (ulm) in terms of du (vIii), but that the
calculation of en (ulm) requires all three functions.

16.13. Approximation in Terms of Circular
Functions

When the parameter m is so small that we may
neglect m2 and higher powers, we have the
approximations

16.13.1

sn (ulm) sin u m(usin u cos u) cos u

16.13.2

cn(ulm)_cosu+ m(usinu cos u) sin u

16.13.3 dn(ulm)1 m sin2 u

16.13.4 am (ulm) u m(usin u cos u).

One way of calculating the Jacobian functions
is to use Landen's descending transformation to
reduce the parameter sufficiently for the above
formulae to become applicable. See also 16.14.

16.14. Ascending Landen Transformation

To increase the parameter, let

4m112 /1m112"2 u
16.14.1 /2

(i + m1/2)2' 'H1+ mh/2) '/'_]

16.14.2 sn (ujm)= (1+iiuhll)
sn (vl,.1) en (vIii)

dn (viii)

1/2i+ii12 du 2(vl,i)iii
16.14.3

16.14.4
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Note that, when successive applications are to
be made, it is simplest to calculate dn (ujm) since
this is expressed always in terms of the same func-
tion. The calculation of cn (ujm) leads to that of
dn (vlu).

The calculation of sn (ulm) necessitates the
evaluation of all three functions.

16.15. Approximation in Terms of Hyperbolic
Functions

When the parameter m is so close to unity that
m12 and higher powers of m1 can be neglected we
have the approximations

16.15.1

sn(ulm)ntanhu+mj (sinh u cosh uu) sech2 u

16.15.2

cn (ujm)nsechu

- m1 (sinh u cosh uu) tanh u sech u

16.15.3

dn (ulm)nsechu

m1 (sinh u cosh u+u) tanh u sech u

16.15.4
i

am (ulm) gd u+ m1 (srnh u cosh uu) sech u.

Another way of calculating the Jacobian func-
tions is to use Landen's ascending transformation
to increase the parameter sufficiently for the above
formulae to become applicable. See also 16.13.

16.16. Derivatives

16.16.7 dc u m1 Sc u nc u
16.16.8 nc u sc u dc u Pole c
16.16.9 se u dc u nc u

Note that the derivative is proportional to the
product of the two copolar functions.

16.17. Addition Theorems

16.17.1 sn(u+v)
_sn ucn vdn v+sn vcn udn u

1m sn2usn2v
16.17.2 cn(u+v)

cn u cn vsn u dn u sn V. dn V
1m sn2usn2v

16.17.3 dn(u+v)=th .dn-msxit snv. cnv
1 msn2u sn2v

Addition theorems are derivable one from
another and are expressible in a great variety of
forms. Thus ns(u +v) comes from 1/sn(u +v) in the
form (1msn2u sn2v)/(sn u cn y dn v+sn vcnudnu)
from 16.17.1.

Alternatively ns(u+ v)=m'2sn {(iK'u)v}
which again fronrl6.17.1 yields the form (ris CS V dsu

ns V CS uds v)/(ns2uns2v).
The function pq(u+v) is a rational function of

the four functions pq u, pq y, pq'u, pq'v.

16.18. Double Arguments

16.18.1 sn 2u

2sn u.cn u dn u2sn u.cn udn u
1 msn4u - cn2u+sn2u dn2u

16.18.2 Cn 2u

cn2usn2u. dn2u cn2usn2u dn2u- i msn4u cn2u+sn2u. dn2u

16.18.3 dn 2u

dn2u msn2u . cn2 'u dn2u+cn2u(dn2u 1)
1msn4u dn2u_cn2u(dn2u_i)

1Cn 2u sn2u. dn2u

1dn 2umsn2u.cn2u
1+dn2u dn2u

16.19. Half Arguments
1cn usn2u =1+dn u

dn uH-Cn ucn2u= i+dn u

dn21 _mi+ u+mcn u
1+dnu

16.20. Jacobi's Imaginary Transformation

16.20.1 sn(iulm) =isc(uImi)

16.20.2 cn(iujm)=nc(ulmi)

16.20.3 dn(iujm)=dc(ulmi)

1+cn 2u cn2u

Func- Derivative
tion

16.16.1 Sn u cn u dn u
16.16.2 cn u sn u dn u Pole n
16.16.3 dn u m SII U CII u

16.16.4 cd u m, ed u nd u
16.16.5 sd u cd u nd u Pole d
16.16.6 nd u m sd u cd u

16.16.10 ns u ds U CS U
16.16.11 ds u es u ns u Pole s
16.16.12 CS U ne u ds u

16.18.4

16.18.5

16.19.1

16.19.2

16.19.3



16.21. Complex Arguments

With the abbreviations
16.21.1
s=sn(x{m), c=cn(xj m), d=dn(xlm), s1=sn(yjmi),

c1=cn(yjmi), d1=dn(ylm1)

s d1+ic d .s. c1
16.21.2 sn(x-j-iylm)--- c+ms2s

c . c1is. d si . d1
16.21.3 cn(x-I-iym)= c+ms2s

16.21.4 dn(x+iylm)= c+ms2 s

16.22. Leading Terms of the Series in Ascending
Powers of u

16.22.1
u5sn(ulm)=u(1+m) +(1+14m+m2)

(1+135m+135m2+m3)

16.22.2
u2 u4cn(ulm)=1+(1+4m) --

_(1+44m+16m2)

16.22.3
u2 u4dn(ulm)=1m+m(4+m)
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d.c1d1imsc 1

m(16+44m+m2)
It6

No formulae are known fo the general coeffi-
cients in these series.

16.23. Series Expansions in Terms of the Nome
q=e_/K and the Argument v=n-u/(2K)

16.23.1 sn (ujm)_ sin (2n--1)vm"2K

qfl+l/S
16.23.2 cn (u!m)= 1,2KE 1+q2' cos (2n+1)v

r 2ir n n
16.23.3 dn (uj m)

i +q2
cos 2nv

16.23.4
2ir

cd (ujm)= 1I2K 1q21 cos (2n+1)v

16.23.5

sd (uIm)= )l/2K (_l)*l+q2fl+lsm
2ir qn+l/2

(2n+ 1)v

16.23.6
ir 2ir n

nd (ujm) 2mI2K+mI2K (-1) 1_ig2n cos 2nv

16.23.7
irdc (ujm)= sec y

2ir n

+k (-1)' iq2 CO5 (2n+1)v

16.23.8

nc (ujm) 2m2K sec y

9r 2n+1

m2K (_1)fl1iq2n+iCOS (2n+l)v
16.23.9

irsc (ulm)=21,2K tan y

2ir n 02n
+i/2KE (1)? 1.i::q2n sin 2iw

16.23.10
ir 2ir n

sin (2n+1)vns (ulm)=k esc 1q'
16.23.11

ir 2ir q2fl+l
(2n,+1)vds (uIm)=csc v-

16.23.12
ir 2ir 2n

cs (ulm)==cotv-E 142sin2nv

16.24. Integrals of the Twelve Jacobian Elliptic
Functions

575

16. 24. 1

16.24.2

16.24.3

16.24.4

16.24.5

16.24.6

16.24.7

16.24.8

16.24.9

16.24.10

16. 24. 11

16.24.12

In numerical uss of the above table certain re-
strictions must be put on u in order to keep the
arguments of the logarithms positive and to avoid

fsn u du=m1'2 in (dn um''2cn u)

fcn u du=m1"2 arccos (dn u)

f dn u du=arcsin (sn u)

fcd u du=m"2 in (nd u+m112sd u)

fsd u du=(mmj) 1/2 arcsin ( in' '2cd u)

fnd u du=m«"2 arccos (cd u)

fdc u du=in (nc u+sc u)

fnc u du=mj"2 in (dc u-j-mV2sc u)

fsc u du=mj1"2 in (dc u+mI'2nc u)

fns u du=In (ds ucs u)
fds u du=ln (ns ucs u)
f cs u du=ln (ns uds u)
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trouble with many-valued inverse circular func-
tions.

16.25. Notation for the Integrals of the Squares
of the Twelve Jacobian Elliptic Functions

Pqu=fpq2t dt when qs

'u
s u= J

(pq2j_) dt-1
Jo

Examples

Cd u__fu cd2t dt, Ns u__fU(ns2t_)dt-

16.26. Integrals in Terms of the Elliptic Inte-
gral of the Second Kind (see 17.4)

16.26.1 mSn u=E(u)-1-u

16.26.2 mCn u=E(u) m1u Pole n

16.26.3 Dn u==E(u)

16.26.4 mCd u=E(u)+u-l-msn u cd u

16.26.5

mm1Sd u=E(u) m1umsn u cd u Pole d

16.26.6 m1Nd u=E('u) msn u cd u

16.26.7 Dc u=E(u)+u+sn udc u
16.26.8

m1 e u= E(u) +m1u+sn u dc u Pole c

16.26.9 m1Sc u=E(u)+sn u dc u

16.26.10 Ns u=E(u)+ucn u ds u
16.26.11

Ds u= -E(u) + m1u -cn u ds u Pole s

16.26.12 Cs u=E(u)cn 'a ds u
All the above may be expressed in terms of

Jacobi's zeta function (see 17.4.27).

where E==E(K)

16.27. Theta Functions; Expansions in Terms.

of the Nome q
16.27.1

tj(z, q)=t1(z) =2q1'4 (-1)"q'"'' sin (2m+1)z
=0

16.27.2

t2(Z, q)=t(z)=2qh/4 qn(n+l) cos (2n+1)z
nO
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16.27.3 T3(Z, q)=3(z)=1+2 cos 2nz

16.27 .4

t4(2, q)=4(z)=1+2 (l)q2 cos 2nz
1=1

Theta functions are important because every
one of the Jacobian elliptic functions can be ex-
pressed as the ratio of two theta functions.
See 16.36.

The notation shows these functions as depend-
ing on the variable z and the nome q, q<1.
In this case, here and elsewhere, the convergence
is not dependent on the trigonometrical terms.
In their relation to the Jacobian elliptic functions,
we note that the nome q is given by

q= e

where K and iK' are the quarter periods. Since
q=q(m) is determined when the parameter m is
given, we can also regard the theta functions a.s
dependent upon m and then we write

ta(2, q)=i(zm), a=1, 2, 3, 4

but when no ambiguity is to be feared, we write
ta(Z) simply.

The above notations are those given in Modern
Analysis [16.6].

There is a bewildering variety of notations, for
example the function t4(z) above is sometimes
denoted by 0(z) or t(z); see the table given in
Modern Analysis [16.6]. Further the argument
u=2Kz/ir is frequently used so that in consulting
books caution should be exercised.

16.28. Relations Between the Squares of the
Theta Functions

16.28.1 (z)t(0)=t(z)(0) (z)t(0)
16.28.2 z(z)t(0) =t(z)(0) t(z)z(0)
16.28.3 i3(z)t(0) =(z)t(0)ö(z)t(0)
16.28.4 t(z)J(0) =(z)(0)t(z)(0)

16.28.5 (0) +zY(0) =z(0)

Note also the important relation

16.28.6 or t1=t2t3Z4

16.29. Logarithmic Derivatives of the Theta

Functions

16.29.1 1=cot u+4 Ê 1q2 sin 2nu

16.25.1

16.25.2



where

16.30. Logarithms of Theta Functions of Sum
and Difference

16.30.1

in ti(a+ß)_in sin (a+ß)
1(aß) sin(aß)

in 2+_1n cos (a+ß)
cos (aß)

The corresponding expressions when ß=iy are
easily deduced by use of the formulae 4.3.55 and
4.3.56.

/ iriu\lM(u)=[exP (-)j q1,
N(u)=[exp (_?f)]q_i

16.32. Calculation of Jacobi's Theta Function
O(ujm) by Use of the Arithmetic-Geometric
Mean

Form the A.G.M. scale starting with

16.32.1 a0=1, b0=I, c0=-f

16.32.2 coN=2'aNu
1800

16.33. Addition of Quarter-Periods to Jacobi's Eta and Theta Functions

il(e) and H1(u) have the period 4K. O(e) and
01(u) have the period 2K.

2iK' is a quasi-period for all four functions,
that is to say, increase of the argument by 2iK'
multiplies the function by a factor.

u u u+K u+2K u+iK' u+2iK' u+K+iK' u+2K+2iK'

16.33.1
H(u) H(u) H,(u) H(u) iM(u)O(u) N(u)}I(u) M(u)Oj(u) N(u)H(u)

16.33.2
H,(u) Hj(u) H(u) H,(u) M(u)f31(u) JV(u)H,(u) iM(u)fJ(u) N(u)H,(u)
16.33.3
0i(u) Ø,(u) 0(u) Oi(u) M(u)J1,(u) N(u)0i(u) iM(u)H(u) N(u)0j(u)
16.33.4
0(u) 0(u) Oi(u) 0(u) iM(u)H(u) N(u)0(u) M(u)Hi(u) N(u)0(u)

16.29.2
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16.31. Jacobi's Notation for Theta Functions

16.31.1 O(uIm)=O(u)=4(v), Vkt2 (u)
' -,ni iq

16.29.3
t(u)4 qfl

2nu 16.31.2 Oi(um)=ei(u)=t3(v)=O(u+K)(-1)" 1_::q2n sin
16.31.3 11(uIm)=H(u)=1(v)

16.29.4
q" sin2nu 16.31.4 Hj(uIm)=H1(u)=2(v)=H(u+K)4(u) 1q2

16.30.3
16.32.3 sin (2ç_iço) C»

5111 ç'n.

in 3+ß)4 (-1)" q" sin na sin Thent3(aß) 2 2nß
j n 1q2"

16.30.4

in sin sin

16.32.4

in 2m'2K(m)in i cos (çOi)in
ir cos2na 2nß

_tz 2n
sin 2na sin 2nj9

and then compute successively
c from the recurrence relation

N-1 JV-2,
+4 n 2q

16.30.2

2n
terminating with the Nth step when CN is negligible
to the accuracy required. Find in degrees,
where

+4 n=in
2na 2nß2n sin sin

q

+lnsec (2ç) + ln sec (2) +
+21+1 in sec (2N_1oN)
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16.34. Relation of Jacobi's Zeta Function to the
Theta Functions

in 0(u)

firu\
ir 1Uk) cnudnu

16.34.1 Z(u)=

(2K)

dnusnu
16.34.2 2K iru + cn u

(2K)

(7ru\16 343
ir

t3 2k) Sn U Cfl U
m2k /ru\ d

(lru\2k)
2K f iru

16.35. Calculation of Jacobi's Zeta Function
Z(ulm) by Use of the Arithmetic-Geometric
Mean

Form the A.G.M. scale 17.6 starting with

16.35.1 a0=1, b0=-/, c,=

terminating at the Nth step when CN is negligible
to the accuracy required. Find çp in degrees
where

16.35.2 ÇCN=2NaNU
180°

and then compute successively N-2,
from the recurrence relation

en
16.35.3 sin (2ç0i4in)=- sm

Then

16.35.4

Z(ulm)=ci sin i+c2 sin so2+ . . . +C sin N

16.36. Neville's Notation for Theta Functions

These functions are defined in terms of Jacobi's
theta functions of 16.31 by

11(u) H(u+K)16.36.1 öß(u)=flF(0)c(u)

16.34.4

_EJ(u+K) 0(u)
16.36.2 td(u) 0(K)

If X, i are any integers positive, negative, or
zero the points uo+2XK+2iK' are said to be
congruent to u,.

t. (u) has zeros at the points congruent to O
t(u) has zeros at the points congruent to K
tn (u) has zeros at the points congruent to iK'
t(u) has zeros at the points congruent to

K+iK'
Thus the suffix secures that the function ,(u)

has zeros at the points marked p in the intro-
ductory diagram in 16.1.2, and the constant by
which Jacobi's function is divided secures that the
leading coefficient of ,(u) at the origin is unity.
Therefore the functions have the fundamentally
important property that if p, q are any two of the
letters s, e, n, d, the Jacobian elliptic function
pq u is given by

16.36.3 pq

These functions also have the property

16.36.4 mj1"4(Ku) =t,(u)

16.36.5 mj"4td(Ku) =t(u),

for complementary arguments u and Ku.
In terms of the theta functions defined in 16.27,

let v=iru/(2K), then

2Kt1(v) t2(v)
16.36.6 o8(u)=

(0)

16.36.7 (u)
i4(0)

FTGUEE 16.4. Neville's theta Junctions
t1(u), (u), td(U), (u)

im=



1.0

-1.0

FIGuRE 16.5. Logarithmic derivatives
functions

-1,(u), - in (u)

im=

16.37. Expression as Infinite Products
q=q(m), v=iru/(2K)

16.37.1
\1/616q sin y II (1_2qlz cos 2v+q4)

mm1, n1
16.37.2

(u) CQS V II (1+2q2" cos 2vq4n)
n=1

16.37.3

n1 (1+2q2"1 cos 2v+q4'2)

16.37.4

(u) (m
\1/12

16m)
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II (1-2q2' cos 2v+q4'2)
n=1

Numerica

u

100006+
==-1667+...

and since the next term is of order .001 this value
1667 is correct to at least 4S.

Example 2. Use the descending Landen trans-
formation to calculate dn (.201.19) to 6D.

Here m=.19, mV2=.9 and so from 16.12.1

1 +,L1/2=, v=.19.
Also

273-888 0-67-38

16.38. Expression as Infinite Series

Let v=iru/(2K)

16.38.1

2-ìr q112 1/2
z3(u)

[m1/2m/2Kl
(-1)q'""' sin (2n+1)v

n=O

r21.01/2 -, 1/2
16.38.2 ?Jc(U)=Lm1KJ qn(n+l) cos (2n+1)v

1/2

16.38.3 4(u)[] f 1+2 qfl2 cos 2nv}
n1

16.38.4

r ir 11/2

n(U)_L2mi/2Kj {1+2 (-1)' q'2 cos 2nv}

16.38.5 (2K/7r)"21+2q+2q4±2q9+. . =t3(0, q)

16.38.6

(2K'/ir)"2= i +2q1+2qt+2q+. . . =z(0, q1)

16.38.7

(2m1"2K/ir)"2=2q1'4(1 +q2+q°+q12+q20+. .

2(0, q)
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16.38.8

(2m'2K/ir)'2=1-2q+2q4-2q9+. . =l4(0, q).

Methods

Now from 16.13.3

dn [.19 (j)2]==.99995i

whence dn (.20J.19)=.996253.
Example 3. Use the ascending Landen trans-

formation to calculate dn (.201.81) to SD.
From 16.14.1

4(.9) 360 / 1 \2
(1.9)2Thi' 1J)

i +/2=, v=X .20 = .19,

4 is negligible to 4D. Thus

16.39. Use and Extension of the Tables

Example 1. Calculate nc (1.996501.64) to 4S.
From Table 17.1, 1.99650=K+.001. From the

table of principal terms

nc u= m'2/(uK)+.
_(36)_h/2

nc(K+.001J.64)==

2(i)440_6x767
which is negligible.

From 16.12.4

dn2 [.19
dn(.20j.19)

(1)21(1)
(i+)_dn2[.19 ()21looi +

of theta



360\ 1

19
dn2(.19 )+j-

dn (.20f.81)=X 360dn(.19 )
From 16.15.3

dn(.19 _?)=sec (.19)+X-1 tanh 19 sech .19

[sinh .19 cosh .19+.191

= .982218+X31 (.187746) (.982218)

[(.191 145) (1.01810) + .19]

= .982218+X (.184408)[.384605]

= .982218+ .000049= .982267.

Thus dn (.20J.81)=.98406.

Example 4. Use the ascending Landen trans-
formation to calculate cn (.201.81) to 6D.

Using 16.14.4, we calculate dn (.20J.81) and
deduce cn (.20j.81) from 16.14.3 settling the sign
from Figure 16.1.

As in the preceding example, we reduce the

calculation of dn (.201.81) to that of dn (.19
),

when

dn(.19 )= .982267

dn (.20!.81)==.984056

cn (.201.81)=.980278.

Example 5. Use the A.G.M. scale to compute dc (.672j.36) to 4D.

From 16.9.6 we have dc2(.6721.36)=.36+l 2(72l36) We now calculate sn(.6721.36) by the

method given in 16.4. Form the A.G.M. scale

o,=2"a,u ,,=23(.89721)(.672)=4.8234

continuing until c,=0 to SD.
Then complete as indicated in 16.4 to find o and so sn u and hence dc u,

ç'o.65546 snu=.60952 dcu=1.1740.
Example 6. Use the A.G.M. scale to compute e(.6f.36) to SD.

We use the method explained in 16.32 with a0=1, b0=.8, c0=.6.
Computing the A.G.M. as explained in 17.6, we find

(For values of a, b,,, c,,, see Example 5.)

and then complete the calculation outlined in 16.32 to give

ln EJ(ujm)=-.05734+.02935+.00120
= -.02679

e(ujm) =.97357.

The series expansion for e is preferable.

n a, b,, c,
a,,

ç,, sin ç,, sin (2ç,,--ç,,) 2ço,,...j-ç,,

0 1 . 8 . 6 . 6 . 65546 . 60952
i . 9 . 89443 . i . 11111 1. 2069 93452 . 10383 10402
2 . 89721 . 89721 . 00279 . 00311 2. 4117 . 66679 . 00207 . 00207
3 . 89721 . 89721 0 0 4. 8234 -. 99384 0 0

n ç,, sjn ç,, sin (2ç,,_i - ç,,) - ç,, sec (2ç,,_i - in -sec (2ç,,_i

O . 58803 . 55472
1 1. 0780 . 88101 . 09789 . 09805 1. 0048 . 00120
2 2. 1533 . 83509 . 00260 . 00260 1. 0
3 4. 3066 -. 91879 0 0 1. 0
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7.
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and
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Example 7. Use the q-series to compute
cs (.53601 621.09).

Here we use the series 16.23.12, K= 1.60804 862,

q=.00589 414, v=z=radians or 300.

Since q4 is negligible to SD, we have to 7D
cs (.53601 621.09)

cot 30°_{1q2 sin 600}

=(.97683 3852) (1 .73205 081)

-3.90733 541[(.00003 4740)(.86602 5404)]

=1.69180 83.

Example 8. Use theta functions to compute
sn (.618021.5) to 5D.

Here K()=1.85407

6l8O2X900 300
1.85407

sin2 a=1/2, a=45°.

Sn (.61802J.5)
(30°\45°)
(30°\45 0)

.59128
1.04729

.56458

from Table 16.1.
Example 9. Use theta functions to compute

sc (.618021.5) to 5D.
As in the preceding example

0300, a°=45°
so that

sc (.618021
5)_t8(30\45)

zY(30°\45°)

We use Table 16.1 to give
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&
f0?19Ø0 f=9O°-f° aarcsin 'm 9(rn)= /0O)

In calculating elliptic functions from theta functions, when the modular angle exceeds about 60°, use

the descending Landen transformation 16.12 to induce dependence on a smaller modular angle.

Compiled from E. P. Adams and R. L. Hippisley, Smithsonian mathematical formulae and tables of

elliptic functions, 3d reprint (The Smithsonian Institution, Washington, D.C., 1957) (with permission).

Table 161

\a o 5

THETA FUNCTIONS

(\°)
10 15° 2O 25

o 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 9O

5 0.08715 5743 0.08732 1966 0.08782 4152 0.08867 3070 0.08988 7414 0.09149 5034 85
lo 0.17364 8178 0.17397 9362 0.17497 9967 0.17667 1584 0.17909 1708 0.18229 6223 80
15 0.25881 9045 0.25931 2677 0.26080 4191 0.26332 6099 0.26693 4892 0.27171 4833 75
20 0.34202 0143 0.34267 2476 0.34464 395 0.34797 7361 0.35274 9211 0.35907 2325 70

25 0.42261 8262 0.42342 4343 0.42586 0446 0.42998 1306 0.43588 2163 0.44370 5382 65
30 0.50000 0000 0.50095 3708 0.50383 6358 0.50871 3952 0.51570 1435 0.52497 0857 60
35 0.57357 6436 0.57467 0526 0.57797 7994 0.58357 6134 0.59159 9683 0.60225 0597 55
40 0.64278 7610 0.64401 3768 0.64772 1085 0.65399 8067 0.66299 9145 0.67495 6130 50
45 0.70710 6781 0.70845 5688 0.71253 4820 0.71944 3681 0.72935 6053 0.74253 3161 45

50 0.76604 4443 0.76750 5843 0.77192 5893 0.77941 4712 0.79016 4790 0.80446 5863 40
55 0.81915 2044 0.82071 4821 0.82544 2256 0.83345 4505 0.84496 1783 0.86028 0899 35
60 0.86602 5404 0.86767 7668 0.87267 6562 0.88115 1505 0.89332 9083 0.90955 1166 30
65 0.90630 7787 0.90803 6964 0.91326 9273 0.92214 2410 0.93489 7610 0.95189 9199 25
70 0.93969 2621 0.94148 5546 0.94691 1395 0.95611 4956 0.96935 0025 0.98700 0216 20

75 0.96592 5826 0.96776 8848 0.97334 6839 0.98281 0311 0.99642 3213 1.01458 4761 15
80 0.98480 7753 0.98668 6836 0.99237 4367 1.00202 5068 1.01591 0350 1.03444 0908 10
85 0.99619 4698 0.99809 5528 1.00384 9133 1.01361 2807 1.02766 2527 1.04641 6011 5
90 1.00000 0000 1.00190 8098 1.00768 3786 1.01748 5224 1.03158 9925 1.05041 7974 0

300 350 4Ø0 450 500 550

00 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 90
5 0.09353 4894 0.09606 0073 0.09914 2353 0.10287 9331 0.10740 5819 0.11291 2907 85

10 0.18636 3367 0.19139 9811 0.19754 9961 0.20501 0420 0.21405 3194 0.22506 4618 80
15 0.27778 4006 0.28530 3629 0.29449 2321 0.30564 8349 0.31918 5434 0.33569 3043 75
20 0.36710 5393 0.37706 5455 0.38924 7478 0.40405 4995 0.42204 9614 0.44403 4769 70

25 0.45365 1078 0.46599 3521 0.48110 6437 0.49950 2749 0.52189 9092 0.54932 5515 65
30 0.53676 4494 0.55141 5176 0.56937 7735 0.59127 8602 0.61799 6720 0.65080 1843 60
35 0.61581 3814 0.63268 1725 0.65339 2178 0.67868 8658 0.70961 8904 0.74770 4387 55
40 0.69019 6708 0.70917 3264 0.73250 7761 0.76106 3101 0.79606 0581 0.83928 2749 50
45 0.75934 4980 0.78030 3503 0.80611 4729 0.83776 1607 0.87664 1114 0.92480 2089 45

50 0.82272 9031 0.84552 4503 0.87364 0739 0.90817 9128 0.95071 1025 1.00355 1297 40
55 0.87986 2121 0.90433 1298 0.93455 6042 0.97175 1955 1.01765 9399 1.07485 2509 35
60 0.93030 4365 0.95626 6326 0.98837 8598 1.02796 3895 1.07692 1759 1.13807 1621 30
65 0.97366 6431 1.011092 3589 1.03467 8996 1.07635 2410 1.12798 8100 1.19262 9342 25
70 1.00961 2870 1.03795 2481 1.07308 5074 1.11651 4503 1.17041 0792 1.23801 2299 20

75 1.03786 5044 1.06706 1179 1.10328 6100 1.14811 2152 1.20381 2008 1.27378 3626 15
80 1.05820 3585 1.08801 9556 1.12503 6391 1.17087 7087 1.22789 0346 1.29959 2533 10
85 1.07047 0366 1.10066 1511 1.13815 8265 1.18461 4727 1.24242 6337 1.31518 2322 5
90 1.07456 9932 1.10488 6686 1.14254 4218 1.18920 7115 1.24728 6586 1.32039 6454 0

60° 65° 70° 75° 80° 85° f
00 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 0.00000 0000 90

5 0.11968 1778 0.12814 8474 0.13904 1489 0.15372 0475 0.17522 3596 0.21321 7690 85

10 0.23861 4577 0.25558 9564 0.27747 6571 0.30706 5715 0.35063 9262 0.42844 3440 80
15 0.35604 4091 0.38160 3032 0.41467 2740 0.45960 9511 0.52633 5260 0.64743 4941 75
20 0.47120 6153 0.50544 4270 0.54994 7578 0.61082 7702 0.70219 9693 0.87146 4767 70

25 0.58332 3727 0.62633 5361 0.68254 9331 0.76005 8920 0.87783 8622 1.10111 6239 65
30 0.69160 6043 0.74345 9784 0.81164 3704 0.90647 6281 1.05251 4778 1.33612 3616 60

35 0.79525 0355 0.85596 1570 0.93630 8263 1.04907 2506 1.22511 1680 1.57526 8297 55
40 0.89344 6594 0.96294 9380 1.05553 5305 1.18666 0037 1.39412 6403 1.81633 9939 50
45 0.98538 4972 1.06350 5669 1.16824 3466 1.31788 6740 1.55769 2334 2.05616 7815 45

50 1.07026 6403 1.15670 0687 1.27329 7730 1.44126 6644 1.71363 1283 2.29072 3417 40

55 1.14731 5349 1.24161 0747 1.36953 6895 1.55522 4175 1.85953 2258 2.51529 0558 35
60 1.21579 4546 1.31733 9855 1.45580 7011 1.65814 9352 1.99285 2358 2.72469 4161 30

65 1.27502 0900 1.38304 3549 1.53099 8883 1.74846 0610 2.11103 3523 2.91357 4159 25

70 1.32438 1718 1.43795 3601 1.59408 7380 1.82467 1332 2.21162 7685 3.07668 6743 20

75 1.36335 0417 1.48140 2159 1.64417 0149 1.88545 5864 2.29242 2061 3.20921 2227 15
80 1.39150 0813 1.51284 3876 1.68050 3336 1.92971 0721 2.35155 6149 3.30704 7313 10

85 1.40851 9209 1.53187 4716 1.70253 2036 1.95660 6998 2.38762 2438 3.36705 9918 5

90 1.41421 3562 1.53824 6269 1.70991 3565 1.96563 0511 2.39974 3837 3.38728 7004 0



/secu
90°-° a=arcsin -.J,z 1m) =75n(t'&)

In calculating elliptic functions from theta functions, when the modular angle exceeds about 60°, use the

descending Landen transformation 16.12 to induce dependence on a smaller modular angle.

0° 5° 10° 15° 20° 25°
0° 1 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 90
5 1 1.00001 44942 1.00005 83670 1.00013 28199 1.00023 99605 1.00038 29783 85

io i 1.00005 75362 1.00023 16945 1.00052 72438 1.00095 25510 1.00152 02770 80
15 1 1.00012 78184 1.00051 47160 1.00117 12875 1.00211 61200 1.00337 73404 75
20 1 1.00022 32051 1.00089 88322 1.00204 53820 1.00369 53131 1.00589 77438 70

25 1 1.00034 07982 1.00137 23717 1.00312 29684 1.00564 21475 1.00900 49074 65
30 1 1.00047 70246 1.00192 09464 1.00437 13049 1.00789 74700 1.01260 44231 60
35 1 1.00062 77451 1.00252 78880 1.00575 24612 1.01039 27539 1.01658 69227 55
40 1 1.00078 83803 1.00317 47551 1.00722 44718 10l3O5 21815 1.02083 14013 50
45 1 1.00095 40492 1.00384 18928 1.00874 26104 1.01579 49474 1.02520 88930 45

50 1 1.00111 97181 1.00450 90305 1.01026 07491 1.01853 77143 1.02958 63905 40
55 1 1.00128 03532 1.00515 58975 1.01173 27599 1.02119 71444 1.03383 08852 35
60 1 1.00143 10738 1.00576 28392 1.01311 39167 1.02369 24323 1.03781 34098 30
65 1 1.00156 73002 1.00631 14139 1.01436 22536 1.02594 77596 1.04141 29561 25
70 1 1.00168 48932 1.00678 49535 1.01543 98405 1.02789 45992 1.04452. 01522 20

75 1 1.00178 02800 1.00716 90696 1.01631 39354 1.02947 37972 1.04704 05862 15
80 1 1.00185 05621 1.00745 20912 1.01695 79795 1.03063 73701 1.04889 76746 10
85 1 1.00189 36042 1.00762 54187 1.01735 24037 1.03134 99632 1.05003 49895 5
90 1 1.00190 80984 1.00768 37857 1.01748 52237 1.03158 99246 1.05041 79735 o

30° 35° 40° 45° 50° 55°
00 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 90°
5 1.00056 64294 1.00079 66833 1.00108 26253 1.00143 67802 1.00187 71775 1.00243 05914 85

lo 1.00224 85079 1.00316 25308 1.00429 76203 1.00570 35065 1.00745 17850 1.00964 88003 80
15 1.00499 51300 1.00702 56701 1.00954 73402 1.01267 06562 1.01655 47635 1.02143 61311 75
20 1.00872 28461 1.01226 87413 1.01667 23379 1.02212 67193 1.02891 00179 1.03743 56974 70

25 1.01331 83978 1.01873 24599 1.02545 62012 1.03378 46028 1.04414 27466 1.05716 29130 65
30 1.01864 21583 1.02622 04548 1.03563 21191 1.04729 03271 1.06179 07561 1.08002 00285 60
35 1.02453 23743 1.03450 52308 1.04689 09786 1.06223 37524 1.08131 84270 1.10531 40947 55
40 1.03081 00797 1.04333 50787 1.05889 07481 1.07816 10137 1.10213 29153 1.13227 78297 50
45 1.03728 45330 1.05244 17208 1.07126 68617 1.09458 82886 1.12360 21058 1.16009 27802 45

50 1.04375 90125 1.06154 84606 1.08364 32917 1.11101 64844 1.14507 37802 1.18791 40899 40
55 1.05003 67930 1.07037 85902 1.09564 39724 1.12694 63970 1.16589 54205 1.21489 61356 35
60 1.05592 71242 1.07866 37978 1.10690 42279 1.14189 38846 1.18543 40490 1.24021 82552 30
65 1.06125 10260 1.08615 23221 1.11708 18582 1.15540 45920 1.20309 54999 1.26310 97835 25
70 1.06584 67280 1.09261 66042 1.12586 75438 1.16706 77783 1.21834 25328 1.28287 36204 20

75 1.06957 45853 1.09786 02047 1.13299 42539 1.17652 88244 1.23071 12287 1.29890 75994 15
80 1.07232 13226 1.10172 37756 1.13824 53698 1.18350 00363 1.23982 51648 1.31072 29838 10
85 1.07400 34764 1.10408 99048 1.14146 12760 1.18776 94140 1.24540 69243 1.31795 95033 5
90 1.07456 99318 1.10488 66859 1.14254 42177 1.18920 71150 1.24728 65857 1.32039 64540 0

60° 65° 70° 75° 80° 85°
00 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 1.00000 00000 90°
5 1.00313 85295 1.00406 92257 1.00534 44028 1.00720 88997 1.01026 06485 1.01663 88247 85

10 1.01245 94672 1.01615 50083 1.02121 95717 1.02862 79374 1.04076 43440 1.06618 38299 80
15 1.02768 16504 1.03589 51569 1.04715 56657 1.06363 90673 1.09068 07598 1.14751 59063 75
20 1.04834 57003 1.06269 75825 1.08238 38086 1.11122 86903 1.15864 11101 1.25875 62174 70

25 1.07382 76019 1.09575 73598 1.12585 71388 1.17001 24008 1.24276 19421 1.39725 25218 65
30 1.10335 71989 1.13408 00433 1.17627 97795 1.23826 96285 1.34068 05139 1.55957 26706 60
35 1.13604 11010 1.17651 06705 1.23214 31946 1.31398 80140 1.44960 33094 1.74151 57980 55
40 1.17088 93642 1.22176 77148 1.29176 91861 1.39491 71251 1.56636 90138 1.93815 19599 50
45 1.20684 51910 1.26848 10938 1.35335 85717 1.47863 07744 1.68752 66770 2.14389 95792 45

50 1.24281 67937 1.31523 31927 1.41504 43413 1.56259 67789 1.80942 88493 2.35264 71220 40
55 1.27771 04815 1.36060 17261 1.47494 78592 1.64425 25175 1.92833 82823 2.55792 12198 35
60 1.31046 39783 1.40320 31647 1.53123 64694 1.72108 41609 2.04054 54606 2.75309 84351 30
65 1.34007 89457 1.44173 53793 1.58218 06891 1.79070 70015 2.14249 29245 2.93165 25995 25
70 1.36565 16965 1.47501 81348 1.62620 90720 1.85094 39670 2.23090 12139 3.08742 47870 20

75 1.38640 11169 1.50203 00916 1.66195 87940 1.89989 92030 2.30289 04563 3.21489 91220 15
80 1.40169 28947 1.52194 10514 1.68832 00831 1.93602 35909 2.35609 12550 3.30946 52989 10
85 1.41105 92570 1.53413 83232 1.70447 27784 1.95816 92561 2.38873 86793 3.36764 82512 5
90 1.41421 35624 1.53824 62687 1.70991 35651 1.96563 05108 2.39974 38370 3.38728 70037 0
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- In(u)=-f(ei\c
In calculating elliptic functions from theta functions, when the modular angle exceeds about
60°, use the descending Landen transformation 16.12 to induce dependence on a smaller mod-
ular angle.

0°

00

5°

00

loo

00

15°
00

20°
00

25°
00 900

5 11.43005 11.40829 11.34306 11.23449 11.08275 10.88811 85
10 5.67128 5.66049 5.62812 5.57427 5.49902 5.40253 80
15 3.73205 3.72495 3.70365 3.66823 3.61876 3.55536 75
20 2.74748 2.74225 2.72658 2.70051 2.66414 2.61756 70

25 2.14451 2.14043 2.12820 2.10787 2.07952 2.04325 65
30 1.73205 1.72875 1.71888 1.70248 1.67962 1.65041 60
35 1.42815 1.42543 1.41729 1.40378 1.38497 1.36096 55
40 1.19175 1.18949 1.18270 1.17143 1.15577 1.13581 50
45 1.00000 0.99810 0.99240 0.98296 0.96985 0.95315 45

50 0.83910 0.83750 0.83273 0.82481 0.81383 0.79987 40
55
60

0.70021
0.57735

0.69888
0.57625

0.69489
0.57297

0.68830
0.56754

0.67915
0.56001

0.66754
0.55047

35
30

65 0.46631 0.46542 0.46277 0.45839 0.45232 0.44464 25
70 0.36397 0.36328 0.36121 0.35779 0.35306 0.34708 20

75 0.26795 0.26744 0.26592 0.26340 0.25992 0.25553 15
80 0.17633 0.17599 0.17499 0.17334 0.17105 0.16816 10
85
90

0.08749
0.00000

0.08732
0.00000

0.08683
0.00000

0.08600
0.00000

0.08487
0.00000

0.08344
0.00000 5

O

60° 65° 70° 75° 80° 85° a/ei
00 00 00 00 00 00 900

8.32941 7.78200 7.17654 6.49756 5.71041 4.71263 85
10 4.13843 3.86930 3.57238 3.24056 2.85790 2.37760 80
15 2.72935 2.55490 2.36323 2.15026 1.90678 1.60605 75
20 2.01530 1.88950 1.75208 1.60057 1.42943 1.22261 70

25 1.57876 1.48308 1.37931 1.26603 1.13996 0.99169 65
30 1.28047 1.20552 1.12492 1.03795 0.94288 0.83453 60
35 1.06066 1.00096 0.93737 0.86969 0.79715 0.71737 55
40 0.88940 0.84:142 0.79086 0.73784 0.68225 0.62344 50
45 0.75000 0.71131 0.67101 0.62941 0.58682 0.54358 45

50 0.63242 0.60125 0.56918 0.53662 0.50411 0.47247 40
55 0.53023 0.50526 0.47987 0.45454 0.42988 0.40690 35
60 0.43911 0.41932 0.39943 0.37992 0.36140 0.34488 30
65 0.35605 0.34063 0.32532 0.31054 0.29684 0.28513 25
70 0.27885 0.26719 0.25574 0.24484 0.23497 0.22685 20

75 0.20584 0.19749 0.18935 0.18170 0.17490 0.16949 15
80 0.13572 0.13034 0.12512 0.12026 0.11601 0.11272 10
85 0.06742 0.06478 0.06224 0.05988 0.05784 0.05628 5
90 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0

30° 35° 40° 45° 50° 55° cx/e
00 00 00 00 00 00 00 900
5 10.65083 10.37113 10.04914 9.68479 9.27764 8.82657 85

10 5.28496 5.14645 4.98711 4.80696 4.60585 4.38332 80
15 3.47816 3.38730 3.28290 3.16502 3.03365 2.88859 75
20 2.56090 2.49430 2.41789 2.33179 2.23605 2.13062 70

25 1.99919 1.94749 1.88828 1.82172 1.74793 1.66695 65
30 1.61498 1.57348 1.52607 1.47292 1.41419 1.35001 60
35 1.33189 1.29791 1.25919 1.21591 1.16828 1.11647 55
40 1.11167 1.08352 1.05154 1.01592 0.97687 0.93462 50
45 0.93301 0.90958 0.88302 0.85355 0.82139 0.78b79 45

50 0.78307 0.76355 0.74151 0.71714 0.69066 0.66232 40
55 0.65359 0.63743 0.61923 0.59918 0.57749 0.55441 35
60 0.53902 0.52579 0.51093 0.49462 0.47705 0.45846 30
65 0.43543 0.42482 0.41292 0.39991 0.38595 0.37125 25
70 0.33992 0.33169 0.32248 0.31242 0.30168 0.29042 20

75 0.25028 0.24424 0.23751 0.23017 0.22235 0.21419 15
80 0.16471 0.16076 0.15634 0.15155 0.14645 0.14114 10
85
90

0.08173
0.00000

0.07977
0.00000

0.07759
0.00000

0.07522
0.00000

0.07270
0.00000

0.07009
0.00000

5
o
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Table 16.2 LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS

f- 1nts(n)=J(&



JACOBIAN ELLIPTIC FUNCTIONS AND THETA FUNCTIONS

LOGARITHMIC DERIVATIVES OF THETA FUNCTIONS Table 16.2
d
T ln6(u)=y@'a)

- 1n'j(u)=-9(1\U)

In calculating elliptic functions from theta functions, when the modular angle exceeds about
60°, use the descending Landen transformation 16.12 to induce dependence on a smaller mod-
ular angle.

585

30° 35° 40° 45° 50° 550 a/
00 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 9Q0
5 0.012059 0.016511 0.021734 0.027787 0.034760 0.042791 85

lo 0.023711 0.032444 0.042671 0.054498 0.068087 0.083685 80
15 0.034569 0.047248 0.062057 0.079124 0.098650 0.120939 75
20 0.044277 0.060427 0.079221 0.100783 0.125308 0.153099 70

25 0.052528 0.071558 0.093605 0.118758 0.147169 0.179081 65
30 0.059074 0.080308 0.104784 0.132533 0.163627 0.198206 60
35 0.063730 0.086442 0.112477 0.141791 0.174358 0.210188 55
40 0.066384 0.089827 0.116544 0.146411 0.179298 0.215082 50
45 0.066987 0.090424 0.116978 0.146447 0.178606 0.213212 45

50 0.065561 0.088287 0.113888 0.142097 0.172615 0.205102 40
55 0.062183 0.083549 0.107483 0.133678 0.161784 0.191402 35
60 0.056989 0.076408 0.098051 0.121592 0.146658 0.172831 30
65 0.050157 0.067122 0.085943 0.106302 0.127835 0.150136 25
70 0.041905 0.055989 0.071553 0.088310 0.105932 0.124058 20

75 0.032483 0.043344 0.055309 0.068143 0.081578 0.095321 15
80 0.022163 0.029545 0.037660 0.046339 0.055395 0.064622 10
85 0.011235 0.014968 0.019067 0.023443 0.028000 0.032631 5
90 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0

60° 65° 70° 75° 80° 85° A
00 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 90°
5 0.052098 0.063034 0.076222 0.092860 0.115687 0.153481 85

10 0.101680 0.122704 0.147856 0.179233 0.221544 0.289421 80
15 0.146471 0.176024 0.210938 0.253725 0.309882 0.395712 75
20 0.184635 0.220691 0.262588 0.312762 0.376371 0.467893 70

25 0.214885 0.255225 0.301193 0.354775 0.420046 0.507818 65
30 0.236514 0.278976 0.326329 0.379918 0.442452 0.520777 60
35 0.249349 0.292010 0.338517 0.389553 0.446532 0.512966 55
40 0.253651 0.294931 0.338908 0.385698 0.435687 0.490013 50
45 0.250000 0.288691 0.328990 0.370590 0.413176 0.456422 45

50 0.239181 0.274426 0.310353 0.346389 0.381811 0.415539 40
55 0.222085 0.253326 0.284538 0.315020 0.343874 0.369741 35
60 0.199639 0.226549 0.252950 0.278119 0.301140 0.320668 30
65 0.172751 0.195171 0.216820 0.237026 0.254956 0.269431 25
70 0.142285 0.160167 0.177204 0.192823 0.206331 0.216780 20

75 0.109049 0.122405 0.134996 0.146375 0.156015 0.163217 15
80 0.073794 0.082664 0.090960 0.098382 0.104574 0.109083 10
85 0.037222 0.041645 0.045763 0.049423 0.052449 0.054618 5
90 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 0

0° 5° 10° 15° 20° 25° 'y
00 0.000000 0.000000 0.000000 0.000000 0.000000 90°
5 0.000331 0.001324 0.002984 0.005318 0.008337 85

lo 0.000651 0.002607 0.005875 0.010466 0.016401 80
15 0.000952 0.003811 0.008583 0.015283 0.023933 75
20 0.001224 0.004897 0.011024 0.019616 0.030690 70

25 0.001458 0.005833 0.013124 0.023332 0.036462 65
30 0.001649 0.006591 0.014819 0.026318 0.041075 60
35 0.001788 0.007147 0.016057 0.028487 0.044394 55
40 0.001874 0.007486 0.016804 0.029776 0.046332 50
45 0.001903 0.007596 0.017037 0.030154 0.046846 45

50 0.001873 0.007476 0.016753 0.029616 0.045938 40
55 0.001787 0.007129 0.015962 0.028185 0.043654 35
60 0.001647 0.006566 0.014691 0.025912 0.040077 30
65 0.001457 0.005805 0.012979 0.022871 0.035328 25
70 0.001222 0.004868 0.010879 0.019154 0.029556 20

75 0.000951 0.003786 0.008455 0.014877 0.022935 15
80 0.000650 0.002589 0.005780 0.010165 0.015661 10
85 0.000330 0.001314 0.002933 0.005157 0.007942 5
90 0.000000 0.000000 0.000000 0.000000 0.000000 0
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17.1. Definition of Elliptic Integrals

If R(x, y) is a rational function of x and y,

where y2 is equal to a cubic or quartic polynomial
in z, the integral
17.1.1 fn (z, y)dx

is called an elliptic integrai.
The elliptic integral just defined can not, in

general, be expressed in terms of elementary
functions.

Exceptions to this are
when R(x, y) contains no odd powers of y.
when the polynomial y2 has a repeated factor.

We therefore exclude these cases.
By substituting for y2 and denoting by p8(x) a

polynomial in z we get 2

R' p1(x)+yp2(x)
'p3(x) +yp4(x)

_[pi(x) +yp2(x)1 [p3(X) 4(X)]

- {[p3(x)]2y2[p4(x)12J y

p5(X)+ypo(x) R(x)
yp7(x) y

where R1(x) and R2(z) are rational functions of x.
Hence, by expressing R2(x) as the sum of a poly-
nomial and partial fractions

JR (z, y)dx=fR1 (x)dx+TAfzy-'dx

+8Bf[ (xc)'y] 1dx

Reduction Formulae
Let

17.1.2

y2=ax4+a1x+a2x2+a3z+a4 (laoI+ai! O)
=bo(xc)4+bj(xc)3+b2()2+b3(xc) H-b4

(jb0I+ b1J O)

17.1.3 18=f x8y'dx, J8=f[y(xc) 8]1dx

By integrating the derivatives of yx8 and
y(xc) we get the reduction formulae
17.1.4

(s+2)aoI1+3+aa(2e+3)I1+2+a2(s+ 1)I
+a3(2s+1)Ii+sa4I8_1=xy (s=0, 1, 2, .

2See [17.71 22.72.

17. Elliptic Integrals
Mathematical Properties

17.1.5

(2s)boJ83+ b (3 2s)J8_2+b2(1 s)J3_.1
+ b3(1 28)J3sb4J31 =y(zc)

(s=l, 2, 3,

By means of these reduction formulae and cer-
tain transformations (see Examples 1 and 2)
every elliptic integral can be brought to depend
on the integral of a rational function and on three
canonical forms for elliptic integrals.

17.2. Canonical Forms

Definitions
17.2.1

m=sin2 a; m is the parameter,
a is the modular angle

17.2.2 x=siu =sn u

17.2.3 cos =cn u

17.2.4

(1m sin2 ,)1=dn u=(), the delta amplitude

17.2.5 =arcsin (sn u)=am u, the amplitude

Elliptic Integral of the First Kind

17.2.6 F(\a) =F(çolm) =5
ça

sin2 a sin2 O) dO

17.2.7
JX[(2) (1mt2)]dt

dw=u

Elliptic Integral of the Second Kind

17.2.8 E(ço\a)=E(ujm)=fX(1 - t2) -i(1 - mt2)1dt

17.2.9 =f(1_sin2a sin2 o)*dO

17.2.10 =1 dn2wdw
Jo

17.2.11 =miu+mfcn2wdw

589
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17.2.12
ECAa)u_mf U

sn2wdw

ir (u/2K) E(m)u
17.2.13 -2K(m) 4(u/2K)+ K(m)

(For theta functions, see chapter 16.)

Elliptic Integral of the Third Kind
17.2.14

ll(n»p\a)=J
(1n sin2 O)' [1_sin2 a sin2 O]2dO

o

If x=sn (ulm),

17.2.15
"z

IL(n; u!m)=J (int2)1[(l---t2)(lmt2)]2dto

17.2.16 (1nsn2 (wlm))'dw

The Amplitude 'p

17.2.17 =am u=arcsin (sn u)=arcsm z

can be calculated from Tables 17.5 and 4.14.

The Parameter m

Dependence on the parameter m is denoted by a
vertical stroke preceding the parameter, e.g.,
F(çojm).

Together with the parameter we define the
complementary parameter mj by

17.2.18 m+m1=1

When the parameter is real, it can always be
arranged, see 17.4, that Om1.

The Modular Angle a

Dependence on the modular angle a, defined in
terms of the parameter by 17.2.1, is denoted by a
backward stroke \ preceding the modular angle,
thus E(i\a). The complementary modular angle
is ir/2a or 90°a according to the unit and
thus m1=sin2 (90°a)=cos2 a.

The Modulus k

In terms of Jacobian elliptic functions (chapter
16), the modulus k and the complementary
modulus are defined by

17.2.19 k=ns (K+iK'), k'=dn K.
They are related to the para:meter by k2=m,

k'2==m1.
Dependence on the modulus is denoted by a

comma preceding it, thus ll(n; u, k).

ELLIPTIC INTEGRALS

In computation the modulus is of minmal im-
portance, since it is the parameter and its comple-
ment which arise naturally. The parameter and
the modular angle will be employed in this ¿hapter
to the exclusion of the modulus.

The Characteristic n

The elliptic integral of the third kind depends
on three variables namely (i) the parameter,
(ii) the amplitude, (iii) the characteristic n.
When real, the characteristic may be any number
in the interval (_, ). The properties of the
integral depend upon the location of the charac-
teristic in this interval, see 17.7.

17.3. Complete Elliptic Integrals of the First
and Second Kinds

Referred to the canonical forms of 17.2, the ellip-
tic integrals are said to be complete when the
amplitude is ir and so x=i. These complete in-
tegrals are designated as follows

17.3.1

{K(m) }__rK__f [(1 t2) (1mt2) ]-1'2dt
r/2

= I (1m sin2 O)'/2cl0
Jo

17.3.2 K=F(irlm)F@ir\a)

17.3.3

E{K(m) ]=E=f'(l - t2) 1/2(1 mt2) "2dt

=J (1m sin2 O)"2d0
o

17.3.4 E=E[K(m)]=E(m)=E(pr\a)

We also define

17.3.5

K' =K(m1) =K(1 m)=j (1m1 sin2 O) "2d0
o

17.3.6 K'=F(.irlmj)_F(+.ir\ir---a)

17.3.7
' T/2

E' =E(m1) =E(1 - m) =J (1m1 sin2 O) "2d0
o

17.3.8 E' =E[K(m1) ]=E (m1) =E(r\ra)

K and iK' are the "real" and "imaginary"
quarter-periods of the corresponding Jacobian
elliptic functions (see chapter 16).



Relation to the Hypergeometric Function
(see chapter 15)

17.3.9 K=irF(, ; i; m)
17.3.10 E_irF(, ; 1; m)

Infinite Series
17.3.11

K(m)=ir [i+()2 m+(_)2 m

(ImKl)
17.3.12

i r f1\2m fi.3\2m2
E(m)=7rLl_) Fi2.4)

¡1.3.5\2 m3

\2.46) 5
Legendre's Relation

17.3.13 EK'+E'KKK'= ir

Auxiliary Function

17 .3. 14
K'(m)

m

17.3.15 m=1 16 exp [ir(K(m) +L(m))IK'(m)]

17.3.16 m=16 exp [ir(K'(rri,)+L(mi))/K(m)J

The function L(m) is tabulated in Table 17.4.

q-Series

The Nome q and the Complementary Nome q1

17.3.17 q=q(m)=exp [irK'/K}
17.3.18 q1=q(m1)=exp [irK/K']

i i
17.3.19 in - in ir2q q1

17.3.20

- =(ir log10 e)2=1.86152 28349 to bDlog10 log10
q1

17.3.21

1m3q=exp [irK'/K]=+8 ()2+84 (j-)

+992 (jml<1)
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17.3.34

K(m) =-[ao+a1m1+ ... +a4mfl+[b0+ b1m1+..
+b4mfl In (i/ml)+e(m)

k(m)I2X108

The approximations 17.3.33-17.3.36 are from C. Has-
tings, Jr., Approiimations for Digital Computers, Prince-
ton Univ. Press, Princeton, N. J. (with permission).

a0=1.38629 436112 b0= .5
a1= .09666 344259 b1=.12498 593597
a2= .03590 092383 b2=.06880 248576
a3= .03742 563713 b3=.03328 355346
a4= .01451 196212 b4=.00441 787012

k(m)I 3X105
a0=1.38629 44
a1= .11197 23 b1=.12134 78
a2= .07252 96 b2=.02887 29

17.3.22 K=4ir+21r ±
17.3.23

Ei=- (1 + m1) + (inK)2 [1/12_2 E q(i - q25)_2]

17.3.24 am u=v+ 2q5 sin 2v
ai s(l+q2) where v=iru/(2K)

Limiting Values

17.3.25 hm K' (EX) =0
m-0

17.3.26 hm [Ki In (16/m1)J=O
m-+1

17.3.27 hm m'(KE)=iini m(E m1K) =irf4
m-90 m-40

17.3.28 hm q/m=him q1/m1=1/16
m-40 mi-41

Alternative Evaluations of K and E (see also 17.5)

17.3.29

K(m) =2[1 +m'2]'-K[ (i - m2)/(i + mV2) ]2

17.3.30

E(m) = (1 +mI'2)E([(1 - m!12)/(1 + mu/2) ]2)

2mf'2(i + mV2) 'K([ (1 mV2)/(1 + m'2)]2)

17.3.31 K(a) =2F(arctan (sec1'2 a)\a)

17.3.32 Ej(a) =2E(arctan (sedI2 a)\a) 1 +cos a

Polynomial Approximations (O m< 1)
17.3.33

K(m) = [ao+aj m1 +a2mfl + [bo+bimi
+b2m] in (1/mi)+«m)

11
(lmI<1)



Io

.6

:_ E=E(90\a)

1.5

.4

.2

F

0 0° 20° 30° 400 50° 60° 70° 80° 90°

FIGURE 17.1. Complete elliptic integral of the first
kind.

EE(90°\90°-a)

0° 0° 20° 300 40° 500 60° 70° 80° 90°

FIGURE 17.2. Complete elliptic integral of the
second kind.

17.3.35

E(m)=[1+ajmi+a2m]+[b1m1+b2mfl in (1/rn1)

+6(m)

(m)l<4X105

17.3.36

+a4mfl+{bimi+
+b4mfl in (1/m1)+(m)

6(m)I<2x1O

17.4. Incomplete Elliptic Integrals of the First
and Second Kinds

Extension of the Tables
Negative Amplitude

17.4.1 F(oIm)=F(Im)
17.4.2 E(Im)=E(m)

Amplitude of Any Magnitude

17.4.3 F(sir±e'Im)=2sK±F(çoIm)

17.4.4 E(u+2K) =Eu)+2E
17.4.5 E(u+2iK') =E(u) +2iK'E')
17.4.6

E(u+2mK+2niK') =E(u) + 2mE+2ni(K'E')

17.4.7 E(Ku)=EE(u)+msn ucd u
Imaginary Amplitude

If tan O=sinh

17.4.8 F(i\a) =iF(0\jira)
17.4.9

E(i\a) = iE(0\ira)+îF(0\ra)
+i tan 0(1cos2 a sin2 0)1

Jacobi's Imaginary Transformation

17.4.10

E(iujm) =i[u+ dn(uImi)sc(ujmi) E(uImi)]

Complex Amplitude

17.4.11 F(ço+itim) =F(Xjm) +iF(MIml)

a1=.44325 141463 b1=.24998 368310
a2==.06260 601220 b2=.09200 180037
a3=.04757 383546 ò3=.04069 697526
a4=.01736 506451 b4=.00526 449639

a1=.46301 51 b1=.24527 27
a2=.10778 12 b2=.04124 96
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where cot2 X is the positive root of the equation
x2[cot2 +m sinh' csc2m1]xm1 cot2ç,=O
and m tan2 =tan2ço cot2X-1.

17.4.12

E(çô+i,t'\a) r=E(X\a) iE(j.i\90°a)

where

b1=sin2 a sin X cos X j2 j(1sin2 a sin2 X)4

b2=(1 sin2 a sifl2 X)(1cos2 a sin2 sin ¿. cos ¿.

b3=cos2 +sin2 a sin2 X sin2

Amplitude Near to rf2 (see also 17.5)

If cos a tan tan ('=1

17.4.13 F(\a) +F&'\a) =F(ir/2\a) =K

17.4.14

E(\a) +E('P\a) =E(ir/2\a) +sin2a sin4 sin'

Values when is near to w/2 and m is near to unity
can be calculated by these formulae.

90°
2.4-

800

2.2 -

2.0

bi+ib2+iFCu\90°a)+
b3
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10°

I. a
IO 20 30 40 50 60 10 80 90

FIGURE 17.3. Incomplete elliptic integral of the
first kind.

F(ço\a), 'constant

Parameter Greater Than Unity

17.4.15 F(çom)=mF(OInr'), sin O=m1 sin

17.4.16 E(ujm) =mlE(umm1) (m 1)u

by which a parameter greater than unity can be
replaced by a parameter less than unity.

Negative Parameter
17.4.17

F(m)=(1 +m)K(m(1 +m))

_(1+m)lF(_çoI m(1+m)1)
17.4.18

E(uIm)=(1 +m)lfE(u(1+m)lIm(m+ 1y1)

m(1 +m)sn(u(1 +m)11m(1 +m))

cd('u(l +m)Im(1 +rn)') }

whereby computations can be made for negative
parameters, and therefore for pure imaginary
modulus.

FIlp\aI

2.4

2.2

2.0

I.e

1.6

.4

1.2

¡.0

o

0=90°

60°
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10° 20° 30° 400 50° 600 70° 80° 90°

FIGURE 17.4. Incomplete elliptic integral of the
first kind.

a constant

00

60
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(p'- 90'

24°

22°

20°

6

14

2

0° 2d' 300 40° 500 600 70° 80° 90°

F(çc\a)
FIGURE 17.5. _9O0

K a constant.

E(p\a)

16

.4

.2

LO

.8 -

.6 -

.4 -

2

O
I I I I I I I I

0° IO' 20° 30° 40' 50° 60' 70° 80° 90°

FIGURE 17.6. Incomplete elliptic integral of the
second kind.

E(o\a), constant

17.4.19

17.4.20

0°

Special Cases

ça

F(içc\O) =iça
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E(p\a)

.6

p.90°
80°
70°
60°

50°

40°

30°

20°

IO'

.4
45'

.2 60'

75,
.0

00

FIGURE

90°

17.4.23

17.4.24

17.4.25

17.4.26

IO'

a 'o

9O

30'

20' 30° 40° 50' 600 70° 800 9O

17.7. Incomplete elliptic integral of the
second kind.

a constant

FIGURE 17.8. 9Ø0 E(çAa)
ça, a constant.

17.4.21

F(çc\90°) =ln (sec ça+ tan .ça) =ln tan (+)

17.4.22 F(ip\9O°) =i aretan (sinh ça)

E(ça\O) = ça

E(iça\O) riç

E(ço\90°)sin ça

E(iço\90°)=i sinh ça



Jacobi's Zeta Function

17.4.27 Z(ço\a) = E(\a) - E(a)F(o\a)/K(a)

17.4.28 Z(ulm)=Z(u) =rE(u) nE(m)/K(m)

17.4.29 Z(u)-- Z(u)
17.4.30 Z(u +2K) =Z('u)

17.4.31 Z(K'u)= Z(K+u)
17.4.32 Z(u)=Z(uK)msn(uK)cd(uK)

Special Values

17.4.33 Z(ø)=0
17.4.34 Z(u!1)=tanh u

Addition Theorem
17.4.35

Z(u + y) = Z('u) + Z(v) - msn 'u Sn V sn (u + y)

Jacobi's Imaginary Transformation
17.4.36

iZ(iu! m) =Z('uj m1) +2KK dn(uI m1)sc(u m1)

Relation to Jacobi's Theta Function

17.4.37 Zu=O'(u)/0(u)=-1n 0u)

q-Series

17.4.38 Z(u)=Ê q(1q2)1 sin (irsu/K)

K(a)Z \a)

75

60

0° 0° 20° 30° 40° 50° 600 700 80° 9 'p

FIGURE 17.9. Jacobian seta function K(a)Z(ço\a).
°See page 11.

273-888 0-67-39

Heuman's Lambda Function
17.4.39

F(\9Ø°a) +2 K(a)Z(,\90°a)K'(a) ir

17.4.40 = { K(a) E(\90°a)ir

[K(a) E(a)]F(p\90°a))
A0 (p\a}

.9

.8

o i j

00 0° 20° 30° 40° 50° 60°

a 75°

30

'5.

5.

*
p a

70° 80° 90°

FIGURE 17.10. Heuman's lambda function Ao(ç\a).

Numerical Evaluation of Incomplete Integrals of the
First and Second Kinds

For the numerical evaluation of an elliptic
integral the quartic (or cubic 4) under the radical
should first be expressed in terms of t2, see
Examples 1 and 2. In the resulting quartic there
are only six possible sign patterns or combinations
of the factors namely

(t2-+-a2) (t2-!- b2), (a2 t2) (t2 b2),
(a2t2) (b2t2), (t2a2)(t2--b2), (t2+a2) (t2b2),

(t2+a2) (b2t2).
The list which follows is then exhaustive for

integrals which reduce to F(ç\a) or
The value of the elliptic integral of the first

kind is also expressed as an inverse Jacobian
elliptic function. Here, for example, the notation
u=sn1x means that x=sn u.

The column headed "t substitution" gives the
Jacobian elliptic function substitution which is
appropriate to reduce every elliptic integral which
contains the given quartic.

For an alternate treatment of cubics see 17.4.61 and
17.4.70.
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4F(ço\a)

17.4.53
Ç dt x21
ix (1+t4)i x2+1

17.4.54
( dt Fx2

Jo (1+t°)l 1+x2

17.4.55
Ç' dt i

J (t-1)i
17.4.56
f' dt
i (1t4)l

cos

450

450

450

450

Reduction of fdt/-[P where P=P(t) is a cubic
polynomial with three real factors P=
(t-ß,) (t-ß2) (t-ß3) where ßi>ß2>ßa. Write

17.4.61

X (f3, ß)1/2, 2 ß2ßi- m==sin a

m, =cos2 =

17.4.62
dtf

17.4.71
( dt

17.4.72
f dt

XJz

17.4.73
rx dt

XJ_ V(P)
17.4.74

xfxßv(dtp)

-4F(Aa)

17.4.57

rdtr (t31)i
17.4.58f dt
J, (t3--1)*

17.4.59
f' dt

ix (1t3)l
17.4.60fr dt
J - (1 t3)i

F(ça\a)

F(o\a)

F(ç\(90°a°))

F(4o\ (90° a°))

a

150

150

750

75°

Reduction of fdt// when P=P(t)=-t3+a1t2
+a2t+a0 is a cubic polynomial with only one real
root t=ß. We form the first and second deriva-
tives P'(t), P"(t) with respect to t and then write

17.4.70 X2rr[P'(ß)]1/2, m=sin2 a-
[P'(ß)1"2

(z-fi)
COS 'P=Xi+(x_fi)

(z-fi) - X2
COS

(fix) X2
COS

(ß)
CO5

17.5. Landen's Transformation
Descending Landen Transformation'

Let a, a+i be two modular angles such that

17.5.1 (1+sin an+i)(1+eos a)roo2 (a5+,<a)

and let p,,, p,, be two corresponding amplitudes
such that

17.5.2 tan (0,-5)=cos a tan con (c'n+,>con)

The emphasis here is on the modular angle since this
is an argument of the Tables. All formulae concerning
Landen's transformation may also be expressed in terms
of the modulus k=ml=sin a and its complement k'=m

COS a.

is3v
17.4.63

f dt
Xj

F(q,\cs)

F(p\a)

sin2 -

cos2

ß2 ß

(ß2ß3)(fi,x)

17.4.64

f' dtXj
.j:i

F(o,\a)
xfi,

sin2 =xfi2
17.4.65

dt
Jr /P

F(.p\a) cosa z - fi,

17.4.66

f dt F(o\ (90° a0)) sin2Xj

17.4.67
f ßs dt

F(o\ (90° - a°)) - 2fi3Xj

17.4.68
fr dt F(o\ (90° sin2Xj

(fi,ß2)(x----ßa)

17 .4.69

dt F(ço\ (90° - a°)) coo2 = z - fia
Jr ,/-TÍ fifia
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17.5.4 F(ç\a =2
81

(1 +5m a) F(ç\a)

17.5.5 F(p\a)=4' II (1+sin a)
81

17.5.6 4lim ¿F(on\an)lim

17.5.7 K=F(ir\a)=ir il (l+sin a,)

17.5.8 F(4\a =2ir'Kc

17.5.9

E(p\a)F(ço\a) [i_. sin2 a(1+ ai

sin a1 sin a+... +5m a (sin a)Ui sin

+ (sin a1 sin a2)L'2 sin 2+ .
.

17.5.10

E=K[1_ sin2 a (i+ sin ai+ Sin a1 5fl a2

sin a1 sin a2 sin a3 +

Ascending Landen Transformation

Let a,,, ani be two modular angles such that

17.5.11 (1+sin a,,)(l+cos a,,i)=2 (an+i>an)

and let ço,,, n+1 be two corresponding amplitudes

such that

17.5.12 sin(2p1)=sin a,,sln

Thus the step from n to n+ i increases the

modular angle but decreases the amplitude. By
iterating the process we can ascend from a given
modular angle to one whose difference from a right
angle is so small that 17.4.21 becomes applicable.

INTEGRALI

With a0= a we have

17.5.13 F(ço\a) =2(1 +sin a) - 'F(çci\aj)

17. 5.14 F(ç\a) =2 (1 +5m a) F(çô,,\a)

17.5.15 F(\a) = 8=1(1 +cos a3)F(ç,,\a,,)

17.5.16 F(ço\a)=[csc a II sin a3]m in tan (ir+)
81

Neighborhood of a Right Angle (see also 17.4.13)

When both and a are near to a right angle,
interpolation in the table F(o\a) is difficult.
Either Landen's transformation can then be used
with advantage to increase the modular angle and
decrease the amplitude or vice-versa.

17.6. The Process of the Arithmetic-Geometric
Mean

Starting with a given number triple (a3, b0, c0)

we proceed to determine number triples
(a1, b1, e1,), (a2, b2, c2), . . ., (as, bN, CN) according to
the following scheme of arithmetic and geometric

means

17.6.1
a, b,

a1=(ao+bo) b1= (a0bo)1

a2=(a1+b1) b2= (aibi)i

aN=(aN_1+ bN_i) bN= (aN_lbN_1)
co

_1f 1.c1a0u0
_1f i.C2Z a1v1

cN=(aN_ bN_i).
We stop at the Nth step when aN=bN, i.e., when

CN O to the degree of accuracy to which the num-
bers are required.

To determine the complete elliptic integrals
K(a), E(a) we start with

17.6.2 a,=1, b0=cos a, co=sin a

whence

17.6.3 K(co) !_
aN

598 ELLIPPIC

Thus the step from n to n+ 1 decreases the modular
angle but increases the amplitude. By iterating
the process we can descend from a given modular
angle to one whose magnitude is negligible, when
17.4.19 becomes applicable.

With a0=awe have

17.5.3

F(\a)=(1+cos a)'F(1\ai)
=(1+sin ai)F(,j\ai)

17.5.17 =lim ,,

n-3



17.6.4
K(a)E(a)_1 [4+2c+22c+ +2c%}K(a) 2

To determine K'(a), E'(a) we start with

17.6.5 a=1, b=sin a, c=cos a

whence

17.6.6 K'(a)=-r

17.6.7

K'(a)E'(a)l [c2+2c2+22c2+ . . . +2Cq9
K'(a) 2

To calculate F(ço\a), E(p\a) start from 17.5.2
which corresponds to the descending Landen
transformation and determine , , .,
successively from the relation

17.6.8 tan (p8+ip)=(b/a) tan

Then to the prescribed accuracy

17.6.9 F(\a)=/(2'aN) *

17.6.10

Z(\a) E(\a) - (E/K)F(p\a)
* =c1 sin '1+c2 5fl 2+ . .. +C sin -

17.7. Elliptic Integrals of the Third Kind

17.7.1
"ç

11(1?; \a)= f (1n sin2 O)_1(1 sin2 a sin2 O)dO
Jo

17.7.2 II (n; r\a) =11 (n\a)

Case (i) Hyperbolic Case O<n< sin2 a

e=arcsin (n/sin2a)t, Oir
ß=irF(\a)/K(a)

q=q(a)

i=[n(1_n)(sin2 an)']4

17.7.3

JT(n;p\a)=61 [- in [t54(v+ß)/t4(v-ß)]

+Vt ()/ (fi)]

*See page II.

17.7.4

1 4(v+ß)2 s'q(1q2')' sin 2sv sin 2sßin 4(vß) s=

17.7.5

LV/t ß+4 q2(1-2q2 cos 2ß+q4)' sin 2ßö1(ß) 8=1

In the above we can also use Neville's theta
functions 16.36.

17.7.6 ll(n\a) K(a) +Ô1K(a)Z(\a)

Case (ii) Hyperbolic Case n>1

The case n>1 can be reduced to the case
O<N<sin2 a by writing

17.7.7 N=n' sin2 a, p1=[(n-1)(1n' 5fl2 a)]è

17.7.8

II(n; \a)=ll(N; \a)+F(ço\a)

in {((4')+pi tan )(p1 tan ']

where () is the deita amplitude, 17.2.4.

17.7.9 ll(n\a) =K(a) ll(N\a)
Case (iii) Circular Case sin2 a<n< I

¿=arcsin [(1n)/cos2 a] O<i< ir

ß= rF(e\9O° a)/K(a)

qq(a)
17. 7. 10

v=irF(\a)/K(a), 2= [n(1 n)'(nsin2 a)1]l

17.7.11 ll(n; ,\a) =2(X-4v)

17.7.12

X==arctan (tanh fi tan y)

+2 (-1)'s'q2(1q2)' sin 2sv smb 2sß

17.7.13

[Êq32ih
2sfi][1+2 2 cosh 28$]

17.7.14 ll(n\a) =K(a) + irô2[1 Ao(e\a)J

where A0 is Heuman's Lambda funtion, 17.4.39.
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FIGURE 17.11. Elliptic integral of the third kind
11(n; ç3\a).

Case (iv) Circular Case n<O

The case n<O can be reduced to the case
sin2 a<N<1 by writing

17.7.15

N=(sin2 an)(ln)'
p2=[n(1n)'(sin2 an)}4

17.7.16

[(1n)(1n' sin2 a)]111(n; \a)
=[(1N)(1N' sin2 a)}11(N; 4\a)
+pi' sin2 aF(ço\a) + arctan Rp sin 2/)]

17.7.17

11(n\a)=(n cos2 a)(1 n) -'(sin2 an)' I1(N\a)
+ sin2 a(sin2 an)'K(a)

Numerical

17.8. Use and Extension of the Tables

Example 1. Reduce to canonical form f y'dx,
where

*See page II.

y2=-3x4+34x3-119x2+172x-90

By inspection or by solving an equation of the
fourth degree we find that

y2=Q'Q2 where Q1=3x2 lOx+9, Q2= x2+8x-10

First Method

QiXQ2=(3+X)x2(10+8X)x+9+10X is a per-
fect square if the discriminant

n<1
=(n-1)4arctanh [(n-1)l tan ],

=tan n=1

17.7.21

11(n; \ir/2)=(1n)'[In (tan +sec ç)
- n4 in (1+n1 sin )(1n4 sin cY'1 nøl

17.7.22 n=r±sin a
(lFsin a){211(+sin a;

=arctan [(lRsin a) tan 'p/.(p)J

17.7.23 n=1±cosa
2 cos all(1±cos a; \a)=±ln[(1+tan

.(43))(1tan in {(()
+cos atan )(A(,)cos a tan p)-']

F(1+cos a)F(çc\a)

17.7.24 n=sin2 a
11(sin2 a; 4\a)=sec2 aE(p\a) (tan2 a sin 2 ) /(2())

17.7.25 n=1
11(1; '\a) =F(p\a) sec2 aE(\a) +sec2 a tan ç3(43)

Methods

(10+8X)2-4(3+X)(9+10X)=0; i.e., if A= - or

and then

Q+ Q2=4 (x_1)2, Q1 Q= (x_2)2

Solving for Q and Q2 we get

Q,=(x-1)2+2(x-2)2, Q2==2(x-1)2----3(x-2)2

The substitution t= (x 1)/(x-2) then gives

fy_1dx= ± f [(t2+2) (2t2-3)]dt
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fl(n,.p\Q) Special Cases

p9O .90e 17.7.18 n=0
3.5

11(0; p\a) =F(o\a)
3.0

17.7. 19 n=0, a=0
2.5

r=O,p9O
11(0; \0)=

2.0

17 .7 .20 a=O
LS

np=45
LO

11(n; \0)=(1n) arctan [(1n)1 tan },
*
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If the quartic y2=O has four real roots in s
(or in the case of a cubic all three roots are real),
we must so combine the factors that no root of
Q=O lies between the roots of Q2=O and no root
of Q2=O lies between the roots of Q' =0. Provided
this condition is observed the method just de-
scribed will always lead to real values of A. These
values may, however, be irrational.

Second Method

Write
t2_2l_ 3x2lOx+9
- Q2 x2+8x 10

and let the discriminant of Q2t2 Qi be

4T2= (8t2+l0)2-4(t2+3) (10t2+9)
=4(3i2+2)(2t2l)

Then

fy_ldx ± f Tdt= ± fE (3t2+2) (2t2_l)]-ldt

This method will succeed if, as here, T2 as a
function of t2 has real factors. If the coefficients
of the given quartic are rational numbers, the
factors of T2 will likewise be rational.

Third Method
Write

_Qi_ 3x2lox+9
Q2 x2+8x 10

and let the discriminant of Q2w- Q' be

4W=4(3w+2)(2w 1) =4(Aw2H-Bw+ C)

Then if

z2 W/'w and Z2= (B z2)2-4AC= (z2 1)2+48

fy_ldz= ±fz1dz

However, in this case the factors of Z are complex
and the method fails.

Of the second and third methods one will always
succeed where the other fails, and if the coefficients
of the given quartic are rational numbers, the
factors of T2 or Z2, as the case may be, will be
rational.

Example 2. Reduce to canonical form f ydx
where y2=x(x 1) (x-2).

We use the third method of Example i taking
Q1=(xl), Q2=x(x-2) and writing

Q x1
Q2 x2-2x
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The discriminant of Q2wQ,=x2w(2w+l)x+l
is

4W=(2w+ 1)2-4w=4w2+ 1
so that

W=Aw2+Bw+C' where A=l, B=0,

and if we write 22_ W/w and

22= (Bz2)2---4AC= (z2)2__ i = (z2 1) (z2+ 1),

fy_ldxzzr ± f [(z2 1) (z2+ 1)1_1/2 dz

The first method of Example 1 fails with the
above values of Q and Q2 since the root of Qi=0
lies between the roots of Q2=0, and we get
imaginary values of A. The method succeeds,
however, if we take Q1 s, Q2 = (xl) (x-2), for
then the roots of Q =0 do not lie between those
of Q2=0.

Example 3. Find K(80/81).

First Method

Use 17.3.29 with m=80/81, rn1=i/81, m2=1/9.
Since [(1 - mV2) (1 + m,''2)1J2 = .64, K(80/81) =
1.8 K(.64)=3.59154 500 to 8D, takingK(.64) from
Table 17.1.

Second Method

Table 17.4 giving L(m) is useful for computing
K(m) when m is near unity or K' (m) when ni is
near zero.

K(80/81)=! K'(80/81) in (16x81)L(80/81).

By interpolation in Tables 17.1 and 17.4, since
80/81 .98765 43210,

K'(80/81)=1.57567 8423
L(80/81)=.00311 16543

K(80/81) = ir'(l .57567 8423) (7.16703 7877)

.00311 16543
=3.59154 5000 to 9D.

Third Method

The polynomial approximation 17.3.34 gives to
8D

K(80/81)=3.59154 501

Fourth Method, Arithmetic-Geometric Mean

Here sin2 a 80/81 and we start with

a0=1, b0=, e0=-/80/8l=.99380 79900

giving



Thus K(80/81)= ira1=3.59154 5001.

Example 4. Find E(80/81).

First Method

Use 17.3.30 which gives, with m=80/81

E(80/8l)= E(.64)- K(.64)
=1.01910 6047

taking E(.64) and K(.64) from Table 17.1.

Second Method

Polynomial approximation, 17.3.36 gives
E(80/81) = 1.019 10 6060. The last two figures
must be dropped to keep within the limit of
accuracy of the method.

Third Method

Arithmetic..geometric mean, 17.6. The numbers
were calculated in Example 3, fourth method, and
we have

K(80/81)-E(80/81)i
E . +2c]

K(80/81) 2

[1.43249 71298]

=.71624 85649.

Using the value of K(80/81) found in Example 3,
fourth method, we have

E(80/81)=1.01910 6048 to 9D.

Example 5. Find q when m=.9995.
Here m1 = .0005 and so from Table 17.4

Q(m) =.06251 563013
q1=mjQ(m)=.00003 12578 15.

From 17.3.19

ln (=7r2Iln (-)1r2/10.37324 1132

=.95144 84701

q=.38618 125.

The computation could also be made using
common logarithms with the aid of 17.3.20. The
point of this procedure is that it enables us to
calculate q1 without the loss of significant figures
which would result from direct interpolation in
Table 17.1. By this means ln (1/q1) can be found
without loss of accuracy.

Example 6. Find m to bD when K'/K=.25
and when K'/K=3.5.

From 17.3.15 with K'/K=.25 we can write the
iteration formula

m'° = 1- 166-4T exp [- rL(m")/K' (m")].

Then by iteration using Tables 17.1 and 17.4

Thus m=.99994 42041.
From 17.3.16 with K'/K=3.5 we can write the

iteration formula,

= 16e_35T exp E- irL(m)/K(m") j

Thus m=.00026 83765.
The above methods in conjunction with the

auxiliary Table 17.4 of L(m) enable us to extend
Table 17.3 for K'/K>3, and for K'IK<.3.

Example 7. Calculate to 5D the Jacobian
elliptic function sn (.753421.7) using Table 17.5.

Here

m=sin2 a=.7, a=56.789089°.

Thus, su (.75342j.7)=sin where is determined
from

F(\56.789089°) = .75342.

Inspection of Table 17.5 shows that lies
between 40° and 45°. We have from the table
of F(p\a)

n £Z,, b,,

0 1. 00000 00000 . 11111 11111 99380 79900
1 . 55555 55555 33333 33333 . 44444 44444
2 . 44444 44444 43033 14829 . 11111 11111
3 . 43738 79636 . 43733 10380 . 00705 64808
4 . 43785 95008 . 43735 94999 . 00002 84628
5 . 43735 95003 . 43735 95003 0

o i.
i .99994 42025
2 .99994 42041
3 .99994 42041

o o
i .(3)26841 25043
2 .(3)26837 65
3 .(3)26837 65
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From this we form the table of F(ç\56.789O89°)

A rough estimate now shows that ç lies between
400 and 41°. We therefore form the following
table of F(p\56.789089°) by direct interpolation
in the forêgoing table

whence by linear inverse interpolation

r.75342 .75040
=4O.5°+.5° L.76o82 .75040]4049

and so sin 4,=.65137=sn (.75342t.7).
This method of bivariate interpolation is given

merely as an illustration. Other more direct
methods such as that of the arithmetic-geometric
mean described in 17.6 and illustrated for the
Jacobian functions in chapter 16 are less laborious.

Example 8. Evaluate

J'3 [(2t2-f-1)

First Method, Bivariate Interpolation

From 17.4.50 we have

'.3

J{(2t2+1)(t2-2)}'2dt=F(i\a)F(ço2\aj2

where 21
5111 cos ço=---, cos

Thus a=26.56505 12°, 61.87449 43°, ço45°,
F(oj\a) = 1.115921 and F(\a) = .800380 and
therefore the integral is equal to .141114.

where

Thus

12

First Method, Reduction to Standard Form and
Bivariate Interpolation

Here we can use 17.4.48 noting that a2=4,
b2=2, and that

f4 [(t2-2) (t2_4)]idt=f_f
= [F(1\45°) - F(2\45°)]

= [1.854075.535623]=.659226

2. 2. 2
S çj=' sm sin2

a=45°, çoj=9O°, Ç03=300.

Second Method, Numerical Integration

If we wish to use numerical integration we must
observe that the integrand has a singularity at
t=2 where it behaves like [8(t-2)].

We remove the singularity at t=2, by writing

4 ('4
[(t2-2)(t2--4)]dt=J f(t)dt+J [8(t-2)]dt

2 2

where

j(t)=[(t2-2) (t2-4)]--[8(t-2)]1.

If we define f (2) =Ø,

f4f(t)dt

can be calculated by numerical quadrature. Also

J{8(t_2)]idt=[ (t_2)J=1
'.4

2

and thus we calculate the integral as
('4

l+Jf(t)dt=1.340773=.659227.2

Example 10. Evaluate

u=f (x3_7x6yidx.

x3-7x+6=(x--1)(x-2)(x+3) and we use 17.4.65
with ß=2, ß2=1, ß3=-3,

350 63803 63945 64085
400 73914 74138 74358
450 84450 84788 85122
50° 95479 95974 96465

F

35°

40°

45°

50°

63859

74003

84584

95674

10144

10581

11090

437

509
72

F
40.0° .74003
4Ø50 .75040
41.0° .76082
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Second Method, Numerical Quadrature

Simpson's formula with 11 ordinates and interval
.1 gives .141117.

Example 9. Evaluate

f4 [(t2-2)

56° 58° 60°
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m=sin2 a4/5, X=.Í5/2, cos2 3/4.

Thus a=63.434949°, p=30° and

u= 2(5) +F(30°\63.434949°)
=2(5) 10543604)= .4862 14 from Table 17.5.

The above integral is of the Weierstrass type and
in fact 17= (; 28, -24) (see chapter 18).

Example 11. Evaluate
(12/3

Jo

¡'2 ¡'2 1

J -J= [F(Qi\60°)-F(\6O°)J

where

cos
1 =70.52877 930

1
CO5 42=60°

and the integral= [1.510344- 1.212597] = .148874.
Example 12. Use Landen's transformation to

evaluate

r/2 1 -1/2

J'
(i__i)

First Method, Descending Transformation

We use 17.5.1 to give

2
1+sin al_l+cos 3Q0171797

cos a1=[(1 -sin aa) (1 +sin aj)]1'2= .997419

1+sina2-
2

-1.001292;eosa2=.999999
1+cos a1

2
1+sin a3 i+cos a21°°°°0°

Thus from 17.5.7,

(24-12t+2t2-t3)''2 dt.

We have

24- 12t+2t2-t3= - (t-2)(t2+ 12)= -P(t).

There is only one real zero and we therefore
use 17.4.74 with P(t)=t3-2t2+12t-24, /3=2 so
that P'(2)=16, P"(2)=8, X=2 and therefore

1 0m=sm2 a- a30

Therefore the given integrai is

INTEGRALS

the integral=F(90°\30°) = (1.071797) (1.001292)

= 1.68575 to 5D.

Second Method, Ascending Transformation

We use 17.5.11 to give

1+cos a1=2/(1+sin a)

sin (2ç,1-90°)=sin 30°,
sin (22-ç1)=sin a1 sin
sin (23-)=sin a3 sin Ç2,
sin (24-3)=sin a3 sin ,

From 17.5.16

60

'= 57.348426°
4=57.348425°=.

Ft90° 30°'--'
" '1.5 1.94280 904 1.99956 663

1.99999 998
in tan (45°+ )

= 1.37288 050 in tan 73.674213°

= 1.37288 050(1.22789 30)

F(90°\30°)=1.68575 to SD.
Example 13. Find the value of F(89.5°\89.5°).

First Method

This is a case where interpolation in Table 17.5
i8 not possible. We use 17.4.13 which gives

F(89.5°\89.5°) =F(90°\89.5°) -F(Ji\89.5°)

where
cot #=sin (.5°) cot (.5°)=cos (.5°)

4'=45.00109 084°

and F(t'\89.5°) = .881390 from Table 17.5.

F(90°\89.5°) =K(sin2 89.5°) = K(.99992 38476)

=6.12777 88

Thus F(89.5°\89.5°)=5.246389.

Second Method

Landen's ascending transformation, 17.5.11,
gives

i 33333 333 94280 904
2 02943 725 99956 663
3 .00021 673 99999 998

n COS a, Sill a1



cos a1 = (1 -sin 89.5°)/(1 +sin 89.5°)

sin a1=[(1-cos ai)(1+cos ai)]=.99999 99997
COs a2=0

sin a2=1.

17.5.12 then gives

sin (2çj-89.5°)=sin 89.5° sin 89.5°
=.99992 38476

2p -89.5° 89.2929049°, = 89.39645 245°

sin (2-1)=sin a1 sin , =89.39645 602°
sin (2ç3-)=sin çi,

Thus 17.5.16 gives

F(89.5°\89.5°) =

¡ 1

99996
19231) in (tan 89.69822 801°)=5.24640.

Example 14. Evaluate

2

[(9-t2) (16+t2)h]1dt to5D.

From 17.4.51 the given integral

52 f11 [E j\a -Eç\a I

where

sin aI a=36.86990°

sin Oj== %/ =48.18968°

sin 5
'223.84264°.

i:

By bivariate interpolation in Table 17.6 we
find that the given integral

=[.80904 - .41192]=.00496.

Simpson's rule with 3 ordinates gives

*[.00504+.01975+.0051=.00496.

Example 15. Evaluate

U (; 45°\30°) =

f(1_sin20)_i(1_sin2g)_d0 to
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This is case (i) of integrals of the third kind,
0<n<sin2 a, 17.7.3

fl=j, =45°, az30°,

=arcsin (n/sin2 a)1=30°,
ß= irF(30°\30°)/K(30°) = .49332 60

v=irF(45°\30°)/K(30°)=.74951 51,
ö= (16/45)

and so from 17.7.3

U(j; 45°\30°) =

(16/45){_41n :t+ v}
q=.01797 24.

Using the q-series, 16.27, for the functions we get

II (; 45°\30°) = (16/45) { - .02995 89

+(1.86096 21)(.74951 51)}=.813845.

Table 17.9 gives .81385 with 4 point Lagrangian
interpolation.

Example 16. Evaluate the complete elliptic
integral

II (\30°) to 6D.

From 17.7.6 we have

IT (\30°) =K(30°) +(16/45)uI'2K(a)Z(\300)

where = arcsin(nfsin2a)* = 30°. Thus using
Table 177

Table 17.9 gives 1.74302 with 5 point Lagran-
gian interpolation.

Example 17. Evaluate

II (*; 45°\30°)
r/4

(1-e sin2 0)' (1-1 j2 0)_1/2
o

to 6D.

This is case (iii) of integrals of the third kind,
sin2 a<n<1,

fl=, (p=45°, a30°

U (\30°)=1.743055.



and so from 17.7.11

fl (*; 450\300) = (40/9) 1'2(X-4.v)

=2.10818 51{.55248 32-4(.03854 26)
(.74951 51)}.=.921129.

Table 17.9 gives .92113 with 4 point Lagrangian
interpolation.

Example 18. Evaluate the complete elliptic
integral

H (I\30") to 5D.

From 17.7.14 we have

II (f\30°) =K(30°) + [1- Ao(6\30°)]

where = arcsin E (1 -n)/cos2 a]"2=45°. Thus using
Table 17.8

II (I\30°) =2.80099.

Table 17.9 gives 2.80126 by 6 point Lagrangian
interpolation. The discrepancy results from in-
terpolation with respect to n for =90° in Table
17.9.

Example 19. Evaluate

Il (; 45°\30°)

to 5D.

¡"14
= f (1-e sin2 0)'(1- 511120)-1/2 do

Jo
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Table 17.1 COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS
AND THE NOME q WITH ARGUMENT THE PARAMETER m

1(-6)3
L9r(-5)2

L 11

See Examples 3-4.
(m) and E'(m) from L. M. Mime-Thomson, Ten-figure table of the complete elliptic integrals

K, K', E, E' and a table of o' Proc. London Math. Soc.(2)33, 1931(with permission).

K(m)= f2 (1-rn sin2 O) 2d0

E(m)=f (1-m sin2 s)dO

q(m)=exp [-rK'(m) ¡K(m)J

E' (m)E (mi)

qi(m)=q(mi)

7fl K(rn) K'm) (1(m) ml
0.00 1. 57079 63267 94897 0.00000 00000 00000 1.00
0. 01 1. 57474 55615 17356 3. 69563 73629 89875 0.00062 81456 60383 0.99
0. 02 1. 57873 99120 07773 3. 35414 14456 99160 0.00126 26665 23204 0.98
0.03 1. 58278 03424 06373 3. 15587 49478 91841 0. 00190 36912 69025 0.97
0.04 1. 58686 78474 54166 3. 01611 24924 77648 0.00255 13525 13689 0.96

0.05 1. 59100 34537 90792 2. 90833 72484 44552 0.00320 57869 70686 0.95
0.06 1. 59518 82213 21610 2. 82075 24967 55872 0. 00386 71356 22010 0.94
0.07 1. 59942 32446 58510 2. 74707 30040 24667 0. 00453 55438 98018 0.93
0.08 1. 60370 96546 39253 2. 68355 14063 15229 0.00521 11618 66885 0.92
0.09 1. 60804 86199 30513 2. 62777 33320 84344 0.00589 41444 34269 0.91

0.10 1. 61244 13487 20219 2. 57809 21133 48173 0. 00658 46515 53858 0.90
0. 11 1. 61688 90905 05203 2. 53333 45460 02200 0.00728 28484 49518 0.89
0.12 1. 62139 31379 80658 2. 49263 53232 39716 0.00798 89058 49815 0.88
0.13 1. 62595 48290 38433 2. 45533 80283 21380 0.00870 30002 35762 0.87
0.14 1. 63057 55488 81754 2. 42093 29603 44303 0. 00942 53141 02678 0.86

0.15 1. 63525 67322 64580 2.38901 64863 25580 0. 01015 60362 37153 0.85
0.16 1.63999 98658 64511 2. 35926 35547 45007 0. 01089 53620 10173 0.84
0.17 1.64480 64907 98881 2.33140 85677 50251 0.01164 34936 87540 0. 83
0.18 1.64967 82052 94514 2. 30523 17368 77189 0.01240 06407 58856 0.82
0.19 1. 65461 66675 22527 2.28054 91384 22770 0. 01316 70202 86392 0.81

0.20 1. 65962 35986 10528 2.25720 53268 20854 0.01394 28572 75318 0.80
0.21 1.66470 07858 45692 2.23506 77552 60349 0. 01472 83850 66891 0.79
0.22 1. 66985 00860 83368 2.21402 24978 46332 0.01552 38457 56320 0.78
0.23 1. 67507 34293 77219 2.19397 09253 19189 0.01632 94906 37206 0.77
0.24 1. 68037 28228 48361 2.17482 70902 46414 0.01714 55806 74605 0.76

0.25 1.68575 03548 12596 2.15651 56474 99643 0.01797 23870 08967 0.75
0.26 1.69120 81991 86631 2.13897 01837 52114 0.01881 01914 93399 0.74
0.27 1. 69674 86201 96168 2.12213 18631 57396 0 01965 92872 66940 0. 73
0.28 1.70237 39774 10990 2.10594 83200 52758 0. 02051 99793 66788 0.72
0.29 1.70808 67311 34606 2.09037 27465 52360 0.02139 25853 82708 0. 71

0. 30 1. 71388 94481 78791 2.07536 31352 92469 0. 02227 74361 57154 0. 70
0. 31 1.71978 48080 56405 2.06088 16467 30131 0. 02317 48765 35013 0.69
0.32 1. 72577 56096 29320 2. 04689 40772 10577 0. 02408 52661 67250 0.68
0.33 1. 73186 47782 52098 2. 03336 94091 52233 0. 02500 89803 73177 0.67
0.34 1. 73805 53734 56358 2. 02027 94286 03592 0. 02594 64110 66576 0.66

0. 35 1. 74435 05972 25613 2. 00759 83984 24376 0.02689 79677 51443 0.65
0.36 1. 75075 38029 15753 1.99530 27776 64729 0. 02786 40785 93729 0.64
0.37 1. 75726 85048 82456 1.98337 09795 27821 0.02884 51915 76181 0.63
0.38 1. 76389 83888 83731 1.97178 31617 25656 0. 02984 17757 44138 0. 62
0.39 1. 77064 73233 33534 1.96052 10441 65830 0. 03085 43225 51033 0. 61

0.40 1. 77751 93714 91253 1. 94956 77498 06026 0. 03188 33473 13363 0.60
0.41 1. 78451 88046 81873 1. 93890 76652 34220 0. 03292 93907 86003 0. 59
0.42 1. 79165 01166 52966 1. 92852 63181 14418 0. 03399 30208 70043 0. 58
0.43 1. 79891 80391 87685 1. 91841 02691 09912 0. 03507 48344 66773 0.57
0.44 1. 80632 75591 07699 1. 90854 70162 81211 0. 03617 54594 93133 0. 56

0.45 1. 81388 39368 16983 1. 89892 49102 71554 0. 03729 55570 75822 0.55
0.46 1. 82159 27265 56821 1. 88953 30788 53096 0. 03843 58239 43468 0.54
0.47 1. 82945 97985 64730 1. 88036 13596 22178 0. 03959 69950 38753 0.53
0.48 1. 83749 13633 55796 1. 87140 02398 11034 0. 04077 98463 75263 0.52
0.49 1. 84569 39983 74724 1. 86264 08023 32739 0. 04198 51981 67183 0. 51

0.50 1. 85407 46773 01372 1. 85407 46773 01372 0.04321 39182 63772 0. 50
K'(m) K(m) qi (m) m
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COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS Table 17.1
AND THE NOME q WITH ARGUMENT THE PARAMETER m

K(rn) f (1-m sin2 o) 2d0 K' (ni) K(mi)

609

m

E(m) =f2 (1-m sin2 0)2/O

q(n)=exp [-rK'(ni) /K(m)]
ql(rn) E(m)

E' (m) =E(nii)

qi (ni)q(mi)
E'(m) mi

0.00 1.00000 00000 00000 1.57079 6327 1. 00000 0000 1.00
0.01 0.26219 62679 17709 1.56686 1942 1.01599 3546 0.99
0.02 0.22793 45740 67492 1.56291 2645 1.02859 4520 0.98
0. 03 0.20687 98108 47842 1. 55894 8244 1. 03994 6861 0. 97
0.04 0.19149 63082 09940 1.55496 8546 1.05050 2227 0.96

0.05 0.17931 60069 55723 1.55097 3352 1.06047 3728 0.95
0. 06 0. 16920 75311 46133 1.54696 2456 1. 06998 6130 0. 94
0.07 0.16055 42010 73011 1.54293 5653 1.07912 1407 0.93
0. 08 0. 15298 14810 09741 1. 53889 2730 1.08793 7503 0.92
0.09 0.14624 42694 73236 1.53483 3465 1.09647 7517 0.91

0. 10 0. 14017 31269 54262 1.53075 7637 1.10477 4733 0.90
0.11 0.13464 58847 92091 1.52666 5017 1.11285 5607 0.89
0.12 0.12957 14695 20553 1.52255 5369 1.12074 1661 0.88
0.13 0.12488 01223 52049 1. 51842 8454 1. 12845 0735 0. 87
0.14 0.12051 71957 28729 1. 51428 4027 1. 13599 7843 0.86

0.15 0.11643 90607 17472 1.51012 1831 1.14339 5792 0.85
0.16 0. 11261 03164 23363 1. 50594 1612 1. 15065 5629 0.84
0.17 0.10900 18330 23834 1.50174 3101 1.15778 6979 0.83
0. 18 0. 10558 93457 98477 1.49752 6026 1. 16479 8293 0. 82
0.19 0.10235 24235 13544 1.49329 0109 1.17169 7053 0.81

0.20 0.09927 36973 38825 1.48903 5058 1.17848 9924 0.80
0. 21 0. 09633 82749 65990 1.48476 0581 1. 18518 2883 0. 79
0.22 0. 09353 32888 80648 1.48046 6375 1.19178 1311 0.78
0. 23 0. 09084 75434 60707 1.47615 2126 1. 19829 0087 0.77
0.24 0. 08827 12359 87862 1. 47181 7514 1.20471 3641 0. 76

0.25 0.08579 57337 02195 1.46746 2209 1.21105 6028 0.75
0.26 0.08341 33938 83117 1.46308 5873 1.21732 0955 0.74
0.27 0.08111 74173 41165 1.45868 8155 1.22351 1839 0.73
0.28 0.07890 17281 26084 1.45426 8698 1.22963 1828 0.72
0.29 0. 07676 08740 04317 1.44982 7128 1.23568 3836 0.71

0.30 0.07468 99435 37179 1.44536 3064 1.24167 0567 0.70
0.31 0. 07268 44965 37110 1. 44087 6115 1. 24759 4538 0.69
0. 32 0. 07074 05053 87511 1.43636 5871 1. 25345 8093 0. 68
0. 33 0. 06885 43052 47167 1.43183 1919 1.25926 3421 0. 67
0.34 0.06702 25515 69108 1.42727 3821 1.26501 2576 0.66

0.35 0. 06524 21836 78738 1.42269 1133 1.27070 7480 0.65
0. 36 0. 06351 03934 00746 1.41808 3394 1.27634 9943 0.64
0.37 0.06182 45979 15898 1.41345 0127 1.28194 1668 0.63
0.38 0.06018 24161 79938 1.40879 0839 1.28748 4262 0.62
0.39 0.05858 16483 56838 1.40410 5019 1.29297 9239 0.61

0.40 0.05702 02578 14610 1.39939 2139 1.29842 8034 0.60
0.41 0. 05549 63553 09081 1.39465 1652 1. 30383 2008 0. 59
0.42. 0. 05400 81850 43499 1.38988 2992 1.30919 2448 0.58
0. 43 0. 05255 41123 42653 1. 38508 5568 1.31451 0576 0.57
0. 44 0. 05113 26127 21764 1.38025 8774 1. 31978 7557 0.56

0.45 0.04974 22621 64574 1.37540 1972 1.32502 4498 0.55
0.46 0. 04838 17284 53289 1. 37051 4505 1.33022 2453 0.54
0.47 0.04704 97634 16424 1.36559 5691 1.33538 2430 0.53
0. 48 0. 04574 51959 80149 1.36064 4814 1. 34050 5388 0. 52
0.49 0. 04446 69259 25028 1. 35566 1135 1. 34559 2245 0.51

0. 50 0. 04321 39182 63772 1. 35064 3881 1.35064 3881 0.50
m q(in) E'(mn) E(m) rn

I ( - 6)4
L6



I ( - 5)7
L 11

f (-6)919
Compiled from G. W. and R. M. Spenceley, Smithsonian elliptic function tables, Smithsonian
Miscellaneous Collection, vol. 109, Washington, D.C., 1947 (with permission).

a

K(a)=f (1-sin2 a sin2 o)do

E(a)=f (1-sin2 a Sjfl2 û)2d8
q(a)=exp [_rK'(a)/K(a)I

K(a) K'(a)

K' (a) = K(90°-a)

E' (a) =E(90°-a)
qi (a) = q (900_a)

q(a)
9Ø0

0° 1. 57079 63267 94897 0. 00000 00000 00000 90°
1
2

1.57091
1. 57127

59581
49523

27243
72225

5. 43490
4. 74271

98296
72652

25564
78886

0.
0.

00001
00007

90395
61698

55387
24680

89
88

3
4

1.
1.

57187
57271

36105
24349

14009
95227

4. 33865
4. 05275

39759
81695

99725
49437

0. 00017
0.00030

14256
48651

42257
48814

87
86

5
6

1.
1.

57379
57511

21309
36077

24768
77251

3. 83174
3. 65185

19997
59694

84146
78752

0.
0.

00047
00068

65699
66451

16867
27305

85
84

7
8

1.57667
1. 57848

79815
65776

92838
88648

3. 50042
3. 36986

24991
80266

71838
68445

0.
0.

00093
00122

52197
24470

97816
64294

83
82

9 1. 58054 09338 95721 3. 25530 29421 43555 0. 00154 85045 16579 81

10
11
12
13
14

1.
1.
1.
1.
1.

58284
58539
58819
59125
59456

28043
41637
72125
43820
83409

38351
75538
27520
13687
31825

3. 15338
3. 06172
2. 97856
2. 90256
2. 83267

52518
86120
89511
49406
25829

87839
38789
81384
70027
18100

0.
0.
0.
0.
0.

00191
00231
00276
00324
00376

35945
79450
18093
54674
92262

90170
15821
29252
43525
86978

80
79
78
77
76

15
16
17
18
19

1.
1.
1.
1.
1.

59814
60197
60608
61045
61510

20021
85300
13494
41537
09160

12540
86952
10364
89663
67722

2. 76806
2. 70806
2. 65213
2. 59981
2.55073

31453
76145
80046
97300
14496

68768
90486
30204
61099
27254

0.
0.
0.
0.
0.

00433
00493
00558
00627
00700

34205
84132
45970
23946
22602

09983
64213
58517
95994
97383

75
74
73
72
71

20
21
22
23
24

1.
1.
1.
1.
1.

62002
62523
63072
63651
64260

58991
36677
91016
74093
41437

24204
58843
30788
35819
12491

2. 50455
2. 46099
2. 41984
2. 38087
2. 34390

00790
94583
16537
01906
47244

01634
04126
39137
04429
46913

0.
0.
0.
0.
0.

00777
00859
00944
01035
01130

46804
01752
92999
26461
08432

16442
53626
75082
44729
78049

70
69
68
67
66

25
26
27
28
29

1.
1.
1.
1.
1.

64899
65569
66271
67005
67773

52184
69263
59584
94262
48840

78530
10344
91370
69580
80745

2. 30878
2. 27537
2. 24354
2. 21319
2. 18421

67981
64296
93416
46949
32169

67196
11676
98626
79374
49248

0.
0.
0.
0.
0.

01229
01333
01442
01555
01673

45605
45085
14412
61584
95077

27181
07947
80638
97708
33023

65
64
63
62
61

30
31
32
33
34

1.
1.
1.
1.
1.

68575
69411
70283
71192
72139

03548
43573
59363
46951
08313

12596
05914
12341
55678
74249

2. 15651
2. 13002
2. 10465
2. 08035
2. 05706

56474
14383
76584
80666
23227

99643
99325
91159
91578
97365

0. 01797
0. 01925
0. 02059
0. 02197
0.02341

23870
57475
05967
80013
90910

08967
39635
10437
16901
88188

60
59
58
57
56

35
36
37
38
39

1.
1.
1.
1.
1.

73124
74149
75216
76325
77478

51756
92344
52364
61840
59091

57058
26774
68845
59342
05608

2. 03471
2. 01326
1. 99266
1. 97288
1. 95386

53121
65652
97557
22662
48092

85791
05468
34209
74650
51663

0.
0.
0.
0.
0.

02491
02646
02807
02974
03147

50625
71830
67957
53239
42771

23981
76961
17219
19583
20286

55
54
53
52
51

40
41
42
43
44

1.
1.
1.
1.
1.

78676
79922
81215
82560
83956

91348
15440
98536
18981
67210

85021
49811
62126
35889
93652

1. 93558
1. 91799
1. 90108
1. 88480
1. 86914

10960
75464
30334
86573
75460

04722
36423
63664
80404
26462

0.
0.
0.
0.
0.

03326
03511
03704
03902
04108

52566
99625
02001
78889
50703

95577
22096
87133
26607
79885

50
49
48
47
46

45
9Ø0

1. 85407 46773
K'(a)

01372 1. 85407 46773
K(a)

01372 0. 04321 39182
ql(a)

63772 45
a
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Table 17.2 COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS
AND THE NOME q WITH ARGUMENT THE MODULAR ANGLE a



1 (-5)3
L9

273-888 0-67-40

a q1(a)

K(a)=f (1-sin2 a sin2 o)2d8

E(a)=f (1-sin2 a sin2 o)2d0

q(a)=exp [-irK'(a)/K(a)]
E(a)

K'(a)=K(90°-a)

E'(a)=E(90°-a)
qi(a)=q(900_-cx)

E'(a) 900_a
00 1.00000 00000 00000 1.57079 63267 94897 1.00000 00000 00000 90°
1 0. 40330 93063 38378 1. 57067 67091 27960 1. 00075 15777 01834 89
2 0.35316 56482 96037 1. 57031 79198 97448 1. 00258 40855 27552 88
3 0.32040 03371 34866 1.56972 01504 23979 1.00525 85872 09152 87
4 0.29548 83855 58691 1. 56888 37196 07763 1. 00864 79569 07096 86

5 0.27517 98048 73563 1.56780 90739 77622 1.01266 35062 34396 85
6 0.25794 01957 66337 1.56649 67877 60132 1. 01723 69183 41019 84
7 0.24291 29743 06665 1.56494 75629 69419 1.02231 25881 67584 83
8 0. 22956 71598 81194 1. 56316 22295 18261 1. 02784 36197 40833 82
9 0. 21754 89496 99726 1. 56114 17453 51334 1. 03378 94623 90754 81

10 0.20660 97552 00965 1.55888 71966 01596 1.04011 43957 06010 80
1]. 0.19656 76611 43642 1.55639 97977 70947 1.04678 64993 44049 79
12 0. 18728 51836 10217 1. 55368 08919 36509 1. 05377 69204 07046 78
13 0.17865 56628 04653 1.55073 19509 84013 1.06105 93337 53857 77
14 0.17059 45383 49477 1.54755 45758 69993 1.06860 95329 78401 76

15 0.16303 35348 21581 1.54415 04969 14673 1.07640 51130 76403 75
16 0.15591 66592 65792 1.54052 15741 27631 1.08442 52193 72543 74
17 0. 14919 73690 67429 1. 53666 97975 68556 1. 09265 03455 37715 73
18 0.14283 65198 36280 1.53259 72877 45636 1.10106 21687 57941 72
19 0.13680 08474 28619 1.52830 62960 54359 1.10964 34135 42761 71

20 0.13106 18244 99858 1.52379 92052 59774 1.11837 77379 69864 70
21 0.12559 47852 09819 1. 51907 85300 25531 1. 12724 96377 57702 69
22 0. 12037 82455 07894 1. 51414 69174 93342 1. 13624 43646 84239 68
23 0.11539 33684 49987 1.50900 71479 16775 1.14534 78566 80849 67
24 0.11062 35386 78854 1.50366 21353 53715 1.15454 66775 24465 66

25 0.10605 40201 85996 1.49811 49284 22116 1.16382 79644 93139 65
26 0.10167 16783 93444 1.49236 87111 24151 1.17317 93826 83722 64
27 0. 09746 47524 70352 1. 48642 68037 44253 1. 18258 90849 45384 63
28 0.09342 26672 88483 1.48029 26638 27039 1.19204 56765 79886 62
29 0.08953 58769 52553 1.47396 98872 41625 1.20153 81841 13662 61

30 0. 08579 57337 02195 1. 46746 22093 39427 1. 21105 60275 68459 60
31 0. 08219 43773 66408 1. 46077 35062 13127 1. 22058 89957 54247 59
32 0.07872 46415 92073 1.45390 77960 65210 1.23012 72241 85949 58
33 0.07537 99738 58803 1.44686 92406 95183 1.23966 11752 88672 57
34 0. 07215 43668 98737 1.43966 21471 15459 1. 24918 16206 07472 56

35 0. 06904 22996 09032 1.43229 09693 06756 1. 25867 96247 79997 55
36 0.06603 86859 10861 1.42476 03101 24890 1.26814 65310 65206 54
37 0.06313 88302 96461 1.41707 49233 71952 1.27757 39482 50391 53
38 0. 06033 83890 33716 1. 40923 97160 46096 1. 28695 37387 83001 52
39 0. 05763 33361 79494 1. 40125 97507 85523 1. 29627 80079 94134 51

40 0.05501 99336 98829 1.39314 02485 23812 1.30553 90942 97794 50
41 0.05249 47051 04844 1.38488 65913 75413 1.31472 95602 64623 49
42 0. 05005 44121 29953 1. 37650 43257 72082 1. 32384 21844 81263 48
43 0.04769 60340 17056 1.36799 91658 73159 1.33286 99541 17179 47
44 0.04541 67490 83529 1.35937 69972 75008 1.34180 60581 29911 46

45 0. 04321 39182 63772 1. 35064 38810 47676 1. 35064 38810 47676 45
90°_a q(a) E'(a) E(a) a
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COMPLETE ELLIPTIC INTEGRALS OF THE FIRST AND SECOND KINDS Table 17.2
AND THE NOME q WITH ARGUMENT THE MODULAR ANGLE



'n

0. 02158 74007
0. 02028 61803
0. 01906 26278
0. 01791 21974
0. 01683 05990

0.01581 37845
0.01485 79356
0. 01395 94517
0. 01311 49385
0.01232 11967

0.01157 52117
0. 01087 41433
0. 01021 53165
0. 00959 62118
0.00901 44574

0.00846 78199
0.00795 41974
0. 00747 16117
0. 00701 82011
0. 00659 22140

0. 00619 20026
0.00581 60167
0.00546 27984
0.00513 09763
0. 00481 92610

0. 00452 64398
0.00425 13725
0. 00399 29873
0. 00375 02764
0.00352 22924

0. 00330 81448
0.00310 69966
0.00291 80610
0. 00274 05988
0.00257 39151

0. 00241 73568
0. 00227 03103
0. 00213 21990
0. 00200 24811
0. 00188 06475

0.00176 62198
0. 00165 87487
0.00155 78119
0. 00146 30127
0.00137 39785

0.00129 03591

K'

[(_94)2] [(_,?)8]
[(5)1]

For K >3.0, K
<0.3, see Example 6.

Table 17.4
AUXILIARY FUNCTIONS FOR COMPUTATION OF THE NOME q AND THE PARAMETER m

L(n)
0.02111 58281
0.02392 34345
0.02677 14110
0.02966 07472
0.03259 24678
0.03556 76342
0.03858 73466
0.04165 27452

[(_7)6] {(_6)5] [(-1)6]
See Examples 3, 5 and 6.

K'
K rn

K'
K m

K'
K

0. 30 0.99954 69976 1.20 0. 30866 25998 2.10
0.32 0. 99912 85258 1.22 0. 29292 52811 2.12
0.34 0. 99844 79307 1.24 0. 27782 39170 2.14
0.36 0. 99740 80762 1. 26 0. 26335 17107 2.16
0.38 0. 99590 01861 1.28 0. 24949 94512 2.18

0. 40 0. 99380 79974 1. 30 0. 23625 58558 2.20
0.42 0. 99101 23521 1.32 0. 22360 78874 2.22
0.44 0. 98739 58502 1.34 0. 21154 10467 2.24
0.46 0. 98284 72586 1.36 0. 20003 96393 2.26
0.48 0. 97726 54540 1.38 0. 18908 70181 2.28

0. 50 0. 97056 27485 1.40 0. 17866 58032 2.30
0. 52 0. 96266 75125 1.42 0. 16875 80773 2.32
0.54 0. 95352 60602 1.44 0.15934 5563 2. 34
0.56 0. 94310 38029 1.46 0. 15040 9763 2.36
0.58 0. 93138 57063 1.48 0. 14193 21249 2.38

0.60 0. 91837 61134 1.50 0.13389 41273 2.40
0.62 0. 90409 80105 1.52 0. 12627 73987 2.42
0. 64 0. 88859 18214 1.54 0. 11906 38004 2.44
0.66 0. 87191 38254 1.56 0. 11223 54993 2.46
0.68 0. 85413 42916 1.58 0. 10577 50300 2.48

0.70 0. 83533 54217 1.60 0. 09966 53447 2.50
0.72 0. 81560 91841 1. 62 0. 09388 98538 2.52
0.74 0. 79505 51193 1.64 0. 08843 24583 2.54
0. 76 0. 77377 81814 1.66 0. 08327 75739 2.56
0.78 0. 75188 66711 1.68 0. 07841 01486 2.58

0.80 0. 72949 03078 1.70 0. 07381 56747 2.60
0.82 0.70669 84707 1.72 0. 06948 01950 2.62
0.84 0. 68361 86358 1.74 0. 06539 03054 2.64
0. 86 0. 66035 50204 1.76 0. 06153 31533 2.66
0.88 0. 63700 74395 1.78 0. 05789 64327 2.68

0. 90 0. 61367 03730 1.80 0. 05446 83767 2.70
0.92 0. 59043 22404 1.82 0. 05123 77481 2.72
0.94 0. 56737 48621 1.84 0. 04819 38272 2.74
0.96 0. 54457 30994 1.86 0. 04532 63995 2.76
0.98 0. 52209 46531 1.88 0. 04262 57408 2,78

1. 00 0. 50000 00000 1.90 0. 04008 26022 2.80
1. 02 0. 47834 24497 1.92 0. 03768 81947 2.82
1. 04 0. 45716 83054 1.94 0. 03543 41720 2.84
1. 06 0. 43651 71048 1.96 0. 03331 26147 2.86
1.08 0. 41642 19278 1.98 0. 03131 60134 2.88

1.10 0. 39690 97552 2. 00 0. 02943 72515 2.90
1. 12 0. 37800 18621 2.02 0. 02766 95892 2.92
1.14 0. 35971 42366 2.04 0. 02600 66464 2.94
1.16 0. 34205 80100 2.06 0. 02444 23873 2.96
1.18 0. 32503 98919 2.08 0. 02297 11038 2.98

1.20 0.30866 25998 2.10 0.02158 74007 3.00

m Q(m) L(m)

L(m)=_K(rn)+(m)

rn

16

Q(m)

0.00 0.06250 00000 00000 0.00000 00000 0.08 0.06513 95233 36060
0. 01 0.06281 45660 38302 0.00251 65276 0. 09 0.06549 04937 14101
0.02 0.06313 33261 60188 0.00506 66040 0.10 0.06584 65155 38584
0.03 0.06345 63756 34180 0.00765 09870 0.11 0.06620 77131 77434
0.04 0.06378 38128 42217 0.01027 04595 0.12 0.06657 42154 15123
0.05 0.06411 57394 13714 0.01292 58301 0.13 0.06694 61556 59704
0.06 0.06445 22603 66828 0.01561 79344 0.14 0.06732 36721 61983
0.07 0.06479 34842 57396 0. 01834 76360 0.15 0.06770 69082 47689
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Table 17.3 PARAMETER m WITH ARGUMENT K'(m)/K(m)



The table can also be used inversely to find c'am u where u=F(co\a) and so the Jacobian elliptic
functions, for example sii u=sin , Cn U=COS co, dn u= (1_-sin2 a sin2 co)1!2. See Examples 7-11.
Compiled from K. Pearson, Tables of the complete and incomplete elliptic integrals, Cambridge
Univ. Press, Cambridge, England, 1934 (with permission). Known errors have been corrected.

ELLIPTIC INTEGRAL OF THE FIRST KIND F(\a)

F(co\co)=f° (1__sin2 a sj2 o)do

Table 17.5

z\4' Ø0 50 100 15° 200 25° 300
00 0.08726 646 0.17453 293 0.26179 939 0.34906 585 0.43633 231 0.52359 878
2 0.08726 660 0.17453 400 0.26180 298 0.34907 428 0.43634 855 0.52362 636
4 0.08726 700 0.17453 721 0.26181 374 0.34909 952 0.43639 719 0.52370 903
6 0.08726 767 0.17454 255 0.26183 163 0.34914 148 0.43647 806 0.52384 653
8 0. 08726 860 0. 17454 999 0.26185 656 0. 34919 998 0.43659 086 0.52403 839

10 0.08726 980 0.17455 949 0.26188 842 0.34927 479 0.43673 518 0. 52428 402
12 0.08727 124 0.17457 102 0.26192 707 0. 34936 558 0.43691 046 0.52458 259
14 0.08727 294 0.17458 451 0.26197 234 0.34947 200 0.43711 606 0.52493 314
16 0.08727 487 0.17459 991 0.26202 402 0.34959 358 0.43735 119 0.52533 449
18 0.08727 703 0.17461 714 0.26208 189 0.34972 983 0.43761 496 0.52578 529

20 0.08727 940 0.17463 611 0.26214 568 0.34988 016 0.43790 635 0. 52628 399
22 0. 08728 199 0.17465 675 0.26221 511 0.35004 395 0.43822 422 0.52682 887
24 0.08728 477 0.17467 895 0.26228 985 0.35022 048 0.43856 733 0.52741 799
26 0.08728 773 0.17470 261 0.26236 958 0. 35040 901 0.43893 430 0.52804 924
28 0. 08729 086 0.17472 762 0.26245 392 0. 35060 870 0.43932 365 0. 52872 029

30 0. 08729 413 0.17475 386 0.26254 249 0.35081 868 0.43973 377 0.52942 863
32 0. 08729 755 0.17478 119 0.26263 487 0.5103 803 0.44016 296 0.53017 153
34 0.08730 108 0.17480 950 0.26273 064 0.35126 576 0.44060 939 0.53094 608
36 0.08730 472 0.17483 864 0.26282 934 0.35150 083 0.44107 115 0.53174 916
38 0.08730 844 0.17486 848 0.26293 052 0.35174 218 0.44154 622 0.53257 745

40 0.08731 222 0.17489 887 0.26303 369 0.35198 869 0.44203 247 0.53342 745
42 0.08731 606 0.17492 967 0.26313 836 0.35223 920 0.44252 769 0.53429 546
44 0.08731 992 0.17496 073 0.26324 404 0.35249 254 0.44302 960 0.53517 761
46 0.08732 379 0. 17499 189 0.26335 019 0.35274 748 0.44353 584 0.53606 986
48 0.08732 765 0.17502 300 0.26345 633 0.35300 280 0.44404 397 0.53696 798

50 0. 08733 149 0.17505 392 0.26356 191 0.35325 724 0.44455 151 0.53786 765
52 0.08733 528 0.17508 448 0.26366 643 0.35350 955 0.44505 593 0.53876 438
54 0.08733 901 0.17511 455 0.26376 936 0.35375 845 0.44555 469 0. 53965 358
56 0.08734 265 0.17514 397 0.26387 020 0.35400 269 0.44604 519 0.54053 059
58 0.08734 620 0.17517 260 0.26396 842 0.35424 101 0.44652 487 0.54139 069

60 0.08734 962 0.17520 029 0.26406 355 0. 35447 217 0.44699 117 0.54222 911
62 0. 08735 291 0.17522 690 0.26415 509 0. 35469 497 0.44744 153 0.54304 111
64 0.08735 605 0.17525 232 0.26424 258 0.35490 823 0.44787 348 0.54382 197
66 0.08735 902 0.17527 640 0.26432 556 0.35511 081 0.44828 459 0.54456 704
68 0.08736 182 0.17529 903 0. 26440 362 0.35530 160 0.44867 252 0. 54527 182

70 0. 08736 442 0.17532 010 0.26447 634 0.35547 959 0.44903 502 0.54593 192
72 0.08736 681 0.17533 949 0.26454 334 0.35564 377 0.44936 997 0.54654 316
74 0.08736 898 0.17535 712 0.26460 428 0.35579 326 0.44967 538 0.54710 162
76 0. 08737 092 0. 17537 289 0. 26465 883 0. 35592 721 0. 44994 944 0. 54760 364
78 0. 08737 262 0.17538 672 0.26470 671 0. 35604 488 0.45019 046 0. 54804 587

80 0.08737 408 0.17539 854 0.26474 766 0.35614 560 0.45039 699 0.54842 535
82 0. 08737 528 0.17540 830 0.26478 147 0.35622 881 0.45056 775 0.54873 947
84 0.08737 622 0. 17541 594 0. 26480 795 0. 35629 402 0.45070 168 0. 54898 608
86 0. 08737 689 0.17542 143 0.26482 697 0.35634 086 0.45079 795 0.54916 348
88 0.08737 730 0.17542 473 0.26483 842 0.35636 908 0.45085 596 0.54927 042

90 0.08737 744 0.17542 583 0.26484 225 0. 35637 851 0.45087 533 0. 54930 614
1(-8)31L3J 1(-7)31L4J 1(-6)11L4J r(-6)21L5i 1(-6)51L5J 1(-6)9

L5
5 0. 08726 730 0.17453 962 0.26182 180 0.34911 842 0.43643 361 0.52377 095

15 0.08727 387 0.17459 198 0.26199 739 0. 34953 092 0.43722 998 0.52512 754
25 0.08728 623 0.17469 061 0.26232 912 0.35031 330 0.43874 792 0.52772 849
35 0. 08730 289 0.17482 397 0.26277 965 0.35138 244 0.44083 848 0.53134 425
45 0.08732 185 0.17497 630 0.26329 709 0. 35261 989 0.44328 233 0.53562 273
55 0. 08734 084 0.17512 935 0.26382 007 0.35388 123 0.44580 113 0.54009 391
65 0.08735 756 0.17526 454 0.26428 466 0. 35501 092 0.44808 179 0.54419 926
75 0.08736 998 0.17536 525 0.26463 238 0.35586 223 0.44981 645 0.54735 991
85 0.08737 659 0.17541 895 0.26481 840 0.35631 976 0.45075 457 0.54908 352
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Table 17.5

350

ELLIPTIC INTEGRAL OF THE FIRST KIND F(ço\a)

F(c\a)=f' (1_sin2 a sin2 e)do

400 450 500 55° 60°
0 0.61086 524 0. 69813 170 0. 78539 816 0. 87266 463 0. 95993 109 1. 04719 755
2 0.61090 819 0. 69819 436 0. 78548 509 0.87278 045 0.96008 037 1.04738 465
4 0. 61103 691 0. 69838 220 0. 78574 574 0. 87312 784 0.96052 821 1. 04794 603
6 0.61125 108 0.69869 484 0.78617 974 0.87370 649 0.96127 450 1.04888 194
8 0. 61155 010 0.69913 161 0.78678 644 0.87451 593 0.96231 911 1.05019 278

10 0.61193 318 0.69969 159 0.78756 494 0.87555 545 0.96366 180 1.05187 911
12 0.61239 927 0.70037 358 0.78851 403 0.87682 412 0.96530 224 1.05394 160
14 0. 61294 707 0.70117 608 0.78963 221 0.87832 076 0.96723 998 1. 05638 099
16 0. 61357 504 0.70209 730 0.79091 768 0.88004 389 0.96947 438 1.05919 813
18 0. 61428 140 0. 70313 511 0.79236 827 0.88199 174 0.97200 462 1.06239 384

20 0.61506 406 0.70428 706 0.79398 143 0.88416 214 0.97482 960 1.06596 891
22 0. 61592 071 0.70555 037 0.79575 422 0.88655 254 0.97794 790 1. 06992 405
24 0.61684 871 0.70692 183 0.79768 324 0.88915 992 0.98135 773 1.07425 976
26 0. 61784 515 0. 70839 788 0.79976 461 0. 89198 071 0. 98505 681 1. 07897 628
28 0. 61890 682 0.70997 451 0.80199 389 0. 89501 076 0.98904 227 1. 08407 347

30 0. 62003 018 0.71164 728 0.80436 610 0.89824 524 0.99331 059 1.08955 067
32 0. 62121 138 0. 71341 124 0. 80687 558 0. 90167 852 0. 99785 743 1. 09540 656
34 0. 62244 622 0. 71526 098 0. 80951 599 0.90530 415 1. 00267 749 1. 10163 899
36 0.62373 019 0.71719 052 0.81228 024 0.90911 465 1. 00776 438 1.10824 474
38 0. 62505 840 0. 71919 335 0. 81516 039 0.91310 148 1. 01311 039 1. 11521 933

40 0. 62642 563 0. 72126 235 0.81814 765 0.91725 487 1. 01870 633 1.12255 667
42 0.62782 630 0.72338 982 0.82123 227 0.92156 370 1.02454 127 1.13024 880
44 0.62925 446 0.72556 741 0. 82440 346 0. 92601 535 1.03060 230 1.13828 546
46 0. 63070 385 0. 72778 615 0. 82764 941 0. 93059 558 1. 03687 427 1. 14665 369
48 0.63216 783 0.73003 640 0.83095 712 0.93528 835 1.04333 948 1.15533 731

50 0. 63363 947 0. 73230 789 0. 83431 247 0. 94007 568 1. 04997 735 1. 16431 637
52 0. 63511 150 0. 73458 970 0. 83770 010 0.94493 756 1. 05676 412 1. 17356 652
54 0.63657 639 0.73687 028 0.84110 344 0.94985 177 1.06367 248 1.18305 833
56 0.63802 636 0.73913 751 0.84450 468 0.95479 381 1. 07067 128 1.19275 650
58 0. 63945 343 0. 74137 870 0. 84788 483 0. 95973 682 1. 07772 516 1. 20261 907

60 0. 64084 944 0. 74358 071 0.85122 375 0.96465 156 1.08479 434 1.21259 661
62 0. 64220 613 0. 74572 998 0.85450 024 0.96950 647 1. 09183 436 1.22263 139
64 0. 64351 521 0.74781 266 0.85769 220 0. 97426 773 1. 09879 601 1.23265 660
66 0. 64476 839 0. 74981 471 0. 86077 677 0.97889 946 1.10562 535 1.24259 576
68 0. 64595 751 0.75172 208 0. 86373 057 0.98336 406 1.11226 392 1.25236 238

70 0. 64707 458 0.75352 078 0.86652 996 0.98762 253 1.11864 920 1.26185 988
72 0.64811 189 0. 75519 716 0.86915 135 0.99163 507 1.12471 530 1.27098 218
74 0. 64906 209 0. 75673 800 0. 87157 159 0.99536 166 1. 13039 401 1.27961 482
76 0. 64991 829 0. 75813 076 0. 87376 830 0.99876 287 1.13561 610 1. 28763 696
78 0. 65067 415 0. 75936 376 0. 87572 037 1. 00180 067 1.14031 304 1. 29492 436

80 0. 65132 394 0.76042 640 0. 87740 833 1. 00443 942 1. 14441 892 1.30135 321
82 0. 65186 270 0. 76130 931 0. 87881 481 1. 00664, 678 1. 14787 262 1. 30680 495
84 0. 65228 622 0. 76200 457 0. 87992 495 1. 00839 470 1. 15062 010 1. 31117 166
86 0. 65259 116 0.76250 582 0.88072 675 1. 00966 028 1.15261 652 1. 31436 170
88 0. 65277 510 0. 76280 846 0. 88121 143 1. 01042 658 1. 15382 828 1. 31630 510

90 0.65283 658 0.76290 965 0.88137 359 1.01068 319 1.15423 455 1.31695 790
[(_5)2] [(_5)4] [(_5)6] [(_4)1] [(_4)2]

5 0.61113 335 0.69852 295 0.78594 111 0.87338 828 0.96086 405 1.04836 715
15 0. 61325 114 0.70162 198 0. 79025 416 0.87915 412 0. 96832 014 1. 05774 229
25 0.61733 857 0. 70764 702 0.79870 514 0. 89054 388 0.98317 128 1. 07657 042
35 0.62308 236 0.71621 617 0.81088 311 0.90718 679 1.00518 803 1.10489 545
45 0. 62997 691 0. 72667 222 0. 82601 788 0. 92829 036 1. 03371 296 1. 14242 906
55 0.63730 374 0. 73800 634 0. 84280 548 0. 95232 094 1. 06716 268 1. 18788 407
65 0. 64414 930 0.74882 464 0.85924 936 0.97660 210 1.10223 077 1.23764 210
75 0. 64950 235 0.75745 364 0. 87269 924 0.99710 535 1.13306 645 1.28370 993
85 0. 65245 368 0. 76227 978 0. 88036 502 1. 00908 899 1. 15171 457 1. 31291 870



ELLIPTIC INTEGRALS 615

65°

ELLIPTIC INTEGRAL OF

F(cc\a)=j

700 750

KIND

85°

Table 17.5

900

THE FIRST

(1_sifl2asin2 O)dO

80°
00 1. 13446 401 1. 22173 048 1. 30899 694 1. 39626 340 1.48352 986 1. 57079 633
2 1.13469 294 1.22200 477 1.30931 959 1. 39663 672 1.48395 543 1.57127 495
4 1.13537 994 1.22282 810 1.31028 822 1.39775 763 1.48523 342 1.57271 244
6 1. 13652 576 1.22420 180 1.31190 491 1. 39962 909 1.48736 769 1. 57511 361
8 1.13813 158 1.22612 810 1.31417 314 1.40225 598 1.49036 470 1.57848 658

10 1.14019 906 1.22861 010 1.31709 778 1.40564 522 1.49423 361 1.58284 280
12 1.14273 032 1.23165 180 1. 32068 514 1.40980 577 1.49898 627 1.58819 721
14 1.14572 789 1.23525 808 1.32494 296 1.41474 871 1. 50463 742 1.59456 834
16 1.14919 47]. 1.23943 470 1. 32988 047 1.42048 728 1.51120 474 1.60197 853
18 1.15313 409 1.24418 827 1.33550 840 1.42703 700 1.51870 904 1.61045 415

20 1.15754 967 1.24952 627 1.34183 901 1.431441 578 1.52717 445 1.62002 590
22 1.16244 535 1.25545 700 1.34888 616 1.44264 399 1. 53662 865 1. 63072 910
24 1.16782 525 1.26198 957 1. 35666 531 1. 4174 466 1. 54710 309 1. 64260 414
26 1.17369 362 1.26913 385 1.36519 359 1. 4174 360 1.55863 334 1.65569 693
28 1.18005 472 1.27690 045 1.37448 981 1. 41266 958 1. 57125 942 1.67005 943

30 1.18691 274 1. 28530 059 1. 38457 455 1. 48455 455 1. 58502 624 1. 68575 035
32 1.19427 162 1.29434 605 1.39547 013 149743 384 1.59998 406 1.70283 594
34 1.20213 489 1. 30404 906 1. 40720 064 14 51134 644 1. 61618 906 1. 72139 083
36 1.21050 542 1.31442 210 1.41979 198 1,52633 523 1.63370 398 1.74149 923
38 1.21938 520 1.32547 772 1.43327 179 1. 54244 734 1. 65259 894 1.76325 618

40 1.22877 499 1.33722 824 1.44766 938 1. 55973 441 1. 67295 226 1.78676 913
42 1.23867 392 1.34968 545 1.46301 65 1.57825 301 1.69485 156 1.81215 985
44 1.24907 904 1.36286 013 1.47934 287 1.59806 493 1.71839 498 1.83956 672
46 1.25998 475 1.37676 148 1.49668 437 1. 61923 762 1.74369 264 1.86914 755
48 1.27138 210 1.39139 640 1.51507 416 1.64184 453 1. 77086 836 1.90108 303

50 1.28325 798 1.40676 855 1.53454 619 1.66596 542 1.80006 176 1.93558 110
52 1.29559 414 1.42287 717 1.55513 354 1. 69168 665 1.83143 068 1.97288 227
54 1.30836 604 1.43971 560 1.57686 709 1. 71910 125 1.86515 414 2.01326 657
56 1. 32154 149 1.45726 935 1. 59977 378 1.74830 880 1.90143 591 2. 05706 232
58 1.33507 910 1.47551 372 1.62387 409 1. 77941 482 1.94050 873 2.10465 766

60 1.34892 643 1.49441 087 1.64917 867 1.81252 953 1.98263 957 2.15651 565
62 1.36301 803 1.51390 609 1. 67568 359 1.84776 547 2. 02813 570 2.21319 470
64 1. 37727 323 1. 53392 332 1.70336 398 1.88523 335 2.07735 219 2.27537 643
66 1. 39159 384 1. 55435 972 1.73216 516 1.92503 509 2.13070 052 2. 34390 472
68 1.40586 195 1.57507 940 1.76199 085 1.96725 237 2.18865 839 2.41984 165

70 1.41993 796 1. 59590 624 1.79268 736 2. 01192 798 2.25177 995 2.50455 008
72 1.43365 925 1.61661 644 1.82402 292 2. 05903 582 2. 32070 416 2. 59981 973
74 1.44684 001 1.63693 134 1.85566 175 2.10843 282 2.39615 610 2.70806 762
76 1.45927 266 1.65651 218 1.88713 308 2.15978 295 2.47892 739 2.83267 258
78 1.47073 163 1.67495 873 1.91779 814 2.21243 977 2. 56980 281 2.97856 895

80 1.48098 006 1.69181 489 1.94682 231 2.26527 326 2. 66935 045 3.15338 525
82 1.48977 975 1.70658 456 1.97316 666 2.31643 897 2.77736 748 3.36986 803
84 1.49690 410 1.71876 033 1.99562 118 2.36313 736 2.89146 664 3.65185 597
86 1.50215 336 1. 72786 543 2. 01290 452 2.40153 358 3.00370 926 4.05275 817
88 1.50537 033 1.73350 464 2.02384 126 2.42718 003 3.09448 898 4.74271 727

90 1.50645 424 1. 73541 516 2. 02758 942 2.43624 605 3.13130 133
1(-4)31L8 i 1(-)5118 i r(-4)91Lio] r(-3)21L'o] [(_3)7]

5 1.13589 544 1.22344 604 1.31101 537 1.39859 928 1.48619 317 1.57379 213
15 1. 14740 244 1. 23727 471 1. 32732 612 1. 41751 762 1. 50780 533 1. 59814 200
25 1. 17069 811 1.26548 460 1. 36083 467 1. 45663 012 1. 55273 384 1. 64899 522
35 1.20625 660 1. 30915 104 1.41338 702 1.51870 347 1. 62477 858 1.73124 518
45 1. 25446 980 1. 36971 948 1. 48788 472 1. 60847 673 1. 73081 713 1. 85407 468
55 1.31490 567 1.44840 433 1.58817 233 1.73347 444 1.88296 142 2.03471 531
65 1.38443 225 1. 54409 676 1. 71762 935 1.90483 674 2.10348 169 2. 30878 680
75 1.45316 359 1. 64683 711 1. 87145 396 2. 13389 514 2. 43657 614 2. 76806 315
85 1. 49977 412 1. 72372 395 2. 00498 776 2. 38364 709 2. 94868 876 3. 83174 200



Table 17.6 ELLIPTIC INTEGRAL OF THE SECOND KIND E(\a)

E (Aa) =f° (1sifl2 a sin2 do

a\,p
00

2
4
6
8

10
12
14
16
18

20
22
24
26
28

30
32
34
36
38

40
42
44
46
48

50
52
54
56
58

60
62
64
66
68

70
72
74
76
78

80
82
84
86
88

90
[(_8)4]

[-Lí73] [%II
[(_6)2] [(6)4] [1]

5
15
25
35
45
55
65
75
85
See Example 14.
Compiled from K. Pearson, Tables of the complete and incomplete elliptic integrals,Cambridge Univ.
Press, Cambridge, England, 1934 (with permission). Known errors have been corrected.

0° 5°
0. 08726
0. 08726
0. 08726
0. 08726
0.08726

0.08726
0. 08726
0.08725
0.08725
0. 08725

0. 08725
0. 08725
0. 08724
0.08724
0.08724

0.08723
0. 08723
0. 08723
0. 08722
0.08722

0. 08722
0.08721
0. 08721
0.08720
0. 08720

0. 08720
0.08719
0. 08719
0.08719
0.08718

0.08718
0. 08718
0. 08717
0. 08717
0.08717

0. 08716
0.08716
0. 08716
0. 08716
0.08716

0. 08715
0.08715
0. 08715
0.08715
0.08715

0.08715

646
633
592
525
432

313
168
999
806
590

352
094
816
521
208

881
540
187
824
453

075
692
307
920
535

152
774
402
039
686

345
017
704
408
130

871
633
416
223
053

909
789
695
628
588

574

100

0.17453
0.17453
0.17452
0. 17452
0.17451

0.17450
0. 17449
0.17448
0.17446
0.17444

0.17442
0.17440
0.17438
0.17436
0.17433

0.17431
0.17428
0.17425
0.17422
0.17419

0.17416
0.17413
0.17410
0.17407
0. 17404

0.17401
0.17398
0. 17395
0.17392
0.17389

0.17387
0.17384
0.17381
0.17379
0.17377

0.17375
0. 17373
0. 17371
0.17370
0.17368

0.17367
0.17366
0.17365
0.17365
0.17364

0.17364

15° 20°
293 0.26179 939 0.34906
185 0.26179 579 0.34905
864 0.26178 503 0.34903
330 0. 26176 715 0. 34899
587 0.26174 224 0.34893

636 0.26171 041 0.34885
485 0.26167 182 0. 34876
137 0.26162 664 0.34866
599 0.26157 510 0.34853
879 0.26151 743 0.34840

985 0.26145 391 0.34825
926 0.26138 485 0.34809
712 0.26131 056 0. 34791
353 0.26123 141 0.34773
862 0.26114 778 0.34753

250 0.26106 005 0.34732
529 0.26096 867 0.34711
714 0.26087 405 0.34689
817 0.26077 666 0.34666
852 0.26067 697 0.34642

835 0.26057 545 0.34618
779 0.26047 261 0.34594
700 0.26036 893 0.34569
613 0.26026 492 0.34545
531 0.26016 110 0. 34520

472 0.26005 795 0.34496
449 0.25995 600 0.34472
477 0. 25985 574 0. 34448
571 0.25975 765 0.34425
745 0.25966 224 0.34402

013 0.25956 996 0.34380
388 0.25948 126 0. 34359
883 0.25939 660 0.34339
511 0.25931 640 0.34320
283 0.25924 104 0.34302

210 0.25917 090 0.34285
302 0.25910 634 0.34270
568 0.25904 767 0.34256
018 0.25899 519 0.34243
659 0.25894 917 0.34233

498 0.25890 983 0.34223
539 0.25887 737 0.34215
789 0.25885 195 0.34209
250 0.25883 370 0.34205
926 0.25882 271 0.34202

818 0.25881 905 0.34202

585
742
218
025
181

714
657
055
954
412

492
262
800
187
510

863
342
050
093
580

625
343
850
266
710

302
162
409
159
529

631
575
465
404
487

805
443
478
984
022

650
915
857
507
889

014

25°
0.43633
0.43631
0.43626
0.43618
0.43607

0.43593
0.43575
0.43555
0.43531
0.43505

0.43476
0.43445
0.43411
0.43375
0.43337

0.43297
0.43256
0.43212
0.43168
0.43122

0.43076
0.43029
0.42981
0.42933
0.42885

0.42838
0.42791
0.42744
0.42699
0.42655

0.42612
0.42571
0.42531
0.42494
0.42459

0.42426
0.42396
0. 42368
0.42344
0.42322

0.42304
0.42289
0.42277
0.42268
0.42263

0.42261

231
608
745
665
403

011
552
106
765
633

831
488
749
767
709

749
075
880
368
748

236
055
431
594
776

212
134
775
368
138

308
097
712
358
224

495
339
913
363
817

389
175
258
700
547

826

30°
0.52359
0. 52357
0.52348
0.52335
0.52315

0.52291
0.52261
0.52227
0.52187
0.52142

0.52093
0.52040
0.51982
0.51921
0.51856

0.51788
0.51716
0.51643
0.51566
0.51488

0. 51408
0.51327
0.51246
0.51163
0.51081

0.50999
0.50918
0. 50838
0.50759
0.50683

0.50609
0.50537
0. 50469
0. 50404
0.50343

0.50286
0. 50234
0. 50186
0.50143
0.50106

0. 50074
0.50047
0.50026
0.50011
0.50003

0.50000

878
119
856
123
981

511
821
039
317
828

770
357
827
436
461

193
944
040
820
638

862
866
037
767
454

501
310
287
831
341

207
811
523
700
686

804
359
633
886
351

232
707
923
993
003

000

0.08726 562 0.17452 624 0.26177 698 0.34901 329 0.43623 105 0. 52342 670
0.08725 905 0.17447 391 0.26160 165 0.34860 188 0.43543 791 0.52207 785
0.08724 671 0.17437 550 0.26127 157 0. 34782 632 0.43394 028 0. 51952 597
0.08723 006 0.17424 275 0.26082 567 0.34677 648 0.43190 776 0.51605 197
0. 08721 113 0.17409 157 0.26031 693 0. 34557 562 0. 42957 525 0. 51204 932
0. 08719 220 0.17394 015 0.25980 639 0.34436 714 0.42721 938 0. 50798 838
0.08717 554 0.17380 680 0.25935 592 0. 34329 797 0.42512 769 0.50436 656
0. 08716 317 0.17370 770 0.25902 064 0.34250 043 0.42356 271 0.50164 622
0.08715 659 0.17365 493 0.25884 192 0.34207 467 0.42272 556 0.50018 720

616 ELLIPTIC INTEGRALS



617

Tahle 17.6

60°

1.04719 755
1.04701 051
1.04644 996
1.04551 764
1.04421 646

1.04255 047
1.04052 491
1.03814 615
1. 03542 177
1.03236 049

1. 02897 221
1. 02526 804
1. 2126 023
1.01696 224
1. 01238 873

1. 00755 556
1. 00247 977
0.99717 966
0. 99167 469
0.98598 560

0.98013 430
0.97414 397
0. 96803 899
0.96184 497
0.95558 873

0.94929 830
0.94300 285
0.93673 272
0.93051 931
0.92439 505

0.91839 329
0.91254 821
0.90689 460
0.90146 778
0.89630 323

0.89143 642
0.88690 237
0.88273 530
0.87896 810
0. 87563 185

0.87275 520
0.87036 381
0. 86847 970
0.86712 068
0.86629 990

0.86602 540
r(-)L6

1. 04603 012
1.03682 664
1. 01914 662
0.99445 152
0.96495 146
0.93361 692
0.90415 063
0.88079 972
0.86773 361

a\.p

00

2
4
6
8

350

0.61086 524
0.61082 230
0.61069 365
0.61047 983
0.61018 171

ELLIPTIC INTEGRALS

ELLIPTIC INTEGRAL OF THE SECOND KIND E(p\a)

E(co\a)=f' (1_sin2 a Sjfl2 o)do

400 45° 50° 550

0.69813 170 0.78539 816 0.87266 463 0.95993 109
0.69806 905 0. 78531 125 0.87254 883 0.95978 184
0.69788 136 0.78505 085 0.87220 183 0.95933 459
0. 69756 935 0.78461 792 0.87162 487 0.95859 083
0.69713 427 0.7840]. 409 0.87081 998 0.95755 301

10 0. 60980 055 0.69657 784 0. 78324 162 0.86979 001 0.95622 460
12 0.60933 793 0. 69590 226 0. 78230 343 0. 86853 863 0.95461 005
14 0. 60879 577 0.69511 023 0.78120 308 0.86707 031 0. 95271 478
16 0.60817 636 0. 69420 492 0.77994 473 0.86539 034 0.95054 522
18 0.60748 229 0. 69318 999 0. 77853 323 0.86350 481 0.94810 878

20 0. 60671 652 0. 69206 954 0. 77697 402 0. 86142 062 0.94541 386
22 0.60588 229 0. 69084 814 0.77527 316 0.85914 545 0.94246 984
24 0. 60498 319 0.68953 083 0. 77343 735 0.85668 781 0.93928 709
26 0.60402 308 0. 68812 308 0.77147 387 0.85405 695 0.93587 699
28 0.60300 616 0.68663 077 0.76939 059 0.85126 295 0.93225 186

30 0. 60193 687 0.68506 023 0.76719 599 0.84831 663 0.92842 504
32 0.60081 994 0. 68341 817 0. 76489 908 0. 84522 958 0. 92441 083
34 0. 59966 035 0.68171 170 0.76250 947 0.84201 414 0.92022 452
36 0. 59846 332 0. 67994 830 0. 76003 726 0. 83868 340 0.91588 234
38 0.59723 431 0.67813 578 0.75749 309 0.83525 115 0.91140 150

40 0. 59597 897 0. 67628 229 0. 75488 809 0.83173 189 0.90680 017
42 0.59470 312 0. 67439 630 0.75223 383 0.82814 080 0.90209 742
44 0. 59341 278 0. 67248 651 0. 74954 234 0. 82449 369 0. 89731 325
46 0.59211 406 0.67056 191 0. 74682 605 0.82080 700 0.89246 858
48 0.59081 324 0.66863 167 0.74409 773 0.81709 775 0. 88758 513

50 0.58951 664 0.66670 515 0. 74137 047 0.81338 346 0.88268 551
52 0.58823 065 0. 66479 183 0.73865 766 0.80968 217 0.87779 305
54 0. 58696 171 0. 66290 130 0.73597 286 0.80601 230 0. 87293 184
56 0. 58571 622 0. 66104 317 0.73332 979 0. 80239 262 0.86812 660
58 0. 58450 056 0.65922 707 0.73074 229 0.79884 217 0.86340 261

60 0.58332 103 0.65746 255 0.72822 416 0.79538 015 0.85878 561
62 0.58218 382 0.65575 905 0.72578 915 0. 79202 582 0.85430 169
64 0.58109 497 0.65412 585 0. 72345 085 0.78879 839 0.84997 709
66 0. 58006 032 0. 65257 197 0. 72122 260 0. 78571 685 0. 84583 811
68 0. 57908 549 0.65110 612 0.71911 737 0.78279 987 0.84191 082

70 0. 57817 584 0.64973 667 0. 71714 767 0.78006 562 0.83822 090
72 0.57733 641 0.64847 154 0.71532 545 0.77753 157 0.83479 335
74 0.57657 189 0.64731 812 0. 71366 196 0.77521 434 0.83165 223
76 0.57588 663 0.64628 328 0.71216 766 0.77312 952 0.82882 031
78 0. 57528 450 0. 64537 322 0.71085 210 0.77129 143 0.82631 879

80 0. 57476 897 0.64459 347 0.70972 381 0.76971 298 0.82416 694
82 0. 57434 302 0.64394 879 0. 70879 019 0.76840 544 0.82238 177
84 0. 57400 912 0. 64344 316 0. 70805 745 0.76737 830 0. 82097 770
86 0. 57376 921 0.64307 973 0.70753 050 0.76663 912 0.81996 631
88 0. 57362 470 0. 64286 075 0.70721 289 0.76619 339 0.81935 604

90 0. 57357 644 0.64278 761 0. 70710 678 0.76604 444 0. 81915 204
1(-5)11 f(-5)21 1(-5)31 1(-5)41 1(-5)5115J L5J L5J L6J L6J

5 0. 61059 734 0.69774 083 0.78485 586 0.87194 199 0.95899 964
15 0.60849 557 0.69467 152 0.78059 337 0.86625 642 0.95166 385
25 0. 60451 051 0. 68883 790 0. 77247 109 0. 85539 342 0. 93760 971
35 0.59906 618 0.68083 664 0.76128 304 0.84036 234 0.91807 186
45 0.59276 408 0.67152 549 0. 74818 650 0.82265 424 0.89489 714
55 0.58633 563 0.66196 758 0.73464 525 0.80419 500 0.87052 066
65 0.58057 051 0.65333 844 0.72232 215 0.78723 820 0.84788 276
75 0. 57621 910 0.64678 548 0.71289 304 0.77414 195 0.83019 625
85 0.57387 732 0.64324 351 0.70776 799 0. 76697 232 0.82042 232
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Table 17.6 ELLIPTIC INTEGRAL OF THE SECOND KIND E(o\a)
E(co\a)=J' (1_sin2 a j2 8)(/8

[(_5)9] [(4)1] [(_4)2] [(_4)2] [-:] [ej)4]

650 70° 75° 800 85° 900

0 ] 1344e 401 1.22173 048 1.30899 694 1.39626 340 1.48352 986 1. 57079 633
2 1. 13423 517 1.22145 628 1.30867 442 1.39589 024 1.48310 448 1.57031 792
4 1.13354 929 1. 22063 443 1. 30770 767 1. 39477 165 1.48182 929 1. 56888 372
6 1.13240 837 1.21926 717 1.30609 916 1.39291 030 1.47970 717 1.56649 679
8 1. 13081 573 1. 21735 820 1. 30385 297 1.39031 062 1. 47674 288 1. 56316 223

10 1.12877 602 1.21491 274 1.30097 484 1.38697 886 1.47294 312 1.55888 720
12 1. 12629 522 1. 21193 748 1.29747 215 1. 38292 302 1.46831 652 1. 55368 089
14 1.12338 066 1.20844 065 1.29335 393 1.37815 292 1.46287 363 1. 54755 458
16 1.12004 099 1.20443 195 1.28863 089 1.37268 017 1.45662 693 1.54052 157
1 1.11628 624 1.19992 262 1. 28331 541 1. 36651 823 1.44959 085 1. 53259 729

20 1.11212 778 1. 19492 542 1.27742 153 1. 35968 233 1.44178 179 1. 52379 921
22 1.10757 834 1.18945 465 1.27096 502 1.35218 961 1.43321 813 1.51414 692
24 1.10265 204 1.18352 618 1.26396 337 1.34405 903 1.42392 023 1. 50366 214
26 1.09736 439 1.17715 743 1.25643 578 1. 33531 146 1.41391 049 1.49236 871
28 1. 09173 228 1. 17036 745 1.24840 326 1. 32596 967 1. 40321 335 1. 48029 266

30 1.08577 404 1.16317 686 1.23988 858 1.31605 841 1.39185 532 1.46746 221
32 1.07950 942 1.15560 796 1.23091 635 1.30560 436 1.37986 503 1.45390 780
34 1.07295 961 1.14768 469 1.22151 305 1.29463 629 1.36727 328 1.43966 215
36 1. 06614 728 1.13943 273 1.21170 705 1.28318 499 1.35411 306 1.42476 031
38 1. 05909 660 1.13087 946 1.20152 870 1.27128 343 1.34041 965 1.40923 972

40 1. 05183 322 1.12205 408 1.19101 036 1.25896 675 1.32623 066 1.39314 025
42 1. 04438 435 1.11298 760 1. 18018 648 1.24627 240 1.31158 614 1. 37650 433
44 1. 03677 875 1. 10371 291 1. 16909 366 1. 23324 019 1.29652 865 1. 35937 700
46 1. 02904 677 1.09426 484 1.15777 077 1.21991 241 1.28110 340 1.34180 606
48 1. 02122 034 1. 08468 023 1.14625 899 1.20633 398 1.26535 837 1.32384 218

50 1.01333 305 1. 07499 796 1.13460 200 1.19255 255 1.24934 449 1. 30553 909
52 1. 00542 010 1. 06525 908 1. 12284 604 1. 17861 873 1.23311 580 1.28695 374
54 0.99751 835 1.05550 682 1.11104 010 1.16458 621 1.21672 971 1.26814 653
56 0.98966 632 1.04578 671 1. 09923 604 1.15051 210 1.20024 724 1.24918 162
58 0.98190 414 1. 03614 663 1.08748 883 1.13645 710 1.18373 339 1.23012 722

60 0.97427 354 1.02663 689 1. 07585 669 1.12248 590 1.16725 747 1.21105 603
62 0.96681 780 1. 01731 023 1. 06440 132 1.10866 752 1.15089 364 1.19204 568
64 0.95958 158 1.00822 192 1.05318 814 1.09507 580 1.13472 145 1.17317 938
66 0.95261 084 0.99942 966 1. 04228 653 1. 08178 986 1.11882 658 1.15454 668
68 0.94595 256 0.99099 354 1.03176 998 1. 06889 476 1.10330 172 1.13624 437

70 0. 93965 447 0. 98297 583 1. 02171 634 1. 05648 221 1. 08824 773 1.11837 774
72 0.93376 462 0.97544 068 1. 01220 781 1. 04465 133 1.07377 505 1.10106 217
74 0.92833 088 0.96845 360 1.00333 091 1. 03350 951 1.06000 556 1.08442 522
76 0.92340 024 0.96208 074 0.99517 606 1.02317 331 1.04707 504 1.06860 953
78 0.91901 802 0.95638 776 0.98783 670 1.01376 904 1.03513 640 1.05377 692

80 0.91522 691 0.95143 847 0.98140 781 1.00543 295 1.02436 393 1. 04011 440
82 0. 91206 588 0. 94729 297 0.97598 331 0.99831 000 1.01495 896 1.02784 362
84 0.90956 905 0.94400 544 0.97165 228 0.99255 019 1.00715 650 1.01723 692
86 0. 90776 445 0.94162 171 0.96849. 392 0.98830 025 1.00123 026 1.00864 796
88 0.90667 305 0.94017 677 0.96657 142 0.98568 915 0.99748 392 1.00258 409

90 0.90630 779 0.93969 262 0.96592 583 0.98480 775 0.99619 470 1.00000 000

5 1.13303 553 1.22001 878 1.30698 342 1.39393 358 1.48087 384 1.56780 907
15 1.12176 337 1.20649 962 1.29106 728 1.37550 358 1.45984 990 1.54415 050
25 1. 10005 236 1. 18039 569 1.26026 405 1. 33976 099 1.41900 286 1.49811 493
35 1.06958 479 1.14359 813 1.21665 853 1.28896 903 1.36076 208 1.43229 097
45 1. 03292 660 1. 09900 829 1.16345 846 1.22661 050 1.28885 906 1. 35064 388
55 0.99358 365 1.05063 981 1.10513 448 1.15755 065 1.20849 656 1.25867 963
65 0.95606 011 1. 00378 508 1.04769 389 1.08838 943 1.12673 373 1.16382 796
75 0.92579 978 0.96518 626 0.99915 744 1. 02823 305 1. 05342 632 1.07640 511
85 0.90857 873 0.94269 813 0.96992 212 0.99022 779 1.00394 027 1.01266 351



ELLIPTIC INTEGRALS

See Example 16.
Compiled from P. F. Byrd and M.D. Friedman, Handbook of elliptic integrals for engineers
and physicists, Springer-Verlag, Berlin, Germany, 1954 (with permission).
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00

JACOBIAN ZETA FUNCTION Z(c\a)

K(a)Z(ço\a)=K(a)E(o\a) -E(a)F(ço\a)
K(90°)Z(\a)=K(90°)Z(u1)=K(9Ø°) tanh u= for all u

0° 50 100 15° 20° 25°
0. 000000 0. 000000 0. 000000 0.000000 0. 000000

Table 17.7

300

0.000000
2
4
6

0. 000083
0. 000332
0. 000748

0.000164
0.000655
0. 001474

0.000239
0.000957
0. 002155

0. 000308
0. 001231
0. 002770

0. 000367
0.001467
0. 003302

0. 000414
0. 001658
0. 003734

8 0.001331 0. 002621 0.003832 0. 004928 0.005875 0.006644

10
12
14
16

0. 002080
0.002997
0. 004082
0. 005337

0.004098
0. 005905
0. 008043
0. 010516

0. 005992
0. 008635
0. 011765
0.015384

0. 007706
0.011107
0.015136
0. 019796

0. 009188
0.013246
0. 018055
0. 023621

0. 010393
0. 014987
0. 020433
0. 026740

18 0.006761 0. 013324 0.019496 0. 025094 0. 029951 0. 033919

20 0. 008357 0.016470 0. 024105 0. 031035 0. 037055 0. 041981
22 0.010125 0. 019958 0. 029216 0. 037627 0. 044942 0. 050941
24 0. 012067 0. 023791 0. 034834 0. 044878 0. 053626 0. 060814
26 0.014186 0. 027972 0. 040968 0. 052799 0. 063119 0. 071617
28 0. 016483 0. 032508 0. 047624 0. 061401 0. 073438 0.083373

30 0. 018962 0. 037403 0. 054811 0. 070696 0. 084599 0.096103
32 0.021625 0. 042664 0. 062540 0. 080700 0. 096624 0. 109834
34 0. 024476 0. 048298 0. 070823 0. 091430 0. 109534 0. 124596
36 0. 027520 0. 054315 0. 079674 0.102905 0. 123356 0.140421
38 0. 030761 0.060725 0. 089108 0.115148 0. 138120 0.157347

40 0. 034205 0. 067540 0. 099145 0. 128185 0. 153860 0. 175418
42 0. 037860 0. 074774 0. 109807 0.142046 0. 170614 0. 194683
44 0. 041734 0. 082444 0.121118 0. 156765 0. 188428 0.215197
46 0. 045835 0. 090569 0.133109 0. 172383 0. 207353 0.237025
48 0. 050177 0. 099172 0. 145813 0. 188947 0. 227450 0.260240

50 0.054771 0.108280 0. 159273 0.206513 0. 248789 0. 284929
52 0. 059634 0. 117925 0. 173536 0. 225145 0.271452 0. 311193
54 0. 064786 0. 128146 0. 188661 0. 244921 0. 295538 0. 339150
56 0. 070249 0. 138989 0.204716 0.265933 0. 321161 0. 368940
58 0.076052 0.150510 0. 221785 0. 288294 0. 348462 0. 400731

60 0.082227 0.162776 0. 239971 0. 312138 0.377610 0.434726
62 0. 088818 0. 175872 0.259398 0. 337632 0.408811 0.471170
64 0. 095876 0. 189901 0.280221 0. 364981 0.442321 0. 510371
66 0.103468 0.204994 0. 302637 0. 394446 0. 478462 0.552710
68 0. 111676 0. 221320 0. 326895 0. 426356 0. 517644 0. 598675

70 0.120612 0.239097 0. 353322 0. 461145 0. 560402 0. 648900
72 0.130420 0.258615 0. 382351 0. 499384 0. 607444 0. 704225
74 0.141301 0.280272 0.414575 0.541857 0. 659739 0. 765797
76 0. 153537 0. 304631 0. 450832 0. 589673 0. 718657 0. 835238
78 0.167542 0.332519 0. 492356 0. 644462 0.786214 0. 914934

80 0.183967 0.365230 0. 541075 0. 708771 0.865556 1. 008608
82 0. 203902 0. 404937 0. 600229 0. 786884 0. 961976 1.122523
84 0.229402 0.455734 0. 675918 0. 886859 1. 085434 1.268462
86 0. 265091 0. 526833 0. 781873 1. 026844 1.258352 1. 472953
88 0. 325753 0. 647691 0.962000 1. 264856 1.552420 1.820811

90 go go go

5 0.000519 0. 001023 0. 001496 0.001923 0. 002292 0. 002592
15 0. 004688 0. 009238 0. 013513 0. 017387 0. 020743 0. 023479
25 0. 013105 0. 025838 0. 037836 0. 048754 0. 058271 0. 066098
35 0. 025973 0. 051258 0. 075176 0. 097073 0. 116329 0. 132373
45 0. 043755 0. 086448 0.127026 0. 164459 0. 197748 0. 225942
55 0. 067477 0. 133487 0.196567 0.255266 0. 308149 0. 353807
65 0. 099601 0. 197305 0.291216 0. 379430 0.460039 0. 531121
75 0.147228 0.292070 0. 432134 0.565011 0. 688264 0. 799407
85 0. 245478 0. 487761 0.723644 0. 949910 1. 163313 1. 360551



620 ELLIPTIC INTEGRALS

Table 17.7

350

JACOBIAN ZETA FUNCTION Z(P\a)

K(a)Z(co\a) = K (c)E(ço\a)_E(a)F(o\a)
K(90°)Z('\z)=K(90°)Z(u1)=K(90°) tanh u= for all u

4Ø0 450 500 550 600

0° 0. 000000 0. 000000 0. 000000 0. 000000 0. 000000 0. 000000
2 0. 000450 0. 000471 0. 000479 0. 000471 0. 000450 0. 000415
4 0. 001800 0. 001886 0. 001916 0. 001887 0. 001800 0. 001659
6 0. 004052 0. 004248 0. 004314 0. 004250 0. 004056 0. 003739
8 0. 007212 0. 007561 0. 007681 0. 007567 0. 007224 0. 006660

10 0.011284 0.011833 0.012023 0.011849 0.011313 0.010433
12 0.016276 0.017073 0.017353 0.017106 0.016337 0.015070
14 0. 022197 0. 023293 0. 023683 0. 023354 0. 022312 0. 020588
16 0. 029060 0. 030505 0. 031029 0. 030610 0. 029257 0. 027006
18 0. 036876 0. 038728 0. 039411 0. 038897 0. 037194 0. 034347

20 0. 045662 0. 047979 0. 048850 0. 048238 0. 046150 0. 042639
22 0. 055435 0. 058279 0. 059372 0. 058663 0. 056156 0. 051912
24 0. 066216 0. 069655 0. 071005 0. 070203 0. 067246 0. 062203
26 0. 078026 0. 082132 0. 083783 0. 082895 0. 079461 0. 073551
28 0. 090893 0. 095744 0. 097742 0. 096782 0. 092844 0. 086003

30 0.104844 0.110525 0.112924 0.111909 0.107447 0.099613
32 0. 119914 0. 126515 0. 129375 0. 128330 0. 123327 0. 114438
34 0.136138 0.143758 0.147147 0.146103 0.140549 0.130548
36 0. 153557 0. 162305 0. 166300 0. 165296 0. 159186 0. 148018
38 0.172220 0.182211 0.186898 0.185983 0.179319 0.166934

40 0. 192178 0. 203541 0. 209016 0.208248 0.201042 0. 187395
42 0. 213492 0. 226365 0. 232738 0. 232187 0. 224459 0. 209512
44 0. 236228 0.250764 0. 258158 0. 257907 0.249691 0. 233413
46 0.260466 0.276831 0.285383 0.285531 0.276871 0.259243
48 0. 286295 0. 304671 0. 314535 0. 315196 0. 306156 0.287169

50 0. 313816 0. 334405 0. 345755 0. 347064 0. 337723 0. 317383
52 0. 343151 0. 366173 0. 379203 0. 381317 0. 371776 0. 350108
54 0. 374438 0. 400138 0. 415067 0. 418166 0. 408552 0. 385601
56 0. 407844 0. 436490 0. 453565 0. 457861 0. 448328 0. 424167
58 0. 443565 0. 475457 0. 494956 0. 500691 0.491428 0.466161

60 0.481836 0.517310 0.539547 0.547003 0.538238 0.512007
62 0. 522947 0. 562378 0.587709 0. 597211 0.589220 0. 562214
64 0.567251 0.611064 0.639896 0.651822 0.644933 0.617399
66 0. 615191 0. 663870 0. 696670 0. 711460 0. 706068 0. 678320
68 0.667330 0.721434 0.758741 0.776910 0.773487 0.745922

70 0. 724397 0. 784577 0. 827024 0. 849178 0. 848294 0. 821411
72 0. 787359 0. 854390 0. 902728 0. 929590 0. 931931 0. 906356
74 0. 857536 0. 932355 0. 987491 1. 019938 1. 026343 1. 002860
76 0. 936789 1.020563 1. 083621 1. 122735 1. 134246 1. 113848
78 1. 027859 1. 122089 1. 194508 1. 241670 1. 259612 1. 243568

80 1. 135017 1. 241721 1. 325428 1. 382470 1. 408589 1. 398577
82 1.265447 1.387516 1.485245 1.554749 1.591484 1.589820
84 1. 432669 1. 574623 1. 690632 1. 776579 1. 827639 1. 837791
86 L 667113 1. 837147 1. 979107 2. 088611 2. 160541 2.188502
88 2. 066078 2. 284127 2. 470622 2. 620801 2. 729164 2. 788909

90

5 0. 002813 0. 002948 0. 002994 0. 002949 0. 002815 0. 002594
15 0. 025510 0. 026774 0. 027228 0. 026855 0. 025662 0. 023683
25 0. 071991 0. 075754 0. 077249 0. 076403 0. 073210 0. 067742
35 0.144695 0.152865 0.156547 0.155518 0.149686 0.139108
45 0. 248154 0. 263583 0. 271538 0. 271473 0. 263028 0. 246077
55 0. 390865 0. 418002 0. 433972 0. 437641 0. 428046 0. 404479
65 0. 590735 0. 636916 0. 667669 0. 680968 0. 674774 0. 647089
75 0. 895883 0. 975016 1. 033955 1. 069585 1. 078397 1. 056317
85 1. 538234 1. 692810 1. 820471 1. 916972 1. 977347 1. 995386
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JACOBIAN ZETA FUNCTION Table 17.7

K(9Ø°)Z(o\a)_-K(9O°)Z(u1)=K(90°) tanh u= for all u
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00

2
4
6
8

10
12
14
16
18

20
22
24
26
28

30
32
34
36
38

40
42
44
46
48

50
52
54
56
58

60
62
64
66
68

70
72
74
76
78

80
82
84
86
88

90

5
15
25
35
45
55
65
75
85

650

0. 000000
0.000367
0. 001468
0. 003308
0. 005893

0.009233
0. 013341
0. 018231
0. 023922
0.030438

0. 037803
0. 046047
0. 055206
0. 065319
0. 076431

0. 088594
0. 101867
0. 116315
0.132015
0. 149053

0.167527
0. 187551
0.209254
0. 232785
0.258315

0.286045
0.316206
0. 349070
0. 384960
0. 424255

0.467411
0.514976
0. 567621
0. 626169
0.691653

0.765385
0. 849072
0.944993
1. 056298
1.187535

1. 345674
1. 542281
1. 798909
2. 163806
2.790834

0.002295
0. 020975
0.060141
0. 124003
0.220781
0. 366615
0.596098
0. 998480
1.962673

700
0. 000000
0.000308
0. 001232
0. 002776
0. 004946

0.007751
0. 011202
0. 015312
0. 020098
0.025581

0. 031783
0. 038732
0. 046459
0. 055000
0. 064397

0. 074696
0. 085951
0. 098224
0.111585
0. 126114

0.141905
0. 159064
0.177713
0. 197996
0.220078

0.244154
0.270454
0. 299246
0. 330854
0. 365664

0.404143
0.446860
0. 494517
0. 547987
0.608372

0.677086
0. 755975
0.847508
0.955095
1.083634

1. 240571
1. 438150
1. 698985
2. 073357
2.721008

0.001926
0. 017619
0.050625
0. 104764
0.187640
0 314676
0.520463
0. 899033
1.866624

750

0. 000000
0.000239
0. 000958
0. 002160
0. 003849

0.006032
0. 008718
0. 011920
0. 015649
0.019924

0. 024763
0. 030188
0. 036225
0. 042905
0. 050260

0. 058332
0. 067164
0. 076808
0.087324
0.098779

0.111254
0. 124839
0.139641
0. 155784
0.173414

0.192704
0.213858
0. 237121
0. 262789
0. 291220

0.322854
0.358236
0. 398048
0. 443155
0.494668

0.554038
0. 623195
0.704762
0. 802400
0.921408

1. 069839
1. 260828
1. 518315
1. 894760
2.555104

0.001498
0. 013718
0.039483
0. 081953
0.147536
0. 249634
0.419877
0. 751288
1.686113

800
0. 000000
0.000164
0. 000656
0. 001477
0. 002633

0.004127
0. 005966
0. 008158
0. 010713
0.013642

0. 016959
0.020680
0. 024823
0. 029411
0. 034466

0. 040018
0. 046099
0. 052747
0.060004
0. 067920

0.076554
0. 085973
0.096255
0. 107493
0.119798

0.133299
0.148154
0. 164550
0. 182720
0. 202947

0.225584
0.251076
0. 279993
0. 313069
0.351277

0.395917
0. 448779
0.512376
0. 590350
0.688163

0. 814374
0. 983236
1. 220780
1. 583040
2.241393

0.001025
0. 009390
0.027060
0. 056296
0.101748
0. 173397
0.295957
0. 549278
1.380465

85°
0. 000000
0.000083
0. 000333
0. 000750
0. 001337

0.002096
0. 003030
0. 004143
0. 005442
0.006930

0. 008617
0. 010509
0. 012617
0. 014952
0. 017526

0. 020354
0. 023454
0. 026845
0.030550
0. 034595

0.039011
0. 043833
0.049104
0. 054874
0.061201

0. 068157
0.075826
.0. 084312
0. 093745
0. 104281

0.116121
0.129521
0. 144812
0. 162430
0.182965

0.207230
0. 236382
0.272114
0. 317015
0.375226

0. 453784
0. 565578
0. 736684
1. 028059
1.628299

0.000520
0. 004769
0.013755
0. 028657
0.051923
0. 088901
0.153297
0. 293208
0.860811

90°

90



622

Table 17.8

A(\a)
00

2
4
6
8

ELLIPTIC INTEGRALS

86 0. 056034 0. 112053 0. 168043
88 0. 055698 0. 111392 0. 167078

0.081425 0.162247 0.241870 0.319707 0.395191 0.467777
0. 080674 0. 160755 0.239657 0. 316806 0. 391645 0. 463642
0. 079884 0. 159187 0. 237335 0. 313764 0. 387930 0. 459316
0. 079058 0.157548 0. 234908 0. 310587 0. 384057 0. 454813
0. 078198 0. 155842 0. 232383 0. 307286 0. 380037 0. 450147

0. 077307 0. 154073 0. 229767 0. 303869 0. 375880 0. 445330
0. 076385 0.152246 0. 227068 0. 300346 0. 371600 0. 440378
0. 075436 0. 150367 0. 224292 0.296727 0. 367209 0.435306
0. 074463 0. 148439 0. 221447 0. 293022 0. 362720 0. 430127
0. 073469 0. 146470 0.218543 0. 289242 0. 358145 0. 424860

0. 072455 0. 144464 0. 215587 0. 285399 0. 353500 0. 419519
0. 071426 0. 142428 0. 212589 0. 281505 0. 348799 0. 414121
0. 070385 0. 140370 0. 209558 0. 277573 0. 344057 0. 408685
0. 069336 0. 138295 0. 206506 0. 273616 0. 339290 0. 403228
0. 068281 0. 136211 0. 203443 0. 269648 0. 334516 0. 397769

0. 067226 0. 134126 0.200380 0.265684 0. 329751 0. 392328
0. 066175 0. 132049 0.197331 0.261739 0. 325015 0. 386926
0. 065131 0. 129989 0. 194307 0. 257832 0. 320328 0. 381586
0. 064100 0. 127955 0. 191324 0. 253979 0. 315710 0. 376331
0. 063088 0. 125958 0. 188396 0. 250200 0. 311185 0. 371186

0.062100 0. 124009 0. 185540 0. 246517 0.306778 0. 366180
0. 061143 0. 122121 0. 182774 0. 242952 0. 302515 0. 361342
0. 060223 0. 120307 0. 180119 0.239531 0. 298427 0. 356706
0. 059348 0. 118583 0. 177596 0. 236282 0. 294547 0. 352309
0. 058528 0. 116967 0. 175231 0.233238 0. 290914 0. 348194

0. 057773 0. 115479 0. 173054 0. 230436 0. 287571 0. 344410
0. 057095 0. 114143 0.171099 0. 227922 0.284573 0. 341017
0.056508 0.112988 0.169410 0.225750 0.281983 0.338088

F(\90°-a)
HEUMAN'S LAMBDA FUNCTION A0(\a)

2 K (a)Z(\9Ø°-a) {K(a)E(çA9Ø° -a) - [K(a) - E(a)]P(\90° -a)

10° 15° 20° 250 30050

0. 087156 0. 173648 0.258819 0. 342020 0.422618 0. 500000
0. 087129 0. 173595 0. 258740 0. 341916 0. 422490 0. 499848
0. 087050 0. 173437 0.258504 0. 341604 0.422104 0.499391422104 0.499391
0.086917 0.173173 0.258111 0.3410840.086917 0.173173 0.258111 0.341084 0.421462 0.4986330.421462 0.498633
0. 086732 0.172804 0.257562 0. 3403590. 086732 0.172804 0.257562 0. 340359 0.420566 0.4975740.420566 0.497574

0. 086495 0. 172332 0.256858 0. 3394300. 086495 0. 172332 0.256858 0. 339430 0.419419 0.4962190.419419 0.496219
0. 086206 0. 171757 0. 256001 0. 3382990. 086206 0. 171757 0. 256001 0. 338299 0. 418024 0. 4945720. 418024 0. 494572
0. 085866 0. 171080 0. 254994 0. 3369690. 085866 0. 171080 0. 254994 0. 336969 0. 416385 0. 4926380. 416385 0. 492638
0. 085476 0. 170303 0. 253838 0. 3354450. 085476 0. 170303 0. 253838 0. 335445 0. 414506 0. 4904240. 414506 0. 490424
0. 085037 0. 169429 0.252536 0. 3337290. 085037 0. 169429 0.252536 0. 333729 0. 412394 0. 4879370. 412394 0. 487937

0. 084549 0. 168458 0. 251092 0. 3318270. 084549 0. 168458 0. 251092 0. 331827 0. 410054 0. 4851840. 410054 0. 485184
0. 084013 0. 167393 0. 2495090. 084013 0. 167393 0. 249509 0. 329743 0. 407492 0. 4821760. 329743 0. 407492 0. 482176
0. 083432 0. 166236 0. 247790 0. 3274830. 083432 0. 166236 0. 247790 0. 327483 0. 404717 0. 4789200. 404717 0. 478920
0. 082806 0. 164991 0. 245941 0. 3250520. 082806 0. 164991 0. 245941 0. 325052 0. 401736 0. 4754280. 401736 0. 475428
0. 082136 0. 163661 0. 2439660. 082136 0. 163661 0. 243966 0. 322458 0. 398558 0. 4717100. 322458 0. 398558 0. 471710

0. 223992
0. 222751

0. 279887
0. 278408

0. 223992 0. 279887 0. 335718
0. 222751 0. 278408 0. 334046

0. 335718
0. 334046

10
12
14
16
18

20
22
24
26
28

30
32
34
36
38

40
42
44
46
48

50
52
54
56
58

60
62
64
66
68

70
72
74
76
78

80
82
84



HEUMAN'S LAMBDA FUNCTION AO(\a) Table 17.8

a\

K (a)Z(ço\90° -a) K(a) E(,\9O° - a)-[K(a)-E(a) F('\90°- a)

450 5Ø0 550 600350 4Ø0

00 0. 573576 0. 642788 0. 707107 0. 766044 0. 819152 0.866025
2 0. 573402 0. 642592 0. 706891 0. 765811 0.818903 0. 865762
4 0.572878 0.642006 0.706247 0.765113 0.818157 0. 864975
6 0. 572009 0. 641032 0. 705177 0. 763956 0. 816922 0. 863674
8 0. 570795 0.639674 0.703687 0. 762347 0.815210 0. 861876

10 0. 569244 0. 637940 0.701786 0. 760298 0. 813034 0. 859602
12 0.567360 0. 635836 0. 699484 0. 757822 0. 810416 0. 856877
14 0. 565150 0. 633373 0. 696794 0. 754937 0. 807375 0. 853731
16 0.562623 0.630561 0.693729 0.751660 0. 803935 0. 850194
18 0. 559789 0. 627412 0. 690306 0. 748011 0.800123 0.846297

20 0. 556657 0. 623939 0. 686540 0.744012 0. 795963 0. 842073
22 0. 553238 0.620157 0. 682450 0. 739683 0.791483 0.837553
24 0. 549546 0. 616080 0.678054 0. 735049 0.786709 0. 832766
26 0. 545591 0. 611725 0. 673372 0. 730130 0.781667 0. 827743
28 0. 541389 0.607107 0. 668422 0.724951 0. 776384 0. 822510

30 0. 536953 0. 602244 0. 663225 0. 719533 0. 770883 0.817093
32 0. 532297 0. 597153 0. 657801 0. 713900 0. 765190 0.811517
34 0. 527437 0. 591851 0.652170 0. 708073 0.759326 0. 805804
36 0.522388 0. 586356 0. 646351 0. 702074 0. 753314 0. 799976
38 0. 517165 0. 580687 0. 640365 0. 695923 0. 747177 0.794052

40 0. 511786 0. 574862 0.634231 0. 689642 0. 740932 0. 788051
42 0.506266 0.568898 0. 627970 0. 683251 0. 734602 0. 781992
44 0. 500622 0.562815 0.621600 0.676769 0. 728203 0.775891
46 0. 494873 0. 556632 0. 615142 0. 670217 0. 721756 0. 769764
48 0. 489034 0. 550366 0. 608615 0. 663613 0.715277 0. 763627

5 0. 483125 0. 544038 0. 602038 0. 656976 0. 708785 0. 757496
52 0.477164 0.537668 0. 595432 0. 650326 0. 702298 0.75.1385
54 0. 471170 0. 531275 0. 588817 0. 643682 0. 695832 0.745310
56 0. 465163 0. 524879 0. 582212 0. 637064 0. 689405 0.739286
58 0.459163 0. 518502 0. 575640 0. 630491 0. 683037 0. 733329

60 0. 453192 0. 512167 0. 569122 0. 623985 0. 676745 0. 727455
62 0. 447272 0. 505895 0. 562680 0. 617567 0. 670549 0.721680
64 0.441428 0.499711 0.556339 0.611258 0. 664469 0. 716024
66 0. 435683 0.493642 0.550124 0.605085 0. 658528 0.710504
68 0. 430065 0. 487715 0.544062 0. 599072 0. 652749 0. 705142

70 0. 424604 0. 481959 0. 538183 0. 593247 0. 647159 0. 699961
72 0. 419332 0. 476408 0. 532519 0. 587641 0. 641784 0. 694985
74 0. 414284 0. 471098 0. 527106 0. 582290 0. 636659 0.690244
76 0.409500 0. 466070 0.521985 0. 577231 0. 631818 0. 685770
78 0.405026 0.461371 0.517202 0.572511 0. 627303 0.681601

80 0.400915 0.457055 0.512813 0.568181 0.623166 0. 677782
82 0. 397229 0. 453189 0. 508883 0. 564307 0. 619464 0. 674368
84 0. 394049 0.449853 0.505494 0. 560967 0.616276 0. 671427
86 0. 391477 0. 447157 0. 502754 0. 558268 0. 613700 0. 669053
88 0. 389662 0. 445255 0.500823 0. 556366 0. 611884 0.667379

90 0.388889 0.444444 0.500000 0.555556 0. 611111 0. 666667
[(_4)1] [(_4)1] [(_4)1] [(_4)1] 1(- 4)1

L6
1 (-4)1
L6

5 0. 572487 0. 641567 0. 705765 0. 764592 0. 817600 0. 864388
15 0.563926 0.632010 0.695307 0.753346 0. 805703 0. 852010
25 0. 547600 0. 613936 0. 675748 0. 732623 0.784220 0. 830282
35 0. 524935 0. 589127 0. 649283 0. 705094 0.756337 0. 802903
45 0.497760 0. 559735 0. 618381 0. 67350] 0.724985 0. 772830
55 0. 468167 0. 528076 0. 585512 0. 640369 0. 692612 0. 742291
65 0. 438541 0. 496661 0. 553214 0.608153 0. 661480 0. 713246
75 0.411857 0.468546 0.524506 0.579721 0. 634200 0. 687972
85 0. 392679 0. 448417 0. 504034 0. 559529 0. 614903 0. 670162

ELLIPTIC INTEGRALS 623



624 ELLIPTIC INTEGRALS

Table 17.8 HEUMAN'S LAMBDA FUNCTION A0(ç\)

Ao(\a) F?) 2 K(a)Z(p\90°-a)

65°

{K(a)E(\9Ø°-a) - [K(a) - E(a) ]F(e\90°-a)}

70° 75° 800 85° 9Ø0

00 0.906308 0.939693 0.965926 0.984808 0.996195 1
2 0.906032 0.939407 0.965633 0.984511 0.995903 1
4 0.905210 0.938559 0.964769 0.983652 0.995130 1
6 0.903857 0.937172 0.963376 0.982315 0.994063 1
8 0.901997 0.935282 0.961512 0.980599 0.992833 1

10 0.899660 0.932934 0.959244 0.978597 0.991511 1
12 0.896881 0.930177 0.956638 0.976384 0.990135 1
14 0.893699 0.927061 0.953755 0.9740Th 0.988727 1
16 0.890152 0.923634 0.950646 0.971534 0.987299 1

18 0.886280 0.919940 0.947355 0.968969 0.985858 1

20 0.882119 0.916018 0.943918 0.966343 0.984410 1
22 0. 877704 0.911904 0.940364 0.963671 0.982958 1
24 0.873068 0.907630 0.936718 0.960968 0.981506 1
26 0. 868240 0.903221 0.933000 0.958241 0.980054 1
28 0. 863249 0.898703 0.929226 0.955500 0.978604 1

30 0.858117 0.894095 0.925409 0.952751 0.977159 1
32 0.852869 0.889416 0.921563 0.949998 0.975719 1

34 0. 847523 0. 884681 0. 917695 0.947247 0. 974286 1

36 0.842100 0.879904 0.913817 0.944502 0.972861 1

38 0.836615 0.875099 0.909935 0.941766 0.971445 1

40 0.831085 0.870277 0.906056 0.939042 0.970039 1

42 0.825524 0.865449 0.902188 0.936335 0.968644 1

44 0.819946 0.860625 0.898337 0.933647 0.967262 1
46 0.814365 0. 855814 0.894508 0.930981 0.965894 1
48 0.808792 0.851026 0.890708 0.928341 0.964540 1

50 0. 803241 0. 846269 0.886942 0.925731 0.963204 1
52 0.797724 0.841553 0.883216 0.923152 0.961885 1
54 0.792252 0.836887 0.879537 0.920610 0.960586 1

56 0.786839 0.832280 0.875911 0.918108 0.959309 1
58 0. 781496 0.827742 0. 872345 0.915649 0.958055 1

60 0.776237 0.823283 0.868846 0.913240 0.956826 1
62 0.771077 0.818913 0.865421 0.910884 0.955626 1
64 0.766029 0. 814645 0.862080 0.908588 0.954457 1

66 0.761110 0.810490 0.858831 0.906357 0.953321 1
68 0.756338 0.806464 0.855685 0.904198 0.952223 1

70 0.751731 0.802581 0.852654 0.902119 0.951166 1

72 0. 747312 0. 798860 0. 849751 0.900129 0. 950154 1
74 0.743104 0.795319 0.846990 0.898237 0.949193 1

76 0.739137 0.791983 0.844390 0.896456 0.948288 1

78 0.735442 0. 788877 0.841972 0. 894800 0.947446 1

80 0.732059 0.786036 0.839759 0. 893286 0.946677 1
82 0.729036 0,783497 0.837783 0.891933 0.945990 1
84 0.726434 0.781312 0.836083 0.890770 0.945400 1

86 0. 724333 0. 779549 0. 834711 0. 889831 0. 944923 1

88 0.722852 0.778307 0.833745 0.889170 0.944587 1

90 0.722222 0.777778 0.833333 0.888889 0.944444 1

[(_4)1] [(_5)9] [(_5)7] {(_5)5] [(_5)2]

5 0. 904599 0.937930 0.964135 0.983037 0.994624 1

15 0.891969 0.925384 0.952226 0.972787 0.988015 1

25 0.870676 0.905441 0. 934867 0.959607 0.980779 1

35 0. 844820 0.882297 0. 915757 0.945873 0.973573 1

45 0. 817155 Ó. 858217 0.896419 0.932311 0.966576 1

55 0. 789537 0. 834576 0.877717 0.919353 0.959944 1

65 0.763552 0.812552 0.860443 0.907464 0.953885 1

75 0. 741089 0.793624 0. 845669 0. 897332 0.948733 1
85 0,725315 0.780373 0.835352 0.890270 0.945145 1



[(_45)5] [(_fi4)4] [(_3)2] [(_3)7]

See Examples 15-20.

fl

0. 0

a\

n(n; ço\ a)=f0' (1-n sin2 O)1[1-sin2 a sin2 8}'do
00 15° 30° 450 60° 750

0. 26180 0. 52360 0. 78540 1. 04720 1. 30900
9Ø0

1. 57080
0.0 15 0.26200 0.52513 0.79025 1.05774 1. 32733 1. 59814
0. 0 30 0. 26254 0. 52943 0. 80437 1. 08955 1. 38457 1. 68575
0. 0 45 0. 26330 0. 53562 0. 82602 1. 14243 1. 48788 1. 85407
0. 0 60 0. 26406 0. 54223 0. 85122 1. 21260 1. 64918 2. 15651
0. 0 75 0. 26463 0. 54736 0. 87270 1. 28371 1. 87145 2. 76806
0.0 90 0.26484 0.54931 0.88137 1.31696 2. 02759 co

0. 1 0 0.26239 0.52820 0. 80013 1. 07949 1. 36560 1. 65576
0. 1. 15 0. 26259 0. 52975 0. 80514 1. 09058 1.38520 1.68536
0. 1 30 0. 26314 0. 53412 0.81972 1. 12405 1. 44649 1. 78030
0.1 45 0.26390 0.54041 0.84210 1.17980 1.55739 1.96326
0.1 60 0.26467 0.54712 0.86817 1.25393 1. 73121 2. 29355
0.1 75 0.26524 0.55234 0.89040 1.32926 1.97204 2.96601
0. 1 90 0. 26545 0. 55431 0. 89939 1. 36454 2. 14201 co

0.2 0 0.26299 0.53294 0.81586 1.11534 1.43078 1.75620
0. 2 15 0. 26319 0. 53452 0. 82104 1. 12705 1. 45187 1. 78850
0. 2 30 0. 26374 0. 53896 0. 83612 1. 16241 1. 51792 1. 89229
0. 2 45 0. 26450 0. 54535 0.85928 1. 22139 1. 63775 2. 09296
0.2 60 0.26527 0.55217 0.88629 1.30003 1. 82643 2. 45715
0. 2 75 0. 26585 0. 55747 0. 90934 1. 38016 2. 08942 3. 20448
0. 2 90 0. 26606 0. 55948 0. 91867 1. 41777 2. 27604 co

0. 3 0 0. 26359 0. 53784 0. 83271 1. 15551 1.50701 1.87746
0.3 15 0.26379 0.53945 0.83808 1.16791 1. 52988 1. 91309
0. 3 30 0. 26434 0. 54396 0. 85370 1. 20543 1. 60161 2. 02779
0. 3 45 0. 26511 0. 55046 0. 87771 1. 26812 1. 73217 2. 25038
0. 3 60 0. 26588 0. 55739 0. 90574 1. 35193 1. 93879 2. 65684
0. 3 75 0. 26646 0. 56278 0. 92969 1. 43759 2. 22876 3. 49853
0. 3 90 0. 26667 0. 56483 0. 93938 1. 47789 2. 43581 co

0. 4 0 0. 26420 0. 54291 0. 85084 1. 20098 1. 59794 2. 02789
0.4 15 0.26440 0.54454 0.85641 1.21419 1. 62298 2. 06774
0.4 30 0.26495 0.54912 0.87262 1.25419 1. 70165 2. 19629
0.4 45 0.26572 0.55573 0.89756 1.32117 1.84537 2.44683
0. 4 60 0. 26650 0. 56278 0. 92670 1. 41098 2.07413 2.90761
0. 4 75 0. 26708 0. 56827 0. 95162 1. 50309 2. 39775 3. 87214
0. 4 90 0. 26729 0. 57035 0. 96171 1. 54653 2. 63052 co

0. 5 C) 0. 26481 0.54814 0. 87042 1.25310 1.70919 2.22144
0.5 15 0.26501 0.54980 0.87621 1.26726 1.73695 2.26685
0.5 30 0.26557 0.55447 0.89307 1.31017 1. 82433 2. 41367
0. 5 45 0. 26634 0. 56119 0. 91902 1. 38218 1. 98464 2. 70129
0, 5 60 0. 26712 0. 56837 0. 94939 1. 47906 2. 24155 3. 23477
0.5 75 0.26770 0.57394 0.97538 1.57881 2. 60846 4. 36620
0. 5 90 0. 26792 0. 57606 0. 98591 1. 62599 2. 87468 co

0.6 0 0.26543 0.55357 0.89167 1.31379 1. 85002 2. 48365
0.6 15 0.26563 0.55525 0.89770 1.32907 1. 88131 2. 53677
0. 6 30 0. 26619 0. 56000 0. 91527 1. 37544 1. 98005 2. 70905
0. 6 45 0. 26696 0. 56684 0. 94235 1. 45347 2. 16210 3. 04862
0. 6 60 0. 26775 0. 57414 0. 97406 1. 55884 2.45623 3.68509
0. 6 75 0. 26833 0. 57982 1. 00123 1. 66780 2. 88113 5. 05734
0. 6 90 0. 26855 0. 58198 1. 01225 1. 71951 3. 19278 co

ELLIPTIC INTEGRALS 625

ELLIPTIC INTEGRAL OF THE THIRD KIND 1I(n; 4\a) Table 17.9



[(-5)51 [(-4)51 [(-3)21 [(-2)11[4i LGJ L7i L7i

626

Table 17.9

n a\ ç 00

ELLIPTIC INTEGRALS

ELLIPTIC INTEGRAL OF THE THIRD KIND fl(n; '\)

ll(n; \a)=f° (1-n sin2 o)'f1-sin2 a sin2 ojd6

15° 300 450 800 75
9Ø0

0. 7 0° o 0. 26605 0. 55918 0. 91487 1. 38587 2. 03720 2. 86787
0. 7 15 0 0. 26625 0. 56090 0. 92116 1. 40251 2. 07333 2. 93263
0. 7 3 0 0. 26681 0. 56573 0. 93952 1. 45309 2. 18765 3. 14339
0. 7 45 0 0. 26759 0. 57270 0. 96784 1. 53846 2. 39973 3. 56210
0. 7 60 0 0. 26838 0. 58014 1.00104 1. 65425 2. 74586 4. 35751
0. 7 0 0. 26897 0. 58592 1. 02954 1. 77459 3. 25315 6. 11030
0. 7 90 0 0. 26918 0. 58812 1. 04110 1. 83192 3. 63042

0. 8 0 0 0. 26668 0. 56501 0. 94034 1.47370 2. 30538 3. 51240
0. 8 15 0 0. 26688 0. 56676 0. 94694 1. 49205 2. 34868 3. 59733
0. 8 30 0 0. 26745 0. 57168 0.96618 1.54790 2. 48618 3.87507
0. 8 45 0 0. 26823 0. 57877 0. 99538 1. 64250 2. 74328 4. 43274
0. 8 60 0 0.26902 0. 58635 1. 03076 1. 77145 3. 16844 5. 51206
0. 8 0 0. 26961 0. 59225 1. 06073 1. 90629 3. 80370 7. 96669
0. 8 90 0 0. 26982 0. 59449 1. 07290 1. 97080 4. 28518

0. 9 0 0 0. 26731 0. 57106 0. 96853 1. 58459 2. 74439 4. 96729
0. 9 15 0 0. 26752 0. 57284 0. 97547 1. 60515 2. 79990 5. 09958
0.9 30 0 0.26808 0.57785 0.99569 1.66788 2.97710 5.53551
0. 0 0.26887 0. 58508 1. 02695 1. 77453 3. 31210 6. 42557
0. 9 60 0 0. 26966 0. 59281 1. 06372 1. 92081 3. 87661 8. 20086
0. 9 0 0. 27025 0. 59882 1. 09535 2. 07487 4. 74432 12. 46407
0. 9 90 0 0. 27047 0. 60110 1. 10821 2. 14899 5. 42125

1. 0 0 0 0.26795 0.57735 1. 00000 1. 73205 3.73205
1.0 15 0 0.26816 0.57916 1.00731 1.75565 3.81655
1. 0 30 o 0. 26872 0. 58428 1. 02866 1. 82781 4. 08864
1.0 45 0.26951 0.59165 1.06170 1.95114 4.61280
1. 0 60 0 0. 27031 0. 59953 t. 10060 2. 12160 5.52554
1. 0 o 0. 27090 0. 60566 1. 13414 2. 30276 7. 00372
1. 0 90 0 0. 27112 0. 60799 1. 14779 2. 39053 8. 22356
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Table 18.1. Table for Obtaining Periods for Invariants g2 and q3 Page
2=g2g32) 673

Non-Negative Discriminant (3 g2 )
wg°, ln(2-3); g2=3(.05)3.4, 7Di 12

wg16, w'g6/i g2=3.4(.1)5(.2)10, 7D

wg°4, w'g'°'4/i; 1=.1(_.01)O, 7D

Non-Positive Discriminant (- g2 3)

w2gF61g21114, w'lg62"4/i; '=0(.O1).2, 7D
w2g6, wg°/i; '=.2(.05)-1, 7D
w2ga"8,

2 g'+ ln(3-2); g2=-1(.2)3, 7D

Table 18.2. Table for Obtaining ,, 9' and on Ox and Oy (Unit
Real Half-PeriodPeriod Ratio a) 674

Positive Discriminant (0 x 1, Oy a)
22 9(z), ,Çß'(z), z(z), a=1, 1.05, 1.1, 1.2, 1.4, 2, 4

x=O(.05)1, y=O(.O5) 1.1, 1.2 (.2) a, 6-8D

Negative Discriminant (O x 1, 0 y a/2)
z29(z),z3.'(z),z(z),a=1,1.O5,1.15,1.3, 1.5,2,4

x=0(.05)1, y=O(.O5)l (.l)b(ba/2), 7D

Table 18.3. Invariants and Values at Half-Periods (1 a ) (Unit
Real Half-Period) 680

a=1(.02)1.6(.05)2.3(.1) 4, 6-8D
Non-Negative Discriminant

g2, g3, e1= 9) (1), e3= 9.) (&'), =(1), ,1'/iz(w')/i, o(1), «(w')/i, o(w2)

Non-Positive Discriminant

g2, g3, e1, n2=(1), i/i=(w)/i, o(1), u(w)/i, o(')

The author gratefully acknowledges the assistance and encouragement of the personnel
of Numerical Analysis Research, UCLA (especially Dr. C. B. Tompkins for generating the
author's interest in the project, and Mrs. H. O. Rosay for programming and computing,
hand calculation and formula checking) and the personnel of the Computation Laboratory
(especially R. Capuano, E. Godefroy, D. Liepman, B. Walter and R. Zucker for the prepara-
tion and checking of the tables and maps).



18. Weierstrass Elliptic and Related Functions

Mathematical Properties

18.1. Definitions, Symbolism, Restrictions and
Conventions

An elliptic function is a single-valued doubly
periodic function of a single complex variable
which is analytic except at poles and whose only
singularities in the finite plane are poles. If and
w' are a pair of (primitive) half-periods of such a
function f(z), then f(z+2Mw+2Nw') =f(z), M
and N being integers. Thus the study of any
such function can be reduced to consideration of
its behavior in a fundamental period parallelo-
gram (FPP). An elliptic function has a finite
number of poles (and the same number of zeros)
in a FPP; the number of such poles (zeros) (an
irreducible set) is the order of the function (poles
and zeros are counted according to their multi-
plicity). All other poles (zeros) are called con-
gruent to the irreducible set. The simplest (non-
trivial) elliptic functions are of order two. One
may choose as the standard function of order two
either a function with two simple poles (Jacobi's
choice) or one double pole (Weierstrass' choice)
in a FPP.

Weierstrass' .ÇP-Function. Let w, w' denote a
pair of complex numbers with J(cc'/w)>O. Then
,g(z)=(zw, w') is an elliptic function of order
two with periods 2w, 2w' and having a double pole
at z=O, whose principal part is z_2; ,(z)z2 is
analytic in a neighborhood of the origin and van-
ishesatz=O.

Weierstrass' c-Function (z) = (z! w, w') satisfies
the condition '(z) = - 9 (z); further, r(z) has a
simple pole at z=O whose principal part is z;
(z)z' vanishes at z=O and is analytic in a

neighborhood of the origin. (z) is NOT an
elliptic function, since it is not periodic. However,
it is quasi-periodic (see "period" relations), so
reduction to FPP is possible.

Weierstrass' u-Function u(Z) = u(zjw, w') satisfies
the condition u'(z)/u(z)=(z); further, u(z) is an
entire function which vanishes at the origin.
Like , it is NOT an elliptic function, since it is
not periodic. However, it is quasi-periodic (see
"period" relations), so reduction to FPP is pos-
sible.

629

Invariants g3 and g,
Let W=2Mw+2Nw', M and N being integers.

Then

18.1.1 g2=6O'W4 and g3=l4O'W'
are the INVARIANTS, summation being over all
pairs M, N except M=N=O.

Alternate Symbolism Emphasizing Invariants

18.1.2 g2, g)
18.1.3 ,'(z)=9'(z; g2, g3)
18.1.4 (z)=(z; g2, g3)
18.1.5 u(z)=u(z; g2, 93)

Fundamental Differential Equation, Discriminant and
Related Quantities

18.1.6 9 '2(z)=4 fl3(z)g2 ¿7 (z)g3
18.1.7

=4(,(z)e1)((z)e2)(, (z)e3)
18.1.8

=g-27g= 16(e2e3)2(e3e,)2(ej e2)2
18.1.9

g2= 4(e1ea+e1e3+e2e3)=2(e+e+e)
18.1.10 g3=4e1e2eg=(e+e+e)
18.1.11 e1 +e2+ e3=O

18.1.12 e+e+e=g/8
18.1.13 4eg2e,g3=O(i=1, 2, 3)
Agreement about Values of Invariants (and Discrim-

inant)

We shall consider, in this chapter, only real g2
and g3 (this seems to cover most applications)-
hence z is real. We shall dichotomize most of
what follows (either >O or i<O). Homoge-
neity relations 18.2.1-18.2.15 enable a further
restriction to non-negative g3 (except for one case
when =O).

Note on Symbolism for Roots of Complex Numbers and
for Conjugate Complex Numbers

In this chapter, z'1" (n a positive integer) is used
to denote the principal nth root of z, as in chapter
3; is used to denote the complex conjugate of z.
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There is a point on the right boundary of Fundamental Rectangle where fl' =0. Denote it by z0.
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w REAL W2 REAL

w' PURE IMAG. w PURE IM/tG.
fc'w, since g3O Iw W3, since g O

Fundamental Rectangles

Study of all four functions (fly ,fl', , o) can be reduced to consideration of their values in a Funda-
mental Rectangle including the origin (see 18.2 on homogeneity relations, reduction formulas and
processes) -

Fundamental Rectangle is FPP, which has ver- Fundamental Rectangle has vertices O, w2,

RECTANGLE FIGURE 18.1 RHOMBUS

W1 = W

w-f-w'

W3==w'
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18.2. Homogeneity Relations, Reduction
Formulas and Processes

Homogeneity Relations (Suppose t O)

Note that Period Ratio is preserved.

18.2.1 9) '(tzltw, tw') =t 9)' (zlw, w')

18.2.2 9)(tzltco, tco')=r29)(zlw, co')

18.2.3 (tzItw, tco') =r1(zIw, co')

18.2.4 o-(tzltw, tw') =tcr(zlco, w')

18.2.5 g2 (t co, tco') =t4g2(w, w')

18.2.6 ga(tco, tco') =t°g3(w, w')

18.2.7 e(tco, tw')=t2e(w, co'), i=1, 2, 3

18.2.8 (tco, tw') =t'2(w, co')

18.2.9 H(tw, tw')=t2H(w, co'), i=1, 2, 3
(See 18.3)

18.2.10 q(tco, tw') =q(co, w') (See 18.10)

18.2.11 m(tw, tw') =m(co, w') (See 18.9)

18.2.12 .!J'(tz; t4g2, t_6ga)=t_39)(z; g2, g3)

18.2.13 9)(tz; t4g2, t_6g3)=t_29)(z; g2, g3)

18.2.14 (tz; r4g2, r°g3) =t1(z; g2, g3)

18.2.15 o(tz; r4g2, r°g3)=to-(z; g2, g3)

D RELATED FUNCTIONS

The Case ga<O

Put t=i and obtain, e.g.,

18.2.16 9) (z; g2, g3) = - 9) (iz; g2, g3)

Thus the case g3<O can be reduced to one where
g3>O.

"Period" Relations and Reduction to the FPP (M,N
integers)

18.2.17 9)'(z+2Mw+2Nw')= 9)'(z)

18.2.18 9) (z+2Mw+2Nw') =9) (z)

18.2.19

(z+2Mw+2Nw') =(z) +2M+2N'

18.2.20

o(z+2Mw+2Nw')

=(_1)M+N+M(z) exp [(+Mw+Nw')(2M
+2N')]

18.2.21 where =(w), n'=(w')
Conjugate Values

f() =J(z), where f is any one of the functions
9), [p, , -
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Reduction to 1/4 FPP (See Figure 18.1)

( denotes conjugate of 8)
Point z4in R4

9)'(z4)=(2wz4)
9)(z4)rr(2wz4)

r(24) = (2w 24) +2n = (2w2 24) +2(n+'i')
(z)=(2wz4) exp [2fl(24w)J cr(z4)=o(2w2z4) exp [2(fl+17')(z4w2)J

Point z3in R3
9)'(23)-9)'(2w2z3) 9)'(z3)=-9)'(2w2z3)

9) (23) =9) (2w2-22)

r(z3)= (2w3z3) +2(n+n') = (2w2 23) +2('i+n')
0(23) = (2w2 23) exp [2(n+n') (23w2)] 0(23) = u(2w2 23) exp [2(fl+fl')(z3co2)]

Point 53 in R2

9) '(22) ='(22-2w')

9) (22) =Th (22-2w')

(22) =22-2w') +2n' =
exp [2fl'(22w')}

18.2.22

18.2.23

18.2.24

18.2.25

18.2.26

18.2.27

18.2.28

18.2.29

18.2.30

18.2.31

18.2.32

18.2.33



18.2.38

18.2.39

18.2.40

18.2.41

18.2.42

18.2.43

18.2.44

18.2.45

FIGURE 18.3

Reduction to Case where Real Half-Period is Unity

(preserving period ratio)

9)'(zIc,,W')=cir39)' (zcr'I1, -W!

w')29 (Zc4I1,\ WI

(ZIW, w')=W' (ZW'l1, '2)
WI

o(zlw, W')=W,(ZW-111, -)

g2(W, W')=ur4g2 (i ')
g3(w, W')=W°g3 (i, )

e(W, W')=W2e4 (i, )

A(w, w')=w2 (i, )

L<O

(W2r W 4-W')

9) '(z, W')W39) '(ZW;i

/ 1lW W'
ZW2 I'\ W2 W2/

/ _11W W
-(ztw,W')=wr( 2W2 H'

W2 W2!

o(zjW, W')=W2c7

'W We"g2(w,W')=W4g2 ( -, - )
\W2 W2/

'W W
g3(W, W')==W;6g3 (

_\)
\W2 W2/

'W W'\
ej(W, W')=W2e t -, - )\W2 W2/

W W'
W2 W2

W')W22 í'
\W2 Wa!

NOTE: New real half-period is

W W'
W2 W2

W2 W2 W2
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(i=l,2,3) (i=1,2,3)

Reduction from 1/4 FPP to Funda mental Rectangle in
Case A<O

We need oniy be concerned with the case when
Z is in triangle 2 (therefore 2W' - Z is in triangle

18.2.34 9) (z) =9) (2W'z)

l82.35

18.2.36 (z) =2'(2w'---z)

18.2.37 r(z)=u(2w'z) exp [2fl'(zW')J



18.3.15

18.3.16 2(2) e2°'2/(-112)

18.3.18 fß(w/2)=ei+Hi>ei

18.3.19 fl)'(w/2) = 2Hi-/2Hj+3e1

18.3.20 w/2)=[+2Hi+3ei]

, .
oiw21=e 2 2 /flI2

2(w') = e' "/(-F13)

Quarter Periods

IJ (w212)=e2+H2>e2

(w2/2) = 2H2-.121{2+3e2

(w2/2) =[n2+-IJ2H2+3e2]

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 633

18.3. Special Values and Relations

Values at Periods

, fß', and are infinite, o is zero at z=2w1, i=1,2, 3 and at 2w(<0).

Half-Periods

18.3.1 Iii (w1)=e(i=1,2,3)

18.3.2 '(wi) rr=0(i= 1,2,3)

18.3.3 (w) (i= 1,2,3)

18.3.4

18.3.5 H=2e+eIek (i, i, k=1, 2,3; i j, i k, j#k)

18.3.6 = (ejej) (eek)=2e+-=3e-
18.3.7 ej real e2 real and non-negative

18.3.8 ei>0e2)'e3 (e2=0 when g3=0)

(equality when g3=O) ei=a+iß, e3=1
where aO,ß>0

(equality when g3=O)

18.3.9 i>O

18.3.10 n'/iO if 172>0

18.3.11 w'j/w1.91014 050 (approx.) /i0 if lw/w23.81915 447 (approx.)

18.3.12 H1)'o, 113>0 112>0

18.3.13 H2_=i/Ï ir/4<arg(H3) irI2 (equality if g3=0); H=ui'
18.3.14 o(w) = efl&2/HI2 u(w2) = e2'2'2/FP2

18.3.17
4i 2 2

arg(e2+H2e)
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18.3.21

18.3.22

18.3.23

18.3.24

18.3.25 u(w'/2)21141p3,8(2H3e)118

18.3.31 (2w/3)
3

18.3.32 (2w'/3)
3 3

18.3.33 (2w2/3)
2?i2+[ (2w2/3)]l

3

18.3.34 (2/3)exP [2w/9]
19)' (2w/3)

18.3.35 u(2w'/3)= exp [2'w'/9]
'(2w'/3) ]h/3e2T'3

18.3.36 2w2/3)
exp [2fl2w2/9]

E L7 '(2w2/3) Jl?'Se2'3

18.3.39

1(wI2»21I4Jp/8(2H

9) (1/2) =e3H3<e3<O

g)' (1/2) = 2H3i-.J2H3-3e3

(w'/2) =['i2H3-3e31
je,,?"8

g) (w,J2)=eH2

9) '(w/2) = 2H2i(2H2-3e2)1

r(w2/2) =[,2i(2H2-3e2)4]

e!2(2'SetTt4

3e2)]hl'8

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

One-Third Period Relations

At z=2w/3(i=1, 2, 3) or 2w/3,g)"2=129)g)'2

equivalently:

18.3.30 489)4_24g2g)2_48g39) g=O

Legendre's Relation

18.3.37 11w' 11 'w=7ri/2 172wflw2=ri

(also valid for s<O)
Relations Among the H

18.3.38 H+H+H=3g2/4

2"4H/8(2H2+3e2)118

¿7) (w/2)=e2H2=g) (w2+w/2)<e2<O

g) '(w/2) = 2H2i /2H2 3e2 = '(w2+ c,/2)

(w/2) =[11i-,/2H2-3e2] = (a'2+ w/2) +2n'

2IT1}18(2H2_3e2)I8

ow2+w/2) exp [-11'w2]
g) (w'!2) =

g) '(1/2) = 2iH3(2H3-3e3)1

(w'/2) =4[11'i (2H3 3e3)1]

en'(I8et74
Ch/2»[4H(2Ha_3e3)]1/8

(2w2/3) =+[ (2w2/3)]l

(2w/3)
2i [9)(2wW3)]*

(2w'/3) í+[9) (2w'/3)]i

(2w2/3)
exp [2i2w2/9]

- Jg)'(2w2/3)
exp [2wf9]

u(2wW3) [ g) '(2w,/3) ]"3e2"3

exp {2'w'/9]

18.3.26

18.3.27

18.3.28

18.3.29
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18.3.40 HHH= /16
18.3.41 16H-12g2H+X=O(i=1, 2, 3)

18.4. Addition and Multiplication Formulas
Addition Formulas2 (z z2)

18.4.1 LP (2j+22)=
[9) '() 9) '(z) g. (zr) 9) (za)9)(zl)-9)(22) j

18.4.2 9) '(Z1+Z2)' (zl+z2)[9) '(zr) (7) '(z2)1+ fi.) (Zj) 9) '(22) 9) '(za) 9.) (22)
¿7) (22) - 9) (zr)

18.4.3 (z1+z2)=(z1)+(z2)+1 [P '(zr) 9) '(z2)
2 9) ()-9) (22)

18.4.4 0(Zj+ 22) 0(2i - 22) = 2(z1)o.2(z2)[ 9.) (za) - LP (z2)]

Duplication and Triplication Formulas

[Note that9)=69)2(2)_, fl.)'2(z)=49)3(z)g29.)(z)g3 and 9.)"(z)=12fl.)(z)9'(z)]

"I218.4.5 9.)(2z)=_29.)(z)+[29)(z)

18.4.6 9)' (z) 9)"(z)
49)'(z)

18.4.7 (2z) =2(z) + 9.) "(z)/2 9) '(z)

18.4.8 o(2z) = -9) '(z)(z)

18.4.9 (3z)=3(z)+ 49)'3(z)
9)'(z)fl)"(z) 9)"2Çz)

18.4.10 ti(3z) = -9.) 2(z)u9(z) [9.) (2z) -9) (z)]

18.5. Series Expansions
Laurent Series

18.5.1 9)(z)=z2+ ckz2
k=2

18.5.2 where c2y2/20, c3=g3/28

and
3 k-2

18.5.3 Ck_(2k+1)(k3) Cm4_m, k4
m =2

18.5.4 9) '(z)= 2z3+E(2k-2)ckz3
k=2

18.5.5 (z)=z'Ecz1/(2k-1)
k=2

18.5.6 o(z)= a(g2)m(2g3)n
(4m+6n+1)!m,n=O

2 Formulas for and are not true algebraic addition formulas.

635



18.5.20

18.5.21

18.5.22

18.5.23

18.5.24

NOTES:
c4-c16 were computed and checked independently

by D. H. Lehmer; these were double-checked by
substituting g2=20 c2, ga=28 C3 in values given in
[18.10].

c17-c18 were derived from values in [18.10] by
the same substitution. These were checked (numer-
ically) for particular values of ga, g3.

4c3(62921815c+179865450cW+ 14051367c)CI5
(179685) (38920531)

c(58957855c-j- 108651 1320cc+ 875341 836c)
(5909761)(5132565)

c2c3(30171955c+126138075cc+28151739c)
(920205)(6678671)

2cC3(33655442154+429S52433 .4544+85277434774)C19 (91100295)(113537407)

c19 is given incorrectly in [18.12] (factor 13 is
missing in denominator of third term of bracket);
this value was computed independently.

No factors of any of the above integers with more
than ten digits are known to the author. This is not
necessarily true of smaller integers, which have, in
many instances, been arranged for convenient use
with a desk calculator.
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18.5.7 where a0, 0=1 and

18.5.8 am,n=3(m+1)am+j,n_i+ (n+1)am_2, n+i (2m+3n-1)(4m+6n-1)am_i, n

it being understood that Gm, =O if either subscript is negative.
(The radius of convergence of the above series for L7

2, '+ 2z and - z' is equal to the
smallest of 2w1, 2w'j and 2w±2'; series for o converges for all z.)

Values of Coefficients3 Ck in Teims of c3 and C

18.5.9

18.5.10 c5=3c2c3/11

18.5.11 c= [2c+3c]/39

18.5.12 c7=2cc3/33

18.5.13 c8=5c2(1 1c+36c)/7293

18.5.14 c9=c3(29c-l-11cl)/2717

18.5.15 c10= (242c+ 1455cc)/240669

18.5.16 c11= 14c2c3(389c+369c)/3187041

18.5.17 c12= (1 14950c+ 1080000cc-l- 16661 7c)/891 678645

18.5.18 clo= 10cc3(297c+530cfl/1 1685817

18.5.19
2c2(528770c+71 64675cc+2989602c)

Cj4
(306735) (215441)

1541470. 949003c+30458088737.1 155ccl+122378650673 378cc+2348703 .8877774C15 (1342211013)(4695105713)
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Reversed Series5 for Large I 9)1

In this and other series a choice of the value of the
root has been made so that z will be in the Fundamental
Rectangle (Figure 18.2), whenever the value of the given
function is appropriate.

Reversed Series for Large 9) '

18.5.25

ug+63

18.5.29 z=A1u+A5u5+A7u7+A9u°+

18.5.30 where u=(9)'hI'S)_leuhIS

18.5.31

+j (3a+5a) u13+aasU15+ (124+7aD 18.5.32

+ (cs+7aDu+ (3a+1O4)'u2'19 18.5.33
4a3A1

A7

+35a2a3
18.5.34 A9==O

92 (9+4)
18.5.35 A13= 8a2agA/1 i

(33a±18Oaa+1OaU25
18.5.36 A13= (a+6a)

(11a+1Oa) u27
18.5.37 A15= 96aa3/175

+2329 (143+1155a+2bO) u29 18.5.38 A17 i4a2A (a+12a)

+3 (143a+22Oaa+6c4)u3' 18.5.39 where a2g2/6, a3=g3/6

Reversed Series for Large I

+- (65$+728aa+28Oc4) u33 18.5.40 z =u+A5u5+A7u7+A9u9+.

33a2a3
+2357 (195$+455za+42a)u35

18.5.41 where u=

18. 5.42 A5= 62/5

1638OaW+1O92Oa4 18.5,43 A7= 8/7
2°.37 (11O5a+

18.5.44 A9=s/7
33aa3+ 18.5.45

18.5.46

A11=3&2o3/11

17

168«4) 28Oaa+56a)ufl-f- 26 (85a+ u°

u41 A33=1001 (-8o+7o)

18.5.47 A15= 41o3/91

18.5.48 (1349t5-4116&)A17=93
+ O(u45)]

18.5.26 where a2 = g2/8 18.5.49
2ô3 (11543b-22568ô)A19=323323

18.5.27 a3g3/8 18.5.50 where ö2=g2/12

18.5.28 u=( 9) -1)1 18.5.51 t53=g3/20



Other Series Involving g)

Series near z0 [g)(z0)=0]
18.5.52

g) = g) [i _3c2u4_4c3u6+2 u8+hl2(3 u1°

+7(1_5 12 488cc3 14]+u2 [_5C2_14C3U2
13 33

84c-10c 8 l363cc3u1°
+5cu+33c2cau6+ 3 33

+5c2(55_2316t'2]+.
143

18.5.53

where u=(zzo), g) g) '(z0)=i
18.5.54

u= g)[v+av2+2aY+(1302+5a3) (3g)4

+ 15g3g)2+70a3)v5+2a2(2 g)47g3g)221aS)v6
'6

+ {g+2Oa3} g)4+15a2gag)2+132a6)v7

+15a (g g)'6 {+3} g)Ç4333 g)2

+'4r) V8+ (g)s+15gag)6

+ { 1 54a3 +33g }
g)42O U3 0'2+S72a6) e9

+ (3 {28a3+g} g)8±11g3 f 98a3+g} g)°

+2002a {
a3+g} g)4

+ 16016 a6g3g) '2+19448 a°) v10]+

18.5.55 where v=g) ¡(g) )2 and a=g2/4
Series near Wj

18.5.56

(g) ei) = (3ev 5c2)u+ (10c2e+21c3)u2+ (7c2e

+21c3e+5c)u3+ (18c3e+30ce

+ 33e2c3)u4 + (22cM+ 92c2c3e+ 105c

728 2 220
11

2+ 1214 cc3) u6+(5ce+5 ae

3405 45750 2 25+ 4c3e+ 143 2c3+1-c2)u+

18.5.57 where u=

Other Series Involving g)'

Series near z0

18.5.58

(g) ' g) ) =[- lOc2u-56e3u3 + 30cu5 + 264c2c3u7

+(8406_b00 u9
5452ec311

3 11

+70c2(55_2316 '3
143

+ g) 15c2u4-28c3u°+30cu8+ 1 14c2c3&°

+7(12-5c)u'2 244Occ3i4]+

18.5.59 where u= (zz0)

18.5.60

(zzo) =AbA° A4+3(c2+b2)A5

+lObg) A6-3[36c3-3g) +4b21A7

3g) (c2+21b2)As+ (285b2c2

+100c-279g) 12b+132b4)A9+

18.5.61 where A=(g) 'g) )/(-10c2)

18.5.62 and b=4g3/g2

Series near w

18.5.63

g) '=2(3e-5c2)a+4(10c2e+21c3)a3+6(7c2e
+21e3e+5c)a5+24(6eae+ 10ce1

+ 1 lc2ca)a7+10 (22ee+92c2c3ei+1O5c

_!:) a +24 ( c2cae+--- ce

+42ce+ ce3) ahl+70 ( ce

ce3ej+-- C2C+&

18.5.64 where a (zw).

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 639
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Other Series Involving

Series near z0 [9) (zo) = O]

18.5.65
[ u2 c2u6 c3u8 cu'° 19c2c3u'2

_.o=9)o 2+ 2 + 2 3 22

(5c-12c) 14+6h361+[3+ 26 66 J
7c3u5 5cu7 1 lciciuO+ (10c-84c) 1'+ 2 7 3 33

1363cc3 uu3+62(2316_55)+ 429 429

18.5.66 where 'u=(zzo),

18.5.67

Series near w

18.5.68

= - ea (3e-5c2) q (1Oc2e +21c3)a5

(7c2e+21cae4+5c)a1
7

(6c3e+10ce4+ 11c2c3)a9
3

(22ce+92cociei+105c c) ali

11

2 /364
j-h -j- c2c3e+-- ck+42ce1

1 /127+ cc3) - ç,-- ce+
681 9150+--- ceie+-j- C2C+ a15_...,

18.5.69
where a=(2cs)

Reversed Series for Small o

18.5.70

z=+ o+ u+ o

11 3842'y+861i' 13+
6006

where 'y2=g2/48

'ya = g3/120

For reversion of Maclaurin series, see 3.6.25 and
[18.18].

5

ELLIPTIC AND RELATED FUNCTIONS

18.6. Derivatives and Differential Equations
Ordinary (c2=g2/20, c3=g3/28)

18.6.1 '(z)= -9) (z)
18.6.2 o-'(Z)/u(z) =(z)

18.6.3

9) '2(z)=49)3(z)g29)(z)g3=4(9)3-5c29)-7c3)
18.6.4 9)"(z)=69.)2(z)g2=69)2-10c2
18.6.5

18.6.6

9) '(z)=12( 9) "+ 9>'9)

=5! [g3_3c29) 2!]

18.6.7

9)5(z)-12(9)[ß"+29)'9)"+9)" 9),)
=3-5!9)'[9)2e2]

18.6.8

9) (6) (z) =12(9)9) " + 39)' 9) "+ 39)" ¡3)"

+9)"9)')
18.6.9 =7![9.)'-4c29.)2-4c39)+5c/7]
18.6.10 9.)(7) (z) =4.7! 9)'[9.)3-2c29.) e3]

18.6.11

9) (8)(z)=9!E9)5_5c29)3_5c39)2
+(10e ¡.7) + i 1c2c3)/3]

18.6.12

9) 9(z)=5.9!9)'[9)'-3c29)2-2c39) +2e2/3]
18.6.13

9.) "°(z)=11![9) 6-6c2fß 4-6c39)3+7c9)2
+ (342c2c39.) +84c 1Oc)/33]

18.6.14

9)11(z) =6-11 !9) '[9) 5-4c29) 8-3c39) 2
+ (77c9) +57c2c3)/33]

18.6.15

9) (l2)(z)=13![9) 7c29)-7c39)'+35c9)3/3
+210c2c3 9) /1 1+ (84c 35c) 9)/13 i363cc3/429]
18.6.16

9) "31(z)=7. 13!9) '[9) 65ca9)44e39)3
+5e 9) 2+60c2e39) /11 + (12c-5c)/13]

18.6.17

9) °'(z)= 15! [9) 8-8c29) 6-8ca9) 5+52e9) 4/3
+ 328c2e3 9) /1 1 + (444c 328c) ¡3)2/39

488CC3 9) /33+c2(55e-2316c)/429]
18.6.18

9) '(z)=8.i5!9)'[
+ 123c2c3 9)2/11 + (11 ic-82c) 9)139 61ce/331

18.5.71

18.5.72



WEIERSTRASS ELLIPTIC

Partial Derivatives with Respect to Invariants

18.6.19

2

òg3

18.6.20

oò._ g)' (_
g3+_Z)_9gag)2+ g) + g2g3

18.6.21

?ig3
(g2 g) + ga)

+ z(9g3g)+g)_g2'
18.6.22

òg22 (9g3 g) + g)

g2z g2+g3)+93'-
òir 3

18.6.23 -= gu '+ g3o+ g22z2q_ g2zu

18.6.24

òcr 9 g3 ' guj g2gaz2u+ gzu'

/ o(,here denotes -òz

Differential Equations
18.6.25

Equation Solution
64a2\a 27y'3=y2(ya)2 y=+1 g)' (; o, 729)

18.6.26

y'3=(y3-3ay2-f-3y)2 1a-3g) '(z; 0, g3)'
4-3a2g3=

27
18.6.27

(y+a)2(y+b)3

2

y=6g)2(z; g2, 0)b,
2g2= (ab)

18.7.4

18.7.5

w=rdt 2= r dt
ei -.Js(t) Je2

I'e3 dt 562 dt

-k(t)I
18.7.6 where t is real and

18.7.7 s(t)=4t3g2tg3

AND RELATED FUNCTIONS 641

y"=[ag) (z)+bjy (Lamé's equation)see [18.81,
2.26

For other (more specialized) equations (of
orders 1-3) involving g) (z), see [18.8], nos.
1.49, 2.28, 2.72-3, 2.439-440, 3.9-12.

For the use of g) (z) in solving differential equa-
tions of the form y'm+A(z,y)=O, where A(z,y) is
a polynomial in y of degree 2m, with coefficients
which are analytic functions of z, see [18.71,
p. 312ff.

18.7. Integrals
Indefinite

18.7.1 fg)2(z)dz g) '(z)+ 922

18.7.2 fg)3(z)dz=jg) "(z)g2(z)+jg3z

(formulas for higher powers may be derived by
integration of formulas for g) ° (z))

For f g)'(z)dz, n any positive integer, see
[18.151 vol. 4, pp. 108-9.

lfg) '(a)0
18.7.3

dzg) '(a) fg) (z)g) (a)
=2z(a)+1n (za)ln (z+a)

For fdz/[ g) (z) g) (a)],(g) '(a)O) nany posi-
tive integer, see [18.15], vol. 4, pp. 109-110.

Definite



g) (z) maps the Fundamental Rectangle
onto the half-plane v0; if w'=w(ga=0), the
isosceles triangle Oww2 is mapped onto u 0, y

w=g)'(z) maps the Fundamental Rectangle

onto the w-plane less quadrant III; if w' =w, the

triangle Oww2. is mapped onto v0, vu.

w= «(z) maps the Fundamental Rectangle onto
quadrant I if a <1.9 (approx.), onto quadrants
I and II if 1.9 a<3.8 (approx.). For large

a, arg[«(wa)] consequently the image winds

around the origin for large a.

¡O

0 .4 w:l O

FIGURE 18.4

In region A In region A

1(fß') O if y .4 andx.5; J(fß') 0 elsewhere

W /2:
¡0/2

£

B

.4

y

.4
X

If a1.05, use criterion for region A for
>0.

If i a< 1.05: g4(fß') O if y .4 and
x.4, ir/4<arg (fß')<3ir/4 if .4</.5 and
.4< z .5. JCÇP') O elsewhere
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18.8 Conformal Mapping
W - U +jV

w= g) (z) maps the Fundamental Rectangle
onto the half-plane v0; if wj=w2(g3=O), the
isosceles triangle Ow2w' is mapped onto u O,
v<0.

w=g) '(z) maps the Fundamental Rectangle
onto most of the w-plane less quadrant III; if
lw=w2, the triangle 0cow' is mapped onto v0,
z'> u.

(a=period ratio)

w=(z) maps the Fundamental Rectangle onto w=(z) maps the Fundamental Rectangle onto
the half-plane u0. If a 1.9 (approx.), v0; the half-plane u0. The image is mostly in
otherwise the image extends into quadrant I. quadrant IV for small a, entirely so for (approx.)
For very large a, the image has a large area in 1.3 a 3.8. For very large a, the image has a
quadrant I. large area in quadrant I.

w=u(z) maps the Fundamental Rectangle onto
quadrant I if a< 3.8 (approx.), onto quadrants I
and TI if 3.8 a< 7.6 (approx.). For large

a, arg[« (2+)] $; consequently the image

winds around the origin for large a.

Other maps re described in [18.23] arts. 13.7 Other maps are described in [18.23] arts. 13.8
(square on circle), 13.11 (ring on plane with 2 (equilateral triangle on half-plane) and 13.9
slits in line) and in [18.24], p. 35 (double half (isosceles triangle on half-plane).
equilateral triangle on half-plane).

Obtaining g)' from g) '2

Fundamental Rectangle Fundamental Rectangle

L>O
FUNDAMENTAL RECTANGLE FUNDAMENTAL RECTANGLE

ya

A

.4
B



¿>O Wl
Map: fß (z) ='a+iv

Near zero: 9) (z)

9) (z) =+C2+ 2

273-888 O-67-42

c' =i

w'1.4i
Io

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 643

In region B In region B

The sign (indeed, perhaps one or more significant Use the criterion for region B for i>O.
digits) of 9)' is obtainable from the first term,
2/za, of the Laurent series for 9)'.

(Precisely similar criteria apply when the real half-period 1)
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w=1.5i

w=2.Oi

-I

-2

-3

-4

-5

-6

g (z)

-4 -3 -2 0 00ç--- o'
I .6i%

.5i1

FIGURE 18.6

3 4r
.6 .5

o

y

.07

IÇI .03

IEI 6 .7

621 6 .05

0 X

L<o w2= i

Map: Çß(z)=u+iv

Near zero:



w

w'=1.4i

w' =2.Oi
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¿>O w1

Map: (z)=u+iv

Near zero:

1.0 .5 2.0 2.5 3.0 3.5

FIGURE 18.7

1E11 SOI

22lO

.4

.0

.5

2.0

I.5

LO

0 .5 0

1k .007
E2 5.0002

LO S

645

1.0 X0 .5

le1Io .007
.0002
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¿<O w21

Map: r(z)=u+iv

Near zero:

wi

w=1.5i

.5

o

-I.0

-L5

-2.0

-2.5

-3.0

-3,5

o

-1.0

'-'.5

-2.0

-'2.5

-3.0

-3.5

.5 1.0 1.5 2.0 2.5 3.0 3.5

.0 .5 2.0 2.5 3.0
TiJT6 5

.4

FIGURE 18.8

y

1E21..0009
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0 .3 IO X
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IE 5.04

e215 .0002
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.5
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w' = i .4i

w'=2.Oi

LS

LO

.5

LO

.5

2.0

.5

y
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0 .5 .0

y

-

.5 10
w

X

1.0 X

WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 647

z>O w=1

Map: 0(z)=u+iv
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¿<O w2=1

Map: 0(z)=u+iv
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FIGURE 18.10
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18.9.1

18.9.2

18.9.3

18.9.7

18.9.8

18.9.9

18.9.10

(2m)K2(m)
23w

(2m-1)K2(m)e2=
3w2

(m+1)K9(m)e3 23w

4(m2m-]-1)K4(m)18.9.4 g2
3w4

18.9.13 fl=()=I«m) [3E(m)+(m-2)K(m)]
3w

,7w'-1ri18.9.14 ,'(w )
w

z<O

(2m_1)+6i.,,/m_m2 K2(m)e1
3w

2(1-2m)K2(m)e2
3w

3w
K(m)

4(16m2-16m +1)K4(m)g2
3w

18.9.5 g3=4(m2)(2m1)(m+1)K6(m) 8(2m-1)(32m2-32m-1)K6(m)
27w6 g3=

27w

18.9.6
16m2(m-1)2K12(m) 256(mm2)K'2(m)

w12 w2

iK'(m)w , iK'(m)w2w - K(m) w2 K(m)

w=.K(m)/(eie3)"2

m= (e2e3)/(e1e3)

[O<m, since g3O]

1 3e2m=--

18.9.11 fß(z)=ea+(ei_ea)/sn2(z*lm) f(z)=e2+H2 l+cn(z'Im)
1 cn( z' m)

18.9.12

P '(z)= 2(e1e8)3/2. dn(z*Im)dn(z*Im)/sna(z*Im) g (2)=4u1'a5«z m)dn(z' Im)
[1 cn( z' im )]2

where where
z'=2zH2

[E(m) is a complete elliptic integral of the 2d kind (see chapter 17).]

)K(m)
[6E(m)+(4m-5)K(m)]

3w2

flw2-iri172w2)
w2
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18.9. Relations with Complete Elliptic Integrals K and K' and Their Parameter m

and with Jacobi's Elliptic Functions (see chapter 16)

(Here K(m) and K'(m)=K(lm) are complete effiptic integrals of the ist kind; see chapter 17.)

_,,,2



18.10.1

18.10.2

18.10.3

q is real and since gl0(Iw'lw), O<qe_T

18.10.4 (v=irz/2w)

E°'18.10.5 fP(z)=ej+42 tj+(0)ti(v)]

j=1,2,3

2(v)3(v)4(v) ;3(o)
18.10.6 ¿/'(z)=

2(0)3(0)4(0)13(v)

iz in(v)(z) +
w 2w8i(v)18.10.7

N

2w íz2\ ti(V)
18.10.8 (z)= exp U-) t;(o)
18.10.9 l2w2eiir2[(0) +t(0)]

18.10.10 12we2ir2[t(0) 8(0)]

18.10.11 12w2ea=_ir2[t(0) +tfl(0)]

18.10.12 (e2e3)'= i(e3e2)4=-t(0)

18.10.13 (e1e3)= i(eaei)*=-8(0)

18.10.14 (e1e2)'= i(e2ei)1=-t(0)

2 /ir\4g2= U-1;) [ö(0) +'(0) +t'(0)]

g3=4e1e2e3

k2(0)
- - 12w0(0)

w

q is pure imaginary and since
O<(IqJ e_T2

(v= irz/2w2)

ir2 r(o)2(v)12(z)=e2+- L2o'i(v)J

ir3 t2(v)t3(v)t4(v)t3(0)
2(0)3(0)4(0)&3(v)

li2z+9(v)
2w2 (?) tt(v)o(z)= exp i(0)ir 2w2

12we1rir2[O(0) t(0)J

12we2ir2[tfl(0) +(0)1

12ú4ez=r ir[t(0) +6(0)1

(e2e3)=i(eae2) ---t(0)

(eiea)=i(e3ei)I=--(0)
2w2

ir(e2ei)4= i(eje2)=j--t(0)
(i)a

2/ir 'g2= [t(0) +(0) +2(°)]

g3=4e1e2e3

4w '

fl2(W2)- 12wa(0)

fl2U2lIi
w2

giO(1w21w2),
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18.10. Relations with Theta Functions (chapter 16)

The formal definitions of the four functions are given by the series 16.27.1-16.27.4 which converge
for all complex z and all q defined below. (Some authors use irz, instead of z, as the independent variable.)

These functions depend on z and on a parameter q, which is usually suppressed. Note that

(0)=t2(0)l(0)tY4(0), where t(0)=t(O, q).

r=w'fw T2= w/2w2

q=eiTT=e_TKK q= iq2 = jTT2= ienl w;112

18.10.15

18.10.16

18.10.17

18.10.18

18.10.19



18.12. Case =0(c>0)

Subcase I

18.12.1 g2>O, g3<O: (ei=e2=c, e3=-2c)

18.12.2 H1H2=O, H3=3c

18.12.3

9) (z; 12c2,-8c3) =c+3c{sinh [(3c)1z]} 2

18.12.4

r(z; 12c2,-8c3)=cz+(3c)1 coth [(3c)1z]

18.12.5

u(z; 12c2, 8e3) = (3e) sinh [(3c)iz]e421'2

18.12.6 ú,=, c/=(12c)liri

18.12.7

18.12.8 i'=(w') = cw'

18.12.9 q=l, m=l

.18.12.10

18.12.11 u(o )=
'jr

18.12.12 u(w2)=O

18.12.13 9) (w/2)rc

18.12.14 IP '(w/2)=O

18.12.15 (wf2)=:

18.12.16

18.12.17 9) (w'/2) = 5e

18.12.18 9)

18.12.19 (w'/2)(cw'+ir/w')
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Series

18.10.20 ã1(0)=O

18.10.21 2(0)=2q[l+q1.2+q23+q+ .. +q'""'+ ...]
18.10.22 t3(0)=l+2[q+q4+q9+ ... +n+ ..
18.10.23 z4(0)=l+2[q+q4q9+ ... +(-1)q2+ .. .1

Attainable Accuracy

Note: tj(0)>O, j=2,3,4 Note: t2(0)==Ae'8, A>ô;

?(0)>O; t4(0)L3(0)

t (0): 2 terms give at least 5S 2 terms give at least 3S

j=2, 3,4 3 terms give at least ilS 3 terms give at least 5S

4 terms give at least 21S 4 terms give at least lOS

18.11 Expressing any Elliptic Function in Terms of 9) and 9)'
If J(z) is any elliptic function and 9) (z) has same periods, write

18.11.1 J(z)=[f(z)-I-J(z)1+[{f(z)f(z)} { 9)'(z)}]9)'(z).
Since both brackets represent even elliptic functions, we ask how to express an even elliptic func-

tion g(z) (of order 2k) in terms of 9) (z). Because of the evenness, an irreducible set of zeros can be
denoted by aj (i=l, 2, . . . , k) and the set of points congruent to aj (i=l, 2, . . . , k); correspond-
ingly in connection with the poles we consider the points ± b, i= 1, 2, . . . , k. Then

18.11.2 g(z)=A iki{ where A is

a constant. If any a or b is congruent to the origin, the corresponding factor is omitted from the
product. Factors corresponding to multiple poles (zeros) are repeated according to the multiplicity.



18.13. Equianharmonic Case (g=O, ga=l)

If g2 =0 and g3>0, homogeneity relations allow
us to reduce our considerations of 9) tofl.) (z; 0, 1)
(9)', r and are handled similarly). Thus
9.)(z;0,g3)=g'39.)(zg!6;O, 1). The case g2=0,
g3=1 is called the EQUIANHARMONIC case.

FPP; Reduction to Fundamental Triangle

0w2zo is the Fundamental Triangle

Let e denote e4T throughout 18.13.

w2n1.S299 54037 05719 28749 13194 172316

This value was computed and checked by multiple
precision on a desk calculator and is believed correct to
30S.

18.12.49 g2=0, g3=0(e1=e2=e3=0)

18.12.50 9)(z; 0, 0)=z2

18.12.51 r(z; 0, 0)=z'

18.12.52 «(z; 0, 0)=z

18.12.53 w
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18.12.20 ir

18.12.21 9) (w/2)=c

18.12.22 9) '(w2/2)=O

ce'
18.12.23

18.12.24

Subcase II

18.12.25

g2>0, g3>O: (e1=2c, e2=e3=c)

18.12.26 H1=3c, H2=H3=0

18.12.27 9.)(z; 12e2, 8c)=c+3e{siri [(3c)1z]) 2

18.12.28

(z; 12e2, 8e3)=cz+(3c) cot [(3e)z]

18.12.29

r(z; 12e2, 8e2)=(3c) sin [(3c)lzJe2h'2

18.12.30 w=(12c)4ir, w'=i
18.12.31 =(w) =cw

18.12.32

18.12.33 q=0, m=O

2w 72/24

18.12.34 cr(w)
e

ir

18.12.35 cr(w') 0

18.12.36 u(w2) =0

18.12.37 9) (w/2) = 5e

18.12.38 9.)

18.12.39 r(w/2) (cw+ir/w)

18.12.40

18.12.41 9.) (w'/2) = e

18.12.42 9.)' (w'/2)0

18.12.43 r(w'/2) =+j
18.12.44 o(w'/2) =0

18.12.45 9) (w2/2) = c

AND RELATED FUNCTIONS

18.12.46

18. 12 .47

18.12.48 o(w2/2) =0

Subcase III



18.13.20

18.13.21

022/3

18.13.22

40.'2/9

18.13.23

022/2

18.13.24

2W3/3

18.13.25

8023/9

'cos 80°
'cos 20° - 'cos 40°

1/(21/3_1)

':'cÓs 400

cos 20° cos 80

e,+ H2

i

I,vcos 20
'cos 40° + cos 80°

./3(cos 20°+'cos 4001
V'cos 20° - V'cos 40°

- /(21/3+ 1)/(21/31)

,['cos 20°+«cos 80°]
20° cos 80°

3'/2+ .,,I3

-

/3["cos 40°Ycos 800]
'eos cos 80°

Values at 20,2/9, 40,3/9 and 8wa/9 from [18.14].

Values along (0, w2)

!i /3(22/3+2+24/3)3+
6

(T/4co3f) + (3h/4y'2 //2/')

¡(n,) +3_1/2

er/83 4J21-1
31/6 2"+i

e116(21/12)

3"/2+/

e'9 3/31/6

LP

18.13.16

W WI e1 = 4_l/32 o '1= ir/2o,2

18.13.17

e, - 4_113 o
e1' (21/)

3
18.13.18

W' 023

18.13.19

023

e3 - 4_I/3_2

e2 = 4/3

o

o

,i' 1,r/2w,

173' iri/2w,00n',i

o(w,)

ieZ/4'I(21I5)

3

WEIERSTRASS ELLIPTIC AND

Reductionfor z2 in 2: z1ez is in .

18.13.1 9(z2)=c2(z1)

18.13.2

RELATED FUNCTIONS 653

Special Values and Formulas
18.13.9

27,
113= ./(4_1I3)

18.13.3 = e_1F(zi)
-Tj/2

18.13.10 150=2m=sin2 4, q=ie

18.13.4 18.13.11 t2(0) =AeiT/8

Reduction for z3 in z1=c'(2w'z3) is in 18.13.12 t(0) =Ae'24

18.13.5
18.13.13 64(0) =Ae224

18.13.14
18.13.6

where A= (w2/ir) 1/221/331/8 1.0086 67
18.13.7 (z3) = c'(z,) +2n, '(w')
18.13.8 u(23)=ec(z1) exp [(zaw')(2')]

K(m)21'3 r3(1/3)
18.13.15 w2 31/4 - 4ir

Values at Half-periods



18.13.33

18.13.34

Duplication Formulas

4fß3(z)-1

¿P

3fß2(z)

c(2)= g)'(z)u(z)
Trisection Formulas (x real)

jcos
3

g)
3
+ir

cos
4+ir

3

Near zero:

IP (z)=++

/COS 5!±:?:
3

-6O .2
Equianharmonic Case O

Map: f(z)=u+iv

-8

- .0

-1.2

V

Conformal Maps

.4 .6

where tan = g) '(z), O<x<2w2 and we must
choose ¿t in intervals

/ ir ir\ 'ir 3ir\ /3ir 5ir\
,), , i-), (j-, j-) to get

IP (), 9) (+) (+), respectively.
Complex Multiplication

18.13.35

18.13.36

18.13.37

18.13.38 =
In the above, s denotes (as it does throughout

section 18.13), e13. The above equations are useful
as follows, e.g.:

If z is real, so is on Ow' (Figure 18.11); if z
were purely imaginary, z would be on 0z0 (Figure
18.11).

1E11 .04

E21 .Ø00I

LO .5

9) 9)' r

18.13.26
zo/2 - 2118e2 3i + 2-1/3] 6j16 e112

31/4

18.13.27
3z0/4 s2(e2H2) [ 31/4VJ2_V3je_i/6 68x116 i(2h/13)ei/6

i(38'4)f2f 4+ 2' 31ì4.J2_.,t
18.13.28

so O i i.i7iTIO
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Values along (0, z0)

18.13.29

18.13.30

18.13.31

18.13.32



Near zero: fi. '(z)=+

f1 '(z)=4+E2

Near zero:

(z)

WEIERSTRASS ELLIPTIC AND RELATED FLINCTIONß

.8

1.0

V

.5

.7

FIGURE 18.12

.8

1.4

1111

U12 1.4 1.6

655

.6

si(z)

.2

LO
.6

o'
1.2 -- -L81

- -1.71

- .5

.3

lo 1.6
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First 5 approximate values determined from exact values of c3k; subsequent values determined by using exact ratios
CSk/CIk_3, using at least double precision arithmetic with a desk calculator. All approximate c's were checked with the
use of the recursion relation; c3 C27 are believed correct to at least 21S; c30c39 are believed correct to 20S.

c3k13.12_i' k-2, 3, 4,

Other Series Involving IP

Reversed Series for Large I IP I

18.13.39
u 3u2 Su3 7u4 63u6

26 + 38

231u8 429u7 i
+ 592 + 688

+O(u8)]

18.13.40 where u fi) -/8 and z is in the Funda-
mental Triangle (Figure 18.11) if fi) has an appro-
priate value.

Series near Z

18.13.41

18.13.42

u=_iIP[1+Ç3+66+2 IP+ fl12+o(.l5)]
13

18.13.43 where u=(zzo)

Series near w
18.13.44

(IP e2)=3eu [1+x+x2+

+ x4+; x5+ x6+O(x7)]s

18.13.45 where u=(zw2)2, x=e2u

WEIERSTRASS ELLIPTIC AND RELATED FuNCTIONS

Coefficients for Laurent Series for fi)' and

18.13.46

u=e2' [w_w2+w3_ w5

+ w6_ w7+O(w8)]'

18.13.47 where w =( fße2)/3e2

Other Series Involving fi)'

Reversed Series for Large fi)'
18.13.48

[i_i. (IP'Y2

+k (IP')4+O(IP'8)]'

z being in the Fundamental Triangle (Figure 18.11)
if fi)' has an appropriate value.

Series near Zo

18.13.49

(IP'i)=x [-2ix+ X2+ x3+O(x4)]

18.13.50 where x=(zzo)3

18.13.51 x=2a [i_ix_ 2+?+O(a4)]

18.13.52 where a(IP'i)/(4)

(c,,.=0 for m3k)

k EXACT C3k

i

2
3
4
5
6
7
8
9

lo
11

1/28
11(13.282) = 1/10192
1/(13.i928) 1/5422144
31(5.132. 19.28) = 234375/(7709611 X 10e)
41(5.131.19.31.285) = 78125/(16729 85587X
(7.43)/(i3. 192.31.37.286)
(6.431)1(5.138.192.31.37.43.287)
(3.7.313)1(52.134.192.31.37.43.288)
(4.1201)/(52.134.198.31.37.43.289)
(25.3.41.1823)/(5.135.193.312.37.43.61.28b8)
(3.79.733)/(5.134.198.312.37.43.61.67.2811)

108)

3. 5714
9. 8116
1. 8442
3. 0400
4. 6697
6. 8662
9. 7990
1. 3685
1. 8800
2. 5497
3. 4222

28571
16954
88901
36650
95161
18676
31742
06574
72610
66946
48599

12
3.1153.13963.29059 4. 5541 38864

136.194.312.372.43.61.67.73.2812

13
22.32.7.11.2647111 6. 0171 15776
51.138.194.312.372.61.67.73.79.2812

APPROXIMATE Cah

42857 X 10-2

47409 73312 40188X10-5
21693 55885 78983X10-7
35758 61350 20301X10'°
83961 00384 33643X10-28
79393 36788 98X10-18
57961 41839 66X10-19
79360 13026 87X10
01329 79236 40X10
68202 63683 X 10
51463 05316X 10-°

99184 3039 1 X 1O-

98241 99591 X 10-°



18.13.60 where u=(zz0)
Series near C2

18.13.61

(fl2)=e2(zc2) [1+v+ v+ y4

12 57+ V+- v6+ v7+O(v8)]

v=e2(zw2)2 .518.13.62

18.13.63

(z_)=2) [ie2

18.13.64

Series near W2
18.13.53

,Ç'=6e(zws) [1+2v+3v2+ y3

+ V4+ V+- v6+O(v7)]

18.13.54 where v=e2(zw)2

18.13.55

(ZW2)=( 9'/6e) [1_2w+9w2 w

+330w-2268w+2'58 w6+O(w7)]

18.13.56 where w= p2/9

Other Series Involving

Reversed Series for Large II
18.13.57

z1 [1 _+172_496+o&4)],- 143 3553

18.13.58

Series near z0

18. 13. 59
r 2 u8 3u141 ru u1i0)=j

WEIERSTRASS ELLIPTIC

12w2 267w1 139w4W+5 35+5
30192w6 1634208

O(w7)]
275 +

w= (rn2)2/e2

Series Involving
18.13.65

2.3 26.34.23
O=2

7!
Z

19!
z19

AND RELATED FIJNCTIONS

18.13.66

41'3 13.337o'°
z=+23357+2732521 1.13+210.34.53.11.17.19

27.35.52.31 z25+283859103 z31+
25! 31!

212.39.5.229.2683
z17

37!

214.310.5.23.257.18049

18.13.68 ax6+(z)
16(x)I<4X107

a0=-2.00000 00 a4=(-9)2.12719 66

a1=(-1)1.42857 22 a5=(-10)6.53654 67

a3=(-4)9.81018 03 a5=(--11)1.70510 78

a3=(-6)3.00511 93

18.13.69 x(x)=± az3"+s(x)

k(x)K3X108

z43
43!

657

215.312.5.59.107895773
z49+O(z55)49!

31. 101a25
+2153351131723+0(03)

Economized Polynomials (O x 1.53)

18.13.67 x2(x)=± ax6+e(x)

e(x)I<2X107

ao=(-1)9.99999 98 a4=(-10)6.12486 14

a1=(-3)7.14285 86 a5=(-11)4.669l9 85

a2= (-6)8.91165 65 a6=(-12)1.250l4 65

a3=(-8)1.44381 84

a0=(-1)9.99999

a1=(-2)3.57143

a2=(-5)9.80689

a3=(-7)2.00835

96

20

93

02

a4=(-9)2.20892 47
a5=(-10)1.74915 35

a6==(-12)4.46863 93



18.14. Lemniscatic Case
(g2=1, g3=0)

If 02>0 and g3=0, homogeneity relations allow
us to reduce our consideration of 9) to 9) (z; 1, 0)
(9)', and u are bandied similarly). Thus 9)(z;

02, O)=g2i9)(zgai; 1, 0). The case g3=1, 03=0
is called the LEMNISOATIC case.

y

w1 (mcJ3):jw

18.14.11

w/4

18.14.12

w/2

18.14.13

I

A2

A

450

a/2

h11+sec 300

IP

21/4) (1 + 2")

1/_21)(l+2*)

w2: Z0

w ( 0)1)
X

FIGuRE 18.13

a

Values at Half-periods

Values along (0, w)

IP'

*FPP; Reduction to Fundamental Triangle
¿am0ww2 is the Fundamental Triangle
w1.8540 74677 30137 192e

Reduction for z in : z1=i2 is in

18.14.1 9) (23) = - :(1)

18.14.2 9) '(z2)=i(zi)
18.14.3 (Z2) = iE(zi)
18.14.4 u(22) =i(z1)

Special Values and Formulas
18.14.5

=1, H1=H3=2i, H2=i/2,
m=sin2 45°=, q=e

18.14.6 12(0) 3Y4(0)r (w//7r)l; (o)== (2w/ir)1

18.14.7 coK(sin2 4 F2(}) c
where

m2.62205 75542 92119 81046 48395 89891 11941
36827 54951 43162 is the Lemniseate constant
[18.91

8 This value was computed and checked by double
precision methods on a desk calculator and is believed
correct to 188..

3.

8w 2

(2+)h/12

[/) fi)' . q

18.14.8

ww O ,plr/4w e/8(2114)

18.14.9
e3=O O n+'? etI4(J2)ei14

18.14.10
O fl'.o-3.if4w ie'8(2i'4)
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18.14.15

zo/4

18.14.16

z/2
18.14.17

2z0/3

18.14.18

3z0f4

Near zero:

+

- i/2

273-888 0-67-43

IP

-- Vsec 300_1

_

Lemniscatic Cas

Map: f(z)=uH-iv

fß(z)

IP(z)o4++e2, Izi<1

Near zo: IP(Z)__(z_ zo)2
+ 3,

(ZZ)- 4 + 80 +4

IP,

r __-_+n
L4c.' U

+[IP(220/3)]1/23

e'4 (2I$2)
a114(+ /2)'I

e'9e'4(31/6)

eOI64(2l/C)

U

e't4a'/4( J2)/

a = 1 + /2

Duplication Formulas 18.14.24

18.14.19 L7(2z) gv ()=IP'(x)[2IP(x)+]Vg(x)_
[ 2()3]2/{ IP(z)[4.2(z)-1j} [2LP (x) - ]-,IfJ- (x) +

18.14.20
2LP312(x) (See [18.13].)

'(2z)=(ß+1)(ß2-6ß+1)/[32IP '(z)], ß-4IP2(z) [Use - on 0<Xw, + on

18.14.21 Complex Multiplication

18.14.22
18.14.25 LP(iz)= LP()

Bisection Formulas (0<<(2w) 18.14.26 Çß'(iz)=ifß'(z)
18.14.23 18.14.27 (iz)=i(z)

18.14.28 o(iz)=i«(z)
={94(x)+ { IP(x)+}fl [IP*(x)± f9 (x))1 The above equations could be used as follows,

[Use + on 0<xw, - on wx<2w] e.g.: If z were real, iz would be purely imaginary.

Conformal Maps
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Values along (0, 2e),



Near zero:

( z)

Near zero:

1 z3(z)=---k2, IzKl
(zz0)3

Near z0: (z)=0+ 12 +3,

IzoI<iÍ
(z zo)3 (zz0)7(z)=+

2 560 +4

2.0

1.5

t.0

.5

Near 2

3(zz)
2 + 40

IE4I.002

IEI .02
1E21 .000i I

1E31 02
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3-

IP'(z) 2

-3

2.52.01.5.5 IO

FIGuRE 18.14



k EXACT Czk APPROXIMATE c2'

i 1/20 .05
2 11(3.202) = 1/1200 .8333 . . . X103
3
4
5
6

2/(3.13.203) = 1/156000
51(3.13.17.204) = 1/21216000
2/(32.13.17.205)= 1/(31824X 10e)
101(33.132.17.206) = 1/(4964544X 105)

.641025

.47134

.31422

.20142

641025
23831
82554
83688

. . .

07088
04725
49183

X 10
98944X10-7
99296X10-9
32882X10'1

7 4/(3.132.17.29.207) = 1/(7998432X 107) .12502 45048 02941 37651X10'3
8 2453/(34.11.132.172.29.208) = 958203125/(1262002599X 1016) .75927 19109 76468 59917X10"
9 2.5.7.61/(33.133.1729.37.20°) = 833984375/(18394643943 X 10') .45338 43533 93461 06092X10-'6

18.14.30 w= Ip _2/8, and z is in the Fundamental r 10w5+'3+O(w4)],Triangle (Figure 18.13) if Ip has an appropriate
value.

Series near Zo

Ip'= (zzo)
2

18.14.41

[-1+3w
w= (z z0)4/20

x3 2x5 x718.14.31 2 IP =x+- _+325+0(x),
18.14.42

18.14.32

18.14.33

x=(zzo)2/2

w3 7w5 11w1

(zzo)=2Ip'

18.14.43

18.14.44

u=4Ip'4
Series near w

5
+ 75 + 195

+O(w9)]

w=2 Ip

Series near w

Ip '= [i + x+ x+j x+ X8+ll x10+O(x12)],

18.14.34 18.14.45 x = (z w)

(Ip 4v3 3v4 32v5 22v9 64v1 18.14.46+7 O(v),+ 75 +325 +

18.14.35 v=(zc,)2/2
xIp,Ip,3+12LP'5 isIp'7

5 2

18.14.36

v=y [1y+6:2 8Y8+172Y4 Other

80Ip" 819Ip"5
+ 3 8

+O(Ip"3)

Series Involving
5 75

- 52Y+ 1064Y

Reversed

18.14.47

Series for Large IS'I

y y2 136v3 1349v4
+O(v5)]-I 195 +

1001 + 9163

18.14.37 y=(Ipe1) 18.14.48 v=4/12

k=1, 2,

18.14.29

1)1/2

Reversed

Other Series Involving Ip

Series for Large Ip

[i++++35w4
136

231w6 429w1 195w8

11)]

Other Series Involving LP'

Reversed Series for Large Ip'
18.14.38

z =Au [i -+-f4+ O(v5)], u= (Ip '113)'e6'3,

18.14.39 A=2113, v=Au4/6, and z is in the
Fundamental Triangle (Figure 18.13) if Ip' has
an appropriate value.

Series near z0
18.14.40

400 + 464 + 128

12155w9 46189w'°+ 4736 +
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Coefficients for Laurent Series for Ip, Ip, and
(c,,.=0 for m odd)



18.14.55
2 3229 3.23z" 3.iØ7z' 33.7.23.37221

°= 2.5! 2.9i 2.13! + 2.17! + 2.21!
32313.503225 347.685973229

+ 26.25! 2.29!

18.14.56
01 17.11301

Z=cT+24 3 5+29 3 7+13 34 7 ii 13

12205101v

Series near co

18.14.51

u. n)- 3 x5 x7 x9-
X1' 11x3 15

18.14.52 x=(z-w)

18.14.53
w3 7w3 13w7 929w9 194w1' 942883w33

X=W 3+3.) 63 +4536 891 + 3891888

+ 0(w'5)

18.14.54 w=-2(-n)
Series Involving r

18.15. Pseudo-Lemniscatic Case
(g2=-1, g9=0)

If g3<0 and g=0, homogeneity relations allow
us to reduce our consideration of 9.) to 9) (z; -1,
0). Thus

18.15.1 fß(z; g2, 0)=g2ft'29(zIg2I"4;-1, 0)

and are handled similarly]. Because of
its similarity to the lemniscatic case, we refer to
the case g2= -1, g3=0 as the pseudo-lemniscatic
case. It plays the same role (period ratio unity)
for ¿< O as does the lemniscatic case for >0.

w2=-.JX (real half-period for lemniscatic case)
=&, (the Lemniscate Constant-see 18.14.7)
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Economized Polynomials (O x 1.86)

6

18.14.57 x 9.) (z) = ax" + (x)
o

(x) <2 X 10

ao=(-1)9.99999 98
a1=(-2)4.99999 62
a2=(4)8.33352 77
a3=(-6)6.40412 86

18.14.58 X9.) '(x)=ax"+e(x)

k(x)I<4X107

a0= -2.00000 00
a,=(-i)1.00000 02
a2=(-3)4.99995 38

a3=(-5)6.4li45 59

a0=(-1)9.99999 99
a1=-(-2)1.66666 74
a2=-(-4)l.l9O36 70
a3(7)S.8645l 63

2(A)

FIGURE 18.15

a4(8)4.81438 20
a5=(10)2.29729 21
a5=(-12)4.94511 45

a4(7)6.58947 52
a5=(-9)5.59262 49
a6=(-11)5.54l77 69

31200

a.4=-(-9)2.57492 62
a5=-(-il)S.67008 00
a6=(-13)9.70015 80
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Series nearz9

].8.14.49
ri y 2v2 y3(Ho)4 (z-z)

18.14.50 v= (z-z)/20

6

18.14.59 x(z) =ax4t&+ (x)
o

(x)I< 3 X 10-8



18.15.2 41, g2=-1, g3=O

18.15.3

H1i/, H2=, Hai/'.J, m=, q=ie'2
Values at Half-Periods

Relations with Lemniscatic Values

18.15.10 9)(z; 1, O)=i9)(ze4; 1, 0) 18.15.12 (z; 1, 0) =e 4(ze4; 1, 0)

18.15.11 9)'(z; 1, O)=e3 49)'(ze'4; 1, 0) 18.15.13 o(z; 1, 0)=e"4cr(ze14; 1, 0)

Numerical Methods

18.16. Use and Extension of the Tables

Example 1. Lemniscatic Case
Given z=x+iy in the Fundamental Triangle, find 9)(9.)',,o-) more accurately than can be

done with the maps.
(1Use Maclaurin series throughout the Fuiidamental Triangle. Five terms give at least six

significant figures, six terms at least ten. 9), rUse Laurent's series directly "near" 0, (if z< 1, four
terms give at least eight significant figures for 17, nine for ; five terms at least ten significant figures for

9, eleven for ). Use Taylor's series directly "near" z0. Elsewhere (unless approximately seven or
eight significant figures are insufficient) use economized polynomials to obtain IJ (x), 9), (x) and/or (x)

as appropriate. To get 9.)(iy), 9.)'(iy) and/or (iy), use Laurent's series for "small" y, otherwise use
economized polynomials to compute 9) (y), 9), (y) and/or (y), then use complex multiplication to
obtain 9) (iy), 9)' (iy) and/or (iy). Finally use appropriate addition formula to get 9) (z) and/or (z).

9) 'Use Laurent's series directly "near" O (if z <1, four terms give at least ix significant figures,

five terms at least eight significant figures). Elsewhere, either use economized polynomials and addition

formula as for 9) and , or get 9)'=49.) 9.) and extract appropriate square root (19) ' O).
Given 9) (9.)', , o) corresponding to a point in the Fundamental Triangle, compute z more

accurately than can be done with the maps. Only a few significant figures are obtainable from the use
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series
For greater accuracy, use inverse interpolation procedures.

Example 2. Equianharmonic Case
(a) Given z=x+iy in the Fundamental Triangle, find 9) (9)', , o-) more accurately than can be

done with the maps.
(1Use Maclaurin series throughout the Fundamental Triangle. Four terms give at least eleven

significant figures, five terms at least twenty one.
9),Use Laurent's series directly "near" O (if IzI< i, four terms give at least lOS for 9), liS for ;

five terms at least 13S for 9), 14S for ). Elsewhere (unless approximately seven or eight significant

figures are insufficient) use economized polynomials to obtain 9) (z), 9) '(r) and/or (z), as appropriate.
To get 9)(iy), 9.)'(iy) and/or (iy), use Laurent's series. Then use appropriate addition formula to get
9.)(z) and/or (z).

18.15.4

za(0) =R2114e"8, (0) =Re'8, 04(0) =Re8,

18.15.5 where

18.15.6 WW1 i/2 o i(nanz') e'e'°(2'/4)
18.15.7 W2

18.15.8 WW3
18.15.9 Wa'

O
-i/2

o

o
o
o

n27r12W2

'72'= i?2
e'4e'/8(2"4)
io(Wa)
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Special Values and Relations

IP 9.)' I. o-



Given w and w', form w'/iw and enter Table 18.3.

Multiply the results obtained by the appropriate
power of w (see footnotes of Table 18.3) to obtain
value desired.

Example 4.

Given w=i0, w'=lii, find e1, 9i, and .

Here w'/iw= 1.1, so that direct reading of Table
18.3 gives

e1(1)=1.6843 041

e2(1)=-.2166 258 (=-ei-e3)
e3(i)=-1.4676 783
92(1) = 10.0757 7364

93(1) =2.1420 1000.

Multiplying by appropriate powers of w=1O we
obtain

=8.9902 3191 x 10_lo

Given w2 and w2', form w2'/jw2 and enter Table
18.3. Multiply the results obtained by the appro-
priate power of w2 (see footnotes of Table 18.3)

to obtain value desired.

Example 4.

Given w2=10, w2'= iii, find e1, 91, and i.

Here w/iw2 = 1.1, so that direct reading of Table
18.3 gives

ej(1)=-.2166 2576+3.0842 589i
e2(1)=.4332 5152=-2(e1)
e3(i) =(1)
92(1)37.4874 912
g3(1)=16.5668 099.

Multiplying by appropriate powers of w2=10
we obtain

t=-6.0092 019 x 10
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9) '-Use Laurent's series directly "near" O (if
I
zl< 1, four terms give at least 8S, five terms at least

i iS). Elsewhere, either proceed as for 9 and , or get 9) 2= 49) -i and extract appropriate square
root (g9)'o).

(b) Given 9) (9) ',r) corresponding to a point in the Fundamental Triangle, compute z more
accurately than can be done with the maps. Only a few significant figures are obtainable from the use
of any of the given (truncated) reversed series, except in a small neighborhood of the center of the series.
For greater accuracy, use inverse interpolation procedures.

Example 3. Given period ratio a, find parameters m (of elliptic integrals and Jacobi's functions
of chapter 16) and q (of t functions).

m-In both the cases ¿>0 and ¿< 0, the period ratio is equal to K' (m) /K(m) (see 18.9). Knowing
K'/K, if i<K'/K3, use Table 17.3 to find m; if K'/K>3, use the method of Example 6 in chapter 17.

An alternative method is to use Table 18.3 to obtain the necessary entries, thence use

m=(e2-e3)/(ei-ea) in case

m=-3e2/4H2 in case A<0.

q-In both the cases >0 and z< 0, the period ratio determines the exponent for q{q=e" jf >Q,
q= je_Tal2 jf < Ø. Hence enter Table 4.16 [e, x= 0 (.01)11 and multiply the results as appropriate
[e.g., e4T= (eT)4(e .72r)].

Determination of Values at Half-Periods, Invariants and Related Quantities from Given Periods (Table 18.3)

e3=-.00216 62576+.03084 2589i
e2=.00433 25152

e3 =

923.7487 4912 x 10
93=1.6566 8099 x i0

whence

e1=.01684 3041

e2=-.00216 6258
e3=-.0l467 6783
g2=i.0075 77364 x iO

g=2.1420 1000 x 10_6
whence



Example 7.
Given 92=8, g=4, find w and w'. With

2=g2g32=3.1748 02104, from Table 18.1 wg31'6=
1.2718 310 and w'g"6-1 8702 425i
whence w=1.009453 and w'=l.484413i.

y

Example 5. (>0)
Given w=1O, w'=55i, find i, n', o(w), o(w')

and 0(w2).
Forming w'/iw=5.5 and entering Table 18.3 we

obtain =.82246704, (w)=.96O45 40. Using
Legendre's relation we find '=w'iri/2=2.9527
723i. Since interpolation for i(w') and u(w+w')
is difficult, use is made of 18.3.15-18.3.17 together
with 18.3.4 and 18.3.6. Values of g2, g3 and e1 can
be read directly to eight significant figures and e3
to about five significant figures giving 92=8.1174
243, g3=4.450S 759, e=1.6449 341, and e3

=.82247. Use of 18.3.6 yields H3=.00174 69
and H2=.00174 69i. Application of 18.3.15-
18.3.17 yields o(w')/i=.0071177 and o(w2)
= - .002016 .01055i. Multiplying the results
obtained by the appropriate powers of e, we ob-
tain n=.08224 6704, '=.29S27 723i, o(w)=9.6045
40, cr(w').071177i and u(w2)=.02016.1055i.

Determination of Periods from

Given 92>0 and 93>0 such that =g-27g>0
(if 93=0, w' w; see lemniscatic case), compute
g2=g2ga2. From Table 18.1, determine wg3116
and w'g31 /6, thence w and w'.

Example 6.
Given g2=10, g=2, find w and w'. With =

9293 2/36.2996 05249, from Table 18.1 wg3"6
1.1267 806 and w'ga"6=1.2324 295i whence w
1.003847 and w'=1.097970i.

Example 5. (< 0)
Given w2=1000, w21=1004, find , ns', o(w2),

a(w21) and o-(w').
With w/iw2= 1.004, four point interpolation in

Table 18.3 gives n= 1.5626 756, n = 1.5726 664i,
r(w2)=1.1805 028, o(w)=1.1901 52i and i(w')
=.475084+ .476717i.

Multiplying the results obtained by the appro-
priate powers of w2 gives fl2=.00l56 26756, n
=.00157 26664i, r(w2)=1180.5028, u(w)
=1190.152i and o(w')=475.084+476.717i.

Given Invariants (Fable 18.1.)

Given g2 and 93>0 such that ¿=g-27g<0 (if
g3 =0, w2' = ; see pseudo-lemniscatic case), com-
pute From Table 18.1, determine
w2g31° and w2'g3''6, thence w2 and w2'.

Example 6.
Given g2=-10, 93=2, find w and w. With

g2=g2g3213= - 10/1.5874 0105= 6.2996 053, from
Table 18.1 w2g3"°=1.5741 349 and (»g 1/6=1 7124
396i whence w2=1.40239 48 and w=1.52561 02i.

Example 7.
Given 92=7, g8=6, find w2 and w.

With 2=g2g32=7/3.3019 2725=2.119974, from
Table 18.1 w2g3118=d.3423 442 and w2'g31'6=3.1441
l4liwhencew2=.99579 976 and w.=2.33241 83i.

Computation of L7-, 9)', or for Given z and Arbitrary g3, g3

(or arbitrary periods from which g2 and g can be computed-
in any case, periods must be known, at least approximately)

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle
by use of appropriate results from 18.2.
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E>0

Method 2 (for fi) or 9)' only)
Compute e (i= 1,2,3) (if only g2, g3 are given

use Table 18.1 to get the periods, then get e1 in
Table 18.3; if periods are also given, use Table 18.3
directly). In any case, obtain m(-[e2-e3]/
[e1 -e3]), thence Jacobi's functions sn (z *Jm),
cn(z*m), dn(z*jm), from 16.4 and 16.21 and
9) or 9)' from 18.9.11-18.9.12.

Method 3 (accuracy limited by Table 4.16 of
e and by the method of getting periods).

Obtain periods, their ratio a, then q=e" from
Table 4.16. ilence get (0), i=2,3,4 from
truncated series 18.1O.21-.23. Compute appro-
priate z functions for z = z and for z = iy, whence
get 9) (z), fi.)' (z) and/or (z), 9) (iy), 9)' (iy)
and/or (iy), then use an addition formula (if
either z or y is "small", it is probably easier to
use Laurent's series).

Example 8. Given z=.07+.li, g2=10, g3=2,
find fi).

Using Laurent's series directly with
= .5

c3=.07142 85714
c4=.08333 33333
c5=.00974 02597

22=-2Z.97193 820-63.06022 25i
+c2z2=- .00255 000+ .00700 OOi

+c3z4=- .00001 214- .00001 02i
+c4z6=+ .00000 024- .00000 Oli

9)(z)==-22.97450 010-63.05323 28i.

Example 9. Given z=15+73i, g2=8, g3=4,
find 9). From Example 7, w=1.009453, w'=
1.484413i. From Table 18.3, e1=l.61803 37,
e3=-.99999 96, whence m=.14589 79. From
18.2.18 with M=7 and N=24, fl.)(.867658+
l.748176i)=9.)(l5-j-73i). Since z lies in R2, by
18.2.31 9)(15+73i)=9)(.867658+1.22065i).
From 16.4 with z*r=l.40390+1.97505i, sn(z*Im)
=2.46550+1 .96527i. Using 18.9.11, 9) (15 + 73i)
= - .57743 + .067797i.

<z0

Method 2 (for 9) or 9)' only)
Compute e2 and H2 (if only g2,g3 are given, use

Table 18.1 to get the periods, then get e1 in
Table 18.3; if periods are also given use Table 18.3
directly). In any case, obtain m(=%-3e2/4H2)
thence Jacobi's functions sn(z'lm), cn(z'lm),
dn(z'jm), from 16.4 and 16.21 and 9.) or 9)' from
18.9.11-18.9.12.

Method 3 (accuracy limited as in the case
Obtain periods, their ratio a, thence q2=e"2

from Table 4.16. Then proceed as in the case
>O, using corresponding formulas

Example 8. Given z=.1-!-.03i, g2=-lO, g3=2,
find fi).

Using Laurent's series directly with
c2=-.5
c3=.07142 85714
c4=.80333 33333

9)(z)=76.58833 270-50.50379 169i.

Example 9. Given z=1.75-I-3.6i, g2=7, g3=6,
find fi). From Example 7, w2=.99579 98, =
2.33241 83i. Using 18.2.18 with M=1, N=l,
9)(1.75+3.6i)=9)(-.24159 96-1.064836i)=
9.) (.2415996+1.0648 36i). With A< O from Table
18.3,e1=-.81674362+.5012090i,e2=l.63348724,
e3=-.81674 362-.50120 90i whence m=.01014
3566, H=1.58144 50, so that z' =2zH= .76415
29+3.367959i. From 16.4, cn(z'Im)=4.00543 66
-12.32465 69i. Applying 18.9.11, fi.) (1.75+3.6i)
=-.960894-.383068i.

z2=76.59287 938-50.50079 960i
c2z2=-.00455 000- .00300 000i
e3z4= + .00000 334+ .00000 780i
c4z8=-.00000 002+ .00000 Oui
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Method 1 (as accurate as desired)
If both z and y are "small," (point in double-cross hatched region) use Laurent's series in z directly.

If either z or y is "large," use Laurent's series on Ox, then on Oy and finally use an addition formula.
(Forfß' an alternative is to getfl.), then compute the appropriate root of9)'2=49)3-g29)-g3; see 18.8.)



Example 11. Compute 9)C8+i) when a=1.2.
Using Table 18.2 or Laurent's series 18.5.1-4 with
g9.lS782 851 and
g3=3.23761 717 from Table 18.3,
9)(.8)=1.92442 11,
9)'(.8)=-2.76522 05,
9)(i)=-1.40258 06 and
9)'(i)=-1.19575 58i. Using the addition for-
mula 18.4.1
9)(.8-!-i)=-.381433-.149361i.

Example 12. Compute 02+3i) for a=4.
Using Table 18.2 or Laurent's series 18.5.1-5 with

g2=8.11742 426
gr=4.45087 587

from Table 18.3,
(.02) =49.99999 89,

9) (.02) =2500.00016,
9) '(.02) = -249999.98376,

(3i) = .89635 173i,
9)(3i)=-.82326 511,
9)'(3i)=-.00249 829i.

Applying the addition formula 18.4.3,
(.02 +3i) = .0 16465 + .89635i.

L<o
Example 10. Given w2=5, w=7i find

IP' (3+2i) by use of theta functions, 18.10 and
addition formulas.

With the use of Table 4.16 and 18. 10.2, q=ie
=.11090 12784i.

The theta functions are computed for argument
zero using 18.10.21-18.10.23 and the theta
functions for arguments y1 and y2 corresponding
to z=z1+z2 using 16.27.1-16.27.4. Using 18.10.5-
18.10.6 together with 1&1O.10, we find 9) (3) =
.10576 946, 9)(2i)=-.24497 773, 9)'(3)=
-.07474140, 9)'(2i)=-.25576007i. The addi-
tion formula 18.4.1 yields 9) (3+2i) = .01763 210
-.07769 187i, and 18.4.2 yields 9)'(3+2i)=
-.00069 182 -4-.04771 305i.

Example 10. Given w= 10, w'=20i, find
(9+19i) by use of theta functions, 18.10 and

addition formulas.
For the period ratio a=,'/ii=2 with the aid of

Table 4.16, q=e2r=.00186 74427.
Using the truncated approximations 18.10.21-

18.10.23 we compute the theta functions for
argument zero. Using 16.27.1-16.27.4 we com-
pute the theta functions for arguments y where

Using the addition formula 18.4.3, we obtain
(9+19i)=.07439 49-.00046 88i.

Use of Table 18.2 in Computing 9), 9)', for Special Period Ratios
If the problem is reduced to computing 9), 9)', in the Fundamental Rectangle for the case when the

real half-period is unity and pure imaginary half-period is ja, for certain values of a Table 18.2 may be
used. Consider 9) as an example. If I zj is "small", then use Laurent's series directly for 9) (z) [invar-
iants for use in the series are given in Table 18.3].

If xis "large" and y "small" use Table 18.2 to obtain x29)(x) and x39)'(x), thence 9)(x) and 9)'(x);
use Laurent's series to obtain 9) (iy) and 9) '(iy); finally, use addition formula 18.4.1.

For x "small" and y "large", reverse the procedure. For both x and y "large," use Table 18.2 to
obtain 9) (z), 9)' (z), 9) (iy) añd 9) '(iy), thence use addition formula 18.4.1.

Similar procedures apply to 9)' or . For 9)', one can also first obtain 9), then compute 9)
=49)3-g29) -g3 and extract the appropriate square root (see 18.8 re choice of sign for 9)').

Example 11. Compute 9) (.9 + .li) for a = 1.05.
Using Table 18.2 or Laurent's series 18.5.1-4 with
g2=rz-42.41653 54 and
g3=9.92766 62 from Table 18.3,
9)(.9)=.34080 33,
9) '(.9)= -2.164801,
9) (.li) = -99.97876,
9) '(.li) = -2000.4255i. With the addition for-
mula 18.4.1
9) (.9+.li)=.231859-.215149i.

Example 12. Compute 9)'(.4+.9i) for a=2.
Using Table 18.2 or Laurent's series 18.5.1-4,
with

g2=4.54009 85,
g3=8.38537 94

from Table 18.3,
9)(.4)=6.29407 07,
9)'(.4)= -30.99041,
9) (.9i) = -1.225548,
,Çß'(.9i)=-3.19127 03i.

Using the addition formulas 18.4.1-2,
9'(.4+ .9i)=1.10519 76-.56489 OOi.

z=x and z=iy. Then, with 18.10.5-18.10.7
together with 18.10.9 and 18.10.18 we obtain
(9)=.09889 5484, (19i)=-.00120 0155i,

9)(9)=.01706 9647, 9)'(9)=-.00125 8460,
9)(19i)=-.00861 2615, 9)'(19i)=-.00003 757i.
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If ? z>w/2 or,

use duplication formula

0(Z) = - fi) '(z/2) o.(z/2),

obtaining u(z/2) by use of Maclaurin series for
and 9) '(z/2) by method explained above. Other-
wise, simply use Maclaurin series for o. directly.

An alternate method is to use theta functions 18.

Example 13. Compute 0(.4+l.3i) for g2=8,
g3=4. From Example 7, w=1.009453 and u'
==l.484413i. Since .fz>w'/2, the Maclaurin se-
ries 18.5.6 is used to obtain u(z/2)=o.(.2+.65i)
=.19543 86+.64947 28i, the Laurent series ]8.5.4
to obtain fl)'(.2+.65i)=5.02253 80-3.56066 93i.
The duplication formula 18.4.8 gives o.(.4+1.3i)
= .278080+1 .272785i.

= .707 + .380i. Repeated applications of the
above procedure yield z=.706231 +.379893i.

If P,?z>w2/2 or
f z>w/4, use duplication formula as in case

¿>0. Otherwise, use Maclaurin series for o.

directly.

10 first computing q and t(0), i=2, 3, 4.

Example 13. Compute o.(.8+.4i) for g2=7,
g3=6. From Example 7, 2=.99579 976, w
=2.33241 83i. Since .q'z>w2/2, the Maclaurin
series 18.5.6 is used to obtain o.(z/2)=o.(.4-j-.2i)
=.40038 019+.19962 017i, the Laurent series
18.5.4 to obtain 9)'(.4+2i)= 3.70986 70

+22.218544i. The duplication formula 18.4.8
gives o.(.8 + .4i) = .81465 765+ .38819 473i.

Given o.(9), 9)', ) corresponding to a point in the Fundamental Rectangle, as well as g2 and g3 or
the equivalent, find z.

Only a few significant figures are obtainable from the use of any of the given (truncated) reversed
series, except in a small neighborhood of the center of the series. For greater accuracy, use inverse
interpolation procedures.

If the given function does not correspond to a value of z in the Fundamental Rectangle (see Con-
formal Maps) the problem can always be reduced to this case by the use of appropriate reduction for-
mulas in 18.2. This process is relatively simple for9) (z), more difficult for the other functions (e.g. if
¿>0 and fi) =a+ib, where L>0, simply consider fi) =aiL and find z1 in R1 [Figure 18.1]; then com-
pute z2=j+2w', the point in R2 corresponding to the given 9)).

c3'u7=.01961 9359+.00812 66047i

-=.10115 7160.04190 06673i

Example 14. Given 9)=1-i, g2=10, g=2,
find z. Using the first three terms of the reversed
series 18.5.25 z1 727+.423i. The Laurent series
18.5.1 gives

Example 14. Given 9) = i +i, g2= 10, g3=2,
find z. From Example 6, w= 1.40239 48 and
w=1.52561 02i. Since b>0, z exists in R2 and z
is computed with 9). Using 18.5.25 with a2 -
1.25, r3=.25, u=[(9)Y]1'2 and the coefficients c

9) (zr) 9) (.727 + .423i)
and

= .825 - .895i from Example 8
9) (z2) = 9) (.697 + .393i)

Inverse interpolation gives

= .9381 .038i. 2u=1.55377 3973 +.64359 42493i

c2u3= .08044 9281.19422 17466i
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Computation of u for Given z and Arbitrary g2 and g3

(or periods from which g2 and g3 can be computedin any case, periods must be known, at least
approximately)

First reduce the problem (if necessary) to computation for a point z in the Fundamental Rectangle
(see 18.2). After final reduction let z denote the point obtained.
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WEIERSTRASS ELLIPTIC

Methods of Computation of 13) (f3)', or o) for Given
z and Given g2, g3 (or the equivalent), with the Use
of Automatic Digital Computing Machinery

Integration of Differential Equation
f3 and fß' may be generated for any z close

enough to a "known point" z*(fJ. (2*) and fß(z*)
being given) by integrating f3 "= 6 f3 2g2/2.
A program to do this on SWAC, via a modifica-
tion of the Hammer-Hollingsworth method
(MTAC, July 1955, pp. 92-96) due to Dr. P.
Henrici, exists at Numerical Analysis Research,
UCLA (code number 00600, written by W. L.
Wilson, Jr.). The program has been tested
numerically in the equianharmonic case, using
integration steps of various sizes. For example,
if one starts with z*=w2, using an "integration
step" (h,k), where h and k are respectively the
horizontal and vertical components of a step,
with (h,k) having one of the six values (±2h0,0),
(±h0,±k0), ho=w2/2000, ko=jwj/2000, one can
expect almost 8S in f3 and 7S in f3' after 1000
steps, unless z is too near a pole.

Use of Series
The process of reducing the computation prob-

lem to one in which z is in the Fundamental
Rectangle can obviously be mechanized. Inside
the Fundamental Rectangle the direct use of
Laurent's series is appropriate when the period

AND RELATED FUNCTIONS
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Stopping with the term in u7, z1.81+.23i.
Assuming zz=.03--.01i, using 18.5.1, f3(.81-l-
.23i)=,91410 95.86824 37i, (.78+.22i)=
1.03191 60 .91795 22i; with inverse interpolation

z=.40011 469+.10034 260i

ratio a is not too large. However, if a-I(>0)
or a2-(i<0), the series will diverge at the
far corner of the Fundamental Rectangle, so that
use may be made of an appropriate duplication
formula. Alternatively, one may compute the
functions on Ox and Oy, then use an addition
formula. Even so, the series will diverge at
z=ia if a2(>0) and at z=ia/2 if a4(i<0).

For great accuracy, multiple precision operations
might be necessary. Double precision floating
point mode has been used in a program, written
for SWAC, to compute f3, f3' and .

For computation of o., use of the Maclaurin
series throughout the Fundamental Rectangle is
probably simplest (series converges for all z).

Mention should be made of the possible use of
the series defining the functions. These series
converge for all complex y, and the computation
of f3, f3', and « by 18.10.5-18.10.8 could easily
be mechanized. The series involved have the
advantage of converging very fast, even in case

<O, where qje2(qe if >O).

Use of Maps
If the problem (of computing f3, flY, or o. for

given z) is reduced to the case where the real half-
period is unity and imaginary half-period is one
of those used in the maps in 18.8 inspection of the

Example 15. Given = 10 15i, g2 = 8, g3=4,
find z. Using the reversed series 18.5.40 with

A5=.13333 333,

z1)==. 7725+.2404i. Repeated applications of
inverse interpolation yield z=. 772247 .239258i.

Example 15. Given o=.4+.li, g2=7, g3=6,
find z. Using the reversed series 18.5.70 with
Y2.14583, 73=.05

ozr+.40000 000+.10000 000i
A7=.02857 14286,

783+.00032 696i
u= .03076 923076+.04615 384615i

A5u5=--.00000 001402+.00000 006860i 208+.00001 432i

A7u7=.00000 000004.00000 000003i

z= .03076 921670+.04615 391472i.
- - 00000 093 + .00000 126i

14

- 013+.00000.00000 006i
55 -



appropriate figure will give the value of 9) (z)

[(z) or o-(z)] to 2-3S. If 9)' is wanted instead,
get 9, use 18.6.3 to obtain 9) F2 and select sign (s)
of 9)' appropriately. (See Conformal Mapping
(18.8) for choice of sign of square root of 9) F2).

Computation of z0

Given g2, g3 (or equivalent)

Since z [J) (z0) =0, the Laurent's series gives

O = i + c2u2 + c3u3 + c4u4 +

where u=z. We may solve this equation [by
Graeffe's (root-squaring) process or otherwise]
for its absolutely smallest root [having found an
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1(-4)11 [(-)'i 1(-3)31 1(-3)3
[10_j [10 j [ lOj [11

=0.20412 4145 =0.40824 829

g

Non.Negative Discriminant

Wg
w'4 in g23)

Non-Positive Discriminant

g2-' '2gb2r wg g2[/i <g>
3. 00 1.28254 98 1.52168 83 1 0 _O. 00 2. 62205 76 2.62205 76 -
3. 05 1. 27944 73 1. 51892 22 -0. 01 2.62025 54 2. 62384 98 -100
3.10 1.27637 43 1. 51685 48 -0. 02 2.61693 53 2. 62710 11 - 50
3.15 1.27333 03 1. 51505 45 -0. 03 2. 61258 87 2.63126 10 - 33
3. 20 1. 27031 49 1. 51342 84 -0. 04 2. 60737 43 2. 63611 20 - 25

3. 25 1. 26732 80 1. 51193 18 -0. 05 2. 60137 48 2. 64151 34 - 20
3. 30 1. 26436 90 1. 51053 84 -0. 06 2. 59464 00 2.64735 75 - 17
3. 35 1. 26143 77 1. 50923 08 -0. 07 2. 58720 37 2. 65355 47 - 14
3. 40 1. 25853 38 1. 50799 63 -0. 08 2. 57909 05 2. 66002 55 - 13

-0. 09 2. 57032 09 2. 66669 74 - 11

-0.10 2. 56091 33 2. 67350 25 - 10
g2 -0. 11 2. 55088 61 2. 68037 66 - 9

3.4
3. 5
3.6

1. 25853 38
1. 25280 64
1. 24718 42

1. 69503 33
1. 64719 87
1.60789 93

-0. 12
-0. 13
-0. 14

2. 54025 86 2. 68725 88
2. 52905 23 2. 69409 09
2. 51729 09 2. 70081 77

- 8
- 8
- 7

3. 7
3. 8
3.9

1. 24166 45
1. 23624 47
1. 23092 23

1. 57451 65
1. 54548 31
1. 51978 54

-0.15
-0. 16
-0. 17

2.50500 11 2. 70738 70
2. 49221 23 2. 71375 03
2. 47895 70 2. 71986 26

- 7
- 6
- 6

4. 0
4. 1
4.2

1. 22569 47
1. 22055 95
1.21551 44

1. 49672 94
1. 47581 86
1.45668 57

-0. 18
-0.19
-0. 20

2. 46527 01 2. 72568 31
2.45118 90 2.73117 52
2.43675 29 2.73630 70

- 6
- 5
- 5

4.3 1.21055 69 1. 43905 10
4. 4 1. 20568 50 1. 42269 63

4.5 1.20089 62 1.40744 84
4.6
4. 7

1.19618 86
1.19156 00

1.39316 72
1.37973 79

-1
2

W W'2 3 2g0 / -<g2>

4. 8 1. 18700 83 1. 36706 51 -0. 20 1. 62955 49 1. 82987 88 - 5

4. 9 1.18253 18 1.35506 88 -0.25
-0. 30

1. 66926 74 1. 94863 05
1. 68880 94 2. 04569 84

- 4
- 3

5. 0 1.17812 83 1.34368 10 -0.35 1.69574 71 2.12452 34 - 3

5.2 1. 16953 35 1.32250 70 -0.40 1. 69529 14 2.18836 87 - 3

5.4 1. 16120 96 1. 30316 60
5.6 1. 15314 34 1.28537 08 -0.45 1. 69080 53 2.24023 31 - 2

5. 8 1. 14532 23 1. 26889 69 -0. 50
-0. 55

1. 68433 20 2. 28267 03
1. 67705 44 2. 31773 31

- 2
- 2

6. 0 1. 13773 46 1. 25356 57 -0. 60 1. 66962 98 2. 34701 74 - 2

6. 2 1. 13036 91 1. 23923 29 -0. 65 1. 66240 65 2. 37174 42 - 2

6.4 1.12321 55 1.22577 98
6.6 1. 11626 38 1.21310 78 -0. 70 1. 65555 57 2.39284 34 - 1

6.8 1. 10950 49 1. 20113 41 -0.75
-0. 80

1.64914 98 2.41102 56
1. 64320 64 2. 42683 68

1
- 1

7. 0 1. 10293 00 1. 18978 83 -0. 85 1. 63771 44 2. 44070 05 - 1

7. 2 1. 09653 11 1. 17901 03 -0. 90 1. 63264 84 2. 45294 88 - 1

7. 4 1. 09030 03 1.16874 82
7. 6 1. 08423 04 1.15895 67 -0.95 1. 62797 70 2.46384 40 - 1

7. 8 1. 07831 46 1. 14959 65 -1. 00 1. 62366 67 2. 47359 62 - 1

8. 0 1. 07254 63 1. 14063 29
8. 2 1. 06691 95 1. 13203 51 1

8.4 1.06142 83 1.12377 59 w2g 2q33 In (3-g2)8.6 1.05606 74 1.11583 09 g2
8.8 1.05083 15 1.10817 84 -1. 0 1. 62366 67 3. 03954 85
9.0 1.04571 58 1.10079 87 -0.8 1.60646 93 3.05518 40
9. 2 1. 04071 56 1. 09367 40 -0. 6 1. 58820 63 3. 06892 24
9. 4 1. 03582 65 1. 08678 83 -0. 4 1. 56918 06 3. 08070 50
9.6 1. 03104 44 1. 08012 69 -0.2 1.54967 81 3. 09053 50
9. 8 1. 02636 52 1. 07367 66

10. 0 1. 02178 54 1. 06742 51 0. 0
0.2

1. 52995 40 3. 09846 47
1. 51022 67 3. 10458 18

0. 4 1. 49067 44 3. 10899 55
1 0. 6 1. 47143 75 3. 11182 48

g2' wgg2 w g3g V <g2> 0.8 1.45262 13 3.11318 95

0.10 1. 81701 99 1.89818 Öl 10 1.0 1. 43430 15 3.11320 22
0. 09 1. 82207 90 1. 89119 06 11 1.2 1.41652 88 3.11196 36
0.08 1. 82696 90 1.88476 56 13 1.4 1.39933 41 3.10955 78
0. 07 1. 83165 87 1. 87888 68 14 1. 6 1. 38273 24 3. 10604 84
0.06 1. 83611 17 1. 87354 40 17 1.8 1.36672 71 3.10147 38

0.05 1. 84028 47 1. 86873 53 20 2. 0 1.35131 24 3. 09584 00
0. 04 1. 84412 45 1. 86447 02 25 2. 2 1. 33647 63 3. 08910 74
0. 03 1. 84756 35 1. 86077 37 33 2. 4 1. 32220 24 3. 08116 35
0. 02 1. 85050 78 1. 85769 72 50 2. 6 1 30847 11 3. 07175 37
0.01 1. 85280 73 1. 85534 90 100 2.8 1 29526 10 3. 06025 10
0. 00 1. 85407 47 1. 85407 47 3. 0 1 28254 98 3. 04337 67 o
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Table 18.1

TABLE FOR OBTAINING PERIODS FOR INVARIANTS g2 AND g3
(g2=g2g )
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Table 18.2

z=x\u 1.00 1.05
0.00 1.00000 00 1.00000 00
0.05 1.00000 37 1.00000 34
0,10 1. 00005 91 1.00005 41
0.15 1.00029 91 1. 00021 41
0. 20 1. 00094 57 1. 00086 77

0.25 1.00230 98 1.00212 32
0.30 1. 00479 35 1. 00441 61
0.35 1.00889 27 1.00821 33
0.40 1.01520 23 1.01408 14
0,45 1.02442 50 1.02269 65

0.50 1. 03738 54 1. 03486 08
0.55 1.05504 92 1.05152 36
0.60 1.07855 23 1.07381 21
0.65 1.10923 99 1.10307 22
0.70 1.14872 15 1.14092 35

0.75 1.19894 38 1.18933 40
0.80 1.26229 01 1.25071 86
0.85 1.34171 37 1.32807 28
0.90 1.44091 81 1.42515 17
0.95 1.56460 22 1.54671 40
1.00 1.71879 62 1.69885 59

V14]

2.0 4.0
1,00000 00 1.00000 00
1.00000 25 1.00000 25
1.00004 08 1.00004 07
1.00020 75 1. 00020 73
1. 00066 02 1. 00065 97

1.00162 64 1.00162 51
1. 00340 97 1.00340 71
1.00640 03 1.00639 57
1.01108 69 1.01107 93
1.01807 36 1.01806 19

1. 02810 10 1.02808 38
1. 04207 28 1. 04204 87
1.06109 15 1.06105 91
1.08650 29 1.08646 07
1.11995 41 1.11990 05

1.16346 98 1.16340 37
1.21955 14 1.21947 17
1.29130 97 1.29121 57
1.38264 14 1.38253 27
1.49846 94 1.49834 59
1.64507 17 1.64493 41

[-I]
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2.4 . . . 4. 767658
2. 6 If the real half-period 1, see 18.2 Homogeneity Relations. Interpolation with 5.578809

8 respect to a will, in general, be difficult because of the non-uniform subintervals 6. 459856

0 involved. Aitken's interpolation may be used in this case. As few as 3S may 7. 409386

be obtained. For the computation of P, P' or r at z=+iy, an addition formula
3.6 may be used (18.4 and Examples 11_12). 10. 660867
3. 8 11.877621
4. 0 13. 160574

TABLE FOR OBTAINING 11, flY AND ON Ox AND Oy

(Positive Discriminant-Unit Real Half-Period)
z2/P(z)

1.1 1.2 1.4
1.00000 00 1.00000 00 1.00000 00
1.00000 32 1.00000 29 1.00000 26
1. 00005 05 1.00004 59 1.00004 22
1.00025 59 1.00023 31 1.00021 46
1. 00081 12 1.00074 02 1. 00068 25

1. 00198 79 1.00181 79 1. 00167 98
1. 00414 21 1.00379 19 1.00351 80
1.00772 00 1.00709 99 1.00659 56
1.01326 70 1.01224 31 1.01140 98
1.02144 00 1.01985 94 1.01857 24

1.03302 47 1.03071 36 1. 02883 08
1. 04895 81 1. 04572 73 1. 04309 40
1.07036 11 1.06601 29 1.06246 70
1.09857 95 1.09291 64 1.08829 58
1.13524 09 1.12807 45 1.12222 46

1.18232 81 1.17348 94 1.16621 18
1.24227 98 1.23162 95 1.22292 96
1.31812 18 1.30556 03 1.29529 60
1.41364 80 1.39912 31 1.38725 23
1.53366 04 1.51717 65 1.50370 31
1. 68430 41 1.66592 77 1.65090 68[(4]

z/iy\a 1.00 1.05 1.1 1.2 1.4 2.0 4.0
0.00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00
0.05 1.00000 37 1.00000 34 1.00000 31 1.00000 29 1.00000 26 1.00000 25 1.00000 25
0.10 1.00005 91 1.00005 40 1.00005 03 1.00004 57 1.00004 19 1.00004 05 1.00004 04
0.15 1.00029 91 1.00027 31 1.00025 42 1.00023 05 1.00021 13 1.00020 39 1.00020 37
0.20 1. 00094 51 1.00086 20 1. 00080 14 1.00072 54 1.00066 38 1.00063 99 1.00063 94

0.25 1.00230 98 1.00210 14 1.00195 05 1.00176 15 1.00160 81 1.00154 88 1.00154 75
0.30 1.00479 35 1.00435 08 1.00403 04 1.00362 91 1.00330 38 1.00317 81 1.00317 52
0.35 1.00889 27 1.00804 86 1.00743 81 1.00667 40 1.00605 50 1.00581 59 1.00581 03
0.40 1.01520 23 1.01371 37 1.01263 81 1.01129 28 1.01020 38 1.00978 33 1.00977 34
0.45 1.02442 50 1.02194 93 1.02016 25 1.01792 92 1.01612 33 1.01542 64 1.01540 99

0.50 1.03738 54 1.03345 04 1. 03061 34 1.02707 18 1.02421 09 1.02310 77 1.02308 17
0.55 1.05504 92 1.04901 44 1.04466 92 1. 03925 21 1.03488 20 1. 03319 83 1.03315 85
0.60 1. 07855 23 1. 06955 87 1.06309 37 1.05504 64 1. 04856 45 1.04606 96 1.04601 09
0.65 1.10923 99 1.09614 60 1. 08675 16 1. 07507 92 1. 06569 47 1.06208 70 1.06200 18
0.70 1.14872 15 1.13001 89 1.11663 04 1.10003 09 1.08671 44 1.08160 18 1.08148 16

0.75 1.19894 38 1.17264 63 1.15387 03 1.13065 03 1.11207 03 1.10494 84 1.10478 09
0.80 1.26229 01 1.22578 78 1.19980 68 1.16777 18 1.14221 52 1.13243 76 1.13220 79
0.85 1.34171 37 1.29157 86 1.25602 53 1.21233 97 1.17761 18 1.16435 46 1.16404 34
0.90 1.44091 81 1.37264 39 1.32443 52 1.26544 15 1.21873 89 1.20095 66 1.20053 95
0.95 1.56460 22 1.47224 79 1.40736 61 1.32835 02 1.26610 10 1.24247 14 1.24191 74

1.00 1.71879 62 1.59449 89 1.50769 66 1.40258 06 1.32024 17 1.28909 73 1.28836 81

[(_3)4] [(_3)3] [(_,)3] [(_3)1] [(_4)8] [(_64)6] [(_64)6]

z/i=y\u 1.00 1.05 1.1 1.2 1.4 2.0 4.0
1.0 1.71879 62 1.59449 89 1.50769 66 1.40258 06 1.32024 17 1.28909 73 1.288368
1.2 1. 85616 29 1.61789 95 1. 52970 17 1. 527649
1.4 2.09401 44 1.86127 05 1.855916
1.6 2.28676 23 2.273495
1.8 2.80921 52 2.777516

2.0 3.43759 29 3.363868
2.2 4. 028426
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z/i=y\a 1.00 1.05 1.1 1.2 1.4 2.0 4.0
0.00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00
0.05 -1. 99999 26 -1. 99999 32 -1. 99999 37 -1. 99999 43 -1. 99999 48 -1. 99999 49 -1. 99999 49
0.10 -1. 99988 18 -1. 99989 21 -1. 99989 95 -1. 99990 89 -1. 99991 65 -1. 99991 94 -1. 99991 95
0.15 -1. 99940 16 -1. 99945 48 -1. 99949 33 -1. 99954 15 -1. 99958 07 -1. 99959 59 -1. 99959 62
0.20 -1. 99810 75 -1. 99828 08 -1. 99840 62 -1. 99856 33 -1. 99869 07 -1. 99873 99 -1. 99874 11

0.25 -1. 99537 33 -1. 99581 31 -1. 99613 14 -1. 99652 94 -1. 99685 19 -1. 99697 66 -1. 99697 95
0.30 -1. 99038 23 -1. 99133 82 -1. 99202 89 -1. 99289 25 -1. 99359 12 -1. 99386 12 -1. 99386 76
0.35 -1. 98210 95 -1. 98398 06 -1. 98533 03 -1. 98701 63 -1. 98837 91 -1. 98890 48 -1. 98891 71
0.40 -1. 96928 90 -1. 97268 69 -1. 97513 44 -1. 97818 68 -1. 98065 01 -1. 98159 94 -1. 98162 18
0.45 -1. 95036 13 -1. 95619 80 -1. 96039 48 -1. 96561 82 -1. 96982 60 -1. 97144 57 -1. 97148 38

0. 50 -1. 92339 01 -1. 93299 84 -1. 93989 10 -1. 94845 17 -1. 95533 26 -1. 95797 74 -1. 95803 95
0.55 -1. 88593 83 -1. 90123 75 -1. 91218 25 -1. 92574 23 -1. 93661 23 -1. 94078 35 -1. 94088 17
0.60 -1. 83488 99 -1. 85861 50 -1. 87553 39 -1. 89643 16 -1. 91313 16 -1. 91952 74 -1. 91967 77
0.65 -1. 76619 53 -1. 80221 44 -1. 82780 48 -1. 85930 08 -1. 88437 77 -1. 89395 96 -1. 89418 46
0.70 -1. 67451 43 -1. 72827 05 -1. 76629 64 -1. 81290 09 -1. 84984 78 -1. 86392 68 -1. 86425 71

0.75 -1. 55271 74 -1. 63184 71 -1. 68753 62 -1. 75545 41 -1. 80902 61 -1. 82937 52 -1. 82985 21
0. 80 -1. 39118 65 -1. 50639 22 -1. 58698 80 -1. 68471 79 -1. 76134 96 -1. 79034 89 -1. 79102 80
0.85 -1. 17683 20 -1. 34312 50 -1. 45865 26 -1. 59780 32 -1. 70615 96 -1. 74698 46 -1. 74793 96
0.90 -0. 89169 81 -1.13018 63 -1. 29452 95 -1. 49093 18 -1. 64263 75 -1. 69950 14 -1. 70082 95
0.95 -0. 51095 87 -0. 85145 23 -1. 08387 84 -1. 35912 08 -1. 56972 20 -1. 64818 82 -1. 65001 75

1. 00 0. 00000 00 -0. 48485 79 -0. 81220 52 -1.19575 58 -1. 48600 58 -1. 59338 85 -1. 59588 68
1.05 0.00000 00 -0. 45984 59
1.10 0.00000 00

[(_2)2] [(_2)1] {(_2)1] [(_3)4] [(_3)1] [(_4)4] [(_4)6]

z/i-_y\a 1.00 1.05 1.1 1.2 1.4 2.0 4.0

1. 0 0.00000 00 -0. 48485 79 -0. 81220 52 -1. 19575 58 -1. 48600 58 .1. 59338 85 -1. 59588 68
1.2 0.00000 00 -0. 99449 51 -1. 34717 40 -1. 35527 93
1.4 0.00000 00 -1. 07521 03 -1. 09935 83
1.6 -0. 78786 76 -0. 85550 88
1.8 -0. 46104 27 -0. 64191 20

2.0
2.2
2.4
2.6
2. 8

0. 00000 00 -0.46669
-0. 33022
-0. 22828
-0. 15467
-0. 10296

27
92
89
43
79

3. 0
3. 2
3. 4
3. 6
3. 8
4.0

-0. 06745
-0. 04346
-0. 02734
-0. 01629
-0. 00795

0. 00000

48
22
75
07
66
00

z=x\a 1.00

TABLE FOR OBTAtNING

1.05 1.1

(Positive Discriminant-Unit
P, ¡P' AND ON Ox AND Oy

Real Half-Period)

1.4 2.0

Table 18.2

4.0
t1P' (z)
1.2

0. 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00
0. 05 -1. 99999 26 -1. 99999 32 -1. 99999 37 -1. 99999 43 -1. 99999 47 -1. 99999 49 -1. 99999 49
0. 10 -1. 99988 18 -1. 99989 17 -1. 99989 89 -1. 99990 80 -1. 99991 53 -1. 99991 81 -1. 99991 82
0.15 -1. 99940 16 -1. 99945 07 -1. 99948 63 -1. 99953 10 -1. 99956 73 -1. 99958 14 -1. 99958 17
0.20 -1. 99810 75 -1. 99825 79 -1. 99836 70 -1. 99850 41 -1. 99861 55 -1. 99865 86 -1. 99865 97

0.25 -1. 99537 33 -1. 99572 57 -1. 99598 17 -1. 99630 33 -L 99656 50 -1. 99666 63 -1. 99666 88
0.30 -1. 99038 23 -1. 99107 69 -1. 99158 17 -1. 99221 67 -1. 99273 38 -L 99293 42 -1. 99293 89
0.35 -1. 98210 95 -1. 98332 00 -1. 98420 07 -1. 98530 95 -1. 98621 31 -1. 98656 35 -1. 98657 17
0.40 -1. 96928 90 -1. 97121 06 -1. 97260 99 -1. 97437 35 -1. 97581 22 -1. 97637 02 -1. 97638 34
0.45 -1. 95036 13 -1. 95319 16 -1. 95525 47 -1. 95785 77 -1. 95998 33 -1. 96080 82 -1. 96082 78

0.50 -1. 92339 01 -1. 92730 50 -1. 930][6 21 -L 93377 03 -1. 93671 95 -1. 93786 53 -1. 93789 23
0. 55 -1. 88593 83 -1. 89106 43 -1. 89480 97 -1. 89954 33 -1. 90341 73 -1. 90492 32 -1. 90495 86
0.60 -1. 83488 99 -1. 84127 27 -1. 84594 09 -1. 85184 82 -1. 85668 71 -1. 85856 93 -.1. 85861 37
0.65 -1. 76619 53 -1. 77376 97 -1. 77931 45 -1. 78633 89 -1. 79209 80 -1. 79433 95 -1. 79439 25
0. 70 -1. 67451 43 -1. 68307 45 -1. 68934 72 -1. 69729 96 -1. 70382 60 -1. 70636 76 -1. 70642 75

0. 75 -1. 55271 74 -1. 56189 13 -1. 56861 96 -1. 57715 61 -1. 58416 75 -1. 58689 93 -1. 58696 39
0.80 -1. 39118 65 -1. 40041 70 -1. 40719 15 -1. 41579 29 -1. 42286 23 -1. 42561 79 -1. 42568 30
0.85 -1.17683 20 -1.18536 53 -1. 19163 25 -1.19959 24 -1. 20613 88 -1. 20869 13 -1. 20875 17
0.90 -0. 89169 81 -0. 89858 18 -0. 90364 00 -0. 91006 69 -0. 91535 50 -0. 91741 70 -0. 91746 57
0.95 -0. 51095 87 -0. 51505 33 -0. 51806 28 -0. 52188 70 -0. 52503 45 -.0. 52626 26 -0. 52629 14
1.00 0.00000 00 0.00000 00 0.00000 00 0.00000 00 0.00000 00 0.00000 00 0.00000 00

{(_2)2] [(_2)2] [(_2)2] [(_2)2] [(_2)2] [(_2)2] {(_2)2]



z(z)
1.2

1. 00000 000
0.99999 905
0. 99998 471
0. 99992 246
0.99975 429

0. 99939 799
0.99874 617
0.99766 478
0. 99599 122
0.99353 179

0.99005 855
0.98530 511
0.97896 146
0.97066 726
0. 96000 343

0.94648 146
0.92952 973
0.90847 617
0.88252 588
0. 85073 222
0.81195 906

[1]
1.2

1.00000 000
0.99999 905
0.99998 476
0.99992 299
0.99975 725

0. 99940 928
0. 99877 991
0. 99774 989
0. 99618 100
0. 99391 695

0.99078 438
0. 98659 357
0.98113 896
0.97419 926
0.96553 710

0.95489 807
0.94200 908
0.92657 574
0.90827 878
0.88676 908

0.86166 128

[(_4)9] [(_4)8] [(_4)8] [(_4)4]
[_64)311 [V3]

[(_3]

zx\a 1.00 1.05 1.1
o. oo i. 00000 000 1. 00000 000 1. 00000 000
0.05 0.99999 876 0.99999 887 0.99999 895
0. 10 0. 99998 031 0. 99998 198 0. 99998 319
0. 15 0. 99990 029 0. 99990 871 0. 99991 481
0.20 0.99968 483 0.99971 119 0. 99973 030

0.25 0. 99923 041 0. 99929 399 0.99934 010
0.30 0.99840 360 0.99853 355 0.99862 782
0.35 0.99704 076 0.99727 741 0.99744 912
0.40 0.99494 715 0.99534 298 0. 99563 028
0.45 0. 99189 577 0.99251 583 0.99296 602

0.50 0.98762 541 0.98854 726 0.98921 683
0.55 0.98183 783 0.98315 105 0.98410 521
0.60 0.97419 386 0.97599 894 0.97731 096
0.65 0.96430 782 0.96671 478 0.96846 489
0.70 0.95174 028 0.95486 674 0.95714 079

0.75 0.93598 819 0.93995 720 0.94284 503
0.80 0.91647 208 0.92140 960 0.92500 321
0.85 0.89251 910 0.89855 136 0.90294 299
0.90 0.86334 108 0. 87059 177 0.87587 177
0.95 0. 82800 562 0. 83659 307 0. 84284 790
1.00 0.78539 822 0.79543 267 0.80274 283

{(_,9]

z/i=y\a 1.00 1.05 1.1
0.00 1.00000 000 1.00000 000 1.00000 000
0.05 0.99999 876 0.99999 887 0. 99999 895
0.10 0.99998 031 0.99998 200 0.99998 322
0.15 0. 99990 029 0.99990 891 0.99991 516
0.20 0.99968 483 0.99971 234 0.99973 226

0.25 0. 99923 041 0. 99929 836 0. 99934 758
0.30 0. 99840 360 0. 99854 660 0. 99865 014
0.35 0.99704 076 0. 99731 033 0. 99750 544
0.40 0.99494 715 0. 99541 639 0. 99575 586
0.45 0.99189 577 0.99266 485 0.99322 092

0. 50 0.98762 541 0.98882 817 0.98969 725
0. 55 0. 98183 783 0. 98364 988 0. 98495 820
0.60 0.97419 386 0.97684 238 0.97875 291
0.65 0.96430 782 0.96808 373 0.97080 464
0.70 0.95174 028 0.95701 320 0.96080 810

0.75 0.93598 819 0.94322 518 0.94842 600
0.80 0.91647 208 0.92626 102 0.93328 385
0.85 0.89251 910 0.90559 833 0.91496 295
0.90 0.86334 108 0.88063 688 0.89299 175
0.95 0.82800 562 0.85068 069 0.86683 386

1. 00 0.78539 822 0.81491 420 0.83587 315
1.05 0.77237 164 0.79939 419
1.10 0.75655 714

1.4 2.0 4.0
1. 00000 000 1. 00000 000 1. 00000 000
0.99999 912 0.99999 915 0.99999 915
0. 99998 595 0. 99998 643 0. 99998 644
0. 99992 868 0. 99993 109 0. 99993 115
0.99977 377 0.99978 130 0.99978 148

0. 99944 501 0. 99946 321 0. 99946 364
0.99884 235 0.99887 957 0.99888 045
0.99784 008 0.99790 793 0.99790 954
0. 99628 469 0.99639 831 0. 99640 099
0.99399 196 0.99417 016 0.99417 438

0.99074 340 0.99100 867 0.99101 490
0.98628 174 0.98666 012 0.98666 904
0.98030 531 0.98082 605 0.98083 833
0.97246 106 0. 97315 633 0. 97317 272
0. 96233 582 0.96324 002 0. 96326 132

0.94944 525 0. 95059 446 0.95062 155
0.93322 007 0.93465 128 0.93468 503
0.91298 848 0.91473 876 0.91478 003
0.88795 364 0.89005 936 0.89010 902
0. 85716 486 0. 85966 076 0. 85971 964
0.81947 977 0.82239 820 0.82246 703[_9]

1.4 2.0 4.0
1.00000 000 1.00000 000 1.00000 000
0.99999 912 0.99999 915 0.99999 916
0.99998 601 0.99998 649 0.99998 650
0.99992 935 0.99993 181 0.99993 187
0.99977 752 0.99978 537 0.99978 555

0. 99945 935 0. 99947 871 0.99947 917
0. 99888 517 0. 99892 586 0. 99892 682
0.99794 811 0.99802 472 0. 99802 653
0.99652 557 0. 99665 871 0. 99666 184
0.99448 077 0.99469 855 0.99470 368

0.99166 445 0.99200 425 0.99201 225
0. 98791 646 0.98842 700 0. 98843 902
0.98306 740 0.98381 123 0.98382 874
0.97694 003 0. 97799 651 0. 97802 138
0.96935 061 0. 97081 949 0. 97085 406

0.96010 986 0.96211 557 0.96216 276
0.94902 381 0.95172 061 0.95178 405
0.93589 412 0.93947 230 0.93955 644
0.92051 815 0.92521 144 0.92532 176
0.90268 849 0.90878 307 0.90892 628

0.88219 209 0.89003 731 0. 89022 154

2. 0
2. 2
2.4
2. 6
2. 8

3. 0
3.2
3.4
3. 6
3. 8
4. 0

z/i-y\a 1.00 1.05 1.1 1.2 1.4 2.0 4.0
1.0 0.78539 822 0.81491 420 0.83587 315 0.86166 128 0.88219 209 0.89003 731 0.89022 15
1.2 0.71573 454 0.76897 769 0.78909 505 0.78956 60
1.4 0.59293 450 0.64073 496 0.64184 73
1.6 0.43846 099 0.44095 77
1.8 +0. 17708 802 +0. 18250 43

-0. 14800 012 -0. 13652 01

L J L 10

-0. 51809 61
-0. 96348 97
-1. 47349 03
-2. 04858 16

-2. 68905 52
-3. 39508 38
-4. 16677 17
-5. 00417 86
-5. 90734 21
-6. 87630 32

1(-3)81 r(-3)8
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TABLE FOR OBTAINING IP, IP' AND ON Ox AND Oy Table 18.2
(Negative Discriminant-Unit Real Half-Period)

z21P (z)

z=x\u 1.00
0.00 1.00000 00
0.05 0.99998 52
0.10 0.99976 37
0.15 0.99880 40
0.20 0.99622 33

0.25 0. 99079 63
0.30 0.98097 82
0.35 0. 96495 11
0.40 0.94070 57
0.45 0.90617 03

0.50 0.85939 83
0.55 0. 79882 11
0.60 0.72356 52
0.65 0.63382 07
0.70 0.53123 69

0.75 0.41930 23
0.80 0.30366 33
0.85 0.19233 10
0.90 0.09574 08
0. 95 0. 02666 27
1.00 0.00000 00[I]

4.0
1.00000 00
1.00000 25
1.00004 07
1.00020 71
1.00065 92

1. 00162 38
1.00340 46
1. 00639 11
1.01107 17
1.01805 02

1.02806 66
1. 04202 47
1.06102 67
1.08641 83
1.11984 70

1.16333 76
1.21939 20
1.29112 16
1.38242 38
1.49822 24
1.64479 64

[1]
z/iy\a 1.00
0. 00 1.00000 00
0.05 0.99998 52
0.10 0.99976 37
0.15 0.99880 40
0.20 0.99622 33

0.25 0.99079 63
0.30 0.98097 82
0.35 0. 96495 11
0.40 0. 94070 57
0.45 0.90617 03

0. 50 0.85939 83
0.55
0.60
0.65
0.70

4.0
1. 00000 00
1.00000 32
1.00004 04
1. 00020 35
1.00063 88

1.00154 61
1.00317 22
1.00580 47
1. 00976 35
1.01539 36

1.02305 58
1. 03311 90
1.04595 22
1.06191 71
1.08136 14

0.75
0.80
0.85
0.90
0.95
1.00

1.10461 36
1.13197 83
1.16373 23
1.20012 24
1.24136 39
1.28763 91

[(_3)2J [(_3)2] [(_3)2] [(-3)2] [(_3)2] [(_3)1] [(_4)6]

z/i-y\a 4.0
1.1 1.39585 80
1.2 1.52559 80
1.3 1. 67719 91
1.4 If the real half-period 1, see 18.2 Homogeneity Relations. Interpolation with 1.85056 87

respect to a will, in general, be difficult because of the non-uniform subintervals 2. 04521 26

1.6 involved. Aitken's interpolation may be used in this case. As few as 3S may 2. 26025 62
be obtained. For the computation of LP, IP' or at z=-iy, an addition formula

1.9 may be used (18.4 and Examples 11-12). 3.01245 16
0 3. 29069 52

1(-3)3
L7

677

1.05 1.15 1.3 1.5 2.0
1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00
0.99998 68 0.99998 98 0.99999 38 0.99999 75 1. 00000 14
0.99978 83 0.99983 74 0.99990 10 0.99996 06 1.00002 30
0.99893 08 0.99918 15 0.99950 43 0.99980 51 1.00011 83
0.99663 32 0.99743 55 0.99845 77 0.99940 30 1.00038 24

0.99182 47 0.99381 16 0.99631 17 0.99860 26 1.00096 01
0.98317 67 0.98736 11 0.99255 06 0.99725 51 1.00205 83
0.96915 65 0. 97703 14 0.98664 20 0.99525 02 1. 00396 14
0.94811 25 0.96174 61 0.97810 01 0.99255 94 1.00705 13
0.91839 70 0.94051 05 0.96656 45 0.98928 71 1.01183 11

0.87853 56 0.91254 55 0.95189 16 0.98573 01 1.01895 42
0.82744 45 0.87744 80 0.93426 12 0.98244 30 1.02925 89
0.76469 39 0.83537 63 0.91429 23 0.98031 24 1.04381 01
0.69080 48 0.78725 05 0.89316 80 0.98063 64 1.06395 05
0.60756 14 0.73495 90 0.87276 38 0.98521 20 1. 09136 32

0.51830 84 0.68155 50 0.85577 68 0.99643 13 1.12815 05
0.42820 16 0.63143 16 0.84585 35 1.01739 07 1.17693 44
0.34438 12 0.59046 32 0. 84771 96 1.05201 81 1.24098 76
0.27605 07 0.56611 51 0.86731 78 1.10523 21 1.32440 72
0.23446 42 0.56753 12 0.91197 25 1.18314 77 1. 43234 85
0.23286 11 0.60563 48 0.99060 83 1.29335 96 1.57134 70[(_5] {(_4]

1.05 1.15 1.3 1.5 2.0
1. 00000 00 1.00000 00 1.00000 00 1.00000 00 1. 00000 00
0.99998 67 0.99998 98 0.99999 37 0.99999 75 1.00000 14
0.99978 76 0.99983 59 0.99989 93 0.99995 93 1.00002 24
0.99892 27 0.99916 47 0.99948 51 0.99978 96 1.00011 15
0.99658 78 0.99734 10 0.99834 96 0.99931 61 1.00034 41

0.99165 20 0.99345 16 0.99589 95 0. 99827 12 1.00081 39
0.98266 22 0.98628 83 0.99132 10 0.99626 60 1.00162 14
0. 96786 42 0.97433 43 0.98354 71 0. 99275 81 1. 00285 94
0. 94525 04 0. 95576 47 0. 97122 41 0. 98701 30 1.00459 41
0.91264 56 0.92846 67 0.95268 27 0. 97806 19 1. 00684 49

0. 86784 46 0. 89009 57 0.92592 17 0.96465 71 1. 00955 92
0.80881 13 0.83817 66 0.88861 10 0.94522 83 1.01258 51

0.77024 24 0.83812 71 0.91784 50 1.01563 95
0.77163 28 0.88019 00 1.01827 41

0.82955 45 1.01983 61

0.76286 31 1.01942 61
1.01585 25
1. 00758 28
0. 99269 39
0.96882 29
0.93312 29



0.75
0.80
0.85
0.90
0.95
1. 00

z/iy\a
1.1
1. 2
1.3
1.4
1. 5

1.6
1. 7
1.8

9
0

[(_3)2] [(_3)2] [e-3)3] [I] [(3)6] [4)6]

4.0
-1.48398 95
-1. 36337 47
-1. 24144 17
-1. 12345 13
-1. 01509 75

-0. 92286 21
-0. 85472 55
-0. 82134 27
-0. 83783 54
-0. 92645 86

1(-3)9
19

TABLE FOR OBTAINING ., ' AND ON Ox AND Oy
(Negative Discriminant-TJnit Real Half-Period)

-:p' (z)
1.05 1.15 f;3 1.5 2.0 4.0

-2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00
-2. 00002 65 -2. 00002 04 -2. 00001 24 -2. 00000 50 -1. 99999 71 -1. 99999 49
-2. 00042 27 -2. 00032 37 -2. 00019 63 -2. 00007 74 -1. 99995 34 -1. 99991 83
-2. 00212 89 -2. 00161 92 -2. 00097 17 -2. 00037 44 -1. 99975 65 -1. 99958 21
-2. 00667 30 -2. 00502 56 -2. 00297 32 -2. 00110 66 -1. 99919 66 -1. 99866 07

-2. 01608 73 -2. 01196 38 -2. 00694 49 -2. 00246 05 -1. 99793 23 -1. 99667 11
-2. 03274 55 -.2. 02397 99 -2. 01358 73 -2. 00448 84 -1. 99544 16 -1. 99294 36
-2. 05907 94 -2. 04247 95 -2. 02334 71 -2. 00696 68 -1. 99095 74 -1. 98657 99
-2. 09713 03 -2. 06835 37 -2. 03614 78 -2. 00922 15 -1. 98338 63 -1. 97639 65
-2. 14789 87 -2. 10148 48 -2. 05106 10 -2. 00992 37 -1. 97120 64 -1. 96084 72

-2. 21047 72 -2. 14013 46 -2. 06592 49 -2. 00685 64 -1. 95234 05 -1. 93791 93
-2. 28098 85 -2. 18023 97 -2. 07692 41 -1. 99665 49 -1. 92399 70 -1. 90499 42
-2. 35140 73 -2. 21466 43 -2. 07815 03 -1. 97452 31 -1. 88246 83 -1. 85865 81
-2. 40840 49 -2. 23248 50 -2. 06116 83 -1. 93392 01 -1. 82286 83 -1. 79444 54
-2. 43241 27 -2. 21839 89 -2. 01460 73 -1. 86620 81 -1. 73878 53 -1. 70648 76

-2. 39712 18 -2.15233 79 -1. 92378 08 -1. 76023 25 -1. 62181 13 -1. 58702 84
-2. 26959 69 -2. 00933 39 -1. 77031 11 -1. 60178 75 -1. 46089 21 -1. 42574 81
-2. 01105 50 -1. 75959 77 -1. 53168 32 -1. 37288 13 -1. 24141 08 -1. 20881 20
-1. 57813 99 -1. 36864 82 -1. 18057 88 -1. 05066 42 -0. 94387 76 -0. 91751 44
-0. 92423 16 -0. 79716 03 -0. 68374 39 -0. 60580 78 -0. 54202 52 -0. 52632 04
0.00000 00 0. 00000 00 0. 00000 00 0. 00000 00 0. 00000 00 0.00000 00

[(_92)3] {(_2)3] [(_2)2J {(_2)2] [(_2)2J [(_2)2]

1.05 1.15 1.3 1.5 2.0 4.0
-2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00 -2. 00000 00
-2. 00002 65 -2. 00002 05 -2. 00001 25 -2. 00000 50 -1. 99999 72 -1. 99999 49
-2. 00042 55 -2. 00032 97 -2. 00020 30 -2. 00008 28 -1. 99995 58 -1. 99991 95
-2. 00216 12 -2. 00168 65 -2. 00104 87 -2. 00043 62 -1. 99978 38 -1. 99959 66
-2. 00685 42 -2. 00540 32 -2. 00340 55 -2. 00145 41 -1. 99935 00 -1. 99874 22

-2. 01677 67 -2. 01340 12 -2. 00859 22 -2. 00378 54 -1. 99851 75 -1. 99698 24
-2. 03479 40 -2. 02825 59 -2. 01849 50 -2. 00844 10 -1. 99718 99 -1. 99387 40
-2. 06420 40 -2. 05319 59 -2. 03567 60 -2. 01691 87 -1. 99536 97 -1. 98892 95
-2. 10841 06 -2. 09200 85 -2. 06346 12 -2. 03134 51 -1. 99323 08 -1. 98164 41
-2. 17036 66 -2.14879 02 -2.10597 25 -2. 05462 43 -1. 99120 21 -1. 97152 19

-2. 25173 01 -2. 22747 67 -2. 16805 61 -2. 09057 56 -1. 99006 63 -1. 95810 18
-2. 35170 68 -2. 33108 42 -2. 25504 79 -2. 14403 61 -1. 99107 16 -1. 94097 97

-2. 46061 76 -2. 37230 39 -2. 22089 13 -1. 99605 96 -1. 91982 80
-2. 52442 19 -2. 32798 29 -2. 00760 83 -1. 89440 95

-2. 47283 02 -2. 02919 12 -1. 86458 73

-2. 66308 69 -2. 06534 90 -1. 83032 90
-2. 12187 04 -1. 79170 68
-2. 20596 83 -1. 74889 39
-2. 32643 60 -1. 70215 68
-2. 49375 12 -1. 65184 57
-2. 72008 43 -1. 59838 35
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Table 18.2

z=x\u 1.00
0.00 -2. 00000 00
0.05 -2. 00002 95
0.10 -2. 00047 25
0.15 -2. 00239 01
0.20 -2. 00753 43

0.25 -2. 01829 41
0.30 -2. 03755 78
0.35 -2. 06843 88
0.40 -2. 11379 74
0.45 -2. 17550 18

0.50 -2. 25339 16
0.55 -2. 34395 53
0.60 -2. 43881 27
0. 65 -2. 52318 49
0.70 -2. 57463 40

0.75 -2. 56240 86
0.80 -2. 44770 16
0. 85 -2. 18496 84
0. 90 -1. 72414 78
0.95 -1. 01321 01
1.00 0.00000 00

{(_2)4]

z/i=-y\a 1.00
0.00 -2. 00000 00
0. 05 -2. 00002 95
0.10 -2. 00047 25
0.15 -2. 00239 01
0.20 -2. 00753 43

0.25 -2. 01829 41
0.30 -2. 03755 78
0.35 -2. 06843 88
0.40 -2.11379 74
0.45 -2. 17550 18

0.50 -2. 25339 16
0.55
0.60
0.65
0.70



WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS 679

zx\a 1.00

TABLE FOR OBTAINING 1P, IP' AND ON Ox AND Oy
(Negative Discriminant-Unit Real 1{àlf-Period)

z(z)
1.05 1.15 1.3 1.5 2.0

Table 18.2

4.0
0.00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00 1.00000 00
0.05 1.00000 49 1.00000 44 1.00000 34 1.00000 21 1.00000 08 0.99999 95 0.99999 92
0.10 1. 00007 88 1.00007 06 1. 00005 43 1.00003 31 1.00001 32 0.99999 24 0.99998 65
0.15 1.00039 88 1.00035 70 1.00027 40 1.00016 65 1.00006 60 0.99996 10 0.99993 12
0.20 1. 00125 98 1.00112 60 1.00086 16 1.00052 15 1.00020 48 0.99987 51 0.99978 17

0.25 1. 00307 33 1.00274 09 1.00208 94 1.00125 79 1.00048 81 0.99968 98 0.99946 41
0.30 1.00636 38 1.00566 06 1.00429 54 1.00256 91 1.00098 15 0.99934 32 0.99888 13
0.35 1.01176 23 1.01043 07 1.00787 32 1.00467 27 1.00175 16 0.99875 38 0.99791 11
0.40 1. 01999 45 1.01767 00 1.01325 74 1.00779 77 1.00285 61 0.99781 57 0.99640 37
0.45 1.03186 18 1.02805 07 1.02090 50 1.01217 02 1. 00433 47 0.99639 49 0.99417 86

0.50 1.04821 35 1.04227 15 1.03127 19 1.01799 52 1.00619 68 0.99432 31 0.99102 12
0.55 1.06990 78 1.06102 21 1.04478 39 1.02543 63 1.00840 79 0.99139 16 0.98667 79
0.60 1. 09776 14 1.08493 81 1. 06180 26 1. 03459 22 1. 01087 54 0.98734 37 0. 98085 06
0.65 1.13248 70 1.11454 88 1.08258 64 1.04547 13 1.01343 17 0.98186 55 0.97318 91
0.70 1.17462 06 1.15021 58 1.10724 76 1.05796 45 1.01581 69 0.97457 57 0.96328 27

0.75 1.22444 09 1.19206 86 1.13570 79 1.07181 59 1.01765 94 0.96501 30 0.95064 87
0.80 1.28188 76 1.23993 78 1.16765 25 1.08659 33 1.01845 50 0.95262 09 0.93471 88
0.85 1.34648 26 1.29329 24 1.20248 62 1.10165 80 1.01754 41 0.93672 94 0.91482 13
0.90 1.41726 20 1.35118 37 1.23929 22 1.11613 35 1.01408 58 0.91653 15 0.89015 86
0.95 1.49272 42 1.41220 03 1.27679 52 1.12887 36 1.00702 73 0.89105 46 0.85977 85
1.00 1.57079 62 1.47443 48 1.31332 66 1.13842 65 0.99506 76 0.85912 29 0.82253 59

[(_3)1] [(_4)8] [(_4)4] [(_4)6] [(_4)8] [(_4)9]

z/i=y\a 1.00 1.05 1.15 1.3 1.5 2.0 4.0
0. 00 1. 00000 00 1. 00000 00 1. 00000 00 1.00000 00 1.00000 00 1. 00000 00 1. 00000 00
0.05 1.00000 49 1.00000 44 1.00000 34 1. 00000 21 1.00000 08 0.99999 95 0.99999 92
0.10 1. 00007 88 1. 00007 08 1. 00005 46 1. 00003 34 1. 00001 35 0.99999 25 0.99998 65
0.15 1.00039 88 1.00035 86 1.00027 73 1.00017 04 1.00006 91 0.99996 24 0.99993 19
0.20 1.00125 98 1.00113 51 1.00088 05 1.00054 31 1.00022 22 0.99988 28 0.99978 57

0.25 1.00307 33 1.00277 55 1.00216 14 1.00134 04 1.00055 43 0.99971 90 0.99947 96
0.30 1.00636 38 1.00576 38 1.00451 03 1 00281 53 1.00117 94 0.99943 06 0.99892 78
0.35 1. 01176 23 1. 01069 02 1.00841 42 1. 00529 28 1. 00225 03 0.99897 41 0.99802 83
0.40 1. 01999 45 1.01824 62 1. 01445 97 1. 00917 72 1.00396 67 0.99830 68 0.99666 50
0.45 1.03186 18 1.02921 31 1.02333 32 1.01496 03 1.00658 42 0.99739 10 0.99470 88

0.50 1.04821 35 1.04444 39 1.03581 72 1.02322 84 1.01042 41 0.99619 89 0.99202 03
0.55 1.06483 58 1.05277 97 1.03466 71 1.01588 39 0.99471 80 0.98845 10
0.60 1.07515 67 1.05006 29 1.02344 73 0.99295 77 0.98384 63
0.65 1.07029 97 1.03369 45 0.99095 58 0.97804 63
0.70 1. 04730 93 0.98878 64 0.97088 86

0.75 1.06508 51 0.98656 79 0.96221 00
0.80 0.98447 25 0.95184 75
0.85 0.98273 54 0.93964 06
0.90 0. 98166 56 0. 92543 21
0.95 0. 98165 63 0. 90906 94
1.00 0. 98319 64 0. 89040 57

[(-4)6] [(_4)6] [(_4)7] [(_4)6] [(_4)2] [(_4)3]

z/i=y\a 4.0
1.1 0.84561 98
1.2 0. 79003 67
1.3 0. 72274 36
1.4 0. 64295 89
1. 5 0. 55003 38

1. 6 0. 44345 14
1.7 0. 32282 70
1. 8 0. 18790 92
1.9 +0. 03858 90
2.0 -0.12508 40

[(_3)2]
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Table 18.3 INVARIANTS AND VALUES AT HALF-PERIODS
(Non-Negative Discriminant-Unit Real Half-Period)

a=,'/i g g3 (1 = t(1) ¿':3!P(") (1) '/i=r(')/i
1. 00 11. 81704 500 0. 00000 000
1. 02 iL 37372 384 0. 55318 992
1. 04 10. 98419 107 1. 03485 699
1. 06 10. 64177 347 1. 45484 521
1. 08 10. 34065 794 1. 82151 890

1. 10 10. 07577 364 2. 14201 000
L 12 9. 84269 185 2. 42241 937
1. 14 9. 63754 049 2. 66798 153
1. 16 9. 45693 072 2. 88320 000
1. 18 9. 29789 413 3. 07195 918

1. 20 9. 15782 851 3. 23761 717
1. 22 9. 03445 117 3. 38308 317
1. 24 8. 92575 843 3. 51088 223
1.26 8. 82999 055 3. 62320 977
1. 28 8. 74560 138 3. 72197 756

1. 30 8. 67123 169 3. 80885 265
1.32 8.60568 628 3.88529 056
1.34 8.54791 374 3.95256 351
1.36 8.49698 890 4.01178 462
1.38 8.45209 746 4.06392 870

1.40 8.41252 263 4.10985 014
1.42 8.37763 305 4.15029 819
1.44 8.34687 283 4.18593 045
1.46 8.31975 228 4.21732 438
1.48 8.29583 997 4.24498 728

1.50 8.27475 580 4.26936 502
1.52 8.25616 484 4.29084 965
1.54 8.23977 191 4.30978 602
1.56 8.22531 684 4.32647 752
1.58 8.21257 036 4.34119 120

1.60 8.20133 033 4.35416 210
1.65 8.17870 308 4.38026 291
1.70 8.16217 907 4.39931 441
1.75 8.15011 147 4.41322 294
1.80 8. 14129 812 4.42337 818

1.85 8.13486 127 4.43079 368
1.90 8.13016 001 4.43620 896
1.95 8.12672 634 4.44016 375
2.00 8.12421 844 4.44305 205
2.05 8.12238 671 4.44516 152

2.10 8.12104 883 4.44670 219
2.15 8.12007 164 4.44782 746
2.20 8.11935 791 4.44864 934
2.25 8.11883 660 4.44924 963
2.30 8.11845 583 4.44968 808

2.4 8.11797 459 4.45024 222
2.5 8.11771 785 4.45053 785
2.6 8.11758 087 4.45069 555
2.7 8.11750 782 4.45077 969
2.8 8.11746 884 4.45082 457

2.9 8.11744 804 4.45084 852
3.0 8.11743 694 4.45086 130
3.1 8.11743 103 4.45086 811
3.2 8.11742 787 4.45087 174
3.3 8.11742 619 4.45087 368

3.4 8.11742 529 4.45087 472
3.5 8.11742 481 4.45087 528
3.6 8.11742 455 4.45087 556
3.7 8.11742 441 4.45087 572
3.8 8.11742 434 4.45087 581

3.9 8.11742 430 4.45087 585
4.0 8.11742 426 4.45087 587

8.11742 426 4.45087 590
=O [II

Fora=1: 92=, 93=O =2/2, e= -2I2, ,=ir!4, ,'/1= -ir/4.
For a=: g2=ir4/l2, q3=-6/216, e =r2/6, ( 7T2/l2, ,i=ir2/l2, ,'/i-.
(,= 1.85407 4677 is the real half-period in the Lemniscatic case 18.14.)

For 4<a< , to obtain n' use Legendre's relation 'i' = io' -iri/2.
To obtain the corresponding values of tabulated quantities when the real half-period o' 1,
multip1 92 by ,-4, by ,-n, e by ,-2 and i by ,-i.

1. 71879 64 -1. 71879 64 0. 78539 816 -0. 78539 82
1. 71005 96 -L 66138 15 0. 78979 718 -0. 76520 32
1. 70235 17 -1. 60783 69 0. 79367 192 -0. 74537 75
1. 69556 79 -1. 55787 59 0. 79708 535 -0. 72588 58
1. 68958 18 -L 51123 63 0. 80009 279 -0. 70669 61

1. 68430 41 -1. 46767 83 0. 80274 283 -0. 68777 92
1. 67965 08 -1. 42698 19 0. 80507 817 -0. 66910 88
1. 67554 80 -1. 38894 48 0. 80713 637 -0. 65066 09
1. 67193 04 -1. 35338 12 0. 80895 045 -0. 63241 38
1. 66874 05 -1. 32011 96 0. 81054 949 -0. 61434 79

1. 66592 77 -1. 28900 20 0. 81195 906 -0. 59644 54
1. 66344 74 -1. 25988 23 0. 81320 168 -0. 57869 03
1. 66126 03 -1. 23262 55 0. 81429 717 -0. 56106 78
1. 65933 17 -1. 20710 65 0. 81526 299 -0. 54356 50
1. 65763 09 -1. 18320 95 0. 81611 453 -0. 52616 97

1.65613 11 -1. 16082 70 0.81686 533 -0. 50887 14
1.65480 86 -1. 13985 91 0.81752 732 -0. 49166 03
1.65364 22 -1.12021 33 0.81811 103 -0. 47452 75
1.65261 37 -1. 10180 31 0.81862 572 -0. 45746 53
1.65170 67 -1. 08454 85 0.81907 958 -0. 44046 65

1.65090 68 -1. 06837 47 0.81947 977 -0. 42352 46
1.65020 13 -1. 05321 20 0.81983 269 -0. 40663 39
1.64957 92 -1. 03899 58 0.82014 389 -0. 38978 91
1.64903 06 -1. 02566 55 0.82041 831 -0. 37298 56
1.64854 68 -1. 01316 45 0.82066 031 -0. 35621 91

1.64812 02 -1. 00144 04 0.82087 370 -0. 33948 58
1.64774 39 -0. 99044 37 0.82106 191 -0. 32278 22
1.64741 20 -0. 98012 84 0.82122 787 -0. 30610 54
1.64711 94 -0. 97045 19 0.82137 423 -0. 28945 25
1.64686 13 -0. 96137 37 0.82150 329 -0. 27282 11

1.64663 38 -0. 95285 64 0.82161 711 -0. 25620 90
1.64617 54 -0. 93379 17 0.82184 628 -0. 21475 00
1.64584 08 -0. 91752 88 0.82201 364 -0. 17337 32
1.64559 63 -0. 90365 18 0.82213 589 -0. 13205 85
1.64541 78 -0. 8918082 0.82222 516 -0. 09079 10

1.64528 73 -0. 88169 76 0. 82229 038 -0. 04955 91
1.64519 21 -0. 87306 52 0.82233 800 -0. 00835 41
1.64512 25 -0. 86569 37 0.82237 281 +0. 03283 07
1.64507 17 -0. 85939 82 0.82239 820 0.07400 01
1.64503 45 -0. 85402 10 0.82241 676 0.11515 80

1.64500 74 -0. 84942 78 0.82243 032 0.15630 73
1.64498 76 -0. 84550 41 0.82244 022 0.19745 01
1.64497 32 -0. 84215 20 0.82244 745 0.23858 81
1.64496 26 -0. 83928 80 0.82245 274 0.27972 23
1.64495 49 -0. 83684 11 0.82245 659 0.32085 38

1.64494 51 -0. 83296 37 0.82246 146 0.40311 12
1.64494 00 -0. 83013 28 0.82246 406 0.48536 38
1.64493 71 -0. 82806 54 0.82246 546 0.56761 39
1.64493 57 -0. 82655 58 0.82246 619 0.64986 24
1.64493 49 -0. 82545 33 0.82246 659 0.73211 01

1.64493 45 -0. 82464 81 0.82246 680 0. 81435 74
1.64493 43 -0. 82406 01 0.82246 691 0.89660 44
1.64493 42 -0. 82363 06 0.82246 698 0.97885 13
1. 64493 41 -0. 82331 68 0.82246 701 1. 06109 81
1.64493 41 -0. 82308 78 0.82246 702 1.14334 48

1.64493 41 -0. 82292 04 0.82246 703 1.22559 16
1.64493 41 -0. 82279 82 0.82246 703 1.30783 83
1.64493 41 -0. 82270 89 0.82246 703 1.39008 50
1.64493 41 -0. 82264 37 0.82246 704 1.47233 17
1.64493 41 -0. 82259 61 0.82246 704 1. 55457 84

1.64493 41 -0. 82256 13 0.82246 704 1.63682 51
1.64493 41 -0. 82253 59 0.82246 704 1.71907 18

1.64493 41 -0. 82246 70 0.82246 704
{(_4)1] [(_4)5] [(_5)7] [(_5)5]



WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

For a= 1: «1) =e 2V4/', o(w') io(i), °(2)
For a=': «1)=2e2/24 o(w')=O, '(2)=O.
('=i.8M07 4677 is the real half-period in the Lemniscatic case 18.14.)
To obtain the corresponding values of tabulated quantities when the real half-period
wi, multiply « by w.

681

INVARIANTS AND VALUES AT HALF-PERIODS

(Non-Negative Discriminant-Unit Real Half-Period)
o(i) o(')/i 9o(w2)

Tabte 18.3

qo(2)
1.00 0.94989 88 0.949899 1.182951 1.182951
1.02 0.95114 80 0.967481 1.170397 1.218650
1.04 0.95224 92 0.984884 1.157316 1.253864
1.06 0.95321 98 1.002097 1.143695 1.288619
1.08 0.95407 54 1.019107 1.129522 1.322935

1.10 0.95482 97 1.035904 1.114782 1.356827
1.12 0.95549 47 1.052476 1.099457 1.390301
1.14 0.95608 10 1.068811 1.083531 1.423362
1.16 0.95659 79 1.084899 1.066989 1.456007
1.18 0.95705 36 1.100727 1.049814 1.488231

1.20 0.95745 55 1.116285 1.031991 1.520022
1.22 0.95780 98 1.131562 1.013507 1.551369
1.24 0.95812 22 1.146546 0.994349 1.582254
1.26 0.95839 77 1.161227 0.974506 1.612657
1.28 0.95864 07 1.175594 0.953970 1.642557

1.30 0.95885 49 1.189636 0.932733 1.671930
1.32 0.95904 38 1.203344 0.910790 1.700750
1.34 0.95921 04 1.216707 0.888138 1.728989
1.36 0.95935 73 1.229716 0.864776 1.756618
1.38 0.95948 68 1.242361 0. 840704 1.783607

1.40 0.95960 10 1.254633 0.815927 1.809925
1.42 0.95970 18 1.266522 0.790449 1.835542
1.44 0.95979 06 1.278021 0.764278 1.860425
1.46 0.95986 89 1. 289120 0. 737425 1. 884541
1.48 0.95993 80 1.299811 0.709900 1.907860

1.50 0.95999 90 1.310087 0.681719 1.930348
1.52 0.96005 27 1.319941 0.652896 1.951974
1.54 0.96010 01 1.329364 0.623452 1.972707
1.56 0.96014 19 1.338351 0.593404 1.992515
1.58 0.96017 87 1.346895 0.562777 2.011370

1.60 0.96021 13 1.354990 0.531593 2.029242
1.65 0.96027 67 1.373224 0.451372 2.069439
1.70 0.96032 45 1.388539 0.368286 2.102914
1.75 0.96035 94 1.400869 0.282840 2.129313
1.80 0.96038 49 1.410170 0.195588 2.148344

1.85 0.96040 35 1.416408 0.107125 2.159783
1.90 0.96041 71 1.419573 +0. 018074 2.163478
1.95 0.96042 70 1.419665 -0. 070918 2.159353
2.00 0.96043 43 1.416707 -0. 159199 2.147412
2.05 0.96043 96 1.410733 -0. 246114 2.127732

2.10 0.96044 35 1.401800 -0. 331019 2.100473
2.15 0.96044 63 1.389977 -0. 413290 2. 065864
2.20 0.96044 84 1.375349 -0. 492330 2. 024211
2.25 0.96044 99 1.358018 -0. 567579 1.975882
2.30 0.96045 10 1.338098 -0. 638522 1.921308

2.4 0.96045 24 1.291016 -0. 765682 1.795415
2.5 0.96045 31 1.235264 -0. 870782 1.650936
2.6 0.96045 35 1.172151 -0.951807 1.492779
2.7 0.96045 37 1.103091 -1. 007808 1.326086
2.8 0.96045 38 1.029557 -1. 038896 1.155967

2.9 0.96045 39 0.953025 -1. 046157 0.987255
3. 0 0.96045 40 0. 874937 -1. 031530 0.824296
3.1 0.96045 40 0.796655 -0. 997636 0.670787
3.2 0.96045 40 0.719428 -0. 947586 0.529666
3.3 0.96045 40 0.644360 -0. 884775 0.403050

3.4 0.96045 40 0.572395 -0. 812687 0.292246
3.5 0.96045 40 0.504299 -0. 734720 0.197780
3.6 0.96045 40 0.440663 -0. 654024 0.119493
3.7 0.96045 40 0.381903 -0. 573398 0.056643
3. 8 0.96045 40 0.328268 -0. 495196 +0. 008033

3.9 0.96045 40 0.279851 -0. 421291 -0. 027857
4.0 0.96045 40 0.236623 -0. 353075 -0. 052740

0.96045 40 0.000000 0.000000 0.000000
[(_5)2] [(_4)9] [(3)3J {(_3)2]

'°21+', e2!ß(1+í)=-(e1+e3),



682 WEIERSTRASS ELLIPTIC AND RELATED FUNCTIONS

For a=1:g2 -4.'4,g3=O, t7eiO, ge1-2, 2/2, n/i= -2.
For a= g2=ir4/l2, 9 r6/2l6, ke1 _T2/12, 0, 'l21/12, 'ì/i
(=1.85407 4677 is the real half-period in the Lemniscatic case 18.14.)

For4<a< , to obtain 'j use Legendre's relation =

To obtain the corresponding values of tabulated quantities when the real half-period 'ul,
multiply 92 by g by -6 e by and n by

Table 18.3

g2

INVARIANTS AND VALUES AT HALF-PERIOD,
(Non-Positive Discriminant-Unit Real Half-Period)

iu(_) gg(-_) 'i2=r(1) ,/i=()/i
1.00 -47. 26818 00 0.00000 00 0.00000 000 3.43759 29 1.57079 63 -1. 57079 63
1.02 -45. 35272 19 4.41906 00 -0. 04867 810 3.36827 69 1.53091 63 -1. 58005 81
1.04 -43. 40071 30 8.23156 58 -0. 09452 083 3.29802 68 1.49282 30 -1. 58905 67
1.06 -41. 42954 84 11.49257 28 -0. 13769 202 3.22711 39 1.45647 87 -1. 59772 52
1.08 -39. 45420 53 14. 25448 26 -0. 17834 547 3.15578 40 1.42184 01 -1. 60600 53

1.10 -37. 48749 12 16. 56680 99 -0. 21662 576 3.08425 89 1.38885 99 -1. 61384 68
1.12 -35. 54027 17 18. 47603 08 -0. 25266 894 3.01273 84 1.35748 74 -1. 62120 68
1.14 -33. 62168 02 20. 02550 17 -0. 28660 315 2.94140 17 1.32766 96 -1. 62804 93
1.16 -31. 73930 91 21. 25543 82 -0. 31854 915 2.87040 90 1.29935 18 -1. 63434 46
1.18 -29. 89938 64 22. 20294 45 -0. 34862 086 2.79990 29 1.27247 81 -1. 64006 85

1.20 -28. 10693 45 22. 90208 34 -0. 37692 571 2.73000 96 1.24699 24 -1. 64520 18
1.22 -26. 36591 62 23. 38397 82 -0. 40356 512 2.66084 07 1.22283 82 -1. 64973 00
1.24 -24. 67936 58 23. 67693 85 -0. 42863 481 2.59249 39 1.19995 95 -1. 65364 28
1.26 -23. 04950 83 23. 80660 45 -0. 45222 513 2.52505 44 1.17830 09 -1. 65693 36
1.28 -21. 47786 60 23. 79610 09 -0. 47442 139 2.45859 58 1.15780 77 -1. 65959 88

1.30 -19. 96535 52 23. 66620 08 -0. 49530 414 2.39318 14 1.13842 65 -1. 66163 82
1.32 -18. 51237 16 23. 43548 95 -0. 51494 941 2.32886 49 1.12010 52 -1. 66305 38
1.34 -17.11886 71 23. 12052 98 -0. 53342 897 2.26569 11 1.10279 31 -1. 66384 99
1.36 -15. 78441 82 22. 73602 29 -0. 55081 058 2.20369 72 1.08644 09 -1. 66403 31
1.38 -14. 50828 67 22. 29496 60 -0. 56715 817 2.14291 32 1.07100 10 -1. 66361 13

1.40 -13. 28947 27 21. 80880 22 -0. 58253 209 2. 08336 24 1.05642 75 -1. 66259 42
1.42 -12.12676 19 21. 28756 31 -0. 59698 926 2.02506 27 1.04267 61 -1. 66099 26
1.44 -11. 01876 70 20. 74000 36 -0. 61058 339 1.96802 64 1.02970 43 -1. 65881 85
1.46 - 9.96396 40 20. 17372 81 -0. 62336 513 1.91226 13 1. 01747 14 -1. 65608 44
1.48 - 8.96072 32 19. 59530 70 -0. 63538 226 1.85777 09 1.00593 83 -1. 65280 40

1.50 - 8. 00733 71 19. 01038 59 -0. 64667 980 1. 80455 50 0. 99506 76 -1. 64899 13
1.52 - 7.10204 36 18. 42378 52 -0. 65730 023 1. 75261 00 0. 98482 36 -1. 64466 08
1.54 - 6.24304 63 17. 83959 12 -0. 66728 357 1. 70192 94 0. 97517 21 -1. 63982 76
1.56 - 5.42853 20 17. 26123 98 -0. 67666 751 1. 65250 41 0. 96608 09 -1. 63450 65
1.58 - 4. 65668 53 16. 69159 27 -0. 68548 761 1. 60432 26 0. 95751 90 -1. 62871 26

1.60 - 3.92570 12 16. 13300 57 -0. 69377 734 1.55737 16 0.94945 69 -1. 62246 17
1.65 - 2.26537 64 14. 79653 23 -0. 71238 375 1.44527 36 0.93130 88 -1. 60493 31
1.70 - 0.82241 58 13. 56033 77 -0. 72831 198 1.34049 21 0.91571 53 -1. 58487 67
1.75 + 0.42844 48 12. 43388 94 -0. 74194 441 1.24271 21 0.90232 74 -1. 56251 97
1.80 1.51045 44 11.41927 28 -0. 75360 961 1.15159 40 0.89084 07 -1. 53807 94

1.85 2.44471 18 10. 51370 92 -0. 76358 973 1.06678 48 0.88099 10 -1. 51175 93
1.90 3.25015 81 9.71138 21 -0. 77212 691 0.98792 73 0. 87254 91 -1. 48374 94
1.95 3.94365 25 9.00473 54 -0. 77942 883 0.91466 65 0.86531 67 -1. 45422 51
2.00 4.54009 85 8.38537 94 -0. 78567 351 0. 84665 46 0. 85912 29 -1. 42334 69
2.05 5.05259 79 7.84470 38 -0. 79101 353 0.78355 46 0.85382 00 -1. 39126 17

2.10 5.49261 57 7.37428 09 -0. 79557 957 0.72504 25 0.84928 11 -1. 35810 23
2.15 5.87014 76 6.96611 56 -0. 79948 352 0.67080 91 0.84539 69 -1. 32398 93
2.20 6.19388 05 6.61278 90 -0. 80282 119 0.62056 06 0.84207 37 -1. 28903 05
2.25 6.47134 49 6.30752 86 -0. 80567 458 0.57401 95 0.83923 09 -1. 25332 31
2.30 6.70905 42 6.04422 78 -0. 80811 383 0.53092 40 0.83679 93 -1.21695 43

2.4 7.08692 59 5.62231 14 -0. 81198 137 0.45410 32 0.83294 16 -1.14253 28
2.5 7.36377 30 5.31058 54 -0. 81480 718 0.38831 56 0.83012 09 -1. 06629 03
2.6 7.56643 61 5.08099 59 -0. 81687 167 0.33200 75 0.82805 92 -0. 98863 87
2.7 7.71470 39 4.91228 49 -0. 81837 985 0.28383 23 0.82655 25 -0. 90990 09
2.8 7.82312 83 4.78851 39 -0. 81948 158 0.24262 75 0. 82545 16 -0. 83032 82

2.9 7.90239 07 4.69782 05 -0. 82028 636 0.20739 21 0. 82464 72 -0. 75011 58
3.0 7.96032 11 4.63142 26 -0. 82087 422 0.17726 58 0. 82405 96 -0. 66941 39
3.1 8.00265 32 4.58284 25 -0. 82130 361 0.15151 09 0.82363 03 -0. 58833 87
3.2 8.03358 32 4.54731 53 -0. 82161 725 0.12949 50 0.82331 67 -0. 50697 92
3.3 8.05618 01 4.52134 25 -0. 82184 634 0.11067 62 0.82308 77 -0. 42540 32

3.4 8.07268 80 4.50235 93 -0. 82201 368 0. 09459 10 0.82292 04 -0. 34366 33
3.5 8. 08474 69 4.48848 72 -0. 82213 590 0. 08084 29 0.82279 82 -0. 26179 91
3.6 8.09355 57 4.47835 14 -0. 82222 517 0.06909 25 0.82270 89 -0. 17984 06
3.7 8. 09999 01 4.47094 62 -0. 82229 038 0. 05904 97 0. 82264 37 -0. 09781 10
3.8 8.10469 00 4.46553 65 -0. 82233 800 0. 05046 65 0.82259 61 -0. 01572 75

3.9 8.10812 30 4.46158 47 -0. 82237 279 0.04313 08 0.82256 13 +0. 06639 64
4.0 8.11063 05 4.45869 80 -0. 82239 820 0.03686 13 0.82253 59 +0. 14855 08

8.11742 43 4.45087 59 -0. 82246 703 0.00000 00 0.82246 70
A= [(_2)3] [(_2)8] [(_,)4] [(_)1] {(_3]
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+' (i) -2rJe1,

For a=i: o(1)=e4/o, o(.)=io(1),
For a= o(1)=2e21/ir, o()=O, o(.,')=Ø.
(o=1.854O7 4677 is the real half-period in the Lemniscatic case 18.14.)
To obtain the corresponding values of tabulated quantities when the real half-period
'2?°i, multiply o by 02.
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a=w/i
1.00
1. 02
1.04
1. 06
1. 08

INVARIANTS AND VALUES AT HALF-PERIODS

(Non-Positive Discriminant-Unit Real Half-Period)
o(i) o(ri)I

1.18295 13 1.182951 0.474949
1.17091 79 1.219157 0.475654
1.15940 62 1.255042 0.476433
1.14841 45 1. 292964 0.477275
1. 13793 68 1. 330480 0. 478169

Table 18.3

0.474949
0.483826
0.492792
0. 501851
0. 511006

1.10 1.12796 39 1.368342 0.479107 0.520259
1.12 1.11848 38 1.406502 0.480078 0.529611
1.14 1.10948 26 1.444910 0.481074 0.539064
1.16 1.10094 49 1.483513 0.482085 0.548616
1. 18 1. 09285 44 1. 522257 0.483104 0.558268

1.20 1.08519 40 1. 561089 0.484122 0. 568019
1.22 1. 07794 6]. 1.599952 0.485132 0. 577866
1.24 1.07109 31 1.638790 0.486126 0.587809
1. 26 1. 06461 72 1. 677548 0. 487098 0. 597843
1. 28 1. 05850 11 1. 716167 0. 488041 0. 607968

1.30 1.05272 75 1.754591 0.488949 0.618179
1. 32 1. 04727 97 1.792765 0.489817 0. 628474
1.34 1. 04214 12 1.830630 0. 490639 0.638850
1.36 1. 03729 63 1. 868133 0.491410 0.649302
1. 38 1. 03272 96 1. 905218 0. 492126 0. 659828

1. 40 1. 02842 64 1. 941832 0. 492783 0. 670422
1. 42 1. 02437 26 1. 977922 0. 493376 0. 681082
1.44 1. 02055 48 2.013437 0.493902 0. 691804
1.46 1. 01696 00 2. 048327 0.494357 0. 702582
1.48 1.01357 57 2.082544 0.494739 0.713414

1.50 1.01039 05 2.116040 0.495045 0.724295
1. 52 1. 00739 28 2. 148771 0.495272 0. 735221
1.54 1. 00457 23 2.180693 0.495418 0. 746189
1.56 1.00191 88 2.211766 0.495480 0.757192
1. 58 0. 99942 27 2. 241950 0.495458 0.768229

1. 60 0. 99707 51 2. 271208 0. 495348 0. 779295
1.65 0.99179 98 2.340071 0.494687 0.807059
1. 70 0. 98727 79 2. 402437 0. 493456 0. 834917
1.75 0.98340 36 2.457895 0.491645 0.862812
1. 80 0. 98008 56 2. 506120 0.489246 0. 890687

1.85 0.97724 49 2.546866 0.486255 0.918490
1.90 0.97481 36 2.579972 0.482673 0.946170
1. 95 0. 97273 30 2. 605345 0. 478503 0. 973680
2.00 0.97095 31 2.622973 0.473748 1.000975
2. 05 0. 96943 05 2. 632902 0. 468417 1. 028011

2.10 0. 96812 82 2. 635245 0.462516 1. 054750
2. 15 0. 96701 46 2. 630169 0. 456054 1. 081151
2.20 0. 96606 23 2.617892 0. 449041 1. 107179
2.25 0.96524 80 2.598678 0.441488 1.132799
2.30 0. 96455 19 2. 572828 0.433405 1.157978

2. 4 0. 96344 79 2. 502604 0. 415693 1. 206881
2.5 0.96264 13 2.410244 0.395997 1.253647
2.6 0. 96205 18 2.299090 0. 374417 1. 298044
2.7 0.96162 12 2.172666 0.351055 1.339858
2.8 0.96130 65 2.034544 0.326022 1.378884

2.9 0.96107 67 1.888235 0.299435 1.414929
3.0 0.96090 89 1.737097 0.271420 1.447812
3.1 0.96078 62 1.584242 0.242114 1.477367
3.2 0. 96069 67 1.432486 0. 211664 1. 503441
3.3 0.96063 12 1.284291 0.180224 1.525899

3.4 0.96058 34 1.141740 0.147962 1.544621
3. 5 0. 96054 86 1. 006520 0. 115052 1. 559512
36 0.96052 31 0.879924 0.081678 1.570495
3.7 0.96050 44 0.762869 0. 048028 1. 577518
3. 8 0. 96049 08 0. 655914 +0. 014297 1. 580552

39 0.96048 09 0.559298 -0. 019318 1.579595
4. 0 0. 96047 37 0.472982 -0. 052618 1.574671

a 0.96045 40 0.000000 0.000000 0.000000
[(_5)9] [(_3)3] [(_4)2] [(4)5]
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19.1. The Parabolic Cylinder Functions

Introductory
These are solutions of the differential equation

19.1.1 +(ax2+bx+c)y=O

with two real and distinct standard forms

1912
dx2 (x2+a)y=O

d2y+ (jx2a)y=O19.1.3

The functions

19.1.4
y(a, z) y(a, z) y(a, ix) y(a, ix)
are all solutions either of 19.1.2 or of 19.1.3 if any
one is such a solution.

Replacement of a by ja and z by xe converts
19.1.2 into 19.1.3. If y(a, z) is a solution of 19.1.2,
then 19.1.3 has solutions:

19.1.5
y(ia, xer) y(ia, xe1')

y(ia, xe) y(ia, xekir)

Both variable z and the parameter a may take
on general complex values in this section and in
many subsequent sections. Practical applications
appear to be confined to real solutions of real equa-
tions; therefore attention is confined to such solu-
tions, and, in general, formulas are given for the
two equations 19.1.2 and 19.1.3 independently.
The principal computational consequence of the
remarks above is that reflection in the y-axis
produces an independent solution in almost all
cases (Hermite functions provide an exception),
so that tables may be confined either to positive
z or to a single solution of 19.1.2 or 19.1.3.

The Equation _( x2+a) y=o
dz2

19.2. Power Series in z
Even and odd solutions of 19.1.2 are given by
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19. Parabolic Cylinder Functions
Mathematical Properties

19.2.1

y1=e2M(ja+*, 4x2)

=e2{1+(a+) +(a+4) (a+) ..
1. 1.2\

, -, )

19.2.2

=eIx2M(_a+*, , x2)
=e2{1+(a_) +(a-4)(aI) +.

19.2.3

y2=xe2M(a+L , -x2)

19.2.4

=xe2M(a+*, -, x2)
=e2{x+(a_) +(a)(a) +.

.

these series being convergent for all values of z
(see chapter 13 for M(a, C, z)).

Alternatively,

19.2.5

yi=1+a +(a2+) a)

+(a4+11a2+)+(a5+25a3+ a),+
19.2.6

y2=x+a +(a2+) +(a3+ a)

+(a4+17a2-i-$) +(a+35a3+- a)

in which non-zero coefficients a,, of x/n! are
connected by

19.2.7 a,1+2=a a,,+ n(n 1) a,,.2



19.3. Standard Solutions

These have been chosen to have the asymptotic
behavior exhibited in 19.8. The first is Whit-
taker's function [19.8, 19.9] in a more symmetrical
notation.

19.3.1

U(a, x)=D_a(x)=cosir(++Fz)Yi
siiur(j-+a) .Y2

19.3.2
i

{sin7r(++*a).Y1V(a, X)=r(i)

sin ir(*a)V(a,O) r(*a)
2'+1 sin 7r(a)V'(a,O)= F ( ia)

In terms of the more familiar D. (x) of Whit-.
taker,

19.3.7 U(a, x) =D_,,_(x)

19.3.8

V(a, x) r(+a) {sin ira-D _,,(x) +D_,,_X) }

19.4. Wronskian and Other Relations

19.4.1 W{U, V) =/2/ir

19.4.2

irV(a,x)=F(++a){sinira.U(a,x)-I-U(a, x)}

19.4.3

F(++a)U(a, x)=ir sec2 ira{V(a, z)
sin ira-V (a, z)

2"T(+a)
19.3.6

PARABOLIC CYLINDER FUNCTIONS

19.4.4

cos ir(+a)
Yi=2 sinir(+--a).Y12i

=U(a, z) +U(a, z)

19.4.5

r(f-a) sin ir(H4a)
Y2=2

19.4.6

-sJU(a, +iz)=
r(j+a) { e°'U(a, ±x) + eU(a, Fx)

19.4.7

U(a, ±x)=

r(4a) f eU(a, ± ix)+ eU(a, Fix)}

19.5. Integral Representations

A full treatment is given in [19.11] section 4.
Representations are given here for U(a, z) only;
others may be derived by use of the relations given in
19.4.

19.5.1 U(a,
2)r(_a) e2 I ez888a_ds

2iri Ja

19.5.2
r(a) e1z25 e_2(z+t)a_klt

where a and ß are the contours shown in Figures
19.1 and 19.2.

'When a + is a positive integer these integrals
become indeterminate; in this case

1 e22 I e_z8_2sds19.5.3 U(a, z)=r(+) Jo

:
T

PLANE

FrnuRE 19.1

,<arg a<
FIGURE 19.2

T<arg (+t)>T

687

=U(a,x) U (a, z)

in which

+cos +a).Y2}

19.3.3
i r(-4a) sec

-/ 2' 2'r(+a)
19.3.4 Y2= 1 r(a) csc1r(+a)

Y2=2'- 2'-'r(+a) Y2

19.3.5

U(a, 2a+r(+ka)
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19.5.4 U(a, z)=-=-- e"2 f e_282s_a_*ds
V2iri Je

eJ' ezs+s2s_a_ds_/i 3

ea_ f
19.5.6 e2 I e288asds

't Je4

where , and are shown in Figures 19.3 and
19.4.

19.5.5

19.5.8 r(a) r
2+i Jrj zev(z2+v)(z2_V)__*dV

(

19.5.7
r ( - a)

J:.l)
U(a,z) 2iri

S PLANE S PLANE

¿3
or
E

19.6. Recurrence Relations

19.6.1 U' (a, x)+xU(a, x) + (a+)U(a+1, x)=O

19.6.2 U'(a, x)xU(a, x)+U(a-1,x)=O
19.6.3 2U'(a, x) +U(a-1, x)+(a+)U(a+l, x)==O

19.6.4 xU(a, x)U(a-1, x) + (a+)U(a+1, x)=O
These are also satisfied by r(a)V(a, r).

19.6.5 V'(a,x)xV(a,x)(a)V(a-1,x)=O
19.6.6 V'(a,x)+xV(a, x)V(a+1, x)=O

PARABOLIC CYLINDER FUNCTIONS

e2 (1 + (1 t) -"dt

19.5.9
U(a, z)

ir ( a)S ze"2t (1 + t) -2+ir
i>

19.5.10ir(a)f
The contour is such that (z2+v) goes frome to eulr while v=z2 is not encircled;
(Z2_V)_a_ has its principal value except pos-
sibly in the immediate neighborhood of the
branch-point when encirclement is being avoided.
Likewise is such that (z2v) goes from eLt
to e_ir while encirclement of v= - 'z2 is simi-
larly avoided. The contours (rl) and (fi) may be

obtained from l and i by use of the substitution
v=z2t.

The expressions 19.5.7 and 19.5.8 become inde-
terminate when a=-, , , . . .; for these values

19.5.11

U(a, z) = r (+a) ze z2f es" (z2+28) -ia-*ds

Again 19.5.9 and 19.5.10 become indeterminate
when a=, -, -, . . .; for these values

19.5.12
i

e_22Ji2+2S)dSU(a,z)_r(+a) o

Barnes-Type Integrals

-x2 r
19.5.13 U(a,

)e . z' (s)r(+a-2s) (-/2z)28ds
2m Ji r(+a)

where the contour separates the zeros of r(s) from those of r(a-l--2s). Similarly

/2 e2I "4-oez r(s)r(a-2s)
(/2z)23 cos sir ds19.5.14 V(a, z)=-/--

ir? r(a)

(jarg zI<ir)

(jarg zI<ir)

19.6.7

2V'(a, x)V(a+1, x)(a) V(ai, x)=O

19.6.8

xV(a,x)_V(a+1,x)+(a)V(ai, x)=O
These are also satisfied by U(a,x)/r(a)

19.6.9 y(a,x)+xyl(a,x)=(a+)y2(a+l,X)

19.6.10 y(a,x)-4xl(a,x)=(a)Y2(ai,X)

FIGURE 19.4
One, ,-<args<,r
On 4 ,r<arg 8<br

FIGuRE 19.3
-j,r<arg 8<r



19.6.11 ya, x)+xy2(a, x)=yi(a+1, x)

19.6.12 y(a, x)'xy2(a, x)=y1(a 1, x)

Asymptotic Expansions

19.7. Expressions in Terms of Airy Functions

When a is large and negative, write, for

x2If t=(4laI)T
19.7.1

arceosE/12 (< 1)

19.7.2

T + (F2)

1ds+E.V2_ i -- arccosh (E')

Then for x O, a->-

19.7.3

U(a, x)2'r (a) (2t1)*Ai(t)

19.7.4

r (---a) V(a, x)..2*ar (*a) (2t1)Bi(t)

Table 19.3 gives r as a function of .

See [19.5] for further developments.

19.8. Expansions for x Large and a Moderate

When x»a
19.8.1

U(a, x)'-'e2x_"_ {1 (a+)(a+4)

(a+) (a +4) (a+4) (a+.)+ 2.4x4

(x-+)
19.8.2

V(a, x) .tJe*z2xt2
{ +

(a-4)

2x2

+
() (a-4) (a-4) (ai)+ }2 . 4x4

(->+)
These expansions form the basis for the choice of
standard solutions in 19.3. The former is valid
for complex x, with arg z <1r, in the complete

19.9.2

where

19.9.3

sense of Watson [19.6], although valid for a wider
range of arg xf in Poincaré's sense; the second

series is completely valid only for z real and posi-

tive.

19.9. Expansions for a Large With z Moderate

a positive

When a>)'x2, with p=, then

19.9.1 U(a, X)
1a)

exp (px+v1)

U(a,_x)=2*a+r(3+1a) exp (px+v2)

t'i, V2' (X)2 xI(x)
2p (2p)2 (2p)3

+(2;)4± (iX)3_+(X)l+

(a-++)
The upper sign gives the first function, and the
lower sign the second function.

a negative

When a>)'x2, with p=fa, then

19.9.4

U(a,x)+ir (ia) .V(a,x)

e+*>r(_a)
exp (vr+'ivi)- 2F'1k/ir

where

19.9.5

+()2+2()4 9(x)2_(z)6
T (2p)2 (2)

j(X)3 x+I(x)
vi,.- +

(2)
+

(2p)5

(a--)
Further expansions of a similar type will be
found in [19.11].

19.10. Darwin's Expansions

(i) a positive, x2+4a large. Write

19.10.1 X=/x2+4a

O=4ati(x/2J)=iJ Xdx=zX+a in

= Ix2+4a+a arcsinh
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(see Table 19.3 for then

(2ir)"
19.10.2 U(a, x)= exp {-O+v(a,x)}

(2ir)''4
19.10.3 U(a, -x)- exp {O+v(a, -x)}

where

19. 10.4

v(a, x)-'- in X±E (-i)d33/X33

(a>O, x2+4a->+ )

and d33 is given by 19.10.13.
a negative, x2+4a large and positive. Write

19.10.5 X=/x2_4al

x+X
O=4!al2(x/2Dì Xdx=*xX+a in -

2VaI
X

=+xIx2_4Ial+a arccosh -
2IIaj

(see Table 19.3 for 2), then

IF (i-a)
19.10.6 U(a, x)= (2)» exp f-O+v(a, x)}

19.10.7
2

V(a,x)= exp {O+v(a,-x)}
(2ir) "/r (i-a)

where again

19.10.8

v(a,x)---4-ln X+E (-1)d3/X3'
s1

(a<O, x2+4a->+ )

and d33 is given by 19.10.13.
a large and negative and x moderate. Write

19.10.9 Y=/4!aI -x2

O=4aI t4(x/2Ìja

=J Ydx=*xY+ JaJ arcsm -X
2/Ial

(see Table 19.3 for t=ir-t), then

19.10.10

U(a, X)=2(a) evr cos {+ir+*ira+O+v}
(2 ir)"4
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19.10.11

V(a, x)=
2 e° sin f.ir+ira+O+v}(2ir)/r(-a)

where
d12

19.10.12 v-- in
d, d9 (x2+4a_,_ao)

In each case the coefficients d3. are given by

19.10.13

17x3d3=- ax

d6= x2-2a

1/ 7
do=_k_5760 x9-3o ax7- a2

+ a3x3_19a'x)

d,2=4 x4-186ax2+80a2

See [19.11] for d15, ... ., d24, and [19.5] for an
alternative form.

19.11. Modulus and Phase

When a is negative and IxK2V the func-
tions U and V are oscillatory and it is sometimes
convenient to write

19.11.1 U(a, x) +ir (i-a) V(a, z) =F(a, x)ei2 x

19.11.2 U' (a, x)+ir (i-a) V' (a, x)=-G(a, x)e4#" x)

Then, when a<O and aI»x2,

19.11.3

evr, x=(Ia+f)ir+px+Vi

where y7, y1 are given by 19.9.5 and
Alternatively, with p = and again -a»x2,

19.11.4

r- ( 2 4

(4p)2 (4p)4

.yx6_144x2++ (4p)6 }



19.11.5 x (a+)ir+px { 1 Ix2 Ix4 16
(4p)2 (4p)4

4 6_258 2TX sX
(4p)6

P(X-1a){1

X2 Ix44 2
52 (4p)4

7TxS176x2
(4p)6

19.11.6

Ix2 1x4+16
19.11.7 4'--' (Ia+)r+x { 1 (4)2 (4p)4

x6+ax2
}(4p)6

Again, when x2+4a is large and negative, with
Y=4a_x2, then

19.11.8

F2r(ï_a)
(2ir)

where O, V. and v are given by 19.10.9 and
19.10.12.

Another forni is

19.11.9

F2V_a) (1+44++38+...)
(2ir)

(x2+4a-- o,)

19.11.10

G_a) (1
5 7a 835

(27r) 4Y4Y632Y8

(x2+4a--- )
while i' and x are connected by

19.11.11

x / 47 214a 14483x'--ir--- l+6Y4+ 36 + 40Y8

(x2+4a-- '
Connections With Other Functions

19.12. Connection With Confluent Hypergeo-
metric Functions (see chapter 13)

19.12.1

U(a, +x) r(I+Ia) Ma, _(4x2)

P(+a)
M_3.x2)

273-888 0-67-45

I

x*7r+Ilra+O+vi

PARABOLIC CYLINDER FUNCTIONS

19.12.2 U(a, X)=2'XW_a, _(Ix2)

19.12.3

Q2 x2
i i iX2'

F(*+Ia)
M(Ia+T,,2

M(a+*, I, --x2)F(I+Ia)

19.12.4
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U(a,x)=2e2U(Ia+1 1 1 2'4, 2, 2X

=2_i_axe_2U(Ia+j, ,
3 s 1 2)

Expressions for V(a, x) may be obtained from
these by use of 19.4.2.

19.13. Connection With Hermite Polynomials
and Functions

When n is a non-negative integer

19.13.1

U(nI, x)=e2He(x)-2"e2Hn(x/s./2)

19.13.2

V(n-I- , x) = 2 e2H (x/)
in which H(x) and He,(x) are Hermite poly-
nomials (see chapter 22) while

d19.13.3 He(x) =e 2

dx5
e2 (i)He(ix)

_2 e12=(_i)nHn(ix)19.13.4 H(x)=e
dx"

This gives one elementary solution to 19.1.2 when-
ever 2a is an odd integer, positive or negative.

19.14. Connection With Probability Integrals
and Dawson's Integral (see chapter 7)

If, as in [19.10]

19.14.1

19.14.2

H/i,,(x) =f Hh_1(t)dt= (1/n!)f (tx) e '2dt

(n 0)
then

19.14.3 U(n+I, x)=e2Hh2(x) (ml)

Hh_j(x) =e_4x2



V(n, x) =e 2{fe_t2V(n+1, t5dt

sin
} (nO)24zI (n+ 1)

Here V(, x) is closely related to Dawson's
integral

fet2dt

These relations give a second solution of 19.1.2
whenever 2a is an odd integer, and a second solu-
tion is unobtainable from U(a, x) by reflection in
the y-axis.

19.15. Explicit Formula in Terms of Bessel
Functions When 2a Is an Integer

Write

19.15.1 I_I= (2/ir) sin fir. K,,

19.15.2 I_,,+I,,=cos fir f,,

where the argument of all modified Bessel func-
tions is x2. Then

19.15.3 U(1, x)=2(x)(K+K)
19.15.4 U(2, x)=2.

19.15.5

U(3, x)=2. .

19.15.6 V(1, x)=(x)i(ffj)
19.15.7 V(2, x)=
19.15.8 V(3,

19.15.9 U(O, x)=(x)K
19.15.10 U(-1, x)=(x)(K+Ki)
19.15.11

¿7(-2, x)=x)(2K+3KiK)
19.15.12

U(-3,
19.15.13 V(O, x)=x)f
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19.15.14 V(-1, x)=(x)I(f+f)
19.15.15 V(-2,

19.15.16

V(-3, x)=.

19.15.17 U(-4, x)=V2/ir(x)K

19.15.18 U(I, x)=-/2/ir@x)22K

19. 15. 19 U(, x)=7(x)(5K4K)
19.15.20 V(, x) = @x) (4+I.4)

19.15.21 V(I, x) = (x)2(2J+2I)
19.15.22 V(, x) = (x)3(5I1+5I_I;I_)

The Equation Ç-+( x2_a) y=o

19.16. Power Series in z

Even and odd solutions are given by 19.2.1 to
19.2.4 with ja written for a and xe for z;
the series involves complex quantities in which the
imaginary part of the sum vanishes identically.

Alternatively,

19.16.1

y1=l+a +(a2_) +(aa) 6

+(a-11a2+) ;+(a5_25a3+2+ia)

19.16.2

y2=x+a+(a2) +(a-'2a)
xi'+(a-17a2+) +(a-35a+2'a) --+

in which non-zero coefficients a,, of x"/n! are
connected by

19.16.3 a,,+2=a

19.17. Standard Solutions (see [19.4])

(cosh ira)
19.17.1 W(a,±x)= (G,yiRG3y2)

19.17.2 =2' ''JG, Y2)

where

19.17.3 G1=Ir(+ia)I G3==jr(1+ia)j
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Correspondingly

19.14.4 V(,x) =-.J2/ire2

and

19.14.5



At x=0,

In terms of U(a, x) of 19.3,

19.17.9 E(a, x)=Ve 2 U(ia, xe')

with

19.17.10 4)2=arg I'(+ia)

where the branch is defined by 4)2=0 when a=0
and by continuity elsewhere.

Also

19.17.11

re =r (iia) { e a_irU(_ia, xe-)
+eU(ia,xe1) }

19.18. Wronskian and Other Relations

19.18.1 W(W(a,x), W(a,x)} =1

19.18.2 W{E(a,x),E*(a, x)}=-2i

19.18.3 /i + e2«E(a, x) = eE*(a, z) +iE*(a,_x)

19.18.4 E*(a, x)=e1 2+)E(a, ix)

19.18.5

/r(+ia)E*(a, z)= e -.Jr(ia)E(a, ix)
19.19. Integral Representations

These are covered for 19.1.3 as well as for
19.1.2 in 19.5 (general complex argument).

Asymptotic Expansions
19.20. Expressions in Terms of Airy Functions

When a is large and positive, write, for 0x<

x=2 t= (4a)1r
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19.20.1

-
t3= f'/1_s2 cls=* arccos E'I' (E1)

19.20.2

T + (F2)
"E

Y2J Is2_1d EE2_1_ arccosh (E1)

Then for x>0, a+

19.20.3

tW(a, x)'(4a)e' ( Bi(t)

Table 19.3 gives r as a function of . See

[19.51 for further developments.

19.21. Expansions for x Large and a Moderate

When x»fa{,

19.21.1

E(a, x)=v') exp {i(1x2a in x+4)2+1r)}S(a, r)

19.21.2

W(a, x)=112k/xfs1(a, x) cos (x2a in x+r+4'2)
s(a, x) sin (x2a in x+ir+4)2) }

19.21.3

W(a,x)=.-..12/kx(si(a, x) sin (x2aln x+1r+4)2)
+s2(a, r) cos (x2a in x+ir+4)2) }

where 4)2 is defined by 19.17.10 and

19.21.4 s(a,x)=s1(a,x)+i82(a,x)

19.21.5
V2 'U4 Vo 'Ug

s1(a, X)'l+l,2X2 2!22x4 3!23X64!24X8

19.21.6
V8u2 V4 'U8

s2(a, r)'-'
1!2x2 2!22x43!23x64!24x8

with

19.17.4 W(a, 0) F(+ia) i
2

/a1
G3r(+i)

19.17.5
1W'(a, O)=-

F(+ia) I

- 2V\'G1F(+ia)

19.20.4

W(a, x)2(4a)e (EL1) Ai(t)

Complex Solutions

19.17.6 E(a, x)=kW(a, x)+ikl W(a, r)

19.17.7 E*(a, x)=kW(a, x)__ikl W(a, x)

where

19.17.8 k=v'l +e2er« 1/k=1+e2±e
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19.21.7 u+ iv=r(r++ia)/T@+ia)
or

r1(2r++ia) i
19.21.8 s(a, x)'-2 (t) F(+ia) 27r!x2'r =0

19.22. Expansions for a Large With x Moderate

a positive

When a»x2, with p=/, then

19.22.1 W(a, x)=W(a, O) exp (px+vi)

19.22.2 W(a,x)=W(a, O) exp (px+v2)

where W(a, O) is given by 19.17.4, and

19.22.3
(x) (x)2 1x+2(ix)5

y1, v2 ± + (2p)2± (2p)l

2 (X): (+x)++ (x)+ (2)4 (2) +

The upper sign gives the first function, and the
lower sign the second function.

a negative

When a»x2, with p=Va, then

19.22.4
W(a, x)+iW(a, x)

=W(a, O) exp {v+i(px+r+vI)}

where W(a, O) is given by 1.17.4, and

19.22.5

(x)2 2(1x) 9(x)2+ (x)6+Vr'(2)2+ (2 (2p)6

(x) x+*(.x)5+1(*x)3+4x)7v
(2p)5 (a--)

Further expansions of a similar type will be found
in [19.3].

19.23. Darwin's Expansions
(i) a positive, x2-4a»O

Write

19.23.1

X=Ix2_4a 0=4a2(x/2-.J) f Xdx
2

x+X=+xXa in
2-.J

=+x/x2_4a_a arcoosh 2-/
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(see Table 19.3 for t2), then

19.23.2

19.23.3

where

19.23.4

W(a, x)=f27etr cos (r+0+vj)

W(a, _x)=I7ievr sin (ir+0+v)

d12
v,'... in X._+xj2_.

VI
X3

d9 d15,-- X15+

v(a, x)'.-- in
(x2-4a-- )

and d3. is again given by 19.23.12.

(iii) a negative, x2-4a»O
Write

19.23.9
rx

0=4lalti(x/2ai)=J Xdx
o

x+X=+xXa in 2/fJ
- a arcsinh

(see Table 19.3 for ) then

19.23.10 W(a, x)='/e" cos (ir+0+v)

19.23.11 W(a, _x)=/7ie°r sin (ir+0+v1)

where u, and y1 are again given by 19.23.4. In
each case the coefficients 4. are given by

X=/x2+4Ia

(x2-4a* )
and d3,. is given by 19.23.12.

(ii) a positive, 4ax2»O
Write

X

19.23.5

Y= /4ax 0= 4at (x/2 -,/)

f Ydx=fxY+a arcsin X
2

(see Table 19.3 for =*ir), then

19.23.6 W(a, x)=exp{-0+v(a, x)}

19.23.7 W(a, x)=expfo+v(a, z))

where

19.23.8



19.23.12

1 / X3d3= ax
d8=*x2+2a

1/7d9=- (576O X9 ax+ ax+ ax3

x+186ax2+8Oa2

See [19.11] for d15, . . ., d2, and [19.5] for an al-
ternative form.

19.24. Modulus and Phase

When a is positive, the function W(a, x) is
oscillatory when x<-2i and when x>2/ã;
when a is negative, the function is oscillatory for
all x. In such eases it is sometimes convenient
to write

19.24.1

kW(a, x) +ilc1W(a,x) =E(a, z) =Feix (x>O)

19.24.2

dW(a, x)+ikl dW(a_x) E'(a x)=Ge
dx dx

(x)'O)
Then, when x2»af,

19.24.3

30a3-47aF(1++b03+
4x6

19.24.4

4a2-3 4a3-19a
x'}x2a In x+42++7r+

8x2
+ 8x4

19.24.5

G (i
a 2_5 14a3-63a
x2 4x4 4x6

19.24.6

4a2+5 4a3+29a',1'-'+x2a ln X+F2+ir+
8x2

+
8x4

+
where 2 is defined by 19.17.10.

When a<O, jal»x2

19.24.7 F'fW(a, O)e"r

where v is given by 19.22.5 with p='î. Also
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19a4x)

19.24.8

F _L X2 x4+S J-x6+152x2
(4p)2+

(4p)4 (4p)6
+

19.24.9

X-+r+px (i+ *x2 *x4+16x6+qx2
...)(4p)2 (4p)4 (4p)6

19.24.10

G[ (1+
x2 Ix4+8Jx6+168x2

(4p)2 (4p)4 (4p)6
19.24.11

x x4-16 4x6--x2
klr+px(1

22 2

+(4p)2
(4p)4

+
(4p)6

Again, when a<O, x2-4a»O, with X=/x2+4ja,
then

19.24.12 F'-,/e X=1r+O+v
where O, y. and v are given by 19.23.4 and 19.23.9.

Another form also when a>O, x2_4a- is

19.24.13

F 3 5a 621 1371a- 4X j6+32X8+ 4X'°

19.24.14

5 7a 835 1729a
Gmj (1+4x4+x6 32X8 4X'° +...)

while and x are connected by

19.24.15
1 z / 47 214a 14483X'- - r+ 6X 3X6 + 40X8

19.25. Connections With Other Functions

Connection With Confluent Hypergeometric and Bessel
Functions

19.25.1

{/W(a, ±x)=2 .f-H(---* a, fx2)

±
xH(+' ja, +x2) }

where

19.25.2
H(m, n, x)=eiF1(m+ 1in; 2m+2; 2iz)

19.25.3 ==e-6M(m+ 1in, 2m+2, 2iz)

19.25.4

W(O, ±x) =2 x{J_1(x2) ±Jx2) }
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19.25.5

W(O, ±x)= 2x{ J(+x2) ±J1(x2)
(xO)

19.26. Zeros

Zeros of solutions U(a, z), V(a, x) of 19.1.2 occur
oniy for Ix! <2I when a is negative. A single
exceptional zero is, possible, for any a, in the gen-
eral solution; neither U(a, x) nor V(a, x) has such
a zero for x>O.

Approximations may be obtained by reverting
the series for ' (or x for zeros of derivatives) in
19.11, giving t,b (or X) values that are multiples of
ir, odd multiples for U(a, z), even multiples for

V(a, z). Writing

a=(ra)1r
as an approximation to a zero of the function, or

as an approximation to a zero of the derivative,
we obtain for the corresponding zero e or c', with
a=p2 the expressions

19261 a 2a3-3a 52a5-240a3+315a
. e-lp+

48p5 + 768Qp9

19262 ' +213+3/3 52ß5+280ß3_285ß+. c
-.

+

These expansions, however, are of little value
in the neighborhood of the turning point x=2/a.
Here first approximations may be obtained by
use of the formulas of 19.7. If a,, (negative) is a
zero of Ai(t), the corresponding zero e of U(a, z)
is obtained approximately by solving

(a,,)
6(a!

c=2ífJE (a«O)
This may be done by inverse use of Table 19.3.
For a zero of V(a. z), a,, must be replaced by b,,,
a zero of Bi(t). For further developments see
[19.5].

Zeros of solutions W(a,z), W(a,x) of 19.1.3
occur for xI>2- when a is positive; the general
solution may, however, have a single zero batween
2/ and +2. If a is negative, zeros are
unrestricted in range.

Approximations may be obtained by reverting
the series for (or x) in 19.24. With a=p2,
a=(r)ir, ß=(4r+)ir, rO being an odd

19.26.3

i3=-i-{arccos _/1_2}

integer for W(a, z) or its derivative, or an even
integer for W(a, z) or its derivative, the zeros
±e, ±c' have expansions

a 2a3-3a 52a524Oa3+315a
c___p

'48p5
+

19.26.5 '
2/3+ 3(3 52[3-1- 28Oß-285ß

p 48p + +

When x is large and a moderate, we may solve
inversely the series 19.24.4 or 19.24.6 with
a= (ririr-42), ß= (rir+irçS2), r odd or even
as above; the presence of the logarithm makes it
inconvenient to revert formally.

The expansions 19.26.4 and 19.26.5 fail when z
is in the neighborhood of 2-.,íff. When a is
positive, a zero e of W(a,x) is obtained approxi-
mately by solving

19.26.6

2*{E2_1_arcco5h (a,,)
6a

e=2V (a»O)

with the aid of Table 19.3. For a zero of W(a, z)
we replace a,, by b,,. When a is negative we solve,
again with the aid of Table 19.3,

19.26.7

_ifE/2+1+arcsjnh E}

e=2'V[ii (a»O)
where n= 1, 2, 3, . . . for an approximate zero
of W(a, z), and n=j, -, , . . for an approxi-
mate zero of W(a, z). Further developments are
given in [19.5].

Any of the approximations to zeros obtained
above may readily be improved as follows:

Let e be a zero of y, and e' a zero of y', where y
is a solution of

19.26.8 y"Iy=O
Here I=ra±x2, I'±x, I"=±; the method is
general and the following formulae may be used
whenever I"O. Then if 'y, 'y' are approxima-
tions to the zeros e, e' and

19.26.9 ii=y('y)/y'('y) vy'(y')/Py('y')

with I=_I(y) or I_=I("y') respectively, then

19.26.4
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f 1 I"+*I2)u4+II'u1+. .24

19.26.12

c' 'y' - Iv II'v2 + (*I2I ' II'2*I4)v1
+G52IaI'J"*II'3--'2I4I')v4+

19.26.13

y(c') y(-y') i I*I3I'v3
_(*IuI/2_I4I/+*I6)v4+ .

The process can be repeated, if necessary, using
as many terms at any stage as seems convenient.

Note the relations, holding at zeros,

19.26.14 U' (a, e)= - I2/ir/V(a, e)

19.26.15 V'(a, e')=..J2/ir/U (a, c')

19.26.16 W'(a,c)=-1/W(a, e)

19.26.17

W(a, e')=l/ {W(a - }=_1/w'(a, e')
19.27. Bessel Functions of Order ± , ± as

Parabolic Cylinder Functions
Most applications of these functions refer to

cases where parabolic cylinder functions would be
more appropriate. We have

19.28. Use and Extension of the Tables

For U(a, x)., V(a, x) and W(a, x), interpolation
x-wise may be carried out to 5-figure accuracy
almost everywhere by using 5-point or 6-point
Lagrangian interpolation. For la 1, comp a-
rable accuracy a-wise may be obtained with 5- or
6-point interpolation.

For al> 1, U(a, z) and V(a, z) may be obtained
by use of recurrence relations from two values,
possibly obtained by interpolation, with al 1;
such a procedure is not available for W(a,. ± z),
ja 1>1.

In cases where straightforward use of the a-wise
recurrence relation results in loss of accuracy by
cancellation of leading digits, it may be worth
while to remark that greater accuracy is usually
attainable by use of the recurrence relation in the

Numerical Methods

Functions of other orders may be obtained by
use of the recurrence relation 10.1.22, which hero
becomes

19.27.3 +x2Jp+i (*x2) 2vJ(--x2) +j-x2J_1(x2) = O

Again

19.27.4 I_ì(+x2)+ I(+x2)__= V (O, z)

19.27.5

U(O, x)
ir

19.27.6 Lt(*x2)+I(+x2)= -- V(O,x)
x.[xclx

19.27.7

Kx2) =I.(x2) _I(*x2)

r-
x-/irx dx

As before, Bessel functions of other orders may be
obtained by use of the recurrence relation 10.2.23,
which hero becomes

19.27.8 -x2I1 (x2) + 2vL (-x2) - x2I_1(x2) =O

19.27.9 x2K1 (x2) 2vKx2) x2K11(x2)= O

reverse direction, from arbitrary starting values
(often i and O) for two values of a somewhat
beyond the last value desired. This is because the
recurrence relation is a second order homogeneous
linear difference equation, and has two inde-
pendent solutions. Loss of accuracy by cancella-
tion occurs when the solution desired is diminishing
as a varies, while the companion solution is in-
creasing. By reversing the direction of progress
in a, the roles of the two solutions are inter-
changed, and the contribution of the desired solu-
tion now increases, while the unwanted solution
diminishes to the point of negligibility. By start-
ing sufficiently beyond the last value of a for which
the function is desired, we can ensure that the
unwanted solution is negligible hut, because the
starting values were arbitrary, we have an un-
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19.26.10 19.27.1 J(1x2)_! (W(O, x)FW(O,x)}
cyuIu3 +
19.26.11

/ 1 I''- +*12)u5 +*II'u6+. 19.27.2 { W (O, ± W (O, z)x)J±(+x2)
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known multiple of the solution desired. The com-
putation is then carried back until a value of a
with Ia 1 is reached, when the precise multiple
that we have of the dasired solution may be deter-
mined and hence removed throughout. Compare
also 9.12, Example 1.

Example 1. Evaluate U(a, 5) for a=5, 6, 7,
using 19.6.4.

(a+)U(a+l, x) +xU(a, x)-U(a-1, x)=O

*From tables. +Starting values.
**This value was used to obtain the constant multiplier

d (-6)5.2847
k* (12)1 .59035

(-18)3.32298 for converting the pre-
vious column into this one.

The second column shows forward recurrence
starting with values at a=3, 4 from Table 19.1.
Backward recurrence starts with values O and I
at a=19 and 18, containing a multiple kU(a, 5)
and a subsequently negligible multiple of the other
solution r (i-a) V(a, 5). Rounding errors con-
vert k U(a, a;) into k* U(a, z) without affecting the
values in the last column. The value of 1/k* is
identified from the known value of U(3, 5), and
used to obtain the final column by multiplying
throughout by 1/k*. The improvement in U(5, 5)
is evident by comparison with Table 19.1.

Derivatives. These are not tabulated here.
Since the functions U(a, a;), V(a, a;) and W(a, a;)
satisfy differential equations, values Of derivatives
are often required.

For all these functions the equation is second
order with first derivative absent, so that second
derivatives may be readily obtained from function
values by use of the differential equation.

First derivatives can be obtained for U(a, a) and
V(a, a;) by applying the appropriate recurrence

relations 19.6.1-2. If less accuracy is needed they
can be found by use of mean central differences of
U(a, z), V(a, a;) and also of W(a, a;) with the formula

hu'=h

using h=.1; this usually gives a 3- or 4-figure
value of du/da;.

If greater accuracy is needed for dW(a, x)/dx it
may be obtained by evaluating d2W/dx2 with the
help of the differential equation satisfied by W
and integrating this second derivative numerically.
This requires one accurate value of dW/dx to
start off the integration; we describe two methods
for obtaining this, both making use of the differ-
ence between two fairly widely separated values
of W, for example, separated by 5 or 10 tabular
intervals.

Write f1, f, f' for W(a, xo+rh) and its
first two derivatives, then f may be found from

h2 n-1(f,-f,,) -- (n-r) (f '-f'')
h2

{
i i si 4- T240 60480

-h2{,so- 11 3 . t,,
720P° +w*hLô5. . .jJo

Consider a solution y of the differential
equation for W(a, a;), namely y"=(-a;2+a)y.
If we are given values y and y' at a particular
x=x0 and write T_-H'y"/n!, T_1=T2=O, then
we may compute T2, T3, T4, . . . in succession by
use of the recurrence relation obtained from the
differential equation,

112
R + a-9+a)T-1HxoT_i

-+H2T_2]

These are computed, to a fixed number of decimals
until they become negligible, thus giving

y(z0±H) = T0± T1+ T2 ± T3+

This may be applied, with H=rli, h being the
tabular interval, and r a small integer, say r=5,
to the solutions Y=Yi, having

y1(x0)=W'(a, a;0) y(xo)=TV*'(a, a;0)

y2(xo)=O

in which W*/(a, z0) is an approximation to
W'(a, z0), not necessarily a good one; it may be

a Forward
Recurrence

Backward
Recurrence

Final Values

3 (-6) 5.2847*(12) 1.59035 (-6) 5.2847**
4 (-7) 9. 172* (11) 2.76028 (-7) 9. 1724
5 (-7) L5527 (10) 4.67131 (-7) 1.55227
6 (-8) 2. 5609 (9) 7. 72041 (-8) 2. 5655

7 (-9) 4. 1885 (9) 1. 24785 (-9) 4. 1466
8 (-10) 6.2220 (8) 1.97488 (-10) 6.5625
9 (-10)+1.2676 (7) 3.06369 (-10) 1.01806
10 (-11)-0. 1221 (6) 4.66352 (-11) 1. 5497
11 (-11)±1.2654 (0) 697082 (-12) 2. 3164
12 (-12)-5. 6079 102444 (-13) 3.404
13 (-12)+3.2555 14789 (-14) 4.91
14 2111 (-15) 7.01
15 292 (-16) 9.7
16 42
17 5
18
19 0



obtained from differences, for example. We thus
obtain y1(xo±H) and y2(xo±H).

Now suppose

W'(a, xo=W*F(a, x,-+-X

then, for all z
W(a, z) =y1(x) +Xy2(x)

and in particular

W(a, xo±R)=yj(xo±R)+Xy2(xo±R)

The values of W(a, z, ± R) may be read from the
tables and two independent estimates of X ob-
tained, whence

W'(a, zo)=W*(a, x,)+X

to a suitable accuracy.
Example 2. Evaluate W'(-3, 1) using r=5.

From Table 1.9.2

W(-3, .5)=-.05857 W(-3, 1)=-.61113
W(-3, i.5)=-.69502

(i) Using the first method

The fifth decimal in W"(-3, z) is only a guard
figure which is hardly needed. Only the duff er-
ences needed have been computed.

Then

W'(-3, 1)

=(_.69502+.05857)_io (10.38874)

{ (2.29664)- (_.09260)}

i ri
-roo t (.54149)_izo (-.02127) }

=-.0636450---.0103887-.0001918-.0002272
=-.0744527
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Thus W'(-3, 1) = - .74453. This might have an
error up to about i units in the last figure but is,
in fact, correct to S decimals.

(ii) Using the second method, with

y1(1)=W(-3, 1)=-.61113 to 5 decimals
to about 3 decimals

the following values result, with H=.5,

699

z W(-3,z) W"(-3,x) o'

0.4 +0.07298 -0.22186
0.5 -.05857 +.17937 +131
0. 6 -. 18832 . 58191
0. 7 -. 31226 . 97503
0.8 -.42646 1.34761

34081
0. 9 -. 52722 1. 68842

29775 -1095
1.0 -.61113 1.98617

24374 -1032
1. 1 -. 67522 2. 22991

17941
1. 2 -. 71706 2. 40932
1. 3 -. 73488 2. 51513
1. 4 -. 72761 2. 53936
1.5 -.69502 2.47601 -9129
1. 6 -. 63774 2. 32137

T,
T1

y'
- .61113
- .37250

Y2

.0000
+.5000

W(-3, x)=yi+Xy,
At x=i.5
z- .695223+.4323X

==-.69502
T2 + .24827 2 .0000 X= .000203/.4323
T, + 56809 - 677 = .000470
T4 - 14074 - 26 So W'(-3, 1)

=-.745+X
= -.744530

T, - 2793 + 24 At x=.5
T8 + 134 + 2 -.058363-.4371X

=- .05857
T7 + 54 X= .000207/.4371

5 = .000474
y(l.S)-.695223 +.4323 So W'(-3, 1)
y(.5) -.058363 -.4371 =-.745 +X

=-.744526

Thus W'(-3, 1)=-.74453 which is correct to
5 decimals.

Example 3. Evaluate the positive zero of
U(-3, z).

We use 19.7.3 to obtain a first approximation,
see 19.26.3. The appropriate zero of Ai(t) is at

t=(4jaI)Lr= -2.338
whence

r=-(2.338)X(12)'z-.4461
Hence, from Table 19.3, E=.3990 and the approxi-
mate zero is x=2Vja=1.382.

We improve this by using 19.26.10, but take, for
convenience, x= 1.4 as an approximation, so that
the value of U can be read directly from the tables.
U' can be obtained as in the section following
Example 1.

We find

U(-3, 1.4)=.02627 U'(-3, 1.4)=2.0637

Then 19.26.9 gives

u=U/U'=.012730 1=-2.51
J'=.7 I"=.S

and
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c= 1.4 .012730+00O0O2= 1.38727 y'(c)=2.0637(1 +.000203)=2.0641

which is correct to 5 decimals, while 19.26.11 gives compared with the correct value 2.06416.
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For interpolation, see 19.28.

702

Table 19.1

x U(-5.O,

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2.8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
3.8
3.9

4.0
4.1
4.2
4.3
4.4

4.5
4.6
4.7
4.8
4.9

5.0 (

x)

3.0522
3.6547
4.0753
4.2934
4.2988

4.0918
3.6836
3.0953
2.3566
1.5042

0.5799
-0.3719
-1.3064
-2.1806
-2.9554

-3.5976
-4.0808
-4.3868
-4. 5059
-4.4368

-4.1866
-3.7694
-3.2057
-2.5208
-1.7434

-0.9039
-0.0332
0.8387
1.6842
2.4789

3.2021
3.8377
4.3739
4.8038
5.1246

5.3376
5.4473
5.4614
5.3895
5.2427

5.0332
4.7733
4.4753
4.1508
3.8106

3.4641
3.1197
2.7843
2.4632
2.1608

) 1.8800 (-

U(-4.5, x)

3.0000
2.9328
2.7341
2.41 32
1.9846

1.4678
8.8615

+2.6550
-3.6676
-9.8321

-1.5576
-2. 0661
-2.4882
-2.8077
-3. 0131

-3.0982
-3.0617
-2.9073
-2.6435
-2.2824

-1.8394
-1.3321
-7.7961
-2.0142
3.8325

9.5635
1.5015
2.0048
2.4545
2.8422

3.1620
3.4108
3.5883
3.6963
3.7388

3.7212
3.6501
3.5331
3. 3781
3.1929

2.9854
2. 7630
2.5323
2.2992
2. 0689

1.8455
1.6324
1.4322
1.2466
1.0766

) 9.2276

U(-4.O,

PARABOLIC

x)

1.5204
1.1 869
8.0608

3.9325
-0.3518

-4.6224
-8.7118
-1.2462
-1.5731
-1.8397

-2.0368
-2.1578
-2.1992
-2.1608
-2. 0454

-1.8583
-1.6076
-1.3029
-9.5564
-5.7791

-1.8226
+2.1890

6.1381
9.9170
1.3432

1.6604
1.9373
2.1696
2. 3548
2.4921

2.5823
2.6273
2.6304
2.5957
2.5279

2.4320
2. 3134
2.1771
2. 0282
1.8714

1.7108
1.5502
1.3927
1.2408
1.0967

9.6165
8.3683
7.2277
6.1969
5.2750

4.4586

-
-
-

(-

U(-3.5,

CYLINDER

x)

0. 0000
-2.9825
-5.8611
-8.5358
-1.0915

-1.2917
-1.4477
-1.5544
-1.6088
-1.6097

-1.5576
-1.4550
-1.3061
-1.1162
-8.9198

-6.4101
-3.7121
-0.9080
+1.9218
4.7004

7.3576
9.8317
1.2071
1.4035
1.5694

1.7031
1.8039
1.8721
1.9089
1.9164

1.8972
1.8543
1.7910
1.7109
1.6175

1.5142
1.4043
1.2906
1.1760
1.0626

9.5241
8.4694
7.4740
6.5463
5.6918

4.9134
4.2117
3.5852
3.0311
2.5455

2.1235

FUNCTIONS

U(-3.O, x) U(-2.5,
-0.8721 0
-1.0103 -1
-1.1183 -1
-1.1930 -1
-1.2322 -1

-1.2351 -1
-1.2018 -1
-1.1336 -1
-1.0329 -1
-9.0285 -1

-7.4764
-5.7190
-3.8076
-1.7956
+0.2627

2.3147
4.3106
6.2053
7.9592
9.5394

1.0920
1.2083
1.3017
1.3719
1.4191

1.4443
1.4487
1.4341
1.4027
1.3567

1.2985
1.2306
1.1553
1. 0749
9.9150

9.0701
8.2306
7.4107
6.6219
5.8733 -

5.1716
4.5215
3.9256
3.3849
2.8991

2.4665
2.0848
1.7507
1.4608
1.2112

9.9802 (-

x)

-1.0000
-9.8753
-9.5045
-8.8975
-8.0706

-7.0456
-5.8492
-4.5120
-3.0677
-1.5517

0.0000
1.5518
3.0698
4.5223
5.8812

7.1223
8.2258
9.1766
9.9648
1. 0585

1.1036
1.1323
1.1451
1.1431
1.1278

1.1005
1.0628
1.0166
9.6347
9.0 514

8.4319
7.7913
7.1430
6.4987
5.8688

5.2617
4. 6840
4.1408
3.6358
3.1709

2.7473
2.3649
2.0226
1.7190
1.4517

1.2185
1.0164
8.4272
6.9451
5.6894

4.6331

-1
-1
-1

(-1
(-1

-1
-1
-1
-1)
-1)

(-2
(-2
-2
-2
-2

(-2)

U(-2.O, x)

-6.0814
-5.1516
-4.1190
-3.0046
-1.8308

-0.6213
0.6004

1.8107
2.9871
4.1087

5.1567
6.1146
6.9691
7.7095
8.3285

8.8221
9.1890
9.4313
9.5532
9.5616

9.4652
9.2742
9.0001
8.6549
8.2510

7.8009
7.3167
6.8097
6.2905
5.7687

5.2527
4.7497
4.2658
3.8056
3.3729

2.9700
2.5987
2.2595
1.9525
1.6768

1.4313
1.2144
1. 0242
8.5874
7.1578

5.9314
4.8867
4.0029
3.2603
2.6403

2.1262

U(-1.5, x)

0.0000
-1 0.9975
-1 1.9801
-1 2.9333
-1 3.8432

-1 4.6971
-1 5.4836
-1 6.1929
-1 6.8172
-1 7.3502

7.7880
8.1287
8.3721
8.5203
8.5768

8.5467
8.4367
8.2541
8.0074
7.7055

-1 7.3576
-1 6.9728
-1 6.5603
-1 6.1288
-1 5.6863

-1 5.2403
-1 4.7975
-1 4.3638
-1 3.9440
-1 3.5424

-1 3.1620
-1 2.8052
-1 2.4738
-1 2.1684
-1 1.8896

-1 1.6370
-1 1.4099
-1 1.2073
-1 1.0280

8.7028

7.3263
6.1328
5.1052
4.2261
3.4791

-2 2.8484
-2 2.3192
-2 1.8780
-2 1.5125
-2 1.2116

(-3)9.6523



x V(-5.Q, x) V(-4.5, x)
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V(-4.O, x) V(-3.5, x) V(-3.O, x) V(-2.5, z)
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Table 19.1

V(-2.O, z) V(-1.5, z)

0.0 (-2 -5.8311 0.0000 -1) 1.3071 -1 -2.6596 ) 2.6240 0.0000 --1)-4.5748 -7.9788
0.1 -2 -4.3898 -2 2.6397 -1) 1.5417 -1 -2.6132 ) 2.1296 (- -0.7946 --1) -5.1829 -7.9191
0.2 -2 -2.7299 -2 5.1612 -1 1.7149 -1 2.4757 - 1.5714 - -1.5693 -1 -5.6877 - -7.7409
0.3 -2 -0.9344 -2 7.4519 -1 1.8199 -1 2.2520 - 9.6646 - -2.3051 -1 -6.0796 - ) -7.4476
0.4 -2 +0.9074 -2 9.4102 -1 1.8527 -1 -1.9503 +3.3275 - -2.9840 --1 -6.3515 )-7.0444

0.5 -2 2.7045 -1 1.0950 -1 1.8125 -1) 1.5812 - -3.1080 - -3.5896 -1 -6.4991 -6.5385
0.6 -2 4.3687 -1 1.2007 -1 1.7011 -1) -1.1580 -9.4527 - -4.1079 -1 -6.5210 )-5.9387
0.7 -2 5.8194 -1 1.2536 -1 1.5234 -2 6.9534 - -1.5523 - -4.5275 -1 -6.4186 -5.2553
0.8 -2 6.9875 -1) 1.2518 -1 1.2869 -2 -+2.0926 -2.1149 - -4.8397 -1 -6.1959 -4.4995
0.9 -2 7.8188 -1) 1.1958 -1 1.0010 -2 --2.8383 -2.6176 - -5.0388 -1 -5.8594 -3.6835

1.0 -2) 8.2767 -1 1.0887 -2 6.7728 -2 --7.6762 -3.0472 - -5.1225 -1 -5.4177 -2.8197
1.1 -2) 8.3429 -2 9.3549 -2 +3.2819 -1 --1.2266 -3.3933 - -5.0912 -1 -4.8813 -1.9206
1.2 -2 8.0189 -2 7.4311 -2 -0.3303 -1 --1.6465 -3.6481 - -4.9482 -1 -4.2621 -0.9984
1.3 (-2 7.3241 -2 5.2005 -2 -3.9309 -1 -2.0148 - -3.8069 - -4.6995 -1) -3.5731 -0.0648
1.4 (-2 6.2954 -2 2.7584 -2 -7.3916 -1 --2.3214 -3.8677 - -4.3533 -i) -2.8278

1.5 -2 4.9836 +0.2057 -1 -1.0594 -1) --2.5583 -3.8317 - -3.9197 -1)-2.0397 1.7953
1.6 -2 3.4514 -2.3553 -1 -1.3434 -1) -2.7203 - -3.7025 - -3.4103 -],)-.1.2222 2.7043
1.7 -2 1.7690 -4.8261 -1 -1.5824 -1 -2.8047 - -3.4861 - -2.8375 - -0.3880 3.5902
1.8 (-2 +0 .0 110 -7.1155 -1 -1.7697 -1 --2.8113 -3.1904 - -2.2142 - +0.4512 4.4484
1.9 (-2 -1.7477 -9.1435 -1 -1.9008 -1 --2.7426 -2.8250 - -1.5535 - 1.2852 5.2761

2.0 -2 -3.4354 -1.0844 -1) -1.9731 -1) -2.6027 -2.4003 -0.8679 2.1053 6.0723
2.1 -2 -4.9863 -1 -1.2166 -1) -1.9864 -1) -2.3979 -1.9277 -0.1692 2.9044 6. 8384
2.2 -2 -6.3439 -1 -1.3076 -1 -1.9423 -1 -2.1357 -1.4184 +0.5320 3.6777 7.5775
2.3 -2 -7.4620 -1 -1.3558 -1 -1.8442 -1 -1.8247 -8.8371 1.2264 4.4221 8.2948
2.4 (-2 -8.3067 -1 -1.3610 -1 -1.6967 -1 -1.4739 -3.3411 1.9066 5.1367 8.9975

2.5 -2 -8.8568 -1 -1.3246 -1 -1.5059 -1) -1.0927 +2.2080 2.5667 5.8227 9. 6950
2.6 -2 -9.1035 -1 -1.2495 -1 -1.2784 -2 -6.9034 7.7266 3.2030 6.4834 1. 0399
2.7 -2 -9.0496 -1 -1.1392 -1 -1.0214 -2 -2.7540 1.3145 3.8134 7.1242 1.1122
2.8 -2 -8.7090 -2 -9.9858 -2 -7.4214 -2 +1.4424 1.8411 4.3982 7.7525 1.1882
2.9 -2 -8.1043 -2 -8.3257 -2 -4.4770 -2) 5.6176 2.3486 4.9594 8. 3779 1.2697

3.0 -2 -7.2651 (-2 -6.4659 -2 -1.4470 -2) 9.7155 2.8352 5.5010 9. 0120 1.3588
3.1 -2 -6.2264 (-2 -4 .4 6 05 -2 +1.6090 -1) 1.3693 3.3007 6. 0291 9.6689 1.4582
3.2 -2 -5.0260 (-2 -2.3612 -2 4.6402 -1 1.7522 3.7466 6.5514 1. 0365 1.5708
3.3 -2 -3.7030 (-2 -0.2157 -2 7. 6054 -1 2.1187 4.1761 7.0778 1.1119 1.7001
3.4 -2 -2.2954 (-2 +1.9344 -1 1. 0474 -1 2.4688 4.5942 7.6202 1.1954 1.8502

3.5 -2 -0.8391 -2 4.0539 -1 1.3228 -1 2.8040 5. 0074 8.1924 1.2896 2.0262
3.6 -2 +0.6339 -2 6.1158 -1 1.5859 -1 3.1270 5.4239 8.8110 1.3975 2.2339
3.7 -2 2.0962 -2 8.1014 -1 1.8370 -1 3.4421 5.8535 9.4951 1.5228 2.4806
3.8 -2 3.5259 -1 1.0000 -1 2.0775 -1 3.7545 6.3080 1. 0267 1.6699 2.7751
3.9 -2 4.9072 -1 1.1811 -1 2.3101 -1) 4.0712 6.8012 1.1153 1.8439 3.1285

4.0 -2) 6.2301 (-1) 1.3540 -1) 2.5382 -1 4.4004 7.3492 1.2186 2. 05 13 3.5541
4.1 -2 7.4913 (-1) 1.5202 -1) 2.7664 -1 4.7517 7.9710 1.3401 2.2999 4. 0690
4.2 -2 8.6933 -1 1.6819 -1 3.0002 -1 5.1365 8.6890 1.4846 2.5993 4.6942
4.3 -2 9.8444 -1 1.8422 -1 3.2465 -1 5.5683 9.5300 1.6575 2.9616 5.4567
4.4 -1 1.0959 -1 2.0048 -1 3.5131 -1 6.0629 1.0526 1.8657 3.4019 6.3903

4.5 (-1 1.2056 -1) 2.1743 -1) 3.8093 -1 6.6389 1.1717 2.1178 3.9393 ) 7.5384
4.6 -1 1.3161 -1) 2.3561 -1) 4.1462 -1 7.3192 1.3150 2.4244 4.5978 ) 8.9563
4.7 -1 1.4305 -1 2.5567 -1) 4.5368 -1 8.1309 1.4885 2.7989 5.4083 1. 0715
4.8 -1 1.5525 -1 2.7834 -1) 4.9967 -1 9.1 078 1.6998 3.2584 6.4102 1.2908
4.9 -1 1.6863 -1 3.0454 -1) 5.5449 0) 1.0291 1.9582 3.8246 7.6545 1.5653

5.0 (-1) 1.8370 (-1) 3.3533 (-1) 6.2047 ( 0) 1.1734 2.2757 4.5254 9.2067 ) 1.9107
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Table 19.1

X U(-1.O,x) U(-0.9,x)

PARABOLIC CYLINDER FUNCTIONS

U(-O.8,x) U(-O.7,x) U(-O.6,x) U(-O.5,x) U(-0.4,x)

0.0
0.1

(-1 5.8137
(-1 6.3918

(-1 6.8058
-1 7.2692

-1 7.7241
-1 8.0677

-1 8.5642
-1 8.7853

-1 9.3233
-1 9.4211

( 0 1.0000
-1 9.9750

O 1.0594
o 1.0448

0.2 (-1 6.9062 -1 7.6673 -1 8.3471 -1 8.9453 -1 9.4626 -1 9.9005 O 1.0261
3.3 (-1)7.3523 -1 7.9973 -1 8.5606 -1 9.0436 (-1 9.4483 -1 9.7775 0 1. 00 35
0.4 (-1)7.7267 -1 8.2572 -1)8.7077 -1 9.0807 (-1 9.3796 -1 9.6079 -1 9.7698

0.5 -1 8.0270 -1 8.4462 -1 8.7886 -1 9.0580 -1 9.2584 -1 9.3941 -1) 9.4700
0.6 -1 8.2522 -1 8.5646 -1 8.8049 -1 8.9776 -1 9.0874 -1 9.1393 -1)9.1382
0.7 -1 8.4023 -1 8.6136 -1 8.7586 -1 8.8425 -1 8.8702 -1 8.8471 -1) 8.7781
0.8 -1 8.4788 -1 8.5958 -1 8.6531 -1)8.6563 -1 8.6107 -1 8.5214 -1)8.3937
0.9 (-1) 8.4842 (-1 8.5144 -1 8.4923 -1) 8.4235 -1 8.3133 -1 8.1669 -1) 7.9892

1.0 -1)8.4220 -1 8.3737 -1)8.2808 -1)8.1488 -1 7.9828 -1)7.7880 -1)7.5689
1.1 -1 8.2967 -1 8.1787 -1 8.0238 -1) 7.8374 -1 7.6245 -1 7.3897 -1 7.1372
1.2 -1 8.1136 -1 7.9348 -1 7.7269 -1 7.4949 -1 7.2435 -1 6.9768 -1 6.6986
1.3 -1 7.8786 -1 7.6480 -1 7.3960 -1 7.1269 -1 6.8451 (-1 6.5541 -1 6.2573
1.4 (-1)7.5982 (-1 7.3248 -1 7.0371 -1 6.7392 (-1)6.4345 (-i 6.1263 -1 5.8173

1.5 -1 7.2789 -1) 6.9716 -1 6.6565 -1) 6.3372 -1 6.0168 -1 5.6978 -1) 5.3826
1.6 -1 6.9279 -1 6.5948 -1 6.2600 -1 5.9266 -1 5.5968 -1 5.2729 -1 4.9566
1.7 -1 6.5519 -1 6.2008 -1 5.8535 -1 5.5123 -1 5.1791 -1 4.8554 -1 4.5424
1.8 -1 6.1577 -1 5.7958 -1 5.4424 -1 5.0993 -1 4.7676 -1 4.4486 -1 4.1429
1.9 -1 5.7517 -1 5.3855 -1 5.0319 -1 4.6918 -1 4.3662 -1) 4.0555 -1 3.7603

2.0 -1 5.3401 -1 4.9754 -1)4.6264 (-1 4.2938 -1)3.9779 -1)3.6788 -1)3.3965
2.1 -1 4.9285 -1 4.5701 -1 4.2301 -1 3.9086 -1 3.6054 -1 3.3204 -1 3.0532
2.2 -1 4.5219 -1 4.1741 -1 3.8466 -1 3.5391 -1 3.2511 -1 2.9820 -1 2.7312
2.3 (-1 4.1247 -1 3.7910 -1 3.4788 -1 3.1876 -1 2.9165 -1 2.6647 -1 2.4313
2.4 (-1)3.7407 (-1)3.4238 -1 3.1292 -1 2.8559 -1 2.6029 -1 2.3693 -1 2.1538

2.5 -1 3.3732 -1 3.0751 -1)2.7995 (-1)2.5453 -1 2.3112 -.1)2.0961 (-1 1.8987
2.6 -1 3.0246 -1 2.7467 -1 2.4912 -1 2.2566 -1 2.0418 -1 1.8452 -1 1.6657
2.7 -1 2.6968 -1 2.4399 -1 2.2049 -1 1.9903 -1 1.7945 -1 1.6162 -1 1.4541
2.8 -1 2.3911 -1 2.1556 -1 1.9412 -1 1.7462 -1 1.5691 -1 1.4086 -1 1.2 632
2.9 -1 2.1084 -1 1.8942 (-1 1.7000 -1 1.5241 -1 1.3651 -1 1.2215 -1 1.0920

3.0 -1 1.8488 -1 1.6555 -1 1.4809 -1 1.3234 -1 1.1816 -1 1.0540 -2) 9.3934
3.1 -1 1.6124 -1 1.4391 -1 1.2832 -1 1.1432 -1 1.0175 -2 9.0491 -2 8.0408
3.2 -1 1.3985 -1 1.2443 -1 1.1061 -2 9.8240 -2 8.7182 -2 7.7305 -2 6.8492
3.3 -1 1.2064 -1 1.0701 -2 9.4842 -2 8.3989 -2 7.4318 -2 6.5710 -2 5.8055
3.4 -1 1.0351 -2 9.1545 -2 8.0899 -2 7.1436 -2 6.3032 -2 5.5576 -2 4.8967

3.5 (-2)8.8335 -2)7.7900 -2 6.8646 -2 6.0447 -2 5.3190 -2 4.6771 -2 4.1098
3.6 (-2 7.4981 -2 6.5939 -2 5.7946 -2 5.0887 -2 4.4657 -2 3.9164 -2 3.4324
3.7 -2 6.3306 -2 5.5521 -2 4.8660 -2 4.2619 -2 3.7304 -2 3.2631 -2 2.8525
3.8 -2 5.3165 -2 4.6503 -2 4.0651 -2 3.5512 -2 3.1004 -2 2.7052 -2 2.3589
3.9 -2) 4.4411 -2 3.8747 -2 3.3784 -2 2.9439 -2 2.5638 -2 2.2315 -2 1.9411

4.0 (-2 3.6903 -2 3.2115 -2 2.7932 -2 2.4280 -2 2.1094 -2 1.8316 -2 1.5895
4.1 -2 3.0502 -2 2.6480 -2 2.2975 -2 1.9923 -2 1.7268 -2 1.4958 -2 1.2951
4.2 -2 2.5079 -2 2.1720 -2 1.8800 -2 1.6265 -2 1.4064 -2 1.2155 -2 1. 0500
4.3 -2 2.0512 -2 1.7723 -2 1.5305 -2 1.3211 -2) 1.1397 -3 9.8282 -3 8.4709
4.4 -2 1.6688 -2 1.4386 (-2 1.2396 -2)1.0676 -3)9.1898 -3)7.9071 (-3) 6.8002

4.5 -2 1.3507 -2 1.1618 -3) 9.9881 -3) 8.5831 -3 7.3725 -3 6.3297 -3 5.4320
4.6 -2 1.0875 -3 9.3333 -3)8.0067 -3)6.8657 -3 5.8847 -3 5.0418 -3 4.3177
4.7 -3 8.7099 -3 7.4594 -3 6.3856 -3) 5.4641 -3 4.6736 -3 3.9958 -3 3.4150
4.8 -3 6.9398 -3 5.9310 -3 5.0667 -3) 4.3266 -3 3.6931 -3 3.1511 -3 2.6876
4.9 -3 5.5007 -3)4.6914 (-3 3.9996 -3)3.4085 -3 2.9036 -3 2.4726 -3 2.1 047

5.0 (-3)4.3375 (-3)3.6919 (-3)3.1412 (-3)2.6716 (-3)2.2714 (-3)1.9305 (-3)1.6401



PARABOLIC CYLINDER FUNCTIONS

V(-O.6,x)

-1) -1.5522
-1) -0.7135
-1) +0.1294
-1) 0.9716

(-1) 1.8082

(-1 6.4993
(-1 7.2065
(-1 7.8924
(-1) 8.5594
(-1) 9.2113

I

0 1.3191
0 1.3964
0 1.4806
0) 1.5740
0) 1.6787

O

O

O

O

o

O

o
O

o
o

o
O

o
o
O

1
1
i)
i
i
i
i
i
1
i

2.6347
3.4471
4.2420
5.0167
5.7694

1.7975
1.9338
2.0911
2.2741
2.4881

2.7396
3.0365
3.3882
3.8066
4.3061

4.9045
5.6242
6.4930
7.5458
8.8266

1.0391
1.2 311
1.4676
1.7604
2.1243

2.5787
3.1489
3.8676
4.7777
5.9359

( 1) 7.4168

X V(-1.0,x) V(-O.9,x) V(-0.8,x) V(-O.7,x)

0.0 -1) -6.5600 (-1 -5.5730 (-1) -4.3 852 -1 -3.0307
0.1 -1) -5.8422 (-1 -4.7818 (-i)--3.5487 -1 -2.1784
0.2 -1)-5.0662 (-1 -3.9477 -1 -2.6839 -1 -1.3109
0.3 (-1)-4.2400 (-1) -3.0785 -1 -1.7980 (-1 -0.4343
0.4 (-1) -3.3725 (-i) -2.1823 -1 -0.8980 (-1 +0.4451

0.5 (-1 -2.4725 (-1)-1.2674 (-1 +0.0088 (-1 1.3217
0.6 (-1 -1.5494 (-1) -0.3418 (-1 0.9156 -i 2.1900
0.7 (-1 -0.6122 (-1) +0.5867 (-1 1.8159 (-i 3.0449
0.8 (-1 +0.3305 (-1) 1.5106 (-1 2.7040 (-1) 3.8823
0.9 (-1 1.2704 (-1) 2.4234 (-1 3.5749 (-i) 4.6988

1.0 -1 2.2 004 -1 3.3194 -i 4.4245 (-1 5.4920
1.1 -1 3.1139 -1 4.1939 -1 5.2498 (-i 6.2606
1.2 -1 4. 0057 -1 5.0435 -1) 6.0492 (-i 7.0044
1.3 -1 4.8721 (-i) 5.8660 -1 6.8220 (-1) 7.7246
1.4 (-1 5.7105 (-i) 6.6605 (-1 7.5693 (-1) 8.4234

1.5 -1 6.5198 (-1 7.4279 -1) 8.2931 (-1) 9.1046
1.6 -1 7.3008 -1 8.1704 -1 8.9974 (-i 9.7734
1.7 -1) 8. 0557 -1 8.8917 -i 9.6875 (O 1.0437
1.8 -1 8.7883 -1) 9.5974 o 1.0370 (0 1.1102
1.9 -1 9.5044 o) 1.0295 (0 1.1054 (0 1.1780
2.0 0) 1. 0211 o 1.0992 O 1.1749 0 1.2482
2.1 O 1. 0918 O 1.1701 O 1.2468 0 1.3222
2.2 o 1.1637 0) 1.2434 O 1.3225 0 1.4015
2.3 o 1.2 380 0) 1.3205 O 1.4037 0) 1.4879
2.4 O 1. 3163 0) 1.4032 O 1.4922 o) 1.5837

2.5 0 1.4005 0 1.4936 O 1.5902 0) 1.6912
2.6 0 1.4925 0 1.5939 O 1.7005 O 1.81 34
2.7 0 1.5949 0 1.7068 O 1.8259 O 1.9535
2.8 0) 1.7104 0) 1.8355 O 1.9700 0) 2 .1157
2.9 0) 1.8424 0) 1.9837 0) 2.1371 0) 2.3045

3.0 0 1.9948 0) 2.1558 o 2.3321 0) 2.5258
3.1 0 2.1722 0) 2.3571 O 2.5609 0) 2.7864
3.2 0 2.3801 0) 2.5940 O 2.8310 0 3.0945
3.3 0) 2.6253 0) 2.8740 o 3.1511 0 3.4604
3.4 o) 2.9159 0) 3.2066 O 3.5319 0 3.8966

3.5
3.6
3.7

O 3.2618
o 3.6752
0) 4.1712

o
o
o

3.6032
4.0781
4.6487

O 3.9868
o 4.5323
O 5.1887

0)
0)
O)

4.4183
5.0449
5.8001

3.8 O 4.7686 O 5. 3 371 o 5.9818 o 6.7138
3.9 O 5.4910 O 6.1706 0) 6.9437 O 7. 8238

4.0 0) 6.3680 0) 7.1841 0 8.1149 o 9.1775
4.1 0) 7.4368 0) 8.4212 0 9.5470 i 1.0835
4.2 0) 8.7448 0 9.9377 1 1.1305 i 1.2875
4.3 1) 1.0352 i 1.1805 1) 1.3474 i 1.5394
4.4 1) 1.2337 1 1.4113 1) 1.6160 i 1.8520

4.5 1 1.4797 1 1.6981 1 1.9502 i 2.2417
4.6 1 1.7862 1 2.0559 i 2. 3680 1 2.7297
4.7 1 2.1698 1 2.5044 i 2.8928 i 3.3437
4.8 1 2.6520 1 3.0694 i 3.5549 1) 4.1199
4.9 i 3.2611 1 3.7844 1 4.3944 i) 5.1058

5.0 ( 1) 4.0344 1) 4.6937 1) 5.4639 1) 6.3641

V(-O.5,x)
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Table 19.1

V(-O.4,x)

0.0000 -1 1.5701
0.7972 -1 2.3012
1.5905 -1 3.0232
2.3760 -1 3.7334
3.1502 -1 4.4296

)3.9099 -1 5.1099
)4.6526 -i 5.7729

5.3763 -1 6.4182
6.0797 (-1)7.0457

)6.7626 (-1)7.6563

j 7.4254 (-1)8.2519
)8.0697 (-1)8.8353

8.6982 (-1)9.4101
9.3147 -1) 9.9812
9.9240 0)1.0555

1.0532 O 1.1138
1.1148 O 1.1739
1.1778 o 1.2369
1.2436 O 1.3038
1.3132 0)1.3762

1.3881 0)1.4554
1.4699 0)1.5435
1.5607 0)1.6424
1.6625 0)1.7546
1.77 81 0)1.8830

1.9104 o 2.0311
2.0631 O 2.2029
2.2404 O 2.4032
2.4474 O) 2.6378
2.6902 0)2.9136

2.9763 O 3.2392
3.3147 o 3.6249
3.7163 o 4.0834
4.1947 O 4.6305
4.7667 O 5.2 855

5.4531 o 6.0726
6.2797 O 7.0220
7.2790 O 8.1716
8.4920 0)9.5693

)9.97O3 1)1.1276

1.1779 i 1.3367
)1.4002 i 1.5942

1.6747 i 1.9127
2.0149 i 2.3 082

)2.4386 i 2.8017

2.9687 1 3.4202
3.6350 1 4.1991
4.4765 1 5.1846

j 5.5441 1)6.4372
6.9051 i) 8.0370

8.6484 2)1.0090

(-1 9.8533
( O 1.0492
( O 1.1134
( O 1.1791
( O 1.2472
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Table 19.1

z U(-O.3,x) U(-0.2,x)

PARABOLIC CYLINDER FUNCTIONS

U(-0.1,x) U(0,x) U(O.1, z) U(O.2, z) U(0.3,x)

0.0
0.1

0 1.1105
0 1.0843

0 1.1535
0 1.1161

o 1.1887
o 1.1406

o 1.2163
o 1.1 581

O 1.2366
O 1.1 691

o 1.2500
O 1.1740

o 1.2570
0 1.1732

0.2
0.3

0 1.0548
0 1.0223

0 1.0764
0 1.0347

O 1.0914
O 1.0412

O 1.1000
O 1.0421

O 1.1029
o 1.0379

O 1.1004
O 1.0291

O 1.0930
o 1. 0161

0.4 -1 9.8697 -1 9.9120 -1 9.9016 -1 9.8431 -1 9.7411 -1 9.6004 -1 9.4255

0.5 -1 9.4906 -1 9.4609 -1 9.3856 -1 9.2 695 -1 9.1173 -1 8.9333 -1 8.7218
0.6 -1 9.0890 -1 8.9968 -1 8.8661 -1 8.7018 -1 8.5082 -1 8.2895 -1 8.0498
0.7 -1 8.6684 -1 8.5228 -1 8.3458 -1 8.1 419 -1 7.9153 -1 7.6699 -1 7.4093
0.8 -1 8.2324 -1 8.0421 -1 7.8273 -1 7.5920 -1 7.3400 -1 7.0750 -1 6.8000
0.9 -1 7.7849 -1 7.5583 -1 7.3135 -1 7.0542 -1 6.7838 -1 6.5055 -1 6.2220

1.0 -1 7.3298 -1 7.0747 -1 6.8072 -1 6.5307 -1 6.2482 -1 5.9622 -1 5.6753
1.1 -1 6.8710 -1 6.5946 -1 6.3111 -1 6.0235 -1 5.7343 -1 5.4457 -1 5.1597
1.2 -1 6.4124 -1 6.1212 -1 5.8278 -1 5.5346 -1 5.2436 -1 4.9566 -1 4.6753
1.3 -1 5.9576 -1 5.6576 -1 5.3596 -1 5.0655 -1 4.7769 -1 4.4953 -1 4.2217
1.4 -1 5.5101 (-1 5.2 066 -1 4.9087 -1) 4.6178 -1)4.3352 -1 4. 0619 -1 3.7986

1.5 -1 5.0730 -1 4.7706 -1 4.4769 -1)4.1927 -1 3.9191 -1 3.6565 -1 3.4055
1.6 -1 4.6492 -1 4.3519 -1 4.0657 -1 3.7912 -1 3.5288 -1 3.2790 -1 3.0417
1.7 -1 4.2412 -1 3.9524 -1 3.6765 -1 3.4139 -1 3.1647 -1 2.9290 -1 2.7065
1.8 -1 3.8510 -1 3.5734 -1 3.3102 -1 3.0613 (-1 2.8266 -1 2.6060 -1 2.3990
1.9 -1 3.4805 -1 3.2162 (-1 2.9673 (-1 2.7334 (-1 2.5142 -1 2.3093 -1 2.1181

2.0 -1 3.1309 (-1 2.8816 -1 2.6482 -1 2.4302 (-1 2.2270 -1 2.0381 -1 1.8627
2.1 -1 2.8032 -1 2.5700 -1 2.3529 -1 2.1513 -1 1.9643 -1 1.7913 -1 1.6315
2.2 -1 2.4980 -1 2.2816 -1 2.0812 -1 1.8960 -1 1.7252 -1 1.5678 -1 1.4232
2.3 -1 2.2155 -1 2.0162 -1 1.8326 -1 1.6637 -1 1.5086 -1 1.3665 -1 1.2363
2.4 -1 1.9556 -1 1.7734 -1 1.6064 -1 1.4534 -1 1.3136 -1) 1.1859 -1 1.0695

2.5 -1 1.7179 -1 1.5526 -1 1.4017 (-1 1.2640 -1 1.1387 -1 1.0248 -2 9.2134
2.6 -1 1.5020 -1 1.3529 -1 1.2174 -1 1.0944 -2 9.8278 -2 8.8173 -2 7.9031
2.7 -1 1.3069 -1 1.1734 -1 1.0525 -2 9.4322 -2 8.4445 -2 7.5534 -2 6.7502
2.8 -1 1.1 317 -1 1.0129 -2 9.0579 -2 8.0925 -2 7.2235 -2 6.4422 -2 5.7406
2.9 -2 9.7528 -2 8.7027 -2 7.7589 -2) 6.9114 -2 6.1513 -2 5.4703 -2 4.8608

3.0 -2 8.3643 (-2 7.4416 -2 6.6151 -2) 5.8757 -2 5.2146 -2 4.6244 -2 4.0978
3.1 -2 7.1 389 -2 6.3330 -2 5.6137 -2 4.9721 -2 4.4006 -2 3.8918 -2 3.4393
3.2 -2 6.0636 -2 5.3640 -2 4.7415 -2 4.1881 -2 3.6967 -2 3.2606 -2 2.8739
3.3 -2 5.1253 -2 4.5215 -2 3.9860 -2 3.5114 -2 3.0912 -2 2.7194 -2 2.3907
3.4 -2 4.3112 (-2 3.7932 (-2 3.3351 -2 2.9303 -2 2.5730 -2 2.2577 -2 1.9799

3.5 -2 3.6089 -2 3.1669 -2 2.7772 -2 2.4340 -2 2.1318 (-2 1.8659 -2 1.6322
3.6 -2 3.0063 -2 2.6314 -2 2.3018 -2 2.0122 -2 1.7580 (-2 1.5351 -2 1.3396
3.7 -2 2.4921 -2 2.1759 -2 1.8986 -2 1.6558 -2 1.4431 -2 1.2571 -2 1.0944
3.8 -2 2.0558 -2 1.7906 -2 1.5587 -2 1.3560 -2 1.1791 -2 1.0247 -3 8.9001
3.9 -2 1.6876 -2 1.4664 -2 1.2735 (-2 1.1 053 -3 9.5887 -3 8.3139 -3 7.2048

4.0 -2 1.3786 -2 1.1951 (-2 1.0355 -3 8.9669 -3) 7.7613 -3 6.7143 -3 5.8057
4.1 -2 1.1207 -3 9.6928 (-3 8.3792 -3 7.2400 -3 6.2526 -3 5.3973 -3 4.6568
4.2 -3 9.0656 -3 7.8234 (-3 6.7481 -3 5.8179 -3 5.0135 -3 4.3184 -3 3.7179
4.3 -3 7.2976 -3 6.2839 (-3 5.4085 -3 4.6529 -3 4.0011 -3 3.4390 -3 2.9546
4.4 -3 5.8457 (-3 5.0228 (-3 4.3139 (-3)3.7034 -3) 3.1779 -3 2.7259 (-3 2.3371

4.5 (-3) 4.6596 -3 3.9954 -3 3.4243 (-3)2.9336 (-3)2.5122 -3 2.1504 -3) 1.8400
4.6 -3 3.6961 -3 3.1626 -3 2.7 050 -3 2.3127 -3 1.9765 -3 1.6885 -3 1.4419
4.7 -3 2.9173 -3 2.4912 -3 2.1265 -3 1.8145 -3 1.5477 -3 1.3195 -3 1.1246
4.8 -3 2.2914 -3 1.9528 -3 1.6637 -3 1.4168 -3 1.2061 -3 1.0263 -4 8.7305
4.9 -3 1.7909 -3 1.5233 -3 1.2952 (-3 1.1009 -4 9.3540 -4 7.9449 -4 6.7457

5.0 (-3)1.3929 (-3)1.1825 (-3)1.0035 (-4)8.5136 (-4)7.2201 (-4)6.1210 (-4) 5.1875
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5.0

X V(-O.3,x)

3.0993
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8.9640
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1.5185
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V(-O.2,x)
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9.0756

) 9.5505
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1.1559
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1.2734
1.3400
1.4136
1.4958

1.5886
1.6941
1.8149
1.9541
2.1153

2.3028
2.5218
2.7785
3.0803

) 3.4366

3.8584
4.3596
4.9572
5.6722
6.5308

7.5658
8.8182
1.0340
1.2196
1.4470

1.7268
2.0725
2.5016
3.0366
3.7065

4.5494
5.6148
6.9677
8.6937
1.0906

)1.3756

PARABOLIC

V(-O.1,x)

CYLINDER

5.7994
6.2358
6.6661
7.0905
7.5 093

)7.9238
8.3353
8.7460
9.1588

) 9.5771

1.0005
1.0449
1. 0913
1.1406
1.1936

1.2513
1.3147
1.3853
1.4645
1.5542

)1.6563
1.7734
1.9083
2.0645
2.2459

2.4576
2.7053
2.9961
3.3387
3.7435

4.2236
4.7948
5.4768
6.2 941
7.2770

8.4638
9.9023
1.1 653
1.3793
1.6419

1.9656
2.3663
2.8646
3.4870
4.2680

5.2 524
6.4990
8.0849
1.0112
1.2715

1.6073 (

FUNCTIONS

V(O,x)

6.8621
7.1901
7.5184
7.8474
8.1782

8.5124
8.8519
9.1994
9.5583

) 9.9325

1.0327
1.0747
1.1200
1.1693
1.2236

1.2839
1.3515
1.4277
1.5142
1.6130

1.72 65
1.8572
2.0085
2.1 841
2.3887

2.6278
2.9 080
3.2376
3.6263
4.0864

4.6326
5.2835
6.0617
6.9957
8.1210

9.4818
1.1134
1.3149
1.5616
1.8649

2.2395
2.7041
3.2829
4.0073
4.9179

6.0680
7.5270
9.3866
1.1 768
1.4831

1.8791

V(O.1,x)

7.6731
7.9000
8.1349
8.3788
8.6331

8.8994
9.1803
9.4787
9.7982
1.0143

)1.0519
1.0932
1.1389
1.1898
1.2470

1.3115
1.3848
1.4683
1.5639
1.6738

1.8005
1.9470
2.1171
2.3149
2.5457

2.8159
3.1330
3.5064
3.9474
4.4700

5.0914
5.8328
6.7208
7.7882
9. 0763

1.0637
1.2535
1.4854
1.7699
2.1203

2.5539
3.0927
3.7653
4.6086
5.6708

7.0147
8.7230
1. 0904
1.3703
1.7309

)2.1979 (

V(0.2,x)

8.2008 -
8.3406 -
8.4974 -
8.6720 -
8.8660 -
9.0813 -
9.3205 -
9.5867 -
9.8840 -

)1.0217

1.0591
1.1013
1.1490
1.2032
1.2649

)1.3353
1.4160
1.5085
1.6150
1.7379

1.8799
2.0446
2.2360
2.4589

)2.7195

) 3.0247
3.3834
3.8063
4.3064
4.8998

5.6065
6.4510
7.4640
8.6838

) 1.0158

1.1948
1.4130
1.6799
2. 0080
2.4130

2.9150
3.5401
4.3219
5.3040
6.5433

8.1143
1.0115
1.2674
1.5964
2.0211

2.5720
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V(O.3,x)

8.4269
8.5002
8.5993
8.7250
8.8790

9.0632
9.2803
9.5336
9.8273
1.0166

1.0556
1.1005
1.1520
1.2110
1.2789

1.3569
1.4466
1.5499
1.6692
1.8070

1.9665
2.1517
2.3672
2.6185
2.9124

3.2572
3.6627
4.1415
4.7084
5.3820

6.1855
7.1472
8.3029
9.6969
1.1385

1.3438
1.5945
1.9019
2.2804
2.7486

3. 3300
4.0554
4.9644
6.1085
7.5550

9.3921
1.1736
1.4740
1.8608
2.3611

) 3.0112
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Table 19.1

x U(0.4,x) U(0.5, x)

PARABOLIC CYLINDER FUNCTIONS

U(0.6,x) U(OE7,x) U(0.8,x) U(0.9,x) U(1.0,x)

0.0 ( 0)1.2579 0 1.2533 0)1.2436 0 1.2292 0)1.2106 0)1.1883 0) 1.1627
0.1 ( 0)1.1672 ( 0 1.1564 0)1.1413 0 1.1223 0)1.1000 0)1.0746 0)1.0467
0.2 0) 1.0811 0 1.0652 0 1.0458 0 1.0233 -1 9.9813 -1 9.7063 -1)9.4122
0.3 »1)9.9946 -1 9.7955 -1 9.5680 -1 9.3162 -1 9.0440 -1 8.7549 -1) 8.4523
0.4 -1) 9.2205 -1 8.9898 -1 8.7372 -1 8.4665 (-1 8.1811 -1 7.8843 -1)7.5790

0.5 -1 8.4870 (-1)8.2327 -1 7.9624 -1 7.6795 -1 7.3870 (-1 7.0879 -1)6.7845
0.6 -1 7.7928 (-1)7.5219 -1 7.2403 -1 6.9511 -1 6.6567 (-1 6.3597 -1)6.0622
0.7 -1 7.1368 -1 6.8555 -1 6.5683 -1 6.2776 -1 5.9857 -1 5.6945 -1) 5.4060
0.8 -1 6.5181 -1 6.2318 -1 5.9437 -1 5.6558 -1 5.3699 -1 5.0877 -1) 4.8105
0.9 -1 5.9358 -1 5.6493 -1 5.3643 (-1 5.0826 -1 4.8057 -1 4.5347 -1)4.2709

1.0 -1)5.3894 -1)5.1064 (-1 4.8280 -1 4.5553 -1 4.2896 (-1 4.0318 -1 3.7826
1.1 -1)4.8780 -1)4.6019 -1 4.3327 -1 4.0713 -1 3.8187 -1 3.5753 -1 3.3417
1.2 -1)4.4008 -1)4.1343 -1 3.8765 -1 3.6282 -1 3.3898 -1 3.1618 -1 2.9443
1.3 -1) 3.9571 -1) 3.7022 -1 3.4575 -1 3.2235 -1)3.0003 -1 2.7881 -1 2.5870
1.4 -1)3.5459 -1)3.3042 (-1 3.0739 -1)2.8550 -1)2.6475 -1 2.4514 -1 2.2665

1.5 -1)3.1663 (-1 2.9390 -1)2.7238 -1) 2.5204 -1)2.3288 -1)2.1487 -1)1.9797
1.6 -1)2.8171 -1 2.6050 -1 2.4053 -1 2.2177 -1)2.0419 -1)1.8774 -1 1.7240
1.7 -1)2.4972 -1 2.3007 -1 2.1167 -1 1.9447 -1)1.7844 -1)1.6351 -1 1.4965
1.8 -1)2.2054 -1 2.0246 -1 1.8561 -1 1.6994 -1)1.5540 -1)1.4193 -1 1.2948
1.9 (-1)1.9402 (-1 1.7749 (-1)1.6216 -1)1.4798 -1)1.3487 -1)1.2278 (-1)1.1165

2.0 -1) 1.7003 -1 1.5501 -1 1.4115 -1 1.2838 (»1 1.1664 -1 1.0585 -2) 9.5952
2.1 -1 1.4842 -1 1.3486 -1 1.2240 -1 1.1097 -1 1.0050 -2 9.0923 -2 8.2173
2.2 -1 1.2904 -1 1.1687 -1 1.0574 -2 9.5563 -2 8.6280 -2 7.7820 -2 7.0122
2.3 -1 1.1174 -1 1.0088 -2) 9.0985 -2 8.1979 -2 7.3793 -2 6.6361 -2 5.9622
2.4 (-2 9.6358 -2 8.6728 -2)7.7984 (-2 7.0055 (-2 6.2874 -2 5.6377 -2 5.0508

2.5 -2 8.2754 (-2)7.4258 -2 6.6573 (-2)5.9630 -2 5.3363 -2 4.7714 (-2)4.2627
2.6 -2 7.0773 -2 6.3320 -2 5.6603 -2 5.0555 -2 4.5115 -2 4.0227 -2 3.5839
2.7 -2 6.0272 -2 5.3770 -2 4.7930 -2 4.2689 -2 3.7990 -2 3.3782 -2 3.0017
2.8 (-2 5.1111 -2 4.5470 -2 4.0418 -2 3.5900 -2 3.1863 -2 2.8258 -2 2.5042
2.9 (-2 4.3157 -2)3.8288 -2 3.3942 -2 3.0068 -2 2.6615 -2)2.3543 -2)2.0810

3.0 -2 3.6284 (-2 3.2104 -2 2.8384 -2 2.5078 -2 2.2142 -2 1.9535 -2 1.7224
3.1 -2 3.0372 -2 2.6803 -2 2.3636 -.2 2.0830 -2 1.8344 -2 1.6144 -2 1.4199
3.2 -2 2.5313 -2 2.2281 -2 1.9598 -2 1.7228 -2 1.5134 -2 1.3287 -2 1.1658
3.3 -2 2.1004 -2 1.8441 -2 1.6181 -2 1.4189 -2 1.2434 -2 1.0890 -3 9.5318
3.4 -2 1.7351 -2)1.5196 (-2)1.3301 (-2)1.1636 -2)1.0172 (-3 8.8881 -3 7.7615

3.5 -2)1.4270 (-2 1.2468 -2 1.0887 -3 9.5009 (-3)8.2868 -3 7.2238 (-3)6.2937
3.6 -2) 1.1683 -2 1.0184 -3 8.8715 -3 7.7243 -3 6.7217 -3 5.8462 -3 5.0820
3.7 -3 9.5224 -3 8.2810 -3 7.1975 -3 6.2525 -3 5.4288 -3 4.7111 -3 4.0863
3.8 -3 7.7263 -3 6.7038 -3 5.8136 -3) 5. 0391 -3 4.3655 -3 3.7801 -3 3.2716
3.9 -3 6.2406 -3 5.4026 -3 4.6749 -3) 4.0432 -3 3.4952 -3 3.0200 -3 2.6082

4.0 -3)5.0176 (-3 4.3344 -3)3.7425 -3)3.2298 -3 2.7861 -3 2.4023 ...3)2.0704
4.1 -3)4.0160 -3 3.4617 -3)2.9826 -3)2.5686 -3 2.2111 -3 1.9025 -3)1.6363
4.2 -3)3.1995 -3 2.7521 -3)2.3663 -3)2.0336 -3 1.7470 -3 1.5001 -3)1.2876
4.3 -3) 2.5373 -3 2.1781 (-3) 1.8689 -3)1.6029 -3 1.3742 -3 1.1776 -3) 1.0088
4.4 -3)2.0029 -3 1.7158 (-3)1.4693 -3)1.2577 -3 1.0761 -4 9.2036 -4)7.8686

4.5 -3 1.5738 -3) 1.3455 -3 1.1499 -4 9.8235 -4 8.3889 -4 7.1610 -4 6.1105
4.6 -3 1.2308 -3) 1.0503 -4 8.9583 -4 7.6382 -4 6.5103 -4 5.5468 -4 4.7242
4.7 -4 9.5815 -4 8.1601 -4 6.9470 -4 5.9121 -4 5.0295 -4 4.2772 -4 3.6361
4.8 (-4 7.4240 -4 6.3107 -4 5.3625 -4 4.5551 -4)3.8680 -4 3.2833 -4 2.7861
4.9 (-4)5.7255 -4 4.8579 -4)4.1203 -4 3.4935 (-4)2.9611 -4 2.5090 -4 2.1252

5.0 (-4)4.3948 (-4)3.7221 (-4)3.1512 (-4)2.6671 (-4)2.2566 (-4)1.9086 (-4)1.6138
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1.0797
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1.5132
1.6433
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2.4030
2.6757
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PARABOLIC CYLINDER FUNCTIONS

i

i

i

7.3474
7.3851
7.4675
7.5954
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8.2739

6092
0068

9.4730

)1.0015
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1.1367
1.22 00
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1.4260
1.5528
1.6989
1.8675
2.0625

2.2886
2.5514
2.8578
3.2160
3.6363

4.1310
4.7153
5.4079
6.2320
7.2162

8. 3962
9.8164
1.1533
1.3615
1.6151

V(0.7, x)

)6.4988
6.5836
6.7147
6.8936
7.1224

7.4039
7.7419
8.1412
8.6076
9.1481

)1.4569
)1.5992
1.7629
1.9518
2.1703

9.7713
1.0488
1.1309
1.2251
1.3330

2.4236
7182
0620

3.4644
3.9371

4.4944
5.1536
5.9365
6.8696
7.9862

9.3274
1. 0945
1.2903
1.5284
1.8190

V(0.8,x)

5.4912
5.6492
5.8526
6.1035
6.4046

6.7596
7.1730
7.6504
8.1984
8.8253

9.5408
1.0357
1.1287
1.2 348
1.3561

1.4949
1.6542
1.8373
2.0484
2.2926

2.5760
2.9058
3.2911
3.7428
4.2741

4.9015
5.6451
6.5297
7.5862
8.8529

1. 0378
1.2220
1.4455
1.7178
2.0509

V(O.9,x) V(1.0,x)

6.1076
6.6077
7.1733
7.8124

)8.5344

) 9.3507
) 1.0275
1.1323
1.2514
1.3870

)1.5420
1.7196
1.9238
2.1592
2.4317

2.7481
3.1169
3.5483

0548
4.6517

4.3932
4.6453
4.9394
5.2 785
5.6664

5.3578
6.1963
7.1959
8.3921
9.8292

1.1563
1.3662
1.6214
1.9329
2.3148

2.7849
3.3658
4. 0868
4.9853
6.1098

7.5232
9.3073
1.1569
1.4449
1.8131

2.2861
2.8963
3.6870
4.7161
6. 0616

7.8285

i

I
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3.2800
3.6401
4.0368
4.4742
4.9575

- )5.4924
- 6.0858
- 6.7457
- 7.4814

(- )8.3040

- )9.2267
1.0265
1.1437
1.2765
1.4276

1.5999
1.7973
2.0243
2.2862
2.5896

2.9424
3.3542
3.8368
4.4044
5.0747

5.8692
)6.8146
)7.9440
) 9.2985

( )1.0929

1.2900
1.5293
1.8207
2.1773
2.6153

3.1555
3.8246
4.6566
5.6956
6.9986

8.6395
1.0715
1.3351
1.6714
2.1022

2.6566
3.3731
4.3032
5.5160
7.1043

) 9.1938
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X V(0.4,x) V(O.5,x) V(O.6,x)

(-

I

I

i,...

I

i

)

)

2.4601
2.9646
3.5896
4.3669
5.3377

6.5556
8. 0899
1.0031
1.2498
1.5647

1.9684
2.4882
3.1 606
4.0341
5.1742

6.6688

1.9253
2.3064
2.7765

3588
0833

4.9884
6.1242
7.5559
9.3682
1.1673

1.4616
1.8392
2. 3259
2.9559
3.7752

4.8456

2.1752
2.6137
3.1556
3.8282
4.6667

5.7165
7.0364
8.7 031
1.0817
1.3511

1.6957
2.1387
2.7106
3.4524
4.4187

5.6833

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0
2.1
2.2
2.3
2.4

2.5
2.6
2.7
2,8
2.9

3.0
3.1
3.2
3.3
3.4

3.5
3.6
3.7
3.8
3.9

4.0
4.1
4.2
4.3
4.4

4.5
4.6
4.7
4.8
4.9

5.0

1.5132 1.7060
1.8014 2.0373
2.15 55 2.4452

)2.5923 2.9495
)3.1336 3.5756

3.8072 4.3563
4.6493 5.3341
5.7 065 6.5642
7.0397 8.1183
8.7286 1.0091

1.0878 1.2605
1.3624 1.5826
1. 7151 1.9968
2.1701 2.5321

) 2.7596 3.2270

)3.5270 4.1331



x U(1.5,x) U(2.O,x) U(2.5,x) U(3.O,x) U(3.5,x) U(4.O,x) U(4.5,x) U(5.0,x)

0.0 0 1.0000 -1 8.1085 -1 6.2666 -1)4.6509 -1 3.3333 -1 2.3167 -1 1.5666 -1 1.0335
0.1 -1 8.8187 -1 7.0232 -1 5.3409 -1) 3.9060 -1 2.7615 -1 1.8950 -1 1.2662 -2 8.2588
0.2 -1 7.7700 -1 6.0787 -1 4.5492 -1 3.2786 -1 2.2867 -1 1.5494 -1 1.0230 -2 6.5971
0.3 -1 6.8389 -1 5.2566 -1 3.8719 -1 2.7501 -1 1.8924 -1 1.2662 -2 8.2604 -2 5.2673
0.4 -1 6.0120 -1 4.5410 -1 3.2925 -1 2.3050 -1 1.5650 -1 1.0340 -2 6.6663 -2 4.2032

0.5 -1 5.2778 3.9182 -1 2.7969 -1 1.9302 -1 1.2931 -2 8.4374 -2 5.3758 -2 3.3518
0.6 -1 4.6262 3.3763 -1 2.3731 -1 1.6146 -1 1.0674 -2 6.8788 -2 4.3316 -2 2.6707
0.7 -1 4.0482 2.9051 -1 2.0109 -1 1.3490 -2 8.8019 -2 5.6025 -2 3.4869 -2 2.1262
0.8 -1 3.5360 2.4957 -1 1.7015 -1 1.1256 -2 7.2491 -2 4.5579 -2 2.8040 -2 1.6910
0.9 -1 3.0825 2.1403 -1 1.4375 -2 9.3785 -2 5.9624 -2 3.7035 -2 2.2523 -2 1.3434

1.0 -1 2.6816 1.8321 -1 1.2124 -2 7.8022 -2 4.8971 -2 3.0053 -2 1.8068 -2 1.0660
1.1 -1 2.3276 1.5651 -1 1.0208 -2 6.4802 -2 4.0160 -2 2.4351 -2 1.4475 -3 8.4479
1.2 -1 2.0157 1.3343 -2 8.5773 -2 5.3727 -2 3.2880 -2 1.9701 -2 1.1579 -3 6.6856
1.3 -1 1.7412 1.1350 -2 7.1928 -2 4.4461 -2 2.6872 -2 1.5913 -3 9.2486 -3 5.2831
1.4 -1 1.5003 9.6317 -2 6.0190 -2 3.6721 -2 2.1922 -2 1.2831 -3 7.3749 -3 4.1683

1.5 -1 1.2893 8.1541 -2 5.0255 -2 3.0265 -2 1.7849 -2 1.0327 -3 5.8705 -3 3.2833
1.6 -1 1.1049 6.8857 -2 4.1862 -2 2.4890 -2 1.4503 -3 8.2953 -3 4.6645 -3 2.5816
1.7 -2 9.4412 5.7994 -2 3.4786 -2 2.0423 -2 1.1759 -3 6.6500 -3 3.6991 -3 2.0262
1.8 -2 8.0438 4.8712 -2 2.8833 -2 1.6718 -3 9.5127 -3 5.3198 -3 2.9276 -3 1.5873
1.9 -2 6.8324 4.0801 -2 2.3837 -2 1.3652 -3 7.6780 -3 4.2463 -3 2.3122 -3 1.2409

2.0 -2 5.7853 3.4076 -2 1.9653 '-2 1.1120 -3 6.1823 -3 3.3818 -3 1.8222 -4 9.6810
2.1 -2 4.8830 2.8375 -2 1.6159 "-3 9.0339 -3 4.9656 -3 2.6869 -3 1.4328 -4 7.5364
2.2 -2 4.1080 2.3556 -2 1.3248 i -3 7.3193 -3 3.9782 -3 2.1296 -3 1.1240 -4 5.8538
2.3 -2 3.4444 1.9495 -2 1.0829 -3 5.9138 -3 3.1787 -3 1.6837 -4 8.7960 -4 4.5364
2.4 -2 2.8782 1.6082 -3 8.8260 (-3 4.7646 -3 2.5331 -3 1.3277 -4 6.8665 -4 3.5071

2.5 -2 2.3966 1.3223 -3 7.1710 -3 3.8275 -3 2.0129 -3 1.0442 -4) 5.3467 -4 2.7047
2.6 -2 1.9886 1.0837 -3 5.8081 -3 3.0655 -3 1.5951 -4 8.1895 -4 4.1523 -4 2.0806
2.7 -2 1.6441 8.8509 -3 4.6891 -3 2.4478 -3 1.2603 -4 6.4052 -4 3.2161 -4 1.5964
2.8 -2 1.3544 7.2040 -3 3.7734 -3 1.9484 -4 9.9277 -4 4.9954 -4 2.4841 -4 1.2216
2.9 -2 1.1116 5.8431 -3) 3.0264 -3 1.5460 -4 7.7967 -4 3.8845 -4 1.9134 -5 9.3228

3.0 -3 9.0885 4.7224 -3 2.4191 -3 1.2228 -4 6.1042 -4 3.0117 -4 1.4695 -5 7.0950
3.1 -3 7.4028 3.8030 -3 1.9270 -4 9.6394 -4 4.7641 -4 2.3279 -4 1.1253 -5 5.3843
3.2 -3 6.0067 3.0513 -3 1.5296 -4 7.5735 -4 3.7062 -4 1.7938 -5 8.5914 -5 4.0742
3.3 -3 4.8549 2.4392 -3 1.2099 -4 5.9301 -4 2.8738 -4 1.3778 -5 6.5394 -5 3.0738
3.4 -3 3.9086 1.9426 -4 9.5361 -4 4.6274 -4 2.2210 -4 1.0550 -5 4.9621 -5 2.3121

3.5 -3 3.1342 1.5412 -4 7.4887 -4 3.5982 -4 1.7107 -5 8.0514 -5 3.7534 -5 1.7338
3.6 -3 2.5032 1.2181 -4 5.8592 -4 2.7880 -4 1.3131 -5 6.1244 -5 2.8300 -5 1.2961
3.7 -3 1.9912 9.5895 -4 4.5672 -4 2.1526 -4 1.0045 -5 4.6430 -5 2.1269 -6 9.6590
3.8 -3 1.5775 7.5202 -4 3.5468 -4 1.6559 -5 7.6567 -5 3.5080 (-5 1.5932 -6 7.1749
3.9 -3 1.2446 5.8741 -4 2.7439 -4 1.2692 -5 5.8157 -5 2.6413 (-5 1.1894 -6 5.3123

4.0 -4 9.7788 4.5702 -4 2.1146 -5 9.6913 -5 4.4015 -5 1.9818 -6 8.8495 -6 3.9203
4.1 -4 7.6513 3.5414 -4 1.6233 -5 7.3727 -5 3.3191 -5 1.4817 -6 6.5617 -6 2.8834
4.2 -4 5.9616 2.7331 -4 1.2413 -5 5.5875 -5 2.4937 -5 1.1039 -6 4.8485 -6 2.1136
4.3 -4 4.6255 2.1007 -5 9.4547 -5 4.2185 -5 1.8667 -6 8.1946 -6 3.5701 -6 1.5440
4.4 -4 3.5736 1.6081 -5 7.1727 -5 3.1726 -5 1.3920 -6 6.0609 -6 2.6194 -6 1.1240

4.5 -4 2.7491 1.2259 -5 5.4198 -5 2.3767 -5 1.0342 -6 4.4663 -6 1.9150 -7 8.1539
4.6 -4 2.1058 9.3061 -5 4.0787 -5 1.7736 -6 7.6538 -6 3.2790 -6 1.3949 -7 5.8942
4.7 -4 1.6061 7.0352 -5 3.0571 -5 1.3183 -6 5.6428 -6 2.3983 -6 1.0124 -7 4.2455
4.8 -4 1.2197 5.2961 -5 2.2819 -6 9.7593 -6 4.1440 -6 1.7475 -7 7.3205 -7 3.0469
4.9 -5 9.2216 3.9701 -5 1.6964 -6 7.1961 -6 3.0315 -6) 1.2685 -7 5.2737 -7 2.1788

5.0 (-5)6.9418 (-5)2.9634 (-5)1.2558 (-6)5.2847 (-6)2.2089 (-7)9.1724 (-7)3.7849 (-7)1.5523

710 PARABOLIC CYLINDER FUNCTIONS

Table 19.1



V(3.5, z)

0.0000
- )2.4076
- 4.8999
- 7.5647

1.0497

1.3802
1.7600
2.2033
2.7266
3.3501

4. 0980
5.0002
6.0933
7.4224
9.0439

)1.1028
1.3461
1.6454
2.0145
2.4708

3.0364
3.7393
4.6150
5.7092

>7.0801

8.8025
1.0973
1.3716
1.7193
2.1614

2.7252
3.4467
4.3729
5.5657
7.1071

9.1055
1.1705
1.5100
1.9547
2.5393

3.3108
4.3324
5.6903
7.5019
9.9277

1.3188
1.7588
2.3547
3.1649
4.2708

)5.7864

V(4.O, z) V(4.5, z) V(5.0, z)

0.8578
1.0483
1.2810
1.5652
1.9126

1.6189
2.0411
2.5801
3.2701
4.1562

5.2976
6.7721
8.6829
1.1167
1.4407

1.8646
2.4212
3.1543
4.1233
5.4084

7.1188
9.4032
1.2465
1.6584
2.2145

2.9680
3.9929
5.3922
7.3096
9.9472

)1.3589

3.0285
3.8596
4.9310
6.3162
8.1119

1.0447
1.3491
1.7474
2.2698
2.9574

3.8650
5.0672
6.6645
8.7939
1.1642

1.5465
2.0613
2.7570
3.7005
4.9845

6.7384
9.1425
1.2450
1.7018
2.3348

)3.2156

Table 19.1

1.7220
2.1545
2.6952
3.3715
4.2178

5.2778
6.6060
8.2721
1.0364
1.2993

1.6301
2.0469
2.5728
3.2373
4. 0782

)5.1442
6.4978
8.2198
1.0415
1.3218

1.6806
2.1408
2.7325
3.4948
4.4794

5.7544
7.4093
9.5631
1.2374
1.6051

2.0877
2.7227
3.5606
4.6697
6.1422

8.1029
1.0722
1.4232
1.8950
2.5313

3.3924
4.5614
6.1538
8.3306
1.1316

1.5426
2.1103
2.8973
3.9923
5.5212

)7.6639

z V(1.5,x) V(2.0,x) V(2.5,x) V(3.0, z)

0.0 0.0000 3.4311 7.9788 4.92 00
0.1 0.7999 3.9591 8.0788 5.8561
0.2 1.6118 4.5665 8.3814 6.9684
0.3 2.4481 5.2660 8.8948 8. 2 9 11
0.4 3.3218 6.0721 9.6332 9.8651

0.5 4.2467 -1 7.0024 1. 0617 1.1740
0.6 5.2381 -1 8.0774 1.1873 1.3975
0.7 6.3130 -1 9.3217 1.3438 1.6644
0.8 7.4906 0 1.0764 1.5356 1.9833
0.9 8.7928 0 1.2440 1.7683 2.3652

1.0 1.0245 0 1.4390 2. 0490 2.8230
1.1 1.1877 0 1.6665 2.3862 3.3729
1.2 1.3724 0 1.9325 2.7905 4.0346
1.3 1.5826 0 2.2442 3.2748 4.8322
1.4 1.8234 0 2.6104 3.8551 5.7959

1.5 2.1005 0 3.0418 4.5511 6.9626
1.6 2.4211 0 3.5514 5.3869 >8.3782
1.7 2.7936 0 4.1551 6.3925 1. 0100
1.8 3.2284 0 4.8722 7.6047 1.2199
1.9 3.7380 0 5.7267 9. 0697 1.4765

2.0 4.3378 0) 6.7480 1.0844 )1.7910
2.1 5.0463 0 7.9725 1.3000 2.1774
2.2 5.8865 0 9.4452 1.5626 )2.6535
2.3 6.8869 1 1.1222 1.8834 3.2418
2.4 8.0823 1) 1.3374 2.2765 )3.9709

2.5 9.5162 1 1.5987 2.7597 4.8771
2.6 1.1243 1 1.9172 3.3555 6.0069
2.7 1.3329 1 2.3068 4.0926 7.4199
2.8 1.5860 1 2.7849 5. 0074 9.1925
2.9 1.8943 1 3.3738 6.1466 1.1423

3.0 2.2710 1)4.1018 7.5701 1.4240
3.1 2.7333 1 5.0049 9.3551 1.7809
3.2 3.3028 1 6.1295 1.1601 2.2345
3.3 4.0070 1 7.5350 1.4437 2.8131
3.4 4.8812 1) 9.2982 1.8032 3.5537

3.5 5.9708 2 1.1519 )2.2604 4.5048
3.6 >7.3343 2 1.4325 2.8441 5.7308
3.7 >9.0472 2 1.7887 3.5920 7.3166
3.8 >1.1208 2 2.2424 4.5540 9.3755
3.9 >1.3945 2 2.8227 5.7960 1.2058

4.0 1.7425 2 3.5678 7.4057 1.5567
4.1 2.1870 2 4.5283 9.5001 2.0173
4.2 2.7569 2 5.7716 1.2236 2.6243
4.3 3.4909 2 7.3873 1.5823 3.4272
4.4 4.4399 2 9.4956 2.0545 4.4934

4.5 5.6724 3 1.2258 2.6786 5.9146
4.6 7.2797 3 1.5893 3.5069 7.8166
4.7 9.3849 3 2.0695 4.6106 1.0372
4.8 1.2154 3 2.7065 6.0871 )1.3819
4.9 1.5812 3 3.5553 8.0706 >1.8487

5.0 )2.0666 ( 3)4.6909 1. 0746 2.48 33

PARABOLIC CYLINDER FUNCTIONS 711

2.3376
2.8579
3.4955
4.2777
5.2386

6.42 06
7.8765
9.6727
1.1892
1.4640

1.8048
2.2284
2.7558
3.4139
4.2370

5.2689
6.5656
8.1989
1. 0262
1.2873

2.3937
2.4477
2.6124
2.8954
3.3098

3.8751
4.6180
5.5736
6.7880
8.3200

1. 0245
1.2659
1.5683
1.9473
2.4227

3.0195
3.7699
4.7150
5.9076
7.4155

9.3262
1.1753
1.4841
1.8781
2.3822
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W(-2.O,-x)
0.60027
0.67730
0.74078
0.78939
0.82206

0.83798
0.83665
0.81785
0.78173
0.72875

0.65975
0.57594
0.47890
0.37059
0.25333

0.12978
+0.00294
-0.12397
-0.24749
-0.36405

-0.47006
-0.56198
-0.63649
-0.69061
-0.72184

-0.72830
-0.70889
-0.66340
-0.59265
-0.49853

-0.38404
-0.25332
-0.11153
+0.03530

0.18042

0.31672
0.43701
0.53447
0.60305
0.63793

0.63597
0.59605
0.51937
0.40960
0.27290

+0.11769
-0.04573
-0.20576
-0.35036
-0.46788

-0.54818

[I]
Values of W( a, x) for integral values of a are from National Physical Laboratory, Tables of Weber parabolic cylinder func-
tions. Computed by Scientific Computing Service Ltd. Mathematical Introduction by J. C. P. Miller. Her Majesty's
Stationery Office, London, England, 1955 (with permission).

Table 19.2

X W(-5.O,x) W(-4.O,x)

PARABOLIC CYLINDER FUNCTIONS

W(-3.O,x) W(-2.O,x) W(-5.O,-x) W(-4.O,-x) W(-3.O,-x)
0.0 0.47348 0.50102 0.53933 0.60027 0.47348 0.50102 0.53933
0.1 0.35697 0.39190 0.43901 0.51126 0.56641 0.59017 0.62350
0.2 0.22267 0.26715 0.32555 0.41203 0.63113 0.65576 0.68900
0.3 +0.07727 +0.13172 0.20231 0.30453 0.66435 0.69515 0.73381
0.4 -0.07200 -0.00899 +0.07298 0.19088 0.66434 0.70666 0.75649

0.5 -0.21764 -0.14933 -0.05857 +0.07334 0.63099 0.68972 0.75622
0.6 -0.35231 -0.28362 -0.18832 -0.04569 0.56583 0-.64485 0.73285
0.7 -0.46911 -0.40634 -0.31226 -0.16377 0.47199 0.57370 0.68690
0.8 -0.56198 -0.51236 -0.42646 -0.27838 0.35408 0.47898 0.61955
0.9 -0.62597 -0.59713 -0.52722 -0.38697 0.21799 0.36441 0.53268

1.0 -0.65752 -0.65688 -0.61113 -0.48704 +0.07061 0.23458 0.42880
1.1 -0.65470 -0.68881 -0.67522 -0.57617 -0.08044 +0.09483 0.31103
1.2 -0.61732 -0.69121 -0.71706 -0.65204 -0.22724 -0.04897 0.18303
1.3 -0.54700 -0.66357 -0.73488 -0.71255 -0.36189 -0.19063 +0.04890
1.4 -0.44716 -0.60670 -0.72761 -0.75583 -0.47700 -0.32388 -0.08688

1.5 -0.32290 -0.52270 -0.69502 -0.78031 -0.56602 -0.44262 -0.21962
1.6 -0.18077 -0.41495 -0.63774 -0.78484 -0.62369 -0.54122 -0.34454
1.7 -0.02851 -0.28803 -0.55733 -0.76869 -0.64634 -0.61480 -0.45694
1.8 +0.12535 -0.14758 -0.45625 -0.73166 -0.63218 -0.65945 -0.55237
1.9 0.27194 -0.00009 -0.33785 -0.67412 -0.58147 -0.67250 -0.62680

2.0 0.40253 +0.14739 -0.20633 -0.59707 -0.49661 -0.65271 -0.67684
2.1 0.50907 0.28751 -0.06661 -0.50217 -0.38212 -0.60042 -0.69989
2.2 0.58468 0.41299 +0.07581 -0.39174 -0.24445 -0.51764 -0.69432
2.3 0.62416 0.51702 0.21503 -0.26879 -0.09171 -0.40802 -0.65962
2.4 0.62438 0.59364 0.34495 -0.13696 +0.06678 -0.27680 -0.59652

2.5 0.58460 0.63810 0.45960 -0.00046 0.22095 -0.13062 -0.50704
2.6 0.50668 0.64722 0.55333 +0.13603 0.36067 +0.02276 -0.39454
2.7 0.39507 0.61968 0.62119 0.26749 0.47637 0.17482 -0.26363
2.8 0.25669 0.55625 0.65920 0.38872 0.55973 0.31672 -0.12008
2.9 +0.10057 0.45985 0.66463 0.49459 0.60434 0.43980 +0.02936

3.0 -0.06260 0.33555 0.63631 0.58021 0.60627 0.53615 0.17727
3.1 -0.22123 0.19042 0.57472 0.64123 0.56451 0.59915 0.31588
3.2 -0.36354 +0.03320 0.48225 0.67411 0.48124 0.62397 0.43747
3.3 -0.47850 -0.12614 0.36312 0.67637 0.36184 0.60808 0.53481
3.4 -0.55672 -0.27701 0.22333 0.64681 0.21471 0.55155 0.60167

3.5 -0.59128 -0.40886 +0.07050 0.58576 +0.05079 0.45725 0.63325
3.6 -0.57849 -0.51196 -0.08654 0.49519 -0.11714 0.33088 0.62663
3.7 -0.51836 -0.57820 -0.23816 0.37883 -0.27544 0.18074 0.58111
3.8 -0.41490 -0.60177 -0.37452 0.24205 -0.41066 +0.01731 0.49849
3.9 -0.27601 -0.57982 -0.48622 +0.09180 -0.51073 -0.14737 0.38313

4.0 -0.11306 -0.51295 -0.56500 -0.06370 -0.56615 -0.30058 0.24189
4.1 +0.05995 -0.40534 -0.60443 -0.21535 -0.57098 -0.42985 +0.08387
4.2 0.22741 -0.26474 -0.60059 -0.35365 -0.52367 -0.52406 -0.08010
4.3 0.37359 -0.10210 -0.55252 -0.46937 -0.42750 -0.57448 -0.23812
4.4 0.48406 +0.06923 -0.46263 -0.55413 -0.29056 -0.57571 -0.37804

4.5 0.54726 0.23443 -0.33674 -0.60118 -0.12531 -0.52643 -0.48847
4.6 0.55583 0.37847 -0.18393 -0.60601 +0.05237 -0.42982 -0.55975
4.7 0.50770 0.48758 -0.01604 -0.56693 0.22465 -0.29363 -0.58492
4.8 0.40664 0.55059 +0.15314 -0.48549 0.37342 -0.12977 -0.56059
4.9 0.26226 0.56028 0.30893 -0.36666 0.48233 +0.04660 -0.48753

5.0 0.08936 0.51440 0.43707 -0.21874 0.53861 0.21827 -0.37095

[HI)7] [HI)7] [(-63)6] [(_3)5] [(_3)7] [(_3)6] [(_3)6]



For interpolation, see 19.28.

z W(2.O,x) W(3.0,x) W(4.O, z) W(5.0, z) W(2.O, -z) W(3.O,-x) W(4.O, -z)

Table 19.2

W(5.O, -z)

0.0 -1 6.0027 -1 5.3933 -1) 5.0102 -1 4.7348 -6.002 7 5.3933 5.0102 (-1 4.7348
0.1 -1 5.2271 -1 4.5427 -1 4.1061 -1 3.7888 -6.8986 6.4061 6.1154 -1 5.9185
0.2 -1 4.5561 -1 3.8285 -1 3.3667 -1 3. 0330 -7.9324 7.6114 7.4658 -1 7.3991
0.3 -1 3.9758 -1 3.2292 -1 2.7621 -1 2.4291 -9.1243 9.0448 9.1150 -1 9.2505
0.4 -1 3.4744 -1 2.7262 -1 2.2677 -1 1.9466 1.0497 1. 0748 1.1128 0 1.1564

0.5 (-1 3.0411 -1 2.3041 (-1 1.8634 -1 1.5611 1.2 075 1.2770 1.3583 0 1.4454
0.6 -1 2.6668 -1 1.9499 -1 1.5327 -1 1.2530 1.3888 1.5168 1.6574 0 1.8059
0.7 -1 2.3436 -1 1.6525 -1 1.2621 -1 1.0067 1.5967 1.8008 2. 0215 0 2.2555
0.8 -1 2.0644 -1 1.4028 -1 1.0407 -2 8.0964 1.8345 2.1368 2.4643 0)2.8155
0.9 -1 1.8233 -1 1.1931 -2 8.5930 -2 6. 5197 2.1061 2.5335 )3.0019 0)3.5123

1.0 -1) 1.6151 -1) 1.0168 -2 7.1069 -2 5.2572 2.4156 3. 0013 3. 6538 0 4.3782
1.1 -1) 1.4351 -2) 8.6859 -2 5.8882 -2 4.2455 2.7674 3.5517 4.4431 0 5.4528
1.2 -1 1.2795 -2) 7.4385 -2 4.8880 -2 3.4340 3.1662 4.1980 5.3970 0 6.7844
1.3 (-1 1.1450 -2) 6.3880 (-2 4.0663 -2) 2.7825 3.6169 )4.9554 6.5479 0 8.4318
1.4 (-1 1.0286 -2) 5.5025 (-2 3.3906 -2) 2.2590 4.1247 5.8406 7.9336 1 1.0466

1.5 (-2 9.2770 -2 4.7556 -2 2.8343 -2 1.8377 4.6948 6.8726 9.5984 1 1.2975
1.6 -2 8.4018 -2 4.1248 -2 2.3757 -2 1.4984 5. 3324 8. 0723 1.1594 1 1.6060
1.7 -2 7.6411 -2 3.5917 -2 1.9973 -2 1.2246 6.0424 9.4626 1.3979 1 1.9848
1.8 -2) 6.9782 -2 3.1406 (-2 1.6845 -2 1.0035 6.8296 1.1069 1.6824 1 2.4487
1.9 -2) 6.3984 -2 2.7584 (-2 1.4256 -3) 8.2455 7.6980 1.2917 2.0206 1 3.0155

2.0 (-2 5.8890 -2 2.4342 -2 1.2111 -3 6.7954 8.6507 1.5037 2.4216 1 3.7062
2.1 (-2 5.4386 -2 2.1588 -2 1.0330 -3 5.6183 9.6899 1.7457 2.8952 1 4.5455
2.2 -2 5.0372 -2) 1.9245 -3 8.8491 -3 4.6610 1.0816 2. 0209 3.4529 1 5.5623
2.3 -2 4.6755 (-2 1.7247 -3 7.6160 -3 3.8810 1.2027 2.3322 4.1069 1 6.7904
2.4 -2 4.3456 (-2 1.5540 -3 6.5875 -3 3.2443 1.3319 2.6827 4.8711 1 8.2686

2.5 -2 4.0402 -2 1.4075 -3 5.7281 -3 2.7236 1.4686 3. 0749 5.7600 2 1.0042
2.6 -2 3.7524 -2 1.2813 -3 5.0088 -3 2.2968 1.6117 3.5113 6.7894 2 1.2161
2.7 -2 3.4763 -2 1.1719 -3 4.4055 -3 1.9464 1.7597 3.9937 7.9756 2 1.4683
2.8 -2 3.2064 1.0764 -3 3.8984 -3 1.6580 1.9108 4.5230 9.3355 2)1.7672
2.9 -2 2.9379 9.9205 -3 3.4711 -3 1.4202 2.0626 5.0992 1.0886 2)2.1198

3.0 -2 2.6664 -3 9.1665 -3 3.1099 -3 1.22 37 2.2123 5.7210 1.2643 2 2.5340
3.1 -2 2.3883 -3 8.4815 -3 2.8032 -3 1. 0610 2.3564 6.3856 1.4620 2 3.0179
3.2 -2 2.1007 -3 7.8473 -3 2.5414 -4 9.2596 2.4910 7. 0882 1. 6831 2 3.5801
3.3 -2 1.8013 (-3 7.2477 -3 2.3163 (-4 8.1356 2.6116 7. 8218 1.9284 2)4.2298
3.4 -2 1.4891 (-3 6.6685 -3 2.1209 (-4 7.1975 2.7132 8. 5768 2.1983 2)4.9757

3.5 -2 1.1637 -3 6.0967 -3 1.9491 -4 6.4117 2.7908 9.3410 2.4925 2 5.8266
3.6 -3 8.2597 -3 5. 5212 -3 1.7956 -4 5.7506 2.8386 1. 0099 2.8101 2 6.7902
3.7 -3 4.7816 -3 4.9326 -3 1.6558 -4 5.1910 2.8513 1.0833 3.1488 2 7.8732
3.8 -3 +1.2365 -3 4.3233 -3) 1.5256 (-4)4.7135 2.8234 1.1520 3.5057 2)9.0802
3.9 (-3 -2.3273 -3 3.6879 (-3) 1.4014 (-4)4.3017 2.7502 )1.2137 3.8760 3)1.0413

4.0 (-3 -5.8480 -3 3.0231 -3 1.2800 -4 3.9416 2.6275 1.2657 4.2 539 3 1.1870
4.1 -3 -9.2508 -3 2.3283 -3 1.1586 -4 3.6211 2.4523 1.3050 4.6317 3 1.3446
4.2 -2 -1.2449 -3 1.6058 -3 1.0349 -4 3.3295 2.2234 1. 3286 4.9999 3 1.5128
4.3 -2 -1.5347 -3 0.8609 -4 9.0706 (-4)3.0577 1.9410 1.3334 5.3475 3 1.6899
4.4 -2 -1.7842 -3 0.1023 -4 7.7357 (-4)2.7975 1.6079 1.3167 5.6617 3 1.8733

4.5 -2 -1.9831 -0.6579 (-4 6.3364 -4 2.5418 1.2294 1.2758 5.9283 3 2.0596
4.6 -2 -2.1213 -1.4043 -4 4.8704 -4 2.2847 8.1345 1.2086 6.1317 3 2.2445
4.7 -2 -2.1898 -2.1182 -4 3.3422 -4 2. 0210 +3.7101 1.1138 6.2561 3 2.4229
4.8 -2 -2.1815 -2.7786 -4 1.7637 -4 1.7468 .'0.8430 9.9105 6.2853 3)2.5885
4.9 -2 -2.0914 -3.3622 -4 0.1548 -4 1.4595 -5.3626 )8.4104 6.2040 3)2.7344

5.0 (-2) -1.9179 (-3) -3.8449 (-4) -1.4564 (-4)1.1577 -9.6664 )6.6590 5.9987 3)2.8528
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x W(-l.O,x) W(-0.9,x) W(-O.8,x) W(-O.7,z) W(-O.6,x) W(-O.5,x) W(-O.4,x)

0.0 0.73148 0.75416 0.77982 0.80879 0.84130 0.87718 0.91553
0.1 0.65958 0.68457 0.71267 0.74421 0.77940 0.81803 0.85912
0.2 0.58108 0.60881 0.63980 0.67441 0.71281 0.75477 0.79925
0.3 0.49671 0.52750 0.56175 0.59981 0.64187 0.68766 0.73610
0.4 0.40726 0.44133 0.47908 0.52089 0.56693 0.61696 0.66984

0.5 0.31359 0.35102 0.39240 0.43811 0.48837 0.54293 0.60064
0.6 0.21659 0.25734 0.30233 0.35200 0.40658 0.46584 0.52866
0.7 0.11723 0.16111 0.20958 0.26311 0.32198 0.38601 0.45409
0.8 +0.01657 +0.06324 0.11490 0.17206 0.23506 0.30379 0.37715
0.9 -0.08429 -0.03529 +0.01912 0.07954 0.14637 0.21956 0.29811

1.0 -0.18412 -0.13342 -0.07684 -0.01369 +0.05650 0.13380 0.21727
1.1 -0.28164 -0.23002 -0.17198 -0.10679 -0.03384 0.04704 0.13503
1.2 -0.37549 -0.32384 -0.26523 -0.19880 -0.12386 -0.04009 +0.05185
1.3 -0.46422 -0.41357 -0.35538 -0.28870 -0.21269 -0.12687 -0.03172
1.4 -0.54635 -0.49783 -0.44119 -0.37536 -0.29933 -0.21246 -0.11502

1.5 -0.62034 -0.57517 -0.52130 -0.45753 -0.38270 -0.29594 -0.19728
1.6 -0.68464 -0.64409 -0.59431 -0.53393 -0.46162 -0.37627 -0.27764
1.7 -0.73771 -0.70310 -0.65875 -0.60317 -0.53480 -0.45231 -0.35510
1.8 -0.77808 -0.75070 -0.71317 -0.66382 -0.60091 -0.52280 -0.42857
1.9 -0.80439 -0.78547 -0.75611 -0.71446 -0.65854 -0.58645 -0.49684

2.0 -0.81541 -0.80610 -0.78618 -0.75365 -0.70628 -0.64186 -0.55864
2.1 -0.81014 -0.81144 -0.80212 -0.78003 -0.74273 -0.68765 -0.61261
2.2 -0.78787 -0.80054 -0.80282 -0.79238 -0.76654 -0.72243 -0.65738
2.3 -0.74822 -0.77279 -0.78741 -0.78960 -0.77649 -0.74486 -0.69156
2.4 -0.69124 -0.72790 -0.75531 -0.77089 -0.77153 -0.75373 -0.71385

2.5 -0.61743 -0.66601 -0.70633 -0.73570 -0.75086 -0.74799 -0.72301
2.6 -0.52785 -0.58777 -0.64071 -0.68391 -0.71398 -0.72686 -0.71801
2.7 -0.42412 -0.49436 -0.55918 -0.61582 -0.66079 -0.68984 -0.69802
2.8 -0.30847 -0.38753 -0.46303 -0.53224 -0.59164 -0.63684 -0.66256
2.9 -0.18374 -0.26968 -0.35416 -0.43455 -0.50739 -0.56821 -0.61149

3.0 -0.05335 -0.14378 -0.23506 -0.32474 -0.40948 -0.48485 -0.54517
3.1 +0.07873 -0.01339 -0.10884 -0.20540 -0.29995 -0.38820 -0.46444
3.2 0.20811 0.11741 +0.02083 -0.07973 -0.18146 -0.28034 -0.37075
3.3 0.33006 0.24412 0.14977 +0.04850 -0.05729 -0.16395 -0.26614
3.4 0.43974 0.36198 0.27340 0.17504 +0.06875 -0.04232 -0.15327

3.5 0.53233 0.46613 0.38695 0.29527 0.19236 +0.08071 -0.03541
3.6 0.60334 0.55184 0.48557 0.40440 0.30891 0.20083 0.08365
3.7 0.64885 0.61476 0.56460 0.49761 0.41360 0.31342 0.19963
3.8 0.66575 0.65118 0.61986 0.57035 0.50168 0.41373 0.30797
3.9 0.65207 0.65834 0.64786 0.61858 0.56868 0.49706 0.40397

4.0 0.60721 0.63466 0.64616 0.63904 0.61072 0.55906 0.48303
4.1 0.53214 0.58002 0.61356 0.62958 0.62476 0.59598 0.54088

4.2 0.42952 0.49593 0.55042 0.58939 0.60892 0.60496 0.57391

4.3 0.30382 0.38565 0.45874 0.51923 0.56270 0.58437 0.57944
4.4 0.16115 0.25422 0.34234 0.42158 0.48725 0.53398 0.55599

4.5 0.00918 0.10831 0.20677 0.30072 0.38544 0.45522 0.50355

4.6 -0.14329 -0.04397 +0.05918 0.16266 0.26194 0.35129 0.42375
4.7 -0.28674 -0.19348 -0.09193 +0.01497 +0.12315 0.22716 0.31998

4.8 -0.41153 -0.33057 -0.23720 -0.13360 -0.02310 +0.08947 0.19740
4.9 -0.50861 -0.44572 -0.36694 -0.27352 -0.16782 -0.05374 +0.06277

5.0 -0.57025 -0.53023 -0.47182 -0.39516 -0.30146 -0.19341 -0.07580

r(-3)41L5i 1(-3)41L5] [(_3)415J r(-3)41L5i 1(-3)41[5] 1(-3)41L5J 1(-3)41Ls]
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X W(-l.0,-x) W(-0.9,-x) W(-0.8,-x) W(-0.7,-x) W(-0.6,-x) W(-0.5,-x)

Table 19.2

W(-0.4,-x)

0.0 0.73148 0.75416 0.77982 0.80879 0.84130 0.87718 0.91553
0.1 0.79607 0.81697 0.84073 0.86771 0.89814 0.93193 0.96827
0.2 0.85267 0.87241 0.89490 0.92053 0.94958 0.98201 1.01711
0.3 0.90067 0.91990 0.94182 0.96682 0.99522 1.02707 1.06178
0.4 0.93946 0.95892 0.98099 1.00612 1.03467 1.06677 1.10197

0.5 0.96849 0.98892 1.01192 1.03797 1.06749 1.10070 1.13729
0.6 0.98722 1.00940 1.03413 1.06191 1.09323 1.12843 1.16736
0.7 0.99521 1.01990 1.04713 1.07745 1.11143 1.14951 1.19170
0.8 0.99202 1.01997 1.05048 1.08414 1.12160 1.16343 1.20981
0.9 0.97734 1.00923 1.04374 1.08151 1.12325 1.16966 1.22114

1.0 0.95092 0.98738 1.02655 1.06912 1.11589 1.16769 1.22511
1.1 0.91262 0.95418 0.99859 1.04657 1.09904 1.15695 1.22112
1.2 0.86244 0.90952 0.95962 1.01355 1.07228 1.13693 1.20855
1.3 0.80055 0.85341 0.90954 0.96978 1.03523 1.10714 1.18680
1.4 0.72729 0.78603 0.84835 0.91515 0.98760 1.06714 1.15529

1.5 0.64322 0.70774 0.77623 0.84963 0.92923 1.01659 1.11351
1.6 0.54911 0.61912 0.69355 0.77341 0.86006 0.95525 1.06102
1.7 0.44603 0.52099 0.60091 0.68684 0.78025 0.88304 0.99750
1.8 0.33528 0.41443 0.49914 0.59053 0.69014 0.80004 0.92281
1.9 0.21849 0.30081 0.38936 0.48532 0.59032 0.70659 0.83697

2.0 +0.09757 0.18179 0.27298 0.37236 0.48166 0.60326 0.74025
2.1 -0.02528 +0.05934 0.15171 0.25309 0.36531 0.49090 0.63319
2.2 -0.14758 -0.06427 +0.02758 0.12930 0.24278 0.37070 0.51665
2.3 -0.26660 -0.18651 -0.09709 +0.00305 +0.11588 0.24419 0.39182
2.4 -0.37941 -0.30459 -0.21967 -0.12323 -0.01322 +0.11327 0.26028

2.5 -0.48297 -0.41552 -0.33731 -0.24685 -0.14203 -0.01983 +0.12398
2.6 -0.57415 -0.51623 -0.44698 -0.36487 -0.26774 -0.15248 -0.01472
2.7 -0.64990 -0.60356 -0.54551 -0.47416 -0.38730 -0.28178 -0.15309
2.8 -0.70733 -0.67449 -0.62975 -0.57149 -0.49748 -0.40451 -0.28802
2.9 -0.74387 -0.72615 -0.69663 -0.65363 -0.59492 -0.51729 -0.41615

3.0 -0.75737 -0.75605 -0.74331 -0.71748 -0.67629 -0.61660 -0.53384
3.1 -0.74633 -0.76219 -0.76738 -0.76019 -0.73841 -0.69897 -0.63739
3.2 -0.70996 -0.74323 -0.76692 -0.77937 -0.77841 -0.76108 -0.72310
3.3 -0.64841 -0.69863 -0.74077 -0.77320 -0.79386 -0.79994 -0.78743
3.4 -0.56281 -0.62881 -0.68862 -0.74065 -0.78300 -0.81309 -0.82721

3.5 -0.45542 -0.53525 -0.61114 -0.68160 -0.74490 -0.79874 -0.83985
3.6 -0.32961 -0.42059 -0.51016 -0.59701 -0.67961 -0.75603 -0.82349
3.7 -0.18992 -0.28860 -0.38867 -0.48899 -0.58833 -0.68515 -0.77725
3.8 -0.04191 -0.14423 -0.25086 -0.36092 -0.47349 -0.58750 -0.70141
3.9 +0.10799 +0.00657 -0.10208 -0.21739 -0.33883 -0.46582 -0.59756

4.0 0.25266 0.15702 +0.05134 -0.06416 -0.18934 -0.32421 -0.46872
4.1 0.38471 0.29976 0.20225 +0.09203 -0.03124 -0.16811 -0.31938
4.2 0.49679 0.42722 0.34303 0.24366 +0.12831 -0.00420 -0.15545
4.3 0.58208 0.53205 0.46597 0.38285 0.28140 +0.15987 +0.01587
4.4 0.63477 0.60759 0.56372 0.50171 0.41981 0.31572 0.18634

4.5 0.65055 0.64841 0.62979 0.59285 0.53543 0.45473 0.34702
4.6 0.62708 0.65075 0.65910 0.64997 0.62083 0.56851 0.48877
4.7 0.56440 0.61301 0.64846 0.66833 0.66982 0.64950 0.60280
4.8 0.46513 0.53614 0.59705 0.64531 0.67800 0.69154 0.68125
4.9 0.33464 0.42379 0.50672 0.58085 0.64328 0.69050 0.71794

5.0 0.18091 0.28240 0.38215 0.47771 0.56635 0.64481 0.70889

r(-3)51L5i r(-3)51L5j r(-3)51L5] 1(-3)51L5i r(-3)51L5j [(_3)615] r(-3)61L5]
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Table 19.2

W(-0.3,x) W(-0.2,x) W(-0.l,x) W(0,x) W(0.l,x) W(0.2,x) W(0.3,x)

0.0 0.95411 0.98880 1.01364 1.02277 1.01364 0.98880 0.95411
0.1 0.90030 0.93725 0.96381 0.97388 0.96480 0.93920 0.90311
0.2 0.84377 0.88381 0.91299 0.92496 0.91691 0.89145 0.85480
0.3 0.78461 0.82851 0.86116 0.87595 0.86984 0.84540 0.80896
0.4 0.72293 0.77137 0.80828 0.82673 0.82344 0.80084 0.76536

0.5 0.65878 0.71237 0.75426 0.77719 0.77753 0.75757 0.72375
0.6 0.59225 0.65150 0.69902 0.72716 0.73192 0.71533 0.68386
0.7 0.52341 0.58875 0.64245 0.67647 0.68637 0.67388 0.64540
0.8 0.45236 0.52410 0.58445 0.62496 0.64067 0.63296 0.60809
0.9 0.37924 0.45756 0.52493 0.57244 0.59459 0.59228 0.57163

1.0 0.30421 0.38918 0.46383 0.51877 0.54790 0.55160 0.53573
1.1 0.22751 0.31906 0.40111 0.46381 0.50038 0.51063 0.50010
1.2 0.14946 0.24734 0.33677 0.40744 0.45186 0.46915 0.46446
1.3 +0.07042 0.17425 0.27090 0.34961 0.40217 0.42691 0.42854
1.4 -0.00912 0.10007 0.20361 0.29032 0.35118 0.38374 0.39209

1.5 -0.08857 +0.02522 0.13514 0.22960 0.29883 0.33945 0.35491
1.6 -0.16725 -0.04982 +0.06577 0.16760 0.24510 0.29393 0.31679
1.7 -0.24435 -0.12443 -0.00407 0.10454 0.19006 0.24713 0.27761
1.8 -0.31894 -0.19788 -0.07387 +0.04073 0.13384 0.19904 0.23725
1.9 -0.38999 -0.26933 -0.14299 -0.02340 0.07667 0.14975 0.19569

2.0 -0.45633 -0.33779 -0.21066 -0.08731 +0.01891 0.09941 0.15296
2.1 -0.51674 -0.40219 -0.27600 -0.15034 -0.03902 +0.04828 0.10917
2.2 -0.56989 -0.46135 -0.33802 -0.21170 -0.09655 -0.00327 0.06450
2.3 -0.61444 -0.51400 -0.39560 -0.27048 -0.15300 -0.05478 +0.01926
2.4 -0.64903 -0.55882 -0.44755 -0.32569 -0.20756 -0.10567 -0.02617

2.5 -0.67233 -0.59448 -0.49261 -0.37619 -0.25934 -0.15523 -0.07129
2.6 -0.68311 -0.61966 -0.52947 -0.42082 -0.30731 -0.20267 -0.11551
2.7 -0.68033 -0.63315 -0.55686 -0.45833 -0.35040 -0.24709 -0.15811
2.8 -0.66313 -0.63385 -0.57356 -0.48749 -0.38745 -0.28749 -0.19829
2.9 -0.63097 -0.62088 -0.57846 -0.50710 -0.41729 -0.32283 -0.23518

3.OE -0.58369 -0.59365 -0.57063 -0.51607 -0.43878 -0.35203 -0.26783
3.1 -0.52157 -0.55190 -0.54943 -0.51344 -0.45085 -0.37401 -0.29526
3.2 -0.44541 -0.49584 -0.51451 -0.49851 -0.45256 -0.38777 -0.31648
3.3 -0.35655 -0.42613 -0.46594 -0.47084 -0.44315 -0.39239 -0.33055
3.4 -0.25697 -0.34402 -0.40427 -0.43039 -0.42215 -0.38713 -0.33663

3.5 -0.14924 -0.25134 -0.33055 -0.37754 -0.38941 -0.37148 -0.33401
3.6 -0.03654 -0.15050 -0.24643 -0.31318 -0.34517 -0.34523 -0.32218
3.7 +0.07742 -0.04453 -0.15413 -0.23871 -0.29013 -0.30852 -0.30091
3.8 0.18846 +0.06302 -0.05645 -0.15612 -0.22549 -0.26190 -0.27027
3.9 0.29213 0.16814 +0.04330 -0.06794 -0.15299 -0.20639 -0.23072

4.0 0.38382 0.26651 0.14132 +0.02278 -0.07486 -0.14349 -0.18313
4.1 0.45904 0.35370 0.23354 0.11257 +0.00615 -0.07518 -0.12880
4.2 0.51364 0.42535 0.31572 0.19762 0.08689 -0.00389 -0.06948
4.3 0.54413 0.47744 0.38368 0.27395 0.16386 +0.06754 -0.00733
4.4 0.54793 0.50658 0.43357 0.33764 0.23342 0.13597 +0.05511

4.5 0.52370 0.51029 0.46212 0.38503 0.29194 0.19809 0.11504
4.6 0.47151 0.48726 0.46690 0.41300 0.33601 0.25059 0.16948
4.7 0.39312 0.43762 0.44663 0.41921 0.36270 0.29037 0.21549
4.8 0.29197 0.36308 0.40138 0.40237 0.36981 0.31476 0.25027
4.9 0.17327 0.26703 0.33274 0.36248 0.35608 0.32171 0.27144

5.0 0.04376 0.15455 0.24393 0.30095 0.32145 0.31009 0.27719

[(_3)4] [(_3)3] [(_3)3] [(_3)3] [(_)3] [(_3)2] [(_3)2]



Table 19.2

x W(-0.3,-x) W(-0.2,-x) W(-O.1,-x) W(0,-x) W(0.1,-x) W(O.2,-x) W(O.3,-x)

0.0 0.95411 0.98880 1.01364 1.02277 1.01364 0.98880 0.95411
0.1 1.00506 1.03835 1.06245 1.07165 1.06348 1.04037 1.00797
0.2 1.05296 1.08581 1.11016 1.12050 1.11435 1.09399 1.06483
0.3 1.09759 1.13097 1.15665 1.16924 1.16622 1.14968 1.12477
0.4 1.13868 1.17362 1.20172 1.21771 1.21899 1.20741 1.18782

0.5 1.17589 1.21344 1.24510 1.26568 1.27248 1.26706 1.25396
0.6 1.20884 1.25007 1.28645 1.31285 1.32644 1.32845 1.32307
0.7 1.23706 1.28307 1.32534 1.35884 1.38053 1.39129 1.39494
0.8 1.26006 1.31193 1.36129 1.40315 1.43429 1.45520 1.46928
0.9 1.27725 1.33606 1.39368 1.44521 1.48719 1.51968 1.54567

1.0 1.28802 1.35480 1.42185 1.48433 1.53855 1.58412 1.62356
1.1 1.29171 1.36744 1.44504 151974 1.58760 1.64775 1.70224
1.2 1.28761 1.37321 1.46241 1.55054 1.63341 1.70967 1.78087
1.3 1.27501 1.37129 1.47304 1.57575 1.67498 1.76885 1.85841
1.4 1.25320 1.36083 1.47598 1.59429 1.71113 1.82408 1.93366

1.5 1.22150 1.34098 1.47020 1.60502 1.74059 1.87401 2.00522
1.6 1.17926 1.31091 1.45469 1.60672 1.76201 1.91713 2.07150
1.7 1.12596 1.26983 1.42841 1.59813 1.77390 1.95181 2.13072
1.8 1.06115 1.21705 1.39039 1.57800 1.77474 1.97628 2.18093
1.9 0.98458 1.15200 1.33973 1.54509 1.76299 1.98870 2.22000

2.0 0.89620 1.07426 1.27565 1.49825 1.73709 1.98714 2.24569
2.1 0.79618 0.98365 1.19757 1.43644 1.69557 1.96968 2.25565
2.2 0.68503 0.88026 1.10510 1.35882 1.63706 1.93446 2.24752
2.3 0.56357 0.76448 0.99819 1.26478 1.56041 1.87972 2.21894
2.4 0.43300 0.63710 0.87711 1.15405 1.46471 1.80390 2.16770

2.5 0.29492 0.49932 0.74256 1.02673 1.34942 1.70575 2.09177
2.6 0.15140 0.35277 0.59571 0.88342 1.21444 1.58440 1.98946
2.7 +0.00489 0.19959 0.43825 0.72523 1.06021 1.43949 1.85956
2.8 -0.14168 +0.04242 0.27241 0.55388 0.88776 1.27129 1.70140
2.9 -0.28503 -0.11563 +0.10100 0.37173 0.69887 1.08078 1.51507

3.0 -0.42150 -0.27098 -0.07258 +0.18182 0.49606 0.86979 1.30151
3.1 -0.54722 -0.41967 -0.24442 -0.01213 0.28264 0.64105 1.06267
3.2 -0.65815 -0.55742 -0.41011 -0.20574 +0.06279 0.39827 0.80159
3.3 -0.75027 -0.67978 -0.56487 -0.39404 -0.15855 +0.14618 0.52249
3.4 -0.81974 -0.78229 -0.70368 -0.57158 -0.37567 -0.10952 +0.23083

3.5 -0.86311 -0.86067 -0.82147 -0.73259 -0.58228 -0.36221 -0.06670
3.6 -0.87754 -0.91101 -0.91331 -0.87118 -0.77162 -0.60449 -0.36232
3.7 -0.86098 -0.93010 -0.97470 -0.98158 -0.93674 -0.82836 -0.64721
3.8 -0.81248 -0.91559 -1.00185 -1.05844 -1.07077 -1.02554 -0.91187
3.9 -0.73233 -0.86631 -0.99193 -1.09719 -1.16728 -1.18779 -1.14634

4.0 -0.62227 -0.78249 -0.94343 -1.09434 -1.22069 -1.30732 -1.34070
4.1 -0.48559 -0.66595 -0.85640 -1.04786 -1.22662 -1.37730 -1.48554
4.2 -0.32717 -0.52024 -0.73270 -0.95753 -1.18240 -1.39231 -1.57256
4.3 -0.15346 -0.35070 -0.57611 -0.82515 -1.08743 -1.34891 -1.59514
4.4 +0.02771 -0.16437 -0.39249 -0.65483 -0.94350 -1.24610 -1.54901

4.5 0.20739 +0.03014 -0.18962 -0.45301 -0.75508 -1.08573 -1.43285
4.6 0.37594 0.22299 +0.02291 -0.22843 -0.52942 -0.87285 -1.24877
4.7 0.52351 0.40359 0.23414 +0.00810 -0.27649 -0.61582 -1.00271
4.8 0.64069 0.56113 0.43218 0.24408 -0.00874 -0.32626 -0.70462
4.9 0.71919 0.68534 0.60494 0.46598 +0.25940 -0.01876 -0.36835

5.0 0.75259 0.76721 0.74090 0.65996 0.51219 +0.28970 -0.01132
[(-3)6] [(_53)5] [(_53)5] [(_53)5] [(_3)6] [(_53)7] [(_3)9]
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Table 19.2

x W(O.4,x) W(O.5,x)

PARABOLIC CYLINDER FUNCTIONS

W(O.6,x) W(0.7,x) W(O.8,x) W(O.9,x) W(1.0,x)

0.0 0.91553 0.87718 0.84130 0.80879 0.77982 0.75416 0.73148
0.1 0.86271 0.82232 0.78433 0.74973 0.71874 0.69116 0.66667
0.2 0.81331 0.77155 0.73205 0.69590 0.66339 0.63436 0.60852
0.3 0.76709 0.72456 0.68408 0.64687 0.61328 0.58321 0.55639
0.4 0.72376 0.68104 0.64007 0.60222 0.56794 0.53718 0.50970

0.5 0.68304 0.64064 0.59964 0.56155 0.52692 0.49578 0.46791
0.6 0.64462 0.60305 0.56244 0.52446 0.48979 0.45853 0.43051
0.7 0.60820 0.56793 0.52810 0.49058 0.45614 0.42499 0.39703
0.8 0.57347 0.53495 0.49629 0.45952 0.42558 0.39476 0.36704
0.9 0.54011 0.50380 0.46666 0.43095 0.39774 036745 0.34013

1.0 0.50782 0.47414 0.43889 0.40452 0.37228 0.34271 0.31594
1.1 0.47630 0.44567 0.41266 0.37992 0.34888 0.32020 0.29412
1.2 0.44523 0.41808 0.38765 0.35682 0.32720 0.29960 0.27435
1.3 0.41435 0.39108 0.36358 0.33494 0.30697 0.28063 0.25634
1.4 0.38338 0.36438 0.34015 0.31399 0.28790 0.26299 0.23981

1.5 0.35206 0.33771 0.31709 0.29370 0.26973 0.24643 0.22451
1.6 0.32018 0.31084 0.29416 0.27382 0.25219 0.23071 0.21019
1.7 0.28752 0.28354 0.27111 0.25410 0.23506 0.21559 0.19662
1.8 0.25395 0.25561 0.24773 0.23433 0.21812 0.20085 0.18361
1.9 0.21934 0.22689 0.22384 0.21430 0.20115 0.18629 0.17094

2.0 0.18363 0.19726 0.19927 0.19384 0.18398 0.17173 0.15845
2.1 0.14682 0.16665 0.17390 0.17280 0.16644 0.15700 0.14595
2.2 0.10899 0.13504 0.14767 0.15107 0.14841 0.14195 0.13331
2.3 0.07029 0.10248 0.12054 0.12857 0.12976 0.12647 0.12038
2.4 +0.03094 0.06908 0.09255 0.10528 0.11045 0.11045 0.10707

2.5 -0.00872 0.03504 0.06378 0.08121 0.09043 0.09385 0.09330
2.6 -0.04827 +0.00063 0.03440 0.05645 0.06972 0.07662 0.07900
2.7 -0.08719 -0.03378 +0.00466 0.03113 0.04840 0.05879 0.06416
2.8 -0.12486 -0.06773 -0.02513 +0.00547 0.02659 0.04042 0.04879
2.9 -0.16058 -0.10069 -0.05457 -0.02025 +0.00447 0.02163 0.03296

3.0 -0.19356 -0.13202 -0.08319 -0.04569 -0.01769 +0.00259 0.01677
3.1 -0.22295 -0.16105 -0.11043 -0.07041 -0.03960 -0.01649 +0.00038
3.2 -0.24788 -0.18700 -0.13568 -0.09392 -0.06087 -0.03531 -0.01602
3.3 -0.26746 -0.20910 -0.15826 -0.11569 -0.08106 -0.05355 -0.03216
.4 -0.28083 -0.22656 -0.17749 -0.13511 -0.09969 -0.07080 -0.04774

3.5 -0.28722 -0.23861 -0.19265 -0.15158 -0.11623 -0.08664 -0.06242
3.6 -o.2a598 -0.24455 -0.20307 -0.16446 -0.13014 -0.10061 -0.07581
3.7 -0.27664 -0.24381 -0.20814 -0.17317 -0.14088 -0.11222 -0.08750
3.8 -0.25895 -0.23596 -0.20735 -0.17718 -0.14793 -0.12101 -0.09707
3.9 -0.23299 -0.22079 -0.20033 -0.17604 -0.15084 -0.12652 -0.10411

4.0 -0.19913 -0.19835 -0.18692 -0.16946 -0.14922 -0.12836 -0.10824
4.1 -0.15813 -0.16901 -0.16717 -0.15730 -0.14284 -0.12624 -0.10912
4.2 -0.11115 -0.13343 -0.14143 -0.13965 -0.13162 -0.11996 -0.10653
4.3 -0.05975 -0.09266 -0.11032 -0.11684 -0.11566 -0.10948 -0.10030
4.4 -0.00585 -0.04811 -0.07481 -0.08947 -0.09531 -0.09494 -0.09046

4.5 +0.04828 -0.00149 -0.03614 -0.05843 -0.07112 -0.07669 -0.07716
4.6 0.10016 +0.04518 +0.00411 -0.02485 -0.04392 -0.05525 -0.06075
4.7 0.14714 0.08968 0.04416 +0.00985 -0.01477 -0.03141 -0.04174
4.8 0.18659 0.12967 0.08203 0.04406 +0.01506 -0.00614 -0.02086
4.9 0.21607 0.16286 0.11567 0.07604 0.04414 +0.01943 +0.00100

5.0 0.23350 0.18712 0.14307 0.10399 0.07092 0.04399 0.02281

r(-3)21 r(-3)11 [(-4)81 r(-4)n [(-4)71 r(-4)81 [(_4)81[5] Lsj [5] L4J [4] [4 L4



Table 19.2

x W(0.4,-x) W(0.5,-x) W(0.6,-x) W(0.7,-x) W(0.8,-x) W(0.9,-x) W(1.0,-x)

0.0 0.91553 0.87718 0.84130 0.80879 0.77982 0.75416 0.73148
0.1 0.97201 0.93642 0.90331 0.87352 0.84714 0.82396 0.80361
0.2 1.03235 1.00031 0.97072 0.94433 0.92122 0.90115 0.88375
0.3 1.09671 1.06911 1.04386 1.02166 1.00258 0.98636 0.97265
0.4 1.16520 1.14300 1.12302 1.10591 1.09173 1.08022 1.07106

0.5 1.23789 1.22215 1.20846 1.19746 1.18917 1.18338 1.17975
0.6 1.31475 1.30664 1.30040 1.29663 1.29538 1.29644 1.29949
0.7 1.39567 1.39648 1.39896 1.40371 1.41079 1.42000 1.43106
0.8 1.48046 1.49158 1.50419 1.51888 1.53574 1.55459 1.57519
0.9 1.56879 1.59174 1.61602 1.64225 1.67051 1.70068 1.73254

1.0 1.6602 1.6966 1.7343 1.7738 1.8153 1.8586 1.9037
1.1 1.7541 1.8057 1.8586 1.9133 1.9700 2.0286 2.0891
1.2 1.8497 1.9184 1.9884 2.0603 2.1345 2.2107 2.2891
1.3 1.9460 2.0337 2.1230 2.2144 2.3083 2.4048 2.5037
1.4 2.0418 2.1506 2.2613 2.3746 2.4909 2.6102 2.7327

1.5 2.1358 2.2677 2.4020 2.5397 2.6811 2.8264 2.9756
1.6 2.2263 2.3833 2.5437 2.7083 2.8777 3.0520 3.2316
1.7 2.3115 2.4956 2.6843 2.8785 3.0788 3.2856 3.4991
1.8 2.3891 2.6023 2.8216 3.0480 3.2823 3.5249 3.7762
1.9 2.4570 2.7009 2.9529 3.2141 3.4854 3.7674 4.0605

2.0 2.5125 2.7886 3.0752 3.3737 3.6849 4.0097 4.3487
2.1 2.5529 2.8623 3.1853 3.5231 3.8770 4.2479 4.6368
2.2 2.5754 2.9188 3.2793 3.6583 4.0573 4.4775 4.9201
2.3 2.5770 2.9546 3.3532 3.7748 4.2209 4.6931 5.1930
2.4 2.5548 2.9660 3.4030 3.8678 4.3624 4.8889 5.4490

2.5 2.5061 2.9496 3.4241 3.9321 4.4760 5.0582 5.6811
2.6 2.4283 2.9018 3.4124 3.9626 4.5555 5.1940 5.8811
2.7 2.3192 2.8196 3.3634 3.9538 4.5944 5.2887 6.0405
2.8 2.1772 2.7001 3.2734 3.9007 4.5863 5.3346 6.1502
2.9 2.0013 2.5413 3.1389 3.7984 4.5251 5.3240 6.2008

3.0 1.7914 2.3419 2.9573 3.6430 4.4050 5.2495 6.1832
3.1 1.5484 2.1015 2.7270 3.4312 4.2211 5.1041 6.0883
3.2 1.2746 1.8213 2.4478 3.1612 3.9697 4.8822 5.9081
3.3 0.9733 1.5038 2.1206 2.8324 3.6486 4.5794 5.6359
3.4 0.6496 1.1529 1.7487 2.4466 3.2576 4.1934 5.2669

3.5 +0.3098 0.7746 1.3369 2.0074 2.7987 3.7241 4.7985
3.6 -0.0381 +0.3767 0.8923 1.5210 2.2767 3.1746 4.2315
3.7 -0.3848 -0.0314 +0.4244 0.9962 1.6994 2.5511 3.5700
3.8 -0.7198 -0.4385 -0.0553 +0.4445 1.0779 1.8636 2.8225
3.9 -1.0317 -0.8319 -0.5332 -0.1199 +0.4263 1.1259 2.0016

4.0 -1.3084 -1.1977 -0.9940 -0.6804 -0.2378 +0.3558 1.1251
4.1 -1.5382 -1.5216 -1.4209 -1.2184 -0.8941 -0.4249 +0.2152
4.2 -1.7095 -1.7893 -1.7966 -1.7136 -1.5199 -1.1915 -0.7013
4.3 -1.8124 -1.9871 -2.1039 -2.1453 -2.0907 -1.9160 -1.5936
4.4 -1.8391 -2.1032 -2.3268 -2.4930 -2.5817 -2.5692 -2.4280

4.5 -1.7844 -2.1283 -2.4513 -2.7376 -2.9685 -3.1213 -3.1692
4.6 -1.6469 -2.0567 -2.4668 -2.8632 -3.2291 -3.5437 -3.7818
4.7 -1.4292 -1.8870 -2.3670 -2.8579 -3.3452 -3.8110 -4.2326
4.8 -1.1387 -1.6231 -2.1513 -2.7153 -3.3040 -3.9027 -4.4924
4.9 -0.7876 -1.2742 -1.8252 -2.4359 -3.0995 -3.8054 -4.5392

5.0 -0.3927 -0.8557 -1.4010 -2.0281 -2.7346 -3.5149 -4.3599
1(-2)11 r-2fl 1(-2)11 1(-2)21 F(-2)21 r(-2)21 r(-2)3L5J L5J L5J L5J L5J L5J L5
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When interpolating for and for E near unity, it is better to interpolate for and then
use

2 r3I2 or '3= (-r)3!2.

The functions , of 19.10 and 19.23 are needed in Darwin's expansion and also

the function r of 19.7 and 19.20.
E r E

0.0 0.00000 0.39270 -0.70270 5.0 6.9519 5.5506 4.1079
0.1 0.05008 0.34278 -0. 64181 5.1 7.2093 5.7981 4.2291
0.2 0.10066 0. 29337 -0. 57855 5.2 7.4716 6. 0507 4.3511
0.3 0.15222 0.24498 -0. 51304 5.3 7.7388 6. 3084 4. 4738
0.4 0.20521 0.19817 -0. 44540 5.4 8.0109 6.5712 4.5972

0.5 0.26006 0.15355 -0. 37574 5. 5 8. 2880 6.8391 4. 7213
0.6 0.31713 0.11182 -0. 30415 5.6 8.5700 7.1120 4.8461
0.7 0.37678 0.07387 -0. 23071 5.7 8.8569 7.3901 4.9716
0.8 0.43929 0.04088 -0. 15549 5.8 9.1487 7. 6732 5.0977
0. 9 0.50492 0. 01468 -0. 07857 5.9 9.4454 7.9614 5. 2246

E r E r
1. 0 0. 57390 0.00000 0.00000 6. 0 9. 7471 8. 2546 5.3521
1.1 0. 64640 0. 01513 0. 08015 6.1 10. 0537 8.5530 5. 4803
1.2 0.72261 0.04341 0.16185 6.2 10. 3652 8.8564 5.6092
1. 3 0.80265 0.08086 0.24502 6.3 10. 6817 9.1649 5.7387
1.4 0. 88666 0.12617 0.32964 6.4 11. 0031 9. 4784 5. 8688

1.5 0.97473 0.17866 0.41566 6.5 11. 3295 9. 7970 5. 9996
1.6 1. 06696 0. 23786 0. 50304 6.6 11. 6608 10. 1207 6. 1310
1.7 1.16344 0.30347 0.59175 6.7 11. 9970 10. 4494 6.2631
1.8 1. 26422 0. 37527 0. 68175 6.8 12. 3382 10. 7832 6. 3958
1.9 1.36937 0.45309 0. 77300 6.9 12. 6843 11. 1220 6. 5290

2. 0 1.47894 0. 53679 0.86549 7.0 13. 0354 11.4659 6.6629
2.1 1. 59299 0.62626 0.95917 7.1 13. 3914 11.8148 6.7974
2.2 1.71155 0.72142 1.05403 7.2 13. 7524 12. 1688 6.9325
2. 3 1.83466 0.82220 1. 15004 7.3 14.1183 12. 5278 7.0682
2.4 1.96236 0.92853 1. 24716 7.4 14. 4892 12. 8919 7.2045

2.5 2. 09467 1. 04036 1.34539 7. 5 14. 8651 13. 2610 7. 3414
2.6 2.23163 1.15764 1.44470 7. 6 15. 2459 13. 6352 7.4789
2.7 2. 37325 1.28034 1. 54506 7.7 15. 6316 14. 0144 7. 6169
2.8 2. 51956 1.40843 1. 64646 7.8 16. 0223 14. 3987 7. 7555
2.9 2.67058 1.54187 1.74888 7.9 16. 4180 14. 7880 7.8947

3.0 2.82632 1. 68063 1.85229 8. 0 16. 8186 15. 1823 8. 0344
3.1 2.98681 1. 82470 1.95669 8. 1 17. 2242 15. 5817 8.1747
3.2 3.15205 1.97406 2. 06206 8. 2 17. 6348 15. 9861 8. 3155
3.3 3.32207 2.12867 2.16837 8.3 18. 0503 16. 3956 8. 4569
3.4 3.49688 2.28853 2.27562 8.4 18. 4708 16. 8101 8.5989

3. 5 3. 67648 2. 45363 2. 38378 8.5 18. 8962 17. 2296 8. 7413
3. 6 3.86089 2.62394 2.49285 8. 6 19. 3266 17. 6542 8.8844
3.7 4. 05011 2. 79946 2.60281 8.7 19. 7620 18. 0838 9. 0279
3.8 4.24416 2. 98017 2.71365 8.8 20. 2024 18. 5184 9.1720
3.9 4.44305 3.16606 2. 82536 8.9 20. 6477 18. 9581 9. 3166

4. 0 4.64678 3.35712 2. 93791 9.0 21. 0980 19. 4028 9.4617
4.1 4. 85537 3. 55335 3. 05131 9.1 21. 5532 19. 8525 9.6074
4.2 5. 06880 3. 75474 3.16554 9.2 22. 0135 20. 3073 9.7535
4. 3 5.28711 3.96127 3.28058 9.3 22. 4787 20. 7671 9.9002
4.4 5. 51028 4.17295 3.39643 9.4 22. 9488 21.2319 10. 0474

4.5 5.73833 4.38976 3.51308 9.5 23. 4240 21. 7017 10. 1951
4.6 5.97126 4. 61169 3. 63051 9.6 23. 9041 22. 1766 10. 3433
4.7 6.20908 4. 83875 3. 74872 9.7 24. 3892 22. 6565 10. 4920
4. 8 6.45178 5. 07093 3. 86770 9.8 24. 8792 23. 1414 10. 6411
4.9 6. 69938 5. 30822 3. 98743 9.9 25. 3742 23. 6314 10. 7908

5.0 6.95188 5.55062 4.10792 10.0 25.8742 24.1264 10.9410
[(_4)6] [(_3)2] [(_4)3] [(_4)6] [e-34)?] [(_4)1]
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Table 20.1. Characteristic Values, Joining Factors, Some Critical
Values (0 q ) 748

Even Solutions

cer(0, q), ce(' q)' ce' ('q)' (4q)g6,1(q), (4q)e,r(q)
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20.1. Mathieu's Equation
Canomcal Form of the Differential Equation

20.1.1 +(a-2q cos 2v)y=O

Mathieu's Modified Differential Equation

20.1.2 (a-2q cosh 2u)f=O (v=iu, y=f)

Relation Beiween Mathieu's Equation and the Wave
Equation for the Elliptic Cylinder

The wave equation in Cartesian coordinates is

ò2W ò2W ò2W
20.1.3

òx2 + + a22 +lc2W=O

A solution W is obtainable by separation of vari-
ables in elliptical coordinates. Thus, let

x=p cosh u cos y; y=p sinh u sin y; z=z;

p a positive constant; 20.1.3 becomes

20.1.4

ò2W+ i (Ò2W+Ò2W\+k2W_O
òz2 2p2 (cosh 2u cos 2v) \. òu2 òv2 J -

Assuming a solution of the form

W= p(z)f(u)g(v)

and substituting the above into 20.1.4 one obtains,
after dividing through by W,

where

0=2p2 (èosh 2ucos 2v) du2
i

{df
1d2y1

Since z, u, y are independent variables, it follows
that

o20.1.5

where c is a constant.

Again, from the fact that G=c and that u, y
are independent variables, one sets

20.1.6
d2J ia=y+(k2c)22 cosh 2u
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a=.-2+(k2_c)2p2 cos 2v

where a is a constant. The above are equivalent
to 20.1.1 and 20.1.2. The constants c and a are
often referred to as separation constants, due to the
role they play in 20.1.5 and 20.1.6.

For some physically important solutions, the
function g must be periodic, of period ir or 2ir.
It can be shown that there exists a countably
infinite set of characteristic values a,. (q) which yield
even periodic solutions of 20.1.1; there is another
countably infinite sequence of characteristic values
b,.(q) which yield odd periodic solutions of 20.1.1.

It is known that there exist periodic solutions of
period kir, where k is any positive integer. In
what follows, however, the term characteristic
value will be reserved for a value associated with
solutions of period ir or 2ir only. These character-
istic values are of basic importance to the general
theory of the differential equation for arbitrary
parameters a and q.

An Algebraic Form of Mathieu's Equation

20.1.7

(lt2) J_t 4(a2q_4qt2)y=O (cos v=t)

Relation to Spheroidal Wave Equation

20.1.8 (lt2) 2(b+1) (e_4qt2)y=Ø

Thus. Mathieu's equation is a special case of
20.1.8, with b=, c=a+2q.
20.2. Determination of Characteristic Values

A solution of 20.1.1 with y replaced by z, having
period ir or 2ir is of the form

20.2.1 (Am cos mz+Bm sin mz)
m0

where B0 can be taken as zero. If the above is
substituted into 20.1.1 one obtains

20.2.2

Ê[(am2)Amq(Am_2+Am+2)] casm 2
+ E [(am2)Bmq(Bm2+Bm2)] sin mz=0

A_m, B_m0 ni>O



Equation 20.2.2 can be reduced to one of four
simpler types, given in 20.2.3 and 20.2.4 below

20.2.3 Yo A2m+p cos (2m+p)z, p=O or i
m=O

20.2.4 YiE B2m+p Sin (2m+p), p=O or i
,n=O

If p=O, the solution is of period ir; if p=l, the
solution is of period 2ir.

Recurrence Relations Among the Coefficients

Even solutions of period ir:

20.2.5 aAoqA2=0

20.2.6 (a-4)A2--q(2A0+A4) =0

20.2.7 (a - m2)Am q(Arn_2 + Am+2) =0 (m3)
Even solutions of period 2ir:

20.2.8 (a-1)Aiq(Aj+A3)=0,

along with 20.2.7 for m3.

Odd solutions of period ir:

20.2.9 (a-4)B2qB4=0

20.2.10 (a m2)Bmq(Bm_2+Bm+2)=0 (m3)
Odd solutions of period 2ir:

20.2.11 (a-1)B1---q(B1B3)=0,

along with 20.2.10 for m3.

Let

20.2.12 Gem=Am/Am_2, GomBmIBm-2;

Gm Gem or GOm when the same operations apply
to both, and no ambiguity is likely to arise.
Further let

20.2.13 Vm (am2)/q.
Equations 20.2.5-20.2.7 are equivalent to

2

Ge2

20.2.15 Gm11(VmGm+2) (m3),
for even solutions of period ir.

Similarly

20.2.16 V1-1=Ge3; for even solutions of period
2ir, along with 20.2.15

20.2.17 Vj+1=Go3, for odd solutions of period
2ir, along with 20.2.15

273-888 0-67-47,

20.2.14 Ge2=V0; Ge4=V2-
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20.2.18 V2= Go4, for odd solutions of period ir,
along with 20.2.15

These three-term recurrence relations among the
coefficients indicate that every Gm can be developed
into two types of continued fractions. Thus
20.2.15 is equivalent to

20.2.19

Gm
i

Vm'Gm+2Vm Vm+2 Vm+4

723

1 1 (m3)

(m3)

20.2.20

Gm+2=Vm i/Gm

_T7 1 1- ' m
Vm_a Vm_4

where

=d=0; if Gm+2A281A28_2

,i=d if Gm+2B231B28_2

1; ;i0=d= 1, if Gm+2A23+11A23_i

pj d=0= 1, jf Gm+2 B2+1IB28_1

The four choices of the parameters , , d
correspond to the four types of solutions 20.2.3-
20.2.4. Hereafter, it will be convenient to sep-
arate the characteristic values a into two major
subsets:

a=a7, associated with even periodic solutions

a br, associated with odd periodic solutions

If 20.2.19 is suitably combined with 20.2.13-20.2.18
there result four types of continued fractions, the
roots of which yield the required characteristic
values

20.2.21 0-_-'-_ v_ . . =0 Roots: a2r

20.2.22

v1_1_V3_v5_V7_ .. . -
1 1 1 0 Roots: a2r+1

20.2.23 V2 T7 . =0 Roots: b2T7 TT

20.2. 24

V1-F1 - ' . .
. =0 Roots: b271

If a is a root of 20.2.21-20.2.24, then the corre-
sponding solution exists and is an entire function
of ø, for general complex values of q.

If q is real, then the Sturmian theory of second
order linear diffrential equations yields the



following:
For a fixed real q, characteristic values a,. and
b, are real and distinct, if q0; a0<b1<aj

., q>.O and a,(q), b,(q) ap-
proach r2 as q approaches zero.
A solution of 20.1.1 associated with a, or b,.
has r zeros in the interval O <z<ir, (q real).
The form of 20.2.21 and 20.2.23 shows that if
a2,. is a root of 20.2.21 and q is different from
zero, then a2, cannot be a root of 20.2.23;
similarly, rio root of 20.2.22 can be a root of
20.2.24 if qøO. It may be shown from other
considerations that for a given point (a, q)
there can be at most one periodic solution of
period ir or 2ir if q0. This no longer holds
for solutions of period sir, s 3; for these all
solutions are periodic, if one is.

b,

Power Series for Characteristic Values

20.2.25
q2 7q4 29q6 68687q8
2 +128 2304+18874368+

a1(q)=l q
q2q3 q4 11q5 49q6

64 1S36 36864+589824
b1 (q)

55q7 83q8
9437184 35389440+

q2 5q4 289 q6b2(q)=4+13824
79626240

21391q8
+458647142400+

Sq2 763q4 1002401q°a2(q) +- 13824+79626240

1669068401 q8
458647142400+

2 q3 13 5q3
a3(q)=9±j--6 64+20480+16384
b3(q)

1961q8 609q7
23592960 + 104857600+

q2 317q4 10049q6
b4(q)=16±30 864000+2721600000+

q2 433q4
a4(q)=16f.j0+864000

a(-
b5(q)

L 37q6
m891813888

q2 187q4 5861633q6b6(q) rr36++ 0 92935987200000+

a2 187q4 6743617q6
a6(q) =36+qj+43904000+92935987200000+

For r7, and qJ not too large, a,. is approxi-
mately equal to b,., and the following approxima-
tion may be used

20.2.26

:}r2+
q2 (5r2+7)q4

= 2(r2_1)+32(r2_1)3(r2_4)

(9r4+58r2+29) q6
+64(.2_1)5fr2_4)(?.29)+

5701q6
2721600000+

q5

147456
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The above expansion is not limited to integral
values of r, and it is a very good approximation
for r of the form n+ where n is an integer. In
case of integral values of r=n, the series holds
only up to terms not involving r2n2 in the
denominator. Subsequent terms must be derived
specially (as shown by Mathieu). Muiholland
and Goldstein [20.38] have computed character-
istic values for purely imaginary q and found that
a0 and a2 have a common real value for iI in the

neighborhood of 1.468; Bouwkamp [20.5] has
computed this number as q0= ±i 1.46876852 to 8
decimals. For values of iq>--iq0, a0 and a2
are conjugate complex numbers. From equation
20.2.25 it follows that the radius of convergence
for the series defining a0 is no greater than q0.
It is shown in [20.36], section 2.25 that the radius
of convergence for a2,,(q), n2 is greater than 3.
Furthermore r.

Power Series in q for the Periodic Functions (for
sufficiently small. lq )

20.2.27

ceo(z, q)=21 [i_y cos 2z+q2
(cos4z 1)

fcos 6z 11 cos 2z- 1152 128

ce1(z, q)=cos z cos 3z

2 rcos 5z CO5 3z cos z+q
L 192 64 128

rcos 7z cos 5z cos 3z cos z
L9216 1152 3072 +512

MATHIETJ FUNCTIONS

/cos4z 1\ /cos6z l9cos2z\
ce2(z, q)=cos 2zq(\

12 )+ 384 288
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siri4 2/sin6z sin2z\se2(z, q)=sin2zq
12 + ( 384 288 )+...

20.2.28

ce(z, q) ..Icos [(r+2)zp (I=cos (rzp(ir/2))q
l4 4(r+1)se(z, q)

cos [(r-2)zp(ir/2)]
4(r-1)

+q2{c°5
[(r+4)zp(irI2)] cos[(r-4)zp(ir/2)]
32(r+1)(r+2) + 32(r.1)(r-2)

[rzp(ir/2)] [2(r2+1)
32 L(r2_1)21}+"

with p=O for ce(z, q), p=l for se7(z, q), r3.

cer

1.2

S'.

S'
SS I

S' S'.. /
S' ce0 ssj

S' 1"
S'

f
¡1

\
ce2\

I , ' \
S' li \./

30° \ 400 500 600 0° 60° 900/\
I/ S'

ce I
S'\\\

/ \\\/I\ \ce5
S"

S

I\
\/

I, /
///
/ .5....-

-lo

FIGuRn 20.2. Even Periodic Mat hieu Functions, Orders O-5
q= 1.

se1(z, q)=sin zt

2

Sfl 3z

rsin 5z sin 3z sin z

sin z +

+192+
Sjfl

64

7z sin 5z

128

sin 3z
L 9216 + 1152 3072 512
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FIGURE 20.3. Odd Periodic Mathieu Functions, Orders 1-5
q=1.
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FIGuRE 20.4. Even Periodic Mat hi eu Functions, Orders O-5
q=10.

-I.0

jse

1K

\

0° 20° SO° 400 500 600 7' 800 /900

FIcrnRE 20.5. Odd Periodic Mat hieu Functions, Orders 1-5
q=10.

For coefficients associated with above functions

20.2.29

A00 (0) =2; A;(0)=B(0)=1, r>O
A0=(_1)8q8Is! s! 228_1] A+ ., s>O

q8 /48 (r+s)! s!] C+
B; +2.

rs>O, G;=A or B;

(rsl)! q8A_28 or B;20= s!(r-1)! 48

Asymptotic Expansion for Characteristic Values, q» i

Lét w2r+l, q=w4ç*, rea1. Then

20.2.30 f 3
(W+-

2

d1 c12 d3 d4

se1

where
2124, 2174,3/2 2204,2 22&ç05/Z

33 410 405



1260 2943 486d3=+
4

+ w6

527 15617 69001 41607
+

w7 + w9

20.2.31 b+1 _a,.247+5i /.qI'+e '/r!, q-

(given in [20.36] without proof.)

20.3. Floquet's Theorem and Its Consequences

Since the coefficients of M athieu's equation

20.3.1 y"+(a-2q cos 2z)y=0

are periodic functions of z, it follows from the
known theory relating to such equations that
there exists a solution of the form

20.3.2 F(z) -eP(z),
where x' depends on a and q, and P(z) is a periodic
function, of the same period as that of the
coefficients in 20.3.1, namely w. (Floquet's
theorem; see [20.16] or [20.22] for its more general
form.) The constant y is called the characteristic
exponent. Similarly

20.3.3 Fp(_z)=e9zP(_z)

satisfies 20.3.1 whenever 20.3.2 does. Both F(z)
and F(-z) have the property

20.3.4

y(z+kir)=Cky(z), y=F(z) or
C=-e for F(z), C=e for F(-z)

Solutions having the property 20.3.4 will hereafter
be termed Floquet solutions. Whenever F(z)
and F(-z) are linearly independent, the general
solution of 20.3.1 can be put into the foriri

20.3.5 yAFr(Z) +BF(- z)
If AB0, the above solution will not be a Floquet
solution. It will be seen later, from the method
for determining xi when a and q are given, that
there is some ambiguity in the definition of xi;
namely, xi can be replaced by xi+2k, where k is an
arbitrary integer. This is as it should be, since
the addition of the factor exp (2ikz) in 20.3.2 still
leaves a periodic function of period ir for the
coefficient of exp xiZ.

It turns out that when a belongs to the set of
characteristic values a,. and b,. of 20.2, then xi is
zero or an integer. It is convenient to associate
'=r with a,.(q), and v= -r with b,.(q); see [20.36].
In the special case when xi is an integer, F(z) is

MATHIEU FUNCTIONS

proportional to F1. ( z); the second, independent

solution of 20.3.1 then has the form

20.3.6 y2=zce,.(z, q)+ d, sin (2k+p)z,

associated with ce,.(z, q)

s
20.3.7 y2=zse,.(z, q)+Ef2k+P cos (2k+p)z,

k=O

associated with se,.(z, q)

The coefficients d+ and f2k+p depend on the cor-
responding coefficients Am and Bm, respectively,
of 20.2, as well as on a and q. See [20.30], section
(7.50)-(7.51) and [20.58], section V, for details.

y is not an integer, then the Floquet solutions
F1.(z) and F(-z) are linearly independent. It
is clear that 20.3.2 can be written in the form

20.3.8 F(z)=E c2ke«.
From 20.3.8 it follows that if xi is a proper fraction
m1/m2, then every solution of 20.3.1 is periodic,
and of period at most 2xrm2. This agrees with
results already noted in 20.2; i.e., both independent
solutions are periodic, if one is, provided the period
is different from ir and 2ir.

Method of Generating the Characteristic Exponent

Define two linearly independent solutions of

20.3.1, for fixed a, q by

yi(0)=l;(0)=O.
20.3.9

y(0)=O; y(0)=l.

Then it can be shown that

20.3.10 cos ,rv-yj(ir)=O

¡ir\ fir\
20.3.11 cos irv- l2y 1/2

Thus xi may be obtained from a knowledge of

y (ir) or from a knowledge of both y () and 1/2 ()
For numerical purposes 20.3.11 may be more
desirable because of the shorter range of integra-
tion, and hence the lesser accumulation of round-
off errors. Either xi, xi, or ±v+2k (k an arbi-
trary integer) can be taken as the solution of
20.3.11. Once xi has been fixed, the coefficients
of 20.3.8 can be determined, except for an arbitrary
multiplier which is independent of z.

The characteristic exponent can also be com-
puted from a continued fraction, in a manner
analogous to developments in 20.2, if a sufficiently
close first approximation to xi is available. For
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- m
-m-2 -m-4

From the form of 20.3.13 and the known properties
of continued fractions it is assured that for
sufficiently large values of in both IGmI and

[H-ml converge. Once values of Gm and H_m are
available for some sufficiently large value of m,
then the finite number of ratios Gm_2, Gm_4, . . ., Go
can be computed in turn, if they exist. Similarly
for H_m+2, . . ., H,. It is easy to show that y is
the correct characteristic exponent, appropriate
for the point (a, q), if and only if H,G0= 1. An
iteration technique can be used to improve the
value of y, by the method suggested in [20.3].
One coefficient Cj can be assigned arbitrarily; the
rest are then completely determined. After all
the c, become available, a multiplier (depending
on q but not ou z) can be found to satisfy a
prescribed normalization.

It is well known that continued fractions can
be converted to determinantal form. Equation
20.3.14 can in fact be written as a determinant
with an infinite number of rowsa special case of
Hill's determinant. See [20.19), [20.36], [20.151,
or [20.30] for details. Although the determinant
has actually been used in computations where
high-speed computers were available, the direct
use of the continued fraction seems much less
laborious.

Special Cases (a, q Real)

Corresponding to q=0, y1=cos z, y2=sin /z;
the Floquet solutions are exp (iaz) and exp (-iaz).
As a, q vary continuously in the qa plane,
y describes curves; y is real when (q, a), q O

lies in the region between ar(q) and b1(q) and

FUNCTIONS

4.0

3.5

3.0

2.5

2.0

'.5

-'.0

-'.5

-2.0

u.0

2.0

2.5

FIGURE 20.6. Characteristic Exponent-First Two Stable
Regions y= eP(x) where F(s) is a periodic function of
period ir.

Definition of e;
In first stable region, O e 1,

In second stable region, i v 2.
(Constructed from tabular values supplied by T. Tamir, Brooklyn

Polytechnic Institute)

FIGURE 20.7. Characteristic Exponent in First Unstable
Region. Differential equation: y" + (a-2q vos 2x)y=O.
The Floquet solution y=e"'P(x), where P(x) is a periodic

function of period ir. In the first unstable region, viy;
i is given for a 5. (Constructed at NBS.)
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systematic tabulation, this method is considerably
faster than the method of numerical integration.
Thus, when 20.3.8 is substituted into 20.3.1,
there result the following recurrence relations:

20.3.12

where

20.3.13 V2=[a(2n+v)2]/q, <fl<.
When y is complex, the coefficients V2 may also
be complex. As in 20.2, it is possible to generate
the ratios

GmCmICm_2 and H.m=C_m_21C_m

from the continued fractions

20.3.14
i i

GmT7 17
Vm Vm+2

i i

m>0

m0.
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Charts of the Characteristic Exponent.
(From S. J. Zaroodny, An elementary review ci the Mathieu-Hifl equation of real variable based on numerical solu-

tions, Ballistic Research Laboratory Memo. Rept. 878, Aberdeen Proving Ground, Md., i955, with permission.)
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FIGURs 20.10. Chart of the Characteristic Exponent.
(From S, J. Zarooduy, An e1ementar review of the Mathieu-Hill equation

of real variable based on numerical solutions, Ballistic Research Laboratory
Memo. Rept. 878, Aberdeen Proving Ground, Md., 1955, with permission)

s e' = constant; ire un8t able regions
- - - - v=constant; in stable regions
- - - Lines of constant values of q.

all solutions of 20.1.1 for real z are therefore
bounded ,stable); y is complex in regions between
b7 and a7; in these regions every solution becomes
infinite at least once; hence these regions are
termed "unstable regions". The characteristic
curves a7, b7 separate the regions of stability.
FQr negative q, the stable regions are between
627+1 and 627+2, a27 and a27+ ; the unstable regions are
between a27+1 and b27+1, a27 and b27.

In some problems solutions are required for real
values of z only. In such cases a knowledge of
the characteristic exponent y and the periodic
function P(z) is sufficient for the evaluation of
the required functions. For complex values of z,
however, the series defining P(z) converges slowly.
Other solutions will be determined in the next
section; they all have the remarkable property
that they depend on the same coefficients Cm
developed in connection with Floquet's theorem
(except for an arbitrary normalization factor).
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(v1,2,3).
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Expansions for Small q ([20.361 chapter 2)

If y, q are fixed:

20.3.15

av +2(y2_1)+32(p2_1)3(y2_4)
q2 (5v2+7)q4

(9v4+58v2+29) q8
+64(v2_1)5(p2_4) (p2_9)+

For the coefficients c of 20.3.8

20.3.16 /014 Iq (y-t-48v-t-.')q" +Cl/Co4(+l) 128(v+1)3(v+2)(v-1)
(v1,2)

c4/co= q2/32 (v+ 1) (v+2) +

c28Ico=(-1)qr(v+1)I22's!r(v+s+l)+
20.3.17

( e«_2)z l'1
F(z)=co [ei_ 4(l) 4(v-1) ìl+

(y not an integer)

For small values of a

20.3.18

ar2 a2ir4

_L2[i+a(i_Ç)+...]

+q4(25ir2 -...)+
20.4. Other Solutions of Mathieu's Equation

Following Erdélyi [20.14], [20.15J, define

20.4.1 t(Z) = cos (z b)/cos (z + b)] J(f)

where

20.4.2 f=2[q cos (zb) cos (z+b)]'.,
and Jk(J) is the Bessel function of order k; b is a
fixed, arbitrary complex number By using the
recurrence relations for Bessel functions the follow-
ing may be verified:

20.4.3
d2'p

dz2
.2q(cos 2z),k+q(ç2+ok+2) +k2,=0.

It follows that a formal solution of 20.1.1 is given
by

20.4.4 Cflep5np

34 35
20

.8

1.6

1.4

1.2

2a
- LO

a

t
.8

30 31 32 33 34 35



where the coefficients ce,, are those associated with
Floquet's solution. In the above, y may be
complex. Except for the special case when y is
an integer, the following holds:

P2n+,-2, -2n+r' 4fl2

2n+ '-2n+p+2 q[cos (zb)]2

If y and n are integers, J2(/)=(i)'J2,,(fl.

-Ecos (z b)]2q/4n2

4n2/q Ecos (zb)]2

On the other hand

c2n c_2t&

C2,2 4212

It follows that 20.4.4 converges absolutely and
uniformly in every closed region where

Jcos (zb)j>di>1.

There are two such disjoint regions:

.f(zb) >d2>O; (jcos (zb) >d1> 1)

f(zb)<--d2<0; (!cos (zb)l>dj>1)

If i' is an integer 20.4.4 converges for all values of
z. Various representations are found by special-
izing b.

20.4.5

If b==O, y=e"2 cos z)

(!cos zI>1, arg cos zf ir)
20.4.6

If b=, y= c2J2(2i-.[q sin z)

(Jsin zi>?, Jarg2vsin z1r)

If b-. i, y reduces to a multiple of the solution
20.3.8. The fact that 20.3.8, 20.4.5, and 20.4.6
are special cases of 20.4.4 explains why it is that
these apparently dissimilar expansions involve
the same set of coefficients e2,,.

Since 20.4.4 results from the recurrence proper-
ties of Bessel functions, Jk(f) can be replaced by

j=1, 2, where H' is the Hankel function,
at least formally. Thus let

cos (zb)/cos (z+b)]H'>(f)

(n )

/ (fl_.)
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where J satisfies 20.4.2. An examination of the
ratios 2n+VAt'2n+P_2 shows that

I(I)y c2ny'2,,+

will be a solution provided

cos (zb)j>1; cos (z+b)I>1.

The above two conditions are necessary even
when z' is an integer. Once b is fixed, the regions

in which the solutions converge can be readily

established.
Following [20.36] let

20.4.7

J(x)=Z»(x); Y(x)=Z2(4;
(x) = (z); H2 (z)= Z4 (z)

If z is replaced by iz in 20.4.5 and 20.4.6

solutions of 20.1.2 are obtained. Thus

20.4.8

e2,,('"7' (2.Icosh z)L) -'2n+p-e

(Icosh zI>1)
20.4.9

c2,,Z!,ì+,,(2'J sinh z)

(Jsinh z>1, j=l, 2, 3, 4)

The relation between yJ) (z) and yi) (z) can be
determined from the asymptotic properties of the
Bessel functions for large values of argument. It
can b shown that

20.4.10

y) (z)/y>(z)= (4'z>0).

When z' is not an integer, the above solutions
do not vanish identically. See 20.6 for integral
values of z'.

Solutions Involving Products of Bessel Functions

20.4.11

yi) (z) c2,,( 1 "Z'> (,/e) J,,_,(-/e
£Z)

/ ,t+P+3
c2$

(j=1, 2, 3, 4)

satisfies 20.1.1, where Z! (u) is defined in 20.4.7,

the coefficients e2, belong to the Floquet solution,
and s is an arbitrary integer, c2 0. The solution
converges over the entire complex z-plane if q 0.
Written with z replaced by iz, one obtains
solutions of 20.1.2.



20.4.12
i

J fl++8M(z, q)=- E c(-1'Z> (ez)Jn_s(/e)

It can be verified from 20.4.8 and 20.4.12 that

(i)( )
20.4.13 M(z,q)°' (.z>0)

provided e23 0. If c23=0, the coefficient of 1/c23
in 20.4.11 vanishes identically. For details see
[20.43], [20.15], [20.36].

If s is chosen so that jc2j is the largest coefficient
of the set cru, then rapid convergence of 20.4.12
is obtained, when .q'z>0. Even then one must
be on guard against the possible loss of significant
figures in the process of summing the series,
especially so when q is large, and z small. (If
j l, then the phase of the logarithmic terms
occurring in 20.4.12 must be defined, to make the
functions single-valued.)

20.5. Properties of Orthogonality and
Normalization

If a(v+2p, q), a(v+2s, q) are simple roots of
20.3.10 then

I1
20.5.1 F,2(z)F,23(z)dz=0, if p08.

./0
Define

20.5.2 ce(z, q)=[F,(z)+F(z)];

8e(z, q)=i [F,(z)F(z)]
ce(z, q), se(z, q) are thus even and odd functions
of z, respectively, for all i' (when not identically
zero).

If y is an integer, then ce(z, q), se3(z, q) are
either Floquet solutions or identically zero.
The solutions ce7(z, q) are associated with a7;
se7(z, q) are associated with .b; r an integer.

Normalization for Integral Values of y and Real q

¡'2W

20.5.3 [ce7(z,q)]2dz=J [ser(z,q)]2dz=ir
Jo o

For integral values of y the summation in
20.3.8 reduces to the simpler forms 20.2.3-20.2.4;
on account of 20.5.3, the coefficients Am and Bu
(for all orders r) have the property

20.5.4

2A+A+ . . .

20.5.5

A =- f 2ce23(z, q)dz; A= f
2w

ce7(z, q) cos nzdz

1í'27B=- se7(z, q) sm rtzdz
ir j

For integral values of y, the functions ce7(z, q)
and se7(z, q) form a complete orthogonal set for
the interval O z2ir. Each of the four systems
ce27 (z), ce27+i (z), se27(z), se2r+j (z) is complete in the
smaller interval O z kir, and each of the systems
ce7(z), se7(z) is complete in 0zir.

If q is not real, there exist multiple roots of
20.3.10; for such special values of a(q), the integrals
in 20.5.3 vanish, and the normalization is therefore
impossible. In applications, the particular nor-
malization adopted is of little importance, except
possibly for obtaining quantitative relations be-
tween solutions of various types. For this reason
the normalization of F.(z), for arbitrary complex
values of a, q, will not be specified here. It is
worth noting, however, that solutions

ace7(z, q), ßse7(z, q)

defined so that

ace7(0, q)=1; ßse,(z, q)]

are always possible. This normalization has in
fact been used in [20.59], and also in [20.58],
where the most extensive tabular material is
available. The tabulated entries in [20.58] sup-
ply the conversion factors A= i/a, B= 1/ß, along
with the coefficients. Thus çonversion from one
normalization to another is rather easy.

In a similar vein, no general normalization will
be imposed on the functions defined in 20.4.8.

20.6. Solutions of Mathieu's Modified Equation
20.1.2 for Integral y (Radial Solutions)

Solutions of the first kind

20.6.1

Ce27(z, q)=ce27+,(iz, q)

=E A;(q) cosh (2k+p)z
k-0

associated with a7

nOO
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se,. (, q) tanh z0
20.6.5 Se27(z, q) = E (qB7 k-1

20.6.7 Mc(z, q)=E (_1)T+kA(q)[J,(u1)Z/3(u
k=O

)k2kBk,J(2,,/ cosh z)

se7(0, q)
- qB coth z 2kB2J2k(2/ smb z)

fir
se2r+i ' q)

20.6.6 Se271(z, q)= fffr+i tanh z Ê (_l)k(2k+l)B2+IJ2k+i(2f cosh z)
k=O

= ' B21J21(2. smb z)
k-O

See [20.301 for still other forms.
Solutions of the second kind, as well as solutions of the third and fourth kind (analogous to Hankel
functions) are obtainable from 20.4.12.

) + J,(u1)Z/23 (u2) ]/3A

where 3=l, for s=1, 2, . . .; s arbitrary, associated with a27
w

20.6.8 fc2Ç'1(z, q)= (1)7 Z/$+l(u2)+Jk+S+l(ul)Z3(ul)1' A2r+1Jj LI23 +
kO

associated with a271

20.6.9 Ms,',? (z, q)= (- l)TB.; (q) [J_3(u1)Z. (u2) Jk3(ul)Z'2, (u2) ]/B, associated with b27
k1

k+r D2r+1f20.6.10 Ms+1(z, q)= (-1) 2.+j
k=O

associated with b272
where

u1=/e, u=/et, A; 0, p-O, 1.
See 20.4.7 for definition of Z' (x).

Solutions 20.6.7-20.6.10 converge for all values of z, when q 0. If j==2, 3, 4 the logarithmic terms
entering into the Bessel functions Ym(U2) must be defined, to make the functions single-valued. This
can be accomplished as follows:

Define (as in [20.58])

20.6.11 In (fe2)=ln (V)+z
See [20.151 and [20.36], section 2.75 for derivation.
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20.6.2 Se27(z, q)=ise2rp(iz, q) =E (q) smb (2k+p)z, associated with b.
k=O

writing AiD(q)=A2 for brevity; similarly for B2;p=0, 1,2k+p \

'ir \
ce27 (, q)

20.6.3 0e27(z, q) E (_l)kAlkJ2k(2V cosh Z)=2r«) q)
kO

, A2J2(2 sinh z)

¡ir
ce271 ' q)

(-1)1AlïJ2k+l(2 cosh z)20.6.4 Ce27i(z, q) = A1 ko
ce271(0,q)

coth zE (2k+1)A2k+lJ2k+l(2 sinh z)
k=O
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Other Expressions for the Radial Functions (Valid Over More Limited Regions)

20.6.12 McW(z, q)=[ce27(O, q)1' cosh z)
k =0

.2Wc1(z, q) =[ce2ri(O, q)1' (-1)-' Aar+i (q)Z'1 (2./ cosh z)-2k+l
!c=0

20.6.13 (z, q) = [se (O, q) } tanh z (- l)+ T2kB (q)Z (2 cosh z)

MsW1(z, q)=[se,+i(O, q)]1 tanh z cosh z)

Valid for .gz>O, bosh zI>1; if j==1, valid for all z. They agree with 20.6.7-20.6.10 if the Bessel
functions Ym(2q1 cosh z) are made single-valued in a suitable way. For example, let

(in U)Jm(U)+çt'(tt)

where (u) is single-valued for all finite values of 'u. With u=2q1 cosh z, define

20.6.14 in (2qcosh z)=ln 2q1+z+ln (l+e) - arg (1+e_25).

(If q is not positive, the phase of in 2q1 must also be specified, although this specification will not
affect continuity with respect to z. If Ym(U) is defined from some other expression, the definition
must be compatible with 20.6.14.)

FIGURE 20.11. Radial Mathieu Function of the First Kind.
(From J. C. Wiltse and M. J. King, Values of the Mathieu functions, The

Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958,
with permission)

J '
M](z,q)

. -..---.-

q'7 . V
A

: /

ci=225

FIGURE 20.12. Derivative of the Radial Mathieu Function
of the First Kind.

(From J. C. Wiltse and M. J. King, Derivatives, zeros, and other data per
taming to Mathleu functions, The Johns Hopkins Univ. Radiation Lab
oratory Tech. Rept. AF-57, 1958, with permission)
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¡'Ms21(z,q)

FIGURE 20.13. Radial Mathieu Function of the Second Kind.

(From J. C. Wiitse and M. J. King, Values of the Mathieu functions, The

Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958,
with permission)
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FIGURE 20.14. Radial Mathieu Function of the Third Kind.

(From J. (J. Wiltse and M. J. ICing, Values of the Mathieu functions, The
Johns Hopkins Univ. Radiation Laboratory Tech. Rept. AF-53, 1958,
with permission)

131 (zq)

.4

.2

I.0



If j==1, and Ms,p=O, lare solutions
of the first kind, proportional to Ce2+ and Se2,.+,
respectively.

Thus

20.6.15

ce2,. ('q) ce2,.(O, q)
Mc2'(z, q)Ce27(z, q) (l)'A

1r \
ce,.+j (\'q ) ce2+i(O, q)

Ce2+j(z, q)= (_1)r+1IA2r+1i

se, (0, q)se,. (, q)
]kfsW(z, q)Se2,.(z,q) (l)7qB

1ir \
se,.i(0, q)se2,.1 (' q)

Se2,.j(z,q)= \ Ms)+1(z,q)(l)t'Br1
The Mathieu-Hankel functions are

20.6.16
1LI3(z, q)=.2lf»(z, q)+iltf (z, q)

.7k! 4) (z, q)=1W(z, q)iAI(z, q)
orMs.

From 20.6.7-20.6.11 and the known properties
of Bessel functions one obtains

20.6. 17

M,(z+in7r, q)
= ( l)"'[M+,(z, q) +2niM+(z, q)]

M(z+inir, q)
=(l)''[M(z, q) 2nAf,(z, q)]

M+(z+in7r, q)
= (i)"[M,(z, q) +2nM+,(z, q)]

where M=Mc or Ms throughout any of the above
equations.

Other Properties of Characteristic Functions, q Real
(Associated With a,. and b.)

Consider

20.6.18

Xj=Mc(z, q)+Mc(z, q);
X2=Ms(z, q)Ms(z, q)

Since X1 is an even solution it must be proportional
to Mc° (z, q); for 20.1.2 admits of only one even
solution (aside from an arbitrary constant factor).
Similarly, X2 is proportional to Ms (z, q). The
proportionality factors can be found by considering
values of the functions at z=0. Define, therefore,

.Afc1(z, q)

MATHIEU FUNCTIONS

20.6.19

1kfc(z, q)=Ik!c(z, q)__2f,McI)(z, q)

20.6.20

A1s(z, q)=.Ms(z, q)-2f0,,.Ik!s'(z, a)

where

20.6.21

Je, r Mc (0, q)/Mc (0, q)

fo, .Tk!s (z, q)/ Ms» (z, q)]
z-O

See [20.58].
In particular the above equations can be used to

extend solutions of 20.6.12-20.6.13 when gz<0.
For although the latter converge for ,?2<0,
provided only cosh zj>1, they do not represent
the same functions as 20.6.9-20.6.10.

20.7. Representations by Integrals and Some

Let
Integral Equations

20.7.1 0(u)- K('u, t)V(t)dt
C

be defined for u in a domain U and let the contour
C belong to the region T of the complex t-plane,
with t='y0 as the starting point of the contour
and t=y1 as its end-point. The kernel K(u, t)
and the function V(t) satisfy 20.7.3 and the
hypotheses in 20.7.2.

20.7.2 K(u, t) and its first two partial derivatives
with respect to u and t are continuous for t on C

dVand u in U; V and are continuous in t.

20.7.3

i d2V[v_K] =0; --±(a-2q cos 2t)V=0.

If K satisfies

Ò2K Ò2K20.7.4
òu2

+_jr+2q(cosh 2ucos 2t)K=0

then 0(u) is a solution of Mathieu's modified
equation 20.1.2.

If K(u, t) satisfies

Ò2K Ò2K
20.7.5 + 2 +2q(cos 2ucos 2t)K=0

then 0(u) is a solution of Mathieu's equation
20.1.1, with u replacing y.

735



736 MATHIEU

Kernels K,(z, t) and K,(z, t)

20.7.6 K1(z, t)=Z'(u)[M(z, j)J_W2, (.z>O)
where

20.7.7 u='2q(cosh 2z+cos 2t)

20.7.8 M(z, t)=cosh (z+it)Icosh (zit)

To make M single-valued, define

20.7.9

cosh (z+iir)=ecosh z
cosh (ziir)=e'cosh z
M(z, 0)=1

[Ik!(z, r)] =e"M(z, 0)

Let

20.7.10 G(z, q)= f K1(u, t)F(t)dt, (.lz>O)

where Fv(t) is defined in 20.3.8. It may be verified
that K1?,, satisfies 20.7.3, K satisfies 20.7.2 and
20.7.4. Hence G is a solution of 20.1.2 (with. z
replacing u). It can be shown that K1 may be re-
placed by the more general function

20.7.11

K2(z,t)=Z23(u)[M(z,t)], s any integer.

See 20.4.7 for definition of Z23(u).

From the known expansions for Z+28(u) when
z is large and positive it may be verified that

20.7.12

M'(z, q)=

(1)
fT Z2,(u) [:: :t13Ftdt

(,1'z>0, .?(v+)>O)
where M,'>(z, q) is given by 20.4.12, 8=0, 1,
c230, and F,,(t) is the Floquet solution, 20.3.8.

Kernel K3(z, t, a)

20.7.13 K3(z, t, a)=e2i

where

20.7.14 w=cosh z cos a cos t+sinh z sin a sin t

20.7.15 G(z, q, )
2i,[wF(t)dt

FtINCTION

where F,,(t) is the Floquet solution 20.3.8. The
path C is chosen so that G(z, t, a) exists, and
20.7.2, 20.7.3 are satisfied. Then it may be
verified that K3(z, t, a), considered as a function
of z and t, satisfies 20.7.4; also, considered as a
function of a and t, K3 satisfies 20.7.5. Conse-
quently G(z, q, a) = Y(z, q)y(a, q), where Y and y
satisfy 20.1.2 and 20.1.1, respectively.

Choice of Path C. Three paths will be defined:

20.7.16

Path C3: from dj+i to d2i, d1, d2 real

d1<arg [{cosh (z+ia)±1}}<irdj

d2<arg RI{cosh (zia)±1}]<irdz
20.7. 17

Path 04: from d2i to 2irH-ico d1

(same d1, d2 as in 20.7.16)

20.7.18

2i./WF(t)dg j=3, 4

T-iv
e 2

F,,(a)M(z, q)=
r 'c.

where M(z, q) is also given by 20.4.12.

20.7.19 Path C.: from dj+i to 2irdi+i
r- 'V

eF,,(a)M"(z, q)=

See [20.36], section 2.68.
If y is an integer the paths can be simplified;

for in that case F,,(t) is periodic and the integrals
exist when the path is taken from O to 2r. Still

further simplifications are possible, if z is also real.
The following are among the more important

integral representations for the periodic functions
CSr(Z, q), se(z, q) and for the associated radial
solutions.

Let r=2s+p, p=O or i

20.7.20

) e'11'°F,,(t)dt
cl

cer(z,q)=pr cos(2-/cos zcost_p) ce.r(t, q)dt
.10



20.7.31

20.7.32

20.7.33

u7=ce23(O, q)/A'(q) if p=O;
ir

r= se3(O,q )/JB'(q), if p==O;
ir

Let
20.7.25

20.7.26

MsW+j(z, q)-4

M(z, q)=

MsW(z,

ce,,ï(O, q)/A''(q), if p=l; associated with functions cer(z, q)

r se,1(O, q)/-/B'1(q), if p=1; associated with se(z, q)

Integrals Involving Bessel Function Kernels

u=-f2q(cosh 2z+cos 2t), (?cosh 2z>1; if j=1, valid also when z=O)

T T
(_1)r2 !'

Mc/,?(z, q)= irAt J
Z'(u)ce,r(t, q)dt;Ifc1(z, q)=(1)81f cosh z f'Zf'u) cos t ce,7j(t, q)dt

o
irAtH o u

T

20.7.27 Ms(z, q)=(1)8q sinh 2zf' Z'(u sin 2t se,(t, qdt
irBT o

M' (_1)T8f sinh z ( Z'(u) sin t se,r+i(t, q)dt
ß+1 j0

In the above the j-convention of 20.4.7 applies and the functions Mc, Ms are defined in 20.5.1-
20.5.4. (These solutions are normalized so that they approach the corresponding Bessel-Hankel
functions as .qz* .)

Other Integrals for Mc'>(z, q) and Ms'(z, q)
T

(__1)82 f cosh z cos t_p) cer(t, q)dtcos20.7.28 Mc"(z,q)(Ø)
r

20.7.29 Mc'>(z, q)=r7f2 [(lp)+p cosh z cos t] cos (2í sinh z sin t)Cr(t, q)dt
o

r-2s+p, pO, 1; (-1)'/ce2, (, q), if p=O; rr= (_1)3+12//ce+i (' q)
I.

2 (_1)t ,,20.7.30 Ms1(z, )-7
11r J

sin (2/ sinh z sin t)se2r+i(t, q)dt
se2r+1 (' q)

°

J sinh z sin t cos (2-f cosh z cos t)se2+1(t, q)dt
se7+1(O, q) o

T(_i)t+1 I'

se7(O, q) J
sin (2 cosh z cos t) [sinh z sin t se, (t, q)]dt

o

r
(-1)Tf "

J
sin (2/ sinh z sin t)[cosh z cos t se2(t, q)]dt

8e (, q) °
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20.7.21 ce7(z, q)=o I cosh (2 sin z sin t)[(1p)+p cos z cos i]ce7(t, q)dt
Jo

20.7.22 se7(z, q)=p7j sin (2-1 cos z cos t+p sin z sin t se7(t, q)dt
o

20.7.23 ser(z, sinh (2/ sin z sin t)[(1p) cos z cos t+p]se7(t, q)dt
o

where
2 (ir,q)/. 2 ¡ir "

20.7.24 p=ce2, - (q); p=0p7= (, q) /'JA1(q) if p=1, for functions ce(z, q)
ir ir

41uir\ 4
se2, (' q) /VB.'(q); Pr= se231 (? q) /B''(q), for functions se(z, q)

ir ir



Additional forms in [20.30], [20.36], [20.15].

20.8. Other Properties

Relations Between Solutions for Parameters q and q
Replacing z by kir z in 20.1.1 one obtains

20.8.1 y"+(a+2qcos 2z)y=O
Hence if u(z) is a solution of 20.1.1 then u(1rz)
satisfies 20.8.1. It can be shown that

20.8.2

a(v, q)=a(v, q)=a(v, q), y not an integer

y not an integer

(C2m defined in 20.3.8) and p depending on the
normalization;

F,(z, q)rpe"'2F q)=pe112Fv(z_ q)
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Further with w=cosh z cos a cos t+sinh z sin a sin t

20.7.34 ce7(a, q)Ic"(z, q)=(_1) 1

e2i*Jcer(t, q)dt
2ir

20.7.35 ser(a, q)Ms1>(z, e'Jse7(t,q)dt.

The above can be differentiated with respect to a, and we obtain

(-1)(j)-'-1%í 2r òw
20.7.36 ce(a, q)Mc'(z, q)= eñ0- cer(t, q)dt

ir i: òa

20.7.37 se(a, q) Ms° (z, q)(_1)('+ f2T,w
' se,.(t, q)dt

ir òa

Integrals With Infinite Limits

r=2s+p

In 20.7.38-20.7.41 below, z and q are positive.

20.7.38 Me» (z, q) sin (2 /j cosh z cosh t+p Me (t, q)dt

','=2ce2, (, q) /irA', if p=0 y=2ce,+1 (, q) iî irA1, if p=1

20.7.39 (z, q) =y f sinh z sinh t (2. cosh z cosh tp )] Ms"(t, q)dt
o

'y=4se8 (, q) /ifirB°', if p=O 'y,.=-4se28j (, q) /irB', if p1

20.7.40 Mc(z, q) =y. cos (2. cosh z cosh tp ) Mc' (t, q)dt

y=-2ce2,(ir, q)/irA, if p=O 7r=2ces+i(ir, q)/irA'', if p=1

20.7.41 Ms (z, q) =?r sin (2. cosh z cosh t+p ) sinh z sinh t Mss" (t, q)dt

7r=48es(ir, q)// irB228, if pO 7=4se28+l(41r, q)/irBj2'", if p1



20.8.3

a2r(-q)=a2r(q) b2(-q)=b,7(q), for integral
a2r+1(-q) =b2,(q), b271(-q) =a2r+1(q)

20.8.4
ce2(z, -q)=(-1'ce2r(ir-z, q)

ce2+j(z, q)

se27+,(z, -q)=(- 1)rce2î+i(ir_z, q)

se27(z, -q)=(-1)''se2(ir-z, q)

For the coefficients associated with the above
solutions for integral y:

20.8.5

Af,(-q) = (- 1)mA,(q);
= (- 1)mTB,(q)

A4u'- \_(_1\m-rT2r+1f \.
2m+i\ L) 2,n+lq,,

¡2r+1 (_ \ - 1_1 \m-142r+1 (
2m+1 q,- i 2m+1q

For the corresponding modified equation

20.8.6 y"-(a+2q cosh 2z)y=O

20.8.7

M'(z, _q)=M5)(z+i, q)'

M' (z, q) defined in 20.4.12.

For integral values of let

20.8.8

1e27(z, q)= (-1 )k+A2k[Ik(ul)iks(u2)

+ Ik+,(ul)Ik_S(u2)]/A2,,

102r(2, q) =E (-1 )k+*B2k[Ik(ul)Ik+,(u2)

-Ik+(ul) Ik,.,(122)]/B2,

1e2,+i(z, q)=E (- 1)B2k+l{I,(vl)Ik+S+l(u2)
k=0

+ 'k+s+l (ul)Ik_,(u.)]/B2,l

IO2r+1(Z, q)= (1)'A2k+1[I1S(u1)Ik,+l(u2)
k =0

- 1k+sj4 (u,)I_,(u2) ]IA.,+,
20.8.9

Ke2(z, q)== 42k[Iïcs(U1)lk+s(1t2)

+ Ift+,(ul)Kk_,(u2)]/A2E

* Ko2r(z, q)= B2,jI,_,(u,)Kk+S(u2)
k=0

- 'k+s (u, )Kk_S(u2)]/B2S

Re2+i (z, q)= E B2k1 [-'k-s (ul)_Kk+S+I (u2)
k=O

- Ik+,+1(ul)Kk_. (u2)]/B231

*See page IL

273-888 0-67-48

.K02r+1 (z, q)=E A2k+l ['k-s (ul).Kk+C+l (u2)
k=O

-1- Ik+s+1 (uj)Kk_, (u2) 11A23+1

where Im(X), Km(X) are the modified Bessel func-
tions, u1, u2 are defined below 20.6.10. Super-
scripts are omitted, ,=2, if s=0, ,=1 if s0.

Then for functions of first kind:

20.8.10

Mc(z, -q)=(-1)71e21(z, q)

4s(z, -q)=(-1)tIo27(z, q)

1%éc','1(z, -q)=(-1)tiIe2+1(z, q)

Ms1(z, -q)=(-1)iIo2r+l(z, q)

For the Mathieu-Hankel function of first kind:

20.8.11

Mce) (z, - q) = (-1)'i Ke2 (z, q)ir

Af.9)(z, -q)=(-1)'iKo2r(z, q)
il.

Mc,!,(z, -q) ( 1)' Ke2i(z, q)
ir

Ms,(z, _q)=(_1)T Ko2+,(z, q)
ir

For M/(z, -q), j=2, 4, one may use the defini-
tions

= -i(1W -Mt") r=MCr or ItIS

also

M> (z, -q) =2M" (z, -q) -Mr> (z, -q)

M-Me or Ms; for real z, q, (z, -q)

are in general complex if j=2, 4.

Zeros of the Functions or Real Values of q.

See [20.36], section 2.8 for further results.
Zeros of cer(z, q) and see(z, q), Mc1>(z, q), Ms1'(z, q).

In Oz<ir,ce(z, q) and se7(z, q) have r real
zeros.

There are complex zeros if q>0.
If z0=x0+ii0 is any zero of ce(z, q), se1(z, q) in

ir ir-<xo<, then kir±zo, kir±Z

are also zeros, k an integer.

MATHIEU FUNCTIONS 739
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In the strip <xo<, the imaginary zeros of

ce7(z, q), se(z, q) are the real zeros of Ce7(z, q),
Ser(z, q), hence also the real zeros of Mc" (z, q)

and Ms'(z, q), respectively.
For small q, the large zeros of C'e(z, q), Ser(z, q)

approach the zeros of J(2Jq cosh z).

Tabulation of Zeros

mce [20.561 tabulates the first "non-trivial"

zero (i.e. different from 0, , ir) or cer(z), ser(z),

r=2(1)5 and for se5(z) to within °i0', for q=O(1)
10(2)40. 11e also gives the "turning" points
(zeros of the derivative) and also expansions for
them for small q. Wiltse and King [20.61,2] tabulate
the first two (non-trivial) zeros of 1Ifc» (z, q) and
Msi" (z, q) and of their derivatives r=0, 1, 2 for
6 or 7 values of q between .25 and 10. The graphs
reproduced here indicate their location.

Between two real zeros of Mc»(z, q), Ms»(z, q)
there is a zero of Mc(z, q), Ms(z, q), respec-
tively. No tabulation of such zeros exists yet.

Available tables are described in the References.
The most comprehensive tabulation of the char-

acteristic values br (in a somewhat different
notation) and of the coefficients proportional to
Am and Bm as defined in 20.5.4 and 20.5.5 can be
found in [20.58]. In addition, the table contains
certain important "joining factors", with the aid
of which it is possible to obtain values of
Mc/' (z, q) and Ms' (z, q). as well as their deriva-
tives, at x=0. Values of the functions ce(x, q)
and ser(x, q) for orders up to five or six can be
found in [20.56]. Tabulations of less extensive
character, but important in some aspects, are out-
lined in the other references cited. In this
chapter only representative values of the various
functions are given, along with several graphs.

Special Values for Arguments O and

20.8.12

'ir
ce2

q)=(_1)rgd,2r(q)At(q).\/

"ir r+icear+j q)==(_1) ge,2ri(q)A1(q)

'ir
se2

q)=(_1)rgo,ir(q)B(q).q

'ir
se271 , q)=(-1j g2y1(q)BT+i(q)

MATHIEU FUNCTIONS

Mc" (0, q)=.'! g(q)
Zk1c(0, q)= fe, r(q)/ge, ,(q)

d
[Mc(z, )]z=o g(q)

d [Ms(z,q)]ZO=)

f- [wsz,
Ms(z, q)=g0,1(q)

The functionsJor, go.r,fe,r, g are tabulated in
[20.58] for q25.

20.9. Asymptotic Representations

The representations given below are applicable
to the characteristic solutions, for real values of q,
unless otherwise noted. The Floquet exponent y
is defined below, as in [20.36] to be as follows:

In solutions associated with a,.: vr
In solutions associated with b,.: vr.

For the functions defined in 20.6.7-20.6.10:

20.9.1

Mc"(z, q)
(-1)'Ms3(z, q)

Dm(2 ,J cosh zT-1
e

mO [-4iV(cosh zu)]m
ThrqhI4(cosh zo)

where D_1=D_2=0; l)=1, and the coefficients
Dm are obtainable from the following recurrence
formula:

20.9.2

(m+1)Dm+i+[(m+)2(m+) 8i

+2qa] Dm+(m) [16q(1-2)-8if OlfllDm_i

+4q(2m-3)(2m-1)(1-2)Dm_z=0
20.9.3

Mc(z, q)

(-1)i1és(z, q)

e[2005h1 dm

ir*q"4(cosh zo-) [4i(cosh z_o)Jm

d_j=L2=0; d0=1, and



20.9.4

(m+1)dm+i+[(m+)2+(m+) 8i-.J o

+2q_a]dm+(m_) [16q(1o)-+-8iIainJdm_j

+4q(2m-3)(2m 1)(1 q2)dm_20.

In the above

2ir<arg -./j cosh Z<ir
Icosh Zc7I>I±1I, z>O,

but « is otherwise arbitrary. If u2=1, 20.9.2 and
20.9.4 become three-term recurrence relations.

Formulas 20.9.1 and 20.9.3 are valid for arbi-
trary a, q, provided i' is also known; they give
multiples of 20.4.12, normalized so as to approach
the corresponding Hankol functions H' (,/ez),

as zco. See [20.36], section 2.63.
The formula is especially useful if cosh zus large
and q is not too large; thus if o = 1, the absolute
ratio of two successive terms in the expansion is
essentially

I

(ï+-=+2)/(cosh z+ i)

If a, q, z, p are real, the real and imaginary
components of Mc(z, q) are Mc'(z, q) and
Mc (z, q), respectively; similarly for the com-
ponents of Ms(z, q). If the parameters are
complex

20.9.5 Mc(z, q)= [Mc(z, q)+Mc(z, q)]

20.9.6 Mc(z, q)= [Mc(z, q)Mc(z, q)]

Replacing e by s in the above will yield corre-
sponding relations among Ms (z, q).

Formulas in which the parameter a does not
enter explicitly:

Goldstein's Expansions

20.9.7
Mc(z, q)»-iMs(z, q)

[Fo(z)iFi(z)]e/ir1q(cosh z)

where

20.9.8

=2/ sinh z (2r+1) arctan sinh z,

?z>0, q»1, w=2r+1

MATHIEU FEJNCTIONS

20.9.9

w

z

i 1w4+86w+105 w4+22w2+57
+2048g L cosh4 z cosh2 z

741

+16384q3/2 E-
(w5+14+33w)

cosh2 z

(2w5+124w3+1122w) 3w+290w3+1627w
cosh4 z + cosh6 z

20.9.10
sinh z +3 i (+3w+4+44'"

z L32/ +512g cosh2 z )

+16384q½ {5w4+34W2+9

(w6-47w4-I-667w2+2835)
12 oosh2 z

+(W°+505W4+12139W2+10395)}]+.
12 cosh4 z

See [20.18] for details and an added term in
q_51'2; a correction to the latter is noted in [20.58].

The expansions 20.9.7 are especially useful when
q is large and z is bounded away from zero. The
order of magnitude of Mc(0, q) cannot be obtained
from the expansion. The expansion can also be
used, with some success, for zix, when q is large,

if Icos xI>.>0; they fail at x= ir. Thus, if q, x are

real, one obtains

20.9.11

ce?(0, q)2
F0(0)

{1V1[P0(x)P1(x)J

+W2[Po(x) +P1 (x) I }

20.9.12
se1(x, q) '-.-'se(0, q)r,i { W1[Po(x) P1(x)]

W2[P0(x) +Pi (x) ] }

In the above, Po(x) and Pj(x) aro obtainable
from Fo(z), F1(x) in 20.9.9-20.9.10 by replacing
cosh z with cos z and sinh z with sin z. Thus
P0(x) =Fo(i4; Pj(x) = iFj(ix):
20.9.13

Ecos (x+1r)J2t+l /(cos X)r+l

W2=e_2hh1 [Sjfl (x+ir)]1/ (cog x)



20.9.14

rrj 2Ì[2
(2w2+3) (7w3+47w)

4W 64/ 1024g

See 20.9.23-20.9.24 for expressions relating to
ee7(0, q) and se(0, q). 'When Icos x>I4r+2/qt,
20.9.11-20.9.12 are useful. The approximations
become poorer as r increases.

Expansions in Terms of Parabolic Cylinder Functions

(Good for angles close to tir, for large values of
q, especially when cos x<2}/qi,) Due to Sips
[20.44-20.46].

20.9.15 ce(x, q)'.C[Zo(a)+Zj(a)J

20.9.16

se+i(x, q)-'S[Zo(a)Zja)J sin x,

Let Dk=D.(a)(_1)ke2

20.9. 17

Dr+4 3
16

1 rD8 (r+2)Df4+3 (r 1) ()D_4+jj[512 16

315 /r\
+ s) Dr8]+...

20.9. 18

Zi(a)'-.-i [- D2 r(r-1) D.2]4

+j- rDr+B+(r2_25r_36) D72
16qL64 64

45 /r\
64

D2 6) D6+...]

20.9.19

2r+1Cr"() q/(r!)3[1+
8q

r4+2r3+263r2+262r+108 f L.+ 2048g 16384q

f'= 6r6+ 15r4+ 1280r3+ 19U5r2-j- 1778r+572

See page IL

a=2q cos X.

20.9.20

/ir'
/(r,)[1

2r+1S'-) q
8q3

2048g

f2=2r5+5r4-416r3 629r2 i 162r-476

It should be noted that 20.9.15 is also valid as an
approximation for se+1(x, q), but 20.9.16 may give
slightly better results. See [20.4.]

Explicit Expansions for Orders 0, 1, to Terms in q_l/2

(q Large)
20.9.21 For r=0:

D4 D8\Z0D0-6+- ( --+)
+64q3/2

( 99D4 3D8 D12 \
256 +256 24576)+

z D2 1 / 9D2 D6\
16 +-)

+64q3/2
( 61D2 25D8 5D10 \

32 + 256 10240)+

20.9.22 For r=1:

D5 1 / 3D5 D9\
Z0-D1-64+j-- (k, 16+512)

i ( 207D6 D9 D13
+643/2 256 +64 24576 +

z D3 i f 15D3 D7
16 +64

+64q312(

153D3 35D7 D11\
32 + 256 2048)+

Formulas Involving ce,(0, q) and ser(0, q)

20.9.23

ceo(0,q)
ce0(ir, q)

29ce2(0,q) 32q/e_2(1 16128q+ce2(r, q)
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3 45ce1(0, q) 4e_2(l+16+25q+...)

3 47cea(0, q) 64 qe2(1 16+128q+ .)

20.9.24

3 11se(0,q) _se1(,q)
qe_2(l_16 +:)

se(0,q) 64qe(1 21 17

Se3(1, q) 16-h 128q+

39se(O,q) 8g.ve_2(1_i69 256q+se(1r, q)

MATHIEU FUNCTIONS 743

/ 31 15se(0, q) qfe_2 (\1_16f 128q+se(1r, q) 3

For higher orders, these ratios are increasingly
more difficult to obtain. One method of estimat-
ing values at the origin is to evaluate both 20.9.11
and 20.9.15 for some z where both expansions are
satisfactory, and so to use 20.9.11 as a means to
solve for cer(0, q); similarly for se' (0, q).

Other asymptotic expansions, valid over various
regions of the complex z-plane, for real values of
a, q, havi been given by Langer [20.25]. It is not
always easy, however, to determine the linear
combinations of Langer's solutions which coincide
with those defined here.
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o o
5

10
15
20
25

2 0
5

lo
15
20 +
25 -

lo o
5

10
15
20
25

0
5

10
15
20
25

5 0
5

lo
15
20
25

+

0.00000
5.8 0004

13.93697
22.5 1303
31.31339
40.25 677

4. 000 00
7.44910
7.7 1736
5.07798
1.15428
3.5 2216

100.00000
100.12 636
100.50677
101.14520
102. 04891
10 3. 23 020

1.000 00
1.85818
2.3 9914
8.10110

14.49130
2 1. 31489

25.00000
2 5.5 499 7
27.70376
31.9 57 82
36.64498
40.05019

000
754
240
513
142
969

000
175
873
125
973
099

q1\r 0 1
0.16 -0.25532 994 -1.30027 212
0.12 -0.25393 098 -1.28658 972
0.08 -0.25257 851 -1.27371 191
0.04 -0.25126 918 -1.26154 161
0.00 -0.25000 000 -1.25000 000

For Ye,r and fe, r see 20.8.12.

-1)7.07106 781
-2) 4.48001 817
-3 7.62651 757
-3 1.93250 832
-4 6.03743 829
-4) 2.15863 018

1.00000
-1 7.35294
-1 2.45888
-2 7.87928

(-2)2.86489
(-2)1.15128

ce(0, q) ce(ir,q)

1. 00 000
1. 02 599
1.05381
1.08410
1.11778
1.15 62 3

1.00000
2.56542
5.35987

-2) 1.50400
(-3)5.05181
(-3)1.91105

1.0 000 0
1.12480
1.2 5801
1.19343

(-1) 9.36575
(-1) .10694

000
879
478
665
376
151

000
725
994
223
531
310

(-1) 7.07106
1. 33484
1.4 6866
1. 55 010
1.60989
1. 65 751

-1.00000
(-1) -7.24488
(-1) -9.26759

-1. 01996
-1.0 7529
-1.11627

-1. 000 00
-1 -9.75347
-1 -9.51645
-1 -9.28548
-1 -9.05710
-1 -8.82691

-1.0 0000
-3.46904
-4.85043
-5.76420
-6.49056
-7. 10674

-5.0 0000
-5.39248
-5. 32 127
-5. 11914
-5.77867
-7. 05988

0r

2 5
-3.45639 483 -17.84809 551
-3.39777 782 -16.92019 225
-3.34441 938 -16.25305 645
-3.29538 745 -15.70968 373
-3.25000 000 -15.25000 000

00
21
83
64
58
15

00
61
65
99
52
45

15 0 225.00000 000 1.00000 000 ( 1) 1.50000 00
5 225.05581 248 11.01129 373 ( i) 1.51636 57

10 225.22335 698 1.02287 828 ( 1) 1.53198 84
15 225.50295 624 1.03479 365 ( 1 1.54687 43
20 225.89515 341 1.04708 434 ( 1 1.56102 79
25 226.40072 004 105980 044 ( 1 1.57444 72
Compiled from National Bureau of Standards, Tables relating
Press, New York, N.Y., 1951 (with permission).

(4q)lrg (q)
(4q)rf (q)

1.5 9576
7.26 039

1)1.35943
1)1.91348
1)2.42144
1)2.89856

4
4
4
4
4
5

4.90220
4.43075
4.19827
5.25017
8.96243
1.715 82

10
-76.04295 314
-76.84607 855
-63.58155 264
-58.63500 546
-55.25000 000

91
84
49
51
01
94

27
22
66
04
97
55

3)1.86132 97
5)5.54257 96
6)3.59660 89
7)3.53093 01
8)4.53098 68

1 8.14873
2 1.68665
1 6.89192
1 1.73770

4.29953
1. 11858

23 2.30433
23 2.31909
23 2.36418
23 2.44213
23) 2.55760
23) 2.71854

15
- 80.93485 048
-141.64507 841
-162.30500 052
-132.08298 271
-120.25000 000

2.54647 91
1.02263 46

2)9.72660 12
2)1.19739 95
3) 1.84066 20
4)3.33747 55

8 4.80631 83
8 5.11270 71
8 6.83327 77
9 1.18373 72
9 1.85341 57
9 2.09679 12

20 5.60156 72 ( 40 2.09183 70
20 5.54349 84 ( 40 2.09575 00
20 5.49405 67 40 2.10754 45

(20 5.45287 72 40 2.12738 84
(20)5.41964 26 40 2.15556 69
(20)5.39407 68 40 2.19249 18

to Mathieu functions, Columbia Univ.

<q>
39
69

156
625

<q> nearest integer to q.

Compiled from G. Blanch and I. Rhodes, Table of characteristic values of Mathieu's equation for large
values of the parameter, Jour. Wash. Acad. Sci., 45, 6, 1955 (with permission).
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Table 20.1 CHARACTERISTIC VALUES, JOINING FACTORS, SOME CRITICAL VALUES

EVEN SOLUTIONS

r q ar cer(0, q) ce;.(7r, q) (4q)ge, r(q) (4q)rf (q)

78 (-1)7.97884 56
87 1.97009 00
05 2.40237 95
82 2.68433 53
09 2.90011 25
03 3.07743 91

00 1 1.27661 53
15 1 2.63509 89
26 1 7.22275 58
62 2 1.32067 71
32 2)1.98201 14
90 2)2.69191 26

00 (12 1.51800 43
49 (12 1.48332 54
32 12 1.45530 39
06 12 1.43299 34
78 12 1.41537 24
92 12 1.40118 52

r q

31
79
56
48
32
69

72
77
54
04
55
15

000
602
996
776
007
955

000
974
985
320
288
473

000
922
002
345
602
480

000
308
349
278
431
663

000
503
599
631
863
992



For q0 and f, r see 20.8.12.

<q> = nearest integer to q.

br+2q (4r-2)/

r q

ChARACTERISTIC VALUES, JOINING FACTORS, SOME CRITICAL VALUES

ODD SOLUTIONS

br se(0, q) se;(7r, q) (4q)4rg0 r(l)

Table 20.1

(4q)rf0
(q)

2 0 4.00000 000 2.00000 00 -2.00000 00 6.38307 65 1)8.14873 31
5 + 2.09946 045 -1) 7.33166 22 -3.64051 79 1)1.24474 88 1) 2.24948 08

lo 2.38215 824 -1)2.48822 84 -4.86342 21 1)1.86133 36 3.91049 85
15 - 8.09934 680 -2) 9.18197 14 -5.76557 38 1)2.42888 57 - 1 7.18762 28
20 - 14.49106 325 (-2)3.70277 78 -6.49075 22 1)2.95502 89 - 1 1.47260 95
25 - 21.31486 062 (-2)1.60562 17 -7.10677 19 1)3.44997 83 - 2 3.33750 27

10 0 100.00000 000 1)1.00000 00 1)-1.00000 00 (11)1.51800 43 23 2.30433 72
5 100.12636 922 9.73417 32 1 -1.02396 46 (11)1.56344 50 23 2.31909 77

10 100.50676 946 9.44040 54 1 -1.04539 48 (11 1.62453 03 23 2.36418 52
15 101.14517 229 9.11575 13 1 -1.06429 00 (11 1.7 042 1 18 23) 2.44211 78
20 102.04839 286 8.75554 51 1 -1.08057 24 (11 1.80695 19 23) 2.55740 30
25 103.22568 004 8.35267 84 1 -1.09413 54 (11 1.93959 86 23) 2.71681 11

r q br se(0, q) se(ir, q) (4q)rg0
(q) (4q)rf0 ,(q)

1 0 -f 1.00000 000 1.00000 00 1.00000 00 1.59576 91 2.54647 91
5 - 5.79008 060 (-1 1.74675 40 1.33743 39 2.27041 76 (- 2)3.74062 82

10 - 13.93655 248 (-2 4.40225 66 1.46875 57 2.63262 99 (- 3)2.21737 88
15 - 22.51300 350 (-2 1.39251 35 1.55011 51 2.88561 87 (- 4) 2.15798 83
20 - 31.31338 617 (-3)5.07788 49 1.60989 16 3.08411 21 (- 4)2.82474 71
25 - 40.25677 898 (-3)2.04435 94 1.65751 04 3.24945 50 (- 6) 4.53098 74

5 0 25.00000 000 5.00000 00 1.00000 00 3)9.80440 55 8' 4.80631 83
5 25.51081 605 4.33957 00 (-1 9.06077 93 4)1.14793 21 8)5.05257 20

10 26.76642 636 3.40722 68 (-1 8.46038 43 4)1.52179 77 8 5.4 6799 57
15 27.96788 060 2.41166 65 (-1 8.37949 34 4 2.20680 20 8)5.27524 17
20 28.46822 133 1.56889 69 (-1 8.63543 12 4 3.27551 12 8)4.26215 66
25 28.06276 590 (-1)9.64071 62 (-1) 8.99268 33 4 4.76476 62 8)2.94147 89

15 0 225.00000 000 1)1.50000 00 -1.00000 00 19) 3.73437 81 40) 2.09183 70
5 225. 05 581 248 1)1.48287 89 (-1 -9.88960 70 19) 3.78055 49 40 2.09575 00

lo 22 5.22 33 5 698 1 1.46498 60 (-1 -9.78142 35 19 3.83604 43 40 2.10754 45
15 22 5. 5 02 95 624 1 1.44630 01 (-1 -9.67513 70 19 3.90140 52 40 2.12738 84
20 225.89515 341 1 1.42679 46 (-1 -9.57045 25 (19 3.97732 29 40 2.15556 69
25 226.40072 004 1)1.40643 73 (-1) -9.46708 70 (19 4.06462 83 40) 2.19249 18

q\r 1 2 5 10 15 <q>
0.16 -0.25532 994 -1.30027 164 -11.53046 855 -51.32546 875 - 55.93485 112 39
0.12 -0.25393 098 -1.28658 971 -11.12574 983 -56.10964 961 -108.31442 060 69
0.08 -0.25257 851 -1.27371 191 -10.78895 146 -51.15347 975 -132.59692 424 156
0.04 -0.25] 26 918 -1.26154 161 -10.50135 748 -47.72149 533 -114.76358 461 625
0.00 -0.25000 000 -1.25000 000 -10.25000 000 -45.25000 000 -105.25000 000
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Compiled from National Bureau of Standards, Tables relating to Mathieu functions, Columbia Univ.
Press, New York, N.Y., 1951 (with permission).

mV 0 2 10 ?n\r 1 5 15
0 +0.54061 2446 0.43873 7166 +0.00000 1679 1 0.76246 3686 0.07768 5798 0.00000 0000
2 -0.62711 5414 +0.65364 0260 +0.00003 3619 3 -0.63159 6319 0.30375 1030 +0.00000 0002
4 +0.14792 7090 -0.42657 8935 +0.00064 2987 5 0.13968 4806 +0.92772 8396 +0.00000 0106
6 -0.01784 8061 +0.07588 5673 0.01078 4807 7 -0.01491 5596 -0.20170 6148 +0.00000 4227
8 +0.00128 2863 -0.00674 1769 +0.13767 5121 9 0.00094 4842 +0.01827 4579 +0.00014 8749

lo -0.00006 0723 +0.00036 4942 +0.98395 5640 11 -0.00003 9702 -0.00095 9038 +0.00428 1393
12 +0.00000 2028 -0.00001 3376 -0.11280 6780 13 +0.00000 1189 +0.00003 3457 0.08895 2014
14 -0.00000 0050 +0.00000 0355 0.00589 2962 15 -0.00000 0027 -0.00000 0839 +0.99297 4092
16 +0.00000 0001 -0.00000 0007 -0.00018 9166 17 +0.00000 0001 +0.00000 0016 -0.07786 7946
18 +0.00000 4226 19 +0.00286 6409
20 -0.00000 0071 21 -0.00006 6394
22 +0.00000 0001 23 +0.00000 1092

25 -0.00000 0014

q 25

m\r 0 2 10 m\r 1 5 15
0 +0.42974 1038 +0.33086 5777 0.60502 6361 1 +0.39125 2265 +0.65659 0398 +0.00000 4658
2 -0.69199 9610 -0.04661 4551 +0.02075 4891 3 -0.74048 2467 0.36900 8820 +0.00003 7337
4 0.36554 4890 -0.64770 5862 +0.07232 7761 5 +0.50665 3803 -0.19827 8625 +0.00032 0026
6 -0.13057 5523 0.55239 9372 +0.23161 1726 7 -0.19814 2336 -0.48837 4067 +0.00254 0806
8 +0.03274 5863 -0.22557 4897 +0.55052 4391 9 +0.05064 0536 +0.37311 2810 +0.01770 9603

10 -0.00598 3606 +0.05685 2843 +0.63227 5658 11 -0.00910 8920 -0.12278 1866 +0.10045 8755
12 +0.00082 3792 -0.00984 6277 -0.46882 9197 13 0.00121 2864 +0.02445 3933 +0.40582 7402
14 -0.00008 7961 +0.00124 8919 0.13228 7155 15 -0.00012 4121 -0.00335 1335 +0.83133 2650
16 +0.00000 7466 -0.00012 1205 -0.02206 0893 17 +0.00001 0053 0.00033 9214 -0.35924 8831
18 -0.00000 0514 +0.00000 9296 +0.00252 2374 19 -0.00000 0660 -0.00002 6552 +0.06821 6074
20 +0.00000 0029 -0.00000 0578 -0.00021 3672 21 +0.00000 0036 +0.00000 1661 -0.00802 4550
22 -0.00000 0001 +0.00000 0030 +0.00001 4078 23 -0.00000 0002 -0.00000 0085 +0.00066 6432
24 -0.00000 0001 -0.00000 0746 25 +0.00000 0004 -0.00004 1930
26 +0.00000 0032 27 +0.00000 2090
28 -0.00000 0001 29 -0.00000 0085

31 0.00000 0003

Bm

q5
m\r 2 10 m\r 1 5 15

2 +0.93342 9442 +0.00003 3444 1 0.94001 9024 +0.05038 2462 0.00000 0000
4 -0.35480 3915 +0.00064 2976 3 -0.33654 1963 +0.29736 5513 +0.00000 0002
6 +0.05296 3730 +0.01078 4807 5 +0.05547 7529 +0.93156 6997 +0.00000 0106
8 -0.00429 5885 +0.13767 5120 7 -0.00508 9553 -0.20219 3638 0.00000 4227

lO +0.00021 9797 +0.98395 5640 9 +0.00029 3879 +0.01830 5721 +0.00014 8749
12 -0.00000 7752 -0.11280 6780 11 -0.00001 1602 -0.00096 0277 +0.00428 1392
14 'D.00000 0200 +0.00589 2962 13 +0.00000 0332 +0.00003 3493 0.08895 2014
16 -0.00000 0004 -0.00018 9166 15 -0.00000 0007 -0.00000 0842 +0.99297 4092
18 +0.00000 4227 17 0.00000 0017 -0.07786 7946
20 -0.00000 0070 19 0.00286 6409
22 +0.00000 0001 21 -0.00006 6394

23 +0.00000 1093
25 -0.00000 0013

q =25

rn\r 2 10 m\r 1 5 15

2 0.65743 9912 +0.01800 3596 1 0.81398 3846 +0.30117 4196 +0.00000 3717
4 -0.66571 9990 +0.07145 6762 3 -0.52931 0219 +0.62719 8468 +0.00003 7227
6 +0.33621 0033 +0.23131 0990 5 +0.22890 0813 +0.17707 1306 +0.00032 0013
8 -0.10507 3258 0.55054 4783 7 -0.06818 2972 -0.60550 5349 +0.00254 0804

10 +0.02236 2380 +0.63250 8750 9 +0.01453 0886 +0.33003 2984 +0.01770 9603
12 -0.00344 2304 -0.46893 3949 11 -0.00229 5765 -0.09333 5984 +0.10045 8755
14 +0.00040 0182 +0.13230 9765 13 +0.00027 7422 +0.01694 2545 0.40582 7403
16 -0.00003 6315 -0.02206 3990 15 -0.00002 6336 -0.00217 7430 +0.83133 2650
18 +0.00000 2640 +0.00252 2676 17 +0.00000 2009 +0.00021 0135 -0.35924 8830
20 -0.00000 0157 -0.00021 3694 19 -0.00000 0126 -0.00001 5851 +0.06821 6074
22 0.00000 0008 +0.00001 4079 21 +0.00000 0007 +0.00000 0962 -0.00802 4551
24 -0.00000 0746 23 -0.00000 0048 +0.00066 6432
26 +0.00000 0033 25 +0.00000 0002 -0.00004 1930

27 +0.00000 2090
For A and B see 20.2.3-20.2.11 29 -0.00000 0086

31 0.00000 0003

750 MATHIEIJ FUNCTIONS

Table 20.2 COEFFICIENTS Am AND Bm

Am

q5
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21.1. Definition of Elliptical Coordinates

21. Spheroidal Wave Functions
Mathematical Properties

r1+r2. r1r2
21.1.1

2 ' 11_2

r1 and r2 are the distances to the foci of a family
of confocal ellipses and hyperbolas; 2f is th dis-
tance between foci.

21.1.2 a=f, b=f2_1, e='

a= semi-major axis; b= semi-minor axis; e = ec-
centricity.

Equation of Family of Confocal Ellipses

')11, j. Y _.j22 2

l_J (1<<)
Equation of Family of Confocal Hyperbolas

21.1.4 :
Y2f2 (-1<n<l)

Relations Between Cartesian and Elliptical Coordinates

21.1.5 x=fn; y_f(2_l)(1_n2)

21.2. Definition of Prolate Spheroidal
Coordinates

If the system of confocal ellipses and hyberbolas
referred to in 21.1.3 and 21.1.4 revolves around
the major axis, then

21.2.1
X2 r2 _22 l_2'

y=rcosd; z=rsin4,; O4,2ir

where , n and 4, are prolate spheroidal coordinates.

Relations Between Cartesian and Prolate Spheroidal
Coordinates

21.2.2

x=fEn; yf V(E2_l) (ln2) cos 4,;

zf I(2_1)(1_n2) sin 4,

21.3. Definition of Oblate Spheroidal
Coordinates

If the system of confocal ellipses and hyperbolas
referred to in 21.1.3 and 21.1.4 revolves around
the minor axis, then

752

21.3.1 ! Y2 _2
2+2_1 J

r2 y2 2

n2 l2
z=rcos4,,; x=rsin4,; O4,2ir

where , n and 4, ar oblate spheroidal coordinates.

Relations Between Cartesian ¿nd Oblate Spheroidal
Coordinates

21.3.2

xfEn sin 4,; y=f J(2_l)(1_n2); z=fEn cos q'

21.4. Laplacian in Spheroidal Coordinates

21.4.1

. ro
h1hh Lo h1 h ò) ÒA he

h2+(+(,; on

h=()2+()2+()2

Metric Coefficients for Prolate Spheroidal Coordinates

21.4.2

h1=f2; h=J 2_22; h=f/(2_1) (1 _2)

Metric Coefficients for Oblate Spheroidal Coordinates

21.4.3

h1=f/2; h,,=f En2;
hefEn *

21.5. Wave Equation in Prolate and Oblate
Spheroidal Coordinates

Wave Equation in Prolate Spheroidal Coordinates

21.5.1

V24+k2= [(E2_1) fl+ [(l_n2) ]
+(2_l) (1n2) 04,2

*SeO page II.
(c=fk)



Wave Equation in Oblate Spheroidal Coordinates

21.5.2

V24.+k2cI,= [E2+1 ]+ [(l_fl2) ]
242 ò24:

+c2(E2+n2)'F=0

(c=Jk)

21.5.2 may be obtained from 21.5.1 by the
transformations

E*±i, cFic.
21.6. Differential Equations for Radial and

Angular Prolate Spheroidal Wave Functions

If in 21.5.1 we put
cog

'f'Rmn(c,)Smn(e,n) in
md,

then the "radial solution" Rmn(C, ) and the
"angular solution" Smn(C, satisfy the differential
equations

21.6.1

Rmn(c,E)]

Rmn(C, ) =0

21.6.2

[(i_na) Smn(C, n)]
/ 22 m2\

+(\Amn n r) Smn(C, i)O

where the separation constants (or eigenvalues)
Xmn are to be determined so that R0(c, ) and
S,,,,,(c, are finite at = ± i and = ± i
respectively.

(21.6.1 and 21.6.2 are identical. Radial and
angular prolate spheroidal functions satisfy the
same differential equation over different ranges of
the variable.)

Differential Equations for Radial and Angular Oblate
Spheroidal Functions

+ (2+1)(j_n2)2

21.6.3

Rmn(c,)]
m2\_(nn_C2E2 ij) Rmn(,E»0

21.6.4

[(1_n2) Smn(cin)]

m2 \
+(Amn+c2n2_ji) Smn(C, n)=O

SPHEROIDAL WAVE FtJNCTIONS 753

(21.6.3 may be obtained from 21.6.1 by the
transformations E*± i, cF ic; 21.6.4 may be
obtained from 21.6.2 by the transformation c'F ic)

21.7. Prolate Angular Functions
21.7.1

S(c,n) =' dr(c)P+7(n)
r=O, i

= Prolate angular function of the first kind

21.7.2

S(c,n)=' d7"(c)Q7(n)

=Prolate angular function of the second kind

(P7(n) and Q7(n) are associated Legendre
functions of the first and second kinds respectively.
However, for i z1, P7(z)=(1 _2)m/2dmP()/
de" (see 8.6.6). The summation is extended over
even values or odd values of r.)

Recurrence Relations Between the Coefficients

21.7.3

akdk2+ (ßkXmn)dk+7kdk_i'0

(2m+k+2)(2m+k-l-1)c2a (2 m+2k+3) (2 m+2k+5)

ßk=(m+k)(m+k+1)
2(m+k)(m+k+1)-2m2-1 2+ (2m+2ki)(2m+2k+3)

k(k-1)c2
1'(2m+2k-3) (2m+2k-1)

Transcendental Equation for Xn.n

21.7.4

U(Xmn) U1(X) +Ui(Xmn) 0

U1 (X,,,,,) y7Xm* m ' m 'r-2mfl fr-4"mfl

- 1t+2Xmn +4Xm,&

k(ki) (2m+lc) (2m+k-1)c4
2m+2k 1)2(2m +2k+l)(2m +2k-3)

(k2)
7= (m+lc) (m+k+1)

+Cfl4m2-1(2m+2k_l)(2m+2k+3)] (k0)

(The choice of r in 21.7.4 is arbitrary.)



Asymptotic Expansion for ?..,,,.
21.7.6

Xmn(C) rcq+ m2_ (q2+5) 11-32m2)
Mc

'1024c2 [5(q4±26q2+21)-384m2(q2+l)]

- 33q5+1594q3+5621q)

m2 fl4- (37q3+167q)+-- q

- (63qß494Oq443327q22247O)

-

m4
+298951 q)+ m6q

(355 q3±1505q)

Refinement of Approximate Values of Xe,.

If X is an approximation to Aun obtained either
from 21.7.5 or 21.7.6 then

21.7.7

X X"--Xmn mn I mn

U1(X) +U2(X)
mn

im /mQm ,Qmm Qn
t-'r-'r-2' (N7)2 (NN2)2 (NN2N_4)2

m_ r(r-1)(2m+r)(2m+r-1)c4jr
(2m+2r_1)2(2ni+2r+1)(2m+2r_3)

(r2)

m2 (q2+1)]
A

íNm \2r+21..k
fJm
k r+2

m \2
r+41 (

k
m m m \2
r+ r+ r+ßI

0m 0m 0m 0m 0m 0mIr+2t'r+4Pr+6ir i +..
(527q7+61529q54-1043961q3

m2
(2m+r)(2rn+r-1)c2 d (r>2)-Nm=t (2m+2r-1)(2m+2r+1) d7_2+2241599q)32 1024 (573q5+12755Oq3
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Power Series Expansion for X,,,,
21.7.5

- 1 2k
Amn (2kC

k =0

lo=n(n+1)' r1 (2m-1)(2m+i)2L (2n-1)(2n+3)

_(n_m+1)(m_m+2)(n+m+1)(n+m+2)+(n_m_1)(fl_m)(fl+m_1)(fl+m)
2(2m+1)(2m+3)3(2m-]-5) 2(2n-3)(2n-1)3(2n+1)

i (4 2_1) r(n_m+1)(nm+2)(n+m+1)(m+m+2) (nm-1)(n m)(m+m-1)(n+m)
m

L (2n-1)(2n+1)(2n+3)5(2n+5)(2m+7) (2m-5)(2m-3)(2n-1)5(2m+1)(2n+3)

lg=2(4m2_1)2A+ B+ C+ D

A (nm-1)(nm)(n+m-1)(n+m) (mm+1)(nm+2)(n+m+1)(n+m+2)
(2n_5)2(2m_3)(2m_1)7(2m+1)(2m+3)2 (2m_1)2(2n+1)(2fl+3)7(2fl+5)(2fl,+7)2

B_(m_m_3)(m_m_2»_m_1)(mm)(m+m_3)(m+m2)(n+m1)+m)- (2m-7) (2n-5)2(2n-3)3(2n-1)4(2n+l)
(nm+1)(nm+2)(nm-F3)(nm+4)(n+ m+1)(n+m+2)(n+m+3)(n+m+4)

(2n+1) (2m+3)4(2n+5)3(2n+7)2(2fl+9)

0(n_m+1)2(m_m+2)2(n+m+1)2(n+m+2)2 (n_m_1)2(n_m)2(m+ m-1)2(n+m)2- (2m+1)2(2n+3)7(2m+5)2 (2m-3)2(2m-1)7(2n+1)2

D_(m_m_1)(n_m)(m_m+1)(m_m+2)(m+m1)(m+m)+m+1)+m+2)- (2m-3;) (2m-1)4(2n-j-1)2(2n+3)4(2n+5)



o iStep 2. Calculate ratios -j-- and from
U2r U2pj

21.7.9

21.7.10

and the formula for N'7 in 21.7.7.
The coefficients dr are determined to within

the arbitrary factor d0 for r even and d1 for r odd.
The choice of these factors depends on the normal-
ization scheme adopted.

Normalization of Angular Functions
Meixner-Schäfke Scheme

21.7.11 [Smn(C,fl)]2dfl
2 (n+m)!

2n+1 (nm)!-1

Stratton-Morse-Chu-Little-Corható Scheme

21.7.12 (r+2m)! d (n+m)!
r=O,l r! r (nm)!

(This normalization has the effect that Smn(C, fl)_3
as

Flammer Scheme [21.4]
21.7.13

ft-rn

(l)(n+m)!
Smn(C, 0)=P(0)

d0 (d0\ (d2
d2r\di) \d4

d1 (d1\(d3d21)

(nm) even
21.7.14

n-m-1

Snn(c,O)=P'(0) (-1) 2

(n_m_1) !C++)!
(nm) odd

The above lead to the following conditions for
d

273-888 0-67-49

WAVE FtJNCTIONS

21.7.15

(_1)n12(r+2m)!
r=O 2r()!(m)!

(The normalization scheme 21.7.13 and 21.7.14 is
also used in [21.10].)

Asymptotic Expansions for n)

21.7.17

Smn(C, )(12)1Umn(C, n) ()
Umn(X) hD1+(x) l=nm

where the Dr(X)'S are the parabolic cylinder func-
tions (see chapter 19).

D(x) = ( l)ez2/
e_22/2=2_n/2e_2/4Wr (

and the H(x) are the Hermite polynomials (see
chapter 22). (For tables of hr/h see [21.4].)

Expansion of S..(c, n) in Powers of n
21.7.18

Smn(C,fl)(1_fl2)m/2 ' y,n(c)Or
r.O, i

(r+ 1) (r+2)p2(c) - [r(r+2m+ 1) +m(m+ 1)

Xm5(c)]pr(c) c2pr2(c) =0

(The derivation of the transcendental equation
for Xmn is similar to the derivation of 21.7.4 from
21.7.3.)

Expansion of Srn,.(c, n) in Powers of (1-

21.7.19

Smn(C, )=(1_2)m/2 c(1_n2)k (nm) even
kO

dm -r

(nm) odd
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(.. 1) (n+ m)!
2nrn(m)! (n+m)!

(nm) even
21.7.16

r-1(-1)i (r+2m+1)!
i 2'(') ! (r+2rn+1)

nm-1(-1) 2 (n+m+1)!

- 2
2

SPHEROIDAL

Evaluation of Coefficients

Step 1. Calculate N'7's from

21.7.8
ßrn+2rmnNrn (r 2)

N=X; N=rxm,,
= (m+r)(m+r+1)

+
c2[1

4m2-1
- (2m+2r-1)(2m+2r+3)] (r>O)



21.7 .20

Smn(C, )=(1_fl2)m/2 E c(1_2)c
k=0

i (2m+2r)!
2k

2mk!(m+k)! (2r)!

mn -2k -
i

2mk!(m+k)! r=k (2r+1)! r)k(m+r+)d+l
(nm) odd

(ok=a(x+1)(a+2) ... (a+k+1)

(The dr's are the coefficients in 21.7.1.)

Prolate Angular FunctionsSecond Kind

Expansion 21.7.2 ultimately leads to

21.7.21

S(c,i7)= E' ,Jmnf)m ()"-r "cm+r
r=-2m, -2m+1

i 'v" ,JmnDm (
T -i "pIr r-m-1\fl

r=2m+2, 2in+1

(The coefficients d are the same as in 21.7.1;
the coefficients d are tabulated in [21.4].)

21.8. Oblate Angular Functions

Power Series Expansion for Eigenvalues

21.8.1 XrnnE ( l)kl2cC2k
Ic =0

where the li's are the same as in 21.7.5.

Asymptotic Expansion for Eigenvalues [21.4]

21.8.2

Xmn c2+2c(2v+m+ 1)-2v(v+m+ 1)
(m+1)+Amn

v=(nm) for (nm) even;

(nm-1) for (nm) odd

Amn E ßrc
k-.1

ßr= 23q(q2+ 1m2)
ßrnn 26[5q4+ lOq2H- 1 2m2(3q2+ 1)+m']

= 29q[33q4+ i 14q2+37 2m2(23q2+25)

+ 13m4]

r= 210[63q°+340q4+239q2+ 14
- 10m2(10q4+23q2+3) +m4(39q2 18)-2m6]

ßlnn_p(p+m)a_l+ (v+ 1)(v+m+1)at'

q=n-1-1 for (nm) even; q=n for (nm) odd

(For the definition of a see 21.8.3.)

Asymptotic Expansion for Oblate Angular Functions

21.8.3

Smn('iC, n),.(1_n2)m/2 E A" { e'1L[2c(1)]
8=..

+(_1)n_me_)L). [2c(1+)]}

where the Lm) (x) are Laguerre polynomials (see
chapter 22) and

Amn =
a'(m,n)c

(Expressions of a' are given in [21.4].)

21.9. Radial Spheroidal Wave Functions

21.9.1

r=0, I r! dr}
E2

)/2
D(v)(. E)={Ê,

(2m+r)! -'f'E2i
Lkmn s'

(2m+r)! dZ,f(cE)jT+m_n
r=Q, i r!

J--i(z) (p=l)

(p=2)

(J+1(z) and Y+1(z) are Bessel functions, order
n+, of the first and second kind respectively
(see chapter 10).)

21.9.2 R(c, ) =R(c, E) +iR(c, )

21.9.3 R(c, ) =R(c, E) iR(c, E)

Asymptotic Behavior of R(c, ) and R(c, )

21.9.4 R(c,E) cos [cE(n+1)ir]

i.
21.9.5 R(c,E)--sin [cEj(n+l)ir]

cE-4m CE

See page H.

*
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(nm) odd

(m+

(nm) even



21.10.1

21.10.2

S(c, ) K(C)R(c, )

(2m+1)(n+m)! ' d(2m+r)!/r! (2m+3)(n+m+1)! Ê' dr(2m+r)!/r!rO r1

2n+mdr(e)crnm!
(nm)1(n+m)

2n+mdr(c)cm+lm! ( 2 2 j
¡nm-1)1 (n+m+P1

(nm) even (nm) odd

S(c, )=K(C)Rc, )

(nm),2n-m(2m)!
2

dc)
'

(2rn+r)! dr(c) (nm) even
(2m_1)m!(n±m)!cm_l

¡nm-1\
dm2n_m(2m)!

(\ 2 ) 2 _2m+i(C) (2m+r)!
= (2m-3)(2m-1)m!(n+m+1)!cm2 r1 r! dr(c)

(The expression for joining factors appropriate to
the oblate case may be obtained from the above
formulas by the transformation c--ic.)

(nm) odd

SPHEROIDAL WAVE FUNCTIONS 757

21.10. Joining Factors for Prolate Spheroidal Wave Functions
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See page n.

c-1\n 0 1 2 3 4

0.25 0.793016 2.451485 3.826574 5.26224 7.14921
0.24 0.802442 2.477117 3.858771 5.25133 7.05054
0.23 0.811763 2.503218 3.895890 5.25040 6.96237
0.22 0.820971 2.529593 3.937869 5.26046 6.88638
0.21 0.830059 2.556036 3.984499 5.28251 6.82460

0.20 0.839025 2.582340 4.035382 5.31747 6.77941
0.19 0.847869 2.608310 4.089903 5.36610 6.75360
0.18 0.856592 2.633778 4.147207 5.42883 6.75030
0.17 0.865200 2.658616 4.206229 5.50551 6.77286
0.16 0.873698 2.682743 4.265772 5.59516 6.82451

0.15 0.882095 2.706127 4.324653 5.69566 6.90779
0.14 0.890399 2.728784 4.381878 5.80359 7.02356
0.13 0.898617 2.750762 4.436798 5.91452 7.16962
0.12 0.906758 2.772133 4.489168 6.02383 7.33916
0.11 0.914827 2.792971 4.539096 6.12806 7.52035

0.10 0.922830 2.813346 4.586895 6.22577 7.69932
0.09 0.930772 2.833316 4.632927 6.31730 7.86638
0.08 0.938657 2.852927 4.677506 6.40385 8.01951
0.07 0.946487 2.872213 4.720863 6.48655 8.16148
0.06 0.954267 2.891203 4.763160 6.56618 8.29538

0.05 0.961998 2.909920 4.804519 6.64326 8.42315
0.04 0.969683 2.928382 4.845033 6.71812 8.54594
0.03 0.977324 2.946608 4.884779 6.79104 8.66452
0.02 0.984923 2.964611 4.923820 6.86221 8.77945
0.01 0.992481 2.982404 4.962212 6.93182 8.89116
0.00 1.000000 3.000000 5.000000 7.00000 9.00000

[(_5)2] [(_5)9] [(4)6] [(_3)2] [(3)4]

Table 21.1

c2\n 0

EIGENVALUES-PROLATE AND OBLATE
PROLATE

X.,.(c)-m(m+1) *

)%Ofl(C)

1 2 3 4

0 0.000000 2.000000 6.000000 12.000000 20.000000
1 0.319000 2.593084 6.533471 12.514462 20.508274
2 0.611314 3.172127 7.084258 13.035830 21.020137
3 0.879933 3.736869 7.649317 13.564354 21.535636
4 1.127734 4.287128 8.225713 14.100203 22.054829

5 1.357356 4.822809 8.810735 14.643458 22.577779
6 1.571155 5.343903 9.401958 15.194110 23.104553
7 1.771183 5.850492 9.997251 15.752059 23.635223
8 1.959206 6.342739 10.594773 16.317122 24.169860
9 2.136732 6.820888 11.192938 16.889030 24.708534

10 2.305040 7.285254 11.790394 17.467444 25.251312
11 2.465217 7.736212 12.385986 18.051962 25.798254
12 2.618185 8.174189 12.978730 18.642128 26.349411
13 2.764731 8.599648 13.567791 19.237446 26.904827
14 2.905523 9.013085 14.152458 19.837389 27.464530

15 3.041137 9.415010 14.732130 20.441413 28.028539
16 3.172067 9.805943 15.306299 21.048960 28.596854

[(_3)3] [(_3)2] [(_3)2] [(_4)9] [(_54)5]

c
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c-1\n 0 1

c2[X0( -ic)]

2 3 4
0.25 -0.571924 -0.564106 +0.013837 0.271192 0.77325
0.24 -0.585248 -0.579552 -0.009136 0.213225 0.67822
0.23 -0.599067 -0.595037 -0.031481 0.157464 0.58772
0.22 -0.613349 -0.610591 -0.053477 0.103825 0.50191
0.21 -0.628058 -0.626242 -0.075480 0.052196 0.42099

0.20 -0.643161 -0.642016 -0.097943 +0.002437 0.34521
0.19 -0.658625 -0.657938 -0.121428 -0.045635 0.27490
0.18 -0.674418 -0.674031 -0.146603 -0.092251 0.21043
0.17 -0.690515 -0.690310 -0.174201 -0.137692 0.15215
0.16 -0.706891 -0.706792 -0.204894 -0.182301 0.10020

0.15 -0.723530 -0.723486 -0.239109 -0.226469 0.05428
0.14 -0.740416 -0.740399 -0.276886 -0.270627 +0.01332
0.13 -0.757541 -0.757535 -0.317881 -0.315206 -0.02476
0.12 -0.774896 -0.774894 -0.361548 -0.360594 -0. 06337
0.11 -0.792476 -0.792476 -0.407352 -0.407081 -0.10723

0.10 -0.810279 -0.810279 -0.454896 -0.454839 -0.16065
0.09 -0.828301 -0.828301 -0.503937 -0.503928 -0.22419
0.08 -0.846539 -0.846539 -0.554337 -0.554337 -0.29513
0.07 -0.864992 -0.864992 -0.606021 -0.606021 -0.37117
0.06 -0.883657 -0.883657 -0.658931 -0.658931 -0.45125

0.05 -0.902532 -0.902532 -0.713025 -0.713025 -0.53495
0.04 -0.921616 -0.921616 -0.768262 -0.768262 -0.62200
0.03 -0.940906 -0.940906 -0.824608 -0.824608 -0.71218
0.02 -0.960402 -0.960402 -0.882031 -0.882031 -0.80533
0.01 -0.980100 -0.980100 -0.940503 -0.940503 -0.90131
0.00 -1.000000 -1.000000 -1.000000 -1.000000 -1.00000

[(-45)6] [(_45)3] [(_4)4] [(_3)1]

c2\fl 0

EIGENVALUES-PROLATE AND OBLATE
OBLATE

X,.,.(-ic) -m(m+ 1) *

Xo(-ic)

1 2 3

Table 21.1

4
0 0.000000 2.000000 6.000000 12.000000 20.000000
1 -0.348602 1.393206 5.486800 11.492120 19.495276
2 -0.729391 0.773097 4.996484 10.990438 18.994079
3 -1.144328 +0.140119 4.531027 10.494512 18.496395
4 -1.594493 -0.505243 4.091509 10.003863 18.002228

5 -2.079934 -1.162477 3.677958 9.517982 17.511597
6 -2.599668 -1.831050 3.289357 9.036338 17.024540
7 -3.151841 -2.510421 2.923796 8.558395 16.541110
8 -3.733981 -3.200049 2.578730 8.083615 16.061382
9 -4.343292 -3.899400 2.251269 7.611465 15.585448

10 -4.976895 -4.607952 1.938419 7.141427 15.113424
11 -5.632021 -5.325200 1.637277 6.673001 14.645441
12 -6.306116 -6.050659 1.345136 6.205705 14.181652
13 -6.996903 -6.783867 1.059541 5.739084 13.722230
14 -7.702385 -7.524384 0.778305 5.272706 13.267364

15 -8.420841 -8.271795 0.499495 4.806165 12.817261
16 -9.150793 -9.025710 0.221407 4.339082 12.372144

r(-3)41 r(-3)21 r(-3)31 r(-4)81 r(-4)6[7J L5J L7i L5J L5
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Table 21.1 EIGENVALUES-PROLATE AND OBLATE

See page II.

c2\n 1 2

PROLATE

Xm.(c)-m(m+1)

3

*

*

4 5

0 0.000000 4.000000 10.000000 18.000000 28.000000
1 0.195548 4.424699 10.467915 18.481696 28.488065
2 0.382655 4.841718 10.937881 18.965685 28.977891
3 0.561975 5.251162 11.409266 19.451871 29.469456
4 0.734111 5.653149 11.881493 19.940143 29.962738

5 0.899615 6.047807 12.354034 20.430382 30.457716
6 1.058995 6.435272 12.826413 20.922458 30.954363
7 1.212711 6.815691 13.298196 21.416235 31.452653
8 1.361183 7.189213 13.768997 21.911569 31.952557
9 1.504795 7.555998 14.238466 22.408312 32.454044

10 1.643895 7.916206 14.706292 22.906311 32.957080
11 1.778798 8.270004 15.172199 23.405410 33.461629
12 1.909792 8.617558 15.635940 23.905451 33.967652
13 2.037141 8.959038 16.097297 24.406277 34.475109
14 2.161081 9.294612 16.556078 24.907729 34.983956

15 2.281832 9.624450 17.012115 25.409649 35.494147
16 2.399593 9.948719 17.465260 25.911881 36.005634

[(_3)1] [(_3)1] [(_4)4] [(_)3] [(_4)2]

c'[1,(c)-2] *

1 2 3 4 5

0.25 0.599898 2.487179 4.366315 6.47797 9.00140
0.24 0.613295 2.491544 4.338520 6.38296 8.80891
0.23 0.627023 2.497852 4.315609 6.29522 8.62445
0.22 0.641073 2.506130 4.297923 6.21556 8.44916
0.21 0.655431 2.516383 4.285792 6.14494 8.28436

0.20 0.670084 2.528591 4.279522 6.08438 8.13163
0.19 0.685014 2.542705 4.279366 6. 03498 7.99282
0.18 0.700204 2.558644 4.285495 5.99788 7.87010
0.17 0.715632 2.576296 4.297965 5.97420 7.76598
0.16 0.731281 2.595516 4.316672 5.96496 7.68328

0.15 0.747129 2.616135 4.341320 5.97090 7.62508
0.14 0.763159 2.637968 4.371397 5.99230 7.59446
0.13 0.779353 2.660829 4.406191 6.02874 7.59407
0.12 0.795696 2.684536 4.444844 6.07889 7.62539
0.11 0.812174 2.708934 4.486445 6.14051 7.68773

0.10 0.828776 2.733891 4.530151 6.21063 7.77728
0.09 0.845493 2.759305 4.575277 6.28624 7.88714
0.08 0.862316 2.785099 4.621329 6.36482 8.00897
0.07 0.879237 2.811212 4.667984 6.44473 8.13579
0.06 0.896251 2.837600 4.715031 6.52505 8.26355

0.05 0.913352 2.864224 4.762333 6.60532 8.39048
0.04 0.930535 2.891056 4.809790 6.68528 8.51592
0.03 0.947796 2.918069 4.857332 6.76480 8.63963
0.02 0.965129 2.945243 4.904906 6.84378 8.76153
0.01 0.982531 2.972558 4.952472 6.92219 8.88164
0.00 1.000000 3.000000 5.000000 7.00000 9.00000

[(_5)4] [(_4)2] [(_4)8] [(_3)2] [(_3)4]
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c2\n 1 2

OBLATE

X,,.,.(-ic)-rn(m+1)
A1,.Ç-ic)-2

3

*

*

4 5

0 0.000000 4.000000 10.000000 18.000000 28.000000
1 -0.204695 3.567527 9.534818 17.520683 27.513713
2 -0.419293 3.127202 9.073104 17.043817 27.029223
3 -0.644596 2.678958 8.615640 16.569461 26.546548
4 -0.881446 2.222747 8.163245 16.097655 26.065706

5 -1.130712 1.758534 7.716768 15.628426 25.586715
6 -1.393280 1.286300 7.277072 15.161786 25.109592
7 -1.670028 0.806045 6.845015 14.697727 24.634357
8 -1.961809 +0.317782 6.421425 14.236229 24.161031
9 -2.269420 -0.178458 6.007074 13.777252 23.689634

10 -2.593577 -0.682630 5.602649 13.320743 23.220190
11 -2.934882 -1.194673 5.208724 12.866634 22.752726
12 -3.293803 -1.714511 4.825732 12.414840 22.287271
13 -3.670646 -2.242055 4.453947 11.965266 21.823856
14 -4.065548 -2.777205 4.093464 11.517803 21.362516

15 -4.478470 -3.319848 3.744202 11.072331 20.903290
16 -4.909200 -3.869861 3.405903 10.628718 20.446222

[(_3)2] [(-3)1] [(_3)1] [(_1)3]

C2[%l,.(_jC) -2]

1 2 3 4 5

0.25 -0306825 -0.241866 0.21286 0.66429 1.2778
0.24 -0.318148 -0.266693 0.17062 0.57759 1.1420
0.23 -0.330984 -0.291340 0.13125 0.49460 1.0120
0.22 -0.345469 -0.315894 0.09476 0.41533 0.8879
0.21 -0.361702 -0.340450 0.06107 0.33974 0.7697

0.20 -0.379735 -0.365113 0.03001 0.26779 0.6575
0.19 -0.399564 -0.389998 +0.00127 0.19942 0.5515
0.18 -0.421125 -0.415222 -0.02563 0.13449 0.4520
0.17 -0.444308 -0.440907 -0.05142 0.07282 0.3591
0.16 -0.468974 -0.467166 -0.07710 +0.01411 0.2735

0.15 -0.494976 -0.494104 -0.10406 -0.04205 0.1958
0.14 -0.522180 -0.521805 -0.13412 -0.09625 0.1271
0.13 -0.550474 -0.550335 -0.16924 -0.14929 0.0680
0.12 -0.579775 -0.579732 -0.21076 -0.20210 +0.0183
0.11 -0.610027 -0.610016 -0.25868 -0.25572 -0.0250

0.10 -0.641193 -0.641191 -0.31185 -0.31111 -0.0685
0.09 -0.673251 -0.673251 -0.36901 -0.36888 -0.1219
0.08 -0.706186 -0.706186 -0.42934 -0.42932 -0.1907
0.07 -0.739985 -0.739985 -0.49242 -0.49242 -0.2714
0.06 -0.774638 -0.774638 -0.55807 -0.55807 -0.3598

0.05 -0.810135 -0.810135 -0.62616 -0.62616 -0.4542
0.04 -0.846468 -0.846468 -0.69657 -0.69657 -0.5540
0.03 -0.883628 -0.883628 -0.76923 -0.76923 -0.6588
0.02 -0.921608 -0.921608 -0.84406 -0.84406 -0.7682
0.01 -0.960401 -0.960401 -0.92100 -0.92100 -0.8820
0.00 -1.000000 -1.000000 -1.00000 -1.00000 -1.0000

r(-4)fl r(-4)81 r(-4)51 [(-3)2[5] [5] [6] [5] [7
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Table 21.1 EIGENVALUES-PROLATE AND OBLATE

PROLATE
*X,.,.(c) -m(m+1)

X2,.(c) -6

c2\n 2 3 4 5 6

0 0.000000 6.000000 14.000000 24.000000 36.000000
1 0.140948 6.331101 14.402353 24.436145 36.454889
2 0.278219 6.657791 14.804100 24.872744 36.910449
3 0.412006 6.980147 15.205077 25.309731 37.366657
4 0.542495 7.298250 15.605133 25.747043 37.823486

5 0.669857 7.612179 16.004126 26.184612 38.280913
6 0.794252 7.922016 16.401931 26.622373 38.738910
7 0.915832 8.227840 16.798429 27.060261 39.197451
8 1.034738 8.529734 17.193516 27.498208 39.656510
9 1.151100 8.827778 17.587093 27.936151 40.116059

10 1.265042 9.122052 17.979073 28.374023 40.576070
11 1.376681 9.412636 18.369377 28.811761 41.036514
12 1.486122 9.699610 18.757932 29.249302 41.497364
13 1.593469 9.983052 19.144675 29.686584 41.958589
14 1.698816 10.263039 19.529549 30.123544 42.420160

15 1.802252 10.539650 19.912501 30.560125 42.882048
16 1.903860 10.812958 20.293486 30.996267 43.344222

[(-4)51 r(-4)61 [(-4)21 [(-5)6 [(-5)8
L41 L4J L4J L4 L4

c'[X2(c)-6] *

2 3 4 5 6

0.25 0.475965 2.703239 5.073371 7.74906 10.8360
0.24 0.489447 2.683149 4.994116 7.58138 10.5536
0.23 0.503526 2.665356 4.919290 7.41971 10.2781
0.22 0.518220 2.650003 4.849313 7.26479 10.0103
0.21 0.533551 2.637236 4.784640 7.11743 9.7512

0.20 0.549534 2.627196 4.725757 6.97858 9.5023
0.19 0.566185 2.620017 4.673177 6.84931 9.2649
0.18 0.583513 2.615819 4.627427 6.73081 9.0409
0.17 0.601526 2.614701 4.589031 6.62442 8.8323
0.16 0.620224 2.616735 4.558480 6.53155 8.6417

0.15 0.639604 2.621954 4.536196 6.45371 8.4718
0.14 0.659659 2.630349 4.522485 6.39236 8.3260
0.13 0.680376 2.641862 4.517479 6.34878 8.2078
0.12 0.701737 2.656384 4.521086 6.32389 8.1208
0.11 0.723722 2.673764 4.532956 6.31794 8.0678

0.10 0.746308 2.693817 4.552484 6.33030 8.0507
0.09 0.769471 2.716339 4.578871 6.35935 8.0688
0.08 0.793186 2.741120 4.611219 6.40263 8.1184
0.07 0.817429 2.767960 4.648642 6.45738 8.1932
0.06 0.842175 2.796673 4.690346 6.52096 8.2864

0.05 0.867402 2.827089 4.735658 6.59127 8.3919
0.04 0.893087 2.859059 4.784022 6.66670 8.5057
0.03 0.919209 2.892449 4.834980 6.74607 8.6249
0.02 0.945747 2.927138 4.888160 6.82849 8.7477
0.01 0.972684 2.963019 4.943252 6.91330 8.8730
0.00 1.000000 3.000000 5.000000 7.00000 9.0000

[(-5)91 1(-)1 r(-3)1 r(-3)21L4J L5J L6 L6J
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c_2[?2(_ic)_6] *

c-l\n 2 3 4 5 6

0.25 -0.185773 +0.002879 0.47957 1.07054 1.8019

0.24 -0.190754 -0.030028 0.41280 0.95365 1.6261

0.23 -0.196680 -0.062228 0.34933 0.84167 1.4577

0.22 -0.203790 -0.093813 0.28933 0.73461 1.2965

0.21 -0.212386 -0.124893 0.23297 0.63251 1.1428

0.20 -0.222841 -0.155607 0.18049 0.53537 0.9964

0.19 -0.235596 -0.186120 0.13215 0.44322 0.8574

0.18 -0.251126 -0.216631 0.08816 0.35607 0.7260

0.17 -0.269873 -0.247375 0.04864 0.27389 0.6022

0.16 -0.292149 -0.278624 +0.01342 0.19662 0.4863

0.15 -0.318047 -0.310677 -0.01813 0.12409 0.3785

0.14 -0.347414 -0.343847 -0.04727 +0.05600 0.2795

0.13 -0.379928 -0.378432 -0.07609 -0.00822 0.1901

0.12 -0.415213 -0.414688 -0.10778 -0.06954 0.1120

0.11 -0.452947 -0.452800 -0.14643 -0.12937 +0.0470

0.10 -0.492902 -0.492871 -0.19508 -0.18959 -0.0051

0.09 -0.534942 -0.534937 -0.25333 -0.25217 -0.0517

0.08 -0.578991 -0.578991 -0.31876 -0.31861 -0.1076

0.07 -0.625006 -0.625006 -0.38955 -0.38955 -0.1844

0.06 -0.672956 -0.672956 -0.46494 -0.46494 -0.2768

0.05 -0.722813 -0.722813 -0.54456 -0.54456 -0.3791

0.04 -0.774556 -0.774556 -0.62821 -0.62821 -0.4895

0.03 -0.828164 -0.828164 -0.71571 -0.71571 -0.6073

0.02 -0.883618 -0.883618 -0.80691 -0.80691 -0.7319

0,01 -0.940902 -0.940902 -0.90171 -0.90171 -0.8629

0.00 -1.000000 -1.000000 -1.00000 -1.00000 -1.0000

[(_4)5] [(_4)2] [(_3)1] [(_4)6] [(_3)3]

c2\n 2

EIGENVALUES-PROLATE AND OBLATE

OBLATE

Xm.(-ic)-m(m+1) *

X(-ic)-6 *

3 4 5

Table 21.1

6

0 0.000000 6.000000 14.000000 24.000000 36.000000

1 -0.144837 5.664409 13.597220 23.564371 35.545806

2 -0.293786 5.324253 13.194206 23.129322 35.092330

3 -0.447086 4.979458 12.791168 22.694912 34.639597

4 -0.604989 4.629951 12.388328 22.261201 34.187627

5 -0.767764 4.275662 11.985928 21.828245 33.736444

6 -0.935698 3.916525 11.584224 21.396098 33.286069

7 -1.109090 3.552475 11.183489 20.964812 32.836522

8 -1.288259 3.183450 10.784014 20.534436 32.387826

9 -1.473539 2.809393 10.386106 20.105013 31.940000

10 -1.665278 2.430250 9.990084 19.676587 31.493066

11 -1.863838 2.045970 9.596286 19.249195 31.047043

12 -2.069595 1.656508 9.205059 18.822869 30.601952

13 -2.282933 1.261822 8.816762 18.397640 30.157814

14 -2.504245 0.861875 8.431761 17.973532 29.714648

15 -2.733927 0.456635 8.050424 17.550565 29.272476

16 -2.972375 0.046076 7.673121 17.128753 28.831317

[(-3)11[4j [(-4)71[4i [(-4)51L4J
[(-4)11
L4i

[(-4)1

L4
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Table 21.2

?fl n c\8 0°

SPHEROIDAL WAVE FIYNCTIONS

ANGULAR FUNCTIONS-PROLATE AND OBLATE
PROLATE

Smn(c, cos o)

100 200 30° 40° 500 60° 7Ø0 80° 90°
0 0 1 0.8 81 0.8525 0.8651 0.8847 0.9091 0.9354 0.9606 0.9815 0.9952 1.000

2 0.5 15 0.5431 0.5772 0.6320 0.7032 0.7842 0.8654 0.9355 0.9831 1.000
3 0.2 75 0.2815 0.3242 0.3967 0.4980 0.6226 0.7571 0.8805 0.9682 1.000
4 0.1 94 0.1312 0.1689 0.2379 0.3442 0.4885 0.6589 0.8271 0.9530 1.000
5 0.0 02 0.0585 0.0861 0.1419 0.2380 0.3839 0.5742 0.7776 0.9383 1.000

o 1 1 0.9 46 0.8936 0.8602 0.8035 0.7225 0.6169 0.4878 0.3381 0.1731 0
2 0.6 81 0.6665 0.6598 0.6429 0.6081 0.5472 0.4540 0.3270 0.1717 0
3 0.4 34 0.4099 0.4273 0.4489 0.4630 0.4543 0.4068 0.3110 0.1695 0
4 0.2 42 0.2138 0.2415 0.2833 0.3294 0.3618 0.3566 0.2929 0.1669 0
5 0.0 16 0.1001 0.1262 0.1703 0.2279 0.2840 0.3104 0.2752 0.1643 0

0 2 1 1.0 2 0.9795 0.8553 0.6621 0.4198 0.1556 -0.0988 -0.3105 -0.4509 -0.5000
2 1.0 4 1.030 0.9271 0.7579 0.5296 0.2602 -0.0192 -0.2668 -0.4385 -0.5000
3 1.0 1 1.023 0.9640 0.8497 0.6660 0.4104 +0.1061 -0.1938 -0.4171 -0.5000
4 0.8 30 0.8768 0.8787 0.8513 0.7549 0.5553 0.2512 -0.0998 -0.3879 -0.5000
5 0.6 18 0.6233 0.6792 0.7407 0.7537 0.6494 0.3844 +0.0008 -0.3542 -0.5000

0 3 1 0.9 92 0.9042 0.6692 0.3400 -0.0045 -0.2816 -0.4259 -0.4085 -0.2467 0
2 0.9 90 0.8864 0.6816 0.3840 +0.0560 -0.2261 -0.3907 -0.3949 -0.2447 0
3 0.9 90 0.8546 0.6957 0.4485 0.1501 -0.1364 -0.3319 -0.3714 -0.2412 0
4 0.8 97 0.7877 0.6868 0.5087 0.2591 -0.0215 -0.2514 -0.3376 -0.2361 0
5 0.6 50 0.6560 0.6183 0.5245 0.3482 +0.0971 -0.1575 -0.2952 -0.2293 0

111 0.1578 0.3134 0.4643 0.6067 0.7355 0.8450 0.9290 0.9819 1.000
2 0.1194 0.2437 0.3757 0.5149 0.6562 0.7892 0.9000 0.9740 1.000
3 0.0776 0.1654 0.2724 0.4030 0.5546 0.7144 0.8597 0.9627 1.000
4 0.0449 0.1018 0.1832 0.2994 0.4537 0.6353 0.8150 0.9497 1.000
5 0.0239 0.0588 0.1179 0.2162 0.3650 0.5602 0.7698 0.9361 1.000

121 0.4788 0.9054 1.232 1.417 1.435 1.276 0.9562 0.5119 0
2 0.3896 0.7509 1.052 1.253 1.316 1.212 0.9335 0.5088 0

3 0.2780 0.5538 0.8148 1.030 1.149 1.118 0.8992 0.5039 0
4 0.1762 0.3683 0.5813 0.7968 0.9643 1.008 0.8575 0.4979 0
5 0.1011 0.2254 0.3896 0.5906 0.7879 0.8957 0.8127 0.4911 0

31 0.9928 1.745 2.075 1.903 1.280 0.3775 -0.5521 -1.244 -1.500
2 0.9559 1.710 2.092 1.998 1.432 0.5298 -0.4541 -1.214 -1.500
3 0.8745 1.611 2.063 2.097 1.640 0.7606 -0.2972 -1.174 -1.500
4 0.7393 1.418 1.934 2.128 1.841 1.032 -0.0951 -1.097 -1.500
5 0.5662 1.146 1.691 2.047 1.975 1.299 +0.1319 -1.017 -1.500

221 0.0844 0.3295 0.7111 1.189 1.710 2.211 2.627 2.903 3.000
2 0.0690 0.2744 0.6092 1.054 1.572 2.101 2.566 2.886 3.000
3 0.0500 0.2051 0.4773 0.8738 1.380 1.944 2.475 2.859 3.000
4 0.0328 0.1405 0.3487 0.6876 1.171 1.764 2.367 2.827 3.000
5 0.0198 0.0898 0.2414 0.5212 0.9701 1.580 2.251 2.791 3.000

2 3 1 0.4222 1.570 3.116 4.596 5.530 5.548 4.501 2.522 0
2 0.3597 1.358 2.755 4.175 5.170 5.327 4.417 2.510 0
3 0.2765 1.070 2.255 3.576 4.641 4.994 4.286 2.491 0
4 0.1934 0.7758 1.723 2.909 4.025 4.588 4.122 2.466 0
5 0.1244 0.5226 1.243 2.269 3.395 4.150 3.936 2.437 0



nz n c\ 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0 0 1 1.000 1.002 1.007 1.016 1.028 1.044 1.064 1.088 1.115 1.147 1.183

2 1.000 1.008 1.032 1.073 1.132 1.210 1.310 1.434 1.585 1.767 1.986
3 1.000 1.022 1.089 1.205 1.377 1.617 1.940 2.366 2.923 3.648 4.589
4 1.000 1.047 1.191 1.449 1.854 2.452 3.319 4.557 6.323 8.837 12.42
5 1.000 1.083 1.341 1.835 2.648 3.952 6.000 9.211 14.23 22.11 34.48

o 1 1 0 0.1001 0.2009 0.3027 0.4065 0.5128 0.6222 0.7353 0.8530 0.9760 1.105
2 0 0.1004 0.2034 0.3114 0.4274 0.5542 0.6952 0.8539 1.035 1.243 1.484
3 0 0.1011 0.2079 0.3273 0.4664 0.6338 0.8398 1.098 1.425 1.842 2.378
4 0 0.1016 0.2150 0.3526 0.5298 0.7681 1.096 1.552 2.195 3.105 4.396
5 0 0.1032 0.2252 0.3884 0.6252 0.9804 1.525 2.369 3.684 5.741 8.970

0 2 1 -0.5000 -0.4863 -0. 4450 -0.3757 -0.2779 -0.1507 +0.0070 0.1965 0.4197 0.6784 0.9749
2 -0.5000 -0.4897 -0. 4585 -0.4052 -0.3277 -0.2231 -0.0872 +0.0849 0.2999 0.5660 0.8930
3 -0.5000 -0.4943 -0. 4766 -0.4448 -0. 3952 -0.3223 -0.2183 -0.0721 +0.1311 0.3845 0.7958
4 -0.5000 -0.4994 -0. 4966 -0.4891 -0.4716 -0.4356 -0.3681 -0. 2485 -0.0458 0.2868 0.8201
5 -0.5000 -0.5061 -0. 5234 -0.5495 -0.5780 -0.5977 -0.5869 -0.5067 -0.2880 0.1892 1.132

0 3 1 0 -0.1477 -0.2810 -0.3855 -0.4466 -0.4491 -0.3768 -0.2130 +0.0600 0.4613 1.011
2 0 -0.1480 -0.2839 -0.3947 -0.4668 -0.4839 -0.4275 -0.2757 -0.0015 0.4274 1.051
3 0 -0.1486 -0.2885 -0.4097 -0.4998 -0.5421 -0.5140 -0.3841 -0.1091 0.3711 1.138
4 0 -0.1495 -0.2949 -0.4306 -0.5415 -0.6270 -0.6432 -0.5540 -0.2765 0.2912 1.327
5 0 -0.1504 -0.3033 -0.4589 -0.6123 -0.7489 -0.8356 -0.8080 -0.5447 0.1715 1.723

1 1.000 0.9961 0.9838 0.9628 0.9316 0.8884 0.8299 0.7506 0.6402 0.4731
2 1.000 0.9994 0.9973 0.9923 0.9827 0.9652 0.9340 0.8802 0.7864 0.6118
3 1.000 1.006 1.025 1.055 1.093 1.135 1.172 1.188 1.149 0.9724
4 1.000 1.020 1.079 1.178 1.319 1.498 1.708 1.920 2.067 1.950
5 1.000 1.041 1.174 1.406 1.776 2.242 2.878 3.642 4.400 4.651

2 1 0 0.2987 0.5897 0.8643 1.113 1.322 1.478 1.554 1.508 1.247
2 0 0.2985 0.5950 0.8815 1.153 1.398 1.600 1.730 1.734 1.487
3 0 0.3005 0.6043 0.9140 1.228 1.541 1.837 2.082 2.200 2.000
4 0 0.3022 0.6213 0.9640 1.349 1.780 2.250 2.723 3.092 3.033
5 0 0.2990 0.6400 1.040 1.537 2.165 2.947 3.868 4.786 5.138

3 1 -1.500 -1.421 -1.189 -0.8136 -0.3165 0.2710 0.9015 1.501 1.946 1.988
2 -1.500 -1.431 -1.228 -0.8941 -0.4427 +0.1060 0.7174 1.329 1.826 1.951
3 -1.500 -1.447 -1.289 -1.024 -0.6502 -0.1738 +0.3916 1.006 1.572 1.834
4 -1.500 -1.467 -1.364 -1.184 -0.9148 -0.5415 -0.0538 0.5403 1.177 1.619
5 -1.500 -1.486 -1.442 -1.353 -1.198 -0.9435 -0.5506 0.0161 0.7471 1.439

2 2 1 3.000 2.972 2.889 2.748 2.549 2.291 1.970 1.585 1.131 0.6041
2 3.000 2.979 2.915 2.805 2.644 2.425 2.138 1.770 1.305 0.7234
3 3.000 2.992 2.965 2.915 2.830 2.693 2.481 2.161 1.687 0.9944
4 3.000 3.013 3.052 3.111 3.170 3.200 3.157 2.966 2.512 1.615
5 3.000 3.052 3.211 3.469 3.813 4.202 4.564 4.746 4.460 3.188

2 3- 1 0 1.486 2.886 4.115 5.086 5.704 5.877 5.503 4.477 2.683
2 0 1.488 2.906 4.180 5.226 5.954 6.251 5.982 4.990 3.077
3 0 1.494 2.943 4.295 5.482 6.413 6.951 6.904 6.008 3.879
4 0 1.498 2.996 4.475 5.891 7.166 8.132 8.515 7.857 5.408
5 0 1.509 3.073 4.738 6.515 8.347 10.07 11.28 11.21 8.354
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ANGULAR FUNCTIONS-PROLATE AND OBLATE Table 21.2
OBlATE

Smn(iC, n)



From C. Flammer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif., 1957 (with permission).

in n c\E 1.005 1.020

R(c, E)

1.044 1.077 1.005

R(c, E)

1.020 1.044 1.077

0 0 1 -1 9.468 -1 9.419 -1 9.339 -1 9.228 0 -2.838 0 -2.096 o -1.666 o -1.356
2 -1 8.257 -1 8.077 -1 7.789 -1 7.392 0 -1.244 -1 -8.020 -1 -5.341 -1 -3.333
3 -1 7.026 -1 6.662 -1 6.091 -1 5.330 -1 -7.104 -1 -3.422 -1 -1.281 -2 3.51
4 -1 6.054 -1 5.471 -1 4.585 -1 3.463 -1 -4.508 -1 -1.287 -2 6.61 -1 1.952
5 -1 5.313 -1 4.488 -1 3.287 -1 1.869 -1 -3.052 -2 -1.02 -1 1.537 -1 2.291

0 1 1 3.153 -1 3.190 -1 3.249 -1 3.328 0 -6.912 0 -4.801 -3.669 ( O -2.920
2 5.289 -1 5.298 -1 5.308 -1 5.311 0 -2.189 0 -1.540 -1.177 -1 -9.216
3 6.064 -1 5.960 -1 5.786 -1 5.529 0 -1.133 -1 -7.365 -1 -4.987 -1 -3.207
4 5.892 -1 5.612 -1 5.162 -1 4.542 -1 -6.741 -1 -3.528 -1 -1.534 -3 -4.9
5 5.381 -1 4.888 -1 4.125 -1 3.137 -1 -4.293 -1 -1.390 -2 3.87 -1 1.594

0 2 1
2
3

4.470
1.696
3.295

-2)
-1
-]

4.655
1.749
3.346

-2 4.954
-1 1.833
-1 3.421

-2
-1
-1

5.373
1.947
3.509

1
0
0

-3.593
-5.241
-2.031

1 -2.185
0 -3.358
0 -1.364 o

-1.484
-2.403
-1.007

i -1.056
o -1.807

-1 -7.694
4 4.507 -1 4.477 -1 4.413 -1 4.293 0 -1.095 -1 -7.053 -1 -4.783 -1 -3.115
5 4.952 -1 4.763 -1 4.444 -1 3.976 -1 -7.388 -1 -4.417 -1 -2.630 -1 -1.340

0 3 1 3.912 -3 4.249 -3 4.814 5.638 -2 -3.288 2 -1.659 2 -1.082 1 -6.916
2 3.085 -2 3.317 -2 3.700 4.249 -1 -2.194 1 -1.223 0 -7.705 0 -5.123
3 9.956 -1 1.054 -1 1.147 1.275 0 -5.020 0 -2.966 0 -1.985 0 -1.408
4 2.107 -1 2.183 -1 2.298 2.443 0 -2.043 0 -1.293 -1 -9.141 -1 -6.749
5 3.298 -1 3.329 -1 3.360 3.362 0 -1.149 -1 -7.422 -1 -5.182 -1 -3.612

1
2
3

3.270
6.187
8.596

6.544
1.227
1.677

-2) 9.716
-1)1.793
-]i2.386

1.287
2.323
2.973

1
0
0

-1.506
-4.079
-2.019

o -7.294 0
o -2.077 0
o -1.075 -1

-4.734
-1.417
-7.453

0)-3.432
0)-1.071

-1)-5.480
4 1.053 2.007 -1)2.744 3.221 0 -1.273 -1 -6.911 -1 -4.585 -1) -2.92 4
5 1.211 2.235 -1' 2.894 3.118 -1 -9.101 -1 -4.885 -1 -2.874 -1 -1.248

2 1
2
3

6.5 03
2.378
4.658

1.322
4.802
9.296

-2 2.012
-2 7.227
-1 1.372

2.754
9.738
1.798

1
1
0

-7.295
-1.014
-3.552

i -3.269
o -4.717
o -1.751

0
o

-1.939
-2.932
-1.156

1 -1.275
o -2.038

-1 -8.473
4 6.975 1.367 -1 1.960 2.460 0 -1.842 -1 -9.597 -1 -6.533 -1 -4.718
5 9.035 1.739 -1 2.376 2.803 0 -1.778 -1 -6.362 -1 -4.170 -1 -2.651

3 1 7.586 1.577 -3 2.483 3.556 2 -6.014 2)-2.491 2 -1.354 1 -8.127
2 5.725 1.183 -2 1.845 2.607 1 -4.027 1 -1.707 0 -9.553 0 -5.934
3 1.737 3.553 -2 5.453 7.529 0 -9.025 0)-3.994 0 -2.354 0 -1.552
4 3.516 7.089 -1 1.063 -1 1.418 0 -3.449 0-1.629 0 -1.032 -1 -7.288
5 5.604 1.108 -1 1.608 -1 2.048 0 -1.692 -1 -8.600 -1 -5.214 -1 -3.006

2 2 1 -4 6.612 -3 2.659 -3 5.898 -2 1.044 2 -3.750 1 -9.112 1 -3.973 1 -2.156
2 -3 2.566 -2 1.025 -2 2.249 -2 3.920 1 -4.852 1 -1.203 0 -5.417 0 -3.077
3 -3 5.520 -2 2.181 -2 4.698 -2 7.974 1 -1.515 0 -3.889 0 -1.852 0 -1.126
4 -3 9.302 -2 3.616 -2 7.587 -1 1.239 0 -6.821 0 -1.843 -1 -9.431 -1 -6.132
5 -2 1.372 -2 5.223 -1 1.058 -1 1.639 0 -3.755 0 -1.081 -1 -5.907 -1 -3.910

2 3 1 -5 9.415 -4 3.845 -4 8.736 -3 1.596 3 -2.609 2 -6.096 2 -2.517 2 -1.279
2 -4 7.128 -3 2.896 -3 6.525 -2 1.178 2 -1.728 1 -4.095 1 -1.727 0 -9.031
3 -3 2.208 -3 8.889 -2 1.974 -2 3.492 1 -3.745 0 -9.098 0 -3.994 0 -2.208
4 -3 4.683 -2 1.862 (-2 4.048 (-2 6.946 1 -1.334 0 -3.370 ( 0 -1.573 -1 -9.397
5 -3 8.060 -2 3.150 (-2 6.657 (-i 1.096 0 -6.274 0 -1.671 (-i -8.409 -1 -5.379
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Table 21.3 PROLATE RADIAL FUNCTIONS-FIRST AND SECOND KINDS
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PROLATE JOINING FACTORS-FIRST KIND (C) Table 21.5

From C. Flainmer, Spheroidal wave functions. Stanford Univ. Press, Stanford, Calif.,
1957 (with permission).
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OBLATE RADIAL FUNCTIONS-FIRST AND SECOND KINDS Table 21.4

R(-ic, iE) R(-ic, i)
rn n 0 0.75 0 0.75

0 O 0. 2 -1 9. 9557 -1 9. 9183 0 -7. 7864 0 -4. 5290
0. 5 -1 9. 7265 -1 9. 4976 0 -2. 9707 0 -1. 5906
0,8 -1 9.3168 -1 8.7520 O -1. 7002 -1 -7. 5527
1. 0 -1 8.9565 -1 8. 1032 0 -1. 2524 -1 -4. 4277
1.5 -1 7.8320 -1 6.1209 -1 -6. 2189 -2 +1.2204
2. 0 -1 6. 5571 -1 3. 9526 -1 -3. 0356 -1 2. 2634
2.5 -1 5.3430 -1 1.9680 -1 -1. 3758 -1 3. 0225

o 1 0.2 0 -2 4.9808 1 -7. 5120 1 -2. 3239
0. 5 0 -1 1. 2202 1 -1. 2120 0 -4. 0338
0. 8 0 -1 1. 8802 0 -4. 8077 0 -1. 7744
1. 0 0 -1 2. 2696 0 -3. 1202 0 -1. 2314
1.5 0 -1 3. 0132 0 -1. 4537 -1 -6. 3156
2. 0 0 -1 3. 3765 -1 -8. 7035 -1 -3. 4641
2.5 0 -1 3. 3530 -1 -6. 0006 -1 -1. 5694

0 2 0. 2 -4 8. 8992 -3 2.3840 3)-2. 2106 2 -3. 4260
0.5 -3 5.5964 -2 1.4744 2)-1. 4205 1 -2. 2700
0.8 -2 1.4489 -2 3.6993 1 -3. 5130 0 -5. 9376
1.0 -2 2.2868 -2 5.6728 1 -1. 8068 0 -3. 2496
1. 5 -2 5.3150 -1 1.1932 0-5. 5629 0 -1. 2084
2. 0 (-2 9.7914 -1 1.9147 0 -2. 5149 -1 -6. 5653
2. 5 (-1 1. 5649 -1 2.5730 0)-1. 4263 -1 -3. 9702

0.2 -2 6.6454 -2 8. 2880 1 -5. 9560 1 -2. 1507
0.5 -1 1. 6336 -1 2. 0133 1 -1. 0060 0 -3. 8583
0. 8 -1 2.5333 -1 3. 0524 0 -4. 2765 0 -1. 7483
1. 0 -1 3. 0762 -1 3.6283 0 -2. 9165 0 -1. 2196
1. 5 -1 4.1708 -1 4.5492 0 -1. 4980 -1 -5. 8081
2. 0 -1 4.8229 -1 4.6553 -1 -9. 1106 -1 -2. 3210
2.5 -1 5. 0170 -1 4.0221 -1 -5. 7028 -3 +3. 168

2 0.2 0 -3 2. 4923 3 -1. 8781 2 -3. 2287
0.5 0 -2 1.5314 2 -1. 2123 1 -2. 1474
0. 8 0 -2 3. 7974 1 -3. 0070 0 -5. 6543
1.0 0 -2 5.7617 1 -1. 5622 0 -3. 1109
1.5 0 -1 1. 1699 0 -4. 8667 0 -1. 1709
2. 0 0 -1 1.7976 0 -2. 1999 -1 -6. 4134
2.5 0 -1 2.3200 0 -1. 2282 -1 -3. 9677

3 0.2 -5 1.5236 -5 7.2462 4 -9. 6745 3 -8. 1316
0. 5 -4 2.3850 -3 1.1206 3 -2. 4841 2 -2. 1259
0.8 -4 9. 7909 -3 4. 4965 2 -3. 8151 1 -3. 3786
1. 0 -3 1. 9166 -3 8. 6200 2 -1. 5721 1 -1. 4390
1. 5 -3 6. 5244 -2 2. 7259 1 -3. 1742 0 -3. 2838
2. 0 -2 1.5669 -2 5. 8920 1 -1. 0386 0 -1. 2924
2.5 -2 3. 1147 -1 1.0193 0 -4. 4705 -1 -6. 9734

2 2 0.2 -3 2.6602 -3 4.1496 3 -1.1093 2 -2. 6888
0.5 -2 1.6413 -2 2.5393 1 -7. 2682 1 -1. 8121
0.8 -2 4.1024 -2 6.2453 1 -1. 8724 0 -4. 9121
1. 0 -2 6. 2694 -2 9.4031 0 -9. 9297 0 -2. 7508
1.5 -1 1.3055 -1 1. 8562 0 -3. 4267 0 -1.0939
2. 0 -1 2.0801 -1 2.7317 0 -1. 7581 -1 -6. 0206
2.5 -1 2.8190 -1 3.3111 ( 0 -1. 0954 -1)-3. 3594

1 -1

(1)
'OO

8.943

(1)
01

-1)9.422 1

(1)
'02

4.637

(1)
11

0)2.770 1

(1)
12

4.319 2

(1)
'13

7.919 1

(1)
'22

4.234
2 -1 6. 391 0)1. 586 1 1. 268 0 1. 095 0 9. 527 2 1. 002 0 8. 838
3 -1 3. 742 0)1. 829 0 6. 352 -1 5. 011 0 3.417 1 2. 982 0 2. 935
4 -1 1.909 0 1.795 0 3.867 -1 2.294 0 1.413 1 1.222 0 1.118
5 (-2 8.97 0 1.665 0 2.401 -1 1. 023 -1 6.067 0 5.725 -1 4.455
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22.1. Definition of Orthogonal Polynomiais

A system of polynomialsf(x), degree [j(x)]=n,
is called orthogonal on the interval a x b,
with respect to the weight function w(x), if

22.1.1

fb w(z)f,,
(nm; n, m=O, 1, 2, . .

The weight function w(x)[w(x) O] determines
the system J(x) up to a constant factor in each
polynomial. The specification of these factors is
referred to as standardization. For suitably
standardized orthogonal polynomials we set

22.1.2

b

a
(n=O,1,2,...)

These polynomials satisfy a number of relation-
ships of the same general form. The most
important ones are:

Differential Equation

22.1.3 g2(x)J'+g1(x).f+aJO
where g2(z), g1(x) are independent of n and a a
constant depending only on n.

Recurrence Relation

22.1.4 f,j= (a+xb5)fcf5_i
where

22.1.5

b , a=b
u.n

f1c1 1c\ fr1k_1h
fl.I(fl-1727.

Rodrigues' Formula

22.1.6
1 d- {w(x)[g(x)]"}

enw(x) dx

22. Orthogonal Polynomials
Mathematical Properties

where g(x) is a polynomial in x independent of n.

The system { J- } consists again of orthogonal

polynomials.

FlounE 22.1. Jacobi Polynomials P ß) (x),

a=1.5, ß=.5, n=1(1)5.
773
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FIGURE 22.2. Jacobi Polynomials P-' (z),
a=1(.2)2, ß.5, iz=5.

FIGURE 22.3. Jacobi Polynomials P,8(x),
a=1.5, =.8(.2)O, n=5.

ORTHOGONAL POLYNOMIALS

Explicit Expressions Involving Trigonometric Functions

22.3.12

22.3.13

f,.(cos °)E a cos (n-2m)O
m=O

f(cos O)

(cos O)

P(cos O)

a

F(a+m)r(a+nm)
m!(nm) ![F(a)]'

i (2m\ (2n-2m4m) nm

22.3.14 (Ç»» (cos O) cos nO

22.3.15 T(cos O)=rcosnO

sin (n+1)O
22.3.16 Un(cos O)=

j

Remarks

aO

FIGURE 22.4. Gegenbaner (Ultraspherical) Polyno-
mials G,(x), a=.5, n=2()5.



-1.5

FIGuRE 22.5. Gegenbauer (Ultraepherical) Polyno-
miaiR C,(x), a=.2(.2)l, n5.

See page n.

C'(X)

'.5-

('4)ca

(.2)

22.5. Interrelations

Interrelations Between Orthogonal Polynomials of the
Same Family

Jacobi Polynomials

22.5.1

p(a.ß)(x) r(2n+a+ß+1) Gn(a+ß+1,ß+1")
n!F(n+a+ß+1)

22.5.2

G(p, q,x) rdF(n+p)
F(2n+p)

(see [22.21]).

22.5.3

r (q)F(p, q,x)=(-1)"n! r(q+n)
p-r._l)(2x_l)

(see [22.13]).

Ultraspherical Polynomials

C°1(z)=Iim C(x)
-o a

Chebyshev Polynomials

T(x) =C(2x) =T (±)
T(z) r=U(x) xU _1(x)

f(x) f(x) fa(i) f,(0) fo(x) fj(x)

22.4.1 pM(r) (1)'P1'>(x) (n+a) *t\fl i .Eaß+(a+ß+2)zJ2

(0,n=2m+1
22.4.2 C(x) c0 (1)nC1(x) (n+2oi)

\ fl T(a+n/2) n-2m
i 2x

t12r(a)(n/2!
((i)'"
J

,n.=2mO
m

I
22.4.3 C,°(x) (i)"C,°1(x) ., n#On

i zz

(ß, n=2m+1

22.4.4 T(x) (i)T(z) lø, n=2m+1 i X

22.4.5 U(x) (-1)"U(x) n+i 1 (-1)", n=2m
O, n=2m+1

i 2x

/2m\ n=2m
4m .. m

lo, n=2m+i
22.4.6 P,(z) (-1)'.P(x) i i x

22.4.7 L(x) (n+a' i z--a--1

22.4.8 H(x) (_i)aH() (1) (2m)!-, n=2m
m!

lo, n=2m+1
i

ORTHOGONAL POLYNOMIALS 777

22.4. Special Values

22.5.4

22.5.5

22.5.6
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22.5.7

22.5.8

T(x) =xU_1 (x) U,-2 (x)

T(x)= [U(x)U_2(x)]

22.5.9 U(x)=S,(2x)=U (1+x)

22.5.10 Un_i(x)i12 [xT(x)T1(x)]

22.5.11 C(x)=2T ()=2T* (x+2)

22.5.12 C(x)=S(x)S_2(x)

22.5.13

22.5.14 T(x)T(2x-1) C(4x-2)

(see [22.221).

22.5.15 U(z)=S(4x-2) U(2x-- 1)

(see [22.22]).

Generalized Laguerre Polynomials

22.5.16 L° (x) =L(x)

22.5.17 L(m)(x)=(_1)m ELn+m(X)]

Hermite Polynomials

22.5.18 He(x)=22H (5)
(see [22.20]).

22.5. 19 H(x) z=2'2He(x.,J)

(see [22.13], [22.20]).

Interrelations Between Orthogonal Polynomials of
Different Families

Jacobi Polynomials
22.5.20

ORTHOGONAL

p(a-la-*) (z) F (2a) r (a+H-) C (z)n r(2a-}-n)r(a+)
22.5.21

(a+)2n+1

n+I

22.5.22 p(a. -(x)= y(«+4) (/±i)
n 2n

POLYNOMIALS

22.5.23

22.5.24

p(-&)(x)i() T)n

O) (z) =P, (z)

Ultraspherical Polynomials

(z)
r (a+n)n. p(a-i. -1) (2x2 1)r(a)(2n)!

22.5.25

22.5.27

C (x)
r (a+) r (2a+n) p(aLa _l) (z)

- r (2a) F (a+n+)

22.5.28

22. 5. 29

22.5.30

22.5.31

22.5.32

(I(0) ()-T(x)=2 (n-1)! i) (z)r(n+)
Chebyshev Polynomials

n!v 1)T2n+i(z)r(+l)
n,!v p. - (2x2 1)U2(x) F (n+ )
nkf (z)

u(x)_(nl)! P(z)
2r (n+4)

FIGURE 22.6. Chebyshev Polynomials T(z),
n=1(1)5.

See page n.

t(x)

(a O)

22.5.26
F(a+n+1)n!22'' xP'(2x2 1)

r(a)(2n+1)!
(aO)

(a 0)



*See page n.

-2

-3

FIGuRE 22.7. Chebyshev Polynomials U(x),
n=1(1)5.

22.5.33 T(x)= C°('x)

22.5.34 U(x)==C(x)

ORTHOGONAL POLYNOMIALS

22.5.35

Legendre Polynomials

P(x) po.o) ()

P(x) rrrG,1/2) (z)

779

(m<n)

f(z) d a b c g(z)

22.5.42 P(z) (n+a'\flJ n n+a+ß+1 a+I 2

22.5.43 p.ß) (z) (2n+a+ß z - j\'.
n )1-- n na 2naß 2Iz

x-1
22.5.44 p>(z) (n+a)(1+Z)" n nß a+1

22.5.45

22.5.46

P(z)

C(z)

n
n

fl--a

n+2a

ß+1

r(n+2a) 1x
n!r(2a) 2

22.5.47 T,.(x) 1 n n k
1x
j--

22.5.48 U(z) n+1 n n+2 * k
lz
1x

22.5.49 P(x) i n n+1 i --
22.5.50 P(x) (2n)(z_l'y

n 2J n n 2n 1z
22.5.51

22.5.52

P(z)

P2,(z)

(2ns'(Z)*
nj\2,

(2n)!
122n(n!)2

fl
2n

1n kn
'

1

z2

z2

2

n+

22.5.53 P2i(z) n n+k I z2

22.5.38

22.5.39



22.5.55

Orthogonal Polynomials as Parabolic Cylinder
Functions (see chapter 19)

/1 1 3H(x)=2'U(n, , x)

(2m)! / i
22.5.56 112m(X)(1)m M( m, 2)

m! 2

22. 5. 57

* H2m+i(X)(1)m (2m-1-l)!2xM(_m, 2)

P(x)

FIGuRE 22.8. Legendre Polynomials P (x),
n=2(1)5.

*See page IL

POLYNOMIALS

22.5.58
f iH(x) =2 2eZ2/2D (.Jx) =22e2/2U (\_fl

f i22.5.59 He (x) = e'2"D (x) = ex2/4U n' )

Orthogonal Polynomials as Legendre Functions
(see chapter 8)

22.5.60

a
r(a+)F(2a+n) ri p(4-a) (z)

n!F(2a) L4
2_1)] ?I+a1

(a0)

L(X)

FIGURE 22.9. Laguerre Polynomials L (z),
n=2(1)5.

HnUC)

H(x)
FIGURE 22.10. Flermite Polynomials

n3

n= 2(1)5.

780 ORTHOGONAL

Orthogonal Po1ynomals as Confluent Hypergeometric
Functions (see chapter 13)

22.5.54 (x) (n, a+1, x)



*See page II.

y g2(z) gz (z) 90(z)

22.6.1 (z) 1z' ßa(a+ß+2)z n(n+a+ß+ 1)

22.6.2 (1 z)(1 +z)6P8 (z) 1z' aß+(a+ß2)z (n+1)(n+a+ß)

i 1a2 1 1ß'
22.6.3

1+1 6+1
(1 _z)T(1 +z)P'1 () o

(1x)24 (l+z
2n(n+a+ß+i)+(a+1)(ß+1)+ 2(1z')

l-4a2 l-4ß'
22.6.4

/ z\}/ z\ßi
(,sin ) (cos ) P, (cos z) o X

16 S1fl2 - 16 cos' -
1)2+(n+(+

22.6.5 C(z) 1 z' (2a+1)z n(n+2a)

22.6.6 (1 i z' (2a-3)x (n+1)(n+2a-1)

22.6.7

22.6.8

(lz') C(x)

(sin z)2C (cos z)

I

i

o

o

(n+a)' 2+4a-4a'+Z'iz' + 4(lx')'
a(1a)

Sfl2X

22.6.9 T(x) lx' x n'

22.6.10 T(cos z) i o n'

22.6.11

22.6.12

T,(z); U_1(x) 1x'
1z'

3z
- 3z

n'-1

n(n+2)U(z)

22.6.13

22.6.14

P,(x) 1z'
i

22,

o

n(n+l)
n(n+i) iTP(z) 1z' '(Ix')'

22.6.15 L(z) z a+1--z n

22.6.16 e_1z_1'2L (z) z 2,+1

22.6.17 eI2xL (z) o
2n+a+l la2

2z +4x2 4

22.6.18 e2z1L (z') i o 4n+2a+2

22.6.19 H,,(z) i - 2x 2n

22.6.20
12

eH(z) i o 2n+1z'

22.6.21 He.(z) z n
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22.6. Differential Equations

g,(z)y" +gi(z)y' +go(z)y=O



Miscellaneous Recurrence Relations

Jacobi Polynomials
22.7.15

(n+++1) (1z)P" (z)

= (n+a+ i)P«'> (z) - n+ 1)P (z)

22.7.16

(n+++i) (1 +x)P'' (z)

= (m+ß+ 1)P' ß) (z) + (n+ 1)P (z)

22.7.17

(1 x)P"ß (x)+ (1 +x)P'1 (z) =2P' ß) (z)

22.7.18

(2n+ a+ß)P' ß) (z) = (n+ a+ß)P' (z)
- (n+ ß)PL" (z)

22.7.19

(2n+ a+ß)P'8 1) (z) = (n+ a+ ß)P' (z)
+ (n+ a)Pf (z)

22.7.20 P' ' (z) P1' fi) (z) =Pf) (z)

Ultraspherical Polynomials

22.7.21

2a(1z2)C"(x)= (2a+n-1)C?i(z)nxC(X)n-1

22.7.22
(+2a)'z' (z)

(n.+ 1)C?1(z)

22.7.23 (n+ a)C1) (z) (a-1 )[C? (z) -

Chebyshev Polynomials
22.7.24

2Trn(X) T(x) = Tn+rn(X) + Tnm(X) (n m) *

22.7.25

2(z 1) Urn_i (z) U_1(x) = Tn+rn(X) - Tn_rn(X)
(nm)

22.7.26

2Tm(X)Un_i(X) =Un+rn_i(X) +Un-rn_i (z) (n>m)

22.7 .27

2Tn(z)Urn_i(x) U+rn-j (z) Un_rn_i(X) (n>m)

22.7.28 2T(z)U_1(x)=U2_i(z)

*See page ii.

f,. a1,. a2,. a3,. a4,.

22.7.1 P,'ß(x) 2(n+ 1) (n+a+ß+ 1) (2n+a+ß-Ì- 1) (2_ß2) (2n+a+ß)i 2(n+a) (n+)
(2n+a+ß) (2n+a+ß+2)

22.7.2 G,,(p, q, z) (2n+p-2)4(2n+p 1) [2n(n+p)+q(p 1)] (2n+p-2)4 n(n+q 1)(n+p 1)
(2n±p---2)i (2n+pl) (n+pq)(2n+p+l)

22.7.3 C(x) n+1 O 2(n+a) n+2a1
22.7.4 T,.(x) 1 0 2 1

22.7.5 U,.(x) 1 0 2 1

22.7.6 S,.(x) 1 0 1 1

22.7.7 C,.(x) i 0 1 1

22.7.8 T(z) 1 2 4 1

22.7.9 U(x) 1 2 4 1

22.7.10 P,.(x) n + i O 2n+ I n

22.7.11 P(z) n+i 2n-1 4n+2 n

22.7.12 L>(x) n+1 2n+a+1 1 n+a

22.7.13 H,,(x) 1 0 2 2n

22.7.14 He,(x) 1 0 1 n

782 ORTHOGONAL POLYNOMIALS

22.7. Recurrence Relations
Recurrence Relations With Respect to the Degree n

ai,j,,+j(x) = (a2+aix)f,.(x) a4,.f,._i(x)



*See page IL

Generalized Laguerre Polynomials

22.7.29

L'>(x)= [(zn)L(x)+(a+n)Li,(x)]
X

22.7.30 L«° (x) =L (z) L)1(x)

22.9. Generating Functions

22.8. Differential Relations

q2(x)f,.(x) =g (z)f,.(z) +go(x)f_ (z)

22.7.31

- (n+1,L+,(x)]

22.7.32
i [(n+1)L?,(x)(m+1x)L(x)1

çj(x,z)= a,.f,.(z)z"
no

R=../1_2xz+z2

f,,(x) g(z,z) Remarks

22.9.1 P,'' (z) R-' (1 z+ R) -(i + z+ R) -ß IrK'

22.9.2 (z)
21-r(a + 4 + n) F(2a) R'(l zz-f- R) zl<1, aOF(a ± 4) F (2a + n)

22.9.3 (z) i zI<1,aO

22.9.4

22.9.5

C,» (z)

C(z)

i

F(2a)

In R2

e eo.I ( sin e).î_4(z sin O) x=cos O
F(a+ 4)r(2a±n)

22.9.6 T(z) 2
(1_22R +i) 1<z<1'<i

22.9.7 Tft(z) 4' \. n
R-'(l zz+R)'1' 1<x<i

zKl
22.9.8 T,.(z) n

1-4 In R' a,= i
1<z<i

zKl
22.9.9 7',(x) i

1 xz 1<z<l
IzI<iR'

22.9.10 U,(z) R-2 i<z<i
IzKl

22.9.11 U(z) (2n+2
- (lxz+R)-"2 1<x<1

lzk14.+I n+i

g

22.8.1 p.ß) (z) (2n+a+ß)(1x') n[aß(2n±a±ß)x] 2(n+a)(n±ß)

22.8.2 C)(x) iz' _nx n± 2a 1

22.8.3 T(x) 1z2 - na; n

22.8.4 U,(x) ix' na; n+1

22.8.5 P,(x) 1x' na; n

22.8.6 L1 (z) z n (n+a)
22.8.7 H(x) o 2n

22.8.8 He,(x) i o n

ORTHOGONAL POLYNOMIALS 783



'See page II.

22.10. Integral Representations
Contour Integral Representations

f,,(x) f [g,(z, z)]'g,(z, x)dz where C is a closed contour taken around z=a in the positive sense

Miscellaneous Integral Representations
"T

22.10.10
C)(X)=2 zam+ [x±Vx2_1 cos ]t1(5jfl )2''d (a>O)

n![I'(a)]° ,,

22.10.11 C(cos 0)2ar(n+2cr) '" cos (n+a)
(a>O)(sin f- n![r(a)]2 , (cos*cosO)°

f,.(z) go(r) g,(z,x) g,(z,x) a Remarks

22.10.1 Pa.ß)(x) 1 22_l (1z)(l+z) z ± i outside C
(lz)'(1+x)8 2(zx) zx

22.10.2 C'(x) i l/z (l-2x+z2Y'z' O Both zeros of
l-2xz+z2outside C
a>O

22.10.3 T,.(z) 1/2
1z2

o
Both zeros of

i-2xz+z2outside(z(1-2zz+z2)
Both zeros of

22.10.4 U,,(z) i l/z O i-2zz+z2out8ide(z(l-2zz+z°)

22.10.5 P,(x) i

i

l/z

22_i

(l-2xz+z°)"2

i

o
Both zeros of

l-2zz+z2outside(

22.10.6

22.10.7

P,,(z)

L/,&(x) eTz

zx z

z Zero outside Czzz - ezx
22.10.8

22.10.9

L,'(x)

H,,(z)

i

n!

i +
z

liz

e' (i +!)' l/z

e° ,2
-
z

O

O

z= z outside C

g(x,z)=a,J,.(z)z" R=..Jl_2xz+z2

f,(x) a,, g(z, z) Remarks

22.9.12

22.9.13

P(x)

P,(x)

i

1

n!

R-'

e' CO J0(z sin 9)

1(z<1
zI<1

x=cos O

22.9.14 S,(z) i (1 xz+ z2)-' 2<z(2
IzI<1

22.9.15 L° (z) i
/ zz

IzI<1(lz)' exp

22.9.16

22.9.17

(z)

H(z)

1 (xz) -lae'J,,[2(xz) 1/2]

e2zdI

r(n+a+1)
i

n!

22.9.18

22.9.19

H2(z)

H,+i(z)

(i),. e cos (2xV)

z12e sin (2xV') *

(2n)!

(i)"
(2n+i)!
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22.9. Generating FunctionsContinued



See page II.

n
22.12.6 E L (x)L2m(y) =L8" (x+y)

mO

22.12.7 (h1+) nm( - i4mL2m(X) L (x)
mO m

22.12.8

!In(x+y) () f1k(2x)Hflk(y)

22.11. Rodrigues' Formula

i d
ffl(X)=() {p(x)(g(x))'}

The polynomials given in the following table are the only orthogonal polynomials which satisfy
this formula.

1'l 23/2
22.13.5

J
(1X )2P1(x)dx=1 2m-N

22.13.6 11 P2(cos O)dO=-- (2n'2
i6 n,

22 137 f' 42:+1(2m\12m+2\P21(cosO)cosOdO=-
o

f(x) a, p(z) g(z)

22.11.1

22.11.2

8) (z)

C> (z)
( 1)"2'n!

r (2a)r(a + n+ 4)
(1 z)(l +)
(1 _2)l i 21)"2'n!(

F(a+4)F(n+ 2a)
r(n+45 * (1 _X2)l X'

22.11.3 T,,(z) ç
22.11.4 U(x) 1) 121+1

r(n + U (1_xI)l 1z2(_
(n+ 1)

22.11.5
22.11.6

P(z)
L) (z)

(-1) 2"n!
n!

i 1z'
z

22.11.7
22.11.8

H(z)
He,,(x)

(-1)"
(_1)n I

22.12.1

m..O/im

Miscellaneous

22.12.2

22.12.3

2212.4

22.12.5

k f,1 (x)f1(y) f(x)J+1 (y)

22.13.1

('Z
2nj (1 ._y)a(i

o
p(a+l.

n-1

22.13.2

n(2a+n) 1.

+y)8P (y)dy

$+l)(0)_(1 _x)1+l(1 +x)ß+lP-tI 8"(x)

1 y2)'C (y)dy

=C-t' (0) (1 xl)a+lCtl)(x)

Ç! Tn(y)dy

fm(X)fm(y)

Sum Formulas (Only a Limited Selection
Is Given Here.)

n

E T2m(X)[1+U2n(X)}
mO

n1
E T2m+i(X)U2n_i(X)
m=O

n 1T22(x)E U2m(X)

2a jo

22.13.3

22.13.4

m-O 2(1x2)
n1 xT21+j(x)

1_i (yx) -i y2

Vi y2Ui(y)dy =
ji

irT(x)U2m+i(X)EmO 2(1x2)
j_i (yx)

22.10.12

ORTHOGONAL

i "
P(cos O)=-

J
(cos O+i sin O cos

ir

POLYNOMIALS

J' et'

785

J.(2)dt22.10.14 L)(X)=:2
22.10.15

22.10.13
sin (n+)4id4, 2n+lH(x)e2 (' e2t' cos (xt_ir) dtP(cos O)= J'ir (cosOcos)l Jo

22.12. Sum Formulas 22.13. Integrals Involving Orthogonal Poly-
Christoffel-Darhoux Formula nomials
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22.13.8
X(-1)r (_) r (+)

(X>-1)S' xxP2(x)dx 2F (-) r (++)o

22.13.9

fi
(-1)r (+_) r (i+)

xAP2n+i (x)dx

22.13.10

fP(t)dt-i -41xt (n+)Jl+x[Tn+Tnl

22.13.11

S'Pfl(t)dt
i {T(x)T1(x)](n+) Vix

22.13.12 f etL (t)dt=e_z [L (x) L?1 (x) I
z

22.13.13

r(a+ß+n+1)f (x_t)ßtaL) (t)dt
=r(a+n+1)r(fl)xßL(x)

(a>i, ß>O)
22.13.14

z

Lm(t)Ln(X t)dt
o

fz= Lm+n(t)dtLm+n(X)Lm+n+i(X)
o

"z
22.13.15

J
e_t2Hn(t)dt=Hn_i(0)_e2Hn_i(x)

o

"z
22.13.16 (t)dt=2(+ 1)

[H1 (x) H1(0)]

dt /W (x21)m22.13.17 f e'2Him(tx) (2m)!
m!

22.13.18

(tx)dt='VF
(2m +1)!

m!
x(x2_1)m

22.13.19 f e
- t2fl (xt)dt Vn!P(x)

22.13.20

5e_t2[Hn(t)I2 cos (xt)dt= 2_1n!ez2Ln (Ç)

2F (n+2+) (_)
(X>-2)

ORTHOGONAL POLYNOMIALS

2nH- i
P,(x) _Pfll(x)Pfl+i(x)<3n(fl+l)

22.14.11
i P,(x)P(x) P_1(x)P1(x) (2n-1) (n+1)

22.14.12 IL(x)Ie2 (xO)

22.14.13 IL(x)I F(a+n+1)
e

n! T (a+ 1)
22.14.14

IL(x)I <[2 F(a+n+l)]i2 (-1<a<O, xO)- n!T(aH-1)

22.14. Inequalities
22.14.1

if q=max (a, ß)-1/2
(a>-1,ß>-1)

f q< i-
ßa

x' maximum point nearest to a+ß+1

22.14.2

1(n+1) (a>O)n

¡G(x')J (<a<)
x'=O if n=2m; x'=maximum point nearest zero
if n='2m+1

22.14.3
na-i

G(cos O)<2" (O<a<1,O<O<ir)
(sin O) r (a)

(-1<z1)

22.14.4

22.14.5

T(x)I1

dT(x)

(i<x1)

n2 (-1<x1)
dx

22.14.6 jU(x)In+1 (-1<x<1)

22.14.7 P(x)I<i (i<xi)

22.14.8
dF (x) <m(n+1) (-1x1)

dx

22.14.9 jP(x) j < Ii_i
i (-1<x1)IirflI1_x2

22.14.10



22.14.15

22.14.16

22.14.17

22.15d

um

IJ1im(x)I<?'22m! [2_è (;:)1

IH2m+i(a7)I<22 (2m+2)! (xO)- (m+1)!

J
H, (x) I <ex2/2k22i/T k i .O86435

22.15. Limit Relations

p.
\ n

For tables of the zeros and associated weight factors necessary for the Gaussian-type quadrature
formulas see chapter 25. All the zeros of the orthogonal polynomials are real, simple and located

in the interior of the interval of orthogonality
Explicit and Asymptotic Formulas and Inequalities

Notations:
xmth zero of J(x)(x<x< . . . <x) am, mth positive zero of the Bessel function J«(x)

. . . <O? <ir)

For error estimates see [22.6).

273-888 O-67-51
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22.15.2

22.15.3

22. 15.4

22.15.5

22.15.6

hm [1 (')]=x_a12Ja(2...rx)
Lna n,

um [(-1y ( x 1=_!COSX
, 4fl 2n \2./iJj -r
hrn H2 sin x

[(-1)n
2

4n! J 1ir

um ß) (1_)=L(x)

him 12C) 7x i
,.-.. a

H,,(x)

(O<a1)

For asymptotic expansions, see {22.5] and
[22.17].

Zeros

Relation

um flO=J..m (a>-1, ß>-1)

x=ii'"' ['+o (I)]
2n8 n

(m+a_1)ir<,.>< mir
n+a - fl+a

,> 2m-1
X,,. =COS ir

2n

mX,, =COS - irn+1
2m-1 <'"< 2m
2n+1 ir_u,, 2n+1

ir

4m-1 i 4m-1
0"4n+2 ir+-j cot 4+2 lr+O(n3)

[11+0(n)]
4E . r' "' 1+ j.-2 +0 (1- 2n+1+' " 4n+2 12(2n+1)2 n5

' 4k,.

(2k,.,+J4k,+ i_a2)

x"' (i+22_1)+j,,.
4k,. \. 48k

787

=arecos X?m+ i (0<0 <O<

f,.(x)

22.16.1 P5(cos O)

22.16.2 (x)

22.16.3 C1 (cos O)

22.16.4 T,.(x)

22.16.5 U(x)

22.16.6 P(cos O)

22.16.7 P(x)

22.16.8 L'1 (x)

= 1pa.ß) (i -)=() Ja(X)

22.16.

a+i
2

) + O
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22.17. Orthogonal Polynomials of a Discrete
Variable

In this section some polynomials f(x) are listed
which are orthogonal with respect to the scalar
product

22.17.1 (fn, fm)=E W*(Xj)fn(X)fm(Xj).

The x1 are the integers in the interval a Xi b
and w*(x) is a positive function such that

ORTHOGONAL POLYNOMIALS

w*(x) is finite. The constant factor which is

still free in each polynomial when only the orthogo-
nality condition is given is defined here by the
explicit representation (which corresponds to the
Rodrigues' formula)

22.17.2 f(x)=rw* (r) L[w*(x)g(x, n)]

where g(x,n)-g(x)g(x-l) . . . g(x-n+1) and
g(x) is a polynomial in r independent of n.

For a more complete list of the properties of these polynomials see [22.5] and [22.17].

Numerical Methods

22.18. Use and Extension of the Tables

Evaluation of an orthogonal polynomialfor which the coefficient8 are given numerically.

Example 1. Evaluate L6(1.5) and its first and second derivative using Table 22.10 and the
Homer scheme.

Name a b w*(x) g(x, n) Remarks

Chebyshev

Krawtchouk

Charlier

Meixner

Hahn

O

O

O

o

O

N-1

N

a,

i

pqN_x (N)

1/n!

(-1)n!

(-1)vl

C"

n!

(z) (z_N)

qx! p, q>0;p+q=1

a>0

5>0, O<Zc<1

(x-n)!
z!-

z!

caF(b+z)

(x-n)!
z!

r(b)r(c+x)r(d+x)

(z-n)!
z!F(b+x)

z!r(b+x)r(c)F(d) (x-n)!F(b+z-n)

1 -36 450 -2400 5400 -4320 720

1. 5 -51. 75 597. 375 -2703. 9375 4044. 09375 -413. 859375

1 -34. 5 398. 25 -1802. 625 2696. 0625 -275. 90625 306. 140625

306. 140625
1.5 1. 5 -49. 5 523. 125 -1919. 25 1165. 21875 L6-

720
42519 53

1 -33.0 348.75 -1279.500 776.8125 889.3125

889. 3125

1.5 1..5 -47.25 452. 250 -1240. 875 L6=
720

= 1.23515 625

1 -31. 5 301. 50 -827. 250 -464. 0625
[-464. 06251L"=2

6 720
128906 25



Example 2. Compute P"2' 3/2) (2). Here d8=(85)=3.33847, f(2) =1.

Check: Compute C(2.5) by the method of Example 2.

P"2 312(2)dga0(2)= (3.33847)(6545.533) =21852.07
Evaluation of orthogonal polynomials by means of their recurrence relations
Example3. ComputeC(2.5)for n=2,3,4,5,6.
From Table 22.2 G»= 1, U1)=1.25 and from 22.7 the recurrence relation is

C,(2.5)= [5(n+)C (2.5) (n )C,(2.5)] n--

m 8 7 6 5 4 3 2 1 0

a,,,
b,,,
Cm

1

18
136

1. 132353
34

105

1. 366667
48
78

1. 841026
60
55

3. 008392
70
36

6. 849651
78
21

26. 44156
84
10

223. 1091
88

3

6545. 533
90

0

n 2 4 5 6

C,»(2.5) 3. 65625 13. 08594 50. 87648 207. 0649 867. 7516

f,,(x) d,,(x) b,,, f(x)

P. /fl+a(n)
(a),,

(nm+1)(a+ß+n+m)

2(n - m+ 1) (a+ n + m-1)

2m(a+ m)

m(2m 1)

1x

z2(-1)

(a)j
2x(-1)n 2(nm+1)(-Fn+m) m(2m+1) Xt

n!

T2,, (-1)" 2(nm+1)(n+m-1) m(2m-1) X2

T2,,4, (-1)(2n+1)x 2(nm+ 1)(n+m) m(2m+ 1) X2

U2,, (-1)" 2(nm+1)(n+m) m(2m-1) z2

U2',+I (-1)2(n+1)x 2(nm+1)(n+m+1) m(2m+ 1) X3

P2,,
(-1),, (2n'. (n,n+1)(2n+2m-1) m(2m 1) X2

4,, \flJ
P2,,+'

(i),, (n-l-1)x(2n+1) (n m+ 1) (2n+ 2m+ 1) m(2m+ 1) X2

(n+a) nm+1 m(a+m) X

H2,,
(2n)! 2 (n - m +1) m(2m 1) z2(-1)

n!

(2n+1)! 2(n m+ 1) m(2m+ 1) z2(-1)
n!
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Evaluation of an orthogonal polynomial using the explicit representation when the coefficients are not
given numerically.

If an isolated value of the orthogonal polynomial f(x) is to be computed, use the proper explicit
expression rewritten in the form

f,.(x) _d(x)ao(x)
and generate ao(x) recursively, where

am_i(x)=1f(x)am(x) (mn, n-1, . . ., 2, 1, a,,(x)=1).

The d(x), bm, Cm, f(x) for the polynomials of this chapter are listed in the following table:



Hence, T'(x) =512z5 1280x4+ 1 120z3-400x2+ 50x 1.

22.19. Least Square Approximations

Problem: Given a function f(x) (analytically or
in form of a table) in a domain D (which may be
a continuous interval or a set of discrete points).2
Approximate j(x) by a polynomial F(x) of given
degree n. such that a weighted sum of the squares
of the errors in D is least.

Soldion: Let w(x) 0 be the weight function
chosen according to the relative importance of
the errors in different parts of D. Let fm(X) be
orthogonal polynomials in D relative to w(x), i.e.
(Jm,fn)=O for mn, where

w(z)f(x)g(x)dx

if D is a continuous interval
(f, g)=

Then

where
*

SD

*See page II.

N
W(Xm)f(Zm) g(zm)

if D is a set of N discrete points r

F(z)=f amfm(x)

am=(f,Jm)/(fm, fm).
2f(x) has to be square integrable, see e.g. (22.17].

D a Continuous Interval

Example 5. Find a least square polynomial of

degree 5 for f(x)=1 4-i'
in the interval 2 z 5,

using the weight function

I

-f(x-2) (5x)

which stresses the importance of the errors at the
ends of the interval.

2z 7Reduction to interval [-1,1), t=---

w(x(t))=2
3

From 22.2, fm(t)= Tm(t) and

4f' 1 1

-1 /1t2 t+3 Trn(t)dt (m 0)

251 1 dia0= -
3ir _,.Jl_.t2t+3

5 4

-

3 2 1 0

1 8=aiT1 O 1O==a' O 2.5=a" O

0
1
2
3
4
5

16
32
64

128
256
512=a

--1664
192
512

1280=a

4
56

304
112O=a

448
400=a

1
5O=a
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Change of Interval of Orthogonality

In some applications it is more convenient to use polynomials orthogonal on the interval [0, 1].
One can obtain the new polynomials from the ones given in this chapter by the substitution x=2 1.
The coefficients of the new polynomial can be computed from the old by the following recursive scheme,
provided the standardization is not changed. If

In(X)0mXm, ft(x)=.f(2x l)= axw1

then the a, are given recursively by the am through the relations

a=2aj"a,,t?,1; m=n-1, n-2, . . ., j; j=0, 1, 2, . . ., n

a"=a,,,/2, m=0, 1, 2, . . ., n.

a=2'a5,j=0, 1,2,.. .,nanda=a;m=0, 1,2, . . .,n.

Example 4. Given T5(x) =5x-20x3+16Z5, find T(x).



Evaluating the integrals numerically we get

------.2357O3.O8O880T1 (2X_7+.Ol3S76T2
l+x 3 /

D a Set of Discrete Points

If xmm(m0, 1, 2, ., N) and w(x)=1, use the Chebyshev polynomials in the discrete
range 22.17. It is convenient to introduce here a slightly different standardization such that

' \._,ç-' / \m)s m J (xm)!N!
(N+n+1)!(Nn)!(fa, Ja) (2n+1)(N!)2

Recurrence relation: J0(x) =1,f' (z) = i

(n+ 1) (Nn)f1 (z) = (2n+ 1) (N-2z)J(x) n(N-I-n-l- i)J_1(x)

Example 6. Approximate in the least square sense the function f(x) given in the following table
by a third degree polynomial.

(2x_7) .002380?'3
(2x_7)

+.000408T4
(2x7)

.0000707'5
(22-7)

22.20. Economization of Series

Problem: Given J(x) = amxm in the interval

1 <x1 and R>0. FmdJ(x)= bmXm With N
m=O

as small as possible, such that 7(x) J (x)J<R.
Solution: Express J(x) in terms of Chebyshev

polynomials using Table 22.3,

f(x) =Ê bmTm(X)

J(x)-s-'.27158+.03994(3.5 .25x)+ .0043571(23.5-3.5x+ .125x2)-l-.0O031(26659.8333X
+4.375x2 10417x3)

J(x)-..59447.043658x+.0019009x2.000032292X3

Then, since ITm()I<1(1X1)
- N
j(x)= bmTm(X)

mO

within the desired accuracy if

IbmI<1?
m=N+i

3(x) is evaluated most conveniently by using the

recurrence relation (see 22.7).

x f(x) ...xl0 fo() fi(i) f3()

10 .3162 0 1 1 1 1

12 .2887 1 1 1/2 1/2 2
14 .2673 2 1 0 1 0
16 . 2500 3 1 1/2 1/2 2
18 .2357 4 1 1 1 1

4

(f,1, f)=f2(x)iO

Jo()

5

J1()

2.5

J2()

3.5

J3(x)

10

4 -
(f, f)=E f(x)f(2-j-1O)iO

n

1. 3579

271580

.09985

. 039940

.01525

. 0043571

.3031

000310
1.1 -Jn, in
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Example 7. Economire J(x) = i +x/2 + z2 /3
+z814+z4/5+x5/6 with R=.05.

From Table 22.3

J(z)=i- [149T0(z)+32T2(z)+3T4(x)l

+ [76T1(x) +11T3(z) +T2(x)]
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T.(z)=32z0-48x4+ 18z2- i [1OT.+ 15T2+6T.+ T,]32

z' z' z2 z3 z4 z' z' z7 z' z9 z" z" z12

b 1 1 2 4 8 16 32 64 128 256 512 1024 2048

T0 1 1 1 3 10 35 126 462 T,

T1 1 1 3 10 35 126 462 T,

T, -1 2 1 4 15 56 210 792 T2

T3 -3 4 1 5 21 84 330 T,

T, 1 -8 8 1 6 28 120 495 T,

T, 5 -20 16 1 7 36 165 T,

T, -1 18 -48 32 1 8 45 220 T,

T7 -7 56 -112 64 1 9 55 T7

T, 1 -32 160 -256 128 1 10 66 T,

T, 9 -120 432 -576 256 1 11 T,

T,0 -1 50 -400 1120 -1280 512 1 12 T,.

T,, -11 220 -1232 2816 -2816 1024 1 T,,

T,, 1 -72 840 -3584 - 6912 -6144 2048 1 T,,

z' z' z' z' z' z' z' z' z' z' z'° z" z"

Chebyshe'v Polynomials T(x) Table 22.4

n\z 0.2 0.4 0.6 0.8 1.0

0 +1.00000 00000 +1.00000 00000 +1.00000 00000 +1.00000 00000 1

1 +0.20000 00000 +0.40000 00000 +0.60000 00000 +0.80000 00000 1

2 -0.92000 00000 -0.68000 00000 -0.28000 00000 +0.28000 00000 1

3 -0.56800 00000 -0.94400 00000 -0.93600 00000 -0.35200 00000 1

4 +0.69280 00000 -0.07520 00000 -0.8432l 00000 -0.84320 00000 1

5 +0.84512 00000 +0.88384 00000 -0.07584 00000 -0.99712 00000 1

6 -0.35475 20000 +0.78227 20000 +0.75219 20000 -0.75219 20000 1

7 -0.98702 08000 -0.25802 24000 +0.97847 04000 -0.20638 72000 1

8 -0.04005 63200 -0.98868 99200 +0.42197 24800 +0.42197 24800 1

9 +0.97099 82720 -0.53292 95360 -0.47210 34240 +0.88154 31680 1

10 +0.42845 56288 +0.56234 62912 -0.98849 65888 +0.98849 65888 1

11 -0.79961 60205 +0.98280 65690 -0.71409 24826 +0.70005 13741 1

12 -0.74830 20370 +0.22389 89640 +0.13158 56097 +0.13158 56097 1
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Table 22.3
Coefficients for the Chebyshev Polynomials T(x) and for x' in terms of Tm(X)

T(x)= cmx'" z__b:1d,,,Tm(x)
m=O



X0 X1 X2 X1 X4 X2 X6 X7 X8 X0 X'1

b,. 1 2 4 8 16 32 64 128 256 512 1024 2048 4096

U0 1 1 1 2 5 14 42 132 Uo

U1 2 1 2 5 14 42 132 U1

U2 -1 4 1 3 9 28 90 297 U2

U3 -4 8 1 4 14 48 165 U1

U4 1 -12 16 1 5 20 75 275 U4

U5 6 -32 32 1 6 27 110 U5

U, -1 24 -80 64 1 7 35 154 U,

U7 -8 80 -192 128 1 8 44 U

U, 1 -40 240 -448 256 1 9 54 Us

U, 10 -160 672 -1024 512 1 10 U,

U10 -1 60 -560 1792 -2304 1024 1 11 U10

U11 -i2 280 -1792 4608 -5120 2048 1 U11

U1, 1 -84 1120 -5376 11520 -11264 4096 1 U12

X0 X1 X2 X1 X4 Z5 X0 X7 X8 Z9 X10 X91 X12

Table 22.6

n\x

U6(x)=64x0-80x4+24z2-1 x6=[5Uo+9U2+5U4+ U0]

Chebyshev Polynomials U(x)

0.2 0.4 0.6 0.8 1.0

O + 1.00000 00000 + 1.00000 00000 + 1.00000 00000 + 1.00000 00000 1

1 +0.40000 00000 +0.80000 00000 +1.20000 00000 +1.60000 00000 2
2 -0.84000 00000 -0.36000 00000 +0.44000 00000 +1.56000 00000 3
3 -0.73600 00000 -1.08800 00000 -0.67200 00000 +0.89600 00000 4
4 +0.54560 00000 -0.51040 00000 -1.24640 00000 -0.12644) 00000 5
5 +0.95424 00000 +0.67968 00000 -0.82368 00000 -1.09824 00000 6

6 -0.16390 40000 +1.05414 40000 +0.25798 40000 -1.63078 40000 7

7 -1.01980 16000 +0.16363 52000 +1.13326 08000 -1.5U01 44000 8
8 -0.24401 66400 -0.92323 58400 + 1.10192 89600 -0.78683 90400 9
9 +0.92219 49440 -0.90222 38720 +0.18905 39520 +0.25207 19360 10

10 +0.61289 46176 +0.20145 67424 -0.87506 42176 + 1.19015 41376 11

11 -0.67703 70970 +1.06338 92659 -1.23913 10131 +1.65217 46842 12

12 -0.88370 94564 +0.64925 46703 -0.61189 29981 + 1.45332 53571 13
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Table 22.5
Coefficients for.the Chebyshev Polynomials U(x) and for z" in terms of Um(X)

U,.(z)= c.,x" z"=bEd,.U,,s(X)
,n=O



*See page II.

See page IL

C,(x)=z'-6x4+9x2-2

S,(x)=x'-5z+6x2 i

x0= 1OC,+ 15C2+6C4+ C,

Coefficients for the Chebyshev Polynomials S,.(x) and for x in terms of Srn(X)

S,.(x) = c,.x' x"= d,,.Sm(z)
mO mO

x'= 5S + 982+584+8,

Table 22.8

X0 X1 X2 X3 X4 X3 X6 X7 X0 X9 X1° X X12

b,. 2 1 1 1 1 1 1 1 1 1 1 1 1

C, 2 1 1 3 10 35 126 462 Co

Ci 1 1 3 10 35 126 462 C1

C2 2 1 1 4 15 56 210 792 C2

C3 3 1 1 5 21 84 330 C3

C4 2 4 1 1 6 28 120 495 C4

Cs" 5 5 1 1 7 36 165 Cs

C, 2 9 6 1 1 8 45 220 Co

C7 7 14 7 1 1 9 55 C7

C, 2 16 20 8 1 1 10 66 C,

C, 9 30 27 9 1 1 11 Cg

CIO 2 25 50 35 10 1 1 12 C10

Cii 11 55 77 44 11 1 1 C11

C13 2 36 105 112 54 12 1 1 Ci2

x° z' z2 z3 X4 X5 X0 X5 X0 X0 z'° X1'

X0 X1 X2 z3 z' X5 X6 z7 X' z' X10 X11 X12

8, 1 1 1 2 5 14 42 132 8,

Si 1 1 2 5 14 42 132 Si

& 1 1 1 3 9 28 90 297 52

2 1 1 4 14 48 165 53

8, 1 3 1 1 5 20 75 275 54

85 3 4 1 1 6 27 110 85

5, 1 6 5 1 1 7 35 154 5,

4 10 6 1 1 8 44 &

5, 1 10 15 7 1 1 9 54 88

& 5 20 21 8 1 1 10 So

510 1 15 35 28 9 1 1 11 Sio

6 35 56 36 10 1 1 Sii

$12 1 21 70 84 45 11 1 1 S,

X0 X1 X2 X3 X4 X5 X° X7 X0 X0 X'° X11 X4z

ORTHOGONAL POLYNOMIALS 797

Table 22.7
Coefficients for the Chebyshev Polynomials (J(x) and for x" in terms of (Ym(X)

C,.(z)= ECmX"
mO
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Table 22.11

n\x 0.5

ORTHOGONAL POLYNOMIALS

Laguerre Polynomials L(x)

1.0 3.0 5.0 10.0

0 +1.00000 00000 + 1.00000. 00000 + 1.00000 00000 +1.00000 00000 +1.00000 00000
1 +0.50000 00000 0.00000 00000 -2.00000 00000 -4.00000 00000 -9.00000 00000
2 +0.12500 00000 -0.50000 00000 -0.50000 00000 +3.50000 00000 +31.00000 00000
3 -0.14583 33333 -0.66666 66667 + 1.00000 00000 +2.66666 66667 -45.66666 66667
4 -0.33072 91667 -0.62500 00000 +1.37500 00000 -1.29166 66667 +11.00000 00000
5 -0.44557 29167 -0.46666 66667 +0.85000 00000 -3.16666 66667 -4-34.33333 33333

6 -0.50414 49653 -0.25694 44444 -0.01250 00000 -2.09027 77778 -3.44444 44444
7 -0.51833 92237 -0.04047 61905 -0.74642 85714 +0.32539 68254 -30.90476 19048
8 -0.49836 29984 +0.15399 30556 -1.10870 53571 +2.23573 90873 -16.30158 73016
9 -0.45291 95204 +0.30974 42681 -1.06116 07143 +2.69174 38272 + 14.79188 71252

10 -0.38937 44141 +0.41894 59325 -0.70002 23214 +1.75627 61795 +27.98412 69841
11 -0.31390 72988 +0.48013 41791 -0.18079 95130 +0.10754 36909 + 14.53695 68703

12 -0.23164 96389 +0.49621 22235 +0.34035 46063 -1.44860 42948 -9.90374 64593
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Table 22.13

n\cc 0.5

ORTHOGONAL POLYNOMIALS

Hermite Polynomials H(x)

1.0 3.0 5.0 10.0

O + 1.00000 +1.00000 +1.00000 00 1.00000 00000 1.00000 00000
1 +1.00000 +2.00000 +6.00000 00 (1)1.00000 00000 (1)2.00000 00000
2 -1.00000 +2.00000 (1) +3.40000 00 (1)9.80000 00000 (2)3.98000 00000
3 -5.00000 -4.00000 (2)+1.80000 00 (2)9.40000 00000 (3)7.88000 00000
4 + 1.00000 (1) -2.00000 (2) +8.76000 00 (3)8.81200 00000 (5)1.55212 00000
5 (1) +4.10000 (0)-8.000GO (3) +3.81600 00 (4)8.06000 00000 (6)3.04120 00000

6 (1)+3.10000 (2)+1.84000 (4)+1.41360 00 (5)7.17880 00000 (7)5.92718 80000
7 (2)-4.61000 (2)+4.64000 (4) +3.90240 00 (6)6.21160 00000 (9)1.14894 32000
8 (2)-8.95000 (3)-1.64800 (4)+3.62400 00 (7)5.20656 80000 (10)2.21490 57680
9 (3) +6.48100 (4)- 1.07200 (5) -4.06944 00 (8)4.21271 20000 (11)4.24598 06240

10 (4) +2.25910 (3) +8.22400 (6)-3.09398 40 (9)3.27552 97600 (12)8.09327 82098
11 (5)- 1.07029 (5) +2.30848 (7)- 1.04250 24 (10)2.43298 73600 (14)1.53373 60295

12 (5)-6.04031 (5)+2.80768 (6)+5.51750 40 (11)1.71237 08128 (15)2.88941 99383
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23. Bernoulli and Euler PolynomialsRiemanu Zeta
Function

Mathematical Properties
23.1. Bernoulli and Euler Polynomials and the Euler-Maclaurin Formula

Generating Functions

(For occurrence of B,, and E,, in series expansions of circular functions, see chapter 4.)

Sums of Powers
m

23.1.4 kn=B41 (m+1) B,,1
(

l)m_kkn=Efl(m+l) + ( i)mE,,(0)
k=1 n+1 2

m,n=1,2,.
Derivatives and Differences

23.1.5 B,(x)=nB,,_1(x) n=1, 2,. E(x) =nE,,.1 (z) n=1,2,

23.1.6 B,,(x+1)B,,(x)=mz'' n=O, 1, E,,(x+l) +E,,(x) =2x n=0, 1,.

Expansions

23.1.7

B,,(x+h)=± () B(x)h' n=O, 1,...

m-1 kB,,(mx)=m1 B,, (+-)

804

E,,(x+h)= ( E(x)h"
k.O 'ici

/ i-
E,,(x=Ê )

m,n=i,2,...

n=O, 1,...

n=0, 1,...

m-1 +k)(kO m
n=o, i,...

3,...
m-1

in" (l)'B,,1 (+k.)
k=O

n=O, 1,. .
4,...

23.1.1 e!-'i_Bn Jtf<2ir ItI<ir

Bernoulli and Euler Numbers

23.1.2

23.1.3

B,,=B,,(0)

B0=i, B1=, B2=,

n=O, 1,...

B4=-

E,,=2'E,, ()= integer

E01, E2rri, E4=5

n=O, 1,

n=0, 1,.
m=1, 2,.

E,,(mz)=m (1)kE,,

Symmetry

23.1.8 B,,(1x)= (i)B,,(x) rzO, 1,. E,,(1x)=(-1)E,,(z)

23.1.9 ( i)B,,(x)=B,,(x)+n1 n=0,1,... ( l)'E,,(x) =E,,(z) 2x
Multiplication Theorem

23.1.10

n=0, 1,.

n==0, 1,.



23.1.11
f

a n+1

m!n!
23.1.12 j Bn(t)Bm(t)dt(1)' (m+n)!Bm

m,n=1,2,...

cos 2kirx
(2ir)2

n=1,2,.. ., 1xO

Integrals

Ix
E(l)dt_En1(x)n1(a)

- n+1

fEn(t)Em(t)dt
m!n!=(_1)n4(2m+n+2_1) Bm+n+i(m+n+2)!

m,n=O, 1,..

(The polynomials are orthogonal for m+n odd.)

Inequalities

Special Values

, sin (2k+1)irx
ir21 í (2k+1)21

n>O, 1xO
n=O, 1>x>O

.

.

23.1.15

2(2n)!(
4"'(2n)l 4'(2n)! / 1

(2ir)2

nx=1, 2,..
ir2"1 (j+3_12i )

n=O, 1,.

Fourier Expansions

23.1.16

n! cos (2irkx-4irn) sin ((2k+1)irxirn.)
(2iry'

n>1, 1xO
n==1, 1>z>O

(2k+1)a+i
n>O, 1xO
nO, 1)'x)'O

23.1.17

B2_1(x)= (-1)2(2n-1)!
(2w)2

sin 2kirz (-1)'4(2-1)! cos (2k+1)irx
k.=1 k2

n>1, 1iO
n=1, 1>x>O

(2k+1)2
n.=1,2,..., 1xO

23.1.18

23.1.13

23.1.14

B2I>IB2(x)I n=1,2,. .., 1)'x>O 4"E2l>(-1)"E2(x)>O n=1,2,.. .,

2(2n+1)!
4(2w-1)!

ir2* (1+22'2)>(-1)"E2_1(z)>o
(2 ir) 2n+ i (1_2)>(-1)n+'B21(x)>o

n=1,2,..., >x>O
n=1,2,..., >z>O

23.1.19 B21=o n=1,2,... E21=O n=O,1,.

23.1.20 Be(0) (-1)'B(1) E(0)=E(1)
=B n=1, 2,.

23.1.21 B(j)==(1-2'-)B n=O, 1, n=O,1,.
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Here p(x) denotes a polynomial in x and after expanding we set {B(x) } "=B(x) and { E(x) } '=E(x).

Relations Between the Polynomials
I Equivalent to this is

23.1.27

E.1(x)={B (x+l)B ()}
I i r+B (x) 2"B () } n= 1,2,...

J
F(t)dt-4 { F(x-1-h) + F(x) }

23.1.28

E_2(x)=2
()1 j () (2'-1)Bfl..Bk(x)

n=2,3,.
23.1.29

Bfl(x)=2Ê()Bfl_kE(2x) n=0,1,...
Let (x) =B(x {xJ). The Euler Summation

Euler-Maclaurin Formulas Formula is

Let F(x) bave its first 2m derivatives continuous
on an interval (a, b). Divide the interval into 23.1.32
m equal parts and let h= (b--a)/m. Then for
some 0, 1>0>0, depending on F2(x) on (a, b), m-1 i r1
we have F(a+kh+wh)=1 F(t)dt

¡cO #1 Ja

23.1. 30

F(a+ Ic/i) =: i: F(t)dt+. {F(b) +F(a)

n-i /i2k_1

(2k)! Bik{F(2k_fl(b)_Fc_)(a)
k1

/i2n m-i
+(2fl)! B2 F2''(a+kh+Oh)

23.1.31

n-1

(2k)!
B21{F -" (x+h) F -"(x) }

h2 B F12'(x+0h) bhza
(2m)! 2n

p /-1
k!

/ii' r A (m-i
---J Bp(wt)E F(a+kh+th)}dt

k=O

p2m, 10

806

23.1.22

23.1.23

23.1.24

23.1.25

23.1.26

BERNOULLI AND EULER POLYNOMIALS,

B()= (-1)5B()
=-2(1-2)Bm4E1

m=1,2,

B25()=B2(-)
=-21(1-3'2)B2 n=0, 1,.

B2(*)=B2(I)
=2_1(1_21_21) (1-32)B2

n=0, 1,.

Symbolic

p(B(x)+ 1)p(B(x))=p'(x)

B(x+h)=(B(x)+h)" n=0, 1,

RIEMANN ZETA FtJNCTION

E21()= E2_1(I)
= - (2n) _1(1_31_2) (22-1)B2

Operations

p(E(x) + 1) +p(E(x)) =2p(x)

E(x+h)=(E(x)+h)' n=0, 1,

n=1,2,..
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23.2. Riemann Zeta Function and Other Sums
of Reciprocal Powers

23.2.1 s)=E S

23.2.2 =11 (ip')'
p

(product over all primes p).

23.2.3 (8+2k_2)

('s+2n\ (' B21(x[x]) d'\2n+1)Jl x

r'i- ' ''- ''-'
23.2.4 - . / I ' / dz2iri Ja e'1

n=1,2,.. .

23.2.5 y8_1)1
where

7n==liml 2
f m (in k)' (In m)t}

m-9m k=i k n+1

23.2.6 =28r8 sin (kirs) r (1s) (1 s)
r s-i

23.2.7 = I dxr(s)j0 ex_1

23.2.8 (1_2'-)F(s) f --r- dx

23.2.9 =Ek'+(s-1)1n1sJ , dx
k=1 , X

n=1,2,. .

23 2 10 exp (in 2ir-1'y)s
II (is\ e2(s-1)r(s+1) ,, '. pl

product over all zeros p of e(s) with ?p>0.
The contour C in the fourth formula starts at

infinity on the positive real axis, circles the origin
once in the positive direction excluding the points
± 2nir for n =1, 2, . . ., and returns to the
starting point. Therefore c(s) is regular for all
values of s except for a simple poie at 8=1 with
residue 1.

Special Values

23.2.11

23.2.12

807

23.2.13 (0= in 2ir
23.2.14 (-2n) =0 n=1, 2,

23.2.15 (1_2n)=_!! n=1,2,...

(21r)23.2.16 (2n)
2(2n)! IB2t n=1,2,...

23. 2. 17

(_1)n+i(21r)2n+i ('i

2(2n.+1)! J
B2,1(x) cot (7rx)dx

n=1,2,...

Sums of Reciprocal Powers

The sums referred to are

23.2.18 n-2, 3,...

23.2.19

n(n)=± (_1)k_ik_5= (1-2')(n) n=1,2,...

23.2.20

?t(n)=E (2k+1)=(l-2)(n)
k=O

n.=2, 3,...

23.2.21

ß(n)=Ê (_1)k(2k+1)_5 n=1,2,
k=O

These sums can be calculated from the Bernoulli
and Euler polynomials by means of the last two
formulas for special values of the zeta function
(note that j(l) =ln 2), and

23.2.22 ß(2n+1)= 2(2n)! JE2I
(ir/2)2'1 n=0, 1,.

23.2.23

ß(2n) ''' E2_1 (x) sec(irx)dx

n=1, 2,...

ß(2) is known as Catalan's constant. Some
other special values are

23.2.24 (2)=1+++ .. .4

23.2.25 (4)=l+++ . . . =
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From H. T. Davis, Tables of the higher mathematical functions, vol. II. Principia Press, Bloomington,
md., 1935 (with permission).

Table 23.2

n

0

1
2
4
6

BERNOULLI AND EULER NUMBERS

B= NID

N D

1 1 (

-1 2
1 6

-1 30
1 42

B

o) i. 0000

- 1 -5. 0000
- 1 1. 6666
- 2 -3. 3333
- 2) 2.3809

00000

00000
66667
33333
52381

8 -1 30 - 2)-3. 3333 33333

10 5 66 - 2) 7.5757 57576
12 -691 2730 - 1)-2. 5311 35531
14 7 6 0) 1.1666 66667
16 -3617 510 ( 0)-7. 0921 56863
18 43867 798 ( 1) 5.4971 17794

20 -1 74611 330 2 -5. 2912 42424
22 8 54513 138 3 6.1921 23188
24 -2363 64091 2730 4 -8. 6580 25311
26 85 53103 6 6 1.4255 17167
28 -2 37494 61029 870 7 -2. 7298 23107

30 861 58412 76005 14322 8 6.0158 08739
32 -770 93210 41217 510 10 -1. 5116 31577
34 257 76878 58367 6 11 4. 2961 46431
36 -26315 27155 30534 77373 19 19190 13 -1. 3711 65521
38 2 92999 39138 41559 6 14 4.8833 23190

40 -2 61082 71849 64491 22051 13530 16 -1. 9296 57934
42 15 20097 64391 80708 02691 1806 17 8.4169 30476
44 -278 33269 57930 10242 35023 690 19 -4. 0338 07185
46 5964 51111 59391 21632 77961 282 21 2.1150 74864
48 --560 94033 68997 81768 62491 27547 46410 23 -1. 2086 62652

50 49 50572 05241 07964 82124 77525 66 24 7.5008 66746
52 -80116 57181 35489 95734 79249 91853 1590 26 -5.0387 78101
54 29 14996 36348 84862 42141 81238 12691 798 28 3.6528 77648
56 -2479 39292 93132 26753 68541 57396 63229 870 30 -2. 8498 76930
58 84483 61334 88800 41862 04677 59940 36021 354 32 2. 3865 42750

60 -121 52331 40483 75557 20403 04994 07982 02460 41491 567 86730 ( 34)-2. 1399 94926

n

0 1
2 -1
4 5
6 -61
8 1385

10 - 50521
12 27 02765
14 - 1993 60981
16 1 93915 12145
18 -240 48796 75441

20 37037 11882 37525
22 - 69 34887 43931 37901
24 15514 53416 35570 86905
26 -40 87072 50929 31238 92361
28 12522 59641 40362 98654 68285

30 -44 15438 93249 02310 45536 82821
32 17751 93915 79539 28943 66647 89665
34 -80 72329 92358 87898 06216 82474 53281
36 41222 06033 95177 02122 34707 96712 59045
38 -234 89580 52704 31082 52017 82857 61989 47741

40 1 48511 50718 11498 00178 77156 78140 58266 84425
42 -1036 46227 33519 61211 93979 57304 74518 59763 10201
44 7 94757 94225 97592 70360 80405 10088 07061 95192 73805
46 -6667 53751 66855 44977 43502 84747 73748 19752 41076 84661
48 60 96278 64556 85421 58691 68574 28768 43153 97653 90444 35185

50 -60532 85248 18862 18963 14383 78511 16490 88103 49822 51468 15121
52 650 61624 86684 60884 77158 70634 08082 29834 83644 23676 53855 76565
54 -7 54665 99390 08739 09806 14325 65889 73674 42122 40024 71169 98586 45581
56 9420 32189 64202 41204 20228 62376 90583 22720 93888 52599 64600 93949 05945
58 -126 22019 25180 62187 19903 40923 72874 89255 48234 10611 91825 59406 99649 20041

60 181089 11496 57923 04965 45807 74165 21586 88733 48734 92363 14106 00809 54542 31325
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For n>42, (n+1)=[1+(n)]
From H. T. Davis, Tables of the higher mathematical functions, vol. II.
Principia Press, Bloomington, md., 1935 (with permission).

SUMS OF RECIPROCAL POWERS Table 23.3

n (n)= k-
k= i k= i

i 00 0. 69314 71805 59945 30942
2 1.64493 40668 48226 43647 0. 82246 70334 24113 21824
3 1.20205 69031 59594 28540 0. 90154 26773 69695 71405
4 1. 08232 32337 11138 19152 0. 94703 28294 97245 91758
5 1. 03692 77551 43369 92633 0. 97211 97704 46909 30594
6 1. 01734 30619 84449 13971 0. 98555 10912 97435 10410

7 1. 00834 92773 81922 82684 0. 99259 38199 22830 28267
8 1. 00407 73561 97944 33938 0. 99623 30018 52647 89923
9 1. 00200 83928 26082 21442 0. 99809 42975 41605 33077

10 1. 00099 45751 27818 08534 0. 99903 95075 98271 56564
11 1. 00049 41886 04119 46456 0. 99951 71434 98060 75414
12 1. 00024 60865 53308 04830 0. 99975 76851 43858 19085

13 1. 00012 27133 47578 48915 0. 99987 85427 63265 11549
14 1. 00006 12481 35058 70483 0. 99993 91703 45979 71817
15 1. 00003 05882 36307 02049 0. 99996 95512 13099 23808
16 1. 00001 52822 59408 65187 0. 99998 47642 14906 10644
17 1. 00000 76371 97637 89976 0. 99999 23782 92041 01198
18 1. 00000 38172 93264 99984 0. 99999 61878 69610 11348

19 1. 00000 19082 12716 55394 0. 99999 80935 08171 67511
20 1. 00000 09539 62033 87280 0. 99999 90466 11581 52212
21 1. 00000 04769 32986 78781 0. 99999 95232 58215 54282
22 1. 00000 02384 50502 72773 0. 99999 97616 13230 82255
23 1. 00000 01192 19925 96531 0. 99999 98808 01318 43950
24 1. 00000 00596 08189 05126 0. 99999 99403 98892 39463

25 1. 00000 00298 03503 51465 0. 99999 99701 98856 96283
26 1. 00000 00149 01554 82837 0. 99999 99850 99231 99657
27 1. 00000 00074 50711 78984 0. 99999 99925 49550 48496
28 1. 00000 00037 25334 02479 0. 99999 99962 74753 40011
29 1. 00000 00018 62659 72351 0. 99999 99981 37369 41811
30 1. 00000 00009 31327 43242 0.99999 99990 68682 28145

31 1. 00000 00004 65662 90650 0. 99999 99995 34340 33145
32 1. 00000 00002 32831 18337 0. 99999 99997 67169 89595
33 1. 00000 00001 16415 50173 0. 99999 99998 83584 85805
34 1. 00000 00000 58207 72088 0. 99999 99999 41792 39905
35 1. 00000 00000 29103 85044 0. 99999 99999 70896 18953
36 1. 00000 00000 14551 92189 0. 99999 99999 85448 09143

37 1. 00000 00000 07275 95984 0. 99999 99999 92724 04461
38 1. 00000 00000 03637 97955 0. 99999 99999 96362 02193
39 1. 00000 00000 01818 98965 0. 99999 99999 98181 01084
40 1. 00000 00000 00909 49478 0. 99999 99999 99090 50538
41 1. 00000 00000 00454 74738 0. 99999 99999 99545 25268
42 1. 00000 00000 00227 37368 0. 99999 99999 99772 62633



n (2k+1)-'
k=O

f (_1)k(2k+1)-n
k=O

1 co 0. 78539 81633 97448 310
2 1. 23370 05501 36169 82735 0. 91596 55941 77219 015
3 1.05179 97902 64644 99972 0. 96894 61462 59369 380
4 1. 01467 80316 04192 05455 0. 98894 45517 41105 336
5 1. 00452 37627 95139 61613 0.99615 78280 77088 064
6 1. 00144 70766 40942 12191 0. 99868 52222 18438 135

7 1. 00047 15486 52376 55476 0. 99955 45078 90539 909
8 1. 00015 51790 25296 11930 0. 99984 99902 46829 657
9 1. 00005 13451 83843 77259 0. 99994 96841 87220 090

10 1. 00001 70413 63044 82549 0. 99998 31640 26196 877
11 1.00000 56660 51090 10935 0. 99999 43749 73823 699
12 1. 00000 18858 48583 11958 0. 99999 81223 50587 882

13 1. 00000 06280 55421 80232 0. 99999 93735 83771 841
14 1. 00000 02092 40519 21150 0. 99999 97910 87248 735
15 1. 00000 00697 24703 12929 0. 99999 99303 40842 624
16 1. 00000 00232 37157 37916 0. 99999 99767 75950 903
17 1. 00000 00077 44839 45587 0. 99999 99922 57782 104
18 1. 00000 00025 81437 55666 0. 99999 99974 19086 745

19 1. 00000 00008 60444 11452 0. 99999 99991 39660 745
20 1. 00000 00002 86807 69746 0. 99999 99997 13213 274
21 1. 00000 00000 95601 16531 0. 99999 99999 04403 029
22 1. 00000 00000 31866 77514 0. 99999 99999 68134 064
23 1. 00000 00000 10622 20241 0. 99999 99999 89377 965
24 1. 00000 00000 03540 72294 0. 99999 99999 96459 311

25 1. 00000 00000 01180 23874 0. 99999 99999 98819 768
26 1. 00000 00000 00393 41247 0. 99999 99999 99606 589
27 1. 00000 O000 00131 13740 0.99999 99999 99868 863
28 1. 00000 00000 00043 71245 0. 99999 99999 99956 288
29 1. 00000 00000 00014 57081 0. 99999 99999 99985 429
30 1. 00000 00000 00004 85694 0. 99999 99999 99995 143

31 1. 00000 00000 00001 61898 0. 99999 99999 99998 381
32 1. 00000 00000 00000 53966 0. 99999 99999 99999 460
33 1. 00000 00000 00000 17989 0. 99999 99999 99999 820
34 1. 00000 00000 00000 05996 0. 99999 99999 99999 940
35 1. 00000 00000 00000 01999 0.99999 99999 99999 980
36 1. 00000 00000 00000 00666 0. 99999 99999 99999 993

37 1. 00000 00000 00000 00222 0. 99999 99999 99999 998
38 1. 00000 00000 00000 00074 0. 99999 99999 99999 999
39 1. 00000 00000 00000 00025
40 1. 00000 00000 00000 00008
41 1. 00000 00000 00000 00003
42 1.00000 00000 00000 00001
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Table 23.3 SUMS OF RECIPROCAL POWERS



From H. T. Davis, Tables of the higher mathematical functions, vol. II. Principia Press, Bloomington,
md., i935(with permission).

m\n
1

1

1

2

1

SUMS OF POSITIVE POWERS kn
k=1

3 4

1 1

5

i

Table 23.4

6
1

2 3 5 9 17 33 65
3 6 14 36 98 276 794
4 lO 30 100 354 1300 4890
5 15 55 225 979 4425 20515

6 21 91 441 2275 12201 67171
7 28 140 784 4676 29008 1 84820
8 36 204 1296 8772 61776 4 46964
9 45 285 2025 15333 1 20825 9 78405

lo 55 385 3025 25333 2 20825 19 78405

11 66 506 4356 39974 3 81876 37 49966
12 78 650 6084 60710 6 30708 67 35950
13 91 819 8281 89271 10 02001 115 62759
14 105 1015 11025 1 27687 15 39825 190 92295
15 120 1240 14400 1 78312 22 99200 304 82920

16 136 1496 18496 2 43848 33 47776 472 60136
17 153 1785 23409 3 27369 47 67633 713 97705
18 171 2109 29241 4 32345 66 57201 1054 09929
19 190 2470 36100 5 62666 91 33300 1524 55810
20 210 2870 44100 7 22666 123 33300 2164 55810

21 231 3311 53361 9 17147 164 17401 3022 21931
22 253 3795 64009 11 51403 215 71033 4156 01835
23 276 4324 76176 14 31244 280 07376 5636 37724
24 300 4900 90000 17 63020 359 70000 7547 40700
25 325 5525 1 05625 21 53645 457 35625 9988 81325

26 351 6201 1 23201 26 10621 576 17001 13077 97101
27 378 6930 1 42884 31 42062 719 65908 16952 17590
28 406 7714 1 64836 37 56718 891 76276 21771 07894
29 435 8555 1 89225 44 63999 1096 87425 27719 31215
30 465 9455 2 16225 52 73999 1339 87425 35009 31215

31 496 10416 2 46016 61 97520 1626 16576 43884 34896
32 528 11440 2 78784 72 46096 1961 71008 54621 76720
33 561 12529 3 14721 84 32017 2353 06401 67536 44689
34 595 13685 3 54025 97 68353 2807 41825 82984 49105
35 630 14910 3 96900 112 68978 3332 63700 1 01367 14730

36 666 16206 4 43556 129 48594 3937 29876 1 23134 97066
37 703 17575 4 94209 148 22755 4630 73833 1 48792 23475
38 741 19019 5 49081 169 07891 5423 09001 1 78901 59859
39 780 20540 6 08400 192 21332 6325 33200 2 14089 03620
40 820 22140 6 72400 217 81332 7349 33200 2 55049 03620

41 861 23821 7 41321 246 07093 8507 89401 3 02550 07861
42 903 25585 8 15409 277 18789 9814 80633 3 57440 39605
43 946 27434 8 94916 311 37590 11284 89076 4 20654 02654
44 990 29370 9 80100 348 85686 12934 05300 4 93217 16510
45 1035 31395 10 71225 389 86311 14779 33425 5 76254 82135

46 1081 33511 11 68561 434 63767 16838 96401 6 70997 79031
47 1128 35720 12 72384 483 43448 19132 41408 7 78789 94360
48 1176 38024 13 82976 536 51864 21680 45376 9 01095 84824
49 1225 40425 15 00625 594 16665 24505 20625 10 39508 72025
50 1275 42925 16 25625 656 66665 27630 20625 11 95758 72025
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Table 23.4

m\n 1 2

SUMS OF POSITIVE POWERS

3 4

kn
k1

5 6

51 1326 45526 17 58276 724 31866 31080 45876 13 71721 59826
52 1378 48230 18 98884 797 43482 34882 49908 15 69427 69490
53 1431 51039 20 47761 876 33963 39064 45401 17 91071 30619
54 1485 53955 22 05225 961 37019 43656 10425 20 39020 41915
55 1540 56980 23 71600 1052 87644 48688 94800 23 15826 82540

56 1596 60116 25 47216 1151 22140 54196 26576 26 24236 61996
57 1653 63365 27 32409 1256 78141 60213 18633 29 67201 09245
58 1711 66729 29 27521 1369 94637 66776 75401 33 47888 01789
59 1770 70210 31 32900 1491 11998 73925 99700 37 69693 35430
60 1830 73810 33 48900 1620 71998 81701 99700 42 36253 35430

61 1891 77531 35 75881 1759 17839 90147 96001 47 51457 09791
62 1953 81375 38 14209 1906 94175 99309 28833 53 19459 45375
63 2016 85344 40 64256 2064 47136 1 09233 65376 59 44694 47584
64 2080 89440 43 26400 2232 24352 1 19971 07200 66 31889 24320
65 2145 93665 46 01025 2410 74977 1 31573 97825 73 86078 14945

66 2211 98021 48 88521 2600 49713 1 44097 30401 82 12617 64961
67 2278 1 02510 51 89284 2802 00834 1 57598 55508 91 17201 47130
68 2346 1 07134 55 03716 3015 82210 1 72137 89076 101 05876 29754
69 2415 1 11895 58 32225 3242 49331 1 87778 20425 111 85057 92835
70 2485 1 16795 61 75225 3482 59331 2 04585 20425 123 61547 92835

71 2556 1 21836 65 33136 3736 71012 2 22627 49776 136 42550 76756
72 2628 1 27020 69 06384 4005 44868 2 41976 67408 150 35691 46260
73 2701 1 32349 72 95401 4289 43109 2 62707 39001 165 49033 72549
74 2775 1 37825 77 00625 4589 29685 2 84897 45625 181 91098 62725
75 2850 1 43450 81 22500 4905 70310 3 08627 92500 199 70883 78350

76 2926 1 49226 85 61476 5239 32486 3 33983 17876 218 97883 06926
77 3003 1 55155 90 18009 5590 85527 3 61051 02033 239 82106 87015
78 3081 1 61239 94 92561 5961 00583 3 89922 76401 262 34102 87719
79 3160 1 67480 99 85600 6350 50664 4 20693 32800 286 64977 43240
80 3240 1 73880 104 97600 6760 10664 4 53461 32800 312 86417 43240

81 3321 1 80441 110 29041 7190 57385 4 88329 17201 341 10712 79721
82 3403 1 87165 115 80409 7642 69561 5 25403 15633 371 50779 51145
83 3486 1 94054 121 52196 8117 27882 5 64793 56276 404 20183 24514
84 3570 2 01110 127 44900 8615 15018 6 06614 75700 439 33163 56130
85 3655 2 08335 133 59025 9137 15643 6 50985 28825 477 04658 71755

86 3741 2 15731 139 95081 9684 16459 6 98027 99001 517 50331 06891
87 3828 2 23300 146 53584 10257 06220 7 47870 08208 560 86593 07900
88 3916 2 31044 153 35056 10856 75756 8 00643 27376 607 30633 94684
89 4005 2 38965 160 40025 11484 17997 8 56483 86825 657 00446 85645
90 4095 2 47065 167 69025 12140 27997 9 15532 86825 710 14856 85645

91 4186 2 55346 175 22596 12826 02958 9 77936 08276 766 93549 37686
92 4278 2 63810 183 01284 13542 42254 10 43844 23508 827 57099 39030
93 4371 2 72459 191 05641 14290 47455 11 13413 07201 892 27001 22479
94 4465 2 81295 199 36225 15071 22351 11 86803 47425 961 25699 03535
95 4560 2 90320 207 93600 15885 72976 12 64181 56800 1034 76617 94160

96 4656 2 99536 216 78336 16735 07632 13 45718 83776 1113 04195 83856
97 4753 3 08945 225 91009 17620 36913 14 31592 24033 1196 33915 88785
98 4851 3 18549 235 32201 18542 73729 15 21984 32001 1284 92339 69649
99 4950 3 28350 245 02500 19503 33330 16 17083 32500 1379 07141 19050

100 5050 3 38350 255 02500 20503 33330 17 17083 32500 1479 07141 19050
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SUMS OF POSITIVE POWERS k1 Table 23.4

m\n 7 8 9

i i 1 1
2 129 257 513
3 2316 6818 20196
4 18700 72354 2 82340
5 96825 4 62979 22 35465

6 3 76761 21 42595 123 13161
7 12 00304 79 07396 526 66768
8 32 97456 246 84612 1868 84496
9 80 80425 677 31333 5743 04985

10 180 80425 1677 31333 15743 04985

11 375 67596 3820 90214 39322 52676
12 733 99404 8120 71910 90920 33028
13 1361 47921 16278 02631 1 96965 32401
14 2415 61425 31035 91687 4 03575 79185
15 4124 20800 56664 82312 7 88009 38560

16 6808 56256 99614 49608 14 75204 15296
17 10911 94929 1 69372 07049 26 61082 91793
18 17034 14961 2 79571 67625 46 44675 82161
19 25972 86700 4 49407 30666 78 71552 79940
20 38772 86700 7 05407 30666 129 91552 79940

21 56783 75241 10 83635 90027 209 34353 26521
22 81727 33129 16 32394 63563 330 07045 44313
23 1 15775 58576 24 15504 48844 510 18572 05776
24 1 61640 30000 35 16257 63020 774 36647 46000
25 2 22675 45625 50 42136 53645 1155 83620 11625

26 3 02993 55801 71 30407 18221 1698 78656 90601
27 4 07597 09004 99 54702 54702 2461 34631 75588
28 5 42526 37516 137 32722 53038 3519 19191 28996
29 7 15025 13825 187 35186 65999 4969 90651 04865
30 9 33725 13825 252 96186 65999 6938 20651 04865

31 12 08851 27936 338 25097 03440 9582 16872 65536
32 15 52448 66304 448 20213 31216 13100 60593 54368
33 19 78633 09281 588 84299 49457 17741 75437 56321
34 25 03866 59425 767 42238 54353 23813 45365 22785
35 31 47259 56300 992 60992 44978 31695 01751 94660

36 39 30901 20396 1274 72091 52434 41851 01318 63076
37 48 80219 97529 1625 96886 06355 54847 18716 58153
38 60 24375 80121 2060 74807 44851 71368 79729 21001
39 73 96685 86800 2595 94900 05332 92241 63340 79760
40 90 35085 86800 3251 30900 05332 1 18456 03340 79760

41 109 82628 60681 4049 80152 34453 1 51194 22684 73721
42 132 88021 93929 5018 06672 30869 1 91861 36523 23193
43 160 06208 05036 6186 88675 08470 2 42120 62642 60036
44 191 98986 14700 7591 70911 33686 3 03932 81037 69540
45 229 35680 67825 9273 22165 24311 3 79600 87463 47665

46 272 93857 25041 11277 98287 56247 4 71819 89090 16721
47 323 60088 45504 13659 11154 18008 5 83732 93821 19488
48 382 30771 87776 16477 03958 47064 7 18993 48427 14176
49 450 13002 60625 19800 33264 16665 8 81834 84406 24625
50 528 25502 60625 23706 58264 16665 10 77147 34406 24625



Table 23.4

m\n 7

SUMS OF POSITIVE POWERS

8 9
51 617 99609 38476 28283 37709 87066 13 10563 86137 15076
52 720 80326 41004 33629 34995 18522 15 88554 44973 50788
53 838 27437 80841 39855 31899 29883 19 18530 80891 52921
54 972 16689 90825 47085 51512 69019 23 08961 40014 66265
55 1124 41042 25200 55458 90891 59644 27 69498 05854 50640

56 1297 11990 74736 65130 64007 33660 33 11115 00335 95536
57 1492 60965 67929 76273 55578 45661 39 46261 19889 79593
58 1713 40807 35481 89079 86395 63677 46 89027 07286 24521
59 1962 27322 20300 1 03762 90771 67998 55 55326 65472 79460
60 2242 20922 20300 1 20559 06771 67998 65 63096 25472 79460

61 2556 48350 56321 1 39729 79901 65279 77 32510 86401 13601
62 2908 64496 62529 1 61563 80957 50175 90 86219 51863 77153
63 3302 54303 01696 1 86379 38760 17696 106 49600 93432 30976
64 3742 34768 12800 2 14526 88527 28352 124 51040 78527 12960
65 4232 57047 03425 2 46391 36656 18977 145 22232 06906 03585

66 4778 08654 04481 2 82395 42718 88673 168 98500 07044 03521
67 5384 15770 09804 3 23002 19494 45314 196 19153 51006 98468
68 6056 45658 28236 3 68718 51890 98690 227 27863 53971 28036
69 6801 09190 80825 4 20098 35635 27331 262 73072 32327 04265
70 7624 63490 80825 4 77746 36635 27331 303 08433 02327 04265

71 8534 14692 39216 5 42321 71947 73092 348 93283 09511 53296
72 9537 20822 43504 6 14542 13310 81828 400 93152 87653 82288
73 10641 94807 62601 6 95188 14229 75909 459 80311 54736 50201
74 11857 07610 35625 7 85107 61631 79685 526 34352 62487 29625
75 13191 91497 07500 8 85220 53135 70310 601 42821 25280 26500

76 14656 43442 79276 9 96524 01010 25286 686 01885 63746 04676
77 16261 28675 46129 11 20097 63925 72967 781 17055 08237 76113
78 18017 84364 01041 12 57109 07632 56103 888 03947 17370 60721
79 19938 23453 87200 14 08819 95731 62664 1007 89106 77196 79040
80 22035 38653 87200 15 76592 11731 62664 1142 10879 57196 79040

81 24323 06578 42161 17 61894 13620 14505 1292 20343 10166 78161
82 26815 92048 98929 19 66308 22206 69481 1459 82298 14263 86193
83 29529 52558 88556 21 91537 44528 08522 1646 76323 66939 26596
84 32480 42905 44300 24 39413 33638 91018 1854 97898 52248 56260
85 35686 19993 72425 27 11903 86142 81643 2086 59593 15080 59385

86 39165 47815 94121 30 11121 78853 47499 2343 92334 88197 23001
87 42938 02610 81904 33 39333 46007 84620 2629 46750 30627 52528
88 47024 78207 18896 36 98967 98488 39916 2945 94588 48916 18576
89 51447 91556 14425 40 92626 86545 41997 3296 30228 85991 03785
90 56230 88456 14425 45 23094 07545 41997 3683 72277 75991 03785

91 61398 49475 50156 49 93346 60306 93518 4111 65257 77288 92196
92 66976 96076 73804 55 06565 47620 69134 4583 81394 10154 48868
93 72993 96947 34561 60 66147 28587 19535 5104 22502 40039 36161
94 79478 74541 53825 66 75716 22441 30351 5677 21982 62325 52865
95 86462 11837 63200 73 39136 65570 20976 6307 46923 59571 62240

96 93976 59315 74016 80 60526 23468 59312 7000 00323 17816 42496
97 1 02056 42160 52129 88 44269 59412 36273 7760 23429 04362 07713
98 1 10737 67693 76801 96 95032 61670 54129 8593 98205 25663 57601
99 1 20058 33041 67500 106 17777 31113 33330 9507 49930 00499 98500

100 1 30058 33041 67500 116 17777 31113 33330 10507 49930 00499 98500
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SUMS OF POSITIVE POWERS k1 Table 23.4

m\n 10 m\n lo
1 1 51 613 38941 75112 62626
2 1025 52 757 94452 34603 19650
3 60074 53 932 83199 38258 32699
4 11 08650 54 1143 66451 30907 53275
5 108 74275 55 1396 95967 52098 93900

6 713 40451 56 1700 26516 43060 08076
7 3538 15700 57 2062 29849 57628 99325
8 14275 57524 58 2493 10270 26623 05149
9 49143 41925 59 3004 21945 59629 46550

10 1 49143 41925 60 3608 88121 59629 46550

11 4 08517 66526 61 4322 22412 76258 29151
12 10 27691 30750 62 5161 52349 34941 69375
13 24 06276 22599 63 6146 45378 53759 60224
14 52 98822 77575 64 7299 37528 99828 07200
15 110 65326 68200 65 8645 64962 44456 97825

16 220 60442 95976 66 10213 98650 53564 93601
17 422 20381 96425 67 12036 82430 99082 55050
18 779 25054 23049 68 14150 74713 00654 65674
19 1392 35716 80850 69 16596 94119 07202 25475
20 2416 35716 80850 70 19421 69368 07202 25475

21 4084 34526 59051 71 22676 93723 17301 06676
22 6740 33754 50475 72 26420 84347 43545 94100
23 10882 98866 64124 73 30718 46930 40581 51749
24 17223 32676 29500 74 35642 45970 14140 29125
25 26760 06992 70125 75 41273 81117 23612 94750

26 40876 77949 23501 76 47702 70010 47012 36126
27 61465 89270 18150 77 55029 38057 72874 36775
28 91085 56937 13574 78 63365 15640 85236 36199
29 1 33156 29270 13775 79 72833 43249 11504 83400
30 1 92205 29270 13775 80 83570 85073 11504 83400

31 2 74168 12139 94576 81 95728 51619 02074 12201
32 3 86758 11208 37200 82 1 09473 31932 38034 70825
33 5 39916 01061 01649 83 1 24989 36051 10093 24274
34 7 46353 78601 61425 84 1 42479 48338 76074 16050
35 10 22208 52136 77050 85 1 62166 92382 16796 81675

36 13 87824 36537 40026 86 1 84297 08171 04827 52651
37 18 68682 80261 57875 87 2 09139 42312 96263 21500
38 24 96503 98741 46099 88 2 36989 52073 05665 33724
39 33 10544 59593 37700 89 2 68171 24066 05327 17325
40 43 59120 59593 37700 90 3 03039 08467 05327 17325

41 57 01386 52694 90101 91 3 41980 69648 23434 62726
42 74 09406 33911 67925 92 3 85419 54190 47066 76550
43 95 70554 57044 52174 93 4 33817 77262 26359 94799
44 122 90290 66428 70350 94 4 87679 28403 21259 64975
45 156 95353 55588 85975 95 5 47552 97795 59638 55600

46 199 37428 30416 62551 96 6 14036 24155 51139 60176
47 251 97341 52774 92600 97 6 87778 65424 46067 86225
48 316 89847 73860 37624 98 7 69485 93493 33614 75249
49 396 69074 36836 49625 99 8 59924 14243 42419 24250
50 494 34699 36836 49625 100 9 59924 14243 42419 24250
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For x=l, see Table 6.3.

Table 23.5

n\x 2

zn/n!

3 4 5

1 0 2. 0000 00000 (0 3. 0000 00000 0)4.0000 00000 0) 5. 0000 00000
2
3

O

O

2. 0000
1. 3333

00000
33333

(0 4. 5000
o 4. 5000

00000
00000

0 8. 0000
1 1. 0666

00000
66667

1)1.2500
1 2. 0833

00000
33333

4 -1 6. 6666 66667 o 3. 3750 00000 1 1. 0666 66667 1 2. 6041 66667
5 -1 2. 6666 66667 O 2. 0250 00000 0 8. 5333 33333 1 2. 6041 66667

6 -2 8. 8888 88889 O 1. 0125 00000 o 5. 6888 88889 1 2. 1701 38889
7 -2 2. 5396 82540 -1 4. 3392 85714 o 3. 2507 93651 1 1. 5500 99206
8 -3 6. 3492 06349 -1 1. 6272 32143 o 1. 6253 96825 O 9. 6881 20040
9 -3 1. 4109 34744 -2 5. 4241 07143 -1 7. 2239 85891 O 5. 3822 88911

10 -4 2. 8218 69489 -2 1. 6272 32144 -1 2. 8895 94356 o 2. 6911 44455

Il (- 5)5.1306 71797 (- 3)4.4379 05844 (- 1)1. 0507 61584 0)1.2232 47480
12 (- 6 8.5511 19662 (- 3)1.1094 76461 (- 2)3. 5025 38614 - 1)5. 0968 64499
13 - 6 1.3155 56871 - 4 2. 5603 30295 (- 2 1.0777 04189 - 1 1. 9603 32500
14 - 7 1.8793 66959 - 5 5. 4864 22060 (- 3 3.0791 54825 - 2 7. 0011 87499
15 - 8 2. 5058 22612 - 5 1. 0972 84412 (- 4 8.2110 79534 - 2 2. 3337 29166

16 - 9 3. 1322 78264 (- 6 2. 0574 08272 (- 4)2. 0527 69883 3 7. 2929 03644
17 -10 3. 6850 33252 (- 7 3. 6307 20481 (- 5)4.8300 46785 3 2. 1449 71660
18 -11 4. 0944 81391 -8 6. 0512 00801 - 5 1. 0733 43730 4 5. 9582 54611
19 -12 4. 3099 80412 -9 9. 5545 27582 - 6 2. 2596 71011 4 1. 5679 61740
20 -13 4. 3099 80413 -9 1. 4331 79137 - 7 4. 5193 42021 5 3. 9199 04350

21 -14 4. 1047 43250 -10 2. 0473 98768 - 8)8.6082 70516 - 6)9. 3331 05595
22 -15 3. 7315 84772 -11 2. 7919 07410 - 8)1.5651 40093 - 6)2. 1211 60362
23 -16 3. 2448 56324 -12 3. 6416 18361 - 9 2. 7219 82772 - 7 4. 6112 18179
24 -17 2. 7040 46937 -13 4. 5520 22952 -10 4. 5366 37953 - 8 9. 6067 04540
25 -18 2.1632 37550 (-14 5. 4624 27543 -11 7. 2586 20726 - 8 1.9213 40908

26 -19 1. 6640 28884 -15)6. 3028 01010 (-11)1.1167 10881 (- 9) 3. 6948 86362
27 -20 1. 2326 13988 -16 7. 0031 12233 -12 1. 6543 86490 -10 6. 8423 82151
28 -22 8. 8043 85630 -17 7. 5033 34535 -13 2. 3634 09271 -10 1. 2218 53956
29 -23 6. 0719 90089 -18 7. 7620 70209 -14 3. 2598 74857 -11 2. 1066 44151
30 (-24)4.0479 93393 -19 7. 7620 70209 -15)4. 3464 99810 (-12)3.5110 74585

31 -25 2. 6116 08641 -20 7. 5116 80847 -16 5. 6083 86851 -13 5. 6630 23524
32 -26 1. 6322 55401 -21 7. 0422 00795 -17 7. 0104 83564 -14 8. 8484 74257
33 -28 9. 8924 56972 -22 6. 4020 00722 -18 8. 4975 55834 -14 1. 3406 77918
34 -29 5. 8190 92337 -23 5. 6488 24167 -19 9. 9971 24513 -15 1. 9715 85173
35 -30 3. 3251 95620 -24 4. 8418 49284 -19 1. 1425 28515 -16 2. 8165 50246

36 (-31 1. 8473 30900 -25) 4. 0348 74405 -20)1.2694 76128 -17)3.9118 75343
37 -33 9. 9855 72436 -26)3. 2715 19788 -21 1. 3724 06625 -18) 5. 2863 18032
38 -34 5. 2555 64439 -27 2. 5827 78779 -22 1. 4446 38552 (-19 6. 9556 81619
39 -35 2. 6951 61251 -28 1. 9867 52908 -23 1. 4816 80567 (-20 8. 9175 40539
40 -36 1. 3475 80626 -29 1. 4900 64681 (-24)1.4816 80567 (-20 1. 1146 92567

41 -38)6.5735 64028 -30 1. 0902 91230 -25 1. 4455 42017 (-21 1. :3593 81180
42 -39 3. 1302 68584 -32 7. 7877 94496 -26 1. 3767 06682 -22 1. 6183 10928
43 -40 1. 4559 38876 -33 5. 4333 44999 -27 1. 2806 57379 -23 1. 8817 56893
44 -42 6. 6179 03983 -34 3. 7045 53408 -28)1. 1642 33981 -24 2. 1383 60106
45 -43 2. 9412 90659 -35 2. 4697 02271 -29) 1. 0348 74650 -25 2. 3759 55673

46 -44 1. 2788 22026 -36 1. 6106 75395 -31 8. 9989 09998 -26 2. 5825 60514
47 -46 5. 4417 95855 -37 1. 0280 90677 -32 7. 6586 46807 -27 2. 7474 04803
48 -47 2. 2674 14940 -39 6. 4255 66736 -33 6. 3822 05674 -28 2. 8618 80003
49 -49 9. 2547 54855 -40 3. 9340 20450 -34)5. 2099 63815 -29 2. 9202 85717
50 -50 3. 7019 01942 -41 2. 3604 12270 (-35)4. 1679 71052 -30 2. 9202 85717
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273-888 O-67---53

819

n\x
i

6

( 0)6.0000 00000 0)7.0000
7

00000
8

0)8.0000 00000

Table 23.5

9
0)9.0000 00000

2 ( 1)1.8000 00000 1)2.4500 00000 1)3.2000 00000 ( 1)4.0500 00000
3 ( 1 3.6000 00000 1 5. 7166 66667 1)8.5333 33333 2)1.2150 00000
4 ( 1 5. 4000 00000 2 1. 0004 16667 2)1.7066 66667 2)2.7337 50000
5 ( 1 6. 4800 00000 2 1. 4005 83333 2)2.7306 66667 2)4. 9207 50000

6 1 6. 4800 00000 (2 1. 6340 13889 2 3. 6408 88889 2 7. 3811 25000
7 1 5. 5542 85714 (2 1. 6340 13889 2 4. 1610 15873 2 9. 4900 17857
8 i 4. 1657 14286 (2 1. 4297 62153 2 4. 1610 15873 3 1.0676 27009
9 ( 1 2. 7771 42857 (2 1. 1120 37230 2 3. 6986 80776 3 i. 0676 27009

10 ( 1)1.6662 85714 (i 7. 7842 60610 2 2. 9589 44621 2 9. 6086 43080

11 ( 0)9.0888 31169 i 4. 9536 20388 (2 2. 1519 59724 2 7. 8616 17066
12 0)4. 5444 15584 i 2. 8896 11893 (2 1. 4346 39816 2 5. 8962 12799
13 0 2. 0974 22577 i 1. 5559 44865 (i 8. 8285 52715 2 4. 0819 93476
14 - 1 8. 9889 53903 (0 7. 7797 24327 (1 5. 0448 87266 2 2. 6241 38663
15 (- 1 3.5955 81561 (o 3. 6305 38019 (1 2. 6906 06542 2 1. 5744 83198

16 (-1 1. 3483 43085 o i. 5883 603&3 i 1. 3453 03271 1) 8. 8564 67988
17 - 2 4. 7588 57949 -1 6. 5403 07461 O 6. 3308 38921 1 4. 6887 18347
18
19

- 2
- 3

1. 5862
5. 0093

85983
24157

-i-2
2. 5434
9. 3706

52902
15954

o 2. 8137
o 1. 1847

06187
18395

1 2. 3443
1 1. 1104

59173
85924

20 - 3 1. 5027 97247 -2 3. 2797 15584 -1 4. 7388 73579 0 4. 9971 86660

21 - 4 4. 2937 06421 -2 1. 0932 38528 -1 1. 8052 85173 o 2. 1416 51426
22 - 4 1. 1710 10841 -3 3. 4784 86224 -2 6. 5646 73354 -i 8. 7613 01284
23 - 5 3. 0548 10892 -3 1. 0586 69721 -2 2. 2833 64645 -i 3. 4283 35286
24 - 6 7. 6370 27230 -4 3. 0877 86685 -3 7. 6112 15485 -1 1. 2856 25732
25 - 6 1. 8328 86535 -5 8. 6458 02721 -3 2. 4355 88956 -2 4. 6282 52637

26 (- 7 4. 2297 38158 -5 2. 3277 16117 -4 7. 4941 19863 -2 i. 6020 87451
27 -8 9. 3994 18129 -6 6. 0348 19562 -4 2. 2204 79959 -3 5. 3402 91503
28 -8 2. 0141 61028 -6 1. 5087 04890 -5 6. 3442 28454 -3 1. 7165 22269
29 -9 4. 1672 29712 -7 3. 6417 01460 -5 1.7501 31987 -4 5. 3271 38075
30 -10 8. 3344 59424 -8 8.4973 03406 -6 4. 6670 18634 -4 1.5981 41423

31 -10 1. 6131 21179 -8 1. 9187 45930 -6 1. 2043 91905 - 5 4. 6397 65421
32 -11 3. 0246 02211 -9 4. 1972 56723 -7 3.0109 79764 - 5 1. 3049 34025
33 -12 5. 4992 76746 -10 8. 9032 71836 -8 7. 2993 44881 - 6 3. 5589 10976

(-13 9. 7046 06024 (-10)1.8330 26555 -8 1.7174 92913 - 7 9. 4206 46703
35 (-13 1. 6636 46746 (-11)3. 6660 53108 -9 3. 9256 98086 (- 7)2. 4224 52008

36 (-14 2. 7727 44578 -12 7. 1284 36600 -10)8. 7237 73527 -8 6. 0561 30022
37 -15 4. 4963 42559 -12 1. 3486 23141 -10 1.8862 21303 -8 1. 4731 12708
38 -16 7. 0994 88250 -13 2. 4843 05785 -ii 3. 9709 92217 -9 3. 4889 51151
39 -16 1. 0922 28962 -14 4. 4590 10384 -12 8. 1456 25061 -10 8. 0514 25733
40 -17 i. 6383 43443 -15 7. 8032 68172 -12 i. 6291 25012 -10 1. 8115 70790

41 -18 2. 3975 75770 -15 i. 3322 65298 -13 3. 1787 80512 -ii 3. 9766 18807
42 -19 3.4251 08241 -16 2. 2204 42162 -14 6. 0548 20021 -12 8. 5213 26014
43 -20 4. 7792 20803 -17 3. 6146 73288 -14 1. 1264 78144 -12 1. 7835 33352
44 -21 6. 5171 19276 -18 5. 7506 16594 -15 2. 0481 42079 -13 3. 6481 36401
45 -22 8. 6894 92366 -19 8. 9454 03590 -16 3. 6411 41473 -14 7. 2962 72802

46 -22 1. 1334 12048 -19 1. 3612 57068 -17 6. 3324 19955 -14 1. 4275 31635
47 -23 1. 4469 08998 -20 2. 0274 04144 -17 1. 0778 58716 -15 2. 7335 71217
48 -24 1. 8086 36247 -21 2. 9566 31045 -18 1. 7964 31193 -16 5. 1254 46033
49 (-25 2.2146 56629 -22 4. 2237 58634 -19 2. 9329 48887 -17 9. 4140 84548
50 (-26)2.6575 87955 -23 5. 9132 62088 -20 4. 6927 18219 -17 1. 6945 35219
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In each sub-section of this chapter we use
a fixed format whicli emphasizes the use and
methods of extending the accompanying tables.
The format follows this foriii:
I. Definitions

Combinatorial
Generating functions
Closed form

JI. Relations
Recurrences
Checks in computing
Basic use in numerical analysis

Ill. Asymptotic and Special Values
In general the notations used are standard.

This includes the difference operator defined on
functions of x by f(x) =J(x+ 1) J(x), 1(x)
=(J(x)), the Kronecker delta , the Riemann
zeta function v(s) and the grea.test common
divisor symbol (m, n). The range of the summands
for a summation sign without limits is explained
to the right of the formula.

The notations which are not standard are tlìose
for the multinomials which are arbitrary short-
hand for use in this chapter, and those for the
Stirling numbers which have never been stand-
ardized. A slìort table of various notations for
these numbers follows:

Notations for the Stirling Numbers

Reference
This chapter

[24.2] Fort
[24.7] Jordan

[24.10] Moser and Wyman

[24.9] Mime-Thomson

[24.151 Riordan
[24.11 Carlitz
[24.31 Gould

Miksa S(nm+l,n)
(Unpublished

tables)
[24.171 Gupta

24. Combinatorial Analysis
Mathematical Properties

Pirsi Kind Second Kind

S *

S, *

(n_1 'l B,. (n 'l B\m-1/
.s(n, m) S(n, m)

(-1)"'"Si(n--1,nm) 52(m, nm)
mS,.

u(n, m)

We feel that a capital S is natural for Stirling
numbers of the first kind; it is infrequently used
for other notation in this context. But once it
is used we have difficulty finding a suitable
symbol for Stirling numbers of the second kind.
The numbers are sufficiently important to warrant

822 aSe( page H.

a special and easily recognizable symbol, and
'vet that symbol must be easy to write. We have
settled on a script capital without any certainty
that we lìave settled this question permanently.

We feel that the subscript-superscript notation
emphasizes tue generating functions (which are
pOwers of mutually inverse functions) from which
most of the important relations flow.

24.1. Basic Numbers

24.1.1 Binomial Coefficients
I. Definitions

(n) is the number of yays of choosing m

objects from a collection of n distinct objects
without regard to order.

Generating functions

(l+x)= (fl)m n==0,l,...
m=O rn

B. Checks

(1_x)-m1=
('n =m

C. Closed form

(n\ n! / n
m

n(n-1) ... (nm+l)
m!

II. Relations
A. Recurrences

(n±1=(n+(m1)in / \ifl/

s

o'\m)\'n'mflJ . n

(i)'-" (r)(r_1)

('fl'\_(flo'\(fli
\rn,T\,mJ "Jn

n xm xI<1m

(inodp)

n> rn

n>m>1

n>m

r+sn

r n+1

p a prine



where

n== m= mkpk p>m, k O
k=O k=O

C. Numerical analysis

(_1)n-m (')fx+m)
m=o m

() i"f(xr)
k-O

COMBINATORIAL ANALYSIS

24.1.2 Multinomial Coefficients
I. Definitions

A. (n; n1, n2, . . ., flm) is the number of ways of putting n=n1 +n2+. . . +n,,, different objects
into m different boxes with nk in the k-th box, Ic= 1, 2, . . ., m.

(n; a1, a2, . . an) is the number of permutations of n=a1+2a2+ +na,, symbols composed
of ak cycles of length k for k=1, 2, . . ., n.

(n; a1, a2, . . ., a,,)' is the number of ways of partitioning a set of n=a1+2a2+ . . . +na,, dif-
ferent objects into ak subsets containing k objects for k=1, 2, . . ., n.

Generating functions

(x1+x2+. . . +Xm)"=(n; fi, , . . ., flm)Xi"X . . .

(Ê tk)m=m! n; a1, a2,. . an)*x1x2.
n-m

(Êtk)m=m! Ê 4 n;a1,a2, . . .,a,,)'x1x2. . .k1 k. n-m

Closed forms

(n;n1,n2, . . ., flm)fl!/fi!fla! . . flm!

(n;a1, a2, . . ., a,,)*=n!/181ai!2a2! .

(n; a1, a2, . . ., a,j=n!/(1!)0Ia1!(2!)82a2! . (n! )t2nan!

II. Relations
A. Recurrence

B. Checks

(n;a1,a2,

(n;a1,a2,.

(m)
n

a,,)*=(_1)mSm)

., a,,)'= (m)

C. Numerical analysis (Faà di Bruno's formula)

a,,){g(x))81{g/(x)}az. {g(x)}an
X m-O

summed over a1+2a2+ .. +na=n and a+a2+. . . +a=m.

8 (i)"
m=O

= (i)8

k(nk-1\k=o sk ) ¿f(xs) s<n

III. Special Values

()=(:)= i
(2n\2(2n-1)(2n-3) . . . 34

n!

823

summed over n1 +n+. . . +n,,,=n

summed over a1 +2a2+ . . . +na,,n
and a1 + a2 + ... + a,, = m

(n+m;ni+1,n2+1, . . .,Thm+1) (n+m-1; n1+1, . . .,flk_1+1,fk,flk+i+i,

ni+n2+. .
+na,,=n

a1+2a2+. . . +na,,=n

,n,,,+1)

summed over n1+n2+. . . +nm=n

summed over a1+2a2+ . .
. +na,,=n and a1+a2-J-.. . +a,,=m
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Pn

Recurrences

ÇY(m) = ÇY(m-1) _nSm)
-'n+1 -n

()S(m)=
(n\

r k=m-rkJ

Checks

p'
P2

P3

COMBINATORIAL ANALYSIS

i o . o

P, 2

P2 P1

=(-1)i(n; a,, a2, . . an)*P,P2 Pn

o

n-1
Pn__i Pn_2 Pl

summed over ai+2a,+ . . . +na=n; e.g. if Pk=j..lX for k=1, 2, . . ., n then the determinant and
sum equal n!x,x,. . . x,, the latter sum denoting the n-th elementary symmetric function of x,, x2, . . ., x.

C. Closed form (see closed form for m))

n-m (n-1+k\f 2nm \S= (i)k m+kAnmk)kO n

II. Relations

S1=o
m1

n
ES(h) k-m_. (m)

n+1 -. nkm

C. Numerical analysis
da (m)

f(x)=m!E ---f(x)n m
if convergen t.

24.1.3 Stirling Numbers of the First Kind

I. Definitions

( i)'-"S is the number of permutations
of n symbols which have exactly m cycles.

Generating functions

n
x(x-1). . . (xn+1)=E Sm)x?

mO

{ln (1+x)}m=m! Ê n! IxKl

(k)n-m+k

n>1

III. Asymptotics and Special Values

ISm)H(ni)!(y+ln fl)m-l/(m_i)!

= i

24.1.4 Stirling Numbers of the Second Kind

I. Definitions

m)is the number of ways of partitioning a
set of n elements into m non-empty subsets.

Generating functions

x=E (m)X(_1) . (xm+1)

(e_1)m=m! E (m)

n m

(1x)'(1-2x)1. . . (imx)=E (m)Xn_m

ÌxI<m1
C. Closed form

itm(m)_ E (_i)m_k (rn)
m! k=D

for m=o(ln n)

S(m) (-1)um
m- mlt& 2n!

Q (m)i n+1

Ç'(0)

S°= (-1)'(n-1)!

S"=-()

n>m>1

n>m>r



II. Relations
Recurrences

=m nm1

() (m)_(fl)

Checks

Ê(1y'-mm! %(m)._l
m-0

Ê 1) m=
k-m

Q(k)
n-m (n-1+k)f2nm\

nm+k (.n_m_k)m+tGk -O

n n
E8(m) (k)_ (k) (m)_

k n n O"k mn
k-m k-m

Numerical analysis

= (m)

mf(x)m! E J(n)(x) if convergent

n m fn+1\E km=E k! )

k+1)k=0 k-0

k-0 j-0Ekmxk=Exi& lx)
n m d' (1_xn+1

III. Asymptotics and Special Values

um m"=rn!
n-3n

m2'
for n=o(mi)(m)n+m"

n±1_

(0) _._

(1) ()in 'n

=(n

24.2. Partitions

24.2.1 Unrestricted Partitions
I. Definitions

A. p(n) is the number of decompositions of n
into integer summands withotit regard to order.

E.g., 5=1+4=2+3=1+1+3=1+2+2=1+1+
1+2=1+1+1+1+1 so that p(5)=7.

(r) (m-r)n-k k

COMBINATORIAL ANALYSIS

n> m>r

B. Generating function
= = ( - 8n'+n' -i

Ep(n)xn= ri (1_xn)_l= E (-1)x 2
n-O n-1

O. Closed form 1ir/I
= d sinhi-t1n-

p(n)==--- E [kAk(n)
ir.Jk=1

where
2iri lin

Ak(n)= E eTt(ie k

0<h<k
(k, k).1

s(k, k)=E' ( (y))j-1 IC

k-1 /

((x)) =x[x] - if x is not an integer
=0 if x is an integer

II. Relations

Recurrence

p(n)= E (_1)1p(n
2 )3k2rkk <n

3k2±k\
p(0) = 1

=-E 1(k)p(nk)
fl k-1

Check

3k2±k / 3k2±k
p(n)+ E (1)

2 2
)=o.i(n)

3k'k1--n
Ill. Asymptotics

i
p(n)-'.' e

4n/

24.2.2 Partitions Into Distinct Parts

I. Definitions

q(n) is the number of decompositions of n
into distinct integer summands without regard to
order. E.g.,5=1+4=2+3sothatq(5)=3.

Generating function

q(n)xuz=fl (1+x")=fl (1x2') xI<1
n-0 n-1 n-1

Closed form

Alkl(n)

where Jo(x) is the Bessel function of order O and
A2k1(n) was defined in part J.C. of the previous

subsection.

825

lx<1
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E (_1)kq (n_31C2±1)_( 1)' if n=3r2±r
3k'k 2

=0 otherwise

q(n)= { r1(k)-2u1 ()}(n_k)
B. Check

E (l)q(n(3k2±k))=l fr2_r
O8k'±kn 2

=0 otherwise.

III. Aymptotics

1

4 31/4 nP'4
e

24.3. Number Theoretic Functions

24.3.1 The Möbins Function

I. Definitions

p(n)=1 ifn=l
(_i)k if n is the product of k distinct

primes
=0 ifnis divisible bya square >1.

Generating functions

E (nn'=1ft(s)

JI. Relations

A. Recurrences

II. Relations
Recurrence

M(mn)=p(m)p(n) if (m,n)=1
=0 if(m,n)>1

Cheek

E (d)=81
df n

Numerical analysis
g(n) = f(d) for all n if and oniy if

(d)g(n/d) for all n

g(n) =11 f(d) for all n if and only if
df n f(n) ll g(n/d)' for all n

df n
Ex

g(x)= f(x/r&) for all x>0 if and only if
n..'

f z)

f(x)==E ¿z(n)g(x/n) for all x>0
n..'

COMBINATORIAL ANALYSIS

g(x) =E f(nx) for all z>0 if and only if
n-1

J(x)=Ê M(n)g(nx) for all z>0

w e e
and if E E Lf(mnx) J = ob(n) JJ(nx)J converges.

mwl n1 n=1

The cyclotomic polynomial of order n is
lT (x41)'
df n

HI. Asymptotics

n.

E lnn=-1,.., n

E p(n)=0(xeIz)
n(z

24.3.2 The Euler Totient Function

I. Definitions

*p(n) is the number of integers not exceeding
and relatively prime to n.

Generating functions

(n)n_t=_ s>2e(s)

X

n1 'X (lx)'
Closed form fip(n)=nrl Il--

pin\ P

over distinct primes p dividing n.

II. Relations

Recurrence

mn)=c(m)(n) (m, n)=l

Checks

E(d)=n
dfn

ç(n)= ()i
i (mod n) (a, n)=i

III. Asymptotics

in- E (k)=-+O (-
ir2 \n/

JxJ<1



24.3.3 Divisor Functions
I. Definitions

o'k(n) is the sum of the k-th powers of the
divisors of n. Often ab(n) is denoted by d(n), and
o1(fl) by o'(n).

Generating functions

E k(n)n)(8-k) >k+i
n=1

E o'k(fl)XE j----- lxi<'
z=1

Closed form
$

o(n)E d"=rI
din 1=1

II. Relations

A. Recurrences
u(mn)=o'k(m)a-(n) (m, n)rr1

ok(np) =ui(n) a(p) -po(n/p)
III. Asymptotics

i 0(m)=1n n+2-y-1+O(n)
Th fl21

(7=Euler's constant)

n=p1p2. ps

p prime
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in- E (m)=+O ()n

24.3.4 Primitive Roots

Definitions

The integers not exceeding and relatively prime
to a fixed integer n form a group; the group is
cyclic if and oniy if n=2, 4 or n is of the form pk or
2p' where p is an odd prime. Then g is a primitive
root of nil it generates that group; i.e., if g, g2,

are distinct modulo n. There are
primitive roots of n.

Relations

Recurrences. If g is a primitive root of a
prime p and g"' i (mod p2) then g is a primitive
root of pk for all k. If g"11(mod p2) then g+p
is a primitive root of pk for all k.

If g is a primitive root of pk then either g or
g+pk, whichever is odd, is a primitive root of 2pk.

Checks. If g is a primitive root of n then gk
is a primitive root of n if and pnly if (k, (n))=1,
and each primitive root of n is of this form.
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From Royal Society Mathematical Tables, voI. 3, Table of binomial coefficients. Cambridge Univ.
Press, Cambridge, England, 1954 (with permission).

Table 24.1 / n\BINOMIAL COEFFICIENTS m)

n\mo 1 2 3 4 5 6 7 811 121 2 131 3 3 141 4 6 4 151 5 10 10 5

61 6 15 20 15 6 171 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 126 126 84 36 9

10 1 10 45 120 210 252 210 120 45

11 1 11 55 165 330 462 462 330 165
12 1 12 66 220 495 792 924 792 495
13 1 13 78 286 715 1287 1716 1716 1287
14 1 14 91 364 1001 2002 3003 3432 3003
15 1 15 105 455 1365 3003 5005 6435 6435

16 1 16 120 560 1820 4368 8008 11440 12870
17 1 17 136 680 2380 6188 12376 19448 24310
18 1 18 153 816 3060 8568 18564 31824 43758
19 1 19 171 969 3876 11628 27132 50388 75582
20 1 20 190 1140 4845 15504 38760 77520 1 25970

21 1 21 210 1330 5985 20349 54264 1 16280 2 03490
22 1 22 231 1540 7315 26334 74613 1 70544 3 19770
23 1 23 253 1771 8855 33649 1 00947 2 45157 4 90314
24 1 24 276 2024 10626 42504 1 34596 3 46104 7 35471
25 1 25 300 2300 12650 53130 1 77100 4 80700 10 81575

26 1 26 325 2600 14950 65780 2 30230 6 57800 15 62275
27 1 27 351 2925 17550 80730 2 96010 8 88030 22 20075
28 1 28 378 3276 20475 98280 3 76740 11 84040 31 08105
29 1 29 406 3654 23751 1 18755 4 75020 15 60780 42 92145
30 1 30 435 4060 27405 1 42506 5 93775 20 35800 58 52925

31 1 31 465 4495 31465 1 69911 7 36281 26 29575 78 88725
32 1 32 496 4960 35960 2 01376 9 06192 33 65856 105 18300
33 1 33 528 5456 40920 2 37336 11 07568 42 72048 138 84156
34 1 34 561 5984 46376 2 78256 13 44904 53 79616 181 56204
35 1 35 595 6545 52360 3 24632 16 23160 67 24520 235 35820

36 1 36 630 7140 58905 3. 76992 19 47792 83 47680 302 60340
37 1 37 666 7770 66045 4 35897 23 24784 102 95472 386 08020
38 1 38 703 8436 73815 5 01942 27 60681 126 20256 489 03492
39 1 39 741 9139 82251 5 75757 32 62623 153 80937 615 23748
40 1 40 780 9880 91390 6 58008 38 38380 186 43560 769 04685

41 1 41 820 10660 101270 7 49398 44 96388 224 81940 955 48245
42 1 42 861 11480 111930 8 50668 52 45786 269 78328 1180 30185
43 1 43 903 12341 123410 9 62598 60 96454 322 24114 1450 08513
44 1 44 946 13244 135751 10 86008 70 59052 383 20568 1772 32627
45 1 45 990 14190 148995 12 21759 81 45060 453 79620 2155 53195

46 1 46 1035 15180 163185 13 70754 93 66819 535 24680 2609 32815
47 1 47 1081 16215 178365 15 33939 107 37573 628 91499 3144 57495
48 1 48 1128 17296 194580 17 12304 122 71512 736 29072 3773 48994
49 1 49 1176 18424 211876 19 06884 139 83816 859 00584 4509 78066
50 1 50 1225 19600 230300 21 18760 158 90700 998 84400 5368 78650



f n\BINOMIAL COEFFICIENTS m) Table 24.1

9
lo

11
12
13
14
15

16
17
18
19
20

21
22
23
24
25

26
27
28
29
30

31
32
33
34
35

36
37
38
39
40

41
42
43
44
45

46
47
48
49
50

1

2
4
8

13
20

31
46
69

100
143

201
280
385
524
706

941
1244
1630
2119
2734

3503
4458
5639
7089
8861

11017
13626
16771
20544
25054

1
10

55
220
715

2002
5005

11440
24310
48620
92378
67960

93930
97420
17190
07504
42975

24550
86825
06900
15005
07150

60075
48800
67100
51256
07460

43280
03620
11640
15132
38880

43565
91810
21995
30508
63135

16330
49145
06640
55634
33700 1

1

3
6

11
19
32

53
84

131
200
300

443
645
925

1311
1835

2541
3483
4727
6357
8476

11210
14714
19173
24812
31901

40763
51780
65407
82178
02722

1

11
66

286
1001
3003

8008
19448
43758
92378
84756

52716
46646
44066
61256
68760

11735
36285
23110
30010
45015

52165
12240
61040
28140
79396

86856
30136
33756
45396
60528

99408
42973
34783
56778
87286

50421
66751
15896
22536
78170

1

1
1
2
2
3

1

3
7

13
24
44

77
130
214
345
546

846
1290
1935
2860
4172

6008
8549

12033
16760
23118

31594
42805
57520
76693
01505

33407
74171
25952
91359
73537

i
12
78

364
1365

4368
12376
31824
75582
67960

52716
05432
52078
96144
57400

26160
37895
74180
97290
27300

72315
24480
36720
97760
25900

05296
92152
22288
56044
01440

61968
61376
04349
39132
95910

83196
33617
00368
16264
38800

1
1
2
2

3
5
6
9

12

1

2
6

13
27
52

96
173
304
518
864

1411
2257
3548
5483
8344

12516
18524
27074
39107
55868

78986
10581
53386
10906
87600

89106
22514
96685
22637
13996

1
13
91

455

1820
6188

18564
50388
25970

93930
46646
52078
04156
00300

57700
83860
21755
95935
93225

20525
92840
17320
54040
51800

77700
82996
75148
97436
53480

54920
16888
78264
82613
21745

17655
00851
34468
34836
51100

1

1
2
3
5
7

10
14
19
26
35

2
4

11
24
52

104
200
374
678

1197

2062
3473
5731
9279

14763

23107
35624
54149
81224
20332

76200
55187
65768
19155
30062

17662
06768
29282
25967
48605

i
14

105

560
2380
8568

27132
77520

03490
97420
44066
96144
00300

00600
58300
42160
63915
59850

53075
73600
66440
83760
37800

89600
67300
50296
25444
22880

76360
31280
48168
26432
09045

30790
48445
49296
83764
18600

COMBINATORIAL ANALYSIS 829
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Table 24.1 BINOMIAL COEFFICIENTS ()

n\m 14 15 16 17 18 19

14 1
15 15 1

16 120 16 1
17 680 136 17 1
18 3060 816 153 18 1
19 11628 3876 969 171 19 1
20 38760 15504 4845 1140 190 20

21 1 16280 54264 20349 5985 1330 210
22 3 19770 1 70544 74613 26334 7315 1540
23 8 17190 4 90314 2 45157 1 00947 33649 8855
24 19 61256 13 07504 7 35471 3 46104 1 34596 42504
25 44 57400 32 68760 20 42975 10 81575 4 80700 1 77100

26 96 57700 77 26160 53 11735 31 24550 15 62275 6 57800
27 200 58300 173 83860 130 37895 84 36285 46 86825 22 20075
28 401 16600 374 42160 304 21755 214 74180 131 23110 69 06900
29 775 58760 775 58760 678 63915 518 95935 345 97290 200 30010
30 1454 22675 1551 17520 1454 22675 1197 59850 864 93225 546 27300

31 2651 82525 3005 40195 3005 40195 2651 82525 2062 53075 1411 20525
32 4714 35600 5657 22720 6010 80390 5657 22720 4714 35600 3473 73600
33 8188 09200 10371 58320 11668 03110 11668 03110 10371 58320 8188 09200
34 13919 75640 18559 67520 22039 61430 23336 06220 22039 61430 18559 67520
35 23199 59400 32479 43160 40599 28950 45375 67650 45375 67650 40599 28950

36 37962 97200 55679 02560 73078 72110 85974 96600 90751 35300 85974 96600
37 61070 86800 93641 99760 1 28757 74670 1 59053 68710 1 76726 31900 1 76726 31900
38 96695 54100 1 54712 86560 2 22399 74430 2 87811 43380 3 35780 00610 3 53452 63800
39 1 50845 04396 2 51408 40660 3 77112 60990 5 10211 17810 6 23591 43990 6 89232 64410
40 2 32069 29840 4 02253 45056 6 28521 01650 8 87323 78800 11 33802 61800 13 12824 08400

41 3 52401 52720 6 34322 74896 10 30774 46706 15 15844 80450 20 21126 40600 24 46626 70200
42 5 28602 29080 9 86724 27616 16 65097 21602 25 46619 27156 35 36971 21050 44 67753 10800
43 7 83789 60360 15 15326 56696 26 51821 49218 42 11716 48758 60 83590 48206 80 04724 31850
44 11 49558 08528 22 99116 17056 41 67148 05914 68 63537 97976 102 95306 96964 140 88314 80056
45 16 68713 34960 34 48674 25584 64 66264 22970 110 30686 03890 171 58844 94940 243 83621 77020

46 23 98775 44005 51 17387 60544 99 14938 48554 174 96950 26860 281 89530 98830 415 42466 71960
47 34 16437 74795 75 16163 04549 150 32326 09098 274 11888 75414 456 86481 25690 697 31997 70790
48 48 23206 23240 109 32600 79344 225 48489 13647 424 44214 84512 730 98370 01104 1154 18478 96480
49 67 52488 72536 157 55807 02584 334 81089 92991 649 92703 98159 1155 42584 85616 1885 16848 97584
50 93 78456 56300 225 08295 75120 492 36896 95575 984 73793 91150 1805 35288 83775 3040 59433 83200

n\m 20 21 22 23 24 25

20 1

21 21 1
22 231 22 1
23 1771 253 23 1
24 10626 2024 276 24 1
25 53130 12650 2300 300 25 1

26 2 30230 65780 14950 2600 325 26
27 8 88030 2 96010 80730 17550 2925 351
28 31 08105 11 84040 3 76740 98280 20475 3276
29 100 15005 42 92145 15 60780 4 75020 1 18755 23751
30 300 45015 143 07150 58 52925 20 35800 5 93775 1 42506

31 846 72315 443 52165 201 60075 78 88725 26 29575 7 36281
32 2257 92840 1290 24480 645 12240 280 48800 105 18300 33 65856
33 5731 66440 3548 17320 1935 36720 925 61040 385 67100 138 84156
34 13919 75640 9279 83760 5483 54040 2860 97760 1311 28140 524 51256
35 32479 43160 23199 59400 14763 37800 8344 51800 4172 25900 1835 79396

36 73078 72110 55679 02560 37962 97200 23107 89600 12516 77700 6008 05296
37 1 59053 68710 1 28757 74670 93641 99760 61070 86800 35624 67300 18524 82996
38 3 35780 00610 2 87811 43380 2 22399 74430 1 54712 86560 96695 54100 54149 50296
39 6 89232 64410 6 23591 43990 5 10211 17810 3 77112 60990 2 51408 40660 1 50845 04396
40 13 78465 28820 13 12824 08400 11 33802 61800 8 87323 78800 6 28521 01650 4 02253 45056

41 26 91289 37220 26 91289 37220 24 46626 70200 20 21126 40600 15 15844 80450 10 30774 46706
42 51 37916 07420 53 82578 74440 51 37916 07420 44 67753 10800 35 36971 21050 25 46619 27156
43 96 05669 18220 105 20494 81860 105 20494 81860 96 05669 18220 80 04724 31850 60 83590 48206
44 176 10393 50070 201 26164 00080 210 40989 63720 201 26164 00080 176 10393 50070 140 88314 80056
45 316 98708 30126 377 36557 50150 411 67153 63800 411 67153 63800 377 36557 50150 316 98708 30126

46 560 82330 07146 694 35265 80276 789 03711 13950 823 34307 27600 789 03711 13950 694 35265 80276
47 976 24796 79106 1255 17595 87422 1483 38976 94226 1612 38018 41550 1612 38018 41550 1483 38976 94226
48 1673 56794 49896 2231 42392 66528 2738 6572 81648 3095 76995 35776 3224 76036 83100 3095 76995 35776
49 2827 75273 46376 3904 99187 16424 4969 98965 48176 5834 33568 17424 6320 53032 18876 6320 53032 18876

'50 4712 92122 43960 6732 74460 62800 8874 98152 64600 10804 32533 6600 12154 86600 36300 12641 06064 37752



n 

2 

3 

4 

5 

6 

7 

m 
1 

1 

2 

1 

2 
3 

1 

2 

3 
4 

1 
2 

3 

4 
5 

1 

2 

3 

4 

5 
6 

1 

2 

3 

4 

5 

6 
7 

A'11=(n; n1, n2, 

.7k12=(n; a1, a3, 

M=(n; a1, a2, 

ir M1 

1 1 

2 1 
12 2 

3 1 

1,2 3 
P 6 

4 1 

1, 3 4 
22 6 
12,2 12 
1 24 

5 1 

1,4 5 
2, 3 10 
12, 3 20 
1, 22 30 
P,2 60 
P 120 

6 1 

1, 5 6 
2, 4 15 
32 20 
12,4 30 
1, 2, 3 60 
28 90 
1 3 120 
12, 22 180 
P, 2 360 
16 720 

7 1 

1, 6 7 
2, 5 21 
3, 4 35 
P,5 42 
1,2,4 105 
1, 32 140 
22, 3 210 
P,4 210 
12, 2, 3 420 
1, 2 630 
P, 3 840 
18, 2 1260 
1, 2 2520 
P 5040 

. ., nm)=n!/(1!Y'1(2!Y'2 

., a6)*=n!/161a1!262a2! 

., a)'=n!/(1!)"íaj!(2!)"a2! 

M2 M3 n 
1 1 8 

i i 
1 1 

2 1 

3 3 
1 1 

6 1 

8 4 
3 3 
6 6 
1 1 

24 1 

30 
20 10 
20 10 
15 15 
10 10 

1 1 9 

120 .1 

144 6 
90 15 
40 10 
90 15 

120 60 
15 15 
40 20 
45 45 
15 15 

1 1 

720 1 

840 7 
504 21 
420 35 
504 21 
630 105 
280 70 
210 105 
210 35 
420 210 
105 105 
70 35 

105 105 
21 21 

1 1 

(n!)6" 

. (n!)°na! 

m ir 

1 8 
2 1,7 

2, 6 
3, 5 
42 

3 12, 6 
1, 2, 5 
1,3,4 
22,4 
2,32 

4 1 5 
12, 2, 4 
12,32 
1,22,3 
2 

5 P,4 
18, 2, 3 
12, 2 

6 i,3 
1, 22 

7 P, 2 
8 18 

1 9 
2 1,8 

2, 7 
3, 6 
4, 5 

3 P, 7 
1, 2, 6 
1,3,5 
1 42 

22, 5 
2, 3, 4 
33 

4 P, 6 
12, 2, 5 
12, 3, 4 
1,22,4 
1, 2, 32 

2, 3 
5 P, 5 

1,2,4 
13,32 
1, 22, 3 
1, 2 

6 1,4 i, 2, 3 
1, 2 

7 P, 3 
1, 22 

8 i, 2 
9 P 

M1 

1 

8 
28 
56 
70 
56 

168 
280 
420 
560 
336 
840 

1120 
1680 
2520 
1680 
3360 
5040 
6720 

10080 
20160 
40320 

1 

9 
36 
84 

126 
72 

252 
504 
630 
756 

1260 
1680 
504 

1512 
2520 
3780 
5040 
7560 
3024 
7560 

10080 
15120 
22680 
15120 
30240 
45360 
60480 
90720 

181440 
362880 

M2 

5040 
5760 
3360 
2688 
1260 
3360 
4032 
3360 
1260 
1120 
1344 
2520 
1120 
1680 

105 
420 

1120 
420 
112 
210 

28 
1 

40320 
45360 
25920 
20160 
18144 
25920 
30240 
24192 
11340 
9072 

15120 
2240 

10080 
18144 
15120 
11340 
10080 
2520 
3024 
7560 
3360 
7560 
945 
756 

2520 
1260 
168 
378 

36 
1 

M3 

1 

8 
28 
56 
35 
28 

168 
280 
210 
280 

56 
420 
280 
840 
105 
70 

560 
420 

56 
210 
28 

1 

1 

9 
36 
84 

126 
36 

252 
504 
315 
378 

1260 
280 

84 
756 

1260 
1890 
2520 
1260 

126 
1260 
840 

3780 
945 
126 

1260 
1260 

84 
378 
36 

1 
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See page n,

832

Table 24.2

n m

10 i
2

3

4

ir

lo
1,9
2, 8
3, 7
4,6
52

P, 8
1, 2, 7
1,3,6
1,4,5
22, 6
2, 3, 5
2, 42
32, 4
P, 7
12, 2, 6
i, 3, 5
12, 42

1, 22, 5
1,2,3,4
1, 33

Al1

i
10
45

120
210
252

90
360
840

1260
1260
2520
3150
4200

720
2520
5040
6300
7560

12600
16800

COMBINATORIAL ANALYSIS

Multinomials and Partitions

AI2 Al'3 '

362880 1 10 2,4
403200 iO 22,32
226800 45 5 i, 6
172800 120 i, 2, 5
151200 210 1,3,4
72576 126 12, 22, 4

226800 45 12, 2, 32
259200 360 1, 2, 3
201600 840 2
181440 1260 6 1,5
75600 630 i, 2, 4

*120960 2520 i, 32
56700 1575 i, 22, 3
50400 2100 12, 2
86400 120 7 16, 4

151200 1260 i, 2, 3
120960 2520 1, 2
56700 1575 8 i, 3
90720 3780 16, 2

151200 12600 9 18,2
22400 2800 10 l'°

M'1

18900
25200
5040

15120
25200

*37800
50400
75600

113400
30240
75600

100800
151200
226800
151200
302400
453600
604800
907200

1814400
3628800

AI'2

18900
25200
25200
60480
50400

*56700
50400
25200

945
6048

18900
8400

25200
4725
1260
5040
3150
240
630

45
1

Al3

3150
6300

210
2520
4200
9450

12600
12600

945
252

3150
2100

12600
4725
210

2520
3150

120
630
45

1



From unpublished tables of Francis L. Miksa, with permission.

n\m i 2 3
1 1
2 -1 i
3 2 -3 1
4 -6 11 -6
5 24 -50 35

6 -120 274 -225
7 720 -1764 1624
8 -5040 13068 - 13132
9 40320 -1 09584 1 18124

10 -3 62880 10 26576 -11 72700

11 36 28800 -106 28640 127 53576
12 -399 16800 1205 43840 -1509 17976
13 4790 01600 - 14864 42880 19315 59552
14 - 62270 20800 1 98027 59040 -2 65967 17056
15 8 71782 91200 -28 34656 47360 39 21567 97824

16 -130 76743 68000 433 91630 01600 -616 58176 14720
17 2092 27898 88000 -7073 42823 93600 10299 22448 37120
18 - 35568 74280 96000 1 22340 55905 79200 -1 82160 24446 24640
19 6 40237 37057 28000 -22 37698 80585 21600 34 01224 95938 22720
20 -121 64510 04088 32000 431 56514 68176 38400 -668 60973 03411 53280

21 2432 90200 81766 40000 -8752 94803 67616 00000 13803 75975 36407 04000
22 - 51090 94217 17094 40000 1 86244 81078 01702 40000 -2 98631 90286 32163 84000
23 11 24000 72777 76076 80000 -41 48476 77933 54547 20000 67 56146 67377 09306 88000
24 -258 52016 73888 49766 40000 965 38966 65249 30662 40000 -1595 39850 27606 68605 44000
25 6204 48401 73323 94393 60000 -23427 87216 39871 85664 00000 39254 95373 27809 77192 96000

n\m 4 5 6

4 1
5 -10 1

6 85 -15 1
7 -735 175 -21
8 6769 -1960 322
9 - 67284 22449 -4536

10 7 23680 -2 69325 63273

11 -84 09500 34 16930 -9 02055
12 1052 58076 -459 95730 133 39535
13 - 14140 14888 6572 06836 -2060 70150
14 2 03137 53096 - 99577 03756 33361 18786
15 -31 09892 60400 15 97216 05680 -5 66633 66760

16 505 69957 03824 -270 68133 45600 100 96721 07080
17 -8707 77488 75904 4836 60092 33424 -1886 15670 58880
18 1 58331 39757 27488 - 90929 99058 44112 36901 26492 34384
19 -30 32125 40077 19424 17 95071 22809 21504 -7 55152 75920 63024
20 610 11607 57404 91776 -371 38478 73452 28000 161 42973 65301 18960

21 - 12870 93124 51509 88800 8037 81182 26450 51776 -3599 97951 79476 07200
22 2 84093 31590 18114 68800 -1 81664 97952 06970 76096 83637 38169 95448 02976
23 -65 48684 85270 30686 97600 42 80722 86535 71471 42912 -20 21687 37691 06827 41568
24 1573 75898 28594 15107 32800 -1050 05310 75591 74529 84576 507 79532 53430 28501 98976
25 -39365 61409 13866 31181 31200 26775 03356 42796 03823 62624 -13237 14091 57918 58577 60000

COMBINATORIAL ANALYSIS 833
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Table 21.3 STIRLINÍ NUMBERS OF THE FIRST KIND S(m)

n\ni 7 8 9

7 1
8 -28 1
9 546 -36 1

10 -9450 870 -45

11 1 57773 - 18150 1320
12 -26 37558 3 57423 - 32670
13 449 90231 -69 26634 7 49463
14 -7909 43153 1350 36473 -166 69653
15 1 44093 22928 - 26814 53775 3684 11615

16 -27 28032 10680 5 46311 29553 - 82076 28000
17 537 45234 77960 -114 69012 83528 18 59531 77553
18 - 11022 84661 84200 2487 18452 97936 -430 81053 01929
19 2 35312 50405 49984 - 55792 16815 47048 10241 77407 32658
20 -52 26090 33625 12720 12 95363 69899 43896 -2 50385 87554 67550

21 1206 64780 37803 73360 -311 33364 31613 90640 63 03081 20992 94896
22 - 28939 58339 73354 47760 7744 65431 01695 76800 -1634 98069 72465 83456
23 7 20308 21644 09246 53696 -1 99321 97822 10661 37360 43714 22964 95944 12832
24 -185 88776 35505 19497 76576 53 04713 71552 54458 12976 -12 04749 26016 17376 32496
25 4969 10165 05554 96448 36800 -1459 01905 52766 26492 88000 342 18695 95940 71489 92880

n\m 10 11 12
10 1

11 -55 i
12 1925 -66 1
13 - 55770 2717 -78
14 14 74473 - 91091 3731
15 -373 12275 27 49747 -1 43325

16 9280 95740 -785 58480 48 99622
17 -2 30571 59840 21850 31420 -1569 52432
18 57 79248 94833 -6 02026 93980 48532 22764
19 -1471 07534 08923 166 15733 86473 -14 75607 03732
20 38192 20555 02195 -4628 06477 51910 446 52267 57381

21 -10 14229 98655 11450 1 30753 50105 40395 - 13558 51828 99530
22 276 01910 92750 35346 -37 60053 50868 59745 4 15482 38514 30525
23 -7707 40110 12973 61068 1103 23088 11859 49736 -129 00665 98183 31295
24 2 20984 45497 94337 17396 - 33081 71136 85742 04996 4070 38405 70075 69521
25 -65 08376 17966 81468 50000 10 14945 52782 52146 37300 -1 30770 92873 67558 73500

n\m 13 ii 15 16
13 1
14 -91 1
15 5005 -105 1

16 -2 18400 6580 -120 1
17 83 94022 -3 23680 8500 -136
18 -2996 50806 138 96582 -4 68180 10812
19 1 02469 37272 -5497 89282 223 23822 -6 62796
20 -34 22525 11900 2 06929 33630 -9739 41900 349 16946

21 1131 02769 95381 -75 61111 84500 4 01717 71630 - 16722 80820
22 - 37310 09998 02531 2718 86118 69881 -159 97183 88730 7 52896 68850
23 12 36304 58470 86207 - 97125 04609 39913 6238 24164 21941 -325 60911 03430
24 -413 35671 43013 14056 34 70180 64487 04206 -2 40604 60386 44556 13727 25118 00831
25 13990 94520 02391 06865 -1246 20006 90702 15000 92 44691 13761 73550 -5 70058 63218 64500

n\m 17 18 19 20 21 22 23 24

17 1
18 -153 1
19 13566 -171 1

20 -9 20550 16815 -190 i
21 533 27946 -12 56850 20615 -210 1
22 - 27921 67686 797 21796 -16 89765 25025 -231 1
23 13 67173 57942 -45460 47198 1168 96626 -22 40315 30107 -253 1
24 -640 05903 36096 24 12764 43496 - 72346 69596 1684 23871 -29 32776 35926 -276 1
25 29088 66798 67135 -1219 12249 80000 41 49085 13800 -1 12768 42500 2388 10495 -37 95000 42550 -300



nm 7 8 9 10

From unpublished tables of Francis L. Miksa, with permission.

*See page 11.

273-888 0-67-54

1 1

2 I 5 (3

2 1 1
3 1 3 141 7 6 151 15 25 10 1

61 31 90 65 15 1
7 1 63 301 350 140 21
8 1 127 966 1701 1050 266
9 1 255 3025 7770 6951 2646

18 1 511 9330 34105 42525 22827

11 1 1023 28501 1 45750 2 46730 1 79487
12 1 2047 86526 6 11501 13 79400 13 23652
13 1 4895 2 61625 25 32530 75 08501 93 21312
14 1 8191 7 88970 183 91745 400 75035 634 36373
15 1 16383 27 75101 423 55950 2107 66920 4206 93273

15 1 32767 71 41686 1717 98901 10961 90550 27349 26558
17 1 65535 214 57825 6943 37290 56527 51651 1 75057 49898
18 1 1 31071 644 39010 27988 06985 2 89580 95545 11 06872 51039
19 1 2 62143 1934 48001 1 12596 66950 14 75892 84710 69 30816 01779
20 1 5 24287 5806 06446 4 52321 15901 74 92060 90500 430 60788 95384

21 1 10 48575 17423 43625 18 15090 70050 379 12625 68401 2658 56794 62804
22 1 20 97151 52280 79450 72 77786 23825 1913 78219 12055 16330 53393 45225
23 1 41 94303 1 56863 35501 291 63425 74750 9641 68881 84100 99896 98579 83405
24 1 83 88607 4 70632 00806 1168 10566 34501 48500 07834 95250 6 09023 60360 84530
25 1 167 77215 14 11979 91025 4677 12897 38810 2 43668 49741 10751 37 02641 70000 02430

7 1
8 28 1
9 462 36 1

10 5880 750 45 1

11 63987 11880 1155 55
12 6 27396 1 59027 22275 1705
13 57 15424 18 99612 3 59502 39325
14 493 29280 209 12320 51 35130 7 52752
15 4087 41333 2166 27840 671 28490 126 62650

16 32818 82604 21417 64053 8207 84250 1937 54990
17 2 57080 04786 2 04159 95028 95288 22303 27583 34150
18 19 74624 83400 18 90360 65000 10 61753 95755 3 71121 63803
59 149 29246 34839 170 97510 03480 114 46146 26805 47 72970 33785
20 1114 35540 45652 1517 09326 62679 1201 12826 44725 591 75049 64655

21 8231 09572 14948 13251 10153 47084 12327 24764 65204 7118 71322 91275
22 60276 23799 67440 1 14239 90799 91620 1 24196 33035 33920 83514 37993 77954
23 4 38264 19991 17305 9 74195 50199 00400 12 32006 88117 96900 9 59340 12973 13460
24 31 67746 38518 04548 82 31028 21583 20505 120 62257 43260 72508 108 25408 17849 31508
25 227 83248 29987 16310 690 22372 11183 68580 1167 92145 10929 73005 1203 16339 21753 87500

11 12 I I

11 1
12 66 1
13 2431 78 1
14 66066 3367 91 1
15 14 79478 1 06470 4550 105

15 289 36908 27 57118 1 65620 6020
17 5125 60978 620 22324 49 18178 2 49900
18 83910 04908 12563 28866 1258 54638 84 08778
19 12 94132 17791 2 34669 51300 28924 39160 2435 77530
20 190 00424 29486 41 10166 33391 6 10686 60380 63025 24580

21 2682 60516 89001 683 30420 30178 128 49092 18331 14 93040 04500
22 36628 20008 70286 10882 33560 51137 2249 68618 68481 320 51652 81331 *
23 4 86425 13089 51100 1 67216 27734 83930 40128 25603 41390 6862 91758 07115
24 63 18016 56957 75560 24 93020 45907 58260 6 88883 60579 22000 1 36209 10216 41000
25 002 35590 44384 62660 362 26262 07848 74680 114 48507 33437 44260 25 95811 03608 96000

ii' nI
15

I5
1

lb 17 18 19

16 120 1
17 7820 136 1

18 3 67200 9996 153 1
19 139 16778 5 27136 12597 171 1
20 4523 29200 223 50954 7 41285 15675 190

21 1 30874 62580 8099 44464 349 52799 18 23435 19205
22 34 56159 43208 2 60465 74004 14041 42047 533 74629 13 89850
23 847 94044 29331 76 23611 27264 4 99169 88803 23648 85369 797 81779
24 19582 02422 47080 2067 71824 65555 161 09499 36915 9 24849 25445 38807 39170
25 4 29939 46553 47200 52665 51616 95960 4806 33313 93110 327 56785 94925 16 62189 69675

w 20 21 22 23 21 25
20 1

21 210 1

22 23485 231 1
23 18 59550 28336 253 1
24 0169 72779 24 54606 33902 276
25 62201 94750 1685 19585 32 80450 40250 300
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Table 21.5 NUMBER Of PARTITIONS AND PAR fITIONS INTO DISTINCT PARTS

) ,'(,) (1(1!) H /)(ÌI) (1(11) , ji(a) (/(,) ii /)(11) 1()
o i 50 2 04226 3658 100 1905 69292 4 44793 150 4 08532 35313 194 06016
i 1 i 51 2 39943 4097 101 2144 8ii26 4 83330 151 4 50606 24582 207 92i20
2 2 i 52 2 8i589 4582 i02 2412 65379 5 25016 i52 4 96862 8842i 222 72512
3 3 2 53 3 29931 5i20 iO3 2712 48950 5 70078 i53 5 47703 36324 238 533i8
4 5 2 54 3 86155 57i8 104 3048 01365 6 i8784 154 6 03566 73280 255 40982

5 7 3 55 4 51276 6378 105 3423 25709 6 71418 i55 6 6493i 82097 273 4242i
6 ii 4 56 5 26823 7108 106 3842 76336 7 28260 156 7 32322 437S9 292 64960
7 15 5 57 6 14i54 7917 i07 4311 49389 7 89640 157 8 06309 64769 313 16314
8 22 6 58 7 15220 8808 i08 4835 02844 8 55906 158 8 87517 78802 335 04746
9 30 8 59 831820 9792 109 5419 46240 9 27406 159 9 76627 28555 358 39008

10 42 10 60 9 66467 i0880 ilO 6071 63746 10 04544 160 10 74381 59466 383 28320
ii 56 i2 61 ii 21505 i2076 111 6799 03203 10 87744 161 11 8i590 68427 409 82540
i2 77 15 62 i3 00156 13394 112 7610 02156 ii 77438 162 12 99139 04637 438 12110
13 101 18 63 15 05499 14848 113 8513 76628 12 74118 163 14 27989 95930 468 28032
14 135 22 64 17 41630 16444 114 9520 50665 13 78304 164 15 69194 75295 500 42056

15 176 27 65 20 12558 18200 115 10641 44451 14 90528 165 17 23898 00255 534 66624
16 231 32 66 23 23520 20132 116 11889 08248 1611388 166 18 93348 22579 571 14844
ii 297 38 67 26 79689 22250 117 13277 10076 17 4152i i 20 78904 20102 610 00704
18 385 46 68 30 87735 24576 118 14820 74143 18 81578 168 22 82047 32751 651 39008
19 490 54 69 35 54345 27130 119 16536 68665 2032290 169 25 04389 25115 695 45358

20 627 64 70 40 87968 29927 120 18443 49560 21 94432 170 27 47686 17130 742 36384
21 792 76 71 46 97205 32992 121 20561 48051 23 68800 171 30 13848 02048 792 29676
22 1002 89 72 53 92783 36352 122 22913 20912 25 56284 172 33 04954 99613 845 43782
23 1255 104 73 61 85689 40026 123 25523 38241 27 57826 173 36 23268 59895 901 98446
24 1575 122 74 70 89500 44046 124 28419 40500 29 74400 174 39 71250 74750 962 14550

25 1958 142 75 81 18264 48446 125 31631 27352 32 07086 175 43 51576 97830 1026 14114
26 2436 165 76 92 89091 53250 126 35192 22692 34 57027 176 47 67158 57290 1094 20549
27 3010 192 77 106 19863 58499 127 39138 64295 37 25410 177 52 21158 31195 1166 58616
28 3718 222 78 121 32164 64234 128 43510 78600 40 13544 178 57 17016 05655 1243 54422
29 4565 256 79 138 48650 70488 129 48352 71870 43 22816 179 62 58467 53120 1325 35702

30 5604 296 80 157 96476 773i2 130 53713 15400 46 54670 180 6849573 90936 1412 31780
31 6842 340 81 180 04327 84756 131 59645 39504 50 10688 181 74 94744 11781 1504 73568
32 8349 390 82 205 06255 92864 132 66208 30889 53 92550 182 81 98769 08323 1602 93888
33 10143 448 83 233 38469 101698 133 73466 29512 58 02008 183 89 66848 17527 1707 27424
34 12310 512 84 265 43660 111322 134 81490 40695 62 40974 184 98 04628 80430 1818 10744

35 14883 585 85 301 67357 121792 135 90358 36076 67 11480 185 107 18237 74337 1935 82642
36 17977 668 86 342 62962 133184 136 1 00155 81680 72 15644 186 117 14326 92373 2060 84096
37 21637 760 87 388 87673 145578 137 1 10976 45016 77 55776 187 128 00110 42268 2193 58315
38 26015 864 88 441 08109 159046 138 1 22923 41831 83 34326 188 139 83417 45571 2334 51098
39 31185 982 89 499 95925 173682 139 1 36109 49895 89 53856 189 152 72735 99625 2484 10816

40 37338 1113 90 566 34173 189586 140 1 50658 78135 96 17150 190 166 77274 04093 2642 88462
41 44583 1260 91 641 12359 206848 141 1 66706 89208 103 27156 191 182 07011 00652 2811 38048
42 53174 1426 92 725 33807 225585 142 1 84402 93320 110 86968 192 198 72768 56363 2990 16608
43 63261 1610 93 820 10177 245920 143 2 03909 82757 118 99934 193 216 86271 05469 3179 84256
44 75175 1816 94 926 69720 267968 144 2 25406 54445 127 69602 194 236 60227 41845 3381 04630

45 89134 2048 95 1046 51419 291874 145 2 49088 58009 136 99699 195 258 08402 12973 3594 44904
46 105558 2304 96 1181 14304 317788 146 2 75170 52599 146 94244 196 281 45709 87591 3820 75868
47 124754 2590 97 1332 30930 345856 147 3 03886 71978 157 57502 197 306 88298 78530 4060 72422
48 147273 2910 98 1501 98136 376256 148 3 35494 19497 168 93952 198 334 53659 83698 4315 13602
49 173525 3264 99 1692 29875 409174 149 3 70273 55200 181 08418 199 364 60724 32125 4584 82688

50 204226 3658 100 1905 69292 444793 150 4 08532 35313 194 06016 200 397 29990 29388 4870 67746

Values of »(ii) from H. Gupta, A table of partitions, Proc. London Math. Soc. 39, 142-149, 1935 and II. 42, 546-549, 1937
(with permission).
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Table 24.5

q(n)
200 397 29990 29388 4870 67746 250 23079 35543 64681 85192 80128
201 432 83636 58647 5173 61670 251 24929 14511 68559 89949 26602
202 471 45668 86083 5494 62336 252 26923 27012 52579 94961 58208
203 513 42052 87973 5834 73184 253 29072 69579 16112 1 00243 00890
204 559 00883 17495 6195 03296 254 31389 19913 06665 1 05807 47264

205 608 52538 59260 6576 67584 255 33885 42642 48680 1 11669 59338
206 662 29877 08040 6980 87424 256 36574 95668 70782 1 17844 71548
207 720 68417 06490 7408 90786 257 39472 367&6 55357 1 24348 95064
208 784 06562 26137 7862 12446 258 42593 30844 09356 1 31199 20928
209 852 85813 02375 8341 94700 259 45954 57504 48675 1 38413 23582

210 927 51025 75355 8849 87529 260 49574 19347 60846 1 46009 65705
211 1008 50658 85767 9387 48852 261 53471 50629 08609 1 54008 01856
212 1096 37072 05259 9956 45336 262 57667 26749 47168 1 62428 82560
213 1191 66812 36278 10558 52590 263 62183 74165 09615 1 71293 59744
214 1295 00959 25895 11195 55488 264 67044 81230 60170 1 80624 90974

215 1407 05456 99287 11869 49056 265 72276 09536 90372 1 90446 44146
216 1528 51512 48481 12582 38720 266 77905 06295 62167 2 00783 03620
217 1660 15981 07914 13336 40710 267 83961 17303 66814 2 11660 75136
218 1802 81825 16671 14133 83026 268 90476 01083 16360 2 23106 91192
219 1957 38561 61145 14977 05768 269 97483 43699 44625 2 35150 17984

220 2124 82790 09367 15868 61606 270 1 05019 74899 31117 2 47820 61070
221 2306 18711 73849 16811 16852 271 1 13123 85039 38606 2 61149 71540
222 2502 58737 60111 17807 51883 272 1 21837 43498 44333 2 75170 53882
223 2715 24089 25615 18860 61684 273 1 31205 18008 16215 2 89917 72486
224 2945 45499 41750 19973 57056 274 1 41274 95651 73450 3 05427 58738

225 3194 63906 96157 21149 65120 275 1 52098 04928 51175 3 21738 19904
226 3464 31263 22519 22392 29960 276 1 63729 39693 37171 3 38889 46600
227 3756 11335 82570 23705 13986 277 1 76227 84330 57269 3 56923 20960
228 4071 80636 27362 25091 98528 278 1 89656 41035 91584 3 75883 26642
229 4413 29348 84255 26556 84608 279 2 04082 58525 75075 3 95815 57440

230 4782 62397 45920 28103 94454 280 2 19578 63116 82516 4 16768 26624
231 5182 00518 38712 29737 72212 281 2 36221 91453 37711 4 38791 78240
232 5613 81486 70947 31462 84870 282 2 54095 25900 45698 4 61938 97032
233 6080 61354 38329 33284 23936 283 2 73287 31835 47535 4 86265 19094
234 6585 15859 70275 35207 06304 284 2 93892 97939 29555 5 11828 44672

235 7130 41855 14919 37236 75326 285 3 16013 78671 48997 5 38689 49522
236 7719 58926 63512 39379 02688 286 3 39758 40119 86773 5 66911 97084
237 8356 11039 25871 41639 89458 287 3 65243 08360 71053 5 96562 52987
238 9043 68396 68817 44025 67324 288 3 92592 21614 89422 6 27710 98024
239 9786 29337 03585 46543 00706 289 4 21938 85285 87095 6 60430 42088

240 10588 22467 22733 49198 87992 290 4 53425 31269 00886 6 94797 40554
241 11454 08845 53038 52000 62976 291 4 87203 80564 72084 7 30892 09120
242 12388 84430 77259 54955 97248 292 5 23437 10697 53672 7 68798 39744
243 13397 82593 44888 58073 01632 293 5 62299 26919 50605 8 08604 19136
244 14486 76924 96445 61360 27874 294 6 03976 38820 95515 8 50401 45750

245 15661 84125 27946 64826 71322 295 6 48667 41270 79088 8 94286 47940
246 16929 67223 91554 68481 72604 296 6 96585 01441 95831 9 40360 04868
247 18297 38898 54026 72335 19619 297 7 47956 50785 10584 9 88727 65938
248 19772 65166 81672 76397 50522 298 8 03024 83849 43040 10 39499 71456
249 21363 69198 20625 80679 55712 299 8 62049 62754 65025 10 92791 76298

250 23079 35543 64681 85192 80128 300 9 25308 29367 23602 11 48724 72064



n p(n) n p(n) q(n)
300 9 25308 29367 23602 11 48724 72064 350 279 36332 84837 02152 126 91829 24648
301 9 93097 23924 03501 12 07425 10607 351 298 33006 30627 58076 132 93477 19190
302 10 65733 12325 48839 12 69025 30816 .352 318 55597 37883 29084 139 22769 71520
303 11 43554 20778 22104 13 33663 83848 353 340 12281 00485 77428 145 80938 18816
304 12 26921 80192 29465 14 01485 59930 354 363 11751 20481 10005 152 69267 15868

305 13 16221 78950 57704 14 72642 18618 355 387 63253 29190 29223 159 89096 56578
306 14 11866 26652 80005 15 47292 17536 356 413 76618 09333 42362 167 41824 09148
307 15 14295 27388 57194 16 25601 42890 357 441 62298 19293 58437 175 28907 55072
308 16 23978 65358 29663 17 07743 43642 358 471 31406 42683 98780 183 51867 38752
309 17 41418 01331 47295 17 93899 64242 359 502 95756 65060 00020 192 12289 32216

310 18 67148 82996 00364 18 84259 79304 360 536 67907 03106 91121 201 11827 04478
311 20 01742 67625 76945 19 79022 32212 361 572 61205 88980 37559 210 52205 02772
312 21 45809 60373 52891 20 78394 72390 362 610 89840 37518 84101 220 35221 50410
313 23 00000 66554 87337 21 82593 94656 363 651 68887 99972 06959 230 62751 50210
314 24 65010 61508 30490 22 91846 82870 364 695 14371 34589 46040 241 36750 01278

315 26 41580 76335 66326 24 06390 52286 365 741 43315 98840 81684 252 59255 33946
316 28 30502 03409 96003 25 26472 94208 366 790 73811 96494 11319 264 32392 51488
317 30 32618 19898 42964 26 52353 25352 367 843 25078 85625 28427 276 58376 86784
318 32 48829 33514 66654 27 84302 35904 368 899 17534 83960 88349 289 39517 78822
319 34 80095 48694 40830 29 22603 40224 369 958 72869 79123 38045 302 78222 57408

320 37 27440 57767 48077 30 67552 32574 370 1022 14122 83673 45362 316 77000 44480
321 39 91956 55269 99991 32 19458 41664 371 1089 65764 44243 99782 331 38466 77248
322 42 74807 80359 54696 33 78644 88192 372 1161 53783 48499 62850 346 65347 41118
323 45 77235 85435 78028 35 45449 47722 373 1238 05779 41191 25085 362 60483 21048
324 49 00564 36352 37875 37 20225 12608 374 1319 51059 97274 73500 379 26834 76992

325 52 46204 42288 28641 39 03340 57172 375 1406 20744 65614 84054 396 67487 30794
326 56 15660 21128 74289 40 95181 08690 376 1498 47874 35905 81081 414 85655 73659
327 60 10534 98396 66544 42 96149 17632 377 1596 67527 44907 56791 433 84890 00206
328 64 32537 46091 14550 45 06665 31450 378 1701 16942 79758 13525 453 68080 55808
329 68 83488 59460 73850 47 27168 74732 379 1812 35649 97394 72950 474 39464 06976

330 73 65328 78618 50339 49 58118 28759 380 1930 65607 23504 65812 496 02629 40968
331 78 80125 53026 66615 51 99993 15040 381 2056 51347 53366 33805 518 61523 80864
332 84 30081 56362 25119 54 53293 85792 382 2190 40133 24237 65131 542 20259 26436
333 90 17543 49805 49623 57 18543 13990 383 2332 82119 85438 92336 566 83119 27092
334 96 45011 01922 02760 59 96286 87918 384 2484 30529 42654 18180 592 54565 72864

335 103 15146 63217 35325 62 87095 13216 385 2645 41834 06887 63701 619 39246 14094
336 110 30786 04252 92772 65 91563 14788 386 2816 75950 32179 42792 647 42001 16480
337 117 94949 15461 13972 69 10312 43770 387 2998 96444 77364 52194 676 67872 37064
338 126 10851 78337 96355 72 43991 92576 388 3192 70751 84335 32826 707 22110 32064
339 134 81918 06233 01520 75 93279 10200 389 3398 70404 13581 60275 739 10183 03854

340 144 11793 65278 73832 79 58881 23110 390 3617 71276 38676 04423 772 37784 71936
341 154 04359 73795 76030 83 41536 64940 391 3850 53843 46674 29186 807 10844 79444
342 164 63747 91657 61044 87 42016 06890 392 4098 03453 56265 94791 843 35537 42947
343 175 94355 98104 22753 91 61123 94270 393 4361 10617 07622 84114 881 18291 29614
344 188 00864 70522 92980 95 99699 92704 394 4640 71312 46996 23515 920 65799 74150

345 200 88255 62876 83159 100 58620 35461 395 4937 87309 67881 91655 961 85031 43424
346 214 61829 97432 86299 105 38799 77632 396 5253 66512 44169 75163 1004 83241 32444
347 229 27228 68712 17150 110 41192 60918 397 5589 23320 25954 04488 1049 67982 04736
348 244 90453 74553 82406 115 66794 79970 398 5945 79011 47078 74597 1096 47115 85280
349 261 57890 73511 44125 121 16645 56454 399 6324 62148 25042 94325 1145 28826 89344

350 279 36332 84837 02152 126 91829 24648 400 6727 09005 17410 41926 1196 21634 00706
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Table 24.5

q(n)

400 6727 09005 17410 41926 1196 21634 00706 450 1 34508 18800 15729 23840 9893 14440 61528
401 7154 64022 26539 42321 1249 34404 08000 451 1 42573 13615 53474 04229 10307 93957 13070
402 7608 80284 33398 79269 1304 76365 81998 452 1 51112 26207 19173 13678 10739 65687 10144
403 8091 20027 64844 65581 1362 57124 07808 453 1 60152 90524 45537 15585 11188 96810 43072
404 8603 55175 93486 55060 1422 86674 81438 454 1 69723 95104 64580 40965 11656 57102 54336

405 9147 67906 88591 17602 1485 75420 52794 455 1 79855 91645 39582 67598 12143 19032 12544
406 9725 51251 37420 21729 1551 34186 29884 456 1 90581 04044 26519 31034 12649 57862 22432
407 10339 09726 71239 47241 1619 74236 54282 457 2 01933 37928 51146 88629 13176 51755 08648
408 10990 60006 37759 26994 1691 07292 29128 458 2 13948 90703 27330 69132 13724 81881 00782
409 11682 31627 71923 17780 1765 45549 15430 459 2 26665 62143 58313 45565 14295 32530 93376

410 12416 67740 31511 90382 1843 01696 07104 460 2 40123 65561 39251 92081 14888 91233 20640
411 13196 25896 69254 35702 1923 88934 65516 461 2 54365 39575 85741 99975 15506 48874 75476
412 14023 78888 35188 47344 2008 20999 30208 462 2 69435 60521 29549 94471 16148 99826 46592
413 14902 15629 03099 48968 2096 12178 16576 463 2 85381 55524 19619 86287 16817 42073 15550
414 15834 42088 44881 87770 2187 77334 80960 464 3 02253 16287 25766 36605 17512 77348 45952

415 16823 82278 71392 35544 2283 31930 70488 465 3 20103 13615 29932 90544 18236 11274 38194
416 17873 79296 96898 76004 2382 92048 69148 466 3 38987 12724 95254 32549 18988 53505 94524
417 18987 96426 73316 64557 2486 74417 20078 467 3 58963 89376 81628 76613 19771 17881 29024
418 20170 18301 88059 33659 2594 96435 42056 468 3 80095 46876 31205 98477 20585 22576 95744
419 21424 52136 02556 36320 2707 76199 52640 469 4 02447 33986 17114 75160 21431 90268 83034

420 22755 29021 65800 25259 2825 32529 77152 470 4 26088 63801 56524 13417 22312 48299 10884
421 24167 05302 14413 63961 2947 84998 62528 471 4 51092 33635 50960 99864 23228 28849 04960
422 25664 64021 38377 14846 3075 53960 09352 472 4 77535 45970 81641 15593 24180 69117 98586
423 27253 16454 62304 21739 3208 60580 00384 473 5 05499 30531 42046 29558 25171 11509 01902
424 28938 03725 70847 98150 3347 26867 45954 474 5 35069 67535 16072 62125 26201 03821 12696

425 30724 98514 70950 51099 3491 75707 60097 475 5 66337 12186 58055 99675 27271 99448 23232
426 32620 06861 74102 32189 3642 30895 45254 476 5 99397 20478 23018 52926 28385 57585 65430
427 34629 70071 39035 75934 3799 17171 07136 477 6 34350 76365 37870 28583 29543 43443 69603
428 36760 66724 18315 27309 3962 60256 14146 478 6 71304 20389 67318 07232 30747 28468 94368
429 39020 14800 02372 59665 4132 86891 79000 479 7 10369 79823 66282 38005 31998 90573 73738

430 41415 73920 71023 58378 4310 24877 85006 480 7 51666 00419 49931 25591 33300 14373 57056
431 43955 47717 05181 16534 4495 03113 72460 481 7 95317 79841 47582 32180 34652 91433 03468
432 46647 86328 42292 67991 4687 51640 62334 482 8 41457 02874 28236 49455 36059 20520 80640
433 49501 89040 94051 50715 4888 01685 40672 483 8 90222 78495 19280 88294 37521 07873 43946
434 52527 07072 91082 40605 5096 85706 20480 484 9 41761 78911 49976 98055 39040 67468 62530

435 55733 46514 46362 86656 5314 37439 57460 485 9 96228 80660 85734 11012 40620 21308 45496
436 59131 71430 91696 18645 5540 91949 44512 486 10 53787 07886 24553 46513 42261 99712 45764
437 62733 07137 60430 79215 5776 85678 02880 487 11 14608 77893 64264 84248 43968 41621 12802
438 66549 43656 69662 97367 6022 56498 45546 488 11 78875 49115 57358 02646 45741 94910 51264
439 70593 39364 65621 35510 6278 43769 39520 489 12 46778 71600 12729 19665 47585 16717 64998

440 74878 24841 94708 86233 6544 88391 85792 490 13 18520 40161 22702 33223 49500 73777 62304
441 79418 06934 64434 02240 6822 32867 92200 491 13 94313 50322 44478 16939 51491 42772 84172
442 84227 73040 77294 99781 7111 21361 67457 492 14 74382 57204 03639 53132 53560 10694 36938
443 89322 95632 13536 45667 7411 99762 56080 493 15 58964 37499 49778 06173 55709 75216 10170
444 94720 37025 78934 71820 7725 15750 89318 494 16 48308 54706 61724 38760 57943 45082 47040

445 1 00437 54417 17528 47604 8051 18865 81728 495 17 42678 27774 77609 81187 60264 40509 50309
446 1 06493 05190 52391 18581 8390 60575 94564 496 18 42351 03350 31598 91466 62675 93600 10788
447 1 12906 52519 91961 03354 8743 94352 40798 497 19 47619 31798 76580 64007 65181 48774 31176
448 1 19698 71278 27202 05954 9111 75744 62854 498 20 58791 47204 28849 01563 67784 63214 30326
449 1 26891 54269 09814 18000 9494 62459 05984 499 21 76192 51543 92874 61625 70489 07325 21792

450 1 34508 18800 15729 23840 9893 14440 61528 500 23 00165 03257 43239 95027 73298 65212 45024
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Table 24.6

n e(n) aj , n .(n) u0 ai

ARITIIMETIC FUNCTIONS

n q'(n) o °i n c(n) o ai n 9(n) u 1

1 1 1 1 51 32 4 72 101 100 2 102 151 150 2 152 201 132 4 272
2 1 2 3 52 24 6 98 102 32 8 216 152 72 8 300 202 100 4 306
3 2 2 4 53 52 2 54 103 102 2 104 153 96 6 234 203 168 4 240
4 2 3 7 54 18 8 120 104 48 8 210 154 60 8 288 204 64 12 504
5 4 2 6 55 40 4 72 105 48 8 192 155 120 4 192 205 160 4 252

6 2 4 12 56 24 8 120 106 52 4 162 156 48 12 392 206 102 4 312
7 6 2 8 57 36 4 80 107 106 2 108 157 156 2 158 207 132 6 312
8 4 4 15 58 28 4 90 108 36 12 280 158 78 4 240 208 96 10 434
9 6 3 13 59 58 2 60 109 108 2 110 159 104 4 216 209 180 4 240

10 4 4 18 60 16 12 168 110 40 8 216 160 64 12 378 210 48 16 576

11 10 2 12 61 60 2 62 111 72 4 152 161 132 4 192 211 210 2 212
12 4 6 28 62 30 4 96 112 48 10 248 162 54 10 363 212 104 6 378
13 12 2 14 63 36 6 104 113 112 2 114 163 162 2 164 213 140 4 288
14 6 4 24 64 32 7 127 114 36 8 240 164 80 6 294 214 106 4 324
15 8 4 24 65 48 -4 84 115 88 4 144 165 80 8 288 215 168 4 264

16 8 5 31 66 20 8 144 116 56 6 210 166 82 4 252 216 72 16 600
17 16 2 18 67 66 2 68 117 72 6 182 167 166 2 168 217 180 4 256
18 6 6 39 68 32 6 126 118 58 4 180 168 48 16 480 218 108 4 330
19 18 2 20 69 44 4 96 119 96 4 144 169 156 3 183 219 144 4 296
20 8 6 42 70 24 8 144 120 32 16 360 170 64 8 324 220 80 12 504

21 12 4 32 71 70 2 72 121 110 3 133 171 108 6 260 221 192 4 252
22 10 4 36 72 24 12 195 122 60 4 186 172 84 6 308 222 72 8 456
23 22 2 24 73 72 2 74 123 80 4 168 173 172 2 174 223 222 2 224
24 8 8 60 74 36 4 114 124 60 6 224 174 56 8 360 224 96 12 504
25 20 3 31 75 40 6 124 125 100 4 156 175 120 6 248 225 120 9 403

26 12 4 42 76 36 6 140 126 36 12 312 176 80 10 372 226 112 4 342
27 18 4 40 77 60 4 96 127 126 2 128 177 116 4 240 227 226 2 228
28 12 6 56 78 24 8 168 128 64 8 255 178 88 4 270 228 72 12 560
29 28 2 30 79 78 2 80 129 84 4 176 179 178 2 180 229 228 2 230
30 8 8 72 80 32 10 186 130 48 8 252 180 48 18 546 230 88 8 432

31 30 2 32 81 54 5 121 131 130 2 132 181 180 2 182 231 120 8 384
32 16 6 63 82 40 4. 126 132 40 12 336 182 72 8 336 232 112 8 450
33 20 4 48 83 82 2 84 133 108 4 160 183 120 4 248 233 232 2 234
34 16 4 54 84 24 12 224 134 66 4 204 184 88 8 360 234 72 12 546
35 24 4 48 85 64 4 108 135 72 8 240 185 144 4 228 235 184 4 288

36 12 9 91 86 42 4 132 136 64 8 270 186 60 8 384 236 116 6 420
37 36 2 38 87 56 4 120 137 136 2 138 187 160 4 216 237 156 4 320
38 18 4 60 88 40 8 180 138 44 8 288 188 92 6 336 238 96 8 432
39 24 4 56 89 88 2 90 139 138 2 140 189 108 8 320 239 238 2 240
40 16 8 90 90 24 12 234 140 48 12 336 190 72 8 360 240 64 20 744

41 40 2 42 91 72 4 112 141 92 4 192 191 190 2 192 241 240 2 242
42 12 8 96 92 44 6 168 142 70 4 216 192 64 14 508 242 110 6 399
43 42 2 44 93 60 4 128 143 120 4 168 193 192 2 194 243 162 6 364
44 20 6 84 94 46 4 144 144 48 15 403 194 96 4 294 244 120 6 434
45 24 6 78 95 72 4 120 145 112 4 180 195 96 8 336 245 168 6 342

46 22 4 72 96 32 12 252 146 72 4 222 196 84 9 399 246 80 8 504
47 46 2 48 97 96 2 98 147 84 6 228 197 196 2 198 247 216 4 280
48 16 10 124 98 42 6 171 148 72 6 266 198 60 12 468 248 120 8 480
49 42 3 57 99 60 6 156 149 148 2 150 199 198 2 200 249 164 4 336
50 20 6 93 100 40 9 217 150 40 12 372 200 80 12 465 250 100 8 468
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Table 24.6

c'(n) a a1

251 250 2 252 30]. 252 4 352 351 216 8 560 401 400 2 402 451 400 4 504
252 72 18 728 302 150 4 456 352 160 12 756 402 132 8 816 452 224 6 798
253 220 4 288 303 200 4 408 353 352 2 354 403 360 4 448 453 300 4 608
254 126 4 384 304 144 10 620 354 116 8 720 404 200 6 714 454 226 4 684
255 128 8 432 305 240 4 372 355 280 4 432 405 216 10 726 455 288 8 672

256 128 9 511 306 96 12 702 356 176 6 630 406 168 8 720 456 144 16 1200
257 256 2 258 307 306 2 308 357 192 8 576 407 360 4 456 457 456 2 458
258 84 8 528 308 120 12 672 358 178 4 540 408 128 16 1080 458 228 4 690
259 216 4 304 309 204 4 416 359 358 2 360 409 408 2 410 459 288 8 720
260 96 12 588 310 120 8 576 360 96 24 1170 410 160 8 756 460 176 12 1008

261 168 6 390 311 310 2 312 361 342 3 381 411 272 4 552 461 460 2 462
262 130 4 396 312 96 16 840 362 180 4 546 412 204 6 728 462 120 16 1152
263 262 2 264 313 312 2 314 363 220 6 532 413 348 4 480 463 462 2 464
264 80 16 720 314 156 4 474 364 144 12 784 414 132 12 936 464 224 10 930
265 208 4 324 315 144 12 624 365 288 4 444 415 328 4 504 465 240 8 768

266 108 8 480 316 156 6 560 366 120 8 744 416 192 12 882 466 232 4 702
267 176 4 360 317 316 2 318 367 366 2 368 417 276 4 560 467 466 2 468
268 132 6 476 318 104 8 648 368 176 10 744 418 180 8 720 468 144 18 1274
269 268 2 270 319 280 4 360 369 240 6 546 419 418 2 420 469 396 4 544
270 72 16 720 320 128 14 762 370 144 8 684 420 96 24 1344 470 184 8 864

271 270 2 272 321 212 4 432 371 312 4 432 421 420 2 422 471 312 4 632
272 128 10 558 322 132 8 576 372 120 12 896 422 210 4 636 472 232 8 900
273 144 8 448 323 288 4 360 373 372 2 374 423 276 6 624 473 420 4 528
274 136 4 414 324 108 15 847 374 160 8 648 424 208 8 810 474 156 8 960
275 200 6 372 325 240 6 434 375 200 8 624 425 320 6 558 475 360 6 620

276 88 12 672 326 162 4 492 376 184 8 720 426 140 8 864 476 192 12 1008
277 276 2 278 327 216 4 440 377 336 4 420 427 360 4 496 477 312 6 702
278 138 4 420 328 160 8 630 378 108 16 960 428 212 6 756 478 238 4 720
279 180 6 416 329 276 4 384 379 378 2 380 429 240 8 672 479 478 2 480
280 96 16 720 330 80 16 864 380 144 12 840 430 168 8 792 480 128 24 1512

281 280 2 282 331 330 2 332 381 252 4 512 431 430 2 432 481 432 4 532
282 92 8 576 332 164 6 588 382 190 4 576 432 144 20 1240 482 240 4 726
283 282 2 284 333 216 6 494 383 382 2 384 433 432 2 434 483 264 8 768
284 140 6 504 334 166 4 504 384 128 16 1020 434 180 8 768 484 220 9 931
285 144 8 480 335 264 4 408 385 240 8 576 435 224 8 720 485 384 4 588

286 120 8 504 336 96 20 992 386 192 4 582 436 216 6 770 486 162 12 1092
287 240 4 336 337 336 2 338 387 252 6 572 437 396 4 480 487 486 2 488
288 96 18 819 338 156 6 549 388 192 6 686 438 144 8 888 488 240 8 930
289 272 3 307 339 224 4 456 389 388 2 390 439 438 2 440 489 324 4 656
290 112 8 540 340 128 12 756 390 96 16 '1008 440 160 16 1080 490 168 12 1026

291 192 4 392 341 300 4 384 391 352 4 432 441 252 9 741 491 490 2 492
292 144 6 578 342 108 12 780 392 168 12 855 442 192 8 756 492 160 12 1176
293 292 2 294 343 294 4 400 393 260 4 528 443 442 2 444 493 448 4 540
294 84 12 684 344 168 8 660 394 196 4 594 444 144 12 1064 494 216 8 840
295 232 4 360 345 176 8 576 395 312 4 480 445 352 4 540 495 240 12 936

296 144 8 570 346 172 4 522 396 120 18 1092 446 222 4 672 496 240 10 992
297 180 8 480 347 346 2 348 397 396 2 398 447 296 4 600 497 420 4 576
298 148 4 450 348 112 12 840 398 198 4 600 448 192 14 1016 498 164 8 1008
299 264 4 336 349 348 2 350 399 216 8 640 449 448 2 450 499 498 2 500
300 80 18 868 350 120 12 744 400 160 15 961 450 120 18 1209 500 200 12 1092
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n p(n) a1 a1 n p(n) a0
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a1 n o-0 o-i n ip(n) o-o u1 n (n) o-o o-i

501 332 4 672 551 504 4 600 601 600 2 602 651 360 8 1024 701 700 2 702
502 250 4 756 552 176 16 1440 602 252 8 1056 652 324 6 1148 702 216 16 1680
503 502 2 504 553 468 4 640 603 396 6 884 653 652 2 654 703 648 4 760
504 144 24 1560 554 276 4 834 604 300 6 1064 654 216 8 1320 704 320 14 1524
505 400 4 612 555 288 8 912 605 440 6 798 655 520 4 792 705 368 8 1152

506 220 8 864 556 276 6 980 606 200 8 1224 656 320 10 1302 706 352 4 1062
507 312 6 732 557 556 2 558 607 606 2 608 657 432 6 962 707 600 4 816
508 252 6 896 558 180 12 1248 608 288 12 ]260 658 276 8 1152 708 232 12 1680
509 508 2 510 559 504 4 616 609 336 8 960 659 658 2 660 709 708 2 710
510 128 16 1296 560 192 20 1488 610 240 8 1116 660 160 24 2016 710 280 8 1296

511 432 4 592 561 320 8 864 611 552 4 672 661 660 2 662 711 468 6 1040
512 256 10 1023 562 280 4 846 612 192 18 1638 662 330 4 996 712 352 8 1350
513 324 8 800 563 562 2 564 613 612 2 614 663 384 8 1008 713 660 4 768
514 256 4 774 564 184 12 1344 614 306 4 924 664 328 8 1260 714 192 16 1728
515 408 4 624 565 448 4 684 615 320 8 1008 665 432 8 960 715 480 8 1008

516 168 12 1232 566 282 4 852 616 240 16 1440 666 216 12 1482 716 356 6 1260
517 460 4 576 567 324 10 968 617 616 2 618 667 616 4 720 717 476 4 960
518 216 8 912 568 280 8 1080 618 204 8 1248 668 332 6 1176 718 358 4 1080
519 344 4 696 569 568 2 570 619 618 2 620 669 444 4 896 719 718 2 720
520 192 16 1260 570 144 16 1440 620 240 12 1344 670 264 8 1224 720 192 30 2418

521 520 2 522 571 570 2 572 621 396 8 960 671 600 4 744 721 612 4 832
522 168 12 1170 572 240 12 1176 622 310 4 936 672 192 24 2016 722 342 6 1143
523 522 2 524 573 380 4 768 623 528 4 720 673 672 2 674 723 480 4 968
524 260 6 924 574 240 8 1008 624 192 20 1736 674 336 4 1014 724 360 6 1274
525 240 12 992 575 440 6 744 625 500 5 781 675 360 12 1240 725 560 6 930

526 262 4 792 576 192 21 1651 626 312 4 942 676 312 9 1281 726 220 12 1596
527 480 4 576 577 576 2 578 627 360 8 960 677 676 2 678 727 726 2 728
528 160 20 1488 578 272 6 921 628 312 6 1106 678 224 8 1368 728 288 16 1680
529 506 3 553 579 384 4 776 629 576 4 684 679 576 4 784 729 486 7 1093
530 208 8 972 580 224 12 1260 630 144 24 1872 680 256 16 1620 730 288 8 1332

531 348 6 780 581 492 4 672 631 630 2 632 681 452 4 912 731 672 4 792
532 216 12 1120 582 192 8 1176 632 312 8 1200 682 300 8 1152 732 240 12 1736
533 480 4 588 583 520 4 648 633 420 4 848 683 682 2 684 733 732 2 734
534 176 8 1080 584 288 8 1110 634 316 4 954 684 216 18 1820 734 366 4 1104
535 424 4 648 585 288 12 1092 635 504 4 768 685 544 4 828 735 336 12 1368

536 264 8 1020 586 292 4 882 636 208 12 1512 686 294 8 1200 736 352 12 1512
537 356 4 720 587 586 2 588 637 504 6 798 687 456 4 920 737 660 4 816
538 268 4 810 588 168 18 1596 638 280 8 1080 688 336 10 1364 738 240 12 1638
539 420 6 684 589 540 4 640 639 420 6 936 689 624 4 756 739 738 2 740
540 144 24 1680 590 232 8 1080 640 256 16 1530 690 176 16 1728 740 288 12 1596

541 540 2 542 591 392 4 792 641 640 2 642 691 690 2 692 741 432 8 1120
542 270 4 816 592 288 10 1178 642 212 8 1296 692 344 6 1218 742 312 8 1296
543 360 4 728 593 592 2 594 643 642 2 644 693 360 12 1248 743 742 2 744
544 256 12 1134 594 180 16 1440 644 264 12 1344 694 346 4 1044 744 240 16 1920
545 432 4 660 595 384 8 864 645 336 8 1056 695 552 4 840 745 592 4 900

546 144 16 1344 596 296 6 1050 646 288 8 1080 696 224 16 1800 746 372 4 1122
547 546 2 548 597 396 4 800 647 646 2 648 697 640 4 756 747 492 6 1092
548 272 6 966 598 264 8 1008 648 216 20 1815 698 348 4 1050 748 320 12 1512
549 360 6 806 599 598 2 600 649 580 4 720 699 464 4 936 749 636 4 864
550 200 12 1116 600 160 24 1860 650 240 12 1302 700 240 18 1736 750 200 16 1872
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Table 24.6

q(n) a0 ai
751 750 2 752 801 528 6 1170 851 792 4 912 901 832 4 972 951 632 4 1272
752 368 lo 1488 802 400 4 1206 852 280 12 2016 902 400 8 1512 952 384 16 2160
753 500 4 1008 803 720 4 888 853 852 2 854 903 504 8 1408 953 952 2 954
754 336 8 1260 804 264 12 1904 854 360 8 1488 904 448 8 1710 954 312 12 2106
755 600 4 912 805 528 8 1152 855 432 12 1560 905 720 4 1092 955 760 4 1152

756 216 24 2240 806 360 8 1344 856 424 8 1620 906 300 8 1824 956 476 6 1680
757 756 2 758 807 536 4 1080 857 856 2 858 907 906 2 908 957 560 8 1440
758 378 4 1140 808 400 8 1530 858 240 16 2016 908 452 6 1596 958 478 4 1440
759 440 8 1152 809 808 2 810 859 858 2 860 909 600 6 1326 959 816 4 1104
760 288 16 1800 810 216 20 2178 860 336 12 1848 910 288 16 2016 960 256 28 3048

761 760 2 762 811 810 2 812 861 480 8 1344 911 910 2 912 961 930 3 993
762 252 8 1536 812 336 12 1680 862 430 4 1296 912 288 20 2480 962 432 8 1596
763 648 4 880 813 540 4 1088 863 862 2 864 913 820 4 1008 963 636 6 1404
764 380 6 1344 814 360 8 1368 864 288 24 2520 914 456 4 1374 964 480 6 1694
765 384 12 1404 815 648 4 984 865 688 4 1044 915 480 8 1488 965 768 4 1164

766 382 4 1152 816 256 20 2232 866 432 4 1302 916 456 6 1610 966 264 16 2304
767 696 4 840 817 756 4 880 867 544 6 1228 917 780 4 1056 967 966 2 968
768 256 18 2044 818 408 4 1230 868 360 12 1792 918 288 16 2160 968 440 12 1995
769 768 2 770 819 432 12 1456 869 780 4 960 919 918 2 920 969 576 8 1440
770 240 16 1728 820 320 12 1764 870 224 16 2160 920 352 16 2160 970 384 8 1764

771 512 4 1032 821 820 2 822 871 792 4 952 921 612 4 1232 971 970 2 972
772 384 6 1358 822 272 8 1656 872 432 8 1650 922 460 4 1386 972 324 18 2548
773 772 2 774 823 822 2 824 873 576 6 1274 923 840 4 1008 973 828 4 1120
774 252 12 1716 824 408 8 1560 874 396 8 1440 924 240 24 2688 974 486 4 1464
775 600 6 992 825 400 12 1488 875 600 8 1248 925 720 6 1178 975 480 12 1736

776 384 8 1470 826 348 8 1440 876 288 12 2072 926 462 4 1392 976 480 10 1922
777 432 8 1216 827 826 2 828 877 876 2 878 927 612 6 1352 977 976 2 978
778 388 4 1170 828 264 18 2184 878 438 4 1320 928 448 12 1890 978 324 8 1968
779 720 4 840 829 828 2 830 879 584 4 1176 929 928 2 930 979 880 4 1080
780 192 24 2352 830 328 8 1512 880 320 20 2232 930 240 16 2304 980 336 18 2394

781 700 4 864 831 552 4 1112 881 880 2 882 931 756 6 1140 981 648 6 1430
782 352 8 1296 832 384 14 1778 882 252 18 2223 932 464 6 1638 982 490 4 1476
783 504 8 1200 833 672 6 1026 883 882 2 884 933 620 4 1248 983 982 2 984
784 336 15 1767 834 276 8 1680 884 384 12 1764 934 466 4 1404 984 320 16 2520
785 624 4 948 835 664 4 1008 885 464 8 1440 935 640 8 1296 985 784 4 1188

786 260 8 1584 836 360 12 1680 886 442 4 1332 936 288 24 2730 986 448 8 1620
787 786 2 788 837 540 8 1280 887 886 2 888 937 936 2 938 987 552 8 1536
788 392 6 1386 838 418 4 1260 888 288 16 2280 938 396 8 1632 988 432 12 1960
789 524 4 1056 839 838 2 840 889 756 4 1024 939 624 4 1256 989 924 4 1056
790 312 8 1440 840 192 32 2880 890 352 8 1620 940 368 12 2016 990 240 24 2808

791 672 4 912 841 812 3 871 891 540 10 1452 941 940 2 942 991 990 2 992
792 240 24 2340 842 420 4 1266 892 444 6 1568 942 312 8 1896 992 480 12 2016
793 720 4 868 843 560 4 1128 893 828 4 960 943 880 4 1008 993 660 4 1328
794 396 4 1194 844 420 6 1484 894 296 8 1800 944 464 10 1860 994 420 8 1728
795 416 8 1296 845 624 6 1098 895 712 4 1080 945 432 16 1920 995 792 4 1200

796 396 6 1400 846 276 12 1872 896 384 16 2040 946 420 8 1584 996 328 12 2352
797 796 2 798 847 660 6 1064 897 528 8 1344 947 946 2 948 997 996 2 998
798 216 16 1920 848 416 10 1674 898 448 4 1350 948 312 12 2240 998 498 4 1500
799 736 4 864 849 564 4 1136 899 840 4 960 949 864 4 1036 999 648 8 1520
800 320 18 1953 850 320 12 1674 900 240 27 2821 950 360 12 1860 1000 400 16 2340
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p p-1 g -G p p-1 g -G p p-i g -G

3 2 2 1 -10 359 2.179 7 2 -10 821 22.5.41 2 2 ±10
5 2 2 2 367 2.3.61 6 2 10 823 2.3.137 3 2 10
7 2.3 3 2 10 373 22.3.31 2 2 827 2.7.59 2 3 -10

11 2.5 2 3 - - - 379 2.37 2 4 10 829 22.32.23 2 2
13 22.3 2 2 383 2.191 5 2 10 839 2.419 11 2 -10
17 2 3 3 ±10 389 22.97 2 2 ±10 853 22.3.71 2 2
19 2.32 2 4 10 397 22.32.11 5 5 857 2'.107 3 ±10
23 2.11 5 2 10 401 24.52 3 3 859 2.3.11.13 2 4
29 22.7 2 2 ±10 409 2'.3.17 21 21 863 2.431 5 2 10
31 2.3.5 3 7 -10 419 2.11.19 2 3 10 877 22.3.73 2 2
37 22.32 2 2 421 22.3.5.7 2 2 881 2.5.1l 3 3
41 2'.5 6 6 .. 431 2.5.43 7 5 -10 883 2.32.72 2 4 -10
43 2.3.7 3 9 -10 433 23' 5 5 ±10 887 2.443 5 2 10
47 2.23 5 2 10 439 2.3.73 15 5 -10 907 2.3.151 2 4
53 22.13 2 2 443 2.13.17 2 3 -10 911 2.5.7.13 17 3 -10
59 2.29 2 3 10 449 26.7 3 3 919 2.3.17 7 5 -10
61 22.3.5 2 2 ±10 457 2.319 13 13 929 229 3 3
67 2.3.11 2 4 -10 461 22.5.23 2 2 ±10 937 23.32.13 5 5 ±10
71 2.5.7 7 2 -10 463 2.3.7.11 3 2 941 2.5.47 2 2 ±10
73 5 5 467 2.233 2 3 -lO 947 2.11.43 2 3 -10
79 2.3.13 3 2 479 2.239 13 2 -lO 953 2'.7.17 3 3 ±10
83 2.41 2 3 -10 487 23 3 2 10 967 2.3.7.23 5 2
89 2.1l 3 3 491 2.5.72 2 4 10 971 2.5.97 6 3 10
97 22.3 5 5 ± 10 499 2.3.83 7 5 10 977 26l 3 3 ± 10

101 22.52 2 2 503 2.251 5 2 10 983 2.491 5 2 10
103 2.3.17 5 2 509 2.127 2 2 ±10 991 2.3.5.11 6 2 -10
107 2.53 2 3 -10 521 2.513 3 3 997 22.3.83 7 7
109 22.33 6 6 ±10 523 2.32.29 2 4 -10 1009 24.32.7 11 11
113 2.7 3 3 ±10 541 235 2 2 ±10 1013 2.11.23 3 3
127 2.37 3 9 547 2.3.7.13 2 4 1019 2.509 2 3 10
131 2.5.13 2 3 lO 557 22.139 2 2 1021 22.3.5.17 10 10 ±10
137 2.17 3 3 563 2.281 2 3 -10 1031 2.5.103 14 2
139 2.3.23 2 4 569 2.71 3 3 1033 2.343 5 5 ±10
149 2.37 2 2 ±10 571 2.3.5.19 3 5 10 1039 2.3.173 3 2 -10
151 2.3.52 6 5 -10 577 26.32 5 5 ±10 1049 2.131 3 3
157 2.3.13 5 5 587 2.293 2 3 -10 1051 2.3.52.7 7 5 10
163 2.3 2 4 -10 593 2.37 3 3 ±10 1061 25.53 2 2
167 2.83 5 2 10 599 2.13.23 7 2 -10 1063 2.32.59 3 2 10
173 22.43 2 2 601 23.3.52 7 7 1069 22.3.89 6 6 ±10
179 2.89 2 3 lO 607 2.3.101 3 2 1087 2.3.181 3 2 10
181 22.32.5 2 2 ±10 613 22.32.17 2 2 1091 2.5.109 2 4 10
191 2.5.19 19 2 - :10 617 2.7.1l 3 3 1093 2.3.7.13 5 5
193 26.3 5 5 ±10 619 2.3.103 2 4 10 1097 2.l37 3 3 ±10
197 27 2 2 631 2.3.5.7 3 9 -10 1103 2.19.29 5 3 10
199 2.3.l1 3 2 -10 641 2'.5 3 3 1109 2.277 2 2 ±10
211 2.3.5.7 2 4 643 2.3.107 11 7 1117 22.32.31 2 2
223 2.3.37 3 9 10 647 2.17.19 5 2 10 1123 2.3.11.17 2 4 -10
227 2.113 2 3 -10 653 2163 2 2 1129 23.47 11 11
229 22.3.19 6 6 ±10 659 2.7.47 2 3 10 1151 2.52.23 17 2 -10
233 2.29 3 3 ±10 661 22.3.5.11 2 2 1153 5 5 ±10
239 2.7.17 7 2 673 2.3.7 5 5 1163 2.7.83 5 3 -10
241 2.35 7 7 677 22.132 2 2 1171 2.32.5.13 2 4 10
251 2.5e 6 3 683 2.11.31 5 10 -10 1181 2559 7 7 ±10
257 28 3 3 ±:[o 691 2.3.5.23 3 6 1187 2.593 2 3 -10
263 2.131 5 2 lO 701 257 2 2 ±10 1193 2.149 3 3 ±10
269 2.67 2 2 ±:iO 709 22.3.59 2 2 ±10 1201 ii 11
271 2.3.5 6 2 719 2.359 11 2 -10 1213 22.3.101 2 2
277 23.23 5 5 727 2.3.11 5 7 10 1217 26.19 3 3 ±10
281 257 3 3 733 22.3.61 6 6 1223 2.13.47 5 2 10
283 2.3.47 3 6 -10 739 2.3.41 3 6 1229 2.307 2 2 ±10
293 2.73 2 2 743 2.7.53 5 2 10 1231 2.3.5.41 3 2
307 2.32.17 5 7 - lO 751 2.3.5e 3 2 1237 22.3.103 2 2
311 2.5.31 17 2 -10 757 22.3.7 2 2 1249 2.3.13 7 7
313 2313 10 10 ±10 761 2.519 6 6 1259 2.17.37 2 3 10
317 22.79 2 2 769 2.3 11 li 1277 22.11.29 2 2
331 2.3.5.11 3 5 773 22.193 2 2 1279 2.3.71 3 2 -10
337 22.3.7 10 10 ±10 787 2.3.131 2 4 -lO 1283 2.641 2 3 -10
347 2.173 2 3 -lO 797 2.199 2 2 1289 2.7.23 6 6
349 22.3.29 2 2 809 2.l01 3 3 1291 2.3.5.43 2 4 10
353 2.11 3 3 811 2.3.5 3 5 10 1297 10 10 + 10
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Table 24.8 Primitive Roots, Factorization of p-1
g, G denote the least positive and least negative (respectively) primitive roots of p. denotes

whether 10, -10 both or neither are primitive roots.



p p-i g -G p p-1 g -G p p-1 g -G

1301 22.5.l3 2 2 ±10 1831 2.3.5.61 3 9 2377 2.3.11 5 5
1303 2.3.7.31 6 2 10 1847 2.13.71 5 2 10 2381 22.5.7.17 3 3
1307 2.653 2 3 -10 1861 22.3.5.31 2 2 ±10 2383 2.3.397 5 13 10
1319 2.659 13 2 -10 1867 2.3.311 2 4 -10 2389 22.3.199 2 2 ±10
1321 2.3.5.11 13 13 . 1871 2.5.11.17 14 2 -10 2393 2.13.23 3 3
1327 2.3.13.17 3 9 10 1873 24.32.13 10 10 ±10 2399 2.11109 11 2 -10
1361 2.5.17 3 3 . 1877 22.7.67 2 2 2411 2.5.241 6 3 10
1367 2.683 5 2 10 1879 2.3.313 6 2 2417 2.151 3 3 ±10
1373 22.73 2 2 1889 2.59 3 3 2423 2.7.173 5 2 10
1381 22.3.5.23 2 2 ±10 1901 22.52.19 2 2 2437 22.3.7.29 2 2
1399 2.3.233 13 5 -10 1907 2.953 2 3 -10 2441 25.61 6 6
1409 2.11 3 3 1913 2.239 3 3 ±10 2447 2.1223 5 2 10
1423 2.32.79 3 9 1931 2.5.193 2 3 2459 2.1229 2 3 10
1427 2.23.31 2 3 -10 1933 22.3.7.23 5 5 2467 2.32.137 2 4
1429 22.3.7.17 6 6 ±10 194 22.487 2 2 ±10 2473 2.3-103 5 5 ±10
1433 2.179 3 3 ±10 1951 2.3.52.13 3 2 2477 22.619 2 2
1439 2.719 7 2 -10 1973 22.17.29 2 2 2503 2.32.139 3 2
1447 2.3.241 3 2 10 1979 223.43 2 3 10 2521 23.32.5.7 17 17
1451 2.52.29 2 3 1987 2.3.331 2 4 2531 2.5.11.23 2 3
1453 22.3.112 2 2 1993 2-3.83 5 5 2539 2.3.47 2 4 10
1459 2.3' 3 6 1997 22.499 2 2 2543 2.31.41 5 2 10
1471 23-57 6 5 -10 1999 2.3.37 3 5 -10 2549 22.72.13 2 2 ±10
1481 22.5.37 3 3 2003 2.7-11.13 5 3 -10 2551 2.3.5.17 6 2
1483 2.3.13.19 2 4 2011 2.3.5.67 3 5 2557 22.32.71 2 2
1487 2.743 5 2 10 2017 25.32.7 5 5 ±10 2579 2.1289 2 3 10
1489 2°-3.31 14 14 2027 2.1013 2 3 -10 2591 2.5.7.37 7 2
1493 2.373 2 2 2029 2.3-13 2 2 ±10 2593 23 7 7 ±10
1499 2.7.107 2 3 -. 2039 2.1019 7 2 -10 2609 2°-163 3 3
1511 2.5.151 11 2 -10 2053 22.33.19 2 2 2617 23.109 5 5 ±10
1523 2.761 2 3 -10 2063 2.1031 5 2 10 2621 2.5.131 2 2 ±10
1531 23517 2 4 10 2069 2.11.4? 2 2 ±10 2633 2.7.47 3 3 ±10
1543 2-3.257 5 2 10 2081 2-513 3 3 2647 2.33.72 3 2
1549 22.32.43 2 2 ± 10 2083 2.3.347 2 4 -10 2657 2'83 3 3 ± 10
1553 2°-97 3 3 ±10 2087 2.7.149 5 2 2659 2.3-443 2 4
1559 2.19-41 19 2 -10 2089 2.329 7 7 2663 211 5 2 10
1567 2.3e-29 3 2 10 2099 2.1049 2 3 10 2671 2.3.5.89 7 5 -10
1571 2.5.157 2 3 10 2111 2.5.211 7 2 -10 2677 2.3223 2 2
1579 2.3.263 3 5 10 2113 2°-3.11 5 5 ±10 2683 23.149 2 4
1583 2.7.113 5 2 10 2129 2°-7.19 3 3 2687 2.17.79 5 3 10
1597 23.7.19 11 11 -. 2131 2.3.5.71 2 4 2689 2.3.7 19 19
1601 26.52 3 3 2137 2.3.89 10 10 ±10 2693 22.673 2 2
1607 2.11.73 5 2 10 2141 2.5.107 2 2 ±10 2699 2.19.71 2 3 10
1609 2.3.67 7 7 2143 2.32.7.17 3 9 10 2707 2.3.11.41 2 4 -10
1613 213.31 3 3 2153 2.269 3 3 ±10 2711 2.5.271 7 2 -10
1619 2.809 2 3 10 2161 2°.35 23 23 2713 2.3.113 5 5 ±10
1621 2.3-5 2 2 ±10 2179 2.32.112 7 5 10 2719 2.32.151 3 2 -10
1627 2.3.271 3 6 -. 2203 2.3.367 5 7 -10 2729 2.11.31 3 3
1637 2.409 2 2 2207 2.1.103 5 2 10 2731 23-5.7-13 3 5 10
1657 23.23 11 11 2213 2.7.79 2 2 2741 22.5.137 2 2 ±10
1663 2.3.277 3 2 10 2221 23.5-37 2 2 ±10 2749 2.3.229 6 6
1667 2.7.17 2 3 -10 2237 2.13.43 2 2 2753 2°-43 3 3 ±10
1669 2.3.139 2 2 2239 2.3.373 3 2 -10 2767 2.3.461 3 9 10
1693 22.32.47 2 2 2243 2.19.59 2 3 -10 2777 2e-347 3 3 ±10
1697 2.53 3 3 ± 10 2251 2.32.53 7 5 10 2789 22.17.41 2 2 ± 10
1699 2.3.283 3 6 2267 2.11.103 2 3 -10 2791 2.3.5.31 6 7
1709 2.7.61 3 3 ± 10 2269 22.34.7 2 2 ± 10 2797 2.3.233 2 2
1721 2.5.43 3 3 2273 2.71 3 3 ±10 2801 3 3
1723 2.3.7.41 3 6 2281 2.3.5-19 7 7 2803 2.3.467 2 4 -10
1733 2.433 2 2 2287 2.3.127 19 7 2819 2.1409 2 3 10
1741 2.3.5.29 2 2 ± 10 2293 2.3.191 2 2 2833 2°-3.59 5 5 ± 10
1747 2.3.97 2 4 2297 2.7.41 5 5 ± 10 2837 2-709 2 2
1753 2.3.73 7 7 -. 2309 2g-577 2 2 ±10 2843 2.72.29 2 4 -10
1759 2.3.293 6 2 -10 2311 2.3.5-7-11 3 2 2851 2.3.5.19 2 4 10
1777 2°-3.37 5 5 ±10 2333 2.11.53 2 2 2857 2.3.7.17 11 11
1783 2.3°-11 10 2 10 2339 2.7.167 2 3 10 2861 2.5.11.13 2 2 ±10
1787 2-19.47 2 3 -10 2341 2.3.5.13 7 7 ±10 2879 2-1439 7 2 -10
1789 2.3.149 6 6 ±10 2347 2.3.17.23 3 6 -10 2887 2.3.13.37 5 2 10
1801 11 11 2351 2.5.47 13 3 -10 2897 2°-181 3 3 ±10
1811 2.5.181 6 3 10 2357 219.31 2 2 2903 2.1451 5 2 10
1823 2.911 5 2 10 2371 2.3.5.79 2 4 10 2909 22.727 2 2 ±10
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p p-1 g -G p p-1 g -G p p-1 g -G

2917 22.36 5 5 3527 2.41.43 5 2 10 4079 2.2039 11 2 -10
2927 2.7.11.19 5 2 10 3529 23.32.72 17 17 4091 2.5.409 2 3 10
2939 2.13.113 2 3 10 3533 22.883 2 2 4093 22.3.11.31 2 2
2953 23.32.41 13 13 3539 2.29.61 2 3 10 4099 2.3.683 2 4 10
2957 22.739 2 2 3541 2'.3.5.59 7 7 4111 235137 12 2 -10
2963 2.1481 2 3 -10 3547 2.32.197 2 4 -10 4127 2.2063 5 2 10
2969 28.7.53 3 3 3557 22.7.127 2 2 4129 2'.3.43 13 13
2971 2.3'.5.11 10 5 10 3559 2.3.593 3 2 -10 4133 221033 2 2
2999 2.1499 17 2 -10 3571 2.3.5.7.17 2 4 10 4139 2.2069 2 3 10
3001 2'.3.ö' 14 14 3581 22.5.179 2 2 ±10 4153 2'.3.173 5 5 ±10
3011 2.5.7.43 2 3 10 3583 2.32.199 3 2 4157 22. 1039 2 2
3019 2.3.503 2 4 10 3593 2449 3 3 ±10 4159 2.3'.7.11 3 2
3023 2.1511 5 2 10 3607 2.3.601 5 11 10 4177 24.32.29 5 5 ±10
3037 22.3.11.23 2 2 3613 22.3.7.43 2 2 4201 23.3.52.7 11 11
3041 2'519 3 3 3617 2'.113 3 3 ±10 4211 2.5.421 6 3 10
3049 2.3127 11 11 3623 2.1811 5 2 10 4217 2.17.31 3 3 ±10
3061 22.32.5.17 6 6 3631 2.3.5.11 15 10 -10 4219 2.3.19.37 2 4 10
3067 2.3.7.73 2 4 -10 3637 22.32.101 2 2 4229 22.7.151 2 2 ±10
3079 2.3.19 6 2 -10 3643 2.3.607 2 4 -10 4231 2.32.5.47 3 2 -10
3083 2.23.67 2 3 -10 3659 2.31.59 2 3 10 4241 2.5.53 3 3
3089 2.193 3 3 3671 2.5.367 13 2 4243 2.3.7.101 2 4 -10
3109 2'.3.7.37 6 6 3673 2'.3'.17 5 5 ±10 4253 2.1063 2 2
3119 2.1559 7 2 -10 3677 2919 2 2 4259 2.2129 2 3 10
3121 2.3.5.13 7 7 3691 2.3.5.41 2 4 4261 2'.3.5.71 2 2 ±10
3137 2'.7' 3 3 ±10 3697 2.432 5 5 4271 2.5.7.61 7 3 -10
3163 2.3.17.31 3 6 -10 3701 25.37 2 2 ±10 4273 2.389 5 5
3167 2.1583 5 2 10 3709 22.32.103 2 2 ±10 4283 2.2141 2 3 -10
3169 25.32.11 7 7 3719 2.1113 7 2 -10 4289 267 3 3
3181 2.3.5.53 7 7 . 3727 2.3.23 3 2 10 4297 2.3.179 5 5
3187 2.3'.59 2 4 3733 223311 2 2 4327 2.3.7.103 3 2 10
3191 2.5.11.29 11 5 3739 2.3.7.89 7 5 4337 2'271 3 3 ±10
3203 2.1601 2 3 -10 3761 2g-5.47 3 3 4339 2.3.241 10 5 10
3209 2.401 3 3 3767 2.7.269 5 2 10 4349 2'.1087 2 2 ±10
3217 2.367 5 5 3769 2'.3157 7 7 4357 2.3'.11' 2 2
3221 22.5.7.23 10 10 ±10 3779 2.1889 2 3 10 4363 2.3.727 2 4 -10
3229 2.3.269 6 6 3793 22.3.79 5 5 4373 22.1093 2 2
3251 2.5'.13 6 3 10 3797 2.1373 2 2 4391 2.5.439 14 2 -10
3253 22.3.271 2 2 3803 2.1901 2 3 -10 4397 2'.7.157 2 2
3257 2.11.37 3 3 ±10 3821 22.5.191 3 3 ±10 4409 2.19.29 3 3
3259 23181 3 5 10 3823 2.3.713 3 9 4421 2.5.13.17 3 3 ±10
3271 2.3.51O9 3 5 -10 3833 2'.479 3 3 ±10 4423 2311.67 3 7 10
3299 2.17.97 2 3 10 3847 2.3.641 5 2 10 4441 2.3.5.37 21 21
3301 22.3.52.11 6 6 ±10 3851 2.57.11 2 4 4447 2.3.13.19 3 2 10
3307 2.3.19.29 2 4 -10 3853 22.32.107 2 2 4451 2589 2 3 10
3313 2.3.23 10 10 ±10 3863 2.1931 5 2 10 4457 2.557 3 3 ±10
3319 2.3.7.79 6 2 3877 2.3.17.19 2 2 4463 2.23.97 5 2 10
3323 2.11.151 2 3 -10 3881 2.5.97 13 13 4481 2.57 3 3
3329 28.13 3 3 3889 11 11 4483 2.3.83 2 4
3331 2.32.5.37 3 5 10 3907 2.37.31 2 4 -10 4493 2'.1123 2 2
3343 2.3.557 5 11 10 3911 2.5.17.23 13 2 -10 4507 2.3.751 2 4
3347 2.7.239 2 3 -10 3917 2.11.89 2 2 4513 2.3.47 7 7
3359 2.23.73 11 2 -10 3919 2.3.653 3 2 4517 2.1129 2 2
3361 2'.3.5.7 22 22 3923 2.37.53 2 3 -10 4519 2.3.251 3 9
3371 2.5.337 2 3 10 3929 2'.491 3 3 4523 2.7.17.19 5 3 -10
3373 22.3.281 5 5 3931 2.3.5.131 2 4 4547 2.2273 2 3 -10
3389 2.711 3 3 ±10 3943 23.73 3 9 10 4549 2.3.379 6 6
3391 2.3.5113 3 5 --10 3947 21973 2 3 -10 4561 2.3.5.19 11 11
3407 2.13.131 5 2 10 3967 2.3.661 6 2 10 4567 2.3.761 3 7 10
3413 2.853 2 2 3989 22.997 2 2 ±10 4583 2.29.79 5 2 10
3433 22.3.1113 5 5 E10 4001 2'.5 3 3 4591 2.3.5.17 11 2 -10
3449 22.431 3 3 4003 2.3.23.29 2 4 4597 22.3.383 5 5
3457 7 7 4007 2.2003 5 2 10 4603 2.3.13.59 2 4 -10
3461 22.5.173 2 2 ±10 4013 2e-17.59 2 2 4621 2.3.5.7.11 2 2
3463 2.3.577 3 9 10 4019 2.7e-41 2 4 10 4637 2.19.61 2 2
3467 2.1733 2 3 -10 4021 2.3.5.67 2 2 4639 2.3.773 3 2 -10
3469 22.3.172 2 2 ±10 4027 2.3.11.61 3 6 -10 4643 2.11.211 5 3 -10
3491 2.5.349 2 3 4049 2.11.23 3 3 4649 2.7.83 3 3
3499 2.3.11.53 2 4 4051 2.35 10 5 10 4651 2.3.52.31 3 5 10
3511 2.3.5.13 7 2 --10 4057 23.3.132 5 5 ±10 4657 2.3.97 15 15
3517 2.3.293 2 2 4073 2.509 3 3 ±10 4663 2.32.7.37 3 9
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Table 24.8 Primitive Roots, Factonzation of p-1
g, G denote the least positive and least negative (respectively) primitive roots of p. e denotes

whether 10, -10 both or neither are primitive roots.



273-888 0-67-56

p p-1 g -G p p-i g -G e p p-1 g -G

4673 28.73 3 3 ±10 5297 2331 3 3 ±10 5867 2.7.419 5 3 -10
4679 2.2339 11 2 -10 5303 2.11.241 5 2 10 5869 22.3.163 2 2 ±10
4691 2.5.7.67 2 3 10 5309 22.1327 2 2 ±10 5879 22939 11 2 -10
4703 2.2351 2 10 5323 2.3887 5 10 -10 5881 2.3.5.7' 31 31
4721 2.5.59 6 6 5333 22.31,43 2 2 5897 2.1167 3 3 ±10
4723 2.3.787 2 4 -10 5347 2.3'.11 3 6 -10 5903 2.3.227 5 2 10
4729 23.197 17 17 5351 2.52.107 11 2 -10 5923 2.3'.7.47 2 4 -10
4733 22.7.132 5 5 5381 22.5.269 3 3 ±10 5927 2.2963 5 2 10
4751 2.5'19 19 3 -10 5387 2.2693 2 3 -10 5939 22969 2 3 10
4759 2.3.13.61 3 5 -10 5393 2'.337 3 3 ±10 5953 2°.3.31 7 7
4783 23.797 6 2 10 5399 2.2699 7 2 -10 5981 2'.5.13.23 3 3 ±10
4787 2.2393 2 3 -10 5407 2.3.17.53 3 2 5987 2.4173 2 3 -10
4789 22.32.7.19 2 2 5413 22.3.11.41 5 5 6007 2.37.11.13 3 9
4793 2'.599 3 3 ±10 5417 2'.677 3 3 ±10 6011 2.5601 2 4 10
4799 2.2399 7 2 -10 5419 2.32.7.43 3 5 10 6029 22.11.137 2 2 ±10
4801 26.3.52 7 7 5431 2.3.5181 3 2 -10 6037 22.3.503 5 5
4813 2'.3.401 2 2 43j 22.32.151 5 5 6043 2.3.19.53 5 6 -10
4817 2743 3 3 ±10 5441 2°.5.17 3 3 6047 2.3023 5 2 10
4831 2.3.5.7.23 3 2 5443 2.3.907 2 4 6053 22.17.89 2 2
4861 22.35.5 11 11 5449 22.3227 7 7 6067 2.32.337 2 4 -10
4871 2.5.487 11 3 -10 5471 2.5.547 7 3 6073 2.3.1123 10 10 ±10
4877 22.23.53 2 2 5477 22.372 2 2 6079 2.3.1013 17 7
4889 21347 3 3 5479 2.3.11.83 3 2 -10 6089 22761 3 3
4903 2.3.19.43 3 2 5483 2.2741 2 3 -10 6091 2.3.5729 7 11
4909 2.3409 6 6 5501 2.5.11 2 2 ±10 6101 2.5.61 2 2
4919 2.2459 13 2 -10 5503 237131 3 9 10 6113 23.191 3 3 ±10
4931 2.5.17.29 6 3 10 5507 2.2753 2 3 -10 6121 23.32.5.17 7 7
4933 22.32.137 2 2 5519 2.31.89 13 2 -10 6131 2.5.613 2 3 10
4937 22.617 3 3 ±10 5521 2.3.5.23 11 11 6133 22.3.7.73 5 5
4943 2.7.353 7 2 10 5527 2.3.307 5 2 10 6143 2.37.83 5 2 10
4951 2.32.52.11 6 2 -10 5531 2.57.79 10 5 10 6151 2.3.5.41 3 7
4957 22.3.7.59 2 2 5557 2.3463 2 2 . 6163 2.3.1379 3 6
4967 2.13.191 5 2 10 5563 2.3.103 2 4 -10 6173 2.1543 2 2
4969 2.3.23 11 11 5569 2°.3.29 13 13 8197 22.1549 2 2
4973 22.11.113 2 2 5573 2.7.199 2 2 6199 2.3.1033 3 2 -10
4987 23277 2 4 -10 5581 22.32.5.31 6 6 ±10 6203 2.7.443 2 3
4993 22.3.13 5 5 5591 2.5.13.43 11 2 -10 6211 2.3.5.23 2 4 10
4999 2.3.72.17 3 9 5623 2.3.937 5 2 10 6217 2.3737 5 5 ±10
5003 2.41.61 2 3 -10 5639 2.2819 7 2 -10 6221 225.311 3 3 ±10
5009 2.313 3 3 5641 2.3.5.47 14 14 6229 22.32.173 2 2
5011 2.3.5.167 2 4 5647 2.3.941 3 2 6247 23347 5 2 10
5021 2.5.251 3 3 ±10 5651 2.52.113 2 3 10 6257 2.17.23 3 3 ±10
5023 2.3.31 3 2 5653 22.32.157 5 5 6263 2.31101 5 2 10
5039 2.11.229 11 2 -10 5657 2.7.101 3 3 ±10 6269 21567 2 2 ±10
5051 2.5.101 2 3 5659 2.323.41 2 4 10 6271 2.3.5.1119 11 17
5059 2.32.281 2 4 10 5669 2.13.109 3 3 ±10 6277 22.3.523 2 2
5077 2.3.47 2 2 5683 2.3.947 2 4 -10 6287 2.7.449 7 2 10
5081 2.5.127 3 3 5689 2.3.79 11 11 6299 2.47.67 2 3
5087 2.2543 5 2 10 5693 2.1423 2 2 6301 22.32.52.7 10 10 ±10
5099 2.2549 2 3 10 5701 2.3.52.19 2 2 ±10 6311 2.5.631 7 2 -10
5101 22.3.52.17 6 6 5711 2.5.571 19 3 6317 22.1579 2 2
5107 2.3.23.37 2 4 -10 5717 2.1429 2 2 6323 2.29.109 2 3 -10
5113 2'.3.71 19 19 5737 22.3.239 5 5 ±10 6329 2.7.113 3 3
5119 2.3.853 3 2 5741 225.7.41 2 2 ±10 6337 26.32.11 10 10 ±10
5147 2.31.83 2 3 -ii 5743 2.3.11.29 10 2 10 6343 2.3.7.151 3 2 10
5153 2.7.23 5 5 ±10 5749 23479 2 2 ±10 6353 2.397 3 3 ±10
5167 2.3.7.41 6 11 10 5779 2.3.107 2 4 10 6359 2.11.172 13 2 -10
5171 2.5.11.47 2 4 5783 2.72.59 7 2 10 6361 2.3.5.53 19 19
5179 2.3.863 2 4 10 5791 2.3.5.193 6 2 6367 2.3.1061 3 2 10
5189 22.1297 2 2 ±10 5801 2.529 3 3 6373 2.3.59 2 2
5197 22.3.433 7 7 5807 2.2903 5 2 10 6379 2.3.1063 2 4
5209 2.3.7-31 17 17 5813 22.1453 2 2 6389 2.1597 2 2 ±10
5227 2.3.13.67 2 4 -10 5821 2.3.5.97 6 6 ±10 6397 2.3.13.41 2 2
5231 2.5.523 7 2 -10 5827 2.3.971 2 4 -10 6421 2.3.5.107 6 6
5233 2.3.109 10 10 ±10 5839 2.3.7.139 6 2 -10 6427 2.37.17 3 6
5237 2.7.11.17 3 3 5843 2.23.127 2 4 -10 6449 2.13.31 3 3
5261 22.5.263 2 2 5849 2.17.43 3 3 6451 2.3.5.43 3 6
5273 2.659 3 3 ±10 5851 2.32.52.13 2 4 6469 22.3.72.11 2 2
5279 2.7.13.29 7 3 -10 5857 2.3.61 7 7 ±10 6473 2.809 3 3 ±10
5281 2.3.5.11 7 7 5861 22.5.293 3 3 +10 64x1 7 7
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p p-1 g -G p p-1 g -G p p-i g -G

6491 2.5.11.59 2 3 7121 2.5.89 3 3 7741 22.32.5.43 7 7
6521 2'.5.163 6 6 7127 2.7.509 5 2 7753 2.3.17.J9 lo 10 ±10
6529 2.3.17 7 7 - - - -. 7129 2'.3.11 7 7 7757 22.7.277 2 2
6547 2.3.1091 2 4 7151 2.52.11.13 7 3 7759 2.32.431 3 2 -10
6551 2.5.131 17 2 -10 7159 2.3.1193 3 2 -10 7789 22.3.11.59 2 2
6553 23.32.7.13 10 10 ±10 7177 2'.3.13.23 10 10 ±10 7793 2.487 3 3 ±10
6563 2.17.193 5 10 -10 7187 2.3593 2 3 -10 7817 2'977 3 3 ±10
6569 2'.821 3 3 7193 2'.29.31 S 3 ±10 7823 2.3911 5 2 10
6571 2.32.5.73 3 7 10 7207 2.3.1201 3 2 10 7829 22.19.103 2 2 ± 10
6577 2.3.137 5 5 7211 2.5.7.103 2 3 7841 25.5.72 12 12
6581 2'.5.7.47 14 14 _ _ . 7213 22.3,601 5 5 7853 22.13.151 2 2
6599 2.3299 13 2 -10 7219 2.3'.401 2 4 10 7867 2.32.19.23 3 6 -10
6607 2.3'.367 3 2 7229 22.13.139 2 2 ±10 7873 26.3.41 5 5 ±10
6619 2.3.1103 2 4 10 7237 22.33.67 2 2 7877 2.1l.179 2 2 .

6637 22.3.7.79 2 2 7243 2.3.17.71 2 4 -10 7879 2.3.13.101 3 2 -10
6653 2°.1663 2 2 7247 2.3623 5 2 10 7883 2.7-563 2 3 -10
6659 2.3329 2 3 10 7253 22.72.37 2 2 7901 22.52.79 2 2 ± 10
6661 22.32.5.37 6 6 ±10 7283 2.11.331 2 3 -10 7907 2.59.67 2 3 -10
6673 2.3.139 5 5 ±10 7297 2.3.19 5 5 7919 2.37-107 7 2 -10
6679 2.32.7.53 7 5 -10 7307 2.13.281 2 3 -10 7927 2.3.1321 3 7 10
6689 2°-11.19 3 3 7309 22.32.7.29 6 6 ±10 7933 22.3.661 2 2
6691 2.3.5.223 2 4 10 7321 2°-3-5-61 7 7 7937 2°-31 3 3 ± 10
6701 22.52.67 2 2 ±10 7331 2.5.733 2 4 7949 22.1987 2 2 ±10
6703 2.3.1117 5 2 10 7333 22.3.13.47 6 6 7951 2.3.52.53 6 2 -10
6709 22.3.13.43 2 2 ±10 7349 22.11.167 2 2 ±10 7963 2.3.1327 5 10 -10
6719 2.3359 11 2 -10 7351 2.3.52.72 6 5 7993 2°.3°.37 5
6733 22.32.11.17 2 2 7369 2°-3.307 7 7 8009 2°-7.11.13 3 3
6737 2.421 3 3 ±10 7393 2°-3-7.11 5 5 ±10 8011 2.3°.5.89 14 7
6761 2°.5.13° 3 3 7411 2.3.5.13.19 2 4 10 8017 2.3.167 5 5 ±10
6763 2.3.7°-23 2 4 7417 2°.3°.103 5 8039 2.4019 11 2 -10
6779 2.3389 2 3 10 7433 2°-929 3 3 ±10 8053 2°-3.11-61 2 2
6781 2°-3-5.113 2 2 7451 2.5°.149 2 4 10 8059 2.3.17.79 3 5 10
6791 2.5.7.97 7 3 7457 2°-233 3 3 ± 10 8069 2°-2017 2 2 ± lo
8793 2°-3.283 10 10 ±10 7459 2.3.11.113 2 4 10 8081 2.5.101 3 3
6803 2.19.179 2 3 -10 7477 22.3.7.89 2 2 8087 2.13.311 5 2 10
6823 2.3°-379 3 2 10 7481 2°.5.11.17 6 6 8089 2°-3.337 17 17
6827 2.3413 2 3 -10 7487 2.19.197 5 3 10 8093 2°.7.17° 2 2
6829 2°-3.569 2 2 ±10 7489 2°.3°.13 7 7 8101 2°.3.5° 6 6
6833 2.7.61 3 3 ±10 7499 2.23.163 2 3 10 8111 2.5-811 11 2
6841 2°.3°.5.19 22 22 7507 2.3°.139 2 4 -10 8117 2°-2029 2 2
6857 2°-857 3 3 ±10 7517 2°-1879 2 2 8123 2.31.131 2 3 -10
6863 2.47.73 5 2 10 7523 2.3761 2 3 -10 8147 2.4073 2 3 -10
6869 2°-17.101 2 2 ±10 7529 2°-941 3 3 8161 2°-3-5.17 7 7
6871 2.3.5.229 3 9 -10 7537 2.3.l57 7 7 8167 2.3-1361 3 9
6883 2.3.31.37 2 4 -10 7541 2°-5.13.29 2 2 ±10 8171 2.5-1943 2 3 10
6899 2.3449 2 3 10 7547 2.7°-11 2 3 -10 8179 2-3.29.47 2 4 10
6907 2.3.1151 2 4 7549 22.3.17.37 2 2 8191 2.3°-5.7.13 17 11
6911 2.5.691 7 2 -10 7559 2.3779 13 2 -10 8209 2.3°.19 7 7
6917 2°.7.13.19 2 2 7561 2°.3°.5.7 13 13 8219 2.7.587 2 3 10
6947 2.23.151 2 3 -10 7573 2°.3.631 2 2 8221 2°-3-5.137 2 2
6949 22.32.193 2 2 ±10 7577 2°-947 3 3 ±10 8231 2.5.823 11 2 -10
6959 2.7°-71 7 3 -10 7583 2.17.223 5 2 10 8233 2°.3.7° 10 10 ±10
6961 2.3.5.29 13 13 7589 2°-7.271 2 2 8237 2°-29-71 2 2
6967 2.3.43 5 13 10 7591 2.3.5.11.23 6 2 -10 8243 2.13.317 2 3 -10
6971 2.5.17.41 2 4 10 7603 2.3.7.181 2 4 8263 2.3°-17 3 2 10
6977 2°-109 3 3 ±10 7607 2.3803 5 2 10 8269 2°-3.13.53 2 2 ±10
6983 2.3491 5 2 10 7621 22.3.5.127 2 2 8273 2.11.47 3 3 ±10
6991 2.3.5.233 6 2 -10 7639 2.3.19.67 7 5 -10 8287 2.3.1381 3 7 10
6997 2°-3.11.53 5 5 7643 2.3821 2 3 -10 8291 2.5.829 2 3 10
7001 2°.5°.7 3 3 7649 2°-239 3 3 8293 2°-1049 2 2
7013 2°-1753 2 2 7669 22.33.71 2 2 8297 2°-2099 3 3 ±10
7019 2.112.29 2 3 10 7673 2°-7.137 3 3 ±10 8311 2.3.5.277 3 2 -10
7027 2.3.1171 2 4 7681 2°-3-5 17 17 8317 2°.3.7.l1 6 6
7039 2.32.17.23 3 2 7687 2.3°-7-61 6 2 10 8329 2°-3.347 7 7
7043 2.7.503 2 4 -- - -. - 7691 2.5.769 2 3 10 8353 23.32.29 5 5 ± 10
7057 2°.32.72 5 5 ±10 7699 2.3.1283 3 5 10 8363 2.37.113 2 3 -10
7069 22.3.19.31 2 2 ±10 7703 2.3851 5 2 10 8369 2°-523 3 3
7079 2.3539 7 2 -10 7717 2°.3.643 2 2 8377 2°-3.349 5 5 ±10
7103 2.53.67 5 2 10 7723 2.3°-11.13 3 6 8387 2.7.599 2 3
7109 2°-1777 2 2 ±10 7727 2.3863 5 2 10 8389 22.32.233 6 6 ±10
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p p-1 g -G p p-1 g -G e p p-1 g -G

8419 2.3.23.61 3 6 - __ -- _ 8941 2'.3.5.149 6 6 9463 2.3.19.83 3 9
8423 2.4211 5 2 :10 8951 2.5'.179 13 2 -10 9467 2.4733 2 3 -10
8429 22.72.43 2 2 :1: 10 8963 2.4481 2 3 - 10 9473 2'.37 3 3 ± lo
8431 2.3.5.281 3 2 -10 8969 2'.19.59 3 3 9479 2.7.677 7 2 -10
8443 2.32.7.67 2 4 -10 8971 2.3.513.23 2 4 10 9491 2.5.13.73 2 3 10
8447 2.41.103 5 2 10 8999 2.11.409 7 2 -10 9497 2'4187 3 3 ±10
8461 2'.3'.5.47 6 6 9001 2'.3'.5' 7 7 9511 2.3.5.317 3 9
8467 2.3.17.83 2 4 -10 9007 2.3.19.79 3 2 9521 2.5717 3 3
8501 22.53.17 7 7 ±10 9011 2.5.17.53 2 4 10 9533 22.2383 2 2
8513 2°7.19 5 5 ±10 9013 22.3.751 5 5 9539 2.19.251 2 3 10
8521 2'.3.5.71 13 13 9029 22.61 2 2 ±10 9547 2.3.37.43 2 4 -10
8527 2.3.72.29 5 2 9041 2-5-l13 3 3 9551 2.52.191 11 2
8537 2'.11.97 3 3 ±10 9043 2.3.11.137 3 6 -10 9587 2.4793 2 3 -10
8539 2.3.1423 2 4 - 9049 2-3-1329 7 7 9601 2v-3-5' 13 13
8543 2.4271 5 2 10 9059 2.7.647 2 4 10 9613 22.38.89 2 2
8563 2.3.1427 2 4 -10 9067 2-3.1511 3 6 -10 9619 2.3.7.229 2 4
8573 22.2143 2 2 9091 2.32.5.101 3 5 9623 2.17.283 5 3 10
8581 22.3.5.11.13 6 6 9103 2.3.37.41 6 2 10 9629 22.29.83 2 2 ±10
8597 22-7-307 2 2 9109 22.32.11.23 10 10 ±10 9631 2.32.5.107 3 9 -10
8599 2-3-1433 3 2 9127 2.33.132 3 2 9643 2.3.1607 2 4 -10
8609 2e-269 3 3 9133 22.3.761 6 6 9649 24.32.67 7 7
8623 2.32.479 3 2 10 9137 2e-571 3 3 ± 10 9661 22.3.5.7.23 2 2
8627 2.19.227 2 3 -10 9151 2.3.52.61 3 2 9677 22.41.59 2 2
8629 22.3.719 6 6 9157 22.3.7.109 6 6 9679 2.3.1613 3 2
8641 2°3.5 17 17 9161 2-5-229 3 3 9689 2.7-l73 3 3
8647 2.3.11.131 3 2 10 9173 22.2293 2 2 9697 2-3-1O1 10 10 ±10
8663 2.61-71 5 2 10 9181 22.33.5.17 2 2 9719 2.43.113 17 3 -10
8669 22.11.197 2 2 ±10 9187 2.3.1531 3 6 -10 9721 2-3-5 7 7
8677 22.32.241 2 2 9199 2.32.7.73 3 2 -10 9733 22.3.811 2 2
8681 2.5-7-31 15 15 9203 2.43.107 2 3 -10 9739 2.32.541 3 5 10
8689 2g-3-181 13 13 9209 2-l151 3 3 9743 2.4871 5 2 10
8693 28.41.53 2 2 9221 22.5.461 2 2 ±10 9749 2e-2437 2 2 ±10
8699 2.4349 2 3 10 9227 2.7.859 2 3 -10 9767 2.19.257 5 2 10
8707 2.3.1451 5 7 -10 9239 2.31.149 19 2 -10 9769 22.3.11.37 13 13
8713 28.32.112 5 5 ±10 9241 2'.3-5-7-11 13 13 9781 22.3.5.163 6 6 ±10
8719 2.3.1453 3 5 -10 9257 2e-13-89 3 3 ±10 9787 2-3.7.233 3 6 -10
8731 2.32.5.97 2 4 10 9277 22.3.773 5 9791 2.5.11-89 11 2 -10
8737 2.3-7-13 5 5 9281 2e-5-29 3 3 9803 2.132.29 2 3 -10
8741 22.5.19.23 2 2 ±10 9283 2.3.7.13.17 2 4 9811 2.32.5.109 3 5 10
8747 2.4373 2 3 -10 9293 22.23.101 2 2 9817 2-3-409 5 5 ±10
8753 2g-547 3 3 ±10 9311 2.5.72.19 7 2 -10 9829 22.33.7.13 10 10 ±10
8761 2e-3-5-73 23 23 9319 2.3.1553 3 2 -10 9833 2e-1229 3 3 ±10
8779 2-3-7-11-19 11 22 9323 2-59.79 2 3 -10 9839 .4919 7 2 -10
8783 2.4391 5 2 10 9337 2e-3-389 5 5 9851 .58.l97 2 4 10
8803 2-3'-163 2 4 9341 22.5.467 2 2 ±10 9857 2'.7.l1 5 5 ±10
8807 2-7.17-37 5 2 10 9343 2-3.173 5 2 10 9859 2-3.31-53 2 4
8819 2.4409 2 3 10 9349 28.3.19.41 2 2 9871 2.3.5.7.47 3 2 -10
8821 22.32.5.72 2 2 ± 10 9371 25-937 2 3 10 9883 2-3.61 2 4 -10
8831 2-5-883 7 5 -10 9377 22.293 3 3 ±10 9887 2-4943 5 2 10
8837 22.472 2 2 9391 2.3-5-313 3 2 -10 9901 22.32.52.11 2 2
8839 2.32.491 3 2 -10 9397 22.34.29 2 2 9907 2.3-13.127 2 4 -10
8849 2g-7-79 3 3 9403 2-3.1567 3 8 9923 2-ll-41 2 3 -10
8861 22.5.443 2 2 ±10 9413 22.13.181 3 3 9929 2.l7-73 3 3
8863 2.3-7-211 3 9 10 9419 2.17-277 2 9931 2.3.5-331 10 5 10
8867 2-11.13.31 2 3 -10 9421 22.3.5.157 2 2 ±10 9941 22.5.7.71 2 2
8887 2.3-1481 3 2 10 9431 2-5.23-41 7 3 -10 9949 22.3.829 2 2 ±10
8893 22.32.13.19 5 5 9433 23.32.131 5 5 9967 2-3.11.151 3 2 10
8923 2.3.1487 2 4 9437 22.7.337 2 2 9973 22.32.277 11 li
8929 23.32.31 11 11 9439 2.3.112.13 22 7
8933 22.7.11.29 2 2 9461 22.5.11.43 3 3 ±10
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From I). . Lehmei, Li41 of priiiie uiiiiiiJ ers from J to I 0,006,72 J, Carnegie Institution of Washington, Puhli&ation o. 165, Washington,
D.C., 1914 (with permission).

870

TabJe 24.9
o i 2 3 4 5 G 7 8

COMBINATORIAL ANALYSIS

PRIMES

9 10 Ii 12 13 14 ii 16 17 18 19 20 21 22 23 24

i 2 547 1229 1993 2749 3581 4421 52i '6143 7001. 7927 8837 9739 10663 11677 12569 13513 14533 1S413 16411 17393 18329 19427 20359 21391
2 3 557 1231 1997 2753 3583 4423 5297 6151 7013 7933 8839 9743 10667 11681 12577 13523 14537 15427 16417 17481 18341 19429 20369 21397
3 1 963 1237 1999 2767 3593 4441 5303 6163 7319 7937 8849 9749 10687 11689 12583 13537 14543 15439 16421 17417 18353 19433 20389 21401
4 1 069 1249 2003 2777 3607 4447 5309 6173 7027 7949 B8M 9767 10691 11699 12589 13553 14549 15443 16427 17419 1B367 19441 20393 21407
5 11 571 1209 2011 2789 3613 4411 5323 6197 7039 7951 8863 9709 10709 11701 12600 13567 14551 10451 16433 17431 18371 19447 20399 21419

6 13 577 1277 2017 2791 3617 4407 5333 6199 7043 7963 8867 9781 10711 11717 12610 13577 14557 15461 16447 17443 18379 19457 20407 21433
7 17 587 1279 2027 2797 3623 4463 5347 6203 7017 7993 8087 9787 10723 11719 12613 13591 14561 15467 16451 17449 18397 194&3 20411 21467
O 19 593 1283 2029 2801 3631 4481 5351 6211 7069 8009 8893 9791 10729 11731 12619 13597 14563 15473 16453 17467 18401 19469 20431 21481
9 23 599 1289 2039 2803 3637 4483 5381 6217 7079 8011 8923 9803 10733 11743 12637 13603 14591 15493 16477 17471 18413 19471 20441 21487

10 29 601 1291 2053 2819 3643 4493 5387 6221 7103 8017 8929 9811 10739 11777 12641 13619 14593 15497 16481 17477 18427 19477 20443 21491

11 31 607 1297 2063 2833 3609 4507 1393 6229 7189 8039 8933 9817 10753 11779 12647 13627 04621 15511 16487 17483 18433 19483 20477 21493
12 37 613 1301 2069 2837 3671 4813 5399 6247 7121 8007 8941 9829 10771 11783 12653 13633 14627 15527 16493 11489 08439 19489 20479 21499
13 41 617 1303 2081 2843 3673 4517 5407 6257 7127 8089 8951 9833 10781 11789 12659 13649 14629 15541 16519 17491 18443 19801 20483 2150314 43 619 1307 2083 2851 3677 4519 5413 6263 7129 8069 8963 9839 10789 11801 12671 13669 14633 15551 16529 17497 18451 19507 20107 21517
15 47 631 1319 2087 2857 3691 4523 5417 6269 7151 8081 8969 9851 10799 11807 12689 13679 14639 15559 16547 17549 18457 19531 20509 21521

16 53 641 1321 2089 2861 3697 4547 5419 6271 7159 8087 8975 9857 10831 11813 12697 13681 14653 15569 16553 17519 18461 19541 20521 21523
17 59 643 1327 2099 2879 3701 4549 5431 6277 7177 8089 8999 9859 10837 10821 12703 13687 14657 15581 16561 17539 18481 19943 20533 21529
18 61 647 1361 2111 2887 3709 4561 5437 6287 7187 8093 9001 9871 10847 11827 12713 13691 14669 15583 16567 17551 18493 19553 20543 21557
19 67 653 0367 2113 2897 3719 4567 5441 6299 7193 8101 9007 9883 10853 11831 12721 13693 14683 15601 16573 17569 58583 19559 20549 21559
28 71 659 1373 2129 2903 3727 4583 5443 5301 7207 8111 9011 9887 10859 51833 12739 13697 14699 15607 16603 17873 18517 19571 20551 20563

21 73 661 1381 2131 2909 3733 4591 5449 6311 7211 8117 9013 9901 18861 11839 12743 13709 14713 15619 16607 17579 18521 19527 20563 21569
22 79 673 1399 2137 2917 3739 4597 5471 6317 7213 8123 9029 9957 1 7 11863 12757 13701 14717 15629 16619 17581 18523 19583 20593 21577
23 83 677 1409 2145 2927 3761 4683 5477 6323 7219 8147 9041 9923 10 83 11867 12763 13721 14723 05641 16631 17097 18539 19597 20599 21587
24 89 683 1423 2143 2939 3767 4621 5979 6329 7229 8161 9043 9929 10889 11887 12781 13723 14731 15643 16633. 17599 18541 19603 20611 21509
25 97 690 1427 2153 2953 3769 4637 5483 6337 7237 8167 9049 9931 10891 11897 12791 13729 14737 15647 16649 17609 18553 19689 20627 20.599

26 101 701 1429 2161 2957 3779 4639 5531 6343 7243 8171 9059 9941 10903 11903 12799 13751 14741 15649 16651 17623 18583 1661 20639 21601
27 153 709 1933 2179 2963 3793 4643 5503 6353 7247 8179 9067 9949 10909 11909 12809 13757 14747 15661 16657 17627 18587 19681 20641 21611
28 107 719 1439 2203 2969 3797 4649 5507 6359 1283 8191 9091 9967 10937 15927 12821 13759 14753 15667 16661 17657 18593 19687 20663 21613
29 109 727 0447 2207 2971 3803 4651 5589 6361 7283 8209 9103 9973 10939 11927 12823 13763 14759 15671 16673 17659 18617 19697 20681 21617
30 113 733 1451 2213 2999 3821 4657 5531 6367 7297 8219 9109 10507 10949 11933 12829 13781 14767 15679 16691 17669 18637 19699 20693 21647

31 127 739 1453 2221 3001 3823 4663 5527 6373 7307 8221 9127 10009 10957 11939 12841 13789 14771 15683 16693 17681 18661 19709 20707 21649
32 131 743 1459 2237 3011 3833 4673 5531 6379 7309 8231 9133 10037 10973 11941 12853 13799 14779 15727 16699 17683 18671 19717 28717 21661
33 137 750 1471 2239 3019 3847 4679 5557 6389 7321 8233 9137 10039 10979 11953 12889 13807 14783 15731 16703 17707 18679 19727 20719 21673
34 139 757 1481 2243 3523 3851 4691 5563 6397 7331 8237 9051 10061 10987 11959 12893 13829 14797 15733 16729 17713 18691 19739 20731 21683
35 149 761 1483 2251 3037 3853 4703 5569 6421 7333 8243 9157 10767 10943 11969 12899 13831 14813 15737 16741 17729 18701 19751 20743 21701

36 151 769 1487 2267 3041 3863 4721 5573 6427 7349 8263 9161 15069 11003 11971 12907 13841 14821 15739 16747 17737 18713 19753 20747 21713
37 157 773 1489 2269 3049 3877 4723 5581 6949 7351 8269 9173 10079 11027 11981 12911 13859 14807 15749 16759 17747 18719 19759 20745 21727
38 163 787 1493 2273 3061 3881 4729 5591 6451 7369 8273 9181 10091 11047 11987 12917 13873 14831 15761 16763 17749 18731 19763 20753 21737
39 167 797 1499 2281 3067 3889 4733 5623 6469 1353 8287 9187 10093 11057 12007 12919 13877 14843 15767 16787 17765 18743 19777 20759 21739
40 573 809 1511 2287 3079 3907 4751 5639 6473 7451 8291 9199 10099 11059 12011 12923 13879 14851 15773 16811 17783 18749 19793 20771 21751

41 079 811 1523 2293 3083 3911 4759 5641 6481 7411 8293 9203 10103 11069 12037 12941 13883 14867 15787 16823 17789 18757 19601 20773 21757
42 181 821 1531 2297 3089 3917 4783 5647 6491 7433 8297 9209 15111 11071 12041 12953 13901 14869 15795 16829 17791 18773 19813 20789 21767
43 191 823 5543 2309 3109 3919 4787 5651 6521 7451 8311 9221 10133 11083 12043 12959 13903 14879 15797 06831 17807 18787 19819 20807 21773
44 193 827 1549 2311 3119 3923 4789 5653 6529 7457 8317 9227 10139 11087 12049 12967 13907 14887 15803 16843 17827 18793 19841 25809 21787
45 191 829 1553 2333 3121 3929 4793 5657 6547 7459 8329 9239 10140 11093 12071 12973 13913 14891 55809 16871 17837 18797 19843 20849 21799

46 199 839 1559 2339 3137 3931 4799 5659 6551 7477 8353 9241 10151 11113 12073 12979 13921 14897 15817 16879 17839 18803 19853 20857 21803
47 211 853 1567 2341 3163 3943 4801 5669 6553 7481 8363 9257 10159 11117 12097 12983 13931 14923 15023 16883 17851 18839 19861 20873 21817
48 223 857 5571 2347 3167 3947 4813 5683 6563 7487 8369 9277 10563 \11119 12101 13001 13933 14929 15859 16889 17863 18859 19867 20879 21821
49 227 859 5579 2351 3169 3967 4817 5689 6569 7489 8377 9281 10569 11131 12107 53083 13463 14939 15877 16900 17881 58869 19889 20887 21839
50 229 863 1583 2357 3181 3989 4831 5693 6571 7499 8387 9283 10177 11149 12109 13007 13967 14947 15881 16903 17891 18899 19891 20897 21841

51 233 877 1597 2371 3187 4001 4861 5701 6577 7507 8389 9293 10181 11159 12113 13009 13997 14951 15887 16921 17903 18911 19913 20899 21851
52 239 881 1601 2377 3191 4003 4871 5711 6581 7517 8419 9311 10193 11161 12119 13033 13999 14957 15889 16927 17909 18913 19919 20903 21859
53 241 883 1607 2381 3203 4007 4877 5757 6599 7523 8423 9359 10211 11171 12143 13037 14009 14969 55901 16931 17915 18917 19927 20921 21863
54 251 887 1609 2383 3209 4013 4889 5737 6607 7529 8429 9323 10223 11173 12149 13043 14011 14983 15907 16937 17921 18919 19937 20929 21871
55 257 907 1617 2389 3217 4019 4903 5741 6619 7537 8431 9337 10243 11177 12157 13049 14029 15013 15913 16943 57923 18947 19949 20939 21881

56 263 911 1619 2393 3221 4021 4909 5747 6637 7541 8443 9341 50247 11197 12161 13063 14033 15017 15919 16963 17925 18959 19961 20947 21893
57 269 519 0621 2399 3229 4027 4919 5749 6603 7547 8447 9343 10253 11213 12163 13093 14511 15030 15923 16979 17939 18973 19963 20959 21911
58 271 929 1627 2411 3251 4049 4931 5779 6659 7549 8461 9349 10259 11239 12197 13099 14057 15053 15937 16981 17957 18979 19973 20963 21929
59 277 937 1637 2417 3253 4051 4933 5783 6661 7559 8467 9371 10267 11243 12203 13103 14071 15061 15959 16987 17959 19001 19979 20981 21937
60 281 941 1657 2423 3257 4057 4937 5791 6673 7561 8501 9377 10271 11251 12211 13109 14081 15073 15971 16993 17971 19009 19991 20983 21943

61 283 947 1663 2437 3259 4073 4943 5801 6679 7573 8513 9391 10273 11257 12227 13121 14083 15077 18973 17011 17977 19013 19993 21001 21961
62 293 953 1667 2441 3271 4079 4951 5807 6689 7577 8521 9347 10289 11261 12239 13127 14087 15083 15991 17021 17981 19031 59997 21011 21977
63 307 967 1669 2447 3299 4091 4951 5853 6691 7583 8527 9403 10301 11273 12241 13147 14107 15091 16001 17027 17987 09037 25011 21013 21991
64 310 971 1693 2459 3301 4093 4967 5821 6701 7589 8537 9413 10303 11279 12251 13181 14143 15101 16007 57029 17989 19051 20021 21017 21997
65 313 977 1697 2467 3307 4099 4969 5827 6703 7591 8539 9419 10313 11287 12253 13159 54149 15187 16033 17033 18013 19069 20023 21019 22003

66 317 983 1699 2473 3313 4111 4973 5039 6709 7603 8543 9421 10321 11299 12263 13163 14153 15121 16057 17041 18041 19073 20029 21023 22013
67 731 991 1709 2477 3319 4127 4987 51343 6719 7607 8563 9431 10330 11311 12269 13171 14155 15131 16061 17047 18043 19079 20047 21031 22027
68 337 997 1721 2503 3323 4129 4993 5849 6733 7621 8573 9433 10333 11317 12277 13177 14173 15137 56063 17057 18047 19001 20051 21059 22031
69 347 1009 1723 2521 3329 4133 4999 5851 6737 7639 8581 9437 10337 11321 12281 13183 14177 15139 16067 17077 18049 19087 28063 21061 22037
70 349 1013 1733 2531 3331 4139 5003 5457 6761 7643 8597 9439 10343 10329 12289 13187 14197 15149 16069 57093 18059 19121 28871 21067 22039

71 353 1059 1741 2539 3343 4153 5009 5961 6763 7649 8599 9461 10757 11351 12301 13217 14207 15101 16073 17099 18061 19139 20089 21089 22050
72 359 1021 1747 2543 3347 4157 5011 5467 6779 7669 8609 9463 10369 11353 12323 13219 14221 15173 16387 17287 18077 19141 20101 21101 22063
73 367 1031 1753 2549 3359 4159 5021 5869 6781 7673 8623 9467 15391 11369 12329 13229 14243 15187 16091 17117 18089 19157 20107 21107 22067
74 373 1033 1759 2551 3361 4177 5023 5879 6791 7681 8627 9473 10399 11383 12343 13241 14249 15193 16097 17023 18097 19163 20113 21121 22073
75 379 1039 1777 2557 3371 4201 5039 5881 6793 7687 8629 9479 10427 11393 12347 13249 14251 15199 16103 17137 18119 19081 20111 21139 22079

76 383 1049 1783 2479 3373 4211 5051 5897 6803 7695 8641 5491 17429 11399 12373 13259 14281 15217 16111 17159 18121 19183 20123 21143 22095
77 389 1051 5787 2591 3389 4217 5059 5903 6823 7699 8647 9497 10433 11411 12377 13267 14293 15227 16127 17167 18127 19207 20129 21149 22093
78 397 1061 1789 2593 3391 4219 5577 5923 6827 7703 8663 9511 10453 11423 12379 13291 14303 15233 16139 17183 18131 19211 20143 20157 22109
79 401 0063 1805 2609 3407 4229 5081 5927 6829 7717 8669 9521 10457 11437 12391 13297 14321 15241 16141 17189 18133 19213 20147 21163 22151
80 409 1069 1811 2617 3413 4231 5087 5934 6833 7723 8677 9533 10459 11443 12401 13309 14323 18259 16183 17191 18143 19219 20149 21169 22123

81 419 1087 1823 2621 3433 4241 5099 5953 6845 7727 8681 9539 10463 11447 12409 13313 14327 15263 16187 17203 18149 19231 20161 21179 22129
82 421 1091 1831 2633 3449 4243 5101 5981 6857 7741 8689 9547 10477 11467 12413 13327 14341 15269 16189 17207 18169 19237 20173 21187 22533
83 471 1093 1847 2647 3457 4253 5107 5987 6863 7753 8693 9551 10487 11471 12421 13331 14347 15271 16193 17209 18181 19249 20177 21191 22147
84 437 1097 1861 2657 3461 4259 5113 6007 6869 7757 8699 9587 10499 11183 12433 13337 11369 15277 16217 17231 18191 19259 20183 21193 22153
85 439 1103 0867 2659 3463 4261 5119 6011 6871 7759 8707 9601 10501 11489 12437 13339 14387 15287 16223 17239 18199 19267 20201 21211 22157

86 443 1109 1871 2663 3467 4271 5147 6029 6883 7789 8713 9613 10513 11491 12451 13367 14389 15289 56229 17257 18211 19273 20219 21221 22159
87 449 1117 1873 2671 3469 4273 5553 6037 6899 7793 8719 9619 10529 11497 12457 13381 14401 15299 16231 17291 18217 19289 20231 21227 22171
08 457 1123 1877 2677 3491 4283 5167 6043 6907 7817 8731 9623 10531 11503 12473 13397 14407 15307 16249 17293 18223 19301 20733 25247 22189
89 461 1129 1879 2683 3499 4289 5171 6047 6911 7823 8737 9629 10559 11519 12479 13399 14411 15313 16253 17299 18229 19309 20249 21269 22193
90 463 1151 1889 2607 3511 4297 5179 6053 6917 7829 8741 9631 10567 11527 12487 13411 14419 15319 16267 17317 18233 09319 20261 21277 22229

91 467 1159 1901 2689 3557 4327 5189 6067 6947 7841 8747 9643 10589 11549 12491 13417 14423 15329 16273 17321 18251 19333 20269 21283 22247
92 479 1163 5977 2693 3527 4337 5197 6073 6949 7859 8753 9649 00597 11551 12497 13420 14431 15331 16301 17327 18253 19773 20287 21313 22259
93 487 1171 0513 2699 3529 4339 5209 6079 6959 7867 8761 9661 10601 11579 12503 13441 14437 15349 16319 17333 58257 19779 20297 21317 22271
94 491 1181 1931 2707 3533 4349 5227 6089 6961 7873 8779 9677 10607 11587 12551 13451 14447 15359 16333 17341 18269 19381 20323 21319 22273
95 499 1187 1933 2711 3539 4357 5231 6091 6967 7877 8783 9675 18613 11593 12517 13457 14449 15361 16339 17351 18287 19387 20327 21923 22277

96 503 1193 1949 2713 3541 4363 5233 6101 6971 7879 8803 9689 10627 11597 12527 13463 14461 15373 16349 17359 18289 19391 20333 21341 22279
97 509 1201 1951 2719 3547 4373 5237 6113 6977 7883 8807 9697 10635 11607 12539 13469 14479 15377 16361 17377 18301 19403 20341 71347 22283
98 521 1213 1973 2729 3557 4391 5261 6121 6983 7901 8819 5759 10639 11621 12541 03477 14489 15383 16363 07383 18307 19417 20347 20377 22291
99 523 1217 1979 2731 3559 4797 5273 6131 6991 7907 8821 9721 10655 11633 12547 13487 14503 15391 16369 17387 18701 19421 20353 21379 22303
100 541 1223 1987 2741 3571 4409 5279 6133 6597 7919 8831 9733 10657 11657 12553 13499 14519 15401 16381 17389 18313 19423 20357 21383 22307



6i 'IP1L S3I'HId 

9IA?IVNV 'IVIHOLVNIHrWD 

It98 LSLt Lt't'9t LO 1Ot ISOCt LQI tOt IL66 1Z6B TBL I8L9 6SLS 69 U9 6O9 IU9I 6O E6 66t8 6t'tL 66C9 I6 I8Z OOT 
OES8 tÇL It'9t' 6ZSt 68t 6t'O ILOt' LLOI S66 LI6 I1L 6LL9Ç £SLS t9t' IO9 O9 C85I LÇÇO LCt6 68Z Li'L £69 L ITCZ 66 

6868v 1ÇLt' 6t'9 6BZSt' 6Lt6t' L6O6 190Z6 LOI L66 6068 66LLE L9L96 LI'LS 61966 66S6 L6 LSI Ç5Q 6t'6E LL6B I66L L669 L96Z L6ZZ L6Z 6 

tLS8 LOSL ITt'96 ILtt't' 6IO6 £60Z6 t6Ot 6Z666 16886 8LL 1919 t6L66 LO66 68S6 6L6Z6 ¿9616 66Ç06 66Z £9B L36LZ IL69 Lç6S 66Z L6 
£9S8 tOÇL 669t' 69ZÇ 6I6 6IO 6ZO6 L6OD tO66 £L886 IGLL 6L9 6ZLÇ6 60966 L8666 LÇÇ LI% 6ZD Iit'6Z L6t 6OtL LS93 6#6 i66 96 

ts LÓVLt' I89 6?S IT9 60069 6tO 6601t' ¿8866 L98 L7LL6 66L96 LL952 16666 18566 699 69616 LIÇO tO#U 6t'S LU9L L669 6969Z ?69 6LZU 66 
66SB I6L I9 Lt'Çt' 6I6 6867 LIO £OI6 68866 19886 L1L66 UL96 1L966 60564 ¿L566 6966 i6616 60606 6666e 6668e L66L 6669e &665Z 60Z6Z 69?6 66 

66G8 6St'L 669 Ç6Z5t' 6ZD6 6L6Zt £IOt ¿ICID LL866 158B6 669L6 61L96 L1966 £9666 6996E 195Z6 t6516 ¿6906 6B6U 668 L96LZ T69 I26 6616Z 6GZ6 £6 

L8 1tt'LP L6IÇ It6 L96 66616 11016 69866 66S6 669L6 60L96 £0956 69566 69666 L66Z6 (1616 66906 L66Z IT6 196LZ £6696 6005 IGI6 L6 £6 

£ZÇ8 16t.Lt' L69 16161' tIIt't' I96Z £8616 £66O 986 £6886 t69L6 L6996 £6556 £9S6 LS66 Ç66 £1516 t6O6 £866Z 6O68 L66L 6069Z LO6Ç 6L166 6ÙZ6 16 

LOPS 616L6 60696 19117 10166 £666 18616 £L606 L6866 11886 69966 16996 66556 £6566 £6566 16116 11616 69606 £966 £068? 616L1 L669? £0655 69165 £0161 06 

168P £1766 ¿0596 60166 68066 66606 69600' 09606 L6866 £0806 L59L6 £8996 16656 60590 60506 ¿0636 68616 L9I06 L0'660 £6680 660L0 66090 10650 15163 10060 68 

L870# L0868 00696 19117 68086 £6608 60618 66606 18966 16L86 6t'9L6 LLISO oLsso £1566 10156 60506 68816 66600 66660 LISIO SOlLO £9090 19050 ¿6060 £6160 98 

59686 686L6 66098 60058 1L068 60606 ¿8616 66606 66866 £8L86 £89L6 1L996 69650 11566 60846 L6806 LL616 16606 6566? 16680 ISOLO £9090 £5050 £516? 68160 LE 
6L1'88 LB6LO' 0L098 L6tOt' 66066 00606 58616 66608 60860 L9L86 669L6 £5996 £6550 10560 06600 16600 69810 00800 L0060 66080 (LOLO 19090 L8010 10060 OLIOS 98 

£1787 18607 0L097 10067 05077 10687 (6617 (0607 L3866 66L80 619(0 07990 LLSOL 66870 L8860 6(800 L6010 £0600 11(60 bILEZ TOLLO 1909? 07050 01163 ¿9100 5E 

£9786 096(7 19096 L0117 17079 66007 18617 00607 60860 LEL8E LO9LL (6990 00550 LE760 6(700 (9600 06080 06000 00060 60080 650L0 68090 LOZSZ 60880 65000 7E 
67786 080L7 ¿0097 50187 6007E 09807 00618 (6808 66L60 00(80 065(0 60990 losco 58770 69700 06800 06(10 68000 (6060 00080 050LO LEL9O 60050 (0180 06100 (8 
(0796 1S(L7 6(897 61117 (087E 65807 01608 08807 16160 60(86 685LL 00990 L0550 1(660 19700 16700 (8(10 ¿9000 (8060 (6080 tOLLO ¿0090 60010 (0070 1(100 0E 
(17a6 6(L 61097 (8087 1008E (8807 (0617 6L808 6LLÔ( 00(80 6(600 66690 ozsso 6970'L L6700 60600 6L010 (7000 69060 68080 600L0 6009L 68180 ¿6060 ¿18(0 18 

60786 (1(07 66197 LLOSE LIO7t' 1780E L6818 (9807 69(60 ((LEO (LILO L859( 60550 01770 LOEL( (0600 L1010 16000 11060 08083 110(0 (0090 (8150 16060 660(0 08 

L0886 606L7 (8197 19057 L6607 6(807 (6817 (1808 19L6( 11(80 ILILO £8690 (0550 6(670 (16(0 (1600 LEJ010 (0800 (7060 6(080 L6ILO 68190 10110 (8080 ¿80(0 6L 

¿6(88 (0(17 (8898 (8067 16607 60807 £8817 67807 68060 (OLEO L9SL( ILS9L 16860 60770 607(0 11600 (0(10 61(00 1(060 LLO8Z tolLO (8190 69160 LLO7L 100(0 EL 

(8(87 060L7 18197 01017 (8607 10808 6L010' LEEO7 (0(60 66980 I9OL( 09190 19E5( 10770 (06(0 00700 LOOlO L1100 10060 60080 6(100 LL190 £9150 ILOEZ 1L000 LO 
10(87 060L7 1(197 L0008 (06(7 L6LOE £9817 18807 LOL6L (6980 670L0 66590 68750 00870 16(00 88000 10010 L0000 60060 61080 (ElLO 10190 (1168 19083 (9000 90 

(8(87 L9OLt' (8197 (8677 69607 £6L06 18817 60807 61(60 LL980 L7IL( 11090 ¿8050 98(70 ((((0 LL000 61(10 06200 L0060 11080 ¿LOLO 19190 LE15Z 68070 650(0 IL 

17(87 6LZLE (7198 (868E 09607 LE000' 68858 (0E0 60(60 1(980 LOÇLO 18590 LCEÇ0 69070 61000 1(000 LO(1O IL000 10060 1(080 60000 (5190 L0110 £7080 LI000 EL 

LOOSE 690L7 1719E 1(677 9960E (LOOt' (781E 618(7 (0(60 69980 601(0 60190 00610 (9(80 (1(00 69600 LLOIO 69080 1616Z 0818Z ¿0100 17190 10150 60060 05000 LL 

(1(87 180(7 6(197 (9677 1560E ¿9(07 (1816 (180E 6L96( £5980 LIlLO L089( 61880 19(80 67000 09(30 1(010 65000 6(160 10180 001LZ 61190 LItIO (0060 17000 LL 
11(87 ¿OLLO 00196 68677 (76(6 11(06 60817 1080E 1L960 11980 11800 (0190 LOEI( 1807( (7(00 61000 L901( (100 (L160 £9180 160(0 01190 11050 61070 6(0(0 IL 

66086 100(7 66096 (1677 ((6(7 (7(07 10807 ¿0(07 L996( 6(90( (OSLO (6790 10610 L0070 ¿7(00 ¿lOLO 61010 18000 L9160 11190 ¿LOLO 11190 L6010 ¿0060 600(0 IL 
18087 L80L7 (6097 6(667 (16(6 ¿(LOE LLLI6 1(006 6196( 60980 IOIL( ¿6790 06(10 L0(6( 10(00 16000 (1010 ¿0000 OcT60 00100 (LOLO (0190 00010 10070 L00(0 69 
1(087 681L6 96898 L0687 16806 ¿0(06 ILL1E (9(06 1(960 11980 (68(0 6L69( TEOSO 61(60 60(00 (0(00 67010 01000 LEIÔZ 11180 ¿SOLO 66090 (LOSO (66(0 100(0 09 
61087 19107 ((096 01676 608(6 61(06 19(16 61L06 ¿096 6098 6860 ¿(790 ¿9(10 (106( L1(0( (0(00 (6010 (000 L(16O 60180 I9OLO ¿0090 LIOSO 106(0 L1000 L9 

L6086 67107 19096 60666 ¿90(6 6000E 61L16 lILIE 61960 (0980 (86(0 69690 0100( (O(6( t100( 10(00 L(01( L610( 1(160 66080 610(0 (1090 L(010 LL600 110(0 99 

6(087 (EILE 11097 (686V (50(6 (0(06 L(L17 60(08 LESEO (618( 096L( (9690 600I( 10(70 00(00 60000 50010 (810 60160 ¿6000 (EOLO 17090 ¿(OSO 1L6(0 ¿0000 19 

10088 (710E 67097 08867 108(8 10(07 60(17 60L06 18160 69080 LEEL( (1690 ¿0(10 (6060 680(0 (0(00 ¿0010 18100 ¿0160 (0000 IOOLO 60090 10010 (16(0 (6600 69 

(6187 (01(7 ¿009E 6(878 (EL(7 L6906 61(17 66906 69160 L910( IEEL( 10690 ¿0(10 (0070 ¿8000 0600( 61(10 69100 10160 18080 (lOLO 10090 ¿1010 6Z6(O (L600 (9 
06186 601(6 10096 ¿9887 680(7 60907 ¿8916 (6906 (9160 19180 OO7LO ((690 0101( (0060 L7000 (6000 06110 19100 ¿(060 69080 110(0 ¿0090 68670 ¿16(0 (9600 09 
(8187 (0107 68617 11867 ¿0(06 (8906 50916 (690E 11160 ¿1500 606(0 60(90 11(00 ¿9060 (00(0 19000 68110 60100 09060 LIOSO (6690 (0090 6(660 116(0 19600 19 

6(187 610(6 6L607 (6866 (ELOE ¿L9OE 69917 6(906 17160 (7100 ¿6(00 ¿0(90 16010 19060 110(0 LÇOZ( (011( (0100 60060 11080 (8690 66610 (0660 60600 (6600 09 
(918E 11117 1(616 6(066 18(07 ¿9907 61916 L(917 10160 1O10( 6(000 LL(9( ISOlO 61060 ¿00(0 11000 18110 ¿0100 0(060 10080 18690 L661O 10670 660(0 ¿0600 61 
¿5186 (60L6 61617 61866 ((LOE 67906 11917 ¿0906 11160 19680 690(0 01090 6(010 0106( 6610( ¿(000 ¿L11( 61100 L0060 ¿0080 61690 10610 L9600 (60(0 10600 01 
1(187 08007 (8607 60867 61L(6 (6906 ¿7917 60906 60160 6170( (9(LO (6(90 L901( 0(070 1610( ((000 61110 (110( (0060 61000 00690 69610 (1660 L0000 ¿0600 LI 
10187 61007 67617 L6(77 (SLOE 16906 06917 L6107 (0160 ¿1680 19(L( 16090 ¿0010 (1060 101(0 ¿1000 (1100 60100 10060 10080 15690 11610 (6660 0(000 10600 91 

6118E LISLE 07617 68067 10L(7 01906 ¿0916 16107 66660 67780 ¿lOLO 6109( 11050 (1070 0L1 (0000 1Ç11( ¿0100 LI000 (66L0 (6690 (7600 00670 LL8(O ((000 11 
60188 10807 06806 ¿((7E LIL(6 60107 10917 ¿8106 19660 L7780 600(0 ¿1(90 ¿0010 11060 191(0 16100 (8110 ¿6000 60060 (0610 00690 60610 61670 690(0 1(800 61 
16087 1700E ¿881V (0(76 11(07 00107 01916 LLSOE 11760 10780 (((LO LO(9( 10010 (0170 111(0 68100 6(110 16000 61680 09600 10690 0(610 L1660 ¿10(0 19000 01 

60087 ¿18(7 69817 ILLEE 169(7 10006 11917 6110E (7660 (6(80 100(0 66090 100I( ILIE( 671(0 (8100 (0110 60000 19600 09600 (0690 1(600 ¿0660 (08(0 61800 0E 
(L087 ¿6697 (9817 (1(67 699(6 6910E 60906 (6107 60660 (L(E( ¿10(0 (6090 1Lt00 60160 6110( ((100 10100 1(000 60600 016(0 (6090 61610 60070 1(0(0 (5900 11 

67886 (6697 (1816 16(77 199(6 (1107 (9916 ((00E 61760 1(080 600L( LLO9( 65100 LEIEL ¿11(0 65000 16010 61000 ¿(600 ¿76(0 16890 ¿1610 ¿(080 ¿00(0 ¿1800 01 

60087 (169E 17816 60(68 119(7 0(106 ¿6116 60106 60700 11080 ¿00(0 69090 (0110 LEtEO LO1 (7100 18010 06000 (0600 ¿66(0 19890 (0610 61860 61000 11000 67 
(088E (069E (0806 11(67 669(6 60106 (0016 61106 ¿6(60 (((00 ¿00(0 (9090 66110 16170 160(0 16(00 6(010 60000 10600 076(0 6(090 60010 11060 (18(0 ¿0800 86 
(1886 61696 (0817 10(77 0(906 60707 6L016 ¿0100 (8(60 6000( ¿LOLO 15090 16100 60170 (00(0 61000 69010 (1000 60680 61600 (9890 0(000 ¿7060 100(0 L0LOO LE 
18617 10697 (0816 66967 ¿0906 16607 66116 66708 ¿((60 (0(00 (10(0 18090 60100 (0080 ((0(0 (1100 (901( 11000 10600 ¿1600 19090 ¿9010 08070 60(00 (0000 97 

(06(6 68896 00817 (8987 0190E ¿070E (6117 06700 1L(60 10(00 ¿EOLO 60090 (111( (0180 1(0(0 66000 ISOlO 68060 6(080 006(0 67090 67010 00880 ((((0 (((00 57 
6960E 01898 00817 (897E 609(7 0(707 6(117 (8706 09(60 L108( 00010 LIOSO 11110 19000 ¿0800 68000 60010 (8660 1(800 (68(0 60890 ¿0810 60860 ¿9(00 69100 77 
(9617 ¿9896 6LLOE ¿1977 ¿090E (9707 10117 (8706 61(60 00(00 (SOLO 60090 LO1S( ¿1080 660(0 0800( 000I( 61660 ¿9080 (EOLO ((898 17000 66L7O 19L00 10000 (E 
116(7 1989E ¿911E 91967 (01(7 (970E 61106 0060E 07(60 66080 100(0 10190 00010 60060 ((8(0 ¿(000 61010 07660 61080 118(0 10090 61010 (6070 00(00 16000 07 
(66(8 (089E 09018 (7987 1610E 1980E (TElE 6170V 17(00 (0000 661(0 (0190 68010 ¿(080 600(0 69000 (1010 00600 07880 (EOLO (1090 10050 18L73 ¿7(00 6(LOO 07 

60006 1(896 LILIE 18977 6L1(7 (0808 (001E ((807 00(00 18000 080(0 OSOSO ¿SOSO I(06( (0000 (9000 (8000 10000 ((880 ¿OSLO 10890 66(10 (9(80 (7(00 (0(00 06 
((0(8 6089E 11006 ((976 LLI(E 11837 16617 60607 L100( (LO8O 181(0 11190 1801( 61070 (10(0 61000 ¿(600 (1660 01080 (0800 (8L9O (6(10 (9LEO 00(00 00(00 60 

¿1607 61898 ((017 (0976 ((1(6 0770V 60717 (070E (1060 09080 1(1(0 ((190 69010 ¿66(0 66600 (1000 1(000 18060 (1880 ¿lOLO (((90 11(10 6EL70 61(00 ¿1000 80 
116(6 L189E (0(08 1098E ¿80(7 (0706 (9617 00607 10000 6(000 611L( 0(190 01000 ¿90(0 (6600 11000 66600 61860 (0080 608(0 61(90 (9L10 (0(70 609(0 60(00 (0 

OO6LV 1189E (0918 (1986 185(7 006(7 (0717 (0(07 (6060 ((080 6(IL( 60(90 (1010 196(0 ¿8600 60000 18600 00863 06(80 (OSLO (0(90 01(00 60(70 ¿89(0 60900 90 

1880E 0089E 16916 (807V (110E 6060E (670E 19(07 11060 1(000 (01(0 (0190 11000 17000 08600 ¿0000 0(600 (9800 68000 66LL0 lUSO (7(00 (6970 ((9(0 ¿6900 50 
698L8 ILL9E 0(958 6LIEE 66807 (0737 01817 (1008 18060 61000 011(0 (6090 (0010 ¿(6(0 0(600 60000 10600 09800 1LL80 (OlLO 60(90 18100 10970 1(9(0 16900 60 
¿08(7 69(96 ((91E (9Ç7V (OEOE 00707 11718 11(08 60000 10000 ¿00(0 (8090 (0010 100(0 69600 (0000 10600 15800 61(80 161(0 ¿0(90 (OLlO (8960 699(0 0(900 00 
(68(7 (1196 09917 67177 187(7 LOUE 66016 ¿7(08 (0360 (6180 (00(0 (0090 10660 ¿0600 ¿1600 16610 (0000 ((800 00000 OLLLO L1L90 ¿1000 ((970 (9900 69930 00 
(0808 10(98 61906 (6186 (17(8 16(07 68(17 6800E 60060 08180 190(0 ¿9090 (9660 116(0 18000 18610 18000 0(800 11090 (LOLO (1(90 (0(10 1(970 ((9(0 11933 10 

618LE LEL9E 17916 0018E 117(7 60(07 ¿8(18 (800E ¿0060 (8180 ¿1010 19090 19600 068(0 60600 ((610 1(800 01860 00(00 (9L00 10(90 ¿6900 01970 00900 079L0 00 
608(7 (0097 1091E 0(167 1760E OLO0V 18018 ((007 (1060 ((180 670L( ((090 066EO OSSU ((600 (9010 69000 00860 (0(88 09LL0 10(90 6(900 00970 (0900 60980 00 
(OELE 00(96 01918 1(186 LOE(7 6100E (1017 01006 60060 (9180 000LO ¿1090 6(060 1(000 (1600 05610 61900 60(00 11000 11(00 66990 (L9IO 00900 (0900 00900 00 
060(7 (019E 66117 61007 11807 68006 11018 18007 66160 05180 100(0 01090 61670 098(0 11600 (0610 01800 19(60 00080 68010 (6990 ¿9900 11970 60900 10900 (0 
I6ILE 1699E 68118 (057E 006(7 ¿003E 16(18 ¿0007 16160 60180 610(0 11090 (1670 (58(0 60600 10010 15800 60160 00980 (6(00 (8990 ¿1910 06160 009(0 61900 90 

6L(L7 (8997 0811E 1017V 600(8 1(037 0(017 1(007 10160 61180 (10(0 (0090 ¿6860 118(0 08800 (8810 17000 05L60 ¿8980 6(000 00990 (8900 0(070 661(0 (1900 10 
(0018 1899E 69118 16878 06(00 (0(07 66016 01007 09100 01180 00000 66600 (0070 60800 69800 (0000 60000 10060 69900 ¿OLLO 18990 6(900 11070 061(0 0(130 80 
(601E 6L99E ¿101V 16678 1600E (0(38 18017 (6(07 19160 (8080 16690 ¿6610 ¿(860 (38(0 06800 61810 60800 ¿OL60 09980 (OlLO 69990 0(913 08170 180(0 1(100 (Z 
1V116 0999V 0101V 08676 1000E 6600E 69017 6810E ¿1160 69080 6(690 (8600 1(800 11800 6(830 60810 (0800 (0(00 19980 10000 07990 10910 (0170 ¿9100 ¿9100 00 
0082E 67998 1811E 0076E 100(8 (6008 09018 (010E 60160 00080 0(690 (1660 66870 60800 ((800 (7810 60800 00960 01980 ¿69(0 17990 60913 (OlEO 095(0 67100 10 

(((LP 0799E 00518 07876 610(6 0830E (101E 0910E 0(160 LE080 ¿7690 69010 (6080 (6L0( 1(800 (1810 (0800 10900 67900 16900 ((990 00910 ¿1170 190(0 ¿6100 00 
0111E 6099E (011E ¿1877 010(6 1000E (VOIE (910E 61160 60000 (7090 (9000 (6880 16L00 (0800 66110 10(00 69960 07900 68903 (0990 10950 00560 ¿51(0 16100 61 
10006 ((996 00108 6806E 16007 ¿5006 0(017 (510E 01160 11080 10690 11610 17060 0(000. 10000 (0(10 ((LOO (9960 10980 ((900 (6090 68150 06700 67100 10130 01 
181(8 61998 16758 08087 0830E 6030E 1(ZSE 1110E (0160 166(0 00690 0(600 61070 65(82 06820 18200 (9000 17963 ¿0980 01910 16590 (0550 10870 6(082 11500 (1 
6691E 1099E 1661E 180EE 11007 ¿0007 ((OlE 6010E (0160 ¿66(0 00690 00610 (0060 (9(00 00820 69(10 (1(00 00960 10980 (7900 ¿LISO 6(150 (1660 (01(0 10100 91 

089(8 1609E 18816 10(78 1900E (000E 10017 (010E 06060 166L0 61690 11610 18(70 01(00 08(00 15(00 ¿OLIO 60960 61980 109(0 19190 (LISO 69680 10100 (0700 11 
619(7 6859V 60818 (106E (03(0 1000E 01017 ¿0107 68000 ¿86(0 01690 66810 (9(60 100(0 60(00 TOLlO ¿1100 11960 10980 ¿19(0 01190 19010 (7600 601(0 10000 81 
¿19(6 0(196 ((VIO 15017 (30(6 6000E 0001E 11107 0(060 ¿SOLO 10690 ¿6010 61170 07000 18200 60010 (0(00 66160 00900 119(0 6(190 17010 60780 (6782 69000 (1 
00906 0909E (070E 06076 00307 ¿6107 18016 66008 ¿7060 (SOLO 66890 6L810 01(E0 6(100 60(00 ¿OLlO (0(00 (8060 ¿6100 (8110 01190 ¿0110 10770 00600 (1600 01 
60917 6119E OIEIE 18388 1030E 06107 0811E (000E 0V060 (1610 (8090 69800 (6100 10L00 61(00 (0(10 16900 18560 16180 00010 10190 (0100 61770 616(0 ¿7700 10 

63906 0669E (081E 01076 08107 (810E 08010 ¿800E 18060 116LO ((890 09800 60000 (1(00 ¿1(00 10(10 68900 01160 6(500 151(0 (6790 1(050 (1860 ¿6700 16600 01 
00917 0019V 6800E (006E 8210E 1810E 6(118 09008 00060 ¿0610 1(890 11850 600E( (EL(( ¿1000 66910 (1900 69163 ((180 17100 68790 69710 (0770 10700 00700 6 

6090E 11198 ¿000E 690E8 00101 6(007 ((118 68208 61060 06001 ¿0890 60850 10(80 00982 (0(00 (8910 11900 ¿9160 1(500 601(0 6(790 (9000 10013 ¿1000 60700 0 

6601E ¿8097 1901V L9067 111(8 6910E 1911E (000E 00680 68810 18890 (0810 ¿0(60 ¿7900 06900 (9910 19900 00160 60180 60100 61790 ¿5710 60(60 66000 06820 ¿ 

1611E 66E9E 0E006 0908E (0101 (1107 67117 18208 LL680 60800 00890 10810 06980 16982 18900 09910 66900 10160 66180 ¿0113 66790 01750 010E0 1(082 16000 9 

081L7 6869E 17(18 LSOE8 ¿110E 6(108 07117 (1007 0(600 bELO 00890 60800 ¿8960 (0900 01900 LISIO 06900 ¿0160 LESEO 601(0 ¿(ESO (7610 0(070 69000 10(00 5 
690LE (1696 1011E 67086 0010E 1010E 17117 6000E 65600 19010 60890 (0010 6L9E( 60900 ¿6900 60910 LL910 10160 00S80 (8782 10690 60710 61083 (50(0 69000 0 
0911E 11796 6000E 10076 0000E 10108 (0116 08660 01680 058(0 (6190 10810 00970 (0900 00900 08910 1(900 (8660 18200 10782 (0690 00810 ((070 60000 (9(00 O 
070(8 0179E 6101E ¿8078 ¿900E 6800E ¿111E (0660 08280 07800 16(90 ¿6(00 09980 619(0 10900 ¿0910 (6100 00760 L1Ç80 6(6(0 (1690 10710 60060 00(00 67000 
0010E 1069V 11018 (0077 09001 08006 01117 61600 00680 00810 (0190 IL(0O 00900 ¿1900 11900 ¿0910 0(100 01760 01180 ¿16(0 ¿0790 60010 (1060 (0000 00000 1 

60 8E LE 97 8E 00 07 II 10 0E 60 00 ¿0 90 50 81 (0 05 10 00 00 El ¿1 90 13 



872

Talik 24.9

COMBINATORIAL ANALYSIS

PRIMES
50 51 52 3 54 55 56 57 58 59 60 61 62 68 64 65 66 67 68 69 70 71 72 73 74

i 48619 49667 50787 51817 52937 54001 55109 5(il97 57193 58243 59369 60509 61637 62791 63823 65071 66107 67247 68389 69497 78663 71719 72859 73999 75083
2 48623 49669 50773 51827 52951 54011 55117 56207 57203 58271 59377 60521 61643 62801 63039 65089 66189 67261 68399 69499 70667 71741 72869 74017 75109
3 48647 49681 50777 51829 52957 54013 55127 56209 57221 58309 59387 60527 61651 62819 ,3841 65099 66137 67271 68437 69539 70687 71761 72871 74021 75133
4 48649 49697 50789 51839 52963 54037 55147 56237 57223 58303 59393 60539 61657 62827 63853 60101 66161 67273 68443 69557 70709 71777 72883 74027 75149
S 48661 49715 50821 51853 52967 54049 55163 56239 57241 58321 59399 60589 51667 62851 63857 65511 68,169 67289 68447 69593 70717 71789 72889 74047 75161

6 48673 49727 50833 53859 52973 54059 55171 56249 57251 58337 59407 60601 61675 62861 63863 65119 66173 67307 68449 69623 70729 71807 72893 74051 75167
7 48677 49739 50839 51869 52981 54083 55201 56263 57259 08363 59417 60607 61681 62869 63901 65123 66179 67339 68473 69653 70753 71809 72901 74071 75169
8 48679 49741 50849 51871 52999 54091 55207 56267 57269 58367 59419 60611 61687 62873 63907 65129 66191 67343 68477 69661 70769 71821 72907 74077 75181
9 48731 49747 50857 51893 53003 54101 55213 56269 57271 58369 59441 60617 61703 62897 63913 65141 66221 67349 68483 69677 70783 71837 72911 74093 75193

10 48733 49757 50867 51899 53057 54121 55217 56299 57283 58379 59443 60623 61717 62903 63929 65147 66239 67369 68489 69691 70793 71843 72923 74099 75209

10 48750 49783 50873 51907 53047 54133 55219 56311 57287 58391 59447 60631 61723 62921 63949 65067 66270 67391 68491 69697 70823 71849 72931 74103 75211
12 48757 49787 50891 51913 53051 54139 55229 56333 57301 58393 59453 60637 61729 62927 63977 65171 66293 67399 68501 69709 70841 71861 72937 74131 75217
33 48761 49789 50893 51929 53569 54151 55243 56359 57329 58403 59467 60647 61751 62929 63997 65173 66301 67409 68507 69737 70843 71867 72949 74143 75223
14 48767 49801 50909 51941 53077 54163 55249 56369 57331 58411 59471 60649 61757 62939 64007 65179 66337 67411 68521 69739 70849 71879 72953 74149 75227
15 48779 49807 50923 51949 53087 54167 55259 56377 57347 58417 59473 60659 61781 62969 64013 65183 66343 67421 68531 69761 70853 71881 72959 74159 75239

16 48781 49811 50929 51971 53089 54181 55291 56383 57349 58427 59497 60661 61813 62975 64019 65203 66347 67427 68539 69763 70867 71887 72973 74161 75253
17 48787 49823 50951 51973 53093 54193 55313 56393 57367 58439 59109 60679 61819 62981 64033 65213 66359 67429 68543 69767 70877 71899 72977 14167 75269
18 48799 49831 50957 51977 53101 54217 55331 56401 57373 58441 59513 60689 61837 62983 64037 65239 66361 67433 68567 69779 70879 71909 72997 74177 75277
19 40809 49843 50969 51991 53113 54251 55333 56417 57383 58451 59539 60703 61043 62987 64063 65257 66373 67447 68581 69809 70891 71917 73009 74189 7528920 48817 49853 50971 52009 53117 54269 55337 56431 57389 58453 59557 60719 65861 62989 64067 65267 66377 67453 68597 69821 70901 71933 73013 74197 75307

21 48821 49871 50984 52021 53129 54277 55339 56437 57397 58477 59061 60727 61871 63029 64081 65269 66083 67477 68611 69827 70913 71941 73019 74201 75323
22 48823 49877 50993 52027 53147 54287 55343 56443 57413 58481 59567 60733 61879 63031 64091 65287 66403 67481 68633 69829 70919 71947 73037 74203 7532923 48847 49891 51003 52051 53149 54293 55351 56453 57427 58511 59581 60737 61909 63059 64109 65293 66413 67489 68639 69833 70921 71963 73039 74209 75337
24 48857 49919 51031 52057 53161 54311 55373 56467 57457 58537 59611 65757 61927 63067 64123 65309 66431 67493 68659 69847 70937 71971 73043 74219 75347
25 48859 49921 51043 52067 53171 54319 55381 56473 57467 58543 59617 60761 61933 63073 64151 65323 66449 67499 68669 69857 70949 71983 73061 74231 75353

26 48869 49927 53047 62069 53173 04323 55399 56477 57487 58549 59621 60763 61949 63079 64153 65327 66457 67511 68683 69859 70951 73987 73063 74257 75367
27 48871 49937 51059 52081 53189 54331 55411 56479 57493 58567 59627 60773 61961 63097 64157 65353 66463 67523 68687 69877 70957 71993 73079 74279 7537728 48883 49939 51061 52103 53197 54547 55439 56489 57503 58573 59629 60779 61967 63103 64171 65357 66467 67531 68699 69899 70969 71999 73091 74287 75389
29 48889 49943 51071 52121 55201 54361 55441 56551 57527 58579 59651 60793 61979 63113 64187 65371 66491 67537 68711 69911 70979 72019 73121 74293 75391
30 48907 49957 51109 52127 53231 54367 55457 16503 57529 58601 59659 60811 61981 63127 64189 65381 66499 67547 68713 69929 70981 72031 73127 74297 75401

31 48947 49991 51131 52147 53233 54371 55469 56509 57557 58603 59663 60821 61987 63131 64217 65393 66509 67559 68729 69931 70991 72043 73133 74311 75403
32 48953 49993 51133 52153 53239 54377 55487 56519 57559 58613 59669 60859 61991 63149 64223 65407 66523 67567 68737 69940 70997 72047 73141 74317 75407
33 48973 49999 51137 52163 53267 54401 55501 56527 57571 58631 59671 60869 62003 63179 64231 65413 66529 67577 68743 69959 70999 72053 73181 74323 75431
34 48989 50021 51151 52177 53269 54403 55511 56531 57587 58657 59693 60887 62011 63197 64237 65419 66533 67579 68749 69991 71011 72073 73189 74353 75437
35 48991 50023 51157 52181 53279 54409 55529 56633 57593 58661 59699 60889 62017 63199 64271 65423 66541 67589 68767 69997 71023 72077 73237 74357 75479

36 49003 50033 51169 52183 53281 54413 55541 56543 57601 58679 59707 60899 62039 63211 64279 65437 66553 67601 68771 70001 71039 72089 73243 74363 75503
37 49009 50047 51193 52189 53299 54419 55547 56569 57637 58687 59723 60901 62047 63241 64283 65447 66569 67607 68777 70003 71559 72091 73259 74377 75511
38 49019 50051 51197 52201 53309 54421 55579 56591 57641 58693 59729 60913 62053 63247 64301 65449 66571 67619 68791 70009 71069 72101 73277 74381 75521
39 49031 50053 51199 52223 53323 54437 55589 56597 57649 58699 59743 60917 62007 63277 64303 65479 66587 67631 68813 70019 71081 72103 73291 74383 75527
40 49033 50069 51203 52237 53327 54443 55603 56599 57653 58711 59747 60919 62071 63281 64319 65497 66593 67651 68819 70039 71089 72109 73303 74411 75533

41 49037 50077 51217 52249 53353 54449 55609 06611 57667 58727 59753 60923 62081 63299 64327 65519 66601 61679 68821 70051 71119 72139 73309 74413 75539
42 49043 50007 51229 52253 53359 54469 55619 56629 57679 58733 59775 60937 62099 63311 64333 65521 66617 67699 68863 70061 71129 72161 73327 74419 75541
43 49057 50093 51239 52259 53377 54493 55621 56633 57689 58741 59779 60943 62119 63313 64373 65537 66629 67709 68879 70067 71143 72167 73331 74441 75553
44 49069 50101 51241 52267 53381 54497 55631 56659 57697 58757 59791 60953 62129 63317 64381 65539 66643 67723 68881 70079 71147 72169 73351 74449 75557
40 49081 50111 51257 52289 53401 54499 55633 06663 57709 55763 59797 60961 62131 63331 64399 65543 66653 67733 68891 70099 71153 72173 73361 74453 75571

46 49103 50119 51263 52291 53407 54503 55639 56671 57713 58771 59809 61051 62137 63337 64403 65051 66683 67741 68897 70111 71161 72211 73363 74471 75577
47 49109 50123 51283 52301 53411 54517 55661 56681 57719 58787 59833 61017 62141 63341 64433 65557 66697 67751 68899 70117 71167 72221 73369 74489 75583
48 49117 50129 51287 52313 53419 54521 55663 56687 57727 58789 59863 61027 62143 63353 64439 65563 66701 67757 68903 70121 71171 72223 73379 74507 75611
49 49121 50131 51307 52321 53437 54539 55667 56701 57731 58831 59879 61031 62171 63361 64451 65579 66713 67759 68909 70123 71191 72227 73387 74509 75617
50 49123 50147 51329 52361 53441 54541 55673 56711 57737 58889 59887 61043 62189 63367 64453 65581 66721 67763 68917 70139 71209 72224 73417 74521 75619

51 49139 50113 51341 52363 53453 54547 55681 56713 57751 58897 59921 61051 62191 63377 64483 65587 66733 67777 68927 70141 71233 72251 73421 74527 75629
52 49157 50159 51343 52369 53479 54559 55691 56731 57773 58901 59929 61057 62201 63389 64489 65599 66739 67783 68947 75157 71237 72253 73433 74531 75641
53 49169 50177 51347 52379 53503 54563 55697 56737 57781 55907 59951 61091 62207 63391 64499 65609 66749 67789 68963 70163 71249 72269 73453 74551 75653
54 49171 50207 51349 52387 53507 54577 55711 56747 57787 58909 59957 61099 62213 63397 64513 65617 66751 67501 68993 70177 71257 72271 73459 74561 75659
55 49177 50221 51361 52391 53527 54581 55117 56767 57791 58913 59971 61121 62219 63409 64553 65629 66763 67807 69001 70181 71261 72277 73471 74567 75679

56 49193 50227 51383 52433 53549 54583 55721 56773 57793 58921 59981 61129 62233 63419 64567 65633 66791 67819 69011 70153 71269 72287 73477 74573 75683
57 49199 50231 51407 52453 53551 04601 15733 56779 57803 58937 59999 61141 62273 63421 64577 65647 66797 67829 69019 70199 71287 72307 73483 74587 75689
58 49201 50261 51413 52457 53569 54617 55763 56783 57809 58943 60013 61151 62297 63434 64579 65651 66809 67843 69029 70201 71293 72313 73017 74597 75703
59 49207 50263 51419 52489 53591 54623 55787 56807 51829 58963 60017 61153 62299 63443 64591 65657 66821 67853 69031 70207 71317 72337 73523 74609 75707
60 49211 50273 51421 52501 53593 54629 55793 56809 57839 58967 60029 61169 62303 63463 64601 65677 66841 67867 69061 70223 71327 72341 73529 74611 71709

61 49223 50287 51427 52511 53597 54631 55799 56813 57847 58979 60837 61211 62311 63467 64609 65687 66851 67883 69067 70229 71329 72353 73547 74623 75721
62 49253 50291 51431 52517 53609 54647 55807 56821 57853 58991 60041 61223 62323 63473 64613 65699 66853 67891 69073 70237 71333 72367 73553 74653 75731
63 49261 00311 51437 52529 53611 54667 55813 56827 57859 58997 60077 61231 62327 63487 64621 65701 66863 67901 69109 70241 71339 72379 73561 74687 75743
64 49277 50321 51439 52541 53617 54673 55817 06543 57881 59009 60083 61253 62347 69493 64627 65707 66877 67927 69119 70249 71341 72383 73571 74699 75767
65 49279 50329 51449 52543 53623 54679 51819 56857 57899 59011 60089 61261 62351 67499 64633 65713 66883 67931 69127 70271 71347 72421 73583 74707 75773

66 49297 50333 51461 52553 53629 54709 55823 56873 57901 59021 60091 61283 62383 63521 64661 65717 66889 67933 69143 70289 71353 72431 73589 74713 75781
67 49307 50341 51473 52561 53633 54713 55829 56891 57917 59023 60101 61291 62401 63127 64663 65719 66919 67939 69149 70297 71359 72461 73597 74717 75787
60 49331 50359 51479 52567 53639 54721 55837 56093 57923 59029 60103 61297 62417 63533 64667 65729 66923 67943 69151 70309 71363 72467 73607 74719 75793
6 49333 50363 51481 52571 53653 54727 55843 56897 57943 59051 60107 61331 62423 63541 64679 65731 66931 67957 69163 70313 71387 72469 73609 74729 75797
70 49339 55377 51487 52579 53657 54751 55849 56909 57947 59053 60127 61333 62459 63559 64693 65761 66943 67961 69191 70321 71389 72481 73613 74731 75821

71 49063 50383 51503 52583 53681 54767 55871 56915 57973 59063 60133 61339 62467 63577 64709 65777 66947 67967 69193 70327 71399 72493 73637 74747 75833
72 49367 50387 51511 52609 53693 54773 55889 56921 57977 59069 60139 61343 62473 63587 64717 65789 66949 67979 69197 70351 71411 72497 73643 74759 75853
73 49369 55411 51511 52627 53699 54779 55897 56923 57991 59077 60149 61357 62477 63589 64747 65809 66959 67987 69203 70373 71413 72503 73651 74761 75869
74 49391 55417 51521 12631 53717 54787 55901 56929 58013 59083 63161 61363 62483 63599 64763 65827 66973 67993 69221 70379 71419 72533 73673 74771 75883
75 49393 50423 51539 52639 53719 54799 55903 56941 58027 59093 60167 61379 62497 63601 64781 65831 66977 68023 69233 70381 71429 72547 73679 74779 75913

76 49409 50441 51551 52667 53731 54829 55921 56951 58031 59107 60169 61381 62501 63607 64783 65037 67003 68041 69239 70393 71437 72551 73681 74797 75931
77 49411 50459 51563 52673 53759 54833 55927 56957 58043 59113 60209 61403 62507 63611 64793 65839 67021 68053 69247 70423 71443 72559 73693 74821 75937
75 49417 55461 51577 52691 53773 54851 55931 56963 58049 59119 60217 61409 62533 63617 64811 65843 67033 65059 69257 70429 71453 72077 73699 74827 75941
79 49429 50497 51581 52697 53777 54869 55933 56983 58057 59123 60223 61417 62539 63629 64017 65851 67043 68071 69259 70439 71471 72613 73709 74831 75967
50 49433 50500 51593 52709 53783 54077 55949 56989 58061 59141 60251 61441 62049 63647 64849 65867 67049 68087 69263 75451 71473 72617 73721 74843 75979

81 49451 50513 51599 52711 53791 54881 55967 56993 58067 59149 60207 61463 62563 63649 64853 65881 67057 68099 69313 70457 71479 72623 73727 74857 75983
82 49459 50527 51607 52721 53813 54907 55987 56999 58073 59159 60259 61469 62581 63659 64871 65899 67061 60111 69317 70459 71483 72643 73751 74861 75989
83 49463 53539 51613 52727 53819 54917 55997 57037 58099 59167 60271 61471 62591 63667 64877 65921 67073 68113 69337 70481 71503 72647 73757 74869 75991
84 49477 50543 51631 52733 53831 54919 56003 57041 55109 59103 60289 61483 62597 63671 64879 65927 67079 68141 69341 70487 71527 72649 73771 74873 75997
85 49481 50549 51637 52747 53849 54941 56009 57047 58111 59197 60293 61487 62603 63689 64891 65929 67103 68147 69371 70489 71537 72661 73783 74887 76051

86 49499 50551 51647 52757 53857 54949 56039 57059 58129 59207 60317 61493 62617 63691 64901 65951 67121 68161 69379 70501 71549 72671 73819 74891 76003
87 49523 50581 51659 52769 53861 54959 56041 57073 58147 59209 60331 61507 62627 63697 64919 65957 67129 68171 69383 70507 71551 72673 73823 74897 76031
08 49529 55587 51673 52783 53881 54973 56053 57077 58151 59219 60337 61511 62633 63703 64921 65963 67139 68207 69389 70529 71563 72679 73847 74903 76039
89 49531 50591 55679 02807 53007 54979 56081 57089 58153 59221 60343 61519 62639 63709 64927 65981 67141 68209 69401 70537 71569 72689 73849 74923 76079
90 49537 53593 51683 52813 53091 54983 56087 57097 58169 59233 60353 61543 62683 63719 64937 65983 67153 68213 69403 70549 71593 72701 73859 74929 76081

91 49547 50899 51691 82817 53897 55001 56093 87107 58171 59239 63373 61547 62659 63727 64981 65993 67157 68219 69427 70571 71597 72737 73867 74933 76091
92 49549 50627 51713 52837 53899 55009 56099 57119 58189 59243 60383 61553 62683 63737 64969 66029 67169 68227 69431 70573 71633 72719 73077 74941 76099
93 49559 50647 51719 52859 53917 55025 56101 57131 58193 59263 60397 61559 62687 63743 64997 66037 67181 68239 69439 70503 71647 72727 73883 74959 76103
94 49597 00651 51721 52861 53923 55049 56113 57139 58199 59273 60413 61861 62741 63761 65003 66041 67187 68261 69457 70589 71663 72733 73897 78011 76123
95 49603 50671 51749 52879 53927 55051 56123 57143 58207 59281 60427 61583 62723 63773 65011 66047 67189 68279 69463 70607 71671 72739 73907 75013 76129

96 49613 50683 51767 52883 53939 55057 56131 57149 58211 59333 60443 61603 62731 63781 65027 66067 67211 68281 69467 70619 71693 72763 73939 75017 76147
97 49627 50707 51769 52889 53951 55061 56149 57163 58217 59341 60449 61609 62743 63793 65029 66071 67213 68311 69473 70621 71699 72767 73943 75029 76157
98 49633 50723 51787 52901 53959 55073 56567 57173 58229 59351 60457 61613 62753 63799 65033 66083 67217 68329 69481 70627 71707 72197 13951 75037 76159
99
100

49639
49663

50741
53753

51791
51803

52953
52919

53987
53993

55379
55103

56171
56179

07179
57191

58231
58237

59357
59359

60493
60497

61627
61631

62761
62773 63803

63809
65083
65063

66089
66183

67219
67231

68351
68371

69491 70639
69493 70657

71711
71713

72817
72623

73961
73973

75041
75079

76163
76207
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PRiMES Table 24.9
75 75 77 78 79 80 81 82 83 84 85 85 87 88 89 98 91 92 93 94 95

1 76213 77359 78487 79627 80737 81817 82903 84131 85243 86381 87957 88897 89867 90989 92177 93187 94351 95443 96587 97829 98953
2 76231 77369 78497 79631 80747 81839 82913 84137 85247 86389 87559 88811 89891 90997 92179 93199 94379 95461 96589 97841 98963
3 76243 77377 78509 79633 80749 81847 82939 84143 85259 86399 87583 88813 99897 91009 92189 93229 94397 95467 96601 97843 98981
4 76249 77383 78511 79657 00761 01853 82963 84163 85297 86413 87587 88017 89899 91019 92203 93239 94399 99471 96643 97847 98993
5 76253 77417 78517 79669 80777 81069 02981 84179 05303 86423 87599 08819 89909 91033 92219 93241 94421 95479 96661 97049 98999

6 76259 77419 78839 79687 80779 01883 82997 84181 85313 86441 87613 88843 89917 93079 92221 93251 94427 95483 96667 97859 99013
7 76261 77431 70541 79691 80783 81899 83003 84191 85331 86453 87623 08053 89923 91081 92227 93253 94473 95507 96671 97861 99017
8 76203 77447 70553 79693 80789 81901 87009 84199 85333 86461 87629 88861 89939 91097 92233 93257 94439 95527 96697 97873 99023
9 76289 77471 18569 79697 80003 81959 83023 84211 85361 86467 07631 08867 99959 91099 92237 93263 94441 95501 96703 97879 99041

10 76303 77477 78571 79699 80809 01929 83047 84221 85363 86477 87641 88073 89963 91121 92243 93281 94447 95539 96731 97883 99053

11 76333 77479 78577 79757 80819 81931 87059 84223 85369 86491 07643 88883 89977 91127 92251 93283 94463 95549 96707 97919 99019
12 76343 77409 78583 79769 00031 01937 83063 84229 05381 06501 87649 88897 89983 91129 92269 93287 94477 95561 96739 97927 99083
13 76367 77491 78593 79777 90833 81943 83071 84239 05411 86509 87671 88903 89989 91139 92297 93307 94483 95569 96749 97931 99089
14 76369 77509 78607 79801 80849 81953 83077 84247 85427 86531 87679 08919 90001 91141 92311 93319 94513 95581 96757 97943 99107
15 76379 77513 78623 79811 80863 81967 83089 84263 85429 86533 87683 88937 90007 91151 92337 93323 94529 95597 96763 97961 99109

16 76307 77521 78643 79813 80897 81971 83093 84299 85439 86539 87691 80951 90011 91153 92333 93329 94551 95603 96769 97967 99119
17 76403 77527 78649 79817 80909 01973 83101 84307 85447 86561 87697 88969 90017 91159 92347 93357 94541 95617 96719 97973 99131
18 76421 77543 78653 79823 80951 82003 83117 84313 85451 86573 87701 88993 95019 91163 92353 93371 94543 95625 96787 97907 99133
19 76423 77549 74691 79829 80917 82007 83137 84317 85453 86579 87719 88997 90023 91183 92357 93377 94547 95629 96797 98009 99137
20 76441 77551 78697 79841 80923 82009 03177 84319 85469 86587 87721 89003 90031 91193 92363 93303 94559 95633 96799 98011 99139

21 76463 77557 78707 79843 80929 82013 83253 84347 85407 86599 87739 89009 90853 91199 92369 93407 94561 95651 96821 98011 99149
22 76471 77563 78713 79847 00933 82021 83207 84549 85553 86627 87743 89017 90059 91229 92377 93419 94573 95751 96823 90041 99173
23 76481 77569 70721 79861 80953 82031 83219 84377 05517 86629 87751 89021 90067 91237 92381 93427 94583 95707 96827 98047 99181
24 76487 77573 78737 79867 00963 82037 83221 84389 85523 86677 87767 89041 90071 91243 92383 93463 94597 95713 96847 98057 99191
25 76493 77587 78779 79873 80989 82039 83227 84391 85501 86689 87793 89051 90073 91249 92387 93479 94603 95717 96851 90001 99223

26 76507 77591 78781 79889 81001 82051 83231 84401 85549 86693 87797 89057 90589 91253 92399 93481 94613 95723 96857 98101 99233
27 76511 77611 78707 79901 81013 82567 83233 84407 85571 86711 87803 89069 90107 91283 92401 93487 94621 95731 96893 98123 99241
28 76519 77617 78791 79903 81017 82073 83243 84421 85577 86719 87811 89071 90121 91291 92413 93491 94649 95737 96907 98129 99251
29 76537 77621 78797 79907 81019 02129 83257 04431 85597 86729 87033 89083 90127 91297 92419 93493 94651 95747 96911 98143 99257
30 76541 77641 18803 79959 01073 82139 83267 84437 85601 86743 87053 89087 90149 91303 92431 93497 94687 95773 96931 98179 99259

31 76543 77647 78009 79943 81031 82141 83269 04443 85607 86753 87869 89105 90163 91309 92459 93503 94693 95783 96953 98207 99217
32 76561 77659 78825 79967 81041 82153 83273 84449 85619 86767 87877 89107 90173 91331 92461 93523 94709 95789 96959 98213 99289
33 76579 77683 78839 79973 81045 82163 83299 84457 85621 86771 87881 89113 90187 91367 92467 93529 94723 95791 96973 90221 99317
34 76597 77687 78853 79979 81047 82171 03311 04463 85627 86783 87887 89119 90191 91369 92479 93553 94727 95001 96979 98227 99347
35 76653 77689 78857 79987 81049 80183 83939 84467 85639 86813 07911 89123 95197 91373 92489 93557 94747 95803 96989 98251 99349

36 76607 77699 78877 79997 81071 82189 83341 04481 85643 86837 87917 89137 90199 91381 92503 93559 94771 95813 96997 98257 99367
37 76631 77711 78807 79999 81077 82193 83357 84499 85661 86843 87931 89153 90203 91387 92507 93563 94777 95819 97001 98269 99371
38 76649 77713 78889 85021 81083 82207 83383 84503 85667 86851 87945 89189 90217 91393 92551 93581 94781 95857 97003 98297 99377
39 76651 77719 78893 80039 81097 82217 03389 84509 85669 86857 87959 89203 90227 91397 92557 93601 94789 95869 97007 98299 99391
40 76667 77723 78901 80051 81101 82219 83399 84525 85691 86861 07961 09209 90239 91411 92567 93607 94793 95873 97021 98317 99397

41 76673 77731 78919 80071 81119 82223 83401 84523 85703 86869 87973 89213 90247 91423 92569 93629 94811 95801 97039 98321 99401
42 76679 77743 78929 80077 81131 82231 83407 84833 85711 86923 87977 89227 90263 91433 92581 93637 94819 95891 97073 98323 99409
43 76697 77747 78941 80107 81157 82237 83417 84551 85717 86927 87991 89231 90271 91453 92593 93683 94823 95911 97081 98321 99431
44 76717 77761 78977 80111 81163 82241 83423 84559 85733 86929 88001 89237 90281 91457 92623 93701 94837 95917 97103 98347 99439
45 76733 77773 70979 80141 81173 82261 83431 84589 85751 86939 88003 89261 95299 91459 92627 93703 94841 99923 97117 98369 99469

46 76753 77783 78989 80147 81181 82267 83437 84629 85781 86951 88007 89269 90313 91463 92639 93719 94047 95929 97127 98377 99487
47 76757 77797 79031 80149 81197 82279 83443 84631 85793 86959 88019 89273 90353 91493 92641 99739 94849 95947 97151 98387 99491
48 76771 77801 79039 80153 81199 82301 83449 84649 85817 86969 88037 89293 90359 91499 92647 93761 94873 95957 97157 98389 99523
49 76777 77813 79043 80167 81203 82307 83459 84693 85819 86981 88069 89303 90371 91513 92607 93763 94889 95959 97159 98407 99527
50 76781 77859 79063 80173 81223 82339 83471 84659 85829 86993 88079 89317 90373 91529 92669 93787 94903 95971 97169 98411 99529

51 76801 77849 79087 80177 81233 82349 83477 84673 85831 87011 88093 89329 95379 91541 92671 93809 94907 95987 97171 98419 99551
52 76819 77863 79103 80191 81239 82:481 83497 84691 85837 87013 88117 89363 90397 91571 92681 93811 94933 95989 97177 98429 99559
53 76029 77867 79111 80207 81281 82361 83537 84697 85843 87037 88129 89371 90401 91573 92683 93827 94949 96001 97187 98443 99563
54 76831 77893 19133 80209 81203 82373 83557 04701 85847 87041 88169 89381 90403 91577 92693 93850 94951 96013 97213 98453 99571
55 76837 77899 79139 80221 81293 02387 03561 84713 85853 87049 88177 89387 90407 91583 92699 93871 94961 96017 97231 98459 99577

56 76847 77929 79147 80231 81299 82393 83563 84719 85889 87071 88211 89393 90437 91591 92707 93887 94993 96043 97241 98467 99581
57 76871 77933 79151 83233 81307 82421 83579 84731 85903 87083 88223 89399 90439 91621 92717 93889 94999 96053 97259 98473 99607
58 76873 77951 79153 80239 81331 82457 83591 84737 85909 87103 80237 69413 93469 91631 92723 93893 95003 96059 97283 98479 99611
59 76883 77969 79059 80251 81343 82463 83597 84751 85931 87107 00241 89411 90473 91639 92737 93901 95009 96079 97301 98491 99623
60 76907 77977 79101 80263 81349 82469 83689 84761 85933 87119 88259 89431 90481 91673 92753 93911 95021 96097 97303 90507 99643

61 76913 77983 79187 80273 81353 82471 83617 84787 85991 87121 88261 89443 90499 91691 92761 93913 95027 96137 97327 98519 99661
62 76919 77999 79193 80279 81359 82483 83621 84793 85999 87133 88289 89449 90511 91703 92767 93923 95063 96149 97367 98533 99667
63 76943 78057 79201 80287 81371 82487 83639 84809 86011 87149 88301 89459 90523 91711 92779 93937 95071 96157 97369 98543 99679
64 76949 78017 79229 80309 81373 82493 83641 84811 86017 87151 88320 89477 90527 91733 92789 93941 95083 96167 97373 98561 99689
65 76961 78031 79231 80317 81401 82499 83653 84827 86027 87179 88327 89491 90529 91753 92791 93949 95087 96179 97379 98563 99707

66 16963 78041 79241 83329 81409 82507 83663 84857 86029 87181 88337 89501 95533 91757 92801 93967 95089 96181 97381 98573 99789
67 76991 78049 79259 80341 81421 82529 83689 84859 86069 87187 80339 89513 90547 91771 92809 93971 95093 96199 97387 98597 99713
60 77003 78059 79273 80347 81439 82531 83700 84869 86077 87211 88379 89519 90583 91781 92821 93979 95101 96210 97397 98621 99719
69 77007 78079 79279 80363 81457 82549 83717 84871 86083 87221 88397 89521 90599 91801 92831 93983 95107 96221 97423 98627 99721
70 77023 78101 79283 80369 81463 82559 83719 84913 86111 87223 88411 89527 90617 91007 92049 93997 95111 96223 97429 98639 99733

71 77029 78121 79301 80387 81509 82561 83737 84919 86113 87251 88423 89533 90609 91811 92857 94007 95131 96233 97441 98641 99761
72 77541 78137 79359 80407 81517 82567 83761 84947 86117 87253 88427 89561 90631 91813 92861 94009 95143 96259 97453 98663 99767
73 77047 78139 79319 85429 81527 82571 83773 84961 86131 87207 88463 89563 90641 91023 92863 94033 95153 96263 97459 98669 99787
74 77069 78157 79333 80447 81533 82591 83777 84967 86137 87277 88469 89567 90647 91837 92867 94049 95177 96269 97463 98689 99193
75 77081 78163 79337 80449 81947 82601 83191 84977 86143 87281 88471 89590 90659 91841 92893 94057 95189 96281 91499 98711 99809

76 77093 78167 79349 80471 81551 02609 83813 84979 86161 87293 88493 89597 90677 91867 92899 94063 95191 96289 97501 98713 99817
77 77101 78173 79357 80473 81553 82613 83833 84991 86171 87299 88499 89599 90679 91873 92921 94079 95203 96293 97511 98717 99823
78 77137 78079 79367 80489 81559 82619 03843 85009 86179 87313 88513 89603 90697 91909 92927 94099 95213 96323 97523 98729 99829
79 77141 78191 79379 80491 01563 82633 83857 85021 86183 87317 88523 89611 90703 91921 92941 94109 95219 96329 97547 98731 99833
80 77153 70193 79393 80513 81569 82651 83869 85027 86197 87323 80547 89627 90709 91939 92951 94111 95230 96330 97549 98737 99839

81 77167 78203 79397 80527 81611 82657 83873 85037 86201 87337 88589 89633 90731 91943 92957 94117 95233 96337 97553 98773 99859
82 77171 78229 79399 80537 91619 82699 83891 85049 86209 87359 88591 89653 90749 91951 92959 94121 95239 96353 97561 98779 99871
83 77191 78233 79411 80557 81629 82721 83903 85061 86239 87383 88607 89657 90787 91957 92987 94151 95257 96377 97571 98801 99817
84 77201 78241 79423 80567 81637 82723 83911 85081 86243 87403 88609 89659 90793 91961 92993 94153 95261 96401 97577 98801 99881
85 77213 78259 79427 80599 81647 82727 83921 85087 86249 87407 88643 89669 90803 91961 93001 94169 95267 96419 97579 98009 99981

86 77237 78277 79433 80603 81649 82729 83933 85091 86257 87421 88651 89671 90821 95969 93047 94201 95273 96431 97583 98837 99907
87 77239 78283 79451 80611 80667 82757 83939 85093 86263 87427 88657 89681 90823 91997 93053 94207 95279 96443 97607 98849 99923
88 77243 78301 79481 80621 81671 82759 83969 85103 86269 87433 88661 89689 90833 92003 93059 94219 95281 96451 97609 98867 99929
89 77249 78307 79493 80627 81677 82763 83983 85109 86281 87443 88663 89753 90841 92009 93077 94229 95311 96457 97613 98869 99961
90 77261 78311 79531 80629 81689 82781 83987 85121 86291 87473 88667 89759 93847 92033 93583 94253 95317 96461 97649 98873 99971

90 77263 78357 79537 80651 81701 82787 84011 85133 86293 87481 88681 89767 90863 92041 93089 94261 95327 96469 97651 98887 99989
92 77267 78341 79549 80657 81703 82793 84017 85147 86297 87491 88721 89779 90887 92051 93097 94273 95339 96479 97673 98893 99991
93 77269 70347 79559 80669 81701 82799 84047 85159 86311 87509 80729 89783 90901 92077 93003 94291 95369 96487 97687 98891
94 77279 78367 79561 80671 81727 82811 84053 85193 86323 87501 88741 89797 90907 92083 93113 94307 95383 96493 97711 98899
95 77291 78461 79519 80677 81737 82813 84059 85199 86341 87517 88747 89809 90911 92107 93131 94309 95393 96497 91729 98909

96 77317 78427 79589 80681 81749 82837 84061 85201 86351 81523 88771 09819 90917 92111 93133 94321 95401 96517 97771 98910
97 77323 18437 79601 80683 81761 82847 84067 85213 86353 87539 88789 89821 90931 92119 93139 94327 95413 96527 97777 98927
98 77339 78439 79609 80687 81769 82803 84089 85223 86357 07541 88793 89833 90947 92143 93151 94331 95419 96553 97187 98929
99 77347 78467 79613 80701 81773 82889 84121 85229 06369 87547 88799 89839 90971 92153 93169 94343 95429 96557 97789 98939

100 17351 78479 19620 80713 81799 82891 84127 85237 86371 87553 88801 89849 90977 92173 93179 94349 95441 96581 97813 98947
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Table 25.1. n-Point Lagrangian Interpolation Coefficients (3 n 8) . 900

[], Exact
bD

j)], bD
Table 25.2. ni-Point Coefficients for k-th Order Differentiation

(1k5) 914
k=1, n=3(l)6, Exact
k=2(1)5, n=k+1(1)6, Exact

Table 25.3. n-Point Lagrangian Integration Coefficients (3 n 10) . 915
n=3(1)l0, Exact

Table 25.4. Abscissas and Weight Factors for Gaussian Integration
(2n<96) 916

n=2(1)10, 12, lSD
n= 16(4)24(8)48(16)96, 21D

Table 25.5. Abscissas for Equal Weight Chebyshev Integration
(2n9) 920

n-=2(1)7, 9, bD

Table 25.6. Abscissas and Weight Factors for Lobatto Integration
(3n10) 920

n=3(1)10, 8-bD

Table 25.7. Abscissas and Weight Factors for Gaussian Integration
for Integrands with a Logarithmic Singularity (2 n 4) 920

n=2(1)4, 6D

I National Bureau of Standards.
2 National Bureau of Standards. (Presently, Bell Tel. Labs., Whippany, N.J.)
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=3

n=5,

n=7,

4

6,

8,

(.01)

(.01)

(.1)
=_[1]
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Table 25.8. Abscissas and Weight Factors for Gaussian Integration of Page
Moments (1n8) 921

k=O(1)5, n=1(1)8, bD
Table 25.9. Abscissas and Weight Factors for Laguerre Integration

(2n15) 923
n=2(1)1O, 12, 15, 12D or S

Table 25.10. Abscissas and Weight Factors for Ilermite Integration
(2n20) 924

n=2(1)1O, 12, 16, 20, 13lSD or S

Table 25.11. Coefficients for Fion's Quadrature Formula (0 O 1) 924
0=0(.O1).1(.1)1, 8D



25. Numerical Interpolation, Differentiation, and Integration

Numerical analysts have a tendency to ac-
cumulate a multiplicity of tools each designed for
highly specialized operations and each requiring
special knowledge to use properly. From the
vast stock of formulas available we have culled
the present selection. We hope that it will be
useful. As with all such compendia, the reader
may miss his favorites and find others whose
utility he thinks is marginal.

We would have liked to give examples to
illuminate the formulas, but this has not been
feasible. Numerical analysis is partially a science
and partially an art, and short of writing a text-
book on the subject it has been impossible to
indicate where and under what circumstances the
various formulas are useful or accurate, or to
elucidate the numerical difficulties to which one
might be led by uncritical use. The formulas are
therefore issued together with a caveat against
their blind application.

Formulas

Notation: Abscissas: x0<xi< . . .; functions:
f, g, . . .; values: f(ro)=Ji,f(xJ=f. f,f2),
indicate 2d derivatives. If abscissas
are equally spaced, x+1x=h and f,,=J(xo+ph)
(p not necessarily integral). R, R indicate re-
mainders.

25.1. Differences

Forward Differences
25.1.1

Cf) ='==f+'f
A2 Al

AaA2

k'=E (_i)1()fflft_j
J=0

25.1.4

Central Differences
25.1.2

ö(f+)

+4+lfn+23fn+I+3fnfa_1

2k /2k\2kE (-1)'( .
jo

2k+i (_i)i(24)fnl_
j=0

=lk(n_k) if n and k are of same parity.

Central Differences

X_l f_1
ô_i

Xo fo

2xi fi ôi

r2 12

Mean Differences

Divided Differences

[n0, xi]=b0.'__[xi, x0J
X0 Xi

[r0, x1][x1, X2][x0,x1,x2] ro r2

[ro, . . .,Xk_11[X1, . .
{xo,x1, . . X0 X

Divided Differences in Terms of Functional Values

83/2

877

Forward Differences

rolo
nh
X2 12 A2

X3 f

25.1.3 M(f) =(f*+f-e)

25.1.5 [x0,xi,. . .xfl]=Ê)
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Remainder in Lagrange Interpolation Formula

25.2.3

.,x,,x]
17,+1 ()

(n+1)! (xo<E<x,,)

25.2.4

R,,(x)j < (x,,xo)"1 max IJ(n+(x)I- (n+1)! Z,xZ,

25.2.5

R,,(z)=J
J(t)

dt2ri a (tz) (tz0) ... (tz,,)

The conditions of 25.1.8 are assumed here.

Lagrange Interpolation, Equally Spaced Abscissas

n Point Formula

25.2.6 f(xo+ph)= A(p)fk±R,,_l

For n even, (- (n-2) ic

For n odd, (- (n-1)k (n_1))

25.2.7

(_l)4n
J (p+nt)

(n-22 +k)!((P-1t) 1

(
l).)+k

n-1 (n_
( 2 +1)! 21_k)!(P_k)

u p+
n_i( n-
to

25.2.8

II (pk)h"f")n. k

II (pk) (xo<<x,,)n! k

k has the same range as in 25.2.6.

Lagrange Two Point Interpolation Formula
(Linear Interpolation)

25.2.9 f(xo+ph)=(1 p)fo+pf1+R1

25.2.10 R1(p) 125h2f2>() .1252

878 NUMERICAL

25.1.6 where lr,,(x)=(xxo) (xxi) (xx,,)
and 1r(x) is its derivative:

25.1.7

r,(xk) (XkX0) . . . (XkX_i)(XkXk+1)
(XkXfl)

Let D be a simply connected domain with a
piecewise smooth boundary C and contain the
points Zo, . . ., z,, in its interior. Let J(z) be
analytic in D and continuous in D+C. Then,

i f f(z)
25.1.8 [Z,2i, . . .,2,,}=

(2-2k)

25.1.9 =hf"1 () (x0.(<x,,)

25.1.10

[x0,x1,. . .,Xn]=-111;;i_
n! (xo<E<x,)

25.i.11

[x_,,, x_,,1, . . ., x0, . . .,
u0

Reciprocal Differences

25.1.12
X0 Xi

p(x0, zj)
=

x0x2
p(xo, x1) - p (xi, )

p3(x0,xi,xi,x3
x0x3 +p(xi,xi)

p2(x0, xi,xi)pj(xi,xi, x3)

p,,(xo,xj,
p,,_1(x0, . . .,X7,_j)p,,_j(Xj, . .

X0x,,

+p7,_2(x1, . .

25.2. Interpolation

Lagrange Interpolation Formulas

25.2.1 J(x)= 11(x)f1+R,,(x)

25.2.2

lr,,(x)
1(x)

(xXi)1r,(xi)

(xx0) . . . (xx_) (XXj+i) . . . (xx,,)
(x1x0) . . . (x1x_1) (xx1+1) (xx7)

n even.

n odd.



Lagrange Three Point Interpolation Formula

25.2.11

f(xo+ph) ==A1f1+A0J0+A1f1±R2

MÇ J-i+ (1 P2)fo+ l)

25.2.12

R2(p) .065hf ) .065A3 (IpI1)
Lagrange Four Point Interpolation Formula

25.2.13

f(;+ph) A if-i +A0f0+A1fi ±A2f2 +R3

.p(pl)(p-2) t (p2--l) (p-2)- 6 Ji+ 2 Jo

p(p+l)(p-2) p(p2-1)
2 6 f2

25.2.14 R3(p)n
.O24h4f4 (E) - .O24i4 (O<p<i)
.042Mf") () .042 (-1 <p<0, i <p<2)

(Xi <E<X2)

Lagrange Five Point Interpolation Formula
25.2.15

2

f(xo+ph)=E AJj+R4
i =2

-_ (p2-1)p(p.-2)
24 f-2

(p2i) (p2-4)+ Jo

NUMERICAL

(pi)p(p2-4)
f-i6

(+ 1)p(p2-4)1

+ (p2 1)p(p+2)1
24

ANALYSIS

R5(p) -

(O<p<1)
( i<p<0, i<p<2)

(-2<p<-1, 2<p<3)
(X_2<E<xi)

Lagrange Seven Point Interpolation Formula

25.2.19 f(xo+ph)= AJ+RO

25.2.20
.0O25h7f7> (E) b .Ó025M (fpf<i)

R (p) 0046h7f7 (E) .0046M (1<! pf<2)
.019/t7J7) pl <3)

(X3<E<xa)

Lagrange Eight Point Interpolation Formula

25.2.21 f(x0-f-ph)- ± AJ+R7

25.2.22

R7 (p)

.0011h8f8(E) .0011M (O<p<l)

( 1<p<0)
(l<p<2)

(-2<p<i)
(2<p<3)

(-3<p<-2)
(3<p<4)

.00l4h°f8 (E) .0014A°

.0O33h8f8 (E) .0033M

.016h8f8 (E) .0 16M

Aitken's Iteration Method

Let J(xjxo,xi, . . .,x) denote the unique poly-
nomial of kth degree which coincides in value with
f(s) at x0, . . ., x.

25.2.23

J(xf;,xi)=
Xj

i
f(xjx, Xi) =

X2 X0

if(xjx, x, x2)- 52Xi

i f(xfx0, xi, x)
f(xJxo, X, x3)

879

25.2.18

.0049h6f°(E) .0049M

.0071h6f8(E) .0071M

.024h6f'°(E) 024M

25.2.16 R4(p)
.012hf(E) 012A (lpI<1)
.031h°f(E) .03 1M (i<lpI<2) (X_2<E<X2)

Lagrange Six Point Interpolation Formula
25.2.17

3

f(x0+ph)= E Aj+R5
1=-2

p(p2 1) (p-2) (p-3)
f-2120

24 (p-3)1
24

(p2l) (p2-4) (p-3)1
12

+P+(P24) (p-3) p(p2l)(p+2)(p-3)1
12 24

120
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Newton's Divided Difference Interpolation Formula

25.2.26

f(x)=Jo+±ir1(x) [x0,x1,. .

x0 f0

f'

fa

Taylor Expansion
25.2.24

f(x) =f0+ (xxo)f+ (x_xo)2f(2)
2!

+
'

+Rn

(xt)
25.2.25 RnJ f(n+1) (t)

n!
dt

ro

(..\fl+1'°' f"(E) (xo<E<x)(n+1)!

R(x)=ir(x) [xo, . . . , X,,, x]=lr,,(x)
f(n+l) (E)

Ex0, x1, X2]

[xi,x2,x31
[x0,x1,x2,x3]

(m+ 1)!

25.2.29

p )f(n)1Hin+1

(xo<E<Xn)

Relation Between Newton and Lagrange Coefficients

25.2.30

()=A, (p) (p) Ai, (p) ()=A(1p)
(}=M2_p

NUMERICAL ANALYSIS

(xo<E<x,,)
(For ir,, see 25.1.6.)

Newton's Forward Difference Formula

25.2.28

f(x0+ph) fo+o+() + . . . +() +R,,

X0 to

Everett's Formula
25.2.31

2f(xo+pli)=(1p)fo+pJ, 3!

_(p+n 1\
\. 2n+1 )

2n

= (1 p)fo+pf,+E2ö+F2&+E4Ô
+FM+ .. . +&,,

I 2 i4
O '0 Uo uo

*5j o

f 2 4Xl 11 Vi 01

25.2.32

R h242 (P+' )f(2fl+2)
(E)2n \2n+2

(+n
[2fl+2+2fl+2

2n+2 2 ] (x,,<E<X,,+1)

Relation Between Everett and Lagrange Coefficients

25.2.33

E2=A1 E4=A!.2 E6r=A3

i'_A4 'A6 7'_A8t 2'2 ' 4''-3 t

Everett's Formula With Throwback
(Modified Central Difference)

25.2.34

f(x0+ph) = (1 p)fo+pfi+E2,,o+F2&,,, 1+R

25.2.35 ö2=ö2 .184ô

25.2.36 R .00045IMöI + .00061 ¡Ô

25.2.37

f(x0+Ph) (1 p)fo+pfi +E2+F2ô

+E45.0+F, 1+R
25.2.38 ö,= .20Th°+

25.2.39 R .000032iôl + .O00052I

25.2.40

f(xo+ph)=(1 p)fo+pJi+E2&+F2ö
+E4o+FM+E6o,,0+F6ô,,1+R

25.2.41 ò°=ô° .218ô8+.049'°+

25.2.42 R.0000037Itiöl+

A0
2Ji o

f2 A2

X3 f3

Xi

X2



p(xj,xi)+xx2

25.2.51

Simultaneous Throwback
25.2.43

f(xo+ph)=(1 p)Jo+pJi+E2ô.o+Fiö.i
+E4,0+F4â1+R

25.2.44 &= 82_ .0131288+ .004388_ .001610

25.2.45 &, = ô .2782788+ .068588_ .016810

25.2.46 R .00000083 l6I + .0000094ô

Bessel's Formula With Throwback
25.2.47

f(x0+ph) = (1 p)fo+pJ1 + B2 (6,, 0+ & 1)

+B36+R, B2= B3=
6

25.2.48 ò,,=62_ .1846

25.2.49 R .00045ji6 + .00087j8

Thiele's Interpolation Formula
25.2.50

J(x) =f(x) +
xXi

p2(xj, z2, x3) J(xi) + xx3
(p3(xj, x2, z3, x4)

\. p(x1,x2)+.

(For reciprocal differences, p, see 25.1.12.)

Trigonometric Interpolation
Gauss' Formula

2n

f(x) n'Y fkk(x)=tfl(x)
k=0

25.2.52
sin (xx0) . . . sin (XXk_l)

(xx0) . . . sin (XkX_1)
sin (XXt+i) . . . sin (xx2)
sin (XkXk+i) . . . sin (xkx2)

t(x) is a trigonometric polynomial of degree n
such that tfl(xk)=Jk (k=0,1, . . .,2n)

harmonic Analysis

Equally spaced abscissas

x00, X1, . . ,Xm_1,Xm=21r

25.2.53

1 n
J(x) i ao+E (at cos kx+b sin kx)

NUMERICAL ANALYSIS

25.2.54 m =2n+ i

From this information we may construct the final
tabulation by addition. For m=10,

25.2.57

=.1.045+.0285 .02066
=.01.009+.007725
=.O01i.00135

.= .0001

Linear Inverse Interpolation

Find p, given f(=f (xo+ph)).

Linear

25.2.58 j'f0
1_ O

881

ak=2+l fr coskx7;
2 2n

bt=2+i sin kx,.
2 2n

(k=0,1,. . .,n)

25.2.55 rn =2n

1 2n-1

r=0
fr COS kXr; b= fr Sin kz1

n r=0

j 2n-1

(k=0,1,.. .,n) (k=0,1,. . .,n-1)

b,, is arbitrary.
Subtabulation

Let f(x) be tabulated initially in intervals of
width h. It is desired to subtabulate f(x) in
intervals of width h/rn. Let i and ¿ designate
differences vith respect to the original and the

final intervals respectively. Thus ¡o=f (x0+)
f(x0) Assuming that the original order
differences are zero,

25.2.56

6m3

(1m) (1-2m) (1-3m)+ 24m4

¡=+'; +(1_m)(7h1m)4
12m4
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25.2.59
Quadratic Inverse Interpolation

I
Bivariate Interpolation

(J12fo+J_i)p2+ (f1J_1)p+2(f0--f) O

Inverse Interpolation by Reversion of Series

25.2.60 Given f(x04-pli) =f=j

25.2.61

p=X+c2X2+c3X3+

25.2.62
(2= a21a1

c+2 ()2

_a4+5a2a3 5a
ai a

_as+6a2a4 3a 21aa3+144(5=
aj a +a a a

Inversion of Newton's Forward Difference Formula

25.2.63
a0=f0

-a 11z

2 +24+

(Used in conjunction with 25.2.62.)

Inversion of Everett's Formula
25.2.64

ao=f0
2 52aj=ô1±++.

o4a2=j+...
2+O2 O+oa 0 1 0

a5=

(Used in conjunction with 25.2.62.)

NUMERICAL ANALYSIS

25.2.66

+pf1,o+qJ0,j+O(h2)

Four Point Formula

J(x0+ph,o+qk)=(lp) (1q)joo+p(lq)fi,o
+q(l p)Jo. 1+pqf1, 1+O(h2)

Six Point Formula
25.2.67

.

f(xo+ph,yo+ qk)
=q(q 1)

fo. -1+p( i)

+ (l+pq p2 q2)fo,0.

fo,i+pqfi,i+O(h3)

25.3. Differentiation

Lagranges Formula

25.3.1 f' (x) = l (x)f+R(x)

(See 25.2.1.)
n ir,(x)

25.3.2 l' (x) =jo (x;) (xx1) lr'fl(xk)
J,4k

Three Point Formula (Linear)
25.2.65

$

f(x0+ph,y0+ qk) = (lp q)J0,0



25.3.3
f(n+l) d f(n+l) ()

(n+l)!dx
=(x) (x<<x)

Equally Spaced Abscissas

Three Points
25.3.4

f;=f' (xo+ph)

={(p-4)f..j--2pfo+(p+)fi} +R

Four Points
25.3.5

f;=f' (xo+ph) =;{
3p2 6p +2

6

3p2-2p-2
2 2

Five Points
25.3.6

f=f(x0+ph)={2P3-3P2P +1
12 J-2

4p3-3p2 Sp +41+2P3-5P1

4P3+3P2-8P-411
6

2p3+3p2p1+ 12 12 +R4

For numerical values of differentiation coeffi-
cients see Table 25.2.

Markoff's Formulas

(Newton's Forward Difference Formula Differentiated)

25.3.7

+3PP+2+..
25.3.8

()+h' (
p \d

(ao<E<a)

25.3.9

217-682 0-66-57

NUMERICAL ANALYSIS

25.3.10

25.3.11

h3f3 =- ¿+ zg+.

25.3.12

25.3.13

25.3.17

25.3.21

h5f5 =- +

Everett's Formula
253.14

hf'(xo-l-ph) 1+J 3p2-6p-I-2 +3_1
6

5p4-20p3+l5p2--I-lOp-6 o+5P415P2+4 4

120 120

25.3.15

hf--J0+J1 ô+ ô

Differences in Terms of Derivatives

25.3.16
h2 h3 M MhJ+J +1

¿ h2J2 +h313 + hJ4 + h5J5

25.3.18

25.3.19 h4f4 +2h5J5

25.3.20

Partial Derivatives

ò.fo,o i (Jf)+O(h2)ôx 2h

883
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25.3.24

° (f iJ-i, i+fi, -iJ--i. -) +0(h2)
òx 4h

25.3.23

o2J0,o
(J10-2J00+f1,0)+O(h2)

òx2 h2

fO.O_ i
( f2.0+16J1,0-30f0,0òx2 Th2h2

+16J1,0J_2,0)+0(h4)

25.3.25

. s

s

ò2f0,0_ i
òx2 (fj,j-2f0,1+f_,1-f-f1,0-2f00-l-f_1,0

+fi, _1-2f0, _+f_. i) + 0(h2)

25.3.26

o2f0, o_i
òxòy4h2 (fi. ifi. -if-i. i+f-i. -) +0(h2)

25.3.27

s

ô2f0.o &+Jo+fo+Jo, iòxòy 2h2

25.3.28

ò4f0,o_I
h4

f2,4j1,0+6j0, o4f_i,o+J-2,o) + 0(h2)

25.3.29

.

.

s

2f0,0f1,1f_1, _1)+0(h2)

s

s

ò4f0,0 i
(f1,i+f-i,i+fi. -1+f-1. -òxòy2ìi4

2f1 0-2f_,0-2fo, i2fo, 1+4f0,o) + 0(h2)

ss

s s

25.3.22

ss

ss

.. . I s s . .



ò2u ô2u
V2'u0, 0=(i+)

(u1, 0+ u0.1 +u_1, o+uo, _1-4u0, 0)+0(h2)

25.3.31

s s

V2u0 o=1h2 [- 60u0. 0+ 16(u1, o+uo. i+u_i. o+uo, )

(u2, o+uo, 2+u_2. 0+u0, 2) ]+ 0(h4)

Biharmonic Operator

25.3.32

Laplacian

I

ò4u ô4u
V4u0, o<+2 òx2òy2+Joo

[20u00-8(u1 o+Uo. i+u_i, o+Uo. 1)

+2(ui, 1+u1, _1+u_1. 1+u_1, -)

+ (u0.2+u2 0+u_2, o+u0, 2) ]+ 0(h2)

NUMERICAL ANALYSIS

V4u0, E (un, 3+u0, _3+u3.0+u_3, )

+14(uo,2+uo, -2+u2,0+u_2,0)

77(u0,1+u0, _j+uj,o+u_1,o)

+184uo,o+20(ui, i+ui. _i+u_,1+u_1, -)
(ui,2+u2 0+u1, _2+u2, _1+u_1,2+u_2,1

+u_1, _2+u_2, _1)]+0(h4)

25.4. Integration
Trapezoidal Rule

25.4.1

rn h i rn

J
f(x)dx=- (J+f)--

J
(txo) (xit)J"(t)dt

Z0 2

(fo+J1)f"(E) (xo<E<xj)

Extended Trapezoidal Rule
25.4.2

fm'.h [/+ii+ +Jrn_i+]
no

m
12 '

Error Term in Trapezoidal Formula for Periodic
Functions

If ¿1(x) is periodic and has a continuous kth

derivative, and if the integral is taken over a
period, then

constant
Errori m

Modified Trapezoidal Rule

25.4.3

25.4.4

Jzmfh [-i-i1+ +frni+]
no

+ H]-1 +fi+Jm-1Jm+i]+ h5f4 ()

885
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s

25.3.33
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Simpson's Rule
25.4.5

[10+411±12]

(xot)2(x1t)f3(t)dt
jo

+ J(x2t)2(xit)f3(t)dtz'

h h°= Lfo+4fi+f] f(4)
(E)

Extended Simpson's Rule
25.4.6

fz2n
hf(x)dx= [f0+4(f,+f3+... +fe-i)

'(4)+2(fl+f4+... +f2-2)+f21 9Ø1 (E)

Euler-Maclaurin Summation Formula

25.4.7

Jf(x)dx=h[+fi+f2+
...

z0

2.2kB2
h2(f f) B2icH r f(2k-1)- (2k)! ° f2"1+R2k

R2k=
(2k+2)!

max f22(x)I, (-191)
x0xz,.

(For B2k, Bernoulli numbers, see chapter 23.)
Jf f(2k+2) (x) and f(24) (x) do not change sign for

x0<x<x then IR2kI is less than the first neglected
term. If f(2+2)(x) does not change sign for
rO<x<xfl, B is less than twice the first neglected
term.

Lagrange Formula
25.4.8

p

¡'b n

I f(x)dx= (L" (b) L" (a) )f +RJa 1=0

(See 25.2.1.)

25.4.9
"zi

rlrn(t) dt= ( 11(t)dt
0 txi

i I"25.4.10
Rn=(n+1)!J a

25.4.11
Equally Spaced Abscissas

fxo n (-1) ('Xk ir(x)
dx±R

.Jzo
)dx=Efi.,(.),J xxi

[2
25.4.12

J
"' f(x)dx=h A(m)J+R *

z,,.

(See Table 25.3 for A(m).)

Newton-Cotes Formulas (Closed Type)

(For Trapezoidal and Simpson's Rules see 25.4.1-
25.4.6.)
25.4.13 (Simpson s rule)

f' f (x)dx= (Jo+ 3f1 +3J2+f3)

25.4.14 (Bode's rule)
('X4 2h

Jf(x)dx= (710+3211+1212
jo

45

8f 6) (E)h7
+ 3213+714) 945

25.4.15

PX5 5h

J
J(x)dx= (19J0+75f1+50f2±50J3

+7514+19J)
275f6> (E)h7

12096

25.4.16

h
j0 J(x)dx=- (4110+21611+2712+272f3

+2714+21615+4116)
9f(8) (E)h9

1400
25.4.17

I'X7 7h

Jf(x)dx=17280
(751f±3577f,± 1323Jz

jo

+298913+298914+ 1323J5±3577fo

+751f )
8183f (8)

518400
25.4.18

i'X 4h

jjo
f(x)dx=4175 (98910±588811-92812

+ 10496J3-4540f4+10496J5-928J6+5888J7

+989Jo)
2368 f(lo)(E)hll

467775
25.4.19

£00J(x)dx=890 { 2857 (J+f)

+ 15741 (Ji +18) + 1080(12+17) + 19344 (fo +1 )

173 (10)
+5778(14+15) 14620-i (E)h

See page II.
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25.4.20
5k

1x0
f(x)dx-299376 {16067(f0-4-f10)

±106300(11+19) 48525(f2+fs) +272400(13+17)

260550(f4--j--f9) +42736815}

1346350 '(12)
326918592 (E)h13

Newton-Cotes Formulas (Open Type)

25.4.21

J
J(x)dx=- (11+12) 4

3h ±1(2) ()h3
z0

25.4.22
IZ 4k +281(4)6
Jf(x)dx=--(2J1f2+2J3) 90z0

25.4.23
(X5 5h
J

f(x)dx=(11fi+f2+f3+11J4) 144., X0

25.4.24

(X 6h

Jj(x)dx= (11J1-14f2+26f3-14f4+11f5)
10

+411(6) (E)h7
140

25.4.25

£0fxdX=iO (61111-45312+56213+56214

_453f5+611f6)+f6) (E)h7
25.4.26

f10Jx)dx=5 (460J1-954J2+2196f3--2459f4

+2196.f5-954.f6+46017)+ 14175

Five Point Rule for Analytic Functions

25.4.27
z0+ ih

s

20z0h s z0+h

NTJMERICAL ANALYSIS

gz0+h h
I f(z)dz=1- {24J(zo) +4[f (zo+h) +f(zoh)]

JZ0h 'J

[f(zo+ih)+J(zoih)]} +R

RI
hi7 Max f(6) (z), S designates the square

18 zs
with vertices zo+ikh(k=0, 1,2,3); h can be complex.

Chebyshev's Equal Weight Integration Formula
¡'1 2'

25.4.28 I J(x)dx= f(x0)+Rji flii
Abscissas: xj is the tb zero of the polynomial part
of

2.3x24.5x3xnexp[n
n n

(See Table 25.5 for Xj.)

For n=8 and n 10 some of the zeros are
complex.
Remainder:

R=Iji (n+1)!
"+1

f(n+l) ()dx

2 n+i(n+1) I
n(n+1)!

where =E(x) satisfies 0<E<x and 0<x1

(i=1, . . . ,n)

Integration Formulas of Gaussian Type

(For Orthogonal Polynomials see chapter 22)

Gauss' Formula

25.4.29 f f(x)dx= wj(x)+R

Related orthogonal polynomials: Legendre poly-
nomials P(x), P(1)=1

Abscissas: Xj is the j zero of P(x)

Weights: w=2/(1-4) [P,(x)]2
(See Table 25.4 for Xj and w0.)

2iz+l(n)l
Rfl=(2+l) [(2n)!}

(-1<E<1)

Gauss' Formula, Arbitrary Interval

887

25.4.30

*See page II.

JJ(y)dy=-j- wj(y0)+R,,
"b

o

/ba\ fb+aY() Xj+-



Related orthogonal polynomials: P (z), P(1)= i
Abscissas: Xj is the th zero of P(x)

* Weights: w=2/(1-4) [P(x)]2

'b )2flfi(fl4R ' 2-'- ¡(2n
'(2n+i)[(2n)!}3 .'

Radau's Integration Formula

25.4.31
2 n-1

Jf(x)dx=-J1+E wJ(x)+R1 i=1

Related polynomials:

(z) +P(x)
x+1

Abscissas: xj is the jth zero of

P1(x) +P(x)
x+i

Weights:

i 1xi i iWjj EP_1(x1)]2ix [P_1(x)]2

Remainder:

221.n 1)!]4f2'1(E) (-1<E<1)

Lobatto's Integration Formula

25.4.32

Il f(x)dx= 2
[J(1)4-f(-1)]1 n(ni)

n-1
+E wf(x)+Ri2

Related polynomials: P_1(x)

Abscissas: x is the (j_i)t zero of P_j(x)

Weights:
2

n(n l)[P_1(x)}2

(See Table 25.6 for Xj and Wi.')

Remainder:

R n(n i )2 '[(n-2) !]4

(2n 1)[(2n-2) !J

S$ee page II.

(Xj 0 ± 1)

(-1<E<1)
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25.4.33
x'j(x)dx=±. wj(x1) +R5

Related orthogonal polynomials:

g(x) =-.Jk+2n+ 1P, 0) (1 2x)

(For the Jacobi polynomials P ° see chapter 22.)

Abscissas:

x is the i zero of q(x)

Weights:

w,= {
[qj(xi)]2}1

(See Table 25.8 for Xj and Wi.)

Remainder:
f(ln) (E) [n!

11(k+2n+l)(2n)' (k+2n)!i (O<<i)

25.4.34

fo wj(x)+R,,

Related orthogonal polynomials:

i P21 (íT), P2+1(1)=if1x
Abscissas: x1=1E where Ei is the th positive
zero of P2+1(x).
Weights: w=2Ew2''> where w2'" are the
Gaussian weights of order 2n+1.
Remainder:

24&+i[(2n+i)!J4
(2n)! (4n+3) [ (4n+2) !]2<2' (E) (O(E<i)

25.4.35

r
Ja f(y)-sJbydy=(ba)312 wJ(y,)

y1=a+(ba)x

Related orthogonal polynomials:

vi - z
(Ilx), P21(1)=1

Abscissas: Xj= 1 E where is the th positive
zero of P2+1(x).
Weights: w1=2Ew2'° where w2'' are the
Gaussian weights of order 2n +1.
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n Abscissas:
25.4.36 J"

f(x) dx= wJ(x) +R
X i=I

Weights:Related orthogonal polynomials:

25.4.37
fb

Ê vJ(y) +Ra Jby i-1

Related orthogonal polynomials:

P2(-4J1x),P2(1)= i

Abscissas:
x=1 where is the th positive zero of P2(x).

Weights: Wj= 2w2', W21 are the Gaussian weights
of order 2m.

25.4.38 f dx. wj(x) +R

Related orthogonal polynomials: Chebyshev Poly-
nomials of First Kind

Tn(X),Tn(1)i
Abscissas:

Weights:

Remainder:
ir

(2n)!2hhf (--i<E<1)

25.4.39

p2 (Ii), P2(1)=1
Abscissas: x= 1 where is the th positive 25.4.40

zero of P2(x).
Weights: w=2w2", w2 are the Gaussian weights
of order 2n.
Remainder:

24t+1 [(2n)'13
Rn=4+i [(4n)!}2J (O<<1)

(2ii)irXjCOS
2n

irw1=-n

Jb
f(y)dy n

(ya)(by) ¡=1

b+a balii 2 + 2

Related orthogonal polynomials

Tn(),Tn(1)

(.+1 n

I J(x) /1_x2dx=EwjJ(x)+RJ-I i=i

Related orthogonal polynomials: Chebyshev Poly-
nomials of Second Kind

u [(n+1) arccos X]
n' sin (arccos x)

Abscissas:

n-i-1
Weights:

2w= sin ir
n+1 n+1

Remainder:
ir

(2n)!22n+1 f21(E) (-1<E<i)
25.4.41

-..J(ya) (b_Y)f(Y)dY=(b-;a)I 1vjf (ye) + R

b+a ba
2 + 2

Related orthogonal polynomials:

Ufl(X)=n [(n+i) arccos X]
sin (arccos x)

Abscissas:

x=cos
n+1

Weights:

Wj sin2 ii
n+1 n+1
ir. i

25.4.42 dx$2 wJ(x)+R

Related orthogonal polynomials:

Abscissas:

Weights:

*See page IL

(2i 1)irxj=cos
2n

irwi=-n

2i-1 ir
XCOS22+l

2ir

889



R= (2n)'2
25.4.43

Abscissas:

Weights:

25.4.44

25.4.46

ef(x)dx= w1f (x1) +R

Related orthogonal polynomials Hermite poly-
nomials H(x).
Abscissas: z1 is the zero of H(x)
Weights:

2''n!-.,Ç

cl
Jo

2i-1 ir
X1CO522+l

2ir
W1_2fl+l Xi

(n!)2x1WI-
(n+1)2[L+1(x1)]

(See Table 25.9 for x1 and w1.)
Remainder:

R (flD2J(2) () (O<< )

(See Table 25.10 for x1 and w1.)

(O<<1)

fb
n

1(x) dx=(ba) w1J(y1)+R

y1=a+(ba)x1

Related orthogonal polynomials:

in xJ(x)dx= W1f(X1)+R

Related orthogonal po1ynomia1s polynomials or-
thogonal with respect to the weight function in x
Abscissas: See Table 25.7
Weights: See Table 25.7

25.4.45

Related orthogonal polynomials: Laguerre poly-
nomials L(x).
Abscissas: z1 is the th zero of L(x)
Weights:

2
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Remainder:

25.4.47

rX2n r
Jf(x) cos tx dx=h La(th) (f2, sin tx

X0

f0 sin tx0)+ß(th) .C2+y(th)

+ thSn_i]Ra
25.4.48

cos (tx21)[f2 COS tx2+fo cos txoJ

C2_1=E cos tx21_1

25.4.49

25.4.50

sin tx21_1

25.4.51

(E) + O(tli7)

25.4.52
i sin2O 2sin2O

202

_2'1+cos0 sin296(0)
k. 02

¡sin O cos O
- 02

For small O we have

25.4.53
202 2O 20

2 202 4O 206

ß3+l5 105+567
4 202 0 6

11340+

R=8 2(2n)! (-<<)
Filon's Integration Formula3

25.4.54

fz:2fJ(x) sin tx dx=h[a(th) (f0 cos tx0f2 cos tx2)

+ßS2+7S2_i+ th4Cn_i]_Rn

25.4.55

82flE f21 sin (tx21) [f2,, sin (tx2,,)+fo sin (txo)]

8 For certain difficulties associated with this formula,
see the article by J. W. Tukey, p. 400, "On Numerical
Approximation," Ed. R. E. Langer, Madison, 1959.

fo ef(x)dx= w1f (Xi) +R

890

Remainder:



n
25.4.56 S2_1=E f2i 1 sin (tx2_j)

i= i

n
25.4.57 C_1=fV1 cos (tx2_1)

i= i

(See Table 25.11 for c, ß, y.)

Circle C: x2+y2 li2.
25.4.61

dt f'' dtn_i .

.
f dt2

fz2

JaX
dt f" dt_1 .

.
f'3 dt2 f'J()d

= f' t"'f(x(x--a)t)dt
Multidimensional Integration

Circumference of Circle r: x2+y2=h'.
25.4.60

2Jf
n- f(x,y)dxdy== wJ(x,y) +1?

C

1JMERICAL ANALYSIS

+ O(h2m_2)

(x,y) Wj

(0,0) 1/2 R=O(h4)

(±h,0), (0,±h) 1/8

(x,y)

(±,±) 1/4 R=O(h4)

(z, y)

(0,0) 1J2

(±h,0) 1/12 R=O(h4)

(±±ì) 1/12

891

25.4.58
Iterated Integrals

25.4.59

i z

=(n1)! f (xt)f(t)dt

irfl .irm\h cos -, h sin -
m

2m

f f(x,y)ds= f



(Xf, yj)

(0,0)

(,/6_h cos

h sin 2irk)

1/9

/6h 2rk\ 16+
10

S1n)
360

(k=1,. . .,10)

ANALYSIS

Square4 S: lxIh,Iyh
25.4.62

4h2ff
n

- f(x,y)dxdy=E wj(x4,y4)+RiI
s

(x1,y)

s i

i ¿ s

i I i

w'

(±i/ ±h.J) 1/4 R=0(h4)

.

s

For regions, such as the square, cube, cylinder, etc.,
which are the Cartesian products of lower dimensional
regions, one may always develop integration rules by
"multiplying together" the lower dimensional rules. Thus
if

n

I f (x)dxn w1f(z4)
JO j1

is a one dimensional rule, then

i.1p1 n
I I f(x,y)dxdyn wjw1f(x.,xt)
Jo .'o j,ji

becomes a two dimensional rule. Such rules are not
necessarily the most "economical".
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R =0(h6)

(x,y) w1

(0,0) 1/6

(±h,0) 1/24

(O,±h) 1/24

(±,±) 1/6

WI

4/9

1/36 R=0(h4)

1/9

1/9

(x1,y1)

(0,0)

(±/i, ±h)

(± h, 0)

(0, ±h)

(xe, yi)

(0,0) 1/4

(±jh,o) 1/8

(±Jh,±v) 1/8

R= 0(h6)

w'

16/81

(x1,y)

(0,0)



(±'h,±/h) 25/324

11=0(h6)

(o,±/h) 10/81

(±./h,o)
Equilateral Triangle T

Radius of Circumscribed Circle=h

25.4.63

i f5f(x,y)dxdy= wj(x1,y1)+R
2' i=i

4

11=0(h4)

NUMERICAL 'ANALYSIS

((VL+1) h,

±(+') /Jh)

((
T_1),)

WI

270/1200

i55+/T3
¡í'T 1\

14 )(4)) 1200

Regular Hexagon H

Radius of Circumscribed Circle=h

25.4.64

i55.ViT
1200

11=0(h°)

/h2JJ

n
f(x,y)dxdy= w1f (Xj, Yl) +11

i=1

893

(s1, y)

(0,0)

(h,0)

(_,4ì)

WI

3/4

1/12
11=0(h3)

1/12

27/60

3/60

3/60

(xi,yj) W1

(0,0)

(h, 0)

(-±
(-' o) 8/60

(± ) 8/60

W1

21/36

5/72 11=0(4)

(XI,YI)

(0,0)

(4± )
(±h,0) 5/72



4lrh2fJ
n

f(x,y,)d= wJ(x1,,z1) +1?
i= i

(x1,y1,z1) w1

(±h,0,0) 1/6

(0,±/i3O) 1/6

(0,0,±h) 1/6

R=O(h4)

(x1,y1,z) WI

(±.4h,±/h,o)

(±,/h,o,±/h) 1/15

h,±/ h)
R=O(h6)

ii, 0, 0)

(0,±h,0) 1/30

(0,0,±h)

(x1,y,z) w1

27/840

(±/ h,± h,o)

32/840 R=O(h8)

(o±h±h)
(±h,0,0)

(0, ±li3O) 40/840

(0,0, ±h)

Sphere S: x2+y2+z2h2

25.4.66

fj'ff(x,y,z)dxdydz= wj(x1,y1,z1)-+-R
,rh3
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w'(x1,y1)

(0,0) 258/1008

(± ± )
(±hÇo) 125/1008

Surface of Sphere Z: x2+y2+z=h2

25.4.65



25.4.67

fff.tx, y, z)dxdydz=Ê wf(x1,y1, z1) +R

(x1, y, z) w1

(dh,0,0) 1/6

(0,±h,O) 1/6

(0,0,±h) 1/6

25.4.68

fff,

y, z)dxdydz

R= 0(h4)

[_496fm+l28Efr+8Efi+5Efv]+O(h6)

25.4.69

_1 [91 Efr40Efe+ i 6fJ+ 0(h6)

where fmf(O, 0,0).

'See footnote to 25.4.62.
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Efsum of values off at the 6 points midway
from the center of C to the 6 faces.

Efi=sum of values of f at the 6 centers of the
faces of C.

Efv==sum of values off at the 8 vertices of C.

Efsu1fl of values of f at the 12 midpoints of
edges of C.

Ef4=sum of values of f at the 4 points on the
diagonals of each face at a distance of

from the center of the face.

Tetrahedron: 3
25.4.70

ffff(x, y, z)dxdydz= Ef5+ Ef
+ terms of 44h order

32 1fm+ Ef0+% Efe

V: Volume of Y

+ terms of 4th order

where

Efe: Sum of values of the function at the vertices
of .9.

Efe: Sum of values of the function at midpoints
of the edges of 5.

Efi: Sum of values of the function at the center
of gravity of the faces of .T

fm: Value of function at center of gravity of .Y.

(x1,y1,z1) w1

(0,0,0) 2/5

(±h,0,0) 1/lo
R=0(h4)

(0,±/i3O) 1/10

(O,0,±h) 1/10

Cube6 C: JxIh

JyIh

JzJ<h
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25.5. Ordinary Differential Equations6

First Order: y'=J(x, y)

Point Slope Formula

25.5.1 Yn+i =y+hy+ 0(h2)

25.5.2 y,,+ y.-1+2hy+ 0(h)

Trapezoidal Formula

25.5.3 Yn+iYn+ (y'1+y)+0(h8)

Adams' Extrapolation Formula

25.5.4

Yn+i'Yn+ (55y-59y-1+37y1-2-9y-a) +0(h)

25.5.5

Yn+iYn+ (91+19j,-5y_1+y,-.2)+0(h3)

Runge-Kutta Methods
Second Order

25.5.6

Yn+i=Yn+ (k1+k2)+0(h3)

k1=hf(x,y) ,1c2=hf(x+h,y+k1)

25.5.7

Yn+i =y+k2+ 0(M)

Ic1=hf(x,y),k2=hJ(x+ h,y+ k1)

Third Order

25.5.8

Yn+i=Yn+ k1+ k2+ k3+O(h4)

h,y+ k1)

k3=hJ(x+h,ykj+k2)

Adams' Interpolation Formula

The reader is cautioned against possible instabilities
especially in formulas 25.5.2 and 25.5.13. See, e.g.
[25.11], [25.12].
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25.5.9

Yn+i'Yn+ k1+ k3+O(h4)

k1=1if(x,y),k2==hJ (x+ h,y+ k1)

k3=hJ (x+ h,y+ k2)

Fourth Order

25.5.10

Yn+iYn+ k1+ k2+ k3+ k4+0(h6)

ki=hJ(x,y) ,k2=hJ (x+ h,y+ k1)

k3rhf h,y+ k2) k4=hJ(x+h,y+k3)

25.5.11

Yn+i=Yn+ k1+ k2+ 3+k4+O(h)

k1=hJ(x,y,j,k2=hJ h,y+ k1)

k3=hf h,y k1+k2)
k4=hf(x+h,y+k1k2+k3)

Gill's Method
25.5.12

Yn+iYn+ (k1+2 (i.) k2

+2 (i+./) k3+k4)+0(h5)
k1hJ(x, y)

k2hf h, Yn+ k1)

k3=hJ(x+h, y+(+-J)ki

+('-/) k2)

k4=hJ(x+h,y _.k2+(1+.) k3)

Predictor-Corrector Methods

Mime's Methods
25.5.13

4h
Yn+iYn-a+ - (2y,y,1+2y_2)+0(h6)

(y_j+4y+y1)+0(h5)

P:

C:



25.5.14

P:

C:

P:

C:

3hYn+iYn:+f (1lyl4y_
+26Y,2 l4ffl_3+ lly-4)+O(h7)

2h ,
Yn+1=Yn-3+ (7Yn+i+32Yn

+ l2y,i + 32,-2 +7Yn-3) + O(h)

Formulas Using Higher Derivatives

25.5.15

P:

C: Yn+i=Yn+ (y+j+y) (y'1y')+O(h6)
25.5.16

-f-O(h7)

p, pp

(Yn+rYn)

(l:+12)+O(h)

l:=hg(x,y,z)

k2=hJ(x5+h,y+ki, z+l1),

l:=hg(xn+h,yn+k:, z+l1)

Fourth Order Runge-Kutta
25.5.18

Yn+:Yn+ (k1 +2k2+2k3+k4) +O(h&),

(l1+212+213+14)+O(h)

k1=/if(x,y,z) lihg(xn,yn,zn)

k2=hJ h,y+ k1,z+ i)

l2=hg (x+ Yn+' z+)

+j (y:+y")+O(h7)

Systems of Differential Equations

First Order: y'=f(x,y, z), z' =g(x,y, z).

Second Order Runge-Kutta
25.5.17

Yn+i=Yn+ (k1+k2)+O(h),
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k3rrrhJ (x+ h,y+ k2, z+ 12)

13=hg (x+ Yn+' zn+!)

k4=hJ(x+h,y±k3, 2,Z+13)

l4=hg(x+h,y+k3, z+l,)
Second Order: y"=f(x, y, y')

Mime's Method
25.5.19

P: ì+: (2Y'-2Y: +2y'') +O(h)

C: Y+iY-:+ (yi+4y'+y.'+1)+O(h5)

25.5.20

25.5.21

Runge-Kutta Method

y+1=y+h (k1+k2+k3)]+O(h5)

(k1+2k2+2k3+k4)

i L4íni J¼n,Yn,Yn

k2=hf (x+ h,Yn+ Yz+ ki,y+)

k3==hf(x+ h,y-f- ;1+ kiy+)

k4=hJ (x+h,y+hy+ k:,y+k3)

Second Order: y"=f(x,y)

P: y+=yfl+yn---yn-a

Mime's Method

+- +O(h)

C: Yn=2Yn_:Yn_2+j (y+1Oy_l+y'2)+O(h6)

Runge-Kutta Method

25.5 .22 y+=y+h (k1 +2k2))+ O(h)

Y+iY&+ k1+ k2+ k3

k,=hf(x,y)

k2=hf (x+ 1/n+ k1)

k3=hf (x+h,y+hy- k2).

*See page 'J.
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Texts

(For textbooks on numerical analysis, see texts in
chapter 3)
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Table 25.1 THREE.POINT LAGRANGIAN INTERPOLATION COEFFICIENTS

A3' "-' Fk+1 P(P21)

0.50 -0.12500 0.75000 0.37500 1.00 -0.00000 0.00000 1.00000
--p A1 Ao A_1 -p Ai Ao

See 25.2.6.
Compiled from National Bureau of Standards, Tables of Lagrangian interpolation
coefficients. Columbia Univ. Press, New York, N.Y., 1944 (with permission).

p A_i Ao

/CkP1Y / (1+k)!(1-Ic)!(p--k)

A1 p A_1 Ao Ai
0.00 -0.00000 1.00000 0.00000 0.50 -0.12500 0.75000 0.37500
0.01 -0.00495 0.99990 0.00505 0.51 -0.12495 0.73990 0.38505
0.02 -0.00980 0.99960 0.01020 0.52 -0.12480 0.72960 0.39520
0.03 -0.01455 0.99910 0.01545 0.53 -0.12455 0.71910 0.40545
0.04 -0.01920 0.99840 0.02080 0.54 -0.12420 0.70840 0.41580

0.05 -0.02375 0.99750 0.02625 0.55 -0.12375 0.69750 0.42625
0.06 -0.02820 0.99640 0.03180 0.56 -0.12320 0.68640 0.43680
0.07 -0.03255 0.99510 0.03745 0.57 -0.12255 0.67510 0.44745
0.08 -0.03680 0.99360 0.04320 0.58 -0.12180 0.66360 0.45820
0.09 -0.04095 0.99190 0.04905 0.59 -0.12095 0.65190 0.46905

0.10 -0.04500 0.99000 0.05500 0.60 -0.12000 0.64000 0.48000
0.11 -0.04895 0.98790 0.06105 0.61 -0.11895 0.62790 0.49105
0.12 -0.05280 0.98560 0.06720 0.62 -0.11780 0.61560 0.50220
0.13 -0.05655 0.98310 0.07345 0.63 -0.11655 0.60310 0.51345
0.14 -0.06020 0.98040 0.07980 0.64 -0.11520 0.59040 0.52480

0.15 -0.06375 0.97750 0.08625 0.65 -0.11375 0.57750 0.53625
0.16 -0.06720 0.97440 0.09280 0.66 -0.11220 0.56440 0.54780
0.17 -0.07055 0.97110 0.09945 0.67 -0.11055 0.55110 0.55945
0.18 -0.07380 0.96760 0.10620 0.68 -0.10880 0.53760 0.57120
0.19 -0.07695 0.96390 0.11305 0.69 -0.10695 0.52390 0.58305

0.20 -0.08000 0.96000 0.12000 0.70 -0.10500 0.51000 0.59500
0.21 -0.08295 0.95590 0.12705 0.71 -0.10295 0.49590 0.60705
0.22 -0.08580 0.95160 0.13420 0.72 -0.10080 0.48160 0.61920
0.23 -0.08855 0.94710 0.14145 0.73 -0.09855 0.46710 0.63145
0.24 -0.09120 0.94240 0.14880 0.74 -0.09620 0.45240 0.64380

0.25 -0.09375 0.93750 0.15625 0.75 -0.09375 0.43750 0.65625
0.26 -0.09620 0.93240 0.16380 0.76 -0.09120 0.42240 0.66880
0.27 -0.09855 0.92710 0.17145 0.77 -0.08855 0.40710 0.68145
0.28 -0.10080 0.92160 0.17920 0.78 -0.08580 0.39160 0.69420
0.29 -0.10295 0.91590 0.18705 0.79 -0.08295 0.37590 0.70705

0.30 -0.10500 0.91000 0.19500 0.80 -0.08000 0.36000 0.72000
0.31 -0.10695 0.90390 0.20305 0.81 -0.07695 0.34390 0.73305
0.32 -0.10880 0.89760 0.21120 0.82 -0.07380 0.32760 0:74620
0.33 -0.11055 0.89110 0.21945 0.83 -0.07055 0.31110 0.75945
0.34 -0.11220 0.88440 0.22780 0.84 -0.06720 0.29440 0.77280

0.35 -0.11375 0.87750 0.23625 0.85 -0.06375 0.27750 0.78625
0.36 -0.11520 0.87040 0.24480 0.86 -0.06020 0.26040 0.79980
0.37 -0.11655 0.86310 0.25345 0.87 -0.05655 0.24310 0.81345
0.38 -0.11780 0.85560 0.26220 0.88 -0.05280 0.22560 0.82720
0.39 -0.11895 0.84790 0.27105 0.89 -0.04895 0.20790 0.84105

0.40 -0.12000 0.84000 0.28000 0.90 -0.04500 0.19000 0.85500
0.41 -0.12095 0.83190 0.28905 0.91 -0.04095 0.17190 0.86905
0.42 -0.12180 0.82360 0.29820 0.92 -0.03680 0.15360 0.88320
0.43 -0.12255 .0.81510 0.30745 0.93 -0.03255 0.13510 0.89745
0.44 -0.12320 0.80640 0.31680 0.94 -0.02820 0.11640 0.91180

0.45 -0.12375 0.79750 0.32625 0.95 -0.02375 0.09750 0.92625
0.46 -0.12420 0.78840 0.33580 0.96 -0.01920 0.07840 0.94080
0.47 -0.12455 0.77910 0.34545 0.97 -0.01455 0.05910 0.95545
0.48 -0.12480 0.76960 0.35520 0.98 -0.00980 0.03960 0.97020
0.49 -0.12495 0.75990 0.36505 0.99 -0.00495 0.01990 0.98505



p A-1

A(p) =(_1)k+2

Ao

p(p2-1)(p-2)

Al

(1+/c)!(2-k)!(p-k)
A1

0.00 0. 00000 00 1. 00000 00 0. 00000 00 0. 00000 00 1.00
0.01 -0. 00328 35 0. 99490 05 0. 01004 95 -0. 00166 65 0.99
0.02 -0. 00646 80 0.98960 40 0. 02019 60 -0. 00333 20 0.98
0. 03 -0. 00955 45 0. 98411 35 0. 03043 65 -0. 00499 55 0.97
0.04 -0. 01254 40 0. 97843 20 0. 04076 80 -0. 00665 60 0.96

0.05 -0. 01543 75 0. 97256 25 0. 05118 75 -0. 00831 25 0.95
0.06 -0. 01823 60 0. 96650 80 0. 06169 20 -0. 00996 40 0.94
0.07 -0. 02094 05 0. 96027 15 0. 07227 85 -0. 01160 95 0.93
0.08 -0. 02355 20 0. 95385 60 0. 08294 40 -0. 01324 80 0.92
0.09 -0. 02607 15 0. 94726 45 0. 09368 55 -0. 01487 85 0.91

0.10 -0. 02850 00 0. 94050 00 0. 10450 00 -0. 01650 00 0.90
0.11 -0. 03083 85 0. 93356 55 0. 11538 45 -0. 01811 15 0.89
0.12 -0. 03308 80 0. 92646 40 0. 12633 60 -0. 01971 20 0.88
0.13 -0. 03524 95 0. 91919 85 0. 1:3735 15 -0. 02130 05 0.87
0.14 -0. 03732 40 0. 91177 20 0. 14842 80 -0. 02287 60 0.86

0.15 -0. 03931 25 0. 90418 75 0. 15956 25 -0. 02443 75 0.85
0.16 -0. 04121 60 0. 89644 80 0. 17075 20 -0. 02598 40 0.84
0.17 -0. 04303 55 0. 88855 65 0. 18199 35 -0. 02751 45 0.83
0.18 -0. 04477 20 0. 88051 60 0.19328 40 -0.02902 80 0.82
0.19 -0. 04642 65 0. 87232 95 0. 20462 05 -0. 03052 35 0.81

0.20 -0. 04800 00 0. 86400 00 0. 21600 00 -0. 03200 00 0.80
0.21 -0. 04949 35 0. 85553 05 0. 22741 95 -0. 03345 65 0.79
0.22 -0. 05090 80 0. 84692 40 0. 23887 60 -0. 03489 20 0.78
0.23 -0. 05224 45 0. 8:3818 35 0. 250:36 65 -0.03630 55 0.77
0.24 -0. 05350 40 0. 82931 20 0.26188 80 -0. 03769 60 0.76

0.25 -0. 05468 75 0. 82031 25 0. 27343 75 -0. 03906 25 0.75
0.26 -0. 05579 60 0. 81118 80 0. 28501 20 -0. 04040 40 0.74
0.27 -0. 05683 05 0. 80194 15 0. 29660 85 -0. 04171 95 0.73
0.28 -0. 05779 20 0. 79257 60 0. 30822 40 -0. 04300 80 0.72
0.29 -0. 05868 15 0. 78309 45 0. 31985 55 -0. 04426 85 0.71

0.30 -0. 05950 00 0. 77350 00 0. 33150 00 -0. 04550 00 0.70
0.31 -0. 06024 85 0. 76379 55 0. 34:315 45 -0. 04670 15 0.69
0.32 -0. 06092 80 0. 75398 40 0. 35481 60 -0. 04787 20 0.68
0.33 -0. 06153 95 0. 74406 85 0. 36648 15 -0. 04901 05 0.67
0.34 -0. 06208 40 0. 73405 20 0. 37814 80 -0. 05011 60 0.66

0.35 -0. 06256 25 0. 72393 75 0. 38981 25 -0. 05118 75 0.65
0.36 -0. 06297 60 0. 71372 80 0. 40147 20 -0. 05222 40 0.64
0.37 -0. 06332 55 0. 70342 65 0.41312 35 -0.05322 45 0.63
0.38 -0. 06361 20 0. 69303 60 0. 42476 40 -0. 05418 80 0.62
0.39 -0. 06383 65 0. 68255 95 0.43639 05 -0. 05511 35 0.61

0.40 -0. 06400 00 0. 67200 00 0. 44800 00 -0. 05600 00 0.60
0.41 -0. 06410 35 0. 66136 05 0.45958 95 -0. 05684 65 0.59
0.42 -0. 06414 80 0. 65064 40 0.47115 60 -0.05765 20 0.58
0.43 -0.06413 45 0. 63985 35 0. 48269 65 -0. 05841 55 0.57
0.44 -0. 06406 40 0. 62899 20 0. 49420 80 -0. 05913 60 0.56

0.45 -0. 06393 75 0. 61806 25 0. 50568 75 -0. 05981 25 0.55
0.46 -0. 06375 60 0. 60706 80 0. 51713 20 -0. 06044 40 0.54
0.47 -0. 06352 05 0. 59601 15 0. 52853 85 -0. 06102 95 0.53
0.48 -0. 06323 20 0. 58489 60 0. 53990 40 -0. 06156 80 0.52
0.49 -0. 06289 15 0. 57372 45 0. 55122 55 -0. 06205 85 0.51

0.50 -0. 06250 00 0. 56250 00 0. 56250 00 -0. 06250 00 0. 50
A2 A1 Ao A-1 p
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Table 25.1 FOUR-POINT L4GRANGIAN INTERPOLATION COEFFICIENTS

p A-i

A4 =(_1'k+2 p(p2-l)(p---2)

A2Ao

k (1+k)!(2-k)!(p--k)

A1
1.00 0.00000 00 0.00000 00 1.00000 00 0.00000 00 0.00
1. 01 0. 00166 65 -0. 00994 95 1. 00489 95 0. 00338 35 0. 01
1. 02 0. 00333 20 -0. 01979 60 1. 00959 60 0.00686 80 0. 02
1. 03 0.00499 55 -0. 02953 65 1.01408 65 0.01045 45 0.03
1. 04 0. 00665 60 -0. 03916 80 1. 01836 80 0. 01414 40 0. 04

1.05 0.00831 25 -0.04868 75 1.02243 75 0.01793 75 0.05
1. 06 0.00996 40 -0. 05809 20 1. 02629 20 0.02183 60 0. 06
1. 07 0. 01160 95 -0. 06737 85 1. 02992 85 0. 02584 05 0. 07
1. 08 0. 01324 80 -0. 07654 40 1. 03334 40 0. 02995 20 0. 08
1. 09 0. 01487 85 -0. 08558 55 1.03653 55 0. 03417 15 0.09

1.10 0.01650 00 -0.09450 00 1.03950 00 0.03850 00 0.10
1. 11 0. 01811 15 -0. 10328 45 1. 04223 45 0.04293 85 0.11
1.12 .0. 01971 20 -0. 11193 60 1. 04473 60 0. 04748 80 0.12
1.13 0. 02130 05 -0. 12045 15 1.04700 15 0.05214 95 0.13
1.14 0. 02287 60 -0. 12882 80 1. 04902 80 0. 05692 40 0.14

1. 15 0. 02443 75 -0. 13706 25 1. 05081 25 0. 06181 25 0.15
1.16 0. 02598 40 -0. 14515 20 1.05235 20 0.06681 60 0.16
1.17 0. 02751 45 -0. 15309 35 1. 05364 35 0. 07193 55 0.17
1.18 0.02902 80 -0. 16088 40 1. 05468 40 0. 07717 20 0.18
1.19 0. 03052 35 -0. 16852 05 1. 05547 05 0. 08252 65 0.19

1. 20 0.03200 00 -0. 17600 00 1. 05600 00 0.08800 00 0.20
1. 2]. 0. 03345 65 -0. 18331 95 1. 05626 95 0. 09359 35 0.21
1. 22 0. 03489 20 -0. 19047 60 1. 05627 60 0. 09930 80 0.22
1. 23 0.03630 55 -0. 19746 65 1.05601 65 0.10514 45 0.23
1. 24 0. 03769 60 -0. 20428 80 1. 05548 80 0. 11110 40 0. 24

1. 25 0. 03906 25 -0. 21093 75 1. 05468 75 0.11718 75 0.25
1.26 0. 04040 40 -0. 21741 20 1. 05361 20 0. 12339 60 0. 26
1. 27 0. 04171 95 -0. 22370 85 1. 05225 85 0. 12973 05 0. 27
1. 28 0.04300 80 -0. 22982 40 1. 05062 40 0. 13619 20 0.28
1.29 0.04426 85 -0.23575 55 1.04870 55 0.14278 15 0.29

1. 30 0. 04550 00 -0. 24150 00 1. 04650 00 0. 14950 00 Q. 30
1.31 0. 04670 15 -0. 24705 45 1.04400 45 0.15634 85 0. 31
1. 32 0. 04787 20 -0. 25241 60 1. 04121 60 0.16332 80 0.32
1. 33 0. 04901 05 -0. 25758 15 1. 03813 15 0. 17043 95 0. 33
1.34 0. 05011 60 -0. 26254 80 1. 03474 80 0. 17768 40 0.34

1.35 0. 05118 75 -0. 26731 25 1.03106 25 0.18506 25 0. 35
1.36 0. 05222 40 -0. 27187 20 1. 02707 20 0.19257 60 0. 36
1. 37 0.05322 45 -0. 27622 35 1. 02277 35 0.20022 55 0. 37
1. 38 0.05418 80 -0. 28036 40 1. 01816 40 0. 20801 20 0. 38
1. 39 0.05511 35 -0. 28429 05 1.01324 05 0.21593 65 0.39

1.40 0. 05600 00 -0. 28800 00 1. 00800 00 0.22400 00 0.40
1.41 0. 05684 65 -0. 29148 95 1. 00243 95 0.23220 35 0.41
1. 42 0. 05765 20 -0. 29475 60 0. 99655 60 0. 24054 80 0.42
1. 43 0. 05841 55 -0. 29779 65 0. 99034 65 0. 24903 45 0. 43
1. 44 0.05913 60 -0. 30060 80 0.98380 80 0.25766 40 0.44

1.45 0. 05981 25 -0. 30318 75 0. 97693 75 0. 26643 75 0.45
1. 46 0. 06044 40 -0. 30553 20 0. 96973 20 0.27535 60 0.46
1. 47 0.06102 95 -0. 30763 85 0.96218 85 0.28442 05 0.47
1.48 0.06156 80 -0. 30950 40 0.95430 40 0. 29363 20 0.48
1.49 0.06205 85 -0.31112 55 0.94607 55 0.30299 15 0.49

1. 50 0. 06250 00 -0. 31250 00 0. 93750 00 0. 31250 00 0. 50
A2 A1 A0 A-1 -p
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p A-1

A4 =(_1\k+2

A2

k'P' " ' (1+k)!(2-k)!(p-/c)
Ao Ai

1. 50 0. 06250 00 -0. 31250 00 0.93750 00 0. 31250 00 0. 50
1. 51 0. 06289 15 -0. 31362 45 0.92857 45 0. 32215 85 0. 51
1. 52 0. 06323 20 -0. 31449 60 0. 91929 60 0. 33196 80 0.52
1. 53 0. 06352 05 -0. 31511 15 0.90966 15 0. 34192 95 0.53
1. 54 0. 06375 60 -0. 31546 80 0.89966 80 0. 35204 40 0.54

1. 55 0. 06393 75 -0. 31556 25 0. 88931 25 0. 36231 25 0.55
1.56 0. 06406 40 -0. 31539 20 0. 87859 20 0. 37273 60 0.56
1. 57 0. 06413 45 -0. 31495 35 0. 86750 35 0. 38331 55 0.57
1. 58 0. 06414 80 -0. 31424 40 0. 85604 40 0. 39405 20 0.58
1.59 0.06410 35 -0.31326 05 0.84421 05 0.40494 65 0.59

1. 60 0. 06400 00 -0. 31200 00 0.83200 00 0.41600 00 0.60
1. 61 0. 06383 65 -0. 31045 95 0. 81940 95 0. 42721 35 0.61
1. 62 0. 06361 20 -0. 30863 60 0. 80643 60 0. 43858 80 0.62
1. 63 0. 06332 55 -0. 30652 65 0. 79307 65 0. 45012 45 0.63
1. 64 0. 06297 60 -0. 30412 80 0. 77932 80 0.46182 40 0.64

1. 65 0. 06256 25 -0. 30143 75 0.76518 75 0.47368 75 0.65
1. 66 0. 06208 40 -0. 29845 20 0.75065 20 0.48571 60 0.66
1. 67 0. 06153 95 -0. 29516 85 0.73571 85 0.49791 05 0.67
1. 68 0. 06092 80 -0. 29158 40 0.72038 40 0. 51027 20 0.68
1. 69 0. 06024 85 -0. 28769 55 0. 70464 55 0. 52280 15 0.69

1. 70 0. 05950 00 -0. 28350 00 0. 68850 00 0.53550 00 0.70
1. 71 0. 05868 15 -0. 27899 45 0. 67194 45 0. 54836 85 0.71
1.72 0.05779 20 -0.27417 60 0.65497 60 0.56140 80 0.72
1.73 0.05683 05 -0.26904 15 0.63759 15 0.57461 95 0.73
1. 74 0. 05579 60 -0. 26358 80 0. 61978 80 0. 58800 40 0.74

1. 75 0. 05468 75 -0. 25781 25 0. 60156 25 0. 60156 25 0.75
1.76 0.05350 40 -0.25171 20 0.58291 20 0.61529 60 0.76
1. 77 0. 05224 45 -0. 24528 35 0. 56383 35 0. 62920 55 0.77
1. 78 0.05090 80 -0. 23852 40 0.54432 40 0. 64329 20 0.78
1. 79 0. 04949 35 -0. 23143 05 0.52438 05 0. 65755 65 0.79

1. 80 0. 04800 00 -0. 22400 00 0. 50400 00 0. 67200 00 0.80
1. 81 0. 04642 65 -0. 21622 95 0. 48317 95 0. 68662 35 0.81
1.82 0.04477 20 -0.20811 60 0.46191 60 0.70142 80 0.82
1. 83 0. 04303 55 -0. 19965 65 0.44020 65 0.71641 45 0.83
1. 84 0. 04121 60 -0. 19084 80 0.41804 80 0. 73158 40 0.84

1.85 0.03931 25 -0.18168 75 0.39543 75 0.74693 75 0.85
L86 0. 03732 40 -0. 17217 '20 0. 37237 20 0.76247 60 0.86
1. 87 0.03524 95 -0. 16229 85 0.34884 85 0.77820 05 0.87
1. 88 0.03308 80 -0. 15206 40 0.32486 40 0.79411 20 0.88
1. 89 0. 03083 85 -0. 14146 55 0. 30041 55 0. 81021 15 0.89

1. 90 0. 02850 00 -0. 13050 00 0.27550 00 0. 82650 00 0.90
1.91 0. 02607 15 -0. 11916 45 0.25011 45 0. 84297 85 0.91
1. 92 0. 02355 20 -0. 10745 60 0. 22425 60 0. 85964 80 0.92
1.93 0. 02094 05 -0. 09537 15 0. 19792 15 0. 87650 95, 0.93
1.94 0.01823 60 -0.08290 80 0.17110 80 0.89356 40 0.94

1. 95 0. 01543 75 -0. 07006 25 0.14381 25 0. 91081 25 0.95
1. 96 0. 01254 40 -0. 05683 20 0.11603 20 0.92825 60 0.96
1. 97 0. 00955 45 -0. 04321 35 0. 08776 35 0.94589 55 0. 97
1. 98 0.00646 80 -0. 02920 40 0. 05900 40 0. 96373 20 0.98
1.99 0.00328 35 -0. 01480 05 0. 02975 05 0. 98176 65 0.99

2. 00 0.00000 00 0. 00000 00 0.00000 00 1. 00000 00 1. 00
A2 Ai Ao A-1 -p
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Table 25.1

p

FIVE-POINT LAGRANGIAN

A-i

INTERPOLATION COEFFICIENTS

M
(2+k)!(2-k)!(p-k)

Ao A1
0.00 0. 00000 00000 0. 00000 00000 1. 00000 00000 0. 00000 00000 0. 00000 00000 0.00
0.01 0. 00082 90838 -0. 00659 98350 0. 99987 50025 0. 00673 31650 -0. 00083 74163 0.01
0.02 0. 00164 93400 -0. 01306 53600 0. 99950 00400 0. 01359 86400 -0. 00168 26600 0.02
0. 03 0. 00246 02838 -0. 01939 56350 0. 99887 52025 0. 02059 53650 -0. 00253 52163 0.03
0.04 0. 00326 14400 -0.02558 97600 0. 99800 06400 0. 02772 22400 -0. 00339 45600 0.04

0. 05 0. 00405 23438 -0. 03164 68750 0. 99687 65625 0. 03497 81250 -0. 00426 01563 0.05
0.06 0. 00483 25400 -0. 03756 61600 0. 99550 32400 0. 04236 18400 -0. 00513 14600 0.06
0.07 0. 00560 15838 -0. 04334 68350 0. 99388 10025 0. 04987 21650 -0. 00600 79163 0.07
0.08 0. 00635 90400 -0. 04898 81600 0. 99201 02400 0. 05750 78400 -0.00688 89600 0.08
0.09 0. 00710 44838 -0. 05448 94350 0.98989 14025 0. 06526 75650 -0. 00777 40163 0.09

0.10 0. 00783 75000 -0. 05985 00000 0. 98752 50000 0. 07315 00000 -0. 00866 25000 0.10
0.11 0. 00855 76838 -0. 06506 92350 0.98491 16025 0. 08115 37650 -0. 00955 38163 0.11
0.12 0. 00926 46400 -0, 07014 65600 0. 98205 18400 0. 08927 74400 -0. 01044 73600 0.12
0.13 0. 00995 79838 -0. 07508 14350 0. 97894 64025 0. 09751 95650 -0. 01134 25163 0.13
0.14 0. 01063 73400 -0, 07987 33600 0. 97559 60400 0. 10587 86400 -0. 01223 86600 0.14

0.15 0. 01130 23438 -0. 08452 18750 0. 97200 15625 0. 11435 31250 -0. 01313 51563 0.15
0.16 0. 01195 26400 -0. 08902 65600 0. 96816 38400 0. 12294 14400 -0. 01403 13600 0.16
0.17 0. 01258 78838 -0. 09338 70350 0. 96408 38025 0. 13164 19650 -0. 01492 66163 0.17
0.18 0. 01320 77400 -0, 09760 29600 0. 95976 24400 0. 14045 30400 -0. 01582 02600 0.18
0.19 0. 01381 18838 -0. 10167 40350 0. 95520 08025 0. 14937 29650 -0. 01671 16163 0.19

0.20 0. 01440 00000 -0. 10560 00000 0. 95040 00000 0. 15840 00000 Jö.01760 00000 0.20
0.21 0. 01497 17838 -0. 10938 06350 0. 94536 12025 0. 16753 23650 -0.01848 47163 0. 21
0.22 0. 01552 69400 -0. 11301 57600 0. 94008 56400 0. 17676 82400 -0. 01936 50600 0.22
0.23 0. 01606 51838 -0. 11650 52350 0.93457 46025 0. 18610 57650 -0. 02024 03163 0.23
0.24 0. 01658 62400 -0. 11984 89600 0. 92882 94400 0.19554 30400 -0. 02110 97600 0.24

0.25 0. 01708 98438 -0. 12304 68750 0. 92285 15625 0. 20507 81250 -0.02197 26563 0.25
0.26 0. 01757 57400 -0. 12609 89600 0. 91664 24400 0. 21470 90400 -0. 02282 82600 0.26
0.27 0. 01804 36838 -0. 12900 52350 0. 91020 36025 0. 22443 37650 -0. 02367 58163 0.27
0.28 0. 01849 34400 -0. 13176 57600 0. 90353 66400 0. 23425 02400 -0. 02451 45600 0.28
0.29 0. 01892 47838 -0. 13438 06350 0. 89664 32025 0. 24415 63650 -0. 02534 37163 0.29

0.30 0. 01933 75000 -0. 13685 00000 0. 88952 50000 0. 25415 00000 -0. 02616 25000 0.30
0. 31 0. 01973 13838 -0. 13917 40350 0. 88218 38025 0. 26422 89650 -0. 02697 01163 0.31
0. 32 0. 02010 62400 -0. 14135 29600 0. 87462 14400 0. 27439 10400 -0. 02776 57600 0. 32
0.33 0. 02046 18838 -0. 14338 70350 0. 86683 98025 0. 28463 39650 -0. 02854 86163 0.33
0.34 0. 02079 81400 -0. 14527 65600 0. 85884 08400 0. 29495 54400 -0. 02931 78600 0.34

0.35 0. 02111 48438 -0. 14702 18750 0. 85062 65625 0. 30535 31250 -0. 03007 26563 0.35
0. 36 0. 02141 18400 -0. 14862 33600 0. 84219 90400 0. 31582. 46400 -0. 03081 21600 0.36
0.37 0. 02168 89838 -0. 15008 14350 0. 83356 04025 0. 32636 75650 -0. 03153 55163 0.37
0.38 0. 02194 61400 -0. 15139 65600 0. 82471 28400 0. 33697 94400 -0. 03224 18600 0.38
0. 39 0. 02218 31838 -0. 15256 92350 0. 81565 86025 0. 34765 77650 -0. 03293 03163 0.39

0.40 0. 02240 00000 -0. 15360 00000 0. 80640 00000 0. 35840 00000 -0. 03360 00000 0.40
0.41 0. 02259 64838 -0. 15448 94350 0. 79693 94025 0. 36920 35650 -0. 03425 00163 0.41
0.42 0. 02277 25400 -0, 15523 81600 0. 78727 92400 0. 38006 58400 -0. 03487 94600 0.42
0.43 0. 02292 80838 -0. 15584 68350 0. 77742 20025 0. 39098 41650 -0. 03548 74163 0.43
0.44 0. 02306 30400 -0.15631 61600 0. 76737 02400 0.40195 58400 -0. 03607 29600 0.44

0.45 0. 02317 73438 -0. 15664 68750 0. 75712 65625 0. 41297 81250 -0. 03663 51563 0.45
0.46 0. 02327 09400 -0. 15683 97600 0. 74669 36400 0.42404 82400 -0. 03717 30600 0.460.46
0.47 0. 02334 37838 -0. 15689 56350 0. 73607 42025 0. 43516 33650 -0. 03768 57163 0.470.47
0.48 0. 02339 58400 -0. 15681 53600 0. 72527 10400 0.44632 06400 -0. 03817 21600 0.480.48
0.49 0. 02342 70838 -0, 15659 98350 0. 71428 70025 0. 45751 71650 -0. 03863 14163 0.490.49

0.50 0.02343 75000 -0. 15625 00000 0. 70312 50000 0. 46875 00000 -0.03906 25000-0.03906 25000 0.500.50



p

FIVE-POINT LAGRANGIAN

A5 k(P)-(

A_2

INTERPOLATION COEFFICIENTS

k+2

A1

Table 25.1

A2

- ) (2+k)!(2-k)!(p-k)
Ao

0. 50 0. 02343 75000 -0. 15625 00000 0. 70312 50000 0.46875 00000 -0. 03906 25000 0.50
0.51 0. 02342 70838 -0. 15576 68350 0. 69178 80025 0. 48001 61650 -0. 03946 44163 0. 51
0.52 0.02339 58400 -0.15515 13600 0.68027 90400 0.49131 26400 -0. 03983 61600 0.52
0.53 0. 02334 37838 -0. 15440 46350 0. 66860 12025 0. 50263 63650 -0. 04017 67163 0.53
0.54 0.02327 09400 -0.15352 77600 0.65675 76400 0.51398 42400 -0. 04048 50600 0. 54

0.55 0. 02317 73438 -0. 15252 18750 0. 64475 15625 0. 52535 31250 -0. 04076 01563 0.55
0. 56 0. 02306 30400 -0. 15138 81600 0. 63258 62400 0. 53673 98400 -0. 04100 09600 0.56
0.57 0. 02292 80838 -0. 15012 78350 0. 62026 50025 0. 54814 11650 -0. 04120 64163 0.57
0.58 0. 02277 25400 -0. 14874 21600 0. 60779 12400 0. 55955 38400 -0. 04137 54600 0.58
0.59 0. 02259 64838 -0. 14723 24350 0. 59516 84025 0. 57097 45650 -0. 04150 70163 0.59

0. 60 0. 02240 00000 -0. 14560 00000 0. 58240 00000 0. 58240 00000 -0. 04160 00000 0.60
0.61 0. 02218 31838 -0. 14384 62350 0. 56948 96025 0. 59382 67650 -0. 04165 33163 0.61
0.62 0. 02194 61400 -0. 14197 25600 0. 55644 08400 0. 60525 14400 -0. 04166 58600 0.62
0.63 0. 02168 89838 -0. 13998 04350 0. 54325 74025 0. 61667 05650 -0. 04163 65163 0.63
0.64 0. 02141 18400 -0. 13787 13600 0. 52994 30400 0. 62808 06400 -0. 04156 41600 0.64

0.65 0. 02111 48438 -0. 13564 68750 0. 51650 15625 0. 63947 81250 -0. 04144 76563 0.65
0.66 0. 02079 81400 -0. 13330 85600 0. 50293 68400 0. 65085 94400 -0. 04128 58600 0.66
0.67 0. 02046 18838 -0. 13085 80350 0. 48925 28025 0. 66222 09650 -0. 04107 76163 0.67
0.68 0. 02010 62400 -0. 12829 69600 0. 47545 34400 0. 67355 90400 -0. 04082 17600 0.68
0.69 0. 01973 13838 -0. 12562 70350 0. 46154 28025 0. 68486 99650 -0. 04051 71163 0.69

0.70 0. 01933 75000 -0. 12285 00000 0. 44752 50000 0. 69615 00000 -0. 04016 25000 0.70
0.71 0. 01892 47838 -0. 11996 76350 0. 43340 42025 0. 70739 53650 -0. 03975 67163 0.71
0.72 0. 01849 34400 -0. 11698 17600 0. 41918 46400 0. 71860 22400 -0.03929 85600 0.72
0.73 0. 01804 36838 -0. 11389 42350 0. 40487 06025 0. 72976 67650 -0. 03878 68163 0.73
0.74 0. 01757 57400 -0. 11070 69600 0. 39046 64400 0. 74088 50400 -0. 03822 02600 0.74

0.75 0. 01708 98438 -0. 10742 18750 0. 37597 65625 0. 75195 31250 -0. 03759 76563 0.75
0.76 0.01658 62400 -0. 10404 09600 0.36140 54400 0. 76296 70400 -0. 03691 77600 0.76
0.77 0. 01606 51838 -0. 10056 62350 0. 34675 76025 0. 77392 27650 -0. 03617 93163 0.77
0.78 0. 01552 69400 -0. 09699 97600 0. 33203 76400 0. 78481 62400 -0. 03538 10600 0.78
0.79 0. 01497 17838 -0. 09334 36350 0. 31725 02025 0. 79564 33650 -0. 03452 17163 0.79

0.80 0. 01440 00000 -0. 08960 00000 0. 30240 00000 0. 80640 00000 -0. 03360 00000 0.80
0.81 0. 01381 18838 -0. 08577 10350 0. 28749 18025 0. 81708 19650 -0. 03261 46163 0.81
0.82 0. 01320 77400 -0. 08185 89600 0. 27253 04400 0. 82768 50400 -0. 03156 42600 0.82
0.83 0. 01258 78838 -0. 07786 60350 0. 25752 08025 0. 83820 49650 -0. 03044 76163 0.83
0.84 0. 01195 26400 -0. 07379 45600 0. 24246 78400 0. 84863 74400 -0. 02926 33600 0.84

0.85 0. 01130 23438 -0. 06964 68750 0. 22737 65625 0. 85897 81250 -0. 02801 01563 0.85
0.86 0. 01063 73400 -0. 06542 53600 0. 21225 20400 0. 86922 26400 -0. 02668 66600 0.86
0.87 0. 00995 79838 -0. 06113 24350 0. 19709 94025 0. 87936 65650 -0. 02529 15163 0.87
0.88 0. 00926 46400 -0. 05677 05600 0. 18192 38400 0. 88940 54400 -0. 02382 33600 0.88
0.89 0. 00855 76838 -0. 05234 22350 0.16673 06025 0. 89933 47650 -0. 02228 08163 0.89

0.90 0. 00783 75000 -0. 04785 00000 0. 15152 50000 0. 90915 00000 -0. 02066 25000 0.90
0.91 0. 00710 44838 -0. 04329 64350 0. 13631 24025 0. 91884 65650 -0. 01896 70163 0.91
0.92 0. 00635 90400 -0. 03868 41600 0. 12109 82400 0. 92841 98400 -0. 01719 29600 0.92
0.93 0. 00560 15838 -0. 03401 58350 0. 10588 80025 0.93786 51650 -0. 01533 89163 0.93
0.94 0. 00483 25400 -0. 02929 41600 0. 09068 72400 0. 94717 78400 -0. 01340 34600 0.94

0.95 0. 00405 23438 -0. 02452 18750 0. 07550 15625 0.95635 31250 -0. 01138 51563 0.95
0.96 0. 00326 14400 -0. 01970 17600 0. 06033 66400 0. 96538 62400 -0. 00928 25600 0.96
0.97 0. 00246 02838 -0. 01483 66350 0. 04519 82025 0.97427 23650 -0. 00709 42163 0.97
0.98 0. 00164. 93400 -0. 00992 93600 0. 03009 20400 0. 98300 66400 -0. 00481 86600 0.98
0.99 0. 00082 90838 -0. 00498 28350 0. 01502 40025 0. 99158 41650 -0. 00245 44163 0.99

1.00 0.00000 00000 0. 00000 00000 0. 00000 00000 1. 00000 00000 0. 00000 00000 1.00
A2 A1 Ao A_i A-2 -p
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Table 25.1

p

FIVE-POINT LAGRANGIAN

A(p)=(_1)k+2

A-2

INTERPOLATION COEFFICIENTS
p(p2-l)(pZ-4)

A2

(2+k)!(2-k)! (p-k)
A0 Ai

1.00 0. 00000 00000 0. 00000 00000 0. 00000 00000 1. 00000 00000 0. 00000 00000 1.00
1.01 -0.00083 74163 0. 00501 61650 -0. 01497 39975 1. 00824 91650 0. 00254 60838 1. 01
1.02 -0. 00168 26600 0.01006 26400 -0. 02989 19600 1. 01632 66400 0. 00518 53400 1. 02
1. 03 -0. 00253 52163 0. 01513 63650 -0. 04474 77975 1. 02422 73650 0. 00791 92838 1.03
1.04 -0. 00339 45600 0. 02023 42400 -0. 05953 53600 1. 03194 62400 0. 01074 94400 1.04

1. 05 -0. 00426 01563 0. 02535 31250 -0. 07424 84375 1. 03947 81250 0. 01367 73438 1.05
1.06 -0. 00513 14600 0. 03048 98400 -0. 08888 07600 1. 04681 78400 0. 01670 45400 1. 06
1.07 -0. 00600 79163 0.03564 11650 -0. 10342 59975 1. 05396 01650 0. 01983 25838 1.07
1.08 -0. 00688 89600 0. 04080 38400 -0. 11787 77600 1. 06089 98400 0. 02306 30400 1.08
1.09 -0. 00777 40163 0. 04597 45650 -0. 13222 95975 1. 06763 15650 0. 02639 74838 1.09

1.10 -0. 00866 25000 0. 05115 00000 -0. 14647 50000 1. 07415 00000 0. 02983 75000 1.10
1.11 -0. 00955 38163 0. 05632 67650 -0. 16060 73975 1. 08044 97650 0. 03338 46838 1.11
1.12 -0. 01044 73600 0. 06150 14400 -0. 17462 01600 1. 08652 54400 0. 03704 06400 1.12
1.13 -0. 01134 25163 0. 06667 05650 -0. 18850 65975 1. 09237 15650 0. 04080 69838 1.13
1.14 -0. 01223 86600 0. 07183 06400 -0. 20225 99600 1. 09798 26400 0. 04468 53400 1.14

1. 15 -0. 01313 51563 0. 07697 81250 -0. 21587 34375 1. 10335 31250 0. 04867 73438 1.15
1.16 -0. 01403 13600 0. 08210 94400 -0. 22934 01600 1. 10847 74400 0. 05278 46400 1.16
1. 17 -0. 01492 66163 0. 08722 09650 -0, 24265 31975 1. 11334 99650 0. 05700 88838 1.17
1.18 -0. 01582 02600 0. 09230 90400 -0. 25580 55600 1. 11796 50400 0. 06135 17400 1.18
1.19 -0. 01671 16163 0. 09736 99650 -0. 26879 01975 1. 12231 69650 0. 06581 48838 1.19

1.20 -0. 01760 00000 0. 10240 00000 -0. 28160 00000 1. 12640 00000 0. 07040 00000 1.20
1.21 -0. 01848 47163 0. 10739 53650 -0. 29422 77975 1.13020 83650 0. 07510 87838 1.21
1.22 -0. 01936 50600 0. 11235 22400 -0. 30666 63600 1. 13373 62400 0. 07994 29400 1.22
1.23 -0. 02024 03163 0. 11726 67650 -0. 31890 83975 1. 13697 77650 0. 08490 41838 1.23
1.24 -0. 02110 97600 0. 12213 50400 -0. 33094 65600 1. 13992 70400 0. 08999 42400 1.24

1.25 -0. 02197 26563 0. 12695 31250 -0. 34277 34375 1. 14257 81250 0. 09521 48438 1.25
1.26 -0. 02282 82600 0. 13171 70400 -0. 35438 15600 1. 14492 50400 0. 10056 77400 1.26
1.27 -0. 02367 58163 0. 13642 2765e -0. 36576 33975 1. 14696 17650 0.10605 46838 1.27
1.28 -0. 02451 45600 0. 14106 62400 -0. 37691 13600 1.14868 22400 0. 11167 74400 1.28
1.29 -0. 02534 37163 0. 14564 33650 -0. 38781 77975 1. 15008 03650 0. 11743 77838 1.29

1.30 -0. 02616 25000 0. 15015 00000 -0. 39847 50000 1. 15115 00000 0.12333 75000 1.30
1.31 -0. 02697 01163 0. 15458 19650 -0. 40887 51975 1. 15188 49650 0. 12937 83838 1.31
1.32 -0. 02776 57600 0. 15893 50400 -0. 41901 05600 1. 15227 90400 0. 13556 22400 1.32
1.33 -0. 02854 86163 0. 16320 49650 -0. 42887 31975 1. 15232 59650 0. 14189 08838 1.33
1.34 -0. 02931 78600 0. 16738 74400 -0. 43845 51600 1. 15201 94400 0. 14836 61400 1.34

1.35 -0. 03007 26563 0. 17147 81250 -0. 44774 84375 1. 15135 31250 0. 15498 98438 1.35
1.36 -0. 03081 21600 0. 17547 26400 -0. 45674 49600 1. 15032 06400 0. 16176 38400 1.36
1.37 -0. 03153 55163 0. 17936 65650 -0. 46543 65975 1. 14891 55650 0.1686ß 99838 1.37
1.38 -0. 03224 18600 0. 18315 54400 -0. 47381 51600 1. 14713 14400 0. 17577 01400 1.38
1. 39 -0. 03293 03163 0. 18683 47650 -0. 48187 23975 1. 14496 17650 0. 18300 61838 1.39

1.40 -0. 03360 00000 0. 19040 00000 -0. 48960 00000 1. 14240 00000 0. 19040 00000 1.40
1.41 -0. 03425 00163 0. 19384 65650 -0. 49698 95975 1. 13943 95650 0. 19795 34838 1.41
1.42 -0. 03487 94600 0.19716 98400 -0. 50403 27600 1. 13607 38400 0. 20566 85400 1.42
1.43 -0. 03548 74163 0. 20036 51650 --0. 51072 09975 1. 13229 61650 0. 21354 70838 1.43
1.44 -0. 03607 29600 0. 20342 78400 -0. 51704 57600 1. 12809 98400 0. 22159 10400 1.44

1.45 -0. 03663 51563 0. 20635 31250 -0. 52299 84375 1. 12347 81250 0. 22980 23438 1.45
1.46 -0. 03717 30600 0. 20913 62400 -0. 52857 03600 1. 11842 42400 0. 23818 29400 1.46
1.47 -0. 03768 57163 0. 21177 23650 -0. 53375 27975 1. 11293 13650 0. 24673 47838 1.47
1.48 -0. 03817 21600 0. 21425 66400 -0. 53853 69600 1. 10699 26400 0. 25545 98400 1.48
1.49 -0. 03863 14163 0. 21658 41650 -0. 54291 39975 1. 10060 11650 0. 26436 00838 1.49

1. 50 -0. 03906 25000 0. 21875 00000 -0. 54687 50000 1. 09375 00000 0. 27343 75000 1.50
A2 Ai A0 A_i -p
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p

FIVE-POINT LAGRANGIAN

A_i

INTERPOLATION COEFFICIENTS

p(p2-1)(p2-4)
Table 25.1

A2

A(p)=(_1)k+2
(2+k) !(2-k) ! (p-k)
A0 A1

1.50
1.51
1. 52
1.53
1.54

-0. 03906 25000
-0.03946 44163
-0. 03983 61600
-0. 04017 67163
-0. 04048 50600

0. 21875 00000
0.22074 91650
0. 22257 66400
0. 22422 73650
0. 22569 62400

-0. 54687 50000
-0. 55041 09975
-0. 55351 29600
-0. 55617 17975
-0. 55837 83600

1. 09375 00000
1. 08643 21650
1. 07864 06400
1. 07036 83650
1. 06160 82400

0. 27343
0. 28269
0. 29213
0. 30175
0. 31155

75000
40838
18400
27838
89400

1. 50
1.51
1. 52
1.53
1.54

1.55
1.56
1.57
1.58
1.59

-0. 04076 01563
-0. 04100 09600
-0. 04120 64163
-0. 04137 54600
-0. 04150 70163

0. 22697 81250
0. 22806 78400
0. 22896 01650
0. 22964 98400
0. 23013 15650

-0. 56012 34375
-0. 56139 77600
-0. 56219 19975
-0. 56249 67600
-0. 56230 25975

1.05235 31250
1. 04259 58400
1. 03232 91650
1. 02154 58400
1. 01023 85650

0. 32155
0. 33173
0. 34210
0. 35267
0. 36343

23438
50400
90838
65400
94838

1.55
1.56
1. 57
1.58
1.59

1.60 -0. 04160 00000 0. 23040 00000 -0. 56160 00000 0.99840 00000 0. 37440 00000 1.601.61
1.62
1.63

-0. 04165 33163
-0. 04166 58600
-0. 04163 65163

0. 23044 97650
0. 23027 54400
0. 22987 15650

-0. 56037 93975
-0. 55863 11600
-0. 55634 55975

0. 98602 27650
0. 97309 94400
0. 95962 25650

0. 38556
0. 39692
0. 40848

01838
21400
79838

1.61
1.62
1. 631.64 -0. 04156 41600 0. 22923 26400 -0. 55351 29600 0.94558 46400 0. 42025 98400 1.64

1.65 -0. 04144 76563 0. 22835 31250 -0. 55012 34375 0. 93097 81250 0. 43223 98438 1.651.66 -0. 04128 58600 0. 22722 74400 -0. 54616 71600 0. 91579 54400 0. 44443 01400 1.661.67 -0. 04107 76163 0. 22584 99650 -0. 54163 41975 0. 90002 89650 0. 45683 28838 1.67
1.68 -0. 04082 17600 0. 22421 50400 -0. 53651 45600 0. 88367 10400 0. 46945 02400 1.68
1.69 -0. 04051 71163 0. 22231 69650 -0. 53079 81975 0. 86671 39650 0. 48228 43838 1.69
1.70 -0. 04016 25000 0. 22015 00000 -0. 52447 50000 0. 84915 00000 0. 49533 75000 1.701.71 -0. 03975 67163 0.21770 83650 -0. 51753 47975 0. 83097 13650 0. 50861 17838 1.711.72 -0. 03929 85600 0. 21498 62400 -0. 50996 73600 0. 81217 02400 0. 52210 94400 1.721.73 -0. 03878 68163 0. 21197 77650 -0. 50176 23975 0. 79273 87650 0. 53583 26838 1.731.74 -0. 03822 02600 0. 20867 70400 -0. 49290 95600 0. 77266 90400 0. 54978 37400 1.74
1.75 -0. 03759 76563 0. 20507 81250 -0. 48339 84375 0. 75195 31250 0. 56396 48438 1.751.76 -0. 03691 77600 0. 20117 50400 -0. 47321 85600 0. 73058 30400 0. 57837 82400 1. 761.77 -0. 03617 93163 0. 19696 17650 -0. 46235 93975 0. 70855 07650 0. 59302 61838 1.771.78
1. 79

-0. 03538 10600
-0. 03452 17163

0. 19243 22400
0. 18758 03650

-0. 45081 03600
-0. 43856 07975

0. 68584 82400
0.66246 73650

0. 60791
0. 62303

09400
47838

1.78
1.79

1.80 -0. 03360 00000 0. 18240 00000 -0. 42560 00000 0. 63840 00000 0. 63840 00000 1.80
1.81 -0. 03261 46163 0. 17688 49650 -0. 41191 71975 0. 61363 79650 0. 65400 88838 1.81
1.82 -0. 03156 42600 0. 17102 90400 -0. 39750 15600 0. 58817 30400 0. 66986 37400 1.821.83
1.84

-0. 03044 76163
-0. 02926 33600

0. 16482 59650
0. 15826 94400

-0. 38234 21975
-0. 36642 81600

0.56199 69650
0. 53510 14400

0. 68596
0. 70232

68838
06400

1.83
1.84

1.85 -0. 02801 01563 0. 15135 31250 -0. 34974 84375 0. 50747 81250 0. 71892 73438 1.851.86 -0. 02668 66600 0. 14407 06400 -0. 33229 19600 0.47911 86400 0. 73578 93400 1.861.87
1.88

-0. 02529 15163
-0. 02382 33600

0. 13641 55650
0. 12838 14400

-0. 31404 75975
-0. 29500 41600

0. 45001 45650
0.42015 74400

0. 75290
0. 77028

89838
86400

1.87
1.881.89 -0. 02228 08163 0. 11996 17650 -0. 27515 03975 0. 38953 87650 0. 78793 06838 1.89

1.90 -0. 02066 25000 0. 11115 00000 -0. 25447 50000 0. 35815 00000 0. 80583 75000 1.901.91 -0. 01896 70163 0. 10193 95650 -0. 23296 65975 0. 32598 25650 0. 82401 14838 1.91
1.92 -0. 01719 29600 0. 09232 38400 -0. 21061 37600 0. 29302 78400 0. 84245 50400 1. 921.93 -0. 01533 89163 0. 08229 61650 -0. 18740 49975 0. 25927 71650 0. 86117 05838 1.93
1.94 -0. 01340 34600 0. 07184 98400 -0. 16332 87600 0. 22472 18400 0. 88016 05400 1.94

1.95 -0. 01138 51563 0. 06097 81250 -0. 13837 34375 0. 18935 31250 0. 89942 73438 1.95
1.96 -0. 00928 25600 0. 04967 42400 -0. 11252 73600 0. 15316 22400 0. 91897 34400 1.961.97 -0. 00709 42163 0. 03793 13650 -0. 08577 87975 0. 11614 03650 0. 93880 12838 1. 971.98 -0. 00481 86600 0. 02574 26400 -0. 05811 59600 0. 07827 86400 0. 95891 33400 1.98
1.99 -0. 00245 44163 0. 01310 11650 -0. 02952 69975 0. 03956 81650 0. 97931 20838 1.99
2.00 0.00000 00000 0. 00000 00000 0. 00000 00000 0. 00000 00000 1. 00000 00000 2.00

A2 Ai Ao -p
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Table 25.1

p A_2

NUMERICAL

SIX-POINT LAGRANGIAN INTERPOLATION

A(p)_(_1)k+3

A_1 A0

ANALYSIS

COEFFICIENTS

p(p2-1)(p2-4) (p -3)

A3

(2+k) ! (3-k) !(p-k)
A1 A2

0.00 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00
0.01 0.00049 57921 -0.00493 33767 0.99654 20858 0.01006 60817 -0.00250 38746 0.00033 32917 0.99
0.02 0.00098 30066 -0.00973 36932 0.99283 67064 0.02026 19736 -0.00501 43268 0.00066 63334 0.98
0.03 0.00146 14085 -0.01440 12590 0.98888 64505 0.03058 41170 -0.00752 95922 0.00099 88752 0.97
0.04 0.00193 07725 -0.01893 64224 0.98469 39648 0.04102 89152 -0.01004 78976 0.00133 06675 0.96

0.05 0.00239 08828 -0.02333 95703 0.98026 19531 0.05159 27344 -0.01256 74609 0.00166 14609 0.95
0.06 0.00284 15335 -0.02761 11276 0.97559 31752 0.06227 19048 -0.01508 64924 0.00199 10065 0.94
0.07 0.00328 25281 -0.03175 15567 0.97069 04458 0.07306 27217 -0.01760 31946 0.00231 90557 0.93
0.08 0.00371 36794 -0.03576 13568 0.96555 66336 0.08396 14464 -0.02011 57632 0.00264 53606 0.92
0.09 0.00413 48096 -0.03964 10640 0.96019 46604 0.09496 43071 -0.02262 23873 0.00296 96742 0.91

0.10 0.00454 57500 -0.04339 12500 0.95460 75000 0.10606 75000 -0.02512 12500 0.00329 17500 0.90
0.11 0.00494 63412 -0.04101 25223 0.94879 81771 0.11726 71904 -0.02761 05290 0.00361 13426 0.89
0.12 0.00533 64326 -0.05050 55232 0.94276 97664 0.12855 95136 -0.03008 83968 0.00392 82074 0.88
0.13 0.00571 58827 -0.05387 09296 0.93652 53917 0.13994 05758 -0.03255 30217 0.00424 21011 0.87
0.14 0.00608 45585 -0.05710 94524 0.93006 82248 0.15140 64552 -0.03500 25676 0.00455 27815 0.86

0.15 0.00644 23359 -0.06022 18359 0.92340 14844 0.16295 32031 -0.03743 51953 0.00486 00078 0.85
0.16 0.00678 90995 -0.06320 88576 0.91652 84352 0.17457 68448 -0.03984 90624 0.00516 35405 0.84
0.17 0.00712 47422 -0.06607 13273 0.90945 23870 0.18627 33805 -0.04224 23240 0.00546 31416 0.83
0.18 0.00744 91654 -0.06881 00868 0.90217 66936 0.19803 87864 -0.04461 31332 0.00575 85746 0.82
0.19 0.00776 22787 -0.07142 60096 0.89470 47517 0.20986 90158 -0.04695 96417 0.00604 96051 0.81

0.20 0.00806 40000 -0.07392 00000 0.88704 00000 0.22176 00000 -0.04928 00000 0.00633 60000 0.80
0.21 0.00835 42553 -0.07629 29929 0.87918 59183 0.23370 76492 -0.05157 23583 0.00661 75284 0.79
0.22 0.00863 29786 -0.07854 59532 0.87114 60264 0.24570 78536 -0.05383 48668 0.00689 39614 0.78
0.23 0.00890 01118 -0.08067 98752 0.86292 38830 0.25775 64845 -0.05606 56760 0.00716 50719 0.77
0.24 0.00915 56045 -0.08269 57824 0.85452 30848 0.26984 93952 -0.05826 29376 0.00743 06355 0.76

0.25 0.00939 94141 -0.08459 47266 0.84594 72656 0.28198 24219 -0.06042 48047 0.00769 04297 0.75
0.26 0.00963 15055 -0.08637 77876 0.83720 00952 0.29415 13848 -0.06254 94324 0.00794 42345 0.74
0.27 0.00985 18513 -0.08804 60729 0.82828 52783 0.30635 20892 -0.06463 49783 0.00819 18324 0.73
0.28 0.01006 04314 -0.08960 07168 0.81920 65536 0.31858 03264 -0.06667 96032 0.00843 30086 0.72
0.29 0.01025 72328 -0.09104 28802 0.80996 76929 0.33083 18746 -0.06868 14711 0.00866 75510 0.71

0.30 0.01044 22500 -0.09237 37500 0.80057 25000 0.34310 25000 -0.07063 87500 0.00889 52500 0.70
0.31 0.01061 54844 -0.09359 45385 0.79102 48096 0.35538 79579 -0.07254 96127 0.00911 58993 0.69
0.32 0.01077 69446 -0.09470 64832 0.78132 84864 0.36768 39936 -0.07441 22368 0.01932 92954 0.68
0.33 0.01092 66459 -0.09571 08458 0.77148 74242 0.37998 63433 -0.07622 48054 0.00953 52378 0.67
0.34 0.01106 46105 -0.09660 89124 0.76150 55448 0.39229 07352 -0.07798 55076 0.00973 35295 0.66

0.35 0.01119 08672 -0.09740 19922 0.75138 67969 0.40459 28906 -0.07969 25391 0.00992 39766 0.65
0.36 0.01130 54515 -0.09809 14176 0.74113 51552 0.41688 85248 -0.08134 41024 0.01010 63885 0.64
0.37 0.01140 84054 -0.09867 85435 0.73075 46195 0.42917 33480 -0.08293 84077 0.01028 05783 0.63
0.38 0.01149 97774 -0.09916 47468 0.72024 92136 0.44144 30664 -0.08447 36732 0.01044 63626 0.62
0.39 0.01157 96219 -0.09955 14258 0.70962 29842 0.45369 33833 -0.08594 81254 0.01060 35618 0.61

0.40 0.01164 80000 -0.09984 00000 0.69888 00000 0.46592 00000 -0.08736 00000 0.01075 20000 0.60
0.41 0.01170 49786 -0.10003 19092 0.68802 43508 0.47811 86167 -0.08870 75421 0.01089 15052 0.59
0.42 0.01175 06306 -0.10012 86132 0.67706 01464 0.49028 49336 -0.08998 90068 0.01102 19094 0.58
0.43 0.01178 50351 -0.10013 15915 0.66599 15155 0.50241 46520 -0.09120 26598 0.01114 30487 0.57
0.44 0.01180 82765 -0.10004 23424 0.65482 26048 0.51450 34752 -0.09234 67776 0.01125 47635 0.56

0.45 0.01182 04453 -0.09986 23828 0.64355 75781. 0.52654 71094 -0.09341 96484 0.01135 68984 0.55
0.46 0.01182 16375 -0.09959 32476 0.63220 06152 0.53854 12648 -0.09441 95724 0.01144 93025 0.54
0.47 0.01181 19546 -0.09923 64892 0.62075 59108 0.55048 16567 -0.09534 48621 0.01153 18292 0.53
0.48 0.01179 15034 -0.09879 36768 0.60922 76736 0.56236 40064 -0.09619 38432 0.01160 43366 0.52
0.49 0.01176 03961 -0.09826 63965 0.59762 01254 0.57418 40421 -0.09696 48548 0.01166 66877 0.51

0.50 0.01171 87500 -0.09765 62500 0.58593 75000 0.58593 75000 -0.09765 62500 0.01171 87500 0.50
A3 A2 A1 A0 A1 A-2 p



p A_2

SIX-POINT LAGRANGIAN INTERPOLATION

A_1 A0

p(p2-1)(p2-4)

COEFFICIENTS

(p-3)
Table 25.1

A3

(2+k)!(3-k)!(p-/c)

A1 A2
1.00 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.M0000 00000 0.00
1.01 -0.00033 32917 0.00249 55421 -0.00993 27517 1.00320 79192 0.00506 67067 -0.00050 41246 0.01
1.02 -0.00066 63334 0.00498 10068 -0.01972 86936 1.00616 33736 0.01026 69732 -0.00101 63266 0.02
1.03 -0.00099 88752 0.00745 46597 -0.02938 43870 1.00886 39545 0.01560 09890 -0.00153 63410 0.03
1.04 -0.00133 06675 0.00991 47776 -0.03889 64352 1.01130 73152 0.02106 89024 -0.00206 38925 0.04

1.05 -0.00166 14609 0.01235 96484 -0.04826 14844 1.01349 11719 0.02667 08203 -0.00259 86953 0.05
1.06 -0.00199 10065 0.01478 75724 -0.05747 62248 1.01541 33048 0.03240 68076 -0.00314 04535 0.06
1.07 -0.00231 90556 0.01719 68621 -0.06653 73917 1.01707 15592 0.03827 68866 -0.00368 88606 0.07
1.08 -0.00264 53606 0.01958 58432 -0.07544 17664 1.01846 38464 0.04428 10368 -0.00424 35994 0.08
1.09 -0.00296 96742 0.02195 28547 -0.08418 61771 1.01958 81446 0.05041 91940 -0.00480 43420 009

1.10 -0.00329 11500 0.02429 62500 -0.09276 75000 1.02044 25000 0.05669 12500 -0.00537 07500 0.10
1.11 -0.00361 13426 0.02661 43965 -0.10118 26604 1.02102 50279 0.06309 70523 -0.00594 24737 0.11
1.12 -0.00392 82074 0.02890 56768 -0.10942 86336 1.02133 39136 0.06963 64032 -0.00651 91526 0.12
1.13 -0.00424 21011 0.03116 84892 -0.11750 24458 1.02136 74133 0.07630 90596 -0.00710 04152 0.13
1.14 -0.00455 27815 0.03340 12476 -0.12540 11752 1.02112 38552 0.08311 47324 -0.00768 58785 0.14

1.15 -0.00486 00078 0.03560 23828 -0.13312 19531 1.02060 16406 0.09005 30859 -0.00827 51484 0.15
1.16 -0.00516 35405 0.03777 03424 -0.14066 19648 1.01979 92448 0.09712 37376 -0.00886 78195 0.16
1.17 -0.00546 31415 0.03990 35915 -0.14801 84505 1.01871 52180 0.10432 62572 -0.00946 34147 0.17
1.18 -0.00575 85746 0.04200 06132 -0.15518 87064 1.01734 81864 0.11166 01668 -0.01006 16854 0.18
1.19 -0.00604 96051 0.04405 99092 -0.16217 00858 1.01569 68533 0.11912 49396 -0.01066 20112 0.19

1.20 -0.00633 60000 0.04608 00000 -0.16896 00000 1.01376 00000 0.12672 00000 -0.01126 40000 0.20
1.21 -0.00661 75284 0.04805 94258 -0.17555 59192 1.01153 64867 0.13444 47229 -0.01186 71878 0.21
1.22 -0.00689 39614 0.04999 67468 -0.18195 53736 1.00902 52536 0.14229 84332 -0.01247 10986 0.22
1.23 -0.00716 50719 0.05189 05435 -0.18815 59545 1.00622 53220 0.15028 04052 -0.01307 52443 0.23
1.24 -0.00143 06355 0.05373 94176 -0.19415 53152 1.00313 57952 0.15838 98624 -0.01367 91245 0.24

1.25 -0.00769 04297 0.05554 19922 -0.19995 11719 0.99975 58594 0.16662 59766 -0.01428 22266 0.25
1.26 -0.00794 42345 0.05729 69124 -0.20554 13048 0.99608 47848 0.17498 78676 -0.01488 40255 0.26
1.27 -0.00819 18324 0.05900 28458 -0.21092 35592 0.99212 19267 0.18347 46029 -0.01548 39838 0.27
1.28 -0.00843 30086 0.06065 84832 -0.21609 58464 0.98786 67264 0.19208 51968 -0.01608 15514 028
1.29 -0.00866 75509 0.06226 25385 -0.22105 61446 098331 87121 0.20081 86102 -0.01667 61653 0.29

1.30 -0.00889 52500 0.06381 37500 -0.22580 25000 0.97847 75000 0.20967 37500 -0.01726 72500 0.30
1.31 -0.00911 58993 0.06531 08802 -0.23033 30279 0.97334 27954 0.21864 94685 -0.01785 42169 0.31
1.32 -0.00932 92954 0.06675 27168 -0.23464 59136 0.96791 43936 0.22774 45632 -0.01843 64646 0.32
1.33 -0.00953 52378 0.06813 80729 -0.23873 94133 0.96219 21808 0.23695 77758 -0.01901 33784 0.33
1.34 -0.00973 35295 0.06946 57876 -0.24261 18552 0.95617 61352 0.24628 77924 -0.01958 43305 0.34

1.35 -0.00992 39166 0.07073 47266 -0.24626 16406 094986 63281 0.25573 32422 -0.02014 86797 0.35
1.36 -0.01010 63885 0.07194 37824 -0.24968 72448 0.94326 29248 026529 26976 -0.02070 57715 0.36
1.37 -0.01028 05783 0.07309 18752 -0.25288 72180 0.93636 61855 0.27496 46735 -0.02125 49379 0.37
1.38 -0.01044 63626 0.07417 79532 -0.25586 01864 0.92917 64664 0.28474 76268 -0.02179 54974 0.38
1.39 -0.01060 35618 0.07520 09929 -0.25860 48533 0.92169 42208 0.29463 99558 -0.02232 67544 0.39

1.40 -0.01075 20000 0.07616 00000 -0.26112 00000 0.91392 00000 0.30464 00000 -0.02284 80000 0.40
1.41 -0.01089 15052 0.07705 40096 -0.26340 44867 0.90585 44542 0.31474 60392 -0.02335 85111 0.41
1.42 -0.01102 19094 0.07788 20868 -0.26545 72536 0.89749 83336 0.32495 62932 -0.02385 75506 0.42
1.43 -0.01114 30487 0.07864 33273 -0.26727 73220 0.88885 24895 0.33526 89215 -0.02434 43676 0.43
1.44 -0.01125 47635 0.07933 68576 -0.26886 37952 0.87991 78752 0.34568 20224 -0.02481 81965 0.44

1.45 -0.01135 68984 0.07996 18359 -0.27021 58594 0.87069 55469 0.35619 36328 -0.02527 82578 0.45
1.46 -0.01144 93025 0.08051 74524 -0.27133 27848 0.86118 66648 0.36680 17276 -0.02572 37575 0.46
1.47 -0.01153 18292 0.08100 29296 -0.27221 39267 0.85139 24942 0.37750 42192 -0.02615 38871 0.47
1.48 -0.01160 43366 0.08141 75232 -0.27285 87264 0.84131 44064 0.38829 89568 -0.02656 78234 0.48
1.49 -0.01166 66877 0.08176 05223 -0.27326 67121 0.83095 38796 0.39918 37265 -0.02696 47286 0.49

1.50 -0.01171 87500 0.08203 12500 -0.27343 75000 0.82031 25000 0.41015 62500 -0.M2734 37500 0.50
A3 A2 A1 A0 A2 -p
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p A_2

-' i+ p(p2-1)(p2-4)(p-3)

A3

kP1T
A0 A1 A2

1.50 -0.01171 87500 0.08203 12500 -0.27343 75000 0.82031 25000 0.41015 62500 -0.02734 37500 0.50
1.51 -0.01176 03961 0.08222 90640 -0.27337 07954 0.80939 19629 0.42121 41848 -0.02770 40202 0.51
1.52 -0.01179 15034 0.08235 33568 -0.27306 63936 0.79819 40736 0.43235 51232 -0.02804 46566 0.52
1.53 -0.01181 19546 0.08240 35567 -0.27252 41808 0.78672 07483 0.44357 65921 -0.02836 47617 0.53
1.54 -0.01182 16375 0.08237 91276 -0.27174 41352 0.77497 40152 0.45487 60524 -0.02866 34225 0.54

1.55 -0.01182 04453 0.08227 95703 -0.27072 63281 0.76295 60156 0.46625 08984 -0.02893 97109 0.55
1.56 -0.01180 82765 0.08210 44224 -0.26947 09248 0.75066 90048 0.47769 84576 -0.02919 26835 0.56
1.57 -0.01178 50350 0.08185 32590 -0.26797 81855 0.73811 53530 0.48921 59897 -0.02942 13812 0.57
1.58 -0.01175 06306 0.08152 56932 -0.26624 84664 0.72529 75464 0.50080 06868 -0.02962 48294 0.58
1.59 -0.01170 49786 0.08112 13767 -0.26428 22208 0.71221 81883 0.51244 96721 -0.02980 20377 0.59

1.60 -0.01164 80000 0.08064 00000 -0.26208 00000 0.69888 00000 0.52416 00000 -0.02995 20000 0.60
1.61 -0.01157 96219 0.08008 12933 -0.25964 24542 0.68528 58217 0.53592 86554 -0.03007 36943 0.61
1.62 -0.01149 97774 0.07944 50268 -0.25697 03336 0.67143 86136 0.54775 25532 -0.03016 60826 0.62
1.63 -0.01140 84054 0.07873 10110 -0.25406 44895 0.65734 14570 0.55962 85377 -0.03022 81108 0.63
1.64 -0.01130 54515 0.07793 90976 -0.25092 58752 0.64299 75552 0.57155 33824 -0.03025 87085 0.64

1.65 -0.01119 08672 0.07706 91797 -0.24755 55469 0.62841 02344 0.58352 37891 -0.03025 67891 0.65
1.66 -0.01106 46105 0.07612 11924 -0.24395 46648 0.61358 29448 0.59553 63876 -0.03022 12495 0.66
1.67 -0.01092 66459 0.07509 51133 -0.24012 44942 0.59851 92617 0.60758 77354 -0.03015 09703 0.67
1.68 -0.01077 69446 0.07399 09632 -0.23606 64064 0.58322 28864 0.61967 43168 -0.03004 48154 0.68
1.69 -0.01061 54845 0.07280 88061 -0.23178 18796 0.56769 76471 0.63179 25427 -0.02990 16318 0.69

1.70 -0.01044 22500 0.07154 87500 -0.22727 25000 0.55194 75000 0.64393 87500 -0.02972 02500 0.70
1.71 -0.01025 72328 0.07021 09477 -0.22253 99629 0.53597 65304 0.65610 92010 -0.02949 94834 0.71
1.72 -0.01006 04314 0.06879 55968 -0.21758 60736 0.51978 89536 0.66830 00832 -0.02923 81286 0.72
1.73 -0.00985 18513 0.06730 29404 -0.21241 27483 0.50338 91158 0.68050 75083 -0.02893 49649 0.73
1.74 -0.00963 15055 0.06573 32676 -0.20702 20152 0.48678 14952 0.69272 75124 -0.02858 87545 0.74

1.75 -0.00939 94141 0.06408 69141 -0.20141 60156 0.46997 07031 0.70495 60547 -0.02819 82422 0.75
1.76 -0.00915 56045 0.06236 42624 -0.19559 70048 0.45296 14848 0.71718 90176 -0.02776 21555 0.76
1.77 -0.00890 01118 0.06056 57427 -0.18956 73530 0.43575 87205 0.72942 22061 -0.02727 92045 0.77
1.78 -0.00863 29786 0.05869 18332 -0.18332 95464 0.41836 74264 0.74165 13468 -0.02674 80814 0.78
1.79 -0.00835 42553 0.05674 30604 -0.17688 61883 0.40079 27558 0.75387 20883 -0.02616 74609 0.79

1.80 -0.00806 40000 0.05472 00000 -0.17024 00000 0.38304 00000 0.76608 00000 -0.02553 60000 0.80
1.81 -0.00776 22787 0.05262 32771 -0.16339 38217 0.36511 45892 0.77827 05717 -0.02485 23376 0.81
1.82 -0.00744 91654 0.05045 35668 -0.15635 06136 0.34702 20936 0.79043 92132 -0.02411 50946 0.82
1.83 -0.00712 47422 0.04821 15948 -0.14911 34570 0.32876 82245 0.80258 12540 -0.02332 28741 0.83
1.84 -0.00678 90995 0.04589 81376 -0.14168 55552 0.31035 88352 0.81469 19424 -0.02247 42605 0.84

1.85 -0.00644 23359 0.04351 40234 -0.13407 02344 0.29179 99219 0.82676 64453 -0.02156 78203 0.85
1.86 -0.00608 45585 0.04106 01324 -0.12627 09448 0.27309 76248 0.83879 98476 -0.02060 21015 0.86
1.87 -0.00571 58826 0.03853 73971 -0.11829 12617 0.25425 82292 0.85078 71516 -0.01957 56336 0.87
1.88 -0.00533 64326 0.03594 68032 -0.11013 48864 0.23528 81664 0.86272 32768 -0.01848 69274 0.88
1.89 -0.00494 63412 0.03328 93898 -0.10180 56471 0.21619 40145 0.87460 30590 -0.01733 44750 0.89

1.90 -0.00454 57500 0.03056 62500 -0.09330 75000 0.19698 25000 0.88642 12500 -0.01611 67500 0.90
1.91 -0.00413 48096 0.02777 85315 -0.08464 45304 0.17766 04979 0.89817 25173 -0.01483 22067 0.91
1.92 -0.00371 36794 0.02492 74368 -0.07582 09536 0.15823 50336 0.90985 14432 -0.01347 92806 0.92
1.93 -0.00328 25281 0.02201 42242 -0.06684 11158 0.13871 32833 0.92145 25246 -0.01205 63882 0.93
1.94 -0.00284 15335 0.01904 02076 -0.05770 94952 0.11910 25752 0.93297 01724 -0.01056 19265 0.94

1.95 -0.00239 08828 0.01600 67578 -0.04843 07031 0.09941 03906 0.94439 87109 -0.00899 42734 0.95
1.96 -0.00193 07725 0.01291 53024 -0.03900 94848 0.07964 43648 0.95573 23776 -0.00735 17875 0.96
1.97 -0.00146 14086 0.00976 73265 -0.02945 07205 0.05981 22880 0.96696 53223 -0.00563 28077 0.97
1.98 -0.00098 30066 0.00656 43732 -0.01975 94264 0.03992 21064 0.97809 16068 -0.00383 56534 0.98
1.99 -0.00049 57921 0.00330 80442 -0.00994 07558 0.01998 19233 0.98910 52046 -0.00195 86242 0.99

2.00 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 1.00
A3 A2 A1 Ao A_1 A2 -p

910 NUMERICAL ANALYSIS

Table 25.1 SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS



NUMERICAL ANALYSIS

SIX-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS

A(p)-_(-1)13 p(p2-1)(fi-4) (p-3)
(2+k) ! (3-k)! (p_k)

p A_j A0 A1 A2 A3
2.00 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 1.00
2.01 0.00050 41246 -0.00335 80392 0.01005 74108 -0.02001 52433 1.01076 97879 0.00204 19592 1.01
2.02 0.00101 63266 -0.00676 42932 0.02022 59064 -0.04005 52264 1.02140 82732 0.00416 90134 1.02
2.03 0.00153 63410 -0.01021 69214 0.03049 97755 -0.06011 12080 1.03190 90702 0.00638 29427 1.03
2.04 0.00206 38925 -0.01371 40224 0.04087 31648 -0.08017 42848 1.04226 57024 0.00868 55475 1.04

2.05 0.00259 86953 -0.01725 36328 0.05134 00781 -0.10023 53906 1.05247 16016 0.01107 86484 1.05
2.06 0.00314 04535 -0.02083 37276 0.06189 43752 -0.12028 52952 1.06252 01076 0.01356 40865 1.06
2.07 0.00368 88605 -0.M2445 22191 0.07252 97708 -0.14031 46033 1.07240 44679 0.01614 37232 1.07
2.08 0.00424 35994 -0.02810 69568 0.08323 98336 -0.16031 37536 1.08211 78368 0.01881 94406 1.08
2.09 0.00480 43420 -0.03179 57264 0.09401 79854 -0.18027 30179 1.09165 32752 0.02159 31417 1.09

2.10 0.00537 07500 -0.03551 62500 0.10485 75000 -0.20018 25000 1.10100 37500 0.02446 67500 1.10
2.11 0.00594 24737 -0.03926 61847 0.11575 15021 -0.22003 21346 1.11016 21335 0.02744 22100 1.11
2.12 0.00651 91526 -0.04304 31232 0.12669 29664 -0.23981 16864 1.11912 12032 0.03052 14874 1.12
2.13 0.00710 04151 -0.04684 45921 0.13767 47167 -0.25951 07492 1.12787 36409 0.03370 65686 1.13
2.14 0.00768 58785 -0.05066 80524 0.14868 94248 -0.27911 87448 1.13641 20324 0.03699 94615 1.14

2.15 0.00827 51484 -0.05451 08984 0.15972 96094 -0.29862 49219 1.14472 88672 0.04040 21953 1.15
2.16 0.00886 78195 -0.05837 04576 0.17078 76352 -0.31801 83552 1.15281 65376 0.04391 68205 1.16
2.17 0.00946 34747 -0.06224 39898 0.18185 57120 -0.33728 79445 1.16066 73385 0.04754 54091 1.17
2.18 0.01006 16854 -0.06612 86868 0.19292 58936 -0.35642 24136 1.16827 34668 0.05129 00546 1.18
2.19 0.01066 20112 -0.07002 16721 020399 00767 -0.37541 03092 1.17562 70208 0.05515 28726 1.19

2.20 0.01126 40000 -0.07392 00000 0.21504 00000 -0.39424 00000 1.18272 00000 0.05913 60000 1.20
2.21 0.01186 71878 -0.07782 06554 0.22606 72433 -0.41289 96758 1.18954 43042 0.06324 15959 1.21
2.22 0.01247 10986 -0.08172 05532 0.23706 32264 -0.43137 73464 1.19609 17332 0.06747 18414 1.22
2.23 0.01307 52443 -0.08561 65377 0.24801 92080 -0.44966 08405 1.20235 39865 0.07182 89394 1.23
2.24 0.01367 91245 -0.08950 53824 0.25892 62848 -0.46773 78048 1.20832 26624 0.07631 51155 1.24

2.25 0.01428 22266 -0.09338 37891 0.26977 53906 -0.48559 57031 1.21398 92578 0.08093 26172 1.25
2.26 0.01488 40255 -0.09724 83876 0.28055 72952 -0.50322 18152 1.21934 51676 0.08568 37145 1.26
2.27 0.01548 39838 -0.10109 57353 0.29126 26033 -0.52060 32358 1.22438 16841 0.09057 06999 1.27
2.28 0.01608 15514 -0.10492 23168 030188 17536 -0.53772 68736 1.22908 99968 0.09559 58886 1.28
2.29 0.01667 61653 -0.10872 45427 0.31240 50179 -0.55457 94504 1.23346 11915 0.10076 16184 1.29

2.30 0.01726 72500 -0.11249 87500 0.32282 25000 -0.57114 75000 1.23748 62500 0.10607 02500 1.30
2.31 0.01785 42169 -0.11624 12010 0.33312 41346 -0.58741 73671 1.24115 60498 0.11152 41668 1.31
2.32 0.01843 64646 -0.11994 80832 0.34329 96864 -0.60337 52064 1.24446 13632 0.11712 57754 1.32
2.33 0.01901 33784 -0.12361 55083 0.35333 87492 -0.61900 69817 1.24739 28571 0.12287 75053 1.33
2.34 0.01958 43305 -0.12723 95124 0.36323 07448 -0.63429 84648 1.24994 10924 0.12878 18095 1.34

2.35 0.02014 86797 -0.13081 60547 0.37296 49219 -0.64923 52344 1.25209 65234 0.13484 11641 1.35
2.36 0.02070 57715 -0.13434 10176 0.38253 03552 -0.66380 26752 1.25384 94976 0.14105 80685 1.36
2.37 0.02125 49379 -0.13781 02060 0.39191 59445 -0.67798 59770 1.25519 02548 0.14743 50458 1.37
2.38 0.02179 54974 -0.14121 93468 0.40111 04136 -0.69177 01336 1.25610 89268 0.15397 46426 1.38
2.39 0.02232 67544 -0.14456 40883 0.41010 23092 -0.70513 99417 1.25659 55371 0.16067 94293 1.39

2.40 0.02284 80000 -0.14784 00000 0.41888 00000 -0.71808 00000 1.25664 00000 0.16755 20000 1.40
2.41 0.02335 85111 -0.15104 25717 0.42743 16758 -0.73057 47083 1.25623 21204 0.17459 49727 1.41
2.42 0.02385 75506 -0.15416 72132 0.43574 53464 -0.74260 82664 1.25536 15932 0.18181 09894 1.42
2.43 0.02434 43676 -0.15720 92540 0.44380 88405 -0.75416 46730 1.25401 80027 0.18920 27162 1.43
2.44 0.02481 81965 -0.16016 39424 0.45160 98048 -0.76522 77248 1.25219 08224 0.19677 28435 1.44

2.45 0.02527 82578 -0.16302 64453 0.45913 57031 -0.77578 10156 1.24986 94141 0.20452 40859 1.45
2.46 0.02572 37575 -0.16579 18476 0.46637 38152 -0.78580 79352 1.24704 30276 0.21245 91825 1.46
2.47 0.02615 38870 -0.16845 51516 0.47331 12358 -0.79529 16683 1.24370 08004 0.22058 08967 1.47
2.48 0.02656 78234 -0.17101 12768 0.47993 48736 -0.80421 51936 1.23983 17568 0.22889 20166 1.48
2.49 0.02696 47286 -0.17345 50590 0.48623 14504 -0.81256 12829 1.23542 48077 0.23739 53552 1.49

2.50 0.02734 37500 -0.17578 12500 0.49218 75000 -0.82031 25000 1.23046 87500 0.24609 37500 1.50
A3 A2 A1 A0 A2 -p
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Table 25.1

p

SIX-POINT LAGRANGIAN

.4(p) = ( 1)

INTERPOLATION COEFFICIENTS

P(P2 1) (ï-4) (p-3)

A2 A3A0

(2+k) !(3-/c) !(p-k)

A1

2.50 0.02734 37500 -0.17578 12500 0.49218 75000 -0.82031 25000 1.23046 87500 0.24609 37500 1.50
2.51 0.02770 40203 -0.17798 45173 0.49778 93671 -0.82745 11996 1.22495 22660 0.25499 00635 1.51
2.52 0.02804 46566 -0.18005 94432 0.50302 32064 -0.83395 95264 1.21886 39232 0.26408 71834 1.52
2.53 0.02836 47616 -0.18200 05246 0.50787 49817 -0.83981 94142 1.21219 21734 0.27338 80221 1.53
2.54 0.02866 34225 -0.18380 21724 0.51233 04648 -0.84501 25848 1.20492 53524 0.28289 55175 1.54

2.55 0.02893 97109 -0.18545 87109 0.51637 52344 -0.84952 05469 1.19705 16797 0.29261 26328 1.55
2.56 0.02919 26835 -0.18696 43776 0.51999 46752 -0.85332 45952 1.18855 92576 0.30254 23565 1.56
2.57 0.02942 13812 -0.18831 33223 0.52317 39770 -0.85640 58095 1.17943 60710 0.31268 77026 1.57
2.58 0.02962 48294 -0.18949 96068 0.5 2589 81336 -0.85874 50536 1.16966 99868 0.32305 17106 1.58
2.59 0.02980 20377 -0.19051 72046 0.52815 19417 -0.86032 29742 1.15924 87533 0.33363 74461 1.59

2.60 0.02995 20000 -0.19136 00000 0.52992 00000 -0.86112 00000 1.14816 00000 0.34444 80000 1.60
2.61 0.03007 36943 -0.19202 17879 0.53118 67083 -0.86111 63408 1.13639 12367 0.35548 64894 1.61
2.62 0.03016 60826 -0.19249 62732 0.53193 62664 -0.86029 19864 1.12392 98532 0.36675 60574 1.62
2.63 0. 03022 81107 -0.19277 70702 0.53215 26730 -0.85862 67055 1.11076 31190 0.37825 98730 1.63
2.64 0. 03 02 5 87085 -0.19285 77024 0. 53181 97248 -0.85610 00448 1. 09687 81824 0. 3 90 00 11315 1.64

2.65 0. 03025 67891 -0.19273 16016 0.53092 10156 -0.85269 13281 1.08226 20703 0.40198 30547 1.65
2.66 0.03022 12495 -0.19239 21076 0.52943 99352 -0.84837 96552 1.06690 16876 0.41420 88905 1.66
2.67 0.03015 09704 -0.19183 24679 0.52735 96683 -0.84314 39008 1.05078 38166 0.42668 19134 1.67
2.68 0. 03004 48154 -0.19104 58368 0.52466 31936 -0.83696 27136 1.03389 51168 0.43940 54246 1.68
2.69 0.02990 16317 -0.19002 52752 0.52133 32829 -0.82981 45154 1.01622 21240 0.45238 27520 1.69

2.70 0.0 2972 02500 -0.18876 37500 0.51735 25000 -0.82167 75000 0.99775 12500 0.46561 72500 1.70
2.71 0.02949 94834 -0.18725 41335 0.51270 31996 -0.81252 96321 0.97846 87823 0.47911 23003 1.71
2.72 0.02923 81286 -0.18548 92032 0.50736 75264 -0.80234 86464 0.95836 08832 0.49287 13114 1.72
2.73 0.02893 49650 -0.18346 16409 0. 50 132 74142 -0.79111 20467 0.93741 35896 0.50689 77188 1.73
2.74 0.02858 87545 -0.18116 40324 0.49456 45848 -0.77879 71048 0.91561 28124 0.52119 49855 1.74

2.75 0.02819 82422 -0.17858 88672 0.48706 05469 -0.76538 08594 0.89294 43359 0.53576 66016 1.75
2.76 0.02776 21555 -0.17572 85376 0.47879 65952 -0.75084 01152 0.86939 38176 0.55061 60845 1.76
2.77 0.02727 92044 -0.17257 53385 0.46975 38095 -0.73515 14420 0.84494 67873 0.56574 69793 1.77
2.78 0.02674 80814 -0.16912 14668 0.45991 30536 -0.71829 11736 0.81958 86468 0.5 8116 28586 1.78
2.79 0. 02616 74609 -0.16535 90208 0.44925 49742 -0.70023 54067 0.79330 46696 0.59686 73228 1.79

2.80 0.02553 60000 -0.16128 00000 0.43776 00000 -0.68096 00000 0.76608 00000 0.61286 40000 1.80
2.81 0.0 2485 23376 -0.15687 63042 0.42540 83408 -0.66044 05733 0.73789 96529 0.62915 65462 1.81
2.82 0. 02411 50946 -0.152 13 97332 0.41217 99864 -0.63865 25064 0.70874 85132 0.64574 86454 1.82
2.83 0.02332 28741 -0.14706 19865 0.39805 47055 -0.61557 09380 0.67861 13352 0.66264 40097 1.83
2.84 0.02247 42605 -0.14163 46624 0.38301 20448 -0.59117 07648 0.64747 27424 0.67984 63795 1.84

2.85 0.02156 78203 -0.13584 92578 0.36703 13281 -0.56542 66406 0.61531 72266 0.69735 95234 1.85
2.86 0.02060 21015 -0.12969 71676 0.35009 16552 -0.53831 29752 0.58212 91476 0.71518 72385 1.86
2.87 0.01957 56335 -0.12316 96841 0.33217 19008 -0.50980 39333 0.54789 27329 0.73333 33502 1.87
2.88 0.01848 69274 -0.11625 79968 0.31325 07136 -0.47987 34336 0.51259 20768 0.75180 17126 1.88
2.89 0.01733 44751 -0.10895 31915 0.29330 65154 -0.44849 51479 0.47621 11402 0.77059 62087 1.89

2.90 0.01611 67500 -0.10124 62500 0.27231 75000 -0.41564 25000 0.43873 37500 0.78972 07500 1.90
2.91 0.01483 22068 -0.09312 80498 0.25026 16321 -0.38128 86646 0.40014 35985 0.80917 92770 1.91
2.92 0.01347 92806 -0.08458 93632 0. 22 711 66464 -0.34540 65664 0.36042 42432 0.82897 57594 1.92
2.93 0.01205 63881 -0.07562 08571 0.20286 00467 -0.30796 88792 0.31955 91059 0.84911 41956 1.93
2.94 0.01056 19265 -0.06621 30924 0.17746 91048 -0.26894 80248 0.27753 14724 0.86959 86135 1.94

2.95 0.00899 42734 -0.05635 65234 0.15092 08594 -0.22831 61719 0.23432 44922 0.89043 30703 1.95
2.96 0.00735 17875 -0.04604 14976 0.12319 21152 -0.18604 52352 0.18992 11776 0.91162 16525 1.96
2.97 0.00563 28077 -0.03525 82547 0.09425 94420 -0.14210 68745 0.14430 44035 0.93316 84760 1.97
2.98 0.00383 56534 -0.02399 69268 0.06409 91736 -0.09647 24936 0.09745 69068 0.95507 76866 1.98
2.99 0.00195 86242 -0.01224 75371 0.03268 74067 -0.04911 32392 0.04936 12858 0.97735 34596 1.99

3.00 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 2.00
A3 A2 A1 A0 -p
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A3 A2 A1 A0 A_1 A_2 A_3 -p

EIGHT-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS

A4 A3 A2 A1 A0 A_1 A_2 A_3 p

p A3 A2 A1 A0

I 2_1\ 2_4\ I 2_9\ I
,'P ;P P

A3 A4

(3+k) !(4-k)! (p_k)

A1 A2
0.0 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 LO
0.1 -0.00088 64213 0.00915 96863 -0.05246 00213 0.96176 70563 0.10686 30063 -0.03037 15913 0.00663 28763 -0.00070 45913 0.9
0.2 -0.00160 51200 0.01634 30400 -0.08988 67200 0.89886 72000 0.22471 68000 -0.05992 44800 0.01284 09600 -0.00135 16800 0.8
0.3 -0.00211 57988 0.02124 99787 -031278 83487 0.81458 25188 0.34910 67938 -0.08624 99137 0.01810 18337 -0.00188 70638 0.7
0.4 -0.00239 61600 0.02376 19200 -0.12220 41600 0.71285 76000 0.47523 84000 -0.10692 86400 0.02193 40800 -0.00226 30400 0.6
0.5 -0.00244 14063 0.02392 57812 -0.11962 89062 0.59814 45312 0.59814 45313 -0.11962 89062 0.02392 57812 -0.00244 14062 0.5

LO 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.0
1.1 0.00070 45912 -0.00652 31512 0.02888 82412 -0.09191 71312 1.01108 84438 0.06740 58962 -0.01064 30362 0.00099 61462 -0.1
1.2 0.00135 16800 -0.01241 85600 0.05419 00800. -0.16558 08000 0.99348 48000 0.14902 27200 -0.02207 74400 0.00202 75200 -0.2
1.3 0.00188 70638 -0.01721 23088 0.07408 77638 -0.21846 39188 0.94667 69812 0.24343 12238 -0.03341 21288 0.00300 53238 -0.3
1.4 0.00226 30400 -0.02050 04800 0.08712 70400 -0.24893 44000 0.87127 04000 0.34850 81600 -0.04356 35200 0.00382 97600 -0.4

1.5 0.00244 14062 -0.02197 26562 0.09228 51562 -0.25634 76562 0.76904 29688 0.46142 57812 -0.05126 95312 0.00439 45312 -0.5
1.6 0.00239 61600 -0.02143 23200 0.08902 65600 -0.24111 36000 0.64296 96000 0.57867 26400 -0.05511 16800 0.00459 26400 -0.6
1.7 0.00211 57988 -0.01881 34538 0.07734 41988 -0.20473 46438 0.49721 27062 0.69609 77888 -0.05354 59838 0.00432 35888 -0.7
1.8 0.00160 51200 -0.01419 26400 0.05778 43200 -0.14981 12000 0.33707 52000 0.80098 04800 -0.04494 33600 0.00350 20800 -0.8
1.9 0.00088 64213 -0.00779 59613 0.03145 26712 -0.08001 11812 0.16891 24938 0.91212 74662 -0.02764 02263 0.00206 83163 -0.9

2.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 -1.0
2.1 -0.00099 61462 0.00867 37612 -0.03441 52462 0.08467 24312 -0.16164 73688 1.06687 26338 0.03951 38012 -0.00267 38662 -1.1
2.2 -0.00202 75200 0.01757 18400 -0.06918 91200 0.16773 12000 -0.30750 72000 1.10702 59200 0.09225 21600 -0.00585 72800 -1.2
2.3 -0.00300 53238 0.02592 96538 -0.10136 13738 0.24238 58938 -0.42883 65812 1.11497 51112 0.15928 21588 -0.00936 95388 -1.3
2.4 -0.00382 97600 0.03290 11200 -0.12773 37600 0.30159 36000 -0.51701 76000 1.08573 69600 0.24127 48800 -0.01292 54400 -1.4

2.5 -0.00439 45312 0.03759 76562 -0.14501 95312 0.33837 89062 -0.56396 48438 1.01513 67188 0.33837 89062 -0.01611 32812 -1.5
2.6 -0.00459 26400 0.03913 72800 -0.15002 62400 0.34621 44000 -0.56259 84000 0.90015 74400 0.45007 87200 -0.01837 05600 -1.6
2.7 -0.00432 35888 0.03670 45088 -0.13987 39388 0.31946 51688 -0.50738 58562 0.73933 36762 0.57503 73038 -0.01895 72738 -1.7
2.8 -0.00350 20800 0.02962 17600 -0.11225 08800 0.25390 08000 -0.39495 68000 0.53319 16800 0.71092 22400 -0.01692 67200 -1.8
2.9 -0.00206 83162 0.01743 29512 -0.06570 88162 0.14727 83812 -0.22479 33188 0.28473 82038 0.85421 46112 -0.01109 36962 -1.9

3.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 -2.0
3.1 0.00267 38662 -0.02238 70762 0.08354 20162 -0.18415 17562 0.27184 30688 -0.31138 38788 1.14174 08888 0.01812 28712 -2.1
3.2 0.00585 72800 -0.04888 57600 0.18157 56800 -0.39719 68000 0.57774 08000 -0.63551 48800 1.27102 97600 0.04539 39200 -2.2
3.3 0.00936 95388 -0.07796 16338 0.28827 67388 -0.62605 55438 0.89825 36062 -0.95353 07512 1.37732 21962 0.08432 58488 -2.3
3.4 0.01292 54400 -0.10723 32800 0.39481 34400 -0.85155 84000 1.20637 44000 -1.24084 22400 1.44764 92800 0.13787 13600 -2.4

3.5 0.01611 32812 -0.13330 07812 0.48876 95312 -1.04736 32812 1.46630 85938 -1.46630 85938 1.46630 85938 0.20947 26562 -2.5
3.6 0.01837 05600 -0.15155 71200 0.55351 29600 -1.17877 76000 1.63215 36000 -1.59134 97600 1.41453 31200 0.30311 42400 -2.6
3.7 0.01895 72738 -0.15598 17788 0.56750 81738 -1.20148 12688 1.64647 43312 -1.56899 31862 1.27013 73412 0.42337 91138 -2.7
3.8 0.01692 67200 -0.13891 58400 0.50356 99200 -1.06014 72000 1.43877 12000 -1.34285 31200 1.00713 98400 0.57550 84800 -2.8
3.9 0.01109 36962 -0.09081 78862 0.32805 64462 -0.68695 58062 0.92383 71188 -0.84604 03088 0.59536 16988 0.76546 50412 -2.9

4.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 -3.0

p A3 A2 A1 A0 A1 A2 A3
0.0 0.00000 00000 0.00000 00000 0.00000 00000 L00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.0
03 -0.00359 10125 0.01409 18250 -0.06725 64375 0.98642 77500 0.08220 23125 -0.01557 51750 0.00170 07375 0.1
0.2 -0.00295 68000 0.02580 48000 -0.11827 20000 0.94617 60000 0.17740 80000 -0.03153 92000 0.00337 92000 0.2
0.3 -0.00400 28625 0.03445 94250 -0.15241 66875 0.88062 97500 0.28305 95625 -0.04662 15750 0.00489 23875 0.3
0.4 -0.00465 92000 0.03960 32000 -0.16972 80000 0.79206 40000 0.39603 20000 -0.05940 48000 0.00609 28000 0.4

0.5 -0.00488 28225 0.04101 56250 -0.17089 84375 0.68359 37500 0.51269 53125 -0.06835 93750 0.00683 59375 0.5
0.6 -0.00465 92000 0.03870 72000 -0.15724 80000 0.55910 40000 0.62899 20000 -0.07188 48000 0.00698 88000 0.6
0.7 -0.00400 28625 0.03291 24250 -0.13068 16875 0.42315 97500 0.74052 95625 -0.06835 65750 0.00643 93875 0.7
0.8 -0.00295 68000 0.02407 68000 -0.09363 20000 0.28089 60000 0.84268 80000 -0.05617 92000 0.00510 72000 0.8
0.9 -0.00159 10125 0.01283 78250 -0.04898 64375 0.13788 77500 0.93074 23125 -0.03384 51750 0.00295 47375 0.9

1.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 0.00000 00000 1.0
1.1 0.00170 07375 -0.01349 61750 0.04980 73125 -0.12678 22500 1.04595 35625 0.04648 68250 -0,00367 00125 1.1
1.2 0.00337 92000 -0.02661 12000 0.09676 80000 -0.23654 40000 1.06444 80000 0.10644 48000 -0.00788 48000 1.2
1.3 0.00489 23875 -0.03824 95750 0.13719 95625 -0.32365 02500 1.05186 33125 0.18031 94250 -0.01237 48625 1.3
1.4 0.00609 28000 -0.04730 88000 0.16755 20000 -0.38297 60000 1.00531 20000 0.26808 32000 -0.01675 52000 1.4

1.5 0.00683 59375 -0.05273 43750 0.18457 03125 -0.41015 62500 0.92285 15625 0.36914 06250 -0.02050 78125 1.5
1.6 0.00698 88000 -0.05358 08000 0.18547 20000 -0.40185 60000 0.80371 20000 0.48222 72000 -0.02296 32000 1.6
1.7 0.00643 93875 -0.04907 85750 0.16813 95625 -0.35606 02500 0.64853 83125 0.60530 24250 -0.02328 08625 1.7
1.8 0.00510 72000 -0.03870 72000 0.13132 80000 -0.27238 40000 0.45964 80000 0.73543 68000 -0.02042 88000 1.8
1.9 0.00295 47375 -0.02227 41750 0.07488 73125 -0.15240 22500 0.24130 35625 0.86869 28250 -0.01316 20125 1.9

2.0 0.00000 00000 0.00080 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 0.00000 00000 2.0
2.1 -0.00367 00125 0.02739 08250 -0.09056 64375 0.17825 77500 -0.25523 26875 1.12302 38250 0.02079 67375 2.1
2.2 -0.00788 48000 0.05857 28000 -0.19219 20000 0.37273 60000 -0.51251 20000 1.23002 88000 0.05125 12000 2.2
2.3 -0.01237 48625 0.09151 64250 -0.29812 16875 0.57031 97500 -0.75677 04375 1.31173 54250 0.09369 53875 2.3
2.4 -0.01675 52000 0.12337 92000 -0.39916 80000 0.75398 40000 -0.96940 80000 1.35717 12000 0.15079 68000 2.4

2.5 -0.02050 78125 0.15039 06250 -0.48339 84375 0.90234 37500 -1.12792 96875 1.35351 56250 0.22558 59375 2.5
2.6 -0.02296 32000 0.16773 12000 -0.53580 80000 0.98918 40000 -1.20556 80000 1.28593 92000 0.32148 48000 2.6
2.7 -0.02328 08625 0.16940 54250 -0.53797 66875 0.98296 97500 -1.17089 04375 1.13743 64250 0.44233 63875 2.7
2.8 -0.02042 88000 0.14810 88000 -0.46771 20000 0.84633 60000 -0.98739 20000 0.88865 28000 0.59243 52000 2.8
2.9 -0.01316 20125 0.09508 08250 -0.29867 64375 0.53555 77500 -0.61307 26875 0.51770 58250 0.77655 87375 2.9

3.0 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 1.00000 00000 3.0
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SEVEN-POINT LAGRANGIAN INTERPOLATION COEFFICIENTS Table 25.1

A(p)=(_1)k+3 p(pO-l)(pl_4)(j2-9)

(3±k)!(3-k)!(p--k)



*See page ii.

Compiled from W. G. Bickley, Formulae for numerical dierentiation, Math. Gaz. 25, 19-27, 1941 (with permission).

j A11

SECOND DERIVATIVE (k=2)

A A2 A1 A4 h Error
M

i

0

0

1

A A2 A3

Five Point (ìn4)
-4 6 -4

r14

1

A5 h6 _Error
k!

-1/12
Three Point (m=2) 1 1 -4 6 -4 1 -1/24

0 1 -2 1 -1/2 2 1 -4 6 -4 1
6-1/144h

1 1 -2 1 -1/24hf4 3
4

1
1

-4 6 -4
-4 6 -4

1
1

1/24 hf3
1/12

2 1 -2 1 1/2
Six Point (ni_5)

Four Point (m=3) 0 15 -70 130 -120 55 -10 17/144
1 10 -45 80 -70 30 -5 5/144

0 6 -15 12 -3 11/24 2 5 -20 30 -20 5 D -1/144 6 (6)
1 3 -6 3 0 -1/24 () 3 0 5 -20 30 -20 5 1/1446 f
2 0 3 -6 3 ]/24 4 -5 30 -70 80 -45 10 5/144
3 -3 12 -15 6 11/24 5 -10 55 -120 130 -70 15 17/144

Five Point (ni 4)
0 35 -104 114 -56 11 -5/12 +5(5)
1
2

111 -20 6 4
16 30 16

-11 1/24
- (5)1/1806 f FIFTH DERIVATIVE (k: 5)

3 -1 4 6 -20 11 -1/24 hf
4 11 -56 114 -104 35 5/12 jo .! A A:i A4 Error

Six Point (iii-5) Six Point (in--5)

0 225 -770 1070 -780 305 -50 137/360 0 -1 5 10 10 5 1 1/48
1 50 -75 -20 70 -3D 5 -13/360 1 -1 5 -10 10 -5 1 -1/80
2 -5 80 -150 80 -5 0 1/180 6 (6) 2 -1 5 -10 10 -5 1 -1/24O6(6)
3 0 -5 80 -150 80 -5 1/1806

3 -1 5 -10 10 -5 1 1/240
4 5 -30 70 -20 -75 50 -13/360 4 -1 5 -10 10 -5 1 1/80
5 -53 305 -780 1070 -770 225 137/360 5 -1 5 -10 10 -5 1 1/48

0 -3 4 -1 1/3 0 -1 3 -3 1 -1/4
1 -i 0 1 -1/6 a3f i -i 3 -3 1 -1/12 h4f4
2 1 -4 3 1/3 2 -1 3 -3 1 1/12

3 -1 3 -3 1 1/4
PAlir Pnint. (m=31

o -ii 18 -9 2 -1/4 Five Point (m=4)
1 -2 -3 6 -1 1/12 (4) 0 -10 36 -48 28 -6 7/24
2 1 -6 3 2 -1/12 1 -6 20 -24 12 -2 1/24
3 -2 9 -18 11 1/4 2 -2 4 0 -4 2 -1/24 h t

3 2 -12 24 -20 6 1/24
Five Point (In-4) 4 6 -28 48 -36 10 7/24

o so 96 72 32 6 1/5 Six Point (m_-5)
1 -6
2 2

-20 36 -12
-16 0 16

2
-2

-1/20 5(5)1/306 0 -85 355 -590 490 -205 35 -5/16
3 -2 12 -36 20 6 -1/20 1 -35 125 -170 110 -35 5 -1/48
4 6 -32 72 -96 50 1/5 2 -5 -S 50 -70 35 -5 l/48h6(6)

3 5 -35 70 -50 5 5 -1/46
4 -5 35 -110 170 -125 35 1/48

Six Point (in_-5) 5 -35 205 -490 590 -355 85 5/16
0 -274 600 -600 400 -150 24 -1/6
1 -24 -130 240 -120 40 -6 1/30
2 6 -60 -40 120 -30 4
3 -4 30 -120 40 60 -6 1/60
4 6
5 -24

-40 120 -240
150 -400 600

130
-600

24
274

-1/30
1/6 FOURTH DERIVATIVE (k=4)
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Table 25.2 COEFFICIENTS FOR DIFFERENTIATION

dkf() k! 'n
Differentiation Formula:

FIRST DERIVATIVE (k=i) THIRD DERIVATIVE (k=3)
h6* j 4 A1 A2 A3 A4 A3 h6 Error j A A A2 A3 A4 A5 Error

k! k!
Three Point (m=2) Four Point (m-_3)



*See page 11.

273-888 0-67-59

Compiled from National Bureau of Standards, Tables of Lagrangian interpolation coefficients. Colum-
bia Univ. Press, New York, N.Y., 194-4 (with permission).

n m\k -4

fxrn+lj
Od h > Ak(ln)!(xk) *

Xm k

DA(m)

n odd

-3 -2 -1 0 1 2 3 4 J)
3-1 5 8 -1 0 12

5 -2 251 646 -264 106 -19 1 720-1 -19 346 456 -74 11 0

7 -3 19087 65112 -46461 37504 -20211 6312 -863 2 60480-2 -863 25128 46989 -16256 7299 -2088 271 1-1 271 -2760 30819 37504 -6771 1608 -191 0

9 -4 1070017 4467094 -4604594 5595358 -5033120 3146338 -1291214 312874 -33953 3 3628800-3 -33953 1375594 3244786 -1752542 1317280 -755042 294286 -68906 7297 2-2 7297 -99626 1638286 2631838 -833120 397858 -142094 31594 -3233 1-1 -3233 36394 -216014 1909858 2224480 -425762 126286 -25706 2497 0
4 3 2 1 0 -1 -2 -3 -4 k\rn

n even
nm\k -4 -3 -2 -1 0 1 2 3 4 5 J)
4-1 9 19 -5 1 24

0 -1 13 13 -1

6 -2 475 1427 -798 482 -173 27 2 1440
-1 -27 637 1022 -258 77 -11 1

0 11 -93 802 802 -93 11 0

8 -3 36799 139849 -121797 123133 -88547 41499 -11351 1375 3 120960
-2 -1375 47799 101349 -44797 26883 -11547 2999 -351 2
-1 351 -4183 57627 81693 -20227 7227 -1719 191 1

0 -191 1879 -9531 68323 68323 -9531 1879 -191 0

10 -4 2082753 9449717 -11271304 16002320 -17283646 13510082 -7394032 2687864 -583435 57281 4 7257600
-3 -57281 2655563 6872072 -4397584 3973310 -2848834 1481072 -520312 110219 -10625 3
-2 10625 -163531 3133688 5597072 -2166334 1295810 -617584 206072 -42187 3969 2
-1 -3969 50315 -342136 3609968 4763582 -1166146 462320 -141304 27467 -2497 1

0 2497 -28939 162680 -641776 4134338 4134338 -641776 162680 -28939 2497 0
5 4 3 2 1 0 -1 -2 -3 -4 /c\m
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LAGRANGIAN INTEGRATION COEFFICJENTS Table 25.3
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Table 25.4 ABSCISSAS AND WEIGHT FACTORS FOR GAtJSSIAN INTEGRATION

wJ(xj)

Abscissas= ±x (Zeros of Legendre Polynomials) Weight Factors=w

Compiled from P. Davis and P. Rabinowitz, Abscissas and weights for Gaussian quadratures of high
order, J. Research NBS 56, 35-37, 1956, RP2645; P. Davis and P. Rabinowitz, Additional abscissas
and weights for Gaussian quadratures of high order. Values for n=64, 80, and 96, J. Research NBS 60,
613-614, 1958, RP2875; and A. N. Lowan, N. Davids, and A. Levenson, Table of the zeros of the Legendre
polynomials of order 1-16 and the weight coefficients for Gauss' mechanical quadrature formula, Bull.
Amer. Math. Soc. 48, 739-743, 1942 (with permission).

n=2
0.18343 46424 95650

n = 8
0.36268 37833 78362

0.57735 02691 89626 1.00000 00000 00000 0.52553 24099 16329 0.31370 66458 77887
0.79666 64774 13627 0.22238 10344 53374
0.96028 98564 97536 0.10122 85362 90376

0.00000 00000 00000 0.88888 88888 88889
0.77459 66692 41483 0.55555 55555 55556 n = 9

n=4 0.00000
0.32425

00000
34234

00000
03809

0.33023
0.31234

93550
70770

01260
400030.33998 10435 84856 0.65214 51548 62546 0.61337 14327 00590 0.26061 06964 0293

0.86113 63115 94053 0.34785 48451 37454 0.83603 11073 26636 0.18064 81606 94857
n=5 0.96816 i2395 07626 0.08127 43883 61574

0.00000 00000 00000 0.56888 88888 88889 n =10
0.53846
0.90617

93101
98459

05683
38664

0.47862
0.23692

86704
68850

99366
56189

0.14887
0.43339

43389
53941

81631
29247

0.29552
0.26926

42247
67193

14753
09996

0.23861
0.66120

91860
93864

83197
66265

n=6
0.46791
0.36076

39345
15730

72691
48139

0.67940
0.86506
0.97390

95682
33666
65285

99024
88985
17172

0.21908
0.14945
0.06667

63625
13491
13443

15982
50581
08688

0.93246 95142 03152 0.17132 44923 79170 n=12

0.00000 00000 00000
n=7

0.41795 91836 73469

0.12523
0.36783
0.58731

34085
14989
79542

11469
98180
86617

0.24914
0.23349
0.20316

70458
25365
74267

13403
38355
23066

0.40584 51513 77397 0.38183 00505 05119 0.76990 26741 94305 0.16007 83285 43346
0.74153
0.94910

11855
79123

99394
42759

0.27970
0.12948

53914
49661

89277
68870

0.90411
0.98156

72563
06342

70475
46719

0.10693
0.04717

93259
53363

95318
86512

±Xj n= 16 Wi

0.09501 25098 37637 440185 0.18945 06104 55068 496285
0.28160 35507 79258 913230 0.18260 34150 44923 588867
0.45801 67776 57227 386342 0.16915 65193 95002 538189
0.61787 62444 02643 748447 0.14959 59888 16576 732081
0.75540 44083 55003 033895 0.12462 89712 55533 872052
0.86563 12023 87831 743880 0.09515 85116 82492 784810
0.94457 50230 73232 576078 0.06225 35239 38647 892863
0.98940 09349 91649 932596 0.02715 24594 11754 094852

n=20
0.07652 65211 33497 333755 0.15275 33871 30725 850698
0.22778 58511 41645 078080 0.14917 29864 72603 746788
0.37370 60887 15419 560673 0.14209 61093 18382 051329
0.51086 70019 50827 098004 0.13168 86384 49176 626898
0.63605 36807 26515 025453 0.11819 45319 61518 417312
0.74633 19064 60150 792614 0.10193 01198 17240 435037
0.83911 69718 22218 823395 0.08327 67415 76704 748725
0.91223 44282 51325 905868 0.06267 20483 34109 063570
0.96397 19272 77913 791268 0.04060 14298 00386 941331
0.99312 85991 85094 924786 0.01761 40071 39152 118312

n=24
0.06405 68928 62605 626085 0.12793 81953 46752 156974
0.19111 88674 73616 309159 0.12583 74563 46828 296121
0.31504 26796 96163 374387 0.12167 04729 27803 31204
0.43379 35076 26045 138487 0.11550 56680 53725 61353
0.54542 14713 88839 535658 0.10744 42701 15965 63783
0.64809 36519 36975 569252 0.09761 86521 04113 888270
0.74012 41915 78554 364244 0.08619 01615 31953 275917
0.82000 19859 73902 921954 0.07334 64814 11080 305734
0.88641 55270 04401 034213 0.05929 85849 15436 780746
0.93827 45520 02732 758524 0.04427 74388 17419 806169
0.97472 85559 71309 498198 0.02853 13886 28933 663181
0.99518 72199 97021 360180 0.01234 12297 99987 199547



f1J(x)dx wJ(x)

of Legendre Polynomials) WeightAbscissas= ±x (Zeros

n=32
Wj

Factors=w1

0.04830 76656 87738 316235 0.09654 00885 14727 800567
0.14447 19615 82796 493485 0.09563 87200 79274 859419
0.23928 73622 52137 074545 0.09384 43990 80804 565639
0.33186 86022 82127 649780 0.09117 38786 95763 884713
0.42135 12761 30635 345364 0.08765 20930 04403 811143
0.50689 99089 32229 390024 0.08331 19242 26946 755222
0.58771 57572 40762 329041 0.07819 38957 87070 306472
0.66304 42669 30215 200975 0.07234 57941 08848 506225
0.73218 21187 40289 680387 0.06582 22227 76361 846838
0.79448 37959 67942 406963 0.05868 40934 78535 547145
0.84936 76137 32569 970134 0.05099 80592 62376 176196
0.89632 11557 66052 123965 0.04283 58980 22226 680657
0.93490 60759 37739 689171 0.03427 38629 13021 433103
0.96476 22555 87506 430774 0.02539 20653 09262 059456
0.98561 15115 45268 335400 0.01627 43947 30905 670605
0.99726 38618 49481 563545 0.00701 86100 09470 096600

n=40
0.03877 24175 06050 821933 0.07750 59479 78424 811264
0.11608 40706 75255 208483 0.07703 98181 64247 965588
0.19269 75807 01371 099716 0.0 7611 03619 00626 242372
0.26815 21850 07253 681141 0.07472 31690 57968 264200
0.34199 40908 25758 473007 0.07288 65823 95804 059061
0.41377 92043 71605 001525 0. 07 061 16473 91286 779695
0.48307 58016 86178 712909 0.06791 20458 15233 903826
0.54946 71250 95128 202076 0. 06480 40134 56601 038075
0.61255 38896 67980 237953 0.06130 62424 92928 939167
0.67195 66846 14179 548379 0.05743 97690 99391 551367
0.72731 82551 89927 103281 0.05322 78469 83936 824355
0.77830 56514 26519 387695 0.04869 58076 35072 232061
0.82461 22308 33311 663196 0.04387 09081 85673 271992
0.86595 95032 12259 503821 0.03878 21679 74472 017640
0.90209 88069 68874 296728 0.03346 01952 82547 847393
0.93281 28082 78676 533361 0.02793 70069 80023 401098
0.95791 68192 13791 655805 0.02224 58491 94166 957262
0.97725 99499 83774 262663 0.01642 10583 81907 888713
0.99072 62386 99457 006453 0.01049 82845 31152 813615
0.99823 77097 10559 200350 0.00452 12770 98533 191258

n=48
0.03238 01709 62869 362033 0.06473 76968 12683 922503
0.09700 46992 09462 698930 0.06446 61644 35950 082207
0.16122 23560 68891 718056 0.06392 42385 84648 186624
0.22476 37903 94689 061225 0.06311 41922 86254 025657
0.28736 24873 55455 576736 0.06203 94231 59892 663904
0. 34875 58862 92160 738160 0.06070 44391 65893 880053
0.40868 64819 90716 729916 0.05911 48396 98395 635746
0.46690 29047 50958 404545 0.05727 72921 00403 215705
0.52316 09747 22233 033678 0.05519 95036 99984 162868
0.57722 47260 83972 703818 0.05289 01894 85193 667096
0.62886 73967 76513 623995 0.05035 90355 53854 474958
0.67787 23796 32663 905212 0.04761 66584 92490 474826
0. 72403 41309 23814 654674 0.04467 45608 56694 280419
0.76715 90325 15740 339254 0.04154 50829 43464 749214
0.80706 62040 29442 627083 0.03824 13510 65830 706317
0.84358 82616 24393 530711 0.03477 72225 64770 438893
0.87657 20202 74247 885906 0.03116 72278 32798 088902
0. 90587 91367 15569 672822 0.02742 65097 08356 948200
0.93138 66907 06554 333114 0.02357 07608 39324 379141
0.95298 77031 60430 860723 0.01961 61604 57355 527814
0. 97059 15925 46247 250461 0.01557 93157 22943 848728
0.98412 45837 22826 857745 0.01147 72345 79234 539490
0.99353 01722 66350 757548 0.00732 75539 01276 262102
0.99877 10072 52426 118601 0.00315 33460 52305 838633
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Table 25.4
ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION

f'f(.)d wJ(x)

Abscissas=± (Zeros of Legendre Polynomials) Weight Factorsw

0.02435
0.07299
0.1214b
0.16964
0.21742
0.26468
0.31132
0.35722
0.40227
0.44636
0.48940
0.53127
0.57189
0.61115
0.64896
0.68523
0.71988
0.75281
0.78397
0.81326
0.84062
0.86599
0.88931
0.91052
0.92956
0.94641
0.96100
0.97332
0.98333
0.99101
0.99634
0.99930

0.01951
0.05850
0.09740
0.13616
0.17471
0.21299
0.25095
0.28852
0.32566
0.36230
0.39839
0.43387
0.46869
0.50280
0.53614
0.56867
0.60033
0.63107
0.66085
0.68963
0.71736
0.74400
0.76950
0.79383
0.81695
0.83883
0.85943
0.87872
0.89667
0.91326
0.92845
0.94224
0.95459
0.96548
0.97490
0.98284
0.98929
0.99422
0.99764
0.99955

±Xj

02926 63424
31217 87799
28192 96120
44204 23992
36437 40007
71622 08767
28719 90210
01583 37668
01579 63991
60172 53464
31457 07052
94640 19894
56462 02634
53551 72393
54712 54657
63130 54233
18501 71610
99072 60531
23589 43341
53151 22797
92962 52580
93981 54092
54459 95114
21370 78502
91721 31939
13748 58402
87996 52053
68277 89910
62538 84625
33714 76744
01167 71955
50417 35772

13832 56793
44371 52420
83984 41584
40228 09143
22918 32646
45028 57666
23583 92272
80548 84511
43707 47701
47534 99487
34058 81969
53708 31756
66151 70544
41118 88784
59208 97131
12681 22709
06228 29751
57730 46871
98989 86119
76443 42027
51853 62099
02975 83597
24201 35041
27175 04605
41386 81463
14735 80255
14066 63111
25676 78213
55794 38770
31025 71757
98771 72445
27613 09872
07663 43634
50890 43799
91405 85727
85727 38629
13024 99755
75409 65688
98643 98237
38226 51630

432509
039450
554470
818037
084150
416374
956158
115950
603696
087985
957479
545658
034284
250249
339858
242564
826849
896612
407610
559742
362752
819761
105853
805756
575821
816062
718919
963742
956931
320739
279347
139457

997654
668629
599063
886559
812559
132572
120493
853109
91461
315619
227024
093062
477036
987594
932020
784725
743155
966248
801736
600771
880254
272317
373866
449949
470371
275617
096977
828704
683194
654165
795953
674752
905493
251452
793386
070418
531027
277892
688900
629880

n=64

n=80

0.04869
0.04857
0.04834
0.04799
0.04754
0.04696
0.04628
0.04549
0.04459
0.04358
0.04247
0.04126
0.03995
0.03855
0.03705
0.03547
0.03380
0.03205
0.03023
0.02833
0.02637
0.02435
0.02227
0.02013
0.01795
0.01572
0.01346
0.01116
0.00884
0.00650
0.00414
0.00178

0.03901
0.03895
0.03883
0.03866
0.03842
0.03812
0.03777
0.03736
0.03689
0.03637
0.03579
0.03516
0.03447
0.03373
0.03294
0.03210
0.03121
0.03027
0.02928
0.02825
0.02718
0.02607
0.02492
0.02373
0.02250
0.02124
0.01995
0.01862
0.01727
0.01589
0.01449
0.01306
0.01162
0.01016
0.00868
0.00719
0.00569
0.00418
0.00266
0.00114

Wj

09570
54674
47622
93885
01657
81828
47965
16279
05581
37245
35151
25632
37411
01531
51285
22132
51618
79283
46570
96726
74697
27025
01738
48231
17157
60304
30478
81394
67598
44579
70332
32807

78136
83959
96510
17597
49930
97113
63643
54902
77146
37499
43939
05290
31204
32149
19393
04986
01741
23217
83695
98160
82275
52357
25357
18828
50902
40261
06108
68142
46520
61835
35080
87615
41141
17660
39452
29047
09224
03131
35335
49500

09139
41503
34802
96458
14830
16210
81314
27418
63756
29323
23653
42623
32720
78615
40240
56882
37141
54851
72402
14259
15054
68710
08383
53530
75697
76024
96718
60131
26363
68978
60562
21696

56306
62769
59051
74076
06959
14477
62001
38730
38276
05835
53416
44747
51753
84611
97645
73487
88114
59557
83267
57276
00486
67565
64115
65930
46332
15782
78141
08299
56269
83725
40509
92401
20797
41103
69260
68117
51403
24694
89512
03186

720383
42693
957170
307728
308662
017325
417296
144480
563060
453377
589007
528610
341387
629129
046040
383811
609392
553585
478868
483228
658672
873338
254159
209372
343085
719322
642598
128819
947723
362856
467635
432947

654811
531199
968932
463327
423185
638344
397490
490027
008839
978044
054603
593496
928794
522817
401383
773148
701642
980661
847693
862397
380674
117903.
491105
101293
461926
006389
998929
031429
306359
688045
076117
339294
826916
064521
858426
312753
198649
895237
681669
941534



Table 25.4
ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION

1+1
J-1 J(x)dx > wJ()

Abscissas= ±; (Zeros of Legendre Polynomials) Weight Factors =w
±Xj

n =96
Wi

0.01627 67448 49602 969579 0.03255 06144 92363 166242
0.04881 29851 36049 731112 0.03251 61187 13868 835987
0.08129 74954 64425 558994 0.03244 71637 14064 269364
0.11369 58501 10665 920911 0.03234 38225 68575 928429
0.14597 37146 54896 941989 0.03220 62047 94030 250669
0.17809 68823 67618 602759 0.03203 44562 31992 663218

0.21003 13104 60567 203603 0.03182 87588 94411 006535
0.24174 31561 63840 012328 0.03158 93307 70727 168558
0.27319 88125 91049 141487 0.03131 64255 96861 355813
0.30436 49443 54496 353024 0.03101 03325 86313 837423
0.33520 85228 92625 422616 0.03067 13761 23669 149014
0.36569 68614 72313 635031 0.03029 99154 20827 593794

0.39579 76498 28908 603285 0.02989 63441 36328 385984
0.42547 89884 07300 545365 0.02946 10899 58167 905970
0.45470 94221 67743 008636 0.02899 46141 50555 236543
0.48345 79739 20596 359768 0.02849 74110 65085 385646
0.51169 41771 54667 673586 0.02797 00076 16848 334440
0.53938 81083 24357 436227 0.02741 29627 26029 242823

0.56651 04185 61397 168404 0.02682 68667 25591 762198
0.59303 23647 77572 080684 0.02621 23407 35672 413913
0.61892 58401 25468 570386 0.02557 00360 05349 361499
0.64416 34037 84967 106798 0.02490 06332 22483 610288
0.66871 83100 43916 153953 0.02420 48417 92364 691282
0.69256 45366 42171 561344 0.02348 33990 85926 219842

0.71567 68123 48967 626225 0.02273 70696 58329 374001
0.73803 06437 44400 132851 0.02196 66444 38744 349195
0.75960 23411 76647 498703 0.02117 29398 92191 298988
0.78036 90438 67433 217604 0.02035 67971 54333 324595
0.80030 87441 39140 817229 0.01951 90811 40145 022410
0.81940 03107 37931 675539 0.01866 06796 27411 467385

0.83762 35112 28187 121494 0.01778 25023 16045 260838
0.85495 90334 34601 455463 0.01688 54798 64245 172450
0.87138 85059 09296 502874 0.01597 05629 02562 291381
0.88689 45174 02420 416057 0.01503 87210 26994 938006
0.90146 06353 15852 341319 0.01409 09417 72314 860916
0.91507 14231 20898 074206 0.01312 82295 66961 572637

0.92771 24567 22308 690965 0.01215 16046 71088 319635
0.93937 03397 52755 216932 0.01116 21020 99838 498591
0.95003 27177 84437 635756 0.01016 07705 35008 415758
0.95968 82914 48742 539300 0.00914 86712 30783 386633
0.96832 68284 63264 212174 0.00812 68769 25698 759217
0.97593 91745 85136 466453 0.00709 64707 91153 865269

0.98251 72635 63014 677447 0.00605 85455 04235 961683
0.98805 41263 29623 799481 0.00501 42027 42927 517693
0.99254 39003 23762 624572 0.00396 45543 38444 686674
0.99598 18429 87209 290650 0.00291 07318 17934 946408
0.99836 43758 63181 677724 0.00185 39607 88946 921732
0.99968 95038 83230 766828 0.00079 67920 65552 012429
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See page ii.

Compiled from Berthod-Zaborowski, Le calcul des intégrales de la forme j,' f(.r) log .r di'. H. Mineur,

Techniques de calcul numérique, pp. 555-556. Librairie Polytechnique Ch. Béranger, Paris, France,
1952 (with permission).

± .rj

Abscisnas= ± .rj
n' n

7 1.

Weight Factorsw
± .Ìi Wi

00000 000 0.04761 904
0. 83022 390 0. 27682 604
0. 46884 879 0. 43174 538
0. 00000 000 0. 48761 904

3 1.00000 000 0. 33333 333
0.00000 000 1.33333 333

8 1. 00000 000 0. 03571 428
0. 87174 015 0. 21070 422
0. 59170 018 0. 34112 270

4 1.00000 000 0. 16666 667 0. 20929 922 0. 41245 880
0.44721 360 0.83333 333

9 1. 00000 00000 0. 02777 77778
0. 89975 79954 0. 16549 53616

5 1. 00000 000 0. 10000 000 0. 67718 62795 0. 27453 87126
0.65465 367 0. 54444 444 0. 36311 74638 0. 34642 85110
0.00000 000 0.71111 111 0.00000 00000 0. 37151 92744

10 1. 00000 00000 0. 02222 22222
0. 91953 39082 0. 13330 59908

6 1.00000 000 0.06666 667 0. 73877 38651 0. 22488 93420
0. 76505 532 0. 37847 496 0. 47792 49498 0. 29204 26836
0.28523 152 0.55485 838 0. 16527 89577 0. 32753 97612

n ± i n n ±Xj

2 0.57735 02692 5 0. 83249 74870 7 0. 88386 17008
0. 37454 14096 0. 52965 67753
0. 00000 00000 0. 32391 18105

0. 00000 00000
3 0.70710 67812

0.00000 00000
9 0. 91158 93077

0. 60101 86554
6 0. 86624 68181 0. 52876 17831

4 0.79465 44723 0.42251 86538 0. 16790 61842
0.18759 24741 0.26663 54015 0. 00000 00000

n
2 0. 112009

0.602277

-
0.718539
0.281461

Rn
0.00285

n
3 0. 063891

0.368997
0.766880

- IVj
0.513405
0.391980
0.094615

A,,
0.00017

ii
4 0.041448

0.245275
0.556165
0. 848982

-w
0.383464
0.386875
0. 190435
0.0 39225

K,,
0.00001
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Table 25.5 ABSCISSAS FOR EQUAL WEIGHT CHEBYSHEV INTEGRATION

f' f(r)da J(°i)

Abscissas= ±

Compiled from H. E. Saizer, Tables for facilitating the use of Chebyshev's quadrature formula, J. Math.
Phys. 26, 191-194, 1947 (with permission).

Table 25.6 ABSCISSAS AND WEIGHT FACTORS FOR LOBATFO INTEGRATION

f ' J(r)/'r w,J( -1)+ wJ(,vj) +wf(1)

Compiled from Z. Kopal, Numerical analysis, John Wiley & Sons, Inc., New York, N.Y., 1955 (with
permission).

Table 25.7 ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION
FOR INTEGRANDS WITH A LOGARITHMIC SINGULARITY

f' f(.,) In.r Jr wjf(,rj) Kn

Abscissas =rj Weight Factors= n'i



n Xj

k =0
W

Abscissas =x

Xi

Weight Factors =w

k=1
Wi xi

k =2

Wi
1 0.50000 00000 1.00000 00000 0.66666 66667 0.50000 00000 0.75000 00000 0.33333 33333

2 0.21132 48654 0.50000 00000 0.35505 10257 0.18195 86183 0.45584 81560 0.10078 58821
0.78867 51346 0.50000 00000 0.84494 89743 0.31804 13817 0.87748 51773 0.23254 74513

3 0.11270 16654 0.27777 77778 0.21234 05382 0.06982 69799 0.29499 77901 0.02995 07030
0.50000 00000 0.44444 44444 0.59053 31356 0.22924 11064 0.65299 62340 0.14624 62693
0.88729 83346 0.27777 77778 0.91141 20405 0.2003 19137 0.92700 59759 0.15713 63611

4 0.06943 18442 0.17392 74226 0.13975 98643 0.03118 09710 0.20414 85821 0.01035 22408
0.33000 94782 0.32607 25774 0.41640 95676 0.129,84 75476 0.48295 27049 0.06863 38872
0.66999 05218 0.32607 25774 0.72315 69864 0.20346 45680 0.76139 92624 0.14345 87898
0.93056 81558 0.17392 74226 0.94289 58039 0.13550 69134 0.95149 94506 0.11088 84156

5 0.04691 00770 0.11846 34425 0.09853 50858 0.01574 79145 0.14894 57871 0.00411 38252
0.23076 53449 0.23931 43352 0.30453 57266 0.07390 88701 0.36566 65274 0.03205 56007
0.50000 00000 0.28444 44444 0.56202 51898 0.14638 69871 0.61011 36129 0.08920 01612
0.76923 46551 0.23931 43352 0.80198 65821 0.16717 46381 0.82651 96792 0.12619 89619
0.95308 99230 0.11846 34425 0.96019 01429 0.09678 15902 0.96542 10601 0.08176 47843

6 0.03376 52429 0.08566 22462 0.07305 43287 0.00873 83018 0.11319 43838 0.00183 10758
0.16939 53068 0.18038 07865 0.23076 61380 0.04395 51656 0.28431 88727 0.01572 02972
0.38069 04070 0.23395 69673 0.44132 84812 0.09866 11509 0.49096 35868 0.05128 95711
0.61930 95930 0.23395 69673 0.66301 53097 0.14079 25538 0.69756 30820 0.09457 71867
0.83060 46932 0.18038 07865 0.85192 14003 0.13554 24972 0.86843 60583 0.10737 64997
0.96623 47571 0.08566 22462 0.97068 35728 0.07231 03307 0.97409 54449 0.06253 87027

7 0.02544 60438 0.06474 24831 0.05626 25605 0.00521 43622 0.08881 68334 0.00089 26880
0.12923 44072 0,13985 26957 0.18024 06917 0.02740 83567 0.22648 27534 0.00816 29256
0.29707 74243 0.19091 50253 0.35262 47171 0.06638 46965 0.39997 84867 0.02942 22113
0.50000 00000 0.20897 95918 0.54715 36263 0.10712 50657 0.58599 78554 0.06314 63787
0.70292 25757 0.19091 50253 0.73421 01772 0.12739 08973 0.75944 58740 0.09173 38033
0.87076 55928 0.13985 26957 0.88532 09468 0.11050 92582 0.89691 09709 0.09069 88246
0.97455 39562 0.06474 24831 0.97752 06136 0.05596 73634 0.97986 72262 0.04927 65018

8 0.01985 50718 0.05061 42681 0.04463 39553 0.00329 51914 0.07149 10350 0.00046 85178
0.10166 67613 0.11119 05172 0.14436 62570 0.01784 29027 0.18422 82964 0.00447 45217
0.23723 37950 0.15685 33229 0.28682 47571 0.04543 93195 0.33 044 77282 0.01724 68638
0.40828 26788 0.18134 18917 0.45481 33152 0.07919 95995 0.49440 29218 0.04081 44264
0.59171 73212 0.18134 18917 0.62806 78354 0.10604 73594 0.65834 80085 0.06844 71834
0.76276 62050 0.15685 33229 0.78569 15206 0.11250 57995 0.80452 48315 0.08528 47692
0.89833 32387 0.11119 05172 0.90867 63921 0.09111 90236 0.91709 93825 0.07681 80933
0.98014 49282 0.05061 42681 0.98222 00849 0.04455 08044 0.98390 22404 0.03977 89578
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ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS Table 25.8

J" xf (z)dx wf(x)

Compiled from H. Fishman, Numerical integration constants, Math. Tables Aids Comp. 11, 1-9, 1957 (with permission).



0.80000

k3
Xi

00000 0.25000

Abscissas =x

Xj
00000 0.83333

Weight Factors =w
k=4

Wi

33333 0.20000 00000 0.85714

k=5
Xi W

28571 0.16666 66667

2 0.52985 79359 0.06690 52498 0.58633 65823 0.04908 24923 0.63079 15938 0.03833 75627
0.89871 34927 0.18309 47502 0.91366 34177 0.15091 75077 0.92476 39617 0.12832 91039

3 0.36326 46302 0.01647 90593 0.42011 30593 0.01046 90422 0.46798 32355 0.00729 70036
0.69881 12692 0.10459 98976 0.73388 93552 0.08027 66735 0.76162 39697 0.06459 66123
0.93792 41006 0.12892 10432 0.94599 75855 0.10925 42844 0.95221 09767 0.09477 30507

4 0.26147 77888 0.00465 83671 0.31213 54928 0.00251 63516 0.35689 37290 0.00153 44797
0.53584 64461 0.04254 17241 0.57891 56596 0.02916 93822 0.61466 93899 0.02142 84046
0.79028 32300 0.10900 43689 0.81289 15166 0.08706 77121 0.83107 90039 0.07205 63642
0.95784 70806 0.09379 55399 0.96272 39976 0.08124 65541 0.96658 86465 0.07164 74181

5 0.19621 20074 0.00152 06894 0.23979 20448 0.00069 69771 0.27969 31248 0.00036 97155
0.41710 02118 0.01695 73249 0.46093 36745 0.01021 05417 0.49870 98270 0.00672 96904
0.64857 00042 0.06044 49532 0.68005 92327 0.04402 44695 0.70633 38189 0.03376 77450
0.84560 51500 0.10031 65045 0.86088 63437 0.08271 27131 0.87340 27279 0.07007 13397
0.96943 57035 0.07076 05281 0.97261 44185 0.06235 52986 0.97519 38347 0.05572 81761

6 0.15227 31618 0.00056 17109 0.18946 95839 0.00021 94140 0.22446 89954 0.00010 13258
0.33130 04570 0.00708 53159 0.37275 11560 0.00372 67844 0.40953 33505 0.00218 79257
0.53241 15667 0.03052 61922 0.56757 23729 0.01995 62647 0.59778 90484 0.01396 96531
0.72560 27783 0.06844 32818 0.74883 64975 0.05223 99543 0.76841 36046 0.04148 63470
0.88161 66844 0.08830 09912 0.89238 51584 0.07464 91503 0.90135 07338 0.06445 88592
0.97679 53517 0.05508 25080 0.97898 52313 0.04920 84323 0.98079 72084 0.04446 25560

7 0.12142 71288 0.00022 99041 0.15324 14389 0.00007 70737 0.18382 87683 0.00003 11046
0.26836 34403 0.00314 75964 0.30632 65225 0.00144 70088 0.34080 75951 0.00075 53838
0.44086 64606 0.01531 21671 0.47654 00930 0.00892 69676 0.50794 05240 0.00566 04137
0.61860 40284 0.04099 51686 0.64638 93025 0.02854 78428 0.67036 34101 0.02095 92982
0.78025 35520 0.06975 00981 0.79771 66898 0.05522 48742 0.81258 84660 0.04510 49816
0.90636 25341 0.07655 65614 0.91421 99006 0.06602 18459 0.92085 64173 0.05790 76135
0.98176 99145 0.04400 85043 0.98334 38305 0.03975 43870 0.98466 74508 0.03624 78712

8 0.09900 17577 0.00010 24601 0.12637 29744 0.00002 97092 0.15315 06616 0.00001 05316
0.22124 35074 0.00148 56841 0.25552 90521 0.00059 89500 0.28726 44039 0.00027 83586
0.36912 39000 0.00785 50738 0.40364 12989 0.00407 79241 0.43462 74067 0.00233 53415
0.52854 54312 0.02363 15807 0.55831 66758 0.01490 99334 0.58451 85666 0.01004 46144
0.68399 32484 0.04745 43798 0.70600 95429 0.03471 99507 0.72512 64097 0.02648 53011
0.82028 39497 0.06736 18394 0.83367 15420 0.05491 00973 0.84518 94879 0.04588 56532
0.92409 37129 0.06618 20353 0.92999 57161 0.05800 05653 0.93504 35075 0.05153 42238
0.98529 34401 0.03592 69468 0.98646 31979 0.03275 28699 0.98746 05085 0.03009 26424
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Table 25.8 ABSCISSAS AND WEIGHT FACTORS FOR GAUSSIAN INTEGRATION OF MOMENTS

J'1 xf(x)dx wf(x)



Compiled from H. E. Saizer and R. Zucker, Table of the zeros and weight factors
of the first fifteen Laguerre polynomials, Bull. Amer. Math. Soc. 55, 1004-1012,
1949 (with permission).

0.58578
3.41421

x

64376
35623

27
73

w;

n=2
(-1)8.53553
(-1)1. 46446

390593
609407

wieXi

1.53332 603312
4.45095 733505

0.15232
0.80722

xi

22277
00227

32
42

WI

n=9
- 1)3.36126
- 1)4.11213

421798
980424

WieXi

0. 39143 11243 16
0. 92180 50285 29

2. 00513 51556 19 - 1 1.99287 525371 1.48012 790994
3. 78347 39733 31 - 2 4. 74605 627657 2. 08677 080755
6. 20495 67778 77 - 3 5. 59962 661079 2. 77292 138971
9. 37298 52516 88 - 4 3. 05249 167093 3. 59162 606809

n=3 13. 46623 69110 92 - 6 6.59212 302608 4.64876 600214
0.41577
2.29428

45567
03602

83
79

(-1)7. 11093
(-1)2.78517

009929
733569

1.07769
2.76214

285927
296190

18. 83359
26. 37407

77889
18909

92
27

- 8 4.11076
-11 3. 29087

933035
403035

6.21227
9. 36321

541975
823771

6.28994 50829 37 (-2)1.03892 565016 5.60109 462543

n=4
0.32254 76896 19 -1)6.03154 104342 0. 83273 91238 38 n=1Ø
1. 74576 11011 58 -1)3.57418 692438 2. 04810 243845 0. 13779 34705 40 - 1)3. 08441 115765 0. 35400 97386 07
4.53662 02969 21 -2)3.88879 085150 3. 63114 630582 0. 72945 45495 03 - 1)4.01119 929155 0. 83190 23010 44
9.39507 09123 01 -4)5.39294 705561 6. 48714 508441 1. 80834 29017 40 - 1) 2. 18068 287612 1. 33028 856175

3. 40143 36978 55 -2 6. 20874 560987 1. 86306 390311
5. 55249 61400 64 -3 9. 50151 697518 2. 45025 555808
8. 33015 27467 64 -4 7. 53008 388588 3. 12276 415514

11. 84378 58379 00 -5 2. 82592 334960 3. 93415 269556
n=5 16. 27925 78313 78 -7 4. 24931 398496 4.99241 487219

0.26356
1.41340

03197
30591

18
07

(-1 5. 21755
(-1 3. 98666

610583
811083

0.67909
1. 63848

40422 08
787360

21.99658
29. 92069

58119
70122

81
74

-9 1. 83956
-13 9. 91182

482398
721961

6. 57220
9. 78469

248513
584037

3.59642 57710 41 (-2 7. 59424 496817 2. 76944 324237
7. 08581 00058 59 (-3 3. 61175 867992 4. 31565 690092

12. 64080 08442 76 (-5 2. 33699 723858 7. 21918 635435

n= 12

n=6 0. 11572
0. 61175

21173
74845

58
15

-1 2. 64731
-1 3. 77759

371055
275873

0. 29720
0. 69646

96360 44
29804 31

0. 22284 66041 79 -1)4.58964 673950 0. 57353 55074 23 1. 51261 02697 76 -1 2. 44082 011320 1. 10778 139462
1. 18893 21016 73 -1)4. 17000 830772 1. 36925 259071 2. 83375 13377 44 -2 9. 04492 222117 1. 53846 423904
2. 99273 63260 59 -1)1.13373 382074 2. 26068 459338 4. 59922 76394 18 -2 2. 01023 811546 1. 99832 760627
5. 77514 35691 05 -2 1. 03991 974531 3. 35052 458236 6. 84452 54531 15 -3 2. 66397 354187 2. 50074 576910
9. 83746

15. 98287
74183
39806

83
02

-4_7( 2. 61017
8. 98547

202815
906430

4. 88682
7. 84901

680021
594560

9. 62131
13. 00605

68424
49933

57
06

-4 2. 03231
-6 8. 36505

592663
585682

3. 06532
3.12328

151828
911078

17. 11685 51874 62 -7 1. 66849 387654 4. 52981 402998
22. 15109 03793 97 -9 1. 34239 103052 5. 59725 846184
28. 48796 72509 84 -12 3. 06160 163504 7. 21299 546093
37. 09912 10444 67 -16 8. 14807 746743 10. 54383 74619

n=7
0. 19304 36765 60 (-1 4.09318 951701 0. 49647 75975 40
1. 02666 48953 39 -1 4. 21831 277862 1. 17764 306086
2. 56787 67449 51 -1 1. 47126 348658 1. 91824 978166
4. 90035 30845 26 -2 2. 06335 144687 2. 77184 863623
8. 18215

12. 73418
19. 39572

34445
02917
78622

63
98
63

-3)1. 07401
-5)1. 58654
-8)3.17031

014328
643486
547900

3. 84124
5. 38067
8. 40543

912249
820792
248683 0. 09330

0. 49269
78120
17403

17
02

n=15
-1 2. 18234
-1 3. 42210

885940
177923

0. 23957
0. 56010

81703 11
08427 93

1. 21559 54120 71 -1 2. 63027 577942 0. 88700 82629 19
2. 26994 95262 04 -1 1. 26425 818106 1. 22366 440215
3. 66762 27217 51 -2 4. 02068 649210 1. 57444 872163

n=8 5. 42533
7. 56591

66274
62266

14
13

-3 8. 56387
-3 1. 21243

780361
614721

1. 94475
2. 34150

197653
205664

0. 17027 96323 05 -1 3. 69188 589342 0. 43772 34104 93 10.12022 85680 19 -4 1. 11674 392344 2. 77404 192683
0. 90370 17767 99 -1 4. 18786 780814 1. 03386 934767 13. 13028 24821 76 -6 6. 45992 676202 3. 25564 334640
2. 25108 66298 66 -1 1. 75794 986637 1. 66970 976566 16. 65440 77083 30 -7 2. 22631 690710 3. 80631 171423
4. 26670 01702 88 -2 3. 33434 922612 2. 37692 470176 20. 77647 88994 49 -9 4. 22743 038498 4. 45847 775384
7. 04590 54023 93 -3 2. 79453 623523 3. 20854 091335 25. 62389 42267 29 -11 3. 92189 726704 5. 27001 778443

10. 75851 60101 81 -5 9. 07650 877336 4.26857 551083 31. 40751 91697 54 -13 1. 45651 526407 6. 35956 346973
15. 74067 86412 78 -7)8.48574 671627 5. 81808 336867 38. 53068 33064 86 -16 1. 48302 705111 8. 03178 763212
22. 86313 17368 89 -9)1.04800 117487 8.90622 621529 48. 02608 55726 86 -20) 1.60059 490621 11. 52777 21009
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ABSCISSAS AND WEIGHT FACTORS FOR LAGUERRE INTEGRATION Table 25.9
f0°exf(x)dx w1f(x) Çg(x)dx w eg(x1)

Abscissas =x (Zeros of Laguerre Polynomials) Weight Factors =w



Compiled from H. E. Salzer, R. Zucker, and R. Capuano, Table of the zeros
and weight factors of the first twenty Hermite polynomials, J. Research NBS
48, 111-116, 1952, RP2294 (with permission).

Table 25.11 COEFFICIENTS FOR FILON'S QUADRATURE FORMULA

See 25.4.47.

2Je-x f(x)dx wf(x)

Abscissas ±x (Zeros of Hermite Polynomials)
±xi Wi Wiøx; ±xi

2J,g(x)dxE wjeig(xj)
Weight Factors =w

Wi wex;?

n=1O
0.70710 67811 86548 (-1)8.86226 92545 28 1.46114 11826 611 0.34290 13272 23705 - 1 6.10862 63373 53 0.68708 18539 513

n=3 1. 03661
1.75668

08297
36492

89514 - 1 2. 40138
99882 - 2 3.38743

61108
94455

23
48

0. 70329
0.74144

63231
19319

049
436

0. 00000 00000 00000 ( 0)1.18163 59006 04 1.18163 59006 037 2. 53273 16742 32790 - 3 1. 34364 57467 81 0. 82066 61264 048
1.22474 48713 91589 (-1)2.95408 97515 09 1.32393 11752 136 3.43615 91188 37738 - 6)7.64043 28552 33 1.02545 16913 657

n=4
0.52464 76232 75290 (-1)8. 04914 09000 55 1.05996 44828 950 n=12
1. 65068 01238 85785 (-2)8. 13128 35447 25 1.24022 58176 958 0. 31424 03762 54359 - 1 5. 70135 23626 25 0.62930 78743 695

n-=5
0. 94778
1. 59768

83912
26351

40164 - 1 2.60492
52605 - 2 5. 16079

31026
85615

42
88

0.63962
0.66266

12320
27732

203
669

0.00000 00000 00000 -1)9. 45308 72048 29 0.94530 87204 829 2. 27950 70805 01060 - 3 3. 90539 05846 29 0.70522 03661 122
0. 95857 24646 13819 -1)3.93619 32315 22 0.98658 09967 514 3. 02063 70251 20890 - 5 8.57368 70435 88 0.78664 39394 633
2.02018 28704 56086 -2)1.99532 42059 05 1.18148 86255 360 3. 88972 48978 69782 (- 7 2. 65855 16843 56 0. 98969 90470 923

n43
0. 43607 74119 27617 -1)7. 24629 59522 44 0. 87640 13344 362 n 16
1. 33584 90740 13697 -1)1. 57067 32032 29 0.93558 05576 312 0. 27348 10461 3815 - 1 5. 07929 47901 66 0.54737 52050 378
2. 35060 49736 74492 -3)4.53000 99055 09 1.13690 83326 745 0. 82295 14491 4466 - 1 2. 80647 45852 85 0.55244 19573 675

n-7 1. 38025
1. 95178

85391
79909

9888 - 2 8. 38100
1625 - 2 1. 28803

41398
11535

99
51

0.56321
0.58124

78290
72754

882
009

0. 00000 00000 00000 -1 8. 10264 61755 68 0. 81026 46175 568 2. 54620 21578 4748 - 4 9. 32284 00862 42 0.60973 69582 560
0. 81628 78828 58965 -1 4.25607 25261 01 0. 82868 73032 836 3. 17699 91619 7996 - S 2. 71186 00925 38 0. 65575 56728 761
1. 67355 16287 67471 -2 5. 45155 82819 13 0.89718 46002 252 3. 86944 79048 6012 - 7 2. 32098 08448 65 0.73824 56222 777
2.65196 13568 35233 -4)9.71781 24509 95 1.10133 07296 103 4. 68873 89393 0582 -10 2.65480 74740 11 0.93687 44928 841

n-8
0.38118 69902 07322 -1)6.61147 01255 82 0.76454 41286 517 n-2O
1.15719 37124 46780 -1 2. 07802 32581 49 0.79289 00483 864 0. 24534 07083 009 (- 1)4. 62243 66960 06 0. 49092 15006 667
1.98165 67566 95843 -2 1.70779 83007 41 0.86675 26065 634 0.73747 37285 454 (- 1)2.86675 50536 28 0.49384 33852 721
2. 93063 74202 57244 -4 1. 99604 07221 14 1. 07193 01442 480 1.23407 62153 953 (- 1)1.09017 20602 00 0.49992 08713 363

1. 73853 77121 166 Ç- 2 2. 48105 20887 46 0.50967 90271 175n=9 2. 25497 40020 893 - 3 3. 24377 33422 38 0. 52408 03509 486
0.00000 00000 00000 -1 7.20235 21560 61 0.72023 52156 061 2.78880 60584 281 - 4 2.28338 63601 63 0.54485 17423 644
0.72355 10187 52838 -1 4.32651 55900 26 0.73030 24527 451 3.34785 45673 832 Ç - 6 7.80255 64785 32 0.57526 24428 525
1. 46855 32892 16668 -2 8. 84745 27394 38 0.76460 81250 946 3.94476 40401 156 - 7 1. 08606 93707 69 0. 62227 86961 914
2. 26658 05845 31843 -3 4.94362 42755 37 0. 84175 27014 787 4 60368 24495 507 -10 4. 39934 09922 73 0.70433 29611 769
3. 19099 32017 81528 -5)3.96069 77263 26 1. 04700 35809 767 5. 38748 08900 112 (-13 2. 22939 36455 34 0. 89859 19614 532

9 a ß
0. 00 0. 00000 000 0. 66666 667 1. 33333 333
0. 01 0. 00000 004 0. 66668 000 1. 33332 000
0. 02 0. 00000 036 0. 66671 999 1. 33328 000
0. 03 0. 00000 120 0. 66678 664 1. 33321 334
0. 04 0. 00000 284 0. 66687 990 1. 33312 001

0. 05 0. 00000 555 0. 66699 976 1. 33300 003
0.06 0. 00000 961 0. 66714 617 1. 33285 340
0. 07 0. 00001 524 0. 66731 909 1. 33268 012
0.08 0.00002 274 0.66751 844 1.33248 020
0. 09 0. 00003 237 0. 66774 417 1. 33225 365

0.1 0. 00004 438 0. 66799 619 1. 33200 048
0. 2 0. 00035 354 0. 67193 927 1. 32800 761
0.3 0.00118 467 0.67836 065 1.32137 184
0.4 0. 00278 012 0. 68703 909 1. 31212 154
0. 5 0. 00536 042 0. 69767 347 1. 30029 624

0. 6 0. 00911 797 0. 70989 111 1. 28594 638
0.7 0.01421 151 0.72325 813 1.26913 302
0.8 0. 02076 156 0. 73729 136 1. 24992 752
0. 9 0. 02884 683 0. 75147 168 1. 22841 118
1. 0 0. 03850 188 0. 76525 831 1. 20467 472
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26.1. Probability Functions: Definitions and
Properties

Univariate Cumulative Distribution Functions

A real-valued function F(x) is termed a (uni-
variate) cumulative distribution function (c.d.f.)
or simply distribution function if

F(x) is non-decreasing, i.e., F(xi)F(x2) for
xi x2

F(x) is everywhere continuous from the
right, i.e., F(x)=lim F(x+)

F()=0, F()=1.
The function F(x) signifies the probability of

the event "Xx" where X is a random variable,
i.e., Pr{Xx} =F(x), and thus describes the
c.d.f. of X. The two principal types of distribu-
tion functions are termed discrete and continuous.

Discrete Distributions: Discrete distributions are
characterized by the random variable X taking
on an enumerable number of values . . .,
z0, z1, . . . with point probabilities

p=Pr{X=x} 0
which need only be subject to the restriction

pn1.

The corresponding distribution function can
then be written

26.1.1 F(x)=Pr{Xx}= p
x.z

Comment on notation and conventions.
We follow the customary convention of denoting a

random variable by a capital letter, i.e., X, and using the
corresponding lower case letter, i.e., x, for a particular
value that the random variable assumes.

For statistical applications it is often convenient to
have tabulated the "upper tail area," 1F(x), or the
c.d.f. for XI, F(x)F(--x), instead of simply the c.d.f.
F(x). We use the notation P to indicate the e.d.f. of
X, Q=1P to indicate the "upper tail area"and A=
PQ to denote the c.d.f. of XI. In particular we use
P(x), Q(z), and A(x) to denote the corresponding functions
for the normal or Gaussian probability function, see
26.2.2-26.2.4. When these distributions depend on other
parameters, say 0 and O2 we indicate this by writing
P(xIOi, 0,), Q(xlOi, 02), or A (zIOi, 02). For example the chi-
square distribution 26.4 depends on the parameter y and
the tabulated function is written Q(x'Iv).

26. Probability Functions
Mathematical Properties3

where the summation is over all values of x for
which z5 x. The set {x,j of values for which
p5>0 is termed the domain of the random variable
X. A discrete distribution of a random variable
is called a lattice distribution if there exist numbers
a and b O such that every possible value of X
can be represented in the form a+bn where n
takes on only integral values. A summary of
some properties of certain discrete distributions
is presented in 26.1.19-26.1.24.

Continuous Distributions. Continuous distri-
butions are characterized by F(x) being absolutely
continuous. Hence F(x) possesses a derivative
F' (z) =1(z) and the c.d.f. can be written

26.1.2 F(x)=Pr{X z) =ff(t)dt.

The derivative f(z) is termed the probability
density function (p.d.f.) or frequency function, and
the values of z for which f(x) >0 make up the
domain of the random variable X. A summary
of some properties of certain selected continuous
distributions is presented in 26.1.25-26.1.34.

Multivariate Probability Functions

The real-valued function F(x1, z2, . . . x,)
defines an n-variate cumulative distribution func-
tion if

F(xi, z2, . . . x,) is a non-decreasing func-
tion for each x

F(z1, z2, . . . x) is continuous from the
right in each z; i.e., F(x1, z2, . . . z,)
=lim F(x1, . . ., x+e, . - ., z,,)

F(x1, z2, . . . x5)=0 when any x= ;F( , , . ) 1. The function
F(x1, z2, . . ., x,) signifies the probabifity
of the event X1x1, X2x2, . -

where X1, X2, . . . X5 is a set of n
random variables.

Thus Pr{Xixi, X2x2, . . .,
F(xj, z2, . . . x,,). The two principal types of n-
variate distribution functions termed discrete and
continuous, are defined in a manner similar to the
corresponding cases for the univariate distribution
function.

927



928

26.1.3

26.1.4

26.1.5

26.1.6

26.1.7

26.1.8

26.1.9

26.1.10

th moment about origin

mean

variance

tb central moment

expected value operator for
the function q(x)

characteristic function of X

charaterIstic function of
g(X)

inversion formula

PROBABILITY FUNCTIONS

Characteristics of distribution functions: Moments, characteristic functions, cumul,an.ts

Continuous distributions

roeo4_m2.J (z-m)Sf(x)dz

p. f (x-m)'f(z)dzJoe

Efg(X)i=
oe

e(x)f(x)dxJoe
Çoe

4,(t)-E(e')= I e"f(s) dzJoe

1(t) -E(e"('))- e") f(x)dzJoe

f(x)=---
f

et4,(t)dt
2TJ - oe

Relation of the Characteristic Function to Moments
About the Origin

26.1.11 rda -i°(0)= [(t)j =i'

Cumulant Function

26. 1. 12 in (t)± K,

,c, is called the nth cumulant.

26.1.13 1c1=m, K2=, 1C3/LS, K41.i4-314

Relation of Central Moments to Moments About the
Origin

26114 ' "n'
( . ) (1)_'j.m'_'

j-O \2/

26.1.15

26.1.16

26.1.17

26.1.18

Discrete distributions

z:p.

m=,.4=E .

aa..,4_mI= (z.-m)'p.

(z.-m)p.

E[g(X)]=. g(z,)p.

(t) E(eiX) .. e'.p.

4'.(f) =E(e'z(1) ) Eei':(.)p.

b rT/bp.-- J e-i..(t)ft2rj_
(lattice distributions only)

Coefficients of Skewness and Excess

K3 ¡2

l--iTh--

1(4 L4
3

2u/3»ßi _7i)

(skewness)

(excess)

Occasionally coefficients of skewness and excess
or kurtosis) are given by

(skewness)

ß='r2 +3=

(excess or kurtosis)
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F(m+t)F(mk) 1

26.1.40 PrHXml to} 4/9t

+ (m_x0

nix0
U

Ffrn+tu)F(mta)
i4 (74

26.1.41 Pr{ X-.- inI t I

Probability Integral with Mean m and Variance 72

A random variable X is said to be normally
distributed with mean m and variance o.2 if the
probability that X is less than or equal to z is
given by

273-888 0-67-60

E(Xm)2=o'
F(x) is a continuous c.d.f.
F(x) is unimodal at xo°
m=x0

E(Xm)2=o
E(Xm)4=,44

Z(m+x)=Z(m).

The inflexion points of the probability density
function are at m ± u.

See page 51.

PrI jX-3l &I (i)
(ii)

E(X)=m4E(Xm)=o
(iii) E([Xm][X1m]) =O(i#j)

26.1.39

(iv) n
-m= =

¿=1

sf1
nJ

4(1+(
)2 (i)

(ii)
E(Xm)2=o
F(x) is a continuous c.d.f.

(iii) F(x) is unimodal at xPr{ IXml tul Imxo )2
j

26.2.

26.2.1

F(m+ta)F(mta) 1 -
Is such that F'(xs)>F'(z) for xx5.

Normal or Gaussian Probability Function
i .r2/Z(x)=r=e

26.2.8
1 ('XPr{X_<x}=Je (t-m)2

dt

26.2.2
z

P(x) Z(t)dt e212dt=P (x_m)_t2/2dt=.J==J e
26.2.3 Q(x)===f e_t2t2dt=f Z(t)dt The corresponding probability density function

is

26.2.4 A(x)==f5 e_t2f2dt_.fZ(t)dt 26.2.9
(z-m)S

26.2.5
26.2.6

P(x) + Q(x) =i
P(x)=Q(x)

p(x_m\J(x_m'
òx \ q / o

1_e\ 0 J q-,,/27r

26.2.7 A(x) =2P(x) 1 and is symmetric around m, i.e.

Inequality Conditions

26.1.35

26.1.36

26.1.37

26.1.38

Pr{g(X) tl EEg(X)]it

Pr{Xt} m!t

Pr{IXmjtd 11t2

F(m+k)F(mW)

(i) g(X)O
(i) Pr{X<OI=O
(ii) E(X)=m

(i) E(X)=m
(ii) E(Xm)2=crS

*

PROBABILITY FUNCTIONS 931

Inequalities for distribution functions
(F(z) denotes the c.d.f. of the random variable Xsnd t denotes a positive constant; further mis always assumed to be finite and all expectations areassumed to exist.)
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26.2.10

26.2.11

26.2.12

Z(x)
X

+11.3 .
where

. (2n+1)f4dtzt
which is less in absolute value than the first
neglected term.

26.2.13

Power Series (r O)

( 1)x2'P(x)=!+==
n!2(2n+1)2 112w

P(x)=+Z(x) Ê
x2t+1

,01.3.5...(2m+1)

Asymptotic Expansions (x>O)

Q(x){1
a + a2

x2+2 (x2+2)(x2+4)

a3

(x2+2) (x+4) @9+6)

where a1=il, a2=1, a3=5, a4=9, a5'= 129 and the
general term is

a=c01.3. . . (2m-1)+2c11.3. . (2m-3)
+22c21. 3. . . (2n-5)+ . +2''c_1

and c3 is the coefficient of t" in the expansion of
t(t-1) . (t-m+1).

26.2.14

26.2.15

Continued Fraction Expansions

ri 1 2 34Q(x)=Z(x) tx+ x+ x+ X+ X+

r x z2 2ì.93x24z2Q(x)=-Z(x) ii- 3+5-7+

PROBABILITY FUNCTIONS

(x>0)

(xO)

Polynomial and Rational Approximations7 for P(x)
and Z(x)

26.2.16

P(x)= i -Z(x) (a1t +a2t2+a3t3) +(x),

26.2.17

P(x) = i -Z(z) (61t+62t2+ b3t3+b4t4+b5t6) +«x),
i

1--px

(z)t<7.5X 10_8

p=.23164 19

26.2.18

P(x)=l- (1+c1x+c2z+c3z3+c4x4)4+«z)

k(x)K2.5X iO

26.2.19

p= .33267

k(z)I<1 X 10

P(x) = i - (1 +dix+d2x2+dax3

a1=.43618 36
a2=-.12016 76
a3=.93729 80

+d4z4+d5x5+d6z6)'6+E(z)

k(x)K1.5X107

26.2.20 Z(x)= (a0+a2x2+a4x4+a8x6)1+ E(X)

k(x) <2.7 X iO-a
a0=2.490895 a4=-.024393
a2=1.466003 a6= .178257

Based on approximations in C. Hastings, Jr., Approxi-
mations for digital computers. Princeton Univ. Press,
Princeton, N.J., 1955 (with permission).

d1=.04986 73470 d4=.00003 80036
d2=.02114 10061 d5=.00004 88906
d3=.00327 76263 d8==.00000 53830

b1= .31938 1530 64=-i.82125 5978
b2=-.35656 3782 b5= 1.33027 4429
b3= 1.78147 7937

c1=.196854

c2==.115194

c3= .000344
c4=.019527



26.2.21

Z(x) = (b0 + b2x2 + b4x4 + b6x° + b8x8 + b10x°°)' + (x)

Je(x)I<2.3X104

Rational Approximations for x9 where Q(x)=p

O<p.5
26.2.22

26.2.23

26.2.24

P(x)

a0+a1txt 1+bit+b2t2+«

k(p)I<3X103

c0+c1t +c2t2xt 1+dit+d2t2+dat3+)

<4.5X 10-i

Bounds Useful as Approximations to the Normal
Distribution Function

Pj(x)=+ (1_eh/T)4 (x>0)

P2(x)=1 (4+)1x (2)_le_22I2
2

PROBABILITY FUNCTIONS

t=V

t=-t'I'ni

(x>1 .4)

26.2.25

P(x)

See Figure 26.1 for error curves.

.006

.004

.002

o

- .002

- .004

- .006

- .008

26.2.28

2(ir-3) 4

3.2 x4e _rh/2)

P4(x) = i - (2ir) e-XhI2
X

FIGURE 26.1. Error curves for bounds on normai
distribution.

Derivatives of the Normal Probability Density Function

Zm (0)
{2m12 (i)!

Differential Equation

1)12m!

Value at x=O

(x>2.2)

O for odd m>0

933

(x>0)

26.2.27 Zm2 (x) +XZ(m (x) + (m + i)Z(m) (x) =0

for m=2r,r=0, 1, . .

b0=2.50523 67 b6= .13064 69

b2=1.28312 04 b8=.02024 90
b4= .22647 18 b10= .00391 32

e0=2.515517 d1=1.432788

ci= .802853 d2= .189269

c2= .010328 d3= .001308

b1= .99229

b2= .04481

a0= 2.30753

a1= .27061

Z(m) (x) = Z(x)26.2.26



Repeated Integrals of the Normal Probability Integral

26.2.41 I(x) I_ (t)dt (n O)

where I_1(x)Z(x)

26.2.42
d '

I_(x) =(---) Z(x) = ( 1)''Z' (x)

(n-1)
Id2 dx \

26.2.43 ti+X fl)In(X)O

26.2.44

(Th+1)Lz+i(X) +XIn(X)1n_i(X)0 (m)'i)

934 PROBABILITY FUNCTIONS

Relation of P(x) and Z(m)(x) to Other Functions

Fundion Relation

26.2.29 Error function erf x_r2P(xJ)-1 (x O)

/1)Y (\' X
26.2.30 Incomplete gamma function (special case) (xO)r() _[2P(/)-1]

26.2.31 Hermite polynomial
Z°(x)He(x)= (-1)"
Z(x)

Z'(x/)
26.2.32 Z(x1/)

26.2.33 Hh function Hh(x)= (-1)'_'/Z°(x)
d f Q(x)\

(n>O)

26.2.34 Hh(x)=(-1)Hh_j(x) ;i Z(x)) (n>O)

(_1)'1
26.2.35 Tetrachoric function

26.2.36 Confluent hypergeometric function (special
case)

M (, (x>O)

26.2.37

26.2.38

26.2.39

- - (x>O)

(z 0)

(x O)

M(1,) i

i x2\Z(x)
2 '2' )z»»(o)

M (2m +2, x2\ 1) (x)

, xZ2 (O

26.2.40 Parabolic cylinder function U(_n_ Z°»(x)x)=e_22(.__1& (n)nO)" Z(x)



26.2.45

In(x)_J" (tx)
Z(t)dt=e_z2/2j'

Z(t)dt

(n> 1)
26.2.46 I(0)=I_(0)=

n
(n even)

()!2

Asymptotic Expansions of an Arbitrary Probability
Density Funçtion and Distribution Function

Let Y1 (i=1,2, . ., n) be n

independent random variables with mean m1,
variance o, and higher cumulants «, . Then
asymptotic expansions with respect to n for the
probability density and cumulative distribution
function of

m (Ym)
m are

(E
\ ¿=1

26.2.47

f(x) '-.'Z(x) Z3> (x)]+[ (x) + Z6 (x)

_r Z(9)(x)]LÏi
72 Z8(x)

L72o 1152 720

+ 1'72 Z10(x)+311'Y1728

26.2.48

F(x) .'P(x) Z2 (x)]+[ Z3> (x) + Z5 (x)]

-E
'' Z4 (x) +' Z6 (x) + '' Z' (X)]

1296

1'2 Z7(x)
L72o 1152 720

+2 Z9(x)+ '
1728 31104

where
¡1 n

7r-2

Ji (
)T/2

J- fli=i

Terms in brackets are terms of the same order
with respect to n. When the Y1 have the same
distribution, then m1=m, O=2, Kr, £Kr and

i l'cr'Yr-2lr_i I.r

PROBABILITY FUNCTIONS 935

Asymptotic Expansion for the Inverse Function of an
Arbitrary Distribution Function

Let the cumulative distribution function of

Y=± Y1 be denoted by F(y). Then the (Cornish-

Fisher) asymptotic expansion with respect to n for
the value of yp such that F(y) = lp is
26.2.49

where

w=x+ [yih1 (x)]

+ [72h2(x) +vhi1 (x)]

+{7ah3(x) +71'Y2h12(X) +Wiii(x)]
+h'4h4(x) +yh22(x) +'yi'y3h13(x) +,''y2hii2(x)

and
+vthi1ii(x)1+

Q(x)=p, 7r-2Th'Kr r=3,4,.
26.2.50

hi(x)=He2(x)

h2(x)= He3(x)

hj1(x)=. [2He3(x) +Hei(x)]

h3(x)=1 [He4(x)}

i
h12(x)= [He4(x) +He2(x)]-

[12He4(x) +lDHe2(x)]

h4(x)= He5(x)

h22(x)= [3He5(x) +6Hea(x) +2Hei(x)]

[2He5(x) +3Hea(x)]

h112(x) [14He5(x) +37He3(x) +8Hei(x)1

h1111 (x)
7776

[252He5(x) +832He3(x)

+227Hei (z) J

Terms in brackets in 26.2.49 are terms of the
same order with respect to n. The He(x) are the
Hermite polynomials. (See chapter 22.)
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26.2.51

In the following

26.3. Bivariate Normal Probability Function

26.3.1

i ¡x2-2pxy+y2\g(x,y,p)=[2ir.Jl_ph}_1 exp _2 )

L(h, k, p) =f dxf g(x, y, p)dy

=5 Z(x)dx 5 Z(w)
/k-px

w=a

26.3.4 L(-h, -k, )=f dxf g(x,y, p)dy

Ph
26.3.5 L(-h, k, - )=J dxJ g(x, y, p)dy

- Fc

P Pk
26.3.6 L(h, -k, -)=J dxJ g(x,y, p)dy

h -
26.3.7

26.3.8

26.3.9 L(-h, -k, p)-L(h,k, p)=P(k)-Q(h)
26.3.10

* 2[L(h, k, p)+L(h, k, _p)+P(h)-Q(k)]--1

f_hf_k g(x, y, p)dy

Probability Function With Means m, m5, Variances
o, o, and Correlation p

The random variables X, Y are said to be dis-
tributed as a bivariate Normal distribution with

*See page u.

PROBABILITY FUNCTIONS

mi
12]He (x)(1)" in-2m

'z Z(x) ,,, 2mm!(n_2m)!

auxiliary table, the polynomial functions h1(x), h2(x) . . . hj1(x) are tabulated for

p=.25, .1, .05, .025, .01, .005, .0025, .001, .0005.

Awviliary coefficients8 for use with Cornish-Fisher asymptotic expansion. 26.2.49

p

From R. A. Fisher. Contributions to mathematical statistics, Paper 30 (with E. A. Cornish) Extrait de la Revue de
l'Institute International de Statistique 4. 1-14 (1937) (with permission).

means and variances (mi, m5) and (ai, u) and
correlation p if the joint probability that X is
less than or equal to h and Y less than or equal to
k is given by

50.5 (
t, p)ds dt

26.3. 13

i
(x-mz

y-m5-g
o. U

Circular Normal Probability Density Function

=L (-e) (krnv), )

The probability density function is

26.3.12

i i (x-mi y-mi,
exp Q2)= g

where

i (x-mx)2+(y-mv)22exp
irU 2o.2

.25 .10 .05 .025 .01 .005 .0025 .001 .0006

z .67449 1.28155 1.64485 1.95996 2.32635 2.57583 2.80703 3.09022 3.29053
-.09084 10706 .28426 .47358 .73532 .93915 1.14657 1.42491 1.63793

h,(z) -. 07153 -. 07249 -. 02018 .06872 . 23379 .39012 . 57070 .84331 1.07320
hn(z) .07663 .06106 -.01878 -. 14607 -. 37634 -.59171 -.83890 -1.21025 -1.52234

.00398 -. 03464 -. 04928 -.04410 -. 00152 .06010 . 14841 .30748 .46059
hj«x) .00282 .14644 .17532 .10210 -.17621 -. 53531 -1.02868 -1.89355 -2.71243

h,,i(x) -.01428 -. 11629 -. 11900 -.02937 .25195 .59757 1.06301 1.86787 2.62337
h,(x) .00998 .00227 -.01082 -.02357 -.03176 -.02621 -. 00666 .04591 .10950

h22(x) -.03285 .00776 .05985 .09659 .07888 -.01226 -.19116 -. 59060 -1.03555
hi,(r) -.05126 .01086 .09462 . 16106 . 16058 .05366 -. 17498 -. 70464 -1.30531

h,,,(z) . 14764 -. 10858 -. 39517 -. 55856 -.32621 . 35696 1.80445 4.29304 7.23307
hinz(r) -.06898 .09585 .25623 .31624 .07286 -.46534 -1.39199 -3.32708 -5.40702

L(h, k, p)xrrL(k, h, p)
(x- m)2 2p(x- m) (y-m5) rn)2L(-h,k, p)+L(h,k, -p)Q(k)

o.2z
+

xøy UI,

26.3.2 g(x, y, p)(1- p2) ¡ y-px\ 26.3.11Z(x)Z1 2)

26.3.3 Pr(Xh, Yk}=



-1.0

L(h, k, p) as a Function of L(h, O, p)

26.3.20
(ph-k) (sgn h)\L(h,k, P)L(h O,
Ih22phk+k2)

+L (k o
(pk-h) (sgn k) \
,/h2_2phk+k2)

ro ifhk>Oorhk=O
and h+kO
otherwise

where sgn h=1 if hO and sgn h=-1 if h.z(O.

.24 .22 .20 .18 .16 .14 .12 .10 .09 .08

.07
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.05

.04

.03

.02
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0 .05 .10 .15 .20 .25 .30 .35 .40 45 .50 .55 .60 .65 .70 .75 .80 .85 .90 .95 1.00

FIouluf 26.2. L(h, 0, p) for Oh1 and -lpO.
Values for Ia<O can be obtamed using L(h, O,-p) .4-L(4, O, p).

Special Values of L(h, k, p)

26.3.14 L(h, k, O)=Q(h)Q(k)

26.3.15 L(h,k, -1)=O (h+kO)
26.3.16 L(h,k, -1)=P(h)-Q(k) (h+kO)

26.3.17 L(h,k,1)=Q(h) (kh)
26.3.18 L(h,k,1)=Q(k) (kh)

26.3.19 L(O,O, P)+a2 i

p
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05 .10 .15 .20 .25 .30 .35 .40 .45 .50 .55 .60 .65 .70 .75 .80 .85 .90 .95 1.00

FIGuRE 26.3. L(h, O, p) for O<h<1 and Opl.
Values for h<O can be obtained using L(h, O, -p) 4-L(--h, O, p).
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26.3.23

1 ¡'h "ax
V(h, ah)=

J I el2+52)dxdy
2w o Jo

+L(h, O, p)L(O, O, p) Q(h)

where

P

Integral Over an Ellipse With Center at (mi, m)

26.3.21

ff (Oy)1g
(x_me ymy

) dxdy=1_e2/2'p
A O

where A is the area enclosed by the ellipse

(xm\2 2p(xm) (ymv)
k °x J uo

where A*(s, t) is the transformed region obtained
from the transformation

i x_mx+y_mv'\)
05 /

(xm ym5"
p\ x O.ii /

Integral of the Circular Normal Probability Function
With Parameters m= m,= O, u= i Over the Triangle
Bounded by y=O, y=ax, x=h

+(=a2(1p2)ov /
Integral Over an Arbitrary Region

26.3.22

ff(uxoi)'g (xmz ym5 ) dxdy
A(ry) oz aii

=ff g(s, t,

Integral of Circular Normal Distribution Over an Offset
Circle With Radius Ru and Center a D!stance ru From
(ma,, m,,)

26.3.24

ffg (xmx, ym5, o) dxdyP(R22, r2)
A U U

where P(R212, r2) is the c.d.f. of the non-central
x2 distribution (see 26.4.25) with v=2 degrees of
freedom and noncentrality parameter r2.

26.3.28

where

26.3.29

'See page ii.

Approximation

2R' 2r2
4+R2ecP 4+R2

xi =

26.4.2

Q(x2Jv) = 1P(X21v)

2 2+2r21[R2/(2+r2)]1'3-_[i (2+rJ
r 2+2r214
L9 (2+r2)2J

x=R_/r2_1 R, r both large

Inequality

Q(/i) Z(k) rQ('L
p)<Q(h)

phk>O, O<p<i.
Series Expansion

Condition

R<1

R>1

R>5

L(h, k, p)=Q(h)Q(k)--E
n_o (n+1)!

26.4. Chi-Square Probability Function

26.4.1
i z2 w t

P(x2Iv)=[2/21 (i)] f (t)1edt
(Ox2< o')

Relation to Normal Distribution

Let X1, X2, ., X, be independent and identi-
cally distributed random variables each following
a normal distribution with mean zero and unit

variance. Then X2=±X is said to follow the

chi-square distribution with ' degrees of freedom
and the probability that X2x2 is given by P(X2j5).

Cumulants

26.4.3 K1=2"nli' (n_rO, 1,.

*

(Ox2< )
p

=[212 r ()]'f (t)1ei dt

940 PROBABILITY FUNCTIONS

Approximation to P(R212, r')
26.3.25

26.3.26

26.3.27



26.4.4
Series Expansions

'-1

Q(x2fv) = 2Q(X) +2Z(x)Er=i135... (2r-1)

(y odd) and x=J

26.4.5

Q(x2tv) = VZ(x) { 2.4 (2r) }
(i' even)

26.4.6
v/s

P(X2jv)=( X2)
r (v-I-2)

* L X27

r=i (v+2)(v+4)'» (v+2r)}

(_1)(x2/2)°
26.4.7 P(x2Iv)=

() n! (+n)r

Recurrence and Differential Relations

26.4.8 Q(x2 v+2) = Q(x21 y) +
(/2) '2e _z2/2

r(+i)
26.4.9

òmQ(x21v) 1 (m\ (__1)m+IQ(xsv_2j)
ò(x2)m 2" \ j!

Continued Fraction

(x2)2e_x2/2
26.4.10 Q(x2Jv)= 2'2r(v/2)

f i iy/2 i 2v/2 2

l,/2+ 1+ x2/2+ 1+ x212+'
Asymptotic Distribution for Large y

26.4.11 P(X2jv) -'-'P(x) where x= x2 y

Asymptotic Expansions for Large x2

E (-1)' r(i_) (X2)'2"2r(p/2) j.o

-X/2 r (i+j) 2''

PROBABILITY FUNCTIONS

Approximations

26.4.13
Approximation Condition

Q(x2Jv) Q(x1), x1 y .I2y i (v>100)

26.4.14

(X2/v) 1/3_(i
__--) (v>30)Q(x2fv)Q(x2), x2=

26.4.15

Q(x2Iv) Q(x2+h), h80 (v>30)
y

Values of h0

941

to the Chi-Square Distribution for
Large s

Approximations for the Inverse Function for Large s

If Q(xv)=p and Q(x9)=iP(x,)=p, then
Approximation Condition

26.4.16 {x,+.'2p_1}2 (v>100)

26.4.17 XP (v>30'}

26.4.18 X2 .{i--+ (xp_hv).,/}3 (v>30)

where h is given by 26.4.15.

Relation to Other Functions

26.4.19 Incomplete gamma function
y(a, z)

=P(x21 V)

F (a)
p=2a, x2=2x

F(a, z)
F(a) =Q(x2Iv)

26.4.20 Pearson's incomplete gamma function

I(uP)r(i) fU1/itPtdtP(2j)

y=2(p+l), x2=2nfp+i
26.4.21 Poisson distribution

Q(x2.)=E e0
i-o 2

m1 c=, m=--, (y even)V X2

mCi
Q(x2lv)Q(x21v-2)=e0

z h,. z ho z h.

-3.5 -.0118 -1.0 +.0006 +1.5 -.0005
-3.0 -. 0067 -. 5 0006 2.0 +. 0002
-2.5 -. 0033 .0 +0002 2. 5 .0017
-2.0 -. 0010 +. 5 -. 0003 3.0 .0043
-1.5 +0001 LO -.0006 3.5 .0082

26.4.12

*See page II.
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26.4.22 Pearson Type III

[TJ0('
v_r2ab+2, X2=2b(x+a)

26.4.23 Incomplete moments of Normal distribu-
tion

ftZ (t )dt ==

P(x2Iv) (n even)(n-1)!!
2

(n_l)!!p(x2I) (n odd)

x2x2, vzfl+l

26.4.24 Generalized Laguerre Polynomials

(-1)' (fl+1)
Q(x21v+2-23)

n!L(x)= ° "
2'[Q(x2Iv+2) -- Q(x2v)]

x=X2/2, ce=v/2

PROBABILITY FUNCTIONS

Approximations to the Non-Central x2 Distribution

a=v+X

Non-Central x2 Distribution Function

26.4.25

(X/2)'P(x2!p, X)= e'12
j_o j!

where X O is termed the non-centrality parain-
eter.

Relation of Non-Central x2 Distribution With v 2 to the
Integral of Circular Normal Distribution (u2= 1) Over
an Offset Circle Having Radius R and Center a Dis-
tance r= -./5. From the Origin. (See 26.3.24-26.3.27.)

26.4.26

Approximating Function Approximation

x2I\26.4.27 X2 distribution P(x'v, -' (+tvì ' i
(x12/a)h/3_[1_ (1 +6)]

26.4.28 Normal distribution P(x'2', X) uP(x), x-
¡2(1+6")

V9\ a /
2x'21 r 2a 1

26.4.29 Normal distribution P(x'21v, X) P(x), x=[i+6j L1+b1J

Approximations to the Inverse Function of Non-Central
X2 Distribution

If Q(xjv, X)=p, Q(4Jv*)p, and Q(x)=p then

Approximating Variable

26.4.30 x2

26.4.31 Normal

26.4.32 Normal

Approximation to the Inverse Function

x,2n. (1+b)x

X12' [xe+Iij2
x2 rua [/(1+b)+i2 (1+b)]

SIA g(x, y, O) dxdy=P(x2=112Jv=2, X)

...o 2'j! Q(R22+2j)
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26.5. Incomplete Beta Function
26.5.1

i "X
I(a,b)

J
ta_l(1t)dt (Ox1)B(a,b)

26.5.2

I(a,b)=1Ij_(b,a)
Relation to the Chi-Square Distribution

If X and X are independent random variables
following chi-square distributions 26.4.1 with i
and y2 degrees of freedom respectively, thenx. .
V2 V2 is said to follow a beta distribution withlt ' 2

Vj and l'2 degrees of freedom and has the distribu-
tion function

26.5.3

Pfx<} i
X+X B(a,b) fot8l(1

=I(a,b)

Series Expansions (O<x<1)
26.5.4

* I(a,b)=1 x) {1+Ê B(a+1,n+1)
aB(a, b) no ii(a+b, n+1) Z

26.5.5

x) bl
I(a,b)

aB(a,b)

B(a+1,n+1) (-z y+l
. n=0 B(bn-1, n+1) \1xJ j

aB(a,b)
r 8-2 B(a+1,n+1)

(
X1+E

t. oB(bn-1,n+1) 1x, j
+I(a+s, bs)

26.5.6

1I(a, b)=Ii(b,a)
(1x)b a-1

= E (_1)1 (a-1) (1x) (integer a)B(a,b) jo ,t b+i

26.5.7

1 I(a, b) =11 (b, a)

= (1_x)8+l (a+b-1' ( (integer a)
1=0 \ / 1x,

t) b 1dt

p1 p2a=- O=2

}

26.5.13

IX(a,b)=ab {aI(a+1

26.5.14

1 / 1\
I(a,a)=- I' a,

)'

26.5.15

Continued Fractions
26.5.8

xa(1_x)b( 1 d1 d2
1(a, b)=B( b) 1ïÏ 1+ T

(a+m)(a+b+m)
d2m+1 (a+2m)(a+2m+1)

x

m(bm)d2m_(+21)(+2) X
a-1Best results are obtained when z<62

Also the 4m and 4 m+ i convergents are less than
I(a, b) and the 4m+2, 4m+3 convergents are
greater than I(a, b).

26.5.9

I(a,b)
Xa(l.._Z)b_1[ e1 e2 e3

]= aB(a,b) 1+1+1+
* x<1 11

(a+m-1)(bm) z
e2m= (a+2m)(a+2m-1)

m(a+b-1+m) X
e2m+l_.(a+2m1)(a+2m) 1x

Recurrence Relations
26.5.10

I(a,b)=xI(a-1,b)+(1x)I(a,b-1)

26.5.11

I1(a,b)=1{I(a+1,b)(1x)I(a±1,b-1) }

26.5.12

b
Ix(ab)__a(lX)+b{Ix(ab+l)

+(1x)I(a+1,b-1)}

r(a+b)
Ix(a,b)=r(a+l)p(b) xa(1_x)bl+I(a+1,b_1)

26.5.16

I(a, b) =r (a + 1) r (b)

*See page ii.

,b)+bI(a,b+1)}

x'=4 (_)2 x r

F(a+b) xa(1_x)b+Ix(a+1,b)

944 PROBABILITY FUNCTIONS



Asymptotic Expansions
26.5.17

r(b)

24N2 (b-2)! (b+1+)}1 { ybe_v

+76ØN4{
ybeV

(b-2)!
[(b-3)(b-2)(56-j-7)(b+1+y)

- (56-7) (b+3+y)y2]}
biN==a+-

26.5. 18

Ix(a,b)((It)
e{(a-1_w)F(a) + r(a) 26

11 1.1
+(2b)2 (_- a+ aiw [ a-- a+J

+W2 ( a_)_ a)}
/ x\w=b UX)

26.5.19

I(a, b)P(y)Z(y) [aj+a2(111)
i +a

+a3(1+Y2/2)+ ]i +a2

ai= (ba)[(a+b-2)(a-1)(b-1)]4
13 1ina= La_1+b1 a+b-1J

8r
Lai (a2+$2)]

a+b-1 a-1y22 [(a+b_i) in a+b_2+(a_l) In (a+bl)x
b-1+(b-1) In (a+ b-1) (1x)j

y=Nln X,

a-1and y is taken negative when x< a+b-2

Approximations

26.5.20 If (a+b-1)(1x).8

I(a, b)=Q(x2Iv)+e,

<5X1O3 if a+b>6

x2=(a+b-1)(1x)(3x)(1x)(bi),
v=2b

26.5.21 If (a+bi)(1x),8

I(a, b) =P(y) -1-e,

eJ<5X103 if a+b>6

r f 1\ f 1

L
1)W21---

y

'w1= (bx)"3, 'w2=[a(1x)]"3

Approximation to the Inverse Function

26.5.22 If I(a, b)=p and Qy)=p then

a
X5 a+be2w

/ 1 1 \W
h (.2b-1 2a-1)(+)

1 -'h=2( 1

+261)2a i

*See page Ii.

xy,-3
6
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Relations to Other Functions and Distributions
Function Relation

1 X4
26.5.23 Hypergeometric function B(a, b) a F(a, 1b; a+i; x)=I(a, b)

26.5.24 Binomial distribution ± (')ps(1p)naI,(a, n.a+1)
a-a S

26.5.25 '' (Th)pa(ip)n_a1,(a,na+l)_J,(a+1, na) *

26.5.26 Negative binomial distribution (fl+8_i)p4q115(a, n)

¡vi)26.5.27 Student's distribution [iA(tiv)]=4 v+t2
, , X=

26.5.28 F-(variance-ratio) distribution Q(FIvi, vjI
(e-, - , x F

y2

pi)



26.6. F-(Variance-Ratio) Distribution Function

26.6.1

vt'
v122 IF

P(Fjv1, y2) j t*(-2) (y2 -f-vit) -'1+"2)dt
B(vi vi) °

(F O)
26.6.2

p2Q(Ff vi, vj) = i P(Fv1, V2) =I (-, -)
where

v2+v1F
Relation to the Chi-Square Distribution

If X and X are independent random variables
following chi-square distributions 26.4.1 with Vj
and i'2 degrees of freedom respectively, then the

X1/v1.distribution of F= 2 is said to follow the
X2/v2

variance ratio or F-distribution with v and y2
degrees of freedom. The corresponding distribu-
tion function is P(F! z'1, y2).

Statistical Properties
26.6.3

mean: y2m=va-2

2 2i4(pj+vi-2)variance: v1(pi_2)2(pi_4) (v2>4)

third central moment:

(v2)i
8vi(vi+v2-2(2v1+vi-2)- _____

y1 (v2-2)3(v2-4)(v2-6) (vl>6)

moments about the origin:

(i'j+2n\ (v1-2n
\ 2 ) \. 2

r() r()
characteristic function:

*See page ji.

Iv1 p2 y2.4,(t)=E(e't)=M
-, --b-,

--- t)

Series Expansions

y2X_+F
26.6.4

* Q(F!vi, v2)=xP2/2[1+ (i_X)+v222k1 - x)2+...

(v2v1-4)
2.4 . . . (vi-2) (1_.XYTj (vi even)

(v2>2)

(v2>2n)

26.6.5

Q(Flvj, v2)=1(1--x)"'2 [i+ +v1 +2)
x2+.

+ vi (vi + 2). . . (y2 +vj-4) es-21

2.4... (v2-2) X2j
26.6.6

pi+v2-2[yf-p2
(1_x\

Q(FIvi, v2)=x 2
2 X /

2)(vi+yi-4) (l_x)2+
2.4

. (v+2) (1_x)L2]
(y1-2) X

26.6.7

vi+p2-2[2
/ X \Q(Fv1, vi)=1(1x) 2

2 (.jx)
(vi+vi-2) .. . (vi-f-2) ( X y2-2]+...+ 2.4. . . (vi-2) \1X/

ß (y1, y2

where

0=arctan

Reflexive Relation

If F,,(vi, z'2) and Fi..(v2, z'1) satisfy

Q (F,(v1, v2)v1, v2)=p

Q(F1_(v2, vi)Ivi, vj)=1p

vi+v2-2)
2.4...

26.6.8

Q(FIvj,vi)=1A(tjvi)-f-ß(vi,vi) (v1,v2 odd)

+

24... (v23)
3.5... (vs-2)

COS V 201 }for vi>i
20- for v2=1
ir

sin20+ +3

(v2+1)(v2+3). . . (vi+vi-4) sin3 o}
3.5. . .(vj-2)

for y2>1
Oforp1=1 *

2;sinocosv2o {i+

(y2 even)
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(p2 even)

(y1 even)



26.6.9 then
I

F(v1, 12)F1_,(Y2,
y1)

Relation to Student's t-Distribution Function (See 26.7)

26.6.10 Q(F!vi=l, v2)=1A(tfv2)

26.6.14

Q(FIvi, v) Q(x),
(y1 and v2 large)

Q(Fv1, V2) Q(x),

26.6J8 F-distribution

26.6.19 Non-centraI t-distribution

26.6.20 Incomplete Beta function

*See page II.

273-888 0-67-61

X2v1F

2_Y2
F

F_v2

P2 /2(vi+vi-2)
p22 V v1(v2-4)

tj(2vi__l) F/2v1-1

26.6.21 Confluent hypergeometric function

PROBABILITY FUNCTIONS

t=IF'

26.6.15

F111 (i _)_(i_)Q(Fjvi, P2) Q(x), x=
2

Approximation to the Inverse Function

26.6.16 If Q(Fv9, v2)=p, then

e2a where w is given by 26.5.22, with

v1=2b, v2-2a

Non-Central F-Distribution Function

26.6.17
¡F'

P(F'lvi,i,X):r:aJ p(tJvi,v2,X)dt=1Q(F'jv1,v2,X)
o

where

p(tJv9, y2, X)=E (X/2)' (vi+2j) 2 vf212

j=O ji

Relation of Non-Central F-Distribution Function to Other Functions

- (Pj+2i+e2)12

Xt 2 [v2+(vi+2j)tJ

and X O is termed the non-centrality parameter.

fvjH-2j viB2,-

P(F'Ivi,vi,X)= et2 2)'p(Fjp12j,p2)
j.O j!

P(F'Jvi, '2, XO)=P(F'vi, y2)

P(F'Ivi=l, vi, X) =P(t' y, ô) , t'=/F' , v=v,

P(F'Ivi, 1'2)E e2
j=O

(X/2)'1 (+ Yij! Z

*

2 2e2
XP(F'Jvi,vi,X)E

(vi+vi)B (+i+1 !"\
'2 /

Xx\
P9

(v'+vi
V1+.+1)2 '2

(2 even and
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Limiting Forms

26.6.11

11m Q(F!vj, v2)=Q(x21v1),

26.6.12

um Q(Ffvj, v2)=P(X21v2),

Approximations

26.6.13

Function Relation



where X/v1c2 as y1-

Approximations to the Non-Central F-Distribution

26.6.25 P(F'v1,v2,X) P(x1), (y1 and y2 large)

where

26.6.26

P(F'j1,v2,X) P(Fp,p2),

F=---- F'
vi+X ' vi+2X

26.6.27

P(F'fi'1,v2,X) P(x2),

2 [
F' 1" r _1_[,_2+21

(v1+X)J L' 9t' 9(vi+X)2J
2 vi+2X 2

(
p1

2/3 i

L v1+x2+ V1+X
F') ]i

26.7. Student's t-Distribution

If X is a random variable following a normal
distribution with mean zero arid variance unity,
and x2 is a random variable following an inde-
penden t chi-square distribution with y degrees of

Xfreedom then the distribution of the ratio
Vx2Iv

Series Expansion
26.6.22

X-- (1-r)
p2, X)=e 2 xI22) T1 (y2 even)

i =0

where

T0=1

(vi+v2-2+Xx)
1x

X

1x
T1= 2i [(p1+y2-2i+Xx)T1_1+X(1 x)T1_3]

p2

X=F, +7'2
Limiting Forms

26.6.23

um P(F'jvi,v2,X)=P(X'21v,X),

26.6.24

um P(F'Jv1,v2,X)=Q(X2jv),

v2(vi+X)F'
y1 (y2-2)

xi =

x'2=v1F', v=vi

X2'2 +c2)
F'

v2r 2

viL(p2-2)(2-4) V22 +vi+2X}]1

is called Student's t-distribution with y degrees of

freedom. The probability that will be less
Jx/v

in absolute value than a fixed constant t is

26.7.1

A(tiv)=Pr{ ,/ }
=[';BG )]'f (i

2
dx£\ V/

¡p 1\ (Ot<03) *
where

Statistical Properties
26.7.2

mean: nz=O

variance:

skewness: y=0

6
excess:

moments:
1.3. . . (2n-1)v"

!2n(y2)(y4) . (y-2n) (v>2n)

12n+ 1 = O

characteristic function:

1 ()(t)=E [exp t
/X2/V)l irr(v/2)

Series Expansions

( t\
O=arctan T:)

-si pi

26.7.3

A(tjy)=

*Syy page II.

2o. =

r 2
{o+sin O Lc0s O+ cos3 0+

ir

2.4 . . . (t'-3)
+13 (v_2)COSP

2

(y>1 and odd)

26.7.4

A(tIy) =sin { c0S2 o+ (4
+1 .3.5 . . (y-3) (p even) *246. . . (v-2) J
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»2)

(v>4)



Asymptotic Expansion for the Inverse Function

If A(t,jv)-1-2p and Q(x)=p, then

26.7.5
gi(xp) g2(x,,) g3(x,)

, Xp+ + 2 +

g1(x)= (x3+x)

g2(x)= (5x5+16x3+3x)

(3x7+19x5+17x3-15x)

g4(x)=9260 (79x°+776x7+1482x5 1920x3-945x)

Limiting Distribution
26.7.6

um e-X2/2dx=A(t)2r t
Approximation for Large Values of t and v5

26.7.7 A(t;)a1_2{+i}

PROBABILITY FUNCTIONS

Random digits are digits generated by repeated
independent drawings from the population 0, 1,

2, . . ., 9 where the probability of selecting any
digit is one-tenth. This is equivalent to putting
10 balls, numbered from O to 9, into an urn and
drawing one ball at a time, replacing the ball
after each drawing. The recorded set of numbers
forms a collection of random digits. Any group of
n successive random digits is known as a random
number.

Several, lengthy tables of random digits are
available (see references). However, the use of
random numbers in electronic computers has re-
sulted in a need for random numbers to be gen-
erated in a completely deterministic way. The
numbers so generated are termed pseudo-random
numbers. The quality of pseudo-random num-
bers is determined by subjecting the numbers to
several statistical tests, see [26.55], [26.56]. The
purpose of these statistical tests is to detect any
properties of the pseudo-random numbers which
are different from the (conceptual) properties of
random numbers.

The authors wish to express their appreciation to
Professor J. W. Tukey who made many penetrating and
helpful suggestiOns in this section.

26.7.8 A(tjp)_2P(x)1, x-

Non-Central t-Distribution
26.7.9

P(t'jv, ô)

i r" / \2 1ö2
+x) eHh LÍ+x2) dx

=i_
(2h12)1 f i
2j! Ix +3) Xt,2

where ô is termed the non-centrality parameter.

Approximation to the Non-Central t-Distribution

26.7.10

P(t'Jv, ô) P(x)

Approximation for Large,

where x= 4pi
/(i+-)

Numerical Methods
26.8. Methods of Generating Random Numbers and Their Applications

*See page II.

949

Experience has shown that the congruence
method is the most preferable device for generating
random numbers on a computer. Let the sequence
of pseudo-random numbers be denoted by {X},
n=0, 1, 2.....Then the congruence method
of generating pseudo-random n,umbers is

X+1=aX+b(mod T)
where b and T are relatively prime. The choice
of T is determined by the capacity and base of the
computer; a and b are chosen so that: (1) the re-
sulting sequence f X} possesses the desired sta-
tistical properties of random numbers, (2) the
period of the sequence is as long as possible, and
(3) the speed of generation is fast. A guide for
choosing a and b is to make the correlation
between the numbers be near zero, e.g., the correla-
tion between X and X is

1_6(1_)
a, +e

where
a,=a' (mod T)

b,=(1+a+a2+ . . . +a'1)b (mod T)

IeI<a,/T

a, .3183 .4991 1.1094 3.0941 9.948
b. .0000 .0518 .0460 2.756 14.05



See page 11.
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a=l (mod 4). When T=i0, b need only be not
divisible by 2 or 5, and a= I (mod 20). The
most convenient choices for a are of the form
a=28+l (for binary computers) and a=105+1
(for decimal computers). This results in the
fastest generation of random numbers as the
operations only require a shift operation plus
two additions. Also any number can serve as
the starting point to generate a sequence of
random digits.. A good summary of generating
pseudo-random numbers is [26.51].

Below are listed various congruence schemes
and their properties.

Congruence methods for generating random numbers
XiaX,.+b(Inod T), Tend b relatively prime

'°X0 given is the starting point for random numbers when statistical tests were made.

When the numbers are generated using a con-
gruence scheine, the least significant digits have
short periods. Hence the entire word length can-
not be used. If one desired random numbers with
as many digits as possible, one would have to
modify the congruence schemes. One way is to
generate the numbers mod T± 1. This unfor-

W tunately reduces the period.
Generation of Random Deviates

Let f X} be a generated sequence of independent
random numbers having the domain (0, T).
Then f U} = f T'X} is a sequence of random
deviates (numbers) from a uniform distribution
on the interval (0, 1). This is usually a necessary
preliminary step in the generation of random
deviates having a given cumulative distribution
function F(y) or probability density function f(y).
Below are summarized some general techniques

for producing arbitrary random deviates. (In
what follows { U} will always denote a sequence of
random deviates from a uniform distribution on
the interval (0, 1).)

1. Inverse Method

The solutions f y} of the equations {u=F(y)}
form a sequence of independent random deviates
with cumulative distribution function F(y). (If
F(y) has a discontinuity at Y=Yo, then whenever u
is such that F(yo-0)<u<F(yo), select Yo as the
corresponding deviate.) Generally the inverse
method is not practical unless the inverse function
y=F'(u) can be obtained explicitly or can be
conveniently approximated.

2. Generating a Discrete Random Variable

Let Y be a discrete random variable with point
probabilities p1=Prf Y=y1} for i=1, 2.....

a b T Period Xo Special cases for which random numbers have passed statistical
tests for randomness1°

26.8.1 l+t' odd Tf i 0X5<T T-2", X5 unknown; a2'+1, bl; T=247, a=!26+l.
b=29741 09625 8473. X0=76293 94531 25.

26.8.2 r2'±l (r odd,
s2)

O T=t fs-. relatively
prime to

T=24°, 242, Xo=l; a=5l'(s2)
T=2", Xs=1; T=226, Xo=1-2$, .5478126193; a=5'l(s2)

T T=2s, Xo=l; a5'5(s=2)
26.8.3 r2±l (r odd,

82)
O T=tq±1 (varies) relatively

prime to
T=215+l, Xo=l0,987,654,321; a=23; perlod' 106
T=108+l, Xo=47,594,118; a-23; periodn 58X106

26.8.4 7''-' O T=lCa 5lQs-* relatively
prime to

T=lO°, Xo=1; a=7
T-10", Xo1; a-7"

T
26.8.5 3''

(a=0, 2,3, 4)
O T-100 5.10e-s relatively

prIme to
T

950 PROBABILITY

which occur in

X4.5=a5X+b3 (mod T)

When a is chosen so that a T112, the correlation
pi T"2.

The sequence defined by the multiplicative
congruence method will have a full period of T
numbers if

b is relatively prime to T
a= i (mod p) if p is a prime factor of T
a==l (mod 4) if 4 is a factor of T.

Consequently if b need only be odd, and



The direct way to generate Y is to generate f U)
and put Y=y1 if

Pi+P2+ . +pi<U<p1+p2+ . . . +p1.
However, this method requires complicated ma-
chine programs that take too long.

An alternative way due to Marsaglia 126.53]
is simple, fast, and seems to be well suited to high-
speed computations. Let p for i=1, 2, . . . , n
be expressed by k decimal digits as p1=.121
& where the ô's are the decimal digits. (1f the
domain of the random variable is infinite, it is
necessary to truncate the probability distribu-
tion at p,,.) Define

P00, Pr1O ri for r=1, 2, . . . , k, and

11,= 10'P, s=1, 2, . . . , k.

Number the computer memory locations by O,
1, 2, . . . , 11l. The memory locations are
divided into k mutually exclusive sets such that
the sth set consists of memory locations 11,_i,
11_+1, . . . , 113-1. The information stored
in the memory locations of the sth set consists of
y in locations, Y2 in ô,2 locations, . . . ,

in ô,,, locations.
Denote the decimal expansion of the uniform

deviates generated by the computer by 'u
.d1d2d3 . . . and finally let o{m} be the con-

tents of memory location m. Then if
8-i

PIU< P
i=O iO

put r s-1
y=a d1d2 . . . d,+ll,1-1O'P,

L 1=1

This method is perhaps the best au-around
method for generating random deviates from a
discrete distribution. In order to illustrate this
method consider the problem of generating
deviates from the oinomial distribution with point
probabilities

for n=5 and p=.2O. The point probabilities to
4 D are

Value of
Random Variable Point Probabilities

O p0=O.3277
1 Pi .4096
2 P2- .2048
3 == .0512
4 p= .0064
5 p= .0003

PROBABILITY FUNCTIONS

and thus P0=0, P1=.9, P2==.07, P3=.027,
P4=.0030 from which 11=0, 11=9, 112=16,
113=43, 114=73. The 73 memory locations are
divided into 4 mutually exclusive sets such that

Among the nine memory locations of set 1, zero
is stored ö10=3 times, lis stored 3==4 times, 2 is
stored ô12=2 times; the seven locations of set 2
store O &20=2 times and 3 '523=5 times; etc.
A summary of the memory locations is set out
below:

Value, of Random Variable

Then to generate the random variables if

0u<.9 put y=a{d1}
.9 u<.97 y=afd1d2-81}
.97 u<.997 y= a f d1d2c13 954
.997 u<1.000 y=a(d1d2d3d4-9927}

3. Generating a Continuous Random Variable

The method for generating deviates from a
discrete distribution can be adapted to random
variables having a continuous distribution. Let
F(y) be the cumulative distribution function and
assume that the domain of the random variable
is (a,b) where the interval is finite. (If the
domain is infinite, it must be truncated at (say)
the points a and b.) Divide the interval (ba)
into n sub-intervals of length (n=ba) such
that the boundary of the ith interval is (y_, yi)
where yj=a+i1 for 'i=O, 1, . . . , n. Now
define a discrete distribution having domain

f
2

with point probabilities p = F(y1) - F(y_ i).
Finally, let W be a random variable having a
uniform distribution on --, - . TIns can be

done by setting (u_). Then random

951

012345
Frequency (set 1) 3 4 2 0 0 0
Frequency (set 2) 2 0 0 5 0 0
Frequency (set 3) 7 9 4 1 6 0
Frequency (set 4) 7 6 8 2 4 3

Set Memory Locations
1 0,1,...,8
2 9,l0,...,15
3 16,...,42
4 43,...,72
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deviates from the distribution function F(y), can
be generated (approximately) by setting y= z+w

=z+ (_). This is simply an approximate

decomposition of the continuous random variable
into the sum of a discrete, and continuous random
variable. The discrete variable can be generated
quickly by the method described previously.
The smaller the value of the better will be the
approximation. Each number can be generated
by using the leading digits of U to generate the
discrete random variable Z and the remaining
&gits forming a uniformly distributed deviate
having (0,1) domain.

4. Acceptance-Rejection Methods

In what follows the random variable Y will be
assumed to have finite domain (a, b). If the
domain is infinite, it must be truncated for com-
putational purposes at (say) the points a and b.
Then the resulting random deviates will only have
this truncated domain.

a) Let f be the maximum of f(y). Then the
procedure for generating random deviates is:

generate a pair of uniform deviates U1, U2;
compute a point y=a+ (ba)u in (a, b);
if ui<f(y)/f accept y as the random deviate,

otherwise reject the pair (u1, u2) and start again.
The acceptance ratio of deviates actually produced
is [(ba)f]. ilence the acceptance ratio de-
creases as the domain increases. One way to
increase the acceptance ratio is to divide the
interval (a, b) into mutually exclusive sub-
intervals and then carry out the acceptance-
rejection process. For this purpose let the interval
(a, b) be divided into k sub-intervals such th at the
end points of the jth interval are ,) with

0=a, k=b and f(y)dy=:pj; further let the
Jlj_1

maximum of f(y) in the jth interval be fj. Then to
generate random deviates from f(y), generate
n pairs of deviates (u13,u23)s=1, 2, . . ., n.
Assign [flpj] such pairs to the jth interval and
compute Yi=J_1+(Jj_1)U2s. If u18<f(y1)/f5
accept y as a deviate. The acceptance ratio of
this method is

k
EF). ,. \-tl-1Pi ri.-i1jiii1

b) Let F(y) be such that f(y) =f1(y)f2(y)
where the domain of y is (a, b). Let f and f2 be
the maximum of f(y) and f2(y) respectively.
Then the procedure for generating random de-
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viates having the probability density function
f(y) is: (1) generate Ui, U2, U3; (2) define za

+(ba)u3; (3) if both and

take z as the random deviate; otherwise take
another sample of three uniform deviates. The
acceptance ratio of this method is [(ba)f1f2]
and can be increased by dividing (a, b) into sub-
intervals as in the previous case.

c) Let the probability density function of Y be
f(y)=Jßg(y, t)dt, (atß), (ayb).

Let g be the maximum of g(y, t). Then the pro-
cedure for generating random deviates having the
probability density function f(y) is: (1) generate
U1, U2, U3; (2) define s=a+(í3a)u2; z=a+
(ba)u3; (3) if u1< g( s), take z as the random

deviate; otherwise take another sample of three.
The acceptance ratio for this method is [(b a)g}1
and can be increased by dividing the domain of
t and y into sub-domains.

5. Composition Method

Let g(y) be a probability density function
which depends on the parameter z; further let
H(z) be the cumulative distribution function for z.
In order to generate random deviates Y having
the frequency function

g(y)dhl(z)

one draws a deviate having the cumulative distri-
bution function H(z); then draws a second sample
having the probability density function g(y).

6. Generation of Random Deviates From Well Known
Distributions

a. Normal distribution

Inverse method: The inverse method depends
on having a convenient approximation to the
inverse function x=P' (u) where

X

=(2ir)'2 f e2'dt.

Two ways of performing this operation are to (i)
1 1/2

use 26.2.23 with t==(ln i) or (ii) approximate

x=P(u) piecewise using Chebyshev polyno-
mials, see [26.54].

Sum of uniform deviates: Let U1, U2, .

U be a sequence of n uniform deviates. Then



Example 1. Let X be a random variable with
finite mean and variance equal to m and 2,

respectively. Use the inequalities for probability
functions 26.1.37, 40, 41 to place lower bounds
on

A(t)=FQ)_F(_t)=P{Imi}
for t=1(1)4.

85ee page IL

26.9. Use and Extension of the Tables
Use of Probability Function Inequalities

pair and start over. The quantity will be the
required normal deviate with mean zero and unit
variance.

Bivariate normal distribution
Let {X,, X2} be a pair of independent normal

deviates with mean zero and unit variance. Then
X,, pX, + (1p2) 1I2X2 } represent a pair of devi-

ates from a bivariate normal distribution with
zero means, unit variances, and correlation
coefficient p.

Exponential distribution
Inverse method: Since F(x)= e_VO, X=

O in U will be a deviate from the exponential
distribution with parameter O.

Acceptance-rejection method: 1) Generate a
pair of independent uniform deviates (lJ, U3);
2) if U,<UO generate a third value LT2; 3) if
U, + LT2< U0 generate a fourth value U3, etc.;
4) continue generating uniform deviates until an
n is obtained such that U,+ U2+ . . . + U,._,
<U0<U,+ . . . +U,.; 5) if n is even reject the
procedure and start a fresh trial with a new value
of U0, otherwise if n is odd take X=0U0 as the
desired deviate; 6) in general if t is the number of
triais until an acceptable sequence is obtained
X=O(t+ U0). The random deviates produced in
this way follow an exponential distribution with
parameter O. One can expect to generate approxi-
mately six uniform deviates for every exponential
deviate.

Discrete Distribution Method: Let Y and n
be discrete random variables with point probabili-
ties
* Pr{ Y=r} =(e1)e" r=0, 1, 2,

Pr{n=s}=[s!(e-1)J' s=1, 2,3.....
Then X=Y+min(U,, U2, . . , U,,) will follow
an exponential distribution. The average value
of n is 1.58 so that one needs, on the average, only
1.58 u's from which the minimum is selected.

Lower bounds on A(t)=F(t)F(t)

¿54=3; 26.1.41

t=1 3 4 Remarks

o .7500 .8889 .9375 no knowledge of
F(t); 26.1.37

.5556 .8889 .9506 .9722 F(t) is unimodal and
continuous; 26.1.40

0 .8182 .9697 .9912 F(t) is such that
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¡n n\fn\"2
\ii

will be distributed asymptotically as a normal
random deviate. When n= 12, the maximum
errors made in the normal deviate are 9 X 1O
for IXI<2, 9X10' for 2<X<3. An improve-
ment can be made by taking a polynomial function
of X,. (say)

k

E%L80
as the normal deviate where a2, are suitable
coefficients. These coefficients may be calculated
using (say) Chebyshev polynomials or simply by
making the asymptotic random deviate agree
with the correc normal deviate at certain specified
points. When n= 12, the maximum error in the
normal deviate is 8X10-4 using the coefficients

* a0=9.8746 * a6 (-7) 5.102
* a2=(-3)3.9439 * a8=(-7)1.141
* u4= (-5)7.474

Direct method: Generate a pair of uniform
deviates (U,, U2). Then

X,= (-2 ln U,)"2 cos 2,rU2,

X2=(-2 In U,)"2 sin 2,rU2 will be a pair of
independent normal random deviates with mean
zero and unit variance. This procedure can be
modified by calculating cos 2irU and sin 2irU
using an acceptance rejection method; e.g.,
(1)generate(U,, U2);(2)if(2U1-1)2+(2U2-1)'l
generate a third uniform deviate U3, otherwise
reject the pair and start over; (3) calculate

y,=(ln u3)"2 Ç)y2_±2(ln u3)"2 (±
random). Both y, and Y2 are the desired random
deviates.

Acceptance-rejection method: 1) Generate a
pair of uniform deviates (U,, U2); 2) compute

* x= ln u,; 3) if u2 (or equivalently
(x-1)2 2(ln u2) accept x, otherwise reject the
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It is of interest to note that the standard normal
distribution is unimodal, has mean zero, unit
variance M4=3, is continuous, and such that

A(t) =P(t) P(---t)
=.6827, .9545, .9973, and .9999

for t=1, 2, 3 and 4 respectively.

Interpolation for P(x) in Table 26.1

Example 2. Compute P(x) for x=2.576 to
fifteen decimal places using a Taylor expansion.

Writing xx,+O we have

P(x) =P(x,) +Z(xo)O+Z1 (x0)

+Z2(xo) Ç+Z3)(xo) +

Taking x0=2.58 and O=-4X103 we calculate
the successive terms to i 6D

The result correct to 17D is

P(2.576)=.99500 24676 84264 98

Calculation for Arbitrary Mean and Variance

Example 3. Find the value to 5D of
2

P{X<.50}= - I
_j(_) dt

2V2irJ-'

using 26.2.8 and Table 26.1.
This represents the probability of the random

variable being less than or equal to .5 for a normal
distribution with mean m= 1 and variance .2.._ 4

Using 26.2.8 we have

P{X.5}=P (.5l)P(25)
Since P(x)=1P(x), we have

P(.25)=1P(.25)=1.59871=.4o129

where a two-term Taylor series was used for inter-
polation. Note that when interpolating for P(x)
for a value of z midway between the tabulated
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values we can write x=x0+.01 and a two-term
Taylor series is P(x) = P(x0) + Z(x0) 102. Thus one
need only multiply Z(xg) by 10_2 and add the
result to P(x0).

Calculation of P(x) for x Approximate

Example 4. Using Table 26.1, find P(x) for
x=1.96, when there is a possible error in z of
d:5X103.

This is an example where the argument is only
known approximately. The question arises as to
how many decimal places one should retain in
P(x). If ¿,.x and ¿.P(x) denote the error in z and
the resulting error in P(x), respectively, then

¿P(x) Z(x)x

Hence A.P(1 .960) =3 X iO which indicates ttia
P(1.960) need oniy be calculated to 4D. There-
fore P(1 .960) = .9750.

Inverse Interpolation for P(x)

Example 5. Find the value of z for which
P(x)=.97500 00000 00000 using Table 26.1 and
determining as many decimal places as is consistent
with the tabulated function.

For inverse interpolation the tabulated function
P(x) may be regarded as having a possible error
of .5Xi05. Hence

.P(x) .5X10'5=
(z) Z(x)

Let P(xo) correspond to the closest tabulated
value of P(x). Then a convenient formula for
inverse interpolation is

t3

where
P(x)P(x0)-

If only the first two terms (i.e., x=xo+t) are used,

the error in z will be bounded by X104 and the

true value will always be greater than the value
thus calculated.

With respect to this example, ix iO' and
thus the interpolated value of z may be in error
by one unit in the fourteenth place. The closest
value to P(x) = .97500 00000 00000 is P(x0) = .97500
21048 51780 with x,=1.96. Hence using the
preceding inverse interpolation formulas with

+ .99505 99842 42230- 5 72204 35976 6
2952 57449 6

8 63097 8
1439 4

9

.99500 24676 84265 7



t=.00003 60167 31129

and carrying fifteen decimals we have the succes-
sive terms

Edgeworth Asymptotic Expansion

Example 6. Find the Edgeworth asymptotic
expansion 26.2.49 for the c.d.f. of chi-square.

Method 1. Expansion for x2

Let
Q(x2Jv) =i F(t)

where
X2 z'
(2v)

Since the values of 'Ii and 'y2 26.4.33 are

yj =2

Y2

we obtain, by using the first two bracketed terms
of 26.2.49

F(t) P(t) _.. r
L

2t)]
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+ [ Z(5)(t)]

The Edgeworth expansion is an asymptotic
expansion in terms of derivatives of the normal
distribution function. It is often possible to
transform a random variable so that the distribu-
tion of the transformed random variable more
closely approximates the normal distribution
function than does the distribution of the original
random variable. Hence for the same number of
terms, greater accuracy may be achieved by using
the transformed variable in the expansion. Since
the distribution of j2x2 is more closely approxi-
mated by a normal distribution than X2 itself
(as judged by a comparison of the values of 'y
and 'y2), we would expect that the Edgeworth
asymptotic expansion of J2x2 would be superior
to that of X2.

Method . Expansion for /2x2. Let

FUNCTIONS

/V_(2v_1)lQ(x2z')=1F(t)=1F( (i_)l )
1where (2v-1)1 and 1i- are the mean and vari-

ance to terms of order v2 of iJ2X2 (see 26.4.34).
The values of l'i and 'Y2 for V2X2 are

ir 51 3y2j
Thus we obtain

- [ (1+) Z2 (t)]

+ [ Z(3) (t) + (1 -i--)2z (t)]

For numerical examples using these expansions
see Example 12.

Calculation of L(h, k, p)

Example 7. Find L(.5, .4, .8). Using 26.3.20

.,íh2_2phk+k2= .3

L(.5, .4, .8) =L(.5, 0, 0)+L(.4, 0, - .6)

Reference to Figure 26.2 yields

L(.5,0,0)+L(.4,0, .6)=.16+.08=.24

The answer to 3D is L(.5, .4, .8) ==.250.

Calculation of the Bivariate Normal Probability
Function

Example 8. Let X and Y follow a bivariate
normal distribution with parameters m= 3,
m=2, =4, c=2, and p==.l25. Find the
value of P1{X2, Y4} using 26.3.20 and
Figures 26.2, 26.3.

Since P7{Xh, YJc} =L
(h-_rn, krn, ) we

have P{X2, Y4) =L(.25, 1, .125). Using
26.3.20

L( .25, 1, .125) =L( .25, 0, .969)

+L(i, 0, .125)i

Figure 26.2 only gives values for h>0, however,
using the relationship 26.3.8withk=O, L(h, 0, p)
=L(h, 0, p) and thus L( .25, 0, .969)
=L(.25, 0, .969). Therefore L(.25, 1, .125)
=L(.25, 0, .969)+L(1, 0, .125)=.01+.09=.08.

The answer to 3D is L(.25, 1., .125)=.080.

955

+1.96000 00000 00000
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Integral of a Bivariate Normal Distribution Over a
Polygon

Example 9. Let the random variables X and Y
have a bivariate normal distribution with param-
eters m=5, o=2, m=9, ø=r4, and p=.5.

Find the probability that the point (X, Y) be
inside the triangle whose vertices are A=(7, 8),
B=(9,13), and G=(2,9).

When obtaining the integral of a bivariate
normal distribution over a polygon, it is first
necessary to use 26.3.22 in order to transform the
variates so that one deals with a circular normal
distribution. The polygon in the region of the
transformed variables is then divided into con-
figurations such that the integral over any selected
configuration can be easily obtained. Below are
listed some of the most useful configurations.

y (a,,bz) (02 ,b2 )

(at,bg )

'I

FIGURE 26.5

rc ('b,
I I g(x, y, O)dxdy= [P(a2) P(a1)] [P(b2) P(b1) j

Ja, Jbi
y

FIGURE 26.6

J"ax
arctana

i g(x,y,O)dxcly-oo 2w

f fo o

11 See 26.3.23 for definition of V(h, k).
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For the following two configurations we define

h t2s1t1s21
[(s2sI)2+ (t2_t1)2]l

k si(s2sj)-j-tj(t2t1)J
' [(s2_sj)2+(t2tj)jÏ

k 82(s2si)+t2(t2tj)I
[(2_si)I+(t2_tj)h]l

FIGURE 26.8

ffAOB g(x, y, O)dxdy=V(h, k2)V(h, k1)

FIGURE 26:9

ffgx, y, O)dxclyV(h, k2) +V(h, k1)
AOB

Using the circularizing transformation 26.3.22
for our example results in

i (x-5y-9
4

1(x-5 y-91\2 4
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The vertices of the triangle in the (s, t) coordinates
become A= (\//4, 5/4), B=(J, 1) and

/ -33\C=---, ). These pomts are plotted below.

From the figure it is seen that the desired prob-
ability is the sum of the probabilities that the
point having the transformed variables as coor-
dinates is inside the triangles AOB, AOC, and
BOG.

For these three triangles we have

zAOB /21 /14

¿AOC /iii Iäñ

BOG /i S1

From the graph it is seen that the probability
over AOB may be found in the same manner as
that over Figure 26.8, and over AOC and BOG
the probabilities may be found as that over
Figure 26.9.

Hence

ff g(x, y, .5)dxdy=ffg(s, t,
E4BC

=ffg(s, t, O)dsdt+ffg(s, t, O)dsdt
iA0E EA0C

+ffg(s t, 0)dsdt
¿BOC

and consequently using 26.3.23 and Figure 26.2
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, o)dsdt =v (f2i -)---v(i21 )
0E

O,.76)L(O, 0.76)Q(1.31)]

_[+L(1 .31, 0,.14)L(O, 0,.14)--- Q(1.31)]

=L(1.31, 0,.76)---L(O, 0,.76)

L(l.31, O,.14)-1-L(0, O,.14)

=.00.11.04+.23=.08

ffg(s,t, 0)dsdt_v(/111, 8V)+v(/111 21/\
74 ' 74 1

ÌA OC

2 I =[+L(.14, 0,.99)L(0, 0, .99)-è Q(.14)]

0,-1)L(O, 0,-1) Q(.14)]

= .01 +.02= .03

-/i 6-/13\ffg(s,t,o)cisdt=v(7 13 )
¿B0C

O,.97)L(0, 0,.97)--- Q(.48)]

+[+L(.48, 0,.96)--L(O, 0,.96) Q(.48)]

=.05+.04=.09

Thus adding all parts, the probability that X
and Yare in triangle ABC is =.08+.03H-.09=.20.
The answer to 3D is .211.

Calculation of a Circular Normal Distribution Over an
Offset Circle

Example 10. Let X and Y have a circular
normal distribution with = 1000. Find the
probability that the point (X, Y) falls within a
circle having a radius equl to 540 whose center
is displaced 1210 from the mean of the circular
normal distribution.

In units of o, the radius and displacement from
540the center are, respectively, R=1000_.54 and r

1210
i000121. 'The problem is thus reduced to

finding the probability of X and Y falling in a
circle of radius R= .54 displaced r= 1.21 from the
center of the distribution where o 1.
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Since 11<1, the approximation 26.3.25 is used.
This results in

2(.54)2 _2(1.21)2
P(R2j2, r2) 4+ (.54)2 exp 4+ (.54)2

= (.1359) e 6823_ .06869

The answer to SD is .06870.

Interpolation for Q(x2 t')

Example 11. Find Q(25.298120) using the
interpolation formula given with Table 26.7.

Taking x2=25, 0=.298 and applying the inter-
polation formula results in

Q(25.298I20)= f Q(25!16)02+Q(251 18) (40_202)

+Q(25!20)(8-40+02) J
f (.06982)(.088804)

+ (.12492) (1.014392)

+ (.20143) (6.896804)
= .19027

A less accurate interpolate may be obtained by
setting 02 equal to zero in the above formula.
This results in the value .19003. The correct
value to 6D is Q(25.298j20)=r.190259.

On the other hand if x2=25.298 is assumed to
have an error of ± 5 X 10, then how large an
error arises in Q(x2lv)? Denoting the error in
X2 by x2 and the resulting error in Q(x2jv) by
iQ(x2Jv), we then have the approximate relation-
ship

Q(x2Iv)
ÒQ(x2f r)

òx2

Using 26.4.8 we can write

ÒQ(x21v)i [Q(x2jv-2)-Q(x2jv)]
òx2 2

and

Q(x2lv) u [Q(x21v-2) -Q (X2v) ]2

For practical purposes it is sufficient to evaluate
the derivative to one or two significant figures.
Consequently we can write

ÔQ(x2!v) ÓQ(4v)
òx2 òx2

where x is the closest value to x2 for which Q is
tabulated. Hence

zQ(x2Iv) tr4 [Q(xr-2)-Q(xjv)}tx2
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For this example Ax2= ±5X104 and x=25. This
results in

(-.076)(±5)lo-4=±2x 10-e

as the possible error in Q(x2!v).

Calculation of Q(xv) Outside the Range of Tal)le 26.7

Example 12. Find the value of Q(84 72).
Since this value is outside the range of Table

26.7 we can approximate Q(84j72) by (1) using the
Edgeworth expansion for Q(x2Iv) given in Example
6, (2) the cube root approximation 26.4.14, (3)
the improved cube root approximation 26.4.15 or
(4) the square root approximation 26.4.13. The
results of using ail four methods are presented
below:

I. Edgeworth expansion
The successive terms of the Edgeworth expan-

sion for the distribution of chi-square result in
1-Q(84j72)=.841345

.000000

.001120

.842465

Hence Q(84172)=.15754.
The successive terms of the Edgeworth expan-

sion for the distribution of ..j2x2 result in

i - Q(84 ¡72) = .842544
-.000034
-.000138

.842372

Hence Q(84172)=.15764.

Cube root approximation 26.4.14

Using the cube root approximation we have

Q(84 172) = Q(x)
where

f 84\" r 2

_'.) L1 9(72) -1 46X- .00

L972i
This results in Q(84172)=Q(1.0046)=1-

P(1.0046) =.15754.

Improved cube root approximation 26.4.15

The improved cube root approximation in-
volves calculating a correction factor h to x.
Linearly interpolating for h (which appears
below 26.4.15) with x=1.0046 results in h=
- .0006 and hence



h72 =(.0006)=.0O049
Thus

Q(84172)=Q(1.0046.0005)=Q(1.0041)
==1P(1.0041)=.15766

4. Square root approximation 26.4.13

Using the square root approximation we have
Q(84j72)=Q(x) where

x=/2(84)-2(72) 1r 1.0032.

This results in

Q(84j72)=Q(1.0032)=1P(1.0032)= .15788
The value correct to 6D is Q(84172)=.157653.

Generally the improved cube root approximation
will be correct with a maximum error of a few
units in the fifth decimal and is recommended for
calculations which are outside the range of
Table 26.7.

Calculation of x' for Q(x21v) Outside the Range of
Table 26.8

Example 13. Find the value of X2 for which
Q(x21144)=.01.

Since v= 144 is outside the range of Table 26.8,
we can compute it by using (1) the Cornish-Fisher
asymptotic expansion 26.2.50, for X2, (2) the cube
approximation 26.4.17, (3) the improved cube
approximation 26.4.18, or (4) the square approxi-
mation 26.4.16. We shall compute the value by
all four methods.

I. Cornish-Fisher asymptotic expansion 26.2.50

The Cornish-Fisher asymptotic expansion for
X2 with v= 144 can be written as

x2» 144+12Vx+4hi(x)+g [3h(x) +2hiix)I

+ji [6h3(x)+3h12(x) +2hiii(x)]+1 [30h4(z)

+9h22(x)+12h13(x) +6h112(x) +4h1111(x)]

Hence using the auxiliary table following 26.2.51
with p=.O1 we have

144. 0000
39. 4794
2. 9413

-. 0242
-. 0019
+. 0002

x2= 186. 395
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Cube approximation 26.4.17

Taking x.01=2.32635 we have

2 ir 2x 144
\. L1 9(144)

+(2.32635)./9(1244)}3=186.405

Improved cube approximation 26.4.18

From the table for h60 we obtain using linear
interpolation with x= 2.33 (approximately)

h60=.0012 and thus h144=1 (.0012)=.00049

Hence

X2=144[1
9(144)

+(2.32635_.00Q49)/9(1)]_186.394

Square approximation 26.4.16

X2= [2.32635+.'2(144) - 112=185.616

The correct answer to 3D is x2=186.394.
Generally the improved cube approximation will
give results correct in the second or third decimal
for v>30.

Calculation of the Incomplete Gamma Function

Example 14. Find the value of

7(2.5, .9) =f t1 5edt

making use of 26.4.19 and Table 26.7.
Using 26.4.19 we have

7(2.5, .9)=r(2.5)P(1.815)=r(2.5)[1Q(1.815)J

y(2.5,.9)= -[1.87607].16475

Poisson Distribution

Example 15. Find the value of m for which

mE e°
0 .

using 26.4.21 and Table 26.8.
From Table 26.8 with v=2c=8 and Q.99

we have x2=1.646482. Hence m=x2/2=.823241.

Inverse of the Incomplete Beta Function

Example 16. Find the value of x for which
I(10, 6)=.10 using Table 26.9 and 26.5.27.
Using 26.5.27 we have



12(1O,6)=Q(Fj12,20)=.1O where x=2O+12F

From Table 26.9 the upper lo percent point of F
with 12 and 20 degrees of freedom is F=l.89.
Hence

20
X_2o+l2(l .89).469

The correct value to 4D is x= .4683.

Calculation of I(a, b) for a or b Small Integers

Example 17. Calculate 20).
Values of I(a, b) for small integral a or b can

conveniently be calculated using 26.5.6 or 26.5.7.
Using 26.5.6 we have

lI.o(20,3)
(9)20 f2 (2\ 9i

(-i)1B(3,20) )2o+iJ
.121576

3
(.110390X10-2)=.62oa40

.216450X10

Binomial Distribution

Example 18. Find the value of p which satisfies

(50) p8qbO$= .95, q=1-p

using 26.5.24 and Table 26.9.
* Combining 26.5.24 and 26.5.28 we have

(n)psqn_3Q(Fp1,
92)

where
1

vj=2(n-a+1),v2=2(a), and p==a+(n-a+1)F
Hence

(50) pSq5O_3 i_, (50) p8qOO_S

i- Q(Fj60, 42)=.95

Harmonic interpolation on y2 in the table for
which 9(Fv1, v2)=.05 results in F=i.624 for
v=60, v342, and thus P+6O(l694).3Ol.
The correct answer to 4D is p=.3003.

Approximating the Incomplete Beta Function

Example 19. Find 160(16, 10.5) using 26.5.21.
Values of I(a, b) can conveniently be calculated

with good accuracy using the approximation
given by 26.5.20 or 26.5.21. For this example
(a+b-1)(l-x)=lO.20 which is greater than .8
and hence 26.5.21 will be used. Thus

5ee page II.
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w1=[(1O.5) (.60)]1/3= 1.8469, w2==[16(.4)]1'3= 1.8566

3[ (1.8469) (.98942) -(1.8566) (.99306)1
.0668

[(1.8469)2+(i.8566)2]l -10.5

and interpolating in Table 26.1 gives

P(- .0668)=1 -P(.0668)=.47336

The answer correct to SD is 1.60(16, iO.5)=.47332.

Interpolation for F in Table 26.9

Example 20. Find the value of F for which

Q(F17, 20) ==.05 using Table 26.9.

Interpolation in Table 26.9 is approximately
linear when the reciprocals of the degrees of
freedom (Pi, 92) are used as the interpolating
variable. For this example it is only necessary to
interpolate with respect to 1/vj. Thus linear
interpolation on l/vj results in F=2.51 which is
the correct interpolate.

Calculation of F for Q(Fiej, 92)> .50

Example 21. Find the value of F for which
Q(F14, 8)=.90 using 26.6.9 and Table 26.9.

Table 26.9 only tabulates values of F for which
Q(Fjvi, 92)=p where p=..500, .250, .100, .050,
.025, .010, .005, .001. However making, use of
Table 26.9 we can find the values of F9 for which
p=.75, .9, .95, .975, .99, .995, .999. For this ex-
ample we have

F(48)=F(s4)1

and referring to the table for which Q(FIvi, 92)=.10

gives F.10(8,4)==3.95 and thus Fgo(4,8)r=e35
=.253.

Calculation of Q(FJvi, 93) for Small Integral v or 93

Example 22. Compute Q(2.514, 15) using
26.6.4.

Values of Q(Fvj, y2) can be readily computed for
small y1 or 93 using the expansions 26.6.4 to 26.6.8
inclusive. We have using 26.6.4

15
x:=lS+4(250)=.60

and

Q(2.504,15)=(.6)75[1+ (.4)]=.086 735
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Approximating Q(FIvi, P2)

Example 23. Calculate Q(1.714j10,40) using
26.6.15.

The approximation given by 26.6.15 will result
in a maximum error of .0005. For this example
we have

(i_
2 (i

9(10)) 122229(40))

[9+1.7142/3 ]
Interpolating in Table 26.1 results in

Q(1.714110, 40) Q(1.2222)=1 -P(l.2222) =.1108

The correct value to 5D is Q(1.714j10, 40)=.11108.

On the other hand the approximation given by
26.6.14 which is usually less accurate results in

[2(40)-1] (-!) (1.714)-/2(10)-1
40 =1.2210

(1.714)

and interpolating in Table 26.1 gives

Q(1.714J10, 40) Q(1.2210)= 1-P(1.2210)=.1112

Calculation of F Outside the Range of Table 26.9

Example 24. Find the value of F for which
Q(F! 10, 20) .0001 using 26.6.16 and 26.5.22.

For this problem we have a=-=10, b=--=5,

p=.0001. The value of the normal deviate which
cuts off .0001 in the tail of the distribution is
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Press, Cambridge, England, 1939). A(x)/Z(x)
for x=0(.01)10, 12D; z=0(.1)10, 24D.

Bivariate Normal Probability Integral

[26.19] Bell Aircraft Corporation, Table of circular normal
probabilities, Report No. 02-949-106 (1956).
Tabulates the integral of the circular normal
distribution over an off-set circle having its
center a distance r from the origin with radius
R; R=0(.01)4.59, r=0(.01)3, SD.

[26.20] National Bureau of Standards, Tables of the bi-
variate normal distribution function and related
functions, Applied Math. Series 50 (U.S. Gov-
ernment Printing Office, Washington, D.C.,
1959). L(h, k, p) for h, k=0(.1)4, p=O(.O5).95
(.01)1, 6D; L(h, k, --p) ftr h, k=0(.1)A,
p=O(.O5) .95(.01) lwhere A issuchthat L< .5. 10,
7D; V(h, ah) for h=0(.01)4(.02)4.6(.1)5.6, u,
7D; V(ah, h) for a= .1(.1)1, h=0(.01)4(.02)5.6,
u, 7D.

[26.21] C. Nicholson, The probability integral for two
variables, Biometrika 33, 59-72 (1943). V(h, ah)
for h=.1(.1)3, ah=.1(.1)3, 6D.

[26.22] D. B. Owen, Tables for computing bivariate normal
probabilities, Ann. Math. Statist. 27, 1075-1090

(1956). T(h, a)=-1-- arctan a-V(h, ah) for
2ir

a=.25(.25)1, h=0(.01)2(.02)3; a=0(.01)1, u,
h=0(.25)3; a=.1, .2(.05).5(.1).8, 1

3(.05)3.5(.1)4.7, 6D.

[26.23] D. B. Owen, The bivariate normal probability
function, Office of Technical Services, U.S.
Department of Commerce (1957). T(h, a) =

arctan a-V(h, ah) for a=0(.025)1, u; h=
2,r
0(.01)3.5(.05)4.75, 6D.

[26.24] Tables VIII and IX, Part II of [26.12]. L(h, k, p)
for h, k=0(.1)2.6, p=-l(.05)l, 6D for p>0
and 7D for p<0.

Chi-Spiare, Non-Centrai Chi-Square, Probability Integral,
Incomplete Gamma Function, Poieaon Di.tribution

[26.25] G. A. Campbell, Probability curves showing
Poisson's exponential summation, Bell System
Technical Journal, 95-113 (1923). Tabulates

values of m- for which Q(x2j) = .000001,

2D; .0001, .01, 3D; .1,.25,.5,.75,.9, 4D;

.99, .9999, 3D; .999999, 2D for c==1(1)101.

[26.26] Table IV of [26.7]. Tabulates values of x2 for
Q(x2jv».001 ,.01,.02,.05,.1,.2,.3,.5,.7,.8,
.9, .95, .98, .99 and v=1(1)30, 3D or 3S.

[26.27] E. Fix, Tables of noncentral x2, Univ. of California
Publications in Statistics 1, 15-19 (1949).
Tabulates X for P(x'21v, X).1(.1).9, Q(x"I)
.01, .05; =1(1)20(2)40(5)60(10) 100, 3D or 38.

[26.28] H. O. Hartley and E. S. Pearson, Tables of the x2
integral and of the cumulative Poisson distribu-
tion, Biometrika 37, 313-325 (1950). Also re-
produced as Table 7 in [26.11]. P(2v) for
v 1(1)20(2)70, x20(.001) .01 (.01) .1(.1)2(.2) 10
(.5)20(1)40(2)134, SD.

[26.29] T. Kitagawa, Tables of Poisson distribution
(Baifukan, Tokyo, Japan, 1951). e"'m'/s! for
m=.001(.001)1(.01)5, SD; m=5(.0l)10, 7D.

[26.30] E. C. Molina, Poisson's exponential binomial limit
(D. Van Nostrand Co., Inc., New York, N.Y.,

1940). e_mm/8! and P(x2v)E e"mi/j! for
i=c

m=x2/2=0(.1)16(1)100, 6D; m0(.00l).01
(.01)3, 7D.

[26.311 K. Pearson (Editor), Tables of the incomplete
r-function, Biometrika Office, University College
(Cambridge Univ. Press, Cambridge, England,
1934). I(u,p) for p=-l(.05)O(.l)5(.2)5O,
u=0(.1) I(u,p)=1 to 7D; p=-l(.Ol)-.75,
u=0(.1)6, SD; ln[I(u,p)ut'+'J, p=-l(.05)O
(.1)10, u=0(.l)1.5, 8D; [X+1 F(p+1)}'y(p,x),
p=-1(.01)-.9,x=0(.01)3, 7D.

[26.32] E. E. Sluckii, Tablitsy dlya vyioleniya nepolnol
r-funktsii i funktsii veroyatnosti x2 (Izdat.
Akad. Nauk SSSR, Moscow-Leningrad, U.S.S.R.,

1950). r(x2,v)=( xa)12 P (x2j"), (t,v)

Q(x2I), H(t, x)0(x2ji') where trr(2X2)l_(2p)l,
x= (v/2). F(2,), x2=O(.OS)2(. 1)10, v= 0(.05)
2(.l)6; Q(x2I), x20(.l)3.2, p0(.05)2(.1)6;
x2'3.2(.2)7(.S)lO(l)35, =0(.1).4(.2)6; (t,v),
t -4(.1)4.8, 6(.5)11(1)32; ll(t,x): t= -4.5
(.1)4.8, x= 0(.02) .22(.01) .25, 5D.



Incomplete Beta Function, Binomial Dietribution

[26.33] Harvard University, Tables of the cumulative
binomial probability distribution (Harvard Univ.
Press, Cambridge, Mass., 1955).

(')pi(l_p)a. for p=.Ol(.Ol).5, 1/16, 1/12,

1/8, 1/6, 3/16, 5/16, 1/3, 3/8, 5/12, 7/16,
n= 1(1)50(2)100(10)200(20)500(50)l000, 5D.

[26.34] National Bureau of Standards, Tables of the
binomial probability distribution, Applied Math.
Series 6 (U.S. Government Printing Office,
Washington, D.C., 1950). ()p(1-p)" and

(,)p(1-p) "' for p=.Ol(.Ol).S, n=2(1)49,

[26.35] K. Pearson (Editor), Tables of the incomplete
beta function, Biometrika Office, University
College (Cambridge Univ. Press, Cambridge,
England, 1948). I(a,b) for x=.01(.01)1;
a,b= .5(.5)11(1)50, ab, 7D.

126.36] W. H. Robertson, Tables of the binomial distribu-
tion function for small values of p, Office of
Technical Services, U.S. Department of Com-
merce (1960).

()p'(1-p)"' for p=.00l(.001).O2, n=2(1)

100(2) 200(10)500(20) 1000; p= .021(.001).05,
n= 2(1)50(2)100(5)200(10)300(20) 600(50) 1000,
5D.

[26.37] H. G. Romig, 50-100 Binomial tables (John
Wiley & Sons, Inc., New York, N.Y., 1953).

C) p(l-p)' and E C) p(l-p)"' for
p=.Ol(.Ol).5 and n=50(5)100, 6D.

[26.38] C. M. Thompson, Tables of percentage points of
the incomplete beta function, Biometrika 32,
151-181 (1941). Also reproduced as Table 16
in [26.11]. Tabulates values of z for which

*
I(a, b) =.005,.01,.025,.05,.1,.25,. 5;
2a=1(1)30', 40, 60, 120, ; 2b=1(1)10, 12, 15,
20, 24, 30, 40, 60, 120, SD.

[26.39] U.S. Ordnance Corps, Tables of the cumulative
binomial .probabilities, ORDP 20-1, Office of
Technical Services, Washington, D.C. (1952).

Ê (fl)p.(l_p)e_. for p=.Ol(.Ol).S and n= 1

(1)150, 7D.

F (Variance-Ratio) and Non-Centrai F Dietribution

[26.40] Table V of [26.7]. Tabulates values of F and

ln F for Q(FIvi, v2)=.2,.l,.OS,.Oi,.001;

p11(1)6, 8, 12, 24, ; 2 1(1)30, 40, 60, 120,
, 2D for F, 4D for Z.

[26.41] E. Lehmer, Inverse tables of probabilities of errors
of the second kind, Ann. Math. Statist. 15,
388-398 (1944). =./X/(vi+1) for vt1(l)1O,

=,2, .3 where Q(F'Ivi, v2)=.01, .05, 3D or 3S.

*See page II.

[26.42] M. Merrington and C. M. Thompson, Tables of
percentage points of the inverted beta (F) dis-
tribution, Biometrika 33, 73-88 (1943). Tabu-
lates values of F for which Q(Fjvi, P2).S, .25,
.1, .05, .025, .01, .005; virl(1)10, 12, 15, 20,
24, 30, 40, 60, 120, ; 2= 1(1)30, 40, 60, 120,

[26.43] P. C. Tang, The power function of the analysis of
variance tests with tables and illustrations of
their use, Statistical Research Memoirs II, 126-
149 and tables (1938). P(F'jpi, 'z, ) for vj
1(1)8, P2=2(2)6(1)30, 60, aìd=/X/vj+1)=
1(.5)3(l)8 where Q(F'191, p2)=.01, .05, 3D.

Student'. t and Non-Central L-Distribution.

[26.441 E. T. Federighi, Extended tables of the percentage
points of Student's t-distribution, J. Amer.
Statist. Assoc. 54, 683-688 (1959.) Values of

t for which Q(tl)= [1-A(tiv)]=.25X10",

.1X1O-", n=0(1)6, .05X10-, n=0(1)5, v=
1(1)30(5)60(10)100, 200, 500, 1000, 2000, 10000,
; 3D.

[26.45] Table III of [26.7]. Values of t for which A(tìv)=
.1(.1).9,.95,.98,.99,.999 and v=1(1)30, 40,
60, 120, ; 3D.

[26.46] N. L. Johnson and B. L. Welch, Applications of
the noncentral t-distribution, Biometrika 31,
362-389 (1939). Tabulates an auxiliary func-
tion which enables calculation of & for given
t' and p, ort' for given o and p where P(t' v,0) =
.005, .01, .025, .05, .1(.1).9, .95, .975, .99, .995.

[26.471 J. Neyman and B. Tokarska, Errors of the second
kind in testing Student's hypothesis, J. Amer.
Statist. Assoc. 31, 318-326 (1936). Tabulates &
for P(t'Iv,ö)=.Ol, .05, .1(.1).9; p=1(1)30, ;
Q(t'Iv)=.Ol, .05.

[26.48] Table 9 of [26.11].P(tIv)= [1+A(tiv)J for t=

0(.1)4(.2)8; p=1(1)20, SD; t=0(.05)2(.1)4, 5;
v=20(1)24, 30, 40, 60, 120, , 5D.

[26.49] G. S. Resnikoff and G. J. Lieberman, Tables of the
noncentral t-distribution (Stanford Univ. Press,
Stanford, Calif., 1957). ÒP(t' fr', o)/òt' and P(t' I

for v=2(1)24(5)49, & /v+1 z,, whereQ(x,,)
p=.25, .15, .1, .065, .04, .025, .01, .004, .0025,
.001 and t'/-Ç covers the range of values such
that throughout most of the table the entries lie
between O and 1, 4D.

Random Number. and Normal Deviate.

[26.50] E. C. Fieller, T. Lewis and E. S. Pearson, Cor-
related random normal deviates, Tracts for
Computers 26 (Cambridge Univ. Press, Cam-
bridge, England, 1955).

[26.51] T. E. Hull and A. R. Dobell, Random number
generators, Soc. lud. App. Math. 4, 230-254
(1962).

[26.52] M. G. Kendall and B. Babington Smith, Random
sampling numbers (Cambridge Univ. Press,
Cambridge, England, 1939).

12, 15, 20, 24, 30, 40, 60, 120, ; P22(2)20,
24, 30, 40, 60, 80, 120, 240, and P(F'Ivi, P2,
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[26.53] G. Marsaglia, Random variables and computers,
Proc. Third Prague Conference in Probability
Theory 1962. (Also as Math. Note No. 260,
Boeing Scientific Research Laboratories, 1962).

[26.54] M. E. Muller, An inverse method for the genera-
tion of random normal deviates on large scale
computers, Math. Tables Aids Comp. 63. 167-
174 (1958).

[26.55] Rand Corporation, A million random digits with
100,000 normal deviates (The Free Press,
Glencoe, Ill. 1955).

[26.56] H. Wold, Random normal deviates, Tracts for
Computers 25 (Cambridge Univ. Press, Cam-
bridge, England, 1948).
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966 PROBABILITY FUNCTIONS

Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES

1(-5)11 r(-5)21 f(-5)3
L1OJ L1OJ LlO

Z(:r) Z(') ()
0.00 0.50000 00000 00000 0.39894 22804 01433 0.00000 00000 00000
0.02 0.50797 83137 16902 0.39886 24999 23666 -0.00797 72499 98473
0.04 0.51595 34368 52831 0.39862 32542 04605 -0.01594 49301 68184
0.06 0.52392 21826 54107 0.39822 48301 95607 -0.02389 34898 11736
0.08 0.53188 13720 13988 0.39766 77055 11609 -0.03181 34164 40929

0.10 0.53982 78372 77029 0.39695 25474 77012 -0.03969 52547 47701
0.12 0.54775 84260 20584 0.39608 02117 93656 -0.04752 96254 15239
0.14 0.55567 00048 05907 0.39505 17408 34611 -0.05530 72437 16846
0.16 0.56355 94628 91433 0.39386 83615 68541 -0.06301 89378 50967
0.18 0.57142 37159 00901 0.39253 14831 20429 -0.07065 56669 61677

0.20 0.57925 97094 39103 0.39104 26939 75456 -0.07820 85387 95091
0.22 0.58706 44226 48215 0.38940 37588 33790 -0.08566 88269 43434
0.24 0.59483 48716 97796 0.38761 66151 25014 -0.09302 79876 30003
0.26 0.60256 81132 01761 0.38568 33691 91816 -0.10027 76759 89872
0.28 0.61026 12475 55797 0.38360 62921 53479 -0.10740 97618 02974

0.30 0.61791 14221 88953 0.38138 78154 60524 -0.11441 63446 38157
0.32 0.62551 58347 23320 0.37903 05261 52702 -0.12128 97683 68865
0.34 0.63307 17360 36028 0.37653 71618 33254 -0.12802 26350 23306
0.36 0.64057 64332 17991 0.37391 06053 73128 -0.13460 78179 34326
0.38 0.64802 72924 24163 0.37115 38793 59466 -0.14103 84741 56597

0.40 0.6554.2 17416 10324 0.36827 01403 03323 -0.14730 80561 21329
0.42 0.66275 72731 51751 0.36526 26726 22154 -0.15341 03225 01305
0.44 0.67003 14463 39407 0.36213 48824 13092 -0.15933 93482 61761
0.46 0.67724 18897 49653 0.35889 02910 33545 -0.16508 95338 75431
0.48 0.68438 63034 83778 0.35553 25285 05997 -0.17065 56136 82879

0.50 0.69146 24612 74013 0.35206 53267 64299 -0.17603 26633 82150
0.52 0.69846 82124 53034 0.34849 25127 58974 -0.18121 61066 34667
0.54 0.70540 14837 84302 0.34481 80014 39333 -0.18620 17207 77240
0.56 0.71226 02811 50973 0.34104 57886 30353 -0.19098 56416 32997
0.58 0.71904 26911 01436 0.33717 99438 22381 -0.19556 43674 16981

0.60 0.72574 68822 49927 0.33322 46028 91800 -0.19993 47617 35080
0.62 0.73237 11065 31017 0.32918 39607 70765 -0.20409 40556 77874
0.64 0.73891 37003 07139 0.32506 22640 84082 -0.20803 98490 13813
0.66 0.74537 30853 28664 0.32086 38037 71172 -0.21177 01104 88974
0.68 0.75174 77695 46430 0.31659 29077 10893 -0.21528 31772 43407

0.70 0.75803 63477 76927 0.31225 39333 66761 -0.21857 77533 56733
0.72 0.76423 75022 20749 0.30785 12604 69853 -0.22165 29075 38294
0.74 0.77035 00028 35210 0.30338 92837 56300 -0.22450 80699 79662
0.76 0.77637 27075 62401 0.29887 24057 75953 -0.22714 30283 89724
0.78 0.78230 45624 14267 0.29430 50297 88325 -0.22955 79232 34894

0.80 0.78814 46014 16604 0.28969 15527 61483 -0.23175 32422 09186
0.82 0.79389 19464 14187 0.28503 63584 89007 -0.23372 98139 60986
0.84 0.79954 58067 39551 0.28034 38108 39621 -0.23548 88011 05281
0.86 0.80510 54787 48192 0.27561 82471 53457 -0.23703 16925 51973
0.88 0.81057 03452 23288 0.27086 39717 98338 -0.23836 02951 82537

0.90 0.81593 98746 53241 0.26608 52498 98755 -0.23947 67249 08879
0.92 0.82121 36203 85629 0.26128 63012 49553 -0.24038 33971 49589
0.94 0.82639 12196 61376 0.25647 12944 25620 -0.24108 30167 60083
0.96 0.83147 23925 33162 0.25164 43410 98117 -0.24157 85674 54192
0.98 0.83645 69406 72308 0.24680 94905 67043 -0.24187 33007 55702

1.00 0.84134 47460 68543 0.24197 07245 19143 -0.24197 07245 19143

Z(x) = eX2 P() f Z(t)ilt z(v) (r) = Z(.') Hen(r) = (- 1)Z() () /Z(r)



X Z(2)(x) Z(3) (x) Z(4)(x) Z(5)(x) Z(6)(x)
0.00 -0.39894 22804 0.00000 000 1.19682 684 0.00000 000 -5.98413 421
0.02 -0.39870 29549 0.02392 856 1.19563 029 -0.11962 684 -5.97575 893
0.04 -0.39798 54570 0.04780 928 1.19204 400 -0.23891 887 -5.95066 325
0.06 -0.39679 12208 0.07159 445 1.18607 800 -0.35754 249 -5.90893 742
0.08 -0.39512 26322 0.09523 664 1.17774 897 -0.47516 649 -5.85073 151

0.10 -0.39298 30220 0.11868 881 1.16708 019 -0.59146 327 -5.77625 460
0.12 -0.39037 66567 0.14190 445 1.15410 144 -0.70610 997 -5.68577 399
0.14 -0.38730 87267 0.16483 771 1.13884 890 -0.81878 968 -5.5.7961 395
0.16 -0.38378 53315 0.18744 353 1.12136 503 -0.92919 252 -5.45815 435
0.18 -0.37981 34631 0.20967 776 1.10169 839 -1.03701 674 -5.32182 895

0.20 -0.37540 09862 0.23149 727 1.07990 350 -1.14196 980 -5.17112 356
0.22 -0.37055 66169 0.25286 011 1.05604 063 -1.24376 938 -5.00657 387
0.24 -0.36528 98981 0.27372 555 1.03017 556 -1.34214 434 -4.82876 317
0.26 -0.35961 11734 0.29405 426 1.00237 941 -1.43683 568 -4.63831 979
0.28 -0.35353 15588 0.31380 836 0.97272 834 -1.52759 737 -4.43591 441

0.30 -0.34706 29121 0.33295 156 0.94130 327 -1.61419 723 -4.22225 716
0.32 -0.34021 78003 0.35144 923 0.90818 965 -1.69641 762 -3.99809 459
0.34 -0.3330Ó 94659 0.36926 849 0.87347 711 -1.77405 617 -3.76420 646
0.36 -0.32545 17909 0.38637 828 0.83725 919 -1.84692 643 -3.52140 244
0.38 -0.31755 92592 0.40274 947 0.79963 298 -1.91485 840 -3.27051 871

0.40 -0.30934 69179 0.41835 488 0.76069 880 -1.97769 904 -3.01241 439
0.42 -0.30083 03372 0.43316 939 0.72055 987 -2.03531 269 -2.74796 802
0.44 -0.29202 55692 0.44716 995 0.67932 193 -2.08758 144 -2.47807 382
0.46 -0.28294 91055 0.46033 566 0.63709 291 -2.13440 537 -2.20363 810
0.48 -0.27361 78339 0.47264 779 0.59398 256 -2.17570 278 -1.92557 548

0.50 -0.26404 89951 0.48408 982 0.55010 207 -2.21141 033 -1.64480 520
0.52 -0.25426 01373 0.49464 748 0.50556 372 -2.24148 307 -1.36224 740
0.54 -0.24426 90722 0.50430 874 0.46048 050 -2.26589 443 -1.07881 949
0.56 -0.23409 38293 0.51306 383 0.41496 574 -2.28463 613 -0.79543 249
0.58 -0.22375 26107 0.52090 525 0.36913 279 -2.29771 801 -0.51298 749

0.60 -0.21326 37459 0.52782 777 0.32309 457 -2.30516 783 -0.23237 218
0.62 -0.20264 56463 0.53382 841 0.27696 332 -2.30703 091 +0.04554 255
0.64 -0.19191 67607 0.53890 643 0.23085 017 -2.30336 981 0.31990 583
0.66 -0.18109 55308 0.54306 327 0.18486 483 -2.29426 388 0.58988 999
0.68 -0.17020 03472 0.54630 259 0.13911 528 -2.27980 875 0.85469 355

0.70 -0.15924 95060 0.54863 016 0.09370 741 -2.26011 583 1.11354 405
0.72 -0.14826 11670 0.55005 386 0.04874 473 -2.23531 162 1.36570 074
0.74 -0.13725 33120 0.55058 359 +0.00432 808 -2.20553 714 1.61045 709
0.76 -0.12624 37042 0.55023 127 -0.03944 465 -2.17094 715 1.84714 311
0.78 -0.11524 98497 0.54901 073 -0.08247 882 -2.13170 944 2.07512 746

0.80 -0.10428 89590 0.54693 765 -0.12468 324 -2.08800 401 2.29381 943
0.82 -0.09337 79110 0.54402 952 -0.16597 047 -2.04002 228 2.50267 061
0.84 -0.08253 32179 0.54030 551 -0.20625 697 -1.98796 617 2.70117 643
0.86 -0.07177 09916 0.53578 644 -0.24546 33 -1.93204 726 2.88887 745
0.88 -0.06110 69120 0.53049 467 -0.28351 458 -1.87248 587 3.06536 044

0.90 -0.05055 61975 0.52445 403 -0.32034 003 -1.80951 008 3.23025 923
0.92 -0.04013 35759 0.51768 968 -0.35587 378 -1.74335 486 3.38325 538
0.94 -0.02985 32587 0.51022 810 -0.39005 463 -1.67426 103 3.52407 854
0.96 -0.01972 89163 0.50209 689 -0.42282 627 -1.60247 436 3.65250 673
0.98 -0.00977 3558 0.49332 478 -0.45413 732 -1.52824 456 3.76836 628

1.00 0.00000 00000 0.48394 145 -0.48394 145 -1.45182 435 3.87153 159
f(- 5)6
L6

1 (-4)1
L6 1(-4)316

1 (-4)7
L6

1 (-3)2
L7

P(-x)=1-P(x) -x)=Z(x) Z(n)(-x)=(-1)Z(n)(x)
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P(z) Z(1)dtZ(x)=
V27r

PROBABILITY FUNCTIONS

Z()(x) =- Z(x) I1e(x) = (- 1)'Z(x)/Z(x)

Table 26.1

x

NORMAL PROBABILITY FUNCTION AND DERIVATIVES

i'(x) Z(x) Z(')(x)
1.00 0.84134 47460 68543 0. 24197 07245 19143 -0.24197 07245 19143
1.02 0.84613 57696 27265 0.23713 19520 19380 -0.24187 45910 59767
1.04 0.85083 00496 69019 0.23229 70047 43366 -0.24158 88849 33101
1.06 0.85542 77003 36091 0. 22746 96324 57386 -0.24111 78104 04829
1.08 0.85992 89099 11231 0.22265 34987 51761 -0.24046 57786 51902

1.10 0.86433 39390 53618 0.2 1785 21770 32551 -0.23963 73947 35806
1.12 0.86864 31189 57270 0. 21306 91467 75718 -0.23863 74443 88804
1.14 0.87285 68494 37202 0.20830 77900 47108 -0.23747 08806 53704
1.16 0.87697 55969 48657 0.20357 13882 90759 -0.23614 28104 17281
1.18 0.88099 98925 44800 0.19886 31193 87276 -0.23465 84808 76986

1.20 0.88493 03297 78292 0.19418 60549 83213 -0.2 330 2 32659 79856
1.22 0.88876 75625 52166 0. 18954 31580 91640 -0. 23124 26528 71801
1.24 0.89251 23029 25413 0.18493 72809 63305 -0.22932 22283 94499
1.26 0.89616 53188 78700 0.18037 11632 27080 -0.22726 76656 66121
1.28 0.89972 74320 45558 0. 17584 74302 97662 -0.22508 47107 81008

1.30 0.90319 95154 14390 0.17136 85920 47807 -0.22277 91696 62150
1.32 0.90658 24910 06528 0.16693 70417 41714 -0.22035 68950 99062
1.34 0.90987 73275 35548 0.16255 50552 25534 -0.21782 37740 02216
1.36 0.91308 50380 52915 0.15822 47903 70383 -0.21518 57149 03721
1.38 0.91620 66775 84986 0.15394 82867 62634 -0. 21244 86357 32434

1.40 0.91924 33407 66229 0.14972 74656 35745 -0.20961 84518 90043
1.42 0.92219 61594 73454 0.14556 41300 37348 -0.20670 10646 53034
1.44 0.92506 63004 65673 0.14145 99652 24839 -0.20 370 23499 23768
1.46 0.92785 49630 34106 0.13741 65392 82282 -0.2 0062 81473 52131
1.48 0.93056 33766 66669 0.13343 53039 51002 -0.19748 42498 47483

1.50 0.93319 27987 31142 0. 12951 75956 65892 -0.19427 63934 98838
1.52 0.93574 45121 81064 0.12566 46367 89088 -0. 19101 02479 19414
1.54 0.93821 98232 88188 0.12187 75370 32402 -0.18769 14070 29899
1.56 0.94062 00594 05207 0.11815 72950 59582 -0.18432 53802 92948
1.58 0.94294 65667 62246 0.11450 48002 59292 -0.18091 75844 09682

1.60 0.94520 07083 00442 0.11092 08346 79456 -0.17747 33354 87129
1.62 0.94738 38615 45748 0.10740 60751 13484 -0.17399 78416 83844
1.64 0.94949 74165 25897 0.10396 10953 28764 -0.17049 61963 39173
1.66 0.95154 27737 33277 0.10058 63684 27691 -0.16697 33715 89966
1.68 0.95352 13421 36280 0.09728 22693 31467 -0.16343 42124 76865

1.70 0.95543 45372 41457 0.09404 90773 76887 -0.15988 34315 40708
1.72 0.95728 37792 08671 0.09088 69790 16283 -0.15632 56039 08007
1.74 0.95907 04910 21193 0.08779 60706 10906 -0.15276 51628 62976
1.76 0.96079 60967 12518 0.08477 63613 08022 -0. 14920 63959 02119
1.78 0.96246 20196 51483 0.08182 77759 92143 -0. 14565 34412 66014

1.80 0.96406 96808 87074 0.07895 01583 00894 -0. 14211 02849 41609
1.82 0.96562 04975 54110 0.07614 32736 96207 -0. 13858 07581 27097
1.84 0.96711 58813 40836 0.07340 68125 81657 -0.13506. 85351 50249
1.86 0.96855 72370 19248 0.07074 03934 56983 -0.13157 71318 29989
1.88 0.96994 59610 38800 0.06814 35661 01045 -0.12810 99042 69964

1.90 0.97128 34401 83998 0.06561 58147 74677 -0.12467 00480 71886
1.92 0.97257 10502 96163 0.06315 65614 35199 -0.12126 05979 55581
1.94 0.97381 01550 59548 0.06076 51689 54565 -0.11788 44277 71856
1.96 0.97500 21048 51780 0.05844 09443 33451 -0.11454 42508 93565
1.98 0.97614 82356 58492 0.05618 31419 03868 -0.11124 26209 69659

2.00 0.97724 98680 51821 0.05399 09665 13188 -0.10798 19330 26376
1(-5)1
L 10

[(-6)9
L 10

[(-5)2
L 10



r(-5)4L6 r (- 5)7L6 [_:)2] r(-4)4[6 r (- 31
L7

X

NORMAL PROBABILITY FUNCTION AND DERIVATIVES

Z(2) (x) Z() (x) Z() (x) Z(5) (X)

Table 26.1

Z(6) (X)

1.00 0.00000 00000 0.48394 145 -0.48394 145 -1.45182 435 3.87153 159
1.02 0.00958 01309 0.47397 745 -0.51219 739 -1.37346 846 3.96192 478
1.04 0.01895 54356 0.46346 412 -0.53886 899 -1.29343 272 4.03951 497
1.06 0.02811 52466 0.45243 346 -0.56392 521 -1.21197 312 4.10431 754
1.08 0.03704 95422 0.44091 805 -0.58734 012 -1.12934 487 4.15639 308

1.10 0.04574 89572 0.42895 094 -0.60909 290 -1.04580 155 4.19584 622
1.12 0.05420 47909 0.41656 552 -0.62916 776 -0.96159 420 4.22282 430
1.14 0.06240 90139 0.40379 549 -0.64755 390 -0.87697 050 4.23751 585
1.16 0.07035 42718 0.39067 467 -0.66424 543 -0.79217 397 4.24014 894
1.18 0.07803 38880 0.37723 697 -0.67924 129 -0.70744 317 4.23098 941

1.20 0.08544 18642 0.36351 629 -0.69254 515 -0.62301 100 4.21033 894
1.22 0.09257 28784 0.34954 639 -0.70416 524 -0.53910 399 4.17853 305
1.24 0.09942 22822 0.33536 083 -0.71411 427 -0.45594 161 4.13593 896
1.26 0.10598 60955 0.32099 285 -0.72240 928 -0.37373 571 4.08295 339
1.28 0.11226 09995 0.30647 534 -0.72907 143 -0.29268 993 4.02000 029

1.30 0.11824 43285 0.29184 071 -0.73412 591 -0.21299 916 3.94752 847
1.32 0.12393 40598 0.27712 083 -0.73760 168 -0.13484 911 3.86600 921
1.34 0.12932 88019 0.26234 695 -0.73953 132 -0.05841 584 3.77593 384
1.36 0.13442 77819 0.24754 965 -0.73995 087 +0.01613 459 3.67781 128
1.38 0.13923 08305 0.23275 873 -0.73889 953 0.08864 645 3.57216 556

1.40 0.14373 83670 0.21800 319 -0.73641 957 0,15897 463 3.45953 335
1.42 0.14795 13818 0.20331 117 -0.73255 600 0.2698 486 3.34046 152
1.44 0.15187 14187 0.18870 986 -0.72735 645 0.29255 386 3.21550 469
1.46 0.15550 05559 0.17422 548 -0.72087 087 0.35556 954 3.08522 283
1.48 0.15884 13858 0.15988 325 -0.71315 137 0.41593 103 2.95017 891

1.50 0.16189 69946 0.14570 730 -0.70425 193 0.47354 871 2.81093 657
1.52 0.16467 09400 0.13172 067 -0.69422 823 0.52834 425 2.66805 791
1.54 0.16716 72298 0.11794 528 -0.68313 742 0.58025 051 2.52210 132
1.56 0.16939 02982 0.10440 190 -0.67103 785 0.62921 147 2.37361 937
1.58 0.17134 49831 0.09111 010 -0.65798 890 0.67518 208 2.22315 681

1.60 0.17303 65021 0.07808 827 -0.64405 073 0.71812 810 2.07124 871
1.62 0.17447 04284 0.06535 359 -0.62928 410 0.75802 588 1.91841 857
1.64 0.17565 26667 0.05292 202 -0.61375 011 0.79486 211 1.76517 671
1.66 0.17658 94284 0.04080 829 -0.59751 005 0.82863 352 1.61201 862
1.68 0.17728 72076 0.02902 592 -0.58062 516 0.85934 661 1.45942 351

1.70 0.17775 27562 0.01758 718 -0.56315 647 0.88701 729 1.30785 296
1.72 0.17799 30597 +0.00650 315 -0.54516 459 0.91167 051 1.15774 966
1.74 0.17801 53128 -0.00421 632 -0.52670 954 0.93333 988 1.00953 633
1.76 0.17782 68955 -0.01456 254 -0.50785 061 0.95206 725 0.86361 469
1.78 0.17743 53495 -0.02452 804 -0.48864 614 0.96790 228 0.72036 463

1.80 0.17684 83546 -0.03410 647 -0.46915 342 0.98090 203 0.58014 345
1.82 0.17607 37061 -0.04329 263 -0.44942 853 0.99113 045 0.44328 526
1.84 0.17511 92921 -0.05208 243 -0.42952 621 0.99865 794 0.31010 045
1.86 0.17399 30717 -0.06047 285 -0.40949 971 1.00356 087 0.18087 536
1.88 0.17270 30539 -0.06846 193 -0.38940 073 1.00592 110 +0.05587 197

1.90 0.17125 72766 -0.07604 873 -0.36927 924 1.00582 548 -0.06467 219
1.92 0.16966 37866 -0.08323 327 -0.34918 347 1.00336 537 -0.18054 414
1.94 0.16793 06209 -0.09001 655 -0.32915 976 0.99863 613 -0.29155 530
1.96 0.16606 57874 -0.09640 044 -0.30925 250 0.99173 666 -0.39754 137
1.98 0.16407 72476 -0.10238 771 -0.28950 408 0.98276 891 -0.49836 204

2.00 0.16197 28995 -0.10798 193 -0.26995 483 0.97183 740 -0.59390 063

P(-x) =1-P(x) Z(-X) =Z(X) Z(')(--X) =(-1)nZ(')(x)
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Table 26.1

X

NORMAL PROBABILITY FUNCTION AND DERIVATIVES

P(x) Z(x) Z(1)(x)
2.00 0.97724 98680 51821 0.05399 09665 13188 -0.10798 19330 26376
2.02 0.97830 83062 32353 0.05186 35766 82821 -0.10476 44248 99298
2.04 0.97932 48371 33930 0.04980 00877 35071 -0.10159 21789 79544
2.06 0.98030 07295 90623 0.04779 95748 82077 -0.09846 71242 57079
2.08 0.98123 72335 65062 0.04586 10762 71055 -0.09539 10386 43794

2.10 0.98213 55794 37184 0.04398 35959 80427 -0.09236 55515 58897
2.12 0.98299 69773 52367 0.04216 61069 61770 -0.08939 21467 58953
2.14 0.98382 26166 27834 0.04040 75539 22860 -0.08647 21653 94921
2.16 0.98461 36652 16075 0.03870 68561 47456 -0.08360 68092 78504
2.18 0.98537 12692 24011 0.03706 29102 47806 -0.08079 71443 40218

2.20 0.98609 65524 86502 0.03547 45928 46231 -0.07804 41042 61709
2.22 0.98679 06161 92744 0.03394 07631 82449 -0. 07534 84942 65037
2.24 0.98745 45385 64054 0.03246 02656 43697 -0.07271 09950 41882
2.26 0.98808 93745 81453 0.03103 19322 15008 -0. 07013 21668 05919
2.28 0.98869 61557 61447 0.02965 45848 47341 -0.06761 24534 51938

2.30 0.98927 58899 78324 0.02832 70377 41601 -0.06515 21868 05683
2.32 0.98982 95613 31281 0.02704 80995 46882 -0.06275 15909 48766
2.34 0.99035 81300 54642 0.02581 65754 71588 -0.06041 07866 03515
2.36 0.99086 25324 69428 0.02463 12693 06382 -0.05812 97955 63063
2.38 0.99134 36809 74484 0.02349 09853 58201 -0.05590 85451 52519

2.40 0.99180 24640 75404 0.02239 45302 94843 -0.05374 68727 07623
2.42 0.99223 97464 49447 0.02134 07148 99923 -0.05164 45300 57813
2.44 0.99265 63690 44652 0.02032 83557 38226 -0. 04960 11880 01271
2.46 0.99305 31492 11376 0.01935 62767 31737 -0. 04761 64407 60073
2.48 0.99343 08808 64453 0.01842 33106 46862 -0.04568 98104 04218

2.50 0.99379 03346 74224 0.01752 83004 93569 -0.04382 07512 33921
2.52 0.99413 22582 84668 0.01667 01008 37381 -0. 042 00 86541 10200
2.54 0.99445 73765 56918 0.01584 75790 25361 -0.04025 28507 24416
2.56 0.99476 63918 36444 0.01505 96163 27377 -0. 03855 26177 98086
2.58 0.99505 99842 42230 0.01430 51089 94150 -0.03690 71812 04906

2.60 0.99533 88119 76281 0.01358 29692 33686 -0.03531 57200 07583
2.62 0.99560 35116 51879 0.01289 21261 07895 -0.03377 73704 02686
2.64 0.99585 46986 38964 0.01223 15263 51278 -0.03229 12295 67374
2.66 0.99609 29674 25147 0.01160 01351 13703 -0. 03085 63594 02449
2.68 0.99631 88919 90825 0.01099 69366 29406 -0. 02947 17901 66807

2.70 0.99653 30261 96960 0.01042 09348 14423 -0.02813 65239 98941
2.72 0.99673 59041 84109 0.00987 11537 94751 -0.02684 95383 21723
2.74 0.99692 80407 81350 0.00934 66383 67612 -0.02560 97891 27258
2.76 0.99710 99319 23774 0.00884 64543 98237 -0.02441 62141 39135
2.78 0.99728 20550 77299 0.00836 96891 54653 -0.0232 6 77358 49935

2.80 0.99744 48696 69572 0.00791 54515 82980 -0.02216 32644 32344
2.82 0.99759 88175 25811 0.00748 28725 25781 -0.02110 17005 22701
2.84 0.99774 43233 08458 0.00707 11048 86019 -0.02008 19378 76295
2.86 0.99788 17949 59596 0.00667 93237 39203 -0.01910 28658 94119
2.88 0.99801 16241 45106 0.00630 67263 96266 -0.01816 33720 21246

2.90 0.99813 41866 99616 0.00595 25324 19776 -0.01726 23440 17350
2.92 0.99824 98430 71324 0.00561 59835 95991 -0.01639 86721 00294
2.94 0.99835 89387 65843 0.00529 63438 65311 -0.01557 12509 64014
2.96 0.99846 18047 88262 0.00499 28992 13612 -0.01477 89816 72293
2.98 0.99855 87580 82660 0.00470 49575 26934 -0.01402 07734 30263

3.00 0.99865 01019 68370 0.00443 18484 11938 -0.01329 55452 35814
r(-6)51
L io j

[(-6)8
L lo

[(-6)7
L io

Z(x) e- P(x) =JTI Z(t)dl He(x) =(- i)Z(x)/Z(x)



[(-5)5[6 [I] [(-4)2L6 [(-4)7[6

Z(3) (x) Z(4) (x) Z() (X) Z(6) (X)
-0.10798 193 -0.26995 483 0.97183 740 -0.59390 063
-0.11318 748 -0.25064 297 0.95904 873 -0.68406 360
-0.11800 948 -0.23160 454 0.94451 117 -0.76878 007
-0.12245 372 -0.21287 345 0.92833 417 -0.84800 114
-0.12652 667 -0.19448 137 0.91062 795 -0.92169 927

-0.13023 543 -0.17645 779 0.89150 307 -0.98986 750
-0.13358 762 -0.15882 997 0.87107 003 -1.05251 862
-0.13659 143 -0.14162 297 0.84943 890 -1.10968 436
-0.13925 550 -0.12485 967 0.82671 890 -1.16141 446
-0.14158 892 -0.10856 076 0.80301 811 -1.20777 570

-0.14360 115 -0.09274 478 0.77844 311 -1.24885 097
-0.14530 204 -0.07742 816 0.75309 866 -1.28473 823
-0.14670 170 -0.06262 527 0.72708 743 -1.31554 947
-0.14781 055 -0.04834 844 0.70050 969 -1.34140 971
-0.14863 922 -0.03460 801 0.67346 314 -1.36245 589

-0.14919 851 -0.02141 241 0.64604 257 -1.37883 587
-0.14949 939 -0.00876 819 0.61833 976 -1.39070 730
-0.14955 294 +0.00331 989 0.59044 323 -1. 39823 661
-0.14937 032 0.01484 882 0.56243 808 -1.40159 796
-0.14896 273 0.02581 724 0.53440 589 -1.40097 220

-0.14834 137 0.03622 539 0.50642 453 -1.39654 584
-0.14751 744 0.04607 505 0.47856 812 -1.38851 010
-0.14650 207 0.05536 942 0.45 090 689 -1. 37705 991
-0.14530 633 0.06411 307 0.42350 717 -1.36239 299
-0.14394 118 0.07231 187 0.39643 129 -1.34470 892

-0.14241 744 0. 0799 7 287 0.36973 759 -1.32420 833
-0.14074 579 0.08710 428 0.34348 039 -1. 30109 199
-0.13893 674 0.09371 533 0.31771 001 -1.27556 010
-0.13700 058 0.09981 624 0.29247 277 -1.24781 146
-0.13494 742 0. 10541 808 0.26781 102 -1.21804 284

-0.13278 711 0.11053 277 0.24376 323 -1.18644 824
-0.13052 927 0.11517 293 0.22036 399 -1. 1532 1 833
-0.12818 326 0. 11935 186 0.19764 415 -1.11853 985
-0.12575 818 0.12308 341 0.17563 084 -1.08259 509
-0.12326 282 0.12638 196 0.15434 760 -1. 04556 139

-0.12070 569 0.12926 232 0.13381 449 -1. 00761 072
-0.11809 501 0.13173 965 0.11404 817 -0.96890 932
-0.11543 869 0. 13382 945 0.09506 206 -0.92961 727
-0.11274 431 0. 13 554 741 0.07686 640 -0.88988 829
-0.11001 16 0.13690 942 0.05946 846 -0.84986 942

-0.10727 020 0. 13793 149 0.04287 262 -0.80970 080
-0.10450 406 0.13862 969 0.02708 053 -0.76951 553
-0.10172 706 0.13902 007 0.01209 127 -0.72943 954
-0.09894 520 0.13911 867 -0.00209 857 -0.68959 143
-0.09616 416 0. 13894 142 -0.01549 465 -0.65008 248

-0.09338 928 0.13850 412 -0.02810 482 -0.61101 661
-0.09062 562 0.13782 240 -0.03993 892 -0.57249 036
-0.08787 791 0.13691 166 -0.05100 863 -0.53459 292
-0.08515 058 0.13578 706 -0.06132 737 -0.49740 627
-0.08244 776 0.13446 347 -0.07091 012 -0.46100 520

-0.07977 327 0.13295 545 -0.07977 327 -0.42545 745
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NORMAL PROBABILITY FUNCTION AND DERIVATIVES Table 26.1

P(-x)=1-P(x) Z(-x) =Z(x) Z(')(-X) =(-1)Z(')(x)

273-888 0-67-62

X Z(2) (x)
2.00 0.16197 28995
2.02 0.15976 05616
2.04 0.15744 79574
2.06 0.15504 27011
2.08 0.15255 22841

2.10 0.14998 40623
2.12 0.14734 52442
2.14 0.14464 28800
2.16 0.14188 38519
2.18 0.139 07 48644

2.20 0.1362 2 24365
2.22 0. 13333 28941
2.24 0. 13041 23633
2.26 0.12746 67648
2.28 0.12450 18090

2.30 0.12152 29919
2.32 0.11853 55915
2.34 0. 11554 46652
2.36 0.11255 50482
2.38 0.10957 13521

2.40 0.10659 79642
2.42 0.10363 90478
2.44 0.10069 85430
2.46 0. 09778 01675
2.48 0.09488 74192

2.50 0.09202 35776
2.52 0.08919 17075
2.54 0.08639 46618
2.56 0.08363 50852
2.58 0.08091 54185

2.60 0.07823 79028
2.62 0.07560 45843
2.64 0.07301 73197
2.66 0.07047 77809
2.68 0.06798 74610

2.70 0.06554 76800
2.72 0.06315 95904
2.74 0.06082 41838
2.76 0.05854 22966
2.78 0.05631 46165

2.80 0.05414 16888
2.82 0.05202 39229
2.84 0.04996 15987
2.86 0.04795 48727
2.88 0.04600 37850

2.90 0.04410 82652
2.92 0.04226 81389
2.94 0.04048 31340
2.96 0.03875 28865
2.98 0.03707 69473

3.00 0.03545 47873
r(-5)1L6
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L7
Table 26.2 NORMAL PROBABiLITY FUNCTION FOR LARGE ARGUMENTS

f(-6)3

Table 26.1 NORMAL PROBABILITY FUNCTION AND DERIVATIVES

P(x) Z(x) Z(1)()
3.00 0.99865 01020 -3 4.43184 8412 -2 -1.32955 45
3.05 0.99885 57932 -3 3.80976 2098 -2 -1.16197 74
3.10 0.99903 23968 -3 3.26681 9056 -2 -1.01271 39
3.15 0.99918 36477 -3 2.79425 8415 -3 -8.80191 40
3.20 0.99931 28621 -3 2.38408 8201 -3 -7.62908 22

3.25 0.99942 29750 -3 2.02904 8057 -3 -6.59440 62
3.30 0.99951 65759 -3 1.72256 8939 -3 -5.68447 75
3.35 0.99959 59422 -3 1.45873 0805 -3 -4.88674 82
3.40 0.99966 30707 -3 1.23221 9168 -3 -4.18954 52
3.45 0.99971 97067 -3 1.03828 1296 -3 -3.58207 05

3.50 0.99976 73709 -4 8.72682 6950 -3 -3.05438 94
3.55 0.99980 73844 -4 7.31664 4628 -3 -2.59740 88
3.60 0.99984 08914 -4 6.11901 9301 -3 -2.20284 69
3.65 0.99986 88798 -4 5.10464 9743 -3 -1.86319 72
3.70 0.99989 22003 -4 4.24780 2706 -3 -1.57168 70

3.75 0.99991 15827 -4 3.52595 6824 -3 -1.32223 38
3.80 0.99992 76520 -4 2.91946 9258 -3 -1.10939 83
3.85 0.99994 09411 -4 2.41126 5802 -4 -9.28337 33
3.90 0.99995 19037 -4 1.98655 4714 -4 -7.74756 34
3.95 0.99996 09244 -4 1.63256 4088 -4 -6.44862 81

4.00 0.99996 83288 -4 1.33830 2258 -4 -5.35320 90
4.05 0.99997 43912 -4 1.09434 0434 -4 -4.43207 88
4.10 0.99997 93425 -5 8.92616 5718 -4 -3.65972 79
4.15 0.9998 33762 -5 7.26259 3030 -4 -3.01397 61
4.20 0.99998 66543 -5 5.89430 6776 -4 -2.47560 88

4.25 0.99998 93115 -5 4.77186 3654 -4 -2.02804 21
4.30 0.99999 14601 -5 3.85351 9674 -4 -1.65701 35
4.35 0.99999 31931 -5 3.10414 0706 -4 -1.35030 12
4.40 0.99999 45875 -5 2.49424 7129 -4 -1.09746 87
4.45 0.99999 57065 -5 1.99917 9671 -5 -8.89634 95

4.50 0.99999 66023 -5 1.59837 4111 -5 -7.19268 35
4.55 0.99999 73177 -5 1.27473 3238 -5 -5.80003 62
4.60 0.99999 78875 -5 1.01408 5207 -5 -4.66479 20
4.65 0.99999 83403 -6 8.04718 2456 -5 -3.74193 98
4.70 0.99999 86992 -6 6.36982 5179 -5 -2.99381 78

4.75 0.99999 89829 -6 5.02950 7289 -5 -2.38901 60
4.80 0.99999 92067 -6 3.96129 9091 -5 -1.90142 36
4.85 0.99999 93827 -6 3.11217 5579 -5 -1.50940 52
4.90 0.99999 95208 -6 2.43896 0746 -5 -1.19509 08
4.95 0.99999 96289 -6 1.90660 0903 -6 -9.43767 45

5.00 0.99999 97133 (-6)1.48671 9515 (-6)-7.43359 76

x -log Q(x) -log Q (z) z -log Q4
5 6.54265
6 9.00566
7 11.89285
8 15.20614
9 18.94746

15 50.43522
16 57.19458
17 64.38658
18 72.01140
19 80.06919

25 137.51475
26 148.60624
27 160.13139
28 172.09024
29 184.48283

10 23.11805 20 88.56010 30 197.30921
11 27.71882 21 97.48422 31 210.56940
12 32.75044 22 106.84167 32 224.26344
13 38.21345 23 116.63253 33 238.39135
14 44.10827 24 126.85686 34 252.95315

[(j) 5] [(_42)5] [(_2)5]

From E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians,

vol. I Cambridge Univ. Press, Cambridge, England, 1954 (with permission). Known

error has been corrected.



NORMAL PROBABiLITY FUNCTION FOR LARGE ARGUMENTS Table 26.2

He(x) = (-1) Z(')(x)/Z(x) P(-x) =1-P(x) Z(-x) =Z(x) Z() (-x) = (-1)Z() (x)

x

PROBABILITY FUNCTIONS

NORMAL PROBABILITY FUNCTION AND DERIVATIVES

Z(2)(x) Z(3)(x) Z(4)(x) Z(S)(x)
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Table 26.1

Z(6)(x)
3.00 -2 3.54547 87 -2) -7.97732 71 (-1 1.32955 45 -2 -7.97732 71 -1 -4.25457 45
3.05 -2 3.16305 50 -2) -7.32336 28 (-1 1.28470 92 -2 -9.89017 82 -1 -3.40704 15
3.10 -2 2.81273 12 -2) -6.69403 89 (-1 1.23133 27 -1 -1.13951 58 -1 -2.62416 45
3.15 (-2 2.49317 71 -2) -6.09312 50 (-1 1.17138 12 -1 -1.25260 09 -1 -1.91121 33
3.20 (-2)2.20289 75 (-2)-5.52345 55 (-1 1.10663 65 (-1 -1.33185 47 -1 -1.27124 77

3.25 -2) 1.94027 72 -2) -4.98701 97 -1 1.03869 82 -1.38096 14 -2 -7.05366 66
3.30 -2) 1.70362 07 -2) -4.48505 27 -2 9.68981 20 -1.40361 69 -2 -2.12970 34
3.35 -2 1.49118 76 -2) -4.01812 87 -2 8.98716 85 -1.40345 00 -2 +2.07973 11
3.40 -2 1.30122 34 (-2)-3.58625 07 (-2)8.28958 19 -1.38395 76 -2) 5.60664 85
3.45 -2 1.13198 62 (-2)-3.18893 82 (-2)7.60587 84 -1.34845 27 -2) 8.49222 78

3.50 -3) 9.81768 03 (-2)-2.82531 02 (-2) 6.94328 17 -1 -1.30002 45 -1 1.07844 49
3.55 -3) 8.48913 69 -2) -2.49416 18 (-2)6.30753 35 -1 -1.24150 96 -1 1.25359 25
3.60 -3) 7.31834 71 -2) -2.19403 56 (-2 5.70302 39 -1 -1.17547 44 -1 1.38019 58
3.65 -3) 6.29020 46 -2)-1.92328 53 (-2 5.13292 98 -1) -1.10420 53 -1 1.46388 44
3.70 -3) 5.39046 16 -2) -1.68013 34 (-2 4.59935 51 (-1) -1.02970 80 -1) 1.51024 21

3.75 (-3)4.60578 11 (-2 -1.46272 12 -2) 4.10347 00 -2)-9.53712 78 -1 1.52468 79
3.80 -3) 3.92376 67 (-2 -1.26915 17 -2) 3.64564 64 -2) -8.77684 95 -1 1.51237 96
3.85 -3) 3.33297 22 -2 -1.09752 68 -2) 3.22558 66 -2) -8.02840 11 -1 1.47814 11
3.90 -3) 2.82289 42 -3 -9.45977 49 -2) 2.84244 39 (-2)-7.30162 14 -1) 1.42641 04
3.95 -3)2.38395 17 -3) -8.12688 36 -2) 2.49493 35 (-2)-6.6o423 39 -1) 1.36120 56

4.00 (-3)2.00745 34 -3 -6.95917 17 -2) 2.18143 27 -2) -5.94206 20 -1) 1.28610 85
4.05 (-3) 1.68555 79 -5.94009 36 -2) 1.90007 05 -2)-5.31924 82 -1) 1.20426 03
4.10 (-3)1.41122 68 : -5.05408 43 -2 1.64880 65 -2 -4.73847 30 -1) 1.11837 07
4.15 (-3)1.17817 42 -3 -4.28662 75 -2 1.42549 82 -2 -4.20116 64 -1) 1.03073 50
4.20 (-4)9.80812 65 -3 -3.62429 14 -2 1.22795 86 -2 -3.70770 95 -2) 9.43258 69

4.25 (-4 8.14199 24 -3) -3.05473 83 -2) 1.05400 40 -3.25762 18 -2 8.57487 24
4.30 (-4 6.73980 59 -3)-2.56671 38 -3 9.01492 78 -2.84973 34 -2 7.74638 98
4.35 -4 5.56339 62 -3 -2.15001 71 -3 7.68355 55 -2.48233 98 -2 6.95640 04
4.40 -4 4.57943 77 (-3 -1.79545 89 -3 6.52618 76 -2.15333 90 (-2 6.21159 79
4.45 -4 3.75895 76 (-3 -1.49480 91 -3 5.52421 34 -1.86035 13 (-2 5.51645 66

4.50 (-4 3.07687 02 (-3) -1.24073 79 -3)4.66025 95 -2) -1.60082 16 -2 4.87356 75
4.55 -4 2.51154 32 (-3 -1.02675 14 -3) 3.91825 60 -2) -1.37210 59 -2 4.28395 39
4.60 -4 2.04439 58 -4 -8.47126 22 -3 3.28346 19 -2 -1.17154 20 -2 3.74736 21
4.65 -4)1.65953 02 -4 -6.96842 75 -3 2.74245 97 -3 -9.96506 67 -2 3.26252 61
4.70 -4)1.34339 61 -4 -5.71519 82 -3 2.28312 43 -3 -8.44460 51 -2 2.82740 22

4.75 -4) 1.08448 75 (-4)-4.67351 25 -3) 1.89457 22 -3 -7.12981 28 (-2 2.43937 50
4.80 -5) 8.73070 32 (-4) -3.81045 28 -3) 1.56709 63 -3 -5.99788 09 (-2 2.09543 47
4.85 -5) 7.00939 74 -4 -3.09767 67 -3 1.29209 13 -3 -5.02757 21 -2 1.79232 68
4.90 -5) 5.61204 87 -4 -2.51088 57 -3 1.06197 25 -3 -4.19931 11 -2 1.52667 62
4.95 (-5)4.48098 88 -4 -2.02933 60 -4 8.70091 63 -3)-3.49521 92 -2 1.29508 77

5.00 (-5) 3.5812 68 (-4) -1.63539 15 (-4)7.10651 93 -3)-2.89910 31 (-2) 1.09422 56

x -log Q(x) -log Q(x) x -log 9(x)
35 267.94888 45 441.77568 100 2173.87154
36 283. 37855 46 461.54561 150 4888.38812
37 299.24218 47 481.74964 200 8688.58977
38 315.53979 48 502. 38776 250 13574.49960
39 332.27139 49 523.45999 300 19546.12790

40 349.43701 50 544.96634 350 26603.48018
41 367.03664 60 783.90743 400 34746.55970
42 385.07032 70 1066.26576 450 43975.36860
43 403.53804 80 1392.04459 500 54289.90830
44 422.43983

1(-2) 5]
90 1761.24604

1(0)5]
1(+2)119

Q(x)1-P(x)5 e-itt Z(4=elx2 P(x)=f Z(t)dI



Z(x) Z() (x) -Z(;) He(a)= (-1) Z() ()/Z(x) Z() (x)(-l) Z() (at)

974

Table 26.3

ZC) (x)

PROBABILITY FUNCTIONS

HIGHER DERIVATIVES OF THE NORMAL PROBABILITY FUNCTION

Z(8) () Z() (a) Z(1O) () Z(12) ()
0.0 0.00000 00 1) 4.18889 39 0.00000 00 2)-3.77000 46 0.00000 00 (3 4.14700 50
0.1 ( 4.12640 51 1) 4.00211 42 1 -3.70133 55 2 -3.56488 94 (2 4.05782 44 3 3.88080 01
0.2 ( 7.88604 35 1) 3.46206 56 1 -7.00124 79 2 -2.97583 41 (2 7.59641 48 3 3.12148 92
0.3 1.09518 61 1) 2.62702 42 i -9.54959 57 2 -2.07783 39 (3 1.01729 46 3 i.98042 89
0.4 1.30711 60 1) 1.58584 37 2)-1.109i2 65 1) -9.83608 69 (3 1.14847 09 2 +6.22581 20

0.5 ( 1.40908 65 0 4.46820 41 2 -1.14961 02 1 1.72666 73 3 1.14097 69 2 -7.60421 83
0.6 1.39704 30 0 -6.75565 29 2 -1.07710 05 2 1.25426 91 3 1.00184 44 3 -1.98080 26
0.7 1. 27812 14 1 -1.67416 58 1 -9.05305 52 2 2.14046 31 2 7.55473 11 3 -2.88334 06
0.8 1. 06929 69 ( 1 -2.46111 11 1) -6.58548 60 2 2.74183 89 2 4.39201 49 3) -3.36738 39
0.9 7.94982 72 ( 1 -2.97666 59 1) -3.68086 24 2) 3.01027 69 1 9.71613 18 3)-3.39874 98
1.0 4.8 3941 45 1 -3.19401 36 0 -6.77518 03 2 2.94236 40 (2) -2.26484 60 3 -3.01011 58
1.1 1.65937 85 1 -3.11962 40 1 2.10408 36 2 2.57621 24 (2) -4.93791 72 3 -2.29066 27
1.2 -1.31434 07 1 -2.78951 64 1 4.39889 22 2 1.98269 77 2 -6.77812 94 3 -i.36759 19
1.3 -3. 85379 20 1) -2.26227 70 i 6.02399 37 2 1.25293 01 2 -7.65280 28 2 -3.83358 74
1.4 -5.79719 45 i) -1.61006 61 1 6.89184 82 1 +4.84200 76 2 -7.56972 92 2 +5.27141 25

1.5 -7.05769 71 0) -9.09001 03 1 7.00965 92 1 -2.33347 96 2 -6.65963 73 (3 1.25562 83
1.6 -7.62276 66 0 -2.30231 44 1 6.46658 36 i -8.27445 07 2 -5.14267 14 (3 i.7330i 70
1.7 -7. 545 45 38 0 3.67230 07 i 5.41207 19 2 -1.25055 93 2 -3.28612 ii 3 1.93425 58
1.8 -6.92967 04 0 8.41240 26 1) 4.02950 39 2 -1.48242 69 2 -1.36113 54 3 1.87567 40
1.9 -5. 912 07 57 1 1.16856 49 1) 2.50938 72 2 -1.52849 20 1 +3.94747 58 3 1.60633 92

2.0 -4. 64322 31 i 1.34437 51 1) 1. 02582 84 2 -1.41510 32 2) 1.80437 81 (3 1.i9573 79
2.1 -3. 27029 67 1 1.37966 95 0) -2.81068 72 2 -1.18267 82 2) 2.76469 29 (2 7.20360 48
2.2 -1.92 318 65 i 1.29729 67 i -1.31550 35 i -8.78156 27 2 3.24744 73 2 2.51533 48
2.3 -7. 04932 91 i 1.12731 97 i -2.02888 89 1 -5.47943 26 (2 3.28915 84 2 -1.53768 85
2.4 +3. 13162 82 0) 9.02423 01 1 -2.41634 55 1 -2.32257 79 (2 2.97376 42 2 -4.58219 83
2.5 1. 09209 53 0) 6.53922 01 i) -2.50848 12 0) +3.85905 05 (2 2.41200 50 2 -6.45450 80
2.6 1.62218 61 0) 4.08745 39 1) -2.36048 69 1) 2.45855 73 (2 1.72126 20 2 -7.17969 42
2.7 1.91766 20 0 1.87558 77 1 -2.04053 83 i) 3.82142 44 2 1.00875 37 2 -6.92720 18
2.8 2. 00992 65 -2 +4.01113 24 1 -1.61917 24 1) 4.49758 25 1 +3.59849 29 2 -5.95491 88
2.9 1.94057 71 0 -1.35055 73 1 -1.16080 01 1) 4.58182 18 i -1.67928 25 2) -4.55301 20

3.0
3.1
3.2

1.755 01
1.49720
1. 20591

20
05
21

0) -2.28683
0)-2. 80440
o -2.96904

38
64
52

( 0) -7.17959
( 0) -3.28394
-1 -1.46351

44
42
84

1 4.21202
1 3.54198
1 2.71897

87
84
33

i -5.45649
1 -7.69621
1 -8.55436

18
99
26

(2) -2.99628
(2) -i.51035
1 -2.53474

41
91
56

3.3 9.12450 33 0 -2.86200 69 0 +2.14502 00 i 1.86794 96 1 -8.30925 36 1 +6.87309 15
3.4 (- 6.39748 51 0 -2.56761 03 0 3.61188 70 1 1.08280 77 1 -7.29343 32 2 1.28867 88

3.5 - 4.02558 98 0? -2.16386 79 0 4.35306 57 ( 0 4.23908 09 (1 -5.83674 40 2 i.57656 15
3.6 - 2. 08414 13 0) -1.71642 80 0 4.51182 76 (-i -7.94727 62 (i -4.22572 56 2 1.60868 13
3.7 - +5.90352 21 0) -1.27559 98 0 4.24743 76 0 -4.23512 06 1 -2.68044 29 2 1.45762 72
3.8 - -4.80932 87 -1) -8.75911 24 ( 0) 3.71320 90 0 -6.22699 31 i -1.34695 i6 2 1.19681 09
3.9 - -1. 18202 76 -1) -5.37496 49 ( 0) 3.04185 84 0 -7.02577 94 0 -3.01804 44 1 8.90539 46

4.0
4.1
4.2

-
-
-

-1.57919
-1.74223
-1.73706

67
60
08

-1) -2.68597
-2 -6.85427
-2 +6.92844

26
28
60

O 2.33774
o 1.67481
o 1. 09865

64
40
39

0) -6.93361
0) -6.24985
0 -5.23790

02
27
66

0 +4.35697
0 8.87625
1 1.10126

68
64
69

1 5.88418
i 3.23557
i +i.i3637

05
28
65

4.3 - -1.62110 76 -1 1.54828 96 -i 6. 3112 1 50 0 -4.10728 31 i 1.13501 02 0 -3.62532 62
4.4 - -1.44109 96 -1 1.99272 00 -1 2. 76082 94 0 -3.00821 29 i 1.04753 07 1 -1.30010 10
4.5 -1.23261 24 (-1) 2.13525 86 (-2) +2.52235 61 ( 0 -2.03523 88 (0) 8.90633 89 i -1.76908 98
4.6 -1.02086 14 (-1) 2.07280 89 (-1) -1.36802 99 ( 0 -1.23623 43 (0 7.05470 76 i -1.88530 78
4.7 -8.22202 74 (-1 1.88517 13 -1) -2.28268 33 -1 -6.23793 04 (0 5.21451 06 i -1.76464 76
4.8 -6.45935 81 (-i 1.63368 76 -i) -2.67421 39 -1) -1.86696 14 (o 3.57035 54 1 -1.50840 48
4.9 -4.96112 66 (-1 1.36227 87 -1) -2.70626 44 -1) 1.00018 72 (0 2.21617 27 1 -1.19594 52

5.0 (- )-3.73166 60 (-i) 1.09987 51 (-1)-2.5i404 27 (-i) 2.67133 76 (0) 1.17837 39 (0)-8.83034 08



Linear interpolation yields an error no greater than 5 units in the fifth decimal place.

Z(1)c/t

Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass.,
1948 (with permission).

Q() 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010
0.00 0.00000 0.00337 0.00634 0.00915 0.01185 0.01446 0.01700 0.01949 0.02192 0.02431 0.02665 0.99
0.01 0.02665 0.02896 0.03123 0.03348 0.03569 0.03787 0.04003 0.04216 0.04427 0.04635 0.04842 0.98
0.02 0.04842 0.05046 0.05249 0.05449 0.05648 0.05845 0.06040 0.06233 0.06425 0.06615 0.06804 0.97
0.03 0.06804 0.06992 0.07177 0.07362 0.07545 0.07727 0.07908 0.08087 0.08265 0.08442 0.08617 0.96
0.04 0.08617 0.08792 0.08965 0.09137 0.09309 0.09479 0.09648 0.09816 0.09983 0.10149 0.10314 0.95

0.05 0.10314 0.10478 0.10641 0.10803 0.10964 0.11124 0.11284 0.11442 0.11600 0.11756 0.11912 0.94
0.06 0.11912 0.12067 0.12222 0.12375 0.12528 0.12679 0.12830 0.12981 0.13130 0.13279 0.13427 0.93
0.07 0.13427 0.13574 0.13720 0.13866 0.14011 0.14156 0.14299 0.14442 0.14584 0.14726 0.14867 0.92
0.08 0.14867 0.15007 0.15146 0.15285 0.15423 0.15561 0.15698 0.15834 0.15970 0.16105 0.16239 0.91
0.09 0.16239 0.16373 0.16506 0.16639 0.16770 0.16902 0.17033 0.17163 0.17292 0.17421 0.17550 0.90

0.10 0.17550 0.17678 0.17805 0.17932 0.18057 0.18184 0.18309 0.18433 0.18557 0.18681 0.18804 0.89
0.11 0.18804 0.18926 0.19048 0.19169 0.19290 0.19410 0.19530 0.19649 0.19768 0.19886 0.20004 0.88
0.12 0.20004 0.20121 0.20238 0.20354 0.20470 0.20585 0.20700 0.20814 0.20928 0.21042 0.21155 0.87
0.13 0.21155 0.21267 0.21379 0.21490 0.21601 0.21712 0.21822 0.21932 0.22041 0.22149 0.22258 0.86
0.14 0.22258 0.22365 0.22473 0.22580 0.22686 0.22792 0.22898 0.23003 0.23108 0.23212 0.23316 0.85

0.15 0.23316 0.23419 0.23522 0.23625 0.23727 0.23829 0.23930 0.24031 0.24131 0.24232 0.24331 0.84
0.16 0.24331 0.24430 0.24529 0.24628 0.24726 0.24823 0.24921 0.25017 0.25114 0.25210 0.25305 0.83
0.17 0.25305 0.25401 0.25495 0.25590 0.25684 0.25778 0.25871 0.25964 0.26056 0.26148 0.26240 0.82
0.18 0.26240 0.26331 0.26422 0.26513 0.26603 0.26693 0.26782 0.26871 0.26960 0.27049 0.27137 0.81
0.19 0.27137 0.27224 0.27311 0.27398 0.27485 0.27571 0.27657 0.27742 0.27827 0.27912 0.27996 0.80

0.20 0.27996 0.28080 0.28164 0.28247 0.28330 0.28413 0.28495 0.28577 0.28658 0.28739 0.28820 0.79
0.21 0.28820 0.28901 0.28981 0.29060 0.29140 0.29219 0.29298 0.29376 0.29454 0.29532 0.29609 0.78
0.22 0.29609 0.29686 0.29763 0.29840 0.29916 0.29991 0.30067 0.30142 0.30216 0.30291 0.30365 0.77
0.23 0.30365 0.30439 0.30512 0.30585 0.30658 0.30730 0.30802 0.30874 0.30945 0.31016 0.31087 0.76
0.24 0.31087 0.31158 0.31228 0.31298 0.31367 41.31436 0.31505 0.31574 0.31642 0.31710 0.31778 0.75

0.25 0.31778 0.31845 0.31912 0.31979 0.32045 0.32111 0.32177 0.32242 0.32307 0.32372 0.32437 0.74
0.26 0.32437 0.32501 0.32565 0.32628 0.32691 0.32754 0.32817 0.32879 0.32941 0.33003 0.33065 0.73
0.27 0.33065 0.33126 0.33187 0.33247 0.33307 0.33367 0.33427 0.33486 0.33545 0.33604 0.33662 0.72
0.28 0.33662 0.33720 0.33778 0.33836 0.33893 0.33950 0.34007 0.34063 0.34119 0.34175 0.34230 0.71
0.29 0.34230 0.34286 0.34341 0.34395 0.34449 0.34503 0.34557 0.34611 0.34664 0.34717 0.34769 0.70

0.30 0.34769 0.34822 0.34874 0.34925 0.34977 0.35028 0.35079 0.35129 0.35180 0.35230 0.35279 0.69
0.31 0.35279 0.35329 0.35378 0.35427 0.35475 0.35524 0.35572 0.35620 0.35667 0.35714 0.35761 0.68
0.32 0.35761 0.35808 0.35854 0.35900 0.35946 0.35991 0.36037 0.36082 0.36126 0.36171 0.36215 0.67
0.33 0.36215 0.36259 0.36302 0.36346 0.36389 0.36431 0.36474 0.36516 0.36558 0.36600 0.36641 0.66
0.34 0.36641 0.36682 0.36723 0.36764 0.36804 0.36844 0.36884 0.36923 0.36962 0.37001 0.37040 0.65

0.35 0.37040 0.37078 0.37116 0.37154 0.37192 0.37229 0.37266 0.37303 0.37340 0.37376 0.37412 0.64
0.36 0.37412 0.37447 0.37483 0.37518 0.37553 0.37588 0.37622 0.37656 0.37690 0.37724 0.37757 0.63
0.37 0.37757 0.37790 0.37823 0.37855 0.37888 0.37920 0.37951 0.37983 0.38014 0.38045 0.38076 0.62
0.38 0.38076 0.38106 0.38136 0.38166 0.38196 0.38225 0.38254 0.38283 0.38312 0.38340 0.38368 0.61
0.39 0.38368 0.38396 0.38423 0.38451 0.38478 0.38504 0.38531 0.38557 0.38583 0.38609 0.38634 0.60

0.40 0.38634 0.38659 0.38684 0.38709 0.38734 0.38758 0.38782 0.38805 0.38829 0.38852 0.38875 0.59
0.41 0.38875 0.38897 0.38920 0.38942 0.38964 0.38985 0.39007 0.39028 0.39049 0.39069 0.39089 0.58
0.42 0.39089 0.39109 0.39129 0.39149 0.39168 0.39187 0.39206 0.39224 0.39243 0.39261 0.39279 0.57
0.43 0.39279 0.39296 0.39313 0.39330 0.39347 0.39364 0.39380 0.39396 0.39411 0.39427 0.39442 0.56
0.44 0.39442 0.39457 0.39472 0.39486 0.39501 0.39514 0.39528 0.39542 0.39555 0.39568 0.39580 0.55

0.45 0.39580 0.39593 0.39605 0.39617 0.39629 0.39640 0.39651 0.39662 0.39673 0.39683 0.39694 0.54
0.46 0.39694 0.39703 0.39713 0.39723 0.39732 0.39741 0.39749 0.39758 0.39766 0.39774 0.39781 0.53
0.47 0.39781 0.39789 0.39796 0.39803 0.39809 0.39816 0.39822 0.39828 0.39834 0.39839 0.39844 0.52
0.48 0.39844 0.39849 0.39854 0.39858 0.39862 0.39866 0.39870 0.39873 0.39876 0.39879 0.39882 0.51
0.49 0.39882 0.39884 0.39886 0.39888 0.39890 0.39891 0.39892 0.39893 0.39894 0.39894 0.39894 0.50

0.010 0.009 0.008 0.007 0.006 0.005 0.004 0.003 0.002 0.001 0.000 P()
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NORMAL PROBABILITY FUNCTION-VALUES OF Z(x) IN TERMS OF P(x) AND Q(x) Table 26.4
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Table 26.5 NORMAL PROBABILITY FUNCTION-VALUES OF x IN TERMS OF P(x) AND Q(x)

For Q () >0.007, linear interpolation yields an error of one unit in the third decimal place; five-point
interpolation is necessary to obtain full accuracy.

P(x)=1_Q(x)=f Z(t)dt

Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass.,
1948 (with permission).

Q(x) 0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010
0.00 3.09023 2.87816 2.74778 2.65207 2.57583 2.51214 2.45726 2.40892 2.36562 2.32635 0.99
0.01 2.32635 2.29037 2.25713 2.22621 2.19729 2.17009 2.14441 2.12007 2.09693 2.07485 2.05375 0.98
0.02 2.05375 2.03352 2.01409 1.99539 1.97737 1.95996 1.94313 1.92684 1.91104 1.89570 1.88079 0.97
0.03 1.88079 1.86630 1.85218 1.83842 1.82501 1.81191 1.79912 1.78661 1.77438 1.76241 1.75069 0.96
0.04 1.75069 1.73920 1.72793 1.71689 1.70604 1.69540 1.68494 1.67466 1.66456 1.65463 1.64485 0.95

0.05 1.64485 1.63523 1.62576 1.61644 1.60725 1.59819 1.58927 1.58047 1.57179 1.56322 1.55477 0.94
0.06 1.55477 1.54643 1.53820 1.53007 1.52204 1.51410 1.50626 1.49851 1.49085 1.4832B 1.47579 0.93
0.07 1.47579 1.46838 1.46106 1.45381 1.44663 1.43953 1.43250 1.42554 1.41865 1.41183 1.40507 0.92
0.08 1.40507 1.39838 1.39174 1.38517 1.37866 1.37220 1.36581 1.35946 1.35317 1.34694 1.34076 0.91
0.09 1.34076 1.33462 1.32854 1.32251 1.31652 1.31058 1.30469 1.29884 1.29303 1.28727 1.28155 0.90

0.10 1.28155 1.27587 1.27024 1.26464 1.25908 1.25357 1.24808 1.24264 1.23723 1.23186 1.22653 0.89
0.11 1.22653 1.22123 1.21596 1.21072 1.20553 1.20036 1.19522 1.19012 1.18504 1.18000 1.17499 0.88
0.12 1.17499 1.17000 1.16505 1.16012 1.15522 1.15035 1.14551 1.14069 1.13590 1.13113 1.12639 0.87
0.13 1.12639 1.12168 1.11699 1.11232 1.10768 1.10306 1.09847 1.09390 1.08935 1.08482 1.08032 0.86
0.14 1.08032 1.07584 1.07138 1.06694 1.06252 1.05812 1.05374 1.04939 1.04505 1.04073 1.03643 0.85

0.15 1.03643 1.03215 1.02789 1.02365 1.01943 1.01522 1.01103 1.00686 1.00271 0.99858 0.99446 0.84
0.16 0.99446 0.99036 0.98627 0.98220 0.97815 0.97411 0.97009 0.96609 0.96210 0.95812 0.95416 0.83
0.17 0.95416 0.95022 0.94629 0.94238 0.93848 0.93458 0.93072 0.92686 0.92301 0.91918 0.91537 0.82
0.18 0.91537 0.91156 0.90777 0.90399 0.90023 0.89647 0.89273 0.88901 0.88529 0.88159 0.87790 0.81
0.19 0.87790 0.87422 0.87055 0.86689 0.86325 0.85962 0.85600 0.85239 0.84879 0.84520 0.84162 0.80

0.20 0.84162 0.83805 0.83450 0.83095 0.82742 0.82390 0.82038 0.81687 0.81338 0.80990 0.80642 0.79
0.21 0.80642 0.80296 0.79950 0.79606 0.79262 0.78919 0.78577 0.78237 0.77897 0.77557 0.77219 0.78
0.22 0.77219 0.76882 0.76546 0.76210 0.75875 0.75542 0.75208 0.74876 0.74545 0.74214 0.73885 0.77
0.23 0.73885 0.73556 0.73228 0.72900 0.72574 0.72248 0.71923 0.71599 0.71275 0.70952 0.70630 0.76
0.24 0.70630 0.70309 0.69988 0.69668 0.69349 0.69031 0.68713 0.68396 0.68080 0.67764 0.67449 0.75

0.25 0.67449 0.67135 0.66821 0.66508 0.66196 0.65884 0.65573 0.65262 0.64952 0.64643 0.64335 0.74
0.26 0.64335 0.64027 0.63719 0.63412 0.63106 0.62801 0.62496 0.62191 0.61887 0.61584 0.61281 0.73
0.27 0.61281 0.60979 0.60678 0.60376 0.60076 0.59776 0.59477 0.59178 0.58879 0.58581 0.58284 0.72
0.28 0.58284 0.57987 0.57691 0.57395 0.57100 0.56805 0.56511 0.56217 0.55924 0.55631 0.55338 0.71
0.29 0.55338 0.55047 0.54755 0.54464 0.54174 0.53884 0.53594 0.53305 0.53016 0.52728 0.52440 0.70

0.30 0.52440 0.52153 0.51866 0.51579 0.51293 0.51007 0.50722 0.50437 0.50153 0.49869 0.49585 0.69
0.31 0.49585 0.49302 0.49019 0.48736 0.48454 0.48173 0.47891 0.47610 0.47330 0.47050 0.46770 0.68
0.32 0.46770 0.46490 0.46211 0.45933 0.45654 0.45376 0.45099 0.44821 0.44544 0.44268 0.43991 0.67
0.33 0.43991 0.43715 0.43440 0.43164 0.42889 0.42615 0.42340 0.42066 0.41793 0.41519 0.41246 0.66
0.34 0.41246 0.40974 0.40701 0.40429 0.40157 0.39886 0.39614 0.39343 0.39073 0.38802 0.38532 0.65

0.35 0.38532 0.38262 0.37993 0.37723 0.37454 0.37186 0.36917 0.36649 0.36381 0.36113 0.35846 0.64
0.36 0.35846 0.35579 0.35312 0.35045 0.34779 0.34513 0.34247 0.33981 0.33716 0.33450 0.33185 0.63
0.37 0.33185 0.32921 0.32656 0.32392 0.32128 0.31864 0.31600 0.31337 0.31074 0.30811 0.30548 0.62
0.38 0.30548 0.30286 0.30023 0.29761 0.29499 0.29237 0.28976 0.28715 0.28454 0.28193 0.27932 0.61
0.39 0.27932 0.27671 0.27411 0.27151 0.26891 0.26631 0.26371 0.26112 0.25853 0.25594 0.25335 0.60

0.40 0.25335 0.25076 0.24817 0.24559 0.24301 0.24043 0.23785 0.23527 0.23269 0.23012 0.22754 0.59
0.41 0.22754 0.22497 0.22240 0.21983 0.21727 0.21470 0.21214 0.20957 0.20701 0.20445 0.20189 0.58
0.42 0.20189 0.19934 0.19678 0.19422 0.19167 0.18912 0.18657 0.18402 0.18147 0.17892 0.17637 0.57
0.43 0.17637 0.17383 0.17128 0.16874 0.16620 0.16366 0.16112 0.15858 0.15604 0.15351 0.15097 0.56
0.44 0.15097 0.14843 0.14590 0.14337 0.14084 0.13830 0.13577 0.13324 0.13072 0.12819 0.12566 0.55

0.45 0.12566 0.12314 0.12061 0.11809 0.11556 0.11304 0.11052 0.10799 0.10547 0.10295 0.10043 0.54
0.46 0.10043 0.09791 0.09540 0.09288 0.09036 0.08784 0.08533 0.08281 0.08030 0.07778 0.07527 0.53
0.47 0.07527 0.07276 0.07024 0.06773 0.06522 0.06271 0.06020 0.05768 0.05517 0.05266 0.05015 0.52
0.48 0.05015 0.04764 0.04513 0.04263 0.04012 0.03761 0.03510 0.03259 0.03008 0.02758 0.02507 0.51
0.49 0.02507 0.02256 0.02005 0.01755 0.01504 0.01253 0.01003 0.00752 0.00501 0.00251 0.00000 0.50

0.010 0.009 0.008 0.007 0.006 0.005 0.004 0.003 0.002 0.001 0.000 P(x)



For Q(.i)>0.0007, linear interpolation yields an error of one unit in the third decimal place; five-point

interpolation is necessary to obtain full accuracy.

Compiled from T. L. Kelley, The Kelley Statistical Tables. Harvard Univ. Press, Cambridge, Mass.,
1948 (with permission) for Q(4>(-9)1.

NORMAL PROBABILITY FUNCTION-VALUES OF x FOR EXTREME VALUES OF P(x) AND Q(x) Tabte 26.6

Q() 0.0000 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.0010

0.000 3.71902 3.54008 3.43161 3.35279 3.29053 3.23888 3.19465 3.15591 3.12139 3.09023 0.999
0.001 3.09023 3.06181 3.03567 3.01145 2.98888 2.96774 2.94784 2.92905 2.91124 2.89430 2.87816 0.998
0.002 2.87816 2.86274 2.84796 2.83379 2.82016 2.80703 2.79438 2.78215 2.77033 2.75888 2.74778 0.997
0.003 2.74778 2.73701 2.72655 2.71638 2.70648 2.69684 2.68745 2.67829 2.66934 2.66061 2.65207 0.996
0.004 2.65207 2.64372 2.63555 2.62756 2.61973 2.61205 2.60453 2.59715 2.58991 2.58281 2.57583 0.995

0.005 2.57583 2.56897 2.56224 2.55562 2.54910 2.54270 2.53640 2.53019 2.52408 2.51807 2.51214 0.994
0.006 2.51214 2.50631 2.50055 2.49488 2.48929 2.48377 2.47833 2.47296 2.46765 2.46243 2.45726 0.993
0.007 2.45726 2.45216 2.44713 2.44215 2.43724 2.43238 2.42758 2.42283 2.41814 2.41350 2.40891 0.992
0.008 2.40891 2.40437 2.39989 2.39545 2.39106 2.38671 2.38240 2.37814 2.37392 2.36975 2.36562 0.991
0.009 2.36562 2.36152 2.35747 2.35345 2.34947 2.34553 2.34162 2.33775 2.33392 2.33012 2.32635 0.990

0.010 2.32635 2.32261 2.31891 2.31524 2.31160 2.30798 2.30440 2.30085 2.29733 2.29383 2.29037 0.989
0.011 2.29037 2.28693 2.28352 2.28013 2.27677 2.27343 2.27013 2.26684 2.26358 2.26034 2.25713 0.988
0.012 2.25713 2.25394 2.25077 2.24763 2.24450 2.24140 2.23832 2.23526 2.23223 2.22921 2.22621 0.987
0.013 2.22621 2.22323 2.22028 2.21734 2.21442 2.21152 2.20864 2.20577 2.20293 2.20010 2.19729 0.986
0.014 2.19729 2.19449 2.19172 2.18896 2.18621 2.18349 2.18078 2.17808 2.17540 2.17274 2.17009 0.985

0.015 2.17009 2.16746 2.16484 2.16224 2.15965 2.15707 2.15451 2.15197 2.14943 2.14692 2.14441 0.984
0.016 2.14441 2.14192 2.13944 2.13698 2.13452 2.13208 2.12966 2.12724 2.12484 2.12245 2.12007 0.983
0.017 2.12007 2.11771 2.11535 2.11301 2.11068 2.10836 2.10605 2.10375 2.10147 2.09919 2.09693 0.982
0.018 2.09693 2.09467 2.09243 2.09020 2.08798 2.08576 2.08356 2.08137 2.07919 2.07702 2.07485 0.981
0.019 2.07485 2.07270 2.07056 2.06843 2.06630 2.06419 2.06208 2.05998 2.05790 2.05582 2.05375 0.980

0.020 2.05375 2.05169 2.04964 2.04759 2.04556 2.04353 2.04151 2.03950 2.03750 2.03551 2.03352 0.979
0.021 2.03352 2.03154 2.02957 2.02761 2.02566 2.02371 2.02177 2.01984 2.01792 2.01600 2.01409 0.978
0.022 2.01409 2.01219 2.01029 2.00841 2.00653 2.00465 2.00279 2.00093 1.99908 1.99723 1.99539 0.977
0.023 1.99539 1.99356 1.99174 1.98992 1.98811 1.98630 1.98450 1.98271 1.98092 1.97914 1.97737 0.976
0.024 1.97737 1.97560 1.97384 1.97208 1.97033 1.96859 1.96685 1.96512 1.96340 1.96168 1.95996 0.975

0.0010 0.0009 0.0008 0.0007 0.0006 0.0005 0.0004 0.0003 0.0002 0.0001 0.0000 P(.)

(-4)1.0 3.71902 (- 9)1.0 5.99781 (-14)1.0 7.65063 (-19)1.0 9.01327

(-5)1.0 4.26489 (-10)1.0 6.36134 (-15)1.0 7.94135 (-20)1.0 9. 26234

(-6)1.0 4.75342 (-11)1.0 6.70602 (-16)1.0 8.22208 (-21)1.0 9.50502

(-7)1.0 5. 19934 (-12)1.0 7.03448 (-17)1.0 8. 49379 (-22)1.0 9. 74179

(-8)1.0 5.61200 (-13)1.0 7. 34880 (-18)1.0 8.75729 (-23)1.0 9.97305

P(.i)1-Q(.r)=f ZQ)dt
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Compiled from E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians, vol. I.
Cambridge Univ. Press, Cambridge, England, 1954 (with permission).

p

x21.1
m=0.55

1.2
0.60

1.3
0.65

1.4
0.70

1.5
0.75

1.6
0.80

1.7
0.85

1.8
0.90

1.9
0.95

2.0
1.00

1 0.29427 0.27332 0.25421 0.23672 0.22067 0.20590 0.19229 0.17971 0.16808 0.15730
2 0.57695 0.54881 0.52205 0.49659 0.47237 0.44933 0.42741 0.40657 0.38674 0.36788
3 0.77707 0.75300 0.72913 0.70553 0. 68227 0.65939 0.63693 0.61493 0.59342 0.57241
4 0.89427 0.87810 0.86138 0.84420 0.82664 0.80879 0.79072 0.77248 0.75414 0.73576
5 0.95410 0.94488 0.93493 0.92431 0.91307 0.90125 0.88890 0.87607 0.86280 0.84915

6 0.98154 0.97689 0.97166 0.96586 0.95949 0.95258 0.94512 0.93714 0.92866 0.91970
7 0.99305 0.99093 0.98844 0.98557 0.98231 0.97864 0.97457 0.97008 0.96517 0.95984
8 0.99753 0.99664 0.99555 0.99425 0.99271 0.99092 0.98887 0.98654 0.98393 0.98101
9 0.99917 0.99882 0.99838 0.99782 0.99715 0.99633 0.99537 0.99425 0.99295 0.99147

10 0.99973 0.99961 0.99944 0.99921 0.99894 0.99859 0.99817 0.99766 0.99705 0.99634

11 0.99992 0.99987 0.99981 0.99973 0.99962 0.99948 0.99930 0.99908 0.99882 0.99850
12 0. 99998 0.99996 0.99994 0. 99991 0. 99987 0.99982 0. 99975 0.99966 0. 99954 0. 99941
13 0.99999 0.99999 0.99998 0.99997 0.99996 0.99994 0.99991 0.99988 0.99983 0.99977
14 0. 99999 0. 99999 0. 99999 0.99998 0. 99997 0.99996 0. 99994 0.99992
15 0.99999 0.99999 0. 99999 0. 99998 0.99997

16 0.99999 0.99999

x2=0.001
rn=0.0005

0.002
0.0010

0.003
0.0015

0.004
0.0020

0.005
0.0025

0.006
0.0030

0.007
0.0035

0.008
0.0040

0.009
0.0045

0.010
0.0050

1 0.97477 0.96433 0.95632 0.94957 0.94363 0.93826 0.93332 0. 92873 0.92442 0.92034
2 0.99950 0.99900 0.99850 0.99800 0.99750 0.99700 0.99651 0.99601 0.99551 0.99501
3 0.99999 0.99998 0.99996 0.99993 0.99991 0.99988 0.99984 0.99981 0.99977 0.99973
4 0. 99999 0.99999 0. 99999 0. 99999

x2=0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10
m=0.005 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050

1 0.92034 0. 88754 0.86249 0. 84148 0. 82306 0.80650 0.79134 0. 77730 0.76418 0.75183
2 0.99501 0.99005 0.98511 0.98020 0.97531 0.97045 0.96561 0.96079 0.95600 0.95123
3 0.99973 0.99925 0.99863 0.99790 0.99707 0.99616 0.99518 0.99412 0.99301 0.99184
4 0.99999 0.99995 0.99989 0.99980 0.99969 0.99956 0.99940 0.99922 0.99902 0.99879
5 0.99999 0.99998 0.99997 0.99995 0.99993 0.99991 0.99987 0.99984

6 0. 99999 0. 99999 0.99999 0.99998

x2=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
m=0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

1 0.75183 0.65472 0.58388 0.52709 0.47950 0.43858 0.40278 0.37109 0.34278 0.31731
2 0.95123 0.90484 0.86071 0.81873 0.77880 0.74082 0.70469 0.67032 0.63763 0.60653
3 0.99184 0.97759 0.96003 0.94024 0.91889 0.89643 0.87320 0.84947 0.82543 0.80125
4 0.99879 0.99532 0.98981 0.98248 0.97350 0.96306 0.95133 0.93845 0.92456 0.90980
5 0.99984 0.99911 0.99764 0.99533 0.99212 0.98800 0.98297 0.97703 0.97022 0.96257

6 0.99998 0.99985 0.99950 0.99885 0.99784 0.99640 0.99449 0.99207 0.98912 0.98561
7 0.99997 0.99990 0.99974 0.99945 0.99899 0.99834 0.99744 0.99628 0.99483
8 0.99998 0.99994 0.99987 0.99973 0.99953 0.99922 0.99880 0.99825
9 0.99999 0.99997 0.99993 0.99987 0.99978 0.99964 0.99944

10 0.99999 0.99998 0.99997 0.99994 0.99989 0.99983

11 0.99999 0.99998 0.99997 0.99995
12 0.99999 0.99999

-t e-1 c-1
Q (x2p) =1-r (x2p) =[2 r ()Thf 'dt=[ret () 12T112 e dt= E e-mni2/j!(v even,

i =0
rn='x2)
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Table 26.7 PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION



Double Entry Interpolation

Q (x >=Q (x v4) [1 42]+Q (x va-2) [4_42_w4]+Q (x P1) [ w+w4]

+Q (x v0)[1_w2_4+ 42+w4]+Q (x v+i) [ w2+ w-w4]

217-682 O-66--63

p

x2=2.2 2.4 2.6
m=1.1 1.2 1.3

2.8
1.4

3.0
1.5

3.2
1.6

3.4
1.7

3.6
1.8

3.8
1.9

4.0
2.0

i o. 13801 0. 12134 0. 10686 0. 09426 0. 08327 0. 07364 0. 06520 0. 05778 0. 05125 0. 04550
2 o 33287 0. 30119 0. 27253 0. 24660 0. 22313 0. 20190 0. 18268 0. 16530 0. 14957 0. 13534
3 0. 53195 0. 49363 0. 45749 0. 42350 0. 39163 0. 36181 0. 33397 0. 30802 0. 28389 0. 26146
4 0. 69903 0. 66263 0. 62682 0. 59183 0. 55783 0. 52493 0. 49325 0. 46284 0. 43375 0. 40601
5 0. 82084 0. 79147 0. 76137 0. 73079 0. 69999 0. 66918 0. 63857 0. 60831 0. 57856 0. 54942

6 o. 90042 0. 87949 0. 85711 0. 83350 0. 80885 0. 78336 0. 75722 0. 73062 0. 70372 0. 67668
7 0. 94795 0.93444 0.91938 0.90287 0.88500 0.86590 0.84570 0.82452 0. 80250 0. 77978
8 0.97426 0.96623 0.95691 0.94628 0.93436 0.92119 0.90681 0.89129 0.87470 0.85712
9 0.98790 0.98345 0.97807 0.97170 0.96430 0.95583 0.94631 0.93572 0.92408 0.91141

10 0.99457 0.99225 0.98934 0.98575 0.98142 0.97632 0.97039 0.96359 0.95592 0.94735

11 0.99766 0.99652 0.99503 0.99311 0.99073 0.98781 0.98431 0.98019 0.97541 0.96992
12 0.99903 0.99850 0.99777 0.99680 0.99554 0.99396 0.99200 0.98962 0.98678 0.98344
13 0.99961 0.99938 0.99903 0.99856 0.99793 0.99711 0.99606 0.99475 0.99314 0.99119
14 0.99985 0.99975 0.99960 0.99938 0.99907 0.99866 0.99813 0. 99743 0.99655 0.99547
15 0.99994 0.99990 0.99984 0.99974 0.99960 0.99940 0.99913 0.99878 0.99832 0.99774

16 0.99998 0.99996 0.99994 0.99989 0.99983 0.99974 0.99961 0.99944 0.99921 0.99890
17 0.99999 0.99999 0.99998 0.99996 0.99993 0.99989 0.99983 0.99975 0.99964 0.99948
18 0.99999 0.99998 0.99997 0.99995 0.99993 0.99989 0.99984 0.99976
19 0. 99999 0. 99999 0.99998 0.99997 0.99995 0. 99993 0.99989
20 0.99999 0.99999 0.99998 0.99997 0.99995

21 0.99999 0. 99999 0. 99998
22 0. 99999

x24.2 4.4 4.6 4.8 5.0 5.2 5.4 5.6 5.8 6.0

" rn=2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 2.9 3.0
1 0.04042 0. 03594 0. 03197 0.02846 0. 02535 0.02259 0. 02014 0.01796 0.01603 0.01431
2 0.12246 0.11080 0.10026 0.09072 0.08209 0.07427 0.06721 0.06081 0. 05502 0. 04979
3 0.24066 0.22139 0.20354 0.18704 0.17180 0.15772 0.14474 0.13278 0.12176 0.11161
4 0.37962 0.35457 0.33085 0.30844 0.28730 0.26739 0.24866 0.23108 0.21459 0.19915
5 0.52099 0.49337 0.46662 0.44077 0.41588 0.39196 0.36904 0.34711 0.32617 0.30622

6 0.64963 0.62271 0.59604 0.56971 0.54381 0.51843 0.49363 0.46945 0.44596 0.42319
7 0.75647 0. 73272 0.70864 0.68435 0.65996 0.63557 0.61127 0.58715 0.56329 0.53975
8 0.83864 0.81935 0.79935 0.77872 0.75758 0.73600 0.71409 0.69194 0.66962 0.64723
9 0. 89776 0. 88317 0.86769 0.85138 0.83431 0. 81654 0.79814 0.77919 0. 75976 0.73992

10 0.93787 0.92750 0.91625 0.90413 0.89118 0.87742 0.86291 0.84768 0.83178 0.81526

11 0.96370 0.95672 0.94898 0.94046 0.93117 0.92109 0.91026 0.89868 0.88637 0.87337
12 0.97955 0.97509 0.97002 0.96433 0.95798 0.95096 0.94327 0.93489 0.92583 0.91608
13 0.98887 0.98614 0.98298 0.97934 0.97519 0.97052 0.96530 0.95951 0.95313 0.94615
14 0.99414 0.99254 0.99064 0.98841 0.98581 0.98283 0.97943 0.97559 0.97128 0.96649
15 0.99701 0.99610 0.99501 0.99369 0.99213 0.99029 0.98816 0.98571 0.98291 0.97975

16 0.99851 0.99802 0.99741 0.99666 0.99575 0.99467 0.99338 0.99187 0.99012 0.98810
17 0.99928 0.99902 0.99869 0.99828 0.99777 0.99715 0.99639 0.99550 0.99443 0.99319
18 0.99966 0.99953 0.99936 0.99914 0.99886 0.99851 0.99809 0.99757 0.99694 0.99620
19 0.99985 0.99978 0.99969 0.99958 0.99943 0.99924 0. 99901 0.99872 0.99836 0.99793
20 0.99993 0.99990 0.99986 0.99980 0.99972 0.99962 0.99950 0.99934 0.99914 0.99890

21 0.99997 0. 99995 0.99993 0.99991 0.99987 0.99982 0.99975 0.99967 0.99956 0.99943
22 0.99999 0.99998 0.99997 0.99996 0.99994 0.99991 0.99988 0.99984 0.99978 0.99971
23 0.99999 0.99999 0.99999 0.99998 0.99997 0.99996 0.99994 0.99992 0.99989 0.99986
24 0.99999 0.99999 0.99999 0.99998 0.99997 0.99996 0.99995 0.99993
25 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997

26 (x-x) w=-'0>0 0.99999 0. 99999 0.99998
27 Interpolation on x2

0.99999 0. 99999

Q(x2 w)=Q (x vo-4) [ 42]+Q (xjr2) [4 42]+Q (x o) [i-4+ 421
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Q(x2v) =1P(x2v)=[22r()] fet'dt=[r ()]1 t2 df-E e-mrni/j?(veven cy mx2)

v
x26.2
m31

6.4

3.2

6.6

3.3

6.8

3.4

7.0

3.5

7.2

3.6

7.4

3.7

7.6

3.8

7.8

3.9

8.0

4.0
1 0.01278 0.01141 0.01020 0.00912 0.00815 0.00729 0.00652 0.00584 0.00522 0.00468
2 0.04505 0.04076 0. 03688 0.03337 0.03020 0.02732 0. 02472 0.02237 0.02024 0.01832
3 0.10228 0.09369 0.08580 0.07855 0.07190 0.06579 0.06018 0.05504 0.05033 0.04601
4 0.18470 0.17120 0.15860 0.14684 0.13589 0.12569 0.11620 0.10738 0.09919 0.09158
5 0.28724 0.26922 0.25213 0.23595 0.22064 0.20619 0.19255 0.17970 0.16761 0.15624

6 0.40116 0.37990 0.35943 0.33974 0.32085 0.30275 0.28543 0.26890 0.25313 0.23810
7 0.51660 0.49390 0.47168 0.45000 0.42888 0.40836 0.38845 0.36918 0.35056 0.33259
8 0.62484 0.60252 0.58034 0.55836 0.53663 0.51522 0.49415 0.47349 0.45325 0.43347
9 0.71975 0.69931 0.67869 0.65793 0.63712 0.61631 0.59555 0.57490 0.55442 0.53415

10 0.79819 0.78061 0.76259 0.74418 0.72544 0.70644 0.68722 0.66784 0.64837 0.62884

11 0.85969 0.84539 0.83049 0.81504 0.79908 0.78266 0.76583 0.74862 0.73110 0.71330
12 0.90567 0.89459 0.88288 0.87054 0.85761 0.84412 0.83009 0.81556 0.80056 0.78513
13 0.93857 0.93038 0.92157 0.91216 0.90215 0.89155 0.88038 0.86865 0.85638 0.84360
14 0.96120 0.95538 0.94903 0.94215 0.93471 0.92673 0.91819 0.90911 0.89948 0.88933
15 0.97619 0.97222 0.96782 0.96296 0.95765 0.95186 0.94559 0.93882 0.93155 0.92378

16 0.98579 0.98317 0.98022 0.97693 0.97326 0.96921 0.96476 0.95989 0.95460 0.94887
17 0.99174 0.99007 0.98816 0.98599 0.98355 0.98081 0.97775 0.97437 0.97064 0.96655
18 0.99532 0.99429 0.99309 0.99171 0.99013 0.98833 0.98630 0.98402 0.98147 0.97864
19 0.99741 0.99679 0.99606 0.99521 0.99421 0.99307 0.99176 0.99026 0.98857 0.98667
20 0.99860 0.99824 0.99781 0.99729 0.99669 0.99598 0.99515 0.99420 0.99311 0.99187

21 0.99926 0.99905 0.99880 0.99850 0.99814 0.99771 0.99721 0.99662 0.99594 0.99514
22 0.99962 0.99950 0.99936 0.99919 0.99898 0.99873 0.99843 0.99807 0.99765 0.99716
23 0.99981 0.99974 0.99967 0.99957 0.99945 0.99931 0.99913 0.99892 0.99867 0.99837
24 0.99990 0.99987 0.99983 0.99978 0.99971 0.99963 0.99953 0.99941 0.99926 0.99908
25 0.99995 0.99994 0.99991 0.99989 0.99985 0.99981 0.99975 0.99968 0.99960 0.99949

26 0.99998 0.99997 0.99996 0.99994 0.99992 0.99990 0.99987 0.99983 0.99978 0.99973
27 0.99999 0.99999 0.99998 0.99997 0.99996 0.99995 0.99993 0.99991 0.99989 0.99985
28 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997 0.99996 0.99994 0.99992
29 0.99999 0.99999 0.99999 0.99998 0.99998 0.99997 0.99996
30 0.99999 0.99999 0.99999 0.99999 0.99998

V

x2=8.2
m=4.1

8.4

4.2
8.6

4.3

8.8

4.4

9.0

4.5
9.2

4.6

9.4

4.7

9.6

4.8

9.8

4.9
10.0

5.0
1 0. 00419 0.00375 0.00336 0.00301 0. 00270 0.00242 0. 00217 0. 00195 0. 00175 0 00157
2 0.01657 0.01500 0.01357 0.01228 0.01111 0. 01005 0. 00910 0. 00823 0. 00745 0 00674
3 0.04205 0.03843 0.03511 0.03207 0. 02929 0.02675 0. 02442 0.02229 0.02034 0 01857
4 0. 08452 0. 07798 0.07191 0. 06630 0. 06110 0.05629 0. 05184 0. 04773 0. 04394 0 04043
5 0.14555 0.13553 0.12612 0.11731 0.10906 0.10135 0. 09413 0.08740 0. 08110 07524

6 0.22381 0.21024 0.19736 0.18514 0.17358 0.16264 0.15230 0.14254 0.13333 0. 1465
7 0.31529 0.29865 0.28266 0.26734 0.25266 0.23861 0.22520 0.21240 0.20019 0. 18857
8 0.41418 0.39540 0.37715 0.35945 0.34230 0.32571 0.30968 0.29423 0.27935 0.26503
9 0. 51412 0.49439 0.47499 0.45594 0.43727 0.41902 0.40120 0.38383 0. 36692 0.35049

10 0.60931 0. 58983 0.57044 0.55118 0.53210 0.51323 0.49461 0.47626 0.45821 0.44049

11 0.69528 0.67709 0.65876 0.64035 0.62189 0.60344 0.58502 0.56669 0.54846 0.53039
12 0.76931 0. 75314 0.73666 0.71991 0.70293 0.68576 0.66844 0.65101 0.63350 0.61596
13 0.83033 0.81660 0.80244 0.78788 0.77294 0.75768 0.74211 0.72627 0.71020 0.69393
14 0.87865 0.86746 0.85579 0.84365 0.83105 0.81803 0.80461 0. 79081 0.77666 0.76218
15 0.91551 0.90675 0.89749 0.88774 0.87752 0. 86683 0.85569 0.84412 0.83213 0.81974

16 0.94269 0.93606 0.92897 0.92142 0.91341 0.90495 0.89603 0.88667 0.87686 0.86663
17 0.96208 0.95723 0.95198 0.94633 0.94026 0.93378 0.92687 0.91954 0.91179 0.90361
18 0.97551 0.97207 0.96830 0.96420 0.95974 0.95493 0.94974 0.94418 0.93824 0.93191
19 0.98454 0.98217 0.97955 0.97666 0.97348 0.97001 0.96623 0.96213 0.95771 0.95295
20 0.99046 0.98887 0.98709 0.98511 0.98291 0.98047 0.97779 0.97486 0.97166 0.96817

21 0.99424 0.99320 0.99203 0.99070 0.98921 0.98755 0.98570 0.98365 0.98139 0.97891
22 0.99659 0.99593 0.99518 0.99431 0.99333 0.99222 0.99098 0.98958 0.98803 0.98630
23 0.99802 0.99761 0.99714 0.99659 0.99596 0.99524 0.99442 0.99349 0.99245 0.99128
24 0.99888 0.99863 0.99833 0.99799 0.99760 0.99714 0.99661 0.99601 0.99532 0.99455
25 0.99937 0.99922 0.99905 0.99884 0.99860 0.99831 0.99798 0.99760 0.99716 0.99665

26 0.99966 0. 99957 0.99947 0.99934 0.99919 0.99902 0.99882 0.99858 0.99830 0.99798
27 0.99981 0.99977 0.99971 0.99963 0.99955 0.99944 0.99932 0.99917 0.99900 0.99880
28 0.99990 0.99987 0.99984 0.99980 0.99975 0.99969 0.99962 0.99953 0.99942 0.99930
29 0.99995 0.99993 0.99991 0.99989 0.99986 0.99983 0.99979 0.99973 0.99967 0.99960
30 0.99997 0.99997 0.99996 0.99994 0.99993 0.99991 0.99988 0.99985 0.99982 0.99977
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1

= 21

rn= 10.5
0.00001

22

11.0

23

11.5

24

12.0

25

12.5

26
13.0

27

13.5

28

14.0

29
14.5

30

15.0

2 0.00003 0. 00002 0. 00001 0. 00001
3 0. 00011 0. 00007 0. 00004 0. 00003 0. 00002 0. 00001 0.00001
4 0.00032 0. 00020 0.00013 0. 00008 0. 00005 0. 00003 0. 00002 0.00001 0. 00001 0. 00001
5 0.00081 0.00052 0. 00034 0. 00022 0. 00014 0. 00009 0.00006 0.00004 0.00002 0.00002

6 0.00184 0.00121 0.00080 0. 00052 0. 00034 0. 00022 0. 00015 0. 00009 0. 00006 0.00004
7 0. 00377 0.00254 0. 00171 0. 00114 0. 00076 0. 00050 0.00033 0. 00022 0. 00015 0. 00010
8 0.00715 0.00492 0.00336 0. 00229 0. 00155 0.00105 0. 00071 0.00047 0. 00032 0. 00021
9 0. 01265 0. 00888 0. 00620 0. 00430 0. 00297 0.00204 0.00140 0. 00095 0. 00065 0. 00044

10 0.02109 0.01511 0.01075 0. 00760 0. 00535 0. 00374 0. 00260 0.00181 0.00125 0.00086

11 0.03337 0. 02437 0. 01768 0. 01273 0.00912 0. 00649 0. 00460 0.00324 0. 00227 0.00159
12 0.05038 0.03752 0.02773 0. 02034 0. 01482 0. 01073 0. 00773 0. 00553 0. 00394 0.00279
13 0.07293 0.05536 0. 04168 0. 03113 0. 02308 0. 01700 0. 01244 0. 00905 0. 00655 0. 00471
14 0.10163 0.07861 0.06027 0. 04582 0. 03457 0. 02589 0. 01925 0. 01423 0. 01045 0. 00763
15 0.13683 0.10780 0.08414 0. 06509 0. 04994 0. 03802 0. 02874 0. 02157 0. 01609 0. 01192

16 0.17851 0.14319 0.11374 0. 08950 0. 06982 0. 05403 0. 04148 0. 03162 0. 02394 0.01800
17 0.22629 0.18472 0.14925 0.11944 0. 09471 0. 07446 0. 05807 0. 04494 0. 03453 0. 02635
18 0.27941 0.23199 0.19059 0. 15503 0. 12492 0. 09976 0. 07900 0. 06206 0. 04838 0. 03745
19 0.33680 0.28426 0.23734 0.19615 0.16054 0.13019 0. 10465 0. 08343 0. 06599 0. 05180
20 0.39713 0.34051 0.28880 0.24239 0.20143 0.16581 0.13526 0.10940 0. 08776 0. 06985

21 0.45894 0.39951 0.34398 0. 29306 0.24716 0. 20645 0. 17085 0. 14015 0. 11400 0.09199
22 0.52074 0.45989 0.40173 0. 34723 0. 29707 0. 25168 0.21123 0. 17568 0.14486 0.11846
23 0.58109 0.52025 0.46077 0.40381 0. 35029 0.30087 0. 25597 0.21578 0. 18031 0. 14940
24 0.63873 0.57927 0.51980 0.46160 0.40576 0. 35317 0. 30445 0. 26004 0.22013 0. 18475
25 0.69261 0.63574 0.57756 0. 51937 0. 46237 0.40760 0. 35588 0. 30785 0.26392 0. 22429

26 0.74196 0.68870 0.63295 0. 57597 0. 51898 0. 46311 0.40933 0. 35846 0.31108 0.26761
27 0.78629 0.73738 0.68501 0. 63032 0.57446 0. 51860 0.46379 0.41097 0.36090 0. 31415
28 0.82535 0.78129 0.73304 0. 68154 0. 62784 0. 57305 0. 51825 0.46445 0.41253 0. 36322
29 0.85915 0.82019 0.77654 0. 72893 0. 67825 0. 62549 0.57171 0. 51791 0.46507 0. 41400
30 0.88789 0.85404 0.81526 0.77203 0.72503 0.67513 0. 62327 0.57044 0.51760 0. 46565

x23l 32 33 34 35 36 37 38 39 40

m 15.5 16.0 16.5 17.0 17.5 18.0 18.5 19.0 19.5 20.0
5 0.00001 0.00001
6 0.00003 0.00002 0.00001 0. 00001
7 0.00006 0. 00004 0. 00003 0. 00002 0. 00001 0. 00001
8 0.00014 0.00009 0.00006 0. 00004 0. 00003 0. 00002 0. 00001 0. 00001
9 0.00030 0.00020 0.00013 0. 00009 0. 00006 0. 00004 0. 00003 0.00002 0.00001 0.00001

10 0.00059 0.00040 0.00027 0. 00019 0. 00012 0. 00008 0. 00006 0. 00004 0. 00003 0.00002
11 0.00110 0.00076 0.00053 0. 00036 0. 00025 0.00017 0. 00012 0. 00008 0. 00005 0.00004
12 0.00197 0.00138 0.00097 0.00068 0. 00047 0.00032 0. 00022 0. 00015 0. 00011 0. 00007
13 0.00337 0.00240 0.00170 0. 00120 0. 00085 0.00059 0. 00041 0.00029 0. 00020 0. 00014
14 0.00554 0.00401 0.00288 0. 00206 0. 00147 0.00104 0. 00074 0. 00052 0. 00036 0. 00026

15 0. 00878 0. 00644 0.00469 0. 00341 0. 00246 0. 00177 0. 00127 0. 00090 0. 00064 0. 00045
16 0.01346 0.01000 0.00739 0. 00543 0. 00397 0. 00289 0.00210 0. 00151 0. 00109 0. 00078
17 0.01997 0.01505 0.01127 0. 00840 0. 00622 0.00459 0. 00337 0.00246 0.00179 0.00129
18 0.02879 0.02199 0.01669 0. 01260 0. 00945 0. 00706 0. 00524 0. 00387 0. 00285 0. 00209
19 0. 04037 0. 03125 0. 02404 0. 01838 0. 01397 0. 01056 0. 00793 0. 00593 0. 00442 0.00327

20 0.05519 0.04330 0.03374 0. 02613 0. 02010 0. 01538 0.01170 0.00886 0.00667 0.00500
21 0.07366 0.05855 0.04622 0. 03624 0. 02824 0.02187 0. 01683 0. 01289 0. 00981 0.00744
22 0.09612 0.07740 0.06187 0. 04912 0. 03875 0. 03037 0. 02366 0.01832 0.01411 0.01081
23 0.12279 0.10014 0.08107 0. 06516 0. 05202 0. 04125 0. 03251 0.02547 0.01984 0. 01537
24 0.15378 0.12699 0.10407 0.08467 0. 06840 0. 05489 0. 04376 0.03467 0.02731 0. 02139

25 0.18902 0.15801 0.13107 0. 10791 0. 08820 0. 07160 0. 05774 0.04626 0.03684 0. 02916
26 0.22827 0.19312 0. 16210 0.13502 0. 11165 0. 09167 0. 07475 0. 06056 0. 04875 0. 03901
27 0.27114 0.23208 0.19707 0. 16605 0.13887 0.11530 0. 09507 0.07786 0.06336 0. 05124
28 0.31708 0.27451 0.23574 0.20087 0. 16987 0. 14260 0. 11886 0. 09840 0. 08092 0. 06613
29 0.36542 0. 31987 0. 27774 0. 23926 0.20454 0.17356 0. 14622 0.12234 0.10166 0. 08394

30 0.41541 0.36753 0. 32254 0.28083 0.24264 0.20808 0.17714 0.14975 0. 12573 0.10486
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TabLe 26.7 PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION



Interpolation on x2

2 /2Q(x H)=Qx0

Double Entry Interpolation

Q (x

vo-4) [ Q (x

Q (x2Iv)=1-P (x2) =[2 r ()]'fe 2t2 1dt=[r () 1_11: e tt1dt= e-mmi/j!(v even, c=v, m=4x2)

(x2_x) w=v-w0>0

0_2)[_2]+Q (x o) [i_+ 2]

V
x2=42
m==21

44
22

4
23

48
24

50
25

52
26

54
27

56
28

58
29

60
30

10 0. 00001
11 0.00002 0.00001
12 0.00003 0.00002 0.00001
13 0. 00006 0. 00003 0. 00001 0.00001
14 0. 00012 0. 00006 0. 00003 0. 00001 0. 00001

15 0. 00023 0.00011 0. 00005 0. 00003 0. 00001 0. 00001
16 0. 00040 0. 00020 0. 00010 0. 00005 0. 00002 0. 00001 0. 00001
17 0.00067 0.00034 0.00017 0.00009 0. 00004 0. 00002 0.00001 0. 00001
18 0. 00111 0. 00058 0. 00030 0. 00015 0. 00008 0. 00004 0. 00002 0. 00001
19 0. 00177 0. 00094 0. 00050 0.00026 0.00013 0. 00007 0. 00003 0. 00002 0. 00001

20 0. 00277 0.00151 0. 00081 0.00043 0.00022 0. 00011 0. 00006 0. 00003 0. 00001 0. 00001
21 0. 00421 0.00234 0.00128 0. 00069 0.00036 0.00019 0.00010 0. 00005 0. 00003 0.00001
22 0. 00625 0. 00355 0. 00198 0. 00109 0. 00059 0. 00031 0. 00016 0. 00009 0. 00004 0. 00002
23 0.00908 0. 00526 0. 00299 0.00167 0. 00092 0. 00050 0. 00027 0.00014 0. 00007 0. 00004
24 0. 01291 0. 00763 0. 00443 0.00252 0. 00142 0. 00078 0. 00043 0. 00023 0. 00012 0. 00006

25 0. 01797 0. 01085 0. 00642 0. 00373 0. 00213 0. 00120 0. 00066 0. 00036 0. 00020 0. 00011
26 0. 02455 0. 01512 0. 00912 0. 00540 0. 00314 0. 00180 0. 00102 0. 00056 0. 00031 0. 00017
27 0. 03292 0. 02068 0. 01272 0. 00768 0. 00455 0. 00265 0. 00152 0. 00086 0. 00048 0. 00026
28 0. 04336 0. 02779 0. 01743 0. 01072 0. 00647 0. 00384 0. 00224 0. 00129 0. 00073 0. 00041
29 0. 05616 0. 03670 0. 02346 0. 01470 0. 00903 0. 00545 0. 00324 0. 00189 0. 00109 0. 00062

30 0. 07157 0. 04769 0. 03107 0. 01983 0. 01240 0. 00762 0. 00460 0. 00273 0. 00160 0. 00092

x262 64 66 68 70 72 74 76
'' m=31 32 33 34 35 36 37 38

21 0. 00001
22 0. 00001 0. 00001
23 0.00002 0.00001 0.00001
24 0. 00003 0. 00002 0. 00001
25 0. 00006 0. 00003 0. 00002 0. 00001

26 0.00009 0.00005 0.00003 0. 00001 0. 00001
27 0. 00014 0. 00008 0. 00004 0. 00002 0. 00001 0. 00001
28 0.00023 0. 00012 0.00007 0. 00004 0. 00002 0.00001 0.00001
29 0. 00035 0. 00019 0 00011 0. 00006 0. 00003 0. 00002 0. 00001
30 0. 00052 0. 00029 0 00016 0. 00009 0. 00005 0. 00003 0. 00001 0. 00001
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PROBABILITY INTEGRAL OF x2-DISTRIBUTION, INCOMPLETE GAMMA FUNCTION Table 26.7
CUMULATIVE SUMS OF THE POISSON DISTRIBUTION



fet'dt=[2r
(i)] Jx2

From E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisticians, vol. L Cambridge
Univ. Press, Cambridge, England, 1954 (with permission) for Q > 0.0005.

0.995 o,00 0.975 o.os 0.9 0.75 0.5 0.25

1 -5) 3.92704 (-4)1.57088 (-.4)9.82069 (-3) 3.93214 0.0157908 0.101531 0.454937 1.32330
2 -2) 1.00251 (-2)2.01007 (-2)5.06356 0.102587 0.210720 0.575364 1.38629 2.77259
3 -2) 7.17212 0.114832 0.215795 0.351846 0.584375 1.212534 2.36597 4.10835
4 0.206990 0.297110 0.484419 0.710721 1.063623 1.92255 3.35670 5.38527
5 0.411740 0.554300 0.831211 1.145476 1.61031 2.67460 4.35146. 6.62568

6 0.675727 0.872085 1.237347 1.63539 2.20413 3.45460 5.34812 7.84080
7 0.989265 1.239043 1.68987 2.16735 2.83311 4.25485 6.34581 9.03715
8 1.344419 1.646482 2.17973 2.73264 3.48954 5.07064 7.34412 10.2188
9 1.734926 2.087912 2.70039 3.32511 4.16816 5.89883 8.34283 11.3887

10 2.15585 2.55821 3.24697 3.94030 4.86518 6.73720 9.34182 12.5489

11 2.60321 3.05347 3.81575 4.57481 5.57779 7.58412 10.3410 13.7007
12 3.07382 3.57056 4.40379 5.22603 6.30380 8.43842 11.3403 14.8454
13 3.56503 4.10691 5.00874 5.89186 7.04150 9.29906 12.3398 15.9839
14 4.07468 4.66043 5.62872 6.57063 7.78953 10.1653 13.3393 17.1170
15 4.60094 5.22935 6.26214 7.26094 8.54675 11.0365 14.3389 18.2451

16 5.14224 5.81221 6.90766 7.96164 9.31223 11.9122 15.3385 19.3688
17 5.69724 6.40776 7.56418 8.67176 10.0852 12.7919 16.3381 20.4887
18 6.26481 7.01491 8.23075 9.39046 10.8649 13.6753 17.3379 21.6049
19 6.84398 7.63273 8.90655 10.1170 11.6509 14.5620 18.3376 22.7178
20 7.43386 8.26040 9.59083 10.8508 12.4426 15.4518 19.3374 23.8277

21 8.03366 8.89720 10.28293 11.5913 13.2396 16.3444 20.3372 24.9348
22 8.64272 9.54249 10.9823 12.3380 14.0415 17.2396 21.3370 26.0393
23 9.26042 10.19567 11.6885 13.0905 14.8479 18.1373 22.3369 27.1413
24 9.88623 10.8564 12.4011 13.8484 15.6587 19.0372 23.3367 28.2412
25 10.5197 11.5240 13.1197 14.6114 16.4734 19.9393 24.3366 29.3389

26 11.1603 12.1981 13.8439 15.3791 17.2919 20.8434 25.3364 30.4345
27 11.8076 12.8786 14.5733 16.1513 18.1138 21.7494 26.3363 31.5284
28 12.4613 13.5648 15.3079 16.9279 18.9392 22.6572 27.3363 32.6205
29 13.1211 14.2565 16.0471 17.7083 19.7677 23.5666 28.3362 33.7109
30 13.7867 14.9535 16.7908 18.4926 20.5992 24.4776 29.3360 34.7998

40 20.7065 22.1643 24.4331 26.5093 29.0505 33.6603 39.3354 45.6160
50 27.9907 29.7067 32.3574 34.7642 37.6886 42.9421 49.3349 56.3336
60 35.5346 37.4848 40.4817 43.1879 46.4589 52.2938 59.3347 66.9814
70 43.2752 45.4418 48.7576 51.7393 55.3290 61.6983 69.3344 77.5766
80 51.1720 53.5400 57.1532 60.3915 64.2778 71.1445 79.3343 88.1303

90 59.1963 61.7541 65.6466 69.1260 73.2912 80.6247 89.3342 98.6499
100 67.3276 70.0648 74.2219 77.9295 82.3581 90.1332 99.3341 109.141

X -2.5758 -2.3263 -1.9600 -1.6449 -1.2816 -0.6745 0.0000 0.6745
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Table 26.8 PERCENTAGE POINTS OF THE x2-DISTRIBUTION-VALUES OF
x2 IN TERMS OF Q AND



-1 1 .
Q(x2i)=[2r()] f et'clt

J X2

0.1 0.05 0.025 0.01 0.005 (1.001 0.0005 0.0001

1 2.70554 3.84146 5.02389 6.63490 7.87944 10.828 12.116 15.137
2 4.60517 5.99147 7.37776 9.21034 10.5966 13.816 15.202 18.421
3 6.25139 7.81473 9.34840 11.3449 12.8381 16.266 17.730 21.108
4 7.77944 9.48773 11.1433 13.2767 14.8602 18.467 19.997 23.513
5 9.23635 11.0705 12.8325 15.0863 16.7496 20.515 22.105 25.745

6 10.6446 12.5916 14.4494 16.8119 18.5476 22.458 24.103 27.856
7 12.0170 14.0671 16.0128 18.4753 20.2777 24.322 26.018 29.877
8 13.3616 15.5073 17.5346 20.0902 21.9550 26.125 27.868 31.828
9 14.6837 16.9190 19.0228 21.6660 23.5893 27.877 29.666 33.720

10 15.9871 18.3070 20.4831 23.2093 25.1882 29.588 31.420 35.564

11 17.2750 19.6751 21.9200 24.7250 26.7569 31.264 33.137 37.367
12 18.5494 21.0261 23.3367 26.2170 28.2995 32.909 34.821 39.134
13 19.8119 22.3621 24.7356 27.6883 29.8194 34.528 36.478 40.871
14 21.0642 23.6848 26.1190 29.1413 31.3193 36.123 38.109 42.579
15 22.3072 24.9958 27.4884 30.5779 32.8013 37.697 39.719 44.263

16 23.5418 26.2962 28.8454 31.9999 34.2672 39.252 41.308 45.925
17 24.7690 27.5871 30.1910 33.4087 35.7185 40.790 42.879 47.566
18 25.9894 28.8693 31.5264 34.8053 37.1564 42.312 44.434 49.189
19 27.2036 30.1435 32.8523 36.1908 38.5822 43.820 45.973 50.796
20 28.4120 31.4104 34.1696 37.5662 39.9968 45.315 47.498 52.386

21 29.6151 32.6705 35.4789 38.9321 41.4010 46.797 49.011 53.962
22 30.8133 33.9244 36.7807 40.2894 42.7956 48.268 50.511 55.525
23 32.0069 35.1725 38.0757 41.6384 44.1813 49.728 52.000 57.075
24 33.1963 36.4151 39.3641 42.9798 45.5585 51.179 53.479 58.613
25 34.3816 37.6525 40.6465 44.3141 46.9278 52.620 54.947 60.140

26 35.5631 38.8852 41.9232 45.6417 48.2899 54.052 56.407 61.657
27 36.7412 40.1133 43.1944 46.9630 49.6449 55.476 57.858 63.164
28 37.9159 41.3372 44.4607 48.2782 50.9933 56.892 59.300 64.662
29 39.0875 42.5569 45.7222 49.5879 52.3356 58.302 60.735 66.152
30 40.2560 43.7729 46.9792 50.8922 53.6720 59.703 62.162 67.633

40 51.8050 55.7585 59.3417 63.6907 66.7659 73.402 76.095 82.062
50 63.1671 67.5048 71.4202 76.1539 79.4900 86.661 89.560 95.969
60 74.3970 79.0819 83.2976 88.3794 91.9517 99.607 102.695 109.503
70 85.5271 90.5312 95.0231 100.425 104.215 112.317 115.578 122.755
80 96.5782 101.879 106.629 112.329 116.321 124.839 128.261 135.783

90 107.565 113.145 118.136 124.116 128.299 137.208 140.782 148.627
100 118.498 124.342 129.561 135.807 140.169 149.449 153.167 161.319

X 1.2816 1.6449 1.9600 2.3263 2.5758 3.0902 3.2905 3.7190
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PERCENTAGE POINTS OF THE x2-DISTRIBUTION-VALUES OF Table 26.8
x2 IN TERMS OF Q AND
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Table 26.9 PERCENTAGE POINTS OF THE F-DISTRIBUTION -VALUES

OF F IN TERMS OF Q, M,

Q(F y1 y2) =0.5

Compiled from E. S. Pearson and H. O. Hartley (editors), Biometrika tables for
statisticians, vol. I. Cambridge Univ. Press, Cambridge, England, 1954 (with
permission).

'i 1 2 3 4 5 6 8 12 15 20 30 60
1 1.00 1.50 1.71 1.82 1.89 1.94 2.00 2.07 2.09 2.12 2.15 2.17 2.20
2 0.667 1_00 1.13 1.21 1.25 1.28 1.32 1.36 1.38 1.39 1.41 1.43 1.44
3 0.585 0.881 1.00 1.06 1.10 1.13 1.16 1.20 1.21 1.23 1.24 1.25 1.27
4 0.549 0.828 0.941 1.00 1.04 1.06 1.09 1.13 1.14 1.15 1.16 1.18 1.19
5 0.528 0.799 0.907 0.965 1.00 1.02 1.05 1.09 1.10 1.11 1.12 1.14 1.15

6 0.515 0.780 0.886 0.942 0.977 1.00 1.03 1.06 1.07 1.08 1.10 1.11 1.12
7 0.506 0.767 0.871 0.926 0.960 0.983 1.01 1.04 1.05 1.07 1.08 1.09 1.10
8 0.499 0.757 0.860 0.915 0.948 0.971 1.00 1.03 1.04 1.05 1.07 1.08 1.09
9 0.494 0.749 0.852 0.906 0.939 0.962 0.990 1.02 1.03 1.04 1.05 1.07 1.08

10 0.490 0.743 0.845 0.899 0.932 0.954 0.983 1.01 1.02 1.03 1.05 1.06 1.07

11 0.486 0.739 0.840 0.893 0.926 0.948 0.977 1.01 1.02 1,03 1.04 1.05 1.06
12 0.484 0.735 0.835 0.888 0.921 0.943 0.972 1.00 1.01 1.02 1.03 1.05 1.06
13 0.481 0.731 0.832 0.885 0.917 0.939 0.967 0.996 1.01 1.02 1.03 1.04 1.05
14 0.479 0.729 0.828 0.881 0.914 0.936 0.964 0.992 1.00 1.01 1.03 1.04 1.05
15 0.478 0.726 0.826 0.878 0.911 0.933 0.960 0.989 1.00 1.01 1.02 1.03 1.05

16 0.476 0.724 0.823 0.876 0.908 0.930 0.958 0.986 0.997 1.01 1.02 1.03 1.04
17 0.475 0.722 0.821 0.874 0.906 0.928 0.955 0.983 0.995 1.01 1.02 1.03 1.04
18 0.474 0.721 0.819 0.872 0.904 0.926 0.953 0.981 0.992 1.00 1.02 1.03 1,04
19 0.473 0.719 0.818 0.870 0.902 0.924 0.951 0.979 0.990 1.00 1.01 1.02 1.04
20 0.472 0.718 0.816 0.868 0.900 0.922 0.950 0.977 0.989 1.00 1.01 1.02 1.03

21 0.471 0.716 0,815 0.867 0.899 0.921 0.948 0.976 0.987 0.998 1.01 1.02 1.03
22 0.470 0.715 0.814 0.866 0.898 0.919 0.947 0.974 0.986 0.997 1.01 1.02 1.03
23 0.470 0.714 0.813 0.864 0.896 0.918 0.945 0.973 0.984 0.996 1.01 1.02 1.03
24 0.469 0.714 0.812 0.863 0.895 0.917 0.944 0.972 0.983 0.994 1.01 1.02 1.03
25 0.468 0.713 0.811 0.862 0.894 0.916 0.943 0.971 0.982 0.993 1.00 1.02 1.03

26 0.468 0.712 0.810 0.861 0.893 0.915 0.942 0.970 0.981 0.992 1.00 1.01 1.03
27 0.467 0.711 0.809 0.861 0.892 0.914 0.941 0.969 0.980 0.991 1.00 1.01 1.03
28 0.467 0.711 0.808 0.860 0.892 0.913 0.940 0.968 0.979 0.990 1.00 1.01 1.02
29 0.466 0.710 0.808 0.859 0.891 0.912 0.940 0.967 0.978 0.990 1.00 1.01 1.02
30 0.466 0.709 0.807 0.858 0.890 0.912 0.939 0.966 0.978 0.989 1.00 1.01 1.02

40 0.463 0.705 0.802 0.854 0.885 0.907 0.934 0.961 0.972 0.983 0.994 1.01 1.02
60 0.461 0.701 0.798 0.849 0.880 0.901 0.928 0.956 0.967 0.978 0.989 1.00 1.01

120 0.458 0.697 0,793 0.844 0.875 0.896 0.923 0.950 0.961 0.972 0.983 0.994 1.01
0.455 0.693 0.789 0.839 0.870 0.891 0.918 0.945 0.956 0.967 0.978 0.989 1.00

Q(Ftvi,M)0.25
\1'i 1 2 3 4 5 6 8 12 15 20 30 60

1 5.83 7.50 8.20 8.58 8.82 8.98 9.19 9.41 9.49 9.58 9.67 9.76 9.85
2 2.57 3.00 3.15 3.23 3.28 3.31 3.35 3.39 3.41 3.43 3.44 3.46 3.48
3 2.02 2.28 2.36 2.39 2.41 2.42 2.44 2,45 2.46 2.46 2.47 2.47 2.47
4 1.81 2.00 2,05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08
5 1.69 1.85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.87 1.87

6 1.62 1.76 1.78 1.79 1.79 1.78 1.78 1.77 1.76 1.76 1.75 1.74 1.74
7 1.57 1.70 1.72 1.72 1.71 1.71 1.70 1.68 1.68 1.67 1.66 1.65 1.65
8 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.62 1.62 1.61 1.60 1.59 1.58
9 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.58 1.57 1.56 1.55 1.54 1.53

10 1.49 1.60 1.60 1.59 1.59 1.58 1.56 1.54 1.53 1.52 1.51 1.50 1.48

11 1.47 1.58 1.58 1.57 1.56 1.55 1.53 L51 1.50 1.49 1.48 1.47 1.45
12 1.46 1.56 1.56 1.55 1.54 1.53 1.51 1.49 1.48 1.47 1.45 1.44 1.42
13 1.45 1.55 1.55 1.53 1.52 1.51 1.49 1.47 1.46 1.45 1.43 1.42 1.40
14 1.44 1.53 1.53 1.52 1.51 1.50 1.48 1.45 1.44 1.43 1.41 1.40 1.38
15 1.43 1.52 1.52 1.51 1.49 1.48 1.46 1.44 1.43 1.41 1.40 1.38 1.36

16 1.42 1.51 1.51 1.50 1.48 1.47 1.45 1.43 1.41 1.40 1.38 1.36 1.34
17 1.42 1.51 1.50 1.49 1.47 1.46 1.44 1.41 1.40 1.39 1.37 1.35 1.33
18 1.41 1.50 1.49 1.48 1.46 1.45 3.43 1.40 1.39 3.38 136 1.34 1.32
19 1.41 1.49 1.49 1.47 1.46 1.44 1.42 1.40 1.38 1.37 1.35 1.33 1.30
20 1.40 1.49 1.48 1.47 1.45 1.44 1.42 1.39 1.37 1.36 1.34 1.32 1.29

21 1.40 1.48 1.48 1.46 1.44 1.43 1.41 1.38 1.37 1.35 1.33 1.31 1.28
22 1.40 1.48 1.47 1.45 1.44 1.42 1.40 1.37 1.36 1.34 1.32 1.30 1.28
23 1.39 1.47 1.47 1.45 1.43 1.42 1.40 1.37 1.35 1.34 1.32 1.30 1.27
24 1.39 1.47 1.46 1.44 1.43 1.41 1.39 1.36 1.35 1.33 1.31 1.29 1.26
25 1.39 1.47 1.46 1.44 1.42 1.41 1.39 1.36 1.34 1.33 1.31 1.28 1.25

26 1.38 1.46 1.45 1.44 1.42 1.41 1.38 1.35 1.34 1.32 1.30 1.28 1.25
27 1.38 1.46 1.45 1.43 1.42 1.40 1.38 1.35 1.33 1.32 1.30 1.27 1.24
28 1.38 1.46 1.45 1.43 1.41 1.40 1.38 1.34 1.33 1.31 1.29 1.27 1.24
29 1.38 1.45 1.45 1.43 1.41 1.40 1.37 1.34 1.32 1.31 1.29 1.26 1.23
30 1.38 1.45 1.44 1.42 1.41 1.39 1.37 1.34 1.32 1.30 1.28 1.26 1.23

40 1.36 1.44 1.42 1.40 1.39 1.37 1.35 1.31 1.30 1.28 1.25 1.22 1.19
60 1.35 1.42 1.41 1.38 1.37 1.35 1.32 1.29 1.27 1.25 1.22 1.19 1.15

120 1.34 1.40 1,39 1.37 1.35 1.33 1.30 1.26 1.24 1.22 1.19 1.16 1.10
1.32 1.39 1.37 1.35 1.33 1.31 1.28 1.24 1.22 1.19 1.16 1.12 1.00
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PERCENTAGE POINTS OF THE F-DISTRIBUTION -VALUES

OF F IN TERMS OF Q, i', v
Q(Fv1,v2)=0.1

'i 1 2 3 4 5 6 8 12 15 20 30

Table 26.9

60
1 39.86 49.50 53,59 55.83 57.24 58.20 59.44 60.7]. 61.22 61.74 62.26 62.79 63.33
2 8.53 9.00 9.16 9.24 9.29 9.33 9.37 9.41 9.42 9.44 9.46 9.47 9.49
3 5.54 5.46 539 5.34 5.31 5.28 5.25 5.22 5.20 5.18 5.17 5.15 5.13
4 4.54 4.32 4,19 4.11 4.05 4.01 3.95 3.90 3.87 3.84 3.82 3.79 3.76
5 4.06 3.78 3.62 3.52 3.45 3.40 3.34 3.27 3.24 3.21 3.17 3.14 3.10

6 3.78 3.46 3.29 3.18 3.11 3.05 2.98 2.90 2.87 2.84 2.80 2.76 2.72
7 3.59 3.26 3.07 2.96 2.88 2.83 2.75 2.67 2.63 2.59 2.56 2.51 2.47
8 3.46 3.11 2,92 2.81 2.73 2.67 2.59 2.50 2,46 2.42 2.38 2.34 2.29
9 3.36 3.01 2.81 2.69 2.61 2.55 2.47 2.38 2.34 2.30 2.25 2.21 2.16

10 3.29 2.92 2,73 2.61 2.52 2.46 2.38 2.28 2.24 2.20 2.16 2.11 2.06

11 3.23 2.86 2,66 2.54 2.45 2.39 2.30 2.21 2.17 2.12 2.08 2.03 1.97
12 3.18 2.81 2.61 2.48 2.39 2.33 2.24 2.15 2.10 2.06 2.01 1.96 1.90
13 3.14 2.76 2.56 2.43 2.35 2.28 2.20 2.10 2.05 2.01 1.96 1.90 1.85

-14 3.10 2.73 2.52 2.39 2.31 2.24 2.15 2.05 2.01 1.96 1.91 1.86 1.80
15 3.07 2.70 2.49 2.36 2.27 2.21 2.12 2.82 1.97 1.92 1.87 1.82 1.76

16 3.05 2.67 2,46 2.33 2.24 2.18 2.09 1.99 1.94 1.89 1.84 1.78 1.72
17 3.03 2.64 2.44 2.31 2.22 2.15 2.06 1.96 1.91 1.86 1.81 1.75 1.69
18 3.01 2.62 2,42 2.29 2.20 2.13 2.04 1.93 1.89 1.84 1.78 1.72 1.66
19 2.99 2.61 2,40 2.27 2.18 2.11 2.02 1.91 1.86 1.81 1.76 1.70 1,63
20 2.97 2.59 2.38 2.25 2.16 2.09 2.00 1.89 1.84 1.79 1.74 1.68 1.61

2]. 2.96 2.57 2.36 2.23 2.14 2.08 1.98 1.87 1.83 1.78 1.72 1.66 1.59
22 2.95 2.56 2.35 2.22 2.13 2.06 1.97 1.86 1.81 1.76 1.70 1.64 1.57
23 2.94 2.55 2.34 2.21 2.11 2.05 1.95 1.84 1.80 1.74 1.69 1.62 1.55
24 2.93 2.54 2.33 2.19 2.10 2.04 1.94 1.83 1.78 1.73 1.67 1.61 1.53
25 2.92 2.53 2.32 2.18 2.09 2.02 1.93 1.82 1.77 1.72 1.66 1.59 1.52

26 2.91 2.52 2.31 2.17 2.08 2.01 1.92 1.81 1.76 1.71 1.65 1.58 1.50
27 2.90 2.51 2.30 2.17 2.07 2.00 1.91 1.80 1.75 1.70 1.64 1.57 1.49
28 2.89 2.50 2.29 2.16 2.06 2.00 1.90 1.79 1.74 1.69 1.63 1.56 1.48
29 2.89 2.50 2.28 2.15 2.06 1.99 1.89 1.78 1.73 1.68 1.62 1.55 1.47
30 2.88 2.49 2,28 2.14 2.05 1.98 1.88 1.77 1.72 1.67 1.61 1.54 1.46

40 2.84 2.44 2.23 2.09 2.00 1.93 1.83 1.71 1.66 1.61 1.54 1.47 1.38
60 2.79 2.39 2.18 2.04 1.95 1.87 1.77 1.66 1.60 1.54 1.48 1.40 1.29

120 2.75 2.35 2.13 1.99 L90 1.82 1.72 1.60 1.55 1.48 1.41 1.32 1.19
2.71 2.30 2.08 1.94 1.85 1.77 1.67 1.55 1.49 1.42 1.34 1.24 1.00

Q(F ivi V2) =0.05

' 1 2 3 4 5 6 8 12 15 20 30 60
1 161.4 199.5 215.7 224.6 230.2 234.0 238.9 243.9 245.9 248.0 250.1 252.2 254.3
2 18.51 19.00 19.16 19.25 19.30 19.33 19.37 19.41 19.43 19.45 19.46 19.48 19.50
3 10,13 9,55 9.28 9.12 9.01 8.94 8.85 8.74 8.70 8.66 8.62 8.57 8.53
4 7.71 6.94 6.59 6.39 6.26 6.16 6.04 5.91 5.86 5.80 5.75 5.69 5.63
5 6.61 5.79 5.41 5.19 5.05 4.95 4.82 4.68 4.62 4.56 4.50 4.43 4.36

6 5,99 5,14 4.76 4.53 4.39 4.28 4.15 4.00 3,94 3.87 3.81 3.74 3.67
7 5.59 4.74 4.35 4.12 3.97 3.87 3.73 3.57 3.51 3.44 3.38 3.30 3.23
8 5.32 4.46 4.07 3.84 3.69 3.58 3.44 3.28 3.22 3.15 3.08 3.01 2.93
9 5,12 4.26 3.86 3.63 3.48 3.37 3.23 3.07 3.01 2.94 2.86 2.79 2.71

10 4.96 4.10 3.71 3.48 333 3.22 3.07 2.91 2.85 2.77 2.70 2.62 2.54

11 4.84 3.98 3.59 3.36 3.20 3.09 2.95 2.79 2.72 2.65 2.57 2.49 2.40
12 4.75 3.89 3.49 3.26 3.11 3.00 2.85 2.69 2.62 2.54 2.47 2.38 2.30
13 4.67 3.81 3.41 3.18 3.03 2.92 2.77 2.60 2.53 2.46 2.38 2.30 2.21
14 4.60 3.74 3.34 3j1 2.96 2.85 2.70 2.53 2.46 2.39 2.31 2.22 2.13
15 4.54 3.68 3.29 3.06 2.90 2.79 2.64 2.48 2.40 2.33 2.25 2.16 2.07

16 4.49 3.63 3.24 3.01 2.85 2.74 2.59 2.42 2,35 2.28-- 2.19 2.11 2.01
17 4.45 3.59 3.20 2.96 2.81 2.70 2.55 2.38 2.31 2.23 2.15 2.06 1.96
18 4.41 3.55 3.16 2.93 2.77 2.66 2.51 2.34 2.27 2.19 2.11 2.02 1.92
19 4.38 3.52 3.13 2.90 2.74 2.63 2.48 2.31 2.23 2.16 2.07 1.98 1.88
20 4.35 3.49 3.10 2.87 2.71 2.60 2.45 2.28 2.20 2.12 2.04 1.95 1.84

21 4.32 3.47 3.07 2.84 2.68 2.57 2.42 2.25 2.18 2.10 2.01 1,92 1.81
22 4.30 3,44 3.05 2,82 2.66 2.55 2.40 2.23 2.15 2,07 1.98 189 1,78
23 4.28 3.42 3.03 2.80 2.64 2.53 2.37 2.20 2.13 2.05 1.96 1.86 1.76
24 4.26 3,40 3.01 2.78 2.62 2.51 2.36 2.18 2.11 2.03 1.94 1,84 1.73
25 4.24 3.39 2.99 2.76 2.60 2.49 2.34 2.16 2,09 2,01 1.92 1.82 1.71

26 4.23 3.37 2.90 2.74 2.59 2.47 2.32 2.15 2.07 1.99 1.90 1,80 1.69
27 4.21 3.35 2.96 2.73 2.57 2.46 2.31 2.13 2.06 1.97 1,88 1.79 1.67
28 4.20 3.34 2.95 2.71 2,56 2.45 2.29 2.12 2.04 1,96 1.87 1.77 1.65
29 4.18 - 3.33 2.93 2.70 2.55 2.43 2.28 2.10 2.03 1.94 1.85 1.75 1.64
30 4.17 3.32 2.92 2.69 2.53 2.42 2.27 2.09 2.01 - 1.93 1.84 1.74 1.62

40 4.Ö8 3.23 2.84 2.61 2.45 2.34 2.18 2.00 1.92 1.84 1.74 1.64 1.51
60 4,00 3.15 2.76 2.53 2.37 2.25 2.10 1.92 1.84 1.75 1.65 1.53 1.39

120 3.92 3.07 2.68 2.45 2.29 2.17 2.02 1.83 1.75 1.66 1.55 1.43 1.25
3.84 3.00 2.60 2.37 2,21 2.10 1.94 1.73 1,67 1.57 1.46 1.32 1.00



''i 1 2 3

OF F IN TERMS OF Q, '1 y2

Q(FIY1,Z=0.025

4 5 6 8 12 15 20 30 60
1 647.0 799.5 864.2 899.6 921.8 937.1 956.7 976.7 984.9 993.1 1001 1010 1018
2 38.51 39.80 39.17 39.25 39.30 39.33 39.37 39.41 39.43 39.45 39.46 39.48 39.50
3 17.44 16.04 15.44 15.10 14.88 14.73 14.54 14.34 14.25 14.17 14.08 13.99 13.90
4 12.22 10.65 9.98 9.60 9.36 9.20 8.98 8.75 8.66 8.56 8.46 8.36 8.26
5 10.01 8.43 7.76 7.39 7.15 6.98 6.76 6.52 6.43 6.33 6.23 6.12 6.02

6 8.81 7.26 6.60 6.23 5.99 5.82 5.60 5.37 5.27 5.17 5.07 4.96 4.85
7 8.07 6.54 5.89 5.52 5.29 5.12 4.90 4.67 4.57 4.47 4.36 4.25 4.14
8 7.57 6.06 5.42 5.05 4.82 4.65 4.43 4.20 4.10 4.00 3.89 3.78 3.67
9 7.21 5.71 5.08 4.72 4.48 4.32 4.10 3.87 3.77 3.67 3.56 3.45 3.33

10 6.94 5.46 4.83 4.47 4.24 4.07 3.85 3.62 3.52 3.42 3.31 3.20 3.08

11 6.72 5.26 4.63 4.28 4.04 3.88 3.66 3.43 3.33 3.23 3.12 3.00 2.88
12 6.55 5.10 4.47 4.12 3.89 3.73 3.51 3.28 3.18 3.07 2.96 2.85 2.72
13 6.41 4.97 4.35 4.00 3.77 3.60 3.39 3.15 3.05 2.95 2.84 2.72 2.60
14 6.30 4.86 4.24 3.89 3.66 3.50 3.29 3.05 2.95 2.84 2.73 2.61 2.49
15 6.20 4.77 4.15 3.80 3.58 3.41 3.20 2.96 2.86 2.76 2.64 2.52 2.40

16 6.12 4.69 4.08 3.73 3.50 3.34 3.12 2.89 2.79 2.68 2.57 2.45 2.32
17 6.04 4.62 4.01 3.66 3.44 3.28 3.06 2.82 2.72 2.62 2.50 2.38 2.25
18 5.98 4.56 3.95 3.61 3.38 3.22 3.01 2.77 2.67 2.56 2.44 2.32 2.19
19 5.92 4.51 3.90 3.56 3.33 3.17 2.96 2.72 2.62 2.51 2.39 2.27 2.13
20 5.87 4.46 3.86 3.51 3.29 3.13 2.91 2.68 2.57 2.46 2.35 2.22 2.09

21 5.83 4.42 3.82 3.48 3.25 3.09 2.87 2.64 2.53 2.42 2.31 2.18 2.04
22 5.79 4.38 3.78 3.44 3.22 3.05 2.84 2.60 2.50 2.39 2.27 2.14 2.00
23 5.75 4.35 3.75 3.41 3.18 3.02 2.81 2.57 2.47 2.36 2.24 2.11 1.97
24 5.72 4.32 3.72 3.38 3.15 2.99 2.78 2.54 2.44 2.33 2.21 2.08 1.94
25 5.69 4.29 3.69 3.35 3.13 2.97 2.75 2.51 2.41 2.30 2.18 2.05 1.91

26 5.66 4.27 3.67 3.33 3.10 2.94 2.73 2.49 2.39 2.28 2.16 2.03 1.88
27 5.63 4.24 3.65 3.31 3.08 2.92 2.71 2.47 2.36 2.25 2.13 2.00 1.85
28 5.61 4.22 3.63 3.29 3.06 2.90 2.69 2.45 2.34 2.23 2.11 1.98 1.83
29 5.59 4.20 3.61 3.27 3.04 2.88 2.67 2.43 2.32 2.21 2.09 1.96 1.81
30 5.57 4.18 3.59 3.25 3.03 2.87 2.65 2.41 2.31 2.20 2.07 1.94 1.79

40 5.42 4.05 3.46 3.13 2.90 2.74 2.53 2.29 2.18 2.07 1.94 1.80 1.64
60 5.29 3.93 3.34 3.01 2.79 2.63 2.41 2.17 2.06 1.94 1.82 1.67 1.48

120 5.15 3.80 3.23 2.89 2.67 2.52 2.30 2.05 1.94 1.82 1.69 1.53 1.31
5.02 3.69 3.12 2.79 2.57 2.41 2.19 1.94 1.83 1.71 1.57 1.39 1.00

Q(Fv1v2)=0.01\!l 2 3 4 5 6 8 12 15 20 30 60 o
1 4052 4999.5 5403 5625 5764 5859 5982 6106 6157 6209 6261 6313 6366
2 98.50 99.00 99.17 99.25 99.30 99.33 99.37 99.42 99.43 99.45 99.47 99.48 99.50
3 34.12 30.82 29.46 28.71 28.24 27.91 27.49 27.05 26.87 26.69 26.50 26.32 26.13
4 21.20 18.00 16.69 15.98 15.52 15.21 14.80 14.37 14.20 14.02 13.84 13.65 13.46
5 16.26 13.27 12.06 11.39 10.97 10.67 10.29 9.89 9.72 9.55 9.38 9.20 9.02

6 13.75 10.92 9.78 9.15 8.75 8.47 8.10 7.72 7.56 7.40 7.23 7.06 6.88
7 12.25 9.55 8.45 7.85 7.46 7.19 6.84 6.47 6.31 6.16 5.99 5.82 5.65
8 11.26 8.65 7.59 7.01 6.63 6.37 6.03 5.67 5.52 5.36 5.20 5.03 4.86
9 10.56 8.02 6.99 6.42 6.06 5.80 5.47 5.11 4.96 4.81 4.65 4.48 4.31

10 10.04 7.56 6.55 5.99 5.64 5.39 5.06 4.71 4.56 4.41 4.25 4.08 3.91

11 9.65 7.21 6.22 5.67 5.32 5.07 4.74 4.40 4.25 4.10 3.94 3.78 3.60
12 9.33 6.93 5.95 5.41 5.06 4.82 4.50 4.16 4.01 3.86 3.70 3.54 3.36
13 9.07 6.70 5.74 5.21 4.86 4.62 4.30 3.96 3.82 3.66 3.51 3.34 3.17
14 8.86 6.51 5.56 5.04 4.69 4.46 4.14 3.80 3.66 3.51 3.35 3.18 3.00
15 8.68 6.36 5.42 4.89 4.56 4.32 4.00 3.67 3.52 3.37 3.21 3.05 2.87

16 8.53 6.23 5.29 4.77 4.44 4.20 3.89 3.55 3.41 3.26 3.10 2.93 2.75
17 8.40 6.11 5.18 4.67 4.34 4.10 3.79 3.46 3.31 3.16 3.00 2.83 2.65
18 8.9 6.01 5.09 4.58 4.25 4.01 3.71 3.37 3.23 3.08 2.92 2.75 2.57
19 8.18 5.93 5.01 4.50 4.17 3.94 3.63 3.30 3.15 3.00 2.84 2.67 2.49
20 8.10 5.85 4.94 4.43 4.10 3.87 3.56 3.23 3.09 2.94 2.78 2.61 2.42

21 8.02 5.78 4.87 4.37 4.04 3.81 3.51 3.17 3.03 2.88 2.72 2.55 2.36
22 7.95 5.72 4.82 4.31 3.99 3.76 3.45 3.12 2.98 2.83 2.67 2.50 2.31
23 7.88 5.66 4.76 4.26 3.94 3.71 3.41 3.07 2.93 2.78 2.62 2.45 2.26
24 7.82 5.61 4.72 4.22 3.90 3.67 3.36 3.03 2.89 2.74 2.58 2.40 2.21
25 7.77 5.57 4.68 4.18 3.85 3.63 3.32 2.99 2.85 2.70 2.54 2.36 2.17

26 7.72 5.53 4.64 4.14 3.82 3.59 3.29 2.96 2.81 2.66 2.50 2.33 2.13
27 7.68 5.49 4.60 4.11 3.78 3.56 3.26 2.93 2.78 2.63 2.47 2.29 2.10
28 7.64 5.45 4.57 4.07 3.75 3.53 3.23 2.90 2.75 2.60 2.44 2.26 2.06
29 7.60 5.42 4.54 4.04 3.73 3.50 3.20 2.87 2.73 2.57 2.41 2.23 2.03
30 7.56 5.39 4.51 4.02 3.70 3.47 3.17 2.84 2.70 2.55 2.39 2.21 2.01

40 7.31 5.18 4.31 3.83 3.51 3.29 2.99 2.66 2.52 2.37 2.20 2.02 1.80
60 7.08 4.98 4.13 3.65 3.34 3.12 2.82 2.50 2.35 2.20 2.03 1.84 1.60

120 6.85 4.79 3.95 3.48 3.17 2.96 2.66 2.34 2.19 2.03 1.86 1.66 1.38
o 6.63 4.61 3.78 3.32 3.02 2.80 2.51 2.18 2.04 1.88 1.70 1.47 1.00
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*See page L

V V 1 2 3

OF F IN TERMS OF Q, y1, p
Q(Flv,v2) =0.005

4 5 6 8 12 15 20 30 60
1 16211 20000 21615 22500 23056 23437 23925 24426 24630 24836 25044 25253 25465
2 198.5 199.0 199.2 199.2 199.3 199.3 199.4 199.4 199.4 199.4 199.5 199.5 199.5
3 55.55 49.80 47.47 46.19 45.35 44.84 44.13 43.39 43.08 42.78 42.47 42.15 41.83
4 31.33 26.28 24.26 23.15 22.46 21.97 21.35 20.70 20.44 20.17 19.89 19.61 19.32
5 22.78 18.31 16.53 15.56 14.94 14.51 13.96 13.38 13.15 12.90 12.66 12.40 12.14

6 18.63 14.54 12.92 12.03 11.46 11.07 10.57 10.03 9.81 9.59 9.36 9.12 8.88
7 16.24 12.40 10.88 10.05 9.52 9.16 8.68 8.18 7.97 7.75 7.53 7.31 7.08
8 14.69 11.04 9.60 8.81 8.30 7.95 7.50 7.01 6.81 6.61 6.40 6.18 5.95
9 13.61 10.11 8.72 7.96 7.47 7.13 6.69 6.23 6.03 5.83 5.62 5.41 5.19

10 12.83 9.43 8.08 7.34 6.87 6.54 6.12 5.66 5.47 5.27 5.07 4.86 4.64

11 12.23 8.91 7.60 6.88 6.42 6.10 5.68 5.24 5.05 4.86 4.65 4.44 4.23
12 11.75 8.51 7.23 6.52 6.07 5.76 5.35 4.91 4.72 4.53 4.33 4.12 3.90
13 11.37 8.19 6.93 6.23 5.79 5.48 5.08 4.64 4.46 4.27 4.07 3.87 3.65
14 11.06 7.92 6.68 6.00 5.56 5.26 4.86 4.43 4.25 4.06 3.86 3.66 3.44
15 10.80 7.70 6.48 5.80 5.37 5.07 4.67 4.25 4.07 3.88 3.69 3.48 3.26

16 10.58 7.51 6.30 5.64 5.21 4.91 4.52 4.10 3.92 3.73 3.54 3.33 3.11
17 10.38 7.35 6.16 5.5C 5.07 4.78 4.39 3.97 3.79 3.61 3.41 3.21 2.98
18 10.22 7.21 6.03 5.37 4.96 4.66 4.28 3.86 3.68 3.50 3.30 3.10 2.87
19 10.07 7.09 5.92 5.27 4.85 4.56 4.18 3.76 3.59 3.40 3.21 3.00 2.78
20 9.94 6.99 5.82 5.17 4.76 4.47 4.09 3.68 3.50 3.32 3.12 2.92 2.69

21 9.83 6.89 5.73 5.09 4.68 4.39 4.01 3.60 3.43 3.24 3.05 2.84 2.61
22 9.73 6.81 5.65 5.02 4.61 4.32 3.94 3.54 3.36 3.18 2.98 2.77 2.55
23 9.63 6.73 5.58 4.95 4.54 4.26 3.88 3.47 3.30 3.12 2.92 2.71 2.48
24 9.55 6.66 5.52 4.89 4.49 4.21 3.83 3.42 3.25 3.06 2.87 2.66 2.43
25 9.48 6.60 5.46 4.84 4.43 4.15 3.78 3.37 3.20 3.01 2.82 2.61 2.38

26 9.41 6.54 5.41 4.79 4.38 4.10 3.73 3.33 3.15 2.97 2.77 2.56 2.33
27 9.34 6.49 5.36 4.74 4.34 4.06 3.69 3.28 3.11 2.93 2.73 2.52 2.29
28 9.28 6.44 5.32 4.70 4.30 4.02 3.65 3.25 3.07 2.89 2.69 2.48 2.25
29 9.23 6.40 5.28 4.66 4.26 3.98 3.61 3.21 3.04 2.86 2.66 2.45 2.21
30 9.18 6.35 5.24 4.62 4.23 3.95 3.58 3.18 1.01 2.82 2.63 2.42 2.18

40 8.83 6.07 4.98 4.37 3.99 3.71 3.35 2.95 2.78 2.60 2.40 2.18 1.93
60 8.49 5.79 4.73 4.14 3.76 3.49 3.13 2.74 2.57 2.39 2.19 1.96 1.69

120 8.18 5.54 4.50 3.92 3.55 3.28 2.93 2.54 2.37 2.19 1.98 1.75 1.43
7.88 5.30 4.28 3.72 3.35 3.09 2.74 2.36 2.19 2.00 1.79 1.53 1.00

-Q(FIpi, P2) = 0.001
1V1 1 2 3 4 5 6 8 12 15 20 30 60

1 (5)4.053 (5) 5.000 (5)5.404 (5)5.625 (5)5.764 (5)5.859 (5)5.981 (5)6.107 (5)6.158 (5)6.209 (5)6.261 (5)6.313 (5)6.366
2 998.5 999.0 999.2 999.2 999.3 999.3 999.4 999.4 999.4 999.4 999.5 999.5 999.5
3 167.0 148.5 141.1 137.1 134.6 132.8 130.6 128.3 127.4 126.4 125.4 124.5 123.5
4 74.14 61.25 56.18 53.44 51.71 50.53 49.00 47.41 46.76 46.10 45.43 44.75 44.05
5 47.18 37.12 33.20 31.09 29.75 28.84 27.64 26.42 25.91 25.39 24.87 24.33 23.79

6 35.51 27.00 23.70 21.92 20.81 20.03 19.03 17.99 17.56 17.12 16.67 16.21 15.75
7 29.25 21.69 18.77 17.19 16.21 15.52 14.63 13.71 13.32 12.93 12.53 12.12 11.70
8 25.42 18.49 15.83 14.39 13.49 12.86 12.04 11.19 10.84 10.48 10.11 9.73 9.33
9 22.86 16.39 13.90 12.56 11.71 11.13 10.37 9.57 9.24 8.90 8.55 8.19 7.81

10 21.04 14.91 12.55 11.28 10.48 9.92 9.20 8.45 8.13 7.80 7.47 7.12 6.76

11 19.69 13.81 11.56 10.35 9.58 9.05 8.35 7.63 7.32 7.01 6.68 6.35 6.00Il 18.64 12.97 10.80 9.63 8.89 8.38 7.71 7.00 6.71 6.40 6.09 5.76 5.42
13 17.81 12.31 10.21 9.07 8.35 7.86 7.21 6.52 6.23 593 5.63 5.30 4.97
14 17.14 11.78 9.73 8.62 7.92 7.43 6.80 6.13 5.85 5.56 5.25 4.94 4.60
15 16.59 11.34 9.34 8.25 7.57 7.09 6.47 5.81 5.54 5.25 4.95 4.64 4.31

16 16.12 10.97 9.00 7.94 7.27 6.81 6.19 5.55 5.27 4.99 4.70 4.39 4.06
17 15.72 10.66 8.73 7.68 7.02 6.56 5.96 5.32 5.05 4.78 4.48 4.18 3.85
18 15.38 10.39 8.49 7.46 6.81 6.35 5.76 5.13 4.87 459 430 4.00 3.67
19 15.08 10.16 8.28 7.26 6.62 6.18 5.59 4.97 4.70 4.43 4.14 3.84 3.51
20 14.82 9.95 8.10 7.10 6.46 6.02 5.44 4.82 4.56 4.29 4.00 3.70 3.38

21 14.59 9.77 7.94 6.95 6.32 5.88 5.31 4.70 4.44 4.17 3.88 3.58 3.26
22 14.38 9.61 7.80 6.81 6.19 5.76 5.19 4.58 4.33 4.06 3.78 3.48 3.15
23 14.19 9.47 7.67 6.69 6.08 5.65 5.09 4.48 4.23 3.96 3.68 3.38 3.05
24 14.03 9.34 7.55 6.59 5.98 5.55 4.99 4.39 4.14 3.87 3.59 3.29 2.97
25 13.88 9.22 7.45 6.49 5.88 5.46 4.91 4.31 4.06 3.79 3.52 3.22 2.89

26 13.74 9.12 7.36 6.41 5.80 5.38 4.83 4.24 3.99 3.72 3.44 3.15 2.82
27 13.61 9.02 7.27 6.33 5.73 5.31 4.76 4.17 3.92 3.66 3.38 3.08 2.75
28 13.50 8.93 7.19 6.25 5.66 5.24 4.69 4.11 3.86 3.60 3.32 3.02 2.69
29 13.39 8.85 7.12 6.19 5.59 5.18 4.64 4.05 3.80 3.54 3.27 2.97 2.64
30 13.29 8.77 7.05 6.12 5.53 5.12 4.58 4.00 3.75 3.49 3.22 2.92 2.59

40 12.61 8.25 5.60 5.70 5.13 4.73 4.21 3.64 3.40 3.15 2.87 2.57 2.23
60 11.97 7.76 6.17 5.31 4.76 4.37 3.87 3.31 3.08 2.83 2.55 2.25 1.89

120 11.38 7.32 5.79 4.95 4.42 4.04 3.55 3.02 2.78 2.53 2.26 1.95 1.54
oo 10.83 5.91 5.42 4.62 4.10 3.74 3.27 2.74 2.51 2.27 1.99 1.65 1.00

PROBABILITY FUNCTIONS 989

PERCENTAGE POINTS OF THE F-DISTRIBUTION -VALUES Table 26.9



A=A(t!v)=[B )T'
(1+l.v

From E. S. Pearson and H. O. Hartley (editors), Biometrika tables for statisti-
cians, vol. I. Cambridge Univ. Press, Cambridge, England, 1954 for A 0.999,
from E. T. Federighi, Extended tables of the percentage points of Student's
t-distribution, J. Amer. Statist. Assoc. 54, 683-688 (1959) for A 0.999 (with
permission).

'See page II.

v\A 0.2 0.5 0.8 0.9 0.95 0.98 0.99 0.995 0.998 0.999 0.9999 0.99999 0.999999
1 0.325 1.000 3.078 6.314 12.706 31.821 63.657 127.321 318.309 636.619 6366.198 63661.977 636619.772
2 0.289 0.816 1.886 2.920 4.303 6.965 9.925 14.089 22.327 31.598 99.992 316.225 999.999
3 0.277 0.765 1.638 2.353 3.182 4.541 5.841 7.453 10.214 12.924 28.000 60.397 130.155
4 0.271 0.741 1.533 2.132 2.776 3.747 4.604 5.598 7.173 8.610 15.544 27.771 49.459
5 0.267 0.727 1.476 2.015 2.571 3.365 4.032 4.773 5.893 6.869 11.178 17.897 28.477

6 0.265 0.718 1.440 1.943 2.447 3.14i 3.707 4.317 5.208 5.959 9.082 13.555 20.047
7 0.263 0.711 1.415 1.895 2.365 2.998 3.499 4.029 4.785 5.408 7.885 11.215 15.764
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 3.833. 4.501 5.041 7.120 9.782 13.257
9 0.261 0.703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781 6.594 8.827 11.637

10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587 6.211 8.150 10.516

ii 0.260 0.697 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437 5.921 7648 9 702
12 0.259 0.695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4.318 5.694 7.261 9.085
13 0.259 0.694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4.221 5.513 6.955 8.604
14 0.258 0.692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140 5.363 6.706 8 218
15 0.258 0.691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073 5.239 6.502 7.903

16 0.258 0.690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015 5.134 6.330 7.642
17 0.257 0.689 1.333 1.740 2.110 2.567 2.898 3.223 3.646 3.965 5.044 6.184 7.421
18 0.257 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922 4.966 6.059 7.232
19 0.257 0.688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883 4.897 5.949 7.069
20 0.257 0.687 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850 4.837 5.854 6.927

21 0.257 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819 4.784 5.769 6.802
22 0.256 0.686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792 4.736 5.694 6.692
23 0.256 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.768 4.693 5.627 6.593
24 0.256 0.685 1.318 1.711 2.064 2.492 2.797 3.090 3.467 3.745 4.654 5.566 6.504
25 0.256 0.684 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725 4.619 5.511 6.424

26 0.256 0.684 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707 4.587 5.461 6 352
27 0.256 0.684 1.314 1.703 2.052 2.473 2.771 3.057 3.421 3.690 4.558 5.415 6286
28 0.256 0.683 1.313 1.701 2.048 2.467 2.763 3.047 3.408 3.674 4.530 5.373 6:225
29 0.256 0.683 1.311 1.699 2.045 2.462 2.756 3.038 3.396 3.659 4.506 5.335 6.170
30 0.256 0.683 1.310 1.697 2.042 2.457 2.750 3.030 3.385 3.646 4.482 5.299 6.119

40 0.255 0.681 1.303 1.684 2.021 2.423 2.704 2.971 3.307 3.551 4.321 5.053 5 768
60 0.254 0.679 1.296 1.671 2.000 2.390 2.660 2.915 3.232 3.460 4.169 4.825 5.449

120 0.254 0.677 1.289 1.658 1.980 2.358 2.617 2.860 3.160 3.373 * 4.025 * 4.613 * 5.]58
0.253 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291 3.891 4.417 4.892
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Compiled from Rand Corporation, A million random digits with 100,000 normal deviates. The Free Press, Glencoe, Ill.,
1955 (with permission).

53479 81115 98036 12217 59526 40238 40577 39351 43211 69255
97344 70328 58116 91964 26240 44643 83287 97391 92823 77578
66023 38277 74523 71118 84892 13956 98899 92315 65783 59640
99776 75723 03172 43112 83086 81982 14538 26162 24899 20551
30176 48979 92153 38416 42436 26636 83903 44722 69210 69117

81874 83339 14988 99937 13213 30177 47967 93793 86693 98854
19839 90630 71863 95053 55532 60908 84108 55342 48479 63799
09337 33435 53869 52769 18801 25820 96198 66518 78314 97013
31151 58295 40823 41330 21093 93882 49192 44876 47185 81425
67619 52515 03037 81699 17106 64982 60834 85319 47814 08075

61946 48790 11602 83043 22257 11832 04344 95541 20366 55937
04811 64892 96346 79065 26999 43967 63485 93572 80753 96582
05763 39601 56140 25513 86151 78657 02184 29715 04334 15678
73260 56877 40794 13948 96289 90185 47111 66807 61849 44686
54909 09976 76580 02645 35795 44537 64428 35441 28318 99001

42583 36335 60068 04044 29678 16342 48592 25547 63177 75225
27266 27403 97520 23334 36453 33699 23672 45884 41515 04756
49843 11442 66682 36055 32002 78600 36924 59962 68191 62580
29316 40460 27076 69232 51423 58515 49920 03901 26597 33068
30463 27856 67798 16837 74273 05793 02900 63498 00782 35097

28708 84088 65535 44258 33869 82530 98399 26387 02836 36838
13183 50652 94872 28257 78547 55286 33591 61965 51723 14211
60796 76639 30157 40295 99476 28334 15368 42481 60312 42770
13486 46918 64683 07411 77842 01908 47796 65796 44230 77230
34914 94502 39374 34185 57500 22514 04060 94511 44612 10485

28105 04814 85170 86490 35695 03483 57315 63174 71902 71182
59231 45028 01173 08848 81925 71494 95401 34049 04851 65914
87437 82758 71093 36833 53582 25986 46005 42840 81683 21459
29046 01301 55343 65732 78714 43644 46248 53205 94868 48711
62035 71886 94506 15263 61435 10369 42054 68257 14385 79436

38856 80048 59973 73368 52876 47673 41020 82295 26430 87377
40666 43328 87379 86418 95841 25590 54137 94182 42308 07361
40588 90087 37729 08667 37256 20317 53316 50982 32900 32097
78237 86556 50276 20431 00243 02303 71029 49932 23245 00862
98247 67474 71455 69540 01169 03320 67017 92543 97977 52728

69977 78558 65430 32627 28312 61815 14598 79728 55699 91348
39843 23074 40814 03713 21891 96353 96806 24595 26203 26009
62880 87277 99895 99965 34374 42556 11679 99605 98011 48867
56138 64927 29454 52967 86624 62422 30163 76181 95317 39264
90804 56026 48994 64569 67465 60180 12972 03848 62582 93855

09665 44672 74762 33357 67301 80546 97659 11348 78771 45011
34756 50403 76634 12767 32220 34545 18100 53513 14521 72120
12157 73327 74196 26668 78087 53636 52304 00007 05708 63538
69384 07734 94451 76428 16121 09300 67417 68587 87932 38840
93358 64565 43766 45041 44930 69970 16964 08277 67752 60292

38879 35544 99563 85404 04913 62547 78406 01017 86187 22072
58314 60298 72394 69668 12474 93059 02053 29807 63645 12792
83568 10227 99471 74729 22075 10233 21575 20325 21317 57124
28067 91152 40568 33705 64510 07067 64374 26336 79652 31140
05730 75557 93161 80921 55873 54103 34801 83157 04534 81368
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992 PROBABILITY FUNCTIONS

Table 26.11 2500 FIVE DIGIT RANDOM NUMBERS

26687 74223 43546 45699 94469 82125 37370 23966 68926 31664
60675 75169 24510 15100 02011 14375 65187 10630 64421 66745
45418 98635 83123 98558 09953 60255 42071 40930 97992 93085
69872 48026 89755 28470 44130 59979 91063 28766 85962 77173
03765 86366 99539 44183 23886 89977 11964 51581 18033 56239

84686 57636 32326 19867 71345 42002 96997 84379 27991 21459
91512 49670 32556 85189 28023 88151 62896 95498 29423 38138
10737 49307 18307 22246 22461 10003 93157 66984 44919 30467
54870 19676 58367 20905 38324 00026 98440 37421 22896 37637
48967 49579 65369 74305 62085 39297 10309 23173 74212 32272

91430 79112 03685 05411 23027 54735 91550 06250 18705 18909
92564 29567 47476 62804 73428 04535 86395 12162 59647 97726
41734 12199 77441 92415 63542 42115 84972 12454 33133 48467
25251 78110 54178 78241 09226 87529 35376 90690 54178 08561
91657 11563 66036 28523 83705 09956 76610 88116 78351 50877

00149 84745 63222 50533 50159 60433 04822 49577 89049 16162
53250 73200 84066 59620 61009 38542 05758 06178 80193 26466
25587 17481 56716 49749 70733 32733 60365 14108 52573 39391
01176 12182 06882 27562 75456 54261 38564 89054 96911 88906
83531 15544 40834 20296 88576 47815 96540 19462 78666 25353

19902 98866 32805 61091 91587 30340 84909 64047 67750 87638
96516 78705 25556 35181 29064 49005 29843 68949 50506 45862
99417 56171 19848 24352 51844 03791 72127 57958 08366 43190
77699 57853 93213 27342 28906 31052 65815 21637 49385 75406
32245 83794 99528 05150 27246 48263 62156 62469 97048 16511

12874 72753 66469 13782 64330 00056 73324 03920 13193 19466
63899 41910 45484 55461 66518 82486 74694 07865 09724 76490
16255 43271 26540 41298 35095 32170 70625 66407 01050 44225
75553 30207 41814 74985 40223 91223 64238 73012 83100 92041
41772 18441 34685 13892 38843 69007 10362 84125 08814 66785

09270 01245 81765 06809 10561 10080 17482 05471 82273 06902
85058 17815 71551 36356 97519 54144 51132 83169 27373 68609
80222 87572 62758 14858 36350 23304 70453 21065 63812 29860
83901 88028 56743 25598 79349 47880 77912 52020 84305 02897
.36303 57833 77622 02238 53285 77316 40106 38456 92214 54278

91543 63886 60539 96334 20804 72692 08944 02870 74892 22598
14415 33816 78231 87674 96473 44451 25098 29296 50679 07798
82465 07781 09938 66874 72128 99685 84329 14530 08410 45953
27306 39843 05634 96368 72022 01278 92830 40094 31776 41822
91960 82766 02331 08797 33858 21847 17391 53755 58079 48498

59284 96108 91610 07483 37943 96832 15444 12091 36690 58317
10428 96003 71223 21352 78685 55964 35510 94805 23422 04492
65527 41039 79574 05105 59588 02115 33446 56780 18402 36279
59688 43078 93275 31978 08768 84805 50661 18523 83235 50602
44452 10188 43565 46531 93023 07618 12910 60934 53403 18401

87275 82013 59804 78595 60553 14038 12096 95472 42736 08573
94155 93110 49964 27753 85090 77677 69303 66323 77811 22791
26488 76394 91282 03419 68758 89575 66469 97835 66681 03171
37073 34547 88296 68638 12976 50896 10023 27220 05785 77538
83835 89575 55956 93957 30361 47679 83001 35056 07103 63072
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55034 81217 90564 81943 11241 84512 12288 89862 00760 76159
25521 99536 43233 48786 49221 06960 31564 21458 88199 06312
85421 72744 97242 66383 00132 05661 96442 37388 57671 27916
61219 48390 47344 30413 39392 91365 56203 79204 05330 31196
20230 03147 58854 11650 28415 12821 58931 30508 65989 26675

95776 83206 56144 55953 89787 64426 08448 45707 80364 60262
07603 17344 01148 83300 96955 65027 31713 89013 79557 49755
00645 17459 78742 39005 36027 98807 72666 54484 68262 38827
62950 83162 61504 31557 80590 47893 72360 72720 08396 33674
79350 10276 81933 26347 08068 67816 06659 87917 74166 85519

48339 69834 59047 82175 92010 58446 69591 56205 95700 86211
05842 08439 79836 50957 32059 32910 15842 13918 41365 80115
25855 02209 07307 59942 71389 76159 11263 38787 61541 22606
25272 16152 82323 70718 98081 38631 91956 49909 76253 33970
73003 29058 17605 49298 47675 90445 68919 05676 23823 84892

81310 94430 22663 06584 38142 00146 17496 51115 61458 65790
10024 44713 59832 80721 63711 67882 25100 45345 55743 67618
84671 52806 89124 37691 20897 82339 22627 06142 05773 03547
29296 58162 21858 33732 94056 88806 54603 00384 66340 69232
51771 94074 70630 41286 90583 87680 13961 55627 23670 35109

42166 56251 60770 51672 36031 77273 85218 14812 90758 23677
78355 67041 22492 51522 31164 30450 21600 44428 96380 26772
09552 51347 33864 89018 73418 81538 77399 30448 97740 18158
15771 63127 34847 05660 06156 48970 55699 61818 91763 20821
13231 99058 93754 36730 44286 44326 15729 37500 47269 13333

50583 03570 38472 73236 67613 72780 78174 18718 99092 64114
99485 57330 10634 74905 90671 19643 69903 60950 17968 37217
54676 39524 73785 48864 69835 62798 65205 69187 05572 74741
99343 71549 10248 76036 31702 76868 88909 69574 27642 00336
35492 40231 34868 55356 12847 68093 52643 32732 67016 46784

98170 25384 03841 23920 47954 10359 70114 11177 63298 99903
02670 86155 56860 02592 01646 42200 79950 37764 82341 71952
36934 42879 81637 79952 07066 41625 96804 92388 88860 68580
56851 12778 24309 73660 84264 24668 16686 02239 66022 64133
05464 28892 14271 23778 88599 17081 33884 88783 39015 57118

15025 20237 63386 71122 06620 07415 94982 32324 79427 70387
95610 08030 81469 91066 88857 56583 01224 28097 19726 71465
09026 40378 05731 55128 74298 49196 31669 42605 30368 96424
81431 99955 52462 67667 97322 69808 21240 65921 12629 92896
21431 59335 58627 94822 65484 09641 41018 85100 16110 32077

95832 76145 11636 80284 17787 97934 12822 73890 66009 27521
99813 44631 43746 99790 86823 12114 31706 05024 28156 04202
77210 31148 50543 11603 50934 02498 09184 95875 85840 71954
13268 02609 79833 66058 80277 08533 28676 37532 70535 82356
44285 71735 26620 54691 14909 52132 81110 74548 78853 31996

70526 45953 79637 57374 05053 31965 33376 13232 85666 86615
88386 11222 25080 71462 09818 46001 19065 68981 18310 74178
83161 73994 17209 79441 64091 49790 11936 44864 86978 34538
50214 7Ï721 33851 45144 05696 29935 12823 01594 08453 52825
97689 29341 67147 80643 13620 23943 49396 83686 37302 95350
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12367 23891 31506 90721 18710 89140 58595 99425 22840 08267
38890 30239 34237 22578 74420 22734 26930 40604 10182 80128
80788 55410 39770 93317 18270 21141 52085 78093 85638 81140
02395 77585 08854 23562 33544 45796 10976 44721 24781 09690
73720 70184 69112 71887 80140 72876 38984 23409 63957 44751

61383 17222 55234 18963 39006 93504 18273 49815 52802 69675
39161 44282 14975 97498 25973 33605 60141 30030 17677 49294
80907 74484 39884 19885 37311 04209 49675 39596 01052 43999
09052 65670 63660 34035 06578 87837 28125 48883 50482 55135
33425 24226 32043 60082 20418 85047 53570 32554 64099 52326

72651 69474 73648 71530 55454 19576 15552 20517 12124 50038
04142 32092 83586 61825 35482 32736 63403 91499 37196 02762
85226 14193 52213 60746 24414 57858 31884 51266 82293 73553
54888 03579 91674 59502 08619 33790 29011 85193 62262 28684
33258 51516 82032 45233 39351 33229 59464 65545 76809 16982

75973 15957 32405 82081 02214 57143 33526 41194 94526 73253
90638 75314 35381 34451 49246 11465 25102 71489 89883 99708
65061 15498 93348 33566 19427 66826 03044 97361 08159 47485
64420 07427 82233 97812 39572 07766 65844 29980 15533 90114
27175 17389 76963 75117 45580 99904 47160 55364 25666 25405

32215 30094 87276 56896 15625 32594 80663 08082 19422 80717
54209 58043 72350 89828 02706 16815 89985 37380 44032 59366
59286 66964 84843 71549 67553 33867 83011 66213 69312 23903
83872 58167 01221 95558 22196 65905 38785 01355 47489 28170
83310 57080 03366 80017 39601 40698 56434 64055 02495 50880

64545 29500 13351 78647 92628 19354 60479 57338 52133 07114
39269 00076 55489 01524 76568 22571 20328 84623 30188 43904
29763 05675 28193 65514 11954 78599 63902 21346 19219 90286
06310 02998 01463 27738 90288 17697 64511 39552 34694 03211
97541 47607 57655 59102 21851 44446 07976 54295 84671 78755

82968 85717 11619 97721 53513 53781 98941 38401 70939 11319
76878 34727 12524 90642 16921 13669 17420 84483 68309 85241
87394 78884 87237 92086 95633 66841 22906 64989 86952 54700
74040 12731 59616 33697 12592 44891 67982 72972 89795 10587
47896 41413 66431 70046 50793 45920 96564 67958 56369 44725

87778 71697 64148 54363 92114 34037 59061 62051 62049 33526
96977 63143 72219 80040 11990 47698 95621 72990 29047 85893
43820 13285 77811 81697 29937 70750 02029 32377 00556 86687
57203 83960 40096 39234 65953 59911 91411 55573 88427 45573
49065 72171 80939 06017 90323 63687 07932 99587 49014 26452

94250 84270 95798 13477 80139 26335 55169 73417 40766 45170
68148 81382 82383 18674 40453 92828 30042 37412 43423 45138
12208 97809 33619 28868 41646 16734 88860 32636 41985 84615
88317 89705 26119 12416 19438 65665 60989 59766 11418 18250
56728 80359 29613 63052 15251 44684 64681 42354 51029 77680

07138 12320 01073 19304 87042 58920 28454 81069 93978 66659
21188 64554 55618 36088 24331 84390 16022 12200 77559 75661
02154 12250 88738 43917 03655 21099 60805 63246 26842 35816
90953 85238 32771 07305 36181 47420 19681 33184 41386 03249
80103 91308 12858 41293 00325 15013 19579 91132 12720 92603



PROBABILITY FUNCTIONS

2500 FIVE DIGIT RANDOM NUMBERS Table 26.11

995

92630 78240 19267 95457 53497 23894 37708 79862 76471 66418
79445 78735 71549 44843 26104 67318 00701 34986 66751 99723
59654 71966 27386 50004 05358 94031 29281 18544 52429 06080
31524 49587 76612 39789 13537 48086 59483 60680 84675 53014
06348 76938 90379 51392 55887 71015 09209 79157 24440 30244

28703 51709 94456 48396 73780 06436 86641 69239 51662 80181
68108 89266 94730 95761 75023 48464 65544 96583 18911 16391
99938 90704 93621 66330 33393 95261 95349 51769 91616 33238
91543 73196 34449 63513 83834 99411 58826 40456 69268 48562
42103 02781 73920 56297 72678 12249 25270 36678 21313 75767

17138 27584 25296 28387 51350 61664 37893 05363 44143 42677
28297 14280 54524 21618 95320 38174 60579 08089 94999 78460
09331 56712 51333 06289 75345 08811 82711 57392 25252 30333
31295 04204 93712 51287 05754 79396 87399 51773 33075 97061
36146 15560 27592 42089 99281 59640 15221 96079 09961 05371

29553 18432 13630 05529 02791 81017 49027 79031 50912 09399
23501 22642 63081 08191 89420 67800 55137 54707 32945 64522
57888 85846 67967 07835 11314 01545 48535 17142 08552 67457
55336 71264 88472 04334 63919 36394 11196 92470 70543 29776
10087 10072 55980 64688 68239 20461 89381 93809 00796 95945

34101 81277 66090 88872 37818 72142 67140 50785 21380 16703
53362 44940 60430 22834 14130 96593 23298 56203 92671 15925
82975 66158 84731 19436 55790 69229 28661 13675 99318 76873
54827 84673 22898 08094 14326 87038 42892 21127 30712 48489
25464 59098 27436 89421 80754 89924 19097 67737 80368 08795

67609 60214 41475 84950 40133 02546 09570 45682 50165 15609
44921 70924 61295 51137 47596 86735 35561 76649 18217 63446
33170 30972 98130 95828 49786 13301 36081 80761 33985 68621
84687 85445 06208 17654 51333 02878 35010 67578 61574 20749
71886 56450 36567 09395 96951 35507 17555 35212 69106 01679

00475 02224 74722 14721 40215 21351 08596 45625 83981 63748
25993 38881 68361 59560 41274 69742 40703 37993 03435 18873
92882 53178 99195 93803 56985 53089 15305 50522 55900 43026
25138 26810 07093 15677 60688 04410 24505 37890 67186 62829
84631 71882 12991 83028 82484 90339 91950 74579 03539 90122

34003 92326 12793 61453 48121 74271 28363 66561 75220 35908
53775 45749 05734 86169 42762 70175 97310 73894 88606 19994
59316 97885 72807 54966 60859 11932 35265 71601 55577 67715
20479 66557 50705 26999 09854 52591 14063 30214 19890 19292
86180 84931 25455 26044 02227 52015 21820 50599 51671 65411

21451 68001 72710 40261 61281 13172 63819 48970 51732 54113
98062 68375 80089 24135 72355 95428 11808 29740 81644 86610
01788 64429 14430 94575 75153 94576 61393 96192 03227 32258
62465 04841 43272 68702 01274 05437 22953 18946 99053 41690
94324 31089 84159 92933 99989 89500 91586 02802 69471 68274

05797 43984 21575 09908 70221 19791 51578 36432 33494 79888
10395 14289 52185 09721 25789 38562 54794 04897 59012 89251
35177 56986 25549 59730 64718 52630 31100 62384 49483 11409
25633 89619 75882 98256 02126 72099 57183 55887 09320 73463
16464 48280 94254 45777 45150 68865 11382 11782 22695 41988
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27.1. Debye Functions
Series Representations

27.1.1

1 t'dt i x B2kx2k

1) k=1 (2k-j--n) (2k)!1Jo ei"1i2(n+ +
(fxJ<2ir,n1)

(For Bernoulli numbers B2k, see chapter 23.)

27.1.2

t"dt _9X" nx" (n)(n-1)x'2
es-1 k.1 k+ k2 + k3

n!
+ . . . +jiI(x>Onl)

27. Miscellaneous Functions

Table 27.1 Debye Functions

998
L5

Relation to Riemann Zeta Function (see chapter 23)
" t5dt

27.1.3 J =n!(n+1).e-1
[27.1] J. A. Beattie, Six-place tables of the Debye energy

and specific heat functions, J. Math. Phys. 6,
1-32 (1926).
3 y°dy 12 fl y3dy 3x

, z=O(.01)24, 6S.
x3Jo en-1 X8 Jo eu-1 es-1

[27.2] E. Grüneisen, Die Abhängigkeit des elektrischen
Widerstandes reiner Metalle von der Temperatur,
Ann. Physik. (5) 16, 530-540 (1933).

20 Ç £4dt 4x
xJo e'-1e-1'

x==O(.l)13(.2)18(1)2O(2)52(4)8O, 4S.

i Ç kIt 2 ¡ t2dt 3 f £¼U 4 j' t4dt

Joe'-1 Joe'-1 Joi Joe'-1

0. 0 1. 000000 1. 000000 1. 000000 1. 000000

0. 1 0. 975278 0. 967083 0. 963000 0. 960555
0. 2 0. 951111 0. 934999 0. 926999 0. 922221
0. 3 0. 927498 0. 903746 0. 891995 0. 884994
0. 4 0. 904437 0. 873322 0. 857985 0. 848871

0. 5 0. 881927 0. 843721 0. 824963 0. 813846
0. 6 0. 859964 0. 814940 0. 792924 0. 779911
0. 7 0. 838545 0. 786973 0. 761859 0. 747057
0. 8 0. 817665 0. 759813 0. 731759 0. 715275
0. 9 0. 797320 0. 733451 0. 702615 0. 684551

1. 0 0. 777505 0. 707878 0. 674416 0. 654874
1. 1 0. 758213 0. 683086 0. 647148 0. 626228
1. 2 0. 739438 0. 659064 0. 620798 0. 598598
1. 3 0. 721173 0. 635800 0. 595351 0. 571967

1. 4 0. 703412 0. 613281 0. 570793 0. 546317

1. 6 0. 669366 0. 570431 0. 524275 0. 497882

1. 8 0. 637235 0. 530404 0. 481103 0. 453131

2. 0 0. 606947 0. 493083 0. 441129 0. 411893
2. 2 0. 578427 0. 458343 0. 404194 0. 373984
2. 4 0. 551596 0. 426057 0. 370137 0. 339218

2. 6 0. 526375 0. 396095 0. 338793 0. 307405
2. 8 0. 502682 0. 368324 0. 309995 0. 278355
3. 0 0. 480435 0. 342614 0. 283580 0. 2518Z9
3. 2 0. 459555 0. 318834 0. 259385 0. 227792
3. 4 0. 439962 0. 296859 0. 237252 0. 205915

3. 6 0. 421580 0. 276565 0. 217030 0. 186075
3. 8 0. 404332 0. 257835 0. 198571 0. 168107
4. 0 0. 388148 0. 240554 0. 181737 0. 151855
4. 2 0. 372958 0. 224615 0. 166396 0. 137169

4. 4 0. 358696 0. 209916 0. 152424 0. 123913

4. 6 0. 345301 0. 196361 0. 139704 0. 111957

4. 8 0. 332713 0. 183860 0. 128129 0. 101180

5. 0 0. 320876 0. 172329 0. 117597 0. 091471

5. 5 0. 294240 0. 147243 0. 095241 0. 071228

6. 0 0. 271260 0. 126669 0. 077581 0. 055677

6. 5 0. 251331 0. 109727 0. 063604 0. 043730

7. 0 0. 233948 0. 095707 0. 052506 0. 034541

7. 5 0. 218698 0. 084039 0. 043655 0. 027453

8. 0 0. 205239 0. 074269 0. 036560 0. 021968

8. 5 0. 193294 0. 066036 0. 030840 0. 017702

9. 0 0. 182633 0. 059053 0. 026200 0. 014368

9. 5 0. 173068 0. 053092 0. 022411 0. 011747

10. 0 0. 164443 0. 047971 0. 019296 0. 009674



1 (-2)2L4 r (-25L5
x,.,=.2O140 52353 f(zmax)"21.20143 58.

[27.3] Miscellaneous Physical Tables, Planck's radiation
functions and electronic functions, MT 17 (U.S.
Government Printing Office, Washington, D.C.,
1941).

PA

RA=cIX_5(e2/'sT_ 1)_1, Ro-A= j RAdX,
-'o

NA' 21rcX_4(e02I*T_ 1)_1, No_A=JA NdX

1(-5)51 (-5)5L3J 3

(-2)8
5

[(_52)7] 1 (-2)1L4
RA Ro-A NA NO-ATable I: for, , ,

RA mAr Ro-ex, N mr No-m
XT_-[.05(.001) .1 (.005) .4(.01) .6(.02)1(.05)2]cm K°.

Table II: RA, R0-, NA, No-x (T1000° K)
for X=[.5(.01)1(.05)4(.1)6(.2)10(.5)20] microns.

Table III: NA for X=[.25(.05)1.6(.2)3(1)10]
microns, T=[1000°(500°)3500° K and 6000° K].

Einstein Functions Table 27.3

z f(s) s f(s) s f(s) s f(s) s f(s)

0. 050 0. 007 0. 10 4. 540 0. 20 21. 199 0. 40 8. 733 0. 9 0. 831
0. 055 0. 025 0. 11 6. 998 0. 22 20. 819 0. 45 6. 586 1. 0 0. 582
0. 060 0. 074 0. 12 9. 662 0. 24 19. 777 0. 50 5. 009 1. 1 0. 419
0. 065 0. 179 0. 13 12. 296 0. 26 18. 372 0. 55 3. 850 1. 2 0. 309
0. 070 0. 372 0. 14 14. 710 0. 28 16. 809 0. 60 2. 995 1. 3 0. 233

0. 075 0. 682 0. 15 16. 780 0. 30 15. 224 0. 65 2. 356 1. 4 0. 178
0. 080 1. 137 0. 16 18. 446 0. 32 13. 696 0. 70 1. 875 1. 5 0. 139
0. 085 1. 752 0. 17 19. 692 0. 34 12. 270 0. 75 1. 508 2. 0 0. 048
0. 090 2. 531 0. 18 20. 539 0. 36 10. 965 0. 80 1. 225 2. 5 0. 021
0. 095 3. 466 0. 19 21. 025 0. 38 9. 787 0. 85 1. 005 3. 0 0. 010
0. 100 4. 540 0. 20 21. 199 0. 40 8. 733 0. 90 0. 831 3. 5 0. 006

s in (1-e)
s

e z_1
-1n (i-e)(e-1) 2 er_i

0. 00 L 00000 1. 00000 -
0. 05 0. 99979 0. 97521 -3. 02063 3.99584
0. 10 0. 99917 0. 95083 -2. 35217 3. 30300
0.15 0. 99813 0. 92687 -1. 97118 2.89806
0. 20 0. 99667 0. 90333 -1. 70777 2. 61110

0. 25 0. 99481 0. 88020 -1. 50869 2. 38888
0. 30 0. 99253 0. 85749 -1. 35023 2. 20771
0. 35 0. 98985 0. 83519 -1. 21972 2. 05491
0. 40 0. 98677 0. 81330 -1. 10963 1. 92293
0. 45 0. 98329 0. 79182 -1. 01508 1. 80690

0. 50 0. 97942 0. 77075 -0. 93275 1. 70350
0. 55 0. 97517 0. 75008 -0. 86026 1. 61035
0. 60 0. 97053 0. 72982 -0. 79587 1. 52569
0. 65 0. 96552 0. 70996 -0. 73824 1. 44820
0. 70 0. 96015 0. 69050 -0. 68634 1. 37684

0. 75 0. 95441 0. 67144 -0. 63935 1. 31079
0. 80 0. 94833 0. 65277 -0. 59662 1. 24939
0. 85 0. 94191 0. 63450 -0. 55759 1. 19209
0. 90 0. 93515 0. 61661 -0. 52184 1. 13844
0. 95 0. 92807 0. 59910 -0. 48897 1. 08809

1. 00 0. 92067 0. 58198 -0. 45868 1. 04065
1. 05 0. 91298 0. 56523 -0. 43069 0. 99592
1. 10 0. 90499 0. 54886 -0. 40477 0. 95363
1. 15 0. 89671 0. 53285 -0. 38073 0. 91358
1. 20 0. 88817 0. 51722 -0. 35838 0. 87560

1. 25 0. 87937 0. 50194 -0. 33758 0. 83952
1. 30 0. 87031 0. 48702 -0. 31818 0. 80520
1. 35 0. 86102 0. 47245 -0. 30008 0. 77253
1. 40 0. 85151 0. 45824 -0. 28315 0. 74139
1. 45 0, 84178 0. 44436 -0. 26732 0. 71168
1. 50 0. 83185 0. 43083 -0. 25248 0. 68331

MISCELLANEOUS FUNCTIONS 999

Planck's Radiation Function Table 27.2
f(s) =x'(e"- 1)-'



[27.4J H. L, Johnston, L. Savedoff and J. Beizer, Contri-
butions to the thermodynamic functions by a
Planck-Einstein oscillator in one degree of free-
dom, NAVEXOS p. 646, Office of Naval Re-
search, Department of the Navy, Washington,
D.C. (1949). Values of x25x(ex_1)_2, x(ez_ 1)',
-in (1_e_x) and x(e-1)1-in (1_ez) for
x=0(.001)3(.01) 14.99, 5D with first differences.

27.4. Sievert Integral

5° e_z
see

Relation to the Error Function

27.4.1

(For eri, see chapter 7.)

Representation in Terms of Exponential Integrals
27.4.2

58
e_z sec =f e_e0*d4,

a(cos O)'E2k+2 ( g)

(o, o<e<)
1.3.5. ..(2k-1)
2.4.6.. (2k)

(For E2k2(x), see chapter 5.)
Relation to the Integral of the Bessel Function .Ko(z)

27.4.3
rri

Je_z sec #dq5=Kjj (r)=J
K0(t)dt where

(For Ki, (r), see chapter 11.)

X
x2e x in (1-es)

X

es-1
-in (1_e-x)

(ex_1)2 ex_1

1.6 0. 81143 0. 40475 -0. 22552 0. 63027
1.7 0. 79035 0. 37998 -0. 20173 0. 58171
1.8 0. 76869 0. 35646 -0. 18068 0. 53714
1.9 0. 74657 0. 33416 -0. 16201 0. 49617
2.0 0. 72406 0. 31304 -0. 14541 0. 45845

2. 1 0. 70127 0. 29304 -0. 13063 0. 42367
2.2 0. 67827 0. 27414 -0. 11744 0. 39158
2.3 0. 65515 0. 25629 -0. 10565 0. 36194
2.4 0. 63200 0. 23945 -0. 09510 0. 33455
2. 5 0. 60889 0. 22356 -0. 08565 0. 30921

2. 6 0. 58589 0. 20801 -0. 07718 0. 28578
2.7 0. 56307 0. 19453 -0. 06957 0. 26410
2.8 0. 54049 0. 18129 -0. 06274 0. 24403
2.9 0. 51820 0. 16886 -0. 05659 0. 22545
3.0 0. 49627 0. 15719 -0. 05107 0. 20826

3.2 0. 45363 0. 13598 -0. 04162 0. 17760
3.4 0. 41289 0. 11739 -0. 03394 0. 15133
3. 6 0. 37429 0. 10113 -0. 02770 0. 12883
3.8 0. 33799 0. 08695 -0. 02262 0. 10958
4.0 0. 30409 0. 07463 -0. 01849 0. 09311

4.2 0. 27264 0. 06394 -0. 01511 0. 07905
4.4 0. 24363 0. 05469 -0. 01235 0. 06705
4. 6 0. 21704 0. 04671 -0. 01010 0. 05681
4.8 0. 19277 0. 03983 -0. 00826 0. 04809
5.0 0. 17074 0. 03392 -0. 00676 0. 04068

5.2 0. 15083 0. 02885 -0. 00553 0. 03438
5.4 0. 13290 0. 02450 -0. 00453 0. 02903
5.6 0. 11683 0. 02078 -0. 00370 0. 02449
5.8 0. 10247 0. 01761 -0.00303 0. 02065
6.0 0. 08968 0. 01491 -0. 00248 0. 01739

e I
xiexKii(x) - (7r){1_+12

e_x sec
fo

e_x erf o) (x- )
2655 301035

"1024x3+32768X4

1 (-4)3 1(-4)3 1(-4)41 1(-4)6L4 L4 L4J L4

1000 MISCELLANEOUS FUNCTIONS

Table 27.3 Einstein Functions



[27.5] National Bureau of Standards, Table of the Sievert
integral, Applied Math. Series- (U.S. Government
Printing Office, Washington, D.C. In press).

x=0(.Ol)2(.02)5(.05)10, 0=00(10)900, OD.

I ( - 3)2L6 I(-4)51 I(-4)8Loi L6

6

Sie'vert Integral f e -z eo cirl

MISCELLANEOUS FUN

o

1 (-3)1L7

[27.6] R. M. Sievert, Die v-Strahlungsintensität an der
Oberfläche und in der nächsten Umgebung von
Radiumnadeln, Acta Radiologica 11, 239--301
(1930).

4=30°(1°)90°, A_-0(.01) .5, 3D.

CTIONS

i,
Jo

1 (-3)1L7

1001

E
(-3)2

7

Table 27.4

[(_73)4] 1(-2)21
L 11 J

x\0 100 200 30° 40° 50° 60° 75° 90°

0. 0 0. 174533 0. 349066 0. 523599 0. 698132 0. 872665 1. 047198 1. 308997 1. 570796

0. 1 0. 157843 0. 315187 0. 471456 0. 625886 0. 777323 0. 923778 1. 123611 1. 228632

0. 2 0. 142749 0. 284598 0. 424515 0. 561159 0. 692565 0. 815477 0. 968414 1. 023680
0. 3 0. 129099 0. 256978 0. 382255 0. 503165 0. 617194 0. 720366 0. 837712 0. 868832
0. 4 0. 116754 0. 232040 0. 344209 0. 451198 0. 550154 0. 636769 0. 727031 0. 745203

0. 5 0. 105589 0. 209522 0. 309957 0. 404629 0. 490508 0. 563236 0. 632830 0. 643694

0. 6 0. 095492 0. 189191 0. 279118 0. 362893 0. 437428 0. 498504 0. 552287 0. 558890

0. 7 0. 086361 0. 170833 0. 251353 0. 325486 0. 390178 0. 441478 0. 483134 0. 487198

0. 8 0. 078103 0. 154256 0. 226354 0. 291957 0. 348109 0. 391204 0. 423535 0. 426062

0. 9 0. 070634 0. 139289 0. 203845 0. 261901 0. 310642 0. 346851 0. 37199e 0. 373579

1. 0 0. 063880 0. 125775 0. 183579 0. 234956 0. 277267 0. 307694 0. 327288 0. 328286

1. 2 0. 052247 0. 102553 0. 148899 0. 189138 0. 221027 0. 242523 0. 254485 0. 254889

1. 4 0. 042733 0. 083620 0. 120780 0. 152298 0. 176336 0. 191533 0. 198885 0. 199051

1. 6 0. 034951 0. 068183 0. 097979 0. 122667 0. 140792 0. 151541 0. 156087 0. 156156

1. 8 0. 028587 0. 055597 0. 079488 0. 098829 0. 112497 0. 120105 0. 122932 0. 122961

2. 0 0. 023381 0. 045335 0. 064492 0. 079644 0. 089954 0. 095342 0. 097108 0. 097121

2. 2 0. 019123 0. 036967 0. 052329 0. 064201 0. 071979 0. 075797 0. 076905 0. 076911

2. 4 0. 015641 0. 030145 0. 042463 0. 051766 0. 057635 0. 060342 0. 061040 0. 061043

2. 6 0. 012793 0. 024582 0. 034460 0. 041750 0. 046179 0. 048100 0. 048541 0. 048542

2. 8 0. 010463 0. 020045 0. 027968 0. 033680 0. 037024 0. 038387 0. 038667 0. 038668

3. 0 0. 008558 0. 016347 0. 022700 0. 027177 0. 029702 0. 030670 0. 030848 0. 030848

3. 5 0. 005178 0. 009817 0. 013477 0. 015912 0. 017164 0. 017576 0. 017634 0. 017634

4. 0 0. 003132 0. 005896 0. 008005 0. 009330 0. 009951 0. 010128 0. 010147 0. 010147

4. 5 0. 001895 0. 003542 0. 004756 0. 005478 0. 005787 0. 005862 0. 005869 0. 005869
5. 0 0. 001147 0. 002127 0. 002828 0. 003221 0. 003374 0. 003407 0. 003409 0. 003409

5. 5 0. 000694 0. 001278 0. 001682 0. 001896 0. 001972 0. 001986 0. 001987 0. 001987

6.0 0. 000420 0. 000768 0. 001001 0. 001117 0. 001155 0. 001162 0. 001162 0. 001162

6. 5 0. 000254 0. 000461 0. 000596 0. 000659 0. 000678 0. 000681 0. 000681 0. 000681

7. 0 0. 000154 0. 000277 0. 000355 0. 000389 0. 000399 0. 000400 0. 000400 0. 000400

7. 5 0. 000093 0. 000167 0. 000211 0. 000230 0. 000235 0. 000235 0. 000235 0. 000235

8. 0 0. 000056 0. 000100 0. 000126 0. 000136 0. 000139 0. 000139 0. 000139 0. 000139
8. 5 0. 000034 0. 000060 0. 000075 0. 000081 0. 000082 0. 000082 0. 000082 0. 000082
9. 0 0. 000021 0. 000036 0. 000045 0. 000048 0. 000048 0. 000048 0. 000048 0. 000048
9. 5 0. 000012 0. 000022 0. 000027 0. 000028 0. 000029 0. 000029 0. 000029 0. 000029

10. 0 0. 000008 0. 000013 0. 000016 0. 000017 0. 000017 0. 000017 0. 000017 0. 000017

27.5. fm(X)f gme.t2.dt and

Related Integrals
m=O, 1,2..

Power Series Representations

27.5.4 2J1(x)=E (ak in x+bk)xt
k=O

Differential Equations -2ak..2
b

-2bk_2-(3k2-6k+2)ak
ak=k(kl) (k-2) k k(k-1)(k-2)

27.5.1 xf'-(m-1)J+2fm=0 a0=a1.=0 - b0
27.5.2 .f,'nfm-i (m=1, 2,...) b1=-i b2= (1-y)

Recurrence Relation

27.5.3 21m=(m1)fm_2+xjm_a (m3) (For y, see chapter 6.)



2f1(x) = i --x+ .6342x2+ .59O8x . i431x

.01968x5+.00324x6+.000188x7
x2 in x(1_.O8333X2+.001389x4_.0000O83XS+...)

27.5.6

2f2(x)=x+ X2 .3225x3,1477x4+.03195x5

+.00328x6 .000491x7 .0000235x8

+x3 in x(.O1667x2+.00Oi98x4-- . .

27.5.7

2f3(x) =1 - x+Ç. .2954x3+ .1014x4+ .02954x5

- .00578x6 .00047x7+ .000064x8

x4 in x(.0833.00278x2+.000025x4-

Asymptotic Representation

27.5.8

Jrn(X)'J 31v1 e (ao+++
(x--> o)

fv=3

a0=1, a1= (3m2+3m-1)

12(k+2)ak+2= - (12k2+36k-3m2-3m+25)ak+l

+(m-2k) (2k+3 m) (2k+3+2m)ak
(k=O,1,2. .

27.5.9 gi(x)+ig2(x)= ft3e_t2dt
.10

27.5.10

g3(x) =94J3(ix) g2(x) = .fJ3(ix)

MISCELLANEOUS FUNCTIONS

27.5.11
f\1/2 x9i(X)1) ex

27.5.12
.\ 1/2Xg2(x)=_() exp[_()213](A cos OB sin O)

3 2/3O=/ O)

A-.---a0a3
(2)21

[
/2\ 4/3

()a1() a2
'2 8/3 (2b0/3

]_a4() +al

2 2/3 '2' (2)8/3
B- i [ai () +a2 a4

2 10/3a5() +...]
a0=1 a3=.972222 a2=.148534

a3=.017879 a4=.004594 a5=.000762
[27.7] M. Abramowitz, Evaluation of the integral

Jo
e"2"du, J. Math. Phys. 32, 188-192 (1953).

[27.8] II. Faxén, Expansion in series of the integral
s: exp [_x(g±r.)]t2dt, Ark. Mat., Astr., Fys.
15, 13, 1-57 (1921).

[27.9] J. E. Kilpatrick and M. F. Kilpatrick, Discrete
energy levels associated with the Lennard-
Jones potential, J. Chem. Phys. 19, 7, 930-933
(1951).

[27.10] U. E. Kruse and N. F. Ramsey, The integral
y3 exp (y2+i ) dy, J. Math. Phys. 30,

40 (1951).
[27.11] 0. Laporte, Absorption coefficients for thermal

neutrons, Phys. Rev. 52, 72-74 (1937).
[27.121 II. C. Torrey, Notes on intensities of radio fri'.

quency spectra, Phys. Rev. 59, 293 (1941).
[27.13] C. T. Zahn, Absorption coefficients for thermF1

neutrons, Phys. Rev. 52, 67-71 (1937).

so ye'1'1dy for n=0, , 1; x=0(.01).1(.1)1.

Asymptotic Representation

[_()2/3]
(A O+B O)

X>

(x--> o,)
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Complied from U. R. Kruse and N. F. Ramsey, The interai5 y' exp (-0+1 ) dy, J. Math. Phys. 30, 40 (1951) (with permission).

27.6.1
X2.1f(x)=-e2 in xe_x2[Ç

k!(2k+1)
'y

27.6.2

=-e2 in x+ Ê
k=0

+V 1.3.5 . (2k+1)
(For 'y and the digamma function '(x), see chap-
ter 6.)

Relation to the Exponential Integral

27.6.3 J(x=- e2 Ei (x2)Çe_Z f e'2dt

(For Ei (x) see chapter 5;
r

e2 dt see chapter

273-888 O-67--63

[1] [1] [1] [(_)1] [1] [1]

[(_3)2] [(_)2]

27.6.f(x)=f e_tS
dt

o t+x
Power Series Representation

(- 1)kçt' (k+ 1) x2k
k!
(_2)kxlk+1

r(-4)51 r(-4)41 r(-3)'L 3J L 4J L 5

Asymptotic Representation

27.6.4

1.3.5
8x + .1

- [++++. . .1

[27.141 A. Erdélyi, Note on the paper "On a definite inte-
gral" by R. H. Ritchie, Math. Tables Aids
Comp. 4, 31. 179 (1950).

[27.151 E. T. Goodwin and J. Staton, Table of fl e du,
Jo U+Z

Quart. J. Mech. Appi. Math. 1, 319 (1948).
x= 0 (.02) 2(.05) 3(. 1)10. Auxiliary function for
x=0(.01)1.

[27.16] R. H. Ritchie, On a definite integral, Math. Tables
Aids Comp. 4, 30, 75 (1950).

rc-4)41 1(-4)4
L 3 iL 3

(x-p co)

z fi(x) fo(x) fo(x) z fi(x) /2(X) f(x) z fi(x) /2(x) /3(x)

0. 00 0. 5000 0. 4431 0. 5000 0. 1 0. 4263 0. 3970 0. 4580 0. 6 0. 2255 0. 2415 0. 3025
0. 01 0. 4914 0. 4382 0. 4956 0. 2 0. 3697 0. 3573 0. 4204 0. 7 0. 2015 0. 2202 0. 2793
0. 02 0. 4832 0. 4333 0. 4912 0. 3 0. 3238 0. 3227 0. 3864 0. 8 0. 1807 0. 2011 0. 2584
0. 03 0. 4753 0. 4285 0. 4869 0. 4 0. 2855 0. 2923 0. 3557 0. 9 0. 1626 0. 1839 0. 2392
0. 04 0. 4676 0. 4238 0. 4826 0. 5 0. 2531 0. 2654 0. 3278 1. 0 0. 1466 0. 1685 0. 2215
0. 05 0. 4602 0. 4191 0. 4784

z f(x) -ff3(ix) z -.1f3(ix) -ff3(iz)

0. 0 0. 50000 0. 00000 4. 0 -0. 2626 0. 0430 8. 0 0. 06078 -0. 09808
0. 2 0. 49019 0. 08754 4. 2 -0. 2552 +0. 0094 8. 5 0. 07562 -0. 07131
0. 4 0. 46229 0. 16933 4. 4 -0. 2441 -0. 0214 9. 0 0. 08221 -0. 04496
0. 6 0. 41950 0. 24139 4. 6 -0. 2299 -0. 0490 9. 5 0. 08191 -0. 02082
0. 8 0. 36543 0. 30136 4. 8 -0. 2132 -0.0734 10. 0 0. 07626 -0. 00010

1. 0 0. 30366 0. 34805 5. 0 -0. 1945 -0. 0944 10. 5 0. 06684 +0. 01654
1. 2 0. 23746 0. 38122 5. 2 -0. 1745 -0. 1120 11. 0 0. 05507 0. 02889
1. 4 0. 16972 0. 40127 5. 4 -0. 1536 -0. 1263 11. 5 0. 04224 0. 03707
1. 6 0. 10288 0. 40910 5. 6 -0. 1322 -0. 1374 12. 0 0. 02937 0. 04146
1. 8 +0. 03892 0. 40592 5. 8 -0. 1108 -0. 1455 12. 5 0. 01727 0. 04259

2. 0 -0. 02062 0. 39314 6. 0 -0. 0896 -0. 1507 ia 0 +0. 00650 0. 04109
2. 2 -0. 0746 0. 3722 6. 2 -0. 0691 -0. 1533 13. 5 -0. 00259 0. 03758
2. 4 -0. 1221 0. 3448 6. 4 -0. 0493 -0. 1535 14. 0 -0. 00982 0. 03268
2. 6 -0. 1629 0. 3122 6. 6 -0. 0307 -0. 1515 14. 5 -0. 01517 0. 02696
2. 8 -0. 1966 0. 2759 6. 8 -0. 0132 -0. 1476 15. 0 -0. 01872 0. 02089

3. 0 -0. 2233 0. 2371 7. 0 +0. 00286 -0. 14211 16. 0 -0. 02118 +0. 00921
a 2 -0. 2432 0. 1971 7. 2 0. 01749 -0. 13518 17. 0 -0. 01906 -0. 00022
3. 4 -0. 2565 0. 1569 7. 4 0. 03061 -0. 12709 18. 0 -0. 01435 -0. 00650
3. 6 -0. 2639 0. 1173 7. 6 0. 04220 -0. 11805 19. 0 -0. 00879 -0. 00965
3. 8 -0. 2657 0. 0792 7. 8 0. 05224 -0. 10830 20. 0 -0. 00360 -0. 01021
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[(_4)2]

Complied from E. T. Goodwin and I. Staton, Table off du, Quart. I. Mech. Appi. Math. 1,319 (1948) (with permission).

1 (-3)1L4

27.7. Dilogarithm
(Spence's Integral for n=2)

27.7.1 f(x)___f '1 dt
Series Expansion

27.7.2 f(x)= (i)1 (x1) (2x0)
Functional Relationships

27.7.3

z in (i__x)+! (ixO)
27.7.4

J(1_x)+J(i+z)=4J(i_x2) (1x>O)

27.7.5 (lnx)2 (Ox1)
27.7.6

J(x+1)-f(x)=-ln z in (z+i)_f_J(z2)
(2 x O)

1 (-4)7L4 1 (-4)1L3

Relation to Debye Functions

t2 " tdt
27.7.7 f(e)=_J(e')_=J ,-
[27.171 L. Lewin, Diogarithms and associated functions

(Macdonald, London, England, 1958).

[27.18] K. Mitchell, Tables of the functionf -log

with an account of some properties of this and
related functions, Phil. Mag. 40, 351-368(1949).
x=-1(.O1)1; x=0(.001).5, 9D.

[27.191 E. O. Powell, An integral related to the radiation
integrals, Phil. Mag. 7, 34, 600-607 (1943).

fxloYdy x=0(.01)2(.02)6, 7D.

[27.201 A. van Wijngaarden, Polylogarithms, by the Staff
of the Computation Department, Report R24,
Mathematisch Centrum, Amsterdam, Holland

(1954). F,,(z)= h_nzk for z=x=-1(.01)1;

z=iz, for z=0(.01)1; z-e'" for aO(.Ol)2,
bD.

1 (-4)9L4

x f(x)+lnx z f(z)+lnz z f(x) z f(x) z f(x)

0. 00 -0. 2886 0. 50 0. 2704 1. 0 0. 6051 2. 0 0. 3543 3. 0 0. 2519
0. 05 -0. 2081 0. 55 0. 3100 1. 1 0. 5644 2. 1 0. 3404 3. 5 0. 2203
0. 10 -0. 1375 0. 60 0. 3479 1. 2 0. 5291 2. 2 0. 3276 4. 0 0. 1958
0. 15 -0. 0735 0. 65 0. 3842 1. 3 0. 4980 2. 3 0. 3157 4. 5 0. 1762
0. 20 -0. 0146 0. 70 0. 4192 1. 4 0. 4705 2. 4 0. 3046 5. 0 0. 1602

0. 25 +0. 0402 0. 75 0. 4529 1. 5 0. 4460 2. 5 0. 2944 5. 5 0. 1468
0. 30 0. 0915 0. 80 0. 4854 1. 6 0. 4239 2. 6 0. 2848 6. 0 0. 1356
0. 35 0. 1398 0. 85 0. 5168 1. 7 0. 4040 2. 7 0. 2758 6. 5 0. 1259
0. 40 0. 1856 0. 90 0. 5472 1. 8 0. 3860 2. 8 0. 2673 7. 0 0. 1175
0. 45 0. 2290 0. 95 0. 5766 1.9 0. 3695 2. 9 0. 2594 7. 5 0. 1102

0. 50 0. 2704 1. 00 0. 6051 2. 0 0. 3543 3. 0 0. 2519 8. 0 0. 1037
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[(_4)1]

From K. Mitchell, Tables of the function fZ_log1_vI with an account of some properties of this and related functions, Phil. Mag. 40, Ml-368 (1949)

(with permission).

27.8. Clausen's Integral and Related
Summations

27.8.1
"O sin koJ(0)=-
J

In (2 sin dt=r - (0Oir)
Jo

Series Representation

27.8.2
(i)k 02k+1

J(0)=-O in IOI+O+
k..1 (2k)! B2

2k(2k+1)

MISCELLANEOUS FUNCTIONS

Dilogarithm
in tf(x)=_f 1-1dt

(oo<)
27.8.3

(-1)' Blk(2-1)
2k(2k+1)f(ir-O)=0 in 2-

i (2k)!

(ir/2<O<ir)

Functional Relationship

27.8.4 f(ir-O)=J(0)-J(20) (oo$)
Relation to Spence's Integral

27.8.5

'if(0)=g(e°) +Ç where g(x) J' ini i +ti

[1] -5)3L6

Summable Series
27.8.6

cosmO in (2 sin (0<0<2ir)

cosn0 ir2 irü 02

j fl2 6
(O02ir)

nO ir4 ir202 irO3 o

n4 90 12 +12 48

± '=
(ir-O) (0<0<2ir)

sinnO ir2O irO2 0
E l (002ir)

. sin nO ir4O ir203 irO4 o=--+-- (0O2ir)
n=1 n 90

[27.21] A. Ashour and A. Sabri, Tabulation of the function

,b(o)
j2n0, Math. Tables Aids Comp. io,

54, 57-65 (1956).
[27.22] T. Clausen, tìber die Zerlegung reeller gebrochener

Funktionen, J. Reine Angew. Math. 8, 298-300
(1832). x=0°(1°)180°, 16D.

[27.23] L. B. W. Jolley, Summation of series (Chapman
Publishing Co., London, England, 1925).

[27.24] A. D. Wheelon, A short table of summable series,
Report No. 5M-14642, Douglas Aircraft Co.,
Inc., Santa Monica, Calif. (1953).

E5

Table 27.7

(0 0 2ir)
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x ¡(r) r f(x) z ¡(z) z ¡(z) z f(z)

0. 00 1. 64493 4067 0. 10 1. 29971 4723 0. 20 1. 07479 4600 0. 30 0. 88937 7624 0. 40 0. 72758 6308
0. 01 1. 58862 5448 0. 11 1. 27452 9160 0. 21 1. 05485 9830 0. 31 0. 87229 1733 0. 41 0. 71239 5042
0. 02 1. 54579 9712 0. 12 1. 25008 7584 0. 22 1. 03527 7934 0. 32 0. 85542 7404 0. 42 0. 69736 1058
0. 03 1. 50789 9041 0. 13 1. 22632 0101 0. 23 1. 01603 0062 0. 33 0. 83877 6261 0. 43 0. 68247 9725
0. 04 1. 47312 5860 0. 14 1. 20316 7961 0. 24 0. 99709 9088 0. 34 0. 82233 0471 0. 44 0. 66774 6644

0. 05 1. 44063 3797 0. 15 1. 18058 1124 0. 25 0. 97846 9393 0. 35 0. 80608 2689 0. 45 0. 65315 7631
0. 06 1. 40992 8300 0. 16 1. 15851 6487 0. 26 0. 96012 6675 0. 36 0. 79002 6024 0. 46 0. 63870 8705
0. 07 1. 38068 5041 0. 17 1. 13693 6560 0. 27 0. 94205 7798 0. 37 0. 77415 3992 0. 47 0. 62439 6071
0. 08 1. 35267 5161 0. 18 1. 11580 8451 0. 28 0. 92425 0654 0. 38 0. 75846 0483 0. 48 0. 61021 6108
0. 09 1. 32572 8728 0. 19 1. 09510 3088 0. 29 0. 90669 4053 0. 39 0. 74293 9737 0. 49 0. 59616 5361

0. 10 1. 29971 4723 0. 20 1. 07479 4600 0. 30 0. 88937 7624 0. 40 0. 72758 6308 0. 50 0. 58224 0526



Compiled from A. Ashour and A. Sabti, Tabulation of the function #(9) Math. Tables Aids Comp. 10.56. 57-65 (19561 (with permission).

27.9. Vector-Addition Coefficients

(Wignor coefficients or Clebsch-Gordan coefficients)

Definition
27.9.1

(j1j2m1m2j1j2jm)= ô (m, m1+ m2). ./(ii +i2-2)!(i+ii-22)!O+22-2i)! (2j+ 1)
(j+j1+j2+1)!

(i)ksJ(ji+ m1)!(j1-m1)!(j24- m2)! (j2- m2)!(j+m) ! (j-m)!
k!(j1+j2-j-k)!(j1-m1-k)!(j2+m2-k)!(j-j2+m1+k)!(j-j1-m2+k)!

[ï]

f1,i=k
0.ik

Imi!j1, m2jj2, jmfj

(jjj2m1 m2J jij2jm) =0 m1 + m2 m

Special Values

(j10m10 jj1Ojm) = ô(j1, j) ô(m1, m)

(j1j200Jj1j2jO) =0 j1+j2+j-2n+ i

(j1j1m1m1Jj1j1jm) =0 2j1+j=2n+ i

0° f(0) + O in 0 0° f(0) 0° f(0) 0° f(0) 0° f(0)

o o. 000000 15 0. 612906 30 0. 864379 60 1. 014942 90 0. 915966
1 0. 017453 16 0. 635781 32 0. 886253 62 1. 014421 95 0. 883872
2 0. 034908 17 0. 657571 34 0. 906001 64 1. 012886 100 0. 848287
3 0. 052362 18 0. 678341 36 0. 923755 66 1. 010376 105 0. 809505
4 0.069818 19 0.698149 38 0.939633 68 1. 006928 110 0.767800
5 0. 087276 20 0. 717047 40 0. 953741 70 1. 002576 115 0. 723427

6 0. 104735 21 0. 735080 42 0. 966174 72 0. 997355 120 0. 676628
7 0. 122199 22 0. 752292 44 0. 977020 74 0. 991294 125 0. 827629
8 0. 139664 23 0. 768719 46 0. 986357 76 0. 984425 130 0. 576647
9 0. 157133 24 0. 784398 48 0. 994258 78 0. 976776 135 0. 523889

10 0. 174607 25 0. 799360 50 1. 000791 80 0. 968375 140 0. 469554

11 0. 192084 26 0. 813635 52 1. 006016 82 0. 959247 145 0. 413831
12 0. 209567 27 0. 827249 54 1. 009992 84 0. 949419 150 0. 356908
13 0. 227055 28 0. 840230 56 1. 012773 86 0. 938914 160 0. 240176
14 0. 244549 29 0. 852599 58 1. 014407 88 0. 927755 170 0. 120755
15 0. 262049 30 0. 864379 60 1. 014942 90 0. 915966 180 0. 000000

Conditions 27.9.8

27.9.2 j1, j2, j=+n or+ (n=integer)
27.9.9

27.9.3 jl+i2+j=n,

27.9.4 il -

27.9.5 jl-j2+i O 27.9.10

27.9.6 -ii+j2+jJ
27.9.11

27.9.7 m1, m2, m==±n. or
27.9.12

1 (- 7)8L3 1 (-4)1L4 1 (-4)3L4 1 (-4)1L4
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I 2j+ i
2j1+i 1)'z+"(jj2_mm2

lii2ii mi)

ji + 34

ji -

m2= i

3=

/(ji+m)(ji+m+i)
y (2j1+i)(2j1+2)

/(ji+m)(ji-m+i)
-v 2j1ji+i)

/(ji-m)(ji-m+ i)
-v 2j1(2j1+i)

(j1 mj m j134 j m)

mi = O

/(jim+ 1) (ji+m+ 1)
-v (2j1+i)(ji+i)

m

-Vjl(j1+ i)

/(jim)(ji+m)
-v ji(2j1+i)

/2j+i
I2j1+i

/2j+1
(2j1+i

/2j+1
V2j2+i

/2j+i
'V2j2+i

1)11_ml+1_m(jj2m- m2

j j2 jj m)

i)I_m+i1.m1(jjjm2_m

j2jjimi)

¡(ji m)(jim+i)
V (2j1+i)(2j1+2)

I
(ji-m) (ji+m+i)

2j1(ji+i)

/(ji+m+ i)(ji+m)
V 2j1(2j1+i)
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1)i1_m1(jjjm_m

I
jjij2m2)

m,= 1

Table 27.9.].

MISCELLANEOUS FUNCTIONS

Symmetry Relations 27.9.17

27.9.13

(iii2mim2Iiii2im)

=(_1)h1r'(j1j2_m1_m2jjjj2j_m)
27.9. 18

27.9.14 = (j2j1m2mjj2j1j--m)
27.9.19

27.9.15 = (-1) J1+5r5(j2jimim2I j2j1jm)

27.9.16 27.9.20

(j1 i m1 m2 j1 i j m) Table 27.9.2

i J1_ml(jjjmjm

I iiij2m2)



3=

ji+ 34

ji+34

ji -34

ji 34

2=

ji + 34

ji + 34

ji 34

ii-34

34

¡(ji + m-34) (i+ m+ 34) (j' + m+ 34)
-v (21,+1)(2j,+2)(2ji+3)

/3(i,+m-34)(ii+m+34)(ji-m+34)
2j(2ji+1)(2ji+3)

/3(ji+m-34)(jim+34) (ji-m+ 34)
-v (2j1-1)(2ji+1)(2j1+2)

/(ji-m-34)(ji-m+3'4)(ji-m+%)
2j,(2j,-1)(2ji+1)

m2= -34

I3(ji+m+%)(jim+34)(jim+34)(2ji+ 1)(2j,+2)(2ji+3)

jim+34
2j,(2ji+ 1) (2ji+3)

(ji-3m-34)Í
ji+m+34

(2j,- 1) (2j1+ 1) (2ji+2)

J3(ji+m-34)(ji+m+34)(ji-m-36)
2ji(2j-1)(2j,+1)

/3(ji+m+ 34)(j,+m+ 34)(ji-m+ 34)
V (2ji+1)(2j,+2)(2j,+3)

I ji+m+34- (ji-3m+
2ji(2j,+ 1) (2j,+3)

(j'+3m-34)/
i,m+34

(2j,- 1) (2ji+ 1) (2ji+2)

13(ji+m- 34)(j,-m-34)(j-m+34)
2j,(2j,-1)(2ji+1)

/(ji-m--3/z)(ji-m+34)(ji-m+34)
11 (2ji+1)(2j,+2)(2j,+3)

/3(ji+m+ 34) (iim 34) (jim+ 34)
2j1(2j,+1)(2j,+3)

/3(i,+m+34)(ji+m+ 34) (iim-34)
V (2ji-1)(2j,+1)(2j,+2)

2ji(2j,-1)(2ji+1)
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See page n.

MISCELLANEOUS FUNCTIONS

Table 27.9.5 [By use of symmetry relations,
coefficients may be put in standard form jij23
and m0]

Compiled from A. Simon, Numerical tables of the Ciebseh-Gordan coeffi-
cients, Oak Ridge National Laboratory Report 1718, Oak Ridge, Temi,
(19M) (with permission).

[27.25] E. U. Condon and G. A. Shortley, Theory of
atomic pectra (Cambridge Univ. Press, Cam-
bridge, England, 1935).

127.261 M. E. Rose, Elementary theory of angular mo-
memtum (John Wiley & Sons, Inc., New York,
N.Y., 1955).

127.271 A. Simon, Numerical tables of the Clebsch-Gordan
coefficients, Oak Ridge National Laboratory
Report 1718, Oak Ridge, Tenn. (1954).
CCjij2.j; mineem) for all angular moments <36,
bD.

m i (jlj2mlm2Ijljljm)

34

o
o

54
54

1

i
0. 70711
0. 70711

1 36 i 1.00000

i2=1

0 1 1 /3.4 0.70711
0
o

1
1

1
1 -y'34

0.00000
-0.70711

1 1 1 /54 0. 70711
1 1 1 -V'54 -0.70711

Vz 36 34 .,/% 0. 81650
Vs 54 36 ../54 0. 57735

o
o

54
1
1

34
2
2

1.00000 *

0. 40825
0. 81650

0 1 2 ../34 0. 40825
1 1 2 0. 70711
1 1 2 /34 0.70711
2 1 2 1.00000

32 34

54 1 4 V%S 0. 73030
54 1 - v'Vie -0. 25820
54 1 - 'v54 -0.63246
34 1 34 0. 63246
34
o
o

1

4
54

4
2
2

- V3e
v'36
'«36

-0. 77460
0. 70711
0. 70711

1 3.4 2 >4 «3 0. 86603
1 34 2 0. 50000
2
o

36
4

2
2

1.00000
0. 50000

0
o
o

34
4

2
2
2

0. 50000
-0. 50000
-0. 50000

1 34 2 '«54 0. 70711
1 34 2 0. 00000
i '4 2 -v'Ve -0.70711
2 34 2 0. 70711
2 34 2 --/34 -0.70711

>6 1 54 v'34o 0. 54772
54 1 0. 77460
36 1 v'Yio 0 31623
34 1 '«34 0.77460
34 i 0. 63246
34 1 34 1. 00000
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Any positive real number z can be uniquely
represented in the scale of some integer 6>1' as

X (Am . . . A1A0. a... 1a_2 . (b),

where every A and a_ is one of the integers O,
1, . . ., b-1, not all A, a_5 are zero, and
Am>O if z 1. There is a one-to-one correspond-
ence between the number and the sequence

X=Ambm+ +A1b+A0+

where the infinite series converges. The integer b
is called the base or radix of the scale.

The sequence for z in the scale of b may ter-
minate, i.e., a__1=a__2= . =O for some
n1 so that

X(Am . . . A1A0.a_1a_2 . . . a_s) (b);

then z is said to be a finite b-adic number.
A sequence which does not terminate may have

the property that the infinite sequence a_1, a_2,
becomes periodic from a certain digit

a_(n 1) on; according as n=1 or n>1 the
sequence is then said to be pure or mixed recurring.

A sequence which neither terminates nor recurs
represents an irrational number.

Names of Scales

1012

General Conversion Methods

Any number can be converted from the scale
of b to the scale of some integer bb, b>1, by
using arithmetic operations in either the b-scale
or the b-scale. Accordingly, there are four
methods of conversion, depending on whether the
number to be converted is an integer or a proper
fraction.

28. Scales of Notation
Representation of Numbers

Integers X=(A,,,,. . .

6-scale arithmetic. Convert to the b-scale
and define

X/b=X1+A/b,

X1/b=X2+A/b,

X/b=O+A/b,

where , , . . ., aro the remainders and
X1, X2, . . ., X; the quotients (in the b-scale)
where X, X1, . . ., X;_, respectively are divided
by b in_the b-scale. Then convert the remainders
to the b-scale,

(Ç)(;)=O, (A;)(;)=21, . . 1

and obtain

X=(À;
s-scale arithmetic. Convert b and A0,

A1, . ., Am to the i-scale and define, using
arithmetic operations in the b-scale,

X_1 Amb + Am_i,

X0_2 Xm_ib +Am_,

X1=X2b+A1,
then

X=X1b+A0.

Proper fractions x= (0.a_ia_s.. . )

To convert a proper fraction z, given to n digits
in the b-scale, to the scale of b b such that inverse
conversion from the b-scale may yield the same n
rounded digits in the b-scale, the representation
of z in the b-scale must be obtained to n rounded
digits where n satisfies b ">b'.

b-scale arithmetic. Convert b to the
b-scale and define

x1b=z2+OE2

Base Scale Base Scale

2 Binary 8 Octal
3 Ternary 9 Nonary
4 Quaternary 10 Decimal
5 Quinary 11 Undenary
6 Senary 12 Duodenary
7 Septenary 16 Hexadecimal



where . . ., ; are the integral parts and
z1, z2, . . ., x the fractional parts (in the b-scale)
of the products xb, rib, . . ., respectively.
Then convert the integral parts to the i-scale,

Ca2)=a_2, . . .,

and obtain

Numerical
The examples are restricted to the scales of 2,

8, 10 because of their importance to electronic
computers.

Note that the octal scale is a power of the binary
scale. In fact, an octal digit corresponds to a
triplet of binary digits. Then, binary arithmetic
may be used whenever a number either is to be
converted to the octal scale or is given in the octal
scale and is to be converted to some other scale.

Methods
Example 2. Convert X=(2531)(g) to the

decimal scale. By (I) we have b= 10=(12)(s) and
hence, using octal arithmetic,

2531/12=210+11/12
2 10/12= 15 +6/12

15/12=1+3/12
1/12=0+1/12

By (II) we have = 10, and the octal digits of X
are unchanged in the decimal scale. Hence,
using decimal arithmetic,

X2=2 .8+5(21)(j0),

X1=21 .8+3= (171) (10),

X=171 .8+1(1369)(1o)

Using binary arithmetic we have, by (II),
b=8==(1000)(2) and A0= 1, Aj=(11)(2),A2=(101)(l),
A3=(10)(2). Then,

X2=10.1000+101=(10 101)2),
2(1=10 1014000+11=(10 101 011)(2),

X=10 101 011.1000+1=(10 101 011 001)(2),

whence, on converting to the decimal scale,

X= (1369)Cio.

Observe that in both examples above, octal
arithmetic is used as an intermediate step to
convert, according to (II), the given number to
the binary scale. If, instead, the given number is
first converted to the binary scale, then binary
arithmetic may be applied directly to convert,
according to (I), the given number from the
binary scale to the scale desired.

Decimal 1 2

Octal 1 2

Binary 110

3

3

11

4

4

100

5

5

101

6

6

110

7

7

111 1

8

10

000 1

9

11

001 1

lo

12

010

Thus, converting to the decimal scale,

A0 (11) (8)9, 1=6(8)=6, 2=3(8) =3,

andso
X= (1369)

1,

SCALES OF NOTATION 1013

(IV) i-scale arithmetic. Convert b and i,
a_2, . . ., a.,, to the b-scale and define, using
arithmetic operations in the b-scale,

X_n.fl=&.,jb+a.,,1,

then
z=z_1/b.

Example 1. Convert X= (1369) (10) to the octal
scale. By (I) we have b=1O, =8(lo) and so,
using decimal arithmetic,

1369/8=171+1/8,
171/8=21+3/8,
21/8=2 + 5/8,

2/8=0+2/8;
then

X= (2531).

By (II) we have b=(12)(8) and A3=1(8), A2
=3($), Al=6(8), A0=(11)(s). Hence, using octal
arithmetic,

X2=1. 12+3=(15)(s),
X1= 15.12+6= (210) (8),

X=210. 12+llr=(2531)(8).
Using binary arithmetic we have, by (II),

b=(101O)(2) and A3=1(2), A2=(1l)(2), A)=(110)(2),
A0(1001)(2). Thus

2(2=1. 1010+11=(1101)(2),

X1=1101.1O10+110=(10 001 000)(2),
X=1O 001 000.1010+1001=(1O 101 011 001)(2),

whence, on converting to the octal scale,

X= (2531).
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whence x=(0.26560507 . . ). Thus, on con-
verting to the binary scale,

x=(0.010 110 101 110 000 101 000 111 . .

In order that inverse conversion of x from the
binary to the decimal scale yield again x to the

given number n of decimal digits, we must round x
in the binary scale_to at least i digits where is
chosen such that 2"> 10". As a working rule, we

may take n. Hence, to obtain x= (0.355) (10)

by inverse conversion, x must be rounded in the
- 10

binary scale to n 3= 10 digits.

Thus,
x=(0.010 110 110 0)(2).

To carry out the inverse conversion we can first
convert to the octal scale,

x= (0.266)(8),

and then apply (IV) with 6=8, using decimal
arithmetic:

x_2=6/8+6=6.75,

x..1=6.75/8+2 =2.84375,

x=2.84375/8=Ø.355 46875.

SCALES OF NOTATION

Alternatively, we can apply (III) with = (1010) (2),

using binary arithmetic:

(0.010 110 11).101O=11+(0.100 011 1),

(0.100 011 1).1010=101+(0.100 011),

(0.100 01l).l0lO=101+(0.011 11),

(0.011 1l).1010=100+(0.101 1).

Converting the integral parts to the decimal scale,
we find

_1=(11)(2)=3, a_2=a_3=(101)(l)=5,

a_4= (100) (2)
and thus

x= (0.3554) (10)

Note that the fractional part in any step is the
unconverted remainder. Thus, to round at any
step, it is only necessary to ascertain whether the
unconverted portion to be neglected is greater or
less than ; i.e., whether, in the binary scale, the
first neglected digit is 1 or 0.

Example 4. Convert x=(3.141593)(10). 10 to
the binary scale.

The desired representation is

x=(1.a_1a_2 . . .

where n and k are such that inverse conversion

from the binary scale to the decimal scale will
produce r to the same given 15 decimal digits.
Accordingly, by the rule stated in Example 3, n

loand k are to be chosen so as to satisfy n+k- 15
= 50.

From Table 28.1 we find

2<(3.141593)(1o). 109<228

Thus, we must take k=29 and, consequently,
choose n>21. The conversion on a desk calcu-
lator thus proceeds as follows. First, we obtain
by use of Table 28.1

2x= (1.686 629 899) (10)

Then, for convenience's sake, we convert this
number to the octal scale, using the method of
Example 3 and rounding as required, to at least

7 octal (=21 binary) digits. We find
2x= (1.537

Hence
4337) (8)

x= (1.537 433 7)8 . 229

and, consequently,

x=(1. 101 011 111 100 011 011 111)(2).2.

arithmetic. By (III), we find with =8

(0.355) 8=2+0.840, (0.080) 8=0+0.640
(0.840) 8=6+0.720, (0.640) 8=5+0.120
(0.720) .8=5+0.760, (0.120) 8=O+0.960
(0.760) P8=6+0.080, (0.960) 8=7+0.680

For example, in converting X=(2531)(S) to the
decimal scale, we find first X= (10101011001)(2)
and then obtain, using (I) with =1O=(1O1O)(2),

10 101 011 001/1010=10 001 000+1001/1010,
lo 001 000/1O1O=ll0l+1l0/101Ø,

1101/1010=1+11/1010,

1/1010=0+1/1010.

Thus, on converting to the decimal scale,

AO=(1001)(2)_9, Al(110)(2)=6,

whence
A2=(11)(2)=3, A3=l,

X= (1369) (10).

Example 3. Convert x=(0.355)((0) to the bi-
nary scale.
We first convert to the octal scale, using decimal
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To convert x back to the decimal scale we only
need to obtain from Table 28.1 the various powers
of 2 which appear in the above representation and
sum them. However, since 2-m=2-m+1_2-m for
any real constant m, it is more convenient to
reduce first the binary representation of x to the
form

x=2-2'1-2'3-2'9+242-2-4-2---°
and then sum these powers of 2. (Note that the
number of summands is thereby decreased from
16 to 7.) From Table 28.1 we have

Nine decimal digits are used for sufficient accuracy
reserve. Hence, rounding to seven significant
figures, we find

x= (3.141593)(10) .10-e.

To convert a number such as

x=(E)(lO). 10k

to the binary scale, where k is a positive integer
so large that Table 28.1 cannot be used, apply the
following device: Compute

log10 x r1log2 x=,
iog10 ¿

where k is the quotient and r, the remainder, the
division being carried out in the decimal scale.
Then find ,=10', i.e., xj=1og10 , so that

log2
flOgj0

'1k+log2 ,0g10

whence
x (n) (10)2k

Now convert ('1)110) to the binary scale by any of
the methods described above.

A similar device may be used to convert to the
decimal scale a binary number that is outside the
range of Table 28.1.

Example 5. Convert x=(2.773)(l0).1080 to the
binary scale.

NOTATION

We first compute, using 4.1.19 and Table 4.1,
log10 r 83.44295 .05764log2 X=lògio 2 .30103 =277+3O1o3

and find from Table 4.1, .05764=1og10 1.1419.
Hence

log2 x=277 loio 1.
1419==277+log2 1.1419

log10 2
and so

x=(1.1419)(10) .2277.

Now we apply the methods of Example 3 to ob-
tain (1.1419) (10) = (1.110516)18) where octal nota-
tion is used for the sake of convenience.

To round such that inverse conversion will yield
the same decimal digits of x, observe that the last
non-zero decimal digit of z is 3.1080. Table 28.4
shows that 2< 1080<2266. Hence, in the binary
scale, z must be a binary integer times 2268; i.e.,
(1.110516)(g) must be rounded to 4 octal (=12
binary) digits. As a result,
x= (1.1105) (8) .2277= (11105)(8) .2265

=(1 001 001 000 101)(a)2265

Conversion back to the decimal scale proceeds
as follows, we write

log10 x=1og10 2 log2 r

=log102{265+log2 (11105) (8)}

=log10 2 { 265 loio (11105) (8)

}
=265 log10 2+1og10 (11105)(8).

Hence, converting (11105)(8) to the decimal
scale by any of the methods of Example 2, we
obtain

log10 x=265 log10 2 +logio 4677

which yields, using Table 4.1

log10 x=83.44292

Thus, by Table 4.1, we find, rounded to four
significant figures,

x= (2.773)(10). 10.

References
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+2_28=+3.725 290 298 10
2'= .465 661 287 10

-2-'=- .116 415 322 4(j-9
-2-°=- .001 818 989 .10-9
+2_42=+ .000 227 374 10
-2-=- .000 028 422 10
-2°=- .000 000 888 10

x= 3.141 592 764 .10-°



1016 

Table 28.1 

2 

1 
2 

n 
O 

i 

SCALES OF NOTATION 

IN DECIMAL 

2- 
1. 0 
0. 5 

4 2 0.25 

8 3 0.125 
16 4 0. 0625 
32 5 0. 03125 

64 6 0. 01562 5 
128 7 0. 00781 25 
256 8 0. 00390 625 

512 9 0. 00195 3125 
1024 10 0. 00097 65625 
2048 11 0. 00048 82812 5 

4096 12 0. 00024 41406 25 
8192 13 0. 00012 20703 125 

16384 14 0. 00006 10351 5625 

32768 15 0. 00003 05175 78125 
65536 16 0. 00001 52587 89062 5 

1 31072 17 0. 00000 76293 94531 25 

2 62144 18 0. 00000 38146 97265 625 
5 24288 19 0. 00000 19073 48632 8125 

10 48576 20 0. 00000 09536 74316 40625 

20 97152 21 0. 00000 04768 37158 20312 5 
41 94304 22 0. 00000 02384 18579 10156 25 
83 88608 23 0. 00000 01192 09289 55078 125 

167 77216 24 0. 00000 00596 04644 77539 0625 
335 54432 25 0. 00000 00298 02322 38769 53125 
671 08864 26 0. 00000 00149 01161 19384 76562 5 

1342 17728 27 0. 00000 00074 50580 59692 38281 25 
2684 35456 28 0. 00000 00037 25290 29846 19140 625 
5368 70912 29 0. 00000 00018 62645 14923 09570 3125 

10737 41824 30 0. 00000 00009 31322 57461 54785 15625 
21474 83648 31 0. 00000 00004 65661 28730 77392 57812 5 
42949 67296 32 0. 00000 00002 32830 64365 38696 28906 25 

85899 34592 33 0. 00000 00001 16415 32182 69348 14453 125 
1 71798 69184 34 0. 00000 00000 58207 66091 34674 07226 5625 
3 43597 38368 35 0. 00000 00000 29103 83045 67337 03613 28125 

6 87194 76736 36 0. 00000 00000 14551 91522 83668 51806 64062 5 
13 74389 53472 37 0. 00000 00000 07275 95761 41834 25903 32031 25 
27 48779 06944 38 0. 00000 00000 03637 97880 70917 12951 66015 625 

54 97558 13888 39 0. 00000 00000 01818 98940 35458 56475 83007 8125 
109 95116 27776 40 0. 00000 00000 00909 49470 17729 28237 91503 90625 
219 90232 55552 41 0. 00000 00000 00454 74735 08864 64118 95751 95312 5 

439 80465 11104 42 0. 00000 00000 00227 37367 54432 32059 47875 97656 25 
879 60930 22208 43 0. 00000 00000 00113 68683 77216 16029 73937 98828 125 

1759 21860 44416 44 0. 00000 00000 00056 84341 88608 08014 86968 99414 0625 

3518 43720 88832 45 0. 00000 00000 00028 42170 94304 04007 43484 49707 03125 
7036 87441 77664 46 0. 00000 00000 00014 21085 47152 02003 71742 24853 51562 5 

14073 74883 55328 47 0. 00000 00000 00007 10542 73576 01001 85871 12426 75781 25 

28147 49767 10656 48 0. 00000 00000 00003 55271 36788 00500 92935 56213 37890 625 
56294 99534 21312 49 0.00000 00000 00001 77635 68394 00250 46467 78106 68945 3125 

112589 99068 42624 50 0. 00000 00000 00000 88817 84197 00125 23233 89053 34472 65625 
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ADDITION AND MULTIPLICATION TABLES

MATHEMATICAL CONSTANTS IN OCTAL SCALE

Fable 28.5

Table 28.6

(0.44742 147707)(5)

In ,= -(0.43127 233602) (a)

log2 , -( 0. 62573 030645)
(s)

(1. 32404 746320)
(s)

ln 2= (0.54271 027760)(ß)

In 10= (2.23273 067355)(a)

ion n 10-n
10± IN OCTAL

io n 10_n
Table 28.3

1 0 1.000 000 000 000 000 000 00 112 402 762 000 10 0.000 000 000 006 676 337 66
12 1 0.063 146 314 631 463 146 31 1 351 035 564 000 11 0.000 000 000 000 537 657 77

144 2 0.005 075 341 217 270 243 66 16 432 451 210 000 12 0.000 000 000 000 043 136 32
1 750 3 0.000 406 111 564 570 651 77 221 411 634 520 000 13 0.000 000 000 000 003 411 35

23 420 4 0. 000 032 155 613 530 704 15 2 657 142 036 440 000 14 0.000 000 000 000 000 264 11

303 240 5 0. 000 002 476 132 610 706 64 34 327 724 461 500 000 15 0.000 000 000 000 000 022 01
3 641 100 6 0.000 000 206 157 364 055 37 434 157 115 760 200 000 16 0.000 000 000 000 000 001 63

46 113 200 7 0.000 000 015 327 745 152 75 5 432 127 413 542 400 000 17 0.000 000 000 000 000 000 14
575 360 400 8 0. 000 000 001 257 143 561 06 67 405 553 164 731 000 000 18 0.000 000 000 000 000 000 01
346 545 000 9 0. 000 000 000 104 560 276 41

Addition

0+0= 00+1=1+0= 1

Multiplication
Binary Scale

0x0 =0Oxl=lxO=0
1 + T = 10 lxl=1

Octal Scale

0 01 02 03 04 05 06 07 1 02 03 04 05 06 07

1 02 03 04 05 06 07 10 2 04 06 10 12 14 16

2 03 04 05 06 07 10 11 3 06 11 14 17 22 25

3 04 05 06 07 10 11 12 4 10 14 20 24 30 34

4 05 06 07 10 11 12 13 5 12 17 24 31 36 43

5 06 07 10 11 12 13 14 6 14 22 30 36 44 52

6 07 10 11 12 13 14 15 7 16 25 34 43 52 61

7 10 11 12 13 14 15 16

x 2X x

2X IN DECIMAL
2X X 2X

Table 28.2

0. 001 1. 00069 33874 62581 0. 01 1. 00695 55500 56719 0. 1 1. 07177 34625 36293
0.002 1.00138 72557 11335 0.02 1.01395 94797 90029 0. 2 1. 14869 83549 97035
0.003 1. 00208 16050 79633 0. 03 1. 02101 21257 07193 0. 3 1. 23114 44133 44916
0.004 1. 00277 64359 01078 0.04 1. 02811 38266 56067 0. 4 1. 31950 79107 72894
0. 005 1. 00347 17485 09503 0. 05 1. 03526 49238 41377 0. 5 1.41421 35623 73095
0.006 1.00416 75432 38973 0. 06 1. 04246 57608 41121 0. 6 1. 51571 65665 10398
0.007 1.00486 38204 23785 0.07 1.04971 66836 23067 0. 7 1. 62450 47927 12471
0. 008 1. 00556 05803 98468 0. 08 1. 05701 80405 61380 0. 8 1.74110 11265 92248
0.009 1.00625 78234 97782 0. 09 1. 06437 01824 53360 0. 9 1. 86606 59830 73615

n nlogio2 n log2 10 n n logw 2 n log2 10
1 0. 30102 99957 3. 32192 80949 6 1. 80617 99740 19. 93156 85693
2 0.60205 99913 6. 64385 61898 7 2. 10720 99696 23. 25349 66642
3 0. 90308 99870 9. 96578 42847 8 2.40823 99653 26.57542 47591
4 1. 20411 99827 13. 28771 23795 9 2. 70926 99610 29. 89735 28540
5 1. 50514 99783 16. 60964 04744 10 3. 01029 99566 33. 21928 09489

n logio 2, n 1og2 10 IN DECIMAL Table 28.4

SCALES OF NOTATION 1017

(3. 11037 552421)
(s)

-1 (0.24276 301556)
(a)

= (1. 61337 611067) (a)

in (1.11206 404435)
(8)

log2 == (1. 51544 163223)()

/1O = (3. 12305 407267)
(a)

(2.55760 521305)
(8)

e1 = (0. 27426 530661) (a)

(1. 51411 230704)
(s)

iogrn e= (0. 33626 754251)
(a)

log2 = (1.34252 166245)
(8)

iog2 10= (3.24464 741136)
(a)
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29. Laplace Transforms
29.1. Definition of the Laplace Transform function of s in the half-plane ?s>s0.

One-dimensional Laplace Transform

29.1.1 f(s)=2{F(tfl=f e'F(t)dt

F(t) is a function of the real variable t and s is a
complex variable. F(t) is called the original func-
tion and f(s) is called the image function. If the
integral in 29.1.1 converges for a real i.e.,

'a
hm I e-otF(t)dt
AO JA
B-3

exists, then it converges for all s with S>So, and
the image function is a single valued analytic

29.2.6

29.2.7
ftfT

29.2. Operations for the Laplace Transform'
Original Function F(t) Image Function f(s)

29.2.1 F(t) f
Inversion Formula

i-f(s)

i2f(s)

Convolution (Faltung) Theorem

Two-dimensional Laplace Transform

29.1.2

f(u, s) =2{F(x, )} =f f e__uF(x, y)dxdy

Definition of the Unit Step Function

I O (t<O)
29.1.3 u(t) - (t=O)

( i (t>O)

In the following tables the factor u(t) is to be
understood as multiplying the original function
F(t).

'Adapted by permission from R. V. Churchill, Operational mathematics, 2d ed., McGraw-Hill Book Co., Inc., New
York, N.Y., 1958.

1020

29.2.8 Fi(tr)F2(r)dr=F1*F2 fi (s)f(s)
o

Differentiation
29.2.9 tF(t) f'(s)

29.2.10 (-1)tF(t)

29.2.2
e'8f(s)ds f (s)

Linearity Property

29.2.3 AF(t) +BG(t) Af(s)+Bg(s)
Differentiation

29.2.4 F'(t) sf(s) F(+O)

29.2.5

Integration



Translation

29.2.15 F(tb)u(tb) (b>O)

Periodic Functions

29.2.16 F(t+a)=F(t)

29.2.17 F(t +a) = - F(t)

Half-Wave Rectification of F(t) in 29.2.17

29.2.18 F(t) (-1)u(tna)
n'O

Full-Wave Rectification of F(t) in 29.2.17

29.3.1

29.3.2

f(s)

i
s

i

e - f(s)

ja eF(t)dt
1e

ja ettF(t)dt
1+e3

f(s)
1e3

29.2.19 F(t)! f(s) coth

Heaviside Expansion Theorem

29.2.20 (,)) eant q(s)=(sa1) (s 2) . . (sam)

p(s) a polynomial of degree.<m

r (rn)( \ 4fl-1
29.2.21 eat 7 p s

(rn)! (n-1)! (s_a)T

p(s) a polynomial of degree.<r

29.3. Table of Laplace Transforms23

For a comprehensive table of Laplace and other integral transforms see [29.9]. For a table of two-
dimensional Laplace transforms see [29.111.

F(t)

i

t

2 The numbers in bold type in the f(s) and F(t) columns indicate the chapters in which the properties of the respective
higher mathematical functions are given.

Adapted by permission from R. V. Churchill, Operational mathematics, 2d. ecl., McGraw-Hill Book Co., Inc., New
York, N. Y., i98.
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Original Function F(t) Image Function f(s)
Integration

29.2.11 F(t) J'
f(x)dx

Linear Transformation
29.2.12 e°Ft) f(sa)

29.2.13 1 F () (e>O) f(cs)

29.2.14 eF() (c>O) f(csb)
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f(s) F(t)

i tn_i
29.3.3 Sn (n=1,2,3,...)

1

1.3.5..

6

e -at

te_at

tn_le_at
(n-1)!

29.3.8 s+a
i

29.3.9
(s+a)2

29.3.10
(s+a)

(n=1,2,3,...)

29.3.11 (s_a)k (k>O) 6 t'e
i

29.3.12 (ab)
(s+a) (s+b)

S
29.3.13 (ab)

(s+a)(s+b)

i (b_c)e_at+(c_a) e1t+(ab) e_ct
29.3. 14

(s+a)(s+b)(s+c) (ab)(bc)(ca)
(a, b, c distinct constants)

1 1.
29.3.15 - Sm at

s2+a2 a

S
29.3.16 cos at

s2+a2

i hat29.3.17 sins2a2 a

cosh at29.3.18 s2a2

i i
29.3.19

s(s2+a2)
- (1cos at)

i i
29.3.20

S2(52+a2)
- (atsin at)

i i
29.3.21

(s2+a2)2
(sin atat cos at)

at - e - Dt

ba
ae_t_be_t

a b

2t"

29.3.4
i

29.3.5 3I2

29.3.6 _(n+4) (n=1,2,3,...)

2937 r(k)
(k>O)..



f(8)

LAPLACE TRANSFORMS

F(t)

1023

29.3.22
8 ---sinat2a(s2+a2)2

82 1
29.3.23 - (sin at+at cos at)2a(s2+a2)2

82a2
29.3.24

29.3.25 (a2b2)

t cos at

cos atcos bt

(s2-f- a2)2

8

(s2+a2) (82+b2) b2a2

29.3.26

29.3.27

1 8t2 sin bt

e_at cos bt

(s+a)2+b2

s+a
(s+a)2+b2

29.3.28
3a2 / atf.atV\

s +a3
e_at_e«t (cos

2

29.3.29
4a3 sin at cosh at - cos at sinh at

s4+4a4

29.3.30
S sin at sinh at2a+4a4

29.3.31
1 1.(sinh atsin at)- a4

29.3.32
S (cosh atcos at)

29.3.33

29.3.34

8a3s2 (1+a2t2) sin atat cos at

L(t) 22

(e2-]-a2)3

i
8' S J

29.3.35

29.3.36

29.3.37

8 1- e_t(1_2at)

7

(s+a)'

i -(e - e_at)Je+a sJ5+b

i

2,/s
i

_aeaat erfc a1/

29.3.38 _-=+ae02t erf a-/ 78a2

29.3.39

I7rt

i 2a ,a2t-- eX2dX 7
s+a2 Jo

29.3.40
i

e2t erf a 7



6,10

1024

29.3.41

29.3.42

29.3.43

29.3.44

29.3.45

29.3.46

29.3.47

29.3.48

29.3.49

29.3.50

29.3.51

29352

29.3.53

29.3.54

29.3.55

29.3.56

29.3.57

f(8)

i

LAPLACE

6

TRANSFORMS

F(s)

t'a
e2 eA2dX

V(s+a2)

b2 - a2

Jo

ea2t[b_a erf a./]_beb2t erfc b-.J1

a2te erfca-jt

(s_a2) (b+/)

i
s(I+a)

i i eat erf (/I)
(s+a)../s+b

b2a2

Jba

ea2t [ erf (a-./i)_1]+eo2t erfe b-.,f
,./(s_a2) (V+b)

(1 s)?
sn+

(1s) n!
Sn+ (2n+1)!-/

ae_(tt[Ii(at) +Io(at)1

e_tIo (b t)

-sJs+2a i

i
/a,Is+b

r (k)
(-LY_* e'I_ (c t)\a b

te_+b» [i (aflb t)+Ii (j- t)]

(s+a)It(s+b)lt (k>O)

i
(s+a)(s+b)

i¡e_Ii(at)

(a_b t)e°'I
/s+2a+V

(ab)"
(k>O)(Js+a+ fl)2"

- eI(at)

J0(at)

aJ(at)

J_(at)

('+ Y2 (v>-1)s/s+a

/s2+a2

(./s2+a2_ ) V

(i'>l)/s2+a2

(s2+a2)k (k>O) r(k) U)



i 1--coth ks
29.3.65 s(1e) 2s

29.3.66

29.3.67

29.3.68

29.3.69

29.3.70

29.3.71

i
s(ea)

i- tanh ks
s

i
s(1 +e_k8)

i- tanh ks
s

i
s sinh ks

1

s cosh ks

LAPLACE TRANSFORMS

f(8) F(g)

29.3.58 (fs2+a2_8)k (k>O) 9

29 3 59
(s_,.J82_a2)"

(v>-1) aI(at) 9
Js2_a2

i / /t\
29.3.60 (82_a2) (k>O) r(k) (\) Ik_*(at)

29.3.61 e' u(tk)
s

29362 ka- e (tk)u(tk)

29 3
1 (tk)1 u(t k)r(,z)

1_e_k1
29.3.64 u(t)u(t--k)

s

u(tnk)
n O

Ê &'u(tnk)
n I

u(t)+2 Ê (_i)6u(t2nk)
n-1

(-1)"u(tnk)
nO

t'u(t)+2 Ê (-1)'6(t-2nk)u(t-2nk)n1

2 u[t(2n+1)k]
n O

2 E (1)ku[t(2m11)k]
n-O

2[1

3k 5k

r-

2k 4k

2h

6,10

6

6h

b 3h 5k
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29.3.72

29.3.73

29.3.74

29.3.87 kIs2e

29.3.88

See page IL

f(8)

i- coth ks
S

k ,rS

s2+k2
coth

i
(s2+1)(1e)

(n=O,1,2, .;k>O)

(kO)a+/

sin ktj

F(t)

u(t)+2 u(t-2nk)
n-1

(-1)'u(tnir) sin t
n=O

i -
29.3.75 - e J0(2-/) 9

S

1_!
29.3.76 - e cos2Vi

1
29.3.77 - e' cosh 2

i - 1
29.3.78 - e . -= sin 2-17

Jirk

i - 1
29.3.79 - e' sin3I2

1 - M1
29.3.80 - e (>O) ¡ ' J j(2-/ki) 9

29.3.81 - e (L>O) 9

k / k2\
29.3.82 e'' (k>O) - exp

2-Jt \4t)
i _r k

29.3.83 - e (k O) erfc 7
S 2

i ( k2\29.3.84 e' (k>O) - exp -)

tierfc 729.3.85
- eT (kO) exp (_)_k erfc k =2ITh k

2-,/ 21i

29.3.86 1 e'' (n=O, 1,2, .; kO) (4t)" jtl erf kc 7
51+p1 2-1

exp(H / k \
k2)

2'/irt"'

exp (_)_aee14ea2t eric (a-+=) 7

2k 4k

22
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273-888 0-67-64
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f(8) F(t)

1027

29.3.89 ae''1 (kO) k
7

s(a+V)
_eea2t eric (a.+_k='\+erfct)

29.3.90
eecit eric (a./+_=) 7(k O)

29 .3 .91 e_±
(k O) e_Io(a../t2_k2)u(t_k) 9

sJs(s+a)

29.3.92
e
_1322

9J0(a Vt2_k2)u (tk)O)(k
js2+a2

29.3.93
e

_k/82_a2

9Io(a,./t2_k2)u(t_k)(k O)Js2_a2

29.3.94 e_k(_s)
O)(k Jo(a,/t2+2kt) 9Js2+a2

29.3.95 ak J1 (a.s/t2_k2)u(t_k) 9e
ks_

e (k>o)
,Jt2_k2

ak29.3.96 .9eJ82_a2__e_k3 (k>O) Ii(aJt2_k2)u(t_k)
,.1t2_k2

k' Jp(aIt2k2)u(tk)29.3.97

29.3.98

aPeJ+'
(y> 1, kO) 9s2+a2(s2+ai+s)'

i- in s
s

(t
t+kJ

7in t('y=.57721 56649. Euler's constant)

i
29.3.99 - in s (k>O)

in s

6[iJ'(k)in t]

29.3.100

29.3.101

29.3.102

s[ln a+E1(at)]

cos t Si (t)sin t Ci (t)

sin t Si (t)cos t Ci (t)

5

5

5

sa (a>O)

in s
82+1

s in s
2 + 1

29.3.103 in (1 +ks) (k>O) E G) 5

29.3.104 S+ain (ee)s+b

29.3.105 in (1+k2s2) (k>O) _2Ci() 5

29.3.106 in (s2+a2) (a>O) 2 in a-2 Ci (at) 5



29.3.107

29.3.108

29.3.109

29.3.110

29.3.111

29.3.112

29.3.113

29.3.114

29.3.115

29.3.116

29.3.117

29.3.118

29.3.119

29.3.120

29.3. 121

29.3. 122

29.3.123

29.3.124

29.3.125

f(8)

in (s+a) (a>O)

in s2+a2
82

s2a2in
s

karctan -
s

i k- arctan -
8 8

e2 erfe ks (k>O)

e"22 erfc k8 (k>O)

k3 erf e (k>O)

=erfe (kO)

--eerfeV (kO)

k
erf

i k

7e
erfc7

K0(ks) (k>O)

K0(k/) (k>O)

e3K (k8) (k>O)

K (ks/i) (k>O)

J K0 () (k>O)

ire Io(k8) (k>O)

eI1(ks) (k>O)

F(t)

[at in a+sin atat Ci (at)]

2
¡ (1cos at)

(1cosh at)

1.- sinkt

Si (kt)

i / t2
exp Is\4J2

erf

l/c

i

ijir(t+k)

sin 2kl/t
irt

e
art

i u(t - k)
l/t2k2

i ¡k2exp-

l/t(t+2k)

i / k2

K0(2l/)

i
l/t(2kt) [u(t) u(t-2k)]

k t [u(t) - u(t-2k)]
irkijt (2kt)
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29.3.126

29.3.127

29.3.128

29.3.129

29.4.1

29.4.2

29.4.3

[_Si(s)] cos s+Ci(s) sin s

29.4. Table of

(s)

f
(Ic>O)

(k>O)

29.4.4 (k>O)1+e

29.4.5

29.4.6

29.4.7 tanh ks (k>O)

29.4.8

29.4.9

29.4.10

29.4. 11

smb ks

i
cosh ks

i
smb (ks+a)

e -

i

i

smb (ks+a)

smb (hs+b)
sinh (Ics+a)

ae"n'
n =0

(k>O)

(k>O)

(k>O)

(k>O, h>O)

(O<h<Ic)

(O<k0<k1<...)

For the definition of the Laplace-Stieltjes
transform see [29.7]. In practice, Laplace-Stieltjes
transforms are often written as ordinary Laplace
transforms involving Dirac's delta function c (t).
This "function" may formally be considered as

i

Laplace-Stieltjes Transforms

(t)

(t)

u(tk)

E u(tnk)
n=0

(l)"u(tnk)
n=0

2 E u[t(2nH-1)k]
n=O

2E (-1)"u[t
n =0

u(t)+2 E (-
n=1

- (2n-1-1)/c]

1) "u(t - 2nk)

2E e2""u[t(2n+1)k]
n=0

2 E e2"'"u[th(2n+1)k]
n=0

E e_(2n+fl{ebu[t+h_(2n+1)k]
n=0

eu[th (2n+1)k] }
E au(tk)
n=0

the derivative of the unit step function, du(t)==t5(t)

dt, so that f du(t)=f (t)dt={?
The correspondence 29.4.2, for instance, then

assumes the forni es=f e"(tk)dt.

Adapted by permission from P. M. Morse and H. Feshbach, Methods of theoretical physics, vols. 1, 2, McGraw-
Hill Book Co., Inc., New York, N.Y., 1953.

f(s)

e°E1(as)

se'E1(as)

a1"e°E(as)

(a>O) 5

(a>O) 5

(a>O;n=O,1,2,...)
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F(t)

i
t+a

i
(t+a)2

i
(t-j-a)"

e -

i
i - e
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Darwin's expansions 689
differential equation 686
expansions for a large, z moderate 689
expansions for z large, a moderate 689
expansions in terms of Airy functions 689
integral representations of 687
modulus and phase 690
power series in z for 686
recurrence relations 688
standard solutions 687
table of 700
Wronskian and other relations 687
zeros of 696

Parabolic cylinder functions W (a, z) 692
asymptotic expansions of 693
complex solutions 693
computation of 699
connection with Bessel functions 695
connection with confluent hypergeometric

functions 695
Darwin's expansions 694
differential equation 686, 692
expansions for a large, z moderate 694
expansions for z large, a moderate 693
expression in terms of Airy functions 693
integral representations of 693
modulus and phase 695
power series in z for 692
standard solutions 692
table of 712
Wronskian and other relations 693
zeros of 696

Parameter m 589, 602
table of 612

Partitions 825
into distinct parts 825
tables of 831, 836

Page

unrestricted 825
Pearson's form of the incomplete gamma function. 262
Pentagamma function 260

(see polygamma functions)
Percentage points of the x2-distribution

values of x2 in terms of Q and y 984
Percentage points of the F-distribution

values of F in terms of Q, i, v. 986
Percentage points of the t-distribution

values of t in terms of A and y 990
Planck's radiation function 999
Plane triangles, solution of 78, 92
Pochhammer's symbol 256
Point-slope formula 896
Poisson-Charlier function 509
Poisson distribution 959

table of cumulative sums of 978
Polar form 16
Polygamma functions 260

asymptotic formulas 260
fractional values of 260
integer values of 260
multiplication formula for 260
recurrence formula 260
reflection formula 260
series expansions for 260
tables of 267, 271

Polynomial evaluation 788
Powers

computation of 19, 90
general 89
graph of _.. 19

of complex numbers 16

of two 1016
of z'/n! 818
tables of 24

Predictor-corrector method 896
Primes 231

table of 870
Primitive roots 827

table of 864
Probability density function 931

asymptotic expansion of 935
Probability functions 927
Probability integral 262, 691

of the x2-distribution, table of 978
Progressions

arithmetic 10
geometric 10

Prolate spheroidal coordinates 752
Pseudo-lemniscatic case 662
Psi function 258, 264

asymptotic formulas 259
definite integrals 259
duplication formula 259
fractional values of 258
graph of 258
in the complex plane 259
integer values of 258
recurrence formulas 258
reflection formula 259
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Page

series expansions for 259
tables of 267, 272, 276, 288
zeros of 259

Q

Quadratic equation, solution of 17, 19
Quartic equation, resolution into quadratic factors 17, 20

R

Radau's integration formula 888
Random deviates, generation of 949
Random numbers 949

methods of generation of 949
table of 991

Repeated integrals of the error function 299
as a single integraL_. - 299
asymptotic expansion of 300
definition 299
derivatives of 300
differential equation 299
graph of 300
power series for 299
recurrence relations 299
relation to Hermite polynomials 300
relation to parabolic cylinder functions 300
relation to the confluent hypergeometric func-

tion 300
relation to the Hh function 300
table of 317
value at zero 300

Representation of numbers 1012
Reversion of series 16, 882
Riccati-Bessel functions 445

definitions 445
differential equation 445
Wronskian relations 445

Riemann zeta function 256, 807
special values of 807

Riemann's differential equation 564
solutions of 564

Riemann's P function 564
transformation formulas 565

Ring functions 336
Rodrigues' formula 334, 773, 785
Roots

computation of 19, 89
graph of 19
of complex numbers 17, 20
tables of 24, 223

Runge-Kutta methods 896

s
Scales of notation 1011

general conversion methods 1012
Schwarz's inequality 11

Sectoral harmonics 332
Series 14

binomial 14
Euler-Maclaurin summation formula 16, 22
Euler's transformation of 16, 21
exponential 69

Page

Kummer's transformation of 16
Lagrange's expansion 14
logarithmic 68
operations with 15
reversion of 16
Taylor's 14
trigonometric 74

Shifted Chebyshev polynomials 774
(see orthogonal polynomials)

Shifted Legendre polynomials 774
(see orthogonal polynomials)

Sievert integral 1000
Simpson's rule 886
Sine integral 231, 510

asymptotic expansions of 233
computation of 233
definitions 231
graphs of 232
integral representation of 232
integrals 232
rational approximations 233
relation to exponential integral 232
series expansions for 232
symmetry relations 232
tables of 238, 243

Skewness 928
Spence's integral 1004
Spherical Bessel functions 230, 301, 435, 540

addition theorems for 440
analytic continuation of 439
ascending series for 437
complex zeros of h(z), h?(z).. 441
computation of 452
cross products of 439
definitions 437
degenerate forms 440
derivatives with respect to order 440
differential equation 437
differentiation formulas 439-
duplication formula 440
Gegenbauer's generalization for 438
generating functions for 439

graphs of 438
infinite series involving j(z) 440
limiting values as z+0 437
modulus and phase 439
Poisson's integral for 438
Rayleigh's formula for 439
recurrence relations 439
relation to Fresnel integrals 440
representations by elementary functions 437
tables of 457
Wronskian relations 437
zeros and their asymptotic expansions 440

Spherical polynomials (Legendre) 332
(see orthogonal polynomials)

Spherical triangles, solution of 79

Spheroidal wave functions 751

asymptotic behavior of 756
asymptotic expansions of 755
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T
Taylor expansion 880
Taylor's formula 14
Tesseral harmonics 332
Tetrachoric functions 934
Tetragamma function 260

(see polygamma functions)
Theta functions 576

addition of quarter-periods 577
calculation by use of the arithmetic-geometric

mean 577, 580
expansions in terms of the nome q -. 576
Jacobi's notation for 577
logarithmic derivatives of 576
logarithms of sum and difference 577
Neville's notation for 578, 582
relations between squares of the functions 576
relation to Jacobi's zeta function -. 578
relation with Weierstrass elliptic functions 650

Page

Thiele's interpolation formula 881
Toroidal functions 336
Toronto function 509
Trapezoidal rule 885
Triangle inequality 11

Trigamma function 260
(see polygamiia functions)

Trigonometric functions 71
(see circular functions)

Truncated exponential function 70, 262

U

Ultraspherical polynomials 774
(see orthogonal polynomials)

coefficients for and 2rn" in terms of 794
graphs of 776

Unit step function 1020

V

Variance 928
Variance-ratio distribution function 946

(see F-distribution function)
Vector-addition coefficients 1006

w
Wallis' formula 258
Wave equation

in prolate and oblate spheroidal coordinates 752
Weber's function 498

relation to Anger's function 498
relation to Struve 's function 498

Weierstrass elliptic functions 627
addition formulas for 635
case ¿=0 651
computation of 663
conformal mapping of 642, 654, 659
definitions 629
derivatives of 640
determination of periods from given invariants_ - 665
determination of values at half-periods, etc., from

given periods 664
differential equation 629, 640
discriminant 629
equianharmonic case 652
expressing any elliptic function in terms of fand

651
fundamental period parallelogram 629
fundamental rectangle 630
homogeneity relations 631
integrals 641
invariants 629
Legendre's relation 634
lemniscatic case 658
maps of 642, 654, 659
multiplication formulas 635
other series involving , ', 639
pseudo-lemniscatic case 662
reduction formulas 631
relation with complete elliptic integrals 649
relations with Jacobi's elliptic functions 649
relations with theta functions 650

Spheroidal wave functions Continued Page
characteristic values for 753, 756
differential equations 753
evaluation of coefficients for 755
expansions for 755
joining factors for 757
normalization of 755
tables of 766
table of eigenvalues of 760
table of prolate joining factors 769

Stirling numbers 824
table of the first kind 833
table of the second kind 835

Stirling's formula 257
Struve's functions 495

asymptotic expansions for large orders 498
asymptotic expansions for large z] 497, 498
computation of 499
differential equation 496
graphs of 496
integral representations of 496, 498
integrals 497, 498
modified 498
power series expansion for 496, 498
recurrence relations 496, 498
relation to Weber's function 498
special properties of 497
tables of 501

Student's t-distribution 948
approximations to 949
asymptotic expansion of 949
limiting distribution 949
non-central 949
series expansions for 948
statistical properties of 948

Subtabulation 881
Summable series 1005
Summation of rational series 264
Sums of positive powers 813
Sums of powers 804
Sums of reciprocal powers 807, 811
Systems of differential equations of first order 897
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reversed series for large j, f'I' Id
reversed series for small Jal -S.
series expansions for
special values and relations
symbolism
tables of

Psge
638
640
635
633
629
673

Pag

Whittaker functions 505
Wigner coefficients 1006

z
Zeta function

Jacobi's 578
Riemann's 256, 807
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(a) = F(a+ n) Ir(a) (Pochhammer's symbol) - - - -
a,.(q) characteristic value of Mathieu's equation_ -
A(z) = 2P(x) 1 normal probability function - - - -
Ai(z) Airy function
A.G.M. arithmetic-geometric mean
am z amplitude of the complex number z
antilog antilogarithm (log-I)
arcsin z, arccos z inverse circular functions

arctan z, arccot z
arcsec z, arccsc z

arcsinh z, arccosh z inverse hyperbolic functions_
arctanh z, arccoth z
arcsech z, arccsch z

arg z argument of z
b,.(q) characteristic value of Mathieu's equation -
B,, Bernoulli number
B,,(x) Bernoulli polynomial
ber,x, bei,x, Kelvin functions
Bi(z) Airy function
cd, sd, nd Jacobian elliptic functions
c.d.f. cumulative distribution function
ce,.(z, q) Mathieu function
'en Jacobian elliptic function
On, Dn, Sn integrals of the squares of Jacobian

elliptic functions
es, d, ns Jacobian elliptic functions
C(x) TFresnel integral
G,,(x) Chebyshev polynomial of the second kind.,
C(x, a) generalized Fresnel integral
Ce,(z, q) modified Mathieu function
C1(z), C2(z) Fresnel integrals
C,,(' (x) ultraspherical (Gegenbauer) polynomiaL -
Chi(z) hyperbolic cosine integraL
Ci(z) cosine integral
Cin(z) cosine integral
Cinh(z) hyperbolic cosine integral
colog cologarithm
covers A, coversine A
dc, ne, se Jacobian elliptic functions - - -
dn=() delta amplitude (Jacobian elliptic func-

tion)
D,.(x) parabolic cylinder function (Whittaker's

form)
e, e2, e3 roots of a polynomial (Weierstrass form) - -
e' exponential function
e,, (z) truncated exponential function
E(\a) elliptic integral of the second kind
E(a,x) parabolic cylinder function
E,(z) Weber's function
E,.("') (z) Weber parabolic cylinder function
E(m) complete elliptic integral of the second

kind
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Index of Notations
Page

Ei(r) exponential integral 228
E1(z) exponential integral 228
E[g(X)] expected value operator for the function

g(x) 928
Ein(z) modified exponential integral 228
E,, Euler number 804
E,,(x) Euler polynomial 804
E,,(z) exponential integral 228
erf z error function 297
erf e z complementary error function 297
exp z = e' exponential function 69
exsec A, exsecant A 78

f,.,,., f,.,. joining factors for Mathieu functions. 735
F(a, b; e; z) hypergeometric function 556
F(\a) elliptic integral of the first kind 589
FL(n,p) Coulomb wave function (regular) 538
FPP fundamental period parallelogram 629

, a,,; b, ., b,,,; z) generalized hyper-
geometric function. 556

g2, g3 invariants of Weierstrass elliptic functions. 629
g,.,,., g,.,. joining factors for Mathieu functions 740
g(x, y, p) bivariate normal probability function - 936
Gi(z) related Airy function 448
GL(??, p) Coulomb wave function (irregular or loga-

rithniic) 538
G,,(p, q, r) Jacobi polynomial 774
gd(z) Gudermannian 77
h(z) spherical Bessel function of the third kind. 437
hay A haversine A 78
H,,(z) Struve's function 496
Hi(z) related Airy function 448
He,,(z) Hermite polynomial 775
H'1(z) Bessel function of the third kind (Hankel) - 358
Hh,,(x) Hh (probability) function 300, 691
H,,(x) Hermite polynomial 775
H(m, n, r) confluent hypergeometric function_ - - 695
I,.(z) modified Bessel function 374
ITzI,,(z) modified spherical Bessel function

of the first kind 443
-.f7zl_,,_(z) modified spherical Bessel function

of the second kind 443
I(u, p) incomplete gamma function (Pearson's

form) 262
I,(a, b) incomplete beta function 263
Jiz imaginary part of z(=y) -- 16
i" erfc z repeated integral of the error function 299
j,.(z) spherical Bessel function of the first kind,. - - 437
J,,(z) Anger's function 498
J,.(z) Bessel function of the first kind 358
k modulus of Jacobian elliptic functions 590
k' complementary modulus 590
k,.(z) Bateman's function 510

Page
256
722
931
446
571

16
89
79

86

16
722
804
804
379
446
570
927
725
569

576
570
300
774
262
732
300
774
231
231
231
231

89
78

570

569

687
629
69

262
589
693
498
509
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Page

Kh(z) repeated integrals of Ko(z) 483
'Jr/z K+(z) modified spherical Bessel func-

tion of the third kind 443
K(z) modified Bessel function 374
K(m) complete elliptic integral of the first kind. - 590
ker,x, kei,a, Kelvin functions 379
li(z) logarithmic integral 228
hrn limit 13
log1ox common (Briggs) logarithm 68
logez logarithm of z to base a 67
In z (=logz) natural, Naperian or hyperbolic

logarithm 68

..2tF(t)]=f(s) Laplace transform 1020
L(h, k, p) cumulative hivariate normal proba-

bility function 936
L,(x) Laguerre polynomial 775

(z) generalized Laguerre polynomial 775
L,(z) modified Struve function 498
rn=p1' mean 928
m parameter (elliptic functions) 569
m1 complementary parameter 569
M(a, b, z) Kummer's confluent hypergeometric

function 504
MCr' (z, q) modified Mathieu function 733
Ms1>(z, q) modified Mathieu function 733
M,,(z) Whittaker function 505
n characteristic of the elliptic integral of the third

kind 590
O(v,,) = u,» u is of the order of v, (us/v,. is bounded) - 15

o(v,j=u,., lim=0 259
n-,

O,,(z) Neumann's polynomial 363
p(n) number of partitiOns.. 825

(z) Weierstrass elliptic function 629
ph z phase of the complex number z 16
P(a,x) incomplete gamma function 260

P(x2I) probability of the x2distribution 262, 940
P(z) associated Legencire function of the first

kind 332
P(x) normal probability function 931
P(z) Legendre function (spherical polynomials) 333, 774
P (x) shifted Legendre polynomiaL 774
P,M (z) Jacobi polynomial 774
PrIX z} probability of the event Xz 927
q nome 591
Q(x) = 1 P(z) normal probability function (tail

area) 931

INDEX OF NOTATIONS 1045

Page
q(n) number of partitions intß distinct integer

summands 25
Q'(z) associated Legendre function of the second

kind 332
Q,,(z) Legendre function of the second kind 334
fz realpartofz(=z) 16

R(e, ) radial spheroidal wave function 753

S,»'> Stirling number of the first kind.. 824
,%,(m) Stirling number of the second kind - - -. 824
ze(z, q) Mathieu function 725
sn Jacobian elliptic function 569
S(z) Fresnel integral 300
21(z), S2(z) Fresnel integrals 300
Se,(z, q) modified Mathieu function 733
S(x, a) generalized Fresnel integral 262
Shi(z) hyperbolic sine integral 231
Si(z) sine integral 231

S(z) Chebyshev polynomial of the first kind.. - - - 774
Sih(z) hyperbolic sine integral 231
S (c, ) angular spheroidal wave function 753
si(z) sine integral 232
sin z, cos z, tan z circular functions 71

cot z, sec z, ase z 72
sinh z, cosh z, tanh z hyperbolic functions 83

coth z, seph z, csch z 83
T(m, n, r) Toronto function 509
TN(x) Chebyshev polynomial of the first kind - 774

T(x) shifted Chebyshev polynomial of the first
kind 774

U(a,b, z) Kummer's confluent hypergeometric
function 504

U,,(x) Chebyshev polynomial of the second kind.. 774
U(z) shifted Chebyshev polynomial of the second

kind 774
U(a, z) Weber parabolic cylinder function 687
vers A, versine A 78
V(a, z) Weber parabolic cylinder function 687
w(z) error function 297
W(a, z) Weber parabolic cylinder function 692
W,cjh(z) Whittaker function 505
W{f(z), g(z) J (=f (z)g'(z) f'(z)g(z)) Wronskian re-

lation 505
IZo, z1, , z] divided difference 877
y,(z) spherical Bessel function of the second kind.. 437
Y,(z) Bessel function of the second kind 358
Y(O, ) surface harmonic of the first kind 332
Z(z) normal probability density function 931



Miscellaneous Notations
Page

Page
O(ulm) Jacobi's theta function.... 577
x, nth cumulant 928
s4 joining factor for spheroidal wave functions.. - 757

807
kO

X characteristic value of the spheroidal wave
equation 753

A9(\a) Heuman's lambda function 595

,(f,) mean difference 877
js(n) Möbius function 826
p,, nth central moment 928
p',, nth moment about the origin 928
i(x) number of primes x 231

(xx,,) 878
fl(n; \a) elliptic integral of the third kind 590
11(z) factorial function 255
p correlation coefficient 936
p,,(xo, r1, . ., r,,) reciprocal difference 878
p,,(v, r) Poisson-Charnier function...... 509
g standard deviation 298

2 variance 928
g(Z) Weierstrass sigma function 629
09(fl) divisor function 827
r(x) tetrachoric function 934
=am u, amplitude 569

4,(n) Euler-Totient function 826
= E(ei1) characteristic functiion of X 928

«a; b; z) confluent hypergeometric function 504
(z) logarithmic derivative of the gamma

function 258

'4'(a; c; z) confluent hypergeometric function 504

cu,, period of Weierstrass elliptic functions 629

u,9(r) Cunningham function 510

Notation Greek Letters
Page

a modular angle (elliptic function) 590

a(z) =f' t"e-"dt_ - 228

,,(z) t"e"dt 228

ß(n) 807
k=O

B(a, b) incomplete beta function 263
B (z, w) beta function 258
y Euler's constant 255
y(a, x) incomplete gamma function (normalized) - 260

y-- coefficient of skewness
03

723 coefficient of excess_ -
r(z) gamma function
r(a, r) incomplete gamma function
,, Kronecker delta (=0 if isk; =1 if ik)

ö(f) central difference -- -
i difference operator
t discriminant of Weierstrass' canonical form_ - - -
A(f) forward difference
x absolute error
x) Riemann zeta function

(z) Weierstrass zeta function
Z(ulm) Jacobi's zeta function

(n) = (_1)k-1k_.
k1

, =(ò,,,) Weierstrass elliptic function
H(u), llj(u) Jacobi's eta function

,(z) theta function
,(\a) ,ta(G\a), Neville's notation

for
t'_(Aa) ,t1(e\a) theta functions

Page

<r> nearest integer to r 222
complex conjugate of z (=ziy) 16

z=r+iy complex number (Cartesian form) 16
= rei' (polar form) 18

I z absolute value or modulus of z 16
Z overall summation 822
i' restricted summation 755
Z 11 sum or product taken over all prime numbers p 807p,
Z II sum or product overall positive divisors d of n... 826
dl. dl.

fCauchy's principal value of the integral 228

approximately equal 14
asymptotically equal 15

<,>, inequality, inclusion 10
unequal 12
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928

928

255
260
822
877
822
629
877

14
807
629
578

807

631
577
576
578

[a,] determinant 19

Eai column matrix 19

v' Laplacian operator 752
¿ forward difference operator 877

partial derivative 883

i (V-') 70

() binomial coefficient 10

n! factorial function 255
(2n)!! =246 (2n)=2"n! 258
(m,n) greatest common divisor 822

(n, k) =k!F( j-n--k) (Hankel's symbol) 437

(n; n1, n, . ., n) multinomial coefficient 823

[xi largest integer x 66
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