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Preface
The development of calculating machines, which showed sturdy growth during the

first part of the present century, has recently received a startling stimulus with the
completion and successful operation of several fully automatic, electronically sequenced,
general purpose digital machines capable of performing at fantastically high speeds.

In recognition of the need for basic research and training in the types of mathe-
matics which are pertinent to the efficient exploitation and further development of
such machines, the National Bureau of Standards established the Institute for Numeri-
cal Analysis, as a section of the National Applied Mathematics Laboratories, in 1948
on the campus of the University of California, Los Angeles. In this endeavor, the
Bureau operates with the cooperation of the University, and with the support of the
Office of Naval Research of the Navy Department.

At the end of its first year of existence, the Institute was host to two symposia,
one on conformal mapping and the other on the Monte Carlo method. The papers
in the present volume were prepared for presentation at the conformal mapping sym-
posium.

Conformal mapping was chosen as a symposium topic for several reasons. This
is a very old and classic brànch of mathematics, going back even to Ptolemy. There
are many existence theorems, starting with Riemann's, yet little attention lias been
given to constructive details. The differential equations involved are far from trivial,
hut they are not so complicated as to preclude the possibility of their being handled by
machines now coming into use. Many excellent mathematicians are interested in the
field, and it was felt that the symposium would serve well to introduce them to, and
interest them in, the use of high-speed machines for the approximate solutions of

mathematical problems. Finally, there are many important physical applications of
conformal mapping.

I deeply appreciate the encouragement given by John H. Curtiss, chief of the
National Applied Mathematics Laboratories, and by Hugh Odishaw, assistant to the
Director of the National Bureau of Standards, during the organization of the symposium
and the preparation of this volume; and the help given by Cornelius Lanczos, Alexander
Ostrowski, and Wiadimir Seidel, who served with me as a committee of the Institute
in arranging the symposiuni. The contributors to this volume also have been most
helpful in promptly submitting manuscripts.

E. F. BECKENBACH, Editor.

Los Angeles, California.
September 1949.
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1. On Network Methods in Conformal Mapping and in
Related Problems'

R. y. Mises 2

A fairly general type of problem of mathematical physics can be written in the form

L(u)=O, B(u)=O,

where L is some differential operator in n dimensions, and B(u) = O stands for a set of so-called boundary
conditions, that is, of equations for u and its derivatives valid in subspaces of less than n dimensions.
As the simplest case, one may consider the ordinary problem of conformal mapping: L(u)=(u), n=2
{ B(u) = O denoting given u-values on a given contour] . There are, however, much more complicated
questions of interest today to physicists and engineers. To characterize the subject matter envisaged in
the present address the following four examples may be quoted, two of which belong to the theory of
conformal mapping in a wider sense.

The steady two-dimensional potential flow of an incompressible fluid past a weir requires the
solution of n=O with a free boundary of unknown shape, along which the velocity is proportional to
the square root of the variable depth. A first approach to an adequate solution was given in the Berlin
thesis of Lauck [1], but no further investigation followed this preliminary attempt.

The Helmholtz flow with separation past a closed (for example, circular) obstacle has been
studied by many authors. It is, however, not yet known for sure whether or not the conjecture advanced
by C. Schmieden [2] that a definite continuous range of separation points exists for certain kids of
obstacles is correct. The answer to this question would be most important for our general understanding
of fluid motion (boundary layer theory, and so on).

The effiux of a perfect fluid through an arbitrarily shaped (for example, square) orifice in the
bottom of a tank presents a problem of three-dimensional potential theory. Nothing has been done so
far about the solution. It is not even known whether the conspicuous changes in the cross section of the
jet [3] can be explained on the assumption of a constant surface velocity or whether they are due to the
influence of gravity or, possibly, of capillarity.

A great deal of mathematical work is being devoted at present to the study of the two-dimen-
sional steady flow of a compressible fluid. However, not a single case of flow past a body of given shape
has been solved in an acceptable way, not even for subsonic or shockfree supersonic motion. The situa-
tion is stifi more involved in the case of a flow with a curved shockfront, behind which a modified differ-
ential equation has to be considered.

These examples may suffice to show what the state of affairs actually is and to what extent the help
of mathematicians is needed for the progress of physics and engineering. If one looks up the published
literature in related mathematical fields as it has developed in the last two centuries, he finds that the
overwhelming majority of studies does not deal with any numerically specified boundary value problems
at all. What the mathematicians didand nobody will deny that they were right to do sowas to
explore general properties of solutions and to determine particular integrals of the differential equations
without direct reference to given boundary conditions. A quite considerable and still growing body of
knowledge has been accumulated in this way, which is most helpful in various respects to the physicist
and to the engineer. This is particularly true in the realm of potential theory and of conformal mapping
which gave rise to entire branches of mathematical analysis. But there are also problems in which
nothing short of an explicit numerical solution can satisfy the actual need. Moreover, as mentioned
above, in many instances highly important principal questions cannot be answered on the basis of exist-
ing theories, and the only way to obtain some insight into the complicated relationships seems to be the
search for numerical results. Up to date, mathematicians are still busy remodeling and refining the
methods of computation in the simplest problems of conformal mapping. Should we wait with all other
questions until an analogous state of perfection is reached in all pertinent fields?

'Work done under Contract Nioxi 76-16, NR 043-046.
2 Harvard University, Cambridge, Mass.

Figures in brackets indicate the literature references at the end of this paper.
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The usual mathematician 's approach to a specified boundary value problem runs a follows: One
starts from an existence and unicity theorem that is either mathematically proved or assumed on the
basis of experimental evidence. It is stated that one and oniy one point function u(P),exists for which
L(u) = O and B(u) = O. Then, some computational process, depending on an integer n, is devised that
leads to certain values 'a" (P) for all points P of the domain under consideration. Finally, if it can be
nroved that for a]l these points uniformly

hm u(P)=u(P),

then it is said that a solution has been found. The idea, obviously, is that if n is sufficiently Jarge, the
difference u(P)u(P)I will be so small as to have no significance in consideration of the unavoidable
inaccuracies of the theory implied in the functions L and B. It is well imown that in many cases the
procedure leading to u°' is so complicated that very low numbers n only can be used. There is a widely
spread feeling among mathematicianssometimes justified, sometimes notthat once the convergence
of a sequence of operations has been proved, the first or the second member of the sequence must be
somehow "good."

It is obvious that this shortcoming could be overcome only if a reasonable upper bound of the error
I
u(P)u(P)l were known for each n. In very rare cases such an estimate of the error magnitude is

available. Often the estimation, if it is possible at all, is based on more or less vague probability assump-
tions, and almost always its application requires extended computational work. It must also be noted
that the relation between the inaccuracy of L and B and the admissible error margin !uuI cannot
be determined, in general, in a rational way.

As to the types of convergent processes to be used in solving a boundary-value problem, there are
two schools of thought that diametrically oppose each other. The more traditional methods consist of
series developments and of so-called successive approximations. It is generally assumed that the set of
formulas describing the computational process in these cases offers some insight into the analytic prop-
erties of the solution. In strict opposition to these methods is the procedure that starts by assuming
a network of points P and replaces the differential quotients in L (and, as the case may be, in B) by
difference quotients, thus reducing the original analytic problem to the algebraic problem of solving a set
of simultaneous algebraic equations. The underlying idea is that the values u, thus computed, will
converge towards the values of u(P) as the mesh size of the network is reduced by successive steps to
zero. This "network method" is usually viewed askance by most mathematicians.

1here is no logical principle that would allow us to distinguish between the two types of procedures.
If we accept the point of view that convergence toward the exact solution is the only thing that matters,
then any convergent computational process, unambiguously described by means of formulas or of
colloquial language, is logically equivalent to any other. The convergence proof will, in general, be
easier in the case of the network methods. A point for the analytic method can sometimes be made with
respect to the dependency of the solution on variable parameters. However, if this dependency is of
simple form (as, for example, similitude) it can also be incorporated in the network procedure. If it is
very complicated, the parameters enter into the computation of the functions used in the development or
in the successive approximations, and thus no practical advantage results. One should also not forget
that ill formulas except the simplest ones include some integrations or quadratures that caii be performed
only by means of interpolation formulas; this means, in fact, that the network point of view enters
through the back door. One further point should be noted. It is often said that in applying the network
method the original choice of the mesh size definitively determines the degree of approximation, and when
a higher degree is to be attained the whole procedure must be repeated without any benefit drawn from
the preceding work. This is not quite correct. In all problems of advanced character the main dif-
ficulty lies in the solution of the numerous simultaneous algebraic equations that can be performed by
iterations only. Then the results obtained with a wider network supply the adequate point of departure
for a second step of computation with finer meshes.

In summarizing this evaluation of the two ways of approach, we must say that the case for neither
one can be made on general terms. The merits and the demerits must be weighed in the light of the
particular circumstances of each single problem. One might take for granted that in the simpJest cases
like that of conformal mapping with fixed, not too complicated boundaries, the analytic way will be
preferable or, at least, equally accessible. In the theory of gas flow where the differential equation is
much more involved and the boundaries are given in the physical plane while the integration is carried out
in the hodograph plane, so far not a single problem could be solved satisfactorily by analytic methods, in
spite of enormous and, certainly, very meritorious efforts. Perhaps here a combined method could be
applied. The point to be stressed is that both ways of approach, the analytical and the network, are
from a logical standpoint of equal rights. They both consist of a truncated convergent process without
any practical possibility for estimating the degree of approximation reached after a finite number of steps.

The question arises as to whether this latter shortcoming cannot be avoided or at least lessened by a
more realistic concept of the situation that presents itself when we are confronted with a numerically

2



specified boundary alue problem in any field of mathematical physics. Everybody agrees that it makes
little sense to ask for an exact, that is, precise solution in view.of all the simplifying assumptionsused in
the mathematical formulation of the problemfor instance, neglecting the influence of friction, gravity,
heat transfer, and so on. Why then start from the proved or presumed fact that an "exact" solution
exists and look for a sequence of functions that converges towards this solution? Is it not more natural
to admit that both relations L(u) =0 and B(u)=O are only approximately valid, and that what we really
have to look for is a function u for which

L(u)
I

e and B(u) < e?

This e, at any rate, has a definite physical meaning. In L(u) it is the allowance made for the in-
fluence of ïsregarded physical factors, such as friction; in B (u) it is a measure of the accuracy of the
given conditions. It makes sense to assume that the data of a problem in physics or engineering include
a pertinent indication concerning the order of magnitude of e.

In the course of a numerical computation a point function u (P) can be determined ouly by a finite
number of values u1 associated with certain pointsP1 (i= 1,2,. . . ,n) of the domain under consideration.
Thus, if the above suggestion is accepted, the complete problem has to be formulated as follows. Given
the expressions L(u), B(u), and a positive quantity e, find n values u1, u2, . . . , u,, such that a function
u(P) exists that takes on these values at points P1, P2, . . . , P,,, and satisfies the inequalities L(u)j e,

B (u)
I e. This formulation, which eliminates entirely the question of convergence, still leaves the

question open as to whether an analytical development or the network point of view should be used.
It is certainly not an easier problem that is laid before us in this way, but it seems to be the very problem
to which the actual situation, as it presents itself to the physicist or engineer, leads. A few indications
may be given to show how the modified question can be approached in case one decides in favor of the
network point of view.

Let us assume that a Cartesian network with equal quadratic meshes is used and that L (u) is a
differential operator of second order,

ò2u ò2u ò2u òu u
L(u)=A òx2+2B +C

where A, B, . . ., E depend on x, y, u. The substitutions to be made for the five derivatives are given
by the familiar expressions (h= mesh size):

òu 'u11, k-u1, ò2u ui+i, k-2u1, k+ul_1, k ò2u u11, k+l-ul_1, kl'U+1,k_1+U11k_1
2h ' ' òx2 h2 ' ' òxòy" 4h2

If no complications are caused by the boundary conditions, these expressions introduced in L(u)=0
lead to a system of n algebraic equations for the ulk. Suppose these equations are solved. How can
the deviation e be determined?

One has, first, to construct a function u(x,y) that assumes the computed values at the nodal
points P1k and that admits continuous first- and second-order derivatives for all x,y. It turns out that
the function can be subject to the additional conditions that its derivatives up to the second order at all
nodal points equal the values of the respective difference quotients at these points. This determines
uniquely a function composed of eighth-order polynomials with coefficients varying from one mesh
area to the next. If we consider the square formed by the points P11, P12, P21, P22, with the coordinates
(x1,y1), (x1,y2), (x2,y1), (x2,y2), and write

x-x1 1 _y-y' i
h ' h '

the function u(x, y) within the square is given by

u(x,y)=°3 ai(E)a(n)uiuk; IEI InI'
where

(E+ i), aI()zra2(_E)( ) [i+(+) (+ E-3E3)].

In the same way u(x,y) is obtained for each other mesh. It can easily be shown that this u(x,y)
has continuous derivatives up to the second order along the lines that separate the meshes. The value
of u inside a mesh depends on the 16 ulk-values at the surrounding 16 nodal points. Thus, the deriva-
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tives and, finally, the value of L(u) for any point can be computed as a linear expression in the 16 u
with coefficients depending on the coordinates and the five factors A, B, C, D, E. By maximizing
with respect to , we find as a linear function of the 16 u, which can be rearranged as a linear form
in the third-order differences determined by the u k-values At all nodal points the value of L (u) is
precisely zero. If, in some quadrangles, turns out to be too large, this is an indication that a smaller
mesh size has to be chosen, either for the whole domain or for a part of it.

Difficulties of many kinds can arise in connection with the boundary conditions. In particular,
any discontinuity or other singularity at the borderline may interrupt the smooth working of the
method. This is the point where analytic considerations have to be made, and sometimes elaborate
formulas, developments, and so on, will have to be used. One should not think of the network method
as a whole as something quite elementary, not requiring any mathematical skill Worthwhile results
will be achieved only through an intensive cooperation of both points of view. It is possible that in
the future most or all of the results attained in analytic studies of differential equations will have to be
utilized as auxiliary in supplementing the computational procedure based on the network idea. Mathe-
maticians should not entirely neglect this line of thought.

Even if no trouble comes from the boundary conditions, there are numerous questions that have
to be studied when one wishes to apply the network procedure in a rational way. In the first place, it
is by no means obvious that a Cartesian net is the right answer in all cases. The differential equation,
the shape of the domain, and so on, may suggest a different choice, for example, a polar net consisting
of radii and concentric circles. Very little is known about the possibility of replacing derivatives by
difference quotients in a general network. Here are some simple results. If a second-order operator
in two variables,

L(u)=A+2B 2+C ,

has to be approximated at a point P0, then, in general, five (not four) neighboring points P0, P,, . . ., P4
must be used. The number reduces to four in special cases only. The condition is that the five points
P0, P,, . . ., P4 lie on a conical curve whose equation with respect to P0 as origin is

ax'±2xy+'yy'= o,
whereby

Aa+2Bj3+Cy=O;

that is, the scalar product of the two symmetrical tensors A, B, C and c, f3, y must vanish. In the case
of the Laplace equation, A= C, B= O, the associated conies are all equilateral hyperbolas, including
the pairs of orthogonal straight lines. It follows that sets of parallels to the z- and y-axes are always
admissible even if boundary points do not coincide with the crossing points. Likewise, a polar system
with equidistant radii is admisgible. The coefficients in the linear equations can easily be determined
in each case. In the hyperbolic problem, A=C=O, the associated conies are those with principal axes
in the x- and y-directions, including pairs of symmetric straight lines. Here, the choice is very much
restricted and, for example, a polar system is not applicable.

Another question that occasionally has been discussed in the literature is that of so-called higher-
order approximations. Instead of substituting for u the difference between u0 and the arithmetical
mean of the four values u,, u,, u,, u4, at the neighboring cross points, one may introduce more nodal
pomts in a Cartesian net and thus ariive at an error proportional to a power higher than the third of
the mesh width h. A detailed study of such formulas has been given by L. Collatz in his Berlin thesis [4].
This approach is adequate in the case of a linear, homogeneous differential equation. If, however, the
factors A, B, C depend on u, the advantage of a higher-order approximation in the derivatives becomes
illusory. This can be seen if one considers the ordinary differential equation y'=f(x,y). Here, a
better approximation cannot be achieved by substituting for y' not (y+ - y) ¡h, but an expression involv-
ing more y-values. It is well known that the right thing to do is to apply the principles of interpolation
to the right-hand member J(x,y). The same idea must be followed in the case of partial differential
equations. Unfortunately the interpolation theory for more than one independent variable is not very
much developed. An alternative way to higher approximation formulas is indicated by the applica-
tion of the calculus of variations as has been shown in several papers by R. Courant, K. Friedrichs,
and H. Lewy [5]. These papers are almost the only ones in existence offering a more profound study
of the network method.

The most extensive rôle in all computational projects dealing with integration problems is played
by the necessity of solving a large number of simultaneous algebraic equations, linear or nonlinear.
Except for some rare cases of pure initial value (Cauchy) problems of hyperbolic equations, this task
presents itself not only if the network method is used but also in various analytical procedures, in
development in series of orthogonal functions, in the Rayleigh-Ritz method, and so on. Sometimes,
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in elliptic problems, analytic methods lead to a reduction of the number of equations from the order of
magnitude n2 to the order of magnitude n. This advantage, however, is in general outweighed by the
complications involved in setting up the individual equations. In the hyperbolic case, with combined
initial and boundary values, the number of simultaneous equations is already of the order n (linear
subdivision of the integration domain) . It seems that here lies the most promising field for the applica-
tion of the network procedure, since the complications connected with an adequate arrangement of
the equations do not occur.

Once the set of numerical equations has been established, the remaining task must be considered
as a matter of mechanical computation. There is no doubt that the only method of solution for large
sets is the method of iterations (successive approximations). The question of the convergence of
iterations in the linear case has been clarified to a high degree and, if so desired, one can always use the
Gauss transformation, which carries any set of linear equations into one with a positive definite matrix.
The actual carrying out of the iterations, in the case of 500 to 1,000 and more simultaneous equations,
can be done by big automatic computing machinery only. From all that is known about existing
machines and those under construction, none of them is so far up to this task. One always learns ho w
many thousands of multiplications per second one machine or the other can perform. But the time
must come when the efficiency of a computing device is not measured in these terms, but by stating
how many simultaneous equations it can solve in 1 day or in loo or 200 hours. To the layman it is
hard to understand why at least a semiautomatic device for this purpose could not be built, that would,
for example, feed continuously prearranged sets of coefficients into a mechanism able to store the variables
and to do the multiplications and the summing up. In most cases the number of terms in each single
equation is very narrowly restricted. If competent people feel that such a goal cannot be attained
in the near future they should say so instead of stimulating unreasonable expectations to the effect
that any numerical problem, however complicated, will soon be accessible to solution by present-day
computing machines.

The deficiency of the existing computing machines is brought into the open by the undeniable
success of the so-called relaxation technique which, by its very nature, is an expedient tool for the human
and, one might say, intelligent computer. The fact is that the succession of equations and of variables
successfully used in a convergent iteration process is to a large extent arbitrary, and that a judicious
choice can materially shorten the whole process, as long as the number of variables is not too large.
The guidance given to the computer by R. V. Southweil's idea of "relaxation" [6] has brought forth a
number of interesting results and is likely to produce many more. However, a procedure that makes
essential use of the computer's intuition cannot serve as the basis for large-scale computational work
that we expect to have done one day by means of automatic or semiautomatic machines.

A few points emphasized in this paper may be summarized as follows:
i. Network methods must be considered as a fully legitimate and often preferable way for solving

numerical boundary value problems. They do not differ in principle from the more traditional methods
of series development, and so on, as long as the convergence point of view is accepted.

One may, in certain cases, abandon the convergence concept and adopt the idea of approximating
both the differential equation and the boundary conditions. The network methods lend themselves
particularly well to this point of view.

Various problems arising in connection with the application of network methods are worthy of
the attention of mathematiciansfor example, the treatment of singularities, the choice of the network,
and higher order approximations.

Practical progress in the numerical solution of boundary value problems can be expected only
if new computing devices are built that are suitable for solving large sets of simultaneous equations in
an automatic or semiautomatic way.

[11 A. Lauck, Z. Angew. Mathematik Mechanik 5, ito 16 (1925).
[21 C. Schmieden, Ingenieur-Archiv 1, 104 to 109 (1929); 3, 356 to 370 (1932); 5, 373 to 375 (1934).

M. Rühimann, Hydroinechanik, p 255, 256 (Hannover, 1879). There are observations about changing cross sections
in this old book.

L. Collatz, Schriften d. Mathematischen Seminars u. d. Instituts f. Angew. Mathematik d. Universitat Berlin 3, No.
1 (1935). Cf. the same author's book: Eigenwertprobleme und ihre numerische Behandlung (Reprint, Chelsea
Publishing Co., New York, 1948).

R. Courant, K. Friedrichs, H. Lewy, Math. Annalen 100, 32 to 74 (1928). Earlier papers in Math. Annalen 98 (1927)
and in Nachrichten d. Gesellschaft d. Wissenschaften zu Göttingen (1925).

[61 R. V. Southwell, Relaxation methods in engineering science (Clarendon Press, Oxford, 1940); Relaxation methods in
theoretical physics (Clarendon Press, Oxford, 1946).
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2. Flow Patterns and Conformal Mapping of Domains of
Higher Topological Structure

R. Courant'

Much of Riemami's geometrical function theory was motivated by phenomena of flow ; these
phenomena have a'so been used experimentally to obtain approximate solutions for problems of con-
formal mapping. A two-dimensional flow pattern is generated in a suitable medium, for example in
an electrolytic tank, by impressing electromotive forces on the medium. Such flow patterns, obtained
under appropriate boundary conditions, can be measured ; they furnish the immediate solutions for
fundamental problems of conformal mapping.

The present paper is concerned with extensions of Riemaun's mapping theorem to domains of
arbitrary connectivity and moreover to domains not of genus zero, such as a torus, a Moebius strip,
or the projective plane.

From a theoretical point of view, the problem is to find "classes 91 of normal domains" in a u,v-
plane depending on a finite number of parameters and representing by conformal equivalence arbitrary
domains G of the same topological structure. For simply connected domains Riemann's mapping
theorem states that such a set is the exterior of a straight slit in the plane, a slit that is permitted
to shrink to a point in a limiting case. For higher connectivity k the simplest and most easily obtain-
able classes of normal domains are "parallel-slit domains" or, more briefly, "slit domains." They con-
sist of the whole plane of the complex variable w=u+iv except for straight segments v=constant, the
"boundary slits." (In the case of infinite connectivity, there are infinitely many boundary slits.)
Slits that degenerate into points also are admitted.

Likewise, one may consider "half-plane slit domains," consisting of the half-plane v>O (instead of
the full plane) except for a number of parallel slits. The line v=O is then one of the boundaries.

By the following physical argument, one is led to the conjecture that such k-fold connected slit
domains constitute classes of normai domains. Suppose that G is a k-fold connected domain in the
plane of the complex variable z=xH-iy. Consider a potential flow in G coming from a dipole O at the
interior point z=O. This flow may be characterized by an analytic function w=uH-iv=f(z) with the
singularity liz at z=O. In this representation, the curves u=constant are oquipotential lines, and the
curves v=constant are streamlines of the flow. The boundary curves of G, which we may visualize
as smooth, are parts of streamlines v=constant. It is plausible that the streamlines are analytic
closed curves through O, along which u varies monotonically from - to + , with the exception of
the k streamlines v=c1, v=62, . . . , V=C, which reach the boundaries, splitting there into two branches,
and passing around the boundary in different directions until they meet again to lead back to the source
at O, as in figure 2.1. Each streamline v=c, except for c=c,, e2, . . . , is then mapped biuniquely
onto a full line v=c in the w-plane. Of the streamlines v=c,, v=c2, . . . , V=CI, the parts coinciding
with the boundary are mapped onto slits, that is onto straight segments v=c1, v=c2, . . . , v=c in the
w-plane, in such a way that the two edges of the slit correspond to the two branches of the streamline
along the corresponding boundary curve of G. If the dipole O is placed on a boundary curve of G with
its axis in the direction of the curve, we obtain a half-plane slit domain. This domain may be chosen
as the upper half-plane by mapping the boundary curve on the entire line v=O.

In the preceding consideration the choice of six real parameters for a given domain G is left open,
since we may place the source at an arbitrary point z of G, choose direction and intensity of the dipole
arbitrarily, and modify the mapping function by addition of an arbitrary constant. In other words,
we may specify a mapping function in the form

u+iv=w=f(z)=a+ b +(zzo)R(z),

where 1? (z) is regular and analytic in G, a and b are arbitrary complex parameters, and z is an arbi-
trary point in G. Since a k-fold connected slit domain depends on 3k parameters, namely, the initial
points and lengths of the k slits, we are led to the conjecture that for k>2 a reduction of the number

i New York University, New York, N. Y.
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of parameters to 3k-6 is possible. By considering half-plane slit domains this number of "moduli"
is more readily motivated. Since v=O is a boundary line, only a real additive constant b is admissible,
and z0 and a are similarly restricted; thus only three parameters remain at our disposal for reducing

FIGURE 2.1.

to 3k-6 the 3(k-1)=3k---3 parameters in a k-fold half-plane slit domain. We may fix these param-
eters, for example, by making the point w= correspond to a given boundary point of G and by
fixmg the initia1 point of another slit as the point w=i.

Such mapping functions can be realized by actual experiments. It would seem that the experimental
techniques developed in connection with electrolytic tanks can produce good results if it is assumed that
the domain G contains the point at infinity, and if the dipole is placed at this point.

The mathematical construction of the mapping functions is given by Dirichiet's principle.
It may be added that instead of a dipole as the electromotive force, one may consider a number of

simple poles, terminals of electric batteries. Somewhat different, although still not complicated, flow
patterns and corresponding mapping theorems result.

Furthermore it is significant that the mapping theorems and their interpretation by physical experi-
ment can be extended to domains G not in a plane but on polyhedra or curved surfaces in space. The
same is true for any type of a Riemann domain, whether it is a plano or not.

Those facts are well known if G is of genus zero. In the present paper we emphasize domains G
of higher topological structure.

In this case, obviously a topological mappingand therefore a conforinal mappingof G simply onto
a plane domain is not possible. However, we again obtain slit domains as a class of normal domains.
These slit domains consist of the whole w-plane with the exception of finite boundary slits parallel to the
u-axis. In addition, the plane is dt by pairs of parallel slits v=eonstant which extend from u= -
to a finite value of u and whose edges are coordinated in such a manner that the image slit domain B
in the w-plane has the prescribed topological structure.

Description of slit domains not of genus zero. To define such plane slit domains, we first consider
domains without boundary slits. There are two types of "interior" slit pairs: (1) a pair of slits v=
constant in the (u, v)-plane may extend from u= - to a finite value of u; we coordinate or identify
the four edges as in figure 2.2, so that corresponding points have the same u-coordinate, and corresponding
edges are marked with the same figures (pair of the first type); (2) a pair of slits which is similar except
that the coordination is in figure 2.3 (a pair of the second type). These boundary coordinations imply



that paths meeting an edge of a slit have to be continued from the corresponding slit, as indicated in
figures 2.2 and 2.3.

In order to have an admissible domain, at least one more pair of slits is necessary. If the second
pair is again of the first type we obtain an orientable surface, the torus; if the second pair of slits is of
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the second type, we obtain a nonorientable surface, the nonorientable torus or "Klein bottle." It
should be remarked that in the second example the orientation of the surface is preserved along the closed
path consisting of the slits of the second type and reversed along the slits of the first type.

A plane with just one pair of slits of the second type represents an admissible surface, the projective
plane or cross cap, which may also be visualized as a disk where diametrically opposite points are iden-
tified.

A surface is characterized topologically by its orientabiity, its genus, and the number of its bound-
aries. Orientability depends on the absence of pairs of slits of the second type. Genus and number of
boundaries are related to the total number of slits: Any surface can be considered topologically as a
polyhedron having a certain number F of faces, E of edges, and V of vertices. The characteristic
number L is defined as stipulated coordination.

The condition that the point at infinity in the slit domain is an interior point can be simply expressed
by the following equivalent statement: A vertical line u= constant = c that intersects all the slits is
fully described if, on meeting an edge of a slit, one continues at the corresponding edge in the same or
the opposite direction according as the pair is of the first or the second type, and proceeds in this manner
until the path is closed. This condition implies a certain interlocking of the slits. The condition is
not satisfied, for example, by a plane with just one pair of slits of the first type.

A domain with a pair of slits of the second type is nonorientable. This is immediately seen from
figure 2.3, which shows that the boundary coordination between the slits reverses the orientation of an
adjacent angle.

For a pair of slits of the first type, however, the orientation along such a closed path, as in figure
2.2, is that given by the slit coordination. Plane regions that contain only slit pairs of the first type
are orientable.

We may cut the plane by k pairs of slits, with the edges coordinated as in the diagrams. Such a
plane with coordinated slits need not have the topological structure of a closed surface. Although,
by the identification of edges, any point on one of the infinite slits is obviously an interior point of our
slit domain B, this will be true of the point at infinity only if the slits are properly arranged. If the slit
domain B is to correspond topologically to a Riemann domain G, with the point at infinity correspond-
ing to aninterior point O, then a closed curve on G enclosing O will have to correspond to a single closed
line in the slit domain which separates this domain into two parts. Such a line in the slit domain is
made up of segments separated visually in the w-plane but connected by

L=2F+E-- V
If G is orientable, of finite genus p, and is bounded by a finite number r of closed Jordan curves, then

L=2p+r.
If G is nonorientable and is visually described by p "handles" and q "cross caps," then

L=2p-Fq+r.
For a closed surface that is represented by a plane slit domain B with s pairs of slits, we have F=1,

E=2s (corresponding edges being identified), and V=s+ 1, the point at infinity counting as a single

9



vertex. Hence s=L. Thus, if the characteristic number f our slit domain is to be L, the domain must
have exactly L pairs of infinite slits, for example, 2p pairs of the first type slits if it is orientable and of
genus p.

The class of slit domains B is now extended by including the limiting cases obtained if different
pairs coincide entirely or in part. As illustrations examine figures 2.4, 2.5, 2.6, where corresponding
edges are indicated by the same number.
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Similar situations arise when pairs of slits of the second type are present.
So far our slit domains B have been visualized as being closed. We now consider r boundary slits.

A boundary slit may be either a finite slit v=constantnot coinciding with one of the infinite slits--or
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it may coincide with a part of an infinite slit not containing the end-point, as illustrated by figure 2.7.
In the latter case the coordination of the two edges of an infinite slit is interrupted along a finite segment
(a and ¡3 in the diagram). Otherwise, a boundary slit may at the same time form the end part of a
pair of corresponding slits; in this case the end-points of the coordinated pair need not have the same n
coordinate, and the coordination of tue ends is interrupted, as in figure 2.8. Here the segnfents a, ¡3,

form the boundary slit under consideration. In a similar way this may happen if the pair of infinite
slits is of the second type or if, as in figure 2.9, the coordination embraces more than two slits.

As in the case for genus zero, we shìall find it convenient to consider half-plane slit domains lying in
the half-plane v>0, with v= O corresponding to a boundary line; otherwise, nothing need be changed in
our preceding description. For example, a Moebius strip is represented by figure 2.10, and the limiting
case where one of the infinite slits falls into v== O is represented in figure 2.11, with the boundary indicated
by shading

For such half-plane domains we may again stipulate a normalization similar to that used for genus
zero: We may place the map of a fixed boundary point of G at the point at infinity on v=0 and fix the
left end of one interior slit at 'u=O, v=1.

The mapping theorem. We now consider the class of all slit domains B with r such boundary slits
and with characteristic number L, and state the following result.

Theorem: Every Riemann domain G, orientable or not, with characteristic number L and with r bound-
aries, can be mapped con formally on a slit domain B. The mapping on a normalized half-plane slit domain
is uniquely determined if the point at inhinity is to correspond to a fixed point O on the boundary of G.
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It may be added that in this theorem the slit domains could be replaced by half-plane slit domains
provided G possesses at least one boundary element not equivalent to a single point.
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Proof of the mapping theorem follows with no major difficulties from the study of the flow patterns
generated by dipoles and mathematically corresponding to Abchan integrals with purely imaginary
moduli of periodicity. The main step consists in cutting the domain G along critical streamlines which
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lead from the stagnation points back to the dipole singularity. These cuts then correspond to the inner
slits of the plane slit domain.

To obtain the flow patterns for such domains G of higher topological structure by experiment and
measurement, a simple device is proposed. The region G may be dissected into one or more regions of
genus zero which constitute G by proper boundary coordination. Each of the component regions G is
conformally equivalent to a plane domain, again called G, and may be represented by, for example, an
electrolytic tank Then the boundaries of these tanks are connected mutually by a sufficiently dense
net of copper wire which ensures that corresponding pairs of boundary points are "identified" in the
streamline pattern. The pattern thus resulting in the system of tanks immediately furnishes the con-
formal mapping desired.
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Figures 2.12, 2.13 and 2.14 illustrate this streamline pattern and its slit image are in the cases of
a torus, a projective plane, and a Klein bottle. All these domains G are represented by a single tank
with proper boundary-point identification.
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KLEIN'S BOTTLE

The theory sketched in the preceding note is amplified in a book by the same author: Dirichlet's Principle,
Conformal Mapping, and Minimal Surfaces (Interseience Publishers, New York, N. Y., 1950). This book contains
further references to previous publications on the subject by various authors.
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3. Some Industrial Applications of Conformal Mapping
H. Poritsky

The applications of conformal mapping to be considered here are taken largely from the electrical
industry, though they are by no means confined to electric machinery and electronic apparatus, but
include mechanical and fluid dynamics problems as well. One may divide the fields and conformal
maps of interest to industry into two kinds, one involving what might be called "classical" maps and
analytic functions of a complex variable, the other one exhibiting from a mathematical point of view
the "cussedness" and irregularity of inanimate nature, and being amenable to calculation only with
great difficulties. Unless otherwise stated, only two-dimensional fields are considered.

As a simple illustration of the classical type,. consider the field given by (ç=potential, t'=flux
function)

w=+i1'=1n z, z=x-j-iy (3.1)

and consisting (in the (x,y)-plane) of concentric circles and radial lines. Carrying out the conformal
mapping

one transforms this field into the field of a point source at z1=a and a point sink at z= a, the image
of z= As shown in figure 3.1, the flux lines t'= constant of (3.1) are transformed into a linear pencil
of circles passing through z1=a, z1=a, while the equipotentials =constant of (3.1) are changed
into a linear pencil of circles orthogonal to the flux line circles. The resulting field can be adapted for

'General Electric Co., Schenectady. N.Y.
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FiGURE 3.1.

the field of two nonconcentric cylindrical conductors, either internal or external to each other, and carry-
ing equal and opposite charges.

As another example, slightly more complex but still amenable to treatment by means of classical
functions of analysis, consider the field around two equipotential cylinders carrying arbitrary charges.
This field is of interest in the study of the breakdown of power lines when the distance between the lines
becomes comparable with the radii of the lines themselves. Resolve the field into a sum of a field due to
equal and opposite charges and a field due to equal charges of the same sign; the former has just been
discussed. To treat the latter, by means of a linear fractional transformation

z1=ln (3.3)

for a proper value of a, the region in the (x,y)-plane outside the cylinders is mapped on a strip in the
z1-plane bounded by lines (z1)= constant, and one obtains in the z1-plane a periodic field, one period

(3.2)

15



corresponding to a path encircling one of the circles. By reflecting the field across the two vertical
equipotential bonndaries one is led to a doubly periodic field whose oniy singularity inside an elementary
rectangle is the image of z= . In this case elliptic functions can be used to advantage to express the
field (see [11* and fig. 3.2).
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FIGuRE 3.2.

As a further example where relatively simple analytical functions and conformal maps suffice to
tive fields of practical interest, consider the field given by

w=Aln zB In (zl), (3.4)

where A, B are positive constants with B<A. The field represented by this equation corresponds to
a positive point charge of magnitude A at the origin z= O and a negative charge of smaller magnitude
B at z= 1. Carrying out the transformation

Z = (3.5)

where n is an integer, one is led to the field in the z1-plane due to a point charge at the origin of strength
nA and n equally spaced negative charges of strength B at

k=O,l,2, . . . (3.6)

The resulting field, shown in figure 3.3, is of interest in connection with the field of a radio tube with the

FIGURE 3.3.

filament at z=O and the grid wires at the points (3.6). The equipotentials ç= constant very near the
points (3.6) and near the origin are approximately circular and may be adapted to handle the finite
radii of the filament and the grid wires. One may add a cylindrical plate by adding a positive image
of the point charge at the inverse image of B1 in the circle 2 = a, replacing (3.4) by

w=A in zB in (zl)B ln (zlIa2). (3.7)
Figures in brackets indicate the literature references at the end of this paper.



In the z1-plane the plate radius will be z1=a". By varying B and the charge on the grid, and com-
puting the change in the number of flux lines emanating from the filament and leaking through to the
plate one can obtain the amplification constant of the tube. The above procedure is due to Abraham [2].

A further classical example may be derived from (3.4) by making use of the transformation

z1=ln z, z=eal. (3.8)

The field near the point charge at the origin z=O is now transformed into a parallel field at xj=9(z1)= -
while the negative point charge at z= i is transformed into a periodic series of negative point charges
at z1=2niri, and the resulting field represents the field leaking through a grid. For the case where
none of the flux lines go past the grid (B=A) this field is shown in figure 3.4, which is taken from Max-
well [3], where it is introduced to illustrate the effectiveness of a grid of wires as a shield.

FIGURE 3.4.

If the grid wire radius is not small in comparison with the grid pitch, the analysis becomes more
involved. The field is now expressible in terms of Laurent series based on the grid wire centers and on
the filament center, and the correlation of their coefficients leads to an infinite number of linear equa-
tions in an infinite number of unknowns [4]. For a flat (ribbon) filament and plate the inclusion of a
finite grid wire radius involves field expansions in Laurent series based on the grid wire centers, and in
periodic functions, or in doubly periodic functions, if the ratios

grid radius grid radius
grid-plate distance' grid-filament distance

are not small [5, 6]. The correlation of the expansions again leads to an infinite number of equations.
The designer and manufacturer of electric equipment and machines is often interested in the maxi-

mum magnitude of the field strength or the field concentration, since breakdown of air and of insulators
often depends upon the field maximum. Lightning rods are purposely made with a sharp point to
facilitate electrical breakdown. More generally, however, electric motors, generators, light bulbs,
luminescent tubes, high voltage apparatus, and so on, are designed so as to minimize the field concen-
tration in order to avoid breakdown and prolong life. The calculation of the field concentration is
often quite difficult.

As an example consider the field in an electric cable consisting of strands of wire of circular cross
section touching each other, at the same potential, and separated from an outer metallic sheath by an
insulator as shown in figure 3.5,a. By means of a logarithmic transformation the region between the

-
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conductor and the outer boundary is transformed very nearly into the region shown in figure 3.5,b,
between semicircles in contact and a line parallel to their centers. If the boundary of the line is sul-



ficiently far away in comparison with the wire radius, the field near the wires is not affected by removal
of the boundary to infinity The shaded region in figure 3.5,c, now becomes the fundamental region of
an automorphic function, and the field can be expressed in terms of the modular elliptic function [7].

By contrast to the examples which can be treated with the above relatively simple eq (3.1) through
(3.8), consider now the magnetic field of a rotor or a generator. Tri the case of an alternating current
(a-c) generator the rotor windings magnetize the poles, and the resulting revolving magnetic flux, cutting
the stator coils, induces electromotive forces (emf) and generates currents in the stator coil and load
circuits. The generated emfs depend on the magnetic fields, the flux distribution, and linkage; these
fields, in turn, depend on the gap shape, on the shape of the rotor poles and of the stator slots, on the
position, shape, and manner of winding of the rotor and stator coils, and upon many other factors entering
into the design of the machines. These shapes and factors are so complicated that the resulting fields
cannot be handled by means of familiar functions of analysis.

As an example, consider the shape of the rotor and stator shown in figure 3.6. It is quite evident
that the shape over which the field is now to be determined is quite complex and requires a great deal
of effort for its determination.

18

FIGURE 3.6.

One may apply conformal mapping to study certain phases of this field. By means of a logarithmic
transformation it is possible to straighten out the stator boundary as in figure 3.7, at the same time

r- 1

FIGURE 3.7.

replacing t.he finite number of poles by a periodic repetition of the field. Neglecting the stator slots
and currents, if the gap width over the pole is constant or nearly constant, one can apply a Schwarz-
Christoffel transformation to straighten out the pole boundary and map the shaded region of figure 3.8
upon a half-plane. However, even in the case shown, there are six right-angle bends, and therefore the
integral involved in the Schwarz-Christoffel transformation is hyperelliptic, and its evaluation is quite
involved. If it is assumed that the pole width is considerably larger than the gap so that the fringing
at its corner dies out before one has proceeded half way across the pole width, then figure 3.8 may be
changed into figure 3.9; the number of righ t-angle bends decreases to four, and the integral becomes
elliptic (though of the third kind) and may be treated by familiar methods involving 8-functions [8].

The general Schwarz-Christoffel integral

=C(_a1)a1(_a2ya2. . (3.9)

which for real a1, a1 maps a polygon in the z-plane upon the upper half of the r-plane, leads to familiar
functions only in relatively few cases. If the exponents a with the exception of not more than two are
integers (positive or negative), and these two take on the values E , the integral for z can be evaluated
in terms of elementary functions; if three or four of the exponents take on the values ± , while the rest
are integers, the integral is elliptic and can be evaluated by well-known analytical and numerical tech-



niques. In other eases only relatively laborious numerical methods are available, for instance power
series expansions of (3.9):

dz

FIGURE 3.9.

2 Even both adjacent factors may be withheld, leading to a series ol integrals expressible as a hypergeometric function.

(3.10)

(3.14)
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To evaluate the coefficients Xk one may make use of recurrence formulas [9],

(k+ l)x+i=xkLo+ xk_IL1+ . +xoL, (3.11)

based on comparison of coefficients of powers of in

(3.12)

where L() is the logarithmic derivative of dz/dr:

L()=d[log ()]/d-= - «i . L1=1+ +, (3.13)

As an alternative, a similar recurrence relation may be obtained by rewriting (3.12) in the form

;

where the polynomials N(), D() are defined by

ai a N() 3 15S) (a1) (a)D()
These recurrence equations for x, k>n, involve only the n preceding Xj'S.

It must be added that when the expansion (3.10) or similar expansions in powers of (ra), where
a is any constant, are substituted in (3.9) and the lengths of the polygon sides are found by integration
between limits corresponding to successive vertices, the series (3.10) converges over the interval of
integration only if a is chosen halfway between adjacent ai's, and even then the convergence is poor
because of tlìe singularities at the end points. The poor convergence may be remedied by choosmg a
closer to one of the adjacent singularities a and withholding the corresponding factor (ai)' from
the expansion in powers of (ra), then multiplying by this factor, leading to ß-integrals.2

To eliminate the need for several expansions corresponding to different values of a for different sides,
one may map the upper half -p1ane on a unit circle in a 1-p1ane and resort to expansions in powers of

. In terms of the integral for z is essentially of the same form as (3.9) (except for a possible appear-
ance of one new factor or disappearance of one of the factors).

Yet even with the above and other shortcuts it is evident that the evaluation of conformal mapping
expressed by (3.9) may present considerable difficulties.



Even for simple shaped poles the field determination is quite involved. In figure 3.10 are shown
in developed form two rotor and three stator poles. The infinite number of vertices evidently precludes
the use of a direct integral of the form (3.9). For simplicity, suppose that the slots are infinitely deep,
and that proper potential differences are maintained between rotor and stator poles by means of wind-
ings located at infinite distances in the slots. In order to avoid harmonics in the generated electro-
motive force it is dustomery to provide a ratio of the number of rotor to stator poles of relatively large
primes, so that quite a large number of poles will occur within one period of the field. Let the gap of
figure 3.10, a, be mapped on a uniform gap of width ir of figure 3.10, b. The mapping function z(z1),
as well as the potential function w (z), while obviously possessing a real period P in z corresponding
to the field repetition after a certam number of rotor and stator poles, can be related further, to a pure
imaginary period, corresponding to reflection across the boundaries of the uniform gap oî figure 3.10, b.
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Indeed (dz/dz1)2 may be shown to be doubly periodic in z with a pure imaginary period 2iri. It possesses
roots of order 1 at the points aj corresponding to the pole corners and poles of order 2 at the points b
corresponding to the infinite region of the slots. Hence it is expressible as follows:

/dz"2 ll[t1(z2)t1(a)}=0 HEi(z2)_ti(b;)]2'
where

/ 1,'2(n+_)
q sin (2n+1)irv,

nO,i,
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(3.16)

(3.17)

Equation (3.16) now replaces the Schwarz-Christoffel integral (3.9). A similar form with real fractional
powers is possible for the function e'. However, the evaluation of the mapping function 2(22), in view



of the large number of values a, b, involved, is exceedingly laborious. Besides, the rotation of the
rotor causes a complex shift in a, b,.

Even in relatively simple cases, such as the frmging of two similar rectangular sets of teeth (see
fig. 3.11), the problem is by no means elementary. For the symmetric positions of figures 3.11, a and b
where the rectangular shaded regions shown are bounded by equipotentials and flux lines, solutions by
means of elliptic integrals have been given [9, 10]. For the general misaligned position shown in fig-
ure 3.11, C, no solution is known to the author, though the form (3.16) is quite applicable. The field
of figure 3.11, A, incidentally, is of interest in connection with the capacity of a microphone.

From the above it is clear that analytical methods, at least as developed thus far, have only limited
power in solving the complicated field problems arising m electric machines. Electrical engineers have
resorted extensively to the use of "flux plottmg" or free-hand drawing of the flux lines and equipotentials.
As is well known, these curves, when drawn for constant equal mcrements form a curvilinear
set of small squares. A certain aptitude, somewhat between mechanical drawing ability and artistic
drawing, is required for successful flux plotting, and with practice people possessing such aptitude can
learn to draw flux plots for a great variety of cases with relative ease. Examples of free-hand plots
are shown m figures 3.12, 3.13, 3.14, 3.15.

FIGURE 3.12.
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PULSATION

FIGuRE 3.13. Flux distribution in a slot.
Flux pulsatlon=BC/AF=.493.

Flux plotting has also been applied with relative success for magnetic fields in current-carrying
regions where J' satisfies not the Laplace equation

(3.18)

(3.19)
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Fiaustu 3.14. Flux distribution at no load in air gap of synchronous salient-pole machine.

where I is the current density. One method consists in superposing , any analytically determined
solution of (3.19), with a solution of (3.18), which is chosen so that satisfies the proper
boundary conditions; 'J' is obtained by means of a flux plot. Figure 3.16, taken from [11], shows an
example of this procedure for a rectangular coil with uniform current density in a slot. Only the plots
of j and of 1+'2 are shown in figure 3.16.

An alternative method of procedure consists in starting with a "kernel", or point, of vamshrng
field strength, and drawing lines of "no work"; that is, orthogonal trajectories of the flux lines.3 Appli-
cation of Green's theorem for constant I,

ffv2%lidxciy=4irIffdxdy=f ds, (3.20)

relates the gradient of b (and hence the spacing of the lines of constant ) to the area subtended by the
lines of no work. At the boundary of the coil the lines of no work and the flux lines merge into a small
square pattern of lines of constant c, '. An example of a construction of this type is shown in figure
3.17; here the kernel is at the upper left-hand boundary of the flux plot.

The graphical superposition method may be applied to solutions of the equation

(3.21)

'They would be lines ol constant magnetic potential , were it not for the fact that in current-carrying regions the field is rotational and p does not exist.
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FIGuRE 3.15. Flux distribution at no load in the air gap of a salient-pole synchronous machine for the maximum and minimum
permeance positions; 10-percent flux pulsation.

which is encountered in the problem of elastic torsion of a shaft of arbitrary but uniform cross section,
see [11]. For the function (A-1)x2 Ay2, for a proper A, may be used. This graphical method is
a convenient alternative to the well-known soap-film procedure of solving (3.21).

Flux plotting rules can be extende4 to solutions of

+ "h 'sOòx\. ôx) òyk òy,fl

either where h is a known function of position, h=h(x,y), or where h follows a more complicated set of
rules. One now introduces the flux function 1' by means of

ò, ôçc' ò=h ---h,
òx òy òy òx

(3.22)

(3.23)

and proves that the curves =constant, 4i=r constant, divide the plane into small rectangles the ratio
of whose sides varies as h. Naturally, the construction of the plots becomes more complicated and
time-consuming, since measurements and checks of side ratios becomes necessary.

A well-known experimental method for plotting fields is by means of the electrolytic tank. For
magnetic fields of electric machines this is often combined with free-hand plotting by tracing the equi-
potentials by means of the tank, and the flux lines by hand. Figures 3.18, 3.19, 3.20 show plots obtained
by this method.
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The tank can be adapted readily to the determination of axially symmetric fields either by means
of a 180° axially symmetric construction or by tilting the tank. In this case h in (3.22) varies as y, the
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distance from the axis of symmetry. Not so easy is the treatment by means of the tank of the eq (3.22)
since it requires the construction of a tank whose depth varies as h (without the bottom at the same
time ever acquiring a large slope).

Another useful tool in handling many field problems is the direct current (d-c) board. This is a
collection of variable resistances which can be connected so as to correspond to any network, with sources
of potential which may be connected to desired points. By replacing the Laplace equation or eq (3.22)
or the corresponding equation for by proper difference equations involving at the points x=k,
y = iô, one obtains linear equations which can be interpreted as the Kirchhoff equation for the potentials
of proper networks. Available d-c boards all stem from the field of power distributions and were not
designed primarily for solving field equations; but a board designed primarily for this purpose is being
planned by the General Electric Co. In solving (3.22) we make the resistances vary as 1/h.

It must be realized that only by highly idealizing the fields of an actual machine or apparatus is one
led to a problem that may be handled analytically. Actually the fields of motors and generators have
further complications arising from the magneto-motive force (mmf) drop in the magnetic materials,
from magnetic hysteresis, and saturation. The effect of fringing near the rotor and stator ends must at
times be taken into account, also the effect of eddy-currents, as well as numerous other features that
complicate the field calculation and enter into the design and performance of the machine.

F1CURE 3.17.



FIIRu 3.18. Flux plot with quadrature excitation.

Fiuuiu 3.19. Flux plot with direct axis excitation.

The effect of finite, though high, permeability j of the stator and rotor may be taken into account
to a first approximation by assuming that the permeability is munite, obtaining the flux entering the
rotor and stator, then from the boundary value of the ì recalculating a correction to the potential
function which represents the mmf drop within the magnetic material. For constant the problem
reduces to one of solving the Laplace equation both in air and within the magnetic media, with proper
boundary conditions requiring the continuity of potential and of normal flux; yet analytical methods of
handling even simple regions shown in figure 3.11 are barely developed.
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one may obtain for the eq (3.22) with (x, y) replaced by (r, z) and h=r2m+l. The solution of may be
reduced to two-dimensional problems that can be set up on the d. c. board, or reduced to a two-dimensional
flux plot in which the ratio of the rectangular sides varies as various powers of the distance from the
axis. In a forthcoming paper [13], several analytical forms for the general solutions of

1r' "\+ "r' 0òr\\ òr) òx\ òx)

of a wide degree of generality, are obtained.
Turning to other industrial field applications, we now consider fluid flow fields. Modern fluid flow

owes its rise to the problem of lift of an airfoil. As is well known, analytic methods are available for
determinations of the flow of an ideal fluid about airfoils of a wide variety of shapes, one of the most
popular methods consisting in mapping the outside of the airfoil conformally on the outside of a circle.
A somewhat related problem of considerable recent industrial and aeronautical interest is the flow of a
fluid through a grid of identical blades. This problem is basic to the design of turbines and compressors,
and lately has grown in importance, on account of the gas turbine, for aircraft, locomotives, and sta-
tionary power plants. Neglecting compressibility and viscosity effects as well as centrifugal and Coriolis
forces in the rotor, replacing its rotation by a translation, and disregarding the interference effects of
adjacent rotor and stator grids, one arrives at the simplified problem of a flow of an ideal fluid through a
stationary grid of identical buckets or blades.
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FIGURE 3.20.

When one takes into account saturation within the magnetic material (but not hysteresis), the
problem becomes nonlinear and even more difficult. One now obtains (3.20) with h= , the permea-
bility, where the latter is a function of the gradient of . The d-c board can be applied with a trial and
error method. Flux plotting methods can be used, and lead to the rule that the equipotential and flux
lines, when drawn for proper intervals , ô', divide the plane into rectangles of length of sides ço

such that when zn is given, s is determined as a definite function of in, which can be computed from the
(H,B)-curve, where H denotes magnetic intensity or field strength and B denotes magnetic induction;
the ratio n/zs is equal to , which is defined as B/H [12].

Fringing of flux over the ends of the rotor or generator leads to three-dimensions fields. The end
flux may not be appreciable in casos of very long rotors, but for fractional horse power motors whose
axial dimension may be small compared to the diameter the effect of end flux cannot be neglected. The
potential of the end field may be resolved into sinusoidal components of the form

cos me V'fr, z), (3.24)

where r, e, z are cylindrical coordinates with the z-axis along the rotor axis, and 2m is a multiple of the
pole number. Putting

V'=rmço, (3.25)

(3.2 )



The multiple connectivity of the region outside the blades can be eliminated, say, by means of the
transformation

(3.27)

where h is the pitch of the grid, assumed parallel to the pure imaginary axis Figure 3.21, a and b shows
the shape of a grid of "buckets" and the transformed shape. It will be noted that the zij values range

a

FiauR 3.21.

over an interval from i :e2rTh= i :1O, where d is the transverse dimension of the blades, arid the trans-
formed shape is rather unwieldy. One advance in the z-plane corresponding to the pitch corresponds to
going once around the origin, while the incoming flow at x= - corresponds to a point source at the
origin. The map of the blade in the zj-plane has a shape so different from streamlined shapes of a single
wing that the methods that have been developed or mapping the exterior of a single streamlined wing
on the outside of a unit circle hardly apply in thiscase.

It is customary to plot the flow field on the oùtside of the unit circle in a z2-plane so that x= -
x= + correspond to a point vortex source at z2=R, 11>1, and a point vortex sink at z2=R, and the
flow is described by

w=+it'= (u1'ivi)ln (z2+R) + (ui+ivi)ln (22+ i/R) + (u2+iv2)ln(z2R) + (u2iv2)ln(z2 1/R),
(3.28)

where (ui,vj) is the velocity of the incoming flow, aliLd (u2,v2) the velocity of the deflected flow. However,
the details of the mapping function 2(22) and its 1etermination for a given blade shape, as well as the
determination of R, have been carried out in relatively few cases and many shapes still involve exceed-
ingly laborious calculations.

Also of interest is the converse problem, wheie the blade shape is not given but where the pressure
is prescribed as a function of the distance along the blade, usually from conditions requiring that there
should not be too adverse a pressure gradient, resulting in unstable boundary layers causing the flow to
depart from the boundary. The art of ca1culating the blade shape for the converse problem is but little
advanced.

For cases where the pitch h is relatively small çompared to the dimension of the blade, and where the
angle of deviatioii is rather large, it turns out that in the z2-plane the points R, R lie very close to the
unit circle. As a result even purely numerical methods run into a considerable amount of difficulty
since the calculations have to be carried out to a hirge number of places.

Among analytical and numerical methods of carrying out this mapping and determining the flow,
may be cited [14, 15]. An application of the d-c board to the determination of the flow through a grid
lìas been described by C. Concordia [16].

When one takes into account compressibility effects, boundary layer effects, and phenomena intro-
duced by the rotation of the rotor, the problem becomes considerably more complicated. However,
even in the simple ideal case described above it miist be kept in mind that as the moving blades pass the
stationary blades, the region over which the flov has to be determined is quite complicated and is

b

949581-52 3 27



constantly changing from one instant to the next. Usually the rotor blade pitch is not equal to that of
the stationary blades, but they may have a ratio of two rather large integers. The situation is somewhat
analogous to the one obtained for the field of a rotor of an electric motor rotating past the stator, though,
due to the multiple connectivity of the region of flow, it is more complicated even for the conditions
of ideal flow.

Turning to miscellaneous further applications of conformal mapping, we observe that conformal
mapping can be used in combination with other methods for simplifying complicated boundaries,
provided that the differential equations are not rendered a great deal more complex as a result of the
mapping. As an example, in [17] a numerical procedure is used to solve Airy's differential equation for
a region shown in figure 3.22. First, by means of a free-hand flux plot, the region in question is mapped upon
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FIGURE 3.22.

a strip in the z1-plane, thus straightening out the partly semicircular, partly straight, upper boundary.
The ratio r= dzi/dzl of the small square side in the z1-plane to that of the z-plane is obtained from the
plot and smoothed out by curve construction, and the differential equation of Airy, or rather its equiva-
lent equations

v,us=0, (3.29)
are replaced by

V11F=r28, V1,18"O. (3.30)

Equations (3.30) are then solved by partly numerical, partly analytical methods.
Similarly in [18] conformal mapping is used in the problem of determining flow of a compressible

fluid past an airfoil in a uniform channel. First the flow of an incompressible fluid is used to transform
the boundary of the airfoil into a rectilinear one (since in the w-plane this boundary becomes '= const.);
then the equations of motion are expressed in terms of the new coordinates and solved by methods of
relaxation. Including the effect of compressibility one is led to an equation of the form (3.22), where h
is a proper function of the gradient magnitude of . A conformal transformation puts (3.22) into a
similar form except that h is now a function of the product of the magnitude of the gradient of 4, and of
the square side ratio. For numerical solutions this extra complication offers no great inconvenience.

An interesting application of confOrmal mapping occurs in extending the Hertz theory of contact
stresses to take account of surface irregularity. In the two-dimensional case the relation between the
normal displacement y and the normal force F over the contact interval ¡xl <a is given by (see [19])

v=const.faF(s) In Ixsids. (3.31)

When r is given over the contact interval and F is sought, one has to solve the integral eq (3.31). We
introduce the analytic function

f(z)=faF(s) in (zs)ds, (3.32)

and note that the real part off is proportional to V over the contact interval, while its imaginary part is
proportional to the force integral

s: (3.33)

One can solve (3.31) very conveniently by means of a conformal mapping in which the contact interval
and ellipses confocal with its end points are transformed into lines parallel to the real and pure imaginary



axes. By resolving both y and F over the contact interval in Fourier series in the transformed variable,
we readily obtain the solution of (3.31).

The integral eq (3.31) is closely related to the equation

VJ() ds, (3.34)

which occurs in the determination of the induced drag of an airfoil due to trailing vortices.
In general stress problems under no body forces one encounters the repeated Laplace equation

v4F=0, (3.35)

and, in particular, as stated above, the two-dimensional case of (3.35) is satisfied by Airy's function.
The general solution of (3.35) can be expressed thus:

(3.36)

wheref, g are arbitrary analytic functions of z, and is the complex conjugate of z. Conformal mapping,
while it transforms the Laplace equation into another Laplace equation, does not preserve the repeated
Laplace equation (3.35). However, it transforms (3.36) into

[f(z1)+i(g(zi)] (3.37)

(see [20]). Hence conformal mapping does not transform solutions of (3.36) into solutions of this
equation in the new plane, and is not as useful for solving stress problems as for potential problems.4
Simply connected regions may be mapped on a unit circle in the z1-plane. The boundary conditions for
F, ÒF/òn then lead to an infinite number of equations in the Taylor series coefficients of f(zj), g(z1).

Conformal mapping of a sphere on a plane is of interest in connection with the determination of
harmonic functions which are homogeneous in x, y, z. It is evident that if the values of such a function
are obtained on the unit sphere, they are determined all over space.

A conformal map of the sphere on a plane is obtained by means of the Riemann construction of
projecting the points of the sphere from one of its points onto a plane normal to the radius through that
point. By utilizing it, one obtains [21] the following form for harmonic functions ço, homogeneous of
degree zero:

ço»J [(x +iy)/(R+ z)], R=(x2+y2+ z2)1"2, (3.38)

where f is analytic in its argument. By inversion and differentiation or by means of Euler's theorem,
harmonic functions of positive and negative degree of homogeneity can be derived from (3.38).

Homogeneous harmonic functions of degree zero find ready application in the study of conical
flow of supersonic linearized compressible flow. rfhe wave equation

+55=(M2 1)z,, (3.39)

is transformed into the Laplace equation by putting z=i/M2_ iz'; and the solution (3.38) with z
replaced by z' can be used to furnish velocity components and pressure solutions for conical flows. A.
Busemann [22], H. J. Stewart [23], and others [24], have utilized (3.38) or its equivalent and conformal
mapping to obtain flows around wing edges and ô-wings.

The above conformal mapping of a sphere on a plane and the complex-number representation of
this plane are also of use in the kinematics of spherical motion and the dynamics of a rigid body with a
fixed point, for instance, a gyroscope supported in gimbal bearings. A finite displacement in space
corresponds to a linear fractional transformation of the above complex variable, while the determina-
tion of the motion corresponding to given rotation components leads to a solution of a Ricatti equation
[25, 26].

In conclusion, the above rather hurried and incomplete survey shows that the applications of con-
formal mapping to industrial problems are many and varied. While it has been successfully applied to
many problems, extreme difficulties have thus far hindered its successful application to many others.
Conformal mapping must be viewed as but one tool in the problem of field determination; it competes
with and supplements graphical, electrolytic tank, and numerical methods. Industry will follow with
interest the development of rapid electronic digital machines and their harnessing toward the solution of
field problems.

4 An exception occurs for circular inversion, followed by multiplication by r'( sr); this does transform solutions of (3.35) into new solutions of (3.35) [20].
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4. Conformal Maps of Electric and Magnetic Fields in
Transformers and Similar Apparatus

G.M. Stein1

1. Field Problems in Transformers

For an economic transmission of electric power over long distances the losses in the line have to be
kept small. If V, I, and R represent the voltage, current, and resistance of this line, the equations

power transmitted= VI,
/power\2 Rline losses=12R=(\

show that low losses are obtained by using a sufficiently high transmission voltage V. To do this an alter-
nating current system is used since its transmission line can be coupled with the power plant, as
well as with the consumer, by transformers which boost the voltage V to a high level for transmission
and then reduce it again for consumption (fig. 4.1). Such a transformer is a coil with at least two

I Westinghouse Electric Corporation, Sharon, "a.

TRANSMISStON LINE

TRANSFORMER TRANSFORMER

POWER
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FIGURE 4.1. Electric power transmission with transformer

windings, referred to as the high-voltage (H. V.) and low-voltage (L. V.) windings As shown in fig. 4.2
for the example of a shell-type construction, these windings are strung through the openings of an iron
core which provides a low reluctance path for the magnetic flux linking them. f he core and coil assembly
of liquid insulated transformers is enclosed in a tank.

As part of the transmission circuit, the transformer appears as a system of reisitors (R1, R2), reactors
(L1, L2), and capacitors (G, C, C3 04,), as indicated in the equivalent diagram figure 4.3. Each of these
circuit elements contains an electric or magnetic field system (fig. 4.2). The knowledge of the field
distribution is essential for computing the size of these elements.

In particular, the capacitances C, 02, 03, 04, between the windings and between windrngs and core or
ground represent the effect of electric fields. At the same time these electric fieldsconstitute an insulation
problem since their stresses have to be kept under certain limits by proper clearances in order to prevent
an electric breakdown, particularly at the winding corners. Actually the voltage changes along the
surface of each winding In an investigation of electric stresses, however, only a limited part of the
field space in the neighborhood of the corners is considered at a time, so that all conducting surfaces
can be assumed to be at a constant voltage or potential.

The no-load inductance L1 and resistance R1 correspond to a magnetic field and its losses in the
iron core, and determine the size of the magnetizing current. The core material has a high flux conduc-
tivity or permeability so that the flux remains inside the core, and its boundaries are flux lines.

The load current I passes through an inductance L2 and a conductor resistance R2. The quantity
L2 is also referred to as leakage inductance since it represents the effect of a magnetic leakage field in
and between the windings. These windings lie outside the core; that is, in a space of a very small perme-

31



ability as compared with iron. Consequently the magnetic leakage flux tries to reach the core space on
the shortest route, so that the flux lines enter the iron surface perpendicularly; this surface is at a constant
potential in a magnetic leakage field.
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FIGURE 4.2. Layout of a shell type transformer.

Additional field problems are created where the coil leads pass close to the tank wall and through
the tank cover. The high-voltage coil leads usually represent an electric field problem because of their
high electric potential, whilst the low-voltage coil leads frequently carry heavy currents the magnetic
field of which is reflected in a lead inductance and in lead losses. The current distribution in large coil
leads offers another field problem, especially at the junction point of several conductors.
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- FIGURE 4.3. Equivalent impedance diagram of a transformer.

A device, very closely related to the transformer, is the iron core reactor used for paralleling purposes
or for limiting the size of the line currents. This reactor consists of one main winding and of an iron
core with a number of air gaps (fig. 4.4 a). These gaps contain a magnetic field which is quite distorted
at their entrance because of the sharp corners. The knowledge of this field distribution is essential for
obtaining the magnetic reluctance of the gaps and the reactance of the apparatus. The pole surfaces
are at an equal magnetic potential like the iron surface in a magnetic leakage field. The excitation of
each gap field can be represented by free magnetic charges which are located on those pole surfaces
where they form a uniform double stratum 113]. * The effect of each double stratum can be replaced by

Fjgnes in brackets indicate the literature references at the end of this paper.
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a vortex line, that is, by a
form an equivalent single
two-winding transformer.
has the same character as

current carrying-conductor, located at the ends (fig. 4.4b). These conductors
layer winding which can be used to represent the reactor by an equivalent
The magnetic field between its equivalent winding and the main winding

the magnetic leakage field in transformers.

/ IRON CORE

AIR GAPS

The magnetic field in the iron core and the magnetic leakage field are described by the vector of
field strength H and flux density B. If represents the flux conductivity or permeability of the field
medium, we write

B=jiH (4.6)

The field excitation is represented by the winding currents, which become vortices in a magnetic field.
The current density or vortex strength c furnishes, therefore, inside the windings, the relation

curl H=4irc. (4.7)
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These field problems can be simplified by assuming uniform conditions in one direction. Then the
field lines will stay in planes so that each field analysis is reduced to a two-dimensional calculation.

2. Some General Rules of Field Mapping by the Use of Complex Functions
as Solutions of the Field Equations

The proper mathematical method for the mapping of these fields can be selected on the basis of their
general equations.

Consider first the electric field between the windings (fig. 4.2). This field is fully described by the
vector of the electric field strength E, and flux density D. They are, in turn, related according to the
material property or dielectric constant k of the field medium, by

D=kE. (4.1)

This field is excited by electric charges which are located on the conducting surfaces andwhich are sources
in the field. The per unit source-strength p furnishes inside these sources the divergence relation

divD=4irp. (4.2)

If the reaction of the pulsating magnetic leakage field upon the electric field is neglected, the electric
field can be considered as irrotational, requiring

curl E=O.

For this reason E can be derived from a scalar potential function as

E=grad ç,.
Since k is mostly invariable, we obtain, from eq (4.1) to (4.4),

div(grad ç,) =ç, 4irp/k.
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The absence of any true charges in a magnetic field requires

divB=0. (4.8)

Consequently it is possible to introduce a vector function A which complies with the identity

div(durl A)=0,'l
(4.9)

B=curl A)

and which is usually referred to as the vector potential. Equations (4.7) through' (4.9) furnish then

curl(curl A)=4irc1., (4.10)
which may also be written

curl(curl A)=grad(div A)A. (4.1.1)

According to eq (4.9), any sources in the vector-field of A do not influence the amount of B, so that these
sources can be omitted with div A==0, whereby eq (4.10) and (4.11) result in

LA=-4ircj. (4.12)

The field eq (4.1) through (4.12) apply in general to three dimensions in an (x,y,z)-coordinate
system. A two-dimensional field problem in an (x,y)-plane reduces the vector-potential to its z-com-
ponent A,, which becomes identical with the scalar flux function Iì(x,y) of the field according to

(4.13)

while the corresponding scalar potential function (x,y) has the same character as in three dimensions.
Under a flux conductivity k = 1, or p = 1, eq (4.5) and (4.12) are, therefore, reduced in two dimensions,
that is, for a parallel plane field, to the equations of Poisson:

ç= -4lrp (no ,L') inside sources,
(4.14)

¿'= 4irc (no ç) inside vortices,

inside an excitation; while the equations of Laplace.

(4.15)

represent the conditions outside where the same field may be described by ç as well as by '.

Solutions of these Laplace equations are the particular integrals Z=x+iy; Z= xiy, with i=
± -/i, and any functions f(Z), g (Z), known as complex functions. They furnish ç and as compo-
nents of

f(Z)=cp+i, g(Z)=i'. (4.16)

For further illustration we may use the example of a magnetic field with a permeability ,=1,
introduce the components F1 and H,, of the field strength

H=H + iN,,,

and find, according to eq (4.6), (4.9), and (4.13),

- ò1i/Òy, H,,= &/òx.

Since eq (4.7) is reduced outside the vortex excitation to

curl H=0,
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(4.17)

(4.18)

(4.19)
we can represent, analogous to eq 4.4,

H=grad , H==--òç/òx, H,,ò/òy. (4.20)



By substituting from eq (4.18) and (4.20) into (4.16), we find that

HH --dZòxòx ' òx

and conclude further that the real and imaginary components and ' of the complex functions f(Z)
and g(Z) comply with the Cauchy-Riemann equations

ò'/òx= - ò/òy, ò'/òy=ò/òx. (4.22)

Consequently only those complex functions are considered which are analytic, and only au irrota-
tional and sourceless section of the field is described by them, although an excitation, contracted into
points, appears as poles in the complex function. Because of the symmetrical character of ' and l'
in eq (4.15), either function can be defined as flux and the remaining one as potential in eq (4.16) when
one is applying analytic results to different technical problems.

Complex functions may also represent the field in several adjacent uniform mediums of different
flux conductivities by complying with the boundary conditions of a flux line refraction, as illustrated
in figure 4.5 for the example of a magnetic field of strength H. Let ¡s and /22 be the conductivities of

FIGUBE 4.5. General boundary conditions.

the two media, and let H1, HI be two adjacent boundary values of H with normal and tangential com-
ponents H1,,, and H2,5, 112,1. Then eq (4.19) requires that

H, t=rH2,,, (4.23)

while eq (4.6) and (4.8) are complied with for

/21111, n=/22112,u. (4.24)

We let a, and a2 be the angles between H1, HI and the normal of the boundary, and find the general
boundary conditions

tan a1,
tan a2j2

In the particular case when /2i is very small or very large compared with /22, the angles a1 or a2
become zero or 90°, 50 that the boundary represents a flux line or an equipotential line in the field on
one side.

Suppose that a region with such equipotential or flux line boundaries =const. or ip=const. is
given in a W-plane, and that the corresponding field function

(4.21)

(4.25)
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has been found. On the other hand any function W(Z) coordinates those boundaries in the W-plane
to another set of boundaries of different shape in a Z-plane, where the field is now given by

f(Z)=F[W(Z)1=+i#.

Consequently equipotential and flux line boundaries retain their character in a transformation W(Z).
Such a conformal mapping may, therefore, reduce the field problem in a region with certain

boundaries to the analysis of a field with other and usually simpler boundary forms, particularly if
these boundaries are equipotential or flux lines. This technique has also been applied by Labus [1]
to boundaries with a variable potential.

The simplest examples of equipotential or flux line boundaries are the straight line or the circle
since here the solution is obtained by the principle of excitation images (fig. 4.6). Use signs opposite
to the originals for images of sources q in a medium of a small flux conductivity ¿i and for images of
vortices when is large. Apply the same sign if the two conductivities are interchanged. This last
case is confined to problems in which the resultant excitation of each region is zero, since otherwise
the boundaries will not coincide with a constant potential or flux.

Z PLANE

36

IMAGE

VORTICES

SIMPLY
CONNECTED

DOUBLY
CONNECTED

TRIPLY
CONNECTED

®

® O(O

liZ) CONST,

fz Cf1(Z)+CONST.

f(z)C1f1z) +C2f2(ZH-CONST.

O(O

C
I 2

saß'

o(.+ 5 + y = O

FIGURE 4.6. Solution of field problems by images. FIGuRE 4.7. The excitation of multiply connected regions.

Depending on the presence of one or several closed boundary lines, a region is simply or multiply
connected (fig. 4.7). This discussion pays particular attention to those regions whose boundaries are
equipotential or flux lines, and whose excitation lies outside in n openings created by i boundaries.
Such regions are distinguished either by a small flux conductivity and equipotential boundaries, when
excited by sources, or by a large i and flux line boundaries under a vortex excitation. The resultant
excitation must be finite in each of at least two openings if the field function f(Z) of the region shall
not be a constant. In general, this function is independent of the location of the excitation in each
opening.

The field function f(Z) of an s-times connected region excited by a, ß, .......... , p, o-
can be linearly composed of s-1 particular solutions f1, JE, . . ., f., with excitations ak, . . ., X,
p, 0k, by writing

8-1
f=EG5j5+const., (4.26)

k=1

where the constants C are derived from the condition

+X+... +p+u=O (4.27)

for the resultant excitation in each particular field. Consequently, f(Z) can be divided in s-1 fields
la, . . .,fx, . . .,f, wheref, is excited by +X located in the corresponding opening, and by X, located
fn place of o- in the s-th opening. The corresponding component form of the field functions

EQWPOTENTIAI. BOUNDARY FLUX LINE BOUNDARY

FLUX LINE BOUNDARY EQUIPOTENTIAI. BOUNDARY



jja+ ... +JX+ . +fv, Jkfa+... +f+. +Jp,
is introduced into eq (4.26), and furnishes

a ak . ai_1 a1 .

X Xk+1 . Xg_l Xl .

P Pk-{-i Psi Pi Pnia.

Xs_l X1 . Xk1

¡k P1-i Pi Pk1

(4.28)

(4.29)

The quantities a,...,X,..., p , and so on, may also represent the difference between the boundary
potentials or fluxes if 0k of eq (4.29) is derived by introducing the values of f on the individual boundaries
into eq (4.26).

As a result of eq (4.26), we find that

f=const. in a simply connected region,

f=G1f1+const. in a doubly connected region,

f 0Lf1+ C2f2+const. in a triply connected region,

so that the field is of zero strength in a simply connected region, has only one pattern if the space is
doubly connected, but may assume an infinite number of patterns in a triply or more highly connected
domain.

3. Simplications in the Mapping of Rectangular Frames

This group of field problems includes the mapping of doubly and triply cónnected rectangular
frames (fig. 4.8). The engineer may consider such models as the magnetic field space in an iron core
or as the electric field space between winding and core in a transformer (as marked in fig. 4.2).

These problems are solved by converting the frames into simply connected convex polygons and
by applying the technique developed by H. A. Schwarz in order to map such polygons in a Z-plane,
Z=x+iy, onto a half-plane (not shown) and from there onto another polygon in a t-plane t=+it'
where the field becomes parallel. For this purpose, the doubly connected frame with boundary poten-
tials or fluxes A, B has to be cut once, and the triply connected frame with boundaries A, B, U has to
be cut twice along field lines. These field lines are split by cuts at (I, II) and (III, IV), which have to
be straight if a polygon shall be obtained by these cuts; consequently the frame must be symmetrical
to those field lines, and its analysis can be confined to one-half region on either side of the line P-Q.
If the frame is not symmetrical, or if the corners are rounded, the mapping may have to be carried out
in another way, for example, by the method of S. Bergman, using orthogonal functions and his kernel
function [14, 15, 161.

In particular, the doubly connected frame is mapped on a rectangle, and the triply connected frame
is coordinated to a slit rectangular polygon, as shown in figure 4.8 for boundary potentials or fluxes
A<C<B. A peculiarity of the triply connected space is that the crossing points H and K go over
into the end of the slits. The transformations of both frames have been investigated by S. Bergman
[2, 3], who has also made a field plot for a doubly connected frame (fig. 4.17).
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Such calculations for the mapping of a whole frame structure are very interesting from a mathe-
matical standpoint, and are useful to the engineer for examining the accuracy of simpler solutions.
In order to obtain practical technical formulas, the frame must usually be divided into several regions
which are analyzed separately. Each region should have no more than two vertices with right angles
if the mapping shall be described by single periodic functions. Such models are the corners "L" or the
"T"-shaped spaces between the three branches of a triply connected frame, and are obtained by neg-
lecting the influence of all vertices outside,that is, by extending the boundary lines up to infinity.
The polygon in the parallel field of the t-plane degenerates into a simple strip in the mapping of "L"
and into a slit strip in tue mapping of "T" as already mentioned by Labus [1]. An analysis of the space
"T" contains the analysis of the corner "L" and many other models as particular solutions, and should,
therefore, be considered as a fundamental problem.

Instead of mapping the resultant field, we may also find the flux distribution in a triply connected
frame by a transformation of its two symmetrical components with boundary potentials or fluxes A = B

'y
Z-PLANE t - PLANE
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FIGuRE 4.8. Transformation of rectangular frames.

and C= (1/2)(A +B), (fig. 4.9). In each case the frame is mapped upon a slit polygon of different shape.
For C= ()) (A + B), in particular, this polygon becomes a doubly connected rectangle with a slit H-K
in its center. If the corresponding frame in the Z-plane is symmetrical to H-K, it is identical with two
adjacent doubly connected rectangular frames, so that the doubly connected model is a particular
case of the triply connected frame.

Similar to the mapping of rectangular frames is the field problem of a periodic series of gaps (fig.
4.10). This model may be a portion of a magnet core, or may represent a pancake form of electric coils.
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FIGUEE 4.9. Transforma ion of component fields in a triplg
connected frame.

- a a
n èA

t-PLANE L...

B r

A 8

FIGURE 4.10. Transformation of a periodic series of gaps.

For reasons of symmetry, only a strip between two adjacent gap centers has to be considered, as shown in
figure 4.10 for the example A<G<B. This space can be interpreted in a Z-plane as a triply connected



polygonal region, and is converted into a simply connected space by cuts at infinity () and at a sym-
metrical field line split into I and II. The mapping upon the t-plane produces then a slit polygonal strip
region.

By moving one gap end to infinity, we reduce the model in the Z-plane to a fork-shaped space "F" to
be mapped upon a slit strip. This space "F" is the counterpart of the region "T", and is fundamental
for another line of simpler models. An analysis of these spaces "T" and "F" is found in papers of
L. Dreyfus [9], J. Labus [1], E. Weber [121, and others, but has not been carried through yet to a general
solution.

4. The Mapping of the Fundamental Models

In order to find such a general transformation for the "T"-shaped space, consider this region (fig.
4.11) as a five-angular polygon with two rectangular vertices 0,, 03, and with three vertices 02, 04, 05,

K

£4

o'

t- PLANE
FIGURE 4.11. Transformation of the "T" shaped space.

which have zero angles and are located at infinity This polygon "T" in a Z-plane, Z= x + iy, is first
mapped on the upper half of the W-plane, W=u +iv, and then on a slit strip in a t-plane, t= + i', where
the region can also be interpreted as a four angular polygon with vertices 05, 0, 05, and K. The two
polygon transformations are carried out according tc¼the principle of Schwarz [4] and Christoffel.

Consequently, the mapping from the Z-plane upon the W-plane is represented by

dZdW1(WT, (4.30)

where the u locate the branch points in the W-plane, and the e represent the supplements of the polygon
angles in the Z-plane, while A, is a dimensional constant. Since three branch points (0f, 0, 0) may be
selected freely at u,= + 1 , 0, we write instead of (4.30),

dZA -J(W-1)(W+u3) 431
dW Z W(W+u4)

(
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The coordinates -u3, -u4 of the remaining branch points 03 and 04, and the constant A,, are derived from
the dimensions a, b, e of the polygon by developing thé transformation (4.31) in the neighborhood of the
vertices 02, 04, and 05, where the polygon can be approximated by simple strips. The transformations of
these strips upon the W-plane become the logarithmic functions

Z(W-)t_A, log W+const., at 02

W+const., atO5

The same method is used for the mapping of the t-plane upon the W-plane, where 1, ,
u4, UK locate the corresponding branch points. Consequently we write

dt_A (W -G W+UK 435
d iV tv4;5;K

Up)
Tl7(TT4'u4)'

Making a development into logarithmic functions in the neighborhood of 02 and 0, we let a, ß, -y be the
dimensions of the slit strip in the t-plane, that is, the potential, or flux, differences between the three
boundaries, and find, because a+ß+y=O, that

A=a/ir, UK=(7/ct)u4. (4.36)

Under this condition, an integration of eq (4.35) furnishes
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(U4+1)(U3_U4) log (W+u4)+const., at 04.Ai
u4

When the strips in the Z-plane are crossed from boundary to boundary, the corresponding branch point
is circled by an angle ± ir in the W-plane, that is, we add a factor e ' to W or W+u4. By comparing
the corresponding changes on both sides of (4.32), we find that

A= ia/lr, u= m+ /(a/c)2+m2

u= (u4c/a)2, m= (1/2)[(a/c)2-I- (b/c)2 1].

An integration of (4.31) furnishes then

Z _i(2/ir){a tanh'Tc tan'(u3 r)+ b tan' (u3_U4 y ¡w-1
T i, T

1+U4

Z - PLANE

W- PLANE

(4.32)

(4.33)

(4.34)

O +1

FIGuRE 4.12. Transforniation of the fork shaped space.

For a corresponding transformation of the fork-shaped space (fig. 4.12) consider its region "F", as a
five-angular polygon, analogous to "T", but with rectangular vertices at 0 and 0. The procedure to be

log W+ log (4.37)



followed in its mapping upon a slit strip distinguishes itself, therefore, from that of "T" only by a different
coordination of the boundary points in the three planes. Consequently, the Schwarz transformation
between the Z- and W-planes becomes, according to (4.30),

dZ ./(W-1)(Wu5)
dW WW (4.38)

and furnishes, by a development into logarithmic functions in the neighborhood of the points 02, 0,, 04,

A,= i(a/lr),
u5=(u4 b/a)2,

U4fl
n= 1/2 [(a/b)'(c/b)'+ 11. I

(4.39)

so that the integral of (4.38) can be brought into the form

Z=_i(2/ir){atanli' Tb tanir' (Vr)+ctanh_1( 1u5_u4 )) 1Wi
I

TT1u4 =11w-u5 (4.40)

Likewise, we find the transformation from W into t from

dt WUK
dWAt ¡ (Wu)I=A W(Wu4)' (4.41)

,'=3, 5, K

and compute, by developing in the neighborhood of 0, and 0,,

A a/ir, u1= (3/a)u, (4.42)

to obtain, as integral of (4.41),

t=(1/ir) {ß log W+'y log (4.43)

This general form does not furnish Z explicitly as a function of t. Consequently, a coordination
between points in the Z- and t-planes has to be established by the help of maps. Such maps may, for
example, represent the transformation of the rectangular coordinate system u=const., v=const. of the
W-plane upon the Z- and t-planes.

However, a direct analytic coordination between these two planes is obtained if the eq (4.37) and
(4.43) for t(W) can be solved explicitly for W(t), which may be substituted in (4.34) and (4.40). Such
solutions are found, for example, if two boundaries are at the same potential (a=0; or 13=0; or
or if two potential differences between boundaries become alike (a=13, or 13= y, or 'y=a); that is, if the
space in the t-plane is reduced to a simple strip or to a strip slit in its center. These special cases appear
in many technical applications.

If no detailed field plot is required for the solution of an engineering problem, an analytic answer
may be found also for a general set of boundary potentials or fluxes in the spaces "T" and "F".

5. Electric Current Flow and Losses in a Junction of Conductors

As an example of such an application, the spaces "T" and "F" shall represent, as shown in figure
4.13, the junction of three current-carrying electric conductors of the same thickness h and resistivity p
for a determination of their losses P. The calculation can be confined to a space defined by the coordi-
nates d, í', ' in" T" and "F" if the field is sufficiently uniform at the space limits so that the losses
outside the space may be found in the conventional way. The corresponding region in the slit strip
is designated by the potential drops A, B, C from point K.

If the dimensions a, 13, y of this strip represent the three currents, the voltage drops in the conductor
resistances become (p/h) , so that in a field of direct currents or of single-phase alternating currents, the
junction loss P can be written as

P=(p/h)(aA+13B+7C). (4.44)

Three-phase currents should be separated into two sets of components a,ßiyi, and a,ß,'y,, displaced by
90 electrical degrees. Their losses P, and P, are computed individually from the corresponding field-
distribution and furnish the resultant three-phase junction losses as P=P1+P2.
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For the solution of these problems, the limits of the junction are chosen in one of the three planes,
and the corresponding limits in the other two are derived from the mapping functions. In the general
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FIGuRE 4.13. Losses in a junction of electric conductors.

case of three different currents a, ¡3, y, this selection is preferably made in the W-plane so that the corre-
sponding values of A and d, and so on, can be derived from (4.34) and (4.37), or (4.40) and (4.43) if the
origin of the , cc-plane is transferred to K by writing

t=(1/Ir) {log(-) + log[_(-+1)]} for"T"

/ a W\ log r (-w- uitt=(1/r{ßlog_-)+ y\u4 ¡J) for ''F".

(4.45)

Under the condition that one current is zero or that two currents are alike, we start with a selection
of limits A, B, (Y from which the dimensions d, ., can be computed explicitly.

6. Magnetic Fields and Losses in Transformer Cores
As a second problem consider the magnetic field analysis of transformer cores as mentioned in

connection with figure 4.2. This analysis is a typical example of how the maps of simplified spaces, like
"T" and "L", can be used to get results as accurate and general as by the transformtion of a complete
frame. In this particular case, the knowledge of the field distribution is required to find the magnetizing
currents and losses supplied to a transformer under no load conditions corresponding to its inductance
L1, L2, and resistance R1, R2, appearing in figure 4.3.

For obtaining the magnetizing current, that is, the magnetomotive force in the core, the field
distribution should be computed for a variable permeability j, using, for example, the method suggested
recently by II. Poritsky [5].

Loss calculations, however, may be based on a constant j, as found by their comparison with test
results [6]. If, in addition to this, the core material is normal silicon steel, the per unit losses p increase
about as the square of the magnetic flux density B, tha.t is, pB2. Then the total losses P depend
on the core fluxes and potential drops according to

P=const. (k)('), (4.46)

where is merely the conjugate value of 'k for = 1, and is not identical with the actual magnetomotive
force.

As an example, consider the single-phase core-type core shown in figure 4.14, and divide its space
into legs, yokes, and corners. If a is its flux per unit build-up h, and if ccr is its resultant potential drop,
its losses become

P=eonst. acc,. t4,47)

For computing P, let p indicate the per unit loss in the uniformly magnetized leg center, let D be the
density of the core material, and introduce an effective core weight G" and length i", also referred to as
the core-loss-weight and core-less-length [6], by writing



P=pG", G=l"ahD, (4.48)

where i" is given as
l"=a(7/a). (4.49)

The calculation of P is thereby identified with the determination of the potential drop r for any
chosen value of a, which will be a=r in this analysis. By subtracting a potential drop, obtained in legs
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and yokes under the assumption of a uniform field, we reduce the computation of ÇOr to that of a potential
drop ç which depends only on the dimensions a and c of a single corner, and furnishes

r2[(e/a)ui+ (d/c)ir+2ç]., (4.50)

The length e of most core legs is relatively large as compared with the width, so that the field is
practically uniform for y= a. Consequently, ç°c shall be derived from a potential drop coL on the center
flux line =ir/2 of an L-shaped space extending into the adjacent leg and yoke up to y= a and x= d/2;
that is, we write

c tanh1x=(1/ir){a tan1 2r sin 2(r/X) sin
1r2 1+(r/X)2

y(1/c tan1 2(r/X) cos ô 2r cos ô)atanh'
1+r2 Ç'- 1(r/X)2

where

(4.51)

The field in the space "L" may be derived from the results obtained for the space "T" by substituting
the conditions b=0, 3=0, or y=a into (4.33), (4.34), and (4.37). We eliminate W, separate the term
for Z into its real and imaginary components, introduce the so-called yoke widening factor X= c/a, and
find the x,y-coordinates of the center flux line i=ir/2 as functions of co in the form [6]

(4.52)

r{ coshço )1/4

- cosh (+)Ç , c03=2 log X, ô=1/2{ir_tan_1et_tan_l(ew3)}. (4.53)

We then obtain

The accuracy of this formula shall be checked with the corresponding results obtained for two whole
upper frames (fig. 4.14) one of which has a finite opening width d, but an infinite yoke height, c= w, while
the opening of the other frame is reduced to a slit, d=0, whereby c remains finite.

The frame with c= w represents a fork-shaped space with two equal channels, c=a, and potentials
ß=0, y=a. We introduce these values into (4.39), (4.40), (4.42), and (4.43), performing the mapping
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of the space "F", transfer the origin in the Z- and t-planes into the point N; that is, we replace Z by
Z+d/2 and t by t+5/2, and find [6], for a=ir,

z=_i{tanh1/t - tanh' m=cosh (ç/2)=2 (b)2 (455)

The potential drop °L may be computed on the opening boundary, that is, for '=0, where the eq
(4.55) furnish approximately [6]

c(+ia)=cosh1[1 + (i+) cosh2Q] Q=+ coth' (i-). (456)

The field in the slit frame with d=O is transferred from a Z-plane into a parallel field in a simple
strip of width r in a t-plane via a W-plane which contains a slit on its ordinate. These two transforma-
tions are performed [6] by

W=sin [ir(Zc)/2a],

W='is cosh [tf2], s==sinh (X7r)/2),
and furnish for =0,

rsin {(1+X)ir/2]1çL=ço(Z=ia)==2 cosh1
L sin (X7r/2) j

A comparison of 4'L in the "L" space (fig. 4.14) with the two half-frame models is made in figure 4.15
by plotting of (4.52) to (4.54), (4.56), and (4.58) against the relative yoke height X=c/a and opening

F
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FIGURE 4.15. Potential drop in different core models.

width dia. In the comparison of the spaces "L" and "F", the error in the L-space calculation appears
to be practically independent of dia, as shown by the curves (1) for X== This discrepancy is + 0.42
potential units, except for the smallest values of dia. With a reduction of X, however, as given by a
comparison of the slit space with the space "L", the error decreases and reaches zero at X=0.75 according
to the curves (2) for d=0.

The curve (2) of the L-space can also be interpreted to represent only the portion ç of ç up to the
y-axis in a frame of finite dia. In particular, we find ç=4.8O at d/a==0 and X='0.75, as well as for

and any d/a, if the correction 0.42 is applied to p, alone. This result suggests making the cor-
rection of for all other values of X equal to

For finding an approximation for the yoke drop çOL , the quantity

d/2 (459)

F2)

(4.57)

(4.58)

has been derived in figure 4.16 from a potential chart of ço computed for the L-space model on a number
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FIGUItE 4.16. Derivation of the corner potential drop.

of different center flux lines belonging to X between 0.8 and Each curve furnishes a quantity '
whose plot against X can be approximated by a straight line

ç'O.25 (X-09).

We substitute now the approximation 4.8 for in (459), and obtain

Ç'L'.44+°-25 X+(1+dlc)ir,
or, in place of (4.51)

=1.44+0.25 X (4.60)

so that r can be computed by (4.50).
The potential drop 'p represents the total length of the polygon in the 1-plane in the transformation

of a whole frame shown in figures 4.8 and 4.9, so that the determination of ç. is also a step in finding this
general mapping function.

The approximation for ç,. can be checked with a field calculation which S. Bergman has made by
transforming a complete single-phase frame- with a relatively small square opening d/a = e/a _ 0.725 and
X=1, representing a somewhat extreme case of field distortion. In spite of the difference to be noticed
in figure 4.1 7 between this field and the corresponding distribution in the L-shaped space, the quan-
tity 15.84, obtained for this example by the eq (4.50) and (4.60) of a simplified model, agrees quite
closely with the drop = 16.24 in the field of S. Bergman for practical purposes.

The principle of dividing the iron space into legs, yokes and corners, and the corresponding eq
(4.60) for the corner potential ço, may also be used in a loss calculation of a three-phase core which is
excited by fluxes a,ß,y (fig. 4.1.8) if this method is confined to areas of essentially pulsating magnetiza-
tion, that is, to the whole core with the exception of the spaces "T". For computing the losses in "T"
itself, the field should be separated into two components (1) and (2) which are displaced by 90 electrical
degrees, like in a current field of a three-way junction (fig. 4.13). In order to obtain symmetrical field
components, they are also chosen so that the flux in the center leg becomes either a1=a or a2=O.

Then the distribution in field (1) is the same as in the L-spaces of two adjacent equal single-phase
cores. The field (2) has the same form as the magnetic flux plot at the entrance of a slot in an armature
if flux and potential lines are interchanged. Such a field has already been analyzed by W. F. Carter [7)
and is obtained from the mapping of a general T-shaped space by introducing b=c and a=0 into (4.33),
(4.34), and (4.37).

Since the two field components have different directions at all points of" T", the resultant magneti-
zation is rotating, as indicated by the locus of the vector of the resulting flux density B. This locus
becomes a circle at the point R where the two fields are perpendicular to each other and have densities
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FIGURE 4.17. Approximate and actual fields in a doubly connected frame.

B1 and B2 of the same absolute amounts B1j and BIl. At all other points, this locus is an ellipse with
the main axes [8]

B1)
Ç[1B112+ B22+ /(B1 2_ IB2I2)2+4(B11B2+BiB12)21,

B11

where B1, B51, B2, B52 represent the components of B1 and B2. These two vectors can be interpreted
as the gradients of the corresponding potential function (x, y) and are, therefore, derived according

T _J

R T

\

ci

(According to S. Bergmann)

16.24

(4.61)

to (4.21) from the corresponding transformation between the Z-, W-, and t-planes (fig. 4.11) that is,
from (4.31), (4.33), (4.35), and (4.36), in the general form
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Components of a three phase field.FIGURE 4.18.



where u3 and u4 are given by (4.33). It has been found by test results [81 that the losses P under such
a rotating magnetization of the "T" shaped space are equal to the sum of the losses P1 and P2 in the
two component fields, as in the electric current flow (fig. 4.13). Consequently, the determination of
the three-phase losses is reduced to that of two single-phase fields where the losses are given by the
corresponding potential drops according to (4.46), and can, therefore, be represented as functions of
the transformer dimensions [6].

7. Electric Field Concentration at the Corners of Transformer Coils
For discussing the analysis of the electric field of figure 4.2, the winding section of a shell type power

transformer is shown in greater detail in figure 4.19. Consequently the region in the neighborhood of

OPEN NG'

n A6'V n

}

}

LV.

WINDING

HIGH
VOLTAGE

L.V.
WINDING

FIGURE 4.19. Winding section of a shell type power transformer.

the corners A1 and A2 can be considered as an "L"-shaped space, the area between A3, A4, and the core
surface becomes a "T"-shaped space, while the region between the lines m and n, including the corners
A5 and A6, but neglecting the iron surface, appears as a fork-shaped space "F". These spaces represent,
therefore, the clearances between protruding corners of adjacent coils and between winding and core.
It is important to keep the strength of the field in the neighborhood of such corners under the limit at
which undesirable corona discharges take place and a break-down becomes likely to occur between con-
ducting surfaces. The voltage stresses at which such limits are reached depend on the coil clearances.
A fundamental method for deriving this relationship from the field distribution has been suggested by
L. Dreyfus [9], who uses his procedure and the principle of Schwarz [4] and Christoffel for analyzing a
large number of polygonal models with two boundary potentials.

Dreyfus takes into account the fact that the corners of the coils are in practice slightly rounded,
that is, that they never represent the sharp edges of the mathematical model where the field strength
becomes infinite. He defines, therefore, the field concentration at such a corner by the field-strength
E at a point P at a chosen distance s from the theoretical vertex (fig. 4.20) or by the voltage drop between
the vertex and P. These two definitions are identical if further, as Dreyfus assumes, the field-configura-
tion in the neighborhood of each vertex is independent of the main space dimensions. The relationship
between E and s can, therefore, be found for a given model and for given voltage stresses by developing
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the field strength E in that neighborhood as function of the location of P. Vice versa, this result is then
interpreted as a relationship between stresses and clearances for a given field-concentration.

Under the assumptions of Dreyfus, it is possible to represent this concentration by a single quan-
tity. For this purpose, consider the field distribution outside a single corner with the vertex O, with
an angle and supplement e= r ô in a Z-plane (fig. 4.20). This distribution is obtained by its map-
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FIGURE 4.20. Field concentration at electric winding3.

ping upon a parallel field in a t-plane whereby Z0 and represent the location of the vertex in those
planes. The principle of Schwarz [41 and Christoff el furnishes, for this condition,

where A is a dimensional constant. If ç and are the flux- and potential-functions of the field in the
Z-plane, the components E and E of the gradient E=Ez+iEytare given, analogous to (4.21), by

E=EiE5=i (dt/dZ) for t=o+i1. (4.64)

We find Ê and the distance ZZ0 between a field point P and the vertex 0 as functions of t-0 by
(4.63), eliminate t-0, substitute IZZol--s, and obtain a constant quantity

0= EI [sâ] Io=(Aflre)4/a (4.65)

This quantity C is a function of EI, s, and ô, but is independent of the location of the field point P,
and can, therefore, be considered as a measure for the field concentration at a given vertex. The per-
missible limit for this concentration C should be obtained from test results as function of the vertex
angle ô.

For the example of rectangular corners (ô=3ir/2, e= wi2), as found in the spaces "T" and "F",
(4.65) is reduced to

0= EI (3ii-s/2)". (4.66)

In a space between several conducting surfaces and corners, the concentration C becomes at each
vertex a function of the voltage stresses and clearances. For the example of a "T"-shaped space with
stresses a, ß, y, and clearances a, b, c, as shown in figure 4.11 and 4.20, we combine (4.31), (4.33), (4.35),
(4.36), and (4.64) into

E2
dt/dW i aWyit4 (4 67)
dZ/dW a -/(W-1) (W-Eu3)'

analogous to (4.62) for the flux density .

We let C and 03 be the concentrations at the vertices O and 03 and find C by developing E and Z
of (4.31), (4.33), and (4.67) in the neighborhood of 01, that is, for Z0=0 and W-1, into

i a-7lL i
a JWi

a 2 /i +t3 (W 1)3/2,
ir3 1+u4

(4.63)

for Wsd. (4.68)
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We eliminate W, and find, for IZI =s, by substituting C from (4.66),

C1=(ayu4) (a)213 [(1 -f-u3) (1 +u4)]113 (4.69)

where u3 and u4 represent the locations of the branch points in the W-plane and are given as functions
of the clearances a, b, e by (4.33).

Since the solution of the integrals for the mapping functions Z(W) and t(W) does not enter this
derivation, the determination of those branch points is the main problem in finding the field concen-
tration. Graphical or numerical methods may be required for this purpose in more elaborate models.

In order to obtain the field concentration 03 at the vertex 03, we develop E and Z in its neighbor-
hood, and derive

03= (aus+ 'yu4) (a)2"3 [u3(1 +u3) (u3 u4)j -''3. (4.. 70)

A corresponding analysis can be made for the fork-shaped space "F", figure 4.12, in order to obtain
the concentrations Ci and 05 at its vertices 01 and 05 as functions of the stresses a, ß, 'y, and clearances
a, b, e. In this calculation we derive, from (4.38), (4.39), (4.41), (4.42), and (4.64), the relation

l aWu
a

and find

01= (a+ íu4) (a)213 [(1 u4) (1 u4)J 1'3, 05= (aus+ ßu4) (a)2"3 [u5(u5u4) (1 u5)] 1/3 (4.72)

where u4 and u5 are given as functions of the clearances a, b, e by (4.39).
A number of special conditions for the dimensions a, b, c, or for the stresses a, ß, 'y, in the spaces

"T" and "F", are of particular interest.
In the case of a symmetrical space "T", that is, for b=c in figures 4.11 and 4.20, we find in place

of (4.69) and (4.70) the relations

{clkI
a2 al y a 2 -ci} 1 +(-) _]_ß()}(a) [i+() 1

which may be further reduced to

Cj=03=0.79 for ßry=a/2,

2b 2 -1/6
Cl=C3=8(bF2"3[1+()] fora=0,

g}=o.793 a(a)215 [i +()2]h/6 [i/i+()2±], for ß=0.

We likewise obtain from (4.72) in the case of a symmetrical space "F", figure 4.12, that is, for a=c,

b 2 -1/6
C1O793{a ()+ß

[/()2_ +]}(b-2/3
[G-a:) ']055

which may be further reduced to

[ i 11'
01=05=0.793 13 L(2a)2J , for a='y=ß/2,

.'

Ci=Cs=a(a)_2/3[1_()]' forß=0,

b 2 -i-i/6r / b 2

13(b)-2130793 [Ga:) - i]
055

(4.71)

(4.75)

(4.76)

fora=0.
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A number of models with only two boundaries can be interpreted as special cases of the spaces "T"
and "F", as shown in figures 4.21, I to VII. 11(4.33), (4.69), and (4.70) are applied to the modifica-
tions of the space "T", we obtain
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for b=0,
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Cj==G3=0.793 a(a)-i, for br== ; e=0,

C1a(a)213, for c=e= ,
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FIGURE 4.21. Coil surfaces related to forms "T" and "F."

In the group of models IV to VII, figure 4.21, which are modifications of the region F, the spaces
VI and VII are obtained by a refraction of the regions IV and V on the lines m-m and n-n, respectively,
whereby the dimensions a, b and e are doubled for the same field configuration, and symmetrical pairs
of vertices 01 and 05 are obtained. Consequently, (4.39) and (4.72) are reduced to

(4.77)

Another model, related to the region F, is the series of coils, shown in figure 4.10, wlìich is obtained
from F and a repeated refraction, on the lines m-m and n-n.

8. Magnetic Fields of Air Gaps and the Fringing Coefficient

This series of boundaries may also represent a magnet core with a number of air gaps, as shown, for
example, in figures 4.4a and 4.22 for iron core reactors. The problem of finding their reactance is
identical with the determination of the linkage between the coil-section and the total flux. For this
purpose, consider the difference between the actual field and a parallel field, corresponding outside the
gaps to the diagram of an equivalent transformer figure 4b where the effect of the gaps is replaced by that
of an equivalent single layer coil. This difference accounts for the field distortion due to the corners
01 at the gap entrances, and shall be referred to as the fringing field. The flux density in the parallel

(IV)

(VI) Ü=0.793

rl ii"

i 1"
for c= 0,

(V)
(C1) =0 793 a[e3a2]'/6 [e+ e2a2]h/3

(VII) (C5) =0.63 a[e2a3]'° [e + -/e 31-1/3aj

b ç
4

I
.1

05

0
v

31
0,

c

0tc3.J:nt

(4.78)

for c=; b=co.



field increases, as shown by the dotted line in figure 4.22, linearly in the coil up to a constant value B0
between coil and iron surface, where it rises abruptly to another constant amount, Bob/a, assigned to the
inside of the gaps. The flux linkage between this parallel field and the coil is found in the usual el-
ementary way [101, like the leakage inductance of a two winding transformer.
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FIGURE 4.22. Magnetic field of air gaps.
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The corresponding linkage of the fringing flux becomes an integral over the winding section, as far
as the fringing field penetrates into the coil. This integration shall be left to future developments; that
is, the problem shall be confined to those cases where the linkage of the fringing field inside the coil is
negligibly small, so that the determination of the linkage with the total fringing field is reduced to the
computation of the total fringing flux

For this purpose, let all gaps be of equal clearance 2a and pitch 2b, as shown in figure 4.22. Then
the field space between the lines m-m and n-n represents a fork-shaped region "F", as shown in figure
4.12. Since this space is symmetrical to the line p-p, the analysis can be simplified by considering only
the space between p-p and m-m, which is also a modification of the region "F" if one channel width
in "F" is reduced to zero (c=O; 7=0). The transformation of this space in a Z-plane upon a parallel
field m a t-plane becomes thereby a simple strip whose width a represents one-half of the magnetomotive
force 2a between two gap surfaces. For c=0 and 7=0 (4.39), (4.40), and (4.43) are reduced to

Z=-i {a tanh_1WHzjb)2 b tanh_1(/WT'1'b)2)} t= log W, p5=2 log (b/a).
(4.79)

The size and distribution of the fringing field shall be investigated by a comparison of the actual
flux density B= B + iB5 with the density B0 in the parallel field. The conjugate value B is given by
eq (4.71) for the general space "F" by interchanging E with B, and becomes, for c=0 and 7=0,

7= /W-(a/b) (4.80)
a'%j W-1

We substitute into (4.79), and a= bB0 derive

Z=-i 4a tanh' ('-b tanh1 (4.81)\BJ B)

which furnishes on the lines x = + a and x = - (b-a), that is, for = B, the relationships

y i(b B0 7aB\)=-y--tanh -tanh1i---j>' on m-m,
2a ira B \bB0/)

y 1(b 1B-=-----tanh B0_ta i)' on p-p, j
between y/(2a) and B/B0 plotted in figure 4.23 for several values of b/a. Consequently, the flux distor-
tion increases with b/a so that this ratio has to remain under a certain limit for the ringirig field to be
negligible inside the winding.

(4.82)
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In order to find the fringing flux F, we select two points R and S on the line m - m
y + s, that is, inside and outside the gap in the Z-plane, and consider t= p+ ia and t=
corresponding points in the t-plane. We make r and s large enough so that the field at R
tically uniform. The corresponding conditions in the t-plane may be written according

çop»O, atpointR; =o»5=2log(b/a), at pointS. (4.83)

Consquently, the fringing flux Ç0F can be represented as

ÇGF=p+o---cx[rla+sfbl. (4.84)

For this purpose, we substitute Z=a+iy and t=ço+ia in (4.79) and find

JL ir= tanh_1/lb,a)2 tanh1\/(a/) q_e(1n/ (4.85)

In the derivation of = p for y = - r from these functions, we obtain approximately, because of (4.83)

q+(a/b)21
q+1

and combine

Q= ir+ tanh' bftflh_1/q+(aIb)»1 for =p. (4.86)

We approximate further:

_q+(a/b)2i 4e2tanh2 i(i/) [i (a/b)2], for pp,

and obtain

log q=2Q+log {114(1(a/b)2)] for ç'p. (4.87)

We substitute q and Q from (4.85) and (4.86), develop (4.85) in a similar way for =o, and derive

a( ! _i+iog[(i_()2)]}+r,p='2 tanhlr(a b

crÇ ao= 2- tanh1 +iog[(()'_i)]}+ s.
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The introduction of these terms into (4.84) furnishes the fringing flux in the form

rl ¡b a"Çltanh +logL!i5 (pF= (2 a) CF (4.89)

where the quantity CF shall be called the fringing coefficient of the gap magnetomotive force 2a. In a
geometric interpretation of CF, the quantity CF (4a) represents the necessary increase in pole-width and
depth in order to include the fringing flux in a uniform gap-field. The values of CF are plotted against
b/a in figure 4.23.

This fringing coefficient has some similarity with the Carter coefficient [7], which accounts for the
influence of slots upon the magnetic flux between magnetic poles.

9. Magnetic Flux Distribution of an Iron Plate and a Double Line of Currents

As an example of conformal maps of simply connected regions where the excitation is found inside
the field space, consider the magnetic flux distribution of an iron plate which is placed in parallel to a
double line of electric currents, as shown in figure 4.24. Such a double line may, for example, represent
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FIGURE 4.24. Magnetic field of plate and double line.

some heavy loads in an electrical apparatus. If their currents are alternating, the flux entering the iron
will cause an undesirable increase in the effective load losses and reactance, which can be computed on
the basis of the flux distribution [11].

For this field analysis, let the two currents +1 and I be concentrated in thin filaments with the
spacing a which are located on the same side of the plate at its centerline at the distances a1 and a2
from the iron center. If the thickness t of the plate is small enough, as compared with the width b,
and if its permeability is large compared with unity, the plate can be considered as a thin straight equi-
potential line P-Q in a Z-plane.

The field problem becomes then quite similar to the analysis of the fluid flow around lifting vanes
leading to the development of the Kutta-Joukowsky profiles. This flow is excited by a dipole located
at and is usually mapped upon the outside of a circle, while two single poles excite the magnetic
plate field, and their location near the boundary suggests a transformation upon a half-plane as the
simplest solution.

The corresponding mapping function can be found by elementary methods. On the other hand, the
plate may be considered as a bilateral concave polygon with vertices P and Q. Since the transforma-
tions of such concave polygons have found little consideration yet in the technical literature, it may
be of interest to use this plate as an example. The general transformation of an n-lateral concave poly-
gon in a Z-plane upon a half W-plane, or upon a circle, has the form

dZ N
117=C(Wh)2(Wk)2 II (Wu,)'. (4.90)

Part of this function is the same as for the mapping of convex polygons since the constants C, , and
n, indicate size and angles of the polygon and the location of its branch points in the W-plane as in
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(4.30). In addition to this, the function (4.90) has singularities also at points H and K in the TV-plane,
that is, for W=h and W= k. The point H corresponds to in the Z-plane, while K is the image of H
with respect to the boundary.

For mapping the plate field, figure 4.24, upon a half-plane, we choose u,= for Q and h= + i for
H, and obtain k=h= i, while P is found at u=0 for reasons of symmetry. Equation (4.90) furnishes
then

54

w2z+=cfW(wl)2 dW=C

From the condition W= for Z=+b/2 we derive C=+2b, and conclude

z b W21 'b+2Z
W2+1' W==Vb2Z.

The linear transformation

W(t)=i

would complete the mapping of P-Q upon a circle with the radius a in a t-plane, as used in flow problems.
The function W(Z) of (4.92) transforms the imaginary axis of the Z-plane into the unit circle of the

W-plane, whereby the currents +1 and I appear in both planes from point P at the same angles
0 and 02 with respect to P-Q. These currents represent vortex lines in the magnetic field surrounding
the plate. Consequently, the condition of an equipotential boundary P-Q in the W-plane is complied
with by current images which have the same sign as the originals in the upper half-plane (R), and are
located in the lower half-plane (S). These additional currents remain images with respect to P-Q in
the Z-plane if this plane is continued from the upper sheet (R) into the lower sheet (S) of a iRiemann
surface with branch points P and Q, as shown in figure 4.24.

In general, the transformation of a simple W-plane upon a Riemann surface of a Z-plane will dis-
tribute the excitation in the W-plane over the different sheets of that surface. Dipoles may be separated
in this process so that one pole lies in one sheet and the other pole in another sheet. Quite peculiar
dipole fields, like, for example, a family of orthogonal lemniscates W=Z , may hereby be obtained in
the Z-plane.

In the field figure 4.24, let t1(x,y) and (x,y) be the flux and potential functions, so that

(We øi) (We Oi)x(W)=±i0.2Ilog (W-_e+iO2)(W--e°2)

represents the distribution in the W-plane, and will apply also to the Z-plane, when substituting W(Z)
of (4.92).

From this field, we derive the flux density B at any point Z=x inside the plate as the ratio of the
flux entering the plate, to the plate thickness t. The maximum Bm of B is then found at x= 0. Con-
sequently we substitute

'='(x; y= 0)'(x; y= +0), B=/t (4.94)

into (4.92) and (4.93), and obtain [11]

i (2x/b)2Bx(0.4I/t)[tanh1/
+(

tanlì'

1cos (02+01)==0.2llog
Sin 01 sin 02 [1 +cos (01-02)1

1(2x/b)2 i

+( 1)2i'
b 1X" sinh1(b 1_X)] for x=0,Bmm(0.41/t)[Siflh'(_ 2X )

X = a1/a2.

For finding the change in lead reactance attributable to the presence of the iron plate, we substract
the field of a double line without plate from the corresponding plate field. The flux linkage 1//L between
the remaining field and the leads is then proportional to that reactance change. In this way [11], we
derive from (4.93) the relation

d

(4.91)

(4.92)

(4.93)

(4.95)

(4.96)



Of particular interest is the model with an infinite plate width b since it can be considered as two
leads near a tank wall, as shown in figure 4.2. This problem could be solved directly in a Z-plane by
applying the principle of images in the same way as in the W-plane. Instead of this (4.95) and (4.96)
furnish, for b =

1x2
B=(O.4I/t) tanh1 (1+x2+2(1_X)2(x/a)2)'

1x2Bmrr(O.41/t) tanh' 11x2'

L=0.21 iog[ (x+1/x)+1].

STEEL
SHEETS

If the dimensions a2 in figure 4.24 becomes negative, that is if the two currents + I and - I are
located on either side of the iron plate, the model can be interpreted as the throat of a butt welding
machine during the welding of two steel sheets [11], as shown in figure 4.25. In this case, the field may
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FrnuRz 4.25 Location of steel sheets in welder throat.

be used to find the change in welder impedance attributable to the presence of the plates, since the
size of this impedance limits the capacity of the machine Saturation of the plates can also be considered
by approximating their magnetization curve as two straight lines.

A simple graphical method can be used for plotting such fields, and will be explained for the example
of the welder throat [11], in connection with figure 4.26.

First, the flux distribution in the W-plane is constructed by the superposition of the fields of two
double lines, that is, of two families of circles, since the points of the resultant field are at their inter-
sections. In order to transfer this field into the Z-plane, we use the variable

b+2Z=E+'11b2z l:=W2,

WELDING
TRANSFORMER

(4.97)

(4.98)

as parameter. The , n-coordinate system appears as a family of hyperbolas in the W-plane, and as a
family of circles in the Z-plane. These two maps are used for a point-by-point transformation of the
field in the W-plane upon the Z-plane. This method furnishes the flux distributions, shown in figures
4.27 and 4.28, in the two planes.
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5. Conformal Mapping Applied to Electromagnetic Field
Problems
Ernst Weber1

1. Introduction

Since the main purpose of this symposium is the discussion of the construction and use of conformal
maps, particularly in relation to high-speed computing machines, I should like to select electromagnetic
field problems whose solutions, though formally straightforward, can be obtained in practical form only
by the use of long-winded numerical methods, thus practically crying for the use of reliable computers.
Indeed, the solutions of many of these problems, which are of real practical significance, are not even
attempted in analytical form because of the formidable human effort involved; the effort at present is
rather spent on repeated collections of masses of empirical data.

Three groups of problems will be presented in order of increasing complexity; the first deals with
Laplacian potential fields in special geometries, the second with potential fields satisfying the Poisson
equation even extending to nonlinear forms of it, and the third with electromagnetic wave problems
in certain confined spaces that permit formulation as conformal mapping problems of an unusual type.
No exhaustive presentation can be given here, but it is hoped that interest can be deflected slightly from
the most intriguing aerodynamic and hydrodynamic fields of application so frequently associated with
applied mathematics, to the not altogether arid topics of electromagnetic fields,

2. Certain Lapiacian Potential Problems

The simplest and most common problem of electrostatics is the determination of the scalar potential
distribution between two arbitrarily shaped conductor surfaces, the "condenser" problem. In two di-
mensions the use of analytic functions has become well established either for the direct solution by the
complex potential function P(Z), that is, the conjugate functions (x,y) and &(x,y,) with

P(Z)=ç&(x, y)+i#(z,y) (5.1)

where is the real (physical) potential function and (' the conjugate stream, or flux function; or for a
conformal transformation of a difficult geometry into a simpler one, usually the upper half-plane. At-
tention will be given here only to the latter application, namely the actual conformal transformation
or simply "mapping" of the geometry as an aid in the solution of the potential problem.

Because of its formal simplicity, the Schwarz-Christoffel formula [1, 2] * for the mapping of the upper
half of the w-plane into a region in the Z-plane bounded by straight lines has found wide application in
electrostatics and magnetostatics. This mapping function is given in the form of the integral

Z=Cf(w_wj)ß11(w_w2)ß2. . . (ww,,)n'dw+C', (5.2)

where C and C' are constants determining the location, scale, and orientation of the polygonal region;
w1, w2, . . ., w,, the locations, along the real axis of the images of the n vertices Z1, Z2, . . ., Z,, of the
polygon; ßj'ir, 32ir, . . ., ,,ir the internal polygon angles in the Z-plane as shown in figure 5.1. Because the
mapping of the upper half-plane upon itself is defined in its most general form by the linear function

w+A
t==B+Ds (5.3)

which contains three arbitrary constants, one can choose in (5.2) arbitrarily three of the w, values.

I Polytechnic Institute of Brooklyn, Brooklyn, N. Y.
'Figures in brackets indicate the literature references at the end of this paper.
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There remain, then, (n+ 2-3) = n-1 unknown constants which must be evaluated by integrations along
the real u-axis between successive vertex images w and w1, presenting the distance (w+j wy) as an
implicit function of the corresponding known distance (Z1 Zr). Because the integrations are with

A,
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FIGuRE 5.1.

respect to the real variable 'u, graphical methods have been used in more complicated cases; convenient
computing machines could, of course, readily help in the solution of the usually highly transcendental
equations.

One can express the conjugate complex field vector

dP dPdw
¿Z

in terms of the complex potential function P, which gives the potential solution in the w-plane as indicated
by (5.1). Thus the practically most important physical quantity can be obtained, without actually
effecting the total integration (5.2), as long as all the constants have been determined But even assum-
ing the very simple case of a single sharp corner as in figure 5.2,a, it is obvious that the field vector as the
negative gradient of the potential function becomes infinite at that corner. Although to be expected,
this cannot have practical significance; the slightest finite curvature reduces E to finite values, and one
would like to solve the problem with reference to figure 5.2,b: 'What should be the radius of curvature

/////
- p.-

w
V

V

w-PLANE

O

ACTUAL CONTOUR

p.

(5.4)

FIGuRE 5.2.

b to assure a maximum gradient E anywhere along the equipotential surface 2 less than (1 +k)E0, where
E0 is the homogeneous gradient near A'A" and k is an arbitrary real number, usually small?
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In the same treatise, H. A. Schwarz [2, p. 109; 3] gives a second-order and second-degree differential
equation for the mapping of polygons bounded by circular arcs; however, a rigorous analytical solution
on this basis seems hardly possible. As an approximation, one has proposed to write down the mapping
function (5.2) for the geometry in which any circular arc is replaced by the sharp corner formed by the
base tangents; then one replaces the factor (w - w) ß' for this vertex by the factor

[(wp)1+X(wq)'], (5.5)

where p, q, and X are real constants (p and q are, in fact, the images of the base points of the circular arc)
of which two can be chosen arbitrarily. It should be possible to choose these parameters such that one
can get a very close approximation to the circular contour. The actual values would have to depend upon
the entire geometry of the region; obviously, an analytical solution even in the simple case of figure 5.2, b,
is not inviting, although computing machines might well give good answers. Selecting for simplicity
x= i, qp= 1,onefinds [4] fora/b=8 that the actual contour is a wavy line as indicated in figure 5.2, e, with
the maximum deviation from the circular arc approximately 0.lb. A similar result was fonnd with this
rounded corner in a rectangular niche [5]; a better approximation was found in the case of a cylindrical
grating [6, 7] with diameters not small compared with the distance between centers of the cylinders.
Other applications are the design of test electrodes for liquid dielectrics and gases so that the electric
breakdown occurs in the homogeneous section of the field by choosing the above k 0; the more accurate
computation of the static amplification factor in vacuum tubes; and so on.

For electrodes in gases, it is possible to predict theoretically the break-down voltage, or potential
difference, on the basis of the Schumann criterion [8], which in turn was deduced from the original
ionization theory of Townsend. One can formulate this criterion as a critical integral,

ads in k, (5.6)

where k is a fixed constant for any gas, and a is the ionization coefficient for electrons; a is generally given
as a function of the field strength E by

A B1aIE2 exp LTJ' (5.7)

where A and B are constants depending on pressure, temperature, and nature of the gas. The integration
must be performed along a field line; in fact, that field line should be selected which gives the largest value
for the integral (5.6). If the voltage is left as unknown, (5.6) with the equality sign constitutes an
equation frùm which, for a given k, the breakdown value of the voltage can be evaluated as function of the
geometry. Obviously, if the conformal mapping results in concentric circles for the field lines in the
w-plane, these integrations [9] can be performed rather readily numerically; very considerable help can
be had from appropriate computing machines.

For electrodes applied to sheets or disks of solid dielectrics the field distribution becomes particularly
important in the precision measurement of the dielectric constant of the solid material. If we take the
general two-dimensional arrangement of figure 5.3, a, as illustration, a conformal transformation upon
the upper half-plane of the region outside the equipotential electrodes A' and A" leads to figure 5.3, b.

a
HbH
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The potential solution in the upper half-plane can be obtained either by direct numerical methods in
terms of the original geometric parameters, or by a further transformation upon an ideal parallel plane
condenser as in figure 5.3c, but with a difficult dielectric boundary. It would be most desirable to
determine the total capacitance C per unit depth, normal to the plane of figure 5.3, as a function of
geometry and ratio of dielectric constants E2/j, so that one could conversely evaluate 2 from a measure-
ment of C. The practical importance has led to several empirical relations [101 for different arrangements
of the electrodes, always assuming them of infinitesimal thickness. It would, of course, be of interest,
too, to give the result for electrodes with rounded corners, whereby one could at first assume a symmetrical
arrangement so that figure 5.3, a, could be replaced by figure 5.2, b, with a as the half thickness of the
dielectric sheet. Typical solutions could be procured by means of high-speed computing machines,
which would go far in confirming or replacing the empirical forms.

3. Certain Poisson Potential Problems
Problems of electron flow in vacuum tubes under stationary conditions can be reduced to the po-

tential equation of the Poisson type

where p represents the local space charge density and e,, the dielectric constant of free space. In (5.8), p
must be known as a function of the space coordinates, which does not remain invariant under conformal
transformations of the geometry. Indeed, going from the original Z-plane to the w-half -plane, the
densities are related by

An interesting example is the arrangement in figure 5.4, a, where 4g represents a vacuum tube grid
of high positive potential through which an electron stream passes at comparatively high speed; '4a is the

jy
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collecting anode, generally of varying potential, either higher of lower than 4; '1'=O are the two beam-
forming plates that repel electrons and thus maintain a reasonably uniform flow. Obviously, the potential
distribution is rather complex but can be obtained without electron flow by direct application of the con-
formal mapping of the polygonal region into the upper half w-plane as in figure 5.4, b. The complete
solution in the presence of the electron stream must be found in the w-plane by satisfying

(5.9)

(5.10)

where dZ/dw is known from the geometric mapping as a function of w, and where the density Pz must be
obtained from the continuity relation

pVJ, (5.11)

where in turn the local velocity V is defined by the usually stipulated equivalence of energies

V2=letçô, (5.12)

(5.8)
ev



with ej the absolute electron charge. This leads to

r2ej 1/2
m ]

1/2 (5.13)

with J a fixed reference value to be given along the plane '1 as a function of X; in the first approximation,
it could be assumed constant over the central part and zero over the remainder of the plane g. This non-
linear problem is solved readily for homogeneous two-dimensional electron flow, when we disregard the
plates t=0, by Child's law [11, 12; 13, p. 170], if the initial velocity of the electrons on 4g is assumed as
zero; or by a modification indicating multivalued regions of potential distributions [14, 15; 13, p. 248 to
265], if the initial velocity is assumed finitely large. For the nonhomogeneous flow, with the plates '=0,
the solution in the w-plane cannot be given analytically in any simple form, and computing machines
appear the only reasonable recourse. The most interesting results would be the determination of the
actual potential distribution and the dependence of current density J, or total current, upon the potential
values 'J?g and '1'a

A very similar range of problems can be found in the evaluation of magnetic fields within long con-
ductors carrying parallel and uniformly distributed electric current flow. The magnetic field B in this
two-dimensional case, as typified by parallel bus bars of various cross sections, can be derived from a
vector potential A:

B=curlA, (5.14)

where A reduces to a single component in the direction of the axes of the conductors say A1, the longi-
tudinal component. Thus one has to solve

2Aj=p J1, (5.15)

where is the absolute magnetic premeability, and J1 is the local longitudinal current density. Within
the conductor cross section, the given Poisson equation holds; outside of the conductors, it reduces to the
Laplacian equation; on the boundary, one has to satisfy continuity of the vector potential as well as of its
normal derivative divided by the respective u. In the case of difficult cross-sectional geometry, one can
use conformal mapping to simplify the boundary conditions, even though the current density does not
remain invariant, but rather transforms in the same manner as the space charge density p in (5.9). Appli-
cation to two parallel cylindrical conductors of arbitrary permeabilities and with cross sections in the
form of eccentric annuli [16] permits a much closer evalution of the self and mutual inductances than
originally given by Maxwell. The mapping is achieved by

icZw=i in 'jc+Z
(5.16)

which converts the annuli into a parallel rectangular strip amenable to Fourier series solution. Again,
with the availability of computers assured, many other solutions could be found for combinations of
current-carrying conductors, magnetic and nonmagnetie materials characteristic for transformers, relays,
and electric machinery [17, 18, 19].

The inherent simplicity of fields with axial symmetry has often led to attempts to construct solu-
tions out of two-dimensional field maps. It is, of course, possible to write the Laplacian differential
equation for cylindrical systems with axial symmetry in the form

ô2 i ò,
òr2+òz2 '

where r is the radial distance from the axis, and z is the axial coordinate. Restricting considerations to
regions distant from the axis, one can substitute r=r0H-g and, for r>ro, interpret the righthand term
as an equivalent space-charge density p (r, z). This approximate solution is particularly valuable for
computation of end effects [201, taking the two-dimensional Laplacian potential solution o(r,z) for the
same geometry for r r0 and computing çb (r, z) for r r0 by direct integration of the Poisson equation
(5.17) with

o',0.
òg

(5.17)
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4. Certain Propagation Problems in Wave Guides
The propagation of electromagnetic waves through metallic tubes, or "wave guides", of geometric

dimensions comparable with the wavelength, exhibits many interesting experimental and analytical
aspects. A comprehensive study of the latter became quite necessary in connection with the develop-
ment of short wave radar because of the need for engineering methods of design. The unusual combina-
tion of the theoretical physicist J. Schwinger, now of Harvard University, and the scientific electrical
engineer N. Marcuvitz of Polytechnic Institute of Brooklyn, working together at the Radiation Lab-
oratory of the Massachusetts Institute of Technology, resulted in a new approach to the solution of
electromagnetic diffraction problems 121, 22, 23, 24], which might well be useful in other fields of applied
mathematics.

The particular method of interest here is the substitution of an equivalent static problem solved with
the aid of conformal mapping, for the actual dynamic problem presented by the wave equation. This is
made feasible if the electromagnetic field can be expressed in terms of a scalar two-dimensional wave
function or its derivatives and if the boundary conditions can take the form of a homogeneous integral
equation,

M Ê '1r,,(y)Jtì(y')J(y')dy',

where M is a constant, f(y') the unknown field quantity to be determined, and '(y), (y) are eigen-
functions characteristic for the particular problem and preferably an orthonormal family. This integral
equation for the dynamic field quantityJ(y') as solution of the wave equation can be transformed into an
integral equation for the same field quantity J(y'), but as solution of a static field problem by being
written

'0(y)ft'0(y')f(y')dy'M f (',' (y)f'/',»(y')f(y')dy',
2=i

(5.19)

where now (y) are the static eigenfunctions for the same geometry, with excitation terms on the
left-hand side, including, in addition to the usual first term, terms containing the difference between
dynamic and static kernels as amplitude factors. If this modified static problem (5.19) can be solved
easier than the original integral eq (5.18), for example, by conformal mapping, then considerable ad-
vantage is gained.

In order to illustrate this method, a more detailed treatment of a specific and relatively simple wave-guide
problem, first reported in Schwinger's lecture notes [21] will be given here. As indicated in figure 5.5,
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an electromagnetic wave is presumed to propagate along the positive 2-direction within a metallic tube
of rectangular cross section (the wave guide); in the plane r=O is located a so-called capacitive iris, that
is, an infinitively thin metallic shield leaving a uniform slit (window or aperture) parallel to the longer
transverse dimension of the wave guide. The presence of the iris, acting as an obstacle in the guide,
causes a severe local distortion of the incident electromagnetic wave, resulting in partial reflection and
in partial transmission beyond the plane z=O. Because of the usually chosen transverse dimensious of
the wave guide, far from the plane z=O, the reflected and transmitted waves can only have the same
character as the incident wave. However, close to the plane z=O, the field distribution is defined en-
tirely by the local boundary conditions, requiring vanishing tangential electric field on all metallic
surfaces (one usually assumes infinite conductivity in order to escape evaluation of the field within the
metal walls), and continuity of electric- and magnetic-field components on the aperture which couples
the two wave guide spaces.

(5.1 8)



Considering only stationary harmonic oscillations in time of the angular frequency c, and desig-
nating the physical values of the field vectors for this case by

E=J [Ê4..t], He [h6iwt], (5.20)

where E and h are time-complex vector quantities, we find that Maxwell's field equations reduce to

curl Ñ=+iwJ, curl =_-i(Oft. (5.21)

In the undisturbed wave guide, the only propagating solutions possible are

q. irX ir irxirX
i sin exp (iqz), H= E0 cosexp(iqz),E0=E0sinexp (iqz), H=E0 a tka aa

where
2ir 2ir r 2 Ìir\214flI/jL, k=-=--, ç=lc --)j

if
2ir ir>k> , or a<X0<2a.a a

E= o,

iòt' . irX-- - sin -,qòz a

irXE= + sin ,qòy a
where

q . xxH= p sin ,a

ir òt' xxcos ,
,zwqa òy a

ir òlt' irrcos,¿qa òz a

;=, r=-,
+;; 7;o.

(5.22)

(5.23)

(5.24)

As long as Xo>2a, no propagation can take place, q in (5.23) is imaginary, the electromagnetic waves
attenuate; if, on the other hand, ?0<a, then "higher modes" of field distributions can propagate as well,
with sin (2irx/a), sin (3irx/a), . . ., and individually different propagation constants. For con-
ventional use of wave guides, (5.24) must be observed, resulting in the propagation of the dominant
mode (5.22) and of only this one. The upper signs in (5.22) define propagation in the direction of
positive z, the lower signs corresponding propagation in the direction of negative z.

The presence of the iris at z=O will cause higher order modes to appear, but because of the uni-
formity in the x-direction, they will show the same dependence upon r as the dominant mode (5.22);
they will, however, not have uniform value along the y-direction, but show dependence upon the y-
coordinate. Maxwell's field eq (5.21) can still be satisfied by a single component of the magnetic type
Hertz vector, or perhaps better, by introduction of a scalar wave function (y,z) such that

(5.25)

(V2+q2)i,ti(y,z)=O. (5.26)

The boundary conditions require vanishing tangential electric field on all metal surfaces, that is,
E0=0 on z=constant, and E=rO on y=constant; this can be summarized into

on all metal surfaces. (5.27)

Because of symmetry the electric field in the plane z=O must reduce to E0, so that in turn the magnetic
field in the aperture must satisfy H=O, or also

=o on aperture. (5.28)

Since the x-dependence of the higher modes is the same as that for the dominant mode, one could here
select any arbitrary value of r and satisfy the boundary conditions in y and z for it, being sure that
then these boundary conditions are satisfied for all values of r. A convenient choice would be r = a/2,
since it eliminates H0 and H0, thus leaving

(5.29)
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Solutions of (5.26) would be of the type

'(y,z)=A n=0, 1,2, (5.30)

with n an integer. A general solution can be constructed as the infinite sum with arbitrary complex
amplitudes A which must be determined from the boundary conditions (5.27) and (5.28), leading to an
infirnte array of linear relations without good and sufficient reasons for restricting it to any reasonable
finite number of terms.

On the other hand, with the choice (5.24), all modes in (5.30) except n=0 do not propagate but
attenuate in the 2-direction from z= O as a source. One can, therefore, construct the total solution for
2<0 as superposition of (a) the solution for the dominant mode (5.22) alone with a solid metal wall at
z=0, where, therefore, E=0, and of (b) an infinite sum of mode solutions (30) produced by the finite
value of E in the aperture of the plane 2=0. Since the only contribution to (b) can come from E in
the aperture, one will preferably choose to express the electric-field co iponent E itself, since it is readily
related to ,1' by (5.25) or (5.29). This superposition gives, then, for x=a!2,

where the first part is the dominant mode completely reflected at z=0, and where the Fourier sum has
the same character as (5.30). One can apply this at z=0, and if the electric-field component E in the
aperture is designated as proportional to the incident field amplitude E0, then
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the coefficients C,, are simply the conventional Fourier series amplitudes and can in turn be expressed
conventionally as integrals of the field E0 over the aperture, so that (5.31) is also, for z<O,

(y,z)=E0 sin qz+-exp (+iqz)f (y,)dy,+2E0 exp (pnz)J' (y') CO5 YCO5nrYdY, (5.33)
b apart b n i apert b b

propagating
where

¡/fl7A2 2"Pn7) -q)'
and y' is used as integration variable to differentiate from y of the Fourier series. The integrations
need only be extended over the aperture since only there E 0. This has now transformed the boundary
condition (5.28) into a homogeneous integral equation for , since from (5.28) and (5.29) we have

y,z)l2.,o=0=[fE(y,z)dz1zo,

or also, upon introducing (5.33),

i C - , , 2 1 niry C - , n7ry'
--r-I e(y)dy+-jcos-1-t e(y)cos dy=0.

vqj apart u n=i Pa u j apart

In (5.33), which is of the form (5.18), the first term was suppressed, since its contribution becomes
zero with z-0. [Obviously, one could arrive at this same result by defining a Green's function in (y, z;
y', z').]

The final solution of (5.35) can now be achieved by solving the equivalent static problem. Obvious-
ly, if q=0 in (5.26) it reduces to the Laplacian differential equation in two variables y and Z, so that
analytic functions would be appropriate. On the other hand, if one takes q=0 in (5.34), and rewrites
(5.35) with it in the form (5.19),

i - , 2 1 f' niry . niry'e(y )dy'I b 2 1/2 I cos
b J'

e(y')cos
b

dy
q apert [[n2_(._)] mj apart

= Í I
nlryJ

e(y')
niry'

ir n b apert
cos

b
dy, (5.36)

(5.32)

(5.34)

(5.35)

- . niry r . ¡ 2 ¡n\2\ i-----\a/, z
J, (5.31)±(E(y,z)=E0sinqz+Gcos expl q

'J L \



one has the integral equation for the electrostatic problem which leads to the same electric-field dis-
tribution (y') in the window as the original wave-guide problem.

-. 'y

I' 5t
h2

o.
P LANE

iv

and

or also

i

i

j o
w,'

4

m

- ò4 òL' ò ò

we see, by comparison with (5.29) and reference to (5.27), that the flux function is here of primary im-
portance. Simplification of the boundary results, provided that a conformal transformation is made
first upon the upper half t-plane as in figure 5.6, b, by

d C
dt..../(t+m) (tl)

cosh_
2t lm

(l+m_l+m)+

l+m 1r lm
2 cosh b+ 2

A further transformation into the rectangular strip of the w-plane shown in figure 5.6, c, is given by

dw D
dt(t2__. i)

and
cosh t+ib,

or also
irWt=cosh
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(5.42)
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Assume now the cross sectional geometry of figure 5.5 as shown in figure 5.6, a, and call the complex
variable

(5.37)

It is then needed to find an electrostatic field distribution which results in the yet unknown field strength
E=.E0 in the aperture and generally satisfies the integral eq (5.36). Introducing a complex potential
function P as in (5.1), and observing that the electric field is defined by either conjugate function

4, 5



The choice of points 3 and 4 at ±1 in the t-plane completely determines the location of points 2 and 5;
introducing = +ihi, and = +i(h1+g), respectively, into (5.40), gives two transcendental equations
for i and m.

By equating (5.40) and (5.42), one has directly

b rl+m ir iml bw= cosh'i cosh i= cosh 0 (5.43)
i'- L2 O 2jir

for the mapping of the given geometry into the simpler one of the w-plane, where the boundary conditions
now read
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'=0, on u=0; =0, on v=0 and on v=b.

Analytic functions satisfying (5.44) can readily be given, namely,

iw . . irw . . 2irwP=a0 ---+a1 smh -6-+a2 '. smh
b

+

o7iL(y, z)=--- P(),

which can be resolved into a Fourier series of the type

z)=Ao+ A () exp B
'' / flirz\

aCO5
b b / CO5\

b
)exp_ b )'

A0=C0
b opert

A +B = o 2E0 f fl1T/
'

b avert
COS

b
dy'.

b niryr'=AozBoÊ-
b

LAn exp b
)_B exp (-m)],

n1

(5.44)

(5.45)

from which = P can also be computed. The amplitude coefficients are unknown and must, of course,
eventually be determined so as to satisfy (5.36).

By means of (5.43), the analytic solution P is transformed into the original r-plane, thus

P()=a01cosh' 0+a1i(02 l)+a2 i20(02 1)*+.... (5.46)

Rationalizing will then give ' (y, z)=3P() and also, in accordance with (5.38),

(5.47)

(5.48)

where the coefficients are linear combinations of the amplitude values . . . of (5.45). For z =0,
(5.48) must represent the electric field in the aperture, since it is different from zero only there, so that
with (5.32) one obtains

(5.49)

Using (5.38), one can express ' from (5.48) (one could, of course, have reversed the procedure
equally well), and obtain

(5.50)

where one can use (5.49), except that B0 and B are still unknown. Taking the value at z=0, where
=0 on the aperture, and separating known from unknown coefficients, one has

B0+2Ê -p.- B cos niry b Ê 1 (A+B) cos niry. (5.51)
n_-mir b irifl b

and with (5.49) this is seen to have the right-hand side identical with 2E0Ib times the right-hand side of
the integral equation (5.36). It has, therefore, been demonstrated, that the static solution (5.45) or
(5.48) defines identically the desired dynamic electric field. In order to actually determine the Fourier
coefficients, one needs now to compare the left-hand sides of (5.51) and (5.36) as well, obtaining, with
(5.49), the relations



B=-E[LPn nJ apert
COS

b
dy'= (A+B)i-flJ ïy')

fliry'
\p,z n

from which it follows that
(5.52)

Since these Fourier coefficients are actually found in (5.49) as linear combinations of the static mode
amplitudes a0, a1, . . ., the relations (5.52) represent the final linear system of equations from which
the aa can be evaluated. Obviously, the advantage of this method rests upon the fact that the approx-
imation even by one or two terms in (5.45) is a very good one.

With the knowledge of the aa values, one can then determine B0 in (5.51) by comparing with the
first term in (5.36) and by using (5.49), namely,

B0=_±-Eof (y')dy'=i-4, (5.53)
bq aperO q

9

since A0 is known as a linear combination of the a values. Actually this would be generally the most
desirable result, since it determines the amplitude of the propagating mode contribution by the iris in
accordance with (5.33); for applications to microwave theory it permits the computation of the reflection
coefficient of the dominant and propagating mode and the evaluation of the equivalent circuit aspect
for engineering designs.
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6. On the Use of Conformal Mapping in Two-Dimensional
Problems of the Theory of Elasticity

I. S. Sokolnikoff'

1. Two-Dimensional Problems

The object of this synoptic paper is to indicate some of the uses of conformal maps in the solution
of a wide class of two-dimensional boundary value problems of the theory of elasticity. The phrase
"two-dimensional boundary value problems" is used here in the sense that the mathematical formulation
of such problems requires only two independent variables. Accordingly, the theory sketched in this
essay is concerned not only with the analysis of the states of plane stress and plane strain, but it also
includes a variety of problems which, from a physical point of view, are three-dimensional Among
the latter are problems concerned with the deflection of thin elastic plates and Saint Venant's problems
on torsion and flexure of elastic cylinders.

Since a systematic treatment utilizing the conformal mapping techniques of those two-dimensional
elastic problems that are reducible to the solution of the problems of Neumann and Dirichlet already
appears in text book literature [12], * the discussion of this paper will be confined to the boundary value
problems involving the biharmonie equation and its generalized form that figures prominently in
anisotropic elasticity.

The basic theory sketched in this paper belongs to N. I. Musehelisvii, who gave a rigorous analysis
of the fundamental boundary value problems of two-dimensional isotropic elasticity in a series of papers
that culminated in a prize-winning monograph entitled "Some Basic Problems of the Theory of Elas-
ticity" [11]. The importance of this work may be surmised from the fact that considerably more than
one hundred research articles concerned with the generalizations and applications of the theory to
specific problems have appeared since the time of its publication [13].

This paper is concerned with a general survey of those phases of the theory that are related to the
application of conformal mapping techniques to two-dimensional problems of isotropic and anisotropic
elasticity.

2. Formulation of Problems

We suppose that a closed two-dimensional region R is occupied by an elastic medium having at
least one plane of elastic symmetry, which we take as the (x',x2)-plane of the rectangular coordinate
system. For simplicity of exposition we suppose that the region R is simply connected, although the
extension of the theory to multiply connected regions presents no insurmountable difficulties. This
region R, finite or infinite, is assumed to be bounded by a rectifiable Jordan curve C, which has a uniquely
defined normal, except possibly at a finite number of points of C.

We consider two problems. What is the state of stress and deformation in the region R when:
Problem A. The boundary C is subjected to the action of prescribed forces in the (x',x')-plane?
Problem B. The points of the boundary Care subjected to prescribed displacements in the (x',x2) -plane?

The components of the displacement vector u at a typical point (x',x') of R are denoted by Ua
a= 1, 2, and those of the stress tensor by rß(x',x2). Throughout this paper we suppose that the indices
a, 3, y, . . ., have ranges 1, 2, and we use the customary summation convention in regard to repeated
indices. Also we use a comma preceding an index to denote the partial derivative with respect to the
variable symbolized by that index. Thus

òU(xi,xz)
' L7, and

Ò

I University of California, Los Angeles, Calif.
Figures in brackets indicate the literature references at the end of this paper.
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If the medium contained in R is in equilibrium under the action of prescribed external forces X (s)
distributed along the boundary 0, s being the arc parameter, then the TaS satisfy the system of partial
differential equations,

in R,

while on the boundary C we have the condition

r' Xa(S),

where the p5 are the components of the unit normal exterior to R. Moreover, if the functions Ta5(X1,X2)
are of class 02 in R, then the eqs (6.1) imply the existence of Airy's stress function U(x',x2), such that

r11= LT22, 22 11, 112 - LT, 12, (6.3)

and it is well known [5] that in the case of an isotropic medium the function U(x',x2) satisfies the
biharmonic equation

v22U(x1,x2)=0 ini?, (6.4)

where v2= is the two-dimensional Laplacian operator.
For the anisotropic elastic medium, with one plane of elastic symmetry coincident with the (x',x2)-

plane, the corresponding stress function U satisfies a differential equation of the form [4}

ò4U ò4U ò4U ò4U ò4U
C1ò(x1)4+C2ò(x1)3òx2+ 03

ò(x1)2ò(x2)2 òx'ò(x 0ò(x0' (6.5)

where the constants O are real functions of known elastic moduli of the medium.
We consider first the formulation of the boundary value problems A and B in terms of the stress

function U for the isotropic case.
The general solution of the biharmonic eq (6.4), in terms of two analytic functions (z) and x(z)

of the complex variable zx'+ix2, has the form [2, 9, 101

2U=,(z)+z)+x(z)+x(z), (6.6)

where bars denote the conjugate complex values.
Now if we insert the relations (6.3) in the boundary conditions (6.2), form the expression X1 + iX2,

and make use of the obvious relations between the tangential and normal derivatives, we geti (L11+iLla)=Xi+iX2, (6.7)
ds

where díds represents differentiation along the arc-length of the contour C.
The right-hand member in the expression (6.7) is a known function of the points of 0, and

integration from an arbitrary point s=so yields the boundary conditions in the form

,1 + 2 = (X1 ± iX2) ds + const. f(s) + if2(s) + const., (6.8)

where fi(s) and f2(S) are known functions along C. On the other hand, an elementary calculation,
making, use of the formula (6.6), yields

U. i+i U.2=)+ r'(z)+ x'(z),

so that the boundary condition (6.8) for the determination of unknown functions (z) and '(z) = x'(z)
assumes the form

(z) + zT(Y+ ) =f1+if2+const. (6.9)

If the functions fa(S) satisfy the Lipschitz condition,

Lf(si)f(2)! M!sjs2j', M>0, ¿z>0,
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for all pairs of points s = s, s = 52 along G, then it is not difficult to prove that the analytic functions
and /', continuous in a closed region R+ G, can be determined so that the solution of the boundary

value Problem B is essentially unique [10].
From the fact that the components of the stress tensor TaS are expressible in terms of the second

derivatives of (z) and x(z) [see (6.3) and (6.6)], it follows that the constant of integration in (6.9)

can be fixed arbitrarily without altering the state of stress in the medium. Accordingly, we take the
value of this constant to be zero, and consider the functional equation connected with Problem A in
the form:

(z) + z+ ?= Ji(s) + iJ2(s), on C. (6.10)

isotropic media the stress tensor r is connected with the displacement derivatives Ua,5 via Hooke's
The formulation of Problem B in terms of analytic functions p(z) and '(z) is just as direct. In the

Law,
a, ¡3 1, 2, (6.11)

where X and are two elastic constants introduced by Lamé, and i,s is the Kronecker delta. The
left-hand members of these equations can be expressed in terms of derivatives of (z) and i(z) and
their conjugates [see (6.3) and (6.6)], and the integration of the resulting system leads to the solution
of the form2

2,i(uj+iu2)= KÇ2(Z) zç'(Z) - (6.12)

The nonessential linear terms representing rigid body motion are omitted in (6.12), and K represents a
certain rational function of Lamé's constants X and i.

Consequently, if the displacements along C are specified as functions of the arc-parameter s, in
the form.

'u1=

(
u:

u2=

then for the determination of (z) and 4'(z) we have the equation

KçC(Z) zp'(z)-1'(z) 2p(gj+ig7.), (6.13)

which has a structure similar to (6.10).
Functional equations of this form have received considerable study during the past several years.

We shall be concerned here only with the practically important case of solutions that are continuous in
the closed region R+ C, and shall indicate in the following section a mode of attack on the problem that
utilizes the conformal maps. The corresponding problem in anisotropic elasticity is sketched in
section 4.

3. Solution of Functional Equations

The method of deducing a formal solution of (6.10) and (6.13) immediately suggests itself when the
region R is bounded by a unit circle z! 1, and when the functions J and ge, appearing in the right-
hand members of these equations, are of bounded variation. Since the structures of these equations
are similar, we confine our attention to the boundary value problem A.

The unknown functions (z) and '(z), being analytic in the region zI<1, have the power series
representations

(z)=az'1, #(z)= bz*, Iz<l; (6.14)
nO

and since J and .f2, regarded as functions of the polar angle O defined by z= e°, are of bounded variation,
one can write

Ji+if2= (6.15)

in which the Fourier coefficients c may be regarded as known constants. Inserting expansions (6.14)
and (6.15) in (6.10) and comparing like powers of etO on both sides, one obtains expressions for the de-

2 We omit the details of integration, since they present no interest. In the ease of plane strain we have ic= (X+3,)l(X+s), while for the state of plane

stress we have ic(5X+68)/(3X+2).
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termination of unknown coefficients a,, and b,, in terms of known constants c,,. The justification of
validity of the procedure used above in deducing the formal solution depends, of course, on the nature
of the applied stresses. It presents no difficulty when the functions X,, (s) are sufficiently smooth.

If the contour C bounding R is not a circle, one can introduce an analytic function z = w () that
maps the region R conformally on the unit circle j 1. Let the transforms of ç(z) and 11.1(Z) be de-
noted respectively by ç() and 11'i(), so that

ç{w()J, and '()
Then a simple calculation shows that under these transformations (6.10) goes over into

5+T==fi(0)+if2(0), (6.16)
w (o)

where = e° represents a point on the boundary -y of the circle 1=1, and J + f2 is the transform of the
right-hand member of (6.10). Thus, it can be regarded as a known function of the angular variable O.

The method of solution in series, indicated above, can now be applied to determine the analytic
functions

and 1()=Eb,,, J<J.no no

It is not difficult to show that the coefficients a,, and b,, can be determined explicitly in terms of the
Fourier coefficients of the functions f +f and w(/, whenever the mapping function w() is a
polynomial.

If it is recalled that the mapping function z = w () for a suitably restricted simply connected region
R can be approximated by a polynomial z=w,,() of sufficiently high degree, in the sense that the poly-
nomial z==w,,() maps the region J<1 on some region R,, which can be made to approximate the region
R as closely as desired, then the practical value of the method of solution outlined above becomes imme-
diately obvious.

Another mode of attack on the problem is to reduce the determination of functions ç(z) and 11'(z)
to the solution of certain integral equations. There are several such reductions, and we sketch here
only one of these. This particular reduction appears to be most useful in obtaining numerical solutions
[101.

Thus consider the eq (6.16) and the equation

() +11'j()=fiiJ2,

obtained from (6.16) by forming its conjugate. If both members of these equations are multiplied by
(1/2 ri) [do/(i - )}, where I 1< 1, and the resulting expressions are integrated over the contour -y of the
circle, we obtain
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Jpi(oda

1 1' w(o) i(a) d+ Ç ') doA()
2iri +2 iJ -in r 21t)7(f

i 5d 1 ' '(°) i I da=B()
27ri +Jl() q 21rJ-

coi()+ if
w(u) (r)

2iri 7W'() t7

(6.17)

where

d, B(fJ2 do.

If we now make use of Cauchy's integral formula and the numerical result

i F(o)_--L

valid for every function F() analytic in <1 and continuous in I
1, we get

(6.18)



The complete equivalence of the simultaneous integro-differential eq (6.18) with the functional
eq (6.16) follows from the theorem of Harnack [11, 12] whenever the functions f(8) and f2 (0) satisfy the
Lipschitz condition in the interval (0, 2ir).

The first of eq (6.18) determines to within a constant that has no effect on the calculation
of stresses, and the second yields

We can reduce the first of these equations to an integral equation of the Fredhoim type by differen-
tiating it with respect to . We rewrite it first in the equivalent form

1 .2. (o) A(e), (6.19)
2ir't

where X (0)/w'(0), differentiate (6.19) with respect to , and allow to approach an arbitrary point
= r of rI= 1. This leads to

ço(r) +--:j'--{
w(o-)w(r) (o-) do+Xw'(r) A'(r),0T j w'(o)

or
K(r, o) ) dr+X@'(r) A'(r), (6.20)

i à w(c)w(r)K(r,o)_ , -w () àr o--r

The term involving X in (6.20) can be removed by defining a new function 'I' () () + Xw (s.), so
that the integral equation for the determination of '() has the simple standard form

(6.21)

If the mapping function w() is rational, this equation can be solved in closed form by elementary
methods which utilize the properties of Cauchy's integrals and the theorems of residues [11]. In other
cases it can be solved by numerical methods.

4. The Case of an Anisotropic Medium

A generalization of Musclielisvili's approach to two-dimensional problems of isotropic theory to
the anisotropic case was first made by S. G. Lechnitsky [4] but because of the difficulty of exchanging
scientific information with the workers in the Soviet Union, quite independent and often parallel courses
of investigation of ariisotropic problems have been pursued in this country and in England [1, 3, 6, 7,
13, 14, 15, 16, 17]. In this section we give only the briefest of indications of the role that conformal
mapping theory can be made to play in obtaining effective solutions of two-dimensional problems of
anisotropic elasticity.

As was indicated in section 2, the stress function U of the anisotropic theory satisfies the differential
eq (6.5), which can be written in the form

D4 D3 D2 D1 U=0, (6.22)

where
o oD=02z01

and the constants j.t are the roots of the characteristic equation

c5i4+c4+c3i2+e2,+c1=0. (6.23)

The general solution of eq (6.22), when the roots of (6.23) are distinct, has the form

4
(6.24)

1=1

where

where the functions F are of Class G.



The case of multiple roots is of relatively trivial interest because in that circumstance the problem
can be reduced to the isotropic case by a simple linear transformation.

From the fact that the energy of deformation is non-negative, it follows that the roots are never
real; and since the coefficients Cj in (6.23) are real numbers, we conclude that the roots are conjugate
complex numbers. Thus we can write [4]

/.1/i3, /42!4.

T his permits us to introduce two complex variables z and 22 defined by the formulas

z1= x1 + ¿ 1_ iix 4-aix2,
=x'-1--(c11+if3i)x2 .-with T1:

and
z2=X1+!A2X2

XX'+a2X2,

U=Fj(zi) +F2(z2) +Fi(z ) +F2(z2), (6.25)

where bars, as usual, denote the conjugate complex values.
It follows from the definition of the variables z and 22 that their domains R1 and R2 are obtainable

from R by the homogeneous deformations T1 and T2. Also, from the differentiability of U(x', 2) it
follows that F1( z) and F2 (22) are analytic functions defined in the regions R1 and R2, respectively.

We readily deduce from relations (6.3) that the stresses r5 are expressible in terms of the deriva-
tives of functions F1 (Zj) and F2(z2); and the substitution of such expressions in the boundary condition
(6.2) yields the formulas

1F(z1)+ p2F(z2) +piF(zi) + i2F(z2)=fX j(s)ds f1(s),

(6.26)

F(z1) +F(z2) +F(z +F(z2) -fX2(s)ds f2(s),

where fi (s) and f2 (s) are known functions on G.
The formulation of the boundary value problem B leads to a quite similar functional equation,

which there is no need to record here.
The mode of solution of equations (6.26), following the pattern of section 3, immediately suggests

itself. Thus if R is a simply connected region, one can map the regions R1 and R2 conformaily on a
unit circle i in the new complex r-plane with the aid of the mapping functions

zi=wi(), z2=w2()

in such a way that the correspondence of the boundary points of the regions R, R1, and R2 is preserved.
If this is done, the resulting functional equations can be solved either by the methods of infinite series,
or the problem reduced to the solution of Fredholm's integral equation in the manner described m sec-
tien 3.

The difficulty in solving problems A and B by this method obviously lies in the construction of
mapping functions i () and w2 (r). Some aspects of such mapping have been dealt with by V. Morkovin
in a doctoral dissertation that was concerned with the deflection of thin anisotropic plates under loads
distributed over their faces [7].

5. Concluding Remarks

The foregoing account contains a brief and quite incomplete survey of the use of conformal maps in
the solution of two-dimensional boundary value problems in the theory of elasticity. However, the

76



central idea of replacing the differential equations and the boundary conditions by an equivalent f une-
tional equation may find uses in the fields of applied mathematics other than elasticity. The difficulties
encountered in obtaining explicit solutions by the general methods sketched in this paper are generally
traceable to the determination of conformal mapping functions in a sufficiently simple form. It was
pointed out above that if the mapping function z= w(') is rational, then the desired solutions can always
be obtained in closed form by relatively elementary means. Thus, one of the practically important
programs of investigation in the field of conformal mapping appears to be the development of effective
means for construction of conformal maps that are based on various criteria of goodness of approximation.
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7. Conformal Mapping Related to Torsional Rigidity,
Principal Frequency, and Electrostatic Capacity

G. Szegö1

1. Introduction

In a project sponsored by the Office of Naval Research and conducted at Stanford University
since 1946 by G. Pólya and G. Szegö, the task was set to investigate relations between certain geometrical
and physical quantities associated with a given solid (surface) in space or a given domain (curve) in the
plane. Various mathematicians from other universities, in particular M. Schiffer from Harvard Uni-
versity and A. Weinstein from the Naval Ordnance Laboratory, and graduate students from Stanford
University participated in this study. An account of the principal results of the past years is given
in a book [21* by G. Pólya and G. Szegö.

In the present lecture only a part of these relations is discussed, namely those which involve con-
formal mapping. Three quantities are considered: (1) the torsional rigidity of a cylinder, (2) the prin-
cipal frequency of a vibrating membrane, (3) the electrostatic capacity of a solid (surface) with rotational
symmetry. As to (3), the relation of the electrostatic capacity to conformal mapping is well known
in the case of an infinite cylindrical solid. The solids (surfaces) of revolution studied here constitute
an essentially different case.

The three quantities mentioned can be characterized as extrema of certain problems in the calculus
of variations. W e give these characterizations in a slightly modified form which might be useful in
applications.

Two types of conformal mapping are considered. Let r be an arbitrary closed curve in the complex
z-plane, and Po ari arbitrary point in the. interior of r represented by z=a0. The "interior mapping
function",

z=z)=a0+aj+a22+ . . . +a,+ . (7.1)

maps the interior of the unit circle j<1 onto the interior of r in such a manner that =O is transformed
into z =-aO. The condition a1>O normalizes this mapping. The "exterior mapping function",

+b_+
maps tite exterior of the unit circle >1 onto the exterior of F in such a manner that the point at
infinity is transformed into itself. The mapping is normalized by the condition b1>O.

The constant a1=r is called the interior radius of r with respect to the point p; we denote the maxi-
mum of r, for all positions of Po in the interior of r, by t. The constant b1= is called the exterior
radius or transfinite diameter of F.

2. Torsional Rigidity

(a) Let D be a plane domain bounded by the smooth curve r. The torsional rigidity P associated
with D is defined by

4 . .ffgradJj2dr
(j' ffdo)2

where dq is the area-element of D and both integrations are extended over D. The admissible functions
f satisfy the boundary condition f=rO on F. For any chosen admissible function f, the right-hand
expression in (7.3) yields an upper bound for 1/P.

(7.2)

'Stanford University, Stanford, Calif.
'Figures in brackets indicate the literature references at the end of this paper.

(7.3)
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Instead of choosingf we prefer to choose its level curves u(x,y) =A, where
O to 1. The curve u=X contains the curve u=A' if X>X'. The limiting case
point p0 in the interior of D, while the case A= i corresponds to the boundary
where h(u) is a smooth function satisfying the boundary condition h(l)=O.

where
A(X)=j'graduds, B(A)=fgrad ujds. (7.5

Both integrals have to be extended over u=A; de is the arc-element of this curve.
(b) Now we determine h(u) in the most advantageous way, that is, so that the quantity on the

right-hand side of (7.4) should be a minimum. Introducing the function

we obtain on integrating by parts:

so that by Schwarz's inequality we have

2 "il'i \ 2 / Pi 2

Il (G(A)) dAJ A(x)(h'(X))2dA.( I B(A)h(A)dA) =( f\jO / \j0 (A(A))h/2 )h/2 A)
A(A)

Here the equality sign holds if

h(X)=f dt.

This is the function li(A) for which the right-hand side of (7.4) is a minimum. This results in the
inequality

LA(A)(h'(A))2dX

(f B(A)h(A)dA)

C(x)= B(t)dt,
o

ri ri
JB(A)h(A)dX== I G(A)h'(A)dA,

o jo

ri
P=>4 (C(X))2

jo A(A)

rx
G(X)= I B(t)dt.

Jo

the parameter X runs from
A= O corresponds to some
curve F. We setf=h(u),
Then we find

(7.8)

The functions A(A) and (Y(A) occurring in this inequality have a simple meaning: A(A) is the "flux" of
u across the level curve u=X; U(A) is the area of the domin bounded by the level curve u=X.

(c) We apply this result by choosing for the level curves the curves corresponding to the concentric
circles ft!=A in the conformal mapping z=z(). Then

A(X)=fds=fdA

Because of the conformahity the ratio ds/dn is invariant, that is, ds/dn=' AdO/dA, where do is the element
of the unit circle. Hence

A(X)=2-irX, U(A)=rEnaj2A2", (7.9)
n=i

and we obtain the interesting inequality

From (7.10) we conclude, for instance, that P (1/2)iri'4 (l/2)7rrt. Or: Of all domains D with given
interior radius r relative to a fixed interior point Po, the torsional rígidity P is a minimum for a circle
abo'ut the point p.

(d) A less informative inequality arises by choosing for h(A) that function which is the "best" in the
special case when D is the unit circle; this is the function h(X)= lA2, so that by (7.4) we have
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PirÊ m+ntaiL9,i m=i
(7.10)

h(1)=O, (7.4)

(7.6)

(7.7)



(J' (1_X2)dÀ)

fo

When we choose the level curves as above, this leads to the inequality

/P2ir( :: ."I'-"fl_L)
ni fl+ i

from which the inequality P (1/2) riA follows again. It is easy to see directly that (7.10) is sharper
than (7.12); indeed,

mn >2 m n
m+n m+1 n+1

(e) The characterization (7.3) of the torsional rigidity can be extended to multiply connected
domains whose boundaries consist of a smooth curve 1' and of a finite number of mutually exclusive
curves which are situated in the interior of F. The following modification [3] of (7.3) is then necessary.
The admissible function f must be O on F and constant in the closed interior of the other curves, and the
integrals in (7.3) must be extended over the complete interior of F. (The contribution of the constant
parts to the numerator in (7.3) is zero.)

Let Po be again a point in D. We define Green's function of D relative to po in the usual way as
a function G harmonic in D, having a source-point at Po, and vanishing on the complete boundary of D,
In the vicinity of Po we have

i iG=log --log -+g,

where rj is a suitable positive constant and g a regular harmonic function vanishing at Po. The quantity
rj is a generalization of the interior radius introduced above.

We prove now the validity of the inequality

P (1/2)iri (1/2)irr

in this more general case. For this purpose we choose for u(x,y)=X the level curves of Green's
function, u=e°, so that grad =e°lgrad GI=XòG/òn; hence again A(X)=2irX. As to C(A), this is
the area of the domain u(x, y) X, G log (i/X). The Green's function of this domain relative to Po
will be

1 1 1Glog ==log --log -+g,

so that its interior radius is Xr1. According to a generalization [4] of the area-theorem we have
(7(X) ir(Xrj')', so that indeed

P; 4f'
(irX2r)2 dX-irr.

o 2rX 2

3. Principal Frequency
The principal frequency A of a membrane D can be defined by

,f,fjgrad jj2d
A2=min ffJ2d

(7.11)

(7.12)

(7.13)

(7.14)

where the admissible function f satisfies the same condition as in the problem of torsional rigidity.
Choosing again some level curves it(x,y) = X, and f=h(u), we obtain the bound

f'A(x) (h'(X))2dX
A2

0 , h(1)=0, (7.15)

f
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where A(X) and B(X) have the same meaning as in section 2. We apply this general result by taking
again the curves corresponding to the concentric circles in the interior mapping; hence (7.9) holds and
we have

j2 2J((x))2x2-1dx
"i

(h' (X) )2XdX

(7.16)

It seems difficult to determine the "best" function h(u) in a convenient form. Thus we proceed
as in section 2(d) and choose for h(X) the function which furnishes the solution of our problem in the
special case when D is the unit circle with center at Po. This is the function

h(X)=J0(jX), (7.17)

where. j is the least positive root of the Bessel function J0. The resulting inequality

n2a,,j2 '; Mk=f(Jo(jX))2XkdX, (7.18)

furnishes, among other things, the following; A<j/i j/rt. Or: Of all domains D with given interior
radius r1 relative to a fixed interior point Po, the principal frequency A is a maximum for a circle about the

point Po
4. Electrostatic Capacity

Let S be a surface of revolution in space. C its electrostatic capacity with respect to the
infinitely large sphere. Let be the exterior radius (transfinite diameter) of the meridian curve of S.
We establish then the following relation between the quantities C and 3:

C (7.19)

the equality sìgn holds if the given surface is a circular disc arising by the rotation of a finite segment
(needle) about its axis of symmetry.

Seeking in general upper bounds for the capacity of a surface S, we may use Dirichiet's principle:

C=min ffj'grad f!2dV, (7.20)

where the admissible function f is defined in the exterior of S, satisfying the condition f=1 on S and
J=0 at infinity; dV is the volume-element. We choose a set of level surfaces u(x,y, z) = X, O X 1,

where = i corresponds to S and X=O to the infinitely large sphere. Also we set f=h(u) and deter-
mine h(u) in the most advantageous way. This results in the inequality

(4ir i
A(X)=ffgradud. (7.21)

J(A(x))-1dXo

The last integral is extended over the level surface u=X with the surface element do-. This quantity
A(X) corresponds to that mentioned in section 2 and is denoted by the same letter.

(e) We apply this result to a surface of revolution by choosing the level surfaces as follows. We
consider the exterior level curves of the meridian curve mentioned in section 1; these curves correspond
to = X in the conformal mapping z= z(). Now we rotate the level curves about their axis
of symmetry, which we assume to be the real axis of the complex z-plane. This yields the following
general inequality for the capacity of a solid of revolution in terms of the exterior mapping z=
of the meridian curve:
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ir C' dX
J0XM(X)'

where M(X) is the mean value:

(7.22)

M(X)=15T Jze(X'e°°)dO. (7.23)
ir o



Inserting the power series expansion (7.2) for Ze(X) and performing the integration, we obtain
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2M(X)= bx-'t
, n=1, -1,-3,-5, . . . , b1=r. (7.24)

(d) Now we apply a theorem of G. Golusin [1] stating the inequality

Ze(i) z6(2) b1(1X2)=r(1X2), (7.25)

provided Ir1I=ft2I=X>1. Choosing 1=-2=X', we obtain

bx-"'3(1X2), n=1,-1,-3,-5, (7.26)

Omitting the terms b1=, dividing by X2, and integrating from O to X, we find

n=-1,-3,-5,..., (7.27)

or M(X)<(2/ir)(X'+X). Thus from (7.22) we have

dX (7.28)
(2/(1+X)'

which establishes (7.19).





8. Fluid Dynamics, Conformal Mapping, and
Numerical Methods

Andre* Vazsonyi1

1. Introduction
The theory of pérfect fluids is governed by the Laplace equation of potential theory. Potential

theory is one aspect of conformal mapping, and e informal mapping can be interpreted as the geometry
of perfect fluid theory. Most applications of co formal mapping to perfect fluid theory use analytical
concepts, and the geometry of conformal mappin appears as a visual aid. However, certain numerical
methods depend more heavily on the geometry o conformal mapping. One often has to solve a series
of flow problems with identical or similar bourida conditions. Numerical methods usually do not per-
mit simplifications just because the boundary co ditions are similar, and so the problem arises whether
special procedures can be devised which will per it saving in the amount of the numerical work to be
performed. Taking as an example the use of th method of finite differences, one realizes that a con-
siderable amount of work could be saved if the geometrical boundaries could be made simple. This
simplification of boundaries can often be accom ,lished by conformal mapping, as, for instance, it is
possible to change a complicated boundary into straight line. The method of finite differences yields
answers much more readily with such boundary onditions. A few examples will make the application
of this method clear.

2. Perfect Fluid Flow About Arbitrary Airfoils
Suppose one has to compute the flow with the aid of the method of finite differences. In the vicinity

of the airfoil, a very fine lattice will have to be used in order to get accurate solutions. However, it
can be shown that with the aid of Joukowski's transformation, most airfoils can be transformed into
approximate circles. With a logarithmic transfrmation, an approximate circle can be transformed
into an approximate straight line. The transformed flow along the straight line can be determined
with the aid of a fairly uniform and coarse net, nd, as a consequence, the amount of numerical work
can be reduced.

3. Compressible Flow Around Airfoils or in Channels

In this problem one might have to solve the ompressible flow equations with identical geometrical
boundary conditions but for different Mach nuitnbers. If one attacked the problem directly by the
method of finite differences for each Mach numler, a large amount of numerical work would have to
be performed. However, with the aid of conforrial mapping one can transform a channel or an airfoil
into an exact straight line. The mapping functio$a can be computed by using the method of finite differ-
ences. Once the transforming function is esta11ished, the transformed compressible flow equations
have to be solved in the transformed plane with traight line boundary conditions. This method saves
a considerable amount of numerical work [1, 2].*

4. Perfect Fluid Fl*w Centrifugal Impellers
Often the shape of centrifugal impellers is clase to logarithmic spirals. By the use of a logarithmic

transformation, the impellers can be transformed into approximate straight lines. Because of the sim-
plification in the boundary conditions, the flow problem can be solved more readily in the transformed
plane. Again, the conformal mapping saves a cnsiderable amount of numerical work.

i U. S. Naval Ordnance Test Station, Pasadena, calif.
*jgjes in brackets indicate the literature references at the end of this paper.
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5. Perfect Fluid Flow Through Cascades of Arbitrary Airfoils
This problem requires the solution of Laplace's equation under very intricate geometrical boundary

conditions. However, it can be shown [3] that, with the aid of the tg z function, the Joukowski trans-
formation, and the logarithmic transformation, the cascade can be transformed into an approximate
straight line. The flow problem can be solved in a new plane with the method of finite differences.
When one is required to make a complete study of a series of cascades with fairly similar airfoil shapes,
a tremendous amount of numerical work can be saved. The conformal mapping can be accomplished
in a purely geometrical fashion with the aid of charts prepared in advance.

Summary
It can be seen that, with the aid of judiciously selected conformal maps, the numerical work to be

performed in the solution of flow problems can be considerably reduced.

References
H. W. Emmons, The theoretical flow of a frictiouless, adiabatic, perfect gas inside of a two-dimensional hyperbolic
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9. Use of Conformal Mapping in the Study of Flow
Phenomena at the Free Surface of an Infinite Sea

Eugene P. Cooper

The problem of the entry, from air, of large, high-speed solid bodies into water is essentially a
potential problem, since the effects of gravity, viscosity, and compressibility are minor and the motion
of the water starts from rest. The determination of the shape of the free water surface during the
entry is a major part of the problem. One might think that such determination, in the case of two-
dimensional bodies, could be accomplished by the use of the llelmholtz-Kirchoff theory. That this
may not, in fact, be done is due to the circumstance that the free surfaces are not streamlines and that,
at any particular time, the fluid velocity r varies widely over the surfaces. The potential time-deriva-
tive term in Bernoulli's principle is essentially involved. In the case of a body having straight sides,
the Helmholtz method, using Schwarz-Christoffel transformations, would be applicable if the flow were
linearly bounded both in the potential, or w-plane, and in the r-plane, where =ln (dz/dw), but, as a
matter of fact, in the entry problem, the flow is not linearly bounded in either of these planes. There
does exist, in the entry problem, a fairly simple conformal mapping which yields a linearly bounded
flow region. If the complex velocity is v=vi v, and the complex position is z=x+iy, then, in the
piane of

h=f.'Jdv/dzdz, (9.1)

the flow is linearly hounded. Thus the h-plane might be chosen to play a rôle similar to the r-plane of
the steady-state, free-streamline problem. Since, however, there seems to be no way to choose another
linear conformal map to correspond to the linear potential map of the steady-state problem, the Helm-
holtz method does not lend itself to simple modification to treat this sort of transient flow problem.

A limiting case of the entry problem is that of glancing entry. The question naturally arises: Is
the steady state implied by 00 entry angle an appropriate description of the limit of glancing entry in
the sense that the flow in this limit is equivalent to the steady-state flow? The answer to this question
is generally in the negative, and may be illustrated by the character of the solutions to the steady-state
problem. We now investigate such solutions.

As an idealized body let us consider a half-plane whose edge is parallel to the undisturbed water
surface. Let the body move with constant velocity, V, parallel to this surface, or consider the body
fixed with the fluid (water) flowing against it with velocity, V, in the x-directions at infinity This prob-
lem was first solved by H. Wagner with reference to the theory of the landing of seaplanes. Taking
V 1 for convenience and introducing v +i v= q e'° and the complex potential function w= + ix, we
obtain the mappings as shown in figure 9.1. Point 3 is a stagnation point whose position is to be found.
The only reasonable physical assumption with regard to the behavior of the free streamline, 1-2 is that
it is parallel to the plate at an infinite distance up the plate, forming a jet of width 8.

By the Schwarz-Christoffel transformation we have

div 8 ta
dtThr(1a) ti' (9.2)

and
i

, (93
dtVr2-1

in which
(9.4)

and the constant a is determined by the indicated "jump" in the -pIane, namely,

a=cos 3. (9.5)

U. S. Na'aI Ordnance Test Station, Pasadena, Calif.
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FIGuRE 9.1.

Integration 01(9.3) and use of dz/dt = (dz/dw) (dw/dt) gives

dx ô t(1cos 6)_sin2ß(t_ìt2_1)
dtw(1cosl3) t-1

and
:iy sin ßsin 6 cos ß (t /t2_ i)
¿iiir(1cosß) t-1

Thus, by elementary integration, y is given as a function of x through an intermediate parameter, t.
This is the equation of the free water surfaces. We only need to take care in eq (9.6) and (9.7) to choose
the appropriate values of the many-valued functions resulting from the integration. Now consider the
limit t- (point 5). We have

dx &---
dt ir

and
dx &sinß i
dtir(1cos ßti

Thus y-- as In x, for This is also true for x--
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(9.7)

(9.8)

(9.9)



We see, therefore, that it is impossible to satisfy the geometric boundary conditions on the free
surface at infinity and that, in particular, the solution is characterized by a parameter o which is not
determinable. This result is not surprising since there is no characteristic length in the problem. We
may, therefore, not expect definite surface dimensions to be determinable.

Now one may modify the physical situation by introducing a characteristic length i, as in figure 9.2.
We have taken the case 13 = 900 for simplicity. Using the mapping techniques as above, with

a 1siny, (9.10)
1+sin 'y

we find
dz. (.:\. (1+a)_if(t_a)2_(1+a)I 11
dt t-1

Thus the introduction of the characteristic length i does not suffice to yield a physically meaningful
solution. This is not brought out in Milne-Thompson's book "Theoretical Hydrodynamic.'", in which
the problem is discussed.

FIGURE 9.2.

It has not been found to be possible to obtain a physically meaningful solution to any problem of
this type when the sea is infinite G. Kreisel, in a wartime report, discussed the rôle that gravity might
play in problems of this type, and showed that a gravitational term, however small, would guarantee
the existence of a solution, meeting all the boundary conditions for the problem of the infinite half-
plane. However, the introduction of such a term spoils the mapping technique.

If the sea is considered not to be infinite, then the mapping technique will yield a solution satis
fying all boundary conditions. A. E. Green carried through the analysis for the case in which the sea
had a finite depth with a flat, solid bottom. The mappings introduce elliptic functions in this case and
make the analysis very involved. The author has carried through a similar analysis replacing the sea by a
two-dimensional jet of finite width H. In this case the mappings and integrations introduce elementary
functions only. For a plate of inclination 13 the surface shape is given parametrically by

(e) [f(t+ b) (t-1) (t+ b) (t-1) (t+ b) (t-1) dt+Geß] (9.12)dt cosßf tdt isinsf 11t2i

in which b and U are determinable constants. The parameter H essentially characterizes the solution
and, as H , the logarithmic divergence characteristic of the infinite sea case appears. In this limit
the j et is deflected through an angle of approximately 10. The author has also carried through the
case of the finite plate, with 13 = 90°, dipped in the two-dimensional jet. Again, elementary solutions
may be obtained in terms of the j et width H with the solution diverging as Hi. ,

89





10. An Application of Conformal Mapping to Problems in
Conical Supersonic Flows

R. C. F. Bartels and O. Laporte'

1. Introduction
A general method employing the facilities of conformal mapping is here presented for treating

the linearized equations of the supersonic flow past conical bodies in three dimensional space. To
illustrate the method, the flow past a delta wing whose leading edges lie within the Mach cone is de-
termined The work as presented here appears in part in two earlier reports [1] * and [2] 2 having limited
distribution.

The transformations of the linearized equation are equivalent in the end result to those employed
by Busemann [3] and Stewart [4] in their important works on the subject. However, the presentation
given here brings in sharp focus the analogy between the problem for the conical flow and the classical
problem for a minimal surface. The components of velocity are represented in complex form by in-
tegrals similar to those of Weierstrass and, as a consquence, are completely described in terms of a single
function of a complex variable. Formulated in this way the corresponding boundary value problem
for the flow past a body is amenable to treatment by methods in the theory of analytic functions of a
complex variable utilizing conformal mapping.

In the treatment of the problem for the delta wing, it is shown that the boundary conditions pre-
scribed on the wing surface and the Mach cone are not sufficient to determine the flow uniquely. On
the other hand, it is shown that when these conditions are supplemented by an additional condition
requiring the normal force coefficient of the wing to be finite, a flow without discontinuous vortex sheets
is completely determined for all angles of attack and yaw.

2. Mathematical Formulation
Consider the irrotational flow past a slender pointed body placed in a uniform stream moving with

supersonic speed, the vertex of the body pointing in the direction of the oncoming stream. Let X, Y,
and Z be the coordinates of a right-handed, rectangular Cartesian coordinate system with the origin
at the vertex of the body, and the positive direction of the Z-axis coincident with the direction of motion
of the undisturbed stream ahead of the body. Further let the constants w,, and M denote the velocity
and Mach number, respectively, of the undisturbed stream, and let u, r, and w denote the components
of the disturbance velocity in the directions of the X, Y, and Z axes, respectively, so that the compo-
nents of the total velocity of the flow in these directions at any point are u, y, and w+w,, respectively.
Then, in accordance with the linear theory,3 the components of velocity u, r, and w are given by the
equations

, y
ox òY' WòZ (10.1)

where the potential (X, Y, Z) of the disturbance velocity satisfies the linear differential equation

with ß = (M2 1)", and the boundary condition that on the surface of the body the normal component
of the total velocity be equal to zero. Thus if

S(X,Y,Z)=0 (10.3)

ò2 02'P 2 0
OX2' àY2 ' 0Z2

i University of Michigan, Ann Arbor, Mich.
Figures in brackets indicate the literature references at the end of this paper.

The reports [1 and 2] will henceforth be referred to as BB Report and CM Report, respectively.
¡ See references [5, 6], and [7, p. 24].
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represents the equation of the body surface, the boundary condition becomes

os os os
uox+vòy+(W+wr)zO (10.4)

The characteristics of the hyperbolic differential eq (10.2) are the cones of revolution with axes
parallel to the Z-axis and with semivertex angle , defined by the equation

j.t=cot'ß. (10.5)

The downstream halves of these cones are significant physically since each envelops the domain which
is influenced by a small disturbance originating at its vertex. These semicones are identified with the
well-known Mach cones of sonic disturbance in a stream of uniform supersonic velocity.

If it is asumed that the body is entirely enclosed within the Mach cone attached to the vertex of
the body having the equation

then, as is well known from the properties of the solutions of eq (10.2), this surface constitutes a boundary
separating the region of the constant state of the flow ahead of the body from the region of the disturbed
flow adjacent to it. According to the theory of oblique shock waves, such a transition can occur if
and only if the velocity is continuous. Therefore, at points of the Mach cone the potential (X, Y, Z)
must also satisfy the condition:

u=v=w=0. (10.7)

Thus in the linear theory the problem of determining the flow past a slender pointed body lying
entirely within the Mach cone of its vertex consists of determining the function (X, Y, Z) which sat-
isfies the differential eq (10.2) in the region between the body and the Mach cone together with the
boundary conditions (10.4) and (10.7) at points of these two surfaces, respectively.

It is easily verified by differentiation that the functions u, y, and w corresponding to a solution
(X, Y, Z) of the differential eq (10.2) are also solutions of this equation. Therefore, in the region

between the Mach cone and the surface of the body, u, y, and w satisfy the three equations
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ò2u 02u
òX2+òY2 0Z2

(10.8)

w, respectively. However, in view of
one another, but, in addition, satisfy

and so on, where in the last two equations, u is replaced by r and
eq (10.1), these three functions are not entirely independent of
the following three equations in the same region:

0w 0v Ou 0w 0v Ou

oY oZ=òZ oX=òX òY==0

These are simply the conditions that the velocity field defined by the functions u, y, and w be irrotational.
If the surface of the body is conical, that is, if 5(X, Y,Z) in eq (10.3) is a homogeneous function

of X, Y, and Z, it is easily verified that the functions u(tX,tY,tZ), v(tX,tY,tZ), and w(tX,tY,tZ) will, for
arbitrary positive values of the constant t, satisfy the differential eq (10.8) and (10.9) and the boundary
conditions (10.4) and (10.7), provided that u(X,Y,Z), v(X,Y,Z) and w(X,Y,Z) do likewise. This
observation led Busemann to conjecture that in this case the velocity field is conical with respect to
the origin, or vertex, of the body; in other words, that the velocity is constant along rays emanating
from this point. This is equivalent to assuming that the components of velocity u, r, and w are homo-
geneous functions of X, Y, and Z of degree zero, or that the velocity potential , apart from an additive
constant, is a homogeneous function of degree one. Under this assumption, eq (10.1) and (10.9) are
readily solvable for the function , giving the expression

4=XuH-Yv+Zw+const. (10.10)

Moreover, it is also easily verified that in this case the function defined in terms of a solution of the
system of differential eq (10.8) and (10.9) by the relation (10.10) will satisfy eq (10.2), and conversely,
the functions u, r, and w determined from a solution of the differential eq (10.2) by means of eq (10.1)
will satisfy the system (10.8) and (10.9). In other words, the conical flow fields defined by a solution

It should be remarked that in the linear two-dimensional flow over a wedge the corresponding condition of continuity of the velocity across the Mach
lines cannot be satisfied.

'See [8J.

(10.9)

Z2ß2(X2+Y2)=0, Z 0, (10.6)



of either eq (10.2) or the system of eq (10.8) and (10.9) are identical. This conclusion is not altogether
obvious at first, since the two systems of differential equations are not of the same order in the function .

In view of these observations it follows that if the flow over a slender conical body is assumed to
be conical, the problem of determining this flow is equivalent to either: (1) determinijig a single homo-
geneous function 4)(X, Y,Z) of degree one satisfying the differential eq (10.2) and the boundary conditions
(10.4) and (10.7); or (2) determining the three homogeneous functions u, y, and w of degree zero satisfying
the system of differential eq (10.8) and (10.9) and the same boundary conditions. To these conditions
will be added the requirement that the functions u, y, and w and their derivatives of the second order
be continuous throughout the region between the Mach cone and the conical body 6 and at all regular
points of the body surface. It will be seen in the subsequent sections that the second form of the
problem leads to an elegant formulation in terms of functions of a complex variable.

3. Transformation of the Equations for a Conical Flow

Since the functions u, y, and w in a conical flow are constant along a ray through the origin, these
quantities are in general functions of any two independent parameters which define uniquely the direction
of the ray. Let these be taken as the parameters E and defined by the relations 8

EßR+Z =R+Z' R=/Z_ß2(X2+Y2).

Then

X=R, Y=R, Z=R1, (10.12)

where

X=- (122).

It is evident that eq (10.11) and (10.12) set up a one-to-one correspondence between points of the
region enveloped by the Mach cone (10.6) and the points of the (E,n,R)-space, R 0, lying within the
circular cylinder of unit radius about the R-axis. This correspondence is such that cones in the (X, Y,Z) -
space with vertices at the origin and contained entirely within the Mach cone are mapped into cylinders
in the (E,n,R)-space lying entirely within the unit circular cylinder; the ]v1ach cone itself corresponds to
this unit cylinder as a limiting case.

Since rays through the origin in the space of (X, Y,Z) along which the functions u, y, and w are
constant are mapped into lines parallel to the R axis, the "flow" defined in the image space by these
functions is two-dimensional in character, the same values being defined at corresponding points in all
planes parallel to the (E,n)-plane. Therefore u, y, and w are functions of E and n and are defined over
the domain of the (E,n)-plane into which the region between the Mach cone and the conical body are
projected by the transformation (10.11). This domain is in general multiply connected (see fig. 10.1).
The external boundary of the domain is the unit circle with center at the origin corresponding to the
Mach cone; the internal boundary is a curve whose shape is determined by the shape and orientation
of the conical body.

In order to translate the analytical properties of the functions u, y, and w in terms of the parameters
E and n, consider first the differential equation of the type in (10.2) and (10.8). It follows, on substituting
X, Y, and Z from (10.12), that a solution of eq (10.2) which is a homogeneous function of degree n
in the variables X, Y, Z satisfies the equation

ò2 n(n±1)
2+ò2 X2

(10.13)

Since the degree of the homogeneous functions u, e, and w is zero, these functions are solutions of the
two-dimensional Laplace equation obtained from (10.13) by setting n=0. Hence, u, y, and w are

e it is well known that the velocity of the flow in the region between the Mach cone and the conical body is not necessarily continuous if the body has a
sharp trailing edge. In this case a surface along which the velocity is discontinuous is admissible, the so-called trailing vortex sheet. This case will not be
considered here.regular point (or ray) of the surface is one at which the surface has a continuous normal vector.

The parameters f,,, are analogous to the coordinates of the stereographic projection of the point (XI R', VI R',Z/R'), where R'2X2+ Y2+Z on the unit
sphere with center at the origin onto the (X,Y).plane. Equations (10.11) and (10.12) are obtained in a similar maimer if the sphere is replaced by the hyper-
boloid Z2ß(X'+Y2)-1 and the center of projection is taken as (0,0,i). See for example, Laporte and Rainich [9] for an application of the stereographic
parameters in the theory of minimal surfaces.
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harmonic functions of the variables E and in the multiply connected domain of the (E,n)-plane. Such
a triplet of harmonic functions will define an irrotational conical flow in the region between the Mach
cone and conical body, provided that in this region they also satisfy the system of eq (10.9).
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FIGURE 10.1. i-plane.

The velocity potential çb of a conical flow is a solution of eq(10.13) for v= 1. The analytical char-
acter of this function will be discussed briefly at the end of this section.

The triplet of harmonie functions u, y, and w can be expressed in an elegant form by introducing
th complex variable =E+in. Thus if the harmonic functions u, y, and w are considered as the real
parts respectively of the three analytic functions U(), V(), and W() of , it can be shown that 'u, r,
and w will satisfy eq(10.9) in the region between the Mach cone and the conical body if, and only if,
the functions U, V, and W are given by the integral formulas

U(r)= f (1+2)F()d, V()=i f (l-2)F()d, W()=_f F()d, (10.14)

where F() is an arbitrary function of which is analytic in the corresponding multiply connected
domain in the r-plane.

The conical flow problem is therefore equivalent to that of determining a single function F()
which is analytic in the domain of the r-plane and such that the real parts u, V, and w of the complex
functãons U, V, and W defined by (10.14) are single-valued and satisfy the boundary conditions (10.4)
and (10.7) on the surface of the conical body and the Mach cone, respectively. For convenience these
conditions may also be expressed in terms of the parameters E and n by making the substitutions (10.12).
Corresponding to eq(10.4) the functions 'u, r, and w satisfy a condition of the form

A'u+Bv+G(w+w)=O, (10.15)

where A, B, and C are in general functions of E and , at points of the curve forming the interior boundary
of the domain in the r-plane. On the other hand, it follows from (10.7) that u, r, and w vanish on the
unit circle forming the outer boundary of this domain; that is,

uv=w=0 for ftHl. (10.16)

The function F() is therefore determined by the values of u, r, and w on the boundaries of the domain
in the -p1ane. This form of the conical flow problem has the obvious advantage of being susceptible
to treatment by the methods employed in the theory of functions of a complex variable. Of particular
importance in this regard is the method of conformal mapping.



It should be remarked that the functions u, y, and w corresponding to an arbitrary analytic function
F(-) determine a flow with conical properties. In this respect the role of the function F() in the theory
of irrotational (linearized) conical flows is analogous to and as important as the rôle of the complex
potential in the theory of the irrotational motion of an incompressible fluid. Of course, the functions
u, y, and w obtained by an arbitrary choice of F() will not necessarily vanish on the Mach cone in accord-
ance with (10.15).'° Incidentally, for the simple case F()=a0r2, where a0 is real, the formulas (10.14)
yield the familiar Kármán-Moore solution for the flow over a circular cone [10].

It should also be remarked that in general the function F() is single-valued in the domain of the
r-plane, and continuous on the unit circle. The function F() is also continuous at every point of the
interior boundary of this region which corresponds to a regular point on the surface of the body. These
properties readily follow with the aid of the theory of analytic functions and the corresponding prop-
erties of the functions u, y, and w within and on the boundaries of the region of flow.

The analogy between the formulas (10.14) and those representing the solution of the minimal
surface problem as formulated by Weierstrass '1is self-evident. In the latter case it is shown that the
coordinates of a point on the minimal surface can be expressed as the real parts of a triplet of analytic
functions, say f0(), (n=1,2,3), given by formulae very similar to (10.14). In this connection the
function defined by (10.10) is analogous to the Stützfunktion of Painvin and Minkowski which plays
an important part in this theory.'2 The value of the Stützfunktion at a given point of the minimal
surface may be defined as the scalar product of the unit normal vector at that point and the position
vector of the point, giving the distance from the tangent plane at the point to the origin of the coordinate
system. In the case of a conical flow, it can be shown that the position vector (X, Y, Z) of a point in
space is parallel to the normal vector at the corresponding point on the hodograph (surface) of the flow
in the space of (u,v,w). Thus the coordinates of the points of this hodograph surface are defined by
the real parts of the integrals in (10.14), and the potential 4, is the scalar product of the position vector
of this point and the normal vector (X,Y,Z).

There is however an important difference between the two theories which makes the conical flow
problem more difficult. In order to determine a minimal surface it is sufficient for the coordinate
functions to satisfy'3 the relation ,[f ()]= 0. Since this relation is invariant with respect to con-
formal transformations in the -pIane, the Weierstrass formulae also enjoy this property of mvariance.
Equations (10.14) lead to an analogous relation between the derivatives of U, V, and W, namely,

[U'()}2+[V'()]2 ß2 {W'()]2= 0.

However, this single condition is not sufficient to insure that u, y, and w satisfy all three eq(10.9).'4
The remaining relations among the derivatives corresponding to (10.9) are not invariant with respect
to arbitrary conformal transformations in the r-plane. As consequence the formulas (10.14) are also
not invariant under such transformations.

Returning to the velocity potential 4,, we can obtain particular forms of this function from eq (10.13)
by the method of separation of variables. Thus, in the notation of (10.12), with =p cos w, i=p sin w,
particular solutions of (10.13) for which the corresponding functions u, y, and w in (10.1) vanish on the
Mach cone are obtained in the form:"

R°(am cos mw+bm sin mw) Q'(t), m=z0, 1,2, . , (10.17)

where t= (1 A) ¡A=Z/R, and Q(t) is the associated Legendre function of the second kind; am and bm
are arbitrary constants. Particular solutions are also obtained by replacing the functions Q(t) by the
associated Legendre function of the first kind P?(t), but the corresponding functions u, y, and w do not
vanish on the Mach cone.16 If n= 1, the potential functions in (10.17) are homogenous of degree one
in X, Y, and Z, and define conical flows satisfying the condition (10.7) on the Mach cone. Hence, a
general representation of the velocity potential of a conical flow is of the form

cos mw+bm sin mw)Q(t).
mO

IO It can be shown that all three components of velocity will vanish on the unit circle j f-j 1 if any one of the three vanishes everywhere on the circle.
I' Blaschke [11], p. 238.
12 Courant.11ilhert (121, p. 44; also Laporte and Rainieh (9], p. 157.
I2 Courant-Hilbert [12], p. 135.
14 BB. Report, p.16.
15 Compare with Hayes [131 and Poritsky [54].
IO This fact was not observed by Poritsky [14].
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4. Application of Non-Euclidean Rotations of Space and Their Equivalence
With Conformal Transformations of the -P1ane

It is advantageous always in the treatment of boundary value problems for differential equations
to consider those coordinate transformations which preserve the iorm of the differential equation. To
this end, consider in particular those linear, homogeneous transformations of space which leave the
differential eq (10.2) unchanged. This set of transformations contains the following two distinct
subgroups:

ßX1=ßX,

Pitch ¿3Y1=ßYcosh Z sinh , (10.18)

Z,= ßY sinh +Z cosh ,

and
ßX1=3X cosh Z sinh ,

Yaw i3Y1=ßY, (10.19)

Z1=f3X sinh +Z cosh

where & and are real. These two families of transformations constitute the so-called Lorentz groups
of non-Euclidean rotations of space about the X- and Y-axes, respectively; and ',1' are referred to as the
non-Euclidean "angles of rotation" in pitch and yaw, respectively. Any solution of the differential
equation (10.2) is transformed by these equations into a solution of the same equation in ternis of the
variables X1, Y1, Z1. Moreover, the Mach cone (10.6) is also invariant with respect to these trans-
formations. As a consequence the velocity potential of a linear, supersonic flow field bounded by a
given Mach cone is transformed by eq (10.18) and (10.19) into the velocity potential of another such
field hounded by the same Mach cone.

The foregoing transformations of space can, of course, be accomplished by a transformation from the
r-plane to the i-1-plane with = + i,11, where and i are related to X, Y1,Z1 in precisely the same man-
ner as and are related to X,Y,Z by eq (10.11) and (10.12). These transformations are especially
simple. They are simply conformal transformations of the interior of the unit circle in the r-plane
onto the interior of the unit circle in the 1-plane. This is made evident by substituting in (10.18) and
(10.19) the expressions for X, Y,Z in (10.12) and the corresponding expressions for X1, Y1,Z1. After some
reirrangement of terms equations (10.18) and (10.19) can be shown to he equivalent to the following
two relations, respectively:

where

and

where
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Unfortunately, the Lorenz transformations (10.18) and (10.19) are not conformal transformations
of space. Consequently, they do not preserve the form of the boundary conditions (10.4) pertaining to
the body surface. Moreover, eq (10.9) are also not invariant under these transformations. As a con-
sequence, formulas (10.14), as has i1ready been stated, are not invariant with respect to the correspond-
ing conformal transformations (10.20) and (10.21) of the r-plane. For purposes which will appear later
it will be advantageous to determine the change in the boundary conditions and the formulas (10.14)
corresponding to two successive Lorenz rotations, one in pitch f liowed by one in yaw.

Consider first the transformation of the boundary condition (10.4) corresponding to the successive
applications of eq (10.18) and (10.19) in that order. After rearrangement of the terms, the boundary
condition on the surface

S1(X1,Y,,Z1)S(X,Y,Z,)=0 (10.24)

ib (10.20)

b = tanh (10.21)

(10.22)

a=tanh (10.23)



in the space of (X1,Y1,Z1) becomes

Ui+Ui)+(Vi+Vi)+J(Wi+Wi)=0 (10.25)

where
ßu1= f3u cosh ?'+ßv sinh sinh w cosh sinh

,

ßv1= j3vcosh wsinh, (10.26)

w1= au sinh /3v sinh cosh +w cosh cosh , J
and

ßu1=w, cosh sinh

ßv1.=wsinha, (10.27)

w1 w.coshcosh.J
The corresponding transformation of the integral formulas (10.14) can be obtained by the suc-

cessive application of the conformal transformations defined by (10.20) and (10.22) taken in that order.
As a result one is led to the following equations in which U1(1), V1(1), W1(1) are the analytic functions
of whose real parts are respectively the harmonic functions t1,v1,w1 defined in (10.26):

U1(1)

Vj ()= f[T21(1 +1)+ir(1 - )+2riiiIFi(i)di, (10.28)

W1() ßf[713(1 + 1) +ir23(1 - ) +2r331]F1(i)di, J

where F1 () is an arbitrary analytic function in the domain of the 1-plane, and the constants T13 are defined
as follows:

r11r sinh2 r22=l, T33=0T cosh2 ô,

T12T sinh , T23T cosh , T13-CT sinh cosh ,

with a, , o, and r given by
sin 2aoltanh =ß tan a, ô=CoS a,8 sin a, r_sin 2i

(10.29)

(10.30)

The conical flow problem can therefore be rephrased as a boundary value problem for the analytic
function F1(,) in the domain of the 1-plane corresponding to the region between the surface (10.24)
and the Mach cone in the (X1,Y1,Z1)-space. The function F1(1) is deternned by the condition that
the single-valued real parts u1,v1, and w1 of the analytic functions U1 (fl), V1 (fl), W1(1), respectively, vanish
on the Mach cone, and consequently also on the unit circle in the 1-plane, and satisfy the condition
(10.25) on the surface (10.24). The latter condition can, of course, be expressed as a relation of the
form (10.15) between the functions u1,v1,w1 on the curve forming the interior boundary of the domain in
the 1-plane.

5. Formulation of the Problem for the Delta Wing as a Boundary Value
Problem for an Annular Region

To illustrate the general theory, let the conical obstacle be a delta wing formed by a sector of a
plane with vertex at the origin and inclined at an angle a with respect to the Z-axis, the direction of the
uniform flow. The angle of flare of the wing, that is, the angle of the sector, will be taken as 2y, and
the angle of yaw as (see fig. 10.2). The angles a, y, and ' are so restricted that the wing is always
contained within the Mach cone (10.6). Traces of the wing sector and Mach cone in the plane Z=s
are shown in figure 10.3a.

If the equation of the plane containing the wing sector is taken as

Y=Z tan a,
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the wing corresponds to an arc of the circle,'7

cot a2+2-2
$

ii+1=O,
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O TRACE OF WING PLANE Zs

Prnun 10.2. The delta wing at an angle of attack and yaw.

in the -p1ane; the wing edges correspond to the end points (, ,) and (, sj) ofl this :arc, and the
whole lies within the unit circle jj= i (see fig. 10.3b).

TRACE OF MACH CONE
b a-PLANE

y

(10.31)

d z-PLANE e z,-PLANE

FIGURE 10.3. Correspondence between the (XYZ)-space and the , i, z, planes.

By an appropriate choice of and in equations (10.18) and (10.19) defining the non-Euclidean
rotations of space, the wing sector can be made to coincide with the X,Z,-plane and to be symmetrically
located with respect to the Y,Z,-plane. This corresponds to a mapping of the arc of the circle (10.31)
with the given end-points onto a symmetrically placed segment of the 1-axes in the 1-plane (see fig.
10.3e) by means of the conformal transformation (10.20) and (10.22). The coordinates of the end-

"This circle cuts the unit circle J=1 orthogonally. Indeed, the image of every plane passing through the origin and intersecting the Mach cone in two
distinct lines is a circle orthogonal to the unit circle.



points of this segment are denoted by (± EIE,O). It is readily shown that the appropriate constants
a and b in eq (10.20) and (10.22) to bring about the desired mapping, as well as the coordinate of the
end-points of the segment are expressible in the form

1_ 7 lS.. L1a=tanii , u=tanii EIEtanhl , 10.32

where the three quantities , , and are related to geometric parameters of the wing a, y, and t' by
the equations

tanh =ß tan a (10.33)
and

ta.nh ( ± ) csch = tan (' ± y) csc a. (10.34)

In this connection, an arbitrary choice of the so-called non-Euclidean angles of attack, , semifiare,
, and yaw, ', will determine a set of angles a, y, and ', which are consistent with the requirement

that the wing be contained entirely within the Mach cone.
Thus, in view of the work in the preceding section, the problem of determining the conical flow

past the delta wing can be formulated in terms of the function F, (r,) which is analytic in the doubly
connected region of the 1-plane bounded externally by the unit circle = 1, and internally by the
segment EI of the real axis. The function is determined by the requirement that the real parts
u1, y,, and w, of the functions U,(1), V,(,), and W1(1), respectively, defined by (10.28), satisfy the
following boundary conditions:

u,=v,=w,=0, for I,I=1, (10.35)

and, according to (10.25) and (10.27),

sinh , for IhI&1E. (10.36)

It is to be noted that the parameter a in eq (10.29) and (10.30) is the angle of attack of the delta wing.
This is evident on comparing eq (10.33) with the first of eq (10.30).

In the procedure of solving this boundary value problem, let the doubly connected region in the
1-plane be mapped conformally onto the annular region in the plane of the complex variable z=x+iy

(see fig. 10.3d) by means of the relation

with
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cn(21; k) + ik'sn (z 1; k)
dn(zi;k)

2K
log ,

where the modulus k of the Jacobi elliptic function is defined by

(10.37)

(10.38)

k=tanh ; (10.39)

k' is the complementary modulus, and K is the value of the complete elliptic integral of the first kind
with modulus k. Then the points of the unit circle = 1 correspond to the points of the unit circle

= 1, and the points of the segment Ei in the 1-plane correspond to the points of the circle

irK'
2K

zI=r,=e

where K' is the value of the complete elliptic integral of the first kind with modulus k'. In particular,
the end-points (± E1E,O) of the segment corresponding to the wing edges are mapped into the points
2 ±r0.



As a consequence of (10.37) and (10.38), the integrals (10.28) ian be written in the form

U1(z)=J' (Ti, cn z,+k'r2 sn zi+r,2 dn z1)f(z)dz,

Vj(z)=f(rjs cn zi+k'r22 sn 21+ r23 dn z,)f(z)dz, (10.40)

W,(z)=ßf (ni cn z+k'r23 su ZI+T3I dn z,)J(z)dz,J

where the functionf(z) is analytic in the annulus ro<Iz!<1. The problem therefore becomes that of
determining the analytic function J(z) so that the functions u,, y1, and w1 are single-valued and satisfy
the conditions:

u,=v5=w,=0, onlzl=1, (10.41)

Vi=:woo sinh , onlzj=ro. (10.42)

It is important to observe that the function f(z) is necessarily continuous at points of the unit
circle !z = 1. This follows from the continuity of u1, y,, w5 and their derivatives of the second order on
this circle. The function is also continuous at all points of the circle nI=ro, save possibly at the points
2= ± r0 corresponding to the wing edges. For, with the exception of these points, u,, V,, and their deriv-
atives are continuous on the wing surface.

It should be remarked that the circles concentric with the circular boundaries of the annulus are
mapped by the transformation (10.37) into a set of algebraic curves of the fourth degree in the r-plane,
which in turn correspond to elliptic cones in the (X,, Y,, Z,)-space. Use of this fact was made in the
treatment of the problem of the conical flow past elliptic cones.'9

6 Characterization of the Function f(z)
It is readily shown that the function f(z) determined by the conditions (10.41) and (10.42) is ex-

pressible in terms of elliptic functions. However, these conditions are not sufficient to specify the
function f(z) completely, but must be supplemented by additional conditions specifying the order of
the singularities at the wing edges.'° The representation of f(z) is unique if, for example, it is further
required that the normal force coefficient of the wing be finite.2' The essential arguments leading to
these conclusions will be outlined briefly in this section.22

To this end, let the function h(z) be defined by the equation

15 lIB Report, Part 3, pp. 53-77; this problem is treated in mot-e detail in [17].
20 This is an important example of a boundary value problem in which the uniqueness of the solution is not determined by the condition of boundedness.

In this respect it differs from many well-known examples on heat conduction, electric potential, torsion, and so on, in which the boundaries are not everywhere
regular, but for which solutions that are bounded in the neighborhood of the irregular points exist. Bouwkamp [is] and Meixner [llj have pointed out a similar
lack of uniqueness in the electromagnetic defraction problems which involve objects with sharp edges.

i The addition of this condition was proposed by Stewart [4].
22 For further details see BB Report and CM Report.
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irdh(Z)=r2KZVl (z),

and let its values in terms of the complex variable z,=x,+iy, of eq (10.38) be denoted by

(10.43)

( i,rZ1

d y,dz, e
.

(10.44)

By virtue of the properties of the function V, (z) within and on the boundaries of the annular region
ro< z <1, it follows that h(z) is single-valued and analytic within the annulus and, except possibly at
the points 2= ±r0 corresponding to the wing edges, is continuous on its boundaries. Since by (10.41)
and (10.42) the real part of V,(z) is constant on the boundaries of the annulus, it is also evident that the
imaginary part of h(z) vanishes and, consequently, that h(z) is real at these points. Correspondingly,
the function »(z,) is a periodic analytic function with the period 4K in the strip of the z,-plane bounded
by the parallel lines y,=0, y,=K'. The values of the function (z1) are real and, except for the points
z, = ± 2nK+iK', n = 0,1,2, . . ., corresponding to the wing edges, continuous on the linear boundaries
of the strip.

If the definition of h(z) is then extended throughout the 2-plane by analytically continuing it across
the circular boundaries of the annulus, it follows from the foregoing properties and the principle of



reflection 23 that the corresponding analytic extension of the function (z) is doubly periodic with
the periods 4K and 2iK' and, with the possible exception of the points 21= ±2nK+(2m+l)iK', m,n=
0,1,2, . . ., analytic in the whole of the z1-plane. Moreover, P(i)=, or, what is the same thing,
(z) is real for real values of z. Hence, (z1) is an elliptic function of z and is determined at all points

of the z1-plane by its values in the upper half of the period rectangle: O x<4K, K'<y K', (see
fig. 10.3,e). Incidentally, this half of the rectangle is mapped onto the annulus r0$ z lin the z-plane
by the relation (10.38) in such a manner that the Mach circle IzI=l corresponds to the real axis Yi=O,
and the circle k=ro corresponds to the side y1==K'; in particular, the wing-edge points are mapped into
the points Zt = iK' and Zi = 2K+iK', respectively.

The locations of the poles of the elliptic function (z) in the period rectangle are essentially deter-
mined by the required continuity of the velocity within the region of the flow and at all regular points
of the wing surface. Hence the poles of (z), if they exist, are restricted to lie at the points z1=iK' and
z1=2K+iK' corresponding to the wing edges. Since, by eq (10.40) and (10.44),

»(zi)=2z(k'sri 21+r12 en 21+ r23 dn zj)f(z), (10.45)

the zeros of » (Zi) include those of the function k' sn 21 + T13 cn z + T23 dn z, provided j(z) is not infinite at
the same points. It is easily seen that tlìese zeros are simple and lie on the real axis of the z1-plane
along which f(z) is continuous, and that they correspond to the following two points on the unit circle
in the r-plane:

-= (10.46)

where x= cos' [(tan a)/ßJ; the two corresponding points in the period rectangle of the z,-plane will be
denoted by z1=c and z,=c. However, neither the order of these zeros of »(z), nor the orders of
its poles, are prescribed by the boundary conditions. Nor, for that matter, are the disposition and
order of other possible zeros of »(z) prescribed by these conditions. It is possible to show that, as a
consequence of the boundary condition (10.42), the residue of »(z,) at each of its poles is necessarily
equal to zero, but, other than this, no further limitations are placed on the orders of the poles by the
boundary conditions formulated for the general problem.

Conversely, let the elliptic function »(z,) have the following properties: (a) periods 4K and 2iK';
(b) at most two poles, each with residue zero, in the period rectangle at z1=iK' and z1=2K+iK';
and finally (e) at least two simple zeros at the points z1=c and z=c on the real axis in the z1-plane and
corresponding to those defined by (10.46). Then there is determined a functionf(z) by (10.46) for which
the boundary conditions (10.41) and (10.42) are satisfied and which in turn determines a conical flow
past the delta wing. Since the complete specification of an elliptic function requires not only the lo-
cation of the zeros and the poles, but also information on their respective orders, it is evident that the
function »(21) possessing the foregoing properties is not unique. Hence the conical flow past the delta
wing is not completely determined by the boundary conditions in the general formulation of the problem.

On the other hand, it can be shown that the normal force exerted on a finite portion of the wing
bounded by its edges is finite only if the order of the poles of »(2,) is at most two. Since the residue
of »(z,) at each of its poles is zero, the order of its poles in this case is exactly two. This proves to be
sufficient to determine completely the elliptic function »(z,) as well as the function f(z). Hence, among
all conical flows past the delta wing satisfying the boundry conditions (10.4) and (10.7), there is a
unique one for which the normal force coefficient of the wing is finite.

7. Construction of the Elliptic Function » (z') for the Case of Finite Lift

The construction of the elliptic function »(z,) for the case of finite lift can be made to depend on the
fundamental pair of elliptic functions with the primitive periods 4K and 2iK':

»i(z,)=k sn2z1cn z, dn z, and »2(z,)=k sn2z,H-cn z, dn zi. (10.47)

Each of these functions has a single pole of second order with zero residue in a period parallelogram,
p,(z) having its pole at z,=iK', and »2(21) at z1=2K-l-iK'.

It follows from the general theory of elliptic functions 24 that any function of this class with the
periods 4K and 2iK' having second order poles at the points z,=iK' and z,=2K+iK', at each of which
the residue is zero, and having no other poles in the period parallelogram, can be expressed as a linear

3 Cf. Bieberbach [15], p. 219.
24 Whittaker and Watson [16], p. 429, et seq.
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combination of (z1) and 2(z1) plus a constant. Therefore the required elliptic function (z) must
be of the form

(z1)=B"{X5p(21)+ X22(z1) i),
where B", ?4, and A2 are constants. It is not difficult to show that coefficients A1 and A2 are uniquely
determined by the two zeros r=e and r1=c corresponding to (10.46) .2 Indeed, it can be shown that

(z1) vanishes at these two points if and only if

(z1)=k2B'(k'snz1+ r12dnz1+ r23dnz j) (k'snz1 r12cnz - r23dnz1), (10.48)

where B' is an arbitrary constant.
Finally, the constant B' is determined by the boundary conditions (10.41) and (10.42). Thus,

with the aid of the second of eq (10.40), eq (10.45) and (10.48), it can be shown that

B' w,sinh 1049
ß k2(r2+

where E' is the complete elliptic integral of the second kind corresponding to the modulus k'.

8. Summary of the Results for the Delta Wing

The functions u, r, and w corresponding to the elliptic function (z1) in (10.48) are readily calculated
with the aid of eq (10.26), (10.40), and (10.45). Since in the linear theory of supersonic flow the
pressure at points on the wing surface and, consequently, the force exerted on any portion of this surface,
is essentially determined by the values of the component w of the disturbance velocity, the attention
may be restricted to this component alone. The following is a summary of the significant results ob-
tained for the delta wing, the intermediate steps in the derivatives being omitted.28

It is advantageous in the formulation of these results to introduce the real variable

2

'k(1 + W'

where, as ranges over the segment in the 1-plane corresponding to the wing surface,
the variable p ranges over the interval 1 <pj í +1. Then the values of the component w at points
on the upper and lower surface 27 of the wing are expressible in the form

w=w,, {±k'2 k cosh s1'+Pi sinh L'
B

where

k'2- k'2A_(k2K k2E)TTCOSh 2 ----- (2r)E', B=(k2K_12EF)r2 cosh 2 --- (2r2)E':

the positive sign of the first term in the brace giving the values of w on the positive (or upper) face of
the wing, and the negative sign the values of w on the negative (or lower) face.

Since the wing edges correspond to p = ± 1, it follows from (10.50) that the component w is infinite
at both edges, except at an edge for which k±tanh '=0. It follows from (10.34) and (10.39) that the
exceptional cases correspond to i'= ± 'y; that is, the component w is finite at an edge lying in the YZ-plane.
By means of the result in (10.50), the nondimensional normal force coefficient C, of the wing, defined as
the force per unit area of the wing divided by the stagnation pressure, can be written in the form

where
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C,,=irC sin 2cx,

tan a sech
BI1_k2 tanh2

25 CM Report [2], pp. 25-27.
For further details see CM Report [2), pp. 28-35.

'T According to the convention adopted in this report, the "upper" surface of the wing is the high pressure side.

(10.50)
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11. On the Helmholtz Problem of Conformal
Representation
Alexander Weinstein'

1. Introduction
The theory of jets and wakes was first investigated by Helmholtz. The mathematical nature of

this theory leads us to a general mapping problem which is essentially different from Riemann's prob-
lem. In the ease of the latter a given simply connected domain is to be mapped onto a standard domain
such as a circle, a half-plane, or a strip. But in the Helmholtz theory only a part of the boundaries of
the domain to be mapped is given, this part consisting of the walls of a nozzle or the profile of an ob-
stacle. The remaining part of the boundary, called the "free" boundary, is not given geometrically,
but is only defined implicitly by an isometric (more properly "quasi-isometric") condition, which may
be formulated as follows: the magnification coefficient of the arc element ds of the free boundary is to
remain constant in the mapping. (This property of the free stream lines follows immediately from
Bernoulli's theorem.)

It will be seen that the question of the existence and uniqueneiìs of a solution in the Helmholtz
problem cannot be settled in the sanie way as in the Riemann case. For instance Schwarz's lemma is
not applicable to the former since we are no longer dealing with the mapping of the same domain by
two supposedly different functions. Indeed, a priori there may exist at least two distinct domains
with the same fixed walls but with different free boundaries which can be mapped onto the standard
domain.

The purely mathematical aspect of the general Helmholtz problem has been intensively investi-
gated in the last 25 years. This research has led to the development of methods essentially different
from those employed in Riemann's problem. A general review of this work has appeared recently
[161.2 A review of some other questions in the theory of jets and wakes can be found in [19] and [20].

In the present paper we shall confine ourselves to the discussion of the ease of polygonal boundaries.
This is of particular importance for purposes of numerical computation, since it is clear that a numerical
solution in the case of curvilinear walls should start from polygonal walls as a natural approximation.
The solution for the polygon also has great theoretic interest, since it is the parallel in the Helmholtz
problem of the Schwarz-Christoffel transformation in the classical theory of conformal representation.

2. The Jet Problem
Let us consider for the sake of definiteness a symmetric jet in the physical z-plane, z=x+iy. The

upper half of the j et is shown in figure 11.1. We assume that the given boundaries (or walls) consist
of the real axis Wo and of a wall W that has a horizontal tangent at x = -

w

wo

z- PLANE
FrnURE 11.1.

'Institute for Fluid Dynamics and Applied Mathematics, University of Maryland, College Parks Md. This work was donc under the sponsorship of
the Office of Naval Research.

2 Figures in brackets indicate the literature references at the end of this paper.

= i. Yo
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The free boundary A is not given geometrically, but we assume that it has a horizontal tangent
at s= + . Helmholtz's problem can then be formulated as follows: To determine the free lines A in
such a way that the domain J bounded by W0, W, and A can be mapped by a schlicht function f(z)

on the strip S bounded by the lines t'=O and '=7r/2. In this mapping the segment '=ir/2,
O <4< shall correspond to A and the magnification df/dz along A shall be a positive constant
which is not given but has to be determined

In what follows corresponding lines are denoted by the same letters and will be called walls and
free lines, even if located in the f-plane (fig. 11.2). The quasi-isometric condition

df
dz

is characteristic for the problem and gives an implicit definition of the free line.

w

w A Id(1

t
s -

wo
wo

f - PLANE
z PLANE

FIGURE 11.2. FIGURE 11.3.

We consider immediately the case of a polygonal channel (fig. 11.3). The oldest method of ap-
proach in this case is the Helmholtz-Kirchhoff hodograph method. Let us introduce the w-plane, where

w_Í=uiv (11.2)

is the complex velocity, and u and y are the components of the physical velocity vector.
In the case of polygonal channels the Kirchhoff method of solution is based on the assumption

that the hypothetical solution has a schlicht image in the w-plane. This image will obviously be a
sector with slits radiating from the apex of the sector. This apex is the origin and is the image of all
vertices of the channel. The circular arc corresponds to the free boundary (fig. 11.4). The radius of
the sector corresponds to the magnification Idfldzl of the free boundary and the end point of a slit cor-
responds to the maximum of the velocity on a side of the polygonal wall between two stagnation points.

While we do not know the domain in the z-plane, we now know, according to Kirchhoff, the domain
in the f-plane and in the w-plane, and it is easy to obtain an explicit formula for w(f). This df/dz is a
known function w(f). Hence dz/df=l/w(f), and z is finally obtained by a quadrature

z=Jjdf. (11.3)

In order to obtain wlf) explicitly, we replace w by Z=log w. The domain in the Z-plane currespond-
ing to our sector is bounded by one vertical segment and a certain number of horizontal segments. The
mapping from Z onto f is clearly a repeated application of the Schwarz-Christoffel formula.

From the preceding remarks it would seem that the Schwarz-Christoffel formula is sufficient to
solve the Helhmoltz problem for polygonal channels. However, titis is not the case. In the Kirchhoff
method for jets the domain in the w-plane is known exactly only in the trivial case of n= 1 (n is the
number of sides of the polygon). For n> 1 we do not know the lengths of the radial segments cut
out of the sector, or, what amounts to the same thing, we do not know the coordinates of the end-points
of the segments in the Z-plane. These coordinates are the parameters of the problem and should serve
for the determination of a polygon of prescribed shape. However, this method of approach has not
been followed through by the author of this paper. Instead of the inverse method of Kirchhoff out-
lined above, the inverse method of Levi-Civita, Cisotti, and Villat has been used. The latter method
applies also to the case of curvilinear boundaries, which cannot he treated analytically by the Kirchhoff
method.
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FIGURE 11.4.

3. The Inverse Problem
Levi-Civita and Villat gave a general solution for the inverse problem; namely, a general formula for

the inverse function z(J) which is defined in the strip. All functions defined in the physical z-plane can
be considered also as functions off in S. The complex velocity w=df/dz=u--iv considered as a function
of f has a constant absolute value on the line A which corresponds to the free boundary. Levi-Civita
puts

(= 0+ir). (11.4)

In this formula, 0 denotes the angle which the velocity makes with the x-axis. In the f-plane, O is a
harmonic function of 4) and 4', which vanishes on the straight wall W0. Its conjugate r vanishes on A; this
implies the condition d0/d4'r= O. The values of O considered as a function of 4) and 4' are not given on the
wall W in the f-plane as long as f(z) has not actually been determined To any arbitrary choice of the
function 0(4), 1/2 ir) on W corresponds a harmonic function 0(4), 4') vanishing on W0 and satisfyingthe con-
dition dO/d4' = O on A. An explicit representative of O by a Poisson integral can be obtained by using in
place of f a new independent variable = +in=pee" introduced by Levi-Civita and defined by the
formulas

(11.5)

(11.6)

The one-to-one correspondence between the f- and r-plane is indicated in figure 11.5. Again the same
notations will be used in both planes. By Schwarz's reflection principle the harmonic functions O and r
can be defined in the entire circle 1. For ftj=1, O and r satisfy the conditions

r(o)=r(o), O(ircr)--O(o), (11.7)

r(2ira)r(o), 0(21r-0)0(). (11.8)

Taking arbitrary values for 0(r) on the wall W in the r-plane, we obtain the following formula for w=O+ir
(Poisson-Schwarz integral, first used in this connection by Villat).

0(c) 1222d«. (11.9)
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In this way we see that the general expression for w (considered as a function either of or off) contains
an arbitrary function O() and an arbitrary positive constant Once w=,r'e" is known as a function
off or of , the function z(f) or, if we wish, z() is obtained by a quadrature:

If df (' .2_1 dL-zi10= (tJ e(r
low i .2_J -ï--'

where
lo=m[fb0], (fo=i) (11.11)

is the ordinate of the separation point of the free line. Before discussing these formulas let us make a
remark that will be used later.
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Theorem of Boygio. From (11.9) it follows that the harmonic function O is completely determined
by its values on the wall W. In particular, its values ou the free boundary lie between the maximum
and minimum of its values on W. In view of (11.8) a level line O=const. intersects the real axis n=O
(i. e., the free boundary) in one point only. It follows (Theorem of Boggio) that the free boundary of a
jet corresponding to a concave channel (fig. 11.1) is necessarily convex with respect to the flow. This
proof was communicated to the author by H. Lewy.

The famous general formula (11.10) of Levi-Civita leads to numerous results obtained by an appro-
priate choice of the arbitrary function O along the wall W in thef or L--plane. However (11.10) does not
yield directly a domain with a prescribed wall in the physical z-plane. This problem will be discussed in
the next paragraphs.

The method used will be a method of continuity, which is based on a continuous change of the
arbitrary function until the prescribed walls are obtained.

The solution of this problem has required several significant changes in the standard procedure of
the classical method of continuity.

4. Polygonal Channels

Let us consider in some detail the case of a polygonal wall, which was the first chronological order
of the problems considered in this theory. Let (fig. 11.3)

zo= il0, Zi = X1 + iyj, . . ., x + i1,0, 20+1 = - a + Y0



be the vertices of the given polygonal wall of a channel that is concave with respect to W0. Let 1k be the
length of the segment 2k2k1, (k= 1,2, . . . , n) and let 0k be its direction, where O 02 O On+i=0.
In this case the arbitrary function O considered as a function off or is a step function along W. Let
us put

lrßk= °k+1 °k

and call

ir ßo 01

the total curvature of the wall. A polygonal channel can be represented by a point P with
the coordinates

l0 12, . . , l7 ßi, /32, (11.15)

in a 2n+ i dimensional space. The region M occupied by the points P is described by the inequalities

10>0, lk>0 0ß<1. (11.16)

It follows from (11.9) that any assumed flow with a polygonal channel is given by taking an arbitrary
positive constant j and by putting

Zn

= i3 log 1-k=1

iO
2n d-zlo=J.Le II ( ) 2JI k1 \ 1

The formula of Cisotti reminds us formally of the classical Schwarz-Christoffel formula

(= Eo+ io1=ek), (11.17)

where the points i, , . . ., r,,, (0<oj<cr . . . <o,,<1/2ir) correspond to the vertices z1, . . ., z,, of the
wall and where o2,,_k+l=iro0 and O2n+2k=0/ for k=1, 2, . . ., n. Inserting (11.17) into (11.10) we
obtain the formula of Cisotti,

(11.18)

ZjL (1Y' . . d, (11.19)
Jo

which gives the mapping of the circle 1 on a polygon in the z-plane. It should be noted that in the
Schwarz-Christoffel formula the points k are allowed to lie on the lower half of the circle = i as well as
on the upper half, and that i is merely a positive constant.

Let us recall here that Schwarz's own work was based on Riemann's mapping theorem, the reflection
principle, and Schwarz's lemma. In fact the fundamental discoveries of Schwarz were inspired by his
desire to determine the parameters in the Schwarz-Christoffel formula. The determination of parameters
was investigated independently by Schläfli by a method called today the method of continuity, but he
did not complete his proof (for an historical account and an alternative proof see [6]). Our approach
also uses a method of continuity but one which is greatly modified as compared with the work of Schläfli
and his successors. In order to prove a certain functional determinant different from zero, Schläfli com-
putes it explicitly; but we replace this procedure by an indirect proof, depending on a certain boundary
value problem (see sec. 7). It would be of both practical and theoretical interest if the determinant
arising in the Helmholtz problem for polygonal jets could be computed explicitly by a method similar
in principle to that of Sehläfli. Such a treatment would presumably be based on the theory of hyper-
geometric functions of several variables or perhaps higher transcendental functions. Schläfli's computa-
tion was analyzed by J. Kampé de Fériet [171.

The formula of Cisotti contains 2n+ 1 parameters

¿.1, 1, °2, o, i3i, /32, . , (11.20)

A channel given by a Cisotti's formula can therefore be represented also by a point P in a space of 2n+ 1
dimensions. The region M occupied by Cisotti's points P is limited by the inequalities

0/3k<1, >0, 0<1<2< <an< (11.21)
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To each P corresponds a single point P given by the formulas

i r(l
eir) n n

= --+EsinOeI II

o k=1 .J °k-1 k1

çq
jj

k-1 h=1

Sjfl 0-+Sifl 0- tan o-du;
sin 0-hsin o-i

sin 0-hsin u
sin 0+5fl u

i
¿, -iru,, Oj O1o- (k=1, ,ni)

tan o-do-;

(11.22)

5. Existence Theorem3
The existence theorem for a flow with a given channel states conversely that to each P corresponds

at least one Pc, or in other words that the 2n+1 nonlinear eq (11.22) possess at least one solution for
any prescribed values of the left-hand sides. The introduction of the quantities ß, ß, . . . , 13,. as
additional parameters, at first glance apparently superfluous, will prove very useful, since it will allow
us to consider walls with variable sides and variable angles [6]. The existence theorem has been proved
for all channels of total curvature less than ir. The proof may be outlined as follows: Taking f3jf33'

ß,,=O and giving arbitrary values to , ui,. . ., o-,,, we obtain a jet escaping from a channel bounded
by a straight wall running parallel to the x-axis This wall is subdivided into segments of lengths
L1, . . . , L,,, corresponding to the arcs u in the r-plane. Let us continuously deform this channel
into the given channel P1 by varying the sides and the angles. Our object is to prove that this deforma-
tion process can be followed by an appropriate variation of the parameters in Cisotti's formula and
that in particular to P1 there corresponds at least one formula P,. This will be shown in the following
way. If a channel (ia, ij, . . . , 1n ßj, . . . , 13,,) is given by a formula with the parameters (, o-1, (1g, .

o-,,, 13i, 132, . . - , fi,,), the same is true for all neighboring channels given by

l+5l,l+ 6h,.. - , ln+6l,, ßi+ôfii, . - . , 13,,+ 613,,,. (11.23)

The corresponding variation of parameters is then obtained by solving the 2n+ i linear equations

(k=O,1,2,...,n); 6ßj=âi3, (i=1,2,...,n). (11.24)

In order to prove that these equations have a solution we have to prove the following fundamental
theorem.

Theorem A. The functional determinant

D ò(10, i, . . . 1,,,, i3, . . . ,

13,,)

never vanishes in the interior of the region Mc. (This theorem is the only one proved by Schläfli in
his famous paper.) Theorem A is a consequence of the theorem of local uniqueness and will be dis-
cussed later. It holds for all polygonal channels of total curvature less than ir.

Moreover, we have to show that during the deformation process the corresponding formula does
not degenerate before the polygonal channel P1 is reached. By nondegeneration we mean that the
parameters do not approach indefinitely close to the boundary points of the region M. To establish
this last result we have to prove the following fundamental theorem.

Theorem B. For all points P located in a closed subregion of the region M, the quantities

(11.25)

(11.26)

admit positive upper and lower bounds wìich are continuous functions of 1o, li, . . . , i,,, fi, . . . ,

Theorem B expresses the a priori limitations of all possible solutions of the eq (11.22) and fortu-
nately follows here by an elementary estimation of the right-hand side of these equations. This is due
to the fact that W is convex. In the case of the Schwarz-Christoffel formula the corresponding theorem
B is more difficult to prove for nonconvex polygons (see [6]). The proof of theorem B for convex poly-
gons applies without any essential modification to the case of jets with convex walls.

To prove the existence of a formula P corresponding to the polygonal channel P1 we proceed as
follows: Let the deformation process be represented by a line L in the region M and suppose that all
points on L except the end-point P1 have corresponding formulas. Theorem B shows that during the

See [9, 12].
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process of deformation of the channel the corresponding Cisotti point Pc remains in a closed domain
in the interior of M. Hence as P approaches P1 along L we can choose among the corresponding
points Pc a subsequence converging to a certain limit point P,. We recall that to Pc there corresponds
one point P that depends continuously on Pc. Therefore, the image of P is P1. This establishes the
existence of at least one set of parameters corresponding to any polygonal channel P1 for which theorems
A and B are established.

The classical continuity method as outlined above is based on the validity of theorems A and B.
However, the theory of topological degree of the mapping of spaces of finite or infinite dimension as
developed originally by Brouwer and brilliantly extended by Leray and Schauder yields the following
remarkable result. The existence theorem follows from theorem B alone and is independent of theorem
A. Theorem A, however, is needed for uniqueness and will be investigated now.

6. Local Uniqueness4

We therefore turn our attention to the much-discussed question of uniqueness: Is a jet (or wake)
uniquely determined by the given rigid wall? Unlike that in the Riemann problem, the question of
uniqueness is here more difficult than the question of existence, and there are many cases in which the
existence but not the uniqueness of the flow has been proved. Let us first consider the following theorem
of uniqueness in the small for symmetric jets: There is no second jet infinitely close to the given jet with
the same walls but with an infinitesimally different shape of the free boundary. In order to prove
this proposition let us denote by f1(z) the complex potential of a jet which is infinitely close to the
given one. Let

ôf=f(z) f(z)
be the corresponding variation of f(z). The theorem of uniqueness in the small states that if both
jets have the same wall, this function vanishes identically:

of0. (11.28)

The variation Of has been defined here as a function of z in the domain of the given jet. Since we have
a one-to-one correspondence between z and f=f(z, where f is the complex potential of the given flow,
the variation Of can be considered as a function off (or of ) and can be computed by differentiation of
(11.10) for fixed value of z. In this way we obtain the equation

4 See [5, 7,8, 9, 10, 11, and 12].

= Of ( Ow

Sf
0 log 'df iwôl0,w

J
2df+iOlo or ôf=

fo

(11.27)

(11.29)

where Ow and Ol,, are the variation of w and 10 with respect to the parameters ¡L o, . . . , «,,, . . .

The significance of the eq (11.28) becomes apparent if we consider first the case of a polygonal wall.
Let us consider two neighboring polygonal walls having the same angles at corresponding vertices.
By using (11.17), (11.10), and (11.6) we have as a special case of (11.29)

.2_J d0 fe°' .2_1 :_iOlo (11 30f -2

where
2n

O(iw)= if37,. ' ' Oo. (11.31)
k»l

The variations O1, Ol . . . , 01,, of the orifice, and the lengths of the sides of the given wall, are con-
nected with the variations of the parameters ô, Oui, . . . , ôo, by the formulas

ol n

o¿L j=l 0j

which are obtained by putting O1= . . . =ö3,,=0
0f0 is a consequence of the equations 0l= 0, Ol= 0,
assumed jet has the same walls as the given one.
mediately that

OJLO, 0o=0,

(k=0,1,2, . . . ,n), (11.32)

in 11.24. Let us assume now that the equation
. . , Ol,,=0, which express the fact that the second

From (11.30), (11.17), and (11.31) it follows im-

. , ôu,,='O. (11.33)
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This result means that the system of homogeneous equations obtained by putting in (11.32) the left-
hand sides equal to zero admits only the trivial solution (11.33). The eq (11.28) yields therefore the
following result. The determinant of the system (11.32), which is obviously equal to the functional
determinant (11.25) in theorem A, is always different from zero.

7. Boundary Value Problem
The proof of the fundamental eq (11.28), which plays a central role in this theory, has been estab-

lished by studying the boundary conditions satisfied by the variation Of. Since, by assumption, both
jets have the same wall, the points f=f(z) and fj=fi(r), corresponding to the same point, a, on the

wo

fPLANE
FIGURE 11.6.

wall W (or W0) in the physical r-plane, both lie on the line W (or W0) in the f-plane so that the varia-
tion Of is real (fig. 11.6). We have, therefore, the boundary condition

o,= o (11.34)
on W and W0 in the f-plane.

Let us imagine for a momentj the mapping of a half-plane f (instead of the circle of the Schwarz-
Christoffel formula) on a polygon. Then we would have by similar argument O'=O everywhere on
the boundary and we would conclude immediately that ô' is identically zero. This would give us the
required proof. But this reasoning would fail in the case of the Helmholtz problem, for a point z on the
first free boundary A does not necessarily lie on the second free boundary (fig. 11 .7).

wo

z - PLANE
FIGURE 11.7.

Fortunately we have there a natural boundary condition which holds whether or not we have the
same rigid wall for both jets. in fact. from (11.29) we immediately obtain, by differentiation, the
fundamental identity,

Ologw, (11.35)
u,J uJ

the real part of which, on the free boundary in the f-plane, yields the following natural boundary con-
dition:

' See [5, 91.

1i2

d(of) dlogw0f
7_t 1-t

d(o) o'=o log e, (dn=d'),dn dq5
(11.36)



where 1/ (dO/d) is the curvature K of A. Moreover, for an unvaried separation point, the imaginary
part of the same identity (11.35) yields the supplementary condition

d(),0 forf=fo. (11.37)

We note that the unknown constant appears explicitly in (11.36). The uniqueness in the wall is
thus reduced to proving the following:

Theorem 1. (Local 'uniqueness.) The harmonic function ò/' satisfying the boundary conditions (11.34),
(11.36), (11.37) 'is identically zero.

The proof of theorem i has been obtained by considering first the special case in which ôj is equal
to zero [5]. This case is that of neighboring jets having not only the same walls but also the same
width at infinity downstream. This assumption is an artificial restriction but, as will be indicated, the
complete proof of the fundamental theorem i may be shown to follow from this simpler and apparently
special case [9].

Putting â= O and denoting in this case the corresponding harmonic function by ß, we formulate
the following special ease of theorem 1:

Theorem 2. (Local uniqueness in the restricted sense.) The harmonic function ß(,') satisfying the
boundary conditions

¡3=0 on Wand W0 (11.38)

See (11].

d3 do onA

vanishes identically in the strip S.
A classical application of Green's formula, due to Fourier, leads to the equation

5f
{(òß)2 (òß)2}

f

(11.39)

(11.40)

The proof of theorem 2 would be trivial if the function dO/d4 were shown to be always negative, but
unfortunately in our problem this usually is not the ease. In fact, in the important case of a channel
with walls concave with respect to the fluid, dO/d4 is always positive (see theorem of Boggio); in this
case the left-hand side in (11.40) is the difference and not the sum of two positive numbers. The proof
of theorem 2 presents therefore a major difficulty. Proofs valid for more and more extensive classes of
given walls have been established successively by Weinstein [5], llame! [7] and [8], Weyl [10], and Fried-
richs [11].

8. Jacobi's Transformation of Equation (11.40)6
The latest proof of theorem 2 is that of Friedrichs, who showed that under certain conditions the lef t-

hand side of (11.40) can be written as the sum of two positive quantities. This transformation holds
provided that there exists a harmonic function U in S which is always different from zero and which
satisfies the natural boundary condition

onA. (11.41)

Assuming the existence of U, Friedrichs puts in (11.40) ¡3= U (Jacobi's multiplication variation). A
simple computation shows then that (11.40) is transformed into the equation

55 (11.42)

from which follows immediately the required equations = O and ¡3 = 0. Let us consider now the ques-
tion of the existence of the harmonic function U. It has been pointed out by C. Jacob [14] that the
components of the velocity u= j.cer cos O and v 1.r'e' sin O satisfy the natural boundary condition (11.41),
a fact easily verified by differentiation. Let us assume the existence of a component au+bv (where
a and b are two constants satisfying the equation a2H-b2== 1) which never vanishes on the given wall W.
Then by (11.8) this component is everywhere different from zero and we may take for U the function

U=a'u+bv (11.43)

It follows that theorem 2 is valid for a large class of channels, in particular for all concave channels
with walls of total curvature less than ir.
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9. Reduction of Theorem. i to Theorem 2

Let us consider a channel for which the local uniqueness in the restricted sense (theorem 2) has been
established. We shall prove that theorem 2 implies theorem 1. Let us introduce in theorem 1 as a
new unknown the harmonic function i3*=ô,+(t,_(1/2) ir) log . We have, by (11.34), (11.36), and
(11.37), the following boundary conditions for ¡3*:

on W0; (11.44)

on W; (11.45)

onA; (11.46)

dß* dß*
d

The conditions (11.45) and (11.47) show the existence of a level line ß*=Ø different from Wand passing
through the separation point J. This line must have another point in common either with W or with
W0 or with the free boundary A. In the first case, we immediately have the result ¡3* O. In the
second case we would have = O so that ¡3* would satisfy the conditions of theorem 2 and therefore
would vanish identically. Finally, in the third case satisfies the conditions of theorem 2 in a certam
subdomain S* of S, which again yields the result 13* = O. Since ¡3* 0 implies = O and ô'= O, theorem
1 is proved.

10. Uniqueness in the Large

Let us consider again for the sake of definiteness the class of all polygonal channels for which the
existence of a jet and the local uniqueness have been established. The uniqueness in the large or the
uniqueness in the ordinary sense is obvious in the trivial case of a straight wall running parallel to the
x-axis. The corresponding points in the domains M and M will be donated by O and 0c, respectively.
Let us assume for a moment the existence of two points P' and Pc? in M corresponding to a single
point P in M. We will establish a contradiction by linking P with O by a line in M which lies in the
interior of a closed subdomain of M. To this line correspond two lines P' O and P O, in M which
lie, by theorem 2, in the interior of a closed subdomain of M. Let us consider the first point Oc which
these lines have in common Let Q be the corresponding point on the line PO. Clearly theorem i
does not hold for Q. We have thus a contradiction with the assumptions, and the uniqueness in the
large is therefore proved. The uniqueness in the large for curvilinear walls has been established along
the same lines by Leray [131 in the theory of wakes. It is remarkable that the theory of Leray for wakes,
which is based on the methods of Leray and Schauder, establishes the existence theorem for a larger
class of problems than that for which uniqueness has been proved. His results have been summarized
in [161.

11. Concluding Remarks
As mentioned at the beginning of this paper, we have confined ourselves to the case of polygonal

channels which chronologically was the first case to be investigated. As was pointed out before, a
topological method of continuity was developed later by Leray and Schauder which permits a direct
treatment of curvilinear walls. We believe, however, that the theory of polygonal channels is not
superfluous, first because it is the natural approach for numerical computations and for a limiting
process leading to curvilinear channels (A. Weinstein [5]); and secondly because the topological method
itself uses a limiting process starting with the case of a finite number of parameters so that the passage
through the finite dimensional case seems unavoidable.

Besides the methods of continuity there is another approach to the Helmholtz problem which was
proposed somewhat later by Lavrentieff [15]. Lavrentieff's method remains more in the realm of con-
formal representation than the methods of continuity which use diversified mathematical tools. It
should be observed that Lavrentieff's method applies only to wakes while the methods of continuity
apply equally well to both wakes and jets and cover essentially the whole domain of Helmholtz theory.
Moreover, it should be admitted frankly that the author of the present review did not check in detail
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the stringency of all Lavreritieff's arguments. A short account of Lavrentieff's theory is to be found
in the report [16]. Brilliantly ingenious as is the method of Lavrentieff, on the whole it seems that
the methods of continuity furnish a greater contribution to the general development of the mathematics.

The author expresses his gratitude to R. J. Diamond, National Bureau of Standards and California
Institute of Technology, for his invaluable aid in preparing the present report for publication, and also
to Professor E. F. Beckenbach, National Bureau of Standards, for his kind interest in providing
facilities for this work.
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12. Some Generalizations of Conformal Mapping
Suggested by Gas Dynamics'

Lipman Bers*

1. Introduction

The theory of two-dimensional subsonic gas flows is of comparatively little interest to the aerody-
namicist, since all real flows are three-dimensional and since spectacular deviations from the laws of
classical hydrodynamics occur only at supersonic speeds. To a mathematician, however, this theory
may seem rather attractive, for its very similarity to classical hydrodynamics suggests various general-
izations of conformal mapping as well as of other aspects of complex function theory. To review some
of these generalizations is the aim of this paper. We shall emphasize particularly the problem of a flow
around an airfoil which involves difficulties of a computational nature.

2. The Differential Equations of Gas Dynami«2
We consider in the "physical" z-plane (z=x+iy) a steady poteñtial flow with velocity components

u= u (x, y), v= y (x,y), and densityp = p (x,y). The condition of vanishing vorticity,

- vs = O,
and the continuity equation

(pu)+ (pv)=O
imply the existence of a "complex potential"

such that the "complex velocity"
w= u - iv= qe' (12.1)

satisfies the relations
¡ò .ò\ ./ò .ò\W=_i,)c, PW%»

If we assume that the density depends on the pressure only, Bernoulli's equation implies that the density
is a given function of speed:

p=p(q), (12.2)

and from the preceding relations we obtain for and ' the basic (nonlinear) equations

p(q)='y, p(q)u= (q2=+co). (12.3)

If we now consider F in the w-plane (liodograph plane), we obtain for and a system of linear
equations, as was first observed by Molenbroek [37] and Chaplygin [21]. It will be convenient to set

y=a+iß=i log w (j3=log q),

and consider a and ¡3 as independent variables. The desired equations read

ÇaTi(ß)2I'ß, pß=T2(ß)1í'a, (12.4)
where

1 1 d(pq)
2 2

p p aq
* Syracuse University, Syracuse, N. Y.
I Some new results announced in this paper (sections 2 and 6) have been obined during work on a research contract willi the Office ofNaval Research

(N6-onr-246).
2 A rather complete bibliography on the mathematical theory of gas flows will be found in [241
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In the case of an incompressible fluid we may set pl. Then r1r2l and eq (12.3) and (12.4)
are Cauchy-Riemanu equations showing that F is an analytic funcition of both and y. For an isen-
tropic flow of a perfect gas the pressure is proportional to pk, where k is a constant (the ratio of specific
heats), k>1. 1f the units are chosen properly, the resulting density-speed relation is

From the mathematical point of view there is no need to restrict ourselves to the (p,q) relation (12.5).
We may assume instead that (12.2) is an arbitrary sufficiently smooth function satisfying the inequalities

o, d()>0

in an interval Oq<q, + , to which we confine ourselves.
These inequalities express the subsonic character of the flow, since the speed with which small dis-

turbances are propagated is given by
i
pdq)

This is equivalent to the ellipticity of systems (12.3) and (12.4).
Among all functions p (q) satisfying our conditions the one given by

1

(1+ qi)Ui

(with q8 + ) is of special interest. In this case the equation for obtained from (12.3) is the equa-
tion of minimal surfaces,

(1 + +ço)yO, (12.7)

while system (12.4) is trivially reducible to Cauchy-Riemann equations.
The observation due to Chaplygin that the theory of minimal surfaces may be described as a theory

of a certain (fictitious) gas flow is of considerable importance. In the study of minimal surfaces it
suggests new problems and methods. In applied gas dynamics it leads to an important approximate
method for computing slow gas flows [21, 29]. In the general theory of nonlinear elliptic equations, eq
(12.7) may well assume the part played by Laplace's equation in the development of the theory of linear
partial differential equations. As in the case of Laplace's equation in two variables, all problems relat-
ing to the equation of minimal surfaces may be formulated in terms of analytic functions. At the same
time it is highly probable that general properties of eq (12.7) are shared by a wide class of nonlinear
equations. We might note at once that in several problems to be discussed below definitive results have
been obtained thus far only for the case of minimal surfaces.

3. Solutions of the Gas Dynamical Equations as Generalized
Analytic Functions

The class of functions F,+i' whose real and imaginary parts are connected by system (12.3)
or by system (12.4) may be considered as a generalization of the class of analytic functions. It is
natural to ask which properties these "generalized analytic functions" share with ordinary analytic
functions, and in which ways they behave differently. Thus we may note at once that mappings by
pairs of solutions of either (12.3) or (12.4) are interior transformations in the sense of Stoïloff [40], i. e.,
topologically equivalent to those by holomorphic functions.

In the case of system (12.4) elimination of one of the unknown functions leads to a linear partial
homogeneous differential equation of elliptic type, and it is well known that the theory of these equations
is very similar to that of the Laplace equation. In the case of analytic coefficients there also exist
integral operators (developed by Bergman [2,3] and others) which transform analytic funçtions of a
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and the equation obtained from (12.3) by eliminating becomes

f k+1 2 k-1 2\ / k-1 2 k+1 2\1
2 2

ÇO,) 2 Ç0zÇÇ0zy+ 1
2 2 )

=

(12.5)

(12.6)



complex variable into solutions of linear partial differential equations. Bergman and his collaborators
have developed this method into a powerful tool for investigating such equations, in particular the equa-
tions of gas dynamics in the hodograph plane.

Equations (12.4) do not, of course, form the most general linear elliptic system, and the special
form of these equations leads to an integration theory (due to Gelbart and the author [18, 19, 201)
which parallels closely that of analytic functions.

Let F(y)=ç(a,)+it/ì(a,f3) be a solution of (12.4). Then the line integral

7 / i \ (7
F1(7) (ço+i'j')da+( 72'P+Ç' )dß= I F(y)dy\ rl / J7o

is path-independent, and considered as a function of y is again a solution of (12.4). In particular, for
every complex constant a, a "formal power"

r
a.Z°')(yo,.y)=n! . . . I

a(d-y)"
J7o J"0

is a solution of (12.4), and so is the sum of a uniformly convergent "formal power series"

a,,.Zt">(y0,y).
o

SA new proof of this theorem is given In [16].
'Ii this condition is violated, a solution may possess a nonremovable isolated singularity at which it is continuous.

(12.8)

(12.9)

Theorems analogous to the binomial theorem, to the fundamental theorem of algebra, and to various
interpolation theorems, hold for "formal polynomials" (finite formal power series). If in (12.9) we choose
for a,, the coefficients of the Taylor series defining the trigonometric, exponential, and hyperbolic functions,
we obtain solutions of (12.4) which are of the separated form, say '==A(a)B(ß). This includes, in par-
ticular, the solutions of the hodograph equation for ':

cos na+b sin na),

which have been extensively investigated (for the case (12.5) by Chaplygin and others).
The central result of this theory, however, is the expansion theorem which states that every solution

of (12.4) can be represented, in the neighborhood of any regular point, by a formal power series. This
was proved originally under the assumption that ri(ß) and T2(ß) are analytic functions. Recently the
author was able to show that the expansion theorem remains valid even if these coefficients are assumed
to be merely twice continuously differentiable [17].

In the case of system (12.3) the nonlinearity of the equations precludes the possibility of a similar
formal parallelism to the theory of analytic functions, and in general we may expect a considerably more
complicated theory. Results obtained for minimal surfaces, however, show that in some problems
theorems (though not proofs) on solutions of the nonlinear system (12.3) are simpler than those on
analytic functions.

Thus the Cauchy-Riemann equations possess an infinitude of solutions regular in the whole plane,
and the study of entire functions is in itself a major mathematical disèipline. For the eq (12.7) of minimal
surfaces, however, a theorem of S. Bernstein [9] states that every solution regular for all finite values of
x and y is a linear function.3

Theorems of a similar nature have been obtained in a recent investigation [161, which resulted in a
complete characterization of isolated singularities of solutions of (12.7) in tue neighborhood of which the
derivatives and are at most finitely many valued. We mention only a few typical results.

All isolated singularities of single-valued solutions of (1.7) located at finite points are removable.
Ifa single-valued solution of (1.7) possesses an isolated singularity at the point at infinity it is of the form

=Ax+By+C log (x2+y2)±O(1),

where A, B, C are constants.
If is an isolated singularity of a (multiple-valued) solution of (1.7), and if ç and are finitely

many-valued around 20, then çiç has a limit at 2c This limit is necessarily finite if 20=
It seems probable that similar results are valid for a wide class of equations of the form (12.3),

namely, for those for which qp(q) remains uniformly bounded.4
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4. Mapping Problems Related to Flows in Jets and Channels
If we study not the whole class of solutions of the gas-dynamical equations, but specific flow problems

we are necessarily led to mapping problems.
Consider, for instance, a jet flow out of a symmetrical vessel bounded by two straight walls. The

domain of the flow in the z-plane is not known, since we do not know the free boundaries along which
the speed must be constant. It is seen at once, however, that the function F maps this domain onto a
rectilinear strip, whereas w maps the same domain onto a sector. The flow will be known once we find
the mapping of the domain in the w-plane onto the domain in the F-plane. If the fluid is incompressible,
the mapping is to be conformal and may be found by elementary means. If the fluid is compressible, the
mapping functions o(a,,3), '(a,ß) are to satisfy eq (12.4). This particular mapping problem has been
solved completely by Chaplygin [21] with the aid of the particular solutions mentioned above.

Chaplygin's result suggests a more general question. Is it possible to map a given domain in the
(a,ß)-plane (which satisfies the hypothesis of Riemann's mapping theorem) onto a rectilinear strip, by means
of functions satisfying system (12.4)? An affirmative answer was given by Schapiro [38] not only for
system (12.4) but also for the general quasi-linear homogeneous elliptic system. To the author's knowl-
edge only a sketch of the proof (which is based on some earlier results of Lavrentieff [30]) has been
published to date.

An even more difficult mapping problem arises in the computation of a flow in a channel. Here a
curvilinear infinite strip in the z-plane is to be mapped onto a rectilinear strip in the F-plane. In the case
of an incompressible fluid the mapping is to be conformal; in the case of a gas the mapping functions
must be solutions of system (12.3). Recently Lavrentieff [31, 32] showed that Riemann's mapping theorem
holds for a wide class of nonlinear systems of partial differential equations. The equations of gas dynamics
for the subsonic range belong to this class. Gas-dynamical motivation, incidentally, is clearly visible in
Lavrentieff's argument.

A detailed discussion of the remarkable results achieved by Lavrentieff and his collaborators is
beyond the scope of this paper.

5. The Mapping Problem of Airfoil Theory

Another problem which in the case of an incompressible fluid leads to conformal mapping is that of
a flow around an airfoil. We assume that a profile P possessing a sharp trailing edge at 2 is given in
the z-plane; we wish to determine a flow past P which is horizontal at infinity and satisfies at z7 the
Kutta-Joukowski condition. To solve this problem the domain E(P) exterior to P is mapped conform-
ally onto the domain rj>1 in the auxiliary r-plane (r=E+iii) in such a way that r= , dr/dz>0 for
z= It follows at once that in the r-plane F will be of the form

sin log A>O, (12.10)

where r=e is the image of z7. Thus the flow will be known once the conformal mapping of rI>1
onto E(P) is found. We shall show that the corresponding problem for a gas also leads to a mapping
problem, though this time the mapping is determined not by differential equations as in the cases con-
sidered before, but rather by a certain parametric representation.

We first assume that the flow exists and introduce in E(P) the Riemannian metric [10]

dS2=dx2+dy2+ (sin adxcos ady)2. (12.11)

By virtue of the general uniformization theorem we can map E(P) onto ir!> i by a mapping which is
conformal with respect to this metric (and normalized so that r= ,ò/òx>0, ò/òy0 for z= ).
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5 For a gas every flow problem leads to a new mapping problem, while in the theory of incompressible fluids the solution of one mapping problemglvs all
possible flows past a given airfoil.

Next we set
q*(q)_

exp ff1
d(pqYl4 dq
iqj (12.12)

w*= q*e_I, (12.13)

(12.14)



It turns out that in the -plane w" is a regular analytic function, whereas ç' and 'J' satisfy the linear partial
differential equations

and the conditions
J'=0on ftf=i; ç'>O, ç',=O at =, (12.16)

as well as the Kutta-Joukowski condition at the point =e6 into which our mapping takes Z. (This
means e' is a branch point of the level line L'=0). If is the value of q* corresponding to the maximum
attained by the speed q, we also have that

max!w*()I=/L, ftI1. (12.17)

Finally, the inverse maping of I I >1 onto E(P) is given by Chaplygin's integral

(12.18)

Note that Tis a known function of q, hence also of q*=Iw*I. By virtue of (12.1), (12.12), and
(12.13), w is known once w"' is, and so is p. In order to find the flow around P we must find an analytic
function w*(), ftI>1, satisfying condition (12.17) and such that after ç' and 'J' are determined by (12.15)
and (12.16), the transformation maps the domain j>1 onto the domain E(P).

This mapping problem simplifies considerably in the case of the density-speed relation (12.6), i. e.,
in the case of a minimal surface. In this case we have

dS2-'-dx2+dy2+dç'2, (12.19)

q*_ q (12.20)
1+(1+q

Tl. (12.21)
and

Hence F is an analytic function of , and must be of the form (12.10). The mapping (12.18) may be
written in the form

i ('F'() d fF()w*d, (12.22)

and is a mapping by means of two (nonconjugate) harmonic functions. It is easy to see that (12.22),
together with the relation ç=F(), constitutes a special form of Weierstrass' parametric representation
of minimal surfaces.

6. The Indirect" Problem
The "indirect problem" of airfoil theory consists in finding a method for generating flows around

closed profiles whose shapes are determined a posteriori. The solution of this problem in the case of an
incompressible fluid presents no difficulties, since it is easy to obtain analytic functions mappingIj> i
onto domains bounded by simple curves which look like airfoil profiles. For the case of a minimal
surface the indirect problem was solved by Tsien [41] for circulation-free flows. The general problem
was solved by the author [10] and in a more elegant way by Gelbart [261, whose method was also arrived
at independently by Lin [361 and Germain [28]. Gelbart in effect sets

and writes (12.22) in the form

J()=a+b log

ç'=T'J',,, ç'=T'J', (12.15)

, i(F'()2dZJ) 4j ' r,

where F(r) is given by (12.10). He then observes that whenever 1(r) satisfies the conditions

- . i b)
2If'(r)!<IF'(r)I,b+(is'nô 4a a
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(12.22) maps =1 onto a closed curve. If this curve is simple, o= F() represents the potential of
a flow around the curve.

In the case of a general density-speed relation the indirect problem presents considerable diffi-
culties. For the case of eq (12.6), methods for constructing airfoil flows were proposed by Bergman
[4, 5, 6, 7, 81, Cherry [22], and Lighthill [34, 35]. These authors work in the hodograph plane which
necessitates the use of multiple-valued functions. Their methods are rather laborious and make more
or less explicit use of special properties of eq (12.6). The considerations of the last section suggest
another method for constructing symmetrical flows. (The asymmetrical case involves difficulties which
have not yet been overcome). This method is equivalent to that proposed by Christianovitch [23], and
independently by the present author [10]. (The treatment of circulatory flows in Christianovitch's
paper contains a mistake.)

We begin by choosing a function w () which is continuous on = 1, regular analytic for j>1,
different from O except at = 1, = 1, and admits a Laurent expansion

w*(_ao+E , a,, real.

The function should also satisfy condition (12.17), , having the meaning explained above. There
are no difficulties in constructing such functions. For instance, let Z=Z() be a function mappingj> i onto the domain exterior to a profile P' in the Z-plane, symmetrical with respect to the X-axis
(with Z()= , Z'( )>0). The function

(+>
where B is an appropriately chosen positive constant, satisfies our conditions.

Next we set q*= w*j, determine q from (12.12), and obtain T as a known function of E and n, (E2+n2 1).
Then we solve equations (12.15) under the conditions (12.16). (The arbitrary multiplicative and
additive constants entering in are of no importance.) It can be shown (some details of the proof will
be found in [12]) that once and ',1' are determined in this way, the transformation (12.18) will yield
a one-to-one mapping of I >1 onto the "exterior" of a closed curve P. If this curve is simple, we have
obtained a gas flow past P. We may be sure that this curve will be simple if arg c (e'°) is monotone
for 0<<r. This can be achieved by choosing the auxiliary profile P' as convex.

In order to integrate eq (12.15) it is convenient to introduce new coordinates , i by the relation

(E+in) (Ei+ii)= 1,

ç=T0.x+co, =y+x,
where T0, is the value of T for = , and o and x are required to be regular functions of Ei,i. For x
(Ei, fi) we obtain a perfectly well-behaved linear partial differential equation which is to be integrated
within the unit circle with continuous boundary conditions of the first kind.

Thus the construction of a symmetrical gas flow (with a prescribed maximum local speed) past an
airfoil has been reduced to the solution of the Dirichiet problem for a linear equation of elliptic type.
The theory of this problem is well known, and so are numerical methods which in principle permit us to
compute the solution. The effective computation of the solution, however, would involve an immense
amount of labor. The practical application of the method described here must await the further
development of computation techniques. It is hardly necessary to point out that what is desired
is a machine capable of solving a large number of simultaneous linear algebraic equations.

and to set

7. The Direct" Problem
The direct problem of airfoil theory (determination of the flow around a given proffle) has been

solved thus far only for the case of a minimal surface. We want to show, however, how in the general
case this problem may be reduced to a functional equation for a function of a single real variable [12].
We shall restrict ourselves to symmetrical flows.

Assume that we know the flow and the mapping described in section 5. Without loss of generality
we assume that the length of P is 2ir and write the equation of this curve in the form

z=Z(r)=zT+f'e0du', O « 2r. (12.23)

Our mapping takes a point e" of the circle into the point Z[f(c)] of the profile. By reasons of sym-
metry we have

f(0)=0, f(2ir)=2r. (12.24)
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We shall see that the knowledge of the function u=f(w) determines the mapping and the flow com-
pletely. In fact, along the upper side of P we have that a=0+ir while along the lower side we have
that a=0+2ir. Knowingf(w) we also know the values of a along the unit circle in the r-plane, so that
we can compute in the i-plane the analytic function w*=q*e_a, the multiplicative constant being
determined by condition (12.17). Once we know w*() we know q* and q in the r-plane, and hence
also T. Solving eq (12.15) under the conditions (12.16) we obtain the functions ço and ' in thee-plane
(except for a multiplicative constant), so that we can compute the whole mapping by means of (12.18).

Observe now that along P we have that q= Idccldu!. Thus we have along the circle = 1,

q= du
4 1 (12.25)

If we know q and ço along f = i we can obtain f(û.') by a simple integration, the multiplicative constant
entering in o bemg determmed by the second condition (12.24). Thus we have described an analytic
process which leads from the functionf(t) back to the same function. This may be written symbolically
in the form

f=T(J), (12.26)

where T is a certain rather complicated operator.
If we knew that for a given profile a gas flow with arbitrarily high subsonic speeds exists, then

we would know that the functional eq (12.26) is solvable. The corresponding existence theorem, how-
ever, has been proved thus far (by Franki and Keldysli [25}) only for flows with "sufficiently small"
free stream speed.6 It might well be that the proof of the existence of the flow will depend upon a
direct proof of the solvability of (12.26), as was the case for minimal surfaces.

In the case of minimal surfaces the preceding considerations simplify considerably and can be
carried out for asymmetrical (in particular circulatory) flows as well. It turns out that the functional
equation (12.26) may be written out explicitly as a nonlinear integral equation. If the profile has a
sharp trailing edge of opening air (O a 1) and no intruding corners, the equation reads:

where

h(u)=-Lf e[f(o+t)] e[f(ut)} (1 +a)t}cot dt,
2ir

a / \
X=2_1_almax{ sin cosÇ._r) e'1}.

la
{

I sin°Jo= T [f(c&i)] - ('2g

-;Jo

e1 _4l+a)2
la

{
e'" _4l+a)2

o.
s1n

sin
2e

cos2(_ r)e1 }do.

3,r i

(12.27)

The proof that this equation has a solution has been given under fairly general conditions on the
profile [14, 151: the function O (u) is absolutely continuous and satisfies a uniform Holder condition, and the
profile is "essentially convex." By this is meant that the negative variation of 0(u) is less than i-.
The existence proof goes through also for essentially convex profiles having a finite number of intruding
corners. Many other boundary value problems for minimal surfaces may be treated by the, same
method.

Unfortunately, this proof is a pure existence proof since it is based on the topological method of
Leray and Schauder [33]. In order to obtain an effective method for solving equation (12.27) we use
successive approximations.7 After choosing an approximation of order O, denoted fo(w), we compute
successively the functions

f=T(f_1), wr=1,2,.

in the hope that the sequence {f } converges to the desired solution. The necessary calculations can
be handled on an ordinary desk machine. Computations have been performed for a slightly modified
form of equation (12.26) in which the speed at infinity is prescribed instead of the maximum local speed,
and the position of the front stagnation point instead of the angle of attack. (This last modification
seems to be essential for the convergence.) The results of our computations [11, 13] present strong
numerical evidence of the convergence of the method. The theoretical verification of the convergence,
however, seems to be an exceedingly difficult problem.

See also [39] where a more special result is proved for minimal surfaces with the aid of an integro-diderential equation different from the one usedby the
present author.

'A different method for solving approximately the direct problem for minimal surfaces i given in [1, 27].
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In principle, the same method could be applied to the functional equation (12.26), except that at
each step one would have to solve a Dirichiet problem for a linear partial differential equation. Nu-
merical computations will have to be postponed until adequate automatic calculators are in operation.

Since this lecture was delivered, considerable progress has been achieved.
The analogy between solutions of equations of the form (12.4) and analytic functions (§ 3) appears

today as a very special case of the general theory of "pseudo-analytic" functions developed by the
author [42, 43] (cf. also the work of Poloii [48, 49, 501). This theory applies to the most general linear
elliptic system of two partial differential equations for two unknown functions o (x,y), & (x,y). It includes
a complex differentiation and integration, a classification of singularities and branch-points, a Cauchy
integral foriiiula, Taylor and Laurent series, etc.

The conjecture (stated in § 3) concerning removable singularities of solutions of the non-linear system
(12.3) for which qp (q) is bounded has been verified by Finn [45]. In fact, Finn obtained a more general
result [46].

Independently of the work of Shapiro (§ 4), Dresse! and Gergen [47] obtained an extension of
Riemann's mapping theorem for certain linear systems of partial differential equations.

The existence theorems for minimal surface stated in § 7 have been shown to hold without the
"essential convexity" condition [44].

Very recently the "direct problem" (see sec. 7) has been solved by M. Schiffman for smooth pro-
files, and a little later by the author also for profiles with a sharp trailing edge. Schiffman used
variational methods, whereas the present author treated equation (12.26) by the Schauder-Leray method.
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13. The Use o! Conformal Mapping to Determine Flows
With Free Streamlines

David M. Young1

1. Introduction

Notation and Terminology. Conformal mapping is the classical method used to determine
plane flows with free streamlines in an ideal incompressible fluid. The physical assumptions that are
made in order to permit a mathematical treatment of such flows are well known and are given in [7].*

We define:
Z=x+iy; x, y are coordinates in the physical plane;

=E+in; ii is the velocity vector;
W= U+iV; W is the complex potential of the velocity field; that is, U=velocity potential,
V=stream function, dW/dz =;
wlog .

The conformal mapping of the coordinate lines of the W-plane into the Z-plane gives streamlines
and equipoteritials. Similarly, isobars (lines of constant pressure) and isoclines (lines of constant
velocity direction) are obtained by the conformal mapping of the coordinate lines of the -p1ane into
the Z-plane. In free streamline theory, both conformal mappings are achieved indirectly by methods
that e now describe.

The Analytic Method. Let us consider flows whose c-domain, called the "hodograph", is a
circular sector of angle 7r/n. A circular sector may be mapped onto the upper half-plane of the variable
t by

or by

t=(1+ .fl\2'ln)
(13.1)

(13.2)

We map the W-domain onto the upper half-plane of the variable T by a Schwarz-Christoffel transfor-
mation. In a complete flow which is bounded by streamlines, the W-domain is bounded by parallels
to the U-axis; hence, dW/dT will be a rational function of T.

Since T and t are variables, each of whose domain is the upper half-plane, we have

(13.3)

Now (13.3) represents the most general conformal mapping of the upper half-plane onto itself. A, B,
C, and D are real parameters (with ADBC>O) so far undetermined, whose evaluation will be treated
in sections 3 and 4.

Once we have the parameters of (13.3), we can obtain W() and Z() as follows:

W()=J' d-, (13.4)

dt-. (13.5)

I The work described herein was done under the direction of Professor Garrett Birkhoff, at Harvard University, for Naval Research Contract N5ori-76,
Project 22. The work of part IV was done mainly by the author.

Figures in brackets indicate the literature references at the end of this paper.
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Relations of the form (13.1) through (13.5) connecting W, , and Z are usually regarded, in the
classical literature, as the solution of the mapping problem.

'When numerical results are desired, however, there are several practical difficulties to be overcome.
These are described in subsequent sections.

2. Manual Computation and the Use of Tables

The Determination of Parameters. 'Unfortunately, the parameters A, B, C, and D of (13.3)
may not be expressible directly in terms of the given physical dimensions. Thus in the problem [171
of the divided jet (fig. 13.1) one is usually given p, the length of the plate, and q, the specification of the
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FIcrnR 13.1.

position of the plate relative to the axis of the incoming jet. The
functions of a2 and a3, the angles of the branches of the divided jet.

3

parameters, however, are known
We have

p=h, ['wSi+ 2G, log tan
j=1

(13.6)

and

[h, sin (aj+a,) log ai-l-a2 +sin (a1aj) log Sm
a1a11 S1J,logS,

2 I

- h3 cos (aaai)+j h2 cos (13.7)

where
C1C08 a5, S,=sin a,

01C3 C2Cj
02-03 h3zr

C2 0a

Given a1, a nomogram (fig. 13.2) is constructed by calculating by (13.6) and (13.7) values of p and q
corresponding to given values of a2 and a3. The values of a2(p,q) and a3(p,q) are then obtained by
inverse interpolation. The parameters A, B, C, and D may then be determined

Another ExampleA Generalized Riabouchinsky Flow. For a generalized Riabouchinsky flow
[1, 15] the difficulty of determining the parameters is much more acute. In this problem the flow is
desired around a pair of 450 wedges placed symmetrically in a channel of infinite length (fig. 13.3). By
symmetry we need treat only one-quarter of the flow, so that the hodograph is again a circular sector
(fig. 13.4). The W-diagram is bounded by a rectangular polygon (fig. 13.5). Such a domain may be
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mapped onto the upper half-plane of the variable T by a Schwarz-Christoffel transformation so that
dW/dT is rational except for at most square roots.2

Thus we have

Line of Symmetry

w

ç-

W PLANE

FIGURE 13.5.

(13.8)

(13.9)

The parameters depend upon y, the limit of the velocity at large distances from the wedges, and
UOfl Vc, the velocity at point G (fig. 13.3).

Physically, one is given L/W and D/W, where L=projected length of each wedge; W=half width of
channel; D=half total length of cavity.

As in the divided jet problem, a nomogram can be constructed by computing the values of L/W
and D/W for given values of vc and y,,, and using inverse interpolation. The construction here is much

More generally, let us consider those cases where we can by symmetry treat only a quarter or a half of the flow. If the part considered is bounded by tree
streamlines and its hodograph is a circular sector of angle Irin with n rational, then Z may be expressed in the form If R(t) ..JP(t)df, where E(I) Is a rational
function and P(t) is a polynomial. L is by definition a hyperelliptic integral. When P(t) is of degree 4 or less, lis an elliptic integral.
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r=Jw'

The above integrals must be evaluated by a numerical integration procedure (sec. 9), which requires
2 days of hand computation for each pair of values and v.

5. Evaluation of the Integrals (13.4) and (13.5). If numerical results are desired the problem of
evaluating the integrals (13.4) and (13.5) must still be considered. The integrals may be expressible
in terms of elementary or other tabulated functions, but in general they are not.

Elementary Functions. When the flow is simply connected and the hodograph (fig. 13.6 is a
circular sector of angle irin, with n rational, the integrals (13.4) and (13.5) may be expressed in terms of
elementary functions [161.

=tan 4, sin a+cOS a,

sin; a

HO DO G R AP 14

FIGuRE 13.6.

Uniabulated Functions. If n is irrational, the integrals (13.4) and (13.5) represent untabulated
functions. To obtain numerical results one must either use complex numerical integration (sec. 9) or
else construct tables of special functions of a complex variable. 'Whether or not tables are worthwhile
depends on the generality of the functions, the number of real parameters involved, and hence the
size of the tables, and upon problems of interpolation. We consider special examples.

(1) Circular and Hyperbolic Functions. In cases where n=1 (fig. 13.6) the numerical work could
be greatly reduced if two-parameter tables of inverse circular and hyperbolic functions were available
with a sufficiently fine mesh to permit convenient interpolation. For example, for the Kirkhoff-
Rayleigh flow [7] (fig. 13.7) we have

Z()={ +25m2
COS a i

2 cos a+1)2 cos a+l) 4 sin3 log +const., (13.13)

r'(W)_[h± Ih2_4I, (13.14)

h/T+C, T=-.JW, p=const.

Formulas (13.13) and (13.14) are rather complicated, and to compute Z(W) requires 67 operations.
In terms of complex circular functions the formulas become much simpler:

Z=2 4 a {4, Sill a+2 COS (24,a)+cos (4_a)}+const. (13.18)

By elementary functions is meant complex algebraic, trigonometric, exponential, and logarithmic functions.
4 Since the complex variable Z varies, two real variables 15(Z) and 3(Z) are involved. For purposes of discussion in this section, the term "parameters"

also will include both 15(Z) and 3(Z).

more difficult, since the values of L/W and P1W are expressible only as untabulated definite integrals:

Lf 2 rl+mlI dm, (13.10)
°

m2+A+C(m2+C)

w=+l mm (13.11)
2m y

D=L+
'0

cosedr where tan 20=r. (13.12)
'2 2 72 1

,



To use formulas (13.15) through (13.18) one must evaluate complex direct and inverse circular
functions. Two to three significant figures can be obtained by the use of Kennelley's tables and charts
[il]. The direct complex functions can be evaluated to four places by the use of the WPA tables [20],

for the corresponding real functions, although it would be desirable to extend the range of the argument
from 2.0 to at least 10. Tables for the complex inverse functions would be desirable. With a mesh
of .01, about five volumes of 200,000 entries each would be required. By the use of these tables the
labor needed to evaluate Z(W) could be reduced to 20 simple operations.

Incomplete Beta Function. For a simply connected flow with circular sector hodograph of
angle x/n, where n may be irrational, it is shown in [9] that the integrals may be expressed in closed
form in terms of elementary functions and the incomplete beta function, defined by

rz tß'
Bß(z)= ( dt. (13.19)

.10

Also when n is rational, n=r/8, and s is large, the elementary solution in closed form is possible
but involves many complex partial fractions. In these cases the use of the incomplete beta function
would be much more convenient. For example, the problem of the infinite wedge (fig. 13.8) can be
solved with the aid of the incomplete beta function, with

2[Bi,m(s)e'Bi,m(8)],

FIGuxt 13.7.

dtll(z,n,K)=J
o (1 +nt2)[(1 t2)(1 _K2t2)]i

FrnuRE 13.8.

Three real parameters are involved. About five volumes of 200,000 entries each would be necessary
to tabulate this function. Higher order interpolation in three variables would be required.

Jacobian Elliptic Integrals [5]. For the generalized Riabouchinsky flow, Z() and Z(W) can
be expressed in terms of elliptic integrals of the third kind, defined by

(13.21)
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The Jacobian elliptic integrals of first, second, and third kinds are of wide generality and occur in many
other problems.5 Tabulation of Jacobian elliptic functions (an elliptic function is the inverse of an
elliptic integral of the first kind) for real and purely imaginary argument was started by the Mathematical
Tables Project of the National Bureau of Standards but is now inactive. For the elliptic functions and
elliptic integrals of the first kind three parameters are involved, hence about five volumes per function
would be necessary for complete tabulation. For the elliptic integral of the third kind four parameters
are involved. Smce it does not appear practical to construct four parameter tables, tabulation of
(13.21) for real and purely imaginary arguments would seem to be called for. Even if this were done,
three real parameters would be involved. Additional formulas would be used for complex values of z.
About eight volumes of tables would be required.

6. Interior Streamlines and Equipotentials. Isobars and isoclines may be computed readily when
the parameters of sections 3 and 4 have been found, provided the integral (13.5) can be evaluated
directly or by use of tables. On the other hand, the problem of getting interior streamlines and equipo-
tentials is in many cases much harder; yet the distinction is generally overlooked. Although W()
may always be obtained directly, and usually in closed form by (13.4), it is not usually easy to compute

(W). Since (T) may always be obtained in closed form, it is sufficient to get T(W), which may be
the solution of a complex algebraic or transcendental equation.

get
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Z PLANE

Thus let us consider the problem of the planning forms [21J (fig. 13.9).
The W-diagram (fig. 13.10) may be mapped onto the upper half-plane T by

I (13.22)dW
dT

and
(13.23)

where W=U+iV, T=R+iS.
To solve for T(W), we can separate this equation into real and imaginary parts and, eliminating S,

(e2'5 RV=(e2_1_R+arctan{ R
(13.24)

This may be solved for R by an iteration process [4, p. 171]. S may then be obtained from

S=(e21Th _R2)i. (13.25)

We estimate that it would take about three times as long to obtain streamlines and equipotentials
in this way as to obtain isobars and isoclines. In other cases the ratio oí times would be even greater,
since we might be led to solve two simultaneous real transcendental equations.

W=log T+T,

FIGURE 13.10.

W PLANE

I The following has been proved by E. '¿arantonello, Harvard University. Theorem: Let the Sow be simply connected and bounded by two isobars and
Iwo isoclmes. Further, let the angle between the isoclines be a rational multiple of ir. If there are a finite number of point sources, sinks, and vortices In the
flow, then there exists a parameter s such that W= Ei(s), Ei(s), and z= Ei(s), where Ei(s) are elliptic integrals of the first, second, or third kinds.



Another method that may be used to solve (13 .23) is to integrate the differential equation

dT T
dWT+1 (13.26)

by step-by-step numerical integration in the complex plane.
In some cases the determination of (W) may be straightforward but laborious, as in the Helmholtz-

Rayleigh flow where the evaluation of (W) consumed about 30 percent of the time required to get
Z(W).

One can get the free streamline by noting that it is also the isobar ! = 1. Then, having deter-
mined the boundary of the flow, one might get the interior streamlines by the finite difference methods,
section 11, or by use of an electrolytic tank [19].

An alternative procedure for obtaining interior streamlines and equipotentials is to compute values
of z and W for equally spaced values of (log ) and (log ), and plot these in the z-plane. These
will be nodes of a grid of isobars and isoclines. Having the values of W for points of an irregularly
spaced grid in the z-plane, we may get streamlines and equipotentials by inverse complex interpolation.
This method would seem to be laborious when more than three igmficant figures of accuracy are required.

3. The Use of Large-scale Calculating Machines

The Need of Large-Scale Computing Machines in the Simplest Cases. If the interiors of flows with
free streamlines are to be computed, large-scale computing machines seem called for even in the simplest
cases. The Mark I Automatic Sequence Calculator of the Harvard Computation Laboratory was used
[8] to compute the Kirkhoff-Rayleigh flow for a=90°, 45°, 15° (fig. 13.7). To compute 1,600 values
required ten 24-hour machine days; the machine computing, checking, and printing each value. We
estimate that it would take at least one computer a year to do the same work with a desk machine and
tables.

In those cases where Z() and/or Z(W) are expressible in terms of elementary functions, the adap-
tation to large-scale computing machines is straightforward in principle. The choice of scale factor and
mesh size can be foreseen by computing selected values by hand

The Use of Large-Scale Computing Machines to Determine Parameters. For problems in which
the determination of the parameters presents a serious difficulty, such as in sections 3 and 4, a large-scale
computing machine would be particularly useful in evaluating definite integrals needed to construct the
nomogram. The definite integrals may be evaluated by real numerical integration, modified near the
singularities of the integrand (see Appendix I). The procedure may be adapted to some of the more
flexible machines so that the integrals may be evaluated for many values of the parameters and an accu-
rate nomogram constructed.

Complex Numerical Integrati on. Although complex numerical integration can be arranged very
conveniently for machine computation, it has not previously been used for flow problems with free stream-
lines. To obtain isobara and isoclines, we may use formula (13.5),

Z()=J1 -1dT.

The integrand is often algebraic or can be expressed in terms of exponentials, logarithms, and trigono-
metric functions which the machine can compute.

Numerical integration may also be used to enable the machines to construct tables of special func-
tions of a complex variable, such as those given in section 2, A.

To perform the complex numerical integration one may use the ordinary 6 formulas for real numeri-
cal integration; or, if sufficient storage capacity is available in the machine, a five-point formula, which
utilizes the fact that the integrand is an analytic function, may be used. We have

'Scarborough [4], pages 117-146.
Y The error estimates are derived from results given in [13] and [14]; fH() is a point in the domain of convexity corresponding to the domain covered by

f"(Z), where Z covers a convex region containing the five points; f'(f) has an analogous interpretation in the error estimate for formula (13.28).

('Z+i
J

f(Z)dZ { 24f(Z) - [f(Z1, ) +f(Zf+l. i)] + 4 [f(Z1, +f(Z1. +)] }.

The error is not greater than (h7/1890)jf"(.

(13.27)
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We have also

h
Jf(Z)dZr { 192f(Z) + 77f(Z, ) 1 3f(Z,5)-8[f(Z+1,5)zj,j_1 'j

+J(Z_,,5)J+i15[f(Z_1,5)f(Z±1,1)I }. (13.28)

Here the error is not greater than (h6/36o)If()l.

The above formulas appear preferable to those formulas for real integration with corresponding error
terms since points closer to the region of integration are used.

In some problems even when the substitution method could be used, numerical integration may be
preferable. Thus in the Kirkhoff-Rayleigh flow, with a 450 (fig. 13.7) numerical integration could
be used for W with four-place accuracy, provided the mesh size is less than one-fourth the distance from
the singularity (the stagnation point). We estimate that 50 percent of the multiplications could be saved.
The values near the stagnation point could be obtained by series development.

Unified Coding. As a substitute for four parameter tables, we have prepared a unified coding
scheme for a high-speed, large-scale computing machine, to obtain isobars and isoclines for an entire
class of problems. Thus, for the class of flows bounded by free streamlines, whose hodograph is a cir-
cular sector 8 of angle irin, Z may be obtained as ari integral of the form

z=fri Tn" sinh wdw, T==cosh w, w=n log . (13.29)

Here there are 3 or less values of the real parameters /.ij.
We propose to compute the integrand and to perform numerical integration systematically for

1n10 and for many sets of j using formulas (13.27) and (13.28) over a grid in the w-plane.

4. Approximate Numerical Methods

Finite Difference Methods. As an alternative to the analytic method, finite difference methods
have been used [2, 3] to solve flow problems with free streamlines One great advantage of these methods
is that one can start with the physical dimensions, avoiding the difficulties discussed in sections 3 and 4.
Axially symmetric flows [123 and flows with curved boundaries, whose analytic solutions are not yet
known, have also been solved by finite difference methods.

For the generalized Riabouchinsky flow (sec. 4), streamlines and equipotentials were obtained in a
week by D. Allen and G. Vaisey by using finite difference methods. When the values of the parameters
thus obtained were used as a first approximation, 2 months were required to obtain the correct parameters
and to compute the free streamline and the length of the plate by the analytic methods. By the use
of an electrolytic tank,9 L. Malavard obtained a third solution of the flow problem. We give a compari-
son of the values of V,jV1 and Vc/V,: 10

V,. Vc
Vf Vf

When the values of Vc/V1 and V/VJ found by finite difference methods for the analytic solution
were used, the length of the plate and the length of the cavity were found to be about 7 percent too
low. Since those values of the parameters are only about 1 percent different from the correct values,
we conclude that the physical dimensions are very sensitive to changes in the velocity ratios.

A practical difficulty with finite difference methods for flow problems with free streamlines is that
the free streamlines must either be obtained by other methods, or found by successive guesses.1' These
require great skill and experience [3].

Analysis of Error. In addition, the relaxation methods have two apparent sources of error:
the well-known error due to the finite difference approximation to the second partial derivatives dis-
cussed further in section 13 and in [22]; and an error, which has received little attention, caused by the

This class is somewhat less general than that treated in this paper, and does not include the Riabouchinsky flow.
For a description of the electrolytic tank, see [is].

i' V=free streamline velocity; V,,=limiting velocity at large distance from the wedges; Vethe velocity at C, (see fig. 13.3). The vaines of V.g/Vi and
Vol V1 given for the finite difference methods and for the electrolytic tank were obtained by numerical differentiation, which process is estimated to be accurate
to within abouti percent. The length of the channel was taken as finite and equal to the distance between the walls. Although the values obtained analytically
apply to a channel of infinite length, the velocity ratios would change less than 0.5 percent if the length had been taken as finite.

ii Since free streamlines have in general infinite curvature near the ends of a plate, they cannot be obtained by any nonzero mesh.
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necessity of replacing an unbounded region by a bounded region, and correspondingly assuming artificial
boundary conditions.

For the finite difference solution, the velocity was assumed constant on an artificial boundary DE,
figure 13.3, eight half-diameters upstream from the plate. A variation in velocity of 3 percent on DE
was found by the analytic method.

In the finite difference solution, it was also assumed that the velocity potential is constant on the
artificial boundary DE. It can be proved analytically that a solution where both the velocity and the
velocity potential are constant on the line DE does not exist. When only the potential was assumed
to be constant on DE, analytic expressions for the mapping functions were obtained. It was found
that the effect of the artificial boundary on the physical dimensions was less than 1 percent.

Next, for the case without the artificial boundary, and with the correct parameters, the values of
Z(W) corresponding to a rectangular region R in the W-domain were calculated by numerical inte-
gration. Interior values of Z, for a square grid in R, were obtained by finite difference methods with
the aid of the Electric Computing Board of the Watertown Arsenal [10]. In this combined finite differ-
ence and analytic solution, the errors due to artificial boundary conditions and incorrect free streamlines
were eliminated.

13. Error of Finite Difference Approximation. Smee we use conformal mapping frequently, it
seemed of interest to determine the error due to the finite difference approximation of the finite difference
methods in the simple case of the mapping of the unit circle onto the unit square.

Mesh sizes of h=1/2, 1/3, 1/4, and 1/6 were used,12 and the values of R and O were compared with the
exact values found by elliptic functions. For the finest mesh (h= 1/6) the maximum error in R and O
was 3 percent (most of the values were much more nearly exact). The numerical results and computa-
tional details are given in Appendix II.

Appendix 1. Numerical Integration Near Singularities
The procedure for evaluating ç0(z)=i'f(z)dz near singular points of f(z) requires special considera-

tion, since the ordinary rules for numerical quadrature are not sufficiently accurate. The methods
that we used to treat various types of singularities are described below.

Case of Poles. If f(z) has a pole of order k at z=a, we may write f(z)= G(z) + F(z), where 13

(13.30)

Now 0(z) is integrable in closed form, and F(z)=f(z)G(z) may be computed for a suitable grid in
z near z=a. Then .1 F(z)dz may be found by numerical integration (see sec. 9). Finally, we have
.ff(z)dz=f F(z)dz+J' G(z)dz.

Case of One Singularity of Fractional Order. If f(z) has a pole of order k at z= a, we may write
f(z)=F(z)+G(z), where 13

+a(za)r}, (13.31)

and where r is chosen so that F(z) is small. Then 0(z) may be integrated in closed form, and F(z)=
f(z)G(z) may be integrated numerically as in (13.30).

If r is chosen large enough so that F(z) is very small, it is very likely that the error in the numerical
integration of F(z) will be small. However, because of the factor of fractional order, the higher deriva-
tives of F(z) will have a singularity at z=a, and hence the formal error estimates for numerical inte-
gration will be inapplicable.

Other methods may be employed which are more laborious but which avoid the above difficulty.
One method is to change variables. Thus if k=r/s (r and s integers), we may let

(13.32)

and then the integrand has a pole at o==0 of order r.
Another method is to write

f(z)=(za)g(z), (13.33)
and

If(z)dz h(z). (13.34)- 1k
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13 If there exist real constants m and M so that

O<m
r(z)g(a)

we may replace z by g(z) in (13.30) and (13.31). This may sometimes be more convenient in practice.



This may be transformed to the differential equation

dh(z)g(z)h(z) ik'
dz za " "

which may be solved by step-by-step methods, starting from the initial conditions

h(a)=g(a), h'(a)-4 g'(a).

3. Integration Near Two Singularities of Half Order Very Near Together. Let the singularities
be at z=a1 and z=a2, and let bbc any convenient point near a1 and a2, and near which J'f(z)dz is desired.

We may write f (z)=G(z)+F(z), where

G(z)=(za1)+(za2){ c0+c1(z b)+ . . . +c7(z b)},

in which r is chosen so that 0(z) is small. Since 0(z) may be integrated in closed form, J 'f (z)dz may be
found as before.

Appendix 2. Approximate Conformal Mapping of the Unit Square
Onto the Unit Circle

The radius R is determined as follows [2]. We find by finite difference methods a function 'st', such
that '=log r=log/x2+y2 on the boundary of the square (see fig. 13.11), and t,' is harmonic in the square.
Then R=r e.
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By using syinmetry, we can find the angle O, which is the harmonic conjugate function of log R, by
solving a problem of mixed type (see fig. 13.12). Smce the Watertown Arsenal machine is best adapted
to solve the first boundary value problem, we solved the equivalent problem (fig. 13.13).
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Exact
h34

Exact
13
h3

Exact

Exact

The numerical results are given below.

The conformal mapping of the unit square onto the unit circle
A comparison of the approximate values o! "R" and 9 obtained by flnite difterence methods with the exact values obtained by elliptic functions
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y=0 y=3. y54 9=1

R 8 R 8 R o R o R o R 8 R o R 8 R O

o
o jíndeter.
o jminate
o o

0 0

.15454 45.00 0.21845 0

.15486 45.00 .21865 0

23180 45.00 0.32740 0

.23290 -- 45.00 .32880 0

30920 45.00 .34535 18,36 0.43542 0

.31180 45.00 .43860 0

30952 - - 45.00 .34553 17.71 43519 0

46567 45.00 .48937 26.25 . 51720 18.00 .55332 10. 92 0.64360 0
47290 45.00 .65040 0

.46760 -- 45.00 .51910 17,37 64540 0
46583 45.00 .48951 25.83 . 55337 10. 70 . 64360 0

.52735 45,00 .64289 30. 18 .58643 17. 19 .74981 .705 0.82538 0

.63060 -- 45.00 -- .68960 16,44 .82720 0

.52725 - - 45.00 .64299 29.93 .68644 10.95 .74965 6.95 .82506 0

.71180 45.00 .72560 24.83 .80750 9.33 0.89800 0

.71370 45.00 .74050 24.48 .80860 9.09 89860 0

.80089 45.00 .80950 32.09 .83335 20.46 .86802 10.98 .90898 4.12 0.95337 0

.80079 -- 45.00 .80965 31.93 .83307 20.25 .83797 10.83 .90868 4,06 .95309 0

1.00000 43.00 1.00000 52.68 1.0000 26.84 1.00000 21.47 1.00000 12. 17 1.00000 5.46 1.00000 3.08 1.00000 1.37 1.00000 0
1,00000 45.00 1.00000 11.25 1.00000 0

1.00000 45.00 1.00000 20. 76 1.00000 5. 10 1.00000 0
1.00000 45.00 1.00000 26.46 1.00000 11.90 1.00000 2.97 1.00000 0

1.00000 45.00 1.00000 32. 53 1.00000 21.28 1.00000 12.00 1.00000 5.39 1.00000 1.35 1.00000 0

Exact

Exact

h=3

Exact

Exact

h3
h3
Exact
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14. Conformal Mapping in Aerodynamics, with Emphasis
on the Method o! Successive Conjugates

I. E. Garrick'

i. Introduction
Some remarks of Dr. Hugh Dryden, Director of Research of the National Advisory Committee for

Aeronautics, made in a portion of his recent Wilbur Wright Memorial Lecture [1] may well serve to
introduce this paper. "One of the surprising developments in aeronautics is the wide utility of potential
theory of a nonviscous fluid. A few decades ago classical hydrodynamics was considered as a purely
mathematical discipline, having little or no connection with the behavior of a real fluid. The practical
field of hydraulics was based almost completely on empirical experiments with little underlying theory.
With the advent of the airplane, and experimentation on its component parts, it was found that predic-
tions made on the basis of the mathematical potential theories of classical hydrodynamics were strik-
ingly accurate in many instances, especially as bodies of better aerodynamic form were discovered. As
a result, aeronautical engineers have developed a considerable degree of confidence in the predictions
of potential theory."

Of great significance in potential flow theory is the theory of an incompressible fluid, even for wide
subsonic flow ranges of a compressible fluid. Moreover, in the theory of the incompressible fluid that
of the two-dimensional or plane flow field plays a leading rôle. It is in relation to this phase of the theory
that the significance of complex variable theory and conformal mapping directly enters the aerodyna-
mical or fluid dynamical scene.

It is now over a century since Riemann's fundamental theorem of conformal mapping was first
established. This theorem permits us to find the flow pattern and pressure distribution about a com-
plicated profile from that of a simple or standard flow pattern. For the actual achievement of this
result for an arbitrarily given single wing profile, the older methods, associated with the various math-
ematical proofs of the theorem, are entirely too slowly convergent in relation to a life span. Such is
also the case with methods and criteria based on area distortions (associated with the names of Koebe,
Bieberbach, and Hohendorf). Especially popular in the literature has been the indirect procedure of
defining classes of airfoil shapes by chosen transformations, and also the approximate methods based on
thin airfoils. Practically all of the procedures prior to 1931 dealing with the direct problem have been
either very laborious or approximate and not readily adapted to successive improvement.

In 1931 and 1932 at the Langley Aeronautical Laboratory of the National Advisory Committee
for Aeronautics, Theodorsen and the present author introduced a method for the direct treatment of
arbitrary wing sections, that has remained outstanding in its convenience, simplicity, and generality of
application. This work represents in a real sense a contribution to mathematics arising out of aero-
dynamics. It has been often referred to by now in the scattered literature. For the sake of complete-
ness and to provide a proper background for some of the material to be discussed, some of the main fea-
tures of this work will be reviewed. These features should find applications in many other boundary-
value problems of current applied mathematics.

2. Review of Features of the Theodorsen-Garrick Method

The method as applied to wing sections (exterior potential field problem) [21* consists of two main
parts (fig. 14.1): (a) Transformation of a given wing-section profile into a near circle; (b) Transfor-
mation of the near circle into a circle.

Remarks on (a). A few appropriate remarks may first be made on the transformation to a near
circle. The achievement of a near circle from the given profile is highly desirable in the further develop-
ments, for it will effectively replace the given profile. It is actually desired to map the profile into a

I Langley Aeronautical Laboratory, National Advisory Committee for Aeronautics, Langley Field, Va.
*Fjgures in brackets indicate the literature references at the end of this paper.
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"star-shape" contour, that is, one in which a radius vector from the origin intersects the boundary
curve only once. Although we speak of a transformation of the given profile into a near circle, actually
equivalent to this clearly is any transformation of the region of the given body to a near standard region,
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z1= ze

as for example, a near half-plane or near line-region, which standard boundary can be transformed
directly to a circle. For airfoil shapes the well-known transformation z' = + a2/, leading to elliptic
cylinders and Joukowski airfoils, has proved to be convenient and simple enough for use as an initial
transformation to invert the proffle into a near circle. In conjunction with this inversion transformation
it is important to choose the origin of coordinates so that the portions of sharp turning of the proffle,
near the leading and trailing edges, have a parabolic or elliptical appearance relative to their focii. These
focii then serve to determine the proper choice of origin.

For other types of bodies, other initial transformations may be considered appropriate. For
example, even for wing profiles, the generalization of the Joukowski transformation that leads to finite
angles at the trailing edge, the Karman-Trefftz transformation (based on a skeleton profile of circular
arcs instead of a line segment) may be considered, although its inversion is much more difficult. In
this connection, the usefulness of lists or dictionaries of prepared conformal transformations is empha-
sized. Finally, it is remarked that even a resulting near circle may be improved by the choice of its
associated origin of coordinates (conformal centroid).

Remarks on (b). As noted, the near circle in the z'-plane replaces our original profile. The next
step is a decisive one, the conformal transformation of the near circle into a circle in the z-plane. For this
purpose the transformation from z' to z is expressed in the form of the integral transcendental function

z'=ze, (14.la)
or

log =f(z), (14.lb)

where f(z) is a power series in lIz,

Applying the transformation (14.1) to the correspondence of the boundaries of the circle of radius R,
z=Re', and the near circle z'=ae'°, where ae is the radius vector and Ois the polar angle, and separat-
ing real and imaginary parts, we come directly to the following Fourier series relations:

cos nc+b sin ng); cosnp+a sin nço), (14.2)



where

and R=ae#o.

The interchange of coefficients exhibited in the two infinite series is characteristic of conjugate Fourier
series. (Observe that the constant 'o is associated with the logarithm of the radius of the circle, and
is given by

2,

i is associated with the logarithm of the radius vector in the z'-plane; and ç 8 ìs the angular displacement
or angular distortion of corresponding points on the boundaries. The correspondence of fields at infinity
has been selected in this work as z= z' and (dz'/dz)= 1, thusflxing the choice of and also leading to

('2f
the fact that (çO)dço=O.)

o

The association of two functions J() and g(ç2) defined by two conjugate Fourier series may also be
expressed in an integral form:

i rzf
f(çc) cot do+J g(ç)dçc.

A reciprocal relation exists for the inversion of this important integral, attributed to Hilbert and Dini:

27J
_'

g(o) cot
2

d+J f(ç)dç,.
o

It may be observed that the relations essentially express the imaginary part of the boundary values, along
a circle, of a complex function, in terms of the real part, and vice-versa. The study of properties of a
Fourier series in terms of conjugate series has led to some very profound mathematical developments in
the theory of Fourier series. The integral relation may broadly be considered as an operation which
generates functions conjugate to given ones.

3. Method of Successive Conjugates
We may observe that the function ' is originally given as a function of O, denoted by J'(8), where 8

is the polar angle in the plane of the near circle. To denote i/i as a function of the polar angle ço of the
circle, we will employ the notation I'(). Thus

(14.4)

The basic integral relation corresponding to the series in eq (14.2) may be written, with cO designated
by the function (ço), as

['2f
'P(p) cot (14.5)

This relation is not a definite integral, but a functional equation, a nonlinear integral equation, since
actually i1i(8) is known initially and not 'T' (p).

The process of solution which we have described as the "method of successive conjugates" is as
follows: Writing, in eq (14.5), we have

[( cotE (w') 2Jo

(14.3a)

(14. 3b)

(14.6)

An initial selection of the function (ç), denoted by o, is inserted on the right-hand side. This function
may actually conveniently be chosen to be zero if nothing better is known. Evaluation of the integral
(see sec. 4) then leads to a new function Ei(r) on the left-hand side. Repetition of the process leads
ultimately to:

1 C2 '[,e,()] cot

Investigation of conditions on the given function '(0) and on the initial choice E0 necessary and sufficient
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for convergence of the process is an exceedingly interesting theoretical matter. Although such conditions
if sufficiently broad would be both gratifying and helpful, for practical evaluations they are not required,
since at every stage the process represents a solution of a proper mapping problem and is self-checking,
the deviations of n+1 and measuring the convergence. (The appropriateness of the choice of the
initial transformation to a near circle and of the origin of coordinates are also reflected in the convergence.)

Conditions sufficient for convergence of the method of successive conjugates have been examined
theoretically by S. E. Warschawski [31 in an interesting contribution to this subject. He defines a
nearly circular curve in a definite quantitative manner and establishes several sufficient conditions for
convergence and also gives various estimates of the nth approximations for (p) and de/dço. Wittich
[4] has also given certain sufficient conditions for convergence, but these are not as far reaching as the
results in [3]. Conditions necessary for convergence would seem to be of a far less restrictive nature,
but have not been developed. In a practical way, the iterative process is extremely effective and
rarely are more than a few steps required, often only one or two being enough for practical purposes.

Re marks on some work of E. Study. It seems appropriate before leaving this topic, to mention
some little known work of E. Study in 1913 [5], which bears an interesting relationship to the foregoing
developments. Study attempts the generalization of the Schwarz-Christoffel transformation for poly-.
gons to continuous convex ovals, and he obtains various results in which the difference of the angles of
the tangents at corresponding points of the oval and circle plays a role not unlike that of the e(ç') function,
which represents the difference in the polar angles of the radius vectors of corresponding points.

4. Numerical Evaluation of Conjugate Functions
In the following there is developed briefly a convenient and direct procedure for evaluation of con-

jugate functions. In essence the procedure is simply a result of direct harmonic analysis of a given
function, and subsequent synthesis of its conjugate function. It is somewhat surprising that although
classical in principle it appears to be of such recent vintage. The method has been given, at the sug-
gestion of the writer, in another development by Naiman in an NACA wartime report [6].* (For
related work done independently in England and France, see [201.)

Let there be given a single-valued continuous bounded function 'P(q), of period 2x, whose conjugate
function is sought. Let the interval - ir ir be divided into 2N equally spaced intervals of extent
2ir/(2N) = ir/N=q, and let the 2N values of the given function be written as

[(N 1)q]='_ (Ni),

(14.7)

where the 2N values correspond to integrai values of the index k from - (N-1) to N, including O
Observe that, because of periodicity, we have

Let the original function 'I' () be represented by (or approximated by) the unique finite trigono-
metric series with graph passing through the 2N chosen points:

(14.8a)

where here, as elsewhere in this section, means summing over the 2N values of s from - (N-1) to
N including O This form corresponds to the real series

()=E(a8coss+b,sins), (14.8b)

140

11(kq)=z'11k,



where
a,+ib,= A,, a,ib,= A_, 2a0= A0.

We first solve for the coefficients A, in terms of the 2N values of "rk,

'lIIk= A,e1"0.

Consider the following sum of 2N terms each term consisting of a product of "k and a unit vector 5,m/cg,

1'ke"=- A,ei(m_8)kQ= A,B,

where

B== (m-8) kq

k

By direct summing of the geometric progression or otherwise, we obtain

O for sm,
B=2N"=

2N for s=m.

Then the desired evaluation of the coefficients is

Am (14.9)

Equation (14.9) corresponds directly to harmonic analysis of the function (); and, as mentioned later,
(14.9) determines the various coefficients of the transformation eq (14.1).

The finite trigonometric series conjugate to the function () given in eq (14.8) may by definition
be expressed as

()='(a, sin Si b, cos (sgn s), (14.10)

where ' means summing over 2N 1 integral values of s from - (N-1) to N omitting O and where,
in the interval r to ir,

1 fors>0,
sgn 5=

1 fors<0.
With the aid of eq (14.9) let us find the value of () from eq (14.10) at the position ço=O; that is, let

us find the value of

' jA, sgn s = 2N ' sgn s

The coefficient of II',, in this expression is

2N ' (sgn

and examination shows its value to be

kir kir1 N-1 sin ksq = - sin2 cot

i kr
_ÑC0t 2N for k odd,

=0 for k even.

Finally, grouping terms with corresponding positive and negative indices, we have

kcot , k odd.
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From the integral relation we have, in general,

E(ç,) 2
dçi, (14.i2a)

f['+)')] cot (14.12b)

(Ø)1J {)c)1 cotdçi. (14.12e)
ir o

Comparison of eqs (14.11) and (14.12e) shows that the value of is obtained by the simple geometrical
rectangular rule of summing ordinates at odd stations times the width of the double interval between
even stations. In the harmonic analysis of periodic functions various writers have pointed out (for
example, [7]) the peculiar distinction of the trapezoidal rule, which yields a result corresponding to one
given in (14.9). Here, however, we have something even more simple, the rectangular rule. It is observed
however that, as long as we wish our evaluation of E() for the same stations where the values of 'i are
given, half of our initial information is not used for any one station, the value of at = O actually not
depending on the choice of the ordinates I' for k even. We may, however, use all our given information
by considering the given 2N points to be the odd stations of a set of 4N points (of which the ordinates at
even stations are immaterial) or, what is the same, by agreeing to find the values of the function e() at
stations half-way between the initially given stations. Since E(0) may be any desired point of the periodic
function, the result in eq (14.11) may also be expressed more generally as

and
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kir
E('J'-k) cot,

where the sum is taken for the odd values of k, and the 2N values of I' are designated

i J(o)dog(0)=- cos Ocos

(14.13)

Further remarks: It is known that the value of E(4i) at =O may depend markedly, in fact ex-
clusively, on the local behavior of the function () near = O. For example, if () or its derivative
d'1'/dçi should have a finite discontinuity at =O, (0) or, respectively, the derivative at =O, will be
infinite (such cases may arise at sharp corners). Thus e(0) may depend critically on the nature of the
curve near 'I' (0). However, the procedure for numerical evaluation just given shows that the ordinates
of the curve at I'(0) do not even enter the problem. For the class of functions composed of a fluite
number of harmonics (actually equal to 2N-i), the result is exact for any such series passing through
the chosen odd points and through an arbitrarily selected additional set of points intermediate to the
odd set. The result must be considered as a property of the very useful class of curves defined by
finite trigonometric series. Actually, for arbitrary curves, the local slope of the (ç) curve at ç=O
may be significant; and the result assumes that any fairing of the curve between odd points is such that
no harmonics higher than 2N-i are introduced by the process of f airing.

It may also be remarked that the values of the derivatives d'/d and d/d, which are required in a
study of the velocity field of a flow pattern, can also be similarly developed in terms of the chosen or-
dinates.

5. Application of Conjugate Functions in Various Integral Equations
With Singular Kernels

The process of generating a conjugate function from a given one and the associated numerical
procedures can be of great utility in other problems in applied mathematics. It perhaps may not be
considered out of place merely to indicate in this paper the scope of such applications by the example
of how certain important integrals in aerodynamics may almost automatically be handled with the
conception of conjugate functions.

Consider the equation

(14.14)



where Cauchy principle values are implied. By defining f(q) to be an even function of q, and adding
an integral expression easily identified by symmetry to be zero, we obtain

1 1 sin Osin q 1 (' qO
g(0) sin O=

j_T cos 0cos q jf(q) cot
2

dci. (14.15)

The functions g(8) sin 8 and J(0) are therefore related by conjugate Fourier series, so that

conjugate Fourier series of j(8)
sinO

(14.1 6a)

Conversely the reciprocal relation (see eq (14.3b)) may be employed to yield the solution of the integral
equation as

f(0)=conjugate Fourier series of [g(0) sin O]. (14.16b)

This procedure of relating conjugate functions may thus serve broadly as a fountain-head for re-
lating many types of functions involving symmetrical singular kernels; for there are numerous such
kernels in applied mathematical problems reducible to the cotangent by various operations; for example,

i i 8 1cos(çO)
log sin , iogxy cos4cosO 2 1cos(-I-O)

and so on. The equation

g(x)=_f

useful in aerodynamics and given a detailed treatment by Söhngen in [8], is another example for which
the above procedure is directly applicable.

6. Remarks on the Evaluation of Flow Quantities in the Flow Field

The flow pattern for a given profile is determined directly in terms of the conformal mapping func-
tions and the standard flow pattern past the circular cylinder. As has been described in [2], the boundary
surface velocities and pressures are conveniently determined in terms of 'I' (w), (), and their first deriva-
tives. In order to determine velocities and pressures in the flow field, if desired, one procedure is to
utilize directly the conformal mapping function, the various coefficients of which may be determined
from the '('p) function as mentioned following eq (14.9). Another procedure, described in [9], avoids
the explicit determination of the mapping function, and utilizes an integral relation (generalized Cauchy
formula),

2T

log f(z)=_iJ' !(ç) (14.17)

This relation leads directly to the association of a given value in the r-field with a value in the z'-field
and by an iterative process described in [9] to the reverse.

7. Application to the Flow Past Bodies of Revolution
It is intended to present in this section only the high spots of an application of conformal mapping

to three-dimensional axial flow past bodies of revolution. The method has been developed by C. Kaplan
of the Langley Aeronautical Laboratory and details are given in [10].

The equation of continuity applied for this problem leads to the following equation for the velocity
potential, replacing Laplace's equation in 2-dimensions:

òf òq'\ Of Oç,\P i+P jO,
where x is the coordinate distance along the main axis and p is a perpendicular distance in a meridian
plane. The basis of the method consists in the observation that the form of eq (14.18) is invariant
under a conformal transformation:

(14.18)
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that is,
ò/ òç\ ò( Òrp'\P )+P ,j=O,

where p= Further, it is noted that the particular conformal transformation of the given meridian
profile into a circle essentially yields the simplification that the parametric equations of the given profile
for the two variables x and p are given in terms of one variable E, where the radius vector in the plane of
the circle may be denoted as I-? ene1E. The circle itself corresponding to the meridian profile is given by
the coordinate ,=Ø. The actual evaluation of the coefficients of the conformal transformation is readily
performed by the procedures already discussed, in particular from the harmonic analysis of the 'P ()
function; see eq (14.9). The boundary conditions to be satisfied on i=O take simple forms in terms of
the velocity potential; and a process of iteration is then used to obtain the velocity potential, in which
successively one additional coefficient of the conformal transformation is introduced, the differential
equation and the boundary conditions being satisfied successively to this order. The process is repeated,
bringing in as many terms of the transformation as are deemed desirable. In each step certain universal
functions occur which need be evaluated only once for all shapes and by elementary integrations (see
[101 for details). It is to be noted that the problem of transverse flow may also be considered in the same
way, but details for this problem have not been published.

8. Treatment of Poisson's Equation in Some Plane Flow Problems of a
Compressible Fluid

Partial differential equations more general than Laplace's equation often arise in How problems.
In the theoretical treatment of the difficult flow problems of a compressible fluid, iterative methods
are often employed m which expansion is made of the velocity potential, or stream function, in terms
of the Mach number of the main stream, or in a parameter representing the thickness or camber of the
profile (see [11]). In much of this work, the Poisson equation

V2çozf(x,y)

plays a central rôle. The function on the right-hand side may be associated with density changes in
the fluid and regarded as the effect of a continuous distribution of sources in the field of flow. A pro-
cedure for treating this equation with the aid of complex variables and conformal mapping [12] is as
follows:

It is convenient to introduce the complex variables z, in place of z, y in the plane of the given
profile.

The profile is mapped onto a circle in the Z-plane by a conformal transformation, thereby
transforming f(x,y) into a function of Z and Z.

(e) The effect of a single singularity in the external flow field (source) is found, satisfying also the
boundary flow conditions.

Double integration of this effect over the field of flow for total effects of the distribution function
is next: Evaluation of this surface integration is accomplished first by the use of Stokes' theorem to yield a
single integration over the boundary circle and a control circular boundary at infinity. In this process
it is convenient to make use of various elegant results of vector analysis in the plane employing functions
of a complex variable [13].

Evaluation of the resulting line integrals is then systematically performed by means of the
device of creating analytic functions by replacing Z by R2/Z. Consequently the line integrals are evalu-
ated by Cauchy's residue theorem.

In brief, as stated in [11], "The device of introducing z and as independent variables, then utilizing
the conformal mapping of the plane of the obstacle into the plane of a circle, and finally replacing the
double integrals by line integrals thus enables one to evaluate the first effects of compressibility on the
flow past an arbitrary shape. The point of interest to an applied mathematician is that here is a method
whereby a Poissons' equation involving rather complicated boundary conditions can be solved with
the aid of analytic functions of a single complex variable. The subject is certainly worthy of further
investigation."

9. Conformal Mapping of Biplane Wing Sections
A generalization of the methods described for single airfoils (simply connected regions) to biplanes

or slotted airfoils (doubly connected regions) has been developed in [14]. The essential features of
this work are parallel to the monoplane case and consist of three parts:
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an initial transformation of a biplane arrangement of two arbitrary line segments onto two
circles or onto an annular region; proper inversion of this transformation may yield for a given biplane
arrangement a "near" annulus;

the transformation of the nearly annular region to an exact annular region; and
the utilization of the flow pattern of two circular cylinders, in particular as developed by Lagally.

The problem draws on the theory of elliptic functions in a natural way and represents, we believe,
one of the most informative and appropriate applications of these ubiquitous functions. In particular
we may mention only that the integral relationship central to the discussed method of successive con-
jugates is here replaced by two simultaneous relations representing the interrelation of four boundary
functions for the two boundaries. A great deal of numerical effort is yet required to bring out properly
the scope of systematic investigations in this work.

10. Lattices or Cascades of Airfoils

The problem of determining the flow past infinite rows of airfoils symmetrically arranged is of
considerable interest and utility. It is noted that many approximate methods exist, in particular a
convenient semi-graphical one being given in [15]. Treatments of lattices of arbitrary airfoils have been
given by Howell [161 and by Garrick [9]. In the latter reference, the essential features of the method
are parallel to those of the single airfoil case. In fact, the flow field of the lattice of airfoils can be trans-
formed to the plane of a single circle, in which two (branch) points are distinguished, the neighborhoods
of which represent the flow regions far ahead and far behind the airfoil lattice. The initial transfor-
mation of a lattice of lines is inverted to yield a "near" circle, and the near circle transformed to a circle
by the methods described. It is to be noticed that improvements in the initial transforiiiation are desir-
able and should be sought, particularly to take care of highly cambered airfoils more conveniently, in
order to reduce the amount of subsequent calculations. In this connection and in. order to gain useful
insight into the method and results good use can be made of the inverse method of defining and creating
airfoil lattice arrangements by choosing various appropriate functions 'I' (ip) instead of working with
1' (0). This procedure would in a sense yield a glossary or dictionary of prepared mapping arrange-

ments which would facilitate further systematic developments.

1 1 . Creation of Wing-Section Profiles of Desired Properties

A growing literature is developing on a so-called inverse problem, the finding of profiles to go with
prescribéd pressure distributions. In the opinion of the writer several difficulties arise or exist in de-
fining this problem to satisfy both the mathematician and the aerodynaniicist. For one thing, attempts
have not been successful in making precise statements of the problem in regard to uniqueness, closure,
proper trailing edge, leading edge contours, avoidance of grotesque nonstreamline figures most likely
to be subject to separated flow, or of no physical significance as figures eight (or worse). For another,
the prescription of pressure distributions with respect to a reference chord leads to nonuniqueness;
and prescription with regard to normals to the boundary surface leads to indefiniteness, since the phy-
sical boundaries are being sought. Another difficulty is the fact that our insight and knowledge of
flow behavior are not developed to the point that an exactly defined desirable pressure distribution can
be specified. We are perfectly content to obtain desired types of pressure distributions. Thus the
problem retains elements of compromise and qualitative features.

Perhaps the safest and surest procedure would be to proceed from a given profile and a given pressure
distribution to a qualitatively modified neighboring pressure distribution and a correspondingly modified
profile (see for example [171). In this regard J' () and e (ç) curves may serve an extremely significant
rôle. This fact was pointed out long ago in [2]. As an example, the wing section created by the ele-
mentary choice 'I' (ç) = 0.1 + 0.1 cos (ç - 45°) resembles remarkably the once commonly employed Clark
Y airfoil section (see also [18]).

Studies of viscous effects and boundary layers have centered attention on effects of favorable and
adverse pressure gradients, and the necessity of maintaining a wide extent of favorable gradients (that
is, pressure decrease downstream from the front stagnation point), in order to maintain laminar flow
and low skin. friction, has been pointed out. If it is assumed that wide ranges of laminar flow can be
achieved without subsequent flow separation (and high proffie form drag) such laminar or low-drag
airfoils (for example, see [19]) can readily be manufactured by working with the e (ç) functions. In
particular, it may be noted that the derivative de /dç generally has first order effects on the magmtude
of the velocity and pressure. In England, Griffith and Goldstein [20] have utilized conformal mapping
ideas to study various "roof top" pressure distributions and to design and develop airfoils for the placing
of single suction slots to maintain favorable flow gradients and to avoid flow separation.
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12. Velocity Correction Formulas
The conception of " velocity correction formulas" has arisen in attempts to associate the velocities

and pressures in the flow field about a body in a compressible fluid with those about the same body in
the incompressible fluid. The search for such simple concepts has of course been greatly prompted by
the difficult mathematical nature of the flow equations of a compressible fluid and by the fact that no
exact relevant solutions are known for closed bodies. The procedures leading to velocity correction
factors are best developed by use of the hodograph variables. In [21] a discussion is given with special
reference to correction formulas of Prandtl-Glauert, von Kármán-Tsien, Temple-Yarwood, and Garrick-
Kaplan.

Since these correction factors attempt to relate the solutions for the compressible and incompressible
fluids, the conformal mapping methods, associated with the latter, are pointed up. Comparison of
results obtained by these simple and cheap methods, with those obtained by long and tedious iteratior
methods, leads to the conclusion that the factors can be remarkably good for subcritical subsonic flows.
Such a comparison is given in [11, p. 41] where it is stated: "The agreement between the two methods
over such a wide range of thickness coefficients and stream Mach numbers is remarkable. Indeed
the development of velocity correction formulas and their use in the prediction of compressibility effects
should be considered as an outstanding achievement of theoretical aerodynamics. For, consider that
the problem of compressible flow involves a nonlinear differential equation for which very little mathe-
matical treatment is available, nevertheless with the aid of a few simple ideas and very little labor the
essential results can be obtained by means of velocity correction formulas." Though no completely
logical justification can be offered for such overall corrections, they would seem to have at least as
much merit as "sampling processes" that have been mentioned for some partial differential equations.
The topic is an intriguing one and deserves to be made more precise . It has been brought up here
mainly because it calls attention to additional usefulness of conformal mapping.

i 3. Concluding Remarks
It has been the aim of this paper to sketch general conformal mapping methods of applied mathe-

maties which have arisen and have been developed because of incentives of aerodynamical investiga-
tions. It need hardly be stated that the flow problems and methods bear a close relationship to the
classical boundary-value problems of Dirichiet and Neumann and to the determination of Green's
functions. Avoiding burdensome details as far as feasible we have indicated how the methods may be
adapted to routine numerical procedures and have pointed to some fields of endeavor to be filled out by
numerical applications. Numerous broad aerodynamical applications have been completely omitted.
A few among these concern such problems as various flow interference effects including body-wing inter-
actions, and boundary jet corrections for wind tunnels, phases of nonstationary flows, boundary layers,
downwash and loading distributions, "conical" flows at supersonic speeds, and bodies in curved flows.

The importance of having available exact results for potential flowis not to be underemphasized.
These results serve as a standard to which to refer results of all approximate methods of a nonviscous
fluid, and further, as the ideal to which to refer results, both experimental and calculated, that take into
account viscous effects of a real fluid. Finally, another objective of this paper has been to emphasize
that conformal mapping is not circumscribed in its utility to classical two-dimensional incompressible
flow problems, for its applications may deal also with flows in space and with the flow of a compressible
fluid.
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15. On the Convergence o! Theodorsen's and Garrick's
Method o! Conformal Mapping1

A. M. Ostrowski*

Introduction

We consider a simple, closed, rectifiable curve C in the w-plane, w= pe°, containing the origin in
its interior. The equation of G in polar coordinates may be

(15.1)

O being the vectorial angle, where P(0) =lg p is uniform, continuous and periodic with period 2ir. Let

w=J(2), f(0)=0, f'(0)>O, z=re"' (15.2)

give the conformal mapping of the interior of G upon the interior of E, the unit circle. If P' (0) exists
and is bounded, we obtain for C the parametric representation

O=O(ç)=argf(e), (15.3)

In order to obtain a functional relation implying the unknown function O(ço) we consider the branch
of the function 1g (J(z)/z), which is real for z=O. This branch is in E5 regular and uniform and remains
continuous on the boundary.2 Since for z=e' we have

1g_P(o(ç)), 31g=O(c)ç+2mir

for an unknown integer m, we see that the function O().p is the conjugate function to P(O(o)), that
is to say that the Fourier series of O() is an allied series to that of P(O()).

The function O() - ç is a periodic function with a period 2ir and represents the boundary values
of the harmonic function 1g (f(z)/z); since according to our assumptions this harmonic function vanishes
at the origin, we have, by Gauss' mean value theorem,

r2a
I (O(ç)ç)dç0. (15.4)

Jo

We can therefore represent O(ç) - çz' in terms of P(O(ço)) by the well-known integral

{P(O(+t))P(8(t))] cot dt. (15.5)

Equation (15.5) is a nonlinear integral equation for O(ç) and the starting point of Theodorsen's
and Garrick's method for the determination of O() [8, p. lilt and [9, p. 8 and 9]. As soon as O(ç) is
determined the functìonsf(z)/z andf(z) are obtained for instance from Poisson's integral and the problem
of conformal mapping can be considered as solved.

In the last 40 years very much subtle and ingenious work has been spent on the right-hand integral
in (15.5). It was thus all the more a surprise to the pure mathematicians that the frontal attack launched
on the integral equation (15.5) by Theodorsen and Garrick in order to obtain numerical results, met

i The preparation of this paper was sponsored (in pait) by the Office of Naval Research.
*Natjonal Bureau of Standards, Los Angeles, Calif., and University of Basic, Baslo, Switzerland.
2 Compare reference 12].
fFigures in brackets indicate the literature references at the end of this paper.
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with full success. In many contours used in aerodynamics the first two steps alone of the method of
successive approximations elaborated by Theodorsen and Garrick give an approximation sufficient for
all practical purposes.

Theodorsen and Garrick start from an initial value 8(p) and derive a sequence of functions O(cc)
by the recurrence formula

i r t
O+i(cc)cc=-I [P(O,(çc+t))P(O(çct))1 cotçdt, v0,i,2, . (15.6)

7r.Jo

In all the examples treated by them this sequence Op(cc) converges rapidly to the function O(cc) in question.
Both papers quoted do not contain any proof of the convergence or estimate of the accuracy of

the approximations. In 1945, in a very remarkable paper [10], S. E. Warschawski supplied this proof
and derived sharp estimates for the approximations. However, Warschawski assumed throughout his
discussion that Oo(cc) = , while Garrick and Theodorsen reserve explicitly the possibility of choosing
O(') in an appropriate way, different from çc.

Warschawski makes the assumption that for a certain E, 0<E< 1,

IP'(0)I6, (OO27r) (15.7)
and proves then

oo= o(i).
Under the further assumption that for the same value of

IP"(0)I
Warschawski proves even

OO=O(ve);
further, under the additional assumption

P"(0)I e

he proves that O(cc) converge uniformly to O'(cc) and that even

9 O'= O(v1&').

In his discussion Warschawski obtains not only the general estimates (15.8), (15.10), and (15.12)
but also the corresponding inequalities with explicitly worked out numerical coefficients.3

The leading idea of Warschawski's method was the use of Parseval's formula and the inequalities
between the mean values of the squares of conjugate functions derived from it, and the same type of
argument is used in the present paper.

Warschawski estimates in the first line the mean values of (Or 9)2, (Og)2 and (8 O)2; from these
estimates appropriate limits for O 8, I O °'I are easily derived.

The choice Oo(cc) cc adopted throughout by Warschawski is even from the theoretical point of
view an unnecessarily restricted one. Although Theodorsen and Garrick usually start with this initial
value they point out themselves in a certain example that this choice is a "relatively poor one". They
say explicitly, "Indeed, the closer the choice of the function (0) is to the final solution i(0), the more
rapid is the convergence".4 We show in this paper that the results of Warschawski can be proved and
improved also under the hypothesis of a more or less arbitrary initial function Oo(cc). We prove that
(15.10) remains valid if the inequality (15.9) is replaced by the assumption that P"(0)j is uniformly
bounded and that already under this assumption the sequence O' converges to 8'; we obtain
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(15.8)

(15.12)

(15.13)

The estimate (15.12) can be derived under the hypothesis that both P"(°)I and! P"(0)I are uniformly
boundedit is not necessary that they are "small". As a matter of fact we prove the more general
theorem in which under the hypothesis (15.7) ançl the assumption that the first m derivatives of P(0)
are uniformly bounded, the uniform convergence of the first m-1 derivatives of O to the corresponding
derivatives of O is shown.

However all these results, although important from the theoretical point of view, cannot be imme-
diately applied to the problems of practical computation, In practice we do not work with 0 as they
are derived successively from formula (15.6) but with modified functions which are obtained from the

Further he investigates what range of values of e would ensure that the contours corresponding to the approximating functions 6.(E) would be star-shaped.
I9, p. 13]. The last remark must not however be taken too literally.



integral in (15.6) by approximate integration and undergo under circumstances certain smoothing
processes.

For that reason it is practically more important to obtain a good estimate of error of the initial
function O and to derive an estimate for the corresponding function O, estimates which may then be
used at each step of the computation. Such estimates are given in theorem 1, formula (15.54), and in
theorem 2, formula (15.60).

In our discussion we concern ourselves with a generalization of equation (15.5) in which p is
replaced by a more or less arbitrary function 'y('p):

û('p)y('p)= -i- f {P(0(p+t))P(0('pt))] cot dt. (15.14)

In this case we cannot any longer assume the existence of a solution of (15.14) which followed in the
case of equation (15.5) from the general theory of conformal mapping. However, it is possible to prove
the existence (and the uniqueness) of this solution under hypothesis (15.7) and the existence of its
derivatives up to the (m - 1)st order, if P(0) has bounded first m derivatives.

We deal from the beginning with (15.14), although in the case of (15.8) where the existence and
the properties of a solution 0(p) can be taken as granted, the discussion can be a little simplified. The
results are contained in the theorems 1-3, which are proved in sections 4 to 6 of the paper after some
lemmata are developed in sections 1 to 3. In section 1 we give a table of notations which are employed
throughout the paper without being each time introduced anew.

In this paper we deal only with the theoretical aspect of the method. In the following paper5 we
develop a practical procedure for this method.

1. Notations. Lemmata 1-3

In what follows we use throughout the following notations:

Tfr---- 1 (f('p+t)f('pt)) cot-dt, (15.15)

j I'2r

#f=-J f(t)dt, (15.16)
2ir o

P=P()P11°(0(ço)) P=P» (k0,1, . .; s'O,l, . . .), (15.17)

D=(01-0)2 D,=D,10 (k=0, 1, . .; v-0,1, . . .), (15.18)

(15.19)

- 1I% ' 2- o, (15.20)

/ /2r='.%'i"2, r'Jy , (15.21)

(15.22)
e

qfl2 (15.23)

Lemma 1. We have if P'(0), . . . P°°(0) and 0', ,0(m) are continuous:

5 Seo paper 16 in this volume.
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where
Bj(0)=0, B2(0)=P"(8)8'2, (15.25)

Brn(0)mP"(0)8'0m' +Am(0) (m 3), (15.26)

mP(0('p))'(00m + Bm(0), (15.24)



in

Am(0) P(0)Cm,p(O' (m 3), (15.27), . . , li

and C, are polynomials in O' 0(m-2) with integral numerical coefficients. In particular we have, ..
C =0" (15.28)m,m

The proof by induction is immediate.

Lemma 2. (Minkowski's inequality). If f1 (p), f2(c'), . . . , f() are integrable in the square in
<-Ir, ir> we have

it follows that
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+fk)2%'f+ ... +/á'f. (15.29)

This follows at once from the integral form of the so-called general Minkowski's inequality [4, p. 31,
146].

inequality) If is real and[10, p. 18]. f(.p) a absolutely continuous

(2r
Proof: Under the hypothesis I f()dç=0 there exists a value ' with f(')=0, and (15.31) follows

Jo
from (15.30). To prove (15.30), we can assume without loss of generality that 4'<<ç+2ir. From
the identity

il'f(')2f()2=2 f f(t)f'(t)dt= 2 f f(t)f'(t)dt

If(c')°f(')2I 2f'Iff'Idt

f()2f()2I<2f ff'Idt,

1 ' 2,r

f()2f(')2I {2f Iff'I dt+2f ff' dt} =f Iff'l dt=f IfIIf'Idt,

and (15.30) follows from the Cauchy-Schwarz ine4uality.

2. Properties of Conjugate Functions. Lemmata 4-5

If U(ç) is a periodic function with period 2ir and U1() integrable, then the "development"

cos v+b sin p) (15.32)

can be written down although this formula is to be understood in the well-known symbolic sense. Th
this case there exists also a function V() periodic with a period 2ir and with integrable V2(), such that
the s3mbolic development of V(,) is

cos v+a sin vç) (15.33)
v i

Lemma 3. (Warschawslci's
odic function with period 2 ir and if [f'(ç)]2 is integrable, then we have for any and

peri-

I r2' r2,r

Jo o
lf()2f(')2I I

f(t)2dt f'(t)2dt. (15.30)

1'2,r
If in particular I f()di= 0, then we have

.Jo

If() f(t)2dt f
2

f'(t)2dt. (15.31)



V(o) is defined uniquely except on a zero set. Any of the functions V() +const. is then called
the conjugate or allied function to U(ç). Among all these conjugate functions the functions
corresponding to the development (15.33) are characterized by the equation

4'V=O. (15.34)

A periodic function with period 271 satisfying (15.34) will be called normed. It follows from Parseval's
formula that if V() is conjugate to U(ç) we have

Ê(a+b.

If Vis a, normed conjugate to U, we have in particular froni (15.34) and (15.35):

(15.36)

If among the functions conjugate to U() there exists one V1 () which is piecewise continuous, then only
the functions V1 (ç' +const. are to be called conjugate to U() and may only be subject to modifica-
tion in the points of discontinuity. Ii, this sense the following theorem is true:

Lemma 4. If U(p)is periodic with period 27r and absolutely continuous and U'2() is integrable, then
the normed conjugate function V() is absolutely continuous, V'2(ç) is integrable and V'(çc) is a normed
conjugate function to U' ()

In applying this result repeatedly it is generalized in the following way:
Lemma 5. If U() is periodic with period 2ir and if for a positive integer k, U, U', . . ., U'>

are absolutely continuous while U 2() is integrable, then for the normed conjugate function V(vp), the
functions V, V', . . ., V1> are absolutely continuous, V2() i.s integrable and V() is a normed
conjugate function to (r).

If U() is periodic with period 2ir and U2() is integrable, then we obtain a normed conjugate
function, V() to U(ç), from the integral formula

V(ç)=TU(), (15.37)

where the integral on the right (15.15) converges for almost all values of . In particular this integral
converges certainly for all values of w for which U() has a finite derivative or more generally satisfies
a Lipschitz condition of positive order.

3. Lemmata on Certain Recurrent Formulae. Lemmata 6-8

Lemma 6. Let , a and b be three constants with O<<1, aO, bO, and X(v=O, 1, 2, . .) be
an infinite sequence of nonnegative numbers satisfying the inequalities

X1 X+a+biJX. (15.38)

Then 'i:f

is the one positive root of the equation

we have for all X:
X,, max (X0,X).

Proof: If we have for one p: X,,<X, it follows from (15.38)

X,,+i<eX+a+b',/5X.
For proof, see [7, p. 223).

_+/+a(1_)][ 1b

- 1e

2

(15.35)

(15.39)

X=eX+a+b/5 (15.40)

(15.41)
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If on the other hand X,>X, we have by (15.38)

therefore X,,+1<X, and we have in any case

X,+1<max (X,,X).
(15.41) follows now by induction.

Lemma 7. Let X, (v= 0,1,. . .), be a sequence of nonnegative numbers satisfying the recurrence formula

Xn+iXn+Con+Cin+C2( kXn) (15.42)

where C, C, 02, k, , r, are positive constants with r=l, p a positive constant2r+1 and a
positive constant< 1.

Then we have for a positive constant a:

Xan1 (n=1,2, . . .). (15.43)
Proof. Put

03=02 ( (15.44)

and take an integer n0 with

Then we will prove (15.43) with
cxmax(Xi, . . . , xn0,2C1, c). (15.46)

We prove this by induction, assuming that (15.43) is true for 1, . . . , n and showing that then
(15.43) is also true for n+1. By (15.46) it is sufficient to assume nn0. Then we have to show that

X, +ConJX +C1n+C2/ ( v''x;) r<
a(n+ 1)'

and by our assumptions it is sufficient to show that

this will follow certainly from

a (p+in +nh)+CinP+aC2 (
V+P+fl) r 1)1,

that is by (15.44), from
p+i

a [(n+
But we have

(n+1)'n1n 2 >(p+1)nn 2
/ io+i-p\

2 )>pnP

and we have therefore oniy to show that

a(pn"C3../) Cin',
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C0an 2 ++ aThP+l+C nP+C ( vkP+n)<a(n+1)P+1;
p i

apCa

(15.45)

(15.47)



But from (15.45) and (15.46)we have

p 1G i pn _;,
and by adding we obtain (15.47). Lemma 7 is proved.

Lemma 8. Let X, (y =0, 1, . . . ) be a sequence of nonnegative numbers satisfying the recurrence
formula

i+inXn+C2( vteX)T+CS (n=O,1,...), (15.48)

where , C, 02, 03, k, , r are positive constants and r= 1, t<1. Then the sequence X, is bounded.
Proof. On applying lemma 7 to the sequence X with 1, p=3, we see that X,,=O(v4). But

then X is bounded as n and the same is true for ( v X satisfies therefore an inequality

of the form
X1< X+a

and our assertion follows from lemma 6.

4. Theorem 1. Convergence of O(ç,)

Theorem 1. Let P(0) be periodic with period 2ir and have a uniformly bounded derivative P'(0),

IP'(0) , <1, (15.49)

where the constant is positive and <1. Let Oo(ç,) and 'y(ç,) be two functions of ç, absolutely continuous,
while O (ç,) and 'y' (ç,) are integrable in the square in any finite interval. Let further 00(ç,) - ç, and 'y (ç,) - ç,
be periodic with period 27r.

Define, starting with 00(ç,), the sequence of functions O,, (ç,) (n= 0, 1, . . .) by the recurrence formula

O,,+i(ç,)'y(ç,)+TP(On) (n0,1, . . .). (15.50)

a. Then the integral equation
O(ç,)TP(0)ry(ç,) (15.50a)

has one and only one continuous solution O(ç,) for which 0(ço) - ç, is periodic with period 21r and which satisfies
(15.50a) almost everywhere.

ß. All O(ç,) are absolutely continuous, 8 (ç,) are integrable in the square and each difference O(ç,) - ç, is
periodic with period 2ir.

y. The sequence O(ç, converges uniformly to O(ç,1 and we have in the notations of section 1 for y =0, 1, .

(15.51)

(15.52)

Ovj_O,l2{lrE(Le+iT )} (15.53)

2{E(+1T)}
E

(15.54)

'This condition is a very sharp one; in 1947 H. Wittich [131 gave without knowing Warschawski's paper as a sufficient condition <1/12.

949581-52------11

2{E(M+lT)}
IOOI

2

(15.55)
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(15.56)

Proof: The part fi of the theorem follows at once from the lemma 5.
We have by (15.50) for n=1, 2,

- On (ç,) =T[P(0) P(0,... )]
and therefore by (15.36)

= V.,W(o+1 9)2 41 df (P(On) P(6..1))2 e ./.4'(o - oi)2=

and therefore by induction in virtue of (15.19)

D,, D0e"=Ee",
that is (15.51).

Again it follows from (15.50) by lemma 5

O 'y'= TP'(0)0
and therefore by (15.36)

+1_..,I)2 <df[P'(0)O']2<e2.,F0'2
Thence by (15.29)

Vdf0 I%/2+ %'(O +_,)2 fdf7!2+/dfo2
and by (15.20) and (15.21) in iterating this repeatedly

+e)r,
and (15.56) is proved.

It follows now by (15.29)

and (15.52) is proven. But then, by lemma 3

2

that is (15.53). It follows that the series O+E (O,O) is convergent uniformly in any finite
v0

interval, that is, that the sequence 0(ç,) tends uniformly to a limit O(ço).

We have then

nO Ê(o+1o), 0,,Oj 2iJxE(i.+1i e)n
2.t,JlrE(4u+1T)

e,iÇ
and (15.54), (15.55) are proved.

O is measurable, P(o) measurable and bounded and T(P(0)) exists almost everywhere. Then
by (15.50), (15.49), and (15.36) for n-:

/df[TP(0) + y - .JJ1[TP(o) - TP(O,,))] 2+ sJdf (0,, - O2< e/df(O O,,)2_} Jdi(o +1 -

and (15.50a) follows.
To prove finally the uniqueness of O(ç,), assume that there are two solutions O(ç,) and O*(ç,) 01(1 5.50a).

Then we have
0_O = T(P(0) _p(*)), %/(O O*)2.< .A(P(0) _p(*))2

and therefore by (15.49) 1f(0 O*)2 e2df(0_O*)2. It follows, since OO is continuous,

,g(o_o*)2,,,,,o, oe=0.



5. Theorem 2. Convergence of O(co) and O)

Theorem 2. A. Suppose that beyond the hypotheses of theorem i P"(0) exists and is bounded:

J72([P'(0)O' P'(O,,_1)O,'...1]2.

The bracketed expression is equal to

P'(On)(OO_i)+(P'(On)P'(O,,_i))O,'_i

and its modulus is by (15.49) and (15.57) is less than or equal to

O O _1I+fl2 l0,,-0,,_I o_I

therefore by (15.29)

with c= 'irE T+L fl2. it follows'V 2(1) 2

gn<gn_i+cgo+nc (n>0).

(15.67)
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D'=O(1) (15.61)

D =O(n) (15.62)

O,, . O,, =O ( /: n) (15.63)

(15.64)

+ 1 O = o( /; (15.65)

o_.-o'=O(.i). (15.66)

Proof. Under the hypotheses of A we have

O+jOT(P'(On)O,P'(On_i) O_),

and therefore all O (co)areabsolutely continuous, while O (co) are integrable with their squares. Further

IP"(0)n2, fl2<. (15.57)
Then we have

DE'2n2' (n>0), (15.58)

(n>0), (15.59)

O,-8 í27rEE'(1)2 (n>0). (15.60)

B. Suppose that beyond the hypotheses of A, O(ço) and y' (co) are absolutely continuous, while O(ço) and
y" (co) exist and are integrable in the square in any finite interval. Then O' (co) exists and is continuous, the
functions O (co) are absolutely continuous, converge uniformly in any finite interval to O'(ço) and we have

D D_1+n2'q(OO,,_1)2O_1 (n>0).

Put now fti=ge; then by lemma 3 and by (15.51)

On_On_i I -/2irE g,,_1'
and (15.67) becomes by (15.56)

g g_1+2cg,,_1



1.58

We have therefore

(v+02 n)2? D,', <E'2n2? (n>0),

that is (15.58). From lemma 3 we have now

I 0,,-0,, -./2irDD,', E'-.J2irE n? (n>0),

that is (15.59). Finally we have

i 0n0 0v+i_0,IE'iJ2irE y? (n>0),

and (15.60) follows at once. The part A of the theorem 2 is proved.

Under the hypotheses of part B we have
?I rfp D' n/Un+2n+1 V,,+1Vn+1LnVnT n+ln+lmntmn

and by (15.36)

D' 4[P, + 0' P' 0,+Pl+ P"e'2]2.+1 n n+1 n

The bracketed expression is equal to
f ,P')+(P" P"02+P+i0n+i'0nì,n n+1 n n+1 nl

and its modulus is in virtue of (15.57)

fl2{(0+10)2+2I0l O 10I+l0n+10nl l0'l }+ l0'+ i 'l+I'+ i_fI2.
By (15.29) it now follows that

D'jeD'+2S+T,

where

(15.68)

(15.69)

(15.70)

(15.71)

(15.72)

8 %(8 i_ 0,)42 jj[(0,', + 00] + V-á'[(0n+i 0)202},

T= ...,LÀ'[(P' 1P')204].

Here we have

lP'+ 1P'l 2i.
Put now for v=0, 1..

U,= /dí0, V= f%.'o"2

Then we have from (15.70)
T22U.

For the different terms of S we obtain by lemma 3 and (15.56) and (15.58)

10' 0' < -/2irD' D", v''(0' 1-8')4O(n2?D"),

+i - 00 = O( /D D')= O(n/D'), [(o i 8n)O'1 2 D Vn = O(V)

and therefore by (15.68), (15.69), and (15.72)

- D' = O(n2? D') + O(n /D')+ O(U) ± O(V). (15.73)



o:,I IoI+:J2lrDD'

Introduce this and (15.74) into (15.73). We obtain

D1 D: = On2&'D)+ O(nJJJY) + o( vD)2+ 0(1).

Put now -fD=x,. Then we have

Xi EX +CiflJXn +c2( VE+X)2+C

for suitable constants c1, e2, e,. From lemma 8 we have now

x=0(1), D=0(1),
that is (15.61).

By lemma 3 and (15.58) it follows further

= o(ni).

Therefore (O O) converges uniformly and O () is uniformly convergent to a continuous function,

which must be O'('). We see further that O must be uniformly bounded.

(15.74)

(15.75)

(15.76)
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To express U, and V we start from

From this and by lemma 3 we have

and by (15.71) and (15.58)

U=O(1)+O (
/n-1

\ =O
Put 110W

TT,n = Uni+ E Un_2+ + E' u0= U,, (n= 1, 2, .

Then we have by (15.74) for n1:

W=O(l)+O[(ve/D)2}

From '+1"=T(PO+PO)we have by (15.29), and (15.36)

-7)2 A(PO+PO)2 { -.JJf'PO2+
%/J724]2

[ V,, + , 2U}2,

'(_)2< V,+2U,,
by (15.71). Thence, since by (15.71) and (15.21)

V,+1= /'O= O+1_),+)12< /f(ßM y")2+ r',
we obtain

V+1 r'+
V,,1?'V0+n2(U+eU,,_i+ . . . +EUo)+r'(1+e+ . +e')

V1T+V0+n2W,
and we have finally nfl-i

V=O(1)+OI (>2v/D)
L =0
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We return now to (15.67) and use that j0 is uniformly bounded. Then it follows from (15.51)

max D_1_<c&.
In iterating this we obtain

D2D2+2c, D3D_3+3c, . . .,

that is (15.62), and therefore by lemma 3

On_0 =O(-Jiie'),

o+1o=o(i), oo'=o(i)
and the theorem 2 is proved.

6. Theorem 3. Convergence of o (

Theorem 3. Let for an integer m i the function P(0) be periodic with period 2ir and suppose that
P has bounded derivatives up to the order m:

P(0)(, (0<02ir,Jc1,2, . . ., m), (15.77)
where fl1E<l.

Let 00(ç) and -y(ç) be two functions of ç, absolutely continuous with their first m-1 derivatives, while
0o (ç) and y" (ç) are integrable with their squares in any finite interval. We suppose further that 00(ç) - ç
and 'y(ç)ç are périodic with period sir.

The integral equation (15.51) has then a unique solution 0(ç) which is absolutely continuous with its
m-1 derivatives.

If we define by means of the recurrence formula

0,i(ç)y(ç) =TP(0(ç))

the sequence of functions 0,(ç) (= 1, 2, . . .), this sequence has the following properties:
a. For each p, 0,(ç) is periodic with period 2ir; 0(ç), 0(ç), . . . 0v1>(ç) are absolutely continuous
while 0((ç) is integrable with its square.
ß. Wehaveforncz

D,=O(n'") (/L=0,1,. .

Dim) = 0(1),n

O' O=O(n+tt) . . . ,m-2),n+l n

/ ,,,-i
0,(.m-..i) O

(=0, . . .

o(n1)

(15.78)

(15.79)

(15.80)

(15.81)

(15.82)

(15.83)

Proof. We prove first the properties of the 0(ç) under a. They are trite by hypothesis for v=0;
suppose that they are true for a certain value of i', then for this value O+i(ç)y(ç) is conjugate to P(ç).
By lemma 1, P, (ç) (k= 0, 1,. . ., m-1) areabsolutely continuous while P, (m(ç) is integrable in the square.
By lemma 5 the sanie is true for û, (p). On the other hand P,(ç) is under our assumption periodic
with the period 2w. Therefore a is true for '+ i and therefore for all '.

Further, the inequalities (15.80) and (15.81) follow at once from (15.78) and (15.79) by lemma 3
and the inequalities (15.82), (15.83) from (15.80), (15.81). Thus we have only to prove the formulae
(15.78) and (15.79).

Since the assertions of our theorem are already proven for m 1, 2 by theorem 1 and theorem 2,
we can assume m 3 and proceed by induction. We assume that our theorem is already proved for
all smaller values of m and that therefore we have

D»rO(n'") (X=0, 1, . . . ,m-2) (15.84)



O,I=O(1) (X=O, 1, . . . ,m-2; n=0, 1, . . . ),

that is are bounded from above by a constant independent of n and X.
Since °n+2°n+1 is conjugate to P1P,,, we have by lemma 5 for k=m-1 or m

o,2o,1=T jk (P(o1)P(0)).

It follows then that each of the m-1 sequences

(X=0, 1, . . . ,m-2)

converges uniformly to a limit which is respectively (p), that therefore
derivatives, and further that all expressions

(15.90)
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= 0(1),

O1O,=0(n'xe)
f m-2

2 z)

(X=0, . . . ,m-3)

(15.85)

(15.86)

(15.87)

O»O=0(n.") (X=0, . . . ,m-3) (15.88)

/ m-2 n
2 (15.89)

Therefore by (15.36)

Dk4? .%' [k P(On+l)k P(On)]

and by lemma 1 and (15.29)

D,1 -..,/.Jl[P 1o1P O]2+ A[Bk(Ofll)B(Ofl)12=T +T, (15.91)

where designate respectively the first and second square root to the right.
We discuss first Ti>. By lemma i we have T' =0,

T2 = /'á'[P flO2+l_PO2J2 (15.92)

and for k 3 by (15.26) in the notation of lemma 1

T k %'[P1O P O o,_1)J2+ .-#[Ak(Ofl+l)Ak(On)I2 (k 3). (15.93)

We have obviously for k=2, m=3 by (15.77) and (15.90)

P +1oPZ o2=P'1(o21O2) -+-(P 1P)8= 0(1 O O ) +0(1 O, Od),

IJí(P" 1O1P O2)2 = 0(D) + 0(D),

T2)=O(nn). (15.94)

Further for k 3 in virtue of (15.77)

IPfl o' oa_1) PZoo-1l oo_1)(P+i_P)l + !P+1o'(o+1 .I+ P 0 (O,'; o,')j
n+1 n-I-1 n+1

oa_1)
IiI0l lO fl±OI+nIO'1I(k-ill IO

=0(Io;i1)_O1)I)+0(lO1)l(lOn+i_OnI+I0+1_0l)),

and this is by (15.86) with X=0 and by lemma 3 equal to

nO (Ie(k-1) ___O_1)

O() has m-2 continuous



It follows now by (15.29)

/(P1O1O;1" -P:O O1))2 O(D")+ (( + eÍÏi) Igo2),

(P1O1O O' O'< O(D)+O(ne Jo1)2) + o ( go-').
Further it follows from (15.77) and (15.59) that

P(O51)=P°(O5)+O(?) (=0, 1, . . ., m-1)

and therefore in virtue of (15.27), by lemma 1 and by (15.90) and (15.28):

162

m-1
Am_i(On+i) P(On)Cm_i,p(8 + ,

m-1
Am(On+i) P(O*)Cm,p(O,'+ 1,

where Am _(0) is the expression from lemma 1.
Again we have by (15.86) and (15.87), since the expressions are polynomials,

5

Cm_l.+i, . . ., O1)Cmi.(O, Om_3))=O(flm_fl) (=2, . . .,m-1)

f,,-2 ,\
Cm ,(O' . .,O 2))=Okn 2 ¿) (L==2, . .+I,..., ,+11

Therefore we have
f ,, \

Am..i(O+i)Am_i(On)+Ofl 2n) Am(On+i) Am(On)+O(1),

%'[Am_i(On+i) Am_i(On)12 O(nm_n) (15.98)

I.4'[Am(On+i) Am(On)12= 0(1). (15.99)

If now km, it follows from (15.93), (15.95), (15.85), and (15.99)

= 0(1)+ o(. (k=m 3). (1 5.100)

If on the other hand we have Ic=m-1, is given by (15.94), and we can therefore assume k3, m4;
but then (15.84) is applicable for X=2 and for X=k-1=m-2 and (15.90) is applicable for X=2. We
have then

'(P:1o+1o;> -P: eek_)2= O(nm ")+ 0(n1e)= 0(nm_l).

In combining this with (15.93) and (15.98) we obtain finally

T_l)=0(nm_z)(k=m=3, 4, . ..), (15.101)

since this is true also for m=3 in virtue of (15.94).
On the other hand we have for T

0,Ì

and therefore by (15.29) and (15.59)

D +0(/.%bO2.
Introducing this and (15.101), (15.100) into (15.91), we obtain

D"j1> D"" + 0(nm_2 n) + O(..[n *) 2 (15.102)

(15.95)

(15.96)

(15.97)



that

(15.102) assumes now the form
/ fl-i

Dj11 <D1 /iE D,""
\. .-o

or if we put generally D"='X (v=0, 1, .),
n-i

X1X,+ Omm 2+OiV &X,,
=0

and by lemma 7 with k=0 we have

= 0(n-i), D'-" = 0(nm_lsn),

and this is (15.78) with p=m-1. It follows now from (15.104) for k=rn-1 that û(*_1)2 is 0(1).
(15.103) becomes in introducing (15.104) with k=m

nfli fl-i P

D1D' + bIi D,"1 +0(1) <D" +0 +0(1), (15.105)
n n v0 - '.

and if we apply the lemma 8 in replacing there by e we see that D' = 0(1), and that is (15.79). We
see now that the sequence O?'' is uniformly convergent to a continuous function which must be O
and (15.82), (15.83) follow now immediately from (15.81). The proof of theorem 3 is completed.
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= o + (o -
p i

(15. 104)

DI + 0(1) + o( /ae2)+ o(o-u2). (15. 103)

On the other hand it follows from
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16. On a Discontinuous Analogue of Theodorsen's and
Garrick's Method'

A. M. Ostrowski

The integral equation

O(,)y(ç,)= [P(O(ço-j-t))P(O(çô---t))] cot dt

discussed in the preceding paper is solved theoretically by a method of successive approximations
which involves the repeated computation of the singular integral occurring in the equation. If this
integral is replaced by an approximating sum, it is very difficult to estimate the influence of the approx-
imation errors on the convergence of the process. We will therefore consider in what follows an approx-
imating problem obtained by replacing the singular integral in our integral equation by a sum and give
a procedure for the complete solution of this problem. The difference between this solution and the
solution of the original integral equation can then be discussed by using the results of our preceding
paper and involves only a single discussion of the approximation errors.

Our procedure depends upon the two following theorems.
Theorem 1. Consider for a positive, odd integer p=2n+1 the two sets of p values

g; (v=1,2,. . .,p). (16.1)

Then
xxv

i P 2
g,

p,,=i . x-xv
2

is a trigonometric polynomial of degree n satisfying the conditions

g,=g(x,) (v=1,2,. .

The normed conjugate trigonometric polynomial to g(x) is

I The preparation of this paper was sponsored (in part) by the Office of Naval Research.
2 National Bureau of standards, Los Angeles, Calif. and University of Basle, Basle, Switzerland.

A. Ostrowski, On the convergence of Theodorsen's and Garrick's method of conformal mapping.
4 The normed conjugate trigonometric polynomial is one, whose Fourier expansion has the constant term=O.

(16.2°)

(16.3)

XX,
i D 2 2f(x)= gv (16.4°)
p,,=i . x-xv

2

The values of f(x)
f,=f(x,) (v=1,2,. . . ,p) (16.5)

are connected with the g b p linear relations

(16.6)
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We have

(16.7)

pa_.. .. (16.8)
cot (vodd)

Proof. It is verified immediately that the expression g(x) given in (16.2°) satisfies the condi-
tions (16.3), since if we take x=x,, the numerators sin p(xx,.)/2 vanish for v, while the limit of
the coefficient of g is obtained by the Bernoulli-L'Hôpital rule as 1.

Consider now the expression

so that
P" U=COS 'UCOS pu

smu sinn

On the other hand we obtain from (16.9°)
2,-1

2

U=2e2 +1=2e2'"'+1e2-1
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Itan(v) ;,
(JLv even)

.p-1 1-
2 e 2

U==2e 2

eiti_e_i +1. (16.9°)

In using here Euler's formula we obtain

Ui pu+i(cos ucos pu)
sinu sinu

xx,\ zx,f(x)_ige(1_cosp
2

)cot
2p =i

(16. 100)

(16.110)

and see that both expressions (16.10°) are trigonometrical polynomials of degree n= (p 1)/2 in 2u
and further that U is the (normed) conjugate trigonometric polynomial of U. It follows that
the expression (16.2°) is a trigonometric polynomial of degree n and that the expression (16.4°) is the
(normed) conjugate trigonometric polynomial to g(x).

If we put now x into (16.4°), we obtain the formula (16.6) where a are given by

If ¿=v, we determine a,,. in making xx,. and see at once by Bernoulli-L'Hôpital rule that a,,=0.
If v, we have

ir ircos (nv) --cos (Lv)ir cos (!zv) (i)'
ir p irsinCu) sin(/Lv)---

p

and the relations (16.8°) follow immediately.
Theorem 2. For a positive even integer p= 2n the expression

- i ,,.2- . xx, xx,.g(x)---.g,.sinp cotPi
is a trigonometric polynomial of degree n satisfying in. the points (16.1) the conditions (16.3).

The normed conjugate trigonometric polynomial to g(x) is given by

(16.2

(16.4°)

with an antisymmetric matrix A, the elements a, of which depend only on the difference up.
a,,0, (v=1,

,
p)

-sx--x,.
i 2 2 (16.12°)xx,.sin

2s.



and its values (16.5) are connected with the g, by p linear relations (16.6) where the matrix A, is again an
antisymmetric matrix in which the a, depend only on v and are given by

2 sin n
whose real and imaginary parts are

sin (p+1)u+sin (p.l)u
2sinu sinpncotu

cos(p+1)u+cos(p-1)u-2 cos U(1 cos pu) cot u2 sm u

On the other hand, using Euler's formula for sin u, we obtain

and (16.14) follows at once from (16.13) and a,=0.

(/sv even)
ir(1 (- 1)'')cot(j v) irP cot (suv) (1htì odd)

Proof. The relations (16.3) are in this case again immediately verified.
Consider the expression

5f(p+1)u + eP»_2eu

p1
2

(i.i=1,2, . . . ,p).
e=1

Indeed, in the case of an odd p=2n+1, (16.6) can be written in the form

(16.8e)

(16.10e)

fli n-1 ni
U=1+2ei2P+el252i, U=1+2 cos 2vu+cos 2nu, U=2 sin 2vu+sin 2nu. (16.11')

=1 pl

We see that (16.2e) gives for g(x) a trigonometric polynomial of degree n and (16.4e) forf(x) the conjugate
normed trigonometric polynomial. We obtain now the formulae (16.6) where the values of the a,, are
given by

alhP=((i_cos x-_xe)tx_xe'\)
/x-.z'

and the expressions (16.8e) follow immediately. The theorem II is proved.
The formulae (16.8°) show that in the case of an odd p=2n+1 we have exactly n=(p-1)/2

different ce O, while for even p=2n we have exactly [(p14] values of a,J different from zero.
This makes the case of an even p particularly adaptable for use on high-speed computing machines with
restricted high-speed memory. This case presents further the advantage that m usmg the formula
(16.6) the computing work is reduced by 3'. On the other hand for an odd p the mterpolating polynomial
(16.2°) is the most general trigonometric polynomial of degree (p-1)/2, umquely determined by (16.3).

We obtain an interesting transformation of formulae (16.6) if we define f, g,, ace for all integer
values of j and i' as periodic functions with period p. Then the formulae (16.8°) and (16.8') give the
right values of a, for all integers and z'. It follows further from the same formulae that

(16.13)

We can now transform the formulae (16.6) into the following formulae

(16.14)

'Phese formulae (l6.8) have been given by E. J. Watson, rormulae for the computation of functions employed for calculating the velocity distribution
about a given aerofoil, Aeronautical Research Council, R. and M. No. 2176, May 1942; I. Naiman, Numerical evaluation of the integral occuring in the Theo.
dorsen arbitrary-airfoil potential theory, originally issued April 1944 as Advance Restricted Report L4D27a; I. E. Garrick, Conformal mapping in aerodynamics
with emphasis on the method of successive conjugates, see this volume.
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If p is even and of the form 4m, we have from (16.6)

2m

f'= E a,g,6, (=1,2,. . .,p)-(2m-1)

and (16.14) follows again if we use that by (16.8e) a+am=0 and (p-1)/2=2m-1+%.
Finally, if we have p=4m+2, we obtain from (16.6)

2m+2

Jp E avgv (M=l,2,. .- (2m-1)

But here a!qLim2= ap,&4.2m =0 because the difference of the indices is even, and appfm+j= a,+ (p12) vanishes
by (16.8e) too. Thus the limits of the sum are ± (2m-1)= ± (p-4)/2, and (16.14) follows again
if we use that 2mlis the greatest odd number 6 (p 1)/2.

In the case of an even p the formulae (16.14) show m coimection with (16,8e) that the expressions
of thef with even ¡ only contain the gv with odd z.' and vice versa.

We are now going to derive some orthogonality relations for transformation (16.6). We introduce
from now on the notation

P p1 (16.15)

where the index x is explicitly indicated if u contains more than one variable. For instance, we have
from the theory of roots of unity
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6 See, in thecase otan even p, the references in footnote 5.

- XX,sin p
2

2ÊcosK(xx6)+1,
- XXp e=1sin

2

XXp XX
2

cosp
2

- xxvsin
2

We have then by (16.16)

S(+i)S (2 ei"zv)+l)=2 evSei+1=1,

(16.16)

(16.17)

(16.18)

(16.19)

(16.20)

(16.21)

2L'SjflK(XXv). (16.22)

Se=O (±k=l,2,. . . ,pl).
We notice first that if we take all g.'=l, we must have

But then we obtain from (16.6)
g(x)1, f(x)0.

(z=1,2,. .

and since A is antisymmetric

Ear=0 (v=1,2,. .

We now write formulae (16.2°), (16.2e) in the form

g(x)=--- E gppv(x)
and (16.4°), (16.4e) as

E g4'(x).

For an odd p=2n+1 we have from (16.100) and (16.11°)



and therefore
Sça,(x)=1, S',(x)=0.

Further, we have
n )( n

S(ç,+i&,) (ç±i)S (i +2 E ei_x,) 1+2 E e±ix))
Ic-i x=1

=1+2 E e'Se'+2 e1Se'+4 ±
and therefore on taking the real part on both sides in the cases of + and - sign, respectively,

S,Ç0,ISI,t'P%',I= 1

S+S4=2(x,) 1
Sçc',ço,= x,) = ço,(XM)

S4',=(x,) 1 =,(x) 1.
It follows now from (16.19), (16.20), and (16.27)

lp i 1p 1p-Ef=SJ2(x)=--SE gg,M'=i E gg,SL',=j E gg,(ço,(x,)-1)
p p p p ,,=i

11' \2 i /' \2

7 ,1 pl P pi / P ,1 \P ,1 /
SJ2=Sg2(Sg)2, (16.28)

p p \2Ei-E g--( E g,). (16.29)
pi p=i P \=.i /

Consider now the case of an even p=2n; in this case we have in (16.19) and (16.20):

xx,=sin n(xx,) cot '=1+2 Ecos ic(xx,)+Cos n(xx,) (16.30)

,=(1cosn(xx,)) cot (xx)+sinn(xx) (16.31)

It follows from

S(4',+i',)= 1+2 Se' +Se' = i

that the formulae (16.23) remain valid for an even p. Further, we have

(i
n-1 )( n-1+2Ee xi,) +e' 1 +2Ee +enxs))

n-1 n-1 n-1
= i +2Ee

À1 IC,X1

n1 n1+eSe'+ 2Ee (cc±fl)Z+ 2Ee (nx,±Xxp)Sei (fl±X)x+ e1 ('-")Se (flr±cfl)

x-1

In virtue of (16.16) the second, third, fifth, sixth, seventh and eighth terms of the right-hand side are
zero and there remains

n-11+4E e_i,M)Sei+e_p)Sei±.

(16.23)

(16.24)

(16.25)

(16.26)

(16.27)
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In taking here on both sides the real part we obtain in the cases of + and sign, respectively

Sçp=ç,(x)= ,(x)
S'4'w(x) i ( 1).

We denote now by S and S°, respectively

inS==-j (x),
From (16.31) we see that
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S+S= i + 4' cos K(xx)+cos n(x x)= 2(x,) i ( l),

n

S°ç=-- E (x2_1).

it follows from (16.34) and (16.33) that

S4',=0 ( or even); Sì=,(x)-2 (y, a odd),

(u or odd); S°L=(x.)-2 (u, even),
and therefore in using that çy(x) = p # (& is Kronecker's symbol).

i ip inEf=-- E gyg,St /=2 E
P ' P u.'1 Pi' 2 i /n

E g2_ig2x_iw2_i(x2x..i)--- E g2_ig2x-i-E 2_1j(P K,ìl P ,x=i P x=i P \ =i

The argument is completely symmetric if we interchange the x, with odd and even indices. Thus we
obtain

n p p 2 p p p 2

2 2 2 2 2 2 2 2'\ 2 1 2 'Ç\ .t2 2j g2_1 -- _., g21 _j 2- 1 g2-- g2
p P

g- (( g2)2+( g2

(xy)=0 (vp. even); (16.34)

(16.37)

(16.38)

In what follows we shall consider the JÇ and g as the components of two vectors , in the p-dimeri-
sional space. It follows then from (16.29) and (16.38) that both for odd and even p

Elkil, A,nIH. (16.39)

If P is a given function, we shall understand by P() the vector with the components P(gj), Pg2),
P(g).

We are now going to prove the following theorem.
Theorem 3. Suppose that for a positive integer p a square matrix A of order p has the property

that for any vector in p-dimensional space R we have

IAJI. (16.40)

Let P(x) be a continuous function for which P'(x) exists almost everywhere and satisfies

P'(x)I, 0<e<i (16.41)

for a positive <1. Let finally n be an arbitrary vector in R.
Then the vector equation

(16.42)

(16.32)

(16.33)

(16.35)

(16.36)



has a solution which is uniquely determined and can be obtained
deduced by the recurrence formula

frorft an arbitrary "initial" vector ; we have

IE-Ef lf

and from (16.46) the estimate I"LE I+- - <- i-i.1f1f
Theorem 3 is proved.

We return now to the discussion of the matrix A in order to determine its eigenvalues.

We consider first an antisymmetric matrix C 'y defined by C'= (i, that is

y=- (j2,v=1, . . .,p, (16.47)
and assume that from

p 7v/p (=1, . . .,p)

always follows

E+ =AP()

Proof. Tt follows from (16.41) by the mean value theorem that for arbitrary x and x

P(x)_P(x*)I Ixx.
We have therefore for two arbitrary vectors and * the inequality

(16.45)

Suppose now that and are two solutions of (16.42). Then we have

AP(P()),
and it follows from (16.40) and (16.45) that

I-EI IP()_P(*)I E__*;
we see that E_E* must vanish. The uniqueness of is proved.

We write now (16.43) for n and n-1 and subtract 1f follows then from (16.45)

E+ E=A(P(E)P(E_1)), P(E) P(E_1) EEt-i.
Iterating this, we obtain

Eß+iE (pO, n= 1,2, . . . ),

E -i--Ei I-I, (16.46)

and we see that the series (E+E) is absolutely convergent.
n=O

Therefore with n n I

(E+E)
'=0

converges to a vector as asserted in our theorem. (16.42) follows then from (16.43) with n-
Finally, we obtain from

as the limit of a sequence of vectors

(16.43)

(16.44)

p pJx= 21
p Iy

(16.48)
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This can be stated differently if we consider the vectors = (x1, . . . , ;), n= (y1, . . . , y) and define
generally for a vector (yr, . . . , y) as its trace tij the vector, all components of which are equal to

Yi+. . (16.49)
p

A vector i with t0=0 will be called a diagonal vector.
By our assumption it follows from

=Cn (16.50)
always that

(16.51)

If we take now n'= (1,1, . . .,l) it follows from (16.51) C'==0, Cn'==O and i' is an eigenvector of
C belonging to the eigenvalue 0. Further it follows now
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p pE 7MP 0.
p=i ¿=1

We see from (16.52) that in (16.50) is always a diagonal vector:

tE=tün =0.

On substituting in (16.48) the expression of;, we obtain

P 1 1E i --; E Yw'YX --p1 p p
(MX).

On multiplying (16.50) on both sides by ' we obtain in virtue of (16.54)

and since ' = -C
(16.55)

Suppose now that ij is a diagonal vector. Then from (16.50) and (16.55)

(16.56)

and we see that 1 is an eigenvalue of 02 to which belongs the (p 1)-dimensional set of diagonal
vectors as eigenvectors.

We have by (16.56) for any vector n with t=O:

C(Cn ±ifl) ±i(C ±i)
and we see that O+in, if it does not vanish, is an eigenvector of C to the eigenvalue i and Ci, if it
does not vanish, an eigenvector to the eigenvalue i. From

follows that these eigenvectors to the eigenvalues ± i, together with the vector n', form a complete system
of p independent vectors. If in particular p is odd and C is a real matrix, i and i are then eigenvalues
of multiplicities (p 1)/2.

Consider now for an even p=2n an antisymmetric matrix D= (8v) defined by D' = - D, that is

=&, (j.,v=i, . . . , p)
and assume that from

i, (=i, . . . ,p)
r i

(16.52)

(16.53)

(16.54)



It follows now at once that all diagonal vectors are eigenvectors of D2 to the eigenvalue 1, and
therefore, in virtue of

D(Dn ±in) ±i(D ± in),

for any diagonal vector n, D+in, if it does not vanish, is an eigenvector of D to the eigenvalue i and
Di, if it does not vanish, an eigenvector of D to theeigenvalue i. And exactly as for the matrix G
we see that + i and - i are eigenvalues of D of the multiplicities n+, n_ with n + n_ = 2n 2 and possess
correspondingly n, n_ independent eigenvectors. If in particular D is a real matrix, we have n+
n_=n-1.

In applying our results to the matrix A, we see that it has only linear elementary divisors and its
fundamental polynomial is either X(X2+1) or X2(X2+1Y according as we have p=2n+1 or 2n. With
choice of appropriate coordinates the matrix A,, becomes a diagonal matrix with the diagonal (i, -

or (i,, . . . ,i,,0,0) for odd and even p.

Consider now the recurrence formula (16.43) in which

P(x)=ax, a>1.
173

always follows
p 2_I

E I Xi,12 J
l, i i

21
n Ya-i

2

(16.57)

To state this in vectorial Ilanguage consider again the vectors =(x1, . , z,), n =(y, . . . , y,)
and define now as the trace tof n the vector tn=(21,2, . . . ,z,,), where

in inE Yix, 22,ci Eyixi (,=1, . . ,n).
n =i

(16.58)

Then it follows from = Dn always
W2=1n12ItnI2. (16.59)

A vector n with t=O will be called again diagonal vector.
We have for the two vectors

n'=(l,O,l,O, . . . ), n"=(O,i3O,l, . . .

tn"=n"
and from (16.59)

D'=Dn"zz_0; (16.60)

n' and n" are then two independent eigenvectors of D to the eigenvalue 0.
From (16.60) it follows further

E2=E2E-1=0 (M=l,. . (16.61)

On putting the expressions of x into (16.57) we obtain at once

P 1EIôI2=1--, (16.62)

(_! JLPO, Mvevenn

O 1Lvodd
and therefore for any vector

that is, since D'=D,

(16.63)

D2nn+t. (16.64)



On choosing appropriate coordinates, we separate this formula into p recurrence formulae

x'"' y1=ix, x +1) -Y2= iax,
or

Yi

_ia(x
Y'1ia 1ia

and we see that with n the convergence of is only possible for special values of Yi and x°>. It
follows that in the convergence condition (16.41) of theorem 3,

Max P'(x)l<l, (16.65)

the upper bound i cannot be replaced by any greater number

174



17. On Conformal Mapping of Variable Regions1
S. E. Warschawski*

1. Introduction

S:multaneously with the development of the principal existence theorems of conformal mapping
much attention was given to the related problem of the study of the dependence of the mapping function
on the region. If R is a simply connected region and w=f(z) is a function which maps the unit circle
zI <1 conformally onto R, the problem is to study the change which f(z) undergoes by a continuous

deformation of the region R. Generally speaking one can sayas might well be expectedthat the
mapping function varies continuously with the region, and there are many results in the literature on
conformal mapping that substantiate this statement and give it its precise meaning. It is the object
of this paper to review these results with a particular emphasis on such parts as may possibly be of help
in problems connected with the effective computation of the mapping function.

The results in the literature may be classed into two types: (i) those of a "qualitative" nature in
form of convergence theorems which establish the convergence of the mapping functions of a sequence
of regions tending to a limit region; (ii) theorems of a more "quantitative" type which give actual
estimates for the modulus of the difference of the mapping functions of two regions that are "close" to
each other.

The results of the first type are for the most part well known and shall be reviewed here only very
briefly. Let R5(n= 1, 2, . . .) denote a sequence of simply connected regions all of which contain the
origin w==0, and let the function w=f(z) map the circle z<1 conformally onto Ra so that f(0)=0
and f' (0) >0. C. Carathéodory [5]t established a necessary and sufficient condition in order that the
functions f(z) converge uniformly in any circle zJ r< i to the mapping function f(z) of the "kernel"
R of the regions R (Carathéodory's "Kernel Theorem").

If the regions R,, and R are bounded by closed Jordan curves C,, and C, respectively, and if the
convergence C,,C is suitably defined, then f,,(z) f(z), uniformly in z 1; see Courant [9] and [10]
and Radó [22]. Radó's theorem is formulated in a particularly simple way: In order that f,,(z)if(z)
uniformly in zJ i it is necessary and sufficient that the Frechet distance 2 of G,, and G approach O asn m For further results on the case treated by Carathéodory and a discussion of the equivalence of
the theorems in Courant's and Radó's papers, see Markouchevitch [16]. (See also Gattegno and
Ostrowski J12}, sec. 14.)

Warschawski extended these considerations to the derivatives of the mapping function. In [29],
(sufficient) conditions are established under which the derivatives f (z) of any fixed order k converge
uniformly in J zj i to f(k) (z). In [27] it is shown that a necessary and sufficient condition in order that
f, (z) converge tof' (z) iii the mean, that is,

'The preparation of this paper was sponsored (in part) by the Office of Naval Research.
National Bureau of Standards, Los Angeles, Calif., and University of Minnesota, Minneapolis, Minn.

tFigures in brackets indicate the literature references at the end of this paper.
2 The Frechet distance d of two Jordan curves C1 and C, is defined as follows: For any continuous one-to-one transformation of Ci onto C, thedistance of

corresponding points has a maximum. The greatest lower bound of these maxima for all possible transformations is d.
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Jo
as n,

uniformly for O r< 1 is that (i) G,,iC (in the sense that the Frechet distance approaches 0) and (ii)
L,,L where L,, and L are the respective lengths of C,, and G. Furthermore, convergence in the mean
of order p for every p>O is established there for curves G,, and C with continuously turning tangent line.

In the present paper we are interested principally in "quantitative" results: Given two regions
R1 and R2, which have the origin in common and whose boundaries B1 and B2 are "close" to each
other. (One may define a distance D(B1, B2) between B1 and B2 and require that it be "small".) If
J1(z) andf2(z) map the circle zl<1 conformally onto R1 and R2, respectively, such that fj(0)=J2(0)=
0, f(0)>0, f(0)>0, it is desired to find an upper bound for the difference fl(z)f2(2)J. This bound
should be valid either in any circle JzJ r<1 (in the general case) or in the closed circle zJ i (in case



of Jordan domains); it may be expressed in terms of the distance D(B1, B2) and other suitable pa-
rameters, and should approach O with D(B1, B2). An analogous problem may be posed for the difference
of the derivatives and for the integral means

{lf2T
IfI(reie)_f2(ree)IPd0}D_ p>Ø,

of the functions f(z) and f2(z) and of their derivatives.
In all instances the problem is simplified in the case of nearly circular regions; that is R1 or R2 is a

circle. There are several sharp estimates for this special configuration. For this reason the present
report is divided into two parts: the first contains the results on the nearly circular case and the second
deals with bounds obtained for the general situation of two arbitrary regions.

2. Nearly Circular Regions
1. Bounds for the mapping function. Let R denote a simply connected region in the plane of the

complex variable w which contains the origin and whose boundary B is contained in the ring

1eIw1
for some , O<e<1. Suppose that the function z=çe(w) maps R conformally onto the circle !zj< i
such that ç(0)=O and o'(0)>O. It is to be expected that the difference I(w)-wl will be "small"
when e is "small", and it is desired, therefore, to find an estimate for this difference. This problem
has been considered in the literature principally in two forms:

To determine an upper bound for I(w)w! in terms of e and p which is valid in any circle
w!<p contained in R.

Under suitable additional assumptions regarding the boundary of R to find a bound for
(w) -wj, which depends only on and holds uniformly for all points w in R.

Problem (a). There are essentially three different methods by which the problem has been at-
tacked. L. Bieberbach [1, 2, 3], employed the formula which expresses the area of the image of the
circle 1w! p under the transformation z=ç2(w) in terms of the coefficients of its Taylor series; if (w)=

cw for w! p, then this area is
v1

vJc2p2.

Bieberbach's estimates were considerably improved by Ostrowski [19]. We state here the result
in the form given by Ostrowski:

1.1 Ifr=1e, and 0<0<1, then for all!w! r0 we have

0(1r)+ 0/i _r2./log1 _02 (17.1)

By applying iladamard's three circles theorem, Ostrowski obtains from (17.1) an estimate that
remains bounded as 0el:

If0<1, thenforIwIr0we have

(w)-wl (1 _r)+2-/i_r2°

Another similar estimate given by Ostrowski in [19] refers to a different normalization of the
mapping.

C. Carathéodory [6], [7] derived another estimate based on the Lemma of Schwarz and its exten-
sion to analytic functions with positive real part. Carathéodory's result is contained in a more recent
theorem of M. Müller [17]. By a method similar to that employed by Carathéodory, Müller proves the
following theorem:

1.2 Suppose R is a simply connected region which is contained in 1w! <1 and contains the circle
IwI<r; suppose R is a simply connected region which is contained in Izl<1 and contains the circle z!<r'.
Let z=ç(w) be the function which maps R, onto R so that (0)=0, '(0)>0. Then for lw!Or, 00<1,
we have
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1p(w)wI 0.J(rR)2+4r[sin A(r,0)}2, (17.2)

where

R=Max{--1, 1_r'}
and

(ir 1 1 1+0Afr,0)=Mm,-1ogIog I.e
For 0>0 the equality sign in (17.2) holds only if r=1, (w)=r'w, w=0, and then it holds for all values

ojO, 0<0<1.
The problem considered by Carathéodory corresponds to the case r' =r of this theorem, and the

estimate obtained by him is

log1l 1+01
L r2

+;;; - og1-1J for Iwr0.

Müller shows that this bound is larger than the one that follows from his theorem for this case.
The configuration considered by Ostrowski corresponds to the case r'= i of Müller's theorem.

Müller discusses the relative magnitudes of the two bounds.
A third approach to the problem was given more recently by Lavrientieff and Kvasselawa [14].

They obtained the following result:
1.3 Under the same hypotheses as in Theorem 1.1 there exists an absolute constant K such that if

r=1-6 and r<1 ti,en
(w)wK(1r) log 1r for IwIr. (17.3)

The proof of this inequality is based on (i) a result of A. R. Marchenko (see theorem 1.4 below)
and (ii) a theorem due to Chepeleff and Lavrientieff [8], which states that the image curve of the circle
IwI=r=1e by means of z=(w) is star-shaped with respect to the origin. As to the order of magnitude
in 6=1r, (17.3) is sharper than any of the other estimates.

Problem (b). We proceed now to the discussion of bounds that hold uniformly in the whole region.
It will be convenient to modify slightly the hypothesis on the boundary B of R. We shall assume here
that B lies in the ring

1<IwI<1+ (0<<1).
Suppose that w=f(z) is the function that maps the circle I

z 1<1 conformally onto R so that
f(0) =O and f' (0) >0. (W e shall state all results in terms of f(z) rather than the inverse function.)

The earliest estimate for If(z) -zi, which holds uniformly in zj 1, appears to be the one given by
Bierberbach [4]:

1.4 If the boundary B of R is a rectifiable closed Jordan curve, and its length L satisfies the inequality

2ir(1 -6) <L<2ir(1 +6),

where 6 is the same number as in (17.4), then for Iz!1 we have

!f(z)zI<4iri/. (17.5)

This estimate may be improved as to the order of magnitude in 6. Bieberbach's result is contained
in the first of two theorems of A. R. Marchenko [15].

1.5 Suppose that B is a closed Jordan curve. Consider all arcs of B which subtend chords of length
less than 6, whereby each time the arc with the smaller diameter is chosen. Let i denote the least upper bound
of the diameters of all these arcs. Then there exist two absolute constants K and K1 such that, for z! 1,

f(z)zI<Kelog'+Kin. (17.6)

Here the order in e, namely 6 log 1/e, is the best possible, as may be seen by considering the mapping
function of the interior R of the curvilinear quadrilateral bounded by the two semi-circles 1w! = 1,

O }, and { w!= 1 + e, 1mw O } and the two straight-line segments that connect w= 1 and w= 1 + 6

and w=-1 and w=(1+e), respectively.
Under the assumptions of Bieberbach's theorem it is easily seen that n may be chosen equal to

econstant, so that the right-hand side of (17.5) may be replaced by K e log 1/e+K e.

(17.4)
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Marchenko's proof of his theorem, which is only outlined in his note, is based on an application of
a well-known principle of Loewner and Montel. In a more recent note in the Comptes Rendus [11],
Jacqueline Ferrand announced a different proof of this theorem, which yields K=2/ir as the best possible
value of the constant K in (17.6). The details apparently have not as yet been published.

Marchenko's theorem has been extended by Warschawski in [31] to the case where the boundary B
is not necessarily a Jordan curve.

1.6 Suppose i>O is a number which has the following property: If w1 and w2 are two points in R whose
distance is less than E, then there exists a Jordan arc in R connecting w1 and w2 whose diameter does not
exceed n. Then for ail z in Iz<1 we have

If(z)I K log

where K and K1 denote absolute constants.
The proof yields numerical estimates for the constants K and K1.
A better bound as to the order of magnitude of E may be obtained if more restrictive assumptions

regarding the boundary B of R are made. In the above mentioned note Marchenko states (without
proof) the following theorem.

1.7 Suppose that B is a closed Jordan curve which is represented in polar coordinates in the form
p=p(ç), O ço2ir, where p(ç) is a positive periodic function which satisfies the condition

(17.7)

where M is a constant and is the number in (17.4). Then for ri i we have

If(z)zIKe, (17.8)

where K is a constant which depends only on M.

Two proofs of this theorem were supplied: one by E. J. Specht [25] and the other by Warschawski
[30]. Specht's proof uses the Poisson integral and yields in particular the following numerical estimate
for K. If p(ç) 1, then

K 1+M(2 log 2+ 1),

Warschawski derives (17.8) from an inequality for the mean of the derivative [f' (z) 1] (see theorem 3.3
below).

Condition (17.7) implies that p' (ç) exists for almost all ç and that p' (ç) /p(ço) I ME. This permits a
simple geometrical interpretation of this condition, if one notes that p'(ç)/p(ç) = tan ', where ' is the angle
between the radius vector and the normal to B at the point [ç,p(ç)]. The condition tan M means
that B is close to the unit circle not only in the sense that it lies in the ring (17.4) but also in the sense
that the directions of the tangents to B be close to those of the circle at points with the same coordinate
ç (wherever the tangents to B exist).

2. Bounds for the derivatives of f(z) - z. If one assumes further restrictions regarding the boundary
curve of R as regards to both smoothness and proximity to the circle, then one can obtain analogous
estimates for the absolute values of the derivatives of [f (z) - z].

Throughout this section it will be assumed that the boundary B of R is a closed Jordan curve which
is represented by the equation p= p(ç), where p(ç) is a positive continuous periodic function of period
2ir. In addition to the mapping function f(z) we shall consider here also ç(0) =arg f(e°).

The following results are proved in Specht [25].
2.1 Suppose that

p'(ç) is continuous and

IP'(c°)j<f
Ip(ç)l

for all ç0, 0ço2x,
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2irJ_,

p'(çø) p'(çzo)

p(ç) p(o)

the integral being uniformly convergent in this interval.

.o, o<<i,



and

and

and

Then f'(z) exists and is continuous in z 1,

k'(o)-1I

zJ'(z)
f(z)

If, in addition to hypotheses (i) and (ii),
i p(ç')<l+,

then
If'(z)-1I5k(,0), 1.

2.2 Suppose that

d [P'I exists and is continuous, such that
dip p(ip)

p(ip)I< ;

(ii) for all PO, O42ir,

), jz 1.- 1o

1 (f
; J Ic'(ip)w'(o)I

i
27r -

f'(z)

dip

sin

where w(ip) =arctan [p' (ip)/p(ça)] (the principal branch of the arc tangentbeing chosen).

Then / 1+e2 \2

1--- '2!\ irs,

2.3 Suppose that, for some integer n 2,

= drp
w(ip) exists and is continuous and that

t(c')t< for k=O,i,2, . . . ,ni;
for all ipo, O 2ir,

() - (ipo)

sin
2

Then there exist two constants K and M that depend only on n such that

°)(0)IK, OO2ir,

Izl1.f'(z)

A somewhat different estimate for the first derivative of the mapping function was given by War-
scbawski [30j:

2.4 Suvvose that p' (ip) is continuous and that

(i) ip(ip)l±, >O;
179



Then

p'() < 6;

4+r)-4)
p p

1

A-.Ji + 62
p'(0) A,

where A=4e e'2, and
f'(z) li 2B(i + 6)6+ E,

where B=A+ A-1

The hypotheses of this theorem are somewhat more restrictive than those of theorem 2.1 above.
However, the results obtained do not involve the restriction 6<1.

3. Averages. In place of the difference f(z) zÍ one may consider the integral means of order
p>0,

{1f2,r
f(reb0)_rei0IPdO},

for 0<r<1, and the corresponding expression for the derivatives of f(z)z, as a measure for the prox-
imity of f(z) and z. The problem of obtaining bounds for these averages has been considered by War-
schawski [27] and [30]. An important tool in the proofs of some of the results is the well-known theorem
of M. Riesz on conjugate harmonic functions (M. Riesz [23]):

Suppose that the function f(z) =u (z) + iv (z) is regular for z <1 and that 'u (0) = 0. Then for every
p>l there exists a positive number A,, which depends only on n such that for 0r<1 we have

A,,á,[v(re°)}.

Forp2 we have A,,2x and A2=1.
The results obtained are the following:
3.1 Let R be a bounded simply connected region that contains the origin and whose boundary is con-

tained in the ring

1Iwj1+.
Let w=f(z) denote the mapping function of Jzj<1 onto R with f(0)=0, f'(0)>O. Then

J4{f(z) z) (1 + A,,)e' , z

un?forinlyfor 0r<1, where A,, is the constant of the theorem of Riesz.
3.2 Under the hypotheses of Bierberbach's theorem (theorem 1.4), we have

2r (1-4--)(2+) z=re°,

r .

uniformly for O r<1.
The application of a well-known inequality of L. Fejér and F. Riesz permits one to

bach's estimate (17.5) from (17.10). This yields a new proof of Bieherbach's theorem
3.3 If R is bounded by a closed Jordan curve B which is represented in polar coordinates

=p(w), O2ir, where p() is positive and

Ip(+r)-p()I p(c)irt
for some 6>0, then for all v2 for which A,,<1 and uniformly for ali r, 0r<1, we have

.áç, { z - i } , z =re.

If, in addition, B is assumed to lie in the ring (17.9), then also for all r, O r<1, we have

1+A,, e.
6 p

180

(17.12)

(17.9)

(17.10)

derive Bieber-
(theorem 1.4).
by the equation

(17.11)



Application of the Fejèr-Riesz inequality t (17.12) yields a new proof of Marchenko's (second)
theorem (theorem 1.7) stated above.

3.4 Suppose that the boundary B of R satisfies hypotheses (i), (ii), and (iii) of theorem 2.4. Then
uniformly for O r<1 we have

3. Arbitrary Regions

4. Distance of the boundary continua of two regions. In order to describe the analogous results for
the general case, in which the mapping functions of two arbitrary regions are compared with each other,
we shall first review the various notions of "distance" used in this connection.

By the distance of a point P from a (bounded) continuum C we shall mean as usual the

111f p(P, Q)=d(P,C),
QC

where p(P,Q) is the distance of the point P from a point Q of C. We shall define the "-neighborhood of
C" for an e>O as the set of points P for which d(P,C)<e. Geometrically this set is obtained if one
describes a circle of radius E about every point of C.

The distance D (C,F) of two bounded continua C and r will be used in the following sense. Let

d=Sup d(P,I'), and d'=Sup d(Q,C).
PC Qer

Then
D(C, I')=Max (d, d').

Clearly
D(C, r)= D(r, C).

Finally we define the "inner distance" of the boundary continua B1 and B2 of two regions R1 and
R2. Let P be any point of B1 which is in the interior of R2, and let

d1=Max d(P,B2).
P B1
PB2

Similarly let Q be any point of B2 which is in the interior of R1, and let

d2==Max d(Q,B1).
Q B2
QR1

Then we define D (B1,B2) = Max (d1,d2) as the "inner distance" of B1 and B2. Clearly D(B1,B2) =D(B2,B1).
See for this definition F. J. Polansky [21].

5. Bounds for the difference of the mapping functions. In attempting to obtain analogous results
for the general case of two arbitrary regions one would obviously try at first to reduce the problem to
that of the nearly circular case. If two regions R1 and R2 are "close" to each other and if R1 contains
R2 then one may map R1 conformally into a circle; R2 will then be transformed into a region close to this
circle, and one may apply one of the previous theorems. (If neither of the regions is contained in the
other then the situation is somewhat more difficult.) This procedure can be carried through if suitable
smoothness conditions are imposed on the boundary of R1. In such a manner A. Markouchevitch [16]
extended Marchenko's (first) theorem (theorem 1.4).

According to Markouchevitch a (bounded) region R will be called of class J if:
the boundary of the region is a simple closed rectifiable curve;
the tangent angle O(s) of this curve expressed as a function of the arc length s satisfies a Hölder

condition of order X, O<X<1:
O(s2)= O(s)! k Is2si'.

The theorem may now be stated as follows:
5.1 Let R1 E J, let B1 denote the boundary of R1, and let w0 be a point in R1. Suppose that R2 is a

region bounded by a closed Jordan curve B2 which contains w0. Furthermore, suppose that D(B1,B2) <E, for
some positive e.

Çf"(z)
(A+B+AA)E,f'(z) 5

where A=4e2,B=A+(A 1)/E.

z =re,
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Gomsider all arcs of B2 whose end-points have a distance less than e from each other, whereby each time
the arc with the smaller diameter is chosen. Let n denote the least upper bound of the diameters of all these
arcs.

Suppose that w=f1 () and w=f2 Çz) map the circle z! < i conformally onto R1 and R2, respectively, such
that f (0) =f2 (0) = w0 and f' (0) > O, 12(0) >0. Them there exist two constants A and A1 which depend only
on R1 and w0 such thatfor Jzji we have

fi(z)fa(z)l A log +Ai.

The hypothesis R1 J insures that f(z) exists on the boundary I z!= 1, that f (z) satisfies a Höhler
condition with the exponent ), and that for suitable positive constants and M2, we have

(17.13)

If .112 R1, then any (weaker) condition on B1 which insures (17.13) would be sufficient for the proof.
Markouchevitch uses the (rather restrictive) hypothesis R1J mainly for the general case where B1 and
B2 may intersect. He constructs a close Jordan curve P, which contains B1 and B2 in its interior by
choosing for P one of the level curves of the conformal map of the exterior of B1 onto a circle. The
interior of P is then a region of class Jx, and P may be so determined that D(P,B1) <k, D(P,B2) <ke (k a
constant).

For a modification of this theorem see a remark by J. Ferrand [11].
Another result of this type is a theorem on "nearly polygonal" domains by Jacqueline Ferrand which

is stated in [11] without proof.
5.2 Suppose Po is a simple closed polygon and w0 a point in its interior. Suppose P1 is another polygon

which is obtained from P0 by a dilation in the ratio (1 + ): i from w0 as center, with > O. Let R be a region
bounded by a closed Jordan curve C which is contained in the region between P0 and P1 and let i be defined
for the curve C in the same manner as above for B2.

Then one can map R conformally onto a polygon P, which has the same angles as P0, and whose s'tdes
differ from those of Po by less than h, im such a manner that the images of the vertices of P are at a distance
less than h'from these vertices (h, h' are constants).

Furthermore, if w=fft) maps P onto R, then there exist two constants K and K1, which depend only on
Po and w0, such that for in the interior of P or on the boundary we have

If() l<K log1+K1 .

A theorem of this kind may be of use in estimating the accuracy of an approximation to the mapping
function of a region that is obtained by approximating the region by polygons.

In the preceding theorems one of the two regions was distinguished from the other as regardsto
smoothness of the boundary, a situation which is analogous to the nearly circular case. It seems desira-
ble to eliminate this restriction and to establish a bound for f1 (z) -f2(z) under reasonably general con-
ditions on both regions. Warschawski [31] obtained some results in this direction. The regions consid-
ered need not be bounded by Jordan curves. To state these results we need the following definition.

Definition. Suppose R is a simply connected bounded region which contains the origin O. Let c be
a cross cut of R not passing through O and T the one of the two sub-regions of R which does not contain
O. Suppose that X denotes the diameter of c and A the diameter of T. Then let for all possible cross-
cuts of R with Xp, p>O, (p) be defined by

n(p)=Sup A.

The function (p) is in a certain sense a measure for the "irregularity" of the boundary of R. If
the boundary is a closed Jordan curve, then it is easily seen that hm (p)=O.

In the case of a Jordan curve we may use another related function (p) in place of (p). Let Che a
closed Jordan curve, w0 a point on C. Let H denote the distance from w0 of the point w1 of C which is
farthest away from w0; that is, H= w1 - woj = Max 1ww0. Draw a circle of radius p H about w0.

Let C be traversed from w0 in both directions until w1 is reached in each case. Denote by w' the last
point of intersection of C and the circle which is met going in one direction and by w" the last such point
in the opposite direction. Then call (p,w0) the radius of the smallest circle about w0 which contains
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the arc w' w0 w" of C in its interior or on its circumference ("Unbewalltheitsfun,kt ion"; see Warschawski
[28], Ostrowski [20]). For p H we set (p,wo) H.

The function (p) is now defined as

.(p)=Sup A(p,w0).
wo C

An important property of (p) is that
um (p)=O.

Warschawski's results may now be stated as follows:
5.3 Suppose R1 and R2 are two simply connected regions which contain the origin. Suppose that the

inner distance of their boundaries B1 and B2 satisfies D (B1,B2) e for some e, 0<6<1. Let ni () and
n2(P) denote the functions defined above for R1 and R2, respectively.

Iff1(z), ¿12(z), normalized as usual by the conditions f,(0) =f2(0)=0, f(0)>O, f(0)>0, map jzj<1
conformally onto R1 and R2, respectively, then for j z j< 1 we have

ff (z)f(z) (i +k log
(1/8lrA')

'li
1

1 +172og- t'og)
Here A1 and A2 denote the areas of R1 and R2, respectively, and k is a constant which depends only on the
distance of O from B1 and B2.

For a similar result for the case that B1 and B2 are Jordan curves see also J. F. Polansky [21].
A more accurate bound for jf1(z) f2(z)t is obtained if more information regarding the function (p)

is available.
5.4 Suppose that

flj(p)Kp+flj, i=1,2,

where K, i, and172 are constants, ,c>0, O. Then under the hypotheses of Theorem 5.3 we have

fl(z)f2(z)j Ke log+Ki(n1±2), a=

Here K and K1 are constants; K depends only on s, the distance o- of O from B1 and B2, and the diameter of
B1 and B2, while K1 depends only on o-.

The case = O is of interest. It is satisfied for a large class of Jordan domains (for example,
for all curves with a finite number of corners).

6. The inverse functions. It is of interest to examine the corresponding question for the inverse
mapping functions. In this connection we mention first a result which may be obtained from one of the
inequalities of Pick's form of the distortion theorem,3 see G. Szegö [261, W. Sewell [24].

6.1 Suppose that the function z= o(w) maps the bounded simply connected region R conformally onto
the circle zI<1 so that (0)=0 and ç,'(0))'O. If w is a point in R within the e-neighborhood of the boundary
of R (e>0) then 1 ç(w)j 4/ç'(0).

Thus, in particuiar, any subregion of R whose boundary is within the e-neighborhood of the boundary
of R is mapped by z=ç(w) onto a region contained in zj<1 whose boundary lies in the ring

1-4-/e'(0) !zI1.
Next suppose that R0 is a subregion of R, which contains the origin, and that z= (w) and z=ç(w)

map R and R3, respectively, in the circle jz<1 in such a manner that ço(0)==(0)=0 and '(0)>O,
4' (0) >0. Warschawski [31] proves the following theorem.

6.2 If the function no(p) defined for the region R0 satisfies the condition flo(P) sp, and the boundary
of R0 lies within the e-neighborhood of the boundary of R, then for weR0 we have

- (w)j log

Here K is a constant which depends only on s, the distance of the boundary of Rfrom O and the diameter of R.
The inequality in uest!on is the following: If f(z)z+a2z'+ .. .is regular and univalent for jz<1, then
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7: Averages and derivatives. Just as in the case of nearly circular regions one may consider here
the integral means

4; {f1(z)f2(z) }
{lf2T i}P

O r<1, (17.14)

of the fimctions f and f2, and the analogous expressions for the derivatives as a measure for the degree of
proximity of these two functions.

We use the notation employed above: R1 and R2 denote simply connected bounded regions which
contain the origin; their boundaries are denoted by B1 and B2, respectively. The functions w=f1 (z)
and w=J2(z), normalized in the usual manner, map the circle jzj<1 onto R1 and R2, respectively.

The following two theorems are due to F. J. Polansky [21].
7.1 If the inner distance D1(B1,B2) satisfies

D1(B1,B2)_, o<e<1,
and a denotes the minimal distances of O from B1 and B2, then

.J1j{fj(z)j2(z)}<K (A+/A) (--).

Here A1 and A2 denote the areas of R1 and R2, respectively, and K is an absolute constant.
By use of Cauchy's integral formula Polansky obtains a bound for the difference [fi(z)f2(z)I in

terms of e and r which is valid in ¡z r<1. (his bound converges to a constant as r.1.)
The second theorem deals with the average of the first derivative. In order that the integral

f2r f'(re°) do formed for the derivative of the mapping function be bounded for all r, O r<1, it is
necessary (and sufficient) that the boundary of R be a rectifiable curve, and it is for the class of regions
with rectifiable boundaries that this theorem is established.

We need a preliminary remark. Let C denote a rectifiable closed curve, and let w1, w2,
w,, be any finite sequence of distinct points of C taken in order along the curve (a "partition" of C).
The length of the inscribed polygon is

l=w1w,,I+ !WkWk+i!.

For any h (which does not exceed the diameter of C) consider all possible partitions P of C such
that the maximal length of the chords is equal to h, and denote by l(h) the length of the inscribed
polygon corresponding to such a partition P.

For every Ô>O let
U(t)=Inf l(h).

The length L of C may be expressed as
L=Sup U(a).

We shall associate now (following Polansky) with the rectifiable curve C the "modulus of rectifi-
ability"

This function is monotone increasing with ô, and
um w*(ô)_O
oo

Let (p) denote the function introduced above in section 5. Then, for any T>O, c>O, we set

w(rc)=w*[21X

( tJlog (17.15)

For fixed e, w(r, c) is a monotone increasing function of r, and

hm w(r,c)=O.

184



With this notation we can state now the folkwing theorem.
7.2 Suppose that R1 and R2 are bounded by rectifiable Jordan curves B1 and B2 of length L1 and L2,

respectively. Suppose furthermore that B1 and B2 lie in the ring O<o-i<IwI<o2. Let wi(r, c) denote the
function (17.15) defined forBi.

If D(B1,B2)_ c,O<<1, then uniformly for Or<1 we have

{f(z)f(z) } 2/ IL1L2I+2(+ ) (wjc, c)+Ae7)+Be

Here e, A, and B are constants that depend only on and o-2: and y may be taken as 1/128.
This theorem contains in a sharper form an earlier result of Warschawski mentioned in the

introduction.
More precise estimates are obtained if further smoothness conditions regarding the boundary are

assumed. If the boundary curve possesses continuously turning tangents, then the mapping function
has the property that, for every fixed real p,

f2ir If'(re°)VdO

is bounded for all r, O r<1. Warschawski considers in [32] regions of this type and obtains the following
result on- %,{ff'2} for p>O.

7.3 Suppose that the boundary curves B1 and B2 have continuously turning tangents and satisfy the
following additional hypotheses:

If a1 (s) denotes the tangent angle of B1 expressed as a function of the arc length s, then'

ai(s-j-h) a'(s)l M1s2sjI.

If M denotes the length of an arbitrary arc of B1 with the end points w1, w2, then

1w2wij
c>O,

where e is a constant.
(e) B1 and B2 lie in the ring

0<0-1< wI< 02.

B2 lies in the c-neighborhood of B1 (for some c, o<<-).
Let a(Wi) and a(w2) denote the tangent angles of B1 and B2 at the points w1 and w2, respectively;

then for every positive m there exists a positive q= q(m) such that for wi - w2 < me we have

1a(w1)a(w2)I <eq(m).

Then there exists a constant i which depends only on the "characteristic parameters" M, e, Ci, o-2, and
the function q (m), and another constant M, which depends only on p and the same parameters, such that for
l<p< ¡/e we have

.á{f(z)f(z)} =re'°, (17.16)
uniformly for Or<1.

This theorem may be considered as an extension of theorem 3.3. The principal tool in its proof is
the theorem of M. Riesz (see sec. 3).

The following alternate form of this theorem might be of interest as it is perhaps easier to apply:
73 * (a) Suppose B1 and B2 are represented in parametric form by the equations

w=w1(t) and w=w2(t), Ota,
where w (t) are continuous and

w(t)j>b>O, i=1,2.
(b) Suppose that for O t1 t2 a we have

L 1t2-t11.

i We refer to this fact by saying that B1 has bounded curvature ti(s), for this implies that hi(s) (di/ds) exists almost everywhere and that
I ki(s)t lif.
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This implies in particular that B1 has bounded5 curvature k (s), say 1k (s) I M.

(e) Suppose that for some ¿>0, 0<e<-, we have

Iw(t)w(t)I <c, 0ta,
and

Iw,(a)w(a)I< e.

(d) Let B1 and B2 lie in the ring 111< wI <cr2.
Then there exists a constant u which depends only on a, b, L, o-1, and O-2, and for every p, l<p j/i, there

exists another constant M, which depends only on p and the same Jive constants, such that the inequality
(17.16) is satisfied.

By use of the inequality of Fejèr and Riesz we find that under the same hypotheses there exists a
constant N which depends only on a, b, L, o, and o-2 such that for zJ i we have

fi(z)f2(2)I=<Ne.

The above theorem 7.3 has been extended to the derivatives of the mapping function by E. H.
Nicholson [181:

7.4 Suppose that the boundary curves B1 and B2 satisfy the following conditions:

(a) If aj(sj), i =1, 2, denotes the angle of inclination of the tangent to B expressed as a function of the

arc length s, then
'

a(s) exists (n_ 1), is continuous along B, and
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5 See footnote 4. It is easily seen that M (L27b5).

d
¿- aj(sj)

'-'2

B, B=const.

If M denotes the length of an arbitrary arc of B1 or B2, with the end points w,, w2, then

1w1w21 _c, c=const.>O.

B1 and B2 lie in the ring cri<lwI<cr2.
B2 lies in the c-neighborhood of B1 for some ¿>0.
For every m>0 there exists a positive q=q(m) such that for k=0, 1, . . ., n, we have

<eq(m) if wiw2I<me,

where
d'cej denotes the kth derivative of a taken at Wj on B.de, w.

Then there exists a constant N, which depends only on n, B, c, o-i, o-2, and the function q(m) such that for
!z1<1 we have

If(z)f(z)INc, k=1,2, . . . ,n.

Moreover, for every p>l there exists a number M',, which depends only on p and the same six param-
eters such that uniformly for O r <1 we have

i M,,, z=re°.
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18. A Variational Method for Simply Connected Domains
A. C. Schaeffer and D. C. Spencer2

1. Introduction

Let be a simply connected domain in the w-plane containing the origin, but not the point at
infinity, and of mapping radius 1. Then there is a function

f(z)=z+a2z2+ . . . (18.1)

which is regular in zI<1 and such that w=f(z) maps zJ<l onto in a one-to-one manner. If w=
f*(z) maps IzI<1 onto a domain in the w-plane which is "near" , then f*(z) will be "near"f(z) in some
sense. There are several methods by which the change in the mapping function may be correlated with
the change in the domain. The present remarks will deal with methods that have been developed by
the authors. In one case the variation is made on the boundary, in the other case, in the interior;
and the latter case is a development of a variation that has been used by Courant.

2. Boundary Variation
To consider first the case of a variation on the boundary, suppose that r is an analytic Jordan arc

on the boundary of with end-points at a and ß. If g(w) is analytic in a full neighborhood of r,
and vanishes at a and ß, then the function,

(18.2)

is regular except at infinity and at points of F. By deforming the contour of integration and making
use of the residue theorem, it is readily shown that (w) has a discontinuity across r equal to g(w).
If w' is a point of r, and 1(w'), 2(w') are the limits of (w) as w approaches w' from points on the left
and on the right of F, respectively, then

1(w') 2(w')=g(w'). (18.3)

Here left and right are as seen along the arc F, looking from a toward 9. Thus for small , (w) maps
the left and right edges of r onto Jordan arcs r1 and r2, respectively, in the -p1ane, and the exterior of F
is mapped onto the one- or two-sheeted domain in the -p1ane bounded by r1 and F2. If, for example,
g(w)e has positive imaginary part on F, where

I Purdue University, Lafayette, md.
B Stanford University, Palo Alto, Calif.

dwez r=
IdwI

is the unit tangent vector to F, then for small positive the domain in the r-plane is one-sheeted. In this
case the function,

f*(z) =f(z) + 1U2['C(2)] du, (18.4)

is schlicht and regular in I z <1, and is normalized by the conditions f* (0) = O, f' (0) =1. In case is
negative, the domain in the r-plane bounded by F1 and F2 is two-sheeted. In this case the function
(18.4) will, in general, map Izi <i onto a two-sheeted domain. However, by making a variation of the
unit circle in the z-plane, we can obtain a function from (18.4), which is schlicht in zI<1 for real or
complex . This variation can be obtained as a limiting case of an interior variation.
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3. interior Variation
Now let T represent an analytic Jordan arc lying in <1 but not passing through the origin, and

let its end-points be a and ß. If p (z) is regular in a full neighborhood of T, and vanishes at a and ß,
then for small the function z+p(z) traces a Jordan arc T6 joining a and ¡3 as z traces T. The arcs
T, T6, and zl=1 form the complete boundary of a one- or two-sheeted domain R6 in zJ<1, such that
for a point moving from a to ¡3 along T, and from ¡3 to a along T6, the area of R6 lies to the left. The
domain R. can be mapped onto sJ <1 cut by a single Jordan arc U2, such that the identified points z of
T and z+ p (z) of T6 map into the same point of U6. If 2=0 maps into 8=0, and directions are pre-
served there, then the discontinuity of z(s) across U2 is - p (s) + o (). Thus since Is = 1 maps into

we have

z=s11__fp(
fß(u) l+s_}+O()du2'rt sclu+2irj a211-tS

The arc T and T6 in 21<1 map into arcs V and V6 in under the mapping w=f(z). If w=f(z)
lies on V, and q6(w) is defined by

q2(w)=[f(z+ p(z))f(z)Jf, z T, (18.6)
then the point

w+ 6(w)=f(z+ p(z))

lies on V6. There is a mapping of the domain in the w-plane bounded by V and V6 onto a domain in
the w *..plane such that V and V6 map into the same arc K6, and the points w of V and w+ 6q2(w) of
V. map into the same point of K6. The mapping after a suitable bilinear transformation may be
written
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EwÎ
q.(v)w*=w+2. v(vw)

(18.5)

(18.7)

where a=f(a), b =j(ß). It follows from (18.6) that

q6(w)=p(z)f'(z)+o(l), w=f(z).

The mapping from s to z to w to w* defines a function w*(s), which is regular in IsI<1 cut along U6.
It is single-valued across U6 so it is regular in IsI<1. On combining (18.5), (18.7), and w=f(z), one
obtains

f(s) duf p('a)[f'(u)}2

('ß(U) U+5---j ----s f'(s)du+ Jß(u)
l+ii5f(s)s+o()

27ri a 2i2 1iis
If = Cw*, where C is chosen to normalize, it follows that

f P(it)5[uf(u)]2 2f2(z) u+z zf'(z)+f(z) du
a f(u) f(u)f(z) uz

+ ¡ f Ç1+iz zf'(z)_f(z)} +o(),2iij a

where z is written in place of s.
If one now considers a continuous overlapping or a continuous opening of a hole with a continuous

sewing together, then the mapping function

f(z,t)=z+a2(t)z2+ .

is a function of a real parameter t. If =f(z, t+), andf(z) representsf(z,t), where ¿ is real, then letting
e tend to zero in (18.8) one obtains

t a 2u2 f(u) f(u)f(z) uz zf'(z)+f(z)} du
ôf i f pu) ([ufu)]2 2f2(z) u+z

(18.8)



where

+-J12r a 22 i ii
zJ'(z)._J(z)}

If the domain in the w-plane is bounded by Jordan arcs and the point z=e° maps into the tip
of one of these arcs, thenj' (e°) = O. Letting p(u) tend to zero everywhere except at u= e°, in a suitable
manner, and in particular such that

i rß (\
I \/j_

2lrjJa 2u2 -
we see that

t:::I
whore 7=A+. This is a differential equation due to Loewner, trivially modified because of a differ-
ence in normalization. Loewner's differential equation for the inverse function can also be obtained

4. A Special Case
There is a specialization of (18.8) that we would like to mention briefly. it is of interest in the study

of the domain of variability of the coefficients of schlicht functions. Let f(z) be a function of the form
(18.1) which is regular and schlicht in zl<1, and let w=f(z) satisfy an equation of the form

A.

¡z dw"2(\ ) P(w)==Q(z),

alBQ(z)= ,
n+1 Z

=

(18.9)

and Q(z) is nonnegative on = i with at least one zero there. Further, suppose that w=f(z) maps
21<1 onto the exterior of a single analytic slit in the w-plane extending to infinity, and that w=f(z)

satisfies no other equation of the form (18.9), except one obtained by multiplying each side of (18.9) by a
positive constant. Let e, e1 be the points of zI= 1 which map into the finite and infinite end-points
of the slit in the w-plane. Let ßl,ß2, . . ., ßi be any constants, such that the function

alp'(z)=, ß,=ßi.,n+l Z
has a zero at eic, and let

Q*(z) Q(z)+ e(Z)+O(e2),

where e is a positive constant. Then there is a function P*(w)=P(w,e) such that for all small e the
function w=J*(z) satisfies an equation of the form

(-
)2p'w= Q*(z),

and f *() is regular and schlicht in 2 <1. Moreover, if

j ÇZ #(v) dv
X(Z)=Je_$.V/Q(V) V'

then f* (z) is given by the variational equation

* ef'z) ( 1 [tf'tfl2 xlXldt +f (z) fz)
2 j1 L f(t) J fQ(t) {f(Z) J(t) }

O(e).

The variation is thus specialized to sweep out a neighborhood of functions which satisfy an equation of
the form (18.9), and no other functions.

191





19. Some Remarks on Variational Methods Applicable
to Multiply Connected Domains

M. SchilTer and D. C. 12

1. Introduction

Let ,%' be a multiply connected domain of the z-plane having m boundaries. Given a function
f(z), which is regular and schlicht in .4' and which may also satisfy additional restrictions, we may ask
for a neighboring functionf*(z) of the same type. That is, using the language of the functional calculus,
we may wish to find a general formula for the variation 5f of the function f. Or, more generally, we
may ask for the variations of the various conformal invariants (including differentials) which are asso-
ciated with the domain .4'

Perhaps the simplest and most important invariant is the Green's function g(r,) of .4' whose
variation is given by the classical Hadamard formula. This formula is a boundary-variation formula
which is applicable only if the boundary of.4' is sufficiently smooth. We assume that the boundaries
of %' are analytic curves C, v= 1, 2, . . ., m, and we write

C=1op.

Let every point of C be defined by a parameter s, which measures the lengths of the curves successively,
and let 5n(s) be a continuous function of s which determines the normal displacement of each boundary
point. We take en(s) positive if the displacement is in the direction of the outer normal. In this way
we define a new domain .4' * with a Green's function g* (z,). The Hadamard formula has the form

t5g(zi) f òg(t,z) òg(t,)
önds.òn òn

This formula has been the starting point in computing the variations of various quantities associated
with .4' (see [3, 4]8).

In the case of a simply connected domain, the Green's function is connected in a simple way with
the function that maps the domain onto the interior of the unit circle. This is no longer the case when
the domain is multiply connected. However, the real part of the logarithm of the function which
maps %' onto the interior of the unit circle cut along concentric circular arcs is a domain-function
similar to the Green's function which satisfies entirely similar variational formulas [4]. There are m
such functions depending on which contour of.4' is mapped onto the circumference of the unit circle.
The variational method may thus be used as a practical instrument in the calculation of approximate
conformal maps.

The variational method often yields valuable information quickly and simply on the way in which
a given quantity depends on the domain ,4' For example, the so-called torsional rigidity P of a simply
connected domain .4' (which represents the cross section of a bar) may be expressed in the form

(19.1)

I Stanford University, Stanford, Calif.
'This paper was written while the authors were engaged on a project sponsored by the Office of Naval Research (Contract N6-ori, 154, Task III, Stanford

University).
Figures in brackets indicate the literature references at the end of this paper.
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P=ffffg(z, ) dr (19.2)



5
C CÒg(tz)

irJeJj Òn
dz

Formula (19.3) shows how P varies as we change the domain. In particular, if ön is everywhere non-
negative on G, we see that oP is nonnegative; that is, P is an increasing function of domain, a property
that is physically obvious. But (19.3) also shows the effect of small indentations on the torsional
rigidity of the bar.

Finally, the variational method enables us to solve extremal problems in conformal mapping by
the method of the calculus of variations. The solution of extremal problems is of course the most impor-
tant application of variational methods. Extremal problems are also important in applications, but
the variational method is still in its infancy as an accepted technique, and so it has not yet been applied
systematically to the solution of practical problems. It is hoped that its utility in the hands of applied
mathematicians will soon be established.

Here we outline a method for determining the variation of a function which is regular and schlicht
in a multiply connected domain .4' and which satisfies the further condition that its values lie schlicht
on another multiply connected domain . It is to be expected that the variational formula will be
expressed in terms of certain invariants of 4' and . The formula for the variation of the Green's
function is exceptional in the sense that it involves only the quantity being varied. We therefore begin
by constructing the necessary invariants.

2. The Invariants
As was pointed out by Shottky and later by Klein, the invariants of a multiply connected domain

can best be understood in terms of the so-called "double" of the domain. We suppose that iV is
bounded by m analytic curves and that it lies in the finite part of the z-plane. In order to avoid a
special discussion of the case m=2, we suppose that rn)'2. Let .A' be a second replica of If we
identify corresponding boundary points of .%' and we obtain a closed surface of genus m-1. In
order to make this surface into a Riemann surface, it is necessary to introduce suitable local uniformizing
parameters or "uniformizers." At an interior point of %' the variable z is itself a uniformizer. At
the corresponding interior point of .%'we define to be the uniformizer Near a boundary point z0 of
.%' there is a variable t which maps a half-neighborhood of Ñ' at z0 onto a domain of the upper half-
plane t>O such that an arc of the boundary of %' containing z0 goes into the real axis. Since the
boundary curves of %' are analytic, we may take t to be the arc-length parameter which is chosen such
that it increases in passing through z0 with points of %' to the left. At z0 we define

(tin4
-

to be the uniformizer.
The closed Riemann surface of genus m-1 which is obtained in this way is called the double of
Over each interior point of .%' there lie precisely two points of over each boundary point of

.4' one point of The two points p, of which lie over the same point of .4' are said to be
conjugate points of If p corresponds to a boundary point of then p=$.

In terms of the Green's function g (z, ) of .4'is the single-valued harmonic function on which
has a source at , a sink at the conjugate place of The harmonic function gives rise in the usual
way to a differential

òg lfòg .Òg\ z=x+iy. (19.4)

This differential has simple poles at and ¡ with the residues 1/2 and +1/2, respectively. Now
define [5]
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2 ò2gL(z, )=--ir òzò

Onds. (19.3)

(19.5)

From its construction we see that L(z, )dzd is a bilinear differential, and we remark that L(z,) or
L (z, ) is Bergman's kernel function K(z, ). We observe that L(z, ) has a double pole at z=:

where dz d- denote the z and area elements. Applying (19.1), we obtain



A (z, )dz d =

L(z,)dzd=L()ddî, (19.8)
we see that

L(z,)dzd=L(z,)dzd. (19.9)

A differential of which takes conjugate values at conjugate places, that is a differential dZ for which

dZ() =dZ(z),

will be called a differential of A differential of %' is plainly real on the boundary of In this
sense L(z,)dzd is a bilinear differential of %' which is real when both z and are on the boundary of

Other properties of L follow immediately. We have the obvious syiiimetry property
(19.10)

If is on the boundary of %' then

L(z, )dzd=L(z,)dzd=L(zJ)dzdT.
If z is on the boundary, we have in the same way

L(z, )dzd=L(, )dd= LÇ, )did. (19.12)

Formulas (19.11) and 19.12) are consequences of the fact that L(z,)dzd is invariant to changes of the
uniformizer and, at boundary points, we have at least two uniformizers, namely the variable and its
complex conjugate.

Since we have supposed that the number m of boundary components of A exceeds two, there are
at least two linearly independent everywhere finite linear differentials of .A say dZ1 and dZ2. Then

dZ1(z) dZ1(-)

dZ2(z) dZ2()

is an everywhere finite bilinear differential of 4' which vanishes at z=.
Consider the function

(19.13)

This shows that (z) is a cubic differential of We may always choose dZ2 such that it has no zeros
on the boundary of Then Z(z) is real and finite on the boundary of %' and, since it is single-
valued, we see that (z) has two simple zeros on each of the m boundary components of But smce

(z) is an everywhere finite cubic differential, it is well known that ¿(z) has 6(m-2) zeros on Of
these zeros 2m lie on the boundary of 2m-6 lie interior to and 2m-6 lie at the conjugate places
interior to Select arbitrarily m zeros on the boundary, one from each boundary component. These
m zeros plus the 2m-6 zeros interior to á' will be denoted by 21, 2, . . , 6, and the remaining
zeros will be denoted by i, , . , 3m-6 We remark that the number o=3m-6 is the number of real
moduli of the domain4 It is also equal to the number of linearly independent everywhere finite
quadratic differentials of %' in the real sense.

-z
Forming its differential we obtain

I!zdz3dZ= /

dZ1(z)Z(z)

Z(z)

Z(z)

(19.14)

(19.15)

dZ2(z)

(z)=

Z(z)

Z(z)

Z'(z)
2'(dz2)
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L(z, ) = (z )2+ regular terms. (19.6)

It follows immediately from the definition of L that

(19.7)

Thus if we define L by the relation



Hence for z near z we have by (19.18)

n(z, .)_ Q() 1 (i(-)) i +'(z) . .
. ,n(z,)= zz

Finally we note that
(z, )d2 (nC,)d2 n(z, )d-2

dz k d J dz
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Now define
A(z, )n(z, )=7rL(z, ) (z)

Then (n(z,)d2)/dz is an invariant which is a quadratic differential with respect to , a reciprocal differ-
ential with respect to z. The singularities of n(z,) are at z= and at the zeros of (z). Near z=,

n(z, )= l/(z - )+regular terms. (19.17)

If is not equal to z, then near z we see that

n(z, ) 7rL(2i,)A(zi,
z

12+regular terms. (19.18)

Here we suppose that all zeros of (z) are simple. The expression

Q()=7L(z1, )A(z1, ) (19.19)

is plainly a quadratic differential with respect to . Since

(19.20)

we see that Q is finite on Let
j(z))dz2== Q1)d2 (19.21)

be the conjugate quadratic differential. If is chosen equal to , as we may always suppose, then

(19.22)

(19.23)

(19.24)

In particular, (n(z,-)d2)/dz is real when z and are both on the boundary of Here and elsewhere
we suppose that when a variable such as z is on the boundary, then dz has the direction of the tangent
vector.

The quantity (n(z,)d-2)/dz is the invariant needed in the construction of the variation.

3. The Variational Method

We come now to the variational method. Let .Ñ' be contained in another multiply-connected
domain %' which has m' boundary components, m'>2, and let %' be mapped conformally onto a
multiply connected domain of the plane with rn' analytic boundary curves. In the following discus-
sion will be assumed fixed. We say that a function j(z) is an i?-function if it is single-valued and
regular-analytic in the interior of %' and maps .%' onto a schlicht subdomain of . Our purpose is
to investigate the variation of an í-function.

Let y be a short analytic Jordan arc lying in the interior of %' and joining two points a, 3 of
and let denote the conjugate arc on the double Let r(z) be a reciprocal differential which is defined
and regular in a complete neighborhood N of y with r(a) =r(ß) =0, and let 9(z) be its conjugate; that is,

(19.16)

=C) (19.25)



Now let q1 (z), q2(z), . . . , q0 (z), o= 3m-6, be a basis for the everywhere finite quadratic differentials of
Any everywhere finite quadratic differential f .4' can be expressed linearly in terms of the q

with real coefficients, and any everywhere finite qudratic differential of can be expressed as a linear
combination of the q1 with complex coefficients. We impose on r(z) the orthogonality conditions

i=1,2, 0. (19.26)

(19.27)

h(z)= 1.5
)n(z,fld (19.28)

27ri

Then we have also

Define

where the integration is from a to fi along y and frozn a to along . It is clear that h(z) is a reciprocal
differential and that h(z)/dz is real on the boundary of Moreover, by (19.26) we see that h is reg-
ular at the zeros of z (z) and hence is regular eveiywhere on á' except possibly along the arc y. At
the end-points a, fi of y, h(z) is bounded and contiruous. Moreover, since the path of integration may
be deformed, it is clear that h(z) is regular at interior points of either edge of y. Let 'y be directed from
a to fi, and let z' be a point on the left edge of y, z" the point on the right edge opposite z'. By the
residue theorem we have

h(z') - h (z") = r(z') = r(z"). (19.29)

Thus h(z) is not single-valued across the arc y.
When .á' is the interior of the unit circle, the oorresponding function h is [2]:

The double of the unit circle is the sphere, and

1 z(z+)
22

is a simple rational expression. In the second integral we have expressed the integration in terms of
so

n(zfld2 z 1 z+1 d?
dz d2?2z_1

Since there are no everywhere finite quadratic differentials except zero, the orthogonality conditions
(19.26) are absent.

Consider the function
z1=z+eh(z) (19.31)

where E is a small real number. This function is regular on %' except at a and fi, and has a discontinuity
of amount r(z) across the arc y. At a point on he boundary of %' the term h(z) is equal to a real
number multiplied by the unit tangent vector of the boundary at the point. It therefore maps the
boundary of .%' into itself with an error that is o(e).

As traces y, +Er() traces a neighboring ajc y connecting a and fi. If we identify the point
of y with the point +Er() of y,, we obtain a Rlemann domain which has the same boundary as
plus the two additional boundary points a and fi and which may be mapped onto %' minus two points
a and b, the images of a and fi. The inverse of thel function (19.31) (plus an error term O(E)) is the func-
tion which performs this mapping.

Now we construct a similar function for the 4omain . Let N(w, ) be the same function for ?
as n(z, ) is for We denote the image of y in the mapping f by F, and we set

H(w) = 2' .5R(n)N(w, n)dn
2 5 ()N(w, (19.32)

Then
W1w+EH(W) (19.33)

h(z)= 1.5 r() z+ d 15 r()
2iri 22zZ_ 27ri 2? z

z+1 d?.z-1 (19.30)
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is the analogue of (19.31). We express the integration in (19.32) in terms of , and we take, in
particular,

Then, replacing w by J(z), we obtain

H[f(z)]=21. f R[f()] N[f(z),f()] df() f R[j()] N[f(z), f()] df(). (19.35)
27r

Let q1, q2, . . . , q0, r= 3m' 6, be a basis for the everywhere finite quadratic differentials of . We
subject r() to the further conditions that

R[f()] q{f()} df()=0, i= 1,2, . , r'. (19.36)

where
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Let
f*(z)f(z) + ef'(z)h(z) + H[f(z)}. (19.37)

If z' is a point on the left edge of , z" the point on the right edge opposite z', then

(19.38)

Thus f* is single-valued across and is therefore regular throughout Moreover, in any closed set
interior to 7 will differ from an -function by an error o (e).

Instead of taking to be a multiply connected domain of the plane, we could as well take to be
a domain of higher genus spread over the plane. We therefore have a method of varying functions which
are subordinate to fixed surfaces. Also, we may replace J7 by any orientable finite Riemaun surfaces
with boundaries.

Let f be a function which is regular and schlicht in and let f map %' onto a domain whose
boundaries are sufficiently smooth. By taking on the boundary of we obtain a generalization of
Julia's well-known variation formula (see [1]). In fact, we obtain

w()dw()J-
.

yThZì f()2
dwôw()=aep()
IdwI'

p real,

is the normal shift of the boundary of the image domain. The integration in (19.39) is over the boundary
of .Ñ' with area of .%' to the left.

The formula (19.39) in the case in which the domain is simply connected has proved to be a practical
tool in the approximate calculation of conformal maps, for example in the mapping of wing profiles
onto the unit circle (see [6]). If the mapping of a given domain onto some other domain is known, the
formula (19.39) may be used to compute a slightly varied mapping which is a closer approximation to
the desired mapping than the known one.

In a forthcoming paper we apply the above variational method to the coefficient problem for
functions which are regular and schlicht in a given multiply connected domain By investigatmg
the characteristic differential equations of the partial differential equation of the boundary of the n-th
coefficient region, we obtain a generalization of Löwner's differential equation to multiply connected
domains.
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20. Theory of Kernel Functions in Conformal Mapping1
S. Bergman and M. Schiffer2

1. Green's Function and Related Domain Functions
Let B be a domain whose boundary C is composed of n closed analytic curves C. The function

g(Z, W) is called Green's function of B if it is harmonic in both argument points, except for Z= W, where

g(Z,W)-}-log zwj, Z=(x,y), W=(u,v), z=x+iy, w=u+iv, (20.1)

is regular harmonic, and if g(Z, W) vanishes if either argument lies in C. We may consider g as the real
part of an analytic function p(z;W) in z. This function will, in general, not be single-valued but has
a period around each C,

ic1
òg(Z,W) dsz=2riwp(W).jc òflj (20.2)

These periods w (W) are harmonic functions in W; they are zero in each boundary continuum C,, except
for C, where they have the value 1. They are called the harmonic measures of the continua C at W
with respect to the domain B and play an important role in boundary value problems of potential theory.
They may be considered as real parts of analytic functions w(z), which are again not single-valued
but have around the continuum C,. the periods

ij '-' ds2riP,.. (20.3)

The periods P,. are closely related to Maxwell's induction coefficients.
By means of the above terms, numerous important canonical map functions can be constructed.

Take, for example, the function

W) = g(Z, W) + w,.(Z)w(W), (20.4)

where the c have been determined in such a way that

ò?j,.(Z,W) ds=o for p, W)=0 for ZC,.. (20.5)
C, Onz

Then, it is obvious that g is log jç(z;W)j, where ,(z;W) maps B univalently on the exterior of the
unit circle slit along concentric circular arcs, such that W goes into and the continuum C, corresponds
to the unit circle. The e are easily expressed in terms of the P,.,. If we complete g',. (Z, W) to an
analytic function in z, say 5(z;W), it is easily seen that the two functions,

i +..., i +...,'t 0v zw Ou zw
map the domain B univalently upon the whole plane slit along rectilinear segments parallel to the real
and imaginary axes, respectively, such that the point w corresponds to A somewhat deeper result
states that also the function

ò5(z; W) O i / O . O \
[s(z;W)+'(z;W)1 0w '

(20.6)

(20.7)

i Research paper done under contract with the Bureau of Ordnance, NOrd 10-449, Task 3, at Harvard University. The ideas expressed in this paper rep-
resent the personal views of the authors, and are not necessarily those of the Bureau of Ordnance.

s Harvard University, Cambridge, Mass.
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is univalent in B. It mats B upon the exterior of a set of analytic curves that enclose the greatest area
obtainable for every univalent map of B by a function [1/(zw)] +. . . . Numerous further canonical
domains could be constructed from Green's function; its central role in the theory of conformal mapping
is, therefore, evident. Very often conformal mapping is necessary in order to solve boundary value
problems; in this case, it is Green's function which is required in reality.

2. The Kernel Functions
If a harmonic function is to be determined by the values of its normal derivative in C, we have a

boundary value problem of the second kind. In the case of the plane, this problem may easily be re-
duced to a boundary value problem of the first kind, and thus solved by means of Green's function.
In fact, if h(Z) is harmonic in B and òh/òn is given in C, we consider its conjugate function h1 (Z); by the
Cauchy-Riemann equations we have

K(z ,) =K(w,), L(z ,w) = L(w, z), l(z ,w) = l(w, z).

From the boundary behavior of Green's function, one can easily conclude

- ,dzz L(z,w)=z K(z,w), z =-, z(s)C, wB
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òh òh1
òs'

ô 1/ò .ò\ ô 1/ò .ò\-i j +i /p
we obtain the relations

$ 5B L(z,w)f«i5dr=0,
that is,

lfS f(w) drf
f l(z,w)j5dr.;: B(w-z)2 JB

(20.8)

and we are thus led to a boundary value problem of the first kind in h1. On the other hand, boundary
value problems of the second kind are solved by use of Neumann's function n(Z,W), which is defined
analogously to Green's function, only with the condition of vanishing on C replaced by the requirement
of constant normal derivatives there. The above remark makes it obvious that relations between
Green's and Neumann's functions must exist. In fact, using the differential operators

(20.9)

ò2n ò2g ò2n ò2g
òz òw òz

pw(z)w(w), ô - òz p,w(z)w(w) (20.10)

with appropriately chosen real coefficients p,.
The above identity leads our attention quite naturally to the two functions

2 ò2g(Z,W) 2 ò2g(Z,W) i- , L(z,w)=--- - 2 i(z,w). (20.11)
r òzòw r òzòw lr(zw)

The functions K, L, and i are analytic in all their arguments; they are regular in B, except for L, which
has a double pole for z=w. By their definition, they have the symmetry properties

(20.12)

(20.13)

The functions K and L are, thus, conjugate differentials in C, a fact which has many uses in the theory.
In particular, it follows easily from (20.13) that for each analytic functionf(w) in B we have

$ f K(z,ii5)f(w)dr=f(z),
dr,L,=dU dv, (20.14)

and

(20.15)

(20.15')

Taking, in particular, f(w)=K(w,5, using the symmetry (20.12) of K, and the general identity (20.14),
we obtain



l(z,t)==-fJ K(t,5)
1

di-u.
ir B (wz)2

The formulas (20.14) and (20.16) permit now a new and very important interpretation of the
functions K and L which is independent of the concept of Green's function and leads, thus, to a direct
approach to the theory of conformal mapping. For this purpose, we consider the linear space of all

functions J(z) which are analytic in B and for which f5 f(z)2dr< , the integral understood in the

Lebesgue sense. We introduce into this space an Hermitian metric based on the scalar product

fdr, (20.17)

and obtain a Hilbert space H. The function K(z,) is a kernel that defines a_linear transformation in
H; and by (20.14) we see that this transformation is the identity. Thus, K(z,) is a reproducing kernel
i n the space H, and it is easily seen that K is determined by this property in a unique way. The very
important analytic function 1/-zr(zw)2 does not belong to the Hilbert space H, but the integral (20.16)
represents its projection into H; this interpretation can be easily used in order to define kernels K and i
in theories where no Green's function is available.

Let {f(z) } be a complete orthonormal system in H such that every fH may be represented in the
form

(20.16)

Consider K(z,?) for fixed as a function in H and determine its Fourier development; because of the
reproducing property it is easy to compute its coefficients a, and we find

K(z,D= f(z)7F). (20.19)

Thus, K may be constructed easily from any complete orthonormal system in B. Once K has been
computed, i and L are found by simple integration, by use of (20.16) and (20.11). Thus, we have
(20.19) a fundamental formula for the determination of Green's and Neumann's functions, for estab-
lishing canonical maps, and for solving boundary value problems.

Using Schwarz's inequality, we derive from (20.14):

If(z)!25L IfI2drK(z,), (20.20)

and the equality sign holds evidently only for J(w) =K(w, ). Thus, the kernel function may also be
introduced by the following extremum problem: Among all functions f of the class H which have at
zeB the value 1, the function K(w,)/K(z,) maximizes ffBtfI2dr, and this maximum is K(z,)1. The
expression K(z, )_1 is thus defined as a certain maximum, and conclusions concerning its dependence
on the domain B can easily be drawn. In fact, let B+ B, and let H+ be its corresponding Hilbert space.

EachfH belongs also to H, and 55 fl2dr J'5!J+2dr. The maximum K(z,1 must clearly

increase with the domain, which shows that K(z,) decreases if the domain B increases. The same re-
sult could also be obtained by variational reasoning, but the above approach seems simpler and more
illuminating.

It is easily seen that the integral f -/K(z,)ds is a conformal invariant and permits us to introduce
into B a distance concept that does not change under conformal mapping. Bergman used this concept
and the monotony of K(z,) as a set function in order to derive numerous inequalities of the Schwarz-
Pick type. The kernel function (20.19) was introduced by Bergman in 1922 and immediately general-
ized by him to functions of several complex variables. The connection with Green's function was found
by Schiffer in 1946. The later development of the theory was carried out in cooperation by both authors.
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f(z)r=E af(z), a=(f,7,). (20.18)
p1



3. The Hilbert Space ii
A very important subspace ft of H is determined by the functions 3z) in H which possess a single-

valued integral in B. It is easily seen that H may be decomposed into two complementary subspaces
and H which are orthogonal to each other: 2 is the linear subspace determined by the derivatives

w'(z) of the harmonic measures; it has the dimension n- 1. We define

- 2 ò2(Z, W) - 2 ò2(Z, W) i -
òzòw .(z_w)2 l(z,w). (20.21)

Then, k is the reproducing kernel for the Hubert space ft and Tz,w) is the projection of the singularity
function 1/{ir(zw)2] into this space. If we use the two univalent functions (20.6), we may write

i
[ço'(z;W),&'(z; W)], Z(z, w)=-- ['(z; W)+t"(z; W)]. (20.22)

Ir

We see, therefore, that k and Z are immediately related to an important canonical map of the domain.

4. Further Properties of the Kernels

In the case that Bunit circle, we have

K(z, =(i L(z, W)=()2 l(z, w)=0. (20.23)

We recognize in this special case an important property of the kernel function K; it is regular for z and
w in B; it becomes, however, strongly infinite if z and w converge to the same point on the boundary
of B. That this must be so also in the general case follows from the fact that the integral eq (20.14)
has infinitely many solutions, such that its kernel must be highly singular. It can be shown, on the
other hand, that i(z,w) is always analytic in both variables in the closed region B+ C. This fact shows
the importance of the identity

with

that is, we find a simple lower bound for the important expression K(z,)
metric. In the case of a circle, one has K(z,)F(z,). From (20.24)
more general inequality

K(z)x r(z, z)xx0
for arbitrary values Xi and

In the same way, one derives
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(20.24)

which occurs in the invariant
and (20.25), one obtains the

(20.27)

F(z,5) 72ff dr1 =complement of B. (20.25)

B

Now r(z,w) is regular analytic for z and wB. Its most important property is that it is a geometric
quantity, obtainable by integration processes alone. K and i, in contradistinction, are connected with
the solution of boundary value problems in harmonic functions.

From (20.24) we infer that K is regular analytic in the closed region B+ C; that is, the geo-
metric quantity F has the same boundary singularities as K. Putting further z=w, we find

K(z,_F(z,)=J'fl(z,t)l2dr 0; (20.26)

ff(z,t) r(t, w)dr1=k(z,i3)F(z,5), (20.28)
B

and draws from this analogous conclusions.
This definition is independent of the choice of p.



Since the kernel
(20.29)

is positive-definite ilermitian and regular in the closed region B+ C, we may apply Mercer's theorem
to the integral equation

(z) = X'fz(z, pp(w)dr. (20.30)

The solutions of this eigenvaluc problem form a complete orthonormal system in H and we have:

We suppose the arranged in order of magnitude; it can easily be shown that every function of the
(n-1) dimensional space 2 defined in section 3 is an eigenfunction to the eigenvalue 1, and that all other
eigenfunctions belong to the subspace H. Thus, we have:

f«z,3)=Êço(z)or(w); (z)ç(w). (20.32)

All eigenvalues X, v=n, nH-i, . . . , are really greater than 1.
We define the iterated kernels

fIB

¡<'°(z,i)r(t,5)drj

1 -
K(z, Th)= çov(2)G, (z, )=

A,

a<)(,)= (z)ç(W),
Xv

and have the estimates

( 1)9 ('") rP1(z, )= (i 1 ' (z) .(w),
p0 PI v=n

rP(z,Ü5)=ff r-"(z,t)r(t,5)dr,,

(20.31)

(20.33)

(20.37)

is a positive-definite kernel, easily expressed in terms of F and its iterated integrals. Thus, we have an
expansion for the kernel K in terms of geometric integrals which converges like a geometric series. We
remark the special result:

1(z,)=r(z,)+Ê ff ¡)(z,i)r(t,)dr, (20.38)
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(z,)j2 (z,). (w,), a(2,-9 E(z,). (20.34)

We see, therefore, that the converge to zero like the elements of a geometric series.
Consider now the integral equation

ff(z, )1(t,ii,) d=r(z,w), (20.35)

which is an immediate consequence of the reproducing property of the kernel . We solve this equa-
tion for the kernel K and obtain

) r(t,) dr, (20.36)

where

a4(, t)=X(z, )+2)(z,)+Z) (z,)+ . . . (20.36')

is the reciprocal kernel of a. Each term



which represents k by a series with positive terms. The inequality (20.26) is a very special application
of this series development. The close relation between this approach and the method of integral
equations is obvious. The value of the approach by means of kernel functions consists in the fact
that the essential domain function K is chosen, and a particularly elegent series representation for this
function can be given. From K and L important canonical maps can be obtained.

5. Other Types of Orthogonalization
We may introduce various definitions of Hermitian metrics for the functions analytic in B, and

obtain various Hubert spaces with corresponding kernels. Let be the Hubert space of all analytic
functions f whose boundary values on C coincide almost everywhere with an .fj'2-integrable function

on C. We call (t) the associated function of f(z), and define
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if J and u, g and y, are associated functions. Thus, a Hermitian metric is defined in . Each complete
orthornormal system (J(z) } in leads to the construction of the kernel

= (20.40)

We project the fundamental singular function 1/(zw) into by the operation

X(z,w)= K(z ,) (t - w) - (20.41)

and define

A(z,w)=' X(z,w). (20.42)

Then, it can be shown that X and , are, for weB, continuous in the closed region B+C, and satisfy
the boundary relation

A(z,w)r2lriK(Z,17)z', for zeC, weB.

From this condition and (20.13) one easily concludes that (1/ir)A2 and 47r1c2 coincide
respectively, except for difference terms containing derivatives of harmonic measures.

The expressions K and A occurred recently in various problems of function theory.
the function

F(z;=:
has the property

F(w;W)=0, IF(z;W)I1 mB,

(20.39)

and has among all the functionsf(z) in B with property (20.45) the maximal value of J'(w)I. It solves,
therefore, an interesting extremum problem, discussed in the last years by Grunsky and Ahlfors. The
method of kernel functions seems to be one of the easiest and most natural approaches to this function.

The class appears also of interest from a practical point of view. The process of orthogonalization,
necessary for the determination of K, is easier than the orthogonalization leading to K. On the other
hand, K and L are easily constructed from K and A. The metric (20.39) and the function-space were
first investigated by Szegö in the theory of orthogonal polynomials; K and A were first introduced by
Garabedian in the study of certain extremum problems in conformal mapping. He constructed them in
terms of Green's function; but the direct definition as kernel functions seems here to be much easier.

6. The Method of the Dirichiet Integrals

The theory of Green's function can also be treated from the point of view of partial differential
equations in the real domain, and a new approach to conformal mapping may be obtained. The im-
portance of this method is twofold; it may often be easier treated from a numerical point of view, and is

(20.43)

with L and K

For example,

(20.44)

(20.45)



easy to generalize to much wider classes of partial differential equations of elliptic type. In order to
exhibit the generality of the theory, we consider the differential equation

where P(Z) is positive and continuous in B+ C. Laplace's equation is obtained as limiting case for P 0;
no real simplification of treatment is obtained by putting P=0 in the following considerations. We
define a metric based on the scalar product

Jfroò
òpò'

[ +P'] dxdy
B

Clearly, (20.46) may be considered as the Euler-Lagrange equation of the variational problem con-
nected with }. We define the Hubert space 2 * of all solutions of (20.46) with f } < c, and
determine there a complete orthonormal system ç (Z). The kernel function

K(Z, W)=

has then clearly the reproducing property

J{K(Z,W), çe(W)}ç(Z)

for each From this fact, one easily concludes

K(Z, W)=r-- {N(Z, W)G(Z, W)],
2ir

where N and G are Neumann's and Green's functions for the differential eq (20.46). Let S(Z,W) be a
fundamental singularity connected with (20.46) that is, a solution of (20.46) in both arguments, and
behaving like log zwj as ZW. We may project S into e" by means of K, and find

s(Z,W)=f S (Z,T),K(T,W)}. (20.51)

Here s is, in both variables, an element of 2*, and has as a function of W the same boundary values
as S(Z,W). Hence

S(Z,W)s(Z,W)=G(Z,W). (20.52)

We see how K(Z,W) may be obtained by orthonormalization of a complete system of solutions, how
Green's function may be obtained by projection of a fundamental singularity, and finally Neumann's
function may be derived from (20.50). This method may be advantageous even in the case of Laplace's
equation since it is much easier to orthonormalize real-valued functions than complex-valued ones.

Finally, it should be pointed out that various other boundary value problems can be attacked by
slight changes of the metric. Consider, for example, the Dirichiet metric

(20.53)

where r (s) is a continuous positive function on C. It is obvious that the quadratic expression Of ç } still
has (20.46) as the Euler-Lagrange variational derivative. We may define a Hilbert space with a metric
based upon the scalar product (20.53) and construct a reproducing kernel. One easily shows that this
kernel has the form

_1K*(Z,W) {R(Z,W)G(Z,W)],-
where R is Robin's function, the fundamental solution (20.46) with the boundary condition

R(Z,W), Z(s)C. (20.54')
òfl

This function plays a central role in boundary value problems of the third kind.

(20.46)

(20.47)

(20.48)

(20.49)

(20.50)

(20.54)
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7. General Remarks
The great possibilities of the method of kernel functions in various branches of analysis are obvious.

The complex kernels may be applied to advantage in the theory of functions of several complex variables,
the real kernels in numerous partial differential and integro-differential equations. The method is
always based upon a metric connected with a positive-definite Dirichlet integral. Such integrals have
been used extensively in the general theory of partial differential equations of elliptic type, and it might
be useful to state explicitly which new idea has been applied in the kernel theory. In most previous
applications of Dirichlet integrals, all sufficiently regular functions with prescribed boundary behavior
were studied, and the solution of the differential equation with the same boundary condition was dis-
tinguished by a minimum property. In our approach, we consider only solutions of the differential
equation without boundary requirements; from these solutions, kernels are constructed which then per-
mit applications to boundary value problems. In many cases, as for example in the theory of harmonic
functions, a complete basis system of solutions is available, and the construction of the kernels is reduced
to processes of orthonormalization.

It should be added that while in the theory of functions of one complex variable there exists essen-
tially only one single-valued singularity function, and all others may be obtained from this by differen-
tiation with respect to the parameter point, a much greater freedom in choice of singularities exists in
the case of functions of several complex variables. This leads to various types of Green's functions
and to a much more complicated theory of kernel functions.
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21. A New Proof of the Riemann Mapping Theorem
P. R. Garabedian*

1. Introduction

In this paper we prove the existence of a number of conformal maps of a plane domain of finite
connectivity. The existence theorems which we obtain include the Riemann mapping theorem for the
case of smoothly bounded plane domains of simple connectivity. 'We use essentially two separate
procedures for the proofs. The first is based upon the notion of a kernel function introduced by Berg-
man [2]t and recently investigated by Bergman and Schiffer in considerable detail {5, 6, 11, 12]. This
method is quite general, and it applies to the study of existence theorems for harmonic functions and
for solutions of partial differential equations of elliptic type. Thus we present a unified and at the same
time basically elementary approach to existence theorems for function theory and partial differential
equations of elliptic type. Our work is closely connected with the theory of Hubert space in this type
of proof.

The second procedure which we develop for proving existence theorems depends in its general form
upon the consideration of integrals over the boundary of our domain and upon a definition by use of
Cauchy's integral formula of the class of boundary values of analytic functions in the domain. This
method also has extensions to the theory of elliptic partial differential equations, with Cauchy's theorem
replaced by Green's theorem. The conformal mappings which we obtain here are closely related to
the generalization of Schwarz's lemma to multiply connected domains in sharp form [1, 7], and their
existence lies somewhat deeper than that of the more standard canonical maps in a multiply con-
nected region.

A drawback of both the procedures which we outline here is the necessity to make some assumption
of smoothness upon the boundary of our domain. This restriction is offset to a degree, perhaps, by the
adaptability for computational purposes of the various kernel functions which can be used for existence
theorems. The introduction of orthogonal systems of analytic functions leads us, indeed, to both
existence proofs and computational algorithms if we adopt the present method.

The results of this paper are based upon joint work of the author and M. Schiffer [9]. Some effort
has been made to present here the principal ideas using applications of the fundamental method to
types of canonical conformal maps different from those treated in the joint work. It is to be pointed
out in this connection that a complete discussion of the extensive class of problems to which our tech-
nique applies is at present unfeasable, and that it is to be hoped that a few well-chosen examples will
better serve to display our method.

2. The Kernel Function Method

We suppose as given a finite domain D of the complex z-plane bounded by n smooth curves
G. We denote the total boundary of D by G, and we assume that there is a positive number

p>O, such that of the two circles of radius p which are tangent to G at each point z0C, the one, F(z0),
lies entirelyinteriorto D and the other, F'(z0),lies entirely exterior to D. We denote byL2 the class of
analytic functions f(z) in D which have a finite Dirichiet integral

where dr denotes the area element of D.

J'flJ/(z)12dr,

*stford University, Stanford University, Calif.
tFigures In brackets indicate the literature references at the end of this paper.

df(z)f(s)- dz
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We let i1 and t2 be a pair of fixed points in D, and we pose the following minimum problem. We ask
for a function k (z;ti, t2) in D, which minimizes the expression

J'f[f/(z)!2dr

A(f)= j(ti)_f(ti)!2 f(z)L2.

A nonconstant extremal function K(z; t, t2) E L2 exists, by the theory of normal families of analytic func-
tions, and it is determined up to a constant factor and an additive constant. To fix K(z; t1, t2) uniquely,
we require

X(t2;ti,ti)==fJIK(z;ti,t2)!2dr, K(t1;tj,t2)=O.

A consideration of the identity

5fIK'(z; t1, t2)+

A(K+ Xf)=
K(t2; t1, t2)+X[f(t2) 1(t1)]!2

K(t2;t1, t2) +1?(ti;ti t2)2
(5f K'(z; t1, t2)f'(z)dr [f(t2) -__f(ti)]) } + 0(1 X 2), J(z)EL2,

now shows that for any function f (z) EL2 we have

f(t2)f(t1) =ffK'(z;ti, t2)f'(z)dr. (21.1)

Thus K(z; t1, t2) is a reproducing kernel function, and it is easy to show by Bergman's methods [3]
that we have an orthogonal series representation

K(z; t1, t2) = Ê (21.2)
,= I

where

p(z)EL2, .(t1)=O, v,ji=1,2,
D

We can now apply the identity (21.1) to the special function log [(z_w)/(z_w*)] for wand w' in
each component B,. of the exterior B of D. We obtain

we have

whence
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r wt2I(W)=ffK(;tlt2)d =log +b,., WEB,., i=1,zw wt1
D

where b,. denotes a constant depending on the fixed point w*EB,.. We next consider the integral 1(w)
for values of w in D. Setting

à 1/b .ò'\ à 1/b .ò\w=u+iv, --i-)
i dr,I(w)==2 5f K'(z;t1,t2)'log zw!

D

òI(w) à2 dr.2 5f K'(z;t1,t2) log zw!
D

(21.3)



But the integral on the right is the potential of the distribution with density K' (z; t1, t2) over D, and
by Poisson's equation we have

òI(w)- irK'(w;t1,t2),

Integration of this differential equation for 1(w) yields

- irK(w; t1, t2)+ irx(w; t1, t2), wD, (21.4)

where X(w; t, 12) is an analytic function of w in D.

We now set

L(w; t1, t2)-- log I;+x(w; t1,t2),

and we have from (21.3) and (21.4)

1(w)log w2b, wB, ¿=1, . . . ,n,

1(w)log '= 'ir[K(w; t1, t2)L(w; t,, t2)], wED.

Thus if the integral 1(w) is continuous across C, we have continuously on C the important identity

L(w; ti, t2) ==K(w; t1, t2) + const., ¿.i = 1, . . . , n. (21.5)

But it is not difficult to show that 1(w) is continuous across C at each point z0C. Indeed, to prove
this we divide the integral 1(w) up into two parts, an integral Ij(w) o ver the circle r(z0) of radius p >0
tangent to C at Zo, and an integral 12(w) over the reniairider of D. The integral 12(w) is continuous
across C at z by Schwarz's inequality, and the integral Ii(w) is easily shown to be continuous across
C at z by ni aking an integration by parts and by using the explicit formula (21.3) valid in the exterior
of D. The integration by parts is justified because the circle r(z0) is taken to lie entirely interior to
D except for the point zo of tangency with C.

We conclude from (21.5) that the functions

'I'(w; t, t2) = 7rL(w; t1, t2) irK(w; t, t2), "'(w;t1, t2) = irL(w; t, t2)+ irK(w; t1, t2),

defined for weD and analytic except for logarithmic singularities at w=t1 and w=t2, have, respectively,
constant real part and constant imaginary part on each component C of C. It follows now by a routine
application of the argument principle that the function

P(w;tj,ti)==exp {c1(w;tj,t2)}

maps D conformally upon the entire plane cut along n circular slits centered at the origin, so that z=t1
corresponds to the origin and z=t2 corresponds to the point at infinity, and the function

Q(w;t,,t2)=exp {(w;t1, 12))

maps D conformally upon the entire plane cut along n radial slits emanating from the origin, so that
z=t, corresponds to the origin and z=t2 corresponds to the point at infinity.

Thus we have obtained an existence proof for the classical circular and radial slit mappings of the
multiply connected domain D. We call attention to the well-known relation

log (21.6)

which expresses the kernel function K(w; t1 ,t2) in terms of these conformal mappings [8].

wD.
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3. The Boundary Integral Method
We proceed to sketch our second method for obtaining existence theorems. We denote by the

class of complex-valued functions g(z) defined on C which are of bounded variation there and which
may have periods about the components C,, of C, but which possess a unique differential coefficient
dg(z) on C which satisfies the identity

for every point w in the exterior B of D. We note that we could apply our techniques in the following
equally well in a class £" of complex-valued functions ¡ (z) on G with a finite Lebesgue integral

Ii(z)VIdzI, P>1,

and that in this class we could obtain results analogous to those we shall find for the class . We remark
further that in this manner one obtains a duality of extremal problems in the classes ' and , with
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f dg(z)0
J c ZW

and finally we note that this duality degenerates in the present case p = i of the class to a duality
between % and a class of functions with finite maximum modulus on C. These remarks are not
necessary for the present discussion, however, and they merely serve to place our work in its proper
setting. For the particular case p=q=2, [see 7, 9, 12].

We pose a minimum problem in the class . We seek that function l(z,t) in which minimizes
the total variation

among all functions g(z) c which have the normalization

i dg(z)
2iriYc zt

where t is a fixed point of D. A minimum function l(z,i) for this extremal problem is easily seen to
exist by an application of Helly's theorem. We proceed to investigate l(z,t) by variational methods.

Our first remark is that any function g(z) is continuous on C. Indeed, at a point of discontinuity
z0C we should have the absurd relation

O=lim dg(z)
WEB,

w-.z, .jCZW

by virtue of (21.7). Next, we can set up the analytic function

1AZg(w)-2 .j log zw dg(z)

in D, for each function g(z) E, where w is an arbitrary fixed point of D. The function g(w) is, possibly,
multiple-valued in D, but we can show that g(w) has, continuously, the boundary values g(z) on C,
except for additive constants. To prove this, we select any arc r of C leading from a point Z0EC to a
point z1C, and we approximate r in D by an arc r1 running from a point W0ED to a pointw1D, while at
the same time we approximate r in B by an arc r2 running from a point wB to a point wB. We
have from the definition of g(w) and from (21.7) the relation

g(wi)_u(wo)=fdg(w)_f {21. Ç '}dw__21. Ç log
(2u)0 dg(z), (21.9)

where the branch of the logarithm is determined by the arcs r1 and r2. It is clear that as r1 and r2-4
r, w0-z0, w-+z0, w1-z1, and w-z1, we have

lim{ g(wi)g(wo) } dg(z)= g(z1)g(zo),

(21.7)

(21.8)



since the logarithm in (21.9) tends to 2iri on F and tends to zero elsewhere on C. Also, it becomes clear
from (21.9), when we fix w1 and w, that g(wo) is bounded. Thus we can assume by the Bolzano-Weier-
strass theorem that the limit of g(wo) exists as w0 tends to Z through a suitable sequence of values, and
we find that g(w) is continuous in D+ C, as stated above.

Thus the functions q(z) can be extended continuously into D to be analytic there. Now for
any function (z), analytic in D+C with ç(t)=0, we have

i 4Ç [1+?(z)}dl(z,t) t d
2iri rc zt 27ri y

(z' zt )
0+ C

by the residue theorem, where C0 represents both edges of a system of cuts reducing D to a simply
connected region. Thus

J,z
+X(z)] dl(z, t), zeG,

satisfies the condition (21.8) for each complex number X. Hence, by the minimum property of l(z, t),

9Sjdl(z,t) I1±Xc(z)I Idl(z,t)! Idl(z, t)+{X95 c(z)!dl(z, t)I } +0(IXi2).

We conclude from the arbitrariness of X that

Taking, in particular,

we have

We now set up the function

95
dl(z,t)I=0.

C

1 1
, wEB,tw

,j dl(z,t) 1

4) dl(z,)I, weB.a Z-W tw a

F(w)=exp

z_W*
log dl(z,t)j-I---log (wt)95Idl(Zt)I

C zw

for w e D, where w D is fixed, and we conclude from (21.10) and an identity analogous to (21.9) that

p(w) has, continuously, the imaginary boundary values ¿1(z) =if i dl(z, t)
I
on C, except for additive

constants.
For the case n =1 of a simply connected domain it is now evident that the function

2 7rp(w)

95
dl(z,t)I}

maps D upon the schlicht interior of a circle, since l? { p (w) } = constant on C. For n> 1, it is con-
venient to assume at this point that the curves C are analytic. The Schwarz principle of reflection then
shows that p(w) is analytic on C. An immediate conclusion is that l(z,t) is absolutely continuous on C.
Therefore we can write

jdl(z, t)I Il'(z,t)I dzl,

and we can make variations of the form l'(z,t)+A(z) upon the function l'(z,t) on C, for any complex
number X and any function ç(z) analytic in D+ G with (t) =0. We conclude that

95coz) 1::1 !dzl=çô(t)

(21.10)
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for every function çc(z) analytic in D+G, since l'(z,t) exists almost everywhere on G with Il'(z,t)!=
p'(z)jO. In particular,

dZ i l'(z,t)l 1w , ldzI= , WEB.Jczw l(z,t) tw
From this point on, our procedure is not difficult. We see, by analogy with (21.9), that the function

log
(2-0*)!2:I

dzj+21 . log (wt), w*ED,

is continuous in D+ C, except for the singularity at w=t, and has up to additive constants the boundary
values

dr l'(2,t) 2, onG.

For w B, we have, by the residue theorem and an integration by parts,

1 ' ( p'(z) d j- a j- ¡3

2iri c ' \i(2w)) 2 '(wt)2' wt

for suitable choice of the constants a, ¡3, and thus the function

k(w,t)_-21. log () S'(z) p'(z) dz_ma t+ß log (wt), w*6D, (21.11)

defined for weD, has, up to additive constants, the boundary values

¡z ''z
I S'(z) 'dz+const.
J i

on each C. Here S'(2) is taken on G to be

s' (z)_l/(Z t)z'(s)'

where z(s) is the parametric representation of G in terms of the arc length s. Thus k(z, t) has the bound-
ary values

C21'(z,t)z'(s) dp(z) (z

Jl'(z t)
+const.J i (z,t)dz+const.=i(z,t)+const.

on each G, = 1, . . . , n. It is now evident from the Schwarz principle of reflection that k(w,t) +l(w,t)
and k(w,t)i(w,t) are analytic on C, and therefore so also are k(w,t) and l(w,t).

Thus, finally, we have shown that l(w,t) is analytic in D+C. Furthermore, we have found a
multiple-valued function k(w,t) satisfying the identity

l(z,t)=k(z,t)+const.

on each C. Note the similarity of this relation and (21.5). By virtue of this identity we see that the
coefficient ¡3 in (21.11) vanishes. Thus k(w,t) is analytic in D+C except for a simple pole at the point
w=t. Also, we have the relation

_p'(w,t)

i'(w, t)'

as is seen by an investigation of the boundary values of these expressions. The function E(w) is regular
in D, except for a simple pole of residue
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at w=t, and it has on C boundary values of unit modulus. Finally, we have the identity

k'(w, t)= E (w)21'(w, t).

These properties and identities lead, together with the argument principle, to a proof of the simple
geometrical character of the mappings E(w), l(w,t), k(w,t), [l(w,t) +k(w,t)], and [l(w,t) k(w,t)], which
the reader can readily investigate for himself.

We close the discussion by proving dual extrema! properties of the functions l(w,t) and E(w). It
is first of all clear from our preceding work that i' (w,t) is that analytic function in D+ C which has the
value i for z==t and yields the minimum of the length integral

IJ'(z)I Idz.

The integral

l'(z,t) dzl

does, in fact, represent the length of the curves upon which l(w,t) maps C. Thus l(w,t) is that multiple-
valued, periodic conformal mapping of D with fixed distortion i' (t,t) = i at the point z= t which maps D
upon a Riemann surface with shortest boundary.

Now let °' denote the class of functions 0(w) which are analytic in D except for a simple pole of
residue

dl(z,t)I

at z=t, and which have a finite maximum modulus M0 on C. Clearly, E(w) is in the class , and
ME= 1. We maintain that E(w) possesses the smallest maximum modulus on C for functions in the
class , and that M0> i for every other function 0(w). Indeed, we have

M0-
Idl(z,t)

M0dl(z, t)! G(z)dl(z,t)I

by the residue theorem, and equality holds only for the function E(w)e°', by an obvious argument.
This same method of contour integration can be used to prove the extremal property of l(w,t). Thus

we obtain the duality between our pair of extrema! problems in the classes and to which reference was
made at the beginning of this section.

We remark that the method of this section leads, with appropriate normalization conditions, to the
sharp form of Schwarz's lemma in the multiply connected domain D. In this case, the functions analogous
to i' (w,t) and k' (w,t) have uniquely defined square roots in D and these square roots satisfy extremal
problems in classes £2 of functions in D with square-integrable boundary values. One of these square
roots is, indeed, a kernel function [7].
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22. The Kernel Function anti the Construction of
Conformal Maps

Zeev Nehari* i

In a recent paper [8] t, it was shown that the analytic functions mapping conformally a given
domain of finite connectivity onto a number of the classical canonical domains can be expressed easily in
terms of the Bergman kernel function [1, 2, 3, and literature quoted there]. Since the kernel function
can be computed by means of a simple algorithm, this leads to a possibility of effectively determining the
canonical mapping functions.

In the present paper, it will be shown that these representations of the mapping functions are
intimately connected with certain extremal problems, and that this connection permits obtaining con-
venient estimates for those mapping constants which, in the applications, are often the only thing that
is required. These estimatesall of which yield lower bounds for the critical constantswill be supple-
mented by estimates from above which are obtained with the help of the minimum property of the
Dirichiet integral.

For the sake of convenience, we shall assume that all domains discussed are bounded by closed
analytic curves, an assumption which could be relaxed considerably. The Bergman kernel function
we shall use is defined as follows [1, 2, 3]: Let D be a finite domain bounded by n closed analytic
curves r1, r2, . . . , r(r1+. . . +I=F); let L2(D) denote the class of the derivatives f'(z) of analytic
functions f(z) which are regular and single-valued in D and satisfy f5 f'(z)I2dxdy< Let 'u1(z),

u2(z),. . . denote a complete system of functions in L2(D) which is orthonormahzed by the conditions

ffn(z))dT=ô(du=dxdy). Then the kernel function K(z, (eD) of L2(D) is defined by
D

K(z, ) = (22.1)
5= i

It was shown by Bergman that this series converges uniforijily and absolutely in every domain interior
to D and that its value is independent of the particular complete orthonormal system chosen. With
respect to every function f' (z) in L2(D), K(z, ) has the reproducing property

55 K(z, )f'(z)du=f'() (du=dxdy, z=x +iy), (22.2)
D

which, in turn, determines the kernel function uniquely. Using Green's identity

f5n(z)d=fn(z)5dz, (22.3)
D

valid for every pair of functions n(z), v(z) which are regular and single-valued in D and satisfy the
necessary boundary requirements, we may also write (22.2) in the form

f T(z, )f'(z)=f'(),
2i, r

5HVerd University, cambridge, Mass., and Washington University, St. Louis, Mo.
t Paper done under contract with the Office of Naval Research, Ntori 76-16, NR 048-046.
fFigures in brackets indicate the literature reference at the end of this paper.

(22.4)
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Because of the additional boundary requirements imposed onf(z), (22.4) and (22.4') are, of course, slightly
less general than (22.2); we may add that, in view of the analyticity of the curves F, K(z, )and thus
also T (z, ) is regular on r [9].

For convenient reference, we shall now enumerate the canonical domains to be discussed in the
sequel.

Domain of type D8: This domain covers the entire schlicht plane including the point at infinity
and is bounded by parallel rectilinear slits subtending the angle O with the positive axis.

Domain of type S: This domain covers the entire schlicht plane including the origin and the
point at infinity and is bounded by concentric circular slits centered at the origin.

(e) Domain of type S: Similar to S, but the circular slits are now replaced by rectilinear slits
pointing at the origin.

Domain of type E: This consists of a schlicht circle about the origin which is furnished with
circular slits, likewise centered at the origin.

Domain of type G: A schlicht circular ring furnished with circular slits, both the ring and the
slits being centered at the origin.

The possibility of mapping a given domain onto any one of these standard types of domains is well
known [7].

In [8], it was shown that the functions effecting the conformal map on D on the domains (a) (d)
can be expressed in terms of the Bergman kernel function. We shall give the relevant formulas, though
in a slightly modified form.

The function g (z,) which maps D onto a d main of type D8 and has, near z=, the power series
expansion

is given by

ç(z,)= (z 2+eioJ' 3{e°(t 1}K(z, t) d (22.5)

The functions P (z) = P (z; u, r) and Q (z) = Q (z; u, r) which map D onto a domain of type S and S,
respectively, and satisfy P(u)=Q(u)=O, P(v)=Q(v)= (u,v eD), have the representations

and

Q(:)z 'zr z y
+J () K(z, t). (22.7)

The function R(z)=R (z, ) which maps D onto a domain of type E, vanishes at z= (D) and
lets the exterior boundary of D correspond to the full circumference, is expressed by

tJK(z,t)i (22.8)

We supplement this list of mapping functions by deriving an expression, likewise in terms of the
Bergman kernel function, for the function S (z) which maps D onto a domain of type G. This mapping
is uniquely determinedapart from a multiplicative constantby the choice of the two boundary com-
ponents of D, say r1 and r2, which are to correspond to the inner and outer boundary, respectively, of the
circular ring.

The function log S(z) is regular in D, but not single-valued; it obviously has the period - 2iri about
r1 and the period 2iri about r2. Suppose that both r1 and r2 are inner boundaries of D. If a and fi de-
note arbitrary points in the interior of the simply connected domains bounded by r1 and r2, respectively,
it follows that the function

log S(z)log (za)-log (zfi) (22.9)

is single-valued in D, since the periods of S(z) are cancelled by those of the two logarithms. If either
r1 or r2 is the outer boundary of D, the sign of the relevant logarithm has to be changed.

i 1 ClogP(z)zu zv tjr tutv K(z,t) (22.6)
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where T(z, ) is defined by (d/dz) T(z, )K (z, ), or in the form

fK(z, )7dz7. (22.4')



Since the function (22.9) is single-valued in D, it may take the place of the function j(z) in (22.4').
We obtain

S'(z) i + i i
S(z) Za 26_-fK(t,z)[log S(t)log (ta)+log (t-13)]dt.

The conformal map effected by S(z) is bounded by circular arcs; hence
log )=-1ogS(t)+2 log r,, tF,,

if r, is the radius of the arc corresponding to F,. With the help of this identity, and some obvious
manipulation, (22.10) is transformed into

and

S'(z) +21ß=_:f log
S(z) z a

ta
t ¡3

I21 K(t,z)dt.
v1 J,

The integral (22.12) vanishes, since its integrand is regular and single-valued in D; the integrals in (22.13)
all vanish, since K(t, z) is the derivativewith respect to tof a regular and single-valued function in D.
In view of K(z,t) =K(t,z), (22.11) yields therefore

S'(z) i i i 1' ta -
S(z) za 2ß*jJl0 tß K(z,t)dt. (22.14)

In order to pass from these representations of the mapping functions to the extremal properties
mentioned above, we observe that the formulas in question, together with (22.1), can be interpreted
as the Fourier expansions of these functions with respect to a given orthonormal system {u,(z) }.
This is, of course, subject to the condition that the boundary behavior of the 'u,(z) is such as not
to cause difficulties in the required integrations. For the sake of simplicity, we shall therefore assume
that the u,(z) are regular in D+r. Such systems exist; by Runge's theorem, they may even be taken
to be rational functions. Formula (22.5), for instance, may thus be replaced by

(z, )+(zY2= a,'u,(z),
,=1

where

a,= eoJ { e°(t ) j }'utcit.

By Parseval's formula, we have

a= f5I(z, )+(z )2I2d,

whence

Ia!2ffk(z, )+(z )_2I2 d,

K(t, z)dt+ Il + 12,

(22.10)

(22.11)

(22.13)

(22.15)

(22.16)

(22.17)

where equality can only hold if all a, ( y ¿z) vanish, that is, ifup to a constant factoru(z) is identical
with (z,)+(z )_2. But u(z) may be taken to be an arbitrary normalized function whose integral
is regular and single-valued in D+r. In view of (22.16) and (22.17), we have thus shown that any
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where

ji = z) [log S(t) log (t a) +log (t ß)]dt, (22.12)



functionf(z) which is regular and single-valued in D + r and normalized by the condition/f Lt' (z) 2do- = i
satisfies the inequality D

Ial -2=ffk(z, )+(z )-2l2d

The integral on the right-hand side of (22.18) can be evaluated by a technique which goes backto
Grunsky [5, 6]. By (22.3), we have

f[(z,)+(zY2] [o(z,)(z-1Jdx. (22.20)

The T are mapped by o(z,) onto slits subtending an angle O with the positive axis. We therefore have
for ztr,,,

o(z, )=e_2°çe(z, )+'y, (z, )dz=e2°ç(z, )dz, (22.21)

where 'y, is constant on each boundary component r,. By the second relation (22.21), (22.20) is trans-
formed into

n I'
A= f (z, ) [e(z, )(z']dz+- J

(z 2[e2°ço(z, )+'yV(z«']dz.
22, r V=1 rV

(22.22)

By the residue theorem, the value of the first term is 7re2°ao, where ag is the coefficient of (z ) in the
power series expansion

(22.23)

In the second term, we may omit the constants 'y,, since, obviously, f r,(z )2dz=0. Hence

A=ire2i0o+Ç f (z)2o(z, )dz- f (z)2)'dz.
By the residue theorem, the value of the first integral on the right-hand side is found to be 7re210a0. We
thus obtain

5f(z, )+(z)2l2do=2irR{e2°ao} B, (22.24)

with
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B= L (z-2(---Ddz.
B is an easily computable geometric quantity. It is seen without difficulty that B is equal to the area
of the complement of the conformal map of D given by the linear transformation w= (z ) "'. Thus
(22.18) can be replaced by

1fr
{ eo(t .)_1 }f'(t) dt

2

e2°ao} B. (22.25)

2

equality in (22.18) holds

e°(t )_1 }J'(t)dt

if and only if

ffk'e'(z )+(z )_2I2dÇ; (22.18)

J()=G[o(z, )+(z)2J, (22.19)

where the constant C satisfies



In many applications, it is { e2 8ag } -and in particular a0 } - that is required, rather than the
values of the function ço(z,); (22.25) furnishes a convenient way of obtaining lower bounds for this
expression by means of arbitrary functions f(s) which are regular and single-valued in D+ T.

In order to supplement (22.25) by an inequality which yields an exact upper bound for the quantity
»{ e210ao }, we utilize the fact that a harmonic function h(z,y) with prescribed boundary values on T
yields a smaller value of the Dirichiet integral f5(h+ h) dcr than any other continuously differen-

tiable function g(x,y) with the same boundary values.
Consider the harmonic function

(22.26)

Evidently, h(x,y) has the boundary values c, { e°(z ) ' }, (z r,), where the c, are real constants.
By the Cauchy-Riemann equations, we have

J'f(h+h) d.:r=f5 v'(z)I2du.

If g(x,y) is any other continuously differentiable function with the boundary values c,-3(e°(2 )'
on F,, we have therefore

5fIv'(z)l2du 5f(+) du. (22.27)

However, the constants e, are not known a priori and their determination is of about the same
order of difficulty as that of the value of J'Iv'(2)2du. It is therefore fortunate that the knowledge of

the e, is not really necessary for the use of (22.27). This can be shown as follows. It is easily seen
that the Dirichiet integral on the right-hand side of (22.27) with altered values of the e, would yield an

upper bound for the integral 5f 1v(z)12do, where vj(z)=v(2)+Ê a,w,(z); here, the a, are constants,

and {w,(z) } denotes the harmonic measure of r, with respect to D, that is, the harmonic function
in D which has the boundary values i on F, and O on r r,. Now we have

v'(z)2duH-2 avJ5 7)w(z)du} +5f a,w(z) 2dcr. (22.28)

v(x) is regular and single-valued in D. Hence, by (22.3),

ff?)w;(z)du= fT3w(z)dz.
D

Since Y?{ w(z) } is constant on each r,,iw(z)dz is real there. ilence

f5 v(z)tdu= 551 v(z)l2do.+ff

that is,

55 v'(z)I2do 551

2dufJjv(z)l2du,

Accordingly, the lowest possible value of the Dirichlet integral on the right-hand side of (22.27), with
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ff75w(z)dofVz'ciz,
i)

and this vanishes by Cauchy's theorem. Therefore (22.28) yields



arbitrary values of the constants c1., will be that offf! v'(z)2du. Combining this with (22.24) and

(22.26), we thus arrive at the inequality

2ir{e2° ag } Bff(g+ gdcr, (22.29)

where g(x,y) is an arbitrary continuously differentiable function in D which has, on the boundary com-
ponent r, the boundary values c. { e°(z - }; the c are arbitary real constants. We shall have
equality in (22.29) if and only if g(x,y) coincides with 3{e°{°(z,)(z)']}.

For convenient reference, we sum up the contents of inequalities (22.25) and (22.29) in a theorem.
Theorem 1. Let

be the analytic function which maps the multiply connected domain D onto the entire plane furnished wi2h
parallel rectilinear slits subtending the angle O with the positive axis. Then

2

e°(t )-1 }f'(t)dt
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2ir9? { e2°ao }B ff(+ g)du, (22.30)
5f f'(z)

wheref(t) is an arbitrary regular and single-valued anal ytic function im D+ F, and g=g(x,y) is a continuously
differentiable realfunctiom in D with the boundary values c - { e °(z - ) -' } on F; the c are arbitrary real
constants. B is the geometric quantity

B=f(z_Y2(_Ddz.

Both inequalities (22.30) are sharp, the first turning into an equality for f(z) = (z, ) - (z )
1 and the

secondfor g(x,y)=
It is worth pointing out that it is not necessary to go via the representation (22.5) in order to prove

the first inequality (22.30). In fact, nothing deeper than the Schwarz integral inequality is required.
If f(z) is regular and single-valued in D+ F, we have by this inequality

- .)-2]77;3do. - .)_2!2d«JjIf(z)I2do. (22.31)

Using Green's formula, the fact that (e°e(z,)} =const. on F, and the residue theorem in the same
way as before, we find that (22.31) is equivalent to the first inequality (22.30). We shall use this alter-
native procedure in order to deduce a result corresponding to theorem i for the function P(z) =P(z; u, y)
which maps D onto a domain of, type Si,.

Consider the function log P(z). By the argument principle, it has no periods about the boundary
components F,. Consequently, the function p (z)=log P(z)log (zu)+log (zv) is regular and single-
valued in D. By the Schwarz inequality, we have

jA2= Ç7)f'(z)d«
2<ffjF()

12d0.ffJf/(z) I2do Aibfff1(z)2do,
(22.32)

wheref(z) is an arbitrary function which is regular and single-value4 in D+ F. We evaluate the integral
on the left-hand side by Green's formula (22.3). We have

A==ffVC5f'(z)di =f [log P)log (z u) +Iog (z -y) }f'(z)dz.

Since P(2) maps r, onto a circular slit, say of radius r,, the identity

logP)=log P(z)+2 log r. (22.33)



holds for ZEF,. Using this, and some obvious tra4formations, we obtain

A=-- f [log P(z)log (zu)+Iog (zv)}J'z)dz4 flog zu2iJp ijr zv I f'(z)dz.
,=i i jr,

The first integral vanishes since the integrand is regular and single-valued in D; the integrals

fr, J'(z)dz ==f df(z) vanish since f(z) is singIe-vlued in D. Hence

We next

.Ç zuA=i i logJr zv
evaluate the integral A1 ff !p'(z) j?ido

D

P'(z)
P(z) z u

log

f'(z)dz. (22.34)

on the right-hand side of (22.32). We have

I
[P(z) [log P)Iog (zu)+log (z v)jdz.2ir P(z) z u

With the help of (22.33) and some manipulation, this becomes

A1 P'(z)
2jfr P(z)

[log P(z)log (z-1u)+log (z v)]dz

±-,) [log Pz)Iog (z i)-f-log (z - v)Jdz

z -itzv
(11

z-
"lor'' i I")dzE--. 'I ( - )dz.

VJ i Jr,\Zu zv,!
The first and second integrals can be evaluated by the residue theorem. With the abbreviation p (z)=
log P(z)log (zu)+log (zv), they are found to have the values lr[p(u)p(v)] and 2r[p('u)p(v)J
respectively. The integrals over the T, all vanish, since log (zu)Iog (zv) has no periods about
the r,. Hence

Ai=2irJt(pcu)p(v)}F, (22.35)
with

'Iog(Z)dz. (22.36)2ijr\2U zvi zv
F is again a geometric quantity; it is easily coifirmed that F is the combined area enclosed by the
closed curves obtained from the T, by the conforihal map z1=Iog [(zu) (zv)'].

We assume, as usual, that P(z) is normalized y the condition that the residue of P(z) at z=v be 1.
Using this, we find by an easy computation that

{ p(u)p(v)}_lo P'(u)I+2 log uvi.
Combining this with (22.32), (22.34), (22.35), an (22.36), we finally obtain

C tui
J

log Lf'(t)dtr tv1
IIif(t)i2d

2

l4giP'u)i+2 loguvF. (22.37

D

Observing the conditions under which the Scharz inequality turns into an equality, we find that
equality in (22.37) holds if and only if J(z) is a oonstant multiple of log P(z) log (zu) +log (zv).
As in a similar case discussed above, (22.37) furnishes a convenient way of obtaining estimates for the
value of P' (u) , which is important in a number of applications.

In the same manner as in the proof of theorem 1, we may also obtain an upper bound for the right-
hand side of (22.37). We shall confine ourselves to the statement of the result, since the proof presents
no new features.
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Theorem 2. Let P(z) =P(z; u, y) map D onto the full schlicht plane furnished 'with concentric circular
slits about the origin, such that P (u)= 0, P (y) = , and the residue at z= y is 1. Then

flog "f'(t)dt

where f(s) is an arbitrary analytic function regular and single-valued in D+ r and g=g(z,y) is any real,
continuously differentiable function in D with the boundary values log [Iz y zui-'] + c on P, and the c
are arbitrary real constants; F is defined by (22.36). Both inequalities are sharp, and equality holds for
f(z)=log P(s)log (zu)+log (zv) and g(x,y)=log P(z)jlog zui+log zvi, respectively.

The corresponding results for the functions Q(z) and R(z) follow by very slight modifications of the
procedure leading to theorems i and 2, and we therefore confine ourselves to the formulation of the
results.

Theorem 3. Let Q (z) = Q(z;u,v) map D onto the full schlicht plane furnished with rectangular slits
pointing at the origin, such that Q(u)=0, Q(v)= , and the residue at z=v is 1. Then

If arg (t_u') f'(t)dt
I r \tV/

ff
D

where f(z) is an arbitrary analytic function which is regular and single-valued in D + r, and g=g (x,y) is
a real, continuously differentiable function with the boundary values arg [(z-v) (z-u) '] + c. on F, and the c
are arbitrary real constants; F is the geometric quantity defined by (22.36). Both inequalities are sharp
and equality holds for f(z)=log Q(z)log (z-u)+log (z-v) and g(x,y)=arg Q(z)arg (z-u)+arg (z-v),
respectively.

Theorem 4. Let R(z) =R(z,) map D onto the interior of the schlicht unit circle which is slit along con-
centric circular arcs centered at the origin; let R () =O, and let the outer boundary of D correspond to the cir-
cumference of the unit circle. Then

flog Jt.-if'(t)dt

ffif'(z)12dr

2

log ¡Q'(u)i-2 log iu_vi_Fff(g2+g2)du,

loglP'(u)I+2 logiu_vI_Fff(g+g)d, (22.38)

(22.39)

log IR'()I_Hff(g+g)d, (22.40)

ff
where f(z) is regular and single-valued in D+ r, the real function g=g (z,y) is continuously differentiable
in D and has the boundary values c,- arg (z ) on r, and the c. are arbitary real constants; H is the geo-
metric quantity

H=_j-J (zuY' log zuI dz.
2't r

Both inequalities (22.40) are sharp, equality obtaining for f(z) =log R(z) log (z ) and g(x,y) =
loglR(z)

i
logz, respectively.

The derivation of the corresponding result for the function S(z) which maps D onto a domain of
type G has some different features and we shall therefore carry it through in detail.

If r, and r2, say, are mapped by S(z) onto the exterior and interior circumference, respectively, of
the annulus, and a and 13 denote arbitrary points in the interior of the simply connected regions bounded
by r, and r, respectively, thenas pointed out beforethe function

v(z)=log S(z)log (za) -4-log (z-13) (22.41)

is regular and single-valued in D. (If r, is the outer boundary of D, the sign of log (z a) has to be
changed.) Letf(z) be regular and single-valued in D+r. Then, by the Schwarz inequality,
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5f
2

5f v'(z)l2dffif'(z)l2dcr. (22.42)

D D



B=i [log

B---1-t f v(z) 1 1 "dz - Clog
2i r \za z-13) jr

D

A = fr log

B=if log
By partial integration, this becomes

z-13

za
z-13

f'(z)dz. (22.45)

v'(z)dz.

v(z)1 +f v(z)5( 1 i
Jr 't r ,\za z-13, j

The integrated part vanishes, since the expression in brackets is single-valued in D. Hence

11 /1 1\ 1C /i 1\B-- i v(z)i - idz+ i v(z)t jdz.
2tJr \za z-13j 2iJr \za z-ßj

The first integral vanishes by Cauchy's theorem. Transforming the second integral by means of (22.41)
and (22.44), we obtain

Again, the first integral vanishes by Cauchy's theorem. The integrals over the r, are different from
zero only for those contours which contain the points a and 13, that is, for r1 and I'2. Since, with respect
to a and ¡3, the contours r1 and r2 are described in the negative sense, the values of these integrals are
211-i and 2iri, respectively. Thus

In view of (22.42), (22.43), (22.45), and (22.46), we finally obtain

(- dz-2irlog-1 1

)
r2

\2 a z-13 r1

(22.46)

(22.47)
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11' za
(z_a

rlog.
r2

logB---- i'tjr zß z±13)d2+2

jrlog
za f'(z)dzl2 <_-flog zaz-13

ffIfz)I2d - 't r z-13

Çz-a z_13)-f ( ")dz.za /1 l\
't r,, \z-a z-13,

We first evaluate the integral

A= ff75f'(z)dc=fi'iz. (22.43)

On F,, we have

log 3 = log S(z)-F2 log r,,, (22.44)

where r,, is the radius of the circular arc, or circumference, on which D is mapped by S(z). Using
(22.41) and (22.44), we obtain, after some simplifications,

A= - f v(z)f'(z)dz _.f log f'(z)dz + log rPffFod

first integral vanishes by Cauchy's theorem, and the integraisf J'(z)dz vanish since f(z) is single-
l. Hence r,,

e consider the integral
B= ff v'j 'do = -f y '(z)dz.

Replacing f(z) by v(z) in (22.43) and (22.45), we obtain

za
z-13

za
z-13
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With the help of Green's identity, this inequality can also be written in the form

1Í77cr

J J
L/ )J° D

D

In this form it appears as an improvement of the Schwarz integral inequality in our particular case;
the negative "correction term" 2ida-612 log r2/r1 appears, since f'(z) cannot possibly be identical
with [(za)(zß)]'.

The quantity M21_r2/r1 (M21 1) is a conformal invariant. It is easy to show, by a manipulation
similar to that leading to (22.48), that it is the smallest possible value of the Riemann modulus of the
doubly connected domain bounded by the images of r1 and r2 if D is subjected to all possible schlicht
conformal maps [4]. Equations (22.47) or 22(.48) can be used in order to obtain estimates of this con-
formal invariant by means of arbitrary functions f(z).

Supplementing (22.48)in the same manner as beforeby an inequality derived from the m]nimum
property of the Dirichlet integral, we arrive at the following result.

Theorem 5. Let S,,, (z)=S(z) map D onto a schlicht annuluswith radii r, and r,, (r,>r,,) fur-
wished with circular slits, both the ring and the slits centered at the origin, such that the "inner" boundary
components r, and r,, are transformed into the outer and the inner circumference of the annulus, respectively.
Then

f5

D
.1.) 1a)p)

<fS
du

CC1 - - (za) (zß)

2ir log'< z55(h+h)du,la-61 r,,1a fI
D

where f(z) is regular and single-valued in D+r, h=h(x,y) is a continuously differentiable function in D
with the boundary values log [(zß) (za)'j +c,the c, being arbitrary real constantsand the geometric
quantity A is defined by

A-ff
du- (z-a)(z-ß)I'

D

a and 6 are two arbitrary points inside the simply çonnected domains bounded by r, and r,,, respectively.
Both inequalities (22.49) are sharp, equality holding for f(z) =log 8(z)log (za) +log (zß) and
h(x,y)=log IS(z) ilog Izal+logIza, respectively.

(22.49)
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23. An Approximate Metlod for Conformal Mapping
Lee H. Swinford

The Caratheodory-Koebe proof of the theoren on the conformal mapping of a simply connected
domain on the interior of the unit circle furnishes method of constructing successive approximations
to the mapping function. But, as Ostrowski2 has slhown, the convergence is only of the order 0(1/n).
Can this be improved?

To fix the ideas, let T be a simply connected lomain in the interior of the unit circle zj= 1, and
ntaining the origin, which it is wished to repre4ent in a conformal and one-to-one manner on the
'rior of the circle I!=1. Let re be the point, or one of the points, on the boundary of T at least

1ice from the origin. Then the transformatior

re1 /zre1'\
_re2»( ese')

(Lindelof), with the determination of the radical which gives r for z= O, transforms T into a region S
in the interior of = i in such a way that every point in S except the origin is at a distance from the
origin greater than the distance from the origin o the point in the z-plane of which it is the image.
The point or a point on the boundary of S at least distance from the origin is found, the same trans-
formation is applied to S, and so on.

Prof essor J. H. McDonald of the University of Çalifornia had the idea of using, instead of the square-
root formula, the limit of its nth iterate on the sa4ie point. By a rotation, if necessary, let ç'=O. He
then found by taking the limit for n rn of

1zr
1_ iz--

that
2 log r

1g z-1/r

Now this may be applied as was the previous squ
the inverse function, it is easily verified that I z

<1. Therefore the conditions of the lemma of
for z==O. If we choose that branch of the log
or equal to - ir, less than + ir, we get a one-to-omt
ofII=1. How good is the approximation? Let p
origin in the nth successive map of T. The writ
method, that 1p5=0(1/n). The constant is bet

Nevertheless, the formula is easy to use, and a
deskmachines. We have applied it to a few cases
of points, usually 12, on the boundary of each regi

The method does not seem to be applicable t
the results of nearly every step must be known

Question 1. Is the order of approximation b
Question 2. If not, is it possible to find som

other whose inverses would satisfy the conditions o
approximation? They would at the same time ha
to high-speed electronic machine computation.

I University of California, Berkeley, Calif.
I A. Ostrowski, Mathematiohe Miszellen XV Jahresbericht der D. M. V., 38, p. 168 (1929).

re-root formula, and in the same fashion. If z() is
for I<1, that z(0)=O, and that z() is regular for
chwarz are satisfied and therefore z () < except
zr)/(z 1/r)] whose amplitude is, say, greater than
conformal mapping of T on a region in the interior
be the radius of the largest circle with center at the

r has only been able to show, following Ostrowski's
er than for the square-root formula.
dap table to numerical computation by logarithms or
with satisfactory results using only a small number
n.
high-speed electronic machine computation because
efore the next is taken.
tter than indicated?
other function or functions by this method or some
the lemma of Schwarz and which would give a better
e to be readily adaptable to the computer's hand or
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24. On the Effective Deteri4ination of Conformal Mapping
Max Siiffman1

1. InEroduction

From a practical standpoint, the principal use f conformal mapping consists in reducing a boundary
value problem of potential theory for some doman to a corresponding problem for a simpler domain,
for example, a circle or half-plane. The main int$rest is directed not so much to the details of the con-
formal mapping everywhere, but rather in the orrespondence established between the boundaries.
For itì is this correspondence which then determins the solution of the boundary value problem. Fur-
thermore, the desired quantity is often exactly t!1e boundary correspondence, or integrals depending
on the boundary correspondence.

In view of this it would seem highly desirab'e to have a proof of the Riemann mapping theorem
which laid the major emphasis on the boundary or the region rather than on the region itself. Such a
proof might then furnish the basis of a numerical cheme which would be more directly connected with
the quantities of practical interest. The theory f minimal surfaces provides such an existence proof
[1, 2, 3].*

2. The Doug1a-Dirich1et Integral

Consider a region G in the (x,y)-plane bound
problem of Plateau provides tite following proce
mapping of G onto the interior of the unit circle
wise continuous first derivatives, defined and con
unit circumference C in a monotonic and continuoi
map three given points Pi, P2, p5 of C onto three g
vector function x(u,v), with two components x(u
find one which minimizes the Douglas-Diichiet in

The minimum problem (24.1) or (24.1') can
for given boundary values of both x(u,v), y(u,v) t
harmonic functions in the unit circle with the pr
can be written explicitly in terms of the bound
integral (24.1) or (24.1') expressed directly in ter
y(u,v) are varied by taking different continuous
reformulation leads to a variational problem cont

Let x(0) be a continuous monotonic represe
expression for the Dirichlet functional (24.1) or
values x(0), y(o) explicitly in terms of these boun
which we denote by A[x(0)], is

D[x]=-fJ(x2 +x)du dv. (24.1)

In scalar form, the expression for D[x] becomes

D[x] =4ff(x + x)d't dv +fJ( + y)du dv. (24.1')

It is shown that this minimum problem has a solu4on, and that the solution gives the required conformal
mapping of the region interior to G onto the regionì interior to the unit circle.

- -

- be decomposed into two phases. On the one hand,
ae functions which minimize (24.1) or (24.1') are the
scribed boundary values. These harmonic functions
y values by the Poisson formula, and the Dirichlet

s of them. Then the boundary values of both x(u,v),
ono tonic representations of the curve r on C. This
ining only the boundary correspondence.
itation of r on C, with components x(0), y(0). An
24.1') of the harmonic functions with the boundary
ary values was found by Douglas. This expression,

ed by a simple closed curve r. The solution of the
lure for establishing the existence of the conformal

Consider two functions x(u,v), y(u,v), with piece-
binuous over the unit circle 'a2+v2 1, which map the
.s way onto the given simple closed curve r, and which
Lven points Pi, P2, Ps of r. Consider such a pair as a
,v), y(u,v). Among all such vector functions x(u,v),
tegral

dodd?,.
sin2 (or)

I Stanford University, Stanford, Calif.
* Figures in brackets indicate the literature references at the end of thi paper.

949581-52 15

(24.2)
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The reformulated variational problem is: find a boundary correspondence x(o), y(o) of r on C which
minimizes (24.2).

3. An Alternative Integral

There is another expression for the Dirichiet integral of a harmonic surface in terms of its boundary
values which is m many respects more interesting than the Douglas functional (24.2). This functional
was found and used by the author [4] in connection with the theory of unstable minimal surfaces, which
involves much deeper questions than the case of minimum area. The expression, which we call
B[x(0)J, is

B[x(8)J=_Jf
sin2 (Og)

[dx(0)dx()+dy(0)dy()]. (24.3)

A proof is given in [4].
The formula (24.3) is proved for a certain category of boundary curves r, which include curves

with a continuously turning tangent line. The reason for the limitation is to ensure that the measure
provided by dx(0)dx(ç) +dy(0)dy() be positive if O, are near each other. Accordingly, this limita-
tion is made, and if desired, the stronger one requiring r to have a continuously turning tangent line.

The advantages of (24.3) are as follows. Let g(0), h(0) be one proper representation of r. Then
any other representation x(0), y(o) is obtained by replacing O by X(0), where X(0) is a monotonie increasing
function of O of period 2ir:

x(X(0))=g(8), y(X(0))=h(0).

The totality of representations of r on C is equivalent to the totality of monotonic functions X(0). The
expression (24.3) to be minimized becomes

B[x(0)] log [dg(0)dg(4) + dh(0)dh()]. (24.4)
4 sin2

ilere y(o), h(0) are fixed and it is required to find X(0), appearing in a simple way in (24.4).
Let there be given two representations of r determined by the two monotonie functions X0(0),

X1(0). Then for any t in O t 1, the monotonie function,

(1 t)X0(0)+tX1(0),

provides a path of representations of r joining the two given representations. The integral (24.4) over
this path is given by

L
IJlog

i
[dg(0)dg(w)+dh(0)dh()]. (245)

4 sin2 {(lt)[x0(o)x0()I+t[x1(o)x1()]

The integrand in (24.5) is a convex function of t, and this basic property of (24.3) or (24.4) was used in
a significant way in [4].

4. Electrostatic Interpretation

The expression (24.2) or (24.3) might furnish the basis for a numerical scheme involving the boundary
correspondence alone. Besides this possibility, it is of interest to point out an electrostatic interpreta-
tion of (24.3). For this purpose consider first a finite sum approximate to (24.3). Decompose I' into n
given small subarcs F, and denote the changes in x and y on these subarcs by typ, v= 1, 2, . . ., n.
Select n points O,, v= 1, 2, . . ., n, in order on C and otherwise arbitrary, except for the three-point
condition. Consider a correspondence in which an interior point of r. corresponds to O. Then an
approximation to (24.3) is

i n
log (zxÀx+y4y). (24.6)

M' 4 sin2 (9 - O)
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Now vary the points O, v=1, 2, , n, so as to minimize (24.6).
At each point O, of the unit circumference, plce a logarithmic electrostatic pole, or line charge, of

strength zx,. The first term in (24.6), involvin is then the potential energy of this array of
logarithmic poles. If on another distinct circur4ference one places logarithmic poles of strength iy,
at the points O,, required to be at the same 1ocatios as on the first circumference, then the second term
in (24.6), involving ypzy, represents the potental energy of the combined system with the points 0,
on the two circles required to be at the same locatitn. If then the points 0,, v=1, 2, . , n, are allowed
to move freely on the unit circumference, the po&ition of equilibrium gives exactly the values of 0 which
minimize (24.6).

A similar electrostatic interpretation applies o the integral form (24.3).
We finally remark that if the three-point coidition is satisfied so that three points remain fixed,

there is a unique solution to the minimum prob1ei for (24.3). However, if we have a closed curve in
space, represented by x(0), y(o), z(0), the analogue to (24.3) is

B[x] =_J'fiog {d(0)dx(4.) +dy(0)dy(4) +dz(8)dz()],
ir 4sin2(Oq5)

and the representation which minimizes B{x] yieds a minimal surface in space. If the curve is suf-
ficiently twisted, the solution to this minimum pob1em may not be unique, and other equilibria may
occur besides minima

5. Rferences
3. Douglas, Solution of the problem of Plateau, Trans Am. Math. Soc. 33, 263 to 321 (1931).
R. Courant and D. Hubert, Methoden der Math. Physik II, chap. VII, p. 535 to 544 (Springer, Berlin, 1931).
R. Courant, Plateau's problem and Dirichiet's principie, Ann. Math. 38, 679 to 724 (1937).

[4 M. Shiffman, The Plateau problem for nonrelative mirima, Ann. Math. 40, 834 to 854 (1939).
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25. The Difference Equation Method for Solving the
Dirichiet Problem1

P. C. Rosenbloom 2

1. Introduction
The use of discreté processes for the approximation of continuous processes is very old, and goes

back at least as far as Bernoulli's treatment of the brachistochrone problem. In modern times its use
in connection with problems in potential theory was introduced by Le Roux [9]* in 1914, and was further
developed by Richardson [16], Liebmann [10], Wiener and Phillips [18], Courant, Friedrichs, and Lewy
[41, Petrowski [14], and Laasonen [8], among others. The idea is that the partial differential equation

ò2u ò2u
òx2+òy2 y),

may be replaced by the difference equation

u(x+h, y)-2u(x, y)+u(xh, y)+u(x, y+h)-2u(x, y)+u(x, yh) x
4h2 ° y'

and that one would expect that the solution of (25.2), under suitable conditions, will, for small values of
h, be a good approximation to the solution of (25.1).

Three problems arise in this connection: first, to devise methods for computing the solution of
(25.2); second, to show that as h-0, the solution of (25.2) converges to the solution of (25.1); and third,
to estimate the rapidity of convergence. The first problem has been treated by Liebmann, Wiener and
Phillips, Perron [13], Southwell [17], and Moskovitz [12]; Wiener and Phillips, Perron, and Moskovitz,
have given explicit formulas for the solution of (25.2) for the case of a rectangular domain. These
formulas are rather complicated and those of the first three authors are not in a form easily adapted to
computation, however serviceable they may be for theoretical purposes. Le Roux, Wiener and Phillips,
Courant, Friedrichs, and Lewy, Petrowsky, and Laasonen have treated the problem of convergence.
Their methods depend on showing that the solutions of (25.2) form an equicontinuous family of func-
tions, that any limit function of this family (as ho) is a solution of (25.1), and that since the solution
of (25.1) is uniquely determined by its boundary values, then the family of solutions of (25.2) has only
one limit function. This nonconstructive method, resting on the axiom of choice, gives no means of
estimating the error. Mikeladze [11] has given local estimates for the error for (25.2) and other duff er-
ence equations approximating (25.1). We mention also the important papers of Blanc [2], Eckrnann
[5], and Ferrand [6], who study (25.2) from other points of view; it still remains to work out the conse-
quences of their work when h is variable and is approaching zero.

Our first object is to present a new formula for the solution of (25.2) in the case of a rectangle.
This formula seems simpler than those of the authors mentioned above, and, if tables of certain matrices
are compiled, should be useful for practical computation. The method can also be applied to more
complicated domains, and will probably be useful also for such theoretical purposes as the derivation
of distortion theorems. We give also a new global estimate for the error for quite general domains,
which permits a direct constructive proof of the convergence. Certain matrices which have been studied
in a different connection by Boas and Kac [3] turn out to be of fundamental importance in these prob-
lems, and the Chebyshev polynomials also play a decisive rôle.

We noticed the relevance of the paper of Moskovitz to section 2 of this paper only after the comple-
tion of this paper. We believe that the vector-matrix form of our results and the emphasis on the rôle
of the difference eq. (25.5) below make our paper not completely devoid of interest. We believe also
that the systematic use of matrices has made our proofs and results somewhat simpler. We note, how-

I These results were obtained in the course of research sponsored by the cace of Naval Research under Contract N6---0NR248.
'Syracuse University, Syracuse, N. Y.

Figures In brackets indicate the literature references at the end of this paper.

(25.1)

(25.2)
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ever, that Moskovitz gives an explicit formula for what we denote by (XIB) -', and that this may be
of importance in the further development of the method.

2. The Solution of (25.2) for Rectangular Domains
We may, without loss of generality, take h =1, and consider the rectangle 0 x N, O y <M+ 1.

We suppose that the function p is given at the interior lattice points of this rectangle, and that the
values of u are given at the boundary lattice points. The eq (25.2) takes on the form

u(x+1,y)+'u(x-1,y)+u(x,y+1)-1--u(x,y-1)-4u(x,y)=4p(x,y), 1xN-1, 1yM. (25.3)
Let a be the vector [u(k, 1), . . ., u(k, M)], and let ô be the vector [u(k, 0)+4p(k, 1), 4p(k, 2),
4p(k,M-1), u(k,M+1)+4p (k,M)]. Let B be the MXM matrix

If x and r1 are given, then

where
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0100...0
101O...0
0101.
0.. 0 1 0

and A=41B, where lis the MXM identity matrix. Then eq (25.3) takes the form

ak+i=Aaak_1+ô, k=1, . . . ,N-1.
This equation is to be solved under the assumption that the vectors a0, aN, ô1, . . ., ô1 are given.

It is convenient to begin with the scalar difference equation

xk+1=axxk_1, (25.5)

since the formal processes used in solving this one can be immediately carried over to the vector eq
(25.4); furthermore, quite a number of quantities connected with (25.4) statisfy (25.5).

The standard method of solving (25.5) is to consider the quadratic equation

x2ax+ 1=0,
whose roots are

a - (a2 4)1/2a+(a2-4)'2 and r2r1-
2 2

For a ±2, the general solution of (25.5) is

x1= Cjr+ C2r,

where 01 and 02 are arbitrary constants, which may be determined if Xk is known for two values of k.
Note that

r1+r2=a, r1r2=1, r1r2=(a2-4)"2

Xk= Pk(a)xl P,1(a)xo,

Pk(a)=

Clearly Pk is a polynomial of degree k-1, and is the solution of (25.5) with the initial values x0=0, x1= 1.
We note that for a=2 cos O, we have r1=e°, r2=e°, and

(ko) vk_l()sin O

(25.4)



where V is the nth Chebyshev polynomial of the second kind (Pólya-Szegö, [15], vol. II, p. 75). If
x0 and XN are given, then

if PN (a)O. The zeros of PN are
COS

In any case,
PN(a)xk=Pk(a)XN+PN_k(a)xO, k=1, . . . ,N-1, (25.6)

is an algebraic identity if a, x0, . . ., satisfy (25.5) for k=1, . . ., N-1.
Hence if &=0, k=1, . . ., N-1, then the equation

PN(A) a= Pk(A) aN + PN_k(A)ao (25.7)

follows from (25.4). If PN (A) is nonsingular, then

ak=PN(A)1(Pk(A)aN+PN_k(A)ao) (25.8)

is the unique solution of (25.4) when the 's are all zero. This corresponds to the Dirichiet problem
for the Laplace equation (p 0) with the boundary values zero on the upper and lower edges of the
rectangle. This is, of course, sufficient since we may obtain the general solution by interchanging the
rôles of x and y and adding the results. It is, however, just as easy to derive directly the general formula
for the solution of (25.4). We shall discuss below the nonsingularity of PN(A).

If we consider the equation
xk+l=axkxk_1+dk, k=1, . . . ,N-1, with x0=x1=0, (25.9)

then we obtain
x2=d1, x3=ad1+d2, x4=(a2 1)d1+ad2+d3,

and so ori; in general
k-1 k

Qr(a)di_r Qrc_rdr,
r=O r=l

where Q is a polynomial in a, independent of the d's. Manifestly, Q0 (a) 0, Q1(a) 1. If we substitute
into (25.9) and compare coefficients, we find that

Qr+i=aQrQr_i, (25.10)

which is the same difference equation as that which Pr satisfies. Since the initial values are also the same,
then Çr=P, (r=0, 1, . . .), and therefore

k-1 k

xk=Pr(a)dk_r=Pk_r(a)dr (25.11)
r=O

is the solution of (25.9) with the initial conditions x0=x1=0.
The solution of the nonhomogeneous eq (25.9) is the sum of the general solution of (25.5) and a

particular solution of (25.9). We are thus led to the following formula for the general solution of (25.9):

Xk= Cjr+ C2r+ Pk_r(a)dr, (25.12)

Pk(a)xN+ PN_k(a)xO
PN(a)

where ONr r=1, . . .,N-1.

where C and 02 are determined by any two given values of x.
Yk= C1r+ C2r is the solution of (25.5) with the boundary values

N
Yo=xo, YNXN PN_r(a)dr,

r=1
so that, by eq (25.6), we have

PN(a) Yk= Pk(a)yN + PN_k(a)yO, (25.13)
and consequently

k-1 N-1
PN(a) Xk= Pk(a)xN + PN_k(a) xo+ PN(a) Pk_r(a)dr Pk(a) (25.14)ri ri
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Thus if x0 and XN are given, then



or
k-i N-1

PN(a)xk=P(a)xN+PN_(a)xQPN_k(a) P(a)d,.P(a)
r=1 r=k

since
PN(a)P_T(a)Pk(a)PNT(a)r= - Pr(a) PN.k(a).

Again these are algebraic identities which follow from (25.9), so that the corresponding equations

k-1 N-1
PN (A)ak=Pk(A)aN-]- PN_k(A)ao+ PN(A) Pk_r(A)r Pn(A) PN_r(A)ôr

r=1 r=1

k-1 n-1
= Ph(A) aN-j- PN_k(A)aOPN_k(A) P(A)15Pj(A) Pí,.r_r(A)r (25.1 5)r1 r=k

follow from (25.4). If PN(A) is nonsingular this yields ari explicit formula for the solution of (25.4).
We now investigate the matrices A and B more closely. Let R1(X)=det (XIB). We have

X 1
R1(X)=X=P2(X), R2(x)= =X2-1=P3(X). (25.16)1 X

so that

and
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so that RN is also a solution of the difference eq (25.5), and from the initial conditions (25.16) we
obtain RM(X)=PM+l(X), M= 1, 2, . . . . The eigenvalues of B are the zeros of PN+l and are therefore

/ .X=2 cos(\M+l) v=1,..., M.

If ß, is the eigenvector belonging to the eigenvalue X,, and ß, =[b,1, . . . , b,], then Bß,=X,ß,, so thst

/ kvir \
srnçMl)

b,1./ ¡'ir

b,2=X,b1, b,,+1+ b,_1==X,b,1, k=2, . . . ,M 1,
Let b,0= b,,,M+l=O. Theiì these equations take the form

b,k+l=X,b,kbr,k_l, k1, . . . , M,

so that b,k is also a solution of (25.5). Hence

b,, M-1 = X, b,M.

7 viiLet b,1=C sin (M+ )' and let us determine a positive number C so that ß, is a unit vector. Then

M M

(
kvir )C2(M+1)Iß,I2= (b,)2=C2

k=1 k=l M+1 - 2 '

/ kvir '\2
, and b,k=M2 sin ÇM+1)' k,v=1, . . . , M,M+1

, v=1, . . . ,M'.

(25.17)

(25.18)

in general,
X 1 0 0

1 X 1 0 0

RM+l(X)= 0 1 X 1 0 = XRM(X)RM_l(X),



Now

det PN(A)=clet PN(41_B)=i PN(4XP)0,

since the zeros of PN all lie in the interval (-2, +2) and 2<4X,<6, v= 1, . . . , M.

This shows that PN(A) is nonsingular, which justifies our method of solution.
For many purposes it is convenient to expand the given vectors a0, . . ., a1, öi,

terms of these eigenvectors and to apply the formulae
N-1 in
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Pk(A)ß= Pk(4 - v=1,...,M; k=0,1,2, . (25.19)

It is, however, more practical to compute tables of the matrices Pb(A) and PN(A) 'Ph(A) and to apply
(25.15) directly.

3. An Estimate for the Error in the Solution of (25.2)
We now deal with the discrepancy between the solutions of (25.1) and (25.2) for general domains

and with continuous boundary values. For this purpose we need a few simple lemmas, which are essen-
tially well known.

E D is a domain, let Dab h be the set of all lattice points (a+mh, b+nh), m,n=0,±1,±2,
contained in D. By an interior point of Da,b,h, we mean a lattice point (x,y) such that the neighboring
points (x±h,y) and (x,y±h) also belong to Da,b,h, and by a boundary point we mean a point which is not
an interior point. We denote the set of boundary points by Ba,b,h. Let

L " u(x+h,y)+u(xh,y)+u(x,y+h)+u(x,yh)--4u(x,y)
4h2

so that (25.2) takes the form
Lhu(x,y)=p(x,y). (25.20)

We are interested in functions u(x,y) defined on Da,b,h which satisfy (25.20) at all interior points of Dab,h
and which take on prescribed values on the boundary Ba,b.h.

Lemma 1. If pO in DQ,b,h, then

max u(x, y) max u(x, y).

This is simply the familiar maximum principle, and follows immediately from (25.20), which im-
plies that u(x,y) is equal to or less than the arithmetic mean of the values of 'u at the neighboring points.

We note that for any constants C and d,

v(x, y)=(xc)2+(yd)2
is a solution of

Lhv=1. (25.21)

Lemma 2. If 'a is a solution of (25.20) in DO,b,h, then

max ¡u(x,y)jmax u(x,y)-F max

where D is the diameter of Da ,b ,h
Proof. Let u be the solution of

Lhuj= 0,

with the same boundary values as 'u, and let 'u2='u'ui. Let K= max p(x,y)I. Then

maxl'ui(x,y)I maxlu(x,y)I,

by our lemma 1. Also Lh(Kv±u2)=K±p0, and Kv±2=KvKTi2 on Ba,b,h, if (c,d) is chosen in
Hence J'u2j for (x,y) in Da.b.h.



Lemma 3. If Uis harmonic in D and continuous in D, if

maxU(x,y)=M,
D

and ifaj, a2, a3, and a4 are arbitrary directions, then
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ou
(x,y)

ua1
<2M ò21J

òajòa2 (x,y)
16M

where ò/òa denotes differentiation in the direction a and ô is the distance from the point (x,y) to the boundary
of D.

This is an easy extension of the two-dimensional analogue of a well-known theorem. (See Kellogg
[7], p. 229.)

We are now ready for the main result. Let O<h<k, and let D(h,k) be the set of points in Da,b,h
whose distance from the boundary is at least k. Letf be a given function continuous on the boundary
of D; we may, without loss of generality, suppose that f is defined and continuous in the whole plane.
(See Alexandroff and Hopf [1], p. 77.) Suppose that U is a harmonic function in D which takes o the
given values off on the boundary of D, and let w and w1 be the moduli of continuity of U and f, respec-
tively, in D. Let Uhk be the solution of Lhu=O, which coincides with f on the boundary of D(h,k).

Theorem. If (x,y) is im D(h,k), then
'h"2

where M=max» I U(x,y) and is the diameter of D.
Proof. Let w= Uu. If P= (x,y) is a boundary point of D(h, k) then there is at least one neigh-

boring point Q and a point R on the boundary of D such that d(Q,R) <k. Hence

= U(P)U(R)+f(R)'f(P)I w(d(P,Q)+d(Q,R))+wi(d(P,Q)+d(Q,R)) w(h+k)+wi(h+k).

If P is an interior point of D(h,k), then

h2
Lnw(P)=LhU(P)= { U,(x+th,y)+ U(xth,y)+ U(x,y+th)+ U1(x,yth) } =p(x,y),

where t is some number between O and 1. By lemma 3,

p(x,y)2O3M
(h)2

so that the theorem follows immediately from lemma 2.
Gorollary. If h>O, kO in such a way that h=o(k2), then uh,kU uniformly in every closed subdomain

of D.
In this proof we assumed the existence of the function U. We could also prove the existence of a

solution of the Dirichlet problem by using the analogue of lemma 3 for solutions of the difference equation
in rectangles, which can easily be proved from the explicit representation given in section 2.

If we had used the difference operator of Micheladze,

Lu(x, y)=h2{u(x+h,y+h)+u(x+h,y_h)+u(x_h,y±h)+u(x_h, yh)+4h2Lu(x,y)--16u(x,y)}

then the rapidity of convergence would have been improved at the expense of more laborious computa-
tions for obtaining the solution of the difference equation. It would also be easy to improve considerably
the above estimate at points whose distance from the boundary is bounded away from zero.

03U 216M Ò4U 4855M
òa10a20a3

(x,y) (x,y)
ua1ua2ua3ua4 o
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26. Relaxation Methods as Ancillary Techniques
Sir Richard'

I confess to having come here in some trepidation, expecting that your discussions would be quite
outside my range ; for I can but d imly follow the higher flights of mathematical analysis, and it is largely
for this reason that I have spent my efforts, in the past 14 years, in developing more pedestrian methods
of computation. But now, on this final afternoon, I feel I need not have been so apprehensive, for you
have all been very kind.

Professor von Mises in particular gave me comfort in his opening talk, with his defense of network
methods as against the methods that I shall term classical, and with his arguments for reliance on fine
nets. (These comfort me because I have recently been engaged in a little controversy about the relative
merits of line nets used in conjunction with simple formulas on the one hand, and more elaborate formulas
devised for use with coarse nets on the other. I am myself convinced that in the sort of problems that
have interested me it is essential to fine the net very considerably in places where something critical is
happening.)

I was also pleased to hear Professor von Mises commending what is an important feature of these
methods, namely, their interpretation of the error as something physical; and I warmly agree with a
view which he expressed, that these methods (what have been called Relaxation Methods) are not really
suited to machine computation as they stand. It seems to me that machines, though willing workers,
do not like thinking quite so much; and that it would be better to set a machine (which can work fast
and which needs no sleep) to work with an iterative process, governed by fixed rules, than with a method
which calls for judgment and the choosing of the best operation to effect at any particular stage. The
giving of instructions as to how to choose the best operation would, I imagine, entail very complicated
coding

But here, perhaps, I ought to remember the title of my talk and say a word about the possibility
of making our methods ancillary to the machine and vice versa. I thinkand the more so after listening
to the discussions of these last three daysthat Relaxation Methods could help in what I would call
the last stage of a conformal transformation, in tlìe transforming of a nearly circular domain into a circle
That is precisely what a relaxationist would find simple; it is just the thing to make my young assistants'
mouths water. (What, perhaps, they would like even better would be a last stage in which a nearly
rectangular domain has to be transformed into a rectangle.) As I see the matter, usually you know
the analytical transformations which will reduce a given shape to a near circle, and if so, then Relaxation
Methods can easily finish the job.

Here then, I think, is a case where our methods might be used as strictly ancillary, as my title
suggests. But are there not also cases in which the machine might be used as ancillary to Relaxation
Methods? I think that one may be found in what we call advance to a finer net. Having produced a
solution within the accuracy of the finite-difference approximation for one size of net, we pass to a
finer net and a better solution, and so on as far as may be thought necessary. So, having computed
values on the coarser net, we need a starting solution to use on the finer net. Now this entails much
numerical interpolation, or some equivalent, to find starting values at intermediate points (nodes of the
finer net). It is an entirely routine job which, I think, might well be turned over to a machine.

Another use for machines occurred to me while listening to Professor von Mises. I was much
intrigued by that part of his talk which dealt with the finding of an analytical solution within a square
of 16 mesh-points (I think that was the number), for if it is possible to do thatactually to construct
a continuous function from discrete valuesthen it seems to me that the machine might be able to do
it, starting from a relaxational solution.

We can go further by taking full advantage of the principle of superposition. Thus one way in
which a specified shape may give trouble is by entailing what we call irregular stars, that is, its boundary
may cut the strings of our chosen net at points which are not mesh-points; and then much time and
labor can be saved by using a very rough and ready approach, justified if one advances to fine enough
nets. The rough and ready approach is to proceed as though the desired function were linear within
the length of any string that crosses the boundary; but of course, since the true function has curvature,
this procedure entails an error: the true curve is not coincident with the chord. Now here, I think, is

I Lately Rector of the Imperial college of Science and Technology, London, England.
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a use for the machine, which preferably, I suppose, should work solely in terms of real lattice points;
let it work solely with real lattice points, and do for us the interpolation or extrapolation which will give
the boundary values implied by our solution. Then we shall find that we have not satisfied the bound-
ary conditions exactly, just as we have left some errors at interior mesh-points ; so our solution will
not be strictly a solution of the problem as given, but the solution of a slightly different problem.
Suppose now that the machine, working at night, is prepared thus to show us the true implications
of a relaxational solution ; then we can work the next day at another problem and in the same approximate
manner as before. Thus, by taking advantage of the principle of superposition, we can give the machine
exactly what it does best, namely, processes not requiring intuition and judgment but merely follow-
ing.a routine; and every time we return to treatment by our methods, the quantities requiring to be
liquidated will be smaller than before.

I remember working somewhat along these lines when we first attacked an eigenvalue problem (a
six-mass torsional-vibration system) , extending our methods on the basis of Rayleigh 's Principle. Just
for fun, so to speak, I said to my assistant, let us work with nine-figure accuracy, but I will do the work
of relaxation with only a 20-inch slide rule. So, each evening I would work away with my slide rule,
whittling at the mode so as to improve the approximation ; that is, to reduce the residuals. Then, next
day, I could take a set of displacements to my assistant and ask her, using the machine, to tell me the true
consequences of what I had done the night before. Each day what we found that I had done by slide
rule was to knock out two or three significant figures from the residuals; so, when she had done her
work on the machine, I could go back with new residuals to liquidate quantities which were smaller by
two significant figures than they had been. These again I would go for with my slide rule, and knock
out the next two signìificant figures ; and so on. That whittling process, systematically repeated, is what I
believe to be the optimum line of approach; and here, I think, is the proper role of the machine in relation
to Relaxation Methods: not themselves to work relaxationally, but to do ancillary computations to help
the relaxationist.

There are, you see, very many things that you can do if you are prepared to take full advantage of
the principle of superposition. You can, for example, relax with inaccurate patternsas we noticed
when we first attacked a large deflection problem on the basis of von Karman's second-order equations.
This is as though in the workshop you were to use a template which has not exactly the curvature
that you want to attain by a hand-scraping process ; it may, nonetheless, be near enough to show you
that something must come off here and be added there. The great thing would be to have a machine
from which, at the end of a day's relaxation, you could learn the real consequences of the operations
you have done. Then next day you could again go to work with inaccurate tools and yet improve
your solution with them.

I have been using the language of relaxation methods without much explanationit would have
taken too long to define all my terms, and I can only hope that you have found them intelligible. But
I want now to emphasize that in my view the essential characteristic of our methods is their concentration
on the errors. These are the quantities which we call residuals, for the reason that to make a trial solu-
tion exact we must arrange to have the residuals taken by something introduced for that purpose, that
is, by some form of constraint. So, when I say residual, it is shorthand, so to speak, for residual force
on a constraint; and since there was a suggestion some time back that relaxation methods is intended as
a title which will make people think they can enjoy an easy time computing, I now state once again that
the name is merely an abbreviation of the name I gave in my first paper (1935) when I called it the
Method of Systematic Relaxation of Constraints. I meant the constraintsthe imaginary constraints-
wIich must operate in order that a trial solution may be rendered exact.

Since I had not expected that the relaxation method would appeal to mathematicians, I am the
more gratified to learn that some find it acceptable. I had thought that a method which leaves the
errors not as bounds imposed on the desired quantities, but as bounds imposed on the inaccuracy per-
mitted in the data, was logically indefensible; but apparently you don't take this indefensibility as
hard as I expected you to do. (I, of course, do not take it hard at all.) Nonetheless, and after listening
to the papers of the past 3 days, I still think that my point of view is different from that of the majority;
because it seems to me that the majority of you think of this conformal mapping problem as difficult,
but as a worth-while problem in itself; whereas I have come to think of it as easily soluble within the
accuracy that is wanted in physical work. Indeed, we have treated several cases with success.

But to my mind the question has always been, What uses has such mapping? I came here expecting
to hear many answers, but I have not heard as many as I had expected. To us a conformal trans-
formation is useful mainly as a preliminary to the discussion of equations harder than Poisson's. The
transformation itself entails the solving of Laplace's equation, so in the treatment of plane-potential
problems there is nothing to be gained by an initial transformation (that is, if you must effect it by
Relaxation Methods). The advantage comes when you face harder equations, for then an initial
transformation avoids much of the complication and labor that are entailed by "irregular stars."
Of course, in general, your governing equation transforms into something different, but not into some-
thing that presents greater difficulty when treated relaxationally.
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We have sometimes used conformal transformations in order to eliminate irregular stars, for
instance, in the problem of supersonic gas-flow through a convergent-divergent nozzle. Here our first,
compu tations were concerned with the transformation of the nozzle shape into a rectangular net ; and
thereby the governing equations were not made very differentthe transformed equation is not much
harder than the original.

We have also used conformal transformation on a problem governed by Laplace's equation but
complicated by refraction, a problem of the kind that Dr. Poritsky talked about, namely, the calculation
of the flux through the poles of an electric generator. We did not treat the permeability of the iron as
infinite in comparison with air, and on that account some of the flux-lines pass through the air gap.
This was a case which obviously should be worked on a rectangular net, so we made the obvious trans-
formation, and constructed the map on which the actual computations were done. That is a good
example of what I mean.

What I think makes numerical methods really valuable to engineers is the fact that these maps are
so pictorial. It does help people of a certain kind of mind, which includes my own, to see these diagrams
and learn from them the run of the functions that are sought. I believe that later this afternoon a plea
is to be made for the construction of a dictionary of conformal maps; if so, I warmly support the sug-
gestion, and I hope the maps will be filled in, so to speak, both with streamlines and with contours ql the
modulus of transformation, because I believe that then they will help enormously toward the choice of
suitable transformations for particular problems. It is only when I see the run of the contours throughout
the whole field that I can feel really certain that a transformation is not going to play me tricks. I
can see the attractiveness and elegance of a formula by which a solution is stated in two or three lines;
but I get much more help from a diagram, which has no nice formula attached to it, but in which the
trend of the streamlines is shown everywhere, so that one can really see what is happening.

I come then, to this conclusion: that there is a difference between us in that I do not see this prob-
lem of conformal transformation as difficult to solve with sufficient accuracy, and would like to learn
of physical problems that make it worth while. I think one might say that we can do, by computation,
anything that a physical analogue machine can do, for example, the electrolytic tank that Professor
Courant spoke about. Anything that the electrolytic tank could do, I think I can say we are prepared
to do by relaxation; and, in fact, I had prepared some remarks on this topic, but in most I have been
forestalled by Professor Courant. I had thought it worth while to point out, for example, that the
well-known theorem to the effect that a doubly connected domain can be mapped conformally into a
circular annulus, but only into one of which the internal and external radii are in fixed ratio, can be
stated electrically by saying that the original region and the transformed region must have the same elec-
trical resistance between the interior edge and the exterior edge. The plate does not change its resistance
in being transformed because the resistance of all square elements is the same, whatever their size.

Thinking along these lines, I met a problem which seems to me to be an interesting extension of
the problem of conformal mapping: Suppose that we are given a specffied surfaceI do not know your
word for it, but I can exemplify it by the surface of a golf course which any particular vertical cuts
only once. If you laid down a uniformly conducting carpet all over that golf links, and let electric current
pass in any way you like, then the electrical analogue shows that the electric carpet would map that
golf course for you with an orthogonal net, by curves of current function and curves of electric potential,
which, in imagination, you could plot by experiment. Now, instead of finding those curves by exper-
iment, I wish you to consider the problem of computing them. So far as I can see, for that purpose it
would be necessary to solve an equation of a type we have treated already and have termed quasi-
plane-harmonicit is a generalization of the equation which governs two-dimensional supersonic flow.
But no one, I suppose, is interested in this generalized mapping problem for itself, and so I would like
to end on this note of question: Does anyone see practical importance by analogy in problems of this
type? I can see one possible application, but I doubt if anyone here would be interested in it, and I
should be glad to learn of any applications in some other physical field, for example, in "nonlinear
mechanics."
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27. Conformal Invariants
Lars V. Ahifors and A. Beurling'

The present paper deals with a method in conformal mapping which we have named, for lack of a
better term, the method of extremal length. This method, together with certain applications, was first
presented by us at the Scandinavian Congress of 1946, but only the second of two parallel papers has
appeared in print. The material has also served as a basis for a lecture course at Harvard University
by one of the present authors, and is therefore known by word of mouth to part of the mathematical
public.

Historically our method has its roots in previous individual work by both of us. it is also, in special
cases, closely related to the "method of strips" of Grötzsch. We believe, however, that it differs funda-
mentally from the method of Grötzsch by virtue of its generality, flexibility, and extreme simplicity.

The simplest and most fruitful way to find a conformal invariant is to determine the maximum or
minimum of a functional which is defined for a conformally invariant class of functions. Usually such
classes comprise only harmonic or analytic functions, but larger invariant classes can easily be constructed
and their consideration offers considerable advantages. It will frequently turn out that the extremal
function is automatically harmonic or analytic or related to one of these classes, and then the invariant
is likely to be of great interest from the function-theoretic point of view.

The "extremal length" is defined for a family of curves {'y} in a region . It is a conformal invariant
in the sense that it preserves its value when the region and the curves are subjected to the same conformal
transformation. Specifically, let p(z) be a nonnegative function in & for which the quantities

L{.ï}=inf J' A(l)=ff p2dxdy
7 a

are both well defined and neither simultaneously zero nor infinite The extremal length of the family
{y} is by definition

y }
[L{1}]2,

where p ranges over all permissible functions. The quotient whose maximum we sek is homogeneous in
p, and for this reason we may, frequently with great advantage, introduce a normalizing condition on p.
Thus, we may consider only such p for which L (y } =1, in which case the extremal function will make
A() a minimum. In other connections the most us2ful normalization is to require that L=A, with
the consequence that the extremal p will simultaneously maximize L and A. There is an obvious
geometric interpretation of L and A as the minimum length of the curves y and the area of in the
Riemannian metric defined by ds=p Idzl. In very many cases an extremal metric will exist, and this
metric will frequently be Euclidean. These are the interesting cases from the function-theoretic point
of view, for then log p will be harmonic for the extremal p. It can be shown that the special rôle played
by the Euclidean metrics is due to the fact that only Euclidean spaces can have fields of parallel geodesics.
On the other hand, there are also comparatively simple examples where the extremal metric is not
Euclidean.

The conformal invariance of the extremal length follows trivially from the fact that a conformal
transformation carries every metric pIds into a metric of the same form. In its extreme generality the
extremal length is not a useful conformal invariant. The general definition is nevertheless justified
because of its conceptual simplicity, and because the basic properties of the extremal length are valid
without any restriction. We are well aware, however, that only severe restrictions can lead to practical
consequences.

For this reason, let us devote some attention to special cases. Let E1 and E2 be disjoint point sets
in , which may also include boundary points, and let {y} be the family of arcs which joui these sets
within 2. The extremal length of this family is called the extremal distance of E1 and E2 with respect to

and will be denoted by X,)(E,,E2). It is of course a conformal invariant of the configuration formed by
2, E,, and E2. We remark in this connection that the general invariant X{y} is in fact, although not by

i Harvard University, Cambridge, Mass.
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definition, independent of the region as soon as the family {y} is fixed; indeed, the best result must be
obtained by taking p=O outside the curves -y. This is no longer so if the family fy} is defined with
respect to the region &2, as in the case of the extremal distance and, in fact, in all interesting cases.

A second choice is to let {-y} consist of all curves which separate E1 and E2 in OE The corresponding
invariant is a conjugate or reciprocal extremal distance. However, the definition is not unique, for we
may require that the curves y are all closed, or that they are all open arcs, or we may allow each y to
be composed of several closed curves and open arcs. To different requirements correspond different
conjugate distances: severer restrictions lead to greater invariants. Still other invariants are obtained
if we impose topological conditions on the curves 'y.

A few simple illustrations can be given right away. For a rectangle with sides a and b the extremal
distance between the sides of length b is a/b. The extremal metric is the Euclidean metric of the plane,
corresponding to p =1. By conformal invariance we have at the same time determined the extrema!
distance between two arcs on the boundary of any simply connected region. The conjugate extremal
distance is the same as the direct extremal distance between the two other sides and is hence equal to
b/a. For an annulus rj<IzI<r2 the extrema! distance between the bounding circles is 1/2ir log (r2/r1),
with the extrema! metric ds=JdzI/zI.

We shall now formulate some fundamental properties of extremal lengths. They follow almost
immediately from the definition and the reader can easily supply the formal proofs.

If every curve y contains a curve y', then

X[y}X{y'}. (27.1)

Briefly (27.1) holds if the curves 'y are fewer and longer than the curves y'. In particular, we con-
clude that the extrema! distance X(E1, E2) is a decreasing function of the sets E1, E2, and .

If the families f 'y1 } and f y2) cover disjoint point sets, and each y in a third family contains a y1 and
a y, then

Xfy}X{yi}+X[y2}. (27.2)

This inequality can of course be generalized to an arbitrary number of disjoint families of curves.
An important limiting case is the following: Suppose that intercepts the line s=t, x1 t x2, along a
segment of length 0(t). If E1 lies in the half-plane r r1 and E2 in the half-plane r r2, then

rx2 dtXv.(E1,E2)J

In fact, the extremal distance between infinitesimally near intercepts is dt/0(t).
If f y1} and {y} cover disjoint point sets, and each y1 and each y contains a y, then

1>1+1
Xfy}X{'y1} Xfy2}

(27.3)

The inequalities (27.2) and (27.3) can frequently be combined and give rise to good estimates in
much more complicated situations.

The extremal distance can be determined explicitly if the set 2E1E2 is bounded by a finite num-
ber of analytic curves with a finite number of arcs belonging to E1 and E2, respectively. There exists
then a unique harmonic function u(z) with the values O on E1 and i on E2, whose normal derivative
vanishes on the remaining part of the boundary of E1 E2. It is easily shown that ?'ç (E1 ,E2)= liD(n),
where D(u) denotes the Dirichiet integral of u. This result also leads to a physical interpretation of the
extrema! distance. It is in fact equal to the resistance of a homogeneous conductor with the contact
spots E1 and E2.

If E1 reduces to a point z0, the extremal distance is in genera! infinite and therefore useless as an
invariant. In order to overcome this difficulty we have a choice between several methods. The simplest
way is to surround z0 by a small circle Gr of radius r and form the limit

It is easy to prove that this limit exists, and it is finite unless E is also degenerate.
The reduced extremal distance, as defined by (27.4), is not an absolute conformal invariant. In fact,

if the variable z is subjected to a transformation z'=f(z) the value of X will increase by 1/2ir log If'(zo)l.
Hence, in order to obtain an absolute invariant, we can either form the differential
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or consider the difference between two reduced extremal distances. For instance, if F is the complete
boundary of 1 we may construct the invariant

L12(z0, E) rY(zo,E)Y(zo,E+F), (27.5)

which has the advantage of being always nonnegative.
The reduced extremal distance can also be determined explicitly. Since the interior points of E

are of no avail we may assume that E lies on the boundary of ì. We shall also suppose that is bounded
by a finite number of analytic curves, and that E is formed by a finite number of arcs. There exists
then a generalized Green's function 0(z) with a logarithmic pole at z, which vanishes on E and whose
normal derivative vanishes on the remaining part of the boundary. If its development at z is

G(z)=log

it is easily proved that

In the same way we obtain, from (27.5),

L(z0,

where R is the ordinary Robin constant.
It is now quite remarkable that the invariant L(z0,E) can also be found in an entirely different

manner. We may indeed consider the class of superharmonic functions v(z) in which satisfy the normal-
izrng condition v(z) v(z0) I

i for zE. It is shown by a very simple computation that

L(z0, E) =max liD(s),

where D(v) denotes the Diriehlet integral. The extremal function is, except for a normalizing factor,
G(z)g(z), where 0(z) is defined as above and g(z) is the ordinary Green's function. We observe that
this is almost exactly the original definition of the extremal distance with the difference that p is restricted
to be the gradient of a superharmonic function. This restriction has the effect of rendering the maxi-
mum finite.

There is still a third interpretation of L0 (z0,E) which is only valid when 2 is simply connected and
most effective when is the unit circle with z at the origin. In this latter case g(z)=log 1hz! and hence
y=O. Moreover, 0(z) can be continued to the whole complement of E and satisfies the symmetry
relation G(z)=G(1/). It follows that gG has at infinity an expansion of the form

g(z)G(z)r=2 log l/c+.
and hence

p(z)=(gG)/2+c/2
is the equilibrium potential of the set E. The capacity of E is then e12, and we have proved the
relation

cap E=eLo(2o,».

In this paper we have deliberately not discussed the applications of our method. They include
of course all known applications of Grötzsch's method, and beyond that the method yields complete
sets of modules for pentagons, hexagons, and triply connected regions. It is also promising for the
study of regions and Riemann surfaces of arbitrary connectivity, although the work bas not been car-
ried through in this direction. Of course these special applications do not by any means exhaust the
possibilities of the method when conceived in its full generality.
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28, On Subordination in Complex Variable Theory1
E. F. Beckenbach* and E. W. Grahamt

1. Introduction

A principal tool in the study of the geometry of conformal maps is the simple and easily proved
lemma of Schwarz, in accordance with which a function w=co(z), regular in the unit circle ¡zI<1 and
satisfying

w(0)0 and w(z)j<1, (28.1)

necessarily satisfies
(28.2)

for all z in Izl<1.

On the basis of the lemma of Schwarz we shall establish a result (theorem 1 below) which includes,
as special cases, several results, some known and some new, concerning the geometry of conformal maps.

In keeping with the geometric applications, the statement of theorem i is restricted to single-
sheeted maps. This restriction will be relaxed in theorem 10.

The principle of subordination, which originated with Lindelöf [7]2 and was systematized by Little-
wood [8; 9, p. 163-185], also is based on the lemma of Schwarz. In section 3 we shall point out a rela-
tion between the present development and the principle of subordination, and in section 12 by rephrasing
the proof of theorem i we shall obtain theorem 1 from the principle of subordination.

2. Theorem
We shall establish the following result.
Theorem 1. Let the analytic function

w=f(z), withf(0)=0,

regular in the unii circle Jz(<1, map IzI<1 in a i-1 way on a plane domain, and let the map of Izl<r,
0<r 1, be denoted by D7. Let the constants r, j=0, 1, . . ., n, satisfy 0<r5 1, and let T(w1, w2, . . ., wa),
with T(0, 0, . . ., 0)=0, be a regular analytic function of the n complex variables w1, w2, . . ., w0, with
D75 as range of the variable w5. If for each set of n points w1, w2, . . ., w,,, with w5 in D75, the point
T(w1,w2, . . ., w,,)=wo is in D0, then for each set of n points w1, w2, . . ., w0, with w5 in D757, 0<r 1, the
point T(wi, w2, . . . , w,)=ws is in D707.

The condition 0<r5 1, j=0, 1, . . ., n, replaces the condition r5=1 of a former result of Ford
[5] (see sec. 6 following) permitting greater flexibility in the geometric applications.

It was kindly pointed out to the authors by E. G. Straus that the following proof applies equally
well to the more general case of ari arbitrary set of analytic functions f5(z) regular in zI<rs, j=0, 1,

n. Then without loss of generality the z-domains of definition can be normalized in accordance
withf5(z)=f5(r5), l<1. This will be done in theorem 10.

Our proof is an extension of Iladó's proof [11] of Study's theorem [15; 4] concerning conformal maps
on convex domains.

Proof. For r fixed, 0<r 1, let z, 22, . . ., z, be any fixed set of n points satisfying 1z51<r5r, j= 1,2,
n. Then lzsl<rs, and by hypothesis

T[f(zj), f(z2), . . ., f(zn)]=wo

I This paper was written in part with the financial aid of the Office of Naval Research of the U. 8. Navy Department.
National flureau of Standards, Los Angeles, Calif.

tuniversity of California, Los Angeles, Calif.
2 Figures in brackets indicate the literature references at the end of this paper.
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is in D0; let w0=f(zo). To establish the theorem, we need only to show that w0 is in D0; that is, that

jzoI<ror. (28.3)

Let z, with z*j<ror, satisfy

*1lZil<!Z <1, j=1,2, . . . ,n.rjr r0r

Then for zl<1 we have

In particular, we have
7*
\ r0

whence (28.3) follows from (28.4).

3. Theorem of Littlewood on Subordinate Maps
We shall establish the following geometric result (cf. theorem 9 below) taken from Littlewood's

theory [8, p. 483; 9, p. 164; 6, p. 106] of subordination.
Theorem 2. Let the analytic function w=f(z), regular in the unit circle IzI<1, map IzI<1 im a 1-1

way on a plane domain, and let the map of lzl<r, 0<r 1, be demoted by Dr. Let the function w=(z),
with (0)=J(0), be regular im IzI<1, and let the map of zl<r, 0<r 1, be denoted by iYr. If each value
in i is in D1, then each value in Y,. is in Dr.

This is a special case of theorem 1, with

where z=f1(w) is the inverse of w=f(z), and with r0zr1=1.
The function (w) is said to be subordinate (see sec. 11) to the functionf(w).
It is to be noted that we have not assumed that is schlicht (single-sheeted) or even locally schlicht.

The restriction that D1 be schlicht is not necessary, and was not made by Littlewood; it. is sufficient that
be "carried by" D1. This restriction will be removed in section 11.
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zzr0
2*

so that by hypothesis
<ri,

T[f(22'0), j(z:aro), ., f(zz:*ro)]

is in D0.
It follows that the function

( zziro) (zzsro\F(z)f1{T[f 2* 'f Z f .,f(2z:ro)]}

is regular for I z <1 and satisfies

IF(z)I<1. (28.5)

Further, since f(0)=0 and T(0, 0,. ., O)=0, we have

F(0)=0. (28.6)

Since by (28.5) and (28.6) the function F(z), regular for zj<1, satisfies the hypotheses (28.1) of
the lemma of Schwarz, by (28.2) we have

lF(z)IIzI, zI<1.

f'{ T[f(z1), f(za),. .. , f(z)} i
ro f j2

r0 ro

(28.4)

1

r0



4. Theorem of Study on Convex Maps
A domain D in the complex w-plane is said to be convex provided that for each pair of points w1, w2

in D, the line-segment 11.2 joining w1 and w2 also lies in D. The points of 11,2 are the points

T(wj,w2; t) =tw1-1- (1t)w2=w0, O t 1. (28.7)

Study's theorem [15, p. 1101 is the following.
Theorem 3. Let the analytic function w =f(z), regular in the unit circle 21<1, map I zI <lin a 1-1

way on a plane domain, and let the map of IzI<r, 0<r 1, be denoted by Dr. lfD1 is convex, then Dr also is
convex.

This is a special case of theorem 1, with each of the functions T(wj,w2;t) of the continuum of func-
tions (28.7) for T, and with r0=r1=r2= 1. There is no loss of generality in our taking f(0)==0.

5. Theorem of Takahashi and Seidel on Star-Shaped Maps
A domain D in the complex w-plane is said to be star-shaped relative to the fixed point w of D

provided that, for each point w1 of D, the line-segment l joining w' and w1 also lies in D. If w*=0, the
points of l are the points

T(wi;t)=twj, 0t1, (28.8)

As Takahashi [16] and Seidel [14, p. 203-204] independently observed, Radó's proof of the theorem
of Study, when applied to the continuum of functions (28.8), yields the following analogous result con-
cerning star-shaped maps.

Theorem 4. Let the analytic function w=f(z), regular in the unit circle 121<1, map 121<1 in a 1-1
way on a plane domain, and let the map of zI<r, 0<r 1, be denoted by Dr. If D1 is star-shaped relative
to the map of the origin, then D. also is star-shaped relative to the map of the origin.

This is a special case of theorem 1, with each of the functions T(w1 ;t) of the continuum of functions
(28.8) for T, and with r0=r1=1. Again, there is no loss of generality in our takingf(0)=0.

6. General Theorem of Ford
Generalizing the method used by Radó in establishing the theorem of Study, and by Takahashi

and Seidel in establishing the analogous result concerning star-shaped maps, Ford (5) established the
following result.

Theorem 5. Let the analytic function

w=f(z), with f(0)=0, (28.9)

regular in the unit circle lzl<l, map IzI<1 in a 1-1 way on a plane domain, and let the map of zI<r,
0<r 1, be denoted by Dr. Let T(w1,w2, . . . ,w,,), with T (0,0, . . . , 0) = 0, be a regular anal ytic function
of w1,w2, . . . w,, with D1 as range of each of these variables. If for each set of n points w1 w2, . . ., w,,
in D1, the point T(w1,w2, . . ., w,,)==w0 is in D1, then for each set of n points w1,w2, . . ., w,, in Dr, the
point T(wj,w2, . . ., w,,)=w is in Dr.

Theorem 5, which contains theorems 2, 3, and 4 as special cases, is the special case r0=r1=
=r =1 of theorem 1.

As Ford pointed out, some of the simplest functions T lead to interesting geometric results. Thus
if the analytic function (28.9) maps Jzl<1 in a 1-1 way on the domain D1 consisting of the points of
the unit circle wI <1 remaining after the removal of all points on rays drawn parallel to the imaginary
axis and in the first quadrant from the points , , . . (Y, and if w is in D1, then so is w/2 in D1.
It follows from theorem 5, with T(w1) ==w1/2, that if w is in D7, then w/2 also is in Dr.

For a given domain D1, Miser [10] has studied properties of the set, called the pattern of D1, of com-
plex values t such that for all w1 in D1 the point T(w1 ;t) =tw1=w0 also is in D1.

7. Theorem of Nabetani on Ceneralized Star-Shaped Maps
We shall say that a domain D is star-shaped relative to a subdomain D* of D, provided D is

star-shaped relative to each point w of D*; that is, provided that for each point w of D* and for each
point w of D, the line-segment joining w* and w lies in D. Nabetani [11] established the following result.

Theorem 6. Let the analytic function w=f(z), regular in the unit circle 21<1, map z<1 in a 1-1
way on a plane domain, and let the map of ¡zKr, 0<r 1, be denoted by D7. If D1 is star-shaped relative
to some fixed Drj, 0<ri <1, then D7, 0<r 1, is star-shaped relative to D717.
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This is a special case of theorem 1, with the functions (28.7) for T, and with r0=r2=l, O<r11.
There is no loss of generality in our taking f(0) = O. Theorem 6 contains theorem 3 as extreme case
r1= 1, and implies theorem 4 as limiting case with r1O.

8. Theorem on Convex Hulls in Maps
The totality of points on line-segments joining pairs of points of a domain D is said to constitute

the convex hull of D. We have the following result.
Theorem 7. Let the analytic function w=f(z), regular in the unit circle I z <1, map I z <lin a 1 1

way on a plane domain, and let the map of IzI<r, O<r 1, be denoted by Dr. If for some fixed r1, O<r1 <1,
D1 contains the convex hull of Dr1, then Dr, O<r 1, contains the convex hull of Dr1t.

This is a special case of theorem 1, with the functions (28.7) for T, and with r0=l, O<r1=r21.
Theorem 7 contains theorem 3 as special case r1=r2=1.

Further Results
We shall say that the star of a domain D relative to a fixed point w'' is the totality of points on line-

segments joining w* and points of D. With the functions (28.8) for T, and with r0= 1, O<rj 1, we obtain
a result concerning the star of Dr1 relative to the map of the origin, but leave its actual formulation to the
reader. This result contains theorem 4 as special case r1 = 1.

Again, we shall say that the hull of two domains Da and Db is the totality of points on line-segments
joining points w,, of Da and points w0 of Db. With the functions (28.7) for T, and with r0=1, O<r1
r2 1, we obtain an analogous result concerning the hull of Dr1 and Dr2. This result, which again we
shall not here formulate explicitly, contains, or implies as limiting case, each of the above results con-
cerning stars and convex hulls.

Of course if we replace O t i in any of the above results by fixed values of t, as in the example in
section 6, or by fixed sets of values, or if we restrict r0 to a value <1, we are led to additional geometric
results. For example, if for all w in D1, w/2 is in D113, then for all w in D114, w/2 is in D1112.

Polar Convexity
Let D' be the half-plane w>O and let w* be a fixed point in the half-plane w<O. For any two

points w1, w2 in D', let C be the circle (or straight line) through w1, w2, and w'. Clearly the arc (w1, w2)
of C which does not contain w" lies entirely in D'.

Again, let D" be a domain bounded by arcs of three circles all passing through a common point w*.
As before, for any two points w1, w2 in D", and for the circle (or straight line) C through w1, w2, and w"',
the arc (w1, w2) of C which does not contain w"' lies entirely in D".

For any plane domain D and any fixed point w"' of the plane but not in D, we shall say that D is
convex relative to the pole w"' provided that for each pair of points w1, w2 of D, and for the circle (or straight
line) C through w1, w2, and w"', the arc (w1, w2) of C which does not contain w"' lies entirely in D.

In the two examples which we have given, any linear function carrying w" to transforms D' or D"
into a circle or triangle (possibly with one vertex at ), respectively, and transforms C into a straight
line. Thus polar convexity is equivalent, under the class of linear transformations carrying the pole
to , to ordinary convexity; and the property of polar convexity is invariant under the group of linear
transformations.

Similar definitions might be given for polar convex hulls, polar star-shaped domains, and so on.
By means of linear transformations carrying the pole to , we obtain polar analogues of our various

results concerning convex domains, convex hulls, star-shaped domains, and so on. We state the following
analogue of Study's theorem as being typical of these results.

Theorem 8. Let the analytic function w=f(z), regular in the unit circle I zI <1, map I 1<1 in a li
way on a plane domain; let the map of IzI<r, O<r 1, be denoted by Dr; and let w"' be a point of the w-plane
but not in D1. If D1 is convex relative to the pole w*, then Dr also is convex relative to the pole w".

Subordination
Let the single-valued analytic functions f(z) and fi (z) be regular or meromorphic in the unit circle

zI<l, and let the maps of IzI<r, O<rl, by the functions w=f0(z) and w=f1(z), be denoted by D°
and respectively. The Riemann surface D1 is said to be carried by the Riemann surface D°
provided the coordinate w of each point P1 of D is the coordinate of at least one point Po of D°1 and
there exists a correspondence K associating each point P1 of D" with a particular point P0 of D°
having the same coordinate as P1, and such that under K to each closed curve on D" there corresponds
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a closed curve on To a given point of Do> there might correspond under K no point, one point.
or several points of D,w.

Thus for IzKl the surface w=z4 is carried by the surface w=z2, but the surface wz3 is not carried
by the surface w=z2.

The functionf1(z) is said to be subordinate [8] toJo(z) for zI<r, 0<r 1, provided the surface D'
is carried by the surface D° in such a way that under K the point Pi .fi (0) is associated with P0 :f0 (0).
It follows that a necessary condition that f1(z) be subordinate to J0(z) is that we have

f(0) fo(0).

It was pointed out by Rogosinski [13] thatf1(z) is subordinate tof0(z) for Iz<l f and only if

f (z) fo[w(z)j, (28.10)

where w(Z) is a regular analytic function satisfying (28.1) in I z <1. Briefly, since the surface W=w(z) is
carried by the single-sheeted unit circle zI <1, with w(0) = O and z= O associated under K, it is evident
that if (28.10) holds then D3 is carried by D1° with f1( associated with fo(o); conversely, if f(z)
is subordinate to fo(z) then clearly the function

with ca(0)=O, is a single-valued regular analytic function satsifying (28.1) for zI<1.
It follows thatf1(z) is subordinate tof0(z) for zI<r, O<r1, if and only if f1(z) is a function of

the form

fi(z) [ru (s)], zI<r, (28.11)

where w(z) is a regular analytic function satisfying (28.1) in jzI<1.
Littlewood has given the following result [8, p. 483; 9, p. 164]:
Theorem 9. Let the analytic functions fo(z) and f (z) be regular or meromorphic in the unit circle z <1.

If f1(z) is subordinate tof0(z) for lzI<1,' then fi(z) is subordinate tofo(z) for IzI<r, O<r 1.
The simple proof follows: If we define the regular analytic function g(z) by

f(z) fo[u(z)]fo [rg (s)], zI<r,

then we have g(0)=0 and, by (28.2),

w(z)IHrg('z', zI<r,r!
g(z)Jz, JzI<1,

so that g(z) satisfies the conditions (28.1) andf1(z) is of the general form (28.11).

12. Joint Subordination
In this section we shall obtain theorem 1 from theorem 9.
We note first that f' (z) is subordinate to the regular or meromorphic function f0(z) in z <1 if and

only if for all complex constants a with al 1, the function f1(az) is of the form

fi(az)=fo[w.(z)], (28.12)

where w(z) is a regular analytic function satisfying (28.1) in zI<1. Indeed, from (28.10) we have

f (az) rrfo[w(az)] fo[wr(z)],

where w(z) = w(az) is a function of the desired form; and conversely, (28.10) is the special case a= i of
(28.12).

Let the single-valued analytic functions

wj=fj(z), j=0, 1, . . . , n,

or
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be regular or meromorphic in the unit circle I z <1, and let the corresponding maps of zl <r, O<r 1, on
Riemann surfaces, be denoted Dr'. Let the single-valued analytic function of n variables,

w=T(w,, w2, . . , w,,),

be regular or meromorphic for W5 on the Riemann surface D11, j= 1, 2, . . , n.
We might say that the set of functions f(z), f2(z), . . . , f,,(z) is subordinate under T to f0(z) for

Izl<r provided that for all a5 satisfying IajI l, j1, 2, . . . , n, the function

T[fj(aiz),f2(a2z), . ,f,,(a,,z)]
is subordinate tof0(z) for lzl<r.

For example, with
wo==fo(z)=z2, wj==f,(z)=z, w2=rf2(z)=z2, Izl<1,

the set of functions f,(z), f2(z) is not subordinate to f(z) under T(w1,w2) =w1w2, but is subordinate to
f0(z) under T(wj,w2) =ww2.

Substituting from the above definition into theorem 9, we immediately obtain the following result.
Theorem 10. If the set offunctionsf5(z), j=1, 2, . . . , n, is subordinate under T tofo(z) for z<l,

then this set of functions is subordinate under T tofo(z) for lzI<r, O<r1.
Conversely, by (28.12), theorem 9 is the special case n=l, T(w,) -=w1, of theorem 10.
We shall show that theorem i is contained in theorem 10.
Let the hypotheses of theorem 1 be satisfied, and let

f,(z)f(rjz), j=O, 1,. . , n; jzt=l.

Then for any fixed a5, with tail <1, j-ri, 2, . . . , n, we have r5a5z <r; for I z <1, whence by hypothesis
the function

T[f(r,aiz),f(r2a2z), . ., f(r,,a,,z)] T[fi(aiz),f2(a2z), . . . ,

which is regular for IzI<1 and satisfies T(O,O, . ,O)=f(0)=fo(0), maps zI<l on a Riemann surface
carried by the single-sheeted domain Dr0 on which Izl <lis mapped by the function w=f(r0z) =fo(z).

Hence the set of functionsf,(z),j=l, 2,. . ., n, is subordinate under T tof0(z) for zI<1, and there-
fore, in accordance with the conclusion of theorem 10, this set of functions is subordinate under T tof0(z)
for tzl<r, O<r1.

For r fixed, 0<r 1, let z1, z2, . . ., z,, be any fixed set of n points satisfying Iz,t<rjr, j=l, 2,
n. Let z, with z*l<r, be any point satisfying

1<1.

Then a1, defined by zi==ajrjz*, j=l,2, . ., n, satisfies

Z5

r5 z

Now the statement that the set of functions f5(z), j=1, 2,. . ., n, is subordinate tofo(z) for tzl<r
includes the assertion that

w0= T[fi(aiz*),f2(a2z*), , f,, (a,,z)I = T[J(riaiz*),f(r2a2z*), , J(r,,anZ*)] = T[f(zi),f(z2), . . ., f(z,,)]

lies in the map of Izl<r by the function w=fo(z)=f(roz), that is, in the map of IzI<ror by the function
w=f(z); and this assertion is the conclusion of theorem L

13. Subordination in Cartography
Applications of the principle of the maximum in complex variable theory can be made to depend

on the fact that, for regular analytic functions f(z), the function log f(z)l is subharmonic.
The above principle can be applied directly to certain surfaces S,

S:x=x(u,v), y=y(u,v), z=z(u,v), (28.13)
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given in conformal representation,
E=G=[A('u,v)}2>0, F=0, (28.14)

where
E=x+y+z, G=x,2+y,+z,2,

in accordance with the following results:

If S is a minimal surface in conformal represenation, then for all real constants a, b, c, the function

log [(xa)2+(y b)2-1-(z c)2]

is subharmonic [2, p. 654]. This corresponds to the fact that the logarithm of the distance function
Jf(z)aI is subharmonic.

If S is a surface of nonpositive Gaussian curvature in conformal representation, then the function log X
is subharmonic [3; p. 663]. This corresponds to the fact that the logarithm of the deformation ratio
function f'(z) is subharmonic.

Accordingly, the principle of the maximum carries over to the conformal geometry of minimal
surfaces; and insofar as this principle applies to the deformation ratio f' (z) j it carries over to the con-
formal geometry of the more inclusive class of surfaces of nonpositive Gaussian curvature (saddle sur-
faces).

Thus a generalization of the lemma of Schwarz holds for minimal surfaces [2; P. 656-657], and a
generalization of an intrinsic analogue [1] of the lemma of Schwarz holds for surfaces of nonpositive
Gaussian curvature.

But in establishing the principle of subordination, the principle of the maximum is applied, in the
form of the lemma of Schwarz, only in the z-domain of definition. It follows that this principle applies
to conformal maps of the unit circle on any surface S.

Hence if we make the obvious extension, to surfaces in space, of the notion of one surface being car-
ried by another, and of one conformal set of functions (28.13) being subordinate to another conformal
set of functions, we have the following result.

Theorem 11. If the functions

x=xi(u,v), y=yi(u,v), z=zi(u,v),
and the functions

x=x2(u,v), y=y2(u,v), z=z2(u,v), u2+v2<1, (28.16)

satisfy (28.14), and the functions (28.16) are subordinate to (28.15) for u2 + v2< 1, then the functions (28.16)
are subordinate to 28.l5for u2+v2<r2, 0<r1.

Thus if in one map a piece S of surface in space is represented conformally on IzI<1, and in another
map a portion S' of S is represented conformally on jzj<1, with the same point of S mapped on the
origin z=0 in the two instances, then for any r, 0<r 1, the part of S represented on Izj<r in the
first map necessarily contains the part of S' represented on IzI<r in the second map.

In the special case that S is a piece of surface on a sphere g the above result can be obtained equally
well through a consideration of the induced conformal maps of zj <1 on plane domains D and D' on
which S and S' are represented by a stereographic projection of the sphere .9'on a plane ir. Indeed, by
translating geometric properties of figures in ir into corresponding properties of the related figures on
g one obtains spherical analogues of the various theorems of this paper.

For example, if in one map the entire South Polar Cap below latitude 600 Sis represented conformally
on I zj <1, and in another map Antarctica, which lies completely within this Cap, is representéd con-
formally on IzI<1, with the South Pole mapped on the origin in both instances, then the image of the
South Geomagnetic Pole cannot be farther from the point z=0 in the first map than it is (or even as
far as it is) in the second.
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29. Asymptotic Developments at the Confluence of
Boundary Conditions

Hans Lewy

Just as tlìe powers of z can be arranged in a natural order according to their degree, the powerprod-
ucts zm(z log z)", where m and n are nonnegativ.e integers, can be assigned the order (m,n) in the following
sense:

(m, n)<(m', n')

if either m+n<m'+n', or, in case m+n=m'+n', if n>n'. This definition corresponds to the fact that

zm(z log z)0/[zm(z log z)"]O as zO.
Accordingly, it makes sense to talk of an asymptotic relation

F(Z)'..'Am,aZm(Z log z)"

as meaning the several limit relations (which we arrange according to increasing order) for zO:

F(z) - A0,

(F(z)Ao,0Ao,iz log z)/(z log z)O,

(F(z)Ao,o---Ao,iz log zA1 0z)/zoO,

The following lemma holds:
1fF (z) '-M(z, z log z), where Mis a polynomial of order (m, n), then,for O<A,

F(t) log (tz)dt'»M1(z, z log z),

where M1 is a polynomial of order (m, n+ 1).
The above lemma has far-reaching consequences. We shall name two.
Let z=x+iy,=u+iv, and consider the conformal mapping of a portion of the upper half-plane

y>O of the z-plane on the r-plane in such a way that the negative real axis goes into the negative real
axis, origin into origin, and the positive real axis into an analytic curve v=u2.f(u), with f(u)>O for
u> O, and f(u) developable into a power series in u. Applying a familiar formula from the theory of
harmonic functions to a semicircular domain of sufficiently small radius A in the z-plane, we deduce

fo

A

u(x,O) ==- log tx
7r1 o

òu
u(t, O) f 2f[u (t, O)] +uf'(u) } dt+P(x),

where P(x) is a power series in x, and use has been made of the relation

Ou 0v Ou
[2u1(u)+u2f'(u)] -,Òyòx

2
Ou

valid on the positive real axis. Now a theorem by Warschawski yields that (x, O) is continuous, in

t University of California, Berkeley, Calif.
2 , Warschawski, tjber das Itandverhalten der Ableitung der Abbildungsfunktion bei Konform'' Abbildung, Mathematische Zeitschrift 35, 321 to 456

(1532) (see page 447).
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in view of the Lipschitz condition observed by the slope of the boundary curve of the r-plane near =O.
From the lemma we conclude now that

(z)=u+iv '-.'A1,0z +A1, iz2 log z.

In order to see that the derivative '(z) satisfies a corresponding lower order asymptotic relation, we
construct a rectangle whose sides are parallel to the axes of the z-plane and whose corners are iA/2,
iA/2, iA/2+A, iA/2+A. The reflection principle shows that for small A the function (z) exists
and is regular inside the rectangle. An application of Cauchy's integral formula shows that, on the real
positive axis, '(z) '-.-'Ai3O+2A3,iz log z. We are now in a position to renew the process and thus find,
ultimately, the asymptotic relation

(z)EAmnzm(z log z)°
(1,0)

Whether this series converges, we have not yet been able to decide.
The second case to which the lemma finds a ready application concerns harmonic functions u(x,y)

which on the positive real axis satisfy the linear boundary condition òu/òy=u and on the negative real
axis the condition òu/òy=O, for a neighborhood of the origin, being continuous there and regular in the
upper half-plane near the origin. This problem is of interest in the theory of gravity waves. If we denote
by (z) the analytic function whose real part is u(x,y) and normalize it by setting its imaginary part equal
to zero at the origin, then again

log z)°.
0,0

Here, however, we have been able to show that the infinite sum on right hand can be summed to give the
function (z). If we denote by z the point z of the Riemann logarithmic surface such that

log z=log z+2iri,

we have the difference-differential equation

'(z)'(z)+i((z)+ (z))=O.
Thetheory of the solutions of this equation can be studied with the aid of the above development.

Similar developments arise for the confluence of other linear boundary conditions.3
See our paper, Developments at the confluence of analytic boundary conditions, University of California Publications in Mathematics, New Series

1, No. 7, 247 to 280 (1950).
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30. Monodiffric Funclions

Rufus Isaacs

1. Introduction

Let f(z) be a complex function defined for the complex variable z=x-j-iy. Then f(z) will be said
to be monodiffric, provided

f(z + 1) _f(2)=JC(Z + i f() (30.1)

The idea underlying this definition is a finite difference function theory paralleling the classic one of
monogenic functions. To justify whatever merit such a concept may have, we have but to take a hasty
glance at the outlines of the history of analysis.

The calculi of differentials and of differences had contemporary childhoods. It is hardly necessary
to mention the analogies:

dx
df with ¿f(x)=f(x-F 1)f(x),

j:x f(t)dt with

with x1"1=x(x-1) . . . (xn+1).

The factorial powers obey ¿Xx =nx1", the Newton-Gregory series of them is the analogue of
power series, and so on.

It was the infinitesinal calculus that flowered. One of its cardinal outgrowths was the theory of
analytic or monogenic functions. When it had become an assimilated classic, its powerful tools were
applied to many of the old difference problems. Requiring the functions concerned to be monogenic
brought its successes, but it has always seemed, at least to us, a bit unnatural. Why stress the existence
of derivatives, in the complex sense, when difference quotients are the theme?

This consideration motivated us to replace the Cauchy-Riemann equations by (30.1) in our earlier
paper [1]. * The resulting monodiffric functions are usually not monogenic hut polygenic. Certain of
the expected analogies with monogenic theory soon appear; others do not; other things do appear which
are not at all analogous. The new theory is still crude with many basic questions open.

To avoid an elaborate new terminology, we shall use the classic words with quotation marks around
them for new terms that bear an obvious analogy to the old. We shall denote the common value of the
two sides of (30.1) by 4f(z).

The following similarities with the monogenic case hold: (1) The "Cauchy-Riemann equations,"
which are the real and imaginary parts of (30.1) whenf is replaced by u+iv, hold for monodifiric functions;
the functions u and y each satisfy the "Laplace equation",2 ¿Xu+,,,u=0. (2) If f(z) is monodiffric, so
is 4f(z). (3) If f1, f are monodiffric, so is c1f1+c2f2=g; and ¿Xg=c1zXfj+c2z.f2. (4) "Cauchy's integral
theorem" and "Morera's theorem" hold for monodiffric functions.

The last item involves "contour integration." A "contour" consists of successive oriented horizontal
or vertical segments of unit length. The "contour integral" is a sum with a term for each segment:

- r,,.) (also written f(z)z),
i RAND Corp., Santa Monica, Calif.
'Figures in brackets indicate the literature references at the end of this paper.
2 These are, of course, forward differences. Thus our equation is not the one usually employed by computers.

(30.2)



where z,,_1 and z. are the beginning and end of the segment, and z is the lower or left member of z,,_1
and z. The result in question states:

A necessary and sufficient condition that f be monodiffric is that its "integral" vanish for all closed
"contours."

Various alternatives to our procedure come to mind. Sometimes it is useful to deal with differences
with an arbitrary complex span h 0; when f(z) satisfies

[itz + h) _f(z)]= [f(z +ih) f (z)]=ìf (z), 130.3

we say it is h-monodoffric. Equation (30.1) involves forward differences; the backward version is
satisfied by allf( z) wheref(z) is monodiffric; the backward-forward version, by i-monodiffric functions,
etc. The case of central differences appeared in [1], but later seemed less promising than the present
course. A. definition demanding equality of difference quotients in all directions instead of just two asks
for too much; for the justification see [5].

We define the lattice L(zo) as the set z0H-m+ni, m and n integers. Equation (30.1) is self-contained
when it applies to the points of a single lattice only and a logical question is: Is not a particular lattice
the natural domain of a monodiffric function? Sometimes it is; we then speak of a lattice problem. For
other matters, such as polynomials (see sec. 2), it is more natural to define f on the whole plane; we then
will speak of a full-plane problem.

L(0) will be called G. The subset of G where m 0, n O will be called Q. A. set of three points
Z, zo+ 1, z0+i will be called a triad and denoted by T(zo+i+ 1). Two points will be said to be adjacent
when they belong to the same triad. S(z0) will denote the square of which T(z0) furnishes three vertices.

2. Polynomials and "Multiplication"

The "powers" of z, n=0, 1, 2, . . . , are characterized by (a) z" is a monodiffric polynominal,
(b) z>=nz(l), (e) 0"=0 (n>0), z°=1.

The "exponential function" e(z,t) is defined to be (1+t)x(1+it)v. It is monodiffric and satisfies

e(z,t)=te(z,t). (30.4)

We can use it as a generating function which, when expanded as a power series in t, defines the z":

t'ze(z,t)=j
,,=o n! (30.5)

It is easy to verify (a), (b), and (c).
Every monodiffric polynomial p(z) is a linear combination of the In fact the "Taylor expan-

sion" holds:
flp(0)

(30.6)
n=O n!

'We observe that if f(z) is monodiffric, so is

xf(z 1) +iyf (z i).

Thus we begin our definition of "multiplication" by writing this quantity as z.f(z).
We further define and c.f(z)=cf(z).
We make the operation commutative and distributative with addition by definition, and conclude:

"Multiplication" of two monodifiric functions is defined when one of them is a polynomial.
We can easily verify the following result:
When z is applied to a "product," the "Leibniz rule" holds.
Equation (30.4) has the companion result:

e(z,t)=z.e(z,t). (30.7)

If we insert the series (30.5) in (30.7) we readily see that z.z)=z(+), and so the additive law of expo-
nents holds.

The correspondence
(30.8)

258



defines an isomorphism between mono genic and nonodiffric polynomials under which addition is preserved,
multiplication is isomorphic to "multiplication" 4nd d/dz to z.

But in matters concerning the roots of olynomials, the isomorphism breaks down completely.
The situation poses some not too easy question which, if we can judge by the analogy found in classic
algebra, may have some interesting answers. Jf n is the degree of a monodiffric polynomial, Terracini
has shown that the number of its roots ranges irom n to n2. He has studied in detail the case of quad-
ratic equations. When such an equation has fiur roots they lie on the vertices of an orthogonal quad-
rangle; that is, the adjacent sides are perpendi'u1ar. He has further obtained necessary and sufficient
conditions for four such points to be roots. Hie seems to have anticipated us in the ideas of section 5
relating to the discussion of figure 30.3 [2, 3].

The "product" of two polynomials cannot je zero without one of the factors vanishing, so that it
is possible to imbed them abstractly in a field. l3ut this property of being a domain of integrity does not
hold for other monodiffric functions. We shall study the class of functions which when "multiplied" by
z give zero, in section 8. Thus our abstract fie1d has more than a single realization.

These phenomena arise because "multipliation" is not pointwise determinate. If two functions
have the values 2 and 3 at a certain point and they are multiplied in the usual way, the product has
the value 6 regardless of the values of the functions at other points. It is this property that fails with
"multiplication."

There is another anomaly regarding multilication by constants. We mean by [a]°'.f(z) the value
of z.f(z) when the first z is replaced by the ccnstant a. In other words if, a=a1+ia2, then

[a] .f(z)=af(z 1) +ia2f(z i),

[a] '.f(z)=aj. [a-1] (n) .f(z - 1)+ia2 [ail f(z i). (30.9)

We should note that if g(z)=z.f(za), then

g(z+a)=rz.f(z)+[a].f(z), (30.10)

and

not (z+a).f(z).

3 rf dii Functions
We conjecture that there exist no functiors rational or algebraic in x and y which are monodiffric

aside from polynomials. Transcendental functlons exist in abundance, but the house has not yet been
put in order regarding their classification.

We ask: When is it possible to extend tIe "Taylor series" (30.6) to infinite m? By means of it
can we extend the definition of "multiplicationi' to two trancendental factors?

The classical Gregory-Newton series admit of a trivial convergence when z is a nonnegative integer,
as all the later terms become zero. Aside froiì these points, its region of convergence is a half-plane
J(z)>y, _my.

The "power" series also have a trivial con'ergence. For let zsQ; then e(z, t) is a polynomial iR t of
degree x+y. Thus z=0 when zQ and n>xH-y. It is possible to generalize and show3 that for the
same z, z.f(z) =0. Thus we have the fo1lowiig result:

When zQ, the series az°' and a0z"1f(z) converge in the trivial sense that all later terms vanish.
Aside from Q, we do not know much aboit the convergence of "power" series. We can, however,

offer the following result:
If a,,s" has radius of convergence >1, then anzt"1/n! converges everywhere.
For we have az= L_J' e(z,t) 1dt,

n=m C nm

where C is a circle in the complex t-plane with enter zero and radius <1. The sum under the integral
sign has small modulus on C when m is large.

We have proved the following: A certain point z0=x0+iy0 in the stripfxy lis called the vertex
of convergence. The series converges in the djuarter-plane x>x0, y>yo; also (if they are not already
included) the half-lines x=nonnegative integer y>y0 and y=n.n.i., x>xo, and the points where both
x and y=n.n.i.'s. The series diverges in the intrior of the remaining region with two possible exceptions.
There is a segment extending downwards and leftwards from z0 at 45° of length always less than 3/2

3 From the identity

(1+E_lt)(1iE-1t).f(z) tz (.f(z)

where zQ and the operator E is defined by Ef(z)=f(z+a).
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where the convergence question is still open; certain special series where only every fourth coefficient
is not zero may converge at every fourth integral lattice point on the line x=y.

We now turn to functions with singularities. As was pointed out in [1], a monodiffric function
cannot have a "pole", that is, an infinity, or a branch-point without having an infinite set of them. Thus
we will say that a function has a singularity when there is a triad for which (30.1) does not hold. It is
convenient to treat the matter as a lattice problem. Letf(z) be a function defined on G and monodiffric
for each triad of G except T(0). In [1] we showed that

f(z)=g(z)-j-0W1(z), (30.11)

where g is monodiffric, C is a constant, and W1 (z) is a function whose values on G are zero except at the
following points:4

j2 2(1i)i (1i)2
i 1i

i o

It is easy to verify that W1 is monodiffric except at T(0), and thus to ascertain the scheme of its construc-
tion.

Wi is called a wedge function. Two other wedge functions, W2 and W3, can be constructed in a
similar manner. All are defined on G and are monodiffric on each triad but T(0). They are zero at
all of G except for the points that lie in regions shown in figure 30.1. The value at the apex of tho region

FIGIJI1E 30 1.

is taken as 1. Each can play the role of W1 in (30.10). Later we shall have occasion to extend their
domain to nonintegral z. In [i] we showed that any function defined on G is a monodiffric function
plus a sum of translated wedge functions.

4The values have been shifted slightly from the way they were given in [ iJ.
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5 Rather it is some reasonable interpolation to the nonlattice points tilat is not schlicht.
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4. Two Forms of "4llauchy's Integral Formula"

The first of these appeared in [1] and concerned "contour integrals" of the type

j(z), g(z=f(z)g(z)(z0z0s), (30.12)
s'

where the description of (30.2) holds with the addendum that z is the upper or right member of
In [1] we showed that the following result hold4:

If f(z) and g(z) are monodiffric, the "integral" (30.12) is zero when taken around a closed "contour."
Then we have the "Cauchy formula" (1attce problem), expressed as follows:
Let C be a closed "contour," and letf(z) be i'ionodiffric on G. Then

f(z), T(az)zz (30.13)
C

is equal to f(a) or O according as T(a+1 +i) S 'upithin C or not.
The actual content of this result is disappinting: (30.1) gives the value off at the third point of

a triad when the values are known at the othei two. It is evident that the value at a=XH-iY on G is
a linear combination of, say, the values at X, X+ i, . . . , X+ Y. If we choose C so that the part of
it which passes through the inverted wedge oL W1 lies on the real axis, (30.13) is precisely this linear
combination. The theorem is a bit more impressive when C is more devious.

To develop the second form of the theoren we need the result:

(30.14)

where W is any wedge function. In section 8we shall find that z.W(z)=0 ((30.14) holds if W is re-
placed by any function with this property). If n= 1, the truth of (30.14) now follows from (30.10).
The result in general follows from

(30.15)

which is proved by induction after the quantily in braces is replaced by its equivalent obtained from
(30.9).

Now take, say, W= W1, and let C be "contour" on G containing in its interior the squares
wherej0, k0,j+k=n. Then

zt'°.W(z--a)= (-1)'(a)1". (30.16)
C

(30.16) leads to an "integral" formula certainly valid for polynomials and capable of being extended
to "power series" under certain conditions.

5. "Conformal" Mapping

The geometric interpretation of (30.1) is eident. The image of a triad by a monodiffric function
is a triad translated and magnified. The matter is quite simple when treated as a lattice problem.
For example we can construct the image of the upper half-plane, or rather the points of G there, when
f(z) is specified on the real axis In figure 30.2 let a1, a2, . . . be the images of consecutive integers.
The points b5, b2, . . . , are images of points on he line y=l and are constructed from the a5 by erecting
right-angled, isosceles L's. Successive rows are constructed similarly.

The possibility of using this kind of construction when the span is small as a computational tool
for obtaining approximations to conformal maps suggests itself at once. But there appear to be some
impediments to a widespread practical utility ri the form of unsolved problems. One of these is the
"Riemann mapping theorem" here treated as a lattice problem.

It is convenient to use the upper half-plan as a canonical region. Can we map it into, say, some
simply connected region R bounded by the Jordan curve C? We might start by selecting the point a
of C to be the image of the point at infinity ad then mark the images of the integers on C as a two-
ended sequence of points {a0} which approach a from both sides. We than proceed as in figure 30.2.
The trouble is that the mapping will not in general be schlicht and some of the points constructed may
be exterior to R. The "Riemann mapping "pr4blem can now be formulated:

Can we determine the a0 so that the mapping is schlicht?



Let us now consider monodiffric mapping as a full-plane problem. If we adopt a macroscopic
viewont, in comparison with the span, the overall picture may resemble the conformal one. But
things can be quite different if we map regions small in comparison with the span. We illustrate by
describing the mapping of r.
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We map the half of z-plane below the line x=y. The two rays OA of this line, shown in figure
30.3(a), each map into the cut OA in figure 30.3 (b) which lies on the upper half of the imaginary axis. The
other half of the z-plane maps into a mirror image of figure 30.3(b) about OA. Joining the two maps
along the cut gives us something like a two-sheeted Riemann surface. But near the origin the surface
is four-sheeted. The circle of figure 30.2(a), passing through 0, 1/2, i/2, maps into the boundary of the
four-sheeted part. This boundary is the deltoid in figure 30.3(b). We have only the left half here,
which is the image of the lower right half of the circle. Figure 30.3(c) shows a model of figure 30.3(b)
slightly opened up. The positive real axis maps into the folded ray OBOC of figure 30.3(b). The three
regions R of figure 30.2(b) each map into the unfolded sheets of the surface as regions coincident with
the deltoid. When the equation z2 a=0 has four roots, one root lies in the circle, and one in each
of the regions R. In figure 30.3 (b) the images of three origin-centered circles are drawn of radii that
are greater than, equal to, or less than 1, and also some radial lines.

For an arbitrary quadratic polynomial the same ideas hold. The configuration of the circle and
the three R's is altered by a similitude transformation, that is, by the mapping zaz+b.

6. The Triad Group

This is a group of six transformations which take monodiffric functions into monodiffric functions.
There is no analogue in monogenic theory.

We take f(z) into
TJ=u'vf(az+.

The four constants u, y, a, f3 may be selected so that Tf satisfies (30.1) with the three points of the triad
permuted. There is thus a transformation for each such permutation and we tabulate them, with an
obvious notation, below. It is convenient to write f asf(x,y).

T Tf(x,y)

I f(x,y)

T01 (2i)x(_ i i)0f(xy,y)
T01 (-1 +i)x(_2i)Yf(x,_x_y)

T11 ixVf(y,x)

T011 (li)v20f(xy,x)
T011 2X(1 +i)(y,xy)

If p and q are two permutations, the law of combination is

T0 T0= T00.

The factors of f in the second column are exponential functions, as we see if we take 1=1.

7. Difference Equations

We confine ourselves to linear homogeneous difference equations with polynomial coefficients and
seek monodiffric solutions. In order to make our ideas clear it is best to review some very elementary
matters.

For differential equations of the above type and order n the general solution is ci p (z) + . . . +c,,(z),
with the linearly independent solutions and the Cj arbitrary constants.

For the corresponding classical difference equation, the general solution is

where the have period unity.
The c and y(x) are, of course, the general solutions of f'=O and f=0, where is taken in the

classical sense.
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There is an obvious correspondence between both equations and solutions of the two kinds. We
should expect this correspondence to be continued when we consider monodiffric difference equations
and we should obtain solutions of the form

(30.17)

where Wj(Z) has the periods 6 1 and i (being the general solution of Af=0). Such is the case.
But (30.17) does not always give all the solutions. In many cases there exist still other solutions

which have no counterparts in either of the two aforementioned classical theories. We shall refer to
solutions which fall outside of those expected by analogy as extraneous solutions.7 These solutions may
exist only on certain subsets of the z-plane.

The existence of extraneous solutions can be accounted for in three ways.
It is apparent that the definition of "multiplication" makes the difference equations of higher

order than they appear to be when they are written in the conventional way.
We can enumerate the totality of solutions by the junior science of lattice-point correlation.

The difference equation together with (30.1) furnishes linear relations between the solution values on
certain configurations of lattice points. By passing from point to adjacent point after starting from
some given initial conditions we can ascertain just how determinate the solution is. At certain points
some of the coefficients in the linear relations may vanish. A row of such points may constitute an im-
passable barrier on the lattice and may bound the domain of an extraneous solution.

We can obtain solutions by the "Laplace transform" method; that is, we put, for the un-
known function f,

for some analytic y and path C.
Again, it facilitates exposition to review elementary matters. When we apply the analogue of (30.18)

to a differential equation L[f]=0, we first apply L under the integral sign, and after some partial inte-
gration obtain an equation to be satisfied by y. It is essential that the partial integration introduce no
nonzero terms which are differences of end-values. This fact usually determines the path C; it must
either (i) connect two zeros of the integrand, or (ii) be a closed path. If f is to be nonzero, there must
be singularities in the interior.

Now the exponential function, having a dearth of both zeros and singularities, offers meagre possi-
bilities of fulfilling either (i) or (ii). But the "exponential" function in (30.18) has three points, 1, i,
and which can be singularities or zeros, depending on the value of z. It is convenient to replace t
by 1/s so as to make all three finite. They are now 0, 1, i, and (30.18) has the form
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f(z)==J'e(z.t)v(t)dt, (30.18)

f(z)=J

(s_1)x (si)
v(s)ds.

s,

(30.19)

Assuming that a requisite y has been found, we examine the possible paths C which it can utilize.
Let x be an integer and let Che a small circle about 1. We havef(0)=0 when x0, while there is a

residue when x<0. Similarly, we can get solutions defined on the lines x =integer, x+y=integer, by uti-
lizing i and 0.

Let C extend from O to 1. The integral will exist and furnish solutions if x> 1, x+y< 1. This
and the two other similar possibilities furnish solutions defined in the regions M1, M2, M3 of figure 30.1.

In individual cases we can utilize the zeros and singularities of y as well. In fact, it is usually
these that determine the extent of the solution manifold in the differential equations case.

In the next section we apply these ideas to a particular instance which we regard as a diffei'nce
equation of zero order.

8. The Solutions of zf(z)=O

Eliminating in turn f(z), f(z + 1), and f(z +i) from

(x+ 1)f(z+i)-j-i(y+ 1)f(z+ 1)=0

and (30.1), we obtain three homogeneous linear equations relating the values off at adjacent points.
The coefficients of these equations are constant multiples of

x+1, y+l, or x+y+1. (30.20)
i When we say periodic function in the future we shall mean one of this type.
7 This is hardly a sharp definition. The term is used merely for convenience in discussion.



On a lattice such that for each of its points the quantities (30.20) are nonintegral, f is determined
to within a multiplicative arbitrary constant. Then, from the full-plane point of view, f is determined
to within a multiplicative periodic function.

However, we must consider the three 1ine on which the quantities (30.20) vanish. When a lattice
contains points on such a line they act as bariiers; the function must either be zero on one side of it or
infinite on the other. The lines divide the p1aie into the six sectors of figure 30.1, and we shall discover
a solution corresponding to each.

We sinai! first seek a solution F(z) defined for the full plane which can be expressed in a natural
way in terms of known functions, and obtain the other solutions by multiplying it by various periodic
functions. We shall use the "Laplace transform" and employ some of the apparatus of nineteenth
century analysts which can be found in, say, Klein [4].

The symbol I will denote the integral (3.19) over C with v(s)=1. We define V hyV(z)= f,Jc
where C is shown in figure 30.4(a). It is not hard to see the V is zero whenever any one of x, y, x+y
is an integer.

¡r' ¡'o l'i
Let us designate three solutions: ,.1(z)= I , i.o2(z1= I ' P.3(Z) IJe J JI

The integrals exist when z belongs to the regiohs M,, M2, M3 of figure 30.1, respectively. Each function
becomes infinite on the boundary of its region

Ve ''
= 4 sin xx Sin x(x + y)'

The functions ¡ can be evaluated expicitly making certain changes of variables which are bilinear
and which convert tine integrals into Eulerian integrals of the first kind. The results furnish us with
the three monodiffric functions:

,(z)=e(1 +i)'(1 -

/.L(2) = (1 + j)X+i(1 j)Y

Here x! means F (rH-i), and
(1-i) have amplitudes equal

We now turn to solutions of the form
11Iz)=2. Jc'

where C is a small circle around 1, i, or 0, calling the three resulting functions Ii, I, and 13, respectively.
Let us take, for example, Ii(z). The integral firnishes a solution only on the lines where r is an integer.

Vet'
sin xy sin x(x+y)'

Ve'°
sin xx sin iry

y!(xy-2)!
(x-1)!

so on. The lasl terms are of course beta functions, and (1 +i)1 and
to (ir/4) (x+1) nd (x/4)y. From any one of the above we can write

y _4.2(1 +i)(1i)
(x+y+ 1)! (x-1)! (y 1)!
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As oe is a regular point of our integrand,i we can deform C without changing V into any of three
double circuit integrals; one of them is shn"Tn n figure 30.4 (b). Following a well-known technique [4],
we express the as multiples of V. Th oults are



Let us consider L when x is an integer and y=O. It is not hard to see that 11=1 when x= 1, and 1=0
elsewhere. Now these values determine a monodiffric function on G in the upper half-plane uniquely
and therefore in the upper half-plane I must be W1. On the line r = 1, we have I = (1i) v These
values determine f uniquely on the lattice points in the lower half-plane and there it must be equal
to W3/(1i). Thus on G we have

1+i
I1=W1+ W3,

2

and similarly,

'2= iW2-1 W3, 13=W1+iW2.

All three of these functions are monodiffric at all points of G. But is readily verified that each of
the W5 by itself is likewise a null divisor of z.

To express the I in terms of V, we note that if r is an integer then the integrals around the two
curves in. figure 30.4(c) are equal. When zeM2, the one on the left can be written as ¡22(1 e2'),
and we can replace 122 by its expression in terms of V.

This and similar procedures lead to

1112 - 13= 4r sin 7r(x+y)

It is interesting to note that L and 12 are continuations of the same function.

9. The Solutions of z.f(z) =1

We need but find a particular solution and to it add any of the null divisors studied in the previous
section.

Using the same integrand as in section 8, we obtain at once three solutions:

niJ , x>1; y>l; n3=f x+y<-1.

When we transform fi back to the t-plane, it becomes a hypergeometric integral which can be expressed
in terms of the hypergeometric series:

ni=J(1_t)x(1_it)Ydt=F(_y, 1;x_2;i)=X+l_i(X+l)(X+2) (x+1)(x+2)(x+3)+
'1 i y y(yl)

o

Similarly,
't r x(x-1)

fl2_(y+l)+(x+ 1)(x+2)+'t (y+l) (y+2)(y+3)

Both of these series converge [4, p. 15] when a+y>-2. We note that nl-02=iz3, a remarkable iden-
tity. Analogues of higher negative powers of z can be obtained by repeatedly applying to the above.

10. References
[1] R. Isaacs, A finite difference function theory, Univ. Nac. Tucuman, Revista 2, 177 to 201 (1941).
E21 A. Terracini, A first contribution to the geometry of monodiffrio polynomials, Actas Acad. Ci. Lima 8, 217 to 250

(1945).
A. Terracini, On the geometry of monodiffric polynomials, Revista Unión Mat. Argentina 12, 55 to 61 (1946).
F. Klein, Vorlesungen über die hypergeometrische Funktion.
R. Isaacs, The finite differences of polygenic functions, Bui. Am. Math. Soc. 47, No. 6, 444 to 447 (1941).
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31. Recent Contributons of the Hungarian School
to Confrmal Mapping

. Szegö'

All the power series,
f(z)=c0+c,z±2z2+ +cz+

considered in the following, have real coefficiets and are monotonic of a certain order k. The latter
condition means that all the differences

=c _()Cfl+i()Cn+2_ +( 1)r()cn+

are nonnegative for =O, 1, 2, . . , k. In case kO, we have cO for all n; that is, the sequence consists
of nonnegative terms. In case k= 1, the terms are nonnegative and nonincreasing. In the limiting
case k , the sequence { c, } is totally monotnic.

What properties of the mapping w=f(z) ofl the unit circle z <1 can be concluded from the condition
that the sequence e } is monotonie of order k

lu 1936 Fej ér [2] 2 proved that the fun4tion f(z) is regular and schlicht for z <1, provided k = 4.
He pointed out that this is not true for k = 1.

Sidon and Szegö [5, 6] gave counter eamples showing that the above conclusion does not hold
for k=2 either. F

Szegö [6] proved that in theorem (1) c4rndition k=4 can be replaced by k=3.
The proofs of these theorems are based o a parametric representation of the power series f (z)

whose coefficients are monotonie of order k. This representation is as follows:

f(z)= As' (z) - A(1 -
n=O

where A O, A O, and

denotes the Cesàro sums of order y of the geon1etric series

1+z+z2+ ... +z+.
In view of the representation mentioned, the special mappings w=s,(z) of the unit circlelzl<1

are of interest. The following results hold:
The mapping w=s°(z) is not schlicht.
The mapping w=s"(z) is star-shaped with respect to s'(1)[Egerváry 1].
The mapping w= s2 (z) has the followin properties [Szegö 6]: Let (e°) = x(0) + iy(O,O O ir;

we have tlìen

Yn(0)>O, O<O<ir; x(0)<O, O<O O; y(ojO, ir/2<O ir; Xn(Oi)>Xn(Oi), O O ii-/2, Oo 02 ir.

Here sin2 ( o)=o.7, ir<Oo<ir. Obviously these inequalities can be extended to the real and im-
aginary parts of any w=f(z) satisfying the monotonity condition with k=3. This results in (3).

Schweitzer [4] proved that using the nûtation of (6) we have x (0) <O for O<O<2-/3; and 2ir/3
can not be replaced by any larger number.

I Stanford University1 Stanford, Calif.
IFigures in brackets indicate the literature references at the end of t1is paper
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The mapping w=s3 (z) is "convex in the vertical direction"; that is, each line perpendicular to
the real axis intersects the image of the unit circle in at most two points [Fejér 2]. Another formulation
of this property is that (e°) is a decreasing function of O when O is increasing from O to y. Obviously,
if the functions f(z) and f2(z) have this property, the same will hold for a1J1(z) +a2f2(z) where a 0,
a20. Thus Fejér's theorem (1) follows from this property of the Cesàro sums

The mapping w=3 (z) is convex [Egervry 1]. This theorem is deeper and more difficult to
prove than (8). However, no such conclusion as in the case of (8) can be drawn from this property.
Indeed, it can be shown [Fejér-Szegö 3] by a suitable counter-example that the convexity of w=f(z) does
not follow even for k= (total monotony).

A simpler proof of (9) can be based on the generating function

(u v u r2(1 r2)d
27r l-2r cos c+r2)4(1-2r cos (+O)+r2)3'

where un(0), va(0) denote the real and imaginary parts of 3) (e°), respectively [Fejér-Szegö 3]. These
authors proved also the more informative identity

with the usual notation of the ultraspherical polynomials; that is, (cos o) is the coefficient of

w' in the power series expansion of (1_2 cos O.w_w2) It is interesting to note that the convex
image curve w=s> (eiS) has exactly n-1 points with vanishing curvature.

E. Egerváry, Abbildungseigenschaften der arithmetischen Mittel der geometrischen Reihe, Mathematische Zeit-
schrift 42, 221 to 230 (1937).
L. Fejér, Trigonometrische Reihen und Potenzreihen mit mehrfach monotoner Koeffizientenfolge, Trans. Am. Math.

Soc. 39, 18 to 59 (1936).
L. Fejér and G. Szegö, Special conformal mappings, Duke Math. J. 18, 535 to 548 (1951).

[41 M. Schweitzer, The partial sums of second order of the geometric series, Duke Math. J. 18, 527 to 533 (1951).
[51 S. Sidon, tilber Potenzreihen mit monotoner Koeffizientenfolge, Acta Litterarum ac Scientarium 9, 244 to 246 (1940).
6] G. Szegö, Power series with multiply monotonie sequences of coefficients, Duke Math. J. 8, 559 to 564 (1941).
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32. Bibliography of Numerical Methods in
Conformal Mapping1

w. Seidel*
This bibliography is primarily concerned with methods proposed for the effective numerical con-

structions of conformal maps of simply and multiply connected schlicht regions. Accordingly, reference
to papers dealing with purely theoretical or applied questions are omitted, except those which made some
contribution to numerical methods. The important work on the Helmholtz problem in hydrodynamics,
for example, has thus been left out.

Although an attempt has been made to include the more important methods, the author lays no
claim to completeness. The author thanks Professor F. Bagemihi heartily for his valuable assistance
in preparing this bibliography.
Bairstow, L. and Berry, A., Two-dimensional solutions of Poisson's and Laplace's equations, Proceedings

of the Royal Society (London) ser. A, vol. 95 (1919), pp. 457-475.
The solutions are obtained by making use of graphical and mechanical integration.

Banin, A. M., Approximate conformal transformation applied to a plane parallelfiow past an arbitrary shape,
Akademiya Nauk SSSR. Otdelenie Tehnieskih Nauk. Institut Mehaniki. Prikladnaya Mate-
matika i Mehanika. Applied Mathematics and Mechanics. (Continued as: Akad. Nauk SSSR.
Prikl. Mat. Meli.) vol. 7 (1943), pp. 131-140 (Russian).

Gergorin's integral equation (cf. Gergorin) is approximately replaced by a finite system of linear
difference equations. The method is illustrated by an example.

Bergman, Stefan:
Über die Entwicklung der harmonischen Funktionen der Ebene und des Raumes nach Orthogonal-

funktionen, Mathematische Annalen, vol. 86 (1922), pp. 237-271. (Thesis, Berlin, 1921).
A complete orthonormal system with respect to a region is shown to exist, and the kernel of the

system is brought into relation with the conformai map of the region.
Über Bestimmung der Verzweigungspunkte eines hyperelliptischen Integrals aus seinen Period-

izitätsmoduln mit Anwendungen auf die Theorie des Transformators, Mathematische Zeitschrift, vol. 19
(1923-24) pp. 8-25.

The Schwarz-Christoffel formula for mapping a half-plane on a particular polygon is investigated
and a method is given for the determination of the parameters in the formula from the lengths of the
sides of the polygon.

Über die Berechnung des magnetischen Feldes in einem Einphasen-Transformator, Zeitschrift für
angewandte Mathematik und Mechanik, vol. 5, Heft 4 (1925), pp. 319-331.

A special polygon is mapped on a rectangle by means of the Schwarz-Christoffel formula and
the elliptic function sn am, and the level curves and their orthogonal trajectories are determined.
Tables and diagrams are appended.

Sur une méthode effective de la représentation conforme avec application à un probleme de l'hydro-
dynamique, Mitteilungen des Forschungsinstituts für Mathematik und Mechanik an der Kujbyschew-
Universität Tomsk, vol. 1 (1935), pp. 69-74.

A short account, without proofs, concerning a method of conformal mapping of a domain B,
based on the theory of orthonormal functions associated with B and on a non-euclidean metric
invariant under conformal transformations.

Partial Differential Equations, Advanced Topics, Brown University, Providence, 1941.
General exposition.

Sur les fonctions orthogonales de plusieurs variables complexes, avec les applications à la théorie
des fonctions analytiques, New York, distributed by the Interscience Publishers, Inc., 1941.

Development of Bergman's theory.
I The preparation of this paper was sponsored (in part) by the Office of Naval Research. Submitted June 1949.
*National Bureau of Standards and University of Rochester.
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Sur les jonctions orthogonales de plusieurs variables complexes avec les applications à la théorie des
jonctions analytiques, Mémorial des Sciences Mathématiques, vol. 106, Paris, 1947.

Reissue.
Punch-card machine methods applied to the solution oj the torsion problem, Quarterly of Applied

Mathematics, vol. 5 (1947), pp. 69-81.
The paper illustrates the application of orthogonal functions to the solution of Laplace's

equation through the use of punch-card machines.
Sur la jonction-noyau d'un domaine et ses applications dans la théorie des transformations pseudo-

conformes, Mémorial des Sciences Mathématiques, vol. 108, Paris, 1948.
Development of Bergman's theory.

Complex Orthogonal Functions and Conformal Mapping, N5ORI 76-16, Office of Naval Research
under Contracts NOrd 8555 Task F and NR-043-046. To appear in Mathematical Surveys, American
Mathematical Society.

Bergman S. and Schiffer, M.:
i . A representation of Green's and Neumann's junctions in the theory of partial differential equations

of second order, Duke Mathematical Journal, vol. 14 (1947), pp. 609-638.
A study of Green's and Neumann's functions by means of Bergman's theory of kernel functions

and complete orthonormal sets.
2 . On Green's and Neumann's functions in the theory of partial differential equations, Bulletin of the

American Mathematical Society, vol. 53 (1947), pp. 1141-1151.
Further development of Bergman and Schiffer 1.

Kernel functions in the theory of partial differential equations of elliptic type, Duke Mathematical
Journal, vol. 15 (1948), pp. 535-566.

A study of domain functions connected with the above partial differential equation.
Kernel functions and conformal mapping, I and II. (Abstract), Bulletin of the American Math-

ematical Society, vol. 55 (1949), p. 515.
Further study of the relation between kernel functions and the conformal mapping of regions

in the plane.
Bernstein, S., Constructive theory of functions as a development of Cebysév's ideas, Bulletin de l'Académie

des Sciences de l'URSS. Série Mathématique. [Izvestiya Akademii Nauk SSSR] vol. 9 (1945), pp.
145-158 (Russian).

An expository lecture presenting results and problems in that approach to the theory of func-
tions which centers around (a) the best approximation, (b) interpolation by the least-squares method,
(c) the problem of moments.

Bieberbach, L.:
Zur Theorie und Praxis der ¡conformen Abbildung, Rendiconti del Circolo matematico di Palermo,

vol. 38 (1914), pp. 98-112.
The principle, named after the author, is established, according to which of all conformal maps,

suitably normed, of a given simply connected region, the one whose image region has the least area
is the conformal map of the region on a circle. Ritz's method is then applied for the actual construction
of a conformal map of the region on a circle. An estimate for the goodness of an approximation is
given (but see Müller).

Einführung in die konforme Abbildung, Berlin and Leipzig, 1915.
Pp. 94-108 deal specifically with Bieberbach's minimizing principle (cf. 1).

Über die ¡conforme Kreisabbildung nahezu kreisförmiger Bereiche, Sitzungsberichte der Preussischen
Akademie der Wissenschaften (1924), pp. 181-188.

The problem treated is how strongly the mapping function deviates from the identity when the
region is nearly circular (but cf. Müller).

Blanc, C.:
Une interprétation élémentaire des théorèmes fondamentaux de M. Nevanlinna, Commentarii

Mathematici Helvetici, vol. 12 (1939), pp. 153-163.
The theory of preharmonic functions is applied to the derivation of analogues of some of Nevan-

linna's fundamental theorems applied to functions defined on a network.
Les réseaux Riemanniens, Commentarii Mathematici Helvetici, vol. 13 (1940), pp. 54-67.

The above methods (cf. 1) are extended to "Riemannian networks" which are discontinuous ana-
logues of Riemann surfaces. For these the notions of hyperbolic and parabolic type are introduced,
as well as the notion of curvature and an analo-ue of the Gauss-Bonnet formula for surfaces.
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Bochner, S., Über orthogonale Systeme analytisch4r Funktionem Mathematische Zeitschrift, vol. 14 (1922)
pp. 180-207.

.
A study of systems of analytic functions which are orthogonal in a region, where orthogonality

is defined by means of a double integral take'i over the region.
Bonder, J., Généralisat'ioi de la méthode de Sch4'arz des représentations conformes (Cambridge, England,

3.-9. VII. 1934) Proc. 4th International Coñress of Applied Mechanics (1935), pp. 164-165.
Not reviewed.

Bouligand, G., Sur le problème de Dirichiet, Annules de la Société Polonaise Mathématique, vol. 4 (1925),
pp. 59-112.

A study of preharmonic functions.
Bradfield, K. N. E., Hooker, S. G., and Southwell, R. V., Gonformal transformation with the aid of an elec-

trical tank, Proceedings of the Royal Society (London), ser. A, vol. 159 (1937), pp. 315-346.
The experimental treatment of problems in conformal mapping by means of an electrical tank is

discussed in detail, and the accuracy of the solutions is tested by examples.
Burnside, W. , On functions determined from their discontinuities, and a certain form of boundary condition,

Proceedings of the London Mathematical Society, vol. 22 (1891), pp. 346-358.
A method is given for mapping a region bounded by m simple closed curves C on an n-sheeted

Riemann surface over the w-plane, where th curves C1 correspond to rectilinear slits.
Carathéodory, C.:

Elementarer Beweis fur den Fundament4,1satz der konformen Abbildung, Schwarz-Festschrift, J.
Springer, Berlin, 1914, pp. 19-41.

The classical square-root procedure is dve1oped in detail here.
Conformal Representation, Cambridge Tracts in Mathematics and Mathematical Physics, No. 28,

London, 1932.
An introduction to problems of conform1 mapping.

Douglas, J., Solution of the Problem of Plateau. 'IPransactions of the American Mathematical Society, vol.
33 (1931), pp. 263-321.

Chapter IV deals with the Riemann mapjing theorem and the Osgood-Carathéodory theorem and
reduces the mapping problem to that of mininizing a certain functional.

Dre1vfiis, L., fiber die Anwendung der ko nfor men Abbildung zur Berechnung der Durchschlags-und
Uberschiagserscheinun gen zwischen leantigen Künstruktion steilen unter Oel, Archiv für Elektrotechnik,
vol. 13 (1924), pp. 123-145.

Electric field concentration at the cornMs of transformer coils is studied with the aid of the
Sclìwarz-Christoffel formula.

Epstein, B., A method for the solution of the Dirihlet Problem for certain types of domains, Quarterly of
Applied Mathematics, vol. 6 (1948), pp. 301-317.

A modification of the alternating procedire of Schwarz is considered and an integral equation is
set up to solve it. A method of successive approximations is adopted for the solution of the integral
equation. Some numerical examples are giv$n (cf. Nevanlinna).

Ferrand, J.:
Fonctions préharmoniques et fonctions prholomorphes, Bulletin des Sciences Mathématiques (2),

vol. 68 (1944), pp. 152-180.
A theory of preholomorphic functions i introduced; many analogues of analytic functions are

shown, and limit problems are considered which yield conformal maps.
Sur la déformation analytique d'un domiine, Comptes Rendus de l'Académie des Sciences de

Paris, vol. 221 (1945), pp. 132-134.
The author formulates an analogue of a theorem of Maréenko concerning the conformal map-

ping of "nearly circular" regions (cf. Maréenko).
Fock, V., Über die icon forme Abbildung eines reisvierecks mit verschwindenden Winkeln, Journal für

die reine und angewandte Mathematik, vol. 161 (1929), pp. 137-151.
Numerical determination of the mapping function of a circular quadrilateral with the angles

ir/2, ir/2, r/2, 0.
Fox, E. N. and McNamee, J., The two-dimenional potential problem of seepage into a cofferdam. Philo-

sophical Magazine (7), vol. 39 (1948), pp. 15-203.
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Conformal mapping is used to obtain the flow lines and equipotential lines for fluid seepage into
1 cofFerdam. Extensive numerical tables and curves are included giving the various quantities in-
volved in terms of the physical constants of the cofferdam.

Gandy, R. W. G. and Southwell, R. V., Relaxation methods applied to engineering problems. V. Con
formai transformation of a region in piane space, Philosophical Transactions of the Royal Society
(London), Series A, vol. 238 (1940), pp. 453-475.

Relaxation methods are applied to problems of conformal mapping. Several examples of tech-
nical interest are treated in which regions of fairly arbitrary shape are mapped ou the inside and
outside of a circle, on a rectangle, and so on.

Garabedian, P. R. and Schiffer, M . , Identities in the theory of conformal mapping, Transactions of the
American Mathematical Society, vol. 65 (1949), pp. 187-238.

Numerous relations between the various domain functions of an n-tuply connected region are
obtained and some minimal problems are solved.

Gergorin, S. I. , Über die iconforme Abbild'ung eines einfachzusammenhangenden Bereiches auf den Kreis,
Matematieskil Sbornik, vol. 40 (1933), No. 1, pp. 48-58.

The problem of mapping on a circle a region bounded by a simple closed curve with a continuously
turmng tangent is reduced to the solution of a certain linear integral equation, which is then solved
by Nyström's method (cf. Nyström).

Goluzin, G. M.:
The solution of fundamental plane problems o1 mathematical physics in the case of Laplace's equa-

tion and multiply connected regions bounded by circles, Matematieskii Sbornik, vol. 41 (1934), pp.
246-276 (Russian).

A harmonic function U of two real variables is sought exterior to the circles Ci, . . ., C,,, with
U () finite, which on C, assumes preassigned continuous values f,,. The problem is reduced to the
solution of a finite system of functional equations which are solved by successive approximations.
The method is applied to solve Neumann's problem and other similar problems for Laplace's equation
and for regions of the above type. The Green's functions of such regions and the functions which
map them on slit planes are determined

Iterationsprozesse für konforme Abbildungen mehrfach zusammenhängender Bereiche, Materna-
tiéeskii Sbornik, New Series, vol. 6 (1939), pp. 377-382 (Russian).

Iterative methods are established by means of which a schlicht conformal map of regions of
finite connectivity on some canonical domains is reduced to a sequence of conformal niaps of simply
connected regions.

Goluzin, G., Kantorovi, L., Krylov, V., Melentiev, P., Muratov, M., Stenin, N., ('onformal map-
ping of simply and multiply connected regions, Leningrad-Moscow (1937), 126 pp. (Russian).

A collection of articles by the above authors dealing primarily with the problem of effectively
constructing conformal maps of various types of regions. The articles are as follows:

Kantorovil, L. V., Conformal mapping of a circle on a simply connected region.
This article presents the final form of the author's investigations on the subject, listed under

Kantorovié 1, 2, 3, 4. The construction of a conformal map is effected by a method of successive
approximations, carried out in the plane of the circle.

Muratov, M. I., Conformal mapping of a half-plane on a region close to it.
rfhe method of Kantorovié is applied to the case of a map not on a circle, but on a half-plane.

One numerical case is carried out in all detail.
Krylov, V. I., Concerning a method of constructing a function which maps a region conformally

on a circle.
In this method, successive approximations are carried out not in the

the plane of the region which is mapped. Several examples are given.
Stenin, N. P., The determination of the parameters in the Schwarz-Chr

The determination of the parameters is carried out by a modification
Melentiev, P. B., Approximate conformal mapping.

A graphico-analytical method for the approximate construction of a
posed.

Goluzin, G. M., On conformal mapping of doubly connected regions bounded by rectilinear and
circular polygons.
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The Schwarz-Christoffel integral is generalized to the case of a map of a doubly connected region
bounded by two rectilinear polygons on a circular ring, while for the case of circular polygons there
is constructed a corresponding linear differential equation of the second order the ratio of two inte-
grals of which gives the map of the given doubly connected region on a circular ring.

Goluzin, G. M., Conformal mapping of multiply connected regions on a slit plane by a method
offunctional equations .

The mapping problem is reduced to a system of functional equations of a simple type, to the
solution of which a method of successive approximations is applied. For regions of a certain type
the successive approximations are represented by means of rational fractions.

Krylov, V. I., Integral equations of the conformal map of a region on a slit plane.
A simple system of Fredholm equations of the second kind is obtained and this system is used

to give a simple existence proof of a mapping function, assuming merely the existence of a mapping
function for a simply connected region.

Ix. Krylov, V. I., Integral equations of the conformal map of doubly connected regions on a ring.
A system of integral equations of the second kind of Fredhoim type is obtained for two functions

which establish the correspondence between points of the bounding curves of a doubly connected
region and the angular coordinates of the corresponding points of the circumferences of the circular
ring.

Grötzsch, Herbert, Zur iconformen Abbildung mehrfach zusammenhängender, schlichter Bereiche (Iter-
ationsverfahren) , Berichte über die Verhandlungen der Sächsischen Akademie der Wissenschaften zu
Leipzig, Mathematisch-Physische Klasse, vol. 83 (1931), pp. 67-76.

The problem of mapping arbitrary regions of finite connectivity conformally on certain canonical
regions is treated by an iterative process on the assumption that the analogous problem for a simply
connected region is already solved.

Hadamard, J., Itfémoire sur le problème d'analyse relatif à l'équilibre de plaques élastiques encastrées,
Mémoires présentés par divers savants à l'Académie des Sciences, vol. 33 (1908), No. 4, 128 pp.

Discussion of the famous method, named after the author, of variation of domains.
Heinhold, J., Zur Praxis der konformen Abbildung, Berichte der Mathematiker-Tagung, Tübingen,

1946, (1947), pp. 75-77.
A new iterative process is proposed for mapping conformally a simply connected region lying

in the exterior of the unit circle on the exterior of the unit circle.
Herglotz, G., Über die Nullstellen der hypergeometrischen Funktion, Berichte über die Verhandlungen der

Sächsischen Akademie der Wissenschaften zu Leipzig, Mathematisch-Physische Klasse, vol. 69
(1917), pp. 510-534.

A discussion of the conformal mapping of triangles formed by circular arcs.
Hodgkinson, J., Conformal representation by means of Lamé functions, Journal of the London Math-

ematical Society, vol. 5 (1930), pp. 296-306.
A report on the connection between the theory of the Lamé differential equation and Schwarz's

theory of conformal mapping.
Hodgkinson, J. and Poole, E., The conformal representation of the area of a plane bounded by two straight

or circular slits, Proceedings of the London Mathematical Society, vol. 23 (1924), pp. 396-422.
Doubly connected slit regions of certain types are mapped by means of elliptic functions on the

full plane with two slits on the real axis, and also on a circular ring.
llöhndorf, F., Verfahren zur Berechnung des Auftriebes gegebener Tragflächen-Profile, Zeitschrift für

angewandte Mathematik und Mechanik, vol. 6 (1926), pp. 265-283.
The approximate map of a nearly circular region on a circle is actually carried out by the method

of Bieberbach (cf. Bieberbach 1).
Jeifreys, Harold and Jeifreys, Bertha Swirles, Methods of Mathematical Physics, 1946, Cambridge,

England, University Press.
Contains some work on conformal mapping including some special conformal maps.

Julia, G.:
Sur la représentation conforme des aires simplement connexes, Comptes Rendus de l'Académie

des Sciences de Paris, vol. 182 (1926), pp. 1314-1316.
Another characterization of the mapping function by a minimum principle.
Sur une série de polynômes liée à la représentation conforme des aire s simplement connexes, Comptes

Rendus de l'Académie des Sciences de Paris, vol. 183 (1927), pp. 10-12.
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Développement en série de polynômes ou de fonctions rationelles de la fonction qui fournit la rep-
résentation conforme d'une aire simplement convexe sur un cercle, Annales de 1'Êco]e normale su-
pórleure, vol. 44 (1927), pp. 289-316.

determination of a sequence of polynomials is given which converges to the properly normed
mapping function of a simply connected region.

Kantoroviô, L. V.:
Sur quelques méthodes de la détermination de la fonction qui effectue une représentation conforme,

Bulletin de l'Académie des Sciences de l'URSS, vol. 7 (1933), pp. 229-235.
Methods are indicated for mapping a region bounded by a curve on the unit circle which reduce

on the one hand to systems of infinitely many unknowns and on the other hand to successive ap-
proximations.

Sur la représentation conforme, Matematieskii Sbornik, vol. 40 (1933), pp. 294-325.
. The methods indicated in the preceding article are carried out in detail and applied to some

special cases.
Quelques rectifications à mon mémoire, "Sur la représentation conforme," Matematiòeskii Sbornik,

vol. 41 (1934), pp. 179-182.
Seif-explari atory.
Sur la représentation conforme des domaines multiconnexes, Comptes Rendus de l'Académie des

Sciences de l'URSS, vol. 2 (1934), pp. 441-445.
The above methods are applied to multiply connected regions.

Kantorovió, L. V. and Krylov, V. I., Methods for the approximate solution of partial differential equa-
twns, Leningrad-Moscow, 1936, (Russian).

Chapter II, § 3 deals with the application of integral equations to the solution of Dirichlet's
problem in two dimensions where the integrals are replaced by sums in accordance with various
quadrature formulas, and the problem is reduced to the solution of a system of linear equations.
Some numerical examples are given. Chapter III is devoted to the method of networks, and Dir-
ichiet's problem, among others, is treated by that method.

Chapter V is devoted to conformal mapping. § i is introductory in character. § 2 takes up
the method of Bieberbach which reduces the problem of conformal mapping to a minimum principle.
This is then solved by Ritz's method. In § 3 a second extremal property for mapping functions is
discussed and Ritz's method is again applied. § 4 takes up orthogonal polynomials of Szegö and
Bochner-Bergman types and applies them to the above minimizing problems. In § 5 a method is given
of approximating the mapping function of a simply conneéted region on a circle by sums of powers
of a small parameter. Some examples are treated. The problem of mapping the exterior of a curve
on the exterior of a circle is also discussed. In § 6 the inverse problem of mapping the unit circle on
the given region is considered. The method of small parameters is again applied. Next, a method
of successive approximations is treated for nearly circular regions whose boundary is given by an
implicit equation or parametrically. § 7 deals with a graphical method of conformal mapping which
is due to Melentiev. § 9 is an exposition of Gergorin's method (see Gergorin). The method is
extended to the mapping of doubly connected regions on a circular ring and of general multiply
connected regions on slit planes. § 10 is devoted to the Schwarz-Christoffel formula and the con-
stants occurring in that formula are determined by Newton's method. Examples for special polygons
are given.

Chapter VI studies the applications of conformal mapping. Both harmonic and biharmonic
functions are investigated. The Dirichiet and Neumann problems in two dimensions are treated
by means of conformal mapping for various boundary conditions. The general Hilbert problem is
also treated.

Ke1dy, M. V., Conformal mappings of multiply connected domains on canonical domains, Uspehi Mate-
matiéeskih Nauk, vol. 6 (1939), pp. 90-119 (Russian).

A survey of the developments in the field, up to 1939.
Khajalia, G.:

Sur la représentation conforme des aires doublement connexes sur l'anneau circulaire, Travaux de
l'Institut Mathématique de Tbilissi, vol. 1 (1937), pp. 89-107.

A sequence of rational functions is defined which converges to give the conformal representation
of a given doubly connected domain on an annulus (cf. Julia 3).

Sur la représentation conforme des domaines doublement connexes, Travaux de l'Institut Mathé-
matique de Tbilissi, vol. 4 (1938), pp. 123-134.

A sequence of rational functions satisfying a certain minimal condition gives the representation of
a doubly connected region on an annulus.
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Sur la théorie de la représentation conforme des domaines doublement connexes, Matematieskii
Sbornik, New Series, vol. 8 (1940), pp. 97-106.

The problem of mapping a doubly connected finite region on a circular ring is reduced to mini-
mizing an area integral for a certain class of functions. If the region is accessible from without,
then a sequence of minimal rational fractions converges uniformly to the desired mapping function.

Kober, H., Dictionary of conformal representation, Admiralty Computing Service, Department of Seien-
tific Research and Experiment, Admiralty, London, parts 1, 2, 3, 4, 5 (1945-1948).

Koebe, P.:
i . Abhandlungen zur Theorie der konformen Abbildung. I. Die Kreisabbildung des allgemeinsten

einfach und 2weifach zusammenhängenden schlichten Bereichs und die Ränderzuordnung bei kortformer
Abbildung, Journal für die reine und angewandte Mathematik, vol. 145 (1915), pp. 177-223.

A proof is given of the existence of a conformal map of a simply connected region on a circle
based on the square-root procedure. The extension to doubly connected regions is taken up.

2. Abhandlungen zur Theorie der konformen Abbildung. IV. Abbildung mehrfach zusammenhän-
gender schlichter Bereiche auf Schlitzbereiche, Acta Mathematica, vol. 41 (1918), pp. 305-344.

Proofs of existence theorems for the mapping of multiply connected regions on slit regions of
various types.

Koppenfels, W. y.:
1 . Das hypergeometrische Integral als Periode der Vierecksabbildung, Sitzungsberichte der Akademie

der Wissenschaften in Wien, vol. 146 (1937), pp. 11-22.
A discussion of the mapping of quadrilaterals.

2. Konforme Abbildung besonderer Kreisbogenvierecke, Journal für die reine und angewandte Mathe-
matik, vol. 181 (1939), pp. 83-124.

Explicit formulas are given for the conformal map of circular quadrilaterals with the angles
ir/2, 7r/2, ir/2, 3(7r/2), and ir/2, ir/2, 3(ir/2), 3(ir/2).

Krylov, V.:
Une application des équations intégrales à la démonstration de certains théorèmes de la théorie des repré-
sentations conformes, Recueil mathématique de Moscou [Matematiéeskil Sbornik], vol. 4 (1938),
pp. 9-30.

The problem of mapping conformally a region of connectivity n, bounded by n closed analytic
curves, on various canonical domains is reduced to the problem of solving a system of simultaneous
integral equations.

Krylov, N. and Bogolyubov, N., Sur la solution approchée du problème de Dirichlet, Comptes Rendus de
l'Académie des Sciences de l'URSS (1929), pp. 283-288.

The integral equation to which the Diriehiet problem can be reduced is approximated by Fred-
holm's method and the error is estimated.

Kufarev, P. P.:
Über das zweifachzusammenhangende Minimalgebiet1 Bulletin de l'Institut de Mathématiques et

Mécanique l'Université Kouybycheff de Tomsk, vol. 1 (1935-1937), pp. 228-236.
A minimal problem is set up for functions analytic and single-valued in a circular ring and the

mapping of the minimizing function is discussed.
On a method of numerical determination of the parameters in the Schwarz-ChristojJel integral,

Doklady Akademii Nauk SSSR (New Series), vol. 57 (1947), pp. 535-537 (Russian).
The case in which the polygonal domain consists of the whole plane cut by a broken line having

a finite number of sides, one of which extends to infinity, is treated with the aid of Löwner's variational
method (cf. Löwner).

Laasonen, P., Über präharmoni sehe Funktionen, Compte Rendu du dixième congrès des mathématiciens
scandinaves, 1946, pp. 108-117.

The author applies preharmonic functions in order to obtain by a passage to the limit the con-
formal map of a simply connected region bounded by a Jordan curve on a strip bounded by two
parallel lines.

Labus, J., Berechnung des elektrischen Feldes von Hochspannungstransformatoren mit Hilfe der konformen
Abbildung, wenn mehrere Wicklungen verschiedenen Potentials vorhanden sind: Archiv für Electro-
technik, vol. 19 (1927), pp. 82-103.

Calculation of an electric field with the aid of conformal mapping.
Landau, E., Einige Bemerkungen über schlichte Abbildung, Jahresbericht der Deutschen Mathematiker-

Vereinigung, vol. 34 (1926), pp. 239-243.
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Some remarks and improvement of a result of Bieberbach (see Bieberbach 1
Lavrentiev, M., Sur une méthode géométrique dans la représentation conforme, Atti dei Congresso inter-

nazionale dei Matematici, Bologna, 3-10 Settembre, 1928. Bologna, N. Zanichelli, vol. 3 (1930),
pp. 241-242.

A method is indicated for the construction of a sequence of functions which converges to the
mapping function of a given region.

Lavrentiev, M. and Kwessalawa, D., Über einen Ostrowskischen Satz, Mitteilungen der Georgischen
Abteilung der Akademie der Wissenschaften der USSR [Soobenia Gruzinskogo Filiala Akademii
Nauk SSSR], vol. 1 (1940), pp. 171-174.

An improvement of Ostrowskis result, (cf. Ostrowski 2 ; also cf. Müller.)
Leja, F.:

1 . Une méthode de construction de la fonction de Green appartenant à un domaine plan quelconque,
Comptes Rendus de l'Académie des Sciences de Paris, vol. 198 (1934), pp. 231-234.

A method for constructing the Green's function of an arbitrary region is given. The approxi-
mating functions are closely related to Lagrange polynomials.

2 . Construction dc la fonction analytique effectuant la représentation conforme d'un domaine plan
quelconque sur le cercle, Mathematische Annalen, vol. 111 (1935), pp. 501-504.

For a given bounded simply connected region in the plane of the complex variable z, a sequence
of elementary functions is constructed which tends to the mapping function of the region.

Sur une suite de polynômes et la représentation conforme d'un domaine pian quelconque sur le cercle,
Annales de la Société Polonaise de Mathématique, vol. 14 (1936), pp. 116-134.

A set of polynomials is obtained by means of which the mapping function of a region D, with
as interior point, on can be expressed. If D is simply connected, the map is one-to-one.

Lichtenstein, Leon, Zur icon formen Abbildung einfach zusammenhängender schlichter Gebiete, Archiv der
Mathematik und Physik, vol. 25 (1917), pp. 179-180.

The problem of mapping conformally on a circle a simply connected region bounded by a simple
closed curve with continuous curvature is reduced to the solution of a linear integral equation.

Liebmann, H., Die angenaherte Errnittlunq harmonischer Funktionen und konformer Abbildungen (nach
Ideen ron Boltzmann und Jacobi), Sitzungsberichte der mathematisch-physikalischen Klasse der
K. B. Akademie der Wissenschaften zu München (1918), pp. 385-416.

The first systematic construction of conformal maps by the method of networks.
Lighthill, M. J., A mathematical method of cascade design, Ministry of Supply, Aeronautical Research

Council Reports and Memoranda, No. 2104, London, His Majesty's Stationery Office (1945), pp. 1-18.
The method of this paper, proceeding by means of the conformal transformation of a cascade of

aerofoils into a circle, enables the shape of the aerofoils to be determined from any preassigned dis-
tribution of velocity (which satisfies certain conditions) given on the circle. One example is worked
through in great detail.

Löwner, K., Untersuchungen über schlichte konforme Abbildungen des Einheitskreises. I, Mathematische
Annalen, vol, 89 (1923), pp. 103-121.

A variational method of great importance is developed.
Lurye, A. J., Zur Schwarz-Christoffelschen Formel, Annales de l'Institut Polytechnique au Nom de M. I.

Kalinm. Leningrad [Izvest.ya Leningradskogo Politehniéeskogo Instituta imeni M. I. Kalinina,
Leningrad], vol. 30 (1927), pp. 113-120.

Some extensions of the Schwarz-Christoffel formula.
Lyusternik, L. A.:

Über einige Anwendungen der direkten Methoden in der Variationsrechnung, Recueil Mathé-
matique de la Société Mathématique de Moscou [Matematiéeskii Sbornik], vol. 33 (1926), pp. 173-
201 (Russian).

A study of preharmonic functions leading, among other applications, to the solution of Dirichlet's
problem.

Remarks on the numerical solution of boundary problems for Laplace's equation and the calculation
of characteristic valites by the method of networks, Travaux de l'Institut Mathématique Stekloff [Trudy
Matematiéeskogo Instituta imeni V. A. Steklova], vol. 20 (1947), pp. 49-64 (Russian).

Plane boundary problems of Laplace's equation are solved numerically by the method of net-
works. A numerical example is given..
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Marenko, A. R., Sur la représentation conforme, Comptes Rendus (Dokiady) de l'Académie des Sciences
de l'URSS, vol. 1 (1935), pp. 289-290.

An estimate is given for the deviation of a suitably normalized mapping function of a "nearly
circular" region from the identity. The order of deviation is the best possible.

Mengoni, Othmar, Die konforme Abbildung, gewisser Polyeder auf die Kugel, Monatshefte für Mathe-
matik und Physik, vol. 44 (1936), pp. 159-185.

The paper is a contribution to the problem of conformal mapping of simply connected closed
polyhedra upon the sphere. According to H. A. Schwarz, this problem can be reduced to the deter-
mination of a number of constants from a set of transcendental equations. It is shown that the
explicit solution can be determined in a iiumber of cases not considered by Schwarz. The paper
concludes with a discussion of the results from the point of view of numerical computations.

Müller, M., Zur konformen Abbildung angenähert kreisförmiger Gebiete, Mathematische Zeitschrift, vol.
43 (1938), pp. 628-636.

An improvement of estimates obtained by Carathéodory, Bieberbach, and Ostrowski concerning
the closeness to the identity of a conformal map of a region on a circle when the region itself is close
to a circle.

Muschelivili, N., Applications des intégrales analogues à celles de Cauchy à quelques probièmes de la
physique mathématique, Tifus, Imprimerie de l'état (1922), 165 pp.

Solutions of Laplace's equation are obtained by means of integrals, analogous to those of Cauchy.
Nehari, Z., The kernel function and canonical conformal maps, Duke Mathematical Journal, vol. 16

(1949), pp. 165-178.
Formulas are established which express various mapping functions of an n-tuply connected

region in terms of the kernel function of the region. Since the kernel function may be more easily
constructed by an effective procedure than the mapping functions, these relations can serve as a
numerical method of determining the mapping functions.

Nevanlinna, R., Über das alternierende Verfahren von Schwarz, Journal für die reine und angewandte
Mathematik, vol. 180 (1939), pp. 121-128.

The convergence of the alternating procedure of Schwarz is proved under more general conditions
on the boundary of the region than those considered by Schwarz and the problem is reformulated
as a method of successive approximations applied to a certain integral equation.

Nyström, E. J., Über die praktische Auflösung von Intergraigleichungen mit Anwendungen auf Rand-
wertaufgaben, Acta Mathematica, vol. 54 (1930), pp. 185-204.

A useful method for obtaining approximate solutions of integral equations which can be applied
to problems of conformal mapping.

Ostrowski, A.:
Mathematische Miszellen XV. Zur konformen Abbildung einfach zusammenhängender Gebiete,

Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 38 (1929), pp. 168-182.
It is shown that if the square-root procedure is applied to construct the conformal map of a

simply connected region on a circle, then if the nth approximating region R lies in the ring p 1,
we have 1p=O(1/n).

Über konforme Abbildungen annähernd kreisförmiger Gebiete, Jahresbericht der Deutschen Mathe-
matiker-Vereinigung, vol. 39 (1930), pp. 78-81.

Several estimates are given for the deviation from the identity of the mapping function, suitably
normed, of a nearly circular region (but cf. Müller).

Phillips, H. B. and Wiener, N., Nets and the Dirichlet problem, Journal of Mathematics and Physics,
Massachusetts Institute of Technology, vol. 2 (1923), pp. 105-124.

A solution of the Dirichiet problem in two and three dimensions is obtained by means of net
functions.

Poritsky, H., Calculation of flux distributions with saturation, Electrical Engineering, vol. 68 (1949),
p. 328.

A method is suggested for computing the field distribution for a variable permeability .

Rapoport, I., Sur le problème plan inverse de la théorie du potentiel, Comptes Rendus de l'Académie des
Sciences de l'URSS, New Series, vol. 28 (1940), pp. 305-307.

The author derives equations for the coefficients of that polynomial which maps the unit circle on
a region of a certain type. An example is given to illustrate the method.

Ringleb, F. I., Über die konforme Abbildung von Polygonen, Mathematisch-naturwissenschaftliche Dis-
sertation, Jena (1926), 53 pp.
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Discussion of the Schwarz-Christoffel formula.
Rosenblatt, A.:

Sur la représentation conforme de domaines plans, Comptes Rendus de l'Académie des Sciences de
Paris, vol. 202 (1936), pp. 1398-1400.

The Lichtenstein integral equation for the mapping function of a region (cf. Lichtenstein) is
applied to the investigation of mapping functions of nearly circular regions.

Sur la représentation conforme des domaines bornés limités par des courbes générales, Comptes
Rendus de l'Académie des Sciences de Paris, vol. 202 (1936), pp. 1832-1834.

An application of Lichtenstein's integral equation.
Sur la représentation conforme de domaines plans, Bulletin de la Société mathématique de la Grèce,

Athens, vol. 17 (1936), pp. 26-49.
Gergorin's method of conformal mapping by the solution of an integral equation is applied to

certain special types of regions.
On the conformal mapping of plane bounded variable regions, Revista de Ciencias, Lima, vol. 38

(1936), pp. 75-102 (Spanish).
Lichtenstein's (cf. Lichtenstein) reduction of the problem of determining the mapping function

of a region to that of solving an integral equation is applied to reduce the problem of mapping variable,
nearly circular regions to that of solving integral equations involving a parameter.

On Mr. L. Kantorovié's method in the theory of conformal mapping and on the application of that
method to aerodynamics, Actas de la Academia Nacional de Ciencias Exactas, Físicas y Naturales de
Lima, vol. 6 (1943), pp. 199-219.

Kantorovié's method of small parameters for the effective construction of conformal maps of
regions on a unit circle is studied further and applied to the dynamics of aerofoils. (cf. Kantoroviè 2.)

Some applications f Kantorovi's method of plane domains to aerodynamics, Actas de la Academia
Nacional de Ciencias Exactas, Físicas y Naturales de Lima, vol. 6 (1943), pp. 236-249.

See 5.

Rosenblatt, Alfred and Turski, Stanislaw, Sur la représentation conforme de domaines plans, Bulletin des
Science Mathématiques, série 2, vol. 9 (1936), pp. 309-320. Also Comptes Rendus de l'Académie
des Sciences de Paris, vol. 202 (1936), pp. 899-901.

Kantorovié's method (cf. Kantorovié 2) is applied to a certain special type of region.
Rothe, H., Über das Grundtheorem und die Obertheoreme der automorphen Funktionen im Falle der Hermite-

Laméschen Gleichung mit vier singularen Punkten, Monatshefte für Mathematik und Physik, vol. 19
(1908), pp. 258-288.

Numerical determination of the mapping function of a circular quadrilateral with the angles
ir/2, ir/2, ir/2, pir(p=1/-/ii).

Schaginyan, A. L., Sur les polynômes extrémaux qui présentent l'approximation d'une fonction réalisant la
représentation conforme d'un domaine sur un cerclé, Comptes Rendus (Doklady) de l'Académie des
Sciences de l'URSS, New Series, vol. 45 (1944), pp. 50-52.

Some results are stated without proof regarding the approximation of a mapping function of a
simply connected region by nieans of certain polynomials which arise in an extremal problem.

Schiffer, M.:
The kernel function of an orthonormal system, Duke Mathematical Journal, vol. 13 (1946), pp.

529-540.
An expression for the Bergman kernel function K(z,)of a region in terms of the Green's function

of the region. Formulas are given for the variation of K(z,)
Hadamard's formula and variation of domain functions, American Journal of Mathematics, vol. 68

(1946), pp. 417-448.
Development of a new method of variation of domains.
An application of orthonormal functions in the theory of conformal mapping, American Journal of

Mathematics, vol. 70 (1948), pp. 147-156.
The notion of kernel and complete orthonorma,1 set of functions is extended to a wider class of

functions.
Schwarz, H. A.:

1. Gesammelte mathematische Abhandlungen, vol. 2, pp. 144-171 and pp. 303-306.
Development of the alternating process.
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2. Gesammelte mathematische Abhandlungen, vol. 2, PP. 211-259.
The development of the Schwarzian derivative and problems of conformal mapping related to it.

Shiffman, Max, The Plateau problem for non-relative minima, Annals of Mathematics, vol. 40 (1939),
pp. 834-854.

The problem of mapping a region bounded by a simple closed curve with a continuously turning
tangent is reduced to the problem of minimizing a functional, somewhat similar to that of Douglas
(see Douglas). This functional has an electrostatic interpretation which may provide an effective
mechanical method for the determination of conformal maps.

Smirnov, V. J., Sur la théorie des polynômes orthogonaux à une variable complexe, Journal of the Lenin-
grad hysico-Mathematical Society, vol. 2, issue 1 (1928), pp. 155-179.

Discussion of Szegö's (cf. Szegö) orthogonal polynomials and further results.
Southwell, R. V., Relaxation methods in theoretical physics, Oxford, 1946.

The fourth chapter is devoted to the solution of problems of conformal mapping by means of
relaxation methods.

Stein, G. M.,
Influence of the core form upon the iron losses of transformers (Abstract), Electrical Engineering,

vol. 67, paper No. 48-18, p. 87.
Self-explanatory.
The voltage drop in the welder throat loaded with ferromagnetic materials, Transactions of the

American Institute of Electrical Engineers, vol. 66 (1947), pp. 356-362.
The magnetic flux distribution of an iron plate which is placed in parallel to a double line of

electric currents is considered.
Szegö, G., Über orthogonale Polynome, die zu einer gegebenen Kurve der komplexen Ebene gehören, Mathe-

matische Zeitschrift, vol. 9 (1921), pp. 218-270.
For a simple closed rectifiable curve C in the z-plane a set of polynomials P0(z), P1(z),

P(z), . . . is defined with the following properties: 1) P(z) is a polynomial of the nth degree, 2) the

highest coefficient of P(z) is positive, 3)1/i where lis the length of C, its arc

length, and the Kronecker delta. The eries

K(a,z)= P)P(z)
nO

is shown to converge uniformly and absolutely in every closed subregion of the interior of C and a
formula is obtained which expresses the mapping function of the interior of C on the unit circle in
terms of K(a,z). A result is also given which expresses the mapping function of the exterior of C
by means of the polynomials P,, (z).

Theodorsen, T., Theory of wing sections of arbitrary shape, National Advisory Committee on Aero-
nautics, Technical Report 411 (1931), pp. 1-13.

A method is described for mapping nearly circular regions on a circle.
Theodorsen, T. and Garrick, I. E., Generai potential theory of arbitrary wing sections, National Advisory

Committee on Aeronautics, Technical Report 452 (1933).
The above method (see Theodorsen) is elaborated and made more precise.

Tolstoy, Yu. G.:
The conformal representation of doubly connected regions with the aid of an electric integrator,

Bulletin de l'Académie des Sciences de l'URSS [Izvestia Akademii Nauk SSSR], vol. 1944 (1944),
pp. 447-461 (Russian).

Experimental solution of Laplace's equation by a resistance grid which represents an approxi-
mation to an electrolytic tank. In particular, the conformal mapping of doubly connected regions
on annuli is studied.

The use of an electric integrator for the conformai mapping of simply connected
de l'Académie des Sciences de l'URSS [Izvestiya Akademii Nauk SSSR], vol. 1947
164 (Russian).

Analogous treatment for the simply connected case.
Vladimirsky, Serge. Sur la représentation conforme des domaines limités intérieurement

rectilignes et arcs circulaires, Comptes Rendus de l'Académie des Sciences de Paris,
pp. 379-382.

regions, Bulletin
(1947), pp. 159

par des segments
vol. 212 (1941),
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The author gives, by means of hyperelliptic integrals, a generalization of the solution of J. Hodg-
kinson and E. Poole (cf. Hodgkinson and Poole) of a problem of the conformal representation of
doubly connected regions bounded by rectangular segments or circular arcs, extending this solution to
the case where the connectivity of the region exceeds two.

Warschawski, S. E., On Theodorsen's method of conformal mapping of nearly circular regions, Quarterly
of Applied Mathematics, vol. 3 (1945), pp. 12-28.

Following Theodorsen (cf. Theodorsen), the author reduces the problem of determining a mapping
function of the unit circle on a region bounded by a suitably restricted simple closed curve to that of
solving a certain nonlinear integral equation. The equation is then solved by a method of successive
approximations and precise estimates are given of the rate of convergence of these approximations.

Weber, Ernst, Die konforme Abbildung in der elektrischen Festigkeitslehre, Archiv für Elektrotechnik, vol.
17 (1926), pp. 174-200.

Cf. Dreyfus and Labus for similar investigations.
Wirtinger, W., Über die konforme Abbildung der Hal bebene auf ein Kreisbogendreieck, Atti Pontif. AccacT.

Sci. Nuovi Lincei, vol. 80 (1927), pp. 291-309.
Contains an explicit formula for the calculation of the conformal map of a triangle formed from

circular arcs with arbitrary angles.
Wittich, lEI., Kovforme Abbildung einfach zusammenhängender Gebiete, Zeitschrift für angewandte Mathe-

matik und Mechanik, vols. 25/27 (1947), pp. 131-132.
Discussion of several numerical methods.

Zarankiewicz, K.,
Sur la représentation conforme d'un domaine doublement connexe sur un anneau circulaire, Comptes

Rendus de l'Académie des Sciences de Paris, vol. 198 (1934), pp. 1347-1349.
A method is given of effectively constructing the conformal map of a doubly connected region

on a circular ring, based on Bergman's kernel function and complete orthonormal sets of functions.
Über ein numerisches Verfahren sur konformen Abbildung zweifach zusammenhängender Gebiete,

Zeitschrift für angewandte Mathematik und Mechanik, vol. 14 (1934), pp. 97-104.
A detailed account is given of the method indicated in Zarankiewicz 1. An example of con-

structing an orthonormal system for a region formed by removing from a square of side 2 an equally
orientated square of side 2a is worked out.

Zmorowitch, V. A., Deux problèmes du domaine des représentations conformes, Journal de l'Institut
Mathématique de l'Académie des Sciences de l'Ukraine, No. 3/4 (1935), pp. 215-222.

The mapping of an ellipse on a circle and of a region bounded by two symmetrically placed ellipses
on a circular ring is discussed and in the second case an approximate solution is given.

o
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