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Description

Expansion coefficient for region i
Arbitrary even function defined by
Ai) = Aiwel I/t

Expansion coefficient

Unknown function of Fredholm integral equation

Lower bound for B)(v)
Second upper bound for B,(v)

Nonhomogeneous part of Fredholm equation
for region 1

Coefficient of Legendre polynomial expansion
for z//(x,p)

Nonhomogeneous part of Fredholm equation
for region 1

Kernel

Mean value of Hl(v,T))

Kernel

Normalization constant

Function of v

Legendre polynomial of order m

Denotes integral to be taken as Cauchy's
principal value

Arbitrary function satisfying Holder condition
Hilbert transform

Limit values of R from above and below axis
Modified Hilbert transform

Limit values of T from above and below axis
Arbitrary constants for region i

Number of secondaries per collision for
regions i, k

Function of {

Nonhomogeneous part of singular integral
equation for region 1

NOMENCILATURE

Defined
Equla?tion Symbol
(2) g1(v)
Ly
(28) t;
(76)
(38) ¢
(88) v
(89) v
(67)
¥i
(76) z
¢
(72)
(71) Y
(87) oy (v)
(66) Biv,n)
(9) )
(12) &
(75) 8(v)
n
(46)
(1) i(v)
(45)
(46) AT
(55) My !
(56)
(2), (28) 7
+v;
(1), (7) g
(B1)
(43)

Description

Factor of f;(v)
Neutron mean free path for region i

Half-thickness in units of mean free path
for region i, dimensionless

Parameter
Parameter
Parameter

Distance along coordinate axis perpendicular
to plane

Half-thickness of region i
Variable

Eigenfunction, from space of solutions of
transport equation

Neutron density
Auxiliary function
Auxiliary function
Auxiliary function
Small parameter
Delta function
Variable
Eigenvalue

Proportionality factor of &(v), defined by
1 - c;v; arctanh(v) = X ;(v)

Limit values of \(z)

Cosine of the angle between neutron velocity
and x-axis

Real parameter
The roots of Eq. (5)
Variable

Defined
in

Equation

(44)
(1)



SPECTRAL REPRESENTATION AND
CRITICALITY PROBLEM OF
A TWO-REGION CELL TRANSPORT OPERATOR

by

Israel Pollack and
Erwin Bareiss

I. INTRODUCTION

A two-region reactor cell for slab geometry has been studied in
Ref. 1 by the method of spherical harmonics. This paper uses the approach-
introduced by K. M. Case(2) for the solution of the transport equation to
determine accurate conditions for the criticality of a two-region fuel-
moderator assembly with reflecting boundaries.

A set of equations developed by A. Kuszell(3) will be used to de-
termine the spectrum of the corresponding transport operator and the
corresponding singular eigendistributions for each region. Introduction
of appropriate boundary conditions yields a system of integral equations.
from which the criticality condition and the spectral coefficients for the
representation of the vector flux in eigenfunctions can be derived. The
derivation of the integral equations is achieved in a new way, namely, by
the introduction of an auxiliary function that circumvents the nonanalyticity
of a certain function that would occur in the conventional treatment. The
results will be compared with those obtained by the method of spherical
harmonics for the same problem.

It is assumed that scattering is isotropic and that the fuel-
moderator assembly obeys the one-speed Boltzmann equation with constant
coefficients:

1

0 (x,1) s
M la};l‘i + Eli Wi(x’lu') = Z@L;-[l wi(x’:u")dfu: (l)

where the index i denotes the respective region, 1//,-_ stands for the neutron
density, u is the cosine of the angle between the neutron velocity and the

x axis perpendicular to the plane, /i is the neutron mean free path, which

is to be considered constant throughout the region i, and c¢j is the number

of secondaries per collision, also considered constant throughout the region i.



II. EIGENVALUES AND EIGENDISTRIBUTIONS
OF THE BOLTZMANN EQUATION

In accordance with K. M. Case's results, the solution of Eq. (1)
can be expressed on each region i as

Y (o) = afe_x/ﬁ Pig, (uy;) + a{ex/ﬂivi%(ﬂ:-vi)

1
+[ Ai(v)e—x/ﬂivm(u,v)dv, (2)
-1
where
Gilwy) = 55 M) bl (3)

All integrals involving the term 1/(v -u), where v and u are real,
are to be understood in the sense of Cauchy's principal value. A rigorous
mathematical derivation for the existence of Eq. (2) is given in Ref. 4.

The function A;(v) is given explicitly by

>\.i(7/) = 1-cv tanh™! v, (4)

for the continuous spectrum -1 =p =+1..

The discrete spectrum consists only of +v;j, which are the two
roots of

civi tanh~! (l/Vi) = 1. (5)

If cij is greater than one, v; is purely imaginary. If c;i is less than one,
Vi is real and greater than one. Hence, for the discrete spectrum, the
eigenfunctions of Eq. (1) reduce to

(Di('“"ivi) = —— . (6)

The constants a;—F and the functions A;(V) are determined by the
given boundary and interface conditions.
III. PROPERTIES OF EIGENFUNCTIONS

A. Kuszell derived the following equations between the eigen-
functions for any regions i and k:



- N
f s (1Y) Bel,m) du = MA () M) By -m) + — k. (7)

) 2 V-7
1 C; - C
i k
f KOs, 2vy) Olp,v) dp = —— v (v, 4v4); (8)
-1 1
f
€i - ¢k Vitk
. + 5 o for 1 # k,
f B3 (1, 4v5) P, 4vy) du =< . , (9)
- 3 C:1V.
! i-—Z];vil:‘u,Zl_ll - ] = iViNi for i = k;
1
1
Ck - ¢i ViYk
[1 pdy (U, +v;) P, gvy) dp = + 3 Vi+7/k; (10)
1 1 ) 1
Ci - Ck
f u, (1, 2v;) duf QM) dlu.n) dn = ——;——f nQMm) ¢;(n,+v;) dn;  (11)
-1 -1 1 -1

f by (u,v) duf Qn) ¢y (um) dn = V[Xi(v) ) +,-7;—

1 1

1
kT S , nQ(n) dn
., n-v

k - Ci fl nQ(N)dn

n - v
1

(12)

Equations (11) and (12) are valid for any function Q(7) that satisfies
a Hélder condition. '

When i = k in Egs. (7-10), the orthogonality relations derived by
Case are obtained.

These relations are independent of the boundary and interface con-
ditions. To check the consistency of the two equations of Eq. (9) as
¢y =~ ¢;, the following relation, which can be easily derived from Eq. (5),
is helpful:
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dc.1 ]
.32 " Nj. (13)

In addition, note that
b (-pavy) = B3 (u,3v4), (14)
and
¢;(-wsv) = ¢i(u,-v), (-1 =v =1). (15)
With the aid of Eqs. (3) and (6), Kuszell's relations [Eqs. (7-12)],

and assuming ¥;(x,u) is given in the form of Eq. (2), we obtain the following
set of transformations for -1 =v = 1:

1 - 3 .
f b, (e 2v5) Vs (o) it = amNzate PV A% (16)

1

1 Liv
f pdy(u,v) ¥ (x,u) du = vNy;(v) A (V) o /A, (17)

1

! c; - ¢C v,
k i -x/b;v;
f uop(2vie) 36es) dp = vy —— [77:5712 of /I
-1

. 1 .
P T, R e +f i Ai(n)e—x/ﬂlnd{l,

R MF Yk

o Ck[zﬁik(v)_A-M e'x/ﬂiv]' (19)



The consistency of Eqs. (16) and (18) when ¢y -~ c; can easily be
established by Eq. (13). A similar consistency exists between Eqgs. (17)
and (19).

We can write Eqs. (18) and (19) as follows:

1 !

' ci - ¢k
f pdy (s 2v) Yy, ) dp = Hvg ———9;(x, 31 ), (20)

f oy (uv) 93 (eop) au = v 4 - X [Wi(xw) + {C' C_i = Njk(¥) - M(V)}Ai(v) e iv:l ;

C
1 1 1

where 30-1 can be considered an analytic extension of the function ?,Ui(x,p.) as
given by Eq. (2) into the complex u plane. Hence, it will have only
symbolic, but no physical, meaning.

These last equations will be used to obtain a formulation of the
critical problem and to determine the expansion coefficients in Eq. (2).
IV. THE CRITICAL PROBLEM OF A TWO-REGION SLAB

WITH REFLECTING BOUNDARIES

We consider a two-region infinite slab of a multiplying (¢ > 1.0)

and an absorbing (c < 1.0) medium, a simplification of a fuel rod consisting

of uranium plates immersed in water. We restrict the discussion to a
single cell as illustrated in Fig. 1.

Uranium Water Uranium Water

! Region 1 Region 2|

| - X

([ ——— —

-~
cell

Fig. 1. Reactor Cell and Coordinate Axis Representation

11
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The symmetry of the problem suggests a coordinate axis perpen-
dicular to the plane interface with its origin at one of the interfaces. The
half-thicknesses of the regions are -y, and y,; the material constants of
the regions are. c; and £,, and c, and 4, respectively.

The solution of the general periodic problem seemed quite cumber-
some, and therefore this paper is restricted to the two-region slab with

reflecting boundaries.

On the reflecting boundaries, we impose the condition

Vilyi-w) = ¥ilyi-p) (22)
for i = 1,2. Because of continuity, the interface condition is
¥1(0,u) = %,(0,p). (23)

Eq. (22) implies periodicity.

Because we have a complete set of eigenfunctions, Eq. (22) can be
written in equivalent forms:

1 1 ‘
f pdiluy 2 vi) ¥ilyiu) du =f pdi (i, +vy) Yilyi,~1) du, (24)
-1 -1
and
1 1
f uds () ¥ilyiap) du = f pds (V) ¥y, -1) di, (25)
-1 -1
for i = 1,2.

If we apply Eqs. (14) and (16) to Eq. (24) and, similarly, Eqs. (15)
and (17) to Eq. (25), we obtain

+viNjaf i/t +v;Nja; I/ )eivi, ' (26)
and
-~/ 4.V -/ B
W) A (1) VY < o) ay(-y) VA, (27)
for 1 = 1,2. Since Nii(v) and N; are nonvanishing quantities (except when

ci = 0), Eqs. (26) and (27) and hence Eq. (22) are satisfied if
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+ _ o tyi/biv;
- 3e Y1/1 i

©
-
]

(28)
A(v) = A(y) ovi/ CLOY

‘ . ‘
where a; is an arbitrary constant and A;(v) is an arbitrary even function
in v, which have to be determined.

We now apply transformations on the interface condition, Eq. (23),
similar to those used for the boundary conditions, Eq. (22). Again, be-
cause we have a complete set of eigenfunctions, Eq. (23) can be written
in equivalent forms:

1

1 1
f udo{uy £v2) ¥1(0,0) du = f Do (1y £V2) ¥(0,1) du, (29)
- -1

and

f pda(u,v) ¥4 (0,u) du :f ud,,v) 2»[/z(o:H) du. (30)

1

If we apply Eq. (20) to the left-hand side and Eq. (16) to the right-
hand side of Eq. (29), and similarly apply Eqs. (21) and (17) to Eq. (30),
and then make the substitutions of Eq. (28), we obtain

€1~ C2 +y,/ bV
T ¥,(0,£3,) = Nzg'zedrz/ 272, (31)

A similar set of equations can be obtained by interchanging the indices one
and two.
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V. REDUCTION OF THE SYSTEM TO A SINGULAR INTEGRAL
EQUATION WITH ONLY ONE UNKNOWN
FUNCTION AND ONE COMPATIBILITY CONDITION

The purpose of this section is to eliminate the unknown constant az
and function Az( V) in Eqgs. (31) and (32) and rewrite the equations in dimen-
sionless form.

By multiplying the two expressions of Eq. (31) by e+Y2/ 2 2, respec-
tively, and subtracting, we obtain
- y/
1,(0,v,) e va/bava _ 9,0, -v,) i/ bave (33)

In a similar manner, we eliminate f‘;z(v) from Eq. (32). We rewrite
Eq. (32) as

1(0,9) V4 4 fler/(6y - ] M) - 1)

R YV VISRV )] M) Ralv).

If we replace v by -v in this equation and take the difference of the
two, we obtain, upon noting that Nj,(v), X;(v), and Al( ) are even functions
of v,

4 (0,v) e'Yz/ﬂzV - 9,00, -v) eYz/ﬁzV + 2{[C1/(C1 - ¢c;)] Npp(v) - Xl(v)}
sinh(yl/,elv - yz/ﬂzv) &I(V) = 0. (34)

Equations (33) and (34) may be expressed in explicit form by
elementary algebraic manipulations. They are, respectively,

V.2 sinh(y,/ V) - y2/ £V,) _ sinh(y)/ AV +ys/ bYs)
11 Vl - vZ Va + V2

A dn = 0, (35
ln 1(n) — Yl )

N fl o sinh(yl/ﬂm - Yz/ﬂzvz)

and

22 Sinh(Yl/'Zlvl - Yz/’@zV) sinh(y,/4,v, + y2/4,v)
1%1 v -V - v, + v

+ [2N(v)/(c; - ¢3)] Ay(Y) sinh (y,/2,v - y,/4,v)

1 nAL(n P dn = 0.

N fl ° ) sinh(y,/ 47 - yo/ £yv) (36)
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=]
A similar set of equations for A,(v) can be obtained by interchang-
ing the indices one and two.

The parameters can be made dimensionless by introducing the
half-thickness of the region in units of mean free paths:

‘Yl/'@u

yo/ b (37)

t

t;

We also introduce the function B,(v) defined as:
21B)(v) = A,(v) cosh(ty/v). (38)

Hence, Eqs. (35) and (36) are, respectively,

v [Sinh(tl/vl +t,/v,) ) sinh(t,/v; - tZ/VZ)]
1

V- Y, Vy + Y,

‘+ fl n sinh(tl 7)+t/vz) B1("’7) dn = 0, (39)

L M- Ve cosh(t,/n)

and

) [:sinh(tl/v1+t2/7/) ] sinh(t,/v, - tz/v)] . 2Ny, (v) sinh(t;/V+1t,/v) B, ()

vy -V v+ cy - Cy cosh(tl/v)

B,(n) dn = o. (40)

s 1oq sinh(tl/”r)+tz/v)
[1 N - v  cosh(t,/n)

Equation (40) is a singular integral euqation for the unknown func-
tion B,(v) with the compatibility condition Eq. (39), which we call the
"criticality condition."

We write

sinh(t;/N+1t,/v) _ sinh(t,/v +1t,/v) , sinh(ty/n+ t,/v)  sinh(ty/V +t,/v)
cosh(t,/m) cosh(t,/v) cosh(t;/7) cosh(t;/v)

_ sinh[(ti+tz)/v] + [tanh(tl/T)) - tanh(t]/V)] cosh(tz/v).
cosh(tl/V) (41)
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If we insert Eq. (41) under the integral in Eq. (40) and rearrange terms,
we obtain

c-c (o _
Nilv) Bao) + S [ st Baln) én = 60, (42)
where
Cy-Cy cosh
L(v) = - 1z éinh[(tl(j-léz)/v] g1(v), (43)
and
Sirﬂl(tl/vl +t,/V)  sinh(t/v; - t,/7)
e:(v) = » v, -V ) v+ v
t comn 2 tanh(t,/7) - tanh(t,/v) By(n) an. (44)
v -1 7') -V

VI. TRANSFORMATION INTO A FREDHOLM INTEGRAL EQUATION

Equation (42) is a singular integral equation for B,;(v), which we
shall transform into an equivalent Fredholm equation of the second kind.
The method consists in applying the Hilbert transformation on VBI(V) and
reducing Eq. (42) into a Hilbert problem. The solution of the Hilbert prob-
lem furnishes an integral equation of the second kind for B;(V).

We set

R(z) = <1 "CZ f NB1(n) an. (45)

2Ti , N -z

This choice is prompted by the ease of comparison with the method of Case.
The function R has the following properties:

a) It is analytic in the complex plane with cut from -1 to +1.

b) It vanishes at infinity as l/z.

The limit values of R as z approaches the cut are given by
Muskhelishvili.(5) These are known as Plemelj's formula:



C - C;

Ri(v) = + >

vB,(v) +

€1 - C; Pfl nBy(n) dn, (46)

2mi ., M-V

where P denotes that the integral is to be taken as Cauchy's principal
value. Adding and subtracting these expressions, we obtain

- C 1 i
R*(») + R™(») f‘-—_—-"ipf ﬂw (47)

and

RY() - R7(v) = (c;-c,) vB,(v). , (48)

We now substitute these equations into Eq. (42), collect similar terms,
and obtain

[Ny, + (c) - c) miv/2] RY - [Ny, - (c;-c,) Tiv/2] R™ = (cy - cp) VE,(¥)

(49)
The coefficients of Rt can be written as
M)A () = Ny + (¢ - ¢p) miv/2, (50)
and
AT (W AF() = Ny, - (¢ - i (51
1 2 = Ny, - (c; - ) miv/2. )
The validity of these equations can be shown readily. We set
Ai(z) = 142t 1 M )¢z tanh i (51a)
i = ZZ_IT)‘Z— ciz tan ;
Then, by Plemelj's formula,
N ci Y an om
Xz(v) = 1+—2—va AT Vi—z—civ. (51b)

But by definition,

1
- Li —dn_
)\1(7/) = 1+ > vP n - e

17
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and
Nijk = Ai(v) M) + (%/4) ciern?.
Hence, Eqgs. (50) and (51) follow immediately if one considers that
A1Cz = ApCy; = ¢, - Cj.
Similarly, one obtains
Ny (v) = AT () Af(v). (52)
We can now write Eq. (42) as
AT RT - AR = (¢ - c,) v (V). (53)

If this equation is divided by AJA; = N,,, we obtain

MRT AJRC cp-c¢
- —— = —2uf (1) (54)
A2 Az Nz2

Since the function A,(z)/A;(z), or its inverse, is not analytic in the complex
plane cut from -1 to +1, we introduce the auxiliary function

2 - 28\ (2)
T(z) = Z; — x2§z> R(z), (55)

where +1; and +v, are the only zeros of \;(z) and \,(z), respectively. Hence,
we can write Eq. (53) as

V% - Vz Cl - CZ (56)
(v) = ST () vi ().

From this, we obtain

Cp - C2 ! Vg - CZ £,(¢) '
(=) 2mi —[1 'I/f - t2 Np(8) € - = at, (57)

and hence,

‘ng - zz >\.1(Z)

R(z) T(z). (58)



The function R* can then be written as

+ _ G- c >\zi v (v) V? - >V-Z.t (cy - cp) ' vi- L% 6(¢) €
R0 = = 2 XIE Nz (v) +V§ - 7 —? 2mi -1 yi _t2 Ny (8) € - v dC(. )
59

By Eqgs. (47) and (48),
R.+ - R™ = (C1 - Cz) VB'_[(V).

Substituting the right-hand side of Eq. (59) into the last equation, collecting
similar terms, simplifying, and using Egs. (50), (51), and (52), we obtain

Ny(v) 155 g oF'} v -2 ! Vg - CZ £(¢) £
Balv) = Ny (V) Npa(v) () - 2Ny; (V) V% - vt .[1 -2 Nz (6) € - v d. (60)
0

Since f,(v) is an even function, we can write Eq. (60) in an equivalent form:

2 2 2 2
B = i £ -°"°2V1'Vf : i ) et (e
0 1

NN, Ny, vg - p? 2 sz(C)Cz

This is a Fredholm integral equation of the second kind for B;(v). We give
Eq. (60) in explicit form. To this end, we write Eqs. (43) and (44) as

f(v) = (cy-cy) [ f B,(v,m) By(N )d”f)], (62)
where
v, cosh(t,/v) I:sinh(tl/vl+t2/v) sinh(tl/vl—tz/v):l
u(v) = —-Z—Sinh[(t1+tz)/'u] vy -V ) v+ v ’
(63)
and
_ ncosh I/V ) cosh( Z/V tanh( 1/77 - tanh( 1/7/
Ba(vm) = 2 sinh[(t; + t;) /v] n-v (64)

Upon setting

)\ = C; - Csz, (65)

19
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N, (v) Y vy - ngg - CZ B, (€M) €

2
1
vi-viut ol Ny (v) Npp(8) ¢ - v

A
Kl(’lJ,T)) = Nu('U) sz(v) 51(7/,77) -y ag,
o (66)
and
Ny, (v) N [PV -VRe - ay(0) Cdé]
Filv) = >LI:Nn(v) Nz2(v) () -7[1 vi_ov2ui- P Ny (v) Npo(€) € -
(67)
Eq. (60) becomes
Bi(v) - [} Ka(v,n) By(n) dn = Fy(3), (68)

where the kernel K,(v,n) is bounded. The interchange of integration to obtain
K;(v,n) is legitimate, although the integrals in Egs. (66) and (67) are to be
understood in the sense of Cauchy's principal value. Explicit equations for
K,(v,n) and F;(v) are derived in Appendix A.

To give Eq. (61) in explicit form, we write Eq. (62) as

H) = XMon®) + [1 %e.m) By(n) ol (69)
where
cosh(t;/ 1) cosh(tz/v) vtanh(tl/’r)) - 7 tanh(t,/v) (70)
ni(v,n) = -n sinh[(t1+t2)/‘u] % - v? ’

and a;(v) and A\ are given by Eqgs. (63) and (65), respectively. The kernel
of the integral equation becomes

1 2 2
Ny, (v) f vi- v - LT yi(e) g2
H)(v,n) = N1a(¥) Nyp(») T(v.m) - A o V% _ ‘IJZ'U% - CZ N (v) Npp(€) €2 - v2 s

(71)

and F;(v) becomes

Ny, (v) 12 vz.v: -t a,(6) < ]
Gl = >LI:NH(V) Nz (v) M) - X—/; vi - v? 7J§ - &2 Ny (v) Ngo(8) €2 - v? |
(72)



Hence Eq. (61) can be written as

B,(v) - % [T (v Biln) an = Gy(v).

0

The remarks after Eq. (68) apply here as well.

(73)
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VII. REFORMULATION OF CRITICALITY CONDITIONS FOR
c; <1 AND ¢, >1 AND SUGGESTED USE OF EQUATIONS

For computational purposes, one prefers to deal with real numbers.
If we restrict c; to a value less than one, and c, to a value greater than one,
then after some algebraic manipulations, Eq. (39) becomes

._._Vl_. l"u sinh_tl ta - h.t_l i ta =
V% +I7JZIZI: Z| 7/1 COS-l—_l—J] V) coSs Vl Sln-szr

! N v,| si ht_l t2 . _t2 h-EL B;(n) 4
0 —r—’—nz T o, | Vel sin 77 cos Tﬂz -n sm‘lv—zl cosh|——— T (tl/T)) 7.
(74)

Equations (73) and (68) already contain only real arguments under these
assumptions. Therefore, if we assume values for c;, c;, and t;, we can
follow the outline in Table I for finding the value of t;, which we consider
the critical parameter, and for evaluating the flux and criticality condition.

Table I

GENERAL OUTLINE FOR NUMERICAL EVALUATION
OF FLUX AND CRITICALITY CONDITION

Step Operation Ref. Eq.
1 Determine V; and V,. Use Fig. 2 (5)
2 Assume B; = 0
3 Determine t;. Use Fig. 3 (74) and (84)
4 Determine G(Vv) or Fy(v) (72) or (67
5 Determine improved B,(V) (73) or (68)
6 Determine improved value of t; (74)
7 If t; is not sufficiently accurate, repeat
steps 4, 5, 6, 7. Otherwise continue with
step 8.
8 Determine Al(v)/cél. Choose convenient 2, (38)
9 Determine %SZ (31)
10 Determine A,(v) (32)
11 Determine af and Aj(¥) fori = 1, 2 (26, 27)
12 Determine y; and vy, (37)
13 Determine ¥;(x,u) fori =1, 2 (2,3,4,6)
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VIII. THE SPECTRUM OF THE Pp-APPROXIMATION

This section will be devoted to a comparison of our method with the
well-known method of spherical harmonics.

We assume [see Ref. 1, Eq. (19b)]

) = Y EEEL R () Prm(). (75)

2
m=0

We can write in the Pp-approximation for Yx, 1),
a /v
Fm - Z AJVJHII‘I(V.]) e J, m=20,1,2, ..., n, (76)
j=o

where the Vj's are the roots of the characteristic equation

(1-c)v 1 0
1 3v 2
2 5v 3

= 0.
m (2m+1l)v m+1
n (2n+l)v n+l
0
(77)
The Hm(vj)'s are determined by the recurrence formulas [see Ref. 1,
Eq. (32a)]
H_l = 0, HO = ]_,
mHp,_, + (2m+1) vHy, + (m+1) Hpyy = 0om = 0,1,2, ..y n-L,
(78)

and the coefficients Kj are determined from the boundary conditions.
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Hence, we can write, for the Py-approximation of Eq. (75),

n
Ylx,u) = Z qubj(u,vj) ex/yj» (79)
j=o
where
¢j = Z E-r-nz;le(p) Vme('le). (80)
m=o

This is formally the discrete analog to the representation of Eq. (2) that
one would obtain if one expanded eigenfunctions ¢j(,U-,V) in the first n
Legendre polynomials, insert them in Eq. (2), and collect similar terms.

The characteristic equation, Eq. (77), was solved with the aid of a
computer for two specific values,

0.91023923

C1

and

1.020497037.

Cz

These values were chosen to coincide with the arbitrary choice of V; and v,
used in the numerical example described in Section X. Due to round-off
errors, it was necessary to use many significant digits. Table II lists the
discrete spectrum for various P, -approximations for both ¢; and c;. The
value of v, = 2.0 was not obtained until Pg, while the corresponding value
of v} = 4i was obtained in the P4-approximation as 3.99991i, with no
improvement through P,;.

Table II
DISCRETE SPECTRUM OF P,-APPROXIMATION

Discrete Spectrum, *

P  -approximation, n c; = 1.020497037 cy; = 0.91023923
1 4.03259 1 1.92706
2 3.99939 i 1.99505
3 3.99992 i 1.99964
4 3.99991 1 1.99997
5 3.99991 1 2.00000
6 3.99991 14 2.00000
7 3.99991 i 2.00000
8 3.99991 i 2.00000
9 3.99991 i 2.00000

10 3.99991 14 2.00000
11 3.99991 i 2.00000




Tables III and IV give the eigenvalues corresponding to the continuous
spectrum for c; and c,. It is evident from the pattern that ever-increasing
Pp-approximations are required to span the continuous spectrum -1= vV = +],

Table III

CONTINUOUS SPECTRUM OF Pp-APPROXIMATION
FOR c; = 0.92023923

Continuous
Spectrum
* 11 10 9 8 7 6 5 4 3 2

.000000 * * %k * % * %k %ok
.141314 %k

.172143 *%

.220028 * %k

.304233 * %
.306859 *k

.379513 % %k

413137 %%

.488687 * %
.495178 *

.497039 * ok

.585367 *k

.619943 %k

.653053 *k

.701039 * %k
.704899 * %

.764919 **

.807049 *%
.808691 *%k

.841494 *k

.866271 *%
.902312 * %
.925730 ' **

.941743 %k

.9531438 *%k
.961544 **

OO OO0 OO0 OO0 OO0 OO0 OO O OO oo




Table IV

CONTINUOUS SPECTRUM OF P,-APPROXIMATION
FOR c, = 1.020497037

Continuous
Spectrum

* 11 10 9 8 7 6 5 4 3

.000000 * % *k * % * %
.143518 %k

.175402 %k

225304 3k

.311774 %k

.314057 *ok
.386750 * %

.418696 %k

.504548 %k

.506454 * %k

511235 %k
.592413 ) %k

.630010 * %

.659373 %%

.713245 * %

.717818 * %k

.171681 * %

.814150 *k

.818021 *%
.845921 *%

.873523 * %
.907274 * %k
.929251 *k

.944324 * %

.955095 **
.963047 Kk

OO0 OO0 OO OO0 O0 OO oo OC OO0 OO O0OO0O OO OoOC

IX. CRITICALITY CONDITION FOR P;-APPROXIMATION AND
COMPARISON WITH RESULTS OF SECTION VII

From Eqgs. (26) and (27) of Ref. 1, we can read off the criticality
condition for the P;-approximation as
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(1/v2) cosh (1/v)) t; sinh (1/,) t,
+ (1/v)) cosh (1/v;) t, sinh (1/1) t; = 0,

1/v3 = 3(1-cy), 1% = 3(1-cy), (81)
where appropriate changes have been made to conform with the notation of
this paper. A comparison with the results of Section VII reveals that Eq. (81)
is identical to the criticality condition of Eq. (74) if we set B;(v) = 0.

If we solve for cj, we obtain

ci = 1 - (1/v;)%/3. (82)
On the other hand, Eq. (5) yields, upon expansion,

ci = 1 - (1/v)%/3 - 4(1/v;)*/45 - ... (83)

Hence, the approximations improve with increasing v; or, equivalently, as
cj approaches the value of one.

Equation (74) therefore provides a means of accurately estimating
the error of the approximate solution.
X. NUMERICAL EXAMPLE
Let us assume that the values of c¢;, ¢z, and t, are specified. The

values of V; and ¥, can then be determined by Eq. (5) or a set of curves as
shown in Fig. 2. If we make the following substitutions in Eq. (74):

u = | Vz/vll, v = "tl/vll’ w = Itz/vzi’ (84)

and set By(¥) = 0, we obtain, as a first-order approximation of the
criticality condition,

cosh v sin w - u sinh v cos w = 0, (85)
or

w = arctan(u tanh v). (86)
This is a convenient formula for plotting curves of w versus v for the

parameter u. A few of these are plotted in Fig. 3. These curves provide
a quick way of determining v and consequently t;.
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10
C 17|y
2 tan'(1/],])
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13 Fig. 2
- Discrete Spectrum
K s a Function of c;
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° Stank (173,
ol ] i1 11011 1 1t 1 1 t11)
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||

w = arctan(u tanh v)
. |2
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U227 42t us2tR ue20 u' g2t ue2*
u=2
L1 1 110kkl 1L L1ignl L1 1111 1 111 1
ool 0.001 0.0l 0.l |
w

T

LILLRALL

Fig. 3. First-order Approximation
of Criticality Condition

As an example, let us select the following values:

c; = 0.91023923,

c, = 1.020497037,
and

t, = 2.0.

We easily determine V; and ¥, from Eq. (5) to be £2.0 and +4.0i, respec-
tively. With these values, we find w = 0.5, and from Fig. 3 for the curve
u = 2, we obtain the corresponding value of 0.28 for v. Hence, t; = 0.56.
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With this value of t;, we may now proceed to calculate a;, y;, G;(v), and

H,(v,n). It is easy then to calculate B;(¥) and make use of Eq. (74) to check
the results.

Alternatively, these

007 6@ .
=) values may be determined for
0.06 =t a number of values of t;. Then
o H,(0,7) we plot the left- and right-hand
:"§°°5' sides of Eq. (74). The inter-
£ ooal section determines the exact
T value of t;.
2 o3}
o Figure 4 represents
g_ ooz} H,(9,m) the plots of G1(7f): .Hl(v,n), and
o.on/ Bi(7), a lower limit for B;(v)
for t; = 0.54. The value of
0 ol o2 o3 o4 05 o6 07 o8 os 1o DBi(¥) was determined by the

vin use of the simplified formula
Fig. 4. The Functions G,(v), B;(v), G1(v)
and H(v,n) for Various Bi(v) = 1 - AH(v)’ (87)

Values of v for t; = 0.54
where

H(v) = fl H;(v,n) dn.
0

This gives a slightly higher value than would be obtained by an iterative
procedure. To verify this, let us solve for a lower bound of B;(v). Since
H;(»1n) and G;(v) are both positive and )\ is negative, B;(v) must be
positive and consequently less than G,(¥). If we substitute G;( V) for B{(V)
in Eq. (68), we obtain a lower bound for B;(7). We may then write

B,() = - lef Hy(v 1) Gy(n) d7 + Gy(¥). (88)

Iterating, we obtain a second upper bound for B;(¥) [G,(V) being considered
a first upper bound]:

B0 = - |x|f1 Hy(v,7) Ba(n) a1 + Gy(v). (89)
0

If we take the difference of the two estimates, the result is

B0) - Bl = ¢ mfl (1) [Gatn) - Bu(n)] an.
0



Since |Gy(v) - By(¥)] = 0.003785 and maximum value of H is 0.54, the
maximum difference between the upper and lower bounds of B,(V) is

|By(v) - By(¥)| <0.11(0.54) (0.003785) < 0.00023.

The error is consequently less than 0.5% for v < 0.8. For
v > 0.8, By(1v) approaches G,(¥), and both are identically zero when v = 1.0.
Table V compares the values of B;(v) when t; = 0.54.

Table V

COMPARATIVE VALUES OF B,;(v), By(v),
AND APPROXIMATE SOLUTION FOR B,(v)

v B1(V) B(v) Bi1(v)
0.0 0.06013126 0.06025902 0.0603942
0.9 0.04955709 0.04958148 0.049786

Figure 5 is a plot of the left- and right-hand sides of the "criticality
condition" Eq. (74) from which we obtain an exact value of t; = 0.5383. The
first-order approximation, which is equivalent to the P;-approximation,
gives an error of 4%.

+0.01 F
Vlg"'l "zlt

«Left-hand side of Eq. (74}
ot ]

~0.01

Fig. 5

-ooz|- Numerical Value of Each Side of

003} Criticality Condition as a Func-

tion of Criticality Parameter, t;
-0041
-00s} vt \
-—'—y’—--klgm-nancsioemm (2]
t

-0.06}

Numerical Value

-007 s . 1 t I
052 053 054 055 056 057

XI. CONCLUSIONS

This study has shown that Case's method can be used to determine
the flux distribution and criticality condition for a two-region reactor cell
with reflecting boundaries. Anequation is derived that can be used to
determine the accuracy of an approximate solution. A first-order approxi-
mationis shown to be equivalent to the P;-approximation of the spherical
harmonic method.
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APPENDIX A
Explicit Equations for K,(v,m) and F,(v)

We consider the integrals in Eqgs, (66) and (67) and give explicit
expressions for them. To this end, we evaluate first the integral
1 vy -z
- T Al
27T1 A g(Z) >\,2(Z) dZ ( )

along a closed contour consisting of a very large circle around the origin,
and so deformed that all singularities of g(z) and the interval -1 to +1 are

excluded (see Fig, 6); i.e., we establish a domain where g(z) is analytic.
We assume that

g(z) = 0(z™*) for [z| - =,
and
g+(z) = g(z)” on (-1, +1).

We note that (v - zz)/XZ(z) is also analytic in this domain. Hence, the
integral (A1) is equal to

the integral over the large circle in the positive direction

+ the sum of the residues of g(z) (¢35 - zz)/Xz(z)

+ the integral around the slit (~1,+1) in the negative direction.

The first term will be negligible if we take the circle large enough. The
second term will depend on the special form of g(z).

Fig. 6

P |

Singularities of
Integrand in (A4)

o




32

The integral for the last term is

+
1 +1 V2 - 22 . . - S
e gz) =51 % om . g2 51

1 1 1
= g(z><v2-z2)[ L ]dz -
-1 A2 (z) A (2)
C2 1 ( )V% - z2 4
-— g(z zdz
2 -1 sz(z)
because
X:(z) - X;(z) = imc,z by Plemelj's formula,
and

>Lz(z) ) X;_(z) = Nja(z) by Eq. (52)-

Hence, by Cauchy's Theorem,

f+1 (C) 2 ZR { VZ-ZZ)}
L, ° sz<c @ J

To evaluate Eq. (66), we consider the integral

M- e ¢ a
o vi-e Naa(€) - v

We write B,(¢,n) as follows [see Eq. (64)]:

n cosh tZ/C cosh tl/C tanh t,/n - sinh t,/C

BI(C’T)) -7 n-¢ sinh [(t; +t;) /C]

Then,

(A2)



The residues of the integrand in Eq. (A4) are

a) from the simple poles where

. B(xvi,m) 1% - 12
=¥ 2ri(vry) AM(v)

b) from the simple poles where

t, + t,
sinh

= 0.

Z

These are

H

n
I+
ot
I+
[\
I+
W

zk
Hence,

%T} cosh (tz/zk)

Zi} cosh (tl/zk) tanh (tl/T;) sinh (tl/zk)

Tk = ° Mm-z)(z-v) t1 +t;

2
V%—Zk 1

vi - zf Mzi)

We note that

cosh iz = cos z,
sinh iz = i sin z,
. -1
1 tan z,

>L2("2')’

tanh™! (iz)

Xz(z)

and

cosh [(t1+t2)/zk] = (-1)k.

cosh [(t; + tz)/Zk]

(A9)

We combine ry and f—k to sy, which will be real:

Sk = I‘k + I‘_k.

(A10)

33
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After some algebraic manipulations, we obtain

2
_ (cyykn Lz nWs - zf) cos (t/z1)
ty + tp 07 - 23) (V° - Zf()(ﬁ - Zi{) A2(zy)

{(nv- |2y |%) cos (t/|zy]) tanh (t,/n) - |z, [ +v) sin <t1/!zkl>},
(A11)

with
Alzy) = 1 - (CZ/Z) IZkI tan”! [1/Zkl-

We do not combine the r,,, as in (A10) since inapplications one may des-

ignate the v;(i = 1,2) such that v, is real. Therefore, the kernel K; of
Eq. (66) is

o0
1 le(V) ( C; - C, v% - v 4 N z
T Np(v) | Np(v) Aulv.n) - c; vi-1° rVI v k=1 k

(66")

Similarly, Eq. (67) yields

F () = cy - € N, (v) oy (v) _iV% - p2 [? s . z Sk] ’ (677
k=1

Niy(v) Nz2(v) €295 -2 V1 -1
where
Pyt t (y%_ vl cosh (tl/'vl) sinh [(t, —tz)/vl],
(v FW) Aa(vy) 4 sinh [(t; +1t,)/v,]
T, - (v3 - z§) Y 2§ cosh (tl/zk)

(Zk -v) i - Zf() >\z(.Zk) 2 t; + tp cosh [(t; + tz)/zk]

[sinh (tl/Vl +t2/zk) ] sinh (tl/'ul - tz/zl):]

V1 - oz V)t oz

t + ¢,

VA =
k ki

2



Ek = Tk +?_k,

2z’ 2 - 2f)
(lzicl® + 2203 - 24) Aa(zy)

s = (-1

cos (tl/zk) [V1 sin (tz/lzkfl) cos (tl/Vl_) - lzkl sinh (t,/v) cos (tz/ﬂzkl‘)]

(tr + t2) (W - 2§)

35
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APPENDIX B

Reduction of Equations for Computer Programming

To facilitate programming for numerical computation, some of the
pertinent equations were rewritten. These follow:

_ [-(v/vl tanh (tl/Vl) - tanh (tz/v)] cosh (tl/vl)

a(v) = v # 0;
[1-(v/v))?] [tanh (t,/v) +tanh (t,/7)]

2,(0) = ‘EEEZ“/J (63")
) -(v/m) tanh (t;/7m) + tanh (t;/V) ’ '

Yivm) = [1-(v/n)?] [tanh (t;/V) +tanh (t,/V)] n#v
_(t /v) cosh (t /v)';-2+ tanh (tl/y) o

n(vn) = 12.[tanh (tl/lv) + tanh (t;/v)] n=v

Y1(0,7M) = 0.5;

Yi(v,0) = 0, ¥V # 0. (70)

The function Njk(v) defined in Eq. (12) was transformed into

civ 1+V ckV 1+7v civ)(ckv>
Nikz[-Tlogl_v+l:|[—-~—z—logl_v+l]+‘ﬂz(2 -/

and

Nijk(1) = o© =>>Gy(1) = H(1,1) = 0.

Equation (71) was rewritten as

Ny2(V)

Hi(vn) = Ny (V) Npp(V)

"(v,M)

N flv% - 82 (€. £

Vi VIN,() | v LE NpE) CTEowE (71)



The integral in Eq. (71') was calculated by removing the singularity.

Upon setting

v3 - €% n(lin)
f =
(¢) BT .

g (B1)

a typical graph of which is shown in Fig. 7, the integral in Eq. (71') can
be written as

1 ¢ -0 4 v+0 4
[wampa- [ aogge of 0 gipa
0 0

1 £
+ £(¢) 73— dt. (B2)
—/1:+5 g* - v*

The first and last integrals on the right-hand side of Eq. (B2) are
straightforward and present no difficulties. Since

1 1 1 1
2C+v "2 C-v

the middle integral on the right-hand side of Eq. (B2) can be written as

v+6 v+ +6
£ _ 1 £(€) 1 £(£)
j;_é £(€) I;’-—vde -va—é mngerv-é (;-vdc' (B3)
0.2
-f(§) 0.1p—
| | | I [ | l | |
(o] 0.1 0.2 03 0.4 OE': 06 0.7 0.8 09 1.0

Fig.7. f(£)as a Function of { for n = 0.1 and t, = 0.56

Again, the first integral in Eq. (B3) presents no problems. If we subtract
and then add £(v)/2( - v) to the last integral in Eq. (B3), we obtain

37
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LM g | f O i) . ) f O a4
- 2L qt = = kN ANt A | — . B4
2 fv-é ¢ V-6 C-v "2 v-5 - Y

The last integral in Eq. (B4) is zero when taking Cauchy's principal value.

The first integral in Eq. (B4) can be reduced by expanding f({) in a Taylor
series about v; i.e.,

V40
1 (&) - £(¥) _
Zf & - v dt =

-0
v+ 2 cn n
1 () +(8-v) £y + EVS L) (Lo TN ) :
— . . d
) v-8 t-v
v+6
, -;-f {f'(v)+(cz—'v)f"(v)+(C;,v)2 f”'(v)+...}d1§
bes ! !
= of'(v) +-f—§-f"'(v) + oo (B5)

Uponusingthe secant approximation for £'(v), i.e.,

1 &3
of'(v) = slf(v+0) -1l - &)} - == £"(v) + ...

Eq. (B5) reduces to

C-v 2 9

v+6 3
%f f(C):f(V) at = (o) -t -0) 87wy (B6)
v

-5

If f™(£) is of bounded variation, we may truncate (B6) after the first term.

The numerical evaluation of the integral in Eq. (71') was then
carried out by trapezoidal integration to an accuracy of 1% in the following

form:

1 ¢ V-0 ¢ 1 .
f £(¢) ot d¢ = f £(€) P at +,/v+5f(C) R dg
0 0
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where () is given by (B1).
Equation (72) was rewritten as

Xle(v)
Gy(v) = NL () Nou() oy (v)

1
RV v fe: ) . ¢ qc. (72
- V2 Ny (v) 0 Vi -2 Np(L) 6% -2

{38\

The integral was evaluated in a manner similar to that of Eq. (71').
Typical graphs for the functions o;(v) and vy;(v,7n) and the integrand of
Eq. (72') are shown in Figs. 8 through 11.

-Q (V)

04—

02—

Fig. 8. ai(v), Eq. (63'), as a Function of
vfor t; = 0.56 and t, = 2.0

0.5
0.4
0.6
1.0
0.3 Q.7
Q.5
nium oa
0.2r— 03
02
01—
n=01
n=0 (y, (0,0)=0.5)
0 N N A S B
o.l 0.2 0.3 0.4 05 06 07 08 09 1.0

v

Fig. 9. ¥i(v,n), Eq. (70'), as a Function of
v for Various Values of 7), where
t]_ = 0-56 and tz = 2.0
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»
I
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v=0/
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02
0.3— :
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i R 05
vl 0
0.1
| I | | | I I l |
0 o1 02 03 04 05 06 07 08 09 10
17
Fig. 10. v;(v,n), Eq. (70"),as a Function
of M for Various Values of V,
where t; = 0.56 and t, = 2.0
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of £ for Various Values at v,;, where
ty = 0.56,t, = 2.0 and ¢, = 1.020.
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