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PREFACE
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throughout the course of this study, and wish especially to express
my appreciation to Mr. W. J. ﬁc‘Cart'hy and Mr. J. B. Nims.

.'rhe flin,anqlafl, support for this work was fujmisﬁed by 'th_e" Atomic
Power Development Associates, Inc., and by the Ford Foundation
through an Bnglneerinq Faculty Development Fellowship, which made
it pos‘@ible to devote my full attention to academic studies and
research.

Others who gave material assistance in the preparation of
computer programs and provided useful discussions g_sr"e" IW. Stephen-
son, Marilyn Friedman, A. Klickman, R. Mueller, Y. J. Shin, and
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two~dimensional effects.

My work in the study of the safety of fast reactors has been stimu-

lated by many discussions with Professor H. A. Bethe of Comell
University who has offered invaluable advice, not only in this research
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ABSTRACT

A method for estimating the energy release in hypo’the‘t‘ical‘ fast

reactor meltdown accidents is evaluated. It is hypothesized that

| '
‘the melted core of & reactor is rearranged in such a way that it forms
a secondary 'cri-tlcal.assembly, and that there is a constant rate. of
reactivity mc"'r,ease. ‘it is assumed that the mechanism for términating
the resulting power excursion is disassembly of the core due to the
pressure of vaporized uranium produced by t,h,e excursion,

Two basic assumptions are utilized: that the reactivity effects
during disassembly can be calé;xlated from pertut"ba‘tlon theory; and
that the decrease in density during disassembly can be ignored in
the equatibns of hyclrodYnamiés. It is shown that these two assump-

* tions are rea—»gonab’le, and that an apprqxima.t_e_ tre_atinent of the motion
of materlal near the core surfaces can be justified.

The Bethe-Tait method for calculating energy relea_se is discussed,
and modified to include polynomial approximatldns to the power distri~
bution and reactivity wor_th-dis’t‘ribgtion, as well as a different treat-
ment of ..the movement of material near the core surface. It is shown
that the energy release is approximately the same for tamped and

untamped cores for rates of react;Vity increase up to 6. 4 sec-l, the

highesi rate treated.



An improved method is presented which eliminates some of the.
approximations of the Bethe-Tait method, and which is programmed
for the IBM-7090 digital computer. It is shown that the thre‘shold
equation of state generally used in previous enercjy release calcula-
tions tends to ca;xse an overestimate for weak and moderate excur-
sions, and that thé’ saturated vapor pressure must be considered in
these cases. The influence of the delayed neutrons is evaluated and
shown to be small, Tﬁe dependence of the-energy release upon prompt
neutron generation time, initial power level, rate of reactivity insertion,
{;\nd Doppler effect is 1-n‘ves>tigated.l ft is shown that in some cases
Doppler éffect can limit the energy release to a small value even for
high rates of reactivity insertion.

- A method for calculating the material movement and reactivity
re‘duct-ldn in tv.0 dimensional Cyllndricu;al geometry is presented and
.applied to a calculation of the energy ;eleas_e for two particular con-
figurations. A simple spherical model sz developed which gives good

agreement with the two-dimensional calculations.



CHAPTER I
INTRODUCTION

The std»&y‘of the safety of fast reactors since 1‘9_5gv'has bgg_ﬁ, :
to a large extent, dominated by the question of what would happen
if for some unspecified reason the core of the reactor should acci-
Ade‘ntally melt. ! There are two principle reasons for this emphasis
on-the study of fast reactor me ltdown accidents, First, there is the
fundamental point that fast power reactors have a high critical mass
of enriched uranium which occupies of the order of 20% to 50% of the
volume of the core, the remainder consisting of stn..té'tural-materials'
and coolant passages, : The.same amount of uranium or pluionium
compacted to full density could produce several indivldual»ci‘,ltical
masses, or a si.ight‘ rearrangement of the core materia'ls"mducéd by
meltln‘g of the fuel (if the rearrangemerit resultedf 1;;‘ a qomp;:c_tion of
the fuel into a smaller volur_ne) Cnuid produce a large increase in.
reactivity. ! "If such a rearrangement should occur rapldly then thére
would be a high rate of reactivity increase that would produce a severe
power excursion.

Another reason for the extensive investigation of vfa_st’ reactor
meitdoWn-accldehts is that gntil rece'ntly the only fast power r_eaptor
that.'has been‘operated extensively is 'the Argonne National Laboratory's
EBR-I reactor, 3 and in November, 1955, the core of that reactor did

1:.



accidentally melt down, 4 While m"élt-.dow,n of the EBR-I did not
result in an eitplosion or even a severe power Excurs‘igm (the re-
arrangement of fuel upon melting may even have given a substantial
reduction in reactivity), the event did nevertheless focus attention
upon accidents of this type. The EBR-I reactor was ev_entuany dis-
asseml?led and rebuilt. Elaborate studies§ with the rebuilt version
have explained the cause of the accidental meltdown and shown that
it was due to the particular mechanical design of the reactor and not
due to any fundamental characteristic of fast reactors fn general,

The overall problem of reactor meltdown can be divided into at
least four broad areas. One area is the_ study of the events that
could conceivably lead to meltdown, the stability of the reactor to
power oscillation, the ability of the reactor to ter,m.i:nate accidental
power excursions by means of the negative temperature coefficient.
of reactivity and_'its- ability to withstand coolant lew' transients with-
out damage. This area of study has be_‘en extei;;siVely investigated in
connection with the design of .all of the large ;ﬁi)wer re,aCtors‘. i

The secor_ld»aréa‘ of study related to reactor meltdown is the study
“of the behavior of the fuel material as it melts and moves from" its
normal l‘océ;\tion under the force s of gravity, forces exerted by the
coolant, Whic&may- be flowing past the fuel or may be boiling violent~
ly, and effects of the cladding material and the fission.product gases.

contained within the fuel. Considerable work of this type has been

i



done in connection with the fast reactor .program-l’ ’ . The Argonne
National I.aboratory has in operation the TREAT reactor, i3 a thermal
reactor with a test hole and viewimj port, that was de_s»ig'nevd' and .
built ‘s‘peciﬁcal_ly for thé purpose of studying the behayior,of fast -
reactor fuels duri_ng meltdown. All of the work in this area of stﬁdy
is directed towards determining unde;r what conditions, if any, the
melting core of a fast reactor can redistribute itself into a s_upelr'_-" "
critical configutation and, if so, how rapidly it can happen. Studies
of this type are iiherently difficult to generalize, ‘an_c.l.md's_t con-
clusions drawn may always have to be limited to the particular core
designs studied in the experiments., It has even been diffi-
cult to dra;w definite conclusions about a particular well-defined
.accide.n't from the experimental étudies. No one has yet been able to
prove that a particular fast reactor core xnelt&awn a_c’cidehf definitély
would or would not produce a su_pe”rcritical’cpnfiguration. Fofmo:st.
cases studied it has seemed more likely that the,fu»el_wo;tldbe dis~
persed into a sUb-crit-ical condition. We expect that a great deal of
work will continue to be done on studies of the behavior of the core
material during meltdown, It can be a particularly profitable area. of
study because the solution of this problem can exert a ma}ormfluenoe.
upon the course taken in future designs of the now expensive
containment structures,

Since it must still be_fregarded_as_ conceivable that a fast reactor



rr_.x'ight melt into @ supercritical configuration, ‘it has been necessary
to evaluate the consequences, Thus a third major area of study is
that concerned with estimating the magnitude of the energy release
for a reactor that is moving into a given supercritical configuration
335’3 given rate, and a fourth area is the study of how to contain the
yresult_lng explosion and prf::)}ent the fission products from escaping

the reactor builéing. A considerablé amount of effort has been ex-

pended upon both of these areas of studyl’ 14"21.

For this dissertation we have chosen to isolate as much as pos-
sible the third area discussed above, methods for estimation of the

energy release, given that a reactor is passing into a supercritical

¢

configuration at a given rate of reactivity increase, About the only
visible connection with a real meltdown accident is that we have in
these s,\tudiésl00vered the range of rates of reactivity increase from

-1 - - |
0,0013 sec ~ up to 6. 4 sec . which approximately brackets any re-

M
.

activity transient of inté"r"est that could conceivably result from a

<.
«

reactor meltdown accident, * ’Th_i\é“'is.olation of one part of the over-

all problem is a rather artificial one, because the e“n\{gy release in

~areal acc_idgnt may depend to an important extent upon the detailed

~

Lower rates of reactivity increa e do not produce a power excursion
that could be regarded as serlous, and 1t is very difficult to imagine
an accident that would involve forces sufﬂclently great to. assemble
--the cri tical mass rapidly enough to produce a rate of reactivity increase

greater than 6. 4 sec™l, For the rates of reactivlty increase typically
studied ln fast reactor meltdown accidents see for example Reference 1,



nature of the fuel distribution. Except in Chapter VI where we
investigate possible consequences of two very non-uniform fuel
distributions, all of the calculations have been limited to situations
that can be approximated by unlfprm homogeneous spherical reactor
cores. The basic method of analysis, however, can be adapted to
much more complicated situations if the time comes when one might
wish to calculate the energy release for some particular predicted
meltdown configuration. The main objective of this dissertation is
an evaluatiqn of a basic method of analysis involving certain ap-
proximations, and to ‘this end there is no great loss in restricting
the calculations to uniform spherical geometry. .At the same time we
‘have been able to formuléte the method in a gllgh_tly more general
manner than has been done before and determine the importance of
certain effects that others have previously ignored. In some cases
these effects are shown to be important.

The general method of analysis that we have pursued is discussed.
in deta‘il in Chaptér II. Itisa gene;éli;ation and extension of a methcd
which has come to be known as,t‘he Be,tjhe?"-»'rait, anélys__ié‘ because of a

joint piape'rM"by'-H. A. »Bethe.'oqumell Unive.rslty.and J« H. Tait of
the U. K. A.E. A, | However, some of the otiginal'workz-;‘on fast reactor
-'explb,sio_n analysis was___do'n_e_ before the Bethe-Tait pap’ér'énd some
'éigniiicant improvements have been made siﬁce, the. work of V. 2.

" Jankus 16 being espec ially_»»né_tew'onhy.



In a reactor meltdown 'acctdent‘ which produces a secondary
critical as'éembly, the following_ sequence of events is visualized.
The coolant either dra;ns out, or is boiled out of the core. The fuel
then melts and for some reason moves from its normal configuration
into one which has a higher reactivity. The reactivity increases
above prompt critical at some rate and causes a power excursion to
develop, which i= ultimately terminated by disassembly of the core.

. The forces effecting the disassembly are high pressures produced
in the uranium by the power excursion. The high pressures are attained
because the energy is generated in a very short time, and the inertia
of the core materlals resists the disassembly process. Because the
time is very short, the movement of materlai is negligible until
the pressures do become quite high. Since there is a certain amount
of void space left in the core when the coolant drained or boiled out,
the uranium expansion can at first take place internally and the pres-
sure does not become large until there has ‘begn, sufficient thermal ex-
pansion to fill the. void spaces or until the temperature becomes high
enough to produce a high saturated vapor pressure. Thusthere is an
initial phase of the power excursion»duting which the disassembly
process can be ignored and the power increase i‘s_a’pﬁrox.imate‘ly
described by the reactor ki'rietiq equ'atiéris with the g_iﬁen rate of re~
'dciivity,lhér.ea‘s.e. By the t’imve ihe pressure finally begins to rise |

theire has been sufficient reactivity added to produce a very short



exponential period so the pressure rises rapidly from that time on, and

disassembly occurs quickly. The disassembly phase occupies a very
short period of time and the additional amount of reactivity added

during this phase, due to the assumed rate of reactivity insertion,

can often be neglected. Bethe and Tait took advantage of these two

approximations in order to simplify the calculations.

The maximum reactivity attained before disassembly is normally
only ~ 0,0l or less, and therefore only a slight amount' of core ex-
pan.i;.ion is required to terminate the excursion, Because of this it is
possible to calculate the reactivity changes with sufficient accuracy
by first order perturbation theory. Also, it is reasonable in most in-

" stances to assume that the pressure at each point in the core is
independent of the small expansion®* that occurs to terminate the ex-
cursion, The Bethe-Tait method utilizes this assumption and the
perturbation theory approximation,

In our general method presented in Chapter II we have also used

" perturbation theory to calculate the reactlvlty ‘réduction and have as-
sumed that the pres_s‘ure_is_, independent of the sméll expansion. Thesu
are the two most important assumptions of the method and they are "
dlsqu,ssed in some detail in th'e followi;mg chapters,

The Argonne National Laboratory in cooperation with the Los

o
i

The expansion of course continues after termination of the power
excursion and eventually becomes large. Then the pressure decreases,



Alamos Scientific Laboratory has done some work with an explosion
model in which the basic approximations of the Bethe-Tait model are
abandoned ' in favor of more nearly rigorous ezxpresslcms‘.18 The changes
in pressure due to density changes are included and the reactivity is
calculated periodically by a modified Sn calculation rather than by
first order perturbation theory. Their more nearly rigorous treatment
greatly compllcafeg the problem and required the development of an
elaborate computer program, Ax-l, to effect the solution. It should
be especially useful for the solution of prqblems involving high density
cores. In Appendices B and C we show that our appro’ximations
are less accurate in high density systems, particularly for determina=-
tion of the pressure. However, the simplicity of our method makes it
much easier to check the reliability of the calculations. Furthermore,
the etxtenslon,.to two or threé dimensions is relatively easy compared
to a similar extenslon of the Ax-1 code, lwhich aiready requires ap-
preciable computer running time for the present version, limited to
'.spherlcally symmetric problems.

_The_ ‘BAx-1 code represents an extension of some earlier work by
Stratton, et'all'7, who studied prompt excursions in small solid
uranium assemblies, By adjusting the parameters of their equation
of state, they were ,Véble to 6b£am close a_g__reemen_t'with the experi-
mé‘:ﬁ'ts}done' in 'dod_lva, a»sma:l',,iicritic‘al. és‘sémbly at Los Alamos,

| : _Stra‘ttoﬁr_x,: et »é.l, 17 also analyzéd‘som‘fe- largerrasSembllés using :

‘;’-‘the Bethe-Tait model and using a model of a layered core. The latter



model is one of alternate spherical shell layers of high density
uranium and very low density uranium. Their layered model gives

markedly lower energy release than a Bethe-Tait calculation, in
which the materials are all uniformly homogenized.

In Chapter II our basic method of analysis is set down‘in a quite
general form so that it is clear h_ow one cqulg, if he wished, proceed
to solve problems involving niore complicated fuel distributions than
those treated in subsequent chapters., Also, having written the ex-
pressions in this general form, we are freé to calculate power dis-
tributions and reactivity worth distributions {n any manner desired,
{.e., multi-group diffusion theory, or the Sn method, or even to
use distributions measured in a critical experiment as we do in
Chapter VI. “

InChapter III we present a modification of the original Bethe-
Tait method of analysis, but developed from our general expré_ssié_ns
inChapter II. We show there that some -subs»t»ar‘xtlal improvements
can be made in the treatment of power and reactivity dliag_tributlons
with no great increase in numerical difficulty. We have shown hpw
one can obtain an accurate solution of the equations by iteration with
very little numerlcal effprt. We have evaluated the energy .fe)easé 'a’_‘s
a fu]n'ét;on of two dlmen;lohless baram_éi'érs. as Ié_nk_usl did, and .obt_a;n
agreeme.ht'.' with his _re{sulvt’.s. We _have ;hefn repeatqd 'thg -ééme ca:lculgv-’

tion with a different e'u_xfade ‘boundary condition and show :_;that the
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result is not very sensitive to the surface condition, the numerical
results being in’dependent of the surface condition for small values
of the parameter x and only slightly affected for high values,
Chapter IV treats a niore nearly rigorous solution of the basic
method of Chapter II. W‘e utilize a digital computer progfarr& to solve
the system of equations, But the most important difference between
the analysis inClLapter IV and that inChapter III is the form chosen
for the relation between pressure and energy, Bethe and Talit, ’as
well as Jankus,'always assumed that the pressure is zero until the
energy exceeds a given threshold and then is proportional to the
energy in excess of threshold. This approximat.ion néélects the
vapor pressure that exists (and is not always negligible) for lower
energies. We have Instead used the sataturated vapor pressure and
found that the pressures which actually exist when the enenjy density
18 below the threshcld, exert a major influence on calculated energy
release except for very severe power excursions, It has thus been
shown that the threshold equation that has been used in most previous
calculations is not a 'suitable one for the moderate and weaker acci-
dents. For suffif:iently high rates of reactivity increase the threshold

model is found to be adequate.

Another refinement inChaptér IV is the Inclusion of the effects of

\

delayed neutrons. In all previous work on fa’st reactor explosions the

g;lelay_e_yd neutrons have been ignored. As expected, the delayed neutrons

LA
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are found to be of no importance except for rates of reactivity in-

crease that are lower than those of usual interest in explosion

studies. At the lowest rate of reactivity increase treated, .00013
sec-l‘, the difference in energy release was only 20% when the delayed
neutrons were completely ignored and ~ 2% when they were ignored -
only for times beyond prompt critical.

We show the deﬁendence of the energy release on some parameters
of the theox’y, i. e. the rate of reactivity increase, initial power level
and prompt neutron generation time. The .re sults are consl‘s,tént with
the earlier calculations of Iahkuslb for high rates of reactivity increase,
although, of course, the differences mentioned above due to the more
realistic eQu;stlon of state cause disagreement for the weaker accidents.
We ﬁnd‘thatgi the energy release is not very sensitive to the prompt
neutron generation time. This is not believed to be a new result, but
we stress it because it is sometimes mistakenly stated that there 1§ a
great difference between the power excursions for fast reactors and
thermal reactors because of the diffgrence in picmpt neutron genera-
tion times. We find ihat the difference.in tc;tal ehergy. release is only
about a factor of 2.

Chaptetw\'l is a s‘tﬁdy of _the' influence of Doppler effect upo"n}.,the
energy relegge in fast reactor explosion calculations. The magnitude
of the Doppler temperatqre coefficient is varied ’.ag a parameter, It is

‘shown that even relatively small 66e"fﬂc1ents. exert an important influ-

~

R

ence, and that coefficients as large as have been predicted for some .
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fast reactors can limit the energy release to a level that can hardly

ba called explosive. The author understands that similar results

have been found by D. C. Menzies. 23 This result is as expected,
since the importance of Doppler effect in limiting power excursions
4(@3 long been recognized. 24, 25 However, as explained in Chapter V,
the Doppler effect does play a slightly different role in fast reactor
-explosion studies than it does in the more conventional power transient
studies, because the effects on rea‘ctlﬁty of thermal expanslon.ar'e
delayed by material inertia.

All of the work of Ohapters III, IV, and V of this dissertation was
based upon a spherical, uniform, homogeneous model. In a real
reactor.meltdown éccid_ent, some substantial non-uniformities may
occur, '"We have therefore made a study of two particuiar fuel con-
figurations involving extreme non-uniformities. InChapter VI we show
that the deviation from uniform spheres can bg. of substantial importance.
We also show that "thgleri,eggy release can.b_e‘esti_mated fairly well for
these two cases by Tlan equlvalent spherical model. However, it does ~ -
not gée’m possible to generallz'ef‘ this result, and it is better tognaly’z’e
th_e extremély non-spherical configurations in a geometry that more
nearly approximates the real situation, The work of Chaptef VI
demonstrates the ease with which such cases can be treated within
the frameWOrk of our general method.

We have '1ncluded' an Appendix on the qlestion of state of uranfum.
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Here we have not attempted to improve upon the work of others. We
have reviewed the several attempts at detenninin§ the equation of
state and have chosen to use Brout'526 estimates, which we have
e)&tended to higher densities. We also made some slight alterations
of the saturated vapor pressure curve in order to make valid compari-
sons between the energy release ca.lcuated using an equation of state
of the vapor pressure form and that calculated usinq a threshold equa-
tion of state.

Appendices B and C are 2 study of the validity of two approxi-
mations in our basic method of analysis. We show that, if the density
is not too high, then it is reasonable to neglect the effect upon pressure
of ibe 'small expansions that occur prior to termination of the power ex-
cursion. We also show that the energy reléasé calculation is not very
sensitive to the treatment of the restraint af the core surface. Iankuslb
has a»lsq made some studies of the effect of tamping by the reflector,
us’}ng the Ax-1 code,. and concludes that '"the density of the ‘blanket
has no significant, direct influence for the short lifetimes chsidered
in these calgulations." Our Appendix C show; whx the tamper ;é not
generally vex;} important.

For the dalculqtidns ‘of Chapters IV and V it was neces s_aiy to
specify a simple reactor mcdel. That model is described ln‘Appgndlx
D Appendix E sketches a derivation of the temperature :d.é»pefndenb'e of

the Doppler effect for use inChapter V.
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~~ Ouwr work is mainly concerned with 't'hé ,::te;éhnlvq"ugs;fgr calculating
..iﬁa total energy generated in a reactor meltdowp accident. Once the

energy is calculated it still remains necessary to determine the effects
of th;t enéfrgy release on the surrounding structures. In Appendix F

we "bnef‘ly‘ discuss certain aspects of this problem.



CHAPTER II
THE BASIC METHOD OF ANALYSIS

The foundations of the basic method of analysis employed in
_'th_ls dissertatton were iaid by H. .IA. Bethe and 1. H. Taiti" They
developed a simple procedure for estimating the energy release in
reactor explosions subject to several simplifying assumptions, In
the present work an effort is made to minim;ze the extent of the a.‘p'-
proximations while still applying the ;séme basic principles(which
are belfeved to be very well founded) and still keeping the method
fairly simple. It is the purpose of this section to formulate what
will be called the basic method of analystis, Whlch»_formfi a s’thrtinq
point for all subsequent approximations and calculations.,

The geometrical model in this section is quite arbitrary. It is
not evén necessary that the material properties of the system be
position-independent. However, in recognition of the fact that in
applying the method it is assumed that'the core is uniform and
homogeneous (or at least that the core can be subdivided into regions
that are individually uniform and homogeneous) the material density
is written as a constant. In actual calculations the geometry is
treated as either spherically symmetric or cylindrically symmetric,
The basic method presented here could be utilized, at least in principle,

15
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in situations having no symmetry at all.

There are two assumptions that are utilized throughout: *

1. The distribution of reactivity worth of core material is assumed

independent of time, {.e., perturbation theOry is used for cal-
culating the reactivity chéhges during the explosive disassembly
of the core. The basic configuration that is perturbed is then
that which is in existence at the begtnnin§ of the power excur~
sion.

The progsure at each point in the core as a function of time can
be ¢ ilculated from the energy density de‘-posited at that point
and the material density that existed at the beginning of the

power excursion, i.e., the decrease in density due to core ex-

pansion can be ignored.

These two assumptions result in a tremendous simplification of the

problem, and for most concelvable situations of interest.there is very

little error introduced. The reason that.these assumptions are usually

valid is that the total amount of reactivity to be compersated by material

movement during the excursion is very small, and thus the total move-

ment of material is very small until after the power excursion has been

terminated. This has been shown explicitly in Appendix B. The greatest

reactivity that is ever apt to be -enccuntered in the study of hypothetical

fast reactor accidents is of the order of 0. 01 above prompt

» .
Except in Appendix C
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critical. * Now for a typical fast reaétqr core the Qéeraqe fractional
volumetric 'ex‘banslor} 'requlrgd to reduce the react‘l\lrity by 0.01 is
~ 1.5%. It is quite clear that under such conditions, if the density
chanqga are not terribly non-uniform, assumption 1 18 reasonable,

It is possible to find situations m which assndiptldn 2 would
not be valid. For example, if a liquid at the d@nslty of the normal
liquid state is heated at constant volume until the pressure is several
atmospheres, and then the liquid is allowed to expand l%.in volumé,
the pressure will drop radically. Thus, very high density systems
require careful consideration, but in Appendix B we show that the
procedures can often be justified even for high density. We show

that there is definitely no problem for densities of 10 gm/cc and less,

i

AN
REACTOR KINETICS

The basic equations describing an explosion subject to assump-

tions 1 and 2 are presented here. First there are the point reactor

kinetics equations: 21

dl . -- ~]- _d_Q i . .
dti =Ty at o MC +5 ()

*The maximum reactivity attained above prompt critical is shown in’
Chapter III to be approximately proportional to the square root of the
rate of reactivity increase. The highest reactivity attained in any

of our calculations was , 0059 for a rate of reactivity increase

6. 4 sec~l, This is about as high a rate as is ever considered in

fast reactor meltdown studies because it is difficult to conceive

of forces acting to assemble the critical mass that would be strong
enough to give a higher rate of assembly. See for exampleReference 1.
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Here G i is a quantity proportional to the concentration of delayed
neutron precursars of type 1, but having the dimensions of power
density. * Similarly, § 1s proportional to the extrar.eous neutron
source strength, These equations are employed in Chapters IV and V
but inChapters III and V] the delayed neutrons are ignored, leaving
only Equation (1) without the suiimation terms Q gives the time
dependence of the energy production:

E(x,t) = N(D)Q(t) . (3)
'_ﬁie separability in 8pace and time is assured because the prompt
neutron generation time is very small compared to the periods which

are encountered,

The neutron multiplication constant as a function of time is given

by &

k(t) = k.0+ "1"" + kz(t) , (4)

*'If dQ/dt were neutron density rather th;;n power density thenEq.
(1) and (2) would be the standard equations for reactor kinetics?’,
In the usual notation, k is the multiplication constant, § the
delayed neutron fraction, { the prompt neutron generation time, C;
the concentration of delayed neutron precursors of type | , M\

the decay constant for precursors of type { , and S the extraneous
neutron source. The power density is of course directly proportional
to the neutron density, and so the kinetics equations for power
density are obtained from those for neutron density by multiplying
each term in the equations by the proportionality constant, Call this
constant A . Then, our dQ/dt is A times the neutron density,

our Cy is A times the concentration of precursors, and our S is
A times the extraneous source,
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where k 1s the initisl multiplication constant and k(1) is the
reactivity insertion which s responsible for initiating the excnrslon
It is always taken to be either a l_me'ai function of time or a step
function. The reactivity k At) 18 the _fsedbac’k which comes from
.material dispiacement y(r,t) due tc the pressure busldup from the
power excursion; thus, itis the effect wh!ct; tery.inates the excursion:

k() = fulr,t) - grad D(pa’r | (5)
where D(p) is the reactivity worth per unit volume* of mate;ial at
location § . The integral axtends over all the volume for which
ﬁ,( L,t) and D(r) are nor"r*«ranishmq. The quantity D( L is

assumed known either from a pertixiba_tion theory ca_lculauo:{ or a critical

experiment measurement,
HYDRODYNAMICS

The displacement y(r,t) is related to the pressure P{[,t)
through ihe equations of hydrodynamics: 28

2. -.
e legaangy , - (6)

*1. e., -D(r) is the reactivity change which would occur If a unit
volume of homogenized core material at position [ were to be
removed from the corey hence u(r,t) « grad D(gr) 1is the reactivity
change which occurs when a unit volume of matertal is displaced
from its initial location  to.the position r + u(L,t) .
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sp(r,t) caunt =
o tavie(no ry ] =0, (n
M, t) = ME(LY,») , (8)

where p is the material density and P is the pressure. At thl;:
point Assumption 2 Me 1s utilized. It states that we neglect the
small changes in density and p;é;mm due to ma_@'erta) movement.
Therefore, we have no need for Eq. (7), and ¢ in Eq. (6) and (8)
is .ummed constanty then -. P(g,t) is the pressure Qenm;ad .by.
the power excursion, and it is determined by the energy density
CE(Lt ata po';mm L and time t and the density p which exists
at tba.bégmnm of the power excursion, #
Eq. (35) is differentiated twice with respect to time and

combined with Eq. (6) to give

oo = -3 Jlorad P, )] + [rad DI ] &s (9

Egs. {1),(2),(3),(4),(8), and {9} constitute a complete set

of coupl-éd differential equations, and they have a uniqpe solution
if the appropriate -_init'ial co.ndltlons‘ are specified. The initial con-
ditions used are:

Q(0) = Q 0 (initial energy content) ,

dQ/dt(0) = P, (initial power level), (10)

. *WG refer to Eq. (8) relathg the pressure to the energy and the density
as the equation of state. It is discussed in Appendix A. InChapters
I and')Vl we approximate P by a linear function of the energy, and in
Chapters IV, and V, on the other hand, we use a negative exponential
whose exponent is inversely proportional to the energy.
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k(0) =k, (inittal multiplication constant). (10 cont.)
CONDITIONS AT THE CORE SURFACE

Our Ass'umpuor;,z above leads to g,gg_g_ P(L,t) = - at the edge
of ihe_ core because the enm_gy den.sity chames discontinuously
across the core boundary. (We assume that there is no energy
generated outside the core.) It it therefore necessary to specify
‘whether the integral in Eq. (9) goes just upto the iﬁnér edge of tha
core surface or just beyond the core surface. In pravibus ,ca_lcu»lvin_--
tions, 14-16 using the Bethe-Tait method, _'tho mtegrgl has been
carried just beyond the core edge. Under certain conditions we find
that is the better "&“pprmumatton, and under other conditions it is
better to integrate just up to the edge and not ihcluda the contribu~
tion from the infinite §mdiant at the surface,

What really happens near the surface depends upon the nature of
the restraint offered by the reflector, The supercritical assembly 18
supposed to have been produced by rearrangemet{iz: of the reactor fuel
subsequent to core meltdown., While there may have been a rather
well-defined boundary betwe;n core and reflector befdre meltdown
it is not iikely to be so well defined after meltd;)wn. If, in the re-
_.-arranged core, a large fractl_on of the surface is separatéd from the
reflactor by void ( gas) space, theg ghe reflector will have little

influence on the motion of the core material, and it would be appro-

priate to use a treatment that approximates a free surface. On the

3
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other hand, if the molten core is m_more or less intimate contact

with a reflector, then, because of its ‘lnem&, the reflector will tend

to inhibit the motion of the core surface. The extent to which it

‘slows down the surface movement dépends upon how déns_p and

how compressible the reflector is relative to the core mateflal.

A very dense material of low compressibility will provide more

. resistance than a light or highly _cogn_pressible material,

There are several possible simple models which might be

’bo

¢. The existence of the core ;su_rfaée is cog_niplqtely ignored,

d.

e.

. vxs’uiﬁze’d_ for the treatment of th.e_neﬂector effects,

The core surface is free to move unimpeded by the réflector.

The core surface is completely restrained from moving.

l. e., the pressure gradient is assumed to be continuous
through the surface, and then the integral in Eq. (9)

is stmply carried up to the surface.

The surface is in contact with a reflector which has a given

a teoN .
thicknless and average composition, and it is treated as

homogeneous.

—

The surface is in contact with a reflector composed of

alternate layers of material and each layer is treated as

homogeneous.

Models a, and d. or e. describe situations that could actually

exist, Models b. and c, are MS idealized models which might be

!
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chosén to approximate situatlon_s better desqribed by Model d or e,
All of our calculatiohs employ either Model a. or Model c. 'In Appendix
C we show that Model c. is a reasonable one for the purpose of calcu-
lating the éfxxergy release when the core is surrounded by a typical
_reflector. It is also c’oncl{xded that the ene:gy release is not very
sensitive to the nature of the S\hface restrainte InChapter III it is
shoWn directly that the calcula_teq energy release is approximately

the same for Models a. and c. Furthermore, it is shown in Appendix

C that Model c. usually tends to cause a slight ovérestimate of ti\e
energy releasé for a typical situatijon; "whlle Model a. tends to give

a slight underestimate; therefore the two models ¢an often be used

to bracket the energy release, although that would usuvally be un-
necessary since they both give very nearly the same résult.

To use Model c. it is only necessary to carry the' integral in
Equation (8) up to the inner edge of the core and stop short of the
infinite pressure gradient. But in Model a. the surface is free to
move, and it is clear in a qualitative sense what would ha_ppen near
‘the core surface under these conditions. As soon as the pressure
began té build up, the surface would move to relieve the pressure.
and the pressure would always vanish on the sulfface. Sllqhtly inside

the core the pressure would be positive but smaller than that pre-

dicted by Aséumrition 2,* The pressure increases with distance into

* '
. e. that the pressure is not influenced by expansion.
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the surface and asymptotically approaches the value predicted by
Assumption 2. Thus the free éurface causes a rarefaction wave to
move into medium. Our calculations in Appendlx C show that in the
times involved the rarefaction wave can only move one cm or so.
Because of this it is pldss.ible to approximate accurately the move-
- ment near a free surface by a slmple Séheme.
In the real situation there is a rapid drop in pressure from the
asymptotic value to zero through: a ‘thin surface lgy'er. As long as
the layer is sufficiently thin that tﬁe gradient of the reactivity dig’-
tribution does not change much through it, the layer can be treated
as a unit, and the_ rate of reactivity change due.to the motiori of this
material is proportional to the total momentum of the material. This
means further that the result is mdependent of the actual magnitude
of the thickness of the layer (as long as it is thin), and it is per-
missible to go to the limit of an infinitesimally fhin layer in which
_gﬁ P(r,t) in Eq. (7) becomes the sum of a smooth function plus a
delta function at the surface. Thus
grad M(r,t) =grad P (r,t) -0 Ps(r..,t»)f(.:-_cs) (11)
where P{ is- always evaluated inside. the céxje and is a continuous
function approaching the value PS( x_s, t) at the surface, and n is a

unit vector directed outward, normal to the surface. Thus, in the free

surface approximation.Eq. (9) becomes
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k. _ _1
= 'p‘f

at? [grad P(r,t) ) [grad D(D) ]d’r. -

+d) e, tne gradDirds

surface

where the integration over the coordinate normal to the surface has
been done in a trivial manner because of the & functmn; This free
surface approximation was ;ntroduced by Bethe and Talt“,in_ the
special case of spherical symmetry, in which case the surface inte-
gral can also be done.

Eq. (12) is the mathematical statement of Model a., Model c,
is derived from this by simply dropping the surface integral term.
These two models are the ones applied in the actual energy release
Calcglations of Chapters III - VI.

In the original Bethe‘-TaitM and Iankusl- calculations the;e was
a reason for preferring to include the surface integral contribution to
Equation (12), ever when the core was assumed to be surrounded
by a dense reflector. The reason was that in one-energy-group per-
turbation theory, if the reflector has about the same transport cross
section ag the core, a unit displacement of the reflector matedal near
the boundary produces the same reactivity effect as a unit displace-
ment of the core material near the boumdax‘y,'.l Since the reflector can
only inhibit the motion of the core to the extent that it is set in

motion "l'tself, * the same reactivity effect is produced whether one

* |
The reflector slows down the movement of core material by causing
a pressure to exist at the interface. But this pressure sets the
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considers the tamping effect or not, -Thaf is the result of one group
perturbation thé‘bry. However, when the reactiirity changes are
calculated more accura_tely, 'using multigroup perturbation, then it is
found that the dlsplac,‘e‘ment of reflector matgrlal'hés a much sméller
:eactivig:y effect than displacement of core material near the bounqary.
For this reason the tamping does decrease the contribution of surface
movement to thg reactivity reductidn,and_We prefer to omit the surface
integral in sltuatlo_ns iwhere the tamping effect does exist. Fortunately,
as pointed out already and illustrated in Fig. 1, the difference in

calculated energy release for Models a. and c. is quite small,

reflector material in motion and the total momentum of 6ore material
plus reflector material is the same as if the reflector were not present.



~CHAPTER III
THE MODIFIED BETHE-TAIT METHOD

Much of the analysis of the powe_r excursions from hypothaticai
fast reactor meltdown accidents hés previously been based 6n a
simple model which reduces the necessary numerical work to the
solﬁtlon of a pair of differential equations Whicli can be solved‘ nu-
merically with great ease, This method can be developed from the
basic method of éhapter IT with the treatment of surface movement
which leads to Eq. (12). Some further approximations are used
which were introduced by Bethe and Tait. 14 The method presented
here, however, follows more closely the treatment of ]‘an‘kus; l
who improved it by eliminating an approximation that was found to
introduce appreciable error. We refer to our modified method as the
modified Bethe-Tait, or M-B-T method.

The simple Bethe-Tait and Jankus method is reproduced here in
some detail. The method is generalized by writing the reactivity
changes in terms of the function D(r)*, which could be an experi-
mentally known function or calculated from transport theory or multi-
group diffusion theory. Jankus expressed his equations in terms qf

reactivity changes calculated from one-energy-group perturbation

3
See the footnote on page 19.

27
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theory. While the one-group calculation is sufficient for most pur-
pdses, it is not difficult to obtain better approxh"nat”’ions. The use

of D(r) also simplifics the development of the equations and makes
it easier to compare the results of this method with those of the
method in Chapter IV, where the reactivity changes are again ex-
pressed by a function D(r) . In addition, we show how to utilize
higher order polynomial approximations to the power distribution,

whareas ]ankus restricted his analysis to parabolic power distributions.

'ADDITIONAL APPROXIMATIONS

The major simplifications of the Bethe-Tait method beyond those
already introduced in Chapter II are restriction of the analysis to
spherical geometry, neglect of delayed neutrons, and division of
the power excursion into two phases. Also the pressure is assumed
to be a linear function of the energy. The first phase éorresponds
to the time during which the reactivity is being added ( at an assumed
constant rate) and ;h'e power is rising, but before the total energy
generated from time zero has become sufficiently large to .produce
pressures which introduce significant material movement. During
Phase I, therefore, the reactivity is taken to be a lini;y function of
the time and reactivity feedback is neglected. This method of analysis
is thus restricted to situations in which either the initial power is
relatively low or else the rate of reactivity input is quite high, for

otherwise there would be no time during which reactivity feedback could



29

be neglected.  Phase II.begins just.as the rgactivity feedb'ack beg‘m's,
to be important. It is found that the rc;atio of the timé_ ;nt‘erval_between
+ the beglt;ning of Phase II and the termination of t_h_e poﬁér excursion
to the‘ _ttme interval covered in Phase :I is so small that the reéctlvity
add;d during Phase II can be neglected as small compared to that
added c.luring, Phase I. Therefore, during Phase II, the only reactivity
effect accounted for 15 that coming from dlsassembly_, i.e., from_

Eq. (12). It has been found directly in the calculations that the

neglect of reactivity added during Phase II from the constant rate

used in Phase I is complete'ly jﬁstlﬂed for a wide range of conditions.

'PHASE 1

The energy generation as a function of time during Phase I is
"thus assumed governed by the neutron kinetics Eq. (1) with no de-

layed neutrons:

Q) _ (k-1-p) dQ ‘
e - 15 . (13)

The initial conditions can be the values of Q and dQ/dt at any
particular convenient reference. They are taken at prompt critical
(k=14 8). The rate of reactivity increase is .« , a constant, and

8o if the zero of time {s when k = 1 + f , then Eq. (13) becomes

d’Q _ at dQ
?t%‘tét" (14)

where the source S has been dropped, since it is negligible above

prompt critical. This equation can be immediately integrated once
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to give |
| at?
dQ(0)y 2t
dnd_ once again to give
t s
Q(t) = 9%21 ‘fexp[at"/ZI]dt' +Q(0) . (16)
. ' 0

Bq’uatloﬁ (16) gives the thne dependence of the energy generation
during Phase I in terms of the values 9%:—(& and Q(0) a;t pr‘ompt
_Critical. To apply the equation, it is n?éessaw.to know these quanti-
ties, whereas one would. normally know Inste_ad the corrgspondlng
quantities at delayedﬁ:crltlcal or even at some subcritical point.
However, if the equations are ap‘bliéd only for high rates of reactivity
increase, there is not time. foriarqe changes in power level until
prompt critical is reached and the period becomes very short. It is
therefore sometimes satisfactory to just use the subcritical power

level for aQ(0)

at , leea, assume the power has not increased at all

between delayed critical and prompt critical, Alternatively, one can

make an estimate of the increase in power, 29 It is shown in the cal-

culations of Chapter IV that this is necessary for low rates of

reactivity increase., In the calculations it has been found that the

results are not sensitive to the precise value of 9%%9). . Q(0) tis

£he total energy content at time zero and we are free to set it gqgal

to zero, thus establlsﬁlng the reference point of the energy scale.
The end of Phase I was said to come at a time t; such that

Q(t,) was sufficiently large to begin to produce pressure, and hence
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materiai di'sp'lacgment. Thig is a very loose definition for the time

t but here again it is toun'd’ in the calculatloﬁs that the final result
is rather insensitive to the value chosen for Q t;) . Wﬁether it is the
value that produces a pressure of 1 atm at the core center or 100 atm
makes littie cmference to the total ene.ngy'r’i;le.ase calé;ilat;d. In
actua_l calculations using this method the equation of state (8) is

approximated by a linear furgétion:""

P(L,t) = (y-)p(E(L,t) - Q%) BlLY > Q* (17)
- 0 — BLo<Qr .

PHASE IT

With this type of equation of state the obvious choice for é(tl)
18" Q* . Thus Q* defines the end ‘/,;f' Phase [ and is an {ritial condi-
tion for Phase II. The other initial conditions for Phase II are k(ty)
and 9‘%%5—) » the multiplication constant and power level at time t,:

k(t,) = l+4p+at, . {18)

To obtain t, it is necessary to invert Eq. (16) and solve for t as a
function of Q. Since the integral in Eq. (16) is a tabulated functlonm
there is no heed to obtain-a'p analytic expression, Jankus did obtain

an asymptotic fc:rmula,l which is instructive in that it shows why the

results are often insensitive to Q(t,). and- .d_a{_(l). . He found

* J
The equation of state is discussed in Appendix A.. In Eq. (17),

P is the uranium density, and (y-l) and Q* are parameters deter-

mining the slope and intercépt of the linear function. For typical
values see Table A, II. ' '
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t, ~, ’i— Niny+In(iny) y>1 (19)
o ' : -2

- aQ"(t ) dQ(0) .

y == [ dt ' : (20)

Since y is a very large number the_rl n(4ny) term is a fairly small

correction, and it can be'séen that the dependence of t; on Q(t;)
dQ{ 0) : .
at is as the square root of a logarithm. A typical value of

and

Inyis~ 50, and Iémk_usl shows thaf a factor of e in Q(ty) or

dQ( 0)

3t makes a difference of oniy 2% in t; .

An 1n1tial condition for %% for Phase II is also needéd. This

could be obtained from Eq. (15) and the calcrlated value of t; .
Y |

Instead it i{s perhaps m’Ore"giqnvenieht again to employ the asymptotic
formula for Q(t,) in order to express this initial condition in terms

of Q(t;) and hence Q#% instead of %ﬂ » The asymptotic re-

lation is
: dQ 0 - 2 aty?
Q( tl ) ( ) ! Qtl 1

at ':;"exp( T ";J‘ »1 . (21)

This combined with Eq. (15) gives

UL | sy, - Hulodifo, e

'I‘he-lpiti“al condi{tions (18), ( 22) _a.nd' : Q,(tl) = Q* , combined with
Egs. ('13)' (with § = 0), (3),(12), and (17) cons'tl_tute_the mathematical
statement of the problem during Pﬁés’e II. The first steb’ tOWar.ds a
-~ solution is integration of the volume term in Eq. (lf?.)’-once by parts.

The‘bou'ndary term obtained in this"way. just cancels the surface integral
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in Eq. (12) to give

r ¥ ' .
iﬁiﬂ - i‘;’l fpi(r,t)-g;[r‘i’%%ﬂ]dr , (23)

when in addition the problem is restricted to spherical symmetry.

POWER AND REACTIVITY DISIRIB-UTIONS

““In order to arrive at formulae that have the same form as Jankus' .
re-s.ult:;,.l starting with our more general treatment of reactivity changes,
we assume a parabolic distribution for the power:

N(r) =-1-q~-%, (24)

just as he did. The constant a is the core radius and q is the
shape parameter. But now D(r) must still be specified, Wher\ea"s

in the one. group perturbation theory used in the unmodified Bethe-TéLt
method the spatial shape of D(r) 1s‘. actually forced by Eq. -(' 2'4') also
to be parabolic, 1, e., in the one group theory the flux .d_istr;butk“m and
reactivity wlorth are very closely t‘ied.*; So io' obtain the Ia_nkus
formulae we assume

B
B(n = Do) -5 &, (25)

In the one group perturbation theory the equation correspondinq to our
Eq. (23) is

2
R W R XL -‘L[r( )2 Jar

where ¢ is the neutron flux and A is a constant involving neutron
cross sections and uranium density, It a parabolic shape is chosen
for ¢ the lntegrand is proportional to r Pi( r,t) . To obtain an

_integrand of the same form in our Eq. (23) D(r) must. be chosen to
.be parabolic as in Eq. (25).
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where d is a shape parameter fof the reactivity worth function. While
‘a parabolic shape is usually a reasonable approximation for the power
distribution in a fast reactor, it is usually not very good for the reac-
tivity worth, Table D.I shows power and reactivity worth distributions
for a particular fast reactor core calculated by multigroup diffusion
theo&,and a com‘pa'rison is made to the parabolic distributions used

in aur calculations of Chapter IV. The parabola, of course, has its
maximum slope at r=a . The slope of D(r) is actually about a
factqr of 2 less at r = a than that predictea by our parabolic approxi-
mation. It is shown in Appendix B that a large fraction of the reactivity
reduction in a strong excursion comes from material movemert within
several centimeters of the core edge, whereas in a weak excursion
most of the reactivity reduction comes from material movement closer.
to the core center. Therefore, if the one~group parameters give the
correct reactivity reductiox; for a weak excursion they will tend to

- cause an overestimate for strong ones, or if they are satisfactory for
“strong ones they will tend to underestimate the reactivity reduction

in the weak ones. In Chapter IV we compare the enefgy release ob-

tained for various shapes of the function D(r) , which shows the

extent to which the shape can be important,

SOLUTION OF THE EQUATION S

When Eq. (25) is inserted in (23) the latter becomes



35

2 12nd |
ia'%g_t) = - p:z fPi(r,t)rzdr . (26)

Because of the form of the pressure, Eqs. (17), (24), and (3),
Jankus found it convenient to change the integral over volume to an

integral over the quantity N . A straightforward change of variable

gives

1
2 . ‘3/2
Ok . -bmads [ opnouoya-m Vi . (2
I-q

With the pressure function (17) this integral can be performed explicit-

ly and gives

&k _Bn . -3/2, _ Q,,_Q% 5/2 . < <.

g = " 5edd Ty QL (1-73) P <Q<q ’
(28)

z ) f -

%tiz - -4'uad(v-l)Q"‘[(l-§.Q) 6%-11 Q>ax(l-a) .

(29)
These equations correspond to Eqs. (28b) and (28¢c) of Reference 1.#
ﬁqs. (28) and (29) are to be so‘lved: simultaneousl_y with Eq. (13)
(with 8 = 0) and the inmal conditions Eqs. (ZZ)Aand'(_'le) , with
t, calculated from Phase I and Q(t;) = Q*. Jankus obsetvéd_ that
the ‘solutlon 6£ these' equations, which contain many parameters, is

really dependent only upon a group of parameters x and the paramater

*There was a minor error:ﬂ. in this reference, The"ei'ror is in the de-~
nominator of Eqs. - (28b) and (28c), where the quantity (1-0, 6q) should
be replaced by (1 - -g-q + }_qz‘) « The error is also carried through to
subsequent equations, The factor (1-0, 6q) which occurs in the numer~
ator of Jankus' Eq. (28¢c) and a number of succeeding equations is cor-
rect and also appears in Eq. (29) of this work,
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q . This can be shown as follows. The quantity x is defined

here by

5(k, ~1-p)° 4>/ 2

= Brad( y-1) Q#e® (30)

Then the following changes of variable are made:

e Ly _ky-1-p L ]
=2y = STIEE e P

With these changes the problem becomes

dx o _(y#l) v 5/2 v .
dTZ_ - x (Y+l) 0 y l"'q ’ (32)
2 5g>/% 3 3 q
,g? = “%—; [(1-Ta)y -%d] Y>Tg ; (33)
2 d
c%* "‘Ef =0 (34)
with initial conditions
y(0) =0 ; a9 1
dr oo ( 35)
k(0) =] ;gsc-l(‘.rm = 0

and it is seen that the only parameters entering are x and q .
Equations (32) - (34) have been solved numerically. In

Figure 1 y(w), i.e., the total energy release, is plotted as a function

of x for q = 0.6. These results are found to be consistent with

those preéenﬂtgd in Reference 1. They were calculated and presented

here because one cannot read the values from the curves o_f‘Ré'.t'ergnc_e 1

with sufficient accuracy to make comparisons between methods.
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The set of Egs. (32) - (34) which have been solved simultaneous~-
ly are seen to be non-linear, Eq. (32) having a complicated dEpend_ence_
upon y . The functions, however, are smooth monotonic functions
of T, and the non-linear nature causes no difficulty whatever in the
numerical solution. In fact, the solution is found very easily by
iteration. The first guess for y is taken to be the spl(xtlon of
Equation (34) with x(7) =1 , a constant. This solution is_

y(T) = e -1 (first guess) (36)
This is an overestimate for y(7) since x(T) is a monotonically de-
creasing function of T . Equation (36) is subétituted into Eqs. (32)
and (33) which are then integrated twice numerically to obtain a first
estimate of «(r) ; which will be an underestimate and hence give
an underestimate for y(7) on the first iteration. The SOIutidn thus
oscillates around the final answer with successive iterati‘c'mé.» '!l‘he
convergence is extremely rapid due to the four-'fdld integration involved
in going from one estimate of y(T) to the next. For most purposes

the first approximation is sufficient, giving an error of the order of 1%

fn the asymptotic value of y .

. ADDITIONAL MODIFICATIONS

We have extended the treatment of this method to allow for better
polynomial approximations for the power dl'stributipn and reactivity
distributions. To do this, we 'fo_un;_! 1t more convenient to start with

the spherically sym"m_‘etrlo form p{ Eq (12) rather than Eq. (23):
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: a
dk _ _4m ¢ L dP(r,t) dD(r) '
dtz2 = P '!) T dr dr dr - (37)

? 2
+ 4? P(a, t) —-(-J-dDdra .

When Egs. (17) and (3) are used for the pressure, Eq. (37) becomes
) .

t
LK _ o enony [2 SN0 dD(r) ,
& = - any-hQ(y ({ ¢ S S dr Sai (38)

2 - a dD
.%;‘k . ~4n(y‘l)Q(t)}'_£ r’ggfﬂ ‘—d{'ﬂdr

+anat(y-) B2 [nGayQuY -0 r>a,  (39)

where r, 1s the smallest positive solution of the equation

= . 40
T (40)
This, of dourse, assumes t_hat the density p is a constant and that

the power distribution N(r) 1is a monotonically de'créésing function

of r forall r<a.

‘Now it is simple to do the integrations in Eqs. {38) and (39) if
N(r) and D(r) are approximated by polynomials. Then we can
write

2 n
NG DK, 4. L8 5 L

dr  dr 0¥ atdya2 vt 8, (4l

2
and the expression for %‘tj{‘ becomes



3 4 n+3
2 a  r. ar ar’
4. -4ua=(y-1)0(t)[;9'"; p— e —“'L';;;] r<a ;
a 4a (n#3)a (42)
2 —a. a a -
g;}- - ama® (y-1) Q(1) —;’-+;1+o'-.‘——-9—n,+3 J
~rgy GD(3) (e Q¥
+ 4ma’(y-1) Q(1) [N(a) - } r,>a .
dr Q(t) t (43)

The coefficients a, a,, ... @ are easily obtained from the coef-

ficients in the given distributions N(r) and D(r) . .

e
We do not present any actual ca_lculatio_n's by this method using

polynomial dlstribution.s (other tl;an parabolic), but it is ev;dent

that they could be treated with only slightly more numerical effort than
is required to solve the problem with Eqs. (28) and (295_. _Inétead,
we have com pared polyndmial approxl.mations using the 'm'ethod of
Chapter IV, which also incorpora'fes some other improvements and

has been programmed for solution on a digital computer,

In the method of 'Chapte_r IV we have ghosen not to use the free
surface assumption that has always been used up to now in the Bethe-
Tait method, Instead, we use the more conservative approximation
~for surface movement referred to in Chapter II as Mbdel Ce In
Appendix C it is shown that this model usually tends to overestimate the
energy release. The free surface Model a ten;is to underestimate the

energy release. In order to compare the two models and to make valid
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comparisons between the Bethe-Tat method and our method of
Chapter IV, we have altered the Bethe-Tait equatim s to incorporate
the Model ¢ treatment of surface movement, As explained in Chapter
II, in this method we just drop the surface integral that provided the
second term on the right hand side of Eq. ( 43). 'If‘ this assux:hptlon
is used with the parabolic power and reactivity worth distributions
leading to Egs. (28) and ( 29), we get‘ no charige in Eq. (28), but
Eq. (29) is replaced by

z ’ -
%t—’h =" QBE aqd (y=1) Q(t) QY > QK1) T (44)

In Figure 1 the solution of Eqs. (28) and (44), coupled to Eq. (13)
'('wnh S = 0), is plotted in terms of the dimensioniess quantitiés X
an& Y of Egs. (30) and (3]) for g = 0. 6. The solution of these
equations was carried out in the same way as def.s'Cribed above for
solving Eqs. (28) and (29).

Pigure 1 displays the difference in the results according to
whether one uses Model a or ¢ for the surface condition. The two
“methods of course géive' the same result for Q (o)  as long as’

Q=) < Q*(1-q) —l, slnc;e then Egs. (30) and.( 44) are never involved,
l.e., the energy density at the core surface has not reached the

threshold Q% . For the case presente_d, q = 0. 6, this point is

reached at y .= 1. 5. .Beyond thét point the two modeds-begin to differ.

/

e

The dlfferént:’e, however, is not noticeable until y becomes greater
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-

than about three. At y = ld, the difference is still only 15 per cent.

In Chapter V, where we make comparisons between the M=-B-T

.model and a more accurate one, we see that rates of reactivity increase
greater than 6.4 s‘ec‘-l. are required before the energy release is

great enough to gi\;e y > 10.

The significance of the numbers plotted in Figure | is not too
clear-until they are applied to give an energy release for a particular
‘reactor subjected to a given rate of reactivity increase and given
initial conditions. In the m.()re accurate treatment of Chapter IV, it
is not possible to reduce the dependence of the energy release to
' two",;l,lm'ensionless ‘parameters, and_ 56 there we have been forced to
choose a particular reactor {nodel. For purposes of co’mparison, in
Table II of Chapter IV we have compared the results of the modified
Bethe-Tait calculation, uslhg Model ¢ for the surface movement, with

the results of the more accurate method. The main difference in the

results is due to the use of the vapor pressure Eq. ( 47) in place of

the threshold expression (17).
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CHAPTER IV
IMPROVEMENTS ON THE MODIFIED.BETHE~-TAIT METHOD

In Chapter III, a number of additional approximations were made
beyond the general approximations described in Chapter II* i order
that the problem could be carried further‘ana_lytlca,lly, leaving only a
simple numerical integration to obtain the energy release. That is,
delayed neutrons were omitted; and the excursion was broken into
two phases with reac‘llvlty feedback neglected in ;he first phase and
reactivity insertion neglected during the aec‘cnd phase. However,
more important was the restriction to a particularly slmple.cquatlon
of state, Equation (17), which assumed the pressure to be~~ccro- until
the energy de_nsity-excbeded a 91V§n:-thres.h01d Q#*, and that a linear
rélatl'on'betwéen‘»the pressux_‘e and energy existed for E > Q¥ ,

La'rge'ly in order to.det.cnnlxle. the influence of prassures \khloh nc_tually
exist before tll_e enerqy exceeds Q% , a dlg'lta-l»’coinputer'program was
-developecl to solve the problem with a more reallstlc equation of state.
At the same time the other approximations lntroduced in Chapter III

‘were also dropped. Thus, the delayed neutrons are lncluded in the

| computer calculation, ancl we show to what extent they lnfluence the

l. T Assumptlons 1and 2, the use of perturbation theory.to

“caloulate reactivity changes and the neglect of denslty changes '1n‘
-the hydrodynamlc equatlcns. ’ '

43
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results. There is no division into two phases. The reactivity is
inserted throughout the calculation, and reactivity feedback is

included throughout the calculation. *

AN IMPROVED METHOD

We use as a starting point for this method the basic method of
Chapter II with the core surface movement treated by Moéel c, l.e,
Eq. (12) with the surface integral dropped. The calculattqn is
a;;eciallzed to spherical symmetry. Then Eq. (12) becomes

d‘k;m . 'ﬂfdﬂ.t._tl dD(r) 24
dt? p dr dr TOr e

(45)
The time dependence of the energy generation is given by Egs. (1)

and (2). However, in the digita‘l program, in order to minimize

computation tlmé, it is found convenient to approximate Eq. (1) by

Y
setting 49, 0,

dt?
o k-12B) 4O i |
0 =7 at + )‘1c‘+s ) ( 46)

ial
untll the reactlvity approaches prompt critical and switch to Eq. (1)
for the remainder of the oaiclulation. Because of the short neutron
.generatlbn_' ttx_r_'xé_thts_ is_ a _mghly accurate procedure for a fast reactor
as long as the rate of change of reactivity is not too great and. the

changeover is made when the reactivity is,‘ at Ieast a few cents or

although it has been found that the neglect of reactivity added
during Phase II of the M-B~-T method 18 a reasonable one.

)
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more below prompt critical. Although Eq. ( 46) still appears to
contain the lifetime, drobplng %9 actually corresponds to going
to the limit of an infinitely short prompt neutron qene‘ration time,
and this is clearly a good approxlxi\atlon in a fast reactor below
prompt critical where the time behavior is essentially completely
determined by the delayed neutrons.* That it is a good approximation '
has also been demonstrated directly by showing that tb‘e results are
independent of the point at which the changeover froma,ppprbxima‘te
to more nearly exact equations is made.

Equations (45) and ( 46) or (1) are connected by the equatlon"o'f-
state (9), relating the pressure and energy. In this method the equa=-

‘tion of state is approximated by an exponential function:

P(r,t) = “"p"n(r,:)A»fno ) . o (47)

The basis for such a form for this function is explained in Appendix A.

It 18 believed to be a considerably better approximation than the linear
expression used in Chapter IV if the uranium density 18 not much
greater than 7.5 'gm/cc. Ei(,r, t) is again assumed separable in space

* and time:

E(r,t) = N(r)Q(t) .

The quantity C; is inversely proportional to £ as can be seen
from Eq. (2). Therefore,. when £ - 0, the first two terms on the -
right hand side of Eq. (1) dominate the equation and d*Q/dt* oan -
be dropped. The extraneous source S {s a constant, and once the
power level dQ/dt becomes large 8 'is also negligible. Then O

can be replaced by some other quantity B /t , and £ cancels oul of
the equations,
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The distributions N(r) and D(r) are assumed to be known
from either a multigroup diffusion theory calculation or a critical

experiment measurement, and are here fitted by polynomials of the

fourth and fifth degree, respectively®

: 2 3 4
N(r) = N0+Nlr+Nzr +N3r +N4r ; ( 48)
2 3 4 5
D(r) = D0+Dlr+Dzr +D3r +D4r +D5r . ( 49)

The r_eactlv’ity insertion that initiates a power excursion is assumed
to be linear with time. Thus the net reactivity as a function of time

is

k(t) = k0+at+kz(i) , | (50)

where ko is the initial reactivity, at the lngerted reactivity, and
kz( t) the feedback calculated by a two-fﬂold time integration of Eq. ( 45).

Equations (1) - (3) and (46) - (50) constitute the formylation of
the pr‘oblem with the following initial conditions. The power dd%
delayed neutron precursors are assumed to be in a steady-state prior

and

to time zero so that from Eqs. (1) and (2):

do(o) _ 8§t )

dt T 1~ k(0) subcritical
ag | p inittal (51)
C.(0) = — 1 . oconditions,
£ T 1= k(o))

o

Alternatively k{0) ‘can be specmed'to be unity, in which case’

We believs that polynomtals of this degree are sufficient to flt the
calculated distributions to an accuracy which is more than sufficient,
We provided for a fifth degree polynomial for D(r) , because it is the

gradient of D(r) which enters the caloulations, and it is then a fourth
degree polynomial.
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the source term in Eq. (46) is dropped and Eq. ( 51) replaced by

a0(0) p )
dt 0 critical
initial (52)
1P conditions.
i xl /

Thus we t:;.pver beth the caée of a shutdown reactor and one tt}at is
operating at some x;ower when the excursion is initiated,

In pract‘ic,e, it is found that the results are very ne’arly‘. the same
for the subcr‘t't'lcal and critical.mitia‘l conditions. ‘This i{s because the
calculation proceeds through several decades in power before any sig-
nificant feedback reactivity begins,and at that time there is very little
"memory" left of the initial conditions, (Ihis is one of the rea_son}s
the two phase p;oceduié of the Bethe-Tait model of Chapter III works
as well as it does.)

Since the qalcglat;oh begins wlth;the approximate e’quatioh, (46),

no further initial condition is needed. The initial cOnditlons on k are

K(0) mky; k(0) mO; 9%%2’--:- 0 (53)
When the cﬁ.angeis made over to the "exact!" equations, the computer
sets up new initial donditio;;,ﬁw}_iich- are essentially the terminal con-
ditions ffom fhe‘ solﬁ.t_zlio»n, of the.app‘roximate_ equations. Then %?Q
_‘ne»e'd»ed, and it is derived from the calculated dQ/dt by 'différentxgtién.

" The computer program-whlc’h solves 'the edu‘&tibns vwith the stated

: _inltlal conditlons was developed for the author by j W. Stephenson.*

M. Priedman, A, Kllokman, Y.I Shin, and R.. Mueller of Atomio
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It is described in greater detail in Reference 32.

The method of calculatioi: of this Chapter is very nearly‘ an
exépt solution of the basic method of analysis described in Chapter
II, except that it has been 'specialized to z spherical reactor"_of uni-
form homogeneous c;omposltion. The ht,tempt at greater accuracy
causes the results to depend upon each of many: parameteré of the
theory individually in contrast to the M~B-T method of Chapter III,
where it was possible to express the res'ultg as a f\;nct;on only of the
parameter q and the group of parameters x, Eq. (30). For this
reason the calculations i)y the method cf this chaptgr 'must: Be defined

by a particular hypothetical situation.

GCOMPARISON WITH THE MODIFIED BETHE-TAIT METHOD

For the purpose of demonstrating the influence of various parame-
ters, and to compare with the M-B-T calculation and show the errors
introduced by the additional approximations of the M-B-T model,_. we
have thus defined a hypothetical re’acti_);. It is a .épherlc'al reactor
with a 'GAOre.radiua of 40 cm. The core s composed of pure uranium.
at a density of 7.5 gm/cc, while the powsr dist'ribu'tlon' and reactlv&y
worth distribution are specified polynomial functions of the form of
Eqs. | 48)-: and (49). This model i discussed in further detail in

‘Appendix D.

i

Power Development As sociates, Inc. also contrlbuted to the develop-
ment of the program,
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As a first application of our more accurate method of calculation,
we compare ihe energy release calculated by this method to that ob-
tained by the M-B-T method for various rates Pf reactivity mcrease.

In this comparison the power and reactivity worth dismbution's are
assumed to be pafabolic. The reactor is assumed to be initially
critical at a given power level, and the initial energy é-ogtent.is that
corresponding to molten urar;fémm at the melting point. Power levels

of 10 watts and 108. watts are treated, corresponding roughly to the
normal shutdown power level and full power level for a power reactor

of this size. The equation Qf state for the M-B-T calculation is the
threshold e.quatlon,‘ (17), with the parameters ﬁrom Table A.II for a
density of 7.5 gm/cc. The equation of state for the improved method

is taken tc; be Eq (4). Figure Al compares the two, showing that they
differ only at ene@igs near and below Q* . The prompt neutron g’éner_a-
tion time { is taken tobe 10-7 sec, The parameters of the calculation are
summarized in Table I.

In the M.-AB-T calculation, the required initial»conditlon is the power
at pmmpf crit;cal. We have determ_i_negi it ,from.odr computer calct.{latlon'
80 the two.CaIC’ulatIOns agree at that poinf.- "The ,ﬂ'rs.t stép in the M-B-’I‘
method 18 a calculaﬂ__on of k,, the maximum reactivity a’italﬁ_éd'; from
Eq. (18). Given k, and'fh.e_pardmeters from Tabie.'i, the ‘epe_rgy
density at the core center Q 18 read ‘frovm the upper__'dﬁ;j}_e m Pllgure.l'.

Then the total energy, Ep 'géh'éra’ted‘is Q i:i_rh_es the materlél density,
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multiplied by the integral of the pjc‘_swer-dismbutiom
E. = pQ[4n -f(l- a5 )tar)

- dea'o0r- 10 (5

In the improved method the total energy is calculated directly
by the computer. Table II éummartzes the maximum reactivity attained
and the total energy release as calculated by the two methods for
- v:artous.‘rat,a‘s_of reactivity increase. It can be seen that the M-8-T
method of estimating the maximum reactivity attained is reasonably
accurate for all rates of reactivity increase stuaied. However, the
impreved method of c’alcdlatiotj*glvés substantially lower e.,ner_gy
release except at very 'hig_r‘n“ rates of reactivity increase. This lower
energy is almost completely a reflection of the different equation of
qtate.

Even if the same maximum reactivity were to be attained in the
two methods, the improved method would predict a lqwer enerqgy release.
Tpls might at first seem surprising since in the M-B-T calculation the
energy density at the core center attains values sufficiently larqq
that the two equations of state, (17) and ( 47), become almost identical
towards the end of the calculation. * However, we can easily see why
the difference occurs. The discussion of Appendix B shows that most

of the reactivity feedback comes from positions well out from the core

x '
See the comparison in Fig. A.2 of Appendix A.
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TABLE 1

PARAMETERS FOR THE ENERGY RELEASE CALCULATION

1 { prompt neutron »qene’r'atioh 10».‘7 sec “,;7 sec
time) -
a (core radius) | . 40_0m_ 40 cm
¢ (uranium density) - 7.5 gm/cc 7.5 gm/co
9 (Eq. {24)) 0,6 0.6 |
d  (Eq. (25)) 6. 4% lﬂf(fcm-z' 6. 4X 10—6bﬁ‘3
Q¥ (Eq. (17)) 1,16 X 10 -
| joules/gm
¥l (Eg. 117) 82 -
| . 4
A (Eq. (47)) - 4,41 X 10"
’ joules/cm
el | 11
B (Eq..(47)) - 7.6x 10
' dynes/cm?
» 3
Eo (Eq. (47)) -~ .12 X190
joules/cm

For delayed neutron parameters see Table D, II,
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“TABLE II

COMPARISON OF ENERGY RELEASE FOR TWO METHODS

T R G e i)
Method Ouyr Methed M-B-T Method Our Method

“ 0. 0013 -~ 0.000058  --- 0.63

0. 0040 0.00012  0.00010 1.9 0. 98

0.912 0. 00022 0.00020 . 2.1 1,14

0. 056 0. 00050 0. 0004R .M‘ 2.6 1.7

0.18 0. 00092 0. 00089 | 3,2 2.4

0. 62 0. 0018 0. 0017 4.3 3.8

1.9 0. 0032 0. 0031 6.8 6. 4

6.4 0.0059 ~  0.0058 15,0 14.5

Power at k =1 Lé 108 watts

0. 0063 - -0. 0012 - 0, 28
0. 056 0. 00025 0. 00019 2.15 1,04
0. 62 0, 001C 0. 00093 3, 4 2.4

6. 4 0. 0037 0. 0035 8,0 7.3
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center where the power density is lower. Furthermore,. since the
material movement is .givéh Aby a two-fold time ’inté_qrat_ion of the pres- :
sure qradient, it is the pressures which occur when th‘é"énamy qqpe;a-
tion is only ~1/2 to 3/4 complete which are mainly requns.lﬁl»:_la, for
tennmating ‘the power excursion, If these 'pr;eé‘éufes a_re‘cpmpar_ed, for
the two equations of stats, we sée that ihevapq_r ‘pressure equation
predicts substantially higher pressures than the th;esho_ld -equation
used in the M-B-T method. In fact, for low rates of reactivity ln&eaéa,
the pressure is already terminating the excursion at a tlme wh_én the
threshold model predicts no pressure at all. The two ca!culauo‘n,s_}
nearly agree for the highest rate of rea'ctlvttjf 1hser;ion considered
here, i.e., 6.4 se,c"l . In that case the energy re,»leg.s?e is so high

that the pressures effecting the shutdown are very nearly equal for the

two: calculations.

The lower energy release predicted by our calculation is mainly
due to the effect notéd above but also partly to the lower math_im re-
activity attained. But the lower reactivity is again due to the different

equation.of state. The material movement in the improved method

begins before the energy density reaches Q* , In the M-B-T calcula-
tion no reactivity feedback is Qonstdere_d until the energy exceeds Q¥ .
If the excursion is initiated from lower power, the maximum reac»_ﬁvity
attained ciffers in the two methods only for very low ratés of reactivity

increase. However, if the accident is initiated from near the normal
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full reactor power, then the -éfféct, is important for rates of reactivity
increase up to .abqut' 0. 6'4 vs_ec_l, ‘We see from Table II that if the
excursion is- lnttaged from a power of loskwa‘.tts the difference in maxi-
mum reactivity for an a = ."0&‘4»96(:-1 accident is about 30 percent,
and for an @ = 0, 0064 sec”’ accident the reactor does not even reach
prompt critical. The M~B-T method is of course completely in_appn-
cable tn excursiuus that do not reach prompt critical,

The behavior of the energy release as a function of the' rate of re-
activity inc ease in Table II {s quite interesting. We have covered a
range of téacti_vity rates from 0.00]) 3 msac:“'1 to 6. 4 s'ec-l, a ratio of
about 5, 000, and obtaina range of energy release from 0,63 X 10‘9

“joules to 14. 5 X 1'09 joules, a ratio of only 22, Except for the extreme
high rates and extreme low rates. a factor of ten in rate produces about
a factor Of-tggp in energy. This is because even Qur equation of state
has somewha( of a tméshold character. Very little pressure is prcduced
until the"energy density becpm.es quite large, and then the pressure in-
creases rapldly and approaches the straight line expression of the
M-B-T method. However, at the higher rates the presence of the
threshold is no longer so important, and th"e energy release becomes
more or less proportional to the rate of reactivity insertion. At the
lower rates the energy release again becomes quite sensitive to rate
of reactivity increase if the maximum reactivity atgained is jus{g‘ about
prompt critical,due to the very strong vartation with réactivity of the

reactor period in the neighborhood of _prompt critical. The Bethe-Tait model
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cannot show this effaci since the delayed neutrons are omitted from

the calculation,

INFLUENCE.OF THE DELAYED NEUTRONS

The callculations reborted in Table II gave some indication that
the .delayéd neutrons are important if the excursion is init.la:‘tedinby a
low Arate of reactivity increase or if the ésécumon is lnitiated f{O_:l_!.l. 'hltgh
p?w_ner. However, it was pointed out above ;_hat most'-o_f the diffg‘renca
in the two methods of calculation was probably due tc the different
pressure relations. In order to see more directly what role thjq delayed
neutrons play, we have done a few special calculat;ons with '-the com-
puter code. Two pairs of czi.lculatlons were done, and in each pair al_;_
para}neters were identical exgept that in one membar of the pair the
delayed nsutron fraction was reduced by‘ a factor of 103. The parameters.
for these calculations are thcse given in Table L. The initial power
le;wel was 10 watts. Po; a rat2 of reac_tiﬂt‘_y increase a = 0, 00132 séc-l
the energy release was 6.3 X 108 joules with delayed neutrons and
7.8 X 108 joules without delayed neutrons. For a rate of reactivity
insertion a = 0,0040 sec-l, the cotresponding iesults were respectively
8.7X 10~8~ joules and 9.6 X 10'8 joules, At higher rates of reactivity in-
crease, the effect rapidly becomes negligible. There are two effects
involved which contribute to the differences observed. One is the
efféct of delayed n;eutmns between critical and prompt critical and the

other is their effect beyond prompt critical; it turns aut that the former
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effect is much more ﬁmmm as might be expected. The calculations
started from a critical condition :,k =1 . In the calculation with de-
layed‘-nentroné the power rises through a few decades while the reac-
;1#;_1& increases from critical to prompt critical. In the c_alculauan
withoqt delayed neutrons the system stats at prompt critical,
‘Suppose we neglect the delayed ‘{xautmn.s only after prompt critical.
Then one can maxe an estimate of the increase in power up to prompt
critical including delayed neutrons, 29 and begin the explosion calcu-
lation at that point, We have done this for the two cases discussed
ab_we. whe'n.tt;’é. calculations with and without delayed neutrons were
1in this way forced to agree at prowpt critical, the energy release was
found to agree within two or three percent.

When the rate of reactivity increase was 0, 0013 sec-l., the maxi-
mum reactivity exceeded prompt brluca‘l by only 3.8 X .10'5. Stila, it
should not be too surprising that the delayed neutronz could be
neglected. The prompt neutron qeneiation time of a typical fast reactor
is ~ 10-7 sec; for Ak = 3,8 x 10~5 the period turns out to be ‘about
3 milliseconds, which is still much shorter than the lifetime of the
delayed neutron precursors. |

Thus, g0 long as one observes a few simple precautions, it is safe
to neglect the delayed neutrons in fast reactor exploslon_stud#es. Pirst

of all, it is necessary to be certain that the combination of inftial power

level and rate of reactivity increase are such that the reactivity does



reach a value that is abowe pmmpt crmcal. Por mmu power lavah
near normal full powe* our work tndlcatea that mu cmarton s well
'satl'sﬂed'for'rjgtes of reactivity tqcregse of 0, 05 sec 1 or gm;er.
A rate of 0,004 sec was fomd too low to produce a reactivity above
prompt critical. Thus the break point lies somewhere between these
two véluas-tn be sure use the larger of the two, Por an u‘uﬂ.aﬁl power
level of 10 watts, all rates of reacuvlty tmrease treated down tc ,
0.0013 sec 7l were found to ptoduce a reactivity abova prompt crltical.
sgcondly, one should check to be sure that the totn! energy gen-
eration up to the time of prompticrltlcal is a 'smll fraction of the
energy generated after the time of prompt critical. This will auto~
matically be true if the shortest period achieved is small c_:omparégd to
the period at prompt critical. Finally, it is sometimes important to
make a good estimate of the power level at prompt critical as the
initial condition for tt‘\e c;lculatiqn. This is necessary when the rate
of reactivity tnpmasg is small,so that there are several decades increase in
power up to prémpt c?itical, or v}ﬁen the initial power is high, so that
there are pnly a few decades between {nitial power and the peak power
in the excursion. If the initial power is low and the rate of reactivity

increase is high, then one can forget about' the delayed neutrons

altogether.

INFLUENCE OF INITIAL POWER LEVEL

Using the computer code, we have investigated the influence of
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various parameters upon the calculated energy féléése. 'Iable 11
‘shows the variation of énergy }r"e.'leaSe" with rate of reactivity increase,
which has already been discus se’d, We have also dlscussed the fact
that the energy release is dependent upon the. initial power. Tablé IT
shows the _differénce between the restxlt/S for initial pewers of 10 w;‘tts
and 10 \_natts. In_addltion, the energy release has been calculated as
a function of init!al power level for a rate of reactivity increase

a= 0,06 sec . The other parameters of the calculation aré those

given in Table 1. The results are given in Table III.

TABLE III

ENERGY RELEASE AS A FUNCTION OF INITIAL POWER-2 = 0. 06 sec

Initial Power Level Energy Release
( watts) (joules)
10 1.7X .109
1051\ 1.4X 10°
108' 1.0 X 109.
109 ?

.46 X10

Table III shows a rather weak dependence of energy releases upon
initial power except that there is a rather sharp _dfop between the
initial powers 108 and 10,? . That effect is due to the delayed neutrons.,

The case starting from 109 watts did not quite reach prompt critical,

the maximum reactivity attained in that problem being 0, 00612 compared
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tc prompt critical reactivity 0, 0064, The dependence of energy release
upon initial power is weaker for the higher rates of reactlvity increase

as can be seen in Table II.

INFLUENGE OF PROMPT NEUTRON GENERATION TIME

We have investigated the influence of the prompt neutron g'engratlbn
time £ on the energy release. Again 'using the other parameters of
“Table I, a rate of re’éctivity increase '»a = 0.6 sec-l and ' 0,05 sec-l,'
anci an initial power level of 10 watts, we have varied 2 from 10-5 to
-7

10 . In Table IV we give the maximum reactivity attained above prompt

critical and the energy generation,

TABLE IV

THE INFLUENCE OF PROMPT NEUTRON GENERAI‘ION TIME

a=0,6 sec-l‘ , a=0,05 sec-l

( sec) k, =1-8 Energy ( joules) k; =1=-p E;}ergy ('joules)

1072 0.017 2.2X10° - -
-6 _ 9 9

10 0,0054 2.9%X 10 0.0016 1,4X%X10
-7 9 9

10 0,0017 3,8 X 10 0,00048 1,7 X 10

Table IV cehows that the energy generated is not a strong function of
neutron lifetime. There is thus no very strong incentive to try to make
fast reactors safer by various tricks which have been considered, such

as ceupling the fast reactor to a thermal reactor, in order to increase



60

the prompt.neutron generation time. The reason for the rather weak
depeﬁdence, is evident when one examines the maximum reactivity
attained above prompt critical. From Table IV we note that the maxi-
mum reactivity above prompt critical is roughly proportional to the-
square root of r. Thus the minimum period of rise of the power is
only inversely proportional to the square root of £ rather than to the
first power of £ . The higher values of k are__'attalned for the longer
lifétime bedause of the longer periods. It takes longer for the power

to rise high enobgh to begin disassembly and so there is more time for

reactivity insertion.

INFLUENGE OF THE SHAPE OF D(r)

In Chapter III we mentioned that the parabolic distributions for
power and reactivity worth which have generally been used in the
Bethe-Tait method of calculation ( and which we have also used in all
;he célculations- of this section up to this point) tend to cause an
underestimate of the energy release for“ the more severe accidents,
This happens because in.a severe accident if the power distribution is
assumed parabolic, the pressure gradients are a maximum near the
edge 6f the core. * In addition, the gradient 6f a parabolic reactivity
.gistribution is a maximum there. In reality, the reactivity distribution

in a tizpical fast reactor ( see Appendix D) is apt to flatten appreciably

* ' ‘ ‘
See for example the discussion near the end of Appendix B.
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near the core edge, and the _s;ope of the distributlon' at that point

may be only about half that predicted by a parabolic distribution. We
have therefqre made an investigation'of the hhbortange of the shape __o'i
the reactivity distribution. In this study we have held constant the
difference in reactivity worth between center and edge of the cbre,

and varied the shape of reactivity as a function of position. We have
treated three shapes, a straight line, a parabola, and a fourth order
cuive ‘'which is forced to have a slope at the»c'oi;g edge equél to--'i‘..alf';
the average slope be;ween center and edge. It is off:course_ only the

gradient of the distributions which enters our calculations. The three

curves are:

Case A: 92 - -0.8x 10”7

dr
Case\B: gd? = =-0,4X 10-8.1’
Case C: %‘? = -0,7X lo-sr +0,375 X 10'”:3

In Appendix D these are compared to the shape of a reactivity distri-
bution actually calculated for a fast reactor, and it is seen that Case c
-1s the most realistic of the three. The energy release was calculated
fer these three distributions for rates of ‘reac'tiinty insertion

a=6,4 seci-l and 0,05 secml and an initial power of 10 watts. The

other parameters are those of Table I. The results are given in Table V.
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TABLE V

~ EFFECT OF THE SHAPE OF THE REACTIVITY DISTRIBUTION

a=6,4 sec“l @= 0. 05 sec-l

Cage Energy (joules) -Energy (joules)
A ' 1. 86 X 1_019 1.75% 10°
B 1.4‘5x1_ol° 1.69% 10’
c 1.74x10'° 1.68 % 10°

Wé_' see thaf Case.B, the parai;olic distrlbuﬂon, does tend to give a
| lower energy release, but the effect is not very great. We would ex~
pect the true distribution for most fast reactors wéuld actually have a
shape lying somewhere between Cases B and C. ' If our calculations

had been done with the assumption that the core ;urface was free,

then a larger fraction of the reactivity reduction would have come from
material movement near the core surface, and the differences would
have been somewhat greater. However, we have shown in Chapter

III and Appendix C that the treatment of surface movement does not

have a major effect on the results, and it can be concluded that the
precise shape of the reactivity distribution is not of extreme importance.
There is a sufficiently large effect however to warrant the use of a
carefully calculated curve if the use of such a curve does not greatly
complicate the energy release calculation. In our method it is certainly

easy to use such a curve, and we have shown in Chapter III that this

can also be done with no great inconvenience in the M-B-T method.
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PRESSURE AND THE TIME WIDTH OF THE EXCURSIONS

The results presented in this Cha‘pter"have been mostly cdnce_med
with' the total energy released in the power excursion. Other quantities
of some interest are the pressures produced and the time for release
of the energy. We have plotted in Figure 2 the pressure at the core
center as a function of tqtal energy release. By referrind to this fig-.
ure, one can see how high the pressure rises in any of the cases
presented in this chapter. Figures 3 and 4 are plots of the p;zwer
excursion for two extreme cases, a = 6.4 se;:-l- and a = 0, 0013 sec .
At the high rate of reactivity increase, the pressure attains a value of
4,5 X 105 atmospheres, and the time width of the power excursion at
half maximum was 30 microseconds. This is a pressure slightly more
severe than that encountered in a TNT explosion. At the lower rate
of reactivity increase the maximum pressure was calculated to be 70
atmospheres and the time width was 2, 5 milliseconds. This is still
‘quite a rapid and severe pressure excursion that would disrupt most
reactor core structures, but it is not so severe as a typica’l chemical
explosion. Most of the other cases treated fall between these limits,
an exception being those few cases in which the reactivity does not

quite reach prompt critical. In such cases the pressure remains near

atmospheric pre ssure,
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GHAPTER V
THE INFLUENCE OF DOPPLER EFFECT

In all of the work of the preceding chapters, we ignored the
e:tistence of the Doppler éffect, which can be c;of great importance
in tne analysis of ‘severe power_excu;si_ons-. The Doppler éffect, as -
we use the term here, refers to the change in reac_tlvlty of_a'reactor
with temperature, 1ndependent of i_he expansion effects that result
from temperature ,change:s.* 'mis‘effectlis_(_;:___.aused b}}fthe change in

the effective neutron resonance cross sections of the reactor materials
o 4, 34

. 2 ' :
as the temperature changes '~ . The Doppler effect hva_is, been ex-

tensively investigated in studies of thermal neutron reactors, 35 and

it has also been studied er f?[s; reactors, 24,25, 36 :In thermal reac-
tors of low uranium enrichment, the Doppler effect génerally provides
a large negative temperature coefficient of‘ reaétlvity which is often
larger than anyothér of the temperature coefficients of reactivity,

In the fast power reactors that have been built or are now under

construction, e.g., EBR-I, EBR-II; Enrico Fermi,and the British

Dounreay Fast Reactor, the Doppler effect has been predictedz4’ 36, 37

* )

In fast reactors, these are essentially the only contributions to the
temperature coefficient of reactivity. In thermal reactors, of course,
there are also effects due to changes in the thermal spectrum.

67
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to be conslderably. smaller than the other temperature effects on
reactivity which occur during slow temperature transients. However,
in the extremely rapid transients which o¢cur in our studies, material
movemeni is held back by inertia, whereas the Doppler effect is an
instantaneous function of the temperature. We find that even quite
small Doppler te.mp_erat‘ure cdefficiénts, which can safely be ignored
in the usual reag..t.or' transient studies, can exert an important influence

By

on the energy release in severe excursions,

Some of the fast breeder reactors that are now being studied for
. ) 25, 38 -
possible future construction have a larger fraction of their
neutron energy spectrum in the lower energy range where the resonance
effects are stronger than is the case for the reactors mentioned above;
hence, the predicted Doppler temperature coefficients of reactivity for
. 24, 25
these reactors are higher. The coefficient calculated for a large

i

uranium-oxide fueled fast reactor is of the order of magnitude

L ‘ - | g
=1%'10 "/C  at the normal reactor operating temperature, This com-
o -6 » 24, 36 ot
pares to the value =17 X 10 "/C predicted for the Enrico Fermi
fast reactor. The coefficients for EBR-I. EBR-II, and the Dounreay
reactor are expected to be smaller yet, Since UZJB contributes a
negative Doppler coefficient and U235' a positive coe_ff_icient, a fast

reactor fueled with fully enriched uranium has a positive Doppler co-

efficient, It has been estimate_d36 that in a reactor having equa';

\ 235 238 . L
amounts of U and U the positive and negative effects approxi-
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mately cancel one another. This is not true in general24 and requires
investigation for each p_a;ticulér case. The studies‘24 show that it is
unlikely for the coefficient to be very large and positive ln.a fully
enriched U235 reactor, whereas it can be quite large and negative in
a reactor of low enrichmer;t. Hencé, in.our studies of the infl'ue'nqe
of Doppler effect on ene'rgy.release, we have varied _the- Doppler co-
efficient as a parameter from small positﬁre values to large negative
values.

The reactivity changes from Doppler ef_fect are easily incorporated
in our calculations of the energy release by-the method of Chapter IV,
It is only necessary to add a term to Eq. (50) which is a specified
function of_' the energy content. Thus Eq. (f50) is replaced by

k(t) = ko + et+k,(t) +kp(t) , (55)

where kD(t) is the reactivity change due to’»Dopgler effect. It is
determined by the temperature (enengy content) as a function of time.
We assume '.tha't it is only a fUnct_.i‘on of the average energy Conteﬁt and
do not ac;:ount for the non-uniform distribution of temperature through
the core. The calculations of Dopple'r effect in fast reactors ére not.
yet sufﬂcientfy refined to account for 'suct'xj.d»e‘talls. However, we do
know that the quantity de/d’r is temperature dependent, so that
'kD_‘ t) '1_s not slmply proportional to e__'mrgybon_tent. it has been
shown“’ 36 that for ,fa(s—t' reactors like EBR-II and the Enrico Fermi
reactor de/dT is inversely proportional to the three halves 'pgwer

of the temperature, In Appendix E we sketch a derivation of_'thls
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témperature dependence and discuss also the temperéture dependence
for the large uranium-oxide reactors. We have assumed the T-3/2
dependence for all the calculations of this section. We have further
assumed. the heat capacity to be temperature tndepepdent so that there
is a direct proportionality between femperature and energy content,
The heat capacity used was 6 calories per gram mole per degree

Kelvin.* Then iutegration of the coefficient de/dE with respect

to energy gives

k(0 = K(1- ¥Eg ) : (56)

B, +E(D

where KD is the total amouni of Doppler reactivity change which
would result if the temperature were Iraisedijdm the initial temperature,
corresponding _’to energy EO , to infinite temperature, and Ert-)- is the
energy content added to 'the readto_r Aby the power excursion, averaged
6Vé('the yolume-. In our calculations we vary Ky from +. 00064 to

- 0‘12'8_. The relationship between KD and de/dT is

00 dk. . (0) . 0
_ . _ D 3/2 7 _dT_
Ky = { (dk/dTidr = 2 T, [ =
3 T, T .
| (57)
dk_( 0)
= 2T g1 ’
dkp(0)

where“'éf,i.“ 15 the value at T = TO .

% 3 .
‘See the discussion on page 114 of Appendix A.
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Since our excursions start with the uranium at the melting temperature:

To 1400 K, the range of temperature coefficients treated is roughly

dk_( 0) . 00064 - .
-._Q___ T - =7,

ST = 3800 2%X10 /°K to
oy AL 7 NPV S

dT 2800 .

(Because of the assumed ;empergture dependence, the Doppler tempera-
ture coefficients at a normal reactor operating temperature of about
700 K are roughly three times larger.)

Using Eq. (56) to represent the Doppler reactivity effect, and
applying the method of Chapter IV, w.e, have calculated the energy
release as a function of the Doppler effect parameter. K, . The other
parameters of 'the calculation were those used in the calculations of
Chapter IV and are shown {n Table I:_ The reguits for several rates of
reactivlty increase are given in T«;bl_e VI. The initial power level was
10 watts except for the case in the right hand column for which the

initial power level was 10 watts.

From Table VI it can be seen that the Doppler effect can have a
very important influence on the energy release. At the low fates Oi'f
reactivity increase even the v'ery‘ small Doppler e__»fjfect KD = -, 00064
reduces the energy release by about a factor of two, At the higher
rates it has ,aboutf%’o -pérc_ent e’ffec"it. We see that a small positive
coefficient incréases the energy by about tﬁe same émount that a .

negative coefficient decreases it.
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TABLE VI

THE INFLUENCE OF DOPPLER EFFECT ON CALCUIATED
ENERGY RELEASE (107 joules)

K‘D a (sec-l).

0,012 0,056 0,18 0, 62 1,9 6.4 0, ,62%

+00 00064 - = - 4. 5

-~ -- 3,0

0 1.1 1.7 2.4 3.8 6.4 14.5 2,4
-0.00064 0.5 1.2 1.8 3.1 5.4 - 1.9
~0.00192 -- 0.4 -- 2.0 - 9.2 1,0
-0,0032  -- -- - -- R --
“0.0064  -- -~ -= 0,75 - 36 -
-0.0128  -- -- - -

- 1.0 -

*In this case the initial power level was '108 watts, In all other

cases the initial power level was 10 watts.

It is particularly interesting that a large negative Doppler effect,
e.g., KD = -, 0128, can hold the energy release to a very low level
even for extremely high rates of re;activlty’ increase. If it can, be shown
conclusively that the large oxide fast breed_er reactors under study at
this time do have negative Doppler effects of this magnitude, then the
core meltdown accident will be only a very minor consideration in the
.evalua_tlon of the safety of such reactdrs.

An interesting behavior is seen to obtain if the parameter Ky and

the rate of reactivity increase a have certain values. Figure 5 is a
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plot of the power, Doppler reactivity, and net reactivity as a function
of time for a case in which the initial power ;s 10 watts, a = Q. 6 sgc-»l,
and Ky = .0064, In this case a first deer peak develops and is termi-
nated by the reactivity from Doppler effect before the total energy
generated is great enough to produce the high pressures required for
rapid disassembly of the core. Since the insertion of reactivity is
assumed to continue at a constant rate, the reactivity Sullds up aqa;n
above prompt critical, and a second excursion develops. The second
.excurslor{ raises 'the pressure to a sufficiently hlgh value that disassembly
begins, and then the reactivity decreases monotonically from that point
on.

For this double peak to develop, it is necessary thﬁt the Doppler
effect be strongly negative so that the energy generated in the first peak
is not large enough to disassemble the cc;re. Of the cases presented in -
‘Table VI, only this one involved a dbuble‘ peak. | If a much gLronger
Doppler effect were used, it is likely that multiple peaks would occur,
each one réisi’n_q the temperature by a certain amount until thé' préssuré
became great enough for disassembly to occur. If the Doppler constant
for the a = 0. 62 s,ec-l“c'as,e were increased Irdm_ KD = 0, 00‘64'1:0 ~ 0, 01,
it is probable that a third peak 'wo"uld'beg_in to develop. The multiple
peaks have been observed in some calculations by D.C. Menzies”
of the U. K. A.E.A., who has also recently studied the influence of -

Doppler Qf_fect on severe power excursions using Eq. (17) for the pressure,

/
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With this threshold equation it is easy to see that multiple peaks will

occur, since no pressure at all exists until the threshold energy Q¥

Y

is exceeded.

With our Eq. (47), there is no threshold, and.the. usual behavior
is that shown in Figure 6, which is a plot of power, Doppler reactivity,
and net reactivity as a function of time, for a gase in which the initial
power is 10 watts, a = 0, 62 a:.et.'.-l and K’D = -0, 00192, In that case
the excursion is mainly terminated by the r;egative reactlvft’y from the
Doppler effect, with only a little help from matei'ial mqvemeqt. But
at that point the material velocities are great enough to overcome the
assumed rate of reactivity insertion, and the net reactivity continues
monotonically downward at an accelerated rate. The difference in
behavior between Figures. 5 and 6 was due to the smaller negative
Doppler-parameter KD used in the calculations for Figure 6.

Figure 6 also displays the ‘power excursion for the case in which
KD =0 , Bylcom”parison of the two power curves,we see that the
Doppier effect broadeng and lowers the power peak. ‘The broadeﬁing
is due tu the fact that the Doppler effect has decreased the energy
ml;;se, and so the pressures are lower and the dlsassembly is less
rapid. From Table VI we see that the total energy release for the cases

shown in Figure 6 was 3. 8 X 109 joules with no Doppler effect, compared

to2% 10 joules when K = -0.00192,

(i
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CHAPTER VI
TWO-DIMENSIONAL AND NON-UNIFORM EFFECTS

The methods .of‘ Chapters I, v and V were restricted to sltuatiqns
which can be described by, or a.t.'leagt approximated by, a spherig’fll
uniform homogeneous core. It is believed that such a mcde;‘i‘ is ’adequa.te
for many interesting cases. However, the hypothetli:ql excgrsions are
‘generally supposed to result from .meltdown of the reaétor core, and it
is not difficult to visualize fuel configurations from méltdown which
cannot be well represented by a uniform homogeneous sphere. To study
the _/x}on-spheri'cal configurations we here develop a procedure for solving
the eguations (using the basic method of 'a'nalj(sgé of Chapter II) in two-
dimensional cylindrical geometry.

There are two principle new effects which arise in noﬁ-spherical
non-uniform _sltuati_ons. The equation of state (17) predicts that for a
given energy input per unit mass the pressure in a high density region
may be much-highe; than in a low density regién. 'Thi_s means that the
reactivity effects produceq by expansion of high density ma;erlal can,
in some cases, shut the reaction down before there is any significant
.pressure produced in the low density region,

The second new effect when non-spherical geometrles are con-
sidered 1's that it is possible that the maximum of fhe .‘reactivify distribu-
tion and the maximum of the pressure -distrtbutions may not occur at the

L
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same ( spatial) point. Then the slope of reactivity and pressure
distributions could be of opposite sign in some part of the core, so that
the movement of material in that part would tend to produce an increase
in reactivity rather than a decrea‘_se.' In actual cases investigated, no
significant separation of the peaks of reactivity and power distributions

was found. However it is well to remember that such possibilities do

gxlst.

THE TWO DIMENSIONAL METHOD

To solve the equations in two-dimensional geometry, a digital
computer p,rogram40 was devélopeq for the author by J. W. S‘teé\enson.
The prob}em of programming the calculation for a digital computer was
considerably simplified by resfricting the geometry somewhat rather
than allowing arbitrary two-dimensional cylindrical symmetry. The
program was written for a core which can be approximated by one or
two regions e_a,ch ha‘vin_g Cylmdr.lcal symmetry and:unlform homogeneous
'composition. The regions are further restricted in the axial direction
to be bounded by plane surfaces. Thus the possible sh_apes are right
clrouiar eylinders or annular cyunders._ 'I_'yhlls‘ restrlc;ion is not believed
to be a severe one, In that th_e two new, ef_feéta, discussed above can be
1nbes"tigateéi_' qu1te freely with this geometry, and it is belleved that the
-results for more complicated shapes would not differ 'qn"alitatiirély.

(But it would ot be terribly difficult to develop a program that would
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treat more complicated shapes if one wished to study some particular
case.)

The method of analysis of this Chapter follows closely that of
Chapter III except that it {s generalized to two dimensions. Thus the
power excursion is again divided into two phases ( see page 28).
Phase 1 is independent of geometry and so the discussion in Chapter
III between Egs. (13) and (22) also applies here. The Phase I calcu-
lation is used to determine the initial conditions for Phase 11 Whi‘ch
begins when the energy generated at the hottest point in the reactor
reaches Q%*. But now since there are two regions havlng d'ifferent; |
compcsitions, and hence different Q*, Phase II st,ar‘t,s_ whenever the |
maximum of E(r,t) in either region equals Q* in that region,

The equations solyed numerically by the computer are (1) (with
delayed neutrons and § omitted), (3)(4), (11), and (43). The
initial conditions are the react.ivity, energy, and power at the end of
Phase I as calculated in Chapter III and the condition d%tl)l " 0 .
The program allows the choice as to whether or not the surface term
in Equation ( 11) is to be '1nclgded, according to whether Model a or
Model ¢ of Chapter II appears to be better, In fact, it is possible to
include some segments of the surface and omit others as desired.

‘The reactivity D(r) and power N( L) dlstribﬁtlbﬁgih' th_l"s.
method are entered 18 a ‘table of values at ’15“-‘9927.mint48:_:s_pébiiied' .

by thelr radial and axial position, The computer then makes a two=
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dimensional polynomial fit to the input values and uses these smoothed
distributions in the calculations.

It appears at first glance that at each increment of time in the
numerical solution of the problem, the two-dimensional integrals over
space in Eq. (11) must be done to ;{)‘;’c‘wide the reactivity for the next
time increment., However, since we have used the threshold Eq. (17)

to represent the nressure, Eq. (9) can be written

2
X = -(y-1Qy flamd MD ) * [armd D(D]e’r ,  (55)

where now the integral extends over that part of the volume for which
N(r) > Q*/Q(t) , i.e., the integral extends over a region of volume
which is dependent upon how much energy has been generated, but the
integral contains no other time dependence, Thus
2 _ .
&E - - (ynam FQ (56)

where

PQ) = [ [aradN(p)] » [arad D(p)]d’r; (57)
CN>Q*/Q

and PF(Q) is a smooth function of Q that becomes a constant after
the time when Q is sufficiently large that the entire core volume is
included in the intégratgdn. ‘The computer program therefore calculates
the fu_nctién P(Q) at di»scret‘e-v,alues of Q before doing the time
1nt_egrat"_,‘1o_n,_qnd then_mter.’polates from this table of values. A similar

treatment is used for the surface integral, Equation (12). The numeri~

cal solution of the equations is described in more detail in Referen_q.e 40,

1]



81

TREATMENT OF CORE SURFACE MOVEMENT

In Appendix C, the various approximate treatments* of the motion
of material near the core surfaces are discussed and shown to be
reasonable. We show that the approximations introduce lappreciab’le
error in the motion of material right at the core surface but that the
error 18 confined to a surface layer of ~ one om thickness. In the
case of a free surface, the motion of the material near the surface,
integrated over volume, is reasonably accurate and leads to a good
estimate of the reactivity effect. We also show that the results for
the calculated energy release are not very sensitive to the treatment
of surface movement for cases involving spherical cores. Howevar,
in more compucated gecmetries, it is sometimes necessary to pay
more careful attentlon to the conditions at the surfaces. Two new
situations can arise. It Is ‘possible to conceive situations in which
the input pressure is nearly flat near a core surface or évén'decfggses
with distance from the a'{rface into the core m’atéri“al’. »'Thia’_cqﬁl'_df
happen, for example, if théi‘é'waré"twd annular core region‘,s sebarated
by a vold space or some material containing no uranium. The other
new possibmty which would be more commonly encountered is a
‘surface separatmg two core regions eaoh of which 13 genemtinq pré.a-

,aure_.- It 1s difficult if not impossible to show In qeneral that the

_: Models a.ore of Chapter III are adequate to traat these more compll-

1. €, approximations for surfaces that are {n contact with a reflector
and surfaces that are completely free. See also pages: 21 26.
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cated situations. However, it is probable that one or the other of
these approximate models for treatment of surface movement can be
justified for most situations that might be encountered. After de-
scribing the two particular cases that we have analyzed, we show that

the surface approximations are satlsfaotory for those cases.

TWO MELTDOWN CONFIGURATIONS

The two situations that we chose to analyze, and for which critical
experiments were done at Argonne National I.aboratory, * gre ldealiza-
tions of two fuel rearrangements of the Enrico Fermi Reactor which it
was imagined might result from core meltdown accidents. We have desig-
nated the two cases Configuration A and Configuration B. Configuration

A is supposed to arise when the fuel in a group of central fuel elements

Over a period of several years the Argonne National Laboratory, using
the Z PR-III faollity,“1 has made many critical experiment measurements
of power distribution and reactivity distribution in relatively simple
geometries such as spheres and right circular cylinders surrounded by
reflector, Calculational techniques have been developed that would
predict the measurements to an accuracy that is sufficiently accurate
for most purposes, and certainly good enough for our calculations,
However, prior to the initiation of our work on two-dimensional power
excursion studies, no complicated geometries had been done in ZPR-111,
There was some doubt about the reliability of the available calculation
techniques for reactivity and power distribution in cases, for example,
where the core is an annular cylinder with a cylindrical void in its
center, Since it is configurations such as this which are interesting
in the study of two-dimensional problems, it was decided that some
experiments should be done, We proposed a series of experiments on
two particular configurations and these experiments were then carried
‘out in the Argonne National Laboratory 8 ZPR-III facility. The experi~
mental work was described in a paper presented to the American Nu-
clear Soclety, The author is grateful to the Argonne National Laboratory
- for making available some of the additional experimental data43 which has

not yet been published.

The experimental configurations were analyzed by Okrent, et al‘“
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melts and settles towards the bottom of the core. We show this
configuration schematically in Figure 7. The compositions of the
four regions are given'in Table VII.

TABLE VII

COMPOSITIONS FOR CONFIGURATION A

% Volume Compogition
Stainless |
U-235 U-238 _Stee] Al _Mo _ 2Zr
Region I 6,00 17,16 16,90 27,81 5.18 4.4l

Region II 14,80 42, 56 14,50 0 15,50 4, 98
Region III 0 0 9, 32 4,2 0 0

Region IV 0.11 48,7 21,0 0 0 13, 47

The Argonne National Laboratory determined the power distribution
in Configuration A by fission chamber measurements, 2 and they
measured the reactivity worth as a function of position for a small
sample having a compoaltioﬁ approximating the average composition
of the core material, From the experimental data fumlshpd_ by the Arqonnefa
we have fabricated the power distributions and distributions of reactivity
worth per unit volume shown in Tablg V‘II'I and Table IX. We have shown
the reactivity worth only for Region II becau'se' the reactivity worth in
Region did not actually enter -mio’ the caloulation. (The 'enerdy denét}ity" "
in that region _’d'ld. not exceed the threshold, and thérefarg'therg_ was no

material m.ov_en'ient calculated in Region L)

using two-dimensional, two-group diffusion theory. Their calculations

of power distribution and reactivity worth agreed reasonably well with
‘the experiments. 5
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'TABLE VIII
POWER DISTRIBUTION* FOR CONFIGURATION A

Region I

Radial Position Measured From the Axis (cm) .

74,3
50. 8
30,5
20,3
15. 2
10.2

5,1

0

x - _ e |
The normalization is arbitrary—no particular system of units.

_Radlal Poeltion.Measured From the Axis (cm) =

19.2. 24,3 29.4 34,4 41,4

4.8 4.5 4,0 3.3 2.0
7.6 7.0 6.1 5,2 35
10,3 9.3 8,1 6.7 . 4,6
12,8 10, 6 9:1 7.0 4.8
13,4 10.8 9.0 7.0 4,8
12,9 \\ 10. 3 8.4 6. 6 4,5

10,7 8.9 7.2 5.6 3.7

. 8.0 6.6 5.0 4,0 L7

“Region II |

!

20, 3

10. 2

5.1

0 5.1 10,2 152 19,2

12,8 12,3 10,9 9,0 7.8

18,3 7.7 15,8 134 114

2004 19,7 18.2 15,4 13,1

20,3, 19,6 18,1 156 13,5

17,5 16,9 15,6 14,1  liz.4

12,5 0 1z2.2 1,8 1,3 108
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TABLE IX
REACTIVITY* PER UNIT VOLUME FOR CONFIGURATION A

Region 11

Radial Position Measured From the Axis (cm)

0 5,1 10,2 15,2 19.2

26.3 1,13 1.08 0.93 0.78 0. 65
20,3 1,55 1.50 1,27 1,00 0. 80
15,2 1. 69 1,64 1,45 1,12 0. 87
10, 2 1.67 1,64 1, 43 1.13 0. 87
5.1 1, 52 1,45 1. 20 0,93 . 0,78
0 1,12 1.07 0. 82 0,63 0,53

"fRéactivny- is expressed in units 10-5 A_k/cm’. »Sée‘ the
* footnote on page 19.

Configuration B is shown in Figure 8. It supposedly arises from
an _acc:ident in.which the fuel in a group of the central fuel e_l'ements\_
melts and either drains out of Tthgx co;e or is carried out by the press_u\re
of the coolant stream. Then the outer fuel elements are assumed to
_col)apae into the cdhf_iguratibn shown, It is rather difficult to imagine
iihat_ this could actually hap_pen_an'd‘ 86 Conflguration B might better be
regarded as arbitrarily chosen for the purpose of "st";xdvy'ing' the be‘hav»i»or
of non—épheyrical cbhflg'urat‘ioﬁé.: | |

‘The com ;Sos'i_tion"s_ of the three ragions are given in Table X.

. .I}‘
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TABLE X
COMPOSITIONS FOR GONFIGURATION B

% Volume Composmon

) w w Stainless __AL_ ___M_Q__
Reglonl 145 42.34 »13,9, 0 155 51
RegionT 0 0 932 42 0 0
Region I 0.11 48,7 2.0 13.47 0 0
From the Argonne measurements of power distrlbut\i\)n ahdf}?r'ea_c_ti'vuy

.o e

- worth, -we"havé made up the power distribution and reactivity oer unit

" volume for the homogenized core maierial shown in Tables XI and XII.

TABLE XI
POWER DISTRIBUTION#* FOR CONFIGURATION B

Rgg fon'1

‘Radial Position Measured From the Axis (gm)

15.2 19,0 25.4_‘ 31,8 38.1
0 65 1.0 7.0 61 3:;
8. 2 8.2 8. 4 8.4 7.2 5,5
13.9 10,4  11.5  11.5 9.6 6.9
19.3 11.8 13,5 13,6 10,7 7.3
24. 8 11.6 12,8 12,9  10.5 7,0
27,9 9.8 9.5 7.0 7.2 5,2

x .
The normalization is arbitrary
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. TABLE XII L

Regton 1

Radial Position Meés’yred: From the Axts ( cm) |

15,2 20,3 267 330 394

0 51 42 36 2.4 L4

o0
.
w

13.8 5.1 6.0 6.2 4.1 2.5

19.3 5.5 6.8 7.2 5.8 3.3

24.8 4.4 5.6 5.9 4.8 3,3

27.9 4,7 4.5 4, 4 4.0 2.2

* . Ly .
Reactivity expressed in units 10 éhk‘/’cm.3 .
See the footnote on page 19, :

We have alreaciy mentioned that in the two-dimensional calcula-
tions we have used the procedure employed in the M-B-T analysis of
Chapter 1II, in which the excursion 1s broken into two phaées. In the
first phase one neglects reactivity feedback and détemiugsthe reac-
tivity attained at the time the energy density at the position of maxi-
mum power reaches the threshold energy Q% . Then the initial condi-
tions for the start of the disassembly phase are Eqs. (18), (22), and

Q(ty) = Q* just as in Chapter III. We -do not concern ourselves

further here with Phase I..
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quo the ééi@lat;or_._ it is necessary to spet:lfy the prompt neutron
generation time !, lwhi‘_‘cf_:t_i'-w,e set equal to 1_0-7 sec, the core density,
the equation of state parameters Q¥ and (y-i), the initial reactivity,
and which ‘Model, aorc, is to be used for the surface movement ap-
proximation. Upon examination of the power distributions of Tables
VIII and XI, we see ihat the power shape at any core-reflector inter-
face has about the same character as it would have for an ordinary
Spherlcal core, l.e., it decreases as the surface is approached from
the core Asic!e, and the slope is comparable to that which occurs at the
surface of a spherical core. Therefore the considerations of surface
treg-tment discussed 1p Chapter I and Appendix C apply as well here
andﬁ,}?br such surfaces we prefer Model c. At the surfaces between
the fuel regions 1 and II of Configuration A and the low density region
III there is negligible restraint to surface movement, so there we use
Model a, the free surface approximation; similarly, for the boundary
between Regions I and II in Configuration B. In Configuration A there
are also the boundaries between the two core regions I and II. These

we treat by the free surface approximation, Model a. *

*It is an interesting point that this is a good approximation. Because
most of the reactivity and most of the mass in the two regions is due "

to the uranium, the contribution to the rate of reactivity reduction from

a thin layer of material bracketing the interface is just proportional to
the total momentum ¢f the layer, and independent of how much of the
momentum is from material in one region or the other. But this net
momentum is calculated correctly if one simply assumes the free surface
approximation for each region separately, When one region is treated,
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'm,e discussion of the treatment of surface movement is actually -
not of critical importance for the two configurations being 'ép;ly'z'ad
.here. We find that the surface movamem contributes an@dhgibig
fraction of the reactivity decrease. When all the surfaces are trqqfed_
by the more conservative Model c, we oi:t.atn a negltg_tblé diffsrence in.
the energy release. ﬁowever, this may not a-lwa?s,ba,trua, and one
thould check each particular problem so that, if the surface movement

is important, he will know to what extent the approximations influence

the .rfe‘sults.»

TREATMENT OF MATERIAL MIXTURES

In all of the calculations of the preceding sections, we were deal~
ing with an idealized system in which the core was composed of pure
uranium. Now for the first time we aré considéﬁng a real system !h
which the core is composed of a mixture of materials. Thefuel allqy
‘itself in the Feimi Reactor is an alloy of uranium and molyb&_enum,'
rather than pure uranium. (Few reactors use pure uranium as a fuel, ) *
However, for our purpose, which is to study the effects of non-uniform
fuel distribution and non-gpherical configurations, we avoid the issue

of the differences between pure uranium and a uranium-molybdenum

alloy and treat the fuel as pure uranium,

the surface is calculated to be moving to the left; and when the other
region is treated, the surface is calculated to be moving to the right,
When the reactivity effect for the two regions is added, the net effect

from the nearly discontinuous pressure drop across thQ,.lnterface is cor=
rectly calculated,

* .
See also the discussion on page 159, .
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In our studies, cnce the power distribution N(r) and reactivity
worth distribution D{g) are specified, the core material plays the
role of an inert hydrodynamic fluid. Its only pxopenxas of interest
are its density and equation of state.* It is only in the estimate of
the equation of state that we treat the fuel alloy as pure uranium.
This is believed to be a reasonable approximation, ##

It is not difticult to account for the presence of the other ma-
‘terials, which neither generate a significant amount of heat nor absorb
a significant amount of heat from the fuel because of the short time
‘duration of the power excursion. They do, however, add inertia to
the-c_:ote' and occupy space in it. The result is that we now must
atmsidéq three different material densities, the density that enters
Eq. (6), the density for Eq. (8), and the density for Eq. (54).

'ihe density fpr EqQe (ﬁ) , the hydrodynamic equation expressing
e"ssenuazny the force 'bf{)ame, is clearly just the total hom‘ogenized
density of all the core materials since it represents the inertia effect,

The density for Eq. (8), the equation of state is

v e '
P(a) = 1"’0 ) (58)

where ‘pu is the density of uranium, 18.7 gm/cc, v, is the fraction

* .. . . .
Thus U238 and U£35 are very nearly identical in this analysis.
*% ’
See also the discussion on page 159
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_of the volume occupied by urenjum (&', ‘because we are W‘UW

the U-Mo alloy as pure uranium, we take "vu to be thc lracuon of

5'7? Uz” + ’4041 and v, is th“fﬂw

‘the volume .ogcupled by U.ZB |

0
fraction of all other materials. Thus, the fuel is restricted to occupy

a volume which 13 less than the total core vol_m_;a, and for this reason
2 given energy generation causes a higher pressure ttian would be
produced if the other materials were absent, We neglect the fact that
the other materials will be comprensed, to some extent, into a smaller
volume when the uranium pressure necomes larg_e-.ﬁ

Finally, the density for Eq. (54), the expression for the total

energy generated, is clearly
Pise) = VoPu ? 139)
o . 235 238
where again A te the volume fraction 9£»the U +U " + Mo,
Pirst consider Region II of Configuration A. Using the data of
Table VI, we obtain:
R 14 ar .
Pl6) 14 gm/cs ;
p (8) 17 gm/cc

9(54) o d l3.6 gni/cc.

The quantity ¢ (8) = 17 gm/cc happens to be slightly greater than the
density of liquid uranium (16,8 gm/cc) at the melting point, Then
from -our Table A. II in Appendix A we see that the threshold energy for

Region II of Configuration A would be essentially zero, The same is



rue n Reglon 1 of Contigustion B.  The snery release for such s
cnu is "qm _‘mii,',_nnpq~_mi_pe mgte, c#mgﬂm&a, as is app;op;wb;_
w,‘,lu(aty nnnly_a_u,l“m use the equation of nmﬁn pamm.Ws fmm
Table A. I1 for a density of 15 gm/cc, L.e., y=1 = 1.62 and
Q¥ = 0, z.:.xm‘__“ m!qm. This corresponds to a situstion where
tlma ts still about 10% void space mixed with the uranium, It would
be somewhat cpiimistic to assume that the uranium would actually
~compact to full liquid deasity in a meltdown.accident. Thus, for the
equation of state for Reglon II of Configuration A and Region [ of -
Configuration B, we use
P = (1.62)(15)(E - 0,23 x 10'7) |
10 {60)
= 24,3{E-0,23%x10"") ,
where P 41; expressed in dynes/cm* and E is in ergs/gm.
‘Next consider Raglon | of Configuration A, Using the same pro-
cedure as for Region 1, we obtain
Prey ~ Tomlee
P(8) ~ 6.7gm/ce;

p( 54) ~ 5, 3 gm/cc .

Then the equation of state from Table A. Il and a density 6. 7 gm/cc
18

P = (.7)(6.7)(E-1.3x10'0)

-~

X 4,8(E-1.3x109 ,
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where P is in dynes/cm® and E is in ergs/gm.

CALCULATIONS |

Now mms_o'tﬁm the threshold Q* in Reglon I of Configuration A
is a'bmt 6 times as great utbu in Region Il. Purthermore, Table VI
shows that the maximum power dinntty in Region l‘ is only about .3!5 |
of that in Region Il mm@, the threshold equation ush»d. io @m
pressure w@mm predicts that there will be no mmr&qi movement in
Region 1 until the energy generated exceeds the energy required to produce
pressure in Region Il by about an order of magnitude. In the calculations -
it was found that so large an energy ﬂm never atwmd.mﬁ- all of the
material movement and associated reactivity effects came from m’xdn"ll.
This is important when we discuss an equivalent spherical moda.l ;ﬁaz
can predict the enargy release quite well,

Using the parameters and the method discussed above with the
power and maquvlty distributions given in Tables VIII through XII, we
have cak:ylamd the energy 'r'ele.au for Configurations A and B using
initial reactivities above prompt critical for Phara 1l of 0, 001, 0,002,

and 0, 004, The results are given in Table XIII.
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TABLE XIIT

ENERGY RELEASE FOR CONFIGURATIONS A AND B

lnitl?il Reéduvlty Configuration A Cc‘:‘nﬂgmatmn B
(k-1-B) ‘Energy Release Enengy Release
»(;08 joules) Joules)
0, 001 4.3 58
9.002 6.6 8.8
0. 004 13.1 “ 17.0

AN EQUIVALENT SPHERICAL MODEL

Now it is interestind to try to compare the results of Table XIII
with what would be calculated by._tbo M.-B-‘I-"faethod for some kind
of equivalent spherical model. A possible equivalent model would
be one in which all' of ihe materials in Regions I, II and III of Con-
figuration A, or I and II of B, are homogeneouslv distributed through-
out a sghere of equal volume, However, this iz also obviously a
poor approximation because we have seen in Chapter III that the
energy release calculations are quite sensitive to Q¥ , the threshold
‘energy, and this procedure would result in a much higher threshold
than QQ have used in the two-dimensional calculations.

A much betters pherical mode} is the following: First consider
Configuration A. All of the ‘material in Region II is put into a sphere
havln:’; the volume of Region II. Region I is ignored for thg time being,

because it was found to contribute nothing to the reactivity reduction.
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However, it does generate heat and, in fact, 1ntégfat;on of ftﬁe power
distribution of Tabl_e'VIIIgi’\re"s}_»the.resh'li'fhét 63% of the power is |
generated in Region I. The tlota.:l energy release is. then the enerqy}':'
calculated f.qr Region II dllvllded‘ by the ratio of energy generated in
Region II to the total energy, i.e. 1/0,37.

With the srherical model §pecif1ed, we use the data of Tables
IX and XII in the following way: We assume pgrabouc dlstdi:ut_lons
for the power;hd reéctivity which ha_ye about th\e same maximum and
average as the distributions of Tables IX and XIL Thus we take for
the power distribution

N(r) =1~ O.Sé

and for the reactivity distribution

, D(r) = 1.69X 107°(1 - o, sf-,-)

The volume of Region II is 30.5 liters so the equivalent Spherical

radius a is 19.4cm. The parameter d for Eq. (25) in the Bethe-

Tait calculation is:

5

d = 1.69%10

Table XIV summarizes the parameters for the equivalent spherical

calculation for Configuration A.
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TABLE XIV

PARAMETERS FOR M-B-T CALCULATION OF CONFIGURATION A

q  (Eq. (24)) 0.5
4 (Eq. (25)) 169X 107
. a ( sphere radius) ; 19.4cm
p (density) . | 15 gm/cc
(y-1) (Eq. (17)) | 1.6
Q* (Ea. (I7) " 0.23%10'% erg/gm
1 ( prompt neutron generation time) 107 sec

By similar considerations we obtain the parameters for a spherical
model for Configuration B.
TABLE XV

PARAMETERS FOR M-B-T CALCULATION OF CONFIGURATION B

q (Eq. (24)) 0.5
-6 -3
d (Eq. (25)) 8.,6X10 " cm
a ( sphere radius) ‘ 30 cm
P ( density) 15 gm/cmA3
(y=1) (Ea. (17)) 1.6
Q*  (Eq. (17)) 0.23%10'? erg/gm

\1 ( prompt neutron ge’ne‘i‘atlon time) 10  sec
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It might at first sight appear that we have to do the _tw'o-dlmensldﬁgl
energy release Calcglation first in or_der to obtain the" ifnt‘oirma_tion for oﬁf
equivalent spher:ic‘al. model. This is of course not true. The only two-
dimgnsional 1nfom§tion we are using is the power and reactivity distri-
butions, which are input to the energy rejl*ease calculation and cén be
obtained for example from a two-dimensional multig'rodp dlffulél’l’.on thebi'y
calculation, In many cases it may evén be po'ssible first t._°.‘ pqstulgta the
spherical model and then also calculate the power "emd reactivity dlsfri-
butions in spherical geometry,although this is lé‘ss reliable,

Using the parameters from Tables XIV and XV and the results given
in Figure 1, we have calculated the energy release by the M-B-T

method. The calculations are summarized in Tables XVI and XVII.

! TABLE XVI

SUMMARY OF M-B-T CALCULATION FOR CONFIGURATION A

k, -1-p 0. 001 0. 002 0.004
x 0. 0058 0. 046 0.37
y 1. 35 2. 45 5. 4
10 | ».
Q(10"" erg/gm) 0.54 0.79 1.48

Energy Release

for Region IT 1.6 2.3 4.3
(108 joules)

Total E.:nergyA Release _

Energy Release
From Table XIII 4.3 \ 6.6 13.1
(l()a joules)
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TABLE XVII

SUMMARY OF M-B-T CALCULATION FOR CONFIGURATION B

k,-1-p 0,001 0. 002 0.004
x 0. 0074 0. 059 0.47
Y . 1. 45 2.7 6.0
10 -
Q(10 " erg/gm) 0. 56 0. 85 1. 61

Total Energy Release .
(108 joules) 6.1 93 17.

Energy Release
From Table XIII 5.8 8.8 17.0
( 108 joules)

The parameter x 1is calculated from Eq. (3). Then y is read frogn
Figure 1. Q is calculated from y by Eq. (31). The total energy
for the region treated in the calculation is found from Eq. (54). Then
as explained above, the total energy for both Regions I and II in Con-
figuration A is obtained by multiplying by the ratio (1/0.37) of total
energy to energy in Region II as calculated from the power distribution
of Table VIII. In Configuration B there was only one fuel region.

The last two rows in Tables XVI and XVII give a comparison of
- results for the two-dimensional and spherical calculations. They show
that we have fxad striking success in estimating the energy release for
the very complicated two-dimensional situations by the simple spherical
model. It seems likely that a satisfactory spherical model can be found

for most situations that ‘-might be encountered, but 'perhéps not in every
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case. If the power distributions and reactivity distributions are known
for the two-dimensional configuration as was the case h.ere, then one
can be fairlir confident about choosing the spherical tpq_del.‘ If they are
not known, then there is always the possibility that the unkt;QWn diéf
triﬁuti_ons-have some unusual character, and there would be some doubt.
about the results.,

It is also interesting to compare the r_e_s_'_ults_pbtalned here with
those of Chapter IV for homogeneous spher'ea. of density ~ 7.5 ﬁm/cc.
Those cases correspond to cores which were also originally similar to.
the Fermi Reactor core but which coligpsed only slightly and ﬁnifonnly.
If we choose for comparison, cases from Table II which produced ap-
proximately the same value of the maximum reactivity attained abovg
prompt critical ( k,'_—l-ﬂ) , we see that the énergy release was ~ 3
times greate;' in the uniform spheres than in the cases treated in this
chapter,

The two configurations, A and B, were quite drastic departures
from the normal reactor core geometry, and yet we found that the power
distribution and reactivity worth distribution followed one another rather

closely. As long as th;s happens and as long as there are no really
strange effects which we have not l'_._ieen able to imagine, it seems likely
that any rearrangement of the fuel in a fast reactor from its normal uni-
form distribution will result in an energy release (for a given initial

reactivity) that is either about the same as or, as happened here, less
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than that which would be calculated for the original euniform distribution.
If some sviqniﬁ'ca'nt fraction of the c_:ore" material, e.g. 10 percent or
~more, collects into a compact nearly full density arrgsngement, then,
as we found for Configuration A, both the power density and reactivity
worth concentrate in that region., Because the high dénslty impligs a
low threshold energy, this type of a configuration gives low energy
‘release. However,* we cannot quite c_:Onclude definitely that there is
ne rearrangement of fuel which would give a larger energy release.
One possibility which can be imagined ( although we do not see how

. it could actually ar;se) is a spherical core with a spherical l;ole in
the center. Our methods would predict that such a configuration gives
about the same energy as a sphere with no hole in it. But because of
the large displacements of material into the hole, it is not clear that
our methods are applicable. ‘A very highly refined technique would be

required to calculate the reactivity effects with confidence in such a

cas®@,



APPENDIX A
LQUATION OF STATE :

The prgssur'é o_f the mat»é’iial' in the core of a reactor du,dnq. the
power excursion resulting from a hypothetical core meltdown accident
is 2 tunctlon of .the,"compo‘s'it'ion,-' density, and temperature of the ms--
terial, 'Tﬁe."mlatlohéﬁlp among thesequanﬁtles is-called the _e;juétlon
of state.. In our W(_)!‘k,jﬂh;at .1_9 -actually needed is a relation be;ftween.
the ptes»}sdre; And the ene;g;(- content,for particular compositions and
densities. We have generally referfed to this relation also as the
equation of"state,‘ and clea,rly"-elther of these "equations of state"
can be obtained from the other if in addition the heét-capacity relating
energy to temperature is known, _'fhg basis of.,t!‘\e equation of state
used in the éalcul_atlons of the main body of the dissertation is given
in this appendix.

One of the topics undgr investigation is the influence on the
energy release calculation, qf the.general form of ihe equation of
state. Most fast reactor explosion studle;_;l’ 14—”'ha\!8 utilized a
threshold type of equation of state, Eq. (17}, in which the pressure
is assumed tq Be zero until the energy density exceeds a given
threshold energy Q% . In reality there .must alwdys be some pressure
(equal to the saturated vapor -préssure) even at energies below

103
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threshoid’..“"'\:Ne should like to determine under what conditions it is
permissible .to neglect the pressure which actually exists before the
energy exceeds Q*, 'and_hbw' much error is introduced when this
pressure below threshold is neglected. Therefore, In addition to
presenting thg basis for the usual threshold equation that we use in
the calculations of Chapters III and IV, we also develop a slightly
modified vapor pressure equation for Chapters IV and V and compare
it to the threshold equation f& a uranium density. of 7.5 gm/cc.

In order to make sensible comparisons between the calculations
for the tllrgshdld model and scme model in which the pressure ap-
proaches zero asymptot_lcally,-“it is necessary that‘ the two models
be éons‘ist_gnt with one another in some sense. As a basis for con-
sistency we have required that“the: models give very nearly the same
pressure for energies equal to or greater than 1. 5Q*. In _addttion,
for the comparison to be’ sensible, the vapor pressure model should
give pressures at energies below Q* which are approximately correct,
By making-g slight alteration of the parameters in the standard formula
for saturated vapor pressure we have been able to meet these reéuh*e-
ments satisfactorily., What is 1mp6rtant is that we have a reasonable

_general form for the expression and consistency with the thre3hold

model. Whether or not the expression is ﬁuantitatively accurate is

of secondary importance.
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THE PRESENT STATE OF KNOWLEDGE
A considerable amount of theoretical w@g has been done on the
equation of state of uranjum for the range of temperaturu and density

"",’ 45, 46 In this range there

of interest to reactor explosion studies.
are almost no experimental data, ‘the Los Alamos data all being at

very high density or at tempe‘ra_ture orders of maqrﬁtude higher than

the highest temperatures of interest in this work. .B'efo_ré actually
selecting parameters for Eqs. (17) and (47 ) we review the status of
the knowledge about the true equation of state of uranium. This should
give the reader some feeling for the sources of uncertainty in the
parameters we choose (gvén thquq'h the uncertainties are nct of great.
importance to this dissertation). Also, it shduld”gecome»evldent that
further research is required in this area before one can hope to calcu-
late explosive energy release wi;h high accuracy.

'i‘here is some information avai}able relating to the equation of
state. The saturated vapor p,ressurle is known at tegnpera'trii;res not far
above the melting point. o This 15 valuable information because within
the saturation region, experience wltb other materials has shown that
a simple two parameter formula will often give the vapor pressure ac-
curately all the way from the melting point to the critical point. 48
The other piece of data that is well known is the heat 'capaclfy of

liquid uranium just above the melting point, 9 This is not so helpful

because it may change by as much as t 50% at higher temperatures,
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Finally, tﬁe.pressure-telﬁ;:erature relation is known for uranium at the
density of the solid state up to temperatures of about 5000°K, 16

From this meager data on u}anium, and general knowledde about the
behavior of gases and liquids, we must construct an equation/of state
covering the temperature range from the melting point and up to

~ 30, 000°K and densities from the density of liquid uranium at the
meltfng point down to ~ 1/2 that density or less, *

At 'temperatures ‘below the cri.tlc:allpolnt and at low densities the
saturated vapor pressure curve combined with some estimate of the
heat capacity will serve our purposes. At temperatures above the
critical point two basic «znpproac':hes?"”.45 have been used to estimate
the equation of state for uraplum. One is to assume that it obeys a
Van der Waals equation and the o'tr‘xer that it obeys the law of corres=
ponding states, so that the empirical data on other materials can be
.applied. Robert D. Cc:wan‘16 gave a brief review of two attempts at
estimating the equation of state by these two methods. He says:

"Iﬁ much of the pres“sure-deﬁsitjy range of interest, uranium

doubtless exists as a mixture of liquid and vapor phases; the
critical values (Vg, To, and Pg) are therefore of great interest,
Brout?-". assumed Elrod's%® estimated value T, = 14, 000°K

= 1,206 volts, and used the empirical facts that for most sub-"
stances V./Vgoliq = 3.11 and PgV./RT, = 0.3, thereby ob-
taining Vg = 40 cc/mol and Pg = 8650 atm. = .0088 Mb,

‘He then simply made use of average empirical data for various

inorganic and organic 'gase‘s30 expressed in tems of the reduced
‘variablt_es V¥ = 0,6 and 0.8 and T* > 1,

Stratton> kept Brout's values Tc = 1. 206V and Ve =

40 cc/mol but used in place of empirical data the van der Waal's
equation | ‘ | | : '



107

8Tx 3
PY¥ = Sys-1 ~ ye? (1)

for which PcVo/RT; = 3/8 = 0.375. - He therefore had to
use a critical pressure 25% greater than Brout's value:
Pc = 10, 800 atm = 0.0110 Mb. In the two-phase region
the .van der Waals equation is inadequate, and Stratton
used the empirical vapor-pressure relation 7

2,010

log,, P = -0.292 = == (2)

where P isin Mb and T in volts. Although (2) is pre-
sumably valid only for low T (the experimental range is
T < 0.15 volts), by a strange coincidence it gives at T,
precisely Stratton's value Py = 0.0110 Mb; thus it can be
used throughout the two-phase region without arithmetical
inconsistency. The boundaries of the two-phase region
(1. e. the saturated liquid and saturated vapor curves) are
thus given by the intersections of (2) with the negative
slope (on a PV plot) portions of (1).

"There are evidently appreciable differences between
Brout's and Stratton's equations of state—a 25 percent dif-
ference in P, for example, At first thought one might be
inclined to favor Brout's, since it is based on empirical data
whereas Stratton's is purely hypothetical. However, Brout
was extrapolating to higher temperatures by more than a_
factor ten. MoreoVe‘r, he was trying to obtain an equation
of state for a metal from those for non-metals, and it is by no
means certain that these are identical. (The author was un-
able to find any critical point data on metals such as sodium
or mercury with which to make comparisons,) Hence the
uncertainties in both Brout's and Stratton's results are probably
as great as the differences between them, and there is probably

not really any impelling reason for choosing one over the
other.

"There is an obvious source of error in both, equations

of state, and that is the omission of any contribution of
“{onization to the pressure, energy, etc. For the materials
(C0p, NH3, CHy etc.) on which Brout based his calculations,
Tc 1s so low that ionization is negligible even for T* = 3 or 4;
but for uranium, T = 1.2 volts and ionization effects are very
‘likely significant, if not at Tc then certainly at 3 or 4 times
‘higher temperatures. Indeed, the calculations to be made below
show that the electron pressure at the critical point may be

‘more than twice Brout's value; thus %tratton' s value of Pg may.
well be more accurate than Brout's,'"
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Cowan investigated the contribution of electron pressure to the
equation of state of uranium, As 1ndic.a'ted above in his review of the
previous work on the equation of state of uranium, Dr. Cowan's work
has shown that at temperatures above the critical point, the electron
pressure may be appreciable, His caICulations46 are subject to
several simplifying assumptions which could introduce errors and in
fact it does not seem likely tﬁat accurate thebreucal calcu.l'atio,ns can
be ‘made. with the available bhasic data.

In this dissertation the effects of ionization are ignored. It
seems clear, however, that if cne needs accurate estimates for ex-
plosive energy release then ionization must be considered. The situa-
tion is ;:;lped some by the fact that we require an equation of state re-
. lating pressure to energy density rat_hef than tO'temperature. Ignoring
ionizathn tends to cause an underestimate of the pressure at a given
tem.peréture. This is due to the fact that the ionization effectively
increases the nu’mbe_r of moles of ''gas" contained in the ,giv.en volume.
However, the total internal energy of the system is also approximately
proportional to'the number of moles of 'gas." For an ideal gas, these
two effects cancel one another and give the result that the pressure
is deté'm_uned by the total energy contained in a giiren volume and

for that amo'_unt.of energy it is independent of the number of moles.

Therefore, . to a first approximation, the ionization does not affect the

pressure-energy. relatio'n_ship.
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' No'rmally, a certain amount of energy is required to create an
fon pair in a gas. However, Co~wam46 points out that at the dehsit‘l‘es'
we are concermned with, i, ¢. ~ half the normal liquid density, and
greater, uranium, being a metal, is already ionized even at zero
temperature, 'fherefore, no additional internal energy is required to
produce the free electrons.

Qur uranium-electron gas is not at alll an ideal gas, because. of
the high density. However, we have .examlned Coqu'.s c,alcu’latlons“
and find that for a given total energy, th:a_?calcul’ated pressure is
.approxnnate}y the same, whether the electron contribution is included R
or not. W.e have therefore chosen to use Brou,t'za26 estimates without
including the effects of ionization, and we believe that the inclusion of
such refinements can not be justified until additional experimental
information becomes. available.

Ionization in_ay be of some importance to an evaluation of the
damage potential of a nuclear explosion of given energy release. Thus,
if the expanslon process is sufﬂclently rapid to leave the gas m an
ionized condition when it is fully expanded, then the work available
to do damage is reduced by the amount of energy corresponding to the

ionization energy. - This, however, is not pertinent to the present

subject,

THRESHOLD EQUATION OF STATE

Once ionization has been ignored, then there is a choice between
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usi'ng B_r‘out'.s26 or étratton's45 equation of state or developing a new
one. As Cowan has said in the abc?ve review there is probably no
impelling reason for choosing one over the other. Also, it appears
that until some further expérimental data becomes available there is
no advantage to be gained from develéptng a new one. Therefore, as
recommended by H. A. Bethe? ,l the author has elected to use what is
basically the calculations of R. H. Brout. 26 Table A. I summarizes

the equation of state for two particular values of the specific volume

as taken from Brout's Tables VII[ and IX.

; TABLE A. I

BROUT'S CALCULATED EQUATION OF ST-A'I"E(

Density = 7,44 gm/cc Density = 9.92 gm/cc
I* Px E/RT¢ I* Px -E/RT,
0. 99 2,7 0,96 2.0
1. 10 1.85 2.95 1,05 2,0 2,1
1,23 3.0 3.25 1,11 3.0 2.2
1. 50 5.0 3.95 1,21 5,0 2,5.
1,76 7.0 4.5 .33 7.0 2.8
2,3 10,0 5,35 1.6 10,0 3.4
2.9 15,0 6.3 1.9  15.0 4.0 .
3.4 20,0 7.1 2.4 20,0 5.0

T = 14,000 T* (degrees Kelvin)
P = 8,650 P* (atmospheres)
T, = 14,000 K

R = gas constant



111

In the calculations of the energy release done in Chapters III

and VI, an equation of state of the form

P = (y=-1)p(E-Q¥ (A.1)
is required, where (y-1) and Q* are param,etérs which can be
chosen to fit the Brout cd,lculated points. Rather than making some
type of “'best fit' to the points we have elected to draw a straight
line which is slightly on the conservative side, i.e,, which on the
average gives less pressure for a given energy release than the Brout
calcul_cfation and, therefore, will result in a sllghtiy larger calculated
energy release. A comparison between the straight line approximation
and the calculated points is given in Figure A, 1.

The Brout calculations were for uranium having a density of either
7.‘44 or 9,92 gm/ce, i.e., honhal density uranium (18,75 gm/cc) mixed
w{th 60% void and 47% vo_id res pectively. More dense configurations
are also of interest in reactor meltdown accident studies and j'go it is
nécessaxy to have an estimate of the equation of state for fh‘eA highér
densities. An attempt was made to repeat the Brout calculatlons at
higher densities. However, it was found that at high d_enslties, the
‘method involves the subtraction of nu_mbers which are nearly equal
and therefore does not yield r;al_iable results,: |

The n.\;ethod_ used for very high desnities is based upon the fact
that very little pressure is produced until there has been sufﬂclent

t’henna_l expansion of the liquid uranium tofil»l' t_he void spaces, Then
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the pressure increases approximatei&‘ linearly with energy ac.coxrding'

to the rela,tvion52

aP 1 d j 4acta’T ), (A.2)
(a}:)v'zar L+ /14 Cy |

where a is the coefficient of thermal expansion and ¢ is the velocity
of sound.

For the fully dense liquid at 1500 degrees Kelvin, and using the
value,of c for mercury (it is not known for liquid uraniun}, 'Downssz

estimated (g—g)v = 1.13. He used CV =14 X 105 erg/gram*K and

a=8X 10-5‘1(.-.1. It ls quite possible that ¢ for uranium is highef,

the value for solid uranium being 3 X 105 cm/ stac..5 9 If ¢ were takén
equal to 2 X 105 cm/sec for the uquld, Eq, (A. Z)would'éivg (%%)v =2. )
Thus, since c is not known for l'iixuid uranium, esti;natlpn of

az) . o (3P) |
( 8E)V from Eq.(A. 2)is somewhat risky, the error in 5E Jv being

nearly proportional to the error in ¢® .

In Reference 46, Figure 1, Cowan gives experimental results on
the pressure as a function of tempefa't’ure for ur;nium at the denslty
of the solid state that‘aré valid at relatively low temperatures, i.e.,
T <100°C. The A»!"'-T relationship up to a temperature of 0.1 ev 14;3

nearly a straight line with an average slope ( %'%)V « 0,84 ,- where

P is.in megabars and T is in volts. The slope then dec;ea_ses and the .

v = 0,7, Cowan also

average up to a 'te‘m'peratuxe of 0,5 volts is %g)
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did some high temperature theoretical calculations by the Thomas-
Fermi-Dirac model. The theofeﬂcal and experimental curves did not

meet smoothlyg and so in the intermediate temperature range Cowan

fared in a smooth curve which approaches the experimental curve at

‘ lgw temperature and the theoretica) curve at high temperature. The quantity

B -a£ ‘ ) gz . R .
BT)V. can be converted to ( OE)V by dividing the specific heat:

Now there has been considerable disagreement abqut the average CV
?or uranium. The value just above fhe melting point is known‘i-'?‘ to be

9 cal/gm mole.. 6B'rout2.6 érgués that it should quickly drop with increas-
ing temperature to 'about 6 cal/gm mole and then decrease further.
Strafton45 has assumed it is constant at 9 cal/gm mole. Some recent
c,alculation553 seem to indicate that it may even ;ncrease slightly with
temperature. If the value 6 cl'al/gm mole is selected then ‘:' %E‘ V .
would be 3.2, A specific heat of 9 cal/gm mole gives 2,1, Cowans
interpolated P-T curve with the higher specific heat gives 1.4, It
~appears that ,thefe is no way of accurate}y pinning down the valie of

] 8P . . ¢ l : .
':'(E)V with existing experimental information.. We select the value

‘-&(%g)v = 2 | (A 4)

for uranium at the normal density of the solid state.

" We do no,zcélc:_;_tﬂ.'_,féi;t_tg;ri-sf'at quite so high a density., The accidents
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are always assumed to have come from meltdown of a reactor core so
the hlghést density of interest is the density of the liquid at the melt~
ing point. That is approximately 16, 8 gm/cm®. - To obtain values for
y-1 at intermediate densities between the solid density and the

densities of the Brout calculations we assume that y-1 1is a linear
function of the densi.ty. Q* 1is taken to be .zéro for the densi.ty;'of the
liquid ‘at the melting point and a linear functic.m of the Tdens‘,ity for
densities intermediate between the melting point density and the
density of the Brout calculations. This at least assures that our re-
sults are a smooth function of the density. It ha:é‘ heen found in the
calculations that the results are not very sensitive to- y-1 but are
quite dependent upon the value of Q¥ .

Table A. II summarizes the values of y-1 and Q% that are used

1a the ¢alcu1ations.

TABLE A.II

EQUATION OF STATE OF URANIUM

p gm/cm’ -1 Q*( 1010 erg/gm)
7.5 T 0.82 1,16
8.3 0.93 1,03
10 1.11 0, 87
12,5 1,37 0,55
15 1.62 0.23
16,8 1.80. 0

18.7 2 =
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One must remember that the values of Q¥ listed in Table A.II are
predic_gated upon the assumption that the liquid is initially at its
normal melting point. If calculations are to be performed starting
with the fuel at some other temperature, then the value of Q* must
be adjusted to accm;nt for the difference in heat content between that
temperature and the normal melting point.

The .parameters in Table A. II for the threshold type equation of
state have be:2n chosen in such a way that the pressure ls. pproxi-
mately correct when t_he. energ; density is appreciably abov;\he
thre"s.’hold Q* ., For energy densities very near Q* the equation
underestimates the pressure and for energies less than Q% it is
com piételymeaningless-. In calculations using this equation the
pressure is set identically equal to zero ﬁhtil_ the energy exceeds Q%,
It is easy to see the qualitative nature of the error which is introduced
by using an eq‘uag_ion..of state of this form, {f »1t'1s used in a calcula-
tion which gives an energy release a few times larger than Q*, then
the approximation _1§ quite ‘__gopd. 'l}ut if it is used in a calculation in
w.,hicﬁ the energy_’rel_ease:, is calculated to be only a little l_argér_ thé_n
Q*, ihe energy may be greatly ov'erest;ma'ted.. In fact, no matter how.
weak the accident is, 't“hiié'.gqu'a'tién of state will always yleld an
e‘nex;ég}rl'xfe I'eage" at ie’a‘”s'£'.jé‘.qUé1'~ to Q* since »it‘ is the «:p';éséure twh;ch

disassembles the core and stops the power generation.
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SATURATED VAPOR PRZSSURE

Previously, no one has 1nvest1g§ted quantitatively l';ow much

error may be introduced in the calculated energy release due to the
neglect of pressure which exists prior to Q* . To do this, we must
perform the calculations with an equation of state which follows the
thre shold equation fairly closely for E > Q* but then comes into zero
asymptoticaily 'as the energy goes to zero. Aiso, we would like the
equation to be a good approximation to the actual behavior of uranium,
or the comparison would be rather méaningless. A simple physical
picture of the threshold energy, which is most sensible in fairly high
density situations, helps to point out a reasonable form for the equation
of state we are seeking. We start with liquid uranium just above the
melting point and linters‘persed uniformly with void spaces. As the
temperature rises the liquid expands, 'part_iall"y filling the internal voids.
As the temperature increases further the voids are finally completely
filled by the expanded liquid and then the pressute'begins to rise,
“The threshold energy is esse‘niﬂi.'a’lly the energy 'requlired to produce the
‘amount of thermal expansion of the liquid to fill the volds. The main
‘effect -we ér_e: neglecting is the sat'\;rated v.apor.ﬁrés’éﬁfe whiq:h exists
‘even below the threshold. - “

A ‘standard form 'fé'r"_ the satura ted va por 'prg‘s_:éu'rev..i..sé.a.

“where A and_B are constants. 'ﬁ#bé.'_riméntgllj'_iit_has__~ been c:d:.sewed48
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that many substances have a vapor pressure which follows this ex-
pression over many decades of préssure, all the way from the meiting
point to near the critical préssure. From measurements at .vew low
pressure the constants have been de_;ennined” for uranium to be

B

1}

53,700 ;

A 5 X .105 Atm,

What we need of course is an exptjession relating pressure to energy
rather than to temperature. As mentioned earlier, the specific heat of
uranium is not known as a function of temperature, so we have to
choose values arbitrarily. Under these conditions there is no longer
any reason to precisely preserve the values of the constants A and B.
What we have done is to assume that the specific heat is a constant
and pick a vale for it and values for B and A such that our pressure
curve passes through the normal bé)ili_ng point and then follows our
straight line threshold equation of state for a density of 7. 5 gm/cc
from E =15 Q# to E=6 Q*. The comparison is shown in Figure A, 2o
The exiponent_ial‘forrn follows the st’ra_ight Iine "wit’h‘i,n '5% q‘v"_e’r this range,
We believe that this hroé‘edq're pt'o'duc_es‘ an é)‘;pénent_ia__lcurVe.which
depe"n."ts‘fr,gmf‘the -Straigifxt, line at .lo.»w:l energyln é'yv‘ay which makes some
physical sense. It plquy ’stulv qontams_ some _arbitrapiness.ﬁut that -
‘.éangbti"be;av‘o_i‘ded' sinc_é__;he:;rﬁe equation of state just is not known,

Our final expression which is used in the éalcﬁlétidﬁs is:
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5880 | _—
150 + E _IdY"es/ cm?; E in joules/gm. (A.6)

P=7.6%10"! exp

The total amount of adjustment of the constants ‘A and B to force

the curve to follow the threshold equation was not great. Table A.III
compares the altered P{*T curve to the original one for selected points
between the atmos pheric “‘bpi_lmg point and a temperature of 10, 000°K ,
which corresponds to an energy near Q* , The specific heat uaed was
6. 06 cal/gm. Others“_have prew)iousl_y proposed a similar alteration

of the vapor pressure curve to force it to pass through the predicted

critical point.

TABLE A. III

COMPARISON OF EXPERIMENTAL AND ALTERED SATURATION CURVES

T(_l_(e__lvi'n) | P .&L(' atm) - Pjiatm') |
4, 080 : 0.98 0.98
5,000 10.7 11,8
6, 000 63, 75

7, 000 230, 280

8, 000 . 600, 750

10, 000 2300, -3000

Note: P_ 1is the experimental pressUr'e’eXtrapolate'd from low
pressure, Pb is our curve with the constants A and B in
Eq. (4.5) altered-—see the text above. S



PRESSURE, 10° DYNES /CM?

320

120

280

240}

200

5880
P=7.6x10% ~ I50+E

- 160}

P=6.15x10" (E-1.16 x 10%)

120

“gol

40

| — .

100

2000 3000 4000 5000
ENERGY, JOULES/GM

6000 700

FIG. A.2 A COMPARISON OF TWO EQUATIONS OF STATE



APPENDKX B

//

MATERIAL MOVEMENT AND DENSITY CHANGES

A major assumption upon which all of our work has been based
is ;hat during the power excursion the ﬁres sure at a given point in
the core is independent of the density changes which .occur due to
material movement; hence the pressure is specified entirely by the
initial material .density and the energy density at that point.. The
reason that this is expected to be a good approximation is that the
total amount of uniform e;tpansion which would be requ’ir_ed to termi-
nate an excursion is of the order 1 to 2 percent or less for most ac-
cidents which are sl':udied. For the most severe case, only about 4
percent uniform expansion is required. However, under the explosive
conditions encountered, the expansion is sometimes quite non=-
‘uniform, and we must investigate the possibility that substantlally
larger density changes would occur in some parts of the core. In
this Appendix we calculate the material movement and density changes
in two of the cases presented in Chapter IV, a fairly mild case initiated
by a reactivity insertion rate a« = 0,06 sec:“;l -an»_‘d the mo‘s»f severe casé‘
studied, 'a = 6.4 sec b, It is shown that it is a good approixwimatlon-
to negleCt the efféct of density changes on pressure for the cases

studied,

Equation (6) becomes, for spherical symmetry
121
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d®u(r, t

1 dP(r,t _
= - ° BQl
dt p dr (B.1)

The initial conditions are

u(r,0) =0 , L0 _,

o . (B.2)

The continuity equation relates the density to the displacement:

Splpnt) _ _ (o 00D t)
R U

. ( B‘ 3)
In our spherically symmetric geometry, Eq. (B.3) reduces to

8p{1yt) 4. d 2 du(nt) 2 4
6t " dar' P At C (B.4)

This can be differentiated with respect to time and combined with

Eq. (B.1) to give

szgr.‘t) 1l d . dP(rt) "
ot " tYe w’ Ta (B.3)

In the 't_i,m,.e, differentiation the term involving %E- on the right hand side
was neglected as second order.

We take the form for the pressure that was used in Chapter V:

P = pe E(6t) +Eo

[} (B'b)
where .
E(r) = Q(t) « N(r) ; (B.7)
then
___=A |
dp _ __ABQ(t) - e Elnt) +Eo dN( - (B. 8)
S . , a (B.

[E(r,t) +E)?
Our caloulations in this Appendix are limited to parabolic power

~distributions:
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N(r) = l-q‘;;,' , (B. 9)
ﬂ%fﬂ-: -%%‘5 : (B. 10)

Equation (B. 10) is substituted into Eq.» (B. 8) to give

4 _ _ 2a8qQ(1 _ng"’t’ 5 (B.11)
H—4 " g ’ ®
dr a [E(r,t) +E]?

and then Eq. (B.11). is combined w‘ith Eq. ,(B". 1):

- A .
2 .. E(r,t) + Eg ‘
PO PN ILELI
. dt [E(r,t) +E)?

'Th‘e computer program written for the method of Chapter v calcu_lates
Q(t). Thus every fa‘c’fbr on 'the right ha‘r_x__.d side'df Eq. (B.12) is k’nop’«_rn,
and the displédement\-\u at any position r can be obtained by inte'grat.-
ing twice with respect to time, It is immediately evident frqm.thé form
of Eq. (B.'12) that the displacement is proportional to r for small r,
since N(r) is constant for small r°. “Then, if the e'xponentigl-'factor:
is strong 'enbugh,. the disblabement .passes thfoug.h»a maxlﬁum at some
poi"ntj and dec’:'rease‘s :tc)wgrgi»s, 't_h'e .g'dg".e_ d_f »th__e_,:cofe._,_.

The change in density Mth time has qu-iie é’diffe'r'e.nt' behavior. To

bbtai,h the ‘dens_ity frdm Eq. (B. 5') -we n_eed-

| - A
E(r t) +Eo oo
P( I, t} ZAng ) o ’ _ e

| (B( ) 4 Bo’f -

~ When the indicated differentiation is performed the result is
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~A
dp _ _easqQ(y e POFE(RY |
dtz a 2
(E(r,t) + Eo)
2 Enva o2 :‘ |
3 [E(r,t) +E]* &® |E(rt) +E| 2 (B. 14)

It can be seen that this gives rise to a d‘ensity ‘which 15 a minimum at
r =0, Increases to a qum‘_xum Which can be h»lgher‘ thé{ﬁ the 1n1;ial
_dénsity at some posit;én, _and'théén ciécreasés. again toward the edge of
thg core.

We are also intérésted'in detérminini; the positivon,at which
material mdtibn has the greatest effect on thé'reactivity 'reductio.n.
Referring to Eq. { 45) we see that this will_be at about the positioﬁ :

gP

where r* gr 158 maximum. That is not quite correct because the
‘expression also contains dD(D) | Referring to Table D. I, we see

) dr
.that "‘%&LL does not vary a great deal over most of the range for

a tYpical fast reactor core, 'and.we-ig'no;e its variation. The maxlmum

occurs where

‘4 2 gaP- i .

dr dr o . : l(é'\. 1‘5)5
We have alrg'ad‘y ddﬁe this d‘iffé'reritia_tion to obtain Eq. (_B’.ﬁliti)' and
see that the position éfj’th'e maxlmum is given by the solutlion'of; ‘

2 _Elr,t)q - f_ o e
3 [B(r,t) +Eg] a® [E(r,t) 2 = 0_}'._ (3'165?

1-
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This e‘q-uatlon does not necessarily have a solution, i.e., the expres-
sion r? % could increase monotonically between r=0 and r=a .

That is 'actually the case for a sufficiently large value of Q(t) .

DENSITY CHANGES

Consider first the de-nslty changes predicted by Eq. (B.14) for two
cases which have been calculated, one a moderate power excursion °
produced by a reactivity insertion rate of 0,06 sec”l and the other a

-1 . "
strong one from a 6,4 sec reactivity insertion rate, The excursions

»

were calculated by a dlgltal computer using the method of Chapter IV.

M

The calculated value of Q as a functlon of t is presented in Table
B. I The tlme scale has. arbltrarily been shifted so that the first entry
'1“-“‘3=*ab;'.lje;§‘-?§?’at‘- t=0,. Also lnclu,de‘d isan a=1.9 sec -l case to be
used in 'Al)pe_ndlx C.

| TABLE B. T

THREE SELECTED POWER EXCURSIONS

_ SUke S 4 .3
1 a=0,06sec Qflnal =1.0X 10" joules/cm .‘

t (p-sec) O 40 80 120 160 200 240
Q f(.{l'0'4' joules/cm3) | .

0.31 - 0.37 0.45 0.53 0,64 0,75 0,86

Ly - . .'-’l__. . o 4 S
._,._,;‘;zf’_ a = l.9£ec inn‘a’l’ = 3,7X10 .jculee/cm. ..
f”t (p-sec) 0o 8 16 24 32 40
Q (10 joules/cm )

I l’f 1.52 1,92 2.40 2,90 3,33
3 a=6,4sec = Qfial = 8. 4% 104 joules/ecm> -

X (p sec) 6. 12 ;js_» 24 30 36
Q (10 joules/cm3) o S
U L5l 222 2 97 4,08 5.40 6,70 7,68
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The other quantities required for the calculation of density p

trom Eq. (B. 14) are glveri in Table B. Il.

TABLE B. II
CONSTANTS FOR DENSITY CALCULATION
A = 4,41 X 1'04 j’_oulles/cms
B = 4.6%10"! dynes/cmz
g = 0.6

a = 40 cm

(3
n

1120 }oules/cm3

Equation (B. 14) is easily integrated numerically, The results are
shown in Figure B. 1 where the ratio of density at time t to initial
density (7.5 gm/cc) 1is plotted as a function of the ratio of energy
Q(t} to the final asymptotic energy release Qfmal' This is more
meaningful than a plot versus time, since {t shows explicitly how
much of the energy release comes after there has been any given
density change. Thus in the a = 0, 06 sec.l case shown in Figure
B. 1, it can be seen that 90 percent of the energy has been generated
before the density at the center has decreased 3. 3 percent. In the
a=6,4 sec“l case shown in Figure B.2, 90% of the energy has been
generated before the density at the center has décreased 5%. At all

other locations the change in density is less, At the position

r/a = 3/4, the case shown in Figure B. 2 gives a slight increase in
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RATE OF REACTIVITY INCREASE
2006 SEC-! _
INITIAL POWER LEVEL *10 WATTS

-03}

. 06 0.7 0.8 09
Q/Q FINAL

FIG. B.l  DENSITY CHANGES DURING A WEAK POWER EXCURSION
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NOTE:

RATE OF REACTIVITY
INCREASE oc = 6.4 SEC™ |

) INITIAL POWER LEVEL =10 WATTS
-0.06 e . ~— :

-0.05

r/a=0

| b
-002} — 37 \°

' l.’/0=i r/q:t

o4 05 06 07 0.8 09 10
Q/Q FINAL

FIG. B2 DENSITY CHANGES DURING A STRONG POWER EXCURSION
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density near the end of the power excursion but the éhang_e is too

~small to be seen on the graph.

PRESSURE CHANGES

What is the signif»iqance»of these density changes? Clearly they
are small enough so that the perturbation ;heo:y’ used to calculate
reactivity changes is accurate. How about the validity of the assump-
tion that pressure is unaffected by the change in d;nslty? For the
particular cases calculated the assum ption is qu!te accurate.

For sufficiently small density changes, the relationship between

density and pressure can be written:

\p d |
91-; = y-§- (B. 17)
“Oor Y )
== (£ (B. 18)
0 Po

In explosion analysis the density changes are too rapid for heat transfer
to occur, so the expansions are adlabatk:. In the ideal gas approxima-
tion, the quantity y is the ratio of specific heats, 1.67 for amonatomip
gas and 1. 4 for a diatomic gas. Our gas is not by any mea_hs ideal, but
the etfective value* of y is not a great deal larger than 1. 67, Bx‘out26

has celculated adiabats for expanding uranium vapor and examination of

his work indicates that Yegf = 3 1is a reasonable approximation for a

%*

We define the effective value of y by Eq. (B.17), l.e.
A |

Yeff =~ P dp °
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,_uianium densiiy o,f_.»’i'.':. S'an/oc.;‘ and for p = 10 gm/Cc y‘e,if” 4, Thus,
in the most 'ﬁé\:réréacasé_studteq the erirér in the preksun; at the_ncorg
center due to ignor@ng the effect of density changes is 5iﬂay_a ‘lgss"'
than about 15 percent until after the excursion Is. 90 percent complete.
By direct cal&:ulaﬁon," we have found that an error in pressure of this
magnitude throughou: the entire core and for the entire power excursion
makes an error of about 7 percent in the calculated energy release.
However, the error in pfesaute.xs not 80 great over the entire core, and
for the entire power excursion, In the most severe case, shown in
Piqute B. 7%, it appears that we should consider on the average a density
reduction of ~ 2% and hence an error in pressure of ~ 6%, and an
error in energy release of ~ 3%. In all our other calculations, with
the exception of those in Chapter VI where higher fuel de_risl'tles are
used, the error in pressure and in the calCul;:;ed ehergy release {s even

less. The higher density cases are examined next.

PRBSSﬁRE OHANGE:S FOR THE HIGH DENSITY SYSTEM

While our work is n\‘;;‘_ainly intended ‘to apply to situations in which
the uranium density is not too high, i.e. 10 gm/cc and less, we have
included some calculations in Chapter VI for a core having a density
of 15 gm/cc. Brout did not calculate the adiabats for systems having
a density greater than 10 gm/cc. However, we can calculate the change
in pressure for an adiabatic expansion from the pressure~density-energy

relationship, Eq. (17), which has been used to.approximate 'the true
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behavior:
P = (v‘l_}P(BfQ’*) . ‘ ) (8. 19)":'
The quantities (y-1) and Q* depend upon the density p . They
have been estimatec and can be found in Appendix A. |
We differentiate the pressure with respect to density

df _ PP, _®P . diy-1) , 8P dO* _BPE |
de " epta(yl) " dp toow ar *oE dp (B.20)

The individual contributions are eaéik& obtained from Eq. (B.19): R

Bouynicgn = £ (8.21)
»B-{-YL-;” = p(E-Q%) = ;—&- ; (B. 22)
5%‘ = - (y-1)p = ~'&t%';,'); (B.23)
%E = (y-l)p = ﬁ:%*—) . a (B. 24)

In preparing Table A. Il we assumed that (y-1) and Q* were linear

functions of the ="ldensity for densities greater than 10 gm/cm3. Then

we obtain directly from Table A. 1l

-d-(-g-;f-u- = l—:::;}:"ﬁ = o.l.cm3/gm P (B. 25)

and

10
« 0 -.87X10
QG% - %Z—;Q}ﬁl—— = -0.13x 10'% cm>/gm sec? . (8. 26)

Finally, from the first law of thermodynamics, we have, for an adiabatic

expansion,
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gf - é‘;&?‘ gf; a ;% (B. 27)

- Now we insert }:qs*. (B.21)=(B.27) into Eq. (B.20), multiply by p , and
divide by P , and obtain

0, 1p . 0,13 X mw_p

o 4P , | 2
Yer “Pap ~ Yty *T E-Q8 (B. 28)

‘where ¢ is expressed in qm/cm3 and E - Q* Isin erg/gm. Thus we
see that our pressure-dengity*-&nerg}r relation leads to an expression |
: sisﬁilar, to Eq. (B.17) for Ii\\n ideal gas, except that there are two extra
‘terms and the y in Eq. (B.28) is larger than that for an #deal gas.
The second term on the right hand side, 9‘;—}1-8-, can be seén from
Table A. i to be nearly independent of ¢ and equal to ~ 0.9, The
last term on the right is not so well behaved. It diverges as E —~ Q% ,
This is of course not a real effect and is due to our choosing a threshold
equgubn for the pressure, when there really is no thrgshold. -Howaver,
the formula does make good sense as long as E is ~ 2Q* or greater.
We have calculated ‘% gf as a function of density p and energy E
from Eq. (B.28) and displayed the results in Table B.IIl. The
parameters (y-1) and Q* are taken from Table A. II.

Notice in Table B. III that the values of % g's for 10 gm/c:m3 are
larger than 4, the value quoted above as calculated from Brout's
adiabats. The high values, as we héve mentioned already, are due to

the fictitious threshold. The high values near threshold for the higher

densities, e,g., 15 gm/cc, are more realistic, since the threshold model
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TABLE B, III
£ gf FROM THE THRESHOLD EQUATION
'4'161'0.2:9/9!1!!! | o’ (Om/cc) ‘

| | 10 12. 5 : 15 16,8
o4 - - 14.5 8.8
0.8 .- 9.5 6. 4 5.1
1.2 6.9 5, 5 5.0 4.8
1.6 4.8 4.5 4 44
2.0 ) 4.1 4.1 al
2.4 3,9 3.9 3.9 3.9

is a better approximation at high density. But the important point to
be made about Table B. Il is that the values of % gf are not
excesslvel*\.mlarge even at high density, as long as the energy density |
is at least abopt 0.3 % 10lo erg/gm or more above the threshold.
Consider tﬁe problems treated in Chapter VI, which involved a
uranjum density of 15 gm/cc. The iinal energy density Q at the
core cenfer is given for those problems m( _gable XVI . It varied
from 0, 54 X 1010 erg/gm to 1,61 X lom erq/dm depending upon the
initial reactivity assumed. The density decrease at the core center
was comparable in these calculations to the density decrease shown

in Figures B. 1 and B. 2, i.e., ~ 4% at the time the energy generation

is 90% complete. Thus, referring to Table B.II, we see that the
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pressure at the core center has actually decreased due to expansion

by a factor of about (1, 04) 10 ~1.5 for the weakest excursion

treated; and by a factor of about (1. 04) L4 1.2 for the strongest
explosiqn“. At earlier times the error in pressure is always less than
this.

We can detgr‘mine an upper limit to thg error produced in the
calculated energv rele_ase due t» this error in thé’bressure by assuming
as before that the pressure is in error by tbese amounts throughout
the entire co’fe for tiie entire power éxc_yrsi_on. -This-is equivalent to
réduclng (y4l) by that factor. The parameter x of Eq. (30) is
1nversely proportional to (y-1). Therefore, referring to Figure |
and Table XVI.  we find that the value of y for the weakest excursion
treated might be increased from l\Q\up to 1, 5 giving an increase
in Q of ~6%. For the strongest excursion vy. would. be: increased
from 5.4 to 5.9, which corresponds to an increase in Q of ~ 7%.

But here aga;n the pressure is not in error by so large an amount over
the entire core fiar the entire power excursion, and we estimate that

the actual error in the energy release calculation is ~ 3%.

THE POSITION OF MAXIMUM REACTIVITY REDUCTION
In Figures B.1 and B.2 we showed that the density reduction due
to material displacement during the power excursion is mainly confined

N

to a region near the core center, for weak excursions, and is fairly
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uniform for the strongest explosion studied, but even in that case
‘the density reduction is greatest at the core center. Tﬁus the errors
in pressure at points away from the core center are les‘s than those
calculated above for the central position. We now show that most
of the reactivity reduction comes from material movement at positions
r/a >-;_- , so that at least in the weaker excursions the error in
pressure at the core center is of little consequence to the energy
release calculation.

In Table B. IV we have shown the approximate spatial distribution
of the integrand of d? k/dtz , Eq. (45), as calculated from r? %% ,
Eq. (B.11) multiplied by ., We have tabulated this quantity at ’
four selected time points spanning the power excursicn, and it can be
seen that for the a = 0,06 sec-l case the integrand peaks for all
these times in the neighborhoodn‘of r/a =5/8 to 3/4. Also, we see
that the contribution from all points inside the region r/a <‘% is
only about 15 percent of the total. Thus even if the pressure were
substantially in error at the core center, that error would not have a
major influence on the energy release calculation. e

Table (B. IV) also shows the spatial distribution of the reaétlvlty
feedback for the a = 6. 4 sec"l case. There the distribution is shifted
fartﬁer' outward yet, and ig, in fact, maximum at the outer edge of the

core. This again helps in justifying the neglect of density decrease,

which is maximum at the core center, However, it is not so helpful
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TABLE B. IV

'DISTRIBUTION*OF THE REACTIVITY FEEDBACK AS CALCULATED FROM
' EQUATION (B. 11) TIMES

a = 0,06 seg:—l case

' o position (r/a) |
Q/Qﬁnal _ ' - ,
. 0 1/4 1/2 5/8 3/4 7/8
0. 46 0 0.2 0. 89 1.0 0. 70 0. 27
0. 56 0 0.16  0.86 1.0 0.82 0.36
0,66 0 0.14 0.82 1.0 0,91 0.48
0.78 0 0,12 0.7¢ 1.0 1.3 0. 86
a = 6,4 sec:‘l case.
position (r/a)
Q/Q
final. 0 1/2 5/8 1/4 7/8 1
0. 44 0 0,12 0. 25 0. 46 0. 74 1.0
0. 54 0 0,10 0.21 0. 39 0. 68 1.0
0. 65 0 0.08 0,17 0. 33 0. 62 1.0
0.75 0 0,07 0,15 0. 31 0.57 1.0

*arbitrarily normalized

in.the more severe accidents, since there is also some appreciable
density reduction at positions well away from the center as shown
in Figure B. 2. However, it raises the new question of whether or
not the conditions at the core surface.might become very important
for the more severe accidents, One might think that the results

would depend strongly upon whether the core were immediately
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surrounded by a reflector or if instead there were a small gap between
core and refle;:tor, thus }a_llowing the surface to move freely. This
question is studied in some detail in Appendix C. We show that the
results are not greatly sensitive to the cq’ndltions at the core surface.
‘To summarize the results of this ap‘p‘endb'c, we have_ found that the
assumption that the pressure is independent of the small expansion
which occurs to terminate the power excursion, is a completely
,s.ati’sfactory one for a determination of the t&ta’l energy release_, for
‘all of the cases treated. The error introduced by this 'a‘pp_tOxlmattdn is
about 3% or less. The pressure at the core center may be overestimated
by as much as a factor 1.5 for the weaker excu_rsions studied having
a uranium density of lS’gm/crri3. At the lower dgnsity of 7.5 gm/c:m3
the pressure is in error by at most 15% at the core center. These errors
occur when the energy generation is 90% complete, and are less at
earlier times. They are also less at points away from the core center.
While the error in pressure at the core center is sometimes large, it

results in a much smaller error in the energy release, which is estimated

to be ~ 3% or less in all cases studied,



APPENDIX C
MATERIAL MOTION NEAR THE CORE SURFACE

In Table B. IV of Appendix B it was shown that for severe accidents
a large fraction of the reactivity feedback is contributed by material
within several centimeters of the edge of the core. Then we need to
“ ask how importast is the nature of the restraint imposed at the surface?
will the.'movement of material interior to the surface be substantially
" different for a free surface from what it would be if the surface pushes
' agamst a reflector? We have found t hat for typical fast power reactor

reflectors, or blankets as they are usually called, the results are not

strongly sensitive to the nature of the reflector,

SURFACE MOTION IN CHAPTER IV

Before setting up.a simple model to investigate the differences
between various assumptions on the surface boundary condltidn, it is
1nstructiv_e to see how much movément occurs near the surface as
calculated by the method which was selected for approximating the
boundary effect in the calculations of Chapter IV. Recall that in this

method we have in a sense ignored the surface by assuming the pres-

sure gradient-to be continuous across the surface. We have calculated

the material movement for the two cases presented in Table B.I of

Appendix B labeled a =1, 92 sec"l and a = 6. 4 sec-l.

138
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‘The displacement u of an element of material from its initial
position is obtained by integrating Eq. (B.12) twice with respect to
time, using the values of Q(t) from Table B. I a_nd the constants
from Table B.II. This has been done for an elemént of material at
the core surface and the results are shown in Table C.1 where the
displacement is tabulated as a function of the ratio of enetgy gener-
ated Q(t) to the final asymptotic value of the energy. There it can
be seen that at the time the energy generation is 90 percent complete,
the displacement of material at the surface is calculated to be 5 mm
for the a = 6, 4~sec“l case and only 1. 8 mm for the a =1,92 s;ec:.‘l
case., For less severe accidents the material at the surface scarcely
moves at all until after the power excursion has been terminated.

The calcuiated surface movement is impressively small. One
should keep in mind that this work is aimed at predicting the results
of a reactor accident which is usual‘ly assumed to be initiated by
core meltdown, which is inherently éjorath_,er disorderly process., Even
if there were a fairly massive blanket S'urrounding the core there
probably would not be a sharply defined boundary separating the melt-
ing core and the blanket, and probably the blanket would not really
offex.' much restraint to the movement until the displacements become
larger than the values we are calculating here. However, it is shown
below that the material displacement at the surface which would be
predicted by a free surface assumption is several times greater, and

so in reality the reflector would be expected to offer some restraint.
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TABLE C. I

DISPLACEMENT NEAR THE CORE SURFACE

a=6.4 sec“1 case a=192 sec.l case:
Q/Q¢ia1 u{em) Q/Qqra  ulem)
0. 44 0. 037 0. 46 0. 004
0.54 0.08 0. 58 0.016
0. 65 0.15 0.70 0. 05
0. 75 0. 25 0,78 0. 08
0. 84 0. 39 0. 83 0.12
0.92 0. 56 0. 89 0.18

We have therefore carried out a calculation of the motion of material
néar a core-reflector interface in the acoustic approximation, ‘includ-
ing the effect of the inertial restraint offered by the reflector. We
also cal_culate' the surface motion for a free surface ( Model a) and for

our fictitious Model ¢ which simply ignores the existence of the surface.

A SIMPLE MODEL WITH THE ACOUSTIC APPROXIMATION

In order to work with a g;mple problem which can be treated
analytically, we replace the spherical core-reflector interface by an
infinite plane 'boundary and the core region by a semi-infinite region ot
xﬁatertal having the same properties as the core. The reflector is then
simulated by a homogeneods slab of thickness a . This type of model
can of course be a good representation only within a few déntimeters
distance from the boundary, and then only if the distribution of material
displacement achieves its asymptotic value within that distance, i.e.,

if the aistance that a pressure signal can propagate in the time available
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is a few centimeters or l'ess.’ It wm be shown that tﬂls is the case
and that the geometrical model ;:_hosen is therefore a reasonable one,
If this were not true the spherical geometry woulg mflu'encé the re-
sults, and the problem could not be studied ln.on'e dimension,

The pressure can be separated into two parts:

P(x,1) = Py(x1t) + I(x, t) , (e
where PV is the pressure which would gxist if there were no material
movement, l.e., the constant volume pressure build-up due to a
given energy input. Then II is the difference between the actual
pressure P and PV , and represenis the acoustic exces_s pressure

which is related to the adiabatic cOmpresslbility l/pc" * by .

M(x,t) = -pct 2UEL (C.2)

where p and c -are the density and acoustic velocity (assumed to be
constant). Actually the compressibility may change appreciably as
the material ;s heated, so this is a fairly crude approximation. How-
ever, we are only seeking a qualitative result, and believe that the
approximation is suitable for this purpose, This belief is' supported by

showing that the main result is not sensitive to the value of ¢ .

The constant volume pressure PV( r,t) is directly determined by

% D
The quantity _.\A(_i;.n_ is the fractional amount of expansion (or
compression if it ?s ne

gative) of an element of matérlals%t position
x and time t . The acoustic velocity c is defined by ¢ = N1/px

where « is the adiabatic compressibility. Therefore, pc? is 1l/k and.
Il is the pressure difference due to the fractional expansion Bu/dx .,
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__}he enérqy.'generation E(r,t) . The relatio\ns'hlp we have used to con-
nect thé two for tl;is éna&sis 1; Eq. (47). With the constants from
Table B.1I and the calculated Q(t) from the case labeled

a=l 92 s.:-zc‘-l ':ln.'rable B. I we have calculated Pv( r,t) atthree

points near the Edge of the core. The values are given in Table C. IL

‘TABLE C.II

PT, t) IN m.oms‘roa THE « = 1,92 sec ! CASE

r(cm)
t ' ’ .
0 2.6 1.25 .45
8 7.5 4.0 1.7
i6 18. 2 10. 6 5,2
24 35,7 23,2 12.5
32 59.3 40,3 23.9

In order to solve the simple problem analy;lcally it is necessary
to approximate Pv( r, t) by‘ some simple function which can be used
as the inhomogeneous term in the equation of motion. For this ’purpose

‘we have selected an exponential time dependence and a linear space

\

dependenée
o _E M
Pv(r,t) K(1 L)e . (C.3)
Choosing values to fit the data of Table C.I we find
5
PAnt) = 0.6(1- Kol ! X 10T (C.4)

where
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t 15 in seconds
P‘V 1s in kilobars
x is the distance (negative) from the edge
of the core in cm, l.e., x=r-40
Comparison of Eq. .{C. 3) with Table C. II shows that it gives a good
qualitative representation of the bressurew As a function of space and

time.

The hydrbdynamic_equati_m of motion in the acoustic hp’proth*

: tion55 is simply

Bt | | 18R(xt) (C. 5)
at? P ax * ; *=

When Eqs. (C.1), (C.2) and (C.3) are substituted into Eq. (C.5)

the result is

At -
2 Ke
_‘b.!;_‘:_l) 12 “i(x’t) y——s = 0, (C. 6)
l

Lpycy® '

where the subscript 1 has been introduced to indicate the core region.

In the reflector -PV is assumed to be zero, and so the cdrresppndl,ng

equation for the reflector is

2 2.
8°u, (x,1) "li d \;zts.x,t) = 0

ax2 (C.7)

The boundary conditions at the ‘interface between core and reflector
are contimiity of total pressure P and continuity of displacement:

PO, 1) + T,(0,t) = I,(0,1)

o (C.8)
u(0,t) = u(0,t) .
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The boundary condition at the outer surface of. the reflector is

M,(a,t) = 0 . (C.9)
‘We shall seek only the asymptotic solutions:

B up(xt) = f(x)e)‘t . (C. 10)

Substitution of this into Eq. (C.6) gives an equation in f(x) :

sz cll f(x) - LPlClz . (C.ll)
The solution of the homogeneous e’Qu'ation is
* —
f(x) = e 1 . (C.12)

The negative sign in the exponent is excluded because that would give

a term Which.diverges exponentially as x - V 'A particular solution

: _L/

fb( X) = FLPI . " (Cq13)

Therefdre, the complete asymptotic solution for the core region is

A
u(xt) = e{ae! +85) . (C. 14)
' The solution in the reflector is
. M - A |
w(xt) = e (Be® +Ce %) ., (C. 15)

- The boﬁndary condition (C.9) at x’= a gives

e ¢ - e
*F] Ca

. cz(a.a a.a 8
2 V2
2) (C. 16)
; .



w(x,t) = Be)'t[ecz te S2e ), (C.17)

From continuity of u(x,t) at x = 0 there results

2\a
. Cp 4 _ K s 18
B[l+e ] = A+Lp,kz . (C.18)
From continuity of pressure
“po? ALK = e -y, (C.19)
-1 i

Equations (C. 18) and (C. 19) .can be solved simultaneously to give for.
A

b20:R (C. 20)

where

- C.21
a7 (.20
[e %2 4 1

contains the effect of reflector thickness. R varies monotonically

from 0 to 1 as a goes from. 0 to » . Then the complete solution for

‘motion of the core material is

X
¢ oeTL | O e e
At 1 Lpi A ‘ -
uix,t) = e + G R ’ ] . (C.22)
A _L""" (142 Jeyey J ‘

P1Cy

In the limits a = w and a- 0 this reduces to
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\t — (o PaCz
At (1- Lplk)e

+ ]; a ~*w (C.23)
SRR PR ey [ |

e “1 e
u(xt) = N Lo + p.c,] a-=-0 ., (C. 24)

Equation (C.24) is the approximation of a free surface, Model a, and

the first term of Eq. (C. 22) 'cb_rr_esponds to the épproxlmatlon of Model

c. For a reflector which is sufficiently thin that ‘ZOAL « 1 y R can
. 2
be expanded
- R~ 282 aah o (C.25)
C2 Ca
and u, s, asymptotically,
X
|\ S (1 szﬂ) Cy
~Ke | 1 L e 28\
__LP[ (l + P‘a ) MC C.
P1C) ~(C. 26)

SOME EXAMPLES

Now if the core is in contact with a reflector composed cf rods
or plates of metal separated 'by_‘a liquid coolant, and these pieces are
relatively thin, i.e., about one cm,and if the pressure wave has time
to propagate a few centimeters, then the motion of material in the core
would 'be, about the same as if the reflector were a homogeneous mixture
having an "average' density and an ' average" compressibility, The

reflector would normally be o_f the order of one foot thick, and 8o, if
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\ is large, Eq.(C.23) for an infinite reflector cap be applied.

Alternatively, the core might be in contact with the same re-
flector but with coolant dralned out leaying void spaces. Then the
pressure signql would not be easlly transmitted into the reflector, and
it 1s better to approximate the reflector by a layer of metal about equal
the thickness of a single rod or plate. (Recall that the total move-
ment to terminate the excursion is only about 1/2 cm or less.) In this
case Eq. (C.22) should be used, or (C.26) if the layer is sufficiently
thin,

Some numerical ex_amples_ are evaluated for illustrative purposes.
It should be remembered, however, ghat wide variations in'reflector
prdperties are possible, so that each situation needs to be evaluated
separately. The first example is a reflector composed of 50 percent
by volume of uranium and 50 percent by volume of liquid sodium, The
core is assuxfxed to be cpmposed of uranium gas at a density of 7.5

‘gm/cc. The acoustic velocity for the core can be estimated from the

expression for an ideal gaa“

where vy is_ the usual ratio of specific heats, For an average pressure
near the core edge of 10 kilobars the result is ¢; ~ 4x l()4 cm/sec.
This estimate_ is apt to be a little low since high den’sity‘ uranium gas
is less compressible than an ideal gas, Mso note that as the »’pre’ssure

changes by a factor of ten the velocity of sound chahges by abdu; a
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factor of three so the assumption of a constant value for c, is only
suitable for a qualitative study of the behavior,

The acoustic velocity in the homogenized blanket is calculated

from the formula for liquids and isotropic solids. 56

c, = ./;}; (C. 28)

-11
Whenfe x is the compressibility. For tsodium58 kK ~2,5X 10

cm® /dyne. For uranium « 1is expected* to be about 1072 cm?/dyne, so
for the mixture x ~ 1,3 X 10-ll cm?/dyne. The mixed density is 9.7
gm/cc'so c; A9 X li)‘ cm/sec. These constants can be inserted in

Eq. (C.22) and give :tor,an infinite reflector,

| L _19. 19 x10%) |
ket 1 L 2.5x10° g2 5% \
% 8 =TT 6 T r 47 av1ab
2.5X 10 L4197 (9% 107 | 3x10
L 3 x10° - g
ket 2, 75%
~ 711 tL4e™" (Reflected)
Loy N '
The free surface assumption, Eq. (C.24), gives
K gxt 2, 75x
u,(x,t)*’L = (148,37} ; ( Model a)
PIN
whereas Model cywhich simply drops the second term,gives
At
uy(x,t) = fi—;; ( Model c)

- For the particular example treated it can be seen that there 15 a

*This is based uponanacoustic velocity for uranfum c~2X _l{O5 cm/sec. 59
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great difference in the calculated movement of material close to the
core surfa;e, depending upon whether the surface is tamped by a
reflector or completely free. Our Model ¢ predicts less movement
than both the free surface model and the tamped model. It corresponds
to a situation in which there is a slightly more effective tamper than was
chogen. It is a more conservative model in the sense that it slightly
underestimates the reactivity reduction in an excursion, and therefore
tends to overestimate the energy release. However, while there is a
large difference in the calculated movement close to the surface, the
difference is confined to a layer about 1 or 2 cm thick because of the
factor o2 75X o the expression for u . All three models agree for
points more than 2 cm into the core. ’We therefore do not expect the
surface treatment to have a major influence on the calculated energy
release.

The surface movemeﬁt calculated above was for a particular situa-

tion and was based upon an assumed constant value {;'or the acoustic

velocity ¢, . A value three times gréater gives

. Ke)‘t‘
u(x,t) = Loj A2

.92x
9x}

{1+.91e ( Reflected)

At
u; (%, t) ff‘? {+2.6e 2% )

(Model a)

At
u(x,t) = ﬁx; " (Model ¢)
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In this case there is less discrepancy between the three results
close to the surface, but the surface effect propagates farther into
the core. The same conclusion is still reached, however. The dif-
ference between the three methods applies only to a th;n region near

the surface and is not expected to have a largé effect on the energy

release calculation.

For an acoustic velocity three times smaller, i.e., ¢, =1 3X

104' cm/sec we get
ket 8.25%, |
\.ll b [l + l. 65 e * ]

(Reflected)
Lpy A

At
Ke
Lp 1 xz

8, 25%

e .
—
4]

[1+25e ] . ( Model a)

«

At
Ke -

W o= o " (Model ¢)
1

Notice that the lower value of c; makes a much larger difference
in the displacement at the surface, and the layer thickness becomes
correspondingly thinner. It is signiﬂqant that the difference between
displacements calculated from Models a and c, integrated over volume,
is exactly the same for all three valuesof ¢, used above. InChapter II
we arglued from basic principles that this would happen and that if the
presence of the surface were felt in only a thin layer néar the surface,
then an approximate treatment could be used for the movement of

material near a free surface. - Our cialculations here show that the

approximation is a reasonable one. .
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'We now consider the other.example of a reflector _xr}entloned‘
above, one in which it ts presu’méd that the coolant hasv‘dralned out
leavmg nothing to transmit the pressure waves into the reflector be-
yond the first row of rods. This situation is simulated by assumlng
. the reflector to be a layer of solid uranium me‘ta_l one centimeter.
thick. The acoustic velocity in solid uranium is ~ 2 X 1'05 cm/sec. >

Then

C, *

and neithe: the infinite reflector Eq. (C.23) nor the asymptotically

thin approxhnatipn Eq. (C.26) is suitable, From Eq. (C.21)

‘e.l.l__l
R =——l-:=l = 0.5
e’ +1
and'ﬁfom’Bq. (C.22) _ 5 |
| N l._(l§.7)(2x20 1(:5) - .
u,tx,t):ff—F Db — M*ﬂs — & -Q'.—zi)gf'l
P -H.U§-7HQ<.EH*-§1J (1.5)(4x107)
L (1.5)(ax10%)
=ﬁf})‘t—, 1 +0.3 !

As in the previous example s;v_e again find that the'surfaqe‘ movement is
not very important. It is interesting that a one centimeter fayér of
solid metal taken here to simulate the reflector gives more re’stfalnt‘ :
to surface movement than the infinite reflector composed of a mixture

of uranium and sodium. This is be,cause the pressure ane_diid‘ not
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really move far encugh into the reflector to justify the homogeneous
model for the sodium ﬁranlum mixture, and we should regard this last
calculation as more nearly correct for the sodium uranium mixture
also. The homogeneous model would be better for a slower rate of
pressure increase, i, e., a smaller value for \ .

These calculations have shown that for the conditions encountered
here, the manner in which the surface movement is treated is not
terribly important, but also it has been found in the:j above examples
that the method of Model c is conservative; it predicts slightly smaller
material movements and hence smailer reactivity'feedbféck thaﬁ would
be calculated from an Aexac\:t treatment. This is not a completely general
result. It can be seep-from Eq. ‘( C.22) that a set of parameters
P2, C2, L, P, X\ cquld be chosen such that the second term becomes
negative, and then Model ¢, which drops that term, p;ed;cts more surface.
movement. This is the case for the weaker accidents because L and
A\ are smaller. However this is not disturbing becauseAth\é surface
movement is negligible in the weak excursions,

To see directly the difference between the energy release with
a ffee surface and with a re_flected surface (approximated by our Model
c), we have ;:alculated it with both assumptions in Chapter III, and
have compared the results in Figure 1 (of that Chapter) . There ;as
no difference for weak and moderate.eXéu_rslohs, and a di_ffe:'ence of

~ 15% for the most severe case studied.



APPENDXD '

THE REACTOR MODEL

.

The calculatibns of Chaptef IV and V required a choice of
some particular reactor model with which to work. Since we are
primarily concerned with studying a method of analysis rather than
attempting to do a safety study for some real reactor, it seemed
appropriate to choose as simple a. moc__ielﬁ as possible. On ;he other
hand, the main features of the system should bear some résembience
to a real reactor. Since the author is most familiar with the Enrico
Fermi Reactor, the reactor model chosen is similar to the P‘emu.
Reactor,( but lqt is a much more simple system, In this appendix we
describe the model and make some comparisops to-the Penni»Reactor..bo

The model‘chos,_en is a spheiical homogeneous reactor, 40 cm in
ra_ldius and containing only uranium at a density of 7.‘5 gm/cm3; In
the explosion analysis it is not necessary to specify the uranium en-
richment or the nature of the reflector. These characteristics only
enter through the influence they ha;ve on lfhé power digt'ribution, reac-
tiirity. worth distribution, and prompt ne’utrc_m generation tiﬁ\é. Instead
of calcul’atingathéSe’qﬁantities for the speclfied model, we choose
them arbitrarﬂy, e’mphaé‘izing that our methods give one the freedom. of
bbtaining such quan.tl'tiés in any convéni'ent,wa'y s}uc:h as a m,nltlgro_up
diffusion theory calculation, transport theory calculation, or even from

153
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critical experiment measurements.

For the power distribution,we have used

2
N(r) = l-qi'z'-, (D. 1)

with q = 0.6. This is very nearly the distribution calculated for a
spherical model of the Fermi Reactor. The power distribution in ERB-IIl
is better fit by 'equatiqn (D. 1) with q = 0, 48.

In most of our calculations we have also used a parabolic form
for the distribution of reactivity worth p'er unit volume. A barabola is
not usually a very good representation for the distribution of reactivity
worth. Nevertheless, we.have used it because the usual Qethe-.Tait
calculation involves a parabolic shape for the reactivity worth, and -
we make comparisons between the results of a modified Bethe-Tait
calculation and our method.. The calculations require o)\y the gradient

of the distribution. In most of the calculations we have used

dD(n _ _ L
dr al

) (D. 2)
with d = 6.4 X»ld'écnli-% To showhow this compares with the distributicn
in a real fast reactor, we have calculated the distribution for a variation
of the Fermi Reactor in which the core was collapsed to a radius of

40. 17 cm so that the vc)l_qme w0u'ld'be,about the same as in our model.,

' The.calcﬁlathn was done by first order perturbation theory using the
fluxes and adjoints from an-AIM‘,mu-l’ugerup .vd'lffus_g_on__theory cal_culatic)n.
Tab’le D.I1 com,par'és the calculated dis.trlib‘ution‘wyl.th»the,-mtegralv-o{- our

assumed distribution (D.2). The two were set equal at r=0. The
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table also compares the power distributions, B,

Notice that the shape of the assumed parabolic power distribution
deviates from the calculated power distribution for the collapsed core
of the FermiReactor. However, the deviation is rather smooth'and the
slopes of the two curves never differ by more than about 30%. - The
parabolic reactivity distribution als.o follows that for the collapsed
core of the Fermi Reactor except near the edge of the core where the
slope of the parabola is a maximum whereas the c'alouléted distrl_b‘u@on

flattens appreciably. The slopes at the core edge differ by a factor of 2.

TABLE D. I
A COMPARISON OF POWER DISTRIBUTIONS AND REACTIVITY WORTH
DISTRIBUTIONS

- Power Distributions Reactivity Worth Distributions

Collapsed | _, r Wﬂs ' ol
/s ~PermiRe- 7a? O ooy T 0.384-0.32 53

~.actor o | o -
0 1 1 0.384 0.384
0.094 0.991 0,994 0.379 0,381
0.188 0.970 0.977 0. 369 0.372
0,283 0,933 0.950 0,350 0. 357
0.377 0.886 0.910 0. 326 0.336
0.471 0,826 0. 860 0.298 0. 309
0,566 0,757 0,797 - 0,267 0,276
0.659 0.679 0. 724 0.233 0, 245
0.762 0,590 0.652 0.197 0,198
0.878 0,486 0. 539 | 0. 157 0,139
1.000 0,380 0. 400 0. 121 0. 064

To see how important the distribution of reactlﬁity wp:th.is.;'tc the
energy vre‘l_'ease'_ calculation, we hévé "'ch'p'ared_ the re s_u‘lts ;-fo;f "a_ 'Da_raj"_%_

bolic .dlstrlbutloh to the r'_e"s'\fjltfs fyo.r'»two other differé‘nt‘d'is‘t'n’bution}si.‘
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0.5

D ‘ 2(0:384-0.56 L, +0.24 L) x10-9
0.4 (') ( . q~ .56 0' 8 'o‘ X
0.3 D(r)=(0.384-0.32 L; )x 10°8

N

| D(r)=(0.384-032 £)xi0"8

0.l

REACTIVITY WORTH, 8 k/k/CM3x10°

) 0.2 0.4 0.6 o8 1.0
POSITION (r/q)

FIG. DI COMPARISON OF THREE REACTIVITY DISTRIBUTIONS
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They are
I -5
D(r) = (0.384-0.322) X10 °, (D, 3)
and
2 4026 L x 1078
D(r) = (0.384-0.56a2+0.24a4)x10 o (D. 4)

The distributions have been plotted in Figure D.l. The quantity held

constant in the three cases is the decrease in reactivity from the

center to the edge of the core. The effect that the shape of the distri-

buﬂon has on energy release is discussed in Chapter IV. The maximum

difference in calculated energy release was 25%, indicating that the

shape should be properly treated, but that the results are not extremely

s_aﬁsitlve to it. These, after all, were extremelydiffering distributions. |
The parameters of the reactor model have been summarized in Table I |

of Cha pter IV with the exception of the variations in reactivity 'wo"rth; mép-

tioned above, The litetime of 10-7 seconds s comparable to the lifetime

in the Fermi Reactor, which is ca,lculated"0 to be 1.5 X ‘10‘7. seconds

when the reactor is in its normal state, but which would be a little

smaller {f the sodium were boiled out of the core, and the core was

melted and collapsed into a smaller volume (as is usually as'suméd in

éxplbsi(m studies) . The core radius of 40 cm is a little smaliéf’than

the radius of the Ferm{ Reactor core,which would have about a 45 cm

radius if it were assumed spherical, The-k_iexxsity is -,abbt';t the same as

the dénsity of the Ferm! Reactor, |

The delayed neutron fr"ac:tions__r and precursor decay constants used
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in our calculations are those reported by Keepin et al61 and are shown

in Table D. IL

TABLE D. II

DELAYED NEUTRON DATA

i (5}t xi (sec l)
1 0. 00021 0.01244.
2 0. 0014 ~ 0. 0305

3 0. 00125 0.1114
4 0, 00253 0. 3014

5 0. 00074 1,113

6 0. 00027 3,014

The major difference between our simple model and a real reactor
is the cc;mposltlon of the core. We have idealized the problem by choos~
ing a core composed of pure uranium, The core 6: a real power reactor
is always composed oif a mixture of geveral materials. In some thermal
reactors the _uranium §couples only a small fraction of the volume of the
core, but in fast reactors a large fractlon of the core is taken up by the
fuel material,an;i" the coolant, Since the coolant is usually assumed
missing from the core in a meltdown accident, either because it has
'd’r;ined 6ut, or has boi‘iléd out, the materials present during the explosion
':are'the fuel material a"’n‘d; whatever structural material is required. The
time width pf"the power excursion in even the weakest of the excursions
‘we have treated is a few milliseconds, There is, therefore, no time for
any significant heat transfer to t}ié'"s.t'riic'turé_l" xj@_éstedal‘. _This material

only occupies space and increases the amount of inertia that is resisting
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the expansioﬁ._ It can easily be accounted for in the analysis of a
real reactor by including the added inertia in Eq. (6), the hydro-
dynamics equation. This is usually a moderate qffect since the total
mass of structural material is usually smaller than the mass of fuel.

When the fuel heats and begins to eipa’nd, the pressure rises
faster because of the gpace occupied by the structural material. In.
the threshold model, Eq. (17), for the equation of state, the threshold
energy Q* is reduced and y-1 is increased, _This effe.ct:cén also
easily be accounted for. It is important if the density is _h_igh, lee.,

p > 10 gm/cc, It is not so imbort'ant at lower densities where the
preésure is given by the saturated vapor pressure, i.e., wﬁere ther;il
really is no very noticeable threshold.

Finally, there is another rather important difference between our .
model and ‘most real reactors. Even the: fuel material itself is fus'uqlly
not pure uranium, The fuel in the Fermi Reactor is u:anium',alloj(ed-"
with 10,.weig.ht percent of molybdenum. Theré are glgo,_hlloying‘ addi~-
tion'_s to the EBR~II fuel, Some of the fast reactoré under consideration
are fueled with uranium oxide or uranium carbide, One proposed 'coré'
loading for the Fermi reactor is a cermet of UO, in a stainless steel
matrix.

‘We wish _to_st_r_es.:s that it is only in the GQu'attoh of sta‘t'é‘a‘nd‘.ln_;

t‘hé-con‘s‘t’ants for the Doppler effect that‘t'h:é- type of material of,v).h:i_ch
| "th'e‘ core 15 composed 1s of .“any:majcr _ller,}portance’to our calculations 'ot""

energy release. The core m;a"‘té»r_s,i"‘a_‘jl for our purposes is merely an inert,
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. hydrodynamic fluid which is characterized by a density, equation
of state, and reactivity worth distribution. The latter is normally
about the same for all the various possible reactor fuel types.
We.expec;'i that our model of a core composed of pure uranium is
actually a reasonably good approximation ( except for the ;:ore size
chosen) to both the Fermi Reactor and t}{e EBR-I and EBR-II Reactors,
as well as other fast reactors which might be considered,as long as
they are fueled with metalic uranium alloys. The differences in the
equation of state are not expected to be terribly great. For example,
the Permi Reactor fuel, uranium metal alloyed with 10 percent ;nolybdenum
is expected to have approximately the same equation of state as pure
" uranium because the total amount of alloy addition is not exqessively
large ,and the critical comst'zsrnt:ess4 are of the same order of magnitude
for uranium and molybdenum. However, for reactor types‘u_tillzing

fuels like uranium oxide or carbide, for example, it is necessary to

make new estimates for the equation of state,



APPENDIX E
THE DOPPLER EFFECT

In Chapter V we have investigated the influence.of the Doppler
effect upon the calculation of the energy release. To do this we re-
quired some knowledge of the temperature dependencg of the Doppler
temperature coefficient of reactivity. In this Appendix we.show that
under certain conditions the temperature coefficient of reactivity is
inversely proportional to the three halves power of-thg absolute tem-
perature. This is not a new result, since it was demonstrated in 1955
by Goertzel et «31.‘36 We sketch a de_'rlvation presented by the author
-in a separate publication, 24 The ﬁurpose is to clarify the conditions
under which fhe afgsum’ed temperature dependence is valid, and then

to point out the nafure qf the tempetatu_re’ dependerice under other

+
condiﬂon_s.

'y

From first order mult,igroup bgrturbatt,bn theory, the change in xfe-

!
f

activity With temperature due to Doppler effect can be written .

_IS. - S" 3k
Tor T 'rB (E.1)
£ | .
j o |
) Bp.(E) Bp. , |
Tg.%g =»¢E [vW -W(a)]r-f—— W(E)T (B. 2)

where the -summ‘ati_@p is over the energy g‘r@n}ps_ into whic_h the neutron

i
A YR

'_enérgy 's'pé'ét'r'u'm':hés 'been_ d’iviid.ed‘.._‘v Here spatial effects have beeﬁ'
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neglected or alternatively the flux ¢E and adjoints WH and W(E)

are averaged over the reactor volume. WH- is the suitably normalized

adjoint function, averaged over the fission neutron energy spectrum ,
W(E) is the adjoint at the energy E j , and T:f and T;Y are the ef-
fective fission and capture cross sections of the material for which
we are calculating the Doppler effect. Next we invoke the narrow

resonance approximation, which states that the effective cross section -

for the process x can be approximated by

B (€) '
Ix0
N £ut(e) de
L e (E.3)
g Ml

the integral extending over a narrow energy band about E . Here

' K, 18 the total cross section due to the mixture of all materials of the

I

core,

In the neutron energy range which contributes most of the Doppler
effect to'a;reac‘tor lik_é EBR-II or the Enrico Fermi Reactor, i.e., the
10 kev to 50 kev range, -the total cross section ple) fluctuates only.

\

slightly about its average. The peaks of the resonances are not

very
high. Then in this energy range we can write
S S |
| < > ) - <u >
u}t(e) R +[ut(e) 11 |
" (E. 4)

R L, 1_.‘1;‘_1’__'_‘“_;:'\



163

where the bracket <> indicates the averagé over a narrow energy
range. This is a very fundamental approximation, and the assumed
temperature "d"ependenc‘e of the Doppler effect is only valid 1;1 situa-
tions in which this approximation is justified. There is one other
approximation in which part of the temperature dependence is dropped,
but that is a relati_vely m_inor one. When the approximation (E. 4) is

made, the derivative of the effective cross sections with respect to

temperature can be written

' < p>
8T * <P~t.> T

To evaluate the average <p.xp.t> one has to specify the detailed' shape
of M and k, asa function of eriergy. This is not known experi-
ment_.a"lly at:heutrOn'energies_ abOye.l kev for U-238 or above 36 ev for
U-235, The procedure used in lieu of the experimental infémdtlon has
been to estimate the average re sonance param'_eters' and then average "
over assumed statistical dlstt;butions for these parameters. This has
-be'e:n don.é; in Re_f_érence 24 and the ,f__mal"result for th; -Doppler tem'pé'ra-

ture coefficient was found to be

paly WD

_ z p? 5. <0 > <o +o > <> BS)

8T - w> s P COS 251 U’A.CFS U'f""O'Ys(S)sﬂ

A M : (E. 6)

Where ~'K.is_ the Bo’lité’man,co'hstant, A the ._a‘to'r‘nlc wéightv,' b 'th‘a'a '_
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phase shlttior mut’tons of orbital angular momentum !, o the
Cross section ,for formation of the compound nucleus, <8> the
average spacing of resonances and ¢ the atomic density. P is a
function of the resonance parameters and the.index s refers toa
sequence of levels corresponding to a given orbital and total angular
momentum, There is no temperature dependence on the right hand
side except in the quantity P( 8)'. P contains the temperature in a
very complicated way, but we have estimated in Reference 24 that

/2

P 1s very nearly constant, leaving only the T3 effect on the left

hand side of Eq. (E.6).

The approximation (E. 4) is a good one for fast reactors like
EBR~II and the Enrico Fermi Reactor. For reactors with a lower neutron
energy spectrum, such as a large uranium oxide fast reactor, it is not
so gcod. Some studies?'s'done fqr large oxide systems indicate that
the effect decreases less rapidly with temperature. However, it is true
that as the temperature increases and the Cross section resonances
broaden, ass:tmp’.tlon (E. 4{ ;ezcomes better; at sufficiently high
temperature the Doppler effect in the oxide reactor will also have a
T-3/2 temperature dependence. Of course, if one is doing an explosion
analysis for a particular fast reactor, and if the Doppler coefficient is

. known as a function of temperature, it is easy to include that tempera-

ture dependernce in the computer program which solves the energy release

calculation.



APPENDKX F

‘THE DAMAGE POTENTIAL OF A GIVEN ENERGY RELEASE

In this appendix we briefly discuss bome of the asmt* c’ th*
problem of determining whether or not a given enenqy release can be
contained within the reactor buuding_. This is not intended to be a
comprehensive review of the problem and is only included to help the
reader assess the significance of the energy release calculations.

The damage potential of a given energy release is 'nc;t simply
proportional to the magnitude of the energy release. As an.extreme
example we cite the acélaental energy burst in Godiva (a sm&li fast
critical assembly at Los-Alamos) which St_r_atton" et al have analyzed.
They show that only a very small fraction of the energy liberated in
the excursion was available to do damage; the major fra;:tio‘n’ of the
energy was used in raising the temperature of the assembly, which
remained in the solid state.

Generally, the greater the energy density achieved in the excursion,
the larger is the fraction of energy which is available to do damage.
One posslble measure of damage potential for cases in which the
uranium is actually vaporized ( as in the case in our calculations in
contrast to the Godiva accident) is the total amount of adiabatic

work which the gaseous uranium can do by expanding from the high
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pressure whic’h.exl'sfs at the end of the power excursion, down to
some lower pressure ‘é.’uch; as one .atmOBphere. aroutz" has Calculat-,e.d
this as a fu"r{_ctmn of e'r"i'erg_y density for two uranium densities. For the
more severe cases treated in this dissertation Brout's work indicates
tha’t _s‘ltgjht.ly over half_ of the energy.appears as work in the adiabatic
expansion and_ the,r'es.t remains as internal energy of the uranium, which
1is still partially vaporized at the end of the expansion process. In the
weaker excursic;ns the available energy is less.

One can attempt to calculate the effects of the energy release in
a straightforward manner: by setting up a theoreucal model fOI: the
materials and structural members surrounding the éore of ‘the retactor,
and then calculating the response of these materials as th_e Hl‘&(\ium
vapor expands and puéhes on them. The ;x'bpllcation of this method'
generally requires many simplifying assumptions which, however, car

{

usually be chosen in such a way that the results obtained are consfierva-

tive.

Ant;iher approach which has been usedw is to construct an actual
physical model of the reactor vessel and materials contained in and
around it and simulate the energy release by detonating a chemical
explosive. This has the advantage that phe very complicated effects
which are associated with real structures, which have to be si;nplif-ied
in a theoietical study, can at least in principle bé included in the

experiments. But the interpretation of the experiment is still subject
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to the unc,a__rta_\inties‘ ;-1n,volged in .:e,la,tmg’ the damage potentlal‘ of the
nuclear energy release to that of the chemical ,e’::(”plosu‘l;; A loqicu
basis for relatmq.the two s the ambﬁni of wdrkfwﬁics canbe done
in an adiabatic ei‘cpﬁnsion._ Using this lﬁroce_duxe_, Bethe .Afnd-..‘l"d.l.tu
estimated that thé energy release in their ‘_c,al:‘c:u‘la‘tmns‘.was equ_iﬁalant?-' .
to the detonat_ion‘bf three hundred pounds of TNT. Other stﬁdiesn of
hypothetical fast reactor meltdown accidents have also yielded ’anf
energy release equivalent to a "féw hundred bOundé' of T,N"T.,. This 1‘s
probably a reasonable procedure for most purpos__e‘é _provxda‘_d .:hat__me
maximum pressure attaineil in the n_ucl'éa_‘r, excursion is of ;he ordei of
%100 kilobars, which is approximately the pressure attained in a-TNT
explosion. 33 However, there would still be some dtfferenQes in the
dissipation of the energy because 6f differences in the detailed shape
of the pressure as a function of expansion for the two materials.
Whatever be the basis for determining the 'effects of the nuclear
ei:ergy release, the evaluation of the effects can be completely sep-
arated from the calculation of the energy release. The nuclear 'poner
excursion is completely terminated before there has been ahy signific;nt
expansion cf the high pressure uranium gas, and therefore the terminal

cqndltlons of the energy release calculation can be used as the fnitial

conditions for a determination of the effects.
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