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1. Deperal m‘mx

- This report presents some calculations made on the equation of state of
uraniuwe st Migh temperature and presswe.  Included are ostimates of internal energy,
entropy and the adiabatic work available from varying high pressure states of ssversl
reducad pressures, '

meluing point {(1630<1970PK), including particularly the experiments of Rauh and Thornl
which extend wp to 15709k, The temperatures of interest to us are 10 and more times
higher, For such Lemperatures, one mst rely upon estimates based on Muniveraal
relations among various thermodynamic wvariables, These relations employ the principle
of corresponding states vhich says that all substances are equivalent at a given
specification of corresponding or reduced variables. It is customary to veduoce the
variables by dividing them by their values at the oritical point, this baing the most

obvious corresponding point, Thus our first task is the evaluation of the critical

Ixperimental data for U axist only &t temperatures slightly abowve the

Estimates of the critical temperature and preasure on this basis have been
made by Elrod¢, He finds

Te = 14,2000

Pg . 5,13" .hu

For most substances (PoV,/RTe) = 0,3, With this valus, the above figures
yield Vo = 68 em3 (V, = molar volume at critical point), This value of Ve is
extrenely large in that for typical substances V, » 3,11 Vgo14d (CP, Hirschfeldsr,
ot 013 p,238), For U in the solid state, /°= 19.1g/em3 or Vgolid * 238/19.1 = 12,5 o=,
thereby leading to Vo = 37 cmd, As the volume of the solid at low temperatures should be
s reliable corresponding quantity are inclined to keep V. based on this estimate
and to reject the estimate of 68 cm3. In order to maintain BeV./RT=0.3 which is

usually a reliable constant, we must then reject at least one of Elrod’s critical
constanta,

That Elrod's valus of T, is reliable seems quite convincing because there
is strilking agreemsnt between "predicted" and observed valuss for a large variety
of substance as Elrod has demonstrated, Moreover, Elrod!s extrapolation to T, can
be done in two ways, viz, (1) his om way, namely extrapolating the expor:l.nngl of
Rauh and Thorn} to the bolling point by a well-sstablished empirical relation, and
then using his theory from there on up to T¢, and (2) using the theory all the way
from the exparimental region to the critical point, In the latter case, Elrod's
A (/) is assumed to be a linear finction of log ~in the region of the experiments
which is reasonablas the result of this calculation is Ty = 14,000° in excellent
agresment with Elrod's original estimate,

We are inclined to reject Elrod‘'s estimate of P, for the following reasons:
(1) The agreement between observed and "predicted” valuss for other substances is
far from impressive, often having deviation between 15 and 30%, Further, almost
all these other estimates are made on the basis of experiments at reduced temperatures
T/1, = ™ 0.5 whereas the experiments by Rauh and Thorn are in the range of
T™*220,1, (2) The calculation of Elrod leads to log P, s0 that errors are compounded
exponentially, For exampls, if Elrod's function § (T,) is taken to be linear down
to the experimental range of Rauh and Thorn, one is led to P, = 900 atm, which is
absurd, This necessitatas extrapolation of the experimental data up to regions

where § (T,) is known., This extrapolation is possible in determining T, but probably
leads to large errors in P,, ‘
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We shall, therefore, retain Elrod!, estimate of T, = 14,000°,

v - m ‘;""3 us based on Tog11 and detarsize  froa P /a%e %003 hie tasds
» 6 atx, ‘

2e .agmm Conditions

The equation of state which we wish to derive is to be applied to the
problem of certain hypothetical reactor accidemts. In these mccidents 1t 15 assumed!
that the wraninm is not present in a sclid lusp but in many smll pieces separated
by void spaces, Then the wanium can sxpand into the volume which was originally
wvoid, The total volume available to the uranium is greater than that of the liquid
at the melting point, bat in ths interesting situations, less than the critical
‘wolume, We shall carry out our calculations for spscific volumes,

Ve = YN; = 0,8 (Cane 1) or 0,6 (Case II)

3. Equation of State Calrulations

A3 the molten metal heats up it expands, Vapor is formed to the extent
given by the vaper pressure at each temperaturs, and ths vapor fills the woid,
Eventually, as the temperature increasss further, expanding liquid will fill the
void and the system becomss ons phasms, It is possible to estimate the temperature
~when w.- ns by using the empirical law of rectilinear diameters (cf. Cuggen-
hetad p, 11). By reference to the graph of Guggenheim, it is seen that for V¢ = 0,8

one arrives at. a single phase at ™ = 0,99, and for V* = 0,6, there is a single
phase at T¢ .= 0,96, (T = T/70.)

Above this temperature, as ths gas heats up it builds up pressure, It
is desired to know P¥ asm a function of T*, In all probability, none of the cosmen
empirical equations of state are adequate, In this situation we were led to the use
of the compllations of Hougen and Watson® where valuss of (PV/RT) are plotted against
P tor different valuss of T#, The graphs represent the mean values of data from
€Oy, Ny, Hy, NH methane, propans and pentans, A method of trial and error was
used, 2!0 gi?n n P&, a T+ was guessed (PV/RT) wvas then cbtained from the graphs
vaxﬂomulonhhdbmkﬂ, etc. The results are given in Table I,

TABIE 1
(PV/RT) and P+ as functions of T*

(a) W* = 0,80
ko 1.10 1.23 1,50 1.76 2.3 2.9 3.k
(PWRT) 00 059 080 0.9 104 1.2k 1l
Pr 1,85 3.0 550 7.0 10,0 150 20,0
(b) W™ = 0,60
™ .65 11 L2 1.3 L6 L9 24

(PY/RT) 0,35 048 0,75 0,95 122  1,h2 1,5
Pe 240 3.0 5.0 7.0 10,0 15,0 20,0
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In addition to the tables of Hougen and Watson, values of (PV/RT) for
argon are known (cf, Hirachfelder’ p. 306), These are:

™ = 1,69 Vs = 0,77 (PV/RT) = 1,13
2.16 0.77 1.%
2.62 0.77 1.50
Te = 1@69 Vo = 0¢6h (PV/RT) - 1038
2.16 0,64 1.6k
2.62. 0.64 1.80

The agreemsnt is not very good, indicating that the attractive part of
the potential in the data of Hougen and Watson is more dominant than in the case
of inert gases; In view of our ignorance of ths intermolscular potential, we shall
work with the data of Hougen and Watson which cover a broad rangs of substances,

li. Calculations of Excass Energy

We term excess energy E®, the energy of the substance in excess of its
ensrgy as calculated for an ideal gas under the sams thermodynamic conditions, It
15 a negative quantity resulting from cohesive foroes among the atoms, From the
data of Rauh and Thornl, the heat of vaporization is 10€ kcels near the melting
point, Thus for the stabls liquid

(E®/RT¢) = =3,8 with T, = 1k, 0000

. To get E® above ™™ = 1, we again refer to the tables pf Hougen and Wataon,
Here (-H®/T.) is plotted against P# for various T* where H® is the excess enthalpy,
To convert to energy w note that

HeE+F¥
H® + g4 = £® 4 E1d + (PV)® 4+ (pV)id

(k1)

where the superscript id refers to the ideal gas, (PV)1d = RT and (PV)® = PY - kT,
Thus

E® = #® - (FV - RT)
(B®/RT) = (H®/RT,) - ™ (PV/RT = 1)

(L,2)

Bq. (4.2) was used to compute E®/RT, from the tables of Hougen and Watson for the
1:wer valuss of T of interest, For V# = 0,80 these are
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™ W /R, (PV/R1-1) B/
"""'-""' T y ____r
1,10 ~3,00 0,66 ~2,35
123 -2,7% 0,12 <2,3
1,50 2,25 ~0,20 ~2,05
1,76 ~1.85 0,0 —‘;.8

Yor higher values of T+ we refer to the velues of A and II2 given in Hirochtcldcr,
ot a13 p, 08, For A at V* = 0,77, we have

T* » 1.69 E./RT@ 8 WP ,00
2,08 -1.87

which can be mads to join fairly macothly to the data at lower ™, In support of
all these data, is the coll modal celculation (which usually gives reliable energies)
presented in ref. 3, p. X0 which for V& = 0.8 gives

= 1,10 E*/RT, = =225
1,23 ~2,22
lo‘.';a "2p15
1.’6 “2.w

We shall, therefore, adopt the valuss of E®/RT. given in Table II, together with
values for W = 0.6 for which ths calculation Sollm the same pattern

TLBL‘ I'r
!'/Rl'c as & Punction of T+

{a)_ve = 0,80
™ w1 110 L.23  1.50 L7623 29 3.4
BT, = 2.5 2h 23 21 L9 L8 LB L7

T .1 .05 L1 L2 L33 16 L9 b
XA =% 3B 31 30 29 AT A5 23
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€. Calculation of Exoess Entropy

The excess otitmpy can be calenlated from the compilation of Hougen and
Watson for the lower ¢, At higher values of T* one may integrate using

(as®/ar) = (1/1) (dE®/aT)
(S.1)

‘or compare directly with data of argon and nitrogen at high ™, In order to have
a consistent set of values, 5° should be adjusted so that Eq. (5.1) is trws,

. In- the graph of Hougen and Watson, care must be taken, Shown on
the graph is 8=8,(T) = R In p(V,T) vhere p(V,T) is the real pressure of the gas
at V,T, This is not the same SO that is used in (5,1) vhich is S® = S-5,(7) + Rin
Pydeals Thus '

S* = Py * REIN(Pygaq1/P) = %,,, -+ R En(PV/RT)

(5.2)

Bq. (5.2) may be used to convert the values of Hougen and Watson to S®, For
v = 0,8, the calculation is

™ 1,10 1423 1.50 1,76
e/R (H) ~2.3 =1,75 ~1.2 0,85
Ln(pv/rr) =91 -53 -22 -0l
90 /R ~l.ks “l.2 1,0 0,8

These values are roughly conzistent with the valuss of E°/RT_ given in Table Ila.
For argon at ™ = 1,69, =S%/R = 0,9 (ref, 3, p, 310) a value which is consistent
with the above, We shall adopt the above valuss with smll modification to foros
agresmsnt with 25.1). At higher values of T™ we shall adopt valuss through
integration of (5.1)¢ This leads to th® valuns in Table III,
TABIR TI1
S°/R as & function of T
(a) W+ =« 0.80
™ =110 1,23 15 1,76 2.3 2,9 3

- = 1,3 1.2 1,0 0.9 0,85 0.8 0.8

(b) W = 0.60
™ 2,06 1,11 1,21 133 L6 L9 2.k
S'A=18 17  L6 1.5 L3 1,2 1.l
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‘6, Calculation of Adiabatic Work to low Pressure States

B ﬂomminapositiontoulculsuﬂmmrkthatthamtaamdoby‘
~adiabatic expansion from the high pressure states previously considered, We shall

make the calculation for final staten at 1,000 atm, (P* = ,116) 100 atm (P+ = ,0116)
'and ulomd values at 1 atm.

In all cases, condensation occurs, so that ons must calculate first the
fraction condensed, say x, We pirsasnt here a sample set of calculations be
with V™ = 0,80 and expanding to a final pressurs of 11 ata, To find the finsl
tenperature we assuse that the data of Rauh and Thornl still apply. (Such extrspola-
“tions of vapor pressure data are usally valid, cf. Ouggenheim> p, 1il.)

v = 2 1 . 167 .
(6.1)

‘At such reduced temperatures the vapor may bo considered ideal since the molar
volume of the vapor is ~{RT/P) = (T#/Px) (Vo/0,3) = 16 V.

To find x, one uses the condition that the change in cntropy is zero,
Thus

83 = Synittal ~Spinay = (88)ggem * S° + &/ Tpiny) = O

(6¢2)

" where S° 18 the excess entropy in the initial state and AR is the heat of vaporiza-
tion at Tpyngys - For lack of a better number, we shall keep AH = 3,8 RT, for all

temperatures., This may be rationalized by saying that ‘the increase in (PV)

is of fset by the decrease in AE in going from T 27 O,1 to T# 20,6, Alterna !E

the as tion corresponds to AC, 6 which is reasonable since for most nquida
Cp 2 (5/2)R 1in this region of rature,

Again, care must be taken with (8S),, ., * S°, Ve have
(83)34ea1 = Cy 4n(Tp/Ty) + R&n(Vy/Vy) = G In(T5/Ty) = REn(Py/Py) + R Bn(PyVp/RT,)
(6.3)
assuming (PaVy/RT}) = 1, Thus the S° which anters into (6,1) is always in the

combination S® + Rln(P V,/RT,) which are the values directly tabulated by Hougen

“and Watson, However, for ruaom of consistency discussed in Section 5, we ahtu
use the values of S® presented thers,

Solving (6‘.2) for x and using (6.3) we have
x * (+1)/3.8) 5/2 Ba(15/1]) - Ln(P3/FY) + £n(PaVp/iry) + S°/R
(6.k)
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for which T{ - 0.615, ‘P{ * 0,116, becomss

x = 0.373(2,5 10g 7§ - 2og P} + (/2,30 B) + log (Py¥p/RTy) = 0,109 |
Calculation leads tos

TABLE IV

Calculation of Mols Praction of Condensats from
| W = 0,8 to P = 1,000 atm

5 251 T3 g Py /2.0 R Log(PVp/RT,) “LE:?;.. o
1.10 €203 40,267  ~.618 -380 1570  0.59
1.23 '225 77 o522 - 288 Ll 053
1,50 oLl:0 «698 A% =096 1,199  0.iS
1,76 615 .8li6 .370 -4017 1,027 0,39
2.3 «905 1,000 »318 +,018 0.834 0,11
249 1,152 1,176 318 +,09L 0,685 0.26
3.k 1,329 1,300 +38 +,150 0.607 0.23
Simlar caloulations based on (6,L) lead to Table V,.

TABLE ¥
Mole Fraction of Condnpnu
_ Q) From V* = 0.8 to p = 100 atm,
™ 1,10 1.23 1,50 1,76 2,3 2.9 3ubs
X 60 56 «50 oli6 ols0 036 .34

(b) Prom V& = 0,8 to p = 1 atm,
™ 1.10 1.76 Il
: 062 .50 thl




{sn) Fm Ve = 0,45 10 p - ;,Eom M:n

™ 1,05 11 L L3 L6 LY a8

x N 55 W

{9) From V8 » 046 to p = 100 ata

T L5 1D LA L33 L6 L9 2.5
x 67 b5 K B
(8) From V5 = 0,6 to g = 1 ata

; !
Knmd.ngx om may now compute the adiabatic work done sinos ‘P&V_-'AE
mdmhnwﬂlﬂlmummfmﬁmwwmm. 2‘

AE » (MZMQE’ +x l"p

AB/RT = (3/2)82w + (BP/RT,) + x (Bgpp/RTe)

(6.5)
m:‘umpunmu the cohesive snsrgy of the imitial state as tabulated

?ﬁi«nh For Bygp/RT,, we shall assrame the valus 3,3 sinos we have assumd

| = 3,8 R?, at B-o.é.wotmnpmmtommhmunnmdm
r.nm of the remining oalculstions,

TARLE VI
Adiabatic Work in Expansion from
V.o 0,8 to P = 1,000 atm

™ 2™ x3 BT, Vork/E,

1,10 0727 LS 2.4 0.3

123 092 1.7 2.3 0.k
1,50 1.32 148 2,0 0.8
1.7 1.7 1.29 1.8 118

2.3 2,6 1,02 1.8 1.8
2.9 3.5 ' 0.86 1.7 2.6
3.4 be2 0,76 1,7 3.3



Similar caloulations based on (6,57 laad to Table VI,

™ 1.10°
Work/BT, 0.7
™ 1.10
Work/RT, 1.0
e 1,05
HOPWQ =0,1
™ 1,05
Work/RT, 0,0
™™ 1.05

Work/RT, Ouk

TABLE VII
Adisbatic Work in Sxpansion
{a) Prom V& = 0,8 to p = 100 atm

1.23 1.50 1.76 2.3 2.9

(%) Fron ™ w08 top =1 atn
176 34

2.1 L3

{c) Prom W = 0,6 to p = 1,000 atm
1.1 1.21 1,33 1.6 1.9
0.0 0.1 043 0.9 1.3

(d) From ¥* = 0,6 to P = 100 atm

1.1 1.21 1. 33 l.6 1,9
0.2 0L 0.6 1,1 1.6

(o) From ¥ =« 0,6 top = 1 atm
1.33 2,k
0.9 2.7

3.4
k.0

2.k
2.1

2'.-11
2 .h

We now swsmrise all interesting estimates separately for V* = C.,0D and
V& = 0,60, Tables VIII and IX should be used in conjunction with the critical
constants T, = 14,0000, V, = L0 cm3, P, = 8,650 atm, The unit of energy is

RT. = 28 keals/mols, The unit of entropy is R = 2,0 cals/mols,

Ve shall eall

':m.:h. adiabatic work done from a given initial state to P = 1,000 atm and
1y for Wypg and Wy, E is the enargy required to reach a state from the



Simsary Tabls for P » 0.8

1.6

1.9

10,

™ R WA /R, BAT, PR oooRT, Moot WA
'-o,és om0 2.5 2.7 “
100 1.85 00 24 29 L3 0.3 0.7 1.0
1,23 3.0 05y 2.3 3.2 L2 0.k 0.8
150 5.0 080 21 39 L0 0.8 1.3
L76 1,80 096 1.9 b 0.9 135 1.8 2.1
23 100 L& 1.8 S5.%  0.8g 1.8 2.5
2.9 15,0 1% 1.7g 6.3 0,8 2.6 3.2
3.4 0.0 1da 1.7 7.7 0.8 3.3 k.0 L3
TABLE IX
Swemry Table for V* = 0,6

™ P RAT YR, BRT, SR Wi, WioffT, /Rt
0.96 32 2.0 )
1,05 2.0 WX 3ulg 201 1.8 =0,1 0.0 0.k
a 3.0 oh8 3.1 2,2 1.7 0,0 0,2
1250 35 3.0 28 1.6 0.1 0uk
LB 700 95 2.9 28 18 0.3 0.6 0.9

10 22 27 b1 0,9 11

‘_'.L:L'S;o b2 28 Lo 1.2 1.3 1.6

20,0 150 2,3 5.0 Ll 21 2.4 2,7
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Some i.nhultd.na correlations .of duu an heat capicities in liquids hawve
besn pointed out by Bausr, Magat and Surdin’, For the three monatomic liquids A,

¥e and Hg, all points fnll on & “miversal® curve if the tempersture is parameirised
as follows

6' T =Ty - “‘5

T‘-T. 1'T:

whare T, is the melting point and T, the critical point, Also we define

Cy® Cyldeal = Cy -~ (3/2)R, Then it is found that Cy® = 1,8R for 6 = 0,
This decreases upld];to Cv® = 1,28 at © = 0,1, It then levels off up to @ » 0,35
at the valus 1,2R and finally slovly decressss to OS5Rat @ = 1,

235

The initial high valus of 1,88 at © = 0 1s not surprising and is probably
ted as a breaking up of local order just above the melting point, Such an
effoct may well vary from substance to sibstance, For U it has been found that
® = 3 R just above the melting point. As no experiments have Leen carried out at
temperatures, ons is forosd to conjecture that this is probably due to a
residml breaking up of local order, In all probability over most of the 1iquid
chulhohlu as simtched above, Ths abnormlly high Cy® at Ty may be
associa

h g vith the very low valus of r,ﬁr., = 0,1 where for most liquids it is
Ol or 0,5,

We my use the heat capacity data listed above to estimate the change in
exoess emrgy. To heat the liquid at constant voluwe from T = Tp to T = 1,
removes an amount of exoess ensrgy equal to 0.9 RT, sccording to the abowe dnu.
If the liquid is now expanded from ™ = 0,38 to W ~ 0,80 we lose a little more
enargy, This ie roughly consistent with our estimate of a loss of (3.8 - 2,5) = 1,3 RT .
For v = 0,60, wo have estimated the loss as 0,6 BT, which is cond.dlnbly lsss than
what we would expect from the G, dats {here we would expect ~1 RT.)s This discrepancy
becomes somewhat iremed out in gas phase, but still lsaves a dimmpuwy of &
fow tenths of BT, in our quoted values, As the total energy to get to T = 1.5 4a
aboyt 3 RT,,"the dilcnpmcyintmlcmrgyie of the order of 10%, We are inclined
to bslisve tho valuss quoted by us as obtained from the table of Hougen and Watson
and corrcborated by oell modsl caleulations rather than those based on the heat

capacity data which are & sampling of thres substances, two of which are most unlike
uranium,

N
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