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The method of steepest descent is used to solve partial differential equations of

mixed type. In the main hypothesis for this paper, H, L and S are Hilbert spaces,

T : H -+ L and B : H -+ S are functions with locally Lipschitz Frdchet derivatives

where T represents a differential equation and B represents a boundary condition.

Define q (u) = 1/211T(u)11 2. Steepest descent is applied to the functional q. A new

smoothing technique is developed and applied to Tricomi type equations (which are

of mixed type).

Chapter II discusses the method of steepest descent on finite dimensional

spaces. A theory that supports the method developed in Chapter II is also es-

tablished in Chapter III. Chapter III presents basic facts concerning gradients and

continuous steepest descent in Hilbert space. In Chapter III, the following results

are proved. Suppose G E L(H, L), B E L(H, S), f c L, T(x) = G(x) - f, x E H,

and 4(x) = 1/21|T(x)112, x E H. Suppose also that x E H and z is the continuous

steepest descent of 0 starting at x, then u =-limj_, z(t) exists, T(u) = f and

B(u) = g if and only if there is a solution v E H such that T(v) = f and B(v) = g.

Also the solution u found by the steepest descent is the nearest solution to the initial



estimate in some sense. Nonlinear boundary conditions such as Mawhin's boundary

condition are also discussed in Chapter III. Chapter IV discusses an application to

Tricomi type equations. A computer code for Tricomi type equations is presented

in the appendix. Finally, the graphical outputs on some test boundary conditions

are presented in the table of illustrations.
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CHAPTER I

INTRODUCTION

Much work has been done over the past two centuries to solve differential

equations, ordinary and partial. A long time ago Sophus Lie invented Lie theory

in order to generalize the concept of an integrating factor for ordinary differential

equations. However, it turned out that successive approximations would be a central

theory for ordinary differential equations. But, there is still no general theory for

partial differential equations even though many theories have been developed for

partial differential equations.

Considerable effort has been made over the past several decades on nonlinear

partial differential equations. There are some classifications for partial differential

equations, such as elliptic, parabolic, hyperbolic or linear, superlinear, quasilinear,

etc.. Some theories have been developed for each different type. But, not much is

known for mixed-type differential equations. Also most work on nonlinear partial

differential equations has involved linear boundary conditions or just zero Dirichlet

boundary conditions. Differential equations for which the solution is required to

satisfy given boundary conditions occur in many different scientific fields. Morosanu

[Moro] gave an example of a nonlinear boundary value problem which arises in

electrical network theory. Also Mawhin [Maw] has proposed the following problem
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to describe nonlinear vibrations:

Find a solution u in H2 [0, 1] such that

u"(x) = 2u'(x)2 z~x) for x E [0,1],
1 + u(x)2

u'(0)2- u(0) 2 = 0 and u(1){u(1) - u'(1)} = 0.

There are many methods for attacking nonlinear problems: nonlinear semi-

group theory, critical-point and fixed-point theories, degree theory and Morse index

theory, generalized inverse theory, Newton's method, and the method of steepest

descent. With aid of computer, the last two are becoming attractive. Also those

two methods are very useful because they produce not only theoretical results, but

also numerical results when implemented on a computer. The method of steepest

descent goes back to Cauchy [Ca]. It was used occasionally early in this century

[Cu]. But it was not used widely on minimization problems since it commonly con-

verges very slowly compared to Newton's method. Variations of steepest descent

are called general gradient methods and have found increasing favor in numerical

analysis (refer Hestenes [He] and Glowinski [G]).

An Application To Equations Of Mixed Type

A computer code for a Tricomi-type equation is presented in Appendix. It

can be modified for Tricomi equation. Our methods developed in Chapter II and

III can be applied to several partial differential equations (linear and nonlinear)
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including the Tricomi equation:

yuii(x, y) + u22 (x, y) = 0 (T.1)

The equation is typical of mixed-type equations in gas dynamics which are of the

form

k(y)uii(x, y) + u2 2 (x, y) = 0 (T.2)

where k(y) is a monotone function such that k(y) > 0 for y > 0 and k(y) < 0 for y

< 0.

Tricomi was the first to pose a correctly set boundary value problem for this

equation (T.1) on a special region Q. In the elliptic region (y > 0), Q is bounded by

a simple curve Co which intersects the x-axis at two points A and B, where x(A) <

0 < x(B), and in the hyperbolic region by the two characteristics issuing from the

origin, y1 (x < 0), 12 (x > 0), and the two curves Ci (x < 0), C2 (x > 0) joining

A, B to 71, 72 respectively or the two characteristics F1 (x < 0), F2 (x > 0) joining

A, B to 71, 72 respectively.

Tricomi [Tri] proved the existence and uniqueness of solutions to equation

(T.1) on a region Q for A = 0, y2 and F 2 : this solution assumes prescribed bound-

ary values on Co and on one of the two characteristics. Gellerstedt considered a

more general region bounded by Co and the characteristics F1, P2 , 71 and 72: the

boundary values are prescribed on Co, F2 and 71. Further generalizations have been

suggested by many others, considering several characteristics.

An important generalization of Tricomi's problem is due to Frankl' [Fri].
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Frankly' replaced I}2 by C 2 , the curve C2 may partly coincide with I'2, with A = 0,

Co and 12. Also the first uniqueness proof for Tricomi's problem (T.2) was given by

Frankl' [Fr2]. Friedrichs observed that Frankl's proof can be recast in the form of

an "energy integral" argument, and since then several uniqueness proofs have been

found by the so-called abc method (Protter [Pr], Morawetz [Mora]).

Recently, Aziz and Schneider [AHS, AS] considered a more general equation

over the same region

k(y)uii(x,y) + u22(x, y) + -y(x, y)u(x, y) = f(x, y) (T.3)

Unfortunately, their work so far is on the same special region.

We deal also with another mixed type equation:

uii(x, y) + yu22(x, y) = 0 (T.4)

One can observe that the characteristics of this equation behave quite differ-

ently near the parabolic line y = 0. No references have been found to this Tricomi

type equation (T.4).

The Tricomi equation and Tricomi type equations are taken as a simple ex-

amples of mixed type equations to which a new smoothing technique is applied. A

computer code is presented in Appendix for this equation (T.4). A little modifi-

cation is possible for Tricomi equation. Some explanations concerning the method

of steepest descent on finite dimensional spaces are presented in Chapter II. Also

numerical observations will be discussed in Chapter II. Thus we hope this work
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provides numerical sources in a search for boundary conditions that guarantee the

uniqueness of the Tricomi equation over the simple rectangular region

[1, 2] x [-1, 1] or much more general region. Finally, the graphical outputs on some

test boundary conditions are presented in Table.

Steepest Descent And A New Gradient

For Higher Order Problems

Recently, Neuberger [Neul, Neu2, Neu3] has used a version of steepest de-

scent in a Sobolev space setting to solve differential equations. One of many advan-

tages of steepest descent is its simplicity. Suppose that each of H and L is a real

Hilbert space and a transformation F from H to L has a locally Lipschitz Frdchet

derivative. In order to solve a differential equation F(x) = 0 by using steepest de-

scent, one defines a functional 0 from H to R by q(x) = 1/2 IF(x)H%1. A zero of 4

which is a solution of the given equation and a minimum of 0 is a least squares solu-

tion to the equation. In any differential equations setting 0 is a general variational

principle applicable to many problems.

The fundamental existence and uniqueness theorem for ordinary differential

equations (refer [BN]) guarantees the existence of z from [0, oo) to H such that

z(0) = xo and z'(t) = -V (z(t)), t > 0. One tries to find conditions that insure

that u = limet-, 0 z(t) exists and that u is a local minimum of 0, and more strongly,

is a solution to the given equation F(x) = 0. There are two best known conditions:

the convexity condition of P. C. Rosenbloom and the gradient inequality of J. W.
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Neuberger. A connection between two conditions was found by Richardson [Ri]: If $

: X - R is C(, a is a positive number so that for all x, y in X, (H4(x)y, y) ajy|2

and y(x) = 1/2fIV |l2, then y satisfies Neuberger's gradient inequality, i.e., there is

a positive C so that j|Vy(x)j CjVq(x)j| for all x in X.

Some observations concerning the two conditions are presented in Chapter

III. A theorem in Chapter III shows that if there is a solution to the differential

system, T(x) = f and B(x) = g (both linear), where the first equation represents

a differential equation and the other represents a boundary condition, then u E

limto z(t) exists and satisfies the differential system. Also another theorem in

Chapter III shows that the solution found by steepest descent is the nearest solution

to the initial estimate in some sense. Extensive work for linear partial differential

equations T(x) = f has been made by Hormander and Treves ([H6], [Tre]), mostly

not considering boundary conditions. The above theorem converts such abstract

existence results into an algorithm for finding solutions.

A detailed description of how to use steepest descent with the Sobolev inner

product to solve a simple problem y' = y, y(O) = 1 on [0, 1] is given by Neuberger

[Neul]. Briefly, letting H = {y c H'[0, 1]: y(O) = 0}, L = L2 j[0, 1] and defining

a transformation F from H to L by F(x) = (x + 1)' - (x + 1), one has that if z

is a zero of F, then y = z + 1 is a solution to the original problem. A discrete

steepest descent process is implemented to find a numerical solution. The rate of

convergence of the resulting finite difference scheme is shown to be far superior to



that of the same process, using the Euclidean inner product. His method using the

Sobolev inner product is good for continuous and discrete steepest descent methods.

Suppose the problem is complicated by considering such higher-order par-

tial differential equations as Burgers' equation and several modified equations of

Korteweg-de Vries equation. The following considerations will be important in our

construction of a new gradient for the numerical solution of the Tricomi type equa-

tions. First let's consider the Sobolev inner product in H2 '2

(U, v)H2 = (t,V)L2 + (ul,v1)L2

+ (u2 ,v 2 )42 + (Ual,vl)L2

+ 2(u12,v12)L2 + (U22, v22)L2.

A straightforward implementation of previous theory leads to the necessity

of following calculation:

(I + D1 t D 1 + D2
1D2 + D 1

1 D 11 + 2D 1 2
1 D1 2 + D2 2

t D2 2 )S = G.

where Dit denotes the transpose matrix of Di, S is unknown and G is known.

Numerical approximations to this linear system are difficult to implement

and to analyse. In this paper we derive a much simpler substitute for this inverse.

One may gather that this substitution is justified by noting that the above operator

(I + D 1 'D 1 + D2
1D2 + D11

1D11 + 2D12tD 12 + D2 2tD 2 2 )<1 and our substitution

(I + D 1'D 1 +D 2tD 2)- 2 are equivalent in H0
2'2 (Q) for a bounded open subset Q of

L2. Usually this is a big sparse system in practice. There are many works for the

sparse system (our general references for sparse syatem are [Ev] and [Sc]). But the
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above system is still far from being solved directly. It may be solved by Jacobi or

Gauss-Siedel iteration, partial Cholesky decomposition or any of a variety of other

schemes. As one might have experienced before, it is still complicated and is an

obstacle for the speed of convergence. However, we present a new method which is

very convenient to use and is good for higher order differential equations (ordinary,

partial). We give here a brief discussion of our procedure. It will be presented in

full in Chapter II.

First one defines a new norm and the corresponding inner product on finite

dimensional spaces.

|IHJ(| 2 = I1(I + D1
1D1 + D2D 2 )(u)|J

(u, V) 2 = ((I + D 1tD 1 + D 2
1 D 2)2(u), v).

(I + D1'D 1 + D2
1 D2 )2 (u) might be calculated by iteration. Even in higher order

differential equations on RQ, it is enough to calculate the following

(I +mD1 1 -. -+Dn t Dn)

and then take powers of the resulting inverse. As an example, suppose one needs

to solve the sparse system Eau = v, where v is known and u is unknown. Let

E = (I + Di tDi +.-..-+ DntDn).

Now solve the first system E(s) = v, and then solve the other systems E(t) = s,

and then E(u) = t by iteration. Then u is a solution for the given sparse system. A
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detailed description of the above new setting and general steepest descent on finite

dimensional space are presented in Chapter II. In addition, the above new method

is still available on function spaces. A theory that supports the above new setting

is also established in Chapter III.

Nonlinear Boundary Conditions

Mawhin's problem mentioned earlier might be written as follows: Consider

a function B from H to i'2 defined by

B~u) 2,G'(0)2 - u(0)2
B~u)=

u(1){ u(1) - u'(1)}

Then B is nonlinear. Very little is known about such problems when the boundary

conditions are nonlinear. The solutions to linear differential equations with nonlin-

ear boundary conditions such as Mawhin's boundary condition will be found by the

discrete steepest descent under appropriate restrictions. Here we call a transforma-

tion B from H to S bilinear if there exists a bilinear transformation b from H x H

to S such that B(u, u) = B(u). The existence of the bilinear extension b of B is

guaranteed under appropriate hypothesis. Denote a transformation M : H x H -+ S

such that

M(u, h) = (b(u, ") + B(-, u))h, Vu, h E H.

Then M is a symmetric bilinear transformation. A typical example of a bilinear

transformation is an inner product. Hence we say that the following condition is

Inner Product Property (IPP). Now we say a bilinear transformation M satisfies
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(IPP) if M(u,v) = 0 and M(u, u) = 0 implies M(v, v) = 0 for u, v E H. Under these

hypothesis, a solution will be found by the discrete steepest descent. We prove

that under some restrictions Mawhin's boundary condition satisfies the previous

hypothesis with a bilinear transformation M from H x H to t 2 by

2u'(0)v'(0) - 2a(0)v(0)
M(u, v) =

&2u(1)v(1) - u(1)v'(1) - v(1)u'(1)

Also our results are applicable to many nonlinear boundary value problems

such as multi-point boundary condition and nonlinear Neumann's boundary condi-

tion. Details will be presented in Chapter III.
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CHAPTER II

STEEPEST DESCENT ON FINITE DIMENSIONAL SPACE

As mentioned in the introduction, the method of steepest descent has many

attractive features, not only theoretical but also numerical. This chapter discusses

the general method of steepest descent on finite dimensional spaces and some expla-

nations of a computer code which is presented in Appendix. The graphical outputs

are listed in Table. It is applied to a single linear or nonlinear partial differential

equation of second order on the square region Q = [a, b] x [c, d].

Suppose F: 3 -+ and B : R -- R,

/ u Bu u 2 u2

F ,a y, 2 a 2 {y ,uxy, ,y=0, (x, y E

Fau uB (O Otu(xt ),XY=0, (x,y) E F(2.1)

where P is a designated curve in Q and each of F and B is a continuously differen-

tiable function of its arguments.

In order to approximate this problem numerically, one gives following set-

tings: Let m, n be positive integers and denote by G the rectangular grid obtained

by dividing each side of Q into m and n equal pieces along x-axes and y-axes. Let 61

13
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and 82 be meshes along x-axes and y-axes respectively, say Si = Una and 62 = d

Denote by Q the collection of all functions z on G. Define

-1/2

izll = z(x, y)2 , z E Q.

(x,y)EG

Define D 1, D2 , D11 , D12 and D22 difference operators approximating ax, y,
02 ' 2 and y2 respectively : For z E Q, (x, y) E G, if x = a + (b - a) and

y =c+- (dF-c)fori=1,...,n-1and=1,...,m- 1 then

z(x +1, y) - z(x - S1, y)
261

z(x +&61, y) - 2z(x, y) + z(x - S1, y)

z(x, y) - z(x - 61, y) - z(x, y -862) + z(x - 61, y + 82)
(D12z)(x, y) =-~8

6162

Here D2 and D22 are defined similarly. Alternative choices for D1 and D2

are also possible, such as forward-difference, backward-difference or intermediate-

difference as follows:

z(x, y) + z(x, y -862) - z(x - 61, y) - z(x - 61,y -862)

261

In order to obtain a finite difference approximation to Equ.(2.1), consider

the problem of finding z E Q so that
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(Diz)(x, y)
(D2 z)(x, y)
(D11 z)(x, y)

F (D 12z)(x, y) = o, (x, y) E G and
(D2 2 z)(x, y)

z(x,y)
x

y

/(Diz)(x, y)
(D 2 z)(x, y)

B z(x,y) = 0, (x,y) E V (2.2)
1x}

y

where F' is a subset of G approximating P.

As an initial step in developing a method for solving Equ.(2.2), define a real

valued function q on Q

(Diz)(x, y) 2

(D 2 z)(x, y)
(Diiz)(x, y)

q(z) = 1/2 F (D1 2 z)(x, y) ,Z E Q (2.3)
(D22z)(x, y)

,y)G z(xy)

x

y

Now one wants to minimize 0. Although a minimum of 0 is not necessarily a

zero of , we hope that it yields a sufficiently close approximation to Equ.(2.2). The

manner in which a minimization of 0 is attempted is a crucial part. The method can

be described in three steps. The first step is getting a usual gradient which does not

work very well in practice. The second step, was discovered by Neuberger[Neul],

is based upon the first step and produces very nice results. As pointed out in
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Introduction, in a practical sense there is some difficulty in his method for higher-

order differential equations. However a new second step is established and it works

fine even for higher-order differential equations.

The first step proceeds as follows: For v E Q, define To so that

T(x, y) =

(Div)(x, y)
(D2 v)(x, y)
(Di v)(x, y)
(D12 v)(x. y)
(D22v)(x. y)

v(x, y)
x

y

(x,y) E G (2.4)

Then Equ.(2.3) is rewritten as

q(v) = 1/2||F(Tv) 1 2
(2.5)

Now take a Frechet derivative of 0,

q'(v)h = (F1 (To)D 1 h + F2 (T )D2 h + F3 (T )D 1 1 h + F4 (T)D12 h

+F5(T~)D2 2 h-F6(T )h, F(T )), h E Q (2.6)

where F denotes a partial derivative of F in the i-th argument of F and for s and

t in Q, (s, t) is the inner product (,y)EG s(x, y)tx, y)-
In order to obtain a first gradient for 0, rewrite Equ.(2.6) as follows:
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q'5(v)h = (h, F6(Tv)*F(Tv)) + (D1h, F1(Tv)*F(Tv))

+ (D2 h, F2(Tv)*F(Tv)) + (Diih, Fs(Tv)*F(Tv))

+ (D12lhF4 (Tv)*F(Tv)) + (D22h, F5(Tv)*F(Tv)).

Hence,

q'(v)h =(h,F(Tv)*F(Tv) + D1*F1(Tv)*F(Tv)

+ D2*F2(Tv)*F(Tv) + Dii*Fs(Tv)*F(Tv)

+ D12*F4(T)*F(Tv) +D 2 2*F5 (T)*F(Tv)).

Thus, the gradient V# can be written by

(Vq)(v) =F6(Tv)*F(Tv) + D1*F1(Tv)*F(Tv)

+ D2*F2(Tv)*F(Tv ) + Dll*FS(Tv)*F(Tv) (2.7)

+ D12*F4 (Tv)*F(T v) + D22*F5 (Tv)*F(Tv).

Here Di is a matrix on the vector space Q with the natural basis and Di* is

the transpose matrix of Di.

The steepest descent process based upon Equ.(2.7) has difficulties since the

gradient V# in Equ.(2.7) approximates a given differential operator and the process

converges extremely slow. To avoid this slow convergence, Neuberger established a

fast steepest descent method in Sobolev space setting. Karmarkar [Ka] also pointed

out the importance of choice of metric. On the other hand, an alternative is New-

ton's method with the possibility of faster convergence. Refer Kelley and Sachs

[KS1,KS2] for a recent reference in which Newton's method is applied for integral

equations.
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In proceeding with the second step, the crucial part in constructing a second

gradient is the introduction of a new norm for Q. For v E Q, define

Iv1Ej =1(I+D1*D1 + D2 *D2 )vH| (2.8)

To this norm corresponds the inner product

(vw) K = ((I + D1*D1 + D2 *D2)2(v), w), v, w E Q (2.9)

Now one is ready to calculate a second gradient for 0 regarded as a function

from Q to 9?. From Equ.(2.6):

4'(v )h= (F1 (T)D1 h + F2 (T)D2 h + F3 (T)D1 1 h + F4(T)D121h

+.F5 (T)D2 2 h + F6 (T)h, F(Tv ))

= (h, (Vq0)(v))

= (h, (I + D1*D1 + D2 *D2 )2(I + D1*D1 + D2 *D2) 2(V)(v))

= ((I+ D1*D1 + D2 *D2 )2 (h), (I + D1*D1 + D2 *D 2 )- 2(V)(v))

= (h, (I + D1 *D1 + D2*D2 )- 2 (V)(v))1 (

= (h, (VJ( )(v))rt-.

Therefore the gradient VK 0, calculated according to the inner product (., )K

on Q, can be written by

(VKO4)(v) = (I + Di*D1 + D2 *D2 )- 2 (Vq)(V). (2.10)
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Also,

(I + D1i*Di + D2 *D2 )2 (V Ic)(v) _ (Vq)(v). (2.11)

In Equ.(2.10), (I+D1*D1+D 2 *D 2)~2 term needs too much storage if stored

as a matrix in a computer. Thus solving Equ.(2.11) is more useful in a practical

sense. As mentioned in Introduction, (I + D1*D1 + D2 *D 2 )2 is a sparse matrix.

Usually a (n x n) matrix S is said to be a sparse matrix if only a small percentage

of all matrix elements stj, i, j = 1, 2, -"-", n, is nonzero (in practice less than

10%). There are many possible structures for sparse matrices such as band matrices

with step or with margin, strip matrices, block diagonal matrices with margin and

matrices with constant band width. Our matrix I + D1 *Di + D2 *D 2 is a matrix

with constant band width. General references for sparse matrices are [Ev] and

[Sc]. In order to solve Equ.(2.11) effectively, one requires special storage techniques

and programming techniques. The theories for sparse matrices developed so far is

not enough to solve our system directly. Hence we are considering (I + D1 *Di +

D 2 *D2)S = G as a function. Then we used Jacobi iterations in our computer code

in Appendix.

Observe that (I+ Di*D1+ D2 *D2 )2 is invertible since (I+ D1*D1 + D2 *D 2 )

is symmetric and positive and also

((I+D1 *D1 + D2 *D2)2(u)=
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f|(I + D1*Di +D 2 *D 2 )(u)12  >ufl 2.

The main roll of the term (I+ D1*D1+ D 2 *D 2)2 connecting the two gradi-

ents is to smooth V0. The exponent 2 in the (I + D1*D1 + D2 *D2 )2 term denotes

the order of the given differential equation.

In order for steepest descent process to satisfy boundary conditions, one

requires the introduction of orthogonal projections P(x) from Q to N(B'(x)), null

space of B'(x) for x E Q. For each x of Q, the existence of the orthogonal projection

P(x) is always assured. Thus, define

(VBO)(x) = P(x)(VKf4)(x), x E Q. (2.12)

A steepest descent scheme solving Equ.(2.2) based upon Equ.(2.12) is the

problem of finding z : [0, oc) -+ Q such that

z(0) = x, z'(t) = -(VI30)(z(t)), t > 0. (2.13)

One can extend the method developed so far to the much more general case

as follows: Suppose that each of n, m is a positive integer and 2 is a bounded region

in W'. Suppose also that F is a C(2) function with domain ('?) x R"1 x Q

and B is a C(2) function with domain (R")" x ' x 9. A detailed description of

the method in general case is not given here since not much changes are necessary.

The program YTCMI.KHK in Appendix is divided into 7 sections. Section
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1 contains several preliminary settings that will be needed for several calculations

in the code. Section 2 defines the initial boundary condition h, the initial u and

the initial estimates q, s for a sparse matrix (I + D1*Di + D2*D2 )2 . The initial

estimates q, s are needed at the first iteration in Section 5 and 6, but after the first

iteration of whole program, we will use previous q and s in solving

(I + D1*D1 + D2 *D2 ) 2 (viK$)(v) = (V 4 )(v).

A few iterations of whole program later, it doesn't take much calculations in ob-

taining q and s to approximate

(I + D1*Di + D2 *D2 )q = g (2.14)

(I + D1 *Di + D2 *D2 )s = q (2.15).

Section 5 calculates q in Equ.(2.14) and then section 6 calculates s in Equ.(2.15).

Section 6 might be shortened by using iterations, but here we presents full details.

In solving linear systems (2.14) and (2.15), we used Jacobi method. In order to

make it fast, one may use Gauss-Siedel iterations. To do so, just use same letters

q and s instead of using mq and sg. Section 3 calculates D11 u, D1 it D1 1 u, D2 2 u,

and D2 2
1D2 2 u. In section 4, we obtains the Euclidean gradient ftf(i,j). After taking

boundary conditions, one can use gradient grad(i,j) instead of s(i,j), which converges

extremely slow. In section 7, K1 indicates number of iterations drawing graphical

outputs of solutions. In order to save C. P. U. time, here we used (1 statement.

Also one can erase most "print" statements which are used to see that the program
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is running correctly. We used a fixed alpha, but one can get a better alpha for each

step by using optimization.
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CHAPTER III

STEEPEST DESCENT ON FUNCTION SPACE

As pointed out earlier, steepest descent is especially attractive since it pro-

duces not only theoretical solutions, but also numerical results. First we consider

some basic facts and known theorems about gradients and steepest descent in

Hilbert space. Our main results about steepest descent together with a theory that

supports the method described in Chapter II are presented here. Also Mawhin's

nonlinear boundary condition will be discussed here.

Suppose that each of H, L and S is a real Hilbert space, and each of F and B

is a transformation from H to L and S (respectively) with locally Lipschitz Frdchet

derivatives. Consider the problem of finding u in H such that

F(u) = 0 and B(u) = 0 (3.1)

where F(u) = 0 represents a differential equation (ordinary, partial, functional) and

B(u) = 0 represents a boundary condition (linear, nonlinear). Denote by P the

function on H so that if x E H then P(x) is the orthogonal projection of H onto

N(B'(x)), the nullspace of B'(x). Here prime denotes the Frdchet derivative of its

argument. It is assumed throughout that P is locally Lipschitz. Define 0 on H so

25
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that if x E H then

'(x) = 1/2I|F(x)H2. (3.2)

Note that there exists a unique element w of H such that 4'(x)h = (h, W)H , Vh E H.

This element w is denoted by V (x), so that 0'(x)h = (h, V(x))H , for all h in H.

Also note that

4'(x)h =(h,F'(x)*F(x))H,Vx,h E H.

Thus

V(x) = F'(x)*F(x) (3.3)

where Fl(x)* denotes the Hilbert space adjoint of F'(x). Note that

0'(x)(V O(x)) > '(x)h

for all h in H such that h V(x) and j|hJ| =1_lVO(x)Hj. Hence the gradient (V)(x)

is the direction of steepest ascent of the function 0 at the point x.

Now denote VBq$ by the function defined on H so that

(V B )(x) = P(x)(V )(x) (3.4)

where V4 is the gradient function for 0 and V B is the gradient function for 0

involving the boundary conditions, called the B-gradient of 0. It is well known (cf.

[Be, NJ3, NJ4]) that if x E H, then there is a unique function z : [0, oo) - H such

that

z(0) = x and z'(t) = -- (Vo)(z(t)), t > 0 (3.5)
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or

z(O) = x and z'(t) = --(VB )(z(t)), t > 0 (3.6)

In either case one calls z the continuous steepest descent function for 0 starting

at x. One may ask naturally if it is true that u --lime-,o z(t) exists and satisfies

F(u) = 0 and B(u) = 0 or just F(u) = 0. From the theoretical point of view the

most difficult aspect of steepest descent is finding conditions for convergence. P. C.

Rosenbloom establishes the following result.

Theorem 3.1. [Ro, p.128]. Suppose Xis a Hilbert space, q6: X -+ R is C2 , z(0) =

x 0 and z(t-) = -Vq4(z(t)) for t > 0. Suppose also there is an A > 0 such that for all x,

y in X, (H(x)y. y) > AJyfl2 where H denotes the Hessian of 0, then u = lim_.x z(t)

exists and is the unique minimum of 46.

Neuberger [Neu2, Neu3] gives another conditions which is called a gradient

inequality (3.7) and B-gradient inequality (3.8) : Suppose that Q C X and c> 0 so

that

J|(V4)(x)fl > c||F(x)JJ, x Ec (3.7)

or

||(Vn4)(x)fl > c||F(x)Jj, x E (3.8)

Concerning these there are theorems which imply the following [Neu2, Neu3].

Theorem 3.2. [Neu4, Thm.2]. Suppose Q C X, c > 0 and (3.7) holds. If x E , z

satisfies (3.5) and R(z) C S2 where R(z) denotes the range of z, then u = lim . z(t)
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exists and satisfies F(u) = 0.

Theorem 3.3. [Neu3, Thm.1]. Suppose Q C X, c > 0 and (3.8) holds. If x E 9, z

satisfies (3.6) and R(z) C 9 where R(z) denotes the range of z, then u = lim 1-.Co z(t)

exists and satisfies F(u) = 0 and B(u) = B(x).

One can observe that if one takes x E 9 such that B(x) = 0, then u is

a solution to (3.1). Now one might want to compare both conditions. Consider

following equalities:

(qz)'(t) q='(z(t))z'(t) = (z'(t), V4z(t)))

= -|| V4(z(t))12  0

From the gradient inequality, Neuberger observed the following:

( z)(t) q(z(0))exp(-2tc 2 )

Observe following arguments:

(sz)"(t) = -2(V4(z(t)), V'(z(t))z'(t))

= 2(z'(t), Vq'(z(t))z'(t))

= 2 "(z(t))z(t) 2

=2 (H (z(t)) z'(t), z'(0))

4|A|z'(t)|112

=-A(Oz)'(t)
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Hence fJ -( ,2 ds> At, t> 0. Thus

-( z)'(t) <; -(#z)'(0) exp(--At), t > 0.

By the above arguments, the gradient inequality leads to the boundedness of (Oz)

and then one can reach a zero of 0. But the condition by Rosenbloom leads to the

boundedness of (Oz)' and then a minimum of . It has been believed for a long time

that Rosenbloom's condition is necessary for the convergence of steepest descent.

But it is not quite necessary. In order to include more problems which are totally

unsolved, work still remains to be done. From [Neu3] and [Neu4, one may conclude

that the gradient inequality (3.7) is sufficient to solve F(u) = 0 and in order to

satisfy boundary conditions the B-gradient inequality (3.8) is necessary.

Much work has been done for local solutions of linear inhomogeneous dif-

ferential equation by Hormander [Ha] and Trevis [Tre], not considering boundary

conditions. Most linear differential equations may be expressed as the problem of

finding u so that T(u) = f. Consider the following theorem.

Theorem 3.4. [Neu2, Thm.1]. Suppose G E L(H, L), f E L, T(x) = G(x) - f, x

H and 4(x) = 1/2 ||T(x)fl2 , x E H. Suppose also that x E H and z is the continuous

steepest descent oft starting at x. Then u = limj-.+o z(t) exists and T(u) = 0 if

and only if there is v E H such that T(v) =0.

Such a theorem may be regarded as converting abstract existence into an

algorithm for finding a solution. Consider the problem of finding u such that

T(u) = f and B(u) = g (3.9)
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where T and B are continuous linear transformations from H to L and S (respec-

tively). If M(u) = B(u) - g then the nullspace of M'(u) is the nullspace of B. Since

P(x) is an orthogonal projection of H onto N(M'(x)), P(x) = P for all x E H. If one

defines q(x) = 1/2 H|T(x)-f 112 ,x E H, then

(Vq')(x) = T*(T(x) - f) and (V B&)(x) = PVq$(x)

Choose xo E H such that B(xo) = g. Then there is a continuous steepest descent

of 0 starting at x0 .

Theorem 3.5.. Under above hypotheses, there is a solution v E H if and only if u

lim,., z(t) exists and is a solution to (3.9).

PROOF: Since
z'(t) = -PT*(T(z(t)) - f)

= -PT*T(z(t)) + PT*f,t 0,

exp(tPT*T)z'(t) + exp(tPT*T)PT*Tz(t) = exp(tPT*T)PT* f.

Then,

exp(tPT*T)z(t) = z(0) + exp(sPT*T)PT* fds.
0

Hence,

z(t) = exp(-tPT*T)z(0) + exp(-tPT*T) exp(sPT*T)PT* f ds.

By the hypothesis, there is v such that T(v) = f and B(v) = g.

z(t) = exp(-tPT*T)z(0) + exp(-tPT*T)(exp(tPT*T)v - v)

= exp(-tPT*T)(z(0) - v) + v, t > 0.
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Since z(O) - v is in the nullspace of M'(z(O)), z(O) - v is in the range of P.

Therefore,

z(t) = v + exp(-tPT*TP)(z(0) - v).

By the spectral theory [RN], lim_.4 o exp(-tPT*TP)x exists for any x E

H and is an orthogonal projection of H onto the nullspace of TP. Therefore, u =

lim.+ z(t) exists and

T(u) = T(v) +T( m exp(-tPT*TP)(z(O) - v).
t-.oo

The fact z(O) - v = P(z(O) - v) implies

urn exp(-tPT*TP)(z(0) - v) = P( lin exp(-tPT*TP)(z(0) - v)).
t-.oo t-.00

Since limt,.oo exp(-tPT*TP)x E N(TP) for any x in H, T(u) = T(v) = f.

Observe that R(exp(-tPT*TP)) C R(P) for all t > 0. Hence

B(u) = B( lim exp(-tPT*TP)(z(0) - v) + B(v) = g.

This completes the proof.

Theorem 3.6.. The solution u obtained in Theorem 3.5 is the nearest solution to

the initial estimate x in the following sense: ||x - y| > |\x - u\j for all y E H such

that T(y) = f, B(y) = g and y # u.

PROOF: As in the proof of Theorem 3.5, x is an element of H such that B(x) = 0

and also v is a solution to the given differential system T(v) = f, B(v) = g. Then
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the solution u obtained by the steepest descent can be rewritten u lim 1 +o z(t) =

(x - v) + v, where is the orthogonal projection of H onto the nulspace of TP.

Let y be an element of H such that T(y) = f, B(y) = g and y # u. Then u - y E

N(B) = R(P) and P(u - y) = u - y E N(T). Hence u - y E N(TP). Also note that

x - u = x - (x) + (V)+ v = (I - 1)(x - v).

Since I - is an orthogonal projection of H onto N(TP)',

11-Y12= 1x-u1 2 +Ju-yI2 > fx-uK1.

This completes the proof.

From the above proofs, the study of the orthogonal projection is a crucial

part in steepest descent. But one doubts if the solution obtained by steepest descent

for nonlinear differential equations is the nearest solution to the initial estimate. In

nonlinear case, it might be the nearest solution to the initial estimate in some

sense. Generally very little is known for linear differential equations with nonlinear

boundary conditions. As mentioned earlier, Mawhin's boundary condition is a

typical example of nonlinear boundary conditions.

The following condition has been observed by examining several nonlinear

boundary conditions: B is a continuous transformation from H to S such that

x e N(B'(x)) c N(B), Vx E R(z) (3.10)

where z is the continuous steepest descent.
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From the condition (3.10) and proof of Theorem (3.5), one might observe

the following:

Theorem 3.7.. Suppose each of T and B is a continuous transformation from H to

L and S (respectively), B satisfies (3.7) and T is linear. Also suppose that z is the

continuous steepest descent such that z(O) = xo E N(B) and P is constant along

the trajectory of z (in other words, R(P(z(O))) = R(P(z(t))) = N(B'(z(t)))). Then

u E limj,, z(t) exists, T(u) = 0 and B(u) = 0.

The another version of steepest descent is discrete steepest descent. In a

finite dimensional space setting, it is a basis for numerical developments. Under the

hypothesis of Theorem 3.7., we would expect discrete steepest descent converges.

Recall that

x71+1 = x - &nVB9$Xn-

where 8
T is chosen optimally.

Definition 3.8.. A transformation B from H to S is bilinear if there exists a bilinear

transformation B : H x H - S such that f(u,u) = B(u).

If B is bilinear, B may be calculated by taking a Frechet derivative of B:

B'(u)h = (5(u, .) + B(-, u))h, h E H.

Denote a transformation Al : H x H -+ S such that

M(u, h) = (B(u,.) + B(, u))h, Vu, h E H.
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Then M is a symmetric bilinear transformation in the following sense that

M(u, h) = M(h, u). For bilinear transformations A, consider following conditions:

(i) A(u, u) = 0

(ii) A(u, v) = 0

(iii) A(v, v) = 0

Definition 3.9.. Let A be a bilinear transformation from H x H to S. If () and

(ii) implies (iii), then one says A satisfies (IPP). In particular, one says A satisfies

(IPP) on Q if u is in Q.

Theorem 3.10.. Suppose that B is a bilinear transformation with a continu-

ous Frechet derivative such that M satisfies (IPP) along the trajectory of the dis-

crete steepest descent. If xo E N(B), then R(P(xo)) = N(B'(xo)) = N(B'(xn)) =

R(P(xn,)) for all n and also x, E N(B'(x )) C N(B) for all n provided that T is

linear.

PROOF: Observe that B'(u)u = M(u, u) = 2*B(u). Since Co E N(B), M(xo, xo) =

0. Hence,

xo E R(P(xo)) = N(B'(xo)) = {h : M(xo, h) = 0}.

Since

xi = Xo - So(Vnq)(xo) = Xo -- oP(xo)T*T(xo),

x1 E R(P(xo)). Also M(xo,x1) = M(xi, xo) = 0. Thus xo E R(P(xi)). Now by the

property (IPP), M(xi,x 1) = 0, x 1 E R(P(xi)) and B(xi) = 0. If h E R(P(xo)),
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then M(xo, h) = 0. Also by the (IPP), M(h, h) = 0. Since 0 = M(x1 + h, x1 + h) =

2M(xi, h), M(x1, h) = 0 by the (IPP). It means h E R(P(x1)), so R(P(xo)) C

R(P(x1)). On the other hand, if h E R(P(x1)), then M(x 1 , h) = 0. Also M(h, h) =

0. Since M(x1, xo + h) = 0, 0 = M(xo + h, xo + h) = 2M(xo, h) and It E R(P(xo)).

It implies R(P(x1)) C R(P(xo)). So far we proved that o E N(B) implies xo

and x 1 are in N(B) and R(P(xo)) = R(P(xi)). Now we assume xk E N(B). Then

B(xk) = M(xk,xk) = 0, and xk E R(P(xk)) = N(B'(xk)). Since

Xk+1 = xk - k(V Bq(xk) = Xk - SkP(xk)TT(xk),

Xk+1 E R(P(xk)). Also M(xk, xk+1) = M(xk+1, xk) = 0. Thus xk E R(P(xk+1)).

By the same manners, R(P(xk)) = R(P(xk+1)). Thus R(P(xo)) = R(P(xn)) for all

n and xc, E N(B'(x,)) = R(P(x,)) for all n. Now if h E N(P(xw)) then h E N(B),

i.e. N(B'(x,)) C N(B) for all n. This completes the proof.

Turning to the Mawhin's boundary condition, one tries to show that Mawhin's

boundary condition satisfies hypotheses of Theorem (3.10). It can be expressed as

follows. Consider the following nonlinear transformation B : H -+ 2 such that

B(u) = u'(0)2 - u(0)2
u(1){u(1) - U'(1)}

Define a bilinear transformation M from H x H to R 2 by

2u'(0)v'(0) - 2u(0)v(0)

M(uv) (2u(1)v(1) - u(1)v'(1) - v(1)u'(1))

Take the Frechet derivative of B, then B'(u)h = M(u,Ih) and M(u, u) =

2B(u). One wants to prove that

VI(, x) = 0 and M(x, y) = 0=-1M(y, y) = 0 (3.11)
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Choose an element x of H such that B(x) = 0. Then

0 = B(x) = M(xx) (x'(0)2 - x(0)2
0 = ~x)= M~, x = x(1){x(1) - X'(1)}}

Let y be an element of H such that M(x, y) = 0. If x(0) # 0 and x(1) $ 0 then

x(0) = x'(0) and x(1) = x'(1) by M(x, x) = 0. Also 2x'(0)y'(0) - 2x(0)y(0) =

Oand2x(1)y(1) - x(1)y'(1) - y(1)x'(1) = 0 by M(x, y) = 0. Thus x'(0)y'(0) =

x(O)y(O) implies y(O) x= '(0)y'(0)/x(O) = x'(0)y'(0)/x'(0) = y'(0). Hence

y'(0)2 - y(0)2 = 0. Note that y(1) = x(1)y'(1)/(2x(1) - x'(1)) and

y'(1) = {2x(i)y(1) - x'(1)y(1)}/x(1) = {2x(1) - x'(1)}.
x(1)

Therefore

y(1)y'(1) y(1) 2 - y(1)-2x(1) - x'(1)}
x(1)

y(1) {y(i)x(I) - 2x(i)y() + y(1)x'(1)}
x(1)

=-y1){-x(i)y(i) y(i)x(i)}
x(1)

= 0

Finally

M(y, y) = 2B(y) = { )m=.

Now choose xo E N(B). Then xo E N(B'(xo)) since M(xoxo) = B(xo) = 0. Since

x1 = xo - So(V BqXxo) = xo - &oP(xo)T*T(xo),

x1 E R(P(o)), that is M(xo, x1) = M(x1, xo) = 0 and also xo E R(P(x1 )). By

(3.11), M(x1, xi) = 0. If h E R(P(xo)) then M(xo, h) = 0 and M(xo, h + x1 ) = 0.
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Thus by (3.11), 0 = M(h + x1 , h + x1) = M(h, xi), that is, h c R(P(xi)) and

R(P(xo) C R(P(xi)). Conversely if h E R(P(xi)), M(h,h) = 0 by (3.11). Also

0 = M(h+xo, h+xo) = 2M(xo, h). Hence h E R(P(xo)), R(P(xi)) C R(P(xo)) and

R(P(xo)) = R(P(xi)). Observe that x7 E R(P(x )) = R(P(xo)) and R(P(x,)) C

N(B) for all n.

Theorem (3.10) is applicable to many nonlinear boundary problems such as

multi-point boundary problems and nonlinear Neumann's boundary condition such

as

U(x, y)U (x, y) = U(x, y)2 for (x,Jy) C DQ.

If B is bilinear then M is always symmetric. However, we can include a truly

nonlinear boundary condition B such that the M induced by B is bilinear but not

symmetric. In this case, one might need a more strong condition. Instead of (IPP)

condition, a condition that any three implies the other one would be possible with

(iv) A(v, u) = 0.

After establishing the convergence for steepest descent, the next possible

problems are how fast it converges and how efficiently one can impliment it on a

computer. Now we are going to derive a theory that supports the method used

in Chapter II. Without loss of generality, we assume Q is a bounded subset in R 2.

Before we go further, we introduce general facts about Sobolev spaces. The general
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reference for Sobolev spaces is [Ad]. Denote

u

11

U2
D(1,u) = lui and D(2, u)=

U 2 2

Denote AM1 by the closure of {D(1,u) : u E C() as a subspace of L(Q)

and 2 by the closure of {D(2,u) : u E C(2 )(Q)} as a subspace of L(Q). Then

M1 and M2 are functions by the well-known facts (cf. [Ad] or Meyers and Serrin,

"H = W"). Define

H1'2  {uf: D(1,u) E M1i}

H2 '2  {u : D(2,u) E M2}.

For convenience, we denote H1 '2 by H1 and H2 '2 by H2 . From now on, we

denote by 1 the second term of D(1, u) which is in 1 and whose first term is u.

Denote a2 , a1 1 , a1 2 and a2 2 similarly. The Sobolev norm is defined as follows:

I|UHIH1 (uall 2  H it 2  2 21/2

|UIIH2 (= a IH1 + l11 IL2 + JU112 l2 + Iu22lL2)1/2

To these norms correspond the Sobolev inner products as follows:

(u,v)H1 = (U, v)L2 + (u1,v1)L2 + (u2,v2)L2
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(u, v)H2 = (u, v)H1 + (u11, v11)L2 + 2(u12,V12)L2 + (u2 2 , v2 242'

Now define a function D1 by D1u = u1 and also D2 , D11, D12 and D22 are

defined in the same way. Then these operators Da are linear, closed and densely

defined on L2 . Note that there exists the adjoint Da* as a linear, closed and densely

defined operator. It is obvious that I+ D1i* D1 + D2 * D2 is a positive and symmetric

operator. Hence the square root of I+ Di*D + D2 *D 2 exists (refer [RS]). Define

a functional on Hp by

I|U|,flKp =I(I+ D1*DI + D 2 *D2)P/ 2 (u)bL2

Theorem 3.11.. |HalIxp is a norm.

PROOF: Let E = I+ Di*Di +D 2 *D2 . Since E is linear, It is clear that IvaulK, =

jIa puIIK, . Also the triangle inequality holds and aubIIK ;> 0 for all u E HP. If

ItuIn~p = 0 then u = 0 for IIuH|L2  < HIl'p. Q.E.D.

Call the space HP(Q) equipped with a norm I|uHK &C(Q). Consider Ko(Q)

as L2 (Q).

By the routine arguments, we have a following result.

Theorem 3.12.. Under the norm just defined, K, is a Banach space.

Define a bilinear functional on K7 by

(u, v)x, = ((I+ Di*Di + D2*D2)p(u), v)L 2

Since (I + Di*D1 + D2 *D2 )1 is positive and self-adjoint, it is clear that
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(u, v), is the inner product defined on K,.

Theorem 3.13.. Under the inner product just defined, K4 is a Hilbert space.

PROOF: By the elementary functional analysis, it is enough to show that

(u,u)K, = Hu1k.

(u,u), = ((I+ D1*Di + D2 *D2 )P(u), u)L2

= ((I + D1*Di + D2 *D2 )P/2 (u), (I + D1*D1 + D2*D2)/ 2 (u)L2

= (I+ D1*D1 + D2 *D 2 )P/2 (u)f2 = f"uH%2

Now the proof is complete.

In order to derive a relation between (I + D1*D1 + D2 *D2 + Dii*Dii +

2D 12*D 12 + D 22 *D 22)~1 and our substitution (I + D1*D1 + D2 *D2)~2 , first note

that D1* = -D 1 and D 2* =-D2 on H0'2(Q). Also note that

N -(I+ Di*D1 +D 2 *D2 +Di*Dii

+ 2D1 2 *D 12 + D2 2 *D2 2)<

=( -A 2)-1

and
K (I + D1*D1 + D2 *D2)-2

= (I - A)-2

where A = D11 + D2 2 .

Then N = NK 1-K, K = KN-1N. Also note that

NK1 = (I - A + A2- 1 (i - A) 2

= I- (1 - A + 62-IA
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and
KN- 1 = (I - A)- 2 (I-_A + A 2 )

= I +(I _ A< 2 A.

Since those two operators NK- 1 and KN1 have bounded extensions to

L2 (Q) (see elliptic parts in [DS]),

HNII< | NK~ 1I -KII c1 -|HKH|

c1 II|K~1 .'|II N Cf cJ2V|N|.

Hence

I
- IN| IK| c2 -IN||.

Thus the two operators (with zero boundary conditions) are equivalent on

H&2' 2 (Q) for a bounded open subset Q of ' 2 .

On the other hand, consider the following equalities:

q'(x)h = (h,VK, q(x))K

= ((I + D1 *D1 + D2 *D 2 )P(h), VKP(x))L

= (h, (I + D1*D1 + D2*D2)PVKPq,(x))L

= (h, V4(x))L.

Hence

Vq5(x) = (I + D1*D1 +HD2*D2)PVPb(x).

Thus

V1,>(x) = (I + D1*D1 + D2*D2 )Pv4(x).

In order to obtain a gradient which takes into consideration, take P(x)V,cK (x)

where P(x) is an orthogonal projection of H onto the nullspace of B'(x). We will
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apply the theories and methods developed so far to partial differential equations of

mixed type, equations of Tricomi type.
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CHAPTER, IV

APPLICATIONS TO EQUATIONS OF MIXED TYPE

Most work in this chapter was motivated by the numerical experiments using

a finite dimensional version of the problem. Also the theories developed in chapter II

and III support our numerical experiments. As mentioned earlier, most work on the

Tricomi problem has been on a special region as indicated in Chapter I. Almost no

work has been done on another mixed type equation, U1,1(x, y) + yU2 ,2 (x, y) = 0.

However, in this paper we treat both equations on a rectangle which is divided

by the x-axis. Also our methods carry over to much more general regions. The

following is implemented for the proof of Theorem 4.2.

Theorem 4.1.. Suppose F(u) = yui,1(x, y) + u2, 2 (x, y), which is defined on H2 .

Then R(F) is dense in L 2 .

PROOF: It is enough to show that for each polynomial f, there is a solution u

such that F(u) = f. If f(x,y) = ao + a1 ,ox + ao,1y then u(x, y) = ' y2 + a1 ,ox2 +

a",a xy2 a0 1 3 is a solution to F(u) = f.Also u(xy)= -o x2+ ",y2-_ 5
a,,32 2 6 ~

"2a0 2 y+ y2+ 2,y+L 22 + ao,2y4 is a solution to F(u) = f,
where f is a polynomial of degree 2 and ai,1 is the coefficient of x'yJ term in f.

Actually, the above solutions might be chosen by considering following sys-

45
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teams: In advance, ai,1 is the coefficient of xiyj term in f and by is for u.

(d - 0): a0 = 2 *b,2

(d -0)

(d -1): a1,=

a0 ,1 =

*b1,2

2* ,0 + 3 * 2 *bo,3.

(d-1)

a2 ,o = 2 * b2,2

(d - 2):
a1 , 1 = 3 * 2 * b3 ,o + 3 * 2 *b,3

ao, 2 = 2 * b2,1 + 4 * 3 *b,4.

(d -3):

(d - 2)

a3 ,0 = 2 * 3,2

a2,1 = 4 * 3 * b4,o + 3 * 2 *b2,3

a1 ,2 = 3 * 2 * b3,1 + 4 * 3 *b4

a0 ,3 = 2 * b2 ,2 + 5 * 4 * b015.

where * denotes the scalar multiplication.

Here, (d-1) is a system for solution u of F(u) = f, where f is a polynomial of x

and y with degree 1. By increasing the degree of f, one might observe the following
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system that leads to

(d-n):<

the solution u of F(u) = f for any polynomial of degree n.

(d -(n -1))

a1 1 ,o = 2 * bn,2

an-1,1 = (n + 1) * n * bn+1,o + 3 * 2 * bn-1,3

an-2,2 = n * (n - 1) * bn,1 + 4 * 3 * bn-2,4

an-3,3 = (n - 1) * (n - 2) * bn- 1 , 2 + 5 * 4 * bn-3,

a1,2i,1 = 3 * 2 * b3,n- 2 + (n + 1) * n * b1,n+1

ao,n = 2 * b2 , 1 + (n + 2) * (n + 1) * bo,n+2 .

There are many possible choices for u. The remaining part of the proof may

be completed by the mathematical induction. A detailed proof is not necessary. In

fact, this result is a special example of the next theorem. More precisely, a critical

point to Tricomi-type equations is a solution to the given problems. Also observe

that the result of Theorem 4.1 is possible for u1 1(x, y) + yu 2 2 (x, y) = 0.

By the various methods on minimization, one might get a minimizer for a

given functional. Such functionals are often derived as variational principles for

differential equations. Much work has been done for minimization. The theory for

convex functional was developed by Rosenbloom and later extensively by Brezis and

many others. In differential equations, our main concern is a solution to differential
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equations not a minimizer. The following gives some insight.

Theorem 4.2.. Suppose that each of F and B is a continuous transformation

from H to L and S (respectively) with continuous Frechet derivatives. Also suppose

that q(x) = 1/2||F(x)|| 2 and R(F'(x)P(x)) is dense in L for xElR(z) where z is the

continuous steepest descent and P is locally Lipschitz defined on H such that P(x) is

an orthogonal projection from H onto N(B'(x)). If u = limoo z(t), (V B )(u) = 0

then F(u) = 0.

PROOF: Since

(V Bq)(u) = P(u)F'(u)*F(u),

F(u) E N ({F'(u)P(u)}*) .

Also,

F(u) E R(F'(u)P(u))' = {0}.

Hence F(u) = 0.

It is natural to impose B(u) = 0 in the steepest descent process. One may

take P the identity in order to ignore boundary conditions.

Corollary 4.3.. In the Tricomi equation, critical points of 0 are solutions to the

Tricomi equation.

Note that corollary 4.3 is a direct consequence of Theorem 4.1 and 4.2.

Results of Corollary 4.3 hold also for u11 (x, y) + yu22(x, y) = 0.

Theorem 4.4.. If u is a solution to Tricomi equation u1 1 + yu 2 2 = f on Q where f
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> 0 and Q is a bounded domain of upper half plane such as [a, b] x [0, c]. Then u

has a maximum on the boundary of Q.

PROOF: Suppose that T(u) = u 11 + yu22 = f on Q0 and g > 0 on Q . If u has a

maximum on LW, say (p, q) E LW, then ui(p, q) = u2(p, q) = 0 and 0 > uu(p, q), 0 >

u22(p, q). Also T(u) = u1 1 + yu22< 0 at (p, q). This ia a contradiction to f > 0.

Hence the maximum of u is on the boundary of Q. Now suppose that f> 0 and u

K M on &Q. Let v = u + (x2 + y 2 ), then

T(v) = u11 + 2E + yu22 + 2ey

= u11 +yu22 + 2E(1 + y)

= f + 2E(1 + y).

Since f + 2E(1 + y) > 0, v has its maximum on the boundary of Q. v(x, y)

max&Q [u + E(x2 + y2)] M + Ek, where k is a constant depending on Q. And u

K v implies u(x, y) M + ek, for each c > 0 and hence u(x, y) K M on 9. This

completes the proof.

The above is also true for yun + u 2 2 = 0. One might see many maximum

principles for each different type. Not much is known for mixed type equations.

More recently, Sabitov [,,] established maximum principles for equations of mixed

type. He consider the equation:

L(u) = K(y)ux + N(x)uyy + aux + buy + cu = 0

where yK(y) > 0 for y $ 0, and N(x) > 0 in the domain D, which is bounded, in

the half-plane y > 0, by a Jordan curve a with ends at A(0, 0) and B(l, 0), 1 =
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const. > 0, and, for y < 0, by the characteristic AC and CB of the given equation.

In his work, he took usually N(x) = 1 or sign(y).

Corollary 4.5.. If u is a solution to u11 + yu22 = 0 with zero boundary, then u =

o over the upper half-plane.

By the numerical experiments, this writer observed that iteration by steepest

descent does not converge to zero solution of u11 + yu22 = 0 with zero boundary on

[1, 2] x [-1, 1]. Also in most cases, steepest descent converges to positive solutions

of u1 1 + yu22 = 0 with zero on lines x = 1, y = -1, and a 1  0, u 2 > 0 on lines x =

1, y = -1.
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Fig. 1.1 --- Graph of initial estimate with zero boundary
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2a

Fig. 1.2 --- Graph of approximate solution after 100
iterations
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Fig. 2.1 --- Graph of initial estimate with zeros on
lines x=1
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44
.1/

Fig. 2.2 Graph of approximate solution after 100
iterations
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/ 4

Fig. 3.1 --- Graph of initial estimate with zeros on
upper boundary
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x

Fig. 3.2 --- Graph of approximate solution after 50
iterations



APPENDIX

60



61

I PROGRAM NAME: YTCMI.KHK
STEEPEST DESCENT, KHK NORM SOLVES PARTIAL DIFFERENTIAL
EQUATIONS OF TRICOMI TYPE : Ull (x, y) + y U22 (x, y) = 0

! The boundary condition is zero everywhere on the boundary
I BEGIN DATE: 27 AUG 1991, REVISED: 23 FEB 1992

-------------------------------------------------- section1

library "3dlib"

set mode "egahires"

I ANY SIZE OF GRID N AND M COULD BE CHOSEN
let n=10
let m=30
let dx=l/n
let dy=2/m
let a=1/(dx^2)
let b=1/ (dyA2 )
let al=a/4
let a2=b/4
let bl=l+al+a2
let b2=1+a/2+b/2
let b3=1+a+b

~~~~~-------------------------------------------section 2

dim h(0 to 10, 0 to 30)
for i=0 to n
for j=0 to m

let h(i,j)=0
next j

next i

dim u(0 to 10, 0 to 30)
for i=o to n
for j=0 to m

let temp=i*dx* (i*dx-1) * (j*dy-1) * (2-j*dy) *j*dy
let u(i,j)=-(exp(5*sin(temp)-1)

next j
next i

call parawindow (1, 2, -1, 1, -1, 1, work$)
call setcamera3 (0, -1, .5, work$)
set color "cyan"
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for j=0 to m
for i=0 to n
call ploton3 (1 + i/n, -1 + 2*j/m, u(i,j), work$)

next i
plot

next j
plot

let err0=0
dim ud11(0 to 10,0 to 30), ud22(0 to 10,0 to 30)
dim fu(0 to 10,0 to 30)
for i=1 to n-1
for j=1 to m-i

let udll(i, j)=a*(u(i+l,j)-2*u(i,j)+u(i-1,j) )
next j

next i

for i=1 to n-1
for j=1 to m-i

let ud22(i,j)=b*(u(i,j+l)-2*u(i,j)+u(i,j-1))
next j

next i

dim y(0 to 30)
for j=0 to m

let y(j)=-1+j*dy
next j

for i=1 to n-I
for j=1 to m-i

let fu(i,j)=udll(i,j)+y(j) *ud22 (i,j)
if abs(fu(i,j))>err0 then
let err0=abs(fu(i,j))

end if
next j

next i

print "err0=";erro
if erro<.00000001 then
print "initial estimate is a solution of ull+yu22=0"

end if

dim q(0 to 10,0 to 30), s(0 to 10,0 to 30)

for i=0 to n
for j=0 to m

let q(i,j)=i*dx*(i*dx-1)*(j*dy-1)*(2-j*dy)*j*dy
let s(i,j)=q(i,j)

next j
next i
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------------------------------------------------- section 3

sub mat_dllu
! it's dim. is ((n-1)(m-1) by (n+l)(m+l))
dim dllu(9,29), dlltdllu(0 to 10,0 to 30)

for i=1 to n-1
for j=1 to m-i

let dllu (i, j)=a* (u (i+1, j) -2*u (i, j)+u (i-l, j) )
next j

next i

for i=0 to n
for j=0 to m
if j=0 then
let dlltdllu(i,j)=0

else if j>0 and j<m then
if i=0 then
let dlltdllu(i,j)=a*dllu(i+l,j)

else if i=1 then
let dlltdllu(i,j)=a*(-2*dllu(i,j)+dllu(i+l,j))

else if i>=2 and i<=n-2 then
let temp=dllu(i-1,j) -2*dllu(i,j)+dllu(i+l,j)
let dlltdllu(i,j)=a*temp

else if i=n-1 then
let dlltdllu(i,j)=a*(dliu(i-l,j)-2*dllu(i,j))

else
let dlltdllu(i,j)=a*dllu(i-1,j)

end if
else

let dlltdllu(i,j)=0
end if

next j
next i

end sub

sub matd22u

! it's dim., is ((n-1) (m-1) by (n+1) (m+1) )
dim d22u(9,29), d22td22u(0 to 10,0 to 30)

for i=1 to n-I
for j=1 to m-l

let d22u(i,j)=b*(u(i, j+1)-2*u(i,j)+u(ij-1) )
next j

next i

for i=0 to n
for j=0 to m
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if i=0 then
let d22td22u(i,j)=0

else if i>0 and i<n then
if j=0 then
let d22td22u(i,j)=b*d22u(i,j+l)

else if j=1 then
let d22td22u(i,j)=b*(-2*d22u(i,j)+d22u(i,j+l))

else if j>1 and j<m-1 then
let temp=d22u(i, j-l)-2*d22u(i,j)+d22u(i,j+l)
let d22td22u(i,j)=b*temp

else if j=m-1 then
let d22td22u(i,j)=b*(d22u(i,j-l)-2*d22u(i,j))

else
let d22td22u(i,j)=b*d22u(i,j-1)

end if
else

let d22td22u(i,j)=0
end if

next j
next i

end sub

! --------------------------------------------------section 4

sub mat_f

f is dll+yd22
I here, ftf is (dl+yd22)t*(dll+yd22)

dim f(9,29), ftf (0 to 10,0 to 30)

call mat_dllu
call matd22u

dim c(0 to 30)
for j=0 to m
let c(j)=-2*a-2*b*y(j)
next j

for i=1 to n-1
for j=1 to m-1

let f(i,j)=dllu(i,j)+y(j)*d22u(i,j)
next j

next i

for i=0 to n
for j=0 to m
if j=0 then
if i=0 or i=n then

let ftf(i,j)=0
else
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let ftf(i,j)=b*y(j+1)*f(i,j+l)
end if

else if j=1 then
if i=0 then

let ftf(i,j)=a*f(i+1,j)
else if i=1 then

let ftf(i,j)=c(j)*f(i,j)+a*f(i+l,j)+b*y(j+l)*f(i,j+l)
else if i>1 and i<n-1 then
let temp=a*f(i-1,j)+c(j) *f (i,j)+a*f (i+1,j)
let ftf(i,j)=temp+b*y(j+l)*f(i,j+l)

else if i=n-1 then
let ftf(i,j)=a*f(i-1,j)+c(j)*f(i,j)+b*y(j+l)*f(i,j+1)

else
let ftf(i,j)=a*f(i-1,j)

end if
else if j>1 and j<m-1 then
if i=0 then
let ftf(i,j)=a*f(i+l,j)

else if i=1 then
let temp=b*y(j-1) *f(i, j-l)+c(j) *f(ij)+a*f(i+1,j)
let ftf (i, j)=temp+b*y (j+1) *f (i, j+l)

else if i>1 and i<n-1 then
let templ=b*(y(j-l)*f(i,j-1)+y(j+l)*f(i,j+l))
let ftf(i,j)=templ+c(j)*f(i,j)+a*(f(i-l,j)+f(i+l,j))

else if i=n-1 then
let temp=b*y(j-1) *f(i,j-1)+a*f(i-l,j)+c(j) *f(i,j)
let ftf(i,j)=temp+b*y(j+1)*f(i,j+l)

else
let ftf (i, j)=a*f (i-1, j)

end if
else if j=m-1 then
if i=0 then
let ftf(i,j)=a*f(i+l,j)

else if i=1 then
let ftf(i,j)=b*y(j-l) *f(i,j-1)+c(j) *f(i,j)+a*f(i+l,j)

else if i>1 and i<n-1 then
let temp=b*y(j-1)*f(i,j-1)+a*(f(i-l,j)+f(i+l,j) )
let ftf(i,j)=temp+c(j) *f(i,j)

else if i=n-1 then
let ftf(i,j)=b*y(j-l)*f(i,j-1)+a*f(i-l,j)+c(j)*f(i,j)

else
let ftf (i, j)=a*f (i-l, j )

end if
else
if i=0 or i=n then
let ftf(i,j)=0

else
let ftf(i,j)=b*y(j-1)*f(i,j-1)

end if
end if

next j
next i
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end sub

sub matgrad

dim grad((0 to 10,0 to 30)

call mat f
for i=0 to n
for j=0 to m

if j=0 or j=m then
let grad(i,j)=0

else
if i=0 or i=n then
let grad(i,j)=0

else
let grad (i, j)=ftf (i, j)

end if
end if

next j
next i

end sub

-------------------------------------------------- section5

sub mat_q

dim g(0 to 10,0 to 30), mq(0 to 10,0 to 30)
dim pq(0 to 10,0 to 30)

call matgrad

mat g=grad

do

mat pq=q
for i=0 to n
for j=0 to m

if j=0 then
if i=0 then

let mq(0,0)=(g(0,0)+a*q(1,0)+b*q(0,1))/(1+a+b)
else if i>0 and i<n then

let temp=g(i,0)+a*(q(i-1,0)+q(i+1,0) )+b*q(i,1)
let mq(i,0)=temp/(1+2*a+b)

else
let mq(n,0)=(g(n,0)+a*q(n-1,0)+b*q(n,l))/(1+a+b)

end if
else if j>0 and j<m then
if i=0 then
let temp=g(0,j)+a*q(1,j)+b*(q(o,j-1)+q(O,j+l))
let mq(0,j)=temp/(1+a+2*b)
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else if i>0 and i<n then
let temp=g(i,j)+a*(q(i-l,j)+q(i+l,j))
let templ=temp+b*(q(i,j-.l)+q(i,j+1))
let mq(i,j)=templ/(1+2*a+2*b)

else
let temp=g(n,j)+a*q(n-l,j)+b*(q(n,j-l)+q(n,j+l))
let mq(n,j)=temp/(1+a+2*b)

end if
else

if i=0 then
let mq(0,m)=(g(0,m)+a*q(l,m)+b*q(0,m-1) )/(l+a+b)

else if i>0 and i<n then
let temp=g(i,m)+a*(q(i-1l,m)+q(i+l,m))+b*q(i,m-1)
let mq(i,m)=temp/(1+2*a+b)

else
let mq(n,m)=(g(n,m)+a*q(n-l,m)+b*q(n,m-1))/(1+a+b)

end if
end if

next j
next i

for i=0 to n
for j=0 to m

if j=0 or j=m then
let q(i,j)=0

else
if i=0 or i=n then
let q(i,j)=0

else
let q(i,j)=mq(i,j)

end if
end if

next j
next i

let errl=0
for i=0 to n
for j=0 to m
if abs(q(i,j)-pq(i,j)) > errl then
let errl=abs(q(i,j)-pq(i,j))

else
let errl=errl

end if
next j

next i

print "errl=";errl

loop until erri < 0.0001

end sub

---------..- ~~~ - ----------------------------- section 6
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sub mat s

dim sg(0 to 10,0 to 30), ps(0 to 10,0 to 30)
call mat_q
mat g=q

do

mat ps=s
for i=0 to n
for j=0 to m
if j=0 then
if i=0 then

let sg(0,0)=(g(0,0)+a*s(l,0)+b*s(0,1) )/(l+a+b)
else if i>0 and i<n then
let temp=g(i,0)+a*(s(i-1,0)+s(i+1,0))+b*s(i,l)
let sq(i,0)=temp/(1+2*a+b)

else
let sg(n,0)=(g(n,0)+a*s(n-l,0)+b*s(n,l))/(1+a+b)

end if
else if j>0 and j<m then

if i=0 then
let temp=g(0,j)+a*s(1,j)+b*(s(0,j-l)+s(0,j+l) )
let sq(0,j)=temp/(1+a+2*b)

else if i>0 and i<n then
let temp=g(i,j)+a*(s(i-l,j)+s(i+l,j))
let sg(i,j)=(temp+b*(s(i,j-l)+s(i,j+1)))/(1+2*a+2*b)

else
let remp=g(n,j)+a*s(n-l,j)+b*(s(n,jj-l)+s(n,j+l))
let sq(n,j)=temp/(l+a+2*b)

end if
else
if i=0 then

let sg (0,m)=(g(0,m)+a*s(l,m)+b*s(o,m-1) )/(1+a+b)
else if i>0 and i<n then
let temp=g(i,m)+a*(s(i-1,m)+s(i+l,m) )+b*s(i,m-1)
let sq(i,m)=temp/(1+2*a+b)

else
let sg(n,m)=(g(n,m)+a*s(n-1,m)+b*s(n,m-l))/(1+a+b)

end if
end if

next j
next i

for i=0 to n
for j=0 to m
if j=0 or j=m then

let s(i,j)=0
else
if i=0 or i=n then
let s(i,j)=0

else
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let s(i,j)=sg(i,j)
end if

end if
next j
next i

let err2=0
for i=0 to n
for j=0 to m
if abs(s(i,j)-ps(i,j)) > erri then
let err2=abs(s(i,j)-ps(i,j))

else
let err2=err2

end if
next j

next i

print "err2=";err2

loop until err2 < 0.0001

end sub

-------------------------------------------------section 7

let k=1
let k1=20

do

call matgrad
call mat s
let alpha=0.05

dim z(0 to 10,0 to 30)
for i=0 to n
for j=0 to m

let z (i,j)=u(i,j)+h(i,j)
next j

next i

for i=0 to n
for j=0 to m

let u(i,j)=u(i,j)-alpha*s(i,j)
next j

next i

dim sol(0 to 10,0 to 30)
for i=0 to n
for j=0 to m
let sol(i,j)=u(i,j)+h(i,j)
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next j
next i

let err=0
for i=0 to n
for j=0 to m

if abs(sol(i,j)-z(i,j)) > err then
let err=abs(sol(i,j)-z(i,j))

else
let err=err

end if
next j

next i

print "err=";err
dim dllsol(0 to 10,0 to 30), d22sol(0 to 10,0 to 30)
dim fsol(O to 10,0 to 30)

for i=1 to n-1
for j=1 to m-1
let dllsol(i,j)=a*(sol(i+l,j) -2*sol(i,j)+sol(i-l,j))

next j
next i

for i=1 to n-l
for j=1 to m-1

let d22sol(i,j)=b*(sol(i,j+l)-2*sol(i,j)+sol(i,j-1))
next j

next i

let error=0
for i=1 to n-1
for j=1 to m-1
let fsol(i,j)=dllsol(i,j)+y(j) *d22sol(i,j)

if abs(fsol(i,j))>error then
let error=abs(fsol(i,j))

end if
next j

next i
print "error=";error

if int (k/kl) *kl=k then
clear
call parawindow (1, 2, -1, 1, -1, 1, work$)
call SETCAMERA3 (0, -1, .5, work$)

set color "cyan"
for j=0 to m
for i=0 to n
call ploton3 (1 + i/n, -1 + 2*j/m, sol(i,j), work$)

next i
plot



71

next j
plot

set color "red"
for j=0 to m
for i=0 to n
call ploton3 (1 + i/n, -1 + 2*j/m, 0, work$)

next i
plot
next j
plot
end if

let k=k+l
loop until k=101

input prompt "Do you want to see numerical results of final
solution... (y/n) ?".:a$

if a$="y" then
mat print sol

end if

print "done ...."

end
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