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Trees are one of the most fundamental notions in computer science. Serial algorithms for

traversing and manipulating such data structures have been well studied. However, it turns

out that either most of theses algorithms cannot be directly parallelized because the

methods used are inherently sequential in nature, or there are a limited number of

systematic strategies for designing efficient parallel algorithms for problems related to

trees.

One of the contributions of this dissertation proposeds a new paradigm, called the

parentheses matching paradigm. We claim that this paradigm is well suited for designing

efficient parallel algorithms for a broad class of nonnumeric problems. To demonstrate its

applicability, we present three cost-optimal parallel algorithms for breadth-first traversal of

general trees, sorting a special class of integers, and coloring an interval graph with the

minimum number of colors.

Although trees as data structures are our major focus of investigations, we consider

associated problems related to graphs and arrays (or lists). For arrays (or lists), we

investigate the class of tree-traversal problems in which we are concerned about how to

store a tree in an array (or list) in parallel such that the data structure has multiple access

paths without memory contentions and conflicts. In this category, we design adaptive,

cost-optimal, parallel algorithms for depth-order (namely pre-, in-, and post-order) and



level-order (namely breadth-first and breadth-depth) traversals of general trees. All of

these algorithms are designed beginning from the initial concepts and they are robust in the

sense that their performance is independent of input representations.

For graphs, we investigate the class of tree-construction problems in which we consider

how to compute depth-first spanning (DFS), breadth-first spanning (BFS), and breadth-

depth spanning (BDS) trees of an interval graph. Our contributions in this category include

efficient parallel algorithms for finding these trees and exploiting novel characterizations of

interval graphs.

We also present a new adaptive, cost-optimal algorithms for the parentheses matching

problem as well as two efficient parallel algorithms for finding the articulation points and

bridges on the DFS tree of an interval graph. All algorithms presented in this dissertation

are designed on the exclusive-read and exclusive-write (EREW) parallel random access

machine (PRAM), which is an abstract model for shared memory parallel computations.
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CHAPTER 1

INTRODUCTION

1.1. MOTIVATION

Parallel computing is one of the major areas of research in computer science.

The primary objective of parallel computing is to reduce the total time required

for solving the problems under consideration. Although increasing the speed of

serial computers can shorten the processing time, this increase cannot continue

indefinitely because of ultimate physical limitations. Another way of speeding up

processing is to increase the number of operations that can take place concurrently

through either pipelining or parallelization techniques. Parallel algorithms using

both techniques exploit the phenomenon of parallelism inherent in problems and

that available on the executing computer systems.

From the viewpoint of efficient use of computing resources, the design of par-

allel algorithms aims not only at time-optimality but also for cost-optimality. A

parallel algorithm is said to achieve cost-optimality if it attains linear speedup

(which is defined to be the ratio of the time required by the best-known sequen-

tial algorithm for a problem and the time required by a parallel algorithm for

the same problem). Given a parallel computer, cost-optimality of an algorithm

can be facilitated to achieve by designing efficient parallel data structures. By a

parallel data structure, we mean a single coherent data structure in which different

processors can simultaneously access different portions allocated to them without

1
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conflicts [EN87]. This parallel data structure may be an entirely new concept (i.e.

it does not have a sequential counterpart) or may be a parallelized version of one

existing in a sequential computing environment. There are many problems in re-

ality where the information is contained not only in the individual data elements,

but also in the structure in which they are organized through various steps of the

computation. In a parallel processing environment, sharing or partitioning of such

elements with a minimum of contention while the structures themselves change

dynamically as the computation progresses is a challenging problem [DE90].

Many of the traditional data structures - e.g. stacks, queues, linked lists,

heaps, and so forth - that have served so well in sequential computation, do

not easily lend themselves to parallel computation. A survey of the current

literature indicates that parallel data structures include, to name a few, adja-

cency list matrices [DD88a, EA77], doubly-linked adjacency lists [WY79], parallel

linked lists [KRS86, KMR86], partial sums trees [V184, SV82a, SV82b], parallel

semiqueues and deques [QY84J, parallel heaps [DH91, DP90b, KR84], parallel 2-3

trees [PVW83, EL80a], parallel PQ-trees [KR86], parallel B-trees [PK87, BS77],

parallel binary tree traversals [CD91a, CD91c, CDA91, KRS86, KB85, GB84a,

GB84b, RC78, WY79], concurrent AVL trees [EL80b], parallel queues [DP90a,

BIY88, CICR86], and recursive star-tree[BV90]. Although significant results are

being established in designing algorithms for manipulating parallel data struc-

tures, many more important problems require further investigation.

1.2. PARALLEL ALGORITHM DESIGN PARADIGMS

The design of parallel algorithms usually follow some paradigms which lead to

the exploitation of the phenomenon of parallelism. The paradigms which have
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been proposed include the following: parallel divide-and-conquer [DD88b, ACG87,

ST87, AG86, GM85, TL84, HZ83, PE81], parallel dynamic programming [DD87,

LW85,VE86], parallel branch-and-bound [LW86, LS85, LS84], deterministic coin

tossing [CV86a] and accelerating cascades [CV86b], compute-aggregate-broadcast

[NE87], symmetry breaking [GPS87], , accelerated centroid decomposition [CV88],

duration unknown task scheduling [CV88], Euler Tour [TV85], etc. Vishkin [V191]

provides a summary of many of these paradigms and illustrates their interrela-

tionships. Although these paradigms are good for some classes of problems, there

are other classes of problems for which new paradigms are to be developed for ef-

ficient parallel solutions. The hybrid and/or recursive applications of the existing

paradigms may also be useful, and this method can be applied at different levels

of abstractions for a given problem.

For example, consider graph problems such as finding minimum spanning tree

and maximum weighted matching or problems like expression evaluation. At

the highest (first level), we may consider the parallel divide-and-conquer and

parallel dynamic programming paradigms. Using a divide-and-conquer paradigm,

a problem is divided into two or more smaller sub-problems, each of which is

solved independently and their results are combined to give the final result. This

mechanism results in sufficient parallelism. The dynamic programming paradigm

works similarly except at the time of dividing a problem into sub-problems, many

different ways of divisions may have to be considered. Parallelism is achieved by

solving different combinations of sub-problems at the same time with sufficient

number of processors.

At the second level, we may consider the graph contraction technique [PH89,

GGS85] which has been demonstrated to be an abstraction of many operations on
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graphs. The graph contraction technique is to reduce the graph to a single node

by a sequence of independent node removals. A contraction step of an undirected

graph G = (V, E) with respect to an edge (u, v) E G is the operation that replaces

u and v by a new node w which is adjacent to all those nodes to which u or v were

adjacent. The edges that can be replaced in parallel correspond to the operations

that can be performed in parallel by sufficient number of processors. In [GGS85],

this technique is applied to solve minimum spanning tree problem, maximum

weighted matching problem in general graph, and optimum branching problem.

Phillips [PH89] also used it to solve the region labelling problem.

At the third level, we may consider the tree contraction technique [ADKP89,

GR86], which is a special case of graph contraction technique. It has been applied

to a variety of tree problems such as maximum matching, minimum vertex cover,

maximum independent set [HE86], and expression evaluations [GR86].

At the lowest level, we may consider the linked list ranking paradigm, which

is one of the most widely used techniques. This paradigm views many prob-

lems related to trees as applications of a linked list ranking algorithm [AM90,

RJ90, CV89, HA89, AM88, CV86a, CV86b, WY79]. The main advantage of this

paradigm is that the scheduling of processors is usually easier when the tasks to

be performed can be arranged in a line. This is because, in many cases, we can

divide the tasks into portions as easily as the line can be divided into segments.

The parallelism is then obtained by allowing tasks on different line segments to

be performed by different processors in parallel. In fact, each of the linked list

ranking algorithms in literature has embedded a scheduling policy to achieve par-

allelism and avoid read or write conflicts. Many tree functions such as traversals,

computing the number of descendants of a node, tree contraction, expression eval-
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uation can be reduced to linked list ranking problems [CD91a, ADKP89, CV88,

CV86b]. Goldberg et al. [GPS87] provides a good reference for its applications.

The linked list ranking problem has been studied extensively due to its rich source

for ideas about parallel algorithms in general. Several arbitration and load bal-

ancing techniques have been developed for it.

1.3. MACHINE MODELS

In order to compare the performance of parallel algorithms, a specific model must

be agreed upon. The model we consider here is called parallel random access ma-

chine (PRAM), which has been widely accepted as the model for shared memory

computers [AK89, C085, DA89, GR88, V183]. Since we do not need to con-

sider the communication complexity in this model, the instrinsic parallelism is

investigated and the logical structure of the parallel algorithm can be more easily

understood.

The PRAM is characterized by having a finite number of unit-cost, general-

purpose, sequential processors, each equipped with a small amount of local mem-

ory, operating synchronously in parallel. Each processor knows its own identifi-

cation and can perform scalar arithmetic, comparison, and logical operation in

one unit of time; and can read from and write into its own local memory. The

program and input data are stored in a common (global) shared random access

memory, each cell of which can be read and written by any processor. Since dif-

ferent processors may simultaneously access a memory cell, there are three classes

of PRAM models which are distinguished depending on the access mechanism

[BH85, SN85].

EREW (exclusive-read and exclusive-write) : neither concurrent read nor con-
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current write is allowed.

CREW (concurrent-read and exclusive-write) concurrent read is allowed but

not concurrent write.

CRCW(concurrent-read and concurrent-write): both concurrent read and con-

current write are allowed.

Among these classes, CRCW is the most powerful while EREW is the weakest

model.

Although PRAM models are useful vehicles for studying the logical structure

of parallel computation, there are machines of the fixed-connection model which

are cost-effective and practically realizable. This model is characterized as having

no global shared memory. Processors, each having local memory, are connected by

a fixed topology, such as mesh, hypercube, or tree; and the interprocess communi-

cation is via message-passing. Such commercially available machines based on the

hypercube topology include Intel's iPSC [IN86], NCUBE's NCUBE [HMS86], Cal-

tech's Cosmic Cube [SE85], and Thinking Machine's Connection Machine [H185].

1.4. EXECUTIVE SUMMARY

In this dissertation, we concentrate on the tree-related data structures, because

trees are among the most useful data structures in computer science [AHU83,

HS77, KN73]. In particular, we consider two broad categories of problems: vari-

ous traversals of trees and construction of different kinds of trees from an inter-

val graph in parallel. Our main contribution is not only to provide efficient or

cost-optimal parallel algorithms for the proposed problems on the EREW PRAM
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model, but also to identify a new paradigm - parentheses matching - for parallel

algorithm design.

In general terms, the problem of tree traversal is to place the tree-nodes in

a specified order. The data structures for the input tree can be as simple as

two arrays of intgers which represent "leftmost child and right sibling" relation

for every node. We develop cost-optimal parallel algorithms for three problems,

namely the depth-order (which includes pre-, in-, and post-order), breadth-depth,

and breadth-first traversals of a general tree. The linked-list ranking approach is

the underlying paradigm for the design of the first two algorithms. This approach

uses the Euler Tour technique [TV85] to convert a tree problem to a linked-list

problem, which simplifies the scheduling of processors. For the breadth-first tree-

traversal, we first view this problem as a parentheses matching problem for which

we develop a new cost-optimal parallel algorithm using the divide-and-conquer

paradigm. The remaining problem is then formulated as a linked-list ranking

problem.

It is well known that different types of trees are used for various applications,

and they can be constructed from various forms of inputs such as from a given

leaf pattern [AKL89, TE87], from a graph [CH90, CH88, SH88, KC86, SM86,

TV85, GB84a, GB84b, V184, SV82a, CLC81, EA77], or from a sequence of sorted

values [DP186, M185]. For the proposed tree-construction problem, our input is a

collection of intervals, each of which is represented by the coordinates (in a real

line) of its two endpoints. This collection forms an interval graph. We develop

an efficient parallel algorithm for constructing a depth-first spanning tree of an

interval graph by finding all dominating neighbors of a sorted sequence of the

coordinates of all endpoints of the intervals. We also develop an efficient parallel



8

algortihm to find all bridges and articulation points of the interval graph using tree

contraction and linked list ranking techniques. For constructing breadth-first and

breadth-depth spanning trees, we design an efficient parallel algorithm based on

two newly-revealed structural properties of interval graphs. These properties state

that interval graphs are layered and that there exists a node (called dominating

node) in a layer which is adjacent to all nodes in the next higher layer.

The final contribution of this dissertation proposes parentheses matching as a

new paradigm for designing efficient parallel algorithms for a class of problems.

As an application of this paradigm, we parallelize two stack-based sequential al-

gorithms for sorting a special class of integers and coloring an interval graph

with minimum number of colors [DS83, GLL79]. The sorting algorithm builds

a conceptual tree in which the levels of the nodes in an Euler tour correspond

to the integers of the input sequence. The parentheses matching paradigm is

then applied. The interval graph coloring algorithm is a direct parallelization of

the stacked-based sequential algorithm in [DS83, GLL79], where a push (pop)

operation corresponds to a left (right) parenthesis in the parallel algorithm.

1.5. OVERVIEW OF DISSERTATION

The remainder of this dissertation is organized as follows. Chapter 2 provides

formal definitions of the proposed problems, and survey of their previous research

work. In Chapter 3, we present a cost-optimal parallel algorithm for the parenthe-

ses matching problem, which will be later proposed as a paradigm for parallel algo-

rithm design. Chapter 4 provides a unified approach to the problem of traversing

general trees in depth-order fashion in parallel, while Chapter 5 presents a novel

approach to that of traversing tree in a level-order fashion in parallel. All of these
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traversal algorithms are cost-optimal. In Chapter 6, we design parallel algorithms

for constructing a depth-first, a breadth-first, and a breadth-depth spanning tree

of an interval graph and identifying the articulation points and bridges of that

graph. Chapter 7 discusses two problems which can be solved using the parenthe-

ses matching as an algorithmic paradigm; while Chapter 8 summarizes the results

obtained in this dissertation and discusses future research directions.



CHAPTER 2

FORMAL DEFINITIONS OF PROBLEMS AND RELATED

WORK

From a detailed survey of the literature for the problems we propose to solve in

parallel, it is clear that these problems are tied to a few more fundamental prob-

lems, namely, (extended) prefix-sum, (general) linked list ranking, parentheses

matching, and all dominating neighbors. These problems are defined in Section

2.1, each being followed by some outline for its parallel algorithms. The problems

under investigation are defined in Section 2.2 along with the survey of the related

research work.

2.1. BASIC CONCEPTS AND PREVIOUS WORK

2.1.1. Prefix-sum (PS)

Given an array of n elements, T1, x2 , ... , xn, the prefix-sum (PS) problem com-

putes all the sums Fj x, for 1 <;k < n.

Example 2.1: Given a sequence (x1 , x2 , x3, x4 , xs) = (1, 3, 6, 2, 1), by the

definition we have prefix-sums : (>I x, x, x x , 2., x) = (I,

4, 10, 12, 13).

Because of its numerous applications in designing efficient parallel algorithms

for a large class of problems, the prefix-sum problem has been studied extensively

[BL89, CV86a, F183, RE83, LF80, KS73]. The best-known algorithm on the

10
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EREW PRAM model requires O(n/p + log n) time, using p processors, which is

thus cost-optimal for p 5 n/log n processors.

For the sake of completeness, we briefly describe here a parallel algorithm

proposed by Cole and Vishkin [CV86a]. (Without loss of generality, assume n to

be a power of two.) The approach is to "plant" a balanced binary tree with n

leaves on the given input array such that the ith leaf-node corresponds to X;. Let

the jth node at level h of the tree be denoted as [h, j] and the root be considered

at level 1. Two numbers, B[h,j] and C[h,j] are associated with each node [h,j],

where B[h, j] denotes the sum of values corresponding to the leaves of the subtree

rooted at this node, and C[h, j] denotes the sum of values corresponding to the

leaves starting from the leftmost leaf of the entire tree to (but excluding) the

leftmost leaf of the subtree rooted at node [h, j]. Note that initially B[log n+1,j]

is set to x 1, fori I jtn, and the value of each B[h, j], where 1 <h < log n, can

be computed as the sum of B[h + 1, 2j - 1] and B[h + 1, 2j]. This operation can

be performed in one pass through the tree from the leaf to the root level. The

value of each C[h, j] can be computed by having another pass from the root to

the leaf level. The desired result are stored in C[log n + 1, j], for 1 j <in. The

prefix-sum algorithm is described below.

C[1, 1] := 0; k := 2; /* Initialization */

for h:=2 tologn+1 do

begin

for all 1 J k do

if j is odd

then C[h, j]:= C[h - 1, (j + 1)/2]

else C[h,j]:= C[h - 1,j/2] + B[h,j - 1]

k := 2k;

end;

for all I <J ndo



12

C[log n +1,j] :=C[log n + 1, j]+ B[log n + 1, j].

Theorem 2.1. The PS problem of size n can be solved in O(n/p + log n) time

and O(n) space using p processors on the EREW PRAM model.

Proof. From the preceding discussion, it is clear that the space requirement is

the same as the size of the binary tree, which is O(n). The time complexity is

dominated by the two passes on the tree. Since there are 2 -1 tree-nodes at level

h and the operations at each node take time 0(1) to perform, therefore the time

required at level h is Q(2h- 1 /p + 1), and the total time required is

j_1ot+l 0(2W-1 /p + 1) = O(2n/p + log n + 1) = O(n/p + log n). 0

2.1.2. Extended Prefix-sum (EPS)

Let us now define an extension to the PS problem. Given an array of n = im

elements, such as (X 1 , X121,..., iii), (x2 1 , x2 2 , ... , x2 2 ), ... , (xn, Xj2, ... , xi,), which

is divided into I disjoint segments. Each segment m of length im has contiguous

indices and the first element in each segment can be identified. The extended

prefix-sum (EPS) problem computes all the sums k Xmk for 1 C m < l and

1 < < im. Another generalization of the PS problem has been suggested in

[SS90].

Example 2.2: Given a sequence of integers divided into three segments, ((x 1 ,

X2 , X3 ), (X 4 , xS, X6 ), (x7 , X8 )) = ((1, 4, 5), (2, 3,1), (3, 7)), by the definition we

have prefix-sums in each segment : ((E!%. xi, z?, i xi), (V= 4 x?, F

Z?=4 xi), (2Z7=x, 2?7 xi)) = ((1, 5, 10), (2, 5, 6), (3, 10)).

In the following, we present a parallel algorithm to solve the EPS problem. Let

Ind(xmi) denote the index of the first element xmi of segment m in the given input
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array. We first compute the usual prefix sums of the input array and store them

in the array sumi1[1 .. n]. We then create another array, y[l .. n], which contains

all zeros except at indices Ind(xmi), for 2 < m < 1. The processor Pnd(x,,i)

associated with the index Ind(xmi) of the given input array, for 3 < m C 1,

assigns the value (suml[Ind(xmi) - 1] - sum1[Ind(xm--1i,i) - 1]) to the location

y[Ind(xmi)]; and the processor PId(. 2 1 ) assigns the value sumi[Ind(x21) - 1] to

the location y[Ind(x21)]. Then the prefix sums of the array y[l .. n] are computed

and the result stored in the array sum2[1 .. n]. The values (suml[i] - sum2[i]),

for 1 C i C<n, yield the desired solution to the EPS problem.

Theorem 2.2. The extended prefix-sum problem can be solved in 0(n/p+ log n)

time and 0(n) space using p processors on the EREW PRAM model.

Proof. From the preceding discussion, it is clear that the time and space com-

plexity of the EPS algorithm are dominated by applying the usual prefix-sum

algorithm twice. Hence the theorem. 0

2.1.3. Linked List Ranking (LLR)

Given a linked list of length n implemented as an array such that each of the n

elements is associated with a weight and each (except the last) has an array index

of its successor in the list. The linked list ranking (LLR) problem, or equivalently

parallel prefix-sum on list, computes for each element the sum of weights of the

elements following and including the element in the list. One can also define the

problem in terms of the elements preceding each element. The general linked

list ranking problem is defined in the same way but with multiple linked lists

implemented as an array of total length n. Each of the n elements (except the

terminal element in each list) has the array index of its successor.
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Figure 2.1: Multiple linked lists

Example 2.3: Given three linked lists in Fig. 2.1 implemented as an array of 8

elements, each of which has the array index of its successor in the same list and

has a weight (shown outside the circle corresponding to each element) associated

with it. Table 2.1 illustrates the definition of the general linked list ranking (or

equivalently prefix sum on list) problem. In the table, the element with a "0"

successor index is a terminal elelment of a list. The prefix sums for the elements

on each list are depicted in the last row.

Table 2.1

General Linked List Ranking Problem

Element Index 1 2 3 4 5 6 7 8

Successor Index 3 0 6 8 0 2 0 5

Weight 1 1 1 2 2 1 3 2

Prefix Sums 4 1 3 6 2 2 3 4

A parallel algorithm for the LLR problem of size n is originally developed by

Wyllie [WY79], which requires O(log n) time using O(n) processors on the EREW

model. Subsequently, a few other algorithms have been proposed [AM90, AK89,

CV89, AM88, CV88, CV86a, CV86b, KRS86, MR85]. Karp and Ramachandran

[KR88] give a brief survey of parallel algorithms for this problem. Kruskal et al.
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[KRS86] developed an O((n/p)(log n)/log(n/p)) time algorithm on the EREW

model. This is the first optimal parallel algorithm for the linked list ranking prob-

lem using p :5-n processors, for 0 < c < 1. Anderson and Miller [AM88] and

Cole and Vishkin [CV88] presented optimal algorithms requiring O(log n) time

using O(n/log n) processors on the EREW model. Ryu and Ja'Ja' [RJ90] also

designed an algorithm on the hypercube, which attains O(n/p) time complexity

using p < nr- processors and Q((n log n)/p + log3 n) time using p > ni- pro-

cessors, where e > 0. We summarize the preceding discussion in the following

theorem.

Theorem 2.3. : The (general) linked list ranking problem of size n can be solved

in O(n/p + log n) time, using p processors on the EREW PRAM model.

Proof. See references [AM88, CV88] and apply Brent's theorem [BR79]. 0

In the rest of the dissertation, we use a procedure LINKED-LIST-RANKING

(NEXT, rank, n) to denote a (general) linked list ranking algorithm presented in

[AM88] or [CV88], where the input parameter NEXT and the output parameter

rank are each implemented as an array of integers and n is the total size (i.e.,

number of elements) of the lists. The terminal elements are indicated by having

"0" NEXT-values.

2.1.4. Parentheses Matching (PM)

The parentheses matching (PM) problem is to find the mate for each parenthesis

in a given well-formed sequence of n parentheses.

Example 2.4: Given a well-formed sequence of 16 parentheses in the first row of

Table 2.2, the mates are as depicted in the second row.
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Table 2.2

Parentheses Matching Problem

Input (1 )2 /( (4 (5 (6 (7 (8 ) )9 10 ) 11 (12 )13 )14 )S )1

Mates )2 (1 )16 15 )14 )11 )10 )9 (8 (7 (6 )13 (12 (5 (4 (

The PM problem is an integral subproblem of parsing and evaluating arith-

metic expressions, and can be solved sequentially in 0(n) time, using a stack.

Because of the importance of the PM problem, several parallel algorithms have

been proposed both for it and other related problems including computation-tree

generation. We give an overview of such parallel algorithms in the following.

Dekel and Sahni [DS83] presented an EREW parallel algorithm to generate

postfix and computation-tree forms corresponding to a parenthesized arithmetic

expression. Their algorithm requires 0(log2 n) time with n processors, or 0(log n)

time with O(n2 / log n) processors. An optimal parallel algorithm for parenthe-

ses matching was first proposed by Bar-On and Vishkin [BV85], which requires

0(log n) time using 0(n/ log n) processors on the CREW model. This algorithm

builds a binary tree to compute the nesting level of each parenthesis, which cor-

responds to one of the leaves of the tree, and then performs concurrent search

on the tree to find the mates of parentheses. Tsang, et al. [TLC89] proposed

the first optimal parallel algorithm on the EREW PRAM model, which requires

0(log n) time employing n/log n processors. This algorithm builds a binary tree

where each tree-node computes the number of matched parentheses, the number

of unmatched left and right parentheses from the unmatched parentheses in its

two children, and sends this information as packet to its parent. With this packet

information, the algorithm then recursively assigns identifiers to the parentheses.

These identifiers are later used to find the mates. Deo and Prasad [DP91] designed
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another optimal parallel algorithm on the EREW model which has O(log n) time

and O(n log n) space complexity using O(n/ log n) processors. This approach is

also based on building a binary tree. Initially, each leaf-node is associated with

a sequence of unmatched parentheses. At each non-root level, matching is per-

formed on the parentheses in two sibling-nodes. The matched parentheses and

the remaining unmatched ones are identified and copied into a complicated data

structure at their parents' level. By scanning the data structure at each level, the

algorithm then finds the mates. For a comprehensive and critical survey of the

preceding and other literature refer to Lewis and Das [LD91].

2.1.5. All Dominating Neighbors (ADN)

Given a sequence (yi, - -.,yn) of reals, the dominating successor of y, denoted as

ds(yi), is defined as the closest element to the right of y which is less than or

equal to yj. Similarly, the dominating predecessor of y, denoted as dp(y), is the

closest element to the left of y; which is less than or equal to y. Then the ADN

problem is to find the dominating predecessor and successor for every element in

the given sequence [KP90, BBG89, SV81]. It can be solved in O(log n) time using

O(n/ log n) processors on the EREW PRAM model [K189].

Example 2.5: Given a sequence (yi, !Y2, Y3, Y4, ys, /Y6) = (7, 4, 5, 2, 6, 8), by the

definition we have ds(yi) = Y2, ds(y2 ) = y4, ds(ys) = nil; and dp(y6 ) = y4, and

dp(y 2 ) = nil, where nil indicates no predecessor or successor.

2.2. PROBLEM DEFINITIONS AND PREVIOUS WORK

In this section, we formally define two classes of problems for which we will develop

efficient or cost-optimal parallel algorithms in later chapters. These two classes
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of problems include various traversals of general trees, and construction of trees

from a given interval graph. Following formal definitions of each class of problems,

related work and historical remarks are provided.

2.2.1. Tree Traversals

Tree traversals are generally classified into two broad types - depth-order and

level-order traversals. The depth-order includes three commonly-used traver-

sal techniques, namely pre-order, in-order, and post-order; while the level-order

traversal includes breadth-first and breadth-depth.

Given a general tree T rooted at node r having s subtrees, T1 , T2 , ... ,T

various tree-traversals are defined as follows.

Pre-order: a list consisting of the node r, followed by nodes of T 1 in pre-order,

followed by nodes of T2 in pre-order, ... , followed by nodes of T, in pre-order.

Post-order: a list consisting of nodes of T in post-order, followed by nodes of T2

in post-order, ... , followed by nodes of T, in post-order, and followed by the

root-node r.

In-order: a list consisting of nodes of T1 in in-order, followed by the node r,

followed by nodes of T2 in in-order, followed by the node r, ... , and followed

by nodes of T, in in-order.

Breadth-first: a list consisting of the root r (considered to be at level 0), followed

by all nodes at level 1 from left to right, followed by all nodes at level 2 from

left to right, and so on.

Breadth-depth: a list consisting of the root node r, followed by r's children from

left to right, followed by nodes of T, in breadth-depth order (excluding the



19

b C d

Sf 9 h I I

k

Figure 2.2: A general tree

root of T,), followed by nodes of T,1 in breadth-depth order (excluding root

of T.- 1), ... , and followed by nodes of T in breadth-depth order (excluding

the root of T).

Example 2.6: Given a general tree in Fig. 2.2, we obtain the following tree-

traversals.

Pre-order: a, b, c, e, f, g, d, h, i, k, j.

Post-order: b, e, f, g, c, h, k, i, j, d, a.

In-order: b, a, e, c, f, c, g, a, h, d, k, i, d, j.

Breadth-first: a, b, c, d, e, f, g, h, i, j, k.

Breadth-depth: a, b, c, d, h, i, j, k, e, f, g.

For each of these tree-traversal problems, there are optimal sequential algo-

rithms for implementing them, which require O(n) time where n is the total

number of nodes in the tree [HS77]. It is obvious that each node of the tree has

to be visited at least once and thus an 0(n)-time algorithm is optimal. Berztiss

[BE86] provided a survey of applications of such tree-traversals, where binary tree

traversals are categorized into seven classes.
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Literature Survey

With the advent of parallel processing, a number of parallel tree-traversal al-

gorithms have been proposed on PRAM models, as summarized in Table 2.3.

(In this table, the NEXT type is a successor function, defined in Charpter

3.) In addition to these algorithms, Reghbati and Corneil [RC78] presented an

0((kn)/p + (logk p)) time, parallel algorithm for traversing a balanced k-ary tree

using p processors on the EREW model. Moitra and Iyengar [M186] developed

an 0(1) time in-order binary tree traversal algorithm using n processors where

the input is assumed to be a list of sorted nodes in a balanced tree. Dekel et

al. [DPI86] also used similar input for m-way balanced trees and derived an in-

order traversal algorithm having 0(1) time complexity. A systematic survey of

the preceding algorithms and approaches is presented in Chen and Das [91a].

A critical analysis of our investigation indicates that algorithms in [DPI86}

and [M186] assume too restrictive representations of input trees and are applica-

ble only to in-order traversal. Though Wyllie's algorithm [WY79] uses a single

characterization for all three commonly-used traversals, it applies only to binary

trees and uses O(n) processors. Results obtained in [GB84a, KB85] are appli-

cable to all depth-first traversals of binary trees and also to pre- and post-order

traversals of general trees. However, these algorithms require different characteri-

zations for different traversals. The traversal algorithm due to Tarjan and Vishkin

[TV85] is more general in the sense that most of the existing depth-order tree-

traversal algorithms can be regarded as variations of this algorithm. But, their

algorithm is restricted only to pre- and post-order traversals and are not cost-

optimal. The algorithm due to Kruskal et al [KRS86], though cost-optimal, does

not yield O(log n) time complexity. Furthermore, all of the existing algorithms
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mentioned here are not applicable to in-order traversals of general trees.

Table 2.3

Performance of Tree-Traversal Algorithms on PRAM

Depth-Order Traversals of Binary Trees

Model Processors (p) Time (T) NEXT Researchers

CREW 0(n) 0O(log n) C; Wyllie [WY79]

EREW 0(nl+1/k),k > 0 0(k logn) C, Ghosh & Bhattacharjee* [GB84b]

EREW 0(n) 0(logn) C Kalra & Bhatt* [KB85]

EREW 0(n) 0(logn) C, Tajan & Vishkin* [TV85]

EREW 0(n1
-'),O < _<__ _(__"_C_ Kruskal, et al.* [KRS86]

EREW 0(n/logn) 0(logn) C, This dissertationt

Level-Order Traversals of General Trees

Model Processors (p) Time (T) TYPE Researchers

CREW 0(nl+l/k),k > 0 0(klogn) BF Ghosh & Bhattacharjee [GB84aI

CREW 0(n2 ) 0(logn) BD Chaudhuri [CH88]

EREW 0(n-'),O < e < 1 O((n ) BF Chen and Das [CD90

EREW 0(n/logn) 0(logn) BF This dissertation

EREW 0(n/logn) 0(logn) BD This dissertation

also holds for pre- and post-order traversals of general trees

tApplies to pre-, in-, and post-order of general trees

BF: breadth-first traversal

BD: breadth-depth traversal

In comparison with the parallel depth-order tree traversals [CDA91, KRS86,

TV85, GB84a, KB85, RG78, WY791, the parallel breadth-first traversal of trees

has not gained that much attention, as is evident from Table 2.3. Ghosh and Bhat-

tacharjee [GB84b] presented an O(A log n) time algorithm for the latter problem

using Q(nl+1/A) processors on the CREW PRAM model, where A > 0 and n is

the number of nodes in the tree. Chaudhuri proposed an 0(log n) time breadth-

depth tree-traversal algorithm using 0(n2 ) processors on the CREW model. Both

of these two level-order tree-traversal algorithms are far from being cost-optimal.

Recently Chen and Das [CD90I proposed an O((n/p) log n/ log(n/p)) time algo-
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Figure 2.3: A collection of intervals

rithm for breadth-first traversal using p processors on the EREW PRAM model.

Though it yields optimal speedup for p < n1lC, where 0 < fc <CI1 this algorithm

does not achieve O(log n) time complexity employing O(r/ log n) processors.

2.2.2. Tree Construction

Given a collection of nt intervals, I Ii( = [a, b] j ai b for 1 < i < n}4,

there exists an interval graph C.1 = (V, F) with nt nodes such that the node-set

is V = 11i E I}, and the edge-set is E = (Ii, Is) I Ai nl I, $ 0). (When there is

no confusion, we will use nodes and intervals interchangeably.)

Example 2.7: For the collection of intervals in Fig. 2.3, the corresponding

interval graph is shown in Fig. 2.4.

From a given interval graph, we are interested in constructing a depth-first
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Figure 2.4: Interval graph corresponding to Fig. 2.3.

spanning (DFS) tree, a breadth-first spanning (BFS) tree, and a breadth-depth

spanning (BDS) tree, which are obtained by the methods of visiting the nodes of

the graph according to the depth-first, breadth-first, and breadth-depth searches,

respectively. We also determine all articulation points and bridges of an interval

graph. Before proceeding further, let us define the following.

A depth-first search visits a start vertex v. Next an unvisited vertex w adjacent

to v is selected and a depth first search from w initiated. When a vertex u

is reached such that all its adjacent vertices have been visited, we back up

to the last vertex visited which has an unvisited vertex w adjacent to it and

initiated a depth-first search from w.

A breadth-first search visits a start vertex v. All unvisited vertices adjacent to

v are added to a queue. Visit the verices in the queue in the order from
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queue-head to tail next until the queue is empty. Immediately after a vertex

is visited, all unvisited vertices adjacent to this vertex are enqueued.

A breadth-depth search visits a start vertex v. All unvisited vertices adjacent to

v are added to a queue. Visit the verices in the queue in the order from

queue-tail to head next until the queue is empty. Immediately after a vertex

is visited, all unvisited vertices adjacent to this vertex are enqueued.

An articulation point of a graph is a vertex v such that when we remove v and all

edges incident upon v, we break a connected component into two or more

pieces.

A bridge is an edge of a graph, removal of which results in breaking a connected

component of that graph into two pieces.

Example 2.8: The interval graph in Fig. 2.4 has articulation points 17, 18, and

Il. The edges (17, Is) and (18, I), are bridges. In Fig. 2.4, a BFS tree on the

given inteval graph is shown with its tree-edges identified by thick line segments

between two nodes. This BFS tree is also a BDS tree on the that graph. A DFS

tree on the same interval graph is shown in Fig. 2.5 with its tree-edges identified

by thick lines. The quadruple by each tree-node will be explained later in Chapter

6.

Literature Survey

The tree-construction problems in the literature can be classified into two cate-

gories. The first one is the class of search trees which include (optimal) binary

search tree, m-way search tree, AVL tree, weighted balanced tree, B-tree, that

the dictionary opertions and 2-3 tree. These data structures are useful due to
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Figure 2.5: A DFS tree on the interval graph in Fig. 2.4

the fact (such as insertion, deletion, search) on a balanced search tree of n data

items can be sequentially performed in O(log n) exepected time [KN73]. Bayer

and Schkolnick are poineers in studying the concurrency of these operations on

B-trees [BS77]. Ellis subsequently presented algorithms for concurrent search and

insertion on 2-3 trees and AVL trees [EL80a, EL80b]. The concurrent manipula-

tion of binary search tree is proposed in [KL80, MA84], which also address the

problem of how to maintain the integrity of data structures while allowing high

degree of cocurrency. A parallel algorithm for the dictionary operations on 2-3

trees is given in [PVW83] where the dictionary operations for k data items require

O(log n + log k) time using k processors on a 2-3 tree of n leaves.

The parallel construction of search trees was first considered by Moitra and

Iyengar [M185, M186] where a complete balanced binary search tree is constructed



26

in 0(1) time using n processors, with sorted input of size n. Subsequently, several

other parallel algorithms for constructing various search trees have been proposed.

They are summarized in Table 2.4. Though both the approaches in [TE87] and

[AKL89] use the dynamic programming technique, a subalgorithm for the min-

plus circuit value problem is used in [TE87] whereas a concave multiplication in

[AKL89].

Table 2.4
Parallel Algorithms for Search-Tree Construction

Model Processors (p) Time (TI) Input Output J Researchers

EREW O(n)0 O(1) sorted keys Binary tree [M185, M186]
EREW O(n) 0(1) sorted keys m-way tree 2 [DP86]
CRCW O(n6 ) O(log 2 n) leaf weights Huffman tree [TE87]
CRCW 0( ) O(log 2 n) leaf weights Huffman tree [AKL89]
CRCW 0(i) 0(Iog n) leaf weights Huffman tree [AKL89]
EREW 0(&) 0(log n) leaf depths O n Binary tree [AKL89]
CREW _0(_ -)_ O(log n) leaf weights Minimax tree 4 [KP90]
BREW 0(n/ log n) O(log n) tree-traversals 5 General tree [0W91]
[MI85, M186]: Moitra & Iyengar [DPI86]: Dekel, Peng, & Iyengar
[TE87J: Teng [AKL89]: Atallah et al
[KP90]: Kirkpatrick & Przytycka [OW911: Olariu & Wen
lCompleted balanced binary search tree

2 Balanced m-way search tree

'Monotonic leaf depths
4Alphabetic minimax tree

sPre- and In-order tree-traversals

The second category of the tree-construction problems come from the need for

generating a spanning tree from a given graph for various applications. For ex-

ample, the depth-first spanning (DFS) tree and the breadth-first spanning (BFS)

tree are useful in finding the bridges, articulation nodes, connected components,

and biconnected components of a graph [AHU83, EC79, HS77]. The problems

of finding DFS and BFS trees are equivalent to those of depth-first and breadth-
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first graph traversals, respectively. This topic was first studied by Reghbati and

Corneil [RC78] and subsequently, by many other researchers. Their results are

summarized in Table 2.5. It can be seen from this table that the BFS problem

is in NC. (i.e. solvable in poly-logarithmic time using a polynominal number of

processors). But the DFS problem for the general graph has been proved to be

polynominal time complete [RE85a]. Therefore there is a strong evidence that DFS

problem of the general graph is not likely to be solved in deterministic parallel

time of O(logCn), for a constant c > 0, using a polynominal number of processors.

Nevertherless, this result does not apply to the DFS problem of special graphs

such as directed acylic graph (DAG), interval graph, and planar graphs. In fact

from Table 2.5 and 2.6, it is to be noted that the DFS problem for these special

graphs belong to NC. In addition to the DFS and BFS trees of graphs, there are

breadth-depth spanning (BDS) tree and minimum-depth spanning (MDS) tree

which are also useful for applications.

Table 2.5
Parallel Algorithms for Spanning-Tree Construction

Model Processors (p) Time (T) Input Output Researchers
CREW 0(m) 0(n) General 1  DFS [EA77]
CREW O(n0) 0(log dlog n)t General BFS [KC86, GB84a]

CREW 0(T) 0(logdlogn) DAG DFS [KC86, CH90]
CREW 0(n4 ) 0(logn n) Planar DFS [SM86]
CREW 0(n) 0(log 2 n) Planar DFS [SH8J}
CREW 0(n3 ) 0(logn) Planar DFS [HA90]

CRCW 2  0(m) 0(m + nlogp) General BDS [RC78]
CRCW 0(na) (logdlogn) DAG BDS [CH88]
CRCW O(n3) O(log dloglogn) DAG MDS [CH88]

[EA77]: Eckstein & Alton [KC89]: Kim & Chwa

[GB84a]: Ghosh & Bhattacharjee [CH90]: Chaudhuri
[MJ88]: Moitra & Johnson [RR90]: Ramkumar & Rangan
[SM86: Smith [SH88]: Shannon
[HA90]: Hagerup [RC78]: Reghbati & Cornell
'General tree with n nodes and m edges
2p-bounded CRCW

td is the diameter of the graph
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Tree-Construction Problems of Our Interests

The tree-construction problems we are interested in falls into the second category

mentioned above. Moreover, the special graphs under consideration are inter-

val graphs which are useful in modeling many practical applications, such as in

genetics, ecology, archaeology, scheduling, channel assignment, VLSI design, file

organization, code optimization, establishing ring protocols, and so on [G080,

R076]. Therefore, various parallel algorithms on the interval graphs have been

of interests to researchers, as demonstrated in Table 2.6. Trees constructed from

interval graphs are also of our interests because they are useful in solving many

problems on such graphs, including the identifications of articulation points and

bridges.

Table 2.6
Parallel Algorithms for Interval Graphs on PRAM Models

Problems 7 Model Time Processors Reearchers

MWC, MIS, MCC, MDS CREW 0(log n) 0(n2 /log n) [BB87]
MWC, MIS, MCC, MDS CREW 0(log n) 0(n) [MJ88]
DFS2 , MM2  CREW 0(log n) 0(n2 /log n) [MJ88]
BFS, DFS, MCC, MDS, COL EREW 0(log n) 0(n) [K189]
DFS, AP, BR EREW 0(log n) 0(n2 /log n) [RR90]
MIS, MCC, MDS, CE, SP EREW O(log n) 0(n) [OSZ90]
BFS, DFS, BDS, AP, BR, COL EREW 0(log n) 0(n) This dissertation

[BB87]: Bertossi & Bonnuccelli [MJ88]: Moitra &Johnson

[K189]: Kim [RR90]: Ramkumar & Rangan

[OSZ90]: Olariu et al

MWC: maximum weighted clique MIS: maximum independent set

MCC: minimum clique cover MDS: minimum dominating set

BDS: breadth-depth spanning tree MM: maximum matching

DFS: depth-first spanning tree BFS: breadth-first spanning tree

COL: minimum coloring AP: articulation point

BR: bridges CE: center

SP: shortest pathe between two nodes



CHAPTER 3

A PARALLEL ALGORITHM FOR PARENTHESES

MATCHING

In this chapter, we present a cost-optimal parallel algorithm for the parentheses

matching problem on the EREW PRAM model. For n parentheses, the algorithm

requires 0(n/p + log n) time and 0(n + p log p) space, employing p processors.

Thus, for p < n/log n, it achieves optimal speedup, requiring 0(log n) time and

0(n) space. Though the time complexity of our parentheses-matching algorithm

is comparable with those of the two existing cost-optimal algorithms on the same

model [DP91, TLC89], our approach is simpler and utilizes an extended prefix-

sum algorithm. Furthermore, its space requirement is less than that required in

[DP91] employing the same number (i.e., n/log n) of processors.

In additions to its adaptive nature, our algorithm does not use pipelining or

assign identifiers as proposed in the algorithm due to Tsang, et al. [TLC89],

neither does it use complicated data structures as presented in Deo and Prasad

[DP91]. We claim that the algorithm proposed in this dissertation is conceptually

simpler than both of them in the ways processors are scheduled and tasks are

partitioned. Thus, its complexity and correctness can be easily analyzed. Like

most of the parallel parentheses matching algorithms, our approach also builds a

(conceptual) binary tree, assigns a sequence of unmatched left parentheses and

a sequence of unmatched right parentheses to each tree-node, and matches the

29
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parentheses in possession with each pair of sibling-nodes. However, the main

differences are that we utilize an extended prefix-sum algorithm (presented in

Section 2.1.2) and that our approach is based on the following observation. We

first number the pairs of sibling-nodes of various parents in the tree and place

(in the order of each pair's index) the group of left parentheses and the group of

right parentheses matched at each pair of sibling-nodes into two separate arrays

of the same size. We then observe that the parenthesis stored in the i't location

of the array for the left parentheses is the mate of the parenthesis stored in the

ith location of the array for the right parentheses.

3.1. INFORMAL DESCRIPTION AND DATA STRUCTURES

Our solution basically is based on a divide-and-conquer paradigm. But it utilizes

a special characterization for the problem and relies on an encoding technique to

represent a sequence of parentheses. The linked list ranking algorithm is also used

as a broadcasting method.

3.1.1. Parallel Divide-and-Conquer Paradigm

Without loss of generality, we assume that the proposed algorithm uses p pro-

cessors where p = 2 , for k > 1. This algorithm consists of three phases. In

Phase 1, the input of n parentheses is partitioned into p segments, each of size

n/p. Each processor works on its own segment and finds locally matched pairs.

The remaining unmatched parentheses in each segment form a sequence of right

parentheses followed by left parentheses. The number of such left (right) paren-

theses is designed as its Lvalue (Rvalue). The unmatched parentheses from all of

these p segments are then packed to form another sequence with new, consecutive
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indexing. However, the original indices are also preserved, and each processor

handles only those parentheses remaining unmatched among the ones originally

assigned to it.

3.1.2. Characterization of the Proposed Solution

In Phase 2 of our algorithm, the ith segment is associated with the ith leaf-node

(counting from left to right) of a full binary tree of 2p -1 nodes, where 1 <i _<p.

The computation starts by merging pairs of sibling-nodes at the leaf level. Here by

'merging' we mean (possible) matching a portion of unmatched left parentheses in

a left sibling-node with unmatched right parentheses in a right sibling-node. This

results in a sequence of matched right parentheses and a sequence of matched left

parentheses together with sequences of unmatched right and left parentheses. The

unmatched left and right parentheses now become the content of the parent-node

(of these two siblings) with their sizes being the Lvalue and Rvalue, respectively;

while the matched left (right) parentheses is assumed to be stored in the left (right)

sibling. A generic merging is depicted in Fig. 3.1 where, for the sake of clarity,

two identical trees are drawn to demonstrate how the unmatched parentheses in

each pair of sibling-nodes are merged to produce those for their parent. Fig. 3.1

also shows the sequences of the matched parentheses stored at various tree-nodes.

(An empty, rectangular box at a node signifies null parentheses of a particular

type.) Next, in the increasing order of node-indices', the sequence of left (or right)

parentheses stored in the even (or odd)-labeled nodes are copied into the array

LMATCH[1 .. n/2] (or RMATCH[1 .. n/2]) such that a parenthesis in LMATCH[i]

is claimed to be the mate in RMATCH[i], for 1 <i < n/2.

'The nodes are labeled from top to bottom and left to right, with the root as label 1.
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Now we need to figure out the locations in LMATCH (RMATCH) allocated

to the matched left (right) parentheses corresponding to each even (odd)-labeled

node. This can be accomplished by first computing the number m; of matching

pairs at nodes 2i and 2i + 1, where 1 <i < p - 1, and storing the value m; into

noofspaces[i]. The prefix-sums of the entries in the array noofspaces[1 .. p - 1]

are stored in another array lastpos[1 .. p -1]. The content of lastpos[i] is then the

index in LMATCH (RMATCH) of the leftmost (rightmost) parenthesis matched

at nodes 2i and 2i + 1. Note that this information can be obtained without

actually performing the matching, and by having only one pass over the tree. The

processors associated with nodes-labels 2i, for 1 < i p - 1, at the same level of

the tree perform the following operations in parallel, where ry and ly, respectively,

denote the Rvalue and Lvalue of node j.

Mi = nin(h2i, r2i+1)

r= r2i + r2 +1 - Mi

li = hN + 12i+1 -Mi,

3.1.3. Data Structures and Merger Operations

We next aim at performing the actual merger operations in log p steps with 0(1)

time for each step. The problem involves how to copy the parentheses matched

at each pair of nodes to LMATCH (or RMATCH) in constant time, which is

however solved in the following way. A record is created for each group of left

(right) parentheses, with consecutive indices, belonging to a node. This record is

called left (right) representative record, denoted by Lrep(Rrep), for brevity. The

Lrep (Rrep) contains three fields : b, d, and u. Here the index b is the base of the

leftmost (rightmost) parenthesis of the group, d is the size of the group, and u is the
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distance between the leftmost (rightmost) parenthesis of the leftmost (rightmost)

group and the rightmost (leftmost) parenthesis of the rightmost (leftmost) group.

For simplicity in presentation, we adopt the notations (bd and d)b from [DP91]

to represent portion of these records Lrep and Rrep, respectively, the index of the

representative parenthesis is the base of its representative record. For example,

the matched left parentheses (3(4(7(8(10(11(12 at a node can be represented

as (32(72(103, where (3,(7, and (1o are representative parentheses. In general, a

sequence of left parentheses can be represented by a sequence of representative

records as (4,d(i,_l dk-1 ... (;2d2 (,di. Similarly, a sequence of right parentheses

is represented as d1)i 1d2) 2 - - - dk_)i;,,dk)i,. Implicitly, the distance u field of a

representative record is available as u = F, = d; if the left or right representa-

tive record contains ik in its base field. The u value gives the location of the

representative parenthesis in the corresponding record.

While merging a pair of sibling-nodes, it is possible to have more than one

representative record be copied. So some techniques must be incorporated to

ensure constant time for each merger step. Initially a processor Pi is associated

with the leaf-node having index (p - 1 + i), for 1 i i p. Then Pi is in charge

of the unmatched parentheses in segment i (which is the output from Phase 1),

creates the records Lrep and Rrep, and stores them in its private memory along

with the Rvalue and Lvalue. Merging is performed level by level from the leaves

to the root of the binary tree. When a node-pair 2i and 2i + I at level I are

merged, the processors originally associated with the leaves of the subtrees rooted

at 2i and 2i + I are scheduled to perform matching in cooperation. We say that

the first (or second) half of these processors is associated with node 2i (or node

2i +1) at level 1. Although each processor is associated with more than one node,
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yet it is associated with only one node at any given level.

After each merger step, the contents of each processor's Lrep, Rrep, Lvalue,

and Rvalue are updated. The current Lvalue and Rvalue in its private memory

are the Lvalue and Rvalue, respectively, of the node at level I - I with which

the processor is going to be associated. And the current content of the records

Lrep and Rrep of each processor describe the remaining unmatched left and right

parentheses of the segment initially assigned to it. Since an equal number of

processors is associated with each node at a particular level, there is a one-to-one

correspondence between the processors associated with the left sibling and those

with the right sibling of a node-pair. This correspondence is presented in Step

2.4 of Phase 2 in the algorithm PARENTHESES-MATCHING (see Section 3.2).

The corresponding processors exchange the Lvalue and Rvalue of the associated

nodes.

Every processor involved in merger of nodes 2i and 2i + 1 at level I then

computes the number mi of matched parentheses, and compares it with the u

field of its Lrep and Rrep. If u < mi, all left (right) unmatched parentheses

allocated to this processor are matched out. The Lrep (or Rrep) is then copied

to the location lastpos[i] - (mi - u) of an array Lcut[l .. n/2] (or Rcut[1 .. n/2]),

and its u field is set to zero. Each location in Lcut (Rcut) is reserved for a

matched left (right) parenthesis. If u > mi and (u - d) < m, then a portion

of the remaining unmatched parentheses are matched out, a record Lrep (Rrep)

is created for this matched portion and copied to the location lastpos[i] of Lcut

(Rcut). The d field of the newly created record is assigned the size of this matched

portion. Additionally, the d field of the record Lrep (Rrep) in the processor's

private memory is updated to reflect the number of remaining unmatched left
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(right) parentheses, which constitute a part of the total number of unmatched

left (right) parentheses at node i. Since the parentheses in the record Lrep (or

Rrep) have consecutive indices, and the location of the record's representative

parenthesis changes as merger continues, hence the u field needs to be updated

accordingly. The representative records are updated as follows. The Lrep in a

processor's private memory is updated as :

Lrep.u := Lrep.d + (Lvalue of its corresponding processor);

Lrep.d := Lrep.u - mi.

If (u - d) > m;, none of the unmatched parentheses allocated to the processor

is matched. The u field is then updated as

Lrep.u := Lrep.u - mi + (Lvalue of its corresponding processor).

The Rrep in a processor's private memory is similarly updated . The Rvalue

and Lvalue are updated to reflect the total number of unmatched left and right

parentheses, respectively, at the node with which this processor will be associated

at the next lower level.

3.1.4. Avoidance of Concurrent Reads and Writes

Unless one is careful, several processors may concurrently read from the location

lastpos[i] during a merger operation on nodes 2i and 2i+1. This can be avoided by

duplicating the content of lastpos[i] for all such processors without increasing the

overall time complexity. We use a shared array list[1I..p log p to be accessed by all

processors during merger steps. Let processors P;,, Pi,*--IPi-1,Pi be involved

in merging nodes 2i and 2i +1 at level 1 of the binary tree. Corresponding to these

k processors with consecutive indices, the k elements in locations list[(l - 2)p +

ii], .. ., list[(l - 2)p + i] form a segment, also with consecutive indices. Clearly,
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p log p elements of the array list are divided into p -1 disjoint segments, each with

contiguous indexing. For a node-pair 2i and 2i + 1, if the content of lastpos[i] is

assigned to the location list[(l - 2 )p+ i1] and zero to the location list[(l - 2)p+i4]

for 2 q S k, and an extended prefix-sum algorithm is performed on the array

list[1 .. plog p], then every processor involved in merging the node-pair 2i and

2i + 1 will receive a copy of lastpos[i]. Thus exclusive access to the memory is

guaranteed.

3.1.5. Application of Linked List Ranking Algorithm

At the end of Phase 2, some entries of the array LCut (Rcut) may be empty,

because we only store Lrep (Rrep) record for a representative parenthesis. Instead

of letting a processor assigned to a non-empty location in the array Lcut (Rcut) do

all the computation for possibly O(n) number of parentheses, we let the location

for Lrep (Rrep) be reserved for the record's representative parenthesis, and also let

the parentheses described by the record have consecutive locations. This way the

elements of the array Lcut (Rcut) is divided into segments, each having contiguous

indices. A similar method can be applied for duplicating elements of the array

lastpos.

Phase 3 of the algorithm performs as follows. The content of the base field

(i.e., the index of representative parenthesis) of each Lrep (Rrep) is duplicated into

the locations reserved for the parentheses described by the record. The index of

the location in array Lcut (Rcut) for a representative parenthesis is also duplicated

in a similar way. Then each of the n/2 processors assigned to a location of Lcut

(Rcut) computes the index of the parenthesis therein, and stores the result in the

array LMATCH (RMATCH) at a location with the computed index.
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3.2. FORMAL DESCRIPTION AND TIME COMPLEXITY

The algorithm PARENTHESES-MATCHING, implementing the preceding ideas,

is formally described below. Wherever necessary, the detailed codes are also in-

cluded. The example in the next section gives the snapshots of the relevant data

structures at various stages of execution.

Phase 1:

Step 1.1. Assign processor Pi, 1 i p, to find locally matched parentheses

from a segment of size n/p, and then pack the unmatched parentheses to have

new indices.

Step 1.2 P initializes its private variables Lvalue and Rvalue. It also creates

a left (and right) representative record, Lrep (and Rrep), for the unmatched left

(and right) parentheses right parentheses in segment i, for 1 i p.

Phase 2 :

Step 2.1. Processor Pi places its Lvalue and Rvalue into the ith leaf-node with

index (p - I + i) of a full binary tree of (2p - 1) nodes.

Let us now denote the Lvalue and Rvalue of the unmatched left and right

parentheses stored at node j as ij and ry, respectively. From the leaf-level to level

1 (the root), the processor associated with an even-labeled node 2i reads values

r2j+ 1 and 12i+1, computes the number of unmatched left and right parentheses for

its parent-node, and computes the number mi of matched parentheses between

the parentheses associated with nodes 2i and 2i + 1.

for 1:= logp +1 downto 2 do
for all P2 at lth level, 1 < i < p -lI do

parbegin

/* Compute the number m; of matched parentheses *1
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Mi := mrin(12;, r2i+1);

ri :=r2 ; + r2 +1 - M;

li:=2i + 12i+1 - Mn;

noofspaces[i]:m;

parend;

Step 2.2 Perform the (usual) parallel prefix-sum algorithm on the array

noofspaces[1 .. p - 1] and store the result in lastpos[1 .. p - 1]. Then lastpos[i]

contains the index of the array LMATCH (or RMATCH) where the leftmost (or

rightmost)

Step 2.3. Duplicate the content of lastpos[i], 1 i S p-1 such that all processors

involved in merging 2i and 2i + 1 can access it without read-conflicts.

/* Initialization */

fort :=2 to logp+1 do

for all P,1 5i pdo

list[(l - 2)p + i] := 0;
for l:=logp+1 downto 2 do

for all P,1 <i 5 p do

parbegin

sz := 210p-1+2; /*No. of processors for merging a pair */

r ((i - 1) mod sz) + 1; /*the rth processor for merging a pair */

q [(i - 1)/szj + 1; /*qth pair at level 1 */
node:= (2' - 1) + 2(q - 1) + 1; /*ID of the left sibling of a pair*/

if r = 1 then

list [(l - 2)p + iJ := lastpos[node/2];

parend;

Call extended-prefix-sum (list).

Step 2.4 Match the parentheses on pairs of sibling-nodes from the leaf level to

the second level. (Note that the root is at level 1.)

for l:= logp-+1 downto 2 do
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begin

for all Pi,1 < i < p do

parbegin

if r < sz/2 then

begin /* Associate with the left sibling of a pair *1

Processor P exchanges the Rvalue and Lvalue with P(q-1)*sz+r+z2

and store them into Rtemp and Ltemp, respectively.

m:= min(Lvalue, Rtemp); /* number of matched parentheses *1

if Lrep.u > m and (Lrep.u - Lrep.d) < m

then

begin /* part of parentheses are matched*/

/* Create a representative record */

Lcut[list[( - 2)p + ifl.b:= Lrep.b + (Lrep.u - m);

Lcut[list[(l - 2)p + i]].d:= m - (Lrep.u - Lrep.d);

Lcut [list[( - 2)p + i]].u := m;

/* Update the representative record associated with P*/

Lrep.d Lrep.u - m; Lrep.u Lrep.d + Ltemp;

end

else

if 0 < Lrep.u < m then

begin /* All parentheses are matched */

Lcut[list[(I - 2)p + i] - (m - Lrep.u)] Lrep;

Lrep.u:= 0; /* All matched out *1

end

else Lrep.u := Lrep.u - m + Ltemp; /* None are matched*/

end

else

begin /* Associate with the right sibling of a pair */

The code for this case is similar

to that for left sibling and therefore omitted.

end

/* Obtain the Rvalue and Lvalue for the

parent-node of the currently associated tree-node *1

Rvalue:= Rvalue + Rtemp - m;

Lvalue:= Lvalue + Ltemp - m;
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parend;

end;

Phase 3:

Step 3.1. Duplicate the base value of the record in the non-empty location

Lcut[i] (and Rcut[i]) into the locations reserved for the parentheses described by

the record Lrep (and Rrep). Also duplicate the indices of the non-empty locations

in Lcut (and Rcut). The duplicated base values and indices are stored in arrays

Lbvalue[1 .. n/2] (or Rbvalue[1 .. n/2]) and Lindex[1 .. n/2] (or Rindex[1 .. n/2]),

respectively. These arrays are all initialized to zeros. The pseudocode for this step

for the case of Lcut is given in the following. (The code for Rcut is similar and

thus omitted.)

for iteration := I to [n/2p] do

for all P,1 <k k p do

parbegin

i := (iteration - 1) * p + k;

if i < n/2 and Lcut[i] is not empty

then

begin

Lbvalue[i - Lcutli].d +1] := Lcut[i].b;

Lindex[i - Lcut[i].d+1] :=i;

end;

parend;

Call extended-prefix-sum (Lbvalue);

Call extended-prefix-sum (Lindex);

Step 3.2 Output the result.

for iteration := 1 to [n/2pj do

for all P,1/ k <p do

parbegin

i := (iteration - 1)1 * p+ k;
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if i < n/2

then

begin

LM ATCH[i]:= Lbvalue[i] + (Lindex[i] - i);
RM ATCH[i] := Rbvalue[i] - (Rindex[i] - i);

end;

parend;

Theorem 3.1. The algorithm PARENTHESES-MATCHING requires 0(n/p +

log n) time and O(n + plog p) space employing O(p) processors on the EREW

PRAM model.

Proof: Phase 1 of the preceding algorithm requires O(n/p + log n) time and 0(p)

space. This is because each processor takes 0(n/p) time to perform local matching

of n/p parentheses; while 0(n/p + log n) time and O(p) space are required for

packing the remaining parentheses. The complexities of different steps in Phase

2 of the algorithm are obtained as follows. Step 2.1 has 0(log p) time complexity

because each of logp iterations requires 0(1) time. Its space requirement is the

same as that of a binary tree of size 2p - 1. With input size p, Step 2.2 also needs

0(log p) time due to Theorem 2.1; and O(p) space is accounted for arrays lastpos

and noofspaces. The time complexity of Step 2.3 is also O(log p), dominated by

the extended prefix-sum algorithm (Theorem 2.2) with input size plog p, while

its space complexity is due to the array list[1 .. plogp]. Step 2.4 consists of

log p iterations with 0(1) time for each, and the use of arrays Rcut[1 .. n/2]

and Lcut[1 .. n/2] results in the space complexity of O(n). In Phase 3, Step 3.1

requires 0(n/p + log n) time due to Theorem 2.2 with input size equal to n/2. It

also needs O(n) space given by the arrays Lindex and Rindex. Step 3.2 clearly

requires O(n/p) time and O(n) space. Therefore, the overall time complexity of
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the algorithm is O(n/p + log n) and it requires O(n + p log p) space, employing p

processors on the EREW PRAM model. 0

3.3. AN ILLUSTRATIVE EXAMPLE

The algorithm PARENTHESES-MATCHING is illustrated with n = 16 (well-

formed) parentheses and using p = 4 processors. Let the input be

(1 )2 1 3 ( ( (61 (7 (8 )9 )10 )11 (12 )13 )14 )15 )16

Phase 1

After the local matching is performed, the sequence of the parentheses looks

as follows. (An empty entry indicates a match.)

(31 (4 (5 (6 (7 (8 )9 )10 1)11 (12 )13 )14 )15 )16

This sequence is packed such that each parenthesis receives a new index (shown

as subscript). We also preserve the original index as superscript.

1 2 3 4 5 6 )97 )81 )11 2 10 111 13 /141

The data structures in

below.

each processor's private memory are given in the table

- P1 P2 P 3  P4

Lrep (12 (34 (1o1 -

Rrep - - 3), 4)14

Lvalue 2 4 1 0

Rvalue 0 0 3 4
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Phase 2:

In Step 2.4, merging is performed among pairs of sibling-nodes at each level

except at level 1 for the root. The snapshots of execution for each of these levels

is depicted as follows.

At Level 3 (i.e., the leaf-level of conceptual binary tree)

At the beginning of merger operations at this level, the contents of Lrep, Rrep,

Lvalue, and Rvalue for various processors are the same as shown in the previous

table. The output is recorded in arrays Lcut and Rcut.

At Level 2 (i.e., the level just below the root)

The updated data structures at the beginning of merger operations, and the

corresponding output are given as:

After Step 2.2 After Step 2.3

noofspaces lastpos list

6 0 1 6 6 7 1 6 6 6 6 7 6 6 7 7

12 3 1 12 1 2-3 4 5-]678

field Lcut Rcut

u 1---- --------------- - - -1

d 1--- - ----- -

b 10-------- -- 11

index 7 6 5 4 3 2 1 1 2 3 4 5 6 7
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Phase 3: After Step 3.1

After Step 3.2

Note that the indices in arrays LMATCH and RMATCH are new indices.

Therefore, we convert them back to the original indices. Thus the pairs of matched

parentheses (i.e., mates) are obtained as [8, 9], [7, 10], [6, 11], [5, 14], [4, 15], [3,

P1  P2  P3  P4

Lrep (12 (34 - -

Rrep - - 3)9 3)14

Lvalue 6 6 0 0

Rvalue 0 0 6 6

field Lcut Rcut

u 1 6-3---- -- 3--6 1

d 1 2-4 ----- 3 -- 3 1

b 10 1 - 3- - ---- 9 - - 14 11

index 7 6 5 4 3 2 1 1 2 3 4 5 6 7

- Lbvalue Rbvalue

- 10 1 1 3 3 3 9 9 9 14 14 14 11

index 7 6 5 4 3 2 1 1 2 3 4 5 6 7

-ILMATCH RMATCH

1011 2 <3 4 5 6 7 8 9 12 13 14 11

index 7 615-4 312 1 1 2 3 4 5 6 7
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16], [12, 13], along with the mates [1, 2] obtained during Phase 1 of the algorithm.

3.4. DisCUSSION

We have presented an adaptive, cost-optimal parallel algorithm for the parentheses

matching problem. Our approach is based on the divide-and-conquer paradigm.

Although the task is initially divided evenly among p processors, some processors

are busier in matching possibly more than one pair of parentheses than others

during a time interval. This creates a load balancing problem which needs to be

addressed. Our solution resolves it by using a record data structure to represent

a sequence of parentheses having consecutive indices and by performing merger

operations along a tree which update record structures. A linked list ranking algo-

rithm is employed to do broadcasting, which also solves part of the load balancing

problem. Since our algorithm uses very little global memory and the processors'

communication links on a hypercube machine fit the communication pattern of

the processors in our algorithm, this algorithm is amenable for implementation

on the hypercube machine.



CHAPTER 4

DEPTH-ORDER TREE-TRAVERSALS IN PARALLEL

In this chapter, we present parallel depth-order tree-traversal algorithms which

requires O(n/p + log n) time and 0(p) processors on the EREW PRAM model.

This algorithm takes a unified approach which is a hybrid of the approaches due

to Wyllie [WY79], and due to Tarjan and Vishkin [TV85]. Our approach uses

only a single characterization for all the three depth-order - pre-, in-, and post-

order - traversal problems, no matter whether it is for a binary or a general

tree. Compared with the existing algorithms for these problems, our adaptive or

scalable algorithm not only provides a more uniform view but also achieves opti-

mal speedup when the number of processors is less than or equal to 0(n/ log n).

In this context, note that using Q(n/ log n) processors, the optimal algorithm

due to Kruskal et al. [KRS86] requires O((log 2 n)/log(log n)) time, whereas our

algorithm has 0(log n) time complexity.

4.1. REPRESENTATION OF INPUT TREES

Our representation of (general) trees is a generalization of the three commonly-

used representation mechanisms - "right-child and left-child", "leftmost-child and

right-sibling", and "parent-of" - used for binary trees as detailed in [AHU83]. The

"leftmost-child and right-sibling" relation can also be used for the ordered, ori-

ented general tree. But since the "right-child and left-child" relation is applicable

47
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to binary trees only, we generalize this representation into the "parent-of" rela-

tion with explicit ordering of children. It can be implemented by a data structure

which specifies the parent of each tree-node, together with its rank among sib-

lings. This is similar to the adjacency list representation for the ordered, oriented

general tree. From the associated data structure, it is easy to compute, for each

tree-node x, its number of children, denoted as noofchildren[x], and its num-

ber of siblings, denoted as noofsiblings[x]. In fact, such computations involve

a general linked list ranking problem. Another commonly-used representation is

a "parent-of" relation with implicit ordering of children. Such an ordering can

be imposed by first numbering a parent, and then numbering its children in an

increasing order from left to right (the child with rank 1 is assumed to be the

leftmost child). It is worth pointing out that the conversion from the "parent-of"

representation with explicit ordering of children into that with implicit ordering

of children is essentially related to the breadth-first tree traversal problem. It

will be shown that the breadth-first traversal of general trees can be obtained in

O(n/p + log n) time using p processors on the EREW PRAM model. Therefore,

the index of each node can be replaced by its breadth-first rank to produce the de-

sired relation having the same complexity. By providing constructive algorithms,

it is also shown in [CD91a] that the conversion between any two of the preced-

ing three representations requires O(n/p + log n) time using p processors on the

EREW model. Since this complexity is the same as that of a parallel, depth-order

traversal algorithm (as described in the next subsection) with the input tree rep-

resented as "parent-of" with explicit ordering of children, the time complexity of

our generalized algorithm is independent of input data structures.
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4.2. GENERALIZATION OF TRAVERSAL TECHNIQUES

4.2.1. Classification of Tree-Traversals

Conceptually, existing parallel algorithms for depth-order tree-traversals follow

similar line of thought and run in two phases. In the first phase, a traversal

problem is reduced to (a) linked list ranking problem(s) by building the NEXT

function, which determines the successor of a node in a linked list. In the second

phase, the rank of each node (assuming its weight as 1 according the definition

in Chapter 2) is computed. This rank determines the order by which the node

must be visited in the desired traversal. The differences among the existing algo-

rithms are in the data structures of input trees, characterizations of the NEXT

functions, number of processors used, and intended applications. There are two

broad types of characterizations for the NEXT function. One type, denoted as

C,, characterizes the successor of a node in the required traversal. The other

type, denoted as C1, characterizes the intermediate nodes between a node and its

successor in the traversal. Algorithms presented in [KB8, 5GB84a] use the C,

type while those in [KRS86, TV85, WY79] use the C, type, as shown in Table

2.3. It is understood that algorithms using a characterization of type C, may

need to delete the intermediate nodes, thus involving a class of parallel linked

list packing problems [KRS86, WY79]. But algorithms using a characterization of

type C, need to perform computation of such relations as rightmost-ancestor and

rightmost-descendant [KB85], before building a NEXT function.
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4.2.2. Euler Tour Technique

The algorithm proposed in this paper utilizes a characterization of type C;. Moti-

vated by the approaches in [TV85, WY79], it is greatly facilitated by a linked list

structure, which supports building the NEXT function for the three commonly-

used, depth-order tree-traversals in a unified way. We consider that each node of

an input tree consists of a varying number of fields. For example, a node with

i children has (i + 1) fields. Let x; denotes the ith field of node x. The linked

list starts with r1, where r is the root-node and implements an Euler tour which

begins with a field of a node, travels to fields of other nodes, and returns to the

last field of the starting node by using the tree edges in both directions exactly

once. Figure 4.1 illustrates the linked list implementing the Euler tour for the

tree shown in Fig. 2.2.

The function NEXT[x;], defining the successor of a field x (of node x) in the

Euler tour, is given as

fk+1 if i = noofchildren[x] + I and node x is the kth

NEXT[x;] = child of its parent f, where x is not the root,

ci if i J noofchildren[x] + 1 and c is the ith child of x.

Note that this NEXT function does not provide the successor of the last field

of the root-node r in the tour. This is because we break the tour into a linked

list such that r1 is the starting field and rm is the terminal field, where m =

noofchildren[r] + 1. The proposed linked list structure can be represented as an

array [1 .. 2n - 1] of SNODEREC:

record

subscript : integer; /* field number *1

node : integer;
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at a 2 a3  a4

bi c1  c2  c3 jc4 di d 2  d3  d4

Figure 4.1: An Euler tour

next-index integer; /* the array index of its successor *1
end.

This data structure can be constructed from the following algorithm when the

input tree represented by a "parent-of" relation with explicit ordering of children.

Each field of a tree-node in this algorithm is a record of type SNODEREC.

Algorithm GEN-COMP-NEXT

SUPERNODE : array [1 .. 2n - 1] of SNODEREC;

for all P, I < i < n do

parbegin

Step 1. Processor P builds jth field of i's parent node if node i is the jth child

of its parent. The jth field (if it is not the last field) is stored in the ith

index of array SUPERNODE.
Step 2. Processor P; builds node i's last field whose array index is (n + i).
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parend.

Clearly, there are O(n) operations; and using p processors, this algorithm

requires O(n/p) time on the EREW PRAM model. But the preprocessing step

for determining whether a node is the rightmost one among siblings or not, requires

the application of (general) linked list ranking algorithm. Therefore, we have

Lemma 4.1 The Euler tour of a tree with n nodes can be obtained in O(n/p +

log n) time employing p processors on the EREW PRAM model.

Proof. See the analysis of the complexity of algorithm GEN-COMP-NEXT. 0

4.2.3. The Proposed Solution

To obtain the required tree-traversals, the following rules are operated on the

linked list produced by algorithm GEN-COMP-NEXT.

(a) pre-order traversal : select the first copy of each node;

(b) post-order traversal: select the last copy of each node;

(c) in-order traversal: delete the first copy of each node if it is not a leaf and

delete the last copy of each node if it has more than one child.

The selection (deletion) can be performed by a linked list packing algorithm

which requires 0(n/p+log n) time using p processors on the EREW model [CV86b,

KRS86]. Example 4.1 illustrates the computation of in-order traversal of a general

tree. The pre- and post-order traversals can be obtained in similar ways.

Example 4.1: The linked list built by algorithm GEN-COMP-NEXT from the

tree in Fig. 2.2 is a1, b, a2, ci, el, c2, fi, c3, g1, c4, a3 , di, hi, d2, i1, k1, i2, d3 , j,
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d4, a4 . The in-order traversal can be obtained by deleting the appropriate inactive

elements according to the preceding characterization. Thus we obtain the list b1 ,

a2 , e1 , c2 , fi, ca, gi, a3 , hi, d2 , ki, i2 , d3 , Ji which results in the in-order traversal

of b, a, e, c, f, c, g, a, h, d, k, i, d, j.

4.3. CORRECTNESS PROOF AND TIME COMPLEXITY

In the following, we prove the correctness and time complexity of our algorithm for

in-order traversal of general trees. The proofs for the cases of pre- and post-order

traversals can be obtained similarly.

Theorem 4.1. : The pre-order, in-order, and post-order traversals of a general

tree with n nodes can be computed in O(n/p + log n) time using p n processors

on the EREW PRAM model.

Proof (For in-order traversal): Given the "parent-of" relation with explicit order-

ing of children for a tree, the algorithm GEN-COMP-NEXT requires O(n/p) time

using p processors on the EREW model. It also requires O(n/p) time to mark

the nodes to be deleted (selected). The linked list packing algorithm requires

O(n/p + log n) time on the EREW model. The time complexity of the preceding

algorithm is thus proved.

Now to prove that the linked list constructed is correct, we use an induction on

a tree of height k. Clearly, if k = 2, we need to delete elements r 1 and rm where r

is the index of the root-node and m = (rank of r's rightmost child)+1, but m $ 2.

Thus the traversal is correct for k = 2. Assume the in-order traversal obtained

by our approach is correct for k < h - 1. Now consider a tree of height k = h.

Since the Euler tour guarantees the visiting order is nodes of T1 first, followed by
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the root, followed by nodes of T2, followed by the root, ... , and followed by nodes

of T, where Ti's are subtrees and the root has s subtrees, the traversals of these

subtrees are correct by our inductive hypothesis. Thus the in-order traversal is

correct for k = h, by induction. 0

4.4. REMARKS

Here we point out that a binary tree is not an ordered tree, and therefore, the

in-order traversal of a binary tree is not a special case of that for a general tree

according to our definition. In a conventional binary tree, null (non-existent)

left children are allowed to have ranks. However, our generalized algorithm takes

care of this situation as follows. We regard the subscripts of node-fields in the

linked list, NEXT, as the sequence number of non-null children, and increase the

subscripts of fields of a node by 1 if the node has a null left child. Then the

inactive fields of nodes are deleted to obtain the correct in-order traversal for the

given binary tree. The following example computes the in-order traversal of a

binary tree using our algorithm.

Example 4.2:

Given the binary tree in Fig. 4.2, the linked list according to algorithm

GEN-COMP-NEXT is a1, b1, d, b2 , eg 1 , e2, b 3, a2 , ci, fi, C2, a3 . To obtain the

in-order traversal of this binary tree, we increase the subscripts of fields

by 1 for the nodes having null left children, which yields the sequence

a 1, b1, di, b2 , e, 1 , gie2, b3, a2, c2, fi, C3, a3. Deleting the inactive elements, we have

d1i, b2 ,g, 62, 2 , C2,fi. Therefore, the in-order traversal of this binary tree is

d, bg, e, a, c, f.
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b
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d
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Figure 4.2: A binary tree

4.5. DiscUSSION

We have unified several parallel algorithms for pre-, in-, and post-order traversals

of trees into a more generalized form. This approach uses only a single charac-

terization for these three traversals of general trees. Our results can be used to

improve the time complexity of graph algorithms which make use of tree-traversal

algorithms, such as those in [CH88, DD88b, TV85, GB84b].



CHAPTER 5

LEVEL-ORDER TREE-TRAVERSALS IN PARALLEL

In this chapter, we present two cost-optimal parallel algorithms for traversing a

general tree in level-order (breadth-first and breadth-depth) fashion. For a tree

with n nodes, each of these two algorithms requires O(n/p+log n) time employing

p processors on the EREW PRAM model. To the best of our knowledge, these

are the first parallel algorithms for level-order tree-traversals, which have O(log n)

time complexity and yet being cost-optimal for p = O(n/ log n). Our result unifies

the performance (i.e. time and processor complexities) of both level-order and

depth-order traversals of general trees. Furthermore, with the help of our breadth-

first traversal algorithm, it can be shown that the performance of any such cost-

optimal algorithm is independent of the use of input data structures among the

three commonly-used ones, namely "leftmost child and right sibling", "parent-of

relation with implicit ordering of children", and "parent-of with explicit ordering

of children" [CD91a, AHU83].

For the breadth-first traversal, our approach is based on a novel idea which

converts the traversal problem into a parentheses matching problem. On the

other hand, our approach to the breath-depth traversal is based on a special

characterization which enables the reduction of this problem to a variety of list

ranking problems.

56
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5.1. BREADTH-FIRST TREE-TRAVERSAL

5.1.1. Parentheses Matching Paradigm

Given a tree T, an edge (cn, fn) is assumed to define a pair of arcs (or directed

edges) in opposite directions, where node cn is a child of its parent, fn. Specifi-

cally, we define a forward arc Z = < fn, cn > from fn to cn, and a backward arc

2 = <cn, fn > from the child-node, en, to the parent-node, fn. For example,

corresponding to an input tree in Fig. 5.1, the arcs associated with every edge are

depicted in Fig. 5.2.

Our breadth-first algorithm uses an Euler tour of the input tree, which starts

from a node, traverses each edge exactly once in both directions and finally returns

to the starting node [TV85]. It is known that an input tree can be represented

by any one of two relations - "leftmost child and right sibling" and "parent-of

with explicit ordering of children" [CD91a, AHU83]. The former relation is usu-

ally implemented by a data structure which specifies the leftmost child and right

sibling of each tree-node. On the other hand, the latter relation is implemented

by a data structure which specifies the parent and the rank (among siblings) of

each node. The Euler tour implementation of an input tree using either of these

representations has the same parallel time complexity as detailed in Section 4.1.

The arcs traversed in the Euler tour form a sequence if we pick the root of the

tree as the starting node and follow the rule that subtrees be visited recursively

in a left-to-right manner 1 . We define this unique sequence as the arc-sequence of

the input tree. The arc-sequence for the tree in Fig. 5.2 is recorded in Table 5.1.

1The subtree rooted at a node which has a rank of 1 among siblings is considered as the

leftmost subtree.
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b 0

C d

Figure 5.3: Euler sequence for the tree in Fig. 5.1

If Z and Z are arcs corresponding to an edge (cn, fn), then the level of Z or Z,

denoted as (Z) or 1(Z), is defined as the level of the child-node, en, in the tree

where the root is assumed to be at level 0. With respect to Fig. 5.2, (E) =

level(f) = 1, and (C) = level(d) = 2. A level (of the tree) with only one edge is

designated as trivial. Otherwise, it is a non-trivial level.

As mentioned in Section 4.2, most of the existing algorithms solve a tree-

traversal problem by first building a successor function (denoted by NEXT) which

characterizes the successor of a node in the required order of traversal, and then

applying a linked list ranking algorithm. Our approach is similar, but it utilizes a

novel idea which converts a breadth-first tree-traversal problem into a parentheses

matching problem. The conversion is performed by associating each forward and

each backward arc (excluding the leftmost and the rightmost arcs at each level

of the tree) of the arc-sequence with a right and a left parenthesis, respectively.

A forward (backward) arc is called a right (left)-parenthesis-associated arc. In

Theorem 5.1, it will be shown that this conversion produces a well-formed sequence

of parentheses, called the Euler sequence, corresponding to an input tree. The

Euler sequence for the tree in Fig. 5.1 is shown in Table 5.1. The leftmost and
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the rightmost arcs at each level of the tree are also identified. Fig. 5.3 shows the

parentheses assigned to the arcs corresponding to the Euler sequence.

Computing the match of a left parenthesis with a right parenthesis in the

Euler sequence enables left-parenthesis-associated arc, say V, to be paired with

right-parenthesis-associated arc, say U, in the following sense. The arc U is the

closest (towards right in the arc-sequence) to arc V among all arcs of the tree

which are at the same level as U and V. In other words, starting from 1, if we

number the arcs at each level from left to right and if V is the ith arc at a level,

then U is the (i + 1)th arc at the same level. With respect to such numbering

on arcs, we define the successor of the kth arc at a level as the (k + 1)th arc,

if the kth arc is not the rightmost arc at that level. Otherwise the successor is

the leftmost arc at the next higher level. Note that the pairing of left- and right-

parenthesis-associated arcs gives rise to the value of NEXT function for the nodes

(excluding the rightmost one) at a level, while that for the rightmost node at a

level is obtained by considering the successor of the rightmost arc at that level.

The NEXT value of the root-node is always given by the leftmost node at the first

level, where the root is at level 0. Once the NEXT function is computed, we apply

a linked list ranking algorithm. The ranks of tree-nodes yield the breadth-first

traversal, where the rank of a node is the number of nodes preceding it (including

itself) in the linked list, NEXT.

Table 5.1 Euler Tour and Euler Sequence
Arc sequence A B P CCAD D E F PEP
Level of arcs 1 2 2 2 2 1 1 1 1 2 2 1
Leftmost arcs x x

Rightmost arcs x x
Euler sequence ( ) ( ( ) ( ) )
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5.1.2. Identification of Leftmost (Rightmost) Arcs

The levels of arcs can be computed as follows. Let (ai, a2 ,..., a2(,1)) be the arc-

sequence of an input tree having n nodes. Assign a weight of +1 and -Ito each

forward and backward arc, respectively, in the arc-sequence. Then the prefix sum

for an arc a, denoted as prefixsum(ai), yields the level of the tree-node to which

this arc leads. And the level of a;, for 1 i S 2(n - 1), is given as

(ai) = prefixsum(a;) if a is a forward arc

prefixsum(ai) + 1 if a is a backward arc.

For example, corresponding to the arc-sequence in Table 5.1, I(C) =

prefizxsum(C) + 1 = (1 + 1 - I + I - 1) + 1 = 2, and (E) = prefixsum(E) =

(1+I - 1 + -1 - 1 + 1 - I+ 1) = 1.

Our aim now is to identify the leftmost arc at each level. For an arc a in

the arc-sequence, let L(ai) = max{l(ay) 11 j < i}, where l(ai) is the level

of an arc ai. Clearly, L(ai) is the largest level among arcs in the subsequence

(a,, a2, ... , ag). Then a is the leftmost arc at level l(a), if [L(a) - L(a-.1)J > 0,

for 2 C i < 2(n - 1). Note that a1 is always the leftmost arc at level (ai).

The rightmost arc at each level can be similarly identified by reversing the arc-

sequence and applying the procedure just described. The computation of L(a;),

for 1 C i C 2(n - 1), is essentially a parallel prefix-sum problem, since the

"maximum" operation is associative.

5.1.3. Formal Description and an Example

The ideas in Section 5.1.1 are formally expressed in the following algorithm for

computing the breadth-first traversal of a tree.
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Algorithm BREADTH-FIRST

Step 1. Compute the arc sequence corresponding to the Euler tour of an input

tree.

Step 2. Compute levels of these arcs.

Step 3. Identify the leftmost and rightmost arcs at each level and delete them

from the arc sequence.

Step 4. Assign a left (right) parenthesis to each backward (forward) arc in the

sequence obtained in Step 3, and designate the parentheses sequence to be

an Euler sequence.

Step 5. Solve the parentheses matching problem corresponding to the Euler se-

quence to obtain the successor of each backward arc except the rightmost one

at each level. The successor of the rightmost arc a at level I(a), excluding

the highest level, is the leftmost arc at level 1(a) + 1.

Step 6. Order the nodes by defining the NEXT function. Given a backward arc

X =< x,y > and its successor Y =< u,v >, define NEXT[x] = v. Also

define NEXT[u] = v if < u, v > is the first arc in the arc-sequence - this

is for the root-node, U.

Step 7. Apply a linked list ranking algorithm to the NEXT function and obtain

the traversal.

Example 5.2.

Let us illustrate Steps 5 through 7 of the algorithm for the input tree in Fig. 5.1,

with the help of Table 5.1. (Steps 1 through 4 have already been explained.) The

output of these steps are recorded in Table 5.2. The NEXT function is based

on arc-pairs (X, Y), and as can be seen, the leftmost arc at level one is treated

seperately.
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Table 5.2

Arc and its successor NEXT

- a b c d e fg

(BC) d

(CIF) g

(A, D) e

(DIE)f

( I B) C

Arc A b

Node a b c d e f g

NEXT b e d g f c nil

Rank 1 2 5 6 3 4 7

After computing the ranks of tree-nodes from the linked list, NEXT, the

breadth-first traversal of the input tree in Fig. 5.1 is given as a, b, e, f, c, d,9.

5.2. CORRECTNESS PROOF AND TIME COMPLEXITY

To guarantee the correctness of the BREADTH-FIRST algorithm, we need to

prove Theorem 5.1. But let us first define the nesting level of a parenthesis in a

well-formed sequence of n parentheses. Assigning +1 and -1 to each left and right

parenthesis, respectively, the prefix sum of these integers for each left parenthesis

is its nesting level. The nesting level of a right parenthesis is defined to be that

of its matching left parenthesis. For example, for the following sequence of eight

parentheses, nesting-level(P 2) = nesting-level(p 3) = nesting-level(p 4) = 2; and

nesting-level(ps) = nesting-level(pe)= 3.
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Figure 5.4: A tree of height one

( ( ) ( ( ) ) )

P1 P2 P3 P4A Ps Ps P7 Ps

Theorem 5.1. For a given input tree, the following claims are true.

1. The Euler sequence, generated by the BREADTH-FIRST algorithm, is well-

formed.

2. Each of the parentheses (in the Euler sequence) associated with arcs at the

highest non-trivial level of the tree, has a nesting level equal to 1.

3. The arc associated with the mate of a left parenthesis is the closest (towards

right) to the arc associated with the left parenthesis among all arcs in the

arc-sequence, which are at the same level.

Proof. We prove this theorem by an induction on the height, m, of an input tree.

When m = 1, the tree is of the form as shown in Fig. 5.4 and the corresponding

Euler sequence is ( )( )( ) ... ( )( )( ). Thus all claims in Theorem 5.1 are trivially

true for m = 1. Assume the theorem to be true for m = k. Consider an input
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Figure 5.5: A tree, T

N* N0
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Figure 5.6: Tree T', a Subtree of 7T
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tree T (as shown in Fig. 5.5) of height (k + 1). Let T' be the tree in Fig. 5.6,

obtained by deleting the edges and nodes at level (k + 1) in tree T. Without loss

of generality, assume there are r tree-nodes at level k having (a) child(ren). Since

the Euler tour of T traverses through the subtrees in a left-to-right fashion, the

arcs of each subtree rooted at a node N, (for 1 <i < r) of level k are placed in the

tour between a forward arc Z = < fn, en > and a backward arc Z = < cn, fn >

of level k, where these two arcs share the same child-node, cn, and parent-node,

fn, in opposite directions. The parentheses corresponding to these arcs in the

subtree rooted at a node N; form a subsequence of Euler sequence of T and it has

one of the following three forms2 .

(a) [ I... H[

(P) I [ ... ] H]

Forms (a) and (-y) are respectively chosen when node N; is the leftmost and

rightmost nodes at level k having children, and (fl) is chosen if node N; is neither

the leftmost nor the rightmost node at level k but it has children. Since node

N; is a leaf-node in tree T', arcs Z and 2 are in consecutive positions in the

arc-sequence of T'. The parentheses associated with them are given as ") (",'each

of which has a nesting level of 1 in the Euler sequence of T'. Hence the Euler

sequence of tree T can be obtained from that of T' by appropriately inserting the

Euler subsequences of the subtrees rooted at nodes N, for 1 <i < r. In fact, the

Euler sequence of T can be written as

2Here a parenthesis corresponding to an arc at level (k + 1) is distinguished from others by

a square bracket "[" or ", which actually represents the parenthesis "(" or ")" accordingly.
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(w)(W) ... (w) I I [ I [(w) ... (w)] [ I [ I [(w) ... (w)] [ I [ ](w) ... (w),

where the entity w stands for a well-formed subsequence of parentheses. Thus, by

the above form of the Euler sequence of tree T and by our inductive hypothesis,

the three claims of the theorem are true for height m = (k + 1) of the tree. Hence

the proof. 0

Theorem 5.2. The breadth-first traversal of a tree with n nodes can be obtained

in O(n/p + log n) time, using p processors on the EREW PRAM model.

Proof Step 1 of algorithm BREADTH-FIRST requires O(n/p + log n) time by

Lemma 4.1. The time complexity for each of Steps 2 and 3 is the same as that for

a parallel prefix-sum algorithm. Each of Steps 4 and 6 requires O(n/p) time using

p processors on the EREW PRAM model. Steps 5 and 7 require O(n/p + log n)

time on the same model due to the application of Theorem 3.1 and Theorem 2.3,

respectively. Therefore, the overall time complexity of the algorithm BREADTH-

FIRST is O(n/p + log n) employing p processors on the EREW PRAM model.

0

5.3. BREADTH-DEPTH TRAVERSAL OF GENERAL TREES

5.3.1. Characterization of the Proposed Solution

Our breadth-depth tree traversal algorithm is based on the observation that if

node i is the root of a subtree and node j is its closest right sibling who has at

least a child, the nodes except the root of the subtree rooted at node i will be

visited after the rightmost node at the highest level of the subtree rooted at node

j is visited. Before proceeding further, we need the following definitions.

Let yawlshc[u] be node u's youngest ancestor one of whose left siblings has
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at least a child. Define closest-lf-s-h-c[u] to be u's closest left sibling who has (a)

child(ren). The characterization of the NEXT function for breadth-depth general

tree traversal is defined as follows, where NEXT[u] denotes the successor of node

u in the breadth-depth traversal.

right-sibling[u, if u has a right sibling,

NEXT[u]= leftmost-child[u], if u has no right sibling and u has a child,

leftmost-child [closest-lf-s-h-c [yawlshc[u]],

if u has no right sibling and u has no children.

Example 5.3 According to the definitions of closet-if-s-h-c, yawlshc, and NEXT,

we have the following for the tree in Fig. 5.7.

closest-lf-s-h-c[16] = 15, closest-If-s-h-c[4] = 2; yawlshc[20] = 9, yawlshc[16] =16;

NEX T[8] = 9, NEX T[9] = 13, NEX T[20] = 11.

5.3.2. The proposed Algorithm and Examples

To come up with a linked list implementing the NEXT function, we need to

compute the values of yawlshc and closest-if-s-h-c for each node. For each node

i, We first compute LSHC[i], which is the number of left siblings (of i) who have

at least a child (denoted as LSHC[iJ).

Computation of LSHC

This is performed as follows. Initialize the array LSHC-flag such that for node i,

1, if i's immediate left sibling has at least a child,

LSHC-flag[i] =
0 otherwise.
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Figure 5.7: A general tree of 20 nodes



70

Then LSHC[i]= Z'k LSHC-flagfk] for all node k, which is node i's left sibling

including i itself.

This is actually a general linked list ranking problem of size n. The algo-

rithm COMP-LSHC implements this idea, which has O(n/p + log n) parallel time

complexity using p processors on the EREW PRAM model.

Algorithm COMP-LSHC

Step 1. /* Set up a multiple-linked-list array t-left-sibling and initialize LSHC-

flag */

for all P;,1 <i n , do

parbegin

LSHC-flag[i] := 0;

t-left-sibling[i] := left-sibling[i];

if node i is not the rightmost-child of its parent

then if node i is a leaf

then LSHC-flag [right-sibling[i]] := 0;

else LSHC-flag [right-sibling[i]]:= 1

if node i is the leftmost sibling

begin

t-left-sibling[i] -1;

LSHC-flag[i] := 0
end

parend

Step 2. /* Compute the sums for the nodes in each list. */

LINKED-LIST-RANKING(t-left-sibling, LSHC-flag, n)

Example 5.4: Referring to the general tree in Fig. 5.7, the execution of algorithm

COMP-LSHC is traced and shown in Table 5.3.
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Computation of Closest-lf-s-h-c

To compute, for each node, the closest left sibling who has at least a child, we

define multiple linked lists on the input array consisting of n nodes. The head

element of each linked list is a tree-node which has at least one child or is the

rightmost node among siblings; and the tail (terminal element) is a node whose

immediate left sibling has at least one child. Each of the elements (except the

terminal elements) in the list holds the index of its left sibling, and is assigned

a weight of 0. Each terminal element is assigned a weight of y, where y is the

index number of its left sibling. The purpose of this formulation is to relay (using

the general linked list ranking technique) the index of a node having at least

one child to its closest right sibling who also has at least one child, or who is the

rightmost node among siblings. Again, this is a general linked list ranking problem

of size n. Figure 5.8 illustrates the reduction of the computation of closest-if-s-h-c

Table 5.3 Computation of LSHC-flag

BeforeStep 2 After Step 2

node no-of-children LSHC-flag t-left-sibling LSHC-fiag

1 3 0 -1 0

2 2 0 -1 0

3 0 1 2 1

4 3 0 3 1
5 0 0 -1 0

6 0 0 5 0

7 1 0 -1 0

8 2 1 7 1

9 1 1 8 2

10 0 0 -1 0

11 0 0 -1 0

12 0 0 11 0

13 3 0 -1 0

14 0 0 -1 0

15 2 0 14 0

16 0 1 15 1

17 0 0 -1 0

18 2 0 17 0

19 0 0 -1 0

20 0 0 19 0
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to a general linked list ranking problem. In Fig. 5.8, a solid line between two

sibling nodes represents a pointer and a broken line between sibling nodes is used

to indicate that the processor associated with the left sibling passes the node's

index to the processor associated with the right sibling. The following algorithm

CLOSES T(closest-lf-s-h-c) is an implementation of this idea.

Algorithm CLOSEST(closest-lf-s-h-c)

Step 1. /* Set up a multiple-linked-list array t-left-sibling and initialize closest-

if-s-h-c which will contain the indices of each node's closest left sibling if the

sibling has at least a child. Each linked list terminates at the right sibling

of a node having children. */

for all Pi, 1 ,<i < n , do

parbegin

closest-lf-s-h-c/i] := 0;

t-left-sibling[i] := left-sibling[i];

if node i is not the rightmost-child of its parent

then if node i is a leaf

begin

t-left-sibling[right-sibling[i]] := -1;

closest-if-s-h-c[right-sibling[i]] := i

end

if node i is the leftmost sibling

begin

t-left-sibling[i] := -1;

closest-lf-s-h-c[i] := i

end

parend

Step 2. /* Broadcast the indices sorted in closest-sh-h-c *1

LINKED-LIST-RANKING(t-left-sibling, closest-lf-h-c, n)
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Example 5.5 The execution of the algorithm CLOSEST is illustrated in Table

5.4.

Computation of Yawlshc

The computation of yawlshc can be formulated similarly, but with care to avoid

read-conflicts. We define multiple linked lists based on the "parent-of" relation.

The head of each linked list is the rightmost node among siblings. Each linked

list terminates at a node which has a left sibling (may not be the closest left

sibling) with at least one child. The read-conflicts are avoided as follows. Only

the processor assigned to that node which is its leftmost node among siblings

and having at least one child, is allowed to read information from its parent

node. Assign each nonterminal element (of linked list) a weight of 0, and terminal

element a weight of y where y is the index number of this element. Figure 5.9

Table 5.4 Computation of closest-If-s-h-c
Before Step 2 After Step 2

node closest-If-s-h-c t-left-sibling closest-If-s-h-c

1 0 -1 0
2 0 -1 0
3 2 -I 2

4 0 3 2

5 0 -1 0

6 0 5 0
7 0 -1 0
8 7 -1 7

9 8 -1 8

10 0 -1 0
11 0 -1 0
12 0 11 0

13 0 -1 0
14 0 -1 0
15 0 14 0

16 15 -1 15
17 0 -1 0
18 0 17 0
19 0 -1 0
20 0 19 0
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Figure 5.9: Illustrating the reduction of the computation of yawlshc to a general

linked list ranking problem

illustrates the reduction of computation of yawlshc to a general linked list ranking

problem. The linked lists in the example are represented by a sequence of directed

arcs and the weight of each node is shown outside the circle.

The algorithm for computing yawlshc is formally described here, followed by

a parallel algorithm for breadth-depth traversal.

Algorithm YAWLSHC(yawlshc[uJ)

Step 1. /* Set up a multiple-linked-list array t-parent-of and initialize the array
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yawlshc which will hold the index of the youngest anscestor of a node, who

has a left sibling having at least a child. A node is identified as a terminal

element of a linked list if it has a left sibling which has (a) child(ren). */

for allP,1 <i<n ,do

parbegin

t-parent-of/i] := parent-of/ij; yawlshc fi] := 0;

/* for leaf but not rightmost child */

if (noofchildren[i] = 0 and rightmost-sibling[i] $ i) then

begin

t-parent-of/i]:= -1; /*terminal node */

yawlshc[i]:= i; /*i is the number to be broadcasted *1
end;

else /* for the node which has a left sibling with child(ren) *1
if LSHC-flag[i] > 0 then

begin

t-parent-of/i]:= -1; /* terminal element */

yawlshc[i] i; /* i is the number to be broadcasted */

end;

if i = root then

yawlshc[root] root; t-parent-of/root] := -1;

parend

Step 2. /* Broadcast the index of yawlshc to its descendants */

LINKED-LIST-RANKING(t-parent-of, yawlshc, n);

Using p processors on the EREW model, Step 1 of algorithm YAWLSHC

requires O(n/p) time and Step 2 requires O(n/p + log n) time, by Theorem 2.3.

Example 5.6 The execution of algorithm YAWLSHC for the tree in Fig. 5.7 is

recorded in Table 5.5.
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Breadth-Depth Algorithm

Algorithm BREADTH-DEPTH ( bd-traversal)

Step 1. /* I)efine the NEXT function */

for all Pi,1<i<n, do
parbegin

if right-sibling/i] i /* If not a rightmost sibling */
then NEXT[i] right-sibling[i]

else if noofchildren[i] 3 0 /* A rightmost one and has a child */
then NEXT[i] := leftmost-child[i]
else NEXT[i] := leftmost-child [closest-lf-s-h-c[yawlshc[i]];

temp-ranki]:= 1; /* Initialization */
parend.

Step 2. /* Initialize linked list pred */

for all P,1<i<n, do
parbegin

Table 5.5 Computation of yawlshc
Before Step 2 After Step 2

node t-parent-of yawlshc yawlshc
1 -1 0 1
2 1 0 1
3 -1 3 3
4 -1 4 4
5 -1 5 5
6 2 0 1
7 4 0 4
8 -1 8 8
9 -1 9 9
10 7 0 4
11 -1 11 11
12 8 0 8
13 -1 13 13
14 -1 14 14
15 13 0 13
16 -1 16 16
17 -1 17 17
18 15 0 13
19 -1 19 19
20 18 0 13
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if i = root then

begin

pred[root] := -1; temp-rank[root]:= 0;

end

else pred[NEXT[i]]|:= i;

parend.

Step 3. LINKED-LIST-RANKING( pred, temp-rank, n);

Step 4. /* put the result onto the output parameter */

for all P,1 < i < n, do

bd-traversalftemp-rank[i]] := i

Using p processors on EREW model, Steps 1, 2, and 4 of algorithm BREAD-

DEPTH require O(n/p) time, whereas Step 3 requires O(n/p + log n) time, by

Theorem 2.3. Thus,

Theorem 5.3. The breadth-depth traversal for a general tree of size n can be

computed in O(n/p + log n) time using p processors on EREW PRAM model.

Proof: Follows from the complexity analyses of algorithms COMP-LSHC, CLOS-

EST, and YAWLSHC. C

Once the arrays, yawlshc and closest-If-s-h-c, are obtained, the NEXT function

can be computed according to the characterization. The traversal problem is thus

reduced to a list ranking problem. Apply the list ranking algorithm to obtain the

breadth-depth traversal. The Algorithm BREADTH-DEPTH implements this

process, which computes the desired taversal for the general tree in Fig. 5.7 as 1,

2, 3, 4, 7, 8, 9, 13, 14, 15, 16, 17, 18, 19, 20, 11, 12, 10, 5, 6.
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5.4. DisCUSSION

We have presented two cost-optimal parallel algorithms for the breadth-first and

breadth-depth tree-traversal problems. The approach to the breadth-first tree-

traversal is based on a novel idea which converts the problem into a parentheses

matching problem. This idea, in fact, can be applied to parallelizing many se-

quential algorithms based on stacks or queues. (This will be demonstrated in

Chapter 7.) The approach to the breadth-depth tree-traversal problem is based on

a reduction of this problem to the general linked list ranking problems. The poli-

cies for processor scheduling undertaken in the linked list ranking and parentheses

matching algorithms solve the major scheduling difficulties for the two level-order

tree-traversal problems discussed here.



CHAPTER 6

EFFICIENT PARALLEL ALGORITHMS ON INTERVAL

GRAPHS

In this chapter, we design parallel algorithms for finding a DFS tree, a BFS tree

and a BDS tree, articulation points and bridges of an interval graph. Each of our

algorithms requires O(log n) time using 0(n) processors on the EREW PRAM

model. To the best of our knowledge, the proposed algorithms for finding artic-

ulation points and bridges of an interval graph have better performance in terms

of the processor-time product than the existing algorithms [RR90], yet attaining

the same time complexity. Furthermore, we propose for the first time an efficient

parallel algorithm for finding a breadth-depth spanning (BDS) tree of an interval

graph. Our novel approach to the construction of BFS and BDS trees is based on

elegantly capturing the structure of a given collection of intervals. The structure

reveals important properties of the corresponding interval graph, and therefore, is

found to be instrumental in solving many other problems on such graphs, includ-

ing maximum cardinality matching and shortest path problems. The proposed

approach to the construction of a DFS tree is based on reducing the problem into

an all dominating neighbors (ADN) problem. Though the performance of this

algorithm is comparable with the best-known one [Kl89], our result is important

because of its simplicity and elegance.

80
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6.1. TERMINOLOGY AND PRELIMINARIES

Recall the definition of an interval graph from Section 2.2.2. In this section, let

us first define terminology related to a given collection of intervals, I = {I; =

[ai , bi | ai < 1b;}.

1. The left and right endpoints of I; are lendpt[I] = a and rendpt[Ii] =b,

respectively.

2. A linear order J= can be defined on two distinct intervals as follows: I; I

if b < b, or (bi = b1 and ai < a1 ). The collection I of intervals is said

to be in ascending (or descending) order if Ii 1= Ii+i (or Ii+i H I), for all

1 < i < n.

For the following three definitions, the collection I is assumed to be in the

ascending order of H.

3. For I E I,

Ominright(I) = I , if b = min{bAkfIak < bi : b, k > i}

Inil,otherwise

and

Omnaxright(lI) = I, if bj = max{bk I |ak b; : bk,k > i}

O inil, otherwise.

4. Let Idom = (Ii 1 , , I;) be a subsequence of I. Then each element of Idam is

called a dominating intervalif IA, = I1, I,. = I, and I. = Omaxright(I,_,)

for 2 C k <m. And this subsequence is called a dominating sequence.
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Example 6.1: Consider a collection of intervals I = {I; f 1 5 i 5 11} as

depicted in Fig. 2.2. The corresponding interval graph, Gr, is shown in Fig. 2.3.

With respect to Fig. 2.2, Ominright(1) = 14 and Omaxright(1) = 17. Also,

Idom = (I1, I7, 18, I11) is a dominating sequence where each of 11, 17, 18 and 1I

is a dominating interval.

Next we introduce a few basic concepts used in this paper, followed by the dis-

cussion of several important results related to intervals and dominating intervals.

Lemma 6.1. Given a collection I of intervals,]I can be sorted in ascending order

in O(log n) time using O(n) processors on the EREW PRAM model.

Proof: Sort I's in ascending order of their left endpoints, and then right end-

points, by applying Cole's mergesort algorithm [C088]. 0

Lemma 6.2. The computation of Omaxright(I3), for all I i , can be performed

in O(log n) time using O(n) processors on the EREW model.

Proof : The algorithm for computing Omaxright(I), for 1 C i < n, and its

correctness proof are given in [OSZ91]. For a better understanding, we give a

sketch here. First, sort the endpoints of n intervals in I in ascending order, and

let it form a sequence (c1,. , c). Then assign a weight to each of these elements

as

weight[ci]= b, if ci = ay

-00, otherwise.

The prefix maximum operation on the assigned weight sequence yields the desired

result. 0

A direct application of Lemma 6.2 checks the connectivity of an interval graph

G, assuming I is sorted in ascending order. The graph is connected if there does

not exist an interval Ii E I, such that Omaxright(Ij) = nil and i : n.
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In the following, we show how to compute the dominating intervals of a

given collection I in ascending order. (Without loss of generality, assume that

I1 = '2 = ... = I.) This is done by constructing a tree represented by the

"parent-of" relation on its nodes. The tree is rooted at node (or interval), I, and

Omaxright(I,) is the parent of node I. An edge (I,, Omaxright(I1 )) in the tree

can be thought of as two arcs in opposite directions.

We then construct an Euler tour as in Section 4.1, which starts from the root

node of the tree and returns to it after traversing each arc exactly once. Assign

a weight of zero to each arc except a weight of 1 to the arc represented by the

ordered pair < I, Omaxright(1) >. Then compute the prefix sum for each arc

in the Euler tour. Now the difference between the prefix sums for the arc entering

a child-node from its parent and that for the arc leaving the child-node toward its

parent determines the following. If the difference is 1, the child-node is associated

with a dominating interval; otherwise it is not. This technique can also be used to

compute in parallel lowest common ancestors of leaf nodes of a general tree. Fig.

6.1 shows the tree constructed using "parent-of" relation which is derived from

the computation of Omaxright. The figure also depicts the Euler tour, where

the number along each arc gives its prefix sum. The dominating intervals are

identified with a mark "*".

Lemma 6.3. Let an interval graph G1 , corresponding to a collection I of inter-

vals, be connected. The dominating intervals of I can be identified in O(log n)

time using O(n) processors on the EREW PRAM model.

Proof : The correctness of this lemma is clear by the preceding discussion. Since

the computation of Omaxright dominates the time and processor complexities of



84

0
111

00

1 2 I14 5 1 6I

Figure 6.1: Euler tour for computing the dominating sequence corresponding to

Figs. 2.3 and 2.4.

the Euler tour construction [CDA91, TV85] and prefix sum algorithms, the lemma

follows. 0

6.2. BFS AND BDS TREES

Let Iorn = (h'-, - - -, i.) be a dominating sequence of a given collection I, which

is assumed to be in ascending order and also let the graph Gr be connected.

Then Io, divides the collection I into m groups such that the jth group is

g = {Ik I ij-1 < k < i1 }. In each group gy, we mark the intervals which intersect

with I;,_,. We also assign level numbers j and j+1 to each marked and unmarked
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intervals in g,, respectively. More formally, for Ik E gj, let us define

mark[Ik] = {true, if ik n I,, # 0

false, otherwise

and

level[Ik] = j, if mar k[Ik ] = true

j + 1, otherwise.

Then two important properties about the structure of interval graphs can be

derived, which are presented in the following. Theorem 6.1 implies that such an

interval graph is layered, and edges are restricted to nodes belonging to the same

level or adjacent levels only.

Theorem 6.1. For each edge (I, k) in graph G17, I level[11] - level[ Ik]| < 1.

Proof : Without loss of generality, assume level[I] = j. Then there are two

possible cases:

(i) It is an unmarked member in g- 1 ; i.e. mark[I1] = false and I E gj-1,

(ii) It is a marked member of group g; i.e. mark[I] = true and h E gj.

In Case (i), rendpt[I,] < rendpt[Ii,_J. Since I, has the largest right endpoint

among those intervals overlapping with I,_,, lendpt[I] > rendpt[I,, j, for all

p > ij. In other words, I, does not overlap with Ii , for p > i,. Since level[I,] >

j + 1 for p > i,, the claim is true.

Now in Case (ii), rendpt[II] < rendpt[I,] 5 rendpt[Ii,+,] < lendpt[I], for

p > ij+i. Therefore, I, does not overlap with It, for p > ij+1. But level[I] > j + 2

for p > ij+1. Thus, the theorem follows. 0

Theorem 6.2. Let Ii, be a dominating interval at level j. Then the intervals at

level j + 1 overlap with I,,.
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Proof : Let I be an arbitrary interval such that level[I:] = j + 1. It can either

be an unmarked member of gy or a marked member of 9j+i. In the first case, I

is unmarked, and a, 1  b 1j_, < a, b1 5 b,. This implies that Il overlaps with

I,. On the other hand, if Ii is marked, I, overlaps with I, by the definition of a

marked member of group 91+1. 0

Theorems 6.1 and 6.2 provide a general characterization of interval graphs,

and also motivate the construction of the BFS and BDS trees. In fact, the BFS

tree can be constructed by visiting the nodes (i.e. intervals) from the lowest level

to the highest level, and for each level visiting the intervals in the descending

order. We formalize the algorithm as follows.

Algorithm BFS-construction(i)

Step 1. Sort I's in ascending order. (The following steps assume I's are in

ascending order).

Step 2. Compute Omaxright(I), for 1 i <rn.

Step 3. Identify the dominating sequence Idm = (I!, , Im,) of the collection

I, and assign a level number to each dominating interval hj,for 1 5 j S m.

Step 4. Identify the marked members and the unmarked members for each group

9j, by formulating an extended prefix sum problem. Each segment starts

from the (i1 + 1)th position and ends in the (iy+1 )th position. Relay the

values ai 3 and b, to each processor associated with the interval in group

91+1, by an extended prefix sum algorithm.

Step 5. The BFS tree can be constructed by selecting the tree edges (A7,I ,I)

and (I, I), where I, is the unmarked member of gi and Ik is the marked
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member of gy+1 , for 1 j , m. (In both cases, Ii, is the parent.)

Example 6.2: Refer to the collection of intervals in Fig. 2.3, and the correspond-

ing interval graph in Fig. 2.4. The marked members of each group are identified

with "*" next to their node and the dominating intervals are identified with "*"

in circles. The edges of the BFS tree, computed according to Step 5 of Algorithm

BFS-construct, are identified by thick line segment between two nodes in Fig. 2.4.

Theorem 6.3. The BFS tree of the graph corresponding to a collection of in-

tervals can be constructed in O(log n) time using O(n) processors on the EREW

PRAM model.

Proof : The correctness is guaranteed by Theorems 6.1 and 6.2. The overall time

complexity is given by those of the sorting algorithm, computation of Omaxright

and dominating intervals, and the extended prefix sum algorithm. Since the time

complexity of the sorting algorithm predominates the performance, the theorem

follows. C

It is worth pointing out that from the existing approaches, it is not easy to

design an efficient parallel algorithm for constructing a BDS tree in an interval

graph. This is due to the lack of general characterization for its solution. However,

since our approach captures the structure of an interval graph, it leads to a simple

but elegant solution.

Theorem 6.4. The BDS tree of the graph corresponding to a collection of in-

tervals can be constructed in O(log n) time using O(n) processors on the EREW

PRAM model.

Proof : As a consequence of Theorem 6.2, the BFS tree constructed by Algorithm

BFS-construct is also a BDS tree. Such a BDS tree corresponds to the graph



88

traversal in which all nodes (i.e., intervals) adjacent to a given node are visited in

an ascending order. 0

6.3. DFS TREE AND ITS APPLICATIONS

Just like the DFS tree construction algorithm in [RR90, KJ89, MJ88], our al-

gorithm constructs a DFS tree of an interval graph by selecting tree edges (Ii,

Ominright(I)), where Ominright(Ii) is the parent of node Ii. However, the

difference lies in the computation of Ominright(Ij), for all 1 < i < n. In the

following, we give a novel approach which converts this computation to an all

dominating neighbors (ADN) problem.

Algorithm OMINRIGHT()

1. Sort Ii's in ascending order. (Assume I's in ascending order after this step.)

2. Solve the ADN problem for the sequence, (ai, b 1 , a2 , b2 ,.. -, an, b). For the

sake of understanding, let the index i be denoted as Ind(bi).

3. Assign Ominright(I) = 'Ind(da(b,)), where ds(bi) is the dominating successor

of b;, for 1 <i < n.

Example 6.3: With respect to Fig. 2.3, ds(b4 ) = a7 and ds(b5 ) = a6 . Therefore,

Ominright(I4 ) = 17 and Ominright(15) = 16.

Theorem 6.5. The Ominright(I), for 1 < i 5 n, can be computed in 0(log n)

time using 0(n) processors on the EREW PRAM model.

Proof : We first show that ds(bi) $ b1 for some j. If it is, then we have a1  b1

b;. But a1 is closer to b; than b1 is. This is a contradiction. Also since IA's are in
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ascending order, b ipb- b. This implies that I = Ominright(Ij). Steps 1

and 3 require O(log n) time using O(n) and 0(4n) processors, respectively, on

the EREW PRAM model; whereas Step 2 requires O(log n) time using 0( )

processors on the EREW model [K189]. Therefore, the theorem follows. 0

It is known that the DFS algorithm have many important applications. In the

following, we present parallel algorithms for finding the articulation points and

bridges of a given interval graph. Each of these two algorithms attains the same

performance as that of the DFS algorithm.

After a DFS tree is constructed, we number each node I by its depth-first tree-

traversal order, denoted as DFSid(I). A DFS tree constructed from the interval

graph in Fig. 2.4 is shown in Fig. 2.5, where the first component of the quadruple

beside each node is its DFSid. A node, 1, is an articulation point if no back edge

from the nodes (excluding I) of the subtree rooted at I leads to a node having

a lower DFSid. Similarly, a tree edge, (Ii, Ominright(Iy)), is a bridge if no back

edge from the nodes (including I) of the subtree rooted at node I, leads to a node

with a lower DFSid. Therefore, the key to finding articulation points and bridges

relies on computing the node with the smallest DFSid with the back edges from

each node can lead to. This computation uses the folowing lemma.

Lemma 6.4. Let I, and 1 be two nodes led to from two back edges of a node

h1. If I, |= I, then DFSid(4I) <DFSid(I,).

Proof: Assume on the contrary that DFSid(Iq) DFSid(I,). Then starting

from node 19 and following the tree edges to reach parent of each node recursively,

we can reach node I,. Since the parent of each node IA is Ominright(Ih) and the

relation = is transitive, we get a contradiction that I, H= I. 0
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6.3.1. Bridges

Let us define sidback(Ij) to be the smallest DFSid of the nodes which can be led

to from nodes (including I;) of the subtree rooted at I through back edges. Then,

for each leaf node I in the DFS tree,

sidback(Ik) { DFSid(Omaxright(Ik)), if Omaxright(I) $ Ominright(Ik)

DFSid(I), otherwise.

For each non-leaf node I,

sidback(Ik) sidbackmin(Ik), if Omaxright(Ik) = Ominright(Ik)

min{sidbackmin(Ik), DFSid(Omaxright(14)}, otherwise.

where sidbackmin(Ik) = min{ sidback( I ) Iy is a child of I}.

Clearly, the computation of sidback value at the internal nodes of the DFS tree

corresponds to evaluating internal nodes of an expression tree, which can be con-

structed from the DFS tree as follows. Initially, each leaf node is associated with

its sidback value. For each non-leaf node I4, if Omaxright(Ik) $ Ominright(I),

we add an edge connecting I and an extra leaf node which is associated with

a value DFSid(Omaxright(Ik)). The expression tree has O(n) nodes and each

internal node corresponds to an operation which selects the minimum among the

evaluated values of its child-nodes.

Corresponding to the DFS tree in Fig. 2.5, an expression tree is shown in

Fig. 6.2, where the number next to a node is its sidback value and the added

edges are shown as dotted lines. (In general, there may be several edges added

to the expression tree.) Although this tree may not be a binary tree, it can be

binarized easily according to the mechanism in Fig. 6.3, as long as each processor

associated with a node knows the number of siblings of that node and its rank
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among siblings. For each node, these two pieces of information can be obtained by

formulating general linked list ranking problems such that nodes having the same

parent form a linked list. Since the binarized tree can be shown to have 0(n)

nodes, the binarization process requires 0(log n) time using OQ( ) processors

on the EREW PRAM model [AD89]. The parallel tree-contraction technique

in [AD89] can be employed to evaluate expressions on a tree. It contracts a

tree of n nodes into a single node and also evaluates all experessions associated

with the internal nodes of the tree in 0(log n) time using 0() processors on

the EREW PRAM model. Now, a tree edge (Ii, Ominright(Iy)) is a bridge if

sidback(Iy) DFSid(Iy). This checking can be performed within the same time

and processor bounds.

6.3.2. Articulation Points

Let us define esidback(I), for an internal node I in the DFS tree, to be the

smallest DFSid of the nodes which can be led to from nodes (excluding I;) of the

subtree rooted at I through back edges. Once the sidback value for each node of

the DFS tree is computed, we can compute its esidback value in 0(log n) time using

0(n) processors on the EREW PRAM model. This is due to the fact that we can

put the nodes with the same parent into a group (which are stored in contiguous

locations of an array) by Cole's sorting algorithm [C088]. The minimum of the

sidback values of the nodes in the same group is the esidback value of their parent.

An internal node I is an articulation point if esidback(Iy) > DFSid(Ij). This

checking requires 0(log n) time using 0(4) processors on the EREW model.

Let us summarize the results of the preceding two subsections.

Theorem 6.6. The bridges and articulation points of a given interval graph can



93

be identified in O(log n) time using O(n) processors on the EREW PRAM model.

Example 6.4: Referring to the graph in Fig. 2.5, the third component of the

quadruple beside each node gives its esidback value. In this figure, I1, 12, 1 s, and

19 are not internal nodes with respect to the DFS tree (shown in thick lines), and

therefore esidback values are not defined for them. By comparing the DFSid with

esidback of each node, it is easy to identify that 17, '8, and I, are articulation

points for the interval graph in Fig. 2.4. Similarly, comparing DFSid with sidback

for each node determines that edges (17, I) and (1, I11) are bridges in the interval

graph shown in Fig. 2.4.

6.4. DiscussioN

We have presented parallel algorithms for finding DFS, BFS and BDS trees; ar-

ticulation points and bridges of an interval graph. Although these algorithms

are efficient, they are not cost-optimal. The bottleneck is in using Cole's sorting

algorithm, which requires O(log n) time for n integers, using O(n) processors on

the EREW PRAM model. Therefore, a cost-optimal parallel algorithm for each

of the problems solved here must adopt an approach without using such a sorting

algorithm. Nevertheless, our results are comparable to the best of the existing

ones [K189] and our approach is more fundamental. For example, by using the

property that any interval graph is layered, we are able to construct for the first

time a BDS tree.



CHAPTER 7

APPLICATIONS OF THE PARENTHESES MATCHING

PARADIGM

As an application of the parentheses matching paradigm developed for the

breadth-first tree-traversal problem, we design two simple but elegant parallel

algorithms. The problems include sorting a special class of integers in which any

two successive integers of the input sequence differ at most by unity, and coloring

an interval graph with the minimum number of colors. The sorting algorithm is

stable and has many applications in such areas as computer graphics and com-

putational geometry. The performance of the sorting algorithm is the same as

that for our breadth-first traversal of general trees. The parallel coloring algo-

rithm is cost-optimal which requires O(log n) time using 0(n) processors on the

EREW PRAM. These two parallel algorithms demonstrate the potential of the

proposed parentheses matching paradigm, which may also be applied to efficiently

parallelize a class of sequential algorithms based on stacks or queues.

7.1. PREVIOUs WORK ON INTEGER-SORTING

Because of important applications of integer sorting, numerous parallel algorithms

have been developed for this problem. Here we are interested in sorting a special

class of integers (defined later). Since a related concept is bucket sorting in which

the integers are limited within a specified range, we give an overview of existing

94
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parallel algorithms for bucket sorting n integers. Kruskal et al [KRS86] and Wag-

ner and Han [WH86] proposed algorithms for sorting integers in the range [1 ..

m], which require O( , 4my-) and O([log m/ log(n/p + logp)](n/p +log p)) time,

respectively, on the p-processor EREW PRAM model. Cole and Vishkin [CV86a]

designed another EREW algorithm which runs in O(log n) time using O(n/log n)

processors, but the integers belong to the range [1 .. log n]. Hagerup's [HA87]

algorithm has O(log n) time complexity using O("hlog ") processors; and Reif

[RE85b] developed the first cost-optimal (randomized) algorithm which runs in

O(log n) time using O( 4 ) processors. The algorithms in [HA87, RE85b] sort n

integers in the range [1 .. n] on the CRCW PRAM.

7.2. PARALLEL INTEGER SORTING ALGORITHM

The technique presented in Section 5.1 can be generalized to sort a special class

of integers (SCI), in which any two successive integers differ either by 0 or 1. For

example, the sequence (4, 5, 6, 5, 5, 5, 6, 5, 4, 4, 3, 2) is an instance of SCI.

In general, given a sequence (a1, a2 ,--..., an) of n integers belonging to SCI, we

consider it as a sequence of n - 1 pairs given by (ai, ai+1), for 1 5 i < <n - 1,

occuring in consecutive places. Let us now consider a restricted subclass of integers

(RSCI) of this special class such that

(i) the input sequence starts with a pair of integers (0,1) and terminates with a

pair (1, 0), and the integer 0 cannot occur anywhere else in the sequence,

(ii) no integer of the sequence repeats in two consecutive places, i.e. any two

successive integers differ exactly by 1.
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For example, (0,1, 2, 3,4, 5,4, 5, 4, 3,2, 1,2,3, 2, 1, 0) gives an instance of such a se-

quence in RSCI. One interesting property of this subclass is stated in the following

theorem.

Theorem 7.1. There exists a tree such that the level numbers of nodes visited

while traversing the tree according to its arc-sequence, correspond to a given

sequence of integers in the subclass, RSCL

Proof. The proof is clear from the following simple (sequential) algorithm which

constructs such a tree using a stack, where the tree is represented by "leftmost

child and right sibling" information for each node. 0

Algorithm TREE-CONSTRUCTION

Step 1 Read the first integer of the input sequence;

Get a new node, nd;
value[nd] +- 0;

leftmost-child[nd] +-- nil;

rightmost-child[nd] +- nil;
current +- nd; /* Current node */

Step 2 Read the next (input) integer into variable, nx;

while nx $ 0 do
begin

if nx > value[current] then

begin

Get a new node, nd;
leftmost-child[nd] +- nil;

rightmost-child ndj *-- nil;

value[nd] +- nx;

if leftmost-child[current] = nil then

begin
rightmost-child[current] +- nd;
leftmost-child[current] +- nd;

end
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else right-sibling[rightmost-child[current]] +- -nd;

Push current into the stack;

current +- nd;

end

else Pop top of the stack and assign it to current;

Read the next integer of the sequence into nx;

end.

Theorem 7.1 enables us to view a pair of consecutive integers, say (a;, ai+,)

where al = a; 1, in a given sequence of RSCI as follows. They, respectively,

denote the level numbers of nodes n; and nm+1 corresponding to an arc from ni to

n;+j in a conceptual tree. An arc is forward (or backward) if ai is greater (or less)

than ai+,. Such an arc will be represented as < lai, lat.+, >, where lcr stands

for the label' of the ith input integer, a;. Note that these labels actually depend

on the positions of integers in the input sequence rather than on their values.

In other words, lair $ lay even if ai = a1 for i $ j. Also, by our construction,

different labels may represent the same node of the conceptual tree.

In Section 5.1, it has been shown that by associating a left (or right) parenthe-

sis with a backward (or forward) arc and by solving the corresponding parentheses

matching problem, we obtain the successor of each backward arc (if it is not the

rightmost arc) at a level of the tree. Furthermore, the successor of the rightmost

(backward) arc at any level is the leftmost arc at the next higher level. Now

the successor of each forward arc can be computed in a similar way, but by as-

sociating each forward and backward arcs (including the leftmost and rightmost

ones) at each level with a left and right parentheses, respectively. The sequence of

parentheses thus obtained is designated as a complementary Euler (or C-Euler)

1We introduce the concept of "label" for input integers in order to avoid confusion with other

integer values, namely levels of arcs or ranks of tree-nodes.
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sequence.

The parent- and child-nodes of these successor arcs impose an ordering of

labels for input integers. However, an ordering obtained only from parent-nodes

(or child-nodes for that matter) is partial in the sense that different labels may

represent the same node in the conceptual tree. This is illustrated in Example 7.1.

A complete ordering is obtained from the following subalgorithm by computing

succ[lac], the successor of each input label lai for 1 < i < n, with the help of both

the parent- and child-nodes of successor arcs.
Subalgorithm ORDERING

Step 1. Initialize entries of an array succ to "*", which stands for a "nil" value.

Step 2. For each arc < lai, 1ai+1 > for 1 <i < n, order the input-labels according
to their successors as follows. Let the successor of arc < x, y> be < u, V >
then

1. succ[x] = v if < x, y > is a forward arc and x $ v;

2. succ[x] = v if < x, y > is a backward arc but not the rightmost arc at
the highest level;

3. succ[y] = u if'< x, y > is the rightmost arc at level 1.

Example 7.1

Let us illustrate the major steps of the preceding ideas for sorting a sequence of

integers in the subclass RSCI. Figure 7.1 depicts a conceptual tree corresponding

to the given input sequence. The Euler and C-Euler sequences are shown in Table

7.1. As a convention, the level of an arc < lag, la+1 > is written under the

input-label lai+1. The contents of array succ, after the execution of Step 2 of

subalgorithm ORDERING, is shown in Table 7.2. Note that after Substep (1),
there are undefined successor values for some input-labels. The complete ordering

is obtained after executing Substeps (2) and (3). Thus the sorted list of input-
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a o

b h j A

c e g k m

d I

Figure 7.1: A conceptual tree

labels is (a, o, b, h, j, n, c, e, 9, i, k, m, d, f, 1) and the corresponding (sorted)

output sequence of integers is (0, 0, 1, 1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 3, 3).

Table 7.1 Euler and C-Euler Sequence

Input Sequence 0 1 2 3 2 3 2 1 2 1 2 3 2 1 0

Label a b c d e f g h i j k I m n o

Level ofArc - 1 2 3 3 3 3 2 2 2 2 3 3 2 1

Leftmost Arcs - x x x

Rightmost Arcs - x x x
Euler Sequence -

C-Euler Sequence - (
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Table 7.2 Computation of succ

After Substep (1) of Step 2

input label]a b c d e f g h i j k I m n o

Succ o h e * g * * j n m * * * *

After Substeps (2) and (3) of Step 2

input label a b c d e f g h i j k I m n o

Succ o h e f g I i j k n m d c b

rank 1 3 7 13 8 14 9 4 10 5 11 15 12 6 2

The correctness of the proposed algorithm for (stable) sorting our subclass of

integers depends on the following two lemmas.

Lemma 7.1. The C-Euler sequence corresponding to a tree constitues a well-

formed sequence of parentheses.

Proof. This can be easily proved by induction on the height of the given tree. 0

Lemma 7.2. The mate of a left parenthesis in the C-Euler sequence is associated

with a backward arc which is the successor of the left-parenthesis-associated arc.

Proof. From the definitions of nesting level of a parenthesis and the arc-sequence

of the given tree. 0

The preceding integer-sorting algorithm can be modified to relax restriction

(ii) mentioned at the beginning of this section, thus including the case in which

an integer may repeat in consecutive places of an input sequence. In fact, we

build a linked list consisting of these repeated integers and use a representative

for this list. By this mechanism, we convert the original input sequence into one

belonging to the subclass RSCI. After sorting, we replace the representative by

the linked list in order to obtain the desired sorting of input integers.
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Restriction (i) can also be relaxed by finding the smallest element of the se-

quence, denoted by min, and subtracting (min - 1) from each element. This

mechanism does not destroy the relative ordering among input integers. Let a1

and aj be, respectively, the first and the last elements of the sequence after the

subtraction operation. Now, if necessary, we append integers (0, 1,... , af -1) and

(at -1, al -2,...,1,0), respectively, to the beginning and the end of the sequence.

Then the sorting algorithm for the RSCI is applied to this new sequence, and the

appended elements are deleted in order to obtain the desired output. Finding

the smallest element and deleting the appended integers are parallel prefix-sum

problems of size 0(n). Therefore, we have the following.

Theorem 7.2. The special class of integers (SCI) of size n can be sorted in

0(n/p + log n) time using p processors on the EREW PRAM model, where n is

the total number of integers.

7.3. MINIMUM COLORING OF INTERVAL GRAPHS

In this section, we consider the problem of coloring an interval graph G with

a minimum number of colors such that no two adjacent nodes in G have the

same color. Our approach to this problem is an elegant parallelized version of the

sequential algorithm proposed in [DS83, GLL79].

7.3.1. Sequential Algorithm

It can be described in the following steps.

1. Sort the 2n input coordinates of all intervals in increasing order into array
d[1 .. 2n].

2. Construct a stack AVIL = [1, 2, - , n] with 1 on top of the stack.
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3. For i := 1 to 2n do

(a) If d[i] = ai for some j then color[j] := pop(AVIL);

(b) If d[iI = bk for some k then push(color[k], AVIL);

7.3.2. Parallel Algorithm

The proposed parallel algorithm avoids the use of a stack in a novel way by

converting the interval graph coloring problem into a linked list ranking problem.

Our algorithm consists of four steps as outlined below.

Step 1. After sorting the 2n input coordinates in increasing order into d[1 .. 2n],
construct an array well[l .. 2n] of well-formed sequence of 2n parentheses
by the following assignment. For 1 < i < 2n,

(, if d[i] = a, for some j
well[i] =

=), if d[i] = b for some j.

The nesting level of a parenthesis is as defined in Section 5.2. The depth of

an endpoint d[i], for 1 < i < 2n, is defined to be the nesting level of the

parenthesis in well[i], which corresponds to d[i]. Clearly, the depths of d[i]

form a sequence in a special class of integers in which any two successive

integers differ at most by unity.

Step 2. Sort d[i]'s in the increasing order of their depths by applying the parallel

algorithm proposed in Section 7.2 for sorting such a sequence 2 . It is clear

that elements for each depth of the sorted sequence must start with a; and

terminate with b, for some i and j. Moreover, a's must alternate with b;'s

at each depth.
2 Cole's parallel merge sort can also be applied, but the parallel sorting algorithm proposed

in Section 7.2 has better processor-complexity for this special class of integers.
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Step 3. Build multiple linked lists as follows. For each b, which is not the last

element at the depth of b;, set a pointer from I to I if b is followed by a1

in the sorted sequence obtained from Step 2. Initially, assign

color[I] = Jdepth[aJ], if ai is the first element at depth[ai]

0, otherwise.

Step 4. Apply the general linked list ranking algorithm [CV88] such that intervals

in the same linked list receive the same color number. The largest depth

of endpoints yields the minimum number of colors required for properly

coloring the interval graph.

The correctness of our proposed parallel-coloring algorithm depends on that of

the sequential algorithm [DS83, GLL79]. This is because once color[Ik] is pushed

onto the stack, it can be popped off only after this push operation is followed by

the same number of push and pop operations. This corresponds to the calculation

of nesting levels of parentheses in the proposed parallel algorithm.

Theorem 7.3. The minimum coloring problem for an interval graph can be

solved in O(log n) time using O(n) processors on the EREW PRAM model.

Proof. The time complexity is dominated by sorting the 2n input coordinates,

whcih requires O(log n) time using O(n) processors on the EREW PRAM by

Cole's parallel merge sorting algorithm [C088]. Each of Steps 2, 3, 4 requires

O(log n) time using O( 4.) processors on the EREW PRAM. Note that the par-

allel sorting algorithm presented in Section 7.2 can be applied in Step 2, which

requires O(log n) time using 0(n) processors on the EREW PRAM. 0
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0 2 0 0

4 0 0 0 3 0

Figure 7.2: Multiple linked lists and initial color assignment.

Example 7.2: Consider again the collection of intervals in Fig. 2.2. After sorting

the endpoints in Step 1 of the parallel-coloring algorithm, we obatin a sequence

a,, a4, a7, bi, a2, a3, 6,2 63, 4, as, a6, b, 6, a, b, all, bs, 0a, a1o, b, bo, b1.

The array well[1 .. 2n] is thus constructed as

where the superscripts are the nesting levels and the subscripts are the indices of

the parentheses corresponding to the endpoints of given intervals.

After the sorting in Step 2, we have

Depth 1: ai, b

Depth 2: a4,4, , as, Ns, a8, b, ai, 4, a9, bo

Depth 3: a7, 61, a2, 63, a6, bs, aio, 3b

Depth 4: a3, b2

The linked lists built by Step 3 are shown in Fig. 7.2, where the integer outside

each node is its initial color assignment. The application of the general linked list

ranking algorithm produces the final color assignments, which are depicted as the

fourth component of the quadruple beside each node in Fig. 6.3. Hence four colors
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are necessary to properly color the interval graph in Fig. 2.4.

7.4. DisCUSSION

We have presented two cost-optimal parallel algorithms for sorting a special class

of integers and coloring an interval graph with the minimum number of colors.

These two and the the cost-optimal algorithm for the breadth-first tree-traversal

presented in Chapter 5 show the potential of the parentheses matching paradigm.

It is interesting to see how this paradigm is related to the stack- or queue-based

sequential algorithms.



CHAPTER 8

SUMMARY AND FUTURE RESEARCH

In this dissertation, we have presented an adaptive parallel algorithm for paren-

theses matching, which requires O(n/p+ log n) time and O(n+plog p) space using

0(p) processors on the EREW PRAM. It thus achieves optimal speedup and re-

quires 0(n) space for p < n/log n. In terms of parallel time complexity, our

algorithm is comparable with those of the two existing cost-optimal algorithms

on the EREW model [DP91, TLC89], but it outperforms the algorithm in [DP91]

in space complexity while using the same number of processors. In addition to

its adaptiveness, our algorithm does not uses pipelining as adopted in [TLC89],

neither does it use complicated data structures as proposed in [DP91]. Further-

more, the underlying approach is conceptually simpler in the ways processors are

scheduled and tasks are partitioned.

Since our implementation use a small amount of shared memory, this algorithm

is suitable for implementation on distributed-memory or fixed-connection comput-

ers as well. However, there is no known parallel algorithm for linked list rank-

ing (on hypercube machines) which requires 0(log n) time and yet cost-optimal.

Therefore, a cost-optimal parallel algorithm for the parentheses matching problem

for hypercube computers, is a promising topic for future research.

We have unified several parallel algorithms for pre-order, in-order, and post-

order traversals of trees into a more generalized form. Our approach uses only

a single characterization for these three traversals on general trees with n nodes.
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It requires O(n/p + log n) time employing p processors on the EREW model,

which thus achieves optimal speedup for p < n/log n. It is demonstrated that

the traversal algorithms based on our approach are robust in the sense that their

parallel time complexities are independent of the commonly-used representations

of trees. The obtained results are important because they can be used to eliminate

the restrictive assumptions on the input in [DP186, M186], and to improve the time

complexity of graph algorithms which make use of tree-traversal algorithms, such

as those in [CH88, DD88, TV85, GB84b].

We have also presented adaptive parallel algorithms for the breadth-first and

breadth-depth tree traversals on the EREW PRAM model. Each of these two

algorithms requires O(n/p + log n) time using O(p) processors. It thus achieves

optimal speedup for p 5 n/log n. To the best of our knowledge, each of the pro-

posed algorithms is the first parallel level-order, tree-traversal algorithm which

achieves O(log n) time complexity employing O(n/ log n) processors on the EREW

model. Using this result, it is shown by Chen and Das [CD91a] that the parallel

time complexity of tree-traversal - both level-order and depth-order - algorithms

remain the same, no matter which one of the three commonly-used input represen-

tations is used, namely "leftmost child and right sibling", "parent-of with implicit

ordering of children", and "parent-of with explicit ordering of children" [AHU83,

CD91a].

On the interval graphs, we have presented efficient parallel algorithms for

finding BFS, DFS, and BDS trees, determining articulation points, and bridges,

and coloring an interval graph with the minimum number of colors. To the best

of our knowledge, the proposed algorithms for articulation points and bridges of

an interval graph outperform the existing ones in terms of processor-complexity
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and cost. Although the parallel algorithms for BFS and DFS trees, and minimum

coloring are comparable with the existing algorithms, the proposed approach is

novel.

Our elegant characterization of interval graphs reveals important properties

which is shown useful in solving many other problems including a BDS and BFS

tree construction (proposed in this paper and reported for the first time). We

believe that it is also useful in problems such as maximum cardinality matching,

all pairs shortest path, and computation of Hamilton paths and circuits. Since the

best known results for these problems are still far from being cost-optimal [MJ89,

OSZ90, SG91] and they are closely related to the structural properties uncovered

in Chapter 6, these problems will be the continuation of future research presented

in this dissertation. Along this direction, we will also consider the same problems

for other restricted graphs such as permutation graph and intersection graph,

which have many practical applications.

Other than its natural application in parsing and evaluating arithmetic expres-

sions, the proposed parentheses-matching algorithm has been used in Sections 4.1,

7.1 and 7.2 to design cost-optimal algorithms for breadth-first tree-traversal; to

sort a special class of integers, in which any two successive integers differ by unity

or remain constant in different subintervals of the input sequence; and to color

an interval graph with the minimum number of colors. These results strengthen

our belief that this paradigm may be instrumental in efficient parallel solutions

for a broad class of non-numeric problems. For future research, we would like

to expand the class of problems that can be efficiently solved in parallel, using

parentheses matching paradigm.
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