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The subject of the study is a theory of positive and

negative inquiry with emphasis in mathematics. The purposes

of this study are to examine the historical development of

systematic inquiry in mathematics, to identify the nature of

positive and negative inquiry, to propose and develop an

interrelated set of propositions regarding positive and neg-

ative inquiry, and to relate the propositions of the theory

to certain basic concepts of trigonometry.

A brief history of inquiry in mathematics is given in

three periods. Following this historical account, some

notable indirect methods of inquiry in mathematics are illus-

trated by means of proving certain theorems. The basic

results of this historical study are that successful inquiry

comes when obvious facts are challenged and the negative

possibility is accepted as a possibility.

The theory is stated in terms of seven propositions.

The first proposition states that there are certain basic

assumptions preceding inquiry. This proposition asserts

that before inquiry can begin there are certain concepts

that must be understood. In mathematics, this understanding

takes the form of undefined terms or unproved postulates.
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The second proposition states that there is given a

statement relating to the assumptions. This proposition

asserts that once the proper background and understandings

have been established, then inquiry begins to focus upon

some statement about or derived from the basic assumptions.

The third proposition states that questions affirm and/

or deny the given statement. This proposition asserts that

inquiry begins to focus upon the given statement by means

of questions. The key questions are the positive question

"What if?" and the negative question "What if not?".

The fourth proposition states that inquiry produces a

wide range of options. This proposition asserts that as a

result of the questions a number of positive outcomes and

negative outcomes are stated. This wide variety of outcomes

can be viewed as a part of creativity resulting from diver-

gent and convergent thinking.

The fifth proposition states that inquiry examines each

option in terms of a definite goal. This proposition asserts

that once a wide range of options has been stated inquiry

begins to determine which option or options are best suited

for the goals of the inquiry. This proposition might well

be called a focusing proposition in which each outcome is

focused upon by means of the questions "What if?" and "What

if not?".

The sixth proposition states that inquiry selects an

option consistent with the goals and proceeds from this
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statement. This proposition asserts that once all the out-

comes have been examined, then a best outcome is stated for

further inquiry. Further inquiry means that the outcome is

subjected to the inquiry procedure beginning at the second

proposition.

The seventh proposition states that inquiry has both

a continuous and discute component. This proposition asserts

that in one sense the inquiry terminates in a finite number

of steps, but in another sense inquiry is unending.

The propositions of the theory are related to the

introducing of trigonometry by means of Pythgorean Triples.

This approach is used to obtain some of the basic concepts

of trigonometry.
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CHAPTER I

INTRODUCTION

The question "What If Not?" has had and continues to

have far reaching effects upon many areas of mathematics. It

has been very useful as a creative tool in mathematical

research. Unfortunately, according to Walter and Brown, very

few students have had an opportunity to create mathematics

on their own (32). This is in spite of the emphasis on

understanding and creativity as goals in the teaching of

today's mathematics. There seems to be a greater interest in

having the student exposed to polished mathematics rather

than having the student able to generate problems and

solutions of an original nature (36, p. 38). McGannon says:

Today we are witnessing a tremendous surge of
interest in creativity not only by psychologists,
but also educators, business men, and governmental
agencies. Yet at the same time creativity seems
to have been ignored by mathematics educators
(13, p. 7).

The question "What If Not?" has been used in mathematics

to prove theorems. A theorem is usually stated in the

proposition form "If p, then q" where 'p' represents the

certain given statements and 'q' represents the conclusion

to be proved (_31, p. 56). To ask the question "What If Not q?"

leads to what many mathematicians call the indirect method

of proof (11, p. 38). At least three types of indirect
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proofs can be identified (18). The contrapositive proof is

done by assuming "not q" and showing "not p" to be true (11,

p. 38). The reductio ad- absurdum proof assumes both "p" and

"not q" then derives from these assumptions a manifest absurd-

ity (16, p. 162). A third type of proof using "what if not

q?" is simply a process of elimination in which one rules out

all possible conclusions except one, and, therefore, asserts

that the remaining possibility must be the correct conclusion

(25, pp. 71-72). There are many other ways in which an

indirect proof may be employed and the reason why "What If

Not?" has not been used more in the classroom may be indi-

cated in the following quote from Darrell R. Dunham:

When there exists a wealth of data regarding a
phenomenon, it creates just the circumstances
within which other phenomena, or other aspects
of the same phenomena, may be ignored (6).

While some of these methods of indirect proof are

deplored by some mathematicians, the indirect method is

commonly accepted and used in mathematical research (37, p.

39; 19, p. 3). It is proposed that methods involving the

question "What If Not?" can be used for classroom presen-

tation of concepts, and that their use will assist the

student to create certain mathematical principles through his

own thinking and initiative.

Subject of the Study

The subject of the study is a theory of positive and

negative inquiry with emphasis in mathematics.
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Statement of Purposes

The purposes of this study are as follows:

1. To examine the historical development and signif-

icance of systematic and continuous positive and negative

inquiry;

2. To identify the nature of positive inquiry and the

nature of negative inquiry;

3. To distinguish the nature of positive inquiry and

the nature of negative inquiry from other forms of inquiry;

4. To propose and develop an interrelated set of

propositions with regard to the form, substance, and function

of negative and positive inquiry;

5. To relate the propositions of the theory to the

teaching of certain basic concepts of trigonometry.

Exploratory Questions

1. During which historical periods has negative and

positive inquiry been used in the creation of undiscovered

mathematics?

2. During which historical periods has positive and

negative inquiry been used the most in mathematics?

3. During which historical periods has negative and

positive inquiry been used the least in mathematics?

4. What nature of questions were formulated in

positive and negative inquiry?
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5. What is the nature of positive inquiry and the

nature of negative inquiry?

6. What distinguishes the nature of positive inquiry

and the nature of negative inquiry from other forms of

inquiry?

7. What propositions constitute a theory of positive

and negative inquiry?

8. How do the propositions, developed to propose a

theory of positive and negative inquiry, interrelate to one

another?

9. How does the proposed theory relate to the teaching

of certain basic concepts of trigonometry?

10. When negative inquiry occurs, what occurs?

11. Why is it negative inquiry, when that occurs?

12. When that occurs, what nature of interrogative

sentence occurs?

13. When positive inquiry occurs, what occurs?

14. Why is it positive inquiry, when that occurs?

15. When that occurs, what nature of interrogative

sentences occur?

Background and Significance

of the Study

Many statements are found in the literature to the

effect that more creative thought is needed in the class-

room. Wiseman advocates that students should be taught to

be curious and ask pertinent questions; in particular,
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students should ask "Is this all there is to the matter?"

(38, p. 352). In regard to discovering ideas and creating

mathematics, Fremont says the student should be given an

opportunity to use his intuition and asks "Are we not denying

the s tudent the chance to gain insight into mathematics and

its processes?" (8, p. 400). Pingry states, "Abundant

opportunities arise in the usual mathematics class for

pointing out to students or letting them discover that they

have jumped to conclusions too quickly" (15, p. 470), but

Walter and Brown assert the idea of clarity is often insisted

on in the early stages of a problem to the point that stu-

dents do not see "that the clarification of a problem is

itself a significant intellectual task" leading to a "deeper

understanding of what is involved" in solving the problem

(33, p. 12).

In fact, it is suggested by Wertheimer when the problem

is not immediately grasped because of its complexity, con-

fusing nature, or structure, the student must make a

transition (37, p. 239). Making this transition seems to be

part of creativity, for Skemp points out in his discussion of

creativity that a period of relaxation or sleep, during which

unconscious mental activity apparently continues to go on,

will frequently erupt in an insight into the problem or a

complete solution (27k, p. 92). This period of subconscious

mental activity is called "incubation" by Torrance who states

that the creative process is composed of four steps: (1)

preparation, (2) incubation, (3) illumination, and (4)
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revision (30, p. 17). Furthermore, he suggests the'

creative individual has his greatest reward in exercising

his creative talents and the proper relationship between

the teacher and the creative student "is the acceptance of

thinking as a legitimate activity" (30, p. 170).

Suchman, whose work with regard to inquiry strategy has

had an impact on the thought and disposition of many stu-

dents, believes that generating questions in pursuit of dis-

covery requires students to plan, make decisions, and think

creatively (28, p. 156). Scott and Sigel, basing their study

on what Suchman refers to as the inquiry training process,

equate creativity with divergent thinking saying:

It is assumed that the individual who provides
a wide array of ideas . . . is 'thinking
divergently,' one definition of creativity
(22, p. 30).

This kind of activity is essential to problem solving

because ". . . before a person can solve a problem correctly

and completely, he must be aware of the blatant and the

obvious" (22, p. 20). After finding the obvious, the next

step is to transcend the obvious, which appears to be a

fundamental problem of man, according to Kelly (1, p. 40).

This transcending the obvious seems to be related to

methods of inquiry. One common definition of inquiry is

"any quest or search for knowledge or truth" (14, p. 1).

Suchman thinks that good inquiry is not innate, but must be
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learned and practiced (29, p. 25). Quoting Gagne on

inquiry and learning,

One of the most interesting and important ideas
which has been given emphasis in recent dis-
cussions of science education is the idea of
enquiry. . . . Accordingly, there appears to be
a very widespread agreement that enquiry is a
worthwhile objective--something our various
educational efforts should try to achieve. . .
traditional courses at all levels of education .
seem to be neglecting the student in the most
important sense in that they do not encourage him
to acquire the attitudes of enquiry, the methods
of enquiry, the understanding of enquiry. They
may provide him with a great many facts, with
knowledge of important principles, even with the
capability of using previously discovered
principles in situations new to him. But they
omit this essential part of his education as a
scientist, or even as an informed citizen, by not
establishing within him the disposition which
makes him able to employ enquiry in the manner so
well-known to scientists (9, p. 144).

Scott's work relates this Inquiry Process to styles of

categorizing experiences and reports that education is able

to modify these styles (23, p. 66). These modifications may

be the result of greater retention or they may be the result

of memory being enhanced by discovery-type learning which

enables one to remember learned facts (20, p. 70). Whether

education avails itself of this benefit of inquiry depends

on the authority role of the teacher. Skemp states two such

roles: (1) disciplinarian role--leading to forced learning

or (2) intellectual role--leading to genuine learning (26,

p. 120). This second role based on superior knowledge would

be the one assumed by the teacher who leads students to

inquire; for, as Bruner indicates, classroom discussions need
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to focus on the inquiry that led to the conclusions rather

than on the conclusions themselves as isolated facts (5, p.

13). This means the inquiry approach used in science

teaching needs to be utilized in other areas such as mathe-

matics and social studies (22, p. 94) as indicated in 1976

by Scott's studies suggesting that the inquiry program could

be introduced into the junior high mathematics curriculum to

improve motivation and reasoning skills (24, p. 142).

Indeed, the inquiry approach seems to have a high

motivational factor associated with it. Suchman, Scott,

Bruner, Romey, Wertheimer, and Skemp all verify that the stu-

dent's interest is greatly aroused in inquiry teaching. The

drive to "find out why" can surpass almost any known class-

room incentive (27, p. 45), and this may be because of the

pleasure and excitement in pursuing a question to the end and

making a worthwhile discovery (5, p. 22). This motivation

may also come from the craving on the part of man to face the

true issue--to get from the unclear to the clear, from the

heart of the thinker to the heart of his problem (37, p.

236). An example of this in mathematics is the excitement

found in inventing generalizations and trying to find

specific instances thereof (26, p. 79).

"In great demand is the individual who not only under-

stands his own point of view but is able to shift his

thinking so that he comprehends the other person's unique

vantage point" (22, p. 89). In summary, it may be said that
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Suchman, Scott and Sigel, Romey, and Gagne have suspected a

relationship between inquiry and creativity. Scott and

Sigel state:

If what we have seen in the Inquiry program is
an indication, these potentialities of flexible
and intuitive thinking can be developed and
flourish in an educational setting geared
specifically to the encouragement of this type
of intellectual activity (22, p. 89).

Perhaps the most significant fact to come out
of this research is that the Inquiry process
does encourage and develop an exploratory
attitude on the part of the learner. . . . (22, p. 93).

Students after experiencing the Inquiry program felt they

"learned about different ways of approaching and interpreting

a problem and its solution," and "created 'what if' sit-

uations" (23, p. 139). In this regard to the need of inquiry

leading to creative thought, the noted mathematician George

Polya states:

The mathematical experience of the student is
incomplete if he never had an opportunity to
solve a problem invented by himself (16, p. 68).

If the student had no opportunity in school to
familiarize himself with the varying emotions
of the struggle for the solution, his mathe-
matical education failed in the most vital point
(16, p. 94).

MacKinnon summarizes the task of the educator in this matter:

Our task as educators is not to recognize creative
talent after it has come to expression, but either
through our incite or through the use of validated
predictors to discover talent when it is still
potential and to provide that kind of educational
climate and environment which will facilitate its
development and expression (12, p. 166).
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The Inquiry process seems to be applicable to the goal of

providing this proper climate in mathematics education for

"4. .. major strides which have been made in mathematics as

in the sciences have resulted from the quest of knowledge for

its own sake," and the view in mathematics "that only those

things have human survival value which enable human beings to

think consistently and creatively" supports this view of

inquiry (3, p. 228).

The Inquiry process seems to be closely related to the

What-If-Not strategy developed by Marion I. Walter and

Stephen I. Brown. They published several articles regarding

the question "What If Not?" while at Harvard Graduate School

of Education (32, 34, 35, 36). In the first article entitled

"What If Not?" they point out that great strides in knowledge

have taken place when people have had the courage to look at

a collection of attributes and ask "What if not?". Two giant

steps in mathematics took place in the early 1800's as a

result of this type of questioning. One of these was the dis-

covery of non-Euclidean geometry by Bolyai (1802-1860) and

Lobachevsky (1793-1856) which was also worked on earlier by

the noted mathematician Gauss (7, pp. 126-127). In the

following quotation, Walter and Brown elaborate on this

discovery:

Up through the eighteenth century, mathematicians
had tried in vain to prove the parallel postulate
as a theorem. It took 2000 years before mathe-
maticians were prepared to even ask the question:
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'What if it were not the case that through a given

outside point there was exactly one line parallel

to a given line? What if there were at least two?

None? What would be the structure of geometry?'
(26, p. 45).

The other big discovery of the early 1800's was made by an

Englishman named Hamilton (1805-1865). He found an algebraic

system which did not satisfy the commutative law. Such a

system was unheard of before 1843 (10,p. 229). E. T. Bell

has the following comment regarding both of these events:

By 1850 it was clear to the majority of creative

mathematicians that none of the postulates of

common algebra, which up to 1843 had been thought

necessary for the self-consistency of symbolic

reasoning, was any more a necessity for a non-

contradictory algebra than is Euclid's parallel

postulate for a self-consistent elementary geometry.

To the astonishment of some, it was found that the

modified algebras, such as Hamilton's quaternions,

were adaptable to mechanics, geometry, and mathe-

matical physics. The dead hand of authoritative

tradition had been brushed aside; mathematics was

free . . . (2, p. 173).

Brown and Walter began their work with the question

"What If Not?" in order to use it as a method to generate new

curriculum ideas. They have used what they call the What-

If-Not strategy for numerous purposes. This strategy con-

sists of four parts; (1) listing of attributes, (2) What-if-

not on each of these attributes, (3) question posing on the

What-if-not level, and (4) strategies for analyzing problems

posed (35, p. 16). A modified version of their flow chart

illustrating this strategy appears in figure 1. This flow

chart indicates a theorem is selected, attributes about the

theorem are stated, and each attribute is questioned by
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means of "What if not?". Then the process is repeated.

Walter and Brown have used this strategy in teaching and

publication and they have used it to pose and solve problems

relating to the geoboard (36) and the Pythagorean Theorem

(33, 35). Brown has used the strategy in connection with

the golden section and Fibonacci sequences as well (4). In

none of their writing have they applied the What-If-Not

strategy or the question "What If Not?" to any of the basic

concepts of trigonometry. Furthermore, the What-if-not

strategy developed by Brown and Walter points toward the

existence of some theoretical possibilities which have not

been explored in anything published at this time.

There are many, many opportunities for the use of the

question "What If Not?" in and out of mathematics. Phillip

A. Schmidt summarizes the situation in an excellent way:

I do not want to leave the reader with the
impression that 'What if not?' is applicable
solely to mathematics. . . . I am convinced
that the 'What if not?' procedure is applicable
to most, if not all, fields of inquiry. More-
over, . . . , the process is a remarkably
interesting, effective, and useful one (21, pp.
387-388).

Procedure

The procedures of this study will involve the following

phases.

1. History books by E. T. Bell, sources suggested in

his works, and current periodicals will be reviewed to
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determine where and how positive and negative inquiry has

been used in the development of mathematics.

2. A theory of positive and negative inquiry will be

developed along the guidelines given in chapter 3, and models

of the theory will be drawn up to illustrate the proposed

concepts.

3. Some basic concepts of College Trigonometry will be

related to the theory.

4. Classroom strategies based on the theory as proposed

will be recommended for further investigation.
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CHAPTER II

SECTION A

A BRIEF HISTORY OF INQUIRY IN MATHEMATICS

Introduction

The historical development and significance of mathe-

matics is presented in chapter 2. More particularly, the

development of systematic and continuous inquiry with regard

to mathematics is given primary attention. The basic con-

cern of this chapter is to investigate the processes and

questions that have led inquiring mathematicians throughout

history to create new mathematics. Instances of negative

inquiry and positive inquiry will be pointed out with special

note being taken of cases where certain mathematicians have

conceived of things not conceived of by other mathematicians.

How this insight and inquiry relates to the challenging of

previously undisputed truths in mathematics will be brought

out.

In this brief account of inquiry in the history of

mathematics when discrepancies arise, the works of E. T.

Bell will be used as the final authority. While mathematics

is often classified as an exact science, the history of

mathematics can be hardly classified as such. This is

indicated by the fact that eight somewhat different accounts

18
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exist as to how Archimedes died at the hands of the Romans

(20, p. 78). Therefore, whenever there is doubt about what

actually happened in mathematic's history, E. T. Bell will

serve as the authority. According to Bell, the development

of mathematics can be divided up roughly into three periods--

the remote (up to A.D. 1637), the middle (1637-1800), and

the recent (1800 to the present) (3, p. 14). The next three

sections of this chapter are, therefore, entitled Remote

Inquiry in Mathematics, Middle Inquiry in Mathematics, and

Recent Inquiry in Mathematics. The Section B, Challenging

the Conclusion, gives some notable indirect methods of

inquiry in mathematics illustrated in the proving of

theorems. The chapter closes with a summary.

Two considerations in the history of mathematics are

relative to the topic of inquiry. First, it has been sug-

gested that the development of mathematics is closely

related to the level of tolerance and encouragement which

society extends toward the development of arts and sciences

as a whole (11, p. 524). Furthermore, it appears mathe-

matics has its impact on inquiry and thinking in society.

Mathematics has been called the "inexhaustible matrix of new

developments in the art of thinking" so that when productive

mathematics declines, reasoning at all levels "petrifies

into stereotyped and unimaginative repetition of the

classics," the abstract thought produced in any time period

"can be estimated with reasonable closeness from the
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parallel development of mathematics" with mathematical

invention rather than logical activity being the deter-

mining factor of both (4, p. 142). The second consideration

in the history of mathematics relative to inquiry is the

struggle between the concepts of discreteness and con-

tinuity. Mathematicians following the discreteness idea

have tried to characterize mathematics in terms of the

natural numbers 1, 2, 3, 4, . . . ; those espousing the con-

tinuous idea have tried to characterize mathematics in

terms of the real numbers, the set of numbers used in basic

algebra. It appears that the two concepts are not completely

separated and creative mathematicians have carried on

inquiry based on both views (3, p. 12).

Remote Inquiry in Mathematics

The earliest date of creative mathematical.inquiry by

man appears to be 4241 B.C. In this year, the Egyptians

gave the first reasonably serviceable calendar in history.

Their calendar had twelve months of thirty days each and

five feast days at the end of the year making a total 365

days. Compared with some of the calendars suggested in

recent times, this Egyptian calendar has been called "per-

fection itself" (4, p. 49). Because of the exact astro-

nomical observation, straight thinking, and precise arith-

metic behind this great invention, one concludes there must

have been some systematic inquiry in ancient Egypt. Thus,



21

"4241 B.C. is the earliest authentic date which records

the ability of human beings to reason and think abstractly"

(4, p. 51).

While the Babylonians and other civilizations following

the Egyptians carried on some mathematical inquiry, the next

major contributions appear to be from the Greek mathe-

maticians between 600 B.C. and 300 A.D. The work of the

Babylonians and Egyptians laid the foundation for the Greeks

to develop deductive reasoning (3, p. 46). Indeed, the two

major contributions of the Greek mathematicians to inquiry

are still very much in use today. The first is the recog-

nition of proof by deductive reasoning and the second is the

daring conjecture that nature can be understood by man

through mathematics (3, pp. 51-52). Pythagoras (569?-500?)

appears to have been the one who began both of the above.

He and his followers

laid down the completely arbitrary rule that a

statement shall be said to be proved when, and

only when, the statement follows from the

postulates y an application of the rules of

logic (4, pp. 97-98).

Pythagoras was a strong believer in the discrete view of

mathematics, but the theorem that bears his name brought

some disturbing facts to view. The Pythagorean Theorem

states that the sum of the squares of the lengths of the legs

of a right triangle is equal to the square of the length of

the hypotenuse. Using this, Pythagoras found the 47 to be

a non-rational number (27, p. 215). This discovery was
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greatly suppressed by Pythagoras and his students, but it

was to become the foundation upon which "the whole vast

structure of modern mathematical analysis rests" (4, p. 93).

In spite of his refusal to consider irrational numbers,

Pythagoras was recognized by his contemporaries as a man of

extensive learning. Heraclitus, who disdained Pythagoras,

admits "he, most of all men, cultivated 'inquiry'" (14, p.

36). So Pythagoras was an initiator of mathematical inquiry

but refused to accept the negative possibility of numbers

not being rational. Here seems to be one of the major

problems of inquiry--an inability to throw off traditional

patterns of reasoning. Oftentimes, "obvious truth" excludes

the considering of the negative possibility (4, pp. 5-7).

Though Aristotle is not usually considered a mathe-

matician, his work in logic became both a help and a hin-

drance to mathematical inquiry and inquiry in general. His

three Laws of Thought are the Law of Identity, A is A; the

Law of Excluded Middle, everything is either A or not-A;

and the Law of Contradiction, nothing is both A and not-A.

The last two Laws put the logical foundation under the

indirect methods first exploited by Hippocrates of Chios

(not to be confused with the well-known physician of the

same name from Cos) in his geometry and used by Eudoxus

(408-355 B.C.) in his method of exhaustions (23, pp. 300-

301). The hindrance came in the acceptance of his Laws as

absolute truth. It took over 2000 years for inquiry to
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challenge Aristotle's two-valued logic and show that one can

reason without contradiction in a logical system with more

than two values, "true" and "false." Therefore, present

mathematical systems make Aristotelian logic a part of their

assumptions in conducting inquiry (1, pp. 24-25).

The first Greek mathematician to present some dis-

turbing questions to classical logic was Zeno (495-435 B.C.).

Northrop states: "Indeed the paradoxes enunciated by Zeno

of Elea in the fifth century B.C. have never been settled to

the satisfaction of all mathematicians"(18, p. 117). Zeno

gave four paradoxes pointing out the difficulties in

reasoning and inquiring about infinite classes. Two of

these paradoxes are given in the following quote:

First, the dichotomy. Motion is impossible,

because whatever moves must reach the middle of

its course before it reaches the end, but before

it has reached the middle it must reach the

quarter mark, and so on, indefinitely. Hence

the motion can never start.
Second, the Achilles. Achilles running to over-

take a crawling tortoise ahead of him can never

overtake it, because he must first reach the

place from which the tortoise started; when

Achilles reaches that place, the tortoise has

departed and so is still ahead. Repeating the
argument we easily see that the tortoise will

always be ahead (2, p. 24).

Many solutions to Zeno's paradoxes have been given, perhaps

too many, since some contradict others. The significant

thing about these paradoxes is that they have caused mathe-

maticians to have doubts about the use of classical logic in

inquiring about infinite classes, even today (2, pp. 577-

578).
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Eudoxus (408-355 B.C.) was one of the first to try to

deal with the paradoxes of Zeno. In so doing, Eudoxus

invented what is usually called the Method of Exhaustion.

This method was based on the idea that from the mathematical

point of view one need not assume "the existence of the

infinitely small, but that it was sufficient for the mathe-

matician's purpose to assume that by continual division of a

magnitude, we can ultimately arrive at a magnitude as small

as we please" (14, p. 193). This method was used extensively

by Archimedes and Euclid in indirect proofs (30, p. 188) and

is the foundation of the continuous view of mathematics

today. Euclid (365?-275?) is, of course, best known for his

work in geometry leading to one of the greatest elementary

textbooks in mathematics, the Elements (14, p. 204). The

significant thing for mathematical inquiry about Euclid's

Elements is the unifying of masses of isolated discoveries

under a single guiding principle, explicitly stated

assumptions deductively leading to rigorous conclusions.

Euclid gave to mathematical inquiry the postulational method,

well-known in geometry, which has become "the central nervous

system of living mathematics" today (3, p. 67).

Archimedes (287-212 B.C.) is generally considered to be

the greatest mathematician of antiquity and one of the three

greatest mathematicians of all time--the other two being

Sir Isaac Newton (1642-1727) and Carl Friedrich Gauss
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(1777-1855) (2, P. 218). He seems to have inquired into

almost every area of mathematics.

With magnificent indifference to the mathematical

properties of his age, Archimedes used whatever

came to mind or hand to advance mathematics.

Unlike many of his fellow Greeks, he did not dis-
dain experiment. He founded the mathematical

sciences of statics and hydrostatics. He antic-

ipated the integral calculus, and, in the one

problem of drawing a tangent to his equiangular

spiral, the differential calculus (3, p. 54).

In The Sand Reckoner, Archimedes employed a form of our

decimal system of notation to give an upper bound for the

number of grains of sand in the then known universe (33,

pp. 117-137; 7, p. 145); thus, distinguishing between the

infinite and large finite. It has been suggested that the

greatest accomplishment of Archimedes was his computation of

the area enclosed by one loop of the spiral that bears his

name (18, p. 220). Archimedes himself seems to have thought

his discovery of the ratio that a cylinder circumscribing a

sphere bears to the sphere was his greatest achievement (14,

pp. 279-280). In finding these, he used the Method of

Exhaustion letting both circumscribed and inscribed figures

approach the desired area or volume (14, pp. 295-295; 31,

p. 430-432). Archimedes conducted inquiry with methods and

questions examining a wide range of possibilities using

anything and everything that presented itself as a weapon to

attack his problems.

One other late Greek mathematician is worth mentioning

in this brief account because his methods are significant.
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Pappus lived in the second half of the third century A.D.

and employed a procedure called "analysis, or solution

backwards." In a free translation of Pappus statement about

this type of inquiry, the following quote is given:

For in analysis we assume what is required to be
done as already done (what is sought as already
found, what we have to prove as true). We
inquire from what antecedent the desired result
could be derived; then we inquire again what
could be the antecedent of that antecedent, and
so on, until passing from antecedent to ante-
cedent, we come eventually upon something already
known or admittedly true (19, p. 142).

Pappus appears to suggest that if the desired result is

known then reasoning can be carried backwards to find out

how to get the result. This "analysis" would require the

visualization of both negative and positive events and

possibilities.

It is generally conceded that the Middle Ages (300-

1500) present an excellent example of how mathematical pro-

ductivity and inquiry decline in a society that does not

tolerate any contrary questions. Over a thousand years

driveled by with almost nothing significant done in mathe-

matics. From the accession of Constantine in A.D. 324 until

the death of Dante in 1321, it can be said that inquiry,

both in and out of mathematics stood still (11, p. 524).

About the only exception to this nil output was Leonardo of

Pisa (1175-1250) who is better known as Fibonacchi.

Fibonacchi is usually considered to be the best mathe-

matician of the Middle Ages and is most famous for the
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sequence 1, 1, 2, 3, 5, 8, 13, . . . , that bears his name

(12, pp. 124-125). He introduced Europe to the decimal

position system and the Hindu-Arabic digits 0, 1, 2, . . . ,

9 (30, p. 2) and knew the algebraic identity (a2 + b2 )

(c2 + d2) = (ac + bd)2 + (ad + bc)2 which could be used as

the basis of all trigonometric identities (24, p. 141).

His genuine contribution to mathematical inquiry was the use

of a letter to represent a number in his work in algebra.

This may have been the first attempt to generalize and

abstract basic algebra (3, p. 107).

In summarizing ancient inquiry in mathematics, it can

be noted that Hippocrates began the indirect method in

geometry and this method was used extensively by Eudoxus,

Euclid, Archimedes, Pappus, and others. Aristotle's Laws of

Thought laid the foundation for inquiry and continued to be

the basis of positive and negative inquiry for over 2000

years in spite of Zeno's paradoxes. While Pythagoras

rejected the negative possibility of non-rational numbers,

Archimedes was far ahead of his time by investigating every

possibility and making wide use of the indirect method

known as the Method of Exhaustion. Little or no inquiry was

done after Pappus until the work of Leonardo of Pisa who

began the use of letters to represent numbers in algebra.
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Middle Inquiry in Mathematics

This period in mathematical history dates from 1638 to

1800. Perhaps the work in inquiry of this period was begun

over a hundred years earlier by Copernicus. With his

heliocentric theory of the solar system, Copernicus con-

tributed a revolutionary factor to all scientific inquiry;

so that, it may be well claimed that he was "the precursor

of modern mathematical-physical science" (3, p. 104). The

work of Copernicus also was a part of the chain of inquiry

leading to the development of the calculus (31, p. 391).

The first giant step taken in this period is the work of

Rene Descartes (1596-1650) in analytical geometry. On

November 10, 1619, Descartes conceived of analytic geometry

in a dream that led him to express "geometric problems in

algebraic terms" and equate "the solution of a geometric

problem to an algebraic equation and vice versa" (21, p.

567). In conceiving of algebra and geometry combined,

"Descartes did not revise geometry; he created it" (2, p.

54). The advances in mathematical inquiry due to the

Cartesian Coordinate system cannot be overstated because it

has become "a commonplace in applied mathematics from

mechanics and the physics of gases to relativity and intel-

ligence testing" (1, p. 122). Another notable contribution

of Descartes was his replacing of verbal statements with

mathematical symbols and mathematical operations for the

first time in history. In so doing he fused "whole chains
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of geometrical postulates and theorems into single state-

ments whose full force could be brought to bear on a

difficulty with a minimum of conscious effort" (4, p. 164).

Pierre Fermat (1601?-1665), a contemporary of Descartes,

has been called the greatest mathematician of the seventeenth

century. He conducted mathematical inquiry in analytic

geometry, pointing out some of Descartes errors; as well as

working in the development of the theory of probability and

number theory (3, pp. 116,127). Fermat made use of an

ingenious method of inquiry which has become known as Fermat's

Method of Infinite Descent and "is particularly useful in

establishing negative results" (9, p. 196). A proof using

Infinite Descent is given in section five of this chapter.

Briefly stated the Method of Infinite Descent is as follows:

Suppose that a solution of the problem is possible
in positive integers: then we show how to derive
from it a solution in smaller positive integers,
and so on. But since this process cannot go on
indefinitely, we reach a contradiction and thus
show that no solution is possible" (30, p. 36).

This method of inquiry has been extensively used in number

theory.

Blaise Pascal (1623-1662) and Fermat are known as the

founders of the mathematical theory of probability. Pascal

invented the arithmetical triangle of numbers (figure 2)

that bears his name which has wide uses in combinatorial

analysis and probability. The triangle has all ones along

the left and right sides and each number inside the triangle



30

1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

0 

00 
0 S

Fig. 2--Pascal's Triangle.

is found by adding together the two numbers that are imme-

diately above the number. His major contribution to

inquiry may be his famous "wager." In Pascal's Wager prob-

ability theory is applied to religion to affirm that one

should be devout for the sake of the probable reward of

eternal happiness. In raising the question of probabilities

in religion, Pascal showed that mathematical inquiry can be

related to other areas of inquiry (2, pp. 88-89).

As previously stated, Sir Isaac Newton (1642-1727) is

generally considered to be one of the three great mathe-

maticians of the past. He is reported to have said, "If I

have seen a little farther than others, it is because I

have stood on the shoulders of giants" (2, p. 93). Indeed,

the time was ripe for someone to bring together the

scattered results of others into the notable results of

Newton, the integral and differential calculus and the law

of universal gravitation. In formulating universal grav-

itation, Newton put together the experimental work of

Galileo with the pendulum and the inclined plane, the
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observational data of Tycho Brahe that led Kepler to reject

uniform circular motion of the planets, and the three

fundamental laws of planetary motion developed by Kepler

(28, p. 82). In the calculus, Newton brought together the

analytical geometry of Descartes, the work of Fermat in

integration and differentiation, and the tangent rule of

his teacher, Isaac Barrow (1630-1677) (31, pp. 387-391).

The great genius of Newton shines forth in the "generally

accepted tradition . . . that Newton in his calculus did

something new" and "endowed mathematics and exact sciences

with their most effective method of exploration and dis-

covery" (3, pp. 129, 137). Thus, Newton systematized results

of mathematical inquiry from the past into something that

would generate inquiry and discovery on the part of mathe-

maticians from his time forward.

G. W. Leibniz (1646-1716) is also considered to be a

founder of the calculus doing some of the same inquiry as

Newton without knowing of the other man's work. While

Leibniz is known for extending and improving the calculus,

his greatest work for mathematical inquiry was his attempts

to develop a calculus of deductive reasoning. Leibniz

wanted to follow the work of Descartes in geometry and reduce

all reasoning of any kind to a symbolic mathematical science

(3, pp. 133-135). He planned to write an "Art of Invention,"

but never did. He did state that- "Nothing is more important

than to see the sources of invention which are, in my



32

opinion, more interesting than the inventions themselves"

(19, p. 123). It can well be said:

that without the mathematical logic which Leibniz

advocated, and which he started to create, the

critical work of the twentieth century on the

foundations of analysis, and indeed of all mathe-

matics, would have been humanly impossible (3,

p. 134).

Since the days of Euclid, his fifth postulate, better

known as the parallel postulate, had been a source of dis-

turbance to many mathematical inquirers. A translation of

this postulate reads:

That, if a straight line falling on two straight
lines make the interior angles on the same side

less than two right angles, the two straight

lines, if produced indefinitely, meet on that

side on which are the angles less than two right

angles (33, p. 17).

Objectors to the postulate felt that Euclid had erred

in not stating it as a theorem and proving it. Many mathe-

maticians after the time of Euclid tried in vain to prove

the parallel postulate. One such man was Girdamo Saccheri

(1667-1733). In his book, the English title of which is

Euclid Freed of Every Fleck, he attempted to prove the famous

postulate by denying it (33, p. 78-79). Even though his

work was faulty (Saccheri died without knowing his mistakes),

he did succeed in pointing out the three possibilities that

led to the creation of non-Euclidean geometry: The sum of

the angles of a triangle is always equal to, greater than,

or less than two right angles (17, p. 378). In attempting

to disprove the last two possibilities, Saccheri proved a
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number of results that could have led him to create non-

Euclidean geometry (3, p. 303). Here again appears the

problem in inquiry of man's inability to reject obvious

truths, such as "two parallel lines never meet," in order

to examine all possibilities.

One other first in mathematical inquiry can be noted in

the work of J. L. Lagrange (1736-1813). Newton along with

his contemporaries and successors relied heavily on diagrams

in their study of mechanical problems. This traditional use

of diagrams handed down from the Greeks was broken by

Lagrange who "showed that greater flexibility and incom-

parably greater power are attained if general analytical

methods are employed from the beginning" (2, p. 154). In

his pointing out the advantages of not using a drawing,

Lagrange became the first to use a method of inquiry which

has become an essential ingredient in mathematical research

today.

In summarizing the inquiry of this period in mathematics,

the word "foundation" seems to describe well the work done.

Descartes' work in analytical geometry laid the foundation

for Newton's work in astronomy and the calculus. Fermat's

work using infinite descent in probability and number theory

laid the foundation for further inquiry in these areas.

Pascal's Wager led mathematics inquiry to other areas of

inquiry as did Leibniz's desire to see all reasoning

expressed as a mathematical science, Saccheri laid the
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foundation for non-Euclidean geometry without knowing it,

and Lagrange was the first to attack mechanical problems

without diagrams.

Recent Inquiry in Mathematics

The date 1801 as the beginning of the Recent Period is

chosen because of the work of Carl Friedrich Gauss (1777-

1885), who has been previously mentioned as one of the three

greatest mathematicians of all time. Gauss is the genuine

link between the two periods in that he did foundation

inquiry in mathematics and continued to extend work that had

preceded him. The date of publication of Gauss's first

masterpiece Disquisitiones Arithmetical is 1801. While Gauss

investigated large areas of mathematics and physics, his

first love was in arithmetic, and in his book of 1801 he

invented numerous tools for higher arithmetic (2, pp. 234-

236). One such invention was the theory of congruences which

would enable Cauchy (1789-1857) to eliminate complex numbers

from his work and pave the way for Kronecker (1823-1891) to

espouse the discrete theory of mathematics by reducing all

numbers to natural numbers (3, pp. 175-179). Gauss has been

called the "first of the 'rigorists''" and with "his sure

feeling for what constitues proof, Gauss added a prolific

inventiveness that has never been surpassed" (2, pp. 223-

224). In his doctoral dissertation Gauss gave the first

acceptable proof of the fundamental theorem of algebra--an
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algebraic equation has at least one root in the complex

numbers. He pointed out the errors in proofs given by

D'Alembert, Euler, Lagrange, and Laplace; and in his life-

time gave four different proofs of this theorem one of which

is the basis for the proofs given in the textbooks today

(22, p. 67). In his notes Gauss anticipated almost every-

thing to come in modern mathematics from topology to non-

Euclidean geometry; but, because of his desire for perfection

in the finished work, he published very little of what he

found. "Not til long after his death was it known how much

of nineteenth century mathematics Gauss had foreseen and

anticipated before the year 1800" (2, p. 230).

Augustin-Louis Cauchy (1789-1857), the first great

modern French mathematician, is well-known for bringing

rigor to the area of analysis (on the continuous side of

mathematical inquiry) and for work in combinatorics (discrete

mathematical inquiry). Cauchy was one of the first mathe-

maticians to develop mathematics for the sake of mathematics.

"Without inquiring whether the thing he invented had any

applications or not, even to other branches of mathematics,

Cauchy developed it on its own merits as an abstract system

(2, p. 271). Being very prolific in research (Cauchy pub-

lished 789 papers), some of his work was certain to be

questioned. At least one notable example of an objection

being raised to Cauchy's work came from Malus. Malus (1775-

1812), a physicist, objected to Cauchy's extensive use of
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the indirect method in a paper published in 1812. While

the objections of Malus were not considered to be serious

by Cauchy and others, Malus did point out the need for direct

inquiry in some instances (2, pp. 277-278).

Augustus De Morgan (1806-1871), a first-rate English

mathematician, in conjunction with George Boole (1815-1864)

made a long step forward in mathematical inquiry when he

developed symbolic logic as a part of a series of papers from

1847 to 1854. De Morgan brought mathematics and logic

together for the benefit of both.

De Morgan was imbued with the idea that the

followers of the two great branches of exact
sciences, logic and mathematics, blundered when
the mathematician neglected logic and logician
neglected mathematics (6, p. 32).

Thus, De Morgan brought symbolic logic to bear on mathematical

inquiry. Boole is known for doing for logic what Descartes

did for geometry; that is, Boole subjected logic to the sym-

bols of algebra and "To his delight the rules of his algebra

of logic, in many respects, were exactly like those of

common algebra" (4, p. 255). "The daring originality of

Boole's whole project needs no sign post. It is a landmark

in itself" (10, p. 443). Boole is also known for discovering

invariants. Without trying to explain the mathematical

theory of invariance, the discovery of Boole can be noted as

significant for inquiry because "the theory of relativity

would have been impossible" without the theory of invariance
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(2, p. 437). So the work of Einstein had its foundations

in the work of Boole.

The solution to a military problem concerning forti-

fications was destined to make Gaspard Monge (1746-1818) a

famous mathematician, but because of the military signif-

icance of his work, he was not allowed to disclose his

solution for a number of years. Monge constructed the plan

of a fortress in the following manner:

Rejecting the cumbersome arithmetic calculations

then demanded for such a project, he produced a

solution using only a ruler and a compass. With

geometrical methods remarkable in their elegance

and simplicity, Monge . . . became the father of

a new theoretical study--descriptive geometry

(10, p. 338).

In his descriptive geometry, Monge represented three dimen-

sional figures on the two dimensional plane and simplified

some complicated problems in a unique fashion.

Though their physical lives were short, Niels H. Abel

(1802-1829) and Evariste Galois (1811-1832) continue to live

in mathematical inquiry today because they began the pursuit

of generality which characterizes the mathematics of the

recent period. "They initiated for the whole of mathematics

the deliberate search for inclusive methods and comprehensive

theories"(3, p. 226). While both of these men made great

contributions to algebra, Abel used an-inquiry method in

analysis that is reminiscent of Pappus' method of "solution

backwards." Abel's method of inversion, as it is generally

called, turns the problem backwards and interchanges the
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hypothesis and conclusion. One of the major problems that

Abel solved in this fashion had been worked on for over 40

years by Legendre (1752-1833), a well-known mathematician,

who failed to see the inversion process. This simple method

requiring a denial of common sense in order to examine well-

hidden, but apparently easy problems was one of the greatest

mathematical advances of the nineteenth century (2, pp. 323-

324). Thus, by reversing his thinking, Abel conceived of

possibilities overlooked by others.

Both Lobatchewsky (1793-1856) and Hamilton (1805-1865)

have been mentioned in the first chapter as bringing about

outstanding breakthroughs in mathematical inquiry.

Lobatchewsky and J. Boyai (1802-1860) are generally credited

with the creation of non-Euclidean geometry even though the

notes of Gauss indicate he had in his possession the main

results of their work before it was published. Both

Lobatchewsky and Boyai developed their geometries entirely

independent of each other and upon the "hypothesis of the

acute angle" as given by Saccheri. Their work has been

called "one of the major revolutions in all thought" leading

to the present concept of mathematics

as an arbitrary creation of mathematicians. In

precisely the same way that a novelist invents
characters, dialogues, and situations of which
he is both author and master, the mathematician

devises at will the postulates upon which he

bases his mathematical systems. Both the novelist

and the mathematician may be conditioned by their

environments in the choice and treatment of their
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material; but neither is compelled by any extra-
human, eternal necessity to create certain char-

acters or to invent certain systems (3, p. 305).

The work of Lobatchewsky like that of Einstein challenged

an axiom. He challenged the assumption that Euclid's fifth

postulate was necessary for a consistent geometry and pro-

ceded with his challenge to produce a consistent geometry

based on a different assumption. The full impact of this

work may still lie ahead in mathematical inquiry as further

axioms are challenged and revised (2, pp. 305-306).

Hamilton's work in algebra can be compared to that of

Lobatchewsky and Bolyai in geometry in that Hamilton chal-

lenged an axiom, the commutative law of multiplication, and

proceded to develop a self-consistent algebra without the

commutative axiom. Hamilton's daring tactics led other

mathematicians to break the iron law of custom and create

new mathematics in defiance of traditional thought. It can

well be said that

It is radical departures from traditional ortho-

doxy such as these that carry mathematics forward

what seems like a century or more at one stride

(3, pp. 185-186).

The inquiry technique of Hamilton and Lobatchewsky in

challenging axioms is a good characterization of present day

mathematical inquiry in which nothing is considered above

question. To illustrate this current concept, one can cite

the work of Karl Weierstrass (1815-1897) and George Cantor

(1845-1918) as precursory. With the reliance of Newton and
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others upon drawings came the idea that every continuous

curve has a tangent line at each of its points, but

Weierstrass displayed a continuous curve without a tangent

at any point. The intuition of the mathematicians studying

this subject had ruled out such a possibility, but

Weierstrass shocked their intuition into a healthy regard

for the negative result. Weierstrass is also known as one

of the foremost teachers of mathematics of his time. As part

of his examination for the teacher's certificate, Weierstrass

wrote an outstanding paper on the Socratic method in

secondary teaching. He employed this method in teaching

advanced students to make "creative mathematicians out of a

disproportionately large fraction of his students" (2, p.

414).

The work of Cantor in set theory is well-known in pre-

sent day mathematics. Cantor based his inquiry on the idea

that a class or set is determined by conditions which every

entity must satisfy or not satisfy. Using this idea, Cantor

challenged the accepted ideas of infinity and displayed

infinite sets of different orders (3, pp. 252-253). Before

his time "different orders of infinity had not been recog-

nized" (26, p. 690) so Cantor did something unique in estab-

lishing the notion that infinite sets are of different

sizes.
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Perhaps the present view of mathematics and mathematical

inquiry is best seen in the definition of mathematics given

by Bertrand Russell (1872-1970): "Mathematics may be defined

as the subject in which we never know what we are talking

about, nor whether what we are saying is true" (1, p. 17).

This definition portrays the all-inclusive work of Gauss and

the abstractions developed by Cauchy. It is seen in Boole's

applying of symbols to logic and De Morgan's bringing

together mathematics and logic; as well as in the attempt of

Abel and Galois to generalize in algebra and Abel's method

of inversion. Monge's descriptive geometry representing

three-dimensional figures on two dimensions appears to deny

truth as does the geometry of Lobatchewsky and Bolyai, the

algebra of Hamilton, the continuous function of Weierstrass,

and the set theory of Cantor. The work of all these men in

mathematical inquiry holds out the idea implied in the

definition that mathematics is an ever-expanding field not

confined to any particular structure, set of rules, or mode

of thinking.

SECTION B

Challenging the Conclusion

In this section, some important theorems and their

proofs are presented to illustrate certain ways in which

mathematical inquiry has been and continues to be conducted.

Throughout the history of mathematical inquiry, one key



42

factor seems to be outstanding; that is, the ability to

think beyond obvious facts; to challenge obvious conclusions.

The denial of the conclusion leads to indirect methods of

inquiry and proof. Since this denial of the conclusion

appears to produce some of the most fruitful work in

mathematical inquiry, there should be some examples from the

past and present to illustrate this type of thinking. This

section includes an example from Euclid, an example of

Fermat's method of infinite descent, an example involving

mathematical induction, an example of the contrapositive,

and an example showing uniqueness. These examples will

suffice to show how mathematicians challenge the conclusion.

The indirect process appears to have a positive or

direct element in it and may be the basis of positive

inquiry as well as negative inquiry. Rosskepf and Exner

believe that the other types of indirect proof are funda-

mentally related to the contrapositive proof, "not q,

implies not p" (25, p. 289), and they

prefer to think of a proof that starts from a

contrapositive as just another way of making a

direct proof. The usual method of direct proof

of a theorem in mathematics and a proof that

starts from a contrapositive have the same
pattern (25, p. 283).

Since direct and indirect inquiry are closely related,

The importance of the indirect proof need scarcely

be established. . . . Its importance in life

situations has been emphasized by those who claim

that approximately 50% of our thinking is indirect
reasoning (16, p. 273).
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Some of the illustrations of indirect reasoning given

in this section could be used to show students how to chal-

lenge the conclusion. More of this type of reasoning needs

to be emphasized in the classroom "because a large portion

of the proofs in higher mathematics are done indirectly"

(5, p. 86). Henry Van Engen brings this out saying "graduate

and undergraduate students are not very knowledgeable about

direct and indirect strategies of proof used in mathematics,"

and are not "aware even at an intuitive level, of the

'internal' logic of indirect proof" (32, p. 637).

The first theorem cited is a classic proof by Euclid

of the infinitude of prime numbers. His proof in which the

conclusion is challenged is considered to be an outstanding

example of proof by indirect reasoning or proof by contra-

diction (29, p. 676). The translation of the proof is as

follows:

Suppose there are only a finite number of primes,
say 2, 3, 5, . . . , p, with p being the largest.

Let M be the product of these primes. Consider

M + 1. Now M + 1 is clearly larger than p. So
if M + 1 is prime, we have a contradiction of p

being the largest prime. On the other hand if

M + 1 is composite, then all of its prime factors
must be larger than p (since every one of its

prime factors including p leaves a remainder of 1

when divided into M + 1). So in this case also,
we have a contradiction of p being the largest

prime. Hence the number of primes is infinite
29, p. 676).

Thus Euclid concluded that there were infinitely many

primes by showing there could not be a finite number.
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Our second theorem and proof is a basic theorem of

algebra for which a large number of proofs exist. At least

thirteen proofs can be cited for this theorem (31, 32), but

the significant thing in the proof given here is that

Fermat's Method of Infinite Descent is employed to reach an

absurdity.

Let us prove by the method that 2is not rational.
Suppose, on the contrary, that = a/b, where a
and b are positive integers. Now r + 1 = 1

whence, a +1b
b + a 1 a b

T a

and q-2 a b 2b -a = a1 ,say,
b = a b 1= a b b

b 1a - a b-

but, since 1-<V2 2, after replacing 4gby a/b and
then multiplying through by b, we have b -ea<2b.
Now, since a<2b, it follows that 0e2b - a = a
And since bea, it follows that a1 - 2b - -1

a< a. Thus a is a positive integer less than a.
By a reapplication of this procedure we find

/2= a2/b2 , where a2 is a positive integer less
than a . The process may be repeated indefinitely.
It therefore follows that our original assumption
that -rf/= a/b where a and b are positive integers
is untenable. That is,\f2is irrational (9, p. 196).

Hence, Fermat's Method of Infinite Descent makes use of the

direct descent down the positive integers to establish an

indirect proof.

The third theorem and proof is somewhat more complicated

than the two previous theorems, but it has significance in

that mathematical induction, usually considered to be a

direct method, is applied in an indirect fashion. The

theorem and proof are given thusly:
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Prove: (2k-1) = n2

k=1
1

We have previously shownZ.(2k-1) = 1

k=1

(2k-1) = 4

k=1

3
4.. (2k-1) = 9

k=1

n

Naturally, we are beginning to believe that (2k-1) =

k=1
n since the sum had been the square of the top bound

on the summation symbol. Our indirect approach pro-
ceeded as follows:

n 2

Assume: It is not true that for all neN, ;2 (2k-1) = n
k=1

Therefore, there is an x6N such that

k=1
x

Let G = x: xEN and E (2k-1) x G has a "first

k=1

element." (It has been shown that this first element
is not 1, 2, or 3). Let (a +1) be this first element
of G. Therefore, it is true that a 2

;E..(2k-1) = a
k=1

since if ~(2k-1)$a2, then a4G and (a + 1) is not

k=1 a 2
the "first element" of G. Since l(2k-) = a2

k=1



46

a

(2k-1) + [2(a +1) - 1] = a2 + [2(a + 1) - 1]
k=1

a+1 2
(2k-1) - a + 2a + 1

k=1

and a+1 2
and(2k-1) (a + 1)

k=1

This is a contradiction since a + 1CG (5, pp. 85-86).

The above proof gives an example of indirect reasoning within

the process of the indirect proof. That is, the fact

(2k-1) = a2 was shown by assuming the contrary part
k=1

(2k-1) a2

k=1

The next theorem is presented as an example of the

contrapositive proof; that is, given p implies q, show that

not q implies not p. The theorem states: If x2 is an odd

number, then x is an odd number. Regarding the contra-

positive proof of this theorem, Van Engen comments:

This theorem is difficult if one tries to start a
series of inference patterns, using x is an odd
number as a premise. However, the contrapositive
presents no such difficulties. Contrapositive:
if x is an even number, then x2 is an even number.
The proof of this form of the theorem is so
immediately obvious that it needs no development
here (32, p. 644).

Thus, the contrapositive approach took a difficult

proof and made it simple using the fact that any positive
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integer that is not odd is even. Frequently, indirect

approaches simplify an otherwise hard proof.

The last theorem presented involves the identity for

addition. Recalling that if e is the identity for addition,

then e + x = x for all numbers x; the following theorem

and proof are given:

Theorem: The additive identity is unique.

1. Negate the theorem: There are at least

two additive identities, e and e', such
that e e'.

2. Direct argument: e + el = e (since e' is

an additive identity) and e + e' = eT
(since e is an additive identity).

3. Two additive identities, e and eT, imply
e e', and e = e', a contradiction.
Therefore, there are not two identities
and the uniqueness is proved (32, p. 642).

This simple uniqueness proof is the basis for numerous

proofs involving uniqueness in mathematics. Without negating

the theorem and considering two identities, the theorem is

virtually impossible.

The five theorems and proofs stated above illustrate

certain forms of indirect inquiry in mathematics. Each of

these starts by denying the conclusion and then proceeding

in some fashion to a contradiction. In general, some of the

great discoveries in mathematics have come from inquirers

attempting to prove what appear to be obvious statements

only to find that no contradiction results from the denial

of the statement. So many times, the negative assumption

points to new possibilities.
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Summary

This chapter has traced the history of systematic and

continuous inquiry in mathematics from 4241 B.C. up to the

present. The outstanding breakthroughs in mathematical

inquiry have been pointed out in order to show how certain

mathematicians have reached notable results. Some key

factors in producing successful inquiry can be found in

this brief history and the illustrative theorems and proofs

cited.

The major factor in the successful inquiry work cited

is the ability to challenge what may appear to be obvious

facts and to conceive of what other possibilities may exist

as these facts are challenged. The negative assumption, a

denial of the conclusion, and the positive assumption, an

affirmation of the conclusion, appear to reinforce each other

in inquiry. The direct approach may be followed when either

positive or negative assumptions lead to a direct method;

likewise, the indirect approach may be taken when either

assumption indicates the possibility of a contradiction.

Therefore, the negative assumption may lead directly to new

possibilities or to a contradiction; likewise, the positive

assumption may lead to new possibilities or to a contra-

diction.

Another factor in productive inquiry appears to be the

acceptance of the negative possibility as a possibility. A

great deal of fruit has been born in mathematical inquiry
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when the negative possibility has been accepted as legitimate.

Often entire areas of study in mathematics have been brought

about by the simple operation of negating some of the

obvious truths, but far too often the negating of these

obvious truths has been overlooked as a possibility for a

long period of time. Hence, inquiry should consider the

negative possibility.
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CHAPTER III

A THEORY OF POSITIVE AND NEGATIVE INQUIRY

Some men see things as they are and say, why?
I dream things that never were and say, why not?

Robert Kennedy

In this chapter, an attempt is made to propose and

develop an interrelated set of propositions with regard to

the nature and function of negative and positive inquiry.

These propositions will give a theory of positive and negative

inquiry and will distinguish between and/or among positive

and negative inquiry; as well as point out other possible

forms of inquiry. The proposed theory will attempt to iden-

tify what occurs in negative and positive inquiry and the

types of questions that occur in negative and positive

inquiry.

Some introductory remarks about theory appear to be

worthwhile for the work of this chapter. Theory is not a

notion, is not a dogma, nor is it an explanation of some

"thing" (1, pp. 13-15), thus theory is not what it is often

perceived to be. The following statement about theory con-

trasts it with facts:

A set of facts can be used only in the circum-
stances to which they belong: whereas an appro-
priate theory enables us to explain, predict,

53



54

and control a great number of particular events

in the classes which it relates (13, pp. 30-31).

In considering human memory, it can be pointed out that "a

good theory is the vehicle not only for understanding a

phenomenon now but also for remembering it tomorrow" (5, pp.

24, 25). It would appear that theory brings out relation-

ships which enable the human memory to function in a greater

capacity. A beautiful illustration of theory and postulates

as they relate to experimentally ascertained facts is thusly

stated:

Suppose two large boxes of matches are before

us, and suppose those in one box are blue, those

in the other, red. From one box we take a hand-

ful of matches and toss it on the floor; a hand-

ful from the other box is also tossed onto the

floor so that the matches in the two handfuls do

not mix. The matches have fallen in two roughly

similar patterns, the one all of blue matches,
the other of red. We now detect certain approx-
imate similarities between parts of the two pat-

terns: . . . The correspondence, note, will never

be exact unless some sort of miracle interfered

with the tossing of a second handful (4, pp. 120-
121).

One can interpret the pattern of blue matches as corre-

sponding to the postulates, theories, and predictions which

the scientist has made on the basis of deductive reasoning,

and the pattern of red matches as corresponding to experi-

mental data collected to compare with the theories,

postulates, and predictions. Thus theory strives to suggest

similarities and symmetries in the data and further data is

gathered along the lines suggested by the theory. With the

gathering of data somewhat related to inquiry, the conclusion
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to the noted is that theory "stems from successful inquiry

and generates additional ones" (10, p. 82). Therefore, since

theory and inquiry nourish one another, a theory of inquiry

would be in order.

This chapter contains four sections. The second section

gives some summary statements which were used as guidelines

for developing the theory, the third section reveals the

theory in terms of seven propositions, and the last section

summarizes the chapter.

Summary Statements Proposed
Regarding Theory

1. There is a need for theory in connection with

phenomena that need inquiry and explanation.

2. A function of theory is to account for the most

possibilities with the fewest propositions.

3. The propositions within a theory should be capable

of systematization; once principles have been
systematized within a theoretical framework:

(a) One should be able to predict what should
happen under a variety of conditions,

(b) One should be able to adapt easier as

unique problems arise unanticipated, and
(c) One should more easily recognize new and

unique problems from which new theories
arise.

4. Theory has no practical presuppositions; but

practice always presupposes some theory.

5. Theory represents a state of contemplation, as
differentiated from practice which is a state of
action.

6. Theory must be Thought; that is, generated into
existence.

7. Theory does not rely on, in fact is a priori to,

objective data.
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8. Theory is itself a theory.

9. Theory represents Man's highest order of systematic

Thought. Theory formulated might well be regarded

as the most important and distinctive intellectual

event of Human Thought.

10. Theory is representative of systematic, but
unrestricted Thought.

11. Theory is not a synonym for knowledge, technique,
or process.

12. The formulation of theory is often an antecedent
requisite to experiment, analysis, diagnosis,
validation, verification, and conclusions.

13. Theory is not a derivative of knowledge, though

it may strengthen prior knowledge.

1-4. Theory is neither declarative nor assertive.

15. Theory evolves from a different order of questions

and provides for a different way of advancing from
those questions, than experimentation.

16. Theory is a system of possibilities; it provides

for the identity of new possibilities and for the
identity of relations relevant to those possibilities.

17. Theory allows for the recognition of contradiction

without the need to establish positions as adver-

saries and antagonists.

18. Theory has the image of being abstract, difficult,
and useless, yet theory need not be frightening and
it need not be an excuse for naivete.

19. Theory is not the opposite of practical.

20. A primary function of theory is to establish an
interdependent relationship between the propositions

of a theory and phenomena apart from the theory.

21. Theory is not dichotomous. It is not for believing
nor for establishing positions; it is of and for
Thought.
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22. New theory does not necessarily replace old

theory; it may replace but that is not requisite.

When it does, it may take old theory and simply
give it a new nature.

23. Theory might be the primary means--even the only

means--by which Man can comprehend Thought

itself--possibly Man himself.

A Proposed Theory of Positive and

Negative Inquiry

Proposition I.--There are certain basic assumptions

preceding inquiry.

This proposition asserts that before inquiry can begin

there are certain concepts that must be understood. In

mathematics, this understanding takes the form of undefined

terms or unproved postulates. In geometry, for example,

"point," "line," and "plane" are terms assumed to be under-

stood by the student. In Euclidean geometry, the parallel

postulate is assumed to be true; whereas, in non-Euclidean

geometry, a different assumption is made about parallel

lines (3, pp. 306, 307). One of the basic assumptions of

inquiry has been Aristotle's Laws of Thought (4, p. 100); in

particular, the Law of Contradiction and the Law of Excluded

Middle are postulated or assumed to be true for practically

all of the past and present inquiry in mathematics (2, pp.

24-25). These two laws are the foundation for the idea

that any statement is either true or false and cannot be

both true and false.
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Two pre-requisites to inquiry that can be noted are

generalizable knowledge and critical knowledge. This

critical knowledge has the dichotomous aspect of being able

to distinguish between good and bad hypotheses and the

generalizable knowledge refers to a knowledge of principles

(7, p. 147). Thus a need for a preparatory step in creative

inquiry can be pointed out (17, p. 17; 14, p. 43), and the

assertion given that "almost everything we learn depends on

knowing something else already" (13, p. 40). Therefore,

before inquiry begins certain general agreements must be

made.

Proposition II.--There is given a statement relating

to the assumptions.

This proposition asserts that once the proper back-

ground and understandings have been established, then

inquiry begins to focus upon some statement about or derived

from the basic assumptions. This statement may take many

forms but generally can be classified in one of two ways,

especially from a mathematical viewpoint. The first type of

statement aims at establishing something thought to be true

and could be called a "problem to prove." The second type

seeks to find an answer or result and could be called a

"problem to find" (8, p. 142). In the What-If-Not Strategy,

the initial step to pose and solve problems is to "list

the attributes." This listing takes the form of statements
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about the theorem or problem being investigated (19, p. 17).

Thus statements are given about the assumptions made in the

beginning and inquiry proceeds from these statements.

The statement based on the assumptions places the

attempted inquiry within a "domain" and should be of such a

nature that inquiry is free to move within the domain (16,

p. 7). The key to this mobility is in the concept that the

statement has positive and negative possibilities or out-

comes. Therefore, the following corollary is stated:

Corollary I.--The given statement can be affirmed or

denied.

Proposition III.--Questions affirm and/or deny the

given statement.

This proposition asserts that inquiry begins to focus

upon the given statement by means of questions. The indi-

cation is that these questions must be preceded by thought

in the form of hypothesizing to obtain information (15,

p. 153), and this idea is the link between the first two

propositions and Proposition III. The assumptions lead to

a statement perhaps in the form of a hypothesis, a "problem

to prove," which in turn brings on questions. Questions can

be classified in three types: (1) trivial questions, (2)

impossibly difficult questions, and (3) well-wrought medium

questions. These medium questions are the ones that can be

answered to produce the desired results (5, p. 40). The



60

construct theory of Kelly appears to give some hint as to

what form these medium questions take. In the Dichotomy

Corollary, the constructs, how one anticipates events by

means of replication, are viewed as having two poles, one

positive and one negative. On the basis of this bipolar

idea, the following assertion is made:

Most people recognize bipolarity where it has an

explicit verbal label to cover it--black versus

white, up versus down, nice versus nasty, . . . ,
and so forth. However, Kelly asserts that even

where there is no label readily available for the

contrast, we do not affirm without implicitly

negating within a context. There would be little

point in asserting that 'I am tired' if the con-

trast assertion of freshness and energy were not

im licitly around somewhere to be negated (1, p.
24 .

Therefore it would appear that the key questions are those

which identify the bipolar aspects of the given statement;

that is, the questions "What if not?" and "What if?".

The "What if not?" question denies the statement and brings

out the negative possibilities. This negative question

essentially asks, "What will be the outcomes if the given

statement is not true?" The other question appears to be

"What if?" and is pointed out by one of the students involved

in an inquiry session saying, "We created 'What if' situ-

ations" (11, p. 139). The "What if?" question affirms the

statement and brings out the positive possibilities. This

affirmation basically asks, "What will the outcomes be if

the given statement is true?". These two questions appear

to be strongly related to the bipolar concept--the positive
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cannot be realized without the negative and the negative

cannot be realized without the positive.

Thus, both the questions "What if?" and "What if not?"

must be investigated in order for inquiry to be successful

and either question can only be understood in terms of the

other question.

Proposition IV.--Inquiry produces a wide range of

options.

This proposition asserts that as a result of the

questions a number of positive outcomes and negative out-

comes are stated. This wide variety of ideas and options

can be viewed as a part of creativity. The creative process

includes a period of preparation in which many possible

solutions are formulated (17, p. 17). Inquiry has been done

under the assumption that the student who produces a wide

array of ideas is being creative and thinking divergently

(12, p. 30). The successful inquirer will engage in both

divergent and convergent thinking. Divergent thinking led

by the basic questions will create a variety of possible

outcomes to be carefully examined (1, p. 92). Such a diver-

gent process has been suggested in solving a problem

associated with a sphere (8, p. 90). Since there are

numerous definitions of a sphere, all of these definitions

should be examined under the positive question "What if I
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use this definition?" in order to determine what definition

is best suited to the problem.

The proposed theory of positive and negative inquiry

as stated thus far is illustrated in figure 3.

A
s S What if? Positive
s t --------- outcomes

u
m t
p e
t m
i e
0 n What if not? Negative
n t outcomes
S

Fig. 3--The beginning of inquiry

The figure shows the assumptions from which the state-

ment arises and results of using the questions "What if?" and

"What if not?"

Proposition V.--Inquiry examines each option in terms

of a definite goal.

This proposition asserts that once a wide range of

options has been stated inquiry begins to determine which

option or options are best suited for the goals of the

inquiry. This proposition might well be called a focusing

proposition in which each positive and negative outcome is
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focused upon by means of the questions "What if?" and "What

if not?" A proper use of these questions will eliminate the

extraneous outcomes (12, p. 14). This focusing takes the

form of convergent thinking which appears to follow diver-

gent thinking in inquiry. After thinking divergently to

create numerous options, then thinking becomes convergent to

determine the best option (1, p. 92). The work of Archimedes,

Newton, and Gauss appears to have this characteristic.

Archimedes without reservation made use of a wide range of

techniques to solve mathematical problems, and cast aside

some of the fruitless restrictions of his time to use the

best possible means to solve his problems. Newton was able

to see a unifying factor in the numerous past results which

he brought together in the calculus, and was able to identify

the best way to approach a broad range of concepts. Even

though Gauss anticipated some of present day mathematics,

he gave himself to the specific task of developing higher

arithmetic. Thus, in the face of a wide range of options

inquiry seeks to find among these possibilities the outcome

which best suits its purposes.

Proposition VI.--Inquiry selects an option consistent

with the goals and proceeds from this statement.

This proposition asserts that once all the outcomes

have been examined, then a best outcome is stated for

further inquiry. Further inquiry means that the outcome
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will appear in the form of a statement that can be affirmed

or denied. The selection of this outcome may well be the

result of insight that comes after the careful examination

of the outcomes has been laid aside for awhile. In

Chisellin's classic work, "The Creative Process," it is

affirmed that creative insight is frequently the result of

a period of rest or sleep during which time unconscious

inquiry appears to continue to go on (13, p. 92). This

creative insight is called "illumination" and it is proposed

that from the critical analysis of many possible outcomes

results the birth of a new idea, a new insight (17, p. 17).

The producing of insight in order to find the best possible

outcome is in harmony with the idea that

the student should be provided with opportunities
to carry out inductive thinking; to make hypoth-
eses and to test them, ina great variety of sit-
uations, in the laboratory, in the classroom, and
by his own individual efforts (7, p. 146).

Once this insight has come, then the statement is subjected

to an inquiry procedure beginning once again at Proposition

II. A diagram of this process is given in figure 4, page

65.

Figure 4 identifies the inquiry process as gping on in

the same pattern from statement to questions to outcomes and

then beginning again at a statement.
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Proposition VII.--Inquiry has both a discrete and con-

tinuous component.

This proposition asserts that in one sense the inquiry

terminates in a finite number of steps, but in another sense

inquiry is unending. If the desired result or goal is

reached, then inquiry is showing a discrete component. If

the result is only partially reached or not reached at all,

then inquiry must continue to investigate. The discrete

process of going from the incomplete to the complete can be

described in the following manner:

Generally speaking, there is first a situation

S1, the situation in which the actual thought process

starts, and then, after a number of steps,

S2, in which the process ends, the problem is solved.

(20, p. 238).

An example of discrete inquiry using the basic questions

"What if?" and "What if not?" in various forms is given

below:

Student:

Mr. Jones:
Student:
Mr. Jones:
Student:
Mr. Jones:

Student:
Mr. Jones:

Student:

Mr. Jones, I've been looking at this
mineral specimen for ten minutes and I'm
still not sure. Is it quartz?
Does it have a cleavage?
Not that I can see.
How hard is it?
Harder than this piece of glass.
According to your table, are those the
properties you would expect to find in
quartz?
Gee, yes!
Do any other minerals on the chart seem
to fit those properties?
No, I guess it must be quartz. (Big smile).

(9, p. 61).
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So the inquiry in this example reached a conclusion in a

finite number of steps by means of answering questions which

bring out either a positive or negative quality of "quartz."

The continuous or unending aspect of inquiry is fre-

quently seen in scientific inquiry where it is recognized

that in order to solve even the simplest kind of

problems that arise in science and technology, we

are driven to trying to understand processes which

cannot be carried outin any finite number of

operations (4, p. 173).

Thus inquiry must frequently find ways to describe a process

that continues indefinitely. An example of this is seen in

chapter 2 where Fermat's Method of Infinite Descent was used

in proving the 'f7is not rational. The process derived in

that indirect proof was assumed to be able to be repeated

indefinitely.

Inquiry itself appears to have this continuous quality,

that is, inquiry can be used again and again to examine

inquiry.

By inquiring into inquiry, the learner becomes more

aware of what he knows, how he knows it, and how to

go about acquiring new knowledge for himself. In

effect, inquiry training shifts the learner from a

consumer of knowledge toward being a producer-

consumer. This gives him more degrees of freedom

as a learner since he can use and evaluate the

theories and conclusions of others without being

a slave to them, and he can generate his own

theories and conclusions when this brings him more

meaning (6, p. 13).

The history of mathematics points out both of these

aspects of inquiry with some mathematicians wanting to

reduce all inquiry to a finite or, at least, a countable
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number of steps; while other mathematicians have taken the

continuous, uncountable view of mathematics. One such

attempt to reduce the unaccountable to the countable was the

work of Kronecker who used the theory of congruences

developed by Gauss and extended by Cauchy in order to reduce

integers to natural numbers. The indirect proofs given in

the previous chapter furnish notable examples--some of which

are from past history--of discrete inquiry since each

contradiction is reached in a finite number of steps; how-

ever, the concept of indirect thinking and denying conclusions

seems to be able to go on continuously. That is, the

process of approaching problems in an indirect fashion

appears to be usable without end.

An overall view of the seven propositions of the pro-

posed theory of positive and negative inquiry leads to the

following statement. Positive inquiry occurs when positive

outcomes determined by the question "What if?" lead event-

ually to the desired result. This is illustrated in figure

5, page 69.

Figure 5 identifies positive inquiry as flowing from

repeated use of the question "What if?"

Negative inquiry occurs when negative outcomes deter-

mined by the question "What if not?" lead eventually to the

desired result. This is illustrated in figure 6, page 70.

Figure 6 identifies negative inquiry as flowing from

repeated use of the question "What if not?"
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With this view of positive and negative inquiry, it

would seem that other forms of inquiry occur as a mixture of

positive and negative outcomes. This is illustrated in

figure 7, page 72.

Figure 7 shows another form of inquiry as flowing from

the question "What if not?" in some steps and flowing from

"What if?" in other steps.

Most inquiry appears to follow this oscillating pattern

to a certain degree, as illustrated by the indirect proofs

of chapter 2. Euclid's proof of the infinitude of primes

shows this characteristic by first accepting the negative

outcome of a finite number of primes, and then using several

positive and negative outcomes to reach a contradiction.

Therefore, while some instances of pure positive and pure

negative inquiry do occur, the rule appears to be that

negative thinking helps to clarify what the positive out-

comes should be; and, positive thinking can only be carried

out successfully when negative outcomes are possible.

Summary

This chapter has proposed a theory of positive and

negative inquiry. This theory has been stated in seven

propositions with each proposition illustrated by examples.

The propositions viewed as a whole were used to identify

positive and negative inquiry and to point out other possible

forms of inquiry.
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CHAPTER IV

AN INTRODUCTION TO TRIGONOMETRY

Introduction

This chapter is not intended to be a complete discussion

of the major topics in trigonometry, but it will show how the

proposed theory of chapter 3 is related to some basic con-

cepts of trigonometry. Furthermore, it is expected that a

somewhat different way of obtaining some of the basic results

of trigonometry will be shown. In order to follow the

espoused theory, assumptions will be stated from which a

statement is given; this statement will be questioned, and the

outcomes of the questions will be examined. The discrete and

continuous aspects will also be brought out where they occur.

Several reasons can be given for relating the theory to

trigonometry. One reason is that trigonometry is more

theoretical in nature than many might believe it to be. This

idea is brought out in the statement:

Now, contrary to what might be supposed, modern
trigonometry did not develop in response to any

practical need. Modern trgionometry is impossible
without the calculus and _1. To cite but one

of the commoner applications, over a century and
a half elapsed before this trigonometry became
indispensable in the theory and practice of
alternating currents (1, p. 6).

Another reason for using trigonometry to illustrate the theory

is the need for removing from trigonometry the extraneous

material and making it more precise. It has been observed

75
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that trigonometry seems to be a good example of mathematical

material that may, with very little loss, be significantly

compressed (6, p. 249). A third reason for inquiring into

trigonometry is the apparent overconcern with triangles in

trigonometry to the neglect of what may be the very heart and

soul of the subject.

Many high school courses, it seems, have defined the
trigonometry functions solely in terms of triangles
and have almost exclusively concentrated on the
solution of triangles. Whereas, it was felt that
the sine, et. al., should be thought of primarily as
ordered pairs Tx, y) plus a third number associated
with and calculated from the pair. The facts that
this pair is a point in the Cartesian plane, that
the third number is the distance from the origin,
that this distance [sic] forms an angle with the positive
x-axis, and that the functions are useful in solving

triangles are all incidental, even though very
useful (13, p. 427).

Thus, the important part of trigonometry may be overlooked

while concentrating on triangles and their measurement.

The beginnings of trigonometry are somewhat vague. It

is likely that some forms of trigonometry were used in ancient

Egypt and Babylon (12, p. vii), but the first systematic

treatment of trigonometry was given by the Greek Hipparchus

in the second half of the second century B.C. (9, p. 140; 1,

p. 54). Hipparchus did most of his work due to an interest

in astronomy constructing a rough table of the sine function

and introducing the division of the circle into 3600. One

of the few mathematicians of the Middle Ages, Leonardo of

Pisa, better known as Fibonacci, published a book in 1202

containing the algebraic identity (a2 + b2) (c2 + d2 ) =
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(a d 2  2
(ac t bd)2+ (ad T bc)2. Under the proper assumptions, this

identity is said to contain the whole of trigonometry (1,

p. 96; 9, p. 142).

The approach to trigonometry that is used in this chapter

is based on Pythagorean Triples. A Pythagorean Triple can

be defined as a triple (a, b, c) such that a, b, and c are

2 2 2
positive integers and a + b c . Some examples of

Pythagorean Triples are (3, 4, 5), (5, 12, 13), (7, 24, 25),

(8, 15, 17), and (9, 40, 41). For the purposes of this

chapter, this definition will be extended to include all

2 2 2triples where a, b, and c are real numbers and a + b = c

with c greater than zero. Therefore, the Pythagorean Triples

discussed here will include such examples as (-3, -4, 5),

(-1, 0, 1), (4fT, 32f3, ), and (-2, 4, 3). On the basis of

these introductory remarks, some of the basic concepts of

trigonometry are developed.

Some Basic Concepts of Trigonometry

Section I

Assumption 1.--The initial assumptions in regard to

trigonometry would be the same as those in the presentation

of any subject area. It should be done in the most precise,

thorough, and accurate fashion possible so that those who are

attempting to learn something new may do so in the best way

possible. It should be simple, concrete, and easily

remembered.



78

Statement 1.--Trigonometry has been introduced as a

study of triangles.

The triangle approach has been the means of presentation

for probably the majority of trigonometry textbooks (5, 7, 8,

12). This is in spite of what has already been pointed out

that trigonometry did not begin as a study of triangles.

Still, the majority of textbook authors have thought that the

triangle approach was the most precise and best way to present

the material.

Question 1.--What if trigonometry is introduced as a

study of triangles?

This is the positive question and its outcomes can be

found in the textbooks cited above.

Question 2.--What if trigonometry is not introduced as

a study of triangles?

This is the negative question and to discover its out-

comes, one must look for other ways of introducing trigo-

nometry. There are a number of alternative approaches: (i)

trigonometry can be introduced with the unit circle and cir-

cular functions (2, 3, 10, 14), (ii) trigonometry can be

introduced with a type of vector approach (13), (iii)

trigonometry could be introduced by means of the identity

known by Fibonacci as previously stated, or (iv) trigonometry

could be introduced with Pythagorean Triples as defined and

extended in the first section of this chapter. Since
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negative outcomes (i) and (ii) have already been done in

current textbooks, they will be rejected in order that some-

thing new may be presented. Outcome (iii) would probably be

an unusual place to begin trigonometry, but it might require

too much difficult mathematics and so will be rejected.

Therefore, trigonometry will be introduced by means of

Pythagorean Triples in this discussion. This is a possibility

that has apparently been overlooked by most writers, but one

that appears to have some very direct and simple outcomes.

Result 1.--In this short discussion, discrete inquiry

has taken place in that the desired goal of finding another

means of introducing trigonometry has been found. This

inquiry is purely negative and is diagrammed in figure 8.

Assump-
tions of
precise,
thorough,
accurate,
simple
presen-
tation

~-3

State-
ment of
trigo-
nometry
intro-
duced
by tri-
angles

What if triangles?.-Reec Re j e c t

What if not Circles
triangles?

What if not Vectors
triangles?

What if not Fibonacci
triangles? identity

What if not Pythagorean
triangles? Triples

Fig. 8 --How to introduce trigonometry

Reject

Reject

Reject

Acqept
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The figure shows the assumptions of presenting trigo-

nometry, and then the statement of introducing trigonometry

with triangles. From the statement come the basic questions

of "What if?" and "What if not?" and the associated results.

Accepting the result of approaching trigonometry by means of

Pythagorean Triples is negative inquiry because it is one of

the "What if not?" outcomes.

Section II

Assumption 2.--The assumptions here are a working know-

ledge of arithmetic operations (addition, subtraction,

multiplication, and division), a knowledge of the basic

properties of equality (reflexive, symmetric, and transitive),

and a knowledge of the basic laws of exponents. These

assumptions are sufficient to work with Pythagorean Triples.

Statement 2.--Examples of Pythagorean Triples will be

presented in order for the student to discover the key

2 2 2
relationship a + b = c2.

Question 3.--What if the student does not discover

2 22
a + b = c ?

This negative question can be rejected believing that

the student can discover the relationship given enough hints

and class discussion. As a last resort, this property can

be stated for the student.

Question 4.--What if the student discovers a+ b 2=C2?

Then the student has found the key property for himself

which will make it easier for him to remember and work with
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this property. Thus the positive outcome and question are

affirmed.

Statement 3.--On the basis of Pythagorean Triples, the

following ratios are defined:

b cS = - SR =
C

a

C = - CR =
c a

b a
T -= - TR =U

2 2 2
where a, b, and c are real numbers such that a + b = c ,

c >O.

Question 5.--What if these ratios are not defined?

This negative question is rejected because the ratios

are the basic ingredients of trigonometry. NOTE: Any

question such as this one which is irrelevant will be stated

as such from this point forward.

Question 6.--What if these ratios are defined?

This positive question is affirmed and the student now

has the basic ratios with which to begin working.

Statement 4.--(i) For a, b>O, 8, C, T, SR, CR, TR are

all positive.

(ii) For a> 0, b <O, C and CR are positive;

S, SR, T, and TR are negative.

(iii) For a <O, b>O, S and SR are positive;

C, Cr, T, and TR are negative.
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(iv) For a<0, b<0, T and TR are positive;

S, SR, C, and CR are negative.

Question 7.--What if either (i), (ii), (iii), or (iv)

is not true?

Reject this negative question since the ratio of two

non-zero real numbers is either positive or negative.

Question 8.--What if (i), (ii), (iii), or (iv) are true?

The statements are indeed true and will be partially

shown-to be true. (i) is self-evident so consider (ii) as

an example. Given a>O, b<0, then a is positive since c.Oc

and c is positive, therefore C and CR are. positive. Likewise,

b c b- and c are negative since c>0, b<0, and - and are

negative because a>0, b<O. Therefore S, SR, T, and TR are

all negative. (iii) and (iv) can be shown true in the same

fashion.

Result 2.--In the preceding discussion, positive inquiry

has taken place and a goal of establishing results about the

positive and negative values of the ratios has been reached.

This positive inquiry is diagrammed in figure 9.
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What if ? R. 2

What if? S. 4 What if not?

Setjnct
A. 2 S. 2 What if not?

Reject

Fig. 9--Positive inquiry in trigonometry

The figure illustrates positive inquiry in trigonometry

by accepting the positive result in each step.

Section III

Assumption 3.--The assumptions of this section are the

same as those in the previous section, stated in Assumption

2, together with the ratios defined in Section II.

Statement 5.--Certain equations are true for the six

ratios previously defined and these equations are: (i)

S2 + C2 = 1, (ii) T2 + 1 = CR2, (iii) 1 + TR2 = SR2, (iv)

SR = (v) CR = 0, (vi) TR = , (vii) T = S, (Viii) TR = -

Question 9.--What if these equations are true?

They are indeed true as asserted in the statement and

shall be established in the following proofs.
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b 2
2 (a2 b 2 a2 2 a2S+2 + -2

a2  
2

2c

2
c-2 = sincec

2 2 2
a + b = c.

2 b 2 1b2 a2 a 2 c 2 c )2 2
(ii) T2 + =() + 1 = -2+a2 -b2 -2 = CR2

a a 2 a
2 2 a 2 22

2 2 2 2 2 2 2 2
(iii) 1 + TR = 1 + (5)2 = 2 + a2 = a + b2 - 2 =(-)= SR2

b2b

(iv) SR = c/b = 1/(b/c) = 1/S. (v) CR = c/a = a/(a/c) = 1/C.

(vi) TR = a/b = 1/(b/a) = 1/T. (vii) S/C = (b/c)/(a/c) = bc =
ac

b/a = T.

(viii) C/S = (a/c)/(b/c) - ac/bc = a/b = TR. q.e.d.

Question 10.--What if these equations are not true?

Irrelevant.

Statement 6.--Given S; C, T, SR, CR, and TR can be

stated in terms of S.

Question 11.--If S is given, what are C, T, SR, CR, and

TR?

This positive question calls for C, T, SR, CR, and TR

to be written in terms of S. The eight equations established

above will be used to carry out this process.

(i) Since S2 + C2= 1, then C - + - 2

(ii) Since T = S/C and C = 2 - S2 then T = S/( f17T .

(iii) Since CR = i/C, then CR = 1/( ST7 ,3
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(iv) Since TR = 1/T, then TR = /(S/( 1 - S

(ti fi- S)/S.

(v) SR = 1/S.

Question 12.--What if S is given and C, T, SR, CR, and

TR cannot be stated in terms of S? Irrelevant.

Result 3.--Any of the desired ratios could be used as S

was used in the above Statement 6. Therefore, a very

desirable result has been reached in that any of the five

ratios can be written in terms of the other ratio. This

positive inquiry is shown in figure 1Q.

s. 6 Desired

What if? result

Prove

What if? 
equations

hat if not? Reject
A. 3 S. 5

What if not? Reject

Fig. 10--Positive inquiry in trigonometry

This figure shows positive inquiry in trigonometry by

accepting the positive outcome in each step.
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Section IV

This section establishes numerous equations that are

true of the defined ratios. Each equation will be established

from the same set of assumptions; so that each equation will

be treated as a new statement derived from the assumptions.

The statements in this section will be understood as

independent of preceding statements. This is shown in

figure 10.

Assumption 4.--Same assumptions as Assumption 3.

Statement 7.--SR2 + CR2 = (CR)2(SR)2

Question 13.--What if SR2 + CR2  (CR)2 (SR)2 ?

This negative question will be affirmed for the sake of

making an indirect argument. Suppose SR2 + CR2  (CR )2(SR)2

then (c/b)2 + (c/a)2 (c/b)2 (c/a)2 which implies (c2 /b2 ) +

4 22 .. c2? 2 2 22 42 2 2 2
c /a b which implies c (a + b )/a b 2 c /a b which

implies c4 /a2b2  c4 /a 2b2 which is a contradiction. There-

fore, the equation is true.

____S
2 +C 2  2t R2?

Question 14.--What if SR2+C = (CR)2(SR)2? irrel-

evant.

Statement 8.--C2 2 = 2C2 1.
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Question 15.--What if C2 _ S2 = 2C2

This positive question will be accepted in order to give

a direct proof. The proof is as follows:

C2 2 = (a/c)2 - (b/c)2  a2 /c2 - b2/c2 = (a2 - b 2 )/c2

2 2 2 2 . 2 2 2
= [a2- (c - a )]/c since b = c - a .

= (a2 - c2 + a2 )/c2  2a2 /c2 - c2 /c2 = 2(a/c)2 
- 1

= 2C2 - 1. q.e.d.

Question 16.--What if C2 - S2 202 - 1? Irrelevant.

Statement 9.--(SR + CR)2 = (CR2 + 2T)/S2

Question 17.--What if (SR + Cr)2 = (CR2 + 2T)/s 2 ?

This positive question will be affirmed for another

direct proof. The proof is as follows:

CR2 + 2T = [(c/a)2 + 2(b/a)]/(b/c)2  [(c 2/a2 ) + 2b/a]/(b2 /c2 )

S2

= c2 + 2ab _ _ = C2(c2 + 2ab) =(a2 + b2)(c2 + 2ab)
2 2 2 2 2 2

a c a b a b

= a2c2 + 2abc2 + b c2 = (ac + bc)2 = (ac/ab + bc/ab)2

a2b2 ab

2 2
= (c/b + c/a) = (SR + CR)2q.e.d.

Question 18.--What if (SR + CR)2  (CR2 + 2T)/S 2?

Irrelevant.

Statement 10.-Ia = CR - T.
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Question 19.-- What if CR + T = CR - T?

Again, the positive question will be affirmed in order

to give a direct proof. The proof is as follows:

2
CR - T (c/a)- (b/a) c )a _c b C

(c/a) + (b/a) (c /a

(~ c - b c = (c/a) - (b/a) = CR - T. q.e.d.

a a

Result 4.--For each of the separate four statements of

this section, the desired goal is reached by mathematically

proving the statement. These discrete inquiries are dia-

grammed in figure 11.

S.7 WhatRejetStatement proved

What if eS p?
S. 8 What if not? R Statement proved

Wha hiant'i?

S. 9 What ifo?R Statement proved

,-eject

S. 10 What if not? Reject Statement proved

Fig. 11--Inquiry establishing several statements

The figure shows four different statements based on the

same assumptions with the first statement verified by negative

inquiry and the last three statements verified by positive

inquiry.



89

Section V

This section will follow the same inquiry procedure as

the preceding section. Since the sections are identical in

nature, the two statements to be established will simply be

stated and proved without following the detailed format

being used previously. The details will be diagrammed in

figure 12, page 90.

Statement 11.--Let (a1 , b1 , c1) and (a2 , b2 , c2) be two

Pythagorean Triples with a= a2 . Then CQ/c2 = 2 /ci.

The proof is as follows:

Recalling that C1 = a1 /c1 andG2 = a2/'2 . then

C 1/C2= (a 1/c 1)/c 2  a1 /c1 c2 = a2/c1 c2 = (a2 /c2)/c

= C 2/csince a = a2. q.e.d.

Statement 12.--Let (a1 , b1 , c1) and (a2 , b2 , c2) be two

2
Pythagorean Triples with a = a2 . Then c2

C2+ (b + b 2)
2 - 2c (b1 + b2)S 1

The proof is as follows:

Recalling S1= b /c , then

c 2 + (b1 + b2 )2 - 2c1 (b1 + b2)S =

c + (b + b)2 -2c (b + b2)(b /C
1 1 2 1 1 2 )( 1 /c1 )

c2+ b + 2b b +b 2 - 2(b + b2)(b) =
+ 1 1+2 2 1 2 1

c2+ b2 + 2b b + b 2- 2b 2 - 2b b -
1 1 1 2 2 1 1 2
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C - b +b 2

2 2 2 2 2
a1 + b2 = a2 + b2 = c2 . q.e.d.

The last line of the proof makes use of the fact that

22 2 'n 2=a2- b =-a2 andta =-a2 .

Result 5.--Essentially two separate results were

derived in this section by positive discrete inquiry. This

is diagrammed. in figure 12.

What ifnt

Tw wo if t Statement proved

A. 4 Wa fnt Reject

S. 12

Statement proved

What if not?I

Reject

Fig. 12--Positive inquiry establishing two statements

The figure shows two different statements based on the

same assumptions with each statement proved by positive

inquiry.

Summary and Conclusions

In this introduction to trigonometry, numerous basic

results have been given starting with Pythagorean Triples.
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The equivalent of the trigonometric ratios was defined. From

this definition, the following results were obtained: (1)

all ratios are positive in quadrant I, (2) the sine and

cosecant are positive in quadrant II, (3) the tangent and

cotangent are positive in quadrant III, and (4) the cosine

and secant are positive in quadrant IV. After this the

eight fundamental identities were derived and used to show

that all other ratios can be written in terms of the sine.

Then four random trigonometric identities were proved. It

might be noted that any number of other identities similar

to these could have been proved. In the last section, the

Law of Sines and Law of Cosines were derived. Throughout

the development of these concepts, the proposed theory of

positive and negative inquiry was utilized and diagrammed.

Each section contained discrete inquiry, but the fact that

other topics of trigonometry could possibly be derived in

this fashion indicates a strong continuous component in this

investigation. One such concept might be the sum and

difference formulas of trigonometry which were not estab-

lished in this effort.

This introductory material could be used in a basic

course in trigonometry as a starting point. The students

would receive on the first day a discussion of basic

operations, basic properties of equality, and basic prop-

erties of exponents. Then five Pythagorean Triples could
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be written on the board and the assignment given for the

students to determine a basic relationship in each triple

of numbers which is true of all the triples. The next class

meeting some of the students will possibly have discovered

that a2 + b2 = c2 , Then the ratios can be defined and

the first two parts of Statement 4 can be worked out on the

board. The students are then assigned to do the last two

parts for homework. The third class meeting would center

around the basic identities and a full week of class could

be used to have students write the other ratios in terms of

C and T; then, procede on to work out a large number of

identities using only the basic ratios. Since the proving

of identities frequently causes difficulties for the students,

the simplicity of this approach might get most of the work

with identities done without creating the normal complaints

from the students. After this, a day could be used to

derive the Law of Sines and the Law of Cosines. With this

much done, the student could be shown right triangles and

how Pythagorean Triples relate to right triangles. Thus

proceeding on in the traditional fashion to do the further

development of various topics. The approach of beginning

with Pythagorean Triples has a definite advantage in giving

the students something in the form of concrete numbers to

work with before anything else is done. It has frequently

been stated that new topics should be introduced by

examples not definitions (11, p. 32).
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It is not the aim of this paper to indicate that all

of trigonometry should be taught without triangles or

circles, but that the development of this chapter be used

as a beginning point for later work with triangles and

circles. Frequently, the mistake is made, that something

appearing to be a unifying concept such as Pythagorean

Triples, should be used in every aspect of the topics taught.

The problem that usually results from this mistake is that

ridiculously easy problems may wind up being done in ridic-

ulously hard ways.

Robert J. Thomas who does a development of trigonometry

similar to the one given here makes the following obser-

vation regarding the uses of this method:

It may be used briefly in a trigonometry course
as an introduction to the basic ideas and
methods. It may be used more extensively in a
teacher training course to make the teachers-
to-be think the way they should make their
future students think (13, p. 427).

Therefore, if more creative thought is generated on

the part of the teacher and student who are using this

approach, then it would be a worthwhile endeavor for all.
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