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In this paper I prove results concerning the existence of multiple solutions

for the semilinear elliptic boundary value problem:

Au + f(u) = 0 in Q

U = 0 on&aQ.

I show that this problem has five solutions when the range of the deriva-

tive of the nonlinearity f includes the first two eigenvalues. I also prove existence

and multiplicity of radially symmetric solutions under suitable conditions on the

nonlinearity when Q is a ball in RN

This paper also contains a result concerning bifurcation of solutions of ab-

stract operator equations. Applications are made to systems of differential equa-

tions and to the existence of periodic solutions to nonlinear second order elliptic

equations.
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CHAPTER 1

INTRODUCTION

Considerable amount of work has been devoted to studying semilinear ellip-

tic boundary value problems. These problems arise in numerous applications; for

example in fluid mechanics (see [3], [7], [14]) , chemical reactions (see [9], [10]), Rie-

mannian geometry (see [12]), elasticity theory (see [2], [8]), and in physical problems

involving the steady state temperature distribution (see [10], [11]).

Main aspects in the study of semilinear elliptic boundary value problems are:

existence and multiplicity of solutions, bifurcation of solutions, and analytical and

numerical procedures for calculating the solutions. In this paper I prove results

concerning the existence of multiple solutions for semilinear elliptic boundary value

problems as well as bifurcation of solutions of abstract operator equations.

This paper is divided into five chapters. In chapter 2 I give a survey of some

relevant results from variational methods and bifurcation theory that I will use in

the proofs of my results in the following chapters.

In chapter 3 I prove that a semilinear elliptic boundary value problem has

five solutions when the range of the derivative of the nonlinearity includes the first

two eigenvalues. More precisely:

Let f: JR -+ JR be a differentiable function such that f(0) = 0, and

(1.1) f'(oo) = lim E R.
JuJ-.oo U

I
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N 0 g2
Let Q be a smooth bounded region in RN, and A =N2 the Laplacian operator.

Let A 1 <:A2 < ... <Ak <... be the eigenvalues of -A with Dirichet boundary

condition in Q. I prove:

THEOREM A. If f'(0) < A 1 , f'(oo) E (AkAk+l) with k ;> 2, and

f'(t) < - < Ak+1, then the boundary value problem

{Au+f(u)=0 in Q
(1.2)

U = 0 on&aQ

has at least five solutions. If k is even, either (1.2) has two oscillatory solutions or

six solutions; one of which is oscillatory and three of the same sign. If k is odd,

either (1.2) has two oscillatory solutions or three of the same sign.

I prove Theorem A using Lyapunov-Schmidt arguments to reduce the solv-

ability of (1.2) to a finite dimensional problem, and then I use degree and index

theories applied to critical points. I make intensive use of the fact that the Leray-

Schauder degree is invariant under the Lyapunov-Schmidt reduction process; since

this does not seem to be a well known or extensively used result, I include its proof

in chapter 2. In order to calculate various indices and degrees I prove that in large

regions the Leray-Schauder degree of maps arising in problems like (1.2) where f'

crosses the first eigenvalue lim f <A 1 < lim is equal to zero. I
-- OO U U-+OO U )

also use "mountain pass arguments" of the type Ambrosetti-Rabinowitz (see [1]).

In chapter 4 1 study the existence of radial solutions of the semilinear elliptic

boundary value problem (1.2) where 2 is the unit ball in RN centered at the origin



3

and the nonlinearity f : R -+ R is a C2 function subject to certain restrictions to

be stated precisely as assumptions in Theorem B and Theorem C below. The main

result that I prove is:

THEOREM B. Suppose f(0) = 0, f has a positive zero, and f'(0) = f'(oo) > A.

Then (1.2) posseses at least 4j - 1 radially symmetric solutions.

The strategy of my proof is as follows: first I study the problem

Au + Af(u) = 0 in 2

(1.3)
U = 0 ona&I

where A E R is a parameter. Next I apply classical bifurcation theorems (the simple

eigenvalue theorem , the global bifurcation theorem, and the theorem of bifurcation

from infinity) to problem (1.3) to infer the existence of multiple solutions of (1.2).

I also give a simpler proof of the following result due to M. Esteban [6]:

THEOREM C. Suppose f(0) = 0, 0 < f'(0) <Aj+,1 , and Aj+k < f'(oo). Then

(1.2) posseses at least 2k + 1 radially symmetric solutions.

In chapter 5 1 give sufficient conditions for the existence of bifurcation points

for the equation

(1.4) u + AL~'(N(u)) = 0,

where L is a linear operator in a real Hilbert space H, L has a compact inverse,

A E R is a parameter, and N: H -+ H is of class C2 with (L- 1N)'(0) = L-1,
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N(O) = 0. Let -A 0 0 be an eigenvalue of L such that

H = Ker(L + AI) E)Range(L + AI) :X 6Y.

Let K c X be a closed cone such that (K U (-K)) 5 X, and P the projection onto

X across Y. I prove:

Theorem D. If for some r1 > 0

(1.5) P(N - I)({u E H;IluII ri}) C (K U (-K))

then (A, 0) is a bifurcation point of (1.4). Moreover, if

P(l\ - I)({u E H;||ull r}) C K

and K n (-K) = {0} then for r > 0 sufficiently small the equation (1.4) has two

different solutions (a,,u), (1,v) with IlPull = IIPvl| = r, Ja - A| <r and I/ - A <r.

The proof of Theorem D uses Lyapunov-Schmidt arguments, the implicit

function theorem, and Sard's theorem, among others. Unlike the classical results

on bifurcation theory (see [4], [5], [13], and references therein) my result does not

depend on the multiplicity of the eigenvalue A or the variational structure of equa-

tions where Theorem D applies. Theorem D will be illustrated in chapter 5 with two

applications. One of them to systems of differential equations, and the other one

to the existence of periodic solutions to a nonlinear second order elliptic equation.

The following example shows that Theorem D is sharp in the sense that for

r small there are exactly two solutions with norm r.
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Example 1.6. It is well known that the map F: R x R2 -+ R 2 given by

F(A, (x, y)) = (x + A(x - y'), y + A(y + x.'))

has a singularity at (-1, (0,0)), however (-1, (0, 0)) is not a bifurcation point of

(1.7) 1+ A =0.
LyJ L y + X 31

Indeed the set of solutions of (1.7) is {(A, (0,0)): A E R}. Here I observe that if in

(1.7) I replace y3 by y2 and x3 by x2 then by Theorem D (-1, (0,0)) is point of

bifurcation. In this case K ={(x, y);x ; 0, y > 0}.
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CHAPTER 2

PRELIMINARIES

1. Introduction

For the sake of completeness in this chapter I give a survey of relevant results

on variational methods and bifurcation theory that will be used later on.

In section 2 I state a global version of the Lyapunov-Schmidt reduction

method. Because in the proof of Theorem A in chapter 3 I make intensive use of

the fact that the Leray-Schauder degree is invariant under the Lyapunov-Schnildt

reduction process, and this does not seem to be a well known or extensively used

result, I include its proof in section 3. Since in the proof of Theorem A I also use

degree and index theories applied to critical points, I state in section 4 a result

due to H. Amann showing that the local index of an isolated local minimum of a

C'-functional on a Hilbert space equals one, and a result due to H. Hofer which

gives a characterization of the topological degree at a critical point of mountain

pass type. In section 5 1 present three important theorems in bifurcation theory:

the simple eigenvalue theorem, the global bifurcation theorem, and the theorem of

bifurcation from infinity. These theorems will be used to prove Theorems B and C

in chapter 4.

8
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2. The Lyapunov-Schmidt reduction method

This section contains a global version of the Lyapunov-Schmidt reduction

method which will be needed to prove Theorem A in chapter 3. Let us recall that

if 4 is a functional of class C 1 and uo is a critical point of 4 then uo is called of

mountain pass type if for every open neighborhood U of uO 1'(-oo, 4(uo))fnU 5

and 4 7(-oo, 4(uo)) n U is not path connected.

Lemma 2.1. Let M be a real separable Hilbert space. Let X and Y be closed

subspaces of M such that M = X E Y. Let j: M -+ R be a functional of class C'.

If there are m > 0 and a > 1 such that

(2.1) (Vj(x + y) - Vj(x + y1), y - y1) > m||y - y1 for all x E X, y, y1 E Y

then:

(i) There exists a continuous function 0: X --+ Y such that

j(x + O(x)) = minj(x + y).
yEY

Moreover, O(x) is the unique member of Y such that

(2.2) (Vj(x + O(x)), y) = 0 for all y E Y.

(ii) The function j: X -+ R defined by j(x) = j(x + V)(x)) is of class C', and

(VJ(x), x1) = (VJ(x + k(x)), xI)(2.3) for all x, xi X
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(iii) An element x E X is a critical point of] if and only if x + O(x) is a critical

point of j.

(iv) Let dimX <oo and P be the projection onto X across Y. Let S C X and

E C M be open bounded regions such that

{x+ O(x);x E S} = E n {x + O(x);x E X}.

If Vj(x) #40 for x S then

d(Vj, S, 0) = d(Vj, E, 0),

where d denotes the Leray-Schauder degree.

(v)If uo = xo + p(xo) is a critical point of mountain pass type of j then xo is a

critical point of mountain pass type ofj.

Proof. The reader is referred to [2] for the proof of parts (i)-(iii). The proof of part

(iv) is deferred to section 3 (see Theorem 3.3). Now I proceed with the proof of

part (v).

Suppose xo is not of mountain pass type of j. Let V be an open neigh-

borhood of x0 in X such that either j-1(-ooJ,(xo)) n V is empty or path con-

nected. If - 1 (-oo, ](xo)) ) V is empty, part (i) implies that {x + y; x E V, y E

Y} flJ~L(-oo, j(uo)) is also empty. Thus uo is not of mountain pass type for j. On

the other hand if j-1(-oo,](xo)) n V is path connected, letting W = {x + y; x E

V, Iy -4(x)II < 1} and using again part (i) it is easily see that Wn YJ(-oo,j(uo))

is also path connected. This concludes the proof of Lemma (2.1). 0
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3. Invariance of the Leray Schauder degree under reduction

Let X, Y, M, j, 3 and P be as in Lemma 2.1. Let S C X be an open

bounded region. Suppose that V5(x) 54 0 for each x E OS. Let r: M -+ M be

defined by P(x + y) = VJ(x) + y - o(x).

Lemma 3.1. If 6 > 0 and T = {x + y: x E S,1y1-0(x)II < 6} , then

d (P, T,0) = d(Vj, T,0).

Proof. Let h: [0,1] x M -+ M be defined by

h(t, x + y) = t P(x + y)+ (1 - t) VJ(x + y).

I claim that h(t, z) # 0 if z E 9T. In fact, let z = x+y E T. If y = (x) then

x E 4S. Hence VJ(x) : 0. Since h(t, z) = tVj(x) + (1 - t)Vj(x + 4(x)) = VJ(x)

we have h(t, z) f 0. On the other hand if y 5 4(x), by (2.1) and (2.2) we obtain

(h(t, x + y), y - O(x)) = (t(VJ(x) + y - b(x)) + (1 - t)Vj(x + y), y - b(x))

= (t(y - (x)), y - b(x)) + ((1 - t)Vj(x + y), y - 4(x))

t jy - O(x)jj 2 + (1 -t) m jjy - 4(x) 12 > 0.

Thus by the homotopy properties of the Leray-Schauder degree we have

d (r, T, 0) = d (Vj, TI0), which proves the Lemma N
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Lemma 3.2. d (r, T,0) = d (VJ, S,0).

Proof. By definition of the Leray-Schauder degree there exists a finite dimensional

subspace Y1 such that

d (r, T,0) = d (I+ Qr7, T n (X & Y),o)

where Y1 is a subspace of Y of finite dimension, Q is the orthogonal projection onto

X e Y1 , and rq(x + y) =V(x) - x - (x).

Let {gIoo be a sequence of functions of class C' converging uniformly to

VJ. Let m be sufficiently large, and E E X a regular value of gm sufficiently small

so that

(3.1) d (Vj, S,0) = d(gm,SE).

Let {,m} be a sequence of functions of class C 1 converging uniformly to Qb. For

(x+y)ET1 :=Tfn(X ED Y,) I define

m (X + y) =gm(x) + y - Om (x).

Thus, {Tmm} converges uniformly to I + Qr7.

Since

(x) ' (x)
Dx : x

Dm (x +y) = -- -- ------------- I

o0
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and e is a regular value of g, we have

Det (D4,m(x + y)) = Det (-g(x)) $ 0.
ax

Thus E + 0 is a regular value of T!m.

Therefore

d (VJ, S,0) = d (gm,S,E)

E sign (Det( agm (x)

xEg7, I (E)49

-1:S sign (Det(DxJ'm(x + y)))
(x+y)E'YM (E+O)

d ('m ,Ti, e+ 0)

d ('mITi, 0)

= d(I+ Qr, TI,0)

=d(P, T, 0) *

Theorem 3.3. Let E be as in Lemma 2.1. Then

d(Vj, S,0) = d(Vj, E,0).

Proof. Let T be as in Lemma 3.1. Since (E - T)n{x +o(x);x E X} = 0 Vj has

no zeros in E - T. Lemmas 3.1 and 3.2 imply

d(Vj, E,0) = d(Vj, T,0) + d(Vj, E - T0)

= d(VjT,0)

= d (r, T, 0)

=d (Vj,S,0) *
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4. Topological degree at critical points

In this section I present results due to H. Amann and H. Hofer that will be

widely used in chapter 3.

The first result, due to H. Amann, gives a characterization of the local index

of an isolated local minimum of a C1 -functional on a Hilbert space. Let U be an open

subset of some real Hilbert space H and suppose that the gradient Vf : U -+ H of

a given function f E C1 (U, R) is a compact vector field, that is, Vf = I - F, where

F E C(U, H) maps bounded sets into compact sets. In the following Theorem we

denote by i(Vf, xo) the index of Vf at an isolated zero xo.

Theorem 4.1. Suppose that Xo E U is an isolated critical point of f at which f

has a local minimum. Then i(Vf, xO) = 1

Proof. See [1] p. 452.

The next result, due to H. Hofer, shows the existence of critical points of

mountain pass type under very general circumstances. Suppose F is a real Banach

space and U is a nonempty open subset of F. For ( E C1 (U, R) and c E R, We

define Cr(4',c) = {u E U; 4'(u) = 0,<I>(u) = c}. We say that 4 E C'(F,]R) satisfies

the Palais-Smale condition if the following holds.

(PS) If V'(un) -+ 0 and {4(u)} converges then {u,} has a convergent subsequence.

Theorem 4.2. Let ) E Cl(F, R) satisfy (PS) and assume eo, e are distinct points
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in F. Define

A = {a E C(0,1], F); a(i) = eii = 0,1},

d = inf sup 4)(Ial), tat = a([0, 1]),

c = max{l(eo), 4(e1)}.

Then if d > c the set Cr(4, d) is nonempty. If, in addition, the critical points in

Cr(4, d) are isolated in F, then there exists a critical point uO of mountain pass

type in Cr(4, d).

Proof. See [4] p. 502.

Under further assumptions on 4 the local degree at a critical point of moun-

tain pass type can be shown to be -1.

Theorem 4.3. Let 4 E C2 (U, R) with 4' compact. If uo E U is an isolated critical

point of mountain pass type and the smallest eigenvalue A, of the linearisation

4"(uo) E L(F) at uo is simple provided A, = 0 Then the local degree at uO is -1.

Proof. See [4] p. 502.

5. Results on bifurcation theory

In this section I will state three theorems in bifurcation theory that will be

used in chapter 4 to prove Theorems B and C.

First I present a result due to Crandall and Rabinowitz which shows that

there is bifurcation at a simple eigenvalue.
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Theorem 5.1. Let X, Z be real Banach spaces, A be an open set in R and

M E Cm (A x XZ),m > 2. Suppose that

M(A, x) = Bx - Ax + N(A, x)

(5.1)
N(A, 0) = 0, DxN(A, 0) = 0.

If AO is a simple eigenvalue of B with eigenvector yo # 0, then (A, x) = (Ao, 0) is a

bifurcation point of M(A, 0) = 0. Moreover, there exist Cm-1 functions

A*() = AO + 0(Iu)
(5.2)

x*(u) = u yo + O(u2 )

for real u near zero such that

M(A*(u), x*(u)) =0.

All zeros of M near (A0,0) are either the trivial solution x = 0 or given by (5.2).

Finally, if M is an analytic function of A, x near (A 0, 0), then A*, x* are analytic

near zero.

Proof. See [3] p. 188.

I present now a global bifurcation theorem due to P. Rabinowitz. Let E be

a real Banach space and G: IR x E -+ E. We are interested in solutions of

(5.3) u = G(A, u).

Suppose G(A, 0) = 0 for all A E R so G possesses the family of trivial solutions

{(A, 0); A E R}. Let S denote the closure in R x E of the set of nontrivial solutions

of (5.3).
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Theorem 5.2. Suppose G(A, u) = A Lu + H(A, u) where L is compact and lin-

ear and H is compact and o(Ijull) as u -* 0 uniformly on bounded A intervals. If

y E r(L) = {p E R; pt' E o(L)} is of odd multiplicity, then S contains a compo-

nent C containing (y, 0). Moreover C is either unbounded in R x E or C contains

('w,0), where p ft Er(L).

Proof. See [5] p. 77.

Finally I state a theorem on bifurcation from infinity due also to P. Rabi-

nowitz. Let us consider the equation

(5.4) u = ALu + K(A, u),

where L is linear. The point (y, oo) is said to be a bifurcation point for (5.4) if there

exists a sequence of solutions (A,,u,) of (5.4) such that A, -+ y and jju,j -+ oo.

Theorem 5.3. Suppose L in (5.4) is compact and linear, and K is compact and

o(jull) as u -+ oo uniformly on bounded A intervals. If y E r(L) is of odd multiplicity

then (yp, oo) is a bifurcation point.

Proof. See [5] p. 105.
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CHAPTER 3

MULTIPLE SOLUTIONS FOR A NONLINEAR DIRICHLET PROBLEM

1. Introduction

In this chapter I consider the semilinear elliptic boundary value problem

(1.2) and prove Theorem A (see chapter 1).

Problem (1.2) has been intensively studied by many authors. A. Castro and

A. Lazer in [7] showed that if the interval (f'(0), f'(oo)) U (f'(oo), f'(0)) contains

the eigenvalues Ak,..., A, and f'(t) < A 1.j for all t E R then (1.2) has at least

three solutions. The proofs in [7] are based on global Lyapunov-Schmidt arguments

applied to variational problems. Subsequently K.C. Chang (see [8]) approached the

same problems using Morse theory, and H. Hofer (see [9]) obtained the existence of

five solutions when f'(oo) < A,. For other results in the study of this problem I

refer the reader to [2], [3], [4], [5], [10], among others.

Section 2 contains the framework that allows studying solutions to (1.2) in

terms of variational functionals. In section 3 I compute the index of the trivial

solution when the nonlinearity crosses the first eigenvalue. In section 4 1 prove the

existence of positive and negative solutions to (1.2), and I compute their degrees in

certain regions. In section 5 I prove theorem A.

19



20

2. Variational functionals

For each positive integer m let Spm denote an eigenfunction corresponding to

the eigenvalue Am. Let H be the Sobolev space HJ(Q) which is the completion of

the inner product space consisting of real C 1 functions having support contained in

Q with inner product

(u, v) = j Vu(x) - Vv(x) dx.

As it is well known, the set {pm} can be assumed to be complete and orthonormal

in H.

We say that u E H is a weak solution to (1.2) if for every W E H

j(Vu.VW - f(u) p) dx =0.

By standard regularity for elliptic operators (see [7]) it follows that weak solutions

are classical solutions when f is continuous and sublinear, i.e. when f is continuous

and there is a positive constant a such that

(2.1) If(u)l a(1 +|Jul).

Let J: H -+ R denote the functional defined by

(2.2) J(u) = (11VuI2 - F(u)) dx,

where F( ) = fo f(s)ds. Since f'(oo) E (Ak,Ak+1), f satisfies (2.1). Thus

J E C1 (H, R) (see [11]) and

(2.3) (VJ(u), p) = j0(Vu.VW - f(u) W) dx for E H.
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In particular u is a weak solution of (1.2) if and only if u is a critical point of J.

Let X denote the subspace of H spanned by {(1p, 2,...7, k }, Y its orthog-

onal complement, and J the functional defined by (2.2). I claim J satisfies the

hypotheses of Lemma 2.1 in chapter 2. Indeed, from (2.3) and the mean value

theorem we obtain

(2.4) (VJ(x + y) -VJ(x + y1),y -Y1) = I|y-y,1 2 
- jf 1( )(Y _ Y1)2.

Denoting by 111 |o the usual L2 (Q) norm and using that f'() 5 -7 < Ak+1 we have

(VJ(x + y) - VJ(x + y1), y - Y1) ||Y112l 1 - y_,jj
(2.5) (1- Akl) 12

Ak+1

where I have used that 1z 11 2  > Ik+Ilzl| for all z E Y. Thus hypotheses of Lemma

2.1 are satisfied with m = 1 - and a = 2.
Ak+1

3. Index of the trivial solution when the

nonlinearity crosses the first eigenvalue

For -y> A1 let p(y) := p be the homogeneous function defined by

-/X for x > 0

P(x ) =

If'(O)xfor x < 0.

Let P be the primitive of p with P(0) = 0, and 7r: H -+ R be the functional defined

by

(3.1) r(u) = j(-IVu112 - P(u)) dx
10
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As observed in section 2 (see(2.1)) ?r is a functional of class C1 , and its critical

points are the weak solutions to

Au + p(u) = 0 in Q
(3.2)

U=0 on aQ.

Because f'(0) < A, and the principal eigenvalue of the Laplacian in any subregion

of Q is bigger than or equal to A 1 , we see that if u 5 0 is a weak solution to (3.2)

then u is a positive eigenfunction. Since this contradicts that -Y > A 1 , we conclude

that u = 0 is the only critical point of ir.

Lemma 3.1. If B is a ball in H containing zero then d(Vir, B,0) = 0.

Proof. By the definition of the Leray-Schauder degree if Z denotes the subspace

spanned by p1, W2, .. , pj with 1 big enough

(3.3) d (Vir, B, 0) = d (P Vir, BfnZ, 0),

where P denotes the orthogonal projection onto Z. Since y > A1 we see that

h(t) := p(t) - Alt > 0 for t 54 0. Because so1 is in Z we have

(PV7r(x),p1) = (Vir(x),<p 1 )

(3.4) j(Vx.V - A 1 xpW 1 - h(x)<p1 ) dz

=j(-h(x)<pl) dz < 0 if xE ZfnlB,
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where we have used that W, is positive in Q. From (3.4) we have now, for each

s E [0,1] and x E Z f nB,

(3.5) (s P V7r(x) + (1 - s)(-p1), 1) < 0.

Hence by invariance under homotopy of the Leray-Schauder degree we have

(3.6) d (P Vir, BAnZ, o) = d(K, BfnZ,0) = o,

where K(x) = -W, for all x E Z. Since the Brouwer degree of a nonzero constant

function is zero, this, (3.3), and (3.6) prove the Lemma. *

4. Existence of positive and negative solutions, and their degrees

Let f+ be the function defined by

f(0) if 6>0

f'I(W) if < 0.

Let F+( ) = f+(s) ds, and J+: H -> R the functional defined by

(4.1) J+(u = JIVU112 - F+(u)) dx.

As observed in section 2 (see (2.1)) J+ E C'(H, R),

(4.2) (VJ+(u) +) = j(Vu.VW - f+(u) W) dx for e E H,

and the critical points of J+ are the weak solutions of

Au + f+(u) = 0 in Q

(4.3)
U =0 on aQ.
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Lemma 4.1. Under the hypotheses of Theorem A, (1.2) posseses a positive (resp.

a negative) solution. If the set of positive (resp. negative) solutions is discrete then

at least one of these solutions is a critical point of mountain-pass type and its local

degree is -1.

Proof. We show that J+ satisfies the hypotheses of Theorem 4.2 in chapter 2.

Because f'(0) < A, 0 is an isolated strict minimum of J+. Thus there exist 6 > 0

and p > 0 such that

(4.4) J+(u) > b for 1ull1= P.

We note that

J+ (t ) Lj jjVjj 2 dx - F+(t <) dx.

Since f'(oo) > A, there exist a 1 E R and a2 > A, such that for > 0,

F+ () > ai+ a2 -. Thus for t >0
2

J+(t WI) <-(A, - a2)j, -a 1jQj -+ -oo

as t -+ oo. In particular there exists u E H such that

(4.5) J(u) < 0 and ljull > p.

We verify now that J+ satisfies the Palais-Smale condition. Let {un} be a

sequence in H such that J+(Un)1 5 M and VJ+(un) -+ 0 as n -+ oo. Let
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X = span (P1, W2,..., (k) and Y = span (Wk+1,Wk+2,...). Since H = X eY,

there exist xn E X and yn E Y such that un = xn + Yn (n = 1,2,...). We claim

that

IynI ki + k2 ||xln| where k1, k2 > 0.

In fact, because J+ satisfies hypotheses of Lemma 2.1 (see chapter 2) we have

(4.7) (VJ+(xn + /(Xn)) - VJ+(xn + yn), 4(xn) - yn) > mjyn - 4'(xn)1|2 ,

where b: X -+ Y is the function defined by Lemma 2.1. This, equation (2.2) (see

chapter 2), and the assumption that VJ+(xn + yn,) >- 0 imply

(4.8) yn - (Xn)(n-oo0.

On the other hand, from the hypotheses in Lemma 2.1, we know that

(VJ+(xn + (xn)) - VJ+(xn), (xn)) > mIIO(xn)I 2

Hence, using (4.2) and equation (2.2) in chapter 2, we see that

(4.10)

Since If+( )f a, + a 2J|j, the Cauchy-Schwarz and Poincare inequalities give

(4.11)I(xn)|I C + C2IXnI.

(4.6)

(4.9)

M|lk(Xn )|12 < f +(Xn) 7(Xn).

(4.11)
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Combining (4.8) and (4.11) we obtain (4.6).

We prove now that {u.} is bounded. Suppose that {x} is unbounded.

Let h(u) = f'(oo)u for u > 0 and h(u) = f'(0)u for u < 0. By the definition of f+

we see that

r(u) := f+(u) - h(u)=o(u) as |ul--+oo.

Because VJ+(u.) -+ 0, from (4.2) we have

(4.12) ,Vu, - VWo- h(un)S - r(un)W>-- )0 for WpE H.

Dividing (4.12) by I|xnjI we obtain

(4.13) V .- Vp h- w) - w 0 for <p E H.
l |xn|| ||xn|| ||xn|| (n-.+oo)

Since { ( is bounded (see (4.6)) and dimX < oo, we can assume that
||xn|| 1

Uf w with w h 0 and -+ w in L2 (2). From this and (4.13) we have
I|xn|| t|xnI|

jVw.VWp-h(w)<p=0 for W E H.

Thus Aw+h(w) = 0. Since f'(0) < A, and the principal eigenvalue of the Laplacian

in any subregion of Q is bigger than or equal to A,, we have w > 0. Hence

Aw + f'(oo) w = 0 in Q

w = 0 on&9Q

which is a contradiction because f'(oo) # A. This contradiction shows that {xn}

is bounded. Thus by (4.6) {un}j'' is bounded.
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From (4.2) we see that

(4.14) V J+(Un) = U" + A~Un)

where (f(un),p) = - jf+(un)(P for W E H. Because f is compact (see [6])

there is a subsequence {u,,} such that f(ung) converges. Since

VJ+(un) -,)0, from (4.14) it follows that {u,} converges. Which proves

that J+ satisfies (PS).

By Theorem 4.2 in chapter 2 J+ posseses a critical point u, with J+(u) > & >

0. Hence u is a nontrivial weak solution of (4.3). Since f'(0) < A, and the principal

eigenvalue of the Laplacian in any subregion of Q is bigger than or equal to A 1, we

have u > 0 in Q. Since f(s) = f+( ) for 0 we see that u is a positive classical

solution of (1.2). If the set of critical points of J+ is discrete then by Theorems 4.2

and 4.3 in chapter 2 we see that at least one of them is of mountain-pass type and

its local degree is -1.

The negative solution of (1.2) is produced in a similar fashion. The proof of

Lemma 4.1 is now complete 0

Since f'(oo) is not an eigenvalue of -A with Dirichlet boundary condition,

the solutions of (1.2) are bounded. Because 0 is an isolated local minimum of J,

d(VJ, Bo, 0) = 1 (see [1], [7]) where BO is any ball in H not containing other zeros

of VJ. We prove
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Lemma 4.2. Let J+ be the functional defined by (4.1). If B is a ball in H centered

at the origin and containing all critical points of VJ+ then

(4.15) d(VJ+, B - Bo,0) = -1.

In particular, if E is a bounded region containing the positive solutions to (1.2) but

no other critical point of J then

(4.16) d(VJ,j, O) = -1.

Proof. Let 7r be the functional defined by (3.1) with y = f'(oo). I claim that

(4.17) d(V7r, B, 0) = d(VJ+,B, 0)

In fact, let h and r as in the proof of Lemma 4.1. Because p is homogeneous V7r

is homogeneous. Also because for each u E H Vir(u) = u + K(u) with K compact

and Vir(u) # 0 for u :L 0 there exists a > 0 such that |fVir(u)I| a if h|ull = 1.

Defining now

P(u,T7) := TVIr(u) + (1 - T)VJ+(u)

we see that P(u,i-) = Vir(u) - (1 - r)E(u) where (E(u), p) = fo r(u) p. Since

r(u) = o(lul) as Jul -+ oo, if ||uj| is sufficiently large then IIE(u)l <; a|u||. Thus
2

taking R positive sufficiently large and hlull|= 1 we have

|jVir(Ru) - (1 - T)E(Ru)jJ JVwr(Ru)|| - 11(1 - T)E(Ru)II

> RIIVr(u)l| - (1 - -r) Ra
2

> 0.
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Thus by homotopy invariance of the Leray-Schauder degree we have (4.17). Also,

since by Lemma 3.1 the left hand side in (4.17) is equal to 0, from the excision

property of the Leray-Schauder degree we have

(4.18) d(VJ+jB - BoO) -= d(V J+,B,O) - d(VJ+,Bo , ) = -1,

where we have used that the local degree of an isolated local minimum is 1. Thus

(4.15) is proven. Finally (4.16) follows from the fact that every critical point of J

that is a positive function is a critical point of J+.

Remark 4.3.

Imitating the proof of Lemma 4.2 it is easily shown that if F, is a region

containing the negative solutions to (1.2) but no other critical point of J then

(4.19) d(VJE0) = -1.

5. Proof of Theorem A

First, I show that there exists Uo E H such that VJ(uo) = 0 and if isolated

then

(5.1) d(VJ,V,0) = (- 1 )k.

in any region V containing no other critical points of J. In fact, by lemma 2.1 in

chapter 2 there exists b: X -* Y such that

J(x + V(x)) = min J(x + y)
yEY
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Moreover, O(x) is the unique member of Y such that

(VJ(x + (x)), y) = 0 for all y E Y,

the function J: X -* R defined by J(x) = J(x + 4'(x)) is of class C1, and

KV(x), XI) = (VJ(x + (x)), x)

We now claim that for x E X

J(x) -+ -o00

for all x,x 1 EX.

asI 1x14I-+oo

Because f'(00) E (Ak, Ak+) there exists b E R and Y > Ak such that F( );>' + b.

Hence

J(x) = 11x12 - F(x) 11x12 _-

Since (x, x) 5 A (x, x)O for x E X, we obtain

1--

- _x2 -b|

as llx|l-+oo.

Because J(x) < J(x), (5.4) implies that

J(x) -+ -00 as lxI| -+oo.

Since dimX < oo there exists xo E X such that

J(xo) = max J(x + O(x)).
xEX

(5.2)

(5.3)

(5.4)

(5.5)

JAx) < |1x112,
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Taking uo = xo +b(xo) we have (see Lemma 2.1 in chapter 2) VJ(uo) = 0. Suppose

now that xo is an isolated critical point of j, hence uO is an isolated critical point

of J. Since -J has a local minimum at xo, taking W = {x E X; x + 0 (x) E V}

then d(VJ, W, 0) = (-1)k. Therefore by part (iv) of Lemma 2.1 in chapter 2 we

have (5.1).

Suppose k is even. Let R be large enough so that if VJ(x) = 0 then 11x < R.

Arguing as in (4.11), we see that there exist positive numbers c1 and c2 such that for

all x E X ||b(x)I < c+c2I|xfI. Thus if u = x+y is a critical point of J then fixil ; R

and ffyjf _< c1 +c 2f|xf|. Because -J is coercive, d(VJ, BR, 0) = (-)k = 1. Thus by

part (iv) of Lemma 2.1 d(VJ, C, 0) = 1 where C = {x+y; Ifxfj < R,lyf| < c1 +c2 R}.

Suppose that K, the set of critical points of J, is finite. Let 51, S2 and S3 be disjoint

open bounded regions in H such that s A K = {0}, 52 K is the set of positive

solutions to (1.2), and s3 AK is the set of negative solutions to (1.2). By Lemma

4.2 and Remark 4.3 we have

(5.6) d (VJ, S2 ,0) = d(VJ,S 3 ,0) = -1

If uO = xO + (xo) S2 U S3 we let S4 denote an open bounded region disjoint

from S, U S2 U S3 such that 54 n K = {uo}. By the excision property of the Leray-

Schauder degree we have

1 = d(VJ, C, 0) = d(VJ, S 1 ,0) + d(VJ,S2 ,0) + d(VJ,5S 3 ,0) + d(VJ, S4 , 0)

+ d (VJ, C - (S1 U S2 U S3 U S4 ),0)

- 1 - 1 +1+ d(VJ, C - (Si U S2 U S3 U S4),0).



32

Thus, by the existence property of the Leray-Schauder degree we see that there

exists u1 E C - (S1 U S 2 U S3 U S4 ) such that VJ(ui) = 0, which proves that (1.2)

has at least five solutions. In this case both uO and u 1 oscillate.

Suppose now that uo E S 2 U S3 ; without loss of generality we can assume

that uo E S2. Let S4 be a neighborhood of uo such that S4 fnK ={uo}. By Lemma

4.1 there exists a critical point of mountain-pass type u 1 E S2 such that if S5 is a

neighborhood of u 1 containing no other critical point of J+ then d(VJ, S, 0) = -1.

Thus

-1 = d(VJ,S 2 ,0) = d(VJ,S 4 ,0) + d(VJ, S5 ,10) + d(VJS2 - S4 U S5 ,0)

=1-1+d(VJS2 - S4 U S,0).

Thus, by the existence property of the Leray-Schauder degree there exists

u2 E S2 - S4 U S5 with VJ(u 2 ) = 0. Finally

1 = d(VJ, C,0)=d(VJ,5S 1 ,0)+ d(VJ,5 2 ,0)+ d(VJ,5S3 ,0)

+ d(VJ, C - (Si U S2 U S3),0)

=1- 1-1+ d(VJ, C - ( 1 U S2 U S3 ),0).

Thus there exists u3 E C - (S1 U S2 U S3) with VJ(us) = 0. Thus the set

{0, uo, U 1 , U 2 , U 3 } together with a critical point of J in S3 show that (1.2) has six

solutions. Since U 3  S2 U 53 and uO, u1 , u2 E S 2 , U3 is an oscillatory solution and

uo, U 1 , u2 have same sign. This completes the proof of Theorem A when k is even.

Suppose k is odd. Let Si, i = 1,2,3 be as above. If uo V S2 U S3 the

proof follows very closely that of the case k even; the details are left to the reader.
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Suppose uo E S 2 U S3 , say uo E S 2 . Because uO > 0 in 2 andNO < 0 in &9Q (here

a 47
denotes the outward unit normal derivative), using that X is finite dimensional

and standard regularity theory of elliptic operators it follows that for some E > 0

x + O(x) > 0 in Q ifI||x - xoII| < e. Thus j and j+ coincide in {x;I1x - xo|1I< e}.

Thus J+ has a local maximum at xo. Since we are assuming (1.2) to have only

finitely many solutions, xo is a strict local maximum of j+. Let b > 0 be such

that J+(x) < J+(xo) if fjx - xoII < 6. Since k > 2, {x; 0 < jjx - xoI11 < 6} is

connected. Thus xO is not a critical point of mountain pass type. By Lemma 4.1

J+ has a critical point of mountain pass type u 1 = x 1 + (xi) such that if V is

a neighborhood of u 1 containing no other critical point of J+ in its closure then

d(VJ+, V,0) = -1. In particular, by part (v) of Lemma 2.1 in chapter 2 xo 74 x 1.

Let Vo (resp. V1) be a neighborhood of uo (resp. u1 = X 1 + +(x 1)) containing no

other critical point in its closure. Thus

-1 = d(VJ+, S 2 ,0) = d(VJ+jVo,0 ) + d(VJ+, V1 ,0) +d(VJ+, S2 - (Vo U V1 ),0)

= -2+ d (VJ+,7S 2 - (Vo U V 1 ), 0).

Thus by the existence property of the Leray-Schauder degree there exists a third

positive solution U2 E S 2 - (Vo U V1 ). Since, also by the existence property of

the Leray-Schauder degree (1.2) has a solution u3 E S3, we see that (1.2) has five

solutions, namely 0,uo,u1,u2,u3 . Since UO,U1,U2 E S2 they have same sign. This

proves Theorem A. *
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CHAPTER 4

RADIAL SOLUTIONS FOR A SEMILINEAR DIRICHLET

PROBLEM IN A BALL

1. Introduction

The purpose of this chapter is to prove the existence of radial solutions of

problem (1.2) where P is the unit ball in RN centered at the origin.

In section 2 I prove Theorem B (see chapter 1), and section 3 contains a

simpler proof of a result due to M. Esteban (see Theorem C in chapter 1). Existence

of radial solutions for problem (1.2) has been proved by a variety of authors (see [7],

[8], [10], [11]). M. Esteban in [7] obtained the existence of radial solutions based on

a priori estimates for solutions of (1.2). Existence of infinitely many radial solutions

for the above problem using the min-max methods was shown by many authors (see

[1], [2], [13] ,[14]). For the existence of positive solutions of (1.2) we refer to [6] and

[12]. For other studies on radial solutions to (1.2) see [3], [4], [9], and [14].

2. Proof of Theorem B

Let A, < A2 < ... < Ak < ... denote the eigenvalues of (-A) acting on

radial functions of H4(Q). That is, the eigenvalues of the problem

U"+ N-u'+ Au = 0 0 < r < 1
(2.1) --

I U'(O) = U(1) = 0.

36
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Let P1,'P2,... , Vk,... be the corresponding eigenfunctions, with Wk(0) = 1.

As observed in the Introduction (see chapter 1), we consider the problem:

Au + Af(u) = 0 in Q
(2.2)

U = 0 on&aQ

where A E R is a parameter.

Because An (1 < n < oo) is a simple eigenvalue (see [5]) ,n is a simple
f(O)

eigenvalue of Au + Af'(0)u = 0 in Q; u = 0 on 4Q. It follows from the

simple eigenvalue Theorem (see Theorem 5.1 in chapter 2) that ( , ,0) is a point

of bifurcation of (2.2). Let E be the subspace of C'( ) of radially symmetric

functions. Let J denote the closure in R x E of the set of nontrivial solutions of (2.2).

Since ,n has odd multiplicity, it follows from the global bifurcation theorem (see

Theorem 5.2 in chapter 2) that for every n there is a connected component of

nontrivial solutions r, containing ( , ,0).
f'(0)

In order to prove our Theorem we need the next two Lemmas.

Lemma 2.1. Suppose (X, U) E Fr and V has k zeros in (0,1) then there exists e > 0

such that if I(A,u) - (X, U)IJ|xE <6C then u has exactly k zeros in (0,1).

Proof. Without loss of generality we can assume that U(0) > 0. Let 0 < a 1 < a2 <

-.. < a < 1 bethezerosof Uin(0,1), bi1=maxj, b2 = miniUb3 =max-U,...,
[O,a 1] [al,a 22 [a 2 ,as]

and b min bi.
1<i<k+1

b
Let 0 < qE < b. If II(Au) - (Xi)IIRxE < 6i then u and U have same sign

on the set {c 1 ,c 2 ,..., ck} of critical points of U. Therefore u(0) > 0,u(c) < 0,
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U(C2) > 0,...,u(c) (ck) > 0. By the mean value theorem there exist num-

bers a1,&a2,... , ak whith al E [0, c1], a2 E [c, c2 ],... ,ak E [ck-1, ck] so that

u(ai) = u(a2) =-. -= u(ak) = 0. Thus, u has at least k zeros in (0,1).

We prove now that u has exactly k zeros in (0,1). Let b > 0 be sufficiently

small such that

(i) |E'(x)l > -fl Vx E C =[a, - 6, al + b] U -.-. U {l - 6, 1]

(ii) IU x)|I > 72 VX E D :=[0, 11 - C.

Let e < min{ 4 Y,$Eu}. If xED
4 4

Iu(x)I jU(x)I - Iu(x) -ii(x)| 2 7 21> 0.
4

Suppose there exist t1 , t2 E [aj - 6,aj + 6] so that u(ti) = u(t2 ) = 0. By the mean

value theorem there exists t E [t1 , t2 ] C C such that u'(t) = 0. Thus

|E'4(t)j = JU'(t) - U'(t)l < 71
4

which is a contradiction. Thus Lemma 2.1 is proven. 0

Lemma 2.2. If (A, u) E P then u has exactly (n - 1) zeros in (0,1).

Proof. Let E = {(A, u) E r;u has exactly (n - 1) nodes in (0,1)}. I claim that

E= r,. Since r, is connected, it is sufficient to show that E is closed and open in

First I show that E is closed in Fn: let {(An, un)} 1 be a sequence in E such

that (An,un) -+ (A,u) with (A,u) E Fr. I prove now that u has a finite number of
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nodes in (0,1). In fact, assume, on the contrary, that u has infinitely many zeros in

(0, 1). Then, there exists a sequence {t,} 1 1 C [0, 1] such that u(tn) = 0. Without

loss of generality we can assume tn -+ i where i E [0, 1]. By continuity of u we have

u(i) = 0. The mean value theorem gives the existence of a sequence {s}|- so that

sn E (ti) U (iin) and u'(s.) = 0. Since u' is continuous we see that u'(I) = 0.

Because u is a radial solution of (2.2), u satisfies

U"f+ N u'+ Af(u) = 0 0 < r <;1
(2.3) r

u'(O) = u(1) = 0.

Therefore by uniqueness of solutions to the initial value problem we have u = 0;

which is a contradiction. This proves u has only a finite number of zeros in (0,1).

Since (An,,un) -+ (A, u), by Lemma 2.1 it follows that u has exactly (n -1) zeros in

(0,1). Thus (A, u) E E. This proves that E is closed in P".

It remains to show that E is open in Jr. Let (X,iL) E E. By Lemma 2.1

there exists e > 0 such that if II(A,u) - (X,V)IIRxE < e then u and U have same

number of zeros in (0,1). Therefore, if (A, u) E J' and II(A, u) - (X, V)IbRXE < e then

(A, u) E E. This proves E is open in rP. The Lemma follows. *

Let (A, u) E Pr; I denote u(0) = d. Because the number of zeros of u in

(0,1) is equal to the number of zeros of the eigenfunction pn, it follows that rn

can not intersect another connected component of solutions that contains ( , 0)
f'(0)

with j $ n. By the global bifurcation theorem Fr is unbounded. Since u satisfies

(2.3), by uniqueness of solutions to the initial value problem we see that (2.3) has
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no solution with u(0) = 0, where # is the positive zero of f. In fact, if u(0) = 0

then u(t) = P for all t > 0. Because r, can not intersect the d-axis, it follows that

Pr is unbounded in the positive A-direction (see figure 1).

Because A is an eigenvalue of (-A) of odd multiplicity we see from the

theorem of bifurcation from infinity (see Theorem 5.3 in chapter 2) that for every

n, (, , oo) is a bifurcation point and (2.2) posseses an unbounded component of

solutions r, which contains (7")0 ,0). Let (A, u) E Pr. Since the number of zeros

of u is equal to the number of zeros of the eigenfunction pn, F2 can not intersect

another unbounded component of solutions that contains ( ,A) , oo) where j 5-n.

Because r n can not intersect the d-axis, we infer that rP is also unbounded in the

positive A-direction. By uniqueness of solutions to the initial value problem, (2.3)

has no solution with u(0) /3. Thus the branch starting at (j,> , oo) is not

connected with the A-axis (see figure 1).

Using similar reasoning as we did above, we can show that there exists an

unbounded connected component of nontrivial solutions Pr containing (
f'(0) ,0),

n $ 1. Moreover if (A, u) E Jn then the number of zeros of u in (0, 1) is equal to the

number of zeros of pn in (0, 1) and u(0) < 0. We also have an unbounded component

of nontrivial solutions P which contains the bifurcation point ( A0 -cc), ,f4(oo) ,
that can not intersect another component of solutions that contains ( -0c)

with j #n.

Now I claim that r nf n = 0. In fact, assume, on the contrary, that
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nr 0 then Pr = Fa. Let 4: r, -+ R be the function defined by 4(A, u) = u(i)

where i is the maximum of the maxima of u in (0, 1). Because r3 bifurcates from

0) there exists (%,zU) E Er such that 4(ai, ui) <P. Similarly, there exists

(Ce 2 , U2 ) E P such that 4(a2, U2 ) > 8. Since 4 is continuous, it follows that there is

(A, u) E T3 and to E (0,1) such that u(to) = / and u'(to) = 0. Hence, by uniqueness

of solutions to the initial value problem u(t) = 8 for all t > to. Therefore, u is not

a solution of (2.2). Thus u J3. This contradiction proves our claim.

Because r' and P can not intersect the d-axis, we see that P and P are

unbounded in the positive A-direction.

We summarize our result in the following bifurcation diagram

FIGURE 1. Bifurcation diagram for problem (2.2)
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Since <forn=1,2,...,j we see that there are at least
f'(oo) f'(O)

4j -1 radial solutions of problem (1.2). The proof of Theorem B is now complete. N

3. Proof of Theorem C

Let {An}n be as in section 2. Imitating the proof of Theorem B we

can show that points of the form (f ) ,0), (fAn oo), and (fAn -oo) are
N'() f'(00) 7f'(oo)'

points of bifurcation of (2.2). Moreover, for each positive integer n there is an un-

bounded connected component of nontrivial solutions r, which contains ( ,(0),0)

and ( ,noo). There is also an unbounded connected component of nontrivial
f'(oo)'

solutions Fn that contains ( ,n)0) and( ,-00).
2 f (o) fP(00)

We summarize our result in the following figure:

F*() (100()

FI . B o dg Or e(2)

FIGURE 2. Bifurcation diagram for problem (2.2)
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Because A > lfor n = j+1,j+2, ... andn < lforn= 1,2,... ,j+k
f'(0) f'(oo)

we see that problem (1.2) has at least (2k + 1) radially symmetric solutions. This

proves Theorem C. N
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CHAPTER 5

A BIFURCATION THEOREM AND APPLICATIONS

1. Introduction

This chapter contains a result concerning the existence of bifurcation points

of abstract operators equations of the form (1.4) (see Introduction).

In section 2 I prove Theorem D (see chapter 1). In section 3 1 present two

applications of Theorem D. One of them to systems of differential equations, and the

other one to the existence of periodic solutions to a nonlinear second order elliptic

equation. Unlike the classical results on bifurcation theory (see [3], [5], [9], and

references therein) my result does not depend on the multiplicity of the eigenvalue

or the variational structure of the equation.

2. Proof of Theorem D

Let Q denote the projection onto Y across X. By standard Lyapunov-

Schmidt arguments we know that there exist E > 0, 6> 0, and a function

0: [A - E, A + e] xI{x E X: lixil 5b}--{y E Y: IIylI &<}

of class C2 such that

(2.1) b(A, x) + AL-1(Q(N(x + /(A, x)))) = 0.

46
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Also (A, u) is a solution to (1.4) (see chapter 1) with IlPull < 6 iff u = x + (A, x)

for some x E X and

(2.2) x + AL~1'(P(N(x + 4(A, x))) = 0.

Moreover

(23) lim (Ax)ll
\\xII\-+O ||x|l

In order to prove Theorem D, first we show that for r small enough the equation

(2.2) has a solution (a,u) with IlPujl = r, and fa - A <r. Since P(b(A, x)) = 0,

the equation (2.2) is equivalent to

(2.4) (A - A)x + AP(N - I)(x + 4(A, x)) = 0.

Let h be defined by h(A, x) := (A - A)x + AP(N - I)(x + 4(A, x)). Because N is

of class C 2 then h is of class C 2 . By the implicit function theorem we can assume

that for all s E ([-E, - U [", r]) h restricted to {A + s} x {x E X: lixil < } is a

diffeomorphism. More precisely, if q E X is small enough there exist differentiable

functions f, g (depending of q) such that

(2.5)

J(A, x): A E [A -,E, A - , h(A, x) = qj = J(A, f (A)): A E [A - c, A - 2

and

(2.6)

(A, x): A E [A + ,A + E], h(A, x) = qj = J(A, g(A)): A E[A + , A +,E .
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Let 0 < r < min{e,r 1 }. Since X - (K U (-K)) is a non-empty open set, by

Sard's theorem there exists a sequence of positive real numbers {q} converging

to 0, and E X - (K U (-K)) such that {s: s E {q,}} is a set of regular val-

ues of h. Since {q} converges to 0, without loss of generality we can assume

that for each n = 1,2,3,... there exists a unique z with IIznII < r such that

h(A - e, zn) = qn; similarly there exists w, with IjwnjI < r such that

h(A + E, Wn) = qn. Let I7n and En be the connected component of h-1(q)

containing (A - F, zn) and (A + E, Wn) respectively. Because the qX's are regular

values then the r',s and E' s are diffeomorphic to either [0, 1] or S' (see[8, p.55]).

Since both the ,s, and E's contain points in O([A - E, A + E] x {x E X: 11xJ1 <6})

namely (A - E, zn) and (A + 6, Wn) (see also (2.5) and (2.6)), we see that the sets

P, and En are diffeomorphic to [0,1].

Let 4n: [0,1] -+ 7, be a diffeomorphism with 4n(O) = (A - E, zn). Let

n(1) = (anXn). Since q,14 (K U (-K)) and P, is connected (see (1.5) in

chapter 1 and (2.4)) we see that Pn is contained in [A - e, A] x Bx(r) (similarly En

is contained in [A, A + e] x Bx(r)). Thus 4n(1) E O((A - e, A) x Bx(r)). Since (see

(2.4)) an < A and h restricted to {A} x Bx(r) is a diffeomorphism we see that

(2.7) an E (A - E,A) and IIXnII=r,

thus

(an - A)xn = qn - un with On E (K U (-K)).(2.8)
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Similarly, for n sufficiently large we see that there exist /3, E (A, A + e) and Yj such

that

(2.9) (on - A)i ;~= -qn- p, with piY-nh = r and p, E (K U (-K)).

Let (a, x) and (#,Y) be accumulation points of {(ac, x,)} and {/3,1 ;;)} respec-

tively. By the continuity of N and b we see that x and Y are solutions to (2.4),

which proves that (A, 0) is a point of bifurcation of (1.4).

If P(N - I)({u E H;llull <_ r}) C K and K n (-K) = {0} then

A = {x E X: lixil = r,x = ac + 0,a <_ 0 o K} and B = {x E X:

lixil = r,x = a - a, a > 0, o E K} are compact and disjoint thus we see that

x 54 Y, which proves Theorem D *

Remark 2.1. Doublechecking the proof of Theorem D we see it holds even if hy-

pothesis (1.5) in chapter 1 is relaxed to

(2.10) P(N - I)({x + /(A, x): |ixi| < ri, IA - Al < E}) c (K U (-K)).

3. Applications

Example 1. let us consider the system

u"1 [ u + h(u, v, u', v') 1
(3.1) +A 1=0,

Lv"J v + -yh(u, v, u', v').

(3.2) (0) = (X) =
_V_._V.-0 .



50

where h is a C 2 function with bounded derivative such that h(0) = 0, Vh(0) = 0,

and y E R. First we observe that points of the form (n2 ,0) n = 1,2,3,... are

possible points of bifurcation. It is easily verified that the eigenspace corresponding

to n2 is generated by [snt)] and . Because the inverse of the operator

second derivative with Dirichlet boundary condition defines a continuous operator

from L2 (0,ir) into H2 (0,'7r) fn H (0,7r) we see that (3.1)-(3.2) is in the form (1.4)

with H = H'(0,ir) x H'(0,7r). Without loss of generality we can assume 1yI > 1

(the case 1-yj < 1 is similar).

In order to verify (1.5) in chapter 1 we observe that

U -. sin(nt)

(3.3) ((N - 1) ,1])H =(h,sin(nt))

and

U- 0

(3.4) ((N - I) ,V. = 7) ' (h, sin(nt))1.

sisinnn)

Thus taking K = {a 0" + b { ;j.0t) a E R, b > 0, lal <; b, we see that (1.5)

in chapter 1 holds, and hence (n2 ,0) is point of bifurcation. Unfortunately

P(N - I)({z E H;lzil _ ri1}) t K , and thus we can not conclude the existence of

two solutions on the sphere of radius r, for r small.

Example 2. We consider the existence of 2-periodic solutions to the equation

u"5 - u + A(u + (sin(nt) + cos(nt))(u')2 ) = 0.(3.5)
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We apply now Theorem D (see also Remark 2.1) to show that (n2 +
11,0) is a point of

bifurcation. In this case we take H to be the Sobolev space H(R) of 27r-periodic

functions in L2 ([0, 2r]) having derivative in L2 ([0, 27r]). We take L and N to be

defined by

Lu = u" - u

N(u) = u + (sin(nt) + cos(nt))(u')2 ,

and K = {a(sin(nt) + cos(nt)) + P(sin(nt) - cos(nt)); a > 0, 101 < Ma}, where M

is a positive real number to be determined.

Let x = a(sin(nt) + cos(nt)) + b(sin(nt) - cos(nt)) and

00

4'(A, x) = E c(sin(jt) + cos(jt)) + d(sin(jt) - cos(jt)).
j=1

By the definition of the inner product in H, we have

(3.6) ((N - I)(x + #(A, x)),(sin(nt) + cos(nt))),

cIxv - 4(n2 + 1)1x 11|11(A,x)1| - 2(n2 + 1)|0(A, x)11 2.

where c = n2r. Now by (2.3) we see that if A is close to n 2 + 1 and x is small then

4(n2 + 1)11x|1104(A, x)|1 + 2(n2 + 1)114(A, x)11 2 < (c/2)IlxI12.

thus we have

((N - I)(x + (A, x)), (sin(nt) + cos(nt))), (c/2)jjx112 > 0.(3.7)
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On the other hand

(3.8) 1 ((N - I)(x + V)(A, x)), (sin(nt) - cos(nt)))1 j (n2 + 1)Ilx + 4(A, x)112.

Now by (2.3) we see that if A is close to n 2 + 1 and x is small then

(3.9) 1((N - I)(x + (A, x)), (sin(nt) - cos(nt))),1 I <

4 ((N - I)(x + ik (A, x)), (sin(nt) + cos(nt)))1 .

From (3.7)-(3.9) we see that P(N - I)({x + V(A,x)j}) C K, which proves that

(n2 + 1, 0) is a point of bifurcation.

Moreover, since K n (-K) = {0} for every r sufficiently small the equation

(3.5) has two different solutions (a, u), (3, v) with lIPuI I=IPvII = r.

Remark 3.1. Examples of second order elliptic and hyperbolic boundary value prob-

lems can be constructed mimicking example 2.
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