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The goal of this paper is to establish necessary and sufficient conditions for a

subgroup of the full homeomorphism group of a manifold to be the stability group

of a point in the underlying space. Such subgroups are useful in identifying the

underlying space in terms of its homeomorphism group even in cases in which this

space is not necessarily a manifold. Thus, stability groups are useful in classifying

various spaces. Moreover, the techniques used in identifying these subgroups pro-

vide some insight into the structure of the full homeomorphism group and into the

connection between that group and the underlying space.

The desired conditions are established in this paper as well as several auxiliary

results. In addition, a generalization to groups of homeomorphisms smaller than

the full group is given, and some generalizations to spaces other than manifolds are

indicated.
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CHAPTER I

INTRODUCTION

The goal of this paper is to establish necessary and sufficient conditions which

imply that a subgroup of certain homeomorphism groups is the stability group of

a point in the underlying space. The spaces under consideration will primarily be

connected topological manifolds, where a topological manifold is a Hausdorff, second

countable, locally Euclidean space, and if M is such a space, its full homeomorphism

group, G = 7(M), will generally be the group under consideration. "A manifold"

will mean "a topological manifold". By the stability group G, of x, we mean Gx =

{h E G I h(x) = x}. In particular, if M is a connected n-dimensional manifold

without boundary, compact or not, and if G is the full homeomorphism group of

M we will show the following:

THEOREM 1. A subgroup H of G is the stability group of a point if and only if the

following conditions apply to H:

(1) H is closed,

(2) H contains no non-trivial subgroups which are normal in G, and

(3) H has exactly two double cosets in G.

Condition (3) means of course that there are exactly two equivalence classes in G

under the relation f ~ g if and only if HfH = HgH. The important consequence
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of this condition is that given any f not in H, G/H decomposes into exactly two

orbits under multiplication by H, namely H(fH) and H itself. This fact will be

used repeatedly.

Unless otherwise noted, the underlying topological space M will be as defined

for Theorem 1. The topology on G will be the compact-open topology in which

case Gleason and Palais [6] showed in 1957 (citing results from Arens [2]) that G

is a separable and completely metrizable topological group. In 1986, Kallman [8]

showed that this topology is the only topology in which G is a complete separable

metric group. Since M is a metric space, this topology coincides with the topology

of compact convergence, and in case M is compact, both topologies are equivalent

to the sup metric topology. (See Munkres [9].)

In view of Condition (1) of the Theorem, it is appropriate to ask in what sense

this constitutes an "algebraic" characterization. Among the closed subgroups of

G, the Theorem certainly provides an algebraic characterization of the stability

groups. But, in another sense, closedness is itself an algebraic property as Kallman

[8] showed in 1986.

PROPOSITION 1. (Kallman) Let K be a complete separable metric group and let

V): G -+ K be an abstract group isomorphism. Then 0 is a topological isomor-

phism.

In particular, this proposition implies that the three properties described in The-
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orem 1 are preserved by isomorphisms and in that sense represent algebraic char-

acteristics.

Conditions (1) and (3) prove to be extremely strong conditions, but they are not

quite sufficient for the conclusion of Theorem 1. In Fisher [5], it is shown that if n <

3, then the connected component of the identity in the group of homeomorphisms

of the sphere Sn is of index 2. It also follows from results in that paper that the

connected component of the identity is transitive on S. Therefore, conditions (1)

and (3) apply to this group while condition (2) certainly does not, and of course a

transitive group of homeomorphisms leaves no point fixed.

It is known that if x is an element of M, then G/G, is homeomorphic to the

orbit of x under G, (See the Proposition of Effros [4] on page 6.) this orbit being

all of M in case M is connected and without boundary. To see one simple corollary

to Theorem 1, suppose for the moment that 0: G -+ K is a group isomorphism.

Then given Kallman's results, it is a straightforward exercise to show that G/G,

and K/ib(G2) are homeomorphic. If we also assume K to be the homeomorphism

group of a connected manifold N without boundary, then Theorem 1 and Kallman's

result imply that O(G) = Ky for some y E N. Consequently, M and N are

homeomorphic.

Much work has been done toward uncovering the structure of G, and it is known

that the normal subgroups are of particular importance in this regard. Many inter-
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esting results concerning these subgroups may be found in the literature, particu-

larly in the works of Anderson [1], Whittaker [10], and Fisher [5]. One such normal

subgroup that is of some importance in the present work, denoted Q by Whittaker

[10], is the intersection of all non-trivial normal subgroups. In 1960, Gordon Fisher

[5] showed that this subgroup is itself a nontrivial normal subgroup of G and he

characterized Q by establishing a generating set for it. It is this generating set, and

not the minimal nature of Q, which will be of concern in the present work. More

will be said about Q after the following definitions and remarks.

DEFINITION. An open subset U of M is called an open n-cell if there exists a

horneomorphism 0 of U onto the open unit ball in R'. A closed n-cell is defined

similarly. A closed n-cell A is called internal if there is an open n-cell U in M which

contains A. An open n-cell will be called internal if it is contained in the interior

of a closed internal n-cell.

The identity element of G will be denoted by e.

DEFINITION. If A C M, S(A) will denote the group of all h E G such that hIAc =

elAc. If h E S(A), we will say that h is supported on A.

DEFINITION. If h E G, K(h) = {x E M | h(x) = x}.

S(A) is a closed subgroup of G, and it is easily verified that if h E G, then

S(h(A)) = hS(A)h- 1.
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This important identity will be used frequently. If g and h are in G, it is apparent

that K(g) n K(h) 9 K(gh) and it is not difficult to show that K(hgh-1) = hK(g).

As an interesting result of this last identity we note the following. If K(f) is

connected and K(g) is not, then f and g are not conjugate, since otherwise f =

hgh-' would imply that

K(f) = K(hgh~1 ) = hK(g)

and therefore K(f) and K(g) would be homeomorphic. Likewise, f and g are not

conjugate if K(f)C is connected and K(g)c is not. Other useful and easily obtained

facts are that A C B implies S(A) C S(B), and that f E S(A) and g E S(B) imply

fg E S(A U B). Furthermore, if A n B = 0, then the above f and g commute.

If we set

S = U{S(A) I A is an internal closed n-cell },

then Fisher [5] was able to show, using techniques found in Anderson [1], that

Q = (S), where (S) denotes the group generated by S. If h E G and A is an

internal closed n-cell, then h(A) is again an internal closed n-cell, and since

hS(A)h~1 = S(h(A)) C S,

it follows that (S) is certainly normal. It is important then to note that Condition

(2) of the Theorem, implies that H can not contain S. In the appendix, it will be

shown that (S) is contained in all closed normal subgroups of G.
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In 1962, James V. Whittaker [10] added the following result concerning Q which

will be crucial in proving the Theorem. A proof is given in the Appendix.

PROPOSITION 2. (Whittaker) Let J be a subgroup of G. Suppose that for every

x E M there is a neighborhood U of x such that S(U) 9 J. Then Q C J.

This says, among other things, that given any open cover U of M, Q is contained

in the group generated by {S(U) I U E U}. Once again, given Condition (2) of the

Theorem, it follows that H cannot contain such a collection {S(U) I U E U}, for

otherwise it would contain the normal subgroup Q.

Not surprisingly, completeness plays an important role in the following results. G

is complete and separable, but the upcoming lemmas depend on the completeness

(and separability) of G/H where H is defined as in the Theorem. That G/H is

complete when G is may not be as obvious as it might first appear. That it is in

general true is a result due to Hausdorff [7]. The more obvious fact is that since H

is closed, it is complete; moreover, H is separable.

Given that both H and G/H are complete and separable and that H acts as a

transformation group on the space G/H, we will use the following result proved in

Effros [4]. In the following notation, f = fH and H is the subgroup of H which

leaves f fixed.

PROPOSITION 3. (Effros) For any fH E G/H, the orbit H(f H) 9 G/H is second

category if an only if the map hH7 -) h(f H) is a homeomorphism.
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In order to show the sufficiency of the conditions in the Theorem, we will show

that S(U) C H for some open set U C M. Then given Condition (2) and Whit-

taker's proposition, it will follow that the union of all such U is not equal to M. It

will in fact follow from the subsequent lemmas and their corollaries that the union

of all such U is the complement of a point in M. It will then be shown that this

point must be left fixed by H, and the conclusion of Theorem 1 will quickly follow.

The following comments and proposition may provide some motivation into the

techniques used to obtain the major results of the next chapter.

One important observation that may be made given the conditions of the Theorem

is that Condition (3) implies a certain transitivity in the coset space of H. That

is, if f and g are not in H, then gH C Hf H and thus, there is some h E H with

gH = hf H. (Similar transitivity exists, of course, in the right coset space of H.)

This transitivity is perhaps the key tool in the lemmas of the next chapter. As was

stated in the preceding paragraph, we will show that S(U) C H for some open set

U $ M. Clearly then some non-identity element h of H must a have non-empty

fixed point set K(f). (Of course we eventually show that all non-identity h in H

have this property.) The following effort to produce such an h when M is not

compact illustrates the usefulness of the transitivity described above.

PROPOSITION 4. Suppose M is not compact and let G ='H(M). If H has exactly

two double cosets in G, then there is some h E H such that h : e and K(h) f 0.
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PROOF: Let V be an open set with compact closure. Find f and g in S(V) such

that neither is the identity and so that they are not conjugate. For instance, find

f and g so that K(f)C is connected and K(g)' is not. As was noted earlier, such f

and g are not conjugate. If either f or g is in H, we have found the element of H we

are currently seeking, so assume that neither is in H. By the transitivity mentioned

above, there is then some hi E H such that hifH = gH and thus g~1hif E H.

Set h2 = g-hif and consider h2 hT~ 1 = g~1hifh1~1 . Note first that h2 hT 1 i e, for

otherwise f and g are conjugate. Next, note that

K(h2 h, 1) = K(g~'hifhl) 2 K(g-1) n K(h 1fh~) = K(g~1) n h1K(f).

It remains to be shown that K(g~1 ) n hiK(f) 4 0. If K(g- 1 ) n hiK(f) = 0,

then h1 K(f) C K(g-1)' C V, the last inclusion holding because g- 1 E S(V).

But because VC G K(f), it would follow that hi(Vc) C h1K(f) C V, and as h,

is a homeomorphism and V has compact closure, this would imply that VC and

therefore V U Vc = M are compact. Thus K(g- 1) 0 hiK(f) : 0, and h = h2 h1 is

the required element of H. I

Actually, a closer look at the above argument reveals that a stronger conclusion

is possible. Suppose that V in the preceding argument had been an internal open

n-cell. Evidently, we may have chosen g so that g fixed no point of V. (For example,

let xo be a point on the boundary of a closed ball B in R'. Think of this closed ball

as being the union of all chords eminating from xo to other points on the boundary.
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Then each such chord will be thought of as the unit interval with x0 in the role

of 0. If a point x is on such a chord, we move x to x -x|, where jxj is measured

relative to the normalized length of the chord. The endpoints of the chord remain

fixed while no other points on the chord do, and we may extend this function to be

the identity outside the ball. The resulting function is in S(B) and fixes no point

in B0 .) If g had been so chosen, then K(g~') = V', in which case, we would have

shown that

0 $ Vc n h1 K(f) _ K(h2 h7 1 ).

Then Proposition 4 could therefore have been stated as follows:

PROPOSITION. Suppose M is not compact and let G be the full homeomorphism

group of M. If H has exactly two double cosets in G, then given any open n-cell

V in M, there is some h E H with h 4 e such that h has a fixed point in the

complement of V.

This proposition falls quite short of the overall goals of this paper, but it does

suggest the strength of condition (3) of the Theorem, and it illustrates some of the

techniques and ideas used to obtain the results of the next chapter.



CHAPTER II

THE MAIN RESULTS

Since G is metrizable, it is certainly first countable and hence it is known that

G possesses a right invariant metric p compatible with its topology. Such a metric

is in general not complete even if G is completely metrizable. In fact, even if the

topology of G is completely metrizable, there may be no right invariant, complete

metric for this topology. An example is given in the Appendix. Nevertheless, there

is a right invariant metric p which generates the topology of G.

The following Lemma again exploits the transitivity provided by assuming Condi-

tion (3) of the Theorem. In this Lemma, the fundamental tools for the results of this

paper will be developed. Let d be a metric on M. We will call a space topologically

complete if it is homeomorphic to a complete metric space. For Lemma 1, M is a

connected manifold without boundary and G = 'H(M) is its full homeomorphism

group.

LEMMA 1. Suppose H is a closed subgroup of G with exactly two double cosets.

Then for every non-empty open subset U of M, S(U) n H is a nontrivial subgroup

of G.

PROOF: Since G is a metrizable group and H is closed, it follows that the quotient

space G/H is metrizable by a "quotient metric" D derived from the metric p on

10
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G. Furthermore, in 1934 Hausdorff [7] proved that the metrizable image of a

topologically complete space under a continuous open map is again topologically

complete. In particular, G is certainly topologically complete, the quotient map

from G to G/H is open, and therefore G/H possesses a complete metric compatible

with its quotient topology.

Now since H is closed, it is complete and separable, and it acts as a transformation

group on the complete separable metric space G/H. Furthermore, Condition (3)

of the Theorem implies that H is transitive on the left cosets in G/H which are

different from H. Thus, for any f V H, the orbit of fH under multiplication by

H is the complement of a point, namely H itself, and therefore the orbit H(f H)

is open in G/H. From a result proved in Effros [4] and stated in the introduction,

there is then a homeomorphism

(*) M: H/H1 -+ H(f) given by o(hH7) = hf,

where

f= f H C/H and H1y = {h E H | h(f) = f}.

This homeomorphism and the preceding observations will be crucial in the following

arguments.

Let U be open in M and choose open V C U such that V is compact and

V C U. Let 6 > 0 be small enough that the e-neighborhood of V is contained
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in U. Call this e-neighborhood W. Now choose open V C V such that V 1 C V

and fix f E S(V 1 ) with f = e. If f E H, the lemma holds because S(V 1 ) CS(U),

so we assume f 0 H. Let x E V \ 7 and set e' = d(x,VI). We then find a

compact neighborhood A C V \ V 1 containing x which is small enough to satisfy

three conditions.

Noting first that H' is an open neighborhood of f1 and that multiplication in

G by f1- is continuous, it follows that if an element g of G is close enough to

the identity, then f-'g is in H'. Since the topology on G is equivalent to the

topology of compact convergence (See Munkres [9]), it follows that S(A) may be

made arbitrarily close to the identity by making the diameter of A sufficiently small.

Thus, we first choose A such that f'S(A) C H'. Having done this, it of course

follows that for all g E S(A), f 'gH $ H.

Second, shrink A if necessary so that d(A, V 1 ) > i. Let

F1 = {a E Gj sup{d(a(x), x) I x E V} < 6}

and

F2 = {a E G sup{d(a(x), x) I x E V1 } <-}.
2

Set F = F1 n F2 . From the definition of the topology of compact convergence, F is

a basic open set in G containing e. Also, note that from the definitions of F1 and
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F2 ,

(1) a E F ==> a(V) C W C U,

and

(2) a E F2 ==>-a(Vi) nA=0.

These facts will be recalled shortly.

Now choose 6 so that p(h, e) < S implies that h E F. Restricting p to H, one

defines the quotient metric D on H/H1 - to be

D(h1Hjc , h2 H1p ) = inf{ p(h 1 a, h2 b)I a, b E H1 - }.

Then noting again that there is a homeomorphism V: H/H - -+ H(f 1 ) as

defined in (*), we may find a neighborhood N of f-1 in H(f-1) (which, since

H(f -1) is open, is also a neighborhood of f~1 in G/H) so that

<P~1(N) 9 B(H1 ,6)={hHF, ID(hH F,H - ) < 6}.

Finally, we further shrink A so that g E S(A) implies that f g = f -gH E N.

This is possible since the map

g - f~'g - f'lgH
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is a composition of continuous maps, and so if g is close to e, then the image f -'gH

of g is close to the image f'1H of e.

If any non-identity element g E S(A) is also in H, the lemma holds, so again,

assume that this is not the case. Then it follows that f 1 H $ f'gH for any

g E S(A) where g $ e, and since A was chosen so that f-S(A) C HC, it is also

true that f'gH $ H for any g E S(A). In other words, for any g E S(A), f'gH

is in the orbit H(f-1H) since H is transitive on the complement of {H} in G/H.

Next, fix g E S(A) with g $ e. Since H is transitive on its cosets that differ from

H, there exists an ho E H such that ho(f-'H) = f' gH. Since f-1g E N,

(3) hoH i =<1(hof-1H) = <p'(f-ig) E B(Hj-,S)

which implies that

D(ho HF, HF= ) <&6.

Since D(ho H- , H-) = inf{p(hoa, b) j a, b E Hp-i }, and since p is right invariant,

this distance is equal to inf{p(hoab- 1, e) j a, b E H-i}. Thus there is some coset

representative of hoHp-i whose distance from e is less than 6, and since all elements

of hoHp-i "move" f-1 to f-g, we will assume that h was chosen to be within 6

of e.

Now since hof -'H = f~'gH, it follows that

ho E ho(H n f~1 Hf) = H n f~1 g Hf.
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Thus,

(4) ho = f'lghif for some hi E H,

and of course hoh1 E H. We will in fact show that hoh7~1 E H n S(U). Solving

the preceding equation for hi~ 1 produces

(5) hi7i = fhoi1f -g

so that

hoh1ji = hof h' 1 g = (ho fho~1)(f~ 1g).

Consider this grouping of the factors of hohi 1. Recalling that f E S(V1) G S(V),

it follows that hofh-' E hoS(V)h'1 = S(ho(V)). But p(ho, e) < 6 implies that

ho E F1 which, as noted in (1), then implies that ho(V) C W. Hence,

hofh-1 E S(ho(V)) 9 S(W) C S(U).

Clearly, f-1g E S(V U A) C S(V) and therefore,

hoh1~ 1 = (ho fh-0 1)(f'-1g) E S(U U V) = S(U).

To see that hOh7~' is not the identity, write hoh7~ 1 = (hOfho~ 1)f-1 g and recall

once more that f E S(V1 ). Then hofhoj 1 E hoS(V1)hO~ 1 = S(ho(V1 )) and hofho~ 1
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is supported on ho(V 1 ). But p(ho, e) <S6 implies that ho E F2 and as noted in (2),

it then follows that ho(V1) n A = 0. Consequently,

hofho~'IA = eIA.

By the choice of A, V1 n A = 0, and thus f- 1 E S(V 1 ) implies that f ' A = ekA.

Consequently,

hofho-'f-1A = elA and hofhoj'f- 1gA = gA= p eA,

and the proof is complete.

We have shown that if V is an open subset of M, H n S(V) is a non-trivial

subgroup of G. Now we will use arguments similar to those in Lemma 1 to uncover

more about this intersection. M is again a connected manifold without boundary

and G ='H(M).

LEMMA 2. Suppose H is a closed subgroup of G with exactly two double cosets.

Let V be a non-empty open subset of M with compact closure such that V p M.

Then either

(1) S(V) C H, or

(2) for every x V, there exists a neighborhood A of x such that H contains

a non-trivial closed, normal subgroup of S(A). Moreover, any neighborhood

A of x with sufficiently small diameter has this property.
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PROOF: Let V be as in the hypothesis. Assuming S(V) Z H, there is some f E

S(V) with f 5 e and f HI. Let x E VC and set e = d(x,V). As in the previous

lemma, we will find a compact neighborhood A of x small enough to satisfy several

conditions. First, find A small enough that f S(A) _ HC and so that d(V, A) > .

Let

F = {a E G Isup{d(a(x),x) I x E V} <
2

As a consequence of this definition,

h E F== h(V)n A=0.

Choose 6 so that p(h, e) < 6 implies that h E F. Using a homeomorphism (P as

defined by (*) in the previous lemma, find a neighborhood N of f' H in G/H such

that r<- 1(N) 9 B(Hy-I, 8). Then shrink A if necessary so that for every g ES(A),

we have f 'gH E N.

Let g E S(A). By the previous Lemma, there is some h E H n S(A) with

h h e. We will show that ghg~1 is in H n S(A). If g E H n S(A), then, obviously,

ghg'1 E H n S(A) and the preceding statement is true. If g ( H, then it follows

that f'-gH 4 f-'H; furthermore, since neither f-1 9 nor f 1 is in H, it follows

that neither of their cosets is equal to H. In particular, the transitivity refered to

before implies that f1 gH is in the orbit of f 1 H under multiplication by H. Thus,

there is some ho E H such that hof-'H = f'-gH and since f -gH E N, we may
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as in the previous Lemma assume that p(ho, e) < 6. (See (3) and the subsequent

comments.)

Again,

ho E ho( fHn f'Hf) = H n f~1gHf,

and therefore,

ho = f'-ghlf for some h1 E H.

Solving for hij' as in (5), we have

hoh1 ~' = hof ho~1 f g E H.

But hofho~' E hoS(V)ho-7 = S(ho(V)) and p(ho, e) < 6 implies that ho E F. Thus

ho(V) n A = 0 and since hofho1 is supported on ho(V), we have as a consequence

that hofho~1lA = eIA. Then f E S(V) and VnA = 0 imply that fIA = eA, and

thus hofho'1f~1 |A = eA. As a result, hofho- 1 f~1 commutes with both g and h

since both of these are supported on A, and we have that

(ho fho~1flg)h(hof ho~f~-g)- '= ghg~1 E H n S(A).

The above inclusion holds since the left side of the equality is a product of elements

of H while the right side is a product of elements of S(A). It has just been shown

that for all g E S(A), ghg~' E H n S(A).
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Let S = {ghg-1 I g E S(A)} and let (S) denote the group generated by S.

Clearly (S) is normal in S(A) and (S) C H n S(A). Since H n S(A) is closed,

(S) C H n S(A),

and (5) is a normal subgroup of S(A) which contains more than the identity.

Finally, we note that once the neighborhood A of x was chosen to have small

enough diameter, it satisfied the conclusion of Lemma 2. Consequently, any neigh-

borhood of x with diameter less than or equal to that of A would also satisfy the

conclusion of the Lemma. I

Evidently, both V and A may have been chosen to be n-cells without any alter-

ation of the previous proof.

In these first two lemmas, the locally Euclidean nature of M has been used to

a very minor extent. In fact, M need only be assumed to be a locally compact,

locally connected, separable metric space, for in that case, G = 7(M) is a complete

separable metric homeomorphism group in the compact-open topology as Gleason

and Palais [6] showed. Therefore, under these assumptions on M, the homeomor-

phism <p as defined by (*) in Lemma 1 would still exist, and M would have all of the

topological properties that are needed in Lemmas 1 and 2. It is possible, therefore,

to weaken the hypotheses on the underlying space so that M is a locally compact,

locally connected, separable metric space such that for each open subset U of M,

the subgroup S(U) of G is non-trivial. Under these assumptions, Lemmas 1 and
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2 as well as the following corollary would hold. However, since these assumptions

are not sufficient for some of the subsequent results, we will for clarity retain the

original hypotheses.

For Corollary 1, M is a connected manifold without boundary and H is a closed

subgroup of G = 7(M) with exactly two double cosets.

COROLLARY 1. If x is not a fixed point of H, then there exists a neighborhood U

of x such that H contains a non-trivial closed, normal subgroup of S(U).

PROOF: Supposing that the conclusion is false, it follows in particular that for each

neighborhood U of x, S(U) is not contained in H. Therefore, if U is a compact

neighborhood of x, and y is not in U, Lemma 2 implies that y has a neighborhood

V so that H contains a non-trivial closed, normal subgroup of S(V). Furthermore,

we may take the diameter of V to be arbitrarily small. Since each y 5 x has a

neighborhood V, whose closure misses some compact neighborhood of x, it must be

that each y $ x has a neighborhood V, (whose closure misses x) so that H contains

a non-trivial closed, normal subgroup of S(V,).

Now if x is not left fixed by H, there is some h E H and y 4 x so that h(x) = y.

From the remarks above, there is then a neighborhood V of y such that H contains

a non-trivial closed, normal subgroup J of S(V,). That is, J c S(V) n H. Since

X = h~'(y), h- 1 (Vy) is a neighborhood of x, and

h-'Jh C h~1 S(Vy)h n H = S(h- 1 (Vy)) n H.
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Suppose now that

f E S( h~(V)) = h~1 S(V,)h,

and write

f = h-1 gh where g E S(Vy).

Then

f(h- 1 Jh)f~1 = (h-'gh)(h~1 Jh)(h-'g-'h)

= h~1gJg 1h

= h-'Jh

where the last equality holds since J is normal in S(Vy). Thus h 1 Jh is normal in

S(h~'(V,)). Recalling that J was closed, it follows that h' Jh is closed, and since

we are assuming that H contains no closed, normal subgroup of S(h 1 (V)), this is

a contradiction, and thus it must be that x is in fact left fixed by H. I

Before proceeding, it should be noted that if A is an internal open n-cell in the

manifold M, then S(A) is transitive on A, and as a consequence any J C S(A) which

is a non-trivial normal subgroup of S(A) cannot fix any point x E A. For suppose

g(x) = x for some x E A and for all g E J. Then pick an arbitrary y E A and find

f E S(A) such that f(x) = y. Then J = f Jf-, but if g E J, fgf~1 (y) = y and J

then fixes y as well as x. Since y was arbitrary, J must be the identity on A, and

since J C S(A), J is already the identity on A. Thus J = {e}. These remarks



22

apply, of course, to any set A on which S(A) is transitive. This observation will be

useful in the following corollaries and in Lemma 3 which provides the last major

tool needed for the proof of Theorem 1.

As was mentioned previously, the preceding results still hold under somewhat

weaker hypotheses on M. Not all of the properties of a manifold were necessary

for those results. For the following corollaries, we will use an additional property of

manifolds. Corollaries 2 and 3 are valid if we suppose that M is a locally compact,

locally connected, separable metric space each point of which has arbitrarily small

neighborhoods A such that S(A) is non-trivial and transitive on A. However, again

for clarity these corollaries are stated under the original hypotheses.

Let M be a connected manifold without boundary and let G = '-(M). Suppose

H is as defined for the previous corollary.

COROLLARY 2. H has at most one fixed point.

PROOF: Suppose that x E M is left fixed by H. Then, given the current hypothesis

on M, it must be that H contains no S(U) where U is a neighborhood of x since

S(U) does not leave x fixed. Thus, as was shown in Lemma 2, for each y # x

all neighborhoods V of y with sufficiently small diameter have the property that

H contains a non-trivial closed, normal subgroup J of S(V). Since we are also

assuming that y has arbitrarily small neighborhoods V in which S(V) is transitive,

we may choose VI so that S(Vy) is transitive on its support and so that H contains
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a non-trivial closed, normal subgroup J of S(V). From the observations preceding

this Corollary, it follows that J, and hence H, cannot leave y fixed. Therefore, x

can be the only fixed point of H. I

COROLLARY 3. Given any x and y in M with x 5 y, at least one of the points has

a neighborhood U such that H contains a non-trivial closed, normal subgroup of

S(U).

PROOF: From Corollary 2, H must move one of x or y. The conclusion then follows

from Corollary 1.

The existence of the closed, normal subgroups of Lemma 2 and its corollaries is of

considerable importance. The next Lemma shows one consequence of that existence

and it also suggests an important connection between the collections S(U), where U

is a closed internal n-cell in a manifold, and normal subgroups of G in general. This

connection is more fully demonstrated in the Appendix in propositions inspired by

techniques found in Anderson [1], Fisher [5], and Whittaker [10]. Those techniques

also helped to motivate Lemma 3.

For the following Lemma, we will need more of the locally Euclidean properties

of a manifold than have been necessary previously. Again some weakening of the

hypotheses on M is possible, but we will assume the hypotheses on I as given for

Theorem 1, namely that M is a connected manifold without boundary. Again, H

is closed with exactly two double cosets.
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LEMMA 3. If H does not leave x fixed, then there is a neighborhood U of x such

that S(U) C H.

PROOF: If x is not a fixed point of H, then by Corollary 1, there is some neighbor-

hood V of x so that H contains a non-trivial closed, normal subgroup J of S(V).

Let V be such a set and from the remarks prior to this Lemma, J can fix no point of

V. In particular, there is some h E J C HnS(V) such that h(x) # x. Consequently,

there exists a closed internal n-cell U with x in its interior such that

i) U CV,

ii) h(U)fnlU =0, and

iii) h(U) 9 V.

By the definition of a closed internal n-cell, there is some open n-cell 0 containing

h(U), since h(U) is also a closed internal n-cell, and evidently U and 0 may be

found so that U n ?= 0 and so that 0 C V.

Let t E S(U). Then

ht~1 h-1 E hS(U)h~1 = S(h(U)).

Since h(U) is closed and in the interior of 0, for any n > 1 there is a g E S(0)

so that gn(h(U)) has diameter less than -. Let n and such a gn be given and note

first that since U n 0 = 0, gn and t commute. Then note that

tht~ 1 h- 1 E J
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since t E S(U) g S(V), h E J, and J is normal in S(V). Also

gn(tht~1h-1)gn-'E J

since gn E S(O) C S(V). Recalling that g and t commute, it follows that

t(gnht~'h~'g ~) = gn(tht~1h-')g- 1 G J.

Now since ht-'h-1 E S(h(U)), we have that

gn(ht~h~')gn1 E gn(S(h(U)))gn~ = S(gn(h(U))).

If we write Sn = gnht-lh'gn~7, then sn is supported on gn(h(U)) and tsn E J.

Since n > 1 was arbitrary, it follows that there is a sequence {sl}n8 with s

supported on gn(h(U)) where gn(h(U)) has diameter less than 1, and such that for

each n, is, E J. Now sn -+ e and therefore ts, -- + t, but J is closed from which

it follows that t E J. Since t E S(U) was arbitrary, S(U) c J c H n S(V). I

More relevant to the proof of Theorem 1 is the contrapositive of Lemma 3. That

is, if x has no neighborhood U with S(U) C H, then H must leave x fixed. If this

is the case, then Corollary 2 implies that x is the only point left fixed by H.

This will be very useful in the following proof.

PROOF OF THEOREM 1: The necessity of the conditions is fairly straightforward.

Suppose H is the stability group of a point. Then H is closed.
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Suppose that H = G, is the stability group of x in M. If g H, then g(x) = y

for some y different from x. For such a g, g'1(y) = x, and thus for any h E H,

ghg~1(y) = gh(x) = g(x) = y

implies that gHg~' fixes y. Since M is homogeneous, it follows that some conjugate

of H will fix any given point of M. Therefore, if H contains any subgroup J which

is normal in G, then J must simultaneously fix all points of M. Consequently, it

must follow that J = {e} and thus H contains no non-trivial subgroups which are

normal in G.

To establish the third condition, again suppose that H = G, is the stability group

of the point x E M. Let f H, let g be any other element of HC, and suppose

f(x) = y and g(x) = z. Now H is transitive on the complement of its fixed point,

for if M has dimension 1, then M is either a circle or a line in which case H is

certainly transitive on the complement of its fixed point. Then if M has dimension

greater than or equal to 2 and u and v are any points which differ from x, they may

be joined by a finite chain of n-cells which miss x. Consequently, a composition

a = an o an.1 o ... o a1 , where each ai is supported on one of the n-cells, exists such

that a(u) = v. Then a is supported on the union of this chain, which misses x,

and a(x)=x. Therefore, there exists an h E H with h(z) = y. Then f 1 1hg(x) = x

implies that f-'hg E H, and thus g E h- 1 fH C Hf H. Since g was arbitrary,

Hf H contains HC (in fact, Hf H = Hc), and the third condition of the Theorem
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holds.

Now assume the conditions listed in the Theorem. Since H has only two double

cosets, it certainly contains more than the identity. Consequently, there is some

y E M which is not left fixed by all of H. Then, given Lemma 3, there is a

neighborhood V of y with S(V) C H. Now Whittaker's Proposition stated in the

introduction implies that not all points in M can have such a neighborhood, for if

that were the case, Q would be contained in H which is impossible given condition

(2) of the Theorem. That is, there exists an x E M such that x has no neighborhood

U with S(U) C H. Then, following from Lemma 3, it must be that H leaves x fixed.

That is, HCGx.

Finally, we note that Condition (3) also implies that H is a maximal subgroup

of G, for suppose J is a subgroup of G which properly contains H. Let f E J \ H.

Then J contains Hf H, and since J also contains H, Condition (3) implies that

J = G. Therefore, since H is maximal and H C G, it must be that H = G. I

The strength of the first and third conditions in the Theorem is now evident. In

fact, much of the proof of the Theorem relies solely on the presence of these condi-

tions. After some simple observations, we will conclude in a corollary to Theorem

1 that subgroups of G to which conditions one and three apply fall into exactly

two categories-those which are transitive on M and those which are the stability

groups of some point in M.
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Suppose that a subgroup H of G is not transitive on M. Then since Q is certainly

transitive on M, it follows that Q is not contained in H. Fisher showed that Q was

contained in all subgroups which are normal in G, and therefore Q Z H implies

that H contains no subgroups which are normal in G. Thus, if in addition to non-

transitivity, we suppose H to have conditions one and three from Theorem 1, then

H in fact has the three conditions which guarantee that it is the stability group of

a point.

COROLLARY 4. Let H be a closed subgroup of G and suppose that H has exactly

two double cosets. Then one and only one of the following holds:

(1) H is transitive on M, or

(2) H has a unique fixed point and H is the stability group of that point.



CHAPTER III

ONE GENERALIZATION

One observation that may be made about the results of Chapter 2 is that very

few homeomorphisms were used to obtain them. More specifically, the only homeo-

morphisms used were homeomorphisms f such that f belonged to some S(V). This

suggests that the results of the previous Chapter might also be obtained if the group

G were reduced from the full homeomorphism group to some significantly smaller

subgroup. This is in fact the case as the following results show.

Since the proofs of the lemmas and corollaries of this section are so similar to

those found in the previous section, only the differences are mentioned in detail and

extensive reference to the earlier proofs will be made. For Theorem 2, we must make

one restriction on M in the case where M is in fact an open interval. Otherwise, in

this section, M will be a connected manifold without boundary.

LEMMA 4. Let G be a closed subgroup of the homeomorphism group of M such

that G contains all S(V) where V is a closed internal n-cell. Let H be a closed

subgroup of G and suppose that H has exactly two double cosets. Then for every

non-empty open U C M, S(U) n H is a non-trivial subgroup of G.

PROOF: Since G is assumed to be closed, all of the remarks regarding metrizability

and completeness of G and G/H found in the first paragraphs of Lemma 1 apply

29
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now just as they did before. Furthermore, the transitivity of H on G/H \ {H} is

again present under the current hypotheses.

So that the homeomorphisms used in Lemma 1 now belong to G as defined in

the present Lemma, it is sufficient to choose the neighborhoods V, VI, and A used

in Lemma 1 to be closed internal n-cells. Having done this, the proof of Lemma 4

proceeds exactly as in Lemma 1. 1

LEMMA 5. Assume the same hypotheses on G and H as in Lemma 4. Let V be a

closed internal n-cell. Then either

(1) S(V) C H, or

(2) for every x not in V, there is a neighborhood A of x such that A n S(A)

contains a non-trivial closed normal subgroup of S(A). Moreover, any neigh-

borhood A of x with sufficiently small diameter has this property.

PROOF: The only modification necessary in this case is to choose the set A found in

the proof of Lemma 2 to be a closed internal n-cell. This insures that all necessary

homeomorphisms belong to G as currently defined. I

Before the next corollary, it should be noted that a point x E M has a neigh-

borhood U with S(U) C H if and only if x has a closed internal n-cell U for a

neighborhood such that S(U) C H.

COROLLARY 5. Let G and H be as defined for the previous Lemma. If x is not a

fixed point of H, then there exists a closed internal n-cell U with x in its interior
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such that H contains a non-trivial closed, normal subgroup of S(U).

PROOF: Choose the sets V4 in the proof of Corollary 1 to be closed internal n-

cells. Then, given the remark preceding this Corollary, the proof proceeds just as

in Corollary 1.

COROLLARY 6. H has at most one fixed point.

PROOF: Again, the proof of this Corollary proceeds just as the proof of Corollary

2, given that the sets V are chosen to be closed internal n-cells. I

COROLLARY 7. Given any x and y in M with x 4 y, at least one of x or y has

a closed internal n-cell U for a neighborhood such that H contains a non-trivial

closed, normal subgroup of S(U).

PROOF: This follows from Corollaries 5 and 6. 3

LEMMA 6. If H does not leave x fixed, then there is a closed internal n-cell U with

x in its interior such that S(U) C; H.

PROOF: We need only choose the set V in the proof of Lemma 3 to be a closed

internal n-cell. (Incidentally, the set U produced in that earlier Lemma was itself a

closed internal n-cell.) 3

As was mentioned at the beginning of this section, we must make one restriction

on M for Theorem 2 to hold. Consider the case where the dimension of M is

one and M is an open interval. Under the current hypotheses on G, the only
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homeomorphisms guaranteed to exist in G are those from some S(V) where V is

a closed internal 1-cell. Such homeomorphisms, since they leave the endpoints of

the subinterval V fixed, must in fact be order preserving. Consequently, if H is the

stability group of the point x in M, H is not transitive on the complement of x.

Rather H has two orbits in the complement of x, namely {y E M | y < x} and

{y E M I y > x}. Thus if the dimension of M is one, we must agree that M is in

fact a circle for Theorem 2 to hold.

THEOREM 2. Let G be a subgroup of Hi(M) such that for each closed internal n-cell

V, S(V) C G. Then a subgroup H of G is the stability group, relative to G, of a

point in M if and only if

(1) H is closed in G,

(2) H contains no non-trivial normal subgroups of G, and

(3) H has exactly two double cosets in G.

PROOF: The proof of Theorem 2 is much the same as the proof of Theorem 1 after

some considerations concerning transitivity have been dealt with.

As before, if H is the stability group of a point, then H is closed in G.

Suppose that H = G, is the stability group of x in M, relative to G. Again, if

g H and g(x) = y for some y $ x, then we have for each h E H that

ghg-'(y) = gh(x) = g(x) = y.
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Thus gHg-I must leave y fixed. Under the current hypotheses, G is again transitive

on M and it thus follows as before that some conjugate of H by a suitable element

of G would fix any given point of M. Thus any subgroup J of H which is normal

with respect to G must fix all points of M and we have then that J = {e} in that

case. Thus H contains no non-trivial subgroups which are normal in G.

To establish the third condition, we note again that G is transitive on M, and that

under the current hypotheses, it is easily verified that if H = G, is the stability

group of x in M, then H is transitive on the complement of {x}. (Recall the

restriction on M in case it has dimension one.) This being the case, Condition (3)

is verified exactly as in the proof of Theorem 1.

The proof of the sufficiency of the three conditions proceeds exactly as it did in

the proof of Theorem 1. 1

There are of course a wide variety of subgroups of H(M) satisfying the conditions

placed on G in this section. In fact, any closed subgroup G which contains Q satisfies

these conditions, and thus in particular, a closed subgroup G only needs to contain

a normal subgroup of 'H(M) for the conditions to apply. Consequently, Theorem 2

serves to characterize the stabilitiy groups within the connected component of the

identity, within Q, within the so called "stable" homeomorphisms of a manifold (See

Brown and Gluck [3].), and within various other important subgroups of H(M).
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As was mentioned in the opening remarks, Fisher [5] was able to show that the

intersection of all non-trivial normal subgroups of G is itself a non-trivial normal

subgroup, and that it had an easily defined generating set. This result holds whether

or not the underlying manifold M has a boundary. Specifically, Fisher showed that

if

S = {S(A) I A is a closed internal n-cell}

then

(S) = n{J j J is a normal subgroup of G}.

The proof was not especially involved, but it depended on the existance of a certain

type of homeomorphism. This homeomorphism was a particular member of a class

of homeomophisms called compressors by Whittaker. (That author called a space

locally compressible if, for any neighborhood U of a point x in the space and for

any open V C U, there exists a homeomorphism (compressor) h such that h(V)

converges to x.) A somewhat complicated construction was used to show the ex-

istance of this homeomorphism. This construction is necessary primarily because

the normal subgroups mentioned above are not assumed to be closed. If "closed" is

included in the hypotheses on the normal subgroups in the following Proposition,

then using techniques developed in the preceding work, it is possible to obtain a

35
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somewhat weaker result than Fisher's with noticeably less effort since the need for

explicit constructions will be unnecessary. In the following proposition, the under-

lying space M will be a connected manifold with or without boundary.

PROPOSITION. Let Q be generated by {S(A) I A is a closed internal n-cell}, and let

A( be the collection of all non-trivial closed normal subgroups of G. Then Q cn K,

and as Q and hence Q are normal, Q =nlA.

PROOF: First, it will be shown that some S(V) c nA/ where V is a closed internal

n-cell, and then it will be shown that this inclusion holds for all closed internal

n-cells.

Let J be non-trivial, closed, and normal and choose h E J with h 4 e. Let x E M

such that h(x) 5 x and find an open neighborhood U of x such that h(U) n U 0.

Let V C U be a closed internal n-cell, and let W be a non-empty open subset of

U \ V. For any such W, there is some f E S(U) such that V C f(W). Let t E S(V).

Then

V C f(W) ==> S(V) 9 S(f(W)) = f S(W f

and thus there is some s E S(W) such that t = fs'1f1 . Note that hfh-1 is

supported on h(U) and s~1 is supported on U, and that it then follows from h(U) n

U = 0, that hfh-' and s-' commute. Then

s-1 = (hf - 1 h~')s~1(hfh- 1 ),
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and so t may be expressed as

t = f(hf~'h~')s-'(hfh-1)f-1

= f hf -'h's'hf h~m f -'

= fhf~1(s~1s)h's'hfh~f~1.

Multiplying on the left by s and grouping appropriately, we have

st = (sf hf -'s~ )(sh~ 1s~ )h(f h~1 f -1)

as a product of conjugates of h and h-1. As h E J and J is normal, it follows

that st E J. Since W C U \ V was chosen arbitrarily, we may have chosen W to

have arbitrarily small diameter which in turn would have produced an s which was

arbitrarily close to the identity. That is, there is a sequence {s,} such that for

every n, snt E J and s -+ e. Since J is closed sat -+ t implies that t E J. Thus

S(V) g J.

Now let 0 be any closed internal n-cell in M and let g E S(0). Since M is

connected and locally Euclidean, there is some o E G such that o(O) C V and

equivalently 0 C p~'(V). Then

g E S(0) C S(p-'(V)) = p-'S(V)o

implies that there exists some t E S(V) such that g = -1 tp. As was shown above

t E J and thus g E J. Therefore, S(0) C J and since 0 was an arbitrary closed

n-cell, Q g J.
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Since J was closed, Q G J, and since J was arbitrary we have that Q nN.

Finally, since Q is itself a closed normal subgroup, Q = nA. I

It might be conjectured that this argument could somehow be modified so as to

replace Q with Q in the conclusion while still avoiding the explicit constructions

used by Fisher and Whittaker.

The following Proposition may be regarded as a special case of the previous one,

but it is perhaps worth stating separately inasmuch as it serves to "localize" the

notions in the previous Propostion. It might also be interesting to compare the

following proof with that found in Lemma 3. This Proposition again makes use

of a technique found in Whittaker [10] and in Fisher [5] which has been consider-

ably simplified under the following hypotheses. We will again assume that M is a

connected manifold without boundary.

PROPOSITION. Let A be an open n-cell and J a nontrivial closed and normal sub-

group of S(A). Then for each x E A there is a closed n-cell B C A containing x

with S(B) C J.

PROOF: Let x E A. It follows from the remarks preceding the Lemma that there

is some g E J such that g(x) $ x and there is thus a open n-cell B' C A containing

x such that g(B') n B' = 0. Let B be any closed n-cell such that B C B' and such

that x is in the interior of B. Fix an arbitrary element t E S(B) with t # e.

Suppose now that U C B is open. Since B' is Euclidean and B C B' is closed,
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there is some f E G which has its support on B' such that f(B) C U. This is

evidently true regardless of the diameter of U. Choose some open U C B, and let

f E S(B') C S(A) be chosen so that f(B) 9 U (or equivalently, B C f-(U)).

Then for this choice of f and U, we have that

(6) S(B) C S(f-'(U)) = f-'S(U)f.

Then since t E S(B), it follows from (6) that

t = f~1s~f for some s-1 E S(U) C S(B').

Now since f E S(B'),

gfg-' E gS(B')g-1 = s(g(B')),

and therefore, gfg-' is supported on g(B'). Recalling that g(B') n B'O and s is

supported on B', it follows that gfg- 1 and s-' commute. Thus t may be expressed

as

t f1=-i

= f'(gfg~1)s~ 1(gf -g~ 1)f

= f~I(gfs-Isgl-)s- 1 (gf-Ig-I)f,
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and so

st = sf1(gfs-sg-1)s~ 1(gf~'g~1)f

= (f~'gfs')(sg~ 1 s~1 )g(f~1g-'f)

is a product of conjugates of g and g-' by elements of S(B'). But S(B') CS(A),

and since J is normal in S(A) and g E J, this implies that st E J. Note that since

t : e, U may be chosen so small that t moves a point in the complement of U. If

U is so chosen, then clearly s E S(U) implies s : t~1 and st # e.

Now the diameter of U in this argument may be taken to be arbitrarily small,

and as a consequence s may be found arbitrarily close to the identity. Thus there

is a sequence {s,} C S(B') such that s, -+ e and for each n, sat E J. But J is

closed and thus m snt = t E J, and we have S(B) 9 J. I

The fundamental technique of the previous Lemma may be attributable to R.D.

Anderson. (See Lemma 1 of Anderson[1].) It is basically this technique which

allowed the characterization of Q refered to in the introduction.

An important Proposition in the preceding results was Proposition 1 due to Whit-

taker which was mentioned in the first chapter of this paper. This Proposition al-

lowed us to conclude in the proof of Theorem 1 that there was a point x such that

H contained no S(U) where U was a neighborhood of x. The following is a proof

of that result.
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PROPOSITION. (Whittaker) Let J be a subgroup of G. Suppose that each x E M

has a neighborhood U of x such that S(U) C J. Then Q C J.

PROOF: Let U be a closed internal n-cell contained in the open n-cell V. We will

think of U and V as being concentric about the origin, 0 in R. It must be shown

that S(U) J.

By hypothesis, there is some open ball Uo centered at 0 with Uo C U and S(Uo) C

J. (Actually, the hypothesis only states that there is some neighborhood Uo of

the origin with S(Uo) C J, but then there will be some smaller subset of this

neighborhood with the properties described in the previous line.) Likewise, for each

x E V there is an open ball B, with radius rv which is centered at x and which

satisfies

Bx C V and S(Bx) C J.

Now suppose that A is any closed n-cell centered at 0 and contained in V. For

each x E &A, let W.V be an open ball concentric with Bx with radius . From3.

the resulting cover, extract a finite subcover {W } of OA. By enlarging each Wj

slightly and shifting its center slightly toward the origin, we may assume that we

have a cover {W} satisfying W C BX, for each i and so that the center of W47i is

contained in the interior of A. Recall that

W. c B, ==>S(Wi) C S(Bxi) C J.
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Now if we define a function

h(4) -,

h~1( x X)

forllxH 1

otherwise,

it is easily shown that h-' is a homeomorphism on R with its support on the unit

ball. Clearly then, a homeomorphism hi, defined in the same way as the above h,

exists for each Wi with the change in center and radius taken into account. Note

that for each i,

hi E S(Wj) C S(Bxi) C J.

From the definition of hl, it follows that

hi(A n W1) C AC and that A C hi(A).

Proceding by way of induction, choose k with 1 <k < m, and assume that

(1) (hk o hk-1 0 ... o hi)(A n (W1 U W2 U ... U Wk)) C Ac, and

(2) A C (hk o hk-1 0 ... o h1 )(A).

Then, since hk+l(9A f Vk+1) C Ac and A C hk+l(A), and since hk o hk1 0... .o h
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is the identity outside of W1 U W2 U ... U Wk, we have

(hko hk-1 o ... o hi)(&A n (W1 uw2 u ... uWk+))

=(hk o hk_1 o ... o h 1)(A fn (Wk+1 \(w1 U w 2 U ... u Wk)))u

(hk o hk_1 o ... o h1)(A n (w1 u u... u k))

Chk+l(&A n(Wk+l1\ (W1UW2 U ... UWk))) U hk+1(A')

Ac U A' = Ac.

It also follows that

A C hk+l(A) C hk+1((hk o hk-1 o ... o h1)(A)),

and the preceding statements (1) and (2) are, in particular, true when k = rn - 1.

Recalling that {Wi} formed a cover of &A, if we set f = hm ao h-1 o ... o h, we

have

(*) A C f(A), f(&A) C Ac, and f C J.

Since such a homeomorphism f exists, it follows that a closed ball B, with diameter

larger than that of A, may be found such that A C B C f(A). In particular, if the

set A had been originally chosen to be Uo, then it would follow that B C f(Uo),

and that

S(B) 9 S(f(Uo)) = fS(Uo)f~- c J.
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Let r be the least upper bound of the closed balls B centered at 0 such that

B C g(Uo) for some g E J. If r is greater than or equal to the radius of V, the proof

is finished for in that case U C g(Uo) for some g E J and then S(U) C S(g(Uo)) =

gS(Uo)g' C J. Suppose then that r is less than the radius of V.

Let B denote the collection of the closed balls B as described above. We will

now set the closed n-cell A from the preceding discussion to be the closed n-cell of

radius r centered at 0, and define f as before with respect to this set A. Then from

(*) and the current definition of A, it follows that there is some B E B such that

A C f(B') and such that there exists a closed ball B' f A which is concentric with

A and B and which satisfies

A C B' C f(B).

Now since B E B, there must be some g E J such that B C g(Uo). From this it

follows that

B' C f(B) C f(g(Uo)) = fg(Uo).

But fg E J, and thus B' E B. This contradicts the definitions of r and A. Thus it

must be that r is greater than or equal to the radius of V and S(U) C J. I

Of central importance in the preceding arguments is the fact that G/H is com-

plete. There are fairly simple proofs that this is true if G is completely metrizable

and H is closed and normal, or if G is metrizable by a complete right invariant

metric. As the first situation does not exist if H is a stability group, one might
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hope that if G is completely metrizable, it would generally be metrizable by a com-

plete and right invariant metric. This is, however, not the case in general, as the

following example shows. (For another example, see Arens [2].)

Let X = [0, 4] and define the following sequence of piecewise linear homeomor-

phisms in G =7-([O, 4]) which has the sup metric topology (equals the compact-open

topology). For m > 1, let

2x,

fm(X) = 2_X + 2(M-1)

2x - 4,

E [0,1 - I] = 11(m);

SE [1- , 3 + 1] = 12(7m);

SE[3 + 1,4] =I()

For n > 1, one checks that the inverses are as follows:

1

x,+f,1x)= f ( In, x E [0,2 -1] = J(n);

x E [2- }, 2 + ] = J2 (n);

x E [2+2, 4] = J3(n).

In particular, it is easy to check that f,~'(J2(n)) = [1 - 1,3 + '] = I2(,) and

that the corresponding equalities hold for Ji(n) and J3 (n). Note that the sequence

{ fn~'} does not converge. We will however show that fmf,~ 1 -+ e.

Let F > 0.

(1) Choose N1 such that m > N, ==|fm(y) - 21 < ' for all y E 12 (m).
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(2) Choose N2 such that n > N2 => < .

Let mn > max{N1 ,IN 2 } and fix x E J2(n). Then |x - 21 K< and since

1 1fjl(x) E I2(fl) =[1 - -,3+ -1,
72 72

we have

1- - <f1(x) < 3+ .
4 n4 ~

If f,71 (x) E I2(m), then from (1) we have ifmf,;1 (x) - 21 < ' from which it follows

that Ifm f?~7(x) - x <s. If f -(x) E Ii(m), then

1
f ~1(x) <1-- < 1 = f m(fn1(x)).= 2f;-'(x) < 2.

m

But

- ==> fm (f,~ 1(x)) = 2f,~'(x) > 2--

which implies that

frf~'(x) - <.212

So again ifmf,~ 1 (x) - xl < e. With very similar inequalities, one checks that

f~(X) E I3 (m) = f|fmfn(X) - xI <I.

Now fix x E J1(n). If fn~'(x) E Ii(m), then

fm(X) = f~'(x) and |fm f,~ 1(x) - x| = 0,
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If f,;'(x) E I2(m), then

1 1 2
f,'(X) = -x> 1- x- = > 2-- > 2--.

2 m m 2

But then

1
x E Ji(n) = x <2 - - < 2,

n

which implies that

Ix - 21<
2

Once again, from (1) we have ffmf,7(x)-21 < j and, therefore, |frf, 1(x)-x1 <,5.

In the same way, one verifies that x E J3 (n) I==> fmf.1(x) - xI < E.

Thus, fm f~) - e in the topology of G. But if this topology is given by a

complete, right invariant metric, then fnf;1 -+ e implies that {f m } is a Cauchy,

hence convergent, sequence. This is, of course, not the case and there is then no

complete, right invariant metric for this topology. Now since Kallman [8] has shown

that this topology is the only one in which G is a complete and separable metric

group, it follows that there is no complete, right invariant metric on G with respect

to which G is a separable topological group.
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