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A Monte Carlo simulation technique was employed in 

this study to determine if the r transformation, a test of 

homogeneity of variance, affords adequate protection 

against Type I error over a range of equal sample sizes 

and number of groups when samples are obtained from normal 

and non-normal distributions. Additionally, this study 

sought to determine if the r transformation is more robust 

than Bartlett's chi-square to deviations from normality. 

Four populations were generated representing normal, 

uniform, symmetric leptokurtic, and skewed leptokurtic 

distributions. For each sample size (6, 12, 24, 48), 

number of groups (3, 4, 5, 7), and population distribution 

condition, the r transformation and Bartlett's chi-square 

were calculated. This procedure was replicated 1,000 

times; the actual significance level was determined and 

compared to the nominal significance level of .05. 

On the basis of the analysis of the generated data, 

the following conclusions are drawn. First, the r trans-

formation is generally robust to violations of normality 

when the size of the samples tested is twelve or larger. 

Second, in the instances where a significant difference 

occurred between the actual and nominal significance levels, 



the r transformation produced (a.) conservative Type I 

error rates if the kurtosis of the parent population 

were 1.414 or less and (b) an inflated Type I error rate 

when the index of kurtosis was three. Third, the r trans-

formation should not be used if sample size is smaller 

than twelve. Fourth, the r transformation is more robust 

in all instances to non-normality, but the Bartlett test 

is superior in controlling Type I error when samples are 

from a population with a normal distribution. In light 

of these conclusions, the r transformation may be used 

as a general utility test of homogeneity of variances 

when either the distribution of the parent population 

is unknown or is known to have a non-normal distribution, 

and the size of the equal samples is at least twelve. 
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CHAPTER I 

INTRODUCTION 

Historically there have been two reasons for the 

extensive efforts expended by scholars in search of a 

robust and powerful test for homogeneity of variance. 

First, in education and psychology, tests on variances have 

been most often associated with the assumption of homogeneity 

of variances needed to guarantee the accuracy of various 

parametric tests, most notably the F and t tests. Second, 

the equality of a set of variances is tested when a researcher 

has an a priori interest in comparing the variances of a 

number of independent groups. 

Traditional tests, such as Bartlett's chi-square, 

Hartley's Fraax* and Cochran's C, are extremely sensitive to 

non-normality and in most instances are restricted to one-way 

designs (14). Unfortunately this fact has hindered the 

ability of researchers to test for homogeneity of variances 

(6, 11, 14). It is this sensitivity to non-normality that 

prompts Box to observe that "to make the preliminary test on 

variances is rather like putting to sea in a rowing boat to 

find out whether conditions are sufficiently calm for an 

ocean liner to leave port!" (2, p. 333). 



Subsequent efforts by researchers have produced an 

array of tests. Many, such as Levene's (12), involve the 

use of a regular analysis of variance on suitably transformed 

data, but none has exhibited the acceptable power or 

robustness to non-normality. 

Recently O'Brien (13,14) developed the r transformation, 

a new "robust" and simple test of homogeneity of variances 

(14, p. 570). The r transformation, according to O'Brien, 

behaves acceptably in most situations encountered by beha-

vioral researchers. Specifically, O'Brien states, 

It appears to be (a) robust to departures from 
normality, (b) easy to apply—most statistical 
software packages can perform the computations, 
(c) relatively powerful, and (d) generalizable to 
factorial designs with equal and unequal numbers 
of observations in the cells (14, p. 571). 

This study was designed to provide further evidence to 

support the claims made by O'Brien regarding the robustness 

of the r transformation to non-normality. 

Statement of the Problem 

The problem of this study is to determine the fidelity 

of O'Brien's r transformation to nominal Type I error rates in 

a one-way analysis of variance (ANOVA) design of k groups 

with equal sample sizes (n's) under conditions of normality 

and non-normality when the null hypothesis of a| = a| = 

.... = is true. 



Purposes of the Study 

The purposes of this study are as follows : 

1. To determine empirically if the r transformation 

affords adequate protection against Type I error over a 

range of equal sample sizes and number of groups when 

samples are obtained from normal and non—normal distributions; 

2. To determine if the r transformation is more robust 

to deviations from normality than Bartlett's chi—square. 

Hypotheses 

The following hypotheses were formulated to carry out 

the first purpose of this study (n = sample size; k = number 

of groups; 2^ = measure of skewness; = measure of kurtosis). 

1. Using O'Brien's r transformation, actual significance 

levels will not differ significantly from nominal signifi-

cance levels when a| = a| = ...,. for experimental condi-

tions of n = 6, 12, 24, and 48, and k = 3, 4, 5, and 7, when 

samples are obtained from a normal distribution with = 

0.00 and g_2 = 0.00. 

2. Using O'Brien's r transformation, actual signifi-

cance levels will not differ significantly from nominal levels 

when o? = = .... a? for experimental conditions of n = 6, 
1 2 K 

12, 24, and 48, and k = 3, 4, 5, and 7, when samples are 

obtained from a uniform (rectangular) distribution with 

= 0.00 and = ~1«20. 



3. Using O'Brien's r transformation, actual significance 

levels will not differ significantly from nominal significance 

levels when o| = a* = for experimental conditions of 

n = 6, 12, 24, and 48, and k = 3, 4, 5, and 7, when samples 

are obtained from a symmetric leptokurtic distribution 

with 2.-̂  = 0.0 0 and ^ = 1-20. 

4. Using O'Brien's r transformation, actual significance 

levels will not differ significantly from nominal significance 

levels when a| = a* = for experimental conditions 

of n = 6, 12, 24, and 48, and k = 3, 4, 5, and 7, when sam-

ples are obtained from a skewed leptokurtic distribution with 

= 1.414 and ^ = 3.00. 

To carry out the second purpose of this study, the 

following research question is posed. Does the use of the 

r transformation, in contrast to Bartlett's chi-square, 

produce actual significance levels that correspond more 

closely to the nominal significance level across all experi-

mental conditions? 

Mathematical Equations 

This section presents the two mathematical equations 

considered in this study. The r transformation is the test 

considered in the four hypotheses, and Bartlett's chi-square 

test is considered in the research question. 



Mathematical Equations of O'Brien's r 
Transformation Variable 

The r transformation variable is mathematically defined 

by O'Brien (14, p. 572) as 

(n. - 1.5) n.. (Yj_j - Y.)
2 - .5 s2 (n..-l) 

rij = ( R j -1) (n.. -2) 

where r. . = the transformed raw observation, 
13 

n^ = the size of the group j, 

j = a subgroup of k (a sample), 

Y.. = a raw observation (a sample element), 
iD 

Y\ = the mean of the sample group j, 

Sj = the unbiased sample variance of group j. 

The transformed observations (r^'s) are then used as depen-

dent variables in a one-way analysis of variance design. 

If the obtained F value equaled or exceeded the critical 

F value with k - 1 and N - k degrees of freedom at .05 

level of significance, the results are declared significant. 

Mathematical Equations of Bartlett's Chi-square 

Bartlett's chi-square (1) is mathematically defined by 

Snedecor and Cochran (16, p. 252) for samples of equal size, 

using logarithms (In) to base e, as 
2 

X = M/C with (a - 1) degrees of freedom 

2 2 
where M = v ( a In s - Z In s^), 

2 2 
s = ZSj/a, 



C = 1 + (a + 1)/(3av), 

a = the number of groups, 

v = the degrees of freedom of s^. 

The quantity M/C is distributed as chi-square with (a - 1) 

degrees of freedom. If the obtained chi-square exceeded 

the critical X2 value with a - 1 degrees of freedom at .05 

level of significance, the results are declared significant. 

Definition of Terms 

For the purposes of this study, the following terms 

are defined. 

Actual probability of Type I error. This is the true 

probability of a Type I error calculated from a knowledge 

of the manner in which certain assumptions underlying the 

test are violated (7, p. 283). 

Fixed-effects model. In this experimental design model/ 

it is assumed that all treatment levels about which inferences 

are made are included in the experiment (9, p. 554). 

Intraclass correlation. A measure of the extent to 

which observations in the same treatment level tend to be 

homogeneous relative to observations among different treat-

ment levels. The intraclass correlation is maximal when 

scores within each treatment level are identical and differ 

only from level to level (9, pp. 126-127). 



Jackknife technique. A statistical tool that reduces 

bias and produces approximate confidence intervals which 

was originally developed by Tukey (12, p. 567). 

Kurtosis. This term is used to describe the "peakedness" 

of a unimodal distribution. The measure of kurtosis is 

defined as = Z(x-y)^/a^ - 3. For the normal distri-

bution, 22 equals zero; for a leptokurtic distribution, 

SL2 *-s greater than zero; for a platykurtic distribution, 

£2 is less than zero (4, p. 73; 7, p. 283). 

Leptokurtic. This term is used to describe a distri-

bution that is more peaked than a normal distribution. 

Monte Carlo simulation. A method of approximating 

solutions of problems in mathematics and statistics by 

sampling from simulated random processes. Such sampling 

involves the use of random numbers and special computer 

techniques. 

Nominal probability of a Type I error. This is the 

alpha level set by the experimenter in the belief that all 

assumptions are met. The nominal probability of a Type I 

error is labeled a. 

Normal distribution. In this symmetrical distribution, 

the mean, median, and mode coincide. When the mean is 

zero and the standard deviation is one, the distribution 

is referred to as the standard or unit normal. 

Platykurtic. This term is used to describe a distri-

bution that is flatter than a normal distribution. 



Pseudorandom number. These numbers are generated by 

a deterministic process but behave as if they were random 

(18, p. 492). 

Robustness. This property of a statistical test 

preserves the validity of the probability statements applied 

to it even though the assumptions upon which it is based 

are violated (7, p. 284). 

Significant difference between nominal and actual 

significance levels. An actual significance level that 

falls outside of a 95 percent confidence interval about 

the nominal significance level is said to be statistically 

different from the nominal significance level. 

Skewness. Skewness refers to the property of asymmetry 

of a distribution about the mean. The measure of skewness 

3 3 

is defined as g^ = E(x-y) /o . In a symmetric distri-

bution, equals zero. For asymmetrical distribution, 

is positive when the distribution is positively skewed, 

and is negative when the distribution is negatively 

skewed (4, p. 72; 7, p. 284). 

Spread variable. This is a variable that measures 

dispersion. The variance may be considered a spread variable. 

Type I error. The error of concluding, on the basis 

of a statistical test, that the null hypothesis is false 

when it is actually true. The probability of committing a 

Type I error is determined by the level of significance 

(a) adopted (9,p.556). 



Type II error. The error of concluding, on the basis 

of a statistical test, that the null hypothesis is true 

when it is actually false. The probability (3) of committing 

a Type II error is determined by magnitude of effect size, 

magnitude of random error, and level of significance 

(9, p. 556). 

Uniform distribution. In this rectangular-shaped 

distribution, the values assumed by a random variable x 

can vary over the interval 0 - x - 1, and all values in that 

interval have an equal probability of occurring (19, p. 469). 

Limitations 

This study is limited to experimental conditions 

simulated with the following conditions. 

1. A selected number (3, 4, 5, and 7) of treatment 

groups are considered. 

2. Selected samples of equal size (6, 12, 24, and 48) 

are employed. 

3. All samples are drawn from one of four predetermined 

distributions: normal, uniform, symmetric leptokurtic, or 

skewed leptokurtic. 

Significance of the Study 

The study focuses upon the r transformation test for 

homogeneity of variance to determine if the test affords 

adequate protection against Type I error over an array of 
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sample sizes and groups drawn from normal and non-normal 

distributions. As will be shown in Chapter II, studies on 

the robustness and power of currently used tests of variances, 

such as Hartley's F , Cochran's C, Levene's z, Miller's 

jackknife, and Bartlett's chi-square, have found them all 

to be lacking. 

There are two reasons that substantiate the need for 

a reasonably robust (to non-normality) test for homogeneity 

of variance. First, although the analysis of variance test 

is considered robust to violations of the assumption of 

homogeneity of variance when equal sample sizes (n) are 

used, if unequal sample sizes are used, the assumption may 

be critical (6, p. 887). Second, as O'Brien observes, "It 

is becoming recognized that statistical 'effects' can be 

manifested in terms of differences among group variances as 

well as (or instead of) differences among group means"(14, 

p. 570). 

Thorngate (17) believes that social psychologists should 

become more concerned with differences in variability. He 

supports his premise by observing that "questions about 

norms, roles, conformity, and related topics are highly 

related to dispersion. Conformity results in uniformity, 

that is, lack of dispersion" (17, p. 76). Thorngate, in 

discussing parametric tests, equates dispersion differences 

with differences in variance. 
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More specifically, various theories in education have 

generated a priori hypotheses about equality of variances. 

For example, a basis for Cattell's (3, p. 79) two factor 

theory of intelligence is the difference in test score 

variance between tests of fluid and of crystallized abilities, 

with fluid abilities being more variable. An early example 

in education is Skinner's (15) 1958 prediction that students 

finishing programmed lessons would have smaller variances 

on test scores than students taught by other methods. More 

recently, in an interesting study by Hushak (8) of the 

role of schools in reducing the variance of cognitive skills, 

the suggested null hypothesis was that schools have no 

impact over time on the cognitive skills of school-aged 

children. The results of the study support the alternative 

hypothesis. Very often, however, hypotheses about variances 

are ignored even when the theory involved provides a clearer 

prediction about variances than means (5, p. 978; 6, p. 905; 

11, p. 188). 

Two reasons researchers have failed to test for homo-

geneity of variances are that most methods of statistical 

inferences concerning variances have been restricted to 

single-factor designs, and the methods available are notor-

iously sensitive to distribution form, particularly kurtosis 

(6, p. 905; 11, p. 188). Thus, if O'Brien's r transformation 

is found to be reasonably robust to non-normality, a notable 

void would be filled. 
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CHAPTER II 

SURVEY OF RELATED LITERATURE 

Introduction 

Extensive efforts have been expended by researchers in 

the quest for a robust procedure to use in testing for 

homogeneity of variances. The purpose of this chapter is 

to present the historical background of the studies of 

robustness which have been conducted as they relate to 

O'Brien's (25, 26, 27) r transformation. An overview of 

the influence of the normality assumption on tests of var-

iances comprises the first section of this review. Next, 

a historical review is presented of tests of homogeneity 

variances. The third section, which is the focus of this 

study, presents O'Brien's r transformation, its use, and 

theoretical basis. This is followed by a brief review of 

Bartlett's chi-square. 

Influence of the Normality Assumption 

Tests of homogeneity of variance cannot be examined 

without considering the influence of the normality assumption, 

The normality assumption may be stated simply as observations 

that are drawn from normally distributed populations. 

Both Box (3, p. 318) and Scheffes' (29, p. 337) conclude that 

14 
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the effect of violations of the normality assumption is 

slight on inferences about means but dangerous on inferences 

about variances. In other words, tests which compare means 

(F or t) are remarkably robust to non-normality, but this 

characteristic is not shared by most traditional tests of 

homogeneity of variances. In fact, Bartlett's chi-square 

is so sensitive that it may also be considered a good test 

of normality (3, p. 318; 14, p. 374). 

The reason for this difference in robustness can be 

explained by the two standard errors. For the mean, the 

observed deviation (o_ = c_//n) is measured against an 
x x 

interval estimate of error calculated from the observations 

and is valid without the normality assumption. However, the 

standard error for the variance is s2 = 0 2 = a 2//2/(n-l) + y2/n 
b A 

where y2 i s the kurtosis index. Normal distributions have 

a y2 index of zero (10, p. 888). Thus, in the case of 

variances, the amount of deviation is measured, Scheffe 

says, against a "theoretical distribution having the correct 

location, and at least for a large n the correct shape, but 

the wrong spread if the kurtosis of the effects differs 

from zero" (29, p. 337). Box (3, p. 320) demonstrated that 

as the number of groups increases above two, this sensitivity 

increases. 



16 

Games, Winkler, and Probert conclude, 

If the population is leptokurtic . . . the true 
value of the standard error of the variances will 
be larger than that used in the theoretical derivation, 
raising the risk of a Type I error above alpha. . . . 
Conversely, with a platykurtic population . . . the 
true standard error will be smaller than the estimate 
from normal theory, and a conservative test will 
result (6, 10, p. 888). 

Box (3, p. 331) demonstrates that both Hartley's F.max 

and Cochran's C are affected by kurtosis in much the same 

way as Bartlett's test. Thus, it can be assumed that tra-

ditional procedures are not robust to violations of the 

normality assumption. 

Recently, a group of tests for homogeneity of variance 

has been introduced that is believed to be less sensitive 

to non-normality (17, 25, 28, 34). This group tests the 

homogeneity of variance hypotheses by applying analysis 

of variance (ANOVA) to dependent variables that are con-

structed to measure the spread of each group's distribution. 

The success of ANOVA-based tests is due to the fact that 

the estimates of the variabilities of the average spread 

are obtained directly from the data and consequently are not 

sensitive to the kurtosis of the parent distribution (26, 

p. 877). Thus ANOVA-based tests may be valid when kurtosis 

does not equal zero. 

This study is concerned with the r transformation, 

a recent addition to the ANOVA-based procedures. While 

remaining cognizant of the influence of distribution form 
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on tests of homogeneity of variance, the next step is to 

review the tests that preceeded and influenced the develop-

ment of O'Brien's r transformation. 

Tests for Homogeneity of Variance 

Numerous tests for homogeneity of variance are available 

to the researcher who is interested in testing homogeneity 

of variance either because heterogeneity is suspected in an 

analysis of variance design or because of an interest in 

variances as a measure of treatment effect. The selection 

of an appropriate test is complicated by variations with 

respect to robustness to non-normality, power, simplicity 

and complexity of computation, requirements of equal sample 

sizes, and use with multiple groups. A partial listing of 

the tests developed in the search for a robust procedure 

follows by year of introduction: 

Bartlett's chi-square, 1937 (1), 

Cochran's C, 1941 (6), 

Hartley's Z m a x' 1950 (15), 

Box, 1950 (3), 

Box-Anderson, 1955 (4), 

Box-Schef fe', 1959 (29), [Considered the same as the 

Bartlett-Kendall by Martin (20, p. 551)] 

Zelen, 1959-1960 (34, 35), 

Levene ' s and z_2 , 1960 ( 17 ), 

Foster-Burr Q, 1964 (8), 
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Miller's jackknife, 1968 (21), 

Brown and Forsythe's W-50 and W-10, 197 4 (5), 

Overall and Woodward's Z_ variance, 197 4 (28), 

O'Brien's r transformation, 1979 (25). 

O'Brien's (25) r transformation, an ANOVA-based procedure, 

uses a simple weighted average to balance both the inflated 

Type I error rate of Levene's (17) z2 variable and the 

conservative Type I error rate of Miller's (22, 23) jack-

knife c[ variable. 

Glass and Stanley (14, pp. 374-376) review the use of 

the Bartlett, Scheffe", , Cochran C, and Levene tests 

for homogeneity of variance. Bartlett's test was deemed 

to be quite sensitive to violations of the normality 

assumption and, if used with samples from non-normal popu-

lations, the Type I error rate may be far greater than that 

desired. Prior to computer usage, researchers were reluc-

tant to use the Bartlett chi-square test because of the 

complexity of its computation. Hartley's F m a x was also 

found to be sensitive to non-normality, though it is computa-

tionally the simplest test of variances available. The 

fact that the F does not use all the information available 
—max 

on the variances prompted Glass and Stanley (14) to con-

clude that it might be less powerful; however, this opinion 

was found to be false by Games, Winkler, and Probert (10, 

p. 895). 
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Cochran's (6) C test, which was proposed in 1941, 

is simple to run and uses more data than the F.max-

However, Games, Winkler, and Probert (9, p. 895), Levy 

(18, p. 182), and Veitch and Roscoe (32, p. 183) found 

Cochran's test to be less powerful than either the F m a x 

or Bartlett's chi-square, and Winer (33, p. 96) suggests 

that all three tests are sensitive to the normality assumption, 

Glass and Stanley (14, p. 376) consider the Levene z, 

test to be simple to run (using ordinary ANOVA technique), 

insensitive to non-normality in most cases (fixed effects 

with equal sample sizes) and of acceptable power. Games, 

Winkler, and Probert (10, p. 894) refute this finding; 

in general, they found Levene's £ test to be a disappoint-

ment . 

Games, Winkler, and Probert (10) report their results 

from an extensive comparative study of power and robustness 

to violations of the normality assumption for several tests 

of homogeneity of variance. Two sampling studies were run. 

The first contrasted the F m a x test, Cochran's C test, two 

Levene tests (z and z2, which are referred to as L-X2 and 

L-A by the authors), and Bartlett's test on several popu-

lation types in which k = 3 and n = 6. The second study 

contrasted the Bartlett test, the Foster-Burr Q test, the 

Box-Anderston M' test, and the Bartlett-Kendall test using 

3 independent samples of 18 cases each. For the Bartlett-

Kendall test, the 18 observations were divided into 6 
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sub-samples of 3 cases each (LEV3) and into 9 sub-samples 

of 2 cases each (LEV2). The results concerning the proba-

bility of Type I error are presented in Table I. Power 

curves were developed from the results of both sample runs 

for the selected tests and population distributions. From 

their finding, Games, Winkler and Probert (10, pp. 892-893) 

drew the following conclusions. 

1. The Bartlett, F and Cochran tests demonstrated 
—max 

the trend predicted by Box of extreme sensitivity 

to non-normality with platykurtic populations pro-

ducing conservative tests, and leptokurtosis 

producing an inflated Type I error rate. 

2. Enlarging the size of n (from 6 to 18) accentuated 

this effect in the Bartlett test. 

3. The Cochran test showed less power than the F m a x 

and Bartlett test for all selected population 

distributions. 

4. The Levene tests did not reveal the hoped for 

robustness and in general exhibited low power. 

5. The Bartlett, M', and Q tests were similar in 

power when testing samples drawn from populations 

having a normal distribution. 

6. The LEV3 test showed the best control of Type I 

error for all population types but had less power. 

7. In most cases the Bartlett test remained the best 

with regards to power. 



TABLE I 

ESTIMATED PROBABILITY OF TYPE I ERRORS OF VARIOUS 
TESTS USING a= .05 
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Study 1 K = 3 !, n = 6 

Population Bartlett F —max Cochran L-x2 L-A 

1. Normal .039* .042 .045 .065* .069* 

2. Slight Skew .049 .044 .054 .055 .088* 

3. Moderate Skew .066* .074* .065* .068* .082* 

4. Extreme Skew .244* .226* .255* .077* .143* 

5. Symmetric Leptokurtic .195* .177* .197* .048 .076* 

6. Rectangular .011* .014* .009* .074* .090* 

Study 2 : K = 3 , n = 18 

Population Bartlett Q M" LEV 3 LEV 2 

1. Normal .043 .035* .082* .043 . 038* 

2. Slight Skew .049 .042 .083* .043 .041* 

3. Moderate Skew .067* .063 .082* .042 . 039* 

4. Extreme Skew .405* .371* .076* .041 .039* 

5. Symmetric Leptokurtic .360* .334* .047 .039* .040* 

6. Rectangular .002* .001* .002* .048 .042 

Ho:P = .05 is rejected at the .05 level of significance. 

[Source: Paul A. Games, Henry R. Winkler, and 
David A. Probert, "Robust Tests for Homogeneity of 
Variance," Educational and Psychological Measurement 
32 (Winter, 1972), p. 893.] 
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Based on the above findings, Games, Winkler, and Probert 

recommend the following options. If a researcher believes 

that the populations sampled are platykurtic or mesokurtic, 

the Bartlett or F tests should be used. However, if the 
—max 

researcher suspects leptokurtosis, or there is no a priori 

information on the forms of the population and it is desirable 

to control Type I error rate near .05, the Bartlett-Kendall 

test LEV3 should be used (10, pp. 902-903). 

Neel and Stallings (24) reported in 1974 the results 

of a fairly extensive Monte Carlo study of Levene's test 

of homogeneity of variance and the empirical frequencies of 

Type I error in normal distributions. The study involved 

sampling from a normal population for all combinations 

of 2 to 7 variances and equal sample sizes of 3 to 12. 

For each combination, 10,000 replications were performed. 

The expected number of significant Fs (from ANOVAs conducted 

on the samples transformed by Levene's procedure), which 

are significant at the .05 level, is 500. Neel and Stallings' 

results are presented in Table II. In all instances the 

Levene technique produced inflated Type I error rates. Two 

trends were noted in this inflation: "(a) for smaller n 

(roughly, n less than 9), the bias increases as the number 

of variances increases; (b) for larger n, the bias seems to 

remain constant or even fall as the number of variances 

increases" (24, p. 6). The results of the study support 

the findings of studies presented by Games, Winkler, and 
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Probert (10) in 1972 and Miller (23) in 1968. The original 

Monte Carlo study conducted by Levene (17) in 1960 used 

relatively large samples sizes (n = 10 and n = 20) and 

limited the number of groups to 2 and 3. Levene's findings 

of empirical Type I error rates which are quite near the 

nominal level of alpha, and the subsequent endorsement 

by Glass (12, 14), coupled with ease of computation, led to 

the inaccurate belief that Levene1s technique was superior 

to the traditional tests such as those advanced by Bartlett, 

Scheffe", Cochran, and Hartley. 

Levene's test is described as robust in Biomedical 

Computer Programs P-Series, 1979, and is included in the 

results printed with program P7D (7, pp. 189, 209). It was 

not until the 1984 (second) edition of Statistical Methods 

in Education and Psychology that Glass and Hopkins (13, 

p. 3 56) recommend the use of the Bartlett chi-square test 

for samples from normal distributions and the use of the 

Scheffe as being "reasonably robust" when samples are drawn 

from non-normal population. In a footnote Glass and Hopkins 

(14, p. 268) comment on the sensitivity of the Levene test 

to non-normality. 

Miller (23) extended the jackknife technique to testing 

for homogeneity of variances in the two-group situation. 

The jackknife is a complex statistical technique, which was 

developed by Tukey, that reduces bias and produces approximate 

confidence intervals. Miller's application of the technique 
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involves the division of the groups into subsamples (k), the 

calculation of the jackknife test statistic, 

2 2 
p. .. = n. .log s. . - (n. . - l)log s. . , 
^ijk lj ^ K 

followed by the performance of a t test (23, p. 569). Based 

on the results of two Monte Carlo studies, Miller concludes 

that the jackknife was a "robust and powerful statistical 

tool" (23, p. 579). 

Miller's first Monte Carlo study utilized sample sizes of 

25. One thousand pairs of 2 5 uniform pseudo-random numbers 

were generated to represent samples drawn from a uniform 

distribution and later transformed to represent samples 

from a normal distribution, a double exponential distribution, 

a skewed double exponential distribution, and a sixth power 

distribution. After transformation, the samples were scaled 

by a factor to produce various variance ratios. The seven 

tests applied to each of the 1,000 pairs of samples were 

Bartlett's F; Box-Anderson; jackknife k = 1 and k = 5; 

Levene s; Box k = 5; and Moses k = 5, where k equals the 

size of the subsamples. The Box-Anderson and jackknife 

k = 1 tests were in general found to be the most powerful. 

The jackknife k = 1 was slightly more powerful than the 

Box-Anderson for alpha level .01. Both tests were more 

sensitive to distribution form than Levene's Box, and 

Moses tests when the null hypothesis (variance ratio = 1) 

was true. The results should be near .05 and .01,(between 
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.043 to .057 and .009 to .011, respectively, when the standard 

error is considered) for the two levels of significance 

examined. The Type I error rate observed in samples drawn 

from a normal distribution was .05 for both the k = 1 and 

k = 5 jackknife samples as expected, but the rate was inflated, 

.014 and .015, at the .01 level. On samples obtained from 

a uniform distribution, the observed Type I error rate was 

conservative at both the .05 level (.029 and .036) and at 

the .01 level (.005 and .009). Results from the skewed 

double exponential distribution were inflated with the 

observed Type I error rate at the expected .05 level (.068 

for k = 1 and .072 for k = 5). At the .01 level a similar 

pattern of inflation is noted from the observed values of 

.024 and .020 for k = 1 and k = 5, respectively. The rates 

are more inflated than those observed for samples drawn 

from the double exponential distribution. [Miller's con-

clusion that the jackknife is robust is puzzling when one 

examines the observed Type I error rates. Miller (23) 

states that there may be an accident of sampling or 

attributable to the pseudo-random numbers not being as 

random as they were purported to be.] 

The second Monte Carlo by Miller was identical to the 

first except that the sample size was 10 and the Box, Moses, 

and jackknife k=5 were not tried because of the small sample 

size. The results were similar to those of the first study for 
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samples drawn from a uniform distribution. For samples drawn 

from a normal distribution, the jackknife k = 1 produced 

inflated Type I error rates of .068 and .018 compared to 

the expected alpha of .05 and .01. The observed Type I 

error rates for the skew double exponential and the double 

exponential distribution were more inflated than the rates 

observed in the first study where n = 25 (23). 

In the case where the variance ratio is one (the 

variances are in fact equal), the jackknife is not really 

as robust as purported to be. In the cases where the variance 

ratio is greater than one (2, 4, 6, and 10), the power 

increases as the variance ratio increases and the jackknife 

k = 1 generally exhibited the most power (23). 

Layard (16) generalized Miller's jackknife technique to 

the k-sample case. In a study patterned after Miller's 

study, Layard generated 500 sets of 4 samples of 25 pseudo-

random numbers from a uniform distribution. For each of 

the samples, the Bartlett chi-square, a x2 test, the jack-

knife, and the Box (m = 5) test statistics were computed, 

and for each test the proportions of the 500 sets were 

recorded for which the null hypothesis was rejected at both 

the .05 and the .01 levels. The proportions are an estimate 

of the Type I error rate of the various tests. The pro-

cedure was used first to collect observations when the 

variances were equal and subsequently was repeated a second, 

third, and fourth time with the samples scaled so that the 
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variances were unequal. Similar runs were made using simu-

lated samples from normal and double exponential distributions. 

A second group of experiments was run, which was similar to 

the first, but the samples were reduced to 10 in size. 

The results for the first group of Layard's (16) experi-

ments (n = 25) revealed that the Bartlett chi-square was 

conservative for the uniform distribution and inflated for 

the exponential distribution. The jackknife, though 

following a pattern similar to that observed with the 

Bartlett, was much closer to the expected alpha level. 

The Box test was the least sensitive to distribution form 

but lacked the power of the jackknife and x2 test. The 

results of the second group of experiments where n = 10 were 

similar to those of the first group. However, the Type I 

error rates observed with the x2 test and the jackknife 

were somewhat erratic, and their power was less than the 

Bartlett when samples were drawn from a normal distribution 

(13, p. 197). In comparing the results of his study with 

those of Miller, Layard observes that the sensitivity of 

the Bartlett test to non-normality was more pronounced in 

the four-group design than in the two-group design. Also, 

the power of the jackknife in the four-sample case was 

superior to that observed in the two-sample case (16, p. 198). 

In general the results of Layard's study are similar to 

those of Miller. Table IV presents the results of Miller's 

and Layard's studies for the design in which the variance 
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ratio is one for those tests and distributions that both 

studies shared. 

The standard error calculated, using the formula 

[ (a ) (1-a ) /N , 

for Miller's results is .0069 for the .05 level and .0031 

for the .01 level of significance. The standard error 

associated with Layard's observations is larger (due to 

the smaller sample size); .0097 is the standard error at 

the .05 level of significance and .0044 is the standard 

error at the .01 level. Confidence intervals are presented 

to aid in examining the results of both studies. For Miller 

these intervals are .043 to .057 and .009 to .011 for the 

.05 and .01 levels of significance, respectively; for Layard's 

observations the intervals are .040 to .060 and .0055 to 

.0144 for the .05 and .01 levels of significance. The 

standard errors are calculated on the basis of the nominal 

levels of .05 and .01 and therefore differ from those offered 

by Miller and Layard, which were calculated on the observed 

levels of significance. Examining the data in this manner 

results in a different interpretation of the findings of 

both studies. The enormous number of calculations associated 

with the jackknife statistic limits its calculation to a 

computer and hampers its general endorsement as a useful 

tool. 
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In the belief that the Bartlett and Box tests do not 

generalize well to complex factorial designs, Overall and 

Woodward (28) developed the Z-variance technique to test 

for homogeneity of variance. This technique involves a £ 

score transformation of within-cell variance estimates, 

which is based on the chi—square distribution and which can 

be analyzed by an ANOVA for factorial designs with one 

observation per cell (28, p. 313). Studies by Levy (19), 

Martin (20, 21) and Overall and Woodward (28) determined 

that the ^-variance procedure was not robust to departures 

from normality and not appreciably more powerful than the 

Bartlett-Kendall (referred to as the Box-Scheffe by Levy 

and Martin) when the subsamples used in the Bartlett-Kendall 

were of optimum size. The problem of selecting optimum 

subsample sizes for the Bartlett-Kendall test with equal 

and unequal, sample sizes was investigated by Toothaker, 

Hicks, and Price (31). Though the Z-variance technique 

did not exhibit the hoped for power and robustness, it did 

add another ANOVA-based technique to consider in testing 

for homogeneity of variance and, as a result, stimulated 

more effort on the problem by others in the field. 

Brown and Forsythe (5) developed the W10 and W50 test 

statistics for examining variances. The W50 and W10 are 

alternative formulations of Levene' s ẑ  test statistic. 

The mean in Levene's z statistic is replaced by the median 

to form the W50 statistic. The W10 is formed by 
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substituting the 10 percent trimmed mean in place of the 

mean in the z statistic. The 10 percent trimmed mean is 

the mean of the observations after deleting the 10-percent 

largest and 10-percent smallest values in a group (5, p. 364). 

The procedures were found to be sensitive to distribution 

form by Brown and Forsythe (5), Games, Keselman, and Clinch 

(9), and O'Brien (26). In some instances the W10 controlled 

Type I error best, and in other instances the W50 was 

superior. Monte Carlo studies by these researchers reveal 

that if the samples were drawn from a normal distribution, 

the W50 produced conservative results when sample size was 

25 or less (5, p. 366; 9, p. 982; 26, p. 342). In the case 

where the sampled population was skewed (5, p. 365) or 

leptokurtic (26, p. 341) or skewed leptokurtic (10, p. 982), 

the W50 controlled Type I error at near the nominal level 

of .05. The W10 was in general a disappointment. The use 

of the W50 as a method of testing for homogeneity of variances 

is dependent upon a knowledge of the underlying distri-

bution of the population sampled, thus it is severely limited 

in its application and cannot be recommended as a general 

tool. 

In an extensive presentation, O'Brien (27) used Monte 

Carlo simulations to discuss and study the Z^-variance tech-

nique, the Zelen procedure (both of which are overly 

sensitive to non-normality), the Box-Scheffe (Bartlett-Kendall) 

variable, Levene's z2 (s), Miller's jackknife k = 1 
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(referred to as the £ variable), Brown and Forsythe's W50, 

and introduce for serious consideration the g variable. 

The 2 variable, an alternative jackknife pseudo-value, 

which was cited briefly by Miller (22, 23), had been basically 

ignored because it was thought to be more appropriate for 

designs with unequal numbers (27, p. 333). A comparison 

of the g variable with the £ variable reveals that the 2 

is similar in its formula to the £ except that it does not 

employ a log transformation. The 3 variable is defined by 

O'Brien (27, p. 333) as 

<3ijk = n i j S i j " ( n i j ' 1 ) s i j - k ' 

The £ variable is defined as 

P i j k = n i j l 0 9 s i j " < n i j " 1 1 1 0 9 s i j - k 

2 th 
where s.. , is the unbiased sample variance when the k 

13-k c — 

observation is deleted (27, p. 331). A computational 

example of the £ variable is presented by Martin and 

Games (21, p. 195). 

In the first section of this study, O'Brien (27) 

examines the intraclass correlations of each considered 

procedure from both a theoretical and experimental point 

of view for effect on Type I error rate. The intraclass 

correlations are examined as a function of cell size (4 

thru 24 by 4) and parent distribution (uniform, normal, 

and exponential) using a 2 by 2 and a 4 by 3 balanced 
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ANOVA design. Of particular interest are the results 

associated with Levene's z* and the <£ variable, which are 

the variables combined to form the r transformation. 

Investigation by Monte Carlo analysis revealed that if the 

intraclass correlation of the variable investigated was 

negative, a conservative Type I error rate was observed; 

if the intraclass correlation of the variable was positive, 

an inflated Type I error rated was noted. This effect may 

be counterbalanced by the degree of kurtosis of the parent 

population, but as the size of the design increases the 

effects from kurtosis diminish and the effects from the 

intraclass correlations dominate (27, pp. 331-334). 

Investigation of the £ variable (jackknife k = 1) 

revealed that the values of the intraclass correlations 

associated with samples drawn from both the normal and uni-

form parent were negative, but generally positive for samples 

drawn from the exponential parent (27, p. 333). This thus 

explains the results found by Brown and Forsythe (5), 

Layard (16), and Miller (23) that are previously discussed 

in this review. 

Investigation by O'Brien (27) of the variable through 

Monte Carlo simulation studies and his evaluation of the 

equations upon which the variable is based reveal that the 

intraclass correlation© were negative throughout the range 

studied, thus making the test basically conservative 

(27, p. 334). Since the intraclass correlation is negative, 
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an increase in the degree of kurtosis present in the parent 

population tends to make the Type I error rate closer to 

alpha. Analysis of the results of a Monte Carlo study con-

ducted by O'Brien reveals that the effect of the intraclass 

correlation of the a variable on Type I error rate produced 

a very conservative test for small samples (n) and the 

4 by 3 design was more affected than the 2 by 2 

design (27, p. 332). Further examination reveals that 

tests calculated on samples drawn from the exponential parent 

with a kurtosis index of 6 were less conservative (closer 

to alpha) than were tests conducted on samples drawn from 

the normal or uniform parent. It may be concluded (27) 

that the c[ variable is a conservative test of homogeneity 

of variance, and the degree of conservativeness is influenced 

by sample size, design size, and kurtosis of the parent 

population. 

2 

O'Brien (27) also investigated Levene' s :z in a manner 

identical to that used in his investigation of the <j variable. 

The affect of the intraclass correlation on the test of 

the A effect in the 2 by 2 and 4 by 3 designs, on samples 

of various sizes drawn from normal, uniform or exponential 

parent populations was found to be opposite that observed 

with the 3 variable. The effect of the intraclass correla-

tion produced an inflated Type I error rate that increased 

as sample size decreased; the larger design was more affected. 



36 

The greater the index of kurtosis, the greater the inflation; 

tests conducted on samples drawn from the uniform distri-

bution were the least inflated and those from the exponential 

distribution ( X = 6) demonstrated the highest inflation 

(27, pp. 329-331). O'Brien presents the findings associated 

with a balanced design and suggests that the basic conser-

vativeness of the c[ variable, and the inflation observed 

with the z2 variable, will also be observed in unbalanced 

designs (27, pp. 329, 334). As a result of the findings 

of this study, O'Brien developed the r transformation. 

The r Transformation 

O'Brien describes the r transformation as a new, "robust," 

simple test for homogeneity of variance that is "directly 

analogous to the usual ANOVA tests on cell means" (28, 

p. 571). The r transformation, applied to the raw obser-

vations prior to performance of an ANOVA, is a linear com-

2 

bination of Levene * s (17) _z with Miller's (23) jackknife 

pseudo-value 3 variable. Using a simple weighted average 

to balance both the inflated Type I error rate of the z_2 

variable and the conservative Type I error rate of the g[ 

variable, the r transformation allows one to test for the 

equality of variances using, instead of means, the common 

additive fixed-effects model for variances. The focus of 

attention is placed on the variances in place of the means. 
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The procedure also permits one to perform a priori and a 

posteriori contrasts among marginal variances more efficiently 

than with the Box-Scheffe", the only other method available 

(26, p. 880). 

The r transformation variable, a simple weighted average 

of a slight modification of Levene's (17) z2 variable 

V i = nj <*11 - yj ) 2 / ( nj - 1)1 

and Miller's (23) c[ variable 

"ij - i", (yij - V - 8 / 1 / [ n j - 2 1 -

is _ 
[ (w+n.-2 )n . (y. .-y . ) 2 - w(s .z) (n.-l) ] 

r. . (w) = 1 2 l2 i 1 i 
1-' (n^-1) (n j-2 ) 

Regardless of the choice of w (the weighting factor), the 

mean (£j) f o r a group will equal the variance of the raw 

scores (26, p. 877). 

O'Brien (26, p. 878) calculated the values of w for 

various distributions using the formula 

2n . (n .-1)(n .-2) + A (n .-1)2(n .-2) 
w = 3 3 3 2_3 3 - (nj - 2). 

2n^ + (n^-2)X2 

The values obtained for w are presented in Table IV. 
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TABLE IV 

KURTOSIS U 2), w, AND THE LIMITING VALUE OF THE KURTOSIS 
OF r(w) FOR SEVERAL PARENT DISTRIBUTIONS 

Parent 

w 

Parent X 2 (n = 1 0 , 2 0 , 3 0 ) y| r(w)| 

Uniform - 1 . 2 - . 0 2 - . 1 2 - . 1 6 - 1 . 3 

Normal . 0 . 4 9 . 4 9 . 5 0 |—i
 

to
 

o
 

X 2 ( 1 2 ) 1 . 0 . 6 4 . 6 5 . 6 6 6 5 . 5 

X 2 ( 6 ) 2 . 0 . 7 2 . 7 3 . 7 4 9 9 . 3 

Laplace 3 . 0 . 7 7 . 7 9 . 7 9 8 4 . 7 

Exponential, x 2 ( 2 ) 6 . 0 . 8 5 . 8 6 . 8 7 2 1 3 . 0 

x 2 ( D 1 2 . 0 . 9 1 . 9 2 . 9 2 3 6 1 . 7 

Source: Ralph G. O'Brien, "A General ANOVA Method for 
Robust Tests of Additive Models for Variances," Journal of 
the American Statistical Association, 74 (December, 1979), 
p. 878. 

The value of w increases as kurtosis increases, but it is 

not significantly affected by cell size (26, p. 878). 

O'Brien used a Monte Carlo study to estimate the intra-

class correlations for several parent distributions and 

their effects on the procedure. The results demonstrate 

that if the design is balanced and all groups have the 

same distribution, the correlation is zero. If the design 

is unbalanced and the intraclass correlation is negative, 

then the test statistic tends to have larger lower tails 
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and smaller upper tails. The opposite is true for positive 

correlations. The result is that the rejection rate for 

the two alternatives to Hq are unequal, thus one-tailed 

tests should be used with caution (26, p. 879). The test 

is not recommended for single group tests (HQ = o-^
2, = c£) 

nor should it be used to compute confidence intervals 

because of the strong correlation of the sample means and 

variances of r. 

Realizing that the calculation of w may be impractical 

for most researchers, O'Brien advocates the use of a w of 

0.5; the 0.5 is considered to be nearly unbiased under the 

normal distribution. This choice is also based on O'Brien's 

belief that empirical and nominal Type I error rates should 

be synchronized for the normal parent (26, p. 879). The 

use of w = 0.5 is present in step 2 of the following compu-

tational method. The steps associated with the r trans-

formation for a one way design are as follows. 

1. Compute the sample means, y^, and the unbiased 

sample variances, 

s.2 = E(y. . - y • )2/ (n. . - 1) . 
3 k 3 ID 

2. For every raw observation, y^jr compute 

•j " ? D ) 2 "- 5 ( Sj 
(n. - 1 • 5 )n. (yi. - y.)

Z -,5(s.2)(n.; - 1) 

ri3 (n. - 1) ( n j - 2) 
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3. Verify that the means for r are the variances of 

y: r . . = s . 2 . 
y ID D 

4. Use r^j as an ANOVA dependent variable. Any ANOVA 

on r^j effectively tests common linear hypotheses concerning 

the structure of a,.2. General main effects and interactions 

can usually be tested using ANOVA practices (27, p. 572). 

See Appendix A for an example of the calculations. 

The procedure, according to O'Brien, "extends to all 

fixed effects completely randomized designs, since steps 

one and two are done separately for each particular cell, 

no matter how these cells are factorially structured" (27, 

p. 572). If the sample sizes are unequal, O'Brien (25, 27) 

recommends the use of a Welch type (Welch F") ANOVA. A 

Welch t" is recommended for use when contrasts and multiple 

comparisons are needed. 

In commenting on the real Type I error rate of the r 

transformation, O'Brien states, 

Briefly, the real a level of the test increases as 
the kurtosis of the raw observations increases or 
the degree of cell-size imbalance increases. How-
ever, unless one has a severely imbalanced design 
with very heavy tailed data, there is little need 
to worry about excessive real a levels. The W50 
variable can be used in such cases (27, p. 573). 

The results of O'Brien's empirical studies of Type I 

error rates and power have not been published because "they 

so closely parallelled the theoretical conclusions" (25, 

p. 880). O'Brien alludes to the fact that he has conducted 
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some comparisons of the r transformation with other tests 

of variances. O'Brien (27, p. 571) concludes that the 

r transformation is relatively powerful, easy to apply, 

robust to departures from normality, and generalizable to 

factorial designs with equal and unequal sample sizes. 

Bartlett's Test of Homogeneity of Variances 

Bartlett's (1) chi-square test of homogeneity of 

variances is used in this study for comparison with the 

r transformation because of its reputation for power and 

its previous use as a standard by others. Introduced by 

Bartlett in 1937, Bartlett's chi-square test of homogeneity 

of variances is considered to be the standard procedure if 

the populations sampled are assumed to be normal. Monte 

Carlo studies by Games, Winkler, and Probert (10), Gartside 

(11), and Layard (16) demonstrate the superiority in power 

of Bartlett's test (assuming normality) relative to such 

competitors as Cochran's C (6), Hartley's F m a x (15), 

Levene's z2 (17), and Miller's (23) jackknife method. 

According to Glass and Hopkins (13), a major objection 

to the use of the Bartlett test is its sensitivity to the 

assumption of normality. If the parent populations are 

normally distributed as assumed, then the test yields 

accurate results. If the distributions sampled are lepto-

kurtic, the Bartlett test is liberal—that is, the 

probability of a Type I error exceeds alpha. If the parent 
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distributions are platykurtic, as in a uniform distribution, 

then the Bartlett test is conservative. If the non-normality 

is due to skewness, the Type I error rate is inflated—that 

is, greater than alpha because skewed distributions are 

also leptokurtic (13, pp. 267-268). A computational example 

of Bartlett's chi-square test as defined by Snedecor and 

Cochran (30) is presented in Appendix B. 

Summary 

This chapter presented a review of the literature 

that is relevant to tests of variances. The influence 

of the normality assumption on tests of variances was 

examined. A historical review of the tests developed prior 

to the r transformation reveals that none of the tests 

exhibited acceptable power or robustness to non-normality. 

Levene's (17) z_2 and Miller's (22, 23) pseudo-jackknife 

q variable were examined in view of O'Brien's (25, 27) 

use of them to formulate the r transformation. The r 

transformation as introduced by O'Brien (25, 27) was 

examined and a brief overview of Bartlett's chi-square 

test was presented. Since the purpose of this study is 

to investigate O'Brien's claim that the r transformation 

is a reasonably robust test of homogeneity of variances, 

the results should provide researchers in the behavioral 

sciences with additional knowledge on the use of the 

r transformation. 
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CHAPTER III 

PROCEDURES FOR DATA COLLECTION 

Introduction 

The first purpose of this study is to determine if 

the r transformation affords adequate protection against 

Type I error over a range of equal sample sizes and number 

of groups when samples are obtained from normal and non-
2 2 

normal distributions when the null hypothesis (a^ = O2 

.... at) is true. The second purpose is to determine if 
K 

the r transformation is more robust to deviations from 

normality than Bartlett's chi-square. 

The large number of computations employed in con-

ducting an investigation to achieve the purposes mandates 

the use of a computer-based Monte Carlo study. The term 

Monte Carlo implies that the researcher knows the popu-

lation distribution of the random numbers generated. In this 

study pseudorandom numbers for four populations are 

generated; normal, uniform, symmetric leptokurtic, and 

skewed leptokurtic distributions underlie the populations. 

The mean, variance, kurtosis, and skewness of each popu-

lation is specified prior to formation of the groups. 

All of the k groups are random samples from the parent 

distribution. Sampling is done with replacement. 

47 
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An explanation of the procedures used to achieve the purposes 

is presented in this chapter. 

The Populations 

The populations are generated by Monte Carlo simulation 

procedures that utilize pseudorandom number generators. 

Data generation are performed on a National Advanced Systems 

AS 8040 computer system at North Texas State University 

using subroutines available under release 82.4 of SAS. 

For hypothesis 1, SAS subroutine Call RANNOR is used 

to generate 10,000 observations of a normal distribution 

with mean 0 and variance 1. The Box-Muller transformation 

of RANUNI uniform deviates is used by the subroutine for 

generation (6, p. 183). For hypothesis 2, a SAS subroutine 

Call RANUNI is used to generate 10,000 observations from 

a uniform distribution with a theoretical mean of 0.50 

and a variance of 0.0833. Call RANUNI generates numbers 

from a uniform distribution within the range of 0 to 1 

using a prime modulus 2"^ and multiplier 397204094 (6, 

p. 184). This technique is evaluated by Fishman and 

Moore (1) as one of the better methods available. For 

hypothesis 3, a symmetric leptokurtic distribution with 

theoretical mean of zero and a variance of 3.2899 is gen-

erated by transforming the uniform distribution RANUNI. 

The pseudorandom numbers are computed by use of the formula 

X:a,k a+k log[R/( 1-R) ] 
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where R denotes a uniform variate, a the location parameter, 

and k the scale parameter (3, p. 82). In this case, a = 0 

and k = 1. A chi-square distribution with four degrees 

of freedom is used with hypothesis 4 to represent a skewed 

leptokurtic distribution. Ten thousand pseudorandom numbers 

are generated by transformation of a gamma variate. The 

chi-squared variate with v degrees of freedom is equal 

to the gamma variate with scale parameter 2 and shape 

parameter v/2, or equivalently is twice the gamma variate 

with the scale parameter 1 and shape parameter v/2 (3, 

pp. 47-48). SAS subroutine RANGAM is the technique employed. 

The subroutine employs an inverse transformation of a RANUNI 

uniform deviate to generate a gamma variate with shape 

parameter alpha (6, p. 182). The gamma variate is trans-

formed to produce a chi-square variate using the shape 

parameter, ALPHA. If 2*ALPHA is an integer, and 

X=2*RANGAM(SEED,ALPHA), 

then X is a chi-square variate with 2*ALPHA degrees of 

freedom (6, p. 182). In this situation ALPHA is two. 

The population parameters for each distribution are 

presented in Table V. The theoretical parameters are 

supplied in parentheses. The theoretical values are never 

obtained exactly in any simulation. 
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TABLE V 

STATISTICAL CHARACTERISTICS OF THE POPULATIONS 

Distribution 

Parameter Normal Uniform 
Symmetric 
Leptokurtic 

Skewed 
Leptokurtic 

N 10,000 10,000 10,000 10,000 

u 0.011 
(0.000 ) 

0.505 
(0.500) 

0.000 
(0.000) 

4.205 
(4.000) 

o2 1.013 
(1.000) 

0.0825 
(0.0833) 

3.218 
(3.289) 

7.910 
(8.000) 

a 1.006 
(1.000) 

0.287 
(0.288) 

1.793 
(1.813) 

2.812 
(2.828) 

2i -0.007 
(0.000) 

-0.024 
(0.000) 

0.031 
(0.000) 

1.391 
(1.414) 

2 2 
-0.004 
(0.000) 

-1.188 
(-1.200) 

1.203 
(1.200) 

3.006 
(3.000) 

Selection of the Sample 

Sampling is random with replacement. A method of 

direct access sampling outlined in the SAS Applications 

Guide (5, p. 155) is utilized. The pseudorandom numbers 

produced by computer programs are not truly random in that 

they are determined by a starting seed number for each 

experiment. In this study randomness is tested for selected 

groups from each of the four populations using the one-sample 

runs test (8, p. 56). Runs are selected as to whether or 
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not numbers are above or below the mean of the selected 

population. None of the one-sample runs tests conducted 

was found to be significant at the 0.05 level. Therefore, 

numbers generated may be considered to be random. An 

example of the one-sample runs tests is included in Appendix 

C. 

The distribution form of the generated numbers is tested 

by comparing selected groups of generated numbers from each 

of the four populations with the expected distribution of 

the parent population. A chi-square goodness of fit test 

is used to determine if there are significant differences 

between the numbers generated and the expected distribution 

(4, p. 190; 8, p. 42). None of the chi-square goodness 

of fit tests was found to be significant at the 0.05 level. 

Therefore, the numbers generated are not significantly 

different from the parent population distribution. Examples 

of the chi-square goodness of fit tests utilized in this 

study are included in Appendix C. 

Experiment Simulation Procedure 

The computer simulation consists of a series of 1,000 

experiments per experimental condition. The same procedure 

is used for each of the hypotheses, with only the distri-

bution of the parent population changing. Experimental 

conditions are limited to k groups (where k = 3, 4, 5, and 7), 

to equal sample sizes of n (where n = 6, 12, 24, and 48), 
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and to the distribution form of the hypothesis being tested. 

For each hypothesis tested, the difference in conditions 

is the number of groups generated and the sample size. 

Thus a total of 16 experimental conditions is investigated 

for each hypothesis tested. 

The probability of the F values obtained by use of 

the r transformation is determined by use of the SAS 

function PROBF (6, p. 178) with k-1 degrees of freedom for 

the numerator and N-k degrees of freedom for the denominator 

at the 95th percentile. The significance level of the F 

value is computed by subtracting the obtained probability 

from one. If the significance level of the obtained F value 

is less than or equal to 0.05, the test is considered sig-

nificant . 

For each experimental combination, the proportion of 

significant F values (Type I error rate) is determined by 

dividing by 1,000 the number of significant F values obtained. 

For each condition, the generated proportions corresponding 

to the specific nominal level of 0.05 is tested to deter-

mine possible differences using standard tests of signi-

ficance of proportions, as described by Glass and Stanley 

(2, p. 324 ) , as 

P - a z = 
/a(1-a)/n 
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where P is the proportion of objects possessing the trait 

under question, and a is a real number so that 0 < a < 1. 

The value of z was compared with the 100(a/2) and the 

100(l-a/2) percentiles in the unit-normal distribution. 

If the actual significance level differed significantly 

from the nominal significance level at the 0.05 level of 

significance, the hypothesis is rejected for that 

condition. 

For the research question, the proportion of signi-

ficant F values obtained for hypotheses 1, 2, 3, and 4 for 

each experimental condition is used to contrast O'Brien s 

r transformation with Bartlett's chi-square. Bartlett's 

chi-square test was computed on the random samples drawn 

for hypotheses 1, 2, 3 and 4 prior to the application of 

the r transformation. 

The probability of the chi-square values obtained by 

use of Bartlett's chi-square test is determined by use of 

the SAS function PROBCHI (6, p. 17 8) with k-1 degrees of 

freedom at the 95th percentile. The significance level 

of the chi-square value is computed by subtracting the 

obtained probability from 1. If the significance level 

of the obtained chi-square value is less than or equal to 

0.05, the test is considered significant. 

For each experimental condition, the proportion of 

significant chi-square values and determination of signi-

ficance is analyzed using the same procedure outlined for 
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the r transformatoin. For each combination of sample size 

and number of groups, the number of significant F and 

chi-square values is totaled. The process is replicated 

for each hypothesis. 

Specific Procedures 

This investigation uses a Monte Carlo simulation to 

achieve the purposes of the study. A computer program was 

written in SAS (Appendix D) that selects random samples 

with replacement from a computer population with a specific 

distribution. Subroutines were written in SAS MATRIX 

language (7) to calculate Bartlett's chi-square and the r 

transformation F test (a one-way ANOVA). For the Bartlett 

test the group variances, the chi-square value, probability 

and significance of the obtained chi-square, name of test, 

and a coding of the significance (1 if > .05; 3 if <=.05) 

are placed on file. The r transformation is calculated 

and the resultant group means, F value, probability and 

significance of the obtained F value, name of test, and a 

coding of significance (2 if > .05; 4 if <= .05) are placed 

on file. Following 1,000 replications of the program for 

each experimental condition, the stored results and the 

frequency of significant and nonsignificant tests for the 

Bartlett chi-square and r transformation are printed. The 

means of the original samples are compared with the variances 

of the groups following application of the r transformation 
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to verify that they are the same. The actual Type I error 

rate (proportion of significant tests) is calculated and 

compared to the nominal Type I error rate of 0.05 in the 

manner previously discussed. 

Summary 

A Monte Carlo simulation procedure is utilized in the 

conduction of this study. Four sets of 10,000 pseudorandom 

numbers are generated for four populations. Normal, uniform, 

symmetric leptokurtic, and skewed leptokurtic distributions 

underlie the populations. Experimental conditions are 

limited to k groups (where k = 3, 4, 5, and 7), to equal 

sample sizes of n (where n = 6, 12, 24, and 48), and to 

the distribution form of the hypothesis being tested. Using 

SAS language, a computer program was written that draws 

random samples from the specified population, calculates 

Bartlett's chi-square and the r transformation tests of 

homogeneity of variance, and counts the number of signi-

ficant tests for each. The computer program conducts 1,000 

replications per experimental condition. Following the 

running of the computer program, the actual Type I error 

rate associated with each experimental condition and test 

(Bartlett or r transformation) is calculated and tested for 

significance against the nominal Type I error rate of 0.05 

using the z test of significance of proportions. 
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CHAPTER IV 

ANALYSIS OF DATA AND FINDINGS 

Introduction 

A Monte Carlo simulation approach is used in this study 

to determine if the r transformation, a test of homogeneity 

of variance, affords adequate protection against Type I 

error over a range of equal sample sizes and number of 

groups when samples are obtained from normal and non-normal 

distributions. Additionally, the data are examined to 

determine if the r transformation is more robust than 

Bartlett's chi-square test to non-normality. 

This chapter includes the statistical treatment and 

analysis of data produced in this study. The first part 

of the analysis of data is directly related to the four 

hypotheses presented in Chapter I. The second part presents 

the analysis related to the research question. 

Hypotheses Investigation 

Data produced in this study are reported in Table VI 

for the r transformation test of homogeneity of variances. 

The data presentation (Table VI) was constructed to allow 

a comparison of the fidelity of actual significance levels 

to the nominal significance level of .05 for tests conducted 

on samples drawn from the four distributions studied. 
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TABLE VI 

ACTUAL SIGNIFICANCE LEVELS IN SIMULATED EXPERIMENTS ON 
THE r TRANSFORMATION WITH SAMPLES DRAWN FROM 

FOUR DISTRIBUTIONS (1,0 00 REPLICATIONS) 

Sample Size (n) 

Number of groups (k) 6 12 24 48 

Normal Distribution 
k = 3 
k = 4 
k = 5 
k = 7 

.024* 

.020* 

.031* 

.032* 

.038 

.035* 

.040 

.048 

.055 

.044 

.049 

.044 

.036* 

.050 

.038 

.061 

Uniform Distribution 
k = 3 
k = 4 
k = 5 
k = 7 

.047 

.037 

.034* 

.023* 

.044 

.051 

.044 

.036* 

.059 

.039 

.036* 

.041 

.046 

.049 

.049 

.049 

Symmetric Leptokurtic 
Distribution 

k = 3 
k = 4 
k = 5 
k = 7 

.020* 

.029* 

.034* 

.046 

.034* 

.041 

.038 

.055 

. 035* 

.040 

.047 

.041 

.046 

.041 

.031* 

.055 

Skewed Leptokurtic 
Distribution 

k = 3 
k = 4 
k = 5 
k = 7 

.049 

.054 

.062 

.080* 

.056 

.048 

.049 

.061 

.060 

.062 

.053 

.048 

.049 

.048 

.050 

.048 

H
0
:P = .05 is rejected at the 05 level of significance. 
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For all experimental conditions, the variances are assumed 

to be equal and the standard error of the nominal significance 

level associated with 1,000 replications was calculated to 

be .00689. 

The four hypotheses provide the direction for this study. 

Sixteen experimental conditions were investigated for each 

hypothesis. The hypotheses differ on the distributions 

sampled. 

Hypothesis 1 states that in using O'Brien's r transfor-

mation, actual significance levels will not differ signifi-

cantly from nominal significance levels when a| = c?2 = 

.... for experimental conditions of n = 6, 12, 24, and 48 

and k = 3, 4, 5, and 7 when samples are obtained from a normal 

distribution with 2^ (skewness) = 0.00 and (kurtosis) = 0.00 

The actual significance levels obtained in 1,000 simu-

lated experiments for each experimental condition are 

shown by data in Table VI. For all experimental conditions 

utilizing samples of size 6, the actual significance levels 

are significantly less than the nominal significance levels 

of .05. The actual significance levels range from .020 

for n = 6 and k = 4, to .032 for n = 6 and k = 7. In 

general, for experimental conditions involving samples of 

size 12 or larger, the actual significance levels do not 

differ significantly from the nominal significance level. 

The two exceptions are experimental conditions n = 12 and 

k = 4 and n = 48 and k = 3, where the actual significance 
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levels are conservative at .035 and .036, respectively. 

Tests conducted on samples of size 24 produce results closest 

to the nominal level. These results support the rejection 

of the hypothesis for all experimental conditions utilizing 

samples of size 6 but, in general, the hypothesis is retained 

when samples are of size 12 or larger. The test is conser-

vative in the six instances for which the null hypothesis is 

rejected. 

The second hypothesis considers the robustness of the 

r transformation to non-normality when samples are drawn 

from a uniform (platykurtic) distribution. Hypothesis 2 

states that in using O'Brien's r transformation, actual 

significance levels will not differ significantly from 

nominal significance levels when a| = = ^ o r 

experimental conditions of n = 6, 12, 24, and 48, and 

k = 3, 4, 5, and 7, when samples are drawn from a uniform 

(rectangular) distribution. As shown by data in Table VI, 

for experimental conditions utilizing 3 and 4 groups, the 

hypothesis is retained across all sample sizes. For experi-

mental conditions involving k = 5, the hypothesis is rejected 

for samples of size 6 and 24. The results are conservative 

at .034 and .036, respectively. For k = 7 the hypothesis 

is rejected for conditions using samples of 6 and 12, with 

the smaller n producing the more conservative finding of .023. 
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Tests conducted on samples of size 48 produced results closest 

to the nominal significance level of .05. The hypothesis is 

rejected for four of the sixteen conditions, and in each of 

the four instances the actual significance level is less 

than the nominal significance level. 

The third hypothesis investigates the robustness of 

the r transformation to leptokurtosis. Hypothesis 3 states 

that, using O'Brien's r transformation, actual significance 

levels will not differ significantly from nominal signi-

ficance levels when CT| = a* = .... for experimental 

conditions of n = 6, 12, 24, and 48, and k = 3, 4, 5, and 

7, when samples are obtained from a symmetric leptokurtic 

distribution with = 0.00 and £2
 = 1-20. Data results 

reported in Table VI support the rejection of the hypothesis 

for n = 6, 12, and 24 when k was 3, and for k = 3, 4, and 

5 when n was 6. The significant results are conservative 

and decrease in conservativeness as the design increases 

in size. The results range from .020 for n = 6 and k = 3 

to .03 5 for n = 24 and k = 3. The hypothesis is also rejected 

for the experimental condition n = 48 and k = 5. The 

hypothesis is retained for ten of the sixteen experimental 

conditions investigated. 

Hypothesis 4 combines the conditions of skewness and 

leptokurtosis for investigation. The fourth hypothesis 

states that, using O'Brien's r transformation, actual 
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significance levels will not differ significantly from 

nominal significance levels when a| = a| = .... a£ for 

experimental conditions of n = 6, 12, 24, and 48, and 

k = 3, 4, 5, and 7, when samples are obtained from a skewed 

leptokurtic distribution with c[̂  = 1.414 and = 3.00. 

An examination of the results as shown in Table VI supports 

the retention of the hypothesis for all but one of the 

experimental conditions studied. The actual significance 

level for experimental condition n = 6 and k = 7 is .080. 

This finding is the only one that is significantly inflated 

in the study of 64 different experimental conditions. 

Additional examination of the data reveals that in 

10 of the 16 conditions utilizing samples of size 6, the 

hypothesis is rejected. For samples of size 12, the number 

of times the actual significance level differs significantly 

from the nominal significance level is 3, and for samples 

of sizes 24 and 48, the incidence is 2. Ten of the 17 times 

in which the null hypothesis is rejected involves samples 

of size 6. No identifiable pattern is found in association 

with the number of groups tested. 

Research Question 

This section presents the data that answers the research 

question. The research question stated in Chapter I asks, 

"Does the r transformation, in contrast to Bartlett's chi-

square, produce actual significance levels that correspond 
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closer to the nominal significance level across all experi-

mental conditions?" All samples drawn were tested for 

homogeneity of variances with Bartlett's chi-square and the 

r transformation. The actual significance levels obtained 

as the result of 1,000 replications per experimental con-

dition for each test are presented in Table VII. 

Examination of these data reveal that Bartlett's chi-

square is not robust to non-normality. The platykurtic popu-

lation (uniform distribution) produced conservative tests, 

while leptokurtosis produced an inflated Type I error rate. 

The actual significance levels associated with the skewed 

leptokurtic distribution are the most inflated. The degree 

of inflation or conservativeness increases as sample size 

increases and as the number of groups increases. Actual 

significance levels associated with the uniform distribution 

range from .031 for n = 6 and k = 7 to <.001 for n = 24 and 

k = 7 with most of the findings ranging between .008 and 

<.001. Actual significance levels found using Bartlett's 

test on samples drawn from a symmetric leptokurtic distri-

bution range from .093 for experimental condition n = 6 

and k = 3, to .225 for experimental condition n = 48 

and k = 7. The findings for the skewed leptokurtic 

distribution are more inflated and range from .140 for 

n = 6 and k = 3 to .460 for n = 48 and k = 7. In 

all instances for the 48 conditions involving sampling 

from non-normal distributions, the r transformation yields 



TABLE VII 

COMPARISON OF O'BRIEN'S r TRANSFORMATION WITH BARTLETT'S x 
ON FIDELITY TO THE NOMINAL TYPE I ERROR RATE OF 0.05 
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Distribution 

o
f
 

(k
)
 

s
i
z
e
 

Normal Uniform 
Symmetric 

Leptokurtic 
Skewed 

Leptokurtic 

N
u
m
b
e
r
 

g
r
o
u
p
s
 

S
a
m
p
l
e
 

Test 

N
u
m
b
e
r
 

g
r
o
u
p
s
 

S
a
m
p
l
e
 

r X2 r X2 r X2 r X2 

k=3 

n= 6 .024* .041 .047 .031* .020* .093* .049 .140* 
n=12 .038 .048 .044 .007* .034* .115* .056 .201* 
n=24 .055 .060 .059 .002* .035* .128* .060 .226* 
n=4 8 .036* .048 .046 .002* .046 .145* .049 . 257* 

k=4 

n= 6 .020* .044 .037 . 008* .029* .103* .054 .187* 
n=12 .035* .060 .051 .006* .041 .146* .048 .261* 
n=24 .044 . 046 .039 .003* .04 0 .144* .062 .291* 
n=48 .050 .053 .049 .001* .041 .159* .048 .278* 

k=5 

n= 6 .031* .052 .034* .004* . 034* . 105* .062 .189* 
n=12 .040 .047 .044 .002* .038 .148* .049 .270* 
n=24 .049 .042 .036* .001* . 047 .177* .053 .335* 

3
 tl 00
 

.038 .041 .049 .002* .031* .160* .050 .359* 
k=7 

n= 6 .032* .052 .023* .006* .046 .137* .080* .262* 
n=12 .048 .050 .036* .003* . 055 . 183* .061 . 337* 
n=24 .044 .052 .041 .000* .041 . 220* .048 .405* 
n=4 8 .061 .055 .049 .000* . 055 .225* . 048 . 460* 

H :p 
o ^ 05 is rejected at the .05 level of significance, 
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actual significance levels that are much closer to the 

nominal significance level of .05 than does Bartlett's 

chi-square test. 

In the instances in which sampling was from the normal 

distribution, Bartlett's chi-square does not differ signi-

ficantly from the nominal significance level for all 

experimental conditions. For the same conditions, the r 

transformation produces six instances in which the null 

hypothesis, p = .05, is rejected. In only three instances, 

n = 24 and k = 3, n = 48 and k = 24, and n = 24 and k = 5, 

does the actual significance level associated with the r 

transformation yield results closer to the nominal signifi-

cance level than Bartlett's chi-square test. None of the 

three instances involve rejection of the null hypothesis 

(p .= .05). Figure 1 depicts the data relative to the 

research question when samples are obtained from a normal 

distribution. 

Based on the data, the research question may be 

answered, in part, yes. The r transformation does produce 

actual Significance levels closer to the nominal signifi-

cance level of .05 than Bartlett's chi-square test for all 

experimental conditions utilizing samples drawn from non-

normal distributions. In contrast, Bartlett's test produces 

actual significance levels closer to the nominal level than 

the r transformation when samples are drawn from a popu-

lation with a normal distribution. 
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Summary of Data Findings 

In summary, for conditions utilizing sample sizes of 

12, 24, and 48, the four hypotheses are retained. Hypotheses 

1, 2, and 3 are rejected in the cases where n = 6. Actual 

significance levels, which were significantly different 

from the nominal significance level, were conservative for 

conditions involving sampling from normal, uniform and 

symmetric leptokurtic distributed populations. The actual 

significance levels obtained in tests on samples drawn from 

the skewed leptokurtic distributed population (kurtosis = 3) 

produced the only significantly inflated result. Actual 

significance levels associated with tests on the skewed 

leptokurtic distribution were, in general, higher than those 

associated with tests on samples from the other three distri-

butions. In general, the experimental conditions utilizing 

smaller sample sizes and fewer groups were the most conser-

vative. The r transformation produced actual significance 

levels that were closer to the nominal significance level 

than Bartlett's chi-square test for samples drawn from 

populations with non-normal distributions. Bartlett's chi-

square test yielded actual significance levels that were 

closer to the nominal significance level of .05 when samples 

were obtained from a population with a normal distribution. 

The actual significance levels were compared to the nominal 

significance level by use of standard ẑ  tests of proportions. 
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If the actual significance level exceeded z, + 1.96, then 

the results were declared significant. 



CHAPTER V 

SUMMARY, CONCLUSIONS, IMPLICATIONS, 

AND RECOMMENDATIONS 

Summary 

A Monte Carlo simulation technique was employed to 

carry out the purposes of this study. The first purpose 

of this study was to determine if the r transformation 

affords adequate protection against Type I error over a 

range of equal sample sizes and number of groups when 

samples are obtained from normal and non-normal distributions 

The second purpose was to determine if the r transformation 

is more robust to deviations from normality than Bartlett's 

chi-square. 

Four populations of 10,000 numbers each were generated 

representing normal, uniform, symmetric leptokurtic, and 

skewed leptokurtic distributions. Sampling was with 

replacement. Bartlett's chi-square and the r transformation 

were computed for each distribution, sample size, and 

number of groups condition. This procedure was repeated 

1,000 times, and the actual significance level computed for 

each test and compared to the nominal significance level 

of 0.05. In each simulation the variances were assumed 

to be equal. If the standard test of significance of 

69 
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proportions used to compare the actual significance level 

to the nominal significance level was not found to be signi-

ficant, then the test was declared robust for the given 

condition. 

Conclusions 

On the basis of the synthesis and analysis of the data 

generated, the following conclusions are drawn. These con-

clusions were reached through findings resulting from data 

pertaining to the original hypotheses and the research 

question that directed the study. 

First, the r transformation was found to be generally 

robust to violations of normality when the size of the 

samples tested was twelve or larger. This conclusion 

supports O'Brien's (2, 3) claim that the test is acceptably 

robust. O'Brien (2, p. 879) reached his conclusion based 

on findings of a study involving samples of size 12 and 

24 for 2 by 2 and 4 by 3 designs drawn from uniform, normal, 

and exponential parent populations. 

Second, when the kurtosis index of the population sampled 

was less than 3.00 (as in the case of the normal, uniform, 

and symmetric leptokurtic populations), the instances where 

a significant difference was found between the actual and 

nominal significance levels demonstrated a conservative 

rejection rate. The smaller the sample size, the more con-

servative the rejection rate with samples of size 6 yielding 
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the most conservative findings. This conclusion agrees 

only in part with the findings reported by O'Brien (2, 

p. 880) that the r transformation is mildly conservative 

for tests conducted on samples drawn from a platykurtic 

parent population and is in disagreement with O'Brien's 

finding of an inflated Type I error rate for tests conducted 

on samples drawn from a leptokurtic parent population. 

The results of this study found that tests conducted on 

samples drawn from populations with a kurtosis index of 

1.414 and less were conservative in the instances where 

the actual significance level was significantly different 

from the nominal significance level. Additionally, the 

r transformation produced fewer significant results for 

tests conducted on samples drawn from a uniform distribution 

than it did on samples drawn from the normal or symmetric 

leptokurtic distributions. 

Third, when the kurtosis index was 3.00, as in the 

case of the population with a skewed leptokurtic distri-

bution, the results were very near or above the .05 level. 

Thus, it seems that a certain degree of kurtosis must be 

present in the parent population for the r transformation 

to yield inflated Type I error rates. This finding is con-

sistent with O'Brien's (2, p. 88 0) observation of an inflated 

Type I error rate with tests conducted on samples from 

leptokurtic distributions. 
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Fourth, the r transformation should not be employed to 

test for homogeneity of variances if the sample sizes are 

less than twelve. This conclusion is based on the finding 

that in ten of the sixteen experimental conditions utilizing 

samples of size six the actual significance level was signi-

ficantly different from the nominal significance level. 

Fifth, when testing samples drawn from a normal distri-

bution, Bartlett's chi-square test is preferred over the 

r transformation. The Bartlett test produced actual signi-

ficance levels that did not differ from the nominal signi-

ficance level for all experimental conditions investigated. 

In contrast, the r transformation produced six instances 

where the actual significance level was significantly 

different from the nominal significance level. 

Sixth, the r transformation was more robust than 

Bartlett's chi-square test to violations of normality for 

all experimental conditions. Seventh, Bartlett's chi-square 

test becomes more conservative as n increases when samples 

are drawn from a platykurtic (uniform) distribution, and 

demonstrates an increasing level of inflation of Type I 

error rate as n increases when samples are obtained from 

a leptokurtic distribution. This finding supports and 

expands similar observations made by Games, Winkler, and 

Probert (1). 



73 

Implications 

There are several implications in these findings for 

an educational researcher. First, if the researcher is 

certain that the samples to be tested are obtained from 

a population with a normal distribution, then Bartlett's 

chi-square test would be the preferred method of testing 

for homogeneity of variances. Second, if the size of the 

samples is smaller than twelve and the population sampled 

is normally distributed, then the results of this study 

mandate the use of the Bartlett test. 

Another implication is that if the distribution of 

the parent population is unknown or known to have a non-

normal distribution and the size of the samples is twelve 

or larger, then the r transformation may be used with a 

reasonable degree of confidence in most instances. Also, 

the researcher should be aware of the possibility of 

inflated Type I error rate associated with the use of the 

r transformation when the index of kurtosis is greater than 

3.00. Finally, for most situations the r transformation 

may be used as a general utility test of homogeneity of 

variances by the novice statistician with the aid of any 

one of several computer program packages. 

Recommendations 

Based on the findings and conclusions of this study, 

the following recommendations are made for further study. 
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1. Other populations should be studied to determine 

the boundary limits for kurtosis as it affects the robustness 

of the r transformation. 

2. This study should be expanded to include the use 

of unequal sample sizes. Also, the robustness of the r 

transformation should be studied using factorial designs. 

3. Another area that should be studied is the power 

of the r transformation under various conditions of non-

normality. 

4. Additionally, robustness and power comparison 

studies should be conducted using other tests of homogeneity 

of variances, in particular the Box-Scheffe (4, pp. 82-8 2; 

5, pp. 219-220). 
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APPENDIX A 

COMPUTATIONAL EXAMPLE OF THE r TRANSFORMATION 

TABLE VIII 

Data 

7; k = 3 

I 
Group 

II III 

1 5 14 
5 9 18 
2 5 9 
6 11 21 
7 12 20 
3 5 12 
3 8 16 

Total 27 55 110 

Step 1. Compute sample means, *ikf and the unbiased sample 
variances: 

s.k2 - £(Yik - V z / (nk - ^ 

,i 

<3 2 

. 1 

3.86 

= 4.81 

Y 2 = 7.86 

S 2
2 = 8.81 

Y , = 15.71 
• J 

.3 
= 18.9 . 

Step 2, 

rik 

11 

For every raw observation compute: 

= (nk - 1.5) nk(Yik - Yk)^ - .5S kMn k 1) 

(n. 1) (nk - 2) 

(7 - 1.5) 7 (1 - 3.86)2 - .5 (4.81) (7 - 1) 
(7 - 1) (7 - 2) 
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= 10.0162 

II 

1* 

r - (7 " 1 ..5) 7 (16 - 15.7)
2 - .5 (18.9) (7 - 1) 

33 
(7 - 1) (7 -

33 
(7 - 1) (7 - 2) 

= -1.7821 . 

TABLE IX 

Calculated r., 's lk 

I II III 

10.0162 9.6162 1.8626 
1.1896 .7868 4.8399 
3.9588 9.6162 55.7188 
5.3962 11.7722 34.0229 

12.1722 21.1148 21.8388 
.4682 9.6162 15.7739 
.4682 - .8558 - 1.7821 

Total 3 3.6667 61.6667 132.2748 

F k 4.81 00
 

* 00
 

18.90 

Step 3. Verify that the means for r are the variance of 
Y : rk = S.k2-

Step 4. Use r as an ANOVA-dependent variable. 



TABLE X 

ANOVA Summary Table 

78 

Source df Sum of Squares Mean Squares F 

Between 2 737.703 368.8515 2.2343 n.s. 

Within 18 2971.5797 165.0776 

Total 20 3709.3449 

. 95F2,18 = 3. 55 
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APPENDIX B 

COMPUTATIONAL EXAMPLE OF THE BARTLETT CHI-SQUARE 

TABLE XI 

Data 

7; k = 3 

I 
Group 

II III 

1 5 14 
5 9 18 
2 5 9 
6 11 21 
7 12 20 
3 5 12 
3 8 16 

Total 27 55 100 

s2 4.80 8.81 

s ̂  k 1.57 2.18 

V = df s£. = 6 

a = # of groups = 3 

M = v(a Ins2 = Sin s^) (s 

M = 6[3(In 10.84) - 6.69] 

M = 6(7.15 - 6.69) 

M = 2.78 

C = 1 + (a + 1)/(3av) 

C = 1 + (3 + 1)/[(3)(3)(6) ] 

c — 1.074 

18.90 

2.94 

2 _ 2s£/a) 
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X 2 _ = M/C 

X 2 = 2.78/1.074 
, 2 

2.59 p > .05 

9 5X2 5.991 



APPENDIX C 

STATISTICAL TESTS OF PSEUDORANDOM NUMBERS 

This study used congruential pseudorandom number 

31-1 

generators with modulus 2 to produce the populations 

and to draw the samples. Pseudorandom numbers produced 

by computer programs are not truly random, but may be 

treated as such if they consistently pass a number of 

random variates (1, p. 47). For each of the population 

generated in this study, the one-sample runs test was 

applied to establish randomness of the pseudorandom 

numbers; and the chi-square goodness of fit test was 

utilized to verify the distribution form of the numbers. 

One-Sample Runs Test 

The one-sample runs test is concerned with the 

randomness of the sequence or order of scores in a 

sample. The technique is based on the number of runs 

which a sample exhibits. "A run is defined as a 

succession of identical symbols which are followed and 

preceded by different symbols or no symbols at all" 

(2, p. 52). The following is an example of one of the 

one-sample runs tests. 

81 
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Ho: The plusses and minuses (the numbers above 

and below the mean, u = 0.5) occur in random order. 

[The mean in this example is that of the population 

with a uniform distribution.] 

According to Siegel, for samples larger than 20, 

this hypothesis may be tested by the formula 

2nln2 
r - ; + 1 yr n1+n2 

and 

0r / 2n^n2(2n^n2-n^-n2) 

2 
(ni+n2) (n^+n2-l) 

where 

a = .05 

n^ - the number of positive numbers, 

n2 = the number of negative numbers, 

r = the number of runs, 

o = the standard deviation = 
2nin2(2n^n2~n^-n2) 

(nl+n
2)

2(n1+n2~l) ' 

2n, n~ 
yr = the mean = n^ + n + 1 (2, p. 52). 



83 

In this example, k, the number of treatment groups, 

equals four, and the number of observations in each group 

equals twelve. 

il + n 2 = N = the total number of observations. n. 

n]_ = 19 

n2 = 29 

r = 21 

Z = 
o i - j 2(19)(29) + 1 

1 19 + 29 

2(19)(29)[2(19)(29)-19-29] 

(19 + 29)2 (19+29-1) 

Z = 0.90329 

since a two-tailed test is called for, 

p = 2 (.1841) = 0.3682 

where p = probability of occurance. 

Since the observe probability, p = .3682, is greater than 

the level of significance, a = .05, the decision is to 

accept the null hypothesis and conclude that the numbers 

occurred in random order. 

Chi-Square Goodness of Fit Test 

To determine if it was reasonable to believe that the 

samples had been drawn from a population with a specified 

shape, a chi-square goodness of fit test was utilized. 

The procedure tests whether samples deviate significantly 
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from the population distribution. Expected frequencies for 

each of the four distributions were determined and are pre-

sented. An example of one of the chi-square goodness of 

fit tests is also presented. 

Ho: there is no difference in the distribution of the 

observed numbers and the selected distribution (normal, 

uniform, symmetric leptokurtic or skewed leptokurtic). 

According to Siegel, the null hypothesis may be tested 

by 

k ( 0. - E.)2 
2 v i i 

X 2 = I E. 
i=l 1 

where 0^ = observed number of cases in the ith 

category 

E^ = expected number of cases in the ith 

category, 

k 
1 = summation over all k categories, 

i=l 

and a = .05 (2, p. 43). 

The distributions were divided into 10 per cent intervals 

so that the expected frequency in each interval was 10 

out of 100 numbers. The intervals are presented in 

Tables XII and XIII. 
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TABLE XII 

TEN PER CENT INTERVALS FOR THE UNIT NORMAL DISTRIBUTION 
AND THE UNIFORM DISTRIBUTION 

Interval Boundaries 

Interval Number Normal Distribution Unif orm Distribution 

1 Les s than -1. 282 0. 000 to 0. 099 

2 -1. 282 to -0. 842 0. 100 to 0. 199 

3 -0. 841 to -0. 525 0. 200 to 0. 299 

4 -0. 524 to -0. 253 0. 300 to 0. 399 

5 -0. 252 to 0. 000 0. 400 to 0. 499 

6 0. 001 to 0. 252 0. 500 to 0. 599 

7 0. 253 to 0. 524 0. 600 to 0. 699 

8 0. 525 to 0. 841 0. 700 to 0. 799 

9 0. 842 to 1. 282 0. 800 to 0. 899 

10 Greater than 1. 282 0. 900 to 1. 000 

[Source: T. W. Anderson and Stanley L. Sclove, An Intro-
duction to the Statistical Analysis of Data, Boston, 
Houghton Mifflin Company, 1978, p. 259 and p. 662.] 
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TABLE XIII 

TEN PER CENT INTERVALS FOR THE SYMMETRIC LEPTOKURTIC 
DISTRIBUTION AND THE SKEWED 
LEPTOKURTIC DISTRIBUTION 

Interval Number 

Interval Boundaries 

Interval Number Symmetric Leptokurtic* Skewed Leptokurtic** 

1 Less than -2.20 Less than 1.064 

2 -2.19 to -1.39 1.064 to 1.659 

3 

ID 
00 
O
 ! 

0
 

-M 

00 
ro • 
i—1 I 1.660 to 2.212 

4 1 o
 

• 00
 

c+
 

0
 1 o
 2.213 to 2.769 

5 -0.40 to -0.01 2.770 to 3.356 

6 0.00 to 0.40 3.357 to 4.048 

7 0.41 to 0.84 4.049 to 4.871 

8 0.85 to 1.3 8 4.872 to 5.970 

9 1.39 to 2.19 5.971 to 7.779 

10 Greater than 2.20 Greater than 7.78 0 

•Determined by use of the distribution function for the 
logistic variate with a=0, k=l: 

F(x) = 1/[1 + exp(-x)]. 

N. A. J. Hastings and J. B. Peacock, Statistical Distributions, 
London, Butterworth Publishers, 197 5, p. 83. 

**Catherine M. Thompson, "Table of Percentage Points of 
the x 2 Distribution," Biometrika, 32 (October, 1941), 187-191. 
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The expected and observed frequencies for a sample 

of 10 0 numbers drawn from the population with a skewed 

leptokurtic distribution are presented in Table XIV. 

TABLE XIV 

EXPECTED AND OBSERVED FREQUENCIES OF ONE HUNDRED NUMBERS 
IN 10 PER CENT INTERVALS CORRESPONDING TO A 

SKEWED LEPTOKURTIC DISTRIBUTION 

Expected Observed 
Interval Frequency Frequency 

1 10 7 

2 10 8 

3 10 12 

4 10 7 

5 10 7 

6 10 9 

7 10 12 

8 10 8 

9 10 17 

10 10 13 

(7-10)2+(8-10)2+(12-10)2+(7-10)2 + (7-10)2+(9-10)2 + 
10 

(12-10)2+(8-10)2 + (17-10)2+(13-10)2 

10 

10.2 
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The x 2 value needed to reject the null is 16.919 at a = .05 

and 9 degrees of freedom, therefore the null hypothesis is 

retained. There is no significant difference in the 

observed and expected (skewed leptokurtic) distribution 

of numbers. Samples from each of the four populations were 

drawn and tested, using the appropriate ten per cent 

intervals, in a similar manner. 
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APPENDIX D 

/INCLUDE OSJE 
SYSTEM='OS' ,TYPE=1 STUDENT' 
//IC2809 JOB (IC2 8,60,5),'GORDON',CLASS=N,PASSWORD=RUSTY 
/*SETUP 
//EXEC SAS,OPTIONS='MACRO" 
//SAVE DD DSN=USER.IC28.TOP4,UNIT=SYSDA, 
// VOL=SER=ACADO 2,DISP=SHR 
//DUMP DD DCB=(LRECL=8 0,BLKSIZE=1904 0,RECFM=FB), 
// SPACE=(CYL,(5,5)),UNIT=SYSDA 
//FT20F001 DD DUMMY 
OPTIONS NONOTES; 
PROC PRINTTO UNIT=2 0 NEW; 
%MACRO CREATE (ITER); 
%LET COUNT=l; 
%DO %UNTIL (&COUNT=%ITER); 
DATA MAIN; 

GROUPS-
DO N=1 TO 192; 
IOBS=INT(UNIFORM(O)*10000)+l; 
SET SAVE.DATA4 POINT=IOBS; 
IF N>4 8 AND N<97 THEN GROUP=2; 
IF N>=97 AND N<145 THEN GROUP=3; 
IF. N>145 THEN GROUP=4; 
OUTPUT; 
END; 
STOP; 
KEEP GROUP XI; 
PROC SUMMARY NWAY; 
CLASS GROUP; 
VAR XI; 
OUTPUT OUT=STATS MEAN=MEAN VAR=VAR N=N; 
DATA BARTCHI; 

PROC MATRIX; 
FETCH BART DATA=STATS; 
VAR=BART( ,5); 
V=BART(1,6)-1; 
A=NROW(BART); 
DF=A-1; 
TOTV=SUM(VAR); 
MTOTV=TOTV#/A; 
LMV=LOG(TOTV#/A); 
SLV=SUM(LOG{VAR)); 
M=V*((A*LMV)-SLV); 
C=l+((A+l)#/(3*A*V)); 
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CHISQ=M#/C; 
PCHISQ=PROBCHI(CHISQ,DF); 
SIGCHI=1-PCHISQ; 
IF SIGCHI>.05 THEN SIG=1; 
ELSE SIG=3; 
WI=VAR//CHISQ//PCHISQ//SIGCHI//SIG; 
W=%STR(WI%"); 
OUTPUT W OUT=CHIDATA; 
DATA RTRANS; 

MERGE MAIN STATS; 
BY GROUP; 
R=((((N-l.5)*N*((XI-(MEAN))**2)))-(.5*VAR*(N-1)))/((N-l)*(N-2)) 
KEEP R; 
PROC MATRIX; 
FETCH R DATA=RTRANS; 
Y=SHAPE(R,48); 
X=%STR(Y%'); 
N=NROW(X)*NCOL(X); 
RBAR=X(+, )#/NROW(X); 
B=RBAR(,2) ; 
SSB=(SUM(X( +, )##2))#/NROW(X)-(SUM(X)* * 2#/N); 
DFB=NCOL(X)-1; 
SSE=SSQ(X)-(SUM(X)* *2 #/N)-SSB; 
DFE=N-NCOL(X); 
F=(SSB#/DFB)#/(SSE#/DFE); 
SIGF=PROBF(F,DFB,DFE); 
FSIG=1-SIGF; 
IF MAX(FSIG)>.05 THEN SIG=2; 
ELSE SIG=4; 
D=%STR(RBAR%')//F//SIGF//FSIG//SIG; 
C=%STR(D%1); 
OUTPUT C OUT=RESULTS; 
DATA FINAL; 
SET CHIDATA(IN=CH) RESULTS(IN=RT); 
IF CH THEN TEST='BARTX'; 
ELSE TEST= ' RTRAN '; 
FILE DUMP MOD; 
PUT (COL1-COL6)(6.4+1)/COL7 6.4+1 TEST $ 5.+2 COL8 1.; 
%LET COUNT=%EVAL(&COUNT+1); 
%END; 
%MEND CREATE; 
%CREATE (1001) 
PROC PRINTTO: 
DATA FINE; 
INFILE DUMP; 
INPUT (COL1-COL6)(6.4+1)#2 COL7 6.4+1 TEST $ 5.+2 COL8 1.; 
FILE PRINT; 
PUT (COL1-COL7)(6.4+1) TEST $ 55-59 COL8 62; 
TITLE K=4 N=48 POPULATION=SKEWED LEPTOKURTIC; 
PROC FREQ; 
TABLES COL8; 
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