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Exact solutions to Einstein's field equations in the 

presence of matter are presented. A one parameter family of 

interior solutions for a static fluid is discussed. It is 

shown that these solutions can be joined to the Schwarzschild 

exterior, and hence represent fluid spheres of finite radius. 

Contained within this family is a set of solutions which are 

gaseous spheres defined by the vanishing of the density at 

the surface. One such solution yields an analytic expression 

which corresponds to the asymptotic numerical solution of 

Oppenheimer and Volkoff for the degenerate neutron gas. 

These gaseous spheres have ratios of specific heats that lie 

between one and two in the vicinity of the origin, increasing 

outward, but remaining less than the velocity of light 

throughout. 

For another class of solutions within this family, 

tractable equations exist which yield expressions relevant to 

neutron star parameters. Calculated are the total number of 

nucleons comprising the star, the gravitational mass defect, 

the coefficient of gravitational packing, the partial mass 



defect, and the fraction of rest mass-energy emitted during 

the formation of the star. 

The stability of these equations is considered. It is 

found that they are unstable with respect to radial pertur-

bations, but can be made stable by the introduction of a 

solid core. 

The question of slow rotation is considered. A class 

of analytic expressions are derived which depict rotating 

neutron stars assuming only that the rate of spinning is slow 

compared to the velocity of light. The resulting expression 

is an exact solution presented here for the first time. 

Also considered are time dependent solutions to the 

field equations possessing spherical symmetry. A method is 

developed whereby one is able to extract quasi-static 

solutions from known solutions which satisfy the static 

equations. Collapsing stellar models which are undergoing 

this quasi-static process are considered as an application 

of this technique. These solutions are joined to the 

radiating metic of Vaydia in the exterior. 
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CHAPTER I 

INTRODUCTION 

1.1 History 

The General Theory of Relativity was published"'" in 1916. 

From its inception, it was an obtruse mathematical theory 

with little supportive evidence. Einstein suggested three 

possible areas in which it could be tested: the advance of 

the perihelion of the planet Mercury, the gravitational 

deflection of light, and the gravitational red shift. These 

three tests formed the main experimental basis for relativity. 

The theory does not have general applicability until one 

considers the cosmos as a whole or aggregates of matter so 

compact that space is far removed from the flatness of 

classical mechanics. Such cases were, until recently, merely 

academic. 

Four major discoveries, three within the last twenty 

years, dramatically changed this picture. The discovery by 

2 
Hubble of the recession of the galaxies, the 3° K background 

3 
radiation predicted by Gamow and observed by Penzias and 

4 
Wilson, the identification of quasi-stellar objects as being 

5 
extremely active, compact distributions of matter, and the 

discovery of the existence of neutron stars as pulsars by 
g 

Hewish have pointed to the relevance of general relativity. 



These findings elevated relativity from being a passive 

theory useful in cleaning up a few minor points in delicate 

astronomical measurements based on classical theory, to a 

theory which must be applied in order to understand gross 

observations in a universe of curved space-time. 

Recession 

The recession of the galaxies was a by-product of an 

attempt to ascertain the sun's relative motion within the 

galaxy. This was done by measuring the Doppler shift of 

distant galaxies to determine any consistency which could 

be attributed to the solar motion. The result found, 

however, was that most galaxies have a shift in the spectrum 

toward the red. This could only be attributed to a general 

recession. Further investigation showed a correlation 

between distance and recession speed. The greater the dis-

tance to the extra-galactic nebulae, the greater the 

resultant Doppler shift. This distance versus red shift 

relationship is known as the Hubble law and is now taken to 

represent an overall expansion of the universe. 

Though the recession of the nebulae came as a surprise 

to astronomers of the time, the effect had already been 

predicted. Among the first attempts to apply relativity was 

7 8 9 

in the area of cosmology. ' ' The result found was that 

there were no static solutions. Early cosmologies could only 

expand or contract. In order to depict a static cosmology 



(which was the belief at that time), Einstein introduced the 

cosmological constant into the field equations. This, 

however, was an ad hoc introduction. The constant played 

no further role in the theory than to allow cosmological 

theories to be static. Time independent solutions which 

depict the universe as a whole do not exist without it. 

Background Radiation 

On the basis of the expansion of the universe, Gamow 

introduced the so-called big bang theory. According to this 

work, the present expansion of the universe initiated from 

a compact origin. Soon after expansion started, the prepon-

derance of the heavier than hydrogen elements were supposedly 

formed in a primordial fireball. One of the offshoots of 

this concept is that the present universe should be cold, 

but not absolute zero. Calculations10 showed there should 

be a black body radiation temperature of around 5° K. This 

background radiation was later observed by Penzias and Wilson 

while working for Bell Telephone on the Telstar project. 

They found an apparently isotropic background radiation which 

corresponded to approximately 3° K. 

The cosmological applications of general relativity are 

but one end of the scales. Relativity is a theory which to 

a high approximation is purely Newtonian. The theory differs 

from classical only when one considers the bounds of the uni-

verse or massive compact objects. Observations of the 



sixties applied weight to the other end. Astronomical 

sources of electromagnetic radiation were discovered which 

could not possibly be described as Newtonian. 

Quasi-Stellar Objects 

With the birth of the radio astronomy came the dis-

covery of emitters of radiation which were extremely active 

in the radio region of the spectrum.11 Among these were 

found compact sources which, if they were as far away as 

their red shift said they were, must be releasing energy 

at a rate impossible to explain. 

The typical power output from the sun is about 4 * 1033 

ergs/sec in the optical region. The output of an average 
O £ 

supernova is around 10 ergs/sec in the radio range. For 

a giant galaxy of around 1011 to 1012 stars, the radiation 

44 

is on the order of 10 ergs/sec in optical power. The 

usual case is that sources which radiate a lot of energy in 

the optical region of the spectrum are weak emitters in 

the radio range. However, since i960 a class of objects 

have been discovered which whole-heartedly violate this rule 

These are the quasi-stellar radio sources with an energy 
44 

output of around 10 ergs/sec in the optical region and 

46 

about 10 ergs/sec in the radio range. This is about 100 

times the power output of a giant galaxy. Not only is the 

rate of emission high, but they also appear to be quite 

compact. A normal galaxy located at the distance of a 



typical quasi-stellar radio source would have an angular 

size of around 3" of arc. These quasi-stellar sources are 

on the order of 0.5" of arc. Further, on the basis of the 

period of variability of these sources, the active emitting 

region could be as small as a light week. The size of a 

normal galaxy such as ours is measured in thousands of 

light years. 

Fusion of hydrogen into heavier elements will yield an 

12 

energy of around one per cent of the rest energy of matter. 

If quasi-stellar objects derived their energy from this 

source, it would be necessary that around 10 solar masses 

of hydrogen be consumed in a million years. It seems 

unlikely that nuclear energy could be released in unison on 

such a large scale. Gravitation alone seems able to generate 

this much energy. It is theoretically possible for 8/9 the 

rest energy to be released as compared to 0.01 for nuclear 

reactions. No form of energy release known at this time is 

more efficient. 

Pulsars and Neutron Stars 

The fourth area in which general relativity appears to 

play a decisive role entered the picture in 1967. During a 

systematic sky survey undertaken to gain information about 

the angular structure of compact radio sources through the 

method of interplanetary scintillation, peculiar objects later 

termed pulsars were noticed. In this survey, particular 



interest was in objects which exhibited intensity variations 

on a short time scale. 

During this survey, pulses from the object designated 

CP1919 were first noticed. An analysis of the signal showed 

the source was located outside the Solar System, probably 

at stellar distances, and that it must be some form of con-

densed star such as a white dwarf or neutron star.6 At 

the time of its announcement, three other pulsars were known 

to Hewish and his group, but apparently were still under 

investigation at the time of publication. Within months, 

other observatories were announcing further pulsar obser-

vations . 

It was first suspected that the intensity oscillations 

were due to rotations or rapid pulsations of white dwarfs. 

This suggestion was acceptable to most theorists. The 

required periods were on the order of one second to about a 

quarter of a second, and this was within a feasible range to 

be white dwarf vibrations or rotations. However, two new 

pulsars were observed in 1968 which considerably changed 

13 14 

this picture. ' The Vela pulsar was found to have a 

period of only 88 ms, and the Crab a period of 33 ms. These 

periods were much shorter than could be explained in terms 

of white dwarf stars. The remaining possibility then was a 

neutron star as the source. 

The question of rotation versus pulsation for a neutron 

star was soon answered. A slow down was noted in the period 
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of the Crab pulsar. Mechanisms exist which would increase 

the rotation rate of a star, but not its rate of vibration. 

At this point, the identification of pulsars as rotating 

neutron stars was completely certain. 

It is interesting to note here, too, that theory 

predated observation. A few months prior to the announcement 
•I C. 

of the discovery of pulsars, a paper presented by Pacini 

showed that a rapidly rotating neutron star with a strong 

dipolar magnetic field would act as a very energetic electric 

generator and provide a source of energy for radiation from a 

surrounding nebula such as the Crab, both making the neutron 

star visible and introducing short time intensity variations. 
17 

With this paper and one by T. Gold, the connection between 

pulsars and neutron stars was firmly established. 

The possible existence of neutron stars (collapsed 

aggregates of matter composed mainly of neutrons) was first 
18 — 20 

noted in the early thirties, and conclusive evidence 
of the stability of such a configuration was proved in 1939 

21 

by Oppenheimer and Volkoff. Though these were not dis-

covered until the pulsar work, the concept of a neutron star 

was of active interest to theorists throughout most of the 

intervening time. The theories of neutron star formation 

and their equation of state were investigated by both rela-

tivists and astronomers. Not only are these objects rela-

tivistic in nature, and therefore of interest to the people 
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in relativity, but they also represent the final state of 

matter. What happens to a star when thermonuclear reactions 

cease? Will the star collapse to singularity, or will it 

by some mechanism avoid this collapse by expelling its 

excess material and becoming a white dwarf or neutron star? 

As there are many stars which have completed thermonuclear 

burning, it follows this is a relevant question. 

These four discoveries have definitely placed rela-

tivity theory in a new perspective. They do not by any means 

prove the correctness of the theory, but have opened up the 

area of applicability so that it could be more fully tested. 

At this time, relativity is as necessary to the study of 

cosmology and the final state of matter as quantum mechanics 

is to the understanding of the laser and as electromagnetic 

theory is to modern communications. 

1.2 Content 

Considered here are exact solutions to the field 

equations of general relativity applicable to the question 

of the final state of matter. The case of a static field 

is considered first, and some new solutions applicable to 

the neutron star problem are given. We initiate with a dis-

cussion of the static field in considerable detail. An 

examination is made of the condition of time independence, 

and following the work of Marks,22 it is shown this leads 

directly to spherical symmetry. With this result, 



the field equations in the presence of matter are developed 

for an isotropic fluid. 

23 

The Schwarzschild exterior is then presented. It is 

shown through the correspondence principle that the solution 

represents a gravitational source of mass, m, located at 

the origin. The uniform density solution of Schwarzschild24 

is also considered. In order to see how such a solution can 

be useful, it is used to calculate the gravitational red 

shift experienced by a photon emitted at the surface of a 

neutron star. Solutions of Tolman are also discussed. These 

are examined in the light of the numerical solutions of 

Oppenheimer and Volkoff. 
In Chapter 3, a one parameter family of solutions is 

presented which is useful in the investigation of the prop-

25 26 

erties of neutron stars. ' We show the solutions have 

positive pressure and density, finite integrated mass, and 

a polytropic behavior in the vicinity of the origin. These 

solutions have an exterior in that they may be matched to 

the Schwarzschild exterior solution, satisfying the jump 

conditions of O'Brien and Synge.27 

Among these solutions is a class which has vanishing 

density at the surface. These have well behaved ratios of 

specific heats, and the velocity of sound is less than the 

velocity of light throughout. One such solution is found 

to represent the asymptotic numerical solution of Oppenheimer 

and Volkoff for the degenerate neutron gas. The mass to 
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radius ratio agrees with their value to within a half of 

a per cent. 

It is found that for another class of solutions with-

in this family, tractable equations exist which yield 

expressions relevant to neutron star parameters. The num-

ber density for an isentropic fluid is calculated for these 

which yield the total number of nucleons composing the star, 

the gravitational mass defect, the coefficient of gravi-

tational packing, the partial mass defect, and the fraction 

of rest mass-energy emitted during the formation of the star, 

We next consider the stability of these solutions. It 

is found they are unstable with respect to small pertur-

bations, but can be made stable by the introduction of a 

solid core. It is interesting that some of the pulsar data, 

in particular the spin down phenomena of the Vela pulsar,28 

could best be understood in terms of such a solid core. 

The question of rotation is then considered. We show 

a class of solutions which depict rotating neutron stars 

assuming only that the rate of spinning is slow compared to 

the velocity of light. Note that this criterion is met even 

by the Crab pulsar with a period of 33 ms. The resulting 

expression is an exact solution presented here for the first 

time. 

Consideration is then given to the time dependent field 

and a general technique for generating solutions is discussed. 
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1.3 Notation 

The following notational conventions are adhered to 

throughout unless specifically stated in the text. 

The use of a comma followed by an index represents 

partial differentiation 

V , x 5 ^ r - d - 3 - 1 ' 

and a semicolon is used to express covariant differentiation 

F o 1 = F o 1 • rP, F 0 - rj, F . (1.3.2) 
a£;A a£3,A aA p$ £A ap 

In this expression r , refers to the Riemann-Christoffel 
aA 

symbol 

r3, = i gBp(g , + g . - g , ) (1.3.3) 
aX 2 ap,X pX,a aX,p 

and the g refer to the metric tensor. The Einstein 
y 

summation convention is used. 

The metric or line element 

d s = g dx^dx^ (1.3.4) 
yv 

has the signature ( + , -) . 

Raising and lowering of indices will be done using the 

metric tensor g : 
ŷ v 

= g11* TXv (1.3.5) 

Tpv " V Tt " I1-3"6' 
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The use of Latin indices refers to the spatial coordi-

nates. Such indices take on the values i= (1,2,3). Greek 

indices take on the values y= (0,1,2,3), where x® is the 

time coordinate. 



CHAPTER II 

THE TIME INDEPENDENT FIELD 

2.1 Introduction 

In this chapter, the concept of a static fluid is inves-

tigated. The time independent field for a distribution of 

matter with isotropic pressure in the absence of magnetic 

fields and shear forces is discussed without specification 

22 

of the symmetry. Following the work of Marks, it is shown 

that static implies spherical symmetry. Hence, in the 

absence of a magnetic field and without shear forces, any 

distribution of matter can only be spherically symmetric. 
2 9 

Using the matter tensor first discussed by Carl Eckert, 

the field equations are then explicitly written down. From 

these equations, some of the more important exact solutions 

are presented. Physical interpretations of these solutions 

as well as their application to the question of neutron 

stars are given. 

2.2 The Static Field 

In general relativity, a static field is characterized 

by the existence of a coordinate system in which the metric 

functions are independent of time, and the time-space com-

ponents of the metric tensor vanish: 

13 
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g = 0 g . = 0 . (2.2.1) 
y V , 0 Ol 

It has been shown that in the absence of a magnetic 

field, a static distribution of matter without shear must 

necessarily be spherically symmetric. The development by 

22 

D. W. Marks is included in this introductory section 

because of its very general nature and wide applicability to 

the question of static interiors. 

Marks was able to show that all physical variables in 

the static problem can be written as functions of the time 

component of the metric tensor 

g 0 0
 E Y 2 , (2.2.2) 

and hence the static problem in general relativity is one 

dimensional. 

This is proved below in the following manner. The field 

equations in the presence of matter are derived for an iso-

tropic fluid with the metric expressed in Equation (2.2.1). 

These equations require that the temperature of the fluid be 

an explicit function of y, if the metric is static. That the 

same is true for the pressure is noted by a calculation of 

the Bianchi identities. Then, the existence of an equation 

of state leads directly to the proper energy density of the 

fluid being an explicit function of y. The further require-

ment that the total energy content of the fluid be finite 

leads to the necessity of spherical symmetry. 
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The Riemann-Christoffel symbols expressed by Eq. (1.3.3) 

involving the time coordinate are easily calculated. Using 

the condition expressed in Eq. (2.2.1), the symbols become: 

nO _ r0 _ r0 1 00 
00 ' io Oi 2 ̂  g0 0,i' 

= -Jg1-" •; rj. = = r° = o . (2.2.3) 00 2 ̂  ^00 ,J 03 30 1 j 

The Einstein curvature tensor written in terms of the 

30 
Christoffel symbols is 

G!i = R v - ? 9 v R - <2-2-41 

where the Ricci tensor is given by 

R = r\ - Tx , + rK, Tx - rK r\ , 
yv yX,v yv,X yX K V yv KX ' 

R being the Ricci scalar: R=g^ VR^, obtained by contracting 

the indices of the Ricci tensor. Using the values for the 

Christoffel symbols given by Eq. (2.2.3), the time component 

of the Einstein tensor is found to vanish identically. 

The field equations of general relativisty relate the 

Einstein tensor (expressing the curvature) to the matter 

content. This is expressed mathematically by the relation 

= - 8 TT T^J . ( 2 . 2 . 5 ) 
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The matter tensor is derived on the basis of inter-

actions in the local Lorentz frame. The validity of this 

31 

approach is based on the Principle of Equivalence which 

shows that there always exists a coordinate system in the 

general Riemannian space which is locally flat (flat at a 

point). Hence when considering local interactions between 

particles, space-time can be considered flat and recourse 

is made to special relativity. The matter tensor thus 

obtained, which depicts the microscopic behavior of the 

system, is then transformed to the more general Riemannian 

space under consideration. Derived in this manner, the most 

general matter tensor which does not violate the second law 

of thermodynamics and is valid for an isotropic fluid 

ig22,29,32 

= P v P v / V P q v + vv q
y + . (2.2.6) 

The function p is the proper total energy density, vy is the 

proper four velocity of the fluid, and qy is the energy flux 

vector given by 

qy = -xhyX (T + T V % ) . (2.2.7) 
F A A / K 

In this expression, x is the thermal conductivity and T is 

the absolute temperature. Again, the semicolon refers to 

covariant differentiation: 

v, = v, - r?1 v 
A ; K A , K A K a 
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and the function is given by 

. Y X y X yX 
h = v V _ g 

The remaining term in Equation (2.2.6) is the stress 

tensor: 

= P h^ - n h^Kh^ (v -,+ v, - f-h• , v^p) • (2.2.8) 
v V V K ; X X ; K 3 K X 

In this expression, P is the pressure and n is the coefficient 

of viscosity. 

Since the condition of the fluid is unchanging, it fol-

lows that a static fluid must have its four velocity invar-

iant under time reversal. But since the space components of 

the four velocity are not time reversal invariant 

vi _ d x
1 _ _ d x1 

ds d(-s) 

it follows that these components must vanish. Hence the 

only nonvanishing component of the four velocity for a 

static fluid is v°. 

This component of the four velocity is obtained from 

the metric, Equation (1.3.4), in the following manner. 

Holding the spacial coordinates fixed, divide through by 

ds^. Define v° = dx°/ds. Then Equations (1.3.4) and (2.2.1) 

require 

1 = % o ( v 0 ) 2 
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Hence vq = 1/y, by Equation (2.2.2) or vq = y upon lowering 

the index. 

Using Equations (2.2.6), (2.7.7) and (2.2.8), the time-

space component of the matter tensor is found to be 

T? = - x i — ~ (Ty) . (2.2.9) 
1 Y 9 x1 

Equation (2.2.9) must vanish by virtue of Equation 

(2.2.5) and the fact that G? = 0 as mentioned earlier. 

Hence, if the coefficient of thermal conductivity does not 

vanish, it follows that 

Ty = a) = constant . (2.2.10) 

This implies that surfaces of constant y are surfaces of 

constant temperature. 

33 
The Bianchi identities 

(ĜJ + 8 rr rj) ;y = 0 , (2.2.11) 

for the metric expressed by Equation (2.2.1) reduce to 

P + P 9 y _ 9 P . (2.2.12) 
y 9xi 9xi 

This shows the gradient of y is everywhere parallel to the 

gradient of the pressure. Therefore, surfaces of constant 

y coincide with surfaces of constant pressure. Equations 

(2.2.10) and (2.2.12) show that both the pressure and tem-

perature depend on a single variable y. By virtue of the 
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existence of an equation of state, the density does also. 

Thus all physical variables depend only on the single var-

iable y. This implies then that the static problem in 

general relativity is one dimensional. 

Label successive surfaces of constant y by a quantity 

r, requiring only that r be a monotonic function of y. By 

definition then, y is a function of r alone. Now, choose 

the two remaining coordinates to lie within the. surfaces 

2 3 
of constant y, and call these u , u . Since the physical 

2 3 
variables are all independent of u and u , it follows that 

surfaces of constant r form a maximally symmetric subspace 

22 34 
of constant curvature: ' 

ds2 = y 2(r)dt 2 + g^(r)dr^ - f(r) 

+ K(u • du) 2 

(du)2 

1 - K (u) 2 
(2.2.13) 

where K is the normalized curvature. K takes on the values 

(+1,0,-1) depending on whether the subspace is closed, flat, 

or open, respectively. 

The coorindates 9 and (f> can be expressed as 

2 3 
u = g(e)cos4> ; u = g(0)sin<j> , (2.2.14) 

where g(0) = (sin0, 0, sinh0) depending on whether K= (+1, 

0,-1), respectively. The metric defined by Equation (2.2.13) 

becomes 



ds2 = y2 (r) dt2 + (r) dr2 - f (r) d02 + g2 (0)dcjj2 

20 

(2.2.15) 

Equation (2.2.12) can be written in terms of y as the 

independent variable: 

dp 
= -(P +p)/y . (2.2.16) 

a y 

This shows, for positive pressures and densities, the pres-

sure is a monotonic decreasing function of y, and hence of 

r. Label the point of maximum pressure the origin, r= 0, 

and the point at which the pressure vanishes, r= R, the 

surface. For r>R, the density must vanish lest the pressure 

turn negative. 

The total energy content of the fluid sphere can now 

be calculated: 

E = Jv p dV 

which for the metric given by Equation (2.1.15) is 

R 
E = 2 7r / p (r) (—g ) 1 / 2 f (r)dr / g(9)de . (2.2.17) 

0 1 1 ~ ~ 0 

The first integral in the Equation (2.2.17) is positive 

definite and the second has the value (2, °°, °°) for K = (+1, 

0,-1), respectively. Hence K = +1 is required for the total 

energy content of an aggregate of matter with non-negative 

pressure and density to be finite. Therefore, surfaces of 

constanty must be closed. This requires that static stars 

2 2 
must be spherically symmetric. 
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2 

Make now the coordinate transformation f(r) =r and define 

g ^ = t Then the metric is of the form 

ds2 = y2(r) dt2 - t """(r) dr2 - r2dft2 , (2.2.18) 

where dft2 = d02+ sin20d02. 

That this result is true is not surprising. Any non-

rotating system in the absence of shear forces and magnetic 

fields naturally tends to spherical symmetry. With this in 

mind, the worth of studying static spherically symmetric 

metrics is obvious. Such systems represent a good approx-

imation to many problems of astrophysical interest. 

Inherent within this theorem was the supposition that 

the thermal conductivity coefficient does not vanish. This 

fact led directly to the equivalence of surfaces of constant 

y and constant temperature T. Note that this result does 

not apply to the exterior problem. Had the pressure and 

density (and thus the thermal conductivity coefficient) 

vanished, the chain of functional dependences would have 

been broken. Nowhere was it shown that surfaces of constant 

y corresponded to surfaces of constant g^. Hence it is 

possible to have a static nonsymmetric exterior. 

2.3 Field Equations for Spherical Symmetry 

For the metric expressed by Eq. (2.2.18), the remaining 

components of the Einstein tensor can now be calculated. 

Useful relations for the Christoffel symbols valid for 

3 5 
orthogonal metrics are 
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T*1 9- 1 d* 3. / ̂  ^ *i 

a a = 2 ' 9aa,a (2-3-1> 

Fba = l ^ ^ a a . b (2'3"2' 

raa= "|9 b b9 a a,b <2-3-3) 

r
bc

 = 0 . (2.3.4) 

In these expressions, a, b, and c refer to the values of the 

indices, and not the indices themselves. The summation 

convention does not apply. 

Using the metric components defined by Eq. (2.2.18), the 

non-vanishing Christoffel symbols are 

rii = -2 T '/T rj = rj = i/r r ^ r ' / y 

r
22

 = - r r3 3 = ~r T s^n^9 *2 3 = cos® 

r3 3 = -sine cose r0J = TYY' . (2.3.5) 

With these expressions for the Christoffel symbols given 

in Eq. (2.3.5), the diagonal components of the Einstein tensor 

can be readily calculated: 

= (2r Y ' T/Y + T - l)/r2 (2.3.6) 

G2 = G3 = (X '/2 + Y1 t/y + r y' t V2 Y + r X y"/y)A" (2.3.7) 

G° = -(l-r -rx»)/r2 , (2.3.8) 

and all other components vanish identically. 
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For these symmetries, the matter tensor given by Equa-

tion (2.2.6) is of a simple form. As was stated earlier, 

only the time component of the four velocity is different 

from zero. Examination of the flux density shows that its 

only contributing component is along the radial direction. 

Further, since the fluid is static, the viscosity terms in 

the stress tensor, Equation (2.2.8), do not contribute. 

That this is true can be seen in the following fashion. 

The covariant derivatives of the four velocity in vanish 

except in the time-space components. However h^ vanishes: 

hjj = v0 v
y - 6^ = ° . (2.3.9) 

This follows from the definition of the time component of 

the four velocity. Kence the matter tensor is 

T* = T22 = T^ = P, T° = p . (2.3.10) 

Therefore, the field equations valid for a static fluid 

with isotropic pressure are 

8 TT Pr 2 = (Y + 2r Y ' ) ( X / Y ) - 1 (2.3.11) 

8 IT P r2 = r ( (y + r y ') t 1 /2 + t (y 1 - rY ")) (2.3.12) 

8 -rr p r2 = l-x-rx' . (2.3.13) 

Note that these equations are true for an isotropic 

fluid. There is no a priori reason why relativistic fluid 

spheres should have isotropic pressures. In general, 
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= V T2 ° T3 = P * Pr * 

However, there exists at this time no real theoretical 

model which is able to specify this anisotropy, and its 

inclusion merely introduces a degree of arbitrariness into 

the system of differential equations. The question of 

anisotropy will be deferred till later. For the present 

it will be assumed that P = P . 
r 

For the case of an isotropic fluid, the difference of 

Equations (2.3.11) and (2.3.12) leads to an expression 

involving only the metric functions y and x. Note in par-

ticular that the resulting equation is a first order linear 

differential equation in x if y is a known function:25,26'37 

T' -
 2 (Y + r y' - r2 y") = -2 y . (2.3.14) 

r (y + r y 1) r (y + r y 1) 

In terms of the integrated mass m(r), Equation (2.3.13) 

may be written as 

r 2 
m(r) = 4 tt J p(u) u du (2.3.15) 

o 

where the relation between the metric function and m(r) 

is given by 

m (r) = r(l - x(r))/2 (2.3.16) 

Inherent within these equations is the Bianchi iden-

tities, Equation (2.2.12), which for these symmetries and 
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functional definitions leads to the single equation 

Y'/Y 
_P> = . (2.3.17) 

P + p 

Equation (2.3.17) is a consequence of the full set of field 

equations and can be derived from them. 

Unless otherwise specified, the relevant equations will 

be taken as Equations (2.3.11), (2.3.13), and (2.3.14). 

Equation (2.3.15) depicts how the mass is distributed 

throughout the fluid, and Equation (2.3.17) will be of use 

in an examination of the continuity of the solutions. 

This system of equations is as yet underdetermined in 

that there are three independent equations and four unknowns. 

This is as it should be. General relativity is a macro-

scopic theory and cannot specify the behavior or state of 

matter on the microscopic level. On such a level, the con-

ditions of the fluid and the local interactions which take 

place between fluid elements are expressed in terms of the 

local Lorentz frame there. Given then a knowledge of the 

interactions of matter in a highly condensed fluid (on the 

order of nuclear densities) as input information (an equation 

of state) the set of function P, p, y, and x are completely 

determined. 

2.4 Some Exact Solutions 

Analytic specification of an equation of state does 

not always lead to a tractable solution, and numerical or 
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graphic techniques must be applied. This is especially true 

if the equation of state must be introduced in numerical 

form, as is the case in many of the more modern calculations. 

Further, such equations of state are extrapolations of known 

physical laws. Present day physics has no direct experi-

mental data concerning the equation of state of an aggregate 

of matter at nuclear densities or higher. 

Exact solutions in terms of known functions are most 

easily obtained by requiring one of the field variables to 

satisfy some subsidiary condition which simplifies the full 

set of field equations. Once the field equations are solved 

in this manner, an equation of state can then be extracted. 

Such solutions are useful in understanding a system in the 

extreme relativistic limit where an a priori equation of 

state cannot be followed with all confidence. 

We now consider some exact solutions which will be of 

use later. 

The Exterior Solution 

As most slowly rotating massive objects are, to a close 

approximation, spherically symmetric, realistic exact 

solutions with spherical symmetry have wide applications. 

The first and foremost of these is the vacuum or exterior 

metric. Since all finite objects end in vacuum, such a state 

must represent their exterior. 
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This solution can be extracted from the field equations 

in the following manner. The vanishing of the density in 

Equation (2.3.13) leads directly to an expression for the 

function x(r). The solution of this differential equation 

with vanishing density is 

x(r) = 1 - 2m/r . (2.4.1) 

The factor 2m in the above expression is an integration 

constant. 

Introducing this result into Equation (2.3.12) with 

vanishing pressure results in 

Y(r) = (1 - 2m/r)1/2 (2.4.2) 

Substituting Equations (2.4.1) and (2.4.2) into Equation 

(2.3.14) lead to an identity. 

The constant of integration in Equations (2.4.1) and 

3 8 
(2.4.2) is determined from the Principle of Correspondence 
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and the law of geodesic motion. For a particle freely 

moving in a gravitational field, the geodesic equations are 

d 2
x
a
 a dx^ dxv 

+ r
 a -22- = o . (2.4.3) 

ds 2 ^ ds ds 

This is a set of four equations which express the path of a 

test particle through space-time. For the exterior metric, 

two of these equations can be immediately integrated. The 
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equation involving the time coordinate (a = 0) relates the 

rates of clocks for stationary and comoving observers: 

|| = 1/Y , (2.4.4) 

and the second is a statement of the conservation of angular 

momentum 

r2 sine p- = h , (2.4.5) 
ds 

which in the Newtonian case is just 

r2 sin0 = h • (2.4.6) 
dt 

If, for simplicity, the equation for the radial coordinate 

(a = 1) is restricted to the 0 = tt/2 plane, an expression is 

easily derived which can be compared to the classical orbit 

equation. The resulting expression is 

2 , 
+ u = -5*- + 3 m u , (2.4.7) 

d<|> h 

where u = 1/r. 

The classical analog of this equation is the usual 

expression for an orbit in a spherically symmetric gravi-

tational field: 

+ u = -3L- , (2.4.8) 
d<j> h 
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2 

and m the case of slow motion (u - 0), the equations are 

identical provided m is interpreted as the gravitation mass. 

The remaining term in Equation (2.4.7) yields both the 

advance of the perihelion and the gravitational deflection 

of light.^ 

From this, the conclusion that the exterior metric 

represents the field of a point source located at the origin 

is obvious. 

The assumption of spherical symmetry is a good approx-

imation for most static exteriors. If a star is modeled 

as an oblate spheroid, and the field equations are solved 
41 

to second order (first order being spherically symmetric) 

the orbit Equation (2.4.7) is changed by the inclusion of a 

term cubic in u. Such a term leads to a further small cor-

rection to the perihelion advance and the bending of light 

by a gravitational field. For example, if the sun were 

modeled in such a manner with an oblateness on the order of 
— 5 42 

5 x 10 as measured by Dicke and Goldenberg the new term 
introduces a further correction to the perihelion advance 

for the planet Mercury. The total calculated advance is 

(43".03 + 3".4 + 6" x 10 ^)/century. 

The first term is by virtue of the spherical symmetry 

and can be obtained from Equation (2.4.7). The second is 

a classical advance derived from the oblateness, and the 

third term is a further relativistic correction which is 
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completely ignorable. The preponderance of the effect can 

be calculated on the basis of spherical symmetry alone, 

even for sizable rotation rates and deformations away from 

44 

spherical. Recent determinations of the solar oblateness 

show the value quoted by Dicke and Goldenberg is much too 

high, and the resulting effects, even the classical term, 

is completely ignorable for the sun. 

The Uniform Density Solution 

The above exterior and first matter solution were pre-

sented by Schwarzschild in 1916. This was the uniform density 

solution. Placing a constant proper energy density into 

Equation (2.3.15) leads to an expression for the integrated 

mass: 

m(r) = jir pQ r
3 , (2.4.9) 

and this result in Equation (2.3.16) gives for x(r), 

x (r) = 1 - |tt Pq r
2 . (2.4.10) 

In this expression, p is the assumed density. 

Using Equation (2.4.10) in Equation (2.3.14) yields 

Y (r) : 

Y (r) = A - B / r , (2.4.11) 

where A and B are constants of integration to be fixed by 

boundary conditions. 
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The pressure for this solution can be most easily 

obtained from Equation (2.3.17). The result is 

P(r) = jP0(3B/T - A) (A - B/T)"
1 . (2.4.12) 

The remaining field equations are found to be identities. 

As stated above, the integration constants are evaluated 

by matching the interior solution to the exterior across the 

boundary. At this point, a simplistic view of the jump 

conditions will be taken which allow the solutions to be 

matched to the Schwarzschild exterior. The more stringent 

jump conditions will be discussed in Chapter III. 

If it is assumed that the pressure vanished at the 

surface of the star and that both y and x are continuous 

there, the constants can be evaluated in terms of the total 

mass and radius of the star. Determined in this fashion, 

the solutions of the interior can be written as 

x (r) = i - y p
Q

r 2 (2.4.13) 

/ \ 3 
Y(r) = 2 2M 

R 
i/2 _ 1 

2 
i 2M 2 1 - -=r r 

R 
1/2 (2.4.14) 

4 TT 3 
M = -y-pQ R (2.4.15) 

P (r) = p ' 1 - 2 M r 2 / R ^ / 2 - ' 1 - y ^ . (2.4.16, 
U 3(1 - 2M/R) - (1 - 2Mr /R) 

Though no star could possibly have this as an equation 

2 
of state (dP/dp = v diverges everywhere forcing the sound 
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speed to be greater than the velocity of light and making 

the solution non-casual) some useful physical information 

about relativistic stars can still be extracted. 

Consider for example the value of the central pressure 

p = P„ c Ko 
1 - (1 - 2M/R)1/2 

3(1- 2M/R) 1 / 2 - 1 
(2.4.17) 

The central pressure increases with R. This is as it should 

be, for M also increases with R. The introduction of more 

mass requires an increase in pressure to sustain the solution 

in equilibrium. Note the pressure becomes infinite when 

M 4 
£ = £ • (2.4.18) 

Beyond this limit, the central pressure becomes meaningless 

and no star of uniform density may have a value of M/R 
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larger than this. Weinberg was able to show that Equation 

(2.4.18) is the maximum for any star provided only that the 

total mass and radius be finite and that the density be a 

monotonic non-increasing function of r. 

Since y is the ratio of the rates of a clock at the 

point r to one at infinity, as can be seen by Equation 

(2.4.4), the gravitation redshift from the surface of a 

uniform density star can be readily calculated: 

Z = ^ = 1/Y - 1 = 1 2M 
R ~

1 / 2 - 1 . (2.4.19) 
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Hence using Equation (2.4.18), 

Z< 2 . (2.4.20) 

There is no upper bound for the redshift from the cen-

tral regions of the star. At the origin, the redshift is 

' i - d - f ) 1 / 2 ) 3 

^ r 2M>1/2 * (2.4.21) 
3(! " If) - 1 

As M/R approaches the maximum of 4/9, the redshift becomes 
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infinite. Hoyle and Fowler suggested this mechanism to 

explain the redshift of quasi-stellar objects. They con-

sidered the possibility of modeling a quasar as a cluster 

of small dense stars with redshifts arising from emission 

and absorption in a hot cloud of gas near the cluster center. 

Modeled in this fashion, these objects would have a non-

cosmological redshift and need not be at such great distances. 

The Tolman Solutions 

In 193 9, R. C. Tolman^7 published some very useful exact 

solutions valid for a static fluid. Those solutions of 

Tolman which will be referred to later will be expressed 

here. Make the change of variables 

y 2 (r) = e v ( r )
 T(r) = e "

A ( r ) 
(2.4.22) 

With this change in functional definitions, Equations (2.3.14), 

(2.3.11) and (2.3.13) become respectively 
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_d 
dr 

e - 1 
dr 

i e v 
2r 

+ e -X-v _d_ 
dr 

ev v' 
2r 

= 0 

8TTP = e ^ (v ' A" + 1/r^) - 1/r ̂  

8 tt p = e ^(X'/r - 1/r^) + 1/r^ 

(2.4.23) 

(2.4.24) 

Solutions to these equations were obtained by requiring 

one of the dependent variables to satisfy some subsidiary 

condition. The condition is so chosen that Equation (2.4.23) 

can be easily integrated. Those solutions which will have 

direct bearing on later work are those listed as I, V, and VI. 

Solution I_.—Requiring eV to be a constant in Equation 

(2.4.23) leads directly to a solution. The resulting solution 

is 

i 2 . 2 e = 1 - r /R v 2 
e = c (2.4.25) 

8 IT p = 3/R' 8 7T P = -1/R' (2.4.26) 

R and c are constants. This solution was first obtained by 

Einstein, and is known as the Einstein Universe (with 

vanishing cosmological constant). 

Solution V.—If it is assumed that 

v . 2n e = const, r 

then Equation (2.4.24) can again be integrated. The resulting 

solution is 
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A e = 1 + 2n - n' 

1 - (1 + 2n - n2)(r/R)N 

(2.4.27) 

v 2 2n 
e = B r (2.4.28) 

where N = 2(1 + 2n - n2)(1 + n)^1 

The pressure and density are given by 

8 TT p = 
2n - n' 

2 2 
1 + 2n - n r 

1 3 + 5n - 2n* 

(1 + n)R" 

8 7T P = n 
2 2 

1 + 2n - n r 

1 + 2n 
R2 

r 
R 

• 

M 

M 
(2.4.29) 

(2.4.30) 

where M = 2n(l - n) (1 + n) -1 

This solution is most easily obtained by multiplying 

Equation (2.4.23) by r ^(1 + n) ^ after introducing the 

subsidiary relation. This solution represents a finite 

sphere. The pressure vanishes within a finite distance of 

the origin. Note that both the pressure and density diverge 

at the origin. The singularity there, however, is integrable 

and the total mass of the fluid sphere is finite. 

Solution VI. The last of the Tolman solutions con-

sidered here also represents a finite fluid sphere, singular 

in pressure and density at the origin. The assumption is 

that eX is constant. This subsidiary condition leads to the 

solution 

o 2 
e = 2 - n 2V = (Ar1-n - Br 1 + n) 2 (2.4.31) 
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1 2 

8 TT p = 2 ( 2 . 4 . 3 2 ) 

2 - n r 

= d - n ) 2 A - <1 + n) 2Br 2" 

2 - n 2 r 2 A - Br 

Upon introducing the assumed subsidiary condition into 

Equation (2.4.23), the first integral can be obtained by 

multiplying through by the integrating factor rn+^eV//^. The 

second integration can be performed after multiplying through 

by 

In their paper on the stability of neutron stars with 

a degenerate Fermi gas equation of state, Oppenheimer and 

Volkoff compared their numerical solutions to Solutions V 

and VI of Tolman. Their interest was to understand the 

probable effect of alternations in the equation of state at 

ultra-high densities and pressures. 

They showed that the Tolman Solution V with n = 1/2, 

R-+® and Solution VI with n= 1/2 and B/A+0, have much of the 

character of the equation of state P = p/3 corresponding to 

the degenerate neutron gas with singular density and pressure. 

The resulting expressions for the total integrated mass 

obtained from these exact solutions was found comparable to 

that of the numerical integrations. For the numerical 

solution, the resulting mass was found to be about one-third 

of a solar mass. The total mass derived from the exact 

solutions of Tolman was about one—seventh of a solar mass. 
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Later it will be shown that one of the solutions of Whitman 

agrees somewhat better with the numerical evaluation. It 

results in an expression which is within 0.5 percent of the 

value given by Oppenheimer and Volkoff. 

By far the greatest number of exact solutions for the 

static field equations has been obtained by requiring that 

some subsidiary condition be satisfied by one of the field 

variables. In the next chapter, a one parameter family of 
, . 25,26 . 

solutions is considered which was obtained in this 

fashion. This work is a generalization of the work of 
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R. Adler. Equation (2.3.14) is directly integrated for 

a somewhat more general assumption on the field variable y 

or eV in the above discussion. The solution thus obtained 

represents a family of static spheres of finite radius and 

finite total energy content. It is shown that this family 

of solutions contains not only the solution by Adler and 

those Tolman solutions discussed above, but also a family 
48 

of solutions given by Misner and Zapolsky. 



CHAPTER III 

A FAMILY OF EXACT SOLUTIONS 

3.1 Introduction 

Since the discovery of neutron stars as pulsars in 1967 
g 

by Hewish et al., considerable effort has been directed 

toward the investigation of equilibrium configurations in 

general relativity. The preponderance of this work has been 

under the assumption of a spherically symmetric static fluid 

with equations of state assumed on the basis of extrapolations 

of known physical laws. With these assumptions, the field 

equations are numerically integrated under varying initial 

conditions of central density and pressure. Solutions 

satisfying stability requirements can then be compared with 

the known properties of neutron stars. 

Such methods are quite straight-forward and lead to 

reasonable results. However, exact solutions to the field 

equations can be helpful by shedding light on the behavior of 

matter under extreme conditions. They can be particularly 

helpful in the region where the matter is so compact as to lie 

outside the realm for which experimental data exists to aid 

in depicting a priori an equation of state. 

Presented here is a one-parameter family of exact 

solutions for static fluid spheres in general relativity. 2 5' 2 6 

38 
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These solutions have positive pressure and density, finite 

integrated mass, and a polytropic behavior in the vicinity of 

the origin. They have an exterior in that they may be joined 

to the Schwarzschild exterior solution, satisfying the jump 

27 

conditions of O'Brien and Synge. 

Among these solutions is a class which has the density 

vanishing with the pressure at the surface of the distri-

bution. No singularities of the Schwarzschild kind exist 

for these solutions. The ratio of specific heats varies 

between one and two in the vicinity of the origin, increasing 

outward. These also have a sound velocity less than the 

velocity of light throughout, maximum at the origin, 

decreasing outward and vanishing at the surface. These 

gaseous-spheres solutions are unique in that the solution 

parameter is directly related to the mass-radius ratio for 

the distribution. One such solution corresponds quite well 
21 

to the asymptotic solution of Oppenheimer and Volkoff for 

the degenerate neutron gas. The mass-to-radius ratio for 

this solution agrees to within about 0.5 percent of the value 
obtained by recent numerical integrations. 

Several previously known solutions are contained in this 

47 

family. It will be shown that three solutions of Tolman, 

the solution of Adler,"^ and that of Misner and Zapolsky^ 

can be obtained by suitable identification of the integration 

constants and parameter of the solution. 
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As mentioned in Chapter II, for the case of the spherically 

symmetric static fluid of pressure P and density p , the field 

equations of general relativity reduce to a set of three 

independent coupled ordinary differential equations in four 

unknowns. The unknown functions to be determined are the two 

fluid quantities P and p , and the metric functions y and r 

defined through the metric, Eq. (2.2.18). 

ds2 = y (r) 2d t2 - t (r) - 1 d r 2 - r2 d ft2 . (3.1.1) 

For these definitions of the metric functions, the field 

equations were found to be [Eqs. (2.3.14), (2.3.11), and (2.3.13)]: 

2 (y + ry ' - r2y" ) _ -2y 

r (y + ry 1) r (y + ry ') 
(3.1.2) 

8 TT r2 P = (y + 2ry •) (r/y) - 1 (3.1.3) 

2 
8 t r p = 1 - t - n ' . (3.1.4) 

The remaining equation which will be of use to us is the 

Bianchi identity, Eq. (2.3.17): 

_P> = Y'/y n -i ̂  F P + p (3.1.5) 

Note that Eq. (3.1.2) is a first order linear equation 

in t if y is a known function. With this in mind, a formal 

integration can be performed. The result is 

r 

x(r) = exp[-F(r)][ / exp[F(u)] g (u) du + c] , (3.1.6) 

with the function g and F being defined as 
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g(r) = -2y/ r (y + ry 1 ) 

— 1 2 
F(r) = / g(u)y (y + uy' - u y")du 

(3.1.7) 

(3.1.8) 

C is a constant of integration to be fixed by the boundary 

conditions. 

3.2 Specific Solutions 

Examination of Eq. (3.1.6) and in particular Eq. (3.1.8) 

shows that x can readily be obtained if y is required to 

satisfy the Cauchy equation 

r^y" - ry1 + (1 - a^)y = 0, 0 < a < l (3.2.1) 

and hence 

y (r) = a r1 + b r J (3.2.2) 

with i = 1 + a and j = 1 - a. The constants of integration are 

a and b. Using Eq. (3.2.2) in Eqs. (3.1.6) through (3.1.8), 

one finds 

i \ 1 , „ 2s/£ t (r) = — + C r ' s a k r^a + b£ 
-2s 
i k (3.2.3) 

where s = 2 - a , k = 2 + a, Z = 2-a. Using Eq. (3.2.2) and 

Eq. (3.2.3) in Eq. (3.1.3) and Eq. (3.1.4), the pressure and 

density become: 

8 7t r P (r) = 
2a , , a n r + b q 
2a , 

a r + b 
- 1 (3.2.4) 
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8 irr p(r) = 1 - x - 2 (sx - 1) a r
 ?

 + D , (3.2.5) 
a k r a + b£ 

with n = 3 + 2a and q = 3 - 2a. 

This is a one-parameter family of solutions to the field 

equations. There are in effect four constants involved: a, 

b, C, and a. The constants a, b, and C will be used to match 

the solutions to the Schwarzschild exterior across the 

boundary. The parameter a can be evaluated at the origin in 

terms of the ratio of pressure to density. Dividing Eq. 

(3.2.4) by Eq. (3.2.5) and taking the limit as r goes to zero 

results in 

P 1 - a 
— = T — I — 0 < a < 1 . (3.2.6) 
P c 1 + a 

It is interesting to note that though both the density and 

pressure diverge at the origin, their ratio is finite and 

depends only on the parameter a. For the case a = 1, this 
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ratio does not hold and has been discussed by Adler. We 

shall return to this point later. 

Several previously known solutions are contained in this 

family, and can be extracted from it in a simple manner. The 

solution of Adler is given by a = l. This solution is not 

singular at the origin, and possesses a non-vanishing density 

at the surface. The Tolman solutions discussed in Chapter II 

are also contained in this family. Tolman Solution number I 

requires a= 1, and a = 0 . P, p, and y are all constant in 
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this solution. Tolman V requires the identification 

a = 1 - n, a=0. Tolman VI requires C = 0 in Eq. (3.2.3). 

The further choice a = 0 in Eq. (3.2.2) results in the 

Misner-Zapolsky solution. The connection between the 

parameter a and the parameter y of the Misner-Zapolsky 

2 A 2 ^2 
solution is a = (y - 2) /y . A cap (^) was placed over 

the Misner-Zapolsky parameter to distinguish it from the 

y of this paper. 

3.3 Jump Conditions 

As with any system of differential equations, the field 

equations of general relativity have necessary boundary 

conditions. Consider a finite fluid sphere. There exists 

a surface at some r = R where the pressure vanishes and 

exterior to which the density vanishes. What conditions of 

continuity must the metric functions g and the components 

of the matter tensor T^ satisfy on and across such a 

boundary? 
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This question was answered by O'Brien and Synge in a 

classic paper on the jump conditions in general relativity. 

The approach was to introduce a boundary layer, replacing 

the discontinuity, over which the functions vary continuously. 

The conditions on the continuity of the functions was noted 

when the thickness of the boundary layer went to zero. 
4 

Let x = 0 determine the discontinuous surface (for 
4 

static fluid spheres x = R - r ) . They found the following 
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20 quantities continuous across the boundary: 

; gij,4 ' y/V = 1,2,3,4 (3.3.1) 
i,j = 1/2,3 

and the 16 quantities 

g4i,4 ; g44,4 ' Ty (3.3.2) 

have allowable discontinuities. 

There are continuity restrictions on the due to the 

symmetries of 

T = T 
yv vy 

These symmetry requirements result in 

g . T1 - g . T1 (3.3.3) 
3yi v rvi y 

beinq continuous. This can be seen by calculating T -T =0 
yv vy 

in terms of the mixed tensor 

T = g . TX , 
yv ^yX v ' 

4 
and using the continuity of T^ guaranteed by Eq. (3.3.1): 

mn mn m4 m4 g T - g T = - g / 1 T + q . T ^yn v 3vn y yy4 v ^v4 y 

the right hand side is continuous across the bounding sur-

face, and so then is the left hand side. 

For a static fluid, Eq. (3.3.1) requires y, T, y', and 

the pressure are all continuous across the boundary. By 
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Equation (3.3.2), the density is found to have an allowable 

discontinuity. The quantities expressed in Eq. (3.3.3) are 

found to vanish identically and hence result in no further 

restrictions for the static problem. 

3.4 Matching of the Solutions 

This interior solution can now be matched to the 

Schwarzschild exterior discussed in Chapter II. From the 

simple form of Eq. (3.2.2) the constants a and b can be 

evaluated by requiring continuity of y and y* across the 

boundary. The result is 

a = (1 - qy s ) (4 a R
1 yg)~ (3.4.1) 

<2 ' "l 
b = -(1 - ny s ) (4 a R

3 y s)
- 1 , (3.4.2) 

where yg = 1 - — . m refers to the total mass of the fluid 

R 2 
M = 4 it J pr dr (3.4.3) 

0 

and R is the total radius. Then, requiring continuity of x 

across the boundary leads to a specification of the constant 

C 

C = ( Y
S
2 ~ 1 / s ) 

2 3 _i"|2s/£k (1 + Ys ) (2 Ys R )' (3.4.4) 

Evaluation of Eq. (3.2.4) at r— R shows that the pressure 

vanishes there identically. Note that Eqs. (3.4.1) and (3.4.2) 

require a^O for a distribution of finite radius. 
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3.5 Some Properties of the Solutions 

The simple fact that a set of equations are solutions 

to the field equations does not guarantee that they represent 

or can model anything physical. We next consider some of the 

properties of these solutions which indicate their usefulness 

in this regard. We show that the pressure and density are 

nowhere negative, that there exist no nonintegrable singu-

larities (and hence the total integrated mass has meaning), 

that the solutions have a polytropic behavior in the vicinity 

of the origin thereby allowing a physical interpretation of 

the parameter a, and that the propagation velocity and incom-

pressibility are well behaved throughout the interior. 

Conditions at the Surface, P(R), and p(R) 

As stated above, P(R) vanishes identically at the surface 

of the fluid after the specification of the integration con-

stants a, b, and C. This is not the case for p(R). At the 

surface, Eq. (3.2.5) becomes 

8 7T R2 p (R) = 1 + 4Y s
2-Y s

4 ( 1 + 4 s )] (1 + YS
2) 1 . (3.5.1) 

Note in particular that Eq. (3.5.1) is a simple algebraic 

equation which relates the parameter a to the value of the 

density at the surface and the Schwarzschild quantity y 
s 

Provided p(r) is a monotonic function of r, this also will 
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be the minimum density of the fluid. Any distribution in 

which p were not monotonic would have to be discarded as 

unphysical. 

Note the positivity of Eq. (3.5.1) is guaranteed pro-

vided the inequality 

a 2 > (9ys
4 - 4y s

2 - l)/4ys
4 (3.5.2) 

is satisfied. If the equality holds, the density will vanish 

at the surface. 

The O'Brien-Synge jump conditions discussed above allow 

for the continuity of y, T, y', and P. There are allowable 

jumps in x' and p . It is interesting to note that the con-

tinuity ofp would require the continuity of both t' and y". 

This is most easily seen in the following way. p(R) = 0 

requires that x1 be continuous, as can be seen from differ-

entiating Eq. (2.3.15) and evaluating it at the surface. 

Further, if one forms y" from Eq. (3.2.2), using Eqs. (3.4.1) 

and (3.4.2) as well as the condition on a, Eq. (3.5.2) for 

p(R) = 0, one finds that y" is continuous. Calculations of 

the Riemann tensor shows that the non-vanishing components 

depend only on quantities which are continuous and hence is 

itself continuous across the boundary. 

As an interesting application of Eq. (3.5.2), consider 

the numerical solution of Oppenheimer and Volkoff for the 

asymptotic solution of infinite central density and pressure. 

The assumed equation of state is that of a degenerate Fermi 
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gas 

P 
=1/3 , (3.5.3) 

valid in the vicinity of the origin. The field equations 

were numerically integrated to the surface of the fluid 

defined by the vanishing of the density. This leads to 

49 
the ratio 

M/R = 0.1595 . (3.5.4) 

For such an equation of state, Eq. (3.2.6) requires a =1/2. 

The requirement that the density vanish at the surface 

leads to 

M/R = 0.1585 (3.5.5) 

in Eq. (3.5.2). This result is in good agreement with the 

numerical result, Eq. (3.5.3). 

Exclusion of Nonintegrable Singularities 

Examination of Eqs. (3.2.2) and (3.2.3) with integration 

constants given above leads one to infer the existence of a 

singular region in the form of a spherical shell about the 

origin if the mass-to-radius ratio is too excessive. 

Such singularities are well known in the case of the 

Schwarzschild interior solution. As mentioned in section 2.4, 

the pressure becomes singular at the origin for the uniform 

density solution if the mass-to-radius ratio equals 4/9. For 
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ratios which exceed this value, this singular region expands 

into a shell centered about the origin. Such singularities 

are not integrable and the solutions cannot possibly repre-

sent static masses in equilibrium. 

In order to exclude these nonintegrable singularities 

from the interior solutions presented here, we must require 

Y s
2 > (3 + 2a)"1 (3.5.6) 

or, in terms of the mass-to-radius ratio, 

M/R < (1 + a)/(3 + 2a) . (3.5.7) 

Any solution which does not satisfy this inequality will have 

a nonintegrable singularity somewhere within the fluid. Note 

that this ratio is a maximum when a=l. For this value of 

a, the mass-to-radius ratio is 

M 2 
r < 5 • (3.5.8) 

This is less than the upper limit obtained for uniform den-

sity (recall the maxmimum is greatest for the uniform density 

solution). 

Polytropic Behavior Near the Origin 

We now consider the solutions in more detail near the 

origin where the pressure and density become large. Assume 

for the moment the material comprising the star is at con-

stant entropy. For such an isentropic equation of state, 
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the second law of thermodynamics places a differential res-

triction on the density, number density, n, and pressure. 

Define the internal energy density e as 

p = e + M. T n N (3.5.9) 

where is the species mass. That the fluid be isentropic 
i 

requires 49 

_d_ 
dr 

V + P * 'l 

n dr nJ 
= 0 (3.5.10) 

which is the second law of thermodynamics in differential 

form with constant entropy. Or, in terms of P, n, and e, 

via Eq. (3.5.9), 

_d_ 
dr 

+ P 
dr = 0 (3.5.11) 

For the fluid to be polytropic requires 

1 e = 
Y 

(3.5.12) 

where y is the ratio of specific heats for the fluid. Using 

Eq. (3.5.12) in Eq. (3.5.11) we find 

y - 1 
y P 

dr 
1 dP 
n dr = 0 (3.5.13) 

which is solved by n = k P1//y. Using this result in Eq. (3.5.9) 

and Eq. (3.5.12) we find 

P + (Y - l)mNkP
1/Kf> = (y - l)p (3.5.14) 
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In the vicinity of the origin, P becomes large and for 

1 /A 

all y > 1, P >> P . Hence near the origin the poiytropic 

approximation holds for y ^ l : 

P = (Y - l)p • (3.5.15) 

With this result, the parameter a can now be identified in 

terms of the poiytropic index y: 

^ = F T I = Y " 1 , (3.5.16) 

or 

2 — y 
a = — _ J L . (3.5.17) 

Y 

Hence, the region over which the fluid is poiytropic 

depends explicitly on a. For a near unity, y is near unity 

and the fluid can be considered poiytropic only in a very 

small region of the center. For a near zero, y is near two 

and the region over which the fluid is poiytropic is extended. 

Provided that the pressure and density are monotonic, 
A 
Y will increase away from the center to an infinite value at 

the surface. In the region of the origin, these solutions 

4 R 

are identical to those of Misner and Zapolsky, but differ 

markedly from them elsewhere. 
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Propagation Velocity and Incompressibility 

For an adiabatic process, the velocity of sound, V, is 

given by 

= v 2 

dp (3.5.18) 

An expression for V can be obtained by forming the ratio of 

derivatives of Eqs. (3.2.4) and (3.2.5). For gaseous spheres, 

this is a well-behaved quantity, having maximum at the 

origin and decreasing to zero at the surface. The value at 

the center is given by Eq. (3.2.6). We see for a near unity 

the central value is near zero, and for a near zero, the 

value is near unity. Note that for a = l , as stated above, 

Eq. (3.2.6) is not valid and we must use 

5M 
[l - -1 

2 -1/3 
_ i 2Rj R. _L / (3.5.19) 

which is derived by placing a= 1 into Eqs. (3.2.4) and (3.2.5) 

using the definitions of the integration constants a, b, and 

C, then forming the ratio and taking the limit as r tends 

to zero. 

The incompressibility of the fluid is given by 

dP K = P 
dp (3.5.20) 

Note the incompressibility defined above is infinite at the 

center and yet the sound speed is finite there. 
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3.6 The Number Density 

In order to ascertain further properties of the solutions 

depicted by Eqs. (3.2.2) through (3.2.5), an expression must 

be derived which yields the distribution of particles 

throughout the star. A knowledge of this expression, the 

number density, allows one to determine the coefficient 

of gravitational packing (which determines the ratio between 

the gravitational energy and total energy) and the partial 

mass defect (which expresses how much of the rest mass-

energy is emitted during the formation of the star from 

initial dispersed material). Hence, it would be interesting 

to obtain an expression for the number density for an isen-

tropic fluid. This requires integrating Eq. (3.5.10) with 

the pressure and density given by Eqs. (3.2.4) and (3.2.5), 

respectively. Equation (3.5.10) can be formally integrated. 

The result is 

n (r) = K exp h dp (3.6.1) i'P + p 
v ~ J 

where K is an integration constant. 

In general, this integral has not proved to be tractable, 

but can be done for the special case C=0 in Eq. (3.2.3). 

For the constant C to vanish, the boundary conditions require 

2 

Ys
 = 1/s in Eq. (3.4.4). Now, define the new independent 

variable y = r/R. For C=0, we find 



54 

T = 1/S P = 

P (Y) = 
_ (s - q) (n - s) 

8 TT R sy' 

1 i j 1 
2 2 

8 it R s y 

l i y - yJ 

(3.6.2) 

(s - q)y1 - (s - n)y3 

Using these expressions for T, p , and P in Eq. (3.6.1) 

results in 

n (y) = K exp 
• 2 j .2 i , 

_ r 1 y - 3 y 
• j • i 
I y - D y y 

(3.6.3) 

The integral in Eq. (3.6.3) can be reduced by the 

method of partial fractions. Then, for a ^ O , 

n (y) = K exp 

and hence 

j • / • • \ 2a - 1 
Y 

y 1 2a . /. J y - i/j 
dy (3.6.4) 

n(y) = Kj 
2a ,. j . i. 
r (iy - ] y ) 

(3.6.5) 

In order to determine the constant K, we require 

p (y = 1) = m N n (y = 1) 

and hence K = ai/(4uR s) 

With this boundary condition, Eq. (3.6.5) becomes 

(3.6.6) 

m N n ( y ) = 
a 1D 

, „ J2 2a < . -j . i. 
4ttR sy ( i y J - ] y ) 

0 <a < 1 (3.6.7) 
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A similar expression can be obtained for a = 0 by intro-

ducing this condition in Eqs. (3.2.4) and (3.2.5) initially, 

then calculating n(y). The result is 

n(y) = — J ~ • (3.6.8) 

16 IT R y 

The total number of particles can be calculated by 

integrating Eq. (3.6.7) over the proper volume: 

N = 4 IT R3 f1 y2 d y . (3.6.9) 
0 / T 

Upon using Eq. (3.6.7) and the expression for T given in 

Eq. (3.6.2), we find the total number of particles: 

•3 1 1 - a 
N = 4 TT /s K (j/i) R / 2 __ dy . (3.6.10) 

o 1 - (j/i)y 

Define a new integration variable x= y(j/i)^/2a. with 

this new variable, Eq. (3.6.10) becomes 

2 - 3a tA /a \ l/2a 
Pry 3 /• ^ x "" ̂  

N = 4 TT /s K (i/ j ) R° / ^ d x a^O (3.6.11) 

o 1 ~ x 

Upon expanding the denominator in an infinite series and 

integrating term by term, the total number of particles is 

found to be 
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m.T N N 
= a 

1 + a 1 1 - a 

W2 - a?') '1 + â  

3a - 2 
2a 

R 
2 - a 

1 - a 

1 + a 

2 - a 
2a 

2+ (2n + l)a 

+ I 

n = 0 

1 - a' 2a 
1 + a 
2 + (2n+ l)a 

valid for 0<a<l. 

(3.6.12) 

represent a finite sphere, N has no meaning for that solution. 

For a = l, the calculations shows N=0. This is not surprising 

2 since the density is everywhere vanishing for y = 1/s and s 

a = 1. 

The Mass Defect 

Let E q= HmN represent the rest mass-energy of the 

nucleons which comprise the sphere, W the energy of motion 

and interactions of the nucleons, and U the energy of self-

gravitation. Associated with these are the integrated quan-

tities : 

P. 
2 

M=47T/pr dr 
0 

M
0 = / ™ N M r ) dV = n^N 

V 

M = / pdV 
V 

(3.6.13) 

(3.6.14) 

(3.6.15) 

and, as before, the proper volume element is dv=47rr dr//x. 

The total gravitational mass defect (gravitational 

binding energy) is given by the difference 
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A1 M = Mx - M (3.6.16) 

and the difference 

A2 M = MQ - M (3.6.17) 

is called the partial mass defect. The energy that corres-

ponds to A^M is the energy released in the formation of the 

star from initially rarefied matter. In the Newtonian 

2 2 approximation, c A2 M = -(W + U), and c A^ M = -U. In these 

expressions, c represents the speed of light. 

From Eqs. (3.6.16) and (3.6.17), two new quantities can 

be defined. Let 

a1 = A^ M/M (3.6.18) 

a2 = A2 M/M . (3.6.19) 

Equation (3.6.18) is called the coefficient of gravitational 

packing and Eq. (3.6.19) represents the fraction of rest 

mass-energy emitted during the formation of the star. 

Clearly Eq. (3.6.18) is always positive and Eq. (3.6.19) is 

a positive for a completely stable star originating from 

diffuse matter. 

The quantities and a2 can be calculated for these 

solutions under the assumption of an isentropic equation of 

state. Using Eqs. (3.6.13) and (3.6.15) in Eq. (3.6.16), 

the coefficient of gravitational packing becomes 
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a 4 7T f 2 . >— - , /i M 
1 = ~M~J p r (/® " 1 ) d r = M 

Hence for the C = 0 solutions with an isentropic equation of 

state, the coefficient of gravitational packing has a simple 

form 

a, = /2 - a2 - 1 ^ 0 (3.6.20) 

The mass defect, Eq. (3.6.19), can also be calculated, 

Using Eq. (3.6.12) and the fact that M/R= 1/2(1 - y ̂ ) = 

l/2(l-l/s), Eq. (3.6.19) becomes 

-x 3a - 2 
h 0 r ̂  - a a0 = 2a 2 1 - a 

1 - a 
1 + a 

2a 
2 - a 

1 - a 
1 + a 

2 - a 
2a 

oo 
+ E 
n =0 

2 + (2n + 1) a 
2a 1 - a 2a 

1 + a 

2 + (2n + 1 )a 
- 1 (3.6.21) 

It will now be shown that < 0 for all values of a, 

and thus stars cannot collapse unaided to this configuration. 

Some other energy source must be at work. To see this, we 

form the ratio 

m^ n 2a 
k 1 ~ 3 y 

2a 
(3.6.22) 

In the limit y= 0, this ratio diverges, and as y tends to 

unity, the ratio does also. From the form of the density, 
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it is obvious that it is monotonic. That the number density 

is also can be seen in the following manner. Differentiate 

Eq. (3.6.7) and set the result equal to zero. Upon solving 

for y 2 a and keeping in mind the inequality y^a£l, it follows 

that -3a 3a. Hence the only solution is a = 0. Therefore, 

the number density possesses no absolute minimum for a ̂  0 

in the allowable range of y and is monotonic also. Therefore, 

p > m n throughout the star and A„Mmust be negative. At 
JN1 ^ 

very high density, the energy of motion and of repulsion of 

the nucleons is substantially greater than their rest energy. 

Configurations like this are unstable to small perturbations 

and can either collapse or expand, scattering material. If 

the mass of the star is scattered, the matter will have 

kinetic energy at infinity which is non-zero. Hence the 

particles which comprise the star have greater energy than 

would have been possible, had the star formed by collapse 

from rarefied matter. A possible source for this extra 

energy is a supernova explosion whereby matter is ejected 

and the reaction force compresses the star further. 

3.7 Stability 

Even though a solution corresponds to an equilibrium 

configuration, it need not be stable to small perturbations. 

The solution depicting a stellar interior is merely a state-

ment specifying the magnitude of the pressure needed at a 

point to maintain the system in equilibrium for a given 
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density. It does not follow that if a small perturbation 

were to occur (either an increase or decrease in the pressure) 

the system would return to its initial configuration. Indeed, 

it very well could occur that a small perturbation would 

grow, causing the entire distribution to either collapse 

or expand depending upon the nature of the perturbation. 

Solutions which are not stable to these small perturbations 

could not long remain static. 

For a general relativistic fluid sphere, the approach 

to the question of stability is as follows. To a solution 

which satisfies the static field equations, introduce a 

small radial perturbation which does not destroy the spherical 

symmetry. Neglect all quantities which are second order 

or higher in the motions of the fluid and retain only the 

linear terms. With the further assumption that only adiabatic 

processes are occuring, the time dependent equations are 

investigated to this level of approximation around the 

static equilibrium configurations. 

+- Vk 

For the line element given by Eq. (3.1.1), the n — order 

normal mode is expressible in terms of an amplitude un(r) 
given by 

6r(r,t) = r~2 y(r) un (r) e
lwnt . (3.7.1) 

To this order of approximation, the time-dependent equations 

reduce to the Sturm-Liouville system for u , 
n 
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_d_ 
dr 

d u n 
dr 

+ (Q + ca W)u = 0 — n — n (3.7.2) 

The function P (r) , Q(r), and W(r) are expressed in terms of 

the equilibrium configuration of the star: 

3 -1/2 -2 - _ 
P = y t r y P 

. 3 -1/2 -3 dP „ 3 , , -3/2 -2 
Q = -4 y t r g-p- - 8tty P (P + p ) t r 

^ 3 -1/2 -2 , . 
+ Y f r (P+p) -1 

dP 
dr 

W = Y t~
3/2 r 2 (P + p) 

The function y is the adiabatic index expressed as 

^ -1 9P 
Y = P (P + P) 

= (P+p)P_1v2 

constant entropy 

(3.7.3) 

and as before, v(r) is the sound speed in the fluid. 

Solutions to Eq. (3.7.2) are sought which satisfy the 

boundary conditions 

u ~ r n at r = 0 

_Y r y P 
du n 
dr = 0 at r = R (3.7.4) 

The first condition guarantees that the perturbation will 

not displace the fluid at the center of the star (6r=0) and 
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the second states that the Lagrangian change in the pressure 

vanishes at the surface. 

Interest here is in whether or not the solutions given 

by Eqs. (3.2.2) through (3.2.5) are stable with respect to 

small radial perturbations. The approach used (method 2-c 

of Bardeen, Thorne and Meltzer51 ) is as follows. Integrate 

Eq. (3.7.2) with the trial value of u set equal to zero. 

If, after the integration, the eigenfunction un has gone 

through zero N times, there are precisely N unstable modes 

of oscillations (0 through N-l). If ater going through N 

modes, satisfying the boundary conditions given by Eq. (3.7.4) 

at both endpoints, the modes 0 through N-l are unstable and 

th 

the N — mode is in neutral equilibrium. Hence if the solution 

has 0 modes, the N=0 mode (the fundamental) is stable. 

Again, due to the non-linearity of the equations, Eq. 

(3.7.2) is not tractable in terms of known functions, and a 

more round-about approach is necessary. A close examination 

of the pressure and density given by Eqs. (3.2.4) and (3.2.5) 

shows that to a good approximation both behave as r~2 over a 

large part of the star. Further, from the work of the last 

section, the C= 0 solution has the density going exactly 

in this manner with the pressure falling off roughly as 
- 2 

r . This being the case, the approach to be used will be 

to approximate both the pressure and density in this fashion 

and solve Eq. (3.7.2) in the vicinity of the origin. This 
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will yield the solution u n in this region where u n is expected 

to have the greatest variation. 

Both the existence and the location of the instability 

are indicated by the mass defect. The critical region is 

in the vicinity of the origin where the mass-energy density 

greatly exceeds the number density, hence d r i v i n g n e g a t i v e . 

Examination of Eq. (3.7.2) will locate this region more 

precisely. 

Expanding Eq. (3.7.2) results in the expression 

u" + -
r 

3(r y'/y) ~^"R T'/T - 2 + r(£ny P) 
I 

u 

- 2 

2 
r 

4 (r y* /y) + (r Y' /Y) ̂  ~ 8 TT r^ P/x ) u = 0 . (3.7.5) 

The approximate expressions for the solutions for small r 

are 

X = 1/s , 8 TT R 2 y2 P = j2/s , yY'/Y = j 

8 IT R 2 y 2 p = ij/s , v 2 = j/i , y = r/R . (3.7.6) 

Use of Eq. (3.7.6) in Eq. (3.7.5) leads to the expression 

for the fundamental mode of oscillation valid for this level 

of approximation 

u" - (1+ 3a)u'/y+ 4(1 + a)u/y2 = 0 . (3.7.7) 

Upon making the change of variable y = e x , Eq. (3.7.7) can be 

readily integrated. The resulting expression is 
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/ \ P x 
u(x) = e C 1 cos (qx) + C2 sin (qx ) (3.7.8) 

P = (2 + 3a)/2 q = j/l2 + 4a - 9a2 

Note in particular that u(x) goes through infinitely 

many oscillations as r tends toward zero. A direct calcu-

lation shows that the above solution satisfies the boundary 

conditions expressed in Eq. (3.7.4). 

To this order of approximation, the solutions considered 

above are identical to the Misner-Zapolsky solution. That 

this solution can be made stable is well known. The pro-

cedure is as follows. In the center of the star, introduce 

a small, high density solid core. Exterior to this core, 

_2 

the density and pressure are taken to fall off as r , 

depicted in Eq. (3.7.6). This solution is then joined to 

a roughly homogeneous envelope. Near the surface, it is 

assumed the density falls rapidly to zero. In this fashion, 

the region of rapid oscillations of the eigenfunctions is 

excluded and the fundamental mode is found to be stable. 

The physical interpretation of the solid core is that 
52 

at ultra high densities neutron matter could form a solid. 

Some of the pulsar data (in particular, spin-down phenomenon 

of the Vela pulsar) could best be understood in terms of 

such a solid core. The size of the core is determined by 

carefully matching the solutions to the uniform density 

configuration, Eqs. (2.4.9) through (2.4.12), in the core, 
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then requiring of u(x) expressed by Eq. (3.7.8) that zero 

nodes lie within the confines of the star. Due to the non-

linearity of the system of equations, it is not possible to 

do this exactly for the full solution, and numerical pro-

cedures have to be instigated. We now consider the exact 

matching of the solutions to both the uniform density 

solution and the a = 1 solution across a core boundary in 

order to show that such a matching can indeed be performed. 

Removal of the Singularity 

In order to exclude the singularity at the origin, we 

introduce an incompressible fluid core out to some internal 

radius r^c R. Require that the 01Brien-Synge jump conditions 

are satisfied at the interface. Again, such continuity 

requires that x, P, y, and y' be all continuous there. 

In the core we require 

2 . 2 
x = 1 - r /G 

y = A - (B - r 2/G 2) 1 / 2 

(3.7.9) 

(3.7.10) 

and for the pressure and density 

8 it P = 3B(1 - r 2/G 2) 1 / 2 - A 

A - B (1 - r2/G2)1//2 

8 it p = 3/G2 

(3.7.11) 

(3.7.12) 

as discussed in Section 2.4 above. Equation (3.7.10) is 

differentiated and used in conjunction with itself to 
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determine A and B, and Eq. (3.7.9) is used to determine G. 

The results are: 

1 a ro + j b r0 
0 / i i. 1 \ - a — (ar0 -br0

J) (3.7.13) 

B = 1 a r0 + 1 b ^ 
2 2 

1 " r0 / G 
1/2 (3.7.14) 

_2 2 
G = r o 

c f 1 2 . wn N 2s/£k S(akrg + bil) ' 

n 2 W , 2a, , n.2s/£k _ 2s/Jl (1-a )(akrQ +bi) ' - s C rQ
 / 

(3.7.15) 

With these values of A, B, and G, it is easy to show 

that the pressure is continuous identically across the inter-

face. Further, if the density is chosen as being continuous 

across the interface, the derivative of the pressure will 

also be continuous across the interface. This is a result 

most easily obtained from the continuity of the Bianchi 

identity, Eq. (3.1.5), across the interface. 

These solutions can also be matched to that for a = 1 

y (r ) = A r + B (3.7.16) 

t(r) = 1+ D r2/ [ A+ 3Br' 
2/3 

(3.7.17) 

Again requiring continuity of y, y', x, and P across rQ, we 

find 
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A = 

B = 

1 , • i_ 3 i a rQ + ] b r Q
J 

i . • t- i D a rQ + i b rQ 

(3.7.18) 

(3.7.19) 

D = AH- 3Br, 
0 

2/3 
1 - s + C 

. 2s/1 
0 

, , 2 .2s/£k 
(a k rQ + bJl) 

. (3.7.20) 

With these definitions of A, B, and D we find that P is 

continuous across the boundary, and that the discontinuity 

in the density is positive and is given by 

2
 a r o + h To [p(r0)] = 2 t(1 - a )

 U U 

a k rQ1 + M r J' 
(3.7.21) 

This implies that the density is continuous only for a =1. 

If a positive jump in the discontinuity is required, it is 

obvious from the above result that any two solutions of this 

family can be matched provided only that the greater value 

of the parameter lies closer to the center. The numeral 1 

in the above Eq. (3.7.21) is the value of a for the solution 

nearer the center. 

3.8 Conclusion 

The family of solutions discussed in this chapter, 

though singular at the origin, is useful in the investigation 

of stellar objects (such as neutron stars) where high central 

densities and pressures are involved. Since the solutions 
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are analytic, physical properties of compact objects can 

readily be calculated. Further, since this is a family of 

solutions, models can be studied under widely differing 

equations of state. 

This can be seen in the following manner. Because the 

ratio of central values for the pressure and density are 

finite and depend only the parameter a of the solution [as 

was discussed in Section 3.2 and in particular Eq. (3.2.6)] 

and since the solutions are polytropic in a small neighborhood 

of the origin (as shown in Section 3.5), a can be interpreted 

in terms of the polytropic index of the fluid. Hence, a 

specification of a is a specification of the equation of state 

in the vicinity of the origin. This allows the investigator 

to examine the effects of changes in the equation of state for 

relativistic star models simply by altering the value of the 

parameter. Physical quantities based on a particular equation 

of state can be calculated and compared to other models with 

different values of a and hence different equations of state. 

In Section 3.4, we found for 0<a^l, the solutions 

represented fluid spheres of finite extent and, using the jump 

conditions of Section 3.3, we were able to evaluate the 

integration constants in terms of the parameter a and the 

mass-to-radius ratio (the Schwarzschild parameter M/R). Based 

on this determination of the integration constants, various 

properties were discussed in Section 3.5. We showed that the 
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density would be positive at the surface of the star provided 

the inequality expressed in Eq. (3.5.2) held, and the 

exclusion of non-integrable singularities within the fluid 

led to an upper bound given by Eq. (3.5.7). We found this 

maximum was below that for the uniform density solution 

considered in Chapter II. 

If the mass-to-radius ratio were of such a value that 

the equality held in Eq. (3.5.2), the star would be a gaseous 

sphere defined by the vanishing of the density at the surface. 

Of these solutions, a= 1/2 was found to correspond to the 

21 

asymptotic solution of Oppenheimer and Volkoff for the 

degenerate neutron gas. The mass-to-radius ratio for this 

analytic solution differed from the numerical evaluation by 

about 0*5 percent. 

For the full family of solutions, we found both the 

sound speed and the incompressibility were well behaved. The 

sound speed is less than the velocity of light throughout the 

star provided the Schwarzschild parameter is not too excessive. 

The incompressibility was found to be infinite at the origin 

even though the sound speed was finite there. 

In Section 3.6, we considered a class of solutions from 

which exact expressions for the number density of the fluid 

could be calculated. This led to an evaluation of the total 

number of baryons comprising the star, the gravitational mass 

defect, the coefficient of gravitational packing, the partial 

mass defect, and the fraction of rest mass-energy emitted 
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during the formation of the star from rarefied matter. We 

found this last quantity negative and concluded that the 

solutions were unstable. That the models were indeed unstable 

was proved in Section 3.7 by an examination of the Stiirm-

Liouville equations for normal mode oscillations in the 

vicinity of the origin. This instability can be removed by 

replacing the central region with the uniform density solution. 

It was pointed out that some of the pulsar data could best be 

understood in terms of such a solid core. 

For particular values of the parameter a and integration 

constants a, b, and C, several previously known solutions are 

contained in this family. The limiting value of a = 1 is the 

37 53 
solution of Adler (later discovered by B. Kuchowicz and 

54 
R. C. Adams and J. M. Cohen ). This is the only solution of 

the family which does not diverge at the origin. Three 

47 

solutions published by Tolman are also in this family. 

These are the solutions listed as Tolman numbers I, V, and VI. 

Tolman I is also known as the Einstein universe (here with 

the cosmological constant vanishing). Tolman V and VI were 

compared to the numerical solution of Oppenheimer and 

21 

Volkoff for the degenerate quantum gas. The Misner-

48 

Zapolsky solution is also contained in this family. This 

solution was used in the investigation of the stabilities of 

neutron stars. 



CHAPTER IV 

NON-STATIC SOLUTIONS 

4.1 Introduction 

In the previous chapters, we considered only the static 

field. The equations were found solvable due to the high 

degree of symmetry imposed on the field equations by the 

specification of time independence. Indeed, we found the 

static condition implied spherical symmetry in the interior 

and such problems were truly one dimensional. 

We next consider the field when time dependence is 

allowed. First we look into the problem of stationary 

solutions by examining the equations valid for slow rotation. 

55 

The solutions of Adams et al. are considered, and the 

physical applicability of the models as slowly rotating 

neutron stars is discussed. We then present two new solutions 

which represent slowly rotating neutron stars. One is a 

stellar model based on the C = 0 solutions discussed in 

Section 3.6 above, and the second represents a rotating 

neutron solid obtained from the uniform density solution 

of Section 2.4. 

Consideration is then given to the question of gravi-

tational collapse. A method is developed whereby one is 

able to extract "quasi-static" solutions from known solutions 

71 
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which satisfy the static field equations. Collapsing stellar 

models are considered as an application of this technique. 

These solutions are joined to the radiating metric of Vaydia 

in the exterior. 

4.2 Slow Rotation 

It is a remarkable fact that almost everything in the 

universe rotates. Such rotation singles out a unique 

direction in space, and hence solutions which depict 

revolving masses can no longer be considered spherically 

symmetric. This introduces a second dimension into the 

problem and the equations become non-linear second order 

partial differential equations from which solutions are 

not easily obtained, even with numerical techniques. 

Classically, the only difference between the gravi-

tational field of a rotating mass and one which is not 

rotating is the changed mass distribution setting up the 

field. As was stated in Section 2.4, relativistic cor-

rections for this effect are quite small if the star is 

slowly rotating (the tangential velocity of all fluid 

elements is much less than the velocity of light and gravi-

tational forces greatly exceed the centrifugal forces). If 

this were all there were to it, the question of slowly 

rotating stars could be answered by studying relativistic 

static stars and introducing the corrections for deformations 

from the standpoint of classical gravitation theory. 
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Unfortunately, there is quite a bit of difference 

between rotating and non-rotating systems in relativity 

theory. Early calculations by H. Thirring^^ using the 

weak field approximation showed that a rotating shell 

induced a rotation of the inertial frames in the vicinity 

of the shell. This effect, known as the dragging of inertial 

57 

frames, was later verified by the work of Brill and Cohen 

using the full theory. Their approach was to examine the 

case of a spinning massive shell as a first order pertur-

bation of the Schwarzschild metric as compared to using the 

flat space metric of the weak field approximations. 

Extensions of the work of Brill and Coehn show that the 

field equations for the case of slow rotation assume a rather 

simple form.^ ^ If the rotation rate is slow, deformations 

away from spherical can be ignored and the relevant equations 

are the structure equations (3.1.2), (3.1.3), and (3.1.4), 

plus one further equation which relates the rotation rate of 

the star, w, and the dragging of inertial frames specified 

by ft to the structure variable, P, p, and m(r). This leads 

to the metric 
2 2 2 - 1 2 

ds = y (r)dt - x (r)dr 

- r2(d02 + sin2e (d<f> - Qdt)2) . (4.2.1) 

We consider for the moment the meaning of this expression. 

To the order of approximation considered here, y and T are 

the same functions as discussed in the static case. They are 
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solutions to the static field equations and hence can have no 

other interpretation. The only new quantity is the function 

If we transform Eq. (4.2.1) to a coordinate system rotating 

with an angular velocity o) about some axis (say, the z axis), 

the resulting expression is of the same form as Eq. (4.2.1) 

but with £2-0) replacing £2. This implies that if £2 is finite 

we can set £2 (°°) = 0. Then £2 describes a local rotation of the 

inertial frames with respect to infinity. This is a purely 

relativistic effect and has no classical analog. 

The new equation which depicts the case of slow rotation 

. 55 
is 

(1 - 2m(r)/r)(£2" + 4£2'/r) = 4 i T ( P + p ) r (£2' + 4 (£2 - w ) / r ) , (4.2.2) 

where m(r) again refers to the integrated mass and is 

expressed in Eq. (2.3.15). Given a knowledge of the rotation 

rate of the star, o>, and the solutions which represent it in 

the static case, the problem at hand is completely determined 

by solving Eq. (4.2.2) for £2(r) in terms of these functions. 

Equation (4.2.2) cannot in general be solved for an 

arbitrary distribution of matter. What is usually done 

instead is to assume some simple form for £2 and let Eq. (4.2.2) 

be a definition of the differential rotation rate of the 

star, o)(r). Examples of such solutions are those of Adams 

et al•»^ Adams and Cohen,^ and Adams.^ 

It seems unlikely that such solutions could represent 

any real stars. For example, neutron stars are known to 
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have strong magnetic fields, and differential rotation would 

be rapidly damped out by the strong forces between fluid 

elements induced by this field. It appears that uniform, or 

almost uniform rotation should be the rule for such objects. 

This being the case, w =constant would be the most physical 

solution to search for, unless the physics of the problem 

were to uniquely specify some other form for w. 

The only solution of Eq. (4.2.2) with w= constant 

presently in the literature is that given by Adams, Cohen, 

55 . . . 
Adler, and Sheffield which is based on the interior family 

48 
of Misner and Zapolsky. In this solution, a rotating star 

is modeled with a polytropic equation of state where the 

_2 

pressure and density go as r out to some internal radius 

r^. At this point, the Misner-Zapolsky solution is matched 

to the uniform density solution to depict a neutron star with 

a solid crust. The boundary of the star (the surface where 

the pressure vanishes) is then joined to a rotating exterior. 

Since Eq. (4.2.2) could not be integrated for the 

uniform density solution, the authors took the limit as the 

shell thickness went to zero. The resulting model has an 

infinitely thin shell surrounding the neutron star. This 

shell contains almost half of the total mass of the configuration. 

The Solution of Adams et al. 

As stated above, the equation of state is assumed to be 

polytropic throughout: 
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P = 3 P 

p - 3(2 tt D r 2) 1 

m (r) = 2 3 r/D 

D = (1+ 3)2 + 43 (4.2.3) 

where 3 is the constant of proportionality between the 

pressure and density. Substitution of Eq. (4.2.3) into 

Eq. (4.2.2) leads to a simple Cauchy equation for Q. The 

resulting solution is 

« = a) - C± r
n (4.2.4) 

where 

2n = (2 3 n - 3 ) + [(3- 2 3 N)
2 + 32 3 N1

1 / 2 , 

and 3N = 3 ( 1 + 3 ) This solution was chosen to make 

finite at the origin. Note that there is a perfect dragging 

of inertial frames at the origin (fl = co at r=0). Hence 

inertial frames at the origin rotate at the same rate as the 

body. Similar results were found for analytic expressions 

57 
for massive shells and numerical solutions for the uniform 

58 

density solution. 

It is necessary at this point to match these solutions 

to an exterior. Note that this exterior will not be the 

Schwarzschild solution. Placing P = p = 0 in Equations 



77 

(3.1.3), (3.1.4), and (4.2.2) leads to the approximate 

rotating exterior: 

y2(r) = x(r) = 1 - 2M/r 

U(r) = 2Jr 3 (4.2.5) 

where J is the angular momentum of the star. The integration 

constants were found by the procedures of Section 2.4. 

The next step is to evaluate the constants at the 

boundary. Note, however, that this solution does not satisfy 

the boundary conditions of O'Brien and Synge due to the 

unusual nature of the discontinuity introduced by the shell 

representing the crust. These constants still may be eval-

uated by requiring the continuity of the differential forms 

across the interface. ' ' ' The solutions become 

1 3 (n + 4)b"1 - 4 B"1 

J = 7T 0) R 2 -1 -1 (n + 4)B_ - B +
1 

CHr) = oj{l - 3 (r/R)n B+
1 [(n + 4)B_1 + B"1] 1} . (4.2.6) 

The subscripted plus or minus refers to the value of the 

constant B on approach of the boundary from inside or outside 

the star respectively: 

B_ = /D (1 + B)"1 

B~1= /I - 2M/R . (4.2.7) 
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From the expression for the angular momentum in Eq. (4.2.6), 

the moment of inertia for the neutron star can be extracted (I = 

J/w) as well as the energy of rotation (E = Jco/2) for uniform 

6 0 

rotation). It is interesting that both of these quantities 

have the same form as in the purely classical case even 

though J or E could have large relativistic contributions. 

The weakest point of this model is the thin shell located 

at the neutron star boundary. Quite a bit of inaccuracy could 

be introduced by having the shell contain so much of the 

material (the shell mass is almost half the total mass of the 

star). Such a configuration could well have anomolous 

effects on both the moment of inertia and the energy of 

rotation. 

C = 0 Solutions as Rotating Neutron Stars 

We now consider a new solution to Eq. (4.2.2). An exam-

ination of the C = 0 solutions of Section 3.6 shows they have 

much the same properties inherent in the Misner-Zapolsky 

solution which made the rotation equation integrable. These 

solutions are [Eq. (3.6.2)]: 

t / 1 ij 1 
T - l/s p - - — 2 ? 

8ttR s y 

P = \ / I " ' ! i <4-2'8> 

8ttR S y j y - L y 

Note that Eq. (4.2.8) has vanishing pressure at the outer 

boundary of the configuration and it is not necessary to 



79 

introduce a massive shell there to satisfy continuity as was 

55 
the case in the Adams et al. model. 

Using Eq. (4.2.8) in Eq. (4.2.2) results in 

2,.2 2a . 2 . pr-.. , 
y (3 y - 1 ) ft " + y . 2 , „ . . 2a , 2 . . .. 

3 (4 - i)y - 1 (4 - j ) ft 

- 4ij(jy2a - i)ft = 0 (4.2.9) 

where ft = ft - ca and w is a constant throughout the star. The 

equation becomes more tractable with the change of indepen-

2 ot 

dent variable u = y . After a little algebra, Eq. (4.2.9) 

becomes 
2 2 2 2 — 

2a (j u - i )u Q"+a j2ku-i2(2+3a) u 

- 2ij(ju - i)Q = 0 (4.2.10) 

It is helpful to examine Eq. (4.2.10) near the origin, 

The equation valid there is 

-2a2i2u2ft" - ai2 (2 + 3a)ufi' + 2i2jft = 0 (4.2.11) 

This is the same expression as was valid for the Misner-

Zapolsky solution modulo a coordinate transformation (for 

small r, the pressure goes as r along with the density). 

The solution of Eq. (4.2.11) is 

rr m- , . m-
Q, = a u + b u 

m, = -k ± /k
2 + 16j 

4a 
(4.2.12) 

Again, if we require ft to be finite at the origin, b=0, 
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We now express Eq. (4.2.10) in terms of the new depen-

dent variable $: 

E = u m$ 

& -k + /k + 16j m = =*-
4a 

(4.2.13) 

Placing Eq. (4.2.13) into Eq. (4.2.10) gives a differential 

equation for the new dependent variable $. The resulting 

expression is 

2a2u(j^u-i2)$" + ot [ j^u (4ma + k) - i^ (4ma + 3a + 2)]$ 1 

+ 3 
. 2 otm (2otm + £ ) - 2i $ = 0 (4.2.14) 

Making the change of independent variable x= (j/i) u in 

Eq. (4.2.14) leads to 

x (1 - x) $ " 

+ [ (4ma + 3a + 2) - (4raa + k)x] $ 1 

+ — 9 [ 2 i - ma (2ma + I) ] $ = 0 
2a 

(4.2.15) 

This is a hypergeometric differential equation for the 

r; , . .65,66 function $: ' 

x (1 - x) S>" + c - (a + b+ l)x $'-ab$ = 0 , (4.2.16) 

with the constants a, b, and c being given by 
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-1 
ab = —~[2i - ma(2ma + £)] 

2a 

a + b + 1 = tt— [4ma + k] 
Za 

c - 2̂ -[4ma + 3a + 2] (4.2.17) 

Solving these expressions for a and b, we find 

a = 
4a 

4 ma + Z + + 16i 

b = 
4a 

4ma + I - A 2 + 16i (4.2.18) 

In terms of the original coordinate y, the general 

solution is 

(y) = co + y 2 ma A F 
r 21 a, b; c; i ya) 1 * 

\ J J 

+ B i a 
i Y 

2(1-c) 
a-c+1, b-c+1; 2-c; 

2) 
. (4.2.19) 

The constants A and B are so chosen that 0, and its first 

derivative are continuous and non-singular throughout the 

star (note that since there is no massive shell at the 

boundary, the usual jump conditions are valid). 
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Since the value of the hypergeometric functions are 

unity at the origin, ft will be non-singular provided l - c > 0. 

However, a direct calculation shows that 

1 - c = - 2̂ " [4 m a + k] (4.2.20) 

Therefore, B = 0 for ft to be finite everywhere throughout the 

star. The solution is then 

t~\ t \ i * 2 ma __ ft (y) = w+ A y F a, b; c; 
j of 2 
iy 

\ J 

(4.2.21) 

where F refers to the solutions of the hypergeometric dif-

6 6 
ferential equation 

F (a, b; c; x) = 1 + f-^x + a (a + 1 ) b (b + x 2 

1 • c 
1 • 2 ; c (c + 1) 

, a (a + 1) (a + 2)b (b + 1) (b + 2) 3 
1 . 2 . 3 • c(c + 1)(c + 2) (4.2.22) 

which converges for |x|<l (note that jya/i<l provided a^O). 

This series terminates if a or b is a negative integer or 

zero. An examination of the values of a and b given by Eq. 

(4.2.18) shows neither case occurs and Eq. (4.2.22) does not 

terminate. 

Requiring continuity of ft and its first derivate, we 

find 



83 

1 „3 F + F' 
J = y(jO R —— 

2F + F 1 

2am„ ft(y) = 03 1 -
2F + F' 

(4.2.23) 

In these expressions, F and F1 refer to the values of the 

hyper geometric function times y^am
 an(j its first derivative 

evaluated at y=l: 

2y F = F a, b; c; (j/i) 

p, _ 2 a j a b F 

i^ c 
a + l,b + l;c + l; (j/i) ̂  + 2 a m F . (4.2.24) 

For these solutions, the moment of inertia and energy 

of rotation can readily be calculated. The resulting 

expressions are 

I = J/w = 1 R
3 _L±11 
2F + F' 

„ T / 0 1 2 _3 F + F1 

E = Jw/2 = jii) R — 
2F + F1 

(4.2.25) 

These solutions represent a rotating fluid sphere without an 

arbitrary differential rotation rate or a massive thin shell 

at the surface of the model. 

Rotating Degenerate Neutron Solid 

Pulsar data ^ ^ indicate that over a large portion of 

the interior, neutron stars may contain solid matter. This 

being the case, solutions to Eq. (4.2.2) with a uniform 
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density are physically interesting. We present here a new 

solution for the case of slow rotation which represents the 

most compact neutron star configuration possible, regardless 

of its equation of state (see the discussion of the uniform 

density solution in Section 2.4 above and Ref. 45). 

The structure Eqs. (3.1.2) through (3.1.4) determine 

the uniform density solution to be 

i 2M 2 T = ~R~ y 

6 My 
P + P = I (3y - /T) . (4.2.26) 

4ttR s 

Upon inserting Eq. (4.2.26) into Eq. (4.2.2), one finds 

T (y2 «' + 4 y 5' ) = 3y — 1 ~ T (yQ' + 45) . (4.2.27) 
3Y a-/f 

Equation (4.2.27) is greatly simplified by making /r the 

independent variable. Let. 

fn 2M 2.1/2 
z = (i - -p- y ) 

With this transformation, Eq. (4.2.27) becomes 

(1 - z2) (3y - z)fi" + (1 + 4z2 - 15y z)ft' - 12y H = 0 . (4.2.28) s s s 

No solutions of Eq. (4.2.28) exist at this time. The 

difficulty with the differential equation lies in the fact 

that it has four singularities (z = ± 1, 3y , °°) and not too 
s 

much general knowledge is available for such equations. 

Since only one singularity lies within the domain of definition 
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of the functions and this is a regular singular point, one is 

guaranteed the existence of a power series solution for ft. 

The resulting expressions are, however, quite complicated 

and do not yield very much information on the analytic char-

acter of the solutions. 

It is possible to obtain a restricted solution of Eq. 

(4.2.28). Note that the singularity at z = 3y is outside 
o 

the domain of definition of z unless 3y =1, at which point 
b 

it merges with the singularity at z=l. This condition 

represents the uniform density solution with infinite pres-

sure at the origin. This corresponds to the maximum mass 

possible for a given stellar radius R, and as such is worth 

considering in its own right. No neutron star, regardless 

of its equation of state, may be more compact than this. It 

will be shown that the resulting expression becomes the 

hypergeometric equation. For the infinite pressure solid 

star, Eq. (4.2.28) becomes 

(1 - z)2 (1 + z)ft" + (1 - z) (1 - 4z)ft' - 4ft = 0 . (4.2.29) 

Define the new independent variable 

u = 1 - z 

which moves the singularity to the origin: 

u2(2-u)ft" + u(3-4u)ft' - 4ft = 0 . (4.2.30) 
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Equation (4.2.30) is now in such a form that one of the 

singularities can be removed. Let 

x m * 
= u $ 

2m(m - 1) + 3m - 4 = 0 . (4.2.31) 

This transformation allows one factor of u to pass through 

the differential equation and one is left with 

u (2 - u)$" + [4m + 3 - 2u (m + 2) ] $ ' - m(m + 3)$ = 0 , (4.2.32) 

and the further change of independent varialbe u = 2x brings 

Eq. (4.2.32) into the form of the hypergeometric differential 

equation: 

4m + 3 
x (1 - x) $ " + - 2x(m + 2) $• - m(m + 3)$ = 0 . (4.2.33) 

As for the C=0 solutions, we identify the constants 

a, b, and c of the general hypergeometric equation. The 

result it 

a = m b = m + 3 c = ^ 2 ^ (4.2.34) 

and from its definition in Eq. (4.2.31), 

m = ~
1 +

4'
/^ = 1.1861406... . (4.2.35) 

The positive root was chosen so that the transformation, 

Eq. (4.2.31), would not be singular at the origin. 
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The general solution is (1 - c <0 and the second inte-

gration constant must again be chosen to vanish): 

— TT1 
= (a) + A(2x) F(a, b; c; x) 

x 2 
•. A 2M 2 (4.2.36) 

This solution represents a solid rotating distribution of 

matter. 

It is also possible to obtain expressions for stars 

which are partly solid and partly fluid. Such solutions 

would represent neutron stars which have a solid core or 

crust and a fluid component. This is done by setting A=B 

in Eq. (2.4.11) and (2.4.12). The resulting expression for 

H is entirely the same, and the same solution holds, with a 

different interpretation of the constant 2M/R. A matching 

of this solution can be carried out to some fluid solution 

such as the C = 0 or the Misner-Zapolsky solution for which 

known expressions which satisfy Eq. (4.2.2) exist. The 

matching is done in the same fashion as in Section 3.7. 

4.3 The Time-Dependent Field 

Gravitation is an attractive force, and as such tends 

pull aggregates of matter together unless there exists some 

repulsive force to counter it. In stars, a radiation pres-

sure is built up which halts this inward trend. This 

radiation pressure owes its existence mainly to the nuclear 

burning of material in the core. 
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What happens when the fuel for this burning is used 

up? Early work showed that, if the final mass were not too 

excessive, collapse halts due to a degenerate electron pres-

sure (white dwarf stars) or a degenerate neutron pressure 

(neutron stars). Masses greater than some maximum (the 

exact value is still hotly disputed) are expected to col-

lapse to singularity, thus forming a black hole. The final 

stages of such collapse are well within the realm of gen-

eral relativity. 

The initial work on collapse was doen by Oppenheimer 

and Snyder70 in 1939. They investigated the collapse of a 

massive sphere composed entirely of dust (vanishing pres-

sure) . At the onset of collapse, the sphere was assumed to 

be of uniform density, and that collapse occurred without 

rotation. For such a system, it is easy to show that the 

interior is merely that of a simple elliptic cosmology. The 

resulting line element is 

ds2 = dt2 - G(t) 
d r 2 + r2 a n2 

1 - ar2 

dft2 = d 62 + sin2e d 02 

a = — p
0 

(4.3.1) 

In this expression, is the density of the sphere 

at the start of collapse. The field equations reduce to a 

single equation for the high degree of symmetry expressed 
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here. The remaining equation is 

\2 
G 

G 
= a 

1 - G (4.3.2) 

Solutions of Eq. (4.3.2) show that collapse takes place 

^ 7 0 = 7 3 

within a small part of a second. 

A somewhat more general line element which contains the 

above metric for P - 0 is 

d s
2 = -y2 (r) dt2 - G2(t) x ^(r)dr

2 - r 2 d Q (4.3.3) 

In this expression, y and t are arbitrary functions which 

satisfy the full set of field equations for spherical sym-

metry and time dependence. Note that if T(r) 1 a n 

Y(r) = 1, we again have Eq. (4.3.1). Also, G(t)=l implies 

that we are dealing with the static field. 

For the metric functions expressed by Eq. (4.3.3), we 

find that the Einstein tensor is 

1 gH = 
~ 2 

r 
2 r 2 

y G 1 

-1 
" 2 

r 
2 r 2 

y G 

-l 

CN 
1 

U
 

1 

2 r 2 

y G 

- 0 G y ' T 

-3 r 2 G 2 + y2 r t ' - y 2 + y 2 x 

. . . 2 2 , 2 2 
(2GG + G )r - 2 r y ' x y +y ~Y t 

(2 G G + G 2 )r2 - r 2 y 2 t 1 /2 - r y 1 yx 

(4.3.4) 

G 
y g-

0 _ _ 2 G x L 
1 3 

y G 
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These expressions are obtained in the same manner as was 

done for the static field in Chapter II. 

The matter tensor is again given by Eqs. (2.2,6) through 

( 2 . 2 . 8 ) : 

T v = P v V V v + v P q v + V v q l J + T V 

q11 = - x h U X ( T _ x + T V K V X ; c ) 

= vw - gvX 

Tv " P hv ~ n h U K hv 'V
K; X

 + Vx; k ~ f h|<A V; c' <4"3-5) 

And, as before, the relation between the Einstein tensor 

Gy and the matter tensor tJ1 is 
V 

GU = -8 it TU • (4.3.6) 
v v 

The non-vanishing components of the matter tensor can 

now be calculated. We ignore viscous forces (n = 0). For 

these assumptions, we find 

Cfi = — — —— (Ty) 
^1 y 9r 

77̂  = p(sv - V vy) (4.3.7) 
v V v 

and hence, the various components of the matter tensor are: 

T 0 = - p T1 = T 2 = Tl = P T° = i q i 

and the field equations become 
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8 IT p r2 G2 y2 = 3 r2 G2 + y2 (1 - x - r t ') (4.3.8) 

8 IT P r 2 G2 y2 =-r 2 (2 G G + G2) + y (2 r y't -y + yx) (4.3.9) 

8 IT P r2 G2 y 2 = -r2 (2 G G + G2) 

+ ry ( y x'/2 +y'T + rx' T'/2 + r t y") (4.3.10) 

-8„ ^ (Ty)' =-2 | . (4.3.11) 

If G were to vanish in these expressions, we would regain the 

static field given by Eqs. (2.3.11) through (2.3.13). 

Since the fluid is considered non-viscous, the pressure 

is again isotropic. Equating Eqs. (4.3.9) and (4.3.10) and 

regrouping terms we find 

x» - 2 (y + ry ' - r
2y") t = -2y 

r(y +ry') r(y +ry') (4.3.12) 

which is precisely the same expression as Eq. (2.3.14) for 

the static field. This being the case, any y and x which 

satisfy the static equations also satisfy Eqs. (4.3.8) 

through (4.3.11). Equation (4.3.11) expresses the time rate 

of change of the function G to the gradient of Ty (this is 

the heat flux term), Eq. (4.3.9) or (4.3.10) expresses the 

pressure in terms of these functions, and Eq. (4.3.8) relates 

the density to these same quantities. 

Note that Eq. (4.3.11) can be integrated without speci-

fication of y(r): 
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T = , 1 — ^21 . (4.3.13) 
4 it x t G J y 

Since y<l, it follows that for the absolute temperature to be 

positive, G/G<0. This is a general result, and is independent 

of the equation of state of the fluid or the law of energy 

generation in the fluid. Equations (4.3.8) through (4.3.10) 

show that the pressure and density of the fluid must increase 

with time, and the solutions can only represent collapsing 

fluid spheres if G>0. 

It is interesting that a fair number of exact solutions 

presently in the literature can be written in the form of 

the line element, Eq. (4.3.3), and yet no one has pointed 

this out. Vaidya74 presented a list of nine solutions for 

collaping spheres, all of which can be written in this 

75 

fashion, and a pair of solutions given by Adams and Cohen 

are of the form of Eq. (4.3.3). Indeed, one of these is just 

the a = 1 solution discussed in Chapter III with a suitable 

expression for G(t). 

For a specific example of a solution to these equations, 

we look for a solution in which P is variable separable. For 

P to be a product of a function of time and a function of r, 

it follows that 

2 G G + G2 = 0 . (4.3.14) 

This expression is satisfied by 

G(t) = (a - bt)2/3 (4.3.15) 
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With the static solutions y(r) and t(r) given by Eqs. 

(3.2.2) and (3.2.3) for a=l, this is just the solution of 

Adams and Cohen75 in a slightly different coordinate system. 

The transformation which connects these is 

_ ,2/3 _ -of 
(a - bt) = e 

b = 3 a/2 . (4.3.16) 

In this coordinate system, the metric is given by 

d s2 = (aQ + a1 r
2)e~bt d t2 

-at 
- e 

2,_ . , _ _2,-2/3"l-1 a r2 1 - f Q r (aQ + 3 a1 r ) 

+ r2 a !52 , (4.3.17) 

where aQ, a^, and £q are constants of integration. 

These interior solutions are to be matched to the 

7 4 . , t • 
radiating metric of Vaidya in the exterior. This is 

ds2= (l - 2m(u)r ^)du2 + 2dudr-r2dfi2 , (4.3.18) 

where u is the time coordinate of a distant observer at rest 

with respect to the center of the star and r is his radial 

coordinate. As is apparent from the fact that the two 

metrics are in different coordinate systems, the actual 

matching of these solutions across the bounding surface (the 

location of which is in motion) is somewhat cumbersome and 
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involves finding the transformations linking them. The 

process is discussed by Adams and Cohen, and will not be 

reproduced here. 

These authors found collapse (with the pressure 

included) still occurred over a small part of a second (the 

inclusion of the pressure did m fact increase this collapse 

time by a factor of 21). The main difference in collapse, 

with and without pressure, lies in mass ejection. For a 

star to collapse without pressure, all matter falls into 

the singularity. When pressure is not ignored, this is not 

the case. Adams and Cohen found that just over half of the 

stellar material was lost during the collapse process. 

Since the metric expressed by Eq. (4.3.3) is built 

from y(r) and x(r) which are equilibrium solutions to the 

field equations, solutions of this form represent quasi-

static collapse and a continuous ejection of material. 

There can be no development of shocks within the fluid, for 

such would be a non-equilibrium distribution of matter 

which violates the initial assumptions. 



CHAPTER V 

SUMMARY 

We have investigated the field equations of General 

Relativity for the case of spherical symmetry, and some 

new solutions to the field equations have been presented. 

For the case of the static field without viscous 

forces, a one parameter family of solutions were derived 

which are useful in the investigation of stellar objects 

where high central pressures and densities are of interest. 

We were able to interpret the parameter of this solution 

in terms of the polytropic index of the fluid near the 

origin, and as such, a particular value of the parameter 

depicts a particular equation of state in this region. 

Further, since this is a continuous parameter, one is able 

to examine the effects of even small changes in the equation 

of state merely by changing the value of the parameter. 

Physical quantities based on a particular equation of state 

can be easily calculated and compared to other models with 

different values of the parameter and hence different 

equations of state. 

We found these solutions represented finite fluid 

spheres in that it was possible to match them to the 

Schwarzschild exterior. The integration constants were 

95 
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evaluated in terms of the mass-to-radius ratio of the star. 

We found the density at the surface was positive provided 

this ratio was not too small. This placed a lower bound 

on the Schwarzschild parameter M/R. An upper bound was 

obtained by the exclusion of non-integrable singularities 

within the fluid. This upper bound, as expected, was found 

to lie below the absolute maximum found for the uniform 

density solution. 

Within this family of solutions is a class with 

vanishing density at the surface. Of these, the a — 1/2 

solution was found to correspond to the asymptotic solution 

of Oppenheimer and Volkoff for the degenerate neutron gas. 

The M/R for this analytic solution differed from that for 

the numerical evaluation by about 0.5 percent. 

The physical properties of this one parameter family, 

were found to be well behaved. The sound speed is less 

than the velocity of light throughout, maximum at the origin 

and decreasing outward. The incompressibility was found to 

be infinite at the origin even though the sound speed was 

finite there. 

In Section 3.6 we considered a class of solutions 

_2 

(C= 0) which have the density going as r throughout. We 

found that exact expressions for the number density of the 

fluid could be calculated, which led to an evaluation of 

the total number of particles comprising the star, the 
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gravitational mass defect, the coefficient of gravitational 

packing, the partial mass defect, and the fraction of rest 

mass—energy emitted during the formation of the star from 

rarefied matter. This last quantity was found to be negative 

which pointed to the instability of the mass distribution. 

That the models were indeed unstable was proved by an 

examination of the Sturm-Liouville equations for normal 

mode oscillations in the vicinity of the origin. We found 

this instability could be removed by replacing the central 

region of the star with the uniform density solution. It 

was pointed out that some of the pulsar data could best be 

understood in terms of such a solid core. 

For particular values of the parameter and integration 

constants of these solutions, several previously known 

solutions were shown to be contained within this family. 

37 

The limiting case of a = 1 is the solution of Adler, 

Kunchowicz,^ and Adams and Cohen.^ This is the only 

member of the family which is not singular at the origin. 

Three solutions published by Tolman^7 are also in this 

family. These are listed as Tolman Numbers I, V, and VI. 

Tolman I is also known as the Einstein universe with 

vanishing cosmological constant. Tolman V and VI were com— 
21 

pared to the numerical solutions of Oppenheimer and Volkoff 
, 48 

for the degenerate quantum gas. The Misner-Zapolsky 

solution is also contained in this family. This solution 



98 

was used in the investigation of the stabilities of neutron 

star models. 

We then considered the question of slow rotation. It 

was found that for this case, the field equations could be 

solved by the C =: 0 solutions of the static field. The 

resulting expressions are slowly rotating fluid spheres 

which could be of use in the investigation of pulsars. 

The rotation equation for the uniform density solution 

with infinite pressure at the origin was found to have the 

same structure as that for the C= 0 solution. We were able 

to integrate this to find a solution which represents a 

rotating solid sphere. It is interesting in that this 

expression represents an absolute upper limit on rotating 

neutron stars. No neutron star, regardless of its equation 

of state, may be more compact than this. 

Finally we considered the question of gravitational 

collapse with spherical symmetry, and a method was developed 

whereby one is able to extract quasi—static solutions from 

known solutions of the static field. It was pointed out 

that a fair number of the published solutions presently in 

the literature are of this type. 
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