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A pair of nonidentical two-level atoms, separated by a 

fixed distance R, interact through photon exchange. The 

system is described by a state vector which is assumed to be 

a superposition of four "essential states": (1) the first 

atom is excited, the second one is in the ground state, and 

no photon is present, (2) the first atom is in its ground 

state, the second one is excited, and no photon is present, 

(3) both atoms are in their ground states and a photon is 

present, and (4) both atoms are excited and a photon is also 

present. The system is initially in state (1). The proba-

bilities of each atom being excited are calculated for both 

the minimally-coupled interaction and the multipolar inter-

action in the electric dipole approximation. For the mini-

mally-coupled interaction Hamiltonian, the second atom has a 

probability of being instantaneously excited, so the inter-

action is not retarded. For the multipolar interaction 

Hamiltonian, the second atom is not excited before the 

retardation time, which agrees with special relativity. For 

the minimally-coupled interaction the nonphysical result 

occurs because the unperturbed Hamiltonian is not the energy 

operator in the Coulomb gauge. For the multipolar 



Hamiltonian in the electric dipole approximation the unper-

turbed Hamiltonian is the energy operator. An active view 

of unitary transformations in nonrelativistic quantum elec-

trodynamics is used to derive transformation laws for the 

potentials of the electromagnetic field and the static 

Coulomb potential. For a specific choice of unitary trans-

formation the transformation laws for the potentials are 

used in the minimally-coupled second-quantized Hamiltonian 

to obtain the multipolar Hamiltonian, which is expressed in 

terms of the quantized electric and magnetic fields. 
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CHAPTER I 

INTRODUCTION 

Quantum electrodynamics, which was first formulated by 

Dirac^" nearly sixty years ago, provides the most precise 

description of the interaction of charged particles and the 

electromagnetic field. The theory, which at the beginning 

contained difficulties, such as the occurrence of diver-

gences, has since evolved into a complete relativistically 

2 
invariant theory, mainly through the works of Tomonaga, 

3 4 5 
Schwmger, Feynman, and Dyson. Feynman introduced 

diagrams in the theory, which provided a quasi-physical way 

A CL 

of dealing with complicated perturbation expansions. ' 

Since the development of the laser, a greater interest has 

been shown in the nonrelativistic quantum electrodynamics. 

The nonrelativistic quantum electrodynamics is particularly 

useful in applications to a variety of problems in modern 

quantum optics, spectroscopy and chemical physics. These 

problems involve many electrons and sufficiently low ener-

gies so that electron-positron pairs are not formed. The 

electrons in atoms, molecules and solids are nonrelativis-

tic, in the sense that the speed of charged particles is 

generally much smaller than the speed of light. For exam-

ple, the ratio of the speed of electrons in the ground state 

of hydrogen atoms to the speed of light is equal to the fine 



structure constant, 1/137. For the inner-shell electrons of 

heavy elements a relativistic treatment becomes necessary, 

however. The nonrelativistic theory is not, however, suita-

ble for the interaction of high-frequency radiation fields 

and atomic electrons because at frequencies of the order of 

20 

10 Hz, electron-positron pair production may occur. The 

formulation of the nonrelativistic quantum electrodynamics 

and its application to a pair of nonidentical two-level 

atoms are the subject of this dissertation. 

There are two competing Hamiltonians for the interac-

tion of nonrelativistic charged particles and the quantized 

electromagnetic field. One is the minimally-coupled Hamil-

tonian in which the vector potential is quantized in the 

Coulomb gauge.7 The minimally-coupled Hamiltonian, which is 

the sum of the free electromagnetic field Hamiltonian and 

the Hamiltonian for the particles, is usually put in a form 

in which the longitudinal part of the electric field is 

rewritten to give the instantaneous Coulomb potential be-
O 

tween the charges. Another form of the Hamiltonian, which 
is particularly useful when bound charges are concerned, is 

9—12 

the multipolar Hamiltonian. In the multipolar Hamilton-

ian the charged particles are coupled to the electromagnetic 

field through the transverse electric and magnetic induction 

fields. 

The multipolar Hamiltonian can be obtained from the 

minimally-coupled Hamiltonian in several ways.1"* GSppert-



14 15 
Mayer and Richards showed that for an external classical 

electromagnetic field the two forms of Hamiltonian are gauge 

equivalent. In the work of Power and Zienau^ the multi-

polar Hamiltonian is obtained by making a canonical 

transformation on the minimally-coupled Hamiltonian to elim-

inate the longitudinal part of the electric field and the 

instantaneous Coulomb potential. In a more recent study, 

17 

Power and Thirunamachandran, using the second-quantized 

formulation, show that the multipolar form of the Hamilton-

ian is obtained by a unitary transformation on the field 

operators of the particles in the minimally-coupled Hamil-

tonian. Their derivation of the multipolar Hamiltonian uses 
18 

a passive view of unitary transformations. In the passive 

view of unitary transformations in quantum electrodynamics, 

the field operators of the particles are unitarily trans-

formed, while the potentials of the electromagnetic field 

are unchanged.^"® 

In this dissertation a new method for obtaining the 

multipolar Hamiltonian from the minimally-coupled one is 

presented. In this work, I make use of the active view of 

unitary transformations in which the field operators of the 

particles remain unaltered, while the potentials of the 

electromagnetic field are changed.18
 T h e transformation 

properties of the potentials are obtained by requiring that 

the Schrodinger equation has the same form when the wave 



function is unitarily transformed. An important consequence 

of the form invariance of the Schrodinger equation under 

unitary transformations on the wave function is that the 

static Coulomb potential between the charges is also trans-

formed. When the transformed potentials of the electromag-

netic field and the transformed static Coulomb potential are 

used in the second-quantized minimally-coupled Hamiltonian, 

for an appropriate transformation, the result is the multi-

polar Hamiltonian. 

In the minimal-coupling formulation the interaction 

between nonrelativistic charged particles is provided 

through both the instantaneous Coulomb potential and the 

exchange of transverse photons. Calculations of the inter-

action between two systems consisting of charged particles 

can involve instantaneous signals,16 which violates the 

principle of relativity. Casimir and Polder19 calculated 

the interaction energy of two identical oscillating dipoles 

and showed that the instantaneous dipole-dipole interaction 

is exactly cancelled by terms arising from the exchange of 

photons between the two dipoles. The same cancellation also 

occurs for the system of two Dirac electrons.16 Another new 

result of this dissertation is that such cancellations do not 

occur when interacting systems are nonidentical.^ In the 

multipolar formulation, on the other hand, the instantaneous 

Coulomb potential is absent and the interaction between the 



two systems is entirely through the exchange of transverse 

photons. Therefore, in calculations based on the multipolar 

Hamiltonian such false signals do not occur. 

In this disssertation I apply nonrelativistic quantum 

electrodynamics to the interaction between two nonidentical 

two-level atoms. Since the beginning of quantum electrody-

namics the question of the speed of propagation of the 

radiation field has presented a problem. Fermi2* was the 

first to consider two atoms separated by a fixed distance R, 

one of which is initially excited and the other is in the 

ground state. He showed that the second atom cannot be 

excited for times t ^R/c, where c is the speed of light in 

vacuum. In his treatment identical atoms and the minimally-

coupled Hamiltonian in the electric dipole approximation 

(EDA) were used. A retarded interaction was obtained be-

cause integrals were extended to include the negative values 

22 2 3 
of the photon frequency. ' The problem was reexamined by 

24 

Hamilton using a basis of energy-conserving states: (1) 

one of the atoms is excited and no photons are present and 

(2) both atoms are in the ground state and one photon is 

present. He also showed that for the minimally-coupled 

Hamiltonian in the EDA and identical atoms the second atom 

had a nonvanishing probability of being excited only for 

t ̂ R/c. More recently Milonni and Knight 2 5 , 2 6 studied the 

interaction of two nonidentical atoms using the multipolar 

Hamiltonian in the EDA. In addition to the "energy— 



conserving states" used in earlier treatments, they used a 

state in which both atoms are excited and a photon is pre-

sent. Their result is that the second atom is excited only 

after t^R/c. 

In this work I compare, for the first time, the inter-

action of two nonidentical two-level atoms using both the 

minimally-coupled and the multipolar Hamiltonians in the 

EDA. In contrast to previous treatments where the dipole 

21 

moments are assumed to have specific directions, we use 

arbitrary directions. When the minimally-coupled Hamilton-

ian in the EDA is used, we show that the instantaneous 

terms do not cancel, which has not been previously shown. 

The instantaneous effect of the first atom on the second one 
2 7 2 8 

is, of course, unphysical ' and is due to an incorrect 

choice of the energy operator. On the other hand, the use 

of the multipolar Hamiltonian in the EDA is shown to give a 

properly retarded effect. 

Although the unitary equivalence of the two Hamilton-

ians has been firmly established, the manner in which the 

two Hamiltonians are employed can, in general, produce dif-
29—35 

ferent results. When the minimally-coupled Hamilton-
3 6 3 7 

ian is used, it is conventional ' to expand the quadratic 

term in the original Hamiltonian to give an interaction term 

that is the sum of A«p* and A^ (constants omitted), where p* 

is the canonical momentum of the particle and A is the 



transverse vector potential. The remaining terms in this 

case are then taken as the unperturbed Hamiltonian H Q. To 

calculate the time-dependent probabilities that the system 

is in an energy eigenstate, however, it is necessary to use 

the appropriate energy operator.^® ^ The energy operator 

is the sum of the kinetic energy, calculated from the kine-

tic momentum, and the conservative potential energy. In the 

conventional method, where the A»p plus A (constants omit-

ted) is the interaction Hamiltonian, the wave function is 

expanded in terms of the eigenstates of the unperturbed 

Hamiltonian which is not the energy operator The ex-

pansion coefficients are then improperly interpreted as the 

probability amplitudes for the system being in an energy 

eigenstate. On the other hand, in the EDA the kinetic 

momentum is reduced to the canonical momentum when the gauge 

is used in which the scalar potential is - E w h e r e E*" is 

the transverse electric field and r" is the displacement of 

the charged particle, and the vector potential is zero. In 

this gauge the energy operator consequently reduces to the 

unperturbed Hamiltonian. Therefore, the multipolar formula-

tion in the EDA, with the - E a s the interaction 

Hamiltonian, gives the correct probabilities for finding the 

system in an eigenstate of the unperturbed Hamiltonian which 

is the energy operator. 

In this dissertation several new results are presented. 

The connection between the minimally-coupled and the 



multipolar Hamiltonian for a system of nonrelativistic 

charged particles interacting through a quantized electro-

magnetic field is investigated. In the previous works 

the multipolar form is obtained from the minimally-coupled 

Hamiltonian by making an appropriate passive unitary trans-

formation on the field operators of the particles leaving 

the potentials of the electromagnetic field unchanged. The 

new method developed in this work, however, makes use of the 

18 ^ 

active view of unitary transformations. The form invari-

ance of the Schrodinger equation under a unitary transforma-

tion on the wave function, which is a fundamental princple 

in quantum mechanics, is used to obtain the transformation 

laws for the potentials of the electromagnetic field as well 

as the static Coulomb potential. In this view, the field 

operators of the particles remain the same. When the trans-

formation laws for the potentials are used in the second-

quantized minimally-coupled Hamiltonian, it is shown here 

that for the appropriate unitary operator the multipolar 

Hamiltonian results. Another point that is addressed here 

is the presence of instantaneous signals in the minimal-

coupling formulation.16'19 By considering a system of two 

nonidentical two-level atoms we show that the use of mini-

mally-coupled formulation leads to a nonretarded 

27 28 

effect. ' it is also shown that when the multipolar 

formulation is used, the interaction between the two atoms 



propagates at the speed of light and, therefore, the effect 

is properly retarded. This result can be understood because 

the unperturbed Hamiltonian is the correct energy operator 

for the multipolar Hamiltonian in the EDA, while the unper-

turbed Hamiltonian is not the energy operator for the 

minimally-coupled Hamiltonian. 

Since the formulation of quantum electrodynamics is 

based on the classical theory, a review of classical elec-

trodynamics is given in Chapter II. Maxwell's equations and 

the Lorentz force, which govern the dynamics of both the 

particles and the electromagnetic field, are discussed and 

the potentials are introduced. The Lagrangian and the Ham-

iltonian formulations of classical electrodynamics and their 

invariance under gauge transformations are also discussed. 

In Chapter III, the canonical quantization of the free 

electromagnetic field is given. The total system of nonrel-

ativistic quantum charged particles and the quantized elec-

tromagnetic field are allowed to interact so that the total 

system is now quantized. The second-quantized formulation 

is used in Chapter IV to investigate the transformation of 

the Schrodinger equation under unitary transformations on 

the wave functions. By taking the active view of unitary 

transformations, it is shown in this chapter that both the 

potentials of the electromagnetic field and the static 

Coulomb potential are changed. In Chapter V, the transfor-

mation properties of the electromagnetic potentials and the 



10 

static Coulomb potential are used to derive the multipolar 

Hamiltonian from the minimally-coupled one when the 

appropriate unitary transformation is made. It is also 

shown explicitly that the instantaneous Coulomb potential is 

absent in the multipolar Hamiltonian. In Chapter VI the 

interaction of two nonidentical two-level atoms is formu-

lated using the minimally—coupled Hamiltonian in the EDA. 

It is found that the second atom can be excited before the 

photon emitted from the first atom could reach itr and the 

reasons for this unphysical result are discussed. The 

same problem of the interaction of two nonidentical two-

level atoms is considered in Chapter VII using the multi-

polar Hamiltonian in the EDA. The interaction is shown to 

be properly retarded in this case, and the reasons for this 

result are discussed. Finally, the conclusion is given in 

Chapter VII. 



CHAPTER II 

INTERACTION OF NONRELATIVISTIC CLASSICAL CHARGED PARTICLES 

AND CLASSICAL ELECTROMAGNETIC FIELD 

The interaction of charged particles and the radiation 

field is most precisely described by quantum electrodynamics 

where both the particles and the field are quantized. Since 

the theory of quantum electrodynamics is based on the clas-

sical electrodynamics, a deeper insight into the former 

theory is gained from consideration of the latter. Further-

more, in applications to a large system, where the deBroglie 

wavelength of the particles is much less than the length of 

the experimental apparatus, it is sufficient to treat the 

particles and the field classically. Therefore, this chap-

ter is devoted to the interaction of nonrelativistic 

classical particles and the electromagnetic field. Since 

both the classical and quantum theories are based on Max-

well's equations and the Lorentz force, a review of these 

equations is given. The classical dynamics of the charged 

particles and the electromagnetic field is then developed 

both in terms of a Lagrangian and a Hamiltonian. The form 

invariance of these theories under gauge transformations is 

also discussed. 

11 
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Maxwell's Equations and the Lorentz Force 

The physical system to be considered here consists of a 

fixed number N of particles each having a mass and a 

charge (oUl,2,... ,N) . The interaction of such a system is 

governed by Maxwell's equations42 which relate the time-

dependent electric and magnetic induction fields, E* and "B, 

respectively, to the charge and current densities, p and "j*, 

respectively. These equations are as follows: 

V-T<,7,t)=pcr } t) <2.i) 

V/ Ecr,t) = -J. (2.2) 

V * B (r~,t) = 0 <2-3> 

\7XBcr,t) = ±j-(r,t) + -jr^F<r,tj . (2.4) 

where c is the speed of light in vacuum and Heaviside-Lorentz 

units are used. In Eqs. (2.1)—(2.4)r the fields are eval-

uated at spatial point T and time t. The first equation is 

Gauss's law, the second one is Faraday's law, the third 

one indicates the absence of magnetic monopoles, and the 

last equation is the Ampere-Maxwell law. If the position of 
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theotth particle at a time t is denoted by "x^(t) , the charge 

and current densities in Eqs. (2.1) and (2.4) are, respec-

tively, 

/ ° ^ = S , k 3 (2"5' 

and 

Tc^t) = , (2-6) 

where % is the Dirac delta function and IT =djT,,/dt is the 
oc ot 

velocity of the octh particle. Maxwell's equations are con-

sistent with charge conservation, 

o . (2-7> 
which can be obtained by taking the divergence of Eq. (2.4) 

and using Eq. (2.1) . 

Maxwell's equations, Eqs. (2.1)-(2.4), describe the 

effects of the charged particles on the electromagnetic 

field. The effect of the electromagnetic field on the 

charged particles, however, is determined through New-

ton's second law of motion with the Lorentz force:42'43 

• < 2 ' 8 ) 

Newton's second law of motion as given in Eq. (2.8) suffers a 

profound defect; namely, it is not relativistically covar-

44 45 

iant. ' Therefore, the theory of nonrelativistic quantum 

electrodynamics, which is developed in Chapter III based on 
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Maxwell's equations and Eq. (2.8) , is incapable of predicting 

the behavior of charged particles at relativistic speeds. 

In this dissertation, however, we are concerned with nonrel-

ativistic systems, such as atoms, molecules and solids. 

The relativistic theory,^ therefore, is not presented here. 

Maxwell's equations, Eqs. (2.1)-(2.4), along with 

Eq. (2.8) govern the dynamical behavior of the coupled system 

of the nonrelativistic charged particles and the electromag-

netic field. These equations can in principle be solved for 

both the electromagnetic field and the motion of the charged 

particles in a self-consistent manner. 

Vector and Scalar Potentials 

Maxwell's equations in Eqs. (2.1)-(2.4) involve first-

order spatial and temporal derivatives. As will be seen in 

the next section, the Lagrangian formulation of classical 

electrodynamics contains second-order derivatives. It is 

therefore convenient to express these equations in terms of 

auxiliary fields known as the vector and scalar potentials, 

A(r,t) and (r*,t) , respectively. To achieve this, use is 

made of the kinematical equations, Eqs. (2.2) and (2.3). 

Since any transverse (divergenceless) vector 
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field is expressible as the curl of a vector, the magnetic 

induction field can be written in terms of the vector poten-

tial A as 

VXA(r,t) , (2.9) 

from Eq. (2.3). Furthermore, since a longitudinal (curlless) 

vector field is expressible in terms of the gradient of a 

scalar field, it follows from Eqs. (2.2) and (2.9) that the 

electric field can be written as 

A(.x,t) , (2.10) 

where Aq is the scalar potential. The use of Eqs. (2.9) and 

(2.10) automatically satisfies Eqs. (2.2) and (2.3). 

An important feature of the electric and magnetic in-

duction fields in Eqs. (2.9) and (2.10) is that the 

potentials are not unique. A new vector potential IT'may be 

defined as 

/? A (fjt) +• s (2.11) 

w ^ e r e Ai is an arbitrary space and time-dependent scalar 

field. Since the curl of the gradient of a scalar function 

is identically zero, it is seen from Eqs. (2.9) and (2.11) 

that the magnetic induction field remains unchanged when the 

new vector potential is used. Furthermore, in order to keep 
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the electric field unaltered, a new scalar potential A^ must 

be defined as 

/\\7, t ) =. WrFjf, - A (r>0 • (2.12) 

The electric field in Eq.(2.10) remains unchanged when 

the potentials A and A'are used. The transformations in 

Eqs. (2.11) and (2.12) are known as gauge transformations on 

the potentials. 

The dynamical behavior of the vector and scalar poten-

tials is determined from the inhomogeneous Maxwell's equa-

tions, Gauss's law and Ampere-Maxwell law, Eqs. (2.1) and 

(2.4), respectively. Using these two equations, it is 

straightforward to show that the equations of motion for 

the potentials are 
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Maxwell's equations, Eqs. (2.1)-(2.4), are now reduced 

to two coupled, second-order differential equations. These 

equations can be decoupled by making a gauge transformation. 

The most common gauge transformations that decouples 

Eqs. (2.13) and (2.14) are the Coulomb gauge,^ 

V' fli.r'ji) =• 0 > (2-15) 

for the radiation field and the Lorentz gauge^ 

^7 • )t) + yt) = 0 • (2.16) 

In Chapter III, where the quantization of the electro-

magnetic field is discussed, use is made of the Coulomb 

gauge. The electromagnetic field, however, has also been 

quantized in the Lorentz gauge^ and other gauges"*^ as well. 

Lagrangian Formulation 

In quantum mechanics the behavior of a microscopic 

system, such as charged particles, is determined through the 

quantum mechanical Hamiltonian o p e r a t o r " ^ w h i c h is ob-

tained from the classical Hamiltonian with the canonical 

variables promoted to quantum operators.^'^ The classi-

cal Hamiltonian, which is a function of the generalized 

coordinates and their conjugate canonical momenta, in turn 

is obtained by a Legendre transformation on the classical 
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Lagrangian. Therefore, in order to set the stage for fur-

ther development of the theory, the Lagrangian formulation 

of the system of classical charged particles and the elec-

tromagnetic field is discussed in this section. 

In the Lagrangian formulation, the dynamical behavior 

of the system is represented by points in a many-dimensional 

configuration space which is spanned by the generalized 

coordinates J of the system. The motion of the system is 

then given by a time—dependent path in the configuration 

space. When the Lagrangian of the system, 

, * = 1%1, .. N » (2.17) 
* a 

where is the generalized velocity at a time t, is 

specified the path representing the motion of the system is 

that for which the action integral, defined as 5 1 

S ~J dt ^ 91) > (2 18) 

51 

is an extremum. For the action integral in Eq. (2.18) to 

be an extremum, its first-order variation with respect to 

the generalized coordinates must vanish. It can be shown51 

that when Eq. (2.18) is varied with respect to , the result 
* 

is the Euler-Lagrange equation, 

d / dL \ dL __ n 

which describes the motion of the system. 
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In the preceeding discussion, the system is assumed to 

consist of discrete point particles. However, for fields 

the generalized coordinates vary continuously in space and 

therefore the above formulation must be modified. For con-

tinuous systems the total Lagrangian is expressed in terms 

of a Lagrangian density, 

2*1. £ L . 9 - 1 . (2.20) 

which is a function of the generalized coordinates, veloci-

ties, spatial derivatives, and, in general, time. In 

Eq. (2.20) the position vector "F" plays a parametric role 

similar to t. The total Lagrangian is then the integral of 

the Lagrangian density in Eq. (2.20) over all space: 

L = {*' (2.21) 

The equation of motion for the field can also be obtained 
C 1 

from the principle of least action. When the action 

integral in Eq. (2.18) with the Lagrangian in Eq. (2.21) is 
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varied with respect to the continuous generalized coordi-

nates £ the Euler-Lagrange equation for the field is 

obtained:^ 

2 r ^ i 3 * - a 
(* L — — T J ~ U 3 (2.22) 
r t 3 ( 2 9 £ 

where summation over the repeated index from 0 to 3 is 

understood. 

For a system of N nonrelativistic classical charged 

particles interacting with the classical electromagnetic 

field, the total Lagrangian is ^ 

L = j d - i r £ t T , A , ) + ± Z i (2.23) 

where U is an external conservative potential. The Lagrang-

ian density for the electromagnetic field is 

£ C A , A J = 

(2.24) 

where the electric and magnetic induction fields are given 

in Eqs. (2.9) and (2.10), respectively. 

When the Lagrangian in Eq. (2.23) is used in the Euler-

Lagrange equation for the particles in Eq. (2.19), it is 

shown in Appendix A that Newton's second law with the 
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Lorentz force in Eq. (2.8) is obtained. The equation of 

motion for the electromagnetic field is also obtained from 

the Euler-Lagrange equation for continuous fields in 

Eq. (2.23) by considering the components of the vector poten-

tial and the scalar potential at different space points as 

the generalized coordinates. In Appendix B it is shown that 

when the vector potential is taken as the generalized coor-

dinate, the Ampere-Maxwell law in Eq. (2.2) is obtained. 

When the scalar potential is considered as the generalized 

coordinates it is shown in Appendix C that Gauss's law 

in Eq. (2.1) follows from the Euler-Lagrange equation. Thus, 

the Lagrangian in Eq. (2.23) gives the correct equations of 

motion for both the particles and the electromagnetic field. 

Hamiltonian Formulation 

In the previous section it is shown that the dynamical 

behavior of a system of N charged particles in interaction 

with a classical electromagnetic field is completely des-

cribed by the Lagrangian given in Eq. (2.23). However, it is 

the Hamiltonian of the system that is essential in the 

development of the quantum mechanics of both the particles 

and the electromagnetic field. Therefore, in this section 

the classical Hamiltonian of the total system of charged 

particles and the electromagnetic field is discussed. 

In the Hamiltonian formulation of the motion of the 

dynamical system, the motion is described in the phase space 
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in which the generalized coordinates £ and the canonical 

momenta conjugate to them form the basis. The canonical 

momentum conjugate to a generalized coordinate £ for a 

system of particles is defined through the Lagrangian: 

f r j f • , 2 - 2 5 » 

For fields the canonical momentum K (r*,t) which is conjugate 

to the continuous generalized coordinate £ is defined as 

Klr,t)=.——— j 'jj,... j (2.26) 

where <£ is the Lagrangian density and =9£./3tis the par-

tial time derivative. 

The Hamiltonian for a system of N particles is 

= J r , > (2-27» 

which is a Legendre transformation^ on the Lagrangian. When 

the system under consideration consists of both discrete and 

continuous constituents, such as the system of particles and 

electromagnetic field, the summation in Eq. (2.27) is divided 

into an integral over the continuous variables and a summa-

tion over the discrete variables. Thus, for the system of 

particles and fields, the total Hamiltonian is 

1 >Tt) ~ X j<*>r 17
L(fit) I.Cr, t) 

if C 
A/ 
r *, • ,2-28) 

+ <£- -L 
at=i *'* 
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For the system of charged particles interacting with 

the electromagnetic field, the total Lagrangian and the 

Lagrangian density are given in Eqs. (2.23) and (2.24), re-

spectively. when Eq. (2.23) is differentiated with respect 

• ̂  
t 0 X<x ' t h e generalized velocity for the o( th particle, the 
canonical momentum conjugate to IT is obtained 

ot 

k - A ( Z , t ) • (2.29) 

The canonical momentum for the electromagnetic field is ob-

tained by differentiation of Eq. (2.23) with respect to the 

generalized velocities for the field which are l^rt/jfend AQ= 

T^ e canonical momentum conjugate to the vector 

potential, therefore, is 

« ( T V ; = f o r , a ] , <2.30, 

which, from Eq. (2.10) can be written in terms of the electric 

field: 

K(F,i) = -L ]Tcr,i) . 
(2.31) 

From Eqs. (2.23) and (2.24) it is seen that the time 

derivative of the scalar potential does not appear in the 

Lagrangian, so that the generalized momentum conjugate to the 
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scalar potential vanishes identically. The theory of degen-

54 55 
erate Lagrangians ' must therefore be used, which is not 

considered in this dissertation. The difficulty can, 

however, be eliminated by a method known as gauge fix-

51 52 

ing. ' The invariance of the Lagrangian and the Hamil-

tonian under gauge transformations is discussed in the next 

section. 

When Eqs. (2.29) and (2.31) are substituted into 

Eq. (2.28) , the Hamiltonian becomes 

A/ 

' (2.32) 

In Appendix D it is shown that when the Lagrangian in 

Eq. (2.23) is used in Eq. (2.32) the total Hamiltonian for the 

system of N charged particles interacting with the electro-

magnetic field is given by 

H = ±Jd3r +Z (*"U) [j? -

+ I / C * 7 > - + f d r ( f - V-E)A, • (2.33) 

At this stage, it is a common practice to use Gauss's 

law to eliminate the last term of Eq. (2.33). However, if 

such is done, one of the dynamical equations of the electro-

magnetic field cannot be derived from the resulting 

Hamiltonian. To demonstrate that the total Hamiltonian of 
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the system given in Eq. (2.33) correctly describes the dynam-

ical behavior of both the particles and the field, the 

corresponding equations of motion must be shown to be 

derivable from it. The equations of motion for the 

particles are obtained from Hamilton's equations53 

• 9H 
' K = " "37" ' ( 2" 3 4 ) 

When Eq. (2.33) is used in Eq. (2.34) Newton's second law for 

the particles is obtained. For the field, however, the 

C C 

equations of motion are obtained from 

il?,t , K<r,t)= ii!— . (2.35) 

The functional derivatives in Eq. (2.35) are defined as 5 6 

S H _ 2JC _ 2 _ 
?>Z ^(3 * ( 2* 3 6 ) 

where A is the Hamiltonian density given in Appendix E and 

a sum over i from 1 to 3 is understood. The functional 

derivate with respect to 7T is defined similarly. 

It is shown in Appendix E that when the Hamiltonian in Eq. 

(2.33) is functionally differentiated with respect to the 

scalar potential and the result is used in Hamilton's second 

equation, the second part of Eq. (2.35), Gauss's law in Eq. 

(2.1) is obtained. Furthermore, we show in the same 

Appendix that when the vector potential is used in 
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Hamilton's second equation the result is the Ampere-Maxwell 

law in Eq.(2.4). 

Gauge Invariance of Classical Electrodynamics 

In the previous sections it has been shown that the 

dynamics of the system of nonrelativistic charged particles 

and the electromagnetic field can correctly be described in 

terms of the Lagrangian in Eq. (2.23) or the Hamiltonian in 

Eq. (2.33). The potentials of the electromagnetic field in 

Eqs. (2.9) and (2.10) are not unique and gauge transforma-

tions in Eqs. (2.11) and (2.12) can be made. In this section 

the effect of gauge transformations on the Lagrangian and 

Hamiltonian is discussed. It is shown here that the dynam-

ics of the system, which is determined from the Lagrangian 

or the Hamiltonian, are unaffected when gauge transformations 

are made. 

The Lagrangian in Eq. (2.23) can be written in terms of 

the electric and magnetic fields as 

L = Jdrf A. 

+ ^ 2- m X UCT, . . 7 J , 

* * 1 N ' (2.37) 

where Eqs. (2.9) and (2.10) have been used. When Eqs. (2.13) 



27 

and (2.14) are solved for the old vector and scalar poten-

tials and the result is substituted in Eq.(2.37) the result 

is 

L - I 

- J<*r/>lA 0 + £ • A j + i J I . Ucx 

s I'.Ljdrlf.VAt/'A] , 

(2.38) 

where the new Lagrangian L is just the old one expressed in 

terms of the new potentials: 

L - J ft Is -B1+k ldr j' A'- K 

w . i 

+±£,huZi-
v&,,»*>xm) -

(2.39) 

It is seen that the new Lagrangian has the same form as the 

old Lagrangian. The last term of Eq. (2.38) is shown in 

Appendix F to be merely a total time derivative: 

VAtfA)=-iJ kAL7,t). (2.40) 

When Eq. (2.40) is substituted in Eq.(2.38) the result is 

A N f 
i ̂  l-§7 Z ALX.yi) . (2.41) 

at c 
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The equation of motion for the system can be obtained from 

Hamilton's principle of least action.51 When Eq. (2.40) 

is used, the action integral in Eq. (2.17) becomes 

~ (2.42) J j u ^ J d W i k 
t, t <*-• t 
< i i 

which, upon the integration of the last term, may be written 

as 

A/ 

bi I A ( T(i\ t \ _ A / j*,, x j. ,1 
(2.43) S = S ' - Z ^ ( W , { ) - A . 

When Eq. (2.43) is varied, the second term on the right-hand 

side does not contribute because the end points are not 

varied.51 Thus, it is seen that the equations of motion are 

invariant when a gauge transformation is made on the poten-

tials of the electromagnetic field. 

The Hamiltonian formulation, which is based on the 

Lagrangian, is also form invariant under gauge transforma-

tions. When the new canonical momenta are calculated from 

the new Lagrangian given in Eq. (2.39), the result for the 

oCth particle is 

= m A < • £ * < * ; > V > (2.44) 
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which has the same form as Eq. (2.29). The new canonical 

momentum conjugate to the new vector potential is 

^ =-4- E(r=t) > (2-45) 

3 ft c 

where c£ is the new Lagrangian density. Again, the new 

canonical momentum has the same form as the old one in Eq. 

(2.31). The new canonical momentum conjugate to the scalar 

potential is still zero so that the problem of degenerate 

Lagrangian is still present. When the new Lagrangian and 

the new canonical momenta are used, the new Hamiltonian is 

obtained: 

H = J + z (i-xj'c Y i -

, < 2 - 4 6 > 

which has the same form as the old Hamiltonian in Eq. (2.33) 

In this chapter the interaction of a system of nonrela-

tivistic charged particles interacting with a classical 

electromagnetic field is discussed. Maxwell's equations are 

introduced and the Lagrangian and the Hamiltonian formula-

tions of classical electrodynamics are developed. The 

standard Lagrangian correctly describes the dynamical behav-

ior of both the particles and the field. From the Lagrang-

ian the canonical momenta for the particles and the field 

are defined and the Hamiltonian that governs the dynamics of 
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the total system is obtained. The Lagrangian and the Hamil-

tonian of the system are both form invariant under gauge 

transformations. In Chapter III, the canonical formulation 

presented here is used to quantize the electromagnetic 

field. When the particles are also treated quantum mechani-

cally, nonrelativistic quantum electrodynamics is obtained. 



CHAPTER III 

INTERACTION OF NONRELATIVISTIC QUANTUM CHARGED 

PARTICLES AND THE QUANTIZED 

ELECTROMAGNETIC FIELD 

In the preceding chapter the classical description of 

the dynamics of nonrelativistic charged particles interact-

ing with a classical electromagnetic field is formulated. 

In that chapter it is seen that Maxwell's equations, Eqs. 

(2-1)—(2.4)# along with the Lorentz force, Eq. (2.8), are, 

in principle, capable of describing the motion of the parti-

cles. However, classical electrodynamics does not provide 

an adequate picture of many physical phenomena, such as 

spontaneous emission. The first step in the generalization 

of the theory is, of course, to describe the behavior of the 

nonrelativistic particles through the Schrodinger equation. 

In this description, which is generally known as the semi-

classical theory, the electromagnetic field is still classi-

cal. There have been attempts, however, to modify the 

semiclassical description of the interaction of matter and 

the electromagnetic field. These so-called "neoclassical" 

5 7 5 8 
theories ' have demonstrated some phenomena, such as 

5 8 

spontaneous emission, whose origins are thought to lie in 

the realm of quantum electrodynamics (QED). The predictions 

of the neoclassical theories and QED, however, are not in 

exact agreement. For example the neoclassical theory 

31 
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predicts a lower rate of spontaneous emission than that 

obtained from QED.5® Therefore, it is generally accepted 

that the most complete description of the interaction of 

matter and the radiation field must be sought in a theory in 

which the electromagnetic field, as well as the matter, is 

quantized. 

The notion of the quantization of the electromagnetic 

field was first introduced in relation with the black-body 

radiation. To avoid the well-known ultraviolet catastrophe, 

it was necessary to assume that the energy associated with 

the electromagnetic field could take on discrete values 

which are proportional to the frequency. This simple 

idea has evolved, primarily through the works of Dirac,1 

. 21 

Fermi and others, into the theory of quantum electrodynamics 

(QED), in which the electromagnetic field exhibits the wave-

particle duality. The quantization of the electromagnetic 

field to give photons can be formulated in several ways."*® 

In the standard procedure,59 which is presented in this 

chapter, the potentials of the electromagnetic field are 

assumed to be in the Coulomb (radiation) gauge. Although 

the use of the Coulomb gauge is most convenient in the quan-

tization of the radiation field, it has the disadvantage of 

destroying the Lorentz invariance of the theory. To avoid 

the lack of relativistic invariance of the theory the Lor-

entz gauge, which is covariant, has also been used.59 m 

order to ensure the gauge invariance of the theory, however, 
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the results obtained from the two methods must be shown to 

be identical. The question of the gauge invariance of the 

quantized theory, at least for the free electromagnetic 

field, can be circumvented when the electric and magnetic 

fields are considered as the dynamical variables describing 

the field.^ The detail of such formulations, however, is 

not given here. 

Mode Expansion of the Free Electromagnetic Field 

The standard and, perhaps, the simplest method of 

quantizing the free electromagnetic field is to use the 

Coulomb (radiation) gauge: 

sj.fl~(r,i) = o , f\o(T,t) = o , (3.D 

where the same notations as in Chapter II are used. In the 

Coulomb gauge, the vector potential is purely transverse. 

From Eqs. (2.9) and (2.10) the magnetic induction field and 

the transverse component of the electric field are, respec-

tively, 

S(T,t) = Vx K(?,t) (3.2) 

^ > < 3 - 3 ' 
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where the subscript T indicates the transverse component. 

For a pure radiation field, the vector potential in the 

Coulomb gauge satisfies the homogeneous wave equation 

( V — -£2 = 0 (3.4) 

according to Eq. (2.12). For the solution of the wave 

equation to be unique, the vector potential must be subject-

ed to some boundary conditions. For the purpose of 

describing the vector potential in terms of a discrete and 

enumerable set of canonical variables, it is assumed that 

the field is confined to a cube of sides a and volume V 
3 

=a • The vector potential then must have the same value on 

the opposite walls of the cube. The general solution of the 

wave equation, Eq. (3.4), may be expanded into a Fourier 

series: 

, (35) 

where the summation is over all the I T - s p a c e . Each of the 

terms in Eq. (3.5) must satisfy the periodic boundary condi-

tions. Therefore, if the origin is taken at the center of 

the cube, one must have 

0 ^ - ^ ) 1 = X-)I , (3.6) 
'+• h -°-/z 
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where k i and respectively, are the ith component of the 

wave vector k and r. Consequently, the components of the 

wave vector can take on discrete values only: 

=1,1 > \ = 0 , i z . (3.7) 

The vector potential must also satisfy the transversality 

condition in Eq. (3.1). Thus, each term in the expansion 

(3.5) must satisfy 

V * [ Q^CtJ^xpCl $•?*)] ~ 0 j for aII k . (3.8) 
A 

It then follows from Eq. (3.8) that 

k . c w = o > (3.9) 

which implies that the Fourier coefficients C_Jt) are normal 

— * 

to the wave vector k. Two polarization unit vectors £ (Jc) 

(o(=l,2) can be chosen such that 

e ca) * £ = o . (3.io) 
oi 

The Fourier coefficients can thus be written as 

X 

o . ( w = Z tjX) c_ct) , 
* cL'l * £,4 
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so that the vector potential in Eq. (3.5) becomes 

ficfjt)-V0 Z ^tX)Q,u)^HiT.r) . (3.1D 
T,« * t,* 

A 

The unit vectors £ (k), which give the polarization of the 
Ot 

electromagnetic field, are taken such that, along with 

k= A/|F|, they form a right-handed orthonormal system. The 

time dependence of the Fourier coefficients, C (t), is 
X * 

determined by substitution of Eq. (3.11) into the wave 

equation, Eq. (3.4). The result is 

Q. (t) ~ C( 0) ^ t ) , (3.12) 

ji,* 

where W=c | k |. 

The vector potential is a real quantity and, therefore, 

Eq. (3.11) must equal its complex conjugate. Since the 

complex conjugate of Eq. (3.11) also satisfies the wave 

equation, Eq. (3.4), the most general solution of the wave 

equation is 

i 

fiCfyt)-V Z £(T)ic to) exp[i(X.r-cjt] 
0 r, * * ' & 

+ C* (4 ['(• (/*•'" > (3.13) 

where Eq. (3.12) has been used. The expansion of the trans-

verse vector potential given in Eq. (3.13) can be used in 
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Eqs. (3.2) and (3.3) to obtain similar expansions for the 

magnetic induction and the transverse electric fields. When 

Eq. (3.13) is differentiated with respect to time and the 

result is substituted in Eq. (3.3), the transverse electric 

field is obtained: 

- C. iojetf, [-i(LT-ut)] I . (3-14) 

When the curl of Eq. (3.13) is calculated, from Eq. (3.2) 

the magnetic induction field is obtained: 

11 / x l t t ) j C(o)^[Ui.7^t)] 

- (0) J • (3.15) 

Canonical Quantization of the Free Electromagnetic Field 

To canonically quantize the free electromagnetic field, 

the real variables q ^ ^ and p ^ are defined in terms of the 

complex Fourier coefficients C j ^ and their complex conju-

gates : 

Ut) = C' [C(t)yC (0J , (3.16) 
-I 
c , 

t a ) = - ^ [ c w - c\t)] . (3.17) 
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The Hamiltonian for the free electromagnetic field,^ 

j fd r C^r + 8) > (3.18) 

can then be expressed in terms of the new variables 

a n d Pj?,* u s i n g Eqs. (3.14) and (3.15). In Appendix 

G it is shown that the Hamiltonian for the free electromag-

netic field is the Hamiltonian for a system of independent 

harmonic oscillators,61 

) > (3.19) 

which is the sum of Hamiltonians for independent harmonic 

oscillators, having generalized coordinates q a n d gener-
J\ 

alized momenta p ^ . 
K fCK 

The transition from the classical description to the 

quantum realm proceeds by replacing the generalized coordi-

nates and momenta by operators and replacing Poisson 

6 2 

brackets by a commutator multiplied by (ift)"1.^ The 

commutators between the operators p's and q»s may be found 

from the definition of Poisson brackets without difficulty: 

ItrV' (3-20) 
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and 

\-%r > L , ] = ^ - t , 1 = 0 * ,3-21> 
t," />,«• i,* f 

In order to incorporate the particle-like behavior of the 

radiation field into the formulation, the Hamiltonian in Eq. 

(3.9) for the free electromagnetic field is transformed to 

the occupation number representation.61 That is, Eq. (3.19) 

is expressed in terms of the photon annihilation and crea-

tion operators defined as 

, ~'/z 
CL — %td) t&Z + i jo I , (3.22) 

and 

t 
— i jo ) ) (3.23) 

Tf r," 

respectively. The annihilation and creation operators in 

Eqs. (3.22) and (3.23), respectively, satisfy the 

commutation relation 

fa , o? ] - S $ 
T,« JW TX <>* (3'24) 

and 

f v * > i t °L ) °L, ] = ° .> 
r y x * ' !',*• (3.25, 
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which are easily derived from Eqs. (3.20)- (3.23). The 

Fourier coefficients in Eq. (3.13) for the mode expansion of 

the vector potential can now be expressed in terms of the 

annihilation and creation operators arr and a^- , respec-
KfoL k / o i 

tively. When Eqs. (3.20)-(3.25) are used to express the 

Fourier coefficients C-* and C in terms of CL,*. and ol 

and the result is substituted into Eq. (3.13), the vector 

potential operator becomes 

\jx 

( j £ v ) + , , 3 " 2 6 ) 
e.d i.d

 J 

- , v » _ 
r% \ r 

where h.c. stands for the Hermitian conjugate. The time 

dependence of the vector potential is explicitly demon-

strated in Eq. (3.26) using Eq. (3.12). The transverse 

electric field and the magnetic induction field are related 

to the vector potential operator through Eqs. (3.3) and 

(3.2). When Eq. (3.26) is used in Eqs. (3.2) and (3.3) , the 

electric field operator is 

(3.27) 
- h . c . l , 

0 KjOi _ / 

and the magnetic induction operator is 

5(7>v=ifj^) 3-A.C.] • ,3-28> 
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The vector potential, transverse electric field and 

magnetic induction in Eqs. (3.26), (3.27) and (3.28), re-

spectively, are now operators and obey equal-time 

commutation relations. The equal-time commutation relations 

between the components of the electromagnetic field 

operators, E^, B and A, are shown in Appendix H to be 

f B
T i

v > > A j ' * c , ,3.29) 

o 

[ £ . . ( ? ) , 6 , ( r 0 ] = C t• * bcr-7'j , ( 3 . 3 0 ) 

and 

iBfir), = o . 
(3.31) 

In Eq. (3.29) is the transverse % function defined 

64 as 

sj. (?)=OTojj'k ( a . ^ c'J. O , 

r • • 
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aiK* E<^* t h e Levi~Civita symbol.®^ Fur-

thermore, the commutators among the components of each 

operator vanish: 

, , 3 . 3 3 , 

[ — 0 J (3.34) 

and 

[ / U 0 • (3.35) 

When the quantized electromagnetic field is allowed to 

interact with nonrelativistic charged particles, the commu-

tation relations among the field operators and those of the 

particles must also be considered, in the next section the 

quantization of the total system of charged particles and 

the radiation field and the related commutation relations 

are discussed. 

Quantization of the Total System of Charged Particles 

and the Radiation Field 

The usual treatment of quantization of the total system 

of nonrelativistic charged particles and the radiation field 

is based on the assumption that the quantum mechanical 

behavior of the coupled system is governed by the same 

Hamiltonian as in the classical case described in Chapter 
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II. In accordance with the general quantum mechanical 

description, however, the canonical dynamical variables of 

each system are now interpreted as quantum mechanical opera-

tors. The canonical variables for the nonrelativistic 

charged particles are the generalized coordinates ~x and 
oL 

momenta p^ ( o( = l,2,...,N). The generalized coordinates for 

the field, in the Coulomb gauge, are the components of the 

vector potential Af?) and the corresponding generalized 

momenta are the components of the transverse electric field 

ET(r) multiplied by c"
1. As for the total Hamiltonian 

operator of the system, the classical Hamiltonian in Eq. 

(2.33), in which the dynamical variables are operators, is 

assumed. The task is then to verify that such a procedure, 

as in the classical case, leads to the expected quantum 

mechanical equations. 

The classical expression for the total Hamiltonian of 

the total system in Eq. (2.33), when Gauss's law is assumed 

to hold and in the Coulomb gauge, can be written as 

H = i &) +Z rnj'[ 
J I c(-l <X 

+ • • ; 7 „ ) + V c . (3.36) 

The symbols used in Eq. (3.36) have their usual meaning as 

in Chapter II and is the static instantaneous Coulomb 

potential 

y _ T h S i . — 
C o<>̂  4 i t | 3 £ - ^ | ' <3-37> 
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which results from the elimination of the longitudinal 

component of the electric field.66 

The Hamiltonian in Eq. (3.36) is a Hermitian operator 

because the dynamical variables, namely, the components of x, 

anc* ® a r e hermitian operators. The 

electromagnetic field operators in Eq. (3.37) obey the com-

mutation relations in Eqs. (3.29)-(3.31) and (3.33)-(3.35). 

The canonical variables for the particles obey the usual 

commutation relations 

I - V ^ = f tli J = 0 ' (3-38) 

and 

L X,' > P , 
L fy o1/3 £J (3.39) 

where the first index indicates the particle and the second 

one refers to the component (i, j=l,2,3). The commutators of 

the field operators and those of the particles are assumed 

to vanish so that they are independent of one another. 

Equations of Motion 

To derive the quantum mechanical equations of motion, 

which are the Maxwell's equations in operator form for the 

electromagnetic field and Newton's second law with the Lo-

rentz force operator for the particles, the Heisenberg 
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picture is used. In this picture the state vector is con-

stant in time and the dynamical variables change in time in 

accordance with Heisenberg's equation. For an operator -Q. 
H 

=:®#pC iHt/M) SL ifip C~'Ht I ft ) in the Heisenberg picture, 

the Heisenberg's equation of motion is 6 7 

Jit L « V dt 'H (3.40) 

None of the operators we consider in this chapter has any 

intrinsic time dependence so that the last term of Eq. 

(3.40) vanishes. In what follows, Eq. (3.40) along with the 

Hamiltonian operator in Eq. (3.36) expressed in the Heisen-

6 7 

berg picture are used to verify, as in the classical case, 

that the correct equations of motion are obtained. 

To obtain the equation of motion for the electromagnet-

ic field variables the equation of motion for the vector 

potential is first derived. Using the Hamiltonian operator 

in Eq. (3.36), in the Heisenberg picture, and the commuta-

tion relations in Eqs. (3.33)- (3.35), the equation of motion 

for the vector potential is shown in Appendix I to be 

^ /? (r*,t) = - c • (3.4i) 

When the curl of both sides of Eq. (3.41) is taken, the 

order of temporal and spatial derivatives are changed and 
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note is made of the fact that^VxA", Faraday's law in opera-

tor form is obtained 

V X E(~,t) =-±£3tft) • (3.42) 

The electric field operatorIT in Eq. (3.42) is the total 

electric field operator because the longitudinal component 

does not contribute to the curl. 

The other kinematic equation, namely the condition of 

no magnetic monopoles, is identically satisfied because 

® ~ • Since Gauss's law, as an operator iden-

tity, is assumed to hold at the outset of the development of 

the theory, only the Ampere-Maxwell law remains to be veri-

fied. in order to derive the Ampere-Maxwell law the trans-

verse electric field, in component form, is used in Eq. 

(3.40) : 

§f =•('*)[£ (r,i), H] • (3.43) 
- I . 

Ti 

When the Hamiltonian operator in Eq. (3.36) is substituted 

in Eq. (3.43), the result is the sum of four separate commu-

tators. The two commutators involving the c-numbers U andV 
0 

vanish identically, and Eq. (3.43) becomes 

9. 

2t 

>(£-£<*<;,*J)1]} • , 3 - 4 4 ) 
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The right-hand side of Eq. (3.44) can be calculated using 

Eqs. (3.27)- (3.31) and the commutation relations in Eqs. 

(3.33)-(3.35) and is presented in detail in Appendix J. The 

result is 

h £ r F l k ) = c t V x * r > t > h ' (3.45, 

where is the i th component of the transverse current 

density: 

rd,.tr'-r') , (3.46) 

it <? y 

where jj is thej th component of the total current density 

defined in Eq. (2.6). When the left-hand side of Eq. (3.45) 

is written in terms of the total electric field and the fact 

that68 

, 3 - 4 7 ) 

where L denotes the longitudinal component, the Ampere-

Maxwell law is obtained 

£(r,t) r C W B(F,t) -J(rA) • (3.48) 
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Finally, in order to derive the equation of motion for 

the <* th particle, the i th component of the kinetic momen-

tum operator >Q*0) i s u s e d i n E<3» (3.40): 

"'-'Li = ( U ) ' ' [ f c l i ' k >H] • (3.49) 

When the Hamiltonian operator in Eq. (3.37) is used in the 

commutator in Eq. (3.49) and the resulting commutators are 

evaluated, the result is (see Appendix K) 

- - • > ) £ ) • (3.50) 

The term in the braces in Eq. (3.50) is recognized as the i 

th component of the Lorentz force operator and the last 

term, which is the i th component of the gradient of the 

external conservative potential, is the corresponding compo-

nent of the external conservative force. The form of Eq. 

(3.50) is simply Newton's second law with the Lorentz force 

operator, describing the dynamical behavior of the par-

ticles . 

In this chapter the quantum mechanical description of 

the interaction of nonrealtivistic charged particles and 

electromagnetic field is formulated. The free electromag-

netic field is first canonically quantized using the mode 
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expansion of the vector potential in the Coulomb gauge. The 

quantized electromagnetic field is then allowed to interact 

with the nonrelativistic quantum mechanical charged parti-

cles. The quantum mechanical behavior of the total system 

is shown to be governed by the minimally-coupled Hamiltonian 

by verifying that the correct quantum-mechanical equations 

of motion are obtained, in the Heisenberg picture they are 

Maxwell's equations for the electromagnetic field operators 

and Newton's second law for the particle operators. 

In the next chapter, the interaction of the nonrela-

tivistic charged particles and the quantized electromagnetic 

field is considered again using the second-quantization for-

mulation. The form invariance of the Schrodinger equation 

under unitary transformations is also discussed in the next 

chapter. 



CHAPTER IV 

INTERACTION OF NONRELATIVISTIC CHARGED PARTICLES AND THE 

ELECTROMAGNETIC FIELD: SECOND-QUANTIZED FORMULATION 

The quantization of the total system of nonrelativistic 

charged particles and the radiation field presented in Chap-

ter III treats the particles in the framework of the so-

called "first quantization." when the number of particles 

in the system is large, however, the most convenient ap-

proach is to treat the particles as fields also. Therefore, 

in this chapter the second-quantized method of formulating 

the interaction of nonrelativistic charged particles is used 

to discuss the transformation properties of operators under 

unitary transformations, in particular, the potentials of 

the electromagnetic field. 

There are two different views of unitary transforma-

tions in quantum mechanics, in the passive view when a 

unitary transformation is made on the wave function, the 

generalized coordinates for the electromagnetic field, the 

vector and scalar potentials, are unaltered, while the parti-

cles' field operators are unitarily transformed.18 The view 

taken here, contrary to the earlier works,17'69 is the active 

view in which the field operators of the particles remain 

unchanged, while the potentials of the electromagnetic field 

18 

are transformed. By requiring that the Schrodinger egua-

tion be form invariant when an arbitrary unitary 

50 
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transformation is made on the wave function, the transforma-

tion laws for the potentials are obtained. 

Second Quantization of the Particle Field 

A formulation of many-body quantum mechanics which is 

convenient for a large number of identical interacting 

particles is the second-quantized formulation.^"^ in 

order to establish the notation and provide some background, 

a brief account of second quantization is given in this 

section. 

The wave function for N noninteracting bosons (fer-

mions) is 

T
 xk ± 

\"> * • * >*,4 ) = • • • 4 * ^ ) 3 ( 4 , 1 ) 

where oc denotes the set (a,b,...,u) and (T±r *-.) is the 

coordinate of the i th particle (i=l,2, . . . ,N) which has 

coordinates and spin m Eq. (4.1) the symmetriza-

ti°n operator s + and the antisymmetrization operator S~ are 

defined as ^0-72 

S ~ = ( M i ; 2 Z (±i; P , ,4.2) 

where |P is the permutation operator, (-1)P is the sign of 

the permutation P, (+1)P=1, and the summation is over all N! 

permutations of 1,2,...,N. The single-particle wave 
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functions n(x) in Eq. (4.1) satisfy the single-particle 

Schrodinger equation 

H w f > n ( X ) = 6 n < j > J x ) , ,4.3) 

where H(x) is the single-particle Hamiltonian a n d ^ is the 

energy of the particle in the state n. The wave function in 

Eq. (4.1) is therefore symmetric (antisymmetric) for bosons 

(fermions). It is assumed that the wave functions in Eq. 

(4.1) are normalized and form a complete set. The state 

vector for N interacting identical particles is therefore a 

superposition of the wave functions f . in Eq. (4.1), 
oi 

^ x
w) *

 (4#4) 

. t 
The field creation operator f(x) is defined as 7 3 

P (X) 4* — i V + Q ^ S ) 
A/ / A/*/ a/ i* N ' > (4.5) 

where 

S c x - x ) i (4.6) 

is the product of the spatial delta function and a Kronecker 

delta for spin. From the definition of (x) it is seen 

that the field creation operator creates a particle at a 

point x with a spin <r . The result of operating on the N-

particle wave function in Eq. (4.4) by ^ ( x ) is, therefore, 
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an (N+l)-particle wave function. Similarly, the field anni-

hilation operator is defined as 7 3 

%-•N(*„•••>xv), «-7» 

which annihilates a particle with a spin «• at a point 3T. 

The integral over x N in Eq. (4.7) includes both an integral 

over all space of the spatial coordinates x"N and a summation 

over the spin <rN- Equation (4.7) is an (N-l)-particle 

wave function. From the definition of the field creation 

and annihilation operators in Eqs. (4.6) and (4.5), respec-

tively, the following commutation relations for bosons or 

anticommutation relations for fermions can be proved73 

=[rf(x), rf<y)]_-o , (4.8) 
and 

=-S(x-3) (4.9) 

where -(+) indicates the commutator (anticommutator). in 

what follows the particles' field creation and annihilation 

operators and the commutation (anticommutation) relations 

between them are extensively used. 

In second-quantized formulation operators are expressed 

in terms of the field operators of the particles which do 

not explicitly involve the number of particles. It is 
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therefore advantageous to express the Hamiltonian formula-

tion for a large number of interacting charged particles, 

presented in Chapter III, in terms of the field operators. 

The kinetic energy T, which is a one-body operator, in 

many-body quantum mechanics is defined as 

rii=iTcx'> *<*,>••"*„) > , 4- i o> 

where T(x^) operates on the coordinate x^ of the i th parti-

cle. in the second-quantized formulation, the kinetic 

energy becomes72'73 

T'fN=Jdx foo T<x; <f (4.11) 
N 

The static Coulomb potentialV*c in Eq. (3.37) depends 

on the spatial coordinates of two particles and therefore is 

a two-body operator, in many-particle quantum mechanics, a 

two-body operator ~V"is defined as 

( x , > • • • > * „ } ' ( 4 - 1 2 ) 

where V(xi, x^) operates on the coordinates of both the i th 

and j th particles. In second-quantized form, the two-body 

potential energy becomes72'73 

~ * J*1"Jd9 tP • (4.13) 
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Another important operator is the number operator N 

defined a s ^ ' ^ 

/V =: j d x f(x)^(xj , (4.14) 

whose eigenvalues are the number of particles. 

In the next section the Hamiltonian for the system of N 

interacting charged particles is discussed in second-quan-

tized form. 

Second-Quantized Hamiltonian 

In the previous section the second-quantized formula-

tion of many-particle systems is outlined. The kinetic 

energy and Coulomb potential energy in second-quantized form 

are given, in this section the second-quantized Hamiltonian 

for the combined system of N identical charged particles and 

the quantized electromagnetic field is introduced, in what 

follows and in the remaining chapters the spin of the parti-

cles is neglected for simplicity of notation, but can 

easily be included. Although it is possible to develop the 

second-quantized form of the Hamiltonian from the basic 

principles, namely, the Lagrangian and Legendre transforma-
17 

tions, we use the second quantization of one- and two-body 

operators introduced in the previous section. 

The dynamics of a system of N nonrelativistic identical 

charged particles interacting through the quantized electro-

magnetic field is described by the minimally-coupled 
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Hamiltonian m Eq. (3.36), which in the Schrodinger picture 

becomes 

M . 1 / ,3 / 1 i £ -I i 

H-Tj*rUT + e )+Z Om) Lf-j/TiiQ) ] 

+ U • • •« x I + V 
i> j y + • (4.15) 

In Eq. (4.15) and hereafter natural units are used so that 

^=c=l. 

To obtain the second-quantized form of the minimally 

coupled Hamiltonian in Eq. (4.15), Eqs. (4.11) and (4.12) 

for the second-quantized form of the kinetic energy and 

potential energy, respectively, are used in Eq. (4.15). The 

result is 

+ i j f y * \ f k M 3 ) V c c ? , s ) Y c 5 ) n > r j . ( 4. 1 6 ) 

In what follows, it will prove convenient to express 

the minimally-coupled Hamiltonian in Eq. (4.16) in the 

interaction picture of the radiation field (IPRF) in which 

the Hamiltonian for the free electromagnetic field, the 

first term of Eq. (4.16), is absent. The wave function of 
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the total system (to be discussed in the next section) 

satisfies the Schrodinger equation 

H 4 = I -1- t p , (4.17) 
S 3 t s 

where the subscript S refers to the Schrodinger picture and 

H is the minimally-coupled Hamiltonian in Eq. (4.16). The 

wave function in the IPRF ̂  is related to the wave function 

in the Schrodinger picture by 

- f = Lt) , M.18) 

where H r is the Hamiltonian for the free electromagnetic 

field 

Hr =• i- j d r (£^_ -f- 5 ) . (4.19) 

When Eq. (4.18) is solved for ^ and the result is substi-

tuted in the Schrodinger equation in Eq. (4.17), the result 

is 

(4.20) 

where Hj is the minimally-coupled Hamiltonian in Eq. (4.16) 

in the IPRF given by 

H it) = H ejcp L-LHri) . 
(4.21) 
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When the minimally-coupled Hamiltonian in Eq. (4.16) is 

substituted in Eg. (4.21) and use is made of the fact that 

Hr commutes with *p, u and vc, the second-quantized mini-

mally-coupled Hamiltonian in the IPRF is obtained 

H^t) =fd3x 4 / c x 3 | u r n J , [ ^ _ ^ c r ^ j ] + UtyJVCx) 

+ -L j i i J j 3
3 i f f o } ( 4 2 2 ) 

where the time dependence of the vector potential is 

/!(T,t) = ixfLiHt) fl(>T,o) e*p (-L Hri) . (4.23) 

In the next section the transformation properties of 

the minimally-coupled Hamiltonian in Eq. (4.22) under a 

unitary transformation are discussed. 

Form Invariance of the Hamiltonian Under 
a Unitary Transformation 

Having developed the second-quantized form of the mini-

mally-coupled Hamiltonian, we now turn our attention to the 

form invariance of the Schrodinger equation when the wave 

function of the system of particles and field is unitarily 

transformed. it is shown in this section that in order to 

preserve the form invariance of the Schrodinger equation, 

the two-body operators as well as the potentials of the 

electromagnetic field must properly transform. The 
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transformation laws for the potentials and the two-body 

potential are also given in this section. 

The Schrodinger equation for the system of charged 

Particles and the electromagnetic field is 

H i * = l ~ $ > (4.24) 

where the Hamiltonian of the system is given in Eq. (4.22). 

The Hamiltonian and the state vector in Eq. (4.24) are 

still in the IPRF. However, the subscript I has been 

dropped because the Schrodinger picture is no longer em-

ployed. The wave function of the total system in Eq. (4.24) 

is a linear combination of the wave functions constructed 

from a direct product of the eigenfunctions of the particles 

and field. The energy eigenstates of the particles in Eq. 

(4.1) are a basis in the Hilbert space of the particles. 

The eigenvectors of the electromagnetic field are elements 

of the photon Fock space.7 Therefore, the state vector in 

Eq. (4.24) can be written as a linear combination of the 

direct product of the states $^and 

^ = ' , 4 - 2 5 > 

where is given in Eq. (4.1). The photon state vector|n> 

IS 

=: | — /ki,^lnzy ... 3 (4.26) 
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which is an eigenvector of the free radiation field where n.. 

is the number of photons in the mode characterized by wave 

vector 1<\ and polarization <*..( ̂  = 1,2). 

In second-quantized formulation a unitary transforma-

74 tion is 

U C t ) = ^ [ i ^ J c L x f(X) A f t ? ) ] J (4.27) 

where A is a space- and time-dependent Hermitian operator, 

which, in general, involves both the particle and photon 

operators. The factor q in Eq. (4.28) is included for 

convenience. When the state vector of the system is uni-

tarily transformed 

> (4.28) 

the Schrodinger equation in Eq. (4.24) becomes 

H _ l 2- Lp' (4.29) 
St 7 

The transformed Hamiltonian H' in Eq. (4.29) is 

H = UHlf-iVC2f) • 
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In Appendix L it is shown that the transformed Hamil-

tonian H'has the same form as the Hamiltonian in Eq. 

(4.22) : 

H '=p-x H?) i Um)'[ f- % ACT, t)]+ \7( T)t% f(A> 

+ ̂ y k xjdj f(fj V2'c*S) fCf) *(?) ' (4.31) 

The new potentials A and A^ in Eq. (4.31) , in the four-

44 45 
vector notation, ' are 

^ = ' , 4 - 3 2 ) 

where 

§ = $(%t) = . <4-33> 

The four-vector potential A in Eq. (4.32) is defined as 
r 

^ -J,-S) • < 4 " 3 4 ) 

since A1=-A^(i=l,2,3) . 

The four-derivatives in Eq. (4.32) are 

K ' L w & ' h - h - h ) -
(4.35) 
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The new two-body potential energy in Eq. (4.31) is 

(4.36) 

where the square bracket denotes the commutator. 

In deriving Eqs. (4.31)/ (4.32) and (4.36), two essen-

tial conditions have been made. The first condition is that 

the operator A commutes with itself at different spatial 

points at equal times: 

[ A 0 G t t , A C g * , t ) 3 = 0 -> (4.37) 

which implies that all commutators of U, g and their Hermi-

tian conjugates vanish: 

[ u , 8 > [ U W M v V K U > # ' 3 = 0 • «- 3 8> 

The other condition is that the commutator of A and its 

time derivative at different spatial points is a complex 

number, 

\ A ("Jit)] =r Corwj>\&x n u m b e r j (4.39) 

so that it commutes with all other operators. As we shall 

see in the next chapter, the operator A which generates the 

multipolar Hamiltonian satisfies these conditions. 
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In this chapter the active view of unitary transforma-

tions, in which the Hamiltonian is form invariant, is used 

to obtain transformation laws for the potentials of the 

electromagnetic field. The system considered here is a 

collection of nonrelativistic charged particles interacting 

through the quantized electromagnetic field. In the treat-

ment presented in this chapter, the particles are second-

quantized. It is also shown in this chapter that under a 

unitary transformation, the two—body Coulomb potential ener-

gy must also change. In the next chapter the transformation 

laws obtained for the potentials of the electromagnetic 

field in Eq. (3.32) and the static Coulomb potential in Eq. 

(4.36) are used to derive the multipolar form of the Hamil-

tonian. 



CHAPTER V 

THE MULTIPOLAR HAMILTONIAN 

In Chapter IV the total Hamiltonian of a system of N 

nonrelativistic identical charged particles interacting 

through the quantized electromagnetic field is discussed. 

In that chapter it is shown that when the state vector of 

the system is unitarily transformed, the vector and scalar 

potentials of the electromagnetic field and the instanta-

neous Coulomb potential must also be transformed in order 

for the total Hamiltonian to be form invariant. In the 

present chapter these transformation properties are employed 

to obtain the multipolar form of the total Hamiltonian. 

The multipolar Hamiltonian, which is extensively used 

in nonrelativistic quantum electrodynamics and quantum op-

tics, expresses the potentials of the electromagnetic field 

in terms of the fields themselves. fact that 

the multipolar Hamiltonian involves the electric and magnet-

ic fields makes it possible to develop multipole expansions 

which in turn can be used in different approximation 

schemes. Another feature of the multipolar form of the 

Hamiltonian is that the instantaneous Coulomb potential 

4. 16,17 
energy is no longer present. 

In this chapter, the multipolar Hamiltonian is obtained 

for a system of bound charged particles by a unitary trans-

formation as developed in Chapter IV. It is shown 

64 
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explicitly that the two-body potential energies are 

cancelled. The procedure is then generalized to obtain the 

multipolar Hamiltonian for a system of interacting neutral 

atoms. Finally, a multipole expansion of the total Hamil-

tonian is given and the electric dipole approximation (EDA) 

is discussed. 

The Unitary Transformation 

The multipolar form of the Hamiltonian for a collection 

of bound charged particles is obtained by defining the 

generator of the unitary operator in Eq. (4.27) as 

J - -
= -J > (5.1) 

o 

where the vector potential is in the Coulomb gauge, 

V . / T = 0 , (5.2) 

and therefore is purely transverse. The time derivative of 

N in Eq. (5.1) is 

l _ m 

x.£ t(\7,i)du > (5.3) 
Jo T 

where use has been made of the fact that in the radiation 

gauge the electric field is 

E (.7,*) — - ^ AC*>t) • (5.4) 
T 
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For this choice of A it is shown in Appendix M that 

the conditions of Eqs. (4.37) and (4.39), namely, 

= o <5.5) 

[A£)T,0 > (5.6) 

and 

are satisfied. When Eq. (5.1) is used in Eqs. (4.27) and 

(4.33) the unitary operators U and g become 

Uct) = « * J J d * | (5.7) 

and 
I -» 

(5.8) 

respectively. 

Transformation of the Vector Potential 

From Eq. (4.32), the new vector potential is 

-3C*,i)VCt) fttZt) Cf%) j'(X't) 

-Gp$(K,+)[yqa,t)l . (5 9) 

As shown in Appendix N, the vector potential and the opera-

tors U and g defined in Eqs. (5.7) and (5.8), respectively, 

commute 

= 0 • ,5.10) 
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Therefore, the new vector potential in Eq. (5.10) becomes 

-/ 

=./) (T,t) - ap $ (.?,t)Lv§(x>t>] (5.11) 

In Appendix O it is shown that for the choice of A in Eq. 

(5.1) the new vector potential in Eq. (5.11) is 

J 
= - ^ <5-l2> 

•b 

where "B=VX1T is the magnetic induction field in Eq. (3.28). 

Transformation of the Scalar Potential 

The new scalar potential, given in Eq. (4.32), is 

= g C ?,t)Vd)A,a',t)UW§(.x,t) 

• is-") 

In the radiation gauge in Eq. (3.1) the scalar potential A Q 

is zero and, therefore, the new scalar potential in Eq. 

(5.13) becomes 

( L p $ ( ? , £ ) ' (5.i4) 

In Appendix P we show that when Eq. (5.8) is used in Eq. 

(5.14) the new scalar potential is 

- J m i T - Z C u X t y + Cifl)JcfrPi?,?) > (5.15) 
a I 
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where r) is the transverse part of the microscopic 

. . 16,17 
polarization vector defined as 

F c x , T ) - l J d « x *>("*-?> • (5a6) 

The new scalar potential in Eq. (5.15) can be expressed in 

terms of the total microscopic polarization vector and a 

static Coulomb potential energy. This form of the new 

scalar potential is 

-» -f/ * *• 
E(ux,t) + to-p Jdr r (X,r) 

which is shown in Appendix Q. 

The last term on the right-hand side of Eq. (5.17) is a 

static potential due to a charge q located at the origin. 

In Eq. (5.17) the self energy of this charge has been ig-

nored as usual. The form of the new scalar potential in Eq. 

(5.17) is useful when bound charges are concerned. 

Transformation of the Static Coulomb Potential 

It is seen in Chapter IV that when a unitary transfor-

mation is made on the state vector, the form invariance of 

the Hamiltonian requires that the static Coulomb potential 

energy be transformed also. From Eq. (4.36) the new static 

Coulomb potential energy is 

y ? , if,=vor.j^ - . 
(5.18) 
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The old static Coulomb potential energy V 2 in Eq. (5.18), 

which arises from the elimination of the longitudinal part 

of the electric field, is the energy of a charged particle 

at a spatial point 1c" in the static field of another charged 

particle at a spatial point "y", 

YzCT,^) = s%icir-iTi) • (5.i9) 

The second term on the right-hand side of Eq. (5.18) is 

shown in Appendix R to be 

= fa ?<?,?) • f t f ? ) > (5-20) 

where P̂ , is the transverse part of the microscopic 

polarization vector defined in Eq. (5.16). The new static 

Coulomb potential in Eq. (5.18), therefore, becomes 

V b s p = f a • P / f . n • <5-21> 

As in the transformation of the scalar potential, the new 

static Coulomb potential can also be expressed in terms of 

the total microscopic polarization vector. The method of 

calculation is similar to that in Appendix Q. However, 

since in Eq. (5.21) the transverse parts are evaluated at 

different spatial ppints, the method of Appendix Q must be 

modified. The modification is done in Appendix R, where it 
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is shown that the new static Coulomb potential energy in Eq. 

(5.21) can be written as 

M T) tm" if11 ' 15 •221 

In Eq. (5.22), a divergent term that describes the self-

energy of the particles has been ignored. From Eq. (5.22), 

it is seen that the new Coulombic potential energy does not 

explicitly include the static Coulomb potential between 

pairs of charged particles. The significance of the last 

two terms, which arise from the definition of the microscop-

ic polarization vector in Eq. (5.16), is discussed in the 

next section. 

Multipolar Hamiltonian for a System of Bound Particles 

From Eq. (4.31) the new Hamiltonian for the system of 

charged particles and the quantized field in the IPRF is 

H '=. jdi 
+ I Vex) 

+1 j Ap j pfc ]£(?$) n$><¥&) . ,5.23) 

The multipolar Hamiltonian is obtained by substituting Eqs. 

(5.12), (5.17) and (5.22) for the new vector and scalar 
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potentials and the new static Coulomb potential energy, 

respectively, in Eq. (5.23): 

' 2~ f ' 

H = L * / c v f ( * • » ) ' [ ? + l h - I J / " * • 

. <5.24, 

In Appendix S it is shown that the two-body term in Eq. 

(5.24) can be written as 

L j d x J c t y P c Z ) + * 1 ) I J d > r f c Z r j - P C f j r * ) + ~ g [ " | J j 

+ - i f a ' l j * * * ^ ? ^ ' 7 j n F j - ? c 7 } } 

+ £ ( H - t ) [ d x r t f t - L r <K*!>M5.25) 
4 t t J I x l 

— • «*% 

The microscopic polarization operator P (r) in Eq. (5.25) is 

defined as 

p ( r ) = J * C x Y c k J f ( x * , r ) $ 0 ? ) . ( 5 . 2 6 ) 

The number of charged particles N is the eigenvalue of the 

number operator given in Eq. (4.14), 

N = J d x f l k j t c i b (5.27) 
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When Eq. (5.25) is substituted in Eq. (5.24), the multipolar 

Hamiltonian for the collection of charged particles becomes 

f ' —* * 
/ - / J A c x ) |(*»)'[ <&* * & ( u * > v ] 

- % e l * * ' * ) +- ty*'+ J | ^ 

+ j[ J d f y P ( r ) * (5.28) 

If the system of charged particles is the electrons in a 

neutral atom, the potential energy of the electron in the 

field of the nucleus is 

(5.29) 

I * H x l 

where -Nq is the charge of the nucleus. When Eq. (5.29) is 

used in Eq. (5.27) the static potential energies cancel and 

the multipolar Hamiltonian becomes 

f 
tf'si f d 3 x [ f ? + % f d n <xx X & ( ( A K , t j ] 

' O 

- % J V'tXJ-t'z. 5.30) 

0 

From Eq. (5.30) it is seen that in the multipolar form of 

the Hamiltonian the instantaneous Coulomb potential energies 

do not explicitly appear. The instantaneous interaction of 

particles on one another is included in the longitudinal 
— * 

part of the microscopic polarization operator P (r). 
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Collection of Neutral Atoms 

In this section the multipolar formulation is extended 

to the case of the interaction of several multi-electron 

neutral atoms. If the exchange of electrons between the 

elements of the collection is neglected, i.e., the atoms in 

the collection do not overlap, the electrons belonging to 

one atom are then distinguishable from those belonging to 

other atoms. Therefore, the electron field of one atom is 

independent of those of the others. If R a denotes the 

position of the nucleus of the atom a, relative to some 

origin, the total minimally-coupled Hamiltonian for the 

collection, in the IPRF, is 

H-z jA •Sivju-xi'if-tAc*'
1)] +yoK-7,) 

a A i 
+ Z vka*l-*ojvv 
. if/AW <>-*> t'DV-1:>r- ''•> V" 

A l l •> (5-31) 

where V and V , , respectively, are the one-and two-body 
cl dD 

Coulomb potential energies and the self energies are ig-

nored. In Eq. (5.31), the first term on the right-hand side 

is the sum of the kinetic energy and the potential energy of 

the electron in the fields of its own nucleus and all the 

other nuclei. The second term is the interaction potential 
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energy of all the electrons in each atom. The third term is 

the interaction potential energy of an electron in one atom 

with the electrons in all of the other atoms. Finally, the 

last term is the potential energy of the nuclei. 

When a unitary transformation 

UCt; j > (5.32) 

where A (aT,t) = A(x,SL,t) , is used to transform the state 
a. a 

vector of the system, the new Hamiltonian becomes 

H '=Z j«l3* * 0 0 j ij]l+ 

* i I v & t f r ) XJ V5") 

* 2 ? $0.^(1^,.-<?tl) • 

The new potentials of the electromagnetic field in Eg. 

(5.33) have the same form as in Eg. (4.32): 

where U is given in Eg. (5.32) and g a is given in Eg. (4.33) 

with A=Aa. The new two—body potential energies also have 

the same form as in Eg. (4.36): 

= • ( 5 - 3 5 ) 
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The derivation of Eqs. (5.33) through (5.35) is similar to 

that in Appendix L (See Appendix T). The anticommutation 

relation between the electron field operators in Eqs. (4.8) 

and (4.9), however, must be modified: 

CtiZb+jM-lfa'+JPl'0 • (5-36) 
Ol O 

and 

' <5-37) 

The assumption that the electron field operators of differ-

ent atoms are kinematically independent is reflected in the 

anticommutation relations in Eqs. (5.36) and (5.37). 

The multipolar Hamiltonian for the collection is ob-

tained by taking the generating operator in Eq. (5.32) as 

A L?,t)= - (d* C*-K)' • (5"38) 

a 
In a manner similar to that in Appendix 0, the new vector 

potential in Eq. (5.34) can be determined to be 

- f d u i + L K - # * ) X B fat*-8* )+%*>*}> (5.39) 
O 

where B denotes the magnetic induction field. 

The new scalar potential in Eq. (5.34) is shown in 

Appendix U to be 

(5.40) 
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(5.40) 

where "E^ is the transverse part of the electric field and 

is the transverse part of the microscopic polarization 
clT 

vector for the atom a. The microscopic polarization vector 

for atom a is defined as 

Ttf.n -% fit* (**-£) • ,5-41) 

0- Jo 

The new two-body potential in Eq. (5.35) can also be 

expressed in terms of the microscopic polarization vector. 

One advantage of expressing the new potentials in terms of 

the polarization vector is that there is a cancellation 

between the instantaneous interatomic interactions and terms 

arising from the longitudinal part of the polarization vec-

tor. Thus, the multipolar Hamiltonian does not involve the 
17 

instantaneous interactions between different atoms. In 

Appendix V it is shown that the new two-body potential 

energies in Eq. (5.35) can be written as 

_ t r_L__ _ _ j 
~ Alc L 

3 (X 
(5.42) 

The multipolar Hamiltonian for the collection is then 

obtained by substituting Eqs. (5.38), (5.39) and (5.41) for 
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the new vector potential, the new scalar potential and the 

new two—body potential, respectively, into Eg. (5.33): 

-fd3r F(?,r).T(r;t) + £ fd3r |V>r) 

+V(I7-RJ) +Z VkC )} f(X) 
bjzCL J 

- f r v b - v f a - i f t i i } * ™ * ' 

+fdr fcT}r) •^C3,r';-,U \X-J\ 

(5.43) 

The above expression for the multipolar Hamiltonian can be 

greatly simplified. In Appendix W, it is shown that the 

two-body intraatomic term, the second term on the right-hand 

side of Eq. (5.43), can be written as 

iZ f<dj4 rjcf j VJ:I + FT? 

- (m -z / / < ts> 

+ • ,5.44, 
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The number operator N for the electrons in atom a is 
a 

Afa Vtx) ̂  C JO • (5.45) 

The microscopic polarization operator for atom a is 

? A ( n . (5.4 6 ) 

The interatomic two-body term, the third term of Eq. 

(5.43), can also be simplified. In Appendix X this term is 

shown to be 

= ? a £ ? J * ̂  + I d * % ^ J + n \ ? - £ \ t i T j 

- ' %*• I 
2 wilQ-Zl i ' <5-47> 

The Coulomb potential energy of an electron in the field of 

the nucleus of another atom is 

vp-ty- ' , 5 - 4 8 ) 

and the Coulomb potential energy of two nuclei is 

Y6R<rRt}~w]%r^i • <5-49> 
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When Eqs. (5.44) and (5.47) -(5.49) are substituted into Eq. 

(5.43), the multipolar Hamiltonian becomes: 

/./'= Z / . A " £*-

- f d ' r P ( x , r J . £ l Z v fa7) 

j L - • / ^ 4 0 ( A T ( 7 ) 
I J * « ' ' <* ,5.50) 

+ L . Z . Z { d ' r T<7). FCO . 
% A k m J * 

The only term that depends on the electron fields of differ-

ent atoms is the last term of Eq. (5.50) which vanishes for 

nonoverlapping neutral atoms.^ If an intraatomic effective 17 
potential is defined as 

T 5 i Jd*r f Cr; * J A j i J d ' r fa,?J 

» (5.51) 

which affects the energy levels of the atom a, the multipol-

ar Hamiltonian becomes 

t / Z 

From Eq. (5.52) it is seen that the multipolar Hamiltonian 

does not involve the instantaneous interatomic interactions. 

The interaction between different atoms is mediated through 
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the magnetic field and the transverse part of the electric 

field. 

Multipole Expansion of the Hamiltonian 

The behavior of a system of interacting atoms is 

governed by the Schrodinger equation with the Hamiltonian 

given in Eq. (5.52). In practice, however, such a Schrodin-

ger equation may be impossibly difficult to solve. 

Therefore, as is the case in many applications, it is neces-

sary to express the multipolar Hamiltonian in a form that 

can easily be used in different approximations. In this 

section the multipole expansion of the multipolar Hamilton-

ian is developed. Furthermore, it is shown here that when 

the wavelength of the radiation field is long compared to 

the extension of the atoms, the multipolar Hamiltonian takes 

an especially simple form. 

The term involving the magnetic induction field in Eq. 

(5.52) can be written as J ^ 
% Jdu 

o I 
— r r tId,A <•*-&) 

J o 
s J S r 7 £ a c , r ) x . $ c r ; v > < 5 - 5 3 > 

where 

O 

(5.54) 
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The definition of N in Eq. (5.54) has been used to define 
O. 

10 17 75 

the microscopic magnetization. ' ' When a power series 

expansion of N is made and integration over u is performed 

Si 
Eq. (5.54) becomes 

n = % [ f L r - R j v 

+ •• •] . (5.55) 

When Eq. (5.55) is used in Eq. (5.53) and integration over ~r 

is performed, we find 

A ^ 
% du u c r - ^ x B ^ c r - ^ ) 

= % [ " k ( X ( x - ^ A ) C x * ' ^ c t ) « V + ••• . (5.56) 

The first term on the right-hand side of Eq. (5.56) gives 

the magnetic dipole contribution, the second term gives the 

magnetic quadrupole contribution, and so on. 

The second term on the right-hand side of Eq. (5.52), 

which involves the transverse part of the electric field, 

can be written as 

U V p (x*,r) • E Cr 9 t ) 
t (XT 

= U\ P • £ C r", t) 
J o- T 

- | J d r [ ( F - £ j - xCx'-^.Kx'-^j.V 

+ ...] S ( r " - £ ) . , ( 5" 5 7 ) 
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where a power series expansion of the microscopic polariza-

tion vector has been made. When integration over r" is 

performed, Eq. (5.57) becomes 

I d r P (7,t) 
CLf T 

= + •••]•!a&i) •<5' 
58) 

The first term on the right-hand side of Eq. (5.58) gives 

the electric dipole contribution, the second term gives the 

electric quadrupole contribution, and so on. 

The multipole expansions in Eqs. (5.56) and (5.58) can 

be used in the multipolar Hamiltonian in Eq. (5.52) to 

achieve any desired accuracy. In most practical problems, 

where the wave length of the radiation field is long com-

pared to the size of the system, the electric dipole 

contribution is sufficient. In the electric dipole approxi-

mation, only the first term of the expansion in Eq. (5.58) 

is retained, and the magnetic effects are neglected. There-

fore, the multipolar Hamiltonian in the electric dipole 

approximation becomes 

" Z ^ C x ) C r - ^ ) E-ti&yt) • (5.59) 

In this chapter the multipolar Hamiltonian for a col-

lection of nonoverlapping, neutral atoms is obtained. It is 

shown explicitly that in the multipolar formulation of the 
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interaction of nonoverlapping neutral atoms all the instan-

taneous interatomic interactions are absent. In this 

formulation, the interaction of the atoms in the collection 

is completely mediated through the transverse part of the 

electric field and the magnetic field. The multipolar form 

is also shown to be useful when approximations are used. In 

particular, the electric dipole approximation in which the 

magnetic effects are neglected and the electric field is 

evaluated at the nucleus of the atoms is obtained. 

In the next two chapters the two forms of Hamiltonian, 

the minimally-coupled and the multipolar forms, are used to 

investigate the interaction between a pair of nonidentical 

two-level atoms. 



CHAPTER VI 

INTERACTION OF A PAIR OF NONIDENTICAL TWO-LEVEL ATOMS; 

THE MINIMALLY-COUPLED FORMULATION 

In the last two chapters the general theory of the 

interaction of nonrelativistic charged particles and the 

quantized electromagnetic field was developed. In particu-

lar, in Chapter V we show that the interaction of neutral 

atoms can be described by two unitarily equivalent Hamilton-

ians. Although the unitary equivalence of the two 

16 17 

Hamiltonians is firmly established, ' the manner in which 

the two Hamiltonians are employed can produce different 

results. The discrepancy between the results of the two 

methods can especially be of greater magnitude if one has 

to resort to approximations. In this chapter we use the 

minimally-coupled Hamiltonian, presented in Chapter V, in 

the electric dipole approximation (EDA) to investigate the 

interaction of a pair of nonidentical two-level atoms. We 

use the conventional approach in which the interaction Ham-

iltonian is the sum of A.p, A and V c (constants omitted). 

We show that the two atoms can affect one another instanta-
44 45 

neously which violates special relativity. ' The reasons 

for such an unphysical result are discussed. 

The model of a pair of nonidentical two-level atoms 

that interact through exchange of photons is discussed. 

Then the minimally-coupled Hamiltonian in the EDA is used to 

84 
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calculate the probability of each atom being excited. Fin-

ally, we conclude this chapter by discussing the reasons for 

the unphysical results we obtain here. 

Pair of Nonidentical Two-Level Atoms 

A pair of nonidentical atoms which interact through the 

quantized electromagnetic field is shown in Fig. 1. The 

nuclei are assumed to be infinitely massive and separated by 

a fixed vector R = xt,-x^. The second and higher excited 

states are assumed to have excitation energies much larger 

than the first excited state so that the approximation of 

two levels can be made. 

The ground state of atom i (i=l,2) is denoted by j 

and the excited state of atom i is denoted by | with an 

energy Only single photon transitions are considered 

here. The radiation field can be in the vacuum state | 0^ or 

in the single photon state | k,°^ =aj» , where a"j+ ̂ from 

Eq. (3.23) is the creation operator for a photon of wave 

vector k and polarization oc ( oC = 1,2). The photon creation 

+ 

and annihilation operators, a^-^and respectively, 

satisfy the photon commutation relations in Eqs. (3.24) and 

(3.25), 

L<k * J - & 9 3 — [a ) ̂  1 -0 • (6.i) 
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An "essential states" truncation approximation is made 

in which the pair of two-level atoms and the radiation field 

is described by a superposition of four states. In the 

Schrodinger picture, these states ̂  and their corresponding 

energies (i=l,...,4) are as follows. 

1. The first atom is excited, the second atom is in its 

ground state, and no photon is present: 

t = ' + > j l~>2 '°> > £,~ ^ • , 6- 2 ) 

2. The first atom is in its ground state, the second atom 

is excited, and no photon is present: 

* , 6 - 3 ) 

3. Both atoms are in their ground states and a photon of 

wave vector k, polarization oC and angular frequency 60 = |kj 

is present: 

•> S 3 = 0 3 . (6.4) 

4. Both atoms are excited and a photon of wave vector k, 

polarization ot and angular frequency LO = I k j is present: 

% - /+ * ( 6 , 5 ) 

The Schrodinger equation for the system is 

H$=il£ , (6-6) 
dt 
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where *}*(t) is the state vector of the system. The 

Hamiltonian H can be written as 

(6.7, 

The unperturbed Hamiltonian of the free field and particles 

is , with the eigenstates given by Eqs. (6.2)-(6.5) and 

H. . is the interaction Hamiltonian. The state vector 4? of int 

the system can be expanded in terms of the states in Eqs. 

(6.2)-(6.5) to give 

<P(V = Z cct) ^ . (6.8) 

Even though the four states in Eqs. (6.2)-(6.5) are not 

complete, we assume that they are the essential states and 

that Eq. (6.8) is a good approximation of the true state 

vector. When Eq. (6.8) is substituted into the Schrodinger 

equation in Eq. (6.6) the set of equations 

4 

i ccv - eat) -Z <4 | H.. I <|> \ c„a) j 

(6.9) 

is obtained for the coefficients cn(t). In order to solve 

the coupled differential equations in Eq. (6.9) initial 

conditions must be specified. We assume that at time t=0 
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the first atom is excited, the second atom is in its ground 

state and the radiation field is in the vacuum state, so 

Cj(o)=i , ^(0;= c3e<o = q>(o;=o • ,6-10) 

In what follows, Eq. (6.9) is solved using the minimally-

coupled Hamiltonian in the EDA. 

Minimally-Coupled Interaction Hamiltonian 

For a collection of neutral atoms the second-quantized 

form of the minimally-coupled Hamiltonian in the interaction 

picture of the radiation field (IPRF) is given in Eq. 

(5.31). For the system of two hydrogen-like atoms, however, 

it is more convenient to use the ordinary (first-quantized) 

formulation. When the definitions of the creation and anni-

hilation operators for the electrons, Eqs. (4.5) and (4.7), 

respectively, are used in Eq. (5.31) and the integrals are 

performed, the result is 

Hz~ 

, (6-iD 

where "r*̂  is the position of the i th electron relative to 

its nucleus at the point "x\. In Eq. (6.11), ven(\^jJ) i
s 

the Coulomb potential energy between electron i and its 

nucleus i (i=l,2), V g n (J^
- (x%r^) J ) is the Coulomb interac-

tion between the electron of atom i and the nucleus of atom 
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j (i,j = l,2 and i*j), V g e( | (jr2+r"2) - (x^+r^) | ) is the Coulomb 

interaction between the two electrons and v n n 1 1 | ) is 

the Coulomb interaction between the two nuclei. 

In this chapter we use the Schrodinger picture in which 

the operators are time independent. In the Schrodinger 

picture the minimally-coupled Hamiltonian in Eq. (6.11) 

becomes 

H= e-Xp (-i Hrt) Hxe*f>(iHft) 

f -| a-
= H r + Z p m J > ( 6- 1 2 ) 

where Eq. (4.21) is used. In Eq. (6.12) H r is the Hamilton-

ian for the free electromagnetic field given in Eq. (4.19) 

and the Coulomb interaction is 

In the electric dipole approximation (EDA), the wave-

length of the radiation field is much larger than the 

dimensions of the atoms so that the variation of the vector 

potential over the atoms is neglected. Thus, in the EDA the 

vector potential is evaluated at the location of each nu-

cleus x^. In the EDA the minimally-coupled Hamiltonian in 

Eq. (6.12) becomes 

Un,)[ + c ' 

(6.14) 
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When the quadratic term in the Hamiltonian in Eq. 

(6.14) is expanded, the result is 

H = H 0 - - 2 % +Z%(*»)l/l(Xi)+Z * (6.15) 

i-t 1 

where the unperturbed Hamiltonian H Q is 

2 

H0=r H r - h Z . | ( W j » # 4 - ^ 1 • (6.16) 

The minimally-coupled interaction Hamiltonian is 

* -I i 
==. - 2 ? # T / ? c / ? ( x . ) +i£ 

c-l 0 1 i-l 

^ ? (6.17) 

from Eq. (6.15). 

For two-level atoms the canonical momentum operator p^ 

7 6 
for the i th electron can be written as 

-/_ t 
£ = /<. ( 7 T - 7 T . ) , (6.18) 

where the transition operator 

, 6 - 1 9 ) 

shifts the atom i from the excited state to the ground 

state, while the Hermitian conjugate operator TT^i produces 

the reverse transition. In Eq. (6.18) ju. i are the matrix 

elements of the dipole moments given by 

/ £ = £ + I V T ' ~ > £ ' < 6- 2 0 ) 
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If we assume that the distance between the two atoms is 

much larger than their extension, the instantaneous Coulomb 

potential can be approximated by the interaction of two 

point dipoles 

1 - i - /V 
T ~ *•>] ' (6-20) 
G 4 R K 

where $ is a unit vector along the line joining the two 

atoms. For the interaction of the two-level atoms, Eq. 

(6.20) can also be expressed in terms of the transition 

operators as 

+ 7Ti > <6-21> 

where 

<*, = 'up,- Pi) - 3 (p,. RXfc £>] (6.22) 

When Eq. (3.26) for the quantized vector potential 

along with Eqs. (6.18) and (6.21) are used in Eq. (6.17), the 

interaction Hamiltonian becomes 

Hmf = Y1 h ^ X ^ + ^ } 

-dz 

+ \t -^1 • ' ' ,6'23) 
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In the last term of Eq. (6.23) only the operators respon-

sible for single photon exchange have been retained. The 

functions g± and hi in Eq. (6.23) are 

_ - 'A A — _ _ 
(6.24) 

which comes from the A»|T term, and 

< > £ , ' • 0 = — J r — 
/ tf « 4 - V . 

Xe«p[< ( £ • £ > • £ ] 

which comes from the term. 

(6.25) 

Equations for Amplitudes 

The amplitudes in Eq. (6.8) can be obtained by solving 

Eq. (6.9) with the initial conditions in Eq. (6.10). When 

the interaction Hamiltonian in Eq. (6.23) is used in Eq. 

(6.9), the following set of four first-order coupled differ-

ential equations is obtained: 

I c c t) = <0, ctU) - cl t) 

+ 'lZ t/ZjlJC+CT.tjt) , (6-26) 

icii)= «;+ Vcct)+iZ 3 (i^)e t f a j t ) 

-iZ fl &,d)C , (6'27> 

A,* * 
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(6.28) 

and 

cc^k^t)- U c3 (i,*; t) •+. Vc+ 

-<-1 9, 6 M ; c, cvti^ of,<o 

X 
+ ̂  h' ^>d'J *'* ) C3 (&'*'* *) > 

C-l j|̂«( c ^ 

' - C^tUL+u) c+(?,.t;t; + Vc3(*,*jt) 

~ < %<?,*)e,(V-C,Ci) 

+ i&rA' h'^'' i' S^ /* ) C4 C*'>' t' i i ) • (6.29) 

In these equations and explicitly depend on the modes 

k,<*of the photon. The off-diagonal matrix elements of the 

instantaneous Coulomb potential are the same, and there-

fore in all the above equations have been denoted by 

-3 

Y j (6.30) 

where o(̂  is defined in Eq. (6.22). The contribution of the 

term proportional to A2 in the interaction Hamiltonian con-

sists of two parts. The first is a divergent term which 

gives a constant shift to the energy levels of each atom and 

is consequently omitted. The second contribution of the A2 

term gives the second terms in Eqs. (6.28) and (6.29). 

These terms, however, are time independent and to the lowest 

order of approximation affect the probability amplitudes by 

terms that are proportional to the fourth power of the 

electronic charge. Since we are primarily interested in the 
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effects that are proportional to the second power of the 

electronic charge, such terms are not considered here. 

Solutions of Equations 

Because of the initial conditions given in Eq. (6.10), 

the Laplace transform method can be used to solve Eqs. 

(6.26)-(6.29). The Laplace transform of c(t) is 
QO 

Jdtcct) «xp(-stj. ( 6 # 3 1 ) 

e 

The inverse Laplace transform is 

-i , + ' " * + * • 
CCt)~C2Ki) J M Ziv-xpdtj , (6.32) 

- ioo + 6 

where the path of integration in Eq. (6.32) is parallel to 

the imaginary axis and the small positive number € is 

chosen in such a way that all the singularities of 3*(s) are 

to the left of the integration line. Making use of the 

initial conditions in Eq. (6.10), we transform the- set of 

differential equations (6.26)- (6.29) into a set of algebraic 

equations. The solutions for the transformed probability 

amplitudes, c^(s) and c^fs), are 

-I 
C(s;= f CS) [f (SJ f CS)-f (S) f (S)l , 

*z H Zl IX 3l\ j (6.33) 

and 

-I 

£<s;= - f cs;f csjl . (6.34) 
* -21 U II M IZ Zl J 
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The function for j = 1,2 is 

fj = s + - ; f 3. a , < ) 

+ i > (6.35) 

where j = 3—j, i.e./ 1=2, 2=1. The function for i, 

j=l,2 and i^j is 

r ' -T' * — -» 7 (6.36) 
+ [s-r c Cu), t cJ2+ u j j <). (*,<,) } t t j d j f • 

In obtaining Eqs. (6.33)- (6.36) terms that are fourth order 

in the electronic charge have been neglected. 

If we take the limit that the quantization volume V 
o 

becomes infinite, the summation over all wave vectors be-

comes an integral. In Appendix Y we show that performing 

the summation over the polarization directions and integra-

tion over all the solid angle of "k*yields: 

ee 
- f 

£ . =. S + 1 <0. + (6> U ) ' j «of u* /c/o) CO ( s + 1 COj 
9 4 o I * 1 & £ 

1 * r°° r > 

+ Jclotoo + C ( c 0 f - f . 0 i x t u))J I f 
© 

and 

CO 

(6.37) 

-I 
£ . = ^ . 5 f = « V + * j*! ju^ to tA. ( u ) ^ ( s + i t » 0 

+ + ' (6.38) 
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where the function u(x) is 

a c x ; = x Sin x — *,( x V m x - x*Cos x; . (6.39) 

The constant ei1 is defined in Eq. (6.22) and * 2 is 

+ V(PrR)CfA^R) . 
(6.40) 

To evaluate the integrals over CJ we note that in the 

inverse Laplace transform in Eq. (6.32) the integration is 

along a line parallel to the imaginary axis. Since a phase 

factor in Eq. (6.32) does not contribute to the probabili-

ties, we represent this line by s=i( 1 - Jl)+€ , where € is a 
4 

small positive number and 

- ° - t - « , ) • ,6.41) 

Equations (6.37) and (6.38) then become 

i -i f°° -f 
f. + ('J - a ] +* f*x Jetco cfco + $ - JZ-i ef 
J J » a ' J & > r J 

oo _t 

+JLjr}J^<»h+}+^+-;eiI, ( 6 . 4 2 ) 

and ° 
fOO 

•f = i V+* «o( ^ to ucuitijj[<*>+ j - -a-< sj 

-f j ' / • 

J (6.43) 

The integrals in Eq. (6.42), which are independent of the 

interatomic separation, can be carried out, as in the Weiss-

kopf-wigner treatment of single atom spontaneous emission, 
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* 78 

by letting J = 0. The integrals, however, involve terms 

that are linearly divergent as the photon frequency 

approaches infinity. These divergent parts contribute to 

the single-atom energy shifts and may be absorbed in the 

renormalized energies. The result is 
% 

, (6.44) 

where 

Pj f*j (6.45) 

is the Einstein A coefficient. In evaluating the Indepen-

dent integrals in Eq. (6.43), we shall assume that | J|«.Q. in-

26 

stead of neglecting J . Onder this assumption, it is shown 

in Appendix Z that f in Eq. (6.43) is 
i/z 

+ * K C - & A ) 3 , (6.46) 

where 

( I * ) » (6.47) 

and 

v e x ; =. 3.Q.* f-^*''•>*, (x'-«x"*] . ,6. 48) 
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Having determined all the terms in Eqs. (6.33) and 

(6.34) we obtain the probability amplitudes from the inverse 

Laplace transform. The amplitude c1(t) is 

cm = a i t i j ' J j j ( j r - j - j *Apd}tjj(!-r,X!-rj 

-[kcaxj (-a+- i)/q]I ( 6. 4 9 ) 

and c~(t) is 
oo t 

C^ltos-Cxxij'Jctf txfti ft)j (p: pj*vc-n-+*) 

j (J 

'4 r. 2 

+ <« &> (A+- 5 ; / ? J j ^ (6 .50) 

where 

i-M . 
= C-lJ M. -his. (loz.) J2. . 

/ / ^ + (6.51) 

If the interatomic separation is such that A r ) ) i , for all 
"f* 

values of t we have 

r * c ^ * j W t /?3) r J* J] 
«i. (6.52) 

for which the integrands in Eqs. (6.40) and (6.41) can be 

expanded into a power series. If only the leading terms of 

the expansions are retained, the integrals can easily be 

carried out to give 

ctct)ss 6(t)€xf>lciJLm-/rie^UcoJ;*] (6.53) 
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and 

where 

Cx») = -}(/?£)Kcm^R) txfti -at#j[e.xf>X)] 

_ e x p [ i t j i t - f i j j c ^ j ' e a - x j 

+K(Oi.R) [expC'^t;- expeiftj] 

| ' (6.54) 

* 21 = *2 " *"l a n d 

6(r; = f 1 ' r > ' 
l o . (6.55) 

O 

is the unit step function. For times less than the retarda-

tion time, the first term of Eq. (6.54) vanishes and the 

probability for finding the first atom excited, the second 

one in the ground state and no photon present is 

2. 
| ° l ^ | 3 4-3 ]-> 0 * U * . (6.56) 

The "probability" for finding the first atom in the ground 

state, the second one in the excited state and no photon 

present is j, ^ 

K a ; | | r « f 

| J 0 < t < R . ( 6 - 5 7 ) 



100 

It is worth emphasizing that | c1(t)|
 2 and |c2(t) J

 2 are, 

respectively, the probabilities that the system is in the 

states (p± and <|>2 in Eqs. (6.2) and (6.3). Since these 

states consist of different states of both atoms, it is not 

surprising that depends, through^i-+, on the energy 

of the second atom. From Eg. (6.57) it is seen that the 

second atom has a nonvanishing probability of being excited 

before the photon emitted from the first atom could have 

27 28 

reached it. ' This unphysical result shows that for the 

gauge-dependent approach employed in this section the expan-

sion coefficients in Eq. (6.8) cannot, in general, represent 

the true probability amplitudes for finding the system in an 

energy eigenstate. For the special case of identical atoms, 

tl = <*2 = °o a n a - V « , an<^ Eq. (6.57) shows that the probability 

of finding the second atom excited vanishes. In this spe-

cial case the minimally-coupled interaction Hamiltonian 

gives the correct result. 

In this chapter the minimally—coupled Hamiltonian in 

the EDA is used to investigate the speed of interaction 

between a pair of nonidentical two-level atoms. A set of 

four essential states is used to expand the wave function of 

the system and the differential equations for the probabil-

ity amplitudes are obtained. By solving these equations we 

show that the two atoms can interact instantaneously, which 

violates special relativity. 
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In the next chapter we show that when the same proba-

bilities are calculated from the multipolar Hamiltonian in 

the EDA/ the interaction between the two atoms is properly 

retarded. 



CHAPTER VII 

INTERACTION OF A PAIR OF NONIDENTICAL TWO-LEVEL 

ATOMS; THE MULTIPOLAR FORMULATION 

The minimally-coupled Hamiltonian in the electric dipole 

approximation (EDA) is used in the preceding chapter to 

investigate the retardation of the interaction between a 

pair of nonidentical two-level atoms, in that chapter we 

calculate the time-dependent probability of each atom being 

excited and show that the two atoms can have instantaneous 

effects on each other, in the present chapter, however, we 

reexamine the same problem using the multipolar Hamiltonian 

in the EDA. It has been shown38"41 that in the multipolar 

formulation in the EDA, where the magnetic effects are 

neglected, the energy operator reduces to the unperturbed 

Hamiltonian. The energy eigenstates in Eqs. (6.2)-(6.5) 

are, therefore, the eigenstates of the unperturbed Hamilton-

ian and, consequently, the expansion coefficients in Eq. 

(6.9) can correctly be interpreted as the probability ampli-

tudes in this case. These coefficients are calculated here 

using the multipolar Hamiltonian in the EDA. We show in 

this chapter that under the same assumptions and approxima-

tions as in Chapter VI, the probability of the second atom 

being excited vanishes for times less than the retardation 

time. 
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Multipolar Interaction Hamiltonian 

The second-quantized form of the multipolar Hamiltonian 

in the IPRF and in the EDA is given in Eq. (5.59). Follow-

ing the same procedure leading to Eq. (6.11), the multipolar 

Hamiltonian in the EDA in Eq. (5.59) can be expressed in 

ordinary (first-quantized) form, 

hi»)fi+v: I-2. %?.*£(£,t) > (7.D 
i=i L 'i J i't <- r 1 

which is more convenient for the system of two atoms consi-

dered here. In Eq. (7.1) the position of the electron i 

relative to its nucleus is r^ and the nuclei are at points 

xi (i=l,2). As in Chapter VI, we use the Schrodinger pic-

ture in which Eq. (7.1) becomes 

' °-2) 

where Hr is the free-field Hamiltonian given in Eq. (4.19). 

The multipolar Hamiltonian in Eq. (7.2) is separated into an 

unperturbed part 

Ho=Hr+iyimTn+%}' (7.3, 
and an interaction part 

'
 ( 7 - 4 ) 
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When Eq. (3.27) for the quantized electric field and Eqs. 

(6.18) and (6.20) are used in Eq. (7.4), the interaction 

Hamiltonian becomes 

' X — 

H. \%'iird) <*> 

(£>*) ' (7.5) 

where the functions g^' are related to in Eq. (6.24) by 

' (7.6) 
L » 

Amplitudes 

When Eq. (7.5) is used in Eq. (6.9), written in terms 

o f °n'/ a s e t o f f o u r first-order coupled differential 

equations similar to Eqs. (6.26)-(6.29) is obtained. If the 

same initial conditions as in Eq. (6.10) are assumed for the 

cn'sf the method of Laplace transform can be employed. The 

transformed amplitudes c'^ and c'j are 

' ** II 11 IX JLI j 

and 

. (7.8) 

The function f ^ ' for j = 1,2 is 

j j = s + + £ [ 

+ [s*i(t0| + MJ + <O)] £*(T,*)gAT,«)j , (7.9) 

j J J 



105 

where j = 3-j, and the function f ^ ' for i,j=l,2 and i=j 

is 

-f 

C = J 
d L 

r 
• ( 7 - 1 0 ) 

The functions fjj1 and f ' can be evaluated by going to the 

limit of infinite volume. In this limit, the summations 

become integrals. Since the dependence of g^* on the polar-

ization directions and the solid angle of k is the same as 

g^, the summation over the polarization directions and inte-

gration over the solid angle can be carried out in a manner 

similar to that in Appendix Y. The result is 

* 0 

2 / j 
P j - J d u a [ u d + f j + 
1 * . . . 

Jo J (7.11) and 

CD / , CD 

ij = £ 2 f = ft + _£e]' 

+ | > + / + . n . - i c f ' i , 

+ J J (7.12) 

where u(x) is defined in Eq. (6.39) and is defined in 

Eq. (6.41). The integrals over 00 are also similar to those 

occuring in Eqs. (6.42) and (6.43) . in contrast to those 

equations we note, however, that here the third power of 
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occurs in the integrands of Eqs. (7.11) and (7.12) which 

gives rise to a rapid divergence of the single-atom energy 

shifts in Eq. (7.11). The dependence of the integrand in 

Eq. (7.12) on CO also eliminates the pole at the origin 

which occurs for the iT.p* interaction. The integrals can be 

evaluated in a manner similar to that in Chapter VI. The 

result is 

and 

f-j = J + -a* u*>j) * , (7.13) 

f = l(-?, £ C-a - , ,7.14) 

where 

V(x) = 3 -XX. (to x [ . tti u'i <•/}] 
(7.15) 

The constants and 0<2 are given in Eqs. (6.22) and 

(6.40) . 

To obtain the probability amplitudes, Eqs. (7.13) and 

(7.14) are substituted in Eqs. (7.7) and (7.8). when the 

inverse Laplace transform in Eq. (6.32) is used, we find 

OO 

1 f' IVf-a «JJ J , 
( 7 . 1 6 ) 
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and 

* l?t Ut-V ill IJ - < K J -

r , 2. 

(7.17) 

In Eqs. (7.16) and (7.17), the constants Jf1 j(j=l,2), which 

are in general different from in Eq. (6.51), are defined 

as 

' . 3 -3 
jr. = <-; . ( 7 - 1 8 ) 

Power series expansions of the integrands in Eqs. (7.16) and 

(7.17) can be made, and the leading terms retained. The 

probability for finding the first atom excited, the second 

on® in the ground state and no photons present is 

2 3-3 
| C / ^ | = ' 0 $ i < R . (7.19) 

The probability for finding the second atom excited, the 

first one in the ground state and no photons present is 

a eH = M & K L u > i | - ^ CJlf R ) ' ~ 1 ( j C K R ? 

t z 
| Q l t - K ) , (7.20) 



108 

where X 2 1 = %'2 - we note that Jc^ft) | 2 in E q # 

(7.19) also depends on the energy of the second atom. As we 

mentioned in Chapter VI, this dependence should be expected 

because I ^ M t ^ 2 ±s the probability that the system is in 

the state ! in Eq. (6.2) which involves the states of the 

second atom. The unit step function in Eq. (7.20) shows 

that the second atom cannot be excited until after a time R, 

which is the time required for the photon emitted from the 

first atom to reach it. 

In this chapter we have shown that when the multipolar 

Hamiltonian in the EDA, in which "e*? (constants omitted) is 

the interaction Hamiltonian, is used, the influence of the 

first atom on the second one is zero for times less than the 

retardation time. The reason that the E*r interaction gives 

a physically meaningful result is that the gauge in which 

the vector potential is zer<5 and the scalar potential is -

E*r is used. The energy operator then reduces to the unper— 

turbed Hamiltonian, because the kinetic momentum reduces to 

the canonical momentum in this c a s e . ^ The expansion 

coefficients cn' are then the probability amplitudes of 

finding the system in an energy eigenstate. Another sugges-

tion for the differences between the results obtained from 

the two interactions is that the results depend on the 

method by which the initial state of the system is pre-

pared. ̂ ^ 
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In the calculations presented here and in the preceding 

chapter, it has been necessary to make some assumptions and 

approximations. An essential approximation made in both 

calculations is that the Hilbert space of the electrons is 

truncated to include the ground and first excited states. 

This assumption alone destroys the gauge equivalence of the 

two Hamiltonians. The Hilbert space of the total system, 

which is the direct product of the Hilbert spaces of the 

electrons and the photons, is further truncated by limiting 

the number of exchanged photons to one. The model we have 

examined here and in Chapter VI shows the importance of 

gauge considerations and the proper energy operator for 

calculating time-dependent probabilities. 



CHAPTER VIII 

CONCLUSION 

In this dissertation, the model of a pair of nonidenti-

cal two-level atoms separated by a distance R is used to 

investigate photon exchange in nonrelativistic quantum elec-

trodynamics. One of the atoms is initially assumed to be 

excited, while the other is in the ground state and no 

photons are present. The state of the system is taken to be 

a superposition of four "essential states," which are: (1) 

The first atom is excited, the second one is in the ground 

state and no photon is present. (2) The first atom is in 

its ground state, the second one is excited and no photon is 

present. (3) Both atoms are in their ground states while 

one photon is present. (4) Both atoms are excited and a 

photon is also present. The probability of finding each 

atom in its excited state is calculated using both the 

minimally coupled and the multipolar Hamiltonians in the 

electric dipole approximation. 

When the minimally coupled Hamiltonian is used in which 

the vector potential is in the Coulomb gauge, the interac-

tion is T . f plus A2 plus Vc (constants omitted). The pre-

sence of the static Coulomb potential V c i n t h e m i n i m a l l y 

coupled interaction provides a convenient zero-order approx-

imation to the interaction of slowly moving charged 

Particles. However, being instantaneous in nature, the 
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static Coulomb potential in the minimally coupled interac-

tion may lead to instantaneous effects. It has been ar-

gued 1 6' 1 9 that when the minimally coupled interaction is 

used, with the vector potential in the relativistically 

noncovariant Coulomb gauge, the instantaneous terms due to 

the static Coulomb potential are exactly cancelled by terms 

arising from the exchange of photons. 

A new result presented in this dissertation is that 

such cancellations do not occur when the system of noniden-

tical two-level atoms is considered.^® The calculation of 

the probability that the second atom is excited demonstrates 

this point. It is shown here that the first atom can in-

fluence the second one for times less than the retardation 

time R/c, where c is the speed of light. The nonretarded 

effect obtained in this case is a consequence of the separa-

tion of the total Hamiltonian of the system into an 

unperturbed Hamiltonian and the interaction Hamiltonian "A«ET 

plus A plus (constants omitted), which destroys the 

manifest gauge invariance of the theory. The unperturbed 

Hamiltonian, which determines the basis for the expansion of 

the state vector, is not the energy operator in this case. 

Consequently, the expansion coefficients, which are gauge-

dependent, cannot be interpreted as probability amplitudes 

for finding the system in an energy eigenstate. The energy 

operator, which is gauge invariant, is defined as the sum of 

the kinetic energy and the conservative potential energy. 
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The kinetic energy is calculated from the kinetic momentum, 

not the canonical momentum. 

On the other hand, for the multipolar Hamiltonian in 

the electric dipole approximation the instantaneous Coulomb 

potential does not appear and the effect of the atoms on 

each other is mediated solely through the ENr" interac-

tion, ^ where If is the transverse electric field and r" is 

the displacement of the electron relative to its nucleus. 

In this case the influence of the first atom on the second 

one is zero for times less than the retardation time R/c. 

The reason that the E»r" interaction gives a physically mean-

ingful result is that the gauge in which the vector poten-

tial is zero and the scalar potential is -E»r*is used. The 

energy operator then reduces to the unperturbed Hamiltonian, 

because the kinetic momentum reduces to the canonical momen-

tum in this gauge.^8-41 

A new method for obtaining the multipolar Hamiltonian 

from the minimally-coupled one is also presented in this 

dissertation. In constrast to the previous derivation^ -^ 

of the multipolar Hamiltonian, where the passive view*® of 

the unitary transformations in quantum electrodynamics is 

used, we adopt the active view for unitary transformations. 

In the active view of unitary transformations, only the 

potentials are transformed when the wave function in the 

Schrodinger equation is unitarily transformed. In this view 
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the operators for the particles remain unchanged. The 

transformation laws for the potentials are obtained by re-

quiring the form invariance of the Schrodinger equation when 

an arbitrary space-and time-dependent unitary transformation 

is made on the wave function. It is further shown in this 

work that an appropriate unitary transformation on the 

minimally-coupled Hamiltonian expressed in the second-quan-

tized form gives the multipolar Hamiltonian. An important 

feature of the multipolar Hamiltonian is that for the system 

of neutral atoms or molecules, the interatomic or intermo-

lecular instantaneous potentials are absent.^ This point 

is explicitly shown in this dissertation also. 

In the work leading to this dissertation, a number of 

problems for future research have arisen. The transforma-

tion laws for the potentials of the electromagnetic field 

obtained in this work are of the same form as gauge trans-

formations in non-Abelian gauge field theories. It is, 

perhaps, possible that the concept of operator gauge 

41 

transformations, developed by Kobe and Gray for a single-

particle system, can be extended to many-particle systems. 

Another problem is how Maxwell's equations are interpreted 

in quantum electrodynamics, where the electric and magnetic 

fields are operators. The occurence of divergences in quan-

tum electrodynamics and the renormalization procedure of the 

electronic charge and mass also poses some interesting ques-

tion in the multipolar Hamiltonian formulation. The 



114 

differences between the minimally-coupled and multipolar in-

teractions can be further investigated by considering the 

interaction of two nonidentical charged harmonic oscilla-

tors. For the model of two-level atoms the approximation of 

truncated states is used to simplify the problem. 

However, for quantum mechanical harmonic oscillators the 

states are complete. It may, therefore, be possible that 

the interaction of two harmonic oscillators can be solved 

exactly. 

Much of our information about nonrelativistic systems, 

such as atoms, molecules, solids, and even nuclei, comes 

from the study of the interaction of light with these sys-

tems. Since the development of the laser, photons of higher 

frequency and higher flux have become available which can be 

used to probe even smaller distances and time scales. The 

interaction of the quantized electromagnetic field and non-

relativistic charged particles, therefore, has become an 

exciting area of research. 



APPENDIX A 

DERIVATION OF THE EQUATIONS OF MOTION FOR THE 

PARTICLES FROM THE LAGRANGIAN 

The equation of motion for the o( th charged particle is 

obtained from the Euler-Lagrange equation given in Eq. 

(2.19) 

= o 
J-t v 3x*/ dx~ ' <A1> 

Ot oc 
The total Lagrangian L is 

f ^ x 
L~ — jd r A 9A0) + + > (A2) 

where the Lagrangian density is given in Eq. (2.24). 

When Eq. (A2) is differentiated with respect to ~x* , the 
o( 

result is 

3 4 _ (A -j-

J zT, + " " (A3) 

The first term on the right-hand side of Eq. (A3) is 

obtained from Eq. (2.24). When Eqs. (2.5) and (2.6) for the 

microscopic charge and current densities are used, we find 

= % . S < r - 3 C ) A V , t ; . ( M ) 

3 x * 
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When Eq. (A4) is used in Eq. (A3) and integration over the 

& function is performed, the result is 

— -JsL Ibf 7* + 1 m J * 
— c n ^ i L j - r u oc (A5) 

The first term of Eq. (Al), therefore, becomes 

+ ̂  • (A6> 

The second term in Eq. (Al), when Eq. (A2) is used, becomes 

= %=. Ur a,A )-^k • (a7) 

The first term on the right-hand side of Eq. (A7), when Eq. 

(2.24) is used, becomes 

| = jjLr 3?(t, A ) = 1 / / r J*. ̂  

- ^ Ur,oft 
J r ' ° > 9 x J i 0 3 <A8> 

oL 

where only the nonvanishing terms are retained. When Eqs. 

(2.5) and (2.6) for the microscopic charge and current 

densities are substituted in Eq. (A8) and integrations over 

the S functions are carried out, the result is 

" ^ ^ ^ ' ( A 9 ] 
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When the vector identity 

\7(fl.8) = (A>.V)8 + A*X(VXB)+(B- V)A+8'x(Vxfl) 

is used in the first term of the right-hand side of Eq. 

(A9), the result is 

(A10) 

2 

n. 
- y , 

+ , A 1 1 ) 

When Eq. (All) is substituted in Eq. (A7) and the result, 

along with Eq. (A6), are used in the Euler-Lagrange 

equation, Eq. (Al) , the equation of motion for thect th 

particle is obtained: 

+ 1 ' V - - r 

-k-t 

* ? u - o 
+ — u ' (A12) 
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After cancelling common terms and regrouping, Eq. (A12) can 

be written as 

• • 

M 
M ml 

5 ? x • < A i 3» 

From Eqs. (2.9)and (2.10) for the electric and magnetic 

fields, we obtain 

L.2.Acx,i) s (A14) 
d 

and 

£ (.x+jt) =. x A C^jt) , (A15) 
ot 

respectively. The equation of motion for the otth particle, 

therefore, becomes 

L (A16) 
0 

which is the Newton's second law for the motion of a charged 

particle under the influence of a conservative, 

nonelectromagnetic force - 3 U / 3 7 in external electric and 

magnetic fields E and B, respectively. 



APPENDIX B 

DERIVATION OF AMPERE-MAXWELL LAW FROM THE LAGRANGIAN 

In this Appendix, the Ampere-Maxwell law, Eq. (2.2), is 

obtained from the Euler-Lagrange equation for a continuous 

field, Eq. (2.22), by treating the components of the vector 

potential at various space points, Aj(r",t), as the 

generalized coordinates. The Euler-Lagrange equation for a 

field havii 

(2.22) , is 

field having the generalized coordinates Aj, from Eq 

^ -1 dAj (Bi) 

where summation over the repeated indices^*from 0 to 3 is 

implied. From Eq. (2.24) the Lagrangian density for the 

electromagnetic field and its sources is 

, ( b 2 , 

where Eqs. (2.9) and (2.10) have been used and where 

A= 0A/at. When use is made of Eq. (B2) , the temporal 

derivative in Eq. (Bl) becomes 

a * 

- 2- ( 3/i. , ' A ) 
cdt t dxj c flj) 

> ( B 3 ) 

where Eq. (2.10) has been used. 
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The spatial derivative in Eq. (Bl) can also be 

calculated using Eq. (B2): 

2 

1 - 1 f £ r 5, < 2/)„' 
( 2 £*trt Aft'st'l- mj i*m 

ms M L >x~, J 1 

to 

(B4) 

When Eq. (B4) is simplified, the result is 

2 r 1 c 2 

<?'* txi 

where use has been made of the definition of the vector 

potential in Eq. (2.9). 

From Eq. (B2) the last term of Eq. (Bl) is 

(B5) 

- j_ j 
2 A: c V (B6) 
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When Eqs. (B3), (B5) and (B6) are substituted in Eq. 

(Bl), the result is 

which is the j th component of the Ampere-Maxwell law in Eq. 

(2 .2) . 



APPENDIX C 

DERIVATION OF GAUSS'S LAW FROM THE LAGRANGIAN 

In this Appendix Gauss's law is obtained from the 

Euler-Lagrange equation for continuous fields in Eq. (2.22) 

by treating the scalar potential A Q as a generalized 

coordinate. For a field having AQ as the generalized 

coordinate, the Euler-Lagrange equation is 

a ( & \ 2 * _ n 

^ 3 ' (ci) 

where the Lagrangian density is given in Eq. (2.24). Since 

the time derivative of the scalar potential does not appear 

in the Lagrangian density, the temporal derivative in Eq. 

(CI) vanishes. Using Eq. (2.24) the spatial derivatives in 

Eq. (CI) becomes 

-2- 1 _ _5_ J 1 3 L V7f\ L /tl I 

d(94/dx.)l-Bx£l*
 c c J J 

— ( + _L A \ 
d*L ^ d Xi c ) 

= -2-E. 
m <-

= - V - £ 
The last term of Eq. (CI) is 

__ 9 ( A ) 

dfi} 

= -P , 
where Eq. (2.24) has been used. 
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(C2) 

(C3) 
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When Eqs. (C2) and (C3) are substituted in Eq. (CI), 

the result is 

V . / T V y (C4) 

which is Gauss's law given in Eq. (2.1). 



APPENDIX D 

DERIVATION OF THE CLASSICAL HAMILTONIAN 

In this Appendix the detailed derivation of the 

classical Hamiltonian from the Lagrangian is given. Upon 

substitution of the Lagrangian in Eq. (2.23) into Eq. (2.3) 

the Hamiltonian becomes 

H=-jjfr (*+ ± s. v+±| + f . fitr.t) 

(Dl) 

When Eqs. (2.9), (2.10) and (2.24) are used in Eq. (Dl), the 

first term on the right-hand side becomes 

(D2) 

- j / r (if + i. t-ft ) = - jdr | i - h f - A 

' f t [
 + 1 * 

When Eq. (2.10) is solved for A and the result is 

substituted in Eq. (D2), we have 

- j / r (/ + i = -fe'f i (E'B) + zT-A 

= j r ( £ -h3) 

+ for W . V A t , (D3) 
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where in the second term on the right-hand side of Eq. (D3) 

the definition of the current density in Eq. (2.6) has been 

used, when the integration over the delta function and an 

integration by parts on the last term of Eq. (D3) are 

performed, the result is 

-J/rC<£ + ± I- j<lr ( e\ B) 

(D4) 

Since the electric field and the scalar potential are 

assumed to vanish at infinity, the third integral on the 

right-hand side of Eq. (D4) does not contribute. Therefore, 

Eq. (D4) becomes 

+<r| Ki>t) +pr(f-7.£)Ao.(DS) 

At this point it is customary to use Gauss's law, which is 

one of the dynamical equation of the electromagnetic field, 

to eliminate the last term of Eq. (D5). It is, however, of 

interest to retain this term so that Gauss's law can be 

derived from the Hamiltonian and the corresponding equations 
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of motion. When Eq. (D5) is substituted into Eq. (Dl), the 

result is 
/sj 

H=lcj<&(£+& 

+ U ( X ' , X l 5 * " ' ^ ) * (D6) 

The expression for the Hamiltonian in Eq. (D6) still includes 

the generalized velocity of the particle. Since the 

Hamiltonian must be a function of generalized coordinates 

and momenta alone, Eq. (2.29) can be used to express the 

generalized velocities in terms of the generalized momenta. 

When the result is substituted in Eq. (D7), the total 

Hamiltonian for a system of N charged particles and the 

electromagnetic field as a function of generalized 

coordinates and momenta is obtained, 

H = T +• 1 

which is Eq. (2.33). 



APPENDIX E 

DERIVATION OF GAUSS'S LAW AND THE AMPERE-MAXWELL 

LAW FROM THE CLASSICAL HAMILTONIAN 

The total Hamiltonian for the system of N nonrelativis-

tic charged particles interacting with a classical electro-

magnetic field, given in Eq. (2.33), can be written in terms 

of a Hamiltonian density .Alas 

H = j £ f C . (EL) 

The Hamiltonian density in Eq. (El) is 

# = f ' [ f - y fttftjfiUiTtjs (~-Z) 

+ (p - V*£" ) y ^ E 2) 

where the conservative potential energy U in Eq. (2.33) is 

the sum of single particle potentials only. 

The generalized coordinates for the electromagnetic 

field are the scalar and vector potentials, A q and A, 

respectively. When the scalar potential is used in 

Hamilton's second equation, the second part of Eq. (2.35), 

the result is 

3 * + a _ r _ M _ ] = o 

L ad/} /iv.) J 1 3t*A/3x;)l
 IE3) 

wherepC is the Hamiltonian density in Eq. (E2). Equation 

(E3) is obtained by using the definition of functional 

derivatives in Eq. (2.36) and the fact that the canonical 
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momentum conjugate to the scalar potential vanishes. When 

the Hamiltonian density in Eq. (E2) is differentiated with 

respect to Aq and it is noted that the spatial derivatives 

°f Aq are absent in the Hamiltonian, the result is 

P — V ' £ " — 0 a (E4) 

which is Gauss's law in Eq. (2.1). 

When Eq. (2.36) and the i th component of the vector 

potential is used in Hamilton's second equation, the result 

is 

x . ( o t ) = - 4 * ^ + j L [ — m — I . ( E 5 ) 

<• ^ A . ( r , t ) 3 ^ L d ( d A ( ^ V / B x j ) -1 

From Eq. (2.31), the left-hand side of Eq. (E5) is 

71 L L r , t ) = - 3 £ C r , t ) . ( e 6 ) 

When the Hamiltonian density in Eq. (E2) is used in the 

first term of the right-hand side of Eq. (E5), the result is 

— 7 % ( r - l T ) x 
' 2A;C7li) *7, = d l r •' (E7) 

where = is the i th component of 

the kinetic velocity of the th particle. Upon substitution 

of the current density given in Eq. (2.6) into Eq. (E7), we 

find 

9JZ 
= M ' r ^ • ( E 8 ) 
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When the Hamiltonian density in Eq. (E2) is used in the 

second term on the right-hand side of Eq. (E5) the result is 

3 r 3^ 1_ i 9 f 3
 ! r1. rM 

Equation (E9) simplifies when the electric and magnetic 

fields are expressed in terms of the potentials using Eqs. 

(2.9) and (2.10). When Eqs. (2.9) and (2.10) are 

substituted in Eq. (E9), in a manner similar to the deriva-

tion of Eq. (B5), we find 

?nrL, , - l = -[vxg(5*}l • (=io) 
L 3(3/Ur,0/3*^)1 L 

When Eqs. (E6), (E8) and (E10) are used in Eq. (E5), the 

result is 

-A. E.ir,t)=Ll(r,t)-[vxR(r,t)] , (Em 
4 Ji 

which is the i th component of the Ampere-Maxwell law in Eq. 

(2 .2 ) . 



APPENDIX F 

DERIVATION OF EQ.(2.40) 

When a gauge transformation is made on the potentials 

of the electromagnetic field, the additional terms that 

appear in the Lagrangian give a total time derivative. 

The extra term in Eq. (2.36) is 

I = ~z f&ljW) -VA(oi)] 
" "c A(r,t) > (pi) 

where /\ = 3 A j % t . when the definition of the current and 

charge densities, Eqs. (2.5) and (2.6) are used in Eq. (Fl) 

and integrals are performed, the result is 

Since the displacements of the particles are functions of 

time, i.e., 

the quantity in the braces in Eq. (F2) is seen to be the 

total time derivative of A (?,t), 
oC 

/V 

(F3) 

which gives Eq. (2.40). 
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APPENDIX G 

THE FREE ELECTROMAGNETIC FIELD AS A SUM OF 

INDEPENDENT HARMONIC OSCILLATORS 

In this Appendix it is shown that the Hamiltonian for 

the free radiation field in Eq. (3.18) can be written as a 

system of independent harmonic oscillators. 

The free electromagnetic field Hamiltonian in Eq. 

(3.18) consists of two terms. The term involving the 

electric field, when Eq. (3.14) is used, becomes 

x E - - ( f i t ) (iOco'jeel)•£,(?) 

X { CTOL r ] 

' > <gi> 

where c.c. denotes the complex conjugate. After the order of 

summation and integration is changed, the integrals over r* 

can be carried out. A typical integral in Eq. (Gl) is of 

the form 

JcLr e.xp[±i(fi ^ 
y - (G2) 
rO 

which, in view of Eq. (3.7), is nonzero and equal to V Q only 

if k±k=0. Thus 

I exJ* i (t + T)-7\ =V S 
T. 0 ? , ? / ' ' ,G3) 
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When Eq. (G3) is used in Eq. (Gl) and note is made of the 

fact that 

£ (k). € (A) — $>. 0* 
oL} d (G4) 

and 

A A —v °̂ +' 

-A)~C-D SM, , (G5) 

the summation over k1 and ot 1 can be performed. The result 

is 

= £ s? I c - c - j (G6) 

In a similar manner, it can be shown that the term in Eq. 

(3.18), which involves the magnetic field, is 

' , G 7 ) 

When Eqs. (G6) and (G7) are used in Eq. (3.18) the 

Hamiltonian for the free electromagnetic field becomes 

u - 7 c C* 
Hr ~fa c» £ „ fa ' (G8) 

When Eqs. (3.16) and (3.17) are solved for and the 
result is used in Eq. (G8), Eq. (3.19) is obtained. 



APPENDIX H 

DERIVATION OF THE ELECTROMAGNETIC FIELD 

COMMUTATION RELATIONS 

In this Appendix the equal-time commutation relations 

between the components of the electromagnetic field 

operators given in Eqs. (3.29)- (3.33) are derived, in the 

Schrodinger picture, the equal-time commutator between the 

i th component of the transverse electric field and the j th 

component of the vector potential is 

} *9 

e * f [ T ' F - j ] 
i,* 1 J 

-HI , (HI) 

where Eqs. (3.26) and (3.27) are used. When the commutation 

relations in Eqs.(3.26) and (3.27) between the annihilation 

and creation operators, an(^ a "̂ĵ  respectively, 

are used, Eq. (HI) becomes 

1.' 

(H2) 
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The summations over k' and <*' are easily carried out to 

give 

IyrAo,yril = itit-rt] 

+ (r-r";3 j-
(H3) 

The summation over the two polarization directions in Eq. 

(H3) is evaluated by considering the fact that for any 

choice of polarization vectors the following relation holds: 

<=.<1De,(Tj-t-6.ciTj^.oO = • - - ^ 4 - • (H4i 

When Eq. (H4) is used in Eq. (H3) and the sum over the wave 

vector k is replaced by an integral, the result is 

The integral on the right-hand side of (H5), multiplied by 

(̂ J&) / has the property that it extracts the transverse 

component of any vector field and is known as the transverse 

& function^ 

ijc7-7) = (i - M') ^[iJ.(T-7-j\ . y" r ) e * p L < * , ( r - r ' ) ] • (H6) 

The equal-time commutator in Eq. (H5) , therefore, is written 

aS T 

[£r.CO,AjC?'j] = i1ic i (r-r') } 
* * (H7) 

which is Eq. (3.29). 
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In order to prove the equal-time commutation relation 

between the components of the transverse electric field and 

the magnetic induction in Eq. (3.30), use is made of the 

fact that 

6^r'j = [7x/r(P;]^=€/mn\/>ncr; , (H8) 

where 3 m denotes partial derivatives with respect to the 

m th component of r' and £ j m n is the Levi-Civita symbol.65 

When Eq. (H8) is substituted into the left-hand side of Eq. 

(3.30), the result is 

The right-hand side of Eq. (H9) can be simplified when 

Eq.(H7) and the definition of the transverse % function in 

Eq. (H6) are used: 

[£&, 8. (T-j] = ;u e.mn a ( ^ 

- ̂ r1] expLif'CZ-r'j]] 

f^3 [ i i Jdk r.rj] 

+ < ALU t 
R Jton /» n 

**rL'L&•(?-? ' ) ] j . (H10) 

When summation over n in the first term on the right-hand 
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side of Eq. (H10) is performed and it is noted that in the 

second term 

K ] -[* * * J- — o 9
 (H11) 

o 
Eq. (H10) becomes 

[*&,&(?'}]= iu 6 ? Sir.r) , 
r< J J ' J * - (H12) 

which gives Eq. (3.30). 

The other commutation relations can also be proved by 

using a method similar to the one presented here. For the 

sake of brevity the derivations are not given here. 



APPENDIX I 

DERIVATION OF THE EQUATION OF MOTION FOR THE 

VECTOR POTENTIAL 

In this Appendix the detailed derivation of the equa-

tion of motion for the vector potential of the electro-

magnetic field is given. The equation to be derived 

here is the equation of motion for the vector potential in 

Eq. (3.41). When Eq. (3.40) is used for the vector poten-

tial, the time rate of change of the i th component of the 

vector potential becomes 

( I D 

where the Hamiltonian operator is given in Eq. (3.36). From 

Eq. (3.36) it is seen that the commutator in Eq. (II) 

consists of four commutators: 

[ A.(7,t), H] = i- U3r' [ , B + 
L +* J I "J* 

+ L^.(r)t)} U ( • • •>A/VJ 

+ [ /). (Yjh) , V } • (i2) 
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The last two commutators on the right-hand side of Eq. (12) 

vanish because both U and V are c—numbers. The second 

commutator on the right-hand side of Eq. (12) also vanishes 

because in the Coulomb gauge the vector potential and the 

particles kinetic momentum commute. (Also see Eq. (3.36)). 

The remaining commutator in Eq. (12) is 

I = [ A(7,i) , 

+[/Ur,£j.i B(T',kj\ 

- -zi)ic $.Xr-r')E (T^t) 3 (13) 
d V 

where Eqs. (3.29) and (3.31) have been used. When Eq. (13) 

is substituted in Eq. (12), integration over the 

transverse S function is carried out, and the result is 

used in Eq. (II), the equation of motion for the i th 

component of the vector potential in the Coulomb gauge is 

obtained: 

hA7,t)=-c£,(T,t) , (I4) 

which is Eq. (3.41) in component form. 



APPENDIX J 

DERIVATION OF EQ.(3.45) 

In order to derive Eg. (3.45), each commutator on the 

right-hand side of Eg. (3.44) is considered separately. The 

first commutator is 

= ^ ^r>W +[E./r,i) > B * (Jl) 

According to Eg. (3.37), the first commutator on the right-

hand side of Eg. (Jl) vanishes. The second commutator is 
« 

+ j- ( j 2 ) 

When Eg. (3.30) is used on the right-hand side of Eg. (J2), 

the result is 

i f - i Z l ) ? = % • ^ $>Cr-r) . <•»> 
The second commutator on the right-hand side of Eg. (3.44) 

i s W -| 

I (̂ )L£ri fit), (fc -1 

ilj • (J4» 
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The commutators in the braces on the right-hand side of Eq. 

(J4) are evaluated by considering the components of the 

kinetic momentum: 

= -zif\ ^ (r-Xj) ) (j5> 

where the commutation relation in Eq. (3.29) and the 

assumption that the electromagnetic field variables and the 

particle variables commute have been used. When Eq. (J3) is 

used in Eq. (Jl), Eq. (J5) is used in Eq. (J4), and the 

result is substituted in Eq. (3.44), the result is 

e..t jJAyzy ur.r) 

• (J6) 

When the integral over the S function is carried out, the 

first term in the braces in Eq. (J6) is recognized to be the 

i th component of the curl of the magnetic induction field, 

i.e., 
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Furthermore, the second term in the braces in Eq. (J6) is 

just the transverse component of the current density defined 

in Eq. (2.6) , that is, 

- T 
• , J 8» 

When Eqs. (J7) and (J8) are used in Eq. (J6), the result is 

% L ~ ° ( & ) J (J9) 
lL L it 

which is Eq. (3.45) . 



APPENDIX K 

DERIVATION OF EQ. (3.50) 

(Kl) 

When the Hamiltonian operator in Eq. (3.37) is 

substituted in Eq. (3.49), the result is 

Oy)'[%.-&Aii,i) ,(£_ |?^J 

+ Ui - 4? 4- , v]j • 
The first term in the braces in Eq. (Kl) is 

# A.iz,t),jftfo +5\?;t)j 
= e

t/7',v^C'-Z) > 
where Eq. (13) has been used. Since the transverse £ 

function extracts the transverse component of a vector, Eq. 

(K2) becomes 

(K2) 

(K3) 
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The second term on the right-hand side of Eq. (Kl) is 

£ t r z V f -U lyt)) J 

= I I (*y) j[fu.. % fifat) )f^_ toqtpHdjf-UAfiM) 

The commutators on the right-hand side of Eq. (K4) are 

c 6 r & & > * > > % - • % • $ < $ , t d 

= it % f , tAj<Ta,t) WZ.i) 1 
C «pL(S 3 x ?„ g J — J > 

where the fact that the commutator of different.components 

of the vector potential vanish has been used. When Eq. (K5) 

is used in Eq. (K4) and summation over p is performed, the 

result is 

f(lmAr«L- T 4 > ( $ -

= f f f t y ( Z , t > 94-(^]-
2C J ' 3^; 3>iij J *4 

+ * r tAj(Z,i) h-(Sj)-i) 

^ S V J J 

where ^ i s t h e kinetic momentum. The right-

hand side of Eq. (K6) can be simplified by considering 

[ * x ( y x £ i ] e 

= ( L s j » - & j j ( i i ) = y s . j -9.^), <«> 

(K6) 
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where 3^ = 3 / 3 *£. and summation over repeated indices is 

understood. Likewise it can be shown that 

— (3£/l Xj • (K8) 

When the identities in Eqs. (K7) and (K8) are used in the 

right-hand side of Eq. (K6), the result is 

J (17 >'[ ti ~ k W* 

= 4r i ft* (7x *?J ( • <«> 
The third term in the braces of Eq. (Kl) is 

(K10) 

Finally, the last term in the braces of Eq. (Kl) is 

L t r £ 4 & > * > ' % ] • ,ku) 

When Eq. (3.37) for the static Coulomb potential V is 
c 

used, Eq. (Kll) is seen to be proportional to the i th 

component of the longitudinal component of the electric 

field: 

[ t , r ¥ " i c Z ' V > ¥ ] ' • 

When Eqs. (K3), (K9), (K10) and (K12) are 

substituted, in Eq. (Kl) and the sum of transverse and 

(K12) 
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longitudinal components of the electric field is written as 

the total electric field, Eq. (3.50) is obtained. 



APPENDIX L 

FORM INVARIANCE OF THE HAMILTONIAN, EQ. (4.31) 

The new Hamiltonian in Eq. (4.30) is 

H= » «") 
where from Eq. (4.27) the unitary transformation U(t) is 

\JCt) = J/x ++f£iA (Z i)f( Fj], (L2) 

and the second quantized Hamiltonian in the IPRF is given 

in Eq. (4.22). The first term on the right-hand side of Eq. 

(LI), therefore, is 

UHUf= V(V J/t T(*j\b«>'lY-lA(Zvf 
i-yiv* j- Vaj. <«) 

Since U and u* are independent of the particle field 

coordinates, they can be taken inside the integral: 

UHl/= J£rtc&wvl&+y&fvttj<r (7J 

x J**JA V(t)VcZ])Vu) » (L4) 
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where the particle's kinetic momentum is 

7? (T,i) = " f - > (L5) 

and 

f'cT) = Vet) \j\t) . (l6, 

In Eq. (L4), is the Hermitian conjugate of ^'in Eq. 

(L6). The new field operators and if*'* for the particles 

can be expressed in terms of g(x*,t) defined in Eq. (4.33) 

74 as 

f'cT) = <f(x) , (L7) 

and 

f'(?> = vV; 
(L8) 

When Eqs. (L7) and (L8) are substituted in Eq. (L4), we have 

UH U f = fa * ff(x)i<.x',t)U(t) I 

+^(*>1 Uit)j cT,i) tlx) 

+ £ ft?) +k)3&t)3Cf,t) 

x 3 " ( ^ J t ( K ) . (L9) 
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It is assumed that A (x^t) is independent of the particles' 

momenta so that it commutes with both (x) and V 2 (x,y). 

Therefore, under such unitary transformations and V 2 are 

unchanged. The kinetic energy term in Eq. (L9) transforms 

as 

(2"JgUtc 1/3 = K u V 3 i (L10) 

where the arguments have been suppressed. The transformed 

kinetic momentum is 

It = 3 U 7t 17*9 1 

a V t f - g / T j v V 1 

t" -i-jUcf CJ 3")-? 3^^1/3"' 

.1 t -I = t - t-3(V3 J U 3 

= ? - - C ^ F g t v g ' j ] 

= , 

where the new vector potential A' is 

T<y,t) - gcv,o i/(t) u w 3'< r,i) 

-Hp^CT,t)[V3 (X*;0] . 

(Lll) 

(L12) 
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The new vector potential in Eq. (L12) is identical with the 

spatial components of Eq. (4.32). When Eq. (L12) is 

substituted in Eq. (L9), the result is 

U H U + = jd3* 

rixirijjViT&rtfjtirj • 
(L13) 

I now calculate the time derivative term in Eq. 

(4.30). The time derivative term in Eq. (4.30) is 

1J( 2 £ ) - e 2 e 

St J ' Jt 6 ~ Tt 

(L14) 

where 

set) - Jdx Vc7) ^(7) . (LIS) 

The first commutator in Eq. (L14) is 

= " 1 7 = " / ^ V W A I X . V V l K ) , (L16> 

where 

AC*}t)- = 9
0

A ^ t ) . Bt ^ ' 0 ' , v (L17) 
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The second commutator in Eq. (L14) is 

U I s ' I f J 

s. -JA j*)[ ftpMjtV f ( f j ] 

- - j W f ) 

- W x j | . ( l l 8 ) 

When the anticommutation relations in Eqs. (4.8) and (4.9) 

are used, Eq. (L18) becomes: 

[S,[s, it]] =.-Jj'xjdj | ttf; A ^ ( - < - 1 ) 

- rip t - o v ] A t f . t ) f I f J 

- rift S ( ? - 1 J 

When integrations over the S functions are carried out and 

the one- and two-body terms are regrouped, Eq. (L19) 

becomes: 

lS'tS> fil] = -Jet x i'fa[A(x,tJ,AlK,t)l <f>(ij 

- ***> ^e?AA(x,V»Acf,t)] 

x Wx) . (L20) 

(L19) 
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At this point, it is assumed that the commutator 

[ACX,t>, ACK,t)]=. Compl&y riu^rrAe.r j 
(L21) 

so that the series in Eq. (L14) terminates at the third 

term. When Eqs. (L16) and (L20) are used in Eq. (L14), we 

have 

U C j f ) - P' 

ftp! 

m v + (xj 
(L22) 

The first term can be rewritten to give 

J4* o 

' (~r /**/'•> Acpijj 

(L23) 

When Eqs. (L13) and (L23) are used in Eq. (4.30) or Eq. (LI) 

and the one- and two-body terms are regrouped, Eqs. (4.31), 

(4.32) and (4.36) are obtained. 



APPENDIX M 

DERIVATION OF COMMUTATION RELATIONS IN EQS. (5.5) AND (5.6) 

The generating operator in Eq. (5.1) may be written 

as 

i 

A ( x ^ O = ~ | h y ( M 1 ) 

where A^ is the i th component of the vector potential in 

the Coulomb gauge and a summation from 1 to 3 on repeated 

Latin index is understood. When Eq. (Ml) is used, the 

commutator in Eq. (5.5) becomes 

I I 

[A(x,tj_, jdujdu. xLy. [ j i)] • (M2) 

Since different components of the vector potential in the 

Coulomb gauge commute, the right-hand side of Eq. (M2) is 

identically zero and therefore Eq. (5.5) is established. 

The commutator in Eq. (5.6) is 

I I 

d 

where Eq. (5.3) has been used. In the Coulomb gauge, the 

equal-time commutation relation between different components 

of the vector potential and the electric field is given in 
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Eq. (3.29). When Eq. (3.29) is used in Eq. (M3) the result 

is 

= I Jd«J^ bjj (up- u'fj 

rt Compl®* KJumter ^ 

which is Eq. (5.6) 



APPENDIX N 

COMMUTATION RELATION BETWEEN THE VECTOR POTENTIAL 

AND THE UNITARY OPERATORS U(t) AND g(3T,t) 

The commutator between the i ;tti component of the 

vector potential and the operator g defined in Eq. (5.8) is 

> e * r ( i i A c 

>7=0 

When the identity 

-7- a >tf]. (N1) 

(N2) 

where A, B, and C are any operators, is used, Eq. (Nl) 

becomes oo A 

x A c J . t j j • 
(N3) 

The commutators in Eq. (N3) are of the form 

i 

[/). a,t) ,MT,t)] = £ E \ a. (1*3, t)] , (n4) 
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which vanishes in the Coulomb gauge. When the vanishing of 

the commutators in Eq. (N3) is used, one of the commutation 

relations in Eq. (5.10) is established: 

[A.(jr,v,gii,t)}=o • (N5) 

To prove the other commutation relation in Eq. 

(5.10), consider 

[ a u w ] = e*j>| ii j/j 

oo H 
- ov 

= h v fa c*'i}' i & i 

<*> ... A . . 

1-114^1)^1'^ *<?)}"1 

X[\u,e)>foyr/yjA'l/O'Wfilf • 
(N6) 

The commutators in Eq. (N6) are of the type 

.J .ijX'9 , —» L + (?)] 
=tJ<ty*1c!?)lA.(Zt),Atf,t)] flfj > 
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which vanishes according to Eq. (N4). When this fact is 

used in Eq. (N6), the other part of Eq. (5.10) is 

established: 

= o . 
(N7) 



APPENDIX 0 

TRANSFORMATION OF THE VECTOR POTENTIAL 

In this Appendix the detailed derivation of Eq. 

(5.12) is given. When the definition of the operator g in Eq, 

(4.33) is used, the second term on the right-hand side of 

Eq. (5.11) becomes 

-0%f $Lvf' ]= - W [V«pp$A}] 

. -I 

= - O f f ' f i t * 

+ (a/J 7j] •» ' " j * ' (01) 

The first commutator on the right-hand side of Eq. (01) is 

[ S3 A , V ] = H J A C ? « 7 - V A C X & J 

= -'i L VACT,i)] 
I 

= Ll ^ A (ufy) > (02) 

o 

where Eq. (5.1) for A has been used. Since the variable of 

integration is u and the gradient is taken with respect to 
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x, the integration and differentiation operators commute and 

we have 

I 
[^Aar,t),v] = i} (du • (©a) 

When use is made of the identity, 

S7(F-G) = (F-V)G+FX(VXG)+(G.V)F+GX(VXF), 

and since V X x * = 0, the integrand in Eq. (03) becomes 

= C +Tx[Vxfl(ux,t>] 

+ [ - V j x* . (04) 

The last term on the right-hand side of Eq. (04) is just 

A(u5T,t). If we define a new variable 

"JT'ssoX > (05) 

Eq. (04) becomes 

+ TxLv'xfi'ir,t)l 

= (l +T.v')fl(x',t) 

+7xiv'x > 
/ 

where V=3/3X^ Since 

(06) 

V =. 5(7',t) * (07) 

where ~B is the magnetic induction field, Eq. (06) can be 
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written as 

Vt t- 7T(u3T,£)] = [ M +7'xS ( 7 ' , t ) . (osi 

When Eq. (08) is used in Eq. (03), we find 

o 
.1 

/ 

= <•% j 

+ 't-l j 7'yB l.x',l)du 

I 
• I 

0 
The second commutator on the right-hand side of Eq. 

(01) is 

i^AOCtJ ,v]]= Lip | [ Air.t), 

I 
+[A(r,y^JurxB(uir,^u]j. ( o l o ) 

When Eq. (5.1) for /\ is substituted in Eq. (010) and the 

equal-time commutation relations in Eq. (3.31) and (3.35) 

are used, the right-hand side of Eq. (010) vanishes. 

Consequently, the series in Eq. (01) terminates at the 

second term and we find 

i 

— 1^)9Uj^)[V9Cx7£)] ̂  X (oil) 

where Eq. (09) has been substituted into Eq. (01). The new 
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vector potential in Eq. (5.11), therefore, is 

(012) - - f "X J 
o 

which is Eq. (5.12). 



APPENDIX P 

TRANSFORMATION OF THE SCALAR POTENTIAL 

In this Appendix the new scalar potential in Eq. 

(5.15) is obtained. We begin by calculating the right-hand 

side of Eq. (5.14) for the choice of in Eq. (5.1). 

When Eq. (5.1) is used, the right-hand side of Eq. 

(5.14) becomes 

Vl? g&v [ tr,t) 1 

= O p ' « * P | l l 3, e*p | ->%*<•?> t)j 

-Ogf'jCigA^VtH] 

+ (*!)' } . 
J J fpi\ 

The first commutator on the right-hand side of Eq. (PI) is 

D | A « ; * M 3 --!lL\Acr,t)2 

= J E^luTf-t)da , 
(P2) 
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where Eq. (5.4) has been used. When Eq. (P2) is used the 

second commutator on the right-hand side of Eq. (PI) becomes 

» r r' - t' 
~ ('&) [J *"• J 

o o f J = (-V *; *j\ A. («£<•;, S(u%t)] • ,p3) 

When use is made of equal-time commutation relations between 

the components of the vector potential in the Coulomb gauge 

and the transverse electric field in Eq. (3.29), we have 

x f V T = \[ldu<tu'*; Kj hj c^T-u'Z) > <«) 
where the transverse delta function is defined in Eq. 

(3.33). Since the transverse delta function is a complex 

number, the series in Eq. (PI) terminates at the third term 

and we have 

. r> r r ' ' 

o ( | T 
+ 1 / K . . 

(P5) 

The last term of Eq. (P5) can be expressed in terms of the 

transverse component of the microscopic polarization vector 

, f 

fCx.rj = % J ?$lu.?-r)d* . 
(P6) 
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The transverse delta function can be written as 

= (fdrd*r$I(r-r} $(**>7-r) (P7) 

When Eq. (P7) is substituted into the last term of Eq. (P5), 

we find 

i i 1 J y 

= Ijjdrd'r' bJ-ir-7')K. ^Ux-7-

=UfdU'r' [ i'r.(r,rj][ i \ cr> r ; j , (P8) 

where Eq. (P6) has been used. Integrating over 7'and noting 

that the transverse delta function projects out the 

transverse component of any vector, we have 

J, J J dudu'x^Xj h-- (<J?- w' X*j 

- up J A ?.(.*,n P.(K,?) 

- til)' Jdi- ?TLT,rj.7(Zr} 

= H) J& Q**) > 

O 6 

(P9) 
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where P - pt + P l and P L is the longitudinal part of ~P such 

that V x P L = 0. To obtain Eq. (P9) we have used the 

theorem that if x and Y are any two vector fields 

/ 4r X • V = 0 • 
T J. (P10) 

Using Eqs. (5.14), (P5) and (P9) , we obtain the new scalar 

potential 

[I X 
AjZt) = -J *• /r ta,7) , 
0 i T ° J r (pn) 

which is Eq. (5.15) . 



APPENDIX Q 

DERIVATION OF EQ. (5.17) 

The last term of Eq. (5.15), which involves the 

transverse component of the microscopic polarization vector, 

can be put in terms of the total microscopic polarization 

vector. To do this, let us consider the following 

r) 
r 

=:jdr [ Per,?;-Pl?,r)] • [ 2i7,T) -BLL?,r)'] . (QD 

Since P = P T + PL, where P T is the transverse part and P L 

is the longitudinal part. Then Eq. (Ql) can be written as 

F(7,r) = jdr TXt,7)-zj£r 

+ p ' ? (X,f) • (Q2) 

By Eq. (P10) the second term on the right-hand side of Eq. 

(Q2) can be written as 

jdJr ?{Xs)"?L<X>r)- jdr f Lt,r) • (Q3) 

Therefore, Eq. (Q2) becomes 

jj'r £(.?>?) = jdJr nr,r) -f&/<?,?) . (04) 
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Now, let us consider the second term on the right-hand side 

of Eq. (Q4): 

J /r ?C*,r) 

= f«tr f (.*>?) J J u u 

= r s c z r ; / r " 
t 

- °L jdr fd'r'S.. (r'.f) P « x.&«*-r) far"itC?~F) 0 J i ' i Jo i J '3 
xfda x i(u'JT-rr"j 
' ' 

= zjjdudu'Xj xsJi^(u7-r) , « 

where integrations over 7' and 7" have been performed. The 

longitudinal delta function in Eq. (Q5) is defined as 6 4 

i-j In - iJj Up (i£-r) . <Q6) 

The longitudinal delta function in Eq. (Q6) projects out the 

longitudinal component of any vector: 

Y.ir) s Jji\' y. it 
h J V d / ^ C r - r J • (Q7) 

When the definition of the longitudinal delta function is 

used and integration over 7 is performed, we find 

Jd'r ?*l7,r) 
= Kj * s > k • ( < * - « ' ) * j • (Q8) 
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The integrals over u and u' differ only by a minus sign in 

the exponential. The integrals over u and u' are easily 

performed, so Eq. (Q7) becomes 

= ^ jdk ft ( e + e _ x ) # ( Q 9 ) 

To evaluate the integral over k, we take x to define the 

polar axis, without loss of generality. Then, going to 

spherical coordinates in k space, we need to evaluate 

integrals of the form 

* * * e - J d i J <1$ e J d f 

! i t i t f*. iktCnt 
- -»nJ dt Uki) Jd(.e 

0 • 
.CP 

) 

• - I . itx -t&X 
= lie J df ( l i x ) (e _ff ) 

m 

r 
« 4%J d t ( t x ) 5)n(4x) 

0 

= * * * / * > ,oio) 

where x = jx|. The integral for the negative exponential 

gives the identical result because it is the complex 

conjugate of Eq. (Q10). Thus, we find 

(Qll) 

Clearly the second term on the right-hand side of Eq. (Qll) 

is divergent. This term is the self energy of a charge -q 
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at the origin and shall be ignored. When Eq. (Qll), without 

the divergent term, is substituted into Eq. (Q3) and the 

result is used in Eq. (5.15), the new scalar potential in 

Eq. (5.17) is obtained. 



APPENDIX R 

TRANSFORMATION OF THE STATIC COULOMB POTENTIAL 

IN EQS. (5.21) AND (5.22) 

When Eqs. (M3) and (M4) are used, the second term on 

the right-hand side of Eq. (5.18) becomes 

i i 

9. A C f. f=• - ' I f *; X: , B .(«'£(;] 
• o * Tj : S <> ' TJ 

= X; Xj ( u 7 . U J j , 
• 0 ^ 

(Rl) 

where the commutation relation between the components of the 

transverse electric field and the vector potential in the 

Coulomb gauge in Eq. (3.29) has been used. Following the 

same method as in Appendix P we can show that 

» - J d r . f , (R2) 

where P,j,(x, r) is the transverse component of the 

microscopic polarization vector given in Eq. (5.16). When 

Eqs. (5.19) and (R2) are used in Eq. (5.18) the result is 

Eq. (5.21). 

To prove Eq. (5.22), we note that 

= j d r ? & , ? ) . ?(?,?). 

~ • / " P & V ' i (R3) 
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(R4) 

since P^ P - p^. By Eq. (P10) we have 

j / r F(?,r>. P(?,7j = jSr 

Therefore Eq. (R3) becomes 

M ?
r ' ?r

cl'7> = \^r Pi?,?;. 

In a manner similar to that used in deriving Eq. (Q5), we 

find 

=(i? /** $ ̂  . m5) 
When integrations over u and u' are performed, the result is 

j<*''PJ?,?) >rif,?) 

The integrals have already been carried out in Appendix Q 

(See Eq. (Q7)), so the result is 

} < • ' > • 4JT Z ir-ff ,7| 1^11 

I2" [** 
+iil • (R7) 

(R6) 
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The last term of Eq. (R7) is again divergent. This term is 

also a self energy. This self energy, however, is that of 

the charged particles themselves, which can be seen by 

noting that this term appears as a two-body operator in the 

Hamiltonian. When the divergent term in Eq. (R7) is ignored 

and the result is substituted in Eq. (R4) we find 

jd r f pcf,r) = 

- — ! ! L ) • (R8) 
4*1 ir-fj ijt) |ifk / 

When Eq. (R8) is used in Eq. (4.21) the result is Eq. 

(5.22). 



APPENDIX S 

DERIVATION OF EQ. (5.25) 

The two-body term in Eq. (5.24) is 

J p*p3 +(•*') Jd*r ? LK,r) . ?C =f, 7) 

+ £ ( 4 r + r = W ) l + c t y t o ? ) 

4 K M * l ITI'J 

= k ft fd*felJ +'?) ' P<-7>r) 
+ ̂  | jdxj^y rtx) rfi) f cfj^(x) 

+ Jd*jdy +(x) *(?) 

= r JA J AJ/3 fk, ?(?. r) nm^cv] 

t' + tn \ 

- nf) -±. t'r; nv ^ J , (S1) 
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where the anticommutators in Eq. (4.8) have been used, when 

the anticommutator in Eq. (4.9) is used, the right-hand side 

of Eq. (SI) becomes 

R.H.S =-zJd'J<*y4 Aid ?CK,?)•[ 

*<PjY! [*(?-?)- fddj 

~ ?(•?>?) ft?) 

- Jdip'j [ n?) ?(?,?) Wt>]'l'h1)Tcl?) nv]j 

-JA **(?) + (?j 

+JA 

-Jdy f j i 9u-J + (x) j . 
J (S2) 

If the dummy variables are changed and use is made of 



174 

jd.\ *\x) t(T) = N , 

where N is the number operator, Eq. (S2) becomes 

H.S ?(•*>?)<{(?) 

- [ \d\ n?) ?(?,?) +<rjfj 

If we define the microscopic polarization operator as 

=J<*' f h fa,?) tan , 

Eq. (S3) can be written as 

(S 4) 

n. h. s= -L J A J J A ffa rar.rj *ix) - ?\?j J 

+ w L n ~ 0 SJ i Wa 4- f (>0 , 
* J I *1 (S5) 

which is Eq. (5.25). 



APPENDIX T 

TRANSFORMATION OF THE HAMILTONIAN FOR A 

COLLECTION OF NEUTRAL ATOMS 

In this Appendix Eqs. (5.33) through (5.35) are 

derived. According to Eq. (4.30), the new Hamiltonian is 

H'= UHUf-iV(\U*) , (TD 

where 

The minimally-coupled Hamiltonian for the collection of 

neutral atoms is given in Eq. (5.31). It is assumed that A 
a. 

in Eq. (T2) is independent of the electron momentum, so that 

all the Coulombic potential energies in Eq. (5.30), without 

the inclusion of the time derivative term in Eq. (Tl), are 

unchanged. The transformation of the kinetic energy term is 

very much the same as that in Appendix L. Here we consider 

the transformation of the scalar potential and the two-body 

Coulomb potentials in Eqs. (5.34) and (5.35) which arise 

from the time derivative in Eq. (Tl). 

We define S such that 

S-2. Jj.'xYc?) AJtZi) Ycx*) . (T3) 
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The time derivative term in Eq. (Tl) then becomes 

- 'I fS-> 2,1 + Q£[S, [s, $ ] ] t » . . , T 4 ) 

The first commutator in Eq. (T4) is 

J = - i Z JA^ r \ t ) AA(r,t) a } 

= - f J4 % mi?e % cT) t 

The second commutator in Eq. (T4) , therefore, becomes 

[ S , [S, 2>e]] 

(T5) 

= -Z z 
A Z j A f t j tVj Aacx-,y *0 t f r \ 

~ i*»0 % <J) * W) AftCi?,t) </- f?; j > 
(T6) 

where A = 9, A 
a. ° a. 
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When the anticommutation relations in Eqs. (5.36) 

and (5.37) are used, Eq. (T6) becomes 

[ 3J [s, 3,]] = -ZX J d i / 4 j fojA/Zvl ^ 

- >t)[ { ^ ( * - 1 ) 

- ^ ( . 7 ) X , v % ( ? ) j 
= " f f /P * + & A A W \ c Z t ) * i & $H 

- P ' M ^i)M7>t)^t)taiT^if) 

- p * tAc») sal 

- Z Z j d t p i , fa t ' c U ^ i ) , 

~ ~£~i^* A<j?,0] V**J 

+Jd' l*s ^(7) t),A(i& «£?; %(*lj 
' I .(I7) 

If, as before, we assume that 

= complex number ^ 
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the series in Eq. (T4) terminates at the third term. When 

Eqs. (T5) and (T6) are used in Eq. (T4), we have: 

u w?) + . . , 

- ^ I ' a ^ I - 'I \ F ' i } 

v?> 

The term in the braces is just £2d • When 

the minimally-coupled Hamiltonian for the collection of 

atoms in Eq. (5.31) and Eq. (T8) are used in Eq. (Tl), the 

transformed Hamiltonian is obtained: 

— J-
A 

aa 

tf=£j/x + / ( * ) [ f - i J(.7,1)1 -'I %{(x"><)] 

^+hNVT<> + z£jd'fci fa *«l l, 

I a4( *,0, AcT.wj]+if) \ <x) 

- 'I ^(xJ 

t - x z ruZ-fa . («) 

If we compare Eqs. (L9) and (5.30) we make the following 

identification 

A » ~ » (TIO) 
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and 

£ < ? , p = y r , T ) - i f L M W » A ( f , « ] (Til) 

Equation (Til) is the same as Eq. (5.35). When we use the 

fact that Aq is zero in the radiation gauge and combine the 

transformations of the vector and scalar potentials, Eq. 

(5.34) is obtained. 



APPENDIX U 

THE TRANSFORMED SCALAR POTENTIAL FOR THE 

COLLECTION OF NEUTRAL ATOMS 

In this Appendix Eq. (5.40) for the transformed 

scalar potential of the neutral atoms is derived. 

From Eq. (5.34), the new scalar potential is 

= o'i)3t(r,t)[99g[r,tt] , (on 
where 

} (02) 

from Eq. (5.38). When Eq. (U2) is used in Eq. (Ul) we 

obtain 

= C'V[ '$ \\ 

t&})'[i J A a c r , t ) } 3 ] ] . ( u 3 ) 

The first term on the right-hand side of Eq. (U3) is 

'"'lA.CxU),?. I = -
4 

= -7„AttT,kJ 

0 
= cvl*« (r- K) • 

o 
I 

- -ti$) [ u c l , (U4) 
• "7* ^ 
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where we have used 

£ra,t) = > 

in the radiation gauge. 

The second commutator in Eq. (M3), therefore, 

becomes: 

3] 
= OvfLfc* > (05) 

where a summation over the repeated indices is understood. 

When the equal-time commutation relation between the 

components of the vector potential in the Coulomb gauge and 

the transvere electric field is used, Eq. (U5) becomes 

t{l)l & A 
' I 

• • 0 0 
When Eqs. (U4) and (U6) are substituted in Eq. (03), the new 

scalar potential is obtained 

' ,1 
C?,t) = -Jdu Lr-Z).f[atT-*t)+%,il 

orJ<xzj[u«cr-*;)]. (07) 
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For bound charges in neutral atoms, the microscopic 

polarization vector is 

P(?>r)=>tUuC?-Xa) )"] * (08) 
"i 

where the subscript a refers to the corresponding atom. The 

microscopic polarization vector in Eq. (U8) is Eq. (5.16) in 

which the origin has been shifted. The new scalar 

potential, therefore, can be expressed in terms of the 

microscopic polarization: 

A'(Z,t) = -tJ^rPcr/)-Fcr,t) 

3r[f(7,rj] , 

where P _(x,£) is the transverse component of the 
a., l 

microscopic polarization vector for atom a. In deriving Eq. 

(U9) a procedure similar to that in Appendix P has been 

used. The dependence of E T in Eq. (U9) on the position of 

the atom a is now included in the microscopic polarization 

vector, which can be seen from Eq. (U8). 

i 
Jd (09) 



APPENDIX V 

THE NEW TWO-BODY POTENTIAL FOR THE COLLECTION OF 

NEUTRAL ATOMS 

In this Appendix the new two-body potential for the 

collection of neutral atoms in Eq. (5.42) is derived. 

The last term of Eq. (5.35) , according to Eq. (R2) 

is 

Lt = - K r • f T<-7>
7) > , v l ) 

where P a T is the transverse component of the polarization 

vector of atom a. Since P _ = P, - P T, we have 

ci 1 a. 8.1J 

fa = j d r I}**7) • I <•$>?) 

- u'r P l?,7).p ( r r) , 
J Oil J J (V2) 

The term involving the longitudinal components can be 

written as 
<Lr P L^rJ-P (f/J 

0*L ^ D L 

= c h K r ( # ) 
(' f \ ^ _ * 

XJ 9 (v3) 
0 a 

as in Appendix Q. 
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The integration over u and u' can easily be performed. The 

result is 

fdr ^CZrj. ? c r , r) 

- fyfUk-U- * 4 ) ] - 1 J • (V4) 

As in Appendix Q, the integrals over k can be performed. We 

find 

j / r gtCi,r). 

= ! ! + _! ) 
« 1 1 7 - T i ir-^i 17.^1 t r - ^ i j • , v 5 ) 

When Eq. (V5) is substituted in Eq. (V2) and the result is 

used in Eq. (VI) we have 

— -far T^lXirJ' 

+ i- j J - — ! _ _ +
 1 J . (V6) 

4*1 I?-?I ir-^i 17-^1 + 

When Eq. (V6) is substituted in Eq. (5.35), the result is 

Eq. (5.42). 



APPENDIX W 

DERIVATION OF EQ. (5.44) 

The first two-body term on the right-hand side of 

Eq. (5.43) is the intraatomic term, 

v ' = % t?) rjz>l vc ir-fu 

+ / ^ p ( r , r j • frrj^ 

The Coulomb potential energy of an electron in the field of 

another electron belonging to the same atom is 

Y(ir-5i>=. , 1 • .> 

I (W2) 

so that the first and the third term of Eq. (Wl) cancel and 

we have 

V ' - i Z f t l J - A i f a r a f i {<?J 

* £ f P / " ' & & b ^ E T - < s t ' 3 

• f e P M e , t k - ^ r W ' • "" 
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The first term on the right-hand side of Eq. (W3) is 

jd'rtjti ?*(*)?/*,?) %<$•[$ #?)£($,dflft] 

— \- Jil^r % (r ) , (w4) a J & 
The second term on the right-hand side of Eq. (W3) is 

fef lAh "î iT ̂  tu"} 

= | Z \& r}x) -u. 14 m 
&. -a. 

£ 
IK 

ii I4'' r > T ^ i I"'15""-3' 

- ]%(?) , 

(W5) 

where the anticommutation relations between the electron 

operators in Eqs. (5.36) and (5.37) have been used. 

When the integration over "y is performed and noting that 

(W6) 
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where Na is the number operator for the electrons in the 

atom a, Eq. (W5) becomes 

±1JAJ4 -J— tgiij * a 

= X fd3x th J fcK) 
fa A J a \<-*J 

£ 

+ ^ — U - ^ ex*) 

«. «J *<• J ^ • (w?) 

In the last term of Eq. (W3) f i s a dummy variable, so the 

last term of that equation gives a result that is identical 

to Eq. (W7). Thus, Eq. (W3) becomes: 

- Z f<t* ^ f/X) 
* J * 4XI7-KI *lxJ 

+Z. f*1* c?) — ^ (?) 
A * nir-%i * J ,w8) 

which is Eq. (5.44) . 



APPENDIX X 

DERIVATION OF EQ. (5.47) 

From Eq. (5.43) the interatomic two-body term is 

fo&iv i r - f u 

* (xi) 

Since the Coulomb potential energy between an electron at 

the point x in atom a and an electron at a point y in atom b 

is 

^ 

Yfc(ljT-3'|)= 4 x | x - - 3 l ' <X2> 

it is seen that this term is cancelled by the third term in 

the braces in Eq. (XI). The fourth term in the braces in 

Eq. (XI) is 

£ Z Z U ' x j d } <b f(xjiuf) * _ ± c £ ) t 
x * J J L 1 a ' 

lA f'u~'«irTj I 
JA PtfVFit'P 

z * JLak 1J 

iZ. (X3) 

« A 
% A bp* 

- %<•?) 
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where the anticommutation relations in Eqs. (5.36) and 

(5.3 7) have been used. When summation over b in the first 

term of Eq. (X3) is performed, this term vanishes. 

Therefore, Eq. (X3) becomes 

11- Z IdxUy +AV rfoj —L— tifttiid 
O 

= i l l (di "of Yt?) , * * J * * (x4) 

where 

is the number operator for electrons in atom b. The fourth 

term on the right-hand side of Eq. (XI) can similarly be 

evaluated and gives 

I.Z z Kx/4 ^ 

=. iZ Z {j-l W ip(~. 
v*> • ( X 5 ) 

When the dummy variable and dummy index in Eq. (X5) are 

changed, the result is identical to that in Eq. (X4): 

* £ & W** fa 

= j I 2 . idtH'tKj ^ 1 r (x) . 
* * LP* « * 

(X6) 
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The last term on the right-hand side of Eq. (XI) is also 

easiy evaluated and gives 

^ L Z J < d f a %CxJ 

= lrZZ. 
(X7) 

When Eqs. (X4), (X6) and (X7) are substituted in Eq. (XI) 

the result is 

^ +fdirPG?rrj. P&Fj 
-«L • 

4KlJr-$i 4/rt?-iej 

= £ ?7-> • ̂  +J& 

_ _ J V V * 1 1 ? * 
' <X8> 

which is Eq. (5.47) 



APPENDIX Y 

DERIVATION OF EQS. (6.37)-(6.39) 

When the quantization volume becomes infinite, the 

summations become integrals. For example, the first sum in 

Eq. (6.36) becomes 

— i ̂  

Z Cs+iu>) I tT**) 
T," 3 1 

OD ^ it r 

>°0 3 (Yl) 

where dk is an element of solid angle in k-space. If we use 

Eq. (3.24) the angular integral in Eq. (Yl) can be written 

as 

X J ( Y 2 ) 

d ' o 
where R = x^-x^ is the interatomic displacement, which 

without loss of generality can be taken in the z direction. 

Expanding exp(ik • R) in terms of spherical Bessel functions, 

we -obtain 

* 2% 
\ - h W t / v / y ; 

~ (Pi'&JLfi • $ )] 9 (*3) 
A A A 

since , £ and k are mutually orthogonal. When 

arbitrary directions for the dipole moments are assumed, the 

dot products can be evaluated and the integration over the 
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azimuthal angle can be performed. The integrals over the 

polar angle can subsequently be evaluated, which gives 

If we use Eqs. (6.22) and (6.40), Eq. (Y4) becomes 

I. . = 7C 

Iy =14^ UCUR) J 

where u(u>R) is defined in Eq. (6.39). 

Eq. (Yl), we obtain Eq. (6.38). 

(Y5) 

Using Eq. (Y5) in 



APPENDIX Z 

DERIVATION OF EQ. (6.46) 

When the relation 

( X - c o ' = P(x)'+ LK S(x) , (ZD 

where P denotes the principal value, is used in Eq. (6.43), 

the integral can be evaluated. The total integral in Eq. 

(6.43) is, therefore, written as 
09 

1=.Lk JctiJaO-J/?; S(rt+J-.a(J + Xi *.xz 3 (Z2) 

where we have used the assumption that ||J<<_rX+ . The 

integral 1^ is 

00 

Ij = jjLu) coCo3+ l - -fx.) *U-LojR) 

O 

a 0i^R [ &SX_si(X_) +1CC*SX_- Sw(X.)Cfc(X-)] 

-%&£*) -Ktfxi) [Oax^siCx,) -#-5tGsx_-Sinx_C(xj^j 

Cct*(x_) 61SCX-;+"^ S"lrt/_+̂ i«(x.)St{x,)] j j 

(Z3) 

where 

X + = ( - a V ± f ) • (Z4) 
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The integral I2 is 

«e j 

Jdto w ( w t | -t"a-+ J uL*iR) 

= ct'R ts'" "* c«' ^ s< c v.) -*,j( * * J' 

~^K+) fas *+£'(*+)+ £i*^5<OC+ jjj . 

The sine and cosine integrals in Eqs. (Z4) and (Z5) are 

r , 

SiCX)=-J 1 SiiKjdy J Ct'CxJs -Jy'cteysty . 

(Z5) 

80 

(Z6) 

Since x ± » 1, the asymptotic expansion of the sine and 

cosine integrals can be used to simplify Eqs. (Z3) and (Z5). 

When the resulting expansion is substituted into Eq. (Z2) 

and ^ is neglected everywhere except in the trigonometric 

functions, Eq. (6.46) results. 



195 

r i g . l: A schematic representation^of ^ s y s t e n ^ i n ^ 

r;hoton
e/2

1s
1presen!?.b0™e%?ectronS are denoted by e. 
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