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This dissertation is a theoretical treatment of the 

electric field dependence of optical properties such as 

Quantum Confined Stark (QCS) shifts, Photoluminescence 

Quenching (PLQ), and Excitonic Mixing in quantum well 

heterostructures. The reduced spatial dimensionality in 

heterostructures greatly enhances these optical properties, 

more than in three dimensional semiconductors. Charge 

presence in the quantum well from doping causes the 

potential to bend and deviate from the ideal square well 

potential. A potential bending that varies as the square of 

distance measured from the heterostructure interfaces is 

derived self-consistently. This potential is used to solve 

the time-independent Schrodinger equation for bound state 

energies and wave functions within the framework of the 

Wentzel, Kramers, and Brillouin (WKB) approximation. 

The theoretical results obtained from the WKB 

approximation are limited to wide gap semiconductors with 

large split off bands such as gallium arsenide-gallium 

aluminum arsenide and indium gallium arsenide—indium 



phosphide. Quantum wells with finite confinement heights 

give rise to an energy dependent WKB phase. External 

electric and magnetic fields are incorporated into the 

theory for two different geometries. For electric fields 

applied perpendicular to the heterostructure multilayers, 

QCS shifts and PLQ are found to be in excellent agreement 

with the WKB calculations. Orthogonality between electrons 

and holes gives rise to interband mixing in the presence of 

an external electric field. On the contrary, intraband 

mixing between light and heavy holes is not sufficiently 

accounted for in the WKB approximation. 
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CHAPTER 1 

INTRODUCTION 

One of the first quantum well heterostructures was a 

resonant tunneling1 structure comprising very thin layers on 

the order of a hundred angstroms using various semiconductor 

materials formed by epitaxy.2 Early advances in molecular 

beam epitaxy3 permitted hetero-layer dimensions of less than 

a hundred angstroms. These advances permitted observation 

of bound electron and hole states in single quantum wells by 

resonant tunneling and optical absorption experiments.^'^ 

Recent advances in molecular beam epitaxy6-8 have allowed 

construction of quantum well heterostructures that exhibit 

quantum mechanical effects; other than quantum state 

formation and resonant tunneling. These effects include the 

Quantum Confined Franz-Keldysh (QCFK) effect9, the Quantum 

Confined Stark (QCS) effect10-1^, Photoluminescence 

Quenching (PLQ)16"18, and Excitonic Mixing (EM).19'20 if 

the well or the barrier widths are on the order of a 

particle's De Broglie wavelength, then the above mentioned 

effects become observable. The De Broglie wavelength of a 

particle in a semiconductor is much larger than the free 

particle wavelength because the effective mass is much 

smaller in a semiconductor. For a conduction band edge 



electron in gallium arsenide (GaAs), the wavelength is about 

15 times larger than the free electron wavelength. 

In the QCFK effect, an electric field is applied 

parallel to the semiconductor multilayers. The electric 

field causes the optical absorption below the band gap to 

increase with increasing field.21'22 Applying an electric 

field perpendicular to the semiconductor layers gives rise 

to the qualitatively different QCS effect in which the 

excitonic absorption peak shifts to lower energies as the 

electric field increases. This QCS shift is because bound 

electron states shift to lower energy values in the 

conduction band well and bound hole states shift towards 

higher energy values in the valence band well with 

increasing electric field.. The net result is a reduction in 

the energy separation of electrons and holes which leads to 

an excitonic absorption peak shift to lower energies. Some 

QCS shifts have been observed at room temperature.23'24 For 

the first few bound electronic states, confinement in the 

quantum well limits the exciton-lattice interaction to 

vibrational modes of the well host material. Therefore, 

quantum confined excitons have a temperature variation 

similar to that of bulk materials.2^ This three~dimensional 

temperature variation allows exciton resonance to be 

observed at room temperature. As the excitonic absorption 

peak shifts to lower energies, the photoluminescence 

intensity due to recombination of electrons and holes also 



decreases. This PLQ is due to increased charge separation 

in the quantum well as the external electric field 

increases. At zero electric field, excitonic recombination 

is a direct gap process in real space. But as the electric 

field increases, electrons are displaced towards one side of 

the conduction band well and holes are displaced towards the 

opposite side of the valence band well. Consequently, 

excitonic recombination becomes an indirect gap process in 

real space and the probability of recombination decreases. 

The transition from a direct gap to an indirect gap process 

is the dominant cause of PLQ. 

Energy levels and hence photoluminescence peaks are 

dependent upon well width. The smaller the well, the larger 

the shift in confinement energy of the particle. These 

energy shifts due to confinement also depend upon effective 

mass. Consequently, the electron, light hole, and heavy 

hole particles all have different confinement shifts. The 

effective mass of the heavy hole is large and so the wave 

function is more confined in the quantum well. The subband 

energies of the light hole and of the electron depend more 

on confinement than on effective mass since they are less 

localized in the quantum well. Subbands associated with 

small effective mass particles will then depend more upon 

multi-quantum-well coupling and band mixing between 

conduction and valence bands. Coupling between wells in a 

multi-quantum well heterostructure through penetrable 



barriers will split bound quantum states into symmetric and 

anti-symmetric states. This coupling of wells and resultant 

state splitting has been observed through optical absorption 

measurements.2 6 

The reduction in average exciton radius from 

confinement increases the binding energy of the exciton from 

its bulk value. Coupling between light- and heavy-hole 

excitons produces perturbations on binding energies that 

lead to nonlinear QCS shifts. Electrons and holes from 

orthogonal states can also couple if an electric field is 

applied since the well symmetry is modified by the external 

field. These two types of couplings are referred to as EM. 

Theoretical treatments for modelling QCS shifts, PLQ, 

and EM involve Airy approximations, variational methods, or 

perturbation theory and neglect the internal Coulomb field 

due to charge presence in the quantum well.2^-33 The 

internal field originates through several processes that can 

occur simultaneously. An undoped or charge-free quantum 

well is shown in Fig. la. Doping the well region or 

modulation doping the barrier region34 causes the well 

potential to bend as shown in Fig. lb. A self consistent 

Hartree-Fock calculation35 confirms this bending of the well 

potential. This potential can be built into the 

heterostructure by molecular beam epitaxy. Confinement 

heights are governed by the amount of modulation doping in 

the barrier regions. The potential curvature is dependent 



CB AE, 

E, 

VB AE, 

- a 0 + a - a 0 + a 

(a) ( b ) 
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Figure 1: Energy space representation of the conduction 
(CB) and valence band (VB) edges in (a) an undoped or (b) a 
doped quantum well heterostructure. AEC and AEV are the 
confinement heights of the conduction and valence band wells 
respectively. (c) Schematic representation of a GaAs-Ga-i.y 
AlxAs quantum well where x is the mole fraction of Al. 



upon impurity concentrations, well doping, modulation 

doping, and interface roughness, all of which can be 

precisley controlled in molecular beam epitaxy. One useful 

heterostructure is the gallium arsenide-gallium aluminum 

arsenide (GaAs-GaAlAs) heterostructure shown in Fig. lc. A 

property of GaAs-GaAlAs heterostructures is that the crystal 

lattice matches at the interfaces so there is negligible 

strain induced in the quantum well.36 This is in contrast 

to gallium indium arsenide-gallium arsenide37 or silicon-

germanium38 quantum wells where the difference in bulk 

lattice constants at the interfaces induces a strain which 

affects the heterostructure potential. On the other hand, 

indium gallium arsenide-indium phosphide (InGaAs-InP) 

quantum wells exhibit a strain shift except at the lattice 

matching composition x = 0.47 of Gallium in the Indium 

Gallium Arsenide layers.39 These strain shifts can cause 

deviations from the potential shown in Fig. lb and alter the 

band gap energy Eg. 

Large electric fields40 cause perturbation theory to 

break down, and another more accurate approximation method 

is needed to obtain useful theoretical results. While QCS 

shifts are not necessarily quadratic in the external field 

as the perturbation result predicts, a variational 

calculation yields a quadratic dependence on the external 

field.41 These methods are not without drawbacks. 

The purpose of this thesis is to show that meaningful 



results can be obtained for optical porperties in quantum 

well heterostructures by incorporating the internal 

electric field using the Wentzel, Kramers, and Brillouin 

(WKB) approximation.42"44 This is in contrast to approaches 

where the effective mass of the particle is varied45 or the 

internal field is neglected.4® The effective mass is not 

varied in the WKB approximation used herein. The 

variational and perturbational methods discussed above do 

not hold effective mass constant nor do they incorporate the 

internal electric field. Other benefits of the WKB 

approximation are that finite wells can be treated very 

easily and that bound state energy dependence on well width, 

number concentration, or external electric field is easily 

calculated. 

Possible deficiencies of the WKB approximation involve 

lack of self-consistency, use of a one-band effective mass 

approximation, and absence of an intraband mixing term in 

the Hamiltonian. Since the quantum well heterostructure 

involves both internal and external electric fields, the 

correct method is to perform a self-consistent solution of 

the Schrodinger equation.47 Only wide, direct energy gap 

semiconductors with large split-off bands such as GaAs-

GaAlAs and InGaAs-lnP heterostructures submit successfully 

to the use of a one-band effective mass approximation. In 

narrow energy gap semiconductors such as Indium Antimonide 

the conduction and valence bands couple, and a two—band 



effective mass approximation must be used.48'49 Because of 

the observation of EM, light holes and heavy holes couple 

and an interaction potential should be included in the 

potential energy of the valence band quantum well. 

The remainder of this thesis is divided into three 

chapters. The theory of cslectronic states in quantum well 

heterostructures subject to internal and external fields is 

developed in chapter II within the framework of the WKB 

approximation. Results of theoretical calculations in the 

WKB approximation are applied to experimental data involving 

QCS shifts in GaAs-GaAlAs and InGaAs-InP quantum wells and 

to PLQ in GaAs-GaAlAs quantum wells. These theoretical 

results are applied to various cases in chapter III. 

Conclusions regarding the WKB approximation and a brief 

summary of the entire thesis are given in chapter IV. 



CHAPTER 2 

QUANTUM WELL HETEROSTRUCTURES IN THE WENTZEL, 

KRAMERS, AND BRILLOUIN APPROXIMATION 

The quantum well heterostructure potential for an 

undoped well is shown in Fig. la. Particle energies in the 

conduction band (CB) and valence band (VB) wells are 

quantized into discrete energy levels. If the quantum well 

heterostructure is now uniformly doped, then electrons in 

the gallium aluminum arsenide (GaAlAs) layers are ionized 

and move to the lowest energetic states available. These 

states are in the gallium arsenide (GaAs) CB edge well. 

Therefore, two positively charged layers of GaAlAs are 

separated by a negatively charged layer of GaAs. Charge 

depletion in the GaAlAs barriers and charge build up in the 

GaAs well cause the potential to bend as shown in Fig. lb. 

If modulation doping is used, then only the GaAlAs layers 

are doped. Ionized donor impurities are present only in the 

GaAlAs barriers and electrons move to the lowest energetic 

states available in the undoped GaAs well. Electrons are 

spatially separated from their parent donors in the GaAlAs 

layers. Modulation doping produces two positively charged 

layers of GaAlAs which are separated by one negatively 

charged layer of GaAs. The potential bends as in the 
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uniformly doped case discussed above and is shown in Fig. 

lb. Either doping or modulation doping a quantum well 

heterostructure results in a charge density p that is a 

function only of perpendicular distance to the multilayers. 

Poisson's equation can be solved for the electrostatic 

potential <f>(z) given a charge density p(z) . The potential 

energy V(z) is obtained by multiplying the electrostatic 

potential by the charge q of the particle in the quantum 

well. Schrodinger•s equation is then solved self-

consistently with Poisson"s equation until there is 

negligible difference between beginning and ending charge 

density. 

The beginning charge density p = n cq is inserted into 

Poisson's equation V2^(z) = - p/e, where n c is the number 

concentration of the charge and e is the permittivity of the 

quantum well semiconductor material. This choice of charge 

density neglects bound charge in the well and assumes a 

constant distribution of initial charge. Energy is measured 

from the CB edge well minimum as shown in Figs. 1 and 2. 

Therefore, the potential energy and the local electrostatic 

potential in the CB edge well are subject to the boundary 

conditions V(±a) = 0 and $(±a) = 0 respectively. 

Integrating Poisson's equation with these boundary 

conditions gives *(z) = (ncq/2e) [a
2 - z 2], where 2a is the 

well spacing. The potential energy to be inserted into 

Schrodinger's equation is 
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V(z) = a(ci2 - z2) (1) 

for |z| < a, where the potential curvature a = ncq
2/2e. The 

curvature a is proportional to the internal electric field 

and is directly related to the total charge density in the 

well pT = 2ae/q. 

For a particle in an infinite quantum well, the 

normalized wave functions are <p(z) = (a)-1/2cos(kz), where 

k2 = (2m*E/h2)1/2, m* is the effective mass of the particle, 

and E is the energy measured from the bottom of the well. 

These wave functions are used to calculate the initial 

charge density p(z) = Nq|y>(z)|2, where the two-dimensional 

number concentration N = 2anc. This charge density is 

inserted into Poisson's equation and integrated with the 

boundary conditions <f>(±a) == 0. The potential energy V(z) = 

q<f>(z) is found to be 

V(z) = a[a2 - z2] + (a/2k2)[cos2kz - cos2ka]. (2) 

Neglecting the second term in Eq. (2), the potential energy 

in Eq. (1) is recovered. This second term is a much more 

slowly varying function of z than the first term and can be 

neglected for ka » 1. Writing V(z) = V0(z) + V1(z) for Eq. 

(2), the difference AV = V(z) - V0(z) = V-ĵ z) = 

(a/2k2)[cos2kz - cos2ka], where V0(z) = a(a
2 - z2). In an 

infinite quantum well, ka is an integer multiple of ir. For 
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the ground state V-̂ (z) 0 and Eqs. (l) and (2) both give 

the same potential energy. The difference in potential 

energy ¥2(2) is largest for the first excited state and is 

much smaller for higher states in the well due to the k~2 

dependence. The maximum value of the ratio AV/V0 is on the 

order of 10"2, lo"3, and 10"4 for the first, second, and 

third excited states respectively. 

Note that in both Eqs. (1) and (2) the potential 

bending goes as the square of the distance from the 

interfaces. Two other self-consistent calculations result 

in a potential bending that varies as the square of the 

distance from the interface.50'51 A self-consistent 

Hartree-Fock calculation52 leads to a potential bending that 

to first order varies as the square of the distance from the 

interface. At first, Schrodinger1s equation is solved with 

the potential in Eq. (1) with V(z) infinite at the 

interfaces z = ± a. In Section D, the potential V(±a) is 

assumed to be finite and Schrodinger's equation is solved 

with finite boundary conditions. 

Figure 2 shows the quantum well heterostructure 

potential for the CB and VB edges. The heterostructure 

layers are perpendicular to the z axis with the origin in 

the center of the well. Energy is measured from the CB well 

minimum. Since the potential is a function of z only, a 

separation of variables is made by choosing the total wave 

function tf>(x,y,z) = exp(ikxx + ikyy)y>(z) . This separation 
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Figure 2. (a) Conduction and (b) valence band edge 
potential for a quantum well heterostructure. 
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results in the total energy ET = E + Pt
2/(2m*), where P t

2 = 
*y O ( • 

(Px + Py ) is the transverse momentum, E is the energy, and 

m* is the effective mass of the particle in the well. The 

three-dimensional time-independent Schrodinger equation in 

the one-band effective mass approximation reduces to the 

one-dimensional time-independent equation53 

[ Pz
2/(2m*) + V(z) - E ]P(z) = 0, (3) 

where P2 is the z component of the momentum operator and 

V(z) is the potential in Eq. (l). Bound state energies are 

found by solving Eq. (3) in the Wentzel, Kramers, and 

Brillouin (WKB) approximation. 

Referring to Fig. 2a, the CB well is split into three 

separate energetic regions: region 1 for particle energy E 

< V(0) = aa2, region 2 for particle energy E ~ aa2, and 

region 3 for particle energy E > aa2. Obviously, the 

WKB approximation is not valid in region 2 because the 

potential V(z) changes too quickly with respect to the 

particle wavelength. A solution can still be found at the 

potential maximum V(0) and will be discussed later. 

A. Energies 

In region 1, aa2 > E > V(z) and E - V(z) > 0. Turning 

points are found by solving K(z0fl) = o where 
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K(Z) = [ (2m*a//i2) (z2 - a 2 + E/a)]1/2 (4) 

giving the turning points z 0 = - (a
2 - E/q) V 2 and z-l = 

+ (a2 - E/a)1/2. The well energies are found from 

a 

Pjjdz = wh(n + 3/4) 

Z1 

since the phases are ?r/2 for the infinite discontinuity at z 

= a and n/4 for the continuous potential at z = z-^.54 The 

integer n takes on the values n = 0, 1, 2, . . . for the 

ground, first, and second . . . bound states respectively. 

Substituting Eq. (3) into Eq. (5) and integrating yields 

2x + (x2 - 1) ln( (1 + x)/ (1 - x)) = 4/3(n + 3/4), (6) 

where x = (1/a) (E/a) V 2 and fi = (*ft)/(a2 [2m*a] V 2 ) . 

Equation (6) is solved numerically for the well energies. 

Performing the same procedure for the left side of the well 

(-a < z < z0) results in the same equation for the well 

energies. 

For states below the potential maximum to exist, the 

constant on the right side of Eq. (6) must be less than two. 

This condition is satisfied for E c > [h(n+3/4)]
2/m*ea3, 

where E c is the magnitude of the internal field between ± a. 

For electrons in a 100 angstrom GaAs quantum well this field 
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occurs at about 106 V/cm. The possibility of attaining this 

value of critical internal field is limited by the following 

processes. In n-type doping a GaAs layer, silicon can be 

added up to the point that the host lattice breakdown field 

stops admission of silicon. Device fabrication using 

molecular beam epitaxy is limited by the solid solubility of 

the doping material. At the present, GaAs can be typically 

doped with silicon up to 2 x 1018 cm"3.55 However, p-type 

doping GaAs with carbon yields number concentrations as high 

as 1020 cm"3.56 To achieve an internal field large enough 

for states below the potential maximum to exist requires a 

very wide well. This results in very narrow state splitting 

or a quasi-continuum of states. Quantization of energy is a 

trade off for attaining a large internal field with no 

external field present. 

For energy solutions above the potential maximum, E > 

V(z) and E - V(z) > 0 for -a < z < a. The phases are jr/2 at 

z = ± a for an infinite discontinuity and Eq. (5) takes the 

form 

a 

Pzdz = n + 1). (7) 

-a 

Integrating Eq. (7) gives 

2x + (x2 - 1) ln( (x + 1) / (x - 1)) = 2/3 (n + 1) (8) 
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which is also solved numerically for the energies. Results 

of numerical calculations show the particle energy increases 

as the total charge or internal field increases in the well. 

Since the curvature goes as the square of the distance from 

the interface, the energy shift aa2 is small in narrow 

wells. This energy shift is less than one meV in GaAs for 

well widths under 40 angstroms and at least 1017 electrons 

per cm3 present. The theoretical internal field |Ej| = 

2a=a/e shift on electronic states in a 200 angstrom GaAs 

quantum well is shown in Fig. 3. Effective mass for an 

electron in GaAs is listed in Appendix A, and the solid 

lines represent the infinite well case. Solutions are found 

for the n = 0 state with curvatures ranging from zero to 

about 100 nJ/m2. At this upper value of curvature, the n = 

0 line continues along the n = 1 line. The n = 1 state 

continues to increase in energy as the curvature or number 

concentration increases. Likewise, the n = 1 state 

increases up to about a = 170 jiJ/m2 where it follows the n = 

2 state. 

One should recover particle-in-a-box (PBX) energy 

eigenvalues when the curvature a vanishes. Taking the limit 

as a - 0 of Eq. (8) yields E = [7rft(n + l)]2/(8m*a2) which is 

the familiar PBX energy equation. These states are the a = 

0 states in Fig. 3 of the solid lines. Another result 

contained in Eq. (8) is that the particle's confinement 

energy E should approach PBX energies for small well widths. 
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On the other hand, large deviations from PBX energies and a 

narrowing in state splitting should occur as the well 

spacing increases. A plot of the first two electron states 

in GaAs versus well spacing Lz = 2a is shown in Fig. 4. The 

solid curves represent the WKB result Eq. (8) and the dotted 

curves represent the PBX result. A number concentration of 

1017 cm"3 was used to calculate the WKB curves. As the well 

width increases, the internal field shift aa2 increases. 

This causes a large divergence of particle energy from PBX 

energies for wide well widths as seen in Fig. 4. 

The potential well of the holes is shown in Fig. 2b. 

Hole energies are found by integrating Eq. (7) with the 

potential V(z) = - Eg + a(a
2 - z2) in Eq. (3). Results of 

this calculation give 

y + (y2 + 1) arctan(l/y) = /?(n + 1), (9) 

where y = (|E^|/aa2)^/2 which is valid for hole energy |EjJ 

> aa2. The energy with respect to the conduction band 

minimum is Ejj = - Eg - a(ax)2. Equation (9) can be expanded 

about y = 1 to yield the simple harmonic oscillator result E 

= aa2 - Eg - (n + 1/2), where the WKB phase has been 

changed to 1/2 for the continuous potential and w* = 

(2a/m*) 1/2 is t h e frequency associated with the internal 

Coulomb field. This expansion holds for |Eh| < aa
2 and is 

in direct agreement with WKB solution for the simple 
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harmonic oscillator. Particle-in-a-box energies are 

recovered if the limit a -*• 0 is taken in Eq. (9) giving E = 

- Eg - [jrfi(n + 1)]2/(8m*a2). Electron energies in Eqs. (6) 

and (8) reduce to the CB edge minimum E = 0 and hole 

energies in Eq. (9) reduce to the VB edge maximum E = - ECT 

in the limit of infinite well width a —» oo. 

B. External Fields 

Electric fields are applied to quantum well 

heterostructures to investigate how electrical and optical 

properties of bulk semiconductors are modified by quantum 

confinement of electrons and holes. Qualitatively, one 

would expect large departures from bulk excitonic properties 

due to a reduction in dimensionality and to confinement of 

charge. Applying an electric field to a bulk semiconductor 

causes charge separation of electrons and holes. In a 

quantum well heterostructure, the amount of charge 

separation is limited by confinement. Therefore, electric 

field dependence of optical properties such as absorption, 

Stark shifts, and selection rules would be modified by the 

presence of bound quantum states. Applying a magnetic field 

to a quantum well heterostructure can further reduce the 

dimensionality leading to three-dimensional confinement 

provided the direction is perpendicular to the interfaces. 

The WKB approximation is consistent with experimental 

observations of the above mentioned properties which are 
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discussed in the remaining sections of this chapter. 

The external electric field E = (0,0,F) is included by 

adding the interaction potential V'(z) = - qFz to the 

Hamiltonian in Eq. (3) where q is the actual charge on the 

particle. After completing the square, the new Hamiltonian 

is H = Pu
2/(2m*) + a(b2 - u2) , where u = z + f, f = qF/(2a), 

and b 2 = a 2 + f2. This Hamiltonian is the same form as the 

Hamiltonian in Eq. (3). Therefore, the equations are easily 

modified to include the external electric field provided one 

makes the changes a —• b for the energy eigenvalues and z -* u 

for the eigenfunctions. As the external electric field F 

increases, the effective well width b = (a2 + f2)1/2 

increases. Therefore, the external electric field has the 

"effect" of widening the well which in turn lowers the 

particle energy. This is seen by solving Eqs. (8) and (9) 

numerically with both internal and external fields included. 

Theoretical Quantum Confined Stark (QCS) shifts for a 35 

angstrom GaAs quantum well are shown in Fig. 5. The curves 

are for the lowest electron (el), light-hole (lh), and heavy 

-hole (hh) states. A number concentration of 1016 cm"3 was 

used to calculate the curves and the effective masses are 

listed in Appendix A. Electron energy is measured from the 

CB edge minimum, and absolute values of light— and heavy— 

hole energies are plotted without the band gap included. 

The change in energy per unit electric field is larger for 

smaller effective mass particles. Since the external 
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electric field F enters the WKB theory as F2, the particle 

energy shift is to lower energy as ± F increases. Both of 

the former statements are consistent with experimental 

observations.57 The WKB QCS shifts are not quadratic in the 

external field F as perturbation theory or variational 

methods show and are quite different from the internal field 

shifts shown in Fig. 3. The change in slope of the curves 

beginning at about 6 x 106 V/m in Fig. 5 is partially due to 

the WKB approximation breaking down in Eq. (8). As the 

electric field increases, the energy states in the well move 

closer to the value E = aa2. In region 2, the WKB 

approximation is a less accurate approximation to the 

physical problem. Additionally, confinement in narrow wells 

would limit charge separation and quench QCS shifts. 

One should recover triangular confinement energy 

eigenvalues as the external electric field F increases and 

as the internal field or curvature a vanishes. If a = 0, 

then the potential in the Schrodinger equation reduces to 

V'(z) = - qFz which leads to energy quantization by the 

external electric field.58 For large external fields, Eq. 

(6) can be expanded in powers of l/b and the limit a -» 0 can 

be done to yield E = [3?reFfi(n + 3/4)/(2{2m*}1/2) ]2/3 Which 

is the WKB result for triangular confinement. 

The Schrodinger equation for a time-independent 

magnetic field without internal spin effects is 
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Figure 5. Theoretical Quantum Confined Stark shifts. 
Electron energy is measured from the CB edge minimum, and 
absolute values of light- and heavy-hole energies minus 
the band gap are plotted. 
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[ (P - qA)2/(2m*) + V(z) + V'(z) - ET = 0, (10) 

where A is the vector potential and B = V x A. In the 

parallel field case B = Bz and P = Fz, the separation of 

variables i>(x,y,z) = exp(ikxx)^(y - yQ)p(z) is needed to 

reduce Eq. (10) to Eq. (3) where y Q = h/eB and <p(y - y Q ) is 

a shifted harmonic oscillator wave function. The total 

energy E T = E + ftwc(n + 1/2), where E = a(bx)
2 and ojc = 

eB/m . In this case, the external magnetic field quantizes 

the particle's motion perpendicular to the z direction. 

This results in a quasi-zero-dimensional problem in that the 

particle is completely localized by the well in the z 

direction and the magnetic field in the plane perpendicular 

to the z direction. There is still the possibility of field 

induced tunneling that would result in one-dimensional 

transport problem.59'60 

In the crossed field case, the magnetic field B is 

perpendicular to P and an approach different from above must 

be taken. Using the separation of variables r/>(x,y,z) = 

exp(ikxx) exp(ikyy)<p(z) with B = Bx and P = Fz gives the 

Schrodinger equation 

[Pz
2/(2m*) + (l/2)m*w2(z + z')2 - E']^(z) = 0, (11) 

where the total energy E T = E' + Pt
2/(2m*) + aa2 -

(1/2)m*w2z'2, z' = [qBftky - qFm*]/[m*w]
2 , and (m*w)2 = 
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(qB)2 - 2am*. Equation (11) is then identified as the 

shifted harmonic oscillator equation with wave function <p(z) 

= <p(z - z') and eigenvalue E' = hw(n + 1/2). In this case, 

the turning points are z 0 / 1 = z« ± [2E/(m*w 2)]V 2. The band 

edge energy E T increases with increasing magnetic field in 

contrast to decreasing with increasing electric field. This 

diamagnetic energy shift is consistent with other 

theoretical treatments involving a self-consistent 

calculation61 and a direct numerical solution of the 

Schrodinger equation.62 Note that Eq. (11) has a real 

solution with w > 0 only if B > (2m*a/q 2)V 2. This means 

that the WKB energy solution is only valid for large 

magnetic fields since w can become pure imaginary. The 

self-consistent and direct numerical solutions mentioned 

above are valid for all values of magnetic field B. 

C. Wave Functions 

The wave functions are approximated in region 1 by 

using the standard WKB connection formulas.63 If the energy 

E < aa2, then the problem is actually one of a double 

symmetric quantum well. Obtaining solutions in one of the 

wells can be extended to the other well by making the 

replacement z -+ - z. Inside the right well of Fig. 2a, the 

wave function is of the form 

(p(z) = 2A[K(z) ]" 1/ 2cos[ I(z) + 6], (12) 
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where 

I(z) = K(z)dz, (13) 

Z1 

A is a normalization constant, and 8 is found by boundary 

conditions <p(±a) = 0. Placing Eq. (4) into Eq. (13) and 

integrating gives 

I(z) = c[ z(z2 - Z ^ ) 1 / 2 

+ z1
2ln(z1/(z + (z2 - z1

2)1/2)j ( 1 4 ) 

where c = (m*a/(2 ft2))1/2. The boundary condition <p( a) = 0 

requires S = jt/2 - 1(a) giving the wave function inside the 

well 

<p(z) = 2 K [ K ( z ) ] ~ 1 / 2 s i . n { c { a i ( E / a ) 1 / 2 - z(z2 - z 1
2) 1^ 2 

+ zx
2ln{(z + (z2-z1

2)1/2)/((E/a)l/2 + a)}]}. (15) 

The normalization constant A is found by integrating 

|p(z)|2 over the well and replacing the sine squared term ] 

its average value of 1/2 which gives 

A = (2m*a)1/4{ftln[(i + x)/(l - x)]}"1/2. (16) 
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Outside of the well in the classically forbidden region 

0 < z < z0, the quantity V(z) - E > 0 and the wave function 

has the form 

<p(z) = A[/c(z) ]_1/2exp{X(z)}, (17) 

where k2(z) = - K2(z) defined in Eq. (4). Integrating Eq. 

(13) yields 

I(z) = c[z(z1
2 - z 2) 1/ 2 

+ z1
2{sin"1(z/z1) - IT/2) ]. (18) 

Placing Eq. (18) into Eq. (17) determines the wave 

function outside of the well 

<p(z) = A[/c(z) ]~1/2exp{c[z(Zl
2 _ z2jl/2 

+ z1
2(sin"1(z/z1) - jt/2)]}. (19) 

The WKB wave functions Eqs. (15) and (19) have the following 

physical properties. The number of nodes for each wave 

function is just n + 1. All the functions are oscillatory 

in the well, decrease exponentially outside the well, and 

are linear in z when sufficiently far from the turning 

points. These features are similar to the Airy functions 
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which are solutions when V(z) is proportional to z only. 

The first two wave functions from Eqs. (15) and (19) are 

shown schematically in Fig. 6a. 

A simple test of the WKB approximation is to compare it 

to a variational calculation.64 For the ground state, the 

variational wave function <pv(z) = Bze~^z is used because of 

the properties cited above. Normalizing <pv(z) in the 

interval [0,<»] gives B2 = 473. The expectation value of the 

Hamiltonian in Eq. (1) with <pv(z) gives an upper bound on 

the ground state energy <H>V = (hi)
2/ (2m*) + 3aa/f. 

Minimizing <H>V with respect to 7 gives 7 = (3aam*/^
2)1^3 • 

Letting c = 10 and a = 1 results in the variational ground 

state energy <H>V = 0 . 5 3 3 5 a (m2). The WKB ground state 

energy from Eq. ( 4 ) is <H>W = 0 . 4 6 4 0 a (m2) for the same 

values of c and a. This comparison shows that the WKB 

approximation gives a lower value for the ground state 

energy than the variational method and is a better 

approximation technique for quantum well heterostructures 

with the potential shown in Fig. 2. 

To find wave functions in region 3 two separate wave 

functions ^j(z) and l,jj(z) are defined and then connected at 

z = 0. The first is valid in [-a,0] and the second in 

[0/3]. The boundary conditions are ^(-a) = 0 = ^jj(a), and 

continuity of value and slope at z = 0. Following the same 

procedure that led to Eq. (15) gives 
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Figure 6. Schematic representation of WKB wave functions 
for (a) below barrier states and (b) above barrier states. 
The dimensions shown are not to scale. 
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*I,Il(z) = A[2/K(z)]1/2sin{c[a(E/a)1/2 ± z(z2 - z1
2)1/2 

± z 1
2ln{((E/a) 1/ 2 + a)/(z + (z2 - Zj2)1/2}]}, (20) 

where the upper signs are used in \Pj, etc. From Eq. (20) it 

follows that ttj(-z) = ^jj(z); therefore, one takes the 

wave function above the barrier <p(z) = Wjj(z). Performing 

the limit a -* 0 the logarithms cancel and sine functions 

become sin[7r(n + 1) (z + a)/(2a) ]. The wave functions in Eq. 

(20) are closely related to particle-in-a-box wave functions 

even when a # 0. The first two wave functions from Eq. (20) 

are shown schematically in Fig. 6b. Having found the wave 

functions above and below the barrier, the solution at the 

barrier maximum V(0) can be discussed. 

In region 2 of Fig. 2a. E k aa2 and the WKB 

approximation breaks down because the particle's effective 

wavelength A changes quicker than P2/(PZ') where the prime 

denotes differentiation with respect to z.65 Instead, an 

exact solution can be found by letting E = aa2 in Eq. (3) 

and the finding the wave function that satisfies 

<p'' (z) + (2m*a/#2) z2<p(z) = 0. (21) 

A solution to Eq. (21) can be found66'67 such that 

<P(z) = C(2m*a/ft2) V 8 z1/2 J±1/4[cz
2], (22) 
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where C is a normalization constant, and Jv(cz
2) is a Bessel 

function of the first kind. Equation (22) solves Eq. (3) 

with energy eigenvalue E = aa2. Reference (66) suggests 

that Eq. (22) holds if E is only approximately equal 

to aa2. State splitting from the double well symmetry does 

not allow this state to be observed and is discussed below. 

D. Finite Wells 

The infinite boundaries at z = ± a are not realistic 

for many semiconductors, but for semiconductors with large 

confinement heights the phase correction to the eigenvalues 

and eigenfunctions is less than one meV. The conduction 

band confinement height in a Gallium Arsenide-Gallium 

Aluminum Arsenide (GaAs-GaAlAs) quantum well is AEC = 0.81x 

eV, where x is the mole fraction of Aluminum in the barrier 

regions.68 For x = 1, no Gallium is present in the barrier 

regions and the confinement heights are large enough for an 

infinite well model to apply. Confinement heights decrease 

as the Gallium concentration is increased in the barriers. 

The WKB phase can be determined for finite confinement 

heights V(±a) that are not too small; i.e., V(±a)/E » 1. 

This results in a self-consistent equation for the energies 

which can be solved numerically. 

The WKB phase e is found by matching the logarithmic 

derivatives of the wave functions Eqs. (12) and (17) at the 

interfaces z = ± a with k2 = 2m*[V(±a) - E]/h2.69 This 
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calculation gives the equation 

S = tan'^-nvftaJ/E - l} 1/ 2] - i(±a) (23) 

for the finite confinement heights at z = + a, where only 

the arguments of the cosine in Eq. (12) and the exponential 

in Eq. (17) are differentiated. Obviously, if V(±a) is 

infinite, then the arctangent terms give ir/2 for the WKB 

phase at an infinite discontinuity. Eliminating 6 from Eq. 

(23) and requiring the total phase of the wave function 

inside the finite well to be an integral multiple of ir 

yields 

1(a) - I (-a) = nv + 2tan~1[ {V(±a)/E - l} 1/ 2]. (24) 

The right side of Eq. (24) is just the integral in Eq. (13) 

evaluated in the interval [-a,a]. Since P z = hK(z), the 

expression for WKB energies in a finite quantum well is 

a 

P zdz = ?rt(n + 9), (25) 

- a 

where the WKB phase 0 = (2/7r)tan~1[{V(±a)/E - l} 1/ 2]. The 

equations for the particle's energy are then different since 

the WKB phase now contains the energy. This last equation 

requires a slightly more difficult numerical solution than 
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the previous numerical solutions of Eqs. (6) and (8) because 

the left sides become 4£(n + 1/4 + 0/2) and 2/9 (n + ©) 

respectively. A modified Newton-Raphson algorithm70 is used 

to calculate numerical solutions for an energy dependent WKB 

phase. In the limit V(±a) oo, 0 l and Eq. (25) reduces 

to Eq. (7). A plot of WKB phase as a function of aluminum 

mole fraction for the ground state in a 100 angstrom GaAs-

GaAlAs quantum well heterostructure is shown in Fig. 7. The 

rapid divergence to zero of 0 for mole fractions less than 

about 0.2 indicates for this particular case that the WKB 

approximation can break down if the finite confinement 

height does not satisfy V(±a) » E. A finite well 

calculation71 gives 30.9 meV for the ground state energy of 

an electron in a 100 angstrom GaAs quantum well with a 

confinement height of 200 meV. If the well is doped with 

electrons to 1018 cm"3, then aa2 =17.3 meV, and the new 

ground state energy is 39.8 meV. For this case V(a)/E a: 5 

and an infinite well model does not give reasonable results. 

Table I shows a comparison of PBX, infinite WKB 

approximation, undoped finite well, and doped finite well 

calculations for 100 angstrom GaAs quantum well. The 

confinement height is 200 meV and nc = 10
18 cm"3 for the 

finite well calculations. Potential bending from charge 

presence in the well causes a ground state energy shift of 

11.6 meV and 8.9 meV for the infinite and finite well 

calculations respectively. Figure 3 shows a plot of 
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Figure 7. WKB phase plotted as a function of aluminum mole 
fraction x in a GaAs-Ga-̂ .jjAljjAs quantum well 
heterostructure. 
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potential curvature or number concentration for a 200 

angstrom GaAs finite quantum well with a confinement height 

of 300 meV. Note the finite well curves are not a linear 

function of potential curvature a. This nonlinearity is 

because the WKB phase contains the energy and the energy is 

dependent on the potential curvature through the expression 

E = a(ax)2. As in the infinite well case, the finite well 

energy shift for the n = 0 state increases as curvature 

increases to the point where it follows the n = l curve. 

This same process occurs for the n = 1 curve following the n 

= 2 curve at a potential curvature of about 125 /iJ/m2. 

Since the finite well has a confinement height of 300 meV, 

the a = 0 states are lower in energy than their 

corresponding infinite well PBX states in Fig. 3. 

TABLE I 

COMPARISON OF GROUND STATE ENERGIES 

Infinite Well Models Finite Well Models 

nc = 0 cm
-3 

PBX 

nc = 10
18 cm-3 

WKB 

nc = 0 cm"
3 

PBX 

nc = 10
18 cm"3 

WKB 

56.1 meV 67.7 meV 30.9 meV 39.8 meV 
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E. State Splitting 

In region 1 of Fig. 2a, particle energy E < aa2 and the 

well is a double symmetric well. A particle in the right 

well can tunnel through the potential barrier to the left 

well and vice versa. This particle tunneling gives rise to 

two states <pSfaL(z) = 2"1/2|>(z) ± <p(-z)], where <ps(z) is the 

symmetric wave function, <pa(z) is the antisymmetric wave 

function, and the plus and minus signs are used in the 

symmetric and antisymmetric states respectively. An 

expression for the energy separation AE = Ea - Es of the 

antisymmetric and symmetric states can be obtained.72 

Multiplying Eq. (1) by vS/a(z) and integrating in the 

interval [0,<x>] with boundary conditions ^(oo) = o = ^'(oo) 

gives 

± ^,(°)¥>s,ai <°) + Vs,a(°)^(°) 

± (21/2m*/^2)(E _ E g^ a ) = Qf ( 2 6 ) 

where the prime denotes differentiation with respect to z 

and the upper and lower signs are used for the symmetric and 

antisymmetric states respectively. From <pS/ a(z) above one 

obtains the expressions y>s(0) = 2
1/2^(0), ps'(0) = o, <pa(0) 

= 0, and <pa' (0) = 2
1/2^1 (0) . These expressions are used 

in Eq. (26) to arrive at the energy separation or state 
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splitting AE = (2fi2/m*)<p(0)<p' (0) . This expression for AE 

shows that the state splitting is proportional to the wave 

function overlap in the center of the well. Using Eqs. (16) 

and (19), the state splitting takes the form 

AE = (2xhtt)1) exp{-7rc(a2 - E/a) } , (27) 

where x = [ln((l + x)/(l - x))]"1. This result is just the 

classical frequency times the Gamow penetration coefficient. 

In estimating the order of magnitude of the state 

splitting, one should keep in mind the sensitivity of Eq. 

(27) on the curvature a. State splitting would be less than 

one meV unless the heterostructure could withstand large 

internal fields; i.e., greater than 106 V/cm in GaAs. Large 

internal fields can also be attained by using heavily doped 

wells that satisfy the condition 20(n + 3/4) < 1. 

Satisfying this condition requires a large well spacing 2a 

which in turn lowers the particle's energy in the quantum 

well as shown in Fig. 4. A plot of state splitting AE as a 

function of potential curvature a = ncq
2/2e for a 240 

angstrom GaAs quantum well is shown in Fig. 8 which 

satisfies 2/?(n + 3/4) < 1 for the ground state only. The 

curvature and state splitting represented by the box 

corresponds to a number concentration of 2 x 10 1 8 electrons 

per cm3. No state splitting is found for curvatures less 

than 100 /xJ/m2 for this particular quantum well because 2/3 (n 
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+ 3/4) > 1, and no states E < aa2 are present. As the 

potential curvature or number concentration increases, the 

particle energy with respect to the potential maximum aa2 

decreases. This increase in concentration reduces the wave 

function overlap in the center of the well which reduces the 

magnitude of state splitting. 

State splitting would also be dependent upon well width 

because well width is a part of the condition 20(n + 3/4) < 

1. For infinitely wide wells, the limit a -> oo can be done 

in Eq. (27) to give AE = 0. Physically this is attributed 

to a decrease in wave function overlap in the center of the 

well as the well spacing goes to infinity. If the 

particle's energy E is close to aa2, then the exponential in 

Eq. (27) can be expanded to first order to give AE ~ 2x#w' 

(1 - ffcE/a + jrca2). The state splitting should varies as 

the well width squared for states near the top of the 

potential maximum. Agreement of this last statement with 

experiment would not be good since the WKB approximation 

breaks down in region 2 where E =- aa2. A plot of state 

splitting as a function of well width Lz = 2a for a GaAs 

quantum well with a number concentration nc = 2 x 10
18 cm-3 

is shown in Fig. 9. No state splitting is found for the n = 

0 and n = l states for well widths less than about 200 and 

300 angstroms respectively because 20(n + 3/4) > l; 

therefore, no states below the potential maximum are 

present. 
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If an external electric field is applied, then the 

state splitting decreases since a -+ b = [a2 + (qF/2a)2]1/2 

in Eq. (27). As the external field F increases, the 

effective well width b increases and the exponential term 

becomes much smaller. This exponential decrease is expected 

because the external electric field destroys the double well 

symmetry for energy states E < aa2. 

F. Orthogonality and Mixing 

An important property of the WKB wave functions is that 

they are orthogonal to one another. This statement means 

that wave functions in a given subband satisfy 

•'•nm <Pn(z)<Pm(z)dz = S n m , (28) 

where 5 n m is the kronecker delta which has the values <Snm = 

0 for n # m and finm = l for n = m. For states above the 

potential maximum aa2, the WKB wave functions in Eq. (20) 

resemble PBX wave functions even if a # 0. An analytical 

result for the orthogonality relation Eq. (28) can be 

obtained by expanding the WKB wave functions and retaining 

only first order terms in z. This Taylor expansion results 

in the wave functions *>n(u) = b
_1/2sin(-(n + !)x(u + b)/2b], 

where <pn(u) has been renormalized for an infinite well. 

These wave functions <pn(u) appear like PBX wave functions 
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Figure 8. State splitting plotted as a function of 
potential curvature a = ncq

2/2e. The box represents a state 
splitting and potential curvature for a number concentration 
of 2 x 10̂ -8 electrons cm-3 
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but contain the internal and external electric fields in u 

and b. Performing the integration in Eq. (28) gives 

•'-nm = [ ( n ~ m)jr]~1sin(n - m)jr 

- [ (n + m + 2)7r]-1sin(n + m)*-. (29) 

If n = m, then the normalization condition I n n = l is 

recovered where L'Hopital's rule is used to evaluate the 

first term in Eq. (27). I f n ^ m , then I n m = 0 because n -

m and n + m are always integers and sin2*-(n ± m) = 0 . Note 

that to a first order approximation, the orthogonality 

result is independent of any electric field. This means 

that y>n(u) and ipm(u) are orthogonal in the prescence of 

electric fields as long as they are in the same subband 

which is in direct agreement with other theoretical 

treatments involving Airy wave functions.73'74 

If the wave functions are from different subbands, then 

the orthogonality relation Eq. (28) is not necessarily zero 

and interband mixing occurs. For the conduction band wave 

function ipn(u), u = z - eF/(2a) and for the valence band 

wave function <Pm(u) , u = z + eF/ (2a) . As the external 

electric field increases, the electrons are shifted more 

towards the boundary at z = - a and the holes are shifted 

more towards the boundary at z = a. The integral in Eq. 

(28) reduces to 



44 

xnn = cos[x(n + 1){1 + ( 2 a a / e F ) 2 > ~ 1 / 2 ] ( 3 0 ) 

for n = m, and 

Inm = {(1 + (-l)n~m)/[(n - m) jt] }sin[ (n + m + 2)7rr/2b] 

- {(1 + ( - l ) n + m ) / [ (n + m + 2) jt] }sin[ (n - m)7rf/2b] (31) 

for n * m. Equations (30) and (31) are called the overlap 

integrals and have different properties than the intraband 

result in Eq. (29). At zero external field I n n = l and I n m 

= 0; therefore, only states with the same quantum number 

contribute to interband mixing. As the external field 

increases I n n decreases whereas I n m increases and states of 

different quantum numbers begin to couple. Not all n * m 

states contribute to interband mixing because I,,™ = -
^ niti mn 

and l n m = o for |n - m| being odd which follows from Eq. 

(31). These last three statements are in contrast to 

theoretical results obtained by neglecting the internal 
• 7 R 

field. In this particular treatment, n - m = 0 for all 

values of external field F. The experimental observation of 

electrons and holes mixing between n * m states 7 6' 7 7 agrees 

both qualitatively and quantitatively with the WKB results 

above. Taking the limit F —• oo of Eqs. (30) and (31), the 

overlap integrals reduce to I n n = o = I n m. The ratio 

lInm/Innl2 o n the order or 10 - 2 such that mixing between 
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n * m states is a smaller process. A quench field Fa can be 

defined by setting the argument of the cosine in Eq. (30) 

equal to jr/2 for the value of external field F that I n n 

vanishes. This results in a quench field Fq = (2aa/e)[4(n + 

l)2 - l]"1/2. Wide wells have a smaller value of quench 

field than narrow wells because confinement in narrow wells 

limits charge separation caused by the external electric 

field. This confinement restriction on charge separation 

enters through the calculation of the potential curvature a. 

Numerical results of Eqs. (30) and (31) are consistent with 

the above properties. Figure 10 shows a plot of |Inm|
2 as a 

function of external electric field. A number concentration 

of 1018 cm"3 in a 200 angstrom GaAs well is used to 

calculate all three curves. The (a), (b), and (c) curves 

represent the |IQO I2' IIX11 2' and 110I02I
 2 curves 

respectively. 

Wave function overlap between electrons and heavy holes 

or between electrons and light holes is explained by Eqs. 

(30) and (31). These overlap integrals are a measure of the 

external field induced spatial separation of electrons and 

holes. As the external field F increases, the spatial 

separation between electrons in the CB well and holes in the 

VB well increases. This process produces charge separation 

in real space and would decrease the photoluminescence from 

recombination of electrons and holes. Quantum confinement 

by the barrier layers of the heterostructure will limit the 
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Figure 10. Square of Wave function overlap between 
electrons and holes for (a) | I0q|2 , (*>) l * n l 2 r and 
(c) I10I02|* plotted as a function of external field 
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maximum amount of field induced spatial charge separation in 

the well. Radiative processes such as luminescence from 

recombination of electrons and holes are proportional to the 

square of the interaction potential matrix element.78 

Therefore, the square of wave function overlap would be 

proportional to Photoluminescence Quenching (PLQ)79 at the 

band edge. There are two coexisting mechanisms involved in 

PLQ. The dominant process is a decrease in wave function 

overlap as the external electric field increases. Another 

process in PLQ is field induced tunneling8®'8^ into and out 

of the quantum well that is only observed at extremely large 

electric fields. 

Excitonic Mixing (EM)82 is related to interband mixing 

with the additional coupling of light- and heavy-hole 

excitons. Not only do light—hole excitons (lhx) couple with 

other lhx, but they also couple with heavy-hole excitons 

(hhx). This produces very nonlinear QCS and PLQ shifts that 

are not sufficiently explained by Eqs. (30) and (31). The 

WKB approximation produces no mixing between light and 

heavy holes because the Hamiltonian in Eq. (3) contains no 

intraband mixing term. A total wave function ^n(z) = 

*-nm(F)'pm(z'F) c a n be written down where f n m is proportional 

to Eq. (31), ^pm(z,F) is from Eq. (20), and a sum over all 

states m in the quantum well is implied. The total energy 

can then be expressed as <H> = (fnm|
2Em where Em comes from 

solving Eq. (8) and <H> is summed over all states m. This 
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expression for <H> could be used to fit data from EM curves 

if the coupling between states is known. Excellent 

agreement with experiment is not expected because the f n m do 

not contain any intraband mixing terms. Results of the WKB 

approximation to QCS shifts, to PLQ, and to EM are discussed 

in the next chapter. 



CHAPTER III 

APPLICATIONS OF THE THEORY 

A simple application of the Wentzel, Kramers, and 

Brillouin (WKB) approximation is to test the internal 

Coulomb field shift in a quantum well. In a recent 

photoemission experiment83 the ground state energy from a 

theoretical calculation was increased by 10 meV to agree 

with experimental data. This 10 meV was included to account 

for the charge presence of 1018 cm-3 in the well. The 

theoretical calculation used a finite well model for energy 

states in a 74 angstrom gallium arsenide (GaAs) well with a 

confinement height of 400 meV. Using the above number 

concentration of 1018 cm-3 and the permittivity of GaAs from 

Appendix A, the potential curvature a = ncq
2/2e = 1.106 x 

10"4 J/m2. The potential maximum V(0) = aa2 = 9.5 meV, 

where 2a = 74 angstroms. Since 2/3(n + 3/4) > 1 for all 

positive integer values of n, no states below the potential 

maximum are present. Therefore, the ground state energy is 

the first state above V(0) = aa2 which is shifted by at 

least 9.5 meV. This internal field shift on the ground 

state accounts for the 10 meV discrepancy of the finite well 

model used in Ref. (83). 

Another application of the WKB theory is to Quantum 
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Confined Stark (QCS) shifts in gallium arsenide—gallium 

aluminum arsenide (GaAs—GaAlAs) and indium gallium arsenide— 

in̂ i.um phosphide (InGaAs—XnP) quantum well heterostructures. 

The QCS shifts are measured by photoluminescence®^ where the 

photoluminescence peak energy Ep is equal to the energy of 

the exciton Ex plus the band gap energy Eg minus the exciton 

binding energy E^. The exciton energy is the energy of the 

electron in the conduction band well plus the energy of the 

hole in the valence band well. First, the potential 

curvature a is calculated from Eq. (6) or (7) by using the 

zero external electric field exciton energy Ex, the 

appropriate well width, and the material constants in 

Appendix A. If the number concentration is known, then a 

can be directly calculated. This value of ce is used in Eqs. 

(4) and (6) to solve for Ex as a function of external 

electric field F. Self-consistency is neglected because a 

is taken to be constant as F increases. If field induced 

tunneling is negligible, then self—consistency is not 

necessary. Equations (6) and (7) are solved numerically for 

the exciton energy Ex as a function of external field F. 

Finally, the photoluminescence peak energy Ep is calculated 

from the material's energy gap and exciton binding energy 

and plotted against experimental QCS shift data. 

Figure 11 shows a plot of photoluminescence peak energy 

versus external electric field for a 95 angstrom GaAs-GaAlAs 

quantum well. Theoretical curves were calculated using a 
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well width of 95 angstroms, a band gap of 1.4245 eV, a 

light-hole exciton (lhx) binding energy of 9.5 meV, a heavy-

hole exciton (hhx) binding energy of 8.7 meV, and a fixed 

lhx binding energy shift of 4.5 meV. These numbers and the 

experimental points in Fig. 11 are both from Ref. (10). 

Excellent agreement of experiment with the WKB theory is 

seen for the hhx. Divergence between theory and experiment 

of the lhx curve can be partially attributed to Excitonic 

Mixing (EM). The dotted curve is a fit where <H> = E0 -

If02 I2e2' E0 t h e ground state lhx energy, E2 is the first 

electron to second light-hole energy, f02 = V^o2>
 anc* ? is a 

fitting parameter set equal to 0.1. A divergence of the EM 

curve is still present at fields greater than about 8 x 106 

V/m. This divergence may be due to light- and heavy-hole 

intraband mixing that is not accounted for in the WKB 

approximation. 

In Fig. 12, a plot of photoluminescence peak energy 

versus external electric field F is shown for a 100 angstrom 

InGaAs-InP quantum well. The Indium Gallium Arsenide band 

gap in InGaAs-InP with a mole fraction of 0.47 Indium is 700 

meV.85 Excellent agreement between WKB theory and 

experimental data from Ref. (85) is found if the band gap 

energy Eg is raised to 716 meV. This 16 meV difference can 

be attributed to a strain shift from lattice mismatch at the 

interface and to a diffusion of phosphorous into the well.86 

These two mechanisms both contribute to increasing the 
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energy gap in indium gallium arsenide (InGaAs). More 

likely, the indium content in the well layer is closer to 

0.48 which would give an energy gap of 716 meV in InGaAs. 

A final application of the WKB approximation is to 

Photoluminescence Quenching (PLQ) in GaAs-GaAlAs quantum 

wells shown in Figs. 13 and 14. Following the above 

procedure, the potential curvature a is calculated from the 

number concentration or zero external field value of the 

photoluminescence peak. The square of the wave function 

overlap in Eq. (28) is used to plot theoretical PLQ curves 

after the potential curvature is known. From the zero 

external field lhx photoluminescence peak energy of 1.4677 

eV in a 120 angstrom GaAs-GaAlAs quantum well,®' the 

potential curvature a = 3.40 x 10"4 J/m2. Experimental 

points from Ref. (87), shown as boxes in Fig. 13, were 

normalized to the zero external field value of 

photoluminescence intensity. The calculated quench field Fa 
HI 

= 14.7 x 106 V/m agrees quite well with the estimated value 

Fq ^ 14 x 106 V/m in Ref. (87). A second PLQ calculation 

is shown in Fig. 14 for a wider GaAs-GaAlAs quantum well. 

From the zero field donor bound hhx photoluminescence peak 

energy of 1.5330 eV in a 160 angstrom GaAs-GaAlAs quantum 

well,88 the potential curvature a = 2.11 x 10~4 J/m2. 

Because the hhx is donor bound the binding energy Eb is 

larger than its value solely due to confinement of about 9 

meV. Subtracting the zero field photoluminescence peak 
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energy minus the bulk hhx energy in Gallium Arsenide of 

1 . 5 1 5 eV gives the donor bound hhx binding energy of 18 meV. 

This binding energy includes a shift from quantum 

confinement and from donor binding. The calculated quench 

field Fg = 1 2 . 2 x 10® V/m which is in agreement with the 

estimated value of 12 x 10 6 V/m from Ref. (88). Exciton 

confinement in the z direction is larger in a narrow well 

than in a wide well. This gives rise to a larger internal 

field and larger value of potential curvature. Therefore, 

narrow wells require a larger quench field than wide wells 

as seen from the calculations above. Although the WKB 

approximation gives good results for internal field shifts, 

for QCS shifts of hhx*s, and for PLQ in quantum wells, there 

are still discrepancies in QCS shifts of lhx's. These 

discrepancies could be attributed to intraband mixing of 

light and heavy holes, to a weaker localization of the lhx 

wave function in the quantum well, or to use of an 

approximation method better than the WKB approximation. 

Other problems of the WKB approximation are discussed in the 

next chapter. 
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CHAPTER IV 

RECOMMENDATIONS TO IMPROVE THEORY 

WITH EXPERIMENTAL RESULTS 

In this thesis theoretical expressions for energies, 

wave functions, and overlap matrix elements are derived for 

a quantum well including internal and external fields within 

the Wentzel, Kramers, and Brillouin (WKB) approximation. 

For electric fields applied perpendicular to the interfaces, 

Quantum Confined Stark (QCS) shifts, Photoluminescence 

Quenching (PLQ), and Excitonic Mixing (EM) are noticeable. 

Theoretical calculations reveal the energy shift of a 

particle in the quantum well increases as the internal field 

increases and decreases as the external field increases. 

Large internal fields can cause energy shifts on the order 

of tens of meV's. The presence of an internal field 

enhances QCS shifts as the well spacing increases. 

Particles with small effective mass have more pronounced QCS 

shifts but have less pronounced PLQ. This enhanced QCS 

shift is because small effective mass particles are less 

localized in the well and the amount of QCS shift or PLQ 

depends more on confinement than on effective mass. 

Confinement includes both well spacing and potential height 

at the interface. Infinite well models give reasonable 
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results for quantum wells with large confinement heights. 

In wells with a finite confinement height, the WKB phase is 

modified in order to obtain correct energy eigenvalues. 

Theoretical results in the WKB approximation would be 

in better agreement with experimental results by 

incorporating the following modifications. Use of a one-

band effective mass approximation requires application of 

wide gap semiconductors such as Galium Arsenide and Indium 

Galium Arsenide to obtain reasonable agreement. The WKB 

approximation is insensitive to narrow gap semiconductors 

where conduction-valence band coupling is important even at 

zero external field. This situation can be incorporated 

into the theory by using a two—band effective mass 

approximation. Application of an external electric field 

increases charge concentration at the interfaces. Large 

external fields can strip electrons from parent donor atoms 

in the barrier regions and increase the total charge in the 

well. Likewise, the internal field tends to screen out the 

external field. Screening and field induced tunneling make 

the potential curvature a dependent upon the external 

electric field. A self-consistent calculation should be 

performed to take these two processes into account. As the 

external field increases, the particle energy shifts closer 

to the value E = aa2 where the WKB approximation becomes a 

less accurate approximation to the physical situation. 

Field induced interband mixing between electrons and 
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light holes or between electrons and heavy holes is 

accounted for in the WKB approximation. Orthogonality 

does not allow intraband mixing between particle states of 

the same well. Therefore, mixing between light- and heavy-

hole states in the valence band well is not present because 

the WKB Hamiltonian does not include an intraband mixing 

term. Adding a Coulomb repulsion term for the light- and 

heavy-hole interaction to the Hamiltonian would account for 

intraband mixing if the coupling strength and average hole 

separation were known as a function of external field. 

Future work to be done includes investigating the 

second order WKB wave functions and their contribution to 

QCS shifts and PLQ. The wave functions derived in Chapter 

II could be used to calculate numerical matrix elements for 

photon- or phonon-assisted transport in quantum well 

heterostructures. This matrix element could be easily 

extended to transport properties in multiquantum well 

heterostructures and superlattices. 



APPENDIX 

MATERIAL CONSTANTS FOR GALLIUM ARSENIDE 

AND INDIUM GALLIUM ARSENIDE 
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Effective masses and dielectric constants can be found 

in Refs. (10) and (85) for gallium arsenide-gallium aluminum 

arsenide and indium gallium arsenide-indium phosphide 

respectivley. Masses are stated in units of the electron 

rest mass me = 9.109 x 10
-31 kg and the permitivity of free 

space eQ is 8.854 x 10"
12 C2/J-m. The subscripts represent 

electron (e), light-hole (lh), and heavy-hole (hh) 

particles. Reduced excitonic masses are denoted by u. The 

dielectric constant k = e/e0. 

TABLE II 

MATERIAL CONSTANTS 

quantity gallium arsenide indium gallium arsenide 

* 
e 0.067me 0.041me 

* 
m l h 0.094me 0.052me 

m*hh 0.340me 0.377me 

uih 0.039me 0.023me 

uhh 0.056me 0.037me 

k 13.1 12.0 
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