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CHAPTER 1

INTRODUCTION

A natural question to ask about an algebraic structure is the following: What are the
possible Polish topologies which make the structure continuous? There are a number of
specialized results for this question. For some groups, there is no Polish topology making
the groups into Polish groups. For some rings, there are 2® many Polish topologies. For a
number of groups or rings, there is only one unique topology making them into Polish groups

or rings.

Definition 1.1. We call a Polish group [ring, algebra, Poisson algebra, etc] G an algebraically
determined Polish group [ring, algebra, Poisson algebra, etc] if, for H a Polish group [ring,
algebra, Poisson algebra, etc], ¢ : H — G is an algebraic group [ring, algebra, Poisson algebra,

etc] isomorphism implies that ¢ is a topological isomorphism (i.e. a homeomorphism).

Many times, when a ring of continuous real or complex valued functions (or related objects
like vector fields) on a space is algebraically determined, then a use of a version of “Milnor’s
Exercise” ([10], pg 11, problem 1-C) gives an underlying homeomorphism between the spaces.
Often, if the ring is “nice” in some way, then the homeomorphism is also nice in a related
way.

The purpose of this dissertation is to show that some rings of functions are algebraically
determined and to give results regarding induced homeomorphisms. Gel'fand and Kolmogorov
(originally [3], see [12] for an English translation) showed that isomorphisms of the rings of
real valued continuous functions on two first countable spaces induce a homeomorphism

between the spaces. Here, we show that various subrings of the ring of continuous real



or complex valued functions on a second countable space are algebraically determined (in
Chapter 2) and that ismorphisms of these subrings induce a homeomorphism (in Chapters
4 and 5) . We also prove that the group of real analytic functions on R does not have a
topology in which it is a Polish group (Chapter 3). In Chapter 6 we prove that the Lie ring of
smooth functions on R?" with the Poisson bracket is algebraically determined and that for a
symplectic manifold M, the Lie ring of Hamiltonian vector fields is algebraically determined.
Chapter 7 contains the theorem that the smooth complex vector fields on the complex plane

are algebraically determined.

1.1. Basic Definitions and Tools

In the rest of Chapter 1, these preliminary results are all known and thus do not represent
original work. Original work will start with Chapter 2.

We call a group G a Polish group if the group is Polish in some topology (i.e. separable
and completely metrizable) which makes the group operation and inversion continuous. Here,
the term “group” can be replaced with ring, algebra, etc., where any additional algebraic
structures must also be continuous.

The following propositions outline very useful cases in which automatic continuity follows.
Here, an analytic subset of a topological space is one which is the continuous image of a
Polish space. Here, a set A has the Baire property if there is an open set U so that AAU is

meager.

Proposition 1.2. (Mackey, [9]) If X and Y are standard Borel spaces, {A,},>1 Is a collection
of Borel subsets of Y which sepearates points, and ¢ : X — Y is so that for all n > 1,
0 Y(A,) is analytic, then @ is measurable with respect to sets with the Baire property.
Proof:
By Theorem 3.3 of Mackey [9], the {A,},>1 generate the Borel structure of Y and hence

© Is measurable with respect to sets with the Baire property.



Proposition 1.3. (B.J. Pettis, [2]) Let G and H be Polish groups and let ¢ : G — H be an
algebraic isomorphism which is measurable with respect to sets with the Baire property. Then

@ Is a topological isomorphism. This applies in particular if @ is a Borel mapping.

Corollary 1.4. If H is a Polish group, and for any Polish group G and algebraic isomorphism

@ : G — H, there is a collection {A,},>1 of Borel subsets of H which separate points so that

for each n > 1, ¢~*(A,) is analytic, then H an is algebraically determined Polish group.
This corollary uses a fact proved by Nikodym (which can be found in [8]), that analytic

sets are sets with the Baire property.

Another quite useful theorem is the following corollary to the Lusin-Suslin Theorem ([8]).
Here, a Borel isomorphism is a bijection for which both it and its inverse are Borel mappings,

and standard Borel space is defined to be a Borel isomorphic image of a Polish space.

Theorem 1.5. Let X and Y be standard Borel spaces and f : X — Y a Borel mapping. If A
is a Borel set so that f|A is injective, then f(A) is a Borel subset of Y and f|A is a Borel
isomorphism (in particular f= is Borel).

Another useful fact is the following, which will be of use in Chapter 6.

Lemma 1.6. If R is a Polish Lie ring and J is a closed ideal of R, then R/J is a Polish Lie ring
with bracket [x + 3,y + J] = [x, y] +J and the projection map w : R — R/J is a continuous
Lie ring homomorphism.

Proof:

Let R be a Polish Lie ring and J be an ideal of R. If x,y € R and a,b € J then
[x+a,y+b] =[x, y]+[x bl+[a y]+[a b] € [x,y]+Tand (x+a)+(y+b) = (x+y)+(a+b),
so the induced bracket [x +J,y + J] = [x,y] + J is a well-defined Lie bracket, the induced

addition (x +J) + (y +J) = (x + y) + J is a well-defined addition, so R/J is a Lie ring



and the quotient map m : R — R/J is a homomorphism. R/J with the quotient topol-
ogy is a metric space since if d is a compatible metric on R, we can define the metric
d.(A, B) =inf{d(x,y): x € A, y € B} on R/J which is compatible with the quotient topol-
ogy on R/J. m is a continuous open mapping from a completely metrizable space onto a
metric space and hence by a result of Hausdorff ([4]), R/J is completely metrizable.

To see that [-,-] : R/J?> — R/J is continuous, let x +J, y +J € R/J and let U be open
about [x +J,y +J]. Then [x,y] € #~1(U), an open set since 7 is continuous, and so there
are open sets V and W so that x € V, y € W and [V,W] C 7~ 1(U). Then x +J € w(V),
y+Jen(W), and 7(V) and m(W) are open sets so that [7(V), m(W)] = w([V,W]) C U.
Thus [+, -] is continuous. Prove the continuity of + similarly to see that R/J is a Polish Lie

ring. [

The following proposition is contained in a paper to appear at a later date [7], but the

proof is included for the convenience of the reader.

Proposition 1.7. . Let n > 1. Make R" into a commutative Polish ring (R", x) with the usual
topology and vector addition together with the multiplication (xi, ..., Xp) * (V1 .-, Vo) =
(v, ..., Xn¥n), SO (R", x) = ][] (R,-) as a product of rings. Let R be a Polish ring and let
©:R— (R, x) be a surjecti\l/zlfijvg homomorphism such that ¢—*(0) is an analytic subset
of R. Then @ is continuous. In particular (R", ) is an algebraically determined Polish ring.
Similar statements hold for (R, x) = [[(R, ).

Proof: =

If x = (x1,..., X ) ¥V = (..., Va) € R”, define a partial order < by x < y if and only if
<y forall1<L<n fzeR"letU(z)={x€R"|z=<x}and L(z)={x€R" | x =
z}h IfS={xxx|xeR"} thenU(z) =z+ S and L(z) = z— S. Therefore if a, b € R”

and a < b, we have that B(a,b) = {x€R"|a=x<Xb} =U(a)nL(b) = (a+S)N(b-5).



If R is a Polish ring and ¢ : R — R" is a surjective ring homomorphism such that ¢~1(0) is
analytic, then ¢~1(x) is also an analytic subset of R for every x € R”, for if w € ¢©~!(x),
then ¢ 1(x) = w+ @ 1(0) is an analytic subset of R. Furthermore, ¢ *(B(a, b)) = ¢ (a+
S)Ne Y b—S5)=(p(a)+ o (S)) N (p~L(b) — 1(S)) is an analytic subset of R since
© 1(S) = 1(0)+{ r’ | r € R} and therefore both p=1(a) +¢~1(S) and ¢ ~1(b) — 0~ 1(S)
are analytic sets. If W C R” is open, then W is a countable union of sets of the form B(a, b)
and p~1(W) is an analytic subset of R. Hence, Theorem 9.10 in [8] implies that ¢, viewed
as a homomorphism of additive abelian groups, is continuous since every analytic set is a set
with the Baire property. If ¢ is a bijection, then ¢ 1(0) is a single point and therefore trivially
an analytic set, ¢ is continuous, and finally ¢ is a topological isomorphism by Proposition
1.3.

For the (R*, %) case, let S = { xxx | x € R*® } as before. For n > 1 and x, ...,
X, €ER, let ze R® with zz=0for1<{<nandz =-1ford>n zxS={zxw|wée€
S} oU(x, ..., Xp) = (x1, ..., X,0,0,...)+S+(zxS)={yeR®|x < yforl<
£<nandy, € Rfor4 > n } and L(xg,..., Xp) = (X1, ..., X,,0,0,...) =S —(z+S5) =
{yeR® |y, <xforl <f<nandy, € Rford >n}. Ifa becR”witha=blet
B(a,b) =U(a)nL(b)={yeR*®|a <y <bforl<f<nandy, € Rford >n}
If R is a Polish ring and ¢ : R — R* is a surjective ring homomorphism such that ¢~=1(0)

is analytic, then p~1(x) is also an analytic subset of R for every x € R*® by the same

R }+ @ 1(0) is an analytic set and @ 1(zxS) = ¢ 1(2)e 1(S) + ¢ 1(0) is an analytic set.
Similarly @ 1(L(b)) is an analytic set for all b € R". Hence, if a, b € R"” with a < b then
0 Y(B(a, b)) = p~1(U(a))Np~t(L(b)) is an analytic set. Since every open subset W C R*
is a countable union of sets of the form B(a, b), ¢ (W) is an analytic subset of R. One

finishes this proof in this case as before. O



Also note that in the rest of this document, for topological spaces X and Y, let C(X)

denote the collection of continuous real-valued functions on X. For a function f : X —= Y,

define the support of f, supp(f) = {x € x: f(x) # 0}. Let Co(X) denote the collection of

continuous real valued functions on X with compact support. That is, f € Co(X) if and

only if supp(f) = {x € X : f(x) =0} is compact. Also if X, Y, and Z are sets, and if
f: X —Yis1l—1, define the push-forward of f to be f,, where for each g : X — Z,
f.(g)=gofl:Y = Z

1.2. Basic Facts About Analytic Sets

Here are some common facts about analytic sets, with proofs included for the convenience

of the reader.

Lemma 1.8. Let X be a topological space, and let {A,},>1 be a sequence of analytic subsets
of X. Then () A, is analytic.
n>1
Proof:
Since each A, is analytic, there each is an image of some continuous function f, whose

domain is X, a Polish space. Define D = {v e XV :Vi,j>1, v(i) = v(j)}, a closed subset

of XN, Let F: JT X; — XY be the continuous function defined by F(x)(i) = f(x;). Then

i>1
F~1(D) is a closed subset of J] X, and hence is a Polish space using the subspace topology
n>1
inherited from ] X,. Thus () A, = mF(F~(D)), hence is analytic.
n>1 n>1

Lemma 1.9. Let X,Y be standard Borel spaces, A C Y analytic, and let f : X — Y be so
that graph(f) is analytic. Then f=1(A) is analytic in X.

Proof:

A is analytic implies that X x A is analytic. So, graph(f)n (X x A) is analytic by Lemma

1.8 and hence mi(graph(f) N (X x A)) = f1(A) is analytic.



1.3. Continuous Functions on Polish Spaces

The following theorem is contained in [8], but a short proof is included using theorems

found in many places ([15], for example).

Theorem 1.10. A Hausdorff, locally compact, second countable space is a Polish space.

Proof:

If X is a locally compact second countable Hausdorff space, the the one-point com-
pactification X of X exists. X is a compact second countable Hausdorff space (by using
complements of a countable compact basis for X), and so it is completely metrizable by the
Urysohn metrization theorem ([15]). Thus the open subspace X C X is completely metriz-

able. Since X is a second countable metric space, it is also separable. [

The proofs (though not statements) of the following lemmas can be found in [13] (Lemma

1.9, Theorem 1.11)

Lemma 1.11. /f X is a locally compact, Hausdorff, 2nd countable topological space (and
therefore a Polish space), then there is a sequence of compact sets { K;}i>1 so that ‘U Ki=X
and for each i € N, K; C int(Ki11). -

Proof:

Let {U;}i>1 be an open basis for the topology of X consisting of sets with compact

closures. Then, take K; = Uy, and recursively, if Ki = Uy U--- U Uy, then since Kj is a finite

union of compact sets and is hence compact, thereis an n;;; > n; so that K; C U;U---UU

Niy1-

Let Kizy =U, U---UU Then each K;is compact, K; = U; U---U U, C UiU---UU,,, C

Nit1-

int(K/+1) and U K; D U U, = X.

i>1 i>1



Definition 1.12. A collection of real valued functions @ with the same domain, a topological
space, X, is called locally finite if for every x € X, there is an open V C X containing x so

that {¢p € ® : Jy € V(¢(y) # 0)} is finite.

Theorem 1.13. If X is a locally compact, Hausdorff, 2nd countable (and hence Polish) space,
then R = C(X) can be made into a Polish ring with pointwise multiplication and addition.
Moreover Co(X) is dense in this topology.

Proof:

Let {Ki}i>1 be a sequence of compact sets as in Lemma 1.11. Then for f, g € R, define
the metric d(f,g) = 3 2—% to define the topology of R. Let U = {U;}>; be a
precompact basis for I)}land for each pair m, n € N so that U,, C U, let fmn be a function
(given by Urysohn’s Lemma) so that 0 < f,,, < 1, fi0|U, = 1 and £,,,/(X — U,) = 0. The
countable set which will be shown to be dense is the set of finite products & sums of the 7, ;s
and constant rational functions. To see this, one could use the Stone-Weierstrauss theorem,
but a direct proof follows. Let f € R, ¢ > 0 and K compact. To approximate f on K, we
can assume f > 0, since otherwise we could replace f with f + g where g is within €/2 of
the minimum of f over K. Define g; € Q so that €/3 < |q1 — supx(f)| < 2¢/3. Also, using
the compactness of {x € K : f(x) > sup,(f) —¢€/3}, let U1, ..., Ui k, C U so that for each
U, there is a Up ; so that Up; C Uy, C {x € K : f(x) > sup(f) — 2¢/3}, and also so that

k1
{x € K:f(x)>supy(f)—e€/3} C U Uy;. Now as an abuse of notation, let f;; be the func-
i=1
k1
tion above whichis 1 on Uy ;and 0 on X — U7 ;, and let hy = q;(1—[[(1—f;)). If [f—hy| <

i=1
on K, then stop, otherwise notice that on {x € K : f(x) > supx(f) —€/3}, |f — hi| < 2¢/3,

on {x € K :supy(f)—2¢/3 < f(x) < supx(f)—e/3}, |f—h1| < supx(f)—e/3,and f—hy =f
on {x € K: f(x) <supk(f)—2¢/3}. Inductively, if supx(f — (hy +---+ h,)) > €, define
Gn+1 € Qsothate/3 < |g,—supy(f—(hi+---+h,))| < 2¢/3. Also, using the compactness of

{x e K:f(x)>supy(f—(hi+---+h,))—e€/3}, let Upp11, ..., Un+1.,, C U so that for each



Un,, thereis a U, ; so that U,; C U, C {x € K : f(x) > supx(f — (h + -+ hy)) — 2¢/3},
and also so that {x € K : (f =(h1+---+h,))(x) > supx(f—(hi+---+h,))—€/3} C G Usi.
Now as an abuse of notation, let f, ; be the function above whichis 1 on U, ; and 0 on )I<:—1 U,
and let hyoq = gooo(l — kﬁl(l 1)) I |F— (A 4+ hyt)| < € on K, then stop,
otherwise notice that on {fé K:(f—(hi+--+hy))(x) > sup((f—=(h1+---+h,)))—¢€/3},
|f —(h1+ -4 hye1)| < 2€/3, on {x € K :supg(f —(hy+---+ hy)) —2¢/3 < (f — (hy +
o h))(x) <supp(f—(hi+---+hy)) —€/3} |f — (hi+ -+ hoy1)| < supg(f) —€/3,
and f —(hh+ -+ h)=Ff—+-+h)on{xe K:(f=(h+ -+ hy))x) <
supk(f — (hy + -+ + h,)) — 2¢/3}. Of course since the maximum is reduced each time
by at least €/3, and the minimum stays above —e¢, eventually there is some ng so that
|f —(hy+ -+ hy)| <e.

Now to approximate a function f on all of X, let 0 < € < 1 and take n € N so that

27" < €/2 and take h a finite sum/product of rational constant functions and functions of

supk, (If—hl) <

the form £, , as above so that supk, (|f — h|) < 5=. Then d(f, h) = ZT’W <
i>1 i

supk, (IF=h[) + 22—/ <
To see that (R, d) is complete, let {fs},>1 C R be a Cauchy sequence. For each x € X,

there is some iy so that x € K. Then for each 0 < ¢ < 27°, there is an N so that if

. SuDK,—("‘;TI*ﬁ’D . SUPKi (‘fm*fb‘)
n,m Z N, d(fn,fm) <e If n,m 2 N, then ¢ > ;2 Im Z 2 Iom
and hence supy (|fm — fol) < 72552 50 [fin(x) = £2(x)| < 12552. SO {fn(X)}m>1 is @ Cauchy

sequence and hence converges to some real number f(x). To see that f is continuous, take
x € X ,e>0andjy € Nso that x € K;, and hence x € int(K;,+1). Let N € N be so that
forn,m> N, supKiO“(\fm— fa]) < €/2. Then, for each y € Kj,;1 thereis an m, > N so that
[F(y) = fm(¥)| < €/2,and soif n 2 N, [f(y) = (W) < [F(Y) = T, (W) |+ T, (v) = Fa(¥)] < €.
Hence, f, converges uniformly on Kj .1 and so if x,, — x, there is some M so that for m > M,
Xm € Kip+1 and [f(x) — f(xm)| < [f(x) — in(X)| + |fn(x) — fn(xm)| + [ fn(Xm) — F(Xm)| — O

as m — oc. Thus f is continuous. To see that f, — f, let ¢ > 0 and let np € N be



so that 27™ < ¢, and let N € N so that for n > N, supy, ,(If — f,]) < €. Then
d(f.f) = 2 2—% + 3 2—% < 1= +e Thus f, — f and hence
Ris complé::.) -

To see that Co(X) is dense in R, let f € R and € > 0. Then take jy € N so that 27° < ¢.
Then, by Urysohn's Lemma there is an g € Co(X) so that g|K;, = 1 and g|(int(Kj,+1))¢ = 0.
Then fg € Co(X) and d(fg,f) < > 27 =2 <e. O

i>io
Similarly one can put a Polish topology on S(X), the continuous functions which vanish

at infinity (i.e. for every ¢ > 0 there is a compact set K so that |f|K°| < €) using the

supremum metric.

1.4. Basic Facts About Manifolds

A manifold M of dimension n is a topological space which has a basis consisting of open
sets which are homeomorphic to R”. Such pairs of open sets and homeomorphisms are called
charts of M. For 1 < r < oo, a C" manifold is one in which if (Uy, ¥1) and (U,, ¥») are charts
of M, where U; N Us # (), then 1,[/1‘1 o 1, has continuous derivatives of order r. A function f
on M is a member of C"(M) if for any chart (U, 9), ¥.(f) = foyp~t € C"(4(U)), where, for
an open set W, C"(W) is the set of functions on W with continuous derivatives of order r.

Here, a C" partition of unity subordinate to an open cover U is a collection F of C’
functions so that each f € &, f : M — [0,1], supp(f) C U for some U € U, so that if
m € M, there is an open set U containing m so that only finitely many f € & are nonzero on

U (called locally finite), and also so that >  f = 1.
fer

Lemma 1.14. If0 <r < oo, M is a C" manifold and U is an open cover of M, then there is
a C" partition of unity {¢;},en subordinate to U so that each ¢; has compact support.
Proof:

First take a sequence {K;};>; for M as in Lemma 1.11 (and set K, = (). Then for

10



each p € M let i, be the largest integer so that p € M — K, . Also choose U, € U so that
p € U, and let (V,, 7,) be a C" chart centered at p so that V, C U, N (int(Kj,12) — Ki,)
and so that 7,(V,) contains the closed cube [—2,2]7™M) | et g € C®(R¥ ™M) so that

g|[—1, 1]9mM) = 1, g|(RY™M) — (—2,2)4mM)) = 0, and for all x € R¥™M) 0 < g(x) < 1.

goTy(x), iIfxelV,,
The define 9, : M — R by 9,(x) = o) g

0, otherwise.
Now, ¥, has compact support which is a subset of V, and p e W, = {x € M : ¢,(x) = 1.

Since each W, has nonempty interior, for each j > 1 there is a finite collection {p; 1, . .., pij} C
M so that U D Kir1—int(K;). Now the collection {9, }i>1, 1<k<j is locally finite and count-
able, and ;;;ce V= . 1Z<k<' Py, 15 @ well-defined member of C"(M) and moreover ¥ > 0
on M. Thus {%},}1,—1;,{; _IJS C’ partition of unity subordinate to U.
Lemma 1.15. Let 0 < r < oo and let M be a C" manifold. Then if F C U C M, F is
compact, U is open, and f € C"(M) so that f|U > 0, then there is a function h € C{(M)
with f|F = h|F and h > 0 everywhere.

Proof:

Let d be a metric compatible with the topology on M and let € = d(F, U¢) > 0. Then
let {¢i}i>1 be a partition of unity subordinate to {B(U¢, 2¢/3), B(F,2¢/3)} (where for a
set Aand v > 0, B(A,v) = {x: d(x,A) < v}). Take h = > ¢; and h, =

supp(¢$i)CB(F.2¢/3)
¢;. Then fhy + hy is the desired function since if x € F, (fhy + hy)(x) =

supp(¢;)CB(U<,2¢/3)
f(x)-140 = f(x) > 0, if x € B(U,2¢/3)NB(F,2¢/3), (fhi+hy)(x) > min(f(x), 1)(hi(x)+
hy(x)) = min(f(x),1) > 0, and if x € B(U¢,2¢/3) — B(F,2¢/3), then (fh; + hy)(x) =
h(x)y=1. 0O

Lemma 1.16. /f M is a C" manifold, U,V C M are open in M and U C V, then there is a C"

function h on M which is 0 on V¢ and 1 on U, and for all x € M, 0 < h(x) < 1.

11



Proof:
Using Lemma 1.14, let {¢;};>1 be a C" partition of unity subordinate to the cover {U°,v}.

If h= > ©;, then h is the desired function. [
it supp(pi)CV

Lemma 1.17. If M is a C" manifold, U,V C M are open in M and U C V, then for any
f € C°(V) there is a function F € C*(M) so that supp(F) C V and F|U = f|U.

Proof:

Take G € C"(M) which is 1 on U so that supp(G) C V as in Lemma 1.16. Then define

F(m) Gf(m), ifmeV,
m) =
0, otherwise.

Then F € C"(M), supp(F) C supp(G) CV and FIU=Gf|lU=f|U. O
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CHAPTER 2

THE RING OF CONTINUOUS FUNCTIONS ON A 2ND COUNTABLE SPACE

Unless stated, the following lemmas do not require the space X in question to be Haus-

dorff.

Lemma 2.1. Let X be a 2nd countable topological space, and denote by C(X) the continuous
real-valued functions on X. Also let R be a subring of C(X) equipped with a topology so
that there is a countable dense subset D C X such that for all x € D, E, : R — R defined by
E.(f) = f(x) is continuous. Then fory € R and open U C X, {f € R:f(x) >y forx € U}
is a closed subset of R.

Proof:

{feR:f(x)>yforxelU}={feR:f(x)>yforxeDNU}=

N E.Y([y,o0)), which is an intersection of closed sets and hence closed. [
xeDnuU

Theorem 2.2. Let X and R be as in Lemma 2.1, so that

For any f € R with f(x) >0 forall x € X, Vf € R

R is Polish in some topology

There is a collection {g,}n>1 C R of nonnegative functions so that for any open

U c X, U{int(supp(gn)) : supp(g,) C U} = U

Forallqge Q, neN, gg, € R

There is a collection {qn},>1 C R of bounded positive functions so that for each x,

Gn(x) = 0 as n — oc.

Then R is an algebraically determined Polish ring.

13



Proof:

Let g € Q, U C X be open, and define N(U) = {n : supp(g,) C U}, Aqu ={f € R:
f>gqgonU}and 8 = {r? : r € R}. Note that by Lemma 2.1, A,y is a closed subset of
R. Also notice that f > g on U if and only if fg, — qg, > 0 for all n € N(U) if and only if
f9,— qgn,+ g, > 0 forallne N(U), £> 1. Thusif f > qgon U, then fg,—qg,+ q, € 8
for all n € N(U), £ > 1. Conversely, if fg, — qg,+ g, € 8 for all n € N(U), £ > 1, then
fgn—qg,+ q¢ > 0 forall n € N(U), £ > 1, and hence fg, — qg, > 0 for all n € N(U) and
sof >qonU. Thus f > qgon U if and only if fg, — qg, + g, € 8 for all n € N(U), £ > 1.
Ajw={feR:f>qonU}= (| {f€eR:fg,—qg,+ q €8}

£>1,nEN(U)

Let K be a Polish ring, ¢ : K — R an algebraic isomorphism of Polish rings, 8 = {x?:
x € K}, and {Ux}k>1 be a neighborhood base of open subsets of X. Then ¢ 1(A;y,) =

N e '({feR:fgn—agm+aecsl)= [ {reK:ro'(g.) — 9 (q9,) +
£>1,neN(Uy) £>1,neN(Uy)
© (qy) € 8'}, which is analytic since 8’ is analytic, continuous preimages of analytic sets are
analytic by Lemma 1.9, and intersections of sequences of analytic sets are analytic by Lemma
1.8. So, {Aq.u, }qeqken is a collection of Borel subsets of R which separate points and the

preimage under @ of each subset is analytic in H. Thus by corollary 1.4, R is an algebraically

determined Polish ring. [

It is worth noting that the proof for R = C(X) is slightly simpler since f € C(X) is
nonnegative if and only if f € § = {g? : g € C(X)}. This tells us that {f : f > g on U} =
 {f:(f—q)g, € 8}. This fact is not necessarily true for other C". For example, take
gzl;lr?ejzching which behaves like x? at one point of S! but levels off otherwise. Since |x| is not

differentiable, for our function to be a square it must behave like x nearby. But this function

would have only one sign change, which is impossible in S?.
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Corollary 2.3. If M is a 2nd countable manifold, 0 < r < oo, C"(M) is an algebraically
determined Polish ring.

Proof:

Use gn(x) = 1/nand if {U,},>1 is a base for the topology of M, define g, , when V, C V,

to be a C*° function which is 1 on V, and 0 outside of V,,,. [

Let S"(X) be the C" functions on X which vanish at infinity, meaning f € S"(X) if
f € C"(X) and for every € > 0 there is K compact so that |[f|K| < €. One can put a Polish

topology on S"(X) by using the usual metric on C"(X) plus the supremum metric.

Corollary 2.4. If M is a 2nd countable manifold and 0 < r < oo, then S"(M) is an algebraically
determined Polish ring.

Proof:

Let {Ki}i>1 be an increasing sequence of compact sets as in Lemma 1.11 and take
{fi}is1 € Ci(X) with 0 < f; < 1, filK; = 1 and fi|int(K;11)¢ = 0 by Lemma 1.16. Then
f=> 2-'f; is a member of S"(X) (since the sequence of partial sums is a Cauchy sequence)
and Ifz?s strictly positive. Let g, = %f, and apply Theorem 2.2. [

Corollary 2.5. If X is a 2nd countable locally compact Hausdorff (and hence Polish) space,
then C(X), the continuous real valued functions on X, is an algebraically determined Polish
ring.

Proof:

The considerations for Theorem 2.2 are either trivial or implied by Theorem 1.13 or its

proof. [
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Definition 2.6. A Polish complex star-algebra is a Polish algebra R over C together with a
continuous involution *: R — R so that forr,s € R, c € C, (r*)* =r, (r +s)* = r* + s*,

(rs)* =s*r*, and (cr)* =<¢(r*).

Theorem 2.7. Let X be a second countable topological space and let R be a subalgebra
of C(X,C) (the continuous, complex valued functions on X) or S(X,C) (the continuous,

complex valued functions on X which vanish at infinity) so that

e There is a countable dense set D C X so that if e € D, r +— r(e) is continuous as

a map from R to C.

For any f € R which is real valued with f(x) > 0 for all x € X, \/f € R

R is Polish in some topology

There is a collection {g,},>1 C R of nonnegative real valued functions so that for

any open U C X, U{int(supp(g,)) : supp(gn) C U} =U

There is a collection {q,},>1 C R of bounded positive real valued functions so that

for each x, q,(x) — 0 as n — oo.

IfreR, thent € R

Then R is an algebraically determined Polish complex star-algebra.

Proof:

Let K be a Polish complex star-algebra, and let ¢ : K — R be an algebraic isomorphism.
Let SA(K) = {k € K : k* = k}. Then p(SA(K)) = {f € R : f isreal valued} since

f € SA(K) if and only if * = f if and only if ©(f) = @(f*) = (f) if and only if ©(f)

is real valued. Now @|SA(K) is a topological isomorphism by Theorem 2.2. Notice that if

ke K. olk) = o(55 +i%55) = p(R5) +ip(557). (59)" = 5% = <5< and (555 =

X%X — X;i_(*, SO X‘;X*’X;;(* c SA(K) Thus x — ()ﬁ;_XX’ X;IX*) = (‘P(XJE_X*): (p(%)) =

P(X25) + ip(35X) = @(x) is continuous, hence ¢ is continuous and hence is a topological

!

isomorphism by Proposition 1.3. [
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CHAPTER 3

THE REAL ANALYTIC FUNCTIONS ON R CANNOT BE MADE INTO A POLISH RING

A function f : R — R is real analytic if for each a € R, there is an r > 0 and a sequence
of real numbers {a,},>0 so that if [x —a| < r, then f(x) = Z; an(x —a)". In this section, R
is the ring of real analytic functions on R with usual functionn_(;ddition and multiplication.
Lemma 3.1. /f R has a topology in which it is a Polish ring, then the natural injection
i: R— C>®(R), given by i(f) = f, is continuous.

Proof:

Let a € R, let I, = {f € R : f(a) = 0}. Note that J, = (x — a)R, and hence
each J, is analytic in R. Also notice that f — f(a) is a homomorphism onto R, and its
kernel is the analytic set J,, and hence by Proposition 1.7 it is continuous. Thus g : R — R,
g(f) = [] f(q) is a continuous injection. Also notice that h: C*(R) — R?, h(f) = [] f(q)
IS a conzien%ous injection, hence its image is a Borel set and its inverse is a Borel ma;f)(i@ng by

Theorem 1.5. Soi = h ' o g is a Borel mapping and hence i is continuous by Proposition

1.3. O

Lemma 3.2. For a fixed f € R, then the map R — R given by X\ — Af is continuous.
Proof:
The mapping R — R given by A — Af is a 1-1 group homomorphism (if f # 0, as
otherwise the lemma is trivial) and is Borel by viewing it as a composition of a continuous
and a Borel map by A € R — Ai(f) = i(Af) € C*(R) 5afe R, since by Lemma 3.1, i is

1

a one-to-one continuous mapping and hence i™* is a Borel mapping on the range of i. Any

Borel homomorphism is continuous by [2]. Thus, A — Af is continuous. [J
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Theorem 3.3. R cannot have a topology which makes it a Polish ring.

Proof:

Assume not, that R has a topology in which it is a Polish ring. For each f € R there is
a ¢ € R so that for all k € N [f(0(0)] < k!ck and hence |J{f € R : Vk € N, |[fR(0)] <
k'ck} = R. Foreach c € N, {f € R : Vk € N, ]f(k)c(e§)\ < k!ck} is closed since it is
the intersection over k € N of sets of the form {f ¢ R : |f¥)(0)| < k!c*}, which are
closed since they are the inverses of [—k!ck, k!c¥] under the composition of the continuous
maps i : R — C®, differentiation k times (C>* — C*), and evaluation at 0 (C* — R).
Thus, by the Baire category theorem, there is some ng € N and open U C R so that
Uc{feR : YkeN, |[f®(0)| < k'nk}. Note that U — U isopenand 0 € U—-UC {f €
R : Vk € N, [f0(0)] < k!2nk}. Now, for any f € R, 2f — 0 as n — oo by Lemma 3.2,
and hence there is some n € N so that %f € U — U. Hence for any f € R there is some
constant Cr so that for all k € N, |[F(0(0)| < Crnfk!. Take f(x) = tan~1(2nyx). Now for all
k> 1, fEHD(0) = (2ng)%*+1(2k)!. By above, for all k > 1, [FAD(0)| < Cen2k T (2k +1)1,

and hence 22kt1 < C¢(2k + 1), a contradiction since {gik—;}k is unbounded. O
>1
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CHAPTER 4

SUBRINGS OF C"(M) CONTAINING C§(X)

Lemma 4.1. Let 0 < r < o0, let M be a C" manifold, and let R be an abstract subring of
C"(M) so that C{(M) C R and R has some topology in which it is a Polish ring, then the
natural injection i : R — C"(M) is continuous. Moreover, for each a € M, the associated
point evaluation map f — f(a), R — R is continuous.

Proof:

First it will be shown that for a € M, J, = {f € R : f(a) = 0} is an analytic subset
of R. Notethat I, = {f € R: f(a) >0} n—{f € R: f(a) > 0}, and so it will suffice
to show that {f € R : f(a) > 0} is analytic. First, let (9, U) be a chart so that a € U,
P(a) = 0, and B(0,1) C 9 (U), and let g, € C(M) with gnlzp_l(B(O,Fll)) = 1 and
supp(g.) € ¥~1(B(0,1)). Then as will be shown in the following paragraph, {f € R :
f(a) >0} = ﬂ+ U{f € R: fg>+ qg> € 8}, where § = {s*> : s € R}. Thus since § is
analytic and fq»i@ fquzﬁl%- gg2 is continuous, this set is a countable intersection of a countable
union of analytic sets, and hence is analytic.

To show the aforementioned set equality, first assume f € R with f(a) > 0. Then for
each g € QT, f(a)+q > 0 and hence f + q is positive in 9~1(/,) for some ball /, about 0. If
n € N so that B(0, 1) C I,, let h € C*°(M) so that hlgp*(B(0, 1)) = (f + q)|v *(B(0, 1)),
and h > 0 (the existence of h is guaranteed by Lemma 1.15). Then vh € C>(M), and
(f +q)g2 = hg2. Thus fg2 + qg2 = (Vhg,)? € {k? : k € CZ(M)} C 8.

Conversely, suppose that for each g € Q", there is an n € N so that fg2+ gg2 € 8. Then
fg2+ qg2 > 0 gives f(a) + g = (fg2 + qg3)(a) > 0 and so f(a) > —q for all g € Q*. Thus

f(a) > 0. Hence 7, is analytic.
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For any a € M, the mapping f — f(a), R — R is a ring homomorphism with kernel J,, an
analytic set, and hence it is continuous by Proposition 1.7. Let {g,},>1 C M be dense, and
then the mapping g : R — RY given by g(f) = ];[1 f(qg,) is a continuous injection (since any
two continuous functions agreeing on a dense se‘:_are equal). Also, the map h: C*(M) — RY
given by h(f) = ];[lf(q,,) is continuous, and hence its inverse mapping is a Borel mapping

nz

on the range of h, a Borel set, by Theorem 1.5. Hence, i = h™ 1o g is a Borel mapping and

hence i is continuous by Proposition 1.3. [

Corollary 4.2. If H is a Polish ring, 0 < r < oo, M is a C" manifold, and ¢ : H — C"(M)
is a ring isomorphism between H and R = 4(H) so that C§{(M) C R C C'(M), then ¢ is
continuous.

Proof:

Equip R with the topology inherited from H through 9. Then ¢ : H — R is a homeomor-
phism by definition. Moreover, by Lemma 4.1, i: R — C"(M) is continuous. 9 : H — C"(M)
is simply ¥ : H — R composed with i, a composition of continuous maps which is therefore

continuous. [l

Of course it should be noted that R is not generally closed in C"(M). For example

i: C®(M)— CY{(M) would be continuous but C*(M) is not closed in C*(M).

Theorem 4.3. If 0 < r < oo, M is a C" manifold, and R is an abstract subring of C"(M)
which is Polish in some topology such that C[(M) C R then R is an algebraically determined
Polish ring.
Proof:

Let H be a Polish ring and ¢ : H — R be an algebraic isomorphism. If i : R — C"(M) is

the natural injection, then i is continous by Lemma 4.1 and ¢ o i is continuous by Corollary
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4.2. Moreover, iis a continuous injection, and hence by Theorem 1.5 its inverse is a Borel
mapping between the range of i, a Borel set, and R. Thus ¢ = poioi~! is the composition
of a continuous and a Borel mapping, and hence is a Borel mapping. Thus by Proposition

1.3, ¢ is an topological isomorphism. [

Theorem 4.4. Let0 <r < oo, let My and M> be C" manifolds, and let Ry and R, be abstract
subrings of C"(My) and C"(M,), respectively, each with a Polish topology so that each R;
contains C§(M;) as a dense subset. If ¢ : Ry — Ry is an algebraic isomorphism of rings, then
there is a C" diffeomorphism o : My — M,, so that ¢ = a,. (i.e. o(g)(x) = g(a"(x)) for
gE R, xeM,).

In order to prove the theorem, several lemmas need to be established first. In each of
these lemmas, 0 < r < oo and R is an abstract subring of C"(M) which is Polish in some
topology and contains C{(M) as a dense subset. The following lemma is similar (but more

general) than one found in [6] (who in turn references [1] for another similar result).

Lemma 4.5. Assume 0 < r < oo, M is a C" manifold, and that R is an abstract subring of
C"(M) which is Polish in some topology and contains C{(M) as a dense subset. If J is an
ideal of R, then exactly one of the following is true:
e J D CLHM)
e thereis an a € M so that for all f € J, f(a) = 0.
Proof:
Assume that J does not have the second property. Then let g € C{(M). For each
a € supp(g), there is a function f, € J so that f,(a) # 0. If U, = {m € M : f,(m) # 0},
there are {a;}7_; so that supp(g) € |J U, and thus f = > faf is strictly positive on

1<i<n 1<i<n

U Ui D supp(g)and f € J. Let h € C{(M) so that hlsupp(g) = % and supp(h)y c U U,
1<i<n 1<i<n
(which exists by taking a function which is 1 on supp(g) and multiplying it by 1/f on U,).

Then hf € J and is 1 on supp(g). Finally notice that g = hfge g. O
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Corollary 4.6. Assume 0 < r < oo, M is a C" manifold, and that R is an abstract subring of
C"(M) which is Polish in some topology and contains Ci(M) as a dense subset. Then the
set of ideals of R which are maximal with respect to being both closed and proper is exactly
{J,:a€ M}, whereJ,={f € R: f(a)=0}.

Proof:

For each a, J, is an ideal since if f € R and g € J,, fg(a) = f(a)0 =0, and if h € J,,
(g+ h)(0) =0+0 = 0. J,is proper since there is a member of C{(M) which is nonzero
at a. J, is closed since point evaluation is continuous by the second proof of Theorem 4.3.
To see that J, is maximal, let § D J, be a closed proper ideal. § 5 C{(M) since otherwise
J=73> W = R, and hence J is not proper. Thus J C Iy for some a’ € M by Lemma
4.5. Now, @ = a since otherwise J, C J,, which is a contradiction since there is a member
of C{(M) which is 0 at a and 1 at &’. Therefore J = J, and hence the J,’s are maximal with
respect to being closed proper ideals.

Now if g is any maximal closed proper ideal, J cannot contain C{(M) as above, and thus
there must be some a € M so that J, D g by Lemma 4.5. Thus J = J, since J is maximal

and J, is a closed proper ideal. [

A Kuratowski closure operation on a set A is a mapping - : P(A) — P(A) so that
«h=10
e For E€P(A), ECE

e For ECP(A), (E)=E
eForE, FcP(A), EUF=EUF

A Kuratowski closure operation defines a topology in which the closed sets are {E : E € P(A)}

([15], Theorem 3.7).

Theorem 4.7. Assume 0 < r < oo, M is a C" manifold, and that R is an abstract subring

of C"(M) which is Polish in some topology and contains Cj(M) as a dense subset. For the
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space of maximal closed proper ideals of R, M, define an operation A C M — A C M by

A={BecM : (| JC B}. Then~isa Kuratowski closure operator and the map a7, is a
JeA

homeomorphism using the topology given by - as set closure (sometimes called the hull-kernel

topology).
Proof:
A C A since for J € A, ngm /.
f Je Athen JD (1D ﬂ(&({] A)= (| A. SoJe A, ACAC A and hence they are
1A €A AeA AcA

equal.
f={AcM : AD ) B=M}=0.
Bed
To see that AUB = AU B, define v : X — M by v(m) = J,, a bijection. Then

we will be done if for C ¢ X, v(C) = v(C), since then AUB = v(v-{(AUB)) =

v (AU YB)) = v(v YA U YB)) =v(v Y (A)Uv(v Y(B) =AUB. f m¢C

then there is a function f € Ci(M) so that f(m) = 1 and supp(f) ¢ C°, and hence

v(C) c v(C). Also the fact that if f|C = 0 then f|C = 0 will imply that v(C) c v(C). O

Lemma 4.8. Let 0 < r < oo, let My and M, be C" manifolds, and let Ry and Ry be
abstract subrings of C"(My) and C"(M,), respectively, each with a Polish topology so that
each R; contains C5(M;) as a dense subset, and M; is the space of ideals which are maximal
with respect to being closed and proper, equipped with the topology from Theorem 4.7. If
@ : Ry — Rs is an algebraic isomorphism, then @' : M; — M, is a homeomorphism, defined
by ¢'(J) ={e(f) : feJ}

Proof:

@ is a topological isomorphism by Theorem 4.3, and ¢’ maps M; to M, since the im-
age of an element of M; is closed because ¢ is a homeomorphism, and a proper ideal since
@ is an isomorphism, and if the image wasn't maximal with respect to these properties,

the pullback wouldn't be either. Note that ¢’ is a bijection since ¢ is. Also, if A C My,
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WA = ({BeM : B> NAD=1{e(B) : BedMiand B N A} = {e(B)

BeM;and p(B)D N w(A)}={CeM, : CD [ A} =¢'(A),so ¢ is a bijection
AcA Acg!(A)
which preserves closures and hence is a homeomorphism. O

Proof of Theorem 4.4:

First note that ¢ is a topological isomorphism by Theorem 4.3. Let ¢' : M; — M, given
by ©'(J,) = {e(f) : f € J,}. ¢’ is a homeomorphism by following the proof of Lemma 4.8.
For i =1 or 2, let v; : M; = M, be defined by v;(a) = J,. Note that each of v; and v, are
homeomorphisms by Theorem 4.7, and thus a = v5* o ¢' o v; is a homeomorphism between
My and M.

For the second part of the theorem, it is prudent to first observe the behavior of ¢ on
C{(My). Two things will be proven: that o(Ci(My)) = C§(M,) and that for g € C5(My),
©(g9) = a.(g). Notice that since @|Ci(My) is additive and continuous, it is homoge-
neous with respect to scalar multiplication. Also notice that if g € Ry, then if x € My,

g(x) = 0 if and only if ¢(g)(a(x)) = 0 since g(x) = 0 if and only if g € J, if and only if

©(g) € ¢'(Ix) if and only if ©(g) € Ja). Thus supp(p(g)) = {y € Mz : p(g)(y) # 0} =
{y e My:gla(y)) #0} =a({x € My : g(x) #0}) = a({x € My : g(x) #0}) =

a(supp(g)) and since a is a homeomorphism, if g € Ry, supp(g) is compact if and only if

a(supp(g)) = supp(p(g)) is compact. Thus p(C5(My)) = C5(Mz). Next, let My = | K;,
where each K; is compact, K; C int(K;;1) for each j > 1, and for each j, let g; € ngz(lMl)
so that g;|K; = 1 and supp(g;)) C Kjz1. If g € C{(M,), there is a kg > 1 so that
gk 1(9) = ¢ (g) for k > ko, and so p(gk)g = g, thus @(gk)(x)g(x) = g(x) for ev-
ery x € M,. Thus for every x € M., ¢(gx)(x) is eventually 1. So, if g € C§(M;) and
x € My, (g(x)gx — 9kg)(x) = 0 gives that o(g(x)gx — gxg)(a(x)) = 0 and hence that
g(x)o(gk)(a(x)) = o(gx)(a(x))p(g)(a(x)). The left-hand side of this equation is eventually

g(x) and the right-hand is eventually ¢(g)(a(x)). Thus ¢(g)(a(x)) = g(x) for g € C{(My).
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If x € My, and g € Ry, then g = g«g + (9 — gkg) gives p(g)(a(x)) = @(gkg)(a(x)) +
©(g — gkg)(a(x)). Since grg € Cg, @(geg)(a(x)) = (gkg)(x). which is eventually g(x).
Since (g — gxg)(x) is eventually 0, ©(g — gkg)(a(x)) is eventually 0. So the right-hand side
is eventually g(x) and hence ¢(g)(a(x)) = g(x), hence p = a,.

It is worth noting that in the same way that a is the homeomorphism induced by the

1 1 _

isomorphism ¢, a1 is the homeomorphism induced by ¢!, sincea ™t = (1, o' ov)) t =

-1 1

vito (@) towv, =vito (o) oy and so the proof could be repeated for ¢~ and a™?,

giving that (a™1), = ¢~ L.

To see that ais C", it is sufficient to show that in a neighborhood of any point, Yoa is C”
for an arbitrary C" chart 9 of M, about that point. Let x € My, and let (¢, U) be C" chart
of My, so that x € a 1(U). Let P € (C(M))?™M2) 5o that 9|V = |V for some open
V c Uwithx € a (V). Thenif 1 < n < dim(M), (Y oa)a (V)= (Poa),la (V)=
P, o ala (V) = o 1 (P,)|a~ (V). Since each ~1(¢,) € C(M,), each component of
woais C"in a neighborhood about x, and hence w o is C" in a neighborhood about x.

Soais C'. a~lis also C" by the comments in the previous paragraph, and hence a is a C”

diffeomorphism. 0O
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CHAPTER 5

ISOMORPHISMS OF CONTINUOUS FUNCTIONS ON A LOCALLY COMPACT POLISH
SPACE GIVE AN UNDERLYING HOMEOMORPHISM

In Corollary 2.5, it was shown that the continuous functions on a locally compact Polish
space are algebraically determined. It is also the case that an isomorphism between certain
subrings of the continuous functions on two such spaces induces a homeomorphism of the
underlying spaces, similar to the results from Chapter 4, and the second half of the proof of
Theorem 5.2 and the following corollary are very similar to proofs from Chapter 4 but are

included for the sake of clarity.

Theorem 5.1. Let X, and X5 be locally compact Polish spaces and for i = 1,2, suppose R;
is an abstract subring of C(X;) which is Polish in some topology, and R; contains Co(X;)
as a dense subset. Then each R; is algebraically determined, and if ¢ : Ry — R, is an
algebraic isomporphism, then there is a homeomorphism a : X; — Xy so that ¢ = a, (i.e.
0(9)(x) = g(a(x)) forall g € Ry, x € X5).

As in Chapter 4, the proof of Theorem 5.1 will be broken up into several lemmas.

Theorem 5.2. Let X be a locally compact Polish space and let R be an abstract subring
of C(X) containing Co(X) which is Polish in some topology. Then the natural injection
i: R — C(X) given by i(f) = f is continuous. Moreover if x € X, the map f — f(a),
R — R is continuous.

Proof:

Let {U,}, > 1 be a precompact basis for X and let {7, ,}mnsen be as in the proof of

Theorem 1.13. Then if x € X, if f € R so that f(x) > 0, then if ¢ € QT, there are
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m,n € N so that x € Uy, U, C U, and (f + q)|U, > 0 and hence f,, ,(f + q) > 0 and
thus /T n(f + g) € Co(X). This shows that {f € R: f(x) >0} C () U {f €

geQt  mun>1,
x€Um, UnCUp

R : fmn(f +q) € 8 where 8 = {f? : f € R}. Conversely if for each ¢ € Q7 there are
m,n > 1 with x € U,, and U,, C U, so that f,,,(f + q) is a square, then for each ¢ € QT,
fn(X)(f + g)(x) = f(x) + g > 0 and hence f(x) > —q. Thus f(x) > 0, showing that

{feR: f(x)>0= N U {feR:f(f+q) € 8}, an analytic set since 8 is and
qgeQ+t m,né,
X€Um, UnCUp

f— fma(f + @) is continuous. Thus I, ={f e R:f(x)=0}={fe R :f(x)>0}n{fe
R : f(x) > 0} is analytic.

Now if x € X, the map f — f(x), R — R is continuous since it is a homomorphism onto
the reals (since Co(X) takes all values at each x € X) with analytic kernel J, by Theorem
1.7.

For any x € X, the mapping f — f(x), R — R is a ring homomorphism with kernel J,, an
analytic set, and hence it is continuous by Proposition 1.7. Let {g,},>1 C X be dense, and
then the mapping g : R — RY given by g(f) = ];[ f(qg,) is a continuous injection (since any
two continuous functions agreeing on a dense s;Elare equal). Also, the map h: C(X) — RN
given by h(f) = ];[lf(qn) is continuous, and hence its inverse mapping is a Borel mapping

on the range of h, a Borel set, by Theorem 1.5. Hence, i = h™ 1o g is a Borel mapping and

hence i is continuous by Proposition 1.3. [

Corollary 5.3. If H is a Polish ring, X is a 2nd countable Polish space, and ¢ : H — C(X)
is a ring isomorphism between H and R = (H) so that Co(X) C R C C(X), then v is
continuous.

Proof:

Equip R with the topology inherited from H through 9. Then ¢ : H — R is a homeomor-
phism by definition. Moreover, by Lemma 4.1, i : R — C(X) is continuous. ¢ : H — C(X)

is simply ¥ : H — R composed with i, a composition of continuous maps which is therefore
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continuous. O

Corollary 5.4. R as defined in Theorem 5.2 is algebraically determined.

Proof:

Let H be a Polish ring and ¢ : H — R be an algebraic isomorphism. If i : R — C(X) is
the natural injection, then i is continous by Theorem 5.2 and ¢ o1i is continuous by Corollary
5.3. Moreover, i is a continuous injection, and hence by Theorem 1.5 its inverse is a Borel

1is the composition

mapping between the range of i, a Borel set, and R. Thus ¢ = poioi~
of a continuous and a Borel mapping, and hence is a Borel mapping. Thus by Proposition

1.3, ¢ is an topological isomorphism. [

Lemma 5.5. Let R be as in Theorem 5.2. If J is an ideal of R, then exactly one of the

following is true:

e JD Co(X)

e there is an x € X so that for all f € J, f(x) = 0.

Proof:
Assume J does not have the second property and let g € Co(X). For each x € X there is
f, € d so that f,(x) > 0 (by squaring if necessary). Then there is some collection {xi, .. ., Xn}

so that | W,, D supp(g), where W, = {z € X : f,(z) > 0}, since the W, are an open cover
i=1

)

of X and supp(g) is compact. Then let f = > f; € J and note that f|supp(g) > 0. Let
i=1

V be a precompact open set so that supp(g) C V and V C |J W, and let h; € Co(X, R)
i=1

_ f)’}((xx)) for x eV
so that hi|supp(g) = 1 and hi|(X — V) = 0. Then define hy(x) =

0 xeX-V
and notice that h, is a continuous function since each piece is continuous and the definitions
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agree on V N (X — V). Notice that hof € J and hyf|supp(g) = 1. Thus g = hofg € §, and
hence Co(X) Cd. O

Corollary 5.6. Assume X is a 2nd countable Polish space and that R is an abstract subring
of C"(M) which is Polish in some topology and contains Cj(M) as a dense subset. Then the
set of ideals of R which are maximal with respect to being both closed and proper is exactly
{J,:a€ X}, whereJ, = {f € R: f(a) = 0}.

Proof:

Foreach a € X, J,is anideal sinceif f € Rand g € J,, fg(a) = f(a)0 =0, and if h € 7,
(g+ h)(0) =0+0=0. I, is proper since there is a member of Co(X) which is nonzero at a.
J, is closed since point evaluation is continuous by Theorem 5.2. To see that J, is maximal,
let § D J, be a closed proper ideal. § 2 Co(X) since otherwise § = J D m = R, and
hence J is not proper. Thus J C Jy for some @’ € X by Lemma 5.5. Now, a = a since
otherwise J, C Jy, which is a contradiction since there is a member of Cy(X) which is 0 at
aand 1 at a'. Therefore J = J, and hence the J,'s are maximal with respect to being closed
proper ideals.

Now if J is any maximal closed proper ideal, J cannot contain Co(X) as above, and thus
there must be some a € X so that J, D J by Lemma 5.5. Thus J = J, since J is maximal

and J, is a closed proper ideal. [

Lemma 5.7. Let X; and X5 be 2nd countable Polish spaces and let Ry and R, be abstract
subrings of C(X1) and C(X,), respectively, each with a Polish topology so that each R,
contains Co(X;) as a dense subset, and M; is the space of ideals which are maximal with
respect to being closed and proper, equipped with the topology from Theorem 4.7. If ¢ :
Ry — R» is an algebraic isomorphism, then @' : My — M, is a homeomorphism, defined by

o'(J) ={e(f) : fel}
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Proof:

@ is a topological isomorphism by Theorem 5.4, and ¢’ maps M; to M, since the im-
age of an element of M; is closed because ¢ is a homeomorphism, and a proper ideal since
@ is an isomorphism, and if the image wasn't maximal with respect to these properties,
the pullback wouldn't be either. Note that ¢’ is a bijection since ¢ is. Also, if A C My,
YA) = ({BeM, © BD AﬂAA}) ={e(B) : BeM;and B D AﬂAA} = {o(B)
B € M; and 9(B) D Aﬂﬁ(p(A)} :e {CeM, : Co ) AY=¢(A), seo ¢’ is a bijection

S

Al (A)
which preserves closures and hence is a homeomorphism. [

Proof of Theorem 5.1:

First note that ¢ is a topological isomorphism by Theorem 5.4. Let My, M, be the spaces
of maximal closed proper ideals of R; and R», respectively, and let ¢' : M; — M, given by
©'(J,) = {e(f) : f € I,}. ¢ is a homeomorphism by Lemma 5.7. For i = 1 or 2, let
vi © M; — M, be defined by v;(a) = J,. Note that each of v; and v, are homeomorphisms by
Theorem 4.7, and thus o = 1/2’1 o' oy is a homeomorphism between M; and M.

For the second part of the theorem, it is prudent to first observe the behavior of ¢
on Co(X1). Two things will be proven: that ¢(Co(X1)) = Co(X2) and that for g € Co(X1),
©(g) = a.(g). Notice that since ¢|Co(X1) is additive and continuous, it is homogeneous with
respect to scalar multiplication. Also notice thatif g € Ry, thenif x € Xj, g(x) = 0if and only
if (g)(a(x)) =0 since g(x) =0 if and only if g € I, if and only if ©(g) € ¢'(Jy) if and only
if ©(9) € Jar)- Thus supp(p(g)) = {y € X2 : p(g)(y) #0} = {y € Xo: g(a '(y)) # 0} =

a({x e X;:9(x) #0}) = a({x € X1 :9(x) #0}) = a(supp(g)) and since a is a homeo-

morphism, if g € Ry, supp(g) is compact if and only if a(supp(g)) = supp(p(g)) is compact.
Thus p(Co(X1)) = Co(X2). Next, let X; = |J K, where each K; is compact, K; C int(K;;1)
Jjz1

for each j > 1, and for each j, let g; € Co(X;) so that ¢;|K; = 1 and supp(g;) C K11 If

g € Co(X2), thereisa ko > 1sothat g (g) = @ '(g) for k > ko, and so ©(gx)g = g, thus
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©(gk)(x)g(x) = g(x) for every x € X5. Thus for every x € X,, p(gx)(x) is eventually 1. So,
if g € Co(X1) and x € X1, (9(x)gk — gk g)(x) = 0 gives that ¢(g(x) gk — grg)(a(x)) = 0 and
hence that g(x)@(gk)(a(x)) = ©(gk)(a(x))e(g)(a(x)). The left-hand side of this equation
is eventually g(x) and the right-hand is eventually ©(g)(a(x)). Thus ¢(g)(a(x)) = g(x) for
g € Co(X1).

If x € Xy, and g € Ry, then g = gkg + (9 — gk9g) gives p(g)(a(x)) = @(gkg)(a(x)) +
©(9—9gkg)(a(x)). Since geg € Co(X1), 9(geg)(a(x)) = (gkg)(x), which is eventually g(x).
Since (g — gxg)(x) is eventually 0, ¢(g — gkg)(a(x)) is eventually 0. So the right-hand side

is eventually g(x) and hence ¢(g)(a(x)) = g(x), and thus ¢ = a, on all of R;. [

Corollary 5.8. Let X; and X5 be locally compact Polish spaces and for i = 1,2, suppose
R; is an abstract complex star-subalgebra of C(X, C) which is Polish in some topology, and
R; contains Co(X,C) as a dense subset. Then each R; is algebraically determined, and if
@ : Ry — R, is an algebraic isomorphism, then there is a homeomorphism o : X1 — X5 so
that ¢ = a.,.

Proof:

The R; are algebraically determined by Theorem 2.7, and if SA; = {f € R, : f* = f},
then SA, = {f € R; : fisreal valued} since f(x) = f*(x) if and only if f(x) = f(x).
Also, since ¢ : SA; — SA, is an algebraic isomorphism, then there is an a : X; — X5
so that |SA; = a, by Theorem 5.1. If f € R;, then p(f)oa = (- +i55)oa =

ff*
2

() oa+ip(5h)oa = + iS5 = f and hence p = a,. O
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CHAPTER 6

POISSON BRACKETS ON COO(RQ”) AND THE HAMILTONIAN VECTOR FIELDS

If xq, ..., Xy Vi e v s y, are the standard coordinate basis for R?”, then the Poisson bracket

n
operation on C*®(R?") is given by {f, g} = ;g—xfi%‘% — SL.24. The goal in this Chapter is
to show that the infinitely differentiable functions of R?” with the Poisson brackets is an
algebraically determined Polish Lie ring. When looking at the symplectic structure of R,

it is natural to divide between “x” and “y”, and henceforth the statement (&, b) € R?" will

mean that each of 7 and b are real vectors of length n.

Lemma 6.1. Let ¢ : H— (C®(R?"),{-}, +) be an algebraic isomorphism of Polish Lie rings.
Then @ = {f : f is constant} is closed, p=1(@) is closed and w|p~1(€) is continuous.

Proof:

First notice that C is the center of C*°(R?") and hence ¢ !(C) is the center of H and thus
both are closed. Next, for each i, define M, ; = {f € C®(R?") : IX € R such that f(X,y) =

Ax}, and notice that both M, ; and ¢ *(M,;) are closed since M,; = () {f : {f,x} =

obn (1 AfAfyr=0n{f{fyreCinif f={fxy}} alngfso o~ (My,i) =
1<j<n, j#i

N{reH: {rel(x)} =0n N {reH: : {rely)=0n{reH:

1<j<n 1<j<n, j#i
{rro Yy e etn{re H:r ={roxy)t } To see why this is true, assume

f € C®(R?") such that for j # i, {f.x} = 0 = {f.y;}, {f.x} = 0and {f,y;} = ¢

and {f,xy;} = f. The first equations give us that g—; =0 = g_;, for j # i, g—;j = 0 and
o =c 50 f(X,y) = cx;+d. Then cxi+d = f = {f,xy} = §x — gy = cx, so

f = cx. Similarly each M,; = {f € C>®(R?") : Ix € R(f(X.y¥) = M)} and o Y(M, ;)
are closed. Since ¢ 1(€) and ¢ *(M,;) are closed additive subgroups of H, and since

the mapping @ (M, ;) — @ *(C) given by ¢ '(Ax) = {0 '(Ax), o *(y)} = ¢ 1(N) is

32



continuous and one-to-one, and hence a homeomorphism by Proposition 1.3. Hence each
© (X)) — o7 1(\x) is continuous, and similarly so is each o= *(u) — @~ (uy;). Thus
« 1@ H(C)? = o 1(C) given by (9 ' (A), 0 M) € ¢ HC)* = (0 T(xa), 0 Hun)) €
O H(M1) x @Y (M, 1) = {0 *(Ox1), o Y un)} = ¢ (Au) € € is continuous. Thus
(¢~ 1(C), +, ) and (€, +, -) are each Polish rings which are isomorphic to (R, +, ). Thus ¢|C

Is a homeomorphism by Proposition 1.7. [

Lemma 6.2. If f € C®(R?") and (&, b) € R?", then there are Gy, ..., G Hi, .., H, such
that F(%,7) = F(3.B) + 3 {22 — ax, G} + {Hi. %4 — by},
1<i<n

Proof:

Expand f in its 2nd order Taylor expansion to get f(X,y) = f(3,b) + 3. gi(X,¥)(x —

Yi 2

[9(X o, .., Vic1: Z, YVidls - - - Vn)dz. Then the necessary equality is satisfied since {%"

L L 2 L L
%, G} (%, 7) = (x — a) 51X, ) = (xi — a))gi(%. 7) and {H,;, % — by} (X, 7) = FE(X.7) -

(vi = bi) = hi(X, ¥)(yi — bi). O

Corollary 6.3. Let H be a Polish Lie ring and let ¢ : H — C>(R?") be an algebraic isomor-
phism of Lie rings. For each r € H and (&, b) € R*" there is a unique ¢ € ¢ '(C) and there
arery, ..., fn,St,...S0 € Hsuchthatr =c+ {(p—l(’;—f2 —aix;), ri} +1si, (p—l(%f2 — biy)}.
Moreover, ¢ = p~1(¢(r)(d, b)). =

Proof:

To see existence, apply ¢ ! to the equation in the statement of Lemma 6.2. To see the

uniqueness of ¢, apply ¢ to the equation in the statement of this lemma, and plug in (&, E).

O

Lemma 6.4. Using the notation from Corollary 6.3, the mapping r — c is Borel.
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Proof:
Fix c1,co € 971(C). Define 8,5 = {(c,r.n,..., FoSto ... s)) € CxX [P H - r =

c+ > {cpfl(%’z—a,-x,-), riy4+1{s, ot %’Q—b,y,)} }, a closed additive subgroup of Cx [/ H.

1<i<n
Notice that by Corollary 6.3, 7> : 855 — H is onto. If (c.rom, ..., Fn Sty .. Sp) € S(55):
then o} (r) = (¢, r.n, ..., Fo S1, .., Sn)+
{(0,0,r,..., rsy, s):(0,0,r,..., r,S .., Sn) € 855}, a closed additive subgroup

of 8. Thus, by Theorem 12.17 in [8], there is a Borel set U C 8 such that m,|U is a bijection.
Since projections are continuous Theorem 1.5 yields that (m,|U)™! is a Borel mapping, and

hence 71 o (mo|U) ™! is a Borel mapping i.e. the mapping r — c is Borel.  [J

Theorem 6.5. Let H be a Polish Lie ring and let ¢ : H — (C®(R?"), +, {-}) an algebraic
isomorphism of Lie rings. Then @ is a topological isomorphism.

Proof:

For each (&, b) € R?", define ¢ ;5 : H = R by 955 (9 *(f)) = (4, b), which is con-
tinuous since is it the composition of the maps @~ (f) — @~(f(d, b)) — f(& b), which
are each continous by Lemmas 6.4 and 6.1. Let {(57,-,5,-)},-21 C R?" be dense, and define
V:H—=][[Rbyd= gw(eﬁ,ﬁ)' a continous mapping. Also define ® : C*(R?") — J] R by

i>1 > i>1

&(f) = [] (&, b;). Since ® is continuous and one-to-one, ®~! is a Borel mapping on the
i>1

range of ® by Theorem 1.5, so ¢ = ®~! o W is a Borel mapping, and hence by Proposition

1.3, @ is a topological isomorphism. [

One might wonder if a similar theorem holds for general symplectic manifolds instead of

simply on R?". It does not, as shown by the following theorem.

Theorem 6.6. The Lie ring of infinitely differentiable functions on the torus R?/Z? with the

Poisson bracket is not algebraically determined.
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Proof:

Note that if f € C*®(R?/Z?), f can be written in C®°(T?2, C) as a complex Fourier series
S ety Also note that if m, n, k, £ € Z, then {e2™/(mxtny) @2milix+&) s only
igizstant if it is 0, since {e2mi(mxtny) @2milkx+&y)1 — (2qrim)e2m/(mx+ny) (2qrjg) @2/ (kx+ey)
(2min)e?™(mx+my) (2gjk) 2™ +8) = 4w?(nk — me)e>™mTkx+(n+ty] 5o the bracket is con-
stant if and only if m= —k and n = —£. Butif m= —k and n = —¢, then nk — mé =0 and
hence the bracket is 0. Thus, if we take a discontinuous group automorphism ¢ : R — R
(say, a permutation of a Hamel basis), then the map v : C*°(R?/Z?) — C>*(R?/Z?) defined
by W( Y. i@ OF)) = (o) + > Cr 2™ (kx+8Y) is an algebraic isomorphism

LKeL LkET, (2,k)#(0,0)

of Lie rings since the constant terms are eliminated by the bracket and no more constant

terms can be introduced. Since 9 is a discontinuous automorphism of C*°(R?/Z?), it cannot

be algebraically determined. [

When looking at the symplectic structure of R?", another important object is the Hamil-
tonian vector fields. For a symplectic manifold (M, w), for each f € C*(M), the Hamiltonian
vector field associated with f is the vector field X¢ with the property that —df(Y) = w(X¢,Y)
for any vector field Y (a full discussion can be found in [11]. Also note that in some texts, Xy is
defined with the opposite sign). In R? they are given by Xy = £, 2 —f, 2. For f, g € C*(M),
X¢ = Xg if and only if f and g differ by constants over each connected component. Also,
Xirg = X¢+Xg and [X¢, Xg] = X{r,g1, S0 the Hamiltonian vector fields on M with the vector
field bracket form a Lie ring which is isomorphic with C*(M)/€ with operation induced on
the quotient by the Poisson bracket, where € is the set of locally constant functions (i.e.
constant on each connected component). This is the motivation for the following work, to
show that the Hamiltonian vector fields on R?” are algebraically determined by showing that
C>(R2")/{f : f is constant } is algebraically determined. The methods will be similar to the

methods above but the technical details are different.
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Lemma 6.7. C = {f € C>®(R?") : f is constant } is a closed ideal of C*(R?") (and hence
C>(R2")/€ makes sense as a Polish Lie ring).

Proof:

€ is the center of C°(R?") and hence is closed. Also, if f € €, g € C>®(R?"), then

{f,g}=0€C. O

For Lemma 6.8 through Theorem 6.10, n € N, and € = {f € C>®(R?") : f is constant }.

Lemma 6.8. If H is a Polish Lie ring and @ : H — C°(R?")/C an algebraic isomorphism of Lie
rings, then for each 1 < i <n, theset L,; = o ({f +C:Ic e RV(X,y) € R*", (X, V) =
cxi+d})and L,; = o *({f+€C:3Jc e RVY(X,y) € R*", f(X,y) = cy, + d}) are closed
subsets of H and @|L,; and ¢|L, ; are continuous.

Proof:

Fix 1 < i < nand notice that £y, = {h € H: {ho '(xy;+€)} = htn N {he
H (ho=(g +€)) = 0 = (ho iy + €)}) and £, = (h € H: {o-(xy + O), h} =
nn N{heH: {he'lx+€)} =0={he'(y+C)}} and so each L, or Ly
are clfsjegg, additive subgroups of H. To see this, take h € H such that for 1 < j < n,
{h,o X (x;+ )} =0 = {h, o1 (y; + €)} and such that {h, o~ 1(x;y; + C)} = h. Then the
first equalities give that, if f € @(h), —5, € €and 5L € €, so f =c+ 3 (a5 +byy), and

1<<n
so the last equality gives that c+ > (ajx; + byy;) = f = {f, xyi} = aix; — biy; (mod €), so

1<j<n
f € aix; + C. The equality for £, ; i_sj_proved in a similar manner.
In order to show that ¢ is continuous on the £’s, we will define a multiplication on them
which will be continous and will create a ring structure on the £’s which mirrors R?" with
addition and componentwise multiplication, which will then imply that the £'s are homeo-

morphic with R. In order to do this, first define Q,; = { *(f +€) : dc,d € RVY(X,y) €

R?", f(X,¥) = cx*} and Q,,;, = {¢ Y (f + €) : dc.d € RVY(X.,y) € R*", f(X,y) = cy?*}.
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Each Q, or Q. is closed because Q.; = {h € H : {h,o *(xyi + C)} = 2h}n{h €
H:{hol(yi+)}tel,dn N{heH: {hel(x+C)}=0n N {heH:

1<j<n 1<y<n, i#

{hoo Y (y;+C)}r=0}tand Q,;={he H:{o ' (xyi+C),h} =2ntn{he H: {ho (x+

erel,dn NiheH {hol(y+€)}=0n N {heH: {het(x+C} =0}

1<j<n 1<j<n, i#j
To see why this holds, let h € H such that {h, o~ 1(x;y; + €)} = 2h, such that for all j # i,

{ho 'y +©)}=0=1{he '(+0C)}, {ho (i +€)} € Lyiand {h o '(x+C)}=0.
Then if £ € ¢~1(h), this means that for j # |, g—" =0= g—;j (mod @), there is some ¢ € R

so that g5 € 2cx; + € and g- € €. So we have that f(X,7) = ox? +d + Y. ax + byy; and

1<i<n
hence 2f(x,y) =2cx? +2d +2 3 (a;x + bjy;) = {f, xiyi} = 2¢cx? + aix; — biy; (mod €).
1<j<n
Hence, aixi + 3b;y; + > (2a;x; + 2b;y;) € € and so each a; = 0 and each b; = 0. Thus

J#
f(X,y) = cx? + d and hence h = o(f + €) = p(cx? + C). A similar argument works for the

Qy.'s.

So each Q is a closed, additive subgroup of H. Moreover, if h; € Q,;, then forsome b € R,
@w(hy) = bx?+C and hence {h1, o '(y;+C)} = ¢ 1 (2bx;+C), and if h, € £, ;, then for some
c €R, p(hy) = cy;+Candso {(p‘l();—’?jt(?), h} = ¢~ (cx+€), and so the maps hy € Q,; +—
{hi, 71 (x)} = o H(cx+C) € Ly;and hy € L) {(p‘l();—"z), h} = @ (cx;+C) € L, are
continuous isomorphisms of additive Polish groups, and hence their inverses are continuous
by Proposition 1.3. These inverses are precisely ¢~ 1(cx; + €) € L, — (,0‘1(%’2 + @) € Q.
and o Y (dx; + C) € Ly; — @ Hdy, +C) € L,;. So, define x : Ly; x Ly; — Ly,
by (¢ *(cxi + €), o (dx; + €)) — ¢ *(cdx; + €). = is continuous since it is the com-
position of the maps (o~ 1(cx + C), o 1 (dx; + @) — ((p‘l(CTX’Q + ), o7 (dy; + @) —
{(p’l(CTX"2 + @), o (dy, +€)} = ¢ 1 (cdx; + €), and hence (L, +, *) is a Polish ring which
is isomorphic to (R, +, ). Thus the isomorphism ¢ !(cx; + C) — ¢ is continuous by Propo-
sition 1.7 and hence @|L, ; is continuous since it is the composition of the continuous maps
o Hexi +C) e Ly~ ceR— cx;+ €€ C®(R?")/C. The proof is completed by using a

similar argument for each £,;. U
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Lemma 6.9. For each h € H, (3,b) € R?", 1 < i < n, there is a unique dy; € L; and a

unique d,; € L, ; such that there arer, .. ., rn,S1, ..., Sn, b1, ..., th, U1, ..., u, € H such that
X2
h=d;+{p” (3 ax? + a?x; + C), ri} + Z{(p é—ajqut(f),rj}
1<j<n
JF£I
_2
+ > {s.@o H(ZL — by + )}, and
1<j<n
y? v}
h=d,;+{t. <P71(§' — by + b+ €+ > {1, wil(é — biy; + €)}
1§_;‘ﬁ§_n
JFEI

X2
+ 30 (G —ax+ 0.}

1<j<n
Moreover the maps h — dy; and h— d,; are Borel.

Proof:

The lemma will be proven for d ;1. The other 2n—1 cases are proved in a similar manner.
If f € C®°(R?") and (&, b) € R*", expand f in its 2nd order Taylor expansion about (3, b)
and then collect all terms which involve linear factors with variables other than x; to see that

f(x.y)=ct+ax+u(xi—a)’+ > u(x;—a)+ > vi(y;—a;), where each u; and v; are
2<j<n 1<;<n

smooth functions. For each 1 < j < n, let Vi(X,¥) = [v;(x1, ..., Xi—1,Z, Xj41, - - - Xn, ¥)dz

Yj
(an “x;” antiderivative of v;) and U; = [u;(X, 1, ..., Vi1, Z, Yit1, - - yn)dz (a "y/" anti-
0

2
derivative of u;). Then f + € = ax; + C + {%13 —axftaixi+CUL+CH+ X {F -

2<j<n

2
axi+C U + €+ S {Vi+C % — by +C} Apply ¢! to get the equation desired in

1<j<n
the statement of the lemma. The uniqueness of @ !(ax; + €) is obtained by mapping by ¢,

—

takmg 3 and then plugging in (3, b) to get that a = ( b).
To see that h — dxl is Borel, first define 8,5 = {(d hor,..., Foy Sty e Sp) € Ly X

Hordh=d 4 {p i —ap + a2+ ) b+ X {0 (% —ax).n} +
1<j<n, j#i

2
> A{s, (p‘l(%' — bjy;)} }. a closed additive subgroup of L1 x H*"*!. Define m; : 8 ;5 —
1<5<n
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Ly1 and m 1 855 — H be the projection from tuples in 8z to the first and sec-
ond coordinates, and let Z,5 = m;*(0) N 7;*(0), a closed additive subgroup of 8.
Note that m, : 8(5’5) — H is surjective, and if (d,h,nn,..., Fny Sts ..., Sn) € S(ig), then
' (h)=(d hnr,..., I St .-, Sn)+ 255 Since Z ;5 is a closed subgroup of 55, The-
orem 12.17 in [8] gives that there is a Borel subset U C § ;5 such that m[U is one-to-one.
Thus by Theorem 1.5, (m,|U) ! is a Borel mapping on H. Thus the map ;0 (m>|U) ™!, being
the composition of a Borel and a continuous mapping, is a Borel mapping. In other words

the mapping h +— d, 1 is a Borel mapping. [

Theorem 6.10. If ¢ : H — C>(R2")/C is an algebraic isomorphism of Lie rings, then ¢ is
also a topological isomorphism (i.e. C*(R?")/€ is algebraically determined)
Proof:
Using the notation and results from the previous two lemmas, for each 1 </ < n and
of

each (3,b), h — dy; = (pfl(a"’(h)|(a 5Xi + €) € Ly, is continuous (here, 8‘5)(:) means -

for any f € @(h)). Also, p|L,, is continuous by Lemma 6.8, and ax + C +— a is con-
tinuous since it is an additive isomorphism of Polish groups and (R, +, ) are algebraically
determined by Proposition 1.7. By composition of these maps we get the continuous map
@ }(f + €) — ZL(a b). Similarly each o~'(f + €) ~ £5(4,b) is continuous. Now let

{(d,b))}j>1 C R* be dense, and let  : H — [] R?" be the continuous map defined by

Jj>1
S~ (f + C)) = H(axl ..... oo 2E)(3;. b;). Define W : C*/C — [] R?" to be
j>1
the continuous map given by W(f + €) = [T(gF. . .., S 55)(&;, by), which is well-

j>1
defined since each member of a given coset has the same derivatives. W is a one-to-one

continuous map, so by Theorem 1.5, W~ is a continuous map on the image of W, a Borel
set. Thus W lo® = ¢ is a Borel isomorphism of Polish groups, and hence ¢ is a topological

isomorphism by Proposition 1.3. [
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The following theorem uses identical ideas as Theorem 6.10 but is very specific and hence
is stated separately. This more specific version will be used to show that the Hamiltonian
vector fields on a symplectic manifold are algebraically determined. The following lemmas
could be done with any interval replacing (—1, 1) (for closed intervals one would need to use
the Whitney extension theorem (see [14] for the real analytic version, and see [5] for the C*®

version))

Theorem 6.11. Let R be a Lie subring of (C®((—1,1)?"), {-}) which contains the multinomial
functions of orders less than or equal to 3, and so that for each f € R and (&, b) € (—1,1)",

then there are Gy, ..., G, Hy, ..., H, € R such that

- 2 2
f(X,y)=f(ab)+ Z {% —a;ix;, Gi} + {H;, y?, — biyi}.
1<i<n
Then, if R is Polish in some topology, R is algebraically determined. Moreover if @ = {f €
R : f is constant}, and R is so that for each f € R, (4, 5) € R*" and 1 < i < n, there are

M, ..., rny Sty e, P ty, Ul ..., u, € R and c,d € R such that

of = X} 2, 2 ij yj2
f=c+ a(a, b)x; + {§ —aixy +arx, i} + Z {? —a;x;, i} + Z {s;, > by}

1<j<n 1<j<n
J#
and
of ,_ = y; 7 X7
f=d+ G_y,-(a' by + {t;, gl — biy? + by} + Z {t, j — byt + Z {é — a5, U}
1§;§n 1<j<n
JAI

then R/C is algebraically determined.
The proof of this theorem is exactly the proof of Theorems 6.5 and 6.10 and the associated

lemmas.

Proposition 6.12. Let (1, U) be a symplectic chart of a symplectic manifold M of dimension

2n so that Y(U) = R*'. Define € = {f € C®(M) : f islocally constant} and C, =
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{f+¢€:fly 1((—1,1)2") is constant}. C is a closed ideal of C**(M), Cy is a closed ideal of
C>®(M)/C, and (C*(M)/C)/Cy is algebraically determined.

Proof:

First notice that C is the center of C*°(M) and hence is closed. Also since if ¢ € € and
f e C®(M), {f,c} =0 € € by Darboux’s Theorem (found in [11], this theorem will be used
throughout without further mention), € is an ideal and hence the quotient C*°(M)/C makes
sense and is a Polish Lie ring.

Cy is closed since it is the centralizer in C*°(M)/C of S = {Z € C*(M)/C : If €
Z such that supp(f) C ¥ ~1((—1,1)>")}). To see this, let Z € C>*(M)/C and f € Z so that
supp(f) C ¥~1((—1,1)>"). Now, if g € G € Cy, then if a ¢ supp(f), {f,g}(a) = 0 since
all derivatives of f vanish at a. If b € supp(f), then g is constant in a neighborhood of b
and hence all derivatives of g vanish at b, so {f,g}(b) = 0. Thuse {f,g} = 0 and hence
{Z, G} =0 and so Cy is a subset of the centralizer of S. Conversely take G in the centralizer
of S and take a € (—1,1)" and 1 </ < n. Then there is some f € C*>(M) and open
W C (—1,1)?" so that a € Yy~ (W), ¢.(F)IW = x; and supp(f) C p~1((—=1,1)?"). Then if
geaG, Y.({f.g}) = %y(,g) is constant and so is ¥.({f?, g}) = 2%}/_9)&-. Thus %y(ig) =0
on W. Repeating this argument with x; and y; interchanged yields that .(g) is constant on
a neighborhood of each point of (—1,1)?" and hence g|9~1((—1,1)?") is constant. Hence
G € Gy and so Cy is the centralizer of S.

Note also that if f € F € Gy and g € C®(M), {f, g} *((—1,1)?") is zero and hence
{F, g+ C} € Cy, so Cy is an ideal and hence (C>*(M)/€)/C, is a Polish ring.

Take C to be the constant functions in (—1,1)?" and now Theorem 6.11 gives that
(C>(M)/C)/C,y is algebraically determined since it embeds isomorphically as a subring of
Co((=1,1)27)/C by (F +€) + €y = . (F(—1, 1)+ C. To see why %,((C=(M)/€)/Cy)

has the desired property from the statement of Theorem 6.11, follow the proof of Lemma 6.9,
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noting that each ¥.(f) € C*((—2,2)?") and so we can apply Lemma 1.17 to the antideriva-

tives with U = 9~1((=1,1)?") and V = ¥~1((—2,2)?") to see that those antiderivatives are

in . ((C*(M)/€)/Cy). T

Theorem 6.13. Let M be a smooth symplectic manifold of dimension 2n. Let C = {f €
C>®(M) : f is constant on connected components of M}. Then € is a closed ideal of
(C*(M),{-}) and hence C>*(M)/C is a Polish Lie ring. Moreover, C*(M)/C is an alge-
braically determined Polish Lie ring. The Lie ring of Hamiltonian vector fields on a symplectic
manifold is also an algebraically determined Polish Lie ring, since it is algebraically isomorphic
to C*(M)/e.

Proof:

By Proposition 6.12, (C*(M), +,{-}) is a Polish Lie ring. Let ¢ : H — C>*(M)/C be
an algebraic ring isomorphism. Then for any chart (U, %) so that ¥(U) = R?", then as in
Proposition 6.12 define Gy = {f + € € C*®(M)/C : 9.f|(—1,1)?" is constant}. If S is as in
the proof of Proposition 6.12, €, is the centralizer of S and hence p~1(Cy) is the centralizer
of ¢ 1(S) and hence closed. Since Cy is an ideal, sois ¢ (Cy), so H/@ '(Cy) is a Polish Lie
ring. ¢ induces an isomorphism between the quotients, @, : H/p *(Cy) — (C*(M)/€)/Cy,
by wy(h+ ¢ 1(Cy)) = @(h) + Cy. Since (C*(M)/C)/Cy is algebraically determined by
Proposition 6.12, ¢, is a homeomorphism and hence the map h— h+¢ 1(Cy) — @(h)+Cy

is continuous.

H 25 Cce(M)/e

! l

H/o ™ (Cy) —2 (C=(M)/C)/Cy

Now, take {(U;, ¥:}i>1 be a collection of charts of M so that {7 *((—1,1)2")};>1 covers
M. For each i, let ®; be the continuous map H — H/@ *(Cy,) by h — @(h) + Cy,.

Thus ® = [],., ®; is a continuous map. Notice also that the map © : C*(M)/C —
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[T((C=(M)/C)/Cy,) given by O(f + €) = [[(f + €) + €y, is continuous, and it is also
’oznle—to—one since if ©(f) = ©(g), then on ézalch factor i, (¥;)«(f) and (%,).(g) differ by
a constant on (—1,1)?". Since the ¥; '((—1,1)?") cover M, f —g € Candso f + C =
g+ C. Thus, by Theorem 1.5, its inverse is a Borel function on its range, a Borel set. Thus

@ = ©~ 1o ® is a Borel mapping and hence a topological isomorphism by Proposition 1.3.

O
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CHAPTER 7

COMPLEX VECTOR FIELDS

The ring of smooth real vector fields on a smooth manifold was shown to be algebraically
determined in [7]. It is unlikely that the ring of smooth complex vector fields on a smooth
complex manifold would be, because the ring of complex numbers itself is not algebraically
determined. However, if we view it as an algebra instead of just a ring, we get enough
structure to determine the Polish topology. Here the case of £(C), the complex vector fields

over the complex plane, is given.

Lemma 7.1. Let R be a Polish Lie algebra over C, let ¢ : R — L(C) be an algebraic
isomorphism of Lie algebras and € = { AD | A € C }. Then C is a closed Lie subalgebra
of £L(C) and ¢ (@) is closed in R. Continuous binary operations can be defined on both @
and ¢ (C) with respect to which they are both algebraically and topologically isomorphic to
the Polish algebra C and such that ¢lo~1(€) : ¢ 1(€) — € is a topological isomorphism of
Polish fields.

Proof:

C is closed in £L(C) and the mapping AD — X, € — C is a topological isomorphism
between two additive abelian Polish groups by the definition of the topology on £(C). Note
also that ¢ = { fD € L(C) | [fD,D] = 0 } since [fD,D] = —f'D. This observation
gives an algebraic proof that C is a closed commutative Lie subalgebra of £L(C). Hence,
o C) ={reR|[rne YD) = 0} is closed in R. Notice that the binary oper-
ation (AD, uD) — [AD,[MD,X;D]] = [AD, uxD] = 2uD, € x € — € makes C into a
commutative Polish algebra which is algebraically isomorphic to the field C. Similarly, no-

tice that the binary operation (¢ Y(AD), o *(uD)) — [ *(AD), [¢ *(uD), (pfl("z—QD)]] =

44



[ *(AD), ¢ 1 (uxD)] = ¢ *(AuD), ¢ (€) x ¢ 1(€) — ¢ 1(€) makes ¢ }(€) into a com-
mutative Polish algebra which is algebraically isomorphic via ¢ to the Polish field € and
therefore to the Polish field C. If {¢ '(cy)}ns1 — @ 1(¢), then ¢, (1) — co (1) and
hence {c,}n>1 — €, S0 p|e~*(C) is a topological isomorphism. [

It is important to note that for g € C*(C), a € C, there is some {a,}n,>0 SoO that

. . n+1
i>0 i>0

g(x) = Y a(x —a)" = g(a) + (x —a) | Y 2 (x— a)”+1] . In other words, there is a
G € C>*(C) so that g(x) = g(a) + (x — a)GT(x).

Lemma 7.2. Let f € C*(C) and a € C. Then there exist G € C*(C) and a unique b € C
such that fD = bD + GD + [GD, aD] — [GD, xD]. G is unique up to an additive constant
and b= f(a).

Proof:

bD + GD +[GD, aD] — [GD,xD] = bD+ GD +(G-0—G'-a)D—(G-1—G'-x)D =
(b+ (x — a)G")D. Therefore fD = bD + GD + [GD, aD] — [GD, xD] if and only if f(x) =
b+ (x —a)G'(x) for all x € J. Therefore b = f(a) and G is uniquely determined up to an

additive constant. O

Lemma 7.3. Fix ¢; € @ Y(C). Then for every r, € R, there is a unique ¢, € ¢ *(€) and an
ry € R such that r, = ¢y + ro + [r2, c1] — [r2, @1 (xD) |. The mapping ry — ¢, R — ¢~ 1(@),
Is a Borel mapping.

Proof:

8 =1{(n.rnc)eRxeHC) | n==c+n+lnal—I[ret(xD)] }is a closed
additive subgroup of R? x ¢ (@) since both sides of the equation defining 8., are continuous
in (r,r, ). If mp (1 < £ < 3) is the projection onto the £-th coordinate in R3, note
that Lemma 7.2 implies that m;(8;) = R and the uniqueness of ¢, for a given r;. Z, =
{(0,r,0) | (0,r,0) € 8, } is a closed additive subgroup of S.. If (r1,r, ¢) € 8¢, then

77 (n)NS8e, = { (ri, ra+r c) [ (0,r,0) €8¢ } = (r1, r2, &) +2Z¢,. Theorem 12.17 of Kechris

45



([8]) implies that there is a Borel uniformization for the quotient group 8., /Z, or, equivalently,
there is a Borel uniformization U on 8, with respect to my, i.e., U C 8, is a Borel set such
that m;|U : U — R is a bijection. Theorem 1.5 now implies that (m;|]U)™*: R — U C 8 is a
Borel mapping and hence that 3 0 (m1|U)™! : R — ©~1(€) is a Borel mapping. This is just

the statement that the mapping  — ¢, R — ¢~ (@), is a Borel mapping. [

Theorem 7.4. L(C) is an algebraically determined Polish Lie algebra.

Proof:

Let R be a Polish Lie algebra and let ¢ : R — L(C) be an algebraic isomorphism
of Lie algebras. Let f € C>®(C) and a € C. There is G € C*(C) such that f(x) =
f(a) + (x — a)G'(x) for all x € C. But then fD = f(a)D + GD + [GD, aD] — [GD, xD]
and so (D) = ¢7(f(a)D) + ¢~ H(GD) + [¢71(GD), ¢~ (aD)] — [¢7H(GD), ¢~ (xD)].
Note that both ¢~1(f(a)D) and ¢~ !(aD) are elements of ¢~!(€). Lemma 7.3 and Lemma
7.1 imply that the mapping ¥, : @ }(fD) — ¢ (f(a)D) — f(a)D — f(a), R — ¢ }(€) —
€ — C, is a Borel mapping for every a € C.

Let {a,}n>1 C Cbedenseand define W : R — [, Cby V(o (D)) = [[,5; ¥a, (¢ *(fD))
= Hn21 f(a,). Then W is a one-to-one Borel mapping and therefore is a Borel isomorphism
onto its range, a Borel set, by Theorem 1.5. Similarly the mapping ® : £(C) — [],5; C de-
fined by &(fD) = [],5, f(a,) is a continuous one-to-one mapping onto its range. Again, The-
orem 1.5 implies that ®(L(R)) is a Borel subset of [],., C and that ! : (£(C)) — £(C)
is a Borel mapping. Note that W(p~1(L(C))) = ®(L(C)) and therefore ®~1 o W makes
sense and is a Borel mapping. But @ 1oV : ¢ 1 (fD) — fD and therefore coincides with ¢.
Hence, ¢ : R — L(C) is a Borel isomorphism of additive abelian Polish groups and therefore

is a topological isomorphism by Proposition 1.3. [
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