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This thesis addresses some theoretical issues generated by the results of recent 

analysis of EEG time series proving the brain dynamics are driven by abrupt changes 

making them depart from the ordinary Poisson condition. These changes are renewal, 

unpredictable and non-ergodic. We refer to them as crucial events. How is it possible 

that this form of randomness be compatible with the generation of waves, for instance 

alpha waves, whose observation seems to suggest the opposite view the brain is 

characterized by surprisingly extended coherence? To shed light into this apparently 

irretrievable contradiction we propose a model based on a generalized form of Langevin 

equation under the influence of a periodic stimulus. We assume that there exist two 

different forms of time, a subjective form compatible with Poisson statistical physical 

and an objective form that is accessible to experimental observation. The transition from 

the former to the latter form is determined by the brain dynamics interpreted as 

emerging from the cooperative interaction among many units that, in the absence of 

cooperation would generate Poisson fluctuations. We call natural time the brain internal 

time and we make the assumption that in the natural time representation the time 

evolution of the EEG variable y(t) is determined by a Langevin equation perturbed by a 

periodic process that in this time representation is hardly distinguishable from an erratic 

process. We show that the representation of this random process in the experimental 

time scale is characterized by a surprisingly extended coherence. We show that this 

model generates a sequence of damped oscillations with a time behavior that is 

remarkably similar to that derived from the analysis of real EEG’s. The main result of 
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this research work is that the existence of crucial events is not incompatible with the 

alpha wave coherence. In addition to this important result, we find another result that 

may help our group, or any other research group working on the analysis of brain’s 

dynamics, to prove or to disprove the existence of crucial events. We study the diffusion 

process generated by fluctuations emerging from the same model after filtering out the 

alpha coherence, and we study the recursion to the origin. We study the survival 

probability of this process, namely the probability that up to a given time no re-crossing 

of the origin occurs. We find that this is an inverse power law with a power that depends 

on whether or not crucial events exist.  
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CHAPTER 1

INTRODUCTION

The study of the electroencephalograms (EEGs) is of particular interest to discover the

relation between behaviors and the brain. In fact, the source of the EEG is the multitude

of neurons and connections between them, and more precisely, it is situated on the most

external layers of the brain, known as cerebral cortex, which is responsible for the mental

activity: perception, reasoning, memory and decision making. Observing a signal detected by

an electrode on the scalp surface, we can state that it is mostly random. On the other hand,

filtering the EEG in the alpha waves range it becomes evident a more coherent component,

which, after a visual analysis, appears almost periodic. An EEG is the measurement of the

potential variation due to the electric activity of many neurons. This activity can be roughly

described in this way: each neuron spends a variable amount of time to charge and when its

potential passes a threshold a rapid discharge, called spike, departs from it along the synapses.

This process is repeated continuously, but as for the EEG, even at the level of a single neuron,

there are not easy patterns to determine the time between one and another spike. The reason

for this is all the neurons are part of a complex network and each of them is connected

with many other neurons via synapses, axons, and dendrites. Those connections give the

neuron the possibility of exchanging electric information and chemical compounds with the

rest of the network; consequently, a strong cooperation between those units exists. Many of

the measurements used to study the real time brain’s activity are focused on recording the

physioelectric variations of the network, while the exchange of chemical components remains

mostly undetected. The elevated amount of the neurons and connections in the brain makes a

deterministic approach based on the description of all the components of the network difficult,
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and also a standard statistical analysis is ineffective due to the non stationarity of the system.

The presence of coherence in the EEG is one of the signs of interaction and synchronization

among the units. For example, in [1] and [2], the spikes’ synchronization of small neural

cultures on a microelecrode array are analyzed . The resolution of the apparatus permits

to observe a single neuron spike. The authors find that the synchronization is partial in a

natural state, and it becomes stronger under pharmacological effects.This procedure results

in an increase of the synchronization and also an increase in velocity of the propagation of the

signal. They also find there are some neurons among the networks that are burst initiators

and other that are followers. Nevertheless, no indication of the waiting time distribution

between spikes is provided.

Here we propose a model able to reproduce a single EEG channel. In our model, the inter-

action between the neurons is based on an idea of decision making process or asking-answering

process. Practically, we imagine that after a discharge, a group of neurons connected between

them, called subnetwork, are ready to execute another charge-discharge cycle, but to perform

the cycle, exchange of electric signals and chemical compounds, called neurotrasmitters, are

needed to activate the receptors, increase the actual potential and generate a spike. The

demand and supply of such components between the neurons of the subnetwork, or even with

elements located in a completely different position in the brain is mimicked by a unidimen-

sional continuous time random walk process that starts from the subnetwork and comes back

to it. The supplies provided are then used so that some neurons can discharge. Therefore,

the resulting change of potential results in rapid, but finite decrease due to the discharge of

some components of the subnetwork separated by long waiting times in which the chemical

components are provided.

The idea of using a random walker is based on the experiment in [3],[4]. They study bursts

initiation zone and propagation on unidimensional neuronal cultures. In this experiment, the

original position on the network of the spontaneous burst which initiates the propagation of
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the signal is recovered. It is stressed that the burst’s electric signal propagates via synaptic

transmission along the network to affect large neural populations.

Our model also gives us the possibility to consider each step of the cycle as a renewal

process. The return to the origin introduces in a natural way the concept of events, and at

the same time the main process producing those events is the (sub)diffusion. The intrinsic

effect of the return to the origin is that they are distributed as an inverse power law.

In [5] is proposed a networks of firing neurons model, and in [6] is shown a model for firing

neurons disposed in a complex network composed by single unit which are renewal. They find

that the single non interacting units reproduce a completely random process, but when the

cooperation among them is switched on, a completely new behavior appears: the units start

to synchronize.

The analysis here presented on the recrossing of the origin indicates a clear possibility to

discriminate if EEGs are driven by renewal events produced by subordination and as conse-

quence the validity of the model.
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CHAPTER 2

FROM THE BROWNIAN MOTION TO GENERALIZED LANGEVIN EQUATION

2.1. Probability Density and Trajectories

In this chapter we introduce some of the mathematical tools which will be used in the

thesis. Here is shown that a diffusion process can be described as a probability density,

and its time evolution is given by the Liouvillian operator. On the opposite side, one can

adopt the point of view of the single trajectory which evolves following the prescription of

the motion equation. In different frameworks, it is already known that the two approaches

are not identical, because with trajectories, it is possible to introduce the concepts of events

which results in the possibility of describing new phenomena. On the contrary, events are

invisible to a description base on probability densities.

2.2. Elements of Probability Theory

Let us introduce a few elements of probability theory. We consider a stochastic variable X

which changes in time. The probability density function of drawing a value of X in the interval

(x, x + dx ) at a given time t is P (x, t). The probability for the random variable X of having

a value in (x1, x1+ dx1 ) at time t1, a value in (x2, x2+ dx2 ) at time t2 and, so on, till the time

tn, in which its value is in (xn, xn + dxn ), is the joint probability Pn(x1, t1; x2, t2; . . . ; xn, tn);

clearly P1(x1, t1) = P (x, t). It holds true that

P (x1, t1; . . . ; xi−1, ti−1; xi+1, ti+1; . . . ; xn, tn) =
∫

χ

P (x1, t1; . . . ; xn, tn) dxi . (2.1)

We define the concept of conditional probability density, which is represented by

Pn−1|1(x1, t1; . . . ; xn−1, tn−1|xn, tn), as the probability of drawing the random values X in
(xn, xn+ dxn ) at time tn given that the variable X had values x1, . . . , xn−1 at their respective
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times. In mathematical form:

Pn−1|1(x1, t1; . . . ; xn−1, tn−1|xn, tn) = Pn(x1, t1; x2, t2; . . . ; xn, tn)∫
χ
dx nPn(x1, t1; x2, t2; . . . ; xn, tn)

. (2.2)

Integrating Eq. (2.2) over xn, we obtain:

∫ ∞

−∞
Pn−1|1(x1, t1; . . . ; xn−1, tn−1|xn, tn) dxn = 1. (2.3)

When a stochastic process has memory only of its immediate past, then it is called a Markov

process, and the conditional probability density has the property

Pn−1|1(x1, t1; . . . ; xn−1, tn−1|xn, tn) = P1|1(xn−1, tn−1|xn, tn). (2.4)

For this kind of process the conditional probability in Eq. (2.2) can be written as:

Pn(x1, t1; x2, t2; . . . ; xn, tn) = Pn−1(x1, t1; . . . ; xn−1, tn−1)P1|1(xn−1, tn−1|xn, tn) =

= P1(x1, t1)P1|1(x1, t1|x2, t2) · · ·P1|1(xn−1, tn−1|xn, tn). (2.5)

Using the definition Eq. (2.2) and Eq. (2.1), the following relation holds true:

∫

χ

P1|1(xn−2, tn−2|xn−1, tn−1)P1|1(xn−1, tn−1|xn, tn) dxn−1 = P1|1(xn−2, tn−2|xn, tn). (2.6)

Integrating Eq. (2.5) respect to the set of variables from dx2 to dxn−1 and dividing by

P1(x1, t1), we obtain a relation between the conditional probabilities

P1|1(x1, t1|xn, tn) =
∫

χ

dx2 · · · dxn−1 P1|1(x1, t1|x2, t2) · · ·P1|1(xn−1, tn−1|xn, tn), (2.7)

known as Chapman-Kolmogorov equation. Using the Chapman-Kolmogorov equation and

integrating Eq. (2.5) respect to the set of variables from dx1 to dxn−1 , the final result is:

P (xn, tn) =

∫

χ

dx1 P (x1, t1)P (x1, t1|xn, tn). (2.8)
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2.3. Brownian Motion

A representation of Markovian process is the motion named after the English botaninst

Robert Brown who for the first time described this phenomenon in 1827. A Brownian particle

is a suspended mesoscopic particle whose motion results highly irregular due to the frequent

collisions of the fluid molecules with the mesoscopic particle. The only appropiate way to

describe the very complicated Brownian motion is in probabilistic terms. After each collision

with the fluid, the mesoscopic particle velocity changes direction and intensity. The change is

ideally supposed to depend only on the value of the velocity before the previous collision, but

it is also independent of all history of the other collisions. In general, if the interval of time in

which the interaction among mesoscopic particle and fluid takes place is much shorter than

the interval of time the particle travels freely without collision, the correlation of the velocity

at different times can be neglected. In fact, it is usually assumed that the mesoscopic particle

is a hard sphere with frequent, but short time interactions.Therefore, it is possible to say that

the velocity of a Brownian motion is a satisfactory approximation of a Markovian process.

2.4. Random Walk

A very simple model of random walk is represented by a walker which moves in a one-

dimensional lattice and makes jumps either back or forth with a transition probability

P1|1(y , tn|x, tn+1), at any step tn. Assuming the process is Markovian, the time is discrete
(tn = n) and the initial position is x0, we can use Eq. (2.8) to write the probability of being

at x at a generic time step n:

P (x, n) =

∫ ∞

−∞
P (y , n − 1)P1|1(y , n − 1|x, n) dy . (2.9)

Under the assumptions that the transition probability Eq. (2.9) is homogeneous, meaning

that it depends on the space variables distance, and it is stationary, so that only the time

interval between two jumps is important, we can set P1|1(y , n − 1|x, n) = P1|1(x − y), where
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the difference in time equal to one has been omitted. Introducing the characteristic function

as:

p̃(k, n) =

∫ ∞

−∞
e ikxP (x, t)dx, (2.10)

and assuming that at n = 0, P (x, 0) = δ(x − x0), we have:

p̃(k, n + 1) = p̃(k, n)p̃1|1k. (2.11)

Due to the fact that p̃(k, 0) = 1, Eq. (2.9) becomes:

p̃(k, n) = p̃ n1|1(k). (2.12)

An example of random walk is the case in which it moves forward with a fixed step of length

2a with a probability 1
2
, or it remains in the same position with probability 1

2
:

P1|1(x
′) =

1

2
[δ(x ′) + δ(x ′ − 2a)]; (2.13)

using Eq. (2.12), we get:

p̃(k, n) =

(
1 + e2ika

2

)n
. (2.14)

To find the distribution P (x, n), we have to invert the Fourier transform and,formally, we

write:

P (x, n) =

∫ ∞

−∞
e−ikx

(
1 + e2ika

2

)n
dk

2π
. (2.15)

The part inside the brackets of the integrand of Eq. (2.15) is the characteristic function of a

Bernoulli distribution, P (x, n) = Bi(n, p), with p =
1
2
and i = x

2a
. The limit distribution for

n →∞ of Eq. (2.15)is known to be a Gaussian with same average and variance

P (x, n) =
e−

(x−na)2
2na2√
2πna2

. (2.16)

If we put x ′ = y ′ + a in Eq. (2.13) and i = y+na
2a
, then the distribution become:

P (y , n) =
e−

y2

2na2√
2πna2

(2.17)
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which represents a symmetric random walk with fixed step of length a.

2.5. Master Equation

The master equation (ME) is the differential form of the Chapman-Kolmogorov equation,

Eq. (2.7):

∂P1|1(xi , t − τ |xi+2, t)
∂t

=

∫ ∞

−∞
dxi+1

[
W (xi+1, t|xi+2, t)P1|1(xi , t − τ |xi+1, t)

−W (xi+2, t|xi+1, t)P1|1(xi , t − τ |xi+2, t)
]
. (2.18)

To derive the master equation we need to expand P1|1(xi+1, t − ∆t|xi+2, t) over ∆t

P1|1(xi+1, t − ∆t|xi+2, t) = δ(xi+1 − xi+2) +W (xi+1, t|xi+2, t)∆t +O(∆t2) (2.19)

Due to the property of conditional probabilities described in Eq. (2.3), it necessary to nor-

malize Eq. (2.19) to 1; therefore

P1|1(xi+1, t − ∆t|xi+2, t) = δ(xi+1 − xi+2)[1− α(xi+1, t)∆t] +W (xi+1, t|xi+2, t)∆t +O(∆t2)
(2.20)

where α(xi+1) =
∫∞
−∞ dx i+2W (xi+1, t|xi+2, t). Substituting Eq. (2.20) into Eq. (2.7), the

result is:

P1|1(xi , t − τ |xi+2, t) =
∫ ∞

−∞
{δ(xi+1 − xi+2)[1− α(xi+1)∆t] +W (xi+1, t|xi+2, t)∆t}

P1|1(xi , t − τ |xi+1, t − ∆t) dx i+1,(2.21)

which is equal to Eq. (2.18) in the limit ∆t →∞. Another usual representation of Eq. (2.18)
is

∂P1|1(xi , t − τ |xi+2, t)
∂t

=

∫ ∞

−∞
dxi+1K(xi+1, t|xi+2, t)P1|1(xi , t − τ |xi+1, t), (2.22)

where the definition of K(xi+1, t|xi+2, t) is the following

K(xi+1, t|xi+2, t) =
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=

[
W (xi+1, t|xi+2, t)− δ(xi+1 − xi+2)

∫ ∞

−∞
dx i+2W (xi+1, t|xi+2, t)

]
. (2.23)

It is important to notice that here the only assumption made is that the process is Markovian,

but we do not require stationarity or homogeneity with respect to the variables xj . It is also

worth to noting that integral of Eq. (2.23) respect to xi+2 is equal to zero due to the total

probability conservation. The meaning of a master equation is particularly clear in the discrete

form:

∂

∂t
Pn(t) =

∑′

n′
(Wnn′Pn′(t)−Wn′nPn(t)) . (2.24)

If Pn(t) is the number of particles in n over the total number of particle, the first term on the

rhs describes the particles arriving in the state n due to the transition from other states n′,

while the second term on the rhs represents the outgoing particles due to the transition from

the state n to other states n′. The prime on the summation means that n′ is different from n,

because the term n′ = n, which represents the non transition case, does not contribute. The

master equation is a linear equation for the probability P1|1(xi , t−τ |xi+2, t), since the transition
probability W (xi+1, t|xi+2, t) is known from the characteristics of the specific system.
Let us consider the case of a one-dimensional Brownian motion. The particle in the

position x = n can move forward or backward with the same probability, consequently the

transition rate for the system is:

Wnn′ = δn,n′+1 + δn,n′−1. (2.25)

The substitution of the previous equation into Eq. (2.24) yields:

∂

∂t
Pn(t) = Pn+1(t) + Pn−1(t)− 2Pn(t). (2.26)

The difference with respect to the random walker presented in Sec.(2.4) is that the time is

continuous.
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2.6. Generalized Master Equation

The main task of non equilibrium statistical mechanics consists of filling the gap between

the microscopic and the macroscopic equations of motion of large bodies. Large scale phe-

nomena exhibit approach to equilibrium, although the underlying dynamics at the microscopic

level, which involves an enormously large number of variables, can be characterized by the

absence of the equilibrium state. The master equation describes the evolution of the prob-

abilities of occupation assuming that the coupling, which is seen as perturbation and is the

cause of the evolution, is small. This implies the process can be described by an equation that

is local in time, as the master equation. Due to the fact that many systems show behaviors

which are not local in times, it is necessary to introduce a new tool called general master

equation (GME). A representation for the GME is:

∂P1|1(xi , t − τ |xi+2, t)
∂t

=

∫ t

0

dt ′
∫ ∞

−∞
dxi+1

[
ω(xi+1, t − t ′|xi+2, t − t ′)P1|1(xi , t ′ − τ |xi+1, t ′)

−ω(xi+2, t − t ′|xi+1, t − t ′)P1|1(xi , t ′ − τ |xi+2, t ′)
]
.(2.27)

The Eq. (2.27) is evidently non local and the nature of the memory functions ω(xi+1, t −
t ′|xi+2, t−t ′) determines whether or not the system described by it equilibrates. The relations
between the general master Equation, Eq. (2.27), and the master equation, Eq. (2.18), is that

the GME is converted into the ME by the Markovian approximation ω(xi+1, t−t ′|xi+2, t−t ′) =
W (xi+1, t|xi+2, t)δ(t ′). Like in the case of the master equation, the general master equation
Eq. (2.27) can be rewritten as:

∂P1|1(xi , t − τ |xi+2, t)
∂t

=

∫ t

0

dt ′
∫ ∞

−∞
dxi+1 κ(xi+1, t − t ′|xi+2, t − t ′)P1|1(xi , t ′ − τ |xi+1, t ′),

(2.28)

where

κ(xi+1, t − t ′|xi+2, t − t ′) =

10



=

[
ω(xi+1, t − t ′|xi+2, t − t ′)− δ(xi+1 − xi+2)

∫ ∞

−∞
dxi+2 ω(xi+1, t − t ′|xi+2, t − t ′)

]
.(2.29)

The consequence of the total probability conservation is that
∫∞
−∞ dxi+2 κ(xi+1, t−t ′|xi+2, t−

t ′) = 0.

2.7. CTRW

In Sec.(2.4) we have introduced the concept of random walk where the main assumption

was the discrete representation of time, as it can be deduced from the equations in Sec.(2.4).

The result of this discretization is that any step made by the walker is performed in a constant

interval of time, the unit time step. It is interesting to consider the case in which also the

interval of time between one step and another is a random variable. The continuous time

random walk (CTRW) model is based on the fact that the length of a jump, as well as the

waiting time between two jumps, is given by a probability density function w(x, t). Considering

the one dimensional case, from the waiting time distribution w(x, t), we can define the jump

length distribution λ(x) as:

λ(x) =

∫ ∞

0

w(x, t ′) dt ′ (2.30)

that represents the probability that the length of a jump is in the interval (x, x + dx ). In the

same way, it is possible to define the waiting time distribution ψ(t) as:

ψ(t) =

∫ ∞

−∞
w(x ′, t) dx ′ (2.31)

that is the probability of drawing a time interval in the interval (t, t + dt ). Generally it is

possible to couple the distribution w(x, t) with λ(x), or ψ(t) in the following way:

w(x, t) = λ(x)w(t|x), (2.32)

w(x, t) = ψ(x)w(x |t), (2.33)

where w(t|x), and w(x |t) are the probability of taking a period of time t to travel a given
length x , and the probability of traveling a length x in given interval of time t respectively. A

11



typical way to define the conditional probability is the constraint w(t|x) = δ(|x |− vt), where
v is the velocity of the walker. In case the conditional probability is separable with respect to

the variables x , and t, the w(x, t) becomes:

w(x, t) = ψ(t)λ(x). (2.34)

Different type CTRW can be categorized by the characteristic waiting time

〈τ〉 =
∫ ∞

0

tψ(t) dt (2.35)

and the jump length variance

〈
x2

〉
=

∫ ∞

−∞
x2λ(x) dx (2.36)

being finite, or diverging, respectively. With these definitions the CTRW can be described

by:

h(x, t) =

∫ ∞

−∞
dx ′

∫ t

0

dt ′ h(x ′, t ′)w(x − x ′, t − t ′) + δ(x)δ(t). (2.37)

h(x, t) is the probability to have just arrived in x at the time t, and the second term in

Eq. (2.37) is due to the initial condition that a time t = 0 all the particles are set at position

x = 0. The probability to find a walker at position x at time t is:

P (x, t) =

∫ t

0

Ψ(t − t ′)h(x, t ′) dt ′ , (2.38)

where Ψ(t) is the probability of not having any jump till the time t

Ψ(t) =

∫ ∞

t

ψ(t ′) dt ′ (2.39)

and it is called survival probability. It is interesting to notice that the Eq. (2.37) and Eq. (2.38)

together are equivalent to a generalized master equation [7]:

∂

∂t
P (x, t) = −

∫ ∞

−∞
dx ′

∫ ∞

0

dt ′K(x − x ′, t − t ′)P (x ′, t ′) (2.40)

12



Let us show how to derive it. Due to the assumption of stationarity, Eq. (2.40) is a time

convolution, and it Laplace transform is:

uP̂ (x, u)− P (x, 0) = −
∫ ∞

−∞
dx ′ K̂(x − x ′, u)P̂ (x, u). (2.41)

The previous equation is a convolution in space, and its Fourier transform is:

u
̂̃
P (k, u)− P̃ (k, 0) = − ̂̃

K(k, u)
̂̃
P (k, u) (2.42)

from which we can find the following solution:

̂̃
P (k, u) =

P̃ (k, 0)

u +
̂̃
K(k, u)

. (2.43)

Using the definition of Eq. (2.38) the Laplace and Fourier transform of the probability of

being in x at time t are:

P̂ (x, u) = ĥ(x, u)Ψ̂(u), (2.44)

̂̃
P (k, u) =

̂̃
h(k, u)Ψ̂(u). (2.45)

The relation between the survival probability Ψ(t) and the waiting time distribution ψ(t), in

Laplace transform, is expressed by the following equation:

Ψ̂(u) =
1− ψ̂
u
. (2.46)

The same procedure is applied to Eq. (2.37)

ĥ(x, u) =

∫ ∞

−∞
dx ′ ĥ(x ′, u)ŵ(x − x ′, u) + δ(x), (2.47)

̂̃
h(k, u) =

̂̃
h(k, u) ̂̃w(k, u) + 1, (2.48)

which gives a solution for
̂̃
h(k, u)

̂̃
h(k, u) =

1

1− ̂̃w(k, u)
. (2.49)
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Substituting Eq. (2.49) into Eq. (2.45), we have:

̂̃
P (k, u) =

1

1− ̂̃w(k, u)
Ψ̂(u). (2.50)

Finally, the result for P̃ (k, 0), is obtained by substituting recursively the Fourier transform

of Eq. (2.37) into the Fourier transform Eq. (2.38):

P̃ (k, 0) = lim
t→0

∞∑
n=0

∫ t

0

Ψ(t − t ′)w̃n(k, t ′) dt ′ = (2.51)

lim
t→0

∞∑
n=1

∫ t

0

Ψ(t − t ′)w̃n(k, t ′) dt ′ + 1 (2.52)

= lim
t→0

∞∑
n=1

∫ t

0

w̃n(k, t
′) dt ′ + 1 (2.53)

where w̃n means n times convoluted. The integrals in the previous equation go to zero for

t → 0 except in the case w̃n(k, t) ∝ δ(t), the meaning of which is that there is a probability
not null to do a jump of length different from zero in a time interval of length zero. On

the other hand this does not have physical meaning; therefore, the result of Eq. (2.51) is

P̃ (k, 0) = 1.

In conclusion, comparing Eq. (2.43) with Eq. (2.50), the GME to describe a CTRW must

have a memory kernel given by the following relation

u

1− ψ̂(u)
[
1− ̂̃w(k, u)

]
= u +

̂̃
K(k, u). (2.54)

In case it hold true the condition Eq. (2.34), also K(x, t) can be split:

̂̃
K(k, u) = Φ̂(u)K̃(k), (2.55)

where

Φ̂(u) =
uψ̂(u)

1− ψ̂(u)
(2.56)

K̃(k) = 1− λ̃(k). (2.57)
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Under this condition, the spatial part of Eq. (2.40) is equivalent to the rhs of Eq. (2.22),

consequently it can be considered as a Liouvillian operator acting on the distribution:

∫ ∞

−∞
dx ′K(x − x ′)P (x ′, t) = LP (x, t). (2.58)

2.8. Fokker Planck Equation

The Fokker Planck equation is a second order differential equation for the probability

P (x, t). To derive the Fokker Planck equation let us start from the Kramers Moyal expan-

sion. For simplicity, we first treat the one dimensional variable case. From the definition of

conditional probability, Eq. (2.4), which describe the probability of a variable x of having a

value, for example, xi at time ti given the fact that it has value xi−1 at time ti−1, the momenta

of any order of the displacement from the certain value are defined in the following way:

µn(ti ; xi−1, ti−1) = 〈(x(ti)− xi−1(ti−1)n)〉 =
∫ ∞

−∞
dxi (xi − xi−1)nP (xi , ti |xi−1, ti−1) (2.59)

The characteristic function of the conditional probability is

C(k, ti |xi−1, ti−1) =
∫ ∞

−∞
dxi e

ik(xi−xi−1)P (xi , ti |xi−1, ti−1). (2.60)

If all the momenta µn(ti ; xi−1, ti−1) of Eq. (2.59) are all finite, then

C(k, ti |xi−1, ti−1) =
∞∑
n=0

(ik)n

n!

∫ ∞

−∞
dxi (xi−xi−1)nP (xi , ti |xi−1, ti−1) =

∞∑
n=0

(ik)n

n!
µn(ti ; xi−1, ti−1).

(2.61)

The anti-Fourier transform the characteristic function relates the conditional probability to

the displaced momenta:

P (xi , ti |xi−1, ti−1) =
∞∑
n=0

δ(xi − xi−1)
n!

(
− ∂

n

∂xi n

)
µn(ti ; xi , ti−1) (2.62)
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Substituting Eq. (2.62) in the Chapman Kolmogorov, Eq. (2.7), and subtracting P (xi , ti−1|xi−2, ti−2)
to both sides, we finally find the Kramers Moyal expansion:

P (xi , ti |xi−2, ti−2)−P (xi , ti−1|xi−2, ti−2) =
∞∑
n=1

1

n!

(
− ∂

n

∂xi n

)
µn(ti ; xi , ti−1)P (xi , ti−1|xi−2, ti−2)

(2.63)

Defining the new quantities Dn(x, t) in this way:

µn(ti ; xi , ti−1) = n!D(n)(xi , ti−1)(ti − ti−1) +O((ti − ti−1)2), (2.64)

the limit for ti−1 → ti gives:

∂

∂t
P (xi , ti |xi−2, ti−2) =

∞∑
n=1

(
− ∂

n

∂xi n

)
D(n)(xi , ti)P (xi , ti |xi−2, ti−2) = LKM(xi , ti)P (xi , ti |xi−2, ti−2)

(2.65)

where LKM is called Kramers Moyal operator. The assumption here done is that the process

is Markovian, although it is possible to do the same derivation for the non Markovian case

starting from Eq. (2.2). The Fokker Planck equation is a particular case of the Kramers

Moyal expansion in which D(n) = 0 for n > 2:

∂

∂t
P (xi , ti |xi−2, ti−2) =

(
− ∂
∂xi

)
D(1)P (xi , ti |xi−2, ti−2) +

(
∂2

∂xi 2

)
D(2)P (xi , ti |xi−2, ti−2)

= LFP (xi , ti)P (xi , ti |xi−2, ti−2) (2.66)

2.9. Langevin Equation

A mesoscopic particle immersed in a fluid shows a random type of motion. In Sec.(2.3),

we have already introduced this phenomenon. The system, composed by the fluid and the

particle, is in termal equilibrium, nevertheless, observing the mesoscopic particle, it is possible

to see the stochastical fluctuations occuring within the system. Stochastic processes charac-

terized by fluctuation and dissipation of energy, like the Brownian motion, are equivalent to

a stochastic equation:
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mv̇ = −ηv + f (t) (2.67)

with f (t) being a white random noise whose correlation function is a delta of Dirac, and

η is the friction; this is known as the Langevin equation. The particle changes its velocity

abruptly under the action of the stochastic force, but due to the fact that its kinetic energy

increases because to the microscopic bath’s particles bounce on it randomly, the velocity of

the particle remains small. Part of this energy acquired by the particle goes back to the bath

under the effect of the interactions among the bath and the macroscopic particle itself, or in

other words, due to the friction. For an ideal gas, the partition function is derived from the

ordinary statistical mechanics and it is:

Z =

∫ ∞

0

dE ω(E)e−βE, (2.68)

with β = (kβT )
−1 and state density

ω(E) =
1

N!

3N

2

(
V

h3

)N
2mπ3N/2

Γ (3N/2 + 1)
(2mE)3N/2−1. (2.69)

The probability of having a particle with energy E is given by the canonical distribution:

p(E) =
E
3
2
−1

Z1
e−βE (2.70)

and, using the relation p(E) dE = p(v) dv , we have:

p(v) =
1√
2πkβT

e
mv2

2kβT , (2.71)

where E = mv2

2
. Eq. (2.71) is a consequence of the statistical mechanics. To derive the same

result for macroscopic particles, we need to consider that the mass of the bath’s particles

are lighter than the macroscopic ones, and the macroscopic particles interact only with the
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bath, which means low concentration of macroscopic particles. Therefore, the equation of

motion for a macroscopic particle of mass m is:

mv̇ = −ηv. (2.72)

The solution of Eq. (2.72) is:

v(t) = v(0)e−
η
m
t . (2.73)

This shows the mechanical energy of the particle is transfered to the bath of light particles in

form of heat, however this means there is no conservation of energy. Eq. (2.73 ) is already

in accordance with the canonical description Eq. (2.71). In fact, a canonical ensemble has a

mean square velocity equal to:

m〈v 2〉
2
=
kβT

2
. (2.74)

The consequence of this is that a set of macroscopic bodies with kinetic energy Ek much

larger than the energy in Eq. (2.74), according to Eq. (2.71), makes it necessary to lose an

amount of energy equal to Ek− kβT2 , which, neglecting the thermal part, is the total energy of
the bodies. The Eq. (2.73) says that a particle will change all its initial kinetic energy mv

2(0)
2

into heat. Naturally, the canonical prescription of Eq. (2.73) is an approximation that can

be considered exact only on the limiting case of macroscopic large bodies. In fact Eq. (2.73)

becomes more inaccurate when the mass of the macroscopic bodies becomes smaller.

To resolve the inaccuracy, due to the different description of the macroscopic and micro-

scopic picture, we can use the Langevin equation, which introduces a random force mimicking

the interaction of the Brownian particle with the light particles. The properties of the sto-

chastic force f (t) are defined through its moments, or it distribution. We suppose that the

first moment is zero:

〈f (t)〉 = 0, (2.75)
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where the average is done over a Gibbs ensemble. In the case of ordinary statistical mechanics

it is assumed that the process is stationary, meaning that the time average performed on a

single particle, defined in this way

f̄ = lim
T→∞

1

T

∫ T

0

f (t) dt (2.76)

reproduces the same result of a Gibbs average. If the first moment of the force is equal

to a constant different from zero f̄ = K, then we can define a new stochastic force as

f ′(t) = f (t)−K; therefore Eq. (2.67) becomes

mv̇ = −ηv + f ′(t) +K. (2.77)

Thus Eq. (2.67) represents a special case of

mv̇ = −ηv + f (t)− ∂
∂x
V (x, t) (2.78)

with 〈f 〉 = 0 and a potential energy V (x, t). In this specific case, we set V (x) = −Kx+const.
The solution of the Langevin equation, Eq. (2.78), is:

v(t) =
1

m

∫ t

0

dt ′ e−η(t−t
′)[f (t ′) +K(x, t ′)]− v(0)e−ηt . (2.79)

To simplify the problem we set K(x, t) equal to zero. The first moment of the velocity is

〈v(t)〉 = 〈v(0)〉e−ηt , (2.80)

meaning that if all the particles of the ensemble have equal initial velocity, Eq. (2.80) is

exactly equal to Eq. (2.73).

To find a result satisfying the equipartition theorem of the ordinary statistical mechanics,

we need to study the second moment of the velocity:

〈v 2(t)〉 = e
−2 η

m
t

m2

∫ t

0

dt ′
∫ t

0

d′′ e
η
m
(t ′+t ′′)〈f (t ′)f (t ′′)〉+ (2.81)

+2
e−2

η
m
t

m

∫ t

0

dt ′ e
η
m
t ′〈v(0)f (t ′)〉+ e−2 ηm t〈v 2(0)〉. (2.82)
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We can assume that all the particles have same initial velocity v(0) and that this is independent

from the force f (t), in such a way that the second term of the rhs is equal to zero. The

average of the force with itself at different times has the same behaviors of the normalized

correlation function:

Φf (t
′, t ′′) =

〈f (t ′)f (t ′′)〉
〈f 2〉 . (2.83)

The assumption of stationarity, already adopted for the time average of the force, says that

the correlation function depends only on the absolute time difference of the two variables t ′

and t ′′:

Φf (t
′, t ′′) = Φf (|t ′ − t ′′|), (2.84)

or in equivalent form

Φf (τ) = lim
T→∞

∫ T
0
dt f (t)f (t + τ)∫ T
0
dt f (t)f (t)

. (2.85)

We assume also that the correlation function drops immediatly to zero; therefore, defining

the characteristic time as

τc =

∫ ∞

0

dt Φf (t) (2.86)

where τc is finite, then it is possible to set

Φf (t) = τcδ(t). (2.87)

The resulting second moment of the velocity is

〈v 2(t)〉 = e−2 ηm t 〈f
2(t)〉
m2

∫ t

0

dt ′
∫ t

0

dt ′′ e
η
m
(t ′−t ′′)τcδ(t ′ − t ′′) + e−2

η
m
tv 2(0), (2.88)

Performing both the integrals:

〈v 2(t)〉 = 〈f
2(t)〉
mη

τc

(
1− e−2 ηm t

)
+ e−2

η
m
t〈v 2(0)〉, (2.89)

and for t →∞, we have the equilibrium condition:

〈v 2〉eq = lim
t→∞
〈v 2(t)〉 = 〈f

2〉
mη
τc . (2.90)
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According to the equipartition principle, the mean square velocity at the equilibrium is:

〈v 2〉eq = kbT
m
, (2.91)

or in terms of the stochastic force:

〈f 2〉
mη
=
kbT

m
. (2.92)

Eq. (2.92) is a relation of fundamental importance. Using the definitions of τc and 〈f 2〉, we
can write the diffusion coefficient Dv as:

Dv =
〈f 2〉
m2
τc . (2.93)

Due to the opposite effects of the fluctuations that produce velocity diffusion and of the

dissipation which gives a final velocity equal to zero, the value of 〈v 2〉eq is finite

mDv
η
= 〈v 2〉eq. (2.94)

The fluctuations alone produce an increasing velocity; in fact, studing the limit for η → 0,
Eq. (2.89) gives:

〈v 2(t)〉 = 2Dv t + 〈v 2(0)〉, (2.95)

which is in conflict with the second principle of the thermodynamics because in absence of

friction, the kinetic energy of the Brownian increases without limit. The consequence is that

from Eq. (2.95) the kinetic energy of macroscopic object tends to increase. In the same way,

a set of Brownian particles is a thermodynamic system with the temperature proportional

to 〈v 2(t)〉. In this case, the temperature of the system increases due to the effect of the
heat moving from the bath of light particles to the system, even after the thermodynamical

equilibrium is reached.

21



2.10. Fokker Planck Equation and Brownian Motion

Let us consider the equations of motion of a Brownian particle suspended in a fluid:

dx

dt
= v (2.96)

and

dv

dt
= −γv + A(t) +K(x, t), (2.97)

where x is the position of the particle, v is the velocity, γv is the dissipation term which

describe the particle loss of energy due to the interaction with the fluid, A(t) is a stochastic

acceleration due to the collision with the molecules in the bath, which is characteristic of

Brownian motion and K(t) is an external field per unit of mass. Let us assume that A(t) is

a white Gaussian noise with zero mean so that 〈A(t)〉 = 0, and 〈Ai(t)Aj(t ′)(t)〉 = 2Dvδ(t −
t ′)δi j . Due to the fact that the process is Markovian, using a multi dimensional form of

Eq. (2.8), then we can write:

P (x, v, t) =

∫ ∞

−∞
dx′

∫ ∞

−∞
dv′ P1|1(x

′, v′, t ′|x, v, t)P (x′, v′, t ′). (2.98)

As already discussed in Sec.(2.6), one very plausible assumption is that the conditional proba-

bility can be factorized with respect to the variables x and v and the movement can be related

to the time interval, ∆x = x− x′ = v′∆t, so that: P1|1(x′, v′, t|x, v, t) = φ(v′, v)δ(∆x− v∆t).
Performing the integration over the space coordinate, we obtain:

P (x′ + v′∆t, v, t) =
∫ ∞

−∞
dv′ φ(v − ∆v, v + ∆v − ∆v)P (x′, v − ∆v, t ′). (2.99)

Expanding the lhs of this equation in Taylor series respect to ∆t and the rhs respect to ∆v ,

we have:

P (x′, v, t) + ∆t

(
∂

∂t
+ v∇∇∇x ′

)
P (x′, v, t) =

∫ ∞

−∞
d(−∆v)

{
∇∇∇v [−∆vφ(v|v + ∆v)P (x′, v, t)]

+
1

2

∂2

∂vi∂vj
[∆vi∆vjφ(v|v + ∆v)P (x′, v, t)]

}
+ P (x′, v, t). (2.100)
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The integral in the previous equation produce the following results:

〈∆v〉 =
∫ ∞

−∞
d∆v∆vφ(v|v + ∆v) +O(∆t2). (2.101)

and

〈∆vi∆vj〉 =
∫ ∞

−∞
d∆v∆vi∆vjφ(v|v + ∆v) +O(∆t2). (2.102)

Directly from Eq. (2.97) and taking into account the hypothesis on the random variable A(t),

we can write:

〈∆v〉 = [−γv +K(x′, t)]∆t (2.103)

and

〈∆vi∆vj〉 = 2Dv∆tδi j +O(∆t2). (2.104)

Passing to the limit for ∆t → 0 and redefining x ≡ x′, we obtain the so called Fokker Planck
equation in the phase space or Klein Kramers equation (KKE)

(
∂

∂t
+ v∇∇∇x

)
P (x, v, t) = ∇∇∇v {[γv −K(x, t)]P (x, v, t)}+Dv∇∇∇v 2P (x, v, t). (2.105)

The stationary solution of the Eq. (2.105), P (x, v)st = limt→∞ P (x, v, t) and Kst(x) =

−∇∇∇xV (x), is the Gibbs-Boltzmann equilibrium distribution

P (x, v)st = N exp(−βE), (2.106)

where β = (kβT )
−1 is the Boltzmann factor, E = mv2/2 + V (x) is the total energy, and N

is a normalization factor depending on V (x). In case of free particles the stationary solution

of Eq. (2.105) with the lhs set to zero is the Maxwellian distribution:

∇∇∇v {[γvP (x, v, t) +Dv∇∇∇v ]P (x, v, t)} = 0 (2.107)

P (x, v)st = Ne
− γv2
2Dv . (2.108)
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It is easy to check the Einstein Stokes Smoluchowsky relation

Dv =
γ

βm
. (2.109)

Considering the case of no external force in the Klein Kramers equation, Eq. (2.105), it is

possible to obtain the relation for the distribution in velocity space by integrating it over the

space variable x :

∂

∂t
P (v, t) = γ

[
∂

∂v
v +

1

βm

∂2

∂v 2

]
P (v, t). (2.110)

This equation is called Rayleigh equation (RE) and it corresponds to a Langevin equation

∂v
∂t
= −γv + A(t).
In the high friction limit, or rather for time t longer than γ−1, one may may perform

the Smoluchowsky approximation that means neglecting the inertial term in the stochastic

differential equation Eq. (2.97) to obtain

dx

dt
= K′(x, t) + A′(t) (2.111)

where K′(x, t) = K(x, t)/γ and A′(t) = A(t)/γ. In this case the starting point is the mono

variable Eq. (2.8):

P (x, t) =

∫ ∞

−∞
dx ′ P1|1(x

′, t |x, t)P (x′, t). (2.112)

Using the method applied before, or the method described in Sec.(2.8), the final result is the

Fokker Planck equation (FPE)

∂

∂t
P (x, t) = −∇∇∇x [D(1)(x, t)P (x, t)] +∇∇∇x2[D(2)(x, t)P (x, t)] (2.113)

D(1)(x, t) = K(x, t)/γ; D(2)(x, t) =
〈∆x2〉
2
=
Dv
γ2
= Dx . (2.114)

To find the relation between the Klein Kramers equation, Eq. (2.105), and the Fokker Planck

equation, Eq. (2.66), it is necessary to integrate Eq. (2.105) over the velocity space v :

∂

∂t
P (x, t) +∇∇∇x [P (x, t)〈v〉] = 0, (2.115)
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with P (x, t)〈v〉 = ∫∞
−∞ dv vP (x, v, t). Multiply Eq. (2.105) by v and integrating it over the

the velocity space (x and v are independent one each other), we have:

∂

∂t
[P (x, t)〈v〉] +∇∇∇x [P (x, t)〈v2〉] + γP (x, t)〈v〉 −K(x, t)P (x, t) = 0, (2.116)

with P (x, t)〈v2〉 = ∫∞
−∞ dv v

2P (x, v, t).

As final step, we need to differentiate the previous result with respect to x and thanks to

Eq. (2.115) we find:

∂

∂t
P (x, t)− 1

γ
∇∇∇x2[〈v2〉P (x, t)] +∇∇∇x [K′(x, t)P (x, t)] + 1

γ

∂2

∂t2
P (x, t) = 0. (2.117)

The last term on lhs can be dropped under the Smoluchowsky approximation assumption.

This last equation, for t À γ−1, coincides with Eq. (2.113) because Eq. (2.89) gives that
〈v2〉 ' 〈v2〉eq = Dv/γ. In case the external field is time independent and it is generated by
a parabolic potential, K′(x, t) = −Γx, the first and the second displacement moments are
given by

〈x(t)〉 = 〈x(0)〉e−ωt , (2.118)

and, applying the same procedure used to derive Eq. (2.89),

〈x2(t)〉 = Dx
Γ

(
1− e−2Γ t)+ e−2Γ t〈x2(0)〉. (2.119)

In the limit of Γ → 0 and x(0) = 0, we require the linear time dependence of the second
moment of the displacement:

〈x2(t)〉 = Dxt (2.120)

The behavior is characteristic of the standard diffusion and, even if it has been derived for a

parabolic potential, it holds true in general for any inferior bounded potential.

It is important to note that the Langevin equation provides the dynamics foundation for

the process under consideration in that it is the physical equation from which the information

of the velocity displacement moments 〈∆v〉 and 〈∆v2〉 are obtained.
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2.11. Generalized Langevin Equation and Generalized Fokker Planck Equation

The Langevin and the Fokker Planck formulations of the Brownian motion theory describe

the same physical aspect and they are equivalent representations of the statistical problem,

but from a mathematical point of view they are very different. This equality comes from the

assumption that the stochastic force is Gaussian and Markovian. Physical stochastic processes

are never perfectly Markovian, but they can be Gaussian. Thus, when stochastic processes are

not Markovian, one can not asses the equivalence between the Langevin and Fokker Planck

pictures [8]. While there have been many molecular derivations of the generalized Fokker

Planck equation (GFPE), all of these require approximations; for example, one often assumes

that the Brownian particle is much more massive than the bath particles. A generalized form

of Langevin equation for irreversible processes in strong coupling systems was suggested by

Mori, [9] [10] ,with this mathematical formulation

dx

dt
= v(t) (2.121)

and

m
dv

dt
= −

∫ t

0

η(t − τ)v(τ) dτ −mω2v(t) + f(t), (2.122)

where the random force f(t) is assumed Gaussian, but non Markovian, and η(t) is the friction

kernel. Of particular interest is the case ω = 0. If we want to guarantee that the particle

velocity distribution function asymptotically for t →∞ relaxes to the Maxwellian distribution,
then we set:

η(t) =
〈f(t)f(0)〉
3KβTm

. (2.123)

The solution of Eq. (2.121) is found by Laplace transform and it is:

v(t) = χ(t)v(0) +
1

m

∫ t

0

χ(t − τ)f(τ) dτ , (2.124)
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where χ(t), the susceptibility, is given by

χ(t) =
m

3kβT
〈v(t)v(0)〉 = L−1[(u + η̂(u))−1] (2.125)

and η̂(u) = L(η(t)). From Eq. (2.121) and Eq. (2.124), one can verify that the initial
condition for the susceptibility and its time derivative are χ(0) = 1 and χ̇(0) = 0. Since f(t)

is Gaussian , Eq. (2.124) implies that also the distribution for the velocity v(t) is Gaussian:

P (v, t; v0) =

∣∣∣∣
3

2πDv(t)

∣∣∣∣
3
2

e−
3y2(t)
2Dv (t) (2.126)

with

y(t) = v(t)− χ(t)v(0) = 1
m

∫ t

0

χ(t − τ)f(τ) dτ , (2.127)

and

Dv(t) = 〈y2(t)〉. (2.128)

After few calculations one can find that

Dv(t) =
3kβT

m
[1− χ2(t)]. (2.129)

The velocity correlation function as well as the susceptibility χ(t) vanish for t →∞; therefore
the diffusion function Dv(t) tends to the value

3kβT

m
. Using Eq. (2.126), it is possible to find

the following relation for P (v, t|v0):

∂

∂t
P (v, t|v0) = − χ̇(t)

χ(t)

∂

∂v
[vP (v, t|v0)]− kβT

m

χ̇(t)

χ(t)

∂2

∂v2
P (v, t|v0). (2.130)

The Eq. (2.130), [11] , is exact for free Brownian particles subjected to a Gaussian force. It

is identical in structure to the corresponding Rayleigh equation, but differs from it because

the friction terms, given by χ̇(t)
χ(t)
, is time dependent.

Substituting Eq. (2.121) into Eq. (2.122) and using the Laplace transform, the solution

for x is:

x(t) = x(0) + χv(t)v(0) +
1

m

∫ t

0

χv(t − τ)f(t)dτ (2.131)
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where

χv(t) =
m〈x(t)v(0)〉
3kβT

= L−1[(u2 + uη̂(u))−1]. (2.132)

From Eq. (2.121) and Eq. (2.131), the initial conditions for χv(t) are χv(0) = 0 and χ̇v(0) =

1.

In case of diffusion inertialess limit, d
dt
v = 0, from Eq. (2.121) one can derive in the same

way used above the diffusion equation for P (x, t|x0). The result is:

∂

∂t
P (x, t|x0) = D̃x(t) ∂

2

∂x2
P (x, t|x0), (2.133)

where the diffusion function for the position is:

D̃x(t) =
kβT

m
L−1{[uη̂(u)]−1}. (2.134)

When the correlation of the Gaussian noise and friction memory kernel η(t) are an inverse

power law, Eq. (2.134) shows that at the origin the diffusion function diverge. To avoid this

problem let us find a general solution without applying the Smoluchowsky approximation.

Setting z(t) = x(t) − x(0) − χv(t)v(0) and using Eq. (2.131), it easy to see that the
consequence of f(t) being Gaussian is that the distribution in space is a Gaussian

P (x, t; x0, v0) =

∣∣∣∣
3

2πDx(t)

∣∣∣∣
3
2

e−
3z2(t)
2Dx (t) , (2.135)

where Dx(t) =
6kβT

m
[2

∫ t
0
χv(τ) dτ − χ2v(t)]. If we set x0 = 0, then P (x, t; x0, v0) satisfies

this Fokker Planck equation:

∂

∂t
P (x, t; v0|x0 = 0) = − χ̇v(t)

χv(t)

∂

∂x
[xP (x, t; v0|x0)] +

+
6kβT

m

[
χv(t)

2
− χ̇v(t)
χv(t)

∫ t

0

χv(t
′) dt ′

]
∂2

∂x2
P (x, t; v0|x0). (2.136)

To find the distribution independent from the initial condition v0, it is necessary to average

over the initial velocity [12]. Following the idea of the Smoluchowsky approximation and
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choosing the Maxwellian equilibrium distribution for the initial velocity, the result is:

∂

∂t
P (x, t|x0 = 0) = kβT

m
χv(t)

∂2

∂x2
P (x, t|x0) (2.137)

and its solution is

P (x, t|x0 = 0) =
(

3

2πσx(t)

) 3
2

e−
3

2σx (t)
x2, (2.138)

and σx(t) =
6kβT

m

∫ t
0
2χv(t

′) dt ′ . Eq. (2.137) asymptotically coincides with Eq. (2.133),

because they are the result of two physically equivalent approximations. For sake of clarity,

we show also the generalized Klein Kramers equation whose form is

∂

∂t
P (v, x, t|v0, x0) = −v ∂

∂x
P (v, x, t|v0, x0)

− χ̈v(t)
χ̇v(t)

∂

∂v
[vP (v, x, t|v0, x0)]− kβT

m

χ̈v(t)

χ̇v(t)

∂2

∂v2
P (v, x, t|v0, x0)

+
kβT

m
[χ̇v(t)− χ̈v(t)

χ̇v(t)
χv(t)− 1] ∂

2

∂v∂x
P (v, x, t|v0, x0), (2.139)

where χv(t) = L−1[(u2 + uη̂(u))−1]. The generalized Klein Kramers equation and the gen-
eralized Fokker Planck equation show different characteristic properties from those of the

usual Gaussian Markovian case. They have a time dependent friction function χ̇(t)
χ(t)
which,

differently from the case of the generalized master equation, appears as a factor and not as

a memory kernel. The generalized Klein Kramers equation has a new diffusive terms given

by ∂
∂x
∂
∂v
. Their correlation function, Eq. (2.123), is characterized by a long time tail decay.

The Fokker Planck equation and the corresponding solution in case of an external parabolic

potential, under the condition that the initial velocity is at equilibrium and Maxwellian dis-

tributed, is of particular interest, as it will be shown in the next section, for the study of the

displacement second moment. The equation of motion in this case is:

dx

dt
= v(t) (2.140)

m
dv

dt
= −mω2x−

∫ t

0

η(t − τ)v(τ) dτ + f(t) = 0 (2.141)
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The Fokker Planck equation corresponding to Eq. (2.140) was found for the first time in

[12]:

∂

∂t
P (x, t|x0) = −∂ lnχx(t)

∂t

∂

∂x
[xP (x, t|x0)] +D(t) ∂

2

∂x2
P (x, t|x0) (2.142)

where the time dependent diffusion coefficient is

D(t) =
1

6
[σ̇(t)− 2σ(t)∂ lnχx(t)

∂t
], (2.143)

the standard deviation is

σ(t) =
3

mω2β
[1− χ2x(t)], (2.144)

and the coefficient χx(t) indicating the correlation between the position at time t and the

position at time t = 0 is:

χx(t) = 1− ω2
∫ t

0

χv(t
′) dt ′ . (2.145)

It is easy to check from the Laplace transform of Eq. (2.140) that in this case

χv(t) = L−1{[u2 + ω2 + uη̂(u)]−1}. (2.146)

The solution of Eq. (2.142) is:

P (x, t|x0) =
[
3

2πσ(t)

] 3
2

e
3
2σ(t)

[x−χx (t)x0]. (2.147)

The Smoluchowsky approximation limit is given by setting Eq. (2.141) equal to zero; therefore

we have:

χv(t) = L−1{[ω2 + uη̂(u)]−1}. (2.148)

It is possible to recover the diffusive case in absence of external field Eq. (2.133) by setting

ω = 0.
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2.12. Generalized Langevin Equation: Displacement Moments

The Mori Fokker Planck equation shows how memory in the trajectory evolution can

produce very different results compared with the presence of a memory kernel in the time

evolution of a distribution like the fractional Fokker Planck equation. To compare the two

cases let us study the displacement first and second moments for η(t) = 1
tα
, [13]. In case

of no external field the displacement first moment is given by averaging the solution of

Eq. (2.121) and Eq. (2.124):

〈x(t)〉 = x0 + v0tE2−α,2(−t2−α) (2.149)

which asymptotically goes as

〈x(t)〉 = x0 + v0 t
α−1

Γ (α)
. (2.150)

The second moment can be found using the definition of Eq. (2.135):

〈x2(t)〉 = 6KβT
m
[2

∫ t

0

χv(τ) dτ − χ2v(t)] =
6KβT

m
[2t2E2−α,3(−t2−α)− t2E22−α,2(−t2−α)],

(2.151)

which asymptotically for α < 1 goes like:

〈x2(t)〉 = 12KβT
m

tα

Γ (1 + α)
. (2.152)

In case of external field the displacement first moment is the averaged solution of Eq. (2.140)

and Eq. (2.141):

〈x(t)〉 = x0Eα
(−ω2tα) (2.153)

That for ω ¿ 1 goes as:

〈x(t)〉 = x0 1− ω
2tα

Γ (1− α) . (2.154)

The displacement second moment is given by Eq. (2.144)

〈x2(t)〉 = 3

mω2β
[1− E2α

(−ω2tα)] (2.155)
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that, for ω → 0, goes as:

〈x2(t)〉 = 6

mβ
tα. (2.156)

When we have a process involving the position and the velocity, the Smoluchowsky approxi-

mation implies that the velocity goes to the equilibrium faster then the position. Nevertheless

the presence of an external field is fundamental to find the right solution for the probability

distribution and its moments.

2.13. From the GLE to the Subdiffusive Langevin Equation

In Sec.(2.11), we have seen that the generalized Langevin equation (GLE), Eq. (2.140)

and Eq. (2.141), with a correlated stochastic force is characterized by anomalous diffusion.

Nevertheless the study of this equation is very difficult due to the convolution between η(t)

and v(t), because the friction acts on the evolution of the trajectory as a memory kernel. On

the other hand the assumption that the distribution of the velocity relax asymptotically to a

Maxwellian distribution fixes the time dependency of the friction, Eq. (2.123). Dropping this

assumption, it is possible to reduce the generalized Langevin equation to a Langevin equation

with colored noise. Setting the friction function η(t) = γδ(t), where γ is a constant, the

integral of Eq. (2.141) can be performed and the result is

dx

dt
= v(t) (2.157)

m
dv

dt
= −mω2x− γv(t) + f(t). (2.158)

In limit of the Smoluchowski approximation the previous equation becomes

dx

dt
= −mω

2

γ
x+ F(t), (2.159)

where F(t) = f(t)
γ
. The random force being Gaussian, the probability of finding a particle in

x at time t is Gaussian:

P (x, t) =
1√
2π〈x2〉e

− x2

2〈x2〉 . (2.160)
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The displacement second moment for ω → 0 is:

〈x2〉 = 〈x20 〉+
∫ t

0

dt ′
∫ t

0

dt ′′ΦF (|t ′′ − t ′|). (2.161)

where ΦF is the normalized correlation function of the the force f (t)

ΦF (|t ′′ − t ′|) = 〈F (t
′)F (t ′′)〉

〈F (t)F (t)〉 . (2.162)

For a subdiffusion process it is necessary to set the condition

∫ t

0

dt ′ΦF (t ′) = 0 (2.163)

otherwise it asymptotically ends in a normal diffusion, if the integral is positive, or in an

anti-diffusion process which does not have any physical sense, if the integral is negative [14]

[15]. Let us consider the case

ΦF (t) = E2−α(−t2−α) (2.164)

with 0 < α < 1. In this case it easy to check that ΦF (0) = 1, and using the following relation

for the Mittag Leffler function, [16]:

∂m

∂zm
[zβ−1Eα,β(zα)] = zβ−m−1Eα,β−m(zα) <(β −m) > 0, m ∈ N, (2.165)

it holds true that ∫ t

0

dt ′ΦF (t ′) =
[
tE2−α,2(−t2−α)

]∞
t=0
= 0, (2.166)

because asymptotically E2−α,2(−t2−α) ∼ −tα−2.
The solution of Eq. (2.159) is:

x(t) = x(0) +

∫ t

0

dt ′ F (t ′), (2.167)

and due to the fact that 〈F (t)〉 = 0,the displacement second moment is:

〈x2(t)〉 = 〈x2(0)〉+
∫ t

0

dt ′′
∫ t

0

dt ′ 〈F (t ′)F (t ′′)〉 = 〈x2(0)〉+2〈F 2(t)〉
∫ t

0

dt ′′
∫ t ′

0

dt ′ΦF (|t ′′−t ′|).
(2.168)
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Substituting Eq. (2.164) in the previous equation, we have

〈x2(t)〉 = 〈x2(0)〉+ 2〈F 2(t)〉t2E2−α,3(−t2−α). (2.169)

If the initial condition x(0) is set equal to zero, it is easy to check that the displacement

second moment asymptotically behaves as:

〈x2(t)〉 ∼ −tα, (2.170)

which shows that the process Eq. (2.159) is a subdiffusion.
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CHAPTER 3

THE FRACTIONAL GENERALIZATION OF THE DIFFUSION EQUATION

3.1. Fractional KKE, FPE and RE

There are many ways to generalize the Klein Kramers equation using the fractional de-

rivative. One of the most interesting, in case of subdiffusion, is given by the trapping model,

[17]. A particle in bath travels in average a distance ∆X = v τ̃ . Thus, after moving in the

environment for an average time τ̃ , the particle encounters a position where it gets immobi-

lized. The particle is only released after a waiting time which is drawn from a waiting time

distribution ψ(t). In this multiple trapping scenario, the particle moves according to the Mar-

kovian stochastic differential equation Eq. (2.105), interrupted by trapping events. In case

the characteristic waiting time, Eq. (2.35), is divergent the regime with time proportional to

the traveled distance can be neglected, and the transport process is characterized by the long

tail of the corresponding waiting time distribution. For this reason, it is possible to set τ̃ = 0,

and study only the case of a series of traps. To derive the new set of fractional equations, it

is necessary to introduce a generalization of the Chapman Kolmogorov equation, Eq. (2.8),

where the time between two consecutive jumps is not anymore fixed, but it is a time which

for each jump is drawn from the distribution ψ(t):

P (x, v, t) =

∫ t

0

dt ′
∫ ∞

−∞
dx′

∫ ∞

−∞
dv′ P1|1(x

′, v′, t ′|x, v, t)P (x′, v′, t ′)ψ(t−t ′)+Ψ(t)P0(x, v, t = 0),
(3.1)

where Ψ(t) is the survival probability relative to ψ(t). Assuming, as before, that the condi-

tional probability can be factorized with respect to the variables x and v and the movement

can be related to the time interval, ∆x = x − x′ = v′τ̃ , we can write P1|1(x′, v′, t|x, v, t) =
φ(v′, v)δ(∆x − v′τ̃). τ̃ is the average time after which the particle gets trapped. The first
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step to find the Klein Kramers equation is applying the Laplace transform of Eq. (3.1):

P̂ (x, v, u) =

∫ ∞

−∞
dv′ φ(v − ∆v, v + ∆v − ∆v)P̂ (x− v′τ̃ , v − ∆v, u)ψ̂(u) +

+Ψ̂(u)P0(x, v, t = 0). (3.2)

At this point it is necessary to choose explicitly the equation for the waiting time distribution

ψ(t). To obtain a fractional Klein Kramers equation it is enough that the characteristic

time is infinite and asymptotically ψ(t) ∼ t−α. The best choice to do calculation and avoid
approximation is given by the Mittag Leffler distribution:

ψ(t) = − ∂
∂t
Eα(−tα). (3.3)

The Laplace transform of Eq. (3.3) is ψ̂(u) = 1
1+uα

and Ψ̂(u) = 1− bψ(u)
u
. Thus expanding in

τ̃ and in ∆v, Eq. (3.2) becomes:

uαP̂ (x, v, u)− uα−1P0(x, v, t = 0) = ∂
∂v
〈∆v〉 P̂ (x, v, u) +

∂

∂vi∂vj
〈∆vi∆vj〉P̂ (x, v, u)− τ̃v∇∇∇x P̂ (x, v, u), (3.4)

Dividing by uα−1 and anti Laplace transforming, Eq. (3.4) can be rewritten as:

∂

∂t
P (x, v, t) = τ̃ 0D

1−α
t {∇∇∇v [γv −∇∇∇vK(x, t)] +Dv∇∇∇v 2 − v∇∇∇x}P (x, v, t) (3.5)

where ∆t = τ̃ , because the particle moves following the Langevin equation Eq. (2.97) only in

the interval of time τ̃ . Therefore τ̃ plays the role of the time step ∆t in the method to derive

the classical Klein Kramers equation presented in Sec.(2.10). The Eq. (3.5) is the fractional

Klein Kramers equation. The generalization of the Rayleigh and the Fokker Planck type can

be easly derived from the Eq. (3.5). In force free limit, the integral with respect to x gives

the fractional Rayleigh equation:

∂

∂t
P (v, t) = τ̃ 0D

1−α
t ∇∇∇v{γv +Dv∇∇∇v}P (v, t). (3.6)
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The integral of Eq. (3.5) over dv and v dv give two independent equations and, following

the same procedure used in Sec.(2.10), their combination gives the Fokker Planck equation:

∂

∂t
P (x, t) + τ̃ 0D

1+α
t P (x, t) = τ̃ 0D

1−α
t {−∇∇∇xK′(x, t) +Dx∇∇∇2x}P (x, t). (3.7)

In the high friction limit the term τ̃ 0D
1+α
t P (x, t) can be neglected and the previous equation

becomes the fractional Klein Kramers equation, [18]:

∂

∂t
P (x, t) = τ̃ 0D

1−α
t {−∇∇∇xK′(x, t) +Dx∇∇∇2x}P (x, t). (3.8)

3.2. Fractional Klein Kramers Equation: Derivation of the First Two Displacement and Ve-

locity Moments

To see the anomalous diffusive behavior generated by the Klein Kramers equation, Eq. (3.1),

it is necessary to study the first and second moment of the two distribution’s variables, x

and v . For simplicity we consider only the one dimensional case. The fractional operator is

derived directly by the fractional Klein Kramers equation in absence of the external force:

LFKK = τ̃ 0D
1−α
t

(
−v ∂
∂x
+ γ
∂

∂v
v +Dv

∂2

∂v 2

)
. (3.9)

By definition the first velocity moment is

〈v(t)〉 =
∫ ∞

−∞
dx

∫ ∞

−∞
dv vP (x, v , t). (3.10)

Taking the time derivative of the previous equation and using Eq. (3.1):

∂

∂t
〈v(t)〉 = −τ̃ 0D1−αt γ〈v(t)〉. (3.11)

Due to the fact that the Laplace transform of 0D
1−α
t f (t) is u1−αf̂ (u) the previous equation

after being Laplace transformed becomes:

u〈v̂(u)〉 − 〈v(0)〉 = τ̃γu1−α〈v̂(u)〉. (3.12)
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The velocity first moment can be found by anti Laplace transform the above equation:

〈v(t)〉 = 〈v(0)〉Eα(−τ̃γtα). (3.13)

Performing the same steps one can find the velocity second moment. In fact by definition

〈v 2(t)〉 =
∫ ∞

−∞
dx

∫ ∞

−∞
dv v 2P (x, v , t). (3.14)

Taking the time derivative of the previous equation:

∂

∂t
〈v 2(t)〉 =

∫ ∞

−∞
dx

∫ ∞

−∞
dv v 2

∂

∂t
P (x, v , t). (3.15)

Substituting Eq. (3.1) into the above equation:

∂

∂t
〈v 2(t)〉 = τ̃ 0D1−αt [−2γ〈v 2(t)〉+ 2Dv ]. (3.16)

Performing the Laplace transform, we have:

u〈v̂ 2(u)〉 − 〈v̂ 2(0)〉 = τ̃u1−α
[
−2γ〈v̂ 2(u)〉+ 2Dv

u

]
. (3.17)

Before anti Laplace transform this equation, it is necessary to point out that − ∂
∂t
Eα(−2τ̃γtα)

is a distribution well defined in the range [0,∞] diverging at the origin and its Laplace trans-
form is 2eτγ

uα+2eτγ . Therefore the velocity second moment is

〈v 2(t)〉 = 〈v 2(0)〉Eα(−2τ̃γtα) + Dv
γ
[1− Eα(−2τ̃γtα)]. (3.18)

The displacement first moment can be derived from the knowledge of the velocity first mo-

ment, because from the definition:

〈x(t)〉 =
∫ ∞

−∞
dx x

∫ ∞

−∞
dv P (x, v , t) (3.19)

and using Eq. (3.1), its time derivative becomes

∂

∂t
〈x(t)〉 = τ̃ 0D

1−α
t 〈v(t)〉 (3.20)
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from which

〈x(t)〉 = 〈x(0)〉+ 〈v(0)〉
γ
[1− E(−τ̃γtα)]. (3.21)

The displacement second moment is not straight forward to evaluate. First, from the

definition, we have:

〈x2(t)〉 =
∫ ∞

−∞
dx x2

∫ ∞

−∞
dv P (x, v , t) (3.22)

and its time derivative gives:

∂

∂t
〈x2(t)〉 = 2τ̃ 0D

1−α
t 〈x(t)v(t)〉. (3.23)

The computation of the mixed moment 〈x(t)v(t)〉 is done as the other, therefore:

∂

∂t
〈x(t)v(t)〉 = τ̃ 0D

1−α
t [〈v 2(t)〉 − γ〈x(t)v(t)〉]. (3.24)

Let us consider the case in which the initial condition is given by the thermal equilibrium

〈v 2(0)〉 = Dv
γ
and, after few calculation, the result is:

〈x(t)v(t)〉 =
[
〈x(0)v(0)〉 − Dv

γ2

]
Eα(−τ̃γtα) + Dv

γ2
(3.25)

Performing the integration of Eq. (3.24), the displacement second moment is:

〈x2(t)〉 = 〈x2(0)+〉2
[
〈x(0)v(0)〉 − Dv

γ2

]
tEα,2(−τ̃γtα) + 2Dv

γ2
t (3.26)

where Eα,β =
∑∞
k=0

zk

Γ (αk+β)
is the generalized Mittag Leffler function. In the diffusive limit

γ → 0, and x(0) = 0 the velocity and displacement moments become:

〈v(t)〉 = 〈v(0)〉
[
1− τ̃γ

Γ (α+ 1)
tα

]
, (3.27)

〈v 2(t)〉 = 〈v 2(0)〉
[
1− 2τ̃γ

Γ (α+ 1)
tα

]
+
2τ̃Dv
Γ (α+ 1)

tα (3.28)

and

〈x(t)〉 = 〈v(0)〉τ̃ tα (3.29)
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〈x2(t)〉 = 〈x2(0)〉+ 2τ̃Dv
γΓ (α+ 2)

tα+1. (3.30)

The velocity second moment shows the anomalous diffusion behavior. All the moments have

been calculated in absence of external force. On the other hand, the case of parabolic external

potential in the inertialess limit gives that the first two moments of the displacement coincide

with the velocity moments with the due changes:

〈x(t)〉 = 〈x(0)〉Eα
(
−Γ
τ̃
tα

)
, (3.31)

〈x2(t)〉 = 〈x2(0)〉Eα
(
−2Γ
τ̃
tα

)
+
Dx
Γ

[
1− Eα

(
−2Γ
τ̃
tα

)]
. (3.32)
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CHAPTER 4

SUBORDINATION THEORY

4.1. Subordinated Processes

In an earlier chapter, we have introduced the meaning of a Markov process that can be

described thanks to the Eq. (2.5). From a Markov process x(τ) with transition probability

P (x0, t0|x, t) it is possible to derive a variety of new processes by introducing a randomized
operational time, [19]. Suppose that for each t > 0 there corresponds a random variable τ(t)

with distribution T (τ, t). The new stochastic process x(τ(t)) has a conditional probability

Q(x0, t0|x, t) given by the following expression:

Q(x0, t0|x, t) =
∫ ∞

0−
P (x0, t0|x, τ)T (τ, t)dτ, (4.1)

with x(0) = 0. x(t) does not need to be Markovian. For the process to be Markovian it is

necessary that Q(x, t|x0, t0) satisfies the Chapman Kolmogorov equation

Q(x0, t0|x, t + t ′) =
∫ ∞

−∞
Q(x0, t0|y , t ′)Q(y , t ′|x, t + t ′) dy . (4.2)

To satisfy the previous equation it is enough that the process τ(t) has stationary independent

increments, or, in other words, when the distribution T (τ, t) is infinitely divisible, or in other

words:

T (τ, t + t ′) =
∫ τ

0−
T (τ − τ ′, t)T (τ ′, t ′) dτ ′ . (4.3)

In this case T (n, t) describes a stochastic process sn =
∑n
i=1 yi of n independent processes

yi with the same distribution P . This kind of process is a renewal process.

The process x(τ(t)) is said to be subordinate to x(t) using the operational time τ(t).

The process τ(t) is called directing process. In case the time τ is discrete, it can be described
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by a natural number n and the Eq. (4.3) can be rewritten in the following way:

T (n, t + t ′) =
n∑

i=1

T (n − n′, t)T (n′, t ′). (4.4)

Of particular interest is the case of τ discrete, and T (n, t) is the probability that n

occurrences of a renewal event happened at any time t ′ ∈ (0, t]. If the probability density
of the occurrence of an event at time t is ψ1(t) then, due to the fact that the process is

renewal, the probability ψn(t) of the occurrence of n events the last of which is at time t is

given by the convolution ψn−1 ? ψ1(t). Therefore the probability density of having n events

at any time between 0 and t is

T (n, t) = ψn ?Ψ(t) (4.5)

where Ψ(t) =
∫∞
t
ψ(t ′) dt ′ is the survival probability. The Eq. (4.5) does not satisfy Eq. (4.3)

and as a consequence the Markovian process in the operational time becomes non Markov-

ian in the time variable t. The conditional probability of this new process is given by a

discretization of Eq. (4.1)

Q(x0, t0|x, t) =
∞∑
n=0

∫ t

0

P (x0, t0|x, n)Ψ(t − t ′)ψn(t ′)dt. (4.6)

where, by definition, ψ0(t) = δ(t). Here Q(x0, t0|x, t) is the probability to find the particle in
x at time t after generic occurrences of the event. From the point of view of the trajectory

described by the process x(τ(t)) the particle remains in given position x for a time τ drawn

from the distribution ψ1(t). After this time it jumps in a new position and it remains there

for a new independent time τ . At t the particle could have done a number of jumps between

zero and infinity. The survival probability in Eq. (4.6) indicates that at a generic time t not

necessarily the particle jumps, but it remains in that position waiting for a new occurrence of

a jump. The survival probability Ψ(t) is the probability that no events occurred during the

time interval [0, t]; on the other hand, when there is jump exactly at time t, the value of the

survival probability is Ψ(0) = 1.
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4.2. CTRW and Subordination

Let us consider the case of a random walk on a discrete lattice. The probability at time

n is given by the vector p(n) where each component corresponds to a site in the lattice. The

transition matrix M describes the evolution of the probability

p(n + 1) =Mp(n). (4.7)

If the time between one transition and the other is not fixed, but is drawn from a waiting

time distribution ψ(t), then the continuous time random walk is described by the following

equation:

p(t) =

∞∑
n=0

∫ t

0

Ψ(t − t ′)ψn(t ′)Mnp(0)dt ′. (4.8)

From Eq. (4.8), it is possible to find the corresponding generalized master equation [20],

Sec.(2.7). The Laplace transform of the Eq. (4.8) is:

p̂(u) =

∞∑
n=0

Ψ̂(u)ψ̂n(u)M
np(0) (4.9)

and, if the process is renewal, it holds true that:

ψ̂n(u) = ψ̂
n
1(u) = ψ̂(u), (4.10)

Ψ̂(u) =
1− ψ̂(u)
u

, (4.11)

and

ψ0(t) = δ(t); (4.12)

therefore

p̂(u) =
1− ψ̂(u)
u

∞∑
n=0

(
Mψ̂(u)

)n
p(0) =

1− ψ̂(u)
u(I− ψ̂(u)M)p(0), (4.13)

and the condition of Eq. (2.54) becomes:

u(I− ψ̂(u)M)
1− ψ̂(u) = KΦ̂(u) + u, (4.14)
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where

K = I−M, (4.15)

is the spatial component of the memory kernel, and

Φ̂(u) =
uψ̂(u)

1− ψ̂(u) (4.16)

is the time dependent memory kernel’s component of a GME defined in the following way:

∂

∂t
p(t) =

∫ t

0

Φ(t − t ′)Kp(t ′)dt ′. (4.17)

4.3. Mathematical Equivalence of Fractional FPE and Subordinated FPE

In Sec.(2.7) and Sec.(4.2) we have seen that relaxation in a complex system is described

by a non Markovian Fokker Planck equation

∂

∂t
P (x, t) =

∫ t

0

Φ(t − t ′)LP (x, t ′) dt ′, (4.18)

where Φ(t) is the memory kernel and L is a linear operator acting on the variable x. Here,
we suppose that L represents the Liouvillian operator of a generic Markovian process. It is
possible to show, [21], that the solution of the non Markovian process can be related to the

solution of the Markovian process

∂

∂t
PM(x, t) = LPM(x, t) (4.19)

with the same initial condition of the non Markovian process

P (x, t = 0) = PM(x, t = 0). (4.20)

In fact it holds true that:

P (x, t) =

∫ ∞

0+
PM(x, τ)T (τ, t) dτ . (4.21)
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where the Laplace transform of T (τ, t) with respect to the variable t is

T̂ (τ, u) =
1

Φ̂(u)
exp

(
−τ u
Φ̂(u)

)
, (4.22)

and Φ̂(u) is the Laplace transform of the kernel Φ(t) of Eq. (4.18). In case τ is a discrete

number n and u → 0, it is possible to expand in Taylor series the exponential term of

Eq. (4.22) in term of
(
1− u

bΦ(u)

)
:

T̂ (n, u) =
1

Φ̂(u)

(
1− u

Φ̂(u)

)n
. (4.23)

Considering that in Eq. (4.21) the integration over the operational time τ starts from 0+, it

follows that, for the discrete case, n starts from 1. Using Eq. (4.16), Eq. (4.23) becomes

T̂ (n, u) = ψ̂n(u)
1− ψ̂(u)
uψ̂(u)

(4.24)

which asymptotically for u → 0 coincides with Eq. (4.22).
The Laplace transform of Eq. (4.21) using the above definition of T (τ, t) is:

P̂ (x, u) =

∫ ∞

0

PM(x, τ)T̂ (τ, u) dτ =

∫ ∞

0

PM(x, τ)
1

Φ̂(u)
exp

(
−τ u
Φ̂(u)

)
dτ =

=
1

Φ̂(u)
P̂M

(
x,
u

Φ̂(u)

)
(4.25)

Using this last equation into the Laplace transform of Eq. (4.18), we have:

u

Φ̂(u)
P̂M

(
x,
u

Φ̂(u)

)
− P (x, 0) = LP̂M

(
x,
u

Φ̂(u)

)
. (4.26)

Introducing a new variable s = u
bΦ(u) the previous equation can be written as:

sP̂M(x, s)− P (x, 0) = LP̂M(x, s), (4.27)

which is the Laplace transform of Eq. (4.19). It is clear that if T (τ, t) is the distribution

of the directing process, then Eq. (4.21) represents a subordinate process. Nevertheless

it is not always true that T (τ, t) is the distribution of the directing process. To be so
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∫∞
0
dτ T (τ, t) = 1 and T (τ, t) ≥ 0 in the interval [0,∞). The former of these two statements

is always true if T (τ, t) is given by Eq. (4.22). In fact
∫∞
0
T̂ (τ, u) dτ = 1

u
. The second

statement depends on the type of kernel Φ(t). If we consider the case in which L is a
Fokker Planck operator and T (τ, t) is positive, then Eq. (4.18) corresponds to a decoupled

continuous time random walk generated by subordination, Eq. (4.17). In this situation the

physical meaning the Laplace transform of the of the integral of the kernel
∫ t
0
Φ(t ′) dt ′ , is

clear . In fact, if the waiting time distribution to the occurrence of a jump is ψ(t), then

Φ̂(u)

u
=

ψ̂(u)

1− ψ̂(u)
= ψ̂(u) + ψ̂2(u) + ψ̂3(u) + . . .+, (4.28)

says that
∫ t
0
Φ(t ′) dt ′ is the density of jumps per unit of time. The necessary condition to

satisfy the second statement on T (τ, t) is that
∫∞
0
Φ(t ′) dt ′ is divergent. To see this it

is enough to note that for small u,
bΦ(u)
u
has to diverge otherwise the normalization of the

waiting time density is violated. In the particular case where the kernel Φ(t) is an inverse

power law with index 2− α, Eq. (4.18) can be written as:

∂

∂t
P (x, t) =

1

Γ [α− 1]
∫ t

0

1

(t − t ′)2−αLP (x, t
′) dt ′ . (4.29)

The Laplace transform of Eq. (4.29) is:

uP̂ (x, u)− P (x, 0) = u1−αLP̂ (x, u), (4.30)

and this is equivalent to Laplace transform of a Riemann Liouville fractional derivative of

order (1− α), [22]; therefore Eq. (4.19) can be expressed as:

∂

∂t
P (x, t) = 0D

1−α
t LP (x, t ′) dt ′. (4.31)

This is the fractional Fokker Planck equation introduced in Sec.(3.1). When the memory

kernel has a power law behavior the trapping model of Sec.(3.1) and the subordination method

both reproduce the same result [23]. Here was considered only the Fokker Planck Liouvillian
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operator, but the same procedure can be adopted for Klein Kramers operator and for the

Rayleigh operator.

4.4. A Generalized Fokker Planck Equation Derived from the Subordination Theory

In the previous section we have seen how to derive a non Markovian Fokker Planck

equation through the subordination of a Markovian process. Let us apply the method for a

Poisson waiting time distribution and for the Mittag Leffer distribution. In the former case,

the Laplace transform of the waiting time ψ(t) = re−rt is ψ̂(u) = r
u+r
, and the Laplace

transform of the memory kernel derived by Eq. (4.16) is Φ̂(u) = r . Using Eq. (4.25), the

Laplace transform of the probability of the non Markovian process is:

P̂ (x, u) =
1

r
P̂M

(
x,
u

r

)
. (4.32)

The anti Laplace transform of the previous equation with respect to the variable u is:

P (x, t) = PM (x, r t) . (4.33)

This result shows that the subordination with a Poissonian directing process results just in

an identical Markovian process with a time rescaled by a factor r . The corresponding Fokker

Planck equation for P (x, t) is:

∂

∂t
P (x, t) = rLP (x, t). (4.34)

In the latter case, the waiting time distribution is

ψ(t) = − ∂
∂t
Eα(−atα),

and its Laplace transform is

ψ̂(u) =
a

uα + a
. (4.35)
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The Laplace transform of the memory kernel, Eq. (4.16), corresponding to a Mittag Leffler

distribution is an inverse power law:

Φ̂(u) = u1−α. (4.36)

Applying the transformation Eq. (4.25) one obtains the non Markovian probability:

P̂ (x, u) = P̂M (x, u
1−α). (4.37)

The Fokker Planck equation for a Mittag Leffler waiting time distribution is:

uP̂ (x, u)− P (x, 0) = u1−αLP̂ (x, u) (4.38)

whose anti Laplace transform is the fractional Fokker Planck equation, Eq. (3.8).

4.5. Subordination: Derivation of 〈x(t)〉 and 〈x2(t)〉

Let us to derive the first and second moment of the displacement x for a subordinate

Markovian Fokker Planck equation. The operator describing the Markovian process time

evolution is:

LFP =
∂

∂x
Γx +Dx

∂2

∂x2
(4.39)

which is derived from a Smoluchowsky approximated Langevin equation with parabolic po-

tential:

d

dt
x = −Γx(t) + 1

γ
A(t) (4.40)

with

〈A(t)A(t
′)

γ2
δ(t − t ′)〉 = Dv

γ2
= Dxδ(t − t ′).

By definition

〈x(t)〉 =
∫ ∞

−∞
dx xP (x, t) (4.41)

Taking the time derivative of the previous equation, we have:

∂

∂t
〈x(t)〉 =

∫ ∞

−∞
dx x

∂

∂t
P (x, t). (4.42)
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Substituting Eq. (4.18) into Eq. (4.42) the result is

∂

∂t
〈x(t)〉 =

∫ ∞

−∞
dx x

∫ t

0

dt ′Φ(t − t ′)LFPP (x, t ′). (4.43)

which gives

∂

∂t
〈x(t)〉 =

∫ t

0

dt ′ ΓΦ(t − t ′)〈x(t ′)〉. (4.44)

Applying the Laplace transform to the previous equation, we have:

u〈x̂(u)〉 − 〈x(0)〉 = −Γ Φ̂(u)〈x̂(u)〉. (4.45)

When the kernel Φ(t) is a inverse power law of index α, its Laplace transform is:

Φ̂(u) = u1−α. (4.46)

and

〈x̂(u)〉 = 1

u + Γu1−α
〈x(0)〉. (4.47)

Therefore, the first moment of the displacement in the time domain is:

〈x(t)〉 = 〈x(0)〉Eα(−Γ tα). (4.48)

In a similar way it is possible to derive the expression for the second moment 〈x2(t)〉. In
fact, by definition:

〈x2(t)〉 =
∫ ∞

−∞
dx x2P (x, t) (4.49)

The derivative with respect to time of the equation above is

∂

∂t
〈x2(t)〉 =

∫ ∞

−∞
dx x2

∂

∂t
P (x, t). (4.50)

It easy to see that, by using Eq. (4.18) and integrating, then

∂

∂t
〈x2(t)〉 = −2Γ

∫ t

0

Φ̂(t − t ′)〈x2(t ′)〉 dt ′ + 2Dx
Γ

∫ t

0

Φ̂(t ′) dt ′ . (4.51)
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where the following identity is used:

∫ t

0

dt ′Φ(t − t ′) =
∫ t

0

dt ′Φ(t ′).

Taking the Laplace transform of Eq. (4.51), it is possible to find an analytical form for 〈x2(t)〉,
which is:

〈x2(t)〉 = 〈x2(0)〉Eα(−2Γ tα) + Dx
Γ
[1− Eα(−2Γ tα)]. (4.52)

In the diffusive limit, Γ → 0, the first and the second moments become:

〈x(t)〉 = 〈x(0)〉(1− Γ tα

Γ (α+ 1)
), (4.53)

and

〈x2(t)〉 = 〈x2(0)〉+
[
Dx
Γ
− 〈x2(0)〉

]
Γ tα

Γ (α+ 1)
. (4.54)

They appear different from the displacement moments calculated in the fractional case.

On the contrary Eq. (3.21) and Eq. (3.26) refer to the fractional Klein Kramers equation,

Eq. (3.5), where no Smoluchowsky approximation is performed and the external acceleration

is set to zero. Due to the equality of the fractional Rayleigh equation and the fractional

Fokker Planck equation in the case of parabolic potential, Eq. (4.47) and Eq. (4.52) result

in being equal to Eq. (3.18) and Eq. (3.18) with the due changes.

4.6. Standard Diffusion and Anomalous Diffusion

Many complex systems show a phenomenon called anomalous diffusion. There has been

an increasing interest in stochastic processes deviating from standard diffusion which are

characterized by a Gaussian behavior and the time dependence of the displacement second

moment is given by 〈x2〉 ∼ t, characteristic of Brownian motion, and a consequence of the
central limit theorem together with the Markovian nature of the process. The dependence

of the second moment of systems characterized by anomalous diffusion does not increase

linearly in time , but on the other hand, goes as 〈x2〉 ∼ t2δ, where 0 < δ < 1. This means
that there are processes called superdiffusive with δ > 1

2
which goes faster than standard
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diffusion, while processes with δ < 1
2
show a slow subdiffusive behavior. The coefficient δ

tells that standard diffusion is a particular case of a more general situation represented by

the anomalous diffusion. Superdiffusive and subdiffusive behaviors are connected with the

breakdown of the central limit theorem. The cause is that these processes present long range

correlation and broader distributions.
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CHAPTER 5

FIRST PASSAGE TIME AND RECROSSING

5.1. The Importance of First Passage Time and Recrossing

The probability that a diffusing particle, or a random walker arrives for the first time in a

specific position at a specific time is called first-passage probability. In nature there are many

stochastic processes that are triggered by a first-passage event. Typical examples are the

discharging of neurons which happens only when its fluctuating voltage reaches a specified

level; the identification of taxonomic patterns in electroencephalogram signals relative to

the occurrences of an event associated with an electrical threshold. In the first-passage

phenomena, the real problem is to find the time dependence of the waiting time distribution

ψ(x, t) that a random walker, or a diffusing particle has a specified value x for the first time

at time t. The first-passage probability can be obtained directly from the P (x, t) which is

the probability that a diffusing particle is located in x at time t, [24]. In many cases, the

diffusing particle physically disappears when the specified point is hit; therefore this point

is considered as an absorbing boundary for the particle, [25] [26]. When the particle does

not disappear the absorbing boundary condition to identify the first-passage time can not be

used. On the other hand the particle continues to evolve and its trajectory has a probability

different from zero to cross the specified point x again. This is what, for example, happens

when one studies the crossing of a potential threshold of an electroencephalogram, or, more

in general, of temporal series. Therefore, it is more appropriate to analyze the waiting time

distribution that a random walk returns back to a specified threshold. In the following part,

when we analyze the recrossing of a random variable X, the threshold will be set equal to

zero.

52



5.2. Recrossing of Zero Axis: Random Walk

The random walk process, already presented in Sec.(2.4), represents a standard diffusion

process. Set the walker’s initial position at x(n = 0) = 0, its position at time n = 1 is, due to

the particular model, different from zero. Supposing that the walker comes back to the origin

at a generic time n, meaning x(n) = 0, it is evident that at the time step before (n− 1) and
at the time step after (n + 1), the position of the walker is different from zero. Due to this

behavior, it is possible to state that, given a set of random walkers all with the same initial

condition x(0) = 0, the number of walkers at the origin for a time n > 0 is given by only

those trajectories which return to the origin. It is worth noticing that two events of coming

back are independent and equally distributed, as consequence they are renewal. Therefore,

if N0(n) is the number of walkers in zero at time n and NR(n) is the number of trajectories

returning back to zero, then

N0(n) = NR(n).

Dividing the previous equation by the total number of walkers, the lhs represents the proba-

bility of the population being at the origin,P (x = 0, n) , and the rhs is the probability R(n)

that the event of coming back to the origin happened one up to n times the last of which

occurs exactly at time n:

P (x = 0, n) = R(n). (5.1)

The relation between the probability R(n) and the probability density of having a return to

the origin exactly at time n, ψ(n) is:

R(n) = ∆n

n∑

i=1

ψi(n), (5.2)

where ψ1(n) = ψ(n), ψi(n) = ψ ?ψi−1(n), because the occurence of events are renewal, and

∆n is the unit time step that can be chosen equal to 1. In the asymptotic limit of n À 1,
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R(n) can be approximated by:

R(n) = ∆nL−1
( ∞∑

i=0

ψ̂i(u)

)
= ∆nL−1

(
ψ̂(u)

1− ψ̂(u)

)
. (5.3)

where ψ̂(u) is the Laplace transform of ψ1(n). In the same limit the probability of the

population being at the origin is derived from Eq. (2.17) and it is:

P (x = 0, n) = ∆x
1√

2πn∆x2
(5.4)

where ∆x is the unit space step and, observing Eq. (2.17), the meaning of ∆x sets the

equality a = ∆x . Therefore, the Laplace transform of Eq. (5.1) is:

P̂ (0, u) =
1√
2u
= R̂(u) =

ψ̂(u)

1− ψ̂(u)
. (5.5)

In the limit n À 1, it is more convenient to switch from the discrete time n to the continuous
time t. From Eq. (5.5) it is possible to find the solution for the probability distribution of

returning to the origin, ψ(t):

ψ(t) = L−1
(

2
1
2

2
1
2 + u

1
2

)
= − ∂
∂t
E 1
2

(
−
√
2t

)
, (5.6)

where Eα
(− tα

T

)
is the Mittag Leffler function. Due to the asymptotic behavior of the Mittag

Leffler function for t À T :
Eα

(
−t

α

T

)
∼ 1
tα
,

one can recover the asymptotic equation for the waiting time distribution of returning back

to the origin for a standard diffusion process:

ψ(t) ∼ 1√
t3
. (5.7)

From the relation between the probability of the population at the origin, Eq. (5.4), and

the second moment of the displacement, Eq. (2.120), we find the well known result for the

standard diffusion

P (x = 0, t) ∼ 1
tδ

(5.8)
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with δ = 1
2
. The return to the origin waiting time distribution shows an asymptotic inverse

power law

ψ(t) ∼ 1

t1+αR
(5.9)

with the recrossing index αR =
1
2
.

The random walk jumping back and forth of a fixed quantity can be generalized to the

case where the length of the jumps are drawn from an uncorrelated probability distribution

with finite second moment. It is enough to say that the number of walkers at the origin for

a time n > 0 is given by only those trajectories which cross the origin axis. In the next three

sections it will be shown how to derive the waiting time distribution of recrossing the origin

in case of anomalous diffusion processes.

5.3. Recrossing of the Zero Axis: Subdiffusive Langevin Equation

In Sec.(2.13), we have shown a Langevin equation characterized by a correlated Gaussian

noise which is able to reproduce a subdiffusive process. Eq. (2.157) and Eq. (2.158), contrary

to the Mori Langevin equation Eq. (2.140) and Eq. (2.141), do not have any memory kernel;

the result of this is that the recrossing of the origin are renewal events. In a generic diffusion

process the second moment of the displacement is asymptotically given by

〈x2(t)〉 ∝ t2δ; (5.10)

therefore, using the second moment displacement Eq. (2.170), we find that:

δ =
α

2
(5.11)

with 0 < α < 1. In case α is set equal to 1, we recover the case of standard diffusion. The

probability P (x, t) of finding a particle in x at a given time t is Gaussian due to the particular

choice of the random force. As consequence, using Eq. (2.160), the population at the origin
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is:

P (x = 0, t) =
1√

4π〈F 2(t)〉t2E2−α,3(−t2−α)
∼ 1
tα
. (5.12)

Analyzing the trajectory position x(t), which is given by the motion equation Eq. (2.159),

we see that, due to the effect of the random force, the particle changes position each time

step. This means that there are not trajectories resting in zero for a period of time larger

than a time step. The consequence of this is that the number of trajectories that cross the

axis are equal to the number of particles that are in a zero state; therefore it holds true

the following relation between the population at the origin, P(x=0,t), and the probability of

having a generic number of recrossings the last exactly at time t, R(t):

P (x = 0, t) = R(t). (5.13)

The renewal behavior of the recrossing of the origin implies that:

R(n) = ∆tL−1
( ∞∑

i=0

ψ̂i(u)

)
= ∆tL−1

(
ψ̂(u)

1− ψ̂(u)

)
, (5.14)

where ψ(t) is the waiting time distribution of one recrossing of the origin. Performing the

Laplace tranform of Eq. (5.13) in the asymptotic limit of u → 0, we have:

P̂ (x = 0, u) ∼ u α2−1 = R̂(u) = ψ̂(u)

1− ψ̂(u)
, (5.15)

which gives:

ψ̂(u) ∼ 1

u1−
α
2 + 1

. (5.16)

The anti Laplace transform of the previous equation is:

ψ(t) = − ∂
∂t
E1−α

2
(−t1−α2 ), (5.17)

and, using the asymptotic behavior of the Mittag Leffler function, the waiting time distribution

of having one recrossing of the origin goes like an inverse power law:

ψ(t) ∼ 1

t2−
α
2

. (5.18)
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If we write the recrossing of the origin as

ψ(t) =
1

t1+αR
, (5.19)

and use Eq. (5.11), we find the fundamental relation between the recrossing coefficient αR

and the diffusion coefficient δ:

αR = 1− δ. (5.20)

The range of the recrossing coefficient is [0.5, 1) and for α = 1
2
, the standard diffusion case

αR =
1
2
is recovered .

5.4. Recrossing of Zero Axis: Subordinate Processes

The recrossing of the zero axis of a subordinate process can be visualized as follows:

we can imagine that there is random walker moving in a one dimension lattice, named the

principal lattice, and it has the same probability of doing a step forward or backward. Let

us set for each node of the principal lattice an orthogonal one dimensional lattice in such a

way that all the orthogonal paths are connected only throughout the principal. The motion

of the walker in this 2 dimensional network describes the subordinate process, Fig. (5.1).

When the random walker is in a node of the principal line, it has the same probability of

moving backward and forward in the principal lattice. Each time the random walker changes

position in the principal axis, it starts to move randomly in the orthogonal line crossing the

principal one in that node. When the random walker is in a node of the orthogonal lattice

which does not belong to the principal one, it is obliged to move only in the orthogonal line

untill it arrives at the connection node between the orthogonal line and the principal line.

There, it changes it position moving along the principal line. Therefore, it is clear the walker

can move back and forth on the principal line only if it comes back to one of the nodes of

the principal lattice; otherwise it remains trapped in the orthogonal line where it continues

to move randomly. Let us associate each node of the principal axis with the process x(τ)
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orthogonal axis

principal axis

Figure 5.1. A random walker can jump back and forth on the principal axis,

but each time it changes its position along the principal axis, the walker starts

to move randomly along the orthogonal line. Only when it comes back to the

principal axis, the walker can move again along the principal axis. Observing

only the principal axis nodes, the movement of the random walk on them is

subordinate and it is a subdiffusion process. The directing process is represented

by the movements along the orthogonal line.

and let us associate the directing process τ(t) with the time interval between the instant of

departure from the principal line into one of the orthogonal lattice and the instant of return

to the node of intersection between these two lines. The trajectory described by the random

walk is very chaotic; nevertheless, if we focus on the value x associated with position on the

principal lattice, then the random walk has the same position value x for all the time it stays

in the orthogonal line. The variable x(τ(t)) is a process subordinate to a random walk. The

study of the recrossing of the same node belonging to the principal axis after a departure

along the same principal axis correspond to the recrossing of the zero axis of a subordinate
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process. Here the walker along the orthogonal direction is a standard diffusion process. For

the walker describing a diffusion, or subdiffusion process, the waiting time distribution to

come back to the original node, as shown in the previous two section sections, is given by:

ψ(t) ∼ 1

t1+αR
(5.21)

where αR is related to the mean square displacement coefficient δ of a non subordinate

process by the relation,[27] [28]:

αR = 1− δ. (5.22)

In this case we have standard diffusion and Eq. (5.7) sets αR =
1
2

In this model, the return to the original node along the orthogonal direction represents

the directing process τ(t); therefore, the waiting time distribution of these coming back to

the origin along the orthogonal line is

ψs(t) ∼ 1

t1+αS
(5.23)

which has the same meaning of Eq. (5.21), but the index αS is used to stress that the

intervals of time drawn from ψs(t) represents the directing process. If the diffusion along the

orthogonal line is standard, then αS =
1
2
, because Eq. (5.22) tells that for non subordinate

proces 1−δ = αS. At this point, the recrossing waiting time distribution of the same node in
the principal line after a departure along the same principal axis is given by an inverse power

law with index α′R:

ψ(t) ∼ 1

t1+α
′
R

=
1

t1+
αS
2

. (5.24)

This is because, as will be explained in the next section, there exists a relation between the

mean square displacement coefficient of a subordinate process δ′ and the recrossing parameter

α′R different from Eq. (5.22) given by:

δ′ = α′R. (5.25)
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On the other hand, the relation between the mean square displacement coefficient of the

diffusion process δ′ and the recrossing parameter along the same orthogonal line α′S, which

should be called subordination parameter, is:

δ′ =
αS
2
. (5.26)

The previous two equation are used to derive the result in Eq. (5.24) and they will be explained

in detail in the next section. It is important to stress that Eq. (5.22) describes the relation

between anomalous sub diffusion and recrossing for a processes such as fractional brownian

motion [29] or subdiffusive Langevin equation, Sec.(2.13), while Eq. (5.25) holds true for

processes which involve time transformation like ordinary time scale transformations [30], or

time transformations based on subordination.

5.5. Recrossing of Zero Axis: the Subordination Method

To study the recrossing of a subordinate process we can proceed in the same way used in

the previous section. If P (x, t) is the probability of being in x at time t, x(t) is a subordinate

process and n(t) is the directing process, we can associate the population at the origin with

the probability R(t) of coming back to the origin from one to infinity times; therefore

P (x = 0, t) = R(t) (5.27)

where the rhs is defined as in Eq. (5.2) with the variable n substituted by t and the lhs is the

population at the origin of the subordinate process x . Let us consider the case of a directing

process with a Mittag Leffler waiting time distribution

ψs(t) = − ∂
∂t
Eαs (−tαs ) (5.28)

that asymptotically goes as t−(αs+1) and where αs is the subordination index. Performing the

Laplace transform of Eq. (5.27) and using Eq. (5.4) and Eq. (4.25) the lhs can be rewritten
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as:

P̂ (x = 0, u) =
1

Φ̂(u)
√
2 u
bΦ(u)
=

1√
2u1−

αs
2

. (5.29)

The asymptotic behavior in the time domain of Eq. (5.29), Fig. (5.2) and Fig. (5.2), is

P (x = 0, t) ∼ 1

t
αs
2

, (5.30)

which gives the important relation between the zero population index δ, which describes also

the displacement second moment for the anomalous diffusion, and the subordination index

αs :

δ =
αs
2
. (5.31)

Equating this result with the Laplace transform of the rhs of Eq. (5.27)

R̂(u) =
ψ̂(u)

1− ψ̂(u)
(5.32)

the Laplace transform of the recrossing waiting time distribution is:

ψ̂(u) =
2
1
2

2
1
2 + u1−

αs
2

(5.33)

whose inverse Laplace transform gives:

ψ(t) = − ∂
∂t
E1−αs

2

(
−
√
2t1−

αs
2

)
. (5.34)

The asymptotic behavior of the recrossing waiting time distribution is

ψ(t) ∼ 1

t2−
αs
2

(5.35)

The expected result is an asymptotically inverse power low

ψ(t) ∼ 1

t1+αR
(5.36)
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Figure 5.2. Normalized population at the origin of a process subordinate to

standard random walk. The waiting time distribution of the directing process

is a Mittag Leffler function EαS(− t
αs

Tαs
) with αS = 0.5 and T = 10

−3. The

straight line in this bi-logarithmic scale indicates that the power law index is

δ = 0.249

.

and, indeed, this is what we obtain from this method, moreover the previous two equations

together with Eq. (5.31) give that:

1− αs
2
= 1− δ = αR (5.37)

which correspond to Eq. (5.22). The problem is that the numerical results shown in

Figs. (5.2-5.6) do not support this model. The cause of this is that after the subordination, if

at a generic time t a random walker is in the origin, it is not necessarily true that the instant

before and the instant after t its position is different from the origin. As was explained
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standard random walk. The waiting time distribution of the directing process

is a Mittag Leffler function EαS(− t
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) with αS = 0.7 and T = 10

−3. The

straight line in this bi-logarithmic scale indicates that the power law index is

δ = 0.349

.

previously the subordination, much as the equivalent fractional Fokker Planck counterpart, is

based on the idea that the trajectory, after it arrives in a position, remains trapped. Therefore

a random walker which is in the origin at a given time was not necessarily in a different position

the instant before and it will not necessarily leave the origin the instant after. Trajectories

that are trapped in the origin contribute to the population at the origin, but they do not

contribute to the number of trajectories which come back to the origin. For a subordinate
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process, a relation between the population at the origin and the trajectories coming back to

the origin can not be represented by an expression like Eq. (5.27).

A second way to proceed is to apply the subordination to both sides of Eq. (5.1). To do

so it is necessary to know how R(t), Eq. (5.2), changes under the action of the subordination.

The following theorem gives the answer to proceed.

Given the probability PM(x, t) of a Markovian process x(t), we can consider a generic

event E associated to an interval D in the space domain generated by the trajectory in the

following way: the trajectory begins in position x(0) that is outside the interval D, and if,

in any future time t, x(t) enters in D, there is an occurrence of the event E, otherwise

nothing happens. Therefore Eq. (4.21) tells that any probability of an event E associated

to the Markovian process Eq. (4.19) with the same initial condition of the non Markovian

process Eq. (4.18) can be transformed in the probability of the event E associated to the

non Markovian process through the transformation Eq. (4.25). The event E remains the

same because no changes are done on the interval D in the space domain. An example is the

survival probability Ψ(t) that a Markovian process x(t), Eq. (4.19), has not been at zero up

to time t. The survival probability Ψ(t) that the non Markovian process of Eq. (4.21) has

not been at zero up to time t in Laplace transform is:

Ψ̂(u) =
1− ψ̂(u)
u

, (5.38)

but at the same time Ψ(t) is the result of the transformation Eq. (4.25), which in Laplace

transform gives:

Ψ̂(u) =
1

Φ̂(u)

1− ψ̂( ubΦ(u))
u
bΦ(u)

(5.39)

where ψ(t) = − ∂
∂t
Ψ(t). From the above equation, the Laplace transform of the waiting time

distribution, ψ̂(u), of the non Markovian process is

ψ̂(u) = ψ̂(
u

Φ̂(u)
). (5.40)
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After the subordination the Laplace transform of the lhs of Eq. (5.1) becomes identical

to Eq. (5.30) probability of the population at the origin. The Laplace transform of the rhs of

Eq. (5.1) has a structure that is different from that of Eq. (5.32). In fact using the previous

theorem we have:

R̂(u) =
1

Φ̂(u)

ψ̂( ubΦ(u))

1− ψ̂( ubΦ(u))
=
1

Φ̂(u)

ψ̂(u)

1− ψ̂(u)
=
1

Φ̂(u)

∞∑

i=0

ψ̂
i

(u), (5.41)

where ψ(t) is the return to the origin waiting time distribution. Therefore the equality

Eq. (5.1) for the subordination becomes

P̂ (x = 0, u) =
1

Φ̂(u)

ψ̂(u)

1− ψ̂(u)
. (5.42)

In case the directing process has Mittag Leffler waiting time distribution, using Eq. (5.29)

and Eq. (4.36), Eq. (5.42) becomes:

1√
2u1−

αs
2

=
1

u1−αs
ψ̂(u)

1− ψ̂(u)
(5.43)

and the Laplace transform of the waiting time distribution is

ψ̂(u) =
1

1 +
√
2u

αs
2

. (5.44)

Anti Laplace transforming the previous equation,

ψ(t) = − ∂
∂t
Eαs
2
(− t

αs
2√
(2)
), (5.45)

and it is possible to find the new relation between the recrossing index α′R and the subordi-

nation index αs :

α′R =
αs
2
, (5.46)

and the relation between the displacement second moment δ and α′R:

δ = α′R. (5.47)
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The relation Eq. (5.46) and Eq. (5.47) are completely supported by the numerical results,

Fig. (5.4), Fig. (5.5), Fig. (5.6) and Fig. (5.7).
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Figure 5.4. Survival probability of the recrossings of the origin of a process

subordinate to a standard random walk. The waiting time distribution of the

directing process is a Mittag Leffler function EαS(− t
αs

Tαs
) with αS = 0.3 and

T = 10−3. The straight line indicates the power law behavior of the recrossing

of the origin before the truncation due to the finite series. The slope of the

straight line is αR = 0.151 in agreement with Eq. (5.25)

A more simple method to recover the previous results is to use the transformation

Eq. (4.25) directly on the survival probability Ψ(t) that a random walker does not have
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) with αS = 0.5 and

T = 10−4. The straight line indicates the power law behavior of the recrossing

of the origin before the truncation due to the finite series. The slope of the

straight line is αR = 0.251 in agreement with Eq. (5.25)

any recrossing up to time t; therefore from Eq. (5.7), the survival probability is:

Ψ(t) ∼ 1
t
1
2

, (5.48)

and, after the trasformation, it becomes:

Ψ(t) ∼ 1

tα
′
R

=
1

t
αS
2

, (5.49)
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which is the same result obtained above.
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Figure 5.6. Survival probability of the recrossings of the origin of a process

subordinate to a standard random walk. The waiting time distribution of the
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of the origin before the truncation due to the finite series. The slope of the

straight line is αR = 0.35 in agreement with Eq. (5.25)

.

5.6. Recrossing: Subordination 6= Subdiffusive Langevin Equation

In Sec.(5.3), we have seen that the recrossing of the origin generated by a Langevin equa-

tion with correlated random force gives that the relation between the anomalous diffusion

coefficient and recrossing coefficient is 1− δ = αR. This result is obtained from the property
of having the population at the origin equal to the trajectories recrossing the zero axis. In

this case the slower a subdiffusion is , the shorter recrossing epochs at the origin become. In

fact if the particles do not go to far from the zero, it is easier for them to come back in a

short amount of time. Nevertheless the number of particles in zero tends to decrease with

increaseing time as it should be. In the subdiffusive processes generated by a subordinate
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Figure 5.7. Recrossing index αR, in function of the subordination index αS.

The recrossings are generated by a process subordinate to standard random

walk. The directing process waiting time distribution is the Mittag Leffler

function EαS(−tαs ). The straight line is the plot of Eq. (5.25)

Langevin equation, Sec.(5.4), there is a new relation between diffusive and recrossing coeffi-

cient: δ = αR. The origin of the new relation is that the population at the origin is not any

more equal to the trajectory recrossing the zero axis. It is important to stress that, even if a

trajectory remains for a long time in zero, the events of recrossing the zero axis are still in-

dependent and equally distributed. This renewal behavior can be seen also from the fact that

the structure of the probability of having a generic number of recrossings with the last a time

t, Eq. (5.3), after the transformation Eq. (4.25), does not change as is shown in Eq. (5.41)

In this case the slower a subdiffusion process becomes, the longer recrossing epochs at the

origin become. Infact, when a trajectory arrives at the origin, it remains trapped there for a

long period of time; this means that the particle contributes to the population at the origin

for all that time, but, on the other hand, it does not contribute to the recrossing. Therefore,

as the cofficient δ decrases, the interval of time the particles remain trapped in a generic

position tends to increase, and, if they are not at the origin, they need a more extended
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interval of time to come back. This shows that the analysis of the recrossing of the origin

can detect if a subdiffusive process is generated by time transformation like subordination and

scaled Brownian motion [30], or if it behaves likes a Langevin equation with colored noise,

[31], and a fractional brownian motion [32] [29].

70



CHAPTER 6

ALPHA WAVES AND SYNCHRONIZATION

6.1. Alpha Waves

Although the alpha waves are usually described as rhythmical they are not really so. They

are not like a regular sinusoidal function. Nevertheless, it is possible to define the alpha

waves rhythm as the average of their band frequency. Alpha waves are classified as those

being between 8 and 13 Hz.

Due to the irregularity of the alpha waves it is not possible to predict their pattern of

fluctuation. It is not easy to find a relationship between the alpha rhythm recorded on the

scalp and the brain function because there are several tissues between the cortex and the

scalp which diffuse the electric signal and reduce the spatial resolution. Therefore, to detect

in the scalp the current produced by the alpha waves, the neurons in a relatively large area

of the cortex must cooperate in some kind of oscillatory synchronous activity.

6.2. Synchronization Through the Decision Making Process

The meaning of synchronization is strictly linked to the meaning of oscillation and rhythms.

Around us there are many oscillating objects such as electrical equipment, musical instru-

ments, fireflies emitting light pulses, chemical systems exhibiting oscillatory variation of the

concentration of reagents, the human heart, synchronous firing of neurons; the common

behavior among these systems is that they produce rhythms. Generally these objects are not

isolated, but they are open systems interacting with the environment. Even if very weak, this

interaction often causes a qualitative transition that consists in the system adjustment of its

rhythm with the rhythms of other systems. As a consequence, musicians play in unison, and

insects in a swarm emit light pulses with a common rate. This adjustment of rhythms due to
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an interaction is the essence of synchronization. The meaning of synchronization used here

is based on the idea of consensus decision-making process.

Consensus is a decision-making process that works in such a way to include all systems

participating in the interaction. Instead of simply selecting for one of the possible choices, and

having the majority of the systems determin the state of the global system, the interacting

systems communicate and exchange information to find solutions that everyone can accept.

This ensures that all the states of all the systems are taken into account. But consensus

is more than just a compromise; it is a process that can result in surprising and cooperative

solutions. Examples of social consensus are: small groups of activists, local communities,

businesses, even whole nations and territories. The same is found in interacting complex

systems showing new behaviors completely different from those of the single isolated units

like the movement of a swarm of bees and neural networks, where the units are the neurons

and their dendrites and synapses are the network.

Suppose we have a system that can be described by one variable, and this variable can

take different values, each of them representing a state of the system. For example, if a

system is composed by a small group of neurons close to each other, then the variable can

be the mean electric potential. The transition made by the system between one state and

the next can be either deterministic, or random; however, on the contrary, the time interval

for such a transition to take place is random. When a set of these systems, all having the

same initial condition, is observed, the average result rapidly decays to the average of the

system’ states; this is because there is no interaction between them. When the interaction is

switched on, each system, when it tries to make a transition, before performing the transition

itself, asks the neighbor system if it can change state, or, in other words, jump. In the case

of the previous example, where the system is a group of neurons, the question asked to the

neighbor can correspond to the demand of supplies like chemical compounds; therefore, under

the influence of the the neighbor, the system changes state only when the needed supplies are
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delivered from the neighbor. This representation of the decision making process has the effect

to trigger the global change of the state of the system composed by all the interacting parts

and it makes the interval of time of a transition still random and more extended. Together all

the interacting parts of the system produce a global behavior, or rather a global system which

describes the adjustment of their rhythms due to the interaction with the other systems. The

average over a set of global systems having the same initial condition shows that the global

system does not drop immediately to the equilibrium value, but they synchronize. The effect

of the synchronization becomes more evident when the changes of a single system form a

cycle. Therefore, if there are n states, it passes from state 1 to state 2, from state 2 to

state 3 and so on, until the cycle restarts from the beginning. At this point, we can visualize

these n states as nodes of a lattice., Fig. (6.1)

3

21

6

5
4

Figure 6.1. This is a cycle obtained by connecting the ends of principal axis

of Fig. (5.1). In this case, the nodes on the principal axis are different states

of the system. When a random walker jumps back and forth on the principal

axis, the system changes state, but after the repositioning the walker starts to

move randomly along the orthogonal line while the state of the system remains

constant. Only when it comes back to the principal axis, the walker can move

again along the principal axis.

The cycle implies there is an order between the states; indeed, the generic node i is

connected with node i + 1 and node n is connected with node 1. This simple network is
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a closed path that can be traveled only in one direction; this in not far from the idea of a

clock where the nodes are the hours and the state is signed by the hand. The hand moves

only in one direction and it can do it regularly as a real clock or randomly. From here on,

we will call the simple system ”clock”. Let us now introduce the effect of the interaction.

We consider an infinite set of clocks; this abstraction is necessary to simplify the model, and,

on the other hand, having a finite number of clocks, as it will be clear after, has the effect

of introducing a cutoff in the waiting time distribution of the global system transition. The

interacting clocks are disposed one after the other, and each of them is connected to the

neighbor. The interaction starts when one of the clock asks to one of its two neighbors if

it is time to change state. In this model, it is of no importance to determine which is the

first clock asking the question because, due to the fact that the line of interacting clocks is

infinite on the left and on the right of each clock, geometrically they are all equivalent. Each

neighbor has two choices: it can gives back an affirmative answer -”yes! It is time you can

jump”-, or it can be undecided -”I do not know, I will ask my neighbor”-. The two choices

have, for simplicity, the same probability to be drawn. The time required for one of the two

answers can be fixed or drawn from a waiting time distribution. When one clocks receives

back an affirmative answer, it can pass on the positive answer, or ask the previous one for

confirmation. The transition is made only when the positive answer is received by the first

demanding clock. The final result is that the information travels back and forth as a random

walk and when the walker comes back to the original point the global transition is triggered.

Using the same example of the group of neurons, each neighbor can deliver back the chemical

compounds toward the chain of demanding sytems, or can ask to accumulate more supplies

to the next neighbor in chain.

Therefore, the clock resulting from the interaction between many other clocks is given by

a set of nodes, each of them representing a state connected to the next node in a way to

form a closed path. Then on each node of the path, an orthogonal lattice is built with an
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infinite number of nodes. All these orthogonal lines are connected only through the closed

path, Fig. (6.2).

Figure 6.2. A system composed by more units which has to accomplish a cycle

and cooperate with other identical systems in the network . can be represented

by a single system with long lines departing from each step of the cycle. A

random walker moving along one of those lines represents the cooperation with

the network. The passage to the next step of the cycle is triggered by the

return to the origin of the random walk.

A random walker moving on this network can mimic the interaction producing the global

behavior. Let us associate the projection on the closed path of the random walker position

to a variable x(τ). When the random walker jumps in a new node, or state x , it starts to

move in the orthogonal line crossing the closed path in the same node. The change of the

state can happen only when the random walker, after it leaves the closed path, comes back

to the closed path. The traveling along the orthogonal lines can be associated to a directing

process τ(t), [33]. Therefore, observing the projection on the closed path of the random

walker position, it is clear the variable x(τ(t)) is a subordinate process. If the random walk

on the orthogonal line is a normal diffusion process, we know that the time to return to the

original point is given by a waiting time distribution with a power law of index µ = 1.5, but,

75



if we change the waiting time between one jump and the other, it is possible to describe a

more demanding decision-making processes.

6.3. A General Analytical Case: the Complex Exponential

In the previous section, we talked about the subordination of an oscillating object. Here1,

however, we analyze the subordination of sinusoidal process as a special case of the subor-

dination of a complex exponential, [34]. The presence or the absence of interaction will be

simulated by the choice of the waiting time distribution for the directing process. We propose

three different types of directing processes whose waiting time distributions are:

• Poisson distribution
• Manneville Intermittence distribution
• Mittag Leffler distribution

The first of them, as will be shown, represents the non interacting case, while the last

two mimic the presence of interaction. Let us consider the function y(n) in the natural time

n ∈ N defined as:

y(n) = e−ζn (6.1)

where ζ = γ − iω. ψn(t) being the waiting time distribution of having n events the last of
which occurs exactly at time t, and Ψ(t) the survival probability that there are no events up

to the time t, the process Eq. (6.1) in the physical time t, thanks to Eq. (), is given by:

Y (t) =

∞∑
n=0

∫ t

0

dt ′ψn(t ′)Ψ(t − t ′)e−ζn. (6.2)

It is important to notice that here the subordination is applied to a function y(n). This

is different from the case where the subordination procedure is done over a distribution.

First y(n) is not necessarily positive, and it is not required that the integral of y(n) over its

support is normalized to 1. Second, the result of this procedure is not a distribution, but

1The rest of this chapter is reproduced with permission of Elsevier
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it is an average over many realizations of trajectory where the unit of natural time ∆n is

randomized with what is called the directing process. Therefore Y (t) = 〈y(t)〉, and y(t)
is just a trajectory realization which presents a random character. It is important to notice

that all the trajectories in the Gibbs ensemble have an event at time n = 0. Performing the

Laplace transform of Eq. (6.2), we have:

Ŷ (u) =

∞∑
n=0

ψ̂n(u)
1− ψ̂(u)
u

e−ζn =
1− ψ̂(u)

u[1− ψ̂(u)e−ζ]
=

1

u + gΦ̂(u)
, (6.3)

where

Φ̂(u) =
uψ̂(u)

1− ψ̂(u)
and

g = 1− e−ζ. (6.4)

Before going on, it is necessary to note that , in Eq. (6.3), the following identity was used:

∞∑
n=0

[
ψ̂(u)e−ζ

]n
=

1

1− ψ̂(u)e−ζ
(6.5)

that holds true only for
∣∣∣ψ̂(u)e−ζ

∣∣∣ < 1. This condition can be transformed to boundary
conditions for the domain of the variable u meaning that u ∈ D and

D =
{
u ∈ C :

∣∣∣ψ̂(u)e−ζ
∣∣∣ < 1

}
. (6.6)

At this point, it is necessary to show that the anti Laplace transform of the rhs of Eq. (6.3)

with the condition u ∈ D is still possible. Let us define R as:

R = max
u∈D
(|u|) ∈ R, (6.7)

and there should exist M > 0 such that all real points u > M belong to the domain D,

because the Tauberian theorem says that asymptotic behavior at u → ∞ of the Laplace
transform of a function corresponds to the behavior of the function at t → 0. If the domain
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of analyticity of Eq. (6.3) is D1, then there exists a closed contour in D ∩ D1 called the
Bromwich contour, such that

R̂ = max
u∈D∩D1

(|u|) ∈ R, (6.8)

and

Y (t) =

∫ bR+i∞

bR−i∞
eut Ŷ (u) du (6.9)

is the anti Laplace transform.

Re(u)

Im
(u

)
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Figure 6.3. The domain of convergence in the complex Laplace transform space

of a process subordinate to a complex exponential with directing process having

a waiting time distribution equal to a Mittag Leffler distribution. The result-

ing process, if it is convergent, results in a complex Mittag Leffler function.

The white part is where the Laplace transform of the complex Mittag Lef-

fler function does not converge, D1. In the Black region the geometric series

of Eq. (6.5) is not convergent, D. The gray region is where both the Mit-

tag Leffler function and the geometric series converge. The line indicates the

Bromwich path of integration along the region of convergence, D ∩D1.
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For our purpose, we will consider only the case γ > 0 which implies

D = {u ∈ C : u 6= 0} . (6.10)

6.4. Poisson Subordination Function

Let us consider the Poisson case with waiting time distribution:

ψ(t) = re−r t . (6.11)

Its Laplace transform is

ψ̂(u) =
r

u + r
, (6.12)

therefore

Φ̂(u) = r. (6.13)

Applying this result into Eq. (6.3) and anti Laplace transforming

Y (t) = e−grt . (6.14)

In the case ω = 0, Eq. (6.14) yields

Y (t) = e{−[1−exp(−γ)]rt} (6.15)

showing that the effect of the subordination is only that of modifying the time scale, and for

γ ¿ 1 reducing the rate g ≈ γ of a factor γ. In the case γ = 0, we obtain for the real part
of Eq. (6.14)

<[Y (t)] = exp−[1− cos(ω)]r t cos[sin(ω)r t]. (6.16)

This equation implies that virtually for ω → 0 Eq. (6.16) generates undamped oscillation.
This is so because the real part of 1 − exp(iω), representing the damping coefficient, is
proportional to ω2, while the imaginary part, which is the oscillation frequency, goes to zero

as ω. In the case where neither γ nor ω is vanishing, we have:

<[Y (t)] = exp−[1− exp(−γ) cos(ω)] cos[exp(−γ) sin(ω)r t]. (6.17)
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The Poisson subordination, does not change the original structure of Eq. (6.1). It is important

to notice that the damping coefficient expressed as function of the frequency ω for γ = 0

Γ (ω) = 1− cos(ω) (6.18)

increases monotonically in the range [0, π] and it is always less or equal than 1 in the range

where there are oscillation. If γ > 0 the dumping is even stronger. The subordination

with a Poisson distributed directing process shows that not only is there not any undamped

oscillation and the coherence between the systems drops at zero exponentially, but also there

is no frequency ω that can be considered as internal rhythm of the systems. For these reasons

we associate this case to the non interacting set of systems.

6.5. Manneville Subordination Function with µ < 2

This section is devoted to the analytical prediction of the cooperative dynamics generated

by the adoption of a subordination function with µ < 2. On the basis of the conjecture that

subordination is related to synchronization, we try to establish under which condition the

time evolution of Y (t) is described by regular oscillation, and especially, whether or not, a

sequence of periodic oscillations with no damping can be realized.

We consider the Manneville distribution

ψ(t) = (µ− 1) T
µ−1

(T + t)µ
(6.19)

as subordinating function. Since µ < 2, we can write the Laplace transform of the waiting

time distribution, for u → 0, as

ψ̂(u) ≈ 1− Γ (2− µ)(Tu)µ−1. (6.20)

Using this approximation we can evaluate Eq. (6.3), that yields
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Ŷ (u) ≈ 1

1− g
uµ−2

uµ−1 + g
(1−g)T µ−1Γ (2−µ)

. (6.21)

The anti-Laplace transform is

Y (t) ≈ 1

1− gEµ−1
[
− g

(1− g)T µ−1Γ (2− µ)t
µ−1

]
(6.22)

where Eα (z) is the Mittag Leffler function [35]. Its definition is

Eα (z) =

∞∑

k=0

zk

Γ (αk + 1)
, (6.23)

with

z ≡ − g

(1− g)T αΓ (1− α)t
α (6.24)

and

α ≡ µ− 1. (6.25)

The asymptotic behavior of the Mittag Leffler function is known [35]. When z is a complex

number fitting the condition z → 0, from the definition we have that

Eα (z) ≈ 1 + z

Γ (α+ 1)
, (6.26)

which can be written also as

Eα (z) ≈ exp
[

z

Γ (α+ 1)

]
. (6.27)

Since in our case z ∝ −tα, we see that Eq. (6.27) generates a sequence of oscillations with
frequency decreasing upon time increase with stretched exponential damping. We are looking

for regular oscillations and consequently in this article we disregard this interesting property.

We focus our attention on z →∞, which leads us to
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Eα (z) ≈ − z−1

Γ (1− α) , z →∞, |arg(−z) | <
(
1− 1
2
α

)
π (6.28)

Eα (z) ≈ 1

α
exp z

1
α − z−1

Γ (1− α) , 0 < α < 2, z →∞, |arg(z) | ≤ 1
2
απ. (6.29)

Notice that according to Eq. (6.25), the condition µ < 2 yields 0 < α < 1.

6.6. The Case ω = 0

In this case g = 1− exp(−γ), and the inequality in Eq. (6.28) is always satisfied so that
we have

Y (t) ≈ 1

1− gEµ−1
[
− g

(1− g)T µ−1Γ (2− µ)t
µ−1

]
≈ 1
g

T µ−1

tµ−1
, t →∞. (6.30)

6.7. The Case γ = 0

In this case g = 1 − exp(iω), and this generates a more complex condition. Let us first
rewrite Eq. (6.22) making explicit the earlier expression for g.

Y (t) = exp(−iω)Eµ−1
[
− 1− exp(iω)
exp(iω)T µ−1Γ (2− µ)t

µ−1
]
. (6.31)

It easy to see that if ω = 2πk with k = 0,±1, · · · ± n, we have that Y (t) = 1. This is
an exact result, as it can be assessed by direct inspection of Eq. (6.3). It is convenient to

rewrite the complex coefficient in trigonometric form:

−1− exp(iω)
exp(iω)

= 2 sin
(ω
2

)
exp(iθ), tan θ = cot

ω

2
.

It is straightforward to find a direct relation between θ and ω

θ =
π

2
− ω
2
+ kπ, k = 0,±1, · · · ± n. (6.32)
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According to the inequalities satisfied by arg(z) we can have either the behavior of Eq. (6.28)

or that of Eq. (6.29). As earlier noticed, 0 < µ < 2 yields 0 < α < 1. If Re[z ] > 0 we

are allowed to consider only the exponential term in Eq. (6.29), otherwise we should take in

account also the power law. For Re[z ] > 0, we write

Y (t) ≈ exp(−iω)
µ− 1 exp

[(
2|sin ω

2
|

T µ−1Γ (2− µ)
) 1
µ−1
t

(
cos

θ

µ− 1 + ı sin
θ

µ− 1
)]
. (6.33)

We observe that, according to the sign of cos θ
µ−1 , we may have either an exponentially

growing function or a damped oscillation. In this last case we need also to consider the power

law term present in Eq. (6.29).

It is also evident that exponential growing is an incorrect result that indicates the inade-

quacy of our approximation.

It is worth stressing that there are merely oscillating solutions, with no damping. Indeed

setting θ = π
2
− ω
2
we enforce the condition cos θc

µ−1 = 0. In terms of ω we have

ωc = π[1− (µ− 1)(1 + 2k)]. (6.34)

with k = 0,±1, · · · ± n. For this value of the parameter ω the function Y (t) asymptotically
oscillates without damping.

We notice that the emergence of undamped oscillations is a consequence of z being a

complex rather than a real number. This is an asymptotic property agreeing with the general

remarks of Wiman [36], who shows that in the asymptotic regime the zeros of Eα (z) lie on

the curve

Re[z
1
α ] + log |z |+ log |Γ (−α)| = 0.

Finally we notice that the Laplace transforms of the three waiting time distributions, Poisson,

Manneville intermittentce, and Mittag Leffer, produce the same asymptotic behavior for

ω → 0, namely regular oscillations with a damping of the order of ω2, the same order as the
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damping of a Poisson distribution. The emergence of regular oscillations with no damping

is admitted by the approximation of Eq. (6.20) However, since the same approximation

generates also oscillations of amplitude increasing with time, a condition conflicting with the

physics of the process under study, these oscillations with no damping must be considered

with caution.

6.8. The Subordination Approach Based on the ML Function

In this section we discuss the case where the subordination function is given by the ML

waiting time distribution defined as:

ψ(t) = − d
dt
Eµ−1

(−atµ−1) . (6.35)

Its Laplace transform is given by

ψ̂(u) =
a

uα + a
, (6.36)

where

a−1 ≡ Γ (2− µ)T µ−1. (6.37)

thereby allowing us to use an exact expression rather than the approximated expression of

Eq. (6.20). As earlier noticed, in the long-time limit the ML subordination function is identical

to the Manneville subordination function, but in the short-time regime it diverges, whereas

the ML ψ(τ) is flat. By plugging the Laplace transform of the ML waiting time distribution

density, Eq. (6.35)

ψ̂(u),
1

1 + Γ (2− µ)(uT )µ−1 , (6.38)

into Eq. (6.3) we obtain

Ŷ (u) =
uµ−2

uµ−1 + a (1− e ıω) . (6.39)

The anti Laplace transform is
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Y (t) = Eµ−1
[−a (1− e ıω) tµ−1] = Eµ−1

[
− (1− e ıω)

(
a
1
µ−1 t

)µ−1]
. (6.40)

The asymptotic behavior of Y (t) is given by Eq. (6.28) and Eq. (6.29). In this case

z
1
α =

(
2a sin

ω

2

) 1
µ−1
t

(
cos

θ1
µ− 1 + ı sin

θ1
µ− 1

)

where θ1 =
π
2
+ ω
2
. For simplicity’s sake, here we did not consider the periodicity of θ1. When

the condition for the existence of the Bateman exponential applies [37], we have

Y (t) = e−Γ t cos(Ωt), (6.41)

with the damping Γ and the frequency Ω given by

Γ =
(
2a sin

ω

2

) 1
µ−1
cos

θ1
µ− 1 (6.42)

and

Ω =
(
2a sin

ω

2

) 1
µ−1
sin

θ1
µ− 1 , (6.43)

respectively. Notice the good agreement between theory and numerical experiments illustrated

by Fig. ( 6.4-6.6). Fig. (6.7) makes it evident that in the time region where relaxation

function generated by the subordination to a non-periodic microscopic process has a power law

behavior, the Mittag Leffler function with complex argument is characterized by exponentially

damped oscillatory behavior. Even if at very large time the power law is the dominant term,

we have to take into account that in a real experiment such a large time condition may be

hidden by fluctuations, thereby confining the experimental observation to the time region

where exponentially damped oscillations appear. On the one hand, this suggests that it may

be experimentally difficult to distinguish the non-Poisson from the Poisson case. On the other

hand, the emergence of regular exponentially damped oscillations cannot be used to rule out

the existence of crucial renewal events with µ < 2.
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6.9. The Numerical Experiment

In this section, we describe the numerical technique used to derive the numerical results

of Fig. (6.4-6.7). We make additional comments on these figures, and we illustrate two

further figures, Fig. (6.8) and Fig. (6.9). Fig. ((6.8) serves the purpose of establishing a

distinction between the Poisson and non-Poisson case and Fig. (6.9) that of proving there

exists complex conditions beyond the range of both the ML and Levy subordination functions,

which are properly described by the Manneville subordination function.

As already discussed in Section 6.3, the numerical realization of Y (t) of Eq. (6.2) is the

result of an average over many realizations. Each of these realizations is obtained by turning

deterministic oscillation ξ(n) = cos(ωn), in the discrete natural time n, into a stochastic

function of the continuous physical time t. This is done by extracting randomly many time

intervals τk from the pdf ψ(τ) and then so as to define the times

t(n) = tn =

n∑

k=0

τk ,

at which the transition y(n)→ (n+1) occurs, in the continuous time representation. Thus,
we obtain

ξ(t) = cos(ωn),

for tn ≤ t < tn+1. This set of realizations is prepared at t = 0, namely, ξ(0) = 1. The
single realizations are renewal, but the function Y (t) is obtained by making an average over

infinitely many realizations. This may have the effect of generating an oscillatory behavior

that prevents us from interpreting Y (t) as the survival probability of a renewal process.

The case where ψ(τ) is the derivative of a Mittag Leffler function, namely

ψ(τ) = − d
dτ
Eα(−aτα), (6.44)
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is particularly interesting. Indeed asymptotically ψ(τ) ∼ 1
τµ
and the mean time is infinite,

thereby sharing the key properties of the Manneville subordination function of Eq. (6.19).

The time scale rests on the parameter a, rather than T . We set a = 1, thereby making

it possible to reach the essential time asymptotic properties in a few integration steps. To

generate numbers distributed as ψ(τ), we use a method already successfully adopted by the

authors of Ref.[38]. This is the procedure described in [39]. The waiting times are derived

from:

τ = − ln u
[
1

a

(
sin(απ)

tan(απv)
− cos(απ)

)]1/α
(6.45)

where u and v are two independent random variables uniformly distributed in the interval

(0, 1).

In Fig. (6.4), Fig. (6.5), and Fig. (6.6), we show the excellent agreement between theory

and numerical simulation in the case of ζ imaginary. Clearly the numerical results overlap

perfectly with the analytical solutions [40] given by Eq. (6.31). Note that Eq. (6.33) is a

time asymptotic prediction. Yet, this equation affords a good approximation to the results of

numerical simulation after few time units, especially for values of µ close to 2.

It is important to stress that for µ = 2 the ML subordination function becomes identical

to the exponential function. Thus, we expect that the condition µ < 2, but very close to 2,

generates Eq. (6.16). The same asymptotic time limit should be realized by the Manneville

subordination function, in spite of the fact that at µ = 2 Eq. (6.19) generates 1/f noise [41],

a property very far from the Poisson condition. Note that the closer µ to 2 the more extended

the stretched exponential portion of the ML function. In fact, the function Γ (2−µ) diverges
for µ tending to 2. This is the reason why it is virtually impossible to simulate numerically

this condition by using the Manneville subordination function with a finite value of T , for

instance T = 1. In fact, a finite value of T would produce a virtually infinite value of 1/a,
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Figure 6.4. In all three cases, the solid curve is the numerical simulation done

with ζ = iω = i0.01 and a = 1, the dot-dashed curve is the analytical solution,

and the dashed curve is the Bateman asymptotic equation. In (a) µ = 1.95.

In (b) µ = 1.85. In (c) µ = 1.75. (a), (b) and (c) are plotted in the same

time range.

namely, it would shift to ∞ the time asymptotic properties corresponding to the analytical
expression of Eq. (6.41) (with Eq. (6.42) and Eq. (6.43)).

Fig. (6.7) illustrates the numerical simulation for ζ = iω, together with the numerical

simulation for ζ = −γ = −ω. It shows the presence of distinct oscillations in the time
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Figure 6.5. In all three cases, the solid curve is the numerical simulation done

with ζ = iω = i0.1 and a = 1, the dot-dashed curve is the analytical solution,

and the dashed curve is the Bateman asymptotic equation. In (a) µ = 1.95.

In (b) µ = 1.85. In (c) µ = 1.75. (a), (b) and (c) are plotted in the same

time range.

region where the subordination to a conventional fluctuation-dissipation process generates an

inverse power law. This proves the intimate connection between µ < 2 and damped regular

oscillations, which may be mistaken for a Poisson property.
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Figure 6.6. In all three cases, the solid curve is the numerical simulation done

with ζ = iω = i1 and a = 1, the dot-dashed curve is the analytical solution,

and the dashed curve is the Bateman asymptotic equation. In (a) µ = 1.95.

In (b) µ = 1.85. In (c) µ = 1.75. (a), (b) and (c) are plotted in the same

time range.

Although for µ→ 2 the ML gives results indistinguishable from the Poisson case, in general
the Poisson subordination function and the ML subordination function generate different

results, even if both share the damped oscillation structure of Eq. (6.41). Once µ and T

are fixed, it is possible to find specific values of r and ω such that Γ and Ω of Eq. (6.41)
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Figure 6.7. The solid curve is plotted in bi-logarithmic scale (it refers to the

right y axis), and it is the numerical simulation done with ζ = iω = i0.01,

µ = 1.95 and a = 1; the dashed curve is plotted in log-linear scale (it refers

to the left y axis) and is the numerical simulation done with ζ = −γ = −0.01,
same µ, and a. Here the numerical results are equal to the analytical computed

numerically [40]. The arrow indicates the time, t = (1 − exp(−γ))− 1α , which
divides the stretched exponential regime and the power law regime.

become equal to [1− cos(ω)]r and sin(ω)r of Eq. (6.16), respectively. In Fig. (6.8) we plot
the damping parameters of the Poisson and ML case as function of ω to stress the differences

between the two cases.

Fig. (6.9) shows the comparison between the Manneville subordination in action at µ = 3

and ML subordination in the case µ = 1.99, for decreasing values of ω. Both cases are

characterized by damped regular oscillations. The Manneville subordination can be applied

also to µ > 2, whereas the ML subordination function is restricted to µ < 2. There are

numerical and analytical problems with the Manneville subordination at µ = 2, which is a

singularity that may generate undamped oscillations.
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Figure 6.8. The dashed curve represents the damping, Eq. (6.42), as a function

of ω when the subordination function is given by the ML function with µ = 1.85

and a = 1. The solid curve is the damping when the subordination function is

given by the Poisson waiting time distribution with a rate r = 1.
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Figure 6.9. In the three cases represented here, the solid curves are the nu-

merical simulations done by using the subordinating Manneville pdf with µ = 3

and T = 1, and the dot-dashed curves are the numerical simulations in case

of ML pdf with a = 1 and µ = 1.99. In (a) ω = 1, in (b) ω = 0.1, in (c)

ω = 0.01. The three cases are not in the same time range.
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CHAPTER 7

EEG AND THE DYNAMIC MODEL

7.1. Dinamical Model

In previous sections we have introduced a model to describe the partial synchronization

characteristic of the alpha waves. Here it is proposed a dynamical model to mimick all the

single EEG channels. We have already discussed that an EEG mostly appears as random

variation of the electric potential. Nevertheless the intensity of fluctuations of an EEG

are limited around 10 -100 µV . Let us to consider a Langevin equation with a sinusoidal

component in the natural time n:

∂

∂n
= −γy + f (n) + A cos(ωn), (7.1)

where f (n) is a random noise delta correlated and γ is the friction introduced to avoid that

the intensity of fluctuations can grow indefinitely and exceed the limiting values of a standard

EEG. The amplitude A corresponds to the average intensity of the spectral component in

the frequency range 8-13 Hz. The solution of Eq. (7.1) in the limit n À 1, such that it is
possible to use a continuous representation, is:

y(n) = e−γny(0) +
∫ n

0

e−γ(n−n
′) [f (n′) + A cos(ωn′)] dn′ =

= e−γny(0) + e−γn
∫ n

0

eγn
′
f (n′)dn′ +

A

|λ|2
[−γe−γn + < (

λe iωn
)]

(7.2)

with λ = γ − iω.
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Let us perform the subordination of Eq. (7.2) respect to a directing time with a generic

distribution ψ(t):

〈y(t)〉 =
∞∑
n=0

∫ t

0

dt ′Ψ(t − t ′)ψn(t ′) (7.3)

{
e−γn

∫ n

0

eγn
′
f (n′)dn′ +

A

|λ|2
[−γe−γn + < (

λe iωn
)]
+ e−γny(0)

}
=

=

∞∑
n=0

∫ t

0

dt ′Ψ(t − t ′)ψn(t ′)
{
A

|λ|2
[−γe−γn + < (

λe iωn
)]
+ e−γny(0)

}
.(7.4)

It is important to stress that the stochastic force f (n) keep fluctuating independently for

each realization; therefore its contribution is null. Setting z = e−γ and w = e iω, the Laplace

transform of the previous equation gives:

〈ŷ(u)〉 = Ψ̂(s)
{−γ A|λ|2 + y(0)
1− zψ̂(s) + <

A 1
λ̄

1− wψ̂(s)

}
. (7.5)

In the particular case of ψ(t) = − ∂
∂t
Eα(−tα), Eq. (7.5) becomes:

〈ŷ(u)〉 =
{ −γ A|λ|2 + y(0)
s + (1− z)s1−α + <

A 1
λ̄

s + (1− w)s1−α
}

(7.6)

whose anti Laplace transform gives:

〈y(t)〉 =
{
−γ A|λ|2 + y(0)

}
Eα[−(1− z)tα] + A<

{
1

λ̄
Eα[−(1− w)tα]

}
. (7.7)

In rhs of Eq. (7.7), the first term decays asymptotically as inverse power law while the second

shows oscillatory behaviors due to the fact that 1 − w is a complex number. Using the
asymptotic expressions for the complex Mittag Leffer Eq. (6.28) and Eq. (6.29), we have:

〈y(t)〉 ∼
{
−γ A|λ|2 + y(0)

}
1

(1− z)Γ (1− α)
1

tα
−γ A|λ|2

tan ω
2

2(1− tan ω
2
)2Γ (1− α)

1

tα
+
A

α
e−Γ t cos(Γ t+φ)

(7.8)

where φ = arg(λ), the frequency Ω and the damping Γ are defined in Eq. (6.43) and

Eq. (6.42).
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7.2. DEA

Many processes describing standard and anomalous diffusion are characterized by rescal-

ing; this means their probability densities of having a particle in x at time t have the following

mathematical expression:

P (x, t) =
1

tδ
F

( x
tδ

)
. (7.9)

In case of a single trajectory, the method to detect the rescaling coefficient δ is given by the

diffusion entropy analysis (DEA). The DEA consists of analyzing the entropy S(t) generated

by the diffusion process [42], and it is defined by:

S(t) = −
∫ ∞

−∞
dx P (x, t) ln(P (x, t)). (7.10)

where P (x, t) is built in the following way. Let us consider a diffusive trajectory whose time

series has a total time length T and such that the position of the particle at time t is given

by y(t). Given a window of size t less than T , it is possible to create a set of diffusing

trajectories xi(t) defined as

xi(t) = y(t + i)− y(i)

where t is the length of the window and i ∈ [0, T − t]. The distribution of this set of xi(t)
is P (x, t).

For example, a trajectory with equation of motion

ẏ = f (t),

where the random force f (t) is Gaussian and uncorrelated, gives y(t) =
∑t
j=0 f (j) and the

generic xi(t) is given by

xi(t) =

t+i∑

j=i

f (j).

The resulting distribution P (x, t) is Gaussian and shows rescaling property, Eq. (7.9), with

δ = 1
2
. Applying the DEA, Eq. (7.10), to a distribution P(x,t) whose rescaling is given by
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Eq. (7.9), it is easy to find that the expression for the entropy S(t) is:

S(t) = A+ δln(t) (7.11)

where A =
∫∞
−∞ dz F (z) ln(F (z)).

The diffusion entropy analysis has been used to discriminate between the low frequency

waves component representing the signal and the high frequency fluctuations representing

the noise [43]. This method has been successfully applied on time series to determine the

rescaling behaviors of processes [44] [45], even when they are in a non stationary condition.

In this case, it is necessary to consider that the scaling coefficient δ in Eq. (7.9) is time

dependent.

Recently, the DEA has been adopted to study single EEG channels present with strong

alpha waves component [46]. The result is that single EEG channels have no rescaling

characters, and the saturation of the signal entropy indicates that the EEGs asymptotically

carry a maximum quantity of information, but if the time series is randomly shuffled, so that

the long time correlation is destroyed, the EEG entropy does not saturate.

In [46], the single EEG channel is mimicked by a Langevin equation with a set of sinusoidal

pertubing components, but without any form of subordination. The most remarkable results

of their Langevin model are that the single channel has a maximum saturation value which does

not depend from the limited length of the surrogate series, the alpha waves component present

in the model makes it difficult to find the short time scaling behavior, and the attenuation of

the entropy oscillations, due to the fact that, as stated in [47], alpha waves are not simply

generated in one source, but in different locations in the brain.

The diffusion entropy applied to the dynamic model, Fig. (7.1), share many of the behav-

iors found in the real EEGs, [46].

In fact we found the presence of oscillations at short times and asymtotically the entropy

S(t) does not encrease indefinitely as a random process with long time correlation does, but
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Figure 7.1. Diffusion Entropy Analysis applied to a single trajectory Eq. (7.1)

after it has been randomized using a Mittag Leffler distribution as waiting time

for the directing process.

it saturates. The presence of the friction term in the dynamic model produces a negative

feedback that is responsable for part of the saturation and it avoids the occurrance of large

variation in the electric potential. The oscillations, which in our model are more persistent at

low frequency, are the cause of the entropy oscillations and also of part of the saturation. A

rearrangment of the temporal signal destroys completelly the oscillation and the saturation

is slower. In fact a comparison of the numerical results, Fig. (7.1), with those of Fig. (1)

in [46] shows a very good agreement between the dynamical model and the real EEGs which

confirm the quality of the model to reproduce a single EEG channel.
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CHAPTER 8

CONCLUDING REMARKS

For the readers to appreciate the main result of this thesis we summarize the four steps

that led us to its derivation. The first step is a new theoretical explanation of the inverse

power law distribution density of the time interval between two consecutive recrossings of

the origin in a diffusion process. If the diffusion process is generated by the subordination

to a standard random walk, the numerical derivation of the inverse power index departs

from the predictions of the conventional first-passage time techniques. We afford a clear

explanation of the causes of this departure from the conventional prediction. The second

step is a physical interpretation of the widely used subordination methods. The extended

time distance between two consecutive actions of the generator of jumps is interpreted as

emerging from the cooperation between the units of a complex network. The cooperative

random walker does not make its jumps at either regular times, or with time distances between

two consecutive jumps derived from an ordinary Poisson distribution. The random walker

devotes an extended period of time to the search of proper chemical compounds, thereby

producing an inverse power law distribution density for the time distance between two actions

that is experimentally observable. As a third step, we adopt the same prescription to generate

alpha waves. In this case the sequence of actions corresponds to a periodic cycle, whose origin

is probably determined by the out-of-equilibrium condition in which the brain operates. The

fourth and final step is the derivation of a model describing the dynamics of a single EEG

channel. This model is driven by crucial events, namely is non-ergodic and non-Poisson. Yet,

it generates an extended coherence comparable to that of the alpha waves of the brain. The

application of the method of diffusion entropy to the surrogate sequences generated by this
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model yields a sequence of damped oscillations that is qualitatively identical to the result that

has been recently obtained applying the same techniques to real EEG fluctuations [46]. We

plan to use the theoretical results of the first step to the analysis of real EEGs after filtering

out the coherent components. In fact, the power index of the recrossings of the origin has

different forms according to whether the brain dynamics does or does not host crucial events.

Thus, this thesis in addition to proposing an original model for the brain dynamics, affords

also a method of analysis to double check its theoretical predictions.
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