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ABSTRACT

This report is concerned with eigenvalue problems of the form Au - Mti,

where A is a selfadjoint positive differential operator and T a selfadjoint

indefinite multiplicative operator on a Hilbert space H. Three particular

cases are discussed in detail. In the first case, A is positive definite and

T is unitary; in the second case, A is positive definite and T is bounded, but

T-1 is unbounded; in the third case, A is positive, dim ker(A) - 1, and T is

bounded, but T~ is unbounded. Emphasis is on the full-range and half-range

expansion properties of the eigenfunctions.
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1. Introduction

Recently, we announced several results for a Sturm-Liouville eigenvalue

problem with indefinite weight, which arises in the. study of a class of

boundary value problems in linear transport theory [1]. The particular

eigenvalue problem was defined by the differential equation

-((1-x2)u')' - Axu on (-1,1) , (1.1-1)

and the boundary conditions

limx+-lu(x) and 11. tu(x) exist and are finite . (1.1-2)

The results were partially preliminary; the 'o-called half-range theory was

not well understood by us at the time, and we could only speculate about the

validity of the half-range expansions. Since then, several colleagues have

communicated their ideas and results to us. Dr. Veling (Amsterdam, Neth.)

kindly brought an earlier article of Beals [2) to our attention, where the

author analyzes a class of two-way diffusion equations to which the eigenvalue

problem (1.1) is related. Dr. Van der Mee (Amsterdam, Neth.) drew our atten-

tion to the same article; his communication was further detailed in [3]. We

learned that Beals and Protopopescu were working on a problem similar to

(1.1), which originated with the Fokker-Planck equation, and that Greenberg,

Van der Mee, and Zweifel were working on various abstract generalizations of

boundary value problems of the same type. The results of these authors are

now available in pre-print form [4,5,6,71. Finally, we are pleased to

acknowledge our discussions with Dr. Hangelbroe (Macomb, IL), who comuni-

cated some unpublished results of his.
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In the early fall of 1982 we were able to prove a half-range completeness

theorem for a problem that is similar to, but simpler than, (1.1), viz.

-u" - A sgn(x)u on (-1,1) , (1.2-1)

u(-1) = u(1) - 0 . (1.2-2)

The proof, which is given below, uses asymptotic estimates for the eigenvalues

a as n +. W presented it at the conference on "Mathematical Problems in
n

the Kinetic Theory of Gases" at Oberwolfach in November, 1982.

The eigenvalue problem (1.2) is probably the simplest of a sequence of

similar eigenvalue problems of increasing complexity, which are amenable to

our approach. The eigenvalue problem (1.1) certainly belongs to this se-

quence, albeit that the asymptotic estimates for an are much harder to obtain;

see the forthcoming article by Veling [8]. On the other hand, it is unlikely

that any of the generalized or abstract equations considered by Greenberg et

al. can be studied with our approach, unless the correct asymptotic behavior

of an for large n is knc'.n.

The proof of the half-range completeness theorem depends crucially on the

proof of the equivalence of two norms. This equivalence allows one to

identify two intermediate spaces and to define certain connecting transforma-

tions. The proof of the equivalence theorem is relatively uncomplicated when,

instead of a differential operator, one has an operator which is a finite-

dimensional or compact perturbation of the identity, as occurs in neutron

transport and radiative transfer problem -- see, for example, (9, Lem a 4.11;

an even shorter proof was comiunicated to us recently by Dr. Hangelbroek.

When one is dealing with unbounded operators, as in (1.1) and (1.2), the proof



of an equivalence theorem is a nontrivial (and essential) task. A preprint on

this topic by Beals [15] has jest become available.

In Sections 2 and 3 we present a complete analysis of the eigenvalue

problem (1.2), full-range theory (Section 2) as well as half-range theory

(Section 3). In Section 4 we discuss the case where the right-hand side of

(1.2-1) is changed to read "Axu," instead of "A sgn(x)u." In Section 5 we

discuss the eigenvalue problem (1.1). The final Section 6 contains some

general remarks about eigenvalue problems of the type considered in this

report.

2. Full-Eange Theory

Functional formulation. let H denote the Hilbert space L 2 (-1,1), with the

usual definitions of the inner product (-,") and norm I11. In H we define the

operators T and A,

Tu(x) - sgn(x)u(x) , x (-1,1) , u H , (2.1)

Au(x) - -u"(x) , x E (-1,1) , u ¬don A , (2.2)

where sgn(x) - 1 if x c (0,1), sgn(x) - -1 if x ' (-1,0), and dom A - {u H:

u and u' locally absolutely continuous on (-1,1), u" f H, u(-1) - u(1) - 0}.

Clearly, T is bounded, selfadjoint, and unitary; A is unbounded, selfadjoint,

positive, and injective, with A 1 - K, where

1
Ku(x) - J k(x,y)u(y)dy , x c (-1,1) , u c H , (2.3)

-1

with k(x,y) " (y+1)(1-x) if y < x, k(x,y) - (x+1)(1-y) if x < y.
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The operator K is defined on all of H; K is selfadjoint, positive, and compact

in f(H).

The functional form of the eigenvalue problem (1.2) is

Au =XATu , u dom A . (2.4)

We can study this equations as a standard eigenvalue problem for either AT-1

or T~1 A. In the case considered here, these two operators are unitarily

equivalent, but this need not be true in more complicated cases. However, the

identities AT-1 - T(T-"A)T~1 on dom AT-1 and T~1A - T"(AT 1 )T on dom T 1 A can

always be exploited to "translate" the results back and forth if necessary.

The choice between AT-1 and T~1A is a matter of personal preference and

convenience. In [1], we followed the practice of [91 and chose AT~' as the

fundamental operator. Here, we shall follow [21 and formulate our results in

terms of T-1A. Consequently, there will be some discrepancies between this

rcpOrt and 1].

The eigenvalue problem

T-1Au - Au (2.5)

has certain symmetries, which are most easily expressed by means of the switch

operator J,

Ju(x) - u(-x) , x E (-1,1) , u E H . (2.6)

This unitary operator coinutes with A, AJ - JA, and tnti-co'mites with T, TJ -

-JT, so
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JT' Au - -T-1 Mu , u E dom A . (2.7)

Hence, to every eigenvalue A of T-IA with eigenvector u corresponds another

eigenvalue -A with eigenvector Ju.

Although T-1 and A are both selfadjoint, these operators do not

commute. Therefore, their product T- h s not symmetric with respect to the

inner pro luct of H.

Diagonalization. Let HA be the coWletion of dom A with respect to the norm

1/2Hu -A, where tIuIIA - (u,u)A , with

(u,v)A - (Au,v) , u,v E dom A . (2.8)

The topology of HA is finer than that of H, so every element of HA can be

identified with an element of H; as a set, HA coincides with dom A/ 2. We

consider the restriction of KT to HA, which we denote by S,

Su - KTu , u E HA . (2.9)

THEOREN 2.1. The operator S is_ compact andselfadjoint in(H).

PROOF. For any u r HA we have WSuIA - IK/ 2Tul. Because T is bounded and

K1/2 is comact in 1(H), it follows that S is coact in l(HA). Furthermore,

for any pair u,v, HA, we have (Su,v)A - (Tu,v), so S is symmetric with

respect to the A-inner product. A symmtric compact operator is selfadjoint. 0
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The theory of compact selfadjoint operators is therefore applicable to

S. The spectrum of S consists of a countably infinite sequence of real eigen-

values with an accumulation point at the origin. We write the eigenvalue

equation as

S - An *n , n - 1,*2,x.. . (2.10)

This form is consistent with (2.5) and with the classical formulation (1.2).

From the boundary value formulation (1.2) one readily deduces that each eigen-

value is simple and that 0 is not an eigenvalue. Because of the symmetries

observed earlier (JS - -JS) we can order the eigenvalues such that

- + ... < a-2 < -A1 <Al< 2 < ... + , (2.11)

with nan > 0 and A-n -n for each index n. Thus, $ - Jn for each n.

The following theorem summarizes these results.

THEOREM 2.2. Any u t HA has a unique expansion of the form

u- , u E HA , (2.12)
n=---

where an - (u,$n)A/ n'n)A - (Tu,$n)/(Ton'*n). The expansion converges in

the topology of HA.

The expansion (2.12) is an example of what is cosonly called a full-

range expansion, i.e., an expansion of a function defined on the entire range
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of the independent variable. In a full-range expansion one covers the entire

spectrum of the underlying operator.

Throughout this paper, the summation sign Z_, and the sequence symbol

( ) _ will always be understood with the term n-0 omitted.

Eigenfunctions and eigenvalues. The eigenvalue problem (2.10) is sufficiently

simple that it can be solved explicitly. The positive eigenvalues An

(n-1,2,...) are the roots of the transcendental equation

tanhk/ + tangy - 0 , (2.13)

and the eigenfunction $n corresponding to a positive eigenvalue Xn is given by

the expressions

sin/X

Pn(x) - Cn ,sin / sinh(x+I) , -1 < x 0 , (2.14-1)
n

$n(x) - cn sin(1-x)/F , 0 ( x ( 1 . (2.14-2)

The A-norm of $n is readily evaluated,

2 2(sin2
4 12 \Cn{ sin2 1-x)fdx - n fsink2 x+1) dx .

nA nn0 n sinh --1

n (2.15)

We shall choose cn such that }n (x) > 0 on the interval (-1,0).

Inspection of the graphs of the functions [-tanh/: a > 0] and

(tan/'W: \ > 01 shows that their nth point of intersection, /n, lies between

(n - )n and nw, and approaches (n - )r as n inceases. The substitution
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F- (n - .) + en into the eigenvalue equation (2.13) leads to an equation

for en from which one verifies that en tends to zero exponentially fast as

n + o. Hence,

/F - n- )+ O(e-2nu) , n + -. (2.16)

Furthermore, from (2.15),

nncn{1+0(n )} , n + . (2.17)

The eigenfunctions $n with n > 0 are monotone on [-1,01 and oscillating on

[0,11; the number of oscillations of $n is exactly n-1, and between two

successive zeros of Qn there is precisely one zero of $n+1. These eigen-

functions therefore display the properties typical of eigenfunctions of Sturm-

Liouville problems, but the action appears to be confined to one half of the

range of the independent variable, in particular to the half where the weight

function sgn(x) is positive. The eigenfunctions $n with n < .0 have a similar

behavior on the other half of the range of the independent variable, where the

weight function is negative. This suggests that the eigenfunctions with posi-

tive (negative) indices, restricted to the positive (negative) half of the

interval (-1,1), may have coupleteness properties similar to the full set of

eigenfunctions on the full interval. The investigation of this possibility

constitutes what is commonly called the half-range theory; we will take it up

in Section 3.

Definition of HS. Before getting into the half-range theory, we extend the

validity of the full-range expansion (2.12).
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The set of eigenfunctions {on: n- '_2Z.,...} of the operator S forms a

basis of HA. Eigenfunctions with positive (negative) indics correspond to

positive (negative) eigenvalues. Hence, the operators P an Pm defined on HA

by the expressions

e(u,$ n )A O (u,$_-n)A
Ppu FF m Pmu 4 $-n, u E HA, (2.18)

n-I n nA n-1 -n -nA

project HA onto the positive and negative maximally S-invariant subspaces,

respectively. We use Pp and Pm to characterize the absolute value |SI of S,

IS| =SP -SP , (2.19)
p m

and introduce a new inner product (*,*)S on HA,

(u,v)= - (IS!u,v)A , u,v E HA . (2.20)

The norm 1S associated with this inner product is weaker than the A-notm.

Hence, if we complete HA with respect to the S-norm, calling the resulting

(Hilbert) space HS, we obtain something that, as a set, extends beyond AA.

The question is, whether HS can still be identified with (a subspace of) the

original space H. Before we proceed to the analysis of this question, we

observe that PP and P are orthogonal projections on HA with respect to the

A-, as well as the S-inner product. Hence, they extend by continuity to

orthogonal projections on HS; we shall denote their extensions by the same

symbols, P, and Pm. Also, S extends by continuity to a bounded linear

operator on HS; the extended operator, which we call S again, is compact in

(H5 ), because S commutes with ISI1/2 and is compact in f(HA). It is also



symmetric with respect to the S-inner product, and therefore selfadjoint in

f(Hs).

THEOREM 2.3. Any u c HS has a unique expansion of the form

u= = 1no , uEE H5, (2.21)
n=-n

where a = (u, )S/(n'n)s. The expansion converges in the topology of H.

PROOF. The topology of HS is weaker than the topology of HA, and HA is every-

where dense in HS (in the topology of H), so the set {$n: n=*1,*2,...}, which

is a basis of HA, is certainly a fundamental set in HS. Moreover, the

functions n are mutually orthogonal with respect to the S-inner product. L

Notice that 4nA U I nXIIn for each n; hence, from (2.15), n 2

1 ct1+0(n-1)} as n +

We now choose the normalization of the eigenfunctions * such that

=In S - 1 , n - *1,*2,... . (2.21)

Thus, HS is topologically isomorphic with the sequence space 2(Z\{0}). The

(isometric) isomorphism F which maps HS onto R2(Z\{0}) is given by

Fu - ((u,on)S)n- m , u E HS , (2.22)

its inverse by

-15-
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Faz- n -anon, a (c , a ( n-- 2E(Z\{0}) . (2.23)

The transformation F diagonalizes S on HS. If A is the (unbounded) operator on

12(Z\{0}) defined by the expression

Aa- (Xa n , a E dom A , (2.24)

where dom A - {(a) E k 2 (Z\{0}: -I I2 ( }, then

FSu - A Fu , u E H . (2.25)

Notice that F maps HA onto the subspace RA(Z\{0}) consisting of those

sequences (ar) in 2(Z\{0}) for which the weighted sum I X 12 con-

verges.

Identification of Hq. It turns out that the space H defined, above is

topologically equivalent with the original space H. The proof of this fact

proceeds in several steps and is ultimately based on the asymptotic estimate

(2.16).

BIMeA 2.4. If (an -i E 2 (N), then the series 1annconverges i h

L2-sense on (-1,0), and

0 w 2

f an n(x)jdx < C |an 2 (2.26)
-1 n=1 in-1

for some positive constant C which does not depend on the a's.
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PROOF. Consider the integral

0 N 2

IN = n 
cin(x) dx -1 n=1

Clearly,

N N 0

1 N < am Ian If4m nd x
m=1 n-1 -1

(We recall that each $ , n > 0, is monotonically increasing, hence positive,

on (-1,0).) To estimate the integral, we use the identity

0 0
f *'$'dx = lim($ m4)(x) - nf mndx

-1 xt0 -1

which follows from an integration by parts and an application of the identity

$"(x) X An(x), which holds on (-1,0). Interchanging m and n and adding the

two identities, we obtain the relation

0 0
2f 4m''dx - lLm(4m '+' +)(x) - (a+Xn)f mndx
-1 xt0 n-i

The integral in the left member is positive. Furthermore, the limit can be

evaluated from (2.14-1). Thus we arrive at the estimate

0 F +A-i

fmndx <_cmcn a n
-1 m n

22
The normalization (2.21) implies that 14n MMa n, so (2.17) shows that

cn - 0(1) as n + . Because an satisfies the asymptotic estimate (2.16), it

follows that there exists a positive constant C such that
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* dx <J1 m0n -m+n
-1

for m and n sufficiently large. Hence,

N N |azI aI

IN Cm(2.27)
n-i n-1

for N sufficiently large. Similarly, if M and N are two positive integers,

sufficiently large, and M < N, then

0 N 2 N N |am1n

1 n01(x) dx< C m+n ~-
-1 n-M+l m-M+1 n-M+1

The double sum converges to zero as M,N + w if (n) E t 2 (Z\{0}); this fact

follows from Hilbert's double series theorem -- see, for example, Hardy et al.
N

[10, Theorem 3151. Consequently, the sequence of partial sums { I nin
n-1

N-1,2,...} is Cauchy in L2(-1,0). This proves the first part of the lemma.

The inequality (2.26) follows from the estimate (2.27) as N + * and the

inequality

- ImI(nI 2

m=1 n-1 m+n n-1

which is part of Hilbert's double series theorem. E

The L 2 -convergence of =nIn is, in fact, not restricted to the inter-

val (-1,0), as the following lemma shows.

LDtA 2.5. Le (an )n bea sequence of complex numbers. The series



-19-

anon converges in H if and only if (an)n-1 E 2(N). Moreover, the mapping

(an n1 -nuanon is bounded and boundedly invertible from 2 (N) into H.

PROOF. Let be the partial sum g N- an n. Then gNEH 5 and

2 N
-gN S L n 2' N A (TgNg )
n-I

n=1an

- fIgN 2 dx - Ig 2 dx.
0 -1

Hence,

N 2 N 2 N 2 N 2

)i ! aI 2 I NannI - n I 2'I + 2f Xan n dx . (2.28)
n-1 n n-1 n-1 -1n-1

Similarly, if M and N are positive integers and M < N,

N N 2 N Qg N2
I IaI2 < I Z a n nI - an2 + 2f0an n fdx

n-M+1 n-M+1 n-M+1 -1 n-M+1

Suppose (un) ( 2 (N). Then nM+1nI 2 + 0as M,N + *. Moreover, according

to Lemma 2.4, 'ni1anon converges in the L2-sense on (-1,0), so
0 *

J | 4nM+1 nn 2dx + 0 as M,N + m*. Hence, the sequence of partial sums

-N

{ an n: N-1,2,...} is Cauchy in H.

Conversely, if ni1an0n converges in H, then I4 M+1 n n * 0 as

M,N + ", so the sequence of partial sum !=tanI 2: N1,2,...I is Cauchy in R.

This proves the first part of the levma. The second part follows fror.

the estimate (2.28) as N +*" and the inequality (2.26). 0
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There is a similar result for sequences (ann-1; in this case, the

mapping (a- )n r ' 1a-nn is bounded and boundedly invertible from 2 ()

into H. Combining the two results, we obtain the following imbedding

statement.

COROLLARY 2.6. The mapping (an n-- =-- nn is bounded and boundedly

invertible from 12(Z\{0}) into H.

This statement leads almost immediately to the identification of HS and

H.

THEDORE 2.7. The norms I I5 and I.E are equivalent.

PROOF. The vector spaces HS and 2 (Z\{0}) are isometrically isomorphic.

According to Corollary 2.6, the space L2(Z\{0}) can be imbedded continuously

in H; the same is therefore true for the space H5. Given this result, we

have, for any u E HA,

lull2- (Su,(P -P)u)A

- (T+(P -P )u)

< ITuII(P -P )uI
- (pa

< CiuIIl(P-P )LhS

< 2CIulIu's
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so lulS < 2Ciu. The inequality extends to HS by continuity, which proves

that the space H can be imbedded continuously in Hs. This proves the theorem. E

Full-range completeness. The spaces HS and H coincide as sets. It follows

that the operator S can be identified with the operator KT on H. Furthermore,

Theorem 2.3 implies the following result, which is the essence of the full-

range theory.

THEOREM 2.8. The set {+ : n-*l,*2} is a basis of H.

Hence, the eigenfunctions of KT can be used for expansion purposes in the

Hilbert space H - L2(-1,1).

3. Half-Range Theory

Decorposition. Half-range theory is concerned with

the eigenfunct'.ons $n for expansion purposes on the

(0,1).

the possibility of using

intervals (-1,0) and

Let the operators P+ and P. be defined on H by the expressions

P+u(x) - u(x), x E (0,1);

P u(x) -u(x), x . (-1,0);

P+u(x) - 0, x E (-1,0);

P u(x) - 0, x c (0,1).

Clearly, P+ and P. are projection operators, which map H onto the positive and

negative maximally T-Invariant subspaces, respectively. Let H+ " P+(H) and H-

p-(H). As {0 is a set of Lebesgue measure zero, it follows that

(3.1-1)

(3.1-2)
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H=H+ H_ . (3.2)

This decomposition is orthogonal with respect to the inner product of H.

Because H and HS are topologically isomorphic, we may think of P and Pm

as another pair of (skew) projection operators on H. Let H - P (H) and Hm

Pm(H). Then

H = H *"H ; (3.3)
p m

the decomposition is orthogonal with respect to the S-inner product. The

objective of half-range theory is to connect the decompositions (3.2) and

(3.3) pairwise by showing that P+: H + H+ and P_: *H + H_ are bijections.

Connecting transformations. We define the following set of four connecting

transformations:

V - P+Pp + PP , V -PP +PP_, (3.4)

W - P+ m + PPp , W- PpP_ + PP+ . (3.5)

Each connecting transformation is well-defined on H. Notice that V+W and

V#+W# coincide with the identity operator I on H.

LEUA 3.1. The connecting transformations satisfy the following identities:

(Vf,g) - (f ,V g)9 , (Wf.,g) ' -(fe,W g)S , (3.6)
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for any pair f ,g H, and

SV 2_ 2 2tiVfU 2-HWftI12- I 'I ,(3.7)

IV fi ilW-Of I - If I2 (3.8)

for any f H.

PROOF. The calculations are straightforward. For example,

(Vf,g) - T(P+-P)Vf,g

- (T(P+Pp -P Pm)fg)

- (Ppf , TP+g) - (Pmf , TP_g )

- (pfSP+g)A - (PmfS-gA

- (f ,S(P P+ Pm _-8A

- (f ,S(P-Pm )v#g)A - (fVg)S

Notice the reversal of the sign in the second identity in (3.6). Q

The lemma leads immediately to the main result of half-range theory.

THEOREI 3.2. The connecting transformations V and V# define objective

mappings of H onto itself; they and their inverses are continuous in the

topology of H.

PROF. The identities (3.7) and (3.8) imply that V and V are invective.

Because V is the adjoint of V inXl(HS,H), the assertions follow. 0
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Extension operators. It follows from Theorem 3.2 that each of the transforma-

tions P+: Hp + H+, P: Hm + H_, P: H+ + H,, and Pm: H_ + Hm is a bijection

which, together with its inverse, is bounded on H. We can therefore define

the partial inverses E+ and E.,

E+|H+ +(P+|H) E+|H_ - 0

EIH - (P_|H)' , EIH+ - 0

as well as the partial inverses EP and Em,

E |Hp - (PIH+)-, EP|H m 0 ,

Em|H - (P|H_),1 E|H - 0

(3.9-1)

(3.9-2)

(3.10-2)

(3.10-2)

These are projection operators on H; E+ projects onto Hp along H_, etc. They

can also be interpreted as extension operators; for example, E+ extends

elements of H+ with a component in H. in such a way that the resulting vector

belongs to Hp. One sees the usefulness of these extension operators: they

extend functions defined on one half of the range of the independent variable

to functions defined on the entire range, in such a way that the extended

function is in the closure of the span of one half of the eigenfunctions of S.

CEROLLAZ 3.3. The Hilbert space H admits the direct sum decompositions

H - H *H_, H-f H 31,)(3.1 1)
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with the associated pairs of (skew) projection operators (E+,Em) and (EpE)

respectively.

Note that we have the identity

VT AV -P+T AE + P T AE (3.12)

on don A. The operators P+T' AE+ and PT- AE have been called the shadows of

T-1 A on H+ and H_, respectively; see [11.

Half-range completeness. The abstract results of Corollary 3.3 can be "trans-

lated" into the language of eigenfunction expansions.

THEOREM 3.4. The set P+$: n=1,2,... } is a basis of H+; these

{P_$-: n=1,2,...} is a basis of H.
n

PROOF. For any ut H we have

(3.13)

where 0 - (E u ,$ ) . The expansion converges in the topology of H. 0

The expansions (3.13) are commonly known as half-range expansions. They

are representations of functions defin.ci on one half of the range of the

independent variable, in terms of the eigenfunction associated with one half

of the spectrum of the underlying operator. Of course, the problem of

calculating the expansion coefficients is still open, because we don't have an

n'0



orthogonality relation for the functions P+ n or P_$n. In fact, an interest-

ing question is, whether E+ and E. can indeed be characterized directly in

terms of boundary value problems on the intervals (0,1) and (-1,0) separately.

4. Multiplicative Coordinate Operator

Full-range theory. The theory of Sections 2 and 3 can be generalized in

various directions. In this section we shall consider the case of a multipli-

cative coordinate operator T,

Tu(x) - xu(x) , x E (-1,1) , u E H.

We take A as in (2.2).

The full-range theory does not change appreciably. The space HA is

introduced as before as the completion of dom A with respect to the A-norm.

The basic operator is S,

Su - KTu , u E HA , (4.2)

where T is now given by (4.1). This operator is again compact and selfadjoint

in l'(HA). The eigenvalue equation

n n n
n - flf2,... (4.3)

gives a countably infinite number of simple eigenvalues An, which can be

ordered as in (2.7). The full-range expansion theorem is identical to Theorem

2.2, where the an and $n are now determined by (4.3).

(4.1)
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Eigenvalues and eigenfunctions. The eigenvaiue equation (4.3) can still be

solved in terms of Airy functions; see, for example, [11, Section 10.4]. The

positive eigenvalues An (n.1,2,...) are the roots of the transcendental

equation

Ai(A1/ 3 ) Ai(-A 3 )

Bi(X1/3 ) Bi(-AX 3 )

where Ai and Bi are the Airy functions of the first and second kind, respec-

tively. The eipenfunction 0 corresponding to a positive eigenvalue A is

Ai(A 1/3 )

$(x) - n fAi(-xA )- Bi(" 3 ) i(-x 3 ) , -1 < x < 1 . (4.5)

n

The eigenfunction $n corresponding to the negative eigenvalue A - -An

follows from the symmetry relation $- (x) - n(-x). We observe that, as in

Section 2, the eigenfunctions 0n with n > 0 are monotone on [-1,0], but on

[0,1] they display the characteristic properties of eigenfunctions of Sturm-

Liouville problems. This suggests the feasibility of a half-range theory

along the lines of Section 3.

The asymptotic behavior of An as n + is given by

(n - )" + 0(n~1) , n + C . (4.6)

Ignoring small terms, we have

~n ncn fx(Ai(-xA1/3)) 2dx .
0Tc

The integral behaves asymptotically like An as n + *, so
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Y$ 2 4-%5/6C-{1+O(n1)} , n + .(4.7)
n A n n

Definition of Hq. We introduce the projections P and Pm on HA, as in Section

2, as the projections onto the positive and negative maximally S-invariant

subspaces, cf. (2.18). We define the S-inner product as in (2.20), and let HS

be the completion of HA in the topology defined by the S-inner product. The

projections Pp and Pm extend by continuity to orthogonal projections (P and

Pm, respectively) on HS. Also, S extends by continuity to a bounded linear

operator (S) on HS, which is compact and selfadjoint in l(Hs).

THEOREM 4.1. Any x E HS has a unique expansion of the form

u- n , uEHs , (4.8)

where an - (u,n)5/(,nn)5 . The expansion converges in the topology of HS.

PROOF. The proof can be taken over verbatim from the proof of Theo-em 2.3. B

Again, 10n 1A - |X |14n 112 for each n. By adopting the normalization

-~~1I 1 (4.9)

we achieve as in Section 2 that the spaces HS and 1 (Z\{0}) are topologically

isomorphic, the isomorphism F being given by

Fu - ((u,on)S n-) , U E H . (4.10)
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The transformation F diagonalizes S on HS.

Identification of Hq. As the following analysis shows, the space H can no

longer be identified with the original space H. In fact, H extends beyond H.

We recall that T is a bounded self adjoint operator in 1'(H). Its absolute

value ITI is defined by

ITI = TP+ - TP_ , (4.11)

where P+ and P_ are the projections which map H onto the positive and negative

maximally T-invariant subspaces, respectively. (Their expressions are given

in (3.1).) This absolute value figures in the statement of the following

lemma, which is the analogue of Lemma 2.4.

LEMMA 4.2. If (an 1 2 (N), then the series TI 1/2 a convergesinthe

L2 -sense on (-1,0), and

0 -2

f cad(x) I|xidx < C I tn (24.12)
- 1 n-1  n-1

for some positive constant C which does not depend on the ca's.

PROOF. The proof is similar to the proof of Lemma 2.4. It hinges upon an
0

estimate of the integral f |x (x)4n (x)jdx. The estimate is obtained from the
1 n n

identity

0 0
f*'4'dx - lim($ *')(x) -an f Inlxldx
-1 x0-1
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which follows from an integration by parts and an application of the identity

4 (x) a IxIn(x) on (-1,0). Thus,

0 0
2f 4'4'dx - lim(4m '+'$ )(x) - (m+a)f $m0nIxIdx
-1 xt0m-1

The integral in the left member is positive, as we assume that the sign of cn

is chosen such that 0 (x) > 0 on (-1,0). The limit in the first term of the

right member can be evaluated explicitly from (4.5). Hence,

0 a1/3 + 1/3

f n Ixtdx < Ycmcn ma +a-1 m n

for some positive constant Y. The normalization 0n4 S - 1 implies that

I n = |, so (4.7) shows that c - O(X1/6) as n + . The eigenvalue A

satisfies the asymptotic estimate (4.6). It follows that there exists a

positive constant C such that

0 C

-1 m+n

for m and n sufficiently large. The lemma then follows from Hilbert's double

series theorem, as in the proof of Lemma 2.4. 0

Next, we state the analogue of Lemma 2.5.

LDII!A 4.3. Let_ (_an 1 be a sequence of complex numbers. The series

|T|2 an converges in H if and only if (an)n= E 12 (1). Moreover, the

mapping (an)= 4- I 1/2 1 a* is bounded and boundedly invertible from

2(I) into H.
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PROOF. The proof is based upon the relations

N a |2 < IITI1/2 N 2
n- n - n ni

n=1 n=1

N 0 N 2

- an 2 + 2f , a n Ixldx (4.13)
n=1 -1 n-1

and Lemma 4.2. 0

There is a similar result for sequences (an ) n : the mapping (an)
f ITI+|1/2 1 -n-n is bounded and boundedly invertible from t2(N) into H.

Together, these results imply that the mapping (an) n-- T 1 2  -- a * is

bounded and boundedly invertible from 2(Z\{0}) into H.

Because T-1 is unbounded, the operator |TI/2 does not define an

automorphism of H. We may therefore not conclude that the mapping (an n-.

Sis an imbedding of (z\{0}) into H, as in Corollary 2.6. The

factor |TI1 2 indicates, however, that this mapping must be considered as an

imbedding into a larger space, viz. H'T, the completion of H in the topology

defined by the inner product (-,-)T on H,

(u,v)T - (|Tlu,v) , u,v E H . (4.14)

Clearly, HuIT <lul for every u E H, so each element of H can be identified

with an element of H'T, but not vice versa.

We observe that the projections P+ and P-, which are orthogonal on H with

respect to the ordinary as well as the T-inner product, extend uniquely by

continuity to orthogonal projections (P+ and P_, respectively) on H'. Also it

follows form the estimate
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IKTuIT - ITI 1 2KTuI

= nITI'
1 2KITI

12 (P -PITI'1
2u,

< 2CIT|1/ 2uN - 2CNuIT ,

which holds for any u E H, that the product KT extends uniquely by continuity

to HT. We shall denote the extended operator by ST.

We can now rephrase the imbedding result obtained above in the following

terms.

COROLLARY 4.4. The mapping (an)n -- -a nn is bounded and boundedly

invertible from 2(Z\{0}) into HT.

This corollary gives us one half of the proof of the equivalence of the

S- and T-norms.

THEREEI 4.5. The norms I" I and T1a~re equivalent.S. -

PROOF. The proof

to the inequality

is similar to the proof of Theorem 2.7. Corollary 4.3 leads

NuIT < CuU5 for every u E HS. Then, for any u E HA,

lua - ((P+-P)u, (Pp-Pm)u)T

< I (P+ -)u IT (p-m)u IT

< 2CIu1T1(Pp-P )uls

< 4CluIT lul
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so luns < 4CluhT. The inequality extends to H by continuity. 0

The theorem implies that H and HT can be considered as one and the same

topological vector space. Also, S can be identified with ST. We state the

full-range completeness property of the eigenfunctions *0 in the form of a

theorem.

THEOREM 4.6. The set {n: n- 1, 2,...} is a basis ofH'.

This completes the full-range theory.

Half-range theory. The projections P+ and P_ define the direct sum

decomposition

HT = H+ a H_ , (4.15)

where 11+ = P+(H'r) and H_ -P_(HT). This decomposition is orthogonal with

respect to the T-inner product. Similarly, P and P3 define the direct sum

decomposition

HS - Hp * H3 ,(4.16)

where HP - Pp(Hs) and Hm - Pm(Hs). This decomposition is orthogonal with

respect to the S-inner product. Because HS and HTL are topologically

isomorphic, we can view (4.15) and (4.16) as two different decompositions of

one and the same space. The projections P+, P-, Pp, and P are well-defined

bounded linear operators on this space, and the connecting transformations V,
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W, V#, and W# can be defined on it as in (3.4) and (3.5). Instead of (3.6),

(3.7), and (3.8) we have the identities

(Vfg)T - (f.V#g)'S .(Wfg)S -*-(f ,W# (4.17)

for any pair f E HS, g E HT, and

IVfI - IWfI - HS , f E HS,(4.18)

Vf12 _- W ,-2 2 , f E HT*(4.19)

The connecting transformations V and V# define bijective mappings of H onto

HT and vice versa. The partial inverses (P+IH)-Y, etc. define the extension

operators E+, etc., and we have, in addition to (4.15) and (4.16), the direct

sum decompositions

HT -H -Hp *H_ H+ OH , (4.20)

with Hp - E+(HT), etc. In terms of eigenfunction expansions we have the

following results.

UK(Rt 4.7. The set {P+*n: n-1, 2,... .is a basis of H+; the set

P_-n: nm1,2,...} a basis of H_.

Thus, for example, every function u+ E H+ (i.e., every function u defined on

(0,1) for which | Iu+12|xjdx < ") admits a unique expansion of the form
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u+- n + n , (4.21)
n-i

with Rn = (E+u+ , )S; this half-range expansion converges in the topologies of

HT and HU.

5. Legendre Differential Operator

Full-range theory. Next, we discuss the boundary value problem (1.1). The

Legendre differential expression which figures in this problem introduces two

new features: it is singular and only positive semi-definite. The singular

nature of the expression affects primarily the initial formulation, where one

has to choose a selfadjoint realization. On the other hand, the presence of a

nontrivial kernel will be felt throughout the entire analysis. Nevertheless,

a full-range, as well as a half-range theory can be developed for the eigen-

value problem (1.1).

The operator T is again the multiplicative coordinate operator on H, as

defined in (4.1).

Let p - [1-x2 : x E (-1,1)1, and let M be the maximal operator associated

with the expression -(pu')', i.e.,

Mu - -(pu')' , u E dom M , (5.1)

where

dom M - {u E H: u and u' locally absolutely continuous
on (-1,1), pu' E H).
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We define A as the restriction of M to dom A,

Au - Mu , u E do. A ,

where

dom A - {u E dom M: lima+u(x) and limxtlu(x)

exist and are finite} .

Thus, A is self adjoint and positive semi-definite; its eigenvectors are the

Legendre polynomials,

APn - n(n+1)Pn , n-O,1,... . (5.3)

Notice that ker A - sp(1) and ATI - 2T1; that is, we are dealing with a

case where the two conditions dim ker A < a and AT(ker A) - T ker A, which

also occur in the earlier article by Beals [12] and the recent preprint by

Greenberg et al. [7J, are indeed satisfied.

The way to deal with a nontrivial kernel of T~1 A was first suggested by

Lekkerkerker [13] and expertly treated later by Van der Mee [14] in the

context of the neutron transport equation in a conservative medium. It is

based on a reduction of the operator T- A.

L EMA 5.1. The_ sace H admits a direct sum decoqosition

H " H0-H H , (5.4)

such that {H 0 ,H1} reduces T-1A. In particular,

(5.2)



H0 - sp(1,T1) ,

H1 = ju c H: (Tu,1) - (Tu,T1) - 0} .

PROOF. The space H0 is the generalized eigenspace of T 1 A at the eigenvalue

0. The proof of the lemma is a minor modification of the proof of [1, Theorem

3.1]. LI

The decomposition (5.4) is not orthogonal with respect to the usual inner

product of H. The skew projection which maps H onto H1 along H0 is

Pu - u -- Tu,T1)1 - (Tu,1)T1 , u E H . (5.5)

Notice that TP is selfadjoint in l'(H).

Since H0 c dom T 1A, the restriction T 1A|H0 is defined everywhere on

H0. If {1,T1} is taken as the basis of H0, then T~'AIH0 is represented by the

2x2 matrix

-1 0 2
T AjH -( ) (5.6)

0 0 0

The restriction T~'AIH1 is invective. Its inverse can be calculated

explicitly. If u ( dom T-1AnA H1 and T~'Au - v, then v f H1, Au - Tv, and u

- PKTv, where K is the following integral operator on H:

1
Ku(x) - f k(x,y)u(y)dy , x c (-1,1) , u c H , (5.7)

-1
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with

k(x,y) - - &n((1+x)(1-y))

k(x,y) - - 1 n((1+y)(1-x)),

-1 < y < x < 1,

-1 < x < y < 1.

Conversely, if v E H1 and u - PKTv, then u E dom T-1 A n H1 and T-'Au - v.

Hence,

(T 1 A|H ) 1 - PKT|H (5.8)

As K is compact, and P and T are bounded on H, the product PKT is compact.

The study of T~'A has thus been reduced to the study of a compact operator on

H1 .

The operator PKT is not symmetric with respect to the usual inner

product. However, as we shall see, it is symmetric with respect to the

A-inner product:

(u,v)A - ((I-P)u,(I-P)v) + (APu,Pv) , u,v E do. A . (5.9)

Let HA be the completion of do. A with respect to the norm I.A associated

with this inner product. Every element of HA can be identified with an

element of H. Clearly,

HA -H0HlA,
(5.10)

where H1,A * P(HA). e denote the restriction of PKT to Hl,A by S.
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Su - PKTu , u E H1, A (5.11)

and consider S as an element of (H1,A).

THEOREM 5.1. The operator S is compact and selfadjoint in f(H 1 ,A '

PROOF. Because APKTu - Tu for all u E H1 , the symmetry of S with respect to

the A-inner product follows immediately from the symmetry of T with respect to

the ordinary inner product. Compactness is shown as in the proof of Theorem

1.1. L

The spectrum of S consists of a countably infinite sequence of real

eigenvalues with an accumulation point at the origin. As we have seen, S is

invective, so the origin does not correspond to an eigenvalue. We write the

eigenvalue equation as

S4 - ,
n n n

n - *1,*2,...

In this form it is equivalent with the boundary value problem (1.1) in H1 .

Each eigenvalue 1.s simple, and the eigenvalues can be ordered as in (2.7).

THEOREI 5.2. _AnL u c HA has a unique expansion of the form

u - 1+ a02T1 + ,
nnn

u E HA , (5.13)

(5.12)



where

a0 1 - ( u , 1 ) A - = T u ,T l ) ,

a02 - u,Tl)A- Tu,1)

an =(Pu,ln A n n A nn) "

The expression converges in the topology of HA.

PROOF. Any u E HA can be decomposed uniquely, u - (I-P)u + Pu, where (I-P)u -

a011 + a0 2T1, a01 and a02 as given in the theorem, and Pu E H1,A'

The component Pu, in turn, has a unique representation ) Wai n * where

an - (Pun A/(n'on)A' Because 0n satisfies the eigenvalue equation An

- XnTo , as well as the orthognality conditions (Tn,1) - 0 and (Tn,T1) - 0,

it follows that an - (TL, n)/(T n' n).

Eigenvalues and eigenfunctions. An explicit solution of the eigenvalue

problem (5.11) is no longer possible. With one turning point (at x - 0) and

two (regular) singularities (at x - *1) one needs to break up the interval

(-1,1) into three subintervals: (-1,q), (q,p), and (p,1), with -1 < q < 0 and

0 < p < 1, and solve the differential equation on each of these subintervals

separately. The boundary conditions at *1 determine the solution on (-1,q)

and (p,1), up to arbitrary maltiplicative constants; on (q,p), the differ-

ential equation has two linearly independent solutions. The three representa-

tions are matched by the requirement that the Wronskian be zero. Thus one

obtains a transcendental equation, the roots of which are the eigenvalues

an, and a single representation for the eigenfunction *n on the entire
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interval (-1,1); the representation is unique up to an arbitrary multi-

plicative constant, which is then determined by the normalization condition.

This procedure has been carried out in the asymptotic regime I An + CO by

Veling [8]. Veling considered the eigenvalue problem Sun - 'un together

with the normalization condition lim +un x) - 1 if n > 0, limx-lun(x) - 1 if

n < 0. We quote from [8]:

u (x) = x 4 (1-x2 -1/4(-(x 1 /4w (X/ 2 ,(-n(x))1/2) (5.14-1)

X E [p, 1J

un(x) = Ix' 1 4 (1-x 2 ) 1  (4 I&x)I'1 4 w2 (\n 3 ,&(x)) , (5.14-2)

x E [p,q]

un (x) = (-x)31/(1-x2) ('(x)) w3(X ,(n(x)) 2 ) (5.14-3)
x E [-1,q ,

where the functions n, t and n are defined by the expressions

(-n(x))(1/2 t1 /2(1-t 2) 1 /2dt , 0 < x < 1 , n(x) < 0
x

(x)3/2 1/2 2-1/2dt -1 < x <1 , xE(x) >0,
0

(n(x))1/2 f(-t)1/2 (1-t2 )-1/2dt , -1 < x < 0 , n(x) > 0

-1

The functions w1 , w2, and w3 have the following asymptotic expansions:

wl(an/2 _-91/2 1 J(A/2( n1/2) 7ane -s
/O

- a-1/2(-n)1/2) x12( a /)

n 1 s 0 no n



w2(a,/3 )= /Ai- 3a sO ns

+ a 2 /3Ai'(-&X" 3 )1 -b - s

3 n n s ns ns

s-0

-+ )J1/2 1-t2 -1/2 12)/2 (X -2n ) -s
s=0

These asymptotic expansions hold uniformly for n E [n(p),0], E

and rn E [O,n(q)], respectively, as nXf 00. Note the identities

(An A) L 2 B- 0( ) , x > 0 ,

(r(x))1/2 - L- 2(_&(x))3/2, x ( 0,

where L is the integral

LE ft ft1/2ot2 1 2dt (2n)3/2 (( 1 ) ) 2
0

The asymptotic behavior of an is found to be

a =An+2)2+B+0n1) +c,(5.15)

where A = 'r L2 and B = -Si/(12L 2).

Each of the function pairs (ans ,b), (i , n) (a bn) is determined

successively for s - 0,1,... . In particular, an0' n ' and anO are constant
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functions, whose values are determined by the normalization condition. If

un(1) = 1, then

an0 = 1 , (5.16-1)

anO = (-1)n 2 1/ 2 X-1/ 6 (1+o(n-1/ 3 ) , (5.16-2)
n0 n

-n1/2L
a 0 = (-1)n en (l+o(e-nL )) . (5.16-3)

Thus, the eigenfunction un is monotone on [-1,0] and oscillating on [0,1]. Its

magnitude on [-1,0) decays exponentially as n + w, while its value and the

value of its derivative at the origin, which are asymptotically equal to

a nAO(0) and -a X1/3Ai'(0), respectively, are of the order of an/6 and

11/6 as n + s
n

Finally, we quote the following asymptotic result from [8]:

(Tu ,u ) = _a,/(1+o(n~)) , n + . (5.17)
n n ir n

Returning to the original eigenfunctions *n, we conclude that they are

constant multiples of the eigenfunctions un studied by Veling. If we take

n =c nun , (5.18)

then Il$n Xn n')n Xe (Tun,u ), so

II$ 12- L 1/2c2 {1+o(n-1) , n +f (5.19)

n A "nn n

The asymptotic relations (5.15) and (5.19) are the analogues of (4.6) and

(4.7), respectively.
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Definition of Hq. As usual, the next step consists of the introduction of the

space HS as the completion of HA in some suitable topology. Because HA - H0 *

H1,A, where H0 is finite-dimensional, the choice of this topology is essential

only on H1,A; on H0 it is more a matter of convenience.

On hl, we define the S-inner product in the usual way. First, we intro-

duce the projections P1 , and P1,m

00 (u, On A co ( u, -)

P n=1 On'$n A n' 1,m n-i -n'-n)A -n'

u E H1A '

and the absolute value stof ,

(5.20)

(5.21)S I - SP 1,SP m.

Then we define the S-inner product on H1,A,

(u,v)S = (tS u,v)A ,

Next, we extend this definition to

somewhat involved, but the purpose

clear shortly.

We observe that the subspaces

by certain properties with respect

[u,v] - (Tu,v) ,

u,v E H1,9A. (5.22)

include the subspace Ho. The definition is

of this complicated procedure will become

Plp(H1,A) and P1 (H1,A) are characterized

to the indefinite inner product [","] on H,

u,v E H . (5.23)

In particular, [u,vJ - 0 for any pair u E PlP(H1,A)' v E P1m(H1,A) ;

[u,u] > 0 for all u E P1 P(H1,A) and [u,u] < 0 for all u E P1m(H1,A), with
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equality holding if and only if u-0; finally, JPlp(H1,A) - P1,m(H1,A), where

j is the (unitary) switch operator on H, cf. (2.6).

We now define the projection operators POp and PO,m on HO in such a way

that the subspaces PO,p(H0) and PO,m(HO) share these characteristics:

(Tu,$ 0 P) (Tu,$ 0 m)

P0 pu = (T 0 ,' 0 ) +0,p POmu -T$,M'0,m) 0,m ' (5.24)

u E HO'

where the vectors $0,p and $0,m are the following linear combinations of the

vectors 1 and Ti:

0,P= c0,p(01+T1) , $0,m=- c0,m(01-T1) . (5.25)

The coefficients c0,p and c0,m will be determined shortly by means of suitable

normalization conditions. The constant 6 is positive; it is determined

uniquely by the conditions

0 ,p + P1 ,m(H 1,A) 0,m E H_ P (H1,A) . (5.26)

(Actually, one of these conditions suffices, because of the symmetries of the

problem.) Here, H+ and H_ are the positive and negative maximally T-invariant

subspaces of H, i.e., H+ - L2(0,1) and H_ - L2(-1,0). This choice of 0 was

first proposed by Van der Mee in his thesis [14] and is indeed most convenient

for the subsequent analysis; cf. the discussion in [9, Section 9.11.

Next, we combine the projection operators P0 ,p and P1,P into a single

projection P, on HA,

P u -=P (I-P)u + P Pu , u E H-.)p 0,p upHA (5.27-1)
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Similarly,

Pmu - P0,m(I-P)u + P Pu , u E HA . 5.27-2)

Thus, [u,v] - 0 for all pairs u E Pp(HA), v E P(HA); [(,0] is positive on

P (HA), negative on Pm(HA); and JP (HA )-m(HA)*

The definition of the S-inner product is now extended to all of HA in the

following way:

(u,v) 5 - [(P -Pm)u,v] , u,v E HA . (5.28)

One readily verifies that this definition is indeed an extension of (5.22).

In fact, because the subspaces H0 and H1 are "orthogonal" with respect to the

indefinite inner product [-,"], we have

[u,0,pJ (0,p,vJ [u,0mJ[0m,vJ

(u ,v )S - -
OP,m' 0,m

(5.29)

+ (PuPv) 5 , u,v E HA

The norm lois associated with this inner product on HA is, of course, equi-

valent with the A-norm on H0 . Completing HA with respect to the S-norm, we

obtain the (Hilbert) space Hs. Clearly,

HS - H0 0 H1 ,(5.30)

where Hi,S is the completion of H1,A with respect to the S-norm.
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All relevant operators can now be extended uniquely by continuity to the

larger space: P to a projection which maps H onto His along HO; 1,p and

Pl1m to projections on H1,5 which are orthogonal with respect to the S-inner

product; Pp and Pm to projectiuns on Hs, also orthogonal with respect to the

S-inner product; S to a bounded linear operator on H1 ,5 which is compact and

selfadjoint inf1'(HiS); etc. We shall use the same symbols to denote their

extensions.

THEOREM 5.3. Any u r HS has a unique expansion ofthe form

U = a0 ,p Op + a0,m0,m + anon , u HS , (5.28)
n=-e

where

a0 ' =(ub,p )/(4) ,'.)Sa0, = uO,p S O,p' 0,p '

a0,m = (u,$ 0 ,m )S 0,m'0,m)S '

an -(u, )/on,4)n)S

The expansion converges in the topology of H.

2 4 2 an2U

A straightforward calculation shows that 1 0O,p'S I Qc2,p and 100,m S

40c 2  2
- t 0m. Furthermore, we have the usual identity 1A - An n S for each

eigenfunction $n. By a proper choice of the amplitudes c0 ,p, c0,m, and cn we

can achieve the normalization

(5.29)1 $0,p S -10,m
1 S - nIS - 1 .
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Thus, HS is topologically isomorphic with the space C2 4 2(Z\{0}); the

(isometric) isomorphism F which maps H onto C2 8 2(Z\{0}) is given by

Fu - ((u,$0 ,p )S(u, 0 m )S,((u,)n )Sn--") , u E HS . (5.30)

This transformation diagonalizes S on Hi, 8, in the sense that FSu - A'Fu for

every u E Hi,s. Furthermore, FT 1 Au - A0 Fu for every u E H0 , where A is the

1 1
2x2 matrix ). Thus, we may say that, with respect to the basis

),p' 0,m' n -w}, T-1 A has the following canonical representation:

T1AA = F~1(. 0 0 )F . (5.31)
Q A

Identification of Hq. It remains to identify the elements of H. Obviously,

it suffices to identify the elements of His. The procedure of Section 4 can

be followed.

It turns out that Lemma 4.2 holds also in the present case, although the

proof is different in details. Again, it is based on an estimate of the
0

integral f x+(x)n(x)fdx. This time, the estimate is obtained from the
-1

identity

0 0
f (1-x 2 )4'$'dx - lim(pm *)(x) - X n m~n x dx
-1 xt0m-1

which follows from an integration by parts and an application of the identity

((1-x2 , )= nIxn(x) on (-1,0). The limit can be evaluated. Assuming

the proper choice of the sign of cn, we find

0 cc

-im nIxdx < Y un
-1n n
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for some positive constant Y. The normalization I1n S - 1 implies that

$n U a n, so (5.19) shows that c - O(an 2 ) as n + c. The eigenvalue Xn

satisfies the asymptotic estimate (5.15). Therefore, there exists a positive

constant C such that

0

$ $ x dx < C

-1 m nI -m + n

for m and n sufficiently large. The proof of the lemma is then completed as

before, by invoking Hilbert's double series theorem.

Hence, the series I /2  'n n converges in the L2-sense on (-1,0),

whenever (a )n 2(N). One then shows in the usual way t rat the same

condition is necessary and sufficient for the convergence of the series

T an' in H.
n1n n

Lemma 4.3 and its analogue for negative indices hold again, so the

mapping laJ____ n4 is bounded and boundedly invertible from
n n n on n

Z2 (Z\!0}) into HT.

The proof of the equivalence of the S- and T-norms on H1,5 is then

completed as in Section 4, Theorem 4.5.

The equivalence of the S- and T-norms extends to the full space HS.

Hence, we can identify HS and H, as one and the same topological vector

space. The full-range theory thus culminates in the following theorem.

THEOREM 5.4. The s 1et { 0,p'+0,m' On: n-*1,*2,...} is a basis of HT.

Half-range theory. Because of the way we have defined the projections PO0 p

and PO,m on the subspace H0, the half-range theory is formally identical to
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the theory developed in Section 4. The decompositions (4.15) and (4.16), the

definitions of the connecting transformations, and the identities (4.17),

(4.18), and (4.19) are all unchanged. The connecting transformations V and V

are bijections of HS onto HT and vice versa. Hence, the extension operators

can be defined as before and we have again the decompositions given in (4.20).

TREN 5.5. The set {P+0,pP+On: n-1,2,...l is a basis of H+; the set

P_$0,m -K-n: n-1,2,...} is a basis of H_.

PROOF. Take any u+ E H+. Then !+u+ E H and we have, according to Theorem

5.3,

E+u+ 8+o,po,p +8n1non
++ n-i

where 6Op - (E+u+' 0,p)S and an - (E+u+,$n)S. Because P+E+u+ - u+, the

theorem follows. 1

6. Generalizations

Multiplicative operator. In conclusion, we discuss some questions regarding

possible generalizations.

The theory developed in Sections 2 and 3 provides the model upon which

our approach to Sturm-Liouville eigenvalue problems with indefinite weights of

the form Au - XTU is based. The distinctive feature of our approach is the

way in which classical hard analysis is used to identify the elements of the

space HS, either as elements of H -- as in Section 2 -- , or more generally as
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elements of HT -- as in Sections 4 and 5. Comparing the details of the proofs

of Lemmas 2.4 and 4.2, one notices that one critical factor is the magnitude

of the eigenfunctions and their derivatives as one approaches the turning

point (x=0) from the left. The exact nature of the weight function away from

the turning point appears to be less critical than the behavior near the

turning point.

The results of some preliminary investigations indicate that the method

of Sections 2 and 3 can also be applied to the case where T is a multiplica-

tion operator of the form

Tu(x) = h(x)u(x) , x E (-1,1) , u E H , (6.1)

with h(x) < 0 on (-1,0), h(x) > 0 on (0,1), provided in h is of bounded

variation on (0,1).

Counterexample. That the equivalence of the S- and T-norms is not at all

assured is shown by the following example of an eigenvalue problem of the form

Au - ATu (6.2)

in a Hilbert space H. In this example, the operator A is positive definite

and unbounded, A-1 is compact, and T is indefinite and boundedly invertible.

The underlying space H is 12(U), the space of square summable sequences

u - (un)ni. The operators A and T are direct sums of two-dimensional

operators An and Tn, respectively,

W 46

A - *"A , T- *" T,

n-1 n n
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where

A I=n 03
A - ,n(nn3

0 -1
T - ,L

n \-i 0

n-l,2,... .

In the notation of Section 4 we have

HA uE H: 2nu-1 <
n-1 2 n-1

with hu 2 ( - nu2n-1 + nu ), and
A n-i n 1+ 2 n d

S - Sn , where Sn
n-I

0 -n
-n 0

Because S2 is a positive selfadjoint operator in HA, the absolute value IS is

equal to (S2 )1/2; hence,

-C n-2 0

n=1 0 n 

It follows that

S- {u E H: I n u _ < 2,
n-1 2n_1

nut < a.
n-1

But HT - H, since ITI is the identity in H. Clearly, HS and H, do not

coincide as sets, so the S- and T-norms are not equivalent.
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