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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

ADVANCE RESTRICTED REPORT 

ON. A NEW METHOD FOR CALCULATING THE POTETTIAL PLOW 

PAST A BODY OF REVOLUTION 

By Carl Kaplan 

SUMMARY 

A now method is presented for obtainiu; the velocity 
potcn'tial of the flow about a solid of revolution moving 
uniformly in the direction of its axis of symmetry in a 
fluid otherwise at rest. This method is based essentially 
oh the fact that the form of the differential equation for 
the velocity potential is invariant with regard to conformal 
transformations in a meridian plane. By meaps of the con-
formal transformation of the meridian profi.e into a circle 
a system of orthogonal curvilinear coo rciinaes is obtained, 
the main feature of whioh is that one of the coordinate 
lines is the meridian profile itself. The use of this type 
of coordinate system yields a simple expression of the 
boundary condition at the surface of the solid and leads to 
a rational process of iteration for t he solution o± the 
differential equation for the velocity potential. It is 
shown that the velocity Potential for an arbitrary body 
of revolution may be expressed in terms of universal func- 
tions which, although not normal, are obtainable by means 
of simple quaciratures. 

The general results are applied to a body of revolu-
tion obtained by revolving a symmetrical J.aukorski profile 
abOut its axis of symmetry. A numerical example further 
serves to illustrate the theory. 

INTRODUCTION 

The simplest case of a three-dimensional fluid motion 
occurs when a body of revolution moves with a constant 
velocity in the direction. of its axis of synmotry. 	 In 
this case,.the motion is the same in any plare passing 
through the axis of symmetry and, in this respect, presents



2 

some analogy with a'tw dime,nsi.o'n'al motion. Thus, a stream 
function is defined by means of the equation of continuity; 
and the condition for irrotational motion yields a velocity 
potential. The stream : fpn'c:tion'. and the ve)ocit.r Dotential, 
however, are not interchangeable in three-dimensional flows 
in the same way as 'are the corresponding quantities in two-
dimensional irrotationa]. motions. The reason for this 
difference is 'that, although the differential equation for 
the velocity potential is Laplace t s equation, the equation 
'for the stream function is not Laplace's and therefore 
the two functions, cannot be combined' to give an analytic 
function of a single complex variable. It follows that 
the elegant and powerful methods of the complex variable 
are not obviously-a pplicable and' the calculation of the 
pot, entiai'flow, past a body' of revolution has., of necessity, 
dee1oped alorig other 'lines.  

The method of calculating 'the flow past a body of 
revolution most often referred to was suges ted by Rankine 
and d.evelQped by yen KLrini (reference 1) and others. 
For axial flow, the axis of the body is covered. by .a 

'continuous distribution of sources , and si:'ik.s in such a 
way that the closed stream surface found by the super-' 
position of the flow induced by the sources and sinks on 
the parallel flow cOincides with the surface 'of the solid. 
'For transverse flow', the. axis of the 'body is covered by a 
continuous distribution of doublets. The su perposition of 
fhe flow due to the doublets oi' the parallel flow, then 
yields the surface of the solid as a stream surface. Both 
problems lead to inte&ral equations that-von Krm.n solved 
by an approximate method. As von .Krnwn pointed" out, how- 
ever, the exact replacement of the body by a distribution 
of singularities along the axis of symmotr is possible 

• only when the analytical continuation' of the potential 
• function,.free from. singularities in the space outside the 

body, can be extended to .the axis of syetr; without en-
countering singular points. '('sob reference 1, p, 27.) 
Inasmuch as the question of when this analytical contin-
uation is or is not possible has never boon answered, 
numorical calculat ions' may •I'ed to incorrect results, 
particularly in the case of a body ith a rather blunt 
nose.  

'In reference 2 an attempt was made to calculate the 
potential flow past a bbdr of revolution acdording to the 
methods of potential theory.	 In. that 'paper, Laplace I s 
equation for the velocity potential	 expressed in terms'
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of ell.iDt,ic-c'yLindrical coordinates and is solved in 
conj.unct.ion with the, appropriate boundary condt ions for 
axial, and transverse flows. In the case. of an ellipsoid 
or a hrperboloid -of revolution the solution is obtained 

CO	 in a closed for,m,..both shapes being m,e.mbers of the family 
UINOf orthogonal coordinate surfaces belonging to a system 

of li'iptic;-qylindrical coordinates.. For, any other, solid 
o.f revolution, however, the method leads to to sets' of 
linear eauat.'io.n, each sot, having an inint-e number of. 
equations and an infinite' number of unknown coefficients 
for ;he detorminat ion of the velocity .pot'e.nt i-ale. for the 
axial and transverse flows. 	 . .	 .,	 .. 

In the present paper, a new method is presented for 
calculating the' pQ'ten'tiai flow :past,anarbitra1y body of 
revolution. Only the case of axial flow is discussed but 
the mothod 'isequally applicable to th case of transverse 
flow. The method .is based on the discovery that, by the 
proper choice 'of .tha svs tern 'of coordinates t:o lbe . used for 
a g'ivon: tody of revolution,. the, solution of the potential-
flow problem' can be otain'ed by means of. quadrature s. 
Coordinate systc-ms of this.- nature already. exist in the 
literature,. per examplo,- If the: solid. ..s	 ipso:id 
or a. hyperoloi A of revolution, the .coor'iaato systo,m 
used' is an :elliptic.-cyl.indr.ical one. -These. coordinate 
systems: possess in -,cQmmori 'the property 'that one of.th.ei.r 
coordinate surfaces 1:5 the b .cu1d.arir o f the solid jtsolf.. 
It will be shown In this paper that , by moans of the con-
formal ':tr'an'sfOrmation of the, marl'.dtan profile into a circle,. 
a system of orthogonal curvilinear coordinates can be do-
fined such that one of the coordinate linos is thó meridian 
profile oi. tIe solid of revoltien,.. Fuitcriorc, it will 
be shown that, by the use of' this type of coordinate system, 
the potontialf1ow problem for an arbitrary body 	 .,ro.volu.-
tion can 10 solved by means of elementary integration. 

In comparison of the method of this paper with the 
method of refornco 2, it is to be recalled that, in refer-
'once 2, Laplace's equation for thc. clecity potential was 
expressed in elliptic-cylindrical coordinates. Tho general 
solution involves normal functions: namely, Lcgcnd.ro func-
tins of thefirst' 'and second kinds.. . Thc 'boundary condition, 
however,' for an arbitrary body of rovolution' involves the 
two Independent variables of the problem and yields, a's 
mentioned before, an infinite sot of linear equations with 
an infinite number of unknown coefficients. On the other 
hand, the method of this paar.:utilizos a'different co-
ordinate system for each body of rc.volut ion, The main
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feature of these conformal orthogonal curvilinear co-
ordinates is that one of the coordinate lines coincides 
with the meridian profile of the 'body of revolution. This 
fact leads to. an e.-press ion of the boundary condition at 
the surface involving only one independent varibl'e. 
Although the general solution of the differential equation 
for t,h velocity 1otenia1 has not been obtind in 'terms 
of normal functions, a method of iteration has been de-
vised that involves only elementary integrations. This soluticn, 
satisfying the boundary conditions , can then be expressed 
in terms of universal functions. Although these functions 
are not normal, they need be determined but once. 

MATHEMAT I CAL DEVEL OPMEITT S 

Equation for the Velocity Potential 

The axis of symmetry of the 'body is denoted. by x 
and the, position of a point in a meridian p lane is fixed 
by the Cartcsian'coord.nates (x, 	 ) (fig. 1).	 Then if 
qx and qD are, rospec tively, the components of the 
fluid vcjocity in the directions of the x, and 
axes, tho qquation of continuity is obtained by equating 
to zero the flow but. of the. annular space obtained by 
revolving' a small rectangle dxdZ5 around the axis of 
symmetry. Thus,.the total flow outward in the d J- r octiou 

of the x axis. is	 (2qd) dx and in the direction 

of the .U5 611:is is	 (2qTdx) d.	 The equation of 
ow 

continuity is therefore 

	

•s.;- (w q) +,	 • ('q) = 0	 (1) 

Since t"e, flow i symmetrical about -the x axis, 
the vorticity is

- --=- 

	

ox	 ow



and if, further, the motion is irrotational, then 

A velocity potential 0 cn therefore be so ef.necl. that 

.?0	 1 
qx

c	 () 

q:-W-

andthe equation of continuity (i) becoes 

+	 -	 = 0	 (3) 
U X \• C) X I	 dTh	 3 I 

Consider now the conjugate complex vrLriables 

z	 x ± i7w	 and	 = x -	 itI3. Then, symiolically, 

2 
05	 6 X 

2 = -- 
z	 x

+	 i
Ow 

and it	 can be easily verified that

(! ( 
\. X) (	 OW,

R.P. 4	 - 
Q5	 \	 -J 

ci	 /O\
is Thus,	 the vanishing of the real part of	 ---	 (ci	 ) 

equivalent	 to equation (3. \	 Z/ 

Cons icier further the conformal transformat ion

5 = f () y]	 =	 + ill 
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Then

(	 \ 
-	 —) +

ô	 /	 Ø\ 
-	 (	 —)	 = R.P.

a	 ?	 ,' 
4 

dT
—=)	 (4) 

ox '	 Ox' Ow "	 Ow" dz	 ô	 '' a- 

Since	 z,	 ,	 or ,	 ,	 may be looked upon as independent 
variables,	 it follows that the righthand side of equation 
(4)	 is

R.P.4 (1i4) 

öJ dt 
How, the . '- 	 is a real quantity. The van— 

ishing of the real Part of 	 (	 V is therefore 

equivalent to equation (3). Hence, 

0 (.0'\	 O,'OØ'\	 -

() 

where T is now a function of	 , r obtained from the 
conformal transformation z = 

has been p ointed out by Dr. Theodore Theodorsen 
that equation (5) can be obtained directly, as foJlows: 

The vector form of equation (3) in a meridian plane 
is simply

div (	 0)	 0 

If a set of orthogona-1 curvilinear coordinates	 and 
is introduced, the expression for div ( 	 0) becomes 

1	 7 h 2 Ot'\ + 0 (_ h1 Ø I —	 —	 — sw L i £1 2 	 Ii O	 OT)	 h2 on)] 

where the elements of length along the 	 —variablë and Th-
variable coordinate lines are, respcctivcl, h 1 d	 and h2di, 

If, however, the tran sformat ion from the rectangular 
Cartesian coordinates (x,) to the orthogonal curvilinear 
coordinates	 is also conformal, then h 1 h 2 ; because 
for a conformal transformation the magnification at any 
point in the plane is independent of the dir act ion through 
the point	 Thus, with h 1 P. h 2 , the foregoing expression
placed equal to zero yields equation (5). 



Equation (5) rather ' tiian equation (3) will be con-
sidered to be.t4e fun&amentl differential equation 
goverring axisvmmetrical otip.s o± a v' erf,ec.t incompress-
ible fluid. At is more general that' -equation (3) in tne 
eie that: the independent ..vaià.b1es 	 rj denote ay set 

of orthogonal curvilinear coordinates' obtained bymeans of 
a conformal transformation z . f(). In addit ion,, ts 
form is invariant with regard to conformal-transformations 

•

	

	 and, in this sense, does not complicate the original
equation (3). In the following section it will be shown 
that, by means of the conformal transformation of the 
meridian profile of an arbitrary 'body of revolution into 
a circle, an orthogonal curvilinear system of coodinates 

(, n il can be so defined that the coordinate line r 0 
is the meridian proffleitseif... In subsequent sections 
it will be seen that thy use of this type of coordinate 
system leads to a simple express in of the boundary con-
dition and, consequently, to an iteration process for the 

0 

olu:ton of equation (5) foran arbitrary, body .o±.-rolution. 

Conformal Transformation and. , Orthogonal Coordinates 

It is well known that a uñiqe conf'orna.l 'trsfor 
mation exists which maps the region oxtor-nal to a given 
boundary in the z piano into the;region. external to a 
circle in the. Z plane with,. its center at tc origin, 
such that the rgions-at- infinity of the two.. planps 
correspond,. 0 hefunction roprosonting " this conformal 

O • transformatioi ai 'bo c1o 'vclopbd iii thoegion ctrnal to 
tho.circic in aconvezgon.t,serios,of thç typo, 

0	
ai	 a3 0	 a3	 :'	 0 

z = Z + C i +	 +	 +	 +	 . '	 ( 6) 

where the coefficient s C11 au a 2 , a 3 ,	 . • are, in 
general, complex quantities, In this parer, the 
meridian profile is symmetrical with respect to the 
axis of revolution and theta coefficents, therefore, 
are all real. The constant p au a 2 , a3 , . . . depend 
only on the shape of the m-eridian profile in the 
plane.	 0	 - 

O The method—.9f Theodorsen and G-ar1'ic]., ç1.esribed in 
referenQe 3, is pârticiflarl.yie.1l, adapte 

ation	
for the pur- 

pose of determining transform	 (6). It is shorn in 
reference 3 that, 'i'h the proper hoice' o axs and 
origin, the Joukowski transformation
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2 
S = Z + - 

zt 

paps a closed boundary in the zY plane into a nearly 
circular curve in the Z' plane. The mapping of this 
nearly circularbounciary, with its center at the origin 
of the Z plane, is then completed by means of the 
transformation

ZI	
fZ)

= Ze( 

where

f(Z) =	 - 

n=l 

On elimination of Z'	 between equations (7) and (8), 
equation (6) •follows, where 

a 1 = C 2 +	 c12 +a2 

a 2 = C,3 + c 2 c 1 + - c 1 3 - c1a. 

a 3 = 0 4 + c 1 c3 + . C12 C2 4. .c 22 + ' c 14 +	 a2c—a2c2 

S - •	 S	 S. -S	 •.	 •	 •	 •.	 f	 •	 S.	 S	 •	 •	 .	 . 

The values for ch and therefore for an can actually 
be determined as the Fourier cooffi±ents of a certain 
i(cp) curve (rofe±'thico 3). 

If the radius of the circle in the Z plane is 
denoted by P., the. . coordinä.tes.of any pointon this 
circle can be expressed as 

= P. cos

Y= —Rsin 

where, as	 increases from 0 to 2, the point describes 
the circle in a clockwise sense, thus leav.in.the exterial 

I 

(7)

(8)
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region to the left of the direction in which the boundary 
is traversed. Any po i nt of the circle can also be 
expressed as

Z	 x + jy = 

If	 + 1T, the transformation 

Z = 

yields the circle of radius R for	 = 0 and, further-
more, 1) =	 corresponds to the region at infinity o 
the Z planes Upon substitution of this expression S. 

or Z in equation (6), it follows that 

zRo	 o	 +c1'+	 oe+	 0..2Tl021^.a	 () 

When this e q uation is separated into its real and 
imaginary parts, it is soon that 

x = c 1 1- Recos	 -i-	 coo	 +	 cos 

- -	 ^	 cos	 3+ • • 

0. 1 	 a2 .	 (io) 
= —Re q Slfl , +	 sin	 +	 efl sin 

+e3isin3+...j 

where the'quantitie 's	 c 1 , a 1 , a 2 , a 3 , • • . are deter-



mined according to the riothod of,referonco 3. 

Rather than as a conformal transformation of a 
plane z into a plane Z., eq.uat-ions (10) are to be 
looked upon as the e q uations of transformation from the 
rectangular Cartesian coordinates (x, ) into the orthog- 
onal curvilinear coordinatbs 	 Furthermore, the 
coordinate line r = 0 is the profile itself; that is, 
when n = 0, equations (10) yield the parametric



10 

equations of the profile in the plane z. It wi1lbe 
soon in the -f ollowin..discussion that the use of this 
typo of coordinate system leads to a simple form fo.r 
the bo:unciary condition at the soliö. surface. 

Boundary Conditions 

If a body of revolution moves with a velocity U 
In the direction of its axis of symmetry, the normal 
Velocities' of tho body and the fluid in contact with it 
are the same. Thus, at the .surfaco . ..oftho . movi.ng body, 
the boundary coudition oxpresse in the 	 ore-
gqnal coordinates (,	 ) is.s imp ly 

¶1=0	 ¶1=0 

inco the coordinate lines along which	 n varies and 
remains constant are normal to. the boundary n = 0. 

According to the first of'equations (10) this boundary 
condition can be written as	 I 

_()	
=u	 coo -	 cost-	 coo 2t	 cos 3—,,'\(ll) 

R . R	 R3 

Furthermore, as the fluid at, infinity, origino.11y. at root, 
remains undisturbed by th6 met ion of the body, the bound-
ary condition there is, simly, 

CO

=01 

and	 (12) 

()	
= o	

.:	 .... 

It is romarkoa that the simple form of the boundary 
condition (ii) has boon attai nod on accot.n.t of the' 'intro—
duct ion of conformal orthogonal coorclili.atos (', n) ,.So

ki
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defined that one of t'heoórdinate ljieb : 
the meridian profile itself. Itwil]: be seen in the 
following discussion that this choice of coordinate 
sisteiii leads to a process of iterat_on -or , tie solution 
of the fundamental different lal equát ion (5 ): involving 
only simple quadratures. 

Solution of the Fundamental Differential 
Equation by Iteration - 

.' 	 -•	 \.- ,-	 -1±the e right—hand side of equat1Ozi:1O)Or w 
is substituted into equation (5), it follOws that 

(Rent_ il e-9sin +-	 ) +(Re_.. e -r) c 0 s, t. LO 

+ (Re e)sin	 e	 loin n('— +4 R	 L	 a2	
2 

+ n cos r	 - ii S

	

in i	 (13) 

With regard to an iteration method it . is desirable that 
the initial step in the process be obtained in a closed 
form. Thus, equation (13) has been so arraned that the 
solution of the left—hand side placed ecual to zero can 
beobtained in a closed fori. This initial solution can 
then be utilized as the starting point of an iteration 
process. Before a detailed description of tio iteration 
method is given, however, it is first necessary to in—. 
trocluce several new parameters. Thus, the coefficient 
a 1 is replaced by a 2 

0 
2P and the radius R by ac 

where a, as in equati.on (7), serves merely to preserve 
dimensions. Then oquat ion ( 13 ) can be writto as fo11ows
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sinh (+—) sin ( -+ 	 )+ 
sinii (fl+a— ) cost 

+ cosh (fl+(L—) s1n	 =	 e(1)() 

/2Ø 
x sin (n+1)	

+	
(n+1). co.s (n+1)

01

 as

- (n+i) sin (n+i)	 (14) 

•	 afl, 
where b	

2(ae)2 	
a nondimensional quantity, and 

the boundary condition (11),bocomes 

W
A 	—2aUe {sinh (L) co 

— 2b 1 e2() Ôá 2 —. 3b 2 e 3() cos 3—,	 (15) 

The method of solving equation (14) is based upon the 
following considerations: 

It is assumed that the velocity potent i'al 0 can 
be developed in a series of terms each of which is homo-
-gene6u6 with respect to the indice • of the coefficients 
b; that is,.

CD 

0 
=

On " 

where, for example, 

0 0	 involves none of the coefficients b 

01	 contains the coefficient b 1 as a factor 

02	 is the sum of two terms having, respectively, b12 
and b 2 as factors
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is the sum of three terms having, respectively, 
b 1 3 , b 1 b 2 , and b3 as factors and so on for 
the higher—order terms 

Go	 Equation (16) for 0 is now substituted into equation 
(14) and the terms involving the coefficients b and 
their products to the same degree in the indices are 
equated. The same process is applied to the boundary 
condition (15). In this manner, equation (14) is ro.— 
placed by a sot of partial differential quations which, 
in conjunction with the boundary conditions, can be 

•	 solved rigorously for Oc ' 1010 09 , . , When the oper-
atons just described are performed,, the differential 
equations with the accompanying boundary conditions for 
the first three functions. 009 0	 and 02 are as follows: 

0
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PeterminatiOfl of Ø 
In order to solve equation (19) for Ø,. it is. 

convenient to introduce a new set of lnd.ependent variables 

j	 and X, where 

= cos t and. X = cosh (r+a,—) 

By use of the symbolic expressions 

-- = --in --

- = —cos . -- + sina 
p.	

(20) 

and

= sinh (ir-cL--) -a-

2 
- ^ sinh (+a—) - = cosh (ii+a.—P)	 x2 

it follows that equation (17) can he written as 

[_	 1-	 [1_X2)	 ]= 0	 (21) 

If a solution of the form øo 	 P(i.i.) G(X) is assumed., 

equation(21) becomes 

r	 2) 1 I =	 --- [(i_x 
2) 

P4L	 d.pJ. Gd?L	 d.X 

Since-the let—hand side of this equation contains 
but not X and the right—hand side contains X but not 

, P(j.L) and.	 (X) must' be such that each side is a con- 
stant. If, furthermore, the constant is chosen to be 
—n(n+1), where n is a positive integer, then
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+n(n+1)p	 'o 1
(22) 

[(i_.x)	 ] + n(n+l)0 = 0 

Each of these equations is a Legendre differential 
equation and, being of the second. order, possesses two 
independent particular solutions: namely, the Legendre 
functions of the first and second kin.s, P 31 and 	 ri' 
respectively. According to the bQunc1'ery conditi9n at 
the surface, the form to be taken for F() is P1(p). 
Correspondingly, according to the boundary condition 
at infinity, the' form to be taken for G(X) is 
since the Q(X) and their derivatives' vanish for X. 
It follows that the solution of equation (21) is 

=A P, (p)(x)	 -	 (23) 

The arbitrary constant A	 is determined by the boundary 
condition at the surface: namely, 

-	
= 2aUe 

Thus.,

2aUe 
zi , X07 

where

'dQ 	 1 
ix 

and

x ) =
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It will be necessary for the determ ,ination of 01 
and 

02 
to have the first few orders of P() and 

Q.n(X) std. explicitly. The following are expressions 
for the first four - harrhonics-S' 

P0(p.)=1	 I 

•	 P1(j.L) =	 = cos	 • 

- 1)	 cos 2;+ 

	

=	 3I1) =	 cos	 +

(24) 

log 

	

( x) =	 • X lo-

L(3%2	

- 1 

	

= 1) log	 - 

	

— 3X) 10	 - 

Determination of Øj • 

When the inoponclent variables'	 and X are
introduced and equations (21) and (23) are sod, it 
follows that ou.ation (18) for Ø	 can be written as 

2	 2 

L'	 L 

b1 AlF.1)	 _(x+k2_l)1t(x)]Po() 

	

- 2[Q 1 (X) + (x + 2_l) Q 1 1 (X)]	 () (25)
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The rihthaM side of this equation requires that 

01 = r 0 (\) p 0 (p) + p 2 (x) p (1,)	 (26) 
CO

If th is expression for Ø	 is ubsti t u t ed into equation 
(25) aic1 thb coefficients of P 0(p) ad P 2(p) are equated 
on both sides of the rest'ltng equation, it follows t1iat 

ax 

d[ 
lX2)0( 

=	 b1A1	 )- 2 Q.
	 (27) 

and 

.._[(1_X2) d+(\)]+6P(x) = 
dx

=	
b1A1 (__i)2 [(x+2_o lt^xl	 (28) 

With the right—hand sides tenequ' a1 .to zeo1, these two 
equations rd-ace, respectively, to- Legendres equation for 
the zero-and second—order functions. Th e n, according to 
the theory of linear diferentia1 equations of the second 
order, t h o solutions of oqiations (27) ard (28) arL: 

=	 x) _f_f(x)ciX	 I (29) 

and	
..	 -	 . 

r2(x) = B2Q2(x)_(3x2_1)f(2 
)( 3 

X 2 
)2 /(3X_1)R(X)dX (3d)
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wher e R 0 (?) and R(X) are., rcspoctivciy,. the right— 
hand sides of equations (27) and (28). It is noted that 
each of those solutions contains only ono arbitrary con-
stant, B 0 and B 2 , because the other two independent 
solutions P 0(x) and p 2(%), iespoctively, of the homo-
gonoous forms of equations (27) and (28) do not satisfy 
the boundary condition at infinity and therefore the 
arbitrary constants associated with thorn are taken equal 
to zcro,. 

The oundary conditions for 01 lead to the following 
boundary conditions for F 0(?) and	 '2(x), 

-	 b aUe 
(NO7Jxo.2_.1)	 S .(dF	 4 

3 1	
- 1

(31) 

()=	 o 

and (dF2	 16	 (/-) 1 aUe	

L	 (32) 

dF 

dX 

The' integrations required in equation  (29) an d 
(30) are straightforward and ieed not be performed here. 
Furthermore, by use of the well—known recurrence formulas. 
for the Legendre functions, it 'can be shown that 

+ Q 2(x)] ^ 

and 
'	

2() = B2(X)  

I, 

-	 b1A1	 [2O()+2(x)] + 41% Li [ o 1(x) +2 1 (X)	 (34)
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where, by means of the boundary conditions, equations 
(31) and. (32),

	

Bo	 0 J 
and	 (35) 

33 2 = 6b3.-Al	 +' (0,0Y(X0)jJ 
q 2 1 X0	 3 

It may be easily verified that these expressions for 
P(). and.	 (x) satisfy the condition that they and 
their derivatives vanish for X=. 

Determination of Ø., 

	

When the variables !	 and X are introduced into 
equations (21) and. (25), it follows that equation (19) 
for 02 can be writer. as 

] -
[i_x) .a] 

= 2b1 

(x_J_i)?
J ( 2 ) -	

)] 

+ 4^^ —1 (X + 3 VO^l 

+ 4b12 (X_
[

l_ 2 ) _2(x+2J1)	 ] (6)

If the expressions for. k o and P, given, respectively, 
by equations (23) and (26) are substituted in equation 
(36), it follows that:	 - 
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The right-hand side of equation (37) requires that 

02 = P 1 (x) p 1 (p) + p3 (x) p3 (p)	 (38) 

When this expression for 02 is substituted into equation 
(37) and. the coefficients of P 1 (p) and p3 (x) are equated 
on both sides of the resulting equation, the following 
equations for F 1 (x) and F3 (X.) are obtained 

r(x)	 R(x)..	 (39) 

and

d [(i_x2) dF3 x)J	
12P3 X	 R3(X)	 (40) 

It is, evident that the homogeneous forms of these 
equations are, respectively, Legend.re t s equations for 
the first- and third-order functions. According, then, 
to the thoory of 1inar differential equations of the 
second order, thôso1utiois:.of equations (39) and (40) 
are

P1(x)= B1(X)	

$_ 
fR 1 (x)dX	 (41) 

and

d?\ 
p(x)= B33(X)_(5X3_3X)fX2l)(33X)2f(5X3_3X)R3(X)d 

(42) 

The arbitrary constants B- and B 3 are determined by 
the boundary condition at the surface of the moving body. 
Thus, the boundary condition for 02 loads to the follow-
ing conditions for 3(X) and F3(X):



0 
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/
1	 -' —	 -	 2 aUe 

•	 • (43) 

= 0 (
I 

and •	 i•i•	 •:•	 - 

•48b  
dX XX 0 75	

2

• -
(44)	 -• 

0 

Then,	 if the integiatioi	 required	 in equators	 41) 
and	 (42) are made- and the	 recurrence f',rrnulas for	 the 
Leend.re functions are used,	 It	 can	 be shown that
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= 

"b	 (45) E+ox	 Q1.(?. '(45') 
and  

Bcx) 

12AE1	 t2o	 4T71 [62\Q0x 

1j b2A +.LQ1(X)(?Jv(I	 2 OJ	 (46) 

Where	
- 

1Q 012{3o 0 )+Q1 (o)	 2f 

2A1t3%Ji	
())	 (47) 

and

	

t3Q2 0) +Qj 	 o)	 f "IQ..	 (),3 o	 o	 0),

'-I 

$	
2 -: -:	 3k° 2 	

013 o 1	 ' 

A, J^^p 0 ^2-ql 1 (x 0 ) -	4. Q0(X,0)	
)°.' (X

0 ) _2J	 (49) -,



26 

It may be easily verified that the expressions for 
and F 

3 
W and their derivatives vanish for 

= oD

It is clear that the iteration can be continued 
to obtain further members of the sequence of 	 . The 
order n to which the process must be carried depends 
on the magnitude of the coefficients bn of the conformal 
transfomation. For example, it may be that one of the 
higher coefficients, say bm, is significant.	 It is 
obvious, then, that the iteration must be continued far 
enough to include at least the corres p onding term 
Although the	 t5 do not form a set of normal fuictions 
(obtained independently of one another) , they are never- -. 
theless uniquely determined by means of simple quadratures; 
that is, they constitute a set of universal functions in 
.the sense that the labor necessary for their determination 
is performed bu onc.e and need not, be re p eated for each 
particular body of revolution. 

Velocity and Pressure 

According to BernoullVs theorem, 

PPcXD 	

f) 
2 qr 

a	 = l—-	 49 
*pU 

where 

p . pressure anywhere in fluid 

p	 pressure iTn region at infinity undisturbed by 
motion of solid 

p	 density of fluid	 r. 

r	 velocity of fluid relative to boundary of solid 

It is recalled that in this paper the expression for the 
velocity potential 0 has been derived by considering 
the. coordinate axes as rigidly attached to the body and 
therefore moving with a velocity U in the positive
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direction of the x axis. The velocity vector 

= - grad 0 represents the velocity of the fluid 
relative to the undisturbed fluid at Infinity. The 
vector velocity 1jr, , relative- to the moving axes, is 
therefore given by

= - 

or

T(q - U) +	 qjj 

where i and j are, respectively, unit vectors along 
the positive directions of the x and E axes. The 
magnitude of the relative velocity is therefore obtained 
from

q2 =	 + q 2 - 2 Uq + U2	 . (50) 

where	 .

= -	 and	 - 

It Is recalled, however, that the velocity potential 0 
is derived as a function of the independent variables 
and r. In order then to deteriine qr it is necessary 
to express the velocity components qx and cZ In terms 

of the quantities 20 and	 . These expressions can be 

derived in the following way: 

The relations 

z = x+iFz and 

, can be considered as equations of trasfoiation from the 
coordinates (x,c) to the independent coordinates (z,),



28	 ..	 .	 .	 . 

It follows then., spmbolica1ly , that	 .. . . 

2
L) 

and

2--=--+i 
ox 

Therefore	 .	 .	 .	 .	 . 

where 0 is now a function of the ind.oDcnd.ont variables 
z and 	 . 

The conformal -transformation. 	 f(. ) then gives 

•	 • 

or	 • 

-	 2 d.z	 .	 •	 -	 (51) 

whore 

-'	 •	
. 12 

=.:Ui:Ii 
Symbolically,

2---i---
on 

an(! therefore

Ox	 O N, Oii 

	

2	 +	 )+ 1



Then, by means of tli'e Cauchy—Riemann relations 
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and 
CO -TI 

it follows	 that

dz 
d 

or 

Equation (51) therefore becomes 

q+iq

( ax= - .±: + U) 
(52) 

•	 where • 	 •• 

3 (x'\	 (x2	 (\2 

-	 +

(' 2

b6 ^Tli + 

When the real and irniny parts on both sides of 
equation (52) are	 equated.,	 it	 follows that 

Ji' (	 x 
x+ ) H 

and	 • 	 • 	

• • (5) 

• ••^• • -=-

77 

•	 By means	 of	 these equaUons	 and therefore the pressure 

o*eficient given,	 respectively, by equations (50) 

1pU2
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and (49) can. be. obtained as functions of the independent 
variables 	 and	 ,	 - 

APPLICATION OF THEORETICAL RESULTS 

Symmetrical Joukowski Shape 

General expressions.— The theoretical'resuls of this 
paper will now be applied, to the case of a body of revolu-
tion whose meridiansection s asymmetrical Joukowski 
profile with both rounded nose and tail. This example 
is sufficiently complicated to illustrate the principles 
and usefulness of the method. 

It is well known . that. by mean-s ' of the mapping function 

2 

Z1+ T	 (54) 

the circle of radius a, with its center at the origin 
of tho .Z' plane • is transformed into the line segment 
extending from z = .-2a to z	 2a in th.e z. plane; 
and thó circle of radius' a(l +' €, + €a) . with its 
center at Z' = € 1 a is tra nsformod int'o a symmetrical 
Joukowski profile with rounded nose and tail in the z 
plane.(fig. 2). When Z I	 is replaced by Z + 
equation (54) becomes 

	

-	 .	
3 

S = Z + t i a + a 

or	 -	 .	 .	 .	 .	 .	 .	 .. 

z = Z+ c,a +:—	 +	 -	 +e . . (55)
Z. 

A comparison of this equation with equation (6) shows that 

	

c 1	 €&,	 I = a 2 , a 2 =- 1 a3 , a3 = € 1 2 a4 , a4 

Also', the radius Of the circle in th.O Z plane being
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denoted by ae, it follows that 

= 1 + C	 + £2	 -	 -.	 ( 56) 

According to definition	
0 

a1
-: 

e	
= - and b = 2(ae)m+2.,.. 0 

where	 - 

m,>l 

As a 1 .	 a2 and	 (l)m€tma+2., it follows there- 

fore that	
0	

: 

1	 in	 In 
= 0 and bm = ( — i) C1 	 (57) 

The expression for the velocity potential then becomes

(58) 

• where, from equation (23) 

•	 0	 =	 P 1 ( ) 1 (x)	 /	 (59) 

with

2 aU 
A l = - 

and

= cosh	 = (1+(1+€1+€2+0  

From equation (26) 

0 1 = F(X) p () + r 2 (x)'P 2()	 •	 ( 60)



Z2 

where 

F 0 (X) e1A = 1 i I2	 0	 + (X)Q2 (X )I 

[ 0 i (x) _Q1(X)]} 

F 2 (x) = B 2 Q 2 (x) +
[	

(x) + Q2 

+
- i	 Lo'? 2Q1(X)]}. 

and

2 clA I
x	 -

Q2 L(X.)L'

2 
(h.) + 2 V X	 - 1
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Velocity and pressure.- From equation (54) together with 
the transformations 

Z' = C 1a + Z and Z = aeae t 

It follows that

COB	
+ €124 2C1ea Cos + ea) 

and

 

= -ae	 sir	
- 2 + 2+	 /1 

_J 
Then	 r	 €2 - e24	 - 

= -ae	 S 1r	
- 

and	
2 + e2	 ecos + 2C1e 

a 	 cos	
[2 +21+ 2(T+cL] 2 

t the surface of the body r	 0, so that. 

/	
1.	 2M

(ôx	 -aesin 1	
- a 

	

[	
(12 + 2 C1 

C cos + e6a)

.\ 'r 
and

2	 d	 2ct 

	

(E 12 + e	 e cos	 2E.je. 

aeCOS 

1^n)Tr-
-

(€ 2 + 2€ 1ea cos + .2 a)1.



Therefore

2t	 2) 
= 202a	

c12+2c1eacos	 + eo.cos ^'+e2a)2 

The boundary condition at the surface yields immediately 

the expressIon for	 . - Thus 

= (
	

(65) 

where t;fle expression for ()	
is given by the second of 

e quations (63)	 \ /o 
The expression for I)	 is obtained from the equation

tL j1=0 
for Ø	 Thus the velocity potential can be written as 

0	 A1P1 ()Q.1 (X)-

Then 

()

	

	 1A 1(X0	 )43(0)] sin	 F2(X0) sin 2ro

+	 sin	 . .	 (66) 

where A l .. F.i(X 0 ), P20),ard F3() are obtaInd from equations 

(59)	 (60), and 6l)
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( 
. By means of equations	 (63), (64), (65), and (66) 

the velocity qr of the fluid and the pressure coefficient 

pU2
	 given, respectively, by equations (50) and (49) 

can be evaluated.
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Numerical example.- As a numerical example, consider the 

ase where	 0.15and '2 = 0.10 -. Then e 0' = r+E1	 = 
nd	 14 

fx\
- 
_!09..

10
cr	 1540  

3	 317 0
(&7) 

(*)

R	
/ 

j. s1n(
200 

1 + 
jT'F0

-, 
Also

=	 s.in S
+ L	 (317 + 75 cos)j

(68) 

cog 
2 o3j0 a

(337 + 75co3)2J 

and

.	 1 + (6) 
\\2a

) L 5175 cos	 (3117 + 75 cos	 )2J 

Now - ct 

X	 =	 and JX2i	 --- 
=2	

AO 

Therefore, fron equai;oi (24)

1600	 .	 5248 
2A9?23	 O	 ) = - 	 =6.561 

1.2521 .5 ;	 Qi 1 (?6 0 )	 = - 18.04969 

Q2 (X 0 ) 082657 ;	 021() 15.99(564

Q3 t\) ) = 0.57729	 Q3'(o) = - 13.91684 
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and from equations (5), (SQ), and (61) 

A l 	 0.055403 (2a1J' ; B9 	 0.4.3iO87( ] (2aU); B1	 0.502158E12 
( U 2a 

B3	 0.537892E 1 2  (2flTj) ; F2 CX )	 0.24El19	 (2au); 

	

= 0.079143 2 (29u);F3 (X 0 )	 _o.180438€12 (0aU) 

Then 9 f'rom equation (66), 

2aU ).C69373 + o.011479c 12) sin +0. 367679C sin 2 

- 0.33632iE i	 in 3j 

oi • with E 1 = 0.15, 

2aU(0.069631 sin + 0055152 sin 2	 -- 0.007612 sin 3(7 

From equations (65) and (68) 

- .221J) {c3 - (71) 

L (317 + 75 co.	 )	 J
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14.1 
fl 

Equations (75), (76), and (77) suffice to determine the pressure 
distrIbution over the surface of the body with the use of equations 

to (3) contained in the section entitled. "Velocity and Pressure." 
Table V presents the calculated values of the various quantities 
given by equations (49) to (53), the last column containing values of the 

pressure coefficient
CO

 . Figure 4 shows the graphs of the ------  

pU 

pressure distribution for both the body of revolution (solid curve) 
and the airfoil of infinite span having the meridian profile as cross 
section (broken curve). 

Langley Memorial Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 

Langley Field, Va.
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CALCULATED VALUES FROM EQUATIONS (68), (69), (70), AND (71) 

( =0 (2	
)2 

0 0 0.30612 0 -0.30612 0.09371 
5 -.07635 .30426 -.01368 -.30426 .09840 

10 -.15229 .29871 -.02715 -.29871 .11242 
15 -.22746 .28953 -.04022 -.28953 .13557 
20 -.30145 .27686 -.05267 -.27686 .16753 
30 -.44445 .24178 -.07497 -.24178 .25600 
40 -.57824 .19543 -.09248 -.19543 .37255 
50 -.69990 .14049 -.10385 -.14049 .50959 
60 -.80658 .08025 -.10807 -.08025 .65702 
70 -.89544 .01849 -.10469 -.01849 .80216 
80 -.96362 -.04072 -.09403 .04072 '.93022 
90 -1.00813 -.09329 -.07724 .09329 1.02502 

100. -1.02584 -.13552 -.05630 .13552 1.07071 
110 -1.01351 -.1645 -.03379 .16455 1.05428 
120 -.96807 -.17889 -.01254 .17889 .96917 
130 -.88699 -.17896 , .00478 .17896 .81876 
140 -.76911 -.16735 .01615 .16735 .61953 
150 -.61552 -.14866 .02056 .14866 .40096 
160 -.43043 -.12888 .01823 .12888 .20188 
170 -.22162 -.11399 .01058 .11399 .06211 
175 -.11164 -.10908 .00548 .10988 .02454 
180 0 -.10847 0 .10847 .01177 

TABLE II 

RELATIVE VELOCITY AND PRESSURE COEFFICIENTS CORRESPONDING 
TO PROFILE COORDINATES 

(deg)
x

.

qr 
U

--

Pcp 

1.0572 0 0' 1 O - 
5 1.0538 .0267 .28700 .91765 

10 1.0438 .0530 .53519 .71357 
15 1.0273 .0787 .72700 .47148 
20 1.0042 .1034 .86521 .25141 
30 .9390 .1489 1.02660 -.05390 
40 .8496 .1872 1.09887 -.20751 
5 .7378 .2166 1.12592 -.26769 
60 .6061 .2359 1.12840 -4.27330 
70 .4573 .2445 1.11667 -.24696 
80 .2948 .2425 1.09660 -.20253 
90 .1223 .2307 1.07204 -.14927 

100 -.0556 .2105 1.04580 -.09369 
110 -.2340 .1842 1.02000 -.04036 
120 -.4074 .1540 .99609 .00781 
130 -.5699 .1225 .97500 .04933 
140 -.7149 .0922 -	 .95662 .08488 
150 -.8363 .0645 .93905 .11718 
160 -.9279 .0403 '	 .91741 .15836 
170 -.9851 .0193 .84684 .28287 
175 -.9997 .0095 .67771 .54071 
180 -1.0045 '	 0 0 1



TABLE III
	 1/3 

ABSCISSAS AND ORDINATES 

OF MERIDIAN PROFILE 

x 
(percent chord) (percent chord) 

0. 0 
.50 2.08 
. 75 2.53 

1.25 3.25 
2.50 11.62 
5.00 6.59 
7.50 8.06 

10.00 9.23	 - 
15.00 11.011 
20.00 12.32 
25.00	 , 13.23 
30.00 13.84 
35.00 14.20 
40.00 111.29 
115.00 111.12 
50.00 13.62 
55.00 12.69 
6o.00 11.311 
65.00 9.78 
70.00 8.03 
75.00 6.24 
80.00 14.147 
85.00 2.88 
90.00 1.56 
95.00 .54 

100.00 0

NATIONAL ADVISORY
CO!. u'rri FOR AERONAUTICS 
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