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It is hypothesized that useful diagnostic information 

can reside in the wrong answers of multiple-choice tests, 

and that properly designed distractors can yield indications 

of misinformation and missing information in algorithmic 

reasoning on the part of the test taker. 

In addition to summarizing the literature regarding 

diagnostic research as opposed to scoring research, this 

study proposes a methodology for analyzing test results and 

compares the findings with those from the research of 

Birenbaum and Tatsuoka and others. The proposed method 

identifies the conditions of misinformation and missing 

information, and it contains a statistical compensation for 

careless errors. Strengths and weaknesses of the method are 

explored, and suggestions for further research are offered. 
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CHAPTER 1 

INTRODUCTION 

Definitions 

Misinformation is defined, for this study, to be the 

consistent use of an incorrect rule in algorithmic 

reasoning. Even though the rule may be applied correctly, 

it is an incorrect rule which, in most cases, will lead to 

an incorrect result. The careless application of a correct 

rule, also leading to an incorrect result, is not considered 

to be misinformation. 

Missing information is defined to be the absence of a 

rule. In this case, the result is obtained by guessing or 

by the inconsistent application of a variety of possible 

rules. 

An algorithm is a well defined series of steps for 

proceeding from the specification of a problem (or 

subproblem) to its solution. The term algorithm is 

generally used in the context of, but is not limited to, 

computational problems. A strategy, on the other hand, is a 

selection of algorithms and decisions for higher-order 

problem solving. Whereas an algorithm is generally 

considered to be a fixed procedure, strategies for a problem 

can vary according to the experience and perspective of the 

problem solver. Rule is a non-mathematical term which has 
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essentially the same meaning as algorithm. Algorithm and 

rule are used interchangeably in this study. 

In a multiple-choice test, the test taker selects an 

item response from a list of candidate responses. These 

candidate responses are called distractors. Strictly 

speaking, a distractor is any choice other than the correct 

choice, but the term is frequently applied to all the 

candidate choices. In this study, the term, distractor, 

will apply to all the choices. 

The Problem 

It has been common practice to base the scoring of 

multiple choice tests on the dichotomous concept of whether 

or not the right response was selected for each test item. 

Little notice has been taken of the information content 

inherent in the distractors selected in incorrect responses 

(Birenbaum & Tatsuoka, 1980). 

The problem to be addressed, then, is the belief that 

useful information is being ignored by not analyzing the 

distractors chosen in incorrect responses. Can multiple 

choice tests be designed and distractors chosen so as to 

identify misinformation, partial information, and missing 

information on the part of the student? If so, ability 

testing can precede instruction, and instruction can be 

tailored to the needs of the individual student. With 

current technology in general, and with intelligent tutoring 



systems and integrated learning systems in particular, it 

should be possible to make instruction more efficient and 

palatable by teaching what the student does not know and by 

not teaching what the student already does know. It all 

hinges on making a proper diagnosis of the student's needs. 

The focus of the testing, then, is to determine not 

only what the student does know, but also what the student 

does not know. What are the student's skill deficiencies 

with regard to misinformation, partial information, or 

missing information? With such identification, an 

intelligent tutoring system (or a human instructor) should 

be able to tailor instruction seguences to the needs of the 

individual student. 

Determining what the student does not know implies 

analyzing incorrect responses to test items in order to 

identify the reason for the student's skill deficiency. The 

reasons for incorrect responses can be categorized as 

follows: 

1. Misinformation 

2. Missing information 

3. Partial information 

4. Guessing 

5. Carelessness 

6. Deliberate 

How does a human instructor or an intelligent tutoring 

system determine the cognitive reason for the student's 



skill deficiency? More precisely, is there a methodical way 

to distinguish between misinformation and missing 

information? This is the problem to be studied and for 

which a solution will be proposed. 

Background 

According to the literature, the prevailing method of 

using multiple choice test items to identify the use of 

incorrect algorithms is the analysis of binary response 

vectors (Zin & Williams, 1991; Birenbaum & Tatsuoka, 1980; 

Wilcox, 1983). These are vectors containing an element for 

each test item with each value indicating a correct answer 

(1) or an incorrect answer (0) for the item. In most cases, 

no further analysis of erroneously chosen distractors is 

performed. Although the method has been successfully used 

to identify incorrect algorithms in simple cases of 

fractional and signed number arithmetic, it does not 

distinguish between misinformation, partial information, and 

missing information. 

This study will explore a new method, the analysis of 

multiple choice distractors, which is not developed in the 

literature. Instead of just assigning a "0" to an incorrect 

answer, the hypothesis is that distractors can be designed 

so that useful information can be obtained by studying which 

incorrect distractor was selected. Can such a process lead 

to a correct diagnosis of the student's problem? 



It will be determined whether or not this method is 

equal to or better than Birenbaum and Tatsuoka's method of 

dichotomous binary response vectors, and further, whether or 

not this method can be used to distinguish between 

misinformation, partial information, and missing 

information. If so, this will be a unique and useful 

contribution to diagnostic testing. After determining what 

needs to be taught, such a distinction can be a useful 

parameter for determining how to teach. 

Relationship with Information Science 

Borko (1968) has characterized Information Science as 

"that discipline that investigates the properties and 

behavior of information, the forces governing the flow of 

information, and the means of processing information for 

optimum accessibility and usability. It is concerned with 

that body of knowledge relating to the origination, 

collection, organization, storage, retrieval, 

interpretation, transformation, and utilization. ... It has 

both a pure science component, which inquires into the 

subject without regard to its application, and an applied 

science component, which develops services and products." 

It is now widely recognized that a concern about human 

communication processes is at the base of information 

science (Saracevic, 1990). According to Belkin and 

Robertson (1976), the purpose of information science is to 



facilitate the communication of information between human 

beings. This communication may be (for example) from author 

to reader, from speaker to hearer, or from teacher to 

student. One of the major aspects of information science is 

the study and design of information systems that can provide 

an effective mechanism for communication between human 

beings. An information storage and retrieval system is an 

information system designed primarily to enable a user to 

obtain desired information from a stored collection of 

contributions of many human beings. 

One criteria of an effective information system is the 

degree to which it can deliver relevant information to a 

user. In an information storage and retrieval system, for 

example, a major area of research is devoted to improving 

the recall and precision of the responses. Soergel (1985) 

defines recall as the ratio of retrieved relevant 

information to all relevant information stored in the 

system. Precision is similarly defined as the ratio of 

retrieved relevant information to all retrieved information. 

The purpose of any information system is to connect a 

human user to an information source relevant to that user's 

current need (Burt and Kinnucan, 1990). An information 

retrieval system may perform with high ratios of recall and 

precision. But if the retrieved information duplicates 

information already possessed by the user, it does not 

contribute to providing for the needs of the user. 



At this point a distinction should be made between 

relevance and pertinence. According to Kemp (1974), 

relevance refers to the topic and can be assessed by several 

(not one) experts in the topical area. Pertinence, on the 

other hand, refers to how well the particular information 

about the topic meets the needs of the requester. Kemp adds 

that one of the factors affecting pertinence is prior 

knowledge on the part of the requester. 

Of the recent advances in the study of information 

systems the most notable are studies of feedback and user 

orientation (Katzer, 1987). In this latter area, typical 

research questions are: 

What is the user trying to accomplish? 

What is his/her background? 

What does he/she already know? 

What are his/her needs? 

Studies of relevance appear to be much more prevalent 

in the literature than studies of pertinence (Saracevic, 

1991; Schamber, Eisenberg and Nilan, 1990; Rees and Schultz, 

1967; Cuadra and Katter (1967). The major concept embodied 

in this study, however, centers around one of the facets of 

pertinence. Can an a priori determination be made of what 

information the user already has and what information the 

user does not yet have, so that the information delivered 

can be limited to that which is pertinent in the sense of 

not duplicating? 



In a library, for example, a reference librarian tries 

to help a patron narrow the scope of an information search 

by asking questions. Various questioning strategies are 

available to the librarian; for example, neutral questioning 

in which the librarian attempts to access the situation, 

assess the gaps, and assess the uses (Dervin & Dewdney, 

1986). 

After determining the type of information the patron 

wants, the librarian may then try to determine what 

information the patron already has or does not have. A 

typical questioning sequence might be the following: 

What do you intend to do with the information? 

Are you familiar with the works of ? 

Do you know about ? 

In essence, the librarian is trying to determine what 

information the patron does not have so that the librarian 

can direct the patron toward useful, pertinent searching and 

away from searching for information that will turn out to be 

a duplicate of what the patron already has. 

In a classroom, the student is the patron, and the 

teacher serves in some senses as the reference librarian and 

in other senses as part of the information storage. A major 

difference between the library and classroom settings is 

that in a library, the patron can be thought of as an active 

seeker of information; whereas, in the classroom, the 

student is frequently a passive receiver of information. 
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But the issues of pertinence and duplication retain their 

importance in either case. 

Rouse and Rouse (1984) also acknowledge that an 

information system should be heavily influenced by potential 

users' information needs. They add that the problem is in 

determining these needs. Testing the student is one means 

of helping the teacher (as reference librarian) make 

judgments as to what information is relevant, pertinent, and 

non-duplicative for the student. Assuming that the intended 

course of study contains content relevant to the student's 

needs, can tests be designed for certain subject matter 

areas so that the teacher can determine in advance what 

relevant information the student already has, what 

information the student is missing, and what misconceptions 

(misinformation) need to be corrected? If so, the classroom 

metaphor of an information system can be tuned (using 

educational technology) to give individual students what 

they need and minimize teaching what they already know. 

The current study deals with algorithmic reasoning 

situations: given certain data, certain rules are applied to 

produce correct results. Mathematics, which is a rule-based 

discipline, is the specific area being studied. If 

successful, a next step may be to try to apply the concept 

to softer, less rule-based queries in more generalized 

information systems. 
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The Importance of This Study 

The importance of this study stems in large measure 

from its uniqueness and its potential for practical 

application as a filtering component of an information 

system. A major concern of information systems in general 

and of the teaching process in particular is the imparting 

of information already possessed by the patron or student. 

Although there has been research regarding the 

dichotomous analysis of right and wrong responses both for 

scoring and for diagnostics, and the analysis of wrong 

choices of distractors for scoring, a review of the 

literature revealed only three studies of the analysis of 

wrong distractor choices for diagnostic purposes. These 

were studies of limited application areas in which very 

specific rules apply (e.g., signed number arithmetic, choice 

of pronoun case), and each of these studies showed 

deficiencies with regard to practical application. The 

proposed method, to be called Distractor Analysis, is a 

unique approach which contains characteristics that overcome 

many of the deficiencies of the other methods studied. 

The study herein reported can be a first step toward 

broadening the scope of distractor analysis to softer rule-

based disciplines, and testing its practicality with actual 

human interaction. Although additional research is needed 

(as suggested in this study), the proposed technique of 

Distractor Analysis may be broadened to serve as a unique 
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and important filter in information systems in minimizing 

the retrieval and transmission of information already 

possessed by the patron. It should be especially useful in 

the automated context of an intelligent tutoring system in 

enabling the system more intelligently to select the next 

units of information to be imparted or tested. 

The Hypothesis 

The research to be done in this study will provide the 

basis for accepting or rejecting the following hypothesis: 

Distractors in a multiple-choice test of 

algorithmic reasoning skills can be designed to 

reveal misinformation and missing information on 

the part of the examinee. 

Area of Research 

There are at least three intellectual disciplines into 

which a study of this nature could fit: (1) artificial 

intelligence, (2) cognitive psychology, and (3) educational 

psychology. While these disciplines overlap to large 

extents and none can be fully independent of the other two, 

educational psychology will be the major area of focus of 

this study. 

According to Gibson (1972), educational psychology 

combines the two fields of education and psychology. It is 

the scientific study of human behavior and the principles by 
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which it can be directed by education. Somewhat more to the 

point for this study, Crow & Crow (1963) say that 

educational psychology describes and explains the learning 

experiences of an individual from birth through old age. 

This study will attempt to use multiple choice distractors 

to identify an individual's particular learning experiences 

(or the lack thereof) in algorithmic reasoning. 

Cognitive psychology implies a study of the thinking 

processes that lead to an action or reaction, and it deals 

with concepts such as sensory perception, encoding, memory, 

and recall. According to Smyth, Morris, Levy, and Ellis 

(1988), cognitive psychology is about how people organize 

and use their knowledge in order to behave appropriately in 

the world in which they live. They further state that 

cognition is concerned with knowledge, and cognitive 

psychology is concerned with the acguisition and use of 

knowledge, and with the structures and processes which serve 

this. 

Educational psychology has an outward connotation; 

whereas, cognitive psychology has an inward connotation. 

Using the "black box" analogy, if educational psychology is 

a study of how people (black boxes) react to given stimuli 

and of how to effectively teach them to react in "approved" 

ways, then cognitive psychology is a study of the mental 

processes (inside the black boxes) that produce the 

reactions. 
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This study is concerned with the outward more than the 

inward. In analyzing responses to multiple-choice tests of 

algorithmic reasoning, a diagnosis will be attempted to 

identify which rule (correct or incorrect) was used to 

produce the response, but not why a particular rule was 

used. Identifying the use of incorrect algorithms does not 

necessarily mean identifying the student's cognitive 

thinking processes (Cazden, 1976; Tatsuoka, 1990). 

Winston (1984) defines artificial intelligence as "the 

study of ideas that enable computers to be intelligent." 

Simon and Kaplan (1989) call programs intelligent if they 

exhibit behaviors that would be regarded as intelligent if 

they were exhibited by human beings. Implied is the concept 

of trying to make computers act and react as a human would 

do in given situations. But the object of this study is not 

to simulate intelligence nor thinking processes. The object 

is simply to identify the use of correct rules, incorrect 

rules, and/or no rules in solving problems of algorithmic 

reasoning. Assuming feasibility for the moment, its use by 

an intelligent tutoring system to tailor an instructional 

sequence to the needs of an individual student would be an 

example of artificial intelligence in action. 

Gagne's Classification of Intellectual Skills 

Gagne has classified intellectual skills according to 

complexity. As stated in Gagne, Briggs, and Wager (1988), 
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this classification, running from most complex downward to 

least complex, is as follows: 

Problem Solving 

Higher-order Rules 

Rules and Defined Concepts 

Concrete Concepts 

Discriminations. 

Referring to this classification of Gagne, the 

algorithmic reasoning to be tested and diagnosed in this 

study is rule based. While problem solving may involve the 

selection and application of rules, it is without an overall 

rule, and therefore is beyond the bounds of this study. 

Concrete concepts and discriminations are more in the areas 

of declarative knowledge rather than procedural application 

of rules. 

Potential Application Areas 

Consider an end skill to be taught in a course and its 

component prereguisite subskills. One means of representing 

the structure of a desired skill and its prerequisite 

subskills is by means of a lattice. A characteristic 

feature of mathematics (and many other rule-based 

disciplines) is the hierarchical building up of concepts 

(Barnard, 1989). 

The information structure lattice shown in Figure 1-1 

represents a desired end skill and its component 
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prerequisite subskills. Supposing that node H represents a 

desired skill, nodes D and G represent prerequisite skills 

which are necessary and sufficient for accomplishing H. In 

the same manner, prerequisite skills A and C are necessary 

and sufficient for mastering D, and F is a prerequisite 

/ 

! H ! 

/ \ 
/ 

\ 
\ 

D 

/ \ V 

/ ' 
/ \ 

\ 
\ 

\ 
\ 

B i E ! 

Figure 1-1. Information Structure Lattice 

skill for G. Further, in order to do C, one must possess 

skill B, and F requires skill E. 

In the context of an information structure lattice, the 

task is to test individual students to determine where they 

fit on the lattice with regard to their skills at the time 

of testing. More specifically, the task is to determine 
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where they are deficient, and which subskills they still 

need to master. This type of testing can be done at the 

beginning of a course to determine how to tailor instruction 

to the needs of each individual student. It can also be 

done as the course progresses to ascertain the progress of 

the student and the need, if any, to revise the individual 

instruction for that student. 

The Test Instrument 

The multiple choice test instrument is the testing 

vehicle to be studied in this investigation. By judiciously 

constructing the distractors and by analyzing the incorrect 

responses, a methodology will be presented for 

distinguishing between misinformation and missing 

information. 

With multiple choice test questions, only one of the 

answer choices is right (or best). The usual interpretative 

procedure is to score the test as though the student either 

did or did not select the right answer. Thus, the student's 

choice is either right or wrong. The literature indicates 

that there have been relatively few efforts to analyze the 

student's incorrect responses, and those studies that have 

been made have dwelt within the narrow mathematical confines 

of addition of signed numbers and of fractions. One focus 

of such studies has been on diagnosing the cognitive nature 

of student misconceptions (Barnard, 1989; Tatsuoka, 1986; 
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Shaw, Standiford, Klein, and Tatsuoka, 1982; Tatsuoka and 

Tatsuoka, 1981). The major focus, however, has been to 

develop scoring procedures that will reward a student for 

partial information even though their final answers may be 

wrong (Zin and Williams, 1991; Wilcox, 1983; Frary, 1980; 

Birenbaum and Tatsuoka, 1980). 

There is room for further research in the area of 

cognitive diagnosis. Can usable information be found in the 

wrong answers as well as in the right answers? By judicious 

test design, it appears possible to design multiple choice 

distractors so as to reveal specific problems of 

misinformation or missing information. 

Research Questions 

In determining whether the hypothesis stated above is 

to be accepted or rejected, the major research question to 

be explored is the following: 

Can multiple-choice distractors be chosen and 

analyzed so as to successfully distinguish between 

misinformation and missing information? 

However, in situations where the methods of dichotomous 

analysis and distractor analysis both apply, an additional 

question, not directly related to the hypothesis, can become 

of interest. One such question that can be explored is the 

following. 
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Will the method of analyzing distractors 

identify erroneous algorithms with the same, or 

better, accuracy as the method of dichotomous 

response patterns? 

In addition to providing a basis for accepting or 

rejecting the hypotheses, this study will provide answers to 

both research questions. 



CHAPTER 2 

REVIEW OF THE LITERATURE AND RELATED RESEARCH 

Introduction 

The literature of testing is rather sparse with regard 

to diagnostic testing. In the studies that have been 

reported, multiple choice tests are the predominant test 

instrument. The popularity of multiple choice tests stems 

primarily from their objectivity and their relative ease of 

scoring. This study will also use multiple choice test 

items. Therefore, one objective of a literature search is to 

determine the desirable characteristics of multiple choice 

tests. 

A small number of research studies have been reported 

for diagnostic testing. These studies have been mostly in 

the fields of elementary arithmetic, although a few studies 

in area of language arts have also been reported. The focus 

of these studies has been primarily on methods of scoring 

and secondarily on identifying misconceptions. These 

studies constitute a second area of a literature search. 

Theory of Multiple-Choice Tests 

This study summarizes a search of the literature on 

selected-response testing. The behavioral constructs— 

cognitive, affective, and psychomotor—are summarized, and 
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the remaining attention is directed to the cognitive. The 

desirable test characteristics, of reliability, validity, 

discrimination, and difficulty are reviewed, and then 

various types of selected-response test are explored. Next 

multiple-choice tests are discussed specifically along with 

their characteristics and criteria for goodness. A brief 

review of the types of curriculum-based testing is then 

presented. 

Because the concept of pre-testing for misinformation 

and missing information may be even more suited for 

intelligent tutoring systems than for traditional live 

instruction, a review the basics of intelligent tutoring 

systems and the concept of instructional lattices is 

provided. The major application area for this type of 

testing will likely be intelligent tutoring systems. 

Finally a defense of the multiple-choice format as the 

preferred vehicle for this type of testing is offered. 

Behavioral Constructs 

Behavioral constructs are generally categorized into 

three domains: Cognitive, Affective, and Psychomotor 

(Krathwohl, Bloom, Masia, 1964; Cangelosi, 1990). Cognitive 

refers to the behavioral aspects of a person's thinking 

processes; affective refers to a person's attitudes, 

feelings, emotions; and psychomotor refers to a person's 

physical skills. 
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Cognitive Domain 

In the Cognitive Domain Cangelosi (1990) defines 

Knowledge-Level Cognition as requiring students to remember 

some specified content, and Intellectual-Level Cognition as 

the ability to use reasoning to make judgements. In 

Knowledge-Level Cognition, Simple Knowledge is knowledge 

requiring no more than a single response, while Knowledge of 

a Process requires students to remember a sequence of steps 

of a procedure. In Intellectual-Level Cognition, 

Comprehension of a Communication requires students to 

determine the explicit or implicit meaning of a message; 

Conceptualization requires students to use inductive 

reasoning to distinguish or discover; Application requires 

students to use deductive reasoning to decide how to solve a 

problem; and Cognition beyond Application requires cognitive 

behavior more advanced than the application level. 

Affective Domain 

In the Affective Domain, Cangelosi (1990) specifies an 

Appreciation-Level Affective Behavior and a Willingness-to-

Act-Level Behavior. 

Psychomotor Domain 

In the Psychomotor Domain, Cangelosi (1990) defines a 

Voluntary Muscle Capability and an Ability to Perform a 

Specific Skill. Both are physical, more than, mental 

skills. 
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The primary focus of this study will be on the 

Cognitive Domain. 

Test Characteristics 

According to Green (1991a), three major characteristics 

for assessing the "goodness" of a test design are (1) 

reliability, (2) validity, and (3) discrimination. To this 

list we will add a fourth, difficulty. 

Reliability 

Reliability, in this sense, means that the test results 

can be used confidently for making decisions. Consistency 

is the keyword in understanding reliability. Green (1991a) 

lists several types of reliability. Stability (or test-

retest) reliability refers to consistency over time. 

Eguivalence (or alternate or parallel forms) reliability 

refers to consistency over different test forms. Interrater 

reliability refers to consistency across raters. Internal 

reliability is consistency within the test itself. 

Estimates of reliability for a particular instrument 

may be directed toward one or both of two purposes: (1) 

providing an estimate of the accuracy of the instrument 

itself, and (2) providing an estimate of the consistency or 

stability of an individual's test score or record of 

performance on the instrument (Erickson and Wentling, 1976). 

Green (1991a) agrees and names several factors that 

influence reliability. One factor is the consistency or 



23 

diversity of the group being tested. The more diverse the 

group, the higher the test reliability because when 

differences among individuals are more striking, orderly 

relationships are more clearly visible. 

A second major factor is the degree of difficulty of 

the test items. Items that are too easy or too difficult 

tend to give lower reliability. 

A third factor is the number of items on the test. 

Longer tests (within reasonable time limits) tend to be more 

reliable than short tests. 

Validity 

According to Erickson and Wentling (1976), validity 

refers to the degree to which a particular test or 

instrument is useful in measuring that which it was designed 

to measure. Green (1991a) suggests that validity refers to 

the extent to which true statements can be made using test 

results. For example, if a test accurately predicts success 

on the job, then we can make true statements as to who is 

likely to succeed on the job and who is not. Validity is a 

judgement based on conceptual or empirical evidence about 

the truth or usefulness of test scores in making inferences. 

Messick (1989) states that it is the inferences derived from 

the test scores rather than the test instrument itself that 

are to be validated. Herman (1992) states that at the 

simplest level, validity indicates whether test scores 
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accurately reflect the knowledge, skills, and abilities they 

are intended to measure. For traditional Multiple-choice 

measures, concerns for validity have focused on issues of 

reliability (stability and consistency of performance) and 

patterns of relationships that may suggest whether the 

assessment is tapping the intended construct. 

Discrimination 

Discrimination is the ability to distinguish between 

high and low achieving students. According to Ebel and 

Frisbie (1986), the selection of highly discriminating 

items, using total test score as the criterion, results in a 

test whose items are valid measures of what the whole test 

measures. In order to conclude that an item showing high 

discrimination is a good item, one must assume that the 

entire test, of which the item is a part, is a good test. 

A Discrimination Index can be calculated for test 

items. Ebel and Frisbie (1986) define this as the extent to 

which students, who are judged to be good in terms of some 

standard, succeed on the item and those who are judged to be 

poor on the same standard fail the item. A commonly used, 

and easily performed, Discrimination Index calculation is to 

take the difference in the proportion of correct responses 

between the group of those scoring in the top 27 percent on 

the total test and the group scoring in the bottom 27 

percent on the same test. 
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Difficulty/Ease 

The goal with respect to difficulty is to obtain a mean 

score that is about halfway between a perfect score and the 

expected chance score. Ebel and Frisbie (1986) state that 

the ideal difficulty of a 100 item, four-choice multiple-

choice test is 62.5, and ideally each item should be 

answered correctly by about 62.5 percent of the group. The 

difficulty of a test is determined by the difficulty of the 

items that comprise it. Difficulty and discrimination are 

closely related in that items that are too hard or too easy 

are not as capable of discriminating between high and low 

achievers as items of moderate difficulty. 

Selected-Response Tests 

Selected-response tests are generally criticized as 

being limited to testing low-level learning such as recall 

but not being able to test higher-level learning. To many, 

good assessment can be defined by what it is not: standard, 

traditional multiple-choice items (Herman, 1992). However, 

a few proponents of selected-response testing (Ebel, 1979; 

Downing, 1992) argue that selected-response test items can 

be constructed to test higher cognitive levels. 

Haladyna (1992b) lists five conditions that appear to 

influence opinions about selected-response testing. 

1. Comments like Cronbach's (1970) that item writing 

has not received as much scholarly attention as it should. 
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2. Historical and current criticism and prejudice that 

multiple choice testing trivializes educational measurement 

by emphasizing low-level learning such as the recall of 

facts (Baker, 1991; Hoffman, 1964). 

3. Increased interest in measuring higher level 

thinking (Nickerson, 1989) coupled with beliefs that the 

multiple-choice format is incapable of measuring these more 

important educational outcomes (Stiggins, Wikelund, & 

Griswold, 1989). 

4. The need to measure school performance more 

directly through molar "authentic" performance tests rather 

than with molecular multiple-choice test items (Baker, 

1991). 

5. The increasing influence of cognitive psychology on 

instruction and measurement (Snow & Lohman, 1989) along with 

the necessity of integrating our instructional intentions 

with instruction and testing (Cohen, 1987; Nitko, 1989). 

According to Haladyna (1992b), the conventional 

multiple-choice (MC) format appears to dominate selected-

response testing, but he names five other formats for 

comparative consideration: (1) Alternate Choice (AC), (2) 

True-False (TF), (3) Multiple True-False (MTF), (4) Complex 

Multiple Choice (CMC), and (5) Context-Dependent Item Set 

(CDIS). Each of these five formats can be considered 

competitors to the conventional multiple-choice format. 
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True-False 

While True-false tests have been criticized for being 

trivial and ambiguous, they remain popular, probably because 

of their ease of construction and grading. But Ebel (1979) 

claims that true-false tests can assess high cognitive 

levels. He also claims that a sufficient number of items 

will minimize the effect of guessing and result in reliable 

and content valid scores. Downing (1992) combines the 

concept of minimized guessing with an example of a true-

false item that has cognitive substance: 

T or F On a 100 item true-false 
examination, the probability 
of a student scoring 70 
percent (or better) correct 
by random guessing alone is 
0.0035. 

Actually, the correct probability is many orders of 

magnitude smaller (2.445 x 10"29). 

Ebel and Frisbie (1986) summarize the arguments in 

favor of true-false tests as follows: 

1. The essence of educational achievement is the 

command of useful verbal knowledge. 

2. All verbal knowledge can be expressed in 

propositions. 

3. A proposition is any sentence that can be true or 

false. 

4. The extent of students' command of a particular 

area of knowledge is indicated by their success in 
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judging the truth or falsity of propositions 

related to it. 

On the other hand, several studies have shown TF to be 

inferior to MC formats. Frisbie (1973) showed TF to be of 

lower reliability, but with about equal concurrent validity. 

Green (1979) found no differences in reliability or validity 

when testing time was held constant, but noted that TF items 

were easier than MC items. Oosterhof and Glasnapp (1974) 

found TF items to be less reliable, easier, and less 

discriminating than MC items. Downing (1992) summarizes 

that there is a consistent advantage of MC when compared to 

TF. Although more true-false items can be administered in a 

predetermined amount of time, MC test scores are typically 

more reliable. AC also appears to be superior to TF. 

In other studies, Ebel (1975) found that teachers tend 

to produce better MC items than TF. Wason (1961) and 

Peterson and Peterson (1976) both found that true negative 

TF items are harder than true positive TF items. Ebel 

(1979) also found that false TF items are more 

discriminating than true TF items. In summarizing the 

various studies, Haladyna (1992b) recommends against the TF 

format for any test purpose. 

Multiple True-False 

Although the MTF format resembles the MC, the options 

are actually the items, and therefore, each option is 
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numbered. One advantage of the MTF format is that it more 

naturally accommodates more than one true item. Consider 

the following example which shows a conventional five-option 

MC item and its equivalent five-item MTF format. The test 

designer who would like "test length" and "item difficulty" 

both to be correct answers will prefer the MTF format. 

Conventional MC Item 
Items 

Choose one of five options. 

1. Which of these influences 
the estimation of test 
score reliability? 

Multiple True-False 

Mark A if true, B if 
false. 

Which of these influences 
the estimation of test 
score reliability? 

A. Test length 1. Test length 
B. Item length 2. Item length 
C. Item discrimination 3. Item discrimination 
D. Item difficulty 4. Item difficulty 
E. Range of test scores 5. Range of test scores 

Research on the MTF format had its beginning in the 

early 1930s (Frisbie, 1990), but its acceptance has been 

very slow (Haladyna, 1992b). In reporting on more than 20 

research studies, Frisbie (1990) summarizes their findings: 

1. More MTF items can be administered per time unit than 

conventional MC items. 

2. There is evidence that MTF formats are more reliable 

than comparable MC formats (Kreiter & Frisbie, 1989). 

3. Evidence exists to support the belief that the MTF and 

MC formats measure the same underlying achievement 

construct and that no format differences exist. 
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4. Studies of the difficulty of the MTF and MC formats 

have been inconclusive. 

5. Studies of examinee acceptance support using MTF. 

Frisbie (1990) suggests the following reasons for the 

lack of popularity of the MTF format: 

1. Lack of treatment in textbooks. 

2. Association, by name, with the undesirable TF format. 

3. Technical problems that persist in scoring. 

There is little doubt that MTF is superior to the CMC 

format, and that it is an effective format for testing 

knowledge (Haladyna, 1992b). 

Alternate-Choice 

Alternate-choice items are multiple-choice items with 

only two choices. Downing (1992) states that alternate-

choice items tend to be more like true-false items because 

their stems are usually short and only two options are 

provided. Ebel (1982) gives the following example: 

The items used in a criterion-referenced 
test are 1) distinctly different from 
2) guite similar to those used in a 
norm-referenced test. 

Ebel (1982) has proposed the AC format as a potential 

solution to some of the objections to TF items. As 

arguments he suggests that AC items are less ambiguous than 

TF, AC items are easier to write and are more efficient than 
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MC, and high reliability can be achieved with AC items. 

Ebel (1981, 1983) further suggests that many important 

questions have only two possible answers, and therefore, the 

AC format is suitable for measuring high levels of cognitive 

processes as well as lower levels. 

Compared with TF items, Maihoff and Mehrens (1985) 

found AC items to be easier, but found no differences with 

respect to reliability, validity, or discrimination. But 

Ebel (1981, 1982) found higher reliability and greater 

discrimination of AC items compared to TF. 

With respect to MC items, both Burmester and Olson 

(1966) and Maihoff and Phillips (1988) found AC items to be 

easier and equal in discrimination. The later study also 

showed AC items to have equal reliability. 

Multiple Choice 

Multiple-choice tests are the most popular form of 

alternate-choice testing. Not only are they easy to grade, 

they appear to have the best qualities of reliability, 

validity, and discrimination. And some educational 

researchers claim that this test form can be suitable for 

testing higher order thinking skills. Multiple-choice 

testing will be treated in a separate section. 

Complex Multiple Choice 

This format has become quite popular in formal testing 

programs. It was introduced by the Educational Testing 
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Service, and the National Board of medical Examiners adopted 

it for use in medical testing (Hubbard, 1978). An example 

of the CMC format follows: 

Which of these influences the estimation of 
test score reliability? 

1. Test length 
2. Item length 
3. Range of scores in sample 

A. 1 and 2 only 
B. 2 and 3 only 
C. 1 and 3 only 
D. 1, 2, and 36 

Albanese (1992) distinguishes between two types of CMC: 

one being a non-standard format with a myriad of possible 

choices, and the other being a standard Type K format that 

systematically codifies the responses. The example 

illustrated above is the Type K format. 

In spite if the CMC's current popularity, Albanese 

(1992) and Haladyna and Downing (1989b) offer several 

reasons for recommending against its use: 

1. CMC items appear to be more difficult than comparable 

single best answer MC. 

2. Having partial knowledge, that is, by knowing that one 

option is absolutely correct or incorrect, helps the 

test taker identify the correct option by eliminating 

distractors. 

3. The format reguires more reading time which negatively 

affects the sampling of content. 



33 

4. CMC items have lower discrimination than MC and lower 

reliability. 

5. The format is difficult to construct and edit. 

6. The format takes more space on a page. 

7. Item-writing and item-review committees tend to 

eliminate these items more often than conventional MC 

formats. 

Additional studies by Case and Downing (1989), Dawson-

Saunders, Nungester, and Downing (1989), and Shahabi and 

Yang (1990) also argue the inferiority of the CMC format. 

Context Dependent Item Set 

This format contains an introductory stimulus and a 

set of related test items. For example, an introductory 

stimulus might be financial data about a company's 

manufacturing operations, with related test items about such 

things as prime cost and conversion expenses, all of which 

can be derived from the given data. Haladyna (1992a) has 

identified four types of CDIS items: 

1. The pictorial form 

2. The interlinear form which usually provides options 

pertaining to spelling, grammatical usage, punctuation, 

and capitalization in paragraphs 

3. Reading comprehension 

4. The problem solving exercise. 
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Since Ebel's (1951) discussion of CDIS (which he calls 

"interpretative"), very little theoretical and empirical 

research has been reported. One study, though, involves 

using CDIS for mathematical problem solving using the 

structure of observed learning outcomes (SOLO) taxonomies 

(Biggs & Collis, 1982). This taxonomy has four elements 

(capacity, relating operation, consistency and closure, and 

response structure) linked to the five Piagetian stages of 

intellectual development. One of the most interesting and 

important features of this work is the theoretical 

foundation in item development, and another is the clear 

interpretation available from each item response about the 

stage of cognitive development (Haladyna, 1992a). CDIS has 

been applied to testing scientific problem solving in 

medical biology (Szeberenyi and Tigyi, 1987) and to 

statistical reasoning (Haladyna, 1991). 

A major limitation of CDIS is in how to score the 

results (Haladyna, 1992a). 

Multiple-Choice Testing 

Turning attention now to multiple-choice testing, the 

literature will be examined to learn the pertinent 

characteristics of multiple-choice tests and to determine 

the criteria for constructing "good" multiple-choice tests. 

The objections to this type of test form will first be 

considered, and then the characteristics of good multiple-
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choice tests will be reviewed. There are impellling 

arguments on both sides. 

Some Objections to Multiple-Choice 

The multiple-choice test format has its critics. 

Basically, the criticisms can be summarized as follows: 

1. Multiple-choice tests (and all objective tests) do not 

test higher order thinking skills. 

2. Correct answers can be obtained by guessing. 

3. Correct answers can be obtained by eliminating wrong 

answers. 

Higher Order Thinking 

Knowledge objectives are stated in terms of teaching 

people to know. Understanding is a higher level of learning 

in which the student knows why certain facts are true or how 

they may be used to solve everyday problems. Green (1970) 

claims that multiple-choice testing is appropriate for 

measuring both types of learning. 

Green (1970) states that the knowledge which pupils 

possess is measurable on at least two levels: 

a. The level of Recognition. 

b. The level of Recall. 

Recognition is measurable by multiple-choice tests in 

which at least one choice in each item serves as a prompt. 

Recall, on the other hand, can be measured by the supply-

type or completion item, in which the student must supply 
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from memory the correct response. The following examples 

illustrate these two concepts. 

Multiple-choice type item. 

During what year did the Civil War begin? 
a. 1841 d. 1871 
b. 1851 e. 1881 
c. 1861 

Supply-type item: 

During what year did World War I begin? 

Quoting from Green (1970): "The multiple-choice test 

is the best objective test form for measuring 

understanding." The following is an example of a multiple-

choice item for measuring understanding. 

Which of the following represents the best definition 
of the term "protoplasm"? 

a. A complex colloidal system made up of water, 
proteins, and fats. 

b. Anything capable of growth by a regular 
progressive series of changes into a more 
complex unit. 

c. A complex mixture of proteins, fats, and 
carbohydrates, capable of responding to 
changes in its environment. 

d. A complex colloidal system of proteins, fats, 
carbohydrates, inorganic salts, and enzymes 
which manifests life. 

Guessing 

While guessing is always a consideration in selected 

response tests, it is not as much a factor in multiple 

choice tests as might be thought. Consider, for example, a 

ten item test with five choices per item. Assuming 

responses by completely random guessing, a student's 
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expected score is 20 out of a possible 100. Looking 

further, the probability of all guesses being right (score 

of 100) is 0.000000102, and the probability of any passing 

grade in the range of 70-100 is 0.000864. Table 2-1 shows 

the expectations of random guessing for ten multiple-choice 

items, each having 2, 3, 4, and 5 choices. The 

probabilities shown are the probabilities, for 10 items, of 

scoring 100 (all correct) and for scoring 70 or better. 

It is very unlikely that a student will pass such a 

test by pure guessing. However there are criteria for 

No. of Expected 

Choices Score Pr10(100) Pr10(>70) 

2 50 .0009770 .171875 

3 33 .0000169 .019662 

4 25 .0000010 .003506 

5 20 .0000001 .000864 

Table 2-1. Random Guessing Expectations for 
Multiple Choice Tests of Ten Items 

compensating for guessing. To correct for guessing, it is 

necessary to subtract from a student's score an amount equal 

to the expected gain from blind guessing (Ebel & Frisbie, 

1986). Logic of this kind leads to the following general 

formula for correcting for guessing: 
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where 

S = R - W/(N-1) 

S = The score corrected for guessing. 

R = The number of questions answered rightly. 

W = The number of questions answered wrongly. 

N = The number of choices. 

Thus, if the number of choices for each item is five, we 

would correct the score by subtracting 1/4 the number of 

wrong answers from the number of right answers. 

Elimination 

Ebel and Frisbie (1986) feel that the elimination issue 

has been over-emphasized. The ability to eliminate wrong 

answers shows some mastery of the area being tested. They 

claim that the knowledge and ability required to properly 

eliminate incorrect alternatives can be, and usually is, 

closely related to the knowledge and ability that would be 

required to select the correct alternative. They further 

suggest that it is unlikely that an examinee who is totally 

ignorant of the correct answer would have knowledge enough 

to eliminate with certainty the incorrect alternatives. 

True-False Compared to Multiple-Choice 

Frisbie and Ebel (1972) found that students respond to 

more true-false items per minute than multiple-choice items, 

the ratio being 1.5:1. Other researchers have reported 
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different ratios (Green, 1979; Oosterhof and Glasnapp, 1974; 

and Frisbie, 1973). However, all seem to agree that TF is 

more efficient. 

Frisbie and Ebel (1972) also determined that multiple-

choice items tend to be more reliable than comparable true-

false items while being egual in concurrent validity. Green 

(1979), on the other hand, found no differences in 

reliability or validity when testing time was held constant. 

Ebel (1980) showed that multiple choice items are more 

discriminating than comparable true-false items. Oosterhof 

and Glasnapp (1974) agree that multiple choice items are 

more reliable and more discriminating, but slower or harder. 

Because more true-false items can be administered in a given 

amount of time, Ebel and Frisbie (1986) claim that the 

disadvantages of reliability and discrimination can be 

overcome. They conclude that a good one-hour true-false 

test is as good as a good one-hour multiple-choice test. 

Green (1979) also agrees that a true-false test can be as 

good as a multiple-choice test. 

Optimum Number of Choices 

There has been a great deal of theoretical and 

empirical work forecasting the viability of two- and three-

option testing. In addition to Ebel, Grier (1975, 1976), 

Haladyna & Downing (1993), Lord (1944, 1977), and Tversky 

(1964) have suggested fewer response options, with three 
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being optimal for most purposes. Lord (1977), in the 

framework of item-response theory, showed that only one 

distractor is sufficient for examinees in the upper end of 

the distribution while more seem to be needed at the lower 

end of the scale. This is because there is very little 

random guessing in the high ability levels. Haladyna and 

Downing (1993), in studying performance characteristics of 

four standardized tests, determined that in a large number 

of four- and five-option items, two or more of the 

distractors were virtually useless and that the items 

effectively could be reduced to two-option items for 

equivalent results. 

Characteristics of a Good Multiple-Choice Test 

Ebel and Frisbie (1986) give some characteristics of 

good multiple-choice test items. Besides stating some 

general characteristics, they suggest specific desirable 

qualities of stems and distractors. 

General 

1. Novel questions and novel problem situations, such as 

the following, tend to reward the critical minded who have 

sought to understand and to penalize the superficial 

learner. 

If the radius of the earth were increased by three 
feet, its circumference at the equator would be 
increased by about how much? 
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2. Never settle for a best answer when a correct answer to 

the same item stem is available. 

3. Items that are negatively stated tend to be somewhat 

confusing. 

Stem 

1. The stem should be relevant. If the stem fails to 

present a question or specific problem, the wording of the 

stem is ambiguous, or the question presented is relatively 

insignificant, the item is considered to be irrelevant. The 

following stem falls into this category because physiology 

tells us any number of things: 

Physiology tells us that 

2. The stem should ask a question that has a definite 

answer. 

Which event in the following list has been of the 
greatest importance in American history? 

3. The stem should not ask for an opinion unless it is an 

opinion on which most experts agree. 

Strive for clarity. The following stem seems to be 

needlessly complex: 

Considered from an economic viewpoint, which of 
these proposals to maintain world peace derives 
the least support from the military potentialities 
of atomic energy? 
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A better stem might be: 

Which of the following proposals for world peace 
receives the least economic support from the 
military potentialities of atomic energy? 

Distractors 

1. Distractors should be plausible. Their purpose is to 

discriminate between students who have command of a specific 

body of knowledge and those who do not. 

2. Define the class of things to which all the alternate 

answers must belong. For example, if the guestion asks what 

cools a refrigerator, the distractors should all be things 

which can cause cooling. 

3. Think of things that have some association with the 

terms used in the guestion. For the electric refrigerator 

question, these might be such things as "flow of electricity 

through a compressed gas" or "electromagnetic absorption of 

heat energy." 

4. If the item calls for a quantitative answer, make the 

responses distinctly different along the same scale. 

Positive vs. Negative Items 

There are two senses in which a multiple-choice test 

item can be termed "negative." Either the stem is 

negatively worded, or the item calls for the most incorrect 

response. A combination of the two is a double negative, a 

likely source of confusion. 
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Positive items are generally believed to produce more 

valid results than negative items (Tinkleman, 1971; Wesman, 

1971; Johnstone, 1983). Cassels and Johnstone (1980) have 

shown that double negatives lead to "very poor performance." 

On the other hand, Tamir (1993) has demonstrated some 

exceptions to this rule. For items of low cognitive level, 

Tamir found no differences, on the average, between the 

positive and negative modes. But in items requiring high 

cognitive reasoning, the negative mode is, on the average, 

more difficult than the positive. Tamir further showed 

examples in which the negative mode was easier for 

"structure and function matching" while the positive mode 

was easier for "factors effects" items. To provide a 

rationale for these results, Tamir suggests that in 

structure and function matching it is easier to identify the 

mismatch (negative); whereas, a positive approach seems to 

work best in identifying the factors affecting an outcome. 

The Rasch Model 

Some method is needed for comparing the equivalence of 

different form of test instruments, and a few analytic 

approaches have been proposed. Of particular interest to 

this study is a proposed method for comparing multiple-

choice tests. 

George Rasch (1960), a Danish mathematician, proposed a 

mathematical model for predicting the probability of 
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selecting the right answer on a multiple-choice test. Rasch 

derived this model, an extension of the Poisson 

distribution, as a predictor of the likelihood of a person 

misreading words in a text. He then applied it to 

predicting the likelihood of success on individual test 

items. This model, based on a dichotomous (either right or 

wrong) response, relies on two parameters, one associated 

with the test taker and the other with the test guestion. 

With regard to test items, this model has been used 

primarily for two purposes: 

1. To predict the likelihood that a student will 

answer a test item correctly. 

2. Estimate the eguivalency of different forms 

of a test item. 

The mathematical description of the model is presented 

with different variations by different authors (e.g.; Rasch, 

1960; Green, 1991b; Divgi, 1986; Glas, 1988; Smith and 

Kramer, 1992). Essentially, the probability of any person 

with score r succeeding on item i is given by: 

e[B(r)-D(i)] 

Pr[X ;] 
1 + e [B(r)-D(i)] 

where: 

B(r) = Estimated ability of a person with score r. 

D(i) = Estimated difficulty of item i. 
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Willmott and Fowles (1974) concluded that the person 

specific parameter is constant for a given person regardless 

of the items the person attempts to answer, and the item 

specific parameter is also constant for a given item 

regardless of the person attempting the item. 

Divgi (1986) states that the Rasch model is really a 

special case of a more general model. This general model 

estimates that the probability that a person with ability x 

will answer an item correctly is 

(1 - c) 
P(x) = c + 

[1 + e
{a(b"x)>] 

where a, b, c are parameters denoting discrimination, 

difficulty, and guessing. This model is sometimes called a 

"three parameter" (3P) model. 

The Rasch model has some special properties that the 

more general models lack (Divgi, 1986): 

1. Estimation of ability is convenient and relatively 

simple. The maximum likelihood estimate of ability for each 

score can be computed and stored. Then it is only necessary 

to look up the estimate corresponding to each examinee's 

score. 

2. Conditional maximum likelihood estimates of item 

parameters are consistent. These estimates cannot be 

obtained with 2P and 3P models. 
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3. It is possible to compare difficulties of two 

items, or abilities of two persons without having to 

estimate any other parameters—difficulties or abilities 

(Rasch, 1966). Rasch calls this property "specific 

objectivity." 

The accuracy of Rasch model results is a subject of 

considerable controversy. Extensive literature touting the 

Rasch model is surveyed by Rentz & Rentz (1979). Glas 

(1988), for example, found that marginal maximum likelihood 

estimation, which assumes a sample of subjects from a 

population with a specified distribution of ability, will 

lead to solvable estimation equations in the Rasch model. 

Smith and Kramer (1992) compared two methods of estimating 

Rasch parameters and found them to produce equivalent and 

reasonable results. On the other hand, researchers such as 

Hambleton and Murray (1983), Divgi (1980, 1981), and Loyd 

and Hoover (1980) have found instances where the Rasch model 

gave unsatisfactory goodness of fits and where the 3P model 

fitted responses better. Perhaps with some bias showing, 

Divgi (1986) concludes that "the studies that found the 

Rasch model satisfactory for multiple-choice tests did so 

because their methods of analysis were not powerful enough." 

Curriculum-Based Testing 

Norm-referenced testing attempts to assess a student's 

general level of ability and achievement relative to others 
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within a group (Frederiksen and White, 1986). Criterion-

referenced testing, on the other hand, has the goal of 

promoting individualized, adaptive instruction (Glaser, 

1963). Therefore, the study at hand will focus on 

criterion-referenced testing. 

Criterion-Referenced Assessment 

Williams (1991) defines a Criterion-Referenced 

Assessment (CRA) as one which checks on what skills — 

1. A child already has. 

2. Are to be acquired. 

3. Have been mastered within an instructional program. 

Anderson (1972) agrees, saying that the criterion-

referenced test is intended to determine the level of 

mastery of skills and knowledge, As a result, while items 

with high discriminating power will increase the reliability 

of norm-referenced tests, they are inappropriate for 

criterion-referenced testing. The reason is that people who 

do well on a test as a whole will have more verbal ability 

than people who do poorly, and therefore, items which 

discriminate between these two groups will tend to contain 

difficult vocabulary not necessarily critical to an 

understanding of the concepts and principles being tested. 

Curriculum-Based Assessment 

Gickling (1981) has defined Curriculum-based Assessment 

(CBA) as a procedure for determining the instructional needs 
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of a student based upon the student's ongoing performance 

within existing course content. According to Williams 

(1991) CBA has some similarity to CRA which permits a check 

on what skills a child already has and which skills are 

still needed. Williams (1991) further states that 

Curriculum-Based Assessment (CBA) is similar to CRA but 

differs in that CBA uses the material to be learned as the 

basis for assessing the degree to which the material has 

been learned. 

Several studies have been made which indicate that CBA 

technigues can produce relevant information for 

instructional and program planning in special education 

environments. Shinn, Ysseldyke, Deno & Tindal (1986) found 

CBA techniques sensitive to differences between learning 

disabled and low achievers on weekly performance measures of 

reading, spelling, and spelling accuracy when no meaningful 

differences had been found using several commonly used norm-

referenced tests. 

Curriculum-Based Measurement 

Curriculum-Based Measurement (CBM) is a third 

philosophy of testing and is also similar to CBA. According 

to Williams (1991), assessment judges whether a student has 

learned a specific task just taught; whereas measurement 

judges whether a child can perform specified aggregate 

tasks. Therefore, CBA would be used to determine if the 
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child can add 2 + 7 ; and CBM would be used to determine if 

the child can add any two single-digit numbers. Thus CBM is 

closer to CRA than to CBA. 

Cognitive Diagnostic Testing 

In the literature, several studies have reported 

research in analyzing student response patterns to diagnose 

student understanding when incorrect responses are selected 

(e.g., Gorham, 1956; Jacobs & Vanderventer, 1968; Powell, 

1968; Powell & Isbister, 1974; Kansup & Hakstian, 1975; 

Biernbaum & Tatsuoka, 1980; Frary, 1980; Tatsuoka & 

Tatsuoka, 1981; Fisher & Lipson, 1986; Borasi, 1987; Smith, 

1987; Powell & Shklov, 1992). These studies have 

investigated the information content of wrong responses from 

a variety of perspectives. 

Powell and Borasi, for example, have investigated how 

interpretation influences answer selection, and they have 

attempted to develop a hierarchial classification of 

interpretive strategies. Smith (and others to be cited) 

have studied the information content of wrong answers in the 

language arts area. 

With regard to the area of rule—based reasoning such as 

mathematics, most of the studies have been concerned with 

(1) attaining more accurate scoring of tests by identifying 

and giving credit for partial information and (2) diagnosing 

the reasons for incorrect responses. On the one hand, we 
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want a more accurate assessment of what the student does 

know; and on the other hand, we want to determine what the 

student does not know. Both of these goals hinge upon 

identifying the algorithms (correct and incorrect) used by 

the students when formulating their responses. 

The primary method of analysis has centered around 

binary response vectors that indicate, for each test item, 

whether the student answered correctly (1) or incorrectly 

(0). Relatively little research based on analyzing multiple 

choice distractors has been reported. 

Most of the studies reported thus far have dealt with a 

very narrow scope: diagnosing errors in signed number 

arithmetic and in arithmetic with fractions. The focus has 

been on trying to detect incorrect algorithms used in these 

operations. While these studies have revealed some useful 

insights, they have not yet brought forth a detection model 

that can be used consistently. This was (and still remains) 

a fruitful field for further research (Birenbaum & Tatsuoka, 

1980). 

Cognitive Issues and Problems 

It is generally conceded that identifying the use of an 

incorrect algorithm does not necessarily mean that the 

student's cognitive process has been ascertained. Cazden 

(1976) reports that "it is essential to remember that a 

formal analysis of some knowledge or skill does not 
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necessarily, or even probably, reflect the organization in 

anyone's head, much less how it got there." Tatsuoka (1990) 

adds that "finding the sources of misconceptions possessed 

by students is a difficult task because it is impossible to 

see what is happening in their heads." The problem is two-

fold: (1) the application of an incorrect algorithm can 

sometimes lead to a correct result, and (2) there is 

frequently more than one valid strategy that can be 

employed. 

There can be several reasons why children (and adults) 

adopt erroneous concepts and procedures for solving certain 

kinds of problems. Erroneous simplification seems to be at 

the root of the matter. Resnick (1976) has established that 

"children seek simplifying procedures that lead them to 

construct or invent more effective routines that might be 

quite difficult to teach directly." In so doing, they 

sometimes make incorrect simplifications which then leaves 

them operating with an incorrect algorithm based on 

misinformation or missing information (Birenbaum & Tatsuoka, 

1983). But they frequently cannot explain their thinking 

processes. As Greeno (1981) has pointed out, "not all 

students can describe the reasons why they have used their 

erroneous rules." The matter becomes even more tenuous when 

one realizes that incorrect algorithms will sometimes lead 

to correct results (Birenbaum & Tatsuoka, 1983; Wilcox, 

1983). 
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Birenbaum & Tatsuoka (1982, 1983) argue for the need to 

measure misinformation and to determine the type of 

misinformation that a student has. Their thrust is on 

developing scoring procedures in which identified 

misinformation is a factor, as well as on prescribing 

diagnostic instruction. 

Underlying Concepts 

There are several underlying concepts that are useful 

to a study of diagnostic testing. A summary of the more 

pertinent of these concepts follows. 

Latent Trait 

The term, latent trait, refers to a person's innate 

ability to perform a certain task. An immeasurable 

characteristic, its value is estimated stochastically by 

testing, somewhat as the true mean of a population is 

estimated statistically by experimentation. According to 

Lord & Novick (1968, p. 358), "any theory of latent traits 

supposes that an individual's behavior level can be 

accounted for, to a substantial degree, by defining certain 

human characteristics called traits, quantitatively 

estimating the individual's standing on each of these 

traits, and then using the numerical values obtained to 

predict or explain performance in relevant situations." The 

concept of latent traits has become a very popular concept 

in the last few years among psychometricians (Birenbaum & 



53 

Tatsuoka, 1983). It is the basic concept underlying Item-

Response Theory (Tatsuoka, 1990). 

Item Response Theory 

Item Response Theory (IRT) provides a statistical model 

for the probability of a correct response to a test item 

(Kotz & Johnson, 1988). IRT makes it possible to administer 

different test items to examinees of different abilities 

such that a reasonable comparison of examinees is possible 

(Schumacker, 1991). The theory requires estimates of item 

difficulty and of the examinee's ability, and it is based 

upon a dichotomous scoring (all right or all wrong) of each 

test item. While there are many variations of the 

estimating formula and its parameters, the Rasch Model, 

which does not allow for guessing, is one of the most 

popular (Kotz & Johnson, 1988) although it has its critics 

as well as its adherents. 

Rule Space 

A rule is associated with a set of procedures or 

operations that one can use in solving a problem in some 

well-defined procedural domain such as arithmetic, algebra, 

and the like (Tatsuoka & Tatsuoka, 1988). A correct rule 

applied to an item will yield the correct answer. Applying 

an incorrect rule will usually, but not always, yield an 

incorrect answer. By denoting correct and incorrect answers 

by Is and 0s, respectively, a binary response vector of a 
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person's responses over a series of parallel test items can 

be constructed. 

A rule space is a two-dimensional Cartesian product 

space with two bases: a normalized real number 

representation of a student's response vector, and an 

estimate of the student's latent trait (Tatsuoka & Tatsuoka, 

1988). But because of the possibility of carelessness in a 

student's responses, the resulting response vector is an 

approximation of what the "true" response vector should be. 

Therefore, the points representing response vectors will 

cluster around the point representing the "true" response 

vector. The distribution of these points in the rule space 

are assumed to follow a bivariate normal distribution. 

Tatsuoka & Tatsuoka explain that this model becomes a tool 

for solving a special kind of classification problem: Given 

a response pattern (or vector) x, "what misconception, 

leading to what incorrect rule of operation did this pupil 

most likely have?" (Tatsuoka & Tatsuoka, 1988). 

The rule space model consists of four components 

(Tatsuoka, 1990): (1) item construction and preparation of 

the bug library, which consists of the response patterns 

resulting from the various sources of misconceptions, 

sources of incomplete knowledge, and erroneous rules of 

operation; (2) estimation of parameters, including item 

parameters of Item Response Curve Theory (IRT) models and 

bug distributions; (3) execution of decision rules; and (4) 
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evaluation of the information in the bug library and update 

of the contents. 

Dimensionality 

There is always more than one major factor underlying 

any test data in the achievement domain (Birenbaum & 

Tatsuoka, 1982). In achievement testing (as opposed to 

ability testing), Birenbaum & Tatsuoka stress the need to 

consider dimensionality in the scoring process (See also 

Tatsuoka & Tatsuoka, 1981). The data set of test results 

should not be treated as being unidimensional, because 

several factors, such as variations in teaching methods 

between groups, and before and after testing, add additional 

considerations to the test results. The internal and 

external validity concerns listed by Campbell and Stanley 

(1981) are appropriate factors in this context. 

The multidimensionality of achievement test data has 

lately become a major concern to psychometricians because 

latent trait models are inaccurate except when applied to 

unidimensional sets of data (Birenbaum & Tatsuoka, 1982). 

This is a very important consideration in test design, 

administration, and evaluation because erroneous conclusions 

are likely when applying unidimensional evaluations to 

multi-dimensional test data. There can be many factors to 

consider if test results are to be correctly interpreted as 

true measures of ability. 
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Bugs and Bug Libraries 

In the context of diagnostic testing, a bug has been 

defined to be a variation from a specified correct action 

(Brown & Burton, 1978). Two kinds of bugs are considered: 

systematic errors and slips (Brown & VanLehn, 1980). 

Systematic errors are considered to be minor perturbations 

from the correct procedure for a particular skill. Slips 

mean that the student did something unintended. 

A few researchers have built data bases of possible 

bugs (bug libraries) to delineate and classify errors that 

might occur in arithmetic computations (Brown & Burton, 

1978; Tatsuoka, 1981; Tatsuoka & Tatsuoka, 1983; Jaspers & 

van Lieshout, 1994). The purpose of a bug library is not 

only to determine that an error occurred, but also to 

diagnose the nature of the error. With an appropriate 

mechanism for associating a result (or a partial result) 

with an item in the bug library, misinformation and missing 

information can be diagnosed. Possible mechanisms include 

(1) designing test items to give unique answers for each 

possible bug (Jaspers & van Lieshout, 1994), (2) using the 

bugs to generate expected response patterns of right and 

wrong answers over several parallel test items (Brown & 

Burton, 1978; Tatsuoka, 1981; Tatsuoka & Tatsuoka, 1983), 

and (3) designing multiple choice distractors to identify 

associated bugs. 
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Programs for Automated Error Diagnosis 

A few computer programs have been written to automate 

the process of diagnosing misinformation and missing 

information according to the procedures outlined above. 

Noteworthy among these programs are BUGGY (Brown & Burton, 

1987), DEBUGGY (Brown & Burton, 1987; Brown & VanLehn, 1980; 

VanLehn, 1981) and SIGNBUG (Tatsuoka, Baillie, & Yamamoto, 

1982; Tatsuoka & Tatsuoka, 1983). 

Both programs have been used to identify rule 

violations in whole number subtraction and signed-number 

arithmetic. In 1983 it was stated that DEBUGGY identifies 

77 distinct rules and SIGNBUG detects 89 (Tatsuoka, 1983). 

BUGGY is a computer program which is both a diagnostic 

tool and a tutor (Dede, Zodhiates, & Thompson, 1985). A 

BUGGY model represents domain knowledge as rules, and 

potential misconceptions as variants of the rules (Tennyson 

& Park, 1987). Based on a bug library in the form of 

procedural networks of bugs to be expected in simple 

arithmetic operations, BUGGY perceives a bug from student 

exercise. It then has the user submit similar problems, and 

by performing arithmetic operations based on that bug, it 

guides the user into "discovering" the nature of the bug. 

DEBUGGY is a more focused and complex program than 

BUGGY. Rather than attempting to examine two or three 

subject areas simultaneously, DEBUGGY focuses on multi-digit 

subtraction. From examining hundreds of tests, it has built 
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a "complete" library of all possible multi-digit subtraction 

bugs (VanLehn, 1982). New bugs, however, are still being 

discovered by human analysis of new tests. 

The significant finding in using DEBUGGY is 

confirmation of the suspicion that erroneous answers cannot 

always be accounted for solely by bugs and slips. About 

one-third of the subjects tested made arithmetic errors that 

could not be accounted for by DEBUGGY's bug library. 

However, for the bugs that were successfully identified, 

DEBUGGY proved to be as effective as human analysis. 

Because of the extensive bug library it requires, 

application of DEBUGGY to other types of problems can be a 

labor intensive procedure. 

SIGNBUG also diagnoses a number of rules in signed-

number addition and subtraction (Tatsuoka, 1983). Built on 

the University of Illinois PLATO system, SIGNBUG is 

primarily concerned with exploring psychometric properties 

of bugs such as changes in error types or the stability of 

misconceptions committed by the student throughout a test 

(Birenbaum & Tatsuoka, 1980; Tatsuoka, 1981; Tatsuoka & 

Tatsuoka, 1983). 

The difficulty with diagnostic programs of these types 

is that they do not have general applicability. They are 

expensive, and they can handle only specific areas of 

arithmetic (Tatsuoka & Tatsuoka, 1981). 
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Response Analysis for Better Scoring 

Analyzing Binary Response Vectors 

Over the past fifty years, a substantial body of 

evidence has accumulated showing that examinees can make use 

of partial information when responding to multiple choice 

items (Hutchinson, 1985). Therefore, a number of studies 

have been made of scoring methods that will better account 

for an examinee's partial knowledge than can be done with 

traditional dichotomous scoring. 

Frary (1980) defines partial information as "the 

ability to eliminate some, but not all, of the incorrect 

choices." Frary then reviews five response/scoring methods 

and compares them with regard to the effects of 

carelessness, partial information, and missing information. 

He emphasizes the importance of the response/scoring method 

in test development. 

In the Number-Right and Corrected-for-Guessing Scoring 

Method, the item score for total ignorance in an n-choice 

item is expected to be 1/n. In contrast, the item score for 

any level of misinformation is expected to be 0, since the 

correct choice is eliminated from consideration. Thus, 

there is a 1/n point penalty for misinformation. (But 

misinformation can lead to an accidentally correct choice.) 

To account for partial information, expected item scores 

must be calculated for each information level, where an 
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information level p is defined as guessing between p choices 

and the correct answer, where p < n. 

In the Arnold Scoring/Response Method examinees are 

asked not to guess, but to mark all choices they firmly 

believe to be incorrect. The scoring method assigns a 

corrected-for-guessing expected item score according to the 

knowledge level inferred from the number of incorrect 

choices eliminated. It can be shown that there is no 

scoring benefit to guessing. 

In the Answer-Until-Correct Method, the examinee 

selects choices until the correct choice is selected. Usual 

scoring methods deduct points for each erasure (wrong 

selection). Again, partial information can be considered by 

defining n - 1 misinformation levels (p choices, p < n, are 

declared incorrect), and calculating the expected number of 

erasures and expected item score at each level. Eventually 

the correct answer will be obtained. 

In the Coombs and Related Response/Scoring Methods, 

examinees mark all choices they firmly believe to be wrong. 

The examinee receives one point for each correctly 

identified wrong choice, and is penalized (n-1) points for 

inadvertently marking the correct choice. Again, 

misinformation levels are defined, and the item score 

depends on the number of choices marked by the examinee. 

The misinformation penalty varies inversely to the number of 

choices marked. 
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In the New Response/Scoring Method, the students erase, 

on a feedback answer sheet, the shields over the answers 

they believe to be incorrect. Item scores vary directly 

with the number of incorrect choices erased. Further, the 

scoring algorithm is such that if the correct choice is 

inadvertently erased, the examinee will lose points by 

erasing further. 

Frary (1980), in examining these different methods of 

scoring multiple choice tests, found that some methods 

penalize all conditions of misinformation equally, while 

other methods impose varying penalties according to the 

number of wrong choices the misinformed examinee has 

categorized with the correct choice. Partial information 

yields substantially different expected item scores for 

different scoring methods. 

Frary (1980) makes the strong assertion that 

misinformation always and necessarily results in expected 

item scores lower than those associated with complete 

ignorance (guessing). Under Frary's assumption that 

misinformation always results in wrong answers (Frary, 

1994), his observation is true. This observation is 

important because it indicates that a person who has learned 

something incorrectly is at a scoring disadvantage to 

someone who has not learned at all. But Birenbaum & 

Tatsuoka (1982) show examples in which misinformation 

sometimes yields correct responses. Therefore, Frary's 
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assertion should be modified to claim that misinformation 

will usually, but not always, yield item scores lower than 

those associated with complete ignorance. In either case, 

Frary adds that in most cases and with proper attention to 

scaling, guessing "has no adverse effect on expected item 

scores, though some total score variance does result." 

In their 1982 paper, Birenbaum & Tatsuoka explored 

diagnostic testing when there are several types of 

misinformation. They studied the addition of signed numbers 

with respect to three erroneous algorithms: (1) treating 

parentheses as meaning absolute value, (2) adding the 

numbers and taking the sign of the largest absolute value, 

and (3) add the numbers when they have different signs and 

put a plus sign in the result. 

Using a test of 16 tasks (four items per task) given to 

125 eighth graders, Birenbaum and Tatsuoka (1983) compared 

two methods of scoring tests of addition and subtraction of 

signed numbers, one method involving the identification of 

misinformation. In one method they use the standard scoring 

technique of assigning "1" to a correct answer and "0" to an 

incorrect answer. The other technique is similar to the 

first except that they assign a "0" to a correct answer 

thought to have resulted from an incorrect algorithm. This 

second scoring method produced a higher reliability 

coefficient, higher correlations, and lower dimensionality, 

yet Wilcox (1983) commented that the Tatsuokas gave no 
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evaluative criteria for determining the accuracy of either 

procedure. 

Wilcox (1983) proposed an optimal scoring model for 

identifying misinformation which he applied to the three 

erroneous signed number algorithms studied by Birenbaum & 

Tatsuoka (1982). The model, which is optimal in the sense 

of maximizing the number of examinees for whom a correct 

decision is made about their latent state, is based on the 

following assumptions: 

1. Every examinee belongs to one of five mutually 

exclusive latent states: they know how to solve the 

items, they guess at random, or they apply one of the 

three erroneous algorithms described by Birenbaum & 

Tatsuoka (1982). 

2. If an examinee is using the correct algorithm, the 

correct response is always chosen, and if one of the 

three erroneous algorithms is used, an examinee will 

always choose a corresponding response. 

3. There are no examinees who have partial 

information. 

While ruling out the possibility of carelessness in the 

responses, the model analyzes the dichotomous patterns of 

correct and incorrect responses, accounts for possible 

guessing, and estimates the probabilities that the response 

patterns result from one of the three erroneous algorithms. 
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Zin & Williams (1991), in a survey paper, examined 

three categories of scoring methods with respect to 

"misinformation, total ignorance, partial information, and 

complete information". Category 1 dealt with methods that 

reguire extra effort from the examinee. One example, 

proposed by De Finetti (1965), reguires the examinee to 

express partial knowledge by estimating the probability of 

correctness of each option. A related method, discussed by 

Leclercg (1984), requires the examinee to select the one 

"best" option and express a confidence level for its 

correctness. 

Category 2 involves manipulation of test items or 

instructions. Matched pairs of parallel items have been 

used to diagnose students' errors of pronoun usage (Webb, 

Herman, & Cabello, 1986). Instructions that imply small 

rewards for omitted answers have been found to influence 

better results than instructions that penalize (Traub & 

Hambleton, 1972). Plake, Wise, & Harvey (1988) concluded 

that undergraduate college students not only comprehend 

instructions, but can calculate how much advantage they can 

gain from different item response strategies. 

Category 3 does not manipulate either items or 

instructions. This category seeks to determine the 

examinee's true ability by compensating for guessing and for 

partial information. One method provides a method to 

"correct for guessing" (Lord & Novick, 1968). In another 
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method, judges assign weights to each item based on the 

degree of correctness of the item (Smith, 1987). 

Recent trends in scoring involve statistical modeling 

based on finite state theory. Zin & Williams (1991) claim 

that the above mentioned methods, plus feedback methods such 

as answer-until-correct, have not yielded more meaningful 

scores which directly estimate student ability with better 

reliability and validity than the conventional number right 

score. 

As an alternative to the scoring procedures summarized 

above, Garcia-Perez (1987) has proposed that a finite state 

theory of performance on multiple choice tests may offer 

advantages. Finite state theory accounts for partial 

knowledge by shifting attention from the item to the option. 

The examinee attempts to classify each option within an item 

as true or false, rather than by responding holistically to 

the item. The theory also incorporates assumptions 

appropriate to the particular mode in which the test is 

administered, and it yields ability estimates on a single 

metric which remains the same regardless of the mode of test 

administration or assumptions concerning the examinee. No 

details nor results are reported in support of the theory. 

Analyzing the Distractors Selected in Incorrect Responses 

In the area of language arts, Smith (1987) experimented 

with weighting multiple choice distractors according to 
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their degree of correctness. Although his efforts are 

toward better scoring rather than diagnosis, Smith does show 

that useful information can be present in well designed 

distractors. 

Smith compared scoring based on the weighting system 

shown below with traditional dichotomous scoring. 

Sound- or look-alike 0 

Context 1 

Anonym 2 

Close 3 

Synonym 4 

Smith's results showed the two scoring approaches to be 

fairly equal with regard to reliability and validity, 

especially for the lower scoring students. 

Response Analysis for Learner Diagnosis 

Studies of the information content of wrong answers 

have been applied both to scoring procedures and to 

diagnostic processes. 

Macready and Dayton (1977) proposed a latent structure 

model for diagnosing misinformation, and Wilcox (1981) 

proposed a model using an answer until correct scoring 

procedure. Both of these approaches deal with identifying 

only a single erroneous algorithm, and thus are not 

appropriate for the more general problem of distinguishing 
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between several possible erroneous algorithms. A few recent 

studies of analyzing distractors for this more general 

problem have been found and are noted in the section that 

follows. 

Analyzing Binary Response Vectors 

Rule Space 

Tatsuoka (1983) introduced the concept of a rule space 

defined in different terms from her later version cited 

above (Tatsuoka & Tatsuoka, 1988). The study being reported 

acknowledged the difficulty of diagnosing misconceptions 

when there are many possible erroneous algorithms, and it 

proposed partitioning the candidate algorithms into 

component parts in hopes of finding smaller sets of 

underlying rules. Tatsuoka illustrated this concept by 

partitioning candidate rules for signed number arithmetic 

into two component parts: sign rules and absolute value 

rules. These two parts constitute the Cartesian coordinates 

of a two-dimensional rule space. 

A computer is used to calculate scores for each of 

these two components that would result from an erroneous 

algorithm (bug), and these scores from 32 bugs are plotted 

on the rule space. Then by analyzing the binary response 

vectors for a 40-item sign number test, Tatsuoka calculates 

student scores for sign rules and absolute value rules and 

plots these on the same rule space. In this manner, the 
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erroneous rule that each student is most likely to have used 

can be identified. 

Individual Consistency Index 

Several methods have been devised for spotting 

erroneous rules of operation in rule-based environments. 

The most noted of these methods are the Norm Conformity 

Index (NCI) by Tatsuoka & Tatsuoka (1980,1982), the Caution 

Index (Cj) by Sato (1975), the Modified Caution Index by 

Harnish and Linn (1981), the Deviance Index by van der Flier 

(1977), and the Individual Consistency Index (ICI) by 

Tatsuoka and Tatsuoka (1980, 1982). While these indices may 

be useful in spotting candidates who may possibly possess 

misconceptions, they do not diagnose the sources of the 

misconceptions nor provide prescriptive remedial information 

(Tatsuoka, 1983). 

All these methods examine binary response patterns of 

right or wrong, and all but the last require the ordering of 

test items according to their relative difficulties based on 

some arbitrary norm or reference group (Tatsuoka and 

Tatsuoka, 1983). The Individual Consistency Index (ICI), by 

contrast, is based on item ordering determined by an 

individual's state of knowledge. 

Tatsuoka & Tatsuoka (1981, 1983) demonstrated the 

Individual Consistency Index (ICI) by which they estimate 

the consistency with which students apply (or misapply) 
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rules of operation. They showed the ICI to be very 

effective in signed number computation problems, and they 

expect it to be useful in any domain. 

The ICI, which requires repeated measures in a test, 

appears to be successful in spotting the consistent use of 

erroneous algorithms, but it does not identify nor 

discriminate between several possible algorithms. Responses 

yielded by incorrect rules are characterized by low test 

scores and high ICI values. One object of the ICI is to be 

able to extract a unidimensional subset from an achievement 

dataset. 

Dimensionality 

In the same time period, Birenbaum & Tatsuoka (1982, 

1983) reported studies of dimensionality in criterion-

referenced testing (see also Tatsuoka & Tatsuoka, 1981). 

Working also in the area of signed number computation, they 

demonstrated that test results can be influenced by the 

examinee's underlying cognitive processes as well as by the 

nature of the content domain. 

They also demonstrated that "an increment in the number 

of algorithms underlying the responses affects the 

dimensionality of the test data." After response patterns 

yielded by erroneous rules of operation are deleted from the 

original data, the remaining data becomes more nearly 

unidimensional. 



70 

Shaw, Standiford, Klein, & Tatsuoka (1982) procured a 

48-item test of fraction addition problems that can diagnose 

88 rule violations, and administered it to a class of junior 

high students in an effort to analyze the students' thinking 

patterns and determine why the students got incorrect 

answers. They cited a number of case studies that revealed 

certain patterns of thought on the part of the students. 

But rather than producing a model of a scoring procedure, 

their emphasis was simply to urge teachers to make similar 

types of analyses to determine erroneous cognitive thought 

patterns and then apply individualized remedial instruction. 

Analyzing the Distractors Selected in Incorrect Responses 

Barnard (1989) administered a math test to 4,635 

Standard Nine mathematics pupils from 106 schools in the 

Republic of South Africa with the intent of tracing problems 

in mathematical concepts and principles "by noting which 

distractor a pupil chooses in a multiple choice item." 

Barnard's focus was to "gain an idea of the extent and 

nature of mistakes made by pupils in algebra which can be 

attributed to the superficial and/or incomplete formation of 

basic concepts." His purpose was not to identify the 

deficiencies of the individual student, but rather to 

classify the deficiencies of groups of students as a whole. 

Topics in the test included priority of operations, 

graphs, inegualities, substitution, roots, factorization, 
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formulas, decimal numbers, impossible problems, principle 

operations, exponents, fractions, solving equations, 

percentages, ratios, and unnecessary information. One 

hundred fifty multiple choice questions were randomly 

distributed into two test batteries, and students were 

randomly assigned to a battery. Four to six (and sometimes 

more) test items were included in a topical group in order 

to identify and account for occasional carelessness in the 

responses. Each test item contained five choices (correct 

answer plus four distractors). 

Barnard wanted to determine and classify the error 

types by calculating, for each test item, a difficulty 

value, a discrimination value (Pearson Product Moment 

Correlation), and the percent of students choosing the most 

popular distractor. But instead of presenting a 

classification of error types, he concluded that "it seems 

impossible to find a set classification and/or hierarchy of 

errors because on the one hand the same problem can give 

rise to various types of errors and on the other the same 

mistake can arise from a variety of situations." 

Another study, although it involves completion rather 

than multiple choice test items, attempts to analyze 

incorrect responses regarding choices of pronouns (Webb, 

Herman, & Cabello, 1986). The rationale is based on the 

simplifying assumption that a misconception will always lead 

to an erroneous result and that the erroneous responses will 
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be consistent. Matched pairs of completion statements are 

presented, such as the following: 

Mr. and Mrs. Roberts were on their way to the 

airport when Mr. Roberts realized that he had left his 

calculator at home. Fortunately, Mrs. Roberts loaned 

her calculator. 

Julia and Sandy were on their way to the game when 

Sandy realized she had left her pompoms at home. 

Fortunately, the drill coach loaned some extras. 

The same type of pronoun should be used in both cases. 

The student was expected to be consistent in responding to 

the matched pairs, but this turned out not to be the case. 

Webb, et al., hoped to be able to diagnose misconceptions by 

analyzing the incorrect responses, but their results were 

inconclusive. 

Analyzing Arithmetic Word Problems 

Another published approach to identifying 

misinformation and missing information deals with arithmetic 

word problems. Working with children having various 

learning disorders, Jaspers & van Lieshout (1994) 

administered tests of arithmetic word problems and analyzed 

the wrong answers to identify misconceptions and guessing. 

The problems involved either addition or subtraction of two 

numbers with a third (irrelevant) number included to reduce 
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the probability of a correct answer by chance. To answer 

the problem correctly, the students had to choose which two 

numbers to use and which operation to apply. The number 

values were chosen so that each possible set of choices 

would yield a unique answer. Thus the test administrator 

could identify not only that a student answered correctly or 

incorrectly, but in the case of a mistake, the administrator 

could diagnose the nature of the mistake. In effect, a bug 

library of all possible mistakes was used for the diagnosis. 

Literature Review Summary 

In summary, the literature shows that many researchers 

consider the multiple choice test format to be an 

appropriate test format with potential for expressing 

cognitive substance and for testing higher order thinking. 

The effects of guessing on resulting scores has been shown 

to be of minor significance for tests of 10 or more items 

with five distractors per item. Multiple choice formats are 

generally preferred over other selected-response formats 

because they are simple, easy to grade, and are considered 

to be superior with regard to reliability, validity, and 

discrimination. Multiple choice characteristics affecting 

reliability, validity, and discrimination have been 

identified and studied. 

From a technical standpoint, a multiple choice test 

should have a stem that is brief and relevant, and it should 
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have distractors that are plausable and unambiguous. 

Characteristics of good distractors are stated in the 

literature. Positively worded stems and distractors 

generally produce better results than negative ones. 

A theory called Item Response Theory has been developed 

for dichotomous test items for which the answer is either 

right or wrong. This theory makes it possible to give 

different test items to examinees of differing abilities and 

to obtain reasonable comparisons of the results. Item 

Response Theory is based on estimates of item difficulty and 

on estimates of the latent traits of the examinees. Latent 

traits, while not directly measureable, are estimated 

stochastically from tests designed for that purpose. The 

Rasch Model is a mathematical model frequently associated 

with Item Response Theory. The Rasch Model, based on 

estimates of item difficulty and latent traits, is used to 

compare the equivalence of test instruments and also to 

estimate the likelihood that an examinee will answer a 

particular test item correctly. The Tatsuokas have 

developed the concept of a Rule Space which is a two-

dimensional Cartesian product space based on a 

representation of student responses (one dimension) and an 

estimate of the examinee's latent traits (other dimension). 

A Rule Space enables predictions of the degree of closeness 

of a student's responses (which may contain careless errors) 

to the true responses according to the latent traits of the 
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student. Bug libraries of likely errors for given problem 

types, not only aid in this predictive process, they also 

are used to help diagnose the student's problem when 

incorrect results are obtained. 

Dimensionality is another important consideration in 

analyzing test results. A correct interpretation of test 

results requires consideration of more than the one factor 

of the test score. Variations in teaching methods between 

groups and variations in before and after testing are just 

two examples of the multidimensional aspect of test 

evaluation. The valitity factors of Campbell and Stanley 

are important considerations in this respect. 

Various types of indices have been proposed for 

identifying the use of erroneous rules in rule-based 

environments. Among these the Individual Consistency Index 

of the Tatsuokas appears to be the least restrictive. These 

indexes, all of which require binary response patterns of 

right or wrong, also estimate the consistency with which 

students apply (or misapply) rules of operation. 

A considerable body of literature exists regarding the 

theory of multiple choice test items. From a diagnostic 

standpoint, researchers have pursued concepts and techniques 

for obtaining scoring procedures that will more accurately 

reflect the true abilities of the examinee. A growing 

amount of research is now addressing methods of identifying 

and diagnosing the deficiencies of the examinee. 



CHAPTER 3 

RESEARCH METHODOLOGY 

Introduction 

Diagnosing learner needs during instruction has been a 

primary focus of empirical research for the last two decades 

(Tennyson, 1990). The concept of identifying misinformation 

or missing information by analyzing objective test item 

responses has been established for limited situations 

(Wilcox, 1983; Tatsuoka and Tatsuoka, 1981; Shaw, 

Standiford, Klein, and Tatsuoka, 1982; Tatsuoka, 1986; 

Barnard, 1989, Frary, 1980; Zin and Williams, 1991; 

Birenbaum and Tatsuoka, 1980). Except for Barnard (1989), 

who analyzed multiple choice distractors for misinformation 

on a group basis, the methodologies used have been based on 

binary response vectors that show which test items were 

answered correctly (1) or incorrectly (0). This method will 

be called "Dichotomous Response Analysis". 

The research at hand explored the diagnosis of 

misinformation and missing information by utilizing the 

information latent in the distractor selections of multiple 

choice test items. It was hypothesized that this method, to 

be called "Distractor Analysis," offers several advantages 

over the method of Dichotomous Response Analysis when 

76 
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applied to multiple choice items. It was also hypothesized 

that this method is extendable to a more complex form of 

mathematics beyond the simple areas of fractions and signed 

numbers, and generally extendable to any rule-based, 

objective, non-mathematical area. Although it has been 

conceded that identifying the use of incorrect algorithms 

does not necessarily mean identifying the student's 

cognitive thinking processes (Cazden, 1976; Tatsuoka, 1990), 

the endeavor will be considered successful if it leads an 

instructor to remedial instruction that will correct 

cognitive thinking. 

A Note on Terminology 

Three nearly synonymous terms, rule, algorithm, and 

procedure, are used throughout this dissertation. 

Paraphrasing from Webster's Third New International 

Dictionary of the English Language, a procedure is a series 

of steps followed in a regular orderly definite way, and an 

algorithm is a procedure applied to mathematical or 

computational calculation. A rule (with regard to 

mathematics) is a recipe or a determinate method prescribed 

for performing a mathematical operation and obtaining a 

certain result. Various authors, reporting on their 

research in diagnostic testing, use these three terms 

synonymously to mean the steps followed in performing a 

mathematical calculation. They are used synonymously 
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herein, but with an attempt to use the particular term used 

by the researcher being discussed. 

Methods to be Compared 

The purpose of this study was to develop the method of 

Distractor Analysis and compare its characteristics with the 

method of Dichotomous Response Analysis used by Birenbaum & 

Tatsuoka and others. 

Binary Response Vectors 

Before describing the methods to be compared, it will 

be convenient, at this point, to define a series of binary 

response vectors. 

A binary response vector is a vector of elements, Is 

and Os, indicating a dichotomous condition represented by 

each of its elements. The analysis to be performed on 

student responses will deal with four basic types of binary 

response vectors. Two of these vector types, Algorithmic 

Response Vector (VA) and Student Response Vector (Vs), will 

be useful in the Dichotomous Response analysis procedure. 

Each of these vector types will be discussed (with examples) 

in subseguent sections. The elements in these vectors are 

based on whether or not the student responded correctly (1) 

or incorrectly (0) to each of the test items. 

The other two vector types, Matching Response Vector 

(VM) and Guessing Response Vector (VG), will be useful in 
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the Distractor Analysis procedures. These vector types will 

also be discussed and illustrated below. The elements of 

these two binary vectors are based on matching the patterns 

of distractors (right or wrong) chosen by the student 

against the patterns that are expected from the various 

algorithms being considered (VM) or against a set of 

candidate guessing patterns (VG). 

Algorithmic Response Vector 

An Algorithmic Response Vector (VA) is a binary 

response vector indicating which test items should be 

answered correctly by applying a given algorithm. The 

algorithm may be the correct one or an incorrect one for the 

skill being tested. For a correct algorithm, the 

algorithmic response vector will contain all Is, as shown, 

VA = { 1 1 1 1 1 1 1 1 } 

indicating that every item should be answered correctly. 

For an erroneous algorithm, which occasionally gives 

the correct answer, an algorithmic response vector of 

VA = { 0 1 0 0 0 1 0 0 } 

indicates that for an eight question set, questions 1, 3, 4, 

5, 7, & 8 should be answered incorrectly by applying the 

given algorithm, and questions 2 & 6 should be answered 

correctly. To distinguish between several incorrect 

algorithms, there will be several Algorithmic Response 

Vectors, one for each algorithm. 
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Student Response Vector 

A Student Response Vector (Vs) is a binary response 

vector showing which items in a test set the student 

answered correctly and incorrectly. A Student Response 

Vector of 

Vs = { 0 0 0 0 1 1 0 0 } 

shows that the student's answers were wrong for questions 1, 

2, 3, 4, 7, & 8; and they were correct for questions 5 & 6. 

Matching Response Vector 

A Matching Response Vector (VM) is a binary response 

vector in which, for a given (correct or erroneous) 

algorithm, a 1 indicates the student chose the expected 

distractor for that algorithm and a 0 indicates otherwise. 

The expected distractor, in this case, is the answer that 

should be obtained by correctly applying the algorithm, but 

it is not necessarily the correct answer to the test 

question. Indeed, applying an incorrect algorithm will 

usually result in an incorrect answer to the problem. There 

will be one Matching Response Vector for each Algorithmic 

Response Vector, and it is from these matches that the 

diagnoses of misinformation will be made. 

Guessing Response Vector 

A Guessing Response Vector (VG) is a binary response 

vector which will be useful in detecting missing information 
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(or guessing). Its content and use will be explained in the 

section on missing information. 

The Method of Dichotomous Response Analysis 

Birenbaum & Tatsuoka (1982) searched for misinformation 

by a special method of analyzing whether multiple choice 

items were answered correctly or incorrectly. By selecting 

in advance the erroneous algorithms expected to be invoked, 

and then by determining whether these algorithms will yield 

correct or incorrect answers, patterns are established 

against which correct and incorrect answers given by the 

student can be compared. 

As an example, Birenbaum & Tatsuoka (1982) demonstrated 

the application of their method on a test of arithmetic on 

signed numbers by designing an experiment around the 

following three erroneous algorithms: 

1. Treats parentheses as absolute value notation. 

2. Adds the two numbers and takes the sign of the 

number with the larger absolute value. 

3. Moves the second number from the origin instead of 

the position of the first number on the number 

line. 

Now consider a test of signed number arithmetic 

consisting of the items shown in Table 3-1. The correct 

answers, and the answers resulting from applying the three 

erroneous algorithms specified above, are also shown. (Note 
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that an erroneous algorithm sometimes yields the correct 

answer.) 

If an Algorithmic Response Vector (VA) is constructed 

for the correct algorithm and for each erroneous algorithm 

such that the i* element (corresponding to the ia problem) 

in each vector contains a 1 if the corresponding algorithm 

yields the correct answer and a 0 otherwise, the following 

four Algorithmic Response Vectors will be obtained for 

analysis: 

Correct Response: VAc = { 1 1 1 1 1 1 } 

Algorithm #1: vA1 = { 1 C 1 1 1 0 0 } 

Algorithm #2: vA2 = { 0 0 1 0 1 1 } 

Algorithm #3: vA3 = { 0 0 i 0 0 0 0 } 

A L G 0 R I T H M 

PROBLEM C 1 2 3 

1. 3 + -7 -4 -4 -10 10 

2. 7 + (-3) 4 10 10 10 

3. -6 + -15 -21 -21 -21 -9 

4. —6 + +15 9 9 21 21 

5. (-23) + (-9) -32 32 -32 -14 

6. (-8) + (-4) -12 12 -12 -4 

Table 3-1. Problems and Responses According to the 
Three Erroneous Algorithms in Birenbaum and Tatsuoka 
(1982) . 
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Now if a Student Response Vector (Vs) is constructed 

showing which items the student answered correctly or 

incorrectly, the task becomes one of determining which 

Algorithmic Response Vector the Student Response Vector most 

nearly matches. If the Student Response Vector is Vs = { 1 

1 1 1 1 1 }, it is concluded that the student applied the 

correct algorithm on all items. A Student Response Vector 

of Vs = { 0 0 1 0 1 1 } indicates, in this example, that the 

student used algorithm #2. Because their objective is to 

demonstrate the effects of erroneous algorithms on the 

dimensionality of test data, Birenbaum and Tatsuoka (1982) 

do not delve into further diagnostic analysis. 

Wilcox (1983) extends the Birenbaum and Tatsuoka study 

in the diagnostic direction by deriving a probabalistic 

model of the likelihood that a given pattern of student 

responses is caused by violating one of the three erroneous 

algorithms or by guessing. Based on the proportions of 

students who know the correct algorithm and the proportion 

using each erroneous algorithm, Wilcox has derived a model 

for the probabilities of each possible binary response 

pattern. Wilcox's extension is an attempt to maximize the 

likelihood of making a correct decision about what a student 

does or does not know so that the most accurate scoring can 

be performed. While it does attempt to distinguish between 

misinformation and missing information, it does not take 
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carelessness into account. Further, it requires a priori 

estimates of the probabilities that a student is guessing or 

using a particular algorithm. 

Characteristics of the Dichotomous Response Analysis Method 

The following are general characteristics of the 

Dichotomous Response method: 

1. It is rule-based. It applies to subject areas where the 

test items are answered by applying an algorithmic 

procedure. 

2. It is applicable to free response test items as well as 

to multiple choice items. It treats responses as a 

dichotomy: either right or wrong. Erroneously chosen 

multiple choice distractors are not analyzed for further 

information. 

Inherent in the Dichotomous Response method are the 

following characteristics which detract from its usefulness 

in discriminating between misinformation and missing 

information. 

1. It requires that erroneous algorithms sometimes give the 

correct answer. Otherwise the Algorithmic Response Vectors 

of each erroneous algorithm would contain all Os, and they 

would be indistinguishable. 

2. Misinformation cannot be indicated by a single test 

item. Erroneous algorithms can sometimes produce the 

correct answer. Further, different erroneous algorithms can 
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sometimes produce the same incorrect answer. Therefore, 

there must be enough test items to produce a unique 

Algorithmic Response Vector for each algorithm being tested. 

A careful design of test items is required in order to 

minimize the required number of items. 

3. It does not discriminate between guessing (missing 

information) and an untested erroneous algorithm (further 

misinformation). 

4. Although it could be made to account for carelessness, 

such accounting seems not to have been done. The work of 

Birenbaum and Tatsuoka and of Wilcox assumes that the 

responses will be consistent with the algorithm (correct or 

erroneous) being used. 

The Method of Distractor Analysis 

The multiple-choice test format is an appropriate 

format for the research at hand. The kind of diagnostic 

testing being proposed requires multiple choice distractors 

designed and worded specifically for detecting 

misinformation or missing information on the part of the 

student. 

For example, consider the following multiple choice 

item: 

Evaluate 4 x 6 + 2 x 5 + 3 x 4 
a. 46 d. 2880 
b. 1024 e. 532 
c. 24 f. 98 
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A response of 46 is the correct answer and indicates 

the student possesses the required skill. A response of 

1024 indicates that the student added first and then 

multiplied, which is the wrong order of procedure. A 

response of 24 indicates that the student added throughout. 

A response of 2880 means the student multiplied throughout. 

A response of 532 shows that the student performed the 

indicated operations in a strictly left to right order. A 

Blind Distractor of 98, which is not attached to any 

erroneous algorithm, hints at missing information. With 

enough parallel items (as indicated by Table 3-2) testing 

for these same erroneous algorithms, a statistical inference 

can be made of the student's mastery of the concept or of 

the exact nature of the student's difficulty. 

Proposed Advantages of the Distractor Analysis Method 

The proposed advantages of the Distractor Analysis 

method are as follows: 

1. Distinguishes between misinformation and missing 

information. 

2. Accounts for carelessness. 

3. Does not require a priori estimates of probabilities and 

proportions. 

4. Each test item is designed to indicate the nature of the 

problem. Only enough test items are needed to give a 

reasonable confidence level. 
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Methodology for Analyzing Response Vectors 

The following Distractor Analysis methodology was 

proposed for analyzing the selected distractors. The steps 

are presented herein in the seguence which was followed in 

the experiment. Whenever use of a correct or erroneous 

algorithm was diagnosed, the analysis stopped at that point. 

Stopping is justified because this methodology, when 

correctly applied, does not diagnosing the use of more than 

one algorithm. 

Analyzing for Correct Information 

Suppose, on a test of six parallel items, the expected 

responses for the correct algorithm are c, d, b, c, a, d. 

Suppose further that the student responds with c, d, b, c, 

a, d. Then a Matching Response Vector, VM = { 1 1 1 1 1 1 } , 

shows that the student responded correctly for all parallel 

test items for the given skill. If the student is 

attempting to respond according to the correct algorithm, 

wrong answers will be attributed to carelessness, and some 

of the vector elements will be zero. A V M = { 0 1 1 1 0 1 } 

indicates four correct responses and two careless responses. 

If the Matching Response Vector is close enough to all Is, 

the student will still be considered to possess the skill in 

question. The section below on Analyzing for Carelessness 

will show how to determine if a Matching Response Vector is 

"close enough." 
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Analyzing for Misinformation 

This analysis was performed if the hypothesis of a 

correct response failed. Suppose the expected responses for 

erroneous algorithm #3 are d, a, c, e, d, c; and suppose a 

student's responses are d, a, b, e, d, c. In this case the 

Algorithmic Response Vector is = { 1 1 0 1 1 1 }. Had 

the responses been completely as expected for the erroneous 

algorithm (i.e., Vĵ  = { 1 1 1 1 1 1 } ) , the conclusion 

would be that the student possesses the associated 

misinformation. But when the Matching Response Vector 

contains one or more zeros, such a conclusion must be 

statistically justified. Again, see the section on 

Analyzing for Carelessness. 

Analyzing for Missing Information 

A three-fold analysis for missing information was used. 

First, an analysis was made to determine if the student 

consistently selected the same relative distractor, say the 

first or last, on a consistent basis. This assumes a random 

and balanced ordering of the distractors. For each 

distractor position (a, b, c, d, etc.), a Guessing Response 

Vector (VG) will be constructed in which a 1 indicates the 

corresponding positional distractor was selected and a 0 

indicates otherwise. For example, for the "a" position, a 

Guessing Response Vector of VGa = { 1 l l l l l } indicates 

that distractor "a" was selected in every parallel item for 



89 

a node, and guessing will be diagnosed. A Guessing Response 

Vector of VGa = { 1 1 0 1 1 1 } indicated that, for position 

a, the same relative distractor position was selected every 

time except one. Again, carelessness and closeness were 

considered. 

The second analysis for guessing sought to determine if 

the student predominantly selected the blind distractors. A 

Guessing Response Vector (V^) was constructed in which a 1 

indicated a blind distractor was chosen, and a 0 indicated 

otherwise. Again the same diagnosis was made. 

The third guessing analysis determined if the responses 

were uniformly distributed among the randomly ordered 

distractors. The expectation was that each distractor would 

be chosen with equal frequency. Using a Chi-Square test to 

compare the actual frequencies with the expected 

frequencies, guessing was concluded with a pre-determined 

confidence level. For the n parallel items for a given 

problem set and for d distractors per item, the Chi-square 

statistic was calculated as 

n ( Oj - Ei )2 

X2 = SUM (3.1) 
i_1 Ej 

where: Oj is the observed number of times distractor 
i is selected. 

Ei is the expected number of times for 
distractor i to be selected ( = n/d ). 
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For this determination, a Type I Alpha level of 0.10 

was considered adequate for rejecting the null hypothesis 

that there is no significant difference between the 

observations and the expectations. 

Analyzing for Carelessness 

Carelessness was considered when the response vector 

contained one or more zeros. To account for carelessness, 

the Student Response Vectors can be "statistically close" to 

the ideal pattern of all Is, rather than requiring them to 

be exact matches. The null hypothesis (in this context) was 

that the given Student Response Vector resulted from the 

same algorithm as its corresponding ideal pattern and that 

the differences (the 0s) are accounted for by carelessness. 

The situation is this. The student either chooses a 

correct or an incorrect answer. An incorrect answer may be 

the result of applying an incorrect algorithm, or it may be 

a careless result from the correct algorithm. A third 

possible alternative, the result of insufficient skills, is 

ruled out because of the requirement that the test subjects 

pass a pre-test to assure their skill base. Subjects 

failing this pre-test were elimiunated from further 

consideration. 

To test for carelessness, the question becomes one of 

how many correct responses must be present in order not to 

reject the hypothesis that the student is using the correct 
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algorithm. Worded differently, how many Os in the Student 

Response Vector can be attributed to carelessness within a 

predetermined statistical tolerance. 

The task, then, is to determine the comulative 

probabilities that carelessness can produce k or more ones 

in a binary vector of n items. The hypothesis that the 

algorithm in guestion is being used will be rejected for k 

values having a probability, Pr(k), greater than a 

predetermined Type I error level. 

The Binomial Distribution is appropriate for this kind 

of determination. The formula and the parameters involved 

are 

n! 
Pr(k) (P)k(l-P)nk (3.2) 

kl(n-k)! 

where 

Pr(k) — the cumulative probability of k correct 
responses over the n parallel items. 

n — the number of parallel test items (i.e., 
the number of elements in the binary 
vector). 

k — the number of correct responses (i.e., 
the number of zeros in Vs). 

p — the probability of an correct response by 
carelessness. 

Table 3-2 gives some representative probabilities Pr(k) 

calculated from Eguation 3-2. This table is based on n 

parallel multiple choice test items, each having five 
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distractors. Assuming that carelessness has occurred, each 

of the distractors is equally likely to be chosen. Thus, 

for five equally likely distractors of which four are 

incorrect, the probability of carelessly selecting the 

correct distractor is p = 0.2. 

To show how the probabilities vary for different values 

of n, probabilities are calculated for five cases of 

parallel items for a problem set (n = 6, 7, 8, 9, & 10). 

The values of Pr(k) are calculated for binary vectors having 

from none to five zeros. 

CONTENT OF BINARY 

RESPONSE VECTOR 

Pr (k) CONTENT OF BINARY 

RESPONSE VECTOR n=6 n=7 n=8 n=9 

o
 

1—1 II 
I 
G
 

All Is .0001 .0000 .0000 .0000 .0000 

All Is except one 0 .0015 .0004 .0001 .0000 .0000 

All Is except two 0s .0154 .0043 .0012 .0003 .0001 

All Is except three 0s .0819 .0287 .0092 .0028 .0008 

All Is except four 0s .2458 .1147 .0459 .0165 .0055 

All Is except five 0s .3932 .2753 .1468 .0661 .0264 

Table 3-2. Binomial Probabilities for Binary Vectors 
for Six to Ten Parallel Items; (p = 0.2). 

The probability of rejecting the null hypothesis when 

it is true is the probability of wrongly concluding that the 

student does not possess the associated skill. The 

probabilities in Table 3-2 are the probabilities that 

binomial vectors with the indicated numbers of ones and 
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zeros will occur as the result of carelessness. For 

example, for six parallel test items (n=6), Table 3-2 shows 

that the probability, Pr(k), that at most one of the items 

will be answered incorrectly through carelessness is 0.0015 

(or 0.15%). Therefore, to reject the null hypothesis that 

the student possesses the associated skill is to run the 

risk of rejecting a true hypothesis with a Type I error 

probability of 0.15%. 

Assuming an allowable Type I error of 0.01 (p<0.01), 

Table 3-2 shows that a binary vector of six elements can 

have one zero, and a binary vector of seven elements is 

allowed up to two zeros. For eight or nine elements, up to 

three zeros can be tolerated, and for ten elements there can 

be up to four zeros. 

Finally, it should be noted that the rare case of a 

careless mistake yielding a correct answer in all parallel 

test items will not be detected by this method. The 

algorithm will be assumed to have been applied correctly. 

In summary, for a binary vector of six items and with 

the parameters assumed above, the following is established: 

{ 1 1 1 1 1 1 1 1 1 1 } — Match, 100.00% Confidence 

All Is except one 0 — Match, 99.99+% Confidence 

All Is except two 0s — Match, 99.99% Confidence 

All Is except three 0s — Match, 99.98% Confidence 

All Is except four 0s — Match, 99.45% Confidence 

More than three 0s — No match, 90% Confidence 



94 

An Example of Distractor Analysis 

Consider a test to diagnose deficiencies in the 

following two algorithms involving addition and 

multiplication: 

Erroneous Algorithm #1: Proceeds left to right. 

Erroneous Algorithm #2: Adds first, multiplies second. 

Suppose the test consists of the following ten items: 

1. 2 + 3 x 5 + 1 = 
a. Blind Distractor 
b. 30 
c. 18 
d. Blind Distractor 
e. 26 

2. 2 x 4 + 2 x 3 = 
a. 36 
b. 30 
c. Blind Distractor 
d. 14 
e. Blind Distractor 

3 + 2 x 4 + 5 = 
a. Blind Distractor 
b. Blind Distractor 
c. 25 
d. 16 
e. 45 

2 x 2 + 3 x 3 = 
a. 21 
b. 13 
c. Blind Distractor 
d. 30 
e. Blind Distractor 

5. 3 + 2 + 4 x 2 + 1 = 
a. 14 
b. Blind Distractor 
c. 19 
d. Blind Distractor 
e. 27 

2 + 3 x 2 + 5 + 2 = 
a. 17 
b. 15 
c. Blind Distractor 
d. 45 
e. Blind Distractor 

7. 3 + 5 x 2 + 2 = 
a. 32 
b. 18 
c. Blind Distractor 
d. Blind Distractor 
e. 15 

3 x 2 + 2 x 3 = 
a. 12 
b. Blind Distractor 
c. 36 
d. Blind Distractor 
e. 24 



95 

9 . 4 + 2 x 2 + 5 = 
a. Blind Distractor 
b. Blind Distractor 
c. 42 
d. 17 
e. 13 

10. 4 x 2 + 3 + 2 x 3 = 
a. 17 
b. 84 
c. Blind Distractor 
d. Blind Distractor 
e. 39 

The answers expected according to the algorithms being 

tested are shown in Table 3-3. Note that the test has been 

designed so that no two algorithms give the same answer, 

right or wrong. Note also that no erroneous algorithm gives 

the correct answer. These characteristics are desirable, 

but not necessary. 

H M 

TEST ITEMS Correct 
Rule 

Proceed 
Left to 

Add First, 
Then 
Multiply 

2 + 3 x 5 + 1 18 26 30 

2 x 4 + 2 x 3 14 30 36 

3 + 2 x 4 + 5 16 25 45 

2 x 2 + 3 x 3 13 21 30 

3 + 2 + 4 x 2 + 1 14 19 27 

2 + 3 x 2 + 5 + 2 15 17 45 

3 + 5 x 2 + 2 15 18 32 

3 x 2 + 2 x 3 12 23 36 

4 + 2 x 2 + 5 13 17 42 

4 x 2 + 3 + 2 x 3 17 39 84 

Table 3-3. Example Answers for "Order of Operations 
Problems 
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Because the distractors are arranged in random orders 

in the test items, the distractor label for the expected 

responses are shown in Table 3-4. 

TEST ITEMS 

A L G 0 R I T H M 

TEST ITEMS Correct 
Rule 

Proceed 
Left to 
Right 

Add First, 
Then 
Multiply 

2 + 3 x 5 + 1 c e b 

2 x 4 + 2 x 3 d b a 

3 + 2 x 4 + 5 d c e 

2 x 2 + 3 x 3 b a d 

3 + 2 + 4 x 2 + 1 a c e 

2 + 3 X 2 + 5 + 2 b a d 

3 + 5 x 2 + 2 e b a 

3 x 2 + 2 x 3 a e c 

4 + 2 x 2 + 5 e d c 

4 x 2 + 3 + 2 x 3 a e b 

Table 3-4. Example Multiple-choice Selections for 
"Order of Operations" Problems 

Method of Analyzing the Results 

The analysis will proceed as follows. 

Correct Information 

In this example, if a student's responses are { c d d b 

a b e a e a }, the student answered all six items correctly. 
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A Matching Response Vector of VMc = { 1 1 1 1 1 1 1 1 1 1 } 

is constructed, and the student will be declared to possess 

the skill being tested. 

For the example to be illustrated below, let the 

critical value of the Type I error be set at 0.01; i.e., the 

probability, Pr(k), that the ones in a vector could result 

from carelessness must be less than 1%. If the student 

answers all but one of the items correctly, carelessness 

will be investigated. Referring to Table 3-2, the student 

will be declared, with a 0.15% chance of error, to possess 

the tested skill. Two or more erroneous responses, in this 

case, will cause a rejection of the null hypothesis that the 

student possesses the skill in question. 

Misinformation 

Analysis for misinformation proceeds one algorithm at a 

time exactly as in analyzing for correct information. For 

example, if a student responded by performing the additions 

and multiplications in the wrong order (left to right), the 

responses will be expected to be { e b c a c a b e d e }. If 

the student responds consistently, and without carelessness, 

the responses will match the expectations, and the resulting 

Matching Response Vector will be VM = { 1 1 1 1 1 1 1 1 1 1 

}. However, a Matching Response Vector of VM = { 1 1 1 0 1 

1 1 1 1 1 } , implying carelessness on the fourth item, will 

also be diagnosed as the wrong order of operations. 
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Missing Information 

Suppose the selected distractors across the six test 

items are { e e e e e e e e e e }; i.e., the student 

selected the fifth distractor consistently. The Guessing 

Response Vector is VGS = { 1 1 1 1 1 1 1 1 1 1 }, and 

guessing (missing information) is diagnosed. Carelessness, 

again, will be considered. 

If a student's responses are { a e b c d c d b a c }, a 

blind distractor has been selected in every case. The 

Guessing Response Vector is VGg = { 1 1 1 1 1 1 1 1 1 1 }, 

and missing information is diagnosed. If the Guessing 

Response Vector contains some zeros, carelessness will be 

considered. 

Finally, suppose that a student's responses are { a d c 

b a d e e c a } . To determine if these responses are 

uniformly distributed among all the distractor choices, the 

Chi-square distribution is used. In this example, the 

frequency of observed responses across the six distractor 

choices is 

a b c d e 

3 1 2 2 2 . 

For the ten items (n) with five distractors (d) each, the 

expected frequency for a uniform distribution is 

a b c d e 

2 2 2 2 2 . 
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The Chi-square statistic is 

( O - E )2 

X2 = SUM 

E 

(3-2 )2 + (1-2)2 + (2-2)2 + (2-2)2 + (2-2)2 

2 

= 1.0. 

The critical value of X2
CV for four degrees of freedom 

and an Alpha of 0.90 is 1.064. Since X2 = 1.0 < 1.064 = 

X2CV, the null hypothesis that the observed frequencies can 

be from a uniform distribution is not rejected. 

Design and Administration of the Experiment 

The Test Instrument 

Some summarizing thoughts about the test instrument 

itself are presented at this point. 

Format 

The selection of the multiple-choice format over other 

selected-response formats is supported by the following 

considerations: 

1. It must be a selected-response format. 

2. It can be more efficient than a comparable test of 

true-false or alternate-choice items. 

3. With regard to validity, reliability, and 

discrimination, the multiple-choice format has been shown to 
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be as good or better than the other selected-response 

formats. 

4. Many researchers believe that multiple-choice tests 

can be designed to test for higher level thinking skills. 

5. The multiple-choice format can be applied to the 

affective domain as well as the cognitive domain, although 

this study will focus on the cognitive domain. 

6. The considerations of curriculum-based testing 

(criterion-referenced assessment, curriculum-based 

assessment, and curriculum-based measurement) are all 

available in the multiple-choice format. 

Distractors 

1. Although many researchers consider three 

distractors to be an optimum number for multiple-choice test 

items, their studies have been based on the dichotomous 

right-wrong interpretation of the responses. To diagnose 

misinformation or missing information by analyzing the wrong 

answers, it is expected that a larger number of distractors, 

say five or six, will be most appropriate. There should be 

one distractor for the correct answer, at least one 

distractor for each erroneous algorithm to be identified, 

and one or more blind distractors. 

2. For the several test items pertaining to a 

particular skill, the distractors must be randomly ordered 

to avoid erroneous conclusions caused by "consistent marking 
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of guesses"; e.g., always selecting the first distractor or 

the last distractor. 

Design Steps 

1. The algorithms to be tested were selected. 

2. Values of the necessary statistical parameters; i.e., 

Alpha (Type 1) levels for response vector pattern matching 

and for guessing, and sample size (number of parallel test 

items per node) were chosen. 

3. Test items (stems and distractors) were created. 

4. For the parallel test items in each problem type, the 

distractors were ordered randomly. 

5. Expected binary response vectors were determined for 

each algorithm expected to be used for each problem type. 

Description of the Test Instrument 

A computer program in the BASIC language was written to 

administer the test and evaluate the student responses 

(Appendix F). The test instrument was organized into two 

parts: (1) a pretest to assure that the test subject has the 

needed arithmetic skills of addition, subtraction, 

multiplication, and division, and (2) the test itself. The 

test consists of five types of problems (as shown below) 

with ten problems of each type. The problem format is 

multiple choice. Within each problem type, one or two 

erroneous algorithms (misinformation) were anticipated and 

are the basis for testing the hypothesis. 
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There are five problem sets with ten parallel test 

items (n=10) in each set. Each test item has five 

distractors. For considerations of carelessness, an alpha 

level of 0.01 (allowing up to four zeros) was used. For the 

Chi-Square test for guessing, an alpha of 0.10 was used. 

Test Question Types and Sources 

1. Addition of Signed Numbers 

Erroneous Algorithm 1 Birenbaum & Tatsuoka (1982) 
Treat parentheses as absolute values. 

Erroneous Algorithm 2 Birenbaum & Tatsuoka (1982) 
Add the numbers and take the sign of the largest. 

2. Addition of Fractions 

Erroneous Algorithm 1 Barnard (1989) 
Add numerators; add denominators. 

3. Priority of Operations 

Erroneous Algorithm 1 Hubbard (1994) 
Add first; then multiply. 

Erroneous Algorithm 2 Barnard (1989) 
Proceed left to right. 

4. Areas of Trapezoids 

Erroneous Algorithm 1 Hubbard (1994) 
Height times short side. 

Erroneous Algorithm 2 Hubbard (1994) 
Height times long side. 

5. Word Problems with Extraneous Data 

Erroneous Algorithm 1 Jaspers & van Lieshout (1994) 
Wrong operation. 
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Erroneous Algorithm 2 Jaspers & van Lieshout (1994) 
Used extraneous data. 

Test Administration 

The experiment used a sampling of test subjects of two 

types: (1) those who have some familiarity with basic rules 

of mathematics, but who are not themselves mathematicians, 

and (2) subjects who will be expected to do poorly with 

regard to correct answers. Sources for these test subjects 

are outlined below. A minimum total of fifty test subjects 

were sought. 

The test program (on a diskette) was loaded into the 

test subject's stand-alone computer rather than installed on 

a server because it was necessary to interview each test 

subject at the end of each problem set, and this cannot be 

done on a "mass production" basis. This also allowed for a 

conveniently large variety of test locations which 

facilitated the testing of derised subjects. 

The test subjects were informed of the purpose of the 

test and the kinds of responses required (e.g., answer all 

questions, guess if an algorithm is not discernable). So 

that they would all start with equal levels of 

understanding, the adults were required to read the test 

instructions (Appendix B) without verbal comment from the 

proctor. For the teen-agers and youth, verbal instructions 

were also given as needed. 
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Following each test set, the proctor interviewed the 

test subject to verify the computer's diagnosis, or to 

discover what the student was really trying to do if 

different from the computer's diagnosis. 

Test Evaluation 

The form in Appendix A was used for recording the 

names, age-categories, and educational levels of the test 

subjects. Appendix C show the formats used for recording 

results of the experiment. For the five problem types, the 

computer diagnosis and the interview diagnosis were recorded 

on the form in Appendix C. On the lower half of this form, 

special notations, as needed, were made. 

Selection of Test Subjects 

Because the purpose of this study was to test a 

hypothesis about a test instrument and its diagnosis of 

misinformation and missing information, and not to draw 

conclusions about a population, a scientifically random 

selection of test subjects was not needed. Rather, a 

comprehensive cross-section of mathematical capabilities, 

within the sphere of the types of guestions to be used, were 

sought for test validation. Since the objective was to 

diagnose misinformation and missing information, test 

subjects were needed whose responses would be subject to 

misinformation and missing information. Therefore test 

subjects who are not especially good in mathematics were 
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needed, as well as a contrasting group of test subjects who 

are good in mathematics. The test subjects were obtained 

from three age-group categories as follows: 

Adults 

The adults were expected to have been exposed to some 

but not necessarily all the various problem types, and 

probably, in many cases, to have forgotten what they may 

formerly have known how to do. 

Teen-agers 

The teen-agers were expected to be a mixture of 

mathematically adept students and mathematically deficient 

students who are subject to misinformation and missing 

information. 

Youth 

The youth were expected to exhibit missing information 

by responding to some problem types to which they have not 

yet been exposed in school. 

These test subjects were drawn from the following 

sources: 

Local Church Congregation in Denton, Texas 

The selected adults spanned the educational attainment 

spectrum from PhD down to not having completed high school. 
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Phoenix Apartments in Denton, Texas 

The youth and teen-agers spanned the educational 

ability spectrum from honor students down to at-risk 

students. 

Denton (Texas) ISD Class of Young Teen-agers 

The problem types to be used in this study were 

oriented toward students of junior high level. For this 

reason and because the study was oriented toward finding 

mathematical deficiencies, a group of junior high (or middle 

school) students not specializing in mathematics was 

desired. Students from Calhoun Junior High School English 

classes were made available and were tested. 



CHAPTER 4 

PRESENTATION AND ANALYSIS OF DATA 

Description of the Test Subjects 

General Characteristics of the Test Subjects 

In following the sources specified in Chapter III, 

subjects for validating the Distractor Analysis method were 

selected according to the distributions shown in Table 4-1. 

In anticipation of discovering pertinent characteristics of 

various age groups in the testing process, results were 

recorded for the three general age categories: adults, teen-

agers, and youth, as well as being recorded for the 

composite. 

Table 4-1 indicates that 74 people were tested. 

Actually, the test was administered (or started) with 86 

people, but 12 were eliminated from consideration for the 

following reasons: Seven (six youth and one teen) did not 

successfully complete the pre-test. Three youth, through 

insecurity, would not respond without the proctor's 

assurance that they were responding correctly despite 

assurances that the test was not intended to be judgmental 

of them. The proctor discarded the partial responses of two 

teens who chose not to complete the test and who, through 

the interviews, acknowledged that they were merely 

107 
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Age 
Category 

Local 
Church 
Cong. 

Phoenix 
Apts. 

DISD 
School 
Class 

Other TOTAL 

Adult 11 - - 3 14 

Teens 14 5 26 1 46 

Youth 5 7 - 2 14 
Table 4-1. Sources of Test Subjects 

experimenting with the keyboard rather than trying to 

respond to the questions. 

The DISD class selected was an English class at Calhoun 

Middle School (Denton, Texas) containing students who had 

previously been determined (by their faculty) to span the 

spectrum of mathematical abilities. As matters of general 

interest, the educational attainments of the adults are 

displayed in Table 4-2, and the age distributions of the 

teen-agers and the youths are shown in Table 4-3. 

Age 
Category 

Educational 
Attainment 

No. of 
Subjects 

Adults Doctorate 2 
Masters 2 
Bachelors 4 
Some College 2 
High School 3 
Some High School 1 

TOTAL 14 

Table 4-2. Education Levels of Adult Test 
Subjects 
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Age Ages No. of 
Category Subjects 

Teens 19 0 
18 3 
17 2 
16 2 
15 12 
14 10 
13 17 

TOTAL 46 

Youth 12 3 
11 0 
10 5 
9 3 
8 2 
7 1 

TOTAL 14 

Table 4-3. Age Distributions of Teens and Youth 
Test Subjects 

Age Group Response Patterns 

As testing progressed, some age related response 

patterns were observed for the three age group categories. 

These patterns became apparent, not only in the test 

results, but especially during the interviews that followed 

each problem type. 

Generally speaking, a higher percentage of adults used 

correct algorithms, and a higher percentage of youth 

resorted to guessing. This latter pattern is to be expected 

as the youth encountered problem types they had not yet 

studied in school. But the youths were uncomfortable about 

guessing, and several had to be urged to guess. Some would 
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simply sit and stare at the screen until prompted verbally 

to reason it out or guess. In three cases, the youth did 

not finish all the test sets because they could not proceed 

without excessive prompting from the proctor. 

The adults also showed a reluctance to guess, but when 

resorting to guessing, they guessed more at the algorithms 

than at the answers; whereas, the youth and teens tended to 

guess at the answers. The adults also exhibited a 

relatively high degree of inconsistency, and they tended to 

employ a "learn as you go" problem solving strategy in that 

they would switch rules in the middle of a problem set to a 

different rule deemed more likely to produce correct 

answers. 

Since the problems on the test were oriented more 

toward the teens than the other age groups, a larger number 

of teens were tested. The teen-ager responses were more 

predictable than those of the adults or the youth. With 

regard to misinformation vs. missing information, the teens 

exhibited misinformation except for problem types they had 

not yet studied in school (areas of trapezoids) or for which 

no discernable algorithm was available (word problems). 

When missing information was involved, their guessing 

patterns more closely matched the tests built into the 

computer analysis than the patterns of the adults or the 

youth. 
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Presentation of the Results 

Tables 4-4a through 4-4d show the testing and interview 

results for the three age group categories plus a composite 

tabulation for all the test subjects. A discussion of the 

results follows. 

Correct Information 

When a test subject responded to a problem type with 

the correct rule (Information), the computer program 

analyzed the situation as a dichotomy — either the use of 

the correct rule was successfully diagnosed or it was not. 

Reasons for failure to identify the correct rule are 

excessive carelessness or inconsistency in the responses. 

But as indicated in Chapter 3, a statistically small number 

of inconsistent answers were tolerated and attributed to 

carelessness without invalidating the identification of the 

rule being used. 

Misinformation 

Analyzing for misinformation was also approached as a 

dichotomy — either a particular incorrect rule was 

identified or it was not. Again, a statistically small 

number of inconsistent answers were tolerated and attributed 

to carelessness. 

In the case of misinformation, the distractors used 

must be based upon anticipated incorrect rules. Interviews 
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with the test subjects following each problem set revealed 

that for some problem types (e.g., areas of trapezoids) a 

variety of unanticipated rules were used, while for other 

Set Set Set Set Set 
1 2 3 4 5 

No. of Test Sets Administered 14 14 14 14 14 

INFORMATION (Correct Rule) 14 10 3 4 14 
Correctly Diagnosed 13 10 3 3 14 
Not Correctly Diagnosed 1 — — 1 0 

Excessive Carelessness 1 — — 1 

MISINFORMATION — 3 9 2 — 

(Incorrect Rule) 
Correctly Diagnosed - 3 9 1 -

Not Correctly Diagnosed — 0 0 1 — 

Unanticipated Algorithm — — — 1 — 

Excessive Carelessness — — — 0 — 

MISSING INFORMATION — 1 2 8 — 

(Guessing) 
Correctly Identified — 1 0 1 — 

Not Correctly Identified — 0 2 7 -

Guessed at Answer - — 0 1 -

Guessed at Algorithm - - 0 3 -

Inconsistency — — 2 3 — 

Set 
Set 
Set 
Set 
Set 

Addition of Signed Numbers 
Addition of Fractions 
Order of Operations 
Area of Trapezoids 
Word Problems with Superfluous Data 

Table 4-4a. Summary of Responses for Adults 
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Set Set Set Set Set 
1 2 3 4 5 

No. of Test Sets Administered 46 46 46 46 46 

INFORMATION (Correct Rule) 36 26 29 3 26 
Correctly Diagnosed 36 26 29 3 25 
Not Correctly Diagnosed 0 0 0 0 1 

Excessive Carelessness — — - - 1 

MISINFORMATION 8 12 12 5 
(Incorrect Rule) 
Correctly Diagnosed 7 11 9 3 -

Not Correctly Diagnosed 1 1 3 2 -

Unanticipated Algorithm 0 0 0 2 -

Excessive Carelessness 1 1 3 0 -

MISSING INFORMATION 2 8 5 38 20 
(Guessing) 
Correctly Identified 1 3 2 21 10 
Not Correctly Identified 1 5 3 17 10 

Guessed at Answer 0 1 0 4 3 
Guessed at Algorithm 0 0 0 0 0 
Inconsistency 1 4 3 13 7 

Set 1 
Set 2 
Set 3 
Set 4 
Set 5 

Addition of Signed Numbers 
Addition of Fractions 
Order of Operations 
Area of Trapezoids 
Word Problems with Superfluous Data 

Table 4-4b. Summary of Responses for Teens 
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Set Set Set Set Set 
1 2 3 4 5 

No. of Test Sets Administered 14 14 13 11 11 

INFORMATION (Correct Rule) 4 2 1 1 7 
Correctly Diagnosed 3 2 1 1 5 
Not Correctly Diagnosed 1 0 0 0 2 

Excessive Carelessness 1 — — — 2 

MISINFORMATION 4 9 7 3 _ 

(Incorrect Rule) 
Correctly Diagnosed 2 9 5 0 -

Not Correctly Diagnosed 2 0 2 3 -

Unanticipated Algorithm 1 - 0 3 -

Excessive Carelessness 1 — 2 0 -

MISSING INFORMATION 6 3 5 7 4 
(Guessing) 
Correctly Identified 1 2 1 1 1 
Not Correctly Identified 5 1 4 6 3 

Guessed at Answer 5 1 2 3 0 
Guessed at Algorithm 0 0 0 1 0 
Inconsistency 0 0 2 2 3 

Set 1 
Set 2 
Set 3 
Set 4 
Set 5 

Addition of Signed Numbers 
Addition of Fractions 
Order of Operations 
Area of Trapezoids 
Word Problems with Superfluous Data 

Table 4-4c. Summary of Responses for Youth 
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Set Set Set Set Set 
1 2 3 4 5 

No. of Test Sets Administered 74 74 73 71 71 

INFORMATION (Correct Rule) 54 38 33 8 47 
Correctly Diagnosed 52 38 33 7 44 
Not Correctly Diagnosed 2 — — 1 3 

Excessive Carelessness 2 — — 1 3 

MISINFORMATION 12 24 28 10 — 

(Incorrect Rule) 
Correctly Diagnosed 9 23 23 4 — 

Not Correctly Diagnosed 3 1 5 6 — 

Unanticipated Algorithm 1 0 0 6 — 

Excessive Carelessness 2 1 5 0 — 

MISSING INFORMATION 8 12 12 53 24 
(Guessing) 
Correctly Identified 2 6 3 23 11 
Not Correctly identified 6 6 9 30 13 

Guessed at Answer 5 2 2 8 3 
Guessed at Algorithm 0 0 0 4 0 
Inconsistency 1 4 7 18 10 

Set 1 — Addition of Signed Numbers 
Set 2 — Addition of Fractions 
Set 3 — Order of Operations 
Set 4 — Area of Trapezoids 
Set 5 — Word Problems with Superfluous Data 

Table 4-4d. Composite Summary of Test Responses 

problem types, the few rules anticipated in the analysis 

program were largely used. This suggests that some problem 

types are more prone to specific misinformation than others, 

a suggestion leading to a concept of dominance that will be 

discussed below. 

The analysis of the misinformation results are shown in 

Table 4-5 which shows the number of successful 

identifications along with expected numbers of successes at 
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the 90%, 80%, and 70% levels. Again, reasons for failure 

are the use of an unanticipated rule (not considered in the 

program's diagnosis) or excessive carelessness. Because the 

results from each student are independent of the results 

from the other students and assuming the probability of 

success is constant for each trial, the distribution of 

Set 1 Set 2 Set 3 Set 4 Set 5 Total 

ADULTS 
Trials — 3 9 2 — 14 
Successes — 3 9 1 — 13 
E(Success) p=.9 — 2.7 8.1 1.8 — 12.6 
E(Success) p=.8 — 2.4 7.2 1.6 — 11.2 
E(Success) p=.7 — 2.1 6.3 1.4 — 9.8 

TEENS 
Trials 8 12 12 5 — 37 
Successes 7 11 9 3 — 30 
E(Success) p=.9 7.2 10.9 10.9 4.5 — 33.3 
E(Success) p=.8 6.4 9.6 9.6 4.0 — 29.6 
E(Success) p=.7 5.6 8.4 8.4 3.5 — 25.9 

YOUTH 
Trials 4 9 7 3 — 23 
Successes 2 9 5 0 — 16 
E(Success) p=.9 3.6 8.1 6.3 3.6 — 20.7 
E(Success) p=.8 3.2 7.2 5.6 3.2 — 18.4 
E(Success) p=.7 2.8 6.3 4.9 2.8 — 16.1 

COMPOSITE 
Trials 12 24 28 10 — 74 
Successes 9 23 23 4 — 59 
E(Success) p=.9 10.8 21.6 25.2 9.0 — 66.6 
E(Success) p=.8 9.6 19.2 22.4 8.0 — 59.2 
E(Success) p=.7 8.4 16.8 19.6 7.0 — 51.8 

Table 4-5. Summary of Expectations and Corresponding 
Results for Responses Due to Misinformation 

successes and failures follows a Binomial Distribution in 

which the expected number of successes is given by the 

formula 
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E(Success) = np 

where n is the number of trials and p is the probability of 

success for each trial. 

The data of Table 4-5 indicate that only for the 

addition of fractions (Set 2) did the identification of 

misinformation consistently meet or exceed expectations at 

the 90% level. For the order of operations (Set 3), 

identification of misinformation exceeded the 90% level for 

adults, but only exceeded the 70% level for teen-agers and 

youth, with the composite exceeding the 80% level. For the 

addition of signed numbers (Set 1), no misinformation was 

exhibited by the adults; whereas it existed and was 

identified at the 80% level for teen-agers, and below the 

70% level for youth. For the areas of trapezoids (Set 4), 

misinformation identification was consistently below the 70% 

level. Misinformation was not a factor at all for the word 

problems (Set 5). Excessive carelessness and the use of 

unanticipated algorithms appear to have been equal culprits. 

Inefficient Strategies 

Another phenomenem, which will be called "inefficient 

strategies" became evident when interviewing the test 

subjects. In this context, an inefficient strategy is an 

unnecessarily complex rule used to obtain correct results. 

Consider the areas of trapezoids. The simplest and most 

straight-forward rule is to multiply the width times the 



118 

average length of the two unequal and opposite sides. But 

people sometimes calculate the area of a trapezoid by 

considering it as a combination of a rectanagle plus one or 

two triangles. They obtain the overall area by calculating 

and adding the individual areas. Several of the adult test 

subjects calculated the areas of the trapezoids in this 

manner. This is a correct, but unnecessarily awkward and 

complex, procedure. Because the method of distractor 

analysis attempts to deduce the rule used from the answers 

given, it is not a suitable method for identifying 

inefficient strategies. Further research is recommended for 

determining the best way of identifying and diagnosing this 

type of situation. 

Missing Information 

Missing information proved to be more difficult to 

analyze than misinformation. Whereas misinformation implies 

use of a specific incorect rule, missing information implies 

the absence of a rule. Therefore, after eliminating the 

likelihood of correct information and misinformation, 

missing information can be considered to be "everything 

else." Responses based on missing information are 

characterized as guessing. Various types of tests can be 

devised for identifying missing information, and although it 

is easy to identify the condition of missing information, it 

is difficult to be precise as to the exact type of guessing 
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because guessing does not often follow consistent patterns. 

But since missing information implies the absence of a rule, 

it may not be important to diagnose it more precisely. 

On the other hand, an effort was made to gain some 

insight into the types of guessing patterns that might be 

used. For the purposes of this study, three types of 

guessing actions are categorized below. These actions were 

explored in the interviews following each problem set. 

Guessed at Answer 

Answers were selected randomly without using an 

underlying algorithm for the problem type. This was 

predominantly a trait of teen-agers and youth. 

Guessed at Algorithm 

Not knowing how to proceed, test subjects guessed at an 

algorithm and correctly applied the algorithm. This was 

predominantly a trait of adults. 

Inconsistency 

Test subject vacillated between possible approaches. 

For example, two different algorithms may have been used 

with some pattern of switching from one to the other. Or an 

algorithm may have been abandoned with a switch to a 

different algorithm or to guessing at the answers. This was 

predominantly a trait of adults and youth more than of teen-

agers . 
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Missing Information: No Algorithm 

At this point, a distinction must be made between 

identifying the existence of a phenomenon and identifying 

the nature of the phenomenon. While an attempt was made to 

identify both the existence and cause of misinformation, the 

analysis of missing information was considered successful if 

only its existence was identified. Misinformation pertains 

to a specific, albeit an incorrect, rule; whereas, missing 

information pertains to the absence of a rule. 

The practical aspect of this distinction is that with 

misinformation there must be some unlearning before the 

correct rule is learned; whereas, with missing information, 

there is nothing a priori to be unlearned. 

This study has shown that inconsistencies in working 

through a problem set freguently arise in cases of 

misinformation. Sometimes the test subject is groping for a 

"comfortable" rule and thus tries several variations. At 

other times, the "learn as you go" strategy sets in as the 

test subject decides in the middle of a problem set that a 

different rule is more likely to yield correct answers. 

Although three kinds of tests for guessing were built 

into the computer analysis, interviews with the test 

subjects revealed many instances of guessing for which the 

causes were not identified by the testing program. More 

research is needed with regard to detecting guessing. 
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The Concept of Dominance 

Claiming that misinformation is easier to diagnose than 

missing information does not imply that a correct diagnosis 

of misinformation is easily accomplished. Some problem 

types are easier to diagnose than others. This is to be 

expected because adding numerators and denominators is a 

very natural and common erroneous rule for adding fractions, 

and performing addition and multiplication in a strictly 

left to right order is also a very natural and common 

erroneous rule for priority of operations. At the other end 

of the spectrum, a wide variety of ways were used for 

calculating the area of trapezoids, with none of them being 

predominantly used. And even more extreme, the word 

problems, which were based on reasoning rather than on a 

particular algorithm, were not approached with any 

discernable misinformation. 

The degree of success in identifying the incorrect 

algorithm used depends upon the dominance or commonality of 

the algorithm used. The greater the percentage of use of a 

particular algorithm, the more dominant it is considered to 

be. The addition of fractions, as we have seen, has a 

definite and dominant incorrect algorithm. With the area of 

trapezoids, on the other hand, there is no dominant 

incorrect algorithm; and with the word problems, there is no 

algorithm at all. Some measurement, such as a "dominance 

index", may be a way of denoting the degree of dominance of 
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incorrect algorithms for a problem type, and such an index 

might well be the subject of further research. 

Further insight into the concept leading to the 

suggestion of a dominance index can be gained from examining 

the incorrect algorithms used by the test subjects in this 

study and summarized in Table 4-6. This summary names these 

various rules of misinformation along with the frequencies 

with which they were used. It also shows the misinformation 

identification success levels obtained in the study. Note 

that in some problem types, one incorrect rule dominates the 

others that also might be used. 

Problem 
Type 

Success 
Level 
(>70%) 

Incorrect Algorithm Used Num. 
of 

Uses 

Addition of 
Signed 
Numbers 

70% Add absolute values, Take sign of 
largest. 

Subtract absolute values. 

10 

2 

Addition of 
Fractions 

90% Add numerators, Add denominators. 24 

Order of 
Operations 

80% Proceed left to right. 
Add first, Multiply second. 

24 
4 

Areas of 
Trapezoids 

Multiply length times short side. 
Multiply length times long side. 
Add all three sides. 
Multiply all three sides. 
Miscellaneous other rules. 

4 
1 
2 
1 
2 

Word 
Problems 

(No incorrect algorithm used.) — 

Table 4-6. Summary of Incorrect Algorithms Used and 
Identified 



CHAPTER 5 

SUMMARY, IMPLICATIONS, CONCLUSIONS, AND RECOMMENDATIONS 

Acceptance of the Hypothesis 

From a theoretical standpoint, the hypothesis that the 

wrong answers in a multiple choice test can be used to 

detect misinformation and missing information can be 

accepted, providing that — 

o A single rule is consistently applied to all 

problems within a problem set. 

o Candidate incorrect rules can be anticipated 

in advance. 

Indeed, for problem sets where these conditions were met, 

the identification of misinformation was fully successful. 

But in the real world, inconsistency and unanticipated 

approaches often occur, thus invalidating the premises of 

the hypothesis. The experimentation indicated that the 

degree of this invalidation varied according to the nature 

of the problem type. It was demonstrated that for certain 

types of problems the hypothesis held true, while for other 

types of problems it was not demonstrated to hold true. 

General Applicability 

Useful information can be extracted from the wrong 

answers of multiple choice tests if the distractors are 

123 
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properly designed. The degree of usefulness and the type of 

design depend on the use to be made of the information and 

on the degree of dominance of the incorrect rules used. 

Although this study is oriented toward identifying 

misinformation and missing information in mathematics 

testing, it is anticipated that it may also serve as a step 

in applying this concept to information retrieval systems in 

general. 

Implications for Teachers 

Diagnostic testing, if successfully implemented, can 

help teachers determine the best course of action for 

individual students. If a student knows and can apply the 

correct algorithm, no help is needed. The teacher can move 

that student on to the next topic. If the student uses the 

wrong algorithm, then the teacher must unteach as well as 

teach. This instruction can be tailored to the individual 

student. If a student uses a correct but awkward or 

unnecessarily complicated algorithm, the teacher may want to 

unteach in a different way. A student who does not know a 

rule to use does not necessarily need to be untaught. If a 

group of students do not know a rule to use, students in 

that group need to be taught the same thing; however, the 

teacher may still want to individualize the teaching method 

presentation according to the needs and personalities of the 

students. 
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The diagnostic testing of Distractor Analysis was 

designed around three alternate outcomes: (1) the student 

uses the correct rule, (2) the student uses an incorrect 

rule (misinformation), or (3) the student does not know a 

rule to use (missing information). Results of such testing 

should help a teacher deliver information to students that 

is both relevant and pertinent in that it identifies what is 

needed and it avoids delivering information that duplicates 

what is already known. 

Implications Regarding Practicality 

The method of Distractor Analysis is based on the 

assumptions that incorrect algorithms can be anticipated in 

advance and that the student will consistently apply the 

same algorithm to all problems of the same type. The 

validating experiment demonstrated that these two 

assumptions do not necessarily hold in actual practice. 

When an unanticipated rule is used or when inconsistency is 

present, the method of Distractor Analysis herein proposed 

yields an "Undetermined" result, and the teacher is given no 

help as to the specific nature of the student's 

misunderstanding. 

A method of deriving likelihood estimates for missing 

information and for specific instances of misinformation may 

be worthy of additional research. In cases where a student 

cannot be statistically diagnosed as having used the right 
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rule, perhaps some measure of closeness to the right rule 

can be determined. For example, suppose a student uses one 

rule 40% of the time and decided to use a more appropriate 

rule for the remaining 60% for the time (the "learn as you 

go" syndrome). Although the method of distractor analysis 

as herein applied would yield an "Undetermined" result, such 

a percentage breakdown might be useful to a teacher. If use 

of an unanticipated algorithm is somewhat close to a correct 

or an anticipated algorithm, an estimate of closeness, if it 

can be obtained, could also be useful information. 

Some Considerations Regarding Validity and Reliability 

The number of test items for each node is an important 

consideration. Too few items will result in a lack of 

statistical power, and reliability of results will be 

adversely affected. On the other hand, test validity can 

suffer from too many test items. In this latter case, the 

internal validity problem of maturation, which includes 

fatigue (Campbell & Stanley, 1981), may suffer. History 

(events which may occur between the beginning and ending of 

the testing process) and testing (the effects of taking a 

test upon the scores of a second testing) could also be 

threats to internal validity. 

Potential Applications 

Intelligent Computer Assisted Instruction 

Intelligent Computer Assisted Instruction (ICAI) is a 
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relatively general and generic term, and its more common 

materialization, an Intelligent Tutoring System (ITS), is 

one kind of ICAI. Knezek (1988) states that there are three 

types of ICAIs: 

1. Intelligent Tutoring Systems 

Typically use Socratic dialogue or probing guestions 

to determine conceptual misunderstandings, then teach 

accordingly. 

2. Intelligent Coaching Systems 

Observe an individual's performance and provide advice 

on how to perform better. 

3. Intelligent Tool Environments 

Work in conjunction with individuals to accomplish the 

task at hand. 

If the exact needs of a student can be ascertained 

within the student model, the tutorial module can tailor the 

instruction to the individual needs of the student. The 

expertise module and the student model must work together to 

determine what the student already knows and what the 

student still needs to learn. 

Components of an ITS 

According to Knezek (1988), an Intelligent Tutoring 

System (ITS) consists of at least the following three 

components: 
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Expertise Module 

Contains the content the system intends to teach. 

Student Model 

Used to represent the student's current degree of mastery, 

usually in contrast with the total set of knowledge to be 

learned. 

Tutorial Module 

Used to determine how the system should teach. 

Trends and Past Inhibitors 

With the advent of computers and local networks, 

Intelligent Tutoring Systems are now feasible, and are now 

moving from the research laboratory to the classroom. With 

computers, teachers can now create and manage individualized 

instruction, and past inhibitors are now being overcome. 

Knezek (1988) summarizes the past inhibitors as follows: 

Computing Power 

Most ICAI require powerful, expensive computers. 

Learning Theory 

Current theories of learning are inadequate to precisely 

specify how an individual can or should learn. 

Research 

The number of academic researchers concentrating on ICAI 

appears to be quite small; however, it is likely that 
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considerable research is underway by producers of 

commercially available products. 

Development Effort 

One hour of student material requires roughly 20 hours of 

effort to author for a textbook or 100 to 200 hours for 

traditional CAI, but it may require another magnitude of 

effort (1,000 to 2,000 hours) for ICAI. 

Characteristics of Existing ICAI Systems 

Several ICAI systems are now commercially available; in 

1987 the count was two dozen. The predominant strength of 

these systems lies in their Expertise Modules. It is 

relatively easy to build subject matter into computer 

programs. The areas that currently need strengthening are 

the Student Model and the Tutorial Modules (Knezek, 1988). 

Principles of learning theory need to be strengthened in the 

Tutorial Modules, and discrimination as to what to teach 

each student needs to be strengthened in the Student Models. 

The Lattice Structure of Information in the Expertise Model 

Consider that a desired skill and its prerequisite 

subskills are organized in a lattice structure as described 

in Chapter I. For each lattice node, the responses to the 

questions for that node can be analyzed (by computer) to 

determine: 

a. Correct response (Application of correct rules). 
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b. Misinformation (Application of incorrect rules). 

Should be identifiable by a degree of 

consistency in the responses to erroneous 

distractors. 

c. Missing information (Guessing). 

Should be identifiable by the randomness of 

responses to all distractors. 

The lattice organization facilitates handling of 

partial information which is another possible source of 

error referred to by several researchers. In the concept of 

the lattice, each skill is divided into component subskills, 

and this dividing process cascades down until atomic 

subskills are reached. When the testing shows a skill 

deficiency, the testing will proceed down the lattice until 

the lacking atomic subskills are identified. In this 

manner, partial information at one skill level is translated 

into complete misinformation or missing information at lower 

atomic subskill levels. Partial information, as herein 

conceived, will not exist at the atomic levels. 

Integrated Learning Systems 

An Integrated Learning System (ILS) is a combination of 

hardware and software configured to deliver specific 

instruction to a specific range of students. Unfortunately, 

the term "Integrated Learning System" is used in different 

ways by different people (Wilson, 1990). 
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The ILS Concept 

Typically an ILS is a series of computers networked 

together for a specific instructional purpose. It is 

frequently the case, although there are exceptions, that the 

entire software system is provided by a single vendor and 

that its components all work together in an "integrated" 

manner. 

Two kinds of software are involved: courseware 

provides the instructional capabilities, and management 

programs provide the management and control functions. 

Potential of Integrated Learning Systems 

The potential of Integrated Learning Systems lies in 

supporting multidisciplinary projects and courses with a 

variety of interactive instructional material of highest 

quality. The ILS must be considered a supplement to, and 

not a replacement for, the teacher. But the role of teacher 

can change toward that of a facilitator of student 

involvement rather than the only dispenser of knowledge. 

Simulations, experiments, and various types of collaborative 

and interactive projects become possible in ways not 

previously feasible. 

Types of Integrated Learning Systems 

According to Wilson (1990), the products known as 

Integrated Learning Systems vary greatly in philosophy, 

design, and content. 
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Philosophical Approach 

Existing ILS systems are designed for a variety of 

purposes. Some systems provide remedial instruction, some 

provide comprehensive instruction,, and some are designed to 

help develop higher-order thinking skills. Some courseware 

is skill-based for providing diagnostic/prescriptive 

intervention for precise skills while other courseware is 

concept-based for problem solving and higher-order thinking 

skills. 

Curriculum Areas 

Mathematics is the curriculum area most commonly 

covered, with second place going to reading and language 

arts. While not yet as prevalent, courseware is also 

available for science, computer skills, social studies, and 

foreign languages. Within these areas, a large variety of 

programs aimed at various age groups with varying abilities 

are available. 

Management System 

The management programs also vary greatly from a simple 

evaluation of a student's time to a complete evaluation and 

recording of each student's responses. Most systems will 

exercise some control of the instructional seguence and will 

measure the student's progress toward the program's 

objectives. 
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Other Individualized Teaching Techniques 

A number of other technologies and teaching paradigms 

can benefit by being able to discriminate between 

misinformation and missing information. For example, 

individualized training is one recognized application area 

for expert systems, and it is likely that an expert system 

which includes this discrimination ability can more 

effectively provide the right instruction at the right time. 

Assuming that the required testing and evaluating can 

be done in a timely and non-disruptive manner, any teaching 

paradigm that provides individualized instruction, whether 

it be computer based or human based, should be able to 

benefit from discrimination between misinformation and 

missing information. 

Comparisons with the Findings of Other Researchers 

An attempt was made to include problem types in the 

Distractor Analysis study that are similar to those used in 

other studies so that at least some superficial comparisons 

could be made. The addition of signed numbers (Set 1) 

corresponds to problems studied by Birenbaum and Tatsuoka 

(1983). The order of operations (Set 3) corresponds to one 

of sixteen types of problems studied by Barnard (1989). The 

word problems (Set 5) correspond to the problems studied by 

Jaspers and van Lieshout (1994). Keep in mind that the 

fundamental purpose of this study is to determine if the 
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method of Distractor Analysis will work, and if so, under 

what conditions. The comparisons to follow add additional 

insights, but do not carry statistical significance. 

Distractor Analysis Compared with the Method of Birenbaum 

and Tatsuoka 

From a diagnostic point of view, the Distractor 

Analysis method appears to be superior to the Dichotomous 

Response method of Birenbaum and Tatsuoka (1983). This 

should not be interpreted, however, as implying a negative 

connotation toward the Dichotomous Response method, as it 

was developed more for scoring than for diagnostic purposes. 

A comparison of the Dichotomous Response and Distractor 

Analysis methods can be based on the addition of signed 

numbers to which both methods have been applied. The 

strength of the Dichotomous Response method is that it can 

work in situations where different algorithms yield the same 

result in some, but not all, instances. It is believed 

that, with a more sophisticated method of analysis than that 

used in this study, the method of Distractor Analysis can 

also distinguish between algorithms that sometimes yield 

like results. One of the major weaknesses of the 

Dichotomous Response method is that it cannot distinguish 

between algorithms that yield identical mixtures of correct 

and incorrect answers; whereas, the method of Distractor 

Analysis can make such distinctions. 
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A qualitative comparison of the two methods is 

presented in Table 5-1. 

Distractor Analysis Compared with the Method of Barnard 

Barnard's (1989) study of mathematical skills is also 

based on the premise that "problems that pupils have in the 

handling of fundamental mathematical concepts and principles 

can be traced by noting which distractor a pupil chooses in 

PROPERTY DICHOTOMOUS 
RESPONSE 

DISTRACTOR 
ANALYSIS 

Useful in free response items as 
well as multiple choice. 

Yes No 

Works with erroneous algorithms 
that never give correct answers. 

No Yes 

Works with erroneous algorithms 
that sometimes give correct 
answers. 

Yes Not 
Ascertained 

Can distinguish between guessing 
and an unknown algorithm. 

No Yes 

Gives a clue to the nature of the 
problem with only one test item. 

No Yes 

Independent of ordering of test 
items. 

No Yes 

Requires repeated measures (i.e., 
parallel test items). 

Yes Yes 

Accounts for carelessness. Possible Yes 

Statistical confidence intervals 
improve with increased numbers of 
test items. 

Possible Yes 

Table 5-1. Comparison of Dichotomous Response and 
Distractor Analysis Methods. 
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a multiple choice item." Barnard studied sixteen areas of 

basic skills, one of which was order of operations. But 

rather than trying to diagnose the problems of individual 

students, Barnard sought to obtain a global image of 

problems in a large population of pupils. Thus, only a very 

limited comparison can be made. 

The concept of dominance seems to have been considered 

by Barnard, as one of his measurements was the percentage of 

pupils choosing the most popular distractor. For the order 

of operations, Barnard obtained 73.2% for the most popular 

distractor which identified a left to right order of 

operation. In the Distractor Analysis study, the correct 

answer was chosen by 43% of the test subjects, and the most 

popular erroneous distractor (also left to right ordering) 

was chosen 32% of the time. Barnard also concluded that the 

order of operations was the least difficult of the skills 

tested. 

There is not enough evidence to conclude any 

differences in the results obtained by the two methods. 

Distractor Analysis Compared with the Method of Jaspers and 

van Lieshout 

The word problems of Jaspers and van Lieshout (1994) 

involved three numbers, two of which were relevant to the 

correct response and one which was superfluous. To solve 

the problems correctly, test subjects had to determine which 
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numbers were relevant and then decide whether to add or 

subtract them. Rather than administer a multiple choice 

test, the researchers devised a strategy for assigning each 

numeric response to one of ten diagnostic categories. 

A multiple choice test to cover all the possible 

responses for the ten categories would require fifteen 

distractors, too many for practicality. So in order to 

effect a meaningful comparison between the Distractor 

Analysis method and the study of Jaspers and van Lieshout, 

multiple choice items were designed with misinformation 

distractors for the two erroneous categories receiving the 

most responses. These categories were (1) wrong operation 

with the two relevant numbers and (2) irrelevant number 

subtracted from a relevant number, which occurred 12% and 9% 

of the time, respectively, in the Jaspers and van Lieshout 

results. The correct answer was chosen 41% of the time in 

their study. 

Jaspers and van Lieshout performed their study on 

educable mentally retarded children of the fourth through 

the seventh grade levels in a Dutch school. Because the 

Distractor Analysis was not performed on a comparable 

population sample, a statistically valid comparison cannot 

be made. However, the Distractor Analysis method identified 

a correct procedure for 45% of the test subjects of the same 

age group. Because of the prevalence of inconsistencies in 

the responses, the Distractor Analysis method failed to 
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identify any instances of misinformation, but the interviews 

revealed that 18% predominantly used the wrong operation on 

the right numbers, and 9% predominantly subtracted an 

irrelevant number from a relevant number. 

It can be concluded that for a large number of 

misinformation alternatives, other methods exist that give 

more wide-spread coverage than the method of Distractor 

Analysis. 

Conclusions 

There can be useful information in the distractor 

selections in a multiple-choice test, and under the stated 

assumptions, the method of distractor analysis yields the 

expected diagnostic information. Specifically, the 

following conclusions are established by this study: 

1. Tests for misinformation can be successfully performed 

provided — 

a. The same approach is consistently applied to 

all problems of a given problem type. 

b. Use of incorrect rules can be anticipated. 

2. Carelessness in the responses can be statistically 

evaluated. 

3. Problem types that are most susceptible to 

misinformation are least susceptible to missing information, 

and vice versa. This observation is supported by the 

experimental data. 
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4. Misinformation (specific incorrect rule) is easier to 

identify than missing information (no rule). The 

identification of missing information as "everything else" 

is weak. More precise identification may well be a subject 

for further research. 

5. While recognizing the importance of the design of the 

multiple-choice distractors, the construct of the stem is 

also important. 

6. This extraction of information from incorrect answers 

can aid teachers in delivering relevant and pertinent 

information to their students 

7. This method can be applicable as a component of 

Interactive Computer Assisted Instruction. 

8. This method (or its conceptual basis) may also be 

extendable to information system retrieval as a means of 

filtering out information which, while relevant and 

pertinent, is already posessed by the user. 

9. For the method to be fully practical, human tendencies 

must be considered. For example, adults will guess at rules 

more than at answers. Youth and teen-agers tend to guess at 

answers. 

Suggested Areas for Further Research 

The following guestions are suggested as areas for 

further research with regard to diagnostic testing in 

general and to Distractor Analysis in particular: 
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1. How can problems be characterized for measures of 

dominance? 

2. When an algorithm is not specifically identified, what 

means of estimating closeness to candidate algorithms can be 

derived and implemented in practical situations? 

3. How can unanticipated incorrect algorithms be identified 

from an analysis of the incorrect answers? 

4. How can the method of Distractor Analysis be extended to 

softer rule-based subjects (e.g., English, history, etc.)? 

5. What are the factors that will affect validity and 

reliability of the analysis of wrong answers? 

6. Should test guestions of a given type be grouped 

together or be distributed throughout the test? 

7. What is the optimal number of parallel items per node? 

To what extent should this depend on the dominant index of 

the problem type? 

8. How many different erroneous algorithms can be tested in 

a single test item; i.e., how many distractors? What is the 

optimal number of distractors for this type of testing? 

9. How can the effects of inconsistency be minimized so as 

not to invalidate reliable results? 
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ROSTER OF EXAMINEES 

GROUP: 

NUMBER NAME AGE GRADE DATE 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
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INSTRUCTIONS TO EXAMINEES 

GENERAL 

The arithmetic calculations in this test are very simple. 

But you may not know what kind of calculation procedure to 
use. 

We hope this is the case. We hope that you will not know how 
to do some of the problems. 

There will be a multiple-choice pre-test of 10 problems to 
make sure that you can add, multiply, and divide one and two 
digit numbers. 

The test itself will consist of five groups of problems, with 
10 multiple-choice problems in each group. 

All problems within a group are worked the same way; i.e., by 
applying the same procedure. 

OBJECTIVE 

The objective is not to test your skills. 

The objective is to determine if the test program can detect 
when you are using the wrong procedure or when you are 
guessing. 

Therefore, I hope you will use some wrong procedures and/or do 
some guessing. If you answer all problems correctly, the 
program's detection capability has not been tested. 

INSTRUCTIONS 

1. You must answer each problem. 

2. If you know how to work the problems in a group, select 
the answers you think are correct. If the expected answers 
are not available as choices, then guess at the answers. 
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3. If you are not sure of the correct procedure for a group, 
choose a procedure you think is right, and use it consistently 
for all problems in that group. If the expected answers are 
not available as choices, then guess at the answers. 

4. If you can't think of a procedure to use, please guess at 
the answers. 
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Set 1: 

Set 2: 

Set 3: 

Set 4: 

Set 5: 
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INTERVIEW FORM 

NAME: GROUP: 

SET PROBLEM TYPE C R E S U L T S SET PROBLEM TYPE 

I COR-
RECT 

RULE 
1 

RULE 
2 

GUESS OTHER 

1 ADD SIGNED 

NUMBERS 

C 1 ADD SIGNED 

NUMBERS I 

2 ADD 

FRACTIONS 

C 2 ADD 

FRACTIONS I 

3 ORDER OF 

OPERATIONS 

c 3 ORDER OF 

OPERATIONS I 

4 AREAS OF 

TRAPEZOIDS 

c 4 AREAS OF 

TRAPEZOIDS I 

5 WORD 

PROBLEMS 

c 5 WORD 

PROBLEMS I 
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ADDITION 

1. 2 + 6 = 

2. 8 + 5 = 

3. 13 + 4 = 

MULTIPLICATION 

6. 4 x 5 = 

7. 6 x 8 = 

8. 15 x 2 = 

SUBTRACTION 

4. 6 - 2 = 

5. 15 - 10 = 

DIVISION 

9. 4 / 2 = 

10. 6 / 2 = 
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PART 1 ADDING SIGNED NUMBERS 

1. ( - 6 ) + (+2) = 

a . 6 
b . 4 
c . 8 
d . - 8 
e . - 4 * 

2. (+3) + ( - 6 ) = 

a . - 3 * 
b . 9 
c . - 6 
d . 3 
e . - 9 

3. (2) + ( - 3 ) = 

a . 3 
b . 5 
c . - 1 * 
d. - 9 
e . - 5 

4 . (—7) + (+4 ) — 

a . 11 
b . - 1 1 
c . 7 
d . - 3 * 
e . 3 

5 . ( - 8 ) + (+4) = 

a . 4 
b . 8 
c . - 1 2 
d. - 4 * 
e . 12 

6. (+3) + ( - 8 ) = 

a . - 1 1 
b . - 5 * 
c . 8 
d. 11 
e . 5 

7 . ( - 7 ) + (+5) = 

a . - 2 * 
b . 2 
c . - 1 2 
d . - 7 
e . 12 

8 . (+4) + ( - 5 ) = 

a . - 9 
b . 1 
c . - 1 * 
d . 9 
e . 5 

9 . ( - 1 5 ) + (10) = 

a . 25 
b . - 2 5 
c . 5 
d . - 1 5 
e . - 5 * 

10. (10) + ( - 1 2 ) = 

a . - 2 * 
b . - 1 2 
c . 22 
d . 2 
e . - 2 2 
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1. 1 /2 + 1 / 3 = 

a . 3 / 6 
b . 5 / 6 * 
c . 2 / 3 
d. 2 / 5 
e . 3 / 5 

2 . 2 / 3 + 1 /6 = 

a . 5 / 6 * 
b . 2 / 6 
c . 1 /9 
d . 7 / 9 
e . 3 / 9 

3. 1 /6 + 1 / 4 = 

a . 7 /12 
b . 5 / 1 2 * 
c . 2 / 6 
d . 2 / 1 0 
e . 3 / 4 

4. 3 /7 + 1 /2 = 

a . 4 / 9 
b . 2 / 9 
c . 9 / 1 4 
d . 5 / 7 
e . 13 /14 * 

5 . 1 /4 + 2 / 5 = 

a . 13 /20 * 
b . 4 / 5 
c . 3 / 9 
d . 9 / 2 0 
e . 1 /9 

6. 1 /2 + 1 / 4 = 

a . 5 / 6 
b . 2 / 4 
c . 2 / 6 
d. 1 / 6 
e . 3 / 4 * 

7. 1 /4 + 1 / 3 = 

a . 7 /12 * 
b . 2 / 7 
c . 3 / 4 
d . 2 / 3 
e . 2 / 4 

8 . 1 / 3 + 2 / 5 = 

a . 4 / 5 
b . 3 / 8 
c . 11 /15 * 
d . 7 / 1 5 
e . 1 / 8 

9. 1 /2 + 1 / 5 = 

a . 2 / 7 
b . 4 / 1 0 
c . 2 / 5 
d. 7 / 1 0 * 
e . 3 / 5 

10. 3 / 8 + 1 / 4 = 

a . 7 / 8 
b . 4 / 8 
c . 2 /12 
d. 5 / 8 * 
e . 4 / 1 2 
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PART 3 ORDER OF OPERATIONS 

1. 2 + 3 x 5 + 1 — 

a. 21 
b. 30 
c. 18 * 
d. 23 
e. 26 

2. 2 x 4 + 2 x 3 = 

a. 36 
b. 30 
c. 20 
d. 14 * 
e. 16 

3. 3 + 2 x 4 + 5 = 

a. 20 
b. 30 
c. 25 
d. 16 * 
e. 45 

4. 2 x 2 + 3 x 3 = 

a. 21 
b. 13 * 
c. 24 
d. 30 
e. 15 

5. 3 + 2 + 4 x 2 + 1 = 

a. 14 * 
b. 20 
c. 19 
d. 12 
e. 27 

6. 2 + 3 x 2 + 5 + 2 = 

a. 17 
b. 15 * 
c. 36 
d. 45 
e. 40 

7. 3 + 5 x 2 + 2 = 

a. 32 
b. 18 
c. 26 
d. 24 
e. 15 * 

8. 3 x 2 + 2 x 3 = 

a. 12 * 
b. 32 
c. 36 
d. 18 
e. 24 

9. 4 + 2 x 2 + 5 = 

a. 24 
b. 36 
c. 42 
d. 17 
e. 13 * 

10. 4 x 2 + 3 + 2 x 3 = 

a. 17 * 
b. 84 
c. 48 
d. 56 
e. 39 
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PART 4 AREAS OF TRAPEZOIDS 

1. 

3 ! \ 

a. 
b. 
c. 
d. 
e. 

21 * 
22 
27 
17 
15 

2 . 

/ 

10 

a. 
b. 
c. 
d. 
e. 

40 
32 * 
34 
24 
20 

3 . 
./ 
/ 

a. 
b. 
c. 
d. 
e. 

24 
36 
26 
32 
30 * 

V 
\ 

a. 
b. 
c. 
d. 
e. 

28 * 
25 
21 
33 
35 

5 . 

7 ! / 

6. 
a. 
b. 
c. 
d. 
e. 

51 
48 
42 
56 
49 * 

\ ! 5 

a. 
b. 
c. 
d. 
e. 

30 * 
20 
32 
26 
40 

7 . 

4 ! \ 

8. 
a. 
b. 
c. 
d. 
e. 

26 
24 
28 * 
30 
32 

/ ! 4 

a. 
b. 
c. 
d. 
e. 

20 
28 
22 
24 * 
26 

9. 

/ ' 
/ 

10. 
a. 
b. 
c. 
d. 
e. 

30 
20 
35 
25 * 
15 

10 
V 
\ 

a. 
b. 
c. 
d. 
e. 

80 
64 * 
75 
48 
56 
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PART 5 — WORD PROBLEMS 

1. Mary has 3 apples. 2. John had some balls. 
Peter gave Mary some more Bill had 2 balls. 

apples. John got 3 more balls. 
Ann has 2 apples. John has 9 balls. 
Now Mary has 9 apples. How many balls did John 
How many apples did Peter have first? 

give Mary? 
a-12, b-1, c-11, d-6*, e-7 a-1, b-5, c-7, d-6*, e-12 

3. Mary had some apples. 4. Mary has 4 apples. 
Mary ate 3 of her apples. Mary has 3 apples less 
Now Mary has 4 apples. than Peter. 
Ann had 9 apples. Ann has 9 apples. 
How many apples did Mary How many apples does Peter 

have first? have? 
a-6, b-7*, c-13, d-1, e-5 a-7*, b-6, c-5, d-12, e-1 

5. Mary has 3 apples. 6. Bill has 2 balls. 
Peter has 9 apples. John has 9 balls. 
Ann has two apples. John has 3 balls more 
How many apples does Peter than Joe. 

have than Mary? How many balls does Joe 
have? 

a-1, b-6*, c-7, d-16, e-11 a-12, b-7, c-1, d-11, e-6* 

7. Mary has 3 apples. 8. John and Joe have 7 balls. 
Ann has 2 apples. Bill has 4 balls. 
Peter has some apples Joe has 3 balls. 

also. How many balls does John 
Together Mary and Peter have? 

have a total of 9 
apples. 

How many apples does 
Peter have? 

a-6*, b-11, c-12, d-7, e-1 a-7, b-1, c-10, d-3, e-4* 

9. Mary had some apples. 10. John had some balls. 
Mary ate 1 apple. Bill had 3 balls. 
Now Mary has 3 apples. John got 4 more balls. 
Ann had 9 apples. John has 9 balls. 
How many apples did Mary How many balls did John 

have first? have first? 
a-4*, b-2, c-12, d-6, e-8 a-7, b-13, c-5*, d-12, e-6 
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A TEST QUESTION AS SEEN ON THE MONITOR 

1. Add the following fractions: 

1/2 + 1/3 = 

a. 3/6 
b. 5/6 
c. 2/3 
d. 2/5 
e. 3/5 

Respond with a, b, c, d, or e and press ENTER. 

(This was the first question of Problem Set No. 2 - Adding 
Fractions.) 
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REPRESENTATIVE TEST RESULTS AS SEEN ON THE MONITOR 

RESULTS FOR STUDENT 1 

GROUP DIAGNOSIS 
1 Correct Rule 
2 Added Num. & Denom. 
3 Left to Right 
4 Random Gues s ing 

NO. CARELESS 
0 
1 
0 

QUES ANS RESULT 
1 A Correct 
2 C Wrong 
3 D Wrong 
4 B Wrong 
5 C Wrong 
6 E Wrong 
7 A Wrong 
8 D Correct 
9 B Wrong 

10 E Wrong 

After we talk about the results, 
press ENTER for the next problem set. 

(This is a sample representation of the results that would 
appear on the monitor after the fourth problem set. It shows 
the diagnoses of all the problem sets up to this point. It 
also shows the specific responses for the problem set just 
completed.) 
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PSUEDO—CODE REPRESENTATION OF THE COMPUTERIZED TESTING 
PROGRAM 

ADMINISTER PRE-TEST 
Pass? 
Fail? Set Up To Disregard Test Results 

ADMINISTER TEST < 
SELECT PROBLEM SET < 

PRESENT PROBLEM < 
Receive Response J 
More Problems in Set? | 

Yes 
No 

ANALYZE PROBLEM SET RESPONSES 
ANALYZE FOR CORRECT INFORMATION 

Expected Responses 
Yes 
No 

Acceptable Carelessness? 
Yes > 
No 

Conclude Correct Responses < j 
Record Results J 

ANALYZE FOR MISINFORMATION < 
Expected Responses 

Yes 
No 

Acceptable Carelessness? 
Yes > 
No 

Conclude Misinformnation < 
Record Results J 

ANALYZE FOR MISSING INFORMATION < 
Same Relative Distractor? 

Yes 
No 

All Blind Distractors? 
Yes > 
No 

Uniformly Distributed Responses? 
Yes > 
No 

Conclude Missing Informnation < 
Record Results 

UNDETERMINED CONCLUSION < 
Record Results 

PAUSE FOR INTERVIEW < 
ANOTHER PROBLEM SET? 

Yes 
No STOP 
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