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We address the problem of the DNA sequences developing a "dynamical" me-

thod based on the assumption that the statistical properties of DNA paths are de-

termined by the joint action of two processes, one deterministic, with long-range 

correlations, and the other random and delta correlated. The generator of the deter-

ministic evolution is a nonlinear map, belonging to a class of maps recently tailored 

to mimic the processes of weak chaos responsible for the birth of anomalous diffu-

sion. It is assumed that the deterministic process corresponds to unknown biological 

rules which determine the DNA path, whereas the noise mimics the influence of an 

infinite-dimensional environment on the biological process under study. 

We prove that the resulting diffusion process, if the effect of the random process 

is neglected, is an a-stable Levy process with 1 < a < 2. We also show that, if the 

diffusion process is determined by the joint action of the deterministic and the random 

process, the correlation effects of the "deterministic dynamics" are cancelled on the 

short-range scale, but show up in the long-range one. We denote our prescription to 

generate statistical sequences as the Copying Mistake Map (CMM). 

We carry out our analysis of several DNA sequences, and of their CMM realiza-

tions, with a variety of techniques, and we especially focus on a method of regression to 

equilibrium, which we call the Onsager Analysis. With these techniques we establish 

the statistical equivalence of the real DNA sequences with their CMM realizations. 

We show that long-range correlations are present in exons as well as in introns, but 

are difficult to detect, since the exon "dynamics" is shown to be determined by the 



entaglement of three distinct and independent CMM's. 

Finally we study the validity of the stationary assumption in DNA sequences 

and we discuss a biological model for the short-range random process based on a 

folding mechanism of the nucleic acid in the cell nucleus. 
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CHAPTER 1 

INTRODUCTION 

This thesis is the summary of the work I have been involved with as a graduate 

student in the University of North Texas and in the Center for Nonlinear Science [1-5]. 

The interest in the deterministic chaos has been alive for years, especially because of 

the change in perspective introduced by the study of nonlinear systems in statistical 

mechanics. For instance, it is possible [6] to obtain the complete equivalence between 

a chaotic system and an ordinary thermal reservoir; it is nevertheless necessary to 

imagine that the chaotic system obeys some properties, that are normally difficult to 

be proven analytically, but can be given a numerical evidence. The most important 

of these properties is the assumption that the correlation functions of the system 

variables decay as an exponential, or at least fast enough so as it is possible to define 

a finite timescale. This property is however violated in the majority of the real 

systems [7], where we are in presence of the so-called "weak chaos". In this case the 

system variables are characterized by long-range correlations, namely their correlation 

functions decay, in the asymptotic limit, as nonintegrable inverse-power laws in time. 

If we consider the diffusional unidimensional process driven by a velocity generated 

by such a chaotic process, we have, in the asymptotic limit, an "anomalous diffusion": 

the second moment is no longer linear in time. This coincide with the violation of 

one of the hypotheses of the central limit theorem: it is not possible to perform a 

timescale separation between microscopic and macroscopic variables. On the other 



hand, long-range correlations are typical of critical phenomena, and may therefore be 

seen as an indication of a global order, generated by short-range interactions. 

The interest for chaotic systems is however also due to the great impact that the 

new theory have on the study of a great number of complex systems (too difficult to 

face with traditional techniques) in physics, chemistry, biology and other disciplines. 

In particular, biological systems are very often well-described by means of fractal 

geometry, few examples of which are the vase system, the structure of the lungs, the 

shape of neurons, and even the shape itself of some organisms [8]. The mathematical 

concept of "fractal" makes it possible to describe in simple mathematical terms a 

wide number of biological objects. Chaos and fractal are closely related, since fractals 

are characterized by long-range correlations, since their self-affine structure makes it 

impossible to perform any scale separation. The diffusion process introduced above 

correspond to a variable x(t) that describes in the plane (x,t) a curve with a fractal 

dimension. 

In this context we introduce the dynamical study of DNA sequences. The main 

idea is to "map" the sequences of the four nucleotides A, C, G and T, that form the 

long DNA chain, into numerical sequences of which the correlations can be evaluated 

and analyzed. The main result is that in DNA there are evidences of long-range 

correlations. The analyses are not as simple as it could seem: the results subtly 

depend on the technique adopted, and there are limitations due to the fact that any 

statistical analysis has to be performed having a single realization of the "stochastic" 

process. It is necessary to make a number of hypotheses that are not easy to control. 

Our investigation starts from the work already done by two group of research, 

that of Voss [14] and that of Stanley [15, 16], and from the evident controversy 

emerging from the different results concerning the statistical properties of different 

kinds of DNA segments, with different biological roles. In particular the results of 



the two groups completely disagree on the evaluation of the correlation in coding 

DNA. To understand this controversy, we introduce a new method of analysis, based 

on our knowledge of weak chaotic dynamical systems, and we compare DNA data 

with artificial data whose properties are known. The artificial sequences are obtained 

through a nonlinear map similar to the one recently adopted by Liebovitch and Toth 

[27] for the study of ionic channels, with the superposition of a white noise. The 

sequences obtained are substantially indistinguishable from real DNA data for what 

concerns, for instance, the evaluation of second-order properties. It is possible to 

vary the parameters of our generator to fit the DNA data in the best way so that it is 

possible to obtain a better evaluation of the index of the inverse power law correlation. 

We showed that there are long-range correlations in coding DNA, but this property 

emerges only at very large distances. 

In this thesis we compare different analysis techniques, some of them were al-

ready present in literature, some of them have been introduced by us, among which 

a new method of revealing the correlation function, based on the Onsager regression 

theorem. This method allowed us to reveal a periodic structure in coding DNA, that 

is related to the correlation itself. This periodicity makes it possible to understand 

more about the DNA structure. We tried to keep a connection with the biological 

reasons and/or implications of our discoveries. Biological discussions have been im-

portant all over the work: very often they indicated the directions of the research. For 

this reason we tried to go "back to biology" all the times it was possible, throughout 

all this thesis. 

1.1 Outline of the Thesis 

In Chapter 2 we introduce the object of our investigation, the DNA, we shortly 

describe some mechanisms of the cell functioning, and we give an overview of evolution 



theories. In Chapter 3 we review the results in literature and we introduce some con-

cepts and methodologies. Chapter 4 is dedicated to the study of anomalous processes, 

that is the basis to understand the properties of our "copying mistake map" (CMM) 

that we introduce in Chapter 5, together with a number of methods of analysis. In 

Chapter 6 we review the most important among our results, and we pose a problem 

about the stationarity condition. We try to answer this problem in Chapter 7, where 

we modify our model to take into account the hierarchical 3-dimensional folding of 

the DNA molecule. Chapter 8 is dedicated to a full discussion of our discoveries, 

and Appendix A is dedicated to the mathematical details of the theory discussed in 

Chapter 4. 



CHAPTER 2 

DNA AND ITS FUNCTION 

2.1 DNA in the Cell 

The deoxyribo-nucleic acid, or DNA, is a double linear macromolecule that is 

composed of two strands, which are entangled with each other to form the typical 

double-helix structure. Each strand is a long chain of nucleotides, the number of which 

may vary from a few hundreds in some viruses to a few billions (about six billions in 

homo sapiens); each nucleotide is a molecular group containing a sugar (deoxyribose), 

a phosphoric group, and a nitrogenated base. The differences in the four kinds of 

nucleotides are only due to the fact that there are four different nitrogenated bases, 

while the sugar and the phosphoric group are always the same. The strong covalent 

bond along the strand is due to these chemical groups, while the role of the bases is 

to guarantee the stability of the helix, through hydrogen bonds. 

The four bases are adenine (A), guanine (G), thymine (T) and cytosine (C). 

A and G are called purines, and are different from the pyrimidines C and T, in 

part because they are larger. In particular purines are composed of two rings, a 

pentagon and a hexagon, of carbon and nitrogen, while pyrimidines by only the 

latter of such rings (see Fig. 2.2). The bases are made in such a way that bases 

on different strands form hydrogen bonds if the bases are "complementary". The 

rule of complementarity is different from the purine-pyrimidine classification, and in 

particular A is complementary with T, and C with G. The complementarity rule 
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establish a principle for which the sequence of one strand is completely determined 

by the sequence of the other. This principle introduces a concept that frequently 

arises in microbiology, that of "redundancy". 

Figure 2.1: An example of DNA double helix structure. 
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Figure 2.2: the four nitrogen bases A e G (purines), C e T (pyrimidines). 

The fundamental role of DNA, at our present state of knowledge, is that of 

coding for proteins. In general DNA codes, through appropriate sequences on the 

two strands, what is called "genetic information", that is the information necessary 



for the development of cellular structures and for the life of the cell itself. This genetic 

information not only includes the rules of proteins synthesis, but also their space and 

time regulation, partly through a complicated feedback from the proteins (especially 

membranes and enzymes) themselves. Each living cell, in fact, has a structure that 

is mostly composed of proteins and it lives because of the action of a great number 

of processes that involve the action of proteins. 

Proteins are another class of polymers, of various shapes and dimensions dif-

ferent from those of DNA. Schematically their structure has connections of smaller 

pieces, that are called "dominions" (the sequence of dominions is called the "secondary 

structure"). Dominions are linear molecules and their different three-dimensional 

shapes (tertiary structure) are due to the different ways in which the polymer folds. 

Very often the secondary structure is just a succession of dominions without bifur-

cations, so that the protein can be seen as a long chain. The unit of this chain is 

the amino-acid, or peptide (proteins are often called polypeptides). One thing that 

we know of DNA sequences is that they contain the code for building up the linear 

polypeptides with an exact order. To do so the DNA is first copied (transcripted) and 

then translated with the help of enzymes and special organelles that are themselves 

composed of proteins and nucleic acids. 

In detail, there exist twenty types of amino acids, which are small molecules. 

A protein usually contains a few hundred amino acids and the shape of the protein, 

that is responsible for its biochemical functions, depends on the peptides sequence. 

The genetic code must therefore be able to represent 21 objects (the 20 amino acids 

and a STOP) with its four letters ACGT. The solution of this problem is to associate 

each amino acid to one or more triplets of nucleotides; this structure is called the 

"codon structure" and the triplets are called "codons". In this case we have 43 = 64 

combinations, so that there is space for "synonyms" (i. e. different codon triplets that 



code for the same amino acids) and the code is for this reason called "degenerate". 

FIRST POS. 

1 A T C G 
SECOND POS. 

THIRD POS 
• 

A 
Lys XI* Thr Arg A 

A 
Asn 11* Thr Ser T 

A Asia 11® Thr Ser C A 
Lys Met Thr Arg G 

T 
Tyr STOP Ser STOP A 

T 
Phe STOP Ser Tyr T 

T Phe Leu Ser Tyr C T 
Tyr Leu Ser Trp G 

C 
Gin Leu Pro Arg A 

C 
His Leu Pro Arg T 

C His Leu Pro Arg C C 
Gin Leu Pro Arg G 

G 
Olu Val Ala Gly A 

G 
Asp Val Ala Oly T 

G Asp Val Ala Gly C G 
Glu Val Ala Gly G 

Table 2.1: A mnemonic device for representing the genetic code. Each of the 20 
amino acids corresponds to one or more triplets. 

The term "genome" means the total amount of DNA and therefore of genetic 

information that is contained in the cell. 

In prokariots (bacteria and viruses), unicellular organisms without cellular nu-

cleus, we find the simplest model of genetic functioning: apart from a few exceptions, 

the genome is simply composed of a sequence of "genes" (the DNA segment responsi-

ble for coding a protein), each of which contains an initial nucleotide sequence called 

a "promoter", and a sequence of codons (or coding sequence or CDS) the last of which 

is just a STOP signal. 

The protein coding involves only one of the two strands; the other strand con-

tains the same information through the complementary sequence, therefore it just 

provides stability to the information itself through the "redundancy" and through a 

series of DNA repair mechanisms that are activated when a mutation occurs. It must 
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be said that it is not always the same strand that contains the transcripted sequence. 

The genetic sequences are sometimes on one strand, and sometimes on the other. 

When the cell conditions require the production of a certain protein, the CDS 

transcription, that is the production of messenger RNA (mRNA), is activated. RNA, 

ribonucleic acid, is a molecule that is very similar to DNA, the difference is that the 

sugar is different because of the presence of an extra oxygen atom (so that it becomes 

normal ribose); another difference is that the thymine base is absent in RNA and is 

substituted by uracil (U), that has a very similar chemical behavior. 

The transcription process is made possible by the action of several enzymes 

that, after the recognition of the "promoter", loosen the hydrogen bonds, so that the 

double helix is unfolded and opened; at this point RNA bases are bounded at direct 

contact with the CDS strand, so that, a mRNA molecule whose sequence is exactly 

complementary to the CDS is formed. 

In the simple case of prokariotes we have at this point a mRNA sequence that 

exactly contains the information relative to the protein amino acid sequence: at this 

point the "translation" process can take place, namely the protein is physically syn-

thesized. The organelles that are responsible for such a process are called "ribosomes", 

which are structures constituted by two subunits that are able to "grab" the RNA 

molecule, to move along its length and to hook the tRNA molecules. The latter are 

small RNA segments that have on one side an amino acid, and on the other side an 

exposed triplet (called an "anticodon"), which is the complementary triplet of the 

codon relative to the amino acid that it is carrying. Both ribosomes and tRNA are 

very common molecules in the "cytoplasm", that is the liquid environment inside the 

cell membrane. The mRNA is inserted between the two ribosome units, leaving the 

codon able to join the tRNA anticodon. This succession of codon-anticodon bonds 

makes it possible for the tRNA amino acids to join in the same succession (Fig. 2.3). 
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mRNA 

a . a . 
rybosome' 

a . a . 
a . a . a.a. 

codone 

tRNA 4 tRNA 3 

tRNA 5 

Figure 2.3: The translation process, a.a. stands for amino acid. 

This scheme is already oversimplified for prokariotes. There is indeed a large 

number of processes of fundamental interest for the protein synthesis that are able 

to stimulate or inhibit the production of a certain protein, according to the cell 

exigencies, or to repair mistakes. All the phases of this synthesis process are regulated 

or made possible by the presence of enzymes that have been in their turn produced 

through similar methods. They are able to cut and paste DNA or RNA segments, 

open or close the double helix and so on. 

There are also significant variations of this picture, because of the presence 

(in bacteria) of DNA segments that are able to move along the principal sequence 

(transposons), and of segments (plasmids) that are physically out of the principal 

sequence (chromosome). Viruses, then, represent a particular case, since they are 

just composed of a membrane that contains their DNA (or directly RNA) and, in 

order to replicate (both membranes and nucleic acids) they use the machinery and 

the materials of the host cell. 

Another thing that is worth mentioning is that all these processes happen inside 
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the cytoplasm, so that in order to understand them one should consider diffusion pro-

cesses in a medium that is densely populated with organelles and therefore diffusion 

processes with constraints. 

For the purpose of this thesis, it is not necessary to understand in detail the 

functioning of a cell, because we will be primarily interested in the statistical features 

of the DNA primary sequence (just the letter sequence). It is nevertheless important 

to take into consideration the substantial complexity of genetic mechanisms in order 

to understand the biological significance of this work. 

The complexity increases when we study the genome of the "eukariotes", the 

living beings whose cell is divided in compartments (like the nucleus). These are the 

yeasts, the fungae, the animals and the plants. 

The genome is very complex in eukariotes: first of all the DNA molecule is 

much longer than in prokariots and consequently it is more difficult to manage. We 

no longer have a simple gene succession: the genes, whose number is not substantially 

larger than in prokariotes, are "dispersed" among a large quantity of DNA that is 

not responsible for protein production. This DNA may be due to old genes that 

are no longer working ("pseudogenes"), or may be completely void of genetic sense; 

sometimes these sequences are segments of different length that are repeated multiple 

times in the genome. The role of these different kinds of non coding DNA, that 

may represent up to 95% of the whole genome, is today a very intriguing subject of 

investigation. However, not long ago this DNA was called "junk-DNA", to stress its 

apparent uselessness. Furthermore, even inside the genes, there is no simple structure 

like promoter-CDS-STOP, instead the gene is a succession of different segments of 

which only a part is actually translated. The segments that are transcripted into 

mRNA, but are not translated into proteins, because they are cut away by enzymes, 

before the molecule arrives to the ribosome, are called "introns", while the translated 
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segments are called "exons"(Fig. 2.4). The introns can account for up to 90% of the 

sequence between the promoter and the stop signal; they do not play any role in the 

production of the protein, apart from strange cases where the cut-and-paste process, 

that is called "splicing", is not unique, so that sequences that are introns for a certain 

protein may become exons for another protein and vice-versa: this is the concept of 

"alternative splicing". 

gene gene 

ii.'.i: junk DNA 

• exons 

H i introns 

Figure 2.4: in eukariots' DNA genes are composed of introns ed exons. 

It is clear at this point that the DNA machinery is very sophisticated, which 

is due to its various functions, such as conservation, use, and transmission of genetic 

information; the complexity is evident at the level of genes and at the level of the 

complete genome. We see that the special complexity we were able to measure is 

present at all space scales. At this level we will see that the properties and the 

constraints that are due to the genetic code and to the protein construction have 

great importance, especially at the level of evolution based on selection acting on 

phenotypes, because they are directly responsible for vital function and diversification 

of organisms; nevertheless it is also very important to consider the properties and the 

constraints that act on the "cell machine" as a whole. These, as we already pointed 

out, are due to a great quantity of cyclical interrelated mechanisms that involve 

enzymes, other proteins, signals from the environment (light, gravity, temperature), 

and last but not least, the intricate, diversified and hierarchical structure of the 

genome itself. We can say that there must exist effects of the global auto-organized 
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structure of the genome on gene expression and functioning. 

In this context, an interesting field of investigation is the role of junk-DNA 

and of introns in the genome; we will talk extensively about non coding DNA in the 

following chapters, where we describe the results that have been obtained from our 

research and that of the other groups that in the last few years have been carrying 

out such research projects. 

It is convenient to anticipate some aspects of genome auto-organization, and 

the role of non-coding DNA, to provide a background for our research. One of the 

most striking global features present in DNA sequences, regarded as just the primary 

structure, namely the succession of the four letters ACGT, is the presence of long 

range correlations, In other words, purines and pyrimidines are present in the DNA 

molecule in patterns of clusters which when expanded reveal more clusters, resulting 

in clusters within clusters within clusters so that it is impossible to define a finite 

space scale. Considering the fact that, as we see, the long-range correlations appear 

to be stronger in sequences rich in introns (or in general in non coding DNA), and 

considering the fact that this is especially the case of eukariotes, Grosberg [13] relates 

this property to another characteristic feature of eukariotes: the spatial constraint on 

the genome. In eukariotes the DNA genome is constrained to stay within a nucleus, 

but its functional constraints require for every segment to be accessible for transcrip-

tion or duplication. The solution of this problem is a special hierarchical folding that 

combines dense packing and a knot-free structure. DNA is imagined to be folded on a 

three-dimensional lattice without leaving unoccupied sites, and without making knots 

that are defined topologically. There is a solution to this problem that is self-similar, 

and this solution implies a certain long-range correlation on the primary structure. 

Prom a different perspective, a long-range correlation is needed for such a structure 

to be stable. The parameter values that we predict are actually very similar to the 
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ones that are actually measured on real DNA sequences. 

Grosberg's [13] work makes transparent what statistical features one may try to 

find on the sequences, and which are the results that one may expect. Global functions 

and features that are originated from (or are important for) the three-dimensional ge-

ometrical DNA structure in the nucleus, or to some other global constraint, can be 

related to some other global statistical structures on the primary sequences, that 

are experimentally available. It is important to develop a theory that enables us 

to perform a set of analyses that are particularly focused on the characteristics we 

want to show. Another important theoretical tool is building up models with which 

one attempts to describe the process of interest. This may shed light on the role 

and the functioning of such DNA segments that are to date believed to be useless. 

This approach is very general and is particularly suitable to the study of DNA struc-

tures without being overwhelmed by too many detailed biochemical process that are 

involved in the life machinery. 

2.2 Evolution and D N A 

The classical Darwinistic and the neodarwinistic theories imply that species 

evolution is the evolution of DNA. This evolution consists of random uncorrelated 

mutations of relevant nucleotides in the DNA sequence. Since recently, introns and 

in general non-coding DNA sequences were supposed to have no biological role at all, 

the attention of the researchers have been focused on exons sequences, even for the 

study of evolution. Recently [??] cases in which intron mutations create a rearranging 

in the exon-intron pattern in a sequence have been observed, but apart from these 

rare cases, intron mutations have not been studied, because people believed these 

were effecting pieces of the genome that do not play any role in the cellular life. 

It has in fact been shown that the majority of coding DNA mutations are fatal 
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for organisms, so that it is possible to cumulate a large number of intron random 

mutations, but not of exon mutations, since the only ones that are allowed are rare, 

and are the ones that do not lead to any disadvantage for the organism. It is even rarer 

that mutations improve the gene, modifying its characteristics in such a way that its 

"fitness" to the environment increases. "Natural selection" is the mechanism through 

which the best fitted organisms are genetically chosen, since they are stronger and 

more fertile; in this way the favorable mutation is spread through the population, that 

consequently "evolves". If, on the other hand, the mutations imply a disadvantage, 

the affected organisms will not be likely to reproduce and the new biological function 

corresponding to the mutation will not survive. Species evolution follows a route that 

balances noise-inducted random mutations and the action of natural selection. 

This formulation of the evolution theory is and will remain of fundamental 

importance for modern biology. Nowadays, however, this point of view is more and 

more unsatisfactory. First of all a frequent criticism is that a very simple statistical 

calculation based on the above hypothesis will never explain the variety of species 

that one can observe in that limited amount of time from the appearance of the first 

forms of life on earth till to present. Another criticism that this theory has always 

faced is hepysthemological: neodarwinist, as well as Darwinist, theory is affected by 

a "finalist" assumption that Nature tends towards perfection. This risk is always 

present in this kind of theory, and is related to the great difficulty of performing a 

probabilistic calculations for such complex phenomena. The interpretation of certain 

strange or unexpected phenomena often lead scientists, who are not equipped with 

the right theoretical tools (sometimes because they do not exist yet), to use a certain 

set of concepts that have no foundations, such as "evolution pressure", or even the 

simple "survival of the fittest". 

In order to address these difficulties new interpretative frameworks, if not new 
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theories, have been developed. Here we mention a few of these proposals that at-

tempt to answer the "probabilistic" problem presented above and we select those 

that captured our interest more than others. 

The first is the "neutralists approach" due to M. Kimura [45], who solves the 

problem by introducing the idea, supported by a large number of experimental results, 

that random mutations are present at a rate that is much larger than people had been 

thinking. In fact the overwhelming majority of mutations are "silent", that is such 

that the biological role at the level of protein synthesis is completely unaffected. 

The mutations are mostly "neutral", that is neither good nor bad for the individual 

organism. If we think about the degeneracy of the genetic code, that involves the 

presence of synonyms within most of the codons that only differ from one another 

because of the change of one nucleotide in the third position (see Table 2.1), we are 

inclined to think that the mutation rate is higher in the third position. We will 

extensively discuss this, when we draw biological conclusion out of our theoretical 

analysis of DNA. 

Another interpretative framework we want to quote is that of the famous genetist 

C. H. Waddington [44]. His view has been rediscovered in the last few years by many 

researchers, but it is very far from being main stream research. Waddington's main 

idea is what he calls "epigenetic landscape", that is the ensemble of the possible 

choices that are opened to the first cell and that will give rise to a new organism. 

Waddington pictures it as a mountain landscape in which there are alternatives routes 

more or less difficult to take. Differences in the genetic heritage may modify this land-

scape, but also the interaction with the environment may cause something similar, 

just like an "erosion" process caused by a river, that sometimes may also produce 

abrupt changes. 

The landscape image is very suggestive but a little too vague; we cannot give 
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it more than a literary sense, but it is a fact that in the scientific environment more 

and more researchers refer to it, at least in an analogic way. On the other hand 

this theory, even in its vagueness, renders it possible for biologists to assess global 

problems that were inaccessible from a detailed reductionistic point of view. If there 

is no direct evidence that the environment can modify the genetic heritage, there are 

at least strong elements that lead one to think that the genome is not independent 

of the environment, and from the history of the organism itself. The image of the 

epigenetic landscape makes it possible to imagine some processes where there is a 

balance between genome "plasticity", i.e. the possibility for change, and the presence 

of constraints. This point of view is clearly less rigid and more open to the study of 

complexity than the one that is normally accepted [40]. 

This theoretical evolutionary framework is the one to which we refer. In this 

context we can reformulate what we said earlier regarding the dependence of the 

genome from structural global constraints, due to the physics of DNA itself, espe-

cially concerning its polymeric structure and its folding characteristics. We follow M. 

Buiatti [19, 20] and use the phrase "internal selection" to explain this phenomena. 

Internal selection is the biochemical or biophysical counterpart of the external selec-

tion acting on phenotypes. The phenotype of the genome, in the context of internal 

selection is the DNA molecule itself, that, for instance must have certain probability 

distributions for the coding triplets in order to have the right gene expression (the 

more this distribution is similar to the probability of tRNA anticodons, the more the 

gene is expressed). Other constraints may have to deal with the molecular stability 

at high temperatures [19], or its flexibility and so on. At this point the role of introns 

have to be rethought, since, as Grosberg [13] pointed out, they play a major role 

in establishing those global properties that in this new picture represent a crucial 

element in the development of the individual and in the evolution of the species. 
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Notice that the neutralist point of view is not in contradiction with an inter-

pretation of evolution in terms of constraints and plasticity. Noise is very strong 

in Kiraura's theory, and that guarantees a very large plasticity. Further, there is a 

possibility that this plasticity may be modulated according to constraints. 

At last we want to mention the "auto-evolutionism" point of view, that (we 

refer to A. Lima-de-Faria's book [41]) represents the most extreme position in the 

evolutionary scientific community. Lima-de-Faria criticizes all the existing theories, 

and especially the Darwinian "selection" concept itself. He refuses the probabilistic 

approach and claims that evolution emerges as an intrinsic process of the matter, that 

chooses paths of auto-organization, both in the biological and in the physical world. 

Lima-de-Faria defends his position using different approaches, and compiles substan-

tial experimental data in contradiction with one or another of the classical theories 

that have been used in this area. His aim is to show that these theories are sub-

stantially inconsistent, and that Darwin's ideas themselves have to be more carefully 

criticized. He says that "auto-evolution" is simpler and more founded on experiment, 

still he is very rigid, sometimes even more than the theories, which are widely ac-

cepted, that he tries to prove false. His point of view is nevertheless very interesting, 

especially if one tries to interpret the data within the interpretative picture of plas-

ticity and constraint we mentioned above. First of all he introduces the concepts of 

auto-organization, namely, the physical and chemical constraints have a great (the 

greatest) importance in driving the evolutionary process of shapes, structures and 

functions. Second, his criticisms can be made compatible with Waddington's ideas, 

where the constraints play an important role, but are not necessarily immutable. The 

weakness Lima-de-Faria's theory is the fact that he does not take into consideration 

the important role that is played by randomness. However, a compromise between 

Kimura's theory, that increases genome's plasticity, and Lima-de-Faria's, which re-
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duces the number of the possible outcome of the evolution process, may answer most 

criticisms that classical neodawinist theories have had to face. 

In reading Lima-de-Faria's book, one is struck by how similar the geometrical 

shapes are in the vegetable, the animal, and also in the mineral world. In general the 

shapes are solutions to variational problems, sometimes with some imposed symmetry. 

In particular some of them are geometrical fractals, even if the word "fractal" never 

appears in the book. It is quite possible that his work may become a foundation to 

a modern morphogenesis based on physical or minimal information constraints. 



CHAPTER 3 

STATISTICAL ANALYSIS OF DNA SEQUENCES 

In this chapter we introduce the main subject of our investigation. After a brief 

reminder of the theory of diffusive phenomena, that will be explained in detail in 

Chapter 4 in the specific case of anomalous diffusion, we will describe the main results 

obtained in the last few years through the analysis of the statistical properties of DNA 

sequences. We will then introduce the main ideas of our investigation, starting from 

a discussion of the significance of these results, having in mind a possible biological 

explanation and/or application. 

3.1 Diffusive Phenomena 

In order to be in a position to discuss the main results that have been published 

in our area of investigation, we briefly discuss some elements of the physical theory 

of diffusion. Later we will come back to a more detailed discussion of anomalous 

diffusion and of its possible dynamical derivation, that will be one of the central 

points of our work. 

Let us consider in general a stochastic process described by a stochastic variable 

w (t) where t stands for the time that may be either continuous or discrete. In the 

discrete case we will use the notation tn = nAt, where At is the time interval between 

observations, n — 0,1,2,---, and the variable w(t) will simply be a discrete sequence 

of random numbers wn = w(tn. The continuous case can be seen as the limit condition 

of the discrete case for At —> 0. 

20 
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In order to completely describe the statistical properties of the random variable 

w(t) we need to know the probability distribution P(w,t) and all the conditional 

probability densities such as P{wi,ti ...wn,tn). If the process is stationary, namely 

if P(wx, h ...wn, tn) = P(wx, ti + t . . . wn, tn + r) for every h ...tn (temporal trans-

lational invariance) the description of the process is somewhat simplified, but it is 

nevertheless impossible to know all the conditional probabilities. The knowledge it-

self of P(w, t) implies the knowledge of all the moments {wn(t)), through the relation 

4,„m(d) = (a**") = f°° P(w,t)e>"«dw - £ ( a ) °<j" ( t ) >. (3.1) 
J — OC A 

r+°° D,.„ 

71—0 

In standard statistical mechanics, i.e. when there are no long tails in the distribution, 

the lower order moments give us the most important pieces of information about the 

distribution itself. In the Gaussian approximation the first two moments fully describe 

the process. We will see in which conditions the Gaussian approximations is valid, 

so that we can write all the moments in terms of (w(t)), namely the mean value, and 

(w2(t)), which is simply related to the variance a that represents the width of the 

distribution. We will focus on the zero mean value case, namely {w(t)) = 0, when the 

distribution does not have any asymmetries (skewness). This choice does not make 

us loose generality, since it is always possible to define a new shifted variable w(t) = 

w(t) — w(t) such that {w(t)) = 0. So we can characterize our process completely in 

terms of the second moment. 

If the process is stationary, it is also possible to define the one-time correlation 

function 

C(t) = (ttf(f0) w(t0+t)} (3.2) 

where the average is performed over the statistical ensemble. C(t) is related to the 
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frequency spectrum via the Wiener Khintchine theorem that reads 

S ( f ) oc J C(t)cos(27:ft)dt (3.3) 
C(t) oc J S{f)cos(2irft)df; (3.4) 

(w2(t)) is on the other hand related to S ( f ) through a Fourier transform 

n I r°° „ 2 
s ( f ) = \w(f)\2 = \ dtu,(t)e~2"" .. (3.5) 

\J—oo 

equation 

We stress the fact that the correlation function (3.2) is defined only if the sta-

tionarity property holds true, so that there is no dependence on to. 

If w ( t ) is completely random, that is for any time t the random variables w ( t o ) 

and w(to + t) are statistically independent, we have C(t) = {w(to) w(to +1)) oc S(t) 
and the associated spectrum is S ( f ) is constant: this is the case of white noise. 

Let us consider the case where the variable represents a velocity, namely w ( t ) = 

v ( t ) , and let us assume that this is a delta-correlated process and that P ( w ) has 

finite moments: the displacement variable x ( t ) , accumulating the velocity fluctuations 

through the relation 

x = v(t) (3.6) 

shows a dynamics that is just a standard Brownian motion in the Smoluchowsky 

approximation (the high friction limit); the steady state solution, or, in other words, 

the Green's function (the solution having a ^-function as initial condition) of the 

process is a Gaussian 

p M = - 7 ~ e ^ i (3-7) 
V27T a1 

where cr2 = 2Dt is the second moment of a;, ((x(t) — (x(£)})2) = (x2(t)), and {x(t)) = 
0. The constant D is called the "diffusion coefficient". The most cited examples 
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in literature are the Gaussian case, where P(w) is a Gaussian density and the di-

chotomous case, where P(w) — (l/2)6(w — 1) + (1/2)6(w + 1). In either cases the 

accumulating process in general is GAussian, which is a straightforward consequence 

of the central limit theorem. The diffusion coefficient can also be introduced via the 

correlation function, in the case C(t) = 2D8(t). In other words, C(t) can be explicitly-

evaluated, as we shall see in a further discussion in chapter 4, when we will discuss 

the dynamical derivation of diffusive motion. 

The generalization to the case where v(t) = VQ + W(T) is immediate: VQ is called 

the "bias" of the process and we obtain using the same hypothesis for the initial 

condition P(x, 0) = <S(a;): 

= 7 1 ( 3 - 8 ) 

{x(t)) = vQt (3.9) 

((x(t) - {x(t)}f} = a2 = 2Dt. (3.10) 

Standard Brownian motion is an extremely simple process, but it is neverthe-

less very important. Even thought it rests upon very crude assumptions, namely the 

instantaneous decorrelation of the fluctuations (this fact might be unphysical, and 

generally does not fit into the general prescriptions of both classical and quantum 

mechanics [10]), this can be generalized to many physical phenomena, if a key prop-

erty holds true, namely the time-scale separation. If it is possible to define a finite 

timescale r 

TOO 

r = / C(t)dt < oo, (3.11) 
J 0 

it is plausible that C(t) ~ 0 for t > r; if one waits times larger than the timescale, 

the process is indistinguishable from a ^-correlated one. This is especially true if 
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the decaying function C(t) keeps the same sign in the asymptotic limit, otherwise 

caution has to be exerted, since the value of r, that is the area under the curve of the 

correlation function C(t) might be underestimated, due to the presence of positive 

and negative portions of the integral. Let us consider the very frequent case where 

one can assume C(t) oc e_7<, in which case one obtain r = 1/7. Here one can exploit 

the time-scale separation and the assumption C(t) ~ 0 for t > T holds true. In 

this regime C(t) is substantially equivalent to a Dirac ^-function. The accumulated 

process will become a standard one and will be Gaussian in this time regime. 

As we have already mentioned, the fact that the process becomes Gaussian 

is just a direct application of the central limit theorem. If (w(i)w(O)) = e-7< and 

At » r, then the discrete variables vn = w(nAt) are mutually independent, one with 

respect to the other, so that the displacement variable x, given by 

N 
XN = V"- (3-12) 

n=1 

is the sum of identically distributed, statistically independent variables. The central 

limit theorem [39] is then applicable: it states that for N - » 0 0 , P ( X n / N ) is a 

Gaussian whose variance is given by 1 /N times the second moment o\ of the variable 

v. In other words the variable xN has a variance <7̂  = iVcr̂ ; notice that in our case 

N oc t, so that we obtain (3.10). 

Thus, if C(t) oc e - 7 ' , in the time regime in which this function can be well-

approximated with a ^-function, the second moment grows linearly with t and we 

have a standard diffusive phenomenon. 

We have seen that the two hypotheses leading to a standard diffusive process 

are (a) finite moments for the random drivers distribution, and (b) fast decorrelation 

for the random drivers, namely integrability of the correlation function (c) station-
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arity, or invariance under time translations. In this case the adoption of the central 

limit theorem leads to the derivation of a standard diffusive process. If one of the 

hypotheses (a)-(c) is relaxed, the process may become "anomalous". In general the 

second moment no longer grows linearly in time: it can grow more slowly and we have 

"subdiffusion", or more quickly, and we have "superdiffusion". We focus our attention 

on the superdiffusive case, since it is the one that has application in DNA sequences 

analysis. However the functional form of the displacement distribution function may 

remain Gaussian [16] and in this case we have what is called "Fractional Brownian 

Motion", or some non-Gaussian behavior. In the superdiffusive case we will see in 

detail how a particular type of distributions, called "a-stable Levy processes" [7, 8] 

plays a fundamental role in the stationary regime, being the solution of a generalized 

version of the central limit theorem. 

Let us consider a C(t) which is not integrable, i.e. the correlation time r di-

verges. The simplest functional form leading to a diverging correlation time is one 

that asymptotically decays to zero as an inverse-power law, namely 

U m C ( T ) « i (3.13) 

with 0 < (3 < 1. Such a correlation function has a spectrum 

limSC/Ooc-i (3.14) 

where u = I — {3, 0 < f < 1. 

In this case the correlation is extended over all scales, and it is called "long-

range" . This case will be studied in detail later, but for the moment let us observe 

that since r diverges, it is not possible to exploit the time-scale separation, so that 

it is not possible to deduce that the process is Gaussian. We show that the above 
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process is anomalous, in the sense that the second moment is proportional to t2H 

where 1/2 < H < 1, so that the process is superdiffusive. We shall also show that H 

is related to the exponents /? and v through the relations 

H = 1 " 2 = H T • ( 3 1 5 ) 

In the limiting case /? = 1, H = 1/2, and u = 0 we return to the standard 

diffusive case. In the range 0 < (5 < 1 the exponents H, v and (3 are three equivalent 

parameters each of which can be used to describe the asymptotic properties of the 

process. These parameters allow us to distinguish long-range correlated sequences 

from uncorrelated or maybe only with short-range correlations (correlations on a 

finite scale). We shall see that comparing the different measures may allow us to say 

something about the stationarity of the process as well. 

At this point we can say something about the meaning of long-range correla-

tions. It is well known that such behavior is seen in systems where the scale of the 

interactions is short-range; one example is given by ferromagnetic systems near the 

critical point [24]. This behavior is normally associated with a global mechanism of 

self-organization of the system. The lack of a scale implies, as it does in critical phe-

nomena, that the system cannot be considered as divided in interacting subsystems, 

but must be studied as a whole. This normally implies that the physical properties of 

the system can be written as homogeneous functions [16], i.e. for analytic functions 

/ and g we have 

f(Xr) =g(\)f{r). (3.16) 

If / (r) denotes a physical property, and if this property is looked at on a scale that 

has been enlarged by a constant factor A, is related to the same property at the 
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smaller scale through a simple multiplicative factor g{A). A solution of (3.16) is an 

inverse-power law, namely f(r) = r~H. On the other hand equation (3.16) in the 

simple case g(A) = XH (neglecting oscillations in the logarithm of r) shows the main 

geometrical property of such scale-free processes: these systems are "self-similar", 

that is the geometrical structure repeats itself at all scales. It is well known that this 

property is connected with fractal geometry and can be characterized by a non-integer 

dimension. The graph itself of x(t) is indeed a fractal, where the fractal dimension d 

is just 2 — H. Fractals and statistical properties are thus closely related; that suggests 

that our calculations may be extended to a variety of biological applications, since 

most of the biological objects are faithfully described by fractals [23, 41]. 

3.2 First Results 

In the past decade or so there has been a ground-swell of interest in unrav-

eling the mysteries of DNA. One approach that has in just a few years proven to 

be particularly fruitful in this regard is the statistical analysis of DNA sequences 

[12, 13, 14, 15, 16, 17, 2, 19, 21] using modern statistical measures, namely the evalu-

ation of the exponents introduced in the previous section. One focus of this analysis 

has been on the distribution of the four bases A, C,G,T in order to shed light on the 

following fundamental problems: 

(i) establishing the role of the non-coding regions in DNA sequences (introns) 

in the hierarchy of biological functions [13, 16]; 

(ii) finding simple methods of statistical analysis of such sequences to distinguish 

the non-coding from the coding regions (exons)[17]; 

(iii) discovering the constraints and regularities behind DNA evolution, and their 

connections to the Darwin theory of selection and more generally to contemporary 

evolution theories [2, 19]; 
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(iv) extracting new global information on DNA and its function [13, 14, 16]; 

(v) establishing the roles of chance and determinism in genetic evolution and 

coding regarded as being the "program" underlying the development and life of every 

organism [2]. 

In general, as we shall see, the statistical analyses we expose are able to reveal 

in DNA sequences properties that are peculiar to long-range correlated phenomena. 

The different consistency of this properties allowed us to answer, at least partially, 

the different questions above. First of all, we stress that in all the different analyses 

we considered the DNA sequence is treated as if it were a dynamical system. The 

successions of the different elements (nucleotides) along the chain (DNA molecule) is 

substantially identified as if we were in presence of a temporal succession of symbolic 

dynamics. Thus, what we discussed in the previous section (and also later) has to 

be considered carefully. In order to apply the mathematical result available from the 

field of diffusive phenomena, we identified a certain nucleotide in a certain position 

as if it were a certain value for the velocity at a certain time. Since DNA is a discrete 

chain, from the point of view of the correlation calculation it is completely equivalent 

to call the "distance ln or the "time t" the distance between the units in the sequence. 

A familiar kind of analysis of DNA sequences is that used by Voss [14] based 

on the equal-symbol correlation. He uses a binary indicator function Uk{x„) that is 

equal to 1 if a letter k occurs at the position xn, and to 0 otherwise. The letter k is 

defined by the four nucleotides k = A, C, T, G. The indicator functions are used to 

construct the correlation function 

C{T) — X* Uk(xn)Uk(xn+T) _ ^2 Cfc(r). (3.17) 
n = l k=A,C,G,T k=A,C,G,T 

and its Fourier transform, the spectral density 
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S( / ) = £ & ( / ) . (3-18) 
k=1 

from which he removed the white noise floor (he defined S ( f ) up to a constant value, 

such that 5*(oo) = 0). This Fourier transform is defined as the sum of the four 

Fourier transforms, one for each nucleotide. The details of this technique will be 

reviewed later. We now stress the fact that the analysis of the symbolic sequence is 

transformed in the analysis of four numerical discrete sequences with values 0,1. Both 

the correlation function and the frequency spectrum can be used, as we have already 

seen, to characterize the sequence from a statistical point of view. Voss' choice is to 

directly analyze the frequency spectrum S(f) through a fast fourier transform (FFT) 

procedure (exploiting the convolution theorem). He calculates v after the subtraction 

of the background noise S(oo). The sequences he analyzes are of different kinds and 

he also performs averages according to the classifications of the group of sequences 

available in the data-banks: bacteria, viruses, plants, etc. This choice rests upon the 

assumption that DNA sequences belonging to the same "philum" may be considered 

Homogeneous. 

The analysis of the spectrum S( f ) led Voss to the following two major observa-

tions regarding the general properties of DNA spectra: 

(a) the spectra have a peak at / = 1/3, t = 3 (for coding sequences); 

(b) the DNA sequences have long-range correlations as indicated by the slope 

of the spectrum, when plotted on a log-log graph paper. 

We shall discuss the 1/3 in the spectra peak subsequently. Here we stress that 

the long-range correlation means that the spectrum obeys eq. (3.14 with 1 > u > 0 

(the case v = 0 corresponds to a completely random distribution, with no correlation 

that being white noise). The result for S ( f ) given by (3.14) is equivalent to the 
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corresponding result (3.13) for the correlation function [38] with j3 = 1 — u ((3.13) 

and (refspectrum) are related through a Tauberian Theorem). This consequently 

implies the condition 1 > (3 > 0, where we saw that it is not possible to define a 

length scale for the correlation function, e.g., the correlation is non-zero at all the 

distances r separating elements in the sequence. 

« Uncorrelated control sequence (patch model) 

• E.coli K12 genome, 0-2.4min. region 

+ Correlated control sequence 

c Human T-cell receptor alpha/delta locus 

Figure 3.1: DFA analysis performed over four sets of data. The squares represent 
a sequence from E. Coli K12 genome. This sequence is composed of exons and is 
fitted with an uncorrelated control sequence (X's). The resulting H is ~ 0.5. The 
circles represent a human intron containing sequence, which is in turn fitted with a 
correlated control sequence. Both sequences turn out to have H > 0.5 [adapted from: 
Peng et al., Phys. Rev. E, 49, 1685 (1994)]. 

Voss finds these inverse power-law spectra for the sequences studied regardless of 

the percent of intron content. This is where the results of Voss disagree with those of 

Stanley et al. [16], who, on the contrary, focus their attention on the different degrees 

of correlation in intron-less and intron-containing sequences, and find no correlation 

in cDNA sequences (exons). 
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Let us now briefly review some of the main results of the research work of 

Stanley et al. [16]. They find long-range correlations in the non-coding regions, and 

no correlation at all in the coding regions of DNA sequences. They use methods of 

analysis different from that of Voss, and which are related to the dynamical treatment 

that we illustrate in Chapter 4. They study the landscape variable which, adopting 

the notation of [16] reads 

aK*) = E f c . (3-19) 
«=i 

Here i represents the position in a sequence and t the distance along a DNA sequence 

(£ is an integer between 1 and N, the length of the sequence) and £,• is a variable that 

assumes the value +1 if a purine and —1 if a pyrimidine occurs at the position i. Thus 

the cumulative variable x(£) with the increase of "time" £ executes a trajectory similar 

to that of diffusional one-dimensional motion, called by Stanley and co-workers a 

DNA-walk. This trajectory has a fractal structure (like a mountain!) and is therefore 

called a "landscape". 

Stanley et al. [16] focus their attention on the second-order properties of the 

landscape, such as the mean square deviation from the mean [15] 

F*(l) = ((Ax - (3.20) 

where £Q is the initial point of the walk, the £Q subscript on the bracket means an 

average over initial positions and 

Az = x(£0 + £)- x(£0). (3.21) 

In Chapter 4 we introduce the statistical arguments appropriate for correlation 

fluctuations and show that with a correlation function of the form (3.13) with 1 > 
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@ > 0 the asymptotic form of the second moment (3.20) becomes 

lim F2{t) oc £2H, (3-22) 
£—•00 

where H = 1 - /?/2, so that 1 > H > 0.5 (Again, the case of complete randomness 

corresponds to the extreme value H = 0.5). In the case of introns Stanley et al. [16] 

actually find H > 1/2, in agreement with the results of Voss. In the case of the 

intronless sequences (where the introns were removed), on the contrary, Stanley et al. 

[15, 16] find H = 0.5 in the case of sufficiently short L In the analysis of some coding 

sequences Stanley et al. [15, 16] noticed that some coding DNA landscapes were a 

juxtaposition of patches of different biases, whose lengths were distributed around a 

typical length scale; they noticed further that the dispersion they measured within 

such subsequences was normal, i.e. just a standard diffusive process with a bias. To 

avoid the subjectiveness of selecting such subsequences, they developed the Detrended 

Fluctuation Analysis (DFA): they generalized the function F2(£) and adopted the new 

function Fj(£) allowing them to distinguish the cases where the inverse power-law 

behavior exists at all length scales from those where the correlation only appears on a 

typical length L. This length scale is identified with the typical length of the random 

subsequences that they find in the studied intron-less sequences. Thus Stanley et al. 

[16] attribute the presence of correlations at large t in the exons to a crossover effect 

among the subsequences, thereby implying that no substantial long-range correlation 

exists in exons. 

Stanley et al. [16] also proposed some models of evolution and reported the 

results of analyses of sequence coding for the same protein belonging to organisms in 

different positions along the evolution tree. They find an interesting increase of the 

coefficient H with biological complexity, i.e., if is a function of the position along the 

tree. 
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The differences in the findings of the two groups, long-range correlations being 

ubiquitous in DNA sequences by Voss [14], and such correlations being absent in exons 

by Stanley et al. [16], motivated us to develop a phenomenological dynamical model 

that might not only mitigate these differences, but also suggests the dynamical origins 

of the observed statistical properties. The proposed model is the first application of 

nonlinear mappings to the understanding of the statistics of DNA sequences. We 

also believe that this affords a completely new strategy for determining the biological 

mechanisms underlying DNA structure and thereby indirectly biological functions. 

Within this context we mention the work of Grosberg [13]. This author suggests 

that an intrinsic constraint might lead DNA evolution towards a given statistical 

conformation. In fact Grosberg studied the statistical properties of a polymer confined 

within a minimum volume but constrained to remain essentially knot free. Under 

these conditions the sequence results in long-range correlations with H = 2/3. This 

kind of packing (crumpled globule structure) shows up in the complete sequence of the 

DNA of the eukariots, i.e. the living beings whose DNA is contained in a nucleus, and 

are characterized by the presence of introns, that is DNA suquences that do not code 

for proteins. The nuclear DNA must keep the capability of unfolding itself for the 

purpose of transcription and duplication. The complete sequence consists mainly of 

non-coding DNA. For all these reasons Grosberg argues that the role of introns might 

be that of producing the needed long-range correlation so as to rigorously maintain the 

convenient spatial configuration for the whole genome and, consequently, the correct 

function. According to this interpretation of Grosberg's work the lack of correlation in 

the coding sequences would be justified by the fact that in addition to the exons (that 

are responsible for the other fundamental function, the code) a further "structure" 

responsible for the function should exist. 

It must be added that Lio et al. [19] also stress that the statistical properties 
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of the DNA sequences imply either a series of internal causes or relations with the 

cellular environment. These are constraints concerning the proper function of the 

DNA code and the complex mechanisms needed for the cell life. These authors apply 

the mutual information function to the pairs of bases AT and CG, distinguishing 

between weak and strong bonds, and find a period-three correlation for the pair CG 

(strong) in organism living in limiting life conditions. They also mention a sort of 

internal natural selection which should account for these properties. This is additional 

evidence that the statistical properties of the DNA sequences may be related to 

internal and external constraints. 

We plan to approach the discussion of all these issues by adopting a dynamical 

model, within the point of view that the different positions of the sequence can be 

regarded as distinct values of a discrete time and the landscape variable (3.19) can 

be regarded as the collection of all the fluctuations that the statistical variable £, the 

"velocity" of our "Brownian particle", undergoes throughout the observed time inter-

val. Our modelling is based on the assumption that this diffusion process rests on the 

joint action of two distinct statistical sources, the former being a statistical process 

with long-range correlations, and the latter being a noise, namely a random pro-

cess with no correlations. The generator of the process with long-range correlations 

is assumed to be a deterministic nonlinear map, mimicking a state of weak chaos, 

and is thought of as expressing the rules determining the dynamics of the biological 

process under study. This biological process interacts with an infinite-dimensional 

environment, and, according to traditional wisdom, this interaction is mimicked by a 

delta-correlated random process. The weight of these two distinct statistical sources 

is determined by a fitting procedure of the experimental data. This results in a special 

map, which we term the Copying Mistake Map (CMM) and which is our proposed 

model to interpret the DNA sequences. 
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Thus we see that our model balances the two major sources of randomness in 

statistical mechanics, noise, the traditional process introduced to model the infinite 

number of degrees of freedom of a complex mechanical system, and chaos, the new 

paradigm of deterministic randomness from nonlinear dynamics. This choice of in-

cluding both noise and chaos is dictated by a criterion of efficiency as well as by a 

"philosophical" perspective on DNA sequences, in which the sequence is perceived as 

the result of a compromise between chance and necessity, or plasticity and constraints. 

In fact, as will become transparent in the following chapters, the DNA sequences 

are a biological case of anomalous diffusion, determined by waiting time distributions 

in each of the states 1 or —1 of the "velocity" £ with an inverse power law. The 

deterministic map used in this paper is one of several possible generators of inverse 

power-law distributions, another well know one being, for instance, a hierarchical 

model [22]. The choice of the deterministic map is also dictated by a criterion of 

efficiency, which makes the CMM an especially simple way of generating sequences 

statistically indistinguishable from real DNA sequences. Furthermore, we shall see 

that the adoption of the deterministic map makes it possible to realize a variety of 

different conditions, including the oscillations detected by Voss [14] and Lio et al. [19] 

using a single approach. 



CHAPTER 4 

DYNAMICAL THEORY OF ANOMALOUS DIFFUSION 

The purpose of this chapter is to present a dynamical approach to the gener-

ation of the statistical behavior of DNA sequences, and to discuss the theoretical 

motivation behind it. First of all we show that a dynamical approach to the diffu-

sion of a variable x, is due to its "velocity" £ fluctuating between two values 1 and 

—1, naturally resulting in a Levy process if the fluctuations are stationary, and the 

waiting time distribution of the "velocity" £ is an inverse power law with a finite 

first moment. Second we propose a deterministic map, which is probably the most 

convenient generator of this inverse power-law distribution of sojourn times to model 

the fluctuating velocity. Finally we build up a copying mistake map (CMM), namely 

a process resulting from the joint use of a deterministic map, responsible for the 

birth of correlations, and a delta-correlated random process. This delta-correlated 

process mimicks random point-like mutations and has the effect of destroying these 

map-generated correlations on a short-time scale. The biophysical and biochemical 

sources of the inverse power-law distributions of waiting times, necessary to produce 

anomalous diffusion in the form of ct-stable Levy processes remain unexplained. How-

ever, our approach demonstrates that the resulting diffusion is remarkably similar to 

that generated in Hamiltonian systems, where the source of a waiting time distribu-

tion with an inverse power law is known to be the fractal nature of the border between 

stable islands and the chaotic sea [29, 30, 31, 32, 33]. 

36 
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4.1 General dynamical remarks 

A diffusion process in the one-dimensional case stems from the remarkably sim-

ple equation 

x{t)=((t), (4.1) 

where x is the diffusing variable and £ is the stochastic process generating diffusion. 

We assume that the stochastic variable x is independent of £. We focus on the special 

case where £ is a dichotomous statistical process, with only two possible values, £ = 1 

and £ = — 1. We also assume that these two states are equally weighted, thereby 

resulting in 

<{(«)>„ = 0- (4.2) 

In the case of DNA sequences, as pointed out earlier, the two values 1 and —1 

denote different molecular groups, and the time t corresponds to the distance of the 

molecular site considered from a given origin. Note that for large sequence distances 

(and therefore large times) one can safely adopt the continuous time representation, 

which makes it easier to establish a formal connection with typical diffusion processes 

such as ink in water. It must be remarked that in physical systems the averages 

are made on a Gibbs ensemble of identical systems, and the assumption is made 

that the "velocity" £ is in a state of statistical equilibrium. In principle, one might 

instead use a single system and replace the Gibbs averages with averages over long 

times. The connection between the two pictures involves the ergodic theorem, which 

states the equivalence between ensemble averages and long time averages. In the 

case of DNA sequences we have available, so to speak, only single trajectories or 

realizations. Consequently, the connections with the dynamical approach outlined 
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here is made possible by assuming that the DNA sequence can be dealt with as being 

a single realization of an ergodic process. We also make the assumption that the time 

averages on the variable x would correspond to a stationary, or equilibrium condition. 

The integration of (4.1) allows us to construct the second moment 

(x2(t)) = (x2(0)) + 2(t2)eq Jq dif J q (4.3) 

where £(i) is statistically independent of x(0) and $^(t) denotes the equilibrium cor-

relation function defined by 

*£W = M . (4.4) 

It has to be stressed that (4.3) implies that (£(£')£(£")) depends on the time difference 

\t'—t"\, as suggested by the assumption that the process is stationary, thereby making 

{x2(t)} depend on the one-time correlation function (4.4). The investigation carried 

out herein also rests on this assumption. 

Normal diffusion is a natural consequence of the existence of the microscopic 

time scale, defined by 

poo 

t = J0 *«(*)<*• (4-5) 

As we discussed previously, if the correlation function $s(t) decays quickly enough 

to make r finite, we can explore the process for times t very large compared to r, 

thereby making the long-time limit of (4.3) indistinguishable from 

(x2(t)j = (a;2(0)^ + 2 Dt, (4.6) 

where the diffusion coefficient for the process is defined by 
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D s ( 0 „ r - ( 4-7 ) 

The time scale separation between the diffusion process and the velocity fluctuations 

allows the central limit theorem to work thereby realizing a Gaussian diffusion process. 

What about the case where the definition of the microscopic time scale is im-

possible (r -¥ oo)? A natural way of realizing this unusual condition would be given 

by an auto-correlation function (t) with the following asymptotic property, 

l i m * { ( t ) « i (4.8) 

with 

0 < p < 1. (4.9) 

It is evident indeed that in this unusual condition the correlation time r (4.5) diverges 

and the time scale separation between the macroscopic (diffusion) and the microscopic 

process (fluctuations of the velocity variable £) would not be possible. To shed light 

on this question one might use the connection, established by Geisel et al. [34], 

between the stationary correlation function $$(t) and another important statistical 

function, the waiting time distribution ip(t). This function determines the probability 

that £(t) has made a transition between states in a time t. In the specific case where 

the variable £ is a dichotomous process as in the case of the DNA sequences we are 

exploring in this paper, this connection between $^(f) and ip(t) is exact and reads 

^ It°° (T ~ tWT)dT , , 

« ( ) - j™TiP(T)dT ' (4,1°) 
From this exact relation we see that the condition (4.9) is realized provided that 

( l h n ^ ( ( ) c x i (4.11) 
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with 

2 < fj, <3. (4.12) 

This restriction on the index fi arises from (4.9) since from (4.10) it is evident that 

(3 = H-2. (4.13) 

In conclusion, we see that the functional form of ip(t) (4.11) with the index fi in 

the range (4.12) generates the inverse power-law behavior of $^(i) and, hence, the 

breakdown of the condition of a finite r (4.5) for normal diffusion. 

It is easy to prove that in the case where (4.12) applies the asymptotic behavior 

of the second moment of the diffusing variable x is given by 

(x2{t)) oc t2H, (4.14) 

with 

H = 2 - (4.15) 

which therefore ranges from 1/2 to 1. The relation between the indices (4.15) can be 

easily obtained by twice differentiating (4.14) and (4.4) and equating the resulting 

expressions. Much more exciting is the fact that the distribution of a; is not Gaussian 

and it is characterized by long-range tails. These tails cannot result in diverging 

moments, a fact that would be incompatible with the dynamical realization of the 

process, where the diffusing particle cannot travel with a velocity faster than that of 

the limiting trajectory | a r | = t. However, if this unavoidable truncation is ignored, the 

distribution is indistinguishable from that of a Levy process [7, 35]. Let us denote 

by P(k,t) the Fourier transform of the distribution P(x,t), and let us focus our 
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attention on it. It is shown [7, 35] that if the dynamical truncation of the distribution 

is neglected the diffusion generated by the fluctuating variable f with the waiting 

time distribution ip(t) fulfilling (4.11) and (4.12) results in the characteristic function 

for a symmetric Levy stable process 

P(k,t) = exp (—b\k\at), (4-16) 

with the Levy index 

a — jx — l. (4.17) 

This means that we are observing an a-stable Levy process with an index in the 

interval 1 < a < 2. Notice that in principle the ct-stable Levy processes concerns the 

wider range 0 < a < 2. However, the condition a < 1 refers to processes faster than 

ballistic diffusion and so is incompatible with the dynamical nature of the process 

described by (4.1), with the further assumption, obvious in the case of the DNA 

sequences, that the fluctuating variable £ is independent of x. The condition jj, < 2 

does not lead to a Levy process, but it is proved [7, 35] to result, throughout the 

whole range 1 < n < 2, in a process with H = 1. In fact, in this case the integration 

of (4.10) leads to a time independent to which (4.13) does not apply. 

Are there physical and biophysical systems that fulfill the conditions leading to 

(4.14), with (4.15) and (4.12)? It has been recently noticed by several investigators 

[29, 30] that the momentum of a kicked rotator in the so called accelerator state is 

driven by a variable, playing the role of the velocity £, which fluctuates between two 

distinct values. The corresponding waiting time distribution has the same structure 

as (4.11) with the condition (4.12). It is curious that Hamiltonian processes realize 

the condition (4.12) which corresponds precisely to the overlap between the Levy 
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processes and their dynamical realization. In the case of Hamiltonian systems, it is 

well understood how the inverse power law (4.11) is generated, this being due to the 

fractal nature of the border between the chaotic and ordered region in the phase space 

for the dynamical system [29, 30, 31, 32, 33]. However, so far there are no theories 

establishing the range of the index jx. The fact that /i is located in the range (4.12) 

is the result of a numerical "observation" not yet substantiated by a theory. It must 

be pointed out that this "observation", supplemented by the theory of Ref. [7, 35] 

is equivalent to proving that Hamiltonian systems in a stationary condition realize 

anomalous diffusion in the specific form of Levy processes, where these processes are 

compatible with a dynamical realization (2 < n < 3). 

What about DNA sequences? The DNA sequences, when the association be-

tween letters and numbers that we use is adopted, are a biological realization of the 

equation of motion (4.1), with the "velocity" f fluctuating between the two values 1 

and —1. According to the results here illustrated the simplest possible way for these 

sequences to produce anomalous diffusion is by realizing a waiting time distribution 

with the structure of (4.11) and with fi < 3. The case /j, > 3 would result in trivial 

Brownian motion. We note that the prescription of Grosberg resulting in H = 2/3 

corresponds precisely to the dynamical condition (4.12), with pi ~ 2.7 and is compat-

ible with a dynamical derivation based on the stationary correlation function $^(i). 

Is the condition: 2 < /i < 3, fulfilled by the Grosberg rule, a general property of DNA 

sequences? Actually, there are no compelling reasons why, if the anomalous character 

of diffusion is accepted, DNA sequences should also fulfill the condition (i > 2, in 

addition to /i < 3. However, it is attractive to imagine that DNA sequences share 

the same "dynamical" property as the Hamiltonian systems and realize anomalous 

diffusion only under the form of an a-stable Levy process with 2 < // < 3. Note 

indeed that n < 2 would lead to a ballistic process distinct from Levy diffusion [35]. 
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Thus, the analysis of this paper on the DNA sequences is made having in mind the 

condition (4.12), namely the same range as that of Hamiltonian systems in the so 

called weak chaos state [29, 30, 31]. 

4.2 Deterministic approach to an inverse power law for the waiting time 

distribution ip(t). 

Here we illustrate the deterministic map we adopt to generate the waiting time 

distribution (4.12). This map is very similar to that originally derived by Geisel [34], 

and more recently studied by Zumofen and Klafter [35] with the help of generalized 

versions of the continuous time random walk (CTRW). This map generates a waiting 

time distribution ip(t) with an inverse power law and an index (JL ranging from 1 to 

oo, and thus in principle also including the non stationary region 1 < ji < 2. 

The explicit form of the map is: 

Vi+i = f(Vi), (4.18) 

where i is the iteration number. The functional form of the map is 

y + ayz for 0 < y < d 
f(y) = < f o r d < y < 1 - d (4.19) 

k y - a(l - y)z for 1 - d < y < 1, 

where a = (1—2d)dl~z (this choice is made to fulfill ergodicity, and to avoid oscillating 

trajectories). The map is shown in Fig. 4.1 to be piecewise continuous. The variable 

that takes the values +1 or —1 is 

(i = [2yi\-1, (4.20) 

where the square brackets denote the integer part of the quantity inclosed. Note that 

in the case z — 1 and z = 2 this map becomes identical to that recently developed 

by Leibovitch and Toth [27] to study the dynamics of ionic channels. 
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A unidimensional map is a dynamical description of a variable y;, where the 

subscript i indicates a discrete time, according to the recursive rule (4.18). A class of 

maps fulfilling the property of having motion inside a certain region, with an inverse 

power law for the waiting time distribution are those containing hyperbolic fixed 

points where the mapping function z = f(y) is tangent to the straight line z = y. In 

our mapping we have two such points, one at y = 0 and the other at y = 1 (see Fig. 

4.1). In this case the particle undergoes a very slow motion out of the region near the 

fixed point (weak repeller), and then eventually exits the laminar region giving rise 

to the so-called intermittent behavior. The typical form of this kind of map near the 

fixed point is 

f{y) = y + ayz, (4.21) 

where z > 1. Since the dynamics are slow, that is the particle undergoes many 

recursions near the fixed point, we can express (4.18), together with (4.21) in the 

continuous time limit, in the form 

y = ayz, (4.22) 

which can be solved by quadrature. In particular, if we imagine our particle to start 

from a position yo, within one laminar region (let us say the left one), and to exit in 

an escape time tesc, when the particle reaches the position y = d, we can write 

f* — = a ["" dt. (4.23) 
J vo vz Jo 

dy 

lyo yz Jo 

It is easy to cast the solution of this equation in the form yo(tesc); if p(yQ) is the 

distribution of initial condition (we can take it to be flat), we can connect the two 

distributions through the Jacobian, i.e.: 
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i>{tesc) = p(yo) 

so that it is easy to prove (4.11) where 

dyo 

dtP 
(4.24) 

z - 1 
(4.25) 

fly) 

Figure 4.1: The solid line represent the nonlinear map of (4.19) with z = 5/3, d = 
0.45. We can see that the 45 degrees diagonal is tangent to the curve in 0 and in 1. 
The side regions (called "laminar regions") are separated by a switching region. The 
three regions are clearly distinguishable as we plotted vertical lines between them. 



CHAPTER 5 

CMM AND METHODS OF ANALYSIS 

5.1 CMM Maps as DNA Sequences 

The map (4.19) does not describe all the dominant properties of DNA sequences. 

Although the map (4.19) gives rise to the dynamical long-range correlations observed 

in introns, it does not have the uncorrelated diffusive properties observed in exons. 

To achieve this latter property we introduce [2] a kind of a posteriori noise, so as 

not to interfere with the long-range correlations. This noise is intended to mimic 

point-like mutations. In real DNA sequences indeed no large patches of consecutive 

sites with the same sign, like the one predicted by the map, are observed. The noise 

we introduce is called copying mistake noise and the resulting map is given by the 

variable £,•: 

c _ f Q with probability e , . 
| random {—1, +1} with probability (1 — e), ^ ^ 

where 0 < e < 1, and (5.1) is called the Copying Mistake Map (CMM). 

The CMM is based on the independent action of the deterministic one-dimensio-

nal nonlinear dynamical process (4.20) and a stochastic uncorrelated one. The inde-

pendence of the two processes from one another results in a second moment for the 

landscape variable given by 

{x2(£)) = A£2H + B£, (5.2) 

46 
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where H = 2 — z/2(z — 1). Exploiting the independence of the two processes, it is 

easy to prove that the ratio A/B is proportional to e/(l — e). 

In chapter 6 we show that the CMM model describes intronless and intron 

containing sequences in a unified way, the differences arising from different values 

of the copying mistake probability (1 — e). However (5.2) makes it clear that it is 

very difficult to detect long-range correlations within a short distance scale, if such 

probability is large, namely, if B A. This is indeed what happens in the case of 

coding sequences, i.e. exons. 

The structure of (5.2) might suggest that the role of chance in exons is much 

stronger than in introns, when one at first would expect the opposite to be true. 

Stanley et al. [15, 16] made the hypothesis that introns (and introns only) carry 

long-range information. The work of Grosberg [13] shows that this information could 

be simply related to global properties of DNA, such as the tertiary structure. We 

show how this correlation information shows up (with some difficulty) in exons as 

well as in introns, and in the conclusion attempt to give some possible biological 

explanations. Here we mention that in part the copying mistake disorder in exons is 

indeed a consequence of the physical and biological constraints on the protein coding, 

which do not produce long-range effects and may be perceived as an uncorrelated 

noise at the level of DNA base-base correlation. 

5.2 Methods of Analysis 

The development of techniques to analyze the statistical properties of DNA 

sequences has become a very active field of research. A frequently used technique 

[12, 16, 19] is the method of information entropy, which is thought to be free from 

the somewhat arbitrary identification of symbols with real numbers [21]. We are 

aware of that problem and consequently of the potential importance of adopting 
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the information entropy and other such bias-free methods. However, since our aim 

here is to apply our "dynamical" model to DNA sequences, we prefer to focus on 

those traditional methods of analysis which associate letters with numbers in the 

assessment of the utility of the CMM. On the other hand, our statistical method 

leads us to conclusions consistent with those reached by Lio et al. [19], on the basis 

of the entropy information method. 

In this Chapter we present a short illustration of other methods of analysis 

which can be related to the dynamical approach and which we therefore apply in this 

paper. 

5.2 .1 Diffusion Analysis 

Diffusion analysis is the most direct way to detect the diffusion exponent H. 

The method consists of transforming the symbolic data sequences into a series of plus 

and minus ones, by substituting nucleotides A and G (purines) with a +1 and C 

and T (pyrimidines) with a - 1 . Although this choice, as pointed out by Stanley et 

al. [16] is arbitrary, it has some merit compared to other possible choices. Let us 

consider, for instance, the choice of AT vs. CG. This is biologically correct, since 

it groups the pairs according to the hydrogen bond in the doubled stranded DNA. 

However, this choice is proved to be affected by biases that have to do with the 

local tertiary structure (pieces rich in AT are more flexible than pieces rich in CG) 

and that constitute a kind of external noise in our search of long-range correlations. 

The numerical treatment of the data is essentially performed according to (3.20). 

The evaluation of H comes from the equation for the second moment (4.3), where 

the averages are taken over all the possible initial conditions. It is also possible to 

evaluate the distribution probabilities P(x,t), that describe the probability of having 

traveled a displacement" distance a; in a "time" t. Such distributions are Gaussians 
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for uncorrelated processes and, for the reasons pointed out in the preceding chapter 

(for a detailed demonstration see Appendix A), are Levy functions for the long-

range correlated processes supplemented by the stationary assumption. This kind of 

analysis was applied for the first time to the study of the DNA sequences by Li and 

Kaneko [12]. They studied a three-dimensional pseudo-random walk, of which each 

of the four bases represented a velocity vector relative to the four angles of a regular 

tetraedron. Our one-dimensional approach is a simplified version of this method, 

since it can be regarded as being a geometric projection on a straight line connecting 

the middle points of two opposite sides of this tetraedron. 

5.2 .2 Detrended Fluctuation Analysis 

The detrended fluctuation analysis (DFA) was originally introduced by Stanley 

and coworkers [16] for the purpose of distinguishing, within a reasonably short time 

scale, if the "dynamical" process stemming from a DNA sequence is dominated by 

correlated or uncorrelated fluctuations. This method was shown to be successful in 

distinguishing introns from exons in a yeast chromosome [17|. It rests on the rule 

that short correlations are inhibited for cDNA sequences; a rule that has still to be 

shown to be valid in general. When applied to CMM, the DFA gives for short and 

intermediate time regimes values of H around 1 /2, if the probability of mutation 1 — e 

is large. 

The DNA sequence y{n) (+l 's and — l's) is divided into N/l sequences of length 

?, each subsequence being confined in a box. The boxes are labeled by the index s. 

The total bias in the s-th box is 

Mt = 7 ( E »(») I • (5-3) 
' \n=(*-l)/+l 1 

Then the detrended walk is defined by 
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y^(n) = y(n) — nMf for (s — 1)/ + 1 < n < si, (5.4) 

with the variance in the box given by 

<# = y £ (Y,'(n)f. (5.5) 
n=(s—1)/+1 

The function F](l) is defined as the average of a^1 over the N/l boxes and 

is a function of I (the width the boxes into which the sequence is divided). If the 

dynamical process is fractional Brownian motion (and so a Gaussian distributions is 

assumed) characterized by a certain H it is possible [16] to show that 

4 W ) <* I" (5.6) 

Stanley et al. [16] find H > 0.5 for intron containing sequences, while for 

intronless sequences they find H fa 0.5 under a certain characteristic length, and 

H > 0.5 for I over that length. This can be seen in Fig. 3.1, which shows some of 

Stanley et al. [16] results for intronless sequences using the DFA analysis. 

5.2 .3 Hurst Analysis 

Hurst analysis [23] is a classic procedure for detecting anomalous diffusion be-

havior. It is based on the following steps. First one defines the span of the DNA 

walk 

S(r) = max ]T (& - <£)T) - min £ (6 ~ <£>r), (5.7) 
i=1 1 

where the brackets denote the ensemble average up to the time r > t. Second the 

variance of the walk is constructed 
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Finally we construct the rescaled range variable 
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(5.8) 

• w ) = ( i f - <5-9> 

where HJJ is the Hurst exponent usually denoted as H. In the specific case of fractional 

Brownian motion H = HH, but in general the two exponents are not equal [26]. 

This analysis was recently adopted to study anomalous diffusion produced by 

either deterministic maps or stochastic processes [26]. We performed Hurst analysis 

on DNA sequences and found the same long-time behavior as that stemming from 

the DFA and the same value of H. This is so because these two kinds of analyses are 

essentially equivalent. It must be pointed out that this value of H might be different 

from that provided by the diffusion method (study of the second moment of x) if the 

process is not Gaussian [26]. 

5.2 .4 Spectral Analysis 

Spectral methods rest on the numerical evaluation of the equilibrium correlation 

function (4.4) followed by the application of a Fast Fourier Transform (FFT). The 

long-time correlations are then related to the low-frequency region of the spectrum 

due to the complementary relation between the Fourier transform and its inverse. 

As we mentioned in the Introduction, Voss defined a symbolic correlation function 

introducing a binary indicator function Uk{xn) that is equal to 1 if a letter k occurs 

at the position xn, and to 0 otherwise. The letter k is defined by k = A,C,T,G. In 

this way the 4-symbol indicator correlation function are defined in eqs. (3.18) and 

(3.19). 

As already stated in (3.13) and (3.14), if the Fourier spectrum is 
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s(f) ~ j „ (5.10) 

with 1 > v > 0, then the correlation function is 

C(r) ~ ± (5.11) 

with /? = 1 — v , which consequently fulfills the condition 1 > /? > 0 

This method is implemented in a purely symbolic way, so as to avoid cross-

correlation effects due to projections in spaces with dimension smaller than four. 

However we can directly apply the Fourier spectrum evaluation to the dichoto-

mous sequence generated by the purine-pyrimidine random walk rule (the evaluation 

in the one-dimensional numeric subspace, however, seems to recover the same value for 

the correlation function, when the purine-pyrimidine rule is chosen). The advantage 

oi the spectral method is that it is possible to subtract the white noise background for 

the spectrum, so as to make easier the detection of anomalous behavior, even within 

relatively short-time scales. One can compare the spectrum with that of a really 

uncorrelated sequence (e.g. from the decimal figures of ir) of the same length. The 

white noise subtraction is carried out in a subjective way since one cannot determine 

its level unambiguously and for this reason the spectral method has been criticized 

by Buldyrev et al. [36]. Yet, this method might be used to distinguish coding from 

non-coding sequences, since it is able to reveal the frequency peak of 1/3, namely a 

harmonic component of period three in the correlation function, suggesting the pres-

ence of "codons", the nucleotide triplets responsible for the codification of a single 

amino acid (or a STOP signal for the coding procedure). To be complete, we have to 

mention that pseudogenes, a kind of noncoding sequences recently (in the evolution 

time scale) evolved from exons, also reveal period-three oscillations and other statis-



53 

tical properties that are typical of cDNA; therefore one has to be careful when using 

algorithms based on statistical rather than biological properties. 

The inverse power-law behavior of the spectra of the base-base correlation func-

tion is shown in Fig. 5.1. The 1/3 frequency peaks can be observed for cDNA 

sequences. 

5.2 .5 Onsager Experiment 

A method we have found particularly useful in the determination of the statistics 

of DNA sequences is the Onsager regression technique [28]. In this method an initial 

macroscopic fluctuation £(0) far from equilibrium regresses to equilibrium in a manner 

proportional to the equilibrium correlation function (4.4). Thus, if one views the DNA 

sequence as being a "dynamical" system whose statistical properties are unknown 

(in particular the sequence might not be long enough to guarantee the stationarity 

condition), then one can proceed as follows: create an initial state corresponding to 

a non-vanishing macroscopic fluctuation (this is done choosing as an initial condition 

the first L sites with value +1), and observe its regression to equilibrium. 

We now make the assumption that an equilibrium exists, even if it is reached 

very slowly with an inverse power-law decay rather than with an exponential regres-

sion, as in ordinary statistical mechanics. In this case the regression to equilibrium 

of the macroscopic fluctuation is proportional to the equilibrium correlation function. 

It has to be remarked that the Onsager method is eventually equivalent to a direct 

calculation of the correlation function, but this equivalence requires the stationary 

property on which the definition of «3>f(i) itself rests. However we can perform the 

Onsager experiment even without knowing if the sequence is long enough to guaran-

tee the attainment of the correct equilibrium with averages in "time". We see that 

in cDNA sequences the presence of oscillations helps us to deal with this problem in 
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Figure 5.1: Equal symbol spectrum analysis for several DNA sequences. The white 
noise background has been subtracted and data are offset for clarity. We notice 
that the measured i/s lead to values of H > 0.5 for all categories. In particular 
for prokariotes a behavior near the ballistic regime is observed. We remark that 
this symbolic measure is compatible with the dynamical interpretation of (10) only 
if v < 1, since H = (v + l)/2 [adapted from: R. Voss, Phys Rev. Lett. 68, 3805 
(1992)]. 
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an unambiguous way. These oscillations help us to assess whether the system satis-

fies the stationarity condition necessary to properly define the equilibrium correlation 

function (4.4). At the end of chapter 6 we show how the Onsager experiment is able 

to draw information out of nonstationary sequences. 

We stress that in the case where the system is able to reach a stationary con-

dition, the Onsager experiment is an efficient way of determining the correlation 

function. The only disadvantage is that it requires fairly long sequences, also because 

of the effects produced by the finite length of the time series: the smaller L is, the 

worse the statistics are [14, 37]. 

As proved by work in progress, a beneficial aspect of the Onsager analysis 

method is that in addition to detecting the presence of inverse power-law correla-

tion functions, it is an effective and accurate method for the detection of short-range 

correlational features {e.g. first neighbors anticorrelations and features introduced by 

repeated sequences and by codon usage statistics). 

Fig. 5.2 shows how the Onsager experiment is able detect the asymptotic inverse 

power law behavior when applied to a realization of the map (4.19). 
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Figure 5.2: Onsager regression function for the map (4.19), in log-log scale. The 
dashed line indicates a slope = 0.5, corresponding to H = 3/4. 



CHAPTER 6 

DATA ANALYSIS AND RESULTS 

We present in this chapter the main results of our investigations, stemming from 

the analysis of DNA sequences and from their comparisons with the dynamics of the 

CMM. 

In the preceding chapters we have described the contradictions between the 

results obtained by Voss and and those obtained by Stanley and co-workers; these 

have to do with the presence of long-range correlations in intronless sequences. We 

already said that this controversy can be shown to be more apparent than real and 

this is the first aim of our work. Therefore, with the help of the DNA walk and 

of the CMM, we studied a few exon sequences in order to extract their statistical 

characteristics in the most accurate way. We have chosen some of the longest virtually 

intronless sequences available in the data-bank. We found three complete genomes 

of three human viruses of the Herpes type, so that the analyses have been performed 

on all three. The three viruses are the Cytomegalovirus strain AD 169, the Varicella 

Zooster virus and the Epstein-Barr virus; these genomes are long enough to reveal 

the long-range correlation. The first step in our work has been the determination of 

long-range properties in the three sequences. Once these have been discovered using 

second-order methods, we proceeded with the rest of the analyses, since at that point 

the key idea of our work seemed to be more than plausible. 

In this chapter we focus attention on the longest of the three sequences, namely 
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the Cytomegalovirus. Due to its length (229354 base pairs) the analyses are per-

formed with very good statistics. The analyses on the other two sequences, however, 

confirmed the results obtained, and gave substantially equivalent results. 

Going deeper and deeper in our analysis, through the application of the different 

methods both on the sequence and on the CMM, we have been able to resolve new 

short-range statistical features involving the presence of periodicities in the genomes. 

We focused our attention in that direction, obtaining some original results. In this 

chapter, in order to expose in a transparent way the logic of our investigation, we 

present the complete study on just the Cytomegalovirus sequence. We will make 

some reference, as a comparison, also to some of the other sequences we have studied. 

6.1 Comparison between CMM and DNA sequences 

First of all let us state the reason why we have used the CMM. This map 

is interesting for a number of reasons, the first of which is that it allows an unified 

descriptive model for the different kinds of DNA. Since the CMM is an exactly solvable 

model, the comparison serves the purpose to extract the statistical features of the 

sequences through a comparison. This may enable us to understand the reasons 

and the consequences of such characteristics, and make it possible to construct a 

more "biological" model. From this point of view, the use of the CMM is a faithful 

description of the data, but nevertheless it allowed us to quantify in an objective way 

the presence of correlations in the DNA sequences. The presence itself of a controversy 

regarding this kind of results demonstrates that the evaluation of the coefficients and 

of the exponents of the correlations (such as the second order exponent H) is a 

particularly hard task. It turns out that there are subtle reasons why such measures 

depend on the method used. The CMM is able to reveal the points of weakness of the 

different methods, since by construction all the parameters are known. We can use 
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the CMM, or any other exactly solvable generator, to fit the various parameters d, z 

and e, that are related to the correlations exponents through simple formulas, in order 

to minimize the discrepancies that a real sequence and a "constructed" one present 

under the different methods of analysis. The determination of the parameter H, for 

example, is easily done through equations (4.15) and (4.25). Not only are the long-

range characteristics measured with such a fitting procedure (like the parameter H), 

but also the random-like short-range behavior is measured by fitting the parameter e 

of the map. 

This parameter e also distinguishes between the two kinds of DNA sequences, 

namely the cDNA and the introns. In fact, if we do not resolve the periodicities 

(as we will see later) and we adopt a coarse-graining approach, then to represent a 

coding sequence such as the Cytomegalovirus genome, we have to choose an e such 

that B A in (5.2), and thus to impose a large "mutation" rate (1 — e). 

Another conceptual reason to choose a generator of this kind for the process 

is related to its simplicity. Once we have decided to generate a process that is the 

superposition of a long-range correlated and a ^-correlated one, we can generate both 

the processes in both a stochastic and a deterministic way. We choose to generate 

the uncorrelated process with stochastic noise, to model the effect of the environment 

that we cannot control. Part of this noise is due to the "random mutations", due to 

the DNA damage. Our results suggest that our "copying mistakes" are too frequent 

to describe only the random mutations. We will see that there are a number of 

reasons why the name "copying mistakes" is actually misleading, and that there are 

other processes responsible for the short-range randomization of the sequence. The 

correlated term, on the other hand, could be described with a stochastic model, one 

example of which is given by a hierarchical model [22] generating a colored noise 

through the Arrhenius activation of many potential wells with different depths. In 
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such a case the description becomes very confused, since the correlation will depend on 

the temperature, so that the influence of the environment is very difficult to describe. 

We want to stress that we do not want to demand that the evolution dynamics is 

deterministic: one has to avoid confusion between the real time and the analogic 

"time" that is nothing but the distances of the nucleotides in the string. What is 

important is the clear separation of two different and independent phenomena, with 

two different kinds of correlations. One may then naturally associate the correlated 

process to some constraints acting on the process of molecular evolution [44]; this is 

our "system of interest" while the random process describes a noise that tells us little 

or nothing about the system itself. 

Fig. 6.1 shows the landscapes of the CMM with the parameters indicated (a) 

and of the Cytomegalovirus (b). As we already said, the shape of these profiles is very 

interesting and it has all the self-similar (fractal) features of random walks. These 

can be characterized by the roughness of the plot, that is the "eyesight" measure 

of the correlation. The fractal dimension of a random walk plot characterized by a 

certain exponent H is d = 2 — H. This is true for both fractional Brownian motion 

and Levy processes. The larger is the parameter H, the less rough is the plot, since 

its dimension will approach the value 1; a smaller H, on the other hand, will produce 

a rougher plot since d will approach 3/2. It is obviously impossible to recognize the 

details of the dynamics just by looking at the landscapes: it should be noted however 

that the two "pseudo-random" walks of Fig 6.1 are very similar, since they have 

similar characteristics as the roughness and the span of the plot. 

Actually the parameters of the CMM are chosen in such a way as to be a good fit 

for the Cytomegalovirus sequence. We can judge the quality of the fit by applying the 

three second-order analyses that allow us to evaluate the parameters i f , HH and HJ, 

namely the evaluation of the second moment, the Hurst analysis and the DFA. The 
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Figure 6.1: The landscapes generated by the CMM with 2 = 5/3, d = 0.45 and 
e = 1/9 (a) e by the Cytomegalovirus genome (b). For both processes the number of 
bases is 229354. 

results of these analyses are shown in Fig 6.2: from top to bottom we see the curves 

obtained respectively for the diffusion analysis, the Hurst analysis and the DFA. The 

solid curves are relative to the virus DNA, while the dotted ones are relative to the 

CMM with the same parameters of the previous figure. The values of H, HH and 

Hd are given by the slopes of the curves. As we expect from our model, the slopes 

relative to the DFA change in time, passing from a slope of 0.5 to a larger value for 

larger times (distances). The values reached by the parameters H, HH and Hd are 

actually somewhat smaller than the theoretical value of the map that is 

H = 2 — (6.1) 
2 ( * - l ) 4' 

The theoretical value is reached only at very long times. 

After this results, we are now in a position to give an answer to the controversy 

between Stanley's research group [15, 16] and Richard Voss [14]. Our analysis allows 

us to state that long-range correlations are present in exons as well as in introns. 

Stanley's statement [15,16] according to which there is a complete lack of correlations 
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Figure 6.2: The three analysis (from top to bottom: Diffusion, Rescaled Hurst and 
Detrended) applied to the Cytomegalovirus strain AD 169 sequence (solid curves) and 
to the CMM (dotted curves) with z = 5/3, d = 0.45, e = 1/9. The function Z(t) 
is defined as a(t), R(t), and Fd(t) (Fd(t) as denoted in the work of Stanley et al., 
(1994)), for the three analysis respectively. The theoretical prediction for the CMM 
is HD = 3/4, slightly larger than the slope of this curves. Notice that the slopes 
of the detrended curves for both the map and the virus change from a slope « 0.5 
(dashed line) for short "time" partition to a slope > 0.5 for longer partitions. 
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in coding sequences is therefore incorrect, and is due to the fact that it is necessary 

to have sufficiently long sequences in order to reveal such correlations using second-

moment-based methods. Actually the works of the Boston group [15, 16, 18] show 

correlations in the long-range, but the interpretation they give (we spoke about that 

in Chapter 3) is unsatisfactory: they talk about a crossover effect, but it is not clear 

why a crossover may not be due to correlations. In our opinion this approach is 

incorrect, because they distinguish between the particular ways in which correlations 

manifest themselves in certain sequences. If the "patches of bias" are present at all 

scales above a certain one, one cannot say that these are not long-range correlations, 

but they are something different. 

For our analysis H, HH and Hd have very similar values, both for the DNA 

sequence and for the map. HH — Hi — H is justified by the histograms for the prob-

ability density P(x,t) shown in Fig. 6.3 whose widths increase with time and which 

are characterized by the following properties: i) at short times, when the sequence is 

sufficiently long to provide adequate statistics, the histograms are essentially indistin-

guishable from Gaussian distributions; ii) at later times the lack of statistics makes 

it impossible to assess whether or not the densities develop long-range tails and con-

sequently prove that the Gaussian assumption is incorrect. If DNA were really well 

described by our simple model, the theoretical distribution could not be Gaussian, 

since the Gaussian and the Levy process act independently, and so we expect a linear 

superposition for P(x,t). However, the Gaussian process is strong enough to sup-

press possible tails in the short-time regime, while in long-time regime the tails are 

suppressed by the errors generated by the finite length of the sequences. 

6.2 Onsager Experiment 

Let us see the result of the Onsager experiment when applied to the CMM 
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and to the DNA sequence. As we have seen, this experiment gives the correlation 

function (t) in a very direct way and with good statistics. In Chapter 5 we have seen 

how the Onsager technique gives the correct result for the correlated map without 

copying mistakes (4.19), where the inverse-power law is clearly visible. We show the 

same result (dashed line) in Fig 6.4, together with the results obtained applying the 

same technique to the Cytomegalovirus genome (solid line) and to the realization of 

the CMM of the preceding figures. 

As you can see, both the CMM and real DNA show a rapid regression to the 

background noise level already at the first step (t = 1), in agreement with the predic-

tions of (5.2): this is due to the copying mistakes. It is possible however to see a major 

difference between the two curves, as we have already anticipated in the preceding 

chapters: the correlation function relative to the Cytomegalovirus is characterized by 

an evident series of oscillations with period 3, that is the counterpart of the 1 /3 peak 

found by Voss in the frequency power spectrum of the same sequence. These peaks 

are always in the position t = (3n), where n is a natural number, and are well visible 

up to distances larger than 600. Fig. 6.5 shows the same <2̂  (t), once again obtained 

with the Onsager method, where a different symbol has been used for the points in 

the positions 3n, so that it is even easier to see the regularity. In Fig. 6.6 we show 

the same analysis applied to the genome of another virus, the Varicella Zooster. The 

features discovered studying the Cytomegalovirus are confirmed by the other virus 

sequences we took into consideration. 

The generality of our conclusion can be probably extended to all exon sequences, 

but we restricted, for homogeneity reasons, our attention to viruses affecting human 

beings. This will allow us to draw some conclusions and some interesting conjectures. 

The presence of a period 3 regularity can seem obvious, if one thinks at the 

codon structure of the genetic code, but the detection of such a regularity through the 
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Onsager experiment is more significative than the simple observation of a frequency 

peak at 1/3: what is observed now (and for the first time) is the close relation 

between this periodic component and the presence of long-range correlations in exons 

sequences (the other characteristic we were able to observe). Let us discuss this 

aspect in some detail. As we can see in the curve relative to the CMM, with such an 

e value it is hard to recover any tracks of the long-range correlations in (t) through 

a numerical experiment. They are soon confused with the background noise level. In 

the virus case the correlation is evident. If we consider the amplitudes of the peaks 

in the 3n positions, and we show them in a log-log plot (see Fig. 6.7) we see that 

the relative maxima of the oscillation regress to zero as an inverse-power law with 

an exponent [3 ~ 0.5, that is exactly the "known" exponent of the map. We can 

compare Fig. 6.7 with Fig. 5.2 of Chapter 5, in which the correlation function of the 

map without copying mistakes is shown in a log-log plot. The straight line with slope 

P = 0.5 represent the value that is relative to the chosen value of z, corresponding to 

H = 3/4. 

We have found a very interesting result: not only have we found, through a 

proper comparison with the CMM, a long-range property that becomes visible only 

in the long-distance regime, but we have also been able to associate this correlation to 

a periodic structure that is somewhat connected with the triplet (codon) structure of 

coding DNA. We can also say that it is the DNA ternary structure itself that "takes 

care" of showing the long-range correlation, organizing in a way to "generate" the 

inverse-power law. 

To clarify the nature of this connection between the period 3 structure and the 

inverse-power-law correlation in exons it is necessary to go deeper into the detailed 

structures of the sequences, and we also have to understand in a deeper way the 

biological reasons and implications. In the next section we describe some of the first 
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analyses that can be performed, and we discuss the first preliminary results. 

Before entering the details of the ternary structure of coding DNA, we want to 

show a further verification of the consistency of our results. As we have discussed in 

Chapter 5, the Onsager experiment is able to calculate the correlation function (if 

no bias is present) of the ±1 dichotomous sequence. The sequence has been made 

dichotomous after giving the values 1 or —1 to the base couples A,G and C,T; this 

correlation function is actually a projection of a symbolic correlation function on 

a higher dimensional space. Voss's correlation function 3.17 is still a "projection" 

since it returns a scalar number, but still retains more information, since all the four 

bases are distinguishable. We directly calculated (3.17), using the binary indicator 

functions Uk(xn), in order to see if the statistical features we have discovered are 

genuine or depend upon the projection we are performing. 

Fig 6.8 represents the result of the calculation of the correlation function accord-

ing with the theoretical prescriptions of Voss (3.17) and with the Onsager method. 

Comparing the two results, we can affirm that our conclusions relative to the Cy-

tomegalovirus are not only correct, but their validity is even more rigorous than what 

we could expect after the analysis of the dichotomous sequence. The link between the 

ternary structure and the inverse-power-law correlation emerges in a clearer and al-

most surprising way. We have to say that the symbolic correlation function that Voss 

defined [14] but did not use directly, is a very precise instrument of analysis; it has 

the disadvantage to be slow and very memory intensive, apart from the cases (used 

by Voss) in which the length of the sequence is a power of 2, so that the calculation 

is performed through a fast Fourier transform (FFT) procedure. For this reasons, it 

can still be advisable to perform the direct calculation of the correlation function of 

a dichotomous process (where the Onsager method is a very good instrument). 
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6.3 The Three Subsequences 

6.3 .1 Long-range Properties 

Let us go back to the close connection between the inverse-power law and the 

periodicity three. First of all we notice that the presence of the peaks in position 

3n means that in the sequence each nucleotide can be correlated with bases that are 

at a distance t = 3n, or may be uncorrelated with respect to every other base, but 

cannot be correlated with bases whose distance is 3n + 1 or 3n + 2, for any n. Notice 

that the correlation function, calculated in any possible way, result from an average 

over different bases as initial condition so that the distance t that is in the abscissa 

does not denote the absolute position, but the relative distance between two bases. 

Also notice that this is the way in which the correlation can be detected without the 

adoption of second-order measures. In fact it is visible in the DNA sequence, but not 

in the CMM, that has in fact a correlated component. A correlation visible through 

a periodicity three can indeed be associated with a reduced mutation rate (1 — e)/3; 

the effect of the disorder is less important and the correlation is more evident. 

Our aim was to understand which bases were in fact correlated and correlated 

to. Our first hypothesis was formulated according to our understanding of the evolu-

tionary mechanisms, and how it works through punctual mutations in the sequences. 

In the second chapter, where the genetic code has been described, we introduced the 

concept of "degeneracy". The triplets that can be made with four bases are 64, while 

the objects that must be represented are 21, namely 20 amino acids and the STOP 

signal. The genetic code (that is like a "dictionary" that associates to each triplet the 

corresponding amino acid) contains therefore "synonyms", that is groups of different 

triplets coding for the same amino acid (or STOP signal). 

It is well known that in the majority of the cases these synonyms differ only for 

the third nucleotide and sometimes for the third and the second or the third and the 
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first. Looking at the table in the second chapter we can realize the relevance of this 

fact. The third base in the codon assumes a special evolutionary importance, because 

it can act as a "wildcard", since its mutation may not imply any change for what 

concerns the coded amino-acid, hence for the protein and so there is no advantage 

nor disadvantage at the phenotypical level. Therefore these may be "silent" mutation 

(like the mutations in non-coding DNA), and thus their probability, according to 

the neutralist theory [45] is higher than that concerning the mutation that are not 

neutral. For the reasons we explained in the second chapter, we are speaking about the 

advantage and disadvantage at the level of the "external selection", while a different 

statistics in the sites that are not significant for the phenotype may be an evidence 

for the "internal selection" [19]. 

According to our perspective, the internal constraints could be responsible for 

the measured correlations: the third sites of the triplets, that are freer to mutate, 

could have been constrained to auto organize to obtain the statistical features required 

by some still unknown global constraint probably acting on the genome structure (and 

most probably on the spatial auto-organization). 

Our hypothesis was therefore that the third sites were the only ones exhibiting 

a correlation, and thus the only one responsible for the inverse-power law. The 

degeneracy of the code would have allowed the DNA molecule to obey the constraints 

due to the hierarchical spatial organization inside the nucleus [13]. This solution 

looked very promising: it was confirmed by the independent results of Lio et al. [19], 

who were finding for the third nucleotides a larger probability of being a strong-bound 

base (C or G) in organisms living in a very hot environment or in extremal situations. 

The analysis we carried out on the Cytomegalovirus showed a situation that is more 

complicated than that. 

We have extracted from the genome three subsequences, each of which relative 
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to a certain nucleotide position in the codon structure (first position, second position 

and third position). To do so it was not sufficient to take a every third nucleotide: 

we have been referring to the information table in the databank, and we selected the 

nucleotides actually translated and whose translation was confirmed by a computer 

translation on the sequence. We cut away the small portion of introns and the pro-

moter, and also all the overlapping regions, that is where the two complementary 

strands have two different overlapping genes; we also took care of the fact that when 

the coding portion was on the complementary strand, the codon was read in the 

opposite direction. 

Figs. 6.9 and 6.10 represent respectively the results of the DFA and of the 

Onsager experiment on the three subsequences. It is possible to see that all subse-

quences contain long-range correlations, and their long-time behavior is very similar. 

The Onsager experiment in fact shows that the third position, still having the same 

inverse-power law, is less noisy and more robust. The correlation function for the com-

plete sequence tells us that the three subsequences are mutually uncorrelated (and 

that is clearly visible in performing the analysis on the complementary sequences 

containing the [3n + l,3n + 2], [3n + 2,3n] and [3n + l,3n] sites, that present, as 

expected a period-two oscillations). 

The hypothesis we formulated, based on our understanding of the neutral theory 

[45], is thus only partially true. The third subsequence is in fact more correlated than 

the other two, but also the other two subsequences are correlated, and that was not 

predicted. 

Let us go back to the determination of the parameter e, or, equivalently of the 

ratio A/B, in the CMM (5.1). As we have seen, the CMM allowed us to reproduce 

the statistical behavior of the analysed exon sequences, at least for what concerns 

the second moment and similar analyses based on coarse-graining and thus to de-
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termine the value of H for these sequences. Also the "rate of mutations" for the 

Cytomegalovirus has been established with a value (1 — e) « 8/9. 

The study of the subsequences showed that resolving the periodicity made it 

possible to see a larger amount of correlation. In particular the sequence relative to 

the third position in the triplet has a correlation that is identical to a typical intron-

rich human sequence. This is confirmation that the correlation in exons sequences are 

not impossible. On the other hand we can think that now the CMM is a model that 

does not describe all that we know about the sequence, though it has been necessary 

for us to understand that. In particular, the rate that the CMM gives to an exon 

sequence is too large, and we have seen that in performing more detailed analyses it is 

possible to imagine a much smaller value for the standard noise amplitude. The CMM 

as a description of an exon sequence is still a valid instrument every time that we can 

adopt a coarse-graining procedure. The degree of copying mistakes (1 — e) allows an 

easy separation between intron-containing and intronless sequences. The evaluation of 

the global H is still possible even without resolving the periodicity-three and make it 

possible an immediate comparison between species, averaging over various sequences 

[14] or comparing the same gene (i.e. relative to the same protein) in different species 

[16, 17]. The CMM has also the important role of showing how the DNA structure 

is in general the superposition of two processes with different statistics, a long-range 

correlated and a ^-correlated one; this point of view remains valid also after resolving 

the periodicity, since each of the three subsequences has the same structure. It is 

therefore possible to generate a string with the same statistical characteristics of 

the virus genome just by "entangling" three different CMM maps. All of the three 

sequences may have a different ratio A/B. In the simplifying hypothesis that that is 

the same for all the three subsequences, we have a "mutation" rate that is reduced 

by a factor 1/3 for the subsequences, compared with the complete sequence, where 
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the parameter (1 — e) is obtained through a coarse graining approach. This could be 

(1 — e) = 8/27 for each subsequence. 

We have seen that exon sequences are much more correlated than one could 

imagine after measures with a coarse graining approach. It is possible to verify that 

the correlation in the subsequences is of the same order of magnitude of that of 

an intron sequence. In Fig. 6.10d we see the Onsager experiment performed on a 

human gene (human beta-globin chromosomal region) that contains mostly introns. 

According to the conclusions of Stanley et al. [15, 16], confirmed among others by 

Voss [14], this sequence is characterized by long-range correlations, and our result 

also confirm this result. But if we compare Fig. 6.10d and Fig. 6.10c that is the same 

experiment performed on the sequence relative to the third position in the codon, 

we see that the two figures show essentially the same degree of correlation, and very 

similar values of H. We recall that introns in eukariots are subject only to structural 

global constraints, if they exist; they do not have the constraints at a phenotypical 

level that are present in coding DNA. 

It is important at this point to say a few words regarding the fact that the 

sequences we are studying belong to viruses affecting human beings. It is well known 

that viruses are very peculiar organisms, essentially made by a membrane called 

"capside" containing the DNA (the 29354 base pairs sequence in the case of the 

Cytomegalovirus). When the virus infects a cell this DNA molecule is inserted inside 

the host so that it can duplicate itself and the proteins necessary for the duplication 

of the capside. This process is carried out exploiting the machinery of the host cell. 

DNA duplication and protein synthesis imply a large number of enzymes and different 

processes: the survival of the virus depends on the efficiency of the exploitation of the 

host cell genetical apparatus. More than that, we may imagine that a virus sequence 

is one of the most efficient sequences to be replicated, since the sequences responsible 
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for the host cell life are activated only when there is need, through very complex 

feedback mechanisms. 

From genetic engineering experiments we know that the attempt to transfer 

genes from one organism to another may succeed in some cases, but more often has 

a negative outcome. The implanted gene remains inactive in the host cell, and the 

protein production never starts. This is a major problem for applied genetics, the 

solution of which would be a great step ahead for medicine and for agriculture, among 

other sciences. The activation of a certain gene may depend upon a variety of different 

factors: in general these are what we called "internal constraints", because inside the 

cell there may be fulfilled (or may not) the conditions necessary for the gene activation 

(enzymes production and transmission, for example). 

We can thus hypothesize that the fulfilment of the constraints responsible for 

the power-law behavior are a necessary condition for the gene to be activated (We still 

do not know much about the cause of these constraints, but, as we already mentioned, 

they have probably to do with the geometrical structure of the DNA polymer). As 

we will see in the next section discussing a result obtained by Li o et al. [20], the 

gene activation can be modulated by the degree of fulfilment of a certain constraint 

associated with the cellular structures (in that case the tRNA population). We can 

make a similar hypothesis regarding the fulfilment of the inverse power-law correlation 

function in the DNA sequence, and the comparison of the Figs. 6.10a,b,c,d seem to 

confirm such a hypothesis. From what we have said, it looks that the virus, in order 

to survive, has to fulfill as many constraints of the host cell as it can (that may be 

difficult without introns). 

6.3 .2 Short- range Proper t ies 

Looking at Fig. 6.4 it is possible to notice some properties relative to the very 
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short distance regime. The organization in three mutually uncorrected subsequences 

is simply inferred by the detection of the period-three periodicity. However it is also 

possible to notice a negative peak at the nearest neighbor position. We wondered what 

the reason is for this property, if any, and our studies to answer this question are just 

at the beginning. Nevertheless it is possible to make some informal conjectures and 

to get some preliminary answer from the study of the complementary subsequences 

[3n + l ,3n + 2], [3n + 2,3n] and [3n + l,3n]; we show in Fig. 6.11 the Onsager 

experiments performed over these subsequences. 

The curves obtained for the complementary subsequences show a strange be-

havior for what concerns the first-neighbor correlation: both in the 1 — 2 and in the 

2—3 complementary subsequence there is an evident negative peak that is not present 

in the 1 — 3 subsequence, for which we have a C(d = 1) ~ 0. It is therefore possible 

to imagine that the second base of the triplet (codon) prefers to be anticorrelated 

with the first and the third ones. Notice that the second base in the codon is always 

adjacent, in the subsequences, at one base of the same triplet, that is also the first 

neighbor in the complete sequence. For the subsequence 1 — 3 the situation is quite 

different: the real first neighbor is a member of another triplet. So a hypothesis 

according to which that triplets are substantially (in average) uncorrelated at the 

first-neighbor regime, will explain the zero value for C(d = 1) in the sequence 1 — 3. 

The negative peak of the other two subsequences, involving the second base, 

can probably be related to the recent investigation made by Arques e Michel [46], 

according to whom the evolutionary process have selected in some regions of coding 

DNA both in eukariots and in prokariots periodical structures based on the frequent 

repetition of the "motif" pyrimidine-purine-pyrimidine (YRY in their notation). This 

result is compatible with our observation of nearest-neighbor anticorrelation in our 

sequences. We do not have enough confidence, though, to be sure of this conjecture, 
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so it has to be tested in further studies. The problem is not an easily solvable one, 

since a model should also take into consideration the possible correlation between 

adjacent triplets, and that has to do with a variety of factors, like the polymer physics 

of proteins, and the degeneracy of the code. The hypothesis made, namely of a 

substantial nearest neighbor uncorrelation for the codoons is not yet justified, and a 

different hypothesis would change dramatically the expectation of the negative peaks. 

A more general hypothesis can be expressed from the reading of the work of 

Lio et al. [20]. Their work shows that the use (in a probabilistic sense) of the 64 

codons in the genome of the various organisms is not rigidly dictated by the series 

of the coded proteins, since the code is degenerate, but obeys in a large number of 

genes the "population" (the relative abundance) of the tRNA that is present in the 

cell. Let us recall that the tRNA's are molecules freely diffusing in the cytoplasm, 

bringing an amino acid at an extreme, and the relative codon at the opposite one. 

In the rybosomes the tRNA are joined with the mRNA (that has copied the genetic 

message of the nucleus DNA), so that the amino acids are linked in a chain, and the 

proteins are synthesized (see Fig 2.3). Lio et al. [20] showed that genes in which the 

cDNA has the same "codon usage" of the tRNA population are the most frequently 

activated, that is the protein related to them is more frequently produced. In other 

words, the "codon usage" of the most activated genes has the same relative population 

of the tRNA in the cell. Notice that the tRNA population does not vary much from 

cell to cell, and that seems to be species-specific. 

Thus there is an "interest" in "tuning up" the relative population of synonyms 

according to a certain given relative frequency. The fulfilment of this "internal selec-

tion" requirement is an important mechanism for the gene modulation and expression. 

This property is very important, and has the same genetical and biomedical implica-

tions as the discovery of the inverse-power law. It is worth mentioning also because 
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this latter mechanism still exploits the genetic code degeneracy, and thus may "in-

terfere" with the power law itself. 

Let us see what studies can be carried out in this context using the Onsager 

experiment. We can imagine that the triplets of the Cytomegalovirus (for instance) 

tend to be distributed in a way so as to obey to a certain relative population, that 

is the one of the tRNA of the cell they infect. This, as we already pointed out, 

would enhance the probability of the Cytomegalovirus proteins to be produced. As 

we already said, there are different kinds of internal constraints, some of which are 

relative to the long-distance regime, but some of them may have to do with the 

short-range correlations. 

Is it possible that the nearest-neighbor correlation function of the Cytomega-

lovirus could be related with the codon usage? We controlled with a probabilistic 

calculation, in the hypothesis of uncorrelated adjacent triplets, that the correlation 

function given by the codon usage is negative, and quite similar to the one we mea-

sured with the Onsager technique. This result, however is not so important, because 

it is just an independent measure of the same quantity. It is just a justification of the 

validity of the uncorrelation between two near triplets in our coding DNA sequence. 

The comparison with the tRNA population data of human being could be more in-

teresting, but this data are not available to us. If the results were confirmed there 

is evidence of an adaptive "external selection" for viruses affecting human beings, 

that is strictly connected with the "internal selection" constraints of the eukariote 

itself. This idea of studying viruses in order to understand the internal structure of 

the genetic material of the cell they infect is in our opinion very important, and may 

give rise to further important results. 

The two kind of constraints we have spoken about, the long-range and the 

short-range ones, could in fact explain our correlation results. We started from the 
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hypothesis of a free-changing third base in the codon, due to the silent mutation rate 

increase. The presence of the "codon usage" constraint may be a limitation to this 

freedom of change, so that the two effects have to be balanced. Notice that the codon 

usage constraint acts on the triplets, while the freedom of mutation mostly acts at 

the third site. The substantial independence of the three subsequences is still to be 

explained. 

The problem is still open: it is nevertheless important to stress that the Onsager 

method to get the correlation function is able (simply, fast, and in a single run) to 

extract information both in the long- and in the short-range. 

6.4 A Non-Stationary DNA Sequence 

In this section we discuss an assumption made in the dynamical derivation of the 

correlated processes that is the basis of our DNA model. In Chapter 4 we discussed the 

connection between the diffusion parameter H and the parameter fi of the waiting 

time distribution; fx itself is related to the parameter a, or the "Levy index" of 

the Levy distribution that characterizes (as we have seen) the anomalous stationary 

dichotomous processes, in certain regimes of the parameters. In particular, it is 

possible to define a Levy distribution for a in the range 0 < a < 2, but a stationary 

diffusion process is possible only in the range 2 < < 3, or 1 < a <2. Values of fi 

less than 2 are in conflict with the dynamical realization of a Levy process (according 

to eq. (4.15) they would correspond to processes that are faster than ballistic): these 

processes indeed always correspond to a ballistic diffusion, i.e. H = 1. 

In our description (Chapter 4) we always considered 0 < H < 1, but we cannot 

a priori exclude the existence of DNA sequences outside the Levy regime 2 < fj, < 3. 

If we perform the analyses in a blind way, it is indeed possible to obtain of H values 

very close to 1 or even larger [14]. These results made us suspect that the sequences 
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are non-stationary. 

Let us look at the results obtained by Voss [14] and shown in Fig 5.1: these 

results are an average over different sequences of the same kind; we notice that values 

of v > 1 are obtained for bacteria and phagi (note that phagi are viruses affecting 

bacteria), where H = 1 for v = 1. The frequency spectral analysis therefore leads 

us to think about growing correlation functions: in fact, if v > 1 we would have 

<&£(£) oc jp, with /? = 1 — v < 0. On the other hand, Stanley et al. [16] obtain 

more than ballistic diffusion in a few cases (they do not trust these result, and simply 

disregard the regimes in which this happens). 

How have we to interpret this results? In the case of Voss a possibility could 

be that these values are not exact, because of the dependence of the result on the 

background level elimination, that is quite an arbitrary operation. But we saw con-

firmation of these strange behaviors (H > 1) also in some DFA plots, so it cannot be 

a mistake. We have therefore to understand the nature of this process. 

At this point we want to stress that the Geisel equation (4.10) predicts (3 = 0 

and hence H = 1 for /J, < 2. In fact in this regime we can write (4.10) as the sum of 

four terms: 

= So°°Ti>(T)dT J0°° (-t)^(T)dT 
( K ) /0°° Tip(T)dT /0°° Ti>(T)dT 

J o ' r f f l d T Jo {-t)i>(T)dT 

/0°° Tip(T)dT /0°° Tip(T)dT ' 1 ' 

if ip(t) a l / f with fi < 2, the quantity in the denominator diverges. It is straightfor-

ward to see that for any finite value of t the only non-zero term is the last one, that 

is 1: so we have j3 = 0. 

In order to understand the more than ballistic results, that contradicts our 

description, let us recall our basic hypotheses. The first one is the stationarity as-
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sumption that is necessary to properly define the equilibrium correlation function. 

The second is the independence of £(t) from x(t), without which it is not possible 

to define the waiting time distribution ip(t) that is necessary for the Geisel equation 

(4.10) to hold true. One of the two hypotheses is not fulfilled. 

If it was the second hypothesis that is not fulfilled, we could imagine a process 

with a "pump", in which the correlation function can indeed be a growing function 

of time. If, on the other hand, it is the stationary assumption that is violated, the 

apparent growing of the correlation function can simply be due to the fact that it 

cannot be properly defined. In the dichotomous case (that is our case), it is easy to 

understand that even with a pump, the correlation function cannot be growing in the 

stationary regime, since the limiting condition is simply given by a £„ sequence with 

all £„ of the same sign. 

Even in this latter case the calculation of the Onsager regression function sheds 

light on the phenomenon. In the non-stationary case a typical effect (that may happen 

or may not happen) is a drift in the values of the background noise, that is our 

"baseline". It may be difficult to understand if an apparent growing of $$(t) is due 

to a true growing or to an effect of this kind. Fortunately our previous result taught 

us that there is a precise regularity in the correlation of coding DNA: the periodicity-

three. If this is true, a "true" growing of the correlation function should be detected 

as a growing in the amplitude of these oscillations, while a damping of the oscillation 

denotes a decay of the correlation function, even if the baseline drifts toward larger 

values. 

In Fig. 6.12 we show the results of coarse-graining analyses (DFA and Hurst) 

and of the Onsager experiment over a Lambda-phage virus sequence. From the figure 

it is possible to observe, also in this case, the presence of oscillations whose amplitude 

decays as an inverse-power law. It is also possible to observe for large values of t a 
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growing of the zero-level of the function. If we assume that the correlation function 

has a ternary structure as in the preceding cases (the presence of the peaks suggest 

that it is a very plausible assumption), then, as we already said, a true enhancing of 

the correlation should be detected as an enhancement of the oscillation amplitude, 

that is not the case. We are therefore in a non-stationary condition. 

This result is very important, because it represent the first case in which we 

realized that the stationarity assumption may not be valid in general. Let us recall 

that the stationarity assumption states that the correlation between distinct bases 

only depend upon their distance, and not upon the base positions themselves. We will 

come back to this question later, since it touches an important topics of our present 

and future work. 
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Figure 6.3: Hystograms of the probability distribution P(x, t) relative to the CMM 
with z = 5/3, d = 0.45, e = 1/9 and to the Cytomegalovirus strain AD 169 sequence 
(labeled as DNA). 
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Figure 6.4: a) Onsager regression function C(t) (where t denotes the discrete "time") 
relative to the Liebovitch-Toth Map (dashed line), to the Cytomegalovirus strain 
AD169 sequence (solid line) and to the CMM with 2 = 5/3, d = 0.45, e = 1/9 
(dotted line). The number of initial conditions is L = 105. b) C(t) relative to the 
Liebovitch-Toth Map. The dashed line represent a fit curve relative to /? = 1/2 and 
therefore H = 3/4. 
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Figure 6.5: Onsager's regression function for the Cytomegalovirus. The values corre-
sponding to t = 3n have been outlined using a different symbol. Here L = 100000. 
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Figure 6.6: Onsager's regression method for Varicella Zoster virus. The length of the 
sequence is 124884 base pairs, the number of initial condition is L = 60000. 
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Figure 6.7: a)The first relative maxima of the Onsager regression function C(t) (with 
L = 105) concerning the Cytomegalovirus strain AD 169 sequence are plotted. All 
these maxima are located in position 31, where t denotes the discrete "time". 
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Figure 6.8: Cytomegalovirus correlation function obtained with the Onsager method 
(lower curve) and with the symbolic prescriptions of Voss [14] (upper curve, in off-set) 



84 

10 ' 

10' 

iol 

1 0 " 

Figure 6.9: DFA performed on the three subsequences of Cytomegalovirus Strain 
AD 169. The solid line (circles) is relative to the subsequence of the bases on the first 
position in codons; the dashed line (diamonds) represent the analogous for the second 
position; the dotted line (squares) the analogous for the third position in codons. 

Figure 6.10: Onsager experiment with L — 30000 performed on (a) the subsequence 
relative to the first position codon, (b) the subsequence relative to the second position 
codon, (c) he subsequence relative to the third position codon, (d) the sequence 
HUMHBB (human beta-globin chromosomal region) of lenght N = 73239, a human 
gene rich of introns. 
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Figure 6.11: The first points of the Onsager regression function for the complementary 
subsequences 1 — 2, 1 — 3, 2 — 3. 
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Figure 6.12: (a) Result of DFA (+) ande Hurst (o) analyses on the Lambda-phage 
virus; for small t the slope is ~ 0.5, while for large t is ~ 1.1 for both analyses (b) 
Onsager experiment on the same sequence 



CHAPTER 7 

DNA FOLDING AND TERTIARY STRUCTURE 

We have seen that the problem of the correct statistical interpretation of the 

DNA walk is still open, and it is attracting the attention of an increasing number 

of researchers. The subject of most intense debate seems to be the question of the 

long-range correlation in exons, but actually the problems already arise at the level 

of the theoretical analysis of the data: in particular we have seen that all the analysis 

methods rest on the stationarity assumption [14, 15, 16] and, very often, on the fact 

that the statistics of the x variable is Gaussian [16]. This problem is not only of 

biological interest, but it touches also intriguing aspects of anomalous diffusion, since 

it might be sometimes difficult to distinguish different kinds of anomalous behavior 

such as a Levy process or a fractional Brownian motion. These two different processes 

share strikingly common characteristics, such as the growth of the second moment 

and the fractal dimension of the diffusive trajectories. 

It is now very clear (see Appendix A) how to deal with the interesting problem 

of the dynamical derivation of Levy processes. As we saw, from the simplest equation 

generating diffusion, 

x{t) = £(*), (7.1) 

where x is the diffusing variable and £ the source of fluctuation, supposed to be 

a dichotomous variable with the values £ = +1 and £ = — 1, one gets anomalous 

diffusion described by 

87 
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{x2(t))=t2H. (7.2) 

The power-law index has the form 

H = 1 - f , (7.3) 

and, under the assumption that the autocorrelation function 

mm) 
c 

has the asymptotic time property: 

*<(*) = (7.4) 

a i (7.5) 

with 

0 < p < 1. (7.6) 

It was shown that the above process leads to an a-stable Levy process with 

a = 0 + 1 . (7.7) 

This means a strong deviation from a Gaussian statistics, in conflict with the remarks 

made by many investigators [16] that the x distribution is found to be Gaussian within 

the accuracy of the statistical analyses carried out so far. This suggests that DNA 

diffusion is a form of fractional brownian motion, namely a diffusion process with 

moments increasing as in (7.2) with H ^ 1/2 . In the specific case of DNA sequences 

H > 1/2. 

Albeit the concept of fractional Brownian motion has been made popular by 

the research work of Mandelbrot [11], it is not clear how it can be physically realized, 
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since the conventional central limit theorem, which is the key argument to prove the 

Gaussian nature of the involved statistics, applies to the case when the lifetime of the 

fluctuation £, defined by 

TOO 

r = / (7.8) 
J u ;

roo 

o 

is finite. In the case of the autocorrelation function (7.5) with the power /? in the in-

terval (7.6) this "microscopic" time diverges. We recall that the central limit theorem 

is essentially based on two facts: (a) the finiteness of the moments of the microscopic 

variables, and (b) on the mutual statistical independence of the variables themselves. 

In these conditions the Gaussian functional form can be easily proved through the 

chain condition, since it has the important property of invariance under convolutions. 

If one of the two hypotheses is relaxed (in our case the mutual independence), the 

generalization of the central limit theorem predicts a Levy process, that shares with 

the Gaussian the convolution invariance. Moreover, in the case of dichotomous pro-

cesses (such as the DNA walk) the resulting statistics in the stationary case differs 

from an a-stable Levy process only because there are ballistic "boundaries" and the 

long tails are truncated and substituted by ballistic peaks. 

How have we to interpret the substantial Gaussianicity of the data? One way 

out of this difficulty [1] has been that of assuming that the DNA sequence result 

from the random joint action of two different prescriptions, one of "deterministic" 

nature, and the other of totally "random" nature. The ratio of the probability of 

running the sequence with the random law, (1 — e), to that of running it with the 

deterministic, e, determines the intensity of the deviation from the Levy statistics. 

This ratio has to be actually interpreted as the ratio between two processes with very 

different statistical behavior, while our assumption of one being deterministic and the 
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other random is just an arbitrary choice that was done for convenience. It was found 

that with a moderate value of e the short time distribution is Gaussian within the 

accuracy of the statistical analyses made (see Fig. 6.3). We must say, however, that 

this method only shows that the process is essentially Gaussian in the early part of 

diffusion process, because it is dominated by the action of randomness which leads to 

a second moment linear in time and proportional to e. The anomalous contribution 

to diffusion, being proportional to t2H with H given by (7.3), and thus faster than 

normal diffusion at large times, in the early part of the diffusion process is negligible 

if the parameter e is large enough. Later in time, the contribution stemming from 

the deterministic motion is going to predominate, but the statistical analysis becomes 

so innacurate as to make it impossible to assess whether the tails of the distribution 

are Gaussian or Levy. They are essentially "erratic" due to the statistical limitations 

concerning long times. 

In this Chapter we want to illustrate a different model to account for the Gaus-

sian nature of the ^-distributions in DNA sequences. This is based on the assumption 

that the DNA sequence is folded within a molecular structure, within which a regular 

site- correlation is established for geometrical reasons. We show that the analysis of 

the unfolded sequence still reveals traces of the original long-range correlation but it 

is Gaussian within the accuracy of an extremely precise statistical analysis. Prom our 

statistical analysis it will become clear that the unfolded DNA is characterized by 

Gaussian statistics with a precision much better than the discrepancy between Gaus-

sian and Levy statistics. The reason why we ended up in such a model are of two 

kinds. First the "copying mistake" rate that is predicted by the model illustrated in 

Chapter 5 in too high to be compatible with what is known from biology. Second, the 

stationarity assumption, of which we have already studied a typical violation at the 

end of Chapter 6, is questionable also from a biological point of view. In fact, it states 
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that the correlations between two nucleotides only depends on their distance on the 

primary string, and does not depend on the positions of the nucleotides. This is very 

strange, because we imagine that the origin itself of the long-range correlation is given 

by the tertiary structure of the DNA polymer, or, in other words, in its self-similar 

folding structure. This should create different regions at a short distance scale, where 

the nucleotides statistics could depend on the folding geometry. We propose a model 

that is not yet realistic, but contains the idea that a folding process on a self-similar 

hierarchical structure can be equivalent to a short-range randomizing process. 

This chapter is organized as follows. In Section 7.1 we illustrate the geometrical 

and physical nature of the model adopted. In Section 7.2 we discuss the results 

of a statistical analysis on the unfolded sequences. Section 7.3 is devoted to some 

concluding remarks. 

7.1 The Bethe Lattice 

The Bethe lattice [48, 49] (or Cayley tree) is used in percolation theory as an 

exactly solvable model mimicking a lattice of infinite dimensions. This lattice has 

recently been used to model the connectivity of dendrimer molecules [50], physical 

processes bearing some connections with the electron transfer in DNA [51]. We use 

it here as a lattice structure on which to fold the DNA sequences. As illustrated 

by Figs. 7.1, 7.2, and 7.3 the DNA sequence is folded over the Caley tree structure 

with the rule that a given site, to which the number 0 is given, is the departure point. 

Then the DNA path is obtained turning right and avoiding the sites already occupied. 

This results, as illustrated in Fig. 7.3 in a folded structure, which bears significant 

qualitative similarity with those revealed by experimental analyses. 

At this stage, we identify the DNA macromolecule with a globular structure 

similar to that illustrated in Fig. 7.1. This means that the space isotropy of the Caley 
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tree is lost and that the site 0 is no more then an arbitrary site chosen by chance. It 

is the physical center of the globular structure that we imagine to represent the DNA 

molecule. We also imagine that this center is the origin of a geometrical spiral on 

which purines and pirimidines are distributed with a kind of regularity (see Fig. 7.2): 

the correlated distribution resulting from the application of the Geisel, Heldstab and 

Thomas Map (GHTM) [geisel]. More precisely, we number the sites moving along 

the spiral and assigning increasing integer numbers to the lattice sites we meet along 

the way. The site 0 is the center of the globular DNA molecule, and so on. Each site 

m of the spiral is associated with either a purine, £ro = 1, or a pyrimidine, = —1, 

and these values are assigned using the GHTM as a generator of the distribution. Let 

us spend a few words trying to explain wy we choose to put a stationary dynamic on 

the spiral (Fig 7.2). The main reason was that if the stationarity assumption along 

the DNA molecule had to be realized, since there is nothing suggesting an invariance 

under translation along the folded line, still the globular molecule, to be stable, needs 

to have some symmetry like invariance under rotations. A spiral is a good choice, 

because it is the curve that is able to explore all the sites of the Cayley tree, with the 

best fulfilment of the rotational invariance. 

The explicit form of the GHTM is given by: 

U+i = / ( « , (7.9) 

where 

S(v) = (7.10) 

y + ayz for 0 < y < d 
y + ay* — 1 for d < y < 1/2 
y+l — a(l — y)z for 1/2 < y < 1 — d 
y — a(l — y)z for 1 — d < y < 1 

and d is defined implicitly by means of d + adz = 1 and a = 2Z . The fluctuating 

variable takes the values +1 or —1, where defines the noise intensity, and is 
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Figure 7.1: The Cayley tree. Each site is connected with two other sites. Here the 
tree is plotted having in mind a circular symmetry and is drawn up to 5 circular shells 
for space reasons. In the numerical simulations herein we considered 17 shells. 
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Figure 7.2: The Cayley tree. We see that the numbers of the nodes have been assigned 
along a spiral (solid line) starting from the center of the tree. 
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Figure 7.3: The Cayley tree. We imagine a DNA molecule folded around the fractal 
tree. The rule, denoted by the dotted line, is to explore the nodes of the tree without 
intersecting the tree, keeping the graph on the left hand, and avoiding the sites already 
explored. 
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determined by 

£m = [2i/m]-l, (7.11) 

where [• • •] denotes the integer value. 

As we can see, this map has the same laminar behavior of the map adopted 

in the previous chapters, without copying mistakes. We chose to adopt a different 

map, since the GHTM map has been the first to be proved to give raise to an a-stable 

Levy process, but we could also have taken any map of this kind, or any other exactly 

solvable generator of Levy statistics. 

If the unfolded DNA corresponded to the spiral, on the basis of the results 

recently reached by the authors of refs. [35, 7] we would reach the conclusion that 

H — 3/4 and that the corresponding distribution of x, the sum over the fluctuations of 

£, is a Levy distribution, namely a distribution strongly deviating from the Gaussian 

distribution. This is a consequence of the violation of the Lindemberg condition in 

the central limit theorem caused by the long-range correlation induced by the GHTM. 

However, the unfolded DNA corresponds to the path illustrated by Fig. 7.3. One 

might make the naive assumption that the folding process, which does not correspond 

to the regular spiral introduces an element of disorder making it possible to apply 

the central limit theorem. However, this might also have the unwanted effect of 

destroying completely the long-range correlation so as to make the unfolded DNA 

sequence totally indistinguishable from conventional Brownian motion. We shall see 

in Section 7.2 that quite surprisingly, the former part of the prediction is fulfilled but 

the second is not. 

Before concluding this section, we would like to mention that the Cayley tree 

was used by Abou-Chacra, Anderson and Thouless [52] to discuss the problem of 

Anderson localization in the case of a multidimensional lattice. More recently many 
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groups have been discussing the role that a correlated random distribution of energies 

on the lattice might have on the phenomenon of localization. The model of this section 

suggests, for intuitive geometrical reasons, that the correlated distribution of energies 

should follow the ordered spiral. The next problem to solve would be to establish 

whether the center of the globular molecule belongs to an extended state or not. 

This would equivalent to assessing the role of long-range correlations on conduction, 

a problem which is attracting the attention of an increasing number of investigator, 

and that shall become the subject of a future investigation of our group. 

7.2 Numerical Results 

From the figures of this section we find that the statistics of unfolded DNA 

is Gaussian, within the accuracy of the statistical analysis. The Geisel sequence 

along the spiral reveal a neat departure from Gaussian statistics as a result of the 

same kind of numerical analysis. Consequently the resulting Gaussian nature of the 

unfolded DNA cannot be a consequence of the numerical procedure. It is certainly a 

consequence of the disorder introduced by the folding prescription illustrated above. 

Figs. 7.4, 7.5 and 7.6 show the comparison between the folded and the unfolded 

sequence at different times. We see that the power-law tail is completely destroyed 

by the unfolding procedure, that renders the process Gaussian. We can say that the 

fractal structure of the folding of the sequence is equivalent to a short-range noise, 

with effects that are very similar to those of the CMM. 

7.3 Concluding Remarks 

The original results of this Chapter are two. The first refers to a practical real-

ization of Fractal Brownian motion. The second result has biological significance and 

refers to a "geometrical" perspective of the copying mistake mechanism introduced 
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in the preceding paper. 

Unfortunately, we do not have a rigorous mathematical explanation accounting 

for our numerical results. We are inclined to believe, however, on the basis of our 

numerical results, that fractal Brownian motion can be realized in practice by any 

physical process decoupling statistics from dynamics. To explain this aspect let us 

refer ourselves to the dynamical realization of Levy statistics by means of the Geisel 

map [7]. We have to run a large number of trajectories each corresponding to a 

different initial distribution. A possible initial distribution is given by the variable 

"velocity" £ at equilibrium , and the variable position x distributed according to a 

Gaussian. This means that the initial statistics of x will be Gaussian, and it will 

last Gaussian for a given amount of time. When the spreading mechanism creates a 

new distribution so large as to perceive the original Gaussian distribution as a Dirac 

delta function, the statistics will be dictated again by the dynamics according to the 

arguments detailed in Appendix A. In the case studied herein, the Gaussian nature 

of the initial distribution is generated by the unfolding process. However, since the 

unfolding is a process spanning the whole diffusion process, rather than only affecting 

the initial distribution, we think that it is equivalent to setting a Gaussian constraint 

on the distribution over the whole diffusion process. However, the unfolding process, 

though it is an efficient mechanism to set a Gaussian constraint on the ^-distribution, 

does not affect the special rescaling of space with "time", which is a typical aspect of 

the anomalous diffusion generated by the GHTM. 

We think that the results of this work also shed light on why several techniques 

recently used to study the statistics of DNA sequences, such as the detendred analysis 

[18] and the Hurst analysis [26] work in spite of the fact that there might be long-

range correlations. The detrended analysis [15,16] seems to be very close to the Hurst 

analysis and this, in turns, as discussed in ref. [26] is meaningful only if the process 
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considered is Gaussian. Only in this case is the so called Hurst coefficient H can be 

identified with a parameter defining the "speed" of diffusion process. 
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Figure 7.4: Comparison between the distributions of the folded vs. unfolded process 
at two different times. Upper figure: t = 25, the curve with the side peaks is the map 
generated process, while the other curve is the unfolded (DNA) one. Lower figure: 
same as before, t = 100. 
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Figure 7.5: Rescaling behavior of the Levy process generated with the map. 
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Figure 7.6: Rescaling behavior of the unfolded process. Upper left: a Gaussian 
function has been fitted for t = 25, and compared to the data. Upper right: the 
former Gaussian function rescaled according to FBM, compared with the data at 
t = 50. Lower left: same as before, t = 100. Lower right: same as before, t = 200 



CHAPTER 8 

CONCLUSIONS 

On the bases of the results obtained herein we are led to make the following 

final remarks. 

(a) We have introduced a new method of analysis of statistical sequences. The 

Onsager method is able to detect the principal correlational features of DNA se-

quences. No coarse-graining procedure is involved and no stationarity assumption is 

necessary. We shall determine in future work whether it is possible for this method to 

extract information from non-stationary CMM and if there axe real DNA sequences 

corresponding to this condition. Further work will be devoted to determine if the On-

sager method is able to detect important short-range correlations due to the presence 

of repeated sequences, codon usage properties, and other biological features. 

(b) We are now in a position to draw some interesting biological conclusions. 

The relative role of chance and necessity is one of the key issues in the present 

debate on evolutionary processes. According to the classical neodarwinist theory [40], 

mutations, the basis of genetic diversity, are the result of random discrete changes in 

the genetic material. Chance plays a fundamental role also in the dynamics of allele 

populations. Natural selection on the other hand acts on phenotypes, as an external 

constraint. More recently structural internal constraints, due to self-organization 

rules, have been considered as an important factor in evolution, particularly within 

the framework of the somewhat extremist view of autoevolutionists [41]. 

102 
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The CMM can be interpreted as a compromise between chance and determinism, 

since it clearly affords a dynamical picture which is the proper combination of the two, 

giving rise to a random fractal process. It must be stressed, however, that in this case 

the distinction between order and randomness is not so unambiguous as it might seem 

at first sight. In fact, we must emphasize that the dynamics that gives rise to the long-

range correlations is chaotic. On the other hand, the lack of short-range correlations 

(that in our picture is a consequence of the copying mistake fluctuations), is partly 

due to the fact that the ordered sequences of amino-acids of the coded proteins are 

not long-range correlated [42], and thus the corresponding DNA sequences may result 

in a random distribution. We demonstrated that long-range correlations can also be 

seen in exons as well as in introns. A possible biological explanation could be the 

following. There are reasons why DNA sequences develop a global order. This means 

that all types of sequences obey the same structural constraints (internal selection), 

while the coding sequences must also obey the functional constraint of the coded 

proteins, and thus the relative mutations are affected by Darwinian natural selection 

acting on phenotype (external selection). Nevertheless the latter are able to develop 

long-range correlations through a period-three periodicity that is naturally connected 

with the codon structure and also partly via the degeneracy of the code [45]. This 

property can only be detected by looking at very long distance scales. 

Lio et al. [19], who have observed another statistical property emerging via the 

code degeneracy, namely a relative abundance of G and C nucleotides in the third 

position of the codons in several coding regions, have interpreted this periodicity as a 

signal for an internal selection constraint. The long-range correlation, modulated with 

the same periodicity, of the virus genome of Fig. 6.3, might thus be the evolutionary 

response to certain internal constraints, or to constraints of the host cell. Along this 

line, the map dynamics responsible for the correlated motion (first term of r.h.s. of 
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(5.2)) can be associated with the internal selection. 

(c) Once the theoretical arguments of Chapter 4 (see also Appendix A) are 

established, and the reason why we restrict our analysis to the region (4.12) are 

understood, the nature of the generator of a specific ji seems to become essentially 

irrelevant. However, it should be clear by now why a specific choice of a given gen-

erator has to be made. It is relatively simple to associate anomalous diffusion in 

the range with 1/2 < H < 1 to the waiting time distribution with the index 

fj, in the range (4.12) and it is possible to prove that this is a dynamical realization 

of the Levy processes [7, 35]. However, as we have seen, the DNA sequences realize 

anomalous diffusion in a more complex way. First of all, the long-range properties are 

partially hidden by the interaction with the infinite-dimensional environment, thereby 

requiring the introduction of the CMM, which already implies a more complicated 

expression for the function V>(t). Furthermore, even in the long-time regime they show 

distinct high-frequencies oscillations. Accounting for all these properties by means 

of a suitable choice of a waiting time distribution would have turned out to be 

extremely complicated, and would not have illuminated these biological processes. 

This suggested that we choose a specific generator of an inverse power law, and we 

deal with the intricacies of DNA sequences through the joint use of this generator 

and random noise, or the joint use of three distinct generators (entanglement). 

Which is the most convenient generator of a distribution of waiting times with 

an inverse power law? The choice of a nonlinear deterministic map as a generator of 

an inverse power law is suggested by the "philosophical" arguments we illustrate in 

(d). In addition to this, as pointed out in the Introduction, this choice is also dictated 

by the criterion of efficiency. To make a convincing example, let us refer to the work 

of Liebovitch. This author made two distinct proposals to account for the fractal 

nature of the dynamics of ion channels. One is a deterministic map, of which (26) is 
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a special version. The other is a model where the inverse power law of the distribution 

of waiting times in the closed channel state [53] is determined by the fact that, due 

to the thermal activation, which in turn implies the interaction between the system 

and its environment, the particle jumps into wells of increasing depth. Although 

the resulting ip(t) in the latter case is the same as that given by the deterministic 

map, the numerical realization of it would require much more computer time, and 

would be less efficient than the deterministic map. Thus we see that our choice is 

dictated by a criterion of efficiency, elegance, and conceptual clarity. The adoption 

of the model where the waiting time distribution with an inverse time distribution 

is already determined by thermal fluctuation, and thus, by the interaction with the 

environment, would have made the distinction between determinism and randomness 

very confusing. 

In future work we will will investigate if it is possible to distinguish between 

these two kinds processes, and to shed light on the chance-necessity dichotomy in 

evolution. 

(d) Herein we established that if DNA sequences result, as they do, in long-

range correlations, and if they are stationary processes, then they must be a-stable 

Levy processes. This conclusion opens up avenues for further interesting work of 

both biological and statistical research relevance. To make this aspect transparent 

let us consider (4.1). The power (x of the waiting time distribution of the variable £ 

in one of the two states 1 or —1, in principle can range from // = 1 up to infinity. 

The region fx > 3 is where the usual form of the central limit theorem is recovered 

since it is possible to define the finite time scale r of (4.5). The region with // < 2 is 

incompatible with equilibrium. We thus reach the conclusion that a complex system, 

either physical or biological, "aiming" at realizing long-range correlations with no 

conflict with the requirement of taking place at equilibrium, has to locate itself in 
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the region 2 < fj, < 3. In the case of Hamiltonian systems, the reasons why the 

waiting time distribution ip(t) must have an inverse power-law structure of (4.11) 

are known [31], and are related to the fractal nature of the region at the border 

between the chaotic sea and deterministic islands. However, it is not yet known how 

to derive fj, from a Hamiltonian and consequently it is not yet understood why the 

power fj, has so far always been found, as a result of numerical observation, in the 

range (4.12). We are tempted to say that it must be so, if we have to fulfill the tenet 

that thermodynamical equilibrium is compatible with a microscopic derivation, but 

more direct evidence would be welcome. 

In the case of DNA sequences, the situation is similar: the implication of DNA 

tertiary structure in eukariotes [13] represent a biophysical argument, which can be 

considered the counterpart of the Hamiltonian arguments mentioned earlier, estab-

lishing that the distribution of waiting times must be an inverse power law. Moreover, 

from the work of Grosberg we can obtain a prediction for what concern the value of fi, 

that is 2/3. However, this prediction is not valid for prokariotes, and we have shown 

that we have long-range correlation at least in long-DNA viruses affecting human 

beings. Has this to do with a "Darwinian" selection for viruses? In other words, for 

an external DNA segment to be efficient in a host cell, is it necessary for it to obey 

certain constraints, one of them being a long-range correlation with a certain power? 

This kind of conjecture has to be tested in future work, for the important genetical 

implication that it may have. 

However, we think that the analysis made herein indirectly proves that, within 

a coarse graining at least, the states 1 and —1 are characterized by an inverse power 

distribution of waiting times. Where is the power /i expected to be located in the 

case of DNA sequences? The analyses of this paper show that in the case of DNA 

sequences the condition (4.12) corresponding to the dynamical realization of Levy 
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processes is fulfilled. However, we cannot rule out the possibility that in some cases 

fi < 2, which would correspond to ballistic motion, with H = 1, studied by Zumofen 

and Klafter [35]. We cannot rule out the possibility that H > 1, either. This would 

be in conflict with either the assumption that the stationary correlation function (4.4) 

can be defined or that the fluctuations of £ are independent of x. We have adopted 

the strategy of first investigating the consequences of a dynamical model compatible 

with (4.3). The Onsager method allowed us to say something about the violations of 

this picture. 

We must also point out that according to the dynamical modelling for the 

DNA sequences proposed in this paper, such sequences are not derived only from 

the deterministic map, but they result from the joint dynamics of the deterministic 

map and noise (CMM), or from the parallel run of three independent CMM's. This 

makes it difficult, if not impossible, to establish all the dynamical properties in terms 

of a simple analytical expression of ip(t). However, it has also the attractive effect 

of disclosing a channel for the short-time dynamics to show up in the long-time 

regime, which according to traditional wisdom is expected to be dominated by an 

inverse power-law decay, if this exists. We think that the statistical dynamics of 

these processes is worth a more careful analysis. 
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DINAMICAL DERIVATION OF LEVY PROCESSES 
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A.l An exact equation for diffusion resulting from a dichotomous fluctu-

ating variable. 

It is possible to describe a diffusion process 

®(*) = v{t) (A.l) 

adopting the Liouville-like picture 

= l + (A.2) 

where R denotes the set of additional variables necessary to define the dynamics of y. 

In the special case where we adopt a nonlinear map as a dynamical generator, as in 

Chapter 5, we can obtain to some extent an erratic behavior for y without introducing 

additional variables. However, we want to keep our treatment at a level as general as 

possible. Thus, we adopt the general notation of (A.2). We make only the simplifying 

assumption that y is a dichotomous variable, 

y = ±W, (A.3) 

but, for generality we allow y ^ 1, so that it is possible to use the theory of this 

Appendix for other problems where (y2) might play the role of a temperature. 

From a formal point of view we can imagine the classical variable y as a sort of 

operator characterized by the two eigenstates |+) and |—), 

y|±) = ±W\±). (A.4) 

We do not set any bias, namely we want to give the same statistical weight to the 

two states. Thus we assume the equilibrium state to be given by 

b°> = (1+) + I - ) ) • (A.5) 
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Formally this means that the application of y to the equilibrium state results in the 

"excited" state defined by 

(A.6) 

In general, for a complete description of the dynamical process one has to consider 

more than two states. We write 

(yy(t)) = (po\yerty\po) = W2{pi | e r V ) „ (A.7) 

Due to the dichotomous nature of the variable y we have 

{Pi\eVt\Pi) = S (a-8) 
^ o 

where the |^)'s are eigenstates of the operator f1, with eingenvalue AM, distinct from 

|po)> which is the eigenstate with vanishing eigenvalue (the equilibrium state). Note 

that \fx = 0) = |po)- Within the framework of this quantum-like formalism, it is 

convenient to define 

= (j*\p{x>y> R;*)>, (A.9) 

with fj, = 0,1,2,---. We are interpreting the distribution p of (A.9) as a sort of ket 

vector |/>). By multiplying (A.2) on the left by the states \(x) we get: 

d °° d 
—a0(x;t) = -W £ 

—a^x- t ) = - W a ^ — a o - A ^ & t ) (A.10) 

with pi = 1,2, • • -, and = {fi\y\p0). 

By solving the second equation and replacing the solution into the former equa-

tion, we get: 

W 2 £ k l 2 / ' r f i ' e - ( K ; t ) . (A.11) 
^0 J U U X 
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From now on we shall focus on the reduced density matrix cr0(.x; t) and for the sake of 

simplicity we shall omit the subscript 0. Using (A.7) and (A.8) we can rewrite (A.11) 

in the form 

§ta(x'^ = L ( A - 1 2 ) 

In conclusion, in the dichotomous case we can express the time evolution of 

the probability distribution by means of an exact equation, (A.12). This is a sort of 

generalization of the results obtained by Horstemke and Lefever [54] in the special 

case of an exponential correlation function. 

Notice that if we integrate the equation of motion (A.l), under the assumption 

of stationarity, namely that the correlation function (2/(̂ 1)2/(̂ 2)) only depends on 

|̂ i — <21» we find 

= 2 Jq dt'(yy(t -1')) + (z2(0)>, (A.13) 

which coincides with the prescription that one one would obtain from (A.12). This is 

not surprising, since both (A.12) and (A.13) are exact results. 

A.2 The Levy process as a time asymptotic limit 

Let us define now the normalized correlation function 

• , W - (A-U) 

and assume that this function decays to zero without oscillations making them neg-

ative. In this condition, it makes sense to define the "microscopic" time scale 

TOO 
T = Jo $y{t')dt'. (A.15) 

If this time scale exists and is a nonzero finite constant, it is straightforward to show, 

using the central limit theorem, that the diffusion process for x taking place at times 

much larger than r becomes indistinguishable from an ordinary Brownian diffusion. 
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The simplest possible way to extend the analysis beyond this ordinary condition, 

and so using the exact equation (A. 12) to address non-trivial problems is to assume: 

$ (t) = ,, t > 0, (A.16) 
yW {AW + tf 

with 

0 < /? < 1. (A.17) 

Note that the form chosen for the correlation function makes it possible to fulfill the 

normalization condition: 

S,(0) = 1. (A.18) 

The condition (A.17) corresponds to a similar condition already examined in the 

preceding Chapters concerning the waiting time distribution in one of the two states 

of the variable y, |+) and |—), rather than the correlation function. The condition 

(A.17) corresponds to extremely extended sojourn times in these states. For this 

reason, we think that an extremely good approximation to apply to (A. 12) is 

1 f°° 
a(x,t — t') — ~ dx'6(Wt'— \x — x'\)a(x',t). (A.19) 

2 J—oo 

For times t' such that |f'| < (t), where (t) is the mean sojourn time in one of the two 

states, (A.19) is an exact property. The relation (A.19) becomes an approximation 

only for times larger than (t). 

By inserting (A.19) into (A.12) we obtain, with no approximation, 

I »(*.') = lwHdx'* <A-20> 
where the function is defined by means of 

• M = (A-") 
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What is the physical meaning of ^(t)? Let us consider the function 

m = (A.22) 

This is a distribution of times. If we evaluate the mean value (t) averaging on this 

distribution we get: 
AW 

{(> = — , (A.23) 

and tjj{t) fits the normalization condition 

poo 

/ dM) = 1. (A.24) 
Jo 

To assess the nature of this time distribution we rewrite (4.10) [34], 

1 r°° 
$»(*) = ( iy/ t $ ~ (A-2 5) 

connecting the correlation function $y(t) to the distribution of the sojourn times in 

the states |+) and |—), 4>s(t). By differentiating (A.25) twice we establish that 

</>,(*) - (A.26) 

and thus reach the conclusion 

1>{t) = (A.27) 

Note that using (A.21) and (A.16), we can rewrite (A.20) as follows 

= W + 1 ) A r- ^ ( A 2g) 

2 J- oo (Ax!PW + \x — x'\) 

This result (A.28) establishes a direct connection with the Levy processes. Se-

shadri and West [55] have established that a centro-symmetric Levy stable process, 

namely a diffusion process with a distribution the Fourier transform (characteristic 

function) of which is given by 

a(k,t) =e~bWat (A.29) 
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obeys the following integro-differential equation 

9 , , 
= 6ri"(f)r(1 + Q)/Idl'j^p«- <A-3°) 

Making the plausible assumption that the short-range region \x — x'\ « AllPW does 

not contribute to the long-time Levy process, (A.28) becomes identical to a Levy 

process with 

27T/7Q3 + 1 )AWP+1 

~ sin T(p + 2)' ^A'31^ 

Note that at /? = 1, as it must be, the decay rate becomes proportional to W2, 

which can be identified with the mean quadratic value of the "velocity" y. Throughout 

the whole anomalous diffusion regime 0 < /? < 1 the decay rate depends on a fractional 

value of the "temperature". It is interesting to notice that (A.13) together with (A.16) 

leads to the asymptotic property: 

lim(x2(t)) = Kt2H, (A.32) 

with 

TT , (3 

H=1~2- ( A - 3 3 ) 

On the basis of this property one would be led to expect that the following rescaling 

will take place: 

= oo (A.34) 

with 

S = H. (A.35) 

However, the theoretical results of this section indicate that the resulting dif-

fusion process is of Levy kind. Consequently the correct rescaling is given by (A.34) 
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with 

( = p h - <A-36» 

The numerical results of Figs. A.l and A.2 fully support this prediction. Note 

that the curves of Fig. A.l are plotted with respect to the variable £ = x/ts, with 

<5 = l/(/3 + 1), namely by assuming the rescaling (A.36) to be true, whereas Fig. 

A.2 refers to £ = x/ts, 6 = H and thus implying the rescaling (A.35) to hold. By 

inspection of these figures we see that the rescaling (A.35) is ruled out, whereas the 

rescaling (A.36) results in satisfactory agreement with the numerical results. 

A.3 Exact form of the distributution and of the characteristic function 

In this Section we put together the informations about the ^-distribution stem-

ming from this process and, in order to assess the validity of the theory, we calculate 

the characteristic function 

C(t) = (eikx), (A.37) 

where (...) denotes the ensemble average, both analytically and numerically. The 

complex exponential, averaged on the stationary distribution of the process is different 

from (A.29); in fact the ct-stable Levy process defined by (A.29) does not take into 

account the fact that the distribution must be truncated, namely the distribution 

must be equal to zero for x < —Wt and x > Wt. In Fig. A.l we see the result of 

a numerical simulation of the model (A.l) and (A.3). We see that the distributions 

are identical to what is predicted by (A.29) in the interval —Wt < x < Wt, but 

there are no tails outside this interval. These are substituted by ballistic peaks at 

x = ±Wt. The heigth of these peaks can be evaluated by considering them as the 

accumulation of the particles that would be in the tails if there was not a ballistic 

limitation due to (A.l). One may think that asymptotically the peaks will vanish, 
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Figure A.l: Rescaled probability distributions for different times. The solid line refers 
to t = 10000, the large dashed one to t = 1000, the small dashed to t = 500, the 
dotted to t = 200, the large dotted-dashed to t = 100 and the small dotted-dashed 
to t = 50. The distribution for t = 10000 is not varied in this scale. The other ones 
have been rescaled according to 6 = 1/(13 + 1). 

but from the rescaled distributions of Fig. A.l we see that the ratio between their 

height and the height of the principal peak at x = 0 is actually an increasing function 

of time. Asymptotically the sum of the two peak height is 

/ —Wt poo 
a(x,t)dx + / a(x,t)dx, 

-CO J\Vt 

(AM) 

that can be proved to be proportional to the correlation function of the variable y. 

In fact, the first expansion of the Levy distribution tails is a(x,t) oc t/\xf+2, so that 
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Figure A.2: Same as in Fig. A.l, but the rescaling relation is given by 6 = H = 
1 - 0/2. 

(A.38) result in A(t) oc t~P. One can also think about the height of the peaks as the 

probability of finding a laminar region (namely a region with all y = W or y — —W) 

that is larger than t. Using the same arguments leading to (A.22) [34] it is possible 

to prove that this is just the correlation function, namely 

A (t) = $„(*). (A.39) 

Now we can evaluate (A.37) by partitioning the integral in three pieces. We can 

write the total characteristic function as 

C(t) = f dxelkxa(x,t) 
J — OO 
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+ m f ° dxeikx [<5(z + Wt)+S{x- Wt)] 
21 J — OO 

_ f°° dxe,kxt /K AnS 

- 2 L w ( a ' 4 0 ) 

where the truncated Levy process in the tails is substituted by the ballistic peaks. 

In the asymptotic regime the last member of the r.h.s. of (A..40) is negligible. The 

first member is just the Fourier transform of a(x, t), that is given by (A.29), and the 

second member just gives A(t)cos(kt). Thus, for the characteristic function C(t) we 

can write 

C(t) = e-b'fc' 4 + $y(t)cos(kt); (A.41) 

notice that this form is not valid for short times. For t < however, the peaks 

that are responsible for the second term of the r.h.s of (A.40) are the most important 

contribution and C(t) = cos(kt). 

In Figs A.3, A.4, A.5, and A.6 we see the numerical results for the characteristic 

functions for different choices of the model parameters. We notice that in all cases 

the first regime is well fitted by a cosine function, while equation (A.41) also fits well 

for intermediate times. The asymptotic regime, in other words, is attained as soon as 

it is possible to make a continuous approximation to the distribution functions (see 

Fig A.3). The cosine behavior is the track of a dichotomous process, due to the fact 

that for times smaller than (t) the distributions cr(x,t) are essentially dominated by 

the ballistic peaks. Notice that equation (A.41) can have a variety of behaviors: in 

particular with a choice of a large |&| value the first member of the r.h.s of (A.41) 

can be made negligible, so that the characteristic function reduces to $>y(t)cos(kt) 

(see Fig. A.4). On the other hand a choice of very small |A;| may make the first 

term on the r.h.s of (A.41) the dominant one for the short- and intermediate-time 

regimes. This is especially true when (3 is chosen near unity. In this latter case (see 
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Fig. A.5) the characteristic function is almost indistinguishable from an exponential 

for all the times it can be computed. It has to be said that even in this case the small 

contribution of the second term of the r.h.s. of (A.41) will sooner or later dominate, 

since the cosine is modulated with a function that is non-integrable, even though 

it has small numerical values. The property that the characteristic function in the 

short time region is essentially a harmonic function of time, with negligible damping, 

is made evident by the results of numerical calculations by making suitably extended 

this initial time region. This can be done by using very large values of A, which mean 

very large values of (t). This condition is conveniently illustrated by Fig. A.6. 
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3 6 0 4 ( 1 ) 0 4 5 0 

Figure A.3: Characteristic function. Here (3 = 0.5, k = 0.1, A is measured to be 
» 0.5 by the evaluation of the correlation function (not shown here). The solid line is 
the numerical evaluation of the characteristic function, while the dots are a sampling 
of the function (A.41) for the corresponding parameters. 
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Figure A.4: Characteristic function. Here /? = 0.5, k = 1.0, 4̂ « 0.5. The solid 
line represent the numerical evaluation of the characteristic function. The two dotted 
lines over and under the curve are the correlation function (A. 16) and its opposite. 
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Figure A.5: Characteristic function. Here (3 = .99, k = 0.05, A « 1. The solid line 
represent the numerical evaluation of the characteristic function, while the dots are 
a sampling of the function (A.41) for the corresponding parameters. 
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Figure A.6: Characteristic function. Here /? = 0.7, k = 0.1, A « 41.1: the solid 
line represent the numerical evaluation of the characteristic function, while the upper 
dashed curve is A/t13. 



BIBLIOGRAPHY 

[1] P. Allegrini, M.Barbi, P. Grigolini and B. J. West, Phys. Rev. E, 52, 5281 (1995). 

[2] P. Allegrini, P. Grigolini and B. J. West, Phys. Lett. A, 211 217 (1996). 

[3] B. J. West, P. Allegrini and P. Grigolini Dynamical Generators of Levy Statistics 

in Biology (in press) 

[4] P. Allegrini, L. Bonci, P. Grigolini, and B. J. West, to appear in Phys. Rev. B. 

[5] P. Allegrini, P. Grigolini, and B. J. West, submitted to Phys. Rev. E. 

[6] M. Bianucci, R. Mannella, B. J. West P. Grigolini Phys Rev. E 51, 3002 (1995) 

[7] G. Trefan, E. Floriani, B. J. West and P. Grigolini, Phys. Rev. E 50, 2564 (1994) 

[8] B. J. West and W. Deering, Phys. Rep. 246, 182, 1-100 (1994) 

[9] For what concerns the biological and genetical part of this dissertation the refer-

ence texbook is the book written by M. Polsinelli, M. Buiatti, E. Ottaviano, F. 

Ritossu, Genetica (Firenze, Sansoni, 1984). The interpretations of the different 

biological theories, and of our results have been formulated in accord with the 

opinions of prof. M. Buiatti and prof. L. Galleni, that clarified to us most of 

the biological problem we were touching, during many important and fruitful 

discussions. 

[10] H. Lee, Phys. Rev. Lett. 51, 1227 (1983). 

[11] ( B. B. Mandelbrot The Fractal Geometry of nature (W. H. Freeman, New York, 

1983) 

124 



125 

[12] W. Li and K. Kaneko, Europhys. Lett. 17 (7), 655 (1992) 

[13] A. Grosberg, Y. Rabin, S. Havlin and A. Neer, Europhys. Lett. 23 (5), 373 (1993) 

[14] R. Voss, Phys Rev. Lett. 68, 3805 (1992); Fractals 2 (1), 1 (1994) 

[15] C. K. Peng, S. Buldyrev, A. L. Goldberg, S. Havlin, F. Sciortino, M. Simons and 

H. E. Stanley, Nature 356, 168 (1992) 

[16] H. E. Stanley, S. V. Buldyrev, A. L. Goldberg, Z. D. Goldberg, S. Havlin, R. 

N. Mantegna, S. M. Ossadnik, C. K. Peng and M. Simons, Physica A 205, 214 

(1994) 

[17] S. M. Ossadnik, S. V. Buldyrev, A. L. Goldberger, S. Havlin, R. N. Mantegna, 

C. -K. Peng, M. Simons and H. E. Stanley, Biophysical Journal 67, 64 (1994) 

[18] C. -K. Peng, S. V. Buldyrev, , S. Havlin, M. Simons, H. E. Stanley and , A. L. 

Goldberger, Phys Rev. E 49 1685 (1994) 

[19] P. Lio, S. Ruffo and M. Buiatti, J. Theor. Biol. 171, 215 (1994) 

[20] F. Bagnoli, P. Lio, in preparation 

[21] H. Herzel, W. Ebeling and A.O. Schmitt, Phys. Rev. E 50, 5061 (1994) 

[22] L. S. Liebovitch, Math. Biosciences 93, 97 (1989) 

[23] J. Feder, Fractals (Plenum Press, New York, 1988) 

[24] S. K. Ma, Introduction to Critical Phenomena 

[25] H. E. Hurst, Trans. Am. Soc. Civ. Eng. 116, 770 (1951) 

[26] R. Mannella, P. Grigolini and B. J. West, Fractals 2 (1), 81 (1994) 



126 

[27] L. S. Liebovitch and T. I. Toth, J. Theor. Biol. 148, 243 (1991) 

[28] L. Onsager, Phys. Rev. 37, 405 (1931); ibid. 38, 2265 (1931) 

[29] R. Ishizaki, H. Hata, T. Horita and H. Mori, Prog. Theor. Phys. 84, 179 (1990); 

R. Ishizaki, T. Horita, T. Kobayashi and H. Mori, ibid. 85, 1013 (1991) 

[30] J. Klafter, G. Zumofen and M. F. Shlesinger, Fractals 1, 389 (1993); G. Zumofen 

and J. Klafter, Europhys. Lett. 25, 565 (1994) 

[31] J. D. Meiss and E. Ott, Phys. Rev. Lett. 55, 2741 (1985); Physica D20, 387 

(1986) 

[32] J. D. Hanson, J. R. Cary, J. D. Meiss, J. Stat. Phys. 39, 27 (1985) 

[33] C. F. F. Kearney, Physica 8D, 360 (1983) 

[34] T. Geisel, J. Heldstab and H. Thomas, Z. Phys. B - Condensed matter 55, 165 

(1984) 

[35] G. Zumofen and J. Klafter, Phys Rev. E 47, 851 (1993) 

[36] S. V. Buldyrev, A. L. Goldberger, S. Havlin, R. N. Mantegna, M. E. Matsa, C. 

-K. Peng, M. Simons and H. E. Stanley, Phys Rev. E 51 (in press) 

[37] C. -K. Peng, S. V. Buldyrev, A. L. Goldberger, , S. Havlin, M. Simons and H. 

E. Stanley, Phys Rev. E 47, 3730 (1993) 

[38] Note that throughout this paper we denote by C(T) the correlation function as 

a "dynamical" property derived from the analysis of experimental data, either 

adopting the Voss prescription [14] or the Onsager regression method of Chapter 

4. We shall adopt the symbot to stress the connection with the dynamical 



127 

theory of Chapter 3. In the case of analyses with no error C(t) should concide 

with $£(£)• 

[39] L. E. Reichl A modern course in Statistical Phisycs edited by Edward Arnold 

Ldt (Texas Press, 1980) 

[40] Genetic Constraints on Adaptive Evolution edited by V. Loeschcke (Springer-

Verlag, Berlin, Heidelberg, 1987) 

[41] A. Lima-de-Faria Evolution without Selection: Form and Function by Autoevo-

lution (Elsevier, Amsterdam, 1988) 

[42] E. I. Shakhnovich and A. M. Gutin, Nature 346, 773 (1990) 

[43] E. Mayr, L'evoluzione delle specie animali (Einaudi, Torino 1971) 

[44] C. H. Waddington Evoluzione di un evoluzionista (Armando, Roma, 1980) 

[45] M. Kimura The Neutral Theory of Molecular Evolution (Cambridge University 

Press, Cambridge, 1983) 

[46] D. G. Arques and C. J. Michel, Math. Biosc. 123, 103 (1994) 

[47] I. Prigogine La nuova alleanza (Longanesi, Milano 1979) 

[48] H. Bethe, Proc. R. Soc. London, Ser. A 216, 45 (1935). 

[49] D. StaufFer, A. Aharony, Percolation Theory, Taylor and Francis, London (1992). 

[50] S.M. Risser, D.N. Baratan, andf J. N. Onuchic, J. Phys. Chem. 97, 4523 (1993). 

[51] S.M. Risser, D.N. Baratan, J. Am. Chem. Soc. 115, 2508 (1993). 

[52] R. Abou-Chacra, P.W. Anderson, and D.J. Thouless, J. Phys. C 6, 1734 (1973). 



128 

[53] In the original model of Liebovitch only the closed channel state is assumed to 

have a dynamics leading to an inverse-power law distribution. It would straight-

forward, however, to use this modelling for both states, thereby leading to a 

model totally equivalent to to that illustrated in Chapter 3. 

[54] W. Horsthemke and R. Lefever, Noise induced transitions, theory and applica-

tions in physics, chemistry and biology, Springer, Berlin, 1984. 

[55] V. Seshadri and B. J. West, Proc. Natl. Acad. Sci. U.S.A. 79, 4051 (1982). 


