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The evolution of classically chaotic quantum systems is analyzed 

within the formalism of Quantum Pseudo-Probability Distributions. 

Due to the deep connections that a quantum system shows with its 

classical correspondent in this representation, the Pseudo-Probability 

formalism appears to be a useful method of investigation in the field 

of "Quantum Chaos." 

In the first part of the thesis we generalize this formalism to 

quantum systems containing spin operators. It is shown that a 

classical-like equation of motion for the pseudo-probability 

distribution Pw can be constructed, dpw/dt = (LCL + LQGDJPŴ  which is 

rigorously equivalent to the quantum von Neumann-Liouville 

equation. The operator LCL is undistinguishable from the classical 

operator that generates the semiclassical equations of motion. In the 

case of the spin-boson system this operator produces semiclassical 

chaos and is responsible for quantum irreversibility and the fast 

growth of quantum uncertainty. Carrying out explicit calculations for 

a spin-boson Hamiltonian the joint action of LCL and LQQD is 

illustrated. It is shown that the latter operator, LQGD makes the spin 

system 'remember' its quantum nature, and competes with the 

irreversibility induced by the former operator. 



In the second part we test the idea of the enhancement of the 

quantum uncertainty triggered by the classical chaos by 

investigating the analogous effect of diffusive excitation in 

periodically kicked quantum systems. The classical correspondents of 

these quantum systems exhibit, in the chaotic region, diffusive 

behavior of the unperturbed energy. For the Quantum Kicked 

Harmonic Oscillator, in the case of quantum resonances, we provide 

an exact solution of the quantum evolution. This proves the existence 

of a deterministic drift in the energy increase over time of the 

system considered. More generally, this "superdiffusive" excitation of 

the energy is due to coherent quantum mechanical tunnelling 

between degenerate tori of the classical phase space. In conclusion 

we find that some of the quantum effects resulting from this fast 

increase do not have any classical counterpart, they are mainly 

tunnelling processes. This seems to be the first observation of an 

effect of this kind. 
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CHAPTER 1 

INTRODUCTION 

§ 1 . 1 The "Quantum Chaos Problem" 

The full effect of chaos in classical systems as manifest in their 

microscopic counterparts remains an open question. It is for this 

reason that investigators choose their words very carefully and 

rather than say "quantum chaos" they use a circumlocution such as 

"quantum manifestation of chaos." Thus the "Quantum Chaos 

Problem" refers to understanding a collection of general behaviors, 

found in several quantum systems derived from classical models 

possessing chaotic solutions. Each and every model, such as the 

Quantum Kicked Rotator [1] or the microwave ionization of Hydrogen 

atom [2], is associated with the phenomenon of the "quantum 

suppression of classical chaos," and each model provides a separate 

and distinct mechanism for the suppression of chaos. The typical 

situation is the following one: if we consider the dynamical evolution 

of a quantum system whose classical counterpart shows chaotic 

behavior, we find that very little of the classical features are 

retained in the quantum system. In particular phenomena such as 

sensitive dependence on initial conditions or the diffusive behavior 

of the classical observables are washed out by the quantization 

procedure . In other words all the quantum systems analyzed so far, 

with very few and not yet completely explained exceptions, show a 
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more stable evolution with respect to a classically non-integrable 

perturbation (eg. in the Rydberg atoms the localization of the 

diffusive excitation occurs only for sufficiently high frequency of the 

external force) 

Several theoretical explanations have been proposed to explain 

this inhibition of the erratic evolution that occurs in the quantum 

domain, eg., the "dynamical localization of diffusive excitation" in the 

Quantum Kicked Rotator [3] or the generally accepted idea that the 

classical chaotic dynamics implies an inconsistency between the 

Quantum Uncertainty Principle [4] and the detailed and complex 

structure that arises on all scales in the phase space for a chaotic 

trajectory. Besides these ideas there is a simpler and more obvious 

justification of the increased stability of quantum over classical 

systems. Quantum mechanics is a linear theory, regardless of the 

form of the Hamiltonian used to described the system the equations 

of motions for the quantum observables are linear differential 

equations, although in most cases they are of infinite dimension. This 

means that if we restrict ourselves to considering bounded and 

autonomous quantum systems the spectrum is discrete, whereas for 

a classical system the spectrum can be continuous. This property has 

important consequences for the evolution of quantum systems. The 

occurrence of a discrete spectrum inhibits the quantum system so 

that typical features associated with chaos such as critical sensitivity 

on initial conditions or strong statistical behavior like mixing 

properties do not arise [5]. On the other hand under certain 



conditions a system with a discrete frequency spectrum can have an 

evolution that looks non-periodic and very irregular. 

If, on the contrary, we consider non-autonomous systems and in 

particular those which are perturbed by an external periodic force 

such as the quantum kicked rotator or the driven hydrogen atom, the 

spectrum of the Floquet operator, i.e., the time evolution operator 

referring to one period of the external perturbation, can be 

continuous. Nevertheless, also in this case, the time evolution of the 

quantum observables show quasiperiodicity and reversible behavior. 

In other words the very nature of quantum mechanics, i.e., its 

intrinsic linearity, prevents the quantum motion from the 

exceptional complex features of nonlinear dynamics. 

Probably the most famous example of the conceptual difficulties 

involved at the very root of Quantum Chaos is represented by the 

absence of a quantum definition of integrability. In classical 

mechanics the concept of integrability is of fundamental importance 

since it divides all the hamiltonian systems into two physically 

distinct classes. For N-dimensional integrable systems each trajectory 

is confined to smooth manifolds which have the topology of N-

dimensional tori. The motion of the system is quasi-periodic and the 

dynamics is considered regular in the sense that the time evolution 

can be reliably obtained by approximated methods. In non-

integrable systems there is no such global phase space structure. The 

phase space structure shows on the contrary extraordinary 

complexity and in general initially nearby trajectories have 



completely different evolution. In this case no approximate method 

can be used to obtain an accurate long time solution of the system. In 

classical mechanics a N-dimensional hamiltonian system is called 

integrable if 

a) there exist N smooth single-valued constants of motion 

I=(I i , I2 , I3 . . . IN) 

{H,I} = 0 (1.1.1) 

where { , } denotes the Poisson bracket; 

b) the constants I are functionally independent of each other; 

c) all the N constant are in involution, i.e., 

{Ii,Ij} = 0 i,j= 1,2, ... , N . (1.1.2) 

A natural generalization of the above definition is obtained, in accord 

with Dirac's prescription, by replacing the Poisson bracket with the 

commutators of the corresponding quantum operators [6,7] 

. (1.1.3) 

It must be noticed that some difficulties still remain in the definition 

of the degrees of freedom of a quantum system especially when the 

Hamiltonian contains non-classical operators such as the spin 

operators. However, if we restrict the analysis to quantum systems 



which can be quantized unambiguously, we may try to extend the 

above classical definition into the quantum domain. A quantum 
/s 

system with a Hamiltonian operator H is thus called integrable if 
/ s 

a) there exist N observables !i that are constants of the motion 

[SjJ = o . ( 1 . 1 .4 ) 

b) all the N observables are simultaneously measurable, i.e., 

[li,Ij] = 0 i,j = 1,2,3,-•• N (1.1.5) 

The problem is now to assess whether this definition can be used, 

as in the classical case, to draw a clear distinction between regular 

systems and those that show some aspect of irregular behavior. This 

point has recently been discussed by Weigert [7], He showed that the 

above definition suffers from internal contradictions, i.e., each 

quantum system representing counterparts of classically non-

integrable system can be proved to possess enough constants of 

motion to render the system integrable. On the other hand, for all 

quantum systems whose classical counterparts are integrable, it is 

possible to construct only one constant of the motion which includes 

all the information contained in the N conserved quantum operators. 

In other words, using a statement of the quoted author, "the 

appealing phenomenological distinction between regular and chaotic 



quantum systems cannot be traced back to the present notion of 

'quantum integrability1 in a mathematically rigorous way." 

In spite of the absence of a well founded mathematical 

background, the quantum chaos problem has drawn increasing 

interest in the last few years. The studies that have been made to 

date are generally divided into two main categories [8]. The first case 

considers the explicit classical limit of a quantum system. The 

problem is to resolve the paradox that quantum mechanics cannot 

support the irregularity in the time evolution exhibited by classical 

systems and at the same time, according to the Correspondence 

Principle, in the semiclassical limit recover the classical result. This 

analysis involves subtle difficulties in the definition of the classical 

limit and from a certain point of view can be connected with 

measurement theory, i.e. the physical consequences of the 

interactions between a quantum system and a "large classical" 

instrument used to measure it [9]. 

In the second category the attention of the analysis is focused on 

the manifestations of classical chaos in quantum systems without 

making any reference to the classical system itself. The point here is 

to find in the quantum domain general features linked with the 

occurrence of chaos in the associated classical evolution. Said in a 

different way one would like to answer the following question: "Do 

quantum systems that in the classical limit are chaotic exhibit any 

particular microscopic behavior?" Probably the most important 

example of this line of investigation is the analysis of the spectrum of 



a classically non-integrable quantum system [8]. There is a general 

consensus that the distribution of eigenvalues of the quantum 

system depends on the integrability of the associated classical 

system. In particular the level spacing distribution (i.e., the 

probability that a quantum level at energy E has a neighbor quantum 

level with energy between E and E+dE) seems to fit this idea [10]. The 

following law is believed to apply: level spacing distributions that are 

small for small spacing (corresponding a spectrum dominated by 

avoided level crossing) corresponds to quantum system whose 

semiclassical equations show chaotic behavior. 

In this thesis we focus our attention on the manifestations of 

semiclassical chaos on the temporal evolution of quantum system. 

The analysis is carried out within the Wigner Pseudo-Probability 

formalism, an equivalent formulation of Quantum Mechanics 

introduced by E.P. Wigner [11]. The reason for this choice is 

essentially due to the formal analogies between the "Wigner 

interpretation" of quantum mechanics and the classical statistical 

formalism. The first studies along this line of investigation were 

performed by Berry et al [12]. Their analysis is mainly concerned 

with the semiclassical limit, i.e., h->0, of the Wigner function. In 

particular, they investigated the quantized version of a chaotic two-

dimensional area preserving map, and discovered in the semiclassical 

parameter regime, two important effects. In the first it is shown that 

the Wigner distribution fails to follow the semiclassical dynamics 

when the exceptionally complex details of the classical phase space 



8 

involve areas of the size of H or smaller. The second point concerns 

the general form of the Wigner function (or equivalently of the wave 

function), they found that in the semiclassical regime the "stochastic 

wave functions" are "dominated by dense clusters of caustics and 

characterized by multiple scales of oscillations" 

In our analysis we do not explicitly consider the semiclassical 

limit but rather we use the Wigner formalism as an equivalent 

formulation of quantum mechanics. The analysis is mainly focused on 

those quantum aspects that, in the Wigner formalism, appear to be 

directly associated with the chaotic behavior of the associated 

classical system. In particular we study the evolution of the quantum 

uncertainty in the spin-boson system and analyze the analogous 

phenomenon of the diffusive excitation in the motion of periodically 

kicked quantum systems. In fact, as will be clear in the following, if 

on the simplest level we neglect the effects of the quantization in the 

dynamical equation for the Wigner density, it is straightforward to 

forecast a dramatic increase of the quantum uncertainty unexpected 

on the basis of standard quantum mechanics [13,14]. In our opinion, 

a complete understanding of this effect in the full quantum regime is 

of fundamental importance. In fact, if confirmed , this would open 

new avenues to the macroscopic manifestation of quantum 

mechanics and to this end, we assess the role of the quantum effects 

on the above predicted phenomenon. 



§ 1 . 2 Outline of the Thesis 

The outline of the thesis is as follows. In chapter 2 we review the 

most important features of the Wigner formalism. In addition to this 

we briefly describe an equivalent formulation of the Wigner 

distribution that makes use of the concept of a quantum 

characteristic function which is used to extend the Wigner formalism 

to other kinds of quantum pseudo-probabilities. The advantages as 

well as the difficulties of using this method are recorded in the final 

section of this chapter. 

Chapter 3 is devoted to the analysis of the spin-boson model. 

After reviewing the most important features of the classical and 

quantum models we generalize the Wigner formalism to this 

hamiltonian system. Using this generalized method we establish that 

the dynamics of the spin-boson system can be explicitly divided into 

two pieces. The Liouvillian is L = LCT + Lqgd, the first operator Lei gives 

exactly the semiclassical description of the evolution of the system; 

the second operator LQGD, coined Quantum Generating Diffusion, takes 

the constraint posed by the quantization rules into account. We 

investigate in detail the interplay of these two contributions in the 

dynamics of the spin-boson system. In particular we study the 

"Semiclassical trajectories approximation" corresponding to 

neglecting LQGD in the evolution of the Wigner distribution. Within 

this approximation scheme the quantum system is expected to show 

dissipative and irreversible behavior, i.e. fast growth of the 

uncertainty of field variables, and the increase of the subsystem 
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entropy. Numerical techniques are used to check this theoretical 

expectation and to assess the role of LQGD. 

In the last part of the thesis, Chapter 4, we examine closely the 

phenomenon of the increase of the quantum uncertainty by 

investigating the analogous effect of diffusive excitation in 

periodically kicked quantum systems. In this regard we analyze two 

quantum systems that shows opposite behaviors, i.e., diffusion and 

localization: the Quantum Kicked Rotator (QKR) is characterized by 

the phenomenon of localization, and the Quantum Kicked Harmonic 

Oscillator (QKO), which on the contrary shows interesting diffusive 

properties. 

Note that in the thesis we use a combination of mathematical 

analysis and numerical calculation to support theoretical predictions. 



CHAPTER 2 

PSEUDO PROBABILITY FORMALISM 

§ 2 . 1 Wigner Pseudo-Probabil i ty 

The Wigner pseudo-probability density belongs to a vast class of 

classical-like distributions introduced as an alternative description of 

quantum mechanics. The idea behind this formalism is quite simple 

and appealing: cast quantum mechanical averages in a form in which 

they resemble classical ones. To carry out this program one has to 

overcome some basic difficulties related to the deep differences 

between the two theories. In quantum mechanics physical 

observables and states of the system are linear operators in a Hilbert 

space, while in classical mechanics these quantities are functions in a 

phase space. Also quantum mechanics is an intrinsically probabilistic 

theory, with a mathematical structure such that whenever two 

operators corresponding to different observables do not commute the 

quantum system cannot simultaneously have well defined values for 

both the observables. Consider for example the two non-commuting 

quantum observables q and p from which it is obvious that classical 

concepts such as trajectories or phase space do not have any 

meaning. If however we restrict ourselves to the framework of the 

statistical concepts it is possible to realize a partial translation of 

quantum mechanics into a classical-like language in which we can 

1 1 
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introduce such classical concepts as a phase space for quantum 

systems. 

The basic requirement of the Wigner pseudo-probability 

formalism, and in general of any classical-like quantum distribution, 

is to find a correspondence rule between linear operators in the 

Hilbert space and functions in an appropriated phase space in a way 

that the quantum mechanical averages are expressed in the same 

form as one writes for classical averages. If we consider for example 

a particle in one dimension with position operator q and momentum 

operator p this is equivalent to associating to the density matrix p(t) a 

pseudo-distribution pw(q, p; t) of the variables q and p and to any 

observable ha. phase space representation Aw(q, p) so as to fulfill the 

following relation 

(A(t)) = Tr [A p(t)] = j dq dp Aw (q, p) pw (q, p; t) (2.1.1) 

where Tr is the trace. The condition expressed by (2.1.1) is not 

sufficient to define a unique correspondence rule and in general 

there are infinitely many representations of the quantum operators 

that satisfy (2.1.1) 

In a 1932 paper [11] Wigner was able to show that the following 

association between any quantum operator O and its phase space 

representation 
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m+ oo 

Ow (q, p ) = c I dz exp | ~ ~ j <C1 - 2 '^iq + 2 > 

(2.1.2) 

where lq> is the eigenvector of the coordinate operator and c is a 

constant to be determined, satisfies the general requirement (2.1.1); 

namely using (2.1.2) the trace of any two quantum operators 

becomes: 

Tr [a b] = (2K H cA Cb) '
1 j" dq dp Aw (q, p) Bw (q, p) 

(2.1.3) 

The details of this demonstration are given in Appendix A. Therefore 

with the choice C=1/2Jih when the operator O represents the density 

matrix 

pw (q,p;t) = J— I dz exp p *P z|<q - z Iplq + z > 
K h l \ n I 

j -00 

(2.1.4) 

and c=l for any other operator 

Aw(q,p) = I dz exp (^-^j <q - ̂  lAlq + ^ > 
J 00 \ h > 2 2 

(2.1.5) 

expression (2.1.3) recovers the general requirement (2.1.1) that any 

phase space representation of quantum mechanics has to satisfy. 
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Association (2.1.2), chosen in the first moment because it seemed 

to be the simplest of those that transformed "correctly" according to 

the Galileo's transformations, turned out to be a case of special 

interest among all the possibilities fixed by the requirement (2.1.1). 

In particular if we require the quantum distribution to satisfy some 

general classical properties we find that the only possibility is given 

by (2.1.2) [15-17]. However, as we determine later, we cannot expect 

any quantum distribution to be a probability distribution in the full 

classical meaning. Said differently, even if we tried to redefine the 

quantum phase space association so that the quantum distribution 

could satisfy some specific classical requirements, it would 

necessarily violate other classical properties. So to speak of the phase 

space representation of quantum mechanics works like a "short 

blanket," never able to fulfill completely the translation of quantum 

mechanics into a classical formalism. 

Let us see these important aspects of this formalism for the 

special case of the Wigner Pseudo-Probability. The set of classical 

properties that together with (2.1.1) uniquely defines the 

transformation (2.1.2) are as follows (these are stated for the case of 

a pure state, generalization to the case of a mixed state is 

s traightforward) 

1) Pw(q,p) is a hermitian form of the state vector vj/(q) 

Pw(q,p) = < V I M(q,p) I \|/ > (2.1.6) 
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where M(q,p) is a hermitian operator. This implies that pw(q,p) is 

r ea l 
2) f 

I dp pw(q,p) = I \|/(q) I2 = < q I p I q > 

(2.1.7a) 

[ dq pw{q,p) = I cp(p) I2 = < p I p I p > 

(2.1.7b) 

(pip) being the wave function in the momentum representation. 

3) Pw(q,p) transform correctly under the group of Galileo 

transformations, namely: 

v(q) —>\|/(q + a) pw(q,p) -> pw{q+a,p) ^ l 8a) 

\|/(q) —> exp i Po q ¥(q) Pw{q,p) pw{q,p - Po) 
(2.1,8b) 

4) pw(q,p) transform correctly under space and time reflection 

namely: 

V(q) ->V(-q) pw(q,p) -> pw(- q," p) (2.1.9a) 

v(q) ->v*(q) pw(q,p) -> pw{q,-P) (2.1 9b) 
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5) the time evolution in the force free case is the classical one 

57 pw(q>p) = ~ m 5~ Pw(q,p) 
3 t r ^ r ' m 0q r (2.1.10) 

Although properties (1) through (5) suggest that indeed a great deal 

of similarity exists between a real probability distribution and the 

Wigner pseudo-probability the following property shows that the 

translation of quantum mechanics into a classical formalism is by no 

means complete. Using in (2.1.3) the relation 

Tr {l \|/> < \j/1 <()><<() l) = |<\j/l(J))|2 (2.1.11) 

the square of the scalar product of the wave vectors I $) and IV) 

becomes 

|<\|/l(|))|2 = 2K H I d q j dp p^q,p) p^(q,p) 
(2.1.12) 

where py{q,p) and P<t>(q>P) are the distributions corresponding to the 

pure states l y X y l and 1 <> )< <t> I respectively. Eq.(2.1.12) has one 

important consequence: if we consider two orthonormal states we 

obtain 
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H dp pv(q,p) p<>(q,p) = 0 
(2.1.13) 

therefore implying that the Wigner distribution assumes negative 

values for some q and p. This stricking difference from a classical 

distribution function is a rather general result, in fact it is possible to 

show [15] that any quantum pseudo-probability, that like the Wigner 

distribution satisfies properties (2) and (3), is not necessarily 

positive definite. 

§ 2 . 2 Dynamical Evolution of the Wigner Distribution 

The most interesting result of the Wigner formalism concerns the 

dynamical evolution for the pseudo-probability defined by (2.1.4). 

For the sake of simplicity let us limit ourselves to the one-

dimensional system described by the following Hamiltonian (the n-

dimensional case, although straightforward is rather cumbersome; a 

complete discussion of this is given for example in ref. [17]) 

H = f - +V(q) = + V(q) 
2 m 2m 9q2 (2.2.1) 

Using the Liouville-von Neumann equation in (2.1.4) 

|-p(t) = J-[H ,p(t)] 
* n l HWJ (2.2.2) 

the evolution equation for pw(q,p;t) reads: 
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d_ 
at 

M+ OO 

pw{q,p;t) = — - — I dz exp (2ipz/^) < q - z I -i- [p2 , p] Iq + z > 
2m 7t f i J _ f i 

M+ OO 

I dz exp (2ipz/ft) < q - z I -i- [v(q) , p] Iq + z > 
7C ft f % 

J-oo 

(2.2.3) 

Let us consider the two terms in the right-hand side of (2.2.3) 

separately. Using the relations 

JL ^ 2 
< q - z ' | ^ P , q + z > = - ^ S C n c* 

< q - z I p -2— Iq + z > = M v 2m H 

2m n , s 

J L 
3z2 

Vs*(q-z) 

y 1 - X cn c* Ys*(q-z) 
z m n H 5z2 

\|/n(q+z) 

¥n(q+z) 

(2.2.4a) 

w h e r e 

< q - z I p Iq + z > = X cn c* Vs*(q-z) Vn(q+z) 
II,S (2.2.4b) 

and performing one integration by parts with respect to z the first 

term in (2.2.3) becomes: 

27chm i f 11,8 J 00 
dz c„ c* ^ V|/s*(q-z)j v„(q+z) - Ys*(q-z) V|/n(q+z) e 2 i p z / h 

(2.2.5) 

By means of the functional dependence of Yn(q) we can switch the 
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partial derivative with respect to z with a derivative with respect to 

q 

Vs*(q-z)J Vn(q+z) - ys*(q-z) \|/„(q+z)J = ~ (W(q-z) \|/n(q+z)) 

(2.2.6) 

Finally the contribution stemming from the kinetic part of the 

Hamiltonian becomes 

M+ OO 

- i - 1 dz e2iPz/n <q - zl — [p2,p] Iq + z> = - ̂  pw(q,p*,t) 
Kfi h m dq 

J -00 (2.2.7) 

Note that this term, in accord with property (5), is identical to the 

corresponding classical contribution. In the second term on the right 

hand side of (2.2.3) we use 

<q - zl [V(q),pJ Iq + z> = [V(q-z) - V(q+z)] <q - zl p Iq + z> (2.2.8) 

Upon the assumption that V(q) can be expanded in Taylor series and 

using the identity 

zn exp (2ipz//i) = J-— exp (2ipz / ti\ 
FV F 2i dzn F ' (2.2.9) 

this can be transformed in the following operator acting on pw(q,p;t) 
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m+oo 

—— I dz exp (2ipz/ft) < q - z I i [v(q), p] Iq + z 
K fi I ft 

J - OO 

> 

(2.2.10) 

- I ( T ^ f F l l r T v w ) l ^ p w t e O 
n = 0 (2n+1)' 2l \aq2n+1 /q=0 8p 

Eqs. (2.2.7) and (2.2.10) give the evolution equation for the Wigner 

pseudo-probability. It is interesting to notice that in this formalism 

the Liouville-von Neumann equation (2.2.2) for the density matrix is 

transformed into a generalized Liouville equation for the pseudo-

probabi l i ty 

3 
^pw(q,p;t) = Lpw(q,p;t) 

(2.2.11) 

= {H(q,p),pw(q,p;«)) • £ [ 2 ^ | F t ^ V ( q > ) q = 0 ^ r P W ( q ' P ; , ) 

where the curly brackets denote the Poisson brackets, H(q,p) is the c-

number Hamiltonian, i.e., the phase space representation of the 

operator (2.2.1) , V(q) is the c-number potential and L is the 

dynamical operator implicitly defined by (2.2.11). 

Eq.(2.2.11) is probably the most intriguing result of the Wigner 

pseudo-distribution formalism. We note in fact that the dynamical 

operator L is naturally divided into two separate contributions 

/\ /s 
L = LcL + LQ (2.2.12) 
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the first is indistinguishable from the classical Liouville operator 

while the second part, a differential operator containing derivatives 

of order greater than unity and explicitly depending on h, accounts 

for the quantum effects on the dynamics of pw(q,p;t). Therefore the 

evolution of the quantum distribution results from the interplay of 

this two contributions. Moreover, the presence of the quantum 
/ \ 

parameter h in LQ may lead us to conclude that in the semiclassical 

regime (fi negligible compared to the characteristic action of the 

classical system) the dynamics of the quantum distribution is 

dominated by the classical Liouville equation, LQ being considered a 

small perturbation. Actually, since in the limit h->0 the Wigner 

function can have singularities, its semiclassical dynamics is far more 

complicated than this rather simplified scenario [18]. 

A case of special interest is represented by linear systems, i.e., a 

system whose potential V(q) has no third or higher derivatives. In 
/ \ 

this case it is easy to realize that the dynamical operator L in (2.2.11) 

recovers exactly the classical Liouville equations. This exact 

correspondence between classical and quantum linear systems is 

partially explained by the well known fact that the evolution of the 

first moments of a linear quantum system, i.e., <q> and <p>, is 

identical to the corresponding classical one. However, since the 

equivalence holds for the distribution functions, we also have the 

non-trivial result that the higher moments of the Wigner distribution 

evolve classically. Later we shall see that this property is deeply 
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connected to the ordering of the noncommuting operators q and p, 

implicitly defined in (2.1.2). 

As an obvious consequence of this we have that the "non-classical" 

terms in the Liouville-like operator (2.2.11) appear only when the 

semiclassical system is nonlinear. The analysis of the effects that 

these terms produce on the dynamics of the Wigner function is the 

most difficult and challenging part of this formalism. In order to 
/ \ 

appreciate the importance of LQ in the dynamics of the Wigner 

function it is sufficient to consider the well known example of the 

double well potential described by the following Hamiltonian 

H 2m + A q 4 + B q 2 (2.2.13) 

The classical and quantum motion of this system show quite 

different features: If we concentrate the probability distribution 

(Wigner distribution in the quantum case) in one of the two stability 

zones of the classical phase space, while the classical distribution is 

confined in the stability zone, the quantum pseudo-probability 

eventually tunnels into the other zone and oscillate between the two 

wells. Obviously the tunnelling behavior of the quantum system is 

due to the presence of the non-classical term in the evolution 

operator (2.2.11) 

LQ = - h2 Aq 
3P3 (2.2.14) 
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the effect of this is more marked the more nonlinearity we put into 

the system. However it must be noticed that even the linear term in 

(2.2.13) plays an important role (note that the linear part of 

Hamiltonian (2.2.13) does not generate any quantum contribution to 

the dynamical operator of the Wigner distribution). In fact if we set 

B=0 the classical system turns out to be everywhere bounded and 

the difference between the classical and the quantum distribution 

will be far less marked than in the previous case. In other word, for 

this system the linear term in (2.2.13) is responsible for the 

deviation of the evolution of the quantum distribution from the 

corresponding classical one as well as the nonlinear term. Moreover 

it appears evident that, depending on the considered system, the role 
/ s 

of LQ can be either extremely important or it can be considered to be 

a small perturbation. 

§ 2 . 3 Quantum Characteristic Function 

In this section we consider a different derivation of the Wigner 

pseudo-probability. This approach, first introduced by Moyal in 1949 

[19], turned out to be a powerful and elegant method to generalize 

the Wigner distribution formalism to other kinds of quantum 

pseudo-probability functions. The starting point is the concept of a 

characteristic function of the random variable x; this is defined as 

follows 

I c(k) = (exp(ikx)) = j eikx p(x) dx 
(2.3.1) 
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where p(x) is the probability density for the random variable x [20]. 

In (2.3.1) it is implicitly assumed that the function c(k) exists for any 

k, that is equivalent to saying that the moments of the distribution 

exist and are finite 

= j x" p(x) ( xn) = I xn p(x) dx < oo for n e N 
(2.3.2) 

Note that this is not always the case (see for example the Lorentz 

distribution P(x) = N/(ex2 + x
2) where all moments above the first 

diverge). The inverse relation between the characteristic function 

and the probability distribution is simply the inverse Fourier 

t ransform 

- 4 
2% J 

p(x) = j e •ikx c(k) dk 
(2.3.3) 

Since the concept of a characteristic function can be easily 

generalized to quantum systems one may try to define a "quantum 

probability" by means of (2.3.3). For a one dimensional quantum 

system, that does not contain spin, a possible generalization of 

(2.3.1) is: 

C(<J,T) = ( e x p j - (oq + Tp)) = Tr JP exp (oq + xp)j 
(2.3.4) 
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where, in analogy with the classical case, the "variables" q and p are 

now regarded as being random. Note that due to the non-

commutativity of q and p the above definition indeed contains a 

degree of arbitrariness: in (2.3.4) the "random variables" q and p 

appear in a symmetric ordering, but the quantum characteristic 

function can be defined using different combination of these 

operators, such as < exp iIn (oq) exp i l f t (ip) > or others. We shall come back 

to this important point later. For the time being, we may consider the 

"symmetric" definition (2.3.4) as the most natural generalization of 

the corresponding classical one. Following the classical procedure we 

are thus led to define the quantum probability as 

p0(q,p) = —1— I j dx e - lltl (oci+ ̂  C(oc,x) 
( l K n f J-~ / - (2.3.5) 

Eq.(2.3.5) is precisely the Wigner pseudo-probability distribution. 

This can be realized easily by noticing that the Wigner phase space 

representation of the operator exp ilh (oq + tp) is simply exp iIfr (aq + xp) so 

that Eq.(2.3.4) can be rewritten as: 

14 C(a,x) = I dq| dp e i/fi(oq+tp) pw(q,p) 

(2.3.6) 

whose inverse Fourier transform gives the alternative definition of 

the Wigner distribution: 
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' • p ) = m 1 4 
Pw(q,p) = 1 ^ | da J d t e - ' / ^ + ̂ CXa/u) 

(2.3.7) 

The above derivation of the Wigner distribution suggests that the 

properties of a quantum distribution depends upon the chosen 

ordering of the position and momentum operator in the definition of 

the quantum characteristic function (2.3.4), the Wigner distribution 

being a particular case in which the operators q and p play a 

symmetric role. From a more general point of view one may infer 

that all the possible phase space associations of quantum operators 

can be obtained by changing the order according to which the non-

commuting operators q and p appear in the definition of the 

quantum characteristic function. Actually this is not the case; a 

simple example in which this does not apply is represented by the 

following quantum distribution [17] 

pQ(q>p) = - ^ M q f K p f 
K* (2.3.8) 

<p(p) being the wave function in the momentum representation. For 

this distribution we have that the phase space association depends 

upon the wave function itself. Therefore it is obvious that 

distributions such as (2.3.8) cannot be obtained by means of the 

above procedure. Although the proposed scheme to generate 

quantum distribution by means of the characteristic function does 
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not cover all the possibilities (less awkward quantum distributions 

not obtained within this scheme do exit, see for example the R 

representation of the density matrix [17]), it is general enough to 

include, besides the Wigner pseudo-probability, other important 

examples of quantum distributions. This procedure will be briefly 

described in the following section. 

§ 2 . 4 Operator Ordering and Associated Quantum 
D i s t r i b u t i o n s 

Historically the relations between the operator ordering of the 

density matrix and the phase space representation associated with it 

were first developed within quantum optics theories using quantum 

harmonic oscillators [21-25]. The consequence of this is that in the 

literature this method is invariably presented making explicit use of 

operators and wave functions which are tailored to the description of 

quantum oscillators, such as normal modes, coherent states, 

annihilation and creation operators. In order to maintain a close 

connection with the existing and numerous literature, and at the 

same time without limiting the applicability of these results to such 

systems, we use these concepts in a quite loose way, and we adopt 

the eigenfunctions of an unspecified harmonic oscillator as one of the 

possible expansion basis of our generic quantum system (as before 

we limit the analysis to one-dimensional systems). The annihilation 

and creation operators are thus defined as: 
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1 
a = —L 

V(2aj 
X q + J-p 

X . (2.4.1a) 

V(2ft) 
X q - ^ p 

A, . (2.4.1b) 

where X is an undefined parameter. It is straightforward to realize 

that these operators satisfy the usual boson commutation relation 

[a,a+] = 1 (2.4.2) 

The "particle number states" are defined as the eigenvectors of the 

number operator a+a 

a+a In) = n I n) (2.4.3) 

they form a complete basis set and satisfy the usual boson properties 

a+1 n) = Vn + 1 I n +1) (2.4.4a) 

a ln) = Vnln-1) (2.4.4b) 

Another possible basis set of the Hilbert space is represented by the 

coherent states [21], defined as the eigenvector of the annihilation 

operator a 
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a l a ) = a l a ) (2.4.5) 

a being a complex number. They are obtained from the ground state 

10) by applying the unitary displacement operator D(a) 

D(a) 10) = exp[a a+ - a* a] 10) = Y | n ) 
n = o ^ . (2.4.6) 

The states I oc) are not orthogonal but they are complete (actually 

overcomplete). Using this basis set the completeness relation reads 

d2 a I a ) ( a I 

(2.4.7) 

where d2 a = d(Re a) d(Im a). The demonstration of (2.4.7) follows 

immediately from (2.4.6). A direct consequence of (2.4.7) is that the 

trace of any operators A can be expressed as 

{A} = -I-j d 2 a ( A KJ 
Tr\A/ = ^ | d - a ( a l A l a ) 

(2.4.8) 

With the help of this concept we are now ready to generalize the 

Wigner distribution formalism to two other important quantum 

probabilities: The Glauber-Sudarshan P representation and the Q 

representation, corresponding respectively to a normal and 

antinormal operator-ordering association. 
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Let us consider a generic operator function of the annihilation and 

creation operators A(a+,a) Since operators a+ and a do not commute 

with each other the expansion of A in terms of powers of a+ and a is 

not unique. However, this arbitrariness disappears if we decide in 

advance the order according to which operators a+ and a must appear 

in the expansion of A. We consider three kind of orderings: 

Normal ordering a product of m annihilation and n creation 

operators is normally ordered if all the annihilation operators are on 
/ \ 

the right hand side, therefore the normal expansion A reads 

A = X c n,m (a + ) n a m 

n,rn = 0 (2.4.9) 

Antinormal ordering the opposite of the previous one 

A = X b„,m3m(a>)" 
n,m = 0 (2.4.10) 

Symmetric ordering a product of m annihilation and n creation 

operators can be ordered in (n+m)!/n!m! different ways. The 

symmetric ordered product of this operator, denoted by {(a+)nam|, is 

the average of all these differently ordered products, (ex. 

{a+a} = 1/2 (a+a + aa+|). In this case the expansion of A reads: 

A = £ dn.m{(a1na» 
n.m-0 (2.4.11) 
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Let us first consider the normal ordering scheme and let us suppose 

that any observable can be expanded in a normal ordered series 

while the density matrix in an antinormal one. (Note the opposite 

ordering used to expand observables and density matrix) 

P = E Pn.m a m ( a * ) n 

"•m"° (2.4.12) 

Using eqs.(2.4.5) (2.4.8) and (2.4.9) the trace of the operator A over 

the statistical ensemble described by the density matrix P becomes 

f oo oo 

• { A p } = - M d 2 a ]T P n , m c r , s ( a * ) n a m ( a * ) r 

J n,m = 0 r,s = 0 

Tri / \y / = a _ u 7 ? o„ ™ c,„\ct v cli"\n: v a" 

(2.4.13) 

Eq.(2.4.12) can be read within the formalism of the quantum 

distributions. To this end we define respectively the phase space 

representation of the observable A and of the density matrix P as: 

An(cc) = c n , m (cx*)n a m 

r's = 0 (2.4.14a) 

Pn(oc) = -J- 2 Pn,m («*)" a m 

K r's = 0 (2.4.14b) 

a* and a being the phase space variables; Pn(oc) is usually called the P 

representation of the density matrix. It is straightforward to realize 
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that this association satisfies the general requirement (2.1.1) of the 

quantum distribution. Inserting (2.4.14a) and (2.4.14b) into (2.4.13) 

y i e l d s 

{ A S ) . | Tr(Ap) = I d2apN(a)AN(a) 
( 2 . 4 . 1 5 ) 

The connection with the Wigner distribution is achieved by means of 

the quantum characteristic function. Let us define the n o r m a l l y 

ordered characteristic function as: 

CNfe) = Tr {p e£ a e-& a) ( 2 . 4 . 1 6 ) 

using (2.4.5), (2.4.8) and expansion (2.4.14b) this becomes 

O^fe) = j" d 2 A PN(OC) e ^ a - ̂  a 

( 2 . 4 . 1 7 ) 

Therefore, like the Wigner distribution, the P representation of the 

density matrix is obtained by means of an inverse Fourier transform 

of the appropriate quantum characteristic function (2.4.16) 

-L-j" PN(«) = 4 r I dHCNige -Sa +£a 
( 2 . 4 . 1 8 ) 

The antinormal phase space association is carried out following the 
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same procedure as before. To any observable A, expanded in the 

antinormal ordered series (2.4.10) it is associated with the phase 

space function 

AA(«) = 2 b n , m (A*)N a m 

r>s = o (2.4.19) 

The general requirement (2.1.1) is now achieved by means of the 

following pseudo-probability 

= d2$CAte)e-$a+S*« 
K J 

QA(OC) 

(2.4.20) 

where CA(̂ ) is the antinormallv ordered characteristic function 

defined as: 

CAfe) = Trjpe-S a e ^ a ) (2.4.21) 

The pseudo-probability QA(OC) is usually referred as the Q 

representation of the density matrix. 

The final example stems from the symmetric ordering scheme. As 

one can easily imagine, judging from the symmetric role played by 

the operators a+ and a and consequently by the q and p in (2.4.1a) and 

(2.4.1b), the distribution generated by this ordering will be very 

likely close to the Wigner pseudo-probability. Following the previous 
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procedure we define from (2.4.11) the phase space representation of 

the observable A as: 

As(cx) = 2 dn,m («*)" am 

r,s = o ( 2 . 4 . 2 2 ) 

It is possible to show [17] that now the pseudo-probability associated 

with (2.4.22) is generated by the symmetrically ordered 

characteristic function 

ws(«) = d2£Csfc)e-^a* + £ a 

(2.4.23) 

where 

Cs(5) = T r j p e ^ - i ; (2.4.24) 

note that Ws(a), as well as As(a), corresponds to a symmetrically 
/ \ 

ordered expansion of P in terms of powers of the operators a+ and a. 

The equivalence between Ws(a), and the Wigner pseudo-probability 

then follows directly from (2.4.1). Using the real and imaginary part 

o f a = a r + ia i as new variables of the distribution (2.4.23), so that in 

accord with (2.4.1) a = (x q + i/A, p)/f2H, we easily recognize that 

Ws(a) = 2nh pw(q.p) (2.4.25) 
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(2.4.22) thus represents an equivalent formulation of the Wigner 

phase space association (2.1.2). In the latter the symmetric role 

played by operators a+ and a, and consequently by q and p, is more 

explicit. Expressed in terms of the q and p operators the Wigner 

association reads as follows: if a generic operator A(q,p) is expanded 

symmetrically in powers of q and p 

A = X a " ,m {P" qm) 
n,m = 0 (2.4.26) 

the phase space function associated with it is simply 

Aw(q,p) = X an,m Pn qm 

n,m = 0 (2 .4 .27) 

It is interesting to notice that this correspondence rule represents 

the most natural association between classical and quantum 

observables and it is therefore not surprising that the Wigner 

distribution can mimic many features of a classical probability 

distribution. In conclusion it is worthwhile to mention the inverse 

correspondence rule of the association (2.4.26) and (2.4.27), this 

reads: 

pnqm X ( ? ) q l w p m q r 

2 r=o (2.4.28) 
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also known as Weyl's association rule [26] (actually in the literature 

this name is used for both (2.4.28) and its inverse (2.4.26) and 

(2.4.27)). 

The three examples of quantum distribution functions that we 

have just considered represents only a small subgroup of a vast class 

of quantum pseudo-probabilities; many more possible ordering 

schemes and hence distribution functions have been considered, see 

for example [22,23]. As a final remark we note that all the 

distribution functions that belong to this class, can be written in 

terms of the Wigner function by means of integrals or differential 

operators. In Appendix B, for its importance in the analysis of the 

classically chaotic quantum systems, we use this approach to derive 

once again the Q representation of the density matrix. Historically it 

was first derived by Husimi [27] from the Wigner distribution, and it 

is for this reason that in the literature it is often referred as the 

Husimi distribution. 

With this discussion on the connection between operator ordering 

and phase space association we end this brief survey on the quantum 

distribution formalism. Far fromm being complete, this introduction 

serves the purpose of introducing the tools that form the 

mathematical background of our entire analysis. For this reason 

many more technical topics such as the mathematical conditions 

upon which the existence of the quantum distributions is guaranteed, 

or more specific distribution functions have not been considered. 

These and many more results on this quite broad subject can be 
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found for example in refs [17,22,23,28,29]. However, before 

considering the application of this method to physical models, it is 

worth while to discuss from a general point of view the results that 

we expect to find using this formalism in the analysis of classically 

chaotic quantum systems, as well as the problems that we have to 

face. This issue is considered in the next section. 

§ 2 . 5 C o n c l u d i n g R e m a r k s 

The quantum distribution formalism has been shown to be a 

completely equivalent formulation of quantum mechanics. The 

appealing features of this method rest upon the formal similarity 

between the evolution operator that drives the quantum distribution 

and the classical Liouville operator for the probability function. In 

the case of the Wigner distribution the similarity has remarkably 

interesting aspects. The dynamical operator of the Wigner function is 

divided into two different contributions 

^ pw{q,p;t) = L pw(q,p;t) = [LCL + LQ) pw(q,p;t) 

(2.5.1) 

= (H(q,p),pw(q,p;.)) + £ 

the first operator Lcl is just the classical Liouville operator for the 

time evolution of the phase space density while the second, LQ, is a 

differential operator of higher order explicitly dependent on tt. Thus 

the semiclassical limit ft->0 appears to be completely manifest in 
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(2.5.1) to such a point that in the limit as fi->0 it becomes a classical 

Liouville equation. Actually the evolution of the Wigner function in 

the semiclassical limit is much more complicated than the scenario 

suggested by eq.(2.5.1), and this is due to the dependence of the 

Wigner function on the "parameter ti". The possibility of a strong h 

dependence in pw(q>p;t) is recognize just from its definition 

l,p;t) = - i - ( 
71 % f 

J - o o 

Pw (q>p;t) = 3^-1 dz exp <q - z Iplq + z > 

(2.5.2) 

In fact it is easy to realize that in most circumstances, where highly 

coherent density matrices are involved, the corresponding Wigner 

function, is singular for h=0 [18,30]. In this case the Wigner 

distribution shows strong oscillations, of wave length of the order of 

h1/2, in both the q and p variables, thus invalidating the above naive 

semiclassical limit, and implying that for those density matrices the 

time evolution of the Wigner phase space density does not reduce to 

the classical dynamics even for h=0. This circumstance could give rise 

to concerns if we want too use, as we have planned, this formalism to 

study quantum system whose classical limit is chaotic. The problem 
• ^ 

is that usually the quantum operator LQ can never be considered a 

small perturbation of the chaotic operator LCL• This is probably the 

most controversial aspect of the Wigner formalism; in fact, although 

the underlying semiclassical dynamics is fully manifest in the 

evolution equation (2.5.2), the quantum correction cannot be 
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neglected for any parameter regime. After all, the Wigner formalism 

is a completely equivalent formulation rather than a semiclassical 

approximation to quantum mechanics and therefore it retains intact 

all the features of this theory; the above difficulty in describing a 

quantum system by means of a fully classical language (even for 

ti=0) is obviously consistent with this. 

The singularity of the fi=0 limit implies that the Wigner formalism 

is not a good framework in which to study the semiclassical limit of 

classically chaotic systems. Other distribution functions, like the 

Husimi distribution (see Appendix B) or modification of the Wigner 

function itself [18], can be more successfully used for this purpose. 

However, if one is interested in the complete quantum evolution of a 

system the application of the Wigner formalism can be extremely 

useful in the study of quantum chaotic system. Besides the formal 

and controversial similarity of (2.5.2) with its classical counterpart, 

the major advantage derives from the fact that this formalism 

provides us with the natural tools to introduce also into quantum 

mechanics those purely classical concepts, such as the phase space 

and trajectories, that play so fundamental a role in the analysis of 

chaotic systems. 

Let us start with the concept of a quantum phase space. The most 

natural definition that arises from the Wigner formalism is the 

following: the quantum phase space is the support or the space 

where the Wigner distribution is defined. Note that generally this 

space has the same dimension as the corresponding classical one. 
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Together with this we can extend the analogy and introduce the 

concept of a quantum trajectory. In classical mechanics the 

trajectories are defined as the lines in the phase space that trace the 

temporal evolution of the classical variables. In the Wigner 

formalism this means that we have to find the evolution equation of 

the phase space representation of the quantum variables 

3Aw(q,p; t) _~ A ( A 

s
 rA„(q,p, t) ( 2 5 3 ) 

Following the standard treatment of statistical mechanics we require 
• N 

that the operator T must satisfy the equation 

<A(t)> = j dq j dp Aw [exp (Lt) pw] = j d q j dp [exp (rt) Awjpw 

- H 
(2.5.4) 

dp pw{q,p)Aw(q,p,t) 

Note that the definition (2.5.3) together with (2.1.5) gives the phase 

space equivalent of the Heisenberg representation of quantum 

mechanics. Quantum trajectories are thus defined as the time 

evolution of the phase space representation of quantum observables. 

With these definitions the quantum expectation value (2.5.4) 

assumes the same meaning as the equivalent classical one: the 

average of the quantum observables is obtained by first solving the 

quantum trajectories for any initial condition (q,p) and then 
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averaging them over the "distribution function" for the initial 

conditions in the quantum phase space, i.e., the Wigner pseudo-

probabi l i ty 

Before we apply this formalism it is worthwhile to point out the 

subtle aspects of the above definitions. As we said in the previous 

sections this translation of quantum mechanics into a classical-like 

language is by no means complete. This is reflected in the fact that 

the quantum analogs of these purely classical concepts necessarily 

have general properties that would make them unacceptable from 

the classical point of view. The most stricking non-classical feature is 

the condition of positiveness of the probability function. As we have 

seen in sect. (2.2), unlike the classical probability density the Wigner 

distribution is not positive definite. Actually due to the arbitrariness 

in the definition of the quantum probability, if we need a less 

detailed description of the quantum system, it is always possible to 

find a positive definite quantum density, like for example the Husimi 

function (note that since the transformation between the Wigner 

function and a positive definite distribution is in general not 

invertible, the latter contains less information than the Wigner 

function). However it must be noticed that in principle there is no 

difficulty in dealing with a partially negative pw(q,p;t) if we take into 

account that any measurements on the quantum system, due to the 

uncertainty relation, involve a finite, although on a scale as small as 

H, part of the phase space. Therefore it is clear that the condition of 

positiveness of the quantum phase space distribution must be 
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considered on a scale of the order of % rather than for any points of 

the phase space. In this case, as the Husimi distribution shows, the 

coarse grained Wigner distribution turns out to be positive definite. 

Connected with the intrinsically probabilistic nature of quantum 

mechanics we also have that the Wigner distribution can never be a 

delta-like function in the phase space. But on the contrary such an 

initial condition would be possible for a classical system. This implies 

that a quantum system is not completely defined by its position in 

the phase space, but it is rather described by an ensemble of systems 

distributed according to the Wigner density. 

The next feature of the Wigner formalism is also somehow related 

to the previous aspect of quantum mechanics. Due to the presence of 

derivatives of order greater than unity in (2.5.2), the evolution 

operator for the quantum observables in (2.5.3) is not deterministic, 

i.e., unlike the classical case we have 

expl (rt)(AB)_ * exp(rt)A exp(rt)B (2.5.5) 

This last feature of the Wigner formalism is probably the most 

difficult to handle. A deterministic operator would mean that the 

trajectories simply satisfy hamiltonian equations of motion, therefore 

reducing the problem of the evolution of quantum systems to the 

evaluation of classical trajectories for an ensemble of systems 

distributed according to the Wigner density. Unfortunately the 

quantum evolution operator (2.5.2) does not satisfy this property, a 
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situation that greatly increases the difficultly of dealing with it as 

compared to LCL. The situation is made even more complicated by the 

fact that in the deterministic condition (ft=0) the Wigner function is 

usually singular, thus invalidating this formalism in this limit. 

Therefore we are left with the possibility of studying the two 

contributions, stemming from LCL ANC* *-Q» at the same level, without 

attempting any unsafe semiclassical limit. In this case the phase 

space dynamics of the quantum distribution is given by the interplay 

of two contributions. The first, LCL, is indistinguishable from the 

semiclassical evolution operator and provides the system with truly 

chaotic dynamics; the second, LQ, modifies this evolution to account 

for the constraints imposed by the quantization. 

In the following chapters we investigate in detail the interplay of 

these two terms on the dynamics of some of the paradigmatic models 

of quantum chaos, such as the spin-boson Hamiltonian and quantum 

kicked systems. Herein we want to show that under certain 

conditions some of the classical chaotic features are retained by the 

the quantum system. As we shall see later these manifestations of 

the classical chaoticity on the quantum evolution depend on the 

particular quantum system under study as well as on the considered 

classical chaotic feature. Within the Wigner formalism it appears to 

be natural to search for those quantum manifestations that are 

related to the dynamics of an ensemble of particles undergoing 

chaotic motion, rather than for direct signatures of the chaoticity of 

single classical trajectories (for example the exponential divergence 
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of nearby trajectories). In fact if it were possible to ignore the second 

effect then we would be able to draw the following general 

predictions on the quantum manifestations of classical chaos [13,14]: 

i) The sensitive dependence of the solution of (2.5.1) with respect 

to the initial conditions induces a rapid loss of correlation of the 

semiclassical trajectories in the phase space. This effect combined 

with the averaging procedure of (2.5.4) leads to an exponential decay 

of the quantum expectation value. 

ii) The phase space distribution tends to be uniformly distributed 

in the available phase space. Consequently the initial uncertainty of 

the quantum observables undergoes a massive growth, unexpected 

on the basis of standard quantum mechanics. 

If we ask ourselves how much of this scenario remains in the 

complete quantum evolution, i.e. including in the dynamics LQ as 

well, we need to answer the following question: "what is the 
/s 

influence of LQ, on the chaotic dynamics generated by the classical 

evolution operator?" In the next sections we address this problem for 

one of the paradigmatic models of Quantum Chaos, the spin-boson 

system. 



CHAPTER 3 

SPIN-BOSON SYSTEM 

§ 3 . 1 Spin-Boson Hamiltonian: Review of Classical and 

Quantum Motion 

The spin-boson system is described by the following Hamiltonian: 

H= - coo oz + —H=ax (b + tT") + QtTb 
2 f2Q (3.1.1) 

where b (b4") is the annihilation (creation) operator with commutation 

relation [b,b+]=l, while <j; i=l,2,3 are Pauli matrices. The physical 

system modelled by (3.1.1) is that of a spin-1/2 dipole interacting 

with a magnetic field directed along the z-axis and modulated by an 

oscillator of frequency Q with space coordinate (b + b+) /12D. and 

momentum i{b+-b)Hl/2. The appealing simplicity of Hamiltonian 

(3.1.1) together with the sufficiently high complexity and richness of 

its solutions are probably the main reasons of the enormous 

popularity that this model has enjoyed in the last few years. In fact a 

great number of physical theories have been parametrized by means 

of Hamiltonian (3.1.1), from the problem of quantum dissipation [31], 

to quantum localization theory [32] and polaron dynamics [33,34] up 

to the interaction between electromagnetic radiation and matter in 

quantum optics applications [35,36]. The interest in this model, as far 

as the quantum chaos problem is concerned, goes back more than 

45 
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one decade ago when first Belorov et al [37] and then Milonni et al 

[38] showed that the following semiclassical equations for the 

quantum expectation values, stemming from Hamiltonian (3.1.1), 

exhibit chaotic solutions 

Xl(t) = COo X2(t) 

X2(t) = - 0)0 Xi(t) - 2 g q(t) x3(t) 

x3(t) = 2 g q(t) x2(t) ( 3 . 1 . 2 ) 

q(t) = p(t) 

p(t) = 0 2q(t) - gxi( t ) 

where xj(t)? i—1,2,3, are the average value of the spin operators and 

q(t) and p(t) are respectively the position and momentum of the 

oscillator. It is interesting to review the approximations that lead to 

the semiclassical set of equations (3.1.2) [33]. It is straightforward to 

realize these are obtained from the Heisenberg equations for the 

quantum operators after neglecting the quantum correlations among 

different operators 

< Oj q > (t) = < ^ > (t) < q > (t) = x;(t) q(t) ( 3 . 1 . 3 ) 
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or in other words by replacing their operators with their expectation 

values. 

As far as the oscillator variables are concerned this approximation 

rests upon the assumption that the wave function of this system can 

always be expressed as a coherent state 

I V o s c ( t ) ) = e x p [ u ( t ) b * - u * ( t ) b ] 1 0 ) ( 3 1 4 ) 

where the complex parameter u(t) is related to the classical variables 

in (3.1.2) by the following expression 

q(t) = < q Xt) = Y2/QReu(t ) 

(3.1.5) 

P(t) = < P X 0 = f 2 ~ Q I m u ( t ) 

At any given instant of time the evolution of the oscillator is thus 

considered to be in a minimum uncertainty gaussian packet centered 

in the phase space in the time dependent position (3.1.5) 

In a similar way the spin wave function is parametrized by means 

of two time dependent angles 6(t), <Kt) 

f P̂spin (t)) = c ° s ^ ! p l + )x + i sin ^ e ^ ( O I - )x 
2 2 (3.1.6) 

where 0(t) and (Kt) are related to the components of the semiclassical 

dipole by 
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Sx(t) = cos 0(t) 

Sy(t) = sin 0(t)cos <Kt) (3.1.7) 

Sz(t) = sin 0(t) sin (J)(t) 

Note that the form of the wave function is absolutely general; unlike 

the coherent state of the oscillating mode, at any time the state of the 

spin can be written in this way. The final step of this semiclassical 

scheme consists in making the further approximation of neglecting 

the quantum correlations between the spin system and the 

oscillating mode. The wave function for the whole system is thus set 

to be a quantum mechanical decoupled form;a product of the time 

dependent spin and bose functions (3.1.4) and (3.1.6) 

I V<t) > = I Vcwc(t) > I <Pspin(t) > . (3.1.8) 

The semiclassical set of equations (3.1.8) are then obtained by 

calculating the expectation values of the quantum operators over this 

time dependent self-consistent field approximation of the wave 

function. The correctness of the above analysis depends on the 

parameters regime as well as on the particular property of the 

system under study. Although we do not discuss the applicability of 

such schemes (see for more details ref. [33]) it is important to 

recognize the key role played by assumption (3.1.4). There the wave 
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function of the oscillator is supposed to evolve continuously from a 

minimum uncertainty state to another minimum uncertainty state 

characterized by a different position and momentum. It is clear that 

the more regular the semiclassical motion is, the better this 

approximation works. Some doubts obviously arise when, like in this 

case, the semiclassical equations of motion give rise to chaotic 

solutions; in particular, as we saw in the previous sections, in this 

condition one would rather expect a spreading of the wave function 

over the stochastic area of the phase space, than a classical-like 

motion of the center of the wave packet. 

Despite the fact that this semiclassical approximation cannot 

account for the complete quantum description, it is reasonable to 

suppose that some of the dynamical features of (3.1.2) might be 

present in the evolution of the quantum spin-boson system. It is 

therefore interesting to investigate the nature of the solution of the 

semiclassical equations (3.1.2). 

As we said before this dynamical system exhibits chaotic motion. 

The degree of irregularity of its phase space dynamics depends upon 

the parameters regime; beside the special case represented by the 

Rotating Wave Approximation (RWA) that is considered later, the 

system is trivially integrable when one of the two parameters (g,coo) 

is set to zero (the case £2=0 will not be considered since it leads to a 

non-physical model). As soon as the previous condition is 

disregarded some of the classical tori break up and, in 

correspondence of that part of the phase space, the trajectories 
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appear to be chaotic [33,39]. As long as one of the three parameters 

is small enough with respect to the other, the behavior of the system 

can be fairly well described within the general scenario of the quasi-

integrable system [5]. The invariant tori cover the majority of the 

phase space, while the irregular regions are concentrated in the 

proximity of the broken tori. The situation with the highest degree of 

irregularity appears at the resonance condition (H = coo) with strong 

coupling coefficient [40], In the quasi integral condition it is usually 

possible to grasp the general features of the phase space structure 

using standard methods of investigation for nonlinear systems such 

as the KAM theorem and the nonlinear resonance analysis. In order 

to accomplish this it is useful to reformulate the dynamical equations 

(3.1.2) in terms of canonical action-angle variable. Herein we follow 

the analysis of Feinberg and Ranninger [33] that consists in 

constructing the action angle variables from the integral condition 

corresponding to coo=0. We note that the 5-dimensional set of eqs 

(3.1.2) admits two integrals of the motion, the first is the total energy 

of the semiclassical spin-boson system 

E = — p2 + q2 - ^2- X3 + s q xi 
2 2 4 2 3 1 (3.1.9) 

while the second accounts for the normalization of the semiclassical 

spin variable 

x2 = xf + x̂  + x§ . (3.1.10) 
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Therefore the set of five variables (q,p,x) reduces to three 

independent ones. With the integral condition (coo=0) the xi-

component of the spin becomes an additional integral 

xi(t) = 0 

x2(t) = - 2 g q(t) x3(t) 

(3 .1 .11) 

X3(t) = 2 g q(t) x2(t) 

q(t) = -^2(q(t)-gO"2
 X1 

The position variable of the field oscillates harmonically around the 
- 2 

stable position qo = g O xi while the other two components of the 

spin execute a precession motion around the xi-axis with a time 

dependent frequency 2gq(t) modulated by the field oscillations. The 

first equation in (3.1.11) leads directly to the following choice of the 

action-angle variable (I,a) for the field system 

q + g f l "xi = / \ / — sin a 
Q 

p = V2QI cosa (3 .1 .12) 

This corresponds to the standard action-angle variables for the 

oscillator where the coordinate q has been translated to the 
S) 

equilibrium position qo = g O " xj . As far as the spin variables are 
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concerned it appears to be natural to take xi as the action variable 

and as conjugate variable the angle that describes the precession of 

the spin around the xi -axis 

X2 = Vl - xf COS <j) 

(3.1.13) 

X3 = Vl - x̂  sin <|> 

note that (3.1.13) already includes the normalization condition 

(3.1.10) (x2 = 1). Actually due to the field modulation the time 

evolution of the "angle" variable <|> depends on the action xi as well as 

on the field action angle variables (I,a). However, by means of a time 

dependent transformation it is possible to separate the spin motion 

from the field's motion. The proper angle variable, conjugate to the 

action variable xi, thus reads 

<P = £ * + 8 q J P ( 3 . U 4 ) 

The equation of motion for the new set of variable (I,a) and (xi,9) are 

I = 0 (x i = 0 

a = H \(p = g 2 Q 2 x i (3.1.15) 

It is straightforward to realize that these are the canonical equations 

derived from the Hamiltonian obtained by rewriting the energy 

(3.1.9) in terms of new variables. For coo=0 this is 
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H0 = fti - Jr(—fx 
2 \ Q I (3.1.16) 

The canonical nature of this set of variables is preserved also in the 

most general condition ooo^O. As before the Hamiltonian of the spin 

system is obtained by expressing the invariant function (3.1.9) in 

terms of the new variables 

H(I,xi;a,(p) = Ho(I,x1) + (OoHi(I,xi;a,<p) (3.1.17) 

where the unperturbed Hamiltonian Ho is given by (3.1.16) and the 

perturbation term Hi by 

Hi(I,xi;a,cp) = - j Vl - xj sin 2cp - 2g Q 2 iflOI cos a 
(3.1.18) 

The equation of motion for the variables (I,xi;a,cp) are then obtained 

from (3.1.17) in the form of Hamilton canonical equations. 

Eq.(3.1.18) completes the transformation of the semiclassical 

eq.(3.1.2) into a nonlinear two degrees of freedom hamiltonian 

system. The generic character of the motion of such a system can be 

qualitatively summarized as follows [5]: the trajectories lie on a three 

dimensional surface H=const. of the four dimensional phase space; in 

the quasi-integral condition (coo«g), according to the KAM theorem, 

the majority of the dynamics is described by regular trajectories 

confined to move on invariant tori that fill almost completely the 
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energy shell surface. Among these invariant two-dimensional 

surfaces there are continuously distorted tori of the unperturbed 

system as well as new tori bearing different topological properties, 

i.e., invariant surfaces that cannot be obtained by means of a 

continuous transformation of the unperturbed invariant surfaces. 

The latter ones are understood as the invariant surfaces that appear 

in the region of the phase space corresponding to the destroyed 

unperturbed tori. The most important of these broken unperturbed 

tori correspond to those for which the unperturbed motion of the two 

angle variables is synchronous (resonance condition) 

5 5 m i 57 H0(I,xi) + m2^— H0(I,xi) = 0 mj, m2 = ±1, ±2, • • • 
dl (3.1.19) 

For those value of (I,xi) that satisfy (3.1.19) the unperturbed surface 

are destroyed by the perturbation and replaced (for small coo) almost 

everywhere by new tori. The phase space cross section of this motion 

gives rise to smooth closed curves, called primary islands, encircling 

the fixed points of the unperturbed motion, these are usually called 

nonlinear primary resonances. For this parameters regime the 

stochastic regions are confined to narrow areas between the primary 

islands. 

An equivalent condition to that of eq (3.1.19) can be obtained 

following a different line of reasoning [41]. Let us expand the 

perturbation term Hi in a Fourier series 
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Hi(I,xi;oc,(p) = - V 1 - xj ^ in Jn (2 g Q. 2f Q i) sin (29 - na) 
n = ~ (3.1.20) 

Jn(z) being the Bessel function of first kind. A maximum perturbation 

of the unperturbed motion is expected to occur when the argument 

of the sine function in (3.1.20) varies slowly, since in the opposite 

case a rapid fluctuation would not have any coherent effects on the 

dynamics. The maximum effect occurs for the stationary phase 

2cp-nd = 0 n = 0, ±1, ±2, • • • (3.1.21) 

At a first approximation, considering only the unperturbed motion of 

the angle variables (primary resonances), the above condition 

becomes: 

2 g 2 Q 2 x i + n Q = 0 n = 0, ±1, ±2, • • • (3.1.22) 

Note that condition (3.1.22) is more restricted than the general 

resonance condition (3.1.19). Eq (3.1.22) selected from among the 

infinite possibilities of (3.1.19) those values that have the greatest 

effect on the phase space structure, namely those for which the 

winding number ( [9Ho/3xi]/[dHo/3l] ) of the tori of the unperturbed 

system is an integer number. The Poincare' surface of section ( a = 0 ) 

of the semiclassical spin-boson system is shown in Fig. 1(a) through 

1(d) for different values of the perturbing parameter coo [33]. For 
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small value of coo, Fig. 1(a), the phase space appears almost 

completely regular, the stochastic area being limited to a small region 

around the separatrix of the primary nonlinear resonances. For 

increasing perturbing parameter, Fig. 1(b) to 1(d), more structure 

shows up, rational primary islands as well as secondary islands 

appears, main nonlinear resonances start interacting with each other 

and the motion becomes less and less regular. 

Despite the fact that the quantum spin-boson Hamiltonian still 

resists all attempts at complete diagonalization, its understanding has 

been sufficiently developed to allow a general description of its static 

and dynamical features. 

In the classical integral condition (coo or g=0) Hamiltonian (3.1.1) 

becomes trivially diagonalizable. For coo « g the energy levels tend to 

be degenerate with energy eigenvalues En = Qn-g 2 /2Q n = 0,1,2,... An 

interesting connection with the classical system (3.1.2) is given by 

the analysis of the ground state. For coo=0 the two degenerate ground 
2 

states correspond to the ground state of the oscillator shifted by g/^ 

from both sides of the origin. We note that this value matches the 

stable positions of the classical coordinate q in the semiclassical 

equation (3 .1 .2) for coo=0. F° r values of ®o different from zero, but 

still small compared to g, the above degeneracy is removed, the 

ground state is then fairly well approximated by two minimum 

uncertainty gaussian packets whose distance from the origin 

decreases as ©0 increases. The transition from this scenario is 
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observed for values of parameters corresponding to the bifurcation 

from two stable points of the semiclassical eq (3.1.2) 

q* = ± -^ -Vl -r |2 t| = < 1 
£T 2« (3.1.23) 

to one single stable qo = 0 for ri > 1 [39,42]. In correspondence to this 

the Husimi density of the ground state passes from the previous 

bimodal distribution to a distribution concentrated around the origin 

of the coordinates and resembles the ground state of the 

unperturbed harmonic oscillator. 

To get further insights into the structure of the eigenvectors of the 

spin-boson model we notice that Hamiltonian (3.1.1) commutes with 

the operator P defined by [35] 

P = exp[i k(b+b + 1/2 03 + 1/2)] (3.1.24) 

• ^2 
this is a parity-like operator satisfying the operatorial equation P = 1 

and therefore provides two eigenvectors of positive and negative 

parity. The conservation of operator (3.1.24) is sufficient for 

separating the bosonic degree of freedom from the spin degree of 

freedom in the time independent Schrcedinger equation. By means of 

the following unitary transformation 

I (j>) = U I y ) = exp[ i jt/2 b+b(l - Gi)] I \j/> (3.1.25) 
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this reads 

UHU+I(j)) = E I <j) > , U A U+ = A 

U H U + = Q. b + b + -p==r ( b + + b ) - 0 3 COS (TT b + b ) 

fm 2 

(3 .1 .26) 

Hamiltonian (3.1.26) can be easily decoupled on the eigenvectors of 

the transformed <73 operator (note that these correspond to the 

eigenvectors of the parity operator P with negative and positive 

parity respectively) 

a 3 l ± > = ±I±)J<|>,±) = l±>l<|))osc (3 .1 .27a) 

H+1 (|), ± ) = E+I <j), ± ) (3 .1 .27b) 

H+ = £2 b+b + ^ (b+ + b) + cos (71 b+b) 
U Q 2 (3 .1 .27c) 

The transformed and decoupled Hamiltonian (3.1.27) is the starting 

point of the analysis of the spectrum of the spin-boson system. The 

interest in the investigation of the spectral properties of quantum 

systems has in the last few years been renewed in the field of the 

Quantum Chaos [6,8,43], Among all the possible manifestations of the 

classical chaoticity in the quantum domain it was conjectured that 

the distribution of eigenvalues of a quantum system depends on the 

integrability of the associated classical system. In particular the 
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energy level spacing distribution (i.e. the probability that an energy 

level at energy E has a neighboring level with energy between E and 

E+AE) seems to fit this idea; the following rule is believed to apply 

[10,44,45]: a Poisson level-spacing distribution corresponds to 

regular semiclassical motion while in the irregular case this is 

expected to be a Wigner distribution P(s) = N s exp [- s2], where s is the 

energy level spacing. This links quantum chaos to the statistical 

theory of spectra. In addition to this it was observed that for 

classically chaotic quantum systems, upon changes of the parameters 

different energy levels tend to avoid crossing each others [46]. 

Numerical studies [47,48] of the spectral properties of the spin-boson 

system reveled quite unusual features: the levels-spacing 

distribution shows neither the Wigner nor the Poissonian behavior. 

These controversial aspects are also reflected by the fact that despite 

a stricking regularity usually associated with regular semiclassical 

motion the spectrum is dominated by avoided level crossings, which, 

as we said, is believed to be a characteristic feature of quantum 

chaos. However it is probable that this difficulty of inserting the 

spin-boson model within the general spectral theory of quantum 

chaos is due to the lack of the classical limit for this system. In fact it 

was pointed out [48] that for a system consisting of N two-level 

subsystems the level spacing distribution approaches the Wigner 

behavior as N goes to infinity. Unlike the spin-boson model this 

system has a well defined classical limit. 
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The analysis of the dynamical properties of the Hamiltonian 

(3.1.1) has been focused on the motion of the spin operators. Using 

standard perturbative approaches [35,49] it is possible to show that 

in the weak non-integrable condition (one of the two parameters 

being nearly zero) the quantum evolution is dominated by periodic 

motion. In particular, using as a bosonic initial condition a coherent 
/v. 

state, the expectation value of 03 shows the phenomenon of "collapses 

and revivals" [49], one example can be found at page 88 in Fig. 2(a) 

full line: a fast oscillation followed by a decay process and a long 

quiescent interval followed by an oscillation, all of which is 

periodically repeated in time. In the resonance case (coo = £1) for 

strong g, corresponding to the highest degree of irregularity in the 

classical system, the revivals disappear, the average values of the 

quantum operators appears now to be non-periodic and very 

irregular, Fig. 3(b) full line at page 89. It is difficult to draw a more 

general conclusion on the nature of the solution of Hamiltonian 

(3.1.1); in fact, in spite of the apparent chaoticity, the time evolution 

of the expectation value of the quantum operators can be regarded 

as being "regular" (semi-periodic), i.e., close trajectories do not 

exponentially separate from each other. Unlike classical non-

integrable systems the intrinsic linearity of quantum mechanics 

imposes its "regularity" on the quantum evolution, features that in 

this case can look very complicated. These ambiguous features of the 

apparently irregular motion of a quantum system are a peculiar 

aspect of the quantum chaos problem. 
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A special approximation of Hamiltonian (3.1.1) that deserves our 

attention is the Rotating Wave Approximation (RWA). In the 

resonance condition (coo = £2), for small coupling coefficient g, the 

counter rotating terms a . b , a + b + (where cs± = ( a i l i c ^ ) / 2) are usually 

neglected with respect to the resonant ones a. b+ , a+ b, i.e., neglecting 

the cross terms in (a++ a.) (b++ b). Extending this approximation to all 

the parameters regime we obtaining the RWA Hamiltonian 

Hrwa = - i- ©o <̂z + 7 = [g+ b + a. b J + Qb b 
2 h Q . (3.1.28) 

This approximation makes the system exactly solvable [50]. In fact it 

is easy to prove that the RWA Hamiltonian conserves the excitation 

number operator 

/ V / S l / N . / \ / V -\ / / \ \ 

N = b b + (J+ a. = b b + l ( c z + l) (3 1 29) 

This allows us to decouple the time independent Schroedinger 

equation among states belonging to different eigenvalues of N. These 

are: 

N 10 > = 0 I0> = I 0 )osc I - ) 

N I n, ± ) = n I n, ± ) In, + ) = I n - 1 )osc I + ) 

n,-> = I n )osc I - ) 

(3.1.30) 
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where I n )osc is the eigenvector of b*b with eigenvalue n and I ± ) are 
/ \ / \ 

the two eigenvectors of 03. Therefore the diagonalization of HRWA 

reduces to the easy problem of diagonalizing a two-state Hamiltonian 

HRWA[<X+ I n,+ > + a. I n -)] = En>± [a+ I n,+ > + a. I n,- >] n * 0 (3 1 3 j) 

The energy eigenvalues are easily obtained and read 

En,± ~ 0 , On + (0°2
 Q ±^-V(co0 - £ l f + 4 g2 n2 

" 1'2'3'"" (3 .1 .32) 

Following the same approximation that led to (3.1.2) the 

semiclassical RWA equations of motion read 

Xi(t) = COo X2(t) - £ / q p(t) X3(t) ^ x2(t) = - (Oo X2(t) - g q(t) X3(t) 

*3(t) = p(t) Xi(t) + g q(t) x2(t) ? q(t) = p(t) - ^20. x2(0 

p(t) = - 02q(t) - ^2 x i (0 (3 .1 .33) 

Unlike the classical spin-boson system, and despite an apparent 

increase of complexity, the classical RWA system (3.1.33) is fully 

integrable. In fact, together with the energy and the norm of the spin 

variable, eqs (3.1.33) admit another independent integral of motion, 

classical equivalent to the excitation number operator defined in 

(3 .1 .29) 
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x2 = x\ + x% + xl 

E = i- p2 + q2 - ̂  x-* + f- q xi - — p z + ^ _ q z . ^ X 3 + ^ q X l - - ^ p x 2 
2 2 2 2 2Q (3.1.34) 

Nci = ^ P2 + ~ q2 + x3 

The presence of an additional integral of motion reduces the number 

of independent variables to two and transforms drastically the 

features of the spin-boson system. 

The integrability of the RWA system could suggest that indeed the 

concept of classical integrability is related to the actual possibility of 

finding a complete solution of the quantum problem, i.e., 

eigenvectors and eigenvalues of the Hamiltonian. Actually it must be 

pointed out that while a classical system can be either integrable or 

non integrable, a quantum system is in principle always 

diagonalizable, i.e., there does always exist a complete solution of the 

Schroedinger equation. At the most from this example it can be 

inferred that the difficulty of finding a complete solution for a 

quantum system depends on the integrability of the associated 

classical system. 

The analysis of the RWA model completes our review of the 

properties of the spin-boson system obtained by other investigators. 

Further insights into the behavior of this system can be obtained 

using the Wigner formalism. To this end we need to generalize the 
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quantum distribution formalism to systems containing spin 

operators. This program is carried out in the next section. 

§ 3 . 2 Wigner Distribution for the Spin-Boson System 

The generalization of the Wigner formalism to the spin-boson 

system appears in principle difficult since the desired 

correspondence rule must translate into a phase space language such 

quantum operators that, like the spin components, do not have any 

real classical correspondents. 

We deal with this subtle issue by approaching the problem of the 

generalization of the Wigner formalism from two different points of 

views. In the first we extend the arguments used earlier so as to be 

applicable to the spin-boson system. Within this framework the 

quantum spin operator is associated with the components of a 

classical vector x, while, as far as the field operator are concerned, 

we use the standard Weyl's association rule. However, the unusual 

nature of this association shows up in the form of a singularity of the 

Wigner distribution. In the second approach the spin-boson Wigner 

formalism is built up starting from a more correct formalism. We 

shall see that within this second derivation it is possible to recover a 

classical description of the spin-boson system. 

Let us start with the first derivation and generalize to the spin-

boson system the arguments used earlier to construct the Wigner 

function. For this system the Wigner density reads 
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x I j. exp (-ik-x ) [ exp [- i (q a + p x)] C/I ^ A pw (x, q, p; t) = dk — - — da dx / . F(k, a, x; t) 
J (2 K)3 J (2 it)2 

(3.2.1) 

where F(k, a, x; t) is the quantum characteristic function defined by 

F(k, a, x; t) = Tr (exp [i (ki cx + k2 oy + k3 az)] exp [i ( aq + xp)] p(t)} (3.2.2) 

A , 

where p(0 is the density operator for the complete quantum system. 

Note that in the above equation as well as in the following part of 

this section we use the convention h=l. Note further that (3.2.1) and 

(3.2.2) extend the usual treatment of the Wigner distribution to 

include spin. The variables x=(xi , X2, X3,) p and q are the phase space 

variables associated via a generalized Weyl rule to the spin-boson 

operators; namely for the field operators (2.1.5) applies while the 

correspondence rule for the spin operators simply reads 

XJ (3.2.3) 

The reason of such a simple association arises from the fact that any 

product of spin-1/2 operators reduces to a single Pauli matrix, 

therefore (3.2.3) accounts by itself for all the possible cases. 

Following standard calculations (see sect (2.3)) we obtain that the 

quantum average values of quantum operators on the statistical 

system described by the density matrix are given by: 

5j(t)> = j <Gj(t)> = | dx dq dp xj p w (x , q, p; t) 

(3.2.4a) 
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<A(q,p) (t)> =1 dx dq dp A\y(q,p) pw(x, q, p; t) 
J (3.2.4b) 

<o, A(q,p) (t)> =1 dx dq dp xj A\v(q,p) pw(x> q, p; t) 

J (3.2.4c) 

where Aw(q,p) is the Wigner representation of the operator A(q,p). 

Let us now consider the time evolution of the Wigner function for 

the spin-boson system and let us limit ourselves to the simple case of 

Hamiltonian operator depending only on the spin operators. The most 

general form of the Hamiltonian in this case is: 

e - 1 
j - i 2 . (3.2.5) 

The time evolution of the characteristic function is easily obtained by 

inserting the Liouville-von Neumann equation into (3.2.2), this reads: 

3 
— F(k; t) = i X 1 ©j Tr {[cj, exp (ik-a )] p(t)} 
& J=i . (3.2.6) 

Let us consider the exponential factor in (3.2.6). Using standard 

quantum mechanical calculation this is written as 

n .I i . sin Ik) , ~ 
exp(ik-o ) = cosk +i k-G 

M (3.2.7a) 

w h e r e 
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|kj = Vk? + k$ + k| (3.2.7b) 

By means of the above expressions the spin characteristic function 

(3.2.2) and its time derivative (3.2.6) become 

F(k; t) = cos |k| + i kj <c/t)> 
|Jq i = i (3.2.8) 

— F(k; t) = - i X Ejnm coj kn <am(t)> 
dt W j,n,m = 1 (3.2.9) 

where £jnm is the Levi-Civita anti-symmetric tensor. The next step 

consists in finding a differential operator that acting on F(k;t) gives 

its time derivative (3.2.9). The invariant properties of the spin 

system (3.2.5) suggest to us that the desired dynamical operator has 

to be somehow related to the infinitesimal generator of the rotational 

group. Therefore we are led to the following ansatz on the form of 

the dynamical operator for the characteristic function 

"V1 ^ D = n m km 
j,n,m = i 9kn (3.2.10) 

A straightforward calculation shows that indeed the operator (3.2.10) 

generates the time evolution of the characteristic function for the 

spin system (3.2.5) 
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— F(k; t) = D F(k; t) 
3 t (3 .2 .11) 

The evolution operator for the pseudo-probability function is then 

easily obtained by (3.2.10) and reads 

— pw(x; t) = 2 £ j n rn CDj x n pw(x; t) 
j.n.m = 1 9xm (3 .2 .12) 

It is worthwhile to notice the striking similarity between the above 

evolution equation for the quantum pseudo-probability density and 

the corresponding classical one. If we consider the Hamiltonian 

(3.2.5) from a classical point of view the quantum operator a-Jl is 

replaced by the variable xj, component of the classical angular 

momentum along the x; axis. The Liouville equation for the 

distribution probability corresponding to this classical Hamiltonian is 

exactly equivalent to (3.2.12). However it must pointed out that, as in 

the case of the standard Wigner function, this perfect correspondence 

holds only for linear system. 

The same techniques used to derive the evolution equation for the 

pseudo-probability of Hamiltonian system (3.2.5) can also be applied 

in the case of the spin-boson Hamiltonian (3.1.1). The modifications 

of the present derivation, necessary to handle the interaction term 

that couples the spin system to the boson system, are described in 

detail in Appendix C. From this analysis we obtain the following 

evolution equation for the spin-boson Wigner distribution [51,52] 
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p w O , q,p; t) = (LCL + LQGD)PW(X, q,p; t) 
(3 .2 .13) 

w h e r e 

, 3 3 K 0 I 3 3 
Lcl = (00{x 153- - x 2 — | + 2gqlx 3 — - x 2= 

and 

3x2 3xi '3X2 3x3 

j 3 3 3 
+ S I % - P A I + G X I 5 

(3 .2 .14) 

LQGD = g 
3p 

3 3 2 3 3 X1 " — X1 x2 " — XI X3 3xi 3xi 3x2 3X3 (3 .2 .15) 

The operator LCL is identical to the Liouvillian of a classical dipole 

interacting with a classical oscillator, i.e. this term alone corresponds 

to the semiclassical set of equations (3.1.2) discussed in the previous 

section. The term LQGD in (3.2.15), as in the standard case of 

Sect.(2.2), accounts for the quantum effects on the dynamics of the 

spin-boson system. Anyway we note here that its structure presents 

different features with respect to the quantum term in the 

Liouvillian operator of the standard Wigner function (2.2.11). Unlike 

this the latter has a diffusion-like structure, i.e. it contains 

differential operators of order two, but the state dependence of the 

"diffusion coefficients" results in its not being positive definite. By 

means of numerical analysis [53] it was possible to prove that if the 

oscillator is coupled to a heat bath so as to transmit to the spin-1/2 
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dipole standard thermal fluctuations, then this term results in the 

average value of the z component of the dipole changing from a 

Langevin function (classical) to a hyperbolic tangent (quantum). In 

other words this term was coined "quantization generating diffusion" 

precisely because it ensures that the dipole retains its quantum 

nature. This suggests the following physical interpretation of the 

effect of LQGD on the dynamic of the pseudo-distribution: it acts as an 

antidiffusional mechanism competing against the thermal 

fluctuations and constraining the dipole, which otherwise would 

freely diffuse over all possible orientation, to vacillate between two 

possible orientations. By means of numerical calculations we check 

this hypothesis for the case in which the fluctuations are internally 

generated by the chaotic classical Liouvillian in (3.2.14). Another 

unusual feature of this generalization of the Wigner formalism is 

represented by the % dependence in the dynamical equation (3.2.13). 

As we have seen in Sect. (2.2) the quantum parameter ti is contained 

only in the quantum term of the Liouville-like equation for the 

pseudo-probability function. For the spin-boson system this does not 

occur. In order to verify this let us consider explicitly the H 

dependence in the spin-boson Hamiltonian (3.1.1); the Pauli matrices 

are thus multiplied by ti while the operators 1fi/2Q, (b+ + b) and 

if HQ./2 (b+ - b) are the position and momentum respectively of the 

oscillator 

W - <j3 + % g q + El + q 2 9Z 
2 6 M 2 2 (3.2.16) 
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The equation of evolution for the Wigner function corresponding to 

Hamiltonian (3.2.17) reads 

3 , N I / 9 a L n 2 3 9 

a r p w ( * - q ' p ; 0 = r lx ^ •"x + 2 g T ' S i ! " X 2 5xj) 5 p " ^ q 

(3.2.17) 

pw(x, q,p; t) a , d + " g X i ^ + S g ^ 
d d 2 d d — - xf - 5— xi x2 - 3— xi x3 

oxj dxj 0x2 C/X3 

We see here that the % dependent part of the Liouville-like operator 

(3.2.17) includes also a term that belongs to the classical operator 

(3.2.14). We could try to explain this unusual feature using the 

following argument: since the physical spin observable is fi<5\ the 

correct phase space representation of the quantum angular 

momentum is rather than xj, therefore we need to express the 

Wigner function in terms of this rescaled variable. Although this 

transformation makes the classical operator Lcl independent on % it 

happens that also a part of the non-deterministic Liouvillian becomes 

ft independent. In other words unlike the standard Wigner function 

in the case of the spin-boson system it is not possible to separate the 

classical contribution from the quantum one according to the % 

dependence. This is due basically to the lack of a semiclassical limit 

for the spin operators. 

Connected with this intrinsic quantum mechanical nature of the 

spin observables we also have that the Wigner distribution for the 

spin-boson Hamiltonian is singular, i.e., it is a mathematical object 

rather than a physical distribution. Let us see this in detail. The 
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quantum mechanical density matrix of this system can always be 

written as follows: 

p(t) = ^-O0p0(t) + ^ X <*ipi(t) 
2 2 u i (3 .2 .18) 

where oo is the identity matrix in the spin space and po(t), Pi(t) (i=l,2,3) 

are the reduced density matrices, functions of the field operators, 

defined as: 

Po(t) = Tr[p(t)] 
spin (3 .2 .19a) 

Pi (t) = Tr [Sip(t)] 
spin i= 1,2,3 (3 .2 .19b) 

If we substitute the density matrix (3.2.18) into (3.2.1) and (3.2.2), 

using polar coordinates for the spin variables *i, we obtain the most 

general Wigner function: 

pw(x,0,(p,q,p;t) = - J - — 5(1 - x) pw,o(q,p;t) 
471 dx 

1 d i 5 
- - f - sin 0 cos (p — 5(1 - x) pw i(q,p;t) - -±- sin 0 sin (p — 5(1 - x) pw 2(q>p;t) 4k dx 4n dx 

d 
' i c o s 0 — § ( 1 " x ) Pw,3(q.p;0 

d x (3 .2 .20) 

w h e r e 
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x = Vxf +x! + x§ (3.2.21) 

and pw,i(q>p;t) are the components of the Wigner distribution 

associated with the reduced density matrices (3.2.19) 

pw,i(q>p;t) = - 1 r | dz(q- z I pi(t)I q + z)expj 2iz-2-] 
n HI v HI 

J-oo (3.2.22) 

We refer to these functions as the reduced Wigner distributions. 

Eq.(3.2.20) clearly shows that the spin-boson Wigner distribution 

(3.2.1) has meaning only as a mathematical distribution. On the other 

hand, from definition (3.2.12) we notice that the quantum 

expectation value of any spin-boson operator can be calculated by 

means of one of the reduced Wigner distributions 

Tr[A(q,p)p(t)] = dq dp Aw (q, p) pw o (q, p; t) 

3 (3.2.23) 

•[A(q,p)p(t)] = j 

Tr[<JiA(q,p)p(t)] = I dq dp Aw (q, p) pw, i (q, p; t) 

J i=l,2, 

Tr [oj p(t)] = I dq dp pw, i (q, p; t) 
J i= 1,2,3 

Thus, it is obvious that the reduced Wigner distributions represent 

another possible representation of the spin-boson system just like 
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the Wigner distribution (2.1.4) is for the quantum system described 

by Hamiltonian (2.2.1). This leads us to abandon the preceding 

generalization of the Wigner formalism to the spin-boson 

Hamiltonian and to focus our attention on the reduced Wigner 

distributions [40,54]. However it is interesting to notice that within 

this sounder framework we shall be able to obtain a result almost 

completely equivalent to the Liouville-like equation (3.2.14) and 

(3.2.15). Somehow, in spite of the singular features of the spin-boson 

Wigner distribution (3.2.1), its evolution equation retains physical 

significance. 

The time evolution of the reduced Wigner distributions is easily 

obtained using the Liouville-von Neumann equation in definitions 

(3.2.19) and (3.2.22). These read 

3t pw,0 ~ p — + £22q ^ 
d_ 

aq dp 
Pw,0 + g Pw,l 

dp 

at 

at 

P w, 1 = 

Pw,2 

a 0 2 a 
p - + Q q aq dp. 

a a 
p — + £2~q 

3q aP 

pw.l + C00 pw,2 + g T~Pw,0 
ap 

pw,2 - COo pw.l - 2 g q pw,3 

(3.2.24)) 

a t P w 3 " 
a a 

p—- + 0 - q -
aq ap 

Pw,3 + 2 g q pw,3 

Note that the solution to this set of four partial differential equations 

is completely equivalent to that of the spin-boson system. We also 
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emphasize that the mathematical structure of (3.2.24) is quite 

different from (3.2.12) for Pw. 

We now reformulate the dynamical equations for the Pw,i in a form 

similar to that of (3.2.12). We define the probability vector as 

I p(q,p;t) > = pw,o(q,p;t) 10) + pw,i(q,p;t) II) + pw>2(q,p;t) 12) + pw,3(q,p;t) 13) 

(3.2.25) 

where the vector li) satisfies the orthonormality condition 

< j l i > = 6 i J i j = 0,1,2,3 . (3.2.26) 

The equation (3.2.24) recovers the Liouville-like form of (3.2.12) 

d 
— I p(q,p;t) > = A I p(q,p;t) > 

(3.2.27) 

w h e r e 

x = f p l + n 2 q | ) I + s l [ l 0 > < l l + l l > < 0 ' 1 

+ coo [ll> <21 -12) <ll] + 2 g q [I3> <21 -12) <3l] 

(3.2.28) 

with I being the identity operator in the vector space. In this 

formalism, the Weyl's correspondence rule is substituted by the 

following association between the operator A, of the spin-boson 

Hilbert space, and a vector I A) in the four dimensional vector space 
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A - 8J §(q,p) -> IA) = BW(q,p)li) i=0,1,2,3 (3.2.29) 

where Bw(q,p) is the Weyl's correspondent of the field operator B(q,p). 

Using (3.2.29) together with (3.2.25) and (3.2.27) it is 

straightforward to determine that the expectation value of A is 

• H < A Xt) = I dq I dp(A leAtl p(q,p;0)> 
(3.2.30) 

as we obtained in (2.5.4). The relation (3.2.30) allows us to define an 

evolution operator for the observable IA): 

< A Xt) = j dq j dp(A leAt I p(q,p;0)) = j dq j dp < A (t) I p(q,p;0) > 

(3.2.31) 

w h e r e 

IA(t)> - e r t I A ) (3.2.32) 

A 

Note that F is the adjoined operator to A in (3.2.27) so that 

A / \ r = - A (3.2.33) 

At t - 0 the density matrix of the spin-boson system is usually 

considered to be factorized 
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P (t = 0) = ±-(c0 + X <3i>CTi]pB(q,p) 
2 \ i = i / ( 3 . 2 . 3 4 ) 

The probability vector (3.2.25) corresponding to this state is 

l p w > = pw(q,p)(l0> + X 

\ i=i ) (3 .2 .35a) 

' pw) — pw(q>p)'7t) (3 .2 .35b) 

where pw(q,p) is the Wigner distribution corresponding to the density 

matrix pB (q,p) and Irc) is the initial state of the spin system. Using 

(3.2.31) and (3.2.35b) we obtain 

H < A Xt) = | dq J dp pB(q,p)<7t l e n I A) 
( 3 . 2 . 3 6 ) 

where the scalar product < TC I e r 11A) is a function of the initial 
/N 

coordinates q and p, as is evident from the definition of T. As in 

(2.5.4) the quantum result is obtained from (3.2.36) by averaging the 

single quantum trajectory <7CI e r r I A) over an ensemble distribution of 

initial conditions for the oscillator. 

Using (3.2.27) we are now in the position to derive the equations 
/s 

of motion for the quantum trajectories <7i le r t IA) . 

i (n lA ( , )> = < , l e r . f l A > 
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As in (2.5.3) the dynamic equation (3.2.37) gives the phase space 

equivalent of the Heisenberg representation of system (3.1.1) and it 

generates an infinite hierarchy of linear differential equations. By 

means of the following definitions 

/ s 

[Xi qn pm] (t) = < 711 e r t qn pm I i > i=l ,2,3 

(3.2.38) 

[q"Pm](t) = < 7 t l e r t q n p m 1 0 ) 

these are: 

~L [qn pm] (t) = n [qn -1 pm + *] (t) - Q.1 m [q11 + 1 pm -*] (t) - g m [xj qn pm -*] (t) 

^ [ x i q11 pm] (t) = n [xi q""1 pm + ]] (t) - Q,2 m [xi qn + 1 pm -*] (t) 

- g m [qn pm - l ] (t) - coo [x2 qn pm] (t) 

(3.2.39) 

^ [x2 qn pm] (t) = n [x2 qn"1 pm + *] (t) - Q 2 m [x2 q"+ 1 pm" *] (t) 

coo [xi q" pm] (t) + 2 g [x3 qn + 1 pm] (t) 

[x3 q" pm] (t) = n [x3 qn - 1 pm + *] (t) - Q.2 m [x3 qn + 1 pm -*] (t) - 2 g [x2 q
n + 1 pm] (t) 

where the initial condition according to (3.2.35a) and (3.2.35b) are: 
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[qn pm] (t = 0) = qn pm 

[xi qn pm] (t = 0) = qn pm < Gi > i= 1,2,3 

(3.2.40) 

Note that [xj (t) is the quantum trajectory corresponding to the spin 

operator and [q] (t) and [p] (t) are respectively the trajectories for the 

position and the momentum of the oscillator. A remarkable property 

of the dynamical system represented by set (3.2.39) is that it can be 

reproduced within a classical-like framework. Let us consider the 

following formal expression 

[x; qn pm] (t) = eG 1 qn pm x; 

[qn pm] (t) = eG 1 q" pm 

(3.2.41) 

A direct calculation shows that the differential operator G, defined as 

? d 
G = p — - Q q — + ooo 

d_ 

dq dp xi ^ x2 5x2 ^X1 
+ 2 g q 

d d 
X 3 ^ - X 2 s r 3 j gxi ap 

d_ 

aP 

d d d 
xi X2 — - Xi X3 3x 5X2 9X3 (3.2.42) 

generates the same infinite hierarchy of linear differential equations 

(3.2.39) for the variables (3.2.38) and at the same time satisfies the 

requirement imposed by the initial condition (3.2.40). It is 
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• • ^ 

interesting to notice that the operator G corresponds almost exactly 

to the formal expression for the dynamical operator of the spin-

boson Wigner representation; in fact we see in (3.2.42) that this 

differs from (3.2.13) by only a different sign in front of the 

diffusion-like term. Actually, in spite of this similarity, the two 

formal expressions for the time evolution of the spin-boson system 

correspond to two quite different representations of this system. In 

the former, (3.2.13), the dynamical operator evolves the spin-boson 

Wigner function, in the latter, (3.2.42), the operator G generates the 

dynamical equations for the moments (3.2.38). In the second scheme 

the singularities of the spin-boson Wigner distribution are 

completely removed and the expectation values of the quantum 

observable are obtained by averaging the evolution of the moments 

(3.2.38) over the ensemble distribution of initial conditions, that 

according to (3.2.36) and (3.2.40), reads: 

pw(x,q,p;t = 0) = pB(q,p)5(xj - < Oi >) 5 (x2 - < c2 >) 8(x3 - < G3 >) (3.2.43) 

This formal representation of the dynamical system (3.2.39) 

completes our program of generalizing the Wigner distribution 

formalism to the spin-boson system. As in (3.2.13) the operator G is 

divided into two different terms: GCL generates the semiclassical 

dynamic of (3.1.2), while GQGD takes into account the quantum effects 

on the dynamics of the variables (3.2.38). 
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The next step is now to assess the role of the underlying chaotic 

classical motion on the dynamics of the spin-boson system, or 
/s 

equivalently, the effect of the diffusion-like operator GQGD on the 

evolution of the quantum trajectories (3.2.38). This analysis 

necessarily requires the use of numerical computation techniques 

that are carried out according to the following scheme: 

a) the complete evolution of the quantum system is calculated by 

means of a numerical solution of the Liouville-von Neumann 

equation for the spin-boson system (3.1.1); 

b) the role of classical dynamics is assessed by performing the 

"semiclassical trajectories approximation" (STA) of the dynamical 

system (3.2.39) that consists in neglecting the contribution of GQGD- I n 

•N, 

this approximation the dynamics generated by the operator G 

becomes closed and the equations of motion for the phase space 

representation of the spin operators recover the semiclassical form 

(3.1.2) 

i [x i ] ( t ) = C00 [x2] (t) 

JjL [x2] (t) = - (Oo [x i] (t) - 2 g [q] (t) [x3] (t) 

£ [ x d (0 = 2 g[q] (0 fe] (0 2 4 4 ^ 

[q] (0 = [p] (t) 

^[p](t ) = - ^ 2 [ q ] ( 0 - g [ x i ] ( t ) 
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It is important to appreciate that although (3.2.44) resembles in form 

the equations obtained using the semiclassical factorization in 

Heisenberg picture 

O i q X t J M a i X t K q X t ) (3.2.45) 

it is in fact quite different. Equation (3.2.44) applies to the breaking 

of the correlations in the averages over the quantum mechanical 

variables, whereas the STA applies the factorization assumption to 

single trajectories. Eq (3.2.44) can now be integrated numerically and 

the quantum result obtained by averaging the classical trajectories 

over the distribution function of initial conditions (3.2.43) 

§ 3 . 3 Numerical Results on the Motion of the Spin-Boson 

S y s t e m 

In this section we intend to verify the validity of the STA 

approximation scheme. This program is carried out in two distinct 

ways. In the first analysis we compare the average value of the 

quantum observables obtained using the STA with the actual motion 

of the spin-boson system. The former calculation is obtained by 

determining the single trajectories (3.2.44) and then integrating 

them over the initial Wigner distribution (3.2.43), while for the latter 

one we integrate numerically the Liouville-von Neumann equation 

corresponding to Hamiltonian (3.1.1). Note that this result obviously 

includes both the effect of classical operator and that of the QGD 
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mechanism on the motion of the quantum moments (3.2.38). 

Therefore we refer to this as the "exact result." 

In the second analysis we check the physical consequences that 

our approximation scheme implies about the dynamics of the spin-

boson system. According to point (ii) of section (2.5) in the classical 

chaotic regime the quantum system is expected to exhibit 

irreversible and dissipative behavior. 

It is worthwhile to clarify this point. As we mentioned earlier, 

quantum mechanics is a linear worldview, a theory that does not 

allow for the exceptional complex features of nonlinear dynamics. It 

is therefore obvious that from a strict mathematical point of view 

neither truly irreversible nor real dissipative behavior is possible in 

the quantum evolution. If for example we tried to reverse the 

direction of time in the evolution of the expectation value of the 

quantum operators we would observe a perfect reversible motion 

[55]. Nevertheless quantum systems can show features that mimic 

the real irreversible and dissipative properties of the associated 

classical chaotic system. These are for instance the transition from a 

periodic to an apparently irregular evolution, the unexpected 

spreading of the wave function or the overall increase of the sub-

system entropy. Therefore the words "irreversible" or "dissipative" 

are used in the following part of this section having in mind the 

physical and not the mathematical meaning. 
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To investigate this theoretical prediction we study by numerical 

integration the time evolution of two testing functions: the entropy 

for the spin-1/2 system 

S(t) = - Tr [ps(t)lnps(t)j 
sP i n (3 .3 .1) 

w h e r e 

Ps(0 = Tr [p(t)] 
boson (3 .3 .2) 

and the uncertainty function for the field variables 

U = AqAp>/?/2 > (3 .3 .3) 

where Aq and Ap are the root mean square quantities 

Aq(t)2= (q(t)2)- (q(t))2 (3 .3 .4) 

Ap(t)2^ (p(t)2)-(p(t)f _ (3 .3 .5) 

For all the calculations the initial condition of the spin-boson system 

is described by 

p(0) = l+>< +1 pB (0) ? (3 .3 .6) 
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which means that the spin-1/2 dipole is initially polarized along the 

z-axis and the boson field is initially in a state characterized by the 
/v 

density matrix PB (0). This is chosen between this two possibilities: 

(i) The boson field is in a coherent state with photon number defined 

by <n> = N. This is the state of minimum uncertainty. The ensemble 

Wigner distribution corresponding to this state is 

PB(q,p) = ^ e x p !- [fi1 / 2q - (2N)1/2 f j exp PI 
a (3.3.7) 

(ii) The boson field is in the eigenstate ln> of the boson Hamiltonian 

with n = N . 

§ 3 . 3 a Numerical Results on the Motion of the Spin-1/2 

S y s t e m 

Let us start with the analysis of the quantum expectation values 
/s 

and focus our attention on the time evolution of <CFz(t)>. As we said in 
/s 

the previous section the qualitative behavior of the motion of <tfz(t)) 

changes depending on the integrability of the semiclassical equations 

(3.1.2). The almost integrable situation ( c o o « n , g ) is represented in 

Fig. 2(a). Here we see that the STA (dashed curve) is in remarkable 

agreement with the exact result (solid curve), suggesting in this way 

a possible explanation of the reversible phenomena of collapses and 

revivals. In this range of parameters the semiclassical trajectories 

(3.1.2) that start from close initial conditions have close behavior 
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characterized by slightly different "oscillation frequencies." The 

averaging procedure of (3.2.36) produce an interference effect 

between these different members of the ensemble that initially leads 

to a rapid decay of <oz(t)>. However, due to the periodicity of the 

semiclassical motion, after a period of quiescence behavior, the initial 

condition is restored and this pattern repeats itself again and again. 

In the resonant case (G>O=Q) of Fig. 3(a) the semiclassical motion is 

snow dominated by chaotic behavior, trajectories starting from 

nearby initial conditions have completely different evolutions. Thus 

the averaging procedure (3.2.36) involves the interference of 

incoherent oscillation that eventually yields to an irreversible 

relaxation of (oz(t)). Although the exact result retains part of these 

features we see that in this range of parameter the STA breaks 
/ \ 

down. The procedure agrees during the first collapse of (<7z(t)), 

however, the subsequent predicted evolution of the quantum system 

is quite different, and our approximation results in a more 

pronounced relaxation behavior. Differently from the previous 

ituation we have here that the QGD mechanism plays an important 

role in the dynamics of the quantum system. The effect of the QGD 

mechanism can be explained by this heuristic argument [52]. The 

persistence of the oscillations, unexpected on the basis of the STA, 

shows that the classical trajectories actually are not free to diffuse 

everywhere in the phase space. Thus the QGD mechanism acts as an 

anti-diffusive term and opposes the spreading of the chaotic 

trajectories. This is consistent with the general idea that one has 
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Fig. 2. Off-resonance dynamics of the spin-1/2 system. In all curves 
g = 20, coO=10"2, Q. = 2 k and the initial condition (i), namely the 
oscillator in the coherent state, with <n> = 10. (a) Time evolution of 
<Sz(t)>. The solid curve is numerical result. The dashed curve is 
obtained using the Wigner equation without the QGD mechanism, (b) 
Time evolution of the entropy S(t) of spin-1/2 system. The solid 
curve is "exact" numerical result. The dashed line is the theoretical 
maximum value of the entropy. 
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Fig. 3. Resonance dynamics of the spin-1/2 system. In all curves g = 
20, 0)0=^=271, and the initial condition (i), namely the oscillator in the 
coherent state, with <n> = 10. (a) Time evolution of <Sz(t)>. The solid 
curve is the "exact" numerical result. The dashed curve is obtained 
using the Wigner equation without the QGD mechanism, (b) Time 
evolution of the entropy S(t) of spin-1/2 system. The solid curve is 
"exact" numerical result. The dashed line is the theoretical maximum 
value of the entropy. 
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about quantization. Quantization rules imply that only two directions 

of the dipole are admitted, and free diffusion away from these two 
/s 

admitted orientations produced by LCL must be inhibited in some 

way. In addition to this it is clear that this mechanism is stronger 

when the diffusion of the semiclassical trajectories is more marked 

thus leading to relevant effects when the classical trajectories are 

chaotic. 

The calculation of the entropy confirms the generation of the 

irreversibility triggered by the parameter values that give rise to 

semiclassical chaos. We see in Fig. 2(b) that the entropy of the dipole 

subsystem monotonically increases until it reaches its maximum 

value at the end of the collapse process. However, once attained, the 

maximum entropy is eventually lost, the order of the spin system 

being restored by continued interaction with the boson field. The 

entropy monotonically decreases beyond its maximum to a minimum 

in the interval of the revival. This behavior of the entropy clearly 

indicates that the dynamics of the mixed state of the spin-1/2 dipole 

is reversible. In the non-integrable condition represented in Fig. 3(b) 

we note that the entropy monotonically approaches a plateau as it 

should for an irreversible process. However, in the vicinity of the 

first revival, a ghost is observed in the form of a slight decrease in 

the entropy. This blip indicates a competition between the 

irreversible effects of chaos and the reversible effects of the QGD 

mechanism, both of which are present in the exact calculation. 
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It must be pointed out that this is distinct from the behavior of 

the entropy of the same system, studied under the rotating-wave 

approximation (RWA) by Phoenix and Knight [56]. In their case the 

entropy is shown to exhibit a sort of overall increase, though not as 

marked as in the the case of Fig. 3(b). However, this latter increase 

has to do with the fact that a coherent state can mimic a bath with an 

infinite number of degrees of freedom [51]. The collapses occur 

because of the many different frequencies contributing to the time 

evolution of the mean values of interest, one for each eigenstate ln> 

of the unperturbed Hamiltonian of the oscillator (n=0,l,... .) necessary 

to build a coherent state. The revivals are not perfect because the 

frequency involved go as n*/2, not as an integer multiple of n [56]. 

As remarked in Ref. [51] to make it clear that we are dealing with a 

new kind of irreversibility, it is convenient to reduce the boson field 

to a single phonon as given by condition (ii). In this case the RWA 

leads to reversible behavior, whereas our exact calculations, with no 

RWA approximation, show that the entropy of the system exhibits a 

behavior more and more distinctly irreversible upon increase of g 

(see Fig. 4) 

§ 3 . 3 b Numerical Results on the Motion of the Oscillator 

In this Section we illustrate the results of calculations on the 

dynamics of the oscillator utilizing the initial condition (i). We also 

monitor the time evolution of the corresponding quantum 

uncertainty U (see eq.(3.3.3)). We start with the analysis of the 

expectation value of the position operator q. Fig. 5 illustrates the 
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relaxation-like nature of the time evolution of (q(t)>. This character is 

more distinct when the QGD mechanism is included. The comparison 

with the RWA condition points out an element of ambiguity of 

"irreversibility" as a proper indicator of semiclassical chaos. As 

mentioned earlier in this section the initial condition with the 

oscillator in the coherent state supplemented by the RWA can 

generate some degree of irreversibility. This is due to the fact that 

the dynamics of the system depends on an infinite number of 

eigenstates of the oscillator with incommensurate frequencies [56], 

and this is reflected in a overall increase of the entropy of the 

oscillator system. The results illustrated in Fig. 5(b) on the 

irreversibility of (q(t)> under the RWA reflects this property. We see 

indeed that, whereas the averaging of the RWA trajectories over the 

condition (i) results in a non-dissipative motion, the full quantum 

mechanical RWA calculation exhibits some elements of dissipation, 

albeit less marked than in case without RWA. We believe that 

semiclassical chaos is manifest in the relaxation behavior of the 

oscillator, but this is mixed in this case with the irreversibility 

stemming from the conventional source of a heat bath played by the 

coherent state. 

In the last calculation we investigated the time evolution of the 

quantum uncertainty for the field variables. As we concluded in 

point (ii) of section (2.5), depending on the integrability of the 

semiclassical dynamics, this function is supposed to show quite 

distinctive behavior. In particular, if our arguments on the growth of 



9 4 

W 
V 

1.5-

1.0-

0.5-

0.0-

-0.5-

-1.0-

-1.5 • 

1 ' «1 
1 ' !. i 1 ' » 
i • \ i 1 1 \« 1 , ' !»» 1 * » li » J » J L 

j.;; « t * • ««n; • »» ' i 11 i II 1 
IX 1 
i| 1 

»; »f}\ » 11 i • • it • 
* \ i ; 1 
* it i , I'M"! • 1 M 1 1 1 

1 t ! 

! ! • ! 
1 11 E 1 • i*l 
fjVjiV \?\ t, i 

i 1 *1 1 i i »I * I 
i 1 I i 

\ i 
! 

; . ;/; • 
i Ji i 
* r' 
• V i 

l; 1 
• 1 » 
Mi ! 

* i • i i • •1 
!• s »' *' i •; ;• i' •» i« »! 

i j» »! V *» ;• v u a 
¥ » 

• i» 'i ¥ : I ' 
1 < » 

• i " " »; 

(a) 

10 15 20 
~T~ 
25 30 

t (arbitrary units) 

" " /U\I :: i; :: (t>)< 

i i r 
10 15 20 

t (arbitrary units) 

Fig. 5. Time evolution of <q(t)>. In all curves g = 10, coo = £2 = 2 rc and 

the starting point is condition (i) of Section 4, namely the oscillator in 

the coherent state, with <n> = 1 0 . The full line is the result of the 

"exact" numerical calculation. The dashed line denotes the result of 

averaging on the semiclassical trajectories over the Wigner density 

corresponding to the above condition (i). (a) refers to the complete 

hamiltonian, with no RWA and (b) to the RWA 



9 5 

the quantum fluctuations as a result of chaos are correct, in the 

chaotic regime we expect to see an overall increase of U(t). Note that 

since the region of the phase space available to the oscillator has 

finite size the growth of U(t) must be limited from above. Thus we 

expect that the growth of U(t) is characterized by the attainment of a 

constant asymptotic value for t going to infinity. This phenomenon 

should be negligible or at least less marked in the integrable 

situation, corresponding to the RWA Hamiltonian (3.1.28). Fig. 6 

shows that our theoretical expectations are correct. Here we study 

the evolution of U(t) for the system (3.1.1) in the resonant condition 

using different values for the coupling parameter g. These are chosen 

in a way that larger g's imply larger Liapunov coefficient for the 

(3.2.1), thus corresponding to a higher degree of chaoticity for the 

semiclassical dynamics [40]. As we see from Fig. 6 the growth of U(t) 

increases with the degree of irregularity of the semiclassical 

equation, the most marked behavior is shown in curve (e), 

corresponding to classical fully chaotic motion. 

A quite surprising result is obtained in Fig. 7. Here we study the 

U(t) function in the following conditions: quantum system (3.1.1) in 

the classically chaotic regime curve (d), RWA of (3.1.28) in the same 

range of parameters curve (b), and the classical uncertainty for both 

these systems (i.e., without QGD mechanism) respectively curve (c) 

and (a). Contrary to our theoretical expectations the most marked 

increase of U(t) occurs in the quantum RWA. We see that it grows 

very quickly, much faster than any other process; it reaches a 
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Fig. 6. The quantum uncertainty U(t) as a function of time, 

calculated with no aproximation. The starting point is condition (i), 
namely the oscillator in the coherent state, with <n> = 10. The 

resonance condition coo = O = 27t is considered. We use the following 

parameters: g = 1 (a); g = 2 (b), g = 5 (c); g = 10 (d); g = 20 (e). 
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Fig. 7. The quantum uncertainty U(t) as a function of time. In all 

curves g = 10, coo = & = 2 jt and the starting point is condition (i), 

namely the oscillator in the coherent state, with <n> = 10. Curves (a) 

and (b) refer to the RWA approximation, (a) is the result of a 

calculation without the QGD mechanism and (b) is the result of a fully 

quantum mechanical RWA treatment. Curve (e) is a guide for eyes 

and indicates the effective increase of quantum uncertainty, if we 

disregard the Eiselt-Risken effect [57]. Curves (c) and (d) refer to a 

calculation made with no RWA approximation. The curve (c) is the 

result of a calculation neglecting the QGD mechanism, whereas (d) is 

the result of a calculation with no approximation. 
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maximum, then it undergoes a fast decrease till it reaches a first 

minimum. For simplicity of description, we are not taking into 

account the ultrafast oscillations of this curve. The process is 

repeated over and over again with minima of ever increasing value. 

The envelope of the maxima of this curve would correspond to a 

process of growth for the uncertainty U(t) comparable to that 

triggered by semiclassical chaos. However, if we focus our attention 

on the envelope of the minima, we see that this turns out to be, as 

must be, an increase faster than the semiclassical RWA case, but 

slower than the predictions of both quantum mechanical calculations 

without RWA. 

The reason why the actual increase of quantum uncertainty is 

indicated by the envelope of the minima (curve (e) of Fig. 7) is given 

by an interesting quantum mechanical property recently discovered 

by Eiselt and Risken [57]. The Eiselt-Risken effect is a quantum 

phenomenon associated with the effect of collapses and revivals [56] 

discusses earlier. The collapse process is shown [57] to correspond to 

a splitting of the quantum cloud into two distinct clouds. These two 

clouds quickly move far apart, thereby provoking a fast increase of 

U. The minima are easily explained by the fact that periodically, and 

precisely in the correspondence of the revivals, the two distinct 

clouds merge again into a single cloud. In conclusion, in this case U is 

not a reliable indicator of the quantum uncertainty, since the 

splitting of the cloud into two clouds results in a larger U, whereas 

the total volume of the quantum cloud (the sum of the volumes of 
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the two single clouds) does not change appreciably compared to the 

volume of the cloud before splitting. If we replace the function U(t) 

with the envelope of its minima (curve (e)) then we see that our 

theoretical expectations (that for a case with semiclassical chaos the 

rate of increase U(t) evaluated with the RWA is slower than without 

RWA) are fulfilled. 

The last remark is about the role of the QGD mechanism in the 

growth of U(t). Contrary to the effect that this has on the dynamics of 

the spin-1/2 system, Fig. 7 shows that the QGD mechanism actually 

enhances the diffusion of the field variables This can be intuitively 

explained by noticing that the QGD mechanism makes the system 

"remember" its quantum nature, thereby limiting the diffusion 

processes. This certainly applies to the spin-1/2 dipole, which has 

only two possible orientations and cannot freely diffuse as a result of 

chaos (chaos-induced diffusion). No constraint of this kind is set on 

the oscillator. However, it is not yet clear why this aspect would 

eventually result in the increase of the diffusion for the field 

variables . 

§ 3 . 3 c Concluding Remarks 

With the help of the Generalized Wigner distributions it is possible 

to remove the singularities shown by the direct generalization of the 

Wigner distribution to the spin-boson Hamiltonian and to extend this 

formalism also to this system 

In this framework the spin-boson system is described by a 

pseudo-distribution function in the phase space (3.2.43), while the 
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time evolution of the quantum trajectories (3.2.41) is the result of 

the interplay of two distinct dynamical operators: the first operator 
A, 

Gci gives exactly the semiclassical description of the evolution of the 
/N 

system; the second operator GQGD, modifies this to take the constraint 

posed by the quantization rules into account. Any quantum 

expectation value is then calculated averaging the quantum 

trajectories over the initial pseudo distribution. The effect of the 

classical operator, together with the averaging procedure, is quite 

well understood. In the classically regular condition the interference 

between the different semiclassical trajectories is not destructive, 

but on the contrary results in the quantum phenomenon of collapse 

and revival. In the classically chaotic situation the interference is 

totally destructive, producing in this way irreversible and dissipative 

behavior in the quantum evolution. These results are affected by the 

action of the QGD mechanism. The numerical analysis on the spin-

boson system suggests the following conclusions. As far as the 

average value of the spin operators is concerned the QGD mechanism 

plays an important role only in the classically chaotic regime. In this 

situation it acts like an anti-diffusive operator opposing the 

relaxation of <crz(t)> produced by the semiclassical dynamics. 

However, the analysis of the entropy of the spin-1/2 system and of 

the uncertainty of the field variables shows that the behavior of this 

two testing functions is consistent with the theoretical expectations 

that one would give neglecting the contribution of the QGD 

mechanism to the dynamic of the spin-boson system. 
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This leads us to the following conclusions about the manifestation 

of the classical chaos in the spin-boson model: The growth of the 

entropy of spin subsystem and of the uncertainty of the field 

variables is an irreversible phenomenon linked with the occurrence 

of chaos in the semiclassical dynamics. 



CHAPTER 4 

LOCALIZATION vs DIFFUSION 

§ 4 . 1 Introduct ion 

The previous analysis of the spin-boson system has pointed out 

that a possible manifestation of classical chaos in the quantum 

regime is represented by the behavior of special functions such as 

the sudden increase in the uncertainty of the quantum observables 

or the irreversible-like evolution of the subsystem entropy. These 

results, predicted within the formalism of the quantum pseudo-

probability, can be regarded as being "exact" every time the 

quantum corrections to the time evolution of the quantum 

distribution can be neglected compared to the contribution of the 

classical Liouville operator. 

However a better understanding of this mechanism, as well as of 

the limitations of this predictions, is necessary. In particular the 

supposed connection between classical chaos and the sudden increase 

of the uncertainty function represents a problem of primary 

importance. The implications of such a scenario are indeed numerous 

and physically relevant. First of all this would invalidate the widely 

shared conviction that quantum mechanical uncertainty is confined 

to the microscopic domain and can be safely neglected in the 

dynamics of macroscopic system even when this system undergoes 

chaotic motion. The second and more important point concerns the 

102 
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physical dimension of the uncertainty of the quantum observables. 

Let us limit our analysis for the time being to the effect of the 

classical term in the evolution equation for the Wigner function. If 

we consider integrable systems, since different trajectories depart 

from each other with a power law rate, the increase of quantum 

uncertainty is strongly limited by the microscopic value of ft and 

consequently can be safely neglected in the dynamics of macroscopic 

systems. For instance, in the simple case of free motion the 

uncertainty function of a Gaussian packet is: 

4 

(Ap)ft) (Aq)(t) = ^ + £ [< qp >(0) - < p >(0) < q )(0)] (Ap)f0) t +
 ( A ^ 0 ) t2 ^ j 

It is thus clear that due to the microscopic value of fi ( %=\.504x 10"27 

erg-sec) the spreading in (4.1.1) is by no means observable on a 

macroscopic scale even if we consider an elementary particle. In fact 

in order to have a spreading in the phase space of the order of 10 2 

mm2/sec for a particle with the mass of the order of one proton 

(m p =1.7xl0- 2 4 ) we should wait 104 seconds. The situation changes 

drastically if we consider a non-integrable system. In this case 

nearby trajectories diverge with an exponential rate and as a result 

of this even a microscopic uncertainty in the phase space, as small as 

fi, can reach a macroscopic dimension after relatively short times. 

Numerical analysis of the motion of the classical driven pendulum 

have confirmed this prediction [58] 



104 

p2 
H = ^ - c°s (co°q) + e q sin (Qt) 4 ^ ^ 

If we place the distribution function of a proton in the unstable 

region with an initial uncertainty of the order of Ti, this spreads all 

over the macroscopic accessible phase space after only 10-* seconds 

(e=2.3x10-5, £2=5x104 hz). Therefore it is not surprising if in the 

recent literature it has been conjectured that those quantum systems 

which would be classically chaotic, open up new avenues to the 

macroscopic manifestation of quantum mechanics [13,14]. 

However this kind of analysis does not take in account the 

contribution of the nonclassical terms in the evolution equation for 

the Wigner distribution. What happens to this semiclassical diffusion 

process if we include also these terms? In the spin-boson system we 

saw that the QGD mechanism does not change essentially the classical 

prediction, the uncertainty of the boson variables grows faster upon 

the increase of the phase space instability. The same phenomenon 

has been observed in other quantum systems such as the Kicked Top 

[43] or the Kicked Harmonic Oscillator [59]. Actually, it must be 

pointed out that not all the classically chaotic quantum systems 

display the same behavior, and as a matter fact, the scenario 

observed in the spin-boson system may change drastically if we 

study the diffusion process in different quantum systems. Let us 

consider for instance the well known example of the Quantum Kicked 

Rotator (QKR). The corresponding classical map exhibits chaotic 

solutions that in certain parameter regimes result in a diffusion 
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process for the unperturbed energy [5], i.e., an energy that grows 

linearly with time. On the contrary, it has been shown numerically 

[3] that the quantum version of this map experiences the 

phenomenon of "localization": after a characteristic time, which 

depends essentially on the inverse of h, the diffusion process is 

totally suppressed. An effect somehow related to localization in the 

QKR is also present in another well known example of a quantum 

system with a classically chaotic counterpart, the Driven Hydrogen 

Atom [2]. Here it was observed that when the rescaled frequency of 

the driving force exceeds a critical value, the quantum effects 

suppress significantly the ionization rate of the classical model. 

Therefore it appears evident that the effects of quantization on the 

semiclassical diffusion process can be drastically different depending 

on the particular system considered. 

Herein we are going to study these opposed aspects of quantum 

mechanics, i.e., diffusion and localization , in two classically chaotic 

quantum systems: the Quantum Kicked Rotator, characterized by the 

phenomenon of localization, and the Quantum Kicked Harmonic 

Oscillator (QKO), which on the contrary shows interesting diffusive 

properties. 

The outline of this chapter is as follows. In sect (4.2) we briefly 

review the classical and quantum properties of the Kicked Rotator. A 

suitable generalization of the Wigner formalism to this system is 

used in Sect. (4.3) to obtain the quantum corrections to the classical 

diffusion coefficient. Sect. (4.4) is devoted to the analysis of the 
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classical Kicked Harmonic Oscillator. The quantum analysis of this 

map is considered within the Wigner formalism in Sect. (4.5), while 

in Sect. (4.6) we consider the possible future developments on the 

analysis of these quantum systems. 

§ 4 . 2 Kicked Rotator: a Survey of Classical and Quantum 

Resul t s 

The classical kicked rotator system is represented by the 

following Hamiltonian 

H = ^ + ecos8Srft) ( 4 2 1 ) 

where &i(t) is the periodic delta function 

5l(t) = £ 5(t - nT) 
(4.2.2) 

The physical model described in (4.2.1) is that of a pendulum with 

moment of inertia I in a periodically kicked gravitational field of 

strength e. The particular form of the time dependent term (4.2.2) 

allows us to rewrite this dynamical system in the more convenient 

form of a 2-dimensional area preserving map 

Pn+1 = Pn + e sin en 

(4.2.3) 

^n+l = "T" Pn+1 
A -*mod 2n 
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where Pn and 0n are respectively the value of the momentum and the 

angle calculated right after the n-th kick. Using the rescaled variable 

Pn=T/I pn map the (4.2.3) is reformulated in terms of only one 

parameter K= eT/I 

P n + l = P n + K s i n 0 n 

(4.2.4) 

6n+l = [^n + Pn+l ] mod 2n 

which is universally known as the Standard Map. Map (4.2.4) can be 

considered essentially the prototype of a nonlinear system, in the 

sense that it summarizes in a relatively simple way the main 

characteristic of chaotic dynamics. By means of the standard map 

many nonlinear features have been discovered and studied for the 

first time, such as the interaction between the main nonlinear 

resonances and the transition between local and global stochasticity. 

The enormous amount of works dedicated to the analysis of this 

system can be traced back for example in Ref [5]. 

Let us start the study of the general features of the standard map 

and as usual we use the powerful tools provided by KAM theory. For 

K=0 the map (4.2.4) is trivially integrable; the unperturbed tori are 

straight lines (P=const) in the (P,0) phase space. In the quasi-

integrable condition ( K « l ) the phase space structure is characterized 

by the appearance of the primary islands of stability, which encircle 

the period-1 stable points of map (4.2.4) [(P,0)s p.= (2^m,0), m 
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integer] (see Fig 8(a)). In the region between the main neighboring 

islands, corresponding to successive stable points, the tori of the 

unperturbed system are not destroyed by the nonlinear perturbation 

but only slightly deformed (KAM surfaces). These invariant surfaces 

separate the stochastic regions from each other, which for K « l , are 

confined to narrow layers close to the nonlinear resonances. In this 

situation the motion is globally stable, i.e., all the chaotic trajectories 

are restricted in the momentum P. Upon increase of the coupling 

parameter K, the phase space of the kicked rotator looks more and 

more complex, higher order resonances show up, the KAM surfaces 

are more distorted by the perturbation while the stochastic regions 

occupy a larger part of the phase space. Finally, when K reaches some 

critical value Kcr (Kcr=.96), Fig. 8(b), the last KAM surfaces is 

destroyed. As a consequence of this the chaotic trajectories can now 

wander throughout the entire phase space, or in other words the 

motion of the standard map is now globally unstable. For greater 

values of K, Fig. 8(c) the size of the regular (stable) regions becomes 

so small as to be considered negligible in every respect; the motion of 

the standard map shows in this parameter regime fully chaotic 

behavior with strong statistical properties: mixing, local instability, 

and fast decay of the correlation functions. Moreover the subsequent 

values of the angle variable cover almost randomly the interval [-7t,7t] 

while the P variable diffuses over all the phase space. Let us focus 

our attention on the diffusion of the unperturbed energy P2. From 
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(4.2.4) we obtain that the value of P2 at the n-th kick is given by the 

following expression 

n-1 

<(Pn - Pop) = K2
 X ( sin 0i sin 6j) 
j-i = 0 (4.2.5) 

In the region of fully chaotic behavior we can use statistical 

arguments to estimate the r.h.s. of (4.2.5). In this case the most 

natural approximation is obtained by considering the values of the 

angle at different times as statistically independent variables, 

uniformly distributed along the interval [-rc.rc]. Note that this 

approximation is supported by the mixing property and the fast 

decay of the correlations of the standard map in this parameter 

regime. Under this assumption (4.2.5) assumes the form of a 

standard diffusion process for the unperturbed energy 

« P „ - P o P > = f - n ( 4 2 g ) 

This simple "quasi-linear" derivation of the diffusion coefficient 

actually represents an excellent estimate of the fully chaotic 

condition. In a more accurate calculation, the finite lifetime of the 

angle correlation function modifies the form of the diffusion 

coefficient, which in (4.2.6) is simply K2/2; for K>4.5 this was found 

to be an oscillating function of K, while in the range Kcr<K<4.5 another 

law holds [5] 
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K > 4.5 K2 1 -J 2 (K)-J5(K) + O(K-2) 
DCI(K) = [ 1 2 

\ .30 [K - KCR]3 KCR < K < 4.5 ( 4 . 2 . 7 ) 

where Jra(K) are Bessel functions of first kind. 

The quantum analysis of the standard map starts from the 

Hamiltonian formulation (4.2.1). The quantum version of the 

Hamiltonian (4.2.1) is easily obtained by replacing the classical 

angular momentum p with its quantized counterpart -ifo)/90 to obtain 

~ +2 7fi 
H = -%r — + ecos0 8T(t) 

90 (4.2.8) 

while the dynamical evolution is given by the time dependent 

Schrcedinger equation 

m 1 w ( e , t ) > = 9 1 w ( e , t ) > 
* (4.2.9) 

As in the classical system, we can use the properties of the delta 

function in order to change, from the continuous description of 

(4.2.9), to a more convenient mapping for the wave function. To this 

end let us rewrite (4.2.9) in the interaction representation 

l\j/(0,t)> = exp [- — H01] I \|/(9,t) > 
. ih 

(4.2.10a) 

i»^IV(e,t)> = V(9,t) I v(0,t) > 
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H0 
= & 2 d2 

2 1 do2 

and (4 .2 .10b) 

V(0,t) = exp i - H 0 t 
l fi 

£ cos 0 5r(t) exp H 0 t 

In general the operators V(0,ti) and V(0,t2), with ti*t2, do not 

commute with each other. However, if we consider two instants of 

time ti, t2 such that in the interval [ti,t2] there is only one kick, it is 

straightforward to show that the commutator of V(0,ti) with V(0,t2) 

vanishes. In fact, using the property of the delta function we have 

V(0,tj) = exp I-HonT 
\n 

e cos 0 8(t; - nT) exp r r H0 nT 
m 

(n-l)T<tj<(n+l)T 

(4 .2 .11) 

from which the desired commutation relation follows immediately. 

We are now in a position to find the complete solution to the 

Schrcedinger equation (4.2.10) in an interval of time that includes 

one only kick. Since under this condition the operator V(0,t) behaves 

like a classical function, i.e., it commutes at different times, this is 

obtained by means of a simple integration and reads: 

I \|/(0,nT + 0) ) = exp jexp 
i fi 

H0nT £ cos 0 exp J - H 0 nT V(6, nT-0)> 

(4 .2 .12) 
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Coming back to the original representation, and exploiting the fact 

that in the interval of time between two successive kicks only the 

kinetic term Ho acts on the system we finally derive the desired map 

for the wave function: 

I Y(0»n+1)) = exp 
2 1 ae2 

exp - i cos 0 
fi 

I Y(0,n)) 
(4.2.13) 

where l\|/(0,n)> is the wave function calculated right before the n-th 

kick. The first aspect that must be pointed out is that, in contrast to 

the classical case, the quantum map (4.2.13) depends on two 

parameters. Following the standard notation used in Ref [3] we 

denote these parameters as the "rescaled time interval" x=^T/I and 

the "rescaled coupling coefficient" k=e/ft. The presence of two 

parameters obviously increases the different regimes of the solutions 

of the quantum maps compared to the classical ones'. Herein we are 

interested in the diffusive regime, corresponding to the classical 

parameter K=kx greater that the critical value Kcr. The "rescaled 

coupling coefficient" k is then taken to be large enough in order to 

establish a close connection between quantum and classical motion. 

Note in fact that in (4.2.13) the quantum-classical transition is 

obtained for x->0, k->oo and such that kx=K=constant. Since in 

traditional quantum mechanics classical concepts such as trajectories 

or orbits are not defined the comparison between classical and 

quantum motion has to be restricted to the statistical features of the 
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two systems, i.e., long time behavior of the correlation functions, 

diffusive properties of the unperturbed energy and so on. In the 

deep semiclassical regime ( K » K c r , k » l ) there is in principle no 

reason to expect a strong deviation of the quantum evolution from 

that of the corresponding classical system. However the first 

numerical data [3] revealed a quite different scenario (see Fig. 9(a)). 

After a time interval To of good quantum-classical correspondence, 

the evolution of the unperturbed quantum energy begins to deviate 

from the diffusive behavior and starts localizing, i.e., to approach a 

constant value rather than to continue to grow linearly with time. In 

its subsequent evolution, the motion of the quantum energy 

oscillates irregularly around a limit value, the diffusive behavior 

being completely suppressed. These apparently irregular oscillations 

are actually reversible and quasi-periodic, in fact if time-reversed, 

the quantum motion tracks back in every detail the direct evolution 

[55] (see Fig. 9(b)). 

Let us discuss the physical reasons for localization in the QKR on 

intuitive grounds. Later on we shall come back to this point using 

somewhat more rigorous arguments. From (4.2.13) the amount of 

energy absorbed at each collision by the unperturbed rotator is 

2 
E„+1 - En = <sin2 e>„ + 1 <sin e p>„ ^ 2 j ̂  

where < >„ indicates the expectation value of quantum operators 

right before the n-th kick. Let us now suppose that a diffusion-like 
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Fig. 9(a). Expectation value of the unperturbed energy on the 
discrete time t = t/T for k=20, x=0.25, K=kx=5. The straight line 
corresponds to the classical diffusion, E = i /4k2t (after Chirikov et al 
[60]) 
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Fig. 9(b). Expectation value of the unperturbed energy when the 
motion is reversed; the evolution of the quantum system is entirely 
reversible (k=20, kx=5). The straight line corresponds to the classical 
diffusion, the vertical line corresponds to the moment of time 
reversal (after Shepelyansky [55]) 
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behavior takes place in the quantum evolution and let us find the 

time at which this approximation breaks down. Following the 

classical approximation, the amount of energy available to the 

unperturbed system at each collision is written as 

A H = c — 
I ( 4 . 2 . 1 5 ) 

where AE=En+i-En, c = <sin2 Q>J2 is supposed to be independent of the 

time n. Note also that, since in the semiclassical regime e is large, the 

second term on the r.h.s. of (4.2.15) has been neglected. The energy 

levels of the unperturbed rotator are a quadratic function of the 

quantum number m 

E - ft2 rn2 

m 21 (4.2.16) 

This means that for large quantum numbers the energy separation 

between two adjacent levels is given by 

- - F « ft2 m 
Jm + I * (4.2.17) 

In the diffusive regime, at each collision, the unperturbed rotator 

absorbs the amount of energy given by (4.2.15), thereby resulting in 

a constant increase of the free energy. However, we notice that this 

process is possible inasmuch as AE is large compared to the energy 

mismatch. In other words, it is always possible to find a pair of states 
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at a distance corresponding to the quantity of energy which must be 

absorbed. However, upon increase of time, i.e. upon increase of the 

index n of (4.2.14), the total energy absorbed becomes so large that 

the subsequent absorption should take place in a region where the 

amount of energy absorbed at each collision is comparable to the 

local energy separation among adjacent levels. This takes place at 

that specific value m = m, corresponding to 

h2 m _ r e£ 
I ~ C I (4.2.18a) 

thereby resulting in 

- e2 
m = i -

h2 (4.2.18b) 

The time step n = N at which this condition is realized is given by 

N C — — = ~ 

I 21 (4.2.19) 

By replacing (4.2.18) in (4.2.19) we can derive the following 

prediction for the time at which our diffusive-behavior 

approximation breaks down, and consequently, the time at which a 

departure from the free-diffusion behavior occurs 

N = 
2 \ftl (4.2.20) 
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This prediction fits pretty well the empirical rule established by 

Izrailev [3] 

n ~ ( * r (4.2.21) 

with the power a = 1.5 - 2.0. This is confirmed also by the results 

discussed by Shepelyansky [5]. 

However, it would be misleading to state that (4.2.20) has to be 

identified with the time when the classical approximation is broken. 

If we adopt the standard view according to which the system is 

quantum mechanical when the width of the wave functions extends 

over a significant portion of the available phase space, then we must 

conclude that the system becomes quantum mechanical much earlier. 

This is clearly stated by Zaslavsky [14] and Berman et al. [59]. The 

time it takes the wave function to spread over all the available phase 

space 0 is given by the relation 

80 ~ 80o exp A, t = 2% ^ 2 22) 

where X is the largest Liapunov exponent of the chaotic motion of the 

corresponding semiclassical system and 80o is the change in the 

initial phase. This would lead to the time 

to = -L In 
IS0O| (4.2.23) 
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On the other hand, the uncertainty principle prevents us from 

realizing the ideal condition S0o = 0, since 

86o 8p >h (4.2.24) 

Thus we find that 

x \ n (4.2.25) 

On the other hand an upper bound limit to this time is set by the fact 

that an experiment of classical physics will imply a well defined 

initial momentum, namely 

8 P « P (4.2.26) 

In conclusion we get a time which is proportional to the logarithm of 

1/h rather than merely proportional to l/h2, as in the prediction 

(4.2.20). 

Let us now come back to the quantum map (4.2.13) and find a 

more rigorous explanation of the quantum suppression of the 

classical diffusion. From (4.2.13) we see that the successive values of 

the wave function are given by the action of the unitary operator U, 

which is the product of two non-commuting operators 
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a 2 " 

2 a e 2 
exp [- i k cos 0] 

(4.2.27) 

Operator U is often called a Floquet operator, since, in the case of 

time dependent periodical Hamiltonian, the problem of determining 

the solution (4.2.9) can be reformulated within the Floquet theory of 

the linear differential equations with periodic time dependent 

coefficients. Let us introduce the eigenvectors (pa.(0) of the Floquet 

operator U 

U <px(0) = X <px(0) (4.2.28) 

From the unitary property of U we obtain that the eigenvalues X are 

unimodular complex numbers X,=exp(ie), where e the "quasi energy" 

in the Floquet terminology, are determined modulo 2n. The 

orthogonality of the Floquet states cpe(0), corresponding to different 

eigenvalues e, also follows easily from the unitary of U. In term of 

the states cpe(0) the evolution of an arbitrary wave function of the 

QKR reads: 

V(6>n) = ^ ce e'"£ <pe(6) (4.2.29a) 

with 

ce = (<Pe'V(n = 0)> (4.2.29b) 
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Note that in (4.2.29), in order to simplify the notation, we used a 

discrete expansion of \y(0) in terms of the (p£(0) states. Actually, there 

are no a priori reasons to assume that the spectrum of the quasi-

energy is discrete. Following the work of Chirikov et al [60], let us try 

to understand the diffusion features of the QKR in terms of the 

properties of the states cpe(0). To this end it is necessary to consider 

the expansion of the Floquet states in terms of the unperturbed basis 

of the momentum representation 

9e(0) <pm(e)eim0 

Y2tc m _ (4.2.30) 

The key point of this approach is contained in the asymptotic 

behavior of the coefficients cpm(e) in (4.2.30) as lml->°°. Let us suppose 

that the cpm(£) decrease very rapidly for lml->°°. In this case the 

effective number of unperturbed eigenfunctions contained in the 

Floquet state (pe(0) is finite. On the other hand, it is easy to realize 

that the same localization occurs in expansion (4.2.29a), i.e., only 

those coefficients ce, for which the state cpe(0) overlaps considerably 

with \j/(9,0) in (4.2.29b), contribute significantly to (4.2.29a). As a 

result of this the number of momentum states, effectively accessible 

to the wave function y(0,n) in (4.2.29a), is finite, or in other words, 

the free energy is bounded and quasi-periodic. If on the contrary the 

coefficients (pm(e) are not localized in the momentum representation, 

then every Floquet state cpe(0) can give virtually an infinite 
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contribution to the expectation value of the energy. In this case the 

form of the coefficients ce, as well as the quasi-energy spectrum, 

determine the evolution of the free energy, which, depending on the 

circumstances, can result in an unbounded growth. We note here that 

in the former case, i.e., localized Floquet states, the quasi-energy 

spectrum is discrete, while in the latter, the unnormalizable 

delocalized states have a continuous spectrum. Several numerical 

analysis have demonstrated that indeed the Floquet states of the QKR 

are localized for almost every value of the parameters x, k [3] (the 

case of delocalized states, corresponding to the Quantum Resonance 

Condition, will be considered later). 

An interesting connection between the localization phenomenon in 

the QKR and the properties of the electronic propagation in a 

disordered lattice was found by Grempel et al [61]. They were able to 

show that the problem of determining the eigenvectors of the 

Floquet operator can be mapped into the Anderson Localization 

model of Solid State physics. Let us briefly review their 

demonstration. We define the state <pe(®) as: 

q>e(0) = y[<Pe(e) + <Pe(0)] (4.2.31) 

where <Pe(0) is the Floquet state right after the kick. Note that if we 

place initially our system in the state (pe(0)> the wave function 

exp[ienT] <Pe(0) represents the average between the state before and 
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after the n-th kick. From (4.2.12) we obtain that the state <Pe(6) is 

related to cpe(0) by means of the following relations: 

(pe(0) = e- ie exp a2 

2 a e 2 
cpKB) 

(4.2.32a) 

(pe(0) = exp [- i k cos 0 ] (pe(0) (4.2.32b) 

We now want to obtain an eigenvalue equation for the state <Pe(8). 

This is achieved using the following representation of the operator 

exp[-ikcos0] in (4.2.32b) in terms of the hermitian operator W(0) 

r 0 i l+iW(0) exp [-1 k cos 0 j = — 
1 - i W(0) (4.2.33) 

Using (4.2.33) in (4.2.31) and (4.2.32) we finally obtain: 

I'm (Pm ~̂ '/V Wr (pm+r = E Cpm 

r̂O 

where 

(4.2.34) 

Tm = tan e -1/2 m2 
E = - W0 

(4.2.35) 

W - J - f 
r 271 

Jo 

e-ir0 W(0) 

and (pm are the components of <Pe(6) in the momentum representation 
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of the unperturbed system. Eq.(4.2.34) can be interpreted within the 

quantum theory of the transport of excitation in Solid State Physics. 

To this end let us imagine that (pm represents the wave function in 

the site m of a one-dimensional tight-binding lattice. In this picture 

T m is the diagonal potential, relative to the site m, while Wr is the 

hopping amplitude to the r-th neighbor. The nature of the solutions 

of this Hamiltonian depends on the sequence of "site energy" {Tm}. 

Two cases are particularly relevant. Let us first consider the simplest 

one: a periodic sequence {Tm}, i.e., Tm+q=Tm. In this case the chain is 

periodic and the eigenvectors of (4.2.34) are Bloch-states, i.e., 

extended and unnormalizable wave functions which give rise to 

electronic propagation in the lattice and therefore diffusion in the 

QKR. The second important situation is represented by a random 

sequence of statistical independent Tm . This corresponds to the well 

known Anderson Localization Model [62]. The nature of the solutions 

in this case is now well understood: all the eigenstates are localized 

around some lattice site and decay exponentially away from that site. 

The energy spectrum is discrete. As a result, the diffusion is 

suppressed and the motion is quasi-periodic. Let us now consider the 

expression for Tm in (4.2.35). We see here that, depending on the 

value of the "rescaled time interval" x, the sequence {Tm} can be 

either periodic or pseudo random." The periodic case corresponds to 

the choice: 

x - 4 7C ~ no, mo integers 
m ° • (4.2.36) 



125 

According to the previous discussion, this situation should 

correspond to unbounded diffusion of the energy in the QKR. This is 

indeed what happens; it was rigorously proved (see Ref [3] and 

references therein) that if condition (4.2.36) holds, also known as 

"quantum resonance condition," the average value of the 

unperturbed energy grows asymptotically in time as n2. For instance, 

in the simple case x=4k and the QKR initially placed in the state 

\)/(0,O)=exp(ino 0), it is straightforward to obtain from (4.2.13): 

E = n2 + En n 2 1 . (4.2.37) 

It must be notice that, like the phenomenon of the suppression of 

classical diffusion, this quadratic increase of the energy is a typical 

quantum effect completely disconnected from the classical evolution. 

It is in fact clear that, unlike the classical case, in the quantum 

resonance condition we obtain an unbounded increase of free energy 

even when the classical system is globally stable, i.e., for K less than 

the critical value Kcr . This effect can be regarded as the counter part 

to the quantum suppression of the classical diffusion. In fact, while in 

the latter case the different amplitudes of the wave function interact 

with each other in a destructive way, in the former case the 

interference is constructive, and instead of a suppression, the QKR 

experiences an enhancement of diffusion. 

For irrational value of t/4k the sequence {Tm} becomes "pseudo-

random," i.e., {Tm} has some but not all the properties of a truly 
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random sequence. In fact, according to a theorem of Weyl the 

sequence (e-x/2m2) mod % is ergodic in the interval [0,7c]; however, 

the required statistical independence of the different Tm is certainly 

not realized. One may wonder whether this weaker randomness of 

the sequence {Tm} compared to that of the Anderson model is 

sufficient to guarantee the localization of the Floquet states. Also in 

this case the answer has come so far only from numerical analysis 

[61] and it is positive: the sequence {Tm} is random enough to localize 

all the solutions of (4.2.34). 

§ 4 . 3 Diffusive Regime in the QKR 

In this section we want to analyze the diffusion motion that takes 

place in the QKR for times tcto. The range of quantum parameters 

corresponding to this condition is that of the semiclassical regime, 

K>KCr and k » l , with i « l and x/4% irrational. In addition to this, we 

use as the initial condition eigenvectors of the unperturbed 

Hamiltonian, which in the classical case would correspond to 

statistical systems with fixed value of momentum p and angle 0 

uniformly distributed over the interval [-rc,7t]. The last condition is 

necessary since in principle, depending on the initial state, even in 

this parameter regime the diffusive behavior in the QKR may be 

suppressed from the very beginning of the motion. One of these 

states is represented for instance by the wave function calculated at 

times t>tD. However, it is obvious that these states are quite 

exceptional and difficult to realize in practice; they in fact involve 
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complicated correlations among their different amplitudes in the 

momentum representat ion. 

The method that we use rests on the adoption of the Wigner 

formalism, which allows us to set the quantum problem in terms of 

an "equivalent" classical problem. In this connection, we note that, 

since the rotator system is periodic in the coordinate 0 with period 

27t, the Wigner phase-space association (2.1.2) has to be modified. A 

suitable correspondence rule to this system was obtained by Berman 

et al [63]. We discuss the details of this generalization in Appendix D. 

Herein we limit ourselves to the final results: the Wigner distribution 

for the rotator system is defined as 

* + 2 i t 

pw (0,p) = dz exp ("1 < e + f 'P16 

J-2n 
f > 

(4.3.1) 

consequently the Weyl correspondence rule (2.1.5) becomes 

- + 2 n 

A\v(0,p) = 1 dz exp i — j < 6 + 2 " 2 > 

J- 2n ^ 

while the average value of the operator A reads 

(4.3.2) 

/ N 

(A > = ^ i d0 Aw(0,p)pw(0,p) > pehZ/2 
P Jn (4.3.3) 

where Z stands for the set of all the negative and positive integers. It 
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is important to notice that in (4.3.3) the usual integral over the 

momentum is replaced by a sum over the integer values of 2p//t. 

Let us now consider the evolution equation for the Wigner density 

of the QKR. Using the Floquet operator U defined in (4.2.27), the 

density matrix p(n+i), calculated right before the (n+l)-th kick, is 

related to the previous one by means of the following map 

XS, / s 

P(n+1) = U p(n) U+ ^ ^ ^ 

The map for the Wigner distribution is then obtained by inserting 

(4.3.4) into (4.3.1). The details of the derivation are in Appendix D, 

here we register the final result 

Pw+1(M = exP 
pT_a 

1 ae 
X Jr (2k sin e ) p^(e,p - >Lr ) 

(4.3.5) 

where once again Jr(z) are Bessel functions of the first kind. In order 

to study the evolution of the expectation value of the free energy, it 

turns out to be useful to introduce the Fourier transform of the 

Wigner distribution (4.3.1), or in other words, its characteristic 

function. This is defined as follows 

Pn(s ,CO) = X I d 0 e i s e e i c ° P ^ p ^ ( e , p) 
J - n p e h Z f 2 , - n (4.3.6) 



129 

Eq.(4.3.6) can be adopted, as well as (4.3.4), to calculate the 

expectation value of any quantum operator. In this case we are 

interested in the expectation value of the momentum and of the free 

energy, which are obtained by means of the following formulae 

p" n (0 ,0 ) = 1 , J _ p n ( 0 5 Q ) ) 
c o = o Ti 

32 _ ( 4-3-7> 
3 - ~ ' - i < p 2 > n 

co - 0 fl dco2 
P n (0,CO) 

Using standard calculations the Fourier transform of the map (4.3.5) 

becomes 

Pn+i (s,co) - ^ Js> (2k sin (co/2 + s x/2)) p„(s + s',0) + s x) 

(4.3.8) 

This equation is the starting point for the calculation of the quantum 

diffusion coefficient. We note in (4.3.8) that the function Pn+i(s,co) 

involves values of the previous characteristic function calculated at 

an infinite set of other different points. To clarify this point we 

rewrite (4.3.8) using the co-dependent matrix ns,s' ; r,r' defined as: 

p n+i (s,co + r x) = nsy; r?r' (co) p „ (s',co + r' x) 

(4.3.9) 

where 
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ns<s'; (co) — Js'_ s[ 2k sin (co/2 + s x/2(s+r))] Sr'̂ s+j- ^ ^ 10) 

The dimension of the index r in (4.3.9) depends essentially on the 

parameter x. Since the Fourier transform of the Wigner distribution is 

periodic in the co variable with period 4;t (this can be realized 

directly from the definition (4.3.6) itself), in the case of x/4rc rational, 

the sequence of functions pn(s,o> + rx) generated by different values of 

the index r is finite; namely 

A no ~ / n s = 0, ±1, ±2,... ± 
x = 4n -p- -> p n (s,co + r x) : _ ' , 

mo Knv r = 0, 1,... , q-1 (4.3.11) 

This condition corresponds to the quantum resonances of (4.2.36). If 

on the contrary x/4% is irrational, any integer r determines a 

different function. In this case the sequence [rx] mod 4n r=0,±l,±2,...,± oo 

covers uniformly the interval [0,47t] and for any r there exists an 

integer v such that the function p(s,co + v x) is arbitrarily close to 

pn(s,co + rx). 

Let us now use the vectorial form of (4.3.9) for the QKR's map to 

calculate the quantum diffusion coefficient; note that, in order to 

avoid the quantum resonances, we adopt irrational values for the 

parameter t/4k. To derive an equation of diffusion we must make 

the preliminary assumption that no localization process exists. This 

means that upon increase of time the mean square value of the 

momentum increases without limit. In the classical case this also 

implies that the characteristic function of the probability distribution 
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becomes significant only for very small values of co [64], i.e., for n » l 

and c o « l the function Pci(s,co + rx) is negligible compared to pci(s,co). In 

other words pcifo® + r t), with r* 0, represents the indication of small 

fluctuations from the overall tendency of the momentum to increase 

with an increase of time. In the classical case, this occurrence allows 

us to carry out the calculation of the diffusion coefficient within the 

Zwanzig-Nakajima Projection technique [64,65], where the "state of 

interest" is represented by the function Pn(0,co)j while p(s,<o + v x) s,r*0 

are regarded as being "irrelevant variables." Since we are interested 

in the diffusive regime of the quantum evolution (tctD) we shall 

apply the same calculation method to (4.3.9). However, it is obvious 

that in the quantum case this approximate procedure can not hold at 

arbitrary time; in particular, because of the periodicity in co of the 

characteristic function (a typical quantum effect due to the 

discreteness of the momentum) we have seen that if x/4K is 

irrational there is an integer v such that the "irrelevant state" 

pn(0,co + vx) approximates arbitrarily well the "state of interest" 

pn(0,co). Nevertheless, as we can realize from (4.3.9), these two states 

are coupled to each other only via successive interactions of the the 

matrix n (approximately the bigger v the larger the number of 

interactions). Therefore if x « l , or equivalently x is "very irrational," 

the index v becomes so large that we can suppose that the state 

p n (0,co) feels the effect of the state P n (0,co + v x) only after a certain 

number of kicks. It is thus clear that this approximate procedure can 

not provide any information about the localization of the diffusion in 
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the QKR; this formalism is tailored to obtain the diffusion coefficient 

and we use it to determine the quantum correction to the classical 

result (4.2.6). 

Let us now apply the Projection technique. To this end we define 

the "state vector" I n,co) as: 

oo 

I n,G)) s ^ p n (s,co + r i) I s,r) 
s'r="~ (4.3.12a) 

and the usual scalar product for the vectors I s,r) 

( s,r I s',r') = 5c o' 8r r' 
' s,s r,r (4.3.12b) 

It is easy to realize that with these definitions (4.3.9) becomes: 

I n+l,ft>) = n I „,(o) ( 4 3 1 3 ) 

where the matrix elements < s, rinis',r'> are given by (4.3.10). Using 

the prescriptions of the Projection method the state of interest for 

the dynamical system (4.3.13), i.e., the scalar product < 0,0 I n,o) >, is 

obtained by means of a projection operator P defined as 

P s l 0 - 0 > < 0 ' 0 1 (4.3.14) 

Together with P we also define its complementary projection 

operator Q: 
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Q = 1 -P = X ' s ' r X s,r I 
s ' r*° (4.3.15) 

By applying to (4.3.13) both the projection operator P and Q we get 

P I n+l,co) = PIIPI n,co) + PI1Q I n,co > (4.3.16a) 

Q I n+l,co) = Q11PI n,co) + QI1QI n,co) (4.3.16b) 

Eq.(4.3.16a) is formally solved using a recurrence method. Let us 

briefly review this. We start by rewriting (4.3.16b) for the time step 

n 

Q I n,co) = QI1P I n-l,co) + QI1QI n-1,0)) ^ ^ 17) 

This can be placed into the r.h.s. of (4.3.16a), thereby implying the 

dependence on QPQIn-l,co>. The expression for this can be derived 

from (4.3.17) by replacing n with n-1. Going ahead along the same 

way we arrive at 

Q I n,co ) = (Qn^P I n-m,co) + (QP)"I 0,co) 
m=i (4.3.18) 

By placing this into (4.3.16a) we finally get the mapping counterpart 

of the master equation of Zwanzig 
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Pln+l,co) = PnPln,co) + P n T (Qn)mPln-m,co) + (Qn)nQ10,co) 
m = l (4.3.19) 

The inhomogeneous term vanishes due to the fact that we choose as 

the initial condition an eigenstate of the unperturbed momentum. In 

this case, since the Wigner function is constant in the angle variable, 

the initial characteristic function is different from zero only for s=0, 

therefore QI0,C0>=0. Let us now make our calculation at the third 

order in P. This means 

Pln+l,co) = PIIP ln,co) + PIIQIIPIn-l,©) + PnQFIPQnP ln-2,co) (4.3.20) 

From (4.3.10) and (4.3.15) we have 

<0,0 i n 10,0) = Jo(z(co)) (4.3.21) 

< 0,0 I IIQn 10,0 > = 0 (4.3.22) 

< 0,0 I IIQnQn 10,0 > = 2 Ji (z(a>)) J. 2 s (z(co +xs)) 

(4.3.23) 

where the function z(co) is 

z(co) = 2 k s in (0/2 ( 4 . 3 . 2 4 ) 

With (4.3.22), (4.3.20) is reduced to 
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P I n - 1 , 0 ) > = P n P I n , c o > + P n Q n P Q n P I n - 2 , c o ) (4.3.25) 

Let us now make the additional assumption that the time evolution 

from n-2 to n is only driven by the first order term of the master 

equation (4.3.20), namely, taking also (4.3.21) into account, 

P I n - 2 , c o ) » J5 2 (Z(CO ) ) P I n , co ) (4.3.26) 

Thus (4.3.20) becomes 

P I n + l , c o ) J0(z(co)) + J62(Z(CO)) ^ J-2
s(z(o>)) J- 2 s (z(co + x s)) 

s * 0 

P I n , c o ) 

(4.3.27) 

which means in terms of the density matrix 

P n + l (0,CO) = Jo (z (CO)) + J o 2 ( z ( ( 0 ) ) 2 J ? g ( z ( ( D ) ) J . 2 s ( z ( C 0 + X s ) ) 

s * 0 

p„(s,(0) 

(4.3.28) 

Eq.(4.3.28) is our final result. We now rescale the quantum operator 

P = T/Ip in accord with the classical derivation of the Standard Map. 
A 

Using (4.3.7) the quantum diffusion coefficient for the operator P, 

relative to the motion of the QKR for time t<tD reads: 

< P 2 W > = < ? 2 > ( „ ) + D Q (4.3.29) 
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DQ = K2[l-J2(z(t))-J5(z(t))] (4.3.30) 

By direct calculation we realize that in the classical limit the 

quantum diffusion coefficient recovers the classical expression 

(4.2.6). In fact from (4.3.24) we obtain 

lim z ( x ) = 2Z s i nML = e l = K 

"~*o Z(X) % s m 21 I K (4.3.31) 

In general, up to this order of approximation, we see that the 

quantum corrections are obtained by replacing the parameter K with 

Z(T) inside the Bessel function in (4.2.7). 

Using different arguments, Shepelyansky [66] arrived at the same 

analytical expression, which was later confirmed by numerical 

analysis [67]. However, it is remarkable that by means of the Wigner 

distribution we could derive the quantum expression (4.3.30) using 

basically classical arguments. 

§ 4 . 4 Kicked Harmonic Oscillator: Classical Motion 

Let us now consider a different example of the classical map. This 

is obtained by the following hamiltonian system which describes the 

evolution of a harmonic oscillator under the effect of a periodically 

pulsed nonlinear perturbation 

_ P2 1 
11JL w ~r c, v u a I ivy / t \j yi, - 11 A y j 

n = -~ (4 .4 .1 ) 

H = 2 ~ + 2 m Q2 + e c o s (ko Q) X 5 (t - n T0) 
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Although (4.4.1) resembles the form of the Hamiltonian of the kicked 

rotator, due to the linear properties of the unperturbed system, the 

phase space structure of the solutions of (4.4.1) is very different 

from that of the previous model. Let us see this within the 

framework of the KAM theorem. For sufficiently weak perturbation 

the KAM theory provides us with a general scenario of the dynamics 

of nonlinear systems. In particular it establishes that some invariant 

surfaces of the unperturbed system (KAM surfaces) will not be 

destroyed by the perturbation, but only continuously deformed. If 

the dimension of the Hamiltonian system N is less than or equal to 2 

the 2-dimensional KAM surfaces divide the 3-dimensional "energy 

volume" into sets of closed volumes, each bounded by KAM surfaces, 

thus forbidding the diffusive motion across different chaotic regions. 

This scenario changes if we increase the dimensionality of the system 

as well as if we disregard the KAM theorem's hypothesis of non-

degeneracy of the system of frequencies: 

det 
a2

 H0 

dlj 3li 
* 0 

(4.4.2) 

where Ho is the unperturbed Hamiltonian and Ii the action variables. 

In the former case, due to purely dimensional arguments, the 2-

dimensional surfaces no longer divide the (2N-1) energy volume into 

distinct regions. The chaotic regions occur in proximity of the 

separatrices of the unperturbed motion and are now connected to 
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each other in a single network of stochastic layers (Arnold web) 

along which a diffusive-like motion is allowed (Arnold diffusion). In 

the latter case, i.e., when condition (4.4.2) does not hold, the KAM 

theory cannot be directly applied. Numerical and analytical work 

[68,69] show that under certain conditions Hamiltonian systems of 

dimension N >1+1/2 (1/2 being the dimension associated with the 

time coordinate in a non-autonomous Hamiltonian system) can 

support the formation of Arnold webs. In the particular case of the 

Hamiltonian (4.4.1) the condition for the formation of stochastic webs 

corresponds to the resonance condition between the unperturbed 

oscillator and the periodic perturbation [70]: 

cooTo =27Cno/mo m o i n t ege r S (4.4.3) 

Note that for no=l, mo=l or 2, the Hamiltonian system (4.4.1) turns 

out to be integrable. If (4.4.3) holds true the stochastic layers 

induced by the periodic perturbation form a network of channels in 

the phase space with symmetry of order mo [70]. 

Let us now consider in detail the case corresponding to no=l, 

mo=4. Following standard calculations the canonical equations 

stemming from the Hamiltonian (4.4.1) reduce to a 2-dimensional 

area preserving map M 

Pn + 1 = " Qn 
(4.4.4) 

qn +1 = Pn +1} sin q„ 
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where we have reseated the variables 

q = koQ 

(4.4.5a) 
p = l o P r (Oo 

so that the map (4.4.4) depends only on the "control parameter" rj 

^ - e k p 
wo (4.4.5b) 

Note that as usual qn and pn are respectively the position and the 

velocity of the system just before the n-th kick 

The analysis of the dynamics of a nonlinear map starts with the 

study of its fixed points, i.e., the phase space points (q,p) whose 

trajectory is periodic with integer period. Due to the underlying 

symmetry of the system it turns out to be extremely convenient to 

study the 4-cycle fixed points of the map (4.4.4). To this end let us 

construct the 2-cycle map M 

Pn + 2 = - p n - r | s i n q n 

(4.4.6) 

q n + 2 = - qn + ri sin (pn + ri sin qn) 

and let us impose the conditions 
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Pn+2 = " Pn 

(4.4.7) 

q n +2 = - q n 

Obviously the points that satisfy the above condition are a subgroup 

of the fixed points of the 4-cycle map. Actually if we limit ourselves 

to study the map (4.4.4) for values of the control parameter rj <2 it is 

possible to show that condition (4.4.7) includes all the possible fixed 

points of the 4-cycles map. The solutions to (4.4.7) as well as their 

stability properties are easily obtained 

[q> p ] f ix . point = (nc , S 71) r,s = 0 , ±1,±2, ... (4 4 8 ) 

where the elliptic stable points correspond to the condition 

r + s = 2 m m = 0»±l>±2 ... / / ( „ n . 

(4.4.9a) 

and the hyperbolic unstable points to 

r + s = 2m + l m = 0>±l>±2 ... 
(4.4.9b) 

Fig. 10(a) illustrates the distribution of elliptic and hyperbolic points. 

It is worthwhile to notice that if the control parameter r| is greater 

than 2 a new set of fixed points show up. This basically corresponds 

to the period-doubling bifurcations of the stable points, when 
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overcomes the threshold value of 2 the elliptic points (4.4.9a) 

become unstable and in the neighborhood of each transformed stable 

point two other elliptic points are created. Upon further increase of r| 

this process is repeated over and over again. Anyway it must be 

noticed that even for r\>2 these fixed points account for phase space 

structures whose dimension is much smaller than those arising from 

the fixed points (4.4.9a) and (4.4.9b). In order to acquire a more 

detailed understanding of the dynamics stemming from the map 

(4.4.4) in proximity to the fixed points (4.4.9a) and (4.4.9b) let us 

study the first order approximation of the 4-cycles map M . After a 

straightforward calculation this reads: 

Pn + 4 =pn -2r | sin qn 

(4.4.10) 

qn+4 =qn + 2r| sinp„ 

Following Zaslavsky et al. [70] we embed the approximate map 

(4.4.10) into a Hamiltonian flow. The Hamiltonian that leads to 

(4.4.10) is easily obtained and reads: 

H 4 = H ? + V 4 (X ) ( 4 . 4 . 1 1 ) 

H ^ - l n l c o s p + cosq) (4.4.12a) 

V4 (x) = - T| COS p ^ COS (i- K n T j 

(4.4.12b) 
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Fig. 10. (a) Schematic representation of the distribution of elliptic 
and hyperbolic fixed point on the q,p phase space of map (4.4.4). The 
circles denote the elliptic fixed points and the straight lines denote 
the separatrices of the unperturbed system (4.4.11). (b) Phase 
portrait of map (4.4.4) for ti = 1.5 
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The following analysis of this dynamical system is based upon the 

consideration that the time dependent term (4.4.12b) can be treated 

as a small perturbation of the time independent term (4.4.12a). The 

reason for this assumption is explained as follows: the characteristic 

frequency of the time independent part of the Hamiltonian (4.4.12a) 

is T|/2 while the time dependent perturbation V^x) contains 

harmonics of the fundamental frequency f=4. Therefore in the almost 

integrable condition (T}«1) V4(x) turns out to be a high frequency 

perturbation that produces a "small influence" on the motion of H(4. 

Let us study the canonical equations of motion stemming from H(4. 

These are: 

d Ti . 
dt p = " 2 s i n q 

d 11 • 
5 f q = J s m p 

(4.4.13) 
d 11 • 

5 f q = J s m p 

Eq.(4.4.13) contains in a continuous time evolution the "regular 

features" of the 4-cycles map (4.4.10). It is in fact straightforward to 

realize that the dynamical system (4.4.13) has the same stable and 

unstable points as (4.4.9a) and (4.4.9b). In addition to this, system 

(4.4.13) has an infinite number of separatrices that, passing through 

the hyperbolic points (4.4.9b), cover the entire phase space with a 

square lattice. The equations defining the separatrices are given by 

the following expression: 
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p = ± (q + 7i) + 2 % m, m = 0, ±1,±2,.„ (4,4,14) 

Inside the separatrix cells the integration of (4.4.13) gives closed 

phase space orbits whose small oscillation period is T=4ft/r|. 

According to the general scenario of a periodically perturbed non-

linear oscillator, once we consider the effect of the perturbation on 

the regular orbits we have that the separatrices are destroyed and 

replaced by a region of chaotic motion (stochastic layer). In the case 

of the Hamiltonian system (4.4.11) (and consequently of the map 

(4.4.4)), due to the particular structure of the separatrices, this 

eventually leads to the formation of the Arnold web: interconnected 

stochastic layers along which, for any value of the control parameter 

rj, the particle experiences a diffusion-like motion. An example of the 

phase space structure of map (4.4.4) for r|=1.5 is given if Fig. 10(b) 

If we use as an initial condition a Dirac delta function centered on 

an elliptic point or in the deterministic region around it, the mapping 

does not move the distribution from this deterministic island. If, on 

the other hand, we use as an initial distribution a delta function 

centered on an unstable point, the distribution will spread via an 

Arnold diffusion process over the whole network of the stochastic 

web. This will take place, of course, for any initial condition placed in 

the stochastic region. 
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§ 4 . 5 Kicked Harmonic Oscillator: Quantum Motion 

The quantum counterpart of the classical map for the kicked 

harmonic oscillator is given by 

|\|/>(n +1) = exp (— 
li % L2m + 2 m t 0 ? Q 2 To jexp e c o s (̂ o Q )| 

(4.5.1) 

where with we denote the wave function of the system 

immediately before the n-th kick. 

As for the QKR we express this mapping within the Wigner 

formalism. Adopting the usual prescriptions of the Wigner formalism 

(see for example App. D), we obtain, setting m=l, that 

pw
(n+1)(Q,P) = 

(4.5.2) 

= exp (_PJ±_ + ( D 2 Q J L ) T O 
9Q 2 Ji( s i n (ko Q)) exp( - 1 Pwn)(Q>p) 

The mathematical relation 

£ J . j ^ s i n k o Q j e x p i M I J ; =exp{ 2i t (s in k» x) sin ( i - ^ J r ) } 
1 = - oo 

(4.5.3) 

allows us to write (4.5.2) in a form which makes the expression of 
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the map easier to recover in the classical limit corresponding to ti->0. 

Indeed we have 

lim 

H ->0 
exp sin (k0 x) sin (i A = exp - e ko sin (k0 x)^-

(4.5.4) 

Thus in the limiting case ft->0 (4.5.2) becomes 

Pw+1)(Q'p) = exP •p4+o,2(^|To exp(- eko s in (k 0 Q)Pw(Q> p ) 

(4.5.5) 

which coincides with the map for the classical distribution function. 

Let us now focus our attention on the resonance condition that 

gives rise to the formation of a stochastic web, i.e., choose the period 

of the kick to be 

To J_2 j l 
no o)0 n0 = 3,4,5, ... (4.5.6) 

This means that the oscillation period of the oscillator, 2TC/COO, is an 

integer multiple of the time period between two consecutive kicks, 

To- We purposely disregarded the cases no=l and no=2, since they 

correspond to a classically integrable motion. As shown in Sect. (4.4), 

in the limiting case ^->0 the condition (4.5.6) with no>2, corresponds 

to the occurrence of chaotic motion and the formation of a stochastic 

web. This is the interesting condition since the study of the quantum 

mechanical counterpart is the major purpose of this section. We set 
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n 0 -4 . It is also convenient to use the rescaled variable q=koQ, 

p=ko/(ooP defined in (4.4.5a). Thus we replace the map (4.5.5) with 

pw(n+1)(q,p) = npw
(n)(q,p) 

(4.5.7) 
L B ? _1 ^ ^ v 

= exp 
, 3 3 . jr 
(' Pjr~ + q ̂ r~) 5" 

3q 3p 2 X Js( a sin(q»exp| - y s ^ - j p^n)(q,p) 

where 

2e a : 
n (4.5.8) 

and 

y = _ kp ft 
2 0 ) 0 (4.5.9) 

It must be pointed out that, as for the case of the standard Kicked 

Rotator, the quantum map depends on two independent parameters, 

a and y, whereas the classical map depends on the single parameter 

Ti=ay. Therefore we have an infinite number of quantum conditions 

with the same classical limit. 

For the sake of convenience, instead of (4.5.7) we study "the four 

steps" map defined by 

p r ) ( q . p ) - n 4 p S ) ( q , p ) ( 4 5 1 0 ) 
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Note that the operator n can be written in the form 

II = exp (L &) O 
2 ( 4 . 5 . 1 1 ) 

with 

* _ d d 
" P ^ + q 3 ? 

( 4 . 5 . 1 2 ) 

and 

° = X Js(asinq)exp(-ys —) 
s = .oo dP 

Let us define the new operator 

0(m) = exp ( m | L ) O exp (- m | L), m = 1,2,3,4 

( 4 . 5 . 1 3 ) 

( 4 . 5 . 1 4 ) 

After some algebra we show that the "four steps" map of (4.5.10) can 

be written as follows 

Pw + 4)(q>P) = °(1)0(2)0(3)0(4) P$}(q,p) 15^ 

To derive this result use has been made of the following identity: 

exp (2 7 iL)p^(q,p) = p^(q ,p ) ( 4 . 5 . 1 6 ) 
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Notice that the operator 0 ( m ) is obtained from the operator O by 

means of a rotation by the angle mit/l with m =1,2,3,4. The operator 

L of (4.5.12) is indeed the generator of rotations. Using this property 

we show that (for m =1,2,3,4) 

q(m) = exp (m-£ L) q exp (- L) = q c o s (mjl). p sin (nut) 
2 2 1 2 I F \ 2 I (4.5.17) 

( I t , $ e x p < ¥ L > ^ (" T « • £ » • ( T ) + k Si" 1 ^ ( 4 . 5 . 1 8 ) 

Using eqs.(4.5.17) and (4.5.18) and the parity properties of the Bessel 

functions, we can rewrite (4.4.15) as follows 

pw+4)(q>p) = 0(i)0(2)0(i)0(2) pw(q,p) 5 1 9^ 

Furthermore, the operators 0( i ) and 0(2) can be written under the 

following form: 

0(1) = X Js(a sinp) exp (y s) 
s = - ~ 

(4.5.20) 

°(2)= X Js(a sinq) exp (- y s) —-
S = - o o

 5P 
(4.5.21) 

In conclusion, the "four steps" mapping is totally defined in terms of 

the two operators 0 ( 1 ) and 0 ( 2 ) of (4.5.20) and (4.5.21). The formal 
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expression of the mapping can be further simplified by adopting the 

following new distribution: 

p(") (q,p) = (q, p)( for n even 

pW (q,p) = pgn ) (- q,- p)5 f o r n o d d (4.5.22a) 

and 

P(0) (q,p) = Pw ( P ) . (4.5.22b) 

This means that for even n, the distribution coincides with the 

Wigner distribution, whereas for odd n, it coincides with the Wigner 

distribution rotated by the angle K in the phase space. It is worth 

mentioning the fact that if the initial condition is symmetric, namely, 

p(0)(q,p) = p(0)(-q,-p) (4.5.23) 

then, 

p(n)(q,p) = p^ n ) (q, p) for any n (4.5.24) 

The new formal expression for the mapping is 

p<n + J)(q,p) = O(i) 0(2) p(n)(q,p) 

(4.5.25) 

= X Js(a sinP )Jr(« sin(q + y s) p(n)(q +y s, p - y r) 
s,r 
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§ 4 . 5 a Quantum Fixed Points 

Let us express the classical mapping of (4.5.5) with the same 

definition of the distribution (4.4.22). We obtain, in this case. 

Pciass(q>p) = exp (Ti sinp ̂ - j exp j- t j sin q^-J pJL^ 'P) 

(4.5.26) 

= pciass[q+r| sinp, p - ri sin (q +r\ sinp)] 

We thus see that the classical mapping results in a distribution, 

whose value at the point (q,p) depends on the preceding distribution 

in only one single point. The quantum version of the mapping, 

(4.4.25), on the contrary, make the distribution at (q,p) depends on 

the values that the preceding distribution has on infinitely many 

points. In other words, quantum evolution is not local and this is at 

the very root of the quantum diffusion process we illustrate in this 

section. Let us now apply the quantum mapping (4.5.25) to the fixed 

points (4.4.8) of the classical map. We obtain 

p ( n + ^(TCV, Jit) = 

(4.5.27) 
oo 

= X Js(a sinrcs )Jr(a sin(7tt + y s) p̂ n (̂jc v +y s, rct - y r); v,t integer 
s,r 

Noticing that 
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Js(a sin 7i v) = Js(0) = 8s,o (4.5.28) 

(4.5.27) results in 

p(n+i)(7jv, Ttt) = p(n^(jtv, jtt) = p^Otv, rct) (4.5.29) 

We thus conclude that the classical fixed points are still fixed points 

of the quantum case if a completely quantum mechanical treatment 

is carried out. This is surprising, but it does not enable us to proceed 

with the analysis since it is not possible to make a stability analysis 

of them, and to directly assess if even in the quantum case the 

hyperbolic fixed point belong to a region of enhanced diffusion. 

§ 4 . 5 b Commutation Condition 

The time evolution of the energy of the harmonic oscillator has 

already been studied numerically by Berman et al. [59], and the 

quantum version of the 4-steps map has also been studied by Lima 

and Shepelyansky [71]. In accordance with the heuristic criterion 

which led us to forecast the suppression of the diffusion for the QKR 

in Sect. 4.2, we would be led to predict that no localization is possible 

in this case. This is a qualitative agreements with the numerical 

calculations of Berman et al. [59] as well as of those obtained by Lima 

and Shepelyansky [71]. In this Section we want to illustrate a specific 

condition, that being 
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Y = 2ji n0, n0 = ± 1, ± 2,± 3,... (4.5.30) 

to which we shall refer as the commutativity condition, which makes 

it possible for us to derive an analytical expression for the time 

evolution of the energy of the oscillator. This is reminiscent of the 

quantum resonance condition used in the case of the standard map 

and proved to lead to an increase in the energy of the rotator as a 

quadratic function of the time. 

Let us evaluate the commutator [O(i), 0(2)] corresponding to the 

condition (4.5.30). We have 

[0(i),0(2)] = [Js(a sinp) Jr(a sin(q+27uno s) - Jr(a sinq) Js(a sin(p-27inor)] 
s,r 

® exp 

(4.5.31) 
, 3 d ~ 

Since the arguments of the Bessel functions are periodic with period 

2 n, we obtain 

[Oi,02]=o (4.5.32) 

Condition (4.5.30) therefore allows us to rewrite the mapping 

(4.5.25) in the following way 

p(n)(q,p) = Ofo 0?2) p
(0)(q,p) (4.5.33) 
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It is now convenient to find a simple expression for and 0(2). To 

do that we use the well known property of the Bessel functions, 

X Js(z) 1<& = exp (i z sin <3>) 

Then from (4.5.20) and (4.5.21) we obtain 

(4.5.34) 

O(i) = exp 

0(2) = exp 

. / . 3 i a sin p sin| iy^-

. . . (. d i a sin q sin| i y ^ 

(4.5.35) 

using which we derive 

On) = exp 

0(2) = exp 

- i na sm mpsinJiY^I 

q sin| r] i na sin q sin! iy 9p/. 

= £ Js(nasinp)exp(ys J - ) 
s dq (4.5.36a) 

= X J s(nasinq)exp(-ys^-) 
s (4.5.36b) 

Thus (4.5.33) becomes 

P(n)(q, P) = X a sin p) Jr(n a sin q) p(0)(q + y s, p - y r) 
s,r (4.5.37) 

This is the central analytical result of the present section. It allows 

us to express analytically <p2>(n) and <q2> (n), as well as the time 

evolution of the Wigner distribution. 
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Let us evaluate the time evolution of the moments <p2> ( n ) and 

< q 2 > ( n ) - First of all, let us notice that due to the definition (4.5.22) we 

obtain 

j d q d p q 2 p ( n ) ( q , p ) = < q 2 ) ( 2 n ) 

J dq dp p2 p(n)(q,p) = < p 2 > ( 2 n ) 

(4.5.38a) 

(4.5.38b) 

Using (4.5.36) and (4.5.38), a suitable change of integration variables 

and the property 

£ S kJ s ( Z ) = (i)-k ak 

do 
exp( i z sin 0) 

0 = 0 (4.5.39) 

we finally reach the analytical result 

<qz>(2n) = <qz>(0) + n2 y2 a 2 <sin2p>(0) - 2 n a y <q sin p>(0) 

<q2 >(2n+i) - <p2>(2n+2) n = 0 , 1 , 2 

(4.5.40a) 

<P2>(2n) = <p2>(0) + n2
 Y2 a 2 <sin2q>(0) + 2 n a y <p sin 

<P2>(2n+l) - <q2>(2n) n = 0,1,2, . . . 

q>(0) 

(4.5.40b) 
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We see that in the QKO the increase of the energy is faster than in 

the correspondent classical system, where the web structure leads to 

a standard diffusion process for the unperturbed energy [72], i.e., a 

linear increase in time of the average unperturbed energy. 

One would be tempted to adopt the following interpretation for 

this process of diffusive excitation of the energy [71]. In the quantum 

case, the classical stochastic web becomes non-localized wave 

functions, and whatever the initial condition is, an accelerated 

process of transport takes place due to the fact that sooner or later 

the regions of the stochastic web are reached as an effect of the 

quantum fluctuations. Thus the "superdiffusive" behavior of (4.5.40) 

would be the quantum mechanical manifestation of classical chaos. 

However, we are in a position to rule out this stochastic 

interpretation. On the basis of the stochastic interpretation one would 

expect a maximum for the diffusion rate when the initial condition is 

localized on a hyperbolic fixed point. On the contrary, we see from 

(4.5.40) that using as an initial condition a sharp distribution located 

on a hyperbolic fixed point would not lead to any significant energy 

increase, and the maximum diffusion rate is found when the initial 

distribution is located midway between a hyperbolic and an elliptic 

point (see (4.4.8) and (4.4.9)). The analysis of the quantum 

expectation value of the position and momentum operators (q)(n), 

( p } ( n ) gives us a clue to understand these unusual features. Using 

(4.537), (4.538) and (4.5.7) we obtain the following unexpected 

resul t 
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F(n) - (q >(0) - a y n ( sin p )(0), G(n) = ( p >(0) + a y n ( sin q >(0) 

( q >(4n) = F(2n) , < p >(4n) = G(2n) 

( q ) (4n+i ) — G(2n+1) , (p )(4n+i) = - F(2n) ^ ^ 41) 

< q > ( 4 n + 2 ) = - F(2n+1) , (p )(4n+2) = - G(2n+1) 

< q >(4n+3) = - G(2n+2) , ( p )(4n+3) = F(2n+1) 

We notice in (4.5.41) that the expectation value of the position, for 

example, at the step 4n decreases linearly in time (increases, 

depending on the initial condition for the quantum system) At the 

time 4n+l it increases (decreases) and so on, while the time average 

over the 4 kicks is constant 

3 

( ( q » ( n ) = I X ( q > ( n + i ) = j [ { sinp )(0)- (sinq) (0 )] 
i = 0 H 

3 (4.5.42) 

« P »(n) = i X < p = - i [{ sin p >(0) + < sin q )«,,] 
i = 0 

Basically, the sequence of points (<q>(n),<P>(n))n=0,l,2,... describes a 

spiral in the phase space whose direction and strength of expansion 

depends on the value of (sinq)(0) and (sin p)(0)> set by the initial 

condition for the quantum system. It is also interesting to notice that 
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(4.5.40a) and (4.5.40b) are obtained by carrying out the square of 

the position and momentum, respectively (before the operation of 

averaging) and then averaging the corresponding result. In other 

words the physical process described by (4.5.40) and (4.5.41) seems 

to be a consequence of a deterministic drift of the pseudo-probability 

distribution rather than an incoherent and chaotic diffusion result 

that is obviously totally unexpected on the basis of the corresponding 

classical evolution. To this end let us come back to the classical map 

(4.4.4) and analyze the evolution of the average value of the position 

and momentum variables. First of all we notice that the classical 

phase space dynamics is obtained by the successive application of 

two transformations 

(q.pkn+D = exP ^ ^ ^ \n 
P a q " q 3 p / 2 

d exp 
( , , P ) W (4.5.43) 

namely, a kick, which transforms the variable p into p+risinq, plus a 

counterclockwise rotation of Jt/2 of the phase space points. However, 

if we analyze the 4-cycles map M , the effect of the rotation 

disappears, in the sense that every phase space point is now a fixed 

point of the unperturbed motion. As we saw in the previous section, 

the motion of the 4-cycles map M4 is characterized by diffusive 

behavior, those trajectories that lay inside the stochastic web are 

free to move over all the entire network of stochastic channels, thus 

giving rise to a linear increase in time of the unperturbed energy. 

However, due to the symmetric structure of the web, after a 
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transient period, the average values of the position and momentum 

are expected to be constant 

(q)(4n) = q > (p)(4n) = P } n sufficiently large . (4.5.44) 

Note that in (4.5.44) the index n refers to the number of kicks of the 
• - v ___ 

the 1-cycles map M (4.4.4). The limiting values q and p are generally 

very close to the initial average values, the difference is related to 

the initial form of the distribution function. If this is not 

symmetrically located around a hyperbolic fixed point, the initial 

diffusion along some directions is initially greater with respect to 

others, thereby giving rise to short transient period in the evolution 

of the average values <q>(4n), (p)(4n). Let us now come back to the 1 -

cycles map M (4.4.4) and consider the effect of the rotation as well. It 

is clear that as a result of this, thel-cycles map M is decomposed into 

four 4-cycles maps, each of these giving rive to an unbiased diffusion 

process in one of the four quadrants of the phase space. An example 

of this can be found in Fig. 11. In other word the average value of q 

and p changes only in consequence of the JC/2 rotation. If (q, p) are 

the limiting values for M we obtain 

n , n+1 , n+2 , n+3 kick of M 

<q> : q -> p -> - q -> - p -> initial value 
(4.5.45) 

<p> : p -> - q -> - p -> q -> initial value 
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Fig. 11. Evolution of a distribution of points as a result of successive 

applications of map (4.4.4). The initial distribution has been placed in 

the chaotic region of the map (4.4.4). 
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As we can observe in (4.5.41b) the quantum motion contains the 

same pattern of the classical evolution as in (4.5.45). However there 

is an important difference, after 4 cycles the quantum average does 

not came back to the initial value but is increased (decreased 

depending on the initial condition) by a constant quantity. 

We now have to explain the physical reasons for this unexpected 

deterministic drift. It is well known that in quantum mechanics 

distinct tori with the same energy can communicate by means of a 

tunnelling effect [6,73]. The double well potential is probably the 

best known quantum system that exhibits this behavior: the two 

stable regions corresponding to the two minima of the potential, 

which in the classical case are associated with two non-connected 

symmetric evolutions. These wells result in the quantum system in 

two almost degenerate eigenstates with significant amplitudes in 

both the wells. Therefore, a wave packet localized in one well can 

tunnel through the forbidden classical region. Amazingly enough this 

physical interpretation can be generalized to a broader class of 

systems. For example, Lin and Ballentine [74] discovered that the 

driven quantum double well potential exhibits the same 

phenomenon. In the classical case this system, also known as the 

Duffing oscillator, shows chaotic behavior. In the chaotic condition, 

the two stable regions are distorted and shifted to become stable 

islands while the remainder of the phase space is covered by 

stochastic trajectories (note that for periodically perturbed systems 

the phase space structure is obtained by means of a strobeplot of the 
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dynamics of the system). Lin and Ballentine showed that if the initial 

quantum distribution (in their case a Husimi pseudo-probability 

distribution) is placed in one of these classical stable islands it 

eventually tunnels to the other stable island. This phenomenon is 

then periodically repeated in time, i.e, from the second island the 

quantum distribution tunnels to the first and so on. On the contrary, 

if the initial distribution is initially placed in the stochastic region, in 

the subsequent evolution the quantum distribution spreads over all 

the chaotic region and oscillates irregularly. No coherent motion is 

observed in this case. Later it was observed that this behavior can be 

explained in terms of Floquet operators [75]. In fact, like for the 

unperturbed system, the Husimi representation of the two lowest 

quasi-energy Floquet state is significantly different from zero only in 

correspondence of the two classical stable islands, while exited 

Floquet states spread over all the phase space. 

Let us now apply this idea to the QKO. Since we are interested in 

the drift phenomenon we limit the analysis to one of the 4-cycle 

maps that form the QKO. The classical 4-cycle map is described by 

Hamiltonian (4.4.11) and (4.4.12). The phase space structure of the 

unperturbed Hamiltonian is shown in Fig. 10(a). We see here that the 

phase space is dived into infinite set of stable regions disconnected 

by the separatrices. Due to the periodicity of the unperturbed 

Hamiltonian (4.4.12a) each elliptic region is associated with the same 

dynamics, or said in a loose quantum terminology, these correspond 

to degenerate states. The perturbation (4.4.13b) transforms the 
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separatrices into stochastic layers without changing the previous 

scenario (see Fig 10(b)). Thus in the quantum evolution distinct 

elliptic regions can communicate among themselves by means of the 

tunnelling transitions (the schematic representation of this 

phenomenon can be found in Fig. (12)). The actual value of the 

tunnelling probability from one elliptic island to a neighboring island 

is determined by the initial condition. For an initial distribution 

symmetrically placed, with respect to the two contiguous elliptic 

islands, on the stochastic web, the probability of transition into the 

two opposite directions is the same, thereby resulting in no drift. If, 

on the contrary, the initial condition is not exactly symmetric with 

respect to different elliptic islands, then the probability of tunnelling 

into one island is larger than that of tunnelling into the other. Note 

that these features are perfectly recovered by the drift coefficients 

in (4.5.41), i.e., (sinq)(0) and <sinp)(0). This produces a bias, which is 

then perceived as a systematic drift. This also explains why the rate 

of energy transport is maximized when the initial condition is 

midway between an elliptic and a hyperbolic point. It is important to 

notice that the physical process, which in the quantum resonance 

condition is responsible for the derealization of the QKO, is different 

from the mechanism that, in the analogous condition, breaks the 

localization of the QKR. In fact, while in the former the dependence of 

the drift coefficients on the phase space position of the initial 

quantum distribution clearly suggests the occurrence of tunneling 

between main stable islands, in the latter we do not find any 



164 

20 

1 5 -

Q- 1 0 -

5 -

0 

i. "<r •. " . 

"«k ,?•» s 
'Vti% 

w V . . •v. ,.v %. 
& V 

- \V : > 

V 

>**>r v x 

, & V " 
:>v I 

1 '"mft'&AKm'Vii"» * ** ** 

^ % r - . „ m--y ' % ; ! ^ 
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Fig. 12. The Phase space corresponding to the classical mapping, as 
resulting from numerical calculation. The small circles denote the 
stable islands of the classical motion. The dashed lines denote the 
probabilities from one to another elliptic island. The black circles 
denote an initial quantum distribution. 
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indication of such a process. In addition to this it is worthwhile to 

notice that preliminary numerical analysis showed that even when 

the quantum resonance condition is disregarded the derealization of 

the QKO is mainly due to these tunneling processes [76]. 

In conclusion, we find that classical chaos has the effect of making 

virtually instantaneous the growth of the wave function, as noticed 

by Zaslasky [14] and Berman et al. [59]. Some of the quantum effects 

resulting from this fast increase do not have any classical 

counterpart. This is so because, as revealed by the analysis of this 

Section, they are mainly tunnelling processes, which do not take 

place in the classical case. Especially relevant is the drift process of 

(4.4.41), which is triggered by making the tunnelling towards a 

certain direction greater than the one towards the opposite direction. 

The effect of classical chaos is that of enhancing the quantum 

mechanical properties of the system and quickly making them 

macroscopic. Even if the tunneling from one site to the nearest 

neighbor referred to microscopic regions of the phase space of the 

oscillator, this coherent process would propagate and quickly extend 

to macroscopic dimensions. In conclusion, a kicked oscillator-like 

system seems to be a channel more suitable than the kicked rotator-

like ones to produce macroscopic quantum effects. This is so because 

in the QKR systemS the quantum mechanical growth is limited by 

localization, whereas with the QKO systems there is no theoretical 

limitation to the quantum growth [59]. In addition to that, the 

coherent drift would make still more amazing the macroscopic 
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manifestations of quantum mechanics. Of course, to make further 

progresses in this direction it is necessary to answer the question of 

what the effect of environment fluctuations would be on this 

quantum mechanical property. This investigation can be carried out 

along the lines of the work of Dittrich and Graham [9]. 

§ 4 . 6 Future Developments: Map for the Wigner 

Distribution and Anderson Localization 

Let us now consider the map for the Wigner distribution (4.5.25) 

for general values of the quantum parameters a , y. In this case the 

evolution operators O(i), 0(2) do not commute with each other any 

longer. This occurrence makes the fully analytical treatment of the 

quantum evolution extremely difficult. Nevertheless, even in this 

case, it is possible to draw a general conclusion regarding the 

diffusive properties of the QKO. In doing this we establish once again 

a connection between the Anderson localization model and the 

dynamics of our quantum system, an association that is made within 

the formalism of the Wigner distribution. Let us rewrite the quantum 

map (4.5.25) as 

p<n + !)(q,p) = M p(n)(q,p) 

(4.6.1) 

= 2 Js (a sinp )Jr (a sin(q + y s)) p(n)(q +y s, p - y r) 
s, r 

Note that in order to simplify the notation we denote the product of 
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the two non-commuting operators O(i), 0(2) with the operator M. We 

see in (4.6.1) that the operator M involves only an infinite discrete 

set of points in the phase space, namely, once (q,p) is fixed, these are 

the points of an infinite square lattice with cell size equal to y: 

(qi>Pj) = (q + YSi,p-Yrj) , Si ,15 e Z (4.6.2) 

This structure is similar to that of the quantum kicked rotator 

(4.3.55) with one important difference: in the QKR the coordinate 

variable 0 is periodic while in the QKO both q and p are unbounded 

variables. Later on we shall came back to this point and use this 

argument to explain the different behaviors of the two systems. 

Let us now focus our attention on the structure of map (4.6.1). 

Since a complete analysis of this map appears extremely difficult we 

limit ourselves to the study of the evolution of the Wigner 

distribution on the infinite discrete set of points (4.6.2) involved with 

the evolution operator M. The advantages of this calculation are 

numerous. Firstly, from this analysis we can obtain the behavior of 

the solutions of map (4.6.1) on a sample set of points that extend 

over the entire phase space. Secondly, the value of the Wigner 

function on any other points of the phase space can be obtained by 

varying continuously the "parameters" (q,p) inside the unit cell 

qe [-7/2,7/2], pe [-y/2,y/2]. In addition to this it is worthwhile to mention 

that, although not quite trivial, this calculation is much simpler than 

the complete analysis of the map (4.6.1). Along the lines of the 
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calculation in Sect. 4.3 we define a 2-dimensional state vector whose 

components are the values that the Wigner function has on the set of 

points (4.6.2) 

P ( q + y s , p - y r ) = ps,r . (4.6.3) 

Using the definition (4.6.3) the discrete version of the map (4.6.1) 

reads: 

P t / = X Ms,r; s',r' Ps',r' 
s,r (4.6.4) 

where from (4.6.1) the matrix elements of M are: 

Ms,r; s',r' = Js'-s ( a sin(p - Y*)) h'-r ( a sin(q + y s')) (4.6.5) 

note that we denote the operator in (4.6.1) by M while to indicate its 

discrete version, i.e., the matrix in (4.6.5), we will use the symbol M. 

The matrix (4.6.5) represents the discrete version of the Floquet 

operator that generates the map (4.6.1). It is in fact possible to show 

that, using the following definition for the transpose matrix M* 

Ms,r;s',r' " Ms',r';s,r (4.6.6) 

and the usual multiplication rule among matrices, i.e., rows times 
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columns, the matrix M (4.6.5) is orthogonal (equivalent to the 

unitary condition of a complex vectorial space), namely 

M M ' = M tM = I . (4.6.7) 

The demonstration of (4.6.7) is left to Appendix E. Here we record 

that as a consequence of the orthogonality of M , the discrete map 

(4.6.4) conserves the scalar product of the states vectors (4.6.3) 

I P JJ1 P I t 1 = £ P P " r 
s'r s.r . (4.6.8) 

Another conserved quantity is the norm of the pseudo probability 

distribution. By means of the following property of the Bessel 

funct ions 

X J-r(Z) = 1 

(4.6.9) 

it is easy to realize that in the continuous case of (4.6.1) the norm of 

the Wigner function is conserved 

I I dq dp pw(q.p) = | | dq dp pw(q,p) 

. (4.6.10) 

In the same way it is straightforward to also derive that the discrete 

version of quantity (4.6.10) is kept unchanged by the map (4.6.4) 
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Z P S , = SP ° M 
s'r s-r (4.6.11) 

Following the analysis of the Floquet operator in the case of the QKR 

let us now study the eigenvectors of the matrix M in (4.6.5) 

^ s , r ; s V P s',r' ~ ^ P^.r 
(4.6.12) 

As for the QKR, in (4.6.12) the orthogonality of M restricts the 

eigenvalues X to be a unimodular complex numbers A,=exp(ie), where 

e are determined modulo 2%. The orthogonality of the eigenvectors 

corresponding to different eigenvalues e, i.e., 

E P h p = o 
(4.6.13) 

also follows easily from (4.6.7). The eigenvalue equation (4.6.12) is 

indeed closely related to the corresponding equation for the Floquet 

operator of the quantum map (4.5.1). In the continuous case of map 

(4.6.1), expanding the density matrix in terms of the Floquet 

eigenvectors 

P = 2 

a ' p (4.6.14) 

we have 



171 

p(n)(q,p) = J ca Cp e»" - £p) pa,p (q,p) 
«.P (4.6.15) 

where Pa,p (l>P) is the Wigner representation of the state ' 9a X <Pp L 

Eq.(4.6.15) provides us with the eigenfunctions and the quasi-

energies of operator M, these are respectively the functions Pa,p(Q'P) 

and e = £a - By construction, we immediately realize that the 

following states are eigenvectors of the matrix (4.6.5) 

Ps.r = Pa,p(q + Ys,p-yr) X = exp i [ea - ep] (4.6.16) 

However, it must be noticed that in the discrete case there could be 

other eigenvectors which are not included in (4.6.16). In fact, the 

eigenvalue equation (4.6.12) is less restrictive than the 

corresponding equation for the operator M and in principle this can 

admit other solutions. As a matter of fact the determination of a 

precise relation between the spectrum of the matrix M and the 

spectrum of the corresponding Floquet operator is a quite subtle 

subject, and we shall not discuss it. In other words we study the 

eigenvalue equation (4.6.12) only to assess the localization properties 

of the Wigner function on the infinite set of points (4.6.2). 

Let us now rewrite (4.6.12) in a form similar to that of (4.2.34) 

Ts] ,s2 psi ,S2 Ws, + r , ,S2+l2 Psi +ri ,S2+l2— ^Psi,S2 
(4.6.17) 

where 
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TS1 >S2 = Jo (a sin(q - ys2)) Jo(a sin(q + ysi)) (4 .6 .18) 

WS| +r, )S2 +r2 = J r i(a sin(p - ys2 - yr2)) Jf2(a sin(q + ysi+ yri)) (4 5 \ 9) 

Just as in the eigenvalue equation (4.2.34) for the Floquet states of 

the QKR, eq.(4.6.17) can be associated with the Anderson model. In 

this case Psi,s2 represents the wave function on the site (si,s2) of a 

two-dimensional tight-binding square lattice. In this picture TSliS2 i s 

the diagonal energy, relative to the site (si,s2), while Wsj+n.sz+rj is the 

hopping amplitude to the (ri,r2)-th neighbor. We can thus borrows 

the main ideas of the previous analysis on the Floquet states of the 

QKR model to discuss the localization properties of the eigenvectors 

Psi,s2. Note that like in the previous case we implicitly assume that 

the above feature of the eigenvectors Psi,s2 are completely 

determined by the behavior of the sequence { T S 1 ) S 2 } ; this 

approximation is supported by the strong decaying behavior of 

hopping amplitude WSl+ri>S2+r2 with the increase of (ri,r2). Let us start 

from the "quantum resonance condition," that is: 

y = = 271 l r ; s0'm0 e z 
2 coo (4 .6 .20) 

In this case the "tight-binding" Hamiltonian in (4.6.17) is periodic 

and consequently the eigenvectors Ps,,s2 are Bloch states. In other 

words they are unnormalizable delocalized states that extend over 

the entire set of points (4.6.2). Note that this property does not 
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depend on the "parameters" (q,p) and therefore it implies that the 

Wigner distributions, eigenfunctions of the operator M, are extended 

over all the phase space. As a result of this, a diffusive process is 

allowed in the quantum system. This is consistent with the particular 

case studied in the previous section, namely y=2rcs, which 

corresponds to condition (4.6.20) with m=l. 

If we set y/2jc to be an irrational number, like for the QKR, the 

sequence {TSllS2} becomes pseudo-random. However, the QKO presents 

an important difference with respect to the QKR: the dimension of the 

associated Anderson Lattice. There is in fact a general wisdom that 

the localization properties of the Anderson model depend in a crucial 

way on the dimensionality of the lattice. In the case of a 2-

dimensional lattice it seems that even a small correlation in the 

random sequence {Ts, ,S2} destroys completely the localization of the 

eigenfunctions [77]. In our case the sequence {TSl,S2} is indeed 

strongly correlated 

lim N 
/ T T \ 1 V" T T 
\ 1S1,S2

 1 s1 +n ,s2+r2 / - N-*» 4M2 t-* Si >s2
 1 si +ri ,s2+r2 4N K. 

si ,s2 = -N 
(4.6.21) 

= X J(k)(a/2) J(t)(a/2) exp [2iy(krx + sr2)] 
k,s = -°® 

and this suggests that in this situation, contrary to the QKR, the 

localization is destroyed. As before this feature does not depend on 

the initial choice of (q,p) and therefore it is general. In other words 
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the Wigner function, the eigenfunction of the operator M, is never 

localized for any value of the parameter y. The most natural 

consequence of this, although not completely rigorous is that the QKO 

experiences, for any range of parameters, a diffusive-like motion. 

Note that this is consistent with the numerical results obtained for 

this system [59,72] and with our heuristic criterion which led us to 

forecast the suppression of the diffusion for the QKR. 

However, in this derivation there are some subtle points that need 

to be discussed. The most natural question that arises is the following 

one: is this representation able to predict the localization of the 

Wigner distribution in the QKR? Let us rewrite the map for the 

Wigner distribution for the QKR 

oo 

Pw l(°'P) = X Jr 2 k s i n ( e - j-p) Pw(0 - y P >P - 4-r) > P e ^ 
r=-oo 

(4.6.22) 

Following the same reasoning that led us to the discrete map (4.6.4) 

we define the state vector for the QKR as: 

pr,s = P w ( g , | - s ) = pw(0- i /2 r , f c /2s ) ; s , r e Z (4 6 23) 

Using (4.6.23) the discrete version of map (4.6.22) reads 

P.","*1 = 2 V P . V 
(4.6.24) 
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where 

N r , s ; r ' , s ' = J s - s ' [ 2 k s i n (® " X / 2 r ')] ^r + s / ( 4 . 6 . 2 5 ) 

We see in (4.6.24) that as in the previous case, in the QKR the 

dynamic evolution of the Wigner distribution can be equivalently 

described by means of a 2-dimensional vector mapping. However, 

there are some important differences with respect to the previous 

system. First of all we see in (4.6.25) that in this case the connection 

to the Anderson model is not clear. In fact, contrarily to the previous 

case the evolution matrix (4.6.25) does not have the typical band-

structure of the Anderson model, i.e., a matrix whose elements are 

different from zero only in proximity of the diagonal. This feature 

holds only for the index s (the index associated to the momentum 

variable) thus suggesting the effective one dimensionality of this 

system. The second aspect concerns the set of phase space points 

(4.6.23) involved by the discrete map (4.6.24). Let us first consider 

the quantum resonance case, i.e., when x/47c=no/mo. In this case the 

index r in (4.6.23) (i.e., the index associated with the angle variable) 

takes finite values, namely r=0,l,2,...mo-l. The matrix (4.6.25) is 

periodic and consequently its eigenstates are delocalized Bloch-like 

states. Since, as we said the index r is limited, this necessarily implies 

the derealization of the Wigner eigenstates over the index r relative 

to the momentum, that is the possibility of a diffusive excitation in 

the QKR. On the contrary, if we disregard the quantum resonance 

condition, i.e., irrational, the set of angle points generated by 
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different integer values of the index s is infinite and covers 

ergodically the interval [0,2%]. Let us now suppose that due to the 

dimensionality and to the strong correlation among different the 

matrix elements, the eigenvectors of matrix (4.6.24) are delocalized 

state. In this case, since both the indices s and r extend to the 

infinity, we need to understand where the derealization occurs. It is 

in fact obvious that a derealization over the angle index s 

accompanied with a localization over the momentum index r would 

not result in a diffusive excitation of the unperturbed energy. 

Unfortunately we have not been able to assess this crucial question 

yet. However, there are strong suggestions that if a derealization 

indeed occurs, this has to be associated with the angle index s rather 

than with the momentum index r. In fact, as we can realize from 

(4.6.25), while the transition element between states with different 

momentum index s and s' decreases very rapidly with the increase of 

the difference s-s', the transition element between states with 

different angle indices and fixed momentum oscillates without 

decreasing. 

The connection between the Anderson model and the discrete 

map for the Wigner distribution seems to be a promising argument 

to explain the absence of localization in the QKO. However, a more 

rigorous analysis as well as a better understanding of the connections 

between the tunnelling effects observed in previous section and the 

associated Anderson model are necessary. These will be the future 

course of the research carried out in the second part of this thesis. 



CHAPTER 5 

SUMMARY 

In the analysis of quantum systems whose classical counterpart 

exhibits chaotic behavior is of primary importance to establish a 

close connection between classical and quantum dynamics. The 

Quantum Pseudo-Probability formalism, an equivalent formulation of 

quantum mechanics first introduced by E.P. Wigner in 1932, 

represents in this sense an ideal tool of investigation. In this 

formalism any linear quantum operator of the Hilbert space is 

associated with a phase space function, the quantum pseudo-

probability being the phase space representation of the density 

matrix. This allows us to express the quantum average in the same 

form one writes for classical averages. In particular the quantum 

expectation value is obtained by averaging the phase space 

representation of the quantum observable over the quantum 

pseudo-probability distribution. It is worthwhile to notice that due to 

the uncertainty principle, a quantum quasi-distribution can never be 

a delta-like function in the phase space. But on the contrary such an 

initial condition would be possible for a classical system. This implies 

that a quantum system is not completely defined by its position in 

the phase space, but it is rather described by an ensemble of systems 

distributed according to the quantum quasi-density. The second 

element of similarity between classical theory and this formulation 
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of quantum mechanics is represented by the dynamical evolution of 

the pseudo-probability. This is a Liouville-like equation in which the 
/S A /\ 

evolution operator is divided into two contributions L = Lcl + Lq, the 

first, Lcl, is indistinguishable from the correspondent classical 
> — 

operator, while the second, LQ, is a higher order differential operator 

that takes the constraint posed by the quantization rule into account. 

The main aim of the thesis is to investigate the interplay of these 

two contributions in the case in which the classical system exhibits 

chaotic behavior. This is carried out using an indirect analysis. First, 

we hypothetically neglect the effects of the quantization in the 

dynamical equation for the Wigner density and consequently 

forecast the physical effects that this approximation would imply in 

the evolution of a classically chaotic quantum system. Second, we 
/S 

analyze the effect of LQ on the quantum evolution by investigating, 

with numerical and analytical methods, the way this term modifies 

the previously predicted physical scenario. The most relevant 

physical effects that we would obtain neglecting LQ are summarized 

as follows: 
/ \ 

i) If we neglect the contribution of operator LQ the evolution 

equation for the Wigner function becomes deterministic. In other 

words the expectation value can be obtained by first solving the 

classical trajectories for any initial condition (q,p) and then averaging 

them over the "distribution function" for the initial conditions in the 

phase space, i.e., the Wigner pseudo-probability. The sensitive 

dependence of the classical dynamics with respect to the initial 
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conditions induces a rapid loss of correlation of the classical 

trajectories in the phase space. This effect combined with the 

averaging procedure leads to an exponential decay of the quantum 

expectation value. 

ii) The phase space distribution tends to be uniformly distributed 

in the available phase space. Consequently the initial uncertainty of 

the quantum observables undergoes a massive growth, unexpected 

on the basis of standard quantum mechanics. 

Therefore the fundamental question that has to be answered is 
/ s 

the following one: "what is the influence of LQ, on this physical 

scenario generated by the classical chaotic operator?" We address 

this problem studying the dynamical properties of the three models 

of Quantum Chaos: the spin-boson system, the kicked quantum 

rotator system and the kicked quantum oscillator system. 

As far as the spin-boson system is concerned it is necessary to 

generalize Wigner's original idea to quantum systems containing spin 

operators. We show that the standard approach, which consists in 

defining the quantum pseudo-probability as the inverse Fourier 

transform of the symmetrically ordered quantum characteristic 

function, is affected by singularities mainly due to the discrete 

nature of the spin operators. However, if we define the reduced 

density matrices as the trace over the spin Hilbert space of the 

density matrix multiplied by the spin components, we can safely 

apply the Wigner transformation and eventually extend this 

formalism also the spin-boson Hamiltonian. As in the standard case, 
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in this framework the spin-boson system is described by a pseudo-

distribution function in the phase space, while the time evolution of 

the moments of the pseudo-distribution is the result of the interplay 
/ N 

of two distinct dynamical operators: the first operator Gci gives 

exactly the semiclassical description of the evolution of the system, 
/ s 

while the second term, GQGD, is a diffusion-like operator, responsible 

for the quantum effects on the dynamics of the spin-boson system. 

The numerical analysis on the spin-boson system suggests the 

following conclusions. As far as the average value of the spin 
/ V 

operators is concerned the operator GQGD plays an important role 

only in the classically chaotic regime. In this situation it acts like an 

anti-diffusive mechanism opposing the relaxation of (cyz(t) > produced 

by the semiclassical dynamics. However, the analysis of the entropy 

of the spin-1/2 system and of the uncertainty of the field variables 

shows that the behavior of this two testing functions is consistent 

with the theoretical expectations that one would give neglecting the 

contribution of the QGD mechanism to the dynamic of the spin-boson 

system. This leads us to the following conclusions about the 

manifestation of the classical chaos in the spin-boson model: The 

growth of the entropy of spin subsystem and of the uncertainty of 

the field variables is an irreversible phenomenon linked with the 

occurrence of chaos in the semiclassical dynamics. 

In spite of a general agreement between the numerical data and 

the given physical interpretation, some open questions still remain. 

In particular the fact the in the quantum spin-boson system the 
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increase of the initial uncertainty is greater than in the 

correspondent classical system is somehow inconsistent with the idea 

that the QGD mechanism opposes the irreversible behavior produced 

by the semiclassical dynamics, and needs a better understanding. 

The difficulty of enclosing the effect of the quantum operator LQ in 

a unique physical picture is also attested by the analysis of the other 

quantum systems that are studied in this thesis, i.e., the Quantum 

Kicked Rotator (QKR) and the Quantum Kicked Oscillator (QKO). The 

classical correspondents of these quantum systems exhibit, in the 

chaotic region, diffusive behavior of the unperturbed energy. In the 

former system the quantum effects destroy completely this classical 

phenomenon [3]. After a time interval To of good quantum-classical 

correspondence, the evolution of the unperturbed quantum energy 

begins to deviate from the diffusive behavior and starts localizing, 

i.e., to approach a constant value rather than to continue to grow 

linearly with time. In its subsequent evolution, the motion of the 

quantum energy oscillates irregularly around a limit value, the 

diffusive behavior being completely suppressed. An unbounded 

increase of the energy occurs only when one of the two parameters 

of the quantum map satisfies the special condition of the quantum 

resonances. However, also in this case the quantum behavior is 

totally disconnected from the dynamics of the corespondent classical 

system. In fact, unlike the classical case, in the quantum resonance 

condition we obtain an unbounded increase of free energy even 

when the classical system is globally stable. 
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The behavior of the QKO seems to have deeper connections with 

the corresponding classical dynamics. In fact, by means of numerical 

analysis, it was observed that for this system the diffusive excitation 

of the free energy never localizes [59]. In support of this result we 

provide a simple heuristic argument based on the idea that the 

phenomenon of localization occurs when the amount of energy given 

to the unperturbed system after each collision is comparable to the 

energy separation of the unperturbed Hamiltonian. This simple 

arguments allows us to make a good estimate of the time at which 

localization occurs in the QKR and to forecast the absence of this 

phenomenon in the QKO. However, it would be incorrect to state that 
/ N 

in the QKO the operator LQ can be safely neglected in the evolution 

equation for the Wigner distribution. The contribution of this term to 

the evolution of the Wigner distribution shows up with great 

evidence in the parameters regime that corresponds to the case of 

quantum resonance in the QKR. In this condition we provide an exact 

solution of the quantum evolution that proves the existence of a 

deterministic drift in the time energy increase of the system 

considered, phenomenon that would be totally unexpected on the 

basis of the classical dynamics. More in general, this "superdiffusive" 

excitation of the energy is due to coherent quantum mechanical 

tunnelling between degenerate tori of the classical phase space. In 

conclusion we find that some of the quantum effects resulting from 

this fast increase do not have any classical counterpart, they are 

mainly tunnelling processes, which do not take place in the classical 
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case. Especially relevant is the drift process, which is triggered by 

making the tunnelling towards a certain direction greater than the 

one towards the opposite direction. This seems to be the first 

observation of an effect of this kind. 

Outside of the quantum resonance condition we were not able to 

find an exact solution for the evolution of this system. Nevertheless, 

as we mentioned earlier, also in this condition the QKO is expected to 

show a diffusive (or "superdiffusive") behavior. To this regard, the 

connection between the Anderson model and the discrete map for 

the Wigner distribution seems to be a promising argument to explain 

the absence of localization in the QKO. Another interesting point that 

needs further developments is represented by the phenomenon of 

the quantum tunneling between degenerate classical tori. The 

question that still needs an answer is the following one "is this 

phenomenon restricted to the quantum resonance condition or is this 

rather the general process that causes the absence of localization in 

the QKO?" To this end a better understanding of the connections 

between the tunnelling effects and the Anderson model associated 

with discrete map for the Wigner distribution might result useful to 

clarify this important point. This will be the future course of the 

research carried out in the second part of this thesis. 
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In this Appendix we show that using the Wigner phase space 

representation of quantum operators 

m + oo 

Ow(q, p ) = c J dz exp <q - 1 lOlq + J > 
J - oo (A.l) 

the quantum average value can be obtained by means of the 

following classical-like formula 

+ oo 

Tf[AB] = ZlUL dq dp Aw(q, p)Bw(q, p) 

(A.2) 

This is the general requirement that any quantum pseudo 

distribution has to satisfy. Herein we limit the demonstration to the 

case of the Wigner distribution. 

Using definition (A.l) the r.h.s. of (A.2) is written as follows 

I I 

dqdp Aw(q, p)Bw(q, p) = 

(A.3) 

• I I I ! 

=caCb| I I I dqdp dzidzaexp ip(zi + z2) <q - zi/21 Alq+zi/2 > <q - Z2/2 IB Iq+Z2/2 > 

In (A.3) the integration over the variable p can be carried out easily 

and gives the delta function of (zi+z2) 
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I dp exp 
ip (zi + z2) 

ti 
= 2 n h 5 (zi + Z2) 

(A.4) 

Using the property of the delta function we integrate over the 

variable Z2 

JJ 
+ 00 

• / / • dqdpAw(q,p)Bw(q,p) = 2jr^cAcB| | dqdz <q-|IAIq+|><q+JIBIq-^> 

(A.5) 

where z=zi. The next step is to change integration variables in the 

r.h.s. of eq.(A.5) 

q + 2 = q' 

q - f = q" 

(A.6) 

Finally, using the completeness relation of the eigenstates of the 

position operator 

= | d q ' l q ' X q ' l 

(A.7) 

the r.h.s of (A.5) is written as follows 
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+ oo + oo 

1 1 dq"dq'<q"IAI q 'xq ' Bl q"> = J dq"dq'<q"IAIq'xq'Blq"> = | dq"<q"IABIq"> 

(A.8) 

from which the desired result (A.2) follows immediately 

if dqdpAw(q,p)Bw(q,p) = 

(A.9) 
+ oo 

= 2kHcacb I dq"<q"IABIq"> = 2nftcAcB Tr (a §} 
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Let us start looking for an integral relation between the Q 

representation and the Wigner distribution. Using the Baker-

Hausdorf theorem in (2.4.20) the definition of the Q representation 

becomes 

QA(CX) = J - F D ^ C S T E L E - U ' + I F C X E - I ^ 2 

K J ( B . L ) 

where Cs(t) is the symmetrically ordered characteristic function 

defined in (2.4.24). Eq. (B.l) is basically an inverse Fourier transform, 

therefore, using the convolution theorem this becomes: 

QA(CC ) = - W d 2 a ' g ( a - a ' ) f f a ' ) 

71 J (B.2) 

where 
f(a) 

j d2^ Cs(^)e - £ a* + S a = 7i Ws(a) 
(B.3a) 

g(a) = j d2 ̂  e - l/2l |̂2 e - ̂  a*+ ̂ *a 

(B.3b) 

where Ws(a) is the symmetrically ordered distribution defined in 

(2.4.23). The next step is to change the phase space variables, from 

(a,a*) to (q,p), defined according to (2.4.1) as: 

a = — 
iih 

X q + — p 
A, (B.4) 
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After a straightforward calculation the Q representation (B.3) reads: 

QA(q,p) J | dq'dp'pw(q',p') exp 
( q - q f 

2(AqfJ 
exp t - p f 

2 (Apf . (B.5) 

w h e r e 

Aq = fhl2± 
X (B.6a) 

Ap = iHFz x (B.6b) 

The distribution function QA(q>p) can be used to calculate the average 

values of operators antinormally ordered according to the 

annihilation and creation operators defined in (2.4.1) 

Tr 
{a p} = j d2 a QA(a,a*) AA(a,a*) = ^ j dq dp QA(q,p) AA(q,p) 

(B.7) 

where the factor (2ft)1 stems from the change of variables (B.4). The 

Husimi distribution in thus defined as [28] 

PH(q,p) = QA(q>p) 
2 n 

= I d q ' d p ' Pwfa''P') 
7t tl J 

exp 
(q - q f 
2(Aqf . exp 

( p - p f 

2<Apf. 

(B.8) 

so that 
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{x?} = | Tr (A p) = I dq dp pn(q,p) AA(q,p) 
(B.9) 

In order to complete the prescription given by (B.8) and (B.9) we 

need to specify the nature of the association between the observable 

A and its phase space representation AA(q,p). As we said in Sect. (2.4) 

this is obtained by means of an antinormal ordering of the operator A 

with respect to the operators a and a+ defined in (2.4.1). An example 

better explains this rather involved procedure. Let us consider for 

instance the operator q2 and find its antinormal phase space 

representation. Using a and a+ in (2.4.1) its antinormal expansion 

becomes: 

fp = —h—[(a*")2 + (ap + 2 a a* -1] 
2X2 (B.10) 

The phase space representation, in accordance with (2.4.10) is thus 

obtained by substituting operators a with the complex variable a and 

a+ with a*. Expressing this result in terms of the q and p variables we 

finally obtain 

q2 -» q2 - (A qf ( B . l l ) 

Note that for the Husimi distribution, as well as for the P 

representation, the association between the density matrix, 

observables and their phase space representation does depend on 
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the value of the unspecified parameter X . Due to the symmetric 

nature of the operator ordering this does not occur for the Wigner 

phase space association. 

Let us come back now to the definition of the Husimi distribution. 

From (B.8) we see that this is obtained from the Wigner distribution 

by means of a Gaussian smoothing, i.e., a local Gaussian average of 

the Wigner function. This coarse graining was indeed introduced by 

Husimi [27] in order to regularize the behavior of the Wigner 

function that, due to the exponent in the definition (2.1.4), usually 

oscillates violently with a wave length of the order of fi, thus 

becoming positive as well as negative. The smoothing procedure (B.8) 

reduces the excess of information contained in the Wigner function 

(note in fact that transformation (B.8) is not invertible), and makes 

the global features of the quantum system more explicit. Although 

this procedure was later generalized to a larger class of smearing 

functions [17], the Husimi distribution still remains the simplest 

example of a coarse graining phase space representation of quantum 

mechanics. Let us review its most important features. We start by 

noticing that the Gaussian function in (B.8) can be easily interpreted 

as the Wigner distribution of the coherent state I a ) , where as usual 

the complex variable a is given by (B.4). 

e-(q-q') ^(Aqfe-lp-p')/2(a p)2 = j dz e2ipz^ (q'-z I oc X cx I q'-z) 

(B.12) 
= rc/ip^qV) 
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Eq (2.1.12) is then used 

I dq'dp'pw(q',p') Pw V»P') = r~~rTr jl a >< a I p) 
2 7in (B.13) 

yielding the extremely simple result: 

pH(q,p) = - 1 — < V(q,p) I p I V(q,p) > 
2nh (B.14) 

where, changing variables back from (a,a*) to (q,p), the coherent 

state l a ) is now denoted as lvj/(q,p)). From (B.14) we easily realize that 

the Husimi distribution is positive definite. Amazingly enough the 

coarse graining procedure of (B.8) transforms the Wigner distribution 

from a pseudo-probability function to a real distribution function, 

always positive for any value of q and p and for any density matrix. 

However, one has to be careful to interpret the Husimi function just 

like a classical distribution function of the observables q and p. In 

fact, according to the prescriptions of Sect. (2.1), in order to get a 

positive distribution function we had to violate some of the 

requirements (l)-(5). The most important is the following one: unlike 

the Wigner distribution for the Husimi function we have 

£ dq pH(q,p) * < P I p I p > 

(B.15a) 
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I dp pH(q,p) * {q I p I q > 

(B.15b) 

Property (4) is also violated [29], as well as property (5). The latter 

one can be seen within the most general context of the time 

evolution of the Husimi function. To this end let us consider another 

possible definition of the Husimi function. Using the Fourier 

transform analysis the integral equation (B.8) is transformed in the 

following expression: 

pH(q,p) = exp A q d2
 ] A p d2 

2 dq2 2 dp2_ 
pw(q,p) 

(B.16) 

The dynamics of PH(q,p) then follows formally from (B.16) and (2.2.12) 

and reads 

3t 
pn(q,p) = LHpH(q,p) 

Lh = exp Aq" d2 Ap2 d2 

2 9q2 2 dp2_ 
Lexp Aq d + Ap d2 

2 dq2 2 dp2. 

(B.17) 

= TLT"1 

L being the evolution operator for the Wigner function. The result of 

the transformation described in (B.17) can be easily obtained using 

the following relations 

TqT ' l = q + ( A q f ^ 
(B.18a) 
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TpT"1 = P + ( A p f ^ 
(B.18b) 

In the case of a force-free one-dimensional system (B.17) becomes: 

3t 
pH(q>p) = p d (A p)2 3 d 

i 3 q m~"ap dq pH{q,p) 
(B.19) 

that clearly violates property (5) of Sect. (2.1) 
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In this Appendix we formally derive the Liouville-like equation 

(3.2.13) for the spin-boson Wigner distribution. This is defined by 

means of a generalized quantum characteristic function 

x f exp (- ikx ) I exp-i(qa + px) 
pw (x, q, p; t) = I dk I da dx / F(k, a, x; t) 

J (2 K)3 J (2 nf (C.l) 

where 

F(k, a, x; t) = Tr (exp [i (iq ax + k2 ay + k3 cz)] exp [i (a q + x p)] p(t)) ( c 2) 

p(t) being the density operator for the complete quantum system. The 

spin-boson system is described by following Hamiltonian 

/S "| /S O" /S /S Aj.A 

H = - \ coo az + -rS= ax (b + d ) + Qd b 2 na (C.3) 

while the Liouville-von Neumann equation for the density matrix 

reads: 

3 - -I /v /S /S /\L /V 

jr (Oo az + —I;- ox (b + b ) + Ob b , p(t) 
2 un (C.4) 

The phase space evolution equation, stemming from the uncoupled 

terms of the Hamiltonian (C.3), i.e., the first and third term in the 

r.h.s. of (C.4), have already been discussed in Sects. (2.2) and (3.2). 

Herein we focus our attention on the effect of the coupling term. In 
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other words we want to find the Wigner representation of the 

following contribution to the dynamics of the density matrix 

a 
3 t p ( t ) = - i -pL=r[ax (b + b ) , p(t)j 

coup. Y2£l . (C.5) 

To this end we define the contracted Wigner operator 

pw (3, q, P; t) = 1* da dx e x p - *(q a + P T) ^ Tr^ { e x p [i ( a q + x p)] p(t)) 
J (2 nf 

M + OO 

1 I dz exp (2 i p z) <q - z I p [a] Iq + z > 
J-oo 

(C.6) 

where the reduced density matrix p [o] is the trace over the boson 

Hilbert space of the complete density matrix. It is straightforward to 

realize that the Wigner distribution (C.l) is obtained from the spin 

operator (C.6) by means of the following expression 

pw (x, q, p; t) = —L- dk exp(-ik x) (exp [i k-a] pw(a,q,p;t)j 
(2nf J 

(C.l) 

Let us now insert (C.5) into the r.h.s. of (C.6) 

J» + OO 

3 ^ 1 I /X XV ̂  M 
r - pw (cr, q, p; t) = - i g -L I dz exp (2 i p z) <q - z I ax q p [aj Iq + 2 
u* coup. ^ J 

(C.8) 

+ i g 1 I dz exp (2 i p z) <q - z I p [a] q ax Iq + z > 
J -00 
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where q = (b + b*)/ V2Q is the position operator. Using standard 

calculations (see Sect. (2.2)) (C.8) becomes: 

d 
^ Pw = - i g q [ax,pw (o,q,p;t)] + §• J - {3x,pw (3,q,p;t)J 

coup. 2 3 p 

(C.9) 

where { , } is the symbol for the anti commutator, namely 

(A / \ /N /s A 
|A,B/ = AB + B,A (C.10) 

The first term in the r.h.s. of (C.9) has already been discussed in Sect. 

(3.2). Its phase space representation generates a part of the 

interaction term of the classical Liouville equation (3.2.14): 

igq[£x,pw(<J,q,p;t)] -> 2gqjx 3™~ - x 2 ^ j pw (x,q,p;t) 
(C. l l ) 

while the remaining contribution is contained in the second term of 

(C.9). Let us now analyze this term. To this end it is convenient to 

consider the effect of it on the characteristic function defined in (C.2) 

d 
^ Fw (k,q,p;t) = I I , exp (i k-a )) pw (a,q,p;t)] 

ant. spi" - (C.12) 

Using the following relation 

exp(ik-G ) = cos|k| + i k g 
N (C.13a) 



200 

where 

|k| = Vk j + k | + (C.13b) 

as well as the commutation rules of the spin operators we obtain: 

at 
Fw (k,q,p;t) 

ant. 
= 2 cos |k) sJ[n (gx pw (a,q,p;t)} + 2 i ^ sin |k) Fw (k,q,p;t) 

(C.14) 

As in Sect. (3.2) the next step consists in finding a differential 

operator that acting on F(k,q,p;t) gives its time derivative (C.14). It is 

possible to show by direct calculation, that the following ansatz holds 

3t 
FW (k,q,p;t) = - 2i 

ant. 

d I, d , d , d 
9kx (

 x 3kx
 y 3ky

 z dkz 
Fw (k,q,p;t) 

(C.15) 

By replacing (C.15) in the r.h.s of (C.7) and integrating by parts we 

have 

^ pw (x, q, p; t) = 2 
ant. 

d d 2 d d 
x i + a ^ - ^ x ' - ^ x i x 2 - a ^ x i x 3 Pw (x, q, p; t) 

(C.16) 

Finally, using (C.9) and (C.l l ) we obtain the desired result 

8t 
pw (x,q,p;t) 

coupl. 
2gq|x 

'3X2 
5 \ d 

X2d^) + g X % + 

+ g 
d t a 
9p \9xi 3xi 3x2 

x i " 577 xi x2 dx-. XI x3 

(C.17) 

pw (x,q,p;t) 
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It is worthwhile to notice that the "non linear" term of the 

Hamiltonian (C.4) generates the corresponding classical term as well 
A. 

as the diffusion-like operator LQGD, in the evolution equation for the 

Wigner function. 
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In this Appendix we show how to build up the phase space 

representation of quantum mechanics for periodic system, i.e., 

systems whose spatial coordinates are periodic with period 2k. We 

will adopt the method used by Bermann and Kolovsky [63] which 

generalizes the standard Wigner representation to "action-angle" 

systems by means of the quantum characteristic function. As usual, 

the main goal of the desired generalized phase space representation 

is the formal analogy between the classical and quantum expressions 

for the averages. 

Let us start with the definition of the quantum characteristic 

function. In the classical case, as we saw, this represents the Fourier 

transform of the distribution probability. This implies that going 

from unbounded systems, i.e., - o o < q < o o , t o a periodic systems the 

Fourier transform in the coordinate variables is changed into a 

Fourier series. In addition to this, it must be noticed that in quantum 

mechanics the occurrence of the periodicity in the position coordinate 

transforms the spectrum of the momentum operator from continuous 

to discrete, with equally spaced eigenvalues. These circumstances 

suggest the following definition of the quantum characteristic 

function for periodic systems 

C(m£) = ( exp [i(m 0 + p i;/ft )] ) meZ, ^G[-2JI,27C] (D I) 

where as usual 
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~ . . 5 p = -1 ti — 
50 (D.2) 

Note that if we replace in (D.l) P with its eigenvalue tin (n integer), 

c(m.S) assumes the familiar form of a Fourier series of the 

distribution probability, i.e., as far as the index m is concerned, this is 

the Fourier coefficient while for the variable ^ this represents an 

inverse Fourier series, the only difference being the range of the 

variable £ which, as will be clear later, for technical reasons has been 

doubled. Note also that in (D.l) the position and momentum operators 

appear in a symmetrical way in accord to the definition of the 

Wigner density. 

Following the procedure of Sect. (2.3) we are led to define the 

phase space representation of the quantum operators as the inverse 

Fourier series of (D.l) 

oo f 2 n 

Aw(e,p) = ^ 2 I d^e-i('n0 + P^/i)CA(m^) 
-oo J. 2n (D.3) 

where 

CA(m,^) = Tr(Aexp[i(m0+p^M)]) (D-4) 

Note that Aw(0,p) is periodic in the variable 0 with period 2jc Using 

the eigenfunctions of the momentum operator, as well as the Baker-

Hausdorf theorem, the quantum characteristic function (D.4) reads 



2 0 5 

CA(m,̂ ) = ^ (nIAIn+m) e in£ e imS /2 

n,m = -<*> (D.5) 

The factor 2, which stems from the Baker-Hausdorf theorem, makes 

expression (D.5) periodic in the variable % with period 4n. Therefore 

it is clear that we need to consider as a range of values for t, the 

interval [-2rc,2jt]. As a result, we note that only discrete values of p 

are relevant in (D.3), namely pg/jZ/2. 

We are now in the position to prove the basic requirement of the 

Wigner formalism, i.e., the formal analogy between classical and 

quantum averages. To this regard it must be noticed, that due to the 

discrete nature of the variable p, we need to replaced the integral 

over the momentum with a sum over the the integer values of 2p 1%. 

*+ n 
Tr(A§) = p jc ) - 1 ^ I d0Aw(e,p)Bw(e,p) pe^Z/2 

P L (D.6) 

Let us prove (D.6). By replacing (D.5) and(D.3) inside the integral of 

the r.h.s. of (D.6), we have: 

^ j d0 Aw (9, P)Bw(0, p) = 
P J-n 

(4n)-2E x [ d 8 [ [ <MC(' 
t 1, t1, 

n ? pin 
0-i(m+r)0 ̂ i^/2(m-t +2n) ^i^/2(r-t + 2s) 

® (nIAIn+m) (sIBIs+r)] where p = ftt/2; t,m,n,s,reZ (D 7) 
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Integrating over the variables 9, £ ,C and using the identity 

f t l t 

I d9 exp [i (s - m) 9/x] = 2KX 8SjI1 

J-XII (D.8) 

we obtain 

2 I d0 Aw(e,p)Bw(e,p) = 2K £ (nIAIs) <slBln) pe fcZ/2 
P J.n (D.9) 

Finally by exploiting the completeness relation of the eigenfunctions 

of the momentum operator, the desired result (D.6) follows 

immediately. 

Eq.(D.3) represents the "action-angle" representation of a generic 

quantum operator. In the case of the density matrix it is convenient 

to include the factor 2K in the definition 

»2n 

pw(9,p) = — I d^<nlpln+rn>e- im0e- i /n(p- f in)^e im^2 

2(2K) n,m J ^ (D.10) 

so that (D.6) assumes the usual classical-like form F+N 

< A ) = X d0 Aw(e,p) pw (e,p) pe tiZ/2 
P J - n (D. l l ) 

Eq. (D.10) can be rewritten in a form similar to that of the standard 
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Wigner function. To this end let us rewrite the r.h.s of (D.10) in the 

following way 

pw(0»p) = 

(D.12) 

d(p'd(p"d£ e-'^P^ eim^/2~e+<P") (cplplcp") 
2 (2k) • 

where we used the completeness relation of the eigenfunctions of the 

position operator 

• f 
J -n 

I = | d(p lcp><cpl 
(D.13a) 

«pl„> . ^ e x p i n c p 

Then, using the identity 

oo 

exp[in0] = 2718271(0) 

(D.14) 

where the symbol 8271(0) stands for the periodic delta function, and 

integrating over the angle 9', (p" the Wigner distribution (D.12) 

becomes 
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m + 2K 

Pw (0,p) = dz exp i E-̂ j <0 + & fp|0 - i > 
•» - 2n ^ (D.15) 

A similar calculation leads to an equivalent expression for the 

"action-angle" representation of a generic quantum observable A 

*+2K 

A\y(0,p) = I dzexp|- i£^j 
«/- 2rt 

< e + £ i A i e - £ > 
2 2 

(D.16) 

Let us now consider the evolution of the "action-angle" Wigner 

function (D.12) for a periodic kicked system described by the 

following Hamiltonian 

H = eV(e)Srft) 
3 r (D.17a) 

with 

= 2 ^ • n T ) 
n = -oo 

(D.17b) 

and where V(0) is a generic periodic potential, i.e., V(0+27t)=V(0). AS 

we saw in Sect. (3.1), the solutions of the Liouville-von Neumann 

equation stemming from the Hamiltonian (D.17) are generated by the 

following map for the density matrix 
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P(n+1) = Ui U2 p(„) U+2 Uj (D.18) 

where P(n+i) is the density matrix calculated right before the (n+l)-th 

kick and Ui U2 are respectively the Floquet operators associated with 

the kinetic and potential term of Hamiltonian (D.17) 

U1 = exp i i a2 

2 ae2 
r = KL x I 

(D.19) 

U2 = exp[-ikv(0)] , k = £-
h (D.20) 

In order to separate the effect of the two Floquet operators we 

define the intermediate density matrix P(n) as: 

P(n) = U2 P(n) U2 (D.21) 

the density matrix Pn+i is then obtained by applying the Floquet 

operator Ui to (D.21) 

P(n+1) = Ui p(n+l) U| (D.22) 

Let us now find the phase space representation of the (D.22). Using 

the Wigner recipe (D.15) we obtain: 

Pw1 

*+2n 

(0 'p) = 4^1 d z e x p ("1 < e + f 1 u i Pw U{ 10 - 1 > 
J - 2n (D.23) 
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The element of matrix inside the integral in the r.h.s. of (D.23) is 

rewritten in a more convenient way in terms of the eigenvectors of 

the momentum (D.13) 

<8 +-z-1UipwU{ 10-z-> = e i z / 2 ( s + r ) e i e ( s - r ) e i T / 2 ( s + r ) ( s - r ) < s | p w l r ) 
2 2 2K s r 

(D.24) 

Then, using in (D.24) the following equality 

exp t ( s - r ) — 
dz 

e i z / 2 ( s + r ) = e i z / 2 ( s +r) e i x / 2 ( s +r)(s-r) 

(D.25) 

and moving, by means of integration by parts, the effect of the 

differential operator exp[x(s-r)9/8z] from exp[iz/2(s+r)] to exp[izp/7i] 

in the integral of the r.h.s. of (D.23) we obtain: 

i - j d z e x p ( - i ^ ) 

J-2k 

— . dz exp I- i — I <0 + ^ I Ui pw U{ 10 - ^ > = 
4jc I \ % ) I I 

4 « « J -
e i p z / f t e i z / 2 ( s +r) e i ( 0 -px//z)(s-r) e i x / 2 ( s + r)(s- r ) ( s l p w ' r ) = 

= pw(e-pT/I,p) (D.26) 

As was expected, also in this case, the phase space representation of 

the kinetic term is completely indistinguishable from the 

corresponding classical Liouville operator 
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Pw(6>P) = exp 
pT 3 

1 ae 
pw(0,p) 

(D.27) 

Let us now consider the potential term stemming from the Floquet 

operator U2 and to this end let us apply The Wigner transformation 

(D.15) to (D.21) 

* + 2n 

pw(0,p) = dzexpj-i—jexp[ikv(0-z/2)-ikv(0+z/2)]<0+|-lpvvl0-2> 

J -2n ^ 

(D.28) 

Exploiting the periodicity of the potential function V(0), we expand 

the exponential inside the integral of (D.28) in a Fourier series 

exp[ikv(0-z/2)- ikv(0+z/2)] = cr(0) exp [irz/2] 
(D.29) 

Note that in the case of V(0)=cos(0), corresponding to the QKR, the 

coefficients c r(0) in (D.29) are Bessel functions of the first kind 

cr(e) = Jr (2k sin 0 ) (D.30) 

Using the expansion (D.29), (D.28) becomes: 

pw(o.p) = X cr(e) pw (e,p - i^r/2) 
1 = -C (D.31) 
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Finally the phase space representation of the quantum map (D.18) is 

obtained by the combined action of transformation (D.27) and (D.31) 

PwH^P) = exP 
pT_a_ 

1 ae 
X Crfejpwfe.p-ftr/2) 

(D.32) 
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In this Appendix we prove the orthogonality property of the 

matrix M which evolves the discrete Wigner distribution (4.6.3) 

MS] >S2 ; T, = J(r, . Sl) (a sin(p - ys2)) J(r2-S2) (« sin(q + yri)) (g 

In the following demonstration we will make explicitly use of the 

expression (E.l) for the matrix elements of M. However, it is obvious 

that this property is generally shared by any quantum kicked 

system, since it follows directly from the unitary condition of the 

Floquet operator. 

Let us now prove the orthogonality of M. Defining the transpose 

matrix as 

M n , r 2 ; S ' , , S ' 2 = J ( r , - s ' , ) ( a
 sin(P " ^'2)) J(r2-S'2) (a sin(q + TTi ) ) 

we have to prove that 

S'|;S'2 = ^ M s, jS2; r, >r2 M r r ;s ' s- = 5S1;S', 8S2jS'2 

(E.3) 

By replacing eqs.(E.l) and (E.2) in (E.3) we obtain 

N L w , = £ [ j (r, .Sl) (a sin(p - ys2)) J(r, _s',) (a sin(p - ys'2)) 
ri 

T (E.4) 
X J(r2-s2) (

a sin(q + y i )) J(r2-s'2) ( a sin(q + 7*1 )) 
f2 
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Let us consider the sum over the index X2 inside the square brackets 

of the r.h.s. of eq.(E.4). By means of the Bessel functions' "summation 

theorem" 

X J(V +k) (t) J(k) (z) = J(v) (t - z) 
k (E.5) 

this is simply rewritten as a Kronecker delta of the indices s'2 , S2 

2 J(r2-s2) (a Sin(q + -yn )) J(r2_s<2) (a sin(q + yri)) = J(S2_S'2) (0) = 8S2,S'2 

T2 

(E.6) 

Then, using this result, as well as eq.(E.5), the sum over the index ri 

in the r.h.s of eq.(E.4) becomes: 

2 J(ri-s,)(asin(q-Y52))J(r1-s',)(asin(q-7S2)) = J(Sl-s'o(0) = 
ri 

(E.7) 

which together with eq. (E.6) gives us the desired result 

[MM1] s, >S2; s', y2 = 8S1>S', 8s2,s'2 (E 8) 
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