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ons with Distribution Initial Data. Doctor of Philosophy (Mathematics), August,

1996, 53 pp., 16 figures, references.
In this study, we consider the generalized function solutions to nonlinear
wave equation with distribution initial data. J. F. Colombeau shows that the initial

value problem

v — Au = F(u)
u(z,0) = ug
ue(2,0) = uy
where the initial data ug and u; are generalized functions, has a unique generalized
funection solution u. Here we take a specific F and specific distributions o, %1 then
inspect the generalized function representatives for the initial value problem solution
to see if the generalized function solution is a distribution or is more singular. Using

the numerical technics, we show for specfic F and specific distribution initial data

ug, U1, there is no distribution solution.
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CHAPTER 1

INTRODUCTION AND TERMINOLOGY

A theory of generalized functions more general than distributions has been
developed by J. F. Colombeau {[1, 2, 5, 7, 8, 9, 20, 21]). Although considerably
more general, these generalized functions have many of the properties of usual C>-
functions. Let F be a slowly growing C'°°-function from R into R. Now consider

the following nonlinear wave initial value problem:
ug — Au = F(u)

u(z,0) = ug

ug(z,0) = u;.
J. F. Colombeau proves, for F' obeying a growth restriction, that for generalized
functions ug, ui, there is a unique gencralized solution u. This raises the following
question. Given distributions up and uq, could the solution to the initial value
problem also be a distribution, or is it always a more singular generalized function?
In order to explore this question, we take a specific F and specific distributions

uo and uy, then inspect the generalized function representative for the initial value

problem solution to see if the generalized function solution is a distribution or is

more singular. Here, we choose F(u) = —|u[P"'u, ug = 0 and u; = §(z), that is
Uy ~ Au = —|u|’u
u(z,0)=0

us(x,0) = &{z)

and we also examine the problem with ug = 8(x) and u; = 0.



Before we present Colombeau’s method, let us define the generalized func-
tions on R™.
Notation 1.1: Let D(R™) be the space of all C"*°-functions ¢: R* — C

with compact support. For ¢ =1,2,3,... we set

Ay = {(;5 € D(R") such that

H(AN)dX = 1,f Np(N)dr =0for 1 < i| < q}

R” i)
here A = (A1, A2,.. ., A\n) € R™, 1 = (21,22,...,1n) E N || =41 +d9+ -+, and
A = ()5 () ().
1A
Notation 1.2: If € > 0, A € R" and ¢ € D(R"™) we set ¢.(A) = ;;l—qb(-g)

Notation 1.3: Let £[R"] denotc the set of all the functions
RA xR" —C

for which R(¢, z) is a C*-function in z for each fixed o.
Definition 1.4: We say an element R of £[R"] is moderate if for every

compact subset £ of R” and every derivation operator

al¥l

Bk - ok

there is an N € N such that if ¢ € Ayx then there exist n > 0, ¢ > 0 such that

D

DR($,2)| < 5
for all z € X and 0 < ¢ < . We denote by £3[R"] the set of all moderate elements
of E[R"].

Notation 1.5: We denote by I the set of all the increasing functions o from
N into R* such that a(q) tends to +oo when g — +o0.

Definition 1.6: We say that an element R of £[R"] is null if for every

compact subset K of R” and every derivation operator D, there are N e N, a € T

such that if ¢ € Ay, ¢ > N, then there exist n > 0, ¢ > 0 such that

|DR{,z)| < ce®( =N



for all z € K and 0 < € < 7. We denote by N[R"] the sct of all the null elements
of £[R"].
Definition 1.7: We define the generalized functions on R” as the quotient

space
Ex|R7]
N[Rn]

G(R") =

In other words we define an equivalence relation in £37[R"| by setting
R ~ Ry ifandonlyif R, ~R, € N[R"]

and so a generalized function is an equivalence class. Since N[R7?] is a linear
subspace of £4[R"™],G(R") is a linear space. Since N[R"] is an ideal of &y [R"],
G(R™) is an algebra. If D is any z-derivation operator and if G € G(R"), then DG
is defined as an element of G{R™) as follows. If R € £y [R"] is a representative of
G € G(R™) then DG € G(R™) is defined as the class of DR € £y [R"]; that class
does not depend on the choice of R in the class G.

Definition 1.8: Restrictions of generalized functions.

Given an arbitrary element u of G(R?), we seek a natural concept defining
the restriction u|s—q of u to R®* = R? x {0} C R*. For this let ¥ € S(R?*) be given.
We define symy by

1

(Sylrl¢)(x]:$21$3) — 31 Z t:b(xﬂ'l?xﬂ'm;ro'a)
T o€Gy

where G denotes the set of all 3! permutations of the set {1,2,3}. Then we define

a function ¥4 on R* by
ulent) = 0(@) [ (ymp)(er, €, t) dér da
R2
Now let u be an arbitrary element of G(R*). Let

R: A (R x R* —3 C



be a representative of u. We define a map
R:A(R)xR?> — C
by
R'(¢,z) = R(%4,(2,0)) if o€ A(R)

We denote by
=0 € G(R?)

the class of R’, and we call «|i=¢ the restriction of u to R2.

Notation 1.9: Let us assume f, ug and u; are generalized functions with

respective representatives
Rf € Ey[RY], Ry, Ru, € En[R3).
If ¥ € A1 (R?), let o3 € A (R?) be defined by
Pa(z) = /Rd;(:c,t)dt.
Remark: By (Definition 1.8) and (Notation 1.9), it is immediate that
vy € DRY) f o € D(R?)
s € S(RY) o € S(R?)
Y1 € AR if v e A(R?) for ¢=1,2,3...

Furthermore,

(V3)e =(¥e)s for O0<e<1,

(be)a(®) = ] T (—*) "
z
b

=<1
[ (e

because



Also,
{(¥a)3 = ¢,
because

(iute )y = (006) [ somuter a,t)dendss

3

:/(T/J(:r:)/m Sym¢(§1:£2,t]d§1d§2) d¢

= 1;;(.7;)/ (Lz symw(&,{2,t)d§1d§2) dit
= (z).

J. F. Colombeau’s method for finding generalized function solutions to dif-

ferential equations.

We consider the nonlinear wave equation.
uge — Au = Fu)

in G(R*), where F:R! — R is a C®-smooth function, such that F(0) = 0 and
sup,e g |[DPF(2)| < oc, for all positive integer p.

Theorem 1.1: The initial value problem

iy — Au = Fu) (1.1)
u(0,2) = up(x) (1.2)
ut([},:r) = 'U,l(.?)) (13)

has real valued generalized function solutions u € G(R*) for every pair of real valued
generalized functions ug,u; € G(R?).
(Proof) Suppose first that ug,u; € C°(R?). The problem (1.1} ~ (1.3) is

equivalent to solving the nonlinear integral equation

u(t,z) = v(t,z) + ./0 (t —s)M (F(u),s,z,t ~ s)ds (1.1)



where
1
M(f,5.0) = = f F(s,2 + pE)de
T JecR3 Jlgll=1
for
fiR* — R}

sufficiently regular, while v is the solution of the following classical, homogenous

initial value problem

g — Av =0 (1.4)
v(0,2) = uo(2) {1.5)
v(0, 2} = uy(2). (1.6)

Given the classical solution v € C°(R?*) of (1.4) ~ (1.5), the solution u € C*®(R*)

of {1.1)" is obtained by iteration. We start with uq = v and continue according to
4

Uu41({t,0) = v(¢,0) + / (t — )M (F(uy),z,5,t — 3) ds (1.7)
Jo

for v € N*. Using estimates of the right hand term in (1.7), we obtain the unique
solution u € C>°(R*) of {1.1)’, as a limit of u,, when v — oo, with the convergence
being uniform on compact scts in R*.

Now we consider the case where ug and u; are arbitrary generalized functions
in G(R?). We are looking for a generalized solution u € G(R*) which will be well

defined as soon as we obtain for it a representative
u=f+NR€e€GR*) where fecEylRY. (1.8)
Let fo and f; be representatives of ug and u;, that is,
u; = f; +N[R3]
where f; € Ey[R?)] for ¢ € {0,1}. Let us take an arbitrary

» € AI(R4).



It follows that
fo(és, ), filés,-) € Coo(Ra)-

Let us consider the classical C*°-smooth case (1.1) ~ (1.3) with the initial

values given by

ug = fo(ds,), wur = fi(ds,-)-

Then according to the classical existence and uniquness result, we obtain a C°°-

smooth solution which we denote by
fl¢,)) € C¥(RY), (1.9)

In this way, we only have to show two things; first, that f in (1.9) satisfies f €

Ey[RY], and second, that the corresponding
u=f+NR

will satisty (1.2) and (1.3). The mentioned estimates of the right hand term in (1.7)
used in the classical C'*°-smooth proof directly yield the estimates needed in order
to obtain f € Ey{R*]. In this way we obtain u in (1.8) which satisfies {1.1) in
G(R?). Finally, we have to show that (1.2),(1.3) are satisfied.

In view of (1.8}, we have
Ulg=0 = g + N'[R?] € Q[R3)

with g(¢, ) = f(4,(2,0)), ¥ € A1 (R?), x € R3, according to Definition 1.8.
Since f(3a,(z,t)) is the solution of (1.1) ~ {1.3) with the initial values
uo = fo((¥4)s,-) and ur = fi1{(¥4)s,-) we have
g(¥, ) = f(1s,(7,0))
= fo((¥4)3, %)

= fo(®,7)



where the last equality follows from (%4)s = +. That is, ¢ = fo. That is, u}i=¢ = ue.
.0 S

Similarly, u¢|i=0 = h + N[R?] € G(R?) where h(v), ) = af(f,b.;j (#,0)), ac-

cording to Definition 1.8. Since f(is,(Z,t)) is the solution of (1.1} ~ (1.3) with

initial values uo = fo{(¥4)s,-) and vy = fi((+f4)3, "), we have

W) = 10, (7,0))

= fi{(24)3, T}
= fi(¥, 7).

That is, A = f1. That is, u|t—0 = u1.

Remark: In fact, the conclutions of Theorem 1.1 also hold when the non-
linearity ¥' has unbounded derivatives but satisfies a growth condition. See ([8]).
In particular, a nonlinearity of the form F(u) = —|u[P~'y with 1 < p < 5 (in
three spatial dimensions) satisfies the growth condition. So for these pure power

nonlinearities the initial value problem has generalized function solutions.
Distributions considered as generalized functions.

Distributions in D'(R") may be considered to be generalized functions as

follows. If @ € D'{R™), then for 3 € A;, we define

Ro(d,2) = (¢ * Q)(2) = Q[¢]

where Jx(y} = (2 — y). Because ¥ € D(R"),4 x Q is in C=(R™). Thus Rg(3),-)

is €%, so Rg € £[R"]. In fact, R is moderate, which we can see as follows. Let

Sl¥l _
D:{vk) = m Let K be a compact subset of R™. Because ) € D'(R™), we
1 2

know that for all ¢ € C§°(K),

Q)= [ hy) (D03) )ay



for some continuous slowly growing function k : R® — C and some fixed multiin-

dex {. Therefore,
D¥ (Ro(e, z)) = DIP (¢ * Q)(x))
= DQ ()

Thus,

C
k)
PP (Ra(e, )| <~

where C is a constant and for z in K, that is, Rg is moderate. The generalized
function associated with the distribution @ is the equivalence class of R¢ in G[R"|
where Ro(v, x) = (¢ * @)(x).

Suppose we know R : A; x R® — R is associated with a distribution.
We can recover the distribution from the generalized function representative R
as follows. Suppose we are given a test function ¢ € D(R"). If R is indeed a
representative of a distribution @ € D'(R") then we have R(v,z) = (¥*Q)(z)+ N,

so that
limeso /Rn R(tbe,z)p(2)d" 2 = !im‘_,_,o‘/- n(t;bf * QNz)d(z)d"z
= Q4]

because {3 } is a 6-sequence. Therefore, if R is a generalized function representative

of the distribution @ € T'(R"), then @ is recovered from R by

Qlé] = Iimf_-pof Ry, z)p(z)d" z.

n
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We now consider the initial value problem
ug — Au = flu)

u(Z,0) = up

’U.t(f,(]) = U

where ug and uy are distributions in 7'(R*). Each distribution has an associated

generalized function, with representative R,, and R,, given by

Ru(¥,7) = (¢ * uo)(7)
Ry (¥, F) = (¥ % u1)(2).
J. F. Colombeau’s generalized function solution to the initial value problem ( with
uo and uy regarded as generalized functions ) has representative R, € E[R**!]. For
¢ € Ay, Ry(o,(Z,1)) satisfies
utr — Au = f(u)
u(Z,0) = Ruy(03, ) = (¢3 * uo)(&)
ue(7,0) = R, (b3, %) = (¢ + u1)(&).
where ¢3(z) = [ p(x,t)dt.

Suppose it happened that the generalized function solution u was associated

with a distribution ¢ € D'(R**!). Then for fixed ¢ € A;(R3*1),

Q) = limeo [ Rulp2)ple)P

R34+3
for all ¢ € D(R**!). Therefore, we consider the initial value problem satisfied by
ulZ,t) = Ry(ve, (F,1)) : It is
(uf]u — Au, = f(uf]
ue(#,0) = ((te)s * o) (%)

(2 )H(F,0) = ((he)s + u1) (F).



il

Because (¥¢)s = (%3 )¢, the initial value problem becomes

(ue)y — Au = fuc)
ue(Z,0) = ((1hs)e * uo) ()
(1) (F,0) = ((¥3)e * u1) (T).
Therefore, to look for distribution solutions to the nonlinear initial value problem
uy — Au = f(u)
uw(Z,0) = up
u(Z,0) = uy

where ug and u; are in D'(R?), we solve the initial value problem

(ue)ee — Aue = fluc)
1e(Z,0) = (fe * uo)(¥)
(1e)e(7,0) = (fe * u1)(%)
where 8§ € D(R?). If it happens that the generalized function solution is associated
with a distribution ¢}, then @ is obtained from

Ql4) = limeso / w7, 1), ) et

R3+1

We can summarize J. F. Colombeau’s method in the case when the initial
data are ordinary distributions. To find generalized function solutions to (1.1) ~
(1.3), we regularize ug and uq by convolving them with families of D-functions that
approximate the Dirac delta function. We then solve the initial value problem with
the regularized (C'>°) initial data, to obtain a classical solution for each D-function.
We then take those classical solutions to be representatives of a generalized function,
which we regard as the generalized function solution. We apply this techique to

specific examples in the following.



and

CHAPTER 2

INITIAL VALUE PROBLEMS

We consider the two initial value problems.

uy — Au = f{u)

u(z,0) = §(x)

ug(x,0) =0 (2.1)
U — Au = f(u)

u(z,0) =0

us(z,0) = §(z) (2.2)

where A is the Laplacian in z and the solution u: R**! — C is complex valued

function. Since D(R"), considered as a subspace of D'(R"), is dense in D'(R"),

given ¥ € D(R™), with [ t(z)dz = 1, the sequence 9 defined by ¢.(z) = eingb(—)

xr
€

converges to 4 in D'(R"). To use J. F. Colombeau’s method, we replace § by
Ye % & = Y.

(Case 1) We consider the following initial value problem.

(uf)tt — Au, = f(“f)
ue(2.0) = t(z) = 24(5)
(ue)e(z,0) = 0. (2.3)

This problem has a solution uc(z,t) which is a representative of a generalized

12
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function because u, is a C*-function. Then there arises the following question.

Does u, ever generate a distribution? That is, are there nonlinearities f for which

Zi-me__,of uz,)p(z,t)d zdt  exists for all ¢ € D(R"T1)? (2.4)
Rn.+l

1 T

t .
—ve(—, ) where [ is to be
€€

We rewrite by introducing v.(z,t) such that u (z,t) = —
€

determined, then v (z,t) = e"u(ez,€'t). Next we find the initial value problem

1
satisfied by v.. The initial condition in (2.3), u.(z,0) = uzb(fs—) implies
" e

0(2,0) = () (2.5)
(ue),(z,0) = 0 implies
(ve),(z,0) =0 (2.6)

and from the equation (ue),, — Au, = f(u,) we get

;{;;%(m)u(? 't‘;) - -l——l—(AUE)(_:E t ) = f(_l_ve(x ! )) (2.7)

€ €n €2 € el en el el
From (2.5}, {2.6) and (2.7) v, satisfies the following initial value problem

1 1 1
W(Ut)tt — ;@(AUE) = f(;,;ve)

ve(2,0) = ¥(z)

(ve)e(2,0) = 0. (2.8)
Now, to get the simplest possible situation, choose ! = 1 and take f(w) = ~|w|P™}w,
then (2.8) becomes
62 p—1
(ve)se — (Av,) = W(*li’w Ve)

U'-(:B:O) - 2'b(x)

(ve)e(z,0) = 0. (2.9)
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2 N .
We notice that for the special value p = 1 4+ —, the initial value problem for v, is
n

independent of e. Then v, satisfies the following initial value problem

- . 2
(Ue)t: — Ay, = -|‘vf|p 1?}E with p=1+ ;
Uﬁ(.ﬂ'}',O) = ZL’(.T)

(v )e(z,0) = 0. (2.10)

Since the solution of the initial value problem

vy — Av = ~|v|P 7w
v{z,0) = ¢(z)
vefe,0) = 0 (2.11)

is unique, the solution v, of (2.10) actually does not depend on €. That is, v(y,s) =

v(y, s) for all € where v(y, s) is the solution of (2.11). As a consequence the solution
1 r t

of u. of (2.3) is given by u.(z,t) = ——-v(i, -). Then our question (2.4) becomes:
e? € €

Does

lim f L?;(f,§)¢(m,t)d“xdt

€0 fpnt1 €7 €

exist or not for all ¢ € D(R"*)? where v is the solution of (2.11).

(Case 2) As in (case 1), we consider the following equation

(u()it - Aus = "rue‘p“—]uf
te(z,0) =0
1,2
(w0 = 24 212

where 3 € D(R"). Define v (z,t) = €" u ez, et). Then
n+1

e(n_l)}’

ve(z,0) =0

(ve)e(2.0) = $(a).

(’Ue)tt — Ave = (_],Uclp-l)v
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We notice that for the special value p=1+4 ——r the initial value problem for
n_
1 z i

v is independent of €. Thus u.(z,t) = ——=v(~, -) where v satisfies the following
€ €€

initial value problem
Py i 2
vy —Av=—|v|P"'v with p=1+4+——
n—1
v(z,0) =0
ve(z,0) = (). (2.13)

As a consequence our question for Case 2 becomes: Does

lime o f welz, )é(o, A" zdt = lim, o / Ly (3, f) Sz, t)d zdt
Rr+l Rw+1 e € €
(2.14)

exist or not for all ¢ € D(R"+1)?

Remark: It i1s useful to consider the analog of our formulation in the linear
1 z 1

case. Let upe{x,t) = ;vg(;, —) satisfy the following initial value problem

_ - €

(uOf)tt — Auge =0
(oe)(2,0) = —9(5)

(tge)t(z,0) = 0.

Because —1p
en

the distribution solution to

x
( ) converges to §(z} in D'(R") as € — 0, this solution approaches

('Uo)gt — Auo == U
up(x,0) = §(z)
(ug)[(x,ﬂ) =0.

That is, we know

lim uge(z, t)d(z, t)d" edt = uoe)
¢—0 Rr+1
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for all ¢ € D(R™*1). This is equivalent to

lim / Lo (”T t) &z, 1)dzdt = uo|d).

g
e—0 fontr €F € €

Thus, in the linear case, the analog to our question (2.4) has a positive answer.
Methods of Investigation

In this dissertation, we choose n > l-dimension because there is no power

p that makes v, independent of € in Case 2 when n = 1 owing to p= 1+ 7
n—

Furthermore, when n = 1, the initial value problem for v in (case 1) is

Ut — Upy = ‘—i’Uiz’U
ve(z,0) = 0.

The solutions to this equation have no dispersion and are oscillatory and not well
suited to numerical computation.

When n = 2, there is no nice reduction of vy — Av = —[v|{?~!v to a one-
space dimension equation. But, for n = 3 we can reduce vy — Av = ~|p|P~ 1y
for spherically symmetric initial data to a one- space dimension equation that is
numerically well behaved. So we choose n = 3. We consider the solutions to the
problems (2.11) and (2.13) in n = 3 spatial dimensions, and investigate the limits
(2.4) and (2.14) for ¢ € D(R3*1).

The specific values of the exponent p in our problems are those at the bor-
derline of the theory of scattering for wy — Au = —~{u|?"'u, and estimates of the
asymptotic behavior of u for large times have not yet been obtained for these values
of p ([3,4,6, 11,12, 13, 14, 16, 17, 19, 22, 23, 24, 25, 26]). Here we will numerically
solve the initial value problems (2.11) and (2.13) and we will investigate the limits

(2.4) and (2.14) based on the numerical solutions.



CHAPTER 3
GENERAL PROPERTIES OF SOLUTIONS

We consider

Uss — A= —-|u|p'_lu. (31)

We can find a conserved quantity for this equation by applying Noether’s Theorem

to the time translation invariance of the equation. Let

Liu] = Ln+l (-12-]?1”2 - %WUP - F(u)) "z dt

where F'(u) is the primitive of —|u[P~1u. Then the solutions of (3.1) are extrema of
the functional L. Let Tu(x,t) = u(z,t — ¢€); then

L(Tw) = Lnﬂ %(ut(:g,t —€))? — %(Vu(x,t —€))? — F(u(z,t — €)) d"zdt = L{u).

So L is invariant under the 1-parameter family of linear transformations T.. The
generator of the family is

9}
Té = E.TGIGEO:I

which we may compute as follows.

0 g 0
(—ang(u(x, t) = Bzu(&:,t —€) = »—&-u(;v,t — €)
$0
, J 0
Tou(z,t) = E;Tfh:(]u(xat) = “'ét_u(wat)
/ . Ju .
hence we get the generator T = ~ 5 Now we multiply 5 (3.1).

17
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We have

(st — Au+ JufP~"2) (_5{) _ (%%(M)Q N 51;(»F(u)))

That is,
o -
(wer — Au+ flu))uy = —age[u] + V- plu]
where

efu] = 5(w)? + 5 IVul? - Fu)

plu) = —u,Vu.

Thus, if u is a solution of (3.1), then
d "
5{6[”] +V-plu) =0.

So,
5}
‘/n a—{e[u](:r:,t) =0

if limyz )5 eoplul(z,t) = 0.

Thus, for all u falling off fast enough at 00,
%E[u](m,t) =0

where
] 1 2 1 2 T
Elu](t) = —2fml + §fVu| — Flu) ) d"z,

so, Efu](t) is independent of ¢.
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Note that
Elu(t) = 3 fud)IE + 51V + —— [ Jue, P .
2 22 2op4+1l g
Because E(u) is time independent, we have
2
hee(liz + IVa()3 + ——= [ lu(e, )" d*z = 2E(u)(0) = constant.

Furthermore, each of the terms on the left side is nonnegative. Therefore, if the
initial data have E(u){0) finite, then each of the terms is bounded by 2E(u)(0).
This means that finite energy solutions are regular in the sense that all of the

norms [fu¢f|,, [|Vull,, and [|u[|,,, remain bounded for all times .

We also note that if the initial data for (3.1) have compact support in {# €
R? | |#| < L} then the solution u has support in {(2,¢) € R*! | |#] < L + 1t}

Theorem 3.1: Suppose u is a classical solution of
uy — Au = F'{u)
where F{u) < 0 for all u. Suppose that support of the initial data for « is contained
in the ball By = {# € R® | |&] < L}, that is, supp u(#,0) C By and supp
us(#,0) C By,. Then the spatial support of u(&, ) is contained in
Bryp={Z € R"[|Z]| < L+ [t]}.

(Proof) Let efu] = 3 (u)? + §|Vu|* — F(u) and plu] = —u;Vu. We already know

gt—e[u} +V-plu] =0 (3.2)
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Integrating (3.2) over the interior of some truncated light cone V, we obtain

0= [/ (%e[u] +9. ﬁ[u]) P

:/ D-Pd"t g
v
=f P -nds
2%
1
0 U
= P. P nds
[RAF X
0 0

- /} elulds — [ efulds + /K —= (efu] + 7 - lu]) ds

where

and the boundary of the truncated light cone V, that is 8V, is composed of three
parts, the top and bottom discs and the conical surface, T, B and K respectively, ds

is the element of surface on 9V, and third equality comes from divergence theorem.

Therefore,

/:r e[u]ds — / ulds + — f (eu] = weur) ds = 0.
Next writé

e[u] — weuy = %(ut ) % (IVuf? - u2) — Fu).

Therefore, the quantity e[u] — u;u, > 0 because F(u) < 0.

So,
/Te[u]ds:fBe[u]ds_%A_(e[u]—utur)da

Now, apply this equality to a portion of a light cone with base B at time ¢ = 0,

with B N By, empty. Because the initial data vanish outside B L, €[] = 0 on the

base B. Therefore,
1
ds = — — uguy)d
[Te[u} 3 ﬁﬁ(e[u] wythy ) d8
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Therefore, because ¢[u] = uqu, is nonnegative

/Te[u]ds =0= —-—\}—5 (e[u] — usuy) ds.

Since ¢[u] > 0 and [.e[ulds = 0, we have e[u] = 0 on T. So u; = 0 and
Vu = 0 and F(u) = 0 on T. This implies that u = 0 on T. Repeating for any cone

outside the stated support of solution, we get the support of u is as stated. See

([22]).
Reduction of 3-dimension space problem to 1-dimension problem.

We consider the initial value problem

Ut — Au = —k|u|p—1u
u(z,0) = f{]])
ui(z,0) = g(|7]) (3.3)

where z € R3.
In (3.3), the initial data depend only on the radial variable |Z] = r. Then
it follows that the solution u(z, ¢} to (3.3) depends only on |Z] = r and %, that is,

u(Z,t) = u(r,t). Using the spherical coordinates, (3.3) is reduced to

Ug = (Upr + ?’ur) = —klulP"'u
u(-r,O) = f(?")
ue(r, 0) = g(r). (3.4)

. . 2
Multiply by r in (3.4) and note that (ru},, = r{u,,» + —u,) so (3.4} becomes
r

(rw)ee — (ru)er = —k|u)? " lu
(ru)(r,0) = rf{r)

(ru)i(r,0) = rg(r). (3.5)



Now, let w(r,t) = ru(r,t). Then (3.5) becomes

p—1

w
- W

Wit — Wry = —F

r

w(ra U] = T’f(T‘}

wy(r,0) = rg(r).

We compute solutions to this reduced problem.

22



CHAPTER 4

NUMERICAL TECHNIQUE

We consider the reduced initial value problem for w = ru

w P
Wit — Wep = —k = w
w(r,0) = rf(r)
wy(r, 0) = rg(r) (4.1)

where k is a constant and r > 0,¢f > 0. We will take one of f or g to be zero and

spatial boundary condition w(0,¢} = 0 for all ¢ because w(r,t) = ru(r,t) implies that

w(0,t) = 0u{0,%) = 0. We will encode this boundary condition in our algorithm.
Remark: Note that this is equivalent to solving the problem

-1
ur

Wiy — Wee = —k‘g
x
w(z,0) = = f(|])
wi(z,0) = zg(|z|)
and then restricting to 2 > 0. This results in a solution w(z,t) that is an odd
function in z.
We use a centered-time and centered-space difference algorithm. For fixed
Ar and At, we define
' wi = w(jAr,nAt).
Then

&w 1 .
72 (JAr,nAt) = (A1)? (“’j +1

— Qw;-‘ + w;-‘_l) + O ({At)z)

23
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& w . 1 n n n
W(}AT: ?’LAt) = W ('LUJ-+1 - 211?} -+ ?.UJ‘_-[) + O ((AT’)Z) .

For simplity, we take At = Ar. We substitute into

p-1

w
- w

Wit — Wep = —

r

and solve for w;-""l :

g
2

JAr

w

J

2wt — _w?—1 +wly +wioy 4+ 0 ((AY)?) + (At)? (._k

p—1
n
u}j

forn =1,2,3,... and j = 1,2,3,... We take boundary condition: w} = 0 for all n.
Define

fi =(GArf(GAr) and g; = (jAr)g(jAr).

Then one initial condition is w} = f; for j = 0,1,2,... To find the discrete version

of the initial condition w,(i,0) = 2g(|z|), we consider the Taylor series

w; = w(jAr, At)

2
= fw(jAT‘, 0) + ’UH(}IAT, O)At + Wy (jA‘F, 0) (At)
_ At)?
w (P13 p=l

Since wy = Wy — k

w, we have wyy = (W) — kp

w
r

wy. Therefore
v

p—1

rf(r)

wlr,0) = ()" — & |2

and
p—1
rg(r).

210

r

wee(r,0) = (rg(r))" — kp

Using the centered space derivatives
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1

(rf(r))" = W(fm —2f; + fi-1) + O ((Ar)*)
and

(rg(r))" = ﬁ(gﬁl —2g; + gj-1) + O {(Ar)?),
we find

wj =f; + g;(At)

1

+ %(At)Q ((AT)Q (fis1 —2f; + fi-1)+ 0O ((AT)Q) - k] Js

j(Ar)

r—1

f;') +
p—1

9‘3')

We use no right hand boundary condition since we take initial data with compact

() ( {071~ 205+ 9;0) + O ((Ar)?) — kp |2

(Ar) JAr
+0 ((A)?).

support in an interval {0, L], so that at each time ¢ > 0, the support of the solution is
in [0, L + t]. Therefore, for each fixed t-value, we need only compute the solution at

a finite number of j-values. That is, if the support of the initial data is in [0,jAr],
. At
then the spatial support of w at time nAt¢ will be in lﬂ, (7 + nA—)Ar] .
r

Remark: If we use this scheme to integrate the linear equation with (k = 0),
the result is in fact exact (up to machine precision) because the solution of the wave

equation obeys

n+1

Wy

a1 n n
twy T =wiy twig

exactly. We get this from D’Alembert’s formula for the solution in the linear case:

-+
2w(r,t) = wir —¢,0) +w(r +¢,0) + / wy(y, 0)dy.

r—t



CHAPTER 5

NUMERICAL RESULTS

We apply the numerical technique of Chapter 4 to numerically solve problem

(4.1) in the cases of interest outlined in Chapter 2:
(Case 1)
and ¢(r)=0

<
Il
bt
+
!
Il
—
+
AN
If
Wy et

(Case 2)

p:1+—-2——:1—|--}=2 and f(r) =0

n—1

For the nonvanishing initial data, Colombeau’s formalism calls for a function in

Ajs. Since the smoothness of the initial data beyond C? will not affect numerical

solutions, we take the initial data to be a C?-function v with support in the unit

ball, integral equal to 1, and first moment equal to zero. Such a function on R? is

e (1— &) if |7 <
@) = w(a) = { (-1 A<

where the constant ¢ is determined by the condition

f V(@2 =1:
R3

1 |4
1= 4?1'/ e(l — rz)srzdr = ¢ = 315
o

64rn

(5.1)

We note o, ZP(7)d’z = 0 because 3 depends ouly on |Z|, so the integral is odd.

Thus we numerically solve the following equations.

26
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(Case 1)
Wit — Wyr = —k e w
T
w(r,0) = ri(r)
w(r,0) =0
w(0,t) =0 (5.2)
(Case 2)
Wt — Wypp = —k‘ B w
r
w(r,0) =0
wi(r, 0) = re{r)
w(0,t) =0 (5.3)

forr>0,¢t>0.

Since the support of 1 is in [0,1], we begin by taking Ar = 116 We solve
the problems both with ¥ = 0 and & = 1 to allow us check our numerical solutions
in the linear case. Once we have computed a solution to a large t-value (  on

the order of 100 ), we investigate the limits (2.4) and (2.14} as follows: We have

v(Z,t) = w—(g%ﬂ so
(Case 1)
N s BRI R
(Case 2)

. 1 [t 1e (|7 ¢
A2, t) = vl =, - | = 5= —. .
ue(&,1) ezv(e e) €2 |$|w(€ ’e) (5.5)

For ¢ € D(R*t!), define ¢, € D(R') by

Bo(r,8) = f é(r, T, t)d*z
51(0)
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where ¥ = rZ are polar coordinates for  and the integration is over the unit
sphere. Since u.(Z, 1} is spherically symmetric in & for all times ¢, we have

(Case 1)

| e > 1 (rt
- - 3 o 2 — —_ =
/1;3_“ ue(T, )L, t)d zdt = ) [ th r drrw (e’ 6) $a(r,t) (5.6)

(Case 2)

La+1 (T, 1)(T, )P zdt = / dt/ ﬂdrrw (E é) ds(r, 1) (5.7)

t . .
Making the change of variables ' = ~:— and ¢’ = - and dropping the primes, we are

led to consider the limits as € — € of

(Case 1)

f u T, 8)p(F, t)d* adt = e/ dtf rdrw(r,t)os(eret) (5.8}
R3+1 —00 0

{Case 2)

] 7. ) d® = ¢? = m’r W €
/1;3“ ue(#,8)d(T, t)d’ zdt = ];m dt/o drw(r,t)¢,(er, et) (5.9)

To get indication of whether or not these quantities converges as ¢ —3 0, we choose
a specific test function ¢, and approximate the integrals by sums. Although ¢ and
@, are in C'*°, the numerical results will not depend on the smoothness of ¢ beyond

continuity. So we take functions ¢, of the form
Gs{r,s) = x(a,b;r,t)Ple;r, t) (5.10)

where x{(a,b;-,) is the characteristic function of the rectangle [0, a] x [0, 8], that is

. _J1 if 0<r<a and 0<t<b
(a,b;r,t) = -
0 otherwise

and where P(c; r, t) is a homogeneous polynomial of degree c in r and ¢. In particular,

we have

$s(er,et) = x(a,b;er,et) P(c;er, et) = x (S, (—); r, t) € Pleyr,t)
€
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so, we consider

(Case 1)

-3 L3
/ ue(, (&, t) P wdt = e f dt / rdrw(r, t)P(c;r, 1) (5.11)
RA3+1 0 0

(Case 2)

b -3
/ ue (@, ) (7, t)d zdt = ec+2/ dt/ rdrw(r,t)P(c;r,1) (5.12)
R3+1 0 0

For convenience, we choose @ = 1 and b = 1. Since we compute the values of w(r,t)
on a grid {(jAz,nAt) | j = 0,1,2,... and n = 0,1,2,...} we may approximate
these integrals by sums:

b o M L
/ " dt / " rdrw(r, t)P(r,t) & (At)(Az)? 33 jwlP(jAz,nAt)
0 0

n=0 j=0

b 1 ay { At
where € = (&) i and L = INT[(E) (E) M].

Convergence of the sums

(Case 1)
ay = (BB 1 SN nAt 5.13
A )=( (At )Mﬁ“;;}wﬁ* (7 Az, nAt) (5.13)
(Case 2)

b2 : M L
Aa(M) = (b(; t()zifl)z) Mi“ ,;J JZU jwl P(jAz,nAt) (5.14)
as M — oo is equivalent to convergence of (2.4) and (2.14), respectively.
We have computed numerical solutions to the initial value problems (5.2)
and (5.3} with initial conditions given by (5.1) both in the linear case & = 0 and the
nonlinear case k = 1. We find that the solutions to the nonlinear problems are very

similar in gencral features to solutions of the corresponding linear problems. The
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major difference between linear and nonlinear results occurs for small values of r,
p—1

w is not negligible. In particular, the solutions

T
to the linear problems vanish in the region {(r,t)|t > 1 + r}, but the solutions to

where the nonlinear term --

the nonlinear problems are nonzero in that region. This difference is responsible
for the convergence properties of the sums (5.13) and (5.14) in the nonlinear versus

linear cases.

Choice of test functions.

(Case 1)

For t > 1, the solution to linear problem (5.2) with ¥ = 0 consists of a
translated copy of the function ri{r). Specifically, w(r,t) = (r —t)(r—1t) fort >
1. Because rp(r) > 0 for 0 < r < land r(r) <0 for ~1<r <0, the
solution w to the linear Problem (5.2) will be positive in the stripr —1 < ¢ < r and
will be negative in the strip » < ¢ < r+1 for t > 1. We have found that solutions to
the nonlinear problem (5.2) with ¥ = 1 are similar to those of the linear problem.
We choose a test function ¢ to avoid accidental cancellations in the integral u[¢].
We take the polynomial p{r,t) = r — ¢ in (5.10) in Case 1 so that ¢ has the same
sign as the solution to the linear problem (5.2).

(Case 2)

The solution to the linear problem (5.3) with & = 0 is everywhere positive.
In this case, we take the polynomial p{r,t) = ¢t in (5.10) (We choose degree 1 for
similarity to Case 1). Again, ¢ has the same sign as the solution to the linear

problem (5.3).
Summary of results.

Figure 1 shows the sum A;(M) for the linear problem for 1 < 3M < 800.

This quantity is apparently asymtotically constant at approximate value 4 x 10~%.
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Our computed values show monotonic increase, with value A4;(800) x 3.96 x 1074,
To check the accuracy of our computations, we have substituted the explicit

solution formula

w(ryt) = 5 ((r —)o(r —t) + (r + e (r + 1))

NV g

for the linear problem (5.2} into (5.6). With our choice
&s(ry8) = x(Ax, Atyr, s)(r ~ 1),

we can evaluate the integral explicitly.

1
Taking the limit € — 0 with Ax = At = T find

t —4

which gives excellent agreement with our computed values of A;( %) This asymp-
totic value is the value of lfm.—ou[¢] = u[¢] where u is the distribution solution
to the linear problem (2.1) with f(u) = 0.

Figure 2 shows the sum A;{M) for the nonlinear problem, as a function of
M for 1 < M < 800. There is no numerical evidence to suggest that in the nonlinear
case A; (M} converges as M tends to infinity.

Figure 3 shows the sum A,(M) for the linear problem (5.3), as a function
of M for 1 < M < 800. This quantity is apparently asymptotically constant, with
value approximate 2.6 X 10™°. Because A;(M) approximates UL yi¢], we expect in

the linear case that A,(M) approaches the constant value

fz‘mf_—-——youe[ﬂé] = 'b:{(;’)]

where u is the distribution solution to the linear problem (2.2) with f(u) =0. Our

numerical results confirm these expectations.
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Figure 4 shows the sum A4,{M) for the nonlinear problem, as a function of
M for 1 < M < 800. There is no numerical evidence to suggest that in the nonlinear
case Ap(AM) converges as M tends to infinity. We next investigate our computed
solutions in more detail, to illustrate the mechanisms for the divergence of A;(M)
and A2(M) in the nonlincar problems.

Figure 5 shows the solution w(r,1) to problem (5.2) in the linear case (k=0).
The plotted quantity is w} = w(jAz,nAt) for 0 < j < 30 and 0 < » < 20. This
computed solution is exact, up to machine precision, as mentioned earlier. This
solution vanishes on the linest =r — 1, ¢t =r and ¢t = r + 1.

Figure 6 shows snapshots of the solution w(r, ¢} to the linear problem in Case
1. Shown are v} = w(jAz,nAt) as functions of 7(0 < j < 30) for the times with
n=0,1,2,...,14.

Figure 7 shows the solution w(r,?) to problem (5.2) in the nonlinear case
(k=1). The plotted quantity is w] = w(jAz,nAt)for 0 < ;<30 and 0<n<
20. This computed solution is very close to the solution to the linear problem.

We can see a slight difference between the linear and nonlinear cases by
comparing Figure 6 and Figure 8. Figure 8 shows w3 as a function of j for the time
steps » = 0,1,2,...14 in the nonlinear case. Note that the traveling wave shape
is slightly different, and that there is a small nonzero part of the solution in the
region ¢ > r + 1 seen in Figure 8 that is absent in Figure 6.

To see the difference between the linear and nonlinear prblems in Case 1
more clearly, we plot the negative part of r(r — #)w(r,t) for the solution w to the
nonlinear problem (5.2). The quantity j(n — j)w} appears in the summand of
A1(M) and is responsible for the fact that Ay (M) is not asymptotically constant as
M tends to infinity in the nonlinear problem. The negative part of r(r — t)w(r,t)

is identically zero for the solution w to the linear problem (5.2).

Figure 9 shows the negative part of r(r — t)w(r,t) for 0 < t < 200A¢ and



33

0 < r < 211Ar in the nonlinear problem. The integral of this quantity is responsible
for the difference between the values of A4;(200) in the linear and nonlinear cases.

We next consider the Case 2 problem (5.3).

Figure 10 shows the solution to the linear problem (5.3) (k=0).

Figure 11 shows the solution to the nonlinear problem (5.3) (k=1). Again,
the solution are similar in structure.

Figure 12 shows snapshots of the solution to the linear problem in Case 2.
Shown are w7} as functions of j (0 < y < 30) for the times n =0,1,2,...,14

Figure 13 shows snapshots of the solution to the nonlinear problem in Case
2, for the same 3 and n values as Figure 12. Note the small negative part of w}
that develops as n increases. This part of wj is responsible for the divergence of
u[¢] that we observe in Case 2.

Figure 14 and Figure 15 show the negative part of w(r,t) for the solution to
the Case 2 nonlinear problem. This quantity is identically zero for the solution to
the linear problem.

Figure 16 shows the solution w{r,{) for large t and large r. Note that the
solution is negative in the region r < ¢t — 1. The solution to the linear problem is

zero In that region.
Conclusions from numerical studies.

The divergence as € — 0 the action on test functions of generalized function
solution representatives is due to a very slight difference between solutions to the
nonlinear and linear problems, over the large spacetime region. This divergence
comes frotn solution values in the region |¢| > |r| + 1, where the linear solution is
zero. The divergence appears to grow as a power of (%) as € tends to 0.

In summary, we have shown that for a test function ¢, the quanties u[¢]

apparently diverge as ¢ — 0, in both Case 1 and Case 2. This implies that even our
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mildly singular problems have generalized function solutions that are more singular
than distributions. Because we chose these problems as among the most likely
o have (ordinary) distribution solutions to nonlinear partial differential equations
with singular initial data will never have distribution actions, but will be more
singular, and correspondingly more complicated, than distributions. This implies
that generalized function solutions to nonlinear partial differential equations with
singular initial data cannot be expected to have any interpretation as conventional
solutions. The fact that we must view generalized function solutions as equivalence
classes of divergent representatives greatly limits the practical utility of generalized

functions for solving nonlinear partial differential equations.
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This shows the action of u. on ¢ for the linear problem (k=0) in (Case 1),

10
ue(¢] where €= 3o 1<M<800 and ¢é=(t—=2) on [0,1] x[0,1]
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This shows the action of u, on ¢ for the nonlinear problem in (Case 1),
1 1 1 1 1
ulp] where At=— — — — and e=-—" 1 <M< 80
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This shows the action of u, on ¢ for the linear problem (k=0) in (Case 2)
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This shows the action of u, on ¢ for the nonlinear problem in (Case 2),
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(Figure 5)
This shows w(r,t) in the linear problem {k=0) in (Case 1),

wi =w(jAz,nAt) for 0<5<30, 0<n<20
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Snapshots of the solution w(r,?) to the linear problem (k=0) in (Case 1)
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(Figure 7)

This shows w(r,t) in the nonlinear problem in (Case 1),

<30, 6<n<20

7

w(jAz,nAt) for 0<

n
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Snapshots of the solution w(r,t) to the nonlinear problem in (Case 1) for

0 <t <14A¢

30



0

20

-40

-60

-80

~-100 J

-120

-140 <

(Figure 9)

This shows the negative part of nonlinear (Case 1).
Explicity, this is a picture of Z[j(n — Jyw} —li{n — jw}f} for 0 < n < 200,

0<j<21l
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(Figure 11)

This shows w(r,t) in the nonlinear problem (k=1) in (Case 2),

wi = w(jA:::_, ndAt) for 0<5<30, 0<n<30
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(Figure 14)

This shows the negative part of nonlinear problem (Case 2).
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1) in (Case 2) for

This shows the solution w(r,#) in the nonlinear problem (k

T0<t<8 and 69 <r <81
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