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This thesis examines the properties of transmission and transport of light and 

charged particles in periodic or quasiperiodic systems of solid state and optics, es-

pecially the nonlinear and external field effects and the dynamic properties of these 

systems. In Chapter 1, we give an introduction to each of the topics covered in this 

thesis, and describe the properties of the regular linear Kronig-Penney model and the 

electric field effects, the discrete nonlinear Schrdinger Equation and the map analy-

sis in beam optical systems. Chapter 2 is devoted to the study of the transmission 

properties in a nonlinear quasiperiodic model; it is shown that nonlinearity may en-

hance transmission under certain circumstances, and the model can be used to study 

both electron and light transmission. In Chapter 3, we study the electric field in-

duced changes in transmission of ballistic electrons in a semiconductor superlattice, 

and the field-induced multistability and discontinuity in the conductance of a doped 

superlattice. 

The spatial properties of a general discrete nonlinear Schrdinger Equation or 

Ablowitz-Ladik system are studied in details in Chapter 4. The system that has been 

studied contains both an integrable and a non-integrable parameter, and by converting 

the nonlinear lattice equations into a two-dimensional real map and studying the 

different parameter regions, conditions for integrable and bounded solutions have 

been found. The stability and multistability in wave transmissions have also been 

analyzed. In Chapters 5 and 6, the nonlinear effects in the dynamics in a high energy 

particle accelerator are studied. In Chapter 5, Taylor map analysis is introduced 



and utilized to study the dynamics of the beam optical system; a parallel processing 

scheme is developed and implemented to speed up the time-consuming processes of 

the exaction of high-order maps and the long-term particle tracking. In Chapter 6, 

a comprehensive correction scheme is developed for correcting both chromaticity and 

the second order aberrations, and numerical results is presented which proved the 

effectiveness of this scheme. 
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CHAPTER 1 

INTRODUCTION 

In this thesis we study the following topics: (a) electrons and their transport 

properties in semiconductor superlattices under different structural and field condi-

tions; (b) transmission and stability issues of nonlinear optical waves in layered or 

guided structures; and (c) analysis and corrections of nonlinear aberrations in a par-

ticle accelerator and other beam optical systems. The physical laws that describe the 

dynamics in these systems are either the Schrodinger equation (for (a)) or Maxwell 

equations (for (b) and (c)). Both time-independent Schrodinger and Maxwell equa-

tions result to Helmholtz equation; this is the primary reason all these disparate 

phenomena can be studied in a unified fashion. Our primary interest here, however, 

is the nonlinear effects induced by the interaction of particles or light with the sur-

rounding environment and how an external field, such as a homogeneous electric field, 

will alter the behavior of these entities quantum-mechanically. Although most parts 

of this thesis is devoted to the studies of nonlinear effects of the aforementioned dy-

namical systems, it is quite illustrative and helpful to first have a look at the linear 

aspects of these systems. 

1.1 The Optical and Semiconductor Superlattices 

With the advances of new technology and experimental techniques in solid state, 

laser optics and material science, more and more artificial materials with special 

structures and properties have been invented, i.e., alternating metal-semiconductor 



or semiconductor-insulator layers and semiconductor heterostructures such as the su-

perlattices of GaAs/GaAlAs, and three-dimensional dielectric photon gap structures. 

Examples of the advances in new experimental techniques are molecular-beam epi-

taxy (MBE) and metallorganic vapor-phase epitaxy(MOVPE). More sophisticated 

electronic and optical materials with high quality and with peculiar structures and 

properties are expected to be fabricated in the future. 

Semiconductor Nanostructures 

During the last decade, there has been increasing interest in the study of localiza-

tion and transmission of electrons, phonons, magnons and other quasiparticles in the 

superlattices of layered structures [1, 2, 3, 4]. In this section, we will give a gen-

eral introduction to the semiconductor nanostructures, and the quantum transport 

of ballistic electrons. 

Semiconductor nanostructures have become the model systems of choice for in-

vestigations of electrical conduction on short length scales, and electro-optical prop-

erties. Material scientists now can construct semiconductor materials with unprece-

dented purity and crystalline perfection. Such materials can be structured to contain 

layers of highly mobile electrons. Motion perpendicular to the layers in quantized, so 

that electrons can be treated by the model of two-dimensional electron gas (2DEG). 

It has low electron density, which means that the electrons have a large Fermi wave-

length, comparable to the dimensions of the small structures (nanostructures) that 

can be fabricated. 

Semiconductor heterostructures (SH's) that are built from layers of different 

materials, or superlattices (SL), create an ideal model for studying the quantum 

mechanical coherence and interference effects, and provide new motivations for device 

developments in electro-optics. Many quantum effects, which are difficult to detect 



in crystals, such as the Bloch oscillations in an external electric field, become much 

easier to be found in a SL or other SH's. This is because the lattice constant of a 

SL is typically about 20 times larger than that of a crystal, resulting in typical de 

Broglie wavelengths of conducting electrons comparable with the spatial period of the 

SL. One can use a quasi one-dimensional model to represent the motion of the 2DEG 

perpendicular to the growth direction of the superlattice. Experimentally, electronic 

states in SH's are revealed by studying their electo-optical effects; many works have 

been done to study the properties of SH's by Raman scattering, photoncurrent and 

luminescence measurements and Four-Wave Mixing (FWM) coherent spectroscopy for 

electronic and excitonic states [5]. In Chapter 2, we study the transmission properties 

of a nonlinear Kronig-Penney Model for a quasiperiodic superlattice. The dynamics of 

this problem is described in terms of nonlinear maps, and an interesting enhancement 

in transmission has been found for long waves of low-intensities. 

Layered Structures of Optical Media 

In the last few years, the activities of studying layered structures have expanded to in-

clude photonic band structures in a dielectric lattice, which bears the similarities with 

the electronic band structures in many aspects[6, 7, 8, 9, 10, 11]. The Schrodinger 

equation can be also viewed as an electromagnetic (EM) wave equations in a layered 

structure, where the periodic potential U(x) is now interpreted as scattering barri-

ers at the interface between two media. In fact, if we consider the following scalar 

Helmholtz Equation for the EM wave, 

d2E(z) n2(u)u2 

— z — + - j r - m - 0, (1.1) 

and take into account the reflection of waves at the interfaces of the two layers that 

have different indices of reflection, then in the Kronig-Penney model, we will have the 



following equation in the first medium (similar equation exits for the second medium): 

d?E(z) + £ k 2 8 ( Z - Z n ) g E ( Z ) = k 2
E ( Z ) 

dz2 , 

n = I 

where k is the wavenumber in the first medium, g = 1 — a2 and a = ri2/ni. The 

similarity with the time-independent Schrodinger equation is obvious, and the wave 

equations described in Chapter 2 can also be applied to study the light transmission 

in layered optical media. 

1.2 The Kronig-Penney Model 

The problem of electron propagation through a one-dimensional periodic array of 

potential barriers was first studied by Kronig and Penney [12], and ever since has 

attracted great interest. The reason for the attention paid on this model is because 

of the universality of this model and the simplicity in its solutions under various 

circumstances. The Kronig-Penney (K-P) model that will be studied in most cases 

in this thesis is the model with ^-function potentials, forming the so-called "Dirac 

Comb". The linear periodic K-P model can be found in many textbooks [13]. The 

Schrodinger equation for the wave function of electron in a one-dimensional perodic 

potential is 

" + = ^ ( 1 ' 2 ) 

where U(x) in the periodic potential, and E is the eigenenergy. Eq. (1.2) can be 

solved exactly, and one gets an energy spectrum consisting of several conduction 

bands separated by gaps. For simplicity, only the dispersion relationship of the 6-

function potential, i.e., U(x) = Vq 6(x — no), will be specifically given here. The 

allowed energy E in such a lattice is found to be the solution of the following equation: 

c o s Ka + (mVo/hK) s i n Ka = c o s ka. ( 1 . 3 ) 
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Figure 1.1: Transmission spectrum for the regular Kronig-Penney model. The black 

regions are gaps, and the white areas represent the transmission regions. VQ = 1.0. 

Notice that the gaps occur at the region around Ka = run, for m = 1,2,3, • • •. These 

are the Bragg's conditions for coherent backscattering. 

where K — mE/fo2, k is the wavenumber of the corresponding Bloch function 

and a is the lattice constant. 

Gaps not only exist in the energy band, but also appear in the transmission 

spectrum. A transmission spectrum distinguishes the transmission and gap regions 

as a function of wave vector K, and for a linear lattice it can be calculated from the 

transfer matrix of the lattice. The transfer matrix that connects wavefunctions of 

consecutive unit cells is obtained by considering the continuity of the wavefunctions 

and the first-order derivatives at the interfaces of the quatum-well structures; the 

total transfer matrix for the whole lattice is then the product of all the local transfer 

matrices. Figure 1.1 shows the transmission spectrum of a periodic linear lattice of 



6 

the K-P model. The gaps in the transmission spectrum are at locations where Bragg's 

backscattering is mostly intensified, i.e., when Ka ~ nir, where n is an integer. It is 

a common feature of a linear lattice that the transmission coefficient is independet of 

the wave amplitude. 

Figure 1.2 shows how the widths and locations of gaps are changed and shifted 

by varying the barrier's strength Vo, which is proportional to the difference between 

the Fermi energy levels of the quantum well and the quantum barriers. When Vo 

is increased, the gap regions (black regions in the figure) become wider and move 

towards the direction of longer wavelength in the spectrum, or smaller wavenumber 

k. When one considers the electro-optic effects, this means that the increased barrier's 

strength will result in a redshift of the edges in the photoabsorption spectrum of the 

superlattice. We will discuss the redshift of the absorption edges and other changes 

in the transmission spectrum in Chapter 3. 

The Field Effects 

In Chapter 3, we study the interesting problem of electric-field-induced effects in the 

transport of ballistic electrons in a semiconductor superlattice. The existence of the 

Wannier-Stark states in the crystal in a homogeneous electric field have remained an 

unsettled matter for decades, and only recently those metastable states have been 

detected in superlattices [14]. The fundamental change induced by the electric field 

in the lattice is the destruction of the translational symmestry, i.e., the potentials in 

the lattice become titled in the field (see Figure 1.2). 

In order to study the transmission behavior of ballistic electrons in the presence 

of an electric field, we use a Kronig-Penney model to represent the periodic structure 

of the superlattice potentials. In the first part of Chapter 3, we study the trans-

mission spectrum of a linear lattice in the field, the Wannier-Stark localization and 
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Barrier Strength 

Figure 1.2: The transmission gaps are widened by increased barrier strength Vq. The 

black regions indicate gaps, and the white areas represent regions of transmission. 

Notice the movement of the gap edges toward the longer waves (redshift). 

the intersubband tunneling induced derealization of the electron states. We observe 

drastic spectral changes induced by the electric field, including shifts in gaps and 

reconstruction of transmission bands. 

In the second part of Chapter 3, we focus on the experimentally observed mul-

tistability phenomena in the doped semiconductor superlattice. A self-consistent 

potential is used to represent the nonlinear space-charge effects of the doped layers 

inserted periodically inside the superlattice. It is shown that such a simple model can 

be successfully used to interpret the I-V characteristic in some doped semiconductor 

superlattices observed by the experimentalists. The advantaged of this approach is 

that a fully quantum-mechanical treatment can be applied without using an effective 

Hamiltonian, and in contrast with the tight-binding model, the interwell coupling of 
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Figure 1.3: Schematic diagram of 

a quasi-one-dimensional semiconductor 

superlattice consisting of two different 

kinds of materials (upper part), and the 

electric field-induced structural changes 

in the square-well/square-barrier poten-

tials Vq (lower part). 

the wave functions in all of the quantum wells is fully considered in the new algorithm. 

The Tight-Binding Model 

Besides the Kronig-Penney model, tight-binding (TB) model is another commonly 

used model to study periodic and aperiodic structures. TB model was first used 

in the study of energy band and acoustic and optical transitions between different 

energy levels of electrons (or other quasiparticles) in crystals; it is based on the 

assumption that the crystal potential is strong, which is the same as saying that the 

ionic potentials are strong. It follows, therefore, that when an electron is captured 

by an ion during its motion through the lattice, the electron remains there for a long 

time before leaking or tunneling to the next ion. This happens when the energy of 

the electron is appreciably lower than the top of the potential barrier. 

The TB approximation has also been used to study many-body effects in narrow 

band solids, the effects of disorder in various solid state systems, nonlinear wave 

propagations in optical media, and in recent years, the properties of discrete layered 

structures or superlattices, such as the electro-optical effects in the semiconductor 

superlattices and the optical properties of the novel photonic band structures. In 

particular, when electrons and holes become localized in the wells of a superlattice 
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because of either strong external field or the presence of disorder, TB models are able 

to give good description of the band structure and transmission properties. However, 

when interwell tunneling becomes important, a TB model is incapable to give an 

accurate description. In the later case, a Kronig-Penney model can be used and that 

is exactly what will be done in this thesis. 

1.3 The Discrete Nonlinear Schrodinger Equations 

The nonlinear Schrodinger (NLS) equation is one of the prototypical nonlinear partial 

differential equations. In a normalized form, NLS equation can be written as, 

i^(x,t) = --^ip(x,t) + \\ip(x,t)\2i){x,t) +V(x)il>{x,t), (1.4) 

where ?/>(#, t) is the wave function, V(x) is the potential energy and A is the strength of 

the nonlinear term. The study of NLS equation has been motivated by a large number 

of physical and mathematical problems ranging from optical pulse propagation in 

nonlinear fibers, to hydrodynamics, condensed matter and biological physics. For 

example, nonlinearity comes from the Kerr effect in dielectric materials, and this 

property is used to transmit solitons in optical fibers [15]. We now know that NLS 

provides one of the few examples of completely integrable nonlinear partial differential 

equations [16]. Most work in nonlinear wave propagation involves at some stage a 

numerical study of the problem, the issue of the discretization of NLS was addressed 

early by Ablowitz and Ladik, who noticed that among a large number of possible 

discretizations of NLS there is one that is also integrable [17]. One of the mostly used 

discrete versions of equation (1.4) is the following: 

ilftn = VVi+1 tpn—1 tjjn -f- Vn̂ Pn ? (1*̂ ) 

which is usually referred to as the DNLS or discrete self-trapping equation (DST). 

It has been used to study, among other things, the interation of electrons in ionic 
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crystals through the polaronic lattice distortion. Equation (1.5) has quite a number 

of interesting properties but it is not integrable. The integrable version of discrete 

NLS equation is similar to DNLS of Eq. (1.4), i.e., 

*Vn = -(V'n+l + ^n-l)(l ~ + Vn1pn . (1.6) 

This is an integrable version of the discrete nonlinear Schrodinger equation (IDNLS), 

also called Ablowitz-Ladik, or A-L equation; it has been showed that IDNLS has so-

lutions that are essensially the discrete versions of the NLS solitons [17]. Scharf and 

Bishop [75] have studied the properties of IDNLS equation and found interesting fea-

tures regarding the trapping of solitons by on-site potentials. There are other discrete 

versions of the NLS equation that have been studied in detail [18]-[24]. Recently, Cai 

et al [25] introduced a composite discrete NLS which consists of an integrable term 

and a non-integrable one. It is basically a combination of Equations (1.5) and (1.6), 

and with a minor modification for our later use, it can be written as: 

= (lpn+1 + ^n-l)(l + ^|^n|2) ~ 7|^»|V» + Vn^n , (1-7) 

where (J, and 7 represent the integrable A-L and non-integrable DST terms, respec-

tively. 

The effects of the site-potentials on the transmission of solitons have been stud-

ied in Ref.[25]. The corresponding time-independent problem of Eq. (1.7) has not 

been studied. We examine the dynamics of the time-independent map derived from 

Eq. (1.7). In Chapter 4, we study the time-independent version of Eq. (1.7) in 

detail. We first analyze the stability of the solutions and characterize properties of 

the solutions, i.e., whether or not there are bounded or integrable solutions for the 

problem, according to the two parameters // and 7. We then reduce the dynamics 

involved in this Schrodinger equation to a two-dimensional real map by considering 
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the conservation law of the current; we also study the period-doubling bifurcation 

sequence by examining the fixed points of the map. Finally, we study the transmis-

sion properties of the map, including the multistability effect and chaotic escaping 

processes and observe how these effects are changed by different parameters. 

1.4 Dynamics of a Beam Optical System 

A beam optical system is usually referred to an accelerator or a storage ring of charged 

particles, such as electrons, protons or their antiparticles. Most of such systems 

are circular and therefore are repetitive systems (even for the linac case, periodic 

structures of unit cells still exit). There usually three kinds of magnets used in a 

beam optical system. The first one is the bending magnetic dipole used in circular 

machines, which provides a uniform magnetic field, and has a focusing effect on both 

transverse planes of the particle's motion. However, such a focusing effect, referred 

to as weak focusing, requires an increasing apertures of the magnets as the size of 

the system grows. Most modern accelerators are designed based on the alternating 

gradient focusing principle, or the strong focusing mechanism first introduced by 

Courant and Snyder [26]. In this method a series of magnetic quadrupole pairs are 

used to focus the beams in both transverse planes. In order to compensate the 

chromaticity of the beam, i.e., the longitudinal momenta spread for different particles 

in a beam, which can be very severe without corrections, one has to use the third type 

of magnet, the magnetic sextupoles. However, the very nonlinear nature of sextupoles 

will affect, to a certain extent, the long-term stability of the beam. Other sources of 

nonlinearity comes from the systematic and random errors in the magnets, such as 

misalignment in locations and angles, because an ideal dipole or quadrupole simply 

cannot be manufactured in reality. 

The relativistic Lagrangian of a charged particle of charge e and mass mo in an 
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electric magnetic field is written as [27]: 

v2 • -» 
L = -m0c

2 ]ll - — + e(r • A) - etp, (1.8) 

where f is the position vector and A and tp are the vector and scalar potentials from 

which the electric and magnetic fields are derived as 

dA 

E = (1.9) 

B = V x l (1.10) 

The equations of motion are derived from the Euler-Lagrange equations as follows 

d dL dL 
37—r- = 0. (1.11) 
dt df dr 

Let us consider the motions of the particle in the two transverse degrees of freedom 

(X, Y) in a magnetic field. For small displacements, x, y from the design trajectory, 

the field strength B may be written as 

B = Bx{x,y)t + By{x,y)J, (1.12) 

and by Taylor expansion to the second order, Bx and By are written as: 

o ^ dBx dBx 1 d2Bx 2 d2Bx 1 d2Bx 9 , 

• -K»lu'u'+ gx
 x + Sy » +

2 8 l ! 1 + dxdyxy + 2 ^ f y • (L14) 

The constant terms in B are the dipole terms, first order ones are the quadrupole 

terms and the second order ones are the sextupoles. It should be noticed that the 

derivatives of B are not all independent; in fact, they should satisfy the following 

relations from Maxwell equations: V x B = 0 and V • B = 0, from which we obtain 

the following: 

SB, _ dB, dB, OB, 
(1.15) dy dx ' dx dy 



Table 1.1: The Table of Multipole Terms 
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dipole quadrupole skew quadrupole sextupole skew sextupole 

Bx £*(0,0) y dx 

xy%^ 
By By( 0,0) xa-S*. 

OX ** 
xvhst 

We can also get the higher order relationships for the derivatives of Bx and By from 

Eq. (1.15). Table 1.1 summarizes the results of multipole terms in terms of the 

derivatives of By. 

We will study the dynamics of a single particle's motions, and neglect the in-

terations between particles and beam-beam effects which are important but separate 

subjects. In particular, we are interested in the analysis and control of nonlinear 

forces. Analysis and corrections of nonlinearity in beam optical systems have lead to 

systematic and automatic approaches in the last two decades due to the developments 

in differential and Lie algebraic tools and the availability of powerful computers. Dif-

ferential and Lie algebraic techniques have been used in mapping the dynamics of the 

system, so that particle's motion in phase space can be determined and analyzed, and 

correction schemes can also be developed. In Chapter 5, we will introduce parallel 

processing into map extraction and particle tracking. We will analyze the accuracy 

and efficiency of such an approach and give actual computing experimental results 

for such matters. Another problem that will be studied concerns the negative ef-

fects in chromaticity correction, i.e., the inevitable introduction of nonlinearity by 

the sextupoles which are used to correct the chromaticity of particles in longitudinal 

motions. In Chapter 6, we will introduce the Lie transformation and use the prop-

erties of it, such as the order-by-order symplecticity, to convert Taylor maps into Lie 

transformations, and give a comprehensive correction scheme which also corrects the 
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second order aberrations. The new algorithm is then compared with the conventional 

aberrational correction schemes. 



CHAPTER 2 

TRANSMISSION IN A NONLINEAR QUASIPERIODIC LATTICE 

In this chapter, we study the transmission problem for electrons in a superlattice 

consisting of alternating linear and nonlinear media. We use a quasiperiodic Kronig-

Penney model whose variance in spatial locations obeys the Fibonacci rules. We 

analyze the transmission behavior of electrons in the quasiperiodic lattice, and find 

that for waves with low intensity and long wavelength, nonlinearity enhances wave 

transparency. This model can also be used to study light transmission [28]. 

2.1 Introduction 

During the last decade, there has been increasing interest in the study of localization 

and transmission of electrons, phonons, magnons and other quasiparticles in the su-

perlattices of layered structures [1, 2, 3, 4]; in the last few years, the activities have 

expanded to include photonic band structures in a dielectric lattice, which bears the 

similarities with the electronic band structures in many aspects[6, 7, 8, 9, 10, 11]. 

Recently, there has been theoretical discussing concerning the role that non-

linearity might play in such multilayered structures[29, 30]. It has been shown that 

there are some interesting properties in a quasiperiodic superlattice when nonlin-

earity is introduced into the quasiperiodic models, e.g., soliton-like states may exist 

[31], and transmission regions can be enhanced by nonlinearities [32]. In particular, 

a Kronig-Penney model has been studied with discontinuous potentials whose bival-

ued strengths are arranged in a quasipcriodic sequence[32]. It turned out that while 

15 
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quasiperiodicity destroys the transparency of a linear superlattice for small wave num-

bers (long waves), nonlinearity enhances it in a self-trapped mechanism. We study 

a similar model but with the sequential intersite distance being quasiperiodic. We 

will consider mainly the electronic wave for positive potentials but will discuss the 

results for negative (attractive) potentials, and compare them with the transmission 

of electromagnetic waves. Finally, we will explain the enhancement of transparency 

of the quasiperiodic chain for low intensity long waves. 

In Section 2.2, we will give a general description of the model that will be consid-

ered. In Section 2.3 we will discuss the propagation of plane waves and the algorithm 

for numerical calculations; we will also analyze and compare the transmission prop-

erties of the linear and nonlinear models. Section 2.5 is devoted to the analysis of 

long wavelength waves and their transmission at low intensity. A summary and a 

concluding discussion are given in Section 2.6. 

2.2 Nonlinear Kronig-Penney Model 

We consider the following general Kronig-Penney equation: 

cPibi z*) 
XT" + S A 6(z - zn) g{z) i>{z) = E (2.1) 

n=1 

where for the linear (L), nonlinear(NL) and the general nonlinear (GNL) models, we 

define as follows: 
f 1, L 

$(*) = { n l 

k a0 + ai\ip(z)\2, GNL 

where (a0,a!i) are real numbers. In Equation (2.1), tjj(z) represents an electronic 

wavefunction or, in a slightly modified form, is the complex amplitude of a electro-

magnetic plane wave with energy (or frequency) E along direction z[33, 34] and A is 

a coefficient which could be used to represent variation in potential height[32]. In the 
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following work in this chapter we fix A = 1. In the case of a semiconductor super-

lattice, the ^-functions represent the thin barriers in the square-well heterostructure, 

and nonlinearity comes from the space charge effects if these barriers are doped. In 

the case of light transmission, however, the <5-functions are used to describe the small 

nonlineax dielectric regions that are quasiperiodically embedded in a linear dielectric 

medium. These nonlinear regions are assumed to be much smaller than the size of the 

linear ones. The intersite distances dn = zn — zn-\ are assumed to be quasiperiodic 

and follow the Fibonacci sequence. There are two values of dn, dn = 1 or dn = a > 1 

resulting from the actual location of zn which is determined by the rule 

'n + 1" 
zn = n + (a - 1) 

u 

with u> = (1 + \/5)/2 being the golden mean and the bracket [ ] denoting the integer 

part. When the intersite distance dn is a constant, it can be shown that finding 

the solution of Equation (2.1) is equivalent to solving the problem of a nonlinear 

tight-binding model[35, 36]; but this is no longer true for the quasiperiodic nonlinear 

lattices which are being studied here. In the following part of this chapter, we will be 

primarily working on the nonlinear model, and the formulation can be easily extended 

to include the GNL model. The effects and results of the GNL model will be included 

in the figures and given brief discussions and comparisons with the linear model. 

2.3 Transmission of Plane Waves 

In the interval between zn and zn+\ the solution of the Schrodinger equation can be 

written as: 

ipn(z) = Ane
ik{z-zn) + Bne~ik(z~zn). (2.2) 

where k is the wave vector. 
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We want to establish a nonlinear transformation, connecting the amplitudes 

(An,Bn) and (An-i, Bn-i) on adjacent sides of the 6—function potential, such that 

U i ) = p » ( £ l ) <2-3> 

where Pn is the symbolic nonlinear operator, or a nonlinear map which projects one 

set of complex numbers to another. The transformation in Equation (2.3) is generally 

non-symplectic, although the transformations on (tpn , ipn') are. This is because unlike 

(?/>„ , ipn'), (An,Bn) are not canonical variables. Similarly, as in the linear Kronig-

Penney problem, straightforward manipulations considering the continuity of the wave 

functions and discontinuity of their derivatives at the boundary near the potential, 

lead to a (nonlinear) Poincare map for An and Bn. In order to simplify notations we 

define first for the amplitudes 

( An_ i An-Xeikd" 
B n _! ) ~ I Bn-ie-

ikd» 

where dn = zn — zn-\ is the distance between two consecutive potentials. We obtain 

the following Poincare map for the nonlinear model: 

( An \ _ _ / An-1 \ _ ( An-i — i(\/2k)\An„i + Bn-i\
2(An-i + Bn-i) \ 

^ B„ ) ~ \ J - ^ + i{Xj2k)\An-i + + B,.,) j 

(2.4) 

and for the inverse transformation, we have the following: 

A*—i \ _ p - i ( An \ _ ( [An + i(\/2k)\An + Bn\\An + Bn))e-ikd» \ 
B„_! \ B n ) - \ [ B n - i{\!2k)\An + Bn\

2(An + Bn)]eikd» ) 

For a finite chain of N sites, the final coefficients of the wave function is: 

A jv 
B^ - A ' - ( S ) | M 

Equation (2.5) is a nonlinear map; for various initial conditions it describes waves 

injected initially from the left, and propagate towards the right side of the chain. 
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Figure 2.1: (a) Non-transmitting (black) and transmitting (white) regions for a Fi-

bonacci lattice of length N=987 corresponding to the Fibonacci number FIQ. This is 

the linear model. 

Therefore, Equation (2.5) or its inverse form can be used to study the transmission 

properties of the lattice by assuming a given pair of either (^o, BQ) or (AN, BN). The 

results are analyzed in order to obtain the transmission properties of the lattice. 

In Figure 2.1, we show the transmission behavior in the \RQ\ — k parameter 

plane, where |i?o| is the amplitude of the injected wave for the linear Kronig-Penney 

Fibonacci (Figure 2.1(a)), the nonlinear (Figure 2.1(b)), and the GNL models(Figure 

2.1(c)). Dark regions represent gaps in the wave propagation whereas the passing 

regions are white. In the linear case, we have the typical band structure resulting from 

quasiperiodicity[37]. Comparing with the periodic case, Figure 2.1 has more structure 

in the spectrum of the quasiperiodic lattice than the spectrum shown in Figure 1.1. 

We note that the effect of nonlinearity alters substantially this structure resulting 
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1.2 H 

Figure 2.1: (b) The nonlinear model. Gap regions have disappeared for low-intensity 

waves with small wave number. The boundary between gap and extended states for 

small k is a straight line. 

Figure 2.1: (c) The GNL model with aQ = a\ = 0.5. It shows mixed results for 

transmission. 
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in enhanced propagation for small initial intensities. The lattice is transparent for 

essentially all wavenumbers k at low intensities. In particular, the dominant linear 

gap for fc-values approximately less than k = 2 is reduced drastically. The boundary 

between the gap and the transmission regions for small k is almost linear due to 

the self-trapping effect of the nonlinear medium for the long wave (Section 2.5). In 

the higher intensity region, on the other hand, the forbidden lines seem to coalesce 

together to form well defined nonlinear gaps that are interrupted periodically from 

propagating resonance-like zones. The latter occur for fc-values that are multiples of 

7r; for these wavenumbers the nonlinear term is effectively canceled leading to perfect 

propagation. For the GNL model, the results depend on the choice of a's. We find 

that, when a\ < 0, the transparency is enhanced as compared with the corresponding 

linear case; otherwise, it is reduced. 

To analyze further the effects of nonlinearity in the model we calculate the 

transmission function t = \T\2/\RQ\2, where T is the transmitted amplitude in the 

end of the chain and RQ = |-0o|, is the incident wave amplitude at the beginning of 

the chain. 

In Figure 2.2, we plot the transmission function vs. wavenumber k with incident 

wave amplitude RQ = 0.2. As expected, the linear case shows (Figure 2.2(a)) that 

the transmission or gap does not depend on the amplitude, and a large gap area 

exits for small k; the nonlinear model (Figure 2.2(b)) demonstrates almost a total 

transparency for the entire spectrum of k, because the dependence of the interaction 

between the wave and the medium on the wave amplitude makes it easier for waves 

with relatively small amplitudes to transmit. The picture becomes more complicated 

when both linear and nonlinear interactions are included. An example is given in 

Figure 2.2(c). 

In Figure 2.3, we plot transmission as a function of the chain length for the 
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Figure 2.2: Transmission t vs. wavenumber k. The initial wave amplitude is 0.2 

and the length of the Fibonacci chain N=987 (a) The linear Kronig-Penney model. 

Figure 2.2 (b) The nonlinear model. It shows that transmission is enhanced for 

almost the whole spectrum of k at low intensity. 
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Figure 2.2 (c) The GNL model with «o = <*i = 0.5. It shows a mixed result for trans-

missions. But for small wavelength, transmission in general is reduced as compared 

with the corresponding linear model. 

linear Fibonacci Kronig-Penney case (Figure 2.3(a)) and the nonlinear ones (Figure 

2.3(b) and (c)) for k=0.2350. In the linear case the transmission drops exponentially 

whereas in the nonlinear case we have windows with perfect transmissivity. In the 

latter system t remains very close to 1. Fractal structure is present for both linear 

and nonlinear lattices due to the quasiperiodicity of the lattices. In Figure 2.4, the 

boundary separating transmitting (white) from non-transmitting (grey) regions also 

shows a fractal structure, specially at large fc-values. Similar fractal behavior has 

been reported by Delyon et al. for a related model[38]. 

2.4 Correlation Functions 

The enhancement in coherence resulting from the nonlinear term can be seen also 

in the correlation functions in Figure 2.4. Following Ref.[32], the phase correlation 
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Figure 2.3: Transmission vs. chain length. The wave amplitude is 0.2, and k = 

0.23590. (a) The linear model, which shows the exponential decay of the transmission 

function t. (b) The nonlinear model, which appears to be a straight line at t = l in 

the main figure (dotted line), but actually has its own fractal structure, as shown in 

the inset, (c) The general nonlinear model. 

functions are defined as follows: 

N 

C(m) = — £ Mn+m , 
n=l 

(2.6) 

where m = 1,2,3, • • •, 9n is the phase of the wavefunction ipn = pn exp(i9n), in polar 

coordinates, and N is a value greater than the maximum value in m. It can be easily 

seen that for the linear Fibonacci lattice, C(m) drops almost linearly as a function 

of m (Figure 2.4(a)), in contrast with the well-known exponetial decay of correlation 

functions in a random lattice. For the nonlinear Fibonacci lattice shown in Figure 
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2.4(b), however, the correlation functions axe well maintained in amplitudes for m up 

to 104. For the general nonlinear case with a0 = «i = 0.5, (shown in Figure 2.4(c)), 

correlation in wavefunctions is also substantially enhanced comparing to the linear 

case, but not as strong as in the pure nonlinear case. 

2.5 Low-Intensity Transparency for Long Waves 

In this section we will use the long-wavelength approximation and show in details 

why transparency is enhanced for low-intensity waves. With long waves, kdn < 1, 

exp(±ikdn) « 1 ± ikdn. We will be able to solve the nonlinear equations in (2.4) by 

taking the long-wave approximation. Let us define 

V>« = ipn{zn) =An + Bn (2.7) 

According to Equation (2.2), tj)n is the wavefunction at site n, whereas £n is only a 

temporary variable for algebraic convenience. Then Equation (2.4) can be expanded 

and regrouped to form ipn and £„, and by keeping only the first order terms, it is easy 

to see that: 

ifrn = ifin—1 1 

fn = £n-l -ikdntj)n + ^ | ^ „ | V n 
Taking the continuum limit as k —> 0, or more appropriately, k~l >• dn, Equation 

{ 

(2.8) becomes a pair of coupled differential equations. 

d^n) - -ikf(n) 
~ (2.9) 
= -ikip{n) + i-j^\i>{n)\2i>(n) 

where we have replaced dn with its average d. Substituting the second equation into 

the first one in Equation (2.9) after differentiation, we obtain the following second 

order differential wave equation: 

ip(n) = —k2ip(n) + -j\ip(n)\2il>(n) (2.10) 
IA 
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Figure 2.4: Phase correlation functions C(m) of propagating waves for three different 

quasiperiodic K-P models; (a) the linear lattice, (b) nonlinear latiice, and (c) the 

GNL lattice. Notice different scales are used for (a), (b) and (c). 
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In order to study the detailed behavior of the waves with long wavelengths and 

low intensities, we need to distinguish the following three cases, i.e., the linear, the 

nonlinear and the general nonlinear cases. 

The linear Case 

Replacing |^|2 with 1 in Equation (2.10) yields the linear equation: 

ij) = — ^k2 — = —cr2V> 

When <r2 < 0, wavenumber k is small, there are only exponential solutions, which 

results in localized state. Roughly speaking, extended states will happen when k is 

in the order of ke = yA fd . For example, in the previous section, we used A = 1, 

d = 1.618, so that ke = 0.786, and this result is consistent with Figure 2.1(a). 

The Nonlinear Case 

Let ip(n) = ipQ exp[icrn] be a solution of Equation (2.10), then we find 

<r2 = &2 - ^|Vo|2 (2.11) 

Unlike the linear case, whether a is real or imaginary now depends on the 

intensity of the wave \ipo\. As long as |^o| < yjx/dk, there will be propagating waves 

and hence extended states. Let a — 0, we have 

|V>o| -yf\jdk ( 2 . 1 2 ) 

Equation (2.12) represents the boundary that separates the gap state from the 

propagating state for very small k. Figure 2.4 shows the result from numerical calcu-

lation which agrees with Equation (2.12) for small k. We used A = 1, and the average 

intersite distance d=1.618. 
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The General Nonlinear Case 

Similarly, for the GNL model, the low-intensity wave equation becomes: 

i> = - - ^(«o + aiM2)^ i> 

For solution of the type of ip(n) = tpo exp[icra], we find 

a2 = k2 - aQ^ - ai^ol2 • 

Generally, transmission would be more difficult for small k because of the presence 

of the linear term, and it will get worse if £*i > 0. Compared with the corresponding 

linear model, better transmission would be achieved for small wavenumber k, if the 

nonlinear term dominates over the linear term, a\ >• c*o-

2.6 Summary 

The main result that we have shown in the present chapter is the enhancement of 

transmissions at low wave intensities from a spatially quasiperiodic Kronig-Penney 

model, in which nonlinearity is added through doped layers in the case of electronic 

transport in a semiconductor superlattice, or Kerr-type nonlinear media in the case 

of light transmission. Nonlinearity in the form contained in Equation (2.1) is shown 

to assist the waves in defying the quasi-random properties of the medium. This effect 

seems to also be present in genuine nonlinear and disorder segments but with some 

differences[39]. The nonlinear lattice model we presented here has applications, as 

pointed before, in the propagation of electrons in superlattices and electromagnetic 

waves in the dielectric materials. Although we have shown here explicitly only the 

results for positive potentials (A > 0 in Equation (2.1)), it is worthwhile to mention 

that similar results about the enhancement of transmission by nonlinearity exit for 

negative potentials (A < 0) as well. It has been shown [33] that the almost linear 
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Figure 2.5: The bundary between transmission and gap regions for waves with low-

intensities and long wavelengths. The boundary which separates the gap region (grey) 

from the transmission region (white) is illustrated. The black line is the long-wave 

approximation prediction by Equation (2.12). All the parameters are the same as in 

Figure 2.1. 

separation line between transmission and gap regions in Figure 2.5 can be utilized to 

transmit and process information, and we have shown in this chapter that this is true 

for both light tranmission and electronic transport. 



CHAPTER 3 

FIELD DEPENDENCE AND MULTISTABILITY 

Over the last five decades, there has been a continuous interest in the study 

of electrical field- induced effects in crystals or other periodic structures. There are 

fundamental mathematical difficulties owing to the destruction of translations! sym-

metry and the pathological effect of divergence for an infinite lattice in the presence of 

an external field that still prevent the finding of a complete solution for this problem 

[40]. In this chapter, we study the electrical field-induced transport phenomena of 

ballistic electrons in a finite semiconductor superlattice. We will study both linear 

and nonlinear effects induced by the external field and the modifications it makes to 

the transport properties of the lattice. In both cases, we will use the Kronig-Penney 

model and solve the Schodinger equation without the approximations of weak field 

or weak interwell couplings. 

In Section 3.1, we will analyze the electric-field-induced changes in the transmis-

sion spectrum and study the interplay between the Wannier-Stark localization and 

the field-induced intersubband tunneling for the linear effects [41]. The oscillatory 

behavior in the transmission coefficient diagram is analyzed in detail. In Section 3.2, 

we will introduce the self-consistent potentials and study the nonlinear space-charge 

effects in a doped semiconductor superlattice. We use a simple model to explain the 

experimentally observed multistabiliy and discontinuity of electroconductance in the 

doped superlattices [42]. 

30 
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3.1 Electric-Field-Induced Transport Changes in a Superlattice 

In this section, we study the transmission problem of ballistic electrons in a finite 

superlattice of rectangular barriers in the presence of a homogeneous electric field. A 

total transfer matrix is constructed, based on the eigenfunctions of the field-dependent 

Hamiltonian. An explicit solution is given for the transmission probability T for a 

lattice of ^-function potentials. Numerical results show that, with increasing field 

strength, transitions occur in T at fixed energy, from transmission to gap and back to 

transmission. In addition to shifts of band edges to lower energies, almost complete 

disappearance of lower transmission bands occurs for large fields. We also discuss the 

connections of our findings with experimental results, especially the electro-optical 

effects. 

3.1.1 The Wannier-Stark Localization 

The energy spectrum and transmission property of an infinite crystal in the presence 

of a constant electric field was first studied by Wannier[43], and the Wannier-Stark 

(WS) ladder effect and Bloch oscillations has been discussed and debated over the 

years[44, 45, 46, 47]. The predicted effect was made for the one-band tight-binding 

model or a system that resembles such a model, in which the energy levels of the 

crystal should contain ladder-like structures. For a lattice with a periodic potential 

of period a, it can be easily shown that an electron restricted to a single energy 

band of width A, and without the presence of any scattering, will demonstrate an 

oscillation in both real and reciprocal spaces [14], It is easy to see that the period 

of Bloch oscillation is just u>b = e£a/h, and the spatial extension of the electron is 

L = A/eE, where £ is the strength of the electric field. 

However, for almost three decade, WS ladder and Bloch oscillation had eluded 

experimental observations until the mid-1980s. It has been argued as early as the 
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1970s, the WS localization could be easier to be found in a semiconductor superlat-

tice than crystals [48]. This is because that in the superlattice, the lattice constant 

(10-100 A) is comparable with the electronic wavelengths; therefore, the quatum-

mechanical interference effects, which is partly responsible for the formation of WS 

ladders, are more important in a superlattice than in the crystals. Wannier-Stark lo-

calization has been experimentally observed through optical emission and absorption 

experiments in semiconductor superlattices of GaAs/AlEGai_xAs [65, 50, 51], formed 

by alternating thin layers of GaAs and GaAlAs. Considerable theoretical work has 

also been done [67, 53]. In the GaAs/GaAlAs system, for a certain range of field, 

the heavy-hole states are fully localized whereas the electron states are still partially 

extended. Interband optical transitions between electron and hole states could give 

rise to well-defined absorption or emission spectra with the following characteristics 

[68]: (1). The spectral lines would be equidistant in energy, the separation being the 

Stark energy AE = JUJJB- (2). The energy of the central line would be independent of 

the field to the first order, but its strength would increase with increasing field. (3). 

The energies of the central lines of the upper branches (relative to the central line) 

of the spectrum would increase linearly with field at the rate of nea (n = 1,2,3, • • •), 

where n represents the neighbor index with respect to the central line. The lines of 

the lower branch would decrease similarly with increasing field. 

In dealing with bulk solid state problems, semiclassical treatments of electrons 

in transport problem are often utilized, but such methods are not valid for mesoscopic 

systems such as quantum wires and superlattices in which the electron's de Broglie 

wavelength is comparable with the system's spatial parameters. In dealing with 

quantum well problems in the presence of an electric field, we notice that the following 

considerations can significantly affect the results: (a) whether one considers an infinte 

lattice or a finite one, (b) whether or not one uses plane wave approximations and 
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staircase potentials to discretize the continuous potential of the electric field, and (c) 

whether or not perturbation theory and a weak (or strong) field approximation is 

used. The reason that (a) is important is because Bloch functions cannot in general 

be built out of a finite set of atomic wavefunctions in the presence of an electric 

field, and the effect of boundary conditions becomes increasingly evident for smaller 

lattices; the reason that (b) is important is because difference equations usually have 

more complicated spectra than the corresponding differential equations, and therefore 

discretization of a continuous process may easily introduce artificial spectra (even 

artificial chaos in a nonlinear case) into the system; and finally, the reason that (c) is 

important is because perturbation series usually diverge in critical parameter regions 

where the system undergoes fundamental changes or transitions. 

3.1.2 The Time-independent Kronig-Penney Model 

There have been a lot of works concerning the discrete energy spectrum of electrons 

in a quantum well or in a superlattice consisting of many quantum wells in an electric 

field, usually in the limit of an infinite lattice. Less attention has been paid to the 

transmission of electrons with energies considerably higher than those of the first 

gap. We find that at these higher energies, the electric field can play quite a negative 

role for electronic transport, by suppressing the coherence of the electronic waves 

in consecutive wells. One of the reasons for studying the transmission spectrum, 

besides the inherent interests, is that the transport property is directly related to the 

transmission coefficient of quantum mechanical waves, as shown by Landauer and 

others[54, 55]. The electric conductance is related to the transmission coefficient by 

the elementary factor 2e2/h. 

We consider a finite quasi-one-dimensional superlattice in the presence of a con-

stant electric field, and determine how the transmission spectrum is affected by the 
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field. We do not consider the exciton formation and its effect in transmission, but 

concentrate our attension on the transmission problem of conduction electrons in the 

combined presence of periodic and tilted potentials. Figure 1.3 shows the schematic 

picture of the superlattice and the tilted potentials inside it. Quantum mechanical 

wave coherence and interferences will be maintained when the mean free paths of elec-

trons are much larger than the superlattice constant (interval between two neighboring 

unit cells). Electrons experience a potential barrier and are consequently scattered 

at each interface between two layers. In other words, we consider a model of periodic 

rectangular wells. When an external electric field is applied to the superlattice, the 

potential wells become tilted, and each site has a potential energy different from its 

neighbors. Here we will solve the problem exactly, without treating the electric field 

as a weak field or discretizing the potentials modified by the field. The formal solution 

shows that the gap regions are shifted toward lower energy and become wider under 

increasing field. In particular, we find that a region of the transmission spectrum 

undergoes a transition from transmission to gap and back to a transmission state, 

with stronger fields. We will illustrate how a gap state can be gradually brought into 

an extended state under the influence of the field and vice versa. 

The one-dimensional Schrodinger equation of a single electron with energy E > 

0 moving in a quantum dot superlattice of N periodic blocking potentials V and in 

an external field S, is 

%2 d? N 

^{x) + Y. V(x — xn) — eSx 
.71=1 

^{x) = E ij}(x) (3.1) 
2 m dx2 

where V(x — xn) is the potential at site n, V(x — xn) = 0 except for the intervals 

x„ < x < xn + b, where it equals Vo; xn — na, where a is the lattice constant, and b 

is the well width. 
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Figure 3.1 shows the influences of the periodic potential barriers on the trans-

mission of the electrons. The transmission spectra as a function of ka for 20 different 

lattice sizes (N) are plotted in a quasi 3-dimensional diagram for comparason, where 

k = \j2mE/h2, and a is the lattice constant. The first gap (ka < 0.6) exists regard-

less of the size of the lattice, which corresponds to a minimum energy requirement for 

transmission. However, when the lattice size N is small, the Bragg's backscattering 

effect is not strong enough to produce the second and third gaps in the transmission 

spectra; but even for small N, we can still see that transmission is reduced at the 

locations where Bragg's condition, ka = n7r (n is integer) is nearly satisfied. In Fig-

ure 3.1, we use the following parameters: lattice constant a = 20A, barrier strength 

Vo = 0.256^ • A, and the electric field E — 0. For each of the 20 spectrum curves in 

Figure 3.1, the range of transmission coefficient is from 0 to 1. 

Before we look for the solutions, we notice that in the presence of the electric 

field, plane waves are not eigenfunctions of Eq.(l), nor is wavenumber k a good 

quantum number in this problem. Nevertheless, if the electric field is relatively weak, 

one can still use plane waves and treat k as a semiclassical quantity, which changes by 

a discrete amount from site to site; band shifts are expected owing to the lifted energy 

levels of the left-hand side of the lattice relative to the right-hand side. However, 

when the field is larger, a full quantum-mechanical approach is needed to reveal 

the electronic transport behavior, and we now proceed to give that solution. If we 

define a characteristic length l(£) = (7i2/2me£)1//3, and a dimensionless parameter 

\(£,U) = (2m/h2e2S2)1^U, where U — E, or (E — Vo), for first and second media, 

respectively, then, it can be shown that inside each layer, Eq.(l) can be transformed 

into a Bessel Equation of order (1/3) (see Reference [58] for the transformation), 

and the solutions for propagating waves can be expressed as a combination of Hankel 

functions of the first and second kinds (or equivalently as Airy functions). The forward 
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Figure 3.1: Transmission coefficient vs. ka for 20 different lattice sizes. Gaps are pro-

duced by the coherent backscattering of the barriers on the wavefunctions of electrons. 

Parameters are given in the text. 
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and backward propagating waves between xn_i and xn consequently are combined to 

give the following solution: 

Vf (*) = Af> ( i ) , (3.2) 

where * = 1,2 indicating the first and second medium respectively, and 

z{x,S,U) = l(\(S,U)+x/l(£))W 

is the new dimensionless coordinate; are amplitude constants, which will 

be determined solely by boundary conditions; and Hy%\z) are the Hankel functions 

of the first and second kind, respectively. 

By differentiating Eq.(3.2) and using the recurrence relation of Bessel functions, 

where Jv{z) is any kind of Bessel function, we obtain dtp/dx as follows: 

= m ( 5 z 2 ) i [ A * H - U Z ) + • (3-3) 

Considering the continuity of ip(xn) and dip/dx at the interfaces of different layers, 

a transfer matrix between consecutive unit cells can be found. For simplicity in 

presentation, we only give specific results for the ^-function case: V = g0aEn<5(^ -

xn), where g0 is the average potential height in a unit cell for the original lattice 

without field. The rectangular potentials are replaced by ^-functions so that in each 

unit cell the particle is only scattered once. The unit-cell transfer matrix is shown as 

follows, 

k - " . ' " S W l - wnhm/h<p ) W 

where wn = 2m//ft2(§zn)-1/30Oa, and all the V s are products of Hankel func-

tions of argument zn = z(na,£,E), shown as follows: = H^{(zn)H^l/3(zn) -

M „ + 1 \ = 

\ B n + J 
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A?' = />»> = H§(z„f, and hf> = »$(*„)= 

The analytical solutions of Eq. (1) are therefore completely determined: 

fAN )-MS)-£"•(*) « 
where AQ, BO are the initial amplitudes of the wavefunction, TV is the total transfer 

matrix between XQ and x^, and MN is the nth transfer matrix in Eq.(3.4). For a 

complete analysis, one should also consider the transfer matrices connecting the field-

free regions, x < xo and x > x^, with the region in the field, XQ < x < xn. The 

final transfer matrix is denoted as T^. The transmission coefficient T is related to 

the final transfer matrix by 

T = |det(7V)/C7V)»|2 (3.6) 

3.1.3 Field-induced Transmission Spectral Changes 

We are interested in the case when the electronic wavelength is comparable with the 

superlattice constant. Let k0 = 2%/a, and ke = y/2mE/h. We want to study the 

transmission problem for the electrons with energies E, such that ke/ko ~ 0.1 to 10. 

For instance, if we take a = 10 to 50A, and E = 0.01 to 1 eV, then we find that 

ke/ko ~ 0.1 to 4. To simplify our numerical results, we first define two dimensionless 

quantities for eigenenergy and electric field strength. We define the dimensionless 

energy as E = E/go , where again, g0 is the average barrier height in a unit cell; so if 

E = 1, it means that the eigenenergy is at the average height of the barrier. We also 

define a dimensionless electric field as £ = e8a/go, where e is the electron's charge, 

and a is the lattice constant, so that S can be seen as the relative potential drop 

within a cell caused by the electric field. We then can study how the transmission 

spectrum, as shown in Figure 3.2, is changed by the electric field. 
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Figure 3.2: Transmission spectrum changed by the electric field. We plot the trans-

mission coefficient vs. the dimensionless eigenenergy of the electron in the electric field 

in a 200-unit superlattice with the following strengths: (a) £ = 0.0, (b) £ = 1.2 x 10~3, 

(c) £ = 0.04, (d) £ = 0.06, (e) £ = 0.08, and (f) £ = 0.12. 
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As we increase the field strength, we find the second gap (gap II) becomes 

wider, and shifts to the left (lower value), as can been seen from Figure 3.2(b) and 

(c). The shift of the gap is not a surprise, because a similar result is expected from 

the semiclassical theory for conductivity. However, when we further increase the 

field strength, the original band structure collapses and gap II disappears; the first 

transmission band is combined with gap II to form a new low-transmission band 

(Figure 3.2 (e) and (f)). In the final situation, almost the whole spectrum becomes 

a transmission band, but with significantly different probability for electrons with 

different energy. This new band structure cannot be obtained by any weak field 

approximation, and it is not predicted by any semiclassical calculations. 

From the changed spectrum, one can obtain the following conclusions: (1) the 

first gap, which has been studied extensively in the literature, undergoes moderate 

shifts in the presence of an electric field, whereas the second gap is greatly expanded 

for moderate field strength; (2) an electron with an eigenenergy initially at a trans-

mission (conduction) state may become a gap electron in the field and vice versa; (3) 

as the field strength is increased, the whole spectrum undergoes a drastic reconstruc-

tion, i.e. the first transmission band collapses, and then rises again, and merges with 

gap II to become a lower transmission band. These changes in transmission spectrum 

will affect the electronic conductivity, and will result, in some cases, in oscillation 

between negative and positive differential resistances. We now study the transition 

processes at the transmission band edges. 

Figure 3.3 shows how the electric field affects the transmission coefficient of the 

electron at the left and right gap edges; (a) for E = 15, a gap point when there is 

no electric field, is transformed into a transmission point by the electric field when 

£ > 0.06; (b) for E = 12, a transmission point when there is no field, is transformed 

into a gap state when 0.02 < £ < 0.05, and then returned to a transmission point 
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Figure 3.3: Electric field induced transmission and gaps. Plot of transmission vs. the 

dimensionless electric field in a 200-unit superlattice with eigenenergies E at left and 

right gap edges, (a) E = 15. An original gap point is brought to transmission status by 

electric field; the threshold field is at about 0.06. (b) E — 12. An original transmission 

point is brought into a gap region by electric filed in the range of 0.02 < 8 < 0.05, 

after that it returns to transmission state. 

for larger field strengths. In both cases after escaping from the gap, the transmission 

coefficient increases smoothly over an interval of about 0.1, and then oscillates as the 

field is increased. 

3.1.4 Summary for the Linear Effects 

We have shown that the transmission spectrum of a superlattice may undergo large 

changes in an electric field. Such changes will show up in electric conductivity of the 

superlattice. Similar changes have been observed in other properties of semiconductor 

superlattices such as the electro-optical effects [59, 60]. As in our present work, these 

effects are due to modification of states by the field and the resulting Stark-Wannier 

localization and intersubband resonance-induced derealization [61]. We have given 

explicit results for a superlattice with 200 unit-cells (N=200), but similar results 

concerning the band shifting and the transitions between the transmission and gap 
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states exist for smaller lattices. However, when N is too small (in our case when N 

< 25), Bragg backscattering from the blocking potentials will not be strong enough 

to produce a gap, resulting in a lower transmission band sandwiched between two 

higher ones in the transmission spectrum. In the presence of an electric field, the 

edges of the lower transmission band is also shifted and the width is widened. For 

a stronger field, the distiction between the first two bands will disappear, similar to 

what is shown in Figure 3.2(f). Finally, we notice that the localization behavior in a 

disordered or quasiperiodic infinite system in the presence of an electric field has been 

studied extensively within the tight-binding model[62, 63, 64], and it has been found 

that localization either decays in real space by a power law or sometimes is totally 

eliminated by the field. It would be interesting to use the present model to study 

how disorder in a finite system would affect the transmission property and hence the 

conductivity of the electrons in the electric field. 

3.2 Multiple Conductance in a Nonlinear Superlattice 

In this section we continue to use the Kronig-Penney model in the presence of an ex-

ternal electrical field and to study the nonlinear effects introduced by doped layers in 

a semiconductor superlattce. In particular, we will try to understand the experimen-

tally observed multistability and discontinuity in the current-voltage characteristics of 

a doped semiconductor superlattice under an homogeneous electric field. Nonlinearity 

in our model enters through the self-consistent potential that is used to describe the 

interaction of the electrons with charges in the doped layers. We show that the pro-

cess of Wannier-Stark localization is slowed down by the nonlinear effect in the doped 

layers, and that the shrinking and destruction of minibands in the superlattice by the 

nonlinearity is responsible for the occurrence of discontinuity and multistability in 

the transport of electrons. 
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3.2.1 Multistability in Electroconductance 

There have been considerable interests in the study of transmissions in a nonlinear 

medium for both electrons and electromagnetic waves. It has been shown that un-

der certain circumstances nonlinearity can enhance transmission by a self-trapped 

mechanism and by producing and propagating soliton-like waves in the nonlinear 

media[33, 28]. The dynamics for the transmissions is determined by an interplay of 

nonlinearity and the periodicity (or the lack of it) of the material. In the ballistic 

regime of semiconductor nanostructures, electric conductance has been found to be 

related with transmission probabilities of quantum tunneling by an elementary factor 

of 2e2//i for each quantum channel that connects the outgoing waves with the incident 

waves [54, 55]. 

Optical switching and multistability in nonlinear periodic structures have been 

analyzed extensively and observed in experiments since the work of Winful et al[56, 

10, 57]. Electric field induced Stark ladder effect, Wannier-Stark localization and 

the electro-optical properties and device applications in the semiconductor super-

lattices (SL), such as GaAs/AlGaAs, have been studied extensively in recent years 

[65, 50, 66, 51, 67, 68]. The quantum wave effect becomes significant in such a system 

because the wavelengths of electrons in it are in the same order of magnitude as the 

superlattice constant. Recently, there have been renewed interests in the study of 

the multistability and discontinuitiy in the current-voltage (I-V) diagram of doped 

semiconductor superlattices, both theoretically[69] and experimentally[70]. It has 

been shown that the formation of charge domains in a superlattice is the reason for 

multistability in electroconductance. In this section, we present a theoretical analysis 

and numerical calculations by using a simple model with techniques of self-consistent 

potentials, to study the electronic transport in a SL. We demonstrate from a funda-

mental quantum mechanical point of view how multistability and switching behaviors 
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occur in a nonlinear discrete system. 

3.2.2 A Model with Self-consistent Potentials 

The wave functions of electrons in a superlattice must obey the Pauli's Principle. For 

simplicity, we assume a decoupling between the longitudinal and transverse degrees 

of freedom to make the problem one-dimensional. The nonlinearity arises from the 

self-consistent potentials [71] produced by the accumulation of charges in the doped 

layers. The superlattice we consider here consists of square-well/square-barrier semi-

conductor heterostructures, which is a common model representing the mismatch in 

the minibands between two component materials of the superlattice. We assume 

that the doped layers are located in the quantum barriers. Following Ref. [71], in 

the absence of an external field, we write the self-consistent Schrodinger equation for 

n2 d2 .. d . / . 
# M ) , (3.7) 2 mdx2 + V ( X ) + J -,x,x')\il)(x' ,t')\*dt' dx' 

where V(x) is the periodic lattice potentials. We are interested in the time-independent 

solutions, i>(x,t) = if>(x)exp{iu>t}. In such a case, the kernel is also assumed to be 

time-independent, and the integral part in Eq. (3.7) is proportional to the density of 

charges in the doped layers. If the size of these regions is much smaller than the spatial 

variations of ip(x), the integral part of Eq. (3.7) can be replaced by the summation of 

the average contributions of the localized charges inside the wells: £ W^(a;„)|2Aa:n; 

the average kernel in the well, W, is proportional to e2ne/C, where e is the elec-

tron charge, ne is the charge density in the doped layer and C is the capacitance of 

that layer. For simplicity, we assume that we have very thin doped layers, and use 

the <!>-function type of nonlinear barriers to represent the self-consistent potentials; 

this is an approximation which makes it much easier to obtain an exact solution for 
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this model. The integral in Eq. (3.7) is hence replaced by the following summation, 

X) w\ip(x)\2S(x — xn), where w is proportional to W. 

When an external electric field is applied along the growth axis of the super-

lattice, the most fundamental change that the field makes is the breaking of the 

translational symmetry. The energy levels of neighboring wells are misaligned, which 

results in the Wannier-Stark localization owing to the turning-ofF of the resonant tun-

neling between consective wells, shifted absorption edges [66] and widened gap regions 

in the transmission spectrum [41]. The time-independent Schrodinger equation for the 

electron in an external electric field £, with energy E, and approaching a sample of 

N periodic potential barriers is 

2m dx2 

N 

ip{x) + E 9(M2)^(® - xn) ~ eSx ijj(x) = E ip(x) (3.8) 
.71=1 

where g(\ip\2) = p(go + 92\i>{x)\2), P is the potential strength; go and g2 are the 

weight factor (pg? = w), representing the linear and self-consistent nonlinear poten-

tials respectively; xn = na, where a is the lattice constant. Eq.(3.8) is very similar 

to Eq.(3.1), except that the barrier's potential now contains a nonlinear term, the 

strength of which is proportional to the local probability amplitude. As in Section 

3.1.2, we define a characteristic length l(£) = (h2/2me£)1/3, and a dimensionless 

parameter A(£) = (2m/h2e2£2)l^E then, it could be shown that between two con-

secutive ^-function scatterers, Eq.(3.8) can be transformed into a Bessel Equation 

of order (1/3) [41], and the solutions for propagating waves can be expressed as a 

combination of Hankel functions of the first and second kinds. The wave functions 

between x„_i and xn consequently are given as follows: 

tpn(z) - An z1 /3hJ^(^) + Bn z1/3H[f3(z) (3.9) 

where z(x,£) = |A3/2(£)(1 + x/\(£)l(£))3/2, is the new dimensionless coordinate; 
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(An, Bn) are amplitude constants, which will be determined later by boundary condi-

tions; and H[X/3 * (z) are the Hankel functions of the first and second kinds, respectively. 

3.2.3 Multistability and Multi-valued Conductance 

There is a significant difference in the wave functions of a linear lattice and a nonlinear 

one. For a linear lattice, g in Eq.(3.8) is a constant; the superposition principle holds 

for the waves in entire lattice. However, the same could be said about a nonlinear 

lattice. It is possible that electrons with the same incident wave magnitude |Ao|, may 

not necessarily give the same output T, the transmission coefficient of the sample. 

We calculate the transmission of electrons in a SL in the presence of an external 

electric field £, and use Landauer's formula to obtain the corresponding conductance. 

In Figure 3.4, we show the transmission coefficient T (Figure 3.4.a) and the electric 

conductance G (Figure 3.4.b) as a function of the field strength £ for various values 

of <72- In the linear case {g% = 0) and for a moderate electric field, the wave-function 

of the electrons inside each quantum well is localized (W-S localization) and the 

transmission is reduced due to the field induced reduction of the resonant tunneling 

between adjacent wells. As the electric field increases, the electrostatic potential 

energy of the electrons in each QW is enhanced by the amount of ea£\ if this value 

becomes comparable to AEg, the energy gap between two minibands, enhancement 

in transmission is expected because of the intersubband resonant tunneling [72]. In 

the case of many minibands this process of enhanced transmission repeats itself also 

at higher field values resulting in the oscillatory pattern of the continuous curves in 

Figure 3.4. This oscillatory behavior is a manifestation of the competition between 

W-S localization and the intersubband resonance-induced derealization. We note 

that the derealization effect is completely absent from a single band model. The 

effects of W-S localization and the intersubband resonance-induced derealization 
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Figure 3.4: The effects of nonlinearity is shown from (a) the transmission T-8 and (b) 

the conductance G-S diagrams. For small nonlinear parameter g2, the transmission 

and conductance curves are tilted and shifted; for large g2, multiple transmissions 

and conductions become possible. The energy is chosen at a value near a band edge, 

but multistability is also observed at other energies (not shown). Arrows are used to 

indicate, as examples, the locations of discontinuity. Other parameters are given in 

the text. The absolute values are used for the field strengths. 
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can be observed through photon absorption and luminescence [65, 50, 72]. 

In the case of weak nonlinearity (gi = 0.05 in Figure 3.4), the oscillatory be-

havior of transmission coefficient and conductance in the field remains similar to the 

linear case. However, the left and right sides of each peak becomes asymmetric, which 

means (a) the W-S localization process is slowed down in the presence of nonlinearity 

in the doped layers, as shown by the smaller slopes of the increasing curves in Figure 

3.4; and (b) the widths of the minibands shrink in the presence of moderate nonlin-

earity, so that the intersubband resonances occur in a narrower range of field values, 

resulting in the rapid drop after T or G reaches a peak value. Finally, drastic changes 

are observed in the case of strong nonlinearity (<72 = 0.25 in Figure 3.4). We notice 

that W-S localization process is further slowed down in a increasing field, whereas 

the minibands structure is totally destroyed by the nonlinearity, resulting in abrupt 

changes in transmission and conductance, including the occurrences of discontinuity 

and multistability. In Figure 3.4, we use a = 20A, N = 40, and E = 0.32eV (this 

energy is roughly at the center of the second mini band of the linear model). For 

the barrier strength, we use p = 2.0 eV A; gi — 0.05, and 0.25, respectively, with 

go = 1.0-02-

Figure 3.4 shows only the multistability in transmissions for the electron with 

energy E = 0.32 eV. In order to understand the whole picture of multistability, we 

draw a contuor plot of multistability on the field-energy parameter plane shown in 

Figure 3.5. It can be seen that up to energy E = 0.4 eV, there are three transmission 

bands separated by gaps of different widths, and the first and second transmission 

bands consist almost entirely of multistable states. It is very interesting that in the 

presence of nonlinearity the multistable and mono-stable states in the third trans-

mission band form an oscillatory pattern, which is in agreement with Figure 3.4. 

Detailed studies show that the second and third transmission bands actually comes 
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from a single transmission band in the corresponding linear case; the splitting is due 

to the nonlinear forces. Another important thing that we notice is that the first 

transmission band vanishes when field E > 2.1 KV/cm. Parameters in Figure 3.5 are 

the same as in Figure 3.4. 

A second model has been used to study the nonlinear effects in the presence 

of the field in more detail. In this model the doped layers are placed in the middle 

of the QWs instead of the barriers. After we obtain the conductance G as in the 

case of Figure 3.4, we use the field strength S and sample length Na to obtain the 

voltage V = Na£, we then use the Ohm's law to obtain the current, I — GV. The 

current-field characteristic diagram and possible sweep-up and sweep-down paths for 

this second model are presented in Figure 3.6. We use the following parameters for 

numerical calculations in Figure 3.6: for the barrier potential, go = 10, g<i = 0.0; and 

for the doped layers, gQ = 0.5, gv = 0.5. the rest of the parameters are the same as in 

Figure 3.4. We point out that the behavior depicted in Figure 3.6 is in qualitativel 

agreement with the experimental results of Ref.[70]. 

We now go back to the analytical solution. Considering the continuity of ip(xn) 

and the discontinuity of dtp/dx at x = x„, solutions of Eq. (3.8) can be expressed by 

the following recurrence relations. 

An+1 = [l + Wnil^l^h^/h^An+wMnl^h^/h^ Bn (3.10) 

Bn+l = [l - U T n d ^ l 2 ) ^ ) / ^ ] - «;n(|^n|2)^3)/^0) (3.11) 

where wn = ^r(lzn)~
1/3p(g0 + g2\i>n(zn)\

2)\ all the /in's are products of Hankel func-

tions of *n. h™ = H[%(zn)H%(zn) - H[%(zn)H%3(zn), fcjf) = H[%(zn)H{2/z(zn), 

h = H^3(zn)2, and == ifjjg(zn)2. The analytical solutions of Eq. (3.8) are 

therefore completely given by Eqs. (3.9)-(3.11) if the initial amplitudes A0,B0 are 

known. However, usually one can only assume that one knows the amplitude of the 
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Figure 3.5: The contour plot of multistability on the E — £ parameter plane. The 

black regions represent gaps or unstable regions; the dark gray regions are stable 

transmission states without multistablility, and the light gray areas are the multistable 

states. Multistable states in the third (largest in this figure) transmission band exhibit 

an oscillatory pattern. 
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incident wave, Ao, but not the reflected one, Bo; besides that one can also assume 

that BAT = 0, since there is no barrier to reflect the waves beyond x = Na. It can be 

easily shown that the recurrence equations (3.10) and (3.11) are reversible for every 

step. In this case, a self-consistent technique can be used, by numerically finding the 

appropriate transmitted wave amplitude An, such that through the reverse transfor-

mations the incident amplitude acquires the desired value, and the solution can be 

verified by directly applying the equations of the forward transformation. 

In order to understand the meaning of the solutions, let us estimate the order 

of magnitudes of the physical quantities that we have been used, and apply the 

appropriate asymptotic form to the solutions. Take, for instance, a lattice consisting 

of N = 50 cells, with lattice constant a = 20A, £ = 104 volts/cm, and E = 0.35 ev, 

then I = 72.3A, and A = 483. This means that z » 1 is true for all the x's; the use 

of asymptotic form of the Bessel functions is well justified. 

« \[¥z exp{±i(* - f - f ) } (3.12) 

where v is the order of the Hankel function. Eqs. (3.9)-(3.11) can be simplified by 

using Eq.(3.12), and the recursion relations can be written as 

AH-I = r}[l + wn(\i/)n\2)]An + r}wn{\ipn\2)Bn exp{-2ik(xn)xn} (3.13) 

Bn+1 = r] [l - wn(|V>„|2)] Bn - r)wn{\xl>n\2) An exp{2ifc(xn)a;n} (3.14) 

where 77 = (zn/zn+1)-^
6, An = Jlz~ll*An exp (id), and Bn = ^z~l^Bn exp (-i0),with 

9 = (2/3)A3/2 - (5/12)7r. The electron is gaining kinetic energy in the field, and its 

"wavenumber" k(x) is an increasing function of x, given by 

k(x) = k0[ 1 + ^A-3/2A;oar2 - ^A_3^a:3 + •••], 

where k0 = V2mE/%. The asymptotic solution then can be seen as a modified plane 
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Figure 3.6: The current-field characteristic for the second model. Possible sweep-

up and a sweep-down paths are shown as the field is either increased or decreased. 

The current values (small circles) are obtained by calculating the conductance under 

different fields. It is easy to draw a hysteresis from this diagram. Parameters are 

given in the text. The absolute values are used for the field strengths. 

wave shown as the following: 

(3.15) 

The asymptotic relations are useful in that it helps to illustrate the physical processes, 

and have been found to be quite reliable for the parameters that we have used. 

Nevertheless, all the physical quantities of our interests can be calculated directly 

from Eqs. (3.9)-(3.11). 

We have demonstrated that the occurrence of multistability and discontinuity in 

the transport processes of electrons can be explained by introducing the self-consistent 
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potentials to represent the nonlinear space charge effects in the doped semiconductor 

layers. We use a simple model in which the doped layers are assumed to be ultra-

thin and provide nonlinear impacts on the wave packages of the electrons. One of 

the advantages of this model is that a fully quantum-mechanical treatment can be 

applied without using an effective Hamiltonian. Comparing with the tight-binding 

model, which is good only for weakly coupled QWs heterostructure, our model inher-

ently creates a series of minibands (multiple conduction subbands structure), and the 

interwell coupling of the wave functions of all the QWs is fully considered in our al-

gorithm. These couplings are responsible for tunneling and transmission of electrons, 

and become increasingly important in a superlattice fabricated with thinner barriers. 

This model can be easily modified to study other heterostructures in an electric field, 

such as a SL consisting of alternative n and p-doped layers and the modulations made 

by impurity and disorder. 



CHAPTER 4 

STUDY OF A GENERAL ABLOWITZ-LADIK SYSTEM 

4.1 Introduction 

The nonlinear Schrodinger equation (NLS) is one of the prototypical nonlinear partial 

differential equations, the study of which lead in fundamental advances in nonlinear 

dynamics. The study of NLS has been motivated by a large number of physical and 

mathematical problems ranging from optical pulse propagation in nonlinear fibers, 

to hydrodynamics, condensed matter and biological physics. We now know that 

NSL provides one of the few examples of completely integrable nonlinear partial 

differential equations [16]. Since most work in nonlinear wave propagation involves at 

some stage a numerical study of the problem, the issue of the discretization of NLS 

was addressed early on [16]. Ablowitz and Ladik notices that among a large number 

of possible discretizations of NLS there is one that is also integrable [17]. The study 

of the integrable version of the discrete nonlinear Schrodinger equation (IDNLS), 

called hereafter Ablowitz-Ladik, or A-L equation, showed that it has solutions that 

are essencially the discrete versions of the NLS soli tons [17]. Another discrete version 

of the NLS equation was studied in detail later, which is usually refered to as DNLS 

or discrete self-trapping equation (DST), has quite a number of interesting properties 

but it is not integrable. We note that the motivation for studying the two discrete 

versions of NLS, vis, the A-L equation and the DNLS respectively, are quite different: 

The A-L equation on one hand has very interesting mathematical properties but not 

very clear physical significance; the introduction of DNLS equation, on the other hand, 

54 
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is primarily motivated physically. In particular, the latter seem to arise naturally in 

the contex of energy localization in discrete condensed matter and biological systems 

as well as in optical devices [18]. Even though in these problems one typically assumes 

that the length scale of the nonlinear wave is much larger than the lattice spacing and 

therefore NLS provides a good discreption for the those problems, the study of DNLS 

(and A-L) equation is important when the size of the physical system is small or 

the nonlear wave is very localized. In such cases, the interplay between nonlinearity 

and dscreteness can lead to novel effects, not present in any way in the continuum 

equation of NLS. 

The motivation for the present chapter is an equation introduced recently by 

Cai, Bishop and Gronbech-Jensen [25] that interpolates between DNLS and A-L while 

containing these two as its limits. By varying the two nonlinearity parameters of this 

new equation one is able to control how "close" [ the equation is to the integrable or 

non-integrable version of te NLS. While one can justify physically the new equation in 

the context of the nonlinear coupler problem [80], the basic merit of equation is that it 

allows us to study the interplay of the integrable and non-integrable NLS-type terms 

in discrete lattices. In addition, we will address the issue of "nonlinear eigenstates" 

of the bew equation and their connection to the integrability/non-integrability issue. 

The present chapter is organized as follows: In Section 4.2 we introduce the 

model for the integrable and nonintegrable discrete Schrodinger equations. In Sec-

tion 4.3 we turn the nonlinear lattice equations into a two-dimensional real map, 

by making use of the conservation of probability and show numerical results for the 

transmitted intensity for the "fixed output" problem. In Section 4.4 we investigate 

the transmissivity from a Hamiltonian. scattering problem point of view. Finally in 

Section 4.5 we summarize our results. 
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4.2 Description of the model for the nonlinear discrete Schrodinger equa-

tion 

We study the following stationary discrete nonlinear Schrodinger equation 

E(j)n - ( l + n |0n |2) [<j>n+1 + 0n_i] + 7 \(f>n\
24>n = 0, (4.1) 

where <F>N is the complex amplitude, (JL > 0 and 7 > 0 are the nonlinearity parame-

ters and E is a real parameter representing the energy. Equation (4.1) is obtained 

by substituting ipn(t) = <f>nexp(—iEt) in the time-dependent nonlinear Schrodinger 

equation 

= ( 1 + f l I ^WI 2 ) I^n+l(t) + *l>n-l(t)} ~ 7 Ii>n(t)\24>n(t) , (4.2) 

which represents a combination of two different possible discrete versions of the inte-

g ra t e continuum nonlinear Schrodinger equation. 

Whereas in the case of vanishing nonlinearity parameter 7 = 0 and ^ 0 

the discrete equation (4.2) goes over into the completely integrable Ablowitz-Ladik 

equation (AL) [17], the opposite case of fx = 0 and 7 > 0 results in a discrete nonlinear 

Schrodinger equation (DNLS), which is nonintegrable [32]. The properties of the time-

dependent system given in equation (4.2) has been studied in reference [75] and an 

analysis of the nonintegrable stationary DNLS equation (4.1) is contained in [81]. In 

this chapter we will focus our interest on the interplay between the nonintegrable 

DNLS-part of equation (4.1) and the integrable .<4//-counterpart both contained in 

equation (4.1). 

Equation (4.1) may be rewritten as 

^ , jl _ E + y \ M 2 j . 
</>„+! + <K-l = . (4-3) 

which obviously reduces to a degenerate linear map if 7 = E/i. Although reduction 

of the complex-valued amplitude dynamics to a two-dimensional real-valued map is 
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possible, (to be performed in Section 2), we concentrate in this Section on the recur-

rence relation <f>n+i = since the latter turned out to be an appropriate 

form to investigate stability of the nonlinear lattice chain. 

Equation (4.3) can be derived as the extremum solutions from an energy func-

tional 

w = E { i ( B ~ ~ j M i +fl<M2) + ^ W 2 - ( « » « + « . « + i ) } • (4.4) 

In the limit n = 0, the latter is replaced by 

W = E { * W + - ( « * » « + * . « + , ) } • (4.5) 

The set of {</>„}, which solve the extremalization equations of the energy (4.4) or 

(4.5) determine together with appropriate boundary conditions the solution to a par-

ticular physical problem. However, one has to distinguish between the (dynamical) 

stability of the physical solutions and the (linear mapping) stability of the corre-

sponding map orbit generated by the recurrence relation 4>n+\ = 4>n+i(<f>n,<l>n-i) [85]. 

In general, a dynamical stable (metastable in Aubry's terminology) solution minimiz-

ing the action corresponds to a linearly unstable map orbit and vice versa physical 

unstable solutions corresponding to maximum energy configurations are reflected in 

the map dynamics as linearly stable orbits. For the present study we note, that only 

the bounded solutions of equation (4.1) are those of physical relevance as illustrated 

in the wave transmission properties below. 

Stability and regular solutions 

Equation (4.1) can be regarded as a symplectic (nonlinear) transformation by intro-

ducing the following quantities: 

An = <j>n, and Bn = </>„_!. (4.6) 
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Equation (4.1) then becomes: 

M 

_ E+J\AL 
n+1 ~ l+ti\An\2 n n 

(4.7) 

BN+I = AN. 

The stability of the orbits in the phase space, or the transmission behavior 

of the nonlinear lattice of chain length N is governed by the solution behavior of 

the corresponding linearized equations in the neighborhood of an orbit ranging from 

(AQ,BO) to (AN ,BN) . Mapping in the tangent space from (Mo, 6 BO) to (6AN,6BN) 

is accomplished by the real 2 x 2 Jacobian matrix 

AT 

J ( M ) = n J(M„) 
n = 0 

where J(Mn) = a / ^ B ' p " ^ x is the local Jacobian at site n: 

(4.8) 

J(Mn) = (4.9) 
F[An] -1 

1 0 

with F[A„] = [E + 27K|2 + w\An\4}/[l + »\An\2?. 

To study the stability it is instructive to compare with the solution properties 

of the corresponding linear discrete Schrodinger equation <j)n+i + 4>n-\ = E(f>n, which 

are parametrized by a wave vector k G [—7r, 7t] corresponding to the linear dispersion 

relation E = —2cos(fc). Rational values of k yield periodic orbits whereas irrational 

values result in quasiperiodic orbits. Upon increasing the nonlinearity parameters 7 

and fx from zero the nonlinear dispersion relation for (j)n = <pQ reads as E = — 2 cos(k) — 

[2 cos(k)fx — 7]|<fo|2 [75] and the stability of the orbits can alter. 

Firstly, we study the linear stability of periodic orbits of type (p, q), for which 

AI+Q — AI + P, BI+Q — B{ -f- P , (4.10) 
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or equivalently </>,+, = 4>i + P for some integers p, q. The linear stability of a peri-

odic orbit is determined by its multipliers, i.e. the eigenvalues of the corresponding 

linearized map. The latter is determined by the product of the Jacobian matrices 

J(M) = Iln=o J(M-n)-, mapping through the complete period. A periodic orbit is 

linearly stable when 

9 
|TY[J(.M)]| = TV [ I I 

n = 0 

< 2 , (4.11) 

since then the real 2 x 2 matrix J(M) has a pair of complex conjugated eigenvalues 

or multipliers of the periodic orbit on the unit circle, whereas it is unstable when 

|Tr [J(.M)]| > 2 yielding real reciprocal eigenvalues [92]. 

Computation of (R[IlS=o^(A<»)] f o r a general periodic orbit requires cumber-

some algebra. However, if 7 > 0, /i > 0 and E > 0 satisfy the inequality 

E n > 7 (4.12) 

then 0 < F[A„] < E and the Jacobian has the important property 

II J (M. ) | | < P W | | , (4.13) 

where 

T(En) 
-1 

(4.14) 
En • 

1 0 

is the (local) transfer matrix of the corresponding linear lattice chain with constant 

En = E. The norm is \\J\\ = s«pp||=i|| Jx\\ with ||?|| = ( £ i = o |^,|2)1/2. We note that 

the validity of the inequality (4.13) imposes no restriction to the values for the local 

amplitudes |An|, it is rather a global feature of the mapping in this parameter range. 

For the linear lattice chain the total transfer matrix satisfies |Tr [Iln=o^1(-£'n)]l < 2 

as long as |£7„| = \E\ < 2. In fact, because all the local Jacobians are identi-

cal, it is easy to show that the global trace Tr [J(M)] = 2 cos (NO), where 9 = 
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cos -1(|Tr [J(Afo)]) = c o s T h e r e f o r e , using (4.13) and (4.14), it can be readily 

shown that, whenever (4.12) holds, then |Tr[n®=o ^(^n)] | < |Tr[Iln=o^1(^'n)]| < 2. 

Hence, all periodic orbits for nonlinear lattice chain are linearly stable. Moreover, 

since for symplectic mappings the linear stability is both necessary and sufficient 

for nonlinear stability [92], the existence of KAM tori close to the periodic orbits is 

guarenteed for the combined AL-DNLS-cYi&m when Efi > 7. 

On the other hand, the linear stability of general orbits, including besides the 

periodic orbits also the quasiperiodic ones, is governed by their Lyapunov exponent 

defined as the nonnegative real number 

A = i s , 5 ] v l D | i n t j , ( A < , ) j ( M , ) ] i i 
n = 0 

= j f e 2Tf b " J " J n " ( 4 , 1 5 ) 

An orbit {An,Bn} is linearly stable when A = 0 and unstable with respect to the 

initial conditions when A is not zero. In the parameter range En > 7 we get with the 

help of inequality (4.13) and the norm property ||>ln|| < ||v4||n: 

A = 

s h11111 i T ' ( E ) ) N ( T ( E ) > " 1 1 

* & M l n II P * ® ' " IIII II 

5 W l n I ' ( r { E ) ) " " I ' { T ( E ) ) I'" 

= In II (T(E)) || (4.16) 

Consequently, because ||T(J5)|| = 1 we obtain for the Lyapunov exponent 

A = 0, (4.17) 

hence, all solutions are linearly stable. Particularly, sensitive dependence with respect 
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to the initial conditions is excluded so that the combined AL-DST-oham possesses 

only regular orbits whenever the sufficient condition En > 7 holds. 

Being interested also in the stability properties of the map apart from the regular 

regime, we note that in the special case of constant amplitude AN = A0, the condition 

(4.11) can be satisfied if |Tr[J(A<o)]| < 2. Especially, for large amplitudes the trace 

of all local Jacobians F(AN) = F(Aq) becomes a constant 

lim | f U . ) | = 2 

iab|-k5O n 

which implies that if 7 > 0 and (i > 0 satisfy the inequality 

(4.18) 

2 j i > 7 (4.19) 

the global trace is |Tr[«7(A^)]| = |2cos(iV0)| < 2, where 0 = cos -1 and the large 

amplitude motion is stable regardless of E. 

Since E < 2, the stable large amplitude motions in the case 2/i > 7 naturally 

include the regular motions for 7 < EFI. However, while the Al-DNLS regular regime 

is restricted to positive E values, the condition for stable (large amplitude) dynamics 

is also valid for E < 0. 

Substituting 6(f>n = <p„, the linearized equation corresponding to (4.1) can be 

written in matrix notation 

<Pn+l 

<Pn 

where 

Mi 

= Mi(En) 

En 

1 

(4.20) 

and 

En 
[£ + 27I + <nl<k.l4] 

[ in- /#- ! 2 ] 2 

(4.21) 

(4.22) 
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The matrix product 

Mq = J] Mi(E n) (4.23) 
n=0 

transfers (ipo,tpi) into (ipn-uVn)- For periodic orbits 4>n+q = <t>n+P equation (4.20) 

represents a linear equation with periodic potential and due to the Bloch theorem, 

ipn+q = exp(ikq)<pn. Thus Mq has eigenvalues exp(±ikq), and it follows 

TrM, = 2 cos(kq). (4.24) 

This leads to the condition \TiMq\ < 2 from which we can infer the allowed values of 

the energy En. Because of En = En(\<j)n\
2), the periodic orbit members enter explicitly, 

hence, the allowed energies En become amplitude dependent imposing constraints on 

the latter. Since each member of a periodic orbit family inhibits the same stability 

type [92], it is sufficient to consider only one of the periodic point of the family, i.e. 

\TrMi(En)\ < 2. In order that a periodic orbit is compatible with the allowed energy 

the amplitudes must fulfill the necessary condition: 

w 2 < ; 
P / .. 2-i/n 

In the limit fi -¥ 0 this stability condition reads as |0„|2 < (1 — E/2)!^. 

(4.25) 

Application of converse KAM theory 

For an application of converse KAM theory it is convenient to cast the complex-valued 

equation (4.1) into a four-dimensional symplectic twist-map TZ4 —> II4, f(x,y) = 

(x, y), by defining 4>n = -^{Qn + and x = (Q,q) together with the canonically 

conjugate variables y = (P,p). We can exploit a variational principle to derive the 

corresponding map orbits in terms of a Lagrangian system where each orbit is assigned 

an action 
N 

w = Y, L(xn+1,xn), (4.26) 
n=0 
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with the Lagrangian 

L(x.+ 1 ,x.) = i ( J 5 - I ) l n [ l + i p ( < K + ^ ) ] + ^ ( Q l + ql) - W . « 0 . + ?„+!«») 

(4.27) 

Stationarity of the action for an orbit requires 6W = 0, yielding: 

d 
\L{Xn—lj %n) "I" L(xn, a?n+l)] — 0, (4.28) 

and the equations of motion are obtained from 

II — _ dLjXn+liXn) _ dL(xn+i, Xn) . . 
Vn dxn ' Vn+l dxn+l * ( ^ 

The map f(x,y) = (x,y) is a twist map because < 6y,dx/dy6y >= —\6y\2 is uni-

formly negative, where < , > denotes the inner product < u,v > = £ u,Vi [99]. 

In the following we apply the converse KAM theory of MacKay, Meiss and 

Stark [100] to our four-dimensional map. These authors derived a criterion for the 

non-existence of a class of invariant tori called Lagrangian graphs for symplectic 

twist maps relying on an action principle. A Lagrangian graph is a set of the form 

y = F(x) for some Cl function F and all the invariant tori constructed by most proofs 

of KAM theory are Lagrangian graphs [94]. In order to apply the converse KAM 

criterion we collect the necessary definitions and notations for the action principle. 

The orbits {x,-, y,}, i = m, ...,n of a symplectic twist map / have stationary action, 

i.e. DWmn = 0 under variations by fixing xm, xn for all m < n-1. If an orbit segment 

minimises Wmn, then it is said to have minimal action. Further, an orbit segment has 

a non-degenerate minimal action if the second variation 62Wmn with respect to (xi), 

i = m + 1, ...,n — l i s positive definite and an orbit has minimal action if each finite 

segment has minimal action [85], [99], [100]. 

The converse KAM criterion is based on a theorem by Herman [102], stating 

that for a symplectic twist map, every orbit on an invariant Lagrangian graph has 
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mimimal action. Prom this theorem one conversely concludes, that if the orbit has a 

segment which does not have non-degenerate minimal action, then it does not lie on 

any invariant Lagrangian graph [100]. 

MacKay et al developed a simple test for the positive definiteness of the second 

variations 1,„ which we apply in the following to our four-dimensional map. The 

elements of the second order variation matrices a" = Ln(n, n 4-1) + L22 (n — n ) and 

bn = L\i{n, n + 1) are given by 

(<On = [u.lQl]2 (E + ^Ql + -ri>Qt), ( « o ) 

' a ° ' 2 2 = n 4.!,«212 ( E + 2 7 9 " + ' ' 4 ' 3 1 ' [i. •+• fiqnj 

and 

(6«) 11 = (6»)22 = 0, (&n)i2 = (&n)2i = 1, (4.32) 

where [n,n + 1] stands for (xn, xn+i) and the subscript refers to the derivative with 

respect to the k-th argument. The existence of an invariant Lagrangian graph requests 

that it intersects the vertical symmetry plane of Qn = qn. Therefore a0 must be positiv 

definit on that plane and using that a symmetric 2 x 2 matrix is positive definite if 

its diagonal elements as well as its determinant are positive we obtain the following 

necessary condition for the existence of an invariant Lagrangian graph through the 

(initial) point Qo = qo in phase space: 

Q2 = 9 2 < I [ ^ i + i % _ 1 ] ^ 

In the limit n = 0 this conditions reads as 

Qo ~ 9o < > (4-34) 

and E < 0. 
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Figure 4.1: Stability regions in the 7 vs. /z nonlinearity parameter plane. Notice 

that only above the solid line 7 = Efi unbounded solutions are possible, whereas 

below that line all solutions are bounded due to the condition for integrabilty given 

in equation (4.2). A degenerate linear case is also shown for a particular energy 

E = 0.75. 

This necessary criterion for the existence of an invariant Lagrangian graph 

through a point in phase space is of special importance in a study of the stabil-

ity properties since it ensures the nonexistence of a closed invariant KAM circle for 

the reduced two-dimensional map (c.f. Section 4.3), which acts like a complete barrier 

for the transport on that plane. In Figure 4.1 we show the 7 versus fx nonlinearity 

parameter plane indicating the different stability behavior. 
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4.3 Reduction of the Dynamics to a Two-Dimensional Map 

We now study the dynamics of the equation (4.1) utilizing a planar nonlinear dynam-

ical map approach. The discrete nonlinear Schrodinger equation (4.1) gives a recur-

rence relation 4>n+i = <?Wi(0n> 0«-i) acting as a four-dimensional mapping C2 - » C 2 . 

By exploiting the conservation of probability current, the dynamics can be reduced 

to a two-dimensional mapping on the plane 7Z2 -* V? [38], [81]. Following Wan 

and Soukoulis [81], we use polar coordinates for <f>„, i.e. 4>n = r n e x p ( i O n ) and write 

equation (4.3) equivalently as: 

n 

1 + » r * 

r n + i sin(A0„+i) - rn_i sin(A0n) = 0, (4.36) 

where A0n = 0n — 6n-\. Equation (4.36) is equivalent to conservation of the proba-

bility current 

J = rnrn_i sin(A0„). (4.37) 

We introduce further SU(2)—notations for bilinear combinations of the wave function 

on each "dimeric" segment of the lattice chain through the following definitions: 

xn — 4>*n<i>n-1 + <t>n<f>n-l (4.38) 

Vn = i [On-1 ~ 4>n4>l-x\ (4.39) 

= |^„|2- |<^n-l |2 , (4.40) 

yielding real-valued variables. We note that the variable yn is a conserved quantity 

since it is proportional to the probability current, i.e. yn = 2 J. The relations between 

the variables ( x n , z n ) and the polar coordinates ( r n , 6 n ) are given by 

%n — 2 r n r n - i cos(A0n) (4.41) 

~ r l ~ r2
n-!. (4.42) 
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The variable zn is determined by the difference of the amplitudes of adjacent lattice 

sites whereas information about the phase difference is contained in the variable x„. 

We remark, that our map variables differs from those used by Wan and Soukoulis in 

their study of the stationary DNLS system. 

The system of equations (4.35) and (4.36), can be rewritten as a two-dimensional 

real map M that describes the complete dynamics: 

E + j T (^n "f" ^n) 

M 

•E»i+i 

Zn+l 

1 + | /i (wn + Zn) 
(wn + 2n) 3?n 

(4.43) 

r2 
1 n+1 Xt 
2 wn + zn 

- Z n j 

with wn — y / x 2 + z 2 + 4«72. The map M is reversible, proven by the identities M o 

Mi o M o Mi = Id and Mi o Mi = Id, where the map Mi is 

Mi : 
x = x 

z = —z, 

(4.44) 

We can cast the map M into the product of two involutions M = A o B with 

A — Mi o M - 1 and B = M\ o M2, and A2 = Id, B2 = Id, and M2 is 

Mo: 
x = x 

z — z . 

(4.45) 

The inverse map is then given by M _ 1 = B o A. This reversibilty property of the map 

M can be exploited in the study of transmission properties of the discrete nonlinear 

chain to be performed in Section 4.4. 

For an analysis of the dynamical properties of the nonlinear map M it is con-

venient to introduce the following scaling transformations 2 Jxn —>• xn, 2Jzn —> zn, 

Jj -¥ 7 and Jn p,. Finally, for sake of simplicity of notations we drop the overbars 
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and obtain the scaled map 

E + 7 ( w n + zn) , ^ 
•^n+1 ~ 1 - / . \ yVn + Zn) Xn (4.46) 

1 + H (wn + Zn) 

1 r2 _ t2 

*"+> = o . (4-47) 
2 wn + zn 

with wn = \Jx^ + z\ + 1. The map M depends on three parameters, namely (E, 7, n). 

Whereas for Efi > 7, M represents a map, for which all solutions are bounded, it can 

contain bounded and diverging orbits in the pure DNLS case of 7 > 0 and fi = 0 as 

well as in the combined AL-DNLS case but only for 7 > according to the findings 

in Section 4.2. Only the bounded orbits correspond to transmitting waves, whereas 

the unbounded orbits correspond to waves with amplitude escaping to infinity and 

hence do not contribute to wave transmission. On inspection we find the first integral 

for the AL system to be: 

[ (sn + i + xn)2 - K ] [ n ( x l + 1 - x 2
n ) + 2 (zn+1 + z n ) f = E2 (s j+ 1 - x2

n)2 , (4.48) 

where K is a constant determined by the initial conditions. The structure on the 

phase plane is organized by a hierarchy of periodic orbits surrounded by quasiperiodic 

orbits. The sets of the corresponding fixed points form the invariant sets of the two 

involutions (fundamental symmetry lines) and are given by 

So: z = 0, (4.49) 

Sr. « - (» + »). (4.50) 
2 1 + n(w + z ) 

respectively. The symmetric periodic orbits are arranged along higher order symmetry 

lines and the intersection of any two symmetry lines SQ = MnS0, 5" = MnSi with 

n = 0,1,..., fall on a periodic orbit of M. The symmetry line z = 0 is the dominant 

symmetry line and contains at least one point of every positive residue Poincare-

Birkhoff orbit. The organizitation of the periodic orbits by the symmetry lines can 
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be exploited for a one-dimensional search to locate any desired periodic orbit on the 

x-z plane [92]. For a classification of the periodic orbits Greene's method can be used 

according to which the stability of an orbit of period p is determined by its residue 

P = | ( 2 - Tr[IIm=iDMP]), where DM is the linearization of M. The periodic 

orbit is stable when 0 < p < 1 (elliptic) and unstable when p > 1 (hyperbolic with 

reflection) or p < 0 (hyperbolic) [104], [92]. As can be seen from the determinant of 

the Jacobian 

« • « ) 

the map M is area-preserving for periodic orbits, after mapping through the com-

plete period, i.e. ITn=i det(DMn) = 1. M is thus topologically equivalent to an 

area-preserving map ensuring the existence of KAM-tori near the symmetric periodic 

elliptic fixed points [94]. 

Period-doubling bifurcation sequence 

We focus our interest on the period-1 orbits (fixed-points of M) which have in the 

case of elliptic-type stability the largest basins of stability among all elliptic orbits. 

Thus the stable elliptic solutions encircling the fixed point form the main island on the 

map plane which plays therefore a major role in determining the stability properties 

of the wave amplitude dynamics. The period-1 orbit is determined by 

_ 1 E + 7 W 
* = 2 T T ^ w

 (4-52) 

1 = 0 > (4.53) 

where w = \ / l + x2. Equation (4.52) possesses one real root for 7 = 0, delivering 

a stable elliptic fixed point and has either no root or two real roots for 7 > 0. The 

two real roots are attributed to one hyperbolic and one elliptic fixed point. The 
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corresponding residue is given by 

x l g ( # + 7w)(£- f 27W + 7//W2) 
4 (1+fiW) 

Particularly, for 7 = Efj,, we recover the degenerate linear case, for which x = 

sign(JEJ) \JE2I{4 — E2) and p = l — E2/4, like in the genuine linear case 7 = ^ = 0. In 

Figure 4.2 we show the location of the fixed points x versus the value for the parame-

ter E for chosen nonlinearity parameters /i and 7. For the pure DNLS case (of n = 0 

and 7 > 0), shown in Figure 4.2(a), we see that the larger the nonlinearity strength 7 

the more restricted become the x-intervall as well as the E range for the existence of 

the fixed points. We further observe a bifurcation of the unstable hyperbolic branch 

(dashed line) into a stable elliptic branch (solid line) which results from a reversed 

pitchfork bifurcation (apparent in Figure 4.2(a) for the parameter values 7 = 1.0 and 

7 = 1.5). Figure 4.2(b) shows the E — x plane for a ^L-nonlinearity strength n = 0.5 

and different 7 values. A comparison with the pure DNLS case, clearly shows, that the 

presence of the /i nonlinearity has a stabilizing effect, in the sense, that the unstable 

reflection hyperbolic branch has been shifted towards larger x-values. Furthermore, 

we observe that in the (p, = 0.5,7 = 1*0) case, the fixed points become stable elliptic 

points in the whole ir-range of their existence, hence no bifurcation occurs in contrast 

to the bifurcation behavior for the corresponding (/x = 0,7 = 1.0) case. 

Concerning the stability of the period-1 orbit, equation (4.54) tells us that the 

residue remains positive and never passes through zero, if the parameters obey the 

inequalities 7 < E\x and |E| <2 . As a result the period-1 orbit cannot lose stability 

caused by a tangent bifurcation. According to the results obtained in Section 4.2, 

all orbits of the map are regular in this parameter range. Equation (4.54) allows a 

further conclusion to be drawn: For E > 0 the value of the residue for the period-1 

orbit is always less than one, since for positive E, the second term on the right-hand 
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side remains positive upon parameter changes and hence the fixed point is merely 

shifted in position and never experiences loss of stability due to a period-doubling 

bifurcation. In this parameter range the route to global chaos is via resonance overlap. 

Only for E < 0 can the residue pass the value of one connected with the onset of a 

period-doubling bifurcation, where the fixed point loses its stability and is converted 

into an unstable hyperbolic point with reflection accompanied by the creation of two 

additional elliptic points. This period-doubling bifurcation for the period-1 orbit sets 

in when \E\/^ > 1 (E < 0) and the newborn period-2 orbits are located at 

x — ± 
2 (E 

z = 0. (4.56) 

I " 1 (4.55) 

Note that the location of the period-2 orbits depends only on the values for the 

(E, 7) parameters and is independent on the value for the ylZrnonlinearity strength 

ji, whereas their stability, determined by the corresponding residue 

1 o E2 — 'Y2 

( 4 5 7 ) 

depends on the values of all three parameters. Due to the presence of the denominator 

in equation (4.57) we recognize that, for fixed parameters (E, 7), enhancing the /it 

value reduces the residue. Hence the period-2 orbits become more resistant with 

respect to period-doubling bifurcation. Moreover, for sufficiently large //-values the 

value for the residue of the two stable elliptic points is bounded from above by one, so 

that a further destabilizing bifurcation can be excluded. This critical -AL-nonlinearity 

strength nc(p < 1) can be obtained as 

He ^ 
( 4 5 8 ) 

In the following we want to study the period-doubling sequence as the mech-

anism by which the transition from regular to chaotic motion occurs. Thereby we 
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invoke the renormalization technique developed for two-dimensional invertible maps 

[105], [92]. 

To this end we expand the map M to quadratic terms in the deviation from the 

bifurcation point and obtain 

+ B 6un6vn 

6un+1 
\ f \ 

6un+1 f 6un 
\ 

6un+1 
= A 

tffn+l ) 6vn / 

\ 

(4.59) 

where the 2 x 2 matrix A has the following entries 

E + 27 + yq An = —1, 

A21 = 

A12 = 
I1 + /f 

E + 7 1 [£ + 7 
T + 7 ' 2 = 2 : 

[E + 37 + 7/i — ^/i] 
(4.60) 

[1 + //]3 

and the elements of the 2 x 3 matrix B are given by 

Bn = An, £12 = 0, 

#21 = A22 + 1 , #22. = -Ai2 , 

Bn 
_ E + 47 + 37(j, — Ey + 72//2 (4.61) 

[1+^]3 

1 -E2 + 87 — AE-jfi + 972 + 7 V 2 — 4E2fi + fj?E2 

* • - 5 [T+T? 

Finally, we bring the De Vogelaere-type map (4.59) into standard form of a closed 

second-order difference equation (see reference [105] for the details how to achieve 

this form): 

Qn+i + Qn-i = CQn + 2Q2
n, (4.62) 

where the parameter C is determined via the sum of the eigenvalues of the matrix A: 

(4.63) 

The fixed point of equation (4.62) at Q = 0 is stable for |£'|/7 < 1 and gets unstable 

for 3 > |£^|/7 > 1 leading to a period-doubling bifurcation. Both points of the new-

born period-2 orbit are located on the 5o-symmetry line where they get shifted upon 

r = 1 iE + i][E + 31 + 11*- Et4 , 
4 [ 1 + ^ p 
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increasing |JE7|. Eventually, at a sufficiently high |2£| value the period-2 orbit also loses 

stability caused by a next period-doubling bifurcation, which in turn gives rise to the 

birth of the corresponding period-4 orbit having one point on the Si-symmetry line 

and two points on the So-symmetry line. For further increased |i?| the period-4 orbit 

also goes unstable in the next step of the period-doubling cascade. This cascade of 

period-doubling bifurcations terminates at a universal critical parameter called 

the accumulation point, where local chaos appears. Invoking a quadratic renormal-

ization scheme for equation (4.62), this accumulation point has been determined to be 

Coo « —1.2656 [105], [92]. Solving equation (4.63) for = £(7, //, C^) we obtain 

the accumulation value 

= [ 2 7 + (1 + ^ ) ^ - 1 ^ 1 ( 1 - ^ ) ' Be. (4.64) 

Apparently, for a given DiVLS-nonlinearity strength 7, we conclude that the higher the 

yllr-nonlinearity strength fi the higher the accumulation value l-E Î (provided fi < 1), 

i.e. the fi term has the stabilizing tendency to prevent period-doubling sequences. 

In Figure 4.3(a) we show a number of orbits of the map M for E = 0.5, 7 = 0.2 

and FI = 0.1 together with the symmetry lines SQ and SI. This map exhibits a 

rich structure involving regular quasiperiodic (KAM) curves which densely fill the 

large basin of attraction of the stable period-1 orbit. The elliptic fixed points of the 

Poincare-Birkhoff chains of various higher-order periodic orbits are also surrounded 

by regular KAM curves while in the vicinity of the separatrices of the corresponding 

hyperbolic fixed points we observe the appearence of thin chaotic layers. Moreover, 

outside the structured core containing trapped trajectories inside the resonances, a 

broad chaotic sea has been developed where the corresponding unstable orbits may 

escape to infinity. For comparison we illustrate in Figure 4.3(b) the integrable behav-

ior for the AL-map where the corresponding orbits can be generated from equation 
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Figure 4.2: Location of the fixed points x of the map M of equations (4.46) and (4.47) 

versus the parameter E which are determined by equation (4.52) and (4.53). The 

solid lines represent stable elliptic-type solutions; the dashed dotted lines correspond 

to hyperbolic points and the dashed lines belong to hyperbolic points with reflection, 

(a) The DNLS-case of fi = 0 and 7 as indicated on the curves, (b) The combined 

AL-DNLS-case of fi = 0.5 and 7 as curve parameter. 
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Figure 4.3: Orbits of the map M given in equations (4.46) and (4.47) for the pa-

rameters: E = 0.5, 7 = 0.2 and /J, = 0.1. Superimposed are also the fundamental 

symmetry lines SQ and SI. 

(4.48). 

In order to study the global stability properties of the map M we plotted in 

Figure 4.4 the stability diagram in the XQ — E plane. For a set of initial conditions lo-

cated on the dominant symmetry line, i.e. z = ZQ — 0 and various x = XQ, we iterated 

the map of equations (4.46) and (4.47). The dark region in Figure 4.4 corresponds to 

stable solutions where the resulting orbit remains in a bounded region on the x — z 

plane of the map whereas the white region on the XQ — E plane represents unbounded 

orbits. 

The curve separating the two regimes exhibits a rich structure. Practically, all 

lines of constant E pass several branches of either transmitting or nontransmitting 

solutions indicating multistable behavior. Multistability in the wave transmission 
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along the nonlinear lattice chain will be considered in more detail in the next section. 

We further note that with increasing j4£-nonlinearity parameter fj, the area of the 

transmitting solutions on the E—xo plane enhances. This stabilizing effect of larger /i 

values is clearly seen in Figures 4(c) and 4(d) where the region for stable propagating 

solutions is not only further extended to the range of negative E values but also 

covers a wider range for the initial amplitudes #o- Beyond a certain nonlinearity 

strength // > 7 / E the nonlinear lattice chain eventually becomes transparent for all 

amplitudes. In Figure 4.4(a) and Figure 4.4(b), we also superimposed the lines for 

the location of the fixed point (period-1 orbit) of the map M. Following that line 

the occuring transition from a bounded to an unbounded regime for initial conditions 

around the period-1 orbit is a consequence of stability loss when passing from elliptic-

type stability to hyperbolic-type instability upon changing E. Due to the results for 

the stability of the period-l orbits contained in Figure 4.2 they may experience a 

bifurcation from an unstable hyperbolic fixed point to a stable elliptic fixed point 

by increasing E where the corresponding x0 values then come to lie in the basin of 

attraction of the elliptic point. At a critical E value the initial conditions XQ leave 

the basin of attraction of the elliptic point and fall into the range of the unstable 

reflection hyperbolic point. Between the lower and the upper stability boundaries 

the elliptic point loses its stability caused by a quadrupling-bifurcation where the 

corresponding residue is p = 0.75 leading to a local shrinkage of the area for bounded 

solutions which appears in Figure 4.4(a) for E ~ —1.075 and a?o ̂  0.24. 

4.4 Transmission Properties 

In this section we study in the context of a possible physical application the wave 

transmission properties of the nonlinear lattice chain. Our aim is to gain more insight 

into the effects of the combined AL-nonlinearity term and the ZWLS-nonlinearity term 
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Figure 4.4: Illustration of the stability behavior of the map M with 7 = 1.5 in the 

E — x0 parameter plane. Bounded solutions correspond to the dark areas whereas 

diverging solutions are indicated by the white area (see text). The >1 L-nonlinearity 

strength n is: (a) // = 0, (b) n = 0.5, (c) fi = 0.75 and (d) fi = 0.76. Notice that the 

scales are different for the four different figures. 
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with regard to wave transparency. 

Amplitude stability 

We study the following transmission problem: Plane waves with momentum k are 

sent from the left towards the nonlinear chain, where they will be scattered into a 

reflected and transmitted part: 
t 

RQ exp(ikn) + R exp(—ikn), for 1 <n<N, 

= < 

T exp(ikn), for n > J V . 

We denote with RQ, R the amplitudes of the incoming and reflected waves and T is 

the transmitted amplitude at the right end of the nonlinear chain. The wave number 

k is in the interval [—7r, 7r] yielding \E\ < 2. 

Since the superposition principle is no longer valid in the nonlinear case, the 

transmitted amplitude T is not uniquely defined by the incident amplitude RO. Rather 

we have to inverse the transmission problem and compute the input amplitude Ro 

for fixed output amplitude T where the transmission problem then is uniquely de-

termined. Therefore we shall consider the fixed output transmission problem as 

the appropriate approach for investigating the transmission behavior of nonlinear 

lattice chains (see also [38]). For this reason we invoke the inverse map given by 

M - 1 = Mi o M o Mi, which has to be interpreted as a 'backward map' in the fol-

lowing way: For a given output plane wave with transmitted intensity T at the right 

end of the nonlinear chain we have (<f>N+i,4>n) = [Texp(ik(N + 1)),Texp(ikN)]. 

From the pair (<f>N+l,</)N) we obtain (rN + 1 ,rN) and (0N+i ,0N) as well as (xN + 1 = 

2|T|2 cos(k), zN+x = 0). The latter are used as initial conditions for the map M in 

equations (4.43) in the study of the fixed output transmission problem. For a given 

wavenumber k the current J is fixed through the expression J = |T|2 sin(fc). We see, 
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therefore, that the pair (k, |T|) initializes the map M~l completely. Iterating the map 

M - 1 from n = N to n = 1 succesively determines the amplitudes r\) and 

phases ( 0 y _ i , 0 \ ) and eventually results in the value of <f>\ on the left end of the 

nonlinear chain. 

Figure 4.5 displays the transmission behavior in the k — |T| parameter plane 

(momentum versus intensity amplitude of an outgoing wave), showing regions of 

transmitting (white) and nontransmitting (hatched) behavior. This representation 

is similar to that used by Delyon et al. and Wan and Soukoulis in the study of the 

corresponding stationary DNLS-model [38, 81]. 

For a given output wave with intensity \T\ and momentum k the inverse map 

M~l has been iterated by taking a grid of 500 values of k and 250 values |T|. Corre-

spondingly, to initialize the map M~l we populate the z-axis with initial conditions 

XQ = 2|T| cos(A:), 20 = 0 and iterate on each individual point. When the resulting 

incoming wave intensities |i?o| are of the same order of magnitude as the transmitted 

intensity, the nonlinear chain is said to be transmitting (white area in Figure 4.5). 

In Figure 4.5(a) we show the DNLS case fi = 0, with 7 = 1. For wave numbers 

\k\ € [tt/2,7r], where the map M has no fixed point at all, the regions of bounded and 

unbounded solutions are separated by a sharp smooth curve which can be obtained 

approximately from the analysis for the initial wave amplitude stability performed in 

Section 4.2. It can be shown that the boundary follows from 

where <f>r is the amplitude of the (initially) stable transmitted wave. The n = 0 case, 

|<^r|2 = [1 + cos(fc)]/7, is shown as the dashed curve in Figure 4.5(a). 

For \k\ < it/2 the region for nontransmitting solutions ranges down into the 

region of linearily transmitting solutions leading to decreased transparency. The 
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Figure 4.5: Transmission properties in the intensity vs. momentum k plane. Hatched 

regions correspond to the gap regime whereas the white region indicate transmission. 

N = 200. (a) the DNLS-case 7 = 1.0 and /i = 0. (b) the combined AL-DNLS-

case of 7 = 1.0 and /i = 0.25. The dashed curves represent the boundary between 

nonescaping and escaping solutions obtained analytically from equation (4.65). 
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boundary discerning between bounded and unbounded solutions shows some com-

plex structure created by numerous narrow tongues. Each of these tongues can be 

assigned to a corresponding stability basin of an elliptic periodic orbit and the fractal 

structure of the boundary curves originates from the hierarchical, self-similar struc-

ture of islands around islands formed by higher class periodic orbits [81], [38]. Taking 

the AL-nonlinearity into account, e.g. fx = 0.25 as illustrated in Figure 4.5(b), its 

stabilizing effect manifest itself in an area enhancement of the region for transmitting 

solutions. This effect becomes more pronounced for higher -A-L-nonlinearity strength 

(not shown here), eventually exhibiting perfect transmittance, when E^i> 7. 

The physical consequence of this smooth boundary for a sharp regular transition 

from a nontransmitting to a transmitting region across this smooth boundary by 

amplitude modulation will be discussed in more detail below. 

In the transmission diagrams represented in Figure 4.5, several branches are 

created for k € [—tt/2, 7t/2] at critical intensities |T|, indicating bistable or multistable 

behavior. Such multistability is illustrated in Figure 4.6, where the transmitted wave 

intensity is plotted versus the intensity of the incoming wave for k = 0.927. The curve 

in Figure 4.6(a) illustrating the pure DNLS case (7 = 1.0, n = 0) shows oscillations 

resulting in numerous different output energies for a given input energy. Above an 

output intensity of 0.68, a transmission gap ranging up to 1.08 occurs. Figure 4.6(b) 

demonstrates that the presence of a stabilizing AL nonlinearity of // = 0.5 closes the 

gap, i.e. transmittivity of the nonlinear lattice is restored. 

4.5 Conclusion 

There are a number of possible applications of the effects described in the present 

work, the most interesting being related to propagation in optical superlattices with 

nonlinear elements[33]. In this case it is possible to use the presence of nonlinearity in 
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Figure 4.6: Transmitted intensity as a function of the incident intensity exhibiting 

multistability of the nonlinear transmission dynamics for a nonlinear chain consisting 

of 200 sites. The parameters are E = —1.2, 7 = 1.0 and (a) fi = 0. A transmission 

gap occurs, (b) The gap has been closed for ju = 0.5. 
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the medium to switch from a propagating to a nonpropagating regime by varying the 

amplitude of the injected wave, thereby transmitting information through amplitude 

modulation. 



CHAPTER 5 

TAYLOR MAP ANALYSIS AND PARALLEL PROCESSING 

In this and the next chapters we will study the dynamics in beam optical systems 

such as a particle accelerator and storage ring. The main purpose is to determine the 

stability of the motion of the particles in the transverse and longitudinal directions, 

and find the appropriate correction schemes to compensate the errors and imperfec-

tions of the system. There are both systematic and random errors in a real system 

which lead to couplings, dispersions, chromaticities and nonlinear multipole kicks 

that make the motion of particles unstable. In this chapter, we will first introduce 

the phase space in which the particles' motion is studied, and the Taylor maps which 

represent the dynamics of the beam optical system. Secondly, we will introduce par-

allel processing of the Taylor maps, give analytical, empirical, as well as numerical 

results from computer experiments, and discuss the efficiency and accuracy of this 

method. The Lie algebraic approach will be introduced in the next chapter. 

5.1 Motion in the Phase Space and Power Series 

A beam optical system is usually a storage ring or an accelerator of charged-particles. 

Except in the linac case, charged-particles in circular beamlines are usually required to 

stay in a stable state for many turns (sometimes millions of turns). This requirement 

is a challenge for the designers of an accelerator or storage ring. Since the poineering 

works by Courant and Snyder in the 1950s, great progress has been made in the 

field of accelerator physics and beam optics. Recent developments have been heavily 

84 
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dependent on the advancement of computer technology. In particular, the use of 

differential and Lie algebra to study single-particle beam dynamics has become a 

power tool, especially in the study of long-term stability of a varity of accelerators 

and other beam optical systems [112, 116]. In this section, we will briefly introduce 

the periodic motion in the phase space and the sources of multipole errors, and discuss 

the power series and Taylor map representation for a beam optical system. 

5.1.1 Periodic Motion 

The algorithms for tracking particles throuth an array of magnetic components in a 

storage ring involve calculation of the magnetic forces due to all the componet fields 

in each magnet. In each algorithm, an assumption must be made that the magnetic 

forces higher than certain order is negligible. In the case of a periodic system, a 

one-turn map is extracted which in principle contains all the dynamics about that 

system. This is a map that at any point relate any rays of the present turn to rays 

of previous turn can be written in general as [112], 

z' = mz, (5.1) 

where £ is a vector representing the rays at the given turn, z' is a vector representing 

the rays at the next turn and m can be considered as a simplified operator representing 

the full complicated lattice dynamics of the system. The rays denoted by z is a vector 

of the 6-dimensional phase space in general and is 4-dimensional if only the transverse 

motion is considered. The transpose of z is then written as 

Z* = (*i, 22, 23, *4, *5, *6) = (*> Px, V, Py, T, - 6 ) , 

where x, y are the transverse coordinates with respect to the desired orbit or the closed 

orbit, and px,py are their correspondig conjugate momenta, respectively; r is called 
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the time of flight, which in fact is the longitudinal deviation from the synchronized 

motion; and 6 is the normalized longtudinal momentum deviation defined by 

e = ^ 
Po 

where p0 is the nominal momentum of the particle. 

5.1.2 Power Series and Taylor Maps 

Nonlinear errors stem from the magnetic errors in the dipoles, quadropoles and sex-

tupoles; the later is used for chromaticity corrections, and the other two, i.e., dipoles 

and quadrupoles are used to bend and focus the beams respectively. The systematic 

errors can be calculated from the design of the magnets and the random errors can 

be estimated from the allowed or expected descripencies from various sources. 

Power Series 

Usually, nonlinear multipole errors are dominated by those of lower orders, i.e., sex-

tupole and octupole errors, and a beam optical system is designed as linear as possible. 

In such a case, map m in Eq. (5.1) can be expanded into a power series of the phase 

space vector z with respect to its designed or closed orbit. This means that if U(z) 

represents a power series (PS) to an integer order ft, it is then expressed as 

V(z) = £ c(k) z%, (5.2) 
k=0 

where 

_ k\ k2 „k3 k4 k5 k6 Z — z1 z2 Z3 z4 z5 Zg 

and the summation is over all the orders, from Og = 0, to fi, where Og = X). &t is 

the order of the monomial term zk; and in each order the summation is over all the 

available indexes of k. For instance, for a 4-variable power series, z — {z\, z-i, 23,24); 
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the Oth order term in Eq. (5.2) is just a constant c(0), and the first order terms 

are c(f) zr = c(l, 0,0, <S)z\ + c ( 0 , 1 , 0 , 0 + c(0,0,1,0)z3 + c(0,0,0,1)24. Also note 

that U{z) is called an n-variable PS, of order fl. The number of monomials for an 

n-variable PS, of order fi, is given by 

1 n!ft! ' 

Vector Power Series 

Let U(z) be an m-dimensional vector power series (VPS), of n variables and Q, order. 

It is expressed as 

t?(2) = £ c(k) ?E. (5.4) 
k=0 

Each component of the VPS U(z) is a power series given by 

Ui{z) = ^2ci(Jc)zk, i = l , 2 , - - - ,m, 
fc=0 

which represents how the corresponding phase space component of a ray, or a particle's 

trajectory, is modified by the dynamics of the system. Therefore, a VPS defined in 

Eq. (5.4) can be considered as a Taylor map in an accelerator or other beam optical 

systems. Such a Taylor map can be extracted from a beam optical lattiec by using 

Differential Algebras, or method of Automatic Differentiation. There are several 

numerical differential algebraic and Lie algebraic libraries, such as Zlib [113], COSY 

[114], and MARYLIE [115], that can generate and analyze Taylor and Lie maps 

quite easily. However, as can be seen in Eq.(5.3), as the dimension and order of the 

map grow, the number of monomials in the VPS grows almost exponentially. It could 

take enormous amount of computing time for a large system or a high-order tracking. 

We will show in next section that this problem can be solved to a certain extent, by 

parallel computing. 
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5.2 Parallel Processing of Taylor Maps 

The motion of particles in phase space can be represented by a Talyor map, and its 

stability is determined by particle tracking through this map recursively. It takes 

enormous amount of computing time to perform long-term particle tracking in a 

large accelerator because the number of magnetic, detective and corrective elements 

could be very large. There are two alternatives for particle trackings, one of which is 

direct element-by-elemnet tracking, and the other is map tracking using differential 

algebra. In the case of a large beam optic system, element-by-element tracking is 

usually much slower than map tracking. One of the concerns about map tracking is 

about the question of how accurate it is. We will show by computer experiments that 

map tracking is just as accurate as element-by-element tracking in most cases. 

As the order of the map and size of the accelerator lattice increase, map extrac-

tion become time comsuming. By using parallel processing and map concatenation, 

we show that the time for map extractions can be reduced significantly and in do-

ing so without sacrificing the quality of the map. The amout of the calculations 

remains constant, but the work is spread over several machines. We also systemat-

ically analyze the efficiency of parallel processing and the relationship between the 

parallel processing speed, the number of processing nodes and levels of the binary 

tree structure. 

5.2.1 The algorithm and efficiency of parallel processing 

The ideal speed gain by parallel processing is proportional to the number of nodes, 

i.g., if one needs 10 hours to extract a map by using one machine, then one would 

needs only 1 hour to complete the job by using 10 machines. However, this is not 

true because at each level of the binary tree structure shown in Figure 5.1, extra 

time is required for communication and concatenation of the sectional maps in pairs. 
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Figure 5.1: Schematic concatenation diagram for n = 4. (a) A circular lattice is 

divided into 4 sections, each of which is represented by a Taylor map. The maps are 

extracted simultaneously by parallel processing, (b) The tree structure for binary 

concatenations; the number of levels for concatenation is 3. (c) Symbolically how 

concatenations are performed. 

It is easy to see that the number of binary trees for the concatenation perpose is 

proportional to In (n)/ In (2) + 1, where n is the number of nodes (or sectional maps 

to be used). The number of concatenation levels is n — 1. Figure 5.1 shows the 

schematic diagram for map concatenations. The empirical formula for the total time 

required by map extraction and concatenations of n nodes and N-element lattice is: 

T(n) = aN/ n + (3 In (n) /In (N). (5.5) 

The first term in Eq.(5.5) represents the ideal linear speed-up case, where a is the 

average time taken for processing the evolution map through one thin element; and the 

second term is an undesired one, which represents time taken by map concatenations, 

where (3 is the time for map concatenation at each level of the tree structure. The 

derivative of Eq.(5.5) with respect to n gives the optimum value of n which minimizes 
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the value of T (let e = (3/a): 

riopt = ^ N In 2 = e-1jV In 2 (5.6) 

Where nopt is the optimum number of nodes to gain the most by parallel processing. 

Let us define the parallel speed gain factor S(n) as the ratio of time required by 

parallel processing with n nodes to the time required with a single machine (n = 1), 

- T ( 1 ) 

* " T(n) 
I + ln(n) 
n Nln2 

-1 
(5.7) 

We also define the efficiency as the speed gain factor divided by the number of 

nodes, or the average speed gain for every node added. For instance, if one gains a 

speed factor of 16 as compared with sequencial processing by using 32 nodes, then the 

efficiency is 50%. Figure 5.1 shows the speed with three different e's. When n is small, 

the speed grows almost linearly with n, but as n becomes larger, the growth of speed 

slows down, and so does the efficiency, as more concatenations give a increasingly 

negative factor. 

The algorithm of the parallel processing is arranged as follows: (1) One needs 

to have a lattice file generated from a particle motion simulator, or tracking code, 

such as the post-TEAPOT [1] machine file, Zfile. (2) Using a map extraction and 

tracking program in Differential Algebraic code like Zlib [2], the lattice is then di-

vided uniformly by N sections. (3) Each section is run in a computer such as a Sun 

Workstation, such as a SPARC 2 or SPARC 10, to extract a map of (1/N) of the total 

elements( for example, if a 3,000-element lattice is divided by 10 sections, each section 

contains only about 300 elements). (4) Consecutive sections are then combined by 

concatenations of the sectional pairs to reduce the total maps by a factor of 2; this 

is done automatically by the communication software designed for this purpose, and 

the similar processes of parallel computing and concatenations is repeated until one 
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Table 5.1: The speed gain factor S(n) and efficiency of parallel processing 

map order a (sec) /? (sec) € 5"(16) [efficiency] 5(32) [efficiency] 

4 0.21 1.47 7.02 14.0 [86%] 23.6 [74%] 

6 2.45 43.9 18.0 11.7 [73%] 16.7 [52%] 

8 19.2 842 43.9 8.45 [52%] 9.89 [31%] 

map is left. This algorithm has been tested at the former Superconducting Super 

Collider Laboratory, and the results are satisfactory. 

5.2.2 Accuracy and efficiency tested in a computer experiment 

The Parallel Speed 

We performed a computer experiment to determine the efficiency and accuracy of 

parallel processing of the Taylor maps. Every factor in Eq.(5.5) can be obtained by 

recording the actual cpu time taken by process of individual elements. The relative 

speed is calculated against the speed of sequential process of one-turn map (n = 

1). The lattice we used consists of 3,145 thin-elements. The results are shown in 

Figure 5.2 and Table 5.1. We are using a series of Sun SPARC-2 workstations. The 

experiment is carried out in the night times or a weekend so that the machines could 

be used solely for the purpose of parallel processing. Table 5.1 lists the speed gain 

factor S(n) and the efficiency of parallel processing with three different map orders 

for two numbers of sections n = 16 and 32. It is easy to see that the speed gain factor 

and the parallel efficiency decrease as the order of map increases. This is because 

that number of monomials that have to be processed grows very rapidly, and hence a 

much longer concatenation processing time /? is required for higher order maps. Prom 



92 

e = 7.02 
e=18.0 
6 = 43.9 <6 40-

60 90 

Number of Nodes n 
150 

Figure 5.2: Parallel speed gain factor as a function of the number of nodes for 3 

different e's, which corresponds to a 4th (e = 7.02), 6th (e = 18.0), and 8th (e = 43.9) 

order maps respectively. The total number of elements N = 3145. 

Figure 5.2 and Table 5.1, it is obvious that the speed curve grows almost linearly when 

the number of nodes is small, and gradually loses its gain-per-node as n increases; it 

approaches its maximum very slowly, indicating that the efficiency is very low around 

that point. Therefore one should choose the number of nodes where the curve still 

looks quite linear, otherwise much of the time will be wasted in the processes of map 

concatenations and infomation exchange between different machines. 

The Accuracy of Concatenations 

A natural concern about map concatenation is whether or not one has to sacrifice 

the map accuracy in order to speed up map extraction. After testing extracting 

and concatenating maps with different number of sections, we obtain very reassuring 

results. Table 5.2 shows the difference between the maps obtained by concatenations 
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Table 5.2: The Deviations of Map Concatenations 

No. of map levels of binary No. of total r.m.s. deviations from 

sections tree structures concatenations one-turn map 

4 2. 3 3.83 x 10~n 

8 3 7 1.27 x 10"10 

12 4 11 2.07 x 10-10 

20 5 19 1.99 x 10~10 

30 5 29 1.78 x 10~10 

40 6 39 2.23 x 10-10 

50 6 49 2.19 x 10-10 

of various number of sections and the direct one-turn map. The lattice that has been 

used is of the size of the Large Hardron Collider (LHC) of CERN. It is easy to see 

that if the lattice is divided into N sections, then the number of concatenations to be 

performed is always N — 1, but the number of binary tree levels as shown in Figure 

5.1 is just In Nj In 2. The r.m.s. deviations for the concatenated map compared to the 

directly obtained one-turn map are calculated for all map elements, i.e., coefficients 

of all monomials in the Taylor map. We tested several cases with different map orders 

and obtained similar results. This is because that deviations in higher-order terms do 

not affect the accuracy of the lower-order terms if the map is extracted with respect 

to a closed orbit. The most important observation, however, is that the deviations 

are very small and barely grow as the sectional number of the map is increased. We 

conclude that the map obtained by concatenations are accurate and reliable. 

Parallel processing of mapping in the simulations of circular accelerators saves 
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tremendous amount of time for extractions of high-order maps, and gives accurate 

results. We have presented the algorithm, analyzed the gains and losses and shown 

how to implement such a process and make use of it successfully. We also have demon-

strated and explained the limitation of the speed involved in the map concatenations 

and how it affects our decision to choose an appropriate number of nodes for parallel 

processing. 



CHAPTER 6 

CHROMARICITY AND MULTIPOLE ABERRATIONS 

In this chapter, we study the issue of nonlineax aberrations caused by magnetic 

errors in terms of global Lie transformations. A Lie-algebraic algorithm is presented 

for comprehensive nonlinear corrections on an accelerator lattice or other beam opti-

cal systems, by using normal and skew sextupoles as correctors. The chromaticities 

of the off-momentum particles are compensated; but the undesired by-product, i.e., 

the second order nonlinear aberrations, caused by those chromatic correctors, is now 

avoided. Aberrations from other lattice errors in magnetic components are also cor-

rected up to the second order. A numerical study has confirmed the effectiveness of 

this algorithm. 

6.1 Introduction 

The presence of nonlinear forces in a particle accelerator or storage ring is unavoidable 

due to the following reasons: (1) one can not in practice build a perfectly linear 

machine because, more or less, there are always systematic and random errors in 

bending and focusing magnets, and (2) certain number of sextupoles are placed in 

the accelerator to correct the chromaticities, which are the tune shifts in the two 

transverse directions as a result of momentum spread in the beams of particles. These 

sextupoles disturb the stabilities, especially, the long term behavior, of the particles 

because of the nonlinear nature of the sextupole forces. 

A lot of works have been done in recent years to study the dynamics of charged 
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particles in an accelerator or storage ring by mappings [112]. One-turn Taylor-series 

maps have been used to analyze the accelerator stabilities in the presence of non-

linear aberrations [117] [118]. It has been shown that truncated Taylor map can be 

converted into a set of Lie transformations in order-by-order approximations and put 

into a Nonlinear Normal Form [119]. A mapping based on Lie-Transformation is sym-

plectic in its nature. It does not contain interdependent polynomial coefficients, and 

it uses an order-by-order global form, which makes map concatenations and analysis 

easier to perform. Analysis of concatenated global maps and observation of the spe-

cial properties of Lie transformations lead us to a formalism which accomplishes the 

corrections of chromaticities and second-order aberrations simultaneously. 

In Section 6.2, we introduce the Lie Transformations, global map presentation, 

and their properties. In Section 6.3, we derive the concatenation rules of global maps 

up to the second order. Chromatic and aberrational effects of normal sextupoles are 

analyzed in global forms in Sections 6.4 and 6.5, where a specific recipe for corrections 

is given. A numerical study is presented as an example in Section 6.5. The effects of 

skew sextupole are discussed in Section 6.6, and finally a summary and discussions 

are given in Section 6.7. 

6.2 Lie Transformations and Global Map 

6.2.1 Definition of Lie Operators 

First of all, we will briefly introduce the mathematical facts about Lie transformation 

(see [120] for more details). We define a Lie operator denoted as : f{z) :, where f{z) 

is an analytic function of canonical variables z:z = [x,px,y,py] in the 4-dimensional 

phase space, such that, 
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where the bracket [, ] is the Poisson bracket of the Classical Mechanics. This operation 

can be repeated to get the powers of Lie operators, for instance, 

Next we define the Lie Transformation associated with polynomial f(z): 

exp(: m :) = E ^ T : /(*) (6.2) 
TO=0 m -

provided the series is convergent. We can see that Lie operators and Lie transforma-

tions are compact mathematical forms for calculating the Poisson brackets. 

6.2.2 Properties of Lie Transformations 

All maps obtained by Lie Transformations are symplectic maps, hence satisfy the 

general properties of the symplectic maps. We will be using the following three 

important theorems frequently in this chapter: 

Theorem 6.1 

Let m(z) be a symplectic map and f(z) be a function of the phase space variables 

denoted by z. Then 

m(z)f{z) = f(m(z)z) (6.3) 

Theorem 6.2 

Let m(z) be a symplectic map and f(z) be a function of the phase space variables 

represented by z. Then 

m(z)e'^^:m~l{z) = (6.4) 

Theorem 6.3: 

Baker-Cambell-HausdorfF (BCH) Theorem [121] [122] [123]. Let e : / l^ : = 
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then 

M*) = / ( * )+ 9 « + [ m , g ( m + [9(2), ft(2)]] + • • • 

(6.5) 

6.2.3 Factorization of Lie Transformations 

In the analysis of an accelerator, each magnetic element is reduced into one or several 

thin elements, whose functions are represented by linear or nonlinear algebraic terms. 

The influence of a local element on the canonical variables is represented by a local 

map. By concatenating these elements to a certain order, one obtains a truncated 

Taylor map (Section 5.1), which consists of Taylor series of the coordinate and mo-

mentum variables. Nevertheless, the operational function of an element can also be 

represented by an operator, such as a Lie transformation, and the relationship ex-

pressed in this way is called a global map. For example, a 2x2 Courant-Snyder [26] 

matrix given by 

with 7 = 
1 + a2 cosfi otsin/i /?sin/i 

y — 7 sin /1 cos fi — a sin 

is the equivalent of the following Lie transformation, 

L(x,p) = exp{: - / / ( j x 2 + 2axp + (3p2)/2 :}, 

which can be checked up directly by operating L(x,p) on (x,p) according to Eq. (6.2): 

/ 

L{x,p) 
cosju + asin// /?sin fi 

— 7 sin fi cos fi — OL sin fx 

It has been shown that a truncated Taylor map can be converted to a factorized Lie 

Transformation. Another way for obtaining a global map for a whole machine is to 

sequentially concatenate the lattice elements directly in their global form. 



99 

The spread of kinetic energy or momentum in a particle beam is considered one 

of the major problems that disturb the stability of beam motion. The off-momentum 

deviation is defined as: 

8 = Ap/po 

In this thesis, we will not explicitly write out the twiss parameters as functions of 8 

for off-momentum particles; the most important quantity that is influenced by 6 is 

the chromaticity, or tune shifts due to momentum spread. Moreover, We can always 

include 8 into the twiss parameters at a later time in our formula when necessary. 

For instance, a betatron function (3(8) can be expanded as: 

/3(8) = (3Q + j3\8 + /?282 -\ 

A truncated Taylor map can be factorized into a product of a series of Lie 

transformations of homogeneous polynomials [120]. For an origin-preserving map, 

there is no constant terms in it, and a truncated Taylor map of order Q is generally 

factorized as: 

m(z, 8) = e:/2(*.*):
e
:/sW):... 

where fi(z,8), for i = 2,3, • • •, fi + 1, is a homogeneous polynomial of ith order in 

{z,8), and in particular, /2 (<?,£) represents the linear part of the map and can be 

written as (if uncoupled): 

h(z,6) = +/»,(«) (6.6) 

where 

J x ( x ) = IxX2 + 2axpx + f3xp
2
x ( 6 . 7 ) 

Jy{y) = KyV 2 a y P y + PyPy ( 6 -8 ) 
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6.3 Map Concatenations 

In the design of a beam optical system, normal sextupoles are introduced into the 

lattice to compensate chromaticities, i.e.,the changes in the circumferences and hence 

in tunes of the off-momentum particles. However, by doing so, nonlinear sextupoles 

forces are also brought into the lattice. The question that we want to ask is that 

whether or not we are able to arrange the sextupoles in such a way that the chro-

maticities are corrected and all the nonlinear terms are canceled, or if there are 

residual aberrations resulted from the magnetic errors, these sextupole forces could 

be used to cancel them, too. If this is true, then we will have a perfect machine up 

to the sextupole's order. 

We find that these goals can be achieved by properly placing a set of sextupoles 

into the machines, and adjust individual sextupole strength to a calculated value 

given in the following sections. We divide the whole accelerator lattice into N sections, 

and extract the sectional map for each of it. The total lattice is now obtained by 

concatenation of these maps. 

N 
m ( z , 6) = I I S)e:f3i(*,s): (6.9) 

1=1 

where Ci(z,6) is the linear operator of the ith section. For a moment, we assume 

that every section is linearly uncoupled or the coupling has been corrected. We will 

discuss the general coupled case later. 

Ci(z,6) = e ' * W : , (6.10) 

u m = -( i /2)[ /4 («)•£(*) + 4 W S M (6.11) 

where fJ?x(8) is the local phase advance within the ith section (not the total phase 

advance from the beginning of the lattice). fzi{z) is a homogeneous third order 
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polynomial; and in general form, 

/»•(*,«)= £ (6.12) 
/-f"jn"fW"fo=3 

where 

= <&*, + c j l j> + 0(«2) (6-13) 

6.3.1 Concatenation of 2 maps 

We want to find out what happens when two sectional maps are concatenated up to 

the second order. We need to find a linear operator £ and a third order homogeneous 

polynomial fz(z), such that 

C{z)eM*>: = C1{z)e:fili*)X2{z)e:f32&: (6.14) 

Notice 

RHS = Cle
h^-C^C.lC2e

s^{ClC2)-lClC'2 

and by using Theorem 6.2 , Eq.(6.14) can be rewritten as 

C(z)e:M*>: = e:/3l(£l^:e:/32(£l£2^:£i(5)£2(-z) 

Eq.(6.14) is true up to the second order of the map, so it must be true for a lower 

order. Taking it to the linear terms, we get the linear part of the concatenation. 

C(z) = Cx{?)C2{z) (6.15) 

and by applying BCH Theorem, we find that for any two third order homogeneous 

polynomials, hzi(z) and h^{z), the exponential addition rule is true up to the same 

order: 

exp{: hzx{z) :} exp{: h32(z) :} = exp{: h31(z) + h32(z) + 0(z*) :} (6.16) 
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because the commutator, [h3i (2),/132(f)], produces only terms which are higher than 

third order. Substituting Eq.(6.16) into Eq.(6.14),and using Theorem 6.1, we finally 

obtain: 

M?) = hd&t) + /32(?) + 0 ( f ) (6.17) 

6.3.2 Concatenation of N maps 

Similarly, if we want to concatenate N maps up to the second order , we need to find 

an C and an fz(z), such that 
£e:/s(5): = JJ Cie:f3i&: (6.18) 

t=1 
Following the same approach as before, we would find 

C — C\C2--'Cni (6.19) 

and 

h(z) = hi{£iz) + 0(2*), (6.20) 
t=i 

where £, = (£t+i£,+2..Xjv)~1, for i = 1,2, ..,N — 1, and £ # = I. 

6.4 Normal Sextupoles and the Chromaticity 

We attempt to correct the lattice by placing a sextupole at the end of each section. 

Let Ai be the ith sextupole's strength. 

A, = - ( § | 1 ) , (6.21) 
Po v dx2 /• ^=0 

With the additional sextupole terms, Eqs. (6.18)-(6.20) remain in the same form, 

only there is an extra term in f3i{z,S). Let Qsi(z,6) be the additional sextupole 

term, we find 

Qzi(z,6) = ^-[(rc + r)iS)3 - 3(x + r)i6)y2] 

= ~ %xy2) + 3rj(x2 - y2)S\ + 0(62) (6.22) 
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where fji = rjxi is the dispersion function of the x plane. As usual, let rjy = 0. There 

is a quadratic term in the last equation, which should be put into <$)• Let new 

linear operator be £ i ( z , 6 ) , which is 

£i(z, 6) = Ci{z, ^)e^^2-f2)«/2= (6.23) 

Since these are linear transformations, we can get the new tune by looking at their 

product in the form of Courant-Snyder matrices. Here x and y are are assumed to 

be separated. We take the x axis as an example. 

cos /4 (S) = ^Tr(Ci) = cos /4 (6) + ^ sin /4 (6) (6.24) 

and the new tune is 

*£(*) = (6.25) 

The chromaticities of the x and y directions are defined as 

= (6.26) 

and by using Eq. (6.25),the chromaticities are obtained (in the unit of 2tt): 

(6-27) 

where y are the natural chromaticities of the section i.The total chromaticities of 

the machine are thus given by summing up all the local the sectional terms. 

i i 

= (6.28) 

where is the natural chromaticity of the x or y transverse direction for the whole 

machine. From Eq. (6.28), we can choose the correctors strengths such that 

£x,y = 0 (6.29) 
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Traditionally, the equations in (6.29) are the only criteria for choices of sextupoles 

strengths. Those sextupoles that satisfy Eq.(6.29) are usually sources of nonlinear 

aberrations which causes instabilities in the motions of both on- and off-momentum 

particles. 

6.5 Second Order Aberrations 

The BCH Theorem will be applied in a lot of places, often implicitly, in this and the 

following sections, and in many equations, the "=" sign only means "equals up to 

the second order ". This is because we will not consider anything higher than second 

order . With the introduction of a sextupole at the end of each section, the new map 

for the whole machine can be rewritten as 

t { z , = n £•(*, S ) e * * m i (6-30) 
«=i 

where £;(.?, 8) is given by Eq. (6.23), and 

^.(^ 8) = hi{z, $) + ^(*3 - 3 x y 2 ) (6.31) 

By using the results from the concatenations of N maps as given in previous section, 

the total second order aberration term becomes: 

^3(2) = £ hAUT) + E £ [ ( i , * ) 3 - 3 ( i , - x ) ( U y ? ) ] (6.32) 
i= 1 i=l ° 

where L, = ( A + i A + 2 • • • ^at) -1, for i = 1 , 2 , N - 1, and LN = I. There would be 

no second order aberrations at all if we could adjust the sextupoles strengths, A,-, such 

that the 20 coefficients of the second order homogeneous polynomials in the above 

equation all equal zero. 

F3{?) = 0 (6.33) 

For this purpose, we multiply Eq.(6.33) by Ctot = CxC^.-Cn-, and define 

Li = Ctot Li = C\C-2 • • • A 
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then after applying Theorem 6.1, Eq. (6.32) and Eq. (6.33) are combined as: 

£ ML,Z) + •£ £ [ ( W - m ^ y ) 2 ) ] = 0 (6.34) 
t'=l i=l 0 

There is no constant term in Li, because the map is extracted with respect to the 

closed orbit, or fixed point. This means that every fz%(LiZ) will be just another third 

order homogeneous polynomial with 20 terms. The general form of fo{LiZ) is written 

as 

/»(*) = £ A i ( M (6.35) 
1 = 1 

= E E 4mnoxlP?ynP°y (6-36) 
1=1 /-fm+n+o=3 

= E clmnoXlp?ynp°y (6.37) 
/+m+n+o=3 

However, in the case of uncoupled Li, the Normal Sextupole part in Eq. (6.34) will 

only generate 10 terms, which will be explicitly given as follows. Let us define 

•Afo(2) - ^ [ ( M 3 - HLiX^Liy)2)), (6.38) 

We use the fact that a second order global map can be converted into a local map in 

a matrix presentation. In the Courant-Snyder parametrizations, we have 

LiX — (cos <f>l + a*x sin <f>,
x)x + PI sin <fix px (6.39) 

Liy = (cos (j>y + a>y sin <f>!j/)y + f3i
y sin <f?ypy (6.40) 

where {4>%
x,<j>%

y) are the global phase advance. Changing {< x̂Ay) into ( — — fy) in all 

the relevant previous and following equations will assign them back to be local phases. 

The difference arises from the fact that the ordering of global map concatenations are 

opposite to those of the local map. After substitution of LiX and into Eq.(6.38), 

we have 

= t £ + j £ £ <L*JpW, (6-41) 
/-fm=3 /-f ra=l n-fo=2 
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Table 6.1: Coefficients of Normal Sextupole Terms 

No. monomial coefficient expression in terms of twiss parameters 

1 X3 e30 (cos <f>*x + aj . sin $ . ) 3 

2 x2px 4 i 3/% sin <px(cos <px + 4 sin <&)2 

3 xpl e12 3(/% sin 4>i)2 (cos + 4 sin 4 ) 

4 Pi 4a (/% sin 0j.)3 

5 PxP2
y "0102 Pi ®in 4>x {P\ sin <j>y)2 

6 PxVPy <̂0111 2pl sin (j>i^y sin ^ (cos 4>\ + o£ sin <j?y) 

7 PxV2 rji 
"0120 Pi sin ^(cos </>; + a*y sin ̂ ) 2 

8 xp2
y 1̂002 (0j sin <A;)2(cos ̂  + 4 sin #.) 

9 xypy rf* "1011 2 « sin (f>i(cos ^ + 4 sin <f?v) (cos + a'x sin #.) 

10 xy2 
1̂020 (cos ̂  + 4 sin $J)2(cos <#. + 4 sin <&) 

where the polynomial terms and the corresponding coefficients are listed in Table 6.1. 

Finally, we have found a formula to calculate the normal sextupole strengths 

that we will need to correct both the chromaticities and "normal" second-order aber-

rations. Substituting Eqs. (6.37) and (6.41) into Eq.(6.34), we have the following. 

1 N 
cjk00 "I" g ~ 0) (6.42) 

i=l 

Vjf G [0,1,2,3], with k = 3— j; and 

1 N 
clmno ~ ~ ^2 ^id'lmno ~ 0? Z i=l 

(6.43) 

V/ € [0,1] with m = 1 — I, and Vn € [0,1,2] with o = 2 — n. Substituting Eq.(6.28) 
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into Eq.(6.29), we obtain the chromaticities equations: 

<6-44) 

Eqs. (6.42), (6.43) and (6.44) are the 12 equations that must be satisfied in 

order to correct both the chromaticities and the "normal" second-order aberrations. 

Therefore, the number of normal sextupoles required for these purposes is at least 12 

(Nmin = 12). When N > Nm;n , we will have more freedom to choose the strengths of 

these sextupoles, we can arrange them in such a way that the r.m.s. of the strengths 

become a minimum. This will prevent any of the sextupoles from getting a particu-

larly heavy load. 

The results from numerical studies have confirmed the effectiveness of this algo-

rithm. In Figure 6.1, we show typical tracking results in the transverse phase space 

after correcting the chromaticities by normal sextupoles, from (a) conventional 2-

family correction scheme (Eq.(6.44)), and (b) the comprehensive correction scheme 

described in this section (Eqs. (6.42)-(6.44)). We used a 10-cell circular FODO 

(Focusing-Drift-Defocusing-Drift) lattice, with 2 sextupoles in each cell. To make a 

simple situation, we included only normal systematic and random magnetic multi-

pole errors which are higher than the order of sextupoles, so that the only sources 

of the second order terms are from the chromatic correctors. In both cases particles 

are tracked 1,500 turns by using the Teapot [124] program, but with different sex-

tupole strengths calculated from the two different schemes. Both schemes were able 

to compensate the chromaticities of the two transverse planes, but the plots show 

that the nonlinearity has been reduced significantly in (b), which results in a larger 

linear aperture, and consequently a larger dynamic aperture. 
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Figure 6.1: Comparasion of the particle motions in the verticle (yj direction as seen 

in the phase diagrams for the two different correction schemes, (a) the two-family 

scheme in which the chromaticity is corrected at the expense of reduced linear and 

dynamic apertures, (b) the comprehensive correction scheme described in Sections 

6.5 and 6.6, in which compensation for the second order aberrations and correction of 

chromaticity are performed simultaneously. It is the same lattice as in (a), but with 

re-adjusted sextupoles strengths. The result is a larger linear and dynamic aperture. 
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6.6 Skew Sextupoles 

On the other hand, we notice that, out of the 20 possible second order terms, nor-

mal sextupoles can only provide 10; the rest, such as y3,y2px, etc., come from skew 

sextupoles. A complete second-order correction therefore requires the introduction 

of skew sextupoles. The effect of a skew sextupole in the second-order generating 

function fo(z,S) is shown by adding a skew term: 

«>3i(z, <5) = - f b 3 - 3y(ar + t^)2] 

= ~f (y3- 3x 2 y) + KiTjiSxy + 0(62) (6.45) 

where «,• is the ith skew sextupole strength. 

> ^ 

(6.46) 
_ e (d

2Bx ^ 
* Tin V f h f t ) i x=zy=0 Poy dy2 Ji 

There is a skew-quadrupole term, K^Sxy, showing up for the off-momentum 

particles, which should be combined with the linear part. However, after some ma-

nipulations of matrices and Lie transformations, one will find that the chromatic 

contribution of this skew term is second-ordered in 6, i.e., An oc 62; so unlike normal 

sextupoles, skew sextupoles do not affect the chromaticities, unless the machine is 

severely coupled. 

We proceed with the introduction of N2 skew sextupoles into the lattice, which 

will be divided into N2 sections just as with case of the normal sextupoles. By now, 

we could see that we just need to follow the same procedures as in the last section, 

only this time we switch x with y, and A,- with -K,-. In this way, all the coefficients 

in the fz{z) term will be canceled. Now Eq.(6.34) is revised with the addition of an 

extra term. 

Nl
 \- N* 

M?) + E "TP,*)3 - 3(L{x)(Liy)2)] - £ ^[(Lft/)3 - 3(£,-?/)(L.-x)2)] = 0 (6.47) 
i=1 0 ,=i o 
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Table 6.2: Coefficients of Skew Sextupole Terms 

No. monomial coefficient expression in terms of twiss parameters 

1 &30 (cos^ + a* s i n ^ ) 3 

2 y2Py &21 3 ft sin (cos <f>i + a>i sin <^)2 

3 to
 

&*12 3 {Py sin (j>l)2(c os ^ + aj, sin $ ) 

4 PI 0̂3 (/?;sin<£;)3 

5 PvPl a0201 /?£sin<^(/%sin$.)2 

6 PyXPx °iioi 2/3« sin sin (cos 0; + a£ sin $.) 

7 PyX2 a2001 ^ s i n $ ( c o s + °4 s i n & 
8 ypl °0210 (/% sin </£)2( cos ̂  + a£ sin 4?y) 

9 yxpx a'lll0 2/% sin (cos + aj. sin $.)(cos + a*y sin ̂ ) 

10 yx2 
°2010 (cos 4>%

x + a£ sin $.)2(cos <py + aj, sin <py) 

Let us define 

S»:(*) Ki 
[(Liy)3 - 3{Liy)(Lix)2)\, (6.48) 

then after substitution of Eqs.(6.39) and (6.40) into Eq.(6.48), we have 

s * ( 2 ) = - T E iLi/tZ i 

/-fm=3 

+ t E E (6.49) 
/-fro=2 n-fo=l 

where the polynomial terms and the corresponding coefficients are listed in Table 6.2. 

Finally, we have found the formula to calculate the skew sextupole strengths 

that we will need to correct the "skew" second-order aberrations. The 10 linear 
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equations axe 
1 N 

c ifcoo-SEK«6 ifc = 0 ' (6.50) 6 f = i 

1 N 

clmno + — E Kia\mno ~ 0 (6.51) 
2f=i 

where j + k = 3, Vj e [0,1,2,3]; l + m = 2, V/ € [0,1,2]; and n + o = 1 , Vn € [0,1] 

6.7 Summary and Discussions 

We have demonstrated how to make chromaticity and nonlinear aberrational cor-

rections by using Lie-algebraic tools. Explicit formula are derived to determine the 

correctors' strength. A similar approach can be made to analyze the octupole aber-

rations, and when the number of correctors is not sufficient to compensate all the 

coefficients in fi(z), a optimization scheme should be used to get maximum compen-

sations. In order to focus on our target on sextupoles terms and chromaticities, we 

used the order-by-order approach by neglecting all the higher order terms, because as 

long as a map is origin-preserving, a higher order term will not affect the lower order 

maps. 

We have made several approximations in the correction formalism. We shall 

briefly give their justifications and valid conditions. The first approximation is that 

the machine is decoupled or the coupling is negligible. In the design of any real 

beam optical system, linearly decoupling schemes are included so that the coupling 

is corrected to a minimum. Even when coupling is included, our formalism will not 

change essentially. For instance, the chromaticities in Eq. (6.28) does not change with 

coupling; and Eq.(6.48) remains the same, only the L,'s are replaced with coupled 

linear operators, explicit analytical formula for sextupoles strengths could be obtained 

using similar approach, but Eq. (6.48) will be more readily solved by numerical 

approach with a computer. 
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The second approximation that we have made implicitly was that the closed 

orbit does not change after nonlinear correctors are re-adjusted, and the same con-

clusion was made for the twiss parameters. In principle, the closed orbit changes 

whenever something has been changed in the lattice, such as the changes in magnetic 

strengths, element position or addition of a new element. However, the deviation of 

the closed orbit from the reference orbit is usually much smaller than the dynamical 

aperture (two order of magnitude smaller in our experiences), which means that the 

closed orbit varies in an area so close to the magnetic center that it remains in a 

extremely linear region. The result is a very small revision in the closed orbit by 

nonlinear forces. The same conditions go with twiss parameters. Consequently, the 

inclusion of sextupoles in the lattice will not jeopardize the application of the con-

catenated maps which are extracted w.r.t. the closed orbit and used for nonlinearity 

analysis of a one-turn map. 
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