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CHAPTER 1 

INTRODUCTION 

Given a sequence u> = 0*0^1^2... on a finite alphabet, denote by Ln(u) the set of all 

subwords of u of length n, that is Ln(oj) = ... u)j+n-1 | j > 0}. The complexity 

function p(n) = pu(n) is defined as the cardinality of Ln(u). A sequence is ultimately 

periodic if and only if for some n the complexity p(n) < n. A binary sequence OJ is 

called Sturmian if p(n) = n+1 for all n > 1. Thus among all non-ultimately periodic 

sequences, Sturmian sequences are those having the smallest complexity. Perhaps the 

most well known example is the Fibonacci sequence 

12112121121121211212112112121121121211212112112121121... 

defined as the fixed point of the morphism 1 h* 12 and 2 1. 

The study of Sturmian sequences was originated by M. Morse and G. A. Hedlund 

in the 1930s. Sturmian sequences have since been extensively studied from many 

different points of view. Some previous results are given in Chapter 2. 

We consider two natural generalizations of Sturmian sequences to alphabets of 

more than two letters. The condition p(n + 1) — p(n) = 1 implies that each word 

in Ln(u) is a prefix (suffix) of exactly one word in Ln+i(u) except for one which is 

a prefix (suffix) of two words of length n + 1. Thus a sequence u on the alphabet 

Ak = {ai, a 2 , . . . , afc} is called Sturmian (on k letters) if p(n) =n + k — 1. As in the 

binary case we have p(n + 1) — p(n) = 1. This notion of Sturmian was considered by 



S. Ferenczi and C. Mauduit in [FeMa]. A second generalization of Sturmian, which 

is the focus here, was originally introduced by P. Arnoux and G. Rauzy in [ArRa]: 

Definition 1.1 Let Ak = {ai,fl2, • • •, Qfc} with k > 2. A sequence ui in the alphabet 

Ak is called an Arnoux-Rauzy sequence if it satisfies the following four conditions for 

each n: 

• u> is minimal 

• the complexity function p(n) = (k — 1 )n + 1 

• each word in Ln(oo) is a prefix of exactly one word in Ln+i(u>) except for one 

which is a prefix of k words in Ln+i (iu) 

• each word in Ln(a>) is a suffix of exactly one word in Ln+i(u>) except for one 

which is a suffix of k words in Ln+1 (a;) 

In [ArRa] the authors focused on the special case k = 3. We note that if k = 2 then 

a; is a (binary) Sturmian sequence. A sequence is called minimal if every subword of 

the sequence occurs in bounded gap. 

Given an Arnoux-Rauzy sequence u on the alphabet Ak = {ai, 02,... , a*.}, denote 

by X = Xu the orbit closure of ui in Af with respect to the (left) shift map. We 

call X an Arnoux-Rauzy flow on Ak. For each n set Ln(X) = Ln(u) and define the 

language of X, denoted L(X), by L(X) = UnLn(X). Then p(n) is just the cardinality 

of Ln{X). It follows from Definition 1.1 that for each n, there is exactly one word 

in Ln(X) which is a prefix of more than one word in Ln+i(X). We call such a word 

right special and denote it r(n). Similarly, there is exactly one word in Ln(X) which 



is a suffix of more than one word in Ln+i(X) which we call left special and denote it 

l(n). Thus if w G Ln(X) is right special, then the concatenation wa G Ln+1(X) for 

every a G Ak, and similarly if w G Ln(X) is left special, then aw G Ln+i(X) for every 

a € Ah- A word which is both left and right special is called bispecial. 

We consider the passage from Ln(X) to Ln+i(X). Prom the set Ln(X) both l(n— 1) 

and r(n — 1) are identified. In case l(n — 1) / r(n — 1), then the passage from Ln(X) 

to Ln+i(X) is completely determined by Ln(X). In this case there is exactly one word 

in Ln(X) containing r(n - 1) as a suffix, and this word must be r(n). Every other 

word of length n has a unique extension by one letter to the right which is determined 

by its suffix of length n — 1. The second case is when l(n — 1) = r(n — 1), that is, 

l(n — 1) is bispecial. In this case there are k words of length n containing r(n — 1) 

as a suffix, and it is impossible to tell just from within Ln(X) which of these k words 

is r(n). Thus in case l(n - 1) is bispecial, the passage from Ln(X) to Ln+i(X) is 

achieved by 

(1) specifying which of the k words {oir(n — 1), a,2r(n — 1), . . . , a^r(n — 1)} is r(n), 

or equivalently the initial letter of r(n) 

and 

(2) specifying which letter must follow the remaining k — 1 words, or equivalently 

the terminal letter of l(n). 

In Chapter 3 we prove that for each n > 1, the word r(n) is just the mirror image 

(or reverse) of the word l(n) (see Proposition 3.1.5). In particular, the initial letter of 

r(n) is equal to the terminal letter of l(n). Thus, if l(n — 1) is bispecial, the passage 



from Ln(X) to Ln+1(X) depends only on (1), i.e., the initial letter of r(n). We encode 

this information in a sequence Ix = 3 5 follows: let {w^w^wz,...} be the set 

of bispecial subwords ordered so that 1 = |u>i| < \w-2.\ < |̂ U31 < — Set i\ = W\ G Ak, 

and for n > 2, let in G Ak so that inwn-i is right special. Then the sequence (in) 

completely determines L(X). We observe that for each a e Ak and each n> 1 there 

exists an m > n so that al(m) is right special. Otherwise by minimality X would 

contain a periodic sequence. This implies that each a G -A& occurs in (in) an infinite 

number of times. 

The sequence (in) defined above coincides with the sequence (in) defined by P. 

Arnoux and G. Rauzy in [ArRa] for k = 2,3 (see Proposition on page 206 for k = 2 

and Proposition on page 208 for k = 3). In Chapter 3 we give two combinatorial 

algorithms for constructing the characteristic sequence 1* from the sequence (in). 

The sequence 1^ € X is defined as the unique accumulation point of the set of all left 

special words. (See [ArRa], [Fe], [Mil], [Mi2], [Ta] and [Ro] for examples of algorithms 

for constructing sequences of specified complexity). The first method, which is the 

central idea of the paper, involves a simple combinatorial algorithm for constructing 

all bispecial words (See Theorem 3.2.5). Applied in the binary case, this algorithm 

provides a new method of generating characteristic Sturmian sequences. 

The second method is an S-adic description of the characteristic sequence: 

Theorem 1.2 Let X be an Arnoux-Rauzy flow on Ak and Ix = (in) the associated 

sequence defined above (see also Definition 3.2.1). For each a E A/, define the mor-

phism ra by Ta(a) = a and Ta(b) — ab for each b 6 Ak\ {o}. Then for each x G Ak 



the characteristic sequence lx is given by 

lirn r i l
o n 2 ° - - - ° r i „ ( x ) 

ra-»oo 

With respect to both algorithms, Arnoux-Rauzy flows arising from fixed points of 

primitive morphisms are characterized by an underlying eventually periodic structure: 

Theorem 1.3 An Arnoux-Rauzy flow X is primitive substitutive (i.e., X contains 

the image, under a letter to letter morphism, of a fixed point of a primitive substitu-

tion) if and only if the associated sequence (in) is eventually periodic. 

In thie binary case, the connection between Sturmian sequences and continued frac-

tions implies that the periodicity condition given in Theorem 1.3 is equivalent to the 

frequencies of the letters being quadratic irrationals. 

The algorithm described in Theorem 3.2.5 imposes a 'rigid' combinatorial struc-

ture on the characteristic sequence lx € X, partially shared by all sequences in X. In 

the fourth chapter, we show that the language L(X) contains arbitrarily large blocks 

of the type V2+e. 

Theorem 1.4 For each k = 2,3,4,. . . there is a positive real number e = e(k) such 

that if u) is an Arnoux-Rauzy sequence in A^, then u begins in an infinite number of 

blocks of the form UVVV' with V' a prefix ofV, and min{j^j} > e. 

In the binary Sturmian case we can say more: 

Theorem 1.5 Let u be a binary Sturmian sequence. For each N > 0 the sequence to 

contains a subword of the form VZV' = WW with \V\ > N, V' a prefix ofV, and 

1Z1L > I 
|V| - 8" 
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The power 3 in Theorem 1.5 is optimal as it is well known that the Fibonacci sequence 

does not contain any 4th powers (see [Mi2]). 

Combining Theorem 1.4 with a recent combinatorial version of Ridout's Theorem 

due to S. Ferenczi and C. Mauduit in [FeMa], yields the following generalization of 

Proposition 2 and Proposition 4 in [FeMa]: 

Theorem 1.6 If for some base b > 2 the digit expansion of an irrational number 9 

is an Arnoux-Rauzy sequence, then 6 is a transcendental number. 



CHAPTER 2 

HISTORICAL DEVELOPMENT 

2.1 Sturmian Sequences 

Extensive study has been done on binary Sturmian sequences, and numerous char-

acterizations of these sequences have been made from many different points of view. 

To begin, we will discuss some of the more important and relevant examples. 

In 1938, G. A. Hedlund and M. Morse wrote the first paper in the field of sym-

bolic dynamics [MoHel]. This paper is significant since, for the first time, symbolic 

sequences were studied apart from the other areas of mathematics. The name Stur-

mian was first used in 1940 in a second paper by Hedlund and Morse called Symbolic 

Dynamics II [MoHe2]. If u; is a sequence and it is a subword of 10 then denote the 

number of occurrences of a letter a in u by |«|a. A Sturmian sequence u was first de-

fined to be a sequence with the property that for each a 6 {1,2} and for all subwords 

u and v of u of equal length, | |u|a — |w|a |< 1. 

In [CoHe], an equivalent definition of Sturmian sequences is given, namely that 

Sturmian sequences have complexity p(n) = n +1. In other words, if u; is a Sturmian 

sequence, then for each n > 1, there are exactly n+1 subwords of u> of length n. This 

latter characterization is now usually taken as the standard definition. In addition, in 

[CoHe] the authors completely characterize sequences of complexity p(n) <n +1 and 

show that a sequence has complexity p(n) < n for some n if and only if the sequence 
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is ultimately periodic. Thus among all non ultimately periodic sequences, Sturmian 

sequences are those having the smallest complexity. 

Sturmian sequences also provide a symbolic coding of the orbit of a point on a 

circle of circumference one with respect to a rotation of an irrational number a (c.f. 

[MoHel], [MoHe2]). Conversely, if a is an irrational number, then the angle a divides 

a circle of circumference one into two "intervals", call them a and 1 — a. Rotate a 

point p € 1R around the circle by the irrational angle a. By recording a 1 when p 

lands in a and a 2 when p lands in 1 — a, a Sturmian sequence is obtained. 

Another way to generate Sturmian sequences is to take a ray that begins at the 

origin that has an irrational slope a. Consider the intersections of this ray with a 

square lattice on the xy-plane. Every time the ray intersects the lattice in a horizontal 

line denote it by 1, and every time the ray intersects the lattice in a vertical line denote 

it by 2. The record of these intersections forms a Sturmian sequence. The ray will 

never intersect the lattice in a corner since the ray begins at the origin. If, however, 

the ray does not begin at the origin, simply record the intersection of the ray with 

a corner by a 12 or 21. The set of finite subwords of this Sturmian sequence only 

depends on the slope a [LuMi]. 

A third method of generating Sturmian sequences is the following. Consider a 

square pool table from which a billiard ball is shot at an irrational angle a from the 

starting side. If the ball hits the starting side or the parallel side of the table record 

a 1, and if the ball hits either of the other two sides record a 2. If the ball follows 

the law of light reflection as it bounces around the table, by recording the associated 

numbers of the bounces in order, a Sturmian sequence is obtained [Mil]. 



In [Mil], we find another property of Sturraian sequences. If u) is a Sturraian 

sequence, then let a € [0,1) be the associated irrational number. The number a can 

be regarded as the frequency of 2 in the sequence w. If u E L(u>), then the &th power 

of u, uk, is the word formed by concatenating u with itself k times. So we have the 

following theorem: 

Theorem 2.1.1 (F. Mignosi, [Mil]) Letu) be a Sturmian sequence associated with 

a. Then there exists k G IN such that L(iv), the set of subwords of u, contains no 

kth powers if and only if a has a continued fraction expansion with bounded partial 

quotients. 

So if a sequence ui has an associated irrational number a that has a continued fraction 

expansion with unbounded partial quotients, then ui contains arbitrarily large kth. 

powers of words. We generalize this result for Arnoux-Rauzy sequences on k > 2 

letters in Corollary 3.2.6. 

In [Mi2], F. Mignosi gives a formula to calculate the number of factors of length 

m of all the Sturmian words. He proves the following theorem: 

Theorem 2.1.2 (F. Mignosi, [Mi2]) card(Am) = 1 + - i + 1 )<p(i) where 

Am is the set of subwords of length m of all the Sturmian words and (p is the Euler 

function. The Euler function (p is defined as follows: 

(p(i) = card{u € (0, l)|w =p/i, wherep,i 6 IN are relatively prime} 

Remark 2.1.3 Notice that Theorem 2.1.2 gives the number of subwords of length 

m of all the possible Sturmian words in all possible Sturmian sequences. Recall a 

particular Sturmian sequence u> can only have m + 1 subwords of length m. 
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Example 2.1.4 Let us consider the following example. Let m = 4 in the above 

formula. So 

4 

card(A4) = 1 + y~l(5 — i)<p(i) 
i=l 

= 1 + 4^(1) + 3y(2) + 2cp{3>) + ly(4) 

= 1 + 4 + 3 + 4 + 2 

= 14 

It becomes clear in Chapter 3 that the following 14 words are the only possible words 

of length 4 in a Sturmian sequence: 

1111 1112 1121 1211 1222 1221 1212 

2222 2221 2212 2122 2111 2112 2121 

In [LuMi], A. deLuca and F. Mignosi provide yet another characterization of 

Sturmian sequences. Given a non-empty word w = W1W2 •• -wn with Wi G {1,2}, 

1 < i < n, we define the reverse word wrev by wrev = wnwn_i • • • w2Wi. So we have 

the following definitions from [LuMi]. 

Definition 2.1.5 A word w is called a palindrome if w = wrev. 

Definition 2.1.6 A word w on {1,2} has the property R if |w| = 1 or when |iu| > 2 

then w = AB = Cxy, with A, B, C palindromes and x, y € {1,2}, x^y. 

Then the authors prove this property of the set of finite Sturmian words. 

Theorem 2.1.7 (A. deLuca, F. Mignosi, [LuMi]) The set of finite Sturmian words 

coincides with the set of subwords of the words having the property R. 
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This result demonstrates the symmetry apparent throughout Sturmian sequences. 

In [VB], V. Berthe obtains an interesting result regarding the frequencies of factors 

of length m in a Sturmian sequence. She precisely divides the factors of length m into 

three groups, corresponding to three different frequencies. The following definition is 

necessary in understanding the result. 

Definition 2.1.8 A Farey m-point is an element x € [0,1] such that x = | with 

P> 0, 1 < q < m, and gcd(p, q) = 1. 

Thus we have the following theorem: 

Theorem 2.1.9 (V. Berthe, [VB]) Consider a Sturmian sequence of angle a. Let 

m > 1. Let be two consecutive Farey m-points such that 21 < a < Sl. The 
<Zi Q2 qi q2 

frequencies of the factors of length m take one of these three values: 

p2 - aq2, aqi - pu a(qt - q2) + p2 - Pi-

Furthermore, there are 

• m — q2 + 1 factors of frequency p2 — aq2 

• m — qi + 1 factors of frequency aqi — p\ 

• (qi + 92) - m - 1 factors of frequency a(qx - q2) +p2 - pi-

The author also gives precise formulas to calculate the values of these three frequen-

cies. 
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2.2 The Fibonacci Sequence 

The most famous example of a Sturmian sequence is the Fibonacci sequence: 

12112121121121211212112112121121121211212112112121121... 

This sequence is the fixed point of the morphism a such that cr(l) = 12 and a(2) = 1. 

Define the sequence of subwords of the Fibonacci sequence as follows: let 

Wi = 1. Define wn = i). So wn = <7n-1(wi). Thus for all n > 1, wn is a prefix 

of wn+i, and we have 

{wn} = {1,12,121,12112,12112121,1211212112112,...} 

Leonardo de Pisa was a famous European mathematician during the middle ages 

[Kn]. He called himself Fibonacci, meaning son of Bonacci, and lived from 1175-

1250 A.D. in Italy. His main contribution to mathematics was helping to introduce 

the Hindu-Arabic number system in Europe, since at that time Europeans still used 

Roman numerals. This system is the decimal system we still use today. The new 

system was much simpler to use and employed the concept of an algorithm for doing 

arithmetic. It also introduced the idea of using the numeral 0, since at the time, 

no abbreviations were used in the Roman numeral system (such as IX for 9), and 

thus the order and placement of the Roman numerals did not matter (1003 could 

be written as Mill or IIIM). Fibonacci wrote a book called Liber abbaci (or Book of 

Calculating) explaining how to do arithmetic in the decimal system. In this book he 

included the following problem for his readers to practice their arithmetic skills: 
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A pair of rabbits axe put in a field and, if rabbits take a month to become 

mature and then produce a new pair every month after that, how many 

pairs will there be in twelve months time? 

This problem assumes that no rabbits escape and none die. When one solves this 

problem for the number of pairs there will be after m months, m > 1, the answer is a 

sequence that is also called the Fibonacci sequence: {1,1,2,3,5,8,13,21,...}, where 

if no = ni = 1 then nk = rik-i + «*_2, k >2. Fibonacci probably had no idea of the 

wealth of applications this sequence would have. The French mathematician Edouard 

Lucas discovered the first applications of this sequence in the nineteenth century, and 

he named the sequence the Fibonacci sequence. 

At first glance these sequences, {1,12,121,12112,12112121,1211212112112,...} 

and {1,1,2,3,5,8,13,21,...}, seem to have nothing in common, except that they are 

both called the Fibonacci sequence. In fact, for each k > 1, n* = |tUfc|. So these two 

representations are indeed related, and thus legitimately both called the Fibonacci 

sequence. The first sequence is also called the Golden String, and this one is clearly 

the type of sequence in which we are interested. 

Some of the results in §2.1 for Sturmian sequences are generalizations of prior 

results about the Fibonacci sequence. Specifically, the result of V. Berths, that the 

frequencies of factors of length m only take on 3 values [VB], is a generalization of 

a similar result by F. Dekking about the Fibonacci sequence [De]. The result of A. 

deLuca and F. Mignosi in [LuMi] that the set of finite Sturmian words coincides with 

the set of palindrome words was also originally proved for the Fibonacci sequence 

by A. Pederson in [Pe]. Another interesting result about the Fibonacci sequence 
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comes from P. Seebold [Se]. Let wk be a prefix of the infinite Fibonacci sequence, 

with |wfe| > 3. Then if there exists some p e IN, p > 2, such that |itfp| = np, then 

I^pU = %-i and \wp\b = rip-2, where a = 1 and b = 2. 

2.3 Arnoux-Rauzy Sequences 

We now turn to results by P. Arnoux and G. Rauzy on the alphabet A3 = {oi, aa, 03}. 

In [ArRa], they consider minimal sequences on three letters having complexity p(n) = 

2n + 1 satisfying the following combinatorial condition (*). 

Definition 2.3.1 A minimal sequence u on the alphabet A3 = {01,02,03} of com-

plexity p(n) =2n + 1 is said to satisfy the condition (*) if for each n: 

a) each word in Ln(oj) is a prefix of exactly one word in Ln+l(u) except for one 

which is the prefix of three words in Ln+i(ui) 

b) each word in Ln(u) is a suffix of exactly one word in Ln+i(uj) except for one 

which is the suffix of three words in Ln+1 (w) 

It is very useful to study these sequences via a graphical interpretation, giving rise 

to the following definitions from [ArRa]. Let Tn = Tn(X) denote the Arnoux-Rauzy 

graph where the set of vertices Vn of Tn is given by Vn = Ln(X) (all subwords of 

length n). 

Definition 2.3.2 Let u, v 6 Vn and let x G AThen we denote u —^ v if ux 6 

Vn+i («) and v is a suffix of ux. 
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So name the directed edge between two vertices according to the last letter of the 

word of length n at which the arrow arrives. In the above definition, the directed 

edge is called x. Thus each vertex u in Tn has exactly one directed edge originating 

at u except for one, call it r(n), which has three directed edges originating at it, and 

similarly each vertex u has exactly one directed edge terminating at u except for one, 

call it l(n), which has three directed edges terminating at it. 

Definition 2.3.3 The n-segment of the sequence ui is the word formed by concate-

nating the labels of the directed edges along the simple closed path in the graph Tn 

originating at r(n) and terminating at l(n). 

We can infer from the above definition that there are exactly k n-segments for the 

graph r n on k letters. 

In [ArRa], the authors demonstrate the method in which you move from the graph 

r n to the graph r n + 1 in terms of the n-segments for each graph. Let Un, Vn, Wn be the 

names of the n-segments corresponding to r n , and let Un+i,Vn+i,Wn+i be the names 

of the n-segments corresponding to Tn+1. If r(n) ± l(n), then Un = Un+1, Vn = Vn+l, 

and Wn = Wn+1. If r(n) = l(n), then Un+1 = Un, Vn+l = VnUn, and Wn+i = WnUn. 

These equalities are used to prove the following theorem for k = 3. The authors also 

prove a version of the theorem for k = 2, with Un and Vn defined in a similar fashion. 

Now for each a e Ak define the following morphisms for x € Ak : 

0a(x) = < 
a if x = a 

xa if x 7̂  a 
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Theorem 2.3.4 (P. Arnoux, G. Rauzy, [ArRa]) Let u be a minimal sequence 

on the alphabet {1,2,3} of complexity p(n) = 2n + 1 satisfying (*), and let Un, Vn, Wn 

be the names of the n-segments. Then there exists a sequence (in)n&s$> taking each of 

the values {1,2,3} an infinite number of times, such that 

Un = (TjQiTjj * • • (7jn (1) 

= &io&ii ' ' 

Wn = aioaii---ain(3) 

Conversely, i/(in)neiN is a sequence on {1,2,3} taking each value an infinite num-

ber of times, and if Un, Vn, and Wn are the words defined by the preceding equalities, 

then the set of subwords Un, n > 0, is the same as the one containing the set of 

words Vn or Wn, and it corresponds to the minimal dynamical system for which each 

point is a sequence on the alphabet {1,2,3} of complexity p(n) = 2n + l satisfying the 

condition (*). 

Proof. Proof by induction on n. Let n = 0. The graph T0 is the empty word where 

UQ = 1, VQ = 2, and WO = 3. Now suppose for 1 < k < n, we have defined a sequence 

{ik) such that Uk = aioah • • -aifc(l), 14 = (2), and Wk = aioau • • -crifc(3). 

Set a = If r(n) ^ l(n) then done. If r(n) = l(n) then Un+1 = Un = 

<r(l) — a O <ji(1). Also 144.1 = VnUn = a{2)a(l) = <r(21) = a o <ri(2). Similarly, 

Wn+i = WnUn = a(3)cr(l) = a(31) = a o ^(3). The same holds if in+l = 2 or 3, 

which proves the existence of (in). 

If the sequence (in) only takes one value from a certain point n on, say 1 and 2, 

then Un+P = Un, Vn+p = Vn(Un)
p, and Wn+P = Wn(Un)

p. So u; is eventually periodic, 
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contradicting minimality. If the sequence (in) only takes two of the values from a 

certain point n on, then the graph is reduced to a subgraph obtained by only 

considering the loops of the graph corresponding to Un and Vn. This produces a 

system of complexity n + C, where C is a constant depending on the point at which 

<73 disappeared, which is contained in the original system, again contradicting the 

minimality of ui. Therefore each of the values {1,2,3} must occur infinitely often in 

the sequence (in). 

Conversely, given a sequence (in) on {1,2,3} taking each value an infinite number 

of times, we can reconstruct the graphs r n where the subwords of Un, Vn, and Wn 

are the same. Then clearly we have a well-defined minimal dynamical system of 

complexity 2n + 1 satisfying the condition (*). £ 

Theorem 2.3.1 is used in Chapter 3 in a more general form (see Theorem 3.2.8) to 

prove Theorem 3.2.7. 

The main result of [ArRa] is the following theorem, proving that these sequences 

can be represented by an interval exchange on six intervals. This result generalizes 

the classical result mentioned in §2.1 that Sturmian sequences can be represented by 

irrational rotations of a point on a circle of circumference one. 

Theorem 2.3.5 (P. Arnoux, G. Rauzy, [ArRa]) If ui = (wn)n&n is a minimal 

sequence on the alphabet A3 = {ai, a®, a.3} of complexity p(n) = 2n + 1 satisfying the 

condition (*), then there exists an exchange of intervals f : S1 —¥ Sl, such that S1 

is a circle of circumference one, defined on six intervals A\, Bi, A2, B2, A3, B3, and a 

partition of S1 into three intervals Ii = AiU Bi that represents the sequence u>. 



CHAPTER 3 

COMBINATORIAL STRUCTURE 

3.1 Combinatorial structure of bispecial words 

Let LO be an Arnoux-Rauzy sequence on the alphabet Ak = {ax,a2,- ak} and X = 

Xu the associated Arnoux-Rauzy flow. We denote the length of a word w by |u>|. We 

regard the empty word, denoted e, as the unique word in L(X) of length zero. 

Given a non-empty word w = W1W2 -—wn with Wj G Ak we define the reverse word 

iorev by wrev = wnwn-i • • • w2w\. If u and v are non-empty words in L{X) we will write 

u uv to mean that for each word w e L(X) with |w| = |m| + \v\ if w begins in u 

then w = uv. If it is not the case that u h uv then we will write -i(u h uv). Similarly 

we will write vu H u to mean that for each word VJ € L(X) with |ty| = |u| + |t;| if w 

ends in u then w = vu. Otherwise we write ->(vu H u). 

Lemma 3.1.1 Suppose w € L(X) is either the empty word or bispecial and a E A^. 

Then aw is right special if and only if wa is left special. 

Proof. Because for each n > 1 there is exactly one left special word and one right 

special word in Ln(X) it suffices to show that if aw is right special then wa is left 

special. We proceed by induction on |iw|. If w is the empty word, then a is right 

special. There is a unique letter x e Ak such that for all y 6 Ak \ {a} we have y h yx. 

We claim x = a. Otherwise, if x =£ a, then x\~ xx a, contradiction. Thus a is also left 

special. 

18 
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Next suppose that |w| > 1. Again there is a unique letter x E Ak such that for all 

y 6 Ak\{a} we have yw b ywx. We claim x = a. Suppose to the contrary that i / a , 

Then xw b xwx. If no prefix of xw is right special then x b xw b xwx which would 

imply that X contains the periodic sequence xwxwxwxwxw..., a contradiction. So 

let v (possibly the empty word) be the longest prefix of w such that xv is right special. 

Since we are assuming that x ^ a, it follows that |t>| < \w\. Equivalently, we can write 

xw = xvu where u is not the empty word. By induction hypothesis xv b xvx, so the 

first letter of u must be x. Set u = xv!. It follows by maximality of v that xvx b xvxu'. 

Since xv and aw are both right special and |u| < |iw|, we have that xv is a proper 

suffix of aw and hence a suffix of w. Thus xw b xwx b xwxu' = xwu. But xw is a 

suffix of xwu since xw = xvu and xv is a suffix of w. This implies that xwun is a 

suffix of xwun+1 for each natural number n. Thus we obtain 

xw \~ xwu b xwuu b xwuuu b xwuuuu b . . . 

a contradiction. Hence x = a and wa is left special. $ 

Lemma 3.1.2 Let w e L(X) be bispecial and a € A^. 

(1) Suppose aw is right special and a b aw. Then wa b waw and waw is bispecial. 

(2) Suppose wa is left special and wa H a. Then waw H aw and waw is bispecial. 

Proof. The proof of this lemma relies on the previous lemma. In view of the com-

pletely symmetric nature of Lemma 3.1.1 and of the statements (1) and (2), we will 

prove only (1). Let us assume that aw is right special and a b aw. Clearly wa b waw. 

We show that waw is bispecial. Lemma 3.1.1 implies that wa is left special; since 
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wa b waw, we have waw is also left special. It remains to show that waw is also 

right special. For this it will suffice to show that wa~\ a since we already have that 

aw is right special. Suppose to the contrary that there is a proper suffix v (possibly 

empty) of w such that va is left special. Then by Lemma 3.1.1, av is a right special 

proper prefix of aw contradicting our assumption that a b aw. $ 

Lemma 3.1.3 Let w e L(X) be either empty or bispecial and a 6 Ak. 

(1) Suppose aw is right special and -i(a b aw). Let v (possibly empty) be the longest 

proper prefix of w with the property that av is right special. By Lemma 3.1.1 

we have w = vau for some u 6 L(X). Then wa b wau and wau is bispecial. 

(2) Suppose wa is left special and ->(wa H a). Let v (possibly empty) be the longest 

proper suffix of w with the property that va is left special. By Lemma 3.1.1 we 

have w = uav for some u € L(X). Then uaw H aw and uaw is bispecial. 

Proof. Again by symmetry it suffices to establish (1). We suppose aw is right special, 

and v (possibly empty) is the longest proper prefix of w with the property that av 

is right special. Since v is either empty or bispecial it follows by Lemma 3.1.1 that 

va is left special and hence a prefix of w. That is we can write w = vau for some 

u £ L(X). The maximality of the length of v implies that ava b avau. But since 

av is right special and |au| < \w\ it follows that av is a suffix of w and hence ava a 

suffix of wa. Thus wa h wau. We now show wau is bispecial. By Lemma 3.1.1 we 

have wa is left special and since wa b wau we have wau is also left special. Since 

av is a suffix of w it follows that avau is a suffix of wau. But avau = aw which is 

right special. Thus to see that wau is right special it suffices to show that wa H ava. 
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Suppose that some suffix of wa of the form zava (z e L(X) possibly empty) were left 

special. Then zav would be a bispecial suffix of w of length strictly greater than |u|, 

and zava is left special, and hence by Lemma 3.1.1 azav is right special. It follows 

from the maximality of the length of v that wa = zava. Jfk 

Remark 3.1.4 It follows from the previous lemmas that if w £ L(X) is bispecial 

then there is a shortest bispecial word W properly containing to as a prefix. Moreover 

W is of the form waw' where a e Af. is the unique letter for which aw is right special 

and w' (possibly the empty word) is a suffix of w. We also remark that W is also the 

shortest bispecial word containing to as a suffix and hence W is also of the form v'aw 

where a is as above and v' (possibly the empty word) is a prefix of w. 

Proposition 3.1.5 For each non-empty word v € L(X) we have v is right special if 

and only if frev is left special. In particular if v is bispecial then v = vrev. 

Proof. We proceed by induction on |v|. It suffices to show that if v is right special 

then urev is left special. We saw in the beginning of the proof of Lemma 3.1.1 that 

if |u| = 1 and v is right special, then v = vrev is also left special. Next suppose 

that |u| > 1 and v is right special. Let w be the unique left special word of length 

\v\. We show that w = vrev. Let v' denote the longest proper suffix of v which is 

bispecial, and w' the longest proper prefix of w which is bispecial. Since v' is left 

special, v' is a prefix of w. Since w' is chosen to be the longest bispecial prefix of w 

we have |it/| > |t/|. A similar argument shows that |u'| > \w'\ and hence v' = w'. 

Also by induction hypothesis we have that v'rev = w' = w'rev. We write w = w'aw" 

and v = v"bv' where a,b E A/, and \v"\ = \w"\. Since v' = w' and bv' is right special 
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it follows from Lemma 3.1.1 that a = b. So we have w = w'aw" and v = v"aw'. If 

\w"\ = 0 then urev = w'reva = w'a = w. So we can assume that \w"\ > 0. Let W be the 

shortest bispecial word containing w' as a prefix and hence containing w' as a suffix. 

In view of Remark 3.1.4 we can write W = w'aw'" = v"'aw' with w'" a suffix of w' 

and v'" a prefix of w'. The maximality of w' implies that w" is a prefix of w'" and v" 

is a suffix of v"'. It suffices to show that w"e'v = w'". But v'" is a prefix of w' and so 

v'r"v is a suffix of w'rev = w'. Since |u™v| = \w'"\ and both are a suffix of w' it follows 

that v"l, = w'" as required. £ 

Corollary 3.1.6 For each non-empty word v we have v 6 L(X) if and only if vrev e 

L(X). 

Proof . This follows immediately from the above lemma since for each word v e L{X) 

there is a bispecial word which contains v as a subword. & 

3.2 Constructing the characteristic sequence 

Let X be an Arnoux-Rauzy flow on = {ai, 02, . . . , a*}. 

Definition 3.2.1 Let {e = W\,W2, w$,...} be the set of all bispecial words in X 

ordered so that 0 = |wi| < |w2| < |w3| < . . . Let Ix = (in)£Li £ -A* be the sequence 

defined by in 6 so that inwn is right special. 

We saw in Chapter 1 that the sequence Ix completely determines the language L(X). 

Hence two Arnoux-Rauzy flows X and Y are equal if and only if Ix = Iy-

Definition 3.2.2 The characteristic sequence of X, denoted Ix = hhh • • • with k e 

Ak is the unique accumulation point in X of the set of all left special words in L(X). 
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Since inwn is right special is equivalent to wnin is left special (Lemma 3.1.1), the 

sequence (in) is a subsequence of the sequence lx- In fact, for each n we have in = 

J K | + i . Similarly there is a unique sequence r* = • •. r_3r_2r_i indexed by the negative 

integers with the property that r_„r_n + 1 . . . r_2r_i is right special for each n > 1. In 

view of Proposition 3.1.5 the sequences 1 and r are mirror images of one another, that 

is r-n = ln for each n > 1. 

We now give two combinatorial algorithms for building the sequence lx from the 

sequence (i„) (see Theorem 3.2.5 and Theorem 3.2.7). We begin with a combinatorial 

construction used in Theorem 3.2.5. 

Define a function F : t as follows: set 

Ak {ai, 02, • • • j o>k 5 > ®2j • • • ? 

and let 4> denote the morphism <j>: A'k —> Af. defined by </>(a;) = 4>{p>i) = a% for each 

1 < i < k. The morphism (j> extends to a morphism (also denoted by 4>) from words 

in A'k to words in Ak and from sequences in A'k to sequences in Ak. Given a sequence 

x = in we associate a sequence of words {B„}^=1 in the alphabet A'k as 

follows: Bi = Xi and for n > 1, Bn is obtained from Bfl_1 according to the following 

rule: if xn does not occur in Bn_x then Bn = Bn_iXn<p(Bn_i). Otherwise if xn occurs 

in Bn-1, then we can write Sn_ 1 = v'xnu' where v' and u' are words in A'k (possibly 

empty) and xn does not occur in u'. In this case we set Bn = Bn^ixn<f>(u'). The 

sequence of words {£?n}£Li converges to a unique sequence B in the alphabet A'k. We 

set F(x) = 4>(B). 
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Example 3.2.3 Let x = 1212121212 Then 

Bx = 1 

B2 = i21 

Bz = i2li21 

= 12112121121 

B5 = 1211212112112121121 

B6 = i2li212112li21211212112112121121 

Then 

B = 12112121121121211212112112121121121211212112112121121... 

and 

F(x) = 12112121121121211212112112121121121211212112112121121... 

is the Fibonacci sequence. In general the periodic sequence x = ln2nln2"ln2n, 

gives rise to the fixed point of the morphism 

1 !-• 1*2 

2 1 

Example 3.2.4 Let x = 123123123123.... Then 

Bl = i 
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B2 = 121 

B3 = 1213121 

B4 = 12131211213121 

B5 = 121312li2131212131211213121 

Then 

B = i21312li2131212131211213121312112131212131211213121.. 

and 

F(x) = 121312112131212131211213121312112131212131211213121 

is the fixed point of the morphism 

1 H> 12 

2 4 13 

3 i—y 1 

In general if x is the periodic sequence 

x = ajaj . . . ajjajaj • • • 0*0?<»2 • • • a* • • • 

then F(x) is the fixed point of the morphism 

a,j 1 y a"aJ+i, 1 < j< A: — 1 

a*; > ai 

Substitutions of this type were investigated by J.-i. Tamura in [Ta]. 



26 

Theorem 3.2.5 Let X be an Arnoux-Rauzy flow on Ak. Let lx £ X denote the 

characteristic sequence of X and Ix = (in) the sequence in Definition 3.2.1. Then 

each a £ Ak occurs in (in) an infinite number of times and lx = F{Ix)- Conversely, 

ifx. = is a sequence in Ak such that each letter a £ Ak occurs infinitely often 

in x, then F(x) is the characteristic sequence of an Arnoux-Rauzy flow. 

Proof. Let X be an Arnoux-Rauzy flow and Ix = (in) be as in Definition 3.2.1. We 

saw in Chapter 1 that each a £ Ak occurs in (zn) an infinite number of times. Let 

be the sequence of words defined above. Then Lemma 3.1.1, Lemma 3.1.2 

and Lemma 3.1.3 imply that {<£(#n)}£Li is precisely the set of all bispecial words. 

We prove this by induction on n. 

We show that for each n, <j>(Bn) is the shortest bispecial word containing <j)(Bn_i) 

as a proper prefix. We take B0 = e the empty word. For n = 1 we have that 

defined as the unique bispecial word of length one. Next suppose that 

{4>{Bi), 4>{B-2j,..., <j)(Bn_i)} are the n — 1 shortest bispecial words. Recall that in was 

defined as the unique letter in Ak such that is right special. By Lemma 

3.1.1, (j>(Bn-i)in is left special. 

We consider the two cases in the recursive definition of Bn separately. In case 

there is no occurrence of in in then <f>(Bn-i) satisfies the hypothesis of Lemma 

3.1.2 with w = <p(Bn-1) and a = in. It follows from Lemma 3.1.2 that 4>{Bn_i)in h 

<!>{Bn-\)in<i>{Bn_\) and (j>(Bn_i)in<f>(Bn_i) = <j){Bn). Thus 4>(Bn) is the shortest bispe-

cial word containing <j>{Bn-1) as a proper prefix. 

In case in occurs in J5n_i we write Bn-1 = v'inu' where in does not occur in it'. In 

this case <£(2?n_i) satisfies the hypothesis of Lemma 3.1.3 with w = <£(.Bn-i), a = in, 
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v = <j>(v') and u = <j>(u'). By Lemma 3.1.3 we have that (f>(Bn_i)in b <j)(Bn_i)in<j)(u') 

and cj)(Bn-i)in^(u') = <f>(Bn). Thus 4>{Bn) is the shortest bispecial word containing 

<f>(Bn-1) as a proper prefix. 

Having established that <f>(Bn) is bispecial for each n it follows that F(Ix) defined 

to be the limit of {^(Bn)}^=l is equal to the characteristic sequence lx-

The converse follows from our discussion in Chapter 1 concerning the obstruction 

in building the language L(X) of an Arnoux-Rauzy flow. We saw that the obstruction 

is coded in a sequence (in) with the property that each a G Ak occurs in (in) an infinite 

number of times. £ 

As an immediate consequence of the above construction we have the following 

generalization of a theorem of F. Mignosi [Mil] which states that if the sequence 

of partial quotients in the continued fraction expansion of the slope of a (binary) 

Sturmian sequence ui is unbounded then oo contains arbitrarily large powers of words. 

Corollary 3.2.6 If the sequence Ix = (in) contains arbitrarily large blocks of the 

form am for some a 6 ^4^, then for each N > 1 and M > 1 the language L(X) 

contains a block of the form VM where V is a word of length > N. 

We now establish the following alternative description of the sequence 1*. 

Theorem 3.2.7 Let X be an Arnoux-Rauzy flow on Ak and Ix = (in) the sequence in 

Definition 3.2.1. For each a £ Ak define the morphism ra by r0(o) = a and Ta(b) = ab 

for each b 6 Ak\ {a}. Then for each x 6 Ak the characteristic sequence lx is given 

by 

Hrn °r i 2 ° • • • ° (x) 
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Our proof of Theorem 3.2.7 uses a generalization of a result of Arnoux and Rauzy 

in [ArRa] (see Theorem 3.2.8 below). In order to state the result, we review some of 

the definitions which appeared in §2.3 from [ArRa]. For each positive integer n we 

consider the directed graph = T„(X) constructed as follows: the vertex set Vn is 

given by Vn = Ln(X) (all subwords in L(X) of length n). Given two words u,v eVn 

there is a directed edge labeled x € Ak from u to v if and only if ux e Ln+i(X) and 

v is a suffix of ux. Thus for each vertex u in Tn there is exactly one directed edge 

originating (terminating) at u except for the right special (left special) word u = r(n) 

(u = l(n)) in which case there are k directed edges originating (terminating) at u. 

For each positive integer n let wn+i denote the nth bispecial word (see Definition 

3.2.1). For x 6 A}., let f7(n,x) be the word formed by concatenating the labels of the 

edges along the simple closed directed path in r|WB+1| beginning and ending at ton+i 

whose first directed edge is labeled x (compare with Definition 2.3.3 from Chapter 

2). Then: 

Theorem 3.2.8 (P.Arnoux, G. Rauzy, [ArRa]) For each n > 1 and for each 

x € Ak 

U ( n , x ) = a h o a i 2 o - - - o a i n ( x ) 

where for each a e Ak the morphism aa is defined by aa(a) = a and aa(b) = ba for 

b G Ak \ {a}. 

Arnoux and Rauzy only prove Theorem 3.2.8 for k = 2 (Proposition on page 206) 

and k = 3 (Proposition on page 208). However the authors point out (in Remarque 

2 on page 202) that the results in [ArRa] generalize to all k > 2. 
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Before we prove Theorem 3.2.7, we need the following two lemmas. 

Lemma 3.2.9 For each a G Ara(w) = [o-0(iurev)]r J rev 

Proof. Proof by induction on |w|. For the case |tu| = 1, the result is clear. 

Now suppose for all w such that \w\ = j, 1 < j < n, ra(w) = [cra(wrev)]rev Now let 

w be such that |w| = n. So w = vb, for b G Ak and v with \v\ — n— 1. Thus 

Ta(w) = Ta(vb) = Ta(v)Ta(b) 

== [c"a (̂ 'rev)]rev [c~a (̂ )jrev = [< â(̂ )̂ a(̂ rev)] 

= [̂ o(̂ rev)]rev = a ( (^)rev)] 

= kaKev)] 

rev 

Jrev 

Jrev 

Lemma 3.2.10 For each n> 1 and for each x E Ak, 

TiiT~i2Ti3 . . . Tin (x) = [(Tjj (T̂ Ô g . . . 0~in (.x)]rev 

Proof. Proof by induction on n. For the case n = 1 the result is clear. Now suppose 

for all 1 < j < n, we have Thri2rh . . .n.(z) = [ahai2ai3... a{. (z)]rev. Thus 

. . . T%n (x) = 7"jj (Tj2Tt3 . . . Tjn (&)) 

= ([o"j2<Tj3... a in (x)]rev) by the induction hypothesis 

= Wh(°i2°i3 •••<7in(^))]rev by Lemma 3.2.9 

[ îi (Ti2<Jj3 . . . 0~in (x)]rev 
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Proof of Theorem 3.2.7. By Lemma 3.2.10 for each n > 1 and x E Ak 

Th ori2o...orin(x) = [ah oai2o...oain(x)]rev 

and hence by Theorem 3.2.8 

Th ° Ti2 O • • • O Tin(x) = (U(n,x))Kv • 

Set fi{n,x) = min{|C/(nja;)|, |wn+i|}- Since U(n,x) is a loop based at the nth bispecial 

word wn+i it follows that for each 1 < k < n{n,x) the kth. letter of (f7(n>a:)) is 

the kth letter of wn+x. In other words (kW)) rev
 a n d u>n+i have a common prefix 

of length n(n,x). Clearly |iun+i| -»• +oo as n -» oo. Now we need to show that 

| U(n,x) I -> +oo as well. Suppose to the contrary that there exists N such that for 

all n > N, \UM\ = N. So if wn+1 is the nth bispecial word, clearly |ton+i| > N. 

So if wn+i = uiu2... UNUN+I • • • then UN+I = ui since | | = N, and thus wn+i 

is periodic, a contradiction. Hence n(n, x) —v +oo as n oo and the sequence of 

compositions {r^ o n2 o ••• o rin (z)}^! converges to the accumulation point of the 

sequence which is l*- as required, £ 

Corollary 3.2.11 Each letter a E Ak occurs in (in) in bounded gap if and only if X 

is linearly recurrent in the sense of [DuHoSk] or [Du2j. 

Proof. By Theorem 3.2.7, each a G occurs in (in) in bounded gap if and only 

if X is a primitive S-adic subshift (see §2.5 in [Du2]). The result now follows from 

Proposition 5 in [Du2]. $ 

Compare this Corollary with Proposition 9 in [Du2]. 
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3.3 Primitive substitutive flows 

In this section we use the S-adic description of the sequence 1* to characterize Arnoux-

Rauzy flows X which arise from fixed points of primitive morphisms. 

Definition 3.3.1 A sequence u in a finite alphabet A is called, primitive substitutive 

if it is the image (under a letter to letter morphism) of a fixed point of a primitive 

substitution. A symbolic flow X is said to be primitive substitutive if it contains a 

primitive substitutive sequence. 

A morphism r on a finite alphabet A is called primitive if there is a positive integer 

N such that for all a, b € A the composition rN(a) contains an occurrence of b. 

(See [Qu]). We will use the following useful characterization of primitive substitutive 

sequences due to F. Durand. 

Theorem 3.3.2 (F. Durand, [Dul]) A sequence u> is primitive substitutive if and 

only if it has a finite number of derived sequences. 

A slightly more general characterization of primitive substitutive sequences together 

with a characterization of primitive substitutive flows is given in [HoZal]. 

Theorem 3.3.3 Let X be an Arnoux-Rauzy flow on Ak and Ix = (in) the sequence 

of Definition 3.2.1. Then X is primitive substitutive if and only if the sequence (in) 

is eventually periodic. 

Proof. In case (in) is eventually periodic, then by Theorem 3.2.7 there exist words 

v and w in Ak such that for each x € Ak 

1* = rv o tw o rw o tw o • •. (a;). 
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If u = U1U2. • • un with Ui € Ak, then ru denotes the composition ru i o TU2 O • • • o rUn. 

Since each letter in Ak must occur in (in) an infinite number of times, the word w 

contains each letter in Ak, and hence tw is a primitive morphism. Thus lx is the 

image (under the morphism r„) of the fixed point of the primitive morphism rw. 

Proposition 3.1 in [Dul] says that a sequence u is also primitive substitutive if it is 

the image under a letter to word morphism (such as rv) of a fixed point of a primitive 

substitution. Thus using this result, we conclude that 1* is primitive substitutive. 

Conversely suppose X is primitive substitutive. We use the following lemma 

proved in [HoZa2]: 

Lemma 3.3.4 (C. Holton, L.Q. Zamboni, [HoZa2]) Let Y be a primitive sub-

stitutive flow. Then any point y € Y having more than one backward extension is 

primitive substitutive. 

The above lemma implies that lx is a primitive substitutive sequence. By Theorem 

3.2.7 

0J = lx= ton rh o ri2 o • • • o Tin{x) 

For each m > 1 set 

Tim ° nm+1 o - • • o rim+n (x) 

Then for each m > 1 

w(m + 1) = Jim rim+l o Tim+2 o • •. o rim+n(x) 
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is (up to a bijection between Ak and {1,2,. . . , &}) a derived sequence of ui. In fact 

u(m + 1) is (up to a bijection) the derived sequence of 

w(m) = Jim nm o nm+1 o • • • o Tin (x) 

with respect to the initial letter of u>(m). (c.f. [Dul] and [HoZal]). More precisely, if 

a € Ak denotes the initial letter of a>(m), then a is the unique bispecial word of length 1 

in L(u(m)) and therefore the return words to a are given by {a}U{a& | b G A&\{a} }. 

(c.f. [Dul] or [HoZal] for a precise definition of return words). The sequence u(m+1) 

is obtained from u{m) by coding the return words to a as follows (In [Dul] and 

[HoZal] return words are coded by the 'derived alphabet' {1 ,2,. . . , k} in order of first 

appearance.): the return word a is coded by the letter a while for each b G Ak\ {a}, 

the return word ab is coded by the letter b. Since ui has only finitely many return 

words, the sequence (in) must be eventually periodic. $ 



CHAPTER 4 

TRANSCENDENCE 

4.1 Powers of words 

Throughout this section we assume X is an Arnoux-Rauzy flow on Ak. We saw in 

Corollary 3.2.6 that if the sequence Ix = (in) contains arbitrarily large blocks of the 

form am for some a G Ak, then for each N > 1 and M > 1, the language L(X) 

contains a word of the form VM for some word V of length > N. We now show that 

for each X the language L(X) contains arbitrarily large words of the form V2+e. For 

k = 2 we will show that L(X) contains arbitrarily large blocks of the form V3+e. 

Proposition 4.1.1 Let X be an Arnoux-Rauzy flow on Ak. There exists a positive 

number CQ = €Q (k) and an infinite number ofbispecial words of the form UVVV' with 

• V' a prefix of V. 

• rron{^,j j j |} > e0. 

Corollary 4.1.2 The characteristic sequence \x begins in an infinite number of words 

of the form WWw where w is a prefix of W. 

Proof. Proposition 4.1.1 implies that l x begins in an infinite number of bispecial 

blocks of the form UVVV' where V' is a prefix of V. Writing V = V'V" we obtain 

UVVV' = (iuvvv'u = { v ; M { v ; ^ ) v : ^ . 

So take W = and w = F/ev. « 
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We begin with a series of lemmas. Let Ix = (in) £ Af be the sequence defined 

in Definition 3.2.1. 

Lemma 4.1.3 Let {wi,w2,wz,...} be the set of bispecial words in L(X) ordered so 

that 0 = |u»i| < |ix?21 < 11(̂31 < — For each n > 1 we can write wn+i = wninvn for 

some suffix vn of wn. Moreover |un| —> oo as n —> oo. 

Proof. This follows immediately from the definition of the function F defined in the 

previous chapter, the proof of Theorem 3.2.5, and the fact that for each letter a G Ak, 

in — a for infinitely many n. In fact, if in ^ in+1, then \vn\ < |un+i|. f 

Lemma 4.1.4 There exist a £ Ak and a word W (in the alphabet A}.) of length 

< k — 1 such that the block aWa occurs an infinite number of times in (in). 

Proof. In fact for each block B of length k + 1 in (in), there is a letter in Ak which 

occurs twice in B. £ 

Lemma 4.1.5 Let a G Ak be as in Lemma 4-1-4- There exist K\ > 0 and an infinite 

number of words of the form wauau e L(X) with w, wau, and wauau each bispecial 

and |u| < Ki\w\. 

Proof. Let a and W be as in Lemma 4.1.4. In view of Lemma 4.1.3 (applied \W\ 

times), for each occurrence of aWa in (i„) (say aWa = inin+1... z„+|W|an+|VK|+i) we 

can write Wn+iwi+j. = wnaun and w„+|W|+2 = wnaunaun for some word un. Moreover, 

since \W\ <k — 1, it follows from the proof of Theorem 3.2.5 that 

\U n| < K l + (2|w„| + 2) + (4|u»„| + 4) + . . . + (2fc-1|wn| + 2fc_1). 
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In other words, for each n < j <n + |W|, we have |wj+i| < 2\wj\ + 1. Hence there is 

a constant Ki> 0 (depending only on k) so that \un\ < Kx\wn\. $ 

Proof of Proposition 4.1.1. By Lemma 4.1.5 there exists K\ > 0 and an infinite 

number of words of the form wauau 6 L(X) with w, wau, and wauau each bispecial 

and |it| < Ki\w\. We consider two cases: 

Case 1. \w\ < |u|. 

In this case w is a suffix of it and we can write u = vw for some word v. This gives 

the decomposition wauau = (wav)(wav)w. In this case we take V = wav, V' = w 

and U = e (the empty word). Then 

|V'| |w| H > lw| > 1 
|V| |tuau| |«| + 1 2\u\ 2 Ki 

Case 2. |io| > |«|. 

We consider two subcases: in case |to| > 3(|m| +1), let Ki > 3 be the largest positive 

integer such that |w| > K2{\u\ + 1). We write K2 = 3r + s for some integer r > 1 

and s G { 0 , 1 , 2 } . Since w is a suffix of wau, the defining condition of K2 implies that 

w = w'(au)r(au)r(au)r for some word w' with |w'| < 3(|w| + 1). In this case we take 

U = w' and V = V' = (au)T. Then 

M = i w i _ r ( i M i + i ) > i > i 
\U\ \w'\ Itw'l - 3 - 3" 

It remains to consider the case in which |u| < |io| < 3(|tt|+l). Since u is a suffix of to we 

can write w = zu for some word z. This gives the decomposition wauau = z(ua)(ua)u. 

In this case we take U = z, V = ua, and V' = u. Then 

|V| _ |ita| ^ |u| + 1 ^ 1 
\U\~~W~ ~ R ~ > 3 



37 

and 
|y'| _ \u\ _ [it| > 1 
|V| |txa| |«| + 1 — 2' 

To complete the proof of Proposition 4.1.1 we have only to take eo as the minimum 

of the two numbers {3^7, |}- • 

Definition 4.1.6 Given two occurrences of a subword w in a sequence x, say x = 

uw... = uvw... the word v is called the offset between these two occurrences of w. 

Lemma 4.1.7 Let u and w be subwords of lx with uw bispecial. Then the offset 

between any two consecutive occurrences of w in lx has length at most |w| + \w\ + 1. 

Proof. Let {wi,w2,ws,...} be the set of all bispecial words in L(X) ordered as in 

Lemma 4.1.3. Fix N so that = uw. By Theorem 3.2.5 for each n > N either 

wn+x = wninwn (case 1) or wn+i = wninvn for some suffix invn of wn (case 2). In 

case 2 we can write wn = Wjinvn for some j < n. We divide case 2 into two subcases: 

|u>j| < | w | (case 2a) and |iUj| > |iu| (case 2b). We first observe that in all cases w is a 

suffix of wn since we are assuming n > N. If n = N then the offset between any two 

consecutive occurrences of w in wn = WN = uw has length at most \u\ < |tt| + |w| + l. 

In case 2b we have that w is a suffix of both wn and Wj and hence the length of 

the offset between any two occurrences of w does not increase in passing from wn to 

wn+\. On the other hand in case 1 or case 2a the length of the offset between the last 

occurrence of w in wn (viewed as as an occurrence of w in wn+i by regarding wn as a 

prefix of wn+i) and the next occurrence of w in wn+i is at most |u| + |w| +1. Thus for 

all n > N, the offset between any two consecutive occurrences of w in wn has length 

at most |it| + |if | + 1 as required. $ 
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Corollary 4.1.8 Let u and w be as in Lemma Then each sequence x E X 

begins in a block of the form u'w where |m'| < |m| + |w| + 1. 

Combining Proposition 4.1.1 and Corollary 4.1.8 we obtain: 

Theorem 4.1.9 For each k > 2 there is a positive number e = e(k) such that each 

Arnoux-Rauzy sequence u> on begins in an infinite number of blocks of the form 

UVVV' where V' a prefix ofV and -^ } > e. 

In case k = 2 we can say more: 

Theorem 4.1.10 Let u be a binary Sturmian sequence. For each N > 0 the sequence 

u) contains a subword of the form VZV' = WW with |V| > N, V' a prefix ofV, 

and ^ 

Proof. We can suppose that u is a Sturmian sequence on the alphabet {1,2}. Let 

X = Xw be the associated flow and Ix = (in) as in Definition 3.2.1. Let {u>n} be the 

set of all bispecial words in L(X) ordered so that 0 = |iui| < \w2\ < |iy3| < Recall 

that inu>n is right special for each n > 1. We consider three cases. First suppose 

that (in) contains infinitely many occurrences of either 111 or 222. Without loss of 

generality we can suppose 111 occurs an infinite number of times in (i„). For all n 

sufficiently large, if in+j = 1 for 0 < j < 2. then we can write wn = unlvn and 

^n+3 = wnlvnlvnlvn = unlvnlvnlvnlvn for some un,vn e L(X). In this case we can 

take V = V' — lvn. 

In the second case we suppose that (in) contains finitely many occurrences of 

both 111 and 222 but infinitely many occurrences of either 11 or 22. Without loss 
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of generality we can assume that 11 occurs an infinite number of times in (in). Thus 

either 1211 or 12211 must occur an infinite number of times in (?„). Then for n 

sufficiently large, if inin+1 = 11 we can write wn = unlvn and wn+2 = wnlvnlvn = 

unlvnlvnlvn for some un,vn 6 L(X). If \vn\ < |u„| then vn is a suffix of un and 

un = u'nvn for some u'n € L(X) so that wn+2 = u'nvnlvnlvnlvn. In this case we take 

V = vnl and V' = vn. On the other hand if |un| > \un\ then un is a suffix of vn and 

vn = v'nun for some v'n and we can write wn+2 = unlv'nunlv'nunlv'nun. In this case we 

take V = unlv'n and V' = un. Because ultimately there are no occurrences of 111 and 

222 it is not difficult to see that for large enough n we have the inequality k l < 7\un\. 

Hence 

\v\ _ K l = K l K l ^ i 

|V| |«„1<| |u„| + 1 ~ 7|«n| + 1 ~ 8 

In the final case we can suppose that (in) has finitely many occurrences of both 11 
and 22. Then (in) is ultimately equal to the periodic sequence 1212121212 Then 

for n sufficiently large, if inin+iin+2 • • • in+6 = 1212121 then we can write wn+2 = 

wnlun2vn and 

^1+7 ^n+2l^n2vjl2vjjltifj2vfjlujj2i'jl2(i?rilwn2ujl2i'jlltijl2) (wjjlitn2un2i)jjliijj2) 

(wji lun2vn2vn\un2^vn2vn\un2vn\un2vn2vn lun2v n 

for some un,vn e L(X) with |u„| > |un|. (We put the ' for clarity). In this case we 

take V = and y = and 

\V'\ k l k ! 1 
\V\ 3|u„| + 2\un\ + 5 ~~ 5|v„| + 5 — 6' 

This completes the proof of Theorem 4.1.10. & 
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4.2 A connection with transcendental numbers 

It is generally believed that the digit expansion of an algebraic irrational number a 

is very random (It is conjectured that an algebraic irrational number is normal in 

each base b > 1.) and cannot be generated by a simple algorithm. For instance the 

Champernowne number x = .1234567891011121314..., obtained by concatenating 

the decimal expansions of the consecutive integers, was shown to be transcendental 

by K. Mahler in [Ma2]. J. Loxton and A. van der Poorten [LoPo] stated that the 

digits in the fc-ary expansion of an algebraic irrational could not be generated by a 

finite automaton, i.e., a deterministic machine having a finite number of allowable 

states. 

In [FeMa] Ferenczi and Mauduit derive the following combinatorial translation of 

a well known theorem of Ridout [Mai]. 

Theorem 4.2.1 (S. Ferenczi, C. Mauduit [FeMa]) Let 9 be an irrational num-

ber, such that its k-ary expansion begins, for every integer n E IN, in O.UnVnVnV^, 

where Un is a possibly empty word and where Vn is a non-empty word admitting 

as a prefix. If |K| tends to infinity, l imsupj^j < oo, and liminf > 0, then 9 is 

a transcendental number. 

Ferenczi and Mauduit used Theorem 4.2.1 in [FeMa] to show that a real number 

whose base b digit expansion is an Arnoux-Rauzy sequence on k e {2,3} letters, is 

a transcendental number. Theorem 4.2.1 was also used by J.-P. Allouche and L.Q. 

Zamboni in [AlZa] to show that a real number whose base b digit expansion is a fixed 

point of a binary morphism (either of constant length > 2 or primitive) is either 
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rational (if and only if the sequence is eventually periodic) or transcendental. 

Combining Theorem 4.2.1 with Theorem 4.1.9 gives: 

Theorem 4.2.2 If for some base b > 2 the digit expansion of an irrational number 

9 is an Arnoux-Rauzy sequence, then 9 is a transcendental number. 
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