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In the present study, parameter estimates, standard errors and chi-square statistics 

were compared using normal and elliptical estimation methods given three research 

conditions: population data contamination (10%, 20%, and 30%), sample size (100, 400, 

and 1000), and kurtosis (kappa =1,10, 20). An EQS structural equation model program 

was used to simulate population data sets across levels of the research conditions. A 

Bentler-Weeks structural model established the relationship between the sample variance-

covariance matrix and the specific structural equation model. Results indicated that 

parameter estimates were similar across research conditions for both the normal and 

elliptical theory estimation methods. The standard errors for the elliptical least squares 

estimation methods were larger than the normal theory least squares estimation methods. 

The ratio of the standard errors were approximately two to one. The standard errors 

were similar for GLS and ML estimation methods. The normal and elliptical theory chi-

square values were similar, robust and statistically non-significant using least squares 

estimation methods supporting the model to data fit function. The elliptical chi-square 

values were greater than the normal chi-square values given GLS and ML estimation 

methods. The T-values were non-significant for all estimation methods. Further study 

should investigate elliptical estimation methods under different conditions. 
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CHAPTER 1 

INTRODUCTION 

Overview 

Multivariate data analytic techniques use different estimation methods to derive 

sample estimates of population parameters (Marcoulides & Hershberger, 1997). The 

different estimation methods function differentially under different assumptions. Of 

particular interest in the present study are those estimation methods related to normal 

distribution theory and elliptical distribution theory Used in structural equation modeling. 

Some type of estimation method is used in all parametric statistics, e.g., factor 

analysis, regression analysis, discriminant analysis, and canonical correlation analysis 

(Ferguson & Takane, 1989). The estimation methods fall under two basic categories: 

normal theory and ellipsoidal theory. Least squares (LS), generalized least squares 

(GLS), and maximum likelihood (ML) estimation procedures assume normal distribution 

theory (Bollen, 1989). Elliptical LS, Elliptical GLS, and Elliptical re-weighted least 

squares (RLS) procedures assume an ellipsoidal distribution theory (Bentler, 1992). 

In the present study, the normal and elliptical estimation methods are applied to 

the estimation of parameter estimates, standard errors and chi-square statistics derived 

from the relationship between the sample variance-covariance matrix and a specified 

structural equation model. The chi-square statistic, or fit function, indicates the degree of 
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approximation between the population variance-covariance matrix, S, and the sample 

variance-covariance matrix, 2. A different fit function is indicated for each type of 

estimation method. If the structural equation model is correct and the population 

parameters known, then S will equal S, and the chi-square statistic will equal zero. 

Rationale for the Study 

The present study was undertaken to compare parameter estimates, standard 

errors, and chi-square statistics under known population conditions. The population 

conditions varied depending upon normal or elliptical population distributions, kurtosis, 

sample size, and degree of population data contamination. 

Multivariate statistics assume multivariate normality of observed variables. A 

violation of this multivariate normality assumption leads to questions about effects upon 

parameter estimates and standard errors. The concern therefore is whether multivariable 

statistical methods are robust to violations of certain assumptions( e.g., kurtosis). 
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Purpose of the Study 

The purpose of the present study was to investigate the robustness of normal and 

elliptical estimation methods in determining structural equation modeling parameter 

estimates under differing conditions, such as sample size, kurtosis, and levels of 

population data contamination. A Monte Carlo investigation under known population 

conditions permitted an explanation of how the estimation methods differed. 

Problem Statement 

Different estimation methods tend to yield different parameter estimates, standard 

errors, and fit functions. The results and interpretation of specified analyses can 

potentially differ based upon which estimation method a researcher chooses. Knowing 

which estimation method to use given a normal or ellipsoidal distribution and other data 

properties will lead to a better selection and interpretation of data analytic results in 

structural equation modeling. 



Definition of Terms 

Multivariate statistics: The branch of statistical analysis which is concerned with the 

simultaneous investigation of two or more dependent variables (Fish, 1988; 

Kachigan, 1986). 

Normal Estimation: The methods that researchers use to estimate parameters in statistical 

analysis, e.g., least squares, maximum likelihood (Bentler, 1992; Bollen, 1989). 

Elliptical Estimation: A particular distribution of observed variables which have a 

multivariate elliptical shape, e.g., correlation data (Bentler, 1992; Bollen, 1989). 

Elliptical distributions include the multivariate t-distribution (Hotelling T) and the 

contaminated normal distribution. 

Least squares estimates: A parameter estimation procedure based on minimizing the 

residual sum of squares (Huet et al., 1996). 

Generalized least square estimates: A parameter estimation procedure that minimizes the 

weighted sum of squares( Fox, 1997). 

Maximum likelihood estimates: The values of the parameters (as functions of y, y2 yn) 

that maximize the "likelihood function" (i.e., the joint density of the observation 

vectors y, y2 y„). These values can sometimes be found by differentiation 

(Rencher, 1998). 



Limitations and Delimitations 

The present study will be limited to an investigation of three different sample 

sizes (100,400, 1000), three levels of kurtosis based on Mardia K coefficient (1,10,20), 

and three levels of population data contamination (.10, .20, and .30) in comparing 

multivariate ellipsoidal estimation methods with normal theory estimation methods. 

Even though variable weighting procedures are relevant to all parametric 

statistical procedures, the present study will delimit the investigation to the comparison of 

normal and elliptical estimation methods in structural equation modeling. A Bentler-

Weeks model is hypothesized with a single structural coefficient for purposes of 

comparing the estimation methods (Schumacker & Lomax, 1996). 



CHAPTER 2 

REVIEW OF LITERATURE 

The present study compared normal and elliptical estimation methods in a 

structural equation model. This chapter provides a review of relevant research literature. 

The review of literature is organized into sections as follows: ( a ) fit function, ( b ) 

multivariate normal theory ( c ) multivariate elliptical theory, and ( d ) Monte Carlo 

simulation. Following the review of the literature, the research questions that guided the 

present study are presented. 

Fit Function 

The fit function or chi-square statistic is used to gauge the approximation of the 

population variance-covariance matrix, 2(0), to the sample variance-covariance matrix, 

S, given parameter estimates derived by an estimation method (Bentler & Bonett, 1980). 

The fit function is denoted as: F( S, 2(0)). If the estimates of 0 are substituted in 2(0), 

A A 

this yields the implied sample variance-covariance matrix, £ . Obviously, if S - E = 0 , 

then the sample parameter estimates derived from the estimation method perfectly reflect 

the population parameters, and chi-square equals zero. 

The elements of the population variance-covariance matrix are denoted as: 



1(0) = 
( / - 5 ) _ I ( r o r ' + . ^ x ^ - b t v ( i - B y 1 r<D 

-i 0> 

with the variances and covariance of the observed variables identified more clearly as: 

S w 
var(>) COV(>,JC)' 

cov(x,j;) var(x) 

and the related population structural parameters denoted as: 

z w = 
fax + Wxx fax 

fax fax 

In practice, one typically does not know the population variances and covariances 

or the population parameters. Hence, the task is to obtain sample estimates of the 

unknown population parameters based on the sample variance-covariance matrix using a 

given estimation method. Once sample parameter estimates are derived in the following 

matrix: 



1 = $1 + ^11 $1 
$\\ $\\ 

one can compute the model implied sample variance-covariance matrix, E . Sample 

/v 

parameter estimates are derived such that I is as close to S as possible. The difference 

A 

between S and X is reflected by the fit function, that is, the chi-square value 

(Schumacker & Lomax, 1996). 

Multivariate Normal Theory 

The multivariate normal distribution with certain statistical assumptions has played 

a fundamental role in multivariate statistical analysis (Muirhead, 1982). The basic 

properties of a 

p x 1 random vector of observed scores, y, with a p-variate normal distribution can be 

described as follows: 

1) If y_has a p-variate normal distribution, then there exists a mean vector (i, 

where 

H = E(y), and a covariance matrix E, where E = cov(y), and the 

distribution of y_is 
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determined by |i and E. Thus, one can describe the normal variate 

distribution by y_~ Np (|i, E). 

2) If y_~ Np (fi, E) holds, then the characteristic function ( c.f.) will be given by 

</>y{t) = exp{it'p - 1 / 2 t ' l t ) . 

3) Given y_~ Np (ji, E), then the probability density function (p.d.f.) can be written 

by: 

%) = (2k)"p/2 ( det Ey'fexpO'/a (y- n)' E'1 (y-n)]. 

The least squares estimation method (LS) which assumes multivariate normally 

distributed variables minimizes the following discrepancy function: FLS = .5 tr [(S - E)2] 

where the degrees of freedom are: df = .5 (p + q)(p + q + 1) -1, where t = the number of 

independent parameters to be estimated, n = the number of observations or sample size, (p 

+ q) = the number of observed variables analyzed, and tr = the trace or diagonal sum of 

the matrix elements (Schumacker & Lomax, 1996). The fit function or chi-square statistic 

is equal to (n -1) FLS. 

The generalized least squares estimation method (GLS ) yields the following 

discrepancy fit function: FGLS = . 5 tr[(S - 2) S"1]2, where S"1 is a positive definite weight 

matrix of residuals derived from differences in the matrix elements( i.e., S - 23). A 

sufficient condition for the underlying normal distribution assumption to hold is that the 

observed variables do not have excessive kurtosis. Basically, the kurtosis of each 



10 

observed variable should equal zero, which is the kurtosis of a normal distribution 

(Bollen, 1989; Browne, 1974). 

The default estimation method in most computer programs is the maximum 

likelihood estimation method, which can be derived by assuming that the observed 

variables y in a p x 1 vector are multivariate normally distributed. The MLE parameter 

estimates are obtained by minimizing the following discrepancy function: 

F M L
 = tr (S S-1) - (p + q) + In | S | - In | S |. 

If the covariance matrix, S, is close to the predicted population matrix, 2, then the model 

/ v / \ 

fits the sample data, and approaches zero (i.e., if E ~S, then In j S | - l n | S | = 0). 

Likewise, if S ~S, then the trace or sum of the diagonals will be approximately equal to 

(p + q), the number of observed variables analyzed, and the value of tr (S 2"1) - (p + q) 

will approach zero. In large samples and under specific conditions (Browne, 1974, 1984; 

J5reskog, 1967), (n -1 )FML ~ %2, where (p* - q) and p* = p(p+l)/2 are the degrees of 

freedom and q is the number of parameters to be estimated. Therefore, the fit function 

yields a chi-square statistic. 

Normal Theory Estimation Methods 

The multivariate normal distribution of z variables has a mean vector, p., and a 

covariance matrix, 2, described by the density function: 
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y —e~
z 1 2 

where Y_= height of the normal curve for z variables, it = a constant 3.1416, and e = base 

of Napierian logarithm = 2.7183 (Ferguson & Takane, 1989). Standard score variables 

have a mean = 0 and a standard deviation = 1. Thus = 0 and o = 1. The area under the 

normal curve is unity. 

A general formula to derive sample parameter estimates in a structural equation 

model given the normal distribution theory assumption is (Bentler, 1992): 

12 
QM = 2~ltr[(S-l)W2] 

The weight matrix, denoted as W2 in this general formula was replaced by any of the three 

normal theory estimators of E"1: 

(a) W2 = I (identity matrix) gives normal theory least squares(LS) 

(b) W2 = S"1 gives normal theory generalized least squares(GLS) 

A 

(c) W 2 = S gives normal theory re-weighted least squares(RLS = ML). 

Multivariate Elliptical Theory 

Elliptical theory is based on a broad class that includes both heavy and light tailed 
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symmetric distributions relative to the normal distribution. The characteristic function of 

an elliptical distribution for some function i|r (Muirhead,1982) is of the form: 

^(0 = e'"V (t'Vt)-

For mi 2, Berkane and Bentler(1986) defined 

K(m) +1 = ——— 

o v ' m m 

where \|r(m>(0) and i|r (0), respectively, are the m* and the first derivative of ijr, evaluated at 

zero. Assume n=0 without loss of generality, and [itU2 _ am
 = E(Xj, Xc XCm) Berkane and 

Bentler (1986) showed that, if i, = i2=... =i2m= I, then 

A 2 " = ^ w m ) + i x , « ; 2 T 
z ml 

This relationship characterizes the elliptical distribution, i.e., if a random variable y has 

density fy(y), if all odd moments are zero, and if the (2m)th moment exists and is defined 

by M-2m = C(m)((a2)
m, for some constrained C depending on m, then y is elliptically 

distributed. 
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Elliptical Theory Estimation Methods 

The multivariate ellipsoidal distribution of y variables has a mean vector, |a, and a 

covariance matrix, 2, described by the following density function (Bentler, 1983): 

kx dQt(iyV2g(k2(z- ju)'l~l(z- / / ) ) 

where k, and k2 are constants and g is a non-negative function. This density function 

yields a contoured ellipsoidal probability distribution. The y variables have a common 

kurtosis parameter of: 

K = 

anu 
3<7„2 - 1 

which describes the tails of the distribution relative to the multivariate normal distribution. 

The multivariate normal distribution is therefore a special case of the multivariate 

ellipsoidal distribution when K = 0. Values for the parameter K, other than 0 (zero), 

characterize elliptical distributions (Berkane & Bentler, 1987a; 1987b). 

A general formula to derive sample parameter estimates given the ellipsoidal 

distribution theory assumption (Bentler, 1992) is: 

Qe = 2 *(k+l) V (S-S)WL d tr(S-S)W-
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The weight matrix, denoted as W2 in this general formula is replaced by any of three 

ellipsoidal estimators of S"1: 

(a) W2= I =1 gives elliptical least squares(ELS) estimates; 

(b) W2 = S"1 (fixed) gives elliptical generalized least squares(EGLS) estimates; 

/V 

(c) W2 = £ (iteratively updated) gives elliptical re-weighted leastsquares 

(ERLS) estimates. 

The Mardia-based K coefficient (Mardia, 1970; 1974) can be used in computing 

elliptical computations (Bentler, 1992). The default computation of K is given by (Shapiro 

& Browne, 1987) is given by: 

* &2,p 
K l = p { p + i y 

where, 

(zt - z)'S~\zt - z) -p(p+ 2) 

is the deviation from the expected multivariate Mardia-based K kurtosis value. The z 

notation references raw score and mean vectors, respectively. 

The normalized (standard score) estimate is given by: 
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&2,p 

1/2 ' (8p(P+2)/N) 

which, in large samples, operates the same as the unit normal variate in the normal 

distribution density function. The normalized estimate can be used to test the null 

hypothesis of multivariate normality. The relative merits of alternative estimators of K has 

not yet been established (Bentler, 1992). In non-elliptical populations, these estimators do 

not necessarily converge. The Mardia-based K coefficient, however, does have asymptotic 

expectation and variance, such that: 

E{KX) = K . 

The application of normal versus elliptical distributions to structural equation 

modeling is based on theoretical considerations. It is possible that failures of normal or 

elliptical estimation methods can be associated with the estimation of K (Tyler, 1983). 

In most estimation methods, however, an assumption underlying the fit function is that the 

variables have some particular multivariate distribution, either normal or elliptical. The 

A 

chi-square (x2) test is used as a goodness-of-fit test (fit function) between S and E , given 

optimal sample weight matrix estimates. One would therefore expect the parameter 

estimates, standard errors, and fit function to differ under these two distributions, with an 

expectation that normal theory estimation methods work best under normal distributions 

and elliptical theory estimation methods work best under elliptical distributions. 
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Monte Carlo Simulation 

A number of studies have addressed issues relevant to Monte Carlo simulations. 

Mooney (1997) stated that: 

Monte Carlo simulation offers an alternative to analytical mathematics for 

understanding a statistic's sampling distribution and evaluating its behavior in 

random samples. Monte Carlo simulation does this empirically using random 

samples from known populations of simulated data to track a statistic's behavior. 

The basic concept is straightforward: If a statistic's sampling distribution is the 

density function of the values it could take on in a given population, then its 

estimate is the relative frequency distribution of the values of that statistic that 

were actually observed in many samples drawn from that population. Because it 

usually is impractical for social scientists to sample actual data multiple times, we 

use artificially generated data that resemble the real thing in relevant ways. The 

recent availability of high-speed computers makes this approach now widely 

practical for the first time in history, (p. 2) 

Monte Carlo simulation methods have been used for various purposes (Thompson, 

1986). Monte Carlo simulation methods often start with the creation of a large population 

of data with known characteristics predetermined by the researcher. Samples of data are 

then randomly selected and sample results are calculated over and over again, usually 

1,000 times, for each specific population of data. These results are averaged to determine 
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the degree to which sampling error causes bias in estimates of population parameters 

(Thompson,1990). 

Gerbing & Anderson(1992) examined three structural equation Monte Carlo 

studies. In the first study, Babakus, Ferguson, and Joreskog(1987) assessed the sensitivity 

of maximum likelihood confirmatory factor analysis to violations of measurement scale 

and distribution assumptions. Babakus et al. (1987) found that for the nonnormal 

categorizations, there was an upward bias in the chi-square values. The effects of sample 

size were mixed, depending on the particular significance; root mean square residual 

(RMR) values were remarkably greater under nonnormal categorizations. In the second 

study, La Du and Tanaka (1989) utilized a Monte Carlo study to examine the behavior of 

the goodness of fit index (GFI) and normal fit index (NFI) under two types of estimation 

methods: maximum likelihood(ML) and generalized least squares(GLS). They analyzed 

both simulated multivariate data sets under a known population model with samples drawn 

from a data base of self-report and behavioral data that was known to be multivariate 

non-normal, and for which the correct model was only approximately known. In the third 

study, Maiti and Mukherjee(1991) proposed a fit index called the Index of Structural 

Closeness(ISC), that is defined as the ratio of a function of the residuals and observed 

covariances computed with ML and GLS, respectively. Maiti and Mukherjee included the 

smallest sample size for any Monte Carlo simulation study of fit indices with n = 20. 

A number of studies have shown how the estimation methods compare in relation 

to : (a) parameter estimates, (b) standard errors, (c) chi-square statistics, (d) kurtosis, and 
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(e) Mardia-based coefficient^). The relevant research on each of these topics is 

presented next. 

Parameter Estimates 

The effects of varied estimation methods on the parameter estimates have been 

studied with some frequency. 

Harlow(1985) concluded that ML and ERLS parameter estimates were 

comparable in a Monte Carlo factor analysis simulation study. Likewise, Henly(1993) 

pointed out a striking resemblance between ML and GLS estimates. Muthen and 

Kaplan(1985) also did not find significant differences between estimates generated via the 

ML and GLS estimation methods. Finally, Wang, Fan, & Willson(1996) found the results 

from the ML and GLS methods to be practically identical except for some insignificant 

differences. 

Boomsma(1983) in a Monte Carlo study using ML estimation with normal 

continuous data, found that "Generally for N ^200 there is little bias in estimating 

parameters..."(p. 116). Boomsma also examined categorical, skewed, and kurtotic data, 

and he concluded that parameter estimates were unbiased for N = 400 using the ML 

estimation method. Boomsma's findings were corroborated by a Monte Carlo study by 

Muthen and Kaplan(1984) which studied estimates based on ordered categorical data 

using ML, GLS and ADF estimation methods. Muthen and Kaplan found that ML, GLS, 
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and ADF methods were unbiased when using a sample size of 1000. Browne (1982, 

1984) conducted a Monte Carlo study of ML and ADF estimation in both normal and 

non-normal continuous data with N = 400 and N = 500. Browne suggested that 

parameter estimates were unbiased when using ML estimation in normal samples. 

Hoogland and Boomsma (1998) found that the bias of ML parameter estimates 

increased when the level of univariate skewness and kurtosis deviated increasingly from 

normal theory values. Hoogland & Boomsma (1998) also suggested that a larger sample 

size(n > 500) was a remedy for obtaining unbiased parameter estimates. 

Wang, Fan, and Willson(1996) concluded that population parameter mean 

estimates across 100 replications approached the population values as the sample size 

increased from 200 to 500 to 1000. The differences between the minimum and maximum 

parameter estimates decreased remarkably with an increase in sample size. The quality of 

parameter estimates was not of much concern even with non-normal data, provided that 

appropriately large samples were used. Wang et al also found that the parameter 

estimates appeared to stabilize when the sample size reached 500. 

Weng and Cheng(1997) computed the three normal theory estimators given the 

null model in SEM. The ML and LS estimation methods yielded an identical estimator, 

which was different from GLS. In computing the three estimators given the null model, 

the relative fit indices using ML estimation were more appropriate than GLS estimation 

because ML yielded better parameter estimates than GLS in terms of ability to recover the 

sample variances of the observed variables. 
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Standard Errors 

Several researchers suggested that estimated standard errors showed no bias when 

using ML,GLS, and ADF estimation methods with approximately normal data (Boomsma, 

1983; Browne, 1982,1984; Muthen& Kaplan, 1984). 

In non-normal samples, however, there was evidence of negative bias in estimated 

standard errors when using ML with continuous data (Browne, 1982,1984; Tanaka, 1984) 

in sample sizes of 100 (Tanaka, 1984). 

In non-normal samples using ML with categorical data, estimated standard errors 

showed some bias with 400 or more observations (Boomsma, 1983; Muthen & Kaplan, 

1984). 

Boomsma (1983) offered empirical evidence that the bias of ML standard error 

estimates depended on the model characteristics for the normally distributed variables. 

Basically, bias was reduced when the factor parameter estimates and the number of 

indicators per factor increased. 

Hoogland and Boomsma (1998) recommended that when the theoretical standard 

errors were used as population values, the sufficient sample size for acceptable bias of ML 

estimates was often much smaller than 500 for multivariate normally distributed variables. 

Under multivariate normality, a sample of 600 seemed large enough to yield acceptable 

standard errors for parameter estimates using the ML estimation method. 

Chou, Bentler, and Satorra (1991) studied the performance of the robust ML 
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estimator of parameter estimates and standard errors. When the observed variables had 

excessive kurtosis, these robust estimates were superior to the usual ML estimates, using 

empirical standard errors as a criterion. The researchers consequently developed a robust 

chi-square statistic termed Satorra-Bentler chi-square which is often reported in practice 

when using non-normal data. 

Chi-Square Statistic 

A number of studies have investigated the chi-square statistic in both normal and 

non-normal samples. In non-normal samples with positive kurtosis, the chi-square 

statistic based on the ML estimation method was too large, causing the rejection of a true 

structural equation model too often (Bentler, 1983a; Harlow and Newcomb, 1984; 

Muthen and Kaplan, 1984; Tanaka, 1984). In studies using ML estimation with normal 

samples, the chi-square statistic had little bias with samples ranging from n > 30 (Geweke 

& Singleton, 1980), to n = 200 (Boomsma, 1983), to n = 500 (Browne, 1982, 1984), to n 

= 1000 (Muthen & Kaplan, 1984). 

Wang, Fan, and Willson (1996) explained that the adjusted chi-square test 

(Satorra-Bentler re-scaled chi-square) reported in the presence of elliptical distributed data 

can provide acceptable conclusions given an appropriate sample size that balances the 

statistical power of the test with sampling variation. 

Hoogland and Boomsma (1998) suggested that the ML chi-square statistic often 



22 

rejected the true model when the sample size was smaller than five times the number of 

degrees of freedom of the model. When the observed variables had an average positive 

kurtosis as large as 5.0, the sample size may have to be increased by up to 10 times the size 

of the model. Given that the model is appropriate, the GLS chi-square statistic may have 

an acceptable performance for a sample size that is two times smaller than the sample size 

needed for an acceptable performance of the ML chi-square statistic. 

Weng and Cheng (1997) recommended that although chi-square values given by 

ML, LS, and GLS estimators differ, the effects of this discrepancy on relative fit indices 

may diminish as sample size increases. For example, if a model fits the data and the sample 

size is very large, ML and GLS estimation methods yield a very similar chi-square statistic 

(Browne, 1974). 

Kurtosis 

A number of studies have examined the kurtosis in both normal and non-normal 

data. Browne (1982, 1984) and Browne and Cudeck (1983) developed an asymptotic 

distribution free index which permitted the use of a generalized least squares estimator 

even when the variables exhibited excessive kurtosis ("peakness") or insignificant 

kurtosis("flatness") in the multivariate normal distribution. Social scientists frequently are 

concerned about the skewness in their data; however, Browne indicated that in fact it is 

the kurtosis, not skewness, that was critical because kurtosis is a term in the mathematical 
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expression for the covariances. That is, when data are not normally distributed, the 

researcher must know about the variables kurtosis, as well as the variable means and 

covariances, in order to make inferences about individual patterns of scores. 

Hoogland and Boomsma (1998) concluded that the bias in parameter estimates 

increased when the absolute value of the kurtosis increased. There is a remarkable effect 

on the sign of the kurtosis, namely, the bias of ML estimates is positive for platykurtic 

distributions and negative for leptokurtic distributions. Bias becomes most extreme when 

the underlying distribution is highly leptokurtic. Harlow (1985) had previously studied the 

ERLS (Elliptical reweighted least squares) estimation method and found it performed the 

best at different levels of K > 0. 

Research Questions 

Because elliptical distribution theory represents a correction to the normal 

distribution theory to incorporate kurtosis, normal theory estimation methods may be in 

error in cases in which when elliptical theory methods work well (Harlow, 1985). This 

leads to an investigation of differences in normal theory estimation methods (LS, GLS, 

and ML) and ellipsoidal theory estimation methods (ELS, EGLS, ERLS). To investigate 

possible differences in the estimation method effects on parameter estimates, standard 

errors, and chi-square statistics for a given structural equation model, the following 

research questions were posited and subjected to empirical investigation in the present 
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study: 

1. Are the structural coefficients estimates generated by normal theory and 

elliptical theory estimation methods significantly different under different levels of 

population data contamination (.10, .20,.30), sample size (100, 400,1000), and kurtosis 

(1,10, 20)? 

2. Are the parameter standard errors generated by normal theory and elliptical 

theory estimation methods significantly different under different levels of population data 

contamination (.10, .20, .30), sample size (100,400, 1000), and kurtosis (1, 10, 20)? 

3. Are the chi-square fit statistics generated by normal theory and elliptical theory 

estimation methods significantly different under different levels of population data 

contamination (.10, .20, .30), sample size (100, 400,1000), and kurtosis (1, 10,20)? 



CHAPTER 3 

METHODS AND PROCEDURES 

The purpose of the present study was to compare structural coefficients, standard 

errors, and chi-square statistics between normal and elliptical estimation methods in a 

structural equation model under three research conditionst(a) population data 

contamination,(b) sample size, and (c) kurtosis. 

Simulated Data Sets 

The EQS software program (Bentler & Wu, 1995) was used to generate the 

population variance-covariance matrix based upon the Bentler-Weeks structural equation 

model. The EQS software program permitted the specification of different population 

data contamination factors (.10, .20,.30), sample size (100, 400,1000), and kurtosis (1, 

10, 20). The EQS program also permitted several replications based upon these 

conditions. The fit functions (%2), structural coefficients (y), and standard errors were 

saved in separate files and compared across these research conditions. 

Structural equation modeling estimates are asymptotic, meaning that they 

approach the true population value as sample size increases. Consequently, three sample 

sizes of 100,400, and 1000 were chosen for the study. These sample sizes seemed to be 

suitable for three reasons. First, Boomsma (1983) suggested that ML estimation was 
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robust against departures from normality with a sample size of400. The present study 

examined whether ML estimation with a sample of400 could be extended to a smaller 

sample of 100. Second, several researchers (e.g., Bentler, 1983b; Browne, 1982,1984) 

suggested that larger sample sizes may be needed when estimation methods include 

fourth-order moments (kurtosis). The three sample sizes chosen for the study could help 

determine how many observations are needed for elliptical estimation methods. Third, 

covariance structure applications in the literature have employed real data with sample 

sizes below 100(e.g., Geiselman, Woodward and Beatty, 1982) or above 1000 (e.g., Huba 

et al.,1981). It seemed reasonable to use sample sizes of 100, 400, and 1000 observations 

as appropriate approximations of what would be utilized in real data collection 

investigations. 

Research Conditions 

The following three types of research conditions were investigated in the present 

study: population data contamination, sample size, and kurtosis. Given three levels for 

each condition, 27 research conditions were present. The levels of the research conditions 

are outlined in Appendix A. 
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Structural Model 

A structural equation model (SEM) was simulated in the present study. Gerbing 

and Anderson (1993) suggested that simulating substantively meaningful models in 

Monte Carlo simulation may increase the external validity of the simulation results. The 

degree of SEM model complexity is difficult to define, because complexity depends not 

only on the number of observed variables, but also on the number of latent variables, as 

well as the specific pattern of relationships among both the observed and latent variables. 

Most simulation studies involving SEM have used from two to six latent variables, with 

about two to six indicators for each latent variable (Gerbing & Anderson, 1993). 

Figure 1 depicts the Bentler-Weeks structural equation model. The number of 

distinct values in the sample variance-covariance matrix is ten (10). This can be 

calculated as: .5 (p + q) (p + q + 1), where p = the number of dependent variables and q = 

the number of independent variables. The degrees of freedom for the chi-square statistic 

is calculated as the number of distinct values in the sample variance-covariance matrix 

minus the number of parameters to be estimated. Since there are ten distinct values in the 

sample variance-covariance matrix and six parameters to be estimated in the model (four 

E's, D2, and y), the degrees of freedom is equal to four. 



Figure 1. Bentler-Weeks Structural Equation Model 
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D2 

V4 V2 

The Bentler-Weeks structural model is specified in the EQS program to generate 

the population variance-covariance matrix. The EQS program "/EQUATION" command 

specifies fixed factor loadings of .80 (validity coefficients) for the observed variables that 

identify both the exogenous factor, Fl, and the endogenous factor, F2. The /EQUATION 

command further indicates that VI and V2 are two observed variables that are indicator 

(manifest) variables of Fl (exogenous factor) that V3 and V4 are two observed variables 

that are indicator (manifest) variables of F2 (endogenous factor), and that Fl predicts F2. 

The chi-square statistics (x2), structural coefficient (y), and standard errors (SE) were 

compared across the research conditions for the normal and elliptical estimation methods. 
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The following set of /EQUATION command lines indicate the Bentler-Weeks structural 

equation model in the EQS program: 

/EQUATIONS 
VI = .8*F1 +E1 
V2 = .8*F1+E2 
V3 = .8*F2 + E3 
V4 = .8*F2 + E4 
F2 = *F1 + D2 

where VI-V4 are observed variables, E1-E4 are measurement errors of the observed 

variables, Fland F2 are factors (latent variables), and D2 is the error of prediction for F2. 

The EQS program is presented in Appendix B. 

Statistical Hypotheses 

The research questions hypothesized whether chi-square statistics, parameter 

estimates, and standard errors were different between normal theory and elliptical theory 

estimation methods given different levels of population contamination, sample size, and 

kurtosis. Therefore, comparisons were made between LS versus ELS, GLS versus EGLS, 

and ML versus ERLS. The statistical hypotheses for testing the significance of the 

structural coefficients (research question one) were stated as follows: 

(a) Least Squares Estimation Method 

Ho: X ^ 1 -96 (y L S and y ELS) 
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HA: T_> 1.96 (YLsandYELs) 

(b) Generalized Least Squares Estimation Method 

Ho' 31- 1-96 (y GLS and YEGLS) 

H A : 2 > 1 - 9 6 ( Y G L S A N D YEGLS ) 

(c) Weighted Least Squares Estimation Method (ML = RLS) 

Ho: 1 ^ 1-96 (YML and YERLS ) 

HA: T > 1.96 (Yml and Y E R L S ) 

The second research question hypothesized whether the standard errors were the 

same between normal theory and elliptical theory estimation methods given different 

levels of population data contamination, sample size, and kurtosis. A ratio of the 

standard errors with an expectation of one was computed to compare the standard errors 

across the research conditions. 

The third research question hypothesized whether chi-square statistics were 

different between the normal theory and elliptical theory estimation methods given 

different levels of population data contamination, sample size, and kurtosis. The chi-

square values were compared based upon the magnitude of the fit function. 

Data Analysis 

The EQS software program (Bentler & Wu, 1995) was used to simulate the 
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population data, specify the different levels of the research conditions, and estimate the 

structural coefficients, standard errors, and chi-square values given normal and elliptical 

theory estimation methods. The EQS program(Appendix B) is annotated to indicate 

which command lines were changed for each of the research conditions. For example, 

CASES was used to specify the different sample sizes, METHODS was used to specify a 

comparison between normal and elliptical estimation methods, kurtosis was specified with 

KAPPA, and the population data contamination levels were indicated by 

CONTAMINATION. The structural coefficients, standard errors, and chi-square 

statistics were averaged based on 100 replications using a random number generator with 

different seed values. 

The structural coefficients were tested at the .05 level of statistical significance. 

The T statistic was computed as: structural coefficient divided by the standard error, e.g., 

XLS = YLS / normal SE and TELS= Y E L S / elliptical SE. The standard errors were compared 

based upon a ratio, e.g., Ratio = Elliptical SE / Normal SE. The model chi-square values 

were compared against the critical chi-square value of 9.488 at the .05 level of statistical 

significance for four (4) degrees of freedom. An SPSS program can be used to read the 

EQS output files as follows: 

Data list file = 'c:\mydocu~l\sue\runl.dat' free/1 vl to v 84. 

Kappa should be greater than -2/(p+2) where p is the number of measured 

variables. 

k > -2/(p+2) . 
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When kappa does not fall in this range, different values will be used. A detail discussion 

can be found on page 214 and 215 of the EQS Manual (Bentler and Berkane, 1986; 

Tyler, 1982). Given 6 measured variables k = -.25. The user should be aware that the 

application of elliptical distributions to structural equation modeling is based on theoretical 

considerations. There is little experience that can be used to provide guidance on how to 

avoid breakdowns in the method, i.e., misleading test statistics. It may be proposed that 

potential failures of elliptical estimation and testing can be associated with poor estimation 

of k and poor estimation of the sample co variance matrix. 



CHAPTER 4 

RESULTS 

Descriptive Data 

A comparison of the chi-square statistics, structural coefficients, and standard 

errors for the different research conditions is presented in Appendix C. The descriptive 

data in the tables is summarized according to the estimation method: least squares; 

generalized least squares; and maximum likelihood, for normal and elliptical theory. 

Least Squares Estimation 

For 10% population data contamination in Tables 1A to 3 A, the structural 

coefficients were very similar; however, the elliptical standard errors were greater than the 

normal theory standard errors. The elliptical standard errors tended to become smaller as 

sample size increased. There were no noticeable differences based upon the levels of 

kurtosis (kappa). The normal and elliptical theory chi-square values remained 

approximately the same. For 20% population data contamination in Tables 4A to 6A, the 

results were similar to those reported in Tables 1A to 3 A. For 30% population data 

contamination in Tables 7A to 9A, the results were similar to those reported in Tables 1A 

to 3 A and Tables 4A to 6A. 
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Generalized Least Squares Estimation 

For 10% population data contamination in Tables 10A to 12A, the structural 

coefficients were very similar to those found using the least squares estimation method. 

The elliptical and normal theory standard errors for the generalized least squares method 

were similar when compared within the research conditions. The standard errors tended 

to become smaller as sample size increased. The chi-square statistics for normal theory 

were similar in value to those obtained under the least squares estimation method. 

However, the chi-square statistics for the elliptical theory greatly inflated over those 

obtained under normal theory. For 20% population data contamination in Tables 13 A to 

15A, the results were similar to those reported in Tables 10A to 12A. For 30% 

population data contamination in Tables 16A to 18A, the results were similar to those 

reported in Tables 10A to 12A and Tables 13A to 15A. 

Maximum Likelihood Estimation (weighted) 

For 10% population data contamination in Tables 19A to 21 A, the structural 

coefficients were very similar to those found using the least squares and generalized least 

squares estimation methods. The standard errors for both normal theory and elliptical 

theory were similar within the research conditions, and similar to those using generalized 

least squares estimation. The normal theory chi-square values were similar to the least 
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squares and generalized least squares chi-square values. The elliptical chi-square values 

were once again greatly inflated over the normal theory chi-square values for the 

maximum likelihood estimation method. For 20% population data contamination in 

Tables 22A to 24A, the results were similar to those reported in Tables 19A to 21 A. For 

30% population data contamination in Tables 25A to 27A, the results were similar to 

those reported in Tables 19A to 21 A, and Tables 22A to 24A. 

Statistical Hypotheses 

Structural Coefficients 

The statistical tests of the structural coefficients for normal versus elliptical least 

squares estimation method are presented in Tables IB to 9B. The statistical tests of the 

structural coefficients for normal versus elliptical generalized least squares estimation 

method are presented in Tables 10B to 18B. The statistical tests of the structural 

coefficients for normal versus elliptical maximum likelihood (weighted) estimation method 

are presented in Tables 19B to 27B. In examining the 27 tables, it can be noted that none 

of the T values were statistically significant at the .05 level (i.e., T > 1.96, for both the 

normal and elliptical estimation method). 
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Standard Errors 

Tables IB to 27B report the ratio of the elliptical standard error to the normal 

standard error for the different estimation methods. The least squares estimation method 

indicated an approximate 2:1 ratio for the elliptical standard errors to the normal theory 

standard errors. The generalized and maximum likelihood estimation methods reported 

an approximate ratio of 1:1, indicating that the standard errors were similar. 

Chi-square Statistics 

Tables 1A to 27A report the chi-square statistics for the three estimation methods. 

The elliptical chi-square values were similar to the normal theory chi-square values for the 

least squares estimation method across all research conditions. The elliptical chi-square 

statistics for the generalized least squares and maximum likelihood estimation methods 

were greatly inflated over comparable normal theory chi-square values within the research 

conditions. The elliptical chi-square values increased as the sample size increased. The 

normal theory chi-square values, regardless of estimation method, remained similar. It is 

interesting to note that the normal theory chi-square values were statistically non-

significant i.e., x2 < 9.488 at the p < .05 level), which indicated a good model to data fit 

function. In contrast, the elliptical chi-square values were similar for the least squares 

method (non-significant), but statistically significant for the generalized least squares and 
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maximum likelihood estimation methods, which indicated a poor model to data fit 

function. 



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

The present study was undertaken to compare normal and elliptical theory 

estimation methods in a structural equation model given three research conditions: 

population data contamination (10%, 20%, and 30%), sample size (100,400, and 1000), 

and kurtosis (kappa =1,10, and 20). An EQS program was used to specify the structural 

equation model, randomly generate sample data, specify the different levels of the research 

conditions, and compute the normal and elliptical estimation methods. The results of the 

Monte Carlo simulation were reported in tables. The findings are reported first for the 

three research questions, followed by the educational importance and recommendations 

for further study. 

Findings 

The findings indicated that the structural coefficients were similar in value for both 

the normal and elliptical theory estimation methods, and not statistically significant. The 

first research question was therefore not supported. The second research question 

compared the normal and elliptical theory standard errors. The elliptical theory standard 

errors were greater than the normal theory standard errors within the research conditions 
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using least squares estimation. However, the standard errors for the normal and elliptical 

theory GLS and ML estimation methods were similar. The second research question was 

therefore partially supported. The third research question involved a comparison of the 

chi-square values. The elliptical chi-square values were similar to the normal theory chi-

square values using the least squares estimation method. The elliptical chi-square values 

for the GLS and ML estimation methods were larger than the normal theory chi-square 

values within the research conditions. The normal theory chi-square values were similar 

across all three estimation methods and research conditions. In addition, the normal 

theory chi-square values were statistically non-significant indicating a good model to data 

fit function whereas the elliptical chi-square values were statistically significant and 

increased as sample size increased, indicating a poor model to data fit function. The 

elliptical chi-square values increased as sample size increased. Research question three 

was therefore partially supported. The chi-square is the only statistical test of 

significance. Other subjective fit indices are derived from the chi-square statistic. These 

indices would also be impacted, thus leading to wrong conclusions about data fitting 

theoretical models (Schumacker & Lomax, 1996). 

Educational Importance 

The structural coefficients (y) for both the normal and elliptical estimation 

methods were similar. Consequently, a researcher would accurately report the correct 
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structural coefficient regardless of estimation method. However, the standard errors of the 

elliptical theory estimation methods were larger than the standard errors of the normal 

theory estimation methods. Consequently, the statistical test of significance for the 

structural coefficient would be erroneous and misinterpreted. In addition, the model chi-

square values for the elliptical estimation methods were inflated and would lead a 

researcher to reject a theoretical model that sample data appropriately fit. This would 

greatly increase the Type I error rate. Appropriate theoretical models would therefore be 

rejected more often. For researchers, different chi-squares would lead to different 

decisions when using structural equation modeling to test theory in various academic 

disciplines. Since the estimation methods gave different chi-square values, this would lead 

to different acceptance or rejection of theoretical models. 

Further Study 

The tendency for increasing levels of kurtosis to affect the elliptical chi-square 

statistic, as reported by Harlow (1985), was not completely substantiated in the present 

study. Elliptical and normal theory chi-square values were similar for the least squares 

estimation method, but substantially different for the GLS and ML estimation methods. 

However, only slight differences were noticed for different kurtosis values within the 

research conditions. The findings of the standard errors being larger for smaller sample 

sizes, as reported by Harlow (1985) was supported in the present study. Elliptical 
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estimation methods were not found to be better than the normal theory estimation 

methods given non-normal data, i.e., kurtosis. Consequently, further research should 

investigate under what conditions elliptical theory estimation methods are robust and 

perform better than normal theory estimation methods. 



APPENDIX A 

RESEARCH CONDITIONS 
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Table 1. Research Conditions 

Research Condition Contamination Sample Size Kappa 

1 10% 100 1 
10 
20 

2 10% 400 1 
10 
20 

3 10% 1000 1 
10 
20 

4 20% 100 1 
10 
20 

5 20% 400 1 
10 
20 

6 20% 1000 1 
10 
20 

7 30% 100 1 
10 
20 

8 30% 400 1 
10 
20 

9 30% 1000 1 
10 
20 

Note. Research condition 1 through 9 used the least squares estimation method.. 

(Table continues) 
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Table 1 (continued) 

Research condition Contamination Sample size Rappa 

10 10% 100 1 
10 
20 

11 10% 400 1 
10 
20 

12 10% 1000 1 
10 
20 

13 20% 100 1 
10 
20 

14 20% 400 1 
10 
20 

15 20% 1000 1 
10 
20 

16 30% 100 1 
10 
20 

17 30% 400 1 
10 
20 

18 30% 1000 1 
10 
20 

Note. Research condition 10 through 18 used the generalized least squares method. 
(Table continues) 
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Table 1 (continued) 

Research condition Contamination Sample size Kappa 

19 10% 100 1 
10 
20 

20 10% 400 1 
10 
20 

21 10% 1000 1 
10 
20 

22 20% 100 1 
10 
20 

23 20% 400 1 
10 
20 

24 20% 1000 1 
10 
20 

25 30% 100 . 1 
10 
20 

26 30% 400 1 
10 
20 

27 30% 1000 1 
10 
20 

Note. Research condition 19 through 27 used the maximum likelihood (weighted) 
method. 



APPENDIX B 

EQS COMPUTER PROGRAM 
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(Compare normal and elliptical estimates) 

(Kappa values: 1,10 , or 20) 

/TITLE 
Suchittra Cheevatanarak Dissertation comparing normal and elliptical estimation methods 

/SPECIFICATIONS 
CASES=250; !(Sample Size: 100, 400, Or 1000) 
VARIABLES=4; 
METHODS=LS,ELS; 
MATRIX=CO V ARIANCE; 
ANALYSIS=COVARIANCE; 
KAPPA= 1.0; 
/EQUATIONS 
Vl=. 8F1+E1; 
V2=. 8F1+E2; 
V3=.8F2+E3; 
V4=. 8F2+E4; 
F2= *F1+D2; 
/VARIANCES 
Fl=l; 
El=*; 
E2=*; 
E3=*; 
E4=*; 
D2=*; 
/SIMULATION 
POPULATION=MODEL; 
REPLICATIONS=l 0; 
SEED=47954567; 
CONTAMINATION=. 10; 

/Technical 
eiter = 100; 

/OUTPUT 
LISTING; 

/END 

! (/Equations specify Bentler-Weeks model) 
! (Number of replications =100) 
! (Seed for random number generator) 
!( Population data contamination level: .10, 

.20, or .30) 



APPENDIX C 

DESCRIPTIVE DATA TABLES 
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TABLE 1A LS method: Contamination = 10%. n = 100 
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Contamination n k X2 LS X2ELS YLS YELS Normal Elliptical 
SE SE 

10% 100 1 4.27 4.07 -.0174 -.0108 .1291 .1350 

10 4.49 4.63 -.0648 .0435 .1270 .3345 

20 4.00 4.06 .0904 -.0465 .1331 .3356 

TABLE 2A LS method: Contamination = 10%. n = 400 

Contamination n k X2LS X2ELS YLS YELS Normal Elliptical 
SE SE 

10% 400 1 4.55 4.55 .0288 -.0221 .0660 .1680 

10 3.83 3.86 .0050 -.0166 .0665 .1694 

20 3.83 3.86 .0050 -0166 .0665 .1694 

TABLE 3A LS method: Contamination = 10%. n = 1000 

n k X2LS XJELS YLS YELS Normal Elliptical 
Contamination SE SE 

10% 1000 1 4.16 4.15 .0075 .0095 .0413 .0415 

10 4.25 4.27 .0152 -.0202 .0416 .1071 

20 4.25 4.27 .0152 -.0202 .0416 .1071 
Note. LS = least squares estimation method; SE= standard error 
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TABLE 4A LS method: Contamination = 20%. n = 100 

Contamination n k I2 is X^ELS YLS YELS Normal Elliptical 
SE SE. 

20% 100 1 3.58 3.74 .0374 -.0221 .1333 .3354 

10 3.58 3.74 .0374 .0044 .1333 .3253 

20 4.08 4.19 .0191 -.0086 .1330 .3290 

TABLE 5A LS method: Contamination = 20%, n = 400 

Contamination n k X2LS X2ELS YLS YELS Normal Elliptical 
SE SE 

20% 400 1 3.99 4.02 .0263 -.0286. .0664 .1693 

10 4.10 4.13 -.0017 .0228 .0660 .1709 

20 4.10 4.13 -.0017 .0097 .0660 .1704 

TABLE 6A LS method: contamination = 20%. n = 1000 

Contamination n k x LS X ELS YLS YELS Normal Elliptical 

SE SE 

20% 1000 1 4.08 4.10 .0181 -.0151 .0416 .1076 

10 3.85 3.87 -.0087 .0037 .0415 .1080 

20 3.59 3.58 .0190 -.0158 .0416 .1077 

Note. LS = least squares estimation method; SE = standard error. 



TABLE 7A LS method: Contamination = 30%. n = 100 
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Contamination n k X2LS 
2 

X ELS YLS YELS Normal Elliptical 
SE SE 

30% 100 1 4.13 4.30 .0430 -.0307 .1345 .3291 

10 4.08 4.30 .0386 - .0307 .1387 .3291 

20 3.71 3.82 .0097 .0038 .1339 .3401 

TABLE 8A LS method: Contamination = 30%. n = 400 

Contamination n k X2LS X^ELS YLS YELS Normal Elliptical 
SE SE 

30% 400 1 3.85 3.86 -.0197 .0217 .0659 .1701 

10 4.16 4.22 .0133 .0008 .0660 .1696 

20 4.17 4.22 .0133 .0008 .0660 .1696 

TABLE 9A LS method: Contamination = 30%. n = 1000 

Contamination n k X2LS X2ELS YLS YELS Normal Elliptical 
SE SE 

30% 1000 1 3.41 3.41 -.0022 .0074 .0416 .1073 

10 4.30 4.33 -.0009 .0026 .0417 .1073 

20 3.87 3.87 .0054 -.0102 .0418 .1074 

Note. LS = least squares estimation method; SE = standard error 
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TABLE 10A GLS method: Contamination = 10%, n = 100 

Contamination n k 5^GLS %2EGLS YGLS YEGLS Normal Elliptical 
SE SE . 

10% 100 1 3.52 37.24 -.0196 .1939 .3314 .3297 

10 3.48 30.24 .0568 .0977 .3389 .3381 

20 4.33 34.87 -.0497 -.0361 .3410 .3377 

TABLE 11A GLS method: Contamination = 10%. n = 400 

Contamination n k X2GLS X2EGLS YGLS YEGLS Normal Elliptical 
SE SE 

10% 400 1 3.96 172.07 -.0129 .0341 .1712 .1707 

10 4.34 171.76 .0201 -.0322 .1707 .1703 

20 4.27 171.61 -.0300 -.0349 .1709 .1704 

TABLE 12A GLS method: Contamination = 10%. n = 1000 

Contamination n k id GLS 
2 

X EGLS YGLS YEGLS Normal Elliptical 
SE SE 

10% 1000 1 3.64 436.73 -.0215 -.0215 .1076 .1076 

10 4.17 440.41 .0004 .0004 .1073 .1073 

20 4.17 440.40 .0004 .0004 .1073 .1073 

Note. GLS = generalized least squares estimation method; SE = standard error 
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TART P. 13A GLS method: Contamination = 20%. n = 100 

Contamination n k X 2 C L S 
2 

X EGLS YGLS YEGLS Normal Elliptical 
SE SE 

20% 100 1 3.87 31.61 .0281 -.0729 .3279 .3300 

10 3.69 31.46 .0431 .0816 .3369 .3275 

20 3.68 31.46 .0602 .0816 .3275 .3273 

TABLE 14A GLS method: Contamination = 20%. n = 400 

Contamination n k X2GLS X2EGLS YGLS YEGLS Normal Elliptical 
SE SE 

20% 400 1 3.79 177.41 .0137 -.0602 .1695 .1691 

10 3.72 165.67 .0099 .0907 .1690 .1688 

20 3.71 163.91 -.0121 -.1057 .1698 .1694 

TABLE 15A GLS method: Contamination = 20%. n = 1000 

Contamination n k X^GLS X2EGLS YGLS YEGLS Normal Elliptical 
SE SE 

20% 1000 1 3.23 449.56 .0104 .0104 .1073 .1072 

10 3.75 449.56 .0010 .0010 .1079 .1076 

20 4.19 434.72 .0027 .0205 .1076 .1076 

Note. GLS = the generalized least squares estimation; SE = standard error 
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TABLE 16A GLS method: Contamination = 30%. n = 100 

Contamination n k X2GLS X^GLS YGLS YEGLS Normal Elliptical 

SE SE 

30% 100 1 4.11 29.90 -.0012 -.0483 .3263 .3277 

10 3.91 33.39 -.0353 .0740 .3282 .3298 

20 3.77 33.16 -.0147 -.1175 .3234 .3244 

TABLE 17A GLS method: Contamination = 30%. n = 400 

Contamination n k J^GLS X^GLS YGLS YEGLS Normal Elliptical 

SE SE 

30% 400 1 4.09 181.41 -.0362 -.0146 .1683 .1679 

10 3.51 191.71 -.0145 -.0205 .1699 .1692 

20 4.00 181.01 -.0144 .0009 .1686 .1680 

TABLE 18A GLS method: Contamination = 30%. n = 1000 

Contamination n k X*GLS X2EGLS YGLS YEGLS Normal Elliptical 
SE SE, 

30% 1000 1 3.88 431.51 .0022 .0022 .1078 .1076 

10 3.88 431.51 .0022 .0022 .1078 .1076 

20 4.18 437.52 .0067 .0067 .1077 .1074 

Note. GLS = generalized least squares method; SE = standard error 



55 

TABLE 19A ML method: Contamination = 10%. n = 100 

Contamination n k 2 
X ML 

2 
X ERLS YML YERLS Normal Elliptical 

SE SE 

10% 100 1 4.32 42.42 -.0525 .0275 .3351 .3278 

10 4.44 42.48 .0310 .0317 .3302 .3328 

20 4.15 47.67 .0213 .1444 .3179 .3374 

TABLE 20 A ML method: Contamination = 10%. n = 400 

Contamination n k X2ML X2ERLS YML YERLS Normal Elliptical 
SE SE 

10% 400 1 4.20 192.77 -.0021 .0063 .1696 .1692 

10 3.88 186.18 -.0302 -.0302 .1695 .1694 

20 3.99 172.74 -.0225 -.0605 .1690 .1689 

TABLE 21A ML method: Contamination = 10%, n = 1000 

Contamination n k 2 
X ML 

2 
X ERLS YML YERLS Normal Elliptical 

SE SE 

10% 1000 1 3.85 433.79 -.0034 -.0034 .1082 .1082 

10 3.78 439.25 .0007 .0007 .1077 .1076 

20 4.30 439.24 -.0081 • -.0081 .1077 .1076 

Note. ML = maximum likelihood (weighted) estimation method; SE = standard error. 
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TABLE 22A ML method: Contamination = 20%. n = 100 

Contamination n k id ML 
2 

X ERLS YML YERLS Normal Elliptical 
SE SE 

20% 100 1 3.84 38.40 .0075 .0794 .3304 .3252 

10 3.50 46.31 -.0380 .0012 .3423 .3368 

20 3.97 37.21 .0029 .0347 .3269 .3273 

TABLE 23A ML method: Contamination = 20%. n = 400 

Contamination n k X2ML 
A/2 

X ERLS YML YERLS Normal Elliptical 
SE SE 

20% 400 1 3.64 194.05 .0258 .0258 .1704 .1704 

10 4.05 191.90 -.0100 -.0100 .1713 .1712 

20 4.16 184.70 -.0239 -.0239 .1686 .1694 

TABLE 24A ML method: Contamination = 20%, n = 1000 

Contamination n k 2 

X ML 
•v2 ' 
X ERLS YML YERLS Normal Elliptical 

SE SE 

20% 1000 1 3.87 447.93 .0036 .0037 .1077 .1076 

10 3.87 447.93 .0036 .0037 .1077 .1076 

20 3.82 429.28 .0037 .0037 .1080 .1079 

Note. ML = maximum likelihood (weighted) estimation method; SE =standard error. 
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TABLE 25A ML method: Contamination = 30%. n = 100 

Contamination n k X^ML X2ERLS YML YERLS Normal Elliptical 
SE SE 

30% 100 1 4.36 44.06 .0173 .0396 .3212 .3293 

10 4.41 43.37 -.0480 .0097 .3275 .3319 

20 4.17 43.77 -.0256 -.1040 .3238 .3306 

TABLE 26A ML method: Contamination = 30%, n = 400 

Contamination n k X2ML 
,.2 
X ERLS YML YERLS Normal Elliptical 

SE SE 

30% 400 1 4.17 187.71 -.0002 -.0223 .1706 .1696 

10 3.91 181.72 -.0053 -.0053 .1690 .1689 

20 4.17 187.70 -.0002 -.0223 .1706 .1696 

TABLE 27A ML method: Contamination = 30%. n = 1000 

Contamination n k X2 ML X2ERLS YML YERLS Normal Elliptical 
SE SE 

30% 1000 1 3.41 434.49 -.0070 -.0070 .1076 .1074 

10 4.19 471.76 .0024 .0024 .1080 .1079 

20 4.18 471.76 .0024 .0024 .1080 .1079 

Note. ML = maximum likelihood (weighted) estimation method; SE =standard error. 
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Table IB. LS method: T value and Ratio (contamination =10%. n=100) 

Contamination n k !LS XELS Ratio 

10% 100 1 -.13 -.08 1.05 

10 -.51 .34 2.63 

20 .68 -.35 2.53 

Table 2B. LS method: T value and Ratio (contamination =10%. n=400) 

Contamination n k ILS IELS Ratio 

10% 400 1 .44 -.14 2.55 

10 .08 -.10 2.54 

20 .08 -.10 2.54 

Table 3B. LS method: T value and Ratio (contamination =10%. n=1000) 

Contamination n k ILS IELS Ratio 

10% 1000 1 .19 .23 1.00 

10 .37 -.19 2.57 

20 .37 -.19 2.57 

Note. LS = least squares estimation method. 
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Table 4B. LS method: T value and Ratio (contamination =20%, n=100) 

Contamination n k Ils Iels Ratio 

20% 100 1 .28 -.07 2.51 

10 .28 .01 2.44 

20 .14 -.03 2.47 

Table 5B. LS method: T value and Ratio (contamination: /•"H 
o 0 1 no 
0 s-O

 
<N 11 

Contamination n k Ils IeLS Ratio 

20% 400 1 .40 .17 2.55 

10 -.03 .13 2.59 

20 -.03 .06 2.58 

Table 6B. LS method: T value and Ratio (contamination: =20%. n=1000) 

Contamination n k Ils Iels Ratio 

20% 1000 1 .44 -.14 2.59 

10 -.21 .03 2.60 

20 .46 .15 2.59 

Note. LS = least squares estimation method. 
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Table 7B. LS method: T value and Ratio (contamination -30%. n=100) 

Contamination n k ILS IELS Ratio 

30% 100 1 .32 -.10 2.45 

10 .28 -.10 2.37 

20 .07 .01 2.54 

Table 8B. LS method: T value and Ratio (contamination =30%. n=400) 

Contamination n k TLS IELS Ratio 

30% 400 1 -.30 .13 2.58 

10 .20 .01 2.57 

20 .20 .01 2.57 

Table 9B. LS method: T value and Ratio (contamination =30%. n=1000) 

Contamination n k ILS IELS Ratio 

30% 1000 1 -.05 .07 2.57 

10 -.02 .02 2.57 

20 .13 -.09 2.57 

Note. LS = least squares estimation method. 
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Table 10B. GLS method: T value and Ratio (contamination =10%. n=100) 

Contamination n k XGLS IEGLS Ratio 

10% 100 1 -.06 .56 0.99 

10 .17 .29 1.00 

20 .15 -.11 0.99 

Table 1 IB. GLS method: T value and Ratio (contamination =10%. n=400) 

Contamination n k IGLS IEGLS Ratio 

10% 400 1 -.08 .20 1.00 

10 .12 -.19 1.00 

20 -.18 -.21 1.00 

Table 12B. GLS method: T value and Ratio (contamination =10%. n=1000) 

Contamination n IGLS J-EGLS Ratio 

10% 1000 1 

10 

20 

-.20 

.01 

.01 

-.20 

.01 

.01 

1.00 

1.00 

1.00 

Note. GLS = generalized least squares estimation method. 
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Table 13B. GLS method: T value and Ratio (contamination =20%. n=100) 

Contamination n k IGLS XEGLS Ratio 

20% 100 1 .09 -.22 1.00 

10 .13 .25 0.98 

20 .18 .25 1.00 

Table 14B. GLS method: T value and Ratio (contamination: =20%. n=400) 

Contamination n k IGLS IEGLS Ratio 

20% 400 1 .08 -.36 1.00 

10 .06 .55 1.00 

20 -.07 -.62 1.00 

Table 15B. GLS method: T value and Ratio (contamination =20%. n=1000) 

Contamination n k IGLS IEGLS Ratio 

20% 1000 1 .10 .10 1.00 

10 .10 .10 1.00 

20 .03 .20 1.00 

Note. GLS = generalized least squares estimation method. 
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Table 16B. GLS method: T value and Ratio (contamination =30%. n=100) 

Contamination n k XGLS XEGLS Ratio . 

30% 100 1 -.01 -.15 1.00 

10 -.11 .22 1.00 

20 -.05 -.36 1.00 

Table 17B. GLS method: T value and Ratio (contamination II 0
 

N
O
 

0
S
 1 O O 

Contamination n k XGLS XEGLS Ratio 

30% 400 1 -.22 -.09 1.00 

10 -.09 -.12 1.00 

20 -.09 .01 1.00 

Table 18B. GLS method: T value and Ratio (contamination =30%. n=1000) 

Contamination n k XGLS XEGLS Ratio 

30% 1000 1 .02 .02 1.00 

10 .02 .02 1.00 

20 .06 .06 1.00 

Note. GLS = generalized least squares estimation method. 
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Contamination n k 1ML XERLS Ratio 

10% 100 1 -.16 .08 0.98 

10 .09 .10 1.01 

20 .07 .44 1.04 

Table 20B. ML method: T value and Ratio (contamination =10%. n=400) 

Contamination n k 1ML XERLS Ratio 

10% 400 1 -.01 .03 1.00 

10 -.18 -.18 1.00 

20 .13 -.36 1.00 

Table 2IB. ML method: T value and Ratio (contamination =10%. n=1000) 

Contamination n k 1ML XERLS Ratio 

10% 1000 1 -.03 -.03 1.00 

10 .01 .01 1.00 

20 -.08 -.08 1.00 

Note. ML =maximum likelihood (weighted) estimation method. 
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Table 22B. ML method: T value and Ratio (contamination =20%. n=100) 

Contamination n k 1ML I E R L S Ratio 

20% 100 1 . .02 .24 0.98 

10 -.11 .01 0.98 

20 .01 .11 1.00 

Table 23B. ML method: T value and Ratio (contamination =20%. n=400Y 

Contamination n k 1ML I E R L S Ratio 

20% 400 1 .15 .15 1.00 

10 -.06 -.06 1.00 

20 -.14 -.14 1.00 

Table 24B. ML method: T value and Ratio (contamination II to
 

0 N
©

 1 ©
 

O
 

O
 

Contamination n k 1ML I E R L S Ratio 

20% 1000 1 .03 .03 1.00 

10 .03 .03 1.00 

20 .03 .03 1.00 

Note. ML =maximum likelihood (weighted) estimation method. 
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Table 25B. ML method: T value and Ratio (contamination =30%. n=100) 

Contamination n k T 
JLML I E R L S Ratio 

30% 100 1 .05 .12 1.03 

10 -.15 .03 1.01 

20 -.08 -.31 1.02 

Table 26B. ML method: T value and Ratio (contamination 

O
 

0 1 N
©

 

O
 

C
O

 
II 

Contamination n k 1ML I E R L S Ratio 

30% 400 1 -.01 -.13 0.99 

10 -.03 -.03 1.00 

20 -.01 -.13 0.99 

Table 27B. ML method: T value and Ratio (contamination =30%. n-1000) 

Contamination n k 1ML I E R L S Ratio 

30% 1000 1 -.01 -.01 1.00 

10 .02 .02 1.00 

20 .02 .02 1.00 

Note: ML =maximum likelihood (weighted) estimation method. 
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Figure 2. Normal Distribution 
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Figure 3 Elliptical distribution 
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