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There are three main results in this dissertation. They are PLS-completeness 

of discrete Hopfield network convergence with eight different restrictions, (degree 3, 

bipartite and degree 3, 8-neighbor mesh, dual of the knight's graph, hypercube, but-

terfly, cube-connected cycles and shuffle-exchange), exponential convergence behavior 

of discrete Hopfield network, and simulation of Turing machines by discrete Hopfield 

Network. 

We explored lower bounds on the convergence time of discrete Hopfield networks 

by constructing binary counters which have transients of length 2"/4 for sequential 

mode and 2^n_1^7 for parallel mode. Most of all, we made the connection network of 

all counters planar and of constant degree. These counter not only are the evidence 

of exponential convergence of discrete Hopfield Networks but also can be used as a 

clock generator. 

Finally, we perform real time simulations on both Deterministic Turing machine 

and Non-Deterministic Turing machine directly with discrete Hopfield networks which 

derived new upper bounds for size and time. 
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CHAPTER 1 

INTRODUCTION 

It was McCulloch and Pitts [16] in 1943 that first introduced the idea of (feedforward) 

discrete neural networks. Four decades later, Hopfield [11] introduced in 1982 a new 

model of neural networks with feedback connection, called Hopfield networks. 

A Hopfield network can be viewed as a weighted undirected graph in which each 

node is a threshold unit (neuron) with binary output, each edge represents the con-

nection between two neurons, and the weight on the edge is the connection strength. 

The inputs to the Hopfield network are applied as the initial states; then the network 

is either updated in sequential mode (in which only one neuron is updated at each 

time) and reaches a stable state in which no neuron will further changes its output, or 

updated in parallel mode (in which all neurons are updated concurrently) and reaches 

a cycle no greater than 2. 

Why discrete? Because discrete neural networks have all the advantages in im-

plementation on today's digital computers. Most of all, they capture the behaviors 

of the neurons of the human brain. 

Two main focuses in this dissertation are size (how many neurons shall we need) 

and time (how long will it take to converge). In chapter 2 we introduce definitions 

and provide background. In chapter 3 we discuss the convergence (time issue) of 

Hopfield networks in PLS class which was introduced by Johnson et al. [14]. In 

chapter 4 we build up binary counters with smaller size that take exponential time to 

converge (although polynomial time is usually required, we do need exponential time 

sometimes, eg. a clock or a counter). In chapter 5 we perform a real-time simulation 



on Turing machines in which for each configuration of a Turing machine at time t, 

there is corresponding a configuration of Hopfield network which outputs exactly the 

state, the symbols on tape and the read-write head position of the Turing machine. 

In chapter 6 we make a conclusion and discuss future work. 



CHAPTER 2 

BACKGROUND 

2.1. Basic Definitions 

2.1.1. Neural Networks 

A neural network is a group of computational threshold logic units (also called neurons 

or nodes) Vj where i is an positive integer, connected by links (also called edges) with 

weights (see Figure 2.1 Each neuron Vi computes the weighted sum = wjvj 

and compares the sum with its threshold hi. If the weighted sum is no less than 

hi then it sets itself in the active (firing) state. Otherwise, it sets itself in inactive 

(not firing) state. Similar formal definitions of neural networks can be found in 

Orponen [19], Parberry [25] [24] and Wiedermann [37]. Here we follow the definition 

from Parberry [24] (p.236). 

A neural network is a 6-tuple N = (V,I,0,A,w,h) where 

V is a finite set of nodes. 

I C V is a set of input nodes. 

O C V is a set of output nodes. 

A C V, A f | I = <l>, is a set of initially active nodes. 

w : V x V —>• Z is a set of weight assignments (connection strength). 

h : V —y Z is a set of threshold assignments. 

Let E C V xV,E = {(u, v) \ w(u, v) ^ 0} then 

(V, E) forms an interconnection graph and 

(V, E, w) forms a labeled graph (weighted graph). 



inputs 

h[ ) neuron V; 

outputs 

Figure 2.1: A single neuron. 

Wiedermann in Wiedermann [37] puts E C V x V in N to form a 7-tuple for 

neural networks. 

2.1.2. The Hopfield network 

A Hopfield network is a neural network in which the interconnection graph is 

undirected (that is, w(u,v) = w(v,u) for all u, v G V) (see Parberry [25] p.197). 

2.1.3. The graph as the representation of Hopfield network 

For each neuron in H^, there exists a vertex Vi in G that represents n*. For the 

connection strength between n* and rij in H^, there is a weight associated with the 

edge connecting Vi and Vj in G. For the threshold of neuron n^, there is a threshold 

value hi associated with vertex t»j. At anytime t, each neuron is in one of its two 

possible states - Vi(t) € {1,0} or Vi(t) G {1, —1}. We simply use Vi instead of Vi(t) 

when there is no confusion. Note: € {1,0} and G {1 , -1} are equivalent (see 

Hertz et al [9] and Siu et al [32]). 



The neuron state {0,1} can be transformed into {0,1} as specified in the following: 

Suppose Vi €E {0,1} and v[ G {1, —1}. Let 

v[ = (—l)Wi and 

v'i(t + 1) = -sgnCZj ^ ( 1 - v'j - hi) 

2.2. Dynamics of Hopfield networks 

A Hopfield network Hn can be updated in either sequential or parallel mode. 

• Hx is updated in sequential mode if at any time there is only one neuron chosen 

to be updated. The choice of neuron to update can be either deterministic (in 

specific order) or random. 

• HN is updated in parallel mode if more than one neuron are updated concur-

rently. (Throughout this dissertation, unless specified otherwise, parallel mode 

means "all neurons updated concurrently".) 

Special cases: 

• i?/v is called simple if all its neurons are without self-loops. 

• Hn is called semisimple if all its neurons are without self-loops of negative 

weight. 

Suppose Vi is updated at time t, then at time t-f 1 we have 

Vi(t + 1) = sgn(Y,j WijVj — hi) where sgn is a "sign" function and 

sgn(x) = 
1 if x > 0; 

0 otherwise; 

Note that sgn(x) is a discrete function. Throughout this dissertation, we consider 

discrete Hopfield networks only. 



2.3. Convergence of Hopfield networks 

If {v\,V2,..., vn} is the set of neurons of a Hopfield network then the state vector 

{v\(t), v%(t),..., vn(t)) is the configuration of at time t. 

Vi(t) = 1 and (E WijVi(t)) - hi > 0 
A node Vi is happy if 

Vi(t) = 0 and ( £ w»jUi)(0 ~h{< 0 

A configuration of is stable if all nodes are happy. 

A Hopfield network H^ converges when it is at a stable configuration (ie. no node 

will change its state, regardless of any further updating). Conventionally, the initial 

configuration is taken as the input and a stable configuration is taken as the output. 

Any discrete Hopfield network without negative self-loop will converge to a single 

stable configuration when updated in sequential mode (see Hopfield [11]), and any 

discrete Hopfield network when updated in parallel mode will converge to either a 

single stable configuration or a cycle of length 2. (see Parberry [25] and Bruck [2]). 



CHAPTER 3 

PLS-COMPLETENESS 

3.1. Abstract 

In this chapter we study P£«S-completeness of finding a stable configuration on several 

restricted Hopfield networks. Stable configuration problem for Hopfield networks with 

the following restrictions are 77£«S-complete: bipartite, of degree 3, on grid graph, on 

the dual of the knight's graph, defined on a hypercube, on a cube-connected cycle, or 

on a shuffle-exchange. 

3.2. Introduction 

A VCS (Polynomial-time Local Search) problem is to find a local optimal solution 

by searching for a better solution on the neighborhood of the current solution until 

no better one exists (see Johnson [14]). A Hopfield network is essentially a fully-

connected undirected threshold network (see Hopfield [11]). The problem of find-

ing a stable configuration of a Hopfield network is "P/^S-complete (see Johnson [14] 

Papadimitriou [22]). We investigate here several different restrictions on Hopfield 

networks and study their /P£<S-completeness. 

The stable configuration problem for Hopfield networks of polynomial weight is 

in P (see Parberry [25]) and that for planar Hopfield networks is also in P (proved 

by applying techniques due to Hadlock [7] and Orlova [18]). 

The stable configuration problem for bipartite Hopfield networks is "P£<S-complete, 

proved by using the technique due to Bruck and Goodman [3, 4]. Since the minimal 



degree for a Hopfield network that is useful has to be 3, the degree 3 Hopfield network 

plays a crucial part in this paper. We show that a stable configuration problem is 

•P£c>-complete by showing that any Hopfield network can be VCS-xeduced to a de-

gree 3 Hopfield network. Then for other cases, it is sufficient to apply PLS reduction 

from degree 3. Also, the stable configuration problem for Hopfield networks on grid 

graph is "P£<S-complete. 

Furthermore, we explore the "P£c>-completeness of Hopfield networks embedded 

on hypercubic graphs, which play a crucial role in parallel computing. The proof 

is based heavily on the duality of MAX CUT and Hopfield network convergence 

and uses a new definition of graph embedding that allows a vertex to be mapped 

to a group of vertices and an edge to a path. This leads to the results that stable 

configuration problems for Hopfield networks on the hypercube, cube-connected cycle 

and shuffle-exchange graphs are P£<S-complete. 

The remainder of this chapter is divided into three major parts. In the first part 

we give definitions and general ideas of 'P£«5-complete and Hopfield networks. In the 

second part we describes the main results and their proofs. 

3.3. Definitions 

3.3.1. Definition of optimization problems 

An optimization problem P has a set of instances Ip. 

Vx £ Ip, 3 a finite set of solutions Sp(x). 

Vs £ Sp(x), 3 a cost cp(s,x). 

Our goal is to find a solution s' £ Sp(x) such that either 

Cp{s',x) = Max{Cp(s,x)\is £ Sp(x)} or 



Cp(s',x) = min{Cp(s,x)\Vs G Sp{x)}. 

3.3.2. Optimization problems and Local Search algorithms 

For an optimization problem, there are some ingredients: 

• there is a set of solutions. 

• there is a set of neighboring solutions for each solution 

• there is a cost function that assigns a numerical value to each solution 

• the goal is to find an optimal solution, one that with maximum or minimum 

cost 

For a Local Search algorithm, there are also some ingredients: 

• there is a set of given solutions 

• there is a set of neighboring solutions specified for each solution 

• the algorithm starts from some initial solution 

• the algorithm tries to find improved solutions by considering perturbation of 

current solution (ie. neighboring solutions). 

• finally, the algorithm terminates at a locally optimal solution - one that does 

not have a better neighbor. 

We say that a solution is a local optimum when there is no better neighboring solution. 
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3.3.3. Definition of PLS Problems 

A class of problems, VCS(Polynomial-time Local Search), was defined by Johnson, 

Papadimitriou, and Yannakakis in [14] as follows: 

A problem II has a set In of instances. Vx G In, there exists a finite set of 

solutions 5n(x) such that Vs G Sn there is a nonnegative integer cost cn(s, x) and a 

neighborhood of s, N(s,x) C Sn- There exist three polynomial-time algorithms A, B 

and C such that: 

A : Given x G In, A produces a particular standard solution An (a;) G Sn(x). 

B : Given x G In and a possible solution s, B determines whether s G Sn(x) and 

computes cn(s, x) if s G Sn{x). 

C : Given x G In and s G 5n(a0, if there exists any solution s' G N(s,x) such that 

Cn(s', x) < cn(s, x) if minimal cost is our goal or 

Cn(s', x) > Cn(s, x) if maximal cost is out goal 

then C produces such a solution else s is the local optimum. 

A problem II is PLS-reducible to P, denoted by II <-pcs Pi if there exist polynomial-

computable functions / and g such that 

(1) Wx G n, 3 f { x ) G P. 

(2) ^(solution of f(x),x) is a solution of x. 

(3) for all instances x G II, if s is a local optimum of instance f(x) of P 

then g(s, x) is a local optimum for x. 
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n -pls p 

X m j L m ' #X> 

local optimal 8 local optimal 
solution for X constructs solution for f(x) 

Figure 3.1: PLS-reduction 

That is, / maps instances of IT to instances of P, and g recovers a local optimum of 

II from a local optimal of P. (see Figure 3.1). 

A problem II is P£<S-complete if VP G VUS, P <-pcs n. 

3.3.4. Definition of MAX CUT Problem 

We follow the definition from Papadimitriou et al [22] (p.441) and Schaffer et al [29] (p.61). 

Let P be a MAX CUT problem. 

• The instance of P is a weighted, undirected graph G — (V, E). 

• A feasible solution is S = (Vi U Vz, E) where 

V 1 f ] V 2 = 0 and ViU^2 = V. 

• The cost for S is C = w(xi, yj) where 

(x{, y j ) € E and X{ € V\ and yj € Vi 

• If S' = {V( U V2', E) where V{ ( 1 ^ = 0 and V{ {JV^ = V 

then S' and S are neighbors if either 

1. V{ = Vi- {z} and = Vi + {z) for some 2 € V\ or 

2. V{ = V\ + {z} and V2' = V2 — {z} for some 2 G V2-
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• The goal is to maximize C. 

It had been shown by Papadimitriou [22] that finding a stable configuration of 

a Hopfield network is "P£<S-complete, and shown by Bruck [2] that the MAX CUT 

problems coincide with stable configuration problems of Hopfield networks. This 

implies that it is sufficient to find the corresponding MAX CUT when seeking stable 

configuration of a Hopfield network and thus gives us a powerful tool to deal with the 

"P£c>-complete problems especially in the situation that when the stable configuration 

of Hopfield network is hard to prove while the corresponding MAX CUT is much 

easier. 

3.4. Main Results 

Theorem 1. The stable configuration problem for Hopfield networks of polynomial 

weight can be solved in polynomial time. 

PROOF: This is standard, see for example, Parberry [25]. • 

Theorem 2. The stable configuration problem for planar Hopfield networks can be 

solved in polynomial time. 

PROOF: Since the stable configuration for Hopfield networks is equivalent to the 

MAX CUT (Maximum Cut) for the same graph, the Theorem follows if the MAX 

CUT can be found in polynomial time. Fortunately, MAX CUT for planar graphs 

can be solved in polynomial time using the following algorithm (which appears in 

Hadlock [7], and Orlova and Dorfman [18].) 

Let H be the graph of a planar Hopfield network. The MAX CUT of H can be 

found as follows: 
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(a) (b) 

Figure 3.2: (a) Planar graph H. (b) Dual graph D of H with odd-vertices darkened. 

1. Continuously remove all edges with an end point vertex of degree-1 until there 

are no more such edges in the graph. 

2. Let D be the planar dual of H, that is, each face / in H is represented by a 

vertex Vf in D. Two vertices vj and vg in D, corresponding to faces / and g 

respectively, are adjacent iff / and g share a common Edge in H. For example, 

Figure 3.2(b) is a dual graph of Figure 3.2(a). 

3. Find all odd-vertices in D. An odd-vertex is an vertex of odd degree. For 

example, in Figure 3.2(b)), the darkened vertices are the odd-vertices. 

4. Find the minimum odd-vertex pairings P for D (see Figure 3.3(a)). An odd-

vertex pairing is an edge set whose removal leaves a subgraph free of odd vertices. 

5. Delete those edges in H whose corresponding edges are in P (see Figure 3.3). 

6. The remaining edges in H form a MAX CUT (see Figure 3.3(b)). 

These can be done in polynomial time. • 
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edges to be deleted 

(a) (b) 

Figure 3.3: (a) Odd-vertex pairing for D. (b) Remaining edges form a MAX CUT. 

Theorem 3. The stable configuration problem for bipartite Hopfield networks is 

V CS-complete. 

PROOF: We prove this Theorem by showing that the stable configuration problem for 

general Hopfield networks is "P£<S-reducible to the stable state problem for bipartite 

Hopfield networks. Here we use a technique due to Bruck and Goodman [3, 4]. 

Informally, we take two copies of the Hopfield network, and instead of connecting 

processors to their neighbors in the same copy, we remove the connections and recon-

nect them to the corresponding processors in the other copy. The update schedule 

alternates between updating all of the processors in one copy, and then the other. 

Thus an individual processor in one copy will update the counterparts of its neigh-

bors in the other copy. The net effect is that one copy stores the configuration of the 

Hopfield network at time t, and the other at time t + 1. 

Let H = (V, E) be Hopfield network with k nodes marked from mi to Con-

struct the bipartite Hopfield network HB by 
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1. Let Hl = H2 = H where Hr = (Sx,£i) H2 = (S2,E2) with S1 = S2 = V and 

E\ = E2 = E (ie. Hi and H2 are two copies of H) 

2. Remark {mi,m2, ...,mk} in Si as {n\,n2, ...,nk} 

3. Remark {mi,m2, ...,mk} in S2 as {nk+i,nk+2, ...,n2k} 

4. Set Ex = E2 = 0 

5. Let there be an edge (n ,̂ nk+j) in E' G Hb if there is an edge (rrii,mj) in E 

6. Assign weight on edge (rii,nk+j) in accordance with weight on edge (mi,mj) 

Let the bipartite Hopfield network constructed above be HB = (<Si U S2,E') (see 

Figure 3.4). This can be done in polynomial time since there are totally k(k — 1) 

edges. 

Let Si be the state of node i, hi be the threshold of node i and let the energy of 

H be 
k k k 

E ^ ^ ^ ^ WijSiSj 2 ̂  ^ h{Si 
i=1 jf—1 z=l 

Initially, set snk+i = sni = smi. Update {nx, n2, ...,nk} at time t and {nk+1, nk+2,..., n2k} 

at time t + 1 where t is nonnegative even number. 

An easy computation shows that when H reaches a stable configuration with 

energy E, HB will also reach the same configuration with energy 2E. Thus the 

Theorem follows. • 

Let G = (V, E) and H = (V, E') be graphs. An embedding of G into H is a 

function / : V —» 2V' such that the following properties hold. 

1. For all v G V, the subgraph of H induced by / (v ) is connected. 
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s2 

Figure 3.4: Bipartite Hopfield network HB-

2. For all (u, v) G E, there exists a path in H from a member of f(u) to a member 

of f(v) (denoted by f(u,v)). 

3. Each vertex w G V' C H is used at most once, either as a member of / ( v ) for 

some v £ V, or as an internal vertex in a path f(u, v) for some u, v 6 V. 

The graph G is called the guest graph, and H is called the host graph. Our definition 

of embedding is different from the standard notion of embedding in that we allow 

a single guest vertex to be mapped to a set of host vertices, whereas the standard 

embedding maps a set of guest vertices to a single host vertex. 

Let S, T be sets of graphs, G = (V,E) G S, H = (V',E') G T. S is said to 

be polynomial-time embeddable into T (denoted S <e T) if for every G E S with n 

vertices, there exists H € T with at most p(n) vertices such that G can be embedded 

into H by a function / that can be computed within time q(n), for some polynomials 
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p(n),q(n). 

A set S of graphs is said to be pliable if the set of all graphs is polynomial-time 

embeddable into S. 

Lemma 1. If S is pliable, then the problem of finding a stable configuration in 

HopGeld networks with interconnection graphs in S is VCS-complete. 

PROOF: 

Let S be a set of graphs with the property that the set of all graphs is polynomial-

time embeddable into S. By the results of Papadimitriou et al. [22], it is enough to 

show that the MAX CUT problem for graphs in S is "P£<S-complete. 

Let G be an arbitrary labeled graph. Suppose G is embedded into H £ S under 

the polynomial-time embedding. For each edge e in G of cost c, select one edge from 

the path connecting the vertices in /(e) and assign it cost c. We call this special edge 

/(e). Assign all other edges in the path cost — W where W = Y, \ wij\, Vi, j. For all 

v € V, assign the edges linking the vertices in f(v) a cost of —W. Assign all other 

edges of H a cost of zero. 

It can be shown that every cut in G induces a cut of the same cost in H as 

follows. Suppose C C E is a cut in G, that is, a set of edges that if removed from G, 

disconnects it into two components containing vertices V\ and V2 respectively. Then, 

removing vertices on path /(C) and all zero-cost edges from H will disconnect it into 

two components containing vertices /(Vi) and f{V2) respectively. Furthermore, each 

cut of positive cost in H induces a cut of the same cost in G, since a maximal cost cut 

in H cannot contain any edges of cost —W, and hence must consist only of /(e) for 

some edges e € E. Therefore, every max-cost cut in H induces in polynomial time a 

max-cost cut in G. • 
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Theorem 4. The stable configuration problem for Hopfield networks of degree 3 is 

V CS-complete. 

PROOF: By Lemma 1, it suffices to prove that the set of degree-3 graphs is pliable. 

Let G = (V,, E) be an arbitrary weighted digraph. Let deg(vi) be the degree of V{ 

(ie. the number of edges connected to vi). 

Construct G' = (V, E') by replacing each Vi e G having deg(vi) > 3 as follows: 

• For each Vi in G with deg(vi) = m > 3, there exists degree-3 vertices vii,vi2,vim 

in G' such that there exists (^1,^2), (^2,^3), •••, (vim-i,Vim), (vim,vn) in G' 

(called the cycle edge) 

• For each (v^vj) in E, there exists exactly one edge (vix,vjy) in E' 

(called copied edge). 

• For each Vi in G with deg(vj) < 3, simply let Vjy = Vj. 

All these can be done in polynomial time. This implies that the set of degree-3 graphs 

is pliable and completes our proof. • 

See Figure 3.5 for an example of this construction. In Figure 3.5 (a), Vi is a 

degree-8 vertex with weights w\, u>2, , w$ on each edge respectively. Replace Vi 

with 8 degree-3 vertices then connect these 8 vertices together. The result is shown 

in Figure 3.5(b). 

A grid graph is a graph like Figure 3.6(a) with the property that any pair of 

vertices v̂ , Vj with coordinates (xi,yi) and (X2,2/2) respectively, where yi,X2, y2 

are nonnegative integers and |rri — x2\ + \y\ — 2/21 7̂  0, are connected iff both of the 

following two conditions hold: 
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(a) 

Figure 3.5: (a) Vertex with di — 8. (b) Corresponding cycle of degree-3 vertices. 
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V ' R V F 

(b) 

Figure 3.6: (a) A unit of the grid graph, (b) A block of the grid graph consists of 4 

vertices and 6 edges. 

|cci — #21 = 0 or \x\ — X2\ = I 

ll/i ~!fe| = 0 or \yi -y21 = 1 

Theorem 5. The stable configuration problem for Hop&eld networks on the grid 

graph is VCS-complete. 

PROOF: It is sufficient to show that degree 3 Hopfield networks can be embedded 

on the grid graph in polynomial time. Throughout this proof 

• t represents going from (x, y) to (a;, y + 1) 

• / * represents going from (x, y) to (x + 1, y + 1) 

• -¥ represents going from (x, y) to (x + 1, y) 

• \ represents going from (a;, y) to (x + 1, y - 1) 
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• I represents going from (x, y) to (x, y — 1) 

• \ represents going from (x, y) to (x — 1, y + 1) 

Let di = deg(vi). Reserve di vertices, labeled v^x and v^2 (as well as if di = 3) 

for Vi. Arrange vi by lexical order on x coordinate (the bottom horizontal line of grid 

graph). Fix on (2n,0) and 1^2 on (2n+2,0), (if d{ = 3, settle Vits on (2n+4,0)) 

where n is a nonnegative integer. Also, leave a dummy vertex on the horizontal 

bottom line between vijdi and vi+i,i. This can be done in linear time with linear 

space. Then run the following algorithm: 

For i = l to n begin 

For j = l to di (Note that di < 3) 

1. if (Vi is not marked) begin 

2. go t 

3. go / 

4. while (the last edge crosses some used edge) do 

5. go \ 

6. go t 

7. go 

end 

8. go 

9. while (not yet meeting the vertical line on which the 1s t 

not-marked member of destination group lies) do 

10. go \ 

11. go / • 

end 
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12. go I 

13. mark the member of the destination group on current vertical line 

end 

14. else begin /* Vi is marked */ 

15. go t 

16. while (not meet/join) do 

17. go /> 

18. go \ 

19. go | 

end 

end 

end 

end 

Correctness: 

Let y and k be nonnegative integers. Suppose vitj (where 1 < j < 3) is on (2n,0), 

then lines 1 through line 8 guarantee that 

t is from (2n, 3y) to (2n, 3y + 1) 

is from (2n, 3y + 1) to (2n + 1,3y + 2) 

\ is from (2n + 1, Sy + 2) to (2n, 3y + 3) 

—> is from (2n + 1,3y + 2) to (2n + 2,3y + 2) 

Note that the right neighbor of Vij (i.e. Uij+i or Ui+i,i), which is on (2n + 2,0), will 

go through (2n + 3,3y + 2) and thus will not be touched by —>• of v^j. The same 

argument applies to its left neighbor. 
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After line 8, line 9 through line 11 forces the traveling \ / n \ / t ... strictly in 

between two horizontal lines y = 3k + 1 and y = 3k + 2, while line 4 through line 7 

detect the first available area between lines y = 3k + 1 and y = 3k + 2 that can be 

used for \ / , \ / n . . . traveling to the vertical line which the destination vertex sits on 

(ie. finds the smallest possible k for y = 3k +1 and y = 3k + 2). Line 12 bends down 

the path vertically (i.e. goes J,) which always goes from (2m, 3k + 2) to (2m, 3k + 1) 

for some nonnegative integer m. 

Lines 14 through line 19 guarantee that 

t is from (2n, 3y) to (2n, 3y + 1) 

is from (2n, 3y + 1) to (2n + 1,3y + 2) 

\ is from (2n + 1,3y + 2) to (2n, 3y + 3) 

Eventually, n — m and y = k, either line 15 or line 19 leads t to join and connect to 

4- which is obtained by line 12. 

Also note that the \ generated in line 10 does not joint but only passes (across) 

the which is generated by line 7 or line 17. 

Complexity: 

Space: Obviously, it is in 0(9|V|((6 + 1)|V|)) = 0( |V|2) . 

Time: All of three while loops (line 4 - line 7, line 9 - line 11 and line 16 - line 

19) can be done in 0 ( | y | ) time. The inner For loop is merely a constant factor 

since di < 3 and the outer For loop is in 0( |V|) (note here n = |V|) which 

leads to a total of 0( |V|2). 
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Then by applying Lemma 1, the Theorem follows. Figure 3.7 demonstrates an exam-

ple of such an embedding. • 

Define the knight's graph for an n x n chess-board to be the graph G = (V, E) 

where 

v
 = {(». j ) 1 1 < «>j < »} 

E = { ( M , ( M ) | { | « - * l , b ' - < l } = {i.2}}. 

That is, there is a vertex for every square of the board and an edge between two 

vertices Vi and Vj if there is a knight's move from Vi to Vj. For example, Figure 3.8 

shows the knight's graph for the 8 x 8 chess-board. Let K be a knight's graph, D be 

its dual graph. We define D as the following: 

• For each edge e in K, there is corresponding a vertex ve in D 

• There is an edge connecting vd and ve in D if edge d and edge e in K share a 

common vertex 

Takefuji and Lee [35] (see also Takefuji [34]) use the dual of the knight's graph for 

a Hopfield-style network to solve the knight's tour problem (see also Parberry [26]). 

That is, they have a vertex ve for each edge e of the knight's graph, and an edge 

between two vertices va and ve when d and e share a common vertex in the knight's 

graph. 

Theorem 6. The stable configuration problem for HopSeld networks on the dual of 

the knight's graph is VCS-complete. 

PROOF: By Lemma 1, it suffices to prove that the dual of the knight's graph is 

pliable. It can be shown that the knight's graph is pliable using the techniques of 
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(b) 

mzmmm 

v _ _ L _ y V, l ' J 
FOR Vj FOR V2 FOR V3 FOR V4 FOR V5 

Figure 3.7: (a) Simple graph of degree 3, and (b) its embedding in the grid graph. 
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Figure 3.8: The knight's graph for an 8 x 8 board. 

Theorem 5. It can also be proved that if a set S of graphs is pliable, then the set 

consisting of the duals of graphs in S is also pliable. • 

The dimension-d hypercube, denoted by d-cube, is a vertex-set V = {uj|0 < i < 

2d} in which every Vi G V is labeled by the binary representation of i, together with 

an edge-set E = {e^ = (vi,vj)\vi,vj € V and Hamming distance from V{ to Vj is 1 

}. Let \V\ be the number of vertices, \E\ be the number of edges of a d-cube. Then 

\V\ = 2d and | JS7| = d2d~K 

The hypercube can be used to simulate many generic networks like ARRAYS, 

TREES, MESHES OF TREES, etc., and many of powerful parallel algorithms can 

be directly and efficiently implemented on it (see Leighton [15], Parberry [23]). 

Before showing that the stable configuration problem for Hopfield networks on the 

hypercube is P/^S-complete, we introduce some Lemmas in the following, assuming 

that |V| = 2d is the size (number of vertices) of a d-cube. 

Define a simple path Pai, as a path that connects vertices a and b, with all vertices 

except a and b on the path being of degree 2. 
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Lemma 2. Any degree-3 graph G = (V, E) can be broken into a degree-1 graph G\ 

and a graph G2 which consists of a union of cycles or simple paths. 

PROOF: 

• Let an isthmus be a path with one of its end vertices having degree 1, the other 

end vertex having degree 3, and all other vertices on the path having degree 

2. Let u be a neighbor of v, denoted by u = N(v), if there is an edge (u,v) 

between v and u. Let P be a set of simple paths, initialized empty. 

• Define procedure removeJsthmuses.at(v) as: 

Al. while deg(v) = 1 do 

A2. case deg(N(v)) = 3 

begin 

A3. v' N(v) 

A4. move (v,N(v)) to G\ 

A5. v 4— v' (i.e. forwards v to its neighbor). 

end 

A6. case deg(N(v)) = 2 

begin 

A7. v' <- N(N(v)) 

A8. move (w, N(v)) to P 

A9. v <— v' (i.e. forwards v to neighbor of its neighbor). 

end 

endwhile 

• Define main algorithm Break-graph(G) as: 
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Bl. P = 0 

B2. Vu G V with deg(v) = 1 begin removeJsthmuses_at(v) end 

B3. while 3v € V with deg(v) = 3 

begin 

B4. v' N(v) 

B5. move (v,N(v)) to Gi 

B6. v <r- V' (i.e. forward v to its neighbor) 

B7. remove Jsthmuses_at(v) 

end 

endwhile 

B8. move all remaining cycles to Gi 

Correctness: 

1. Correctness of removeJsthmuses-at(v): We show that this procedure re-

moves a path which begins at v with deg(v) = 1 and ends when the first 

vertex of degree 3 is encountered. To see this, first observe that there are 

only two cases for N(v): 

(1) deg(N(v)) = 2 (see Figure 3.9(c)). 

(2) deg(N(v)) = 3 (see Figure 3.9(b)). 

Note that deg(N{v)) cannot be 1 (otherwise graph G will be only a single 

path). 

Line Al guarantees that an isthmus is removed all the way until it hits 

the first vertex with degree 3. Line A6 through line A9 remove all edges 

like those in Figure 3.9(c). Line A2 through line A5 guarantee that the 
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(a) 

N(v) 

O 
(c) (d) 

Figure 3.9: (a) An isthmus, (b) deg(N(v)) = 3. (c) deg(N(v)) — 2. (d) deg(v) — 3. 

procedure stops as it hits the first vertex of degree 3. (Line A5 forwards 

v to its degree-3 neighbor and then exits the while loop at line Al.) (see 

Figure 3.9(b) and Figure 3.10). 

2. Correctness of Break-graph(G): Line B2 guarantees that G will be a graph 

without isthmus. Lines B3 to line B6 remove all paths between a pair of 

degree-3 vertices (see Figure 3.9(d) for line B3). Note that no other vertex 

on the path is of degree-3 except its two endpoints. 

(1) Lines B4 and B5 remove an edge of a degree-3 vertex v. We can select 

any one of the 3 edges connected to v (here we give the edge (v, N(v)) 

with degree(N(v)) = 3 the highest priority if such edge exists). 

(2) Line B6 forwards v to its neighbor and makes v with the edge con-

nected to it become an isthmus if deg(v) ^ 3 after Line B6. 
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isthmuse with deg(N(v))=2 

isthmuse with deg(N(v))=3 

Figure 3.10: Isthmuses and their possible neighbors. 

(3) Line B7 continuously (recursively) removes the isthmus until another 

degree-3 vertex (the other endpoint of the path) is encountered. 

(4) Lines B3 to line B7 remove all vertices of degree 3. In the end, either G 

is empty (completely decomposed) or there are only cycles (all vertices 

are of degree-2) left. In the former case, the decomposition has been 

done. In the latter case, all the cycles left can be move to G% by line 

B8 and hence the decomposition has completed. 

Time complexity: It is trivial to see that this can be done in linear time. 

• 

Lemma 3. All cycles together with simple paths of graph G2 can be embedded in a 

hypercube of size 0(\V\2) 
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00010 

00100 

00110 

00101 

00111 

00001 10000 

00011 10010 

\ 
10100 10101 

10110 10111 
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10001 

10011 

0100C 01001 11000 
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OHIO 01111 

^ \ 

L1001 

1110^ ^11101 1110^ ^11101 

11110, 11111 

^ N 
01010 01011 11010 11011 

Figure 3.11: Embedding degree-2 graphs on hypercube. 
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PROOF: Define Xi = 1 — Xi, where Xi E { 0 , 1 } . 

Let X — (xix2-..xn) and X' = {X\X2•••Xi) then we say that X' and X are exchange-

neighbors (exchange-neighbors differ in the last bit). 

• Treat each simple path in P as a degenerate cycle (because if we can embed a 

cycle of k vertices onto some hypercube then we certainly can embed a path of 

k vertices onto the same hypercube) 

• Consider cycles in G^-

Let X' = (xix2--xn) be an exchange-neighbor of X = (xix2-.xn) 

(1) Cycles with 2k vertices, k is an positive integer and k > 1: 

Such cycle needs exactly 2k vertices on hypercube. There is no waste in 

this case as long as we embed the first k vertices along the path in the 

hypercube and embed the other other k vertices along the path formed by 

the exchange-neighbors of the first k vertices (but in reverse direction.) 

For example, to embed a cycle with 8 vertices (see Figure 3.11 — note that 

those edges not used by this Theorem are ignored and are not shown in the 

figure), suppose that vertices 00000,00001,00100, 00101,00110 and 00111 

have been used. Now embed the cycle on the vertex of the hypercube 

beginning with 00010, along the path, through 01010,01110 and 01100 

together with their exchange-neighbors 01101,01111,01011 and 00111. 

(2) Cycles with 2A: — 1 vertices, k is an positive integer and k > 1: 

This can be done in exactly the way the 2k vertices cycle is done with 1 

vertex wasted per cycle. 

• The largest cycle contains no more than | V| vertices. For such a cycle, a hyper-
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cube of size |V| is enough for embedding. 

There are at most | | V | cycles in G2 (since a cycle must consist of at least 3 

vertices) 

Therefore, a hypercube of size \V\2 > \\V\ • |V| is large enough for embedding. 

• 

Lemma 4. Degree-1 graphs G\ can be embedded in a hypercube of size 0(\V |2 log |V|) 

PROOF: The idea of this proof came from Waksman's permutation network, (see 

Parberry [23], pp.4-17) The basic unit switch (or comparator) used in Waksman's 

permutation network (see Figure 3.12), which is used to swap 2 inputs if necessary, 

needs to be modified before it is applied to our proof. Let i and j be 000 and 001 

respectively and x and y be 110 and 111 respectively, (see Figure 3.13 (a) and (b)). 

• If i is to be connected to x and j is to be connected to y : 

i (000) goes through 010 to x (110) and j (001) goes through 011 to y (111) 

(see Figure 3.13(a)). 

• If i is to be connected to y and j is to be connected to x (corresponding to 

swapping 2 inputs in Waksman's permutation network) : 

i (000) goes through 010, 011 to y (111) and j (001) goes through 101, 100 to 

x (110) (see Figure 3.13(b)). 

Therefore, we replace every unit in Figure 3.12 with the devices in Figure 3.13 to 

implement a Waksman's permutation network (to connect isolated vertices in Degree-

1 graph). 
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00 01 

10 11 

Figure 3.12: Comparator. 

For an n-element permutation, we need a Waksman's permutation network of 

depth D(n) = 2 log n and size S(n) = nlogn - n + 1. And when we plug the new 

device(Figure 3.13) into each comparator (Figure 3.12), the depth will be in 0(log | V" |) 

and size will be in 0( |V| log |V|). Now we have |V| elements, therefore the depth will 

be 0(log\V |2) = 0(log |V|), and the size will be 0(\V\2 log |V\2) = 0(|V"|2 log |V|) • 

Theorem 7. The stable configuration problem for Hopfield networks on the hyper-

cube is VCS-complete. 

PROOF: By Lemma 1, it suffices to prove that the hypercube is pliable. Since the <e 

relation is transitive, it further suffices by Theorem 4 to show that the set of degree-3 

graphs is polynomial-time embeddable into the hypercube. 

Let G be a degree-3 graph. 

By Lemma 2, G can be broken into a degree-1 graph G\ and a graph G2 

By Lemma 3, (?2 can be polynomially embedded into a hypercube 

By Lemma 4, G\ can be polynomially embedded into a hypercube 
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Figure 3.13: Permutors. 

(Note that G2 can be embedded into half of the hypercube with size \V\2 and Gi can 

be embedded into the other half). This completes our proof. • 

The same techniques that we used to embed degree-3 Hopfield networks in a hy-

percube can also be applied to cube-connected-cycles, shuffle-exchange and butterfly, 

which are important architectures in parallel computing. 

If we replace each node of a d-dimensional hypercube with a cycle of d degree-3 

nodes, then a new network called CCC (cube-connected-cycles) is obtained. Edges 

that connect cycle members are cycle edges, the others are called hypercube edges. 

(see Parberry [23], Preparata and Vuillemin [28], Leighton [15]). For example, Fig-

ure 3.14(a) is a 3-dimensional hypercube and Figure 3.14(b) is the corresponding 

3-dimensional CCC. 

A large class of fast parallel algorithm on the multi-dimensional cube (called com-

posite algorithm) which can be simulated without loss of resources on CCC (see 
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hypercube edge 

cycle edge 

71 

(a) (b) 

Figure 3.14: (a) 3-dimensional hypercube and (b) the corresponding CCC. 

Parberry [23]) 

Theorem 8. The stable configuration problem for Hopfield networks on cube-connected 

cycles is VCS-complete. 

PROOF: This Theorem is proved by embedding a d-dimensional hypercube into 

a d-dimensional cube-connected-cycles Cd, which is pretty straightforward. 

For each vertex of Hj, there are d corresponding vertices connected by cycle edges. 

For each edge of H w h i c h connects vertex a and b, there is a hypercube edge in Cd 

which connects the two sets of vertices corresponding to a and b respectively. 

Since the stable configuration problem for Hopfield networks on the hypercube is 

•p£S-complete, therefore so is the stable configuration problem for Hopfield networks 

on CCC. • 

Define a d-dimensional butterfly as a follows. Each vertex is a pair (r, I) where r 

(row) is a rf-bit binary number, and 0 < I < d. There is an edge connecting (r, I) and 

(r', I') if and only if V = I + 1 and either 
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row 000 

row 001 
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cross edge 

Figure 3.15: 3-dimensional butterfly 
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0011 0110, 

1001 1100{ 

degenerate necklace 

\0101 1010l 

0010 0100 1011 Olin 

full necklace 

full necklace full necklace 

0111 

shuffle edge exchange edge 

Figure 3.16: 4-dimensional shuffle exchange graph. 

1. r = r', or 

2. r and r' differ in exactly the i'th bit 

If r = r' then we say the edge a straight edge, otherwise a cross edge. 

Theorem 9. The stable configuration problem for Hopfield networks on butterfly is 

VCS-complete. 

PROOF: Since the hypercube is actually a folded butterfly, we can easily embed a 

hypercube into a butterfly in polynomial time. The proof is completed by applying 

Lemma 1. • 

Define d-dimensional shuffle-exchange (denoted by SE) graph G = (V, E) as fol-

lowing: 



39 

• For every v G V, there is a unique binary number (ranging from 0 to 2d — 1) 

assigned to v. 

• For every v EV and u £ V, there exists an edge e G E if 

1. u and v differ in exactly the last bit (e is called an exchange-edge) or 

2. u is a left (or right) cyclic shift of v (e is called a shuffle-edge). 

See Stone [33]. 

A d-vertex cycle in which all members are connected together by shuffle-edges is 

called a full-necklace, denoted by fn. Note that there are nontrivial degenerate neck-

laces (i.e. number of cycle member is less then d) if d is not a prime. In Figure 3.16, 

cycles (1,2,4,8),(3,6,12,9) and (7,14,13,11) are all full-necklaces; while (5,10) is a 

degenerate necklace with 2 vertices. Vertex 0 and vertex 2d — 1 (vertex 15 here) are 

trivial degenerate necklaces. 

Note that in a d-dimensional SE, we have \V\ = 2d and |i?| = 3 • 2d_1. Also note 

that all vertices in SE are all degree-3 vertices. 

Lemma 5. There are at most 2 edges between any pair of full necklaces. 

PROOF: This Lemma was proved by Neil Brand [1], Department of Mathematics, 

University of North Texas (personal communication). • 

Lemma 6. There are more than (^j)(2d) full-necklaces in a 3d-SE. 

PROOF: In a k-SE, the total number of vertices on degenerate necklaces is at most 

[k/2\ i 1 

E i-2' = (L?J-l)-2
ltJ-1 + 2<--2»>/orfc>6 

i= 1 ^ ^ 
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That means fewer than half of the vertices are on degenerate necklaces, which implies 

that more than half of the vertices are on a full-necklace. (This is also true when 

k < 6 and can be verified by drawing the SE graph). Therefore in 3d-SE, at least 

^ vertices are on a full-necklace. Since every full-necklace has 3d member vertices, 

this gives at least ^r/3d full-necklaces, that is, (^)(2d) full-necklaces, which is much 

greater than 2d when d> 1. This guarantees that we have enough vertices to embed 

a d-cube (which needs at least 2d vertices). • 

Lemma 7. Any d-cube can be embedded into a 3d-SE graph G(V,E) 

PROOF: Let (adad-i-..aib^bd-i-..biCdCd-i.-Ci) be a vertex in a 3d-SE. Pick (2d) full-

necklaces which are uniquely identified by ai = 0 and Cj = 1 for all 0 <i,j < d. That 

is,(0...0&<j&<2_i...&il...l). 

Note that no two of these 2d full-necklaces can be identical and no one of these 2d 

full-necklaces can be degenerate because there are d zeros followed by d ones, this gives 

a length of 2d which is greater than half of the total length of (0...0&d&<j_i...&il...l). 

Consider the following two possible values of b^: 

If some bk = 1 where 0 < k < d then the number of zeros in bdbd~i---b\ will be 

less than d and makes it impossible to match the d consecutive zeros formed by 

^ = 0 for 1 < i < d. 

If some bk — 0 where 0 < k < d then the number of ones in bdbd-i-.-bi will be 

less than d and makes it impossible to match the d consecutive ones formed by 

ai = 1 for 1 < i < d. 

For any vertex v labeled (bdbd-\...b\) in a d-cube, there is exactly one (and only one) 

correspondent full-necklace, denoted by fn(v), in 3d-SE identified by (0...Obdbd-i---&il...l). 
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For any edge between V\ (labeled (bd-.-bk--.bi)) and (labeled (&<*...&£...61)) in a d-

cube, there is a correspondent exchange-edge between fn(v 1) and /n(u2) in 3d-SE, 

which are (0...0&d...6jfc...&il...l) and (O...Obd...bk...bil...l) respectively. To see this, a 

d+(d—k) times right shift of both fn(vi) and /n(u2) obtains (bk-i-..bil...lO...Obd...bk) 

and (bk-i...bil...lQ...Obd-..bk), which have bk and bk as their last bit respectively and 

therefore an exchange-edge between them according to our definition of SE. • 

Theorem 10. The stable configuration problem for Hopfield networks on shuffle 

exchange is VUS-complete. 

PROOF: Let Hd be a d-dimensional hypercube, S3d be a 3rf-dimensional SE, Vi be 

vertex of Hd, and n* be vertex in full-necklace n; of S^, where 0 < k < 3d. Then 

for each vertex Vi in Hd there is a correspondent full-necklace rii in Szd- Lemma 6 

guarantees that there are enough vertices constituted by full-necklaces for embedding 

Hd into Ssd- Lemma 5 guarantees that there can be at most 2 edges connecting any 

pair of full-necklaces, which implies that there are at least (3d)/2 = | d> d different 

full-necklaces connected to any specific full-necklace and therefore guarantees that 

there are enough edges for embedding Hd into Lemma 7 shows the embedding, 

and Lemma 1 completes the proof. 

• 

3.5. Conclusions and future works 

We have studied the cases in which several restrictions are set on Hopfield networks 

and shown the pis-completeness of the stable configuration problem for Hopfield net-

works under these restrictions. Those restricted to polynomial weight as well as those 
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restricted to planar topology can be solved in polynomial time, while those for Hop-

field networks on the dual of the knight's graph and those restricted to bipartite, 

degree-3, grid graph, hypercube, cube-connected cycle and shuffle-exchange graphs 

are 'P£<S-complete. 

The size of the grid graph needed in Theorem 5 is merely an upper bound, not 

necessarily a least upper bound. For example, in Figure 3.7, the size of the grid 

graph actually needed is much smaller than expected. The upper bound on size in 

embedding Hopfield networks on the hypercube computed in Lemma 3 and Lemma 

4 as well as that on the shuffle exchange computed in Lemma 7 and Theorem 10 is 

not necessarily a least upper bound either. 

Many circuits including Hopfield networks need to be built as a planar circuit. 

Before the Hopfield network is actually implemented, it is necessary to make sure 

that it converges in polynomial time. Therefore it is an interesting question to ask: 

"Is there any planar Hopfield net with large weights that has exponential running 

time under sequential updates?" If there is, what does it look like? What kind of 

properties does it have? How do we identify it? We provide a solution in the next 

chapter. 



CHAPTER 4 

EXPONENTIAL TIME CONVERGENCE 

4.1. Abstract 

We explore the limitation of Hopfield networks in this chapter by showing that both 

sequential and parallel planar Hopfield nets can take exponential time to converge. 

The most effective way to demonstrate the exponential convergence behavior is to 

build a binary counter with Hopfield networks. These binary counters can be used as 

a clock (see Orponen [20]), in which a longer transient with fewer nodes is desired. 

We show that the transient length for sequential mode can be greater than or equal 

to 2"/4 for sequential and 2^n~1^7 for parallel Hopfield networks. 

4.2. Introduction 

Haken and Luby introduced a sequential binary counter in 1988 (see Haken [8]) with 

transient length 2™/7. That is, it took 7n nodes to build an n-bit counter. (Compare 

to our sequential binary counter with transient 2 

Orponen [20] introduced a binary counter which was originally constructed by 

Eric Goles [6] in which every new added control node needs a global control to all 

existing old nodes. Therefore the degree of the node increases by the number of nodes. 

This implies that the degree will become very high when the network is very large 

and needs 0{n2) computations for each updating due to having 0(n2) edges. Due to 

the global control structure, it is impossible to make it planar in the real world (eg. 



44 

in designing and fabricating VLSI, it is important that the network be planar and 

having small degree). 

In this chapter we build a planar binary counter with small constant degree for 

both sequential and parallel updating. The results are a sequential counter with 

transient (compare to Goles' with and a parallel counter with transient 

2(n-1)/7. Note that all of our counters are planar (compare to Goles' non-planar 

structure) and of constant degree (compare to Goles' linear degree). Orponen [20] 

also took advantage on the binary counter in his work when simulating asymmetric 

networks with symmetric networks (Hopfield networks), he employ a parallel binary 

counter as a clock pulses generator. Therefore, binary counters are not only a tool to 

show the exponential convergence of Hopfield networks but also serve as components 

of others' works. 

4.3. A Sequential Counter 

Goles created a parallel counter and then built a sequential one by simulating the 

parallel counter in sequential mode. We build our sequential binary counter in a 

totally different way. The basic idea behind our work is the specific behavior of the 

digits in the counter. Let 

bn-\bn-2 bo 

be the n bits of the binary counter, where bn-\ is the most significant bit and bo is 

the least significant bit. Suppose there is a carry-in signal from 6j_i at some moment, 

and consider the operation that is going to be taken on bf. 

• if bi = 0 then bi will be flipped :0 —> 1 only. 

• if bi = 1 then bi will be flipped :1 —> 0 and bi will send an carry-in signal to 6j+i. 
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This observation suggests that we need two devices to accomplish these operations, 

one to detect the flip from one to zero (named 1-0 detector) and the other one to flip 

a bit of the counter (named flip-flop). 

In our construction, we insist on updating nodes in the order of Ai -> Bi -» Ci —> 

Di —> Ei and i — n, n — 1,..., 1,0. In all figures, circles represent nodes (neurons) 

unless specified otherwise; the number inside a circle represents the threshold of that 

node; a loop on a circle represents self-loop of that node (an edge with two endpoints 

connected to itself); and a number on or beside any edge represents the weight of 

that edge. First, we build the first basic device, the flip-flop (see Figure 4.1 (a) in 

which node Ei will be flipped when node Ci (serves as a control unit) is on). 

Lemma 8. In the flip-flop device, node Ei will be flipped i f f control node Ci is on. 

PROOF: Assign to node Ci a threshold and weights to the edges connected to it 

in such a way that state of Ci is determined by the state of Ai and state of Bi 

only. ie. the state of node Ci can never be affected by the state of Di or state of 

Ei. Therefore hAi = 5 W , hBi = 6 W , hCi = 3 W , wAiCi = 4 W , wBiCi = -AW, 

WAiBi = 5 W , wciDi = —W and w^Ei = 2W, where W > 1, represents threshold 

of node N, wxy represents the weight on the edge connecting node x and node y (see 

Figure 4.1(b)), and we have table 4.1 (where N(t) represents state of node N at time 

t). 

We can see from table 4.1 that node Ei is flipped if and only if node Ci is on. • 

A bit bi of the counter is to be flipped if and only if a propagation is coming in 

from its lesser significant neighbor bit 6j_i (it will be flipped on if it is currently off, 

flipped off if it is currently on). 
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Figure 4.1: Basic devices of serial counter. 
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r—1
 

1 Ci(t) Di(t) Ei(t) Is Ei flipped? 

0 0 0 0 No 

1 0 1 1 No 

0 1 0 1 Yes 

1 1 0 0 Yes 

Table 4.1: Ei is flipped iff Ci = 1 

Tag State of Next State 

(State) Ai Bi Ci No Flip Bi Flip Bi 

I 0 0 0 I X 

X 0 1 0 Y Z 

Y 1 1 0 Y Z 

Z 10 1 I X 

Table 4.2: Cj = 1 only when Bi flips from 1 to 0 

We build the second device called 1-0 detector, which consists of 3 nodes, Ai, 

Bi and Ci (here node Ci is exactly the Ci in the flip-flop) to detect the coming 

propagation (see Figure 4.1 (b)). 

Note that since we insist on updating nodes in the order of Ai —>• Bi -» Ci, the 

weights on the edges connected to node Ci are assigned in such a way that the state 

of Ci is never affected by the state of Di or state of Ei and is completely determined 

by the state of Ai and state of Bi. Therefore we have table 4.2. 
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Figure 4.2: Transition diagram of node Ai,Bi and Ci. 

Setting up a transition diagram graph according to table 4.2, we get Figure 4.2, 

where <j> means that Bi is not flipped. 

In the transition diagram, only in state Z will Ci = 1, and state Z can be reached 

only from state X and state Y (in both states, Bi = 1). The other state contains 

Bi = 0 is state I (but with Cj = 0). These imply the following Lemma. 

Lemma 9. In the 1-0 detector, control node Ci = 1 iff Bi is flipped from 1 to 0. 

Let an n bit counter be constructed by connecting n blocks, the ith block consists 

of 5 nodes Ai,Bi,Ci,Di and Ei where i=l,...,n and is a combination of 1-0 detector 

and flip-flop (see Figure 4.1(c)). In addition, an extra block, block 0 consisting of only 

a single node EQ serves as a clock pulse generator, with threshold 0, weight 10n on the 

edge between B\ and EQ and weight —10n - non the self-loop of EQ (see Figure 4.3 

for an example). All nodes of the counter are initialized off. 

A Hopfield network with negative self-loop can be trapped in a cycle when updated 

sequentially (thus will not converge to a fixed point), while the counter constructed 
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above will still converge successfully regardless of the negative self-loop. 

Lemma 10. The sequential counter constructed as above updated in that specific 

order always converges. 

PROOF: Define an iteration by: 

update E0 

for i = 1 to n begin 

update Ai 

update Bi 

update Ci 

update Di 

update Ei 

end 

Let S = (BN,BN-I,...,B2,BI) be the state vector of the counter. B{ represents the 

state of node Bi for 1 < i < n. Recall that in an ordinary n-bit binary counter with 

bits bnbn-i...b\ (where bn is the most significant bit), the count is increased by 1 at 

each iteration. For a certain bit, say bi, if there is a carry coming in from bi-1 then 

bi is to be flipped (ie. it is either flipped from 0 to 1 and propagates no carry, or 

flipped from 1 to 0 and propagates a carry to 6j+i). The same mechanism applies to 

the counter constructed above by Lemma 8 and Lemma 9. 

The network will eventually reach a state in which S = (1,1, which will 

force E0 to stay on. Since the network is updated in the order of E0 then Ai —> 

Bi -»• Q -» Ci ->• Di ->• Ei for i = 1 to i = n, each Bi is determined by Bi-1 with 

the exception that B\ is determined by EQ. Note that EQ oscillates between 1 and 0 
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before S = ( 1 , 1 , 1 ) thus keeps B\ flipping and therefore generates carries. That is, 

each time E0 flips from 1 to 0, the counts (after an iteration is completed) will end up 

increased by 1. When the bits of the counter reach ( 1 , 1 , 1 ) , the whole network will 

remain unchanged since E0 stays in the on state (E0 = 0 implies no change of state on 

Bi => C\ = 0 =>• no flipping on E\ =>- no change of state on B2 =» ...). Observe that 

when the network converges, it will stay in a fixed point with (Ai,B{,Ci) = (1,1,0) 

for all i = 0 , 1 , n — 1 and S = (1,1,..., 1). • 

Theorem 11. Planar Hopfield networks updated in sequential mode can take expo-

nential time to converge. 

PROOF: The counter constructed above is planar and S = (B\, B2,..., Bn) counts 

from (0,0,...,0) to (1,1,...,1). Therefore the transient is at least 2n and the Theorem 

holds. • 

So far we have an exponential transient serial counter with exponential weights. 

The exponential weights are set in order to be easier to understand. Now that we 

have got the idea and the whole picture, we can adjust the weights so that they are 

no longer exponential but linear. The results are shown in Figure 4.6. 

Taking a closer look at Figure 4.3, it is not hard to see that node Ei and node 

Bi-! can be merged to become one node without changing the functionality of the 

whole network. So, adapting Figure 4.1(c) results in the new basic block shown in 

Figure 4.4. Reconstructing the counter from Figure 4.3 gives a clear and simpler 

counter in Figure 4.5. 

Theorem 12. Planar Hopfield networks updated in sequential mode can have a tran-

sient > 2"/4. 
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-10003 

Figure 4.3: A 4-bit serial counter. 

PROOF: The proof is directly from Figure 4.5 by inductively adding the basic block 

from Figure 4.4. There are four nodes in each block except the block for bn which 

has only one node, and we have an extra node for E0, for a total of An — 2 nodes 

for an n bits counter. The rest of the proof is straightforward and similar to that of 

Theorem 11. • 

Although Figure 4.5 gives a clean structure, it has a degree of 0(n). In order to 

further reduce the degree to a constant, we need to modify the unit consisting of four 

nodes which represents the most significant bit (the result is shown in Figure 4.6(a)) 

and the unit consisting of four nodes which represents the least significant bit (the 

result is shown in Figure 4.6(c)). We also adapt the weights on the edges between 

all other nodes so that the new structure has a linear weight (the result is shown in 

Figure 4.6(b)). 
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W = 6 i-1 

: Block 4 " 

Figure 4.4: Basic device of new serial counter. 

Block 3 Block 2 Block 1 

216 : 

( 216-(-144) ) 

-363 
(-360-3) 

Figure 4.5: A new 4-bit serial counter. 



Nodes for Most Significant Bit 

(a) 

53 

8k-6 

(4k+l) 0 <k<n 

Nodes for all bits other than MSB/LSB 

(b) 

8n-6 

Nodes for Least Significant Bit 

(c) 

Figure 4.6: New structure of the serial counter. 



Figure 4.7: A 4-bit serial counter. 
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We give an example in Figure 4.7. This four bit serial counter is initialized with 

all nodes in state 0. Then it goes from 0000 through 1111 and falls back (resets) to 

0000 and then converges. 

To see how this works, we again turn to the state transition diagram for the four 

bits for any bit other than MSB (Most Significant Bit) or LSB (Least Significant 

Bit), ie. the four bits in Figure 4.6(b). The state transition diagram is shown in 

Figure 4.8. It is easy to see in the transition diagram that: (1) There are only five 

different configurations P, Q, R, S and T for nodes A, B and C. (2) Only when 

R S will state C = l. (3) The state of D does not affect the determination of 

state C (and the state of C is completely determined by states of A and B). 

The rest of the argument on correctness follows the previous Lemmas and The-

orems. We see from Figure 4.7 that when the counter counts from 0000 through 

1111 and then resets to 0000, the node that represents the least significant bit will be 

trapped in state 0 forever. In the transition diagram we see that when node B stays 

constantly in state 0, it will finally go into Q and stay in Q forever. This implies that 

all nodes except the unique one (that with threshold 1) and a self-loop with weight 1 

will all finally go into state 0 and never change their states. 
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D C A B 

B' = B ' = B 
B' = B 

B' =B D C A B D C A B 

B' =B B ' = B B ' = B B' =B 

D C A B B' =B D C A B 

B ' = B 

* means the state of D depends 

Figure 4.8: Transition diagram for new serial counter. 
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This new structure uses exactly An nodes for an n bit serial counter with linear 

weight and constant degree. 

Theorem 13. Planar Hopfield networks with degree 5 updated in sequential mode 

can have transient > 2n/4. 

PROOF: It is obvious from the geometric structure that the highest degree of the 

nodes is no more than 5. For an n bit counter, in our construction we need exactly 

An nodes, while an n-bit counter counts from 0 to 2n — 1. This completes our proof. 
• 

4.4. A Parallel Counter 

Goles [6] constructed a parallel counter in which a global control is needed. Each 

time when a set of three new nodes (control nodes) is introduced, there are also edges 

introduced between control nodes and all nodes that already exist (to detect a new 

carry, reset old nodes and balance the weights). The need for global control results 

in 0(n2) edges and 0(n) degree for the net. 

In our construction, we build a parallel counter with 0(n) edges and degree 5. 

Note that a Hopfield network that updates in parallel mode will converge to either a 

fixed point or a cycle of 2 regardless the self-loop. 

Figure 4.9(a) shows a clock pulse generator. (Each time a clock pulse is generated, 

the count will be increased by 1.) For an n bit parallel counter, a = 2n + 1 (where a 

is the weight assignment in Figure 4.9(a)). Close examination shows that the pulse 

generator is actually a 1-0 detector. The output from node G$ will be 1 if the input 

flips from 0 to 1, which flips node G\ from 1 to 0. The state vector of the nodes of 
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Tag State of Next State 

(State) G\ G2 G3 input=0 input=l 

I 0 1 0 X -

X 1 0 1 Y -

Y 1 1 0 Y I 

Table 4.3: Transition table for the pulse generator 

the clock pulse generator is initialized to (G\, (?2, C3) = (0,1,0) and we require that 

there will be no input signal coming in for at least 3 units of time (note that each 

node in the net is updated once at each unit of time). The latter characteristic will 

be enforced in our construction later. We will enforce one more characteristic in the 

construction: 

If G^fa) — £*3(̂ 1) = : 1 then |̂ 2 — ^i| > 4. 

This implies table 4.3 

Note that in the table means "impossible" - it is impossible to have input=l 

in transition state I or state X (since we enforce G3(t2) = Gz(ti) = 1 =>• l ^ - ^ i | > 4). 

Figure 4.9(b) is the transition state diagram where 3 digits inside circles represents 

state vector (C?i,C?2, G3) a n d the single integer on the edge is the signal from the 

input. Note that we can see in table 4.3 that the clock-pulse-generator will stay 

in state Y until the next input to G\ becomes 1, which will reset G\ to 0. Since 

Gsfo) = Gs(ti) = 1 =>• |t2 — h\ > 4 and there are only 3 states in Figure 4.9(b), 

the clock pulse generator will enter the stable state and wait for next input= 1. The 

following Lemma is straightforward. 
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Input 
-(oc+1) 

Output 

Start 

(b) 

Stable 

Figure 4.9: (a) Clock pulse generator.(b) Transition state diagram. 

Lemma 11. When initialized to (0,1,0) at time t0, the clock pulse generator will 

output a pulse and then go into a stable state at time to + 3. It will output a pulse 

again only when G\ is Hipped from 1 to 0. 

Figure 4.10(a) is a one-pulse-latch which will allow only one pulse to pass through 

that device, where 2 < /? < w. We assume that if at time t\ and t2 the input signal 

is 1 then \t2 — t\\ > 4 (this characteristic will be enforced later in our construction). 

This will allow the one-pulse-latch to enter a stable state and prevent a second pulse 

from going through this device. 

Initialize (Ai, Bi, Ci, Di, Ei)= (0,0,0,0,0). Then the transition state table will be 

as shown in table 4.4. 

Note that in table 4.4 only in state K is Cj = 1, and Ci = 0 in all other states. In 

other words, this latch allows only one pulse to go through from Ai to Ci and then 

the state of the latch stays in state M or temporarily enters state N (when Ai = 1) 

and then falls back to state M (see Figure 4.11). Note Ci = 0 in both state M and 

state N, which means that no pulse can go through the latch. 

We say that the latch is open if it stays in the stable state S and is closed if it 

stays in the stable state M. 
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Figure 4.10: (a) One-pulse latch.(b) Extended one-pulse latch, (c) Basic block of 

parallel counter, p-block. 

Tag .State of Next State 

State AlBlCtDlEl input = 0 input = 1 

S 0 0 0 0 0 S I 

I 1 0 0 0 0 J -

J 0 10 0 0 K -

K 0 0 1 1 0 L -

L 0 10 11 M -

M 0 0 0 1 1 M N 

N 10 0 11 M -

Table 4.4: Transition table for one-pulse-latch 
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A = 0 A = 0 

Figure 4.11: Transition state diagram of one-pulse-latch. 

Lemma 12. If the latch is open, it will allow one pulse coming in from A{ and finally 

the latch will close itself with no propagation out. If the latch is closed, it will prevent 

any pulse from coming in from A{ without changing its current state and pass the 

carry (propagation) out to next latch. 

PROOF: This Lemma is a direct result from the transition state table and the 

transition state diagram. • 

Now a new node is introduced to the latch, Pi, which is used to propagate a carry 

whenever it is necessary (see Figure 4.10(b)). We call this device an extended latch. 

Note that the threshold of Pi and weights on the edges incidence from P, are assigned 

in such a way that Pi can be on if and only if at the time an input is coming in (ie. 

Ai = 1) when the latch is closed. Observe that if Pi = 1 at time t (due to Ai = 1 

at time t — 1 ) then Pj will be off at time t + 1 because Ai = 0 at time t (ie. Pi 

propagates a pulse that is generated by the pulse-generator or is a carry-in signal 

propagated from Pj_i and then falls back to 0). The transition table of the original 

latch still holds on the extended latch since only Ai and Di have edges connected to 

Pi but neither is affected by Pj. The reason is that when latch i is open (ie. Di = 0) 

then Pi cannot be on (thus cannot flip Di from 0 to 1) and when latch i is closed, Di 

will remain on, no matter whether Pj is on or off. 
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Let (Dn-i, Dn-2, ...,Di,D0) be the bit vector of the counter. Then at the time 

when Ai = 1 and A = 1 (ie. a bit of the counter is 1 and a carry signal is coming in) 

Di should be set to 0 and send out a carry of propagation. This implies that the one-

pulse-latch should be reset (or, in other words, the closed latch opened). Therefore 

the node Fi is introduced to reset the latch, namely, to reset Di and E^ The basic 

unit of our parallel counter is therefore formed as in Figure 4.10(C). We call this unit 

a p-block. A n-bit parallel planar counter will contain n p-blocks, labeled p-block 0, 

p-block 1,... to p-block n — 1. The transition table of the extended latch still holds 

for the p-block as long as Fi = 0. Note that Fi can only be flipped from 0 to 1 by 

Ci+1 which is from latch i +1 . But it is impossible to open latch i if latch i + 1 is also 

closed. The reason is that when latch i + 1 is closed, then Ei+i must be on, which 

makes it impossible for Cl+i to be on. The edge between C'i and C{+\ is therefore 

introduced to solve this problem and the weight on it is assigned in such a way that 

it is large enough to balance the large negative weight from Ei and still be able to 

activate C, while it will not affect the state of Cj+i at next unit of time. 

Lemma 13. If neither carry-in (Pi~\ = 1) nor reset (Ci+i = 1) signal is coming in, 

p-block i will remain in its stable state (remain open or remain closed). 

The following Lemma plays a crucial role in our construction. 

Lemma 14. (1) If p-block i is open when a propagation/carry comes in from p-block 

i-1, then p-block 0 to p-block i-1 must be closed and p-block i will close itself and 

send a reset signal (from Ci) to p-block i-1, but no propagation will be forwarded to 

p-block i+1. 

(2) If p-block i is closed when a propagation/carry comes in from p-block i-1, then 

p-block i will propagate the carry to p-block i+1 and itself will remain closed. 
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(3) If a reset signal comes from Q+i, (from p-block i+1) then p-block i must be 

closed and will propagate the reset signal to p-block i-1. Furthermore, p-block i will 

be opened after the reset signal is sent out. 

PROOF: 

(1) Note that (Dn_ii}n_2... A+i A A - i - " A)) is the bit vector of the parallel counter. 

Suppose a propagation/carry comes in from p-block i — 1 then Pj_i = 1 implies 

p-block i - 1 must be closed, otherwise A - i = 0 (see table 4.4) which will 

result in Pi-1 = 0 (a contradiction). Similarly, when p-block i — 2 is closed then 

p-block i — 3... p-block 0 are closed. 

Now p-block i is open (in state S on table 4.4) and a propagate/carry comes in 

(ie. Ai = 1). According to table 4.4 and Figure 4.11, p-block i will finally enter 

stable state M (ie. closed), no propagation will be forwarded because A{ = 0 

at state M which makes it impossible for Pi to be 1. 

(2) If p-block i is closed then it is in state M (according to our definition and 

table 4.4). A propagation/carry comes in from p-block i — 1, making Ai = 1 

and p-block i to enter state N and then fall back to (and stay in) state M (see 

table 4.4 and Figure 4.11). Staying in state M means remaining closed. 

(3) A reset signal coming from C;+i implies C;+1 = 1, while Ci+\ = 1 can only be 

activated by either Bi+i or C;+2 (see Figure 4.10(c)). 

(i) If Ci+1 is activated by Bi+i then a pulse has just gone through p-block i + 1 

p-block i + 1 is closed => p-block i to p-block 0 is closed (by (1)). 

(ii) If C i+i is activated by Cj+2 then Ci+2 = 1 Cj+2 is activated by either 

Bi+2 or Ci+3. If Cj+2 is activated by Bi+2 then the proof is done by applying 
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the same argument as of (i). If Ci+2 is activated by Cj+3, then repeat steps 

from the beginning of (ii) until some Cj = 1 is activated by Bj = 1, for some 

i + 3 < j, then apply the same argument as of (i). 

Now p-block i is closed =*> Ci = 0, but the weight on the edge that connects 

Ci and Ci+i is assigned large enough, so, Cj+i = 1 =>• Ci = 1 => C;_i = 1 => 

... =>. C0 = 1. Also, p-block i is closed => Ai = Bi = Ci = 0 and Di = Ei — 1 

(according to table 4.4). With C{+1 = 1 =>• Fi = 1 =>• Di — Ei = 0, ie. p-block 

i becomes open again (stay in state S on table 4.4). 

See Figure 4.12 for a whole picture of the idea. 

• 

Note here that if latch k is the first latch which is open where k < n (which 

implies D0 = D\ = ... = Dk-1 = 1 and Dk = 0) then the propagation (carry-in) 

signal will go through latch A:, so no further propagation will go to latch k + 1. Since 

there is only one pulse coming to Ck (ie. Ck flips from 0 to 1 at time t and flips 

back to 0 at time t + 1), this pulse will propagate through Ck-i, Ck~2, Ci, Co, 

which will trigger Fk_i,Fk-.2, ...Fu F0 respectively to reset (£>fc_x, Ek-i),(Dk-2, Ek-2), 

Ei),(D0, E0), that is, to open latch k — 1 through latch 0 and reset the counter 

bits Dk-1 through D0. 

Figure 4.12 shows an example of 4-bit parallel counter. The weight on the edge 

connecting Ei and Bi is assigned in such a way that it will prevent Bi from being 

activated by Ci when Ei is on while Ci is activated by C l+i. Suppose Ck=1 and 

Ck-1= Cfc_2=...=Ci=Co=0. Then latch 0 through latch k — 1 must be closed. Now 

if Ek remains on, the "clear" (reset) signal from Ck will only propagate through 
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Figure 4.12: A 4-bits parallel counter. 

Ck-i, Ck-2, •••, Ci, Co, thus opening latches k — 1, k — 2,..., 1,0. 

Note that Aq and Co are connected to G3 and G\ respectively, and Fn_i and Pj_ 1 

are not neccessary, and can therefore be omitted. 

If latch i is open when Ai is activated, then Pi cannot be activated since Di is 

off (Pi=1 only when Ai= Dj=l). Therefore the signal will go from Ai through C;, 

activating B^Di and Ei. Finally only Di and Ei remain on. 

If latch i is closed when Ai is activated then Bi cannot be activated by Ai (because 

Ei=1), but Pi will be flipped on to propagate the carry to the next latch. 

The propagation from Ci back to Co is similar to the propagation of a carry from 

Pq to ie. only a pulse is propagated. The reason is as follows. Suppose Ci is 

flipped on by Cj+i at time t (the case that Ci is flipped on by Bi has been discussed 

above) then latch i must be closed and Bi will remain off due to Ei = 1 at time 

t + 1. This guarantees Ci will not be activated by Bi at time t + 2. Therefore Cj only 

propagates the reset signal to Cj_ 1 and triggers Fj_i to open latch i — 1. 
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The following Lemma shows the characteristic of the clock-pulse-generator men-

tioned earlier. 

Lemma 15. IfG^fa) = then |̂ 2 — I > 4 

PROOF: Suppose p-block 0 is open (p-block 1 being closed will only make the cycle 

longer). Gs(t) — 1 => Ao(t + l) = 1 => B0(t + 2) = 1 Co(t + 3) = 1 =>- Gi(t + 4) = 0 

=> G3(t-t-5) = 1. Before Co is activated (at time t + 3), G\ remains on and thus keeps 

Gi off. • 

Suppose latch 0 through latch i are closed and latch i + 1 is open. Now an 

increase-by-one signal coming from the clock-pulse-generator will pass by rather 

than go through latches 0,1 — 1 ,i since E0=Ei=...=Ei-l=Ei=l. Meanwhile, 

D0=Di=...=Di-i=Di=1 (since latch 0 to latch i are all closed), which will allow 

P0,Pi,..., Pi-i,Pi to propagate the carry signal all the way to Ai+\. Now that latch 

i + 1 is open (which implies Di+1 is off thus no more propagation), therefore the signal 

penetrates through latch i + 1, and finally leaves both Dj+1 and Ei+\ on. 

Note that when C i+i flips on C; to propagate the reset signal, it will at the same 

time flip on Fi to actually reset latch i. Since there are edges from C2- to Ei and from 

Fi to Ei, now Ci and Fi are flipped on simultaneously and the absolute value of the 

negative weight from Ci to Ei differs by 1 from the positive weight from D{ to Ei, 

this makes it possible to set the weight to —1 on the edge between Fi and Ei to reset 

Ei when Fi is on. Further note that the threshold of Ci and the weight on the edge 

between Ci and Ei are set in such a way that even when Ei remains on, Ci can still 

be flipped on by Cj+i. Also note that if Ci is set on by Ci+1 at time t, then Ci will 

be off at time t + 1 regardless whether Cj_i and are on. 
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Theorem 14. Planar HopGeld networks updated in parallel mode can take exponen-

tial time to converge. 

PROOF: This Theorem follows from the fact that the p-blocks serve as a binary 

counter in which DiS are treated as bits of the counter. The Theorem is the result of 

Lemma 11 to Lemma 15. • 

Since the construction works as a binary counter, the following Theorem is a direct 

result. 

Theorem 15. Planar HopGeld networks of degree 5 updated in parallel mode can 

have transient > 2^n~1^7 

PROOF: Since the construction works as an n bits binary counter, it has a transient 

at least 2". There are 7 nodes for each p-block with the exception that p-block n — 1 

has 5 nodes, and an addition of 3 nodes from clock-pulse-generator. Therefore the 

total number of nodes of the counter is 7n + 1, resulting in a 2(n_1)/7 transient. • 

4.5. Conclusions 

We have shown in this chapter that planar Hopfield networks updated in either serial 

or parallel mode can take exponential time to converge. Parallel mode update allows 

negative self-loops while in the general case serial mode updating does not. The reason 

is that negative self-loops in serial mode can result in being trapped in a cycle instead 

of converging a fixed point. But negative self-loops can bring us some advantage if 

we apply them carefully so that convergence is still guaranteed (there are examples 

in Goles [6] and Orponen [20]). 
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It is worth mentioning here that Orponen [21] presents a mechanism to simulate 

networks updated in deterministic sequence for networks without any priori con-

straints on the order of updates of the units. But the trade-off is greater size and 

much longer time of convergence. 



CHAPTER 5 

REAL-TIME SIMULATIONS OF TURING MACHINES 

5.1. Abstract 

In this chapter we perform real-time simulations of both DTM (Deterministic Turing 

Machines) and NDTM (Non-Deterministic Turing Machines) by Hopfield networks. 

We measure the time and space of both deterministic and nondeterministic Turing 

machines in the conventional manner as a function of the input size n (see [10]). We 

measure reversals as the number of times the work tape head stops moving right and 

begins moving left, as a function of input size. This differs slightly from the standard 

measure of reversals (due to Pippenger [27]) which also counts the number of times 

that the head stops moving left and begins moving right. 

For deterministic Turing machines, we simulate an S(n) space bounded, R(n) 

reversal bounded DTM by a sequential Hopfield network of 0(S(n)) size, and in 

0(S(n)R(n)) time. Then we simulate a T(n) time bounded, S(n) space bounded 

DTM by a parallel Hopfield network in O(log T(n) + S(n)) size and 0(T(n)) time. 

For nondeterministic Turing machines, we simulate an S(n) space bounded, T(n) 

time bounded NDTM by a sequential Hopfield network of 0(S(n)) size, and in 

0(T(n)) time. Then we simulate a T(n) time bounded, S(n) space bounded NDTM 

by a parallel Hopfield network in O(logT(n) + S(n)) size and 0(T(n)) time. 
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5.2. Introduction 

While there are numbers of papers that simulated finite automata (see Horne [12], 

Indyk [13] and Omlin [17], for example) there are relatively few works done on simu-

lation of Turing machines by neural networks. Turing machines differ from finite au-

tomata in their ability to change symbols on their tape. This makes Turing machines 

more powerful than finite automata machines but at the same time more difficult to 

simulate. 

Most of the simulations in the literature were done on asymmetric neural networks 

with continuous value (eg. Sigmoidal functions) (see Indyk [13], Siegelmann [30] and 

[31]) with parallel updating. The only works done on discrete Hopfield networks are 

from Orponen [19] [20] and Wiedermann [37]. Orponen first simulated DTM with 

asymmetric nets, then simulated asymmetric nets with symmetric nets. Neither his 

nor Wiedermann's work is a real-time simulation. 

Here in this chapter, we will do a real-time simulation of both DTM and NDTM 

directly with discrete Hopfield networks. 

5.3. Definitions 

5.3.1. Deterministic Turing Machines 

The Turing machine model was first introduced in 1936 by Turing [36]. A Turing 

machine TM consists of a finite-state control, a read-write head and a single tape 

with infinitely many squares on it. Hopcroft and Ullman made it a one-way tape 

(see Hopcroft [10]) while Garey and Johnson made it a two-way infinite one (see 

Garey [5]). The read-write head reads the symbol on the tape square and determines 

according to its current state what symbol to write on that square, what the next 
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state will be and what direction (left one or right one square) to move to. A Turing 

machine Tm can be formally defined by a 7-tuple: 

Tm = {Q, I\ £, 8, q0, b, {qY, <?jv}) 

where 

Q is the finite set of states. 

T is a set of symbols on tape. 

E CT, S does not includes b, is the set of input symbols. 

b is the blank and b G I\ 

6 : (Q — {qy,qN}) x T —> Q x T x {—1,1} is the transition function which 

determines the symbol to write, next state and the move of the read-write head 

according to current state and the symbol it reads (where —1 means move to 

the left square and 1 to the right one). 

<7o is the initial state, {qy, qN} is the set of final states. 

5.3.2. Non-Deterministic Turing Machines 

Hopcroft and Ullman defined Non-Deterministic Turing Machines by "For a given 

state and tape symbol scanned by the tape head, the machine has a finite number of 

choices for the next move" (see Hopcroft [10]). Garey and Johnson defined the Non-

Deterministic Turing Machine as a Deterministic Turing Machine augmented with a 

guessing module having its own write-only head. The work tape is a two-way tape 

labeled —m, —m+1, •••, —1,0,1,2, ••*,n — 2, n — 1. Initially the read-write head of the 

finite-state control rests on square 1 and the write-only head of the guessing module 
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rests on square -1 . The NDTM program computes in two stages: (see Garey [5] pp. 

30-31). 

Guessing stage: 

• The finite-state control is inactive. 

• The write-only head of the guessing module writes down arbitrary symbols 

(from E) on the tape, starting from square —1, then moves one square to 

the left, one step at a time. 

Checking stage: 

• The guessing module stops. 

• The finite-state control becomes active in state qo, All operations follow 

the normal rules for a DTM. 

These two definitions are actually equivalent (see Garey [5] p.30) with respect to 

polynomial time. Therefore, to make our simulation easy, we will follow whichever 

definition is more convenient for us. 

5.3.3. Real-time simulation 

Let TM be an S(n) size bounded, T(n) time bounded Turing machine with binary 

alphabets and NH be a Hopfield network which simulates TM- The configuration of 

TM at time t, TM(£), is 

(q(t), h(t), (x1(t),x2(t),...,xS(n)(t))) 

where q(t) is the state, h(t) is the head position and Xi(t) is the symbol on the tape 

at time t. The configuration of NH at time r, N H { T ) , is 
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((̂ </l l7")' n<!2 C7")' C7"))) fahl l7")' ^tal7")' •") nhp C7"))' (Wxi C7")) I7")' •"> ^S(n) (7"))) 

where ngi, , nXk are neurons in NH. 

Let f(t) be a monotonic increasing function (ie. ti < t2 =>• /(<i) < f{t2)). We say 

that Nh simulates Tm in real-time if 

for each 1 < t < T(n), there is a configuration NH(f(t)) such that 

(i) NH{f(t)) outputs q(t) from (nqi(f{t)),nq2(f(t)),...,nqa(f(t))) 

(ii) NH(f(t)) outputs h(t) from (nhl(f{t)),nh2{f(t)),...,nh^(f(t))) 

(iii) nXi(f(t)) = Xi(t) for each 1 < i < S(n) 

5.4. Simulations of Deterministic Turing Machines 

5.4.1. Sequential mode 

Let Td be a Deterministic Turing Machine, Nh be a Hopfield Net that simulates To, 

Q = {QoiQii —iQf} be the set of states of Td, C = {xq,x\, ...,xn-\} be the set of 

symbols in cells on work tape of To (assume S{n) cells are needed to recognize L) 

where Xi 6 {0,1} for 0 < i < n — 1. Assume all programs running on TD are encoded 

in binary format and the input for Td is C' which is put on cells xo,xiwhere 

I < n — 1. Specifically, Td starts with the read/write head on cell Xq at state q® and 

ends at state qj. We represent the move of the read/write head to the right by 1 and 

to the left by —1. We say a node of Nh is on if its value (state) is 1 and is off if its 

value (state) is 0. 

Let 8 be the transition function, Xh £ {0,1} and Xk G {0,1} where 0 < h, k < n—1 

and 8(qi, Xh) = (qj, Xk, m) where m denotes the right/left move of the read/write head 

and m 6 0,1. Define functions <5i, S2 and 83 as the following. 
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Given S(qi,Xh) = (qj,Xk,m), define: 

Si{qi,xh) = j 

82 (qi,Xh) =xk 

S3(qi,xh) = m 

For convenience, we write simply <5i, 52 and <53 instead of Si(qi,Xh), S2(qi,Xh) and 

5s(qi, Xh) when there is no confusion. 

The structure of the sequential Hopfield network Njj that simulates Td is shown 

in Figure 5.1. For each cell Xi on the work tape of TD, there is a corresponding node 

Xi and corresponding control blocks K} and Kf1 in the NH- Nodes Pi, P2 and P3 

form a pulse generator where P2 will flip-flop between 0 and 1 as long as Qf = 0 

(which implies Pi = 0). Node Qf represents the final state qj of TD and is initialized 

to 0. Once Qf becomes 1, it will remain 1 forever and thus will force Pi = 1 =>• P2 = 1 

4 P3 = 1. These three nodes will remain in state 1 forever. This will prevent Pi, P2 

and P3 from affecting Kj and Kf1, and therefore forces all blocks of K} and Kf1 (as 

well as node Xi) to converge, for 0 < i < n — 1. The detailed structures of K} and 

Kf1 are shown in Figure 5.2, where nodes Ql'1 and Q^1'1 represent state q̂  in TD, 

for 0 < i < n — 1 and 1 < k < f — 1. The edges between Vffi (V^''7) and Xi are 

drawn in dotted lines which means that these edges do not exist if 52(qi, x^ = Xi = 0 

(52(qi,Xi) = Xi — 1). Similary, edges between V's™ (V1y3
1,lJ) and Xi drawn in dotted 

lines meaning that these edges do not exist if S2(qi,Xi) = a;,- = 0 (S2(qi, x^ = Xi = 1). 

Note that Kl and Kf1 are control blocks which compute Si(qj,Xi), S2(qj,Xi) and 

^3 i^lj, ®»)-

Now we pull out all QY and QJ1'1 from KJ and K~l respectively, for 0 < i < n—1, 

and use only one Qf instead (to reduce the number of nodes needed in the NH), as 

shown in Figure 5.1. The reason is that once Td reaches qf, it must halt. Similarly, 
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Cell 0 Cell 1 Cell 2 Cell S(n)-1 

co = 40nf-40n+17 
0 

-co-1 

co+1 (w+2) 

to P3 and Q/ to P3 and Q/ t 0 ft and Q/ 

(0+2 

to / j and Q/ to P3 and Q/ to / j and Q/ 

The Hopfield Net that simulates the DTM 

to and Q/ 

to P3 and Q/ 

Figure 5.1: An overview of the structure of the Hopfield network that simulates DTM. 
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Figure 5.2: Detail structure of X;, block K} and K{ 1. 



76 

in the Nh, once Qf is on, the whole net must converge (ie. no more computation of 

the 6 function). 

We initialize P2 = B0;0 = 1 and X{ = Xi for 0 < i < I. All other nodes are 

initialized 0. Then we repeatedly update the nodes of Nh in the following sequence 

until the Nh converges. 

update Qf 

for i = 1 to 3 begin 

update Pi 

end 

for i = 0 to S{n) — 1 begin 

update K} 

update Xi 

end 

for i = S (n) — 1 downto 0 begin 

update Kf1 

end 

When Kj is updated, nodes inside K\ are updated in the following sequence: 

for j = 0 to / — 1 begin 

update QY 

update Bi j 

for k = 1 to 3 begin 

update 

update 

end 
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end 

When K~l is updated, nodes inside K~l are updated in the following sequence: 

for j = 0 to / — 1 begin 

update QJ1,r 

for k = 1 to 3 begin 

update 

update V1~fc
1',J 

end 

end 

In the first update iteration (here an iteration means that all nodes in the NH are 

updated once in the sequence stated above), when updating block KQ, we will have 

Qo 0 = 1 (then Po,o)- This represents that in Tp the read/write head is on cell x0 and 

To is at state q0. Ql'° = 1 guarantees either V^0'0 = 1 or V^f'0 = 1 (but not both) 

which eventually results in either V^0'0 = 1 or V^0'0 = 1 (but not both). This will 

force one and only one of Qj'1 to be 1 for 1 < j < f — 1. Inductively, we will have 

exactly one of Qj'% = 1 (or QJ1'1 = 1) in any Kj (or Kf1) for 1 < j < f — 1. 

In the first iteration after we started updating the NH, we will have P3 = 0 after P3 

is updated and therefore _P3 has no effect on any other nodes. We say this iteration is 

a Compute Phase. In the very next iteration we will have P3 = 1 after P3 is updated. 

Now P3 will set all = 0 which eventually results in all nodes in block K f l 

(except some unique Bitj of NH) to become 0. We say this iteration is a Reset Phase. 

Lemma 16. The update of the HopGeld network shown in Figure 5.1 alternates 

between a Compute Phase and a Reset Phase. In the Reset Phase, all nodes inside 

K\ and K~l (except some unique Bf.j) will be reset to 0. 
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PROOF: Since P2 will oscillate between 0 and 1 as long as Qj = 0 and the state of 

P3 completely depends on the current state of P2, the NH will alternate between the 

Compute Phase and Reset Phase by definition. 

In the Reset Phase, P3 = 1. In K\fi, we will have in order Q*'° = 0 (since B0j is 

0 and will be updated after Q]'° = 0, it contributes no effect on Q]'°) => VQJ^ = 0 

=>- V^xi = 0 => ^0/13 = Therefore all nodes in Ki$ (except B0 j ) will become 0. 

The same argument applies to all following K} and K~l which are to be updated. • 

Note that all Bij (except B0t0 = 1) are initialized 0, for 0 < i,j < n — 1. In the 

first Compute Phase when the update operation starts, all Bitj (including B0,0) will 

become (and remain) 0 since they are updated before only by which means 

can they be activated. In the following Reset Phase, a unique Bi j will become 1 due 

to some Vr
0^3_1'J = 1. But since Bi j is updated after Qj'1, it will set Q]'* = 1 at the 

next iteration (in the Compute Phase). Since all nodes except Q]'1 will be set to 0 

in the Reset Phase, in the following Compute Phase there will be only one unique 

node QY = 1, which represents the fact that the read/write head moves on cell Xi 

and enters state qj in Tp. 

Lemma 17. computes 5(qj,0) and computes S(qj, 1). 

PROOF: Suppose Xi = 0 and QJ'* = 1 in Kf for 0 < i < S(n) — 1, 1 < j < f — 1. 

This will result in = 1, then VQ^ — 1 (note that P3 has no effect on V0*2J = 1 

in a Compute Phase), and then VQ™ = 1, in order. If 52(#i,0) = 1 then the edge 

between VQ '̂3 and Xi exists, therefore Xi will be flipped from 0 to 1. If 2̂ , 0) = 0 

then this edge does not exist and therefore Xi will not be flipped. (At this moment 

edges between Xi and V0^'^ have no effect on Xi since Kf1 is not updated yet, 

which implies = V1~3
1't''? = 0). Note that there is one edge between VQ ^ and 
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q<S3,i+<53 jf Ss(qj,0) = 1 then the next node to be flipped on will be Q]'*+1 in K}+1. 

This represents that the read/write head of Tn moves to the right one cell on the 

work tape and enters state qs1. If $z{qj, 0) = — 1 then the next node to be flipped on 

will be i n K~}x. This represents that the read/write head of To moves to the 

left one cell on the work tape and enter state . The same argument applies to the 

situation when Xi = 1 and Qj'l = 1 in K\. 

Now suppose Xi = 0 and Qjl,% = 1 in K f l for 0 < i < S(n) —1,1 < j < f — 1. The 

argument is similar to that with Xi = 0 and Q1^1 — 1 except for a small difference. 

In the case of QY = 1, VQ^ will flip either Q}'*+1 or from 0 to 1 (but not 

both); these two nodes are to be updated in the same Compute Phase. 

In the case when QJ1'1 = 1, we have a different story. When ^ = 1, it will 

flip either or Bi+ij5l (but not both) from 0 to 1. If is to flip in 

Kf_lj, then there is no problem at all because is yet to be updated. But if 

is to flip Bi+ijx in K}+1, Bi+itst has to wait until the next iteration before it can be 

flipped. In next iteration, the NH enters the Reset Phase, in which all nodes in Kj 

and K~l are going to be flipped off except in K]+l. This guarantees that in 

the next iteration (a Compute Phase), we will have Q]'*+1 = 1, which represents that 

the read/write head moves to the right cell (after left move/moves) on the work tape 

of T 0 and enters state qs1 • 

The same argument applies to the situation when Xi = 1 and QJ1'1 = 1 in K f 1 , 

and thus completes our proof. • 

Lemma 18. The Hopfield network that simulates a DTM converges correctly. 

PROOF: When Qf — 1, the update operation will set PI = 1, then Pi — 1 and then 

Pz = 1 and these four nodes will remain on thereafter. P3 remaining on forever will 
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eventually make all nodes in K\ and K~l off forever (see Lemma 16). This guarantees 

its convergence. Since correctly computes S(qj, 0/1) (by Lemma 17) and 

flips (or not) Xi according to the transition function of Tp, the state of Xi is exactly 

the same as the symbol X{ on the work tape of Tp. • 

Theorem 16. An S(n) space bounded, R(n) reversal bounded deterministic Turing 

machine Tp can be simulated by a sequential Hop&eld network NJJ of size 0(S(n)) in 

time 0(R(n)S(n)). 

PROOF: There are 2S(n) blocks; 8/ nodes in Kj, If nodes in K^1, S(n) nodes of 

Xi, and 4 nodes for Pi, P2, P3 and Qf, a total of 2S(n) • (8/ + 7/) + S(n) + 4 = 

30S(n)f + S(n) + 4 = 0(S(n)) nodes (where / , the number of states of Tp, is a 

constant). 

For continuous right/left moves and continuous right moves followed by continuous 

left moves, we need only one Compute Phase. For each left move immediately followed 

by a right move (ie. at time t, the read/write head moves left and at time t + 1 the 

read/write head moves right) we need an extra Reset Phase and one Compute Phase. 

In each phase, we need to update through all nodes of the NR. This results in an 

0(R(n)S(n)) time. • 

5.4.2. Parallel mode 

Observe that the structure of blocks Kj and K f 1 for 0 < i < S(n) — 1 shown in 

Figure 5.2 is almost identical. The same blocks appearing twice in the net is a waste 

of size. Furthermore, we have to go over the whole net to update (reset) nodes 

whenever there is a left move immediately after right moves of the DTM. This is a 



81 

disadvantage in time complexity. To improve both size and time complexities, we 

implement the parallel updates as follows. 

The overview of the Hopfield network which simulates the DTM is shown in Fig-

ure 5.3. For each cell Xi on work tape of DTM, there exists a corresponding node 

Xi on Hopfield network. Associate with each Xi a control block K; whose detailed 

structure is shown in Figure 5.4. 

Here we need a binary counter which serves as a pulse generator, as shown on the 

upper level of Figure 5.3. Due to the complicated geometric structure of our work, 

we cannot make this Hopfield network planar. Therefore we sacrifice planarity and 

trade it off for the smallest size and thus select the parallel counter with the smallest 

size, from Goles [6]. The binary counter in Figure 5.3 is obtained by modifying Goles' 

work. 

In the binary counter of Figure 5.3, only bo (which is the least significant bit) 

and b\ are explicitly shown. The rest of the counter is constructed following Goles' 

construction and left to the interest reader. We augment the weights on edges and 

modify theresholds whenever neccessary to fit our needs and connect bo and to a 

control node Ctrl. The weights on the edges connected to Ctrl are assigned in such 

a way that Ctrl will be (and can only be) flipped on exactly once in each four clocks. 

Each Xi is initialized according to how cell X{ is initialized on the work tape of the 

DTM. ie. Xi = Xi at initialization for 0 < i < n — 1. Furthermore, we initialize 

Qo = 1 and leave all other nodes inside K; to be 0 for 0 < i < S(n) — 1. This is 

equivalent to the initial configuration of DTM. (Here we assume the DTM starts at 

state <70). All nodes in the counter as well as Ctrl are also initialized 0. 

It is easy to verify that the on signal will travel through either Q* —> VQ'J —> 

or through Q*- —> Vi'j —> (but never both), then activates Q1^1 or Q'f1 (for 
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time Ctrl OS vii/vij vft/vti 

t-2 0 1 0 0 

t-1 1 1 0 0 

t 0 0 1 0 

t+1 0 0 0 1 

t+2 0 0 0 0 

Table 5.1: Only a single pulse goes through block Ki 

1 < k < m — 1 where m =\ Q |) and then the cycle repeats in Ki+i or Ki-1. 

Therefore, 

At any moment, only one of can be on, \/i,j 

At any moment, only one of V^x l can be on, \fi,j 

At any moment, Q) and cannot be both on at the same time. 

The last statement can be easily verified as following: 

K / l i W = 1 =* C t r l ( t - 1) = 1 =• Q*-(t) = 0 

Q)(t) = 1 =• Ctrl(t - 1) = 0 =• V*fltX(t) = 0 

In fact, we can see this from table 5.1. 

This implies that threshold of Ctrl set to 9 is enough to inhibit Ctrl from being 

activated by Vd'j or Vf'j and therefore guarantees that only when (b0, b\) counts (1,0) 

will Ctrl be activated. 

When Ctrl is on, it will deactivate and provides an offset to allow the signal to 

pass through either VQ'J or Vf'j (but not both). (It passes through V^'j if Xi — 0, V{'j 

if = 1). At next clock, Ctrl will fall back to inactive (off) state (since exactly one 
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of VQ'J and V^'j is on, a weight of at most 8, which is below its threshold, is pushed 

to Ctrl) and wait until next time we reach (bo, bi) = (1,0). 

We say a block Ki in Figure 5.3 is awake if there is at least one node inside Ki 

that is on (active), and is sleeping otherwise. The weights on edges inside block Ki, 

where 0 < i < m — 1, are assigned in the way shown in Figure 5.4. We can see from 

the figure that at any time there can be only one block that is awake. Suppose now 

Ki (for some i such that 0 < k < S(n) — 1) is awake with Qj = 1 and all other nodes 

inside Ki are off. It is easy to verify from Figure 5.4 that in the next two clocks the 

on signal should go from Qj through either V^'j -» VQ£ or V{'{ -> (but not both). 

The edge between X, and Vq£ and the edge between Xi and are drawn in dotted 

lines to represent that there is an edge with weight 3 in between Xi and VQ£ if and 

only if <52(<7i,0) — \Xi\ = 1, and that there is an edge with weight —1 in between Xi 

and Vi l if and only if |Xj| — 1) = 1. Therefore it is clear that Ki being awake 

represents that the read/write head of the DTM is on cell Xi of work tape. Note that 

whether or not Ki will flip Xi completely depends on S2(qi,Xi) of the DTM. 

Suppose Qf = 1 at time t (ie. the DTM enters its final state). Since there are 

no edges between Qf and any of Qlj for 0 < i < S(n) — 1 and 0 < j < f — 1 (see 

Figure 5.3), Qj will no longer be activated and all Ki will be sleeping thereafter. This 

implies the convergence of this Hopfield network. 

We have stated above that the state of Xi is set exactly according to <5>2(g;, Xi) for 

DTM. Therefore, when the Hopfield network converges, the state of Xi is exactly the 

content of cell Xi which is written on work tape of DTM when the DTM halts. 

Theorem 17. An S(n) space bounded, T(n) time bounded deterministic Turing ma-

chine Td can be simulated by a Parallel Hop&eld network NH of size 0(S(n)+logT(n)) 

in time 0(T(n)). 
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Figure 5.3: Overview of parallel update Hopfield network Njj that simulates DTM. 
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PROOF: There are S(n) blocks in Figure 5.3 and 5 | Q | nodes in each block (see 

Figure 5.4), S(n) nodes for Xi, 3 log{T(n)) nodes for the binary counter, one node for 

Ctrl and one node for Qf, resulting in a size of 0(S(n) + logT(n)). For each symbol 

scanning and writing (as well as changing state and moveing read-write head to the 

left or right) on the DTM, there are 5 corresponding clock pulses (5 updates) in the 

NH• Therefore the NJJ converges after the 5(T(n)) th update, which implies a time 

complexity of 0(T(n)). • 

Compared to Wiedermann's work (see Wiedermann [37]) which has 0(T(n)) size. 

Our 0(S(n) + logT(ra)) size is an improvement, since in general, S(n) can be much 

smaller than T(n). 

5.5. Simulations of Non-Deterministic Turing Machines 

5.5.1. Sequential mode 

In sequential mode, neurons can be updated in specific sequence or randomly, and also 

Hopfield networks can be updated in hybrid mode (See Siu et al [32]). In this section 

we employ nondeterministic Hopfield networks in which some groups of neurons are 

updated in nondeterministic order and all other neurons are updated in a specific 

order. 

The overview of the structure is the same as that shown in Figure 5.1, while 

the detailed structure of the unit block is different. It is obtained by augmenting 

the number of some nodes (duplicate in Figure 5.2, and is shown in Fig-

ure 5.5. Suppose the Non-Deterministic Turing machine has k choices for next state, 

each with its own symbol to write and its own next move on scanning a symbol 

on the tape at some state. We put k copies of 3 J / $ ' j / / V ^ 1 ' i , j labeled 
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Figure 5.5: The detail structure of the unit in the sequential Hopfield network Ng. 
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Voj&i/Vi$?z/Vo,3,Z'j/Vi,3,z'j i n the dashed ellipse in Figure 5.5, where z is a positive 

integer and 1 < z < k and 

each of has an edge with weight 7 connected to VQ ^ and has threshold 7. 

each of has an edge with weight 7 connected to and has threshold 4. 

each of has an edge with weight 11 connected to V^'1^ and has threshold 11. 

each of has an edge with weight 11 connected to and has threshold 5. 

each of V^fz has an edge with weight 3(52(<7j, %i) connected to Xi 

each of V^fz has an edge with weight -3(1 - 52(qj,Xi)) connected to Xi 

each of has an edge with weight 6<52(<7j, Xi) connected to Xi 

each of V ^ p j has an edge with weight -6(1 -62(qj,Xi)) connected to Xi 

each of and V ^ l has an edge with weight 3 connected to 

each of and has an edge with weight 4 connected to Qg1
1'1-1 or Bi+i^ 

depends on the finite-state control of NDTM (ie. in accordance with transition function). 

there is an edge between VQ^I and VQ££, with weight - 7 

there is an edge between V^fx and with weight - 7 

there is an edge between and with weight - 1 1 

there is an edge between and V ^ ' j , with weight - 1 1 

for positive integers x and y with x / y and 1 < x, y < k 

We update nodes in the order specified in the following: 

update Qf 

for i = 1 to 3 begin 

update Pi 
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end 

for i = 0 to S(n) — 1 begin 

update K} 

update Xi 

end 

for i = S(n) — 1 downto 0 begin 

update Kf1 

end 

When K\ is updated, nodes inside K] are updated in the following sequence: 

for j = 0 to / — 1 begin 

update QY 

update Bij 

update 

update ^ 

Vx G { 1 , 2 , k } begin 

update each once, in nondeterministic order 

end 

update J 

update Vi ̂  

VIE G {1,2,. . . , k} begin 

update each once, in nondeterministic order 

end 

end 

When K~l is updated, nodes inside K f 1 are updated in the following sequence: 
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for j = 0 to / — 1 begin 

update Q]l,% 

update 

update V0;2
mj 

Vrr 6 { 1 , 2 , k } begin 

update each once, in nondeterministic order 

end 

update 

update 

Vx G { 1 , 2 , k } begin 

update each V{^ '̂3 once, in nondeterministic order 

end 

end 

When updating block Ki, after is updated, we must update k copies of 

V f j l f , ie. for 1 < z < k. We can update these k nodes in any order, one 

at a time. Since there is an edge between any pair of these k nodes with negative 

weight on it large enough to inhibit any other k — 1 nodes from activating, only the 

first node of these k nodes chosen to update can be activated. This is equivalent to 

making a single choice among k choices on the k choices NDTM. Since only one of 

the k nodes can be active, the rest of the evolution of the NH will be the same as the 

one that simulates DTM. Therefore the proof is obvious and will be omitted. 

Theorem 18. An S(n) space bounded, R(n) reversal bounded nondeterministic Tur-

ing machine TN can be simulated by a sequential HopBeld network NH of size 0(S(n)) 

in time 0(R(n)S(n)). 
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PROOF: There are k — 1 nodes added for each V ^ 1 ' ^ in the sequential Hopfield 

network simulation of DTM, where A; is a constant. Therefore, the space and time 

complexity are the same as that for DTM. • 

5.5.2. Parallel mode 

Wiedermann [37] proposed a construction which had 0(T(n)) size (compare to ours, 

O(logT(n) + S(n))) on a discrete Hopfield network, but it was not a real-time simu-

lation. 

For convenience, we now follow the definition of NDTM from Garey and Johnson 

(see Garey [5]p.30-31). 

First, we extend the working tape to allow negative directions (ie. labeled —1, —2, 

...,—m for some positive integer m). At the guessing state, the finite-state control 

is inactive and the write-only head of the guessing module writes arbitrary symbols 

on the work tape, assuming starting from square —1 down to —m. All we need to 

implement in accordance with this is to initialize X_i,X_2, • • -,X_m in the Hop-

field network according to the symbols written on square —1 to —m (and of course, 

X0, Xi, X2, • • •, Xi are initialized in accordance with the input on the work tape while 

the unit in Hopfield network which represents state qo is initialized to 1), see Fig-

ure 5.6. At the checking stage, the guessing module stops and the finite-state control 

becomes active in state qo, all operations follow the normal rules for a deterministic 

Turing machine. The Hopfield network now starts its simulation at the checking stage. 

The rest of it is the same as the parallel Hopfield network simulating deterministic 

Turing machine. The size and time complexity are then straightforward. 

Theorem 19. An S(n) space bounded, T(n) time bounded nondeterministic Turing 
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binary counter 

toVo!, to Q; to Vu 

K.m K, K0 K, K.m K, K0 K, K.m K, K0 K, 

Xs(n)-1 

Figure 5.6: The overview of the Parallel Hopfield network NH that simulates NDTM. 
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machine TN can be simulated by a Parallel Hop£eld network NH of size 0(S(n)+\ogT(n)) 

in time 0(T(n)). 

5.6. Conclusions and future works 

We demonstrated new resource efficient simulations of both deterministic and non-

deterministic Turing machines on both sequential and parallel discrete Hopfield net-

works. 

An S(n) space bounded, R(n) reversal bounded deterministic/nondeterministic 

Turing machines can be simulated by a sequential Hopfield network of size 0(S(n)) 

in time 0(R(n)S(n)) and an S(n) space bounded, T(n) time bounded determinis-

tic/nondeterministic Turing machines can be simulated by a parallel Hopfield network 

of size 0(S(n)+logT(n)) in time 0(T(n)). 

All conventional computation can be modeled as a Turing machine program. 

Therefore, the simulations of Turing machines by discrete Hopfield networks demon-

strate the computational power of discrete Hopfield networks, that is, discrete Hop-

field network computations are as powerful as conventional computations. 



CHAPTER 6 

CONCLUSIONS 

There are three major results in this dissertation. 

In the first part, we defined a new definition of graph embedding and used it 

as a tool to study the PLS completeness on some restrictions of Hopfield networks. 

Although we tried to exhaust as many restrictions as possible, there are still many 

interesting cases yet to be studied. 

In the second part, we explored the limitation of Hopfield networks by building 

binary counters which implied an exponential convergence. We also pushed the upper 

bound of the transient to 2"/4 (sequential mode) and made both sequential and par-

allel Hopfield networks planar and of constant degree. We obtained a better transient 

than Goles and Orponen's result in the sequential case, but we had a worse transient 

in parallel case (in return for planarity and constant degree). Is there any new method 

that can do better on both sequential and parallel mode? Or it is a trade-off between 

them so that we only benefit from one side? 

In the last part we simulated both deterministic and nondeterministic Turing 

machines directly with resource bounded Hopfield networks. We improved the size 

bound to 0(S(n)) for sequential Hopfield networks and to 0(S(n) + log T(n)) for 

parallel ones. Also, we improved the time bound to 0(R(n)S(n)) for sequential 

Hopfield networks and 0(T(n)) for parallel ones. 
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