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The phenomenon of dynamically induced anomalous diffusion is both the clas-

sical and quantum kicked rotor is investigated in this Dissertation. We discuss the 

capability of the quantum mechanical version of the system to reproduce for extended 

periods the corresponding classical chaotic behavior. 

Chapter 1 introduces the discussion. The objectives of the work are stated, the 

encountered problems are described and a sketch of the procedure adopted to solve 

these problems is given. 

In Chapter 2 we review the procedure to obtain a diffusion equation from either 

a deterministically driven or noise driven system of equations. We discuss separately 

the cases in which normal and anomalous diffusion are obtained and show how the 

properties of the correlation function for the irrelevant variables ultimately determines 

the nature of the diffusion process. 

In Chapter 3 we apply the results obtained in Chapter 2 to the study of the 

classical kicked rotor for both the case of normal and anomalous diffusion. The 

statistical properties of the diffusing variable are discussed and, in the anomalous 

case, the presence of strong peaks delimiting its distribution is interpreted to be a 

consequence of the dynamical nature of the process. We show how a study of the 

peaks' dynamics allows for a complete characterization of the diffusion process. 



Chapter 4 deals with the quantum kicked rotor. Normal and anomalous diffu-

sion are discussed from a statistical point of view. A procedure to rigorously define 

the correspondence between the classical and quantum kicked rotor is defined, The 

statistical features of the diffusing variable are found to be very close to the classi-

cal case, including the presence of the peaks. The numerical advantages afforded by 

restricting the numerical analysis to a study of the peaks are discussed. However, 

quantum-induced features in the peaks' decay are found in the form of a logarith-

mic modulation of the expected inverse-power law time decay of their population. A 

model interpreting those features as a consequence of quantum mechanical coherence 

is proposed. 

In Chapter 6 we draw some conclusions and discuss the implications of the 

obtained results. 
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CHAPTER 1 

INTRODUCTION 

The reasons of this work. 

Why do we study chaos? And why are we interested in its quantum version? 

To answer this question we have to go back to the beginning of the century 

when Europe was unknowingly heading, on Strausse's notes, towards the ordeal of the 

First World War and the most respected physical theory since the time of Aristotle was 

closing its golden era, depriving human kind of its beautiful and regular description 

of the world. 

Classical mechanics was in fact being replaced, as it is well known, by the 

theory of relativity for speeds comparable with the speed of light and with quantum 

mechanics at the microscopic scale. In the same period another, less apparent at that 

time, crack in the theory was revealed by Henry Poincare (1854-1912). He realized 

that, even in the framework of classical mechanics, systems could be found that were 

non-integrable and whose motion was lacking the regularity and predictability proper 

of the integrable ones resembling more closely a random pattern. This was de facto 

the foundation of the modern theory of chaos. 

Since then it became increasingly clear that chaos played a ubiquitous role 

in real systems even in fields that didn't have much to do with physics (the Volter-

ra equation for prey-predator dynamics, Lorentz equations in meteorology are only 



a few examples) and therefore more and more effort has been devoted to unveil its 

secrets. More recently it was realized that chaos is not only a useful tool to com-

prehend the evolution of complex systems, but it may also play an essential role in 

the, still lacking, dynamical derivation of statistical mechanics and thermodynamic. 

Boltzmann first attempt to derive thermal physics from the basic laws of mechanics 

was in fact based on what he called "molecular chaos" (the choice of words should not 

be confused with the modern definition of chaos that being the sensitive dependence 

on initial conditions). The idea is that, due to the frequent collision between the 

molecules forming a gas and their enormous number, their trajectories can be con-

sidered random and uncorrelated even if actually described by a set of deterministic 

equations between collisions. Chaos theory may be able to offer a way to conciliate 

the two seemingly contradictory concepts of determinism and randomness showing 

how it is possible, with a simple set of Hamiltonian equations, to deterministically 

generate a sequence of numbers that, for all practical purposes, is indistinguishable 

from a Bernoulli sequence, the prototype of random process. Chaos allows therefore 

the introduction in physics and philosophy of the surprising, and still suspicious, con-

cept of deterministic randomness. It is not really surprising that Boltzmann's ideas 

were rejected by the scientific establishment at the beginning of the century because 

they were carrying the seed of this revolutionary idea that, being still odd for us, 

should have been completely unacceptable for people used to the regular universe of 

the Newtonian theory. 

At present, no completely satisfactory dynamical derivation of statistical me-



chanics, exemplified by the process of Brownian motion, exists. All the attempts 

made thereof rely on some sort of approximation (like the Markov approximation) 

that can not be completely justified in the case of a continuous time Hamiltonian sys-

tems. All those approximation are in fact related to the concept of a finite memory 

for the evolution of deterministically driven quantities that allows for the introduction 

of a seed of randomness into the system, an example of this procedure is shown in 

Chapter 2. A theorem by Lee [1] states, however, that it is impossible to obtain an 

exponential time decay for the correlation function of quantities driven by Hamiltoni-

an dynamics, even if its validity in the case of strong chaos has to be proved, making 

it more difficult to use the finite memory approximation for a satisfactory foundation 

of statistical mechanics. 

How is it therefore possible to generate a Bernoulli sequence from a chaotic 

system? The answer is that it is possible to generate quantities that look like Bernoulli 

sequences and that will pass almost all test for randomness 1 (better called test for 

non-deterministic nature). This is the meaning of the expression "for all practical 

purposes" that we used previously. The key question if whether or not this kind 

of randomness is enough for a rigorous derivation of statistical mechanics is still 

unanswered today. 

1 Algorithms used to "test a sequence for randomness" and defining a metric on 
it (an example of this procedure can be found in [2]) that induces a measure we can 
give to the expression "almost all" the usual meaning that the measure of the subset 
of tests the sequence would not pass, revealing therefore its deterministic measure, is 
zero. This does not mean that there are no test that would discover its deterministic 
measure as in fact there is at least the one that uses the time reversed Hamiltonian 
evolution. 



But, even assuming that this kind of deterministic randomness could be suc-

cessfully used on the foundation of statistical mechanics would this be entirely satis-

factory? Or on the other hand, if such an attempt should result to be vane, would 

Boltzmann's dream be shattered forever? 

The fact that the motion and behavior of microscopic quantities is actually 

driven by a different theory has been ignored up to this point. Would not a quantum 

mechanical treatment be required to formulate a satisfactory dynamical foundation of 

statistical mechanics? Moreover, since the classical theory of non-integrable systems 

and chaos is so important for the nearly successful fulfillment of Boltzmann's dream, 

it could be expected that the key for a quantum based attempt in this direction 

could be found in the quantum mechanical treatment of classically non-integrable 

and chaotic systems, that is the so called "quantum chaos". 

Interpreting the concept of chaos in the quantum mechanical framework is, 

however, a serious challenge. Basic concepts in classical theory necessary to define 

what chaos is, like trajectories, phase space and Liapunov exponents, do not have 

a direct correspondence in the quantum formalism making it extremely difficult to 

bridge the two theories. Two different approaches have been used so far to establish 

the connection. In the first approach the attempt is made at the single-system level 

when the properties of the classical chaotic trajectories are assumed to have a coun-

terpart in the properties of the wave-function in the corresponding quantum situation. 

The weak point of this approach is that it relies, for the quantum mechanical part, 

on quantities that are not observable and it is not clear how the properties of the 



classical trajectories are mapped in the quantum framework. The second approach 

to the quantum-classical comparison is of a statistical kind and is performed at the 

level of the observables. The evolution of the expectation value of observables, like 

the system energy, is followed in quantum chaotic systems and compared with the 

average value of the corresponding classical quantities. The connection is therefore 

established between the wave-function and classical ensembles of trajectories. The 

quantum concept of expectation value implies the repetition of a measure over an 

ensemble of identically prepared systems and its classical counterpart is therefore the 

process of averaging the corresponding classical quantity on ensembles of trajectories 

chosen according to the proper distribution of initial conditions. The problem of how 

to chose the initial conditions in the proper way is discussed in a detailed way in 

chapter 3. 

It is interesting to note how this way of establishing the connection between 

quantum and classical dynamics becomes the natural one if the Bohm interpretation of 

the wave-function is adopted (see for example [3]). The quantum concept of identically 

prepared systems assumes in fact, in this optic, exactly the meaning of an ensemble 

of different states with the same wave-guide, becoming therefore very similar to the 

classical ensemble concept. 

The problems in the quantum theory of chaos are however not only on the 

level of procedure and definition, the deep differences between the two theories cause 

actually quantum chaotic systems to show important deviations from their classical 

counterpart both at the single level system and, in general on a longer time scale, in 



the expectation values of observables. Well known examples of this breakdown are 

the phenomenon of dynamical localization in the quantum kicked rotor (a reference 

paper is for example [5]) and the connected Anderson localization [4]. The kicked 

rotor will be discussed in the central part of this thesis but a quick review of the 

problem will be given here. 

The kicked rotor is a classically chaotic non-autonomous Hamiltonian system 

that admits a quantum counterpart. For appropriate choices of the system's param-

eters it shows strong chaotic behavior associated with a linear time increase of the 

average system kinetic energy. This increase is associated with a diffusion in momen-

tum space (the kinetic energy is in fact proportional to the second moment of the 

p-projection of the trajectories phase space density) and can be explicitly associated 

with the degree of chaos in the system phase space. The quantum system shows the 

same kind of linear increase in the expectation value of the energy for finite times 

but, asymptotically, the energy saturates to a finite value. This saturation is called 

localization because it is associated with the suppression of the wave-function spread-

ing in the momentum representation and it is a consequence of the intrinsic nature 

of the quantum system. In particular the localization is a consequence of the discrete 

nature of the quasi-energy spectrum (for more details see [5]). 

Localization is just a paradigmatic example of a wider class of phenomenon 

collectively associated with the quantum suppression of classical chaos and the ques-

tion, still unanswered at the present, that they raise is the following. How compatible 

is chaos with quantum mechanics? And if they are incompatible, on what time scale 



will quantum mechanics suppress the chaotic behavior? 

But at this point a still more intriguing question arises. If quantum mechanics 

is supposed to suppress quantum behaviors, why is chaos so ubiquitous? 

The problems raised by chaos are of maximum importance for the foundation 

of physics itself but, before explaining where our work is located in this picture, we 

summarize the key concepts just discussed. Chaos seems to be the key for the long-

needed dynamical derivation of statistical mechanics and in turn for the concepts 

of randomness and irreversibility. But, to satisfactory perform this derivation, a 

robust quantum mechanical derivation of chaos theory is needed. Not only is this 

derivation missing at the present time, but quantum properties seem to render it 

extremely difficult if not impossible, leading some scientist to question the foundations 

of quantum mechanical theory itself. 

The situation requires therefore a test of the capability of quantum mechanics 

to reproduce for extended periods classically chaotic behavior. For reasons that will 

become clear while reading, the situations where earlier differences between the two 

theories are expected is that of classically weak chaos. 

In this context we add our small contribution comparing, along the lines of 

the statistical approach described above, the classical and quantum behavior of a 

well-known chaotic system, the kicked rotor, to observe how, in a special situation, 

quantum induced effects can be present on very short time scales in the evolution of 

specially defined observables. 

This is not the first study of this kind but most previous attempts, with some 
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notable exception in the works of Roncaglia et. ah [6], have been focused on the 

case in which the system's energy was undergoing a normal linear increase. This 

studies concluded that no significant quantum deviation would be evident before the 

localization time scale and even an extremely small external noise would destroy 

any trace of quantum effects. This is why our study will be in a parameter region 

corresponding, classically, to a mixed phase space leading to an anomalously faster 

than linear increase in the system energy and to a consequently faster than normal 

spreading of the distribution in momentum space. Moreover, anomalous diffusion 

seems to be [7] more robust against environmental fluctuation, possibly offering more 

distinct possibilities for experimental studies. The nature of anomalous diffusion 

in the kicked rotor is discussed in Chapters 2 and 3, but here we state how the 

phenomenon is related to the presence of fine semi-regular regions in the classical 

phase space and to the extremely long times trajectories spend in the vicinity of 

those structures. Previous studies made by our group [6, 8] seems to suggest that 

quantum dynamics is unable to reproduce the behavior corresponding to the trapping 

of classical trajectories near those semi-stable regions. This results in shorter trapping 

times and, in turn, in the weakening and final suppression of the anomalous diffusion 

and energy increase. 

The choice of studying anomalous diffusion is motivated therefore by the hope 

that the closer connection between fine scale structures in the phase space and the 

evolution of macroscopic observables, together with the higher tolerance to environ-

mental fluctuations, will allow us to find stronger signs of an earlier, and experimen-



tally detectable, departure between quantum and classical behavior. 

The numerical results obtained herein actually confirm this idea, but not in 

the way expected. In fact, in the original part of this work we, in fact, see how the 

quantum system recovers all the most important properties of the classical anomalous 

diffusion, including the momentum distribution and the presence of two strong peaks 

delimiting it. Their momentum increases linearly in time, but on closer analysis, 

small, but unmistakable, traces of its quantum nature are revealed in a weak modu-

lation, periodic in the logarithm of time, of the peaks decay law. In spite of the fact 

that such an oscillation is compatible a the classical model, a clear h dependence of 

its frequency suggests a genuine quantum origin. It is also observed how, in contrast 

with other form of quantum suppression of classical chaos taking place only on long 

time scales, this modulation is present from the very beginning of the evolution. 

Is this a clear cut breakdown of the difficult unification between chaos and 

quantum mechanics? Will experiments be able to answer this question if the two 

theories can be conciliated or if at least one of them needs some modification? 

The answer to this questions is not yet possible, once more nature seems to 

defy our attempts to settle this controversy. The intensity and frequency of the peaks 

decay law modulation are both decreasing functions of % and it is not yet clear whether 

or not an experimental detection of this effect would be possible. This problem is 

discussed again in the final chapter on the basis of the numerical results and of a 

model that is developed in this thesis. 



CHAPTER 2 

THE DIFFUSION EQUATION 

Introduction. 

The connection between the phenomenological theory of Brownian motion [9] 

and the chaotic behavior of non-integrable Hamiltonian systems [10] has recently been 

the subject of many studies for its fundamental importance in statistical mechanics 

problems. 

In Brownian motion the statistical properties of the system, like diffusion 

in momentum space, arise from the coupling of the system with the environment 

causing a random variation in the velocity of the diffusing variable. In the case of a 

chaotic Hamiltonian system, the apparently same statistical properties are internally 

generated. In particular the erratic behavior of the variable velocity is related to the 

chaotic, but deterministic, dynamic of the system. In the case of the kicked rotor, 

with the proper choice of parameters corresponding to fully developed chaos, the 

average energy of the system, described by Hamilton's equations, increases linearly 

in time and the diffusing variable distribution, in this case the momentum, tends to 

a spreading Gaussian. 

The study of anomalous statistics and diffusion processes, both in dynamically 

and stochastically driven systems, can be discussed along similar lines. Anomalous 
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diffusion occurs when the mean square momentum of the diffusing variable increases 

nonlinearly in time 

( P
2 ) «e H H* \ (2.i) 

and can be either sub-diffusive, with H < 1/2, or super-diffusive, with H > 1/2. Dy-

namically generated anomalous diffusion is related, both in the case of sub-diffusion 

and super-diffusion, to the presence of fractal, weakly chaotic regions in the phase 

space. The statistical properties of the diffusing variable can, in this case, be de-

scribed in terms of Levy statistics [11, 13, 14]. To recover anomalous diffusion in the 

framework of stochastically driven differential equation, attempts have been made to 

connect Levy stable processes with specific properties of systems' dynamics. An ex-

ample of this, developed in the framework of continuous time random walks (CTRW), 

by Zumofen and Klafter can be found in [15]. The way this connection is established 

is discussed in detail in the next chapter while here we concentrate on the case of a 

stochastically driven diffusion equation and show that the diffusion properties are de-

termined uniquely by the correlation and statistical properties of the driving variable 

with no regard for its deterministic or random nature. To demonstrate this point we 

analyze a stochastic diffusion equation in the special case where the driving noise is 

dichotomous (assumes only two different values) obtaining as exact equation for the 

distribution of the diffusing variable and showing how both the normally diffusing 

Gaussian and the anomalous diffusing Levy distribution can be obtained solely by 

changing the correlation properties of the noise. 
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Derivation of the evolution equation. 

We start, closely following [8], from the equation 

! * ( * ) = ¥(<) (2.2) 

where x (t) is the variable of interest (relevant variable) and y (t) is the driving one 

(irrelevant). We can define a phase space for the system containing x,y and all the 

variables necessary to describe the dynamic of y, indicated collectively by R, irrelevant 

as well, and a phase space density p (x, y, R, t). If y (t) is a random process, and this 

is the case we are considering, there are actually no other variables, but their formal 

inclusion allows to include in this picture dynamically driven systems. Using the 

Liouville theorem we can write a differential equation for p 

dp (x,y,R,t) ( d , 
dt ~ [ ~ : V d i + r J P 0 (2.3) 

where T describes the evolution of the y variable [14, 16]. However, we make the 

assumption of y being a dichotomous variable 

y = ±W. (2.4) 

From a formal point of view we can imagine the irrelevant variables as a sort of 

operator acting on the space of the distribution of the y variable, characterized by 

the two eigenstates |+) and | - ) such that the operator y has the eigenvalues 

y |± ) = ± W | ± ) . (2.5) 

If no bias is included we assume the equilibrium state to be given by 

lp°> = d+) + I"))- (2.6) 
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Formally 2.6 means that the application of y to the equilibrium state results in the 

explicit state 

|n \ - ^ ^ (o 7\ 
| p i ) ~W ( 2 , 7 ) 

To study the equilibrium correlation function of y, we can write 

(y (0) y (t)) = (po I t / e ^ p o ) = W2 | e r t |p i ) (2.8) 

that, using the complete set of the eigenstates of T, becomes 

w2 (pi | e " | ? i ) = W £ W/<) (/"!?•) eA"' (2-9) 
li^o 

where are the non vanishing eigenvalues of T, again corresponding to distributions 

of the irrelevant variables [8]. 

Our final purpose is to write an evolution equation for the probability distri-

bution of x averaging out the contribution of the other variables and taking them into 

account only at a statistical level. To do this we contract the density p (x, y, R, t) on 

the states fj,. Interpreting the distribution p as a sort of ket vector we can cast our 

treatment into the familiar quantum-mechanical formalism obtaining 

<r„ (as, t) = (fi\p (®, y, R, t)) (2.10) 

with p = 0,1,.... <To(x,t) is our quantity of interest because it is the probability 

distribution for x corresponding to the statistical equilibrium distribution of y. To 

obtain an independent equation of motion for cr0 (x, t) we multiply 2.3 on the left by 

the states {/x| and obtain 

d d 
—a0(x,t) = cr^x,*) 
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c) d 
— ^ ( x , * ) = - a * —<r0 (®, t) ~ A^cr^ (x, t) (2.11) 

with n = 0,1,.... and aM = (n\ y |po)-

By solving the second equation in 2.11 and substituting this into the first 

equation we obtain the evolution equation we are seeking 

(x , t ) = £ \arf jf* To ( s , ( ' ) . (2.12) 

Using 2.9 and 2.10 we can rewrite 2.12 as 

^<70 ( 1 , 0 = j f dt' (y (0) y (i - (')) ^ (*, (') (2.13) 

connecting the exact evolution of the reduced distribution with the correlation func-

tion of the noise y. This is the main formal result of this chapter. Using 2.13 we can 

directly evaluate the effect of different time correlation properties of the noise y on 

the reduced distribution, moreover we can calculate the time evolution of the second 

moment 

Jt {x* ( ( ) ) = 2 j f ' ( » ( 0 ) y ( t - f ) ) (2.14) 

that coincides with the result one would obtain directly integrating 2.2 under the 

assumption that the correlation function of y depends solely on the time difference 

(stationarity assumption). 

We will now consider the effect of different choices for the noise correlation 

function. 



15 

Normal diffusion. 

The simplest case one can study is the one in which the normalized correlation 

function 

" { ) ~ ~ ~ ¥ w r ( ' 

goes to zero for increasing times, without even becoming negative. If this decay is 

fast enough we can define a "microscopic" time scale 

TOO tOO 
T=[ $y(t')dt'=[ {y{0)y(t'))dt'. (2.16) 

JO J 0 

An explanation may be necessary. The integral of the correlation function 2.15 gives 

an estimate of a time scale after which the function is supposedly negligible. This 

becomes apparent in the case of an exponentially decaying correlation function 

$y(t) « e x p (2.17) 

and it is therefore commonly used as a definition of the correlation time scale, in spite 

of the fact that, rigorously speaking, it does not have such a clear interpretation in 

cases of stretched exponential decays or integrable inverse power laws. 

The key point is that, if a time scale r on which the correlation function can 

be considered negligible does actually exist, we can coarse grain the diffusion process 

in time using units much larger than r and it will look like Brownian motion driven 

by uncorrelated noise. In terms of the equations we derived in the previous paragraph 

this means that, for t > r we can consider (y (0) y (t)) & Oand consequently rewrite 

2.13 as 

JUo (z, t) = jo dt' (y (0) y(t- t')) J^cr0 (®, t') w 
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d2 
jf ^ <&'... = jf (y (0) y (*")) ^2°"o (a;, t - 1 " ) (2.18) 

where for the last passage we used t" = t — t'. At this point we can consider that 

on the time scale 0 < t" < r C i the quantity <r0 (x, t — t") is slowly changing and 

therefore we approximate 

(Tq (x, t — t") « <t0 (x, <). (2.19) 

At this point the Markov approximation is complete, substituting 2.19 and 2.16 into 

2.18 we finally obtain 
A r\0 

-^(TQ (*, t) » («, 0 • (2.20) 

This is the well-known diffusion equation that is solved by a spreading Gaussian with 

a linearly increasing second moment. 

"o(M) = m^iexp X 2 

(2.21) 
(2 wy rtm 

This concludes our treatment of the diffusion equation driven by a noise with 

a finite time scale correlation function. The possibility of recovering normal diffusion 

with a dynamically generated y rests at this point on whether or not it is possible to 

dynamically create a fluctuating variable with a truly finite time scale. 

Anomalous diffusion. 

Now we want to consider the case in which, always with a positive definite 

correlation function, the integral 2.16 does not converge. In this case it is not possible 

to define any finite time scale over which the correlation function can be considered 

negligible and therefore the diffusion process cannot be interpreted as normal Brow-
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nian motion. The simplest example of a correlation function violating the finite time 

scale condition is 

(<) = « (2.22) 
{AW + t f K ' 

with 

0 < /? < 1. (2.23) 

The form 2.22 satisfies the normalization requirement 

*,(<>) = l. (2.24) 

But using 2.22 in 2.16 we obtain r = +oo. This form was already used for the 

waiting time distribution of the variable y in one of the two |+) or |—) states in [14,16] 

while here it refers to the form of the correlation function for the y variable. The 

physical meaning is anyway the same: 2.22 with 2.23 corresponds to extremely long 

periods spent by the variable y in the same state. It is like a one-dimensional random 

walker that tends to repeat the kind of steps he did previously, with the difference 

that, while the memory of the random walker may be finite, in the case described 

by 2.22 all the previous values in the history of y will contribute in determining the 

next value. The resulting presence of long sequence of W's or —W's deeply affects 

the diffusion process resulting in the sort of time-dependence for the average system 

energy described by 2.2. Defining (t) as the average sojourn time of y in one state 

/•OO 
(<) = / Ttp(r)d,T (2.25) 

J 0 

where tp (r) is the sojourn time probability density, we can write an approximate form 
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for (To (x, t') as a function of <JQ (x,t) that is actually exact for times (t' — t) <C (t) 

1 r°° 
cr0 ( x , t ' ) = - / dx'S (W (t' — t ) — \x — x'\) <T0 (a:', i ) . ( 2 . 2 6 ) 

2 «/—OO 

Inserting now 2.26 in 2.13 we obtain 

^ = jiT(y(°W-r))0L j d ( H W { T _ t ) _ l x _ M t h ( 2 . 2 7 ) 

0 —oo 

This expression requires some non trivial algebraic transformations, assuming that all 

the necessary properties are satisfied to exchange the order of integrals and derivatives 

we rewrite the RHS of 2.27 as 

w £ L * J ? i * d T { y < 0 ) y ( t ~ r ) > s ( < T - t } - ffo ( ) • ( 2 - 2 8 ) 

We exploit the properties of the delta function to calculate the time integral and 

obtain 

<2-29> 

At this point we can place this result in 2.27 and obtain 

Wt"°(x't] = M C ** ( ^ ) {2'30) 

where we defined 

1'W = ^^s(y(0)y(t)) = ^ , W - (2-31) 

Equation 2.30 is a notable result, based on the property of extremely long sojourn 

times we wrote the distribution evolution equation 2.13 in a form that can be explicitly 

solved [17]. Before doing that we want to discuss the meaning of ^ (t). To do this 

we refer to the work of Geisel & al. [18] and in particular to the equation they found 
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connecting the distribution of sojourn times (t) of y in one of the states |+) or |—) 

with the correlation function of their process 

(2-32) 

where the superscript g indicates that those results refer to [18]. It is important to 

notice that, although they are working on a different system, their results can be 

interpreted directly in the present framework. 

Taking the time derivative of 2.32 twice we obtain 

iW = JpW <2-33> 
and, from the form of 2.31, we conclude that, in our case, ^ (t) is proportional to the 

distribution of sojourn times. This allows us to calculate explicitly the mean sojourn 

time in the case of a correlation function given by 2.22 

. . J0°° t'$ (?) dt' Al/P , x 

J~*(t')dt< ~ p ' (2M^ 

that allows us to connect the normalized sojourn time distribution ij> (t) used in 2.25 

with ^ (t) and the correlation function of the process 

*M- iAm* = (t)ne)- (2'35) 

At this point we have to find the explicit solution for 2.30 that, using 2.22 can 

be rewritten as 

u t) = W + 1 M W + " r croK.t) 
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establishing a direct connection with the Levy processes. Seshardi and West [17] 

demonstrated that a centro-symmetric Levy a-stable process, the characteristic func-

tion of which is given by 

<T(M) = e-bWat (2.37) 

obeys the equation 

(s, t) = h- sin ( f ) r (1 + a) £ (2-=®) 

that is equivalent, with the appropriate choice of the parameter b, to our form, pro-

vided that the region \x — £| « A1^W does not contribute to the long-time process. 

At this point we conclude that our dichotomous process with a non-integrable 

inverse power-law correlation function results in a Levy distribution for the diffusing 

variable and in anomalous diffusion for the second moment of the distribution, from 

2.14 and 2.22 we conclude in fact that 

(p2) &t2H H = 1 - (2.39) 

A further interesting question can be on the scaling properties of the resulting 

Levy- distribution 

° ( x i t ) = j 6 ° ( j 8 , ! ) • (2-40) 

This gives us information on the way the distribution spreads in time, for a Gaussian 

distribution, in fact, the behavior of the second moment found in 2.39 would imply 

immediately 

8 = H (2.41) 
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but from the preceding results we concluded that the distribution is not Gaussian but 

is Levy. To find the correct scaling we substitute the form 2.40 into 2.36 and perform 

a dimensional analysis to obtain 

,i / v f c . i ) , i " ( M 
+ < 2 -«> 

and, simplifying the dimensionless quantities and those with the same dimension on 

both sides we remain with 

m K w * ( 2 - 4 3 ) 

but our scaling assumption implies that 

[If oc [£] (2.44) 

and we therefore obtain 

°-m- <2-45> 

This result has been confirmed by numerical simulation by Allegrini et. al. [8]. The 

last point we want to consider is related to the fact that the real distribution generated 

by 2.2 is truncated, at any finite time t, at |x| = Wt. This is simply caused by the fact 

that the velocity of a walker along a trajectories is limited at every step. We discuss 

the nature of the peaks resulting from this finite velocities more deeply in the next 

chapter. What is important right now is the fact that trajectories that, at time t, 

would correspond to momenta higher than Wt in the complete Levy distribution, will 

be stuck in the higher momenta compatible with the dynamical constraint causing 

therefore a probability accumulation at the border of the truncated distribution in 
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the form of two sharp peaks. The Levy distribution 2.37 is therefore not a good 

description of the process for |z| > Wt. The real distribution is in fact compatible 

with 2.37 inside the "legal" region, zero outside and at x = ±.Wt two sharp peaks 

appear, as it is evident from the results in [8]. 

The height of these peaks can be evaluated by noticing that the probability 

for a trajectory to be in one of the peaks at time t corresponds to the probability 

to have a sojourn time for y in the region |+) or |—) equal or longer than t, for the 

height of each of the peaks we have therefore 

n w = w j : ^ = 

/*co (p 1 roo A 

= J, Twi*(T)dT = - 2 l i;**^dT = 

- <2-46> 

At this point we can conclude calculating the characteristic function corresponding 

to this process: it is defined as 

C (k,t) = (eikx) (2.47) 

and it can be calculated splitting the integral into tree parts 

C (fc, t) = r dxeikx<r (x, t) - 2 f ° dx°°S^ + 
J-oo JWt XP+2 

+ n (t) r dxeikx [S (x + wt) + 6(x- Wt)] (2.48) 
J—oo 

but, in the asymptotic regime, the second member of the RHS is negligible, the first 

one is given directly by 2.37 and the third one gives a cosine function multiplied by 
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the correlation function 

C (k, t) = e~mN + $y (t) cos (kt) (2.49) 

where this form is actually valid only for the long time region. 

Conclusion. 

In this Chapter we studied a diffusion equation driven by a dichotomous noise 

in both the cases in which the correlation function of the noise has a finite time scale 

and in the case in which it does not, Gaussian normal diffusion was obtained in the 

first and a Levy distribution and anomalous diffusion in the second. The scaling 

of the Levy case has been studied and the discovery of two strong ballistic peaks 

marking the boundary of the distribution has been explained. As anticipated it is 

important to notice that, in spite of the fact that the driving variable was assumed to 

be a random one, the treatment of the problem was based only on its statistical prop-

erties and on its correlation function without actually directly exploiting its random 

nature. Finding a way to dynamically generate a dichotomous variable with the same 

characteristics would therefore result in a transparent dynamical derivation of the 

processes of normal or anomalous diffusion. This is in fact, as discussed in Chapter 1 

too, the key of some recent attempts to provide a dynamical derivation of statistical 

mechanics exploiting the chaotic nature of deterministic maps, see for example [19]. 

A word of caution is necessary, even if it is possible to recover the relaxation and 

diffusion properties from within a deterministic picture, the fundamental problems 

connected with the reversibility problem remain. Dynamically driven systems are in 
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fact formally reversible and therefore the derivation of a statistical mechanics includ-

ing a second principle of thermodynamic will have to assess whether or not the kind 

of irreversibility offered by chaos is enough for a solid foundation or to justify the use 

of a Markov-like assumption. 



CHAPTER 3 

DIFFUSION IN THE KICKED ROTOR 

Chapter outline. 

As already discussed in Chapter 1 we are interested in the phenomenon of 

anomalous diffusion in quantum systems because it supposedly offers a more direct 

connection between the microscopic properties of the dynamics and the observables. 

The system of our choice is one of the milestones in the study of chaos in classi-

cal and quantum mechanics. The kicked rotor joins a simple and intuitive formulation 

with an extreme richness of behaviors both in the classical and in the quantum ver-

sion. 

In the first part of this chapter we are going to define the classical kicked 

rotor (CKR) and review its properties in the region of strong chaos, establishing a 

connection with the diffusion equation discussed in Chapter 2 for the case of finite 

memory. We concentrate on the case in which the momentum variable undergoes 

anomalous diffusion; it is shown how diffusion is dominated by the trajectories that, in 

the reduced phase space, remain in the vicinity of two semi-stable islands (accelerator 

islands) and how this "trapping" phenomenon is related to the self-similar structure 

of those regions. 

The probability for a trajectory to spend a given time "trapped" near one 

island is then shown to follow asymptotically an inverse power law and this, using 
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the results of the previous chapter, is used to establish the connection with the dif-

fusion equation in the long-term memory case. A Levy distribution for the system 

momentum variable, its truncation due to the finite speed of the probability propa-

gation front, the presence of ballistic peaks and their inverse power-law time decay is 

then discussed on the basis of the results of Chapter 2 and is confirmed by numerical 

analysis. 

An attempt to better understand the property related to the self-similarity of 

the accelerator islands is then made, based on the renormalization group (RG) theory 

and results in an inverse power-law decay for the peaks (and therefore for the cor-

relation function) possibly modulated by a log-periodic function. This phenomenon, 

although not confirmed by the numerical data in the classical case, is of the greatest 

importance in the following study of the quantum case. 

This concludes the classical part of the study, the obtained results are used as 

terms for comparison with those obtained from the quantum version of the system 

discussed in the next Chapter. 

The classical kicked rotor. 

The system we will use to approach the problems outlined in Chapter 1 is the 

kicked rotor (KR) both in its classical and quantum version. The physical model is 

that of a pendulum with a moment of inertia I free to swing in a vertical plane in 

a periodically kicked (with period T) gravitational field of strength e. The following 
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form of the time dependent Hamiltonian is our departure point 

v2 

H = ^ + e cos (0)6T(t) (3.50) 
Zi 

where the delta function denotes the external kicking of the rotor 

+00 
ST(t)= 53 S ( t - n T ) (3.51) 

n=—00 

The following discussion will apply to the classical case, the quantum case is 

treated separately. 

As it is easy to realize, the system is completely integrable between two suc-

cessive kicks, allowing us to rewrite the system in the form of a 2-dimensional area 

preserving map. We define the quantities Pn and 0n as the momentum and coordinate 

(angle), respectively, immediately after the n-th kick. In terms of these two quantities 

the map becomes: 

Pn+1 = Pn -f e sin (0n) (3.52) 

$n+l = 
T 

On + ~jPn+1 
mod 2tt 

and now it is apparent that the system is controlled by one parameter only. Defining 

pn — jPn a n d K = 3.52 can be rewritten in the form we plan to use from now 

on: 

Pn+1 = Pn + K sin (6n) (3.53) 

®n+l = [#n + Pn+l]mod27r * 

In this form the map is generally called the Standard Map. 
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The reason to chose this system for our studies is that, in spite of its simple 

formulation, it summarizes the major features of nonlinear dynamics and was in fact 

largely investigated in several works [5]. Moreover it can be noted that 3.53 can be 

used as a first nonlinear approximation of a system dynamic around a fixed point. 

Instead of having the usual matrix that can not describe possible nonlinear effects 

in the dynamics near the fixed point 3.53, this system offers a possible way to take 

in account nonlinearity. It turns out, for reasons deeply connected with canonical 

perturbation theory, that 3.53 is actually the best way to do this. Another reason 

to chose 3.50 is that the generalization to the quantum case is straightforward and 

unambiguous and this is of great importance for the main purpose of this work. An 

illustration of the key results is nonlinear dynamics which inspired our research can 

be found in [20]. 

We now quickly review the general features of 3.53 starting with an analysis 

of the structure of its phase space. It is clear that the angular variable 6 has period 

27r and therefore the map phase space is an infinite cylinder. We consider 0 € [—tt, 7r) 

with periodic boundary conditions. It can be seen that the map evolution is invariant 

under discrete momentum translation, the transformation pn —• pn + 2nir leaves the 

time evolution of the coordinate unchanged and leads to a momentum evolution that is 

equivalent to the one before the transformation but translated by 2nir. The cylindrical 

phase space can therefore be "sliced" in finite cylinders of height 2ir. We distinguish 

between two different version of phase space: the first one where p € (—oo, +oo) and 

a second one where p G [—7r, it) with periodic boundary conditions on p as well as on 
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6. This latter space is called the reduced phase space. 

Let us now see how the system behavior changes as a function of K: for 

K — 0 the system in 3.53 is integrable, the unperturbed tori are circles (p = const.) 

in the phase space (or straight lines if one "opens" the cylinder on a plane). For 

K •< 1 the primary stability island appears around the point (in the reduced phase 

space) (0,0), the tori corresponding to rational winding numbers break down creating 

small region of chaotic motion but, as predicted by the KAM theorem, most of the 

tori corresponding to non-rational winding numbers survive the perturbation being 

only slightly deformed, the motion results therefore to be still fairly regular as it is 

apparent from the phase space portrait (See Fig. 3.1) and, important for the following 

analysis, all the trajectories are limited in momentum, if p0 € [—ir + 2nw, ir + 2mr) 

all the following time evolution will belong to the same "slice" of phase space, pj € 

[—7r + 2mr, it + 2nir) \J j > 0. This property will hold as long as at least one stable 

KAM torus exists. 

More and more KAM tori break down with increasing K, new resonances show 

up and the region of irregular motion (now called the stochastic region) grows bigger 

and bigger (See Fig.3.2). The phase space therefore looks more complex, but the 

motion is still bounded in momentum until the critical value of K = Kcr « 0.9611... 

is reached, corresponding to the breakdown of the last invariant KAM torus. 

At this point we leave the safe harbor of KAM theory and find that diffusion 

in the momentum variable is actually detected (by diffusion we mean an unbounded 

growth of the average value of p2) because the stochastic layers of different "slices" 
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Figure 3.1: Phase space portrait for the kicked rotor in correspondence of K=0.85. 

Most of the invariant tori survive and the motion is still fairly regular. 

of the phase space are now fully interconnected and a trajectory can therefore travel 

through different slices. 

The increase of K (when K > KCT) causes the area of the surviving regular 

regions to become smaller and smaller and their effect is usually neglected (See Fig.3.3 

and Fig. 3.4). Further increase of the coupling parameter does not cause any other 

quantitative change except for very special values in correspondence of whose new 

stable regions appear and anomalous diffusion in momentum space is detected. We 

now study in a detailed way the system in the region of strong chaos, at first where 

no regular region are present and later in the case where the small regular regions 
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Theta 

Figure 3.2: Phase space portrait for the standard map in the case of K=0.91. Most 

of the invariant tori have been destroyed but the last one still resists, preventing the 

diffusion in the momenta. 

responsible for anomalous diffusion are present. 

Normal diffusion in the CKR. 

In the situation of strong chaos the map 3.53 shows more and more pronounced 

statistical properties, for example the coordinate 6n behaves as a completely random 

quantity in the interval [—7r, +7r). In Fig.3.5 we plot the time evolution of 9n for a 

10000 kick realization of the map 3.53 with K = 6 corresponding to fully developed 

chaos. In Fig.3.6 we show the distribution of the coordinate on the interval [—7r, TT]. In 

Fig.3.7 we graph the coordinate correlation function C$ (r) calculated on an ensemble 
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Theta 

Figure 3.3: Phase space for the kicked rotor with K=3.5. The area of the regular 

region is now fairly small and diffusion in the momenta occurs since the golden mean 

torus has been broken. 

of realizations corresponding to different initial conditions 

Ce(r) = (dA+r) (3.54) 

where the (...) stands for an average over the different realizations of length n. As can 

be seen from Fig.3.7 Cg (r) shows a decay compatible with a delta-like correlation or 

at least with an extremely fast exponential curve. As discussed in Chapter 2 we show 

how this is the most important element for the derivation of normal diffusion in the 

CKR. 

Let us now concentrate on the behavior of p: as said for K > Kcr p can assume 
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Figure 3.4: Phase space of the kicked rotor with K=6. All the invariant tori have 

been broken and no regular region is visible anymore. The trajectories have strong 

statistical properties. 

every value in the interval (—oo, +00), an example of time evolution of p for a 10000 

kick realization is shown in Fig. 3.8. Using the first of the equations in 3.53 we can 

write for every n: 

Pn-Pn-i = K s in(0 n _i) 

Pn-l-Pn-2 = K sin (0„_2) 

(3.55) 

Pi ~ Po — K sin (0O) 
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s 
<D 
x: 

Figure 3.5: Coordinate evolution for the standard map for 500 kicks with K=6. The 

evolution resembles that of an uncorrelated noise. 

and now summing all the terms on both sides we obtain 

71 — 1 

Pn-Po = K ^2 s i n ( 9 i ) 

i=0 

and so 

n—1 

{pn ~ Po) = K2 Yh sin (%) sin (fy) • 
i,j=0 

(3.56) 

(3.57) 

With 3.57 we relate directly the energy of the system to the evolution of the coordi-

nates. 

Now we can establish a connection with the diffusion equation discussed in 

Chapter 2 and to do this we assume a statistical point of view. We therefore con-

sider an ensemble of realizations for the map evolution starting from different initial 
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Figure 3.6: Distribution of the values assumed by the coordinate of the standard map 

in a 10000 kicks simulation with K=6. 

conditions. We use the symbol (...) for the averaging procedure over this ensemble. 

Considering now the variable xn = sin (0n) we can conclude, from the previ-

ously discussed results about C$ (r), that it is a randomly distributed variable on the 

interval [—1, +1] and with rapidly decaying correlation function. In terms of this new 

variable the first equation in 3.53 becomes 

Pn Pn—1 — Kxn—i (3.58) 

and this is the discrete form of the diffusion equation discussed in Chapter 2 where 

the variable x plays the role of the noise. 
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Figure 3.7: Normalized correlation function of the coordinate of the standard map in 

a 10000 kicks simulation with K=6. 

Now based on 3.57 we can calculate the mean value of the energy after n kicks 

((Pn -Po)2) = K 2 l Y s x i x i ) = 

i=n—l t=ti—1 l=n—r—l 

= K * E (XF) + ™ 2 E E < * . S ^ > = 
1=0 T = 1 1=0 

= N K 2 ( X ' ) + 2 K * R ~ F L ( I > - T ) C . ( T ) , (3.59) 
T = 1 

where Cx (r) is the correlation function for the variable x = sin (0). 

If Cx (r) decays fast enough, according to the discussion in Chapter 2, the 

second sum on the RHS of 3.59 has a finite value 

{(Pn ~ Po)2) « nK2 ((x2) + 2 * £ * Cx (r)} - 2K2 * rCx (r), (3.60) 
V T=1 J T=1 
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1000 

Figure 3.8: Evolution of the momentum of the kicked rotor for a 1000 kicks simula-

tion with K=6. The graph resembles the displacement plot for a Brownian motion 

experiment. 

where again, under the hypothesis of fast decay for Cx (r), the last term on the RHS 

asymptotically becomes a constant and can therefore be neglected in the long time 

(big n) region. We finally obtain normal diffusion for the energy of the system 

((?n - Po)2) » Dn (3.61) 

where 
r=n—1 

n « i r 2 j 5 + 2 £ Cx (T) | . (3.62) 

The actual value of the diffusion coefficient has been computed for several 

different values of K and it is in good agreement with the value — that one would 
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expect in the case of infinitely fast decay for the correlation function Cx (r) = 8 (r). 

More precise results can be found in [20] 

K2 [1 - J2 (K) - J2 (K) + 0 (K~2)] K > 4.5 
Dd(K) = { 12 J . (3.63) 

.3 [K - Kcrf Kcr < K < 4.5 

where Jn (K) is the ordinary Bessel function of integer order n and the suffix added 

to the diffusion coefficient relates to its classical derivation. 

Now we concentrate on the expected asymptotic form of the momentum distri-

bution starting from an ensemble of realizations of the initial conditions with similar 

momenta. Here once more our study of the diffusion equation offers the correct an-

swer. The evolution of p is essentially a one-dimensional random walk, where again 

the important feature of short time decay for Cx (r) is used, and so, based on the 

Central Limit Theorem (CLT) a Gaussian distribution for the momentum variable is 

expected, in the long time region, spreading as y/t, to comply with the evolution of 

its second moment given by 3.61. 

As we already pointed out the key role in this derivation is the short time 

decay of Cx (r). A very different situation, leading to anomalous diffusion in the 

momentum, is observed shortly when the case of a long time correlation for the 

coordinate is discussed. 

Anomalous diffusion in the CKR. 

From a direct analysis of the map 3.53 it can be observed that, for K > 2ir, 

that always exists a fixed point (in the reduced phase space) different from (0,0). To 
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find this fixed point we have simply to solve the following system of equations 

J>" = \p" + (3-64) 

«• = W + t X * 2 . 

and, a part from the trivial solution (0,0) we obtain two solutions 

p* = 0 (3.65) 

a* 4. • 2?r 
0 = ± arcsm — 

e 

in the reduced phase space. If we consider the real phase space, where p € (—oo, +oo), 

we discover that the solution in 3.65 does not correspond to a fixed point, but corre-

sponds to two trajectories in which the coordinate remain constant but the momentum 

increases (or decreases) in increments of 2ir each for every application of the map 

[p» ~ Pof = (27rn)2. (3.66) 

Moreover, recalling what we said in the previous Chapter about the invariance of 

the map under finite translation of the momentum, we conclude that there exists an 

infinite countable set of these points. A visual example could be that of a skyscraper 

where each floor is connected to the one immediately below with an always descending 

elevator and with the upper level with an always ascending one. 

It is important to realize that, since we adopt a statistical point of view and are 

therefore interested in the behavior of ensembles of trajectories with random initial 

conditions, these points are, for almost all values of K, not important because their 

total measure (in the Lebesgue sense) is zero therefore the statistical weight of the 
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trajectories experiencing ballistic momentum evolution is strictly zero (see discussion 

in Chapter 1). 

There are anyway some special values of K in correspondence with a small, but 

non-zero measure, region of phase space around those points which develops a complex 

system of nested islands, the points of which are undergoing ballistic momentum 

growth as well. In this case the statistical contribution of these islands to the evolution 

of (p2) is not zero and causes the momentum growth to be anomalous 

(p2) oc t2H (3.67) 

In the reduced phase space representation these islands appear to be semi-stable, 

meaning that trajectories will remain for long times in their vicinity. An example of 

this is given in Fig.3.9 where K = 6.9115 is used. An ensemble of trajectories has 

been started with different initial condition in the vicinity of one of these regions and 

then each trajectory has been followed for several iteration of the map, the darker area 

in the figure corresponds to a region where many trajectories spend a large number of 

map iterations. This region, however, does not correspond to a stable (and therefore 

isolated) part of the phase space, trajectories flux in and out of it is not prevented 

by invariant tori. 

To better characterize this regions we plot in Fig.3.10 the time evolution for 

the coordinate and momentum of a trajectory started in one of these islands, It can 

be observed how the coordinate remains for a long time around the stable value 9* 

defined in 3.65 while the corresponding momentum increases linearly in time, but 
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Figure 3.9: Phase space portrait for the kicked rotor for K=6.9115. The presence 

of the semi-stable region here shown affects deeply the statistical properties of the 

system. 

finally the trajectory "escapes" from the region and its coordinate and momentum 

resume stochastic behavior. If the islands were normal stable structures no escape 

would be possible. 

We use therefore the terms semi-stability and stickiness to define the behav-

ior of these island structure. It is important to understand how this behavior is 

generated. A detailed analysis of the phase space portrait reveals that the islands' 

border looks like a mesh of smaller and smaller islands delimited by the remnants 

of broken invariant tori, called cantori, where the phase flow is greatly reduced but 
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not completely prevented. Analyzing the smaller islands with greater magnification 

the same structure is found again and again, resulting in an infinite self-repeating 

structure. We therefore have a self-similar, or fractal, structure. How this causes the 

observed stickiness is discussed later. Now we concentrate on the statistical effects of 

this interesting property of stickiness. 

It is important to realize that, since a flux of trajectories in and out of this 

fractal region actually occurs, there is a finite probability for a trajectory to enter this 

region independently on its initial condition. Once this happen, the trajectory spends 

a long time wandering in this fractal maze before emerging again in the outer phase 

space. Due to the symmetry of the map under the transformation, t? —* —t? , p —> p, 

these islands come in pairs. These pairs lead to opposite momentum changes. If the 

trajectories are trapped in one islands they experience a ballistic momentum increase 

at a rate of +27T. Those trapped into the corresponding structure will experience a 

ballistic momentum decrease with a rate of —2TT. 

Adopting, as usual, a statistical point of view we can consider an ensemble 

of trajectories originating from random points in the phase space and define the 

probability of their being trapped in the islands' region for a time r . We discover (at 

this point with a numerical analysis but later we will find this result again using a 

model) that the probability density is 

f ( r > = , , A (3-68) 
(A? + r ) 

Starting from 3.68 and 3.69 it is easy to establish the connection with anoma-
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lous diffusion for (p2) because, as said, while a trajectory is trapped in this fractal 

structure (called an accelerator mode), its momentum increases linearly in time. The 

probability of being trapped for times longer than t is given, for large £, by (e.c. [21]) 

oo 
T(t) = T,rP(r) = ^ . (3.69) 

So, from a statistical point of view, this trajectories will contribute to (p2) a quadratic 

term that dominates the normal linear one in the asymptotic regime [21] 

((Pn — Po)2) oc n2H oc n2 • T (n) oc n2_/3 (3.70) 

where T (n) is the total number of trajectories that remained in the accelerator mode 

from time 0 to time n and its behavior is determined by 3.69. 

A word of caution is necessary, this is a simplified picture that does not in-

clude, for example, the effect of trajectories entering at later time in the accelerator 

mode but, even with this simplifying assumption, it leads in an intuitive way to the 

important relations from 3.70 and 3.67 

» = 1 - f (3.T1) 

that is proven to be exact based on a more sophisticated approach resting on 3.59 

((Pn ~ Po)2) = nK2 (x2) + 2K2 T ] P 1 (n - r) Cx (r) . 
T = 1 

where Cx (r) is the correlation function for the quantity x = sin (9). 

Cx (r) = (sin 0; sin 0i+T). (3.72) 
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Now taking for granted that for trajectories outside the accelerator mode the correla-

tion function decays quickly enough to grant the convergence for the second term on 

the RHS. of 3.59 we have to consider the value assumed by Cx (r) on the trajectories 

trapped in the accelerator mode. To do this we note that the angular extension of the 

fractal acceleration region is small and therefore we can consider, to evaluate Cx (r), 

that 9 = 0* while the trajectory is trapped in the accelerator mode and uncorrelated 

when it is not. With this assumption we immediately obtain from 3.72 

C*(r) = sin2(r).T(r) = — T(r) (3.73) 

where from 3.69 is the probability for a trajectory to experience a trapping equal or 

longer than r. Substituting now 3.69 and 3.73 into 3.59 we obtain, for the long time 

region where 3.69 can be safely used 

((Pn ~ Po)2) » nK2 (*2) + 87r2C ^ (3.74) 
T=1 T 

and, in the lim^oo we substitute the sum with an integral to obtain 

((Pn ~ Po)2) « nK2 (x2} + 87r2C J [nr~^ — r1- '3) dr (3.75) 

and finally, considering only the leading term, (/? < 1) we have: 

((Pn ~ Po)2} <* n2~p (3.76) 

establishing in a sound way the connection between the waiting time distribution 3.68 

and anomalous diffusion. We note that the important result 3.71 has been recovered. 

It is clear how 3.76 is related to the condition (3 < 1 discussed earlier. For 

/? > 1 3.69 would result in a finite quantity and cause 2 — ft < 1, the linear term 
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would therefore dominate the diffusion process 3.75 in the long time region leading 

back to normal diffusion. Moreover considering the correlation function and using 

3.69 we have that asymptotically 

Cx {t) oc t~p 0 < 1 (3.77) 

and therefore, recalling the discussion in Chapter 2, no finite time scale for this process 

can be defined 

too 

T = / Cx (t) dt = QO (3.78) 
Jo 

It is this lack of a finite time scale that in turn causes the diffusion process to be 

anomalous. Recalling the discussion in Chapter 2 about long-term memory process, 

we realize that such an absence of a finite time scale prevents us from using the 

Markov approximation to study the process and therefore from obtaining normal 

diffusion. Here we face the same problem, this trapping is an intrinsically long-term 

memory process, and no suitable time scale exists under which it can be considered 

Markovian or memory-less. This is the fundamental motivation behind our treatment 

of anomalous statistics. 

This discussion should demonstrate how the nature of the process generating 

the fluctuation is irrelevant, having in this case, for example, a deterministic nature, 

and how the diffusion characteristics are determined uniquely by the fluctuation's 

correlation function. 

The next problem we address, is the characterization of the momentum dis-

tribution for the kicked rotor process. As previously we rely heavily on the results 
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obtained in Chapter 2. Adopting the usual statistical point of view we consider an 

ensemble of trajectories corresponding to different initial conditions and therefore we 

define a density function in the phase space p (p, 0, t). Due to the Hamiltonian nature 

of the system we have the conservation of probability law, where d/dt is the total 

time derivative 

^ (?,»,<) = 0 (3.79) 

that leads us to the Liouville equation 

r\ A A 

—p ( p , 0, t) = -OqqP (P, 0, t) - p-r^p (p> o, t) (3.80) 

using 3.52 and assuming a continuous time representation we can write 

d d d 
-QtP (p, 0, t) = -P-qqP (p> 8,t)-K sin (6) —p (p, 0, t) = Lp (p, 0, t). (3.81) 

The similarities between this equation and the diffusion equation discussed in Chapter 

2 should be apparent. In this case the dynamics of the variables are generated by 

the system Hamiltonian, while in the earlier case the statistics were generated by 

external noise. This is not an important differences, however, from the point of view 

of experimental results. 

Our final goal is to write an evolution equation for the probability distribution 

of the momenta and, therefore, the variable 0 is the irrelevant variable for the present 

discussion. Direct application of the projection method used by Grigolini et al. [22] 

would lead to an intractable master equation because it is extremely difficult to 

decouple the 0-dynamics from the p-dynamics. The 0-evolution is not expected to 

play a dominant role so we disregard it from now on. We make the simplifying 
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assumption that 0 is a dichotomous random variable with a correlation function given 

asymptotically by 3.68 and assuming the values 

9 = ± arcsin —. (3.82) 

The dichotomous choice is related to the fact that, when the trajectories are in the 

accelerator islands, the coordinate assumes only values very near to those in 3.82. 

This assumption corresponds to disregarding the trajectories when they are not in 

any accelerated state. 

Starting from the outer chaotic sea, the probability for a trajectory to be 

trapped by each of the islands is the same causing the equilibrium probability distri-

bution for 9 to be the same as discussed in Chapter 2 

Peq (0) = -^J= [1+) + | - ) ] (3.83) 

where the states |+) and |—) corresponds to the two different accelerator modes. 

At this point the connection with the dichotomous random model in the case 

of long memory (See Chapter 2 paragraph 4) is complete and we can proceed with 

the same technique to obtain an equation for the reduced density function where the 

irrelevant variables have been integrated out. We define a projection operator p that 

is actually an integration over the irrelevant variable 

p f = Peg (9) j _ J ( 9 , p , t ) d 9 = p0(9,p,t) (3.84) 

that we use to extract the momenta distribution from the density p ( 9 , p , t ) 

" ° { r ' t ) = , „ ( « ) • ( 3 - 8 5 ) 
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Following at this point the same procedure shown in Chapter 2 we obtain the 

differential equation for cr0 (p, t) 

a<T°if' *) (*-*')) '3-86> 

Exploiting the fact that the sojourn times implied by 3.73 are extremely long, we can 

use the approximation 

1 r+oo 
(To (p, t - t') = - / dp'S (2TTt' - b - p'\) a (p', t ) (3.87) 

Z J —oo 

and therefore rewrite 3.86 in the form 

d<r0(p,t) (2ir)1+/s f3 (f3 + 1) A [+<*> , <r(p',t) 

[ Jn' a\P^) /« ooN 
J-oo P(2rAW4- l n - r / l / + 2 ' ^ dt 2 j-oo (27rA1/'? + |p — y | ) 

We can therefore expect a centro-symmetric Levy distribution to be describe 

the asymptotic form of <r0 (x, t). This is confirmed by the numerical simulation per-

formed on the system and shown in Fig.3.11 a part for the fact that the experimental 

distribution is truncated and is delimited by two strong peaks. 

The birth of the peaks. 

The mechanism that generates these peaks shown in Fig.3.11has been already 

discussed in Chapter 2 and is related to the fact that at every step no trajectory can 

attain a momentum change greater then p = ±27rt 2 and so the expected distribution 

at a given time t is truncated at |p| « 2irt. It is therefore impossible, in our dy-

namical picture, to obtain, at finite times, the infinite momenta characterizing a true 

2 Actually it can because the coupling parameter is K = 6.9115. Such a jump 
would however cause the trajectory to leave immediately the accelerator mode and 
to stop its ballistic momentum increase. 



49 

Levy distribution. This, in the case of the second one, has an immediate physical 

interpretation in the fact that the system energy has to be finite at every time. 

To calculate the peaks intensity we adopt here a point of view slightly different 

from that of Chapter 2 to exploit more clearly the connection with the correlation 

function. A careful analysis would show that the peak spikes are not actually sharp, 

but are extended distributions covering the momentum range corresponding to the 

accelerator mode of the highest available momentum. They look however like peaks 

because of the small dimension of the accelerator regions. 

To establish how many trajectories are sitting in this region let us consider 

the subset of trajectories that at time t + r have momentum pt+T ~ 2w (t + r). To 

have this momentum at this time, these trajectories must have been in the (positive) 

accelerator mode already at the beginning of the motion and have never left it. It is 

therefore clear that, at time t, these trajectories had pt « 2wt. 

The same applies for every r > 0 and so we conclude that all the trajectories 

trapped in the positive accelerator mode from the beginning of the motion for times 

longer than t will have, at time 2, pt ~ 2irt. Remembering now that, when a trajectory 

is trapped into the accelerator mode, its angle variable stays in the vicinity of the 

value •d*. We can rephrase the previous sentence concluding that those trajectories 

that at time t have a momentum pt ~ 2rt are those whose angle remains near 

•d* from time 0 to times larger than t. But this allows us to directly establish a 

connection between the number of trajectories populating the peak at every time and 

the correlation function for the variable t? or for the function x — sin (1?). Recalling 
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the fact that the definition of the normalized correlation function for x is 

g.M-'yfff ("») 
^(smi?0) ) 

and noticing that Cx (t) essentially vanishes for trajectories that leave the accelerator 

mode at times shorter than t, we obtain the key relation for the peak population at 

time t, a result that coincides with that of Chapter 2 

nw-nw-ftw- (3.90) 
We have therefore demonstrated that the trajectories that, at time t, in the 

corresponding complete Levy distribution would have a momentum greater than 2%t, 

will instead accumulate at |p| = 2wt generating the two sharp peaks marking the 

boundary of the observed distribution. For these reasons and comforted by the nu-

merical results we adopt a modified form for the fitting distribution 

o-o (p, £) = cr0 (p, t) 0 (|p| - 2irt) + {£ (p + 2%t) + 6(p- 2%ij} (3.91) 

where 0 (p, t) is the Heaviside unit step function, a0 (p, t) the complete Levy distribu-

tion and n giy e n by 3.90, determines the time dependence of the peak intensity. 

Importance of the peaks. 

Now we want to estimate the statistical importance of the peaks in the cal-

culation of the averages of macroscopic quantities such as the energy of the system 

corresponding, a part from scale factors, to (p2). 

The trajectories forming the peaks are experiencing ballistic momentum growth 

so that the peak population decay law given by 3.90 in conjunction with 3.72 yields 
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for large t 

Nw-t2~e- <3-92> 

Notice that 3.92 has the same behavior found in 3.76 from which we conclude that the 

peaks contribution to the second moment of the distribution is as important as that 

of the distributions' body. This could be expected on physical ground because the 

peaks correspond to the fastest momentum growing trajectories that will form, in the 

asymptotic time region, the Levy tails of the distribution. These tails are responsible 

in turn for the divergence of the momenta. Another indication of the importance of 

these peaks is the direct connection between their intensity and the Cx (t) found in 

3.90. On this basis we reach the conclusion that the peaks contain all the information 

necessary to understand the anomalous diffusion in the KR. 

This is the key ingredient that allows us to obtain the results contained in 

the following chapters, as we discuss later. Concentrating on the peaks alone affords 

significant numerical advantages in the classical case that become more dramatic in 

the corresponding quantum case and make it possible the study of the system in h 

region that would not be otherwise accessible. 

Structure of the accelerator islands and GOLD model. 

In the previous pages we demonstrated how anomalous diffusion is related to 

the presence of the so called accelerator islands in the CKR reduced phase space. The 

reduced phase space plot of the accelerator region is shown in 3.9. It is apparent from 

the figure that the KAM islands are encircled by the remainder of broken invariant tori 
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(called cantori) which separate the accelerator mode from the chaotic sea. This phase 

space structure manifests self-similarity [10] and tends to entrap orbits that approach 

the accelerator region too closely. The cantori are in fact unable to completely prevent 

the crossing by the trajectories but still greatly reduces and slows down their flux, 

acting like a leaking barrier. The nested structure of this accelerator mode (shown 

for example in Fig. 3.12) completes the "trap" design. 

Once a trajectory crosses the outermost cantorus it can either go back to the 

chaotic sea crossing the same cantorus in the opposite direction or it can cross one 

of the more internal cantori getting deeper and deeper into the accelerator mode and 

finding at every step a scaled version of the same cantori maze. The final result is 

that the trajectory actually spends, statistically, a very long time before reemerging in 

the external chaotic sea and, during this time, its momentum increases (or decreases) 

linearly in time contributing to the anomalous growth of the system energy. 

A detailed study of the trajectories trapped in this regions shows that the 

probability for them to spend a time longer than r decays as an inverse power law 

3.68. 

= T-r~T* ( 3 ' 9 3 > 

(A*3 + TJ 

where this form is chosen for normalization purposes. 

Here we describe, following [23], a possible model to study in detail the struc-

tures of this classical accelerator mode. 

Numerical experiments on similar structure, common in twist maps, were per-

formed by Karney [24] and Chirikov and Shepelyansky [25] studying the waiting time 
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probability distribution for ensembles of trajectories started near the border of the 

chaotic region bounded by a KAM surface with golden mean rotation number. They 

both found inverse power-law decay. What happens is that the motion of the tra-

jectories becomes slower and slower as the particle approaches the invariant torus. 

Studying the trajectory motion near such torus it becomes apparent that transport 

occurs in steps when the trajectory crosses the cantori corresponding to less noble 

winding numbers. 

On the basis of this observations a model has been initially proposed by Hanson 

et al. [26] in which the regions enclosed between two subsequent cantori are associated 

with "states" and a finite probability for a transition between two adjacent states is 

defined. The trajectory transition between two states is then modeled as a Markovian 

process assuming that the complex motion within each of the states would cause a 

memory loss. In this model each state is connected only to the state immediately 

below and above resulting in a Markov chain. 

The other very important characteristic is the scaling for the transition prob-

abilities between adjacent states. A renormalization group transformation can be 

defined that maps the n level state into the (n-1) state and the area and trajectory 

flux in and out of this state can be written as a scaling function of the corresponding 

quantities relative to the previous state [23]. The scaling coefficients, and the possi-

bility of having a scaling, are related to the form of the continued fraction expansion 

for the tori frequencies. The case of noble tori (in which the continued fraction ex-

pansion of the frequencies ends in an infinite sequence of ones) has been discussed for 
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example by KadanofF [27]. 

The use of renormalization group arguments results in a self-similar Markov 

chain for the model discussed above and gives an inverse power-law decay for the 

waiting time distribution of the wandering particles. The problem is that, with the 

scaling given by the renormalization group arguments, the obtained decay for the 

waiting time distribution turns out to be too fast compared with the numerical results. 

The cause of this discrepancy is that the described model takes into account 

only the main sequence of states approaching the invariant torus. A more accurate 

analysis [23] will reveal how, between each couple of the cantori considered by Hanson, 

there are other stable islands surrounded by belts of cantori as well reproducing, at 

a smaller scale, the structure proposed by Hanson ([26]). Magnification of this new 

structure would reveal other smaller islands and cantori belts and so on in an infinite 

sequence of self-similar structures. 

At every link of the self-similar Markov chain proposed by Hanson, a new chain 

originates and at every step of this new chain there is another one in an infinitely self 

replicating structure. This generalization of the previous model was studied by Meiss 

and Ott [23]. In their model they consider only one island between each couple of 

cantori, the proposed structure is therefore that of a binary self-similar Markov tree. 

They then develop a labelling procedure for the states on the tree transforming the 

dynamical problem into a problem of symbolic dynamic. 

The integral equation obtained for the waiting time distribution can not be 

solved exactly, but a form for the asymptotic regime is obtained and found to be 
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(as expected) an inverse power law of the time. Moreover, the form found allows, 

in principle, for a periodic modulation in the logarithm of the time. Finally using 

a renormalization group approach based on arguments similar to those discussed 

above Meiss and Ott [23] obtain the scaling coefficient for the transition probabilities 

between states and, on this basis, the exponent for the waiting time distribution. 

Good agreement with the numerical results is found using this procedure. 

Here we follow Klafter et. al. [28] and simplify the argument even further by 

introducing a hierarchy of time intervals to approximate, by a sum of exponentials, 

the probability density <f>(t). This density determines the probability for a trajectory 

to enter the system of belts of cantori from the chaotic sea and to stay in the cantori 

system for a time t before returning to the chaotic sea: 

OO 
<f>(t) = Yl {w2(l) e x P \~w n t \ (3.94) 

71=1 

where w is a rate and q is the probability of that rate occurring in the process of 

interest. The dominant behavior of the probability density 3.94 is determined by 

scaling time with the rate w to obtain the approximate scaling relation qw2<j> (wt) » 

4(t). 

Consider a function F (t) that is homogeneous so that for two parameters a 

and b we have 

F (bt) = aF ( t). (3.95) 

This equation has a solution of the form [29] 

f ( i ) = ^ T (3.96) 
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where by substitution of (3.96) into (3.95) and equating terms we find the power-law 

index 

a = In a/ In b (3.97) 

and the function A (t) is periodic in In t with period In b. Thus, the scaling equation 

for the probability density (3.94), has an inverse power law solution <f> (t) — A(t) 

where the power-law index is given by /x = 2+In qj In w, correcting a typo in [28], and 

A (t) is periodic in In t with period In w. The probability density <j> (t) is identical to the 

waiting-time distribution, and the second derivative of the waiting-time distribution 

yields the correlation function [8]. On the other hand, the two-time integrations 

necessary to derive <f> (t) from <J>£ (t) does not alter the structure of the power-law 

modulation. To see this, take the derivative of (3.96) 

dA(t) _dA(t)ldt-cA(t) _G(t) 
dt t" ("+1 ~ f+1 

where G (t) is defined by the numerator of the middle equation. It is evident that 

G ( t) is periodic in In t with period In b. Thus, the only qualitative difference between 

the original function F (t) and its derivative is that the index on the inverse power 

law has increased by one. This means that if we choose for the correlation function 

(t) = ^ (3.99) 

the waiting time distribution function would be 

= (3-10°) 

and both g (t) and h (t) maintain the logarithmically periodic structure with the 

same period. In this way we can relate the index of the inverse power-law correlation 
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function with the parameters in 3.94 to obtain /3 = In g/In to. Thus, we can relate 

the phenomenological description of the waiting time in the CKR to the exact result 

of the GOLD model. 

To verify the prediction that /3 = In 5/In to in the case of the standard map, 

we performed numerical simulations using as initial condition a Gaussian distribution 

centered near the accelerator mode. More explanation to justify this choice is given in 

the next chapter. We numerically follow only those orbits that sticks to the accelerator 

mode, and neglect the other trajectories, that is, we follow the ballistic peaks. The 

calculated area under the ballistic peaks as a function of time is depicted in Fig. 3.13. 

The slope of the curve in the middle region is remarkably close to f3 = —0.67, 

the value predicted by the numerical calculation of H via the second moment of 

the mean square momentum [28, 21]. The broadened initial condition implies that 

a given number of trajectories are located within the stable part of the accelerator 

mode. These trajectories remain confined there forever, and are responsible for a 

permanent ballistic peak, which is perceived as a long-time plateau depicted in the 

solid curve. Without such trajectories in the plateau there would be an eventual 

crossover at long time to an exponential decay. This latter decay is related to round-

off errors depending on the computer precision. We note that round-off errors are 

indistinguishable from externally generated random fluctuations of a given intensity, 

whose effect is known to be a crossover from the inverse power-law behavior to an 

exponential one [30, 7]. At the same time, we note that the calculated curve does not 
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imply oscillations as intense as those of ref.[14], probably as a consequence of the fact 

that the method of following the peak is more reliable than doing the full calculation 

at each time step. 

Conclusion 

The most important point in this analysis is that the inverse power law is 

critically dependent on the infinitely self-similar structure of the islands. A truncation 

of this chain or tree (depending on the model under study) would lead to a long-time 

transition to exponential decay for the waiting-time distribution. This is the key 

argument to expect a breakdown of anomalous diffusion in the quantum kicked rotor. 

Quantum properties are in fact expected to "blur" the fine scale structure of the 

accelerator mode, resulting de facto in a truncation of the states hierarchy. The 

resulting exponential decay of the waiting time distribution would in fact quickly 

destroy the ballistic peaks (that are directly related to the trajectories trapped in the 

accelerator modes for longer times) immediately affecting the evolution of the system 

energy. This is why we expect the anomalous transport process to be more sensitive 

than the normal ones, from a statistical point of view, to the finiteness of Planck's 

constant %. 
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Figure 3.10: Time evolution of the coordinate and momentum (arbitrary units) of 

the kicked rotor for a 400 kicks simulation with K-6.9115. The initial condition 

corresponds to a point trapped in the accelerator mode. During the trapping period 

the coordinate remains almost constant and the momentum experience linear growth. 

When the trajectory leaves the accelerator mode the erratic behavior of the coordinate 

and the random-walk like evolution of the momentum are recovered. 
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Figure 3.11: Distribution of the coordinate after 30 iterations of the standard map 

starting from a localized ensemble of initial conditions. To be noticed the presence of 

the two strong ballistic peaks delimiting the region were the distribution is not zero. 



61 

0.04 

0.03 

0.02 

0.01 

-0.01 

-0.02 

-0.03 

-0.04 

sr.. 

*"'.*•* • l, 1 

I l ' l i 
1.24 1.26 1.28 1.3 1.32 1.34 1.36 1.38 1.4 1.42 1.44 

Theta 

Figure 3.12: Magnified view of a small part of the accelerator mode. It is important 

the presence of the self-similar structure of nested quasi-stable islands. 
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Figure 3.13: Time evolution of the peak population for a 5000 simulation of the kicked 

rotor starting from a localized ensemble of initial condition. The inverse power law 

decay is recovered over 2 decades before the tail caused by the trajectories trapped 

into the stable part of the accelerator mode is perceived. 



CHAPTER 4 

THE QUANTUM KICKED ROTOR. 

Chapter outline. 

At this point we should have a good understanding of the classical kicked rotor 

both in the case of normal and anomalous diffusion. We now begin the study of the 

more complex quantum case. 

We start by defining the quantization procedure used to obtain the quantum 

version of the kicked rotor (QKR). The Floquet representation is discussed and the 

literature of this system is analyzed with particular emphasis on the deviation from 

the corresponding classical behavior (e.g. Anderson Localization). Both the case of 

anomalous and normal diffusion are considered. The particulars of the calculation 

technique normally used to study the system are analyzed and an estimate of the 

algorithmic complexity dependence of the calculation on the relevant parameters are 

given, demonstrating the impossibility of carrying over the calculation without some 

dramatic change in perspective. 

Inspired by the results of Chapter 2, arguments are given that demonstrate 

how the study of a small region of the wave function, namely the one corresponding 

to the classical ballistic peaks, gives all the information necessary to understand the 

anomalous diffusion in this quantum system. Analytical results based on the property 
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of the Floquet operator demonstrate how the study of the peaks only affords dramatic 

improvement in the calculations capability, the details of the calculation technique 

are then discussed. 

Finally the numerical results are discussed for various values of h, using initial 

conditions as near as possible to the ones used in the classical case. The square 

modulus of the wave function relative to the ballistic peaks, directly related to the 

peak population, are studied as a function of the time. Three different time regions are 

identified. For short times, extending up to the so called Berry time t&, the quantum 

probability distribution is seen to reproduce the classical one in detail. For much 

longer times, after a time t<i, the system experiences a quantum induced transition to 

normal diffusion marked by an exponential decay of the quantum peak population. 

The understanding of the dynamics in the intermediate region of times is the main 

purpose of this work. In spite of the fact that, at the microscopic level, the quantum 

distribution grows increasingly different from the classical one, the average value of 

the peak population in the two cases is still the same although signatures of the true 

quantum nature of the system appear in the form of logarithmic modulation of the 

inverse power law. 

The dependence of this logarithmic modulation on % is studied in detail and 

a model, compatible with the prescription of the RG approach, is derived in which 

this log-oscillation is interpreted as a genuine quantum effect. 
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The quantum kicked rotor. 

The starting point of the analysis is the quantum version of the Hamiltonian 

used for the classical case 

^ = ~ \ W + e c o s ^ S t ^ ( 4 ' 1 0 1 ) 

where h is the Planck's constant. The time dependent Schroedinger equation is 

therefore 

ihW = ~\i + t8r ®cos * ^4'102^ 

Exploiting the particular time dependence of the potential we notice that, between 

two consecutive kicks, the Schroedinger equation is that of a free particle and the 

evolution of the wave function is therefore given by 

G(r ) = e x p ^ ^ , r = ^ - (4.103) 

while, during the instantaneous interaction with the potential the evolution is de-

scribed by 

B (k) = exp (—ik cos i?) , k = (4.104) 

The complete time evolution for the wave function starting from the time immediately 

after a kick and ending at the time immediately after the following one is given by 

^ + 1 = B ( k ) G ( r ) ^ t (4.105) 

where the superscript + on the wave-function reminds about the fact that it is cal-

culated after the kick. 



66 

Before continuing it is important to note that, while in the classical case the 

mapping depended on one parameter only (K = tT/I), here there are two indepen-

dent parameters. One parameter can be chosen to be the classical one (K = kr) 

and the other is a parameter depending on the quantum nature of the system. We 

could chose for example r that, a part for the irrelevant parameter T and I, can be 

directly interpreted as the Planck's constant. The classical limit is therefore given by 

r —> 0 and k —• 00 with K = const. In the part of our work we study, for different 

values of h, this quantum system for values of K corresponding, in the classical case, 

to anomalous diffusion in the momenta. The purpose is to understand if, and on 

what scale, the finite value of the quantum parameter, causes the system to behave 

differently from its classical counterpart. 

A 

Returning now to 4.105 we want to consider the form of U (k,r) in the mo-

menta representation, we therefore write 
1 OO 

V>(iM) = ^== £ A.(f) ein< (4.106) 
V̂ 7T n=_oo 

and, since the free evolution is diagonal in this representation, we obtain the following 

form for G 

Gi,i> (T) = exp (4.107) 

while B assumes the more complex form 

(*) = ~ r <Me-in'V'fccos VWl> = (k) (4.108) 
2it Jo 

where the last passage rests on the definition of ordinary Bessel function (See for 

example Abramovitz [31]) and Jm (x) is the ordinary Bessel function of order m and 
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argument x. The form for the complete evolution operator in this basis is 

Un,m (k, T) = (k) exp • (4.109) 

The study of the evolution of the QKR can be connected, in this basis, to the 

problem of diffusion on a linear lattice in which the coupling between sites is given 

by 4.109 and the population of the lattice sites is given by complex numbers. 

A 

Now that we have an explicit form for U (k, r ) we focus our attention on the 

practical computational issues involved in the numerical study of the wave function 

evolution before further developing the theory. 

Numerical treatment 

To analyze the complexity of the numerical iteration of U (k, r ) we have to 

separately analyze the space and time requirements. Let's start with an estimate of 

how the number of states (in the momentum representation) necessary to study the 

system depend on the time and %. 

Due to the fact that the ordinary Bessel function Jm (x) decays rapidly for 

|m| > x and does essentially vanish for \m\ > 2x we can conclude that Un>m (k, r) 

has the form of a band matrix with a bandwidth of 2k. This implies that, for every 

application of U, the number of states necessary to describe the system will increase of 

approximately 2k. We can therefore conclude that, starting from an initially localized 

state involving only a few momentumeigenstates, the total number of states necessary 

for a complete system description is 

TK f 
(4.110) 
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where K is the classical coupling parameter. 

It is important to note that this space requirement is actually intrinsic to the 

problem of calculating the exact evolution of the wave function and does not depend 

on the particular algorithm used to do it. 

Things are different for the time complexity. The computation of the Bessel 

function, in particular for large orders, is a complex and delicate task and involves a 

lot of computation. Moreover the multiplication of a N x N matrix for a N — dim 

vector requires N2 operations and even if the actual band matrix structure allows us 

to reduce this number to 2Nk the time requirement to calculate the tth iteration of 

U is, using the result in 4.110 

IK2 t 
*"(*)« 4 T ? (4-111) 

that, in the case of small h, becomes too long for a real simulation. 

We can therefore conclude that, from a numerical point of view, the direct 

implementation method of 4.109 can not be used. 

An alternative method can be found exploiting the fact that, while the free 

evolution operator is diagonal in the momentum basis, the "kick" operator assumes 

a diagonal form in the phase (angle) representation. We can therefore start from the 

momentum representation for the wave function and calculate the free evolution part 

of U, then use a Fast Fourier Transform (FFT) to switch to the phase representation 

where we can evaluate in a simple way the "kick" operator and switch back again to 

the momenta representation via an Inverse Fast Fourier Transform. 
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This approach reduces in a significant way the amount of time needed for the 

calculation because the time required to perform the FFT (and it inverse too) for 

an array of dimension N grows like N log N and the evaluation time of a diagonal 

operator is linear in the dimension of the array too. The dependence on t and % of the 

time requirement for the tth iteration of the evolution operator U using this method 

results therefore to be, using 4.110 

T (t) « NlogN oc ^-log (4.112) 
h n 

that is much more practical than 4.111. The time difference can be of minutes com-

pared to weeks for sufficiently small values of the Planck's constant. This is therefore 

the calculation technique we use in our simulations. 

As said previously the space requirement 4.110 does not depend on the chosen 

algorithm and can not therefore be reduce without adopting a completely different 

point of view on the problem, this is in fact what is discussed further in the chapter. 

Nevertheless the FFT-based algorithm allows for a smart way to handle data 

vectors too big to fit in the physical memory of the computer, it is in fact possible to 

"split" the vector into smaller parts, performing the required change of base and the 

evaluation of the evolution operator on each piece separately and then reconstruct 

the final state from the transformation of each piece. This method allowed us to 

study the evolution of the complete wave function for times longer than in previous 

works [6] and to use the results to verify the correctness of the original approach that 

is discussed later. The last interesting point is that this method of "splitting" the 



70 

data vector allows for a parallel version of the evolution code that could be used on 

clusters of computer or on modern parallel computers to study values of % that would 

require too much computation time on a normal sequential computer. 

Quantum classical comparison, procedural issue. 

Recalling the discussion in Chapter 1 about the way to study the correspon-

dence between the classical and quantum systems from a statistical point of view 

we decided to compare the diffusion in momentum space for the two versions of the 

kicked rotor. We therefore concentrate on the average value evolution of the quan-

tum system squared momentum to be compared with the classical results discussed 

in Chapter 3. 

To perform the comparison with the classical system in a rigorous way we have 

to address the problem of the initial conditions, such a comparison can only be fully 

meaningful if the initial conditions used for the classical and quantum simulation cor-

respond to the same "state". The problem is that in the classical study the departure 

point is an ensemble of trajectories corresponding to different initial condition and 

distributed in the phase space according to a given function while, in the quantum 

case, we study the evolution of a single initial state. To solve this problem note that 

the comparison takes place at the level of expectation values of the observables, this 

implies, as is implicit in the concept of quantum mechanical expectation value, that, 

in the quantum case, we are studying the evolution of an ensemble of identical initial 

conditions on which then the averages are calculated. Therefore we have to define the 
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in way in which the classical and quantum ensemble of initial condition represents 

the same initial "state". 

To do this we rely on the Wigner formalism that allows us to define a "quantum 

mechanical phase space" and to associate to a wave function a quasi-probability 

distribution, function of both coordinates and momenta, that has all the properties 

of a classical phase space distribution except for being positive definite. The time 

evolution of the Wigner distribution coincides, up to second order in h, with the 

classical Liouvillian. 

If <f> (?) is the density matrix the corresponding Wigner quasi-distribution is 

given by 

p w ( 9 ' p ' = T n L o d z e x p ( t ) <? - *1 * w l? + <4-113) 

and if 

H(t<*) = J!^ + V(q) (4.114) 

is the Hamiltoman that describes the classical system the corresponding evolution 

operator for 4.113 is 

— n ( ^ 1 f h\2n f d2n+1 \ d2n+1 

m w(q,p, ) - E ( 2 n + 1 ) , ^2-J yo^V(q)jQ-^Pw(q,P,t) (4.115) 

and it is easy to show that the term corresponding to n = 0 corresponds to the 

classical Liouville operator for the phase space density while the other terms in the 

sum correspond to a true quantum correction. 

Since we are working with pure states the integral in 4.113 is simplified to 

P W ( , ' P ' = i z e x p ( t ) * i q ~ z ) • (4.116) 
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The fact that, in general, it is not possible to associate a positive definite 

probability distribution to a given wave function is a fundamental consequence of 

the intrinsic quantum nature of the object and can not be overcome with a simple 

change in definitions. In the special case of a minimum uncertainty Gaussian packet 

the corresponding Wigner quasi-distribution is positive definite and can therefore be 

directly interpreted in terms of a classical probability distribution. 

This is the idea behind our choice of initial condition for the quantum and 

classical system. In the quantum case we start from a minimum uncertainty Gaussian 

wave function centered around some i?o and p0 

1 -tPO 

where 

(0) = i?o (p) = Po (4.118) 

and the p representation is given by another Gaussian function where At? • Ap = | ac-

cording to the Heisenberg uncertainty principle. As said previously the corresponding 

Wigner quasi-distribution obtained from 4.116 is, in this case, positive definite 

2\ 

= ) e x p ( - ( ^ A , > ) | (4.119) 

and can be interpreted as a classical phase space probability distribution. We will 

therefore adopt 4.119 as the distribution according to which the initial conditions for 

the classical study will be chosen. Another way to justify this choice is to observe that 

the p and i? projection of 4.119 does actually correspond with the p and "d probability 

distribution for both the classical and quantum case. 
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We can therefore safely conclude that this procedure offers a rigorous answer 

to our requirement of using initial conditions for the classical and quantum simulation 

corresponding to the same "state" or better, set of states. 

As we did for the classical system we now study separately the cases of normal 

and anomalous diffusion for the quantum kicked rotor. 

Normal diffusion in the QKR and localization 

Using K > 1 it is possible to study the QKR for different values of % in the 

case corresponding, classically, to normal diffusion. We analyze here the behavior 

of (p2) and compare it with the classical results of a linear growth in time with a 

diffusion coefficient given by 3.63. 

In the quantum case the linear increase is recovered only for finite times and 

the growth rate is somewhat smaller than the corresponding classical one, on longer 

time scale (p2) essentially saturates to a constant value. The results of a simulation 

are shown in Fig. 4.14 and compared with the classical case. 

The fact that (p2) stops increasing implies that, in the momenta representa-

tion, the wave function stops spreading. The population of the states with higher 

momenta is, in a long time region, much smaller than the corresponding classical 

one, therefore resulting in a momenta localization for the wave function that can be 

connected with the phenomenon of the Anderson localization [5]. This striking dif-

ference between the classical and quantum calculations is of the greatest interest for 

the study of the correspondence principle. The important point is to determine the 
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time scales on which this breakdown occurs for smaller values of h. The phenomenon 

was studied for several years, again all the relevant information and reference can be 

found in the precious [5], and the conclusion is that the breakdown occurs at times 

that are inverse powers of % 

t i o c ^ C ^ y (4.120) 

It is therefore clear that, for small ft, this localization time becomes extremely long, 

making it almost impossible to detect the phenomenon experimentally. Another factor 

that contributes to masking this manifestation of the quantum nature of system is 

the presence of noise. Even a very small amplitude noise, unavoidably present in any 

real experiment, has the effect of destroying, in the long time scale, the phenomenon 

of localization [32]. 

In the case of normal diffusion we can therefore safely conclude that no break-

down between classical and quantum results is experimentally expected in any meso-

scopic system. 

As we see the situation seems to be different in the case corresponding to 

classical anomalous diffusion. 

Anomalous diffusion in the Quantum Kicked Rotor. 

When the classical parameter K assumes values corresponding, in the CKR, 

to anomalous diffusion in the momenta, the behavior of the QKR does dramatically 

change as well. In particular, faster than linear energy increase, non-Gaussianicity of 

the square modulus of the wave function and the presence of ballistic peaks are found 
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for finite times if h is sufficiently small (h < 10 -1). This characteristic is studied in 

relation with the classical corresponding features. 

With the choice of initial condition previously discussed we begin our simu-

lation from the study of the time evolution of the expectation value of the second 

moment, an example of the results is shown in Fig. 4.15. 

The anomalous increase of (p2) is therefore found, at least on this time scale, 

in the quantum system as well. The square modulus of the wave function in the 

momenta representation, for a symmetric choice of initial condition, is shown in Fig. 

4.16 and can be directly compared with the classical probability distribution for the 

momenta in Fig. 3.11. 

Important for further development is the presence of the two peaks delimit-

ing the distribution in the quantum case. The importance of their contribution to 

the average value of the energy in the classical case has already been assessed and 

discussed in the framework of the GOLD model but, in the quantum case, it is not 

possible to reason in terms of "trapped trajectories"; to decide whether or not those 

peaks lead to an important contribution to (p2) we rely on numerical results. 

In perfect analogy with the classical case the (average) momentum of the peak 

region increases linearly in time (in other words the peak is traveling ballistically in 

the average momenta). It is clear that the contribution of the peak to the average 

value of the momentum squared is simply given by the square of its mean momentum 

multiplied by the total probability associated with the peak itself, the same result 
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was found in the classical case 

( P ( t f ) k
 = ( 2 i r t f I (4.121) 

v ' peufc Jpeak 

It will probably not come as a surprise that, analogously to the classical case, 

the contribution of the peak to the (p2) has the same time dependence of (p2) calcu-

lated on the entire body of the wave function. Moreover, for initial packets starting 

"near" (where the concept of distance is defined in terms of the Wigner represen-

tation for the wave function) the classical accelerator region, the population of the 

peak is almost unitary. In this cases the study of the evolution of (p2) can be safely 

limited to the study of the peak contribution. The first attempt ( to the best of my 

knowledge) to study the peaks evolution was done by Hanson & al. [33] in the region 

of large %'s (h > 10~2). They found, in striking contrast with the classical inverse 

power law decay discussed in the classical case, an exponential decay for the quantum 

survival probability with a decay rate proportional to exp(— l / f i ) . This results lead 

Hanson to interpret the decay as a tunneling related process. On the other hand, by 

decreasing h, a transition value (~ 10~2), is found after which the decay is no longer 

exponential. Studying the peak decay for smaller values of h we found that in fact 

a transition to inverse power-law decay does actually occur, recovering the classical 

results, and such a power law lasts for increasingly long time with decreasing %. The 

scaling, as manifest in the inverse power law, will be the basis for a renormalization 

group description for the quantum phenomenon. 

In the classical case we showed how the population of the peak at the t time 
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step depended only on the trajectories stuck in the accelerator mode at the previous 

time step. The classical peak therefore propagates and evolves in a way that is largely 

independent from the remaining part of the classical ensemble. The same question in 

the quantum mechanical framework does not allow for such a clear-cut answer, on the 

basis of the correspondence with the classical counterpart we would expect a similar 

property to hold in the quantum case as well. 

The numerical test is very simple, after studying the peak evolution consid-

ering the contribution of the complete wave function the same numerical experiment 

can be repeated setting to zero, after each application of the evolution operator, all 

the coefficient of the wave function in the momenta representation that do not cor-

respond to the peak region. The so obtained approximate peak evolution must then 

be compared with the previously obtained exact one. 

The approximate evolution obtained in this way turns out to be indistinguish-

able from the exact evolution confirming that, in the quantum case too, the peak 

evolution is largely independent of the body of the wave function. 

A small part of the wave function, evolving in an almost independent way, 

contains all the information needed to study the anomalous diffusion of the complete 

system. 

This is the key statement that opens the way to the original numerical and 

possibly analytical approach to the problem previously anticipated. 



78 

Numerical approach. 

Not much has to be added at this point, instead of calculating the evolution 

of the complete wave function, the dimension of which increases as t/h, we limit 

ourself to the region of the peak, defined as a window of constant width (for example 

2x/H) centered on the linearly increasing momenta. There is, therefore, no time 

increase of the window width and consequently of the memory resources with this 

new approach and this affords enormous computational advantages. To evaluate 

the evolution operator the FFT based approach discussed in the first Paragraph is 

adopted. 

The quantity of interest in the simulation is the square modulus of the wave 

function in the area of the peak (to be compared with the classical peak population) 

that can be directly associated with the evolution of (p2). 

The obvious numerical advantages allowed us to explore values of h as small as 

10~4 and, with further improvements on the algorithm and on computer technology, 

values as small as 10~6 are not unrealistic. 

Peak decay, numerical results and interpretation. 

At first sight Fig 4.15 and Fig. 4.16may be interpreted as strong confirmation 

of the analogy between the QKR and the CKR. On closer inspection the correspon-

dence between classical and quantum process at the level of the detailed form of the 

probability distribution is lost on a time scale given by Berry [34] 

h 
7 
i t o ( i ) . (4.122) 
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where 7 is the Lyapunov exponent of the corresponding classical dynamics. After 

this (short) time there is the extended interval we are mainly interested in where, 

although the correspondence at the level of distribution is lost, the expectation value 

of the quantum observables follows the average value of the correspondent classical 

quantities. On a longer time scale 

l \ a 

tlo r v (i) a « 2 (4.123) 

purely quantum effects connected with localization (see for example [5]) take place 

signaling the end of the quantum-classical correspondence. Even in the second time 

region, < t < tioc, difference between the quantum and classical observables can 

be found, for example the peaks are present in both process but the decay law in 

the quantum case shows a specific log-periodic modulation that is interpreted as a 

consequence of the process' intrinsic quantum nature. With the choice of initial 

conditions previously discussed we graph in Fig. 4.17 the time evolution of the peak 

for different values of h and compare it with the classical theoretical and numerical 

result. To be rigorous, a classical simulation should be shown for each different value of 

the quantum parameter used because, even if the quantum parameter does obviously 

not affect the classical evolution, the distribution of the classical initial conditions 

does actually change depending on h in the way described in Section 4.2. However 

the classical results do not change in a significative way with the different h's and so 

only one result is actually plotted here. 

The plateau visible in the long time regime of the classical simulation was 
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discussed previously and corresponds to the trajectories trapped from the beginning 

of the motion in the stable stable part of the accelerator islands that, being separated 

from the outer phase space by an invariant torus, cannot escape at any time. The 

presence of this trajectories is an unavoidable consequence of the choice of extend-

ed initial conditions. Notice that in the quantum case tunneling effects forbid the 

existence of stable isolated regions in the Wigner phase space. 

For the larger values of ft (2 * 10 -2) the result of the quantum simulation show 

an early transition to exponential decay for the survival probability (essentially the 

peak population) confirming Hanson's results [33]. With smaller h's the classical 

inverse power-law decay is recovered for times longer and longer as h decreases. 

Even if the inverse power law is recovered eventually a transition to exponential 

decay for the survival probability is found in all the quantum simulations. This 

transition can be related to the suppression of anomalous diffusion in the quantum 

system both recalling the connection of the survival probability with the correlation 

function of i? or directly noticing that the exponential death of the peak severely 

reduces the peak contribution to the evolution of (p2) that, with our choice of initial 

conditions, is critical. 

The time scale on which this transition does occur is therefore important in 

the study of the validity of the correspondence principle in classically weakly chaotic 

systems. We do not pursue an investigation of this effect here, but leave it as a subject 

for future work. 

Thus, leaving this crossover aside, we see that the QKR and the CKR behave 
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similarly. However, the decay of the peak intensity in the quantum calculation shows 

a clear modulation by a function periodic in the logarithm of the time. The corre-

sponding classical result does not show such a clear logarithmic oscillation but even 

if a classical modulation , compatible with the system's discrete scale invariance and 

with the GOLD model discussed in Chapter 2, is present we observe how the frequen-

cy of the modulation of the quantum decay law does depend on the actual value of h 

[35]. We therefore expect a quantum-activated mechanism to be at the base of such 

a modulation. Moreover, such a logarithmic oscillation suggests a renormalization 

group approach to the quantum decay that is discussed subsequently. 

Logarithmic oscillations as a manifestation of quantum coherence. 

We concentrate now on a single value of h to study the quantum log-oscillations. 

We fit the numerical data with the following function 

^ / x Ai + Aocosfy in t ) / , v ^ 
n w = — — — e x p ( - A 1 ) ( 4- 1 2 4) 

that has a form compatible (apart for the exponential term) with the classical renor-

malization equation previously discussed in Chapter 3 and the complete derivation of 

4.124 is discussed shortly. 

An example of the quality of the fit attainable with 4.124 is given in Fig.4.18 

where the parameters are chosen with a mean square minimization procedure. Re-

peating the same fit on the numerical results obtained for different values of the 

quantum parameter it is possible to study the dependence of the oscillations frequen-

cy and amplitude on ft, the results of this analysis on the frequency is shown in Fig. 



82 

4.19 as a function of 1/h while the amplitude of the oscillation results to be a less 

definite but monotonically decreasing function oil/%. 

Even if the classically obtained result is compatible with logarithmic oscilla-

tions we propose a different model based on a genuine quantum contribution. The 

classical limit, as apparent from the numerical results, seems to correspond to weak 

oscillations with extremely long periods if not to the case of no oscillations at all and 

the results of the quantum simulation performed with different h's shows a behavior 

of decreasing frequencies and amplitude for decreasing h's. Guided by the correspon-

dence principle and by the renormalization group properties we wish to retain, we 

propose a form for <j> (t) suitable to interpret the numerical results. After the time 

tj,, but before i/oc, the dominant behavior of the quantum and classical survival prob-

ability is the inverse power-law decay, resulting from the scaling properties of both 

the CKR and QKR. We here assume a mechanism to account for the existence of 

oscillations in the QKR that relies on the quantum properties of the system and has 

therefore no classical analogue. This mechanism accounts for the transitions between 

accelerator modes that works in concert with the classical mechanism and which re-

tains coherence across the fractal boundaries. We notice that a straightforward way 

of modifying 3.96, to incorporate this coherence effect, is to assign a phase to the 

quantum transition rate. 

w = we'B (4.125) 
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so that the scaling relation found earlier is replaced with 

5 ( « ) » 5 W (4.126) 

and the quantum coherent effect is given by the real part of the scaling function. The 

solution to 4.126 is of the same form as that given earlier, a modulated inverse power 

law, except that the inverse power-law index is complex and may be thought of as a 

complex fractal dimension [36]: 

a = 2 +
 g . - f i - i K (4.127) 

In q + iB v ' 

where the real part of the index is 

In q In w „ 
M = 2 + n N2 , m 4.128 

(In w) + B2 

and the imaginary part of the index is 

Blnq 
K = 7 72 (4.129) 

(In w) + B2 v ; 

We therefore obtain 

„ ~ A2Cos(/cln<) 
fa $ (t) » — — ^ 1 (4.130) 

and when the "coherence strength" is very small, B / l n w « 1, this reduces to 

„ ~ , t . A 2 c o s ( y i n t ) 
%e <f> (t) « — ^ }- (4.131) 

where 

(4.132) 

To recover the form of the fitting function we recall that the frequency of 

oscillation, 4.132, must vanish as ft *—» 0, so that 4.131 cannot be the sole contribution 
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to the quantum waiting time distribution function. Therefore to obtain the proper 

scaling behavior of the waiting time distribution in the classical limit we add the 

contribution of 4.131 and 3.96 to obtain 

-Ai 
$quan (t) ^ I" 

An 
.ta . 

A\ + A2 cos 
t , (4-133) 

Here the complex fractal dimension is given by a = (i + ilir/\nT, and the imaginary 

part of the fractal dimension gives the period of modulation of the inverse power law, 

see [36], and l n T = 2n In w/ [B (fi — 2)] is the period of oscillation induced by the 

coherence mechanism. 

We have seen that the inverse-power law structure modulated by logarithmic 

oscillations remains invariant upon differentiation and integration so the structure of 

the correlation function and the area of the peak will maintain the same structure. 

In the formula we use to fit the decay of the area of the peak, 4.124, we include also a 

long time exponential decay that does not have any justification in the present model, 

but was detected in the calculations and may play an important role in future work. 

The power-law index /3 in 4.124 is expected to be the same as in the classical case 

(f> (t) = lim <f>quan ( t) , (4.134) 

since in the case of very small Planck constant, the time after which the exponential 

decay becomes important lies beyond the range of our observation, the parameter A is 

always extremely small. Further, to ensure that II (t) is positive definite we must have 

that Ax > A2. We focus on the adoption of the fitting formula, 4.124, to determine 
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the parameter In T and from it the coherence phase B, which must satisfy 

lim B = 0. (4.135) 

The determination of this crucial parameter allows us to assess the amount of quantum 

coherence present in the seemingly classical behavior. In Figure 4.19 we show the 

dependence of the frequency of oscillation of the waiting time distribution function 

on the value of Planck's constant used in the calculation. From the negative slope 

of the curve we reach the conclusion that the coherence parameter B must have the 

functional form 

B oc r (4.136) 

with a ~ 0.14. Thus, the coherence resulting in logarithmic oscillations is a genuinely 

quantum effect, due to the dependence of the frequency of oscillation on U, and seems 

to be a slowly decaying function of % so as to vanish in the classical limit. 
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Figure 4.14: Time evolution of the squared momentum for the quantum (contin-

uous line) and classical simulation (dashed line) of the kicked rotor starting from 

corresponding sets of initial conditions. The choice of % = 0.2 causes the quantum 

localization to be visible at a relatively short time scale. 
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Figure 4.15: Time evolution for the square of the momentumfor a 100 kicks simulation 

of the kicked rotor in the case corresponding to classical anomalous diffusion and for 

h = 0.05. The quantum simulation (+) follows the theoretical prediction (dashed 

line) almost better than the corresponding classical case (squares). 
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Figure 4.16: Square modulus of the wave-function in the momentum representation 

after a 20 kicks simulation of the quantum kicked rotor starting from a localized 

wave-function. This results has to be compared with the corresponding classical one 

discussed in the previous Chapter. 
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Figure 4.17: Time evolution of the quantum peak population for different values of % 

to be compared with the classical result (dotted line). 
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Figure 4.18: Peak decay for h = 0.005 with an attempt of fit. The modulation 

periodic in the logarithm of time is correctly reproduced. The fit (dashed line) has 

been displaced for graphical convenience. 
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Figure 4.19: Dependence of the peak decay modulation frequency on h . An attempt 

of fit with an inverse power law is shown. 



CHAPTER 5 

CONCLUSION AND SUMMARY 

Summary. 

The interplay between classical chaos and evolution of quantum mechanical 

variables was studied in this work with particular emphasis on the study of diffusion 

processes driven by the chaotic dynamics. 

The case of anomalous diffusion in the kicked rotor, both in the classical and 

quantum framework, was used as paradigmatic example. 

Anomalous diffusion was in fact demonstrated to be related to long term 

memory in the correlation function of the variable driving the velocity of the diffusing 

quantity. In the case of the classical rotor, this was found in turn to be related to the 

presence of small, self-similar structure in the phase space called accelerator islands. 

Not only is the waiting-time distribution of these islands directly related to the 

velocity correlation function, but the trajectories trapped into the accelerator mode 

were found to directly contribute to anomalous momentum diffusion. Further, these 

trajectories form two sharp peaks delimiting the momentum projection of the phase 

space density. 

Both numerical evidence and analytic results were shown to bond anomalous 

diffusion with an inverse power-law decay of the peaks population. The same exact 
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relation between peaks and anomalous diffusion was found in the quantum kicked 

rotor offering a great instrument for efficient numerical studies. 

The key point of this analysis is that the peaks, both in the classical and 

quantum case, contain all the information necessary to describe and study anomalous 

diffusion. Their evolution is largely independent of the remaining phase space or 

Wigner density. The expected quantum induced transition from anomalous to normal 

diffusion, and eventually to localization, is necessary associated with the death of the 

peaks or at least with a form of faster decay. 

Due to the finite value of the Planck's constant used in the calculations the 

QKR is in fact expected not to be able to reproduce the classical behavior in the 

presence of accelerator islands resulting in a different form of the velocity correlation 

function and the peak's population decay. 

This expectation is confirmed by our numerical simulations in the form of a 

modulation, periodic in the logarithm of time, of the inverse power law decay of the 

quantum peak that does not have a clear analog in the classical case. The dependence 

of the modulation frequency on % suggests a genuine quantum mechanism, related 

perhaps to quantum induced coherence in the movement of the Wigner density in the 

accelerator island, as assumed in the proposed model. 

It has to be added to this phenomenology the detected, but not investigated, 

transition from an inverse power law to an exponential peak decay and therefore from 

anomalous to normal diffusion. This will be the main subject of further studies. 

At this point we have some elements to address the question, raised in the 
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introductory chapter, about the quantum reproducibility of classical chaoticity. 

Conclusion. 

In the presence of small self-similar regions in the classical phase space dif-

ferences, at the level of the observables, are apparent between the classical and the 

corresponding quantum dynamics from the earliest stages of evolution and it is related 

with the quantum induced transition from anomalous to normal diffusion. 

The dependence of the relevant quantities (frequency and amplitude of the 

oscillations) seems to allow, in principle, for a detection of this kind of effects in a 

real experiment. Even if, in this specific case, an experimental confirmation can be 

practically difficult, the obtained results can in fact be applied to most of the weakly 

chaotic situations opening extremely interesting possibilities. 

The situation of weak chaos, besides being the most common in real systems, 

seems therefore to be the one in which the recovery of classical features by quantum 

systems is the most difficult. 
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