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Bankruptcy is a costly event. Holders of publicly traded securities can rely 

on security prices to reflect their risk. Other stakeholders have no such 

mechanism. Hence, methods for accurately forecasting bankruptcy would be 

valuable to them. 

A large body of literature has arisen on bankruptcy forecasting with 

statistical classification since Beaver (1967) and Altman (1968). Reported total 

error rates typically are 10%-20%, suggesting that these models reveal 

information which otherwise is unavailable and has value after financial data is 

released. This conflicts with evidence on market efficiency which indicates that 

securities markets adjust rapidly and actually anticipate announcements of 

financial data. Efforts to resolve this conflict with event study methodology have 

run afoul of market model specification difficulties. 

A different approach is taken here. Most extant criticism of research design 

in this literature concerns inferential techniques but not sampling design. This 

paper attempts to resolve major sampling design issues. The most important 

conclusion concerns the usual choice of the individual firm as the sampling unit. 

While this choice is logically inconsistent with how a forecaster observes 

financial data over time, no evidence of bias could be found. 



In this paper, prediction performance is evaluated in terms of expected 

loss. Most authors calculate total error rates, which fail to reflect documented 

asymmetries in misclassification costs and prior probabilities. Expected loss 

overcomes this weakness and also offers a formal means to evaluate forecasts 

from the perspective of stakeholders other than investors. 

This study shows that cost of misclassifying bankruptcy must be at least an 

order of magnitude greater than cost of misclassifying nonbankruptcy before 

discriminant analysis methods have value. This conclusion follows from both 

sampling experiments on historical financial data and Monte Carlo experiments 

on simulated data. However, the Monte Carlo experiments reveal that as the 

cost ratio increases, robustness of linear discriminant rules improves; 

performance appears to depend more on the cost ratio than form of the 

distributions. 
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CHAPTER 1 

INTRODUCTION 

Bankruptcy is a costly event which stakeholders in the firm would prefer to 

anticipate in order to assess properly the risk of their claims on the corporation. 

While holders of publicly traded securities can draw some comfort that market 

efficiency assures that security prices reflect their risk, other stakeholders have 

no such mechanism for assessing risk of bankruptcy. Hence, the development 

of methods for accurately forecasting bankruptcy or its probability would be 

valuable to all stakeholders, especially to noninvestors. 

This explains the development of and interest in statistical methods to 

forecast bankruptcy or estimate its probability. Since Beaver (1967) and Altman 

(1968) published their seminal works on bankruptcy forecasting with statistical 

classification models, a large body of literature has developed on this topic, 

including over 100 papers applied to publicly traded corporations alone. The 

great majority of the authors claim success and typically report total error rates 

on the order of 10%-20%. The implication is that statistical classification models 

reveal valuable information—in particular, in financial reports released to the 

public—which otherwise is unavailable. Furthermore, the results in the literature 

would seem to indicate that this information has value long after the financial 

data has become available to the public. 
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However, this implication conflicts with evidence on market efficiency. A 

method for accurately forecasting bankruptcy would have value to investors as 

well as other stakeholders (who, in turn, could apply this newly revealed 

valuable information in their own investment decisions). Yet a substantial body 

of evidence indicates that securities markets not only adjust very rapidly to 

announcements of financial statement data but they actually anticipate the data 

released.1 A few authors have attempted to resolve this conflict by applying 

event study methodology to evaluate bankruptcy prediction models.2 

Unfortunately, taken as a whole, their results are inconclusive. 

A different approach is taken in this dissertation in an attempt to unravel 

this puzzle. A fundamental weakness of the bankruptcy prediction literature is 

the widespread application of improper statistical methods to the forecasting 

problem. These research design flaws have received considerable attention 

already.3 Most of this attention, however, is dedicated to inferential techniques; 

relatively few authors have examined issues concerning the sampling design. 

1For example, see reviews of the evidence in Beaver (1989) and 
Copeland and Weston (1988). 

2ln particular, see Altman and Brenner (1981), Katz, Lilien, and Nelson 
(1985), and Zmijewski (1984a). Their results are discussed in more detail in 
chapter 2. 

3For example, see the comprehensive critique by Altman, Avery, 
Eisenbeis, and Sinkey (1981). Other specific criticism of research design in the 
literature is reviewed in both chapters 2 and 3. 



Sampling design in bankruptcy forecasting is evaluated here for three 

basic reasons. First, proper sampling methods are a prerequisite to any 

statistical analysis.4 Second, flawed sampling designs appear to be nearly 

universal in the bankruptcy prediction literature.5 Third, few writers have 

addressed sampling design issues, and none have evaluated which sampling 

designs are appropriate in the context of forecasting. 

This paper makes an additional contribution to the literature, since 

prediction performance is evaluated in terms of expected loss (or expected cost 

of misclassification). Relatively few papers in the literature apply decision theory 

to evaluate predictive performance; most apply the total error rate. However, the 

total error rate fails to reflect the documented asymmetries in costs of incorrectly 

forecasting bankruptcy or nonbankruptcy and in prior probabilities of these 

categories.6 An advantage which decision theory offers over event study 

methodology is that it offers a formal means to evaluate the value of the 

forecasts from the perspective of stakeholders other than investors. 

4The importance of the relationship between proper sampling design and 
methods of statistical inference is covered in introductory statistical texts such as 
Moore (1991) and Iman and Conover (1983). 

5This assertion is not new. E.g., Altman, Avery, Eisenbeis, and Sinkey 
(1981) discuss the serious difficulties which arise from matched sampling 
methods popular in the literature. 

6For example, see Altman (1984a) for empirical evidence on these 
asymmetries. 



The most important sampling design issue addressed in this study is 

design of the sampling frame. If the sampling frame does not represent the 

intended population, then conclusions based on statistical analysis of the data 

will not generalize to the population. The most important conclusion from the 

analysis reported here concerns the choice (common in the literature) of the 

individual firm as the sampling unit. While this choice is logically inconsistent 

with the way in which a forecaster observes financial data over time, no 

evidence could be found that it leads to bias in the expected loss. 

Once sampling design issues are resolved, the question of forecasting 

performance remains. In this study, the most important general conclusion is 

that the cost of misclassifying a bankruptcy must be at least an order of 

magnitude greater than the cost of misclassifying a nonbankruptcy before 

statistical classification methods have value to the forecaster. This conclusion 

follows from both sampling experiments on historical financial data and Monte 

Carlo experiments on simulated data. Furthermore, the Monte Carlo 

experiments reveal that as the ratio of the cost of misclassifying a bankruptcy to 

the cost of misclassifying a nonbankruptcy increases, the robustness of decision 

rules based on linear discriminant analysis improves. Generally speaking, this 

cost ratio appears to be a more important determinant of forecasting 

performance than whether the underlying conditional probability distributions 

are multivariate normal or not. 



CHAPTER 2 

REVIEW OF THE LITERATURE 

Beaver's (1967) seminal study of business failure prediction continues to 

be a landmark nearly 30 years later. What is most notable about Beaver's paper 

(as well as the discussion by Neter and Mears) is the careful, comprehensive 

evaluation of the limitations of the research design. Beaver and his discussants 

anticipate many of the major methodological problems either present in or 

addressed by later studies. 

Many surveys of the literature exist. Altman, Avery, Eisenbeis, and Sinkey 

(1981) present an encyclopedic review of business failure prediction methods 

and their applications. Other surveys emphasize international studies (Altman 

1984b); failure prediction as a special case of research on financial reporting 

(Ball and Foster 1982); applications of financial ratios (Chen and Shimerda 

1981); bankruptcy prediction papers published in 1980-1986 (Jones 1987). 

The literature review in this dissertation concentrates on research design. 

This review emphasizes articles published since 1980, since earlier papers are 

covered thoroughly by others. This review has three parts: (a) a discussion of 

principal research objectives in the literature; (b) a summary of the evidence 

that many common research practices in bankruptcy prediction are not sound 

methodology; and (c) a list of conjectures concerning research design. 



Research Objectives in the Literature 

In most papers on bankruptcy prediction, the principal objective could be 

characterized as either a test of a causal relationship or a test of a covariance 

relationship. Since covariance analysis provides insight on possible causal 

relationships, the two objectives often overlap. Nevertheless, this dichotomy 

provides a convenient way to describe the literature. 

Causal Analysis 

One way to investigate a causal relationship is to systematically rule out all 

other possible causes. For example, Cook and Campbell (1979) propose a 

systematic method for identifying and evaluating alternative causal 

explanations. However, no author in the extant literature applies this approach 

to investigate why firms fail. Instead, several authors adopt a second approach: 

propose and test hypotheses based on a theory of business failure. 

Wilcox (1971, 1973, 1976) constructs a theory in which liquidity flows are 

modeled in terms of the gambler's ruin model from probability theory. He tests 

his theory with a linear version of the model. However, this linear model is not a 

Taylor series approximation of the gambler's ruin model. Hence, conclusions 

from tests of the linear model may not apply to the theoretical model. 

Furthermore, event study tests by Katz, Lilien, and Nelson (1985) and Zmijewski 

(1984a) show that investors could not earn abnormal returns on a consistent 

basis with linear versions of the original model. This suggests that the predictive 

power of the linear version of Wilcox's model, at least, is weak. 



Ho and Saunders (1980) and Scapens, Ryan, and Fletcher (1983) 

propose that catastrophe theory from mathematics be applied to explain 

business failure. However, they do not test their hypotheses, and no empirical 

support could be found in the extant literature. 

Scott (1981) constructs an option pricing model consistent with bankruptcy 

prediction results such as those in Altman (1968). While Scott's presentation is 

lucid and compelling, he does not conduct any empirical tests of his hypothesis. 

Emery and Cogger (1982) model a firm's liquid reserves as a stochastic 

process. From this, they develop a liquidity index and test its ability to predict 

bankruptcy. However, Zmijewski (1984a) shows that investors could not earn 

abnormal returns on a consistent basis by applying this model, suggesting that 

its predictive power is poor. 

Based on Argenti's (1976) theory of firm failure, Keasey and Watson 

(1987) test several hypotheses and construct a logit model for failure prediction. 

They conclude that their tests support Agenti's hypotheses. However, no other 

empirical support could be found in the extant literature. 

For each of these theories of business failure, empirical support either is 

limited or nonexistent. Except for Wilcox's model, no theory appears to have 

received much attention beyond the paper in which it originally appeared. 

Hence, none of these theories is well-developed in the sense that it is 

supported by considerable empirical evidence and is widely accepted in the 

research community. 
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Covariance Analysis 

Covariance does riot imply causality. Indeed, an advantage to covariance 

analysis is that we do not need to posit a causal relationship before we can 

study relationships among the variables. The disadvantage, of course, is that 

we cannot infer a causal relationship from the presence of significant 

covariance (or correlation). In the absence of a testable economic theory or a 

systematic effort to rule out alternative causal explanations, we cannot discuss 

an economic interpretation of the relationship between individual variables and 

firm failure. But we can make statements about covariance (e.g., whether a set 

of variables classifies or predicts well) which would aid us in developing a 

testable theory of business failure. 

The most common covariance relationships in the study of business failure 

are between the financial state of the firm (e.g., failing or not) and three general 

categories of variables: (a) financial characteristics of the firm, (b) financial 

characteristics of the industry, and (c) general economic conditions. Most 

researchers who apply covariance analysis investigate these relationships by 

means of either classification methods or prediction methods. 

Classification 

Classification concerns categories which, in principle, could be observed 

at the same time as the other observed variables. Statistical classification 

methods are designed to assign elements of a population to distinct categories 

corresponding to subpopulations. These methods fall into four groups: 



discriminant analysis, methods based on qualitative dependent variable 

models, nonparametric classification, and expert systems. Very few researchers 

in the recent literature actually investigate a true classification problem. Two 

examples of a true classification problem are Dietrich and Kaplan (1982) and 

Marais, Patell, and Wolfson (1984). In both papers, the authors model the loan 

review classification decision of commercial banks. The dependent variable 

(loan review classification or status) is coincident with the independent 

variables (financial ratios and other information available to the loan review 

committee). 

Prediction 

Prediction concerns categories which come into existence some time in 

the future. Most researchers who investigate covariance relationships between 

business failure and other variables define failure in terms of future conditions. 

Hence, they apply prediction methods. For publicly traded industrial firms, 

authors usually define failure as legal bankruptcy; for example, future states 

might be bankruptcy or not within one year. For financial institutions, authors 

often define failure as intervention by a regulatory agency; for example, future 

states might be closure under federal law or not within one year. Most authors 

define two future states. However, Peel and Peel (1987) develop a three-state 

model, while Lau (1987) develops a five-state model. 

Statistical classification methods are not designed for prediction. Still, 

many researchers in business as well as other fields apply them this way. In the 
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business failure literature, linear discriminant analysis is the most common 

classification method applied to prediction. (See table 33 in the Appendix.) 

Statistical inference procedures for discriminant analysis are based on the 

assumption that the vector of measurements is multivariate normal. As is 

observed below, this assumption generally is not reasonable for financial 

variables. To avoid this weakness of discriminant analysis, many researchers 

instead apply failure prediction models based on logit or probit. These models 

provide direct estimates of the probability of failure, conditional on the 

measurement vector, and are less sensitive to nonnormality. To apply these 

models to failure prediction, the researcher chooses a cutoff probability and 

classifies all firms above it as failed and all firms below it as nonfailed. 

A few authors apply nonparametric classification methods. The 

distributional assumptions are relatively simple and usually require only that the 

observations be a simple random sample. Of the methods applied to business 

failure prediction, recursive partitioning has the best statistical development; 

see Breiman, Friedman, Olshen, and Stone (1984). Despite the advantages 

over parametric techniques, however, few researchers have applied 

nonparametric methods to study business failure. 

A few authors apply prediction rules known as expert systems. In some 

cases, the expert system is a statistical classification model incorporated in a 

more complex decision rule. For example, Keasey and Watson (1988) develop 

decision rules which branch based on whether the financial report has been 
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submitted within a specified time. If it has, then the firm is classified using 

discriminant analysis. Otherwise, the firm is classified using an alternative 

method. Other researchers who apply expert systems to failure prediction 

include Elmer and Borowski (1988), who develop an expert system to reflect 

rules a savings and loan analyst might apply, and Moses (1990), who develops 

an index based on analysts' earnings forecasts. 

Criticism of Research Designs 

The research designs commonly applied to business failure prediction 

have been criticized widely. Most of the criticism concerns model specification, 

predictive performance evaluation, and sampling design. 

Model Specification 

Variables, their measurement, and their relationships are inherently 

ambiguous without a clearly stated theory of firm failure. Hence, a central 

question is whether measurements represent the intended variables. In 

business failure prediction, issues concerning model specification fall into five 

topic areas: definition of failure, selection of variables, accounting definitions, 

cross-sectional distributions, and distribution of variables over time. 

Definition of Failure 

In the literature, bankruptcy is the most common definition of failure for 

industrial firms. A common objection to this definition is that bankruptcy is a 

legal event and not an economic one. For example, Foster (1986, 535) argues 
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that "financial distress is best viewed as an economic notion for which there are 

many points on a continuum." He observes that bankruptcy is an event strongly 

influenced by creditors and thus may not be an accurate representation of the 

notion of financial distress. 

Empirical results lend credence to Foster's argument and illustrate the 

difficulty of distinguishing between distressed firms which fail and those which 

do not. Deakin (1977) constructs a model for predicting bankruptcy within the 

next two years. In his validation sample, however, only 18 of the 290 firms 

classified as "going bankrupt" actually declared bankruptcy (or were liquidated 

or reorganized); the rest experienced either some form of financial distress short 

of this or no distress at all. Peel and Peel (1987) construct a three-state model 

for U.K. firms. The three categories are (a) firms which liquidated or entered into 

receivership; (b) firms which did not fail but made a loss; and (c) firms which 

made a profit. Both logit and discriminant models misclassify 50% of the firms 

which did not fail but made a loss. Finally, Gilbert, Menon, and Schwartz (1990) 

conclude from their empirical analysis that logit models based on financial 

ratios are unable to distinguish bankruptcies from other distressed companies. 

In addition to these results, some critics argue that two states are 

inadequate for many types of decisions which might call for a failure prediction 

model. Ohlson (1980, 111) observes that "real-world problems concern 

themselves with choices which have a richer set of possible outcomes. No 

decision problem I can think of has a payoff space which is partitioned naturally 
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into the binary status bankruptcy versus nonbankruptcy." Eisenbeis (1978) 

agrees, citing the example of a commercial lender who must decide not only 

whether to grant a loan request but also what terms to offer. 

Selection of Variables 

Several authors warn against drawing economic conclusions from 

statistically significant variables in a prediction study. Eisenbeis (1977) notes 

that if the variables are not independent but procedures are applied which 

require independence, then those procedures can lead to incorrect inferences 

about which variables are significant. In addition, Altman, Avery, Eisenbeis, and 

Sinkey (1981) observe that reasonable alternatives for selection criteria in 

stepwise methods can lead to different sets of variables in the final model. 

Finally, Scott (1981) argues that statistical methods for variable selection are 

searching exercises which lead to overfitting the empirical model. 

Accounting Definitions 

Foster (1986, 562) summarizes the research on consistency in accounting 

measurements by concluding "that making adjustments to place all firms on a 

consistent set of accounting methods" does not improve predictive performance. 

In particular, this is true for capitalization of leases (Lawrence and Bear 1986), 

current cost rather than historic cost accounting (Keasey and Watson 1986), 

and specific price level adjustments (Mensah 1983). No consensus has 

emerged on the use of measurements based on cash flow instead of accrual 
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accounting. Casey and Bartczak (1985), Gentry, Newbold, and Whitford (1985), 

and Gombola, Haskins, Ketz, and Williams (1987) argue that measurements 

based on cash flow do not add to the predictive power of measurements based 

on accrual accounting. On the other hand, Aziz and Lawson (1989) and Gentry, 

Newbold, and Whitford (1987) argue that they do. 

Cross-sectional Distributions 

A cross-sectional distribution is the statistical distribution of the variables 

across firms at a given point in time. Evidence in the literature clearly indicates 

that the cross-sectional distributions of financial ratios and many other financial 

variables usually are not univariate normal. (See table 34 in the Appendix.) This 

has at least two major consequences. 

The first is that tests of significance may yield biased statistics. Tiku, Tan, 

and Balakrishnan (1986) have determined that, for small sample sizes, classical 

statistical tests (such as the t-test and the F-test) are not robust to sufficiently 

extreme departures from normality, such as those indicated by large skewness 

or kurtosis. Of course, power transformations can reduce skewness and 

kurtosis. (See table 34 in the Appendix.) However, Watson (1990) shows that, 

even after appropriate power transformations, the variables may still fail tests for 

multivariate normality. Furthermore, Watson finds that the appropriate power 

transformation for a financial ratio may change over time, creating uncertainty 

about which transformation to apply in any given situation. 

The second major consequence is that classification methods based on 



15 

the normality assumption—i.e., discriminant analysis methods—are not optimal. 

For this reason, many researchers in the 1980s applied classification methods 

less sensitive to the distributional form of the predictor variables. These 

methods include classification based on logit, probit, or nonparametric models.1 

Distributions of Variables Over Time 

Most studies of business failure prediction concern populations for which 

the annual failure rate is small. So, researchers usually pool observations from 

different years in order to obtain an adequate sample size of bankruptcy 

observations. In validating the prediction model, most authors assume that the 

cross-sectional distribution of the predictor variables remains stationary and 

hence that pooling data from different years will not affect statistical inference. 

Joy and Tollefson (1975) and Altman and Eisenbeis (1978) argue that we 

cannot interpret the bias in error rate estimates without first knowing whether the 

distributions are stable. If the predictor variables are not stable over time, then 

conclusions based on the validation sample may not extend to any other time 

period. As Altman, Avery, Eisenbeis, and Sinkey (1981,159) observe: 

The process by which an observation moves from one group to another 
over time might reasonably be expected to be a continuously evolving one. 
This suggests that the relationships among the relevant variables 
(e.g., means, variances, and covariances) change over time. 

1 Despite their theoretical advantages, these methods perform about the 
same as discriminant analysis, on average, when applied to business failure 
prediction. See table 33 in the Appendix as well as the discussion in chapter 3 
concerning prediction models based on discriminant analysis. 
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Empirical evidence is consistent with this supposition. In general, financial 

variables experience significant time-series co-movement (Foster 1986, 

116-118). In addition, El Hennawy and Morris (1983) and Gombola, Haskins, 

Ketz, and Williams (1987) apply principal components analysis and report that 

component loadings are unstable over time, indicating that variances and 

covariances are not stationary. This is consistent with research showing that 

different predictor variables are statistically significant in different time periods.2 

Hence, several researchers propose that prediction models include 

measures of change in financial variables over time. Standard deviations of 

ratios sometimes lead to modest reduction of error rates when added to models 

with financial ratios, but other measures of change offer no significant 

improvement.3 Furthermore, Hamer (1983) presents evidence that variables 

calculated from a single annual report perform about as well as measures of 

change based on time series from reports released by individual firms. 

Evaluation of Predictive Performance 

Most authors evaluate their prediction model by estimating separate error 

rates for failing and nonfailing firms and then calculating the total error rate. 

2For example, see Gombola, Haskins, Ketz, and Williams (1987) and 
Mensah (1984). 

3For example, see Betts and Belhoul (1987), Booth (1983), and 
Dambolena and Khoury (1980). 
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However, this approach fails to take into account the context in which the 

forecasting model might be used. Two alternatives have been proposed to 

address this weakness. One is the application of event study methods, in which 

bankruptcy prediction models are evaluated from the perspective of an investor 

in publicly traded corporations. The second is the application of statistical 

decision theory, in which expected loss measures the decision maker's utility 

when the decision rule is based on the forecasting model. 

Event Studies 

Event study methods can be applied to evaluate prediction models when 

the decision makers are presumed to be investors in publicly traded 

corporations. In particular, a prediction model can be evaluated to determine if it 

provides information not reflected by security prices at the time the financial 

statement is released. If the investor could apply a trading rule based on the 

prediction model and consistently earn an abnormal return on the portfolio, then 

the investor's wealth (and hence expected utility of wealth) would increase. 

Altman and Brenner (1981), Katz, Lilien, and Nelson (1985), and 

Zmijewski (1984a) apply event study methodology to evaluate failure prediction 

models. The null hypothesis is that information in the firm's financial report is 

fully reflected in the stock price by the time the report is released. The 

alternative hypothesis is that the prediction model reveals additional information 

otherwise unavailable to investors. The authors test summary measures, such 

as the average cumulative abnormal return, to determine if abnormal returns 
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are statistically significant. However, their results provide insufficient evidence 

that investors can profit consistently by using a failure prediction model. 

First, the statistically significant abnormal returns suggest markets are not 

semi-strong form efficient. But this conclusion runs counter to a substantial body 

of evidence in the event study literature. 

Second, the results themselves are contradictory. Altman and Brenner's 

(1981) conclusions depend on which market model they apply: two-factor 

market models produce significant abnormal returns, while the single factor 

model does not. Katz, Lilien, and Nelson (1985) repeat Altman and Brenner's 

test of the Altman (1968) z-score model. Based on the single factor market 

model but more recent data, they conclude that the cumulative abnormal returns 

are significant. On the other hand, Zmijewski (1984a), who also applies the 

single factor market model, evaluates eleven probit models and finds significant 

abnormal returns for two of the models but not for the rest. Zmijewski concludes 

that his evidence generally supports the semi-strong form of the efficient 

markets hypothesis. 

Third, Altman and Brenner (1981) concede that their results may be 

significant due to misspecification of the market model. Wood and Piesse 

(1987) note that Altman and Brenner did not control z-scores to be the only 

source of new information. By sampling firms based on declining z-scores, they 

select firms most likely to be affected adversely by economic conditions at the 

time. Hence, these companies had higher than average firm specific risk. As a 
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result, the beta adjustment in the market models may not have yielded the 

normal expectations. The sampling criterion, in effect, increased the likelihood 

that cumulative abnormal returns would be significant. Since Katz, Lilien, and 

Nelson apply sampling criteria similar to Altman and Brenner, this line of 

criticism also applies to their results. 

Statistical Decision Theory 

Beaver (1967, 99) states, "Accounting data can be evaluated in terms of 

their utility and that utility can be defined in terms of predictive ability." This 

premise leads Beaver to observe that (a) failure prediction models should be 

evaluated in terms of predictive ability; and (b) predictive ability should be 

evaluated in terms of its utility to the user in the decision-making situation, 

where expected cost of misclassification (or expected loss) is the appropriate 

measure of utility. Furthermore, misclassification costs and prior probabilities 

are likely to be asymmetric for most decision problems related to business 

failure prediction. In general, the total error rate is the wrong measure to use, 

since it could lead to decisions inconsistent with maximization of expected 

utility. Altman, Haldeman, and Narayanan (1977), who report one of the earliest 

applications of expected loss to measure predictive performance, concur. They 

argue that expected loss is needed to account for asymmetries in the costs and 

prior probabilities. Nonetheless, few authors in the business failure prediction 

literature report their results in terms of expected loss. For example, authors of 

only 5 of the 57 papers listed in table 34 in the Appendix do so. 
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Sampling Design 

Much of the criticism of sampling design in the business failure prediction 

literature concerns three topics: (a) the sampling frame; (b) missing data; and 

(c) stratification. These criticisms are significant, because statistics calculated 

from a flawed sampling design cannot be used for statistical inference. 

Sampling Frames 

No bankruptcy prediction is needed for a firm already in bankruptcy. 

Hence, a sampling frame which includes bankrupt firms (or reports released by 

a firm after it files for bankruptcy protection) is not appropriate for bankruptcy 

prediction. Furthermore, Ohlson (1980) argues that accounting reports are less 

likely to include window dressing if they are released after a bankruptcy 

announcement; hence, their inclusion in the sampling frame introduces an 

optimistic bias in the error rate estimates. 

An important issue, then, is whether an annual report was released before 

or after the firm filed for bankruptcy protection. Ohlson (1980) criticizes previous 

studies in which the timing issue is ignored and the authors presume that an 

annual report was available at the end of the fiscal year. Lawrence (1983) 

demonstrates that this common presumption is incorrect. He estimates that half 

the industrial firms going bankrupt in 1975-1981 had a reporting lag of four or 

more months from fiscal year end, and "more than a fifth filed for bankruptcy 

before the release of the annual report" (Lawrence 1983, 607). 

One solution is to determine the date on which the firm filed its 10-K report 
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with the Securities and Exchange Commission. Gessner, Kamakura, Malhotra, 

and Zmijewski (1988, 59), Lawrence and Bear (1986, 576), and Ohlson (1980, 

110) all adopt this solution. However, this approach may not be convenient (or 

even possible if the firms are privately held). Several authors adopt a practical 

alternative: do not use any annual report for a fiscal year end close to the time 

of bankruptcy. Hamer (1983) and Holmen (1988) use reports only if the fiscal 

year end precedes the bankruptcy filing by at least five months; Kluger and 

Shields (1989) and Mensah (1984) require a twelve month lag. 

A second criticism concerning sampling frames is that some researchers 

exclude financially weak firms which did not go bankrupt. Peel and Peel (1987) 

report that the practice of deliberately screening out weak firms is popular in the 

U.K.4 To demonstrate the flaw in this approach, Peel and Peel estimate 

prediction models with samples prescreened for weak firms. Then, they 

estimate the error rates on holdout samples which include nonbankrupt firms 

which did not make a profit. The prediction models perform poorly. Other 

research is consistent with Peel and Peel's results. Deakin (1977), Gilbert, 

Menon, and Schwartz (1990), and Lau (1987) examine classification results for 

the subpopulation of financially distressed firms which do not go bankrupt. 

These authors all find that their statistical classification models perform poorly 

for these types of firms. 

4For example, see El Hennawy and Morris (1983) and Taffler (1983). 
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A third criticism related to sampling frames concerns the common practice 

of drawing financial data on failing firms from one source and data on nonfailing 

firms from another source. For example, by drawing nonfailing firms from 

Compustat and failing firms from another source, the researcher introduces an 

untestable size bias, because "one cannot be sure that all the bankrupt firms 

would have been on the Compustat tape if they had not failed" (Ohlson 

1980,122). That is, differences between failing and nonfailing firms in the 

sample may be due in part to differences in the data sources rather than actual 

financial differences. 

Missing Data 

Zmijewski (1984b) argues that omitting observations with incomplete 

measurements (i.e., missing data) may bias estimates if the omitted 

observations differ in important ways from those with complete measurements. 

In particular, distressed firms (including both those which do and do not 

eventually go bankrupt) are more likely to have incomplete data. Hence, 

estimates of the probability of bankruptcy may be biased if they are based only 

on observations with complete measurements. Zmijewski compares a simple 

probit model based on complete data with a bivariate probit model which 

incorporates non-accounting information about the likelihood of missing data. 

He concludes that omitting observations with incomplete data leads to 

significant bias in estimated error rates for bankruptcies but not in the estimated 

error rates for nonbankruptcies. 
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Stratification 

In simple random sampling, every element of the population has an equal 

chance that it will be selected on any given draw. In stratified random sampling, 

each element is assigned a selection probability based on its membership in 

some class. Stratification is more efficient (i.e., it reduces variability of 

estimators) if classes are relatively homogeneous with respect to the variables 

of interest.5 

A common form of stratification is choice-based sampling. Strata are 

defined by the endogenous (or dependent) variable. Maximum likelihood (ML) 

estimation of the coefficients in the linear discriminant model is the same for 

both simple random and choice-based sampling (Panel on Discriminant 

Analysis, Classification, and Clustering 1989). Classical ML estimators for logit 

and probit models, on the other hand, no longer are consistent (i.e., 

approximately unbiased as sample size grows large). Thus, Manski and 

Lerman (1977) and Manski and McFadden (1981) have developed consistent 

ML estimators for choice-based samples. 

Altman, Avery, Eisenbeis, and Sinkey (1981) observe that researchers in 

business failure prediction often draw choice-based samples in which the 

dependent variable is the future state of the firm (e.g., bankruptcy or 

nonbankruptcy). They criticize researchers who use logit or probit but do not 

5For example, see introductory statistical texts by Iman and Conover 
(1983) or Moore (1991). 
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apply consistent ML estimators and caution that failure to do so severely limits 

the degree to which the results can be generalized. Pacey and Pham (1990) 

and Zmijewski (1984b) concur, and both use Manski-Lerman estimators with 

their probit models. Zmijewski demonstrates that unweighted error rate 

estimates are biased, whereas Manski-Lerman based estimates are not. Pacey 

and Pham conclude that their models have insignificant predictive power. 

Altman, Avery, Eisenbeis, and Sinkey (1981) also strongly criticize the 

application of the matched sampling design common in the literature. In the 

typical matched (or paired) sampling design, the researcher first draws a 

sample of failed firms and then draws a sample of nonfailing firms conditional 

on one or more characteristics (e.g., industry or size) of each failed firm. If these 

characteristics are correlated with the predictor variables, then the sample will 

be stratified on both the dependent and independent (or predictor) variables. 

This is likely to cause particularly severe problems for the discriminant 
analysis model, suggesting that results from such a sample would almost 
certainly not be generalizable. Moreover, the particular matching scheme 
will also invalidate the simple Manski-Lerman (1977) probit/logit weighting 
adjustment, requiring a much more complex adjustment. (Altman, Avery, 
Eisenbeis, and Sinkey 1981, 104) 

Manski and McFadden (1981) and Cosslett (1981) discuss general procedures 

for estimation which might apply when this type of stratification is present. The 

procedures are theoretically analogous to the Manski and Lerman (1977) 

weighted maximum likelihood estimators but are much more complicated to 

calculate. However, no application of these procedures could be found in the 

extant business failure prediction literature. 
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Conjectures 

This section begins with a summary of the above review of the literature. 

Based on the criticism in the literature of research design in bankruptcy 

prediction, the scope of inquiry is narrowed to predictive performance, and 

expected loss tentatively is identified as the appropriate tool for evaluating 

results. A brief survey of sampling design in the bankruptcy prediction literature 

since 1980 reveals that most authors fail to address at least one of the major 

criticisms mentioned above. Therefore, it is unclear that the reported results 

generalize to the intended populations. Chapter 2 closes with a list of general 

research objectives aimed at several unresolved issues concerning research 

design in the bankruptcy prediction literature. 

Conclusions From a Review of the Literature 

Existing criticism of model specification in the business failure literature 

leads to the conclusion that these issues may be resolvable given a testable 

theory of business failure. However, developing such a theory is beyond the 

scope of this dissertation. Instead, this analysis concentrates on evaluation of 

predictive performance. The most popular approach for evaluating predictive 

performance is to calculate the total error rate. Criticism of this approach leads 

to the conclusion that expected loss is a better tool for evaluating results. In 

summary, criticism of the common research designs in bankruptcy prediction 

leads to the conclusion that reported results cannot be interpreted until 

fundamental questions about the research design are answered. 
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Model Specification 

Criticism of model specification in the business failure literature centers on 

five basic issues: definition of failure, selection of predictor variables, and 

choice of accounting measurements, cross-sectional distributions, and time 

series behavior. Critics argue that bankruptcy corresponds poorly to notions of 

economic value, selection of predictor variables is ad hoc, and choice of 

appropriate accounting definitions is resolvable only to the extent that a 

particular definition yields better predictive performance. 

A testable theory of business failure would provide a framework in which to 

resolve questions concerning these issues. For example, Bulow and Shoven 

(1978) propose a model within the larger framework of the determinants of 

corporate financial policy and describe bankruptcy in terms of classes of 

asymmetrical claimants on the firm. Instead of developing or investigating such 

a theory, however, a narrower question is examined here. Namely, what 

conclusions can we draw about the predictive performance for models reported 

in the literature when failure is defined as bankruptcy? 

Thus, model specification issues are examined only as they bear on 

predictive performance. The most important of these issues is the time series 

behavior of financial variables. Specifically, if predictor variables do not have 

cross-sectional distributions which are stable in some sense, then conclusions 

based on a validation sample from one time period may not extend to any other 

time period. Such a situation would render a forecasting model worthless. 
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Evaluation of Predictive Performance 

The most popular approach in the literature for evaluating the performance 

of bankruptcy prediction models is to estimate the total error rate. For example, 

total error rate is the primary measure of predictive performance in 40 of the 57 

papers listed in table 33 of the Appendix, while expected loss is the primary 

measure in only 4 papers. 

Generally, the total error rate is not sensitive to asymmetric costs and prior 

probabilities which arise in bankruptcy prediction. If the decision maker is an 

investor, then one possible solution is to apply event study methods to evaluate 

the worth of the forecasting model. Unfortunately, as Altman and Brenner (1981) 

illustrate, tests for information value of the forecasting model are confounded by 

choice of an appropriate market model. Alternatively, we can turn to statistical 

decision theory for a measure of predictive performance, since expected loss 

explicitly incorporates asymmetrical costs of misclassification and asymmetrical 

prior probabilities. Furthermore, by comparing magnitude of expected loss, we 

can rank decision rules based on different forecasting models. 

If the forecasting model has a finite number of future states, then expected 

loss can be calculated as a weighted average of the true error rates (i.e., the 

probabilities of misclassification). The future probability distributions of the 

predictor variables rarely are known; hence, we must forecast the true error 

rates. The weights in the calculation of expected loss are defined by the costs 

and prior probabilities. Thus, for any given choice of the costs and prior 
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probabilities, we can compare different forecasting models to each other and to 

appropriate benchmark decision rules. 

Sampling Design 

In order to make such comparisons, we need to know the bias and 

efficiency of the forecasts of the true error rates. As a first step in assessing the 

bias and efficiency, the recent literature is reviewed here to determine whether 

authors have accounted for the existing criticism of research design in their own 

work. Since statistical inference is not possible unless the proper sampling 

methods have been applied, the focus here is on sampling design. 

Few authors in the literature discuss their sampling frames in detail, so a 

complete assessment of sampling frame design is not possible. Nonetheless, 

most authors identify the source of their data. Thus, we can determine whether 

financial data on failing and nonfailing firms comes from different sources. As 

Ohlson (1980) observes, this practice may introduce a bias which cannot be 

evaluated by testing the data itself. In about 40% of the papers listed in table 35 

in the Appendix, the authors draw data on failing and nonfailing firms from the 

same sources. In another 40% of the papers, the authors report using separate 

sources, while in the remainder of the papers the authors do not identify the 

sources at all. No studies could be found in the extant literature which resolve 

the issue of whether this potential source of bias is large or small. 

Missing data is another important issue. When observations with complete 

measurements differ in important ways from the entire population, then 
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application of standard statistical analysis to the complete cases may yield 

seriously biased results (Little and Rubin 1987). Zmijewski (1984b) provides 

evidence that this bias can occur in bankruptcy prediction. In several studies of 

industrial firms, authors report dropping large proportions of observations due to 

missing data. (See table 35 in the Appendix.) If other researchers have omitted 

similar proportions of firms with missing data, then an important source of 

potential bias has received little attention in the bankruptcy prediction literature. 

A third important issue is stratification. Matched sampling is strongly 

criticized.6 Nonetheless, a substantial proportion of researchers are either 

unaware of the problems with matched sampling or choose to ignore them. This 

includes authors of about 60% of the papers listed in table 35 in the Appendix. 

The second most popular type of stratification is choice-based sampling. 

Discriminant analysis is the same for both simple random samples and choice-

based samples. (However, for choice-based samples, the sample proportions 

generally are biased estimates of population proportions). Users of logit and 

probit, on the other hand, must apply different estimators to obtain unbiased 

results.7 Despite these admonitions, unbiased estimators are applied in only 

6For example, see Altman, Avery, Eisenbeis, and Sinkey (1981), Cook 
and Campbell (1979), and Kidder and Judd (1986). 

7See Altman, Avery, Eisenbeis, and Sinkey (1981) for a general 
discussion of the methods developed by Manski and Lerman (1977) and 
Manski and McFadden (1981). 
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two of the ten applications of logit or probit listed in table 35 of the Appendix. 

In summary, the issues concerning sampling design raised by Altman, 

Avery, Eisenbeis, and Sinkey (1981) and others have not been resolved in the 

bankruptcy prediction literature. As a consequence, bias and efficiency of the 

error rate forecasts cannot be assessed based on the reported research. 

Although most authors claim that they have successfully demonstrated that 

bankruptcy can be predicted with statistical models, it is unclear that these 

conclusions generalize beyond the samples under study. 

Research Objectives 

Three general research objectives are pursued in this dissertation. The first 

general objective is to identify a sampling design which provides reasonable 

assurance that sample-based results will generalize to the population. Special 

attention is given to two goals: minimizing the effect of missing data; and 

addressing the potential bias which arises when forecasting is confused with 

classification. The second objective is to assess the predictive performance of 

discriminant models when sampling design is specified properly. In particular, 

using expected loss as the measure of performance, the objective is to 

determine whether decision rules based on discriminant models have lower 

expected loss than naive decision rules which require no data. The third 

objective is to evaluate the performance of bankruptcy forecasting based on 

discriminant analysis when the cross-sectional distributions are not multivariate 

normal. 
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Addressing Sampling Design Problems Identified in the Literature 

Many sampling design problems identified in the literature are easily 

avoided. In particular, difficulties which arise when matched sampling is applied 

are avoidable by selecting a stratification method which corresponds to the 

intended method of statistical inference. For classical discriminant analysis, 

simple random sampling and choice-based sampling are both appropriate and 

essentially equivalent (provided that care is taken not to equate sample 

proportions with population proportions). For logit or probit, choice-based 

sampling may be used provided that we apply appropriate estimators, such as 

those developed by Manski and Lerman (1977). 

Specific sampling design issues are addressed in more detail in chapter 3. 

Special attention is given to two goals: minimizing effects of missing data; and 

addressing the potential bias which arises when forecasting is confused with 

classification. Due to their importance, these two topics are introduced here. 

A principal task in research design is to select methods for handling 

missing data or minimizing its effects. In bankruptcy prediction, ambiguity in 

model specification allows considerable discretion in choice of predictor 

variables. As discussed below in chapter 3, it is possible to select variables 

which are representative of those applied in the literature yet are not as 

severely affected by missing data. As a result, only a very small percentage of 

all observations still have one or more missing measurements. A plausible 

conjecture is that, on average, estimates of expected loss are relatively 
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insensitive to the method chosen to handle the remaining small proportion of 

observations with missing data. 

The most challenging task is to define the sampling frame so that it 

corresponds to the intended population. Chapter 3 addresses ways this might 

be done and difficulties which arise. In the bankruptcy prediction literature, 

researchers usually define sampling frames so that sampling units are 

individual firms. However, this definition is inconsistent with bankruptcy 

forecasting, since it does not reflect the sequential nature of information 

available to the forecaster. As an alternative, the sampling unit can be defined 

as the individual annual financial report (where any other information available 

at its release date may also be used, including earlier annual reports). 

A specific objective in this study is to compare these two definitions of the 

sampling unit and evaluate whether the definition commonly used in the 

literature leads to optimistically biased estimates of prediction model 

performance. When the prediction horizon is relatively short (e.g., one year), the 

difference may be small. For longer horizons, however, choice of the firm as the 

sampling unit leads to a definition of future states which does not include all 

possible events. For example, consider a three year prediction model. The 

forecaster predicts that bankruptcy will (or will not) occur during the third 

calendar year from today. This forecast is conditional in the sense that the two 

possible future states (bankruptcy or not) are conditional on the firm not failing 

during the next two years. Events in which the firm fails during the first two years 
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are not covered by these future states. In a comparable model which does not 

lead to conditional forecasts, we would define the two future states as 

bankruptcy sometime during the next three years or not. Thus, a plausible 

conjecture is that forecasts are biased optimistically whenever sampling frames 

are defined so that sampling units are individual firms. 

Assessing Predictive Performance 

Having addressed the questions concerning sampling design, the next 

question concerns predictive performance: can we predict bankruptcy with 

statistical classification models and financial data? Statistical decision theory 

provides a framework for answering this question. Specifically, expected loss is 

a reasonable tool for measuring performance from the perspective of a decision 

maker. The objective in this paper is to determine whether decision rules based 

on statistical classification (in particular, discriminant analysis) lead to lower 

expected loss than corresponding naive decision rules. 

The null hypothesis adopted in this study is that they do not. Although a 

large number of authors in the bankruptcy prediction literature claim that their 

models successfully predict bankruptcy, widespread weaknesses in research 

design limit the generality of these claims. Hence, the evidence in the literature 

is far from conclusive. Furthermore, these claims appear to contradict the body 

of evidence in the literature that capital markets are semi-strong form efficient, 

since they imply that investors can profit from information drawn from annual 

reports after the reports are released. 
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Evaluating Distributional Assumptions 

If discriminant analysis does not yield good forecasting models, then an 

important question is why not. One explanation might be that the cross-sectional 

distributions are too far from normal for discriminant analysis to work well. The 

ideal circumstances for statistical classification occur when we know the 

probability distributions, costs of misclassification, and prior probabilities. Then, 

even when distributions are nonnormal, we can calculate the optimal 

classification rule, i.e., the Bayes rule. Results in the literature suggest that 

discriminant analysis applied to bankruptcy prediction is reasonably robust to 

departures from normality. However, it remains an open question as to whether 

discriminant rules perform sufficiently well under nonnormality so that 

(a) expected loss for the discriminant rule is significantly lower than for the 

appropriate naive (no-data Bayes) rule, and (b) expected loss is not 

substantially higher than for the Bayes rule. 



CHAPTER 3 

RESEARCH DESIGN 

This chapter has five sections. The first section describes a model for the 

bankruptcy prediction process itself. This model serves as the basis for deciding 

which sampling designs are consistent with the forecasting problem. In the 

second section, the sampling designs in this study are discussed. Two 

contending designs are described: a design consistent with the literature, and 

an alternative which is more consistent with the actual forecasting problem. The 

strengths and weaknesses of each are weighed. In the third section, the 

prediction models are identified. These models are based on discriminant 

analysis with financial variables and are similar to many prediction models in 

the literature. The fourth section lists the formal hypotheses about the effects of 

sampling design on prediction model performance. Procedures for conducting 

the tests are described and center on sampling experiments in the form of 

computer simulations. Data for these experiments is primarily from annual 

financial reports released by publicly traded corporations. The last section 

outlines the Monte Carlo experiments which are conducted in order to study the 

performance of discriminant models when distributional assumptions are not 

satisfied. Specifically, robustness is evaluated when predictor variables do not 

have normal probability distributions. 

35 
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A General Model of the Bankruptcy Prediction Process 

Forecasting requires that we recognize that events occur in a 

chronological sequence and new information becomes available at different 

points in time. When someone makes a bankruptcy prediction, two distinct 

groups—bankrupt firms and nonbankrupt firms—do not exist as they would if 

this were a true classification problem. Whether a prediction of bankrupt or 

nonbankrupt is correct depends on later events from the time of the prediction 

through the prediction horizon—the farthest point in the future for which the 

prediction applies. Thus, we must clearly identify the time period for which a 

forecast is valid. 

To avoid applying sampling designs and statistical techniques which are 

inconsistent with forecasting, a model of the forecasting process is constructed 

first. In this model, a hypothetical decision maker requires a prediction model in 

order to select among alternative courses of action. Decision theory provides 

the formal framework for this description. 

The Decision Theoretic Framework 

We may use a prediction model to define a decision rule which associates 

a specific course of action with each possible prediction. Expected loss (or 

expected cost of misclassification) is a formal statistical measure of the value of 

a decision rule to a decision maker. Berger (1980) states that expected loss is 

appropriate for this purpose if (a) the decision maker is rational; (b) once the 

decision maker acts, the future state which occurs is determined by chance; and 
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(c) the appropriate loss function and prior distributions can be estimated. 

Postulate a hypothetical decision maker who defines a decision rule for 

each prediction model, calculates expected loss for each rule, and then selects 

the model-based rule with the lowest expected loss. The decision maker 

intends to apply this prediction model to future decision making. Two additional 

simplifying assumptions are adopted which are consistent with the literature: 

(a) the decision rule is identical for each firm; and (b) application of this rule to 

each firm is independent of and does not affect the decision for any other firm. In 

this section, decision theory is applied to provide a formal structure for the 

model of the bankruptcy prediction process. 

Two-state Models 

For two-state bankruptcy prediction models under the above assumptions, 

expected loss can be written as 

(1) E{L} = L(0p,a^|p)p{8(X)=a|y|pl0p}7i(0p) + L(0|S|p,ap)P{8(X)=apl0fS|p}jt(0|Sjp), 

where 0 F is the future state in which a firm declares bankruptcy; 0 N F is the future 

state in which a firm does not declare bankruptcy; n is the prior distribution of 

the future states; a F is the action taken if bankruptcy is predicted; ocNF is the 

action taken if nonbankruptcy is predicted; L is the loss function; 5 is the 

decision rule; X is the random vector of measurements to which we apply the 

prediction model; P is the probability distribution of X, conditional on the future 
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state 0; P{8(X)=aNF I 0F} is the conditional probability of an incorrect forecast of 

nonbankruptcy; P{8(X)=aF I 0NF} is the conditional probability of an incorrect 

forecast of bankruptcy. 

Probabilities of misclassification are also called the true error rates for the 

given decision rule. If we know the distribution function of X, then we can 

calculate the true error rates analytically. If we do not know the distribution 

function, then we must estimate the true error rates. For discriminant analysis 

(as well as certain other statistical classification methods, such as recursive 

partitioning) the classification regions—and thus the error rate 

estimates—depend on the prior probabilities and costs of misclassification. 

Hence, we must specify which priors and costs we wish to examine before 

estimating the error rates. 

The remainder of this section describes future states, prior probabilities, 

and the loss function in more detail. The Bayes rule is briefly explained. Given 

the decision problem described above, the Bayes rule minimizes expected loss 

among all possible decision rules. This section closes with a discussion of 

naive decision rules which serve as simple performance standards. 

Prior probabilities and future states 

Assume that the decision maker predicts the state of the firm for a 

prediction horizon H years in the future. One of two future states may occur: 0F, 

the state in which the firm files for bankruptcy under Chapter 11 sometime 
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during the next H years; and 0NF, the state in which the firm does not file for 

bankruptcy during the next H years. The prior probabilities, 7t(0F) and te(0NF), 

reflect the decision maker's beliefs about the chance of bankruptcy. 

One approach which the decision maker might take to arrive at JC(0f) and 

JT(0NF) IS to apply an econometric time series model for predicting failure rates.1 

However, it is unclear which method would best capture the decision maker's 

beliefs. So, instead, each simulation which uses historical data in this study is 

repeated for three different values of rc(0F). The values correspond to historical 

rates over 1980-1990 which are appropriate for the given industry and 

prediction horizon. For example, for the sampling frames in this study which 

correspond to one-year prediction horizons and include all industrial firms, the 

historical annual bankruptcy rate appears to fall randomly in the range 0.001 to 

0.005. Thus, for these sampling frames, every simulation is repeated with JC(0f) 

equal to 0.001 (the optimistic view), 0.003, and 0.005 (the pessimistic view). 

Chapter 4 lists the specific values used for each situation. 

The loss function 

With a two-state prediction model, the decision maker may commit two 

types of errors for a given observation: (a) incorrectly forecast nonbankruptcy; 

or (b) incorrectly forecast bankruptcy. Each error has a loss or cost: 

1 Several models exist in the literature. For example, see Rose, Andrews, 
and Giroux (1982), Altman (1983), Meticher and Hearth (1988), or Piatt (1989). 
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L(0F,aNF), if the incorrect forecast is nonbankruptcy; and L(0NF,aF), if the 

incorrect forecast is bankruptcy.2 

Since the decision problem is assumed to be identical for every firm, 

misclassification costs must be the same for each. Without this assumption, a 

two-state model could not be used. However, it is open to question whether all 

firms should be treated identically. One rationalization is that misclassification 

costs can be considered to represent population averages: l_(0F,aNF), the 

average cost of misclassifying bankruptcies; and l_(0NF,aF), the average cost of 

misclassifying nonbankruptcies. If the decision maker applies the prediction 

model to a sufficiently large number of firms, then the ex-post observed loss 

would be an unbiased estimate of the ex-ante expected loss. 

For the two-state model, we can represent any given loss function as a 

ratio of the costs, C = L(0F,aNF) / l_(0NF,aF). The appropriate values for C 

depend on both the particular decision maker and the time period during which 

decision will be made. Every simulation in this study is repeated for a range of 

values of C typically used by those authors who apply expected value as a 

measure of predictive performance. (See table 33 in the Appendix.) Specifically, 

the following values of C are used: 10, 30, 50, 70, and 90. 

2Since the number of states is finite, the loss function also could represent 
the decision maker's utility function instead of the direct costs. For a finite 
number of states, the two approaches are equivalent. 
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Without loss of generality, we can rewrite expected loss as a function of 

(2) k = [L(0NF,aF)7i(eNF)] / [L(eF,aNF)7t(0F)] = jt(0NF) / [Cn(0F)]. 

Expected loss then takes the standardized form 

(3) E{L} = k"1 • P{8(X; k)=cxNF I 0F} + P{5(X; k)=aF I 0NF}, 

where 8(X; k) emphasizes that the decision rule may be a function of k. The 

value k plays a special role in discriminant analysis rules and in Bayes rules. 

Specifically, the classification regions (and hence the decision rule 8) depend 

on the prior probabilities and the misclassification costs solely through k. 

Hence, the probabilities of misclassification and therefore the expected loss 

also depend on priors and costs solely through k. 

Bayes rules 

In the two-state problem, every classification or forecasting procedure 

divides the range space of X, the vector of measurements, into two regions, RF 

and R n f . For each observed value x of X, the corresponding decision rule is 

8 r(X) = a F if x e R f , and SR(x) = a N F if x e R n f . If the regions are defined as 

(4) R f : L.(0F,aNF)pF(x)7c(0F) > l_(0NF,aF)pNF(x)jt(0NF), 

(5) R^f- L(0F,aNF)pF(x)7t(0F) < 
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then 8R minimizes expected loss, provided that prior probabilities and costs are 

all positive (Anderson 1984, 201-202). In this case, 8R is called the Bayes rule, 

and its probabilities of misclassification are called the optimum error rates. 

If the conditional probability density functions pF(x) and PNF(X) are 

unknown, then the Bayes rule may be difficult to determine. This usually is the 

case in bankruptcy prediction with financial variables, including the sampling 

experiments described below in which historical financial data is used. By 

comparison, in the Monte Carlo simulations discussed below, the conditional 

probability distributions are defined by the researcher and hence known. So, 

the performance of a discriminant based rule can be judged by comparing its 

expected loss with that of the Bayes rule. 

Naive rules as performance standards 

Expected loss enables us to rank decision rules. The best rule will be the 

one with the lowest expected loss. In addition, we may desire a baseline model 

to serve as a minimal performance standard. 

At the very least, we would like a rule based on financial data to perform 

better than a rule based on arbitrary assignment. Let 5y be the no-data decision 

rule which always classifies a proportion y of any sample as future bankruptcies 

and the remainder (the proportion 1 - y ) as future nonbankruptcies (regardless 

of the value of X). Since y is a proportion, 0 < y < 1. The probabilities of 

misclassification are P{5T(X)=ocNF I 0F} = 1 - y and P{8Y(X)=aF I 0N F} = y. 
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Using the standardized form for expected loss from equation (3), 

(6) E{L(5 r)} = k"1 • (1 - y ) +7 = (1 - k"1) • y + k"1. 

Since expected loss of 8^ is linear in y, we have the following results. 

First, whenever 1 - k"1 > 0, the expected loss of 8y is a strictly increasing 

function of y. Hence, it has a minimum at y = 0. That is, whenever 1 - k"1 > 0, the 

no-data decision rule which minimizes expected loss is the naive rule 8NF, 

which classifies all observations as future nonbankruptcies. Using the form of 

expected loss from equation (1), 

(7) E{L(5N F)}=L(0F ,aN F) i t (eF) , 

and this will be the lowest expected loss among all no-data decision rules 

whenever 1 - k"1 > 0 or, equivalently, 

(8) C = l_(0F,aNp) / l_(0Np,aF) < 7t(0Np) / rc(6F)-

Second, whenever 1 - k"1 < 0, expected loss of 8y is a strictly decreasing 

function of y. Hence, it has a minimum at y = 1. That is, whenever 1 - k"1 < 0, the 

no-data decision rule which minimizes expected loss is the naive rule 8F, which 

classifies all observations as future bankruptcies. From equation (1), 
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(9) E{L (8 f ) } = L(eNF,aF)7t(0NF), 

and this will be the lowest expected loss among all no-data decision rules 

whenever 1 - k"1 < 0 or, equivalent^, 

(10) C = L(eF,aNF) / L(eNF,ocF) > JI(0|SJF) / rc(0F). 

Finally, whenever 1 - k"1 = 0, expected loss of Sy is a constant function of 

y. Hence, all no-data decision rules have the same expected loss. 

The decision rule which minimizes expected loss among all possible no-

data rules is called the no-data Bayes rule. Whenever k > 1, the no-data Bayes 

rule is 8NF, which classifies all observations as future nonbankruptcies; 

whenever k < 1, the no-data Bayes rule is 8F, which classifies all observations 

as future bankruptcies. If k = 1, then any rule 5y is a no-data Bayes rule. 

One implication is that random assignment decision rules are not no-data 

Bayes rules unless k = 1. This confirms Neter's (1967) speculation that, when 

no information is available, a pure strategy (such as 5N F or SF) often is more 

reasonable than a randomized strategy. Several authors compare the 

performance of their models with random chance.3 However, given the above 

results about no-data Bayes rules, their conclusions may be optimistic except 

3See Aziz and Lawson (1989), Gombola, Haskins, Ketz, and Williams 
(1987), Hamer (1983), and Moses (1990). 
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for the special case k = 1. 

One drawback to using a no-data Bayes rule as the performance baseline 

is that it uses no information. In practice, a decision maker may have several 

information based rules—including informal ones—from which to choose. Since 

the decision maker selects the decision rule with lowest expected loss, in 

practice a rule based on discriminant analysis must be better than all rules 

under consideration and not just the no-data Bayes rule. 

For example, Libby (1975) and Zimmer (1980) compare the performances 

of linear discriminant based rules and bank loan officers. The officers examined 

financial ratios of the firms and then used their judgment to predict default or no 

default in one year.4 Most subjects performed significantly better than chance. In 

Libby's study, the discriminant model had a cross-validated total error rate of 

0.72; of Libby's subjects, 63% did this well or better (and the 80th percentile 

was 0.67). In Zimmer's study, the discriminant model had a cross-validated total 

error rate of 0.83; of Zimmer's subjects, 33% did this well or better (and the 80th 

percentile was 0.69). A drawback is that the authors report total error rate rather 

than expected loss. Nevertheless, these results suggest that a rational banker 

might use loan officer judgment instead of a no-data rule as the baseline for 

evaluating statistical prediction models for loan default. 

4The loan officers were informed in advance that 50% of the firms in their 
sample defaulted. Hence, it(0p) = 0.50 would appropriate for these studies. 
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Three-state Models 

For the three-state models in this study, the prediction horizon, H, is two 

years. The hypothetical decision maker divides future events among three 

states: 0-,, the firm declares bankruptcy sometime during the first year after the 

report is released; 02, the firm declares bankruptcy sometime during the second 

but not during the first year after the report is released; and 03, the firm does not 

declare bankruptcy during the first two years after the report is released.5 

Under the general assumptions mentioned earlier, the expected loss is 

(11) E{L(8)} = 71(0^X^2 3 L^.ocj) P{6(X)=aj I 0 ^ 

+ Tc(02)j=1 3 L(02,ocj) P{8(X)=otj I 02} 

+ 7t(03)Xj_i 2 L(03.a.j) P{8(X)=<Xj I 03} 

where all symbols are defined analogously to those for the two-state model. As 

with two-state models, the researcher must either know or estimate the decision 

maker's loss function, prior probabilities, and conditional probabilities of 

misclassification. For three-state models in this study, procedures for selecting 

priors and estimating conditional probabilities are similar to procedures 

described above for two-state models. The loss function and no data rules, 

however, are more complicated and require further explanation. 

5This particular three-state model has not appeared in the extant literature. 
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The loss function 

As with the two-state model, assume that the decision maker incurs a loss 

only if a forecast is incorrect. With the three-state model, the decision maker 

may commit six types of errors (instead of two) for a given firm. Hence, the loss 

function is more complicated and takes the form in table 1. 

Table 1.—Loss Function for the Three-state Model 

Action Taken By Decision Maker 
Future 
State a 2 a 3 

01 0 L(0-|, c*2) L(0i ,a3) 

e2 l_(02, OC-J) 0 L(02, OI3) 

03 L(03, a-|) L(03, CX2) 0 

Notes: Subscripts designate the following states: 
1 the firm declares bankruptcy sometime during the first year 

after the report is released; 
2 the firm declares bankruptcy sometime during the second 

but not during the first year after the report is released; 
3 the firm does not declare bankruptcy during the first two 

years after the report is released. 

The two-state loss function could be represented by a single value C, but 

the three-state loss function is more complicated. The literature on corporate 

bankruptcy provides few guidelines for defining these losses. For the three-state 
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loss functions, the following assumptions apply and are consistent with other 

papers in which expected loss is applied to measure predictive performance. 

Assign the lowest cost to misclassifying a nonbankruptcy: 

(12) L(0g, C C - j )
 = L(0g, 0 C 2 )

 = 1. 

Assume that the cost of anticipating the bankruptcy date too early should be low 

compared to other possible errors: 

(13) L(e 2 , a i ) = 1. 

Assume that it will be somewhat more costly to anticipate a bankruptcy date too 

late rather than too early: 

(14) L(92, a-|) < L(01,a2) or 1 < L ^ , a2). 

I assume that an unanticipated bankruptcy which occurs sooner rather than 

later will be more costly: 

(15) L(62, ocg) < Ue^ocg). 

Assume that it is more costly to forecast nonbankruptcy than to forecast 

bankruptcy but too far in the future: 

(16) L ^ , cx2) < Ue^cxg). 
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In the literature, forecasting nonbankruptcy when bankruptcy occurs is 

considered more costly by at least an order of magnitude: 

(17) 10-L(e2,a1) < L(62, a3) or 10 < L(02, a3)-

Table 2 lists several possible combinations which are consistent with the above 

assumptions. These represent the three-state loss functions in this study. 

Table 2.—Specific Loss Functions for Three-state Model 

L(01, oc2) L(02, ( X 3 ) L(01, 0C3) 

1 10 10 
1 50 50 
1 90 90 

10 10 10 
10 50 50 
10 90 90 

1 10 30 
1 30 50 
1 50 70 
1 70 90 

10 10 30 
10 30 50 
10 50 70 
10 70 90 

Note: Each line corresponds to a different loss function. 
For each loss function, assume also that 
L(83, a1) = I—(03, a2) = L(02' a1) = 1 • 



50 

Naive rules as performance standards 

Expected loss enables us to rank decision rules for three-state models. As 

with the two-state models, in this study the appropriate no-data Bayes rule 

serves as the minimum performance standard. To find the no-data Bayes rule, 

we begin by considering the decision rule 8, which always classifies a 

proportion of any sample as future state 0j (i = 1, 2, or 3) regardless of the 

value of X. Since yj are proportions, 0 < Yj < 1. Furthermore, the proportions 

sum to one, so y 3 = 1 - y 1 - y2. The probabilities of misclassification are 

(18) P{5(X)=0Cj I 9j} = Yj, i, J = 1, 2, 3, i * j . 

Using the form for expected loss from equation (11), the assumptions in 

equations (12)—(13), and the relationship y3 = 1 - y 1 - y 2 , we can write 

(19) E{L(8)} = FT(8 1 ) [L(E 1 .A 2 ) Y 2 + L (« I ,A 3 ) • <1 - y , - Y 2 ) ] 

+ *(02)[YI + L (02.a3) ' (1 ~"tl -Y2>]+1(63)17, +Y2]. 

The expected loss for 8 is linear in y1 and y2. To emphasize this relationship, 

we can rewrite equation (19) in the following form: 

(20) E{L(S)} = 7c(01) •L(E1,a3) + jc(E2)-L(E2 ,a3)+DF/9Y1 -y-j +af /3y2-y2 , 

where f ( y , y2) = E{L(8)} and 
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(21) 3f%, = {-*(6,) • L(e1pa3) + Ji(e2)[l - L(e2,a3)] + u(93)}, 

(22) 3 f % 2 = {*(e,)&-(», ,a2) - L ^ . a j j ) ] - ic(e2) • L ( 0 2 , ( X 3 ) + Ji(e3)}. 

Define A to be the triangular region bounded by the lines y 1 = 0, y 2 = 0, 

and y 1 + y 2 = 1, where A includes its boundaries. Since f is a linear function of 

y 1 and y 2 with a closed and bounded domain A, it always attains its minimum 

value on the boundaries of A; furthermore—unless f is constant—it attains its 

minimum value only on the boundaries.6 By evaluating f along the boundary of 

A, we can determine its minimum (or minima) for the different combinations of 

3f/3y-| * 0 and/or 3f/5y2 * 0. The results are summarized in figure 1. 

6A is a closed and bounded region, and f is a continuous function; hence, 

f(A) is closed and bounded (theorems 4.10 and 5.8 in Conway (1978)). 

Furthermore, since f is real-valued, f(A) is an interval (corollary 5.10 in Conway 

(1978)). Thus, f attains its minimum at some point in A. If f is constant, then it 

attains its minimum at every point in A, including the boundary points. Suppose 

that f is not constant. Then either di/dy^ * 0 or 3f/3y2 * 0. Let x = (x1, x2) be any 

interior point of A. Then there exists an e > 0 such that the open set 

B(x, e) = {y=(y-J, y2): d(x, y) < e} c A, where d is the Euclidian metric. Suppose 

thatdf/5yi > 0. The point (x1 - e/2, x2) e B(x, e) and thus is also in A. Write the 

function f in the form f(y1, y2) = a0 + (3f/5y-|) • Yi + (9f/3y2) • y2 . Then, 

f(x-|, x2) — f(x-, - e/2, x2) = (3f/3y1 )(e/2) > 0. Thus, the function f cannot have a 

minimum at x. This argument holds for any interior point of A. Therefore, f must 
attain its minimum on a boundary point. The proofs for the other cases of 
df/dy 1 * 0 or 3f/8y2 * 0 are analogous. 
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df/5y0 axis 

REGION 1 

Y1 = 1> Y2 = 0, y 3 = 0 

REGION 3 

Y1 = 0, y 2 = 0, y3 = 1 

Y , + Y 3 = 1 

Y1 +Y2 = 1 

dt/dy=di/dy, 
1 C 

Y2 + Yg = 1 3f^Y1 axis 

REGION 2 

Y1 = 0 . Y2 = 1 . Y3 = 0 

Figure 1. Minima of the expected loss for 3-state, no-data rules. 
Boundaries are in terms of partial derivatives of f = E{L{5)}. Specific 
values of y , y , y are the minimum or minima of f for the region 

I i£_ O 

or boundary in the di/dy^-dVdy^ plane. 

Define three naive rules. Let 8j be the rule which classifies all observations 

as 0j, where i = 1, 2, or 3. The results above lead to the following conclusions. 

First, no matter what values the loss function or prior probabilities take, at 

least one of the three naive rules minimizes expected loss among the class of 

no-data decision rules. Hence, at least one of the three always is a no-data 

Bayes rule for a three-state model. 
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Second, we can identify which of the three is a no-data Bayes rule by 

evaluating 8f/3y-j and df/9y2- For example, if the values of df/dy^ and 3f/3y2 fall in 

region 1, then 8-| is the no-data Bayes rule. If the values of 3f/3y-| and fall 

in region 2, then 52 is the no-data Bayes rule. If d\/dy^ > 0 and di/dy2 > 0 (region 

3 in figure 1), then 83 is the no-data Bayes rule. 

Third, the no-data Bayes rule is unique except along the boundaries 

between regions in figure 1. Along each boundary, both of the no-data Bayes 

rules for the adjacent regions minimize expected loss among all possible no-

data rules. In addition, certain classes of random assignment rules are no-data 

Bayes rules along these boundaries. For example, any rule which randomly 

assigns observations to 02 or 03 will minimize expected loss among no-data 

rules if Wdy^ and dVdy2 fall on the boundary between regions 2 and 3. 

For the analysis of three-state models in this paper, expected loss for each 

discriminant rule is compare with expected loss of the appropriate no-data 

Bayes rule. The expected loss for 83, which classifies all observations as 

nonbankrupt during the first two years after the annual report is released, is 

(23) E{L(53)} = He,, a3)It(e1) + L(02, a3)7c(62), 

since 

(24) P{53(X)=a3 I 0,} = P{53(X)=a3 I 82} = 1, 
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(25) P{53(X)=a1 I 03} = P{83(X)=a1 I 02} = 0, 

(26) P{83(X)=a2 I 63} = P{53(X)=a2 \ G J = 0. 

Similarly, the expected loss for 8-| is 

(27) E{l_(51)} = L(e2, a-, M e 2 ) + L(03, a-,)Jt(03); 

and the expected loss for 82 is 

(28) E{L(82)} = L-(0-j, a2)7t(01) + L(03, a2) j t(03). 

The Bankruptcy Prediction Process 

It is important to distinguish between between an objective observer, who 

knows what has occurred already, and the hypothetical decision maker, who 

does not know the future. The purpose of this section is to describe the 

sequence of events from the viewpoint of the hypothetical decision maker. This 

description is applied below to determine which sampling designs are 

consistent with the decision maker's prediction problem. The decision maker's 

tasks are divided into five steps. 

Collecting the Model Estimation Sample 

The decision maker collects a sample of annual reports released by 

publicly traded corporations during an estimation period, [E^ E2]. (See 
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figure 2.) This sample is called the estimation or training sample. Each 

observation (0, X) in this sample is composed of 6, a state variable, and X, a 

vector of measurements. X is calculated from the firm's annual report released 

at timeT e [E^ E2] and possibly market information available at T. (In principle, 

X could include any other information available at time T, including data 

released in earlier annual reports.) The state variable 0 represents the 

bankruptcy status of the firm over the time period [T, T + H], where H is the 

length of the prediction horizon in years. 

Estimating the Model 

At time E2 + H, the decision maker has collected the full information vector 

(0, X) for each observation in the sample. Notice that if X were observed at time 

1990 I 1991 | 
E1 T E2 T + H E2 + H 

I I I 

estimation period 

prediction horizon for report released at T 

prediction horizon for report released at E2 

Figure 2. One-year estimation period. One year prediction horizon (H = 1) 
for an annual report released at time T extends from time T to time T + H. 
One year prediction horizon for a report released at time E 2 extends from 
time E2 to time E2 + H. 
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E2 (the end of the estimation period), then 0 could not be observed until time 

E2 + H. The reason is that 0 is determined by whether or not this firm files for 

bankruptcy in the time period [E2, E2 + H]. 

Now the decision maker is ready to estimate prediction models and 

construct the corresponding decision rules. The decision maker plans to 

evaluate some family of models A. Each model M € A is specified up to a vector 

of parameters <|>. For example, M(<j>) might be a two-state discriminant model 

with two variables, X1 = log(earnings per share) and X2 = log(total assets); 

<|> represents the population group means and the population covariances. A 

might also include a no-data Bayes rule. 

For each model MO), the decision maker uses the estimation sample to 

estimate <|> (unless, of course, M is a no-data Bayes rule). Let f represent the 

parameter estimates and M(f) represent the estimated model.7 In discriminant 

analysis, the linear and quadratic coefficients |3 are functions of <(>. Hence, the 

coefficient estimates b are defined in terms of f. Since we use b rather than f in 

any application of the model, we often treat the coefficients 3 as the parameters 

of interest and represent the estimated model as M(b). 

7 Generally speaking, f also depends on the prior distribution, the loss 
function, and population characteristics. However, these elements of the 
decision problem are the same for all models estimated by a given decision 
maker for a given population. 
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Estimating the Error Rates 

The decision maker eventually may use the model M(b) to forecast 

bankruptcy from annual reports released during a decision period, [D1, D2], 

where E2 + H < D1. To select the best prediction model from the family A, the 

decision maker will need the expected loss for each model. In order to estimate 

the expected loss for the decision rule associated with M(b), the decision maker 

must forecast the prior probabilities and the probabilities of misclassification (or 

true error rates) for the decision period. In all cases, the decision maker 

estimates the true error rates using information acquired before the decision 

period begins. The sample used to estimate the error rates is called the test 

sample or the validation sample. 

In this study, four error rate estimation methods are compared in order to 

evaluate their strengths and weaknesses in bankruptcy prediction. Generally 

speaking, error rate estimation methods fall into two categories: (a) those in 

which the validation sample is drawn from the same time period as the model 

estimation sample; and (b) those in which the validation sample is drawn from a 

later time period. 

Validation samples from the model estimation period 

If true error rates are expected to be the same over the estimation and 

decision periods, then it is appropriate to draw the validation sample from the 

model estimation period. Resubstitution, cross-validation, bootstrap, and 
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holdout sampling are methods which apply. In this analysis, resubstitution and 

cross-validation are applied, since both are reported frequently in the literature. 

Of the 57 papers listed in table 33 of the Appendix, about 60% report 

resubstitution estimates, 30% report cross-validation estimates, and 25% report 

estimation period holdout estimates. (Most authors report results based on more 

than one type of method.) 

Resubstitution. In resubstitution, true error rates are estimated by applying 

the prediction model to the same observations used to estimate its coefficients. 

Resubstitution estimates tend to be overly optimistic, and the bias can be 

severe.8 This is true for other classification procedures as well as for 

discriminant analysis.9 McLachlan (1992) observes that the bias decreases as 

sample size increases; nevertheless, he notes that the bias in resubstitution 

usually is a practical concern. 

Cross-validation and bootstrap methods. For cross-validation in general, 

the first step is to divide the model estimation sample into N subgroups. The 

next step is an iterative process. In each iteration, hold out one subgroup, 

estimate the model using the remaining N - 1 subgroups, and calculate 

8For more details, see either Altman, Avery, Eisenbeis, and Sinkey (1981) 
or the Panel on Discriminant Analysis, Classification, and Clustering (1989). 

9For more details, see Breiman, Friedman, Olshen, and Stone (1984) and 
McLachlan (1992). 
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the prediction error rates on the holdout subgroup. Repeat this process, holding 

out a different subgroup each time. Finally, average the error rates to obtain the 

cross-validation estimates. If N equals the sample size, then the method is 

called leave-one-out cross-validation and was first proposed by Lachenbruch 

(1967). 

Efron (1979) defines the bootstrap method for one-sample problems, 

including classification, as follows. First, construct the sample probability 

distribution. Let N be the sample size. From this distribution, draw a simple 

random sample with replacement of size N; this is called the bootstrap sample. 

Then, calculate the statistic of interest from the bootstrap sample. Repeat this 

process a large number of times and use the results to construct an estimate of 

the probability distribution for the statistic of interest. 

Holdout sampling, leave-one-out cross-validation, and the bootstrap each 

have drawbacks under different circumstances.10 For example, the leave-one-

out method is approximately unbiased, but it tends to have a large standard 

deviation. Efron (1983) and Efron and Gong (1983) show that, for very small 

sample sizes (specifically, 14 or 20 observations), leave-one-out cross-

validation has standard deviations so large that it is a poor measure of the true 

error rate. Bootstrap methods, on the other hand, tend to have smaller standard 

10The strengths and weaknesses mentioned in this paragraph are 
summarized by the Panel on Discriminant Analysis, Classification, and 
Clustering (1989). Many of these conclusions are based on simulations 
conducted by Efron (1983) and Efron and Gong (1983). 
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deviation than leave-one-out methods but may have much larger bias under 

some circumstances. The principal drawback of the bootstrap is its inability to 

handle large bias present in the original sample. 

Although the bootstrap outperforms the leave-one-out method in many 

cases due to its smaller standard deviation, the leave-one-out method performs 

reasonably well under a variety of conditions (Lachenbruch and Mickey 1968). 

In particular, for discriminant analysis with nonnormal variables, the leave-one-

out method is approximately unbiased.11 In addition, Frydman, Altman, and Kao 

(1985) compare leave-one-out and bootstrap methods for estimating the error 

rates of recursive partitioning and linear discriminant models. They find that the 

larger standard deviation of the leave-one-out method is still sufficiently small 

for the purpose of comparing expected loss of different models. 

Validation samples from a later time period 

An alternative to the above approaches is to draw the validation sample 

from a time period which follows the model estimation period. In about 35% of 

the papers in table 33 of the Appendix, the authors report taking this approach. 

Label this later time period as [TD1, TD2], where E2 < TD1 < TD2 + H < D1, and 

call it the trial decision period. This period precedes the decision period, 

[D^ D2], when the estimated model will be applied to actual decision making. 

11 See the simulation results in Lachenbruch, Sneeringer, and Revo (1975) 
and Clarke, Lachenbruch, and Broffitt (1979). 
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The implicit assumption is that the true error rates will be approximately the 

same over the trial decision and decision periods. 

Joy and Tollefson (1975) and Altman and Eisenbeis (1978) argue that 

cross-sectional distributions must be reasonably stable for error rate estimates 

to be unbiased forecasts. Thus, one important reason for examining error rate 

estimates based on a later period validation sample is that they provide a 

performance measure which is sensitive to nonstationary probability 

distributions. Specifically, by comparing expected loss calculated from a later 

period sample with expected loss calculated from cross-validation, it may be 

possible to detect changes in cross-sectional distributions over time. 

Selecting the Best Prediction Model 

The decision maker chooses a bankruptcy prediction model from A. Using 

the error rate forecasts from the previous step, the decision maker calculates the 

expected loss for each model and selects the one with smallest expected loss. 

Applying the Best Prediction Model to Make Decisions 

During the decision period [D1t D2], the decision maker observes X = x 

(e.g., from an annual report released during this time period), uses the chosen 

model M(b) to forecast 0 based on x, and takes actions using the decision rule 

which corresponds to M(b). Assume that the decision maker will make a 

prediction and take appropriate action as each annual report is released during 

the actual decision period. Hence, for each observation, the report release date 
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always should be treated as the beginning of the prediction horizon. This 

assumption is consistent with a rational decision maker who uses information 

promptly; the value (if any) of information in the annual report should be 

greatest immediately on release. 

Sampling Design in Bankruptcy Forecasting 

The purpose of sampling is to select observations in such a manner that 

conclusions can be drawn without taking a census of the population. Statistical 

inference may yield false conclusions if the researcher does not draw a random 

(or probability) sample. In addition, if statistical estimators are inconsistent with 

the sampling design, then they may be biased. 

This section covers three topics. The first covers sampling designs in which 

the sampling unit is the annual report rather than the individual firm. These 

designs are consistent with the general model of the bankruptcy prediction 

process described above. Specific sampling frames and methods for drawing 

samples are outlined for this study. The second topic covers sampling designs 

in which the sampling unit is the individual firm. These designs are inconsistent 

with the general model of the bankruptcy prediction process but are commonly 

applied in the bankruptcy prediction literature. Specific sampling frames and 

methods for drawing samples are outlined for this study. In the sampling 

experiments described below, the two types of sampling designs are compared. 

The third topic covers the effects of missing data. The potential effects on this 

study are considered. Steps for evaluating these effects are outlined. 
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The Annual Report as the Sampling Unit 

This subsection covers sampling designs in which the sampling unit is the 

annual financial report rather than the individual firm. This discussion is divided 

into two topics: (a) sampling frames, and (b) methods for drawing samples. The 

discussion covers designs applied in this study and their limitations as well as 

explaining why they are consistent with the general model of the bankruptcy 

prediction process described above. 

The Sampling Frame 

Assume for the moment that the sampling units are annual corporate 

financial reports released by firms not yet in bankruptcy. The sampling frames 

have three general characteristics: (a) the industry or industries of the firms 

releasing the annual reports; (b) a time period in which the release dates of the 

reports fall; and (c) the prediction horizon for the forecasts, which determines 

which future state is assigned to each sampling unit. 

Industry 

Sampling frames are constructed from reports available in Standard & 

Poor's 1992 Compustat data base. The industry of each firm is defined by the 

Standard Industrial Code (SIC) assigned in the Compustat files. Each frame is 

labeled in one of the following ways, depending on which industries are 

represented: industrial, unregulated industrial, or manufacturing. When 

possible, every analysis in this study is repeated for each of the three types. 
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Industrial firms. The broadest class of industries for any sampling frame in 

this study is industrial. It includes companies with SIC codes in the ranges 

0-1999 (agriculture, mining, and construction), 2000-3999 (manufacturing), 

4000-4899 (transportation and communications), 5000-5999 (wholesale and 

retail), and 7000-7999 (service). In the bankruptcy prediction literature, 

financial firms, utilities, and industrial firms rarely are covered by the same 

study, because their financial reports are materially different. That practice is 

followed in this dissertation; in particular, reports issued by utilities (4900-4999) 

and financial firms (6000-6999) are not included in any sampling frame. 

Unregulated industrial firms. Special regulation of transportation and 

communications firms might cause their financial reports to be materially 

different from reports in other industries. Thus, leaving reports from these firms 

out of the sampling frame might yield a more homogeneous population for 

which more accurate forecasting is possible. In this study, unregulated industrial 

refers to industrial firms which are not transportation or communications firms. 

Manufacturing firms. The narrowest category in this study is manufacturing 

(SIC 2000-3999). Of the major SIC subgroups mentioned above, this is the 

only one sufficiently large to be considered separately. The other groups have 

too few bankruptcies for satisfactory statistical analysis. 

12Many authors in the literature use manufacturing firms as the population, 
including Altman (1968) in his seminal work on bankruptcy prediction. 
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The sampling period 

Given the industry of the firms, the sampling period defines which annual 

reports belong to the sampling frame. The release date T determines whether or 

not the report is in the sampling frame. 

Annual report release dates. The release date T is important for three 

reasons. First, T must fall in the sampling period in order that the report be 

included in the sampling frame. Second, if the firm is in bankruptcy proceedings 

at time T, then the annual report does not belong in any sampling frame whose 

sampling period includes T. Third, if the firm is not in bankruptcy proceedings at 

time T, then the appropriate future state 0 for this annual report depends on 

whether the firm files for bankruptcy during the period [T, T + H]. If it does, then 

0 = 6F. If it does not, then 0 = 0NF. 

It is impractical to determine the release date for every annual report in 

Compustat released by an industrial firm during 1980-1989. The number of 

such reports is on the order of 20,000, and the release date is not available in 

machine readable form. Instead, a proxy for the release date is used in this 

study. 

The fiscal year end for each report is recorded in Compustat, so it is one 

potential proxy and, furthermore, is one widely used in the literature. However, it 

may be a poor choice due to the reporting lag which Lawrence (1983) observed 

for firms filing for bankruptcy. In addition, Ohlson (1980), who evaluates a 

population of industrial firms in Compustat, finds that 17% of his bankrupt firms 
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released the annual report for the last fiscal year before bankruptcy after filing 

for bankruptcy. Lawrence's (1983) estimate is 22%. Ohlson argues that using 

the fiscal year end as a proxy for T could lead to optimistically biased error 

rates. 

In this study, the proxy for T is defined to be three months after the end of 

the fiscal year. Most publicly traded nonbankrupt firms must file their 10-K 

reports with the Securities and Exchange Commission (SEC) by 90 days after 

fiscal year end. The proxy used here corresponds to all firms releasing their 

reports at the SEC deadline. This proxy is reasonable for most firms, since 

management has an incentive to make this information public no sooner than 

necessary. The disadvantage is that, if a firm (a) declared bankruptcy more that 

three months after fiscal year end and (b) released its annual report afterward, 

then the report would be included in a sampling frame when it should not be. 

On the other hand, Ohlson (1980) finds that the resulting bias is small when the 

proxy release date is the fiscal year end. Hence, this bias should be even 

smaller for a proxy release date defined as three months after the end of the 

fiscal year. 

Sampling periods in this study. Sampling periods are defined to coincide 

with calendar years to avoid seasonal effects. In addition, the data base is 

restricted to annual reports with proxy release dates in 1980-1989. Later data is 

not used in order to accommodate the three year prediction horizons in this 

study. Specifically, Compustat data from 1990-1992 is applied solely to verify 
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bankruptcy or nonbankruptcy status. Earlier data is not used in order to avoid 

potential complications in defining bankruptcy due to major changes in the U.S. 

Bankruptcy Code which went into effect in 1979.13 

Discriminant analysis requires a minimum estimation sample size which in 

turn requires a minimum length for the estimation period. The specific 

requirements are discussed in more detail in the section on discriminant 

analysis below. Sample size requirements depend on number of predictor 

variables, form of the model (linear or quadratic), and length of the prediction 

horizon. The net effect, for example, with a one year prediction horizon and a 32 

variable model is the following: (a) if the industry category is industrial or 

unregulated industrial, then estimation periods must be at least three years long 

for linear models and at least five or six years long for quadratic models; and 

(b) if the industry category is manufacturing, then estimation periods must be at 

least six years long for linear models and at least nine years long for quadratic 

models. For consistency in comparisons across hypothesis tests, three and six 

year estimation periods (when feasible) are used for linear analysis, while six 

year periods are used for quadratic analysis. Unlike estimation samples, no 

minimum size is required for a holdout sample. (Estimators based on smaller 

samples, however, are less efficient.) 

13Boyes and Faith (1986) and White (1983) document that the Bankruptcy 
Reform Act of 1978, which took effect in 1979, had a significant and substantial 
effect on the bankruptcy process in terms of economic costs. 
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The prediction horizon 

The prediction horizon is a time period H years long which follows the 

proxy release date of an annual report. As explained above, H plays an 

important role in defining which observations in the sampling frame are 

assigned a bankruptcy state, 0F, and which observations are assigned a 

nonbankruptcy state, 0NF. For consistency, the prediction model and the 

sampling frame must be defined in terms of the same prediction horizon. Since 

most authors in the bankruptcy prediction literature claim predictive success 

only for one, two, or three year models, hypothesis testing in this study is limited 

to prediction horizons of one, two, or three years. 

The data base 

A sampling frame should list all members of the population. In principle, we 

could list all publicly traded firms in business each year and then obtain copies 

of their 10-K reports from the SEC. Such an undertaking, however, is too costly 

and time consuming for this study. Furthermore, without identifying the decision 

maker more specifically, it is open to question that such an ideal population is 

more relevant than any other. 

In this study, sampling frames are defined in terms of annual reports 

available in the Compustat data base published by Standard & Poor's 

Compustat Services. These reports are screened to assure that the overall data 

base includes only annual reports released by publicly traded, U.S. industrial 

firms not in bankruptcy proceedings or undergoing liquidation. Using 
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Compustat data has several advantages and disadvantages which are 

described below. The advantages outweigh the disadvantages. 

Advantages to using Compustat. First, Compustat is one of the most 

comprehensive data bases of financial information on publicly traded U.S. 

industrial firms. Compustat includes roughly 20,000 annual reports released by 

publicly traded U.S. industrial firms in 1980-1989. 

Second, most studies on bankruptcy prediction for U.S. industrial firms rely 

on Compustat. By using the same data base, results in this study are more 

comparable with earlier studies than if a different data base had been used. 

Third, the Compustat data is machine readable. This is a necessity for 

constructing the many different sampling frames required by the computer 

simulations in the sampling experiments. In addition, Compustat reports SIC 

industry identification and fiscal year end, which permits the task of defining 

sampling frames to be automated. 

Fourth, Standard & Poor's defines and reports Compustat financial data in 

a standardized way. This reduces the need to make complex adjustments in 

order to compare data from different firms. 

Fifth, survivor bias can be mitigated by using the Compustat Research File. 

Many financially distressed firms never declared bankruptcy yet did not survive 

to the present as independent going concerns. A troubled firm which exited 

through merger, takeover, or voluntary liquidation may be dropped from the 

most recent version of a data base. Standard & Poor's switches such firms from 
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other Compustat data bases to the Research File rather than omitting them 

immediately. Since distressed firms are difficult to forecast accurately, it is 

important that they not be omitted accidentally from the sampling frame. 

Otherwise, error rates may be biased optimistically downward. 

Disadvantages to using Compustat. The disadvantages place limitations 

on how broadly the results may be generalized. Constraining the sampling 

frames to those reports available in Compustat has three principal 

disadvantages. 

First, Compustat does not include every publicly traded industrial firm in 

the U.S. Furthermore, the annual reports listed in Compustat for any given year 

are not a random sample from the corresponding true population. In particular, 

the data base is weighted toward the largest industrial firms.14 

14Compustat (Enolewood. CO: Standard & Poor's Compustat Services, 
Inc., 1991), section 2, page 5. Standard & Poor's Compustat Services (SPCS) 
adds an industrial firm to the Compustat data bases under the following 
conditions. When the firm begins trading on either the New York Stock 
Exchange or the American Stock Exchange, SPCS adds it to the Compustat 
Primary, Supplementary, or Tertiary Files. When the firm begins filing annual 
reports or 10-K reports with the Securities and Exchange Commission, SPCS 
adds the company to the Compustat Over-The-Counter File and the Full 
Coverage File. In the Over-The-Counter File, "the companies followed by SPCS 
represent the major NASDAQ companies in terms of sales, assets, and market 
value." When a firm is added to the Primary File, Supplementary File, or Tertiary 
File, SPCS includes up to eleven years of annual data. When a firm is added to 
the Over-The-Counter File and Full Coverage File, SPCS includes up to five 
years of annual data. Hence, the current edition of Compustat does not always 
include earlier annual reports for a firm. Furthermore, the current edition may 
omit some firms which SPCS will add in a later edition. 
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Second, a population defined in terms of Compustat may not be of interest 

to the decision maker. On the other hand, the true population of all publicly 

traded industrial firms may not be of interest, either. A weakness in many studies 

of business failure prediction, including this one, is the assumption that the 

population on hand is relevant to some real decision maker. 

Third, Compustat does not identify bankruptcies in a clear and consistent 

manner. Many firms which declared bankruptcy in the time period 1980-1992 

were listed in the Industrial File rather than the Research File. Furthermore, 

bankruptcies are not identified consistently as such in the Research File. For 

example, firms identified as "liquidations" either liquidated voluntarily or 

switched from Chapter 11 to Chapter 7 of the federal bankruptcy code. Also, the 

deletion date (the date Standard & Poor's switched the firm to the Research 

File) is not necessarily the bankruptcy date. 

Hence, in this study the procedures for identifying bankruptcy filings do not 

rely solely on Compustat. Two procedures for identifying bankruptcies and 

determining Chapter 11 filing dates are applied. First, if Compustat flags a firm 

for financial distress, then the firm was cross-checked against bankruptcy news 

in several major business news indices in order to determine the actual 

disposition of the firm and the timing of that disposition. Second, the same major 

business news indices were checked comprehensively for news of 

bankruptcies in 1980-1992. The list of firm names which were compiled by this 
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method then were compared with those in Compustat.15This approach 

identified a number of bankruptcies among firms not otherwise labeled as such 

in Compustat. 

Drawing the Sample 

The method for drawing observations from the sampling frame determines 

whether the sample is representative of the population. To be representative in 

a statistical sense, it must be a probability sample: "a sample chosen in such a 

way that we know what samples are possible (not all need be possible) and 

what chance, or probability, each possible sample has to be chosen (not all 

15ln this study, the longest prediction horizon is three years. Thus, for 
annual reports released in December 1989 (the most recent release date used 
in this study), it must be determined whether or not the firm declared bankruptcy 
any time from January 1990 through December 1992. Two general procedures 
were followed in order to identify all cases of bankruptcy in 1980-1992 among 
publicly traded firms listed in Compustat. 

The first procedure was to check any firm which Compustat flagged as in 
financial distress. For every industrial firm in the Compustat Research File, the 
following business news indices were checked for news items concerning the 
disposition of the firm: The Wall Street Journal Index. Wall Street Journal 
OnDisc. and Predicast's F&S Index of Corporate Change. For every industrial 
firm not in the Research File, Compustat was searched for the following flags 
indicating financial distress: (a) codes for bankruptcy or liquidation in the Total 
Assets footnote; (b) codes for in reorganization or liquidation in the S&P Stock 
Rating; and (c) codes for default or bond rating suspension in the S&P Bond 
Rating. For those firms with indications of distress, the above news indices were 
searched for news items concerning the disposition of the firm. 

The second procedure was to search the above news indices for any 
mention of firms in bankruptcy during 1980-1992. Compustat was then cross-
checked for matches. 
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need be equally probable)" (Moore 1991, 49). In addition, the type of probability 

sample determines which methods of statistical inference are appropriate; i.e., it 

determines which estimators are biased and which are not. 

In this section, two issues are addressed: sample stratification and sample 

size. In this discussion, sampling frames are presumed to have been 

constructed with annual reports as the sampling units. Appraisal of missing data 

methods is deferred until later. 

Sample stratification 

Samples in this study are either choice-based or a census. For each 

choice-based sample, subsamples are drawn by simple random sampling, 

conditional on each state. Hence, stratification is solely by future state. 

The model estimation sample is used both for model estimation and to 

calculate resubstitution and cross-validation error rates. This type of sample 

always is drawn using choice-based sampling. 

Two other types of validation samples are drawn from the later trial 

decision period. One is a choice-based sample, while the other is a census of 

the later trial decision period. 

Sample size 

For any sampling frame in this study, the proportion of observations with 

state 0F (future bankruptcies) is very small: typically, less than 1%-2%. Hence, 

in choice-based sampling for two-state models, the subsample conditional on 
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0F always is a census of observations with state 0F. For the simple random 

sample from observations with state 0NF (the nonbankruptcies), the size of the 

sample always is defined to equal the size of the corresponding census of 

observations with state 0F. This is done in order to compare results here with 

those in the literature. Many authors use matched pair sampling and hence 

have equal numbers of bankruptcies and nonbankruptcies in their samples. 

(See table 35 in the Appendix.) 

An important question is the relationship between the sample sizes in 

choice-based sampling and the bias and efficiency of the error rate estimators. 

In order to judge the effect on expected loss, the results from choice-based 

sampling and the census from each later trial decision period are compared. 

The following example illustrates the sample sizes in this study. Assume a 

two-state model, a one year prediction horizon, and a three year sampling 

frame with annual reports from industrial firms. Then the sampling frame 

typically includes about 20 bankruptcy and 6,000 nonbankruptcy observations. 

Thus, the choice-based samples for these frames have about 40 observations. 

For longer sampling periods and longer prediction horizons in this study, the 

choice-based sample sizes are proportionally larger than 40. These sample 

sizes are consistent with the literature, where researchers typically use small 

samples, e.g., 20 to 100 observations apiece for the bankruptcy and 

nonbankruptcy groups. 

Discriminant analysis (DA) imposes important constraints on sample size. 
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Let NpW equal the number of bankruptcies in the model estimation sample (or 

training sample), NNF(
X) equal the number of nonbankruptcies, and p equal the 

number of variables. For linear DA, the pooled covariance estimator is 

nonsingular with probability one if and only if NF^) + N n f ^ ) - 2 > p (Johnson 

and Wichern 1988, 475). For quadratic DA, the group covariance estimator for 

bankruptcies is nonsingular with probability one if and only if NpW > p; and the 

group covariance estimator for nonbankruptcies is nonsingular with probability 

one if and only if > p (Anderson 1984, 63). 

The DA models in this study which are applied to Compustat data have 

about 30 variables. Given that NNF(T) = NpW in the choice-based model 

estimation samples, the above constraints usually require a minimum of three 

years for the estimation periods for linear DA and usually require a minimum of 

six years for the estimation periods for quadratic DA. 

The Firm as the Sampling Unit 

Information about the firm becomes available sequentially. The forecaster 

has information available up to a specific point in time, whereas the researcher 

has the complete history of the firm after the fact. That is, the forecaster's sample 

is conditional on information available at a specific point in time, whereas the 

researcher's sample is not. Thus, the choice of sampling unit determines 

whether the observations are defined from the perspective of the forecaster 
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(who faces an uncertain future) or the researcher (who has information 

available after the fact). 

In this section, sampling designs in which the sampling unit is the 

individual firm are described. These are labeled as firm-based designs to 

distinguish them from the report-based designs described above. Firm-based 

designs are consistent with those generally described in the bankruptcy 

prediction literature. 

Firm-based designs contain two flaws. The first flaw arises from the choice 

of the firm as the sampling unit. This leads to sampling frames in which firms are 

included or excluded using information directly related to the future financial 

condition of the firm and often to its future state (namely, whether the firm went 

bankrupt within the prediction horizon). The second flaw occurs whenever the 

prediction horizon is longer than one year. Choosing the firm as the sampling 

unit leads to models which are conditional on bankruptcy not occurring before 

the last year of the prediction horizon. Both flaws are logically inconsistent with 

the true forecasting problem, because they require information which would be 

unavailable to an actual forecaster. 

In this section, firm-based sampling designs are described. Then, the two 

flaws mentioned above are evaluated to determine how they affect the 

estimated error rates. The ultimate objective is to compare the performance of 

firm-based designs with their report-based counterparts. 
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Firm-based Sampling Designs 

The procedure described here for constructing a firm-based sampling 

frame is consistent with information usually provided about the samples, with 

the language used to describe the data, and with the papers in which the 

authors do discuss the sampling frame. Constructing a firm-based sampling 

frame takes five basic steps. 

Step one: select a data base. In this study, the data base is the collection 

of annual reports drawn from Compustat as described above in the section on 

report-based frames. 

Step two: identify which firms in the data base declared bankruptcy. Any 

firm which declared bankruptcy during the time period covered by the data base 

(or within a few years before or after that period) is labeled as a bankruptcy. 

Otherwise, the firm is labeled as a nonbankruptcy. 

Step three: list the characteristics which will define a given sampling 

frame. At minimum, these characteristics include (a) the industry of the firms 

which are the sampling units; (b) the time period for annual reports, usually 

called the sampling period; (c) the prediction horizon of the forecasting model; 

and (d) the purpose the frame will serve (model estimation, error rate 

estimation, or both). In this study, these characteristics are defined in the same 

way as for the corresponding report-based frames. 

Step four: decide which bankruptcies in the data base will be included in 

the sampling frame. Suppose that the prediction horizon is H years. If the H-th 
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annual report before bankruptcy was released during the sampling period, then 

the bankruptcy is included in the sampling frame. Otherwise, it is not. (Most 

authors state explicitly that they took this step.) If the firm is a bankruptcy, then 

this procedure for constructing the sampling frame guarantees that exactly one 

annual report is assigned to the sampling unit (specifically, the report which is H 

years before bankruptcy). 

Step five: decide which nonbankruptcies in the data base will be included 

in the sampling frame. Any nonbankruptcy which released at least one annual 

report during the sampling period is included in the frame. If the firm is a 

nonbankruptcy and the sampling period is longer than one year, more than one 

annual report may have been released during the sampling period. If so, then 

each time a sampling frame is constructed, select one report at random for that 

firm. Thus, for a given experimental trial, every sampling unit (bankrupt or 

nonbankrupt) is represented by one annual report. However, in this study, a 

given firm may be represented by different annual reports in different trials, 

since the report is selected randomly each time. 

Once the firm-based sampling frame is constructed in this study, the same 

procedures as described above for report-based frames are followed to draw 

the sample. Specifically, the model estimation sample is choice-based with 

equal numbers of bankruptcies and nonbankruptcies, where the sample of 

bankruptcies is a census of those in the frame. Later period validation samples 

are either choice-based, with equal numbers of bankruptcies and 
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nonbankruptcies, or a census. Thus, in this study, the difference between firm-

based sampling designs and report-based sampling designs lies entirely in the 

definition of the sampling unit and the method by which the sampling frame is 

constructed. 

Bias Due to Firm-based Sampling Design 

Choice of the firm as the sampling unit affects the error rates when the 

prediction horizon is one year long. Firm-based sampling frames lead, in 

principle, to optimistic bias in the error rate estimation. That is, forecasting 

performance will appear better than it actually would be in practice. The source 

of this bias is step number four described above, since firms are included or 

excluded from a given sampling frame based on information directly related to 

the future state of the firm. To understand why this creates an optimistic bias, 

consider the following example. 

Suppose that the researcher develops a model with a one year prediction 

horizon. To estimate error rates, the researcher uses a firm-based sampling 

frame two years long. That time period is the validation period; suppose it is 

1987-1988. 

Now consider two firms which eventually declared bankruptcy: Able Corp. 

in June 1989, and Baker Corp. in June 1990. See figure 3. Assume both firms 

diligently released their annual reports every December. 

The researcher must decide which bankruptcies to include in the firm-

based sampling frame. The prediction horizon is one year, so the researcher 
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checks each bankruptcy to see if the last report before bankruptcy (alternatively, 

the report one year before bankruptcy) was released during 1987-1988. Able 

Corp. released its last report before bankruptcy in December 1988. This date is 

in the validation period, so Able Corp. is added to the sampling frame. Baker 

Corp. released its last report before bankruptcy in December 1989. This date 

lies outside the validation period, so Baker Corp. is not included. 

1987 1988 1989 

Able: 
Ch. 11 

1990 

Baker: 
Ch. 11 

Validation period 

Able 
Corp. 

Baker 
Corp. 

Horizon following 
12/87 annual report 

Horizon following 
12/88 annual report 

Horizon following 
12/87 annual report 

Horizon following 
12/88 annual report 

Figure 3. Two year validation period. One year prediction horizon. 
Both firms release annual reports each December. Able Corp. declares 
bankruptcy June 1989. Baker Corp. declares bankruptcy June 1990. 
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Both Able arid Baker released annual reports in December 1987 and 

December 1988. Figure 3 shows the prediction horizon for each report. What 

would happen if the prediction model were applied to the three reports which 

were excluded? Since the forecasting model has a one year prediction horizon, 

the correct forecast for Abie's 1987 report and Baker's 1987 and 1988 reports is 

nonbankruptcy. Since Able and Baker most likely were experiencing financial 

distress in 1987-1988, the typical bankruptcy prediction model would tend to 

forecast bankruptcy in all three cases. By excluding these reports from 

consideration, the researcher has reduced the likelihood that the model will err 

on observations drawn from the sampling frame. The report-based sampling 

frames are designed to avoid this bias by including the omitted annual reports 

in the sampling frame. 

Bias When the Prediction Horizon Is Two Years or Longer 

A second type of inferential problem arises when the firm-based sampling 

frame has a prediction horizon longer than one year. In the literature, 

researchers commonly study prediction horizons of one, two, three, four, and 

five years. However, for a prediction horizon longer than one year, error rate 

estimates using firm-based sampling frames are conditional on nonbankruptcy 

over the period [T, T + H -1 ] , where T is the annual report release date and H is 

the length of the prediction horizon. In principle, the conditional forecasting 

model and its conditional error rate estimates are not wrong, provided they are 

interpreted that way. The inferential error occurs when the researcher interprets 
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the forecast as if it were an unconditional prediction. 

Consider the three bankruptcy forecasting models illustrated in figure 4. 

Model 1, labeled as the unconditional two-state model, has two future states: 

(a) the firm declares bankruptcy sometime within the next H years; and (b) the 

firm does not declare bankruptcy during the next H years. Model 2, labeled as 

the conditional two-state model, has two future states: (a) the firm declares 

bankruptcy sometime during the H-th year from today; and (b) the firm does not 

declare bankruptcy during the H-th year from today. Both states, however, are 

conditional on the firm not declaring bankruptcy prior to the H-th year from 

today. Model 3, labeled as the (unconditional) three-state model, has three 

future states: (a) the firm declares bankruptcy sometime within the next H - 1 

years; (b) the firm declares bankruptcy sometime during the H-th year from 

today, having not declared bankruptcy prior to the H-th year; and (c) the firm 

does not declare bankruptcy during the next H years. 

With a firm-based sampling frame, it is not possible to use either model 1 

or 3. For a prediction horizon of H years, the procedure for constructing a firm-

based sampling frame does not allow sampling units which would correspond 

to bankruptcy within the next H - 1 years. 

Now consider these models from the viewpoint of a decision maker. 

Decision making with model 2 requires foreknowledge about the next H - 1 

years, since the model applies only to firms which will not file for bankruptcy 

over that time. Hence, model 2 cannot be applied directly to forecasting. 
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Prediction horizon 

Model 1: unconditional 
two-state model 

Bankruptcy sometime within 
the next H years 

No bankruptcy within 
the next H years 

Model 2: condtional two-state model 

Bankruptcy sometime during 
the H-th year, conditional on 
no bankruptcy during the first 
H - 1 years 

No bankruptcy during 
the H-th year, conditional on 
no bankruptcy during the first 
H - 1 years 

First H - 1 years Last year 

Model 3: three-state model 

Bankruptcy within 
the next H - 1 years 

Bankruptcy during the last year 

No bankruptcy within 
the next H years 

Figure 4. Future states in three bankruptcy forecasting models. The bars 
represent future states, with shading indicating when bankruptcy occurs. 
(Assume bankruptcy occurs at most once during the prediction horizon.) 
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Report-based sampling designs overcome this difficulty. All annual reports 

which satisfy characteristics unrelated to bankruptcy (e.g., industry, and release 

date in the sampling period) are included in the sampling frame, regardless of 

number of years before bankruptcy. Given H, we can subdivide the event 

"bankruptcy within the next H years" if required. That is, the report-based 

sampling frame includes reports corresponding to all three states in model 3. 

Of course, error rate estimates for model 2 (using the corresponding firm-

based sampling frame) might be a good approximation for error rate estimates 

for model 1 (using the corresponding report-based sampling frame). That is, the 

bias may be small. If so, then error rate estimates using firm-based frames might 

still be descriptive of the actual decision problem corresponding to model 1. 

Effects of Missing Data 

Other than Zmijewski (1984b), no other paper in the extant literature could 

be found in which the authors directly study the effects of missing data on 

bankruptcy prediction. Hence, not much is known about how missing data 

affects bankruptcy forecasting. Nonetheless, analysis with missing data is 

regarded as an important subject in statistics (Little and Rubin 1987). In this 

section, the relationship between the research design and missing data is 

discussed. Then, the nature of missing data in this study is reported. Finally, the 

approach in this study for handling missing data and evaluating its effects is 

outlined. 
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Research Design and Missing Data 

Research design plays an important role in determining the scope of 

missing data. Given the population from which observations will be drawn and 

attributes we wish to measure, data may be missing in one of two ways. 

First, we may be unable to construct a sampling frame, because we cannot 

enumerate the elements of the population. When this occurs, entire 

observations are missing. Unless these observations are missing at random, 

the sampling frame will not represent the population, and inferences we draw 

from the sampling frame may not generalize to the intended population. 

Second, even if we are able to construct a proper sampling frame, some of 

the observations in the sample may be missing measurements. When this 

occurs, we have two choices: attempt to collect the missing data, or apply some 

method for continuing the analysis without further data collection. 

For example, consider bankruptcy prediction research on the population of 

publicly traded U.S. corporations. If the company is solvent, then it files its 

annual report with the Securities and Exchange Commission. Thus, we know 

that the financial data exists. However, recovering complete data is costly if it is 

not readily available. The researcher's objectives dictate whether such costs 

are justified and hence to what degree data will be missing. 

Given a well-defined sampling frame, the researcher may be able to 

construct a model to minimize the effect of missing measurements. Often, more 

than one variable measures the same attribute, so the researcher can select 
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variables least likely to be affected by missing data. Alternatively, the researcher 

can construct models which forecast conditional on which measurements are 

available. 

Missing Data in This Study 

Constructing a sampling frame corresponding to all publicly traded U.S. 

industrial corporations is beyond the scope of this dissertation. Instead, 

sampling frames are defined in terms of firms and annual reports listed in 

Compustat. The advantages and disadvantages to relying on Compustat are 

discussed above. An important disadvantage is that entire observations are 

missing: firms, in the case of firm-based sampling frames; and reports, in the 

case of report-based sampling frames. Hence, inferences based on sampling 

frames in this study may not generalize to the intended population of all publicly 

traded U.S. industrial corporations. This is a weakness which this analysis 

shares with all other studies in which the authors rely primarily on Compustat. 

Missing data in this study refers to observations in Compustat which have 

missing measurements. Which measurements are missing depends on (a) the 

set of variables selected for the prediction model and (b) the definitions of these 

variables in terms of data items from Compustat. When a measurement is 

missing, Compustat lists one of three types of missing value codes (Compustat 

1991, section 5, p. 1). The insignificant figure code means that the value 

reported by the company is insignificant. The combined figure code means that 

the company did not report the value separately and instead combined it with 
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another item in the annual report. The not available code means that the data 

item is not available in any form from the company's annual report. 

In addition, a predictor variable may be missing even if the Compustat data 

items from which it is calculated are available. Most variables in this study are 

financial ratios. If the denominator is zero, then the ratio will be undefined. In 

addition, some variables are transformed using the square root or natural 

logarithm. If the untransformed variable is less than zero, then the square root 

transformation is undefined. If the untransformed variable is less than or equal 

to zero, then the logarithm transformation is undefined. 

Missing Data Methods 

The objective in this dissertation is not to study missing data but rather to 

minimize its effects. Several steps to avoid missing data are outlined below. 

When data is still missing, the next step is to choose a missing data method 

which is least likely to cause significant bias. 

Steps to avoid missing data 

First, all "insignificant figure" codes are converted to zeros. Within rounding 

error this is a good approximation. The only drawback arises when these values 

enter into the denominator of a ratio, causing the ratio to be undefined. 

Second, use measurement definitions which lead to the fewest missing 

values. Many measurements from financial reports can be defined or calculated 

in more than one way from data items available in Compustat. For example, 
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income statement cash flow may be defined at least four ways, and net worth 

may be calculated at least five ways. When a choice is available, the definition 

least affected by missing data is selected and applied consistently throughout 

this analysis. 

Third, among each group of similar financial ratios, select those with the 

fewest missing values in the population. A popular practice in financial analysis 

is to group financial ratios into categories representing similar concepts, such 

as liquidity, capital structure, or profitability. Ratios within categories are often 

highly correlated. Hence, for prediction models, not all ratios from each category 

are needed.16 

Finally, avoid transformations which lead to missing values. In some cases, 

a modified square root transformation is applied which largely preserves the 

transformation without creating missing values. 

Methods for handling missing data 

Following these procedures leads to a set of 32 predictor variables which 

are largely free of missing values.17 (See tables 29 and 30 in the Appendix.) 

16 In fact, ratios which are very highly correlated lead to estimation 
difficulties in discriminant analysis. This correlation causes sample covariance 
matrices to be nearly singular and hence unstable as estimators. 

17For more details on the steps taken to define and select the variables, 
see the section below titled "Prediction Models Based on Discriminant 
Analysis." 
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Furthermore, these variables include the ratios which are most common in the 

bankruptcy prediction literature. Typically, ratios in the literature which have 

severe missing data problems are functions of either data items from the 

statement of cash flows or special data items, such as capitalized leases, which 

are not commonly reported. However, these ratios are not widely used. 

For the 32 predictor variables, almost all remaining cases of missing 

values fall into one of two categories (but rarely both at once). The first category 

includes observations in which either market value of equity (MVE) or retained 

earnings (RE) have "missing value" codes: less than 2.5% and less than 0.6% 

of all annual reports per year, respectively. Three predictor variables are 

functions of MVE or RE. The second category includes observations in which 

accounts receivable (AR), inventories (INV), or cash dividends have "combined 

figure" codes. Nine predictor variables are functions of AR or INV, either directly 

or through current assets, quick assets, or balance sheet working capital. Less 

than 3.4% of all annual reports per year are affected by "combined figure" codes 

in the current asset items. A tenth predictor variable is a function of cash 

dividends. Less than 0.7% of all annual reports are affected by "combined 

figure" codes in cash dividends. 

For missing values which affect the 32 predictor variables, two types of 

approaches are taken in this study: (a) attempt to collect the values from 

another data base; or (b) apply an ad hoc method. In practice, the missing data 

methods in this study combine both approaches. 
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Collecting data from Moody's Manuals. Some missing measurements 

were manually collected from Moody's Manuals (published by Moody's 

Investors Service). These manuals provide income and balance sheet 

measurements for firms listed on U.S. exchanges and cover the time periods in 

this study. This approach was reasonably successful only for current asset 

measurements. Missing measurements for other variables are not commonly 

available in Moody's Manuals. About 75% of the current asset values missing 

from Compustat could be replaced in this way. 

The primary disadvantage to drawing on a second data source for missing 

values is that it may introduce a data source bias. Moody's Investor Services 

and Standard & Poor's Compustat Services standardize the data which they 

report. Their methods may differ systematically. Hence, replacement values from 

Moody's might differ systematically from observed values from Compustat for 

reasons unrelated to bankruptcy. 

Ad hoc missing data methods. Two ad hoc methods are applied and 

evaluated in this study. The first method is to assign a value of zero to any 

Compustat item with a "combined figure" code. This method yields an incorrect 

value for the replaced data item, but it often keeps the observation in the study 

rather than dropping it altogether because several of the 32 variables are 

missing. 

Among the Compustat data items used in this study, only the current asset 

items have a significant number of "combined figure" codes. Thus, this ad hoc 
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method has its greatest effect on the the nine predictor variables which are 

functions of current asset items. (See tables 29 and 30 in the Appendix.) By 

setting these "combined figure" codes to zero in an observation, information 

from other data items which are present is not lost. In particular, by replacing 

missing values for AR or INV with zero and recalculating current assets, quick 

assets, and working capital, rough approximations become available for the 

latter data items which otherwise would be missing. 

The second ad hoc method is to drop an annual report if one or more 

variables is missing. This appears to be the most common missing data method 

applied in the bankruptcy prediction literature. The assumption implicit in this 

method is that the observable measurements are a random subsample of the 

sampled values and hence can be omitted without biasing the statistics. 

The likely effects of these methods 

In principle, firms in financial distress are more likely to be missing data. 

So, dropping their reports completely or applying some other ad hoc method 

may bias the error rate estimates. Nonetheless, missing data should have only 

a minor effect on the analysis for two reasons. First, after taking the steps 

outlined above to avoid missing data (but before applying a missing data 

method), only about 3%-5% of all annual reports released each year still have 

at least one missing variable out of the 32. Second, this rate is about the same 

for bankruptcies and nonbankruptcies in the two-state models and thus does 

not provide evidence of potential bias. 
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Prediction Models Based on Discriminant Analysis 

The objective in this section is to select a set of predictor variables and a 

forecasting model which are representative of those commonly found in the 

bankruptcy prediction literature. The financial variables and discriminant 

analysis models described here satisfy this condition. 

This section opens with a description of the steps taken to select a set of 

predictor variables. Next, statistical classification with discriminant analysis is 

reviewed. This section closes with a discussion of the reasons for using 

discriminant analysis models in this study. 

The Predictor Variables 

The objective is to select a set of predictor variables which is reasonably 

representative of the predictors applied in the literature yet is not subject to 

problems which might dominate the comparison of different sampling designs. 

The most important difficulty in selecting a set of predictors is that, given the 

absence of a widely accepted model of firm failure, the choice of the variables 

and their proxies is inherently an ambiguous process. While this creates a 

considerable amount of latitude, it also means that a number of different sets of 

variables might be just as suitable for this study. 

Given this limitation, the variables (and their proxies) for this study are 

selected by the following six step procedure. First, the bankruptcy prediction 

literature is surveyed for the most commonly used variables. Second, this list is 

extended by adding several variables representing financial characteristics 
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which may not be otherwise included. Third, one or more proxies are defined for 

each predictor variable. Fourth, proxies are selected which minimize missing 

data. Fifth, normalizing transformations are applied when possible, provided 

that skewness and kurtosis are reduced by the transformation. Sixth, a subset of 

proxies is selected which do not have extremely high correlations. The final set 

of proxies represent 31 financial ratios (some with a normalizing transformation) 

and a firm size variable. The individual steps in this process are described now 

in more detail. 

A Survey of Variables Common in the Literature 

The following major journals in finance and accounting were surveyed 

from 1972 to 1992: Accounting Review. Journal of Accounting Research. 

Journal of Business. Journal of Finance. Journal of Financial and Quantitative 

Analysis, and Journal of Financial Economics. The survey was restricted to 

papers which (a) cover publicly traded industrial firms in the U.S.; (b) report 

empirical results of model performance; and (c) apply a statistical classification 

method, such as discriminant analysis, logit, probit, or recursive partitioning. 

Twelve papers satisfied these criteria. Table 36 in the Appendix lists the 

predictor variables reported for the final models in these papers as well as the 

frequency among the twelve papers. Those variables used in two or more 

papers were selected for further consideration. Note that no variables based on 

the flow of funds statement would be selected. 
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Additional Variables Which Represent Important Financial Characteristics 

This list is augmented by adding several variables representing financial 

characteristics which may not be otherwise included. These include the 

following variables from table 36 in the Appendix: current liabilities to 

stockholders' equity, which represents capital structure; dividends to total net 

flow of funds, which represents funds flow to owners of the firm; inventory to 

working capital, which represents working capital activity; long-term debt to total 

assets, which represents financial leverage; and net income to fixed assets, 

which represents return on fixed assets. In addition, the following variables from 

table 36 in the Appendix are added because of their unique features: market 

value of equity to total capitalization, which introduces a market value variable; 

and the no-credit interval, a failure prediction variable first introduced by Beaver 

(1967) which often is used in other papers. With the exception dividends to total 

net flow of funds, market value of equity to total capitalization, net income, and 

total assets, all variables at this stage are accrual accounting ratios. 

Definition of Proxies 

Other studies show that accounting adjustments and trend measures tend 

to add little to predictive performance when accrual-based ratios are already 

included. (See chapter 2.) Hence, no special accounting adjustments are made, 

such as capitalizing leases or converting assets and liabilities to market value. 

Also, no trend measures are included, such as means, trends, and standard 

deviations of financial variables. 
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The next step is to define proxies which best match the accounting 

definitions of the variables. The proxies are defined in terms of measurements 

available in Compustat. For many accounting measurements, the definition is 

straightforward. In other cases, however, an accounting measurement has more 

than one acceptable definition, but the authors of the original paper did not 

clearly state which definition they used. Measurements such as "income 

statement cash flow" or "net operating income" can be calculated in more than 

one way from data items in Compustat. Hence, at this stage, some variables are 

assigned more than one proxy based on Compustat measurements. 

Selection of Proxies Which Minimize Missing Data 

The objective at this stage is to select proxies which minimize missing 

data. Otherwise, the missing data problem might dominate this study of 

bankruptcy prediction. 

A proxy may be missing for several reasons. The Compustat 

measurements from which it is calculated may have a Compustat "missing 

value" code or a "combined figure" code. Or, if the proxy is a ratio, the 

denominator may be zero. Proxies are selected at this stage provided that the 

annual frequency of missing values from all sources is less than 4%. With the 

exception of variables defined in terms of interest expense (e.g., the interest 

coverage ratio), at least one proxy is selected for each predictor variable. 
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Normalizing Transformations 

Most financial variables have annual univariate distributions which are 

strongly nonnormal. Discriminant analysis is optimal for multivariate normal 

distributions. So, two normalizing transformations, square root and natural 

logarithm (log), are examined to decide whether either one reduces skew and 

kurtosis. The square root transformation requires that the original values for the 

proxy be greater than or equal to zero, while the log transformation requires that 

the original values be greater than zero. Hence, one or both transformations 

could not be applied to many of the proxies. When one or both transformations 

are possible, the transformed version of the proxy is selected only if skewness 

and kurtosis are reduced. 

Correlations Between Predictor Variables 

In the last step, correlations between the proxies (or their transformations) 

are examined. The objective is to select a set of proxies whose correlations are 

not likely to cause sample covariance matrices to be nearly singular; this would 

interfere with estimation of the discriminant model coefficients. 

Annual cross-sectional correlations in the final model are required to fall 

between -0.9 and 0.9. Proxy selection at this stage is conducted with two 

objectives in mind (in addition to eliminating extreme correlations): (a) select 

proxies with the least missing data; and (b) select no more than one proxy per 

variable. 

The final set of proxies represents 31 financial ratios and a size variable. 
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Most proxies in this set are defined entirely in terms of accrual-based data. The 

exceptions are two ratios with market value of equity in the numerator and one 

ratio with cash dividends (a flow of funds statement variable) in the numerator. 

Tables 29-31 in the Appendix list the predictors and their descriptive statistics. 

Discriminant Analysis 

Discriminant analysis is based on a specific set of assumptions. If all of 

these are satisfied, then discriminant classification rules are optimal. In 

bankruptcy prediction studies—including this one—many of these assumptions 

are violated. This raises two principal questions. First, are discriminant rules 

robust to these violations? This is the question addressed in the sampling 

experiments discussed below. Second, how much room for improvement 

exists? That is, how far from optimal are discriminant rules? This is the question 

addressed in the Monte Carlo experiments discuss below. 

This subsection begins with a list of the assumptions for discriminant 

analysis. When these assumptions are satisfied, the decision rule based on 

discriminant analysis is optimal in the sense that it is the Bayes rule. When the 

assumptions are satisfied but the parameters are unknown, the discriminant 

rules must be estimated. The sample linear and the sample quadratic 

discriminant rules are approximations to the corresponding optimal linear and 

quadratic rules, respectively. 

Next, departures from the assumptions are discussed. This study primarily 

concerns departures from sampling design assumptions. Nonetheless, 
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violations of the other assumptions, such as those about predictor variable 

distributions, might confound conclusions about violations of the sampling 

design assumptions. The likelihood that this might occur in this analysis is 

evaluated. 

Finally, reasons for using discriminant analysis instead of some other 

statistical classification method are given. In the bankruptcy prediction literature 

and in simulation studies of classification methods, discriminant analysis 

performs reasonably well compared to other approaches. Furthermore, 

discriminant analysis has important practical advantages. 

Classification Rules Under Normality 

In the general classification problem, the members of the population can 

be divided into a finite number of distinct groups. Our objective is to identify the 

group to which each member belongs using characteristics measured for that 

member. If certain assumptions are satisfied, then discriminant rules are the 

Bayes rules. This subsection begins with a description of the assumptions 

which underlie discriminant analysis and closes with a description of the 

corresponding sample-based rules which can be applied when the population 

parameters are unknown. 

Basic assumptions in discriminant analysis 

This study mostly concerns two-group (or two-state) classification, so 

discussion is limited to two-group models. Classification with three groups is 
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analogous.18 The basic assumptions fall into three categories: (a) those which 

define the decision problem; (b) those which define the sampling design; and 

(c) those which define the distributions of the predictor variables. 

Assumptions which define the decision problem. To compare different 

classification rules, we need a yardstick by which to judge performance. 

Expected loss is one such yardstick. A major advantage to expected loss is that 

it allows us to recognize important asymmetries in the classification problem. 

One important asymmetry may exist in the population itself. 

• Assumption 1: every member of the population belongs to one of two 

nonoverlapping subpopulations, labeled ^ and n2. 

• Assumption 2: each member of a simple random sample from the 

population has a probability 0 < TC1 < 1 that it comes from subpopulation n1 

and a probability it2 =
 1 - J r i that it comes from subpopulation n2 . 

Assume that 0 < 7t1 < 1 to avoid the trivial classification problem in which all 

observations are from the same group. If the prior probabilities are unequal 

(TT1 * K2), then the classification problem is not symmetric with respect to n1 and 

n2. 

Another important asymmetry may arise from the role of the decision 

maker, who applies the classification rule to choose between two alternative 

18Anderson (1984) extends the following results to classification with three 
or more groups. 
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courses of action. 

• Assumption 3: the cost (or loss to the decision maker) of misclassifying an 

observation from subpopulation n 1 is C(2I1) > 0. The cost of misclassifying 

an observation from subpopulation n 2 is C(1I2) >0. 

If C(2I1) * C(1I2), then the rational decision maker weighs decisions according 

to the relative undesirability of the alternative mistakes. 

Expected loss (or expected cost of misclassification) explicitly incorporates 

prior probabilities and costs of misclassification. In the next assumption, we 

formally recognize the role of expected loss in the classification procedure. 

• Assumption 4: classification of each observation is based on X, 

a p-element measurement vector. Our objective is to decompose the range 

of X into two regions, R-, and R2, corresponding to n 1 and n2 , respectively, 

in a fashion which minimizes expected cost of misclassification. 

Assumptions which define the sampling design. If the probability 

distribution of the measurement vector is not completely known, then we must 

estimate the probabilities of misclassification. This requires that we draw an 

estimation sample. 

The first assumption formally describes the sampling procedure. 

19Any decision problem with a finite number of states can be defined so 
that all costs are nonnegative. Both costs are assumed to be nonzero to avoid 
the trivial classification problem in which the decision maker is indifferent to 
whether one or both states are classified correctly. 
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• Assumption 5a: we draw a simple random sample of N members from the 

population. Call this the estimation sample. It includes observations 

i = 1,2 N1, from H| and observations xf2\ i = 1,2,. . . , N2, from 

n2. 

Under assumption 5a, the sizes N1 and N2 are random variables, and sample 

proportions are maximum likelihood estimators of and rc2, respectively. In all 

studies of bankruptcy prediction for industrial firms, one of the subpopulations— 

bankruptcies—is so small that simple random samples from the population will 

have few or no members from that subpopulation unless the total sample size N 

is very large. Thus, the following alternative to assumption 5a is adopted in this 

study. 

• Assumption 5b: we draw a simple random sample of N1 members from the 

subpopulation n 1 and label the observationsx^1), i = 1,2,. . . , Then, 

we draw a simple random sample of N2 members from the subpopulation 

n 2 and label the observations xf®, i = 1, 2, . . . , N2. That is, we draw each 

subsample conditional on the subpopulation (i.e., choice-based sampling). 

Since the researcher defines the sample proportions, N1 and N2 are not 

random variables and cannot be used to estimate ;t1 and K2. Thus, in this study, 

estimates of K1 and K2 are determined independently of the estimation sample, 

as discussed above in "Sampling Design in Bankruptcy Forecasting." 

Nonetheless, except for the estimation method for ir1 and n2, discriminant 
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classification rules based on assumptions 5a and 5b are identical.20 

Next is a technical assumption. 

• Assumption 6: N1 > p, and N2 > p, where p = the number of variables in 

the measurement vector. 

If this assumption does not hold, then the maximum likelihood estimator for the 

covariance matrix may be singular.21 

The last assumption concerns the sample to be classified using the 

estimated discriminant analysis rule. 

• Assumption 7: the simple random sample of observations to be classified 

is statistically independent of the estimation sample and is drawn from the 

same population. 

20This similarity is not simple to show. Efron (1975, 898) discusses the 
proof in the case of discriminant analysis. For further discussion about the 
distinction between conditional and unconditional independence, see the Panel 
on Discriminant Analysis, Classification, and Clustering (1989, 49). 

21This condition is related to the assumption that the measurement 
vector has a multivariate normal distribution. For quadratic discriminant 
analysis, the group covariance matrices X® are not equal, so we calculate the 
maximum likelihood estimates separately for each. The estimator for X© is 
nonsingular with probability one if and only if Nj > p (Anderson 1984, 63). In 
linear discriminant analysis, the group covariance matrices are equal. So, we 
calculate the maximum likelihood estimate of X using a pooled estimator which 
is nonsingular with probability one if and only if N1 + N2 - 2 > p (Johnson and 

Wichern 1988, 475). If p > 1, then N t > p and N2 > p imply that N1 + N2 - 2 > p. 

In summary, whenever N1 > p and N2 > p, the covariance estimators are 

nonsingular for both linear and quadratic cases. 
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Assumptions which define the distribution of the predictor variables. The 

next two assumptions distinguish discriminant analysis from other classification 

procedures. Discriminant rules are based on the maximum likelihood estimates 

of the means, variances, and covariances of the multivariate normal distribution. 

Assumption 8 applies to both linear and quadratic discriminant analysis. 

• Assumption 8: if the observation is from subpopulation r i j , then the vector 

of measurements, X, has a nondegenerate multivariate normal distribution 

with a mean vector, n® and a covariance matrix, X®. 

In practice, the mean vectors and covariance matrices must be estimated. The 

statistical properties of these estimators (and thus the properties of discriminant 

rules) are based on assumptions 5 through 8. 

Assumption 9 applies only to linear discriminant analysis. 

• Assumption 9: the two subpopulations have identical covariance matrices; 

that is, £(1) = s(2) = 

When assumption 9 holds, quadratic discriminant analysis reduces to linear 

discriminant analysis. 

Classification rules 

Define the following function: 

(29) UQ(x) = -(1/2) x'Ax + 0'x + y, 

where 
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(30) A = £(1H - X(2)"1, 

01) p = z< i ) - y i ) - s<2>-v2>, 

(32) y = (1/2) ln( IX<2)| / IX<1>!) - (1/2)( n(1)'z(1)"1 ^(1) - n(2)'x(2M n<2)). 

Under assumptions 1-5 and 8, if the mean vectors and the covariance matrices 

are known, then the following classification regions minimize expected loss 

(Anderson 1984, Chapter 6): 

(33) R-|: UQ(x) > ln(k), 

(34) R2: UQ(x) < ln(k), 

where 

(35) k = [C(1 I2)rc2] / [C(2l1)7r-j ]. 

That is, the optimal classification rule is to assign the observation to n1 if x e 

and to assign the observation to n2 if x e R2. The classification procedure is 

unique up to sets of probability zero. If x(1) * i f f l , then the discriminant function 

UQ(x) is quadratic in x. 

Suppose assumption 9 holds as well. Let l(1) = l(2) = Z. Define the 
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following function: 

(36) UL(x) = p x + y, 

where 

(37) 0 = Z"1(n (1 ) - |i(2>), 

(38) y = - (1/2)( - p.(2)'Z"1 ) 

= -(1/2)(n<1> - n<2))'Z"1 ( j i 0 )+ ji(2>). 

The discriminant function UQ(x) simplifies to UL(x), which is linear in x, and the 

optimal classification regions become (Anderson 1984, chapter 6) 

(39) R1: UL(x) > ln(k), 

(40) R2: UL(x) < ln(k). 

If (i® and Z®, i = 1, 2, are unknown, then Anderson (1984) suggests 

replacing these parameters with their sample estimates. For the linear case, we 

estimate £ with a pooled sample covariance estimator. Let WL(x) be the sample 

version of UL(x). If assumptions 1-9 hold, then the limiting distribution of WL(x) 

is the probability distribution of UL(x) (Anderson 1984, Theorem 6.5.1). Hence, 

as N1 and N2 go to infinity, the following sample linear discriminant rule 
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becomes arbitrarily close to optimal:22 

• Assign the observation to n1 if WL(x) > ln(k). 

• Assign the observation to n2 if WL(x) < ln(k). 

Departures From the Decision Theoretic Assumptions 

In a sense, violations of assumptions 1 and 2 are at the heart of the 

distinction drawn in this dissertation between report-based and firm-based 

sampling frames. Assumptions 1 and 2 imply that the sampling frame in 

discriminant analysis corresponds to the population: no member of the 

population is left out, and all have equal chance of selection in a simple random 

draw. This is not true for firm-based sampling frames. 

In this study, it is assumed that the decision maker's objective is to 

22We can derive similar linear classification rules under two criteria other 
than minimization of expected loss. Neither alternative minimizes expected loss 
except under special conditions. Hence, the rules are not always equivalent. 

One alternative is the likelihood ratio criterion. Anderson (1984, 213-216 
and 234-235) derives the classification rule which maximizes the likelihood 
ratio. If the covariance matrices are identical, then the asymptotic distribution of 
this rule is the same as the asymptotic distribution of WL. If N1 = N2 and the rule 

uses a cutoff equal to zero, then (for any sample size) the likelihood ratio rule is 
the same as the sample linear discriminant rule. Otherwise, the rules are 
different. 

The second alternative criterion leads to Fisher's discriminant function. 
Assume that the covariance matrices are identical. Consider the linear function 
y = b'x which maximizes the ratio of the squared distance between sample 
means of y to the sample variance of y. This function is called Fisher's 
discriminant function. The Fisher procedure and the linear procedure which 
minimizes expected loss are the same only if the ratio of costs times the ratio of 
priors equals one (i.e., k = 1) (Anderson 1984, 209). 
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minimize expected loss, given his or her prior probabilities and costs of 

misclassification. Hence, discriminant analysis with report-based frames 

satisfies assumptions 1-4. By comparison, in discriminant analysis with firm-

based frames, the sampling frame and population do not match, but otherwise 

assumptions 1-4 are satisfied. 

Departures from the Sampling Design Assumptions 

This subsection covers two issues. The first is the requirement in 

assumptions 5 and 7 that samples be simple random draws. The second is the 

requirement in assumption 7 that observations to be classified must be drawn 

from the same population as the samples used to estimate the prediction model 

and, implicitly, its error rates. The third sampling design assumption, 6, is always 

satisfied by design in this study. 

Simple random sampling requirements 

Discriminant analysis requires simple random sampling (SRS). The one 

exception is choice-based sampling by state 6 (or, alternatively, on the 

subpopulations to be classified), provided that each subsample conditional on 0 

is drawn by SRS. Probability sampling in general and SRS in particular require 

a sampling frame; the probability distributions of the inferential statistics are 

determined by the type of probability sampling from that frame. The standard 

inferential statistics in discriminant analysis presume SRS from the entire 

sampling frame or SRS conditional on 6. In this study, samples are either SRS 
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conditional on 0 or a census, regardless of the type of sampling frame. (See the 

discussion above in the section "Sampling Design in Bankruptcy Forecasting.") 

The single population requirement 

Assumption 7 requires that observations to be classified must be drawn 

from the same population as the samples used to estimate the prediction model 

and, implicitly, its error rates. The process of forecasting bankruptcy with 

estimated models inherently violates this requirement. The problem is broader 

than discriminant analysis, since all statistical classification methods are based 

on the single population requirement in assumption 7. 

Debate on use of classification tools in forecasting is not new. Joy and 

Tollefson (1975) raise the issue by observing that error rates calculated from 

estimation period samples may be inaccurate forecasts of the true future error 

rates if the cross-sectional probability distributions are not stationary. Altman 

and Eisenbeis (1978) expand this conclusion by observing that, even if error 

rate estimates are from a later period, they still may be inaccurate forecasts of 

the true future error rates, i.e., the true rates when the model eventually is 

applied to forecasting. 

At first glance, a firm-based sampling design appears to circumvent this 

problem, because it defines all observations to be from the same population. 

However, this misrepresents the forecasting process by ignoring the sequential 

nature of information and events; thus, it may lead to incorrect inferences. The 

report-based sampling design is more consistent with the forecasting process 
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but fails to satisfy the single population requirement in assumption 7; by 

definition, the actual decision period always follows the estimation period, so 

the decision period and estimation period populations always are distinct. 

A satisfactory resolution of this difficulty leads away from classification 

methods to time series forecasting, e.g., methods developed by Box and 

Jenkins (1976) and Tiao and Box (1981). However, this is beyond the scope of 

this dissertation. 

Instead, throughout this study, the estimation period populations (in 

particular, the error rate estimation period population) and the decision period 

population are assumed to be sufficiently similar for the purpose of forecasting 

bankruptcy. The validity of this assumption is examined in the sampling 

experiments by comparing expected loss based on cross-validation error rate 

estimates with estimates from a later trial decision period. Altman and Eisenbeis 

(1978) suggest that this type of comparison provides partial information on 

whether cross-sectional distributions are stationary. 

Departures From the Distributional Assumptions 

We derive the quadratic discriminant rule in equations (33)-(35) under the 

assumption that X has a nondegenerate multivariate normal distribution 

conditional on the subpopulation Flj (or, in the forecasting problem, the state 0). 

If we add the assumption that the covariance matrices are identical, then we 

obtain the linear discriminant rule in equations (39)-(40). In bankruptcy 

prediction, however, the vector of predictor variables rarely is multivariate 
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normal as required by assumption 8. 2 3 In addition, firms in financial distress 

may have financial ratios which exhibit greater variability than firms in general, 

thus violating assumption 9. 

Under these conditions, the linear and quadratic discriminant rules are not 

optimal. An initial step in determining how violations of assumptions 8 and 9 

affect discriminant analysis is to review the evidence from the literature on 

performance of the sample linear and quadratic discriminant rules when 

(a) group covariance matrices are unequal and (b) distributions are not 

multivariate normal. A discussion of this evidence requires that we first review 

the conditions under which different two-state classification problems are 

mathematically equivalent. 

Two-state classification problems which are mathematically equivalent 

Discriminant analysis requires that the vector of measurements have a 

nondegenerate distribution (assumption 8). That is, the variables must be 

noncolinear. Otherwise, the classification problem must be transformed to a 

lower dimensional space in which the variables are noncolinear. 

However, discriminant analysis does not require the variables to be 

uncorrelated. Indeed, one of the appealing characteristics of discriminant 

analysis is that correlation is irrelevant in the two-state classification problem, 

23Even if the distributions are multivariate normal, the asymptotic results 
concerning sample discriminant functions apply only for sufficiently large 
sample sizes. 
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provided that (a) the covariance matrix is nonsingular and (b) the measurement 

vector has a multivariate normal distribution conditional on 0. 

First, consider the simplest case. Let = if® = X, and assume that all 

parameters for the normal distributions are known. Under these conditions, not 

only is the linear discriminant rule optimal, the two-state linear classification 

problem is equivalent to one in which the variables are uncorrected.24 

Next, consider the case in which the covariance matrices are unequal. Let 

e(1) * e(2), and assume that all parameters for the normal distributions are 

known. Under these conditions, not only is the quadratic discriminant rule 

optimal, any two-state quadratic classification problem is equivalent to one in 

which the variables are uncorrected.25 

24Let x(1) = = x, and assume that all parameters for the normal 
distributions are known. Then the classification problem is invariant with respect 
to affine transformations. (An affine transformation has the form y = Bx + c, 
where B is a nonsingular matrix.) That is, the linear discriminant rule based on 
the transformed observations will classify all observations in the same way as 
the linear discriminant rule based on the untransformed observations. The proof 
is based on the following result: any two-state linear classification problem can 
be transformed to an equivalent problem in which the common covariance 
matrix is the identity matrix (Anderson 1984, 216-217). Thus, any two-state 
linear classification problem is equivalent to one in which the variables are 
uncorrelated. 

25Let X<1) * X<2), and assume that all parameters for the normal 
distributions are known. Then the classification problem is invariant with respect 
to affine transformations. The proof is based on the following theorem. Let A and 
B be positive-definite matrices of order p. Then, there exists a nonsingular 
matrix F such that F'BF = A and F'AF = I, where A is a diagonal matrix whose 
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Now, consider the case in which the covariance matrices are equal, the 

measurement vector has a multivariate normal distribution conditional on 0, but 

the population parameters are unknown. Even though we now must estimate 

the parameters, the two-state linear classification problem is equivalent to one 

in which the variables are uncorrelated.26 

Finally, even if the distributions are not multivariate normal, we still can 

transform discriminant rules to rules in which the variables are uncorrelated in 

each group. However, the classification problem no longer is invariant.27 

diagonal elements satisfy the following relationships: (a) > A,2 > ... > Xp > 0; 
and (b) I B-XjA I = 0, i = 1, 2, ..., p (Anderson 1984, 589). Thus, we can apply 
an affine transformation y = Fx + c to obtain an equivalent classification 
problem in which the covariance matrices take the form = I and if® = A. 
(The proof is similar to Anderson's proof for the case when the covariance 
matrices are equal.) Hence, any two-state quadratic classification problem is 
equivalent to one in which the variables are uncorrelated. 

26The classification problem continues to be invariant under affine 
transformations (Anderson 1984, 217). That is, even though we must estimate 
the parameters, the two-state linear classification problem is equivalent to one 
in which the variables are uncorrelated. 

27Even if the distributions are not multivariate normal, the matrix theorems 
still apply. We still can transform linear and quadratic discriminant rules to rules 
in which the variables in each group are uncorrelated. However, the 
classification problem no longer is invariant. Under the assumption of normality, 
affine transformations of vectors remain multivariate normal, because linear 
combinations of normal variables are normal. This leads to the invariance 
results presented by Anderson. In general, however, parametric families of 
distributions are not invariant under affine transformations, so the probabilities 
of misclassification will no longer be invariant. 
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Unequal group covariance matrices 

If the parameters are known and the measurement vectors are multivariate 

normal conditional on 0, then the quadratic discriminant rule will be optimal. 

When z(1) = z(2), the quadratic rule reduces to the linear discriminant rule. When 

the degree to which the quadratic rule improves on the linear rule 

depends on several factors, whether or not the parameters must be estimated. 

In some cases, the sample linear rule outperforms the sample quadratic rule. 

Gilbert (1969) studies the case in which parameters are known and the 

covariance matrices are diagonal: specifically, S<1) = I, and E<2) = XI. Gilbert 

finds that the performance of the quadratic rule relative to the linear rule 

(a) improves as the number of variables increases; (b) declines as the distance 

between the group means increases; and (c) improves as the covariance 

matrices become more different (i.e., as X increases or decreases from one). 

Based on the invariance results discussed above, Gilbert's conclusions apply to 

any problem in which we can apply an affine transformation and obtain £(1) = I 

and = AJ (assuming the conditional probability distributions are multivariate 

normal). 

In general, however, the parameters are unknown and must be estimated. 

If the distributions are multivariate normal and the samples are sufficiently large, 

then the sample quadratic rule generally outperforms the sample linear rule. 

However, under some circumstances, the linear rule may perform better. 
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Marks and Dunn (1974) compare performance of the classification rules 

when parameters are known (the asymptotic case) to the performance when 

parameters are estimated. They use 25 observations per group for most of their 

analysis. Wahl and Kronmal (1977) replicate the study by Marks and Dunn but 

use samples with 100 observations per group. Their conclusions are similar to 

those of Marks and Dunn except that the quadratic rule outperforms the linear 

rule in all circumstances that they examine. The following conclusions 

summarize the results from both papers. 

The performance of the quadratic rule improves as sample size increases. 

For sufficiently small sample sizes, the sample linear rule outperforms the 

sample quadratic rule under some circumstances; e.g., the case with 25 

observations per group, 10 variables in the model, and either sufficiently large 

separation between group means or sufficiently small difference between the 

group covariance matrices. For sample sizes of 200 observations per group, 

expected loss of the discriminant rule approaches its asymptotic value, and the 

sample quadratic rule dominates. 

The relative performance of the quadratic rule improves as Z<1) and Z<2) 

diverge. If the measurement vector has a multivariate normal distribution 

conditional on 0, then we can transform the classification problem to an 

equivalent one in which z(1) = I and x(2) = A, where A is a diagonal matrix with 

positive diagonal elements. This reduces the number of possible comparisons 

between the two covariance matrices. However, as number of variables 
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increases, so does the complexity of the way in which the two matrices can 

differ. Marks and Dunn and Wahl and Kronmal limit themselves to cases where 

z(2) = diag{A,, X , . . . , X} or£(2) = diag{X, X , . . . , X, 1,1 1}. For small samples, if 

the difference between the covariance matrices is sufficiently small, then the 

sample linear rule outperforms the sample quadratic rule under some 

circumstances; e.g., the case with 25 observations per state 0 and 10 variables. 

Relative performance also depends on other characteristics. For example, 

as the distance between the means goes to zero, performance of the quadratic 

rule improves and dominates the linear rule. As the number of variables 

increases, the relative performance of the quadratic rule improves, provided that 

the sample size is sufficiently large; e.g., 100 observations per group. However, 

for sample sizes which are small compared to the number of variables, cases 

exist where the sample linear rule outperforms the sample quadratic rule. 

Distributions which are not multivariate normal 

When the distributions are not multivariate normal, a comprehensive 

analysis of classification performance is much more difficult. In particular, we 

can no longer transform the classification problem to a relatively simple yet 

equivalent form in which variables are uncorrelated. More importantly, linear 

and quadratic discriminant rules are not optimal, and the corresponding 

sample-based rules will not be optimal asymptotically. Thus, it becomes 

important in bankruptcy prediction to identify the distributions of the financial 

variables and to evaluate whether normalizing transformations will help. 
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Evidence on the distributions of financial variables. Many financial 

variables are not normal by definition. For example, the ratio of any balance 

sheet item to total assets lies in the interval [0,1]. For these variables, a beta 

distribution may be a better model of the probability distribution. Other financial 

variables (e.g., total assets) are nonnegative, so a gamma distribution might be 

more suitable. 

Empirical evidence indicates that most ratios and other financial variables 

have marginal distributions which are not univariate normal. (See table 34 in 

the Appendix.) Frequently, these distributions exhibit significant skewness and 

positive kurtosis.28 In addition, test statistics for normality appear to have highly 

unstable values from year to year, suggesting that distribution functions fluctuate 

in shape over time and differ from a normal distribution more so in some years 

than in others. These results persist even for relatively homogeneous 

populations of firms; Ezzamel, Mar-Molinero, and Beecher (1987) do not find 

any tendency for ratios to be closer to normal when from a specific industry 

rather than from a broader industrial group.29 

28A univariate normal distribution has zero skewness and zero kurtosis; 
positive kurtosis indicates fatter tails than in the normal distribution. 

29Deakin (1976) examines six SIC industry subgroups of all manufacturing 
firms. Although he rejects the normality assumption less frequently for individual 
subgroups than for manufacturing firms as a whole, Deakin notes that his 
subgroup samples are much smaller than his samples of all manufacturing firms 
and cautions that the tests become less sensitive to departures from normality 
as sample size decreases. By comparison, Ezzamel, Mar-Molinero, and 
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Distributional form is highly sensitive to observations in the tails. For 

example, Foster (1986) reports that the skewness coefficient for the current ratio 

drops from 43.00 to 1.54 when the top and bottom 1% of observations (36 of 

1,865) are trimmed. Thus, including or omitting a small number of extreme 

observations could result in drastic changes in the apparent distributional form. 

In particular, skewness, kurtosis, and other measures of departure from 

normality are sensitive to extreme observations.30 

Missing data complicates interpretation of the empirical evidence. For 

example, Foster (1986) analyzes the distributions of 26 financial variables using 

the 1983 Compustat Annual Industrial File. Depending on the variable, the 

number of observations available ranges from 1,570 to 2,167. The missing data 

problem is worse with earlier data. For example, Deakin's (1976) population 

declines from 1,114 companies in 1973 to 454 companies in 1955, while Frecka 

and Hopwood's (1983) population declines from 1,243 firms in 1978 to 346 

firms in 1950. Both declines are due to firms dropped because of missing data. 

Given the sensitivity of skewness and kurtosis to observations in the tails, 

specific conclusions about distributions may also be sensitive to missing values. 

Beecher (1987) do not find any tendency for ratios to be closer to normal when 
from a specific industry rather than from a broader industrial group. In their 
study, however, each sample from a specific industry is about the same size as 
the sample from the general population. So, sample size does not confound 
their results as it does in Deakin's study. 

30For example, see Frecka and Hopwood (1983), So (1987), and Watson 
(1990). 
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The above evidence has two important limitations. First, the authors 

describe unconditional cross-sectional distributions, whereas discriminant 

analysis concerns distributions conditional on the future state 6. Second, most 

evidence concerns marginal distributions of the variables rather than 

multivariate distributions. In discriminant analysis, we need to know the 

multivariate distribution, which cannot be reconstructed from the marginal 

distributions alone. Nevertheless, a multivariate normal distribution cannot have 

nonnormal marginal distributions, so evidence that the (univariate) marginal 

distributions are nonnormal implies that the multivariate distribution is 

nonnormal as well. 

Evidence on the effectiveness of normalizing transformations. Given the 

strong empirical evidence that marginal distributions for financial variables are 

not normal, it becomes important to evaluate whether normalizing 

transformations would improve the performance of discriminant rules. The 

transformations examined most often in the literature belong to the family of 

power transformations first proposed by Box and Cox (1964). Of these, the 

natural logarithm and the square root have received the most attention. The 

empirical evidence indicates that, if the skewness in the original univariate 

distribution is significant, then natural logarithm and square root transformations 

yield distributions with substantially reduced skewness and kurtosis. (See table 

34 in the Appendix.) Hence, these two transformations are applied in this study 

where possible and appropriate. (See the discussion above on selection of 
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predictor variables and their proxies.) 

Unfortunately, it is unclear which transformations will be effective in most 

situations. First, the empirical evidence suggests that the appropriate power 

transformation for a financial variable may change significantly from year to year 

(Watson 1990). Second, missing data may contribute to the apparent instability 

in distributional form over time, since statistics such as skewness and kurtosis 

are sensitive to extreme observations. Third, the appropriate transformation may 

differ from industry to industry (Ezzamel, Mar-Molinero, and Beecher 1987). 

Fourth, even if the transformations yield marginal distributions which are 

approximately normal, the vector of transformed variables may not be 

multivariate normal. 

Reasons for Using Discriminant Analysis in This Study 

Vectors of financial variables generally are not multivariate normal, and it is 

unclear which normalizing transformations will be effective. Thus, a logical 

alternative is to apply statistical classification methods which are not dependent 

on the distributional form of the predictor variables. Generally speaking, two 

types of alternatives appear in the bankruptcy prediction literature: 

(a) forecasting based on limited dependent variable models, such as logit or 

probit; or (b) distribution-free classification, such as recursive partitioning. 

Nevertheless, discriminant analysis is selected for this study. In practice, 

linear discriminant analysis performs reasonably well compared to other 

methods less sensitive to the distributions of the variables. Thus, practical 



120 

advantages to using it may outweigh any theoretical advantages which other 

methods possess. In particular, discriminant analysis is computationally more 

efficient for the sampling experiments in this study. 

Relative performance 

Simulation studies show that discriminant analysis works well in many 

circumstances. Linear discriminant analysis and logit tend to have similar 

accuracy under a variety of conditions (Schmitz, Habbema, Hermans, and 

Raatgever 1983). Linear discriminant methods are well behaved on logit normal 

distributions, although less so on log normal or inverse hyperbolic sine normal 

distributions (Lachenbruch, Sneeringer, and Revo 1973). Quadratic analysis is 

robust to nonnormality except when the distribution is highly skewed (Clarke, 

Lachenbruch, and Broffitt 1979) (Lachenbruch, Sneeringer, and Revo 1973). 

Linear discriminant analysis performs about as well as other classification 

methods when applied to bankruptcy prediction. Comparative studies in the 

literature show that no one method clearly outperforms the others under all 

circumstances.31 In particular, linear discriminant analysis, logit, and probit 

3 1 In particular, see the following comparative studies in which 
classification methods are applied to business failure prediction: Gessner, 
Kamakura, Malhotra, and Zmijewski (1988), Hamer (1983), Lane, Looney, and 
Wansley (1986), Looney, Wansley, and Lane (1989), and Pacey and Pham 
(1990). Forecasting studies for applications other than bankruptcy prediction 
also indicate that discriminant analysis, logit, and probit often perform similarly. 
For example, see Ingram and Frazier (1982), who compare performance of 
logit, probit, and linear discriminant analysis applied to forecasting the 
acceptance or rejection of mortgage loan applications. 
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frequently yield similar error rate estimates. Even when they do not, one method 

often has the lowest error rate for bankruptcies, while another has the lowest 

error rate for nonbankruptcies (or vice-versa). When this occurs, relative ranking 

based on expected loss will depend on the misclassification costs and prior 

probabilities. For example, Frydman, Altman, and Kao (1985) compare 

expected loss for recursive partitioning and linear discriminant models. As the 

ratio of misclassification costs increases from one to seventy, the relative 

ranking of the two methods changes order several times. 

Practical advantages 

One practical reason for considering discriminant analysis is its popularity 

in the bankruptcy prediction literature. Using discriminant analysis enhances 

the comparability of this dissertation with studies in the literature. In addition, 

discriminant analysis enjoys computational advantages which become 

important in large scale sampling experiments such as those in this study. First, 

unlike parameter estimation for logit, probit, or recursive partitioning, maximum 

likelihood estimates of discriminant coefficients are calculated directly and do 

not require an iterative estimation method. Second, if the sampling is 

conditional on the future states as in this study, then maximum likelihood 

coefficient estimates are calculated in the same way as if a simple random 

sample were drawn from the population. Maximum likelihood estimation for logit 

and probit, on the other hand, must be modified along the lines suggested by 

Manski and Lerman (1977). 
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Analysis With Sampling Experiments 

This section begins with a description of the hypotheses which are tested 

with sampling experiments using historical financial data. Next, the procedures 

for conducting the sampling experiments are explained. Finally, the statistical 

methods applied to evaluate each sampling experiment are described. 

Research Hypotheses 

The major research hypotheses are divided into three groups. The 

purpose of the first group is to compare simple missing data methods to 

determine whether or not they are equivalent. The purpose of the second group 

is to compare report-based and firm-based sampling designs to determine 

whether the bias from report-based designs is significant. The purpose of the 

third group is to assess performance of discriminant analysis when applied to 

forecasting bankruptcy. 

Comparison of Simple Missing Data Methods 

In the above section, "Sampling Design in Bankruptcy Forecasting," three 

simple approaches for handling missing data are described: collect missing 

values from Moody's Manuals; assign the value zero to any Compustat item 

with a "combined figure" code; or drop an observation if one or more variables 

has a missing value. Missing data methods studied in this section combine 

these three approaches. The purpose of the following hypothesis tests is to 

determine whether these missing data methods are significantly different or not. 
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Replacement data from Moody's Manuals 

The first hypothesis concerns whether prediction models perform 

differently if "combined figure" codes are replaced with Moody's data or with 

zeros.32 In principle, using a value from Moody's Manual should be more 

accurate than simply assigning zero to the missing value. On the other hand, 

data from Moody's might introduce a systematic data source bias which would 

bias performance optimistically. In either case, replacing missing values with 

Moody's data should lead to lower expected loss, which indicates that a one-

sided hypothesis test is appropriate.33 

The missing data methods to be compared are labeled #1 and #2. Method 

#1 uses replacement values from Moody's. This method has four steps: 

(1) when accounts receivable or total inventories have "combined figure" codes, 

replace them with Moody's data whenever possible; (2) replace any remaining 

"combined figure" codes with zero; (3) recalculate all 32 predictor variables; and 

(4) drop any observations which still have undefined or missing variables. 

Method #2 replaces all "combined figure" codes with zero. This method has 

three steps: (1) replace all "combined figure" codes with zero; (2) recalculate 

32For proportions of annual reports in the data base which have 
"combined figure" codes, see table 38 in the Appendix. 

33Note, however, that if the null hypothesis is rejected, the two alternative 
explanations for lower expected loss cannot be distinguished based on the 
financial data alone. 
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all 32 predictor variables; and (3) drop any observations which still have 

undefined or missing variables. 

The general hypothesis compares the expected loss for the prediction 

model when the two different missing data methods are applied. 

• Null Hypothesis 1: the expected loss using missing data method #1 is not 

significantly different from the expected loss using method #2. 

• Alternative Hypothesis 1: the expected loss using missing data method #1 

is significantly lower than the expected loss using method #2. 

Hypothesis 1 is tested with a sampling experiment consisting of several 

sets of independent trials. Trials are paired: one trial uses missing data method 

#1; the other uses method #2. Certain characteristics of the prediction problem 

remain fixed for the entire experiment: (a) future states and prediction horizon 

(two states—bankruptcy and nonbankruptcy—with a one year horizon); (b) the 

set of 32 predictor variables (see table 37 in the Appendix); and (c) type of 

sampling frame (report-based). Other characteristics remain fixed for all trials in 

a given set but change from set to set. For each individual trial, the same 

missing data method is applied to both the estimation and trial decision period 

frames; that is, coefficient estimates and the corresponding error rate estimates 

are based on the same missing data method. 

Complete data analysis 

The second hypothesis concerns whether prediction models perform 

differently if observations with missing values are omitted entirely. This missing 
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data method is called complete data analysis (Little and Rubin 1987). 

The three predictor variables which are functions of market value of equity 

(MVE) or retained earnings (RE) are the only variables for which a significant 

number of annual reports have missing values due to Compustat's "missing 

value" code. (For a list of the 32 variables, see table 38 in the Appendix.) While 

the numbers are proportionally small (no more than 0.6% per year for the ratio 

RE to total assets and no more than 2.6% per year for the two variables based 

on MVE), the absolute numbers—about 40 to 60 reports per year over 

1980-1989—are too many for efficient manual collection of the data from other 

sources.34 Hence, the test for the effects of complete data analysis when values 

of the RE and MVE variables are missing is an indirect one. 

Specifically, the models in this test are based on the 29 variables which 

are not functions of MVE or RE. An indirect test is reasonable in this case, since 

the variables based on RE and MVE are each correlated with several of the 

other 29 variables. Hence, information in the former is reflected (at least 

partially) in the latter. (See table 40 in the Appendix.) These 29-variable models 

are tested to see if they perform differently if observations with "missing value" 

codes for MVE or RE are kept or omitted. If MVE or RE are missing because the 

firms are distressed, then dropping those observations should bias the error 

34Market value data is readily available in machine readable form. The 
difficultly lies in cross-referencing this many specific firms in different data 
bases. The process is extremely time consuming, as was discovered when this 
author searched for current asset data in Moody's Manuals. 
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rates downward, since distressed firms are difficult to forecast accurately (as 

explained above in chapter 2). This in turn should bias the expected loss 

downward. This comparison calls for a one-sided hypothesis test for differences 

in the expected value. 

The two missing data methods to be compared are labeled #3 and #4. 

Method #3 keeps observations for which MVE or RE are missing. This method 

has three steps: (1) set all "combined figure" codes to zero for the 29 variables 

not dependent on MVE or RE; (2) recalculate the 29 predictor variables; (3) drop 

any observations which still have undefined or missing variables among the 29. 

Method #4 omits observations missing MVE or RE (even though these missing 

measurements alone would not cause an entire observation to be omitted for 

the 29-variable model). This method has four steps: (1)—(3) as in method #3; 

and (4) drop any observation for which MVE or RE has a "missing value" code. 

The general hypothesis compares the expected loss for the prediction 

model when the two different missing data methods are applied. 

• Null Hypothesis 2: the expected loss using missing data method #3 is not 

significantly different from the expected loss using method #4. 

• Alternative Hypothesis 2: the expected loss using missing data method #3 

is significantly higher than the expected loss using method #4. 

Hypothesis 2 is tested with a sampling experiment consisting of several 

sets of independent trials. Trials are paired: one trial uses missing data method 

#3; the other trial uses method #4. Certain characteristics of the prediction 
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problem remain fixed for the entire sampling experiment: (a) the future states 

and the prediction horizon (two states—bankruptcy and nonbankruptcy—with a 

one year horizon); (b) the set of 29 predictor variables which are not functions of 

MVE or RE (see table 37 in the Appendix); and (c) the type of sampling frame 

(report-based). Other characteristics remain fixed for all trials in a given set but 

change from set to set. For each individual trial, the same missing data method 

is applied to both the estimation and trial decision period frames; that is, 

coefficient estimates and the corresponding error rate estimates are based on 

the same missing data method. 

Comparison of Report-based Versus Firm-based Sampling Designs 

Next, firm-based sampling designs are compared with report-based 

sampling designs to determine whether expected loss is significantly different 

on the two. In principle, firm-based designs should lead to optimistically biased 

error rates and hence to estimates of expected loss which are biased 

downward. Thus, the hypothesis tests are one-sided. 

Three hypotheses, which correspond to one, two, and three year prediction 

horizons, are tested. Each hypothesis takes the following form: 

• Null Hypothesis: assume that the prediction horizon is H years. The 

expected loss using firm-based sampling designs is not significantly 

different from the expected loss using report-based sampling designs. 

• Alternative Hypothesis: assume that the prediction horizon is H years. The 

expected loss using firm-based sampling designs is significantly lower 
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than the expected loss using report-based sampling designs. 

The hypotheses are labeled as 3, 4, and 5, and correspond to H equal to one, 

two, or three years, respectively. 

Each hypothesis is tested with a sampling experiment. The experiment 

consists of several sets of independent trials. Trials are paired: one trial uses 

firm-based sampling designs for all sampling; the other trial uses report-based 

sampling designs for all sampling. For each hypothesis test, certain 

characteristics of the prediction problem remain fixed for the entire sampling 

experiment: (a) the future states and the prediction horizon (two 

states—bankruptcy and nonbankruptcy—with a H year horizon); (b) the 

predictor variables; and (c) the missing data method. In each pair of trials, the 

future states are defined in a manner consistent with the sampling design. The 

specific set of predictor variables and the specific missing data method depend 

on the outcome of the missing data tests (hypotheses 1 and 2). 

Assessment of Predictive Performance 

To evaluate the predictive performance of the discriminant models, each is 

compared with its corresponding no-data Bayes rule. The latter serves as a 

standard for minimum acceptable performance. In this part of the analysis, four 

types of tests are conducted. The first is a formal statistical test of whether two-

state discriminant rules have significantly lower expected loss than the 

corresponding no-data Bayes rules. The second is a comparison of the total 

error rates for two-state discriminant models in this paper with total error rates 
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reported in the literature. The third is a comparison of expected loss based on 

cross-validation with expected loss based on samples from a later period; these 

tests provide evidence concerning changes in error rate estimates over time. 

The fourth is a formal statistical test of whether a three-state discriminant rule 

which forecasts year of bankruptcy has significantly lower loss than its 

corresponding no-data Bayes rule. 

Discriminant versus no-data Bayes rules 

Two-state discriminant rules are tested to see if they have significantly 

lower expected loss than corresponding no-data Bayes rules. If so, then 

decision makers generally would choose a discriminant rule instead of a no-

data Bayes rule. Three hypotheses are tested; they correspond to one, two, and 

three year prediction horizons. Each hypothesis takes the following form: 

• Null Hypothesis: assume a H year prediction horizon. The expected loss 

using a discriminant rule is not significantly different from the expected loss 

using the corresponding no-data Bayes rule. 

• Alternative Hypothesis: assume a H year prediction horizon. The expected 

loss using a discriminant rule is significantly lower than the expected loss 

using the corresponding no-data Bayes rule. 

The hypotheses are labeled as 6a, 7a, and 8a, which correspond to H equal to 

one, two, or three years, respectively. 

Each hypothesis is tested with a sampling experiment consisting of several 

sets of independent trials. Trials are paired: one trial uses a discriminant rule; 
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the other trial uses a no-data Bayes rule. Certain characteristics of the 

prediction problem remain fixed for the entire sampling experiment: (a) the 

future states and the prediction horizon (two states— bankruptcy and 

nonbankruptcy—with a H year horizon); (b) the type of sampling frame (report-

based); and (c) the missing data method. The specific set of predictor variables 

for the discriminant model and the specific missing data method depend on the 

outcome of the missing data tests (hypotheses 1 and 2). 

Total error rates of discriminant rules 

The great majority of authors in the literature report total error rate as their 

measure of predictive performance instead of using expected loss as is done in 

this dissertation. In order to assess whether comparable claims about predictive 

performance are being made, total error rates are compared. Total error rates in 

the literature (summarized in table 33 of the Appendix) are compared with total 

error rates for the discriminant models in the sampling experiments for 

hypotheses 6a, 7a, and 8a.35 Similarity of the total error rates would strengthen 

the comparability of the results in this dissertation with those in the literature. 

This would indicate that conclusions in this dissertation which are based on 

3 5 N O formal statistical test is conducted, however. Many authors use 
discriminant analysis, and many sets of predictor variables in the literature 
overlap with the set in this dissertation. In general, however, sampling designs, 
classification models, and predictor variables differ from paper to paper and are 
not exactly the same as in this dissertation. Hence, a formal statistical 
comparison of total error rates is not practical. 
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expected loss are relevant to the bankruptcy prediction models reported in the 

literature. 

Total error rate can be interpreted as expected loss for special cases of 

costs and priors. For the validation sample, let Np(
v) = the number of bankruptcy 

observations, Nn f(
v) = the number of nonbankruptcy observations, nF = the 

number of misclassified bankruptcy observations, and nNF = the number of 

misclassified nonbankruptcy observations. Then the total error rate (TER) is 

(41) TER = ( n F + nNF)/(NF<v>+ NNF<
V>) = (np/NpWJpfBp) + (nNF/NNFM)p(8NF), 

where 

(42) p(0p) = Np(vV(l\lp(v) + N n f
( v ) ) . 

(43) p(eNF) = N N F M / ( N F M + N N F M ) , 

and where np/NpM is the error rate estimate for bankruptcy observations, 

nNF/NNF(v)'s the error rate estimate for nonbankruptcy observations, p(0F) is 

the sample proportion of bankruptcy observations, and p(0NF) is the sample 

proportion of nonbankruptcy observations. Suppose that costs of 

misclassification are equal (i.e., the cost ratio C = 1) and that the sample 

proportions are unbiased estimates of the prior probabilities, jt(0 f) and Jt(eNF). 
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Then TER is an estimate of expected loss, and any bias will be due to the type 

of error rate estimation. In the literature, however, sample proportions rarely are 

unbiased estimates of the prior probabilities, since most samples are stratified 

using either a matching or a choice-based design. (See table 35 in the 

Appendix.) Hence, TER in the literature usually in not an unbiased estimator of 

expected loss, even when C = 1.36 

Changes in error rate estimates over time 

A fundamental assumption in discriminant analysis is that the observations 

to be classified are drawn from the same population as the sample used to 

estimate the error rates. Similarly, in the tests of the hypotheses above, the 

results are interpreted under the assumption that the estimated expected loss is 

an unbiased forecast of future expected loss (i.e., loss on the actual decision 

period as opposed to the validation period). As noted in chapter 2, however, 

evidence in the literature suggests that cross-sectional distributions of financial 

predictor variables are not stationary. If so, then error rates, and thus expected 

loss, should be lower when estimated from the model estimation period than 

when estimated from a later period. 

The assumption that error rates are stationary is tested by comparing 

expected loss based on cross-validation error rate estimates with expected loss 

36Furthermore, costs of misclassification are unlikely to be equal (Altman 
1984a). 
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based on error rate estimates from a later period. For cross-validation, the 

population is represented by the estimation period sampling frame. For the later 

period error rate estimates, the population is represented by the sampling 

frames corresponding to the one year validation period which immediately 

follows the model estimation period. Three hypotheses are tested and 

correspond to one, two, and three year prediction horizons. Each hypothesis 

takes the following form: 

• Null Hypothesis: assume a H year prediction horizon. The expected loss 

with error rates estimated from the estimation period is not significantly 

different from the expected loss with error rates estimated from the later 

validation period. 

• Alternative Hypothesis: assume a H year prediction horizon. The expected 

loss with error rates estimated from the estimation period is significantly 

less than the expected loss with error rates estimated from the later 

validation period. 

The hypotheses are labeled 6b, 7b, and 8b, which correspond to H equal to 

one, two, or three years, respectively. 

Each hypothesis is tested using the same sampling experiments as for the 

corresponding test comparing discriminant models with their counterpart no-

data Bayes rules. Since the same trials are used for each pair of hypotheses 

(e.g., 6a and 6b), the conclusions are statistically dependent. 
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Three-state prediction model 

Finally, an unconditional three-state forecasting model is evaluated. 

Assume that the decision maker defines the following three states: (a) the firm 

declares bankruptcy sometime during the next year; (b) the firm declares 

bankruptcy sometime during the second year from today, having not declared 

bankruptcy in the first year; and (c) the firm does not declare bankruptcy during 

the next two years. To judge the information content of the three-state 

discriminant models, each discriminant rule is compared with the corresponding 

three-state, no-data Bayes rule. The formal hypothesis is the following: 

• Null Hypothesis 9: assume a two year prediction horizon and the three 

future states as described above. The expected loss using the three-state 

discriminant rule is not significantly different from the expected loss using 

the corresponding no-data Bayes rule. 

• Alternative Hypothesis 9: assume a two year prediction horizon and the 

three future states as described above. The expected loss using the three-

state discriminant rule is significantly less than the expected loss using the 

corresponding no-data Bayes rule. 

Hypothesis 9 is tested with a sampling experiment consisting of several 

sets of independent trials. Trials are paired: one trial uses the three-state 

discriminant rule; the other trial uses the corresponding no-data Bayes rule. 

Certain characteristics of the prediction problem remain fixed for the entire 

sampling experiment: (a) the three future states described above; (b) the type of 
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sampling frame (report-based); and (c) the missing data method. The specific 

set of predictor variables for the discriminant model and the specific missing 

data method depend on the outcome of the missing data hypothesis tests. 

Procedures for Conducting the Experimental Trials 

Each research hypothesis is tested with a sampling experiment using 

financial data taken primarily from Compustat. Each sampling experiment 

consists of a several sets of trials. In this subsection, the structure of the 

sampling experiment is described and its relationship to the hypothesis test is 

explained. Then, an outline of the steps taken to conduct an individual trial is 

presented. 

The Sampling Experiment 

Each sampling experiment consists of several sets of independent trials. 

Certain characteristics of the prediction problem remain fixed for the entire 

sampling experiment. Other characteristics remain fixed for all trials in a given 

set but change from set to set. In particular, all trials in a given set have the 

same misclassification costs, prior distributions, form of the discriminant model 

(i.e., linear or quadratic), type of industry (i.e., industrial, unregulated industrial, 

or manufacturing), estimation time period, and later trial decision period. 

In each set, trials are paired. Each individual pair of trials is a simulation of 

a hypothetical decision maker who applies discriminant analysis to estimate a 

bankruptcy forecasting model and then estimates the error rates in order to 
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calculate expected loss. Each member of a pair represents one of the 

alternatives in the hypothesis. If the hypothesis compares two missing data 

methods, then one trial is conducted with one method and the other trial with the 

second method. If the hypothesis compares report-based and firm-based 

sampling designs, then one trial is conducted with a report-based design and 

the other with a firm-based design. If the hypothesis compares a discriminant 

rule and a no-data Bayes rule, then each trial is conducted with one of the 

decision rules. 

Generally, 100 pairs of trials per set are conducted. As explained below in 

chapter 4, this assures that the test statistics discussed below are approximately 

standard normal for each set of trials. 

All trials are statistically independent. This independence holds between 

members of a pair of trials, between trials in a given set, between different sets 

of trials, and between different hypotheses (unless they are labeled as version a 

and b). The trials are assumed to be independent, since the simple random 

samples in each trial are selected using a pseudo-random number generator.38 

37Expected loss for the no-data Bayes rule can be calculated analytically 
in all cases. So, only the discriminant rule actually is simulated. 

38The random number generator is the UNIFORM function in SAS/IML, 
release 6.07 (SAS Institute Inc. 1990). This function returns pseudo-random 
numbers with a uniform distribution over the interval [0, 1]. The simulation 
program in this study runs for several sets of trials at a time. Each time the 
simulation program runs, the first argument to UNIFORM is zero, in which case 
I ML uses the system clock for the seed. 
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Sets of trials in a sampling experiment are statistically independent. 

Hence, each hypothesis test described above actually consists of a series of 

simultaneous and statistically independent tests, where each individual test 

corresponds to one of the sets of paired trials. 

General Procedure for Each Trial 

The general procedure for conducting each individual trial is the same. In 

each set of trials, the sampling design and prediction model characteristics 

define the sampling frames. This is the starting point for each individual trial. If 

the decision rule is no-data Bayes, then a simple closed form expression exists 

for the expected loss. So, the expected loss is calculated directly without 

simulation. If the decision rule is based on discriminant analysis, then the 

following procedures apply. 

The first step: draw a training sample from the model estimation sampling 

frame. This sample is choice-based and consists of a census of the bankruptcy 

observations and an equal size, simple random sample from the nonbankruptcy 

observations.39 The training sample is drawn anew in each trial. 

The second step: estimate the discriminant function coefficients. That is, 

calculate the sample linear or quadratic discriminant function from the training 

39Simple random sampling is without replacement. If the sample is 
relatively small compared to the population, then sampling with replacement 
and sampling without replacement are approximately the same (Feller 1968, 
1:59). In this study, the samples of nonbankruptcies always are small compared 
to the population. 
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sample. 

The third step: forecast the error rates using resubstitution and cross-

validation. For these two methods, the validation sample is the same as the 

training sample. Calculate the cross-validation error rates using either the linear 

discriminant functions derived by Lachenbruch (1975) or the quadratic 

discriminant functions reported in Hand (1981).40 

The fourth step: draw a choice-based sample and a full census from a 

later period sampling frame. (Both are referred to as later period validation 

samples.) The sampling frame always is defined to immediately follow the 

40For linear discriminant analysis, Lachenbruch (1975) presents his cross-
validation discriminant functions in equations (2-33) through (2-36). I 
independently confirmed the formulas in these equations by carrying out the 
mathematical derivation. Note, however, that equation (2-36) contains two 
typographical errors. Specifically, the second term should be corrected to read 

C2 [(v - 1 ) /v2 ] { Q 2 2
2 ( X j ) / [ 1 - (C2/v)Q22(Xj)]}. 

In his quadratic discriminant functions, Lachenbruch uses the maximum 
likelihood estimators for the covariance matrices rather than the unbiased 
estimators. Since the unbiased estimators for the covariance matrices are used 
throughout this dissertation, Lachenbruch's formulas cannot be used directly in 
this study. Instead, quadratic discriminant functions similar to those reported by 
Hand (1981, 188-189) are applied. Note, however, that Hand's function g has a 
typographical error. The third term in the expression should read 

2 ln[n2/(n1 - 1)] if xk is from population 1, 

and 

2-ln[n1/(n2 - 1)] if xk is from population 2. 



139 

model estimation period sampling frame.41 The choice-based sample consists 

of a census of the bankruptcy observations and an equal size, simple random 

sample from the nonbankruptcy observations. The choice-based sample is 

drawn anew in each trial. 

The fifth step: forecast the error rates using the later period validation 

samples. Apply the discriminant model (with coefficients estimated from the 

training sample) to classify these observations and then calculate the error 

rates. Two sets of error rate estimates result, one corresponding to the choice-

based sample and the other to the census. 

The last step: calculate the estimated expected loss for each of the sets of 

error rate estimates. For report-based sampling frames, the estimates of 

expected loss based on resubstitution, cross-validation, and later period census 

are highly correlated, since they share the same source of randomness in each 

trial. The only source of randomness in all three approaches is the training 

4 1 In most cases, the later validation period is taken to be the first year 
following the model estimation period. However, in the tests of hypotheses 1 
and 2, a second later validation period is used as well and covers the first two 
years following the model validation period. The two year later validation period 
is not used for the tests of the remaining hypotheses for two reasons. First, the 
simulation results from the tests of hypotheses 1 and 2 indicate that results 
based on the two year later validation period are so similar to results based on 
the one year later validation period that they do not materially change any 
conclusions based on the one year period alone. Second, execution time and 
memory limits made it impractical to use a later period census longer than one 
year for simulations with either (a) quadratic discriminant models or (b) firm-
based sampling frames. 
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sample, and the same training sample is used for all error rate methods in a 

given trial.42 On the other hand, the later period choice-based sample is 

statistically independent of the training sample, so the estimates of expected 

loss based on the later period choice-based sample should have much lower 

correlation with the other types of estimates of expected loss. 

Statistical Tests 

Each research hypothesis is evaluated by conducting a sampling 

experiment and calculating appropriate test statistics. Hypothesis tests fall into 

two categories, and the appropriate test statistic is different for each. The first 

category concerns comparisons of expected loss under two different research 

designs and thus requires a two-sample test of the means. The second category 

concerns comparisons of expected loss for discriminant rules versus 

corresponding no-data Bayes rules. These comparisons require a one-sample 

test of the mean. 

42Firm-based sampling frames introduce an additional source of 
randomness to the simulation. If the sampling period is two or more years long, 
then at each trial an annual report is selected randomly to represent each 
nonbankruptcy observation, assuming that more than one report is available for 
the firm. As a result, whenever both the model estimation period and later 
validation period are longer than one year, the sampling frames themselves are 
statistically independent. Hence, estimates of expected loss based on the later 
period census should have a relatively low correlation with the resubstitution 
and cross-validation estimates. 
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Differences in Expected Loss: Two-sample Tests 

This discussion covers four topics. First, equivalent forms for the 

hypothesis test are identified. Then, the appropriate test statistics are 

determined. Next, the acceptance and rejection regions are found. Finally, a 

formula for the p-value of the test is derived. 

Equivalent forms of the hypothesis test 

When two research designs are compared (e.g., two different missing data 

methods, or two different sampling designs), the hypothesis tests for equality of 

expected loss all take the same one-sided form: 

H0: E{loss I research design X} = E{loss I research design Y}; 

HA: E{loss I research design X} < E{loss I research design Y}. 

For each hypothesis test, the sampling experiment consists of Q sets of trials. 

For the q-th set of trials, Nq pairs of trials are conducted. Generally in this study, 

Nq = 100. At each trial, the simulation produces four types of error rate 

estimates: resubstitution, cross-validation, later period choice-based sample, 

and later period census. In the discussion which follows, assume that we select 

one error rate method and consistently use it throughout. 

For each pair of trials, the simulation produces a pair of estimates of 

expected loss. The estimators are random, because the training sample in each 

trial is a probability sample. For research design X under conditions q, let 

E{L I q, X; t} be the estimator of expected loss at the t-th pair of trials. By 
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construction, E{L I q, X; t}, t = 1,2 Nq, are independent and identically 

distributed. For research design Y under conditions q, let E{L I q, Y; t} be the 

estimator of expected loss at the t-th pair of trials. By construction, E{L I q, Y; t}, 

t = 1 , 2 , N q , are independent and identically distributed. Furthermore, the two 

sets of estimators are independent. 

We can rewrite the hypothesis test as 

(44) H0: ^ q X = HqiY> q= 1,2 Q, 

(45) H^. Jiq x l̂ q Y > Q = "I > 2 Q, 

where (iq x is the expected value of the estimator E{L I q, X; t}, and n q Y is the 

expected value of the estimator E{L I q, Y; t}. Equations (44)-(45) represent a 

simultaneous test of Q simple hypotheses. Let o2
q x be the common variance of 

the estimators E{L I q, X; t} and a2
q Y be the common variance of the estimators 

E{L I q, Y; t}. For the tests in this study, no a priori reason exists for believing that 

a2q,x = a2q,Y- T h u s - e a c h simple hypothesis in (44)-(45) should be treated as a 

two-sample problem with unequal variances. 

The test statistic 

For the q-th simple hypothesis in (44)-(45), define 

<46> D q = mq,X " mq,Y' 
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where the sample means are defined as 

(47) m q X = I t £ {L lq ,X ; t } /N q , 

(48) mq Y = Xt E{L I q, Y; t}/Nq , 

and summation is from t = 1 to Nq. Define 

(49) S2
Dq = (s2

q x + ^q .Y^Nq , 

where s2
q x and s2

q Y are the sample variances for the Nq trials. Bickel and 

Doksum (1977) propose that Dq /sD q be the test statistic for this two-sample 

comparison of the means when variances are unknown and possibly unequal. 

Let Aq = | iq x - (iq Y- The statistic (Dq - Aq) / sDq has a standard normal 

distribution for sufficiently large Nq. Bickel and Doksum (1977, 219) make this 

claim but only provide a brief hint of the proof. In that section of their text, they 

assume that the random variables—E{L I q, X; t} and E{L I q, Y; t}, in the case of 

this dissertation—have normal distributions. The following proof shows that 

( D q - A q ) / sDq converges in law to a standard normal distribution as Nq 

even if the underlying random variables do not have normal distributions. This 

proof is based on hints provided in Bickel and Doksum (1977). 

The proof requires that E{L I q, X; t}, t = 1, 2,..., Nq, and E{L I q, Y; t}, 

t= 1, 2,..., Nq, be independent random variables whose respective common 
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means n q X and j iq Y are defined and whose respective common variances 

satisfy 0 < a2
q x < +°° and 0 < c2

q Y < +°°- In the simulations, the random 

variables satisfy these properties by design. 

The proof begins with an application of the central limit theorem to the 

sequence of differences E{L I q, X; t} - E{L I q, Y; t}, t = 1, 2 , . N q . Since the 

estimators are independent, 

(50) var(£{L I q, X; t) - E{L I q, Y; t}) = <r2
qX + a2

q Y-

Then, according to the central limit theorem, 

(51) Nq (Dq - Aq) / [Nq (a
2

q x + a2
q Y)]1/2 -» Z in law as Nq -> <*>, 

where Z has a standard normal distribution. 

Next, 

(52) s2
q x o2q;x 'n probability as Nq «>; 

(53) s2
q Y -> cr2

q y
 i n probability as Nq <»; 

(Bickel and Doksum 1977, 52). Rearranging equation (49) and applying 

(52)-(53), we have 

(54) Nq s
2

Dq = s2
q x + s2

q Y -» a2
q x + a2

q Y in probability as Nq ^ oo. 
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Since a2
q x + a2

q>Y > 0 > a ' s o follows that 

(55) [(<*2q,X + ( l 2q,Y) / Nq s2
D q ]1 / 2 -» 1 in probability as Nq ) oo 

(Bickel and Doksum 1977, 460, A. 14.6). 

Finally, combine the results in equations (51) and (55) using Slutsky's 

Theorem (Bickel and Doksum 1977, 461, A. 14.9): 

(56) (Dq — Aq) / Spq 

= [(^q,X + <52q.V> /NqSW2 N q ( D q - V / [ N q ( o 2 q , X + ' '2q,Y']1 '2 ^ Z 

in law as Nq -> oo, where Z has a standard normal distribution. 

Under the simple null hypothesis for q in equation (44), A q = 0. Hence, 

based on the above result, Dq / s D q has a standard normal distribution under 

the null hypothesis for sufficiently large Nq. For small and moderate values of 

Nq, Bickel and Doksum (1977) recommend Welch's approximation to the 

distribution of (Dq - Aq) / sDq. Define 

(57) Cq - S 2
q X / ( S 2

q X + S 2
q Y ) , 

(58) kq = ( N q - 1 ) / [ c q
2 + ( 1 - c q ) 2 l 

Welch's approximation is Student's t-distribution with ka degrees of freedom. 
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For noninteger values of kq, Bickel and Doksum recommend linear interpolation 

in the t-tables. In the simulations, the value of kq is checked for each set of trials. 

In all cases, kq > 100 when Nq = 100. That is, Welch's approximation is the 

standard normal distribution when IN q = 100; or, alternatively, Nq = 100 is 

sufficiently large for the limiting result in equation (56) to hold reasonably well. 

Acceptance and rejection regions 

Next, the acceptance and rejection regions for the general hypothesis test 

are derived. Because the general hypothesis test is composed of the Q one-

sided simple tests in (44)-(45), the general acceptance region is the level 

(1 - a) confidence region O q { (D q / s D q ) > cq(a) }, where the intersection is 

from q = 1 to Q. Under the general null hypothesis, this region has probability 

(59) p{ n q { (D q / sDq) > cq (a)} } = 1 - a. 

Dq /sDq, q = 1, 2 Q, are statistically independent, since the samples for any 

trial are drawn independently of any other trial. Thus, we can rewrite the 

expression on the left-hand side of equation (59) as 

(60) p{ n q { (D q / sDq) > cq (a)} } = n q P{ (Dq / sDq) > cq(a)}. 

Since no a priori reason exists for treating the individual comparisons 

differently, let cq(a), q = 1, 2 Q, be defined so that 



147 

(61) P{ (Dq / sDq) k cq(a) } = (1 - a)1/Q, q = 1,2 Q. 

Let <I> be the standard normal distribution function. Since Dq /sD q has a 

standard normal distribution under the null hypothesis for sufficiently large Nq, 

we can rewrite equation (61) as 

(62) 1 - <D(cq(a)) = (1-<x)1/Q, 

or, equivalent^, as 

(63) cq(a) = 4>- 1 {l - (1-a ) 1 / Q } , 

for q = 1, 2 Q. Since Dq /sDq, q = 1, 2, Q, are independent, the general 

acceptance region is equivalent to the Q simultaneous confidence intervals 

(64) D q / s D q £ <J.-1{l-(1-ot)1/Q}, q = 1,2 Q, 

or, equivalently, 

(65) Dq / sDq £ z{l — (1 — a)1/Q}, q = 1 , 2 , Q , 

where <I>{z(u)} = u. The general rejection region will be all values outside the 

region defined in equation (65). 
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P-value of the test 

Rather than conduct tests for acceptance regions of a specific size, the 

observed size or p-value of the test is reported instead. The p-value is the 

smallest level of significance at which we would reject the general null 

hypothesis on the basis of the observed values for Dq /sDq) q = 1 , 2 , Q . We 

accept the null hypothesis if and only if a satisfies equation (65). Rewrite this as 

(66) ^{Dq/Soq} > 1 - ( 1 - a ) 1 / Q , q = 1,2, ...,Q, 

or, equivalently, 

(67) ( 1 - a ) 1 / Q > 1-<I>{Dq /sD q} ' q = 1.2,...,Q. 

4> is a continuous distribution function, so 0 < O(x) < 1 for any value of x. 

Thus,43 

(68) 1 - a £ n q { l - * { D q / s D q } } . 

In summary, given the observed values for the test statistics Dq /sDq , 

q = 1, 2 , Q , we accept the general null hypothesis if and only if a satisfies 

43This follows, because 0 < a < b and 0 < c < d imply 0 < ac < bd, for any 
real numbers a, b, c, d. 
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(69) 1 - n q { l - 4>{Dq/SDq}} 2 a. 

Alternatively, we reject if and only if a satisfies 

(70) 1 " n q { l - 4»{Dq/sDq}} < a. 

The value on the left-hand side of this inequality is the lower bound on all levels 

of significance at which we would reject the general null hypothesis on the 

basis of the observed values for Dq /sDq , q = 1 , 2 , Q . Hence, it is the p-value. 

Differences in Expected Loss: One-sample Test 

Four topics are covered. First, equivalent forms of the hypothesis test are 

identified. Then, appropriate test statistics are determined. Next, acceptance 

and rejection regions are derived. Finally, a formula for the p-value of the test is 

calculated. 

Equivalent forms of the hypothesis test 

Several tests call for a comparison of the expected loss of discriminant and 

no-data Bayes rules. The statistical analysis is analogous to that described in 

the previous section with one primary exception. Expected loss of the no-data 

Bayes rule is completely determined by the loss function and the prior 

probabilities, so it is constant for all trials in a given set of trials. Hence, the two-

sample tests in the previous section reduce to one-sample tests. 
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The hypothesis tests take the following form: 

H0: E{L(5) I research design X} = E{L(80) I research design X}, 

Ha: E{L(8) I research design X} < E{L(50) I research design X}, 

where 8 represents the discriminant rule, and 80 represents the corresponding 

no-data Bayes rule. In these tests, every trial in a set of trials shares a common 

research design, including the sampling design (which always is report-based), 

the loss function, the prior probabilities, the industrial category, and the missing 

data method. 

As in the previous section, we can rewrite the hypothesis test as 

(71) HQ. |IQ — HQ o , Cj — 1,2, ...,Q, 

(72) H a : n q < j i q 0 , q = 1 ,2 , . . . ,Q , 

where j iq is the expected value of E{L(8) I q; t}, the estimator of expected loss for 

the discriminant rule under conditions q at the t-th trial in the q-th set of trials; 

and |iq o = E{L(80) I q; t}, the expected loss of the corresponding no-data Bayes 

rule for the q-th set of trials. The estimators E{L(8) I q; t}, t = 1,2 Nq, are 

independent and identically distributed by construction. Furthermore, the Q sets 

of random variables are independent. Hence, the hypothesis test is a 

simultaneous test of Q independent simple hypotheses, each of which is a one-

sample test. 
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The test statistic 

In terms of the q-th simple hypothesis in (71)—(72), the standard test 

statistic for one-sample tests of the mean is (mq - |nq 0) / (sqA/lMq), where the 

sample mean is defined as 

(73) mq = ^£{L(8) lq ; t } /N q , 

and sq is the sample standard deviation over the Nq trials. 

For sufficiently large Nq, this test statistic has a standard normal distribution 

under the null hypothesis.44 The one sample t-test generally is robust to 

departures from normality (Larsen and Marx 1981, 509). Hence, it is assumed 

here that Nq = 100 is sufficiently large for the test statistic to be approximately 

standard normal. 

Acceptance and rejection regions 

Since ( m q - n q 0) /(sq/VNq), q = 1, 2, ..., Q, are independent and have 

standard normal distributions, we can determine the acceptance and rejection 

regions for the general hypothesis test. Based on the same reasoning as in the 

previous section, we can represent the general acceptance region as the Q 

simultaneous confidence intervals 

44The proof is based on the central limit theorem and is analogous to the 
proof presented above for the test statistic in the two-sample problem. 



152 

(74) ( ^ - ^ ^ / ( S q / V N , , ) £ z{ l - (1 -a ) 1 ' 0 } , q = 1,2 Q, 

where ^>{z(u)} = u. 

P-value of the test 

Rather than conduct tests for acceptance regions of a specific size, the 

observed size or p-value of the test is reported. The p-value is the smallest level 

of significance at which we would reject the general null hypothesis on the 

basis of the observed values for (mq - nq 0) / (sqA/Nq), q = 1, 2 , Q . Again, 

following the same line of reasoning as applied in the above section for the two-

sample problem, the overall p-value is 1 - r i q { l - <E>{(mq - p,q 0) /(sqA/Nq)}} . 

Analysis With Monte Carlo Experiments 

This section begins with a discussion of the hypotheses to be tested with 

Monte Carlo experiments. A description of the experimental procedures follows. 

Research Hypotheses 

The hypotheses in this section are motivated by studies in the literature on 

the robustness of discriminant analysis. A brief review of these results is 

followed by a statement of the hypotheses to be tested. 
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Studies of Robustness 

It is well documented in the literature that financial variables in general and 

financial ratios in particular typically do not have normal cross-sectional 

distributions. (See table 34 in the Appendix.) The methods of discriminant 

analysis are designed specifically for multivariate normal distributions, so we 

might anticipate a decline in performance as probability distributions depart 

from normality. Thus, an important question is which departures from normality 

degrade performance substantially and which have only a minor effect. A 

number of authors have examined the robustness of linear and quadratic 

discriminant analysis (LDA and QDA, respectively) to departures from 

multivariate normality. Bankruptcy prediction models for industrial firms rarely 

include discrete variables, so the following discussion is limited to studies which 

concern continuous variables. 

Researchers have studied robustness of discriminant analysis for two 

general categories of nonnormal distributions: normal mixtures;45 and 

distributions in the Johnson translation system.46 A random vector which is a 

normal mixture can be defined in terms of two-stage sampling. First, select one 

45For example, see Ashikaga and Chang (1981) and Remme, Habbema, 
and Hermans (1980). 

46For example, see Clarke, Lachenbruch, and Broffitt (1979), Gessner, 
Kamakura, Malhotra, and Zmijewski (1988), Lachenbruch, Sneeringer, and 
Revo (1973), Remme, Habbema, and Hermans (1980), and Richardson and 
Davidson (1983). 
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of two normal distributions at random, where the first is selected with probability 

p and the second with probability (1 - p). Then, draw an observation from the 

selected distribution. The Johnson translation system includes three families of 

distributions: lognormal, inverse hyperbolic sine normal, and logit normal. This 

system has two principal advantages: (a) each distribution is constructed by an 

invertible transformation of a normal random vector; and (b) the system includes 

distributions which represent a broad range of departures from normality 

(Johnson 1987). 

The performance of LDA and QDA depends on the type of departure from 

normality. For example, if the distributions are not highly skewed, then QDA is 

robust (Clarke, Lachenbruch, and Broffitt 1979); or, if the two subpopulations to 

be classified have distributions similar in shape and differ primarily in location, 

then LDA is robust (Ashikaga and Chang 1981). However, different factors tend 

to interact and confound the main effects. In particular, the influence on 

classification performance of sample size and number of variables is not easy to 

distinguish from the effects of nonnormality. 

Hypotheses on Robustness Against Nonnormalitv 

All of the above authors assume equal costs of misclassification and equal 

prior probabilities. Hence, they evaluate performance in terms of error rates. For 

populations of industrial firms, neither assumption is reasonable. (See the 

earlier discussion under "A General Model of the Bankruptcy Prediction 

Process.") Expected loss is the appropriate measure of performance, since 
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expected loss weighs the error rates by the corresponding costs of 

misclassification (defined by the loss function) and the prior probabilities. 

Hence, in this paper, performance is measured by expected loss rather than by 

error rates alone. 

The first hypothesis concerns robustness relative to a minimal performance 

standard, the no-data Bayes rule, which requires no information other than 

costs of misclassification and prior probabilities. Hypothesis 10a is analogous to 

hypotheses 6a, 7a, and 8a. The main difference is that distributions are 

constructed to be nonnormal in the tests of hypothesis 10a, whereas the 

historical data in hypotheses 6a, 7a, and 8a may have been generated by a 

normal process even though the ex-post distributions appear nonnormal. 

• Null Hypothesis 10a: assume the following: (a) relative separation of the 

conditional probability distributions remains constant; (b) the sampling 

design, loss function, and prior probabilities are fixed. Then, the decision 

rule based on discriminant analysis is not robust in the sense that its 

expected loss is not significantly less than expected loss of the no-data 

Bayes rule whenever the predictors have a nonnormal distribution. 

• Alternative Hypothesis 10a: assume the same conditions as in the null 

hypothesis. Then, the decision rule based on discriminant analysis is 

robust in the sense that its expected loss is significantly less than expected 

loss of the no-data Bayes rule whenever the predictors have a nonnormal 

distribution. 
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The null hypothesis might be rejected for one specification of loss and priors yet 

not be rejected for another. That is, one decision maker might find LDA or QDA 

to be robust, while another decision maker might not. Hence, tests for different 

combinations of cost ratio and prior probability are conducted separately. 

The second hypothesis concerns performance relative to the Bayes rule. 

Since the Bayes rule is optimal, discriminant rules can perform no better. 

Nevertheless, we might conclude that they are robust if they perform as well as 

the Bayes rule. Unlike hypothesis 10a, the null hypothesis in 10b corresponds 

to the assumption that discriminant rules are robust. 

• Null Hypothesis 10b: assume the following: (a) relative separation of the 

conditional probability distributions remains constant; and (b) the sampling 

design, loss function, and prior probabilities are fixed. Then, the decision 

rule based on discriminant analysis is robust in the sense that its expected 

loss is not significantly greater than the expected loss of the Bayes rule 

whenever the predictors have a nonnormal distribution. 

• Alternative Hypothesis 10b: assume the same conditions as in the null 

hypothesis. Then, the decision rule based on discriminant analysis is not 

robust in the sense that its expected loss is significantly greater than the 

expected loss of the Bayes rule whenever the predictors have a nonnormal 

distribution. 

One step to avoid confounding effects is sufficiently important to include in 

the statement of the hypotheses. As the separation between the two 
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subpopulations increases, we intuitively expect that the two groups should be 

easier to distinguish and the performance of the classification rule should 

improve. Indeed, this behavior is observed in all of the above studies on 

robustness as well as other studies of the performance of discriminant 

analysis.47 To avoid confounding the effects of a change in relative location with 

a change in distributional form, hypotheses 10a and 10b require that relative 

separation be held constant. 

Procedures for Conducting the Experiments 

This section covers three topics. The first topic is measures and standards 

for evaluating the forecasting performance of discriminant rules. In brief, 

expected loss is the performance measure, and Bayes as well as no-data 

Bayes rules are the standards. The second topic pertains to the types of 

departures from normality to be tested in hypothesis 10. This analysis relies on 

the Johnson translation system to obtain nonnormal distributions. Finally, the 

third topic is simulation procedures. The steps in the experiments are similar to 

those in the tests of hypotheses 6-8. The primary difference is that data is 

created using random number generators rather than taken from a historical 

data base. 

47For example, see Gilbert (1969), Marks and Dunn (1974), and Wahl and 
Kronmal (1977). 
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Classification Rules and Performance Measures 

This section covers two topics. First, the role of expected loss as the 

performance measure is reviewed. Second, the application of the performance 

standards is outlined. 

Expected loss as the performance measure 

The principal contribution which this dissertation makes to the study of 

robustness of discriminant analysis is that performance is measured in terms of 

expected loss. In each robustness study mentioned above, the authors evaluate 

performance primarily in terms of error rates. Hence, they explicitly or implicitly 

assume equal costs of misclassification and equal prior probabilities for the two 

groups to be classified. As discussed above, if the forecasting problem is 

prediction of bankruptcy for industrial firms, then the cost of misclassifying a 

future bankruptcy is higher than the cost of misclassifying a future 

nonbankruptcy by at least an order of magnitude. Furthermore, the prior 

probability of bankruptcy is much smaller than 50%. 

Let C be the ratio of misclassification costs described earlier. The same 

values for C are used as in the sampling experiments with Compustat data. 

Specifically, each experiment is duplicated for C equal to 10, 30, 50, 70, and 90. 

The prior probability of bankruptcy is set at 0.007. Although other values could 

be used, 0.007 is representative of the values for n(0F) listed in table 7 in the 

sense that it is the middle estimate of 7t(0F) for the tests of hypothesis 7. 
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Performance standards 

In each hypothesis test, discriminant rules are compared to a rule which 

serves as the performance standard. This standard is either the Bayes rule 

(based on the conditional probability distributions of the predictor variables) or 

the no-data Bayes rule (based only on costs of misclassification and prior 

probabilities). 

The values for C and it(6F) determine the no-data Bayes rule and its 

expected loss. For all tests of hypotheses 10a and 10b, the appropriate no-data 

Bayes rule is 8NF, classify all observations as nonbankruptcies. Hence, its 

expected loss is E{L(8NF)} = C-7t(8F). 

Equations (4)—(5) define the Bayes rule in the general case. Let the 

conditional probability distributions be pF(x) and PNF(X), where F designates 

bankruptcies and NF denotes nonbankruptcies. The classification regions for 

the Bayes rule can be written as 

(75) RF: U(X) > ln(k), 

(76) RNF: U(X) < ln(k), 

where 

(77) U(x) = ln[pF(x)/pNF(x)], 
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(78) k = [L(0Np,aF)rc(6NF)] / [L(0F,ocNF)7c(0F)] = n(0NF) ^ 

and the Bayes rule is SB(x) = aF if x e RP, and SB(x) = aN F if x g R n f (Anderson 

1984, Chapter 6). When the conditional probability distributions are multivariate 

normal, then U(x) = UQ(x), the quadratic function described in equations 

(29)-(32), where group 1 is the subpopulation of bankruptcy observations and 

group 2 is the subpopulation of nonbankruptcies. If then U simplifies 

to a linear function of x, and analytical results are available for calculating the 

conditional probability of misclassification.48 

For nonnormal distributions in general, however, the function U is neither 

quadratic nor linear in x. So, analytical formulas for computing the conditional 

probabilities of misclassification—and, hence, expected loss—are sufficiently 

complicated so as to justify the following approach for determining the expected 

loss for the Bayes rule. Take the following steps: generate a large number of 

observations from the appropriate conditional multivariate distributions; apply 

the Bayes rule described above to classify each observation; calculate the 

conditional error rates; and compute expected loss. 

48For example, see equations (14) and (15) on page 206 in Anderson 
(1984). 
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Families of Distributions 

This section has six parts. The first part describes the hyperbolic sine 

(sinh-1) normal family and explains why the Monte Carlo experiments are 

conducted with data generated from distributions in this family. The second part 

describes the transformations which are required to generate sinh"1 normal 

observations and identifies the density function needed to apply the Bayes rule. 

Parts three, four, and five discuss parameters which govern shape, scale, and 

location (respectively) of a sinh"1 normal distribution. Under the transformation 

described here, separate parameters independently govern shape, scale, and 

location and thus simplify the study of this family of distributions. The last part 

summarizes the discussion in this section. 

Inverse hyperbolic sine normal distributions 

The Johnson translation system includes three families of nonnormal 

distributions: lognormal, inverse hyperbolic sine normal, and logit normal 

(Johnson 1987). For formal completeness, Johnson also includes a fourth 

family, the normal distributions. Distributions in each family can be generated by 

invertible transformations of a multivariate normal random vector. 

This study relies on the family of bivariate sinh"1 normal distributions to 

represent departures from normality for several reasons. Johnson (1987) shows 

that the family of sinh"1 normal distributions includes a wide variety of 

distributional shapes. For appropriate choices of parameters, sinh"1 normal 
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distributions can be selected which are nearly identical to either normal or 

lognormal distributions. Parameters also can be selected to generate symmetric 

distributions with arbitrarily large or small kurtosis or to generate distributions 

with any desired degree of skewness. Finally, the transformation can be defined 

so that separate parameters independently govern shape, scale, and location. 

Any number of variables can be modeled in the Johnson translation 

system. For practical reasons in this study, however, consideration is limited to 

bivariate distributions. As the number of variables increases, so does the 

complexity of the distribution. For higher dimensions, it becomes increasingly 

difficult to visualize the shape—and hence the departure from normality—which 

a given distribution exhibits. Bivariate distributions, on the other hand, are 

represented easily with two-dimensional contour plots. In particular, Johnson 

(1987) provides 40 graphs for bivariate sinh"1 normal distributions illustrating 

the effects of different choices of the shape parameters. This greatly simplifies 

the task of selecting a parsimonious number of cases which are representative 

of types of departures from normality. A second practical consideration is the 

computational demand on computing resources, which increases geometrically 

with dimension. In this study, the Monte Carlo experiments are repeated for 

2,760 distinct cases, corresponding to different combinations of distributional 

form, relative separation between conditional distributions, and decision 

theoretic parameters. To conduct the simulations in a reasonable period of time, 

use of more than two dimensions requires a tradeoff in terms of fewer cases 
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which can be considered. However, it is not apparent that the latter approach 

would provide any greater insight into the performance of classification rules 

applied to nonnormal data. 

Transformation and density function 

This discussion begins with the p-variate case and concludes with a 

description of the probability density function when p = 2. Let X ~ Np(n, Z), 

where Z is a nonsingular matrix with components ay = py<7jaj. Define the p-

dimensional random vector Y where Yj = sinh(Xj), i = 1,2,..., p. Let 

(79) Var{Y} = OPO = [ p i j a i a j
t ] , 

where 0> = diagta/, a2* ap*}, P = [py*], and 

(80) Var{Yj} = o f 2 = [exp(<7j2) - 1][1 + cosh(2|ij)-exp(aj2)]/2> i = 1,2 p, 

(81) Pij* = correKYj.Yj) 

= (aj*Gj*)"1exp[0.5(aj2 + <^j2)] [0.5 exp(pjjCTi<jj) cosh(j^j + | i j ) 

- O .S-exp^pya ja^ -cosh^ j - j i j) - sinh(Hj)sinh(|ij)], 

i, j = 1, 2,..., p 

(Johnson 1987). 

The covariance of Y has the following properties. First, if py = 0, then py* = 0 
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as well. Second, Var{Y} is nonsingular, since the invertible transformation from 

X to Y preserves the nonsingular property of Z, the covariance matrix for X. 

Finally, since Var{Y} is nonsingular, soare<& and P. 

Next, define 

(82) Z = A<F 1 (Y - |0 + £, 

where A = d i a g j ^ , ^ , A,p}, A,j> 0, i = 1, 2, ..., p, and 

(83) E{Yj} = Hj* = exp(aj2/2)-sinh(|ij), i=1,2, ...,p 

(Johnson 1987). 

In this transformation from X to Z, the parameters in \L and Z control the 

shape, the parameters in A control the scale, and the parameters in £ control 

location (Johnson 1987). These parameters govern their respective features 

independently, since 

(84) E{<J>"1(Y-n*)} = 0 and Var{<J>"1(Y-n*)} = P. 

That is, <I>"1(Y-n*) has a 0 mean and unit variances regardless of the choice of 

the shape parameters, so A and 5 in equation (82) necessarily control scale 

and location, respectively. 

Application of the Bayes rule requires the functional form of the probability 
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density for Z. The following derivation proceeds in two steps, which correspond 

to the transformation from X to Y and then from Y to Z.49 

Let <t>x(*) represent the multivariate normal density function for 

X ~ Np(|ji, X). Let f(x) represent the transformation defined by fj(Xj) = sinh(Xj), 

i = 1, 2 , p . This transformation is invertible, and f"1 is defined by 

(85) fi"1(yj) = sinh"1(yj) = ln[yj + (1+yj2)1 / 2 ] , i = 1,2,...,p. 

Let J(t) represent the Jacobian of f. The Jacobian takes the form 

(86) J(t) = ncosh(tj), 

where the product is over i from 1 to p (as are all products in the remainder of 

this proof). Then, the density function for Y is 

(87) pY(y) = <t>x(f"1(y))-lJ(f"1(y))'"1 = <t>x(#"1(y))[n cosh(sinh-1(yj))]-1 

(Bickel and Doksum 1977, Theorem 1.2.2). Note that 

(88) [n cosh(sinh"1(yj))]"1 = n { [ y j + (1 +yj2)1 / 2] / [ l + y j 2 + yj(1 +y j 2 ) 1 / 2 ] } . 

49Johnson (1987, 71-72) provides a formula for the bivariate sinh"1 

density function similar to the one derived below. Johnson's equation is for the 
case A = I and ^ = 0. Johnson does not show his derivation; however, his 
density formula provided insights leading to the proof below. The formula in 
Johnson's book has three typographical errors which are corrected here. 
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The next step corresponds to the transformation from Y to Z. Based on 

equation (82), 

(89) pz(z) = py(<I> A " 1 ( z - £ ) + |i*)-Ia<I>"1I"1 = pY(<£ A"1(z - £) + n*)-N(oj*A.J), 

(Bickel and Doksum 1977, Corollary 1.2.1). Finally, substitution of equation (87) 

into equation (89) leads to 

(90) pz(z) = <|)x(f"
1(w))-[ricosh(sinh"1(Wj))]"1-n(aj7A,j), 

where f j"1(Wj) = s inh"1(Wj) , i = 1, 2 , p , and 

(91) w = <I> A"1 (z-£) + jT. 

The bivariate sinh"1 normal density function takes the following form. 

Letting p = 2 in equations (90)-(91), 

(92) Pz(zvz2) = <t>x(sinh-1(w1)) sinh"1(w2)) 

•{[w-| + (1 + w1
 2 )1 / 2 ] / [ 1 + w1

 2 + w1 (1 + w1
 2 ) 1 / 2 ] } 

' { [ w 2 + (1 + W 2
 2 ) 1 / 2 ] / [ l + W 2

2 + W 2 (1 + W 2
 2 ) 1 / 2 ] } 

W/^)(a2*/X2), 

where Wj = (ajV^Jfzj - i = 1, 2, and x2) is the bivariate normal 
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density function defined by 

(93) ^ ( x ^ x g ) = [2«o 1 o 2 ' s / l -p 2 ] " 1 

•exp{-0.5[l - p 2 ] " 1 •{[(x1 - n ^ / a j 2 

- 2p[(x1 - )/a1 ][(x2 - n2 ) /c2 ] + [(x2 - n 2 ) /a 2 ] 2 } } . 

Shape parameters 

The shape parameters in this study provide a representative cross-section 

of the different distributional forms available in the bivariate sinh"1 normal family. 

The specific parameters used here are selected based on Johnson's (1987) 

recommendations. In the bivariate distribution, five parameters govern shape: 

(JL-, , J L L 2 , < T 1 , a 2 , and p (where components of X are = A 1
2 , A 2 2 = A 2

2 , and 

a 1 2 = <*21 = PG1°2^ Table 3 lists skew and kurtosis for marginal distributions 

with selected values of |ij and av Formulas for skew and kurtosis are based on 

moments for Y which can be calculated using the moment generating function 

(94) MY(t) = Jexp(t'f(x))-<|>x(x)dx. 

Shape parameters for the Monte Carlo experiments are listed in table 4 

and include 23 of the 40 parameter sets illustrated in Johnson (1987). For each 

set of values n-|, i i2 , a-|, and o2 , figures 5.7-5.16 in Johnson show four versions 

of the bivariate sinh"1 normal distribution corresponding to p = -0.5, 0.0, 0.5, and 
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0.8. Not all of the 40 recommended parameter sets are included here, since 

several sets have density contours similar in shape to ones included in 

table 4.50 

Table 3.—Skew and Kurtosis for Representative 
Univariate Sinh"1 Normal Distributions 

Hi <*i Skew Kurtosis 

0.0 0.1 0.000 0.04 
0.0 0.5 0.000 1.51 
0.0 1.0 0.000 33.19 

2.0 0.1 0.291 0.15 
2.0 0.5 1.699 5.64 
2.0 1.0 6.084 108.19 

Notes: density contours for these values of |Hj and are illustrated in 

Johnson (1987). Skew and kurtosis are for Y, where YJ = sinh(Xj), 

i = 1, 2, and X ~ N2(M-, X). Coefficient of skewness is defined to be 

E(Y| — J J , J * ) 3 / < T J *3. Kurtosis is defined to be E(Yj — J J , J * ) 4 / C R J *4 — 3. Since 

Zj is a linear function of Yj, skewness and kurtosis are the same as for Yj. 

50E.g., in Johnson's figure 5.9, ^i1 = 0, cr1 = 0.1, | i2 = 2, and <r2 = °-5-
Density contours for p = -0.5 and p = 0.5 are mirror images, so only one is 
required to test robustness; contours for p = 0.8 are similar in form but more 
skewed than contours for p = 0.5, so p = 0.8 was selected to represent this 
extreme. Hence, two of the four distributions illustrated in Johnson's figure 5.9 
are used: (a) p.1 = 0, a1 = 0.1, \i2 = 2, a 2 = °-5> a n d P = 0 0 (which is symmetric 

along the variable 1 axis); and (b) = 0, a1 = 0.1, | i2 = 2, o 2 = 0.5, and p = 0.8. 
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Table 4.—Shape Parameters for the Bivariate Sinh"1 Normal Distributions 

Shape Variable 1 Variable 2 Shape of 

No. Hi °1 M - 2 C T 2 
p Density Contours3 

1 0.0 0.1 

d o o 0.0 Nearly normal; circular 
2 0.8 Nearly normal; flattened ellipse 

with major axis at 45° angle 
to the coordinate axes 

3 0.0 0.1 

o o o 0.0 Rounded diamonds; symmetric 
with respect to both 
coordinate axes 

4 0.8 Diamond shape is skewed so 
that axes of contours are 
tilted 45° to coordinate axes 

5 0.0 0.1 2.0 0.5 0.0 Rounded triangle; contours are 
closer together at the base, 
which lies parallel to y-, -axis; 

shape is symmetric with 
respect to y2-axis 

6 0.8 Triangle shape is skewed so 
that axes of contours are 
tilted 45° to coordinate axes; 
a fat boomerang 

7 O
 

o o 2.0 1.0 0.0 Rounded triangle; contours are 
tightly together at the base, 
which lies parallel to y^axis; 

shape is symmetric with 
respect to y2-axis 

8 0.8 Triangle shape is skewed so 
that contours are tilted 45°to 
coordinate axes; narrow tail 
on the left 
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Table 4.—continued 

Shape Variable 1 Variable 2 Shape of 

No. m a-] ^2 °2 p Density Contours3 

9 0.0 1.0 

o o o 0.0 Diamond-shaped; symmetric 
with respect to both 
coordinate axes 

10 0.8 Rounded rectangles tilted along 
45° angle to coordinate axes; 
rectangles narrow slightly 
at their "waist" 

11 0.0 1.0 2.0 0.5 0.0 Teardrop; narrow end pointed 
along y2-axis; symmetric with 

respect to y2-axis; contours 

closer at the base 
12 0.8 Boomerang-shaped 

13 0.0 1.0 2.0 1.0 0.0 Triangle with contours tightly 
together at the base, which 
lies parallel to y^axis; 

symmetric with respect to 
y2-axis 

14 0.8 Pork chop-shaped; narrow tail 
on the left 

15 2.0 0.5 2.0 0.5 0.0 Rounded triangle with contours 
close together at the peak, 
which points downward 
at 45° angle to coordinate 
axes 

16 0.8 Teardrop; narrow end pointed 
downward at 45° angle to 
coordinate axes; contours 
close at narrow end 

17 -0.5 Fat boomerang 
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Table 4.—continued 

Shape Variable 1 Variable 2 Shape of 

No. ^1 °1 n 2 
a2 p Density Contours9 

18 2.0 0.5 2.0 1.0 0.0 Upward pointing triangle with 
contours closer at the base, 
which lies parallel to y^axis; 

right leg longer than left 
19 0.8 Teardrop; narrow end pointed 

downward at 30° angle to 
y^axis; contours close 

at narrow end 
20 -0.5 Distorted boomerang; one end 

rounded, the other pointed 

21 2.0 1.0 2.0 1.0 0.0 Triangular with contours 
close together at the peak, 
which points downward 
at 45° angle to coordinate 
axes 

22 0.8 Teardrop; narrow end pointed 
downward at 45° angle to 
coordinate axes; contours 
tightly together at narrow end 

23 -0.5 Triangular boomerang 

a Based on figures 5.7-5.16 in Johnson (1987). The descriptive terms teardrop, 
diamond, and boomerang are suggested by Johnson. A probability density 
contour is a curve along which the density function has a constant value. 
Density contours for nondegenerate bivariate normal distributions are ellipses. 
Generally speaking, the less elliptical the contours are for a given distribution, 
the greater the departure from normality. 
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The baseline distributions are those for which the shape parameters 

|i1 = (i2 = o.O and CT-| = a2 = 0.1 (shapes 1 and 2 in table 4). These distributions 

are nearly normal. Skewness is zero, and kurtosis is approximately zero. Strictly 

speaking, true normal distributions should be used. However, the bivariate 

sinh"1 normal distributions corresponding to shapes 1 and 2 are virtually 

indistinguishable from true bivariate normal distributions.51 

Many of the bivariate sinh"1 normal distributions have density contours 

which are highly similar to contours for specific bivariate log normal 

distributions. This includes shapes 5-8 and 15-20 in table 4.52Thus, it is not 

crucial that log normal distributions be considered directly. 

51TO test for normality, simple random samples were generated in SAS 
from these bivariate distributions. Four simple random samples of size 440 were 
generated. The Shapiro-Wilk statistic had a p-value greater than 0.15 for each 
variable in all cases. Four simple random samples of size 8,670 were 
generated. In two cases, the Kolmogorov D statistic had a p-value greater than 
0.15 for one variable and a p-value of 0.0348 for the second variable; for two 
cases, the Kolmogorov D statistic had a p-value greater than 0.15 for both 
variables.The p-values are for the versions of the Shapiro-Wilk and Kolmogorov 
D statistics implemented in SAS Release 6.07. 

52Shapes 5 and 6 are represented by figure 5-9 in Johnson (1987); these 
density contours look almost identical to their log normal counterparts in figure 
5-5. Shapes 7 and 8 are represented by figure 5-10 in Johnson; these density 
contours are similar in appearance to their log normal counterparts in figure 5-6. 
Shapes 15-17 are represented by figure 5-14 in Johnson; these density 
contours look almost identical to their log normal counterparts in figure 5-2. 
Finally, shapes 18-20 are represented by figure 5-15 in Johnson; these density 
contours are similar in appearance to their log normal counterparts in figure 5-3. 
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Without loss of generality, only nonnegative kurtosis is considered in the 

Monte Carlo simulations. Negative kurtosis rarely occurs for the predictors used 

in the tests of hypotheses 6-8, at least for industrial firms over 1980-1988. (See 

table 39 in the Appendix.) 

A final issue is whether the conditional bivariate distributions for 

bankruptcies should take shapes different from the conditional distributions for 

nonbankruptcies. No studies in the extant literature have addressed this 

question. An attempt to compare marginal bivariate conditional distributions for 

the sampling frames applied in the tests of hypotheses 6-8 was inconclusive; 

census sizes for bankruptcies are too small for a satisfactory comparison of 

shape in two dimensions. Hence, in this analysis, two groups always are 

assigned the same shape parameters. 

Scale parameters 

Based on equations (82) and (84), 

(95) Var{Z} = Var{A <J>"1(Y-n*)} = APA = pi^py*], 

where py* = correl(Yj, Yj). Let be the transformed random vector, conditional 

on group k. Then, the matrix of scale parameters AW is also the matrix of 

standard deviations for group k. 

Several possible relationships between A(1> and A<2) are consistent with 

the predictors used in the tests of hypotheses 6-8 (where bankruptcy and 
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nonbankruptcy groups are labeled 1 and 2, respectively). However, a survey of 

the marginal univariate conditional distributions for the sampling frames applied 

in the tests of hypotheses 6-8 indicates that, for the majority of predictors, the 

standard deviation for the bankruptcy population is about the same as for the 

nonbankruptcy population.53 That is, the most common (bivariate) relationship 

is A<1) = A(2). Therefore, the scale parameters in the Monte Carlo simulations 

are defined to satisfy this condition. Specifically, = A,/2) = and 

^ 2 ^ = A-2^ = A.2" 

A survey of the marginal univariate conditional distributions for the 

sampling frames in the tests of hypotheses 6-8 indicates that, for the majority of 

predictors, standard deviation tends to fall in the range 0.1 to 3.0. (See table 52 

in the Appendix.) The principal exceptions are predictors with a few extreme 

outliers. Population statistics, such as the mean, variance, coefficient of 

skewness, and kurtosis, are calculated in terms of finite sample moments. 

Extreme outliers dominate and hence distort these types of statistical measures. 

Thus, the large standard deviations for those variables are not reliable 

measures of spread and should not be used to set the range of standard 

deviations for the Monte Carlo experiments. 

Only the relative size of the standard deviations A,1 and X2 is important, 

53See table 52 in the Appendix, which is constructed for three-year 
sampling periods, a two-year prediction horizon, and industrial firms. Results for 
other types of report-based sampling frames in hypotheses 6-8 are similar. 
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since the location parameters discussed below are scaled by and X2. In the 

Monte Carlo experiments, two types of relative scale are considered: 

(a) X1 = X2 = 1; and (b) = 1 and X2 = 10. Both are consistent with the range of 

values for standard deviations of the historical cross-sectional distributions. 

Let Var{Z^} be the covariance matrix for group k, where k = 1 or 2. From 

equation (95) and the above assumptions that both groups have the same 

shape and scale parameters, 

(96) Var{Z<1)} = Var{Z<2)} = APA. 

Thus, an important consequence of the above assumptions about the shape 

and scale parameters is that only LDA need be considered in the Monte Carlo 

simulations. 

Location parameters 

In hypotheses 10a and 10b, relative separation between the conditional 

probability distributions is assumed to be constant. The measure of distance 

applied here is based on Cholesky decomposition. The measure is defined in 

general terms and hence does not depend on the assumptions made above 

about shape and scale parameters. 

For each group k, assume that the scale parameters X > 0, i = 1, 2 p. 

Hence, A(k) is nonsingular. Since pM, the matrix of correlations of Y^ , is also 

nonsingular, Var{z(k)} = A(kMk)A(k) must be nonsingular. As a covariance 
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matrix, it also is symmetric and hence positive definite. Under these conditions, 

there exists a unique nonsingular, lower triangular matrix TM such that 

Var{zM} = T(k)T(k)' (Anderson 1984, Corollary A. 1.7). 

Let D be the measure of distance between groups 1 and 2, where D is 

defined to be the nonnegative value satisfying 

(97) D2 = (T(1)-^(1)-T(2)-^(2))'(T(1)-1^(1)-T(2)-1^(2)), 

where = Ejz^}, k = 1, 2. One advantage to this measure is that D2 reduces 

to the Mahalanobis distance whenever Var{z(1)} = Var{z<2)} = Var{z}, since 

equality of the covariance matrices implies that TW = T(2) = T, so 

(98) D2 = fed) - 5(2))'(T-1) T"1 fed) - 5<2>) = (&) - £,&) Var{z}"1 ($<D - $(2>). 

Without loss of generality, let ̂  = 0. Then equation (97) simplifies to 

(99) D2 = (Td)-^(1))'(T(1)-^(D) = 'Var{z(1)}"^(D. 

In particular, D2 no longer depends on Var{z(2)}, regardless of whether or not 

the covariance matrices are equal. However, since Var{z(1)} = Var{Z<2)} under 

the above assumptions about the shape and scale parameters, the measure of 

separation, D, is in fact the Mahalanobis distance. 
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For two dimensions, the distance squared can be written as a quadratic 

equation in terms of the components of For two dimensions, 

(100) Var{z}-1 = [ [X,2<1-p*2)]"1 -p*[*-i M 1 "P*2)]"11 

L - p ' f r i *2(1 - P*2)]"1 [X2
2(1 -p*2)]"1J 

Thus, equation (98) can be written as 

(101) D2 = (1 - 2 p ' ( ! 1 A 1 ) t e A 2 ) + (|2A2)2}. 

Let £ s where ^ is the vector between the means of the two 

conditional probability distributions. Given p*and scale parameters X-| and A,2, 

the objective is to select £ so that the separation, D, remains constant. For a 

fixed value of D, equation (101) describes an ellipse of points £= ( ^ , J;2) which 

leave the distance between the means equal to D. 

This measure of separation has a drawback. Whenever the conditional 

probability density contours are not circular, the probabilities of misclassification 

may change as £ moves around the ellipse.54 To remedy this weakness, the 

54Alternatively, the probabilities of misclassification may change as the 
conditional distribution with mean moves around = 0. Note that, as the 
conditional distribution changes position, the shape of its density contours 
remains the same and maintains the same orientation with respect to the 
coordinate axes. 
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ellipse defined in equation (101) will now be rewritten as a bivariate parametric 

function of <p, the angle which % forms with the major axis of the ellipse. Thus, 

different orientations for £ can be considered for each value of D. 

The derivation of the parametric functions proceeds in two steps. The first 

step is to rotate the ellipse in order to remove the cross-term in equation (101). 

The second step is to define the rotated ellipse in terms of <p. Throughout, it is 

assumed that lp*l < 1. Otherwise, the two variables are linearly dependent, and 

the analysis could be reduced from two to one dimension.55 The derivation is 

divided into three cases: (a) p* = 0; (b) p* * 0 and = X2\ and (c) p* ± 0 and A,1 

^ A-2-

In the first case, p* = 0, so the cross-term in equation (101) disappears. 

Hence, the rotation is defined by 

(102) £| = Cj, i = 1. 2, 

and equation (101) can be rewritten as 

(103) (1 - p*2)D2 = + P2C2
2. 

55Mathematically, lp*l < 1 follows from the assumptions made about the 

transformation from X to Z, which imply that P is nonsingular. When the 

distributions are bivariate, IPI = 1 - p*2, and P is nonsingular if and only if 

P*2*1.) 
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where 

(104) Pj = lA j 2 , i = 1, 2, 

and the left-hand side is written in a form consistent with the other two cases 

which follow. 

In the second case, p* * 0 and X1 = X2. Hence, the appropriate rotation is 

(105) and ^ = K 1 +C 2 ) /V2 

(Salas and Hille 1978, 391). Equation (101) can be rewritten in the same form 

as equation (103), where X1 = X2 = X and 

(106) p1 = (1-p*)A2 and $ 2 = 0 + p * ) / X 2 . 

In the third case, p* * 0 and ^ * X2. Hence, the appropriate rotation is 

(107) ^ = cos(a)C-) ~ sin(oc)̂ 2 and - sin(a)Ci + cos(a)C2, 

where 

(108) 2a = arc tan[2p*A,1X2/(A,1
2 -X 2

2 ) ] 

(Salas and Hille 1978, 391). Equation (101) can be rewritten in the same form 

as equation (103), where 
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(109) |31 = (cos(a)/A,.|)2 - 2p*(cos(a)/A,1)(sin(a)/X2) + (sin(a)/X2)2; 

(110) P2 = (sin(a)/X-|)2 + 2p*(sin(a)/X1)(cos(a)A2) + (cos(a)/A,2)
2. 

In the first two cases, equations (104) and (106) are sufficiently simple that 

we can see immediately that (31 > 0 and p2 > 0. The beta coefficients are 

positive for the third case, too, but this fact is not self-evident. To show that 

Pi > 0 and p2 > 0 in equations (109)—(110), we must consider three 

circumstances: (a) cos(a)sin(a) > 0; (b) cos(a)sin(a) < 0; and 

(c) cos(a)sin(a) = 0. 

Suppose that cos(a)sin(a) > 0. Then 

(111) P1 = (cos(a)/X1)
2 - 2(cos(a)/A,1)(sin(a)/A,2) + (sin(a)/X,2)

2 

+ 2(cos(a)/X-|)(sin(a)/X2) - 2p*(cos(a)/A,-| )(sin(a)/X2) 

= [(cos(a)/X1) - (sin(a)/A,2)]
2 

+ 2(1 -p*)(cos(a)/X-|)(sin(a)/A,2). 

The first term is nonnegative; the second is positive, since lp*l < 1 and 

cos(a)sin(a) > 0. Hence, P-j > 0. If cos(a)sin(a) < 0, then the proof follows an 

analogous argument. 

The proof that (32 > 0 when either cos(a)sin(a) > 0 or cos(a)sin(a) < 0 is 

similar to that applied for The remaining circumstance to consider is 
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cos(a)sin(a) = 0. This condition is true if and only if 2a = nit, where n is an 

integer. Equation (108) implies that 2a = nrc if and only if 

(112) 2 p \ X 2 / ( X i 2 - X 2
2 ) = tan(2a) = 0. 

However, p1 and p2
 i n equations (109)—(110) are derived under the assumption 

that p* # 0. Hence, 2a = nn, and so cos(a)sin(a) * 0. That is, either 

cos(a)sin(a) > 0 or cos(a)sin(a) < 0, and P-| and p2
 a r e positive for those cases. 

The second step in the derivation of the parametric functions is to define 

the rotated ellipse in terms of 0. Define the function £ by 

(113) ^ (0 ) = Acos(q>) and C2(0) = B«sin(<p). 

On substituting these functions into equation (103), we can determine the 

coefficients by first setting <p = 0 and solving for A and then setting <p = jt/2 and 

solving for B: 

(114) A = D[(1-p* 2yp 1 ] 1 / 2 and B = D[(1 - p*2)/p2]1/2, 

where the definition of and P2 depends on which of the three cases holds. 

In summary, separation (or relative position) is characterized by two 

parameters: D, measuring relative distance; and <p, measuring relative 

orientation with respect to the positive major axis of the ellipse defined by 
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equation (101). Equations (113)—(114) determine the values of £ = E01 ) } which 

are consistent with a constant distance D. 

In general, asymmetries in the density contours, combined with 

asymmetries in costs of misclassification and prior probabilities, may lead to 

different probabilities of misclassification for different orientations tp of the 

relative position vector. This is true even when shape and scale parameters are 

the same for both subpopulations, as they are in this study. Hence, in general, 

four orientations are considered: 0, rc/2, %, and 3n/2. 

£ (<p) must be transformed back to the original coordinates. If p* = 0, the 

transformation is equation (102). If p* * 0 and X1 = X 2 , the transformation is 

equation (*105). If p* * 0 and * X 2 , the transformation is equation (107). 

Values for the relative distance parameter D are based primarily on relative 

separation of conditional probability distributions for the predictor variables in 

the tests of hypotheses 6-8; i.e., historical data from Compustat. Table 52 in the 

Appendix includes an estimate of the standardized distance between means for 

bankruptcy and nonbankruptcy populations for the univariate marginal 

distributions of industrial firm annual reports when the prediction horizon is two 

years and the sampling period is three years. Corresponding values for one 

and three year prediction horizons and other sampling periods are similar. The 

measure, which corresponds to in the analytical expressions above, 

represents distance in terms of (pooled) standard deviations. The median 
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standardized distance for each variable across different sampling periods 

ranges from 0.017 to 1.3. 

A dilemma arises in defining D for the Monte Carlo simulations: should the 

two variables in the simulations be regarded as models of two actual financial 

predictor variables (e.g., two of the 29 variables in the tests of hypotheses 6-8), 

or should the distance in the simulations be treated as a model of actual 

separation? The two alternatives lead to different choices of D. If the 

standardized distance is between two actual variables, then D corresponding to 

the median univariate distances for the historical data ranges from 0.024 to 1.8. 

For example, if p* = 0, = 7> t ' i e n = (^1^-|)2 + (^2^2)2 

= 2-(0.017)2 and thus D = 0.024. On the other hand, the tests for hypothesis 7, 

for example, are conducted with 29-variable models in which actual separation 

ranges from 2.48 (for 1982-1984) to 4.73 (for 1985-1987), where 

D2 = (^/A,^2 + (^2^2)2 + ••• + (^29^29)2, a nd ^ A i represents the distance in 

terms of pooled standard deviations based on the bankruptcy and 

nonbankruptcy subpopulation standard deviations reported in table 52 of the 

Appendix. 

This dilemma is partially resolved by a pilot study of the performance of the 

Bayes rule on sinh"1 normal data. In the pilot study, the cost ratio C ranges from 

10 through 90, the prior probability rc(0F) = 0.007, and several different 

distributions are considered, including nearly normal distributions (with shape 
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parameter values = n2 = 0 and o-i = a2 = 0.1). The Bayes rule has expected 

loss approximately equal to expected loss for the no-data Bayes rule whenever 

D < 0.5. Similar results can be observed for C = 10 to 50 and D = 0.75. Under 

these circumstances, no discriminant rule can outperform the corresponding no-

data Bayes rule, so the null hypothesis 10a cannot be rejected. 

Based on all these results, the following values of D are used in the Monte 

Carlo simulations: 1, 2, and 4. These values permit nontrivial tests of the 

hypotheses. In addition, D = 1 or 2 is consistent with the interpretation that the 

bivariate distributions are models of two actual financial predictor variables. 

D = 2 or 4 is consistent with actual separation observed in the historical data 

from Compustat. 

Summary 

Given the loss function, the complete Monte Carlo simulation is repeated 

for each combination of shape parameters, relative scale parameters, and 

separation parameters. Specific values for the five shape parameters (|i-j, 

jj-2» <*2> P) a r e defined to yield the 23 distributions listed in table 4. Two types of 

relative scale are considered: (a) X1 = X2 = 1; and (b) A,1 = 1 and X2 = 10. Since 

conditional distributions for both bankruptcies and nonbankruptcies are 

assumed to have the same shape and same covariance matrices, this yields a 

total of 46 different distributional forms. 

Relative separation of the two conditional distributions is defined by two 
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parameters. The first is the orientation <p of the relative position vector. Four 

orientations are considered: 0, n/2, n, and 3n/2. The second parameter is the 

separation distance (or Mahalanobis distance) D. Three distances are 

considered: 1, 2, and 4. 

In the analysis of the simulation results, results are discussed conditional 

on the separation distance D and the cost ratio C. For each combination of C 

and D, 46 different distributional forms and 4 orientations <p are considered, for 

a total of 184 scenarios. In total, the complete Monte Carlo simulation is 

repeated 552 times for each cost ratio C (or, alternatively, for each loss function.) 

Organization of the Simulations 

This section covers four topics. The first topic is sampling design. Basically, 

samples for model estimation and validation are drawn from realizations of a 

population which in turn has stochastic properties. The second topic is the form 

of the statistical tests of hypotheses 10a and 10b. The form of the tests dictates 

the overall structure of the simulations. The third topic, generation of normal 

variates, identifies the specific random number generator and explains how it is 

used here. The fourth topic is a brief outline of the organization of the 

experiments. 

Sampling design 

The objective is to structure a simulation which duplicates the relative 

proportions of bankruptcy and nonbankruptcy observations in an actual 
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forecasting situation. The conditional probability density functions pF(x) and 

pNF(x) describe the distributions from which individual observations are drawn. 

However, to conduct the statistical tests of hypotheses 10a and 10b, a more 

complete stochastic model is required. In this subsection, that model is 

described. The statistical tests in the following subsection are defined in terms 

of it. 

For each sampling period, let S be the realization of N observations which 

occur. Thus, S corresponds to the finite ex-post population available for 

sampling in the experiments with historical data. Unlike with the historical data, 

however, in the Monte Carlo simulation the realization of the population can be 

observed more than once. 

Assume that a fixed proportion jt(6 f) of these observations are a simple 

random sample (SRS) from the distribution with density pF(x; qF) and that a 

fixed proportion JI(0nf) are an SRS from the distribution with density 

pNF(x; qNF), where qF and qNF represent the shape, scale, and location 

parameters for their respective subpopulations. In the discussion above 

concerning the shape, scale, and location parameters, qF and qNF are defined 

jointly. For convenience in the following discussion, let q s (qF, qNF). For greater 

generality, tt(0f) also could be treated as random. However, since 7c(6F) tended 

to stay in a relatively narrow range for the historical period 1980-1988, treating 

TT(0f) as constant is a reasonable assumption for this initial study. 

As in the sampling experiments with historical data, define two types of 
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sampling periods: the model estimation period, from which a training sample is 

drawn, and the validation period, from which a validation sample is drawn. In 

the Monte Carlo simulations, the validation period is assumed to be distinct from 

the estimation period and corresponds to sampling periods which follow the 

model estimation period in the experiments with historical data. Let ST be the 

realization for the model estimation period and E v be the realization for the 

validation period. Assume the two are independently distributed. Assume also 

that they have identical stochastic properties, with the only difference being the 

total number of observations in each realization (where number of observations 

is nonstochastic). This corresponds to the assumption that cross-sectional 

distributions from the historical data are stationary. 

In the Monte Carlo experiments, two types of samples are constructed: 

training samples, drawn from a given ST; and validation samples, drawn from a 

given Ev . Let x represent a training sample drawn from ET and v represent a 

validation sample drawn from E v . All samples are choice-based, i.e., the 

sample is stratified by states. The states labeled as F and NF (or, more 

generally, as 1 and 2) are analogous to bankruptcy and nonbankruptcy states, 

respectively, in hypotheses 6-8. Conditional on the state, a simple random 

sample (SRS) of predetermined size is drawn for each sample. The conditional 

samples are combined to form the sample. 

In principle, we first could construct the realizations ET and E v and then 

draw samples x or v. In practice, this is not necessary unless x or v is a census. 
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The reason is that all sampling is SRS conditional on state 0. Each realization S 

could be constructed by SRS conditional on the state. Samples could then be 

drawn from S by SRS conditional on state 0. However, a two-stage SRS of 

bankruptcy observations of size NF constructed in this manner has the same 

stochastic properties as a one-stage SRS of size NF from the original (infinite) 

superpopulation defined by the probability density pF(x; qF). The same is true 

for samples of nonbankruptcy observations. 

In the following Monte Carlo simulations, v always is a census from Sv, i.e., 

v = Sy. Training samples x, on the other hand, are always small samples from a 

given realization ST. This is analogous tests of hypotheses 6-8 in which small 

samples are used for model estimation and a later period census is used for 

error rate estimation. 

Training sample sizes are defined in the same manner as in the sampling 

experiments for testing hypotheses 6-8 on historical data. Specifically, 

NpW = Nnf(
t). Since hypotheses 10a and 10b primarily concern the effects of 

distributional form rather than sample size, only two representative sizes are 

tested: NpW = NNp(
T) = 45 and NpW = = 90.56 

Note that the NpW bankruptcy observations include all bankruptcy 

56These correspond to subgroup sample sizes for training samples in the 
tests of hypothesis 7 (two year prediction horizon), where sampling periods are 
three and six years long, respectively (and where sampling frames include 
annual reports released by industrial firms; see table 46 in the Appendix). 
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observations in ET , whereas the N n f W nonbankruptcy observations are a small 

sample from the nonbankruptcy observations in ST. 

Since v = E v , validation sample sizes are defined accordingly. Let Np(v) be 

the number of bankruptcy observations in v and N n f (
v ) be the number of 

nonbankruptcy observations in v. In order that differences in size of S T and S v 

not confound the effects of nonnormality for at least one of the training samples, 

Np(v) = Np(T) = 45. Training samples with Npfr) = 90 then serve to test whether 

training sample size has any effect on performance, given a fixed size validation 

census in both cases. The proportions 7t(0F) and rc(eNF) are held constant over 

all realizations; specifically, rc(0F) = 0.007. Thus, the validation sample size for 

nonbankruptcy observations is 

(115) Nn f (
v ) = rc(0NF)- (N p(v)/jt(0 F)) = 0.993-(45/0.007) = 6,384. 

Statistical tests 

The test statistics are defined in terms of the above stochastic structure of 

the data. Before discussing the test statistics, it is necessary to define the 

parameters for which they are estimates. 

Let 5 0 represent the no-data Bayes rule. Since C < 90 and ir(0F) = 0.007 in 

the Monte Carlo experiments, 5 0 always is the rule which classifies all 

observations as nonbankruptcies. Hence, 
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(116) N0 S E{L(80)} = C 7t(eF). 

Let 8b represent the Bayes rule, which can be defined in closed form for 

the sinh"1 normal conditional distributions. (See equations (75)-(78) and 

(92)-(93).) Since the parameters q are known, no training sample is required to 

determine SB. For convenience, let 

(117) nB Q S E{L(8B(X)) I q}. 

In the Monte Carlo simulations, the discriminant rule is based a two-

variable linear discriminant model whose formula can be derived under the 

assumption that the conditional distributions are bivariate normal with the same 

covariance matrix. In practice, the parameters are unknown and are replaced by 

their maximum likelihood estimates calculated from a training sample x. Let 

§DA(X; x, ST) represent the discriminant rule estimated with x drawn from ST. Let 

the unconditional expected loss for the discriminant rule be 

(118> HDA,q 3 E{E{L(5DA(X; -T, ST)) I X, ST; q} I q}. 

Hypothesis 10a can be written as a multiple comparison test in the 

following form: 

(119) H0: n D A q = n0 versus HA: | iDA q < |i0, qe 0D , 
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where relative separation D, the cost ratio C, and the prior probability rc(0F) are 

held constant; and 0 D is the subset of shape, scale, and location parameters 

discussed above, given D. By definition of the Bayes rule, we always have 

M-B q ̂  |iQA,q- So, the comparisons in hypothesis 10b can be written as a 

multiple comparison test in the following form: 

(120) H0: n B q = (iDA q versus HA: \ iB q < HDA q> qe 0D , 

where D, C, and 7c(0f) are held constant. 

For hypothesis 10a and the simple hypothesis for q in equation (119), the 

test statistic takes the general form for one-sample tests of the mean: 

(mDA,q* ~ Ho) / (sDA,q*^Nv)- l n t h i s case> 

(121) *̂ DA,q = 

022) m q j ^ E ^ S ^ / N T , 

(123) E(tj, ST j) = C j i(0 f) (np/NF(
v>) + [1 -Jt(0p)] (nNF^NF^V0> 

024) sDA,q ^ s tmq,i — mDA,q — 1), 

where nF is the number of incorrect classifications of the Np(
v) bankruptcy 
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observations in SV i ; nNF is the number of incorrect classifications of the NNF(V) 

nonbankruptcy observations in EV j ; NT is the number of independent and 

identically distributed training samples Xj drawn from STs; and N v is the number 

of independent and identically distributed realizations (STi, HVj). 

Define 

(125) yF(x, H t ) = P{SDA(X; x, ST) = aN F I x, ST; q, 0F} ( 

(126) yN F (x,Sj) = P{SDA(X; x, Sj) = a F I x, ST; q, 0NF}. 

Then, we can write 

(127) E{L(5DA(X; x, ST)) I x, ST; q} = Cjr(0F)yF(x, ST ) + [1 -^(0F)]YNF(X, ST). 

Since E v is the union of two SRS's, one conditional on 0F and the other 

conditional on 0NF, the random variables nFand nNF have binomial 

distributions: 

(128) nF ~ Bin(NF<
v>, y F I x, ST; q); and nNF ~ Bin(NNp(

v), yN F I x, ST; q). 

Thus, 

(129) E{nFL x,ST ;q} = N f(
v)Y f and E{nNF I x, ST; q} = NNp(

v>y NF-
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Taking the expected value of E(t, E t ) , conditional on (t, E t ) , and using the 

properties of the binomial distributions for nFand nNF, 

(130) E{E(tj, ET j) I x, E t ; q} 

= C7t(0F)E{nF/NF(v) | T,HT;q} + [ l- j r(eF)]E{nN F /NN F(v)| T,ET;q} 

= Cjt(0F)yF(t, 3 t ) + [1 -rc(0F)]yNF(i:, sT) 

= E{L(8d a(X; T, E t ) ) I T, E t ; q}. 

Then, 

(131) E{MQ>I I t , E t ; q} = E{Xj E(xj, ET J) / N T I x, ET; q} 

= XJ E{L(SDA(X; X,ST ) ) I T ,S T ;q } /N T 

= E{L(5DA(X;-c, ST)) I x,5T ;q}. 

Hence, by the definition in equation (118), 

(132) E{mqJ I q} = E{E{mqji I T, 3 t ; q} I q} 

= E{E{L(8da(X; t, ST)) I i, ST; q} I q} = ^ D A q , 

and thus 

(133) ^{mDA,q ^ = mq,i^Ny I q} = Ej M^DA.q^V = ^DA,q-

That is, mD A q* is an unbiased estimator of juDA q. 
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For hypothesis 10b and the simple hypothesis for q in equation (120), the 

test statistic takes the form of the two-sample tests of the mean discussed above 

at equations (46)-(49). Specifically, the test statistic is Dq / sDq, where 

(134) Dq = mB q - mD A q , 

(135) m B q * = 

(136) E|<B> = C*(eF) (nF(BVNF(v>) + [1 - i t (e F ) ] (nNF<B>/NNFM), 

(137) sDq2 = (sDA,q 2 + sB,q 2 ) ^ V ' 

(138) sB q*2 = ^[EiP) - m B , q * ] 2 / (N v - 1 ) , 

where nF(B) is the number of incorrect classifications by the Bayes rule of the 

NF(V) bankruptcy observations in S v j ; nNp(
B) is the number of incorrect 

classifications by the Bayes rule of the Nn f(
v) nonbankruptcy observations in 

S v jj and N v is the number of independent and identically distributed 

realizations (STj, SVj). 

Define 

(139) yFP) S P{5b(X) = a N F I q, 0F}, 
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(140) Y N F ( B ) S P{SBW = ( XF' 9' ®NF)-

Then, we can write 

(141) E{L(8B(X))I q}sCjt(0F)YFW + [ l - 7r(eF)]yNF(B>. 

Since E v is the union of two SRS's, one conditional on 0Fand the other 

conditional on 0NF, the random variables nF<
B) and nNF(B) have binomial 

distributions: 

(142) nF<
B) ~ Bin(NF<

v), y f(
b) I q); and nNF<

B) ~ Bin(NNp(
v), yNF(B) I q). 

Thus, 

(143) E{nF<
B) I q}= NF(v)yF(B) and E{nNF<

B> I q} = NNF(
v>yNF<

B). 

Taking the expected value of E/b) and using the properties of the binomial 

distributions for np(
B) and nNF(B), 

(144) E{EJ(b)| q} 

= C«(8F)E{nFP)/NFf»)I q} + [ l - i t (eF ) ]E{nN FP)/NN FW| q} 

= Cit(8F)YF
(B) + [1 - t(0F)]yNF

<B) 

= E{l(8b(X)) I q} = n B q. 
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Thus, based on the properties summarized by equations (133) and (144), 

(145) E{mB q* I q} = E f t %<P) / Nv I q} = S, £{£,(8) I q} / N v 

= £|HB,q/Nv = He.q-

That is, mB q* is an unbiased estimator of (iB q. 

For sufficiently large Nv, the test statistics for hypotheses 10a and 10b 

have standard normal distributions under the respective null hypotheses. Proofs 

are based on the central limit theorem and are the same as the proofs 

presented for the test statistics discussed above in the section on sampling 

experiments with historical data. 

Generation of normal variates 

Tests of hypotheses 10a and 10b require the generation of observations 

from a bivariate normal distribution. This process takes place in two steps. 

The first step is to generate a pair of independent, univariate, standard 

normal random variables. The simulation is conducted in SAS/IML. The 

NORMAL function generates pseudo-random normal deviates using the Box-

Muller transformation of the UNIFORM function deviates (SAS/IML 1990).52 The 

normal deviates have a mean of 0 and a standard deviation of 1. Let 

U = [U-,, U2 ] ' represent the random vector generated in SAS/IML. 

52The UNIFORM function in SAS/IML corresponds to the DATA step 
function RANUNI in SAS. 
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The second step is to transform U to the desired bivariate normal 

distribution. Using the parameter notation defined above, the transformation 

(146) X1 = ( i 1 + a 1 U 1 and X2 = |i2 + <*2 (p^i + ~ P231/2) 

produces observations with the desired bivariate normal distribution; that is, 

X ~ N2(|X, £) (Bickel and Doksum 1977, 25). 

Monte Carlo experiments 

For each cost ratio C and set of parameters q, the simulation follows the 

same steps. The initial step is to calculate the parameters for the sinh'1 normal 

distribution. This defines the transformation applied to the normal variates in 

order to generate observations from the sinh"1 normal distribution. It also 

defines the conditional density functions required by the Bayes rule. 

The simulation then begins each validation cycle by generating the 

validation census S v -y The Bayes rule is applied to 3V j and its expected loss is 

estimated using the statistic Ej(B) defined in equation (136). 

Within the validation cycle, the simulation enters the training cycle. In each 

training cycle, a new training sample i j is generated. From this sample, the 

linear discriminant model coefficients are calculated. Then, the LDA model is 

applied to to Ev>i and its expected loss is estimated using the statistic E(ij, ST j) 

defined in equation (124). 
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The training cycle is repeated NT = 10 times per validation cycle. This is 

equivalent to drawing 10 different training samples from the model estimation 

period of the historical data, estimating a new linear discriminant model with 

each training sample, and then calculating the expected loss for each, based on 

a single, later period validation census from historical data. On exiting the 

training cycle, the simulation calculates mq j, the mean of the estimates 

E(ij, ST j), j = 1, 2,..., NT. For given values of C and q, this is equivalent to 

conducting the sampling experiment described above for historical data. 

The validation cycle is repeated Nv = 100 times. Each time, a new 

validation census is generated and is equivalent to repeating history 100 times. 

On exiting the validation cycle, the simulation calculates the sample means and 

standard deviations required by the test statistics. For the tests of hypothesis 

10a, the statistics are mDA q* and sDA q*, which are defined by equations 

(121)—(124). From these, the test statistic can be calculated for the simple test 

corresponding to q in (119). For the tests of hypothesis 10b, mDA q* and sDA q* 

are required, as well as the statistics mB q* and sB q*. The latter are defined by 

equations (135)-(136) and (138). From these, the test statistic Dq / s D q can be 

calculated for the simple test corresponding to q in (120). 



CHAPTER 4 

RESULTS 

This chapter has four sections corresponding to the groups of hypotheses 

tested: comparisons of missing data methods, comparisons of sampling 

designs, tests of predictive performance, and tests of robustness. The results, 

which are briefly summarized in this introduction, are explained in detail in each 

section. 

By selecting variables and their proxies so that missing data is minimized 

for each, a set of predictors is found for which only 3% to 5% of all annual 

reports released each year by industrial firms in Compustat have at least one 

missing measurement. Furthermore, this rate is about the same for bankruptcies 

as nonbankruptcies. As a result, the missing data problem is sufficiently 

minimized so that neither the complete data method nor replacement of missing 

current asset measurements by zeros leads to optimistic bias in expected loss. 

Contrary to original expectations (but consistent with the null hypotheses), 

the simulation results do not show that expected loss estimated on firm-based 

sampling frames is biased; i.e., significantly lower than expected loss estimated 

on report-based sampling frames. These conclusions hold for bankruptcy 

forecasting with either linear or quadratic discriminant analysis. 

In the tests of forecasting performance, the null hypothesis is that expected 

199 
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loss for discriminarit-based decision rules is not significantly better than for 

corresponding no-data Bayes rules. Overall, evidence from the sampling 

experiments on historical data does not support rejecting the null hypothesis. 

However, for sufficiently high values of the cost ratio (the ratio of the cost of 

incorrectly forecasting bankruptcy to the cost of incorrectly forecasting 

nonbankruptcy), two-state quadratic models perform significantly better; the 

threshold cost ratio is lower for longer prediction horizons. Furthermore, three-

state linear models also perform significantly better than the corresponding no-

data Bayes rules, again provided that cost ratios are sufficiently high. 

In addition, no significant difference could be found between expected loss 

for which error rates are estimated on the model estimation period (using cross-

validation) and expected loss for which error rates are estimated on the year 

immediately following the model estimation period. That is, under these limited 

circumstances, nonstationary behavior (if any) of the predictor variables does 

not significantly affect expected loss in bankruptcy forecasting. 

Finally, Monte Carlo experiments on two-state, two-variable linear 

discriminant models show that, for a sufficiently large cost ratio and sufficiently 

large separation between the means of the conditional probability distributions, 

discriminant-based decision rules are robust to a wide range of departures from 

normality. This is true whether performance is judged relative to no-data Bayes 

rules or relative to (optimal) Bayes rules. In order to identify which 

characteristics of the forecasting problem are most important in determining 
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robustness, four factors are considered: the cost ratio C, the separation D, 

skewness, and kurtosis. Generally speaking, the cost ratio is the most important. 

Missing Data Methods 

This section covers the results of the tests concerning missing data 

methods. For each hypothesis, the following is presented. First, the hypothesis 

to be tested is restated. Then, any attributes of the research design not 

discussed in detail in chapter 3 are explained here. Finally, p-values for 

statistical tests of the simulation results are reported. 

Replacement Data From Moody's Manuals 

The purpose of hypothesis 1 is to test for significant differences between 

two missing data methods: method #1, in which replacement values are taken 

from Moody's Manuals for current asset data items missing in Compustat; and 

method #2, in which those same missing values are replaced with zero. The test 

compares expected loss when missing data methods #1 and #2 are used to 

construct sampling frames. 

Hypothesis 1 

• Null Hypothesis 1: the expected loss using missing data method #1 is not 

significantly different from the expected loss using method #2. 

• Alternative Hypothesis 1: the expected loss using missing data method #1 

is significantly lower than the expected loss using method #2. 

This general hypothesis can be rewritten as Q simultaneous simple hypotheses: 
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(147) Hq. |Xqx — M^y • q — 1> 2, ..., Q, 

(148) Ha : n q X < [i.q Y , q = 1, 2, Q, 

where | iq x is the expected value of the estimator E{L I q, X; t}, and n q Y is the 

expected value of the estimator E{L I q, Y; t}. E{L I q, X; t} is the estimator of the 

expected loss at trial t with research design characteristics q, where X signifies 

missing data method #1. E{LI q, X; t}, t = 1 , 2 , N T , are independent and 

identically distributed. E{L I q, Y; t} is the expected loss at trial t with research 

design characteristics q, where Y signifies missing data method #2. 

E{L I q, Y; t}, t = 1,2 NT, are independent and identically distributed. 

Attributes of the Research Design Specific to This Test 

This test is conducted with report-based sampling frames and a one year 

prediction horizon. Table 41 in the Appendix lists numbers of observations in 

different categories and compares the overall makeup of the observations 

under the two missing data methods. Certain design characteristics remain 

fixed for all trials in a given set but change from set to set. In the test of 

hypothesis 1, Q = 405 sets of paired trials. (For a list of the characteristics of 

these sets, see table 42 in the Appendix.) 

The number of trials per set depends on the discriminant method and the 

length of the estimation period. For quadratic discriminant analysis (QDA), 

Nq = 100. For linear discriminant analysis (LDA), Nq = 400 for three year 
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estimation periods, and Nq = 200 for six year estimation periods. In each 

instance, these values are the largest multiple of 100 which could be run 

conveniently when executing the simulation.1 

Results of the Simulations 

The evidence does not support rejection of null hypothesis 1; expected 

loss is not significantly lower when missing data method #1 is applied instead of 

method #2. Table 5 lists the overall p-values for the general hypothesis test as 

well as separate p-values for linear and quadratic models. Individual p-values 

for tests of the Q simple hypotheses in equations (147)—(148) show no strong 

relationship between p-value and design characteristics. The same conclusions 

hold when the tests are two-sided instead of one-sided. 

Complete Data Analysis 

The purpose of hypothesis 2 is to test for significant differences between 

two missing data methods: method #3, in which observations missing market 

value of equity (MVE) or retained earnings (RE) are kept in the sampling frame; 

and method #4, in which observations missing MVE or RE are omitted from the 

11n most later hypothesis tests, Nq = 100 for all cases. For tests of 

hypotheses 3-5, Nq = 100 is sufficiently large for the two-sample test statistic 

based on Welch's approximation to be approximately normal. See the 
discussion below under "Report-based Versus Firm-based Sampling Designs." 
Remaining tests are for one-sample problems for which the t-test is robust and 
hence approximately normal for Nq = 100 (Larsen and Marx 1981). 
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Table 5.—P-values for the Test of Hypothesis 1 

Error rate method3 LDA only QDA only Overall 

Later period census, 1 year 1.000 1.000 1.000 

Later period census, 2 years 1.000 NAb NAb 

Notes: The results for LDA only and QDA only are statistically 
independent. 

aFor these two methods, variability in the simulation is due solely 
to random sampling of the nonbankruptcy subpopulation in the 
estimation period. Hence, the results for the two error rate 
methods are not statistically independent. 

b For QDA, execution time and memory limits made it impractical 
to use a later period census longer than one year. 

sampling frame. The test compares expected loss when missing data methods 

#3 and #4 are applied. 

Hypothesis 2 

• Null Hypothesis 2: the expected loss using missing data method #3 is not 

significantly different from the expected loss using method #4. 

• Alternative Hypothesis 2: the expected loss using missing data method #3 

is significantly higher than the expected loss using method #4. 

This general hypothesis can be rewritten as Q simultaneous simple hypotheses 

of the same form as equations (147)—(148), provided that X now represents 

missing data method #4, and Y now represents missing data method #3. 
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Attributes of the Research Design Specific to This Test 

This test is conducted with report-based sampling frames and a one year 

prediction horizon. Table 43 of the Appendix lists numbers of observations in 

different categories and compares the overall make up of the observations 

under the two missing data methods. Certain design characteristics remain 

fixed for all trials in a given set but change from set to set. In the test of 

hypothesis 2, Q = 405 sets of paired trials. For a list of the characteristics of 

these sets, see table 44 in the Appendix. The sampling frames under missing 

data method #4 are subsets of those under missing data method #3 and tend to 

have roughly 2% fewer observations, on average. 

As with the test of hypothesis 1, the number of trials per set depends on the 

discriminant method and the length of the estimation period. For QDA, Nq = 100. 

For LDA, Nq = 400 for three year estimation periods, and Nq = 200 for six year 

estimation periods. 

Results of the Simulations 

The evidence does not support rejection of null hypothesis 2. That is, the 

simulation results show that expected loss is not significantly higher when 

missing data method #3 is applied instead of method #4. Table 5 lists the p-

values for the general hypothesis test and presents the overall p-value as well 

as the separate p-values for linear and quadratic models. The individual p-

values for the tests of the Q simple hypotheses show no strong relationship 

between p-value and design characteristics. 
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Table 6.—P-values for the Test of Hypothesis 2 

Error rate method3 LDA only QDA only Overall 

Later period census, 1 year 1.000 1.000 1.000 

Later period census, 2 years 1.000 NAb NAb 

Notes: The results for LDA only and QDA only are statistically 
independent. 

a For these two methods, variability in the simulation is due solely 
to random sampling of the nonbankruptcy subpopulation in the 
estimation period. Hence, the results for the two error rate 
methods are not statistically independent. 

b For QDA, execution time and memory limits made it impractical 
to use a later period census longer than one year. 

Summary 

The steps taken to select the 32 predictor variables largely circumvent the 

missing data problem. When all 32 variables are taken into consideration, only 

about 3% to 5% of all annual reports released each year are missing at least 

one variable. (See table 41 in the Appendix.) This rate is both low and about the 

same for bankruptcies and nonbankruptcies when the full 1980-1989 period is 

considered, suggesting that the choice of the missing data method will not 

significantly affect the expected loss. 

Results from the tests of hypotheses 1 and 2 are consistent with this 

expectation. Expected loss is not biased optimistically (in the sense that 
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expected loss is significantly lower) by either (a) replacement of missing current 

asset measurements with zeros instead of with data from another source (in this 

study, from Moody's Manuals) or (b) the complete data method applied to 

observations which are missing MVE or RE. 

Missing data method #3 is adopted for the remainder of the hypothesis 

tests, because method #3 does not require data from a source other than 

Compustat. This avoids any data source bias which could arise from systematic 

differences between two sources. In addition, models are restricted to the 29 of 

the 32 variables which are not functions of MVE or RE. This avoids a missing 

data problem due to missing values of MVE or RE. (See table 43 in the 

Appendix.) Furthermore, the three omitted variables which are functions of MVE 

or RE have large annual cross-sectional correlations with several of the 

remaining 29 variables, indicating that information in MVE and RE is reflected, 

at least in part, by the other financial measurements. Hence, omitting the three 

should not substantially degrade predictive performance. 

Report-based Versus Firm-based Sampling Designs 

This section covers the results of the tests comparing report-based and 

firm-based sampling designs. First, the hypotheses to be tested are restated. 

Then, any attributes of the research designs which were not discussed in detail 

in chapter 3 are covered here. Finally, the p-values for statistical tests of 

simulation results are reported. 
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Hypotheses 3, 4, and 5 

The purpose of hypotheses 3, 4, and 5 is to test whether report-based and 

firm-based sampling designs are significantly different in terms of expected loss. 

Each hypothesis has the following general form: 

• Null Hypothesis: assume that the prediction horizon is H years. The 

expected loss using firm-based sampling designs is not significantly 

different from the expected loss using report-based sampling designs. 

• Alternative Hypothesis: assume that the prediction horizon is H years. The 

expected loss using firm-based sampling designs is significantly lower 

than the expected loss using report-based sampling designs. 

This general hypothesis can be rewritten as Q simultaneous simple hypotheses: 

(149) HQ. Hqx = M^Y » Q = 2, Q, 

( 1 5 0 ) H a : | i q x < j L X q Y , q = 1, 2 , . . . , Q , 

where ^iq x is the expected value of the estimator E{L I q, X; t}, and n q Y is the 

expected value of the estimator E{L I q, Y; t}. E{L I q, X; t} is the expected loss at 

trial t with research design characteristics q, where X signifies a firm-based 

sampling design. E{L I q, X; t}, t = 1,2,..., NT, are independent and identically 

distributed. E{L I q, Y; t} is the expected loss at trial t with research design 

characteristics q, where Y signifies a report-based sampling design. 

E{L I q, Y; t}, t = 1, 2,..., NT, are independent and identically distributed. 
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Attributes of the Research Design Specific to These Tests 

Four topics are covered here. The first is the missing data procedure. The 

second topic concerns the different numbers of observations in firm-based 

versus report-based sampling frames, even when all else is the same. The third 

topic covers suitable interpretations of prior probabilities which permit 

comparison of firm-based and report-based sampling designs. The fourth topic 

is the number of repetitions in the simulations. 

Missing Data and the Design 

Based on the results of the missing data hypotheses tests, models include 

only the 29 predictor variables which are not functions of MVE or RE. This 

substantially reduces the potential missing data problem to about 3% to 5% of 

reports per year. The following missing data procedure is adopted for these 

remaining cases. For report-based frames, apply missing data method #3 

described above. For firm-based frames, follow the same procedure when 

deciding whether to drop or include any annual report; note, however, that a 

nonbankrupt firm will be included in a sampling frame as long as at least one 

report released during the sampling period has complete data available after 

applying missing data method #3 to the annual reports. 

Observation Counts for Sampling Frames 

One important consequence of the type of sampling design is that report-

based and firm-based sampling frames have different numbers of observations, 
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even when all other characteristics of the research design are the same.2 The 

reason is that each firm may be represented by more than one observation 

(each annual report) in a report-based frame, yet each firm only counts as a 

single observation in a firm-based frame. (See table 48 in the Appendix.) 

Prior Probabilities 

In calculating the expected loss from a given set of error rates (however 

derived), the prior probabilities should reflect the expected proportions of 

observations which will fall in each future state. As discussed above in chapter 

3, it is unclear what forecast best captures the decision maker's beliefs. Hence, 

each simulation is repeated for three different values of jr(0F) which correspond 

to the historical proportion of bankruptcy observations appropriate for the given 

industry and prediction horizon over 1980-1989. The specific values are listed 

in table 7, which reflects historical proportions for report-based sampling 

frames. (See tables 37-39 in the Appendix.) 

Report-based and firm-based sampling frames have different proportions 

of bankruptcy observations whenever the sampling period is longer than one 

year or the prediction horizon is longer than one year. (See tables 37-39 in the 

Appendix.) Roughly speaking, the ratios of bankruptcy to nonbankruptcy 

observations in the two types of sampling frames are related by the following 

2For the one year prediction horizon, see table 45 in the Appendix. For the 
two year horizon, see table 46. For the three year horizon, see table 47. 
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formula: 

(151) NF(FIRM) /NNF(FIRM) =
 [ N F ( R E P O R T ) H " H ] A N N F ( R E P O R T ) ^ Y ] , 

where NF(F|RM) = number of bankruptcies in the firm-based frame, NNF(F|RM) = 

number of nonbankruptcies in the firm-based frame, NF(REP0RT) = number of 

bankruptcies in the report-based frame, N N F ( R E P 0 R T ) = number of 

nonbankruptcies in the report-based frame, H = the prediction horizon in years, 

and Y = length of the sampling period in years. In firm-based sampling frames, 

the historical proportion of bankruptcy observations is not the same as the 

Table 7.—Prior Probabilities of Bankruptcy 

Prediction Industry Prior Probability of Bankruptcy 
Horizon Category Low Middle High 

1 year Industrial 0.001 0.003 0.005 
Unregulated 0.001 0.003 0.005 
Manufacturing 0.001 0.003 0.005 

2 years Industrial 0.005 0.007 0.009 
Unregulated 0.005 0.007 0.009 
Manufacturing 0.003 0.0055 0.008 

3 years Industrial 0.009 0.011 0.013 
Unregulated 0.009 0.011 0.013 
Manufacturing 0.006 0.009 0.012 

Notes: These forecasts are based on historical proportions 
for report-based sampling frames over 1980-1989. See tables 
45-47 in the Appendix. 
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expected bankruptcy rate, because firm-based sampling frames are 

constructed, in effect, by stratifying available information (annual reports) 

conditional on individual firms. 

The objective here is to evaluate the error rate estimates from firm-based 

sampling designs in terms of whether they can serve as proxies for the error 

rate estimates from properly specified (i.e., report-based) sampling frames. 

Hence, for the expected loss calculation, the values in table 7 are applied and 

not the historical proportions from the firm-based frames. Thus, each pair of 

trials, one with a firm-based sampling design and the other with a report-based 

sampling design, are compared using the same prior probability of bankruptcy. 

To estimate the model using a firm-based sampling design, on the other 

hand, the expected annual bankruptcy rate is more appropriate for calculating 

(152) k = D-COf^NfM^f)] / [ L ^ n f ^ f M ^ N f ) ] ' 

the ratio which defines the cutoff point in discriminant analysis. In a given trial, 

the expected annual bankruptcy rate equals the prior probability of bankruptcy 

from table 7 divided by H, the prediction horizon. The expected annual 

bankruptcy rate is appropriate for the model estimation, since the future 

bankruptcy state in the firm-based sampling designs is an annual period (i.e., 

bankruptcy in the last year of the prediction horizon). 
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Number of Trials 

Certain design characteristics remain fixed for all trials in a given set but 

change from set to set. In hypotheses 3, 4, and 5, Q = 510 sets of paired trials. 

(See table 49 in the Appendix for a list of the sets.) 

Let the number of paired trials per set be Nq = 100. This many repetitions is 

selected in order to have reasonable confidence that the test statistic, Dq /sDq, 

is approximately normal. This assumption is checked at each trial by calculating 

the number of degrees of freedom, kq, for Welch's approximation to the 

distribution of the test statistic. For all sets for all three hypotheses, kq > 100. 

Hence, the test statistic has approximately a normal distribution when Nq = 100 

(Bickel and Doksum 1977). 

Results of the Simulations 

The evidence does not support rejection of the null hypotheses 3, 4, or 5. 

That is, the simulation results show no significant difference overall between 

expected loss when either (a) the entire trial is conducted using firm-based 

sampling frames, or (b) the entire trial is conducted using report-based 

sampling frames. Tables 6-8 list the p-values for the general tests of 

hypotheses 3-5, respectively. The overall p-value is presented for each type of 

error rate estimation technique as well as the separate p-values for linear and 

quadratic models. Regardless of which of the three error rate estimation 

methods is applied, the conclusions are the same. The evidence clearly 

indicates that the firm-based sampling design does not lead to optimistically 
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Table 8.—P-values for the Test of Hypothesis 3 

Error rate method LDA only QDA only Overall 

Cross-validation 1.000 1.000 1.000 
Later period sample, 1 year3 1.000 1.000 1.000 

Later period census, 1 yearb 1.000 0.997 1.000 

Notes: The results for LDA and QDA are statistically independent. 

a Results based on the later period sample are independent of the 
results based on either cross-validation or the later period census. 
The results based on the latter two methods are not statistically 
independent. See the discussion in chapter 3 under "Analysis 
With Sampling Experiments: Procedures for Conducting 
Experimental Trials." 

b A two-year later period census was not used, because 
execution time and memory limits made it impractical to construct 
a firm-based census at each trial. 

Table 9.—P-values for the Test of Hypothesis 4 

Error rate method LDA only QDA only Overall 

Cross-validation 1.000 1.000 1.000 
Later period sample, 1 year 1.000 1.000 1.000 
Later period census, 1 year 1.000 1.000 1.000 

Notes: Same as for table 8. 
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Table 10.—P-values for the Test of Hypothesis 5 

Error rate method LDA only QDA only Overall 

Cross-validation 1.000 1.000 1.000 
Later period sample, 1 year 1.000 1.000 1.000 
Later period census, 1 year 1.000 1.000 1.000 

Notes: Same as for table 8. 

biased estimates of expected loss. 

The individual p-values for the tests of the Q simple hypotheses in 

equations (149)—(150) were also examined. In the tests for hypothesis 3 (one 

year prediction horizon), no strong relationship between p-value and 

research design characteristics was found, with one possible exception. When 

the error rates are estimated on a one year, later period census, most sets of 

trials with quadratic discriminant (QDA) models have p-values less than 0.10 

(106 of the 120 sets of trials). For each of these cases, mean expected loss 

using firm-based sampling designs is lower than mean expected loss using 

report-based sampling designs. Although this is consistent with the alternative 

hypothesis, the evidence is not strong. This bias is evident only for QDA models 

and only for the error rate estimation method based on the one year, later period 

census; even then, the overall p-value is high (0.997). In the tests for 

hypotheses 4 and 5, no strong relationship between p-value and research 
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design characteristics was found. Indeed, for most sets of trials, the p-value is 

close to one, since the expected loss with the firm-based design is greater than 

the corresponding expected loss with the report-based design. 

Predictive Performance 

The predictive performance of the discriminant models is evaluated by 

comparing each with its corresponding no-data Bayes rule. The latter serves as 

a standard for minimum acceptable performance. In this section, five types of 

comparisons are reported. The first are formal tests of whether two-state 

discriminant rules have significantly lower expected loss than corresponding 

no-data Bayes rules. The second are informal comparisons of the total error 

rates of the two-state discriminant models with the total error rates reported in 

the literature. The third are comparisons of expected loss based on cross-

validation with expected loss based on samples from a later period; these 

formal tests provide evidence concerning changes in error rate estimates over 

time. The fourth are informal comparisons of the error rate methods for relative 

bias and efficiency. The fifth are formal tests of whether a three-state 

discriminant rule (which forecasts year of bankruptcy) has significantly lower 

loss than its corresponding no-data Bayes rule. 

Discriminant Versus No-data Bayes Rules 

This section covers the results of testing whether two-state discriminant 

rules have significantly lower expected loss than the corresponding no-data 
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Bayes rules. First, the hypotheses to be tested are restated. Then, any attributes 

of the research design which are not discussed in detail in chapter 3 are 

explained. Finally, the p-values for statistical tests of the simulations are 

reported. 

Hypotheses 6a. 7a. and 8a 

The three hypotheses are labeled 6a, 7a, and 8a, which correspond to 

one, two, and three year prediction horizons, respectively. Each hypothesis 

takes the following form: 

• Null Hypothesis: assume a H year prediction horizon. The expected loss 

using a discriminant rule is not significantly different from the expected loss 

using the corresponding no-data Bayes rule. 

• Alternative Hypothesis: assume a H year prediction horizon. The expected 

loss using a discriminant rule is significantly lower than the expected loss 

using the corresponding no-data Bayes rule. 

This general hypothesis can be rewritten as Q simultaneous (and independent) 

simple hypotheses, each of which is a one-sample test: 

(153) H0: n q = n q 0 , q = 1,2, ...,Q, 

(154) HA: n q < fiq>0, q = 1,2, ...,Q, 

where \iq is the expected value of E{L(8) I q; t}, the estimator of expected loss for 
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the discriminant rule at the t-th trial in the q-th set of trials; | iq 0 = E{L(50) I q; t}, 

the expected loss of the corresponding no-data Bayes rule for the q-th set of 

trials. The test statistic for each simple hypothesis is (mq - n q 0) / (sqA/Nq). Let 

Nq = 100 for each set of trials. 

Attributes of the Research Design Specific to These Tests 

Each comparison in these tests is between expected loss of a discriminant 

rule and expected loss of the corresponding no-data Bayes rule. Since the 

expected loss for the no-data Bayes rule can be found analytically, the 

simulations in this section differ from the previous sections in that paired trials 

are not necessary. Only the application of the discriminant rule need be 

simulated. 

All sampling frames in this and the following sections on prediction 

performance are report-based and are defined with respect to the 29 predictor 

variables which are not functions of MVE or RE. That is, the missing data 

procedures which determine which observations are included in any sampling 

frame are specific to these 29 variables. This is the same approach applied in 

the above comparison of firm-based and report-based sampling frames. Hence, 

every report-based sampling design used to test hypothesis 3 (or 4 or 5) also is 

used to test hypothesis 6 (or 7 or 8, respectively). In addition, when the 

prediction horizon is two or three years long, the number of bankruptcy 

observations from manufacturing firms is sufficiently large to permit three-year 
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estimation frames with LDA and six-year estimation frames with QDA. The 510 

sampling designs for testing hypothesis 6 are listed in table 49 in the Appendix; 

the 675 sampling designs for testing hypotheses 7 and 8 are listed in table 50 in 

the Appendix. 

The no-data Bayes rule is 5NF (forecast nonbankruptcy for all 

observations) with the following exceptions. When the prediction horizon is 

three years, some combinations of the cost ratio and prior probabilities require 

that the no-data Bayes rule be 5p (forecast bankruptcy for all observations). 

Specifically, if the cost ratio is 90 and the prior probability of bankruptcy is 0.011 

and higher, then 8F is the no-data Bayes rule. 

Results of the Simulations 

The evidence does not support rejection of the general null hypotheses 6a, 

7a, and 8a. The overall p-values are presented in tables 11-13, respectively. 

The individual p-values for the tests of the Q simple hypotheses in 

equations (153)—(154) show a distinct nonrandom pattern. (See table 14.) For 

each general hypothesis test, a substantial proportion of the corresponding 

simple tests have p-values close to either zero or one. 

In general, the likelihood that individual tests have low p-values increases 

as (a) the cost ratio increases, (b) the prior probability of bankruptcy increases, 

and (c) the estimation sample size increases. For a given prediction horizon, 

each combination of C, the ratio of misclassification costs, and JT(8f), the prior 
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Table 11.—P-values for the Test of Hypothesis 6a 

Error Rate Method LDA Only QDA Only Overall 

Resubstitution3 0.013 0.000 0.013 
Cross-validation 1.000 1.000 1.000 
Later period sample, 1 year 1.000 1.000 1.000 
Later period census, 1 year 1.000 1.000 1.000 

Notes: The results for LDA and QDA are statistically independent. 
In addition, the "later period sample" error rate method is 
independent of the other methods. This independence exists, 
because the later period validation sample is independent of the 
estimation sample. The remaining three error rate methods are 
not independent, since the source of randomness for each is the 
estimation sample; at each trial, the same estimation sample is 
used for all methods. (Number of simple tests: Q = 510.) 

aThe results from resubstitution are not used to evaluate the 
hypothesis. Resubstitution p-values are reported to illustrate the 
severe bias of this error rate method when sample size is small. 

Table 12.—P-values for the Test of Hypothesis 7a 

Error Rate Method LDA Only QDA Only Overall 

Resubstitution 0.000 0.000 0.000 
Cross-validation 1.000 1.000 1.000 
Later period sample, 1 year 1.000 1.000 1.000 
Later period census, 1 year 1.000 1.000 1.000 

Notes: same as for table 11. (Number of simple tests: Q = 675.) 
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Table 13.—P-values for the Test of Hypothesis 8a 

Error Rate Method LDA Only QDA Only Overall 

Resubstitution 0.000 1.000 1.000 
Cross-validation 1.000 1.000 1.000 
Later period sample, 1 year 1.000 1.000 1.000 
Later period census, 1 year 1.000 1.000 1.000 

Notes: same as for table 11. (Number of simple tests: Q = 675.) 

Table 14.—Proportion of P-values Close to Zero or One 

Hypothesis 6a Hypothesis 7a Hypothesis 8a 
Error Rate Method P = 0 p=1 P = 0 p=1 P = 0 p=1 

Cross-validation 0.07 0.87 0.42 0.44 0.65 0.26 

Later period sample, 1 year 0.04 0.83 0.30 0.43 0.52 0.26 

Later period census, 1 year 0.06 0.89 0.38 0.52 0.58 0.33 

Notes: For each hypothesis, the proportions are with respect to the Q simple 
tests. The category "p = 0" includes p-values < 0.000005. The category "p = 1" 
includes p-values > 0.999995. 

probability of bankruptcy, corresponds to a different hypothetical decision 

maker. Hence, the most informative way to examine the p-values for the simple 

tests is by looking at results separately for each combination of C and 7t(6F). 

Fifteen combinations of C and rc(0F) are possible, corresponding to the five 
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values of C (10, 30, 50, 70, and 90) and the three possible types of jt(0F) (low, 

middle, and high; see table 7 for specific values). 

Since the majority of p-values in these tests are close to zero or one, 

graphs of the p-values are not as visually informative as the following approach. 

In chapter 3, it is shown that the general acceptance region for each general 

hypothesis test can be represented as the Q simultaneous confidence intervals 

(155) ( m q - n q 0 ) / ( s q W N q ) > z{l - ( 1 -a ) 1 / Q } , q = 1,2,...,Q, 

where <!>{z(u)} = u. For the sake of illustration, let a = 0.05 define the size of the 

simple confidence intervals. For hypothesis 6a, the acceptance region then 

takes the form 

(156) ( m q - n q 0) /(sqA(Nq) £-3.72, q = 1,2 510, 

or, alternatively, 

(157) mq + 3.72(sq/VNq) > nq 0, q = 1, 2, ..., 510. 

The level of significance for each simple test q in equation (157) is 0.0001006. 

For hypotheses 7a and 8a, the acceptance regions take the form 

(158) ( m q - n q 0 ) / (sqWNq ) > -3.80, q = 1, 2, ..., 675, 
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or, alternatively, 

(159) mq + 3.80(sq/VNq) > j iq 0, q = 1,2 675. 

The level of significance for each simple test q in equation (159) is 0.00007599. 

For each combination of C and TT(0f), the results of each simple test q can be 

represented by plotting (a) n q 0. the expected loss for the no-data Bayes rule, 

(b) mq, the mean expected loss for the discriminant rule, and (c) and error bars 

extending z* standard errors of the mean (sq/VNq) on either side of mq, where 

z = 3.72 for hypothesis 6a, and z* = 3.80 for hypotheses 7a and 8a. 

For each general hypothesis, results for a combination of C and jt(8F) are 

presented here only if the overall p-values for that combination differ 

substantially from the results reported in tables 11-13. To maintain an overall 

level of significance of a = 0.05, each of the fifteen combinations of C and jt(0F) 

must have an overall level of significance of 0.003413. 

First, consider the results from the simultaneous simple tests of 

hypothesis 6a. Only one combination of C and 7t(6F) exhibits results which differ 

from those in table 11: C = 90 and rc(0F) = 0.005 (the high value for all three 

industry groups). (See table 15.) In figures 5 and 6, the mean expected loss for 

the discriminant model is plotted versus the expected loss for the corresponding 

no-data Bayes rule for each simple test q. Table 16 provides a brief description 

of the categories of design characteristics indexed by q. 
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Table 15.—P-values for a Subset of the Tests of Hypothesis 6a 
(C = 90 and TT(0f) = the high value) 

Error rate method LDA only QDA only Overall 

Resubstitution 0.000 0.000 0.000 
Cross-validation 1.000 0.000 1.000 
Later period sample, 1 year 1.000 0.003 1.000 
Later period census, 1 year 1.000 0.000 1.000 

Notes: same as for table 11, except for the following. Number of 
simple tests for this combination of C and JC(0f): Q = 34. 

Table 16.—Categories of Design Characteristics 

Discriminant Industry Length of Estimation 
Index q Model Group Period 

1-105 LDA Industrial 3 years 
106-165 LDA Industrial 6 years 

166-270 LDA Unregulated 3 years 
271-330 LDA Unregulated 6 years 

331-390 LDA Manufacturing 6 years 

391-450 QDA Industrial 6 years 

451-510 QDA Unregulated 6 years 

511-615 LDA Manufacturing 3 years 
616-675 QDA Manufacturing 6 years 

Notes: Within each of the above groups, the different values of q 
correspond to different combinations of estimation period, cost ratio 
C, and prior probability of bankruptcy TI(0f). See tables 49 and 50 

in the Appendix for more details on the specific estimation periods. 
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Figure 5.—Mean expected loss for discriminant rules. Tests of 
hypothesis 6a for C = 90 and jc(0f) = high value. Expected loss 

for the corresponding no-data Bayes rule is jLXq 0 = 0.45 and is 

represented by the horizontal dotted line. Error rates estimated 
by cross-validation. Error bars extend 3.72 standard errors of 
the mean. Set number refers to the set of trials and identifies 
a particular set of design characteristics. See table 16. The 
results in this figure correspond to those in table 15. 

For this choice of C and rc(0p), the acceptance region (with level of 

significance = 0.003413) is the corresponding subset of one-sided intervals in 

equations (156)—(157). In figures 5-6, this acceptance region corresponds to 
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Figure 6.—Mean expected loss for discriminant rules. Tests of 
hypothesis 6a for C = 90 and 7t(0F) = high value. Expected loss 

for the corresponding no-data Bayes rule is n q 0 = 0.45 and is 

represented by the horizontal dotted line. Error rates estimated 
on a later period census. Error bars extend 3.72 standard errors 
of the mean. Set number refers to the set of trials and identifies 
a particular set of design characteristics. See table 16. The 
results in this figure correspond to those in table 15. 

values of mq and sq such that the upper end of each and every interval lies 

above n q 0 (which equals 0.45 for each simple test in these graphs). For each 

simple test, the p-value (a) is close to one whenever the entire interval lies 
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above j iq 0, and (b) is close to zero whenever the entire interval lies below n q 0. 

Now let a(C, %) represent the overall p-value for this choice of C and 7t(0F), 

and let a(q) represent the p-value for the simple test q. From chapter 3, we have 

(160) <X(C, It) = 1 - n q { l - 4>{(rnq - Hq o) / (SqWlSlq)}}, 

where the product is over the 34 simple tests for this choice of C and Jt(0F), and 

(161) a(q) = 4>{(mq - ^iq 0) / (sqWNq)}; 

more succinctly: 

(162) a(C, it) = 1 - n q { l - a(q)}. 

As a result, if at least one simple test has a p-value a(q) close to one—or, 

equivalent^, if at least one interval in figure 5 or 6 lies above n q 0—-then a(C, n) 

most likely will be close to one. In figure 5 or 6, several intervals lie above nq 0; 

hence, the overall p-value is close to one. (See table 15.) By comparison, the 

eight simple tests for QDA models have intervals which lie entirely below \iq 0; 

equivalents, a(q) is close to zero for all eight, so the overall p-value is close to 

zero for the collection of tests which only involve QDA. 

Finally, consider the collection of eight simple tests for LDA models with 
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(a) six year estimation periods and (b) industrial or unregulated firms (sets of 

trials with q in the ranges 106-165 and 271-330). All have intervals which lie 

entirely below |iq 0. (See figures 5 and 6.) Equivalent^, a(q) is close to zero for 

all eight, so the overall p-value is close to zero for these tests. Compare this 

result with the simple tests for LDA models with (a) three year estimation 

periods and industrial or unregulated firms(sets of trials with q in the ranges 

1-105 and 166-270) or (b) six year estimation periods and manufacturing firms 

(sets of trials with q in the range 331-390). The sample sizes in these tests are 

roughly half the sample sizes for the tests for LDA models with six year 

estimation periods and industrial or unregulated firms. Since classification 

performance generally improves with sample size, the difference in sample size 

best explains the difference in forecasting performance. 

Next, consider the results from the simultaneous simple tests of 

hypothesis 7a (two year prediction horizon). Only three of the fifteen 

combinations of C and 7t(6F) exhibit results which differ from those in table 12: 

(a) C = 90 and 7t(0F) = 0.007 for industrial and unregulated firms or 0.0055 for 

manufacturing firms (the middle values for each industry group); (b) C = 70 and 

rc(0F) = 0.009 for industrial and unregulated firms or 0.008 for manufacturing 

firms (the high values for each industry group); and (c) C = 90 and 7t(9F) equal 

to the high values for each industry group. See table 17. 

Figures 7-12 show the mean expected loss for the discriminant model 

versus the expected loss for the corresponding no-data Bayes rule for each 
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Table 17.—P-values for Three Subsets of Tests of Hypothesis 7a 

Error rate method LDA only QDA only Overall 

C = 90 and JI(0f) = the middle value 

Resubstitution 0.000 0.000 0.000 
Cross-validation 1.000 0.000 1.000 
Later period sample, 1 year 1.000 0.172 1.000 
Later period census, 1 year 1.000 0.000 1.000 

C = 70 and rc(0F) = the high value 

Resubstitution 0.000 0.000 0.000 
Cross-validation 1.000 0.000 1.000 
Later period sample, 1 year 1.000 0.000 1.000 
Later period census, 1 year 1.000 0.000 1.000 

C = 90 and JT(0F) = the high value 

Resubstitution 0.000 0.000 0.000 
Cross-validation 0.891 0.000 0.891 
Later period sample, 1 year 1.000 0.000 1.000 
Later period census, 1 year 1.000 0.000 1.000 

Notes: same as for table 11, except for the following. Number of 
simple tests for each combination of C and rc(0F): Q = 45. 

simple test q. For each combination of C and tc(0f), the acceptance region (with 

level of significance = 0.003413) is the corresponding subset of one-sided 

intervals in equations (158)—(159). In each of figures 7-12, this acceptance 
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Figure 7.—Mean expected loss for discriminant rules. Tests of 
hypothesis 7a for C = 90 and rc(6F) = middle value. Expected loss 

for the corresponding no-data Bayes rule depends on the value 
of 7c(0F). Error rates estimated by cross-validation. Error bars 

extend 3.80 standard errors of the mean. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. The results in this figure 
correspond to those in table 17. 

region corresponds to values of mq and sq such that the upper end of each and 

every interval lies above |a.q 0. For each simple test, the p-value (a) is close to 

one whenever the entire interval lies above |xq 0, and (b) is close to zero 

whenever the entire interval lies below |iq 0. The relationship between the 
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Figure 8.—Mean expected loss for discriminant rules. Tests of 
hypothesis 7a for C = 90 and 7t(0F) = middle value. Expected loss 

for the corresponding no-data Bayes rule depends on the value 
of Jt(0F). Error rates estimated on a later period census. Error bars 

extend 3.80 standard errors of the mean. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. The results in this figure 
correspond to those in table 17. 

p-values reported in table 17 and the collections of corresponding intervals in 

figures 7-12 is analogous to the relationship discussed above for hypothesis 

6a. 

Figures 7-12 are similar to each other in that the interval for each test q 
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Figure 9.—Mean expected loss for discriminant rules. Tests of 
hypothesis 7a for C = 70 and tc(6p) = high value. Expected loss 

for the corresponding no-data Bayes rule depends on the value 
of TC(0f). Error rates estimated by cross-validation. Error bars 

extend 3.80 standard errors of the mean. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. The results in this figure 
correspond to those in table 17. 

generally lies below |iq 0—or, equivalently, a(q) is close to zero for each test q. 

The exceptions are simple tests for LDA models with three year estimation 

periods and manufacturing firms (sets q in the range 511-615); one 

or more intervals lie above 0 (except in figure 11)—or, equivalently, a(q) is 
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Figure 10.—Mean expected loss for discriminant rules. Tests of 
hypothesis 7a for C = 70 and 7i(eF) = high value. Expected loss 

for the corresponding no-data Bayes rule depends on the value 
of Error rates estimated on a later period census. Error bars 

extend 3.80 standard errors of the mean. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. The results in this figure 
correspond to those in table 17. 

close to one (and a(q) = 0.889 for the highest interval in figure 11). Hence, we 

have the following relationships between the p-values in table 17 and the 

graphs in figures 7-12. 

First, all the intervals in figures 7-12 which correspond to simple tests with 



234 

E{L} 

0.9 

0 . 8 -

0 . 7 -

0 . 6 -

0.5 

0.4 

0.3 

0 . 2 " 

0 . 1 -

o.o-

XXX xxxxxx xxxxxxx xxxxxx xxxxxxxx 

xxxx XX XXXXXXX XX 

$ji ? } I J ^ 

I ' I 1 , 8 

x E{L} for no-data Bayes rule 

• I ' i 1 i 1 1 > 1 « 1 >— 
0 100 200 300 400 500 600 700 

Set Number 

Figure 11.—Mean expected loss for discriminant rules. Tests of 
hypothesis 7a for C = 90 and ji(0 f) = high value. Expected loss 

for the corresponding no-data Bayes rule depends on the value 
of 7c(0p). Error rates estimated by cross-validation. Error bars 

extend 3.80 standard errors of the mean. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. The results in this figure 
correspond to those in table 17. 

QDA models lie below their corresponding values of [ iq 0. Hence, the p-values 

for each are all close to zero. So, the overall p-value is close to zero for 

collections of tests which onfy involve QDA. This is consistent with the p-values 

shown in table 17 for QDA tests only. 
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Figure 12.—Mean expected loss for discriminant rules. Tests of 
hypothesis 7a for C = 90 and jc(0f) = high value. Expected loss 

for the corresponding no-data Bayes rule depends on the value 
of tc(0pr). Error rates estimated on a later period census. Error bars 

extend 3.80 standard errors of the mean. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. The results in this figure 
correspond to those in table 17. 

Second, in each of figures 7-12, at least one simple test with an LDA 

model has an interval which lies on or above its corresponding value of 0. 

Thus, for each figure, at least one simple test has its p-value, a(q), close to one 

(or at least very large). So, the overall p-value is close to one for collections of 
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tests which only involve LDA. This is consistent with the p-values shown in table 

17 for LDA tests only. 

Third, in each of figures 7-12, if we exclude tests for LDA models with 

three year estimation periods and manufacturing firms, then the intervals for all 

remaining simple tests with an LDA model lie below their corresponding values 

of | iq 0. Hence, the p-values for each are all close to zero. So, the overall p-

value is close to zero for collections of tests which only involve LDA but exclude 

models with three year estimation periods and manufacturing firms. 

Note that for any given sampling period, sample sizes for sampling frames 

of manufacturing firms are roughly half that for frames of either the industrial or 

unregulated categories. (See table 46 in the Appendix.) Thus, tests for LDA 

models with three year estimation periods and manufacturing firms have the 

smallest sample size by a factor of two. Furthermore, tests for LDA models with 

six year estimation periods and manufacturing firms all have intervals with 

corresponding p-values close to zero. Hence, small sample size and not 

industry is the most likely explanation for the difference in performance. 

Finally, consider the results from the simultaneous simple tests of 

hypothesis 8a (three year prediction horizon). Table 16 presents the p-values 

for the combinations of C and jt(0F) which exhibit results which differ from the 

overall p-values in table 13. For these cases, the graphs of the intervals 

corresponding to the acceptance regions are similar to figures 5-12 and 

conclusions are analogous. So, they are not presented here. 
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Table 18.—P-values for Subsets of Tests of Hypothesis 8a 

Error rate method LDA only QDA only Overall 

C = 70 and 7t(0p) = the low value 

Cross-validation 
Later period sample, 1 year 
Later period census, 1 year 

1.000 
1.000 
1.000 

0.000 
0.158 
0.012 

1.000 
1.000 
1.000 

C = 90 and 7i(0p) = the low value 

Cross-validation 
Later period sample, 1 year 
Later period census, 1 year 

0.249 
1.000 
1.000 

0.000 
0.000 
0.000 

0.249 
1.000 
1.000 

C = 50 and 7t(0F) = the middle value 

Cross-validation 
Later period sample, 1 year 
Later period census, 1 year 

1.000 
1.000 
1.000 

0.000 
0.070 
0.000 

1.000 
1.000 
1.000 

C = 70 and 7i(0F) = the middle value 

Cross-validation 
Later period sample, 1 year 
Later period census, 1 year 

0.000 
0.999 
1.000 

0.000 
0.000 
0.000 

0.000 
0.999 
1.000 

C = 90 and 7t(0p) = the middle value 

Cross-validation 
Later period sample, 1 year 
Later period census, 1 year 

0.000 
0.606 
0.385 

0.000 
0.000 
0.000 

0.000 
0.606 
0.385 
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Table 18.—continued 

Error rate method LDA only QDA only Overall 

C = 50 and ji(6 f) = the high value 

Cross-validation 0.000 
Later period sample, 1 year 0.999 
Later period census, 1 year 1.000 

0.000 
0.000 
0.000 

0.000 
0.999 
1.000 

C = 70 and rc(0F) = the high value 

Cross-validation 0.000 
Later period sample, 1 year 0.033 
Later period census, 1 year 0.005 

0.000 
0.000 
0.000 

0.000 
0.033 
0.005 

C = 90 and rc(0F) = the high value 

Cross-validation 0.000 
Later period sample, 1 year 0.000 
Later period census, 1 year 0.000 

0.000 
0.000 
0.000 

0.000 
0.000 
0.000 

Notes: same as for table 11, except for the following. Number of 
simple tests for each combination of C and 7t(0F): Q = 45. 

Total Error Rates of Discriminant Rules 

In this study, predictive performance is measured with expected loss. 

However, the great majority of authors in the literature report total error rate as 

their measure of predictive performance. To judge whether comparable claims 

about predictive performance are being made, total error rates reported in the 
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literature (and listed in table 33 of the Appendix) are compared with total error 

rates for the discriminant models in the sampling experiments for hypotheses 

6a, 7a, and 8a. 

Total error rates are compared separately for each prediction horizon. 

Figures 13-15 correspond to one, two, and three year prediction horizons, 

respectively (as well as to hypotheses 6a, 7a, and 8a). The papers listed in 

table 33 of the Appendix are not a random sample. However, they are 

reasonably representative of the bankruptcy prediction literature since 1980, so 

the box plots based on table 33 are reasonably representative of the results in 

the literature. 

The total error rates in the simulations are roughly comparable to those 

reported in the literature. In particular, the interquartile ranges for resubstitution 

based rates overlap considerably in all three figures, and the medians are close 

when the prediction horizon is two years or three years long. In addition, the 

interquartile ranges overlap for rates based on later period holdout samples in 

the literature and the rates based on later period samples (small samples or 

census) in the simulations.3 Only the total error rates based on cross-validation 

differ noticeably between the literature and the simulations; no explanation for 

this difference is immediately apparent. 

3Few authors present total error rates for later period holdout samples 
when the prediction horizon is three years long. So, it is not practical to 
compare these rates for three year prediction horizons. Hence, that particular 
box plot is not included in figure 15. 
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Later period census (data) 
| 

Later period sample (data) 

Later period holdout (literature) 

Cross-validation (data) 

Cross-validation (literature) 

Resubstitution (data) 
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Resubstitution (literature) 
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Figure 13. Box plots of total error rates in the literature and in this study. 
One year prediction horizon. Boxes extend from first quartile to third quartile. 
Middle line marks the median. Whiskers extend to minimum and maximum. 
Plots representing the literature are based on table 33 in the Appendix and 
are a convenience sample. Plots labeled "data" represent the 510 mean total 
error rates for the simple tests in hypothesis 6a. 
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Later period census (data) 
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Later period sample (data) 
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Figure 14. Box plots of total error rates in the literature and in this study. 
Two year prediction horizon. Boxes extend from first quartile to third quartile. 
Middle line marks the median. Whiskers extend to minimum and maximum. 
Plots representing the literature are based on table 33 in the Appendix and 
are a convenience sample. Plots labeled "data" represent the 675 mean total 
error rates for the simple tests in hypothesis 7a. 
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Later period census (data) 
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Later period sample (data) 
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Later period holdout (literature) 

(insufficient number of points for comparison) 

Cross-validation (data) 

Cross-validation (literature) 
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Figure 15. Box plots of total error rates in the literature and in this study. 
Three year prediction horizon. Boxes extend from first quartile to third 
quartile. Middle line marks the median. Whiskers extend to minimum and 
maximum. Plots representing the literature are based on table 33 in the 
Appendix and are a convenience sample. Plots labeled "data" represent the 
675 mean total error rates for the simple tests in hypothesis 8a. 
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Changes in Error Rate Estimates Over Time 

When the tests of hypotheses 6a, 7a, and 8a are interpreted in terms of 

forecasting performance above, the estimated expected loss is assumed to be 

an unbiased forecast of future expected loss. Now, this assumption is checked 

indirectly by comparing expected loss based on cross-validation error rate 

estimates with expected loss based on error rate estimates from later periods. 

This section is divided into two parts. In the first, the hypotheses are 

restated. In the second, the test results are analyzed. For this analysis, the 

simulation results from the tests of hypotheses 6a, 7a, and 8a are used. 

Hypotheses 6b. 7b. and 8b 

The three hypotheses are labeled as 6b, 7b, and 8b. These correspond to 

one, two, and three year prediction horizons, respectively. Each hypothesis 

takes the following form: 

• Null Hypothesis: assume a H year prediction horizon. The expected loss 

with error rates estimated from the estimation period is not significantly 

different from the expected loss with error rates estimated from the later 

validation period. 

• Alternative Hypothesis: assume a H year prediction horizon. The expected 

loss with error rates estimated from the estimation period is significantly 

less than the expected loss with error rates estimated from the later 

validation period. 

This general hypothesis can be rewritten as Q simultaneous simple hypotheses: 
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(163) H0: j iqX = Hqy> q = 1.2, ..., Q, 

(164) Ha: [i.qX < H q y Q = 1, 2, Q, 

where (iq x is the expected value of the estimator E{L I q, X; t}, and n q Y is the 

expected value of the estimator E{L I q, Y; t}. E{L I q, X; t} is the expected loss at 

trial t with research design characteristics q, where X signifies that cross-

validation is applied to estimate the error rates. E{L I q, Y; t} is the expected loss 

at trial t with research design characteristics q, where Y signifies that a later 

period sample is used to estimate the error rates. 

The comparison is conducted with a later period sample instead of a 

census for two reasons. The first is that error rates based on cross-validation 

and on a later period sample are more directly comparable, because both are 

(relatively) small samples. A comparison between cross-validation and a later 

period census might be dominated by the vastly larger size of the census in 

some unforeseen way. The second reason is that error rates based on cross-

validation and on a later period sample are more nearly independent in a 

statistical sense. Strictly speaking, the two-sample test described in chapter 3 

and applied here requires that the estimators from each sample be statistically 

independent. When the error rates are computed at each trial, randomness 

arises in two ways: (a) from the model estimation sampling of nonbankruptcies; 

and (b) from the later validation period sampling. Hence, error rates based on 

cross-validation and a later period sample are statistically independent, since 
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the latter has a second, independent source of randomness. Error rates 

calculated from the later period census, by comparison, are not independent of 

the cross-validation error rates, since both have the same source of 

randomness at each trial (i.e., the model estimation sample).4 

Results of the Simulations 

The evidence does not support rejection of null hypotheses 6b, 7b, and 8b. 

The p-values are listed in table 19. Specifically, the tests do not provide 

evidence that expected loss is significantly different when error rates are based 

on the model estimation period or on the following year. The p-values for the 

individual combinations of C and JT(0f) showed no evidence that expected loss 

is significantly different at the level of the individual decision maker, either. 

Bias and Efficiency of the Error Rate Methods 

In each trial of this simulation, the hypothetical decision maker intends to 

apply a decision rule during some future time period. Each potential decision 

rule is based on a bankruptcy prediction model. The decision maker selects the 

rule with lowest expected loss for the future time period. Since true error rates 

and prior probabilities for this period are unknown, the decision maker must 

4The disadvantage is that the sample-based error rate estimators are less 
efficient (as shown below), resulting in statistical tests with lower power. 
However, a comparison of expected loss based on a later period census with 
expected loss based on cross-validation requires a more complex and CPU-
intensive simulation than time permitted. 
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Table 19—P-values for Tests of Hypotheses 6b, 7b, arid 8b 

Hypothesis LDA only QDA only Overall 

6a 1.000 1.000 1.000 

7a 1.000 1.000 1.000 

8a 1.000 1.000 1.000 

Notes: The comparison is between expected loss based on 
cross-validated error rates for the model estimation period 
and expected loss based on application of the estimated 
model to a later period validation sample drawn from the 
year following the model estimation period. The results for 
LDA and QDA are statistically independent. 

forecast them. These forecasts are ex ante; published financial data, on the 

other hand, is ex post. Hence, forecasting bias cannot be assessed empirically. 

Since the true probability distributions are unknown, the bias cannot be 

determined analytically, either. 

However, we can evaluate relative bias and efficiency and, in principle, 

identify the error rate estimation method with the lowest bias and greatest 

efficiency. Of the error rate estimators in this study, those with smallest bias and 

greatest efficiency should be estimates calculated by applying the forecasting 

model to a later period census. (In this study, this period is the calendar year 

which immediately follows the model estimation period.) In the first part of this 

section, bias of expected loss based on other error rate methods is compared to 
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expected loss based on the later period census. In the second part, relative 

efficiency with respect to expected loss based on the later period census is 

evaluated. 

Relative Bias 

Figure 16 shows the relative bias of expected loss based on error rates 

estimated with a choice-based validation sample from the year following the 

model estimation period. Figure 16 is for the two year prediction horizon, but 

results are similar for one and three year prediction horizons. Regardless of the 

design characteristics (i.e., the estimation period, form of discriminant model, 

cost ratio, and prior probabilities), expected loss based on the later period 

validation sample has little or no relative bias. That is, relative proportions of 

bankruptcies and nonbankruptcies in the choice-based sample do not affect the 

bias. 

Figure 17 shows the relative bias of expected loss based on error rates 

estimated with resubstitution. Figure 17 is for the two year prediction horizon, 

but results are similar for one and three year prediction horizons. As anticipated, 

the expected loss with resubstitution tends to have a large optimistic bias. The 

bias is smallest for sets of design characteristics with the largest sample sizes.5 

5See table 14 for a key to the index numbers of the categories of design 
characteristics. See tables 45-47 in the Appendix for sample sizes; keep in 
mind that choice-based samples in this study have sample sizes equal to twice 
the number of bankruptcy observations in the given sampling frame. 
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Figure 16.—Bias for expected ioss based on a later period validation 
sample relative to loss based on a later period census. Two year 
prediction horizon. The later period sampling frame for both is the 
first year following the model estimation period. Set number refers to 
the set of trials and identifies a particular set of design 
characteristics. See table 16. 

In particular, when (a) the industry group is either industrial or unregulated and 

(b) the estimation period is six years long, then sample size is at least twice as 

large as any other case. The result is smaller resubstitution bias than for other 

cases. 

Figure 18 shows the relative bias of expected loss based on error rates 
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Figure 17.—Bias for expected loss based on resubstitution relative 
to loss based on a later period census. Two year prediction horizon. 
The later period sampling frame is the first year following the model 
estimation period. Set number refers to the set of trials and identifies 
a particular set of design characteristics. See table 16. 

estimated with leave-one-out cross-validation. Figure 18 is for the two year 

prediction horizon; results are similar for one and three year prediction horizons 

(although the dispersion of values about zero is much smaller with the one year 

horizon). About 75% of the differences in figure 18 are below zero, indicating a 

small optimistic bias, on average, across all sets of design characteristics. 

The pattern in figure 18 is due to statistical dependence. Error rates 
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Figure 18.—Bias for expected loss based on cross-validation relative 
to loss based on a later period census. Two year prediction horizon. 
The later period sampling frame is the first year following the model 
estimation period. Set number refers to the set of trials and identifies 
a particular set of design characteristics. See table 16. 

calculated from the later period census are not independent of cross-validation 

error rates, since both have the same source of randomness at each trial (i.e., 

the model estimation sample). In general, for a given estimation period and form 

of discriminant model, as the cost ratio C and prior probability of bankruptcy 

7i(0F) increase, the magnitude of the relative bias increases. However, since the 
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two types of error rate estimates are dependent, the results in figure 18 do not 

provide conclusive evidence on relative bias due to cross-validation. 

Relative Efficiency 

Define RE(sample, xval) = a2
XVa/CT2sample' w h e r e °2xval is t h e variance for 

expected loss based on cross-validation and cr2
samp|e is the variance for 

expected loss based on the choice-based sample from the year following the 

model estimation period. RE(sample, xval) is the relative efficiency of expected 

loss based on the later period sample with respect to expected loss based on 

cross-validation. Figure 19 shows the observed RE(sample, xval), where the 

prediction horizon is two years. (Relative efficiency follows a similar pattern for 

one or three year horizons.) For most sets of design characteristics, the relative 

efficiency is less than one, indicating that cross-validation is more efficient. 

This relative efficiency, however, is an artifact of the sampling design in this 

study. The pattern of repeated increases in figure 19 corresponds to the 

categories of design characteristics in table 16. For example, sets 1-105 are 

designs in which the discriminant model is LDA, firms are industrial, and the 

estimation period is three years long. In addition, within each category from 

table 16, the estimation time period moves forward as set number increases. 

For example, sets 1-15 are designs in which the estimation period is 

1980-1982; sets 16-30, 1981-1983; sets 31-45, 1982-1984; and so forth, up 

to sets 91-105, 1986-88. 
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Figure 19.—Relative efficiency of expected loss with error rates 
estimated on a later period sample relative to expected loss with 
error rates estimated by cross-validation. Two year prediction 
horizon. The later period sampling frame is the first year following 
the model estimation period. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 16. 

The ratio of later validation period bankruptcies to model estimation period 

bankruptcies increases over time. (See table 20.) In the sampling designs, the 

full census and the choice-based samples (with equal numbers of bankruptcies 

and nonbankruptcies) both include all bankruptcies in the sampling frame. 

Hence, the cross-validation sample and the later period sample always have 
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Table 20.—Ratio of Bankruptcies in the Later Validation Period to 
Bankruptcies in the Model Estimation Period 

(Two Year Prediction Horizon) 

Estimation 
Period 

Later 
Validation 

Period Manufacturing 

Industry Group 

Unregulated Industrial 

1980-82 1983 0.21 0.27 0.28 
1981-83 1984 0.33 0.33 0.30 
1982-84 1985 0.35 0.33 0.33 
1983-85 1986 0.22 0.29 0.27 
1984-86 1987 0.27 0.34 0.34 
1985-87 1988 0.42 0.43 0.43 
1986-88 1989 0.79 0.65 0.67 

1980-85 1986 0.10 0.14 0.13 
1981-86 1987 0.12 0.16 0.17 
1982-87 1988 0.19 0.21 0.21 
1983-88 1989 0.36 0.33 0.33 

Notes: Sampling frames are report-based. The later validation period 
is the year following the estimation period. Ratios are based on 
table 46 in the Appendix. 

sizes equal to twice the number of bankruptcies in their corresponding sampling 

frames. In figure 19, the increasing trend in relative efficiency within each 

category of design characteristics is correlated with the increasing trend in 

relative sample size. Although expected loss based on cross-validation is more 

efficient in this study, this relative efficiency is due primarily to sampling design 

and might not exist under other conditions. 
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Figure 20.—Relative efficiency of expected loss with error rates 
estimated by cross-validation relative to expected loss with error 
rates estimated on a later period census. Two year prediction 
horizon. The later period sampling frame is the first year following 
the model estimation period. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 16. 

Figure 20 shows the sample values for RE(xval,census), where the 

prediction horizon is two years. (Relative efficiency follows a similar pattern for 

one or three year horizons.) For the majority of sets of design characteristics, 

expected loss based on the later period census is more efficient. 

Figure 20 shows a pattern of repeated decreases which corresponds to the 
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categories of design characteristics in table 16. This pattern occurs for the same 

reason as the pattern in figure 19. In figure 20, the decreasing trend in relative 

efficiency within each category of design characteristics is correlated with the 

increasing trend in relative sample size; relative efficiency of cross-validation 

decreases as the relative number of bankruptcies in the later validation period 

increases. 

Figure 21 shows the sample values for RE(sample,census), where the 

prediction horizon is two years. (Relative efficiency follows a similar pattern for 

one or three year horizons.) Since the later period choice-based sample and 

the census include the same bankruptcy observations whenever both are from 

the same validation period, relative efficiency is due entirely to the much larger 

number of nonbankruptcy observations in the census. Thus, while the two types 

of error rate estimates are relatively unbiased, the census-based estimator of 

expected loss is at least twice as efficient. As a result, it is a better choice for 

hypothesis tests, since it always produces test statistics with greater power (i.e., 

probability of rejecting the null hypothesis when an alternative is true). 

Three-state Prediction Model 

This section covers tests of whether three-state decision rules have 

significantly lower expected loss than their corresponding no-data Bayes rules. 

First, the hypotheses to be tested are restated. Then, any attributes of the 

research design not covered in chapter 3 are detailed here. Finally, the p-values 

are presented for statistical tests of the simulations. 
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Figure 21.—Relative efficiency of expected loss with error rates 
estimated on a later period sample relative to expected loss with 
error rates estimated on a later period census. Two year prediction 
horizon. The later period sampling frame is the first year following 
the model estimation period. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 16. 

Hypothesis 9 

For the three-state forecasting models in this study, the states are defined 

in terms of when bankruptcy is anticipated. In these models, the three states are 

the following: (a) the firm declares bankruptcy sometime during the first year 

after the annual report is released; (b) the firm declares bankruptcy sometime 
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during the second year after the annual report is released, having not declared 

bankruptcy in the first year; and (c) the firm does not declare bankruptcy during 

the first two years. The formal hypothesis is the following: 

• Null Hypothesis 9: assume a two year prediction horizon and the three 

future states as described above. The expected loss using the three-state 

discriminant rule is not significantly different from the expected loss using 

the corresponding no-data Bayes rule. 

• Alternative Hypothesis 9: assume a two year prediction horizon and the 

three future states as described above. The expected loss using the three-

state discriminant rule is significantly less than the expected loss using the 

corresponding no-data Bayes rule. 

This general hypothesis can be rewritten as Q simultaneous (and independent) 

simple hypotheses, each of which is a one-sample test: 

(165) H0: ^iq = |ii.q o, q = 1,2 Q, 

(166) Ha: j iq < |Liq 0 , q = 1,2,...,Q, 

where | iq is the expected value of E{L(8) I q; t}, the estimator of expected loss for 

the discriminant rule at the t-th trial in the q-th set of trials; | iq 0 = E{L(80) I q; t}, 

the expected loss of the corresponding no-data Bayes rule for the q-th set of 

trials. The test statistic for each simple hypothesis is (mq - n q 0) / (sqWNq). Let 

Nq = 100 for each set of trials in order that the test statistic have approximately a 
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standard normal distribution under the null hypothesis. The different 

combinations of industry, estimation period, and loss function lead to a total of 

462 simple tests in equations (165)-(166). 

Attributes of the Research Design Specific to This Test 

These tests are conducted on the same report-based sampling frames as 

the tests of hypothesis 7. (See table 51 in the Appendix.) Samples for model 

estimation are choice-based, where a census is drawn for each of the two 

bankruptcy states and a simple random sample is drawn from the 

nonbankruptcy state. For consistency and comparability with the tests of 

hypothesis 7, the sample size from the nonbankruptcy state always equals the 

total size of the combined census of the two bankruptcy states. As a result, for 

any given sampling frame, the total sample size is the same for either 

hypothesis 7 or 9. 

The tests of hypothesis 9 cover linear but not quadratic discriminant 

models for three reasons. First, to avoid singular covariance matrices with the 

29-variable quadratic models, each bankruptcy state must have at least 30 

observations in the sampling frame. (See the discussion under "Prediction 

Models Based on Discriminant Analysis" in chapter 3.) For the two-year 

prediction horizon in hypotheses 7 and 9, this usually means that model 

estimation sampling periods must be at least six years long for the industrial 

category and seven or eight years long for the manufacturing category. Since 

the database covers only a ten year period (1980-1989), the sample size 
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restriction essentially limits the QDA analysis to four overlapping, six-year 

model estimation periods. This seriously limits generalizations based on QDA 

models alone. 

Second, when both QDA and IDA are based on six-year estimation 

periods, the mean expected loss for the QDA and LDA tests of hypotheses 6-8 

is about the same. That is, the QDA models do not appear to outperform the 

LDA models when the model estimation sample size is the same. Hence, tests 

with the QDA models provide little additional information about predictive power 

of discriminant models in general. 

Third, the QDA simulations require substantially more computer resources, 

since the covariance matrix must be estimated separately for each state, while 

LDA simulations require only a single pooled estimate. For simulations under 

SAS/IML on the Solbourne at the University of North Texas, the CPU 

requirements for QDA simulations are greater by a factor of five. Given the first 

two reasons above, the additional expenditure of time and resources on QDA 

models is not justified. 

As with the previous hypotheses, values for the prior probabilities are 

based on historical proportions over 1980-1989. (See table 51 in the 

Appendix.) When the sampling frame covers only manufacturing firms, prior 

probabilities for the two bankruptcy states are defined to be TT(0-|) = = 

0.003. When the sampling frame covers either unregulated firms or all industrial 

firms, the prior probabilities are defined to be 7c(0-|) = n(02) = 0.004. These 
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values correspond to the assumption that the decision maker's forecasts of prior 

probabilities equal historical averages for 1980-1989. 

Fourteen loss functions are listed in tables 1 and 2. We may think of each 

as corresponding to a different decision maker (or, alternatively, the same 

person under different circumstances). 

Given the loss function and the prior probabilities, we can evaluate 

equations (21)-(22) to determine the appropriate three-state, no-data Bayes 

rule. For each loss function in table 2 and either set of prior probabilities 

mentioned above, the appropriate no-data Bayes rule is S3, the rule which 

classifies all observations as nonbankruptcies (i.e., firms which will not declare 

bankruptcy during the first two years after the annual report is released). 

Finally, the only error rate method applied in the tests of hypothesis 9 is 

estimation of error rates from a later period census. Specifically, the error rate 

forecasts are calculated by applying the estimated discriminant model to the 

census of observations from the one year validation period which immediately 

follows the estimation period. Evidence from tests of hypotheses 6-8 indicates 

that estimators of expected loss based on these error rate estimates have the 

least bias and greatest relative efficiency among the methods applied in the 

earlier hypothesis tests. 

Results of the Simulations 

The evidence does not support rejection of the general null hypothesis, 

since the overall p-value is 1.0000. However, the individual p-values for the 
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tests of the Q simple hypotheses in equations (165)—(166) show a distinct 

nonrandom pattern. A substantial proportion of these simple tests have p-values 

close to either zero or one: 42% have a p-value less than 0.000005, while 46% 

have a p-value greater than 0.999995. 

Each loss function corresponds to a different hypothetical decision maker. 

Hence, the most informative way to examine the p-values for the simple tests is 

by looking at results separately for each of the fourteen loss functions listed in 

table 2. Each loss function is tested with 33 different sampling frames 

corresponding to all combinations of the three industry categories (industrial, 

unregulated, and manufacturing) and the eleven estimation periods also 

examined in the tests of hypothesis 7 above. 

The evidence does not support rejection of the general null hypothesis 

conditional on the loss function. For each of the fourteen loss functions, the 

overall p-value is 1.0000. Nonetheless, the likelihood that individual simple 

tests have low p-values increases as either (a) the cost of misclassifying the 

bankruptcy states increases or (b) the estimation sample size increases. This 

pattern merits further examination. 

Since the majority of p-values in these tests are close to zero or one, 

graphs of the p-values are not as visually informative as the following approach. 

Based on equation (74) of chapter 3, we can represent the general acceptance 

region for the test of hypothesis 9 as the Q simultaneous confidence intervals 

(167) (m q -n q > 0 ) / ( s q /VN q ) > z{ l - ( 1 -a ) 1 / Q } , q=1 ,2 Q, 
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where <£{z(u)} = u. For the sake of illustration, let a = 0.05 define the size of the 

general test. For hypothesis 9, the acceptance region then takes the form 

(168) ( m q - n q 0 ) / ( s q / V N q ) > -3.71, q = 1,2 462, 

or, alternatively, 

(169) mq + 3.7l(sqA/lMq) > nq 0, q = 1, 2, ..., 462. 

For each simple test q, the level of significance is 0.0001110. For the general 

test conditional on a given loss function (and consisting of 33 of the above 

simple tests), the level of significance is 0.003657. For each loss function, we 

can represent the results of each simple test q by plotting (a) |iq 0. the expected 

loss for the no-data Bayes rule, (b) mq, the mean expected loss for the 

discriminant rule, and (c) and error bars extending z standard errors of the 

mean (sq/Vl\lq) on either side of mq, where z* = 3.71. 

Figures 22-26 illustrate the results by comparing mean expected loss for 

discriminant models versus expected loss for corresponding no-data Bayes 

rules. Each figure corresponds to a single loss function, and each graph shows 

the results for each of the 33 simple tests conducted with that loss function. 

(Loss functions which are the same as those illustrated in figures 22-26 except 

that L(e1;a2) is 1 or 10 have very similar results and hence are not shown.) 
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Table 21 provides a brief description of the sets of sampling design 

characteristics indexed by q, the set number in figures 22-26. 

Table 21.—Categories of Design Characteristics in Hypothesis 9 

Index q Industry Category Length of Estimation Period 

1-98 Industrial 3 years 

99-154 Industrial 6 years 

155-252 Unregulated 3 years 

253-308 Unregulated 6 years 

309-406 Manufacturing 3 years 

407-462 Manufacturing 6 years 

Notes: Within each of the above groups, the different values of q 
correspond to different combinations of estimation period and loss 
function. In all cases, the discriminant model is LDA with the 29 
variables used in the tests of hypotheses 3-8. See chapter 3 for 
a more detailed discussion of the industrial categories. See 
table 50 in the Appendix for more details on the specific sampling 
periods. (Hypotheses 7 and 9 have the same estimation and 
validation periods.) 

For each loss function, the acceptance region is the corresponding subset 

of one-sided intervals in equations (168)—(169). In figures 22-26, this 

acceptance region corresponds to values of mq and sq such that the upper end 

of each and every interval lies above ^iq 0. For each simple test, the p-value (a) 

is close to one whenever the entire interval lies above n q 0, and (b) is close to 



264 

0.8 

0.7i 

0.6 

0.5" 

EW 0.4" 

0.3-

0.2 

True Classify Loss 
State As 

1 2 10 
2 3 50 
1 3 50 

x k x X x x x x x x x m x x m : ; x x x x x v 
I ' 

i 

x x x x x x x z x x x 

x E{L} for no-data Bayes rule 

200 300 
Set Number 

400 500 

Figure 22.—Expected loss for the three-state linear discriminant 
rules versus expected loss for the corresponding no-data Bayes 
rules. The particular loss function is summarized by the inset table. 
For more details, see table 2. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 21. 

zero whenever the entire interval lies below | 0 . 

Now let a(L, rc) represent the overall p-value for a given loss function L and 

the prior probability function n. Let a(q) represent the p-value for the simple test 

q. From chapter 3, we have 
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Figure 23.—Expected loss for the three-state linear discriminant 
rules versus expected loss for the corresponding no-data Bayes 
rules. The particular loss function is summarized by the inset table. 
For more details, see table 2. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 21. 

(170) a(L, ji) = 1 - n q { l - a(q)}, 

where the product is over the 33 simple tests for the given loss function, and 

(171) <x(q) = < !> { (m q -M. q ,o ) / (s q /VN q ) } . 
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Figure 24.—Expected loss for the three-state linear discriminant 
rules versus expected loss for the corresponding no-data Bayes 
rules. The particular loss function is summarized by the inset table. 
For more details, see table 2. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 21. 

As a result, if at least one simple test has a p-value a(q) close to one—or, 

equivalent^, if at least one interval lies above | iq 0—then a(L, it) will be close to 

one. In each of figures 22-26, several intervals lie above 0. Hence, the 

overall p-value is close to one for each of these loss functions. 

In figures 23, 25, and 26, all intervals corresponding to simple tests for 
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Figure 25.—Expected loss for the three-state linear discriminant 
rules versus expected loss for the corresponding no-data Bayes 
rules. The particular loss function is summarized by the inset table. 
For more details, see table 2. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 21. 

either industrial or unregulated categories of firms lie entirely below | iq 0. 

Equivalently, a(q) is close to zero for these tests. Hence, for each of these loss 

functions, the overall p-value is close to zero if we restrict consideration to either 

industrial or unregulated firms. In summary, the three-state models perform 

significantly better than the corresponding no-data Bayes rules when (a) the 
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Figure 26.—Expected loss for the three-state linear discriminant 
rules versus expected loss for the corresponding no-data Bayes 
rules. The particular loss function is summarized by the inset table. 
For more details, see table 2. Set number refers to the set of trials 
and identifies a particular set of design characteristics. See table 21. 

industry category is either industrial or unregulated (but not manufacturing), and 

(b) the costs of misclassifying the two bankruptcy states are sufficiently large. 

The best explanation for the worse performance on manufacturing firm 

populations is smaller model estimation sample size. By design, model 

estimation sample size for tests of hypothesis 9 always equals twice the total 
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number of observations in the two bankruptcy states for the given sampling 

frame. The manufacturing firm populations typically have about half as many 

such observations per sampling frame as do either the unregulated or industrial 

firm populations. (See table 51 in the Appendix.) Since classification 

performance generally improves with sample size, this difference in estimation 

sample size best explains the difference in forecasting performance. 

Summary 

The general objectives in this section are to evaluate the predictive 

performance of discriminant models and to assess the degree to which these 

results generalize. The test for each hypothesis is structured as a multiple 

comparison, where individual simple tests are conducted for different research 

designs. The designs differ in (a) form of the discriminant model—linear or 

quadratic; (b) industry of the firms releasing the annual reports—industrial, 

unregulated industrial, or manufacturing; (c) and model estimation period— 

three or six year periods in 1980-1988. The multiple comparison tests are 

designed so that subsets of simple tests for a general hypothesis can be 

evaluated in terms of an overall probability of Type I error. 

The sampling experiments do not provide evidence that bankruptcy 

prediction models based on discriminant analysis perform significantly better in 

general than naive prediction models. Performance is judged in terms of 

expected loss to the decision maker, who applies a decision rule based on the 

prediction model; the naive prediction model corresponds to the appropriate no-
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data Bayes rule. This general conclusion holds for four scenarios: (a) two future 

states—bankruptcy or not during a one year prediction horizon (hypothesis 6a); 

(b) two future states—bankruptcy or not during a two year prediction horizon 

(hypothesis 7a); (c) two future states—bankruptcy or not during a three year 

prediction horizon (hypothesis 8a); and (d) three future states—bankruptcy in 

the first year, in the second year, or not in either year. 

Nonetheless, under specific circumstances the sampling experiments 

provide evidence that decision rules based on discriminant prediction models 

significantly outperform the corresponding no-data Bayes rules. The structure of 

the multiple comparison test makes it possible to evaluate evidence for 

subhypotheses while protecting against the risk of Type I error. If relative costs of 

misclassifying the bankruptcy state or states are sufficiently high and model 

estimation sample size is sufficiently large, then the discriminant-based rules 

have significantly lower expected loss. In this study, model estimation sample 

size is determined by industry, sampling period, and prediction horizon. Hence, 

the effect of sample size is confounded with the other three factors. 

Nonetheless, the importance of sample size is evident when comparing results 

for three-year versus six-year estimation periods conditional on industry, 

prediction horizon, and number of states. 

Evidence in this section on predictive performance indicates the extent to 

which we can generalize these conclusions about predictive performance. First, 

the sampling experiments do not provide significant evidence that error rates 
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shift over time. Specifically, expected loss based on error rates for the model 

estimation period is not significantly less than expected loss based on error 

rates for the succeeding year. This conclusion holds for one, two, and three year 

prediction horizons (hypotheses 6b, 7b, and 8b, respectively). It also holds for 

subhypotheses conditional on other characteristics (form of discriminant model, 

industry, sampling periods). Evidence in the literature shows that financial 

variables have nonstationary cross-sectional distributions. However, this 

instability apparently does not affect expected loss significantly, at least for the 

estimation and validation periods in this study. Nonetheless, it is plausible that 

the instability of the underlying financial variables could degrade predictive 

performance for decision periods which fall several years after the error rate 

estimation period. 

Next, expected loss calculated with sample-based error rate estimates is 

unbiased relative to expected loss calculated with error rates for the census of 

the year following the model estimation period. This holds whether the 

estimates are from cross-validation on the model estimation sample or from 

application of the model to a later period sample. Unfortunately, conclusions 

about relative efficiency are confounded by number of bankruptcy observations 

in the sample or census. 

Finally, the sampling experiments are consistent with results reported in 

the literature on bankruptcy prediction for industrial firms. Hence, the above 

conclusions in terms of expected loss should be consistent with other papers 
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had the authors reported predictive performance in terms of expected loss. The 

consistency between this study and the extant literature is exhibited in two 

ways. First, the total error rates for the sampling experiments are roughly similar 

to those reported in the literature. Second, the report-based sampling designs 

in the tests of hypotheses 6-9 and the firm-based sampling designs which 

appear to be applied in the literature do not yield significantly different results in 

terms of expected loss (hypotheses 3-5). 

Robustness 

This section presents results concerning the robustness of bankruptcy 

forecasting with linear discriminant models. These results are based on a series 

of Monte Carlo experiments. All results reported in this section are for tests 

conducted with training samples for which NpW = N n f W = 45. All Monte Carlo 

simulations were repeated for NpW = Nn f(
t) = 90. The results, however, are 

essentially the same as for the smaller training samples and hence are not 

reported here. 

First, the results for the multiple comparison tests are reported and 

discussed. Then, subsets of all simple tests are examined to determine how 

performance changes (a) as kurtosis increases, given the cost ratio C, 

separation D, and skewness; (b) as D increases, given C, skewness, and 

kurtosis; (c) as C increases, given D, skewness, and kurtosis; and (d) as 

skewness increases, given C and D. 
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Multiple Comparison Tests for General Robustness 

First, the multiple comparison tests for hypotheses 10a and 10b are 

reviewed. Then, the p-values are presented, where each is conditional on C, 

the cost ratio, and D, the measure of separation. Finally, the relationship 

between the overall p-values and the p-values for the individual simple tests is 

discussed. 

Hypothesis 10a 

Hypothesis 10a concerns overall robustness relative to the no-data Bayes 

rule. That is, discriminant-based forecasting models are judged to be robust if 

the corresponding decision rule has significantly lower expected loss than the 

no-data Bayes rule for a wide range of departures from normality. The null and 

alternative hypotheses are formally stated as follows: 

• Null Hypothesis 10a: assume the following: (a) relative separation of the 

conditional probability distributions remains constant; (b) the sampling 

design, loss function, and prior probabilities are fixed. Then, the decision 

rule based on discriminant analysis is not robust in the sense that its 

expected loss is not significantly less than expected loss of the no-data 

Bayes rule whenever the predictors have a nonnormal distribution. 

• Alternative Hypothesis 10a: assume the same conditions as in the null 

hypothesis. Then, the decision rule based on discriminant analysis is 

robust in the sense that its expected loss is significantly less than the 

expected loss of the no-data Bayes rule whenever the predictors have a 
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nonnormal distribution. 

A multiple comparison test for hypothesis 10a is developed in chapter 3. 

(See the section "Analysis With Monte Carlo Experiments: Organization of the 

Simulations.") It takes the following form: 

(172) H0: n D A q = H 0
 v e r s u s HA : ^DA,q < ^0. e % 

where relative separation D, the cost ratio C, and the prior probability 7i(eF) are 

held constant; 0 D is the subset of shape, scale, and location parameters 

discussed above, given D; and n 0 is the expected loss for the no-data Bayes 

rule. From equation (116), | i0 = Cjt(0F) for all cases in this analysis. |iDAq, 

expected loss for the discriminant rule, is defined by equation (118). In the 

Monte Carlo experiments, fifteen combinations of D and C are considered, 

while TT(8f) = 0.007 for all tests. Hence, fifteen test results are reported below. 

For the q-th simple hypothesis in equation (172), the test statistic for these 

one-sample tests of the mean is (mDA q* - N0) / (sDA,qWNv). The statistic 

mDA q* i s a n unbiased estimator of n D A q and is defined by equations 

(121)—(123). sDA q* is the corresponding estimate of the sample standard 

deviation and is defined by equation (124). N v is the number of validation 

samples, each of which is equivalent to a census of the historical data for a 

historical validation period. In the experiments, N v = 100 is assumed to be 
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sufficiently large for the t-statistic to have approximately a standard normal 

distribution under the null hypothesis. 

The acceptance and rejection regions are analogous to those for the one-

sided tests of hypotheses 6a, 7a, and 8a. Specifically, we can represent the 

general acceptance region as the Q simultaneous confidence intervals 

(173) ( m D A i q * - ( i 0 ) / ( s D A i q 7 V N v ) A Z { 1 - ( 1 -<X)" ° } , q = 1,2 Q, 

where Q is the number of parameter sets in 0 D and <I»{z(u)} s u. (See the 

discussion leading up to equation (74) in chapter 3.) For each of the fifteen 

combinations of C and D, Q = 184. The overall p-value is 

(174) 1 - r T q { l " ®{(mDA,q*- Ho)/(sDA,q" /VNv)}}. 

where the product is over the Q parameter sets in 0D . 

Hypothesis 10b 

Hypothesis 10b concerns overall robustness relative to the Bayes rule. 

Discriminant-based forecasting models are judged to be robust if the 

corresponding decision rule has expected loss which is not significantly 

different from the expected loss of the Bayes rule for a wide range of departures 

from normality. Since the Bayes rule is optimal, the alternative hypothesis is that 

the discriminant rules have significantly higher expected loss. The null and 
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alternative hypotheses are formally stated as follows: 

• Null Hypothesis 10b: assume the following: (a) relative separation of the 

conditional probability distributions remains constant; and (b) the sampling 

design, loss function, and prior probabilities are fixed. Then, the decision 

rule based on discriminant analysis is robust in the sense that its expected 

loss is not significantly greater than the expected loss of the Bayes rule 

whenever the predictors have a nonnormal distribution. 

• Alternative Hypothesis 10b: assume the same conditions as in the null 

hypothesis. Then, the decision rule based on discriminant analysis is not 

robust in the sense that its expected loss is significantly greater than the 

expected loss of the Bayes rule whenever the predictors have a nonnormal 

distribution. 

A multiple comparison test for hypothesis 10b is developed in chapter 3. 

(See the section "Analysis With Monte Carlo Experiments: Organization of the 

Simulations.") This test takes the following form: 

(175) H0: n B q = n D A q versus HA: n B q < n D A q , qe 0D , 

where relative separation D, the cost ratio C, and the prior probability rc(eF) are 

held constant; and ©D is the subset of shape, scale, and location parameters 

discussed above, given D. | iD A q, the expected loss for the discriminant rule, is 

defined in the same way as in hypothesis 10a. |LIb q is the expected loss for the 
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Bayes rule and is defined by equation (117). In the Monte Carlo experiments, 

fifteen combinations of D and C are considered, where TT(0f) = 0.007 for all 

tests. A separate test result is reported for each combination of C and D. 

For the q-th simple hypothesis in equation (175), the two-sample test 

statistic is D q / s D q , which is defined by equations (134)-(138). Dq is an 

unbiased estimator of the difference | iB q - n D A q. In the experiments, Nv = 100 

is assumed to be sufficiently large for the test statistic to have approximately a 

standard normal distribution under the null hypothesis. 

The general acceptance region can be represented as the Q simultaneous 

confidence intervals 

(176) D q / S D q > Z {1 - (1 -O0 1 / q } , q - 1 , 2 Q, 

where Q is the number of parameter sets in 0 D and <E>{z(u)} = u. The general 

rejection region will be all values outside the region defined in equation (176). 

(See the discussion leading to equation (65) in chapter 3.) 

For each combination of C and D, the overall p-value is reported. The 

overall p-value is calculated as 

<177> 1 - n q { i - ®{D q /s D q } } , 

where the product is over the Q parameter sets in ©D. (See the discussion 

leading to equation (70) in chapter 3.) 
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P-values for the Multiple Comparison Tests 

The p-values for the multiple comparison tests of hypotheses 10a and 10b 

are presented in tables 22 and 23, respectively. These p-values are conditional 

on C, the ratio of misclassification costs (specifically, the cost of misclassifying a 

bankruptcy to the cost of misclassifying a nonbankruptcy), and D, the measure 

of relative separation between the two conditional probability distributions. 

First, consider robustness relative to the no-data Bayes rule. For either a 

sufficiently large cost ratio C or sufficiently large relative separation D, linear 

discriminant analysis (with two predictor variables) is robust to a wide range of 

departures from normality. Specifically, if C > 70, then the overall performance of 

the discriminant rules is significantly better than the performance of the 

corresponding no-data Bayes rules (provided that D > 1). In addition, if D > 4, 

then the overall performance of the discriminant rules is significantly better than 

the performance of the corresponding no-data Bayes rules (provided that 

C > 10). Alternatively, if C > 30 and D > 2, then the overall performance of the 

discriminant rules is significantly better. 

Intuitively, we would expect that the relative performance of discriminant 

rules would improve as separation increased. Fewer observations are likely to 

be misclassified by discriminant analysis as the overlap in the conditional 

probability distributions decreases, whereas the no-data Bayes rule always 

misclassifies a fixed proportion of the population. In this case, the no-data 

Bayes rules misclassify all bankruptcy observations regardless of the properties 
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Table 22—P-values for the Tests of Hypothesis 10a 

Relative Cost Ratio (C) 
Separation (D) 10 30 50 70 90 

1 1.000 1.000 0.823 0.000 0.000 

2 1.000 0.000 0.000 0.000 0.000 

4 0.000 0.000 0.000 0.000 0.000 

Notes: C is the ratio of the cost of misclassifying a bankruptcy to 
the cost of misclassifying a nonbankruptcy. D is the Mahalanobis 
distance between the means of the conditional distributions. 
P-values are conditional on C and D. 

Table 23.—P-values for the Tests of Hypothesis 10b 

Relative Cost Ratio (C) 
Separation (D) 10 30 50 70 90 

1 0.000 0.012 0.908 0.518 0.863 
2 0.005 0.486 0.814 0.916 0.966 
4 0.400 0.920 0.995 1.000 1.000 

Notes: C is the ratio of the cost of misclassifying a bankruptcy to 
the cost of misclassifying a nonbankruptcy. D is the Mahalanobis 
distance between the means of the conditional distributions. 
P-values are conditional on C and D. The p-value for C = 50 and 
D = 1 is not consistent with the general pattern. However, the 
p-values in this table are calculated from statistically independent 
simulations. Hence, the most likely explanation is that this result is 
due simply to random chance. 
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of the conditional distributions. 

The relative performance of discriminant rules as the cost ratio increases 

should not be surprising, either. Again, the relative improvement is due to the 

fact that the no-data Bayes rule in every case reported above misclassifies all 

bankruptcies. Hence, its expected loss increases linearly as C increases.6 By 

comparison, as the cost ratio C goes up, the cutoff point for the discriminant rule 

changes. When the conditional probability distributions are normal, this 

compensation minimizes expected loss among all possible classification rules, 

given the cost ratio C and the prior probabilities. Table 22 indicates that this 

adjustment continues to lead to better classification even when the conditional 

distributions are not normally distributed. 

Next, consider robustness relative to the Bayes rule. The results of the tests 

of hypothesis 10b are analogous to those for 10a. For either a sufficiently large 

cost ratio C or sufficiently large relative separation D, linear discriminant 

analysis (with two predictor variables) is robust to a wide range of departures 

from normality. 

Specifically, if C > 50, then the overall performance of the discriminant 

6Given that Jt(0F) = 0.007 in all cases in these experiments, the expected 

loss for the no-data Bayes rule increases until C = 142. For higher values of C, 
the no-data Bayes rule is the rule which classifies all observations as 
bankruptcies, and its expected loss is constant. Specifically, 
E{L(8 f)} = L(0NF,aF)ji(0NF), where l_(eNF,aF) = 1 in the standardized versions 

of expected loss calculated throughout this study. For more details, see the 
discussion at equations (7)—(10) in chapter 3. 
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rules is not significant worse than the performance of the corresponding Bayes 

rules (provided that D > 1). In addition, if D > 4, then the overall performance of 

the discriminant rules is not significantly worse than the performance of the 

corresponding Bayes rules (provided that C > 10). Alternatively, if C > 30 and 

D > 2, then the overall performance of the discriminant rules is not significantly 

worse. 

The relative performance of discriminant rules should improve as 

separation increases, since both discriminant rules and Bayes rules share the 

same general form and are identical when the conditional probability 

distributions are multivariate normal. (See the discussion at equations 

(75)-(78).) Both classify by dividing the measurement space into two regions 

and assigning observations accordingly. Hence, both are likely to misclassify 

fewer observations as the overlap in the conditional probability distributions 

decreases. As separation increases, the misclassification rates for both 

methods converge to zero; hence, expected loss becomes the same for both. 

Table 23 shows the separation D at which the difference becomes 

nonsignificant, given C. 

Relationship Between Multiple Comparison P-value and Simple Test P-values 

A multiple comparison test, such as the ones conducted above, protects 

against overall Type I error (rejecting the null hypothesis when it is true). The 

disadvantage, however, to reporting the overall p-value for the multiple 

comparison test is that the fine detail of the individual simple tests is lost. 
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Let a(C, D, it) represent the overall p-value conditional on C, D, and rc(0F)-

Thus, for example, a(50, 1, 0.007) = 0.823 for hypothesis 10a. (See table 22.) 

Given C, D, and 7t(0p), 184 simple tests are conducted, corresponding to all 

combinations of the 23 shapes of the density contours (listed in table 4), the 2 

types of relative scale (see the discussion below equation (95)), and 4 values of 

the orientation (p of the relative position vector (see the discussion below 

equation (114)). 

Let a(q) represent the p-value for the simple test q, where q indexes the 

different combinations of parameters for shape, scale, and orientation of the 

vector between the subpopulation means. From equation (174), 

(178) a(C, D, Jt) = 1 ~ r i q { l - ^{(inDA.q - H 0 ) / (sDA,q /Vnv)}}, 

for the tests of hypothesis 10a, where the product is over the 184 simple tests 

conditional on C, D and tt(0f), and where the p-value for the simple tests are 

(179) a(q) = ^{(mQA.q ~ Ho) ̂  (sDA,q /^Ny)}. 

From equation (177), 

(180) a(C, D, n) = 1 - n q { l - 4>{Dq /sD q } } , 

for the tests of hypothesis 10b, where the product is over the 184 simple tests 
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conditional on C, D and 7t(0F), and where the p-values for the simple tests are 

(181) o(q) = <J>{Dq/sDq}. 

In either case, 0 < a(q) < 1 for all q. Hence, the product in either equation 

(178) or (180) is a product of values between 0 and 1. Therefore, as the number 

of simple tests q increases, the likelihood increases that the product will be zero 

and thus that the overall p-value will be one. Furthermore, if at least one simple 

test has a p-value a(q) close to one, then 1 - a(q) is close to zero, and 

a(C, D, K) most likely will be close to one regardless of the values of the other p-

values. That is, a single test which is strongly not significant will dominate the 

overall p-value. 

To address this weakness, at least in part, table 24 lists the relative 

frequency of the simple test p-values corresponding to the overall p-values 

reported in tables 22 and 23. The relative frequencies are consistent with the 

above speculation about the relationship between the overall p-value and the 

simple test p-values. That is, a relatively small proportion of simple tests with p-

values not close to zero tend to dominate the overall p-value and drive it 

upward to one. However, no one simple test dominates the overall p-value, 

conditional on C and D, in tables 22 and 23. Furthermore, if the overall p-value 

in tables 22 and 23 is greater than 0.9, then at least 10% of the corresponding 

simple test p-values are greater than 0.01 (with the exception of the case C = 50 

and D = 1 in the tests of hypothesis 10b). 
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Table 24.—Relative Frequency of P-values for Simple Tests of 
Hypotheses 10a and 10b 

Hypothesis 10a Hypothesis 10b 
Range of P-values D = 1 D = 2 D = 4 D = 1 D = 2 D = 4 

C = 10 

0.0000, 0.0001 0.212 0.728 1.000 1.000 0.940 0.848 
0.0001, 0.0010 0.005 0.000 0.000 0.000 0.054 0.000 
0.0010, 0.0100 0.005 0.000 0.000 0.000 0.005 0.038 
0.0100, 0.1000 0.005 0.000 0.000 0.000 0.000 0.114 
0.1000, 0.5000 0.005 0.005 0.000 0.000 0.000 0.000 
0.5000, 0.9000 0.000 0.000 0.000 0.000 0.000 0.000 
0.9000, 0.9900 0.005 0.000 0.000 0.000 0.000 0.000 
0.9900, 0.9990 0.005 0.000 0.000 0.000 0.000 0.000 
0.9990, 0.9999 0.000 0.000 0.000 0.000 0.000 0.000 
0.9999 1.0000 0.755 0.266 0.000 0.000 0.000 0.000 

C = 30 

0.0000, 0.0001 0.478 1.000 1.000 0.897 0.848 0.739 
0.0001, 0.0010 0.016 0.000 0.000 0.076 0.000 0.005 
0.0010, 0.0100 0.005 0.000 0.000 0.027 0.027 0.065 
0.0100, 0.1000 0.016 0.000 0.000 0.000 0.125 0.152 
0.1000, 0.5000 0.054 0.000 0.000 0.000 0.000 0.038 
0.5000, 0.9000 0.043 0.000 0.000 0.000 0.000 0.000 
0.9000, 0.9900 0.049 0.000 0.000 0.000 0.000 0.000 
0.9900, 0.9990 0.038 0.000 0.000 0.000 0.000 0.000 
0.9990, 0.9999 0.005 0.000 0.000 0.000 0.000 0.000 
0.9999 1.0000 0.293 0.000 0.000 0.000 0.000 0.000 
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Range of P-values 
Hypothesis 10a 

D = 1 D = 2 D 
Hypothesis 10b 

D = 1 D = 2 D 

C = 50 

0.0000, 0.0001 0.918 1.000 1.000 0.793 0.837 0.717 
0.0001, 0.0010 0.011 0.000 0.000 0.016 0.011 0.011 
0.0010, 0.0100 0.033 0.000 0.000 0.103 0.005 0.011 
0.0100, 0.1000 0.022 0.000 0.000 0.043 0.136 0.152 
0.1000, 0.5000 0.011 0.000 0.000 0.043 0.011 0.109 
0.5000, 0.9000 0.005 0.000 0.000 0.000 0.000 0.000 
0.9000, 0.9900 0.000 0.000 0.000 0.000 0.000 0.000 
0.9900, 0.9990 0.000 0.000 0.000 0.000 0.000 0.000 
0.9990, 0.9999 0.000 0.000 0.000 0.000 0.000 0.000 
0.9999 1.0000 0.000 0.000 0.000 0.000 0.000 0.000 

c = 70 

0.0000, 0.0001 1.000 1.000 1.000 0.842 0.793 0.707 
0.0001, 0.0010 0.000 0.000 0.000 0.005 0.005 0.016 
0.0010, 0.0100 0.000 0.000 0.000 0.016 0.049 0.005 
0.0100, 0.1000 0.000 0.000 0.000 0.136 0.120 0.087 
0.1000, 0.5000 0.000 0.000 0.000 0.000 0.033 0.185 
0.5000, 0.9000 0.000 0.000 0.000 0.000 0.000 0.000 
0.9000, 0.9900 0.000 0.000 0.000 0.000 0.000 0.000 
0.9900, 0.9990 0.000 0.000 0.000 0.000 0.000 0.000 
0.9990, 0.9999 0.000 0.000 0.000 0.000 0.000 0.000 
0.9999 1.0000 0.000 0.000 0.000 0.000 0.000 0.000 
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Table 24.—continued 

Hypothesis 10a Hypothesis 10b 
Range of P-values D = 1 D = 2 D = 4 D = 1 

CM
 

II 
o

 II 
o

 

C = 90 

0.0000, 0.0001 1.000 1.000 1.000 0.848 0.707 0.685 
0.0001, 0.0010 0.000 0.000 0.000 0.000 0.092 0.000 
0.0010, 0.0100 0.000 0.000 0.000 0.000 0.049 0.022 
0.0100, 0.1000 0.000 0.000 0.000 0.120 0.065 0.065 
0.1000, 0.5000 0.000 0.000 0.000 0.033 0.087 0.228 
0.5000, 0.9000 0.000 0.000 0.000 0.000 0.000 0.000 
0.9000, 0.9900 0.000 0.000 0.000 0.000 0.000 0.000 
0.9900, 0.9990 0.000 0.000 0.000 0.000 0.000 0.000 
0.9990, 0.9999 0.000 0.000 0.000 0.000 0.000 0.000 
0.9999 1.0000 0.000 0.000 0.000 0.000 0.000 0.000 

Notes: C is the ratio of the cost of misclassifying a bankruptcy to the cost of 
misclassifying a nonbankruptcy. D is the Mahalanobis distance between the 
means of the conditional distributions. Relative frequency is with respect to the 
184 simple tests conditional on C and D. Relative frequencies given C and D 
may not total to 1.000 due to rounding. 

In drawing conclusions from these results, keep the following in mind. 

In actual forecasting, the set of predictor variables determines the size of the 

relative separation D in two general ways. First, as number of variables 

increases, D may increase also simply due to the increasing dimensionality. 

Second, for a given number of variables, D may change as the shape and scale 

of the conditional multivariate distributions changes. Thus, in practice, relative 
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separation D depends on the choice of predictors rather than being set to a 

fixed value as in these Monte Carlo experiments. Finally, if D is substantially 

smaller than 1 for the variables selected, then even the Bayes rule may perform 

no better than the no-data Bayes rule. For example, pilot studies for these 

Monte Carlo experiments indicate that the Bayes rule and the no-data Bayes 

rule have the same expected loss whenever D < 0.5 regardless of the shape of 

the bivariate density contours or the cost ratio C (where C < 90). 

Sensitivity to Skewness and Kurtosis 

Hypotheses 10a and 10b concern the effects of departures from normality 

overall. In this section, four particular types of departures are examined: 

kurtosis (but not skewness) in one of the two variables; skewness in one of the 

two variables; kurtosis (but not skewness) in both variables; and skewness in 

both variables. First, the relationship between the characteristics skewness and 

kurtosis and the parameters which define the conditional distributions is 

explained. Then, appropriate subsets of the simple tests are examined to 

determine how performance changes (a) as kurtosis increases, given the cost 

ratio C, separation D, and skewness; (b) as D increases, given C, skewness, 

and kurtosis; (c) as C increases, given D, skewness, and kurtosis; and (d) as 

skewness increases, given C and D. 
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Skewness and Kurtosis for Bivariate Inverse Sinh Normal Distributions 

Skewness and kurtosis in each marginal distribution are determined solely 

by the shape parameters (ij and Cj. In particular, skewness and kurtosis are 

independent of correlation, scale, and location. Table 3 shows the skew and 

kurtosis for values of the shape parameters m and Gj discussed in this section. 

The baseline distributions are those for which the shape parameters 

p.1 = n 2 = 0-0 a n d o 1 = o 2 = 0.1. These distributions are nearly normal. 

Skewness is zero, and kurtosis is approximately zero. Since linear discriminant 

analysis is based on the assumption that the conditional probability distributions 

are multivariate normal, the expectation is that decision rules based on LDA 

models should perform worse (i.e., have higher expected loss) as skewness 

and kurtosis increase. 

Skewness is absent in the marginal distribution for variable i whenever 

jUj = 0.0. To understand why, consider the skewness coefficient for Zr which is 

defined as E{(Zj — ^)3}/{Var(Zj)}3/2, where E{Zj} = The third central moment 

can be written as 

(182) E f t Z j - y 3 } = E{Zi>}-3E{Z?}Sl + 2tf. 

Based on the relationship between Y and Z defined by equation (82), 

(183) E{Z|2} = X,2 +1;,2, 
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(184) E{Zj3} = (>./oi*)3 E{(Y, - Hj")3} + 3 ^ 5 , + 

Thus, 

(185) E{(Z, - 4 I )3 } = (A./C T I ' )
3 E { (Y | - H | ' ) 3 } . 

From equation (83), if jo.j = 0, then Hj* = 0. Thus, the expression on the right-hand 

side of equation (185) is in terms of E{Yj3}. Using the moment generating 

function defined in equation (94), it can be shown that 

(186) E{YJ3} = 0 .125{exp[3 | i i j + ( 9 C j 2 / 2 ) ] - 3-exp[|Hj + ( t f j 2 / 2 ) ] 

+ 3 e x p [ - | i j + (<Tj2/2)] - e x p [ - 3 H j + ( 9 a j 2 / 2 ) ] } . 

If |ij = 0, then E{Yj3} = 0, and thus the third central moment for Zj equals zero. 

Hence, the coefficient of skewness must also equal zero. 

Effects of Skewness and Kurtosis on Performance 

Appropriate subsets of the simple tests are examined now to determine 

how performance changes (a) as kurtosis increases, given the cost ratio C, 

separation D, and skewness; (b) as D increases, given C, skewness, and 

kurtosis; (c) as C increases, given D, skewness, and kurtosis; and (d) as 

skewness increases, given C and D. The objective is to determine which of 

these four characteristics of the forecasting problem affect the performance of 
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decision rules based on linear discriminant analysis. 

Table 25 includes results from the tests of hypothesis 10a. Hence, a p-

value of zero is evidence of robustness with respect to the no-data Bayes rule, 

while a p-value of one corresponds to insufficient evidence of robustness. The 

evidence indicates that relative performance of the linear discriminant model 

Table 25.—Effects of Changing Kurtosis Given Cost, Separation, and Skewness 
(P-values From Tests of Hypothesis 10a) 

Kurtosis in Variables 1 and 2 
Cost Ratio C Separation D 0.04, 0.04 0.04, 33.19 33.19, 33.19 

Skewness in Variables 1 and 2: 0.000, 0.000 

10 1 1.00000 1.00000 1.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

30 1 0.00019 0.99999 1.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

50 1 0.00000 0.00000 0.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

70 1 0.00000 0.00000 0.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

90 1 0.00000 0.00000 0.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 
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generally is not affected by increasing kurtosis in one or both variables, given 

fixed values for the cost ratio C, the separation D, and the skewness. 

Table 26 includes results from the tests of hypothesis 10b. Hence, a p-

value of one is evidence of robustness with respect to the Bayes rule, while a p-

value of zero corresponds to significant evidence that the linear discriminant 

Table 25.—continued 

Kurtosis in Variables 1 and 2 
Cost Ratio C Separation D 0.04, 5.64 33.19, 5.64 

Skewness in Variables 1 and 2: 0.000, 1.699 

10 1 1.00000 1.00000 
2 1.00000 1.00000 
4 0.00000 0.00000 

30 1 1.00000 1.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 

50 1 0.00660 0.00776 
2 0.00000 0.00000 
4 0.00000 0.00000 

70 1 0.00000 0.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 

90 1 0.00000 0.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 
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Table 25.—continued 

Kurtosis in Variables 1 and 2 
Cost Ratio C Separation D 0.04, 108.19 33.19, 108.19 

Skewness in Variables 1 and 2: 0.000, 6.084 

10 1 1.00000 1.00000 
2 1.00000 1.00000 
4 0.00000 0.00000 

30 1 1.00000 1.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 

50 1 0.00000 0.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 

70 1 0.00000 0.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 

90 1 0.00000 0.00000 
2 0.00000 0.00000 
4 0.00000 0.00000 

Notes: Each p-value is for the multiple comparison test conditional on C, D, 
skewness, and kurtosis. The specific combinations of skewness and kurtosis 
correspond to specific density contour shapes listed in table 4. For example, 
skewness in variables 1 and 2 of 0.000 and 0.000 and kurtosis in variables 1 
and 2 of 0.04 and 0.04 correspond to shapes 1 and 2. Each p-value is 
calculated from the p-values for the appropriate 16 simple tests for all 
combinations of (a) the two shapes with the same (j,1, \i2, , cr2 (where p = 0.0 

or 0.8), (b) two scale parameters X 2 , and (c) four orientations <p of the relative 

position vector. 
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rule performs significantly worse than the Bayes rule. 

Unlike the results from the tests of hypothesis 10a, the tests for robustness 

with respect to the Bayes rule generally indicate that relative performance of the 

linear discriminant rule declines significantly as kurtosis increases in one or 

both variables. Given that the Bayes rule is defined in terms of the true 

Table 26.—Effects of Changing Kurtosis Given Cost, Separation, and Skewness 
(P-values From Tests of Hypothesis 10b) 

Kurtosis in Variables 1 and 2 
Cost Ratio C Separation D 0.04, 0.04 0.04, 33.19 33.19, 33.19 

Skewness in Variables 1 and 2: 0.000, 0.000 

10 1 0.00000 0.00000 0.00000 
2 0.00285 0.00154 0.00000 
4 0.28220 0.04982 0.00000 

30 1 0.00724 0.00273 0.00000 
2 0.34204 0.08895 0.00000 
4 0.76481 0.19125 0.08783 

50 1 0.09319 0.03317 0.00000 
2 0.58143 0.20635 0.00000 
4 0.86387 0.67709 0.49900 

70 1 0.37627 0.07768 0.00000 
2 0.75350 0.26729 0.00001 
4 0.89789 0.81177 0.81553 

90 1 0.62692 0.18820 0.00000 
2 0.83328 0.44318 0.00769 
4 0.94107 0.84271 0.93964 
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parameters while the coefficients for the discriminant rule are estimated under 

the assumption of normality, these results are not surprising. 

An exception to this conclusion occurs when separation D = 4 and cost 

ratios C > 70. In those cases, the overall p-values (conditional on C, D, 

skewness, and kurtosis) remain about the same or increase as kurtosis 

Table 26.—continued 

Kurtosis in Variables 1 and 2 
Cost Ratio C Separation D 0.04, 5.64 33.19, 5.64 

Skewness in Variables 1 and 2: 0.000, 1.699 

10 1 0.00000 0.00000 
2 0.00051 0.00000 
4 0.08418 0.00000 

30 1 0.00069 0.00000 
2 0.07312 0.00000 
4 0.34322 0.02995 

50 1 0.40741 0.26935 
2 0.23999 0.00011 
4 0.26452 0.35736 

70 1 0.08095 0.00000 
2 0.36073 0.00731 
4 0.34229 0.68167 

90 1 0.28716 0.00000 
2 0.35155 0.00600 
4 0.39753 0.74651 
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increases. This might be interpreted as an indication of improved relative 

performance. However, note that the p-values for all of these cases are large, 

regardless of the specific kurtosis. For sufficiently large separation and a 

sufficiently high cost ratio, choice of the boundary between the classification 

regions is not critical, so linear discriminant and Bayes rules perform similarly. 

Table 26.—continued 

Kurtosis in Variables 1 and 2 
Cost Ratio C Separation D 0.04, 108.19 33.19, 108.19 

Skewness in Variables 1 and 2: 0.000, 6.084 

10 1 0.00000 0.00000 
2 0.00031 0.00000 
4 0.03989 0.00000 

30 1 0.00128 0.00000 
2 0.07422 0.00000 
4 0.22718 0.06154 

50 1 0.01366 0.00000 
2 0.26123 0.00000 
4 0.26744 0.29871 

70 1 0.08799 0.00000 
2 0.24792 0.00000 
4 0.45083 0.59729 

90 1 0.36531 0.00000 
2 0.42531 0.00527 
4 0.49264 0.62138 

Notes: Same as for table 25. 
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Table 27 includes results from the tests of hypothesis 10a. Hence, a p-

value of zero is evidence of robustness with respect to the no-data Bayes rule, 

while a p-value of one corresponds to insufficient evidence of robustness. The 

evidence indicates that relative performance of the linear discriminant model is 

robust with respect to the no-data Bayes rule provided that separation D is 

sufficiently large given the cost ratio C. The minimum D (of the values 

considered here) for which this occurs for all combinations of skewness and 

kurtosis depends on C: for C = 10, D must be > 4; for C > 30, D must be > 2. 

Table 28 includes results from the tests of hypothesis 10b. Hence, a p-

value of one is evidence of robustness with respect to the Bayes rule, while a p-

value of zero corresponds to significant evidence that the linear discriminant 

rule performs significantly worse than the Bayes rule. 

The effect of increasing separation depends on the cost ratio C, skewness, 

and kurtosis. If C = 70 or 90, then the overall p-value (conditional on C, 

skewness, and kurtosis) increases as D increases, provided that skewness is 

zero in one variable. For these cases, relative performance of the linear 

discriminant rule improves as D increases and is not significantly different from 

the Bayes rule for D = 4. If C = 10 or 30, then the overall p-value (conditional on 

C, skewness, and kurtosis) increases as D increases, provided that skewness 

and kurtosis are approximately zero in one variable. For these cases, relative 

performance of the linear discriminant rule improves as D increases; whether 

this is or is not significantly different from the Bayes rule for D = 4 depends on 
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Table 27.—Effects of Changing Separation Given Cost, Skewness, and Kurtosis 
(P-values From Tests of Hypothesis 10a) 

Cost Skewness Kurtosis Separation 
C Var. 1 Var. 2 Var. 1 Var. 2 D = 1 D = 2 D = 4 

10 0.000 0.000 0.04 0.04 1.00000 0.00000 0.00000 
0.000 0.000 0.04 33.19 1.00000 0.00000 0.00000 
0.000 1.699 0.04 5.64 1.00000 1.00000 0.00000 
0.000 6.084 0.04 108.19 1.00000 1.00000 0.00000 
0.000 0.000 33.19 33.19 1.00000 0.00000 0.00000 
0.000 1.699 33.19 5.64 1.00000 1.00000 0.00000 
0.000 6.084 33.19 108.19 1.00000 1.00000 0.00000 

1.699 1.699 5.64 5.64 1.00000 1.00000 0.00000 
1.699 6.084 5.64 108.19 1.00000 1.00000 0.00000 
6.084 6.084 108.19 108.19 1.00000 1.00000 0.00000 

30 0.000 0.000 0.04 0.04 0.00019 0.00000 0.00000 
0.000 0.000 0.04 33.19 0.99999 0.00000 0.00000 
0.000 1.699 0.04 5.64 1.00000 0.00000 0.00000 
0.000 6.084 0.04 108.19 1.00000 0.00000 0.00000 
0.000 0.000 33.19 33.19 1.00000 0.00000 0.00000 
0.000 1.699 33.19 5.64 1.00000 0.00000 0.00000 
0.000 6.084 33.19 108.19 1.00000 0.00000 0.00000 

1.699 1.699 5.64 5.64 1.00000 0.00000 0.00000 
1.699 6.084 5.64 108.19 1.00000 0.00000 0.00000 
6.084 6.084 108.19 108.19 1.00000 0.00000 0.00000 

0.000 0.000 0.04 0.04 0.00000 0.00000 0.00000 
0.000 0.000 0.04 33.19 0.00000 0.00000 0.00000 
0.000 1.699 0.04 5.64 0.00660 0.00000 0.00000 
0.000 6.084 0.04 108.19 0.00000 0.00000 0.00000 
0.000 0.000 33.19 33.19 0.00000 0.00000 0.00000 
0.000 1.699 33.19 5.64 0.00776 0.00000 0.00000 
0.000 6.084 33.19 108.19 0.00000 0.00000 0.00000 

1.699 1.699 5.64 5.64 0.80140 0.00000 0.00000 
1.699 6.084 5.64 108.19 0.09248 0.00000 0.00000 
6.084 6.084 108.19 108.19 0.00198 0.00000 0.00000 

50 
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Table 27.—continued 

Cost Skewness Kurtosis Separation 
C Var. 1 Var. 2 Var. 1 Var. 2 D = 1 D = 2 II 

o
 

703 0.000 0.000 0.04 0.04 0.00000 0.00000 0.00000 
0.000 0.000 0.04 33.19 0.00000 0.00000 0.00000 
0.000 1.699 0.04 5.64 0.00000 0.00000 0.00000 
0.000 6.084 0.04 108.19 0.00000 0.00000 0.00000 
0.000 0.000 33.19 33.19 0.00000 0.00000 0.00000 
0.000 1.699 33.19 5.64 0.00000 0.00000 0.00000 
0.000 6.084 33.19 108.19 0.00000 0.00000 0.00000 

1.699 1.699 5.64 5.64 0.00000 0.00000 0.00000 
1.699 6.084 5.64 108.19 0.00000 0.00000 0.00000 
6.084 6.084 108.19 108.19 0.00000 0.00000 0.00000 

Notes: Each p-value is for the multiple comparison test conditional on C, D, 
skewness, and kurtosis. The specific combinations of skewness and kurtosis 
correspond to specific density contour shapes listed in table 4. For example, 
skewness in variables 1 and 2 of 0.000 and 0.000 and kurtosis in variables 1 
and 2 of 0.04 and 0.04 correspond to shapes 1 and 2. When variable 1 has zero 
skewness, each p-value is calculated from the p-values for the appropriate 16 
simple tests for all combinations of (a) the two shapes with the same ^i1, J L X 2 , 

G 2 (where p = 0.0 or 0.8), (b) two scale parameters X 2 , and (c) four orientations 

<p of the relative position vector. When variable 1 has positive skewness, each p-
value is calculated from the p-values for the appropriate 24 simple tests for all 
combinations of (a) the three shapes with the same J X - J , J L L 2 , <TI , C J 2 (where p = 

0.0, 0.8, or -0.5), (b) two scale parameters A,2, and (c) four orientations <p of the 

relative position vector. 

aResults for C = 90 are the same as for C = 70 and hence are not included 
above. 
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Table 28.—Effects of Changing Separation Given Cost, Skewness, and Kurtosis 
(P-values From Tests of Hypothesis 10b) 

Cost Skewness Kurtosis Separation 
C Var. 1 Var. 2 Var. 1 Var. 2 D = 1 D = 2 D = 4 

10 0.000 0.000 0.04 0.04 0.00000 0.00285 0.28220 
0.000 0.000 0.04 33.19 0.00000 0.00154 0.04982 
0.000 1.699 0.04 5.64 0.00000 0.00051 0.08418 
0.000 6.084 0.04 108.19 0.00000 0.00031 0.03989 
0.000 0.000 33.19 33.19 0.00000 0.00000 0.00000 
0.000 1.699 33.19 5.64 0.00000 0.00000 0.00000 
0.000 6.084 33.19 108.19 0.00000 0.00000 0.00000 

1.699 1.699 5.64 5.64 0.00000 0.00000 0.00000 
1.699 6.084 5.64 108.19 0.00000 0.00000 0.00000 
6.084 6.084 108.19 108.19 0.00000 0.00000 0.00000 

30 0.000 0.000 0.04 0.04 0.00724 0.34204 0.76481 
0.000 0.000 0.04 33.19 0.00273 0.08895 0.19125 
0.000 1.699 0.04 5.64 0.00069 0.07312 0.34322 
0.000 6.084 0.04 108.19 0.00000 0.00128 0.22718 
0.000 0.000 33.19 33.19 0.00000 0.00000 0.08783 
0.000 1.699 33.19 5.64 0.00000 0.00000 0.02995 
0.000 6.084 33.19 108.19 0.00000 0.00000 0.06154 

1.699 1.699 5.64 5.64 0.00000 0.00000 0.00000 
1.699 6.084 5.64 108.19 0.00000 0.00000 0.00000 
6.084 6.084 108.19 108.19 0.00000 0.00000 0.00000 

50 0.000 0.000 0.04 0.04 0.09319 0.58143 0.86387 
0.000 0.000 0.04 33.19 0.03317 0.20635 0.67709 
0.000 1.699 0.04 5.64 0.40741 0.23999 0.26452 
0.000 6.084 0.04 108.19 0.01366 0.26123 0.26744 
0.000 0.000 33.19 33.19 0.00000 0.00000 0.49900 
0.000 1.699 33.19 5.64 0.26935 0.00011 0.35736 
0.000 6.084 33.19 108.19 0.00000 0.00000 0.29871 

1.699 1.699 5.64 5.64 0.61974 0.00032 0.00395 
1.699 6.084 5.64 108.19 0.34999 0.00005 0.00000 
6.084 6.084 108.19 108.19 0.00000 0.00000 0.00000 
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Table 28.—continued 

Cost Skewness Kurtosis Separation 
C Var. 1 Var. 2 Var. 1 Var. 2 D = 1 D = 2 II 

Q
 

70 0.000 0.000 0.04 0.04 0.37627 0.75350 0.89789 
0.000 0.000 0.04 33.19 0.07768 0.26729 0.81177 
0.000 1.699 0.04 5.64 0.08095 0.36073 0.34229 
0.000 6.084 0.04 108.19 0.08799 0.24792 0.45083 
0.000 0.000 33.19 33.19 0.00000 0.00001 0.81553 
0.000 1.699 33.19 5.64 0.00000 0.00731 0.68167 
0.000 6.084 33.19 108.19 0.00000 0.00000 0.59729 

1.699 1.699 5.64 5.64 0.00000 0.01014 0.04278 
1.699 6.084 5.64 108.19 0.00000 0.00977 0.00000 
6.084 6.084 108.19 108.19 0.00000 0.00000 0.00019 

90 0.000 0.000 0.04 0.04 0.62692 0.83328 0.94107 
0.000 0.000 0.04 33.19 0.18820 0.44318 0.84271 
0.000 1.699 0.04 5.64 0.28716 0.35155 0.39753 
0.000 6.084 0.04 108.19 0.36531 0.42531 0.49264 
0.000 0.000 33.19 33.19 0.00000 0.00769 0.93964 
0.000 1.699 33.19 5.64 0.00000 0.00600 0.74651 
0.000 6.084 33.19 108.19 0.00000 0.00527 0.62138 

1.699 1.699 5.64 5.64 0.00000 0.00944 0.36797 
1.699 6.084 5.64 108.19 0.00000 0.00133 0.00009 
6.084 6.084 108.19 108.19 0.00000 0.00016 0.01992 

Notes: Same as for table 27. 

the desired level of significance. In the definitions of the p-values for hypotheses 

10a and 10b (equations (174) and (177), respectively), all simple tests are 

given equal weight in the overall p-value. Thus, if the overall level of 

significance for all 2,760 simple tests is defined to be a = 0.05, then the 
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corresponding levels of significance for any subset of 16 tests is 0.00030 (and 

for any subset of 24 tests is 0.00045).8 Then, for the cases with C = 10 or 30 and 

skewness and kurtosis approximately zero in one variable, the p-values are 

greater than 0.00030 and hence are not significant; i.e., expected loss for the 

linear discriminant rule is not significantly different from expected loss for the 

Bayes rule. Finally, when C = 50, no clear relationship exists between 

separation D and overall p-value (conditional on C, skewness, and kurtosis). In 

summary, factors other than the separation D often play a more important role in 

determining relative performance of the linear discriminant rule with respect to 

the Bayes rule. 

Table 29 includes results from the tests of hypothesis 10a. Hence, a p-

value of zero is evidence of robustness with respect to the no-data Bayes rule, 

while a p-value of one corresponds to insufficient evidence of robustness. The 

evidence indicates that relative performance of the linear discriminant model is 

8Let a(q) represent the p-value for any individual simple test. Then, based 
on either equation (174) for hypothesis 10a or equation (177) for hypothesis 
10b, the overall p-value for the entire experiment is p = 1 - nq [1 - a(q)], where 

the product is over the 2,760 combinations of cost ratios C, separation 
parameters D and q>, scale parameters X2, and shape parameters. Assume that 

the level of significance is the same for any individual simple test and represent 

it as a(q). Let the overall level of significance be a. Then, a = 1 - [1 - a(q)]2,760. 

Solving for a(q) yields a(q) = 1 - (1 -a)1 / 2 '7 6 0 .To find the level of significance 

for any subset of n simple tests, calculate <xn = 1 — [1 — a(q)]n. For example, if 

a = 0.05, then a(q) = 0.000018584 and a 1 6 = 0.000297. 
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robust with respect to the no-data Bayes rule provided that the cost ratio C is 

sufficiently large given the separation D. The minimum C (of values considered 

here) for which this occurs for all combinations of skewness and kurtosis 

Table 29.—Effects of Changing Cost Given Separation, Skewness, and Kurtosis 
(P-values From Tests of Hypothesis 10a) 

Skewness 
D Var. 1 Var. 2 

Kurtosis 
Var. 1 Var. 2 

Cost Ratio 
C= 10 C = 30 C = 50 C = 70 C 90 

1 0.000 0.000 0.04 0.04 
0.000 0.000 0.04 33.19 
0.000 1.699 0.04 5.64 
0.000 6.084 0.04 108.19 
0.000 0.000 33.19 33.19 
0.000 1.699 33.19 5.64 
0.000 6.084 33.19 108.19 

1.699 1.699 5.64 5.64 
1.699 6.084 5.64 108.19 
6.084 6.084 108.19 108.19 

1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 

0.0002 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 

0.0000 
0.0000 
0.0066 
0.0000 
0.0000 
0.0078 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

1.0000 1.0000 0.8014 0.0000 0.0000 
1.0000 1.0000 0.0925 0.0000 0.0000 
1.0000 1.0000 0.0020 0.0000 0.0000 

2a 0.000 0.000 0.04 0.04 
0.000 0.000 0.04 33.19 
0.000 1.699 0.04 5.64 
0.000 6.084 0.04 108.19 
0.000 0.000 33.19 33.19 
0.000 1.699 33.19 5.64 
0.000 6.084 33.19 108.19 

1.699 1.699 5.64 5.64 
1.699 6.084 5.64 108.19 
6.084 6.084 108.19 108.19 

0.0000 
0.0000 
1.0000 
1.0000 
0.0000 
1.0000 
1.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 

1.0000 0.0000 0.0000 0.0000 0.0000 
1.0000 0.0000 0.0000 0.0000 0.0000 
1.0000 0.0000 0.0000 0.0000 0.0000 

Notes: Same as for table 27. 

aResults for D = 4 are the same as for D = 2 and hence are not included above. 
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depends on D: for D = 1, C must be > 70; for D = 2, C > 30; for D = 4, C > 10. 

Table 30 includes results from the tests of hypothesis 10b. Hence, a p-

value of one is evidence of robustness with respect to the Bayes rule, while a p-

value of zero corresponds to significant evidence that the linear discriminant 

rule performs significantly worse than the Bayes rule. 

Table 30.—Effects of Changing Cost Given Separation, Skewness, and Kurtosis 
(P-values From Tests of Hypothesis 10b) 

D 
Skewness 

Var. 1 Var. 2 
Kurtosis 

Var. 1 Var. 2 
Cost Ratio 

C = 10 C = 30 C = 50 C = 70 C = 90 

0.000 0.000 0.04 0.04 
0.000 0.000 0.04 33.19 
0.000 1.699 0.04 5.64 
0.000 6.084 0.04 108.19 
0.000 0.000 33.19 33.19 
0.000 1.699 33.19 5.64 
0.000 6.084 33.19 108.19 

1.699 1.699 5.64 5.64 
1.699 6.084 5.64 108.19 
6.084 6.084 108.19 108.19 

0.0000 0.0072 0.0932 0.3763 0.6269 
0.0000 0.0027 0.0332 0.0777 0.1882 
0.0000 0.0007 0.4074 0.0810 0.2872 
0.0000 0.0013 0.0137 0.0880 0.3653 
0.0000 0.0000 0.0000 0.0000 0.0000 
0.0000 0.0000 0.2694 0.0000 0.0000 
0.0000 0.0000 0.0000 0.0000 0.0000 

0.0000 0.0000 0.6197 0.0000 0.0000 
0.0000 0.0000 0.3500 0.0000 0.0000 
0.0000 0.0000 0.0000 0.0000 0.0000 

2 0.000 0.000 0.04 0.04 
0.000 0.000 0.04 33.19 
0.000 1.699 0.04 5.64 
0.000 6.084 0.04 108.19 
0.000 0.000 33.19 33.19 
0.000 1.699 33.19 5.64 
0.000 6.084 33.19 108.19 

1.699 1.699 5.64 5.64 
1.699 6.084 5.64 108.19 
6.084 6.084 108.19 108.19 

0.0029 0.3420 0.5814 0.7535 0.8333 
0.0015 0.0890 0.2064 0.2673 0.4432 
0.0005 0.0731 0.2400 0.3607 0.3516 
0.0003 0.0742 0.2612 0.2479 0.4253 
0.0000 0.0000 0.0000 0.0000 0.0077 
0.0000 0.0000 0.0001 0.0073 0.0060 
0.0000 0.0000 0.0000 0.0000 0.0053 

0.0000 0.0000 0.0003 0.0101 0.0094 
0.0000 0.0000 0.0001 0.0098 0.0013 
0.0000 0.0000 0.0000 0.0000 0.0002 
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Table 30.—continued 

D 
Skewness 
Var. 1 Var. 2 

Kurtosis 
Var. 1 Var. 2 

Cost Ratio 
C= 10 C = 30 C = 50 C = 70 C = 90 

0.000 0.000 0.04 0.04 
0.000 0.000 0.04 33.19 
0.000 1.699 0.04 5.64 
0.000 6.084 0.04 108.19 
0.000 0.000 33.19 33.19 
0.000 1.699 33.19 5.64 
0.000 6.084 33.19 108.19 

1.699 1.699 5.64 5.64 
1.699 6.084 5.64 108.19 
6.084 6.084 108.19 108.19 

0.2822 
0.0498 
0.0842 
0.0399 
0.0000 
0.0000 
0.0000 

0.7648 
0.1913 
0.3432 
0.2272 
0.0878 
0.0300 
0.0615 

0.8639 
0.6771 
0.2645 
0.2674 
0.4990 
0.3574 
0.2987 

0.8979 
0.8118 
0.3423 
0.4508 
0.8155 
0.6817 
0.5973 

0.9411 
0.8427 
0.3975 
0.4926 
0.9396 
0.7465 
0.6214 

0.0000 0.0000 0.0040 0.0428 0.3680 
0.0000 0.0000 0.0000 0.0000 0.0001 
0.0000 0.0000 0.0000 0.0002 0.0199 

Notes: Same as for table 27. 

Generally speaking, the p-value (conditional on separation D, skewness, 

and kurtosis) increases as the cost ratio increases. The principal exceptions 

occur when D = 1 and both variables exhibit kurtosis. For these cases, the p-

values usually are zero, indicating that the linear discriminant rule performs 

significantly worse than the Bayes rule. 

Table 31 includes results from the tests of hypothesis 10a. Hence, a p-

value of zero is evidence of robustness with respect to the no-data Bayes rule, 

while a p-value of one corresponds to insufficient evidence of robustness. The 

evidence in table 31 does not indicate a clear relationship between relative 

performance of the linear discriminant rule and increasing skewness. 
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Table 31.—Effects of Changing Skew Given Cost and Separation 
(P-values From Tests of Hypothesis 10a) 

Skewness in Variables 1 and 2 
Cost Ratio C Separation D 0.000, 0.000 0.000, 1.699 1.699, 1.699 

10 1 1.00000 1.00000 1.00000 
2 0.00000 1.00000 1.00000 
4 0.00000 0.00000 0.00000 

30 1 1.00000 1.00000 1.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

50 1 0.00000 0.01431 0.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

70 1 0.00000 0.00000 0.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

90 1 0.00000 0.00000 0.00000 
2 0.00000 0.00000 0.00000 
4 0.00000 0.00000 0.00000 

Notes: Each p-value is for the multiple comparison test conditional on C, D, and 
skewness. Specific values of skewness correspond to specific density contour 
shapes in table 4. For skewness of 0.000 in both variables, each p-value is 
calculated from the p-values of the appropriate 48 simple tests for all combina-
tions of (a) the 6 shapes (shapes 1-4 and 9-10), (b) two scale parameters X2, 

and (c) four orientations <p of the relative position vector. For skewness of 0.000 
in variable 1 and 1.699 in variable 2, each p-value is calculated from the p-
values of the appropriate 32 simple tests for all combinations of (a) the 4 shapes 
(shapes 5-6 and 11-12), (b) two scale parameters X2, and (c) four orientations 

(p. For the remaining cases, each p-value is calculated from the p-values of the 
appropriate 32 simple tests for all combinations of (a) the 4 shapes (shapes 7-8 
and 13-14), (b) two scale parameters X2, and (c) four orientations <p. 
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Table 32.—Effects of Changing Skew Given Cost and Separation 
(P-values From Tests of Hypothesis 10b) 

Skewness in Variables 1 and 2 
Cost Ratio C Separation D 0.000, 0.000 0.000, 1.699 1.699, 1.699 

10 1 0.00000 0.00000 0.00000 
2 0.00439 0.00051 0.00031 
4 0.31796 0.08418 0.03989 

30 1 0.00996 0.00069 0.00128 
2 0.40056 0.07312 0.07422 
4 0.82650 0.36290 0.27474 

50 1 0.12327 0.56703 0.01366 
2 0.66780 0.24007 0.26123 
4 0.97798 0.52735 0.48626 

70 1 0.42473 0.08095 0.08799 
2 0.81939 0.36541 0.24792 
4 0.99645 0.79063 0.77884 

90 1 0.69714 0.28716 0.36531 
2 0.90788 0.35544 0.42834 
4 0.99944 0.84728 0.80790 

Notes: Same as for table 31. 

Table 32 includes results from the tests of hypothesis 10b. Hence, a p-

value of one is evidence of robustness with respect to the Bayes rule, while a p-

value of zero corresponds to significant evidence that the linear discriminant 

rule performs significantly worse than the Bayes rule. 

Unlike the results in table 31, the p-values generally exhibit a relationship 
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with increasing skewness. Specifically, as skewness in the second variable 

increases, the p-value (conditional on C and D) decreases. That is, relative 

performance of the linear discriminant rule generally declines as skewness 

increases. Nonetheless, if the overall level of significance is a = 0.05, then the 

level of significance is 0.00089 for the cases where skewness is zero in both 

variables and is 0.00059 for all other cases in table 32. With the exception of the 

cases where C = 10 and D = 1 or 2, all p-values are higher than their 

corresponding level of significance, indicating that expected loss for the linear 

discriminant rule and for the Bayes rule are not significantly different. 

Note that kurtosis was not held constant in tables 31 and 32. The reason is 

that a method for holding kurtosis constant while skewness increases could not 

be found, at least for the inverse sinh normal distributions in this study. 

Summary 

As the ratio of the cost of misclassifying a bankruptcy to the cost of 

misclassifying a nonbankruptcy increases, the robustness of decision rules 

based on linear discriminant analysis improves. This robustness is observed 

whether performance is judged relative to the no-data Bayes rule or to the 

(optimal) Bayes rule. 

For two-variable models and all departures from normality considered 

here, discriminant-based rules significantly outperform the corresponding no-

data Bayes rules under the following conditions: (a) when bankruptcy and 

nonbankruptcy conditional distributions are separated by a Mahalanobis 
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distance of D = 1 (equivalent to one standard deviation in one dimension) and 

the cost ratio C > 70; and (b) when bankruptcy and nonbankruptcy conditional 

distributions are separated by a Mahalanobis distance of D = 2 (equivalent to 

two standard deviations or greater in one dimension) and the cost ratio C > 30; 

and (c) when bankruptcy and nonbankruptcy conditional distributions are 

separated by a Mahalanobis distance of D = 4 (equivalent to four standard 

deviations or greater in one dimension) and the cost ratio C > 10. 

For two-variable models and all departures from normality considered 

here, expected loss of the discriminant-based rule is not significantly different 

from expected loss of the corresponding optimal Bayes rule under the following 

conditions: (a) when bankruptcy and nonbankruptcy conditional distributions 

are separated by a Mahalanobis distance of D = 1 (equivalent to one standard 

deviation in one dimension) and the cost ratio C > 50; and (b) when bankruptcy 

and nonbankruptcy conditional distributions are separated by a Mahalanobis 

distance of D = 2 (equivalent to two standard deviations or greater in one 

dimension) and the cost ratio C > 30; and (c) when bankruptcy and 

nonbankruptcy conditional distributions are separated by a Mahalanobis 

distance of D = 4 (equivalent to four standard deviations or greater in one 

dimension) and the cost ratio C > 10. 

In order to identify which characteristics of the forecasting problem are 

most important in determining robustness, subsets of the simple tests in each 

overall test are studied. Four factors are considered: C, the cost ratio, or ratio of 
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cost of misclassifying a bankruptcy to cost of misclassifying a nonbankruptcy; D, 

the Mahalanobis distance between the means of the two conditional probability 

distributions; skewness; and kurtosis. 

The results depend on whether performance of the linear discriminant rule 

is judged relative to the no-data Bayes rule or to the (optimal) Bayes rule. The 

two rules represent the extremes of reasonable performance: the no-data 

Bayes rule is the best rule when no measurements are taken, while the Bayes 

rule is optimal compared to all rules for the given forecasting problem. 

As kurtosis increases and the other three factors are held constant, or as 

skewness increases while C and D are held constant, two general results are 

observed. First, performance relative to the no-data Bayes rule appears to bear 

no relationship to increasing kurtosis or increasing skewness. Since expected 

loss of the no-data Bayes rule is unaffected by the form of the distributions, this 

directly indicates that increasing kurtosis or increasing skewness do not 

necessarily degrade the absolute forecasting performance of the linear 

discriminant rule. Second, performance relative to the Bayes rule declines 

significantly as kurtosis increases or as skewness increases. Since the Bayes 

rule is based directly on the conditional probability distributions and hence 

"knows" about the skewness and kurtosis, the results suggest that sensitivity to 

these factors is important for optimal forecasting performance. That is, as 

skewness or kurtosis increase, linear discriminant analysis leaves significant 

room for improvement. 
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As the cost ratio C increases and the other three factors are held constant, 

relative performance improves significantly, in general, whether performance is 

judged with respect to the no-data Bayes rule or the (optimal) Bayes rule. This 

demonstrates the importance of incorporating the costs of misclassification in 

the evaluation of any classification or forecasting procedure. Specifically, when 

costs of misclassification are unequal, then total error rates generally are an 

inappropriate measure of model performance. 

Finally, as the separation D between the bankruptcy and nonbankruptcy 

populations increases, two results can be observed. First, performance relative 

to the no-data Bayes rule improves significantly. For sufficiently large values of 

D, linear discriminant rules are robust with respect to the no-data Bayes rule. As 

noted above, this result is not surprising, since the no-data Bayes rule (in all 

cases considered in the above Monte Carlo simulations) classifies all 

observations as nonbankruptcies. Hence, unlike the linear discriminant rule, no 

mechanism exists for adjusting the classification regions as C changes. 

Second, performance relative to the Bayes rule improves as D increases. 

However, for cost ratios C < 90 and large skewness and/or kurtosis, linear 

discriminant rules are not robust. This suggests that the distributional form may 

be more important than D in determining how close to optimal performance is. 

While the inverse sinh normal distribution includes a wide range of 

distributional forms, some caution is required in interpreting the above results 

with respect to the effects of skewness and kurtosis. Specifically, these 
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conclusions may be limited to situations in which the conditional probability 

distributions have inverse sinh normal distributions. Note, however, that the 

forms represented in this study include several inverse sinh normal distributions 

which have density contours similar to log normal distributions. So, the 

conclusions at least extend to log normal distributions, as well. 



CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

This chapter covers three topics. First, the most important limitations of this 

study are summarized. Second, the major implications of the results are 

discussed. Third, directions for future research are suggested. 

Important Limitations 

The first and perhaps most important limitation arises from the use of 

Compustat as the financial data base. The advantages and disadvantages to 

using Compustat are evaluated in chapter 3. The advantages were judged to 

outweigh the disadvantages; in particular, a comprehensive machine readable 

data base is necessary for the sampling experiments on historical data. 

However, the disadvantages limit the degree to which conclusions from this 

study can be generalized. 

In particular, Compustat is weighted toward the largest publicly traded, 

industrial firms. Thus, any sampling frame which is a subset of Compustat also 

is weighted toward the largest firms. Yet other studies indicate that firm size is 

an important predictor of failure; in particular, firm size is inversely correlated 

with likelihood of bankruptcy. As a result, the bankruptcy forecasting results 

reported here do not generalize to the population of all publicly traded 

312 
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corporations. However, since the majority of studies on bankruptcy prediction for 

U.S. industrial forms rely on Compustat, the conclusions concerning research 

design still apply to the extant literature. 

The second important limitation is the assumption throughout this study 

that cross-sectional probability distributions are stationary. As discussed in 

chapter 2, interpretation of bias in error rate estimates requires knowledge of 

how the distributions change over time. Furthermore, evidence in the literature 

shows that financial variables often have distributions which are not stationary. 

Although tests of hypotheses 6b, 7b, and 8b showed no significant evidence 

that expected loss estimators are nonstationary, these results may not extend to 

sampling periods which follow the time period on which the error rates are 

estimated. Yet performance on these later periods (the actual decision periods) 

is precisely what we wish to forecast. Unfortunately, no solution to this difficulty 

could be found in the extant bankruptcy prediction literature. 

The third important limitation is that the missing data problem was avoided 

rather than addressed directly. That is, predictor variables were selected to 

avoid a serious missing data problem. Hence, the results reported here are not 

affected by missing data and the potential bias which can arise with many ad 

hoc missing data methods. Nonetheless, missing data can be a substantial 

problem if the research objectives require use of measurements which have a 

large number of missing values. This appears to be the case in many papers in 

the bankruptcy prediction literature. Furthermore, it is plausible that data could 
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be missing for reasons associated with financial distress. Hence, ad hoc 

methods (such as the complete data method popular in the literature) may lead 

to severe bias in the statistical forecasts. 

Major Implications 

The first major implication of the results in this study is that forecasting 

performance is not sensitive to whether the sampling unit is defined to be the 

individual firm or the individual annual report. In chapter 3, it is argued that firm-

based sampling frames should lead to optimistically biased forecasts. However, 

the tests of hypotheses 3, 4, and 5 show no significant evidence of the 

anticipated bias. Hence, a reasonable conclusion is that studies in the literature 

which rely on firm-based frames would not show significantly different results if 

properly designed report-based frames were applied instead. 

The second major implication of the results of this study is that 

asymmetries in costs of misclassification and prior probabilities are important in 

determining whether a forecasting method based on financial measurements 

performs significantly better than no-data Bayes rules. Indeed, for the models in 

this study and given the prior probabilities, the cost of misclassifying a 

bankruptcy must be at least an order of magnitude greater than the cost of 

misclassifying a nonbankruptcy before statistical classification methods have 

value to the forecaster. Hence, the total error rate, the performance measure 

common in the literature, is generally a misleading measure, since it implicitly 

assumes equal costs and equal prior probabilities. 
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The third major implication is that robustness of linear discriminant-based 

decision rules depends on C, the ratio of cost of misclassifying a bankruptcy to 

cost of misclassifying a nonbankruptcy, and D, a standardized measure of 

distance between the means of the two conditional probability distributions, 

where the prior probabilities are held constant. For sufficiently large values of C 

and/or D, linear discriminant-based decision rules are robust in two ways: 

(a) performance is significantly better than the corresponding no-data Bayes 

rules; and (b) performance is not significantly worse than the Bayes rule. The 

converse is also true: for C or D below certain thresholds, the linear 

discriminant-based rules are not robust. 

The fourth major implication is that kurtosis and skewness are secondary 

to other factors in determining the performance of linear discriminant models. In 

particular, the cost ratio C appears to be more important in determining whether 

performance is significantly better or worse on departures from normality. The 

presence of kurtosis or skewness indicates that the linear discriminant rule is 

not optimal. However, kurtosis and skewness do not imply that the linear 

discriminant rule performs significantly worse than the (optimal) Bayes rule. 

This may explain the following puzzle in the literature. Substantial 

evidence indicates that the cross-sectional distributions of most financial 

variables are clearly not normal. In particular, most display both skew and 

kurtosis. Yet discriminant models appear to perform about as well as methods 

such as logit, probit, or recursive partitioning, which are designed to be less 
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sensitive to assumptions about the distributional properties of the predictor 

variables. Give the results from the Monte Carlo simulations, the normality 

assumption apparently is not as critical as might be anticipated, especially in 

those circumstances in the simulations where the linear discriminant-based 

rules perform about as well as the E3ayes rule. 

The fifth major implication is that models based on discriminant analysis 

may be reasonable tools for classification or forecasting in practical business 

applications. The qualifications to this recommendation are that (a) performance 

should be judged using expected loss based on the costs and prior 

probabilities for the given user; and (b) the state-space should defined in terms 

of the actions to be taken based on the forecasts. 

Directions for Future Research 

The results of this study do not resolve the implicit conflict between the 

evidence on efficiency of securities markets in adjusting to release of financial 

data and the evidence on the capability of statistical classification methods to 

forecast bankruptcy. However, the analysis in this dissertation suggests two 

possible explanations worth exploring. One is that the forecasting results are 

biased by the definition of sampling frames in terms of data bases such as 

Compustat. The second is that the forecasting results reported in this 

dissertation would be consistent with market efficiency if the cost ratio C < 30. 

That is, if the cost ratio is sufficiently low, then discriminant-based decision rules 

generally do not perform significantly better than no-data Bayes rules and 
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hence are not extracting valuable information from financial data. 

This study also did not resolve the question of how to handle missing data 

in bankruptcy forecasting. Both Keasey and Watson (1988) and Zmijewski 

(1984b) propose intriguing approaches for handling missing data. Keasey and 

Watson suggest a branching decision rule which applies discriminant models if 

the financial report is available and other rules if the report is not available. 

Zmijewski examines a bivariate probit model which incorporates information on 

the availability of financial data. A simple extension of their results would be an 

analysis of the forecasting performance of their models along the lines of the 

tests of hypotheses 6-8 in this dissertation, where expected loss is applied to 

measure performance. 

A third extension of the analysis in this study would be to examine the 

performance of statistical classification models other than discriminant analysis. 

This includes methods such as logit or probit which have been applied 

frequently in the bankruptcy prediction literature. In particular, it would be 

worthwhile to investigate their performance on the same nonnormal 

distributions as in the Monte Carlo simulations and to compare this performance 

with discriminant analysis. 

A fourth extension of the analysis in this study would be to extend all parts 

of the analysis to quadratic discrimination. Two issues in particular are worth 

investigating. First, the tests of predictive performance should be repeated, 

where linear and quadratic discriminant models are compared on same size 
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samples to remove the confounding effect of sample size which is present in the 

current analysis. Second, the tests for robustness should be extended to 

conditional probability distributions for which the covariance matrices are not 

equal. 

A fifth extension of the analysis in this study would be to repeat the 

analysis for populations of financial institutions. A large part of the literature on 

business failure prediction is dedicated to applying statistical classification 

methods to forecast failure of financial institutions. Due to the relatively close 

regulation of these firms (compared to industrial firms), constructing a proper 

sampling frame for all firms in a given industry should be easier than for the 

population of all industrial firms. Given the special importance in the current 

regulatory structure of anticipating insolvency in financial institutions, an 

analysis along the lines conducted here might provide a better understanding of 

failure prediction tools applied to financial institutions. 
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Table 33.—Prediction Model Research Design 

Classification 
Method(s)a 

Error Rate 
Method(s)b 

Prediction 
Performance 
Measure(s) 

Total Error 
Ratec 

Altman and Brenner (1981) 

n/a LDA Event study 
methods 

n/a 

Altman and Spivack (1983) 

LDA 

Value Line system 

Comparison 
of LDA and 
Value Line 

Aziz and Lawson (1989) 

Logit 
accrual & cash WEP: resub. Total error rate 1 yr: 0.041 

flow variables 2yr: 0.133 
3yr: 0.204 

OEP: holdout Total error rate 1 yr: 0.172 

only cash flow WEP: resub. Total error rate 1 yr: 0.082 
variables 2yr: 0.153 

3yr: 0.214 
OEP: holdout Total error rate 1 yr: 0.237 

BarNiv and Raveh (1989) 

LDA & 
Raveh's NP 

WEP: resub. & Expected loss 
split-sample 
cross-val. 

OEP: holdout Expected loss 

n/a 

n/a 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

BarNiv and Hershbarger (1990) 

LDA WEP: resub. Total error rate 
4-variable 1 yr: 0.179 

2yr: 0.232 
8-variable 1 yr: 0.107 

2yr: 0.179 

Logit WEP: resub. Total error rate 
4-variable 1 yr: 0.089 

2yr: 0.143 
8-variable 1 yr: 0.089 

2yr: 0.161 

Raveh's NP WEP: resub. Total error rate 
4-variable 1 yr 0.161 

2yr 0.196 
8-variable 1 yr 0.107 

2yr 0.123 

Betts and Belhoul (1987) 

LDA WEP: cross-val. Total error rate 
ratios only 1 yr 0.068 

2yr 0.070 
3yr 0.177 

ratios & st. dev. 1 yr 0.038 
2yr 0.054 
3yr 0.113 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Booth (1983) 

LDA WEP: resub. Total error rate 1 yr: 0.15 

OEP: holdout Total error rate 1 yr: 0.37 

Casey and Bartczak (1985) 

LDA WEP: holdout Total error rate 
accrual ratios 1 yr 0.14 

2yr 0.16 
3yr 0.16 

accrual & cash 1 yr 0.13 
flow ratios 2yr 0.17 

3yr 0.17 

Logit WEP: holdout Total error rate 
accrual ratios 1 yr 0.12 

2yr 0.15 
3yr 0.14 

accrual & cash 1 yr 0.12 
flow ratios 2yr 0.15 

3yr 0.14 

Collins and Green (1982) 

LDA WEP: holdout Total error rate 
4-variable 1 yr: 0.093 
6-variable 1 yr: 0.081 

Logit WEP: holdout Total error rate 
4-variable 1 yr: 0.087 
6-variable 1 yr: 0.062 
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Classification 
Method(s) 

Prediction 
Error Rate Performance 
Method(s) Measure(s) 

Total Error 
Rate 

Dambolena and Shulman (1988) 

Logit 
"Altman w/o NLB" 
"Altman w/ NLB" 
"Gentry w/o NLB" 
"Gentry w/ NLB" 

WEP: holdout Total error rate 
2yr: 0.18 
2 yr: 0.16 
2yr: 0.32 
2yr: 0.24 

El Hennawy and Morris (1983) 

LDA WEP: Total error rate 
resub. 
holdout 
split-sample 

cross-val. 

1 yr: 0.02 
1 yr: 0.02 

1 yr: 0.02 

OEP: holdout Total error rate 1 yr: 0.06 

Elmer and Borowski (1988) 

Logit WEP: resub. Separate failing 
OEP: holdout & nonfailing 

error rates 

Expert system 
(emulates an 
S&L analyst) 

WEP: resub. Separate failing 
OEP: holdout & nonfailing 

error rates . . . 

Flagg, Giroux, and Wiggins (1991) 

Logit WEP: resub. Total error rate 0.06 
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Classification 
Method(s) 

Prediction 
Error Rate Performance 
Method(s) Measure(s) 

Total Error 
Rate 

Frydman, Altman, and Kao (1985) 

LDA & recursive 
partitioning 

WEP: resub., Expected loss 
split-sample 
cross-val., 
& bootstrap 

n/a 

Fulmer, Moon, Gavin, and Erwin (1984) 

LDA WEP: resub. Total error rate 2yr: 0.19 

Gentry, Newbold, and Whitford (1987) 

Probit WEP: resub. Separate failing 
& nonfailing 
success rates . . . 

Gentry, Newbold, and Whitford (1985) 

Logit 
ratios 
ratio means 

WEP: resub. Total error rate 
1 yr: 0.167 
1 yr: 0.227 

Gessner, Kamakura, Malhotra, and Zmijewski (1988) 

LDA 
QDA 
Logit 
Probit 

WEP: resub. Total error rate 
WEP: resub. Total error rate 
WEP: resub. Total error rate 
WEP: resub. Total error rate 

0.02 
0.02 
0.02 
0.02 

LDA, QDA, logit, 
probit 

Simulation Total error rate 
study 

(too detailed to 
report here) 



Table 33.—Continued 

325 

Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Gilbert, Menon, and Schwartz (1990) 

WEP: Total error rate 
resub. 
holdout 

Logit 
0.115 
0.092 

Gombola, Haskins, Ketz, and Williams (1987) 

WEP: cross-val. Total error rate LDA 
accrual ratios 1 yr 0.15 

2yr 0.30 
3yr 0.26 

accrual ratios 1 yr 0.11 
&CFFO 2yr 0.33 

3yr 0.27 

Gupta, Rao, and Bagchi (1990) 

WEP: holdout LDA 

Linear goal 
programming 

WEP: holdout 

Separate failing 
& nonfailing 
error rates 

Separate failing 
& nonfailing 
error rates 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Hamer (1983) 

LDA WEP: cross-val. Total error rate 
"Altman model" 1 yr 0.213 

2yr 0.275 
"Deakin model" 1 yr 0.200 

2yr 0.275 
QDA WEP: cross-val. Total error rate 

"Altman model" 1 yr 0.360 
2yr 0.338 

"Deakin model" 1 yr 0.173 
2yr 0.313 

Logit WEP: cross-val. Total error rate 
"Altman model" 1 yr 0.293 

2yr 0.300 
"Deakin model" 1 yr 0.187 

2yr 0.350 

Holmen (1988) 

LDA OEP: sample Separate failing 
& nonfailing 
error rates 

"Altman model" 
"Beaver, 

cutoff = 0.07" 

Hopwood, McKeown, and Mutchler (1989) 

Logit OEP: holdout Expected loss n/a 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Izan (1984) 

LDA 
ratios 

"industry-relatives" 

WEP: cross-val. Total error rate 
1 yr: 

1 yr: 
2yr: 
3 yr: 

0.101 

0.081 
0.180 
0.245 

Karels and Prakash (1987) 

LDA WEP: resub. Separate failing 
OEP: holdout & nonfailing 

error rates 

Katz, Lilien, and Nelson (1985) 

LDA n/a Event study 
methods 

n/a 

Keasey and McGuinness (1990) 

Log it 
WEP: resub. Total error rate 

WEP: holdout Total error rate 

1 yr: 
2yr: 
3yr: 

1 yr: 
2yr: 
3yr: 

0.140 
0.185 
0.235 

0.370 
0.255 
0.355 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Keasey and Watson (1988) 

LDA-based ruled 

"method 2" 
"method 3" 

WEP: resub. Total error rate 
1 yr: 
1 yr: 

0.322 
0.363 

Keasey and Watson (1987) 

Logit 
financial ratios WEP: resub. Total error rate 3yr 0.233 

only WEP: holdout Total error rate 3yr 0.450 
other variables WEP: resub. Total error rate 3yr 0.247 

only WEP: holdout Total error rate 3yr 0.350 
combined WEP: resub. Total error rate 3yr 0.178 

WEP: holdout Total error rate 3yr 0.350 

Keasey and Watson (1986) 

LDA 
"model 1" WEP: resub. Total error rate 1 yr 0.287 

w/ historic cost 2yr 0.281 
data 3yr 0.263 

WEP: holdout Total error rate 1 yr 0.317 
2yr 0.317 
3yr 0.300 

"model 1" WEP: resub. Total error rate 1 yr 0.287 
w/ current cost 2yr 0.315 
data 3yr 0.283 

WEP: holdout Total error rate 1 yr 0.283 
2yr 0.300 
3yr 0.317 



Table 33.—Continued 

329 

Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Kluger and Shields (1989) 

Probit WEP: cross-val. Total error rate 2yr: : 0.368 

Lane, Looney, and Wansley (1986) 

LDA 
4-variable WEP: resub. Total error rate 1 yr: 0.13 

OEP: holdout Total error rate 1 yr: 0.11 
6-variable WEP: resub. Total error rate 2yr: 0.16 

OEP: holdout Total error rate 2yr: 0.27 
QDA 

4-variable WEP: resub. Total error rate 1 yr: 0.13 
OEP: holdout Total error rate 1 yr: 0.14 

6-variable WEP: resub. Total error rate 2yr: 0.21 
OEP: holdout Total error rate 2yr: 0.35 

Cox proportional 
hazards modele 

4-variable WEP: resub. Total error rate 1 yr: 0.11 
OEP: holdout Total error rate 1 yr: 0.20 

6-variable WEP: resub. Total error rate 2yr: 0.19 
OEP: holdout Total error rate 2yr: 0.26 

Lau (1987) 

5-state logit 
WEP: resub. Total error rate 1 yr 0.04 

2yr 0.08 
3yr 0.10 

OEP: holdout Total error rate 1 yr 0.20 
2yr 0.21 
3yr 0.15 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Lawrence and Bear (1986) 

LDA 
ratios WEP: cross-val. Total error rate 

1 yr: 0.202 
2yr: 0.131 
3yr: 0.250 

ratios w/ WEP: cross-val. Total error rate 
capitalized 1 yr: 0.167 
leases 2yr: 0.238 

3yr: 0.250 
QDA 

ratios WEP: cross-val. Total error rate 
1 yr: 0.202 
2yr: 0.250 
3yr: 0.214 

ratios w1 WEP: cross-val. Total error rate 
capitalized 1 yr: 0.226 
leases 2yr: 0.262 

3yr: 0.262 

Lincoln (1984) 

Total error rate LDA WEP: . . . 

Lo (1986) 

LDA 

Logit 

WEP: .. 

WEP: .. 

Comparison 
of LDA and 
logit 



Table 33.—Continued 

331 

Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Looney, Wansley, and Lane (1989) 

LDA OEP: sample Total error rate 1 yr: 0.24 
QDA OEP: sample Total error rate 1 yr: 0.28 
Cox proportional 

hazards modele OEP: sample Total error rate 1 yr: 0.22 

McNamara, Cocks, and Hamilton (1988) 

Total error rate LDA WEP: 
resub. 
holdout 

1 yr: 
1 yr: 

0.162 
0.150 

Melnyk, Ramjee, Ramjee, and Medury (1991) 

LDA 
liquidity index 

QDA 
liquidity index 

WEP: resub. 

WEP: resub. 

Total error rate 

Total error rate 

1 yr: 0.191 

1 yr: 0.120 

Mensah (1984) 

Total error rate LDA 
"full" (recession) WEP: cross-val. 2yr 0.120 

OEP: holdout 2yr 0.367 
"full" (expansion) WEP: cross-val. 2yr 0.145 

OEP: holdout 2yr 0.250 

"reduced" WEP: cross-val. 2yr 0.143 
(recession) OEP: holdout 2yr 0.333 

"reduced" WEP: cross-val. 2yr 0.161 
(expansion) OEP: holdout 2yr 0.143 
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Classification 
Method(s) 

Error Rate 
Method(s) 

Prediction 
Performance 
Measure(s) 

Total Error 
Rate 

Mensah (1983) 

LDA OEP: holdout Expected loss n/a 

LDA 
historic cost, full WEP: 

resub. 
cross-val. 

OEP: holdout 

Total error rate 

1 yr: 
1 yr: 
1 yr: 

0.033 
0.117 
0.370 

specific price 
level, full 

WEP: 
resub. 
cross-val. 

OEP: holdout 

1 yr: 
1 yr: 
1 yr: 

0.067 
0.133 
0.239 

combined, full WEP: 
resub. 
cross-val. 

OEP: holdout 

1 yr: 
1 yr: 
1 yr: 

0.000 
0.083 
0.370 

Logit OEP: holdout Separate failing 
& nonfailing 
success rates . . 

Moses (1990) 

Analysts' forecast 
failure index 

WEP: 
resub. 
split-sample 

cross-val. 

Total error rate 
0.04 

0.04 
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Classification 
Method(s) 

Prediction 
Error Rate Performance 
Method(s) Measure(s) 

Total Error 
Rate 

Moses and Liao (1987) 

LDA WEP: Total error rate 
resub. 
split-sample 

cross-val. 

0.269 

0.288 

Analysts' forecast 
failure index 

WEP: Total error rate 
resub. 
split-sample 

cross-val. 

0.19 

0.21 

Pacey and Pham (1990) 

QDA WEP: holdout Expected loss 
OEP: holdout Expected loss 

n/a 
n/a 

Probit WEP: holdout Expected loss 
OEP: holdout Expected loss 

n/a 
n/a 

Pantalone and Piatt (1987b) 

LDA Total error rate 
WEP: 

resub. 1 yr: 0.046 
2yr: 0.046 
3yr: 0.091 

QDA 

cross-val. 

WEP: resub. Total error rate 

1 yr 
2yr 

1 yr 
2yr 
3yr 

0.182 
0.227 

0.068 
0.091 
0.114 
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Prediction 
Classification Error Rate Performance Total Error 

Method(s) Method(s) Measure(s) Rate 

Pantalone and Piatt (1987a) 

Logit WEP: resub. Total error rate 1 yr: 0.169 Logit 
2yr: 0.265 

Logit-based rule OEP: holdout Total error rate 1 yr: 0.156 

Peel and Peel (1987) 

Logit WEP: Total error rate 
resub. 1 yr: 0.233 
holdout 1 yr: 0.250 

3-state logit WEP: Total error rate 
resub. 1 yr: 0.219 
holdout 1 yr: 0.333 

3-state LDA WEP: Total error rate 
resub. 1 yr: 0.315 
holdout 1 yr: 0.375 

Piatt and Piatt (1990) 

Logit Total error rate 
unadjusted ratios WEP: resub. 1 yr: 0.22 
"industry-relative" WEP: 

resub. 1 yr: 0.10 
cross-val. 1 yr: 0.13 

OEP: holdout 1 yr: 0.10 

Richardson and Davidson (1983) 

LDA Simulation Separate failing 
study & nonfailing 

error rates 2yr: 
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Classification 
Method(s) 

Prediction 
Error Rate Performance 
Method(s) Measure(s) 

Total Error 
Rate 

Rushinek and Rushinek (1987) 

LDA WEP: Total error rate 
resub. 
holdout 

0.134 
0.200 

Spahr (1989) 

LDA Total error rate 
WEP: resub. 
OEP: holdout 

1 yr: 0.098 
1 yr: 0.112 

Taffler (1983) 

LDA WEP: cross-val. Separate failing & non-
failing error rates 

Taffler (1982) 

LDA Separate failing & non-
WEP: failing error rates 

resub. 
cross-val. 

OEP: holdout 

Takahashi, Kurokawa, and Watase (1984) 

LDA Separate failing & non-
failing error rates 

WEP: resub. 
OEP: holdout 
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Prediction 
Classification Error Rate Performance Total Error 

Method(s) Method(s) Measure(s) Rate 

Zavgren (1985) 

Logit Total error rate 
WEP: resub. 1 yr 0.18 

2yr 0.17 
3yr 0.28 

OEP: holdout 1 yr 0.31 
2yr 0.31 
3yr 0.31 

Zmijewski (1984b) 

Probit 
unweighted 

WESML 

WEP: 
resub. 
holdout 

WEP: 
resub. 
holdout 

Total error rate 

1 yr: 
1 yr: 

1 yr: 
1 yr: 

0.023 
0.018 

0.029 
0.026 

Notes: the earlier literature is reviewed thoroughly by others, so table 33 covers 
the period after 1980. It concentrates on authors whose primary efforts are to 
develop and test a business failure prediction model. Thus, for example, the 
following are not covered: papers in which the authors measure probability of 
bankruptcy with a logit model in order to study its association with market price, 
such as Burgstahler, Jiambalvo, and Noreen (1989) and Zavgren, Dugan, and 
Reeve (1988). Table 33 comprehensively covers the literature on publicly 
traded industrial firms but also includes a representative selection of papers on 
financial industries and private firms. Dissertations are not included, although at 
least three provide important insights on bankruptcy prediction with statistical 
models: Kennedy (1988), Mclntyre (1991), and Zmijewski (1984a). 



337 

Table 33.—Continued 

Notes (continued): In table 33, information omitted because it is not relevant 
—"n/a"—is distinct from relevant information which could not be found— 
Table 33 includes results which are representative of each paper. However, not 
every model, prediction test, and total error rate in these papers is reported. 

a LDA = linear discriminant analysis. QDA = quadratic discriminant analysis. 
Raveh's NP = a nonparametric method developed by Raveh (1989). In many 
cases, the authors report results for more than one set of variables; the authors' 
descriptive terms are used to distinguish between different models. 

b WEP = within estimation period, i.e., validation sample is drawn from same 
time period as model estimation sample. OEP = outside the estimation period, 
i.e., validation sample is drawn from a different time period; except for Mensah 
(1984), this time period follows the estimation period. "Resub." = resubstitution 
method, i.e., estimate error rates by applying the estimated model to the sample 
used to estimate it. "OEP: holdout" = validation sample does not include any 
firms represented in the model estimation sample. "OEP: sample" = validation 
sample may include later data for firms in model estimation sample. "Cross-val." 
= cross-validation with leaving-one-out method (Lachenbruch 1967). "Split-
sample cross-val." = any other type of split-sample cross-validation. 

c In many papers, the authors report the total success rate (or total correct 
classifications rate). The total error rate, which equals one minus the total error 
rate, is presented here instead. The prediction horizon corresponding to the 
total error rate: "n yr" = n-year prediction horizon. Prediction horizons are not 
defined consistently in the literature, however. For example, a "2-year prediction 
model" may mean (a) bankruptcy or not sometime in the next two years, 
or—more likely—(b) bankruptcy or not during the second year after the annual 
report. (In addition, many authors estimate a model for one prediction horizon 
and then calculate its total error rate for a different length horizon.) 

d Keasey and Watson apply decision rules which use information about the 
delay in submission of the financial report for the most recent fiscal year. 
Generally speaking, if the report is not delayed, then the prediction is based on 
the LDA model; otherwise, other procedures apply. 

e A linear probability model which the authors develop based on statistical 
survival analysis. 
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Table 34.—Cross-sectional Distributions of Financial Variables 

Beaver (1967) 

Financial Variables (financial ratios): 
Cash flow to total debt 
Current assets to current liabilities 
Net income to total assets 
No-credit interval (defensive assets minus current liabilities to fund 

expenditures for operations) 
Total debt to total assets 
Working capital to total assets 

Industry: publicly traded industrial firms 

Time Period: 1950-1963 

Transformations: natural log; square root 

Tests of Normality: 
Histograms of univariate sample distributions 
Q-Q (normal probability) plots 

Author's Conclusions: 
(a) Most ratios have nonnormal distributions with pronounced skew 
(b) Transformed ratios still highly skewed 

Deakin (1976) 

Financial Variables (financial ratios or their annual percentage change): 
Cash flow to total debt (CF/TD) 
Current assets to current liabilities (CA/CL) 
Current assets to sales (CA/S) 
Current assets to total assets (CA/TA) 
Net income to total assets (NI/TA) 
Quick assets to current liabilities (QA/CL) 
Quick assets to sales (QA/S) 
Quick assets to total assets (QA/TA) 
Total debt to total assets (TD/TA) 
Working capital to sales (WC/S) 
Working capital to total assets (WC/TA) 
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Table 34.—continued 

Deakin (continued) 

Industries: 
(a) publicly traded manufacturing firms 
(b) six industry subgroups: drugs; metals (miscellaneous); 

retail department stores; retail foods; textile products; textiles 

Time Period: 1955-1973 

Transformations: natural log and square root transformations of 5 ratios: 
CA/CL, CA/TA, NI/TA, QA/S, TD/TA 

Tests of Normality: 
Histograms of univariate sample distributions 
Chi-square goodness-of-fit tests for univariate distributions 
Test of univariate variance stability 

Author's Conclusions: 
(a) All ratios except TD/TA are significantly different from normal 
(b) Percent annual changes in ratios tend to be severely nonnormal 
(c) Normality assumption rejected less frequently for specific industries 

(but this may be due to smaller sample size) 
(d) CA/S and QA/S tend to be skewed in all industries 
(e) CA/S, CF/TD, NI/TA, QA/CL, QA/S have fat tails 
(f) Transformations tend to reduce chi-square values for CA/CL, NI/TA, and 

QA/TS but to increase chi-square values for CA/TA 

Ezzamel, Mar-Molinero, and Beecher (1987) 

Financial Variables (financial ratios): 
Current assets to current liabilities (CA/CL) 
Current assets to sales (CA/S) 
Net income to total assets (NI/TA) 
Total debt to total assets (TD/TA) 
Working capital to total assets (WC/TA) 

Industries: metals; retail foods; textiles; and a "random mixed sample" 
(U.K. industries and firms) 

Time Period: 1980-1981 

Transformations: natural log; square root 
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Table 34.—continued 

Ezzamel, Mar-Molinero, and Beecher (continued) 

Tests of Normality: 
Chi-square goodness-of-fit tests for univariate distributions 
Kolmogorov-Smirnov test for univariate distributions 
Shapiro-Wilk test for univariate distributions 

Authors' Conclusions: 
(a) None of the three tests rejects normality for TD/TA and WC/TA 
(b) For other ratios, results depend on industry and test of normality 
(c) Departures from normality not dependent on industry 
(d) Transformations tend to reduce departures from normality 
(e) Natural log transformation sometimes results in worse skewness for TD/TA 

and WC/TA (and skewness changes from positive to negative) 

Foster (1986) 

Financial Variables: 
22 financial ratios, including 

Current assets to current liabilities (CA/CL) 
(Current + long-term liabilities) to shareholders' equity ((CL + LTL)/SE) 
Sales to accounts receivable (S/AR) 

Other financial variables: market capitalization, net income, sales, total assets 

Industry: publicly traded industrials 

Time Period: 1983 

Transformations: natural log and square root examined for the ratios 
CA/CL, (CL + LTL)/SE, and S/AR 

Tests of Normality: 
Examination of univariate sample statistics—sample deciles, skewness, 

kurtosis, and studentized range 

Author's Conclusions: 
(a) All but three of the variables show significant positive skewness 
(b) All of the variables show significant evidence of fat tails 
(c) For the three ratios CA/CL, (CL + LTL)/SE, and S/AR, transformations 

reduced the skewness, kurtosis, and studentized range 
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Frecka and Hopwood (1983) 

Financial Variables: same as Deakin (1976) 

Industry: publicly traded manufacturing firms 

Time Period: 1950-1979 

Transformations: square root; square root with outliers removed 

Tests of Normality: 
Univariate sample statistics: skewness; kurtosis 
Chi-square goodness-of-fit tests for univariate distributions 

Authors' Conclusions: 
(a) All ratios except WC/TA generally have significant skewness, kurtosis, and 

chi-square statistics; sample variances vary greatly from year to year 
(b) For all variables except CA/TA, WC/TA, and NI/TA, the square root 

transformation reduces (but does not eliminate) skewness or kurtosis 
(c) Removing outliers (based on skewness and kurtosis) reduces skewness, 

kurtosis, and chi-square statistics for all variables; however, skewness 
continues to be large for WC/S, CF/TD, and NI/TA in many years 

(d) Even with outliers removed, the chi-square statistic is significantly large for 
QA/S, WC/S, CA/TA, CF/TD, and NI/TA in half the years or more 

(e) Number of outliers varies from ratio to ratio; e.g., in 1978, from 0 outliers for 
TD/TA up to a high of 133 outliers for CA/TA 

(f) No apparent relationship between presence of outliers and industry 
(g) Outliers are due to a small number of firms; e.g., the 80 outliers for CA/S 

over 1974-1979 are due to 37 firms 

Kennedy (1988) 

Financial Variables: 
(Cash + marketable securities) to total assets ((C + MS)/TA) 
Current assets to current liabilities (CA/CL) 
Current liabilities to total assets (CL/TA) 
Sales to total assets (S/TA) 
Total liabilities to total assets (TL/TA) 
Net sales 
Total assets 

Industry: publicly traded industrial firms 
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Kennedy (continued) 

Time Period: 1984-1985 

Transformations: none 

Tests of Normality: 
Univariate sample statistics: mean; median; minimum; maximum; skewness; 

kurtosis 
Kolmogorov D statistic (univariate test) 
Histograms of univariate sample distributions 

Author's Conclusions: 
(a) All the variables have nonnormal distributions 
(b) The Kolmogorov D statistic is significant for all variables 
(c) All variables except TL/TA are skewed right 
(d) All variables except TL/TA have positive kurtosis, indicating fat tails 

So (1987) 

Financial Variables: same ratios as Deakin (1976) 

Industry: manufacturing firms 

Time Period: 1970-1979 

Transformation: removal of statistical outliers 

Tests of Normality: 
Univariate sample statistics: skewness; kurtosis 
Q-Q (normal probability) plots 
Kolmogorov D statistic (univariate test) 

Conclusions: 
(a) None of the ratios is normally distributed for all years 
(b) Significant skewness in all years for all ratios except WC/TA and TD/TA; 

skewness is positive in all cases except CA/TA 
(c) Significant kurtosis for all ratios except CA/TA, QA/TA, WC/TA, and TD/TA 
(d) All ratios except CA/TA and WC/TA have statistical outliers; after removing 

outliers, skewness, kurtosis, and the D statistic are reduced (except for 
TD/TA, which already has skewness and kurtosis close to 0) 

(e) Kolmogorov D statistic usually still significant after outliers are removed 
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Watson (1990) 

Financial Variables (financial ratios): 
Current assets to current liabilities (CA/CL) 
Current assets to sales (CA/S) 
Net income to total assets (NI/TA) 
Quick assets to sales (QA/S) 

Industry: publicly traded manufacturing firms 

Time Period: 1982-1984 

Transformations: power transformations; power transformations after deleting 
multivariate statistical outliers 

Tests of Normality: 
A goodness of fit statistic for multivariate normality 
Lilliefors univariate test of normality 

Author's Conclusions: 
(a) All four ratios significantly different from univariate normal 
(b) Multivariate test is significant in each year 
(c) For each ratio, the appropriate power transformation is unstable across 

both time and sample size 
(d) After applying the appropriate power transformation, the multivariate test 

still rejects multivariate normality 
(e) After deleting multivariate outliers and then reestimating power 

transformations, the test for multivariate normality is not significant for the 
small samples (about 100 firms per year) but remains significant for the 
large samples (about 400 firms per year); the Lilliefors tests are not 
significant except for NI/TA on the large samples 
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Table 35.—Sampling Design in the Literature 

Authors 
• Industry3 

Sources for Firms Omitted 
Validation Nonfailing & Because of Stratification 
Period(s)b Failing Firms Missing Datac Methodd 

Aziz & Lawson 
(1989) 

• Industrial 

WEP: 73-82 Same 

OEP: 83 Same 

Matched 
sample 
Matched 
sample 

BarNiv & Hersh- WEP: 75-86 
barger (1990) 

• Life insurance 

Different6 F: 60% 
NF: . . . 

Matched 
sample 

BarNiv & Raveh 
(1989) 

• Industrial 

• Nonlife 
insurance 

WEP: 71-81 Different 

OEP: 75-80 

WEP: 75-83 

Different 

Choice-
based 
Choice-
based 
Matched 
pair 

Betts & Belhoul 
(1987) 

• U.K. industrial 

WEP: 74-78 

WEP: 74-78 

Cross-val.: 
different 

Holdout: 
same 

Choice-
based 
Choice-
based 

Booth (1983) 
• Australian 

industrial WEP: 64-79 Different 

OEP: 73-6/79 Different 

F: 17% 
NF: . . . 

Matched 
pair 
Matched 
pair 
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Table 35.—continued 

Authors 
• Industry3 

Validation 
Period(s)b 

Sources for 
Nonfailing & 
Failing Firms 

Firms Omitted 
Because of 
Missing Data0 

Stratification 
Methodd 

Casey & Bartczak 
(1985) 

• Industrial 

WEP: 71-82 Different F: 43% 
NF: . . . 

Matched 
sample 

Collins & Green 
(1982) 

• Credit unions 

WEP: . . . 

Dambolena & 
Shulman (1988) 

• Industrial 

WEP: 77-80 Matched 
pair 

El Hennawy & 
Morris (1983) 

• U.K. industrial 

WEP: 60-68 
OEP: 69-71 

Same 
Same 

Elmer & Borowski 
(1988) 

• S&Ls 

WEP: 86 

OEP: 
1/87-6/87 

Choice-
based 
Choice-
based 

Flagg, Giroux, & 
Wiggins (1991) 

• Industrial 

WEP: 75-81 Same Census* 

Frydman, Altman, 
& Kao (1985) 

• Manufacturing 
& retail 

WEP: 71-81 Different Choice-
based 
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Table 35.—continued 

Sources for Firms Omitted 
Validation Nonfailing & Because of Stratification 
Period(s)b Failing Firms Missing Datac Methodd 

Authors 
• Industry3 

Fulmer, Moon, WEP: 
Gavin, & Erwin 
(1984) 

• Private; small 

Same Matched 
pair 

Gentry, Newbold, 
& Whitford 
(1987) (1985) 

• Industrial 

WEP: 70-81 Same F: 64% 
NF: . . . 

Matched 
pair 

Gessner, 
Kamakura, 
Malhotra, & 
Zmijewski 
(1988) 

• Industrial 

WEP: 72-78 Different F: 44% 
NF: . . . 

Choice-
based 

Gilbert, Menon, 
& Schwartz 
(1990) 

• Nonfinancial 

WEP: 74-83 Same Matched 
sample 

Gombola, Haskins, WEP: 70-82 
Ketz, & Williams 
(1987) 

• Manufacturing 
& retail 

Matched 
pair 

Gupta, Rao, & 
Bagchi (1990) 

• Industrial 

WEP: 71-86 Matched 
pair 
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Authors 
• Industry3 

Validation 
Period(s)b 

Sources for 
Nonfailing & 
Failing Firms 

Firms Omitted 
Because of 
Missing Data0 

Stratification 
Methodd 

Hamer (1983) 
• Industrial 

WEP: 66-75 Different Matched 
pair 

Holmen (1988) 
• Industrial 

OEP: 77-84 . . . . . . Matched 
pair 

Hopwood, 
McKeown, & 
Mutchler (1989) 

• Industrial 

OEP: 82-85 Same F: 50% 
NF: . . . 

Choice-
based 

Izan (1984) 
• Australian 

industrial 

WEP: 63-79 Matched 
sample 

Karels & Prakash 
(1987) 

• Industrial WEP: 72 

OEP: 76 

Same 

Same 

F: 64% 
NF: 49% 

Matched 
sample 
Matched 
sample 

Keasey & 
McGuinness 
(1990) 

• U.K. industrial 

WEP: 76-84 Same F: 25% 
NF: . . . 

Matched 
pair 

Keasey & Watson 
(1988) 

• U.K. private; 
small firms 

WEP: 70-82 Same Choice-
based 
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Authors 
• Industry9 

Sources for Firms Omitted 
Validation Nonfailing & Because of Stratification 
Period(s)b Failing Firms Missing Datac Methodd 

Keasey & Watson 
(1987) 

• U.K. private; 
small firms 

WEP: 70-83 Same Choice-
based 

Keasey & Watson 
(1986) 

• U.K. private; 
small firms 

WEP: 74-80 Same Matched 
pair 

Kluger & Shields 
(1989) 

• OTC firms 

WEP: 81-85 Different Matched 
pair 

Lane, Looney, & WEP: 79-83 Different 
Wansley (1986) 

• Commercial OEP: Different 
banks 1/84-6/84 

Matched 
sample 
Matched 
sample 

Lau (1987) WEP: 76 

OEP: 77 

Different 

Different 

Choice-
based 
Choice-
based 

Lawrence & Bear 
(1986) 

• Manufacturing 
& retail 

WEP: 75-81 Same Matched 
pair 
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Authors 
• Industry3 

Sources for Firms Omitted 
Validation Nonfailing & Because of Stratification 
Period(s)b Failing Firms Missing Datac Methodd 

Lincoln (1984) 
• Australian 

manufacturing, 
retail, property, 
& finance 

WEP: 69-78 Matched 
sample 

Lo (1986) WEP: 75-83 Different Matched 
• Industrial pair 

Looney, Wans ley, OEP: 84 Different Matched 
& Lane (1989) sample 

• Commercial OEP: 85,86 Different Choice-
banks based 

McNamara, Cocks, WEP: 80-83 Same Choice-
& Hamilton based 
(1988) 

• Australian 
private 

Melnyk, Ramjee, WEP: 81-85 Different Matched 
Ramjee, & pair 
Medury (1991) 

• Industrial 

Mensah (1984) WEP/OEP: Different Matched 
• Industrial 72 &76-779 pair 

WEP/OEP: Different Matched 
73-75 pair 
& 78-80 
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Authors 
• Industry3 

Validation 
Period(s)b 

Sources for 
Nonfailing & 
Failing Firms 

Firms Omitted 
Because of 
Missing Data0 

Stratification 
Methodd 

Mensah (1983) 
• Manufacturing 

WEP: 75-78 

OEP: 79-6/80 

Different 

Different 

Choice-
based 
Choice-
based 

Moses (1990) 
• Public 

WEP: 77-85 Different • • • Matched 
pair 

Moses & Liao 
(1987) 

• Private govt, 
contractors 

WEP: . . . Matched 
pair 

Pacey & Pham 
(1990) 

• Australian 
industrial 

WEP: 58-78 

OEP: 79-85 

Choice-
based 
Choice-
based 

Pantalone & Piatt 
(1987b) 

• S&Ls 

WEP: 81-84 Same F: 0% 
NF: 0% 

All S&Ls 
in Boston 
District of 
FHLBB 

Pantalone & Piatt 
(1987a) 

• Commercial 
banks 

WEP: 83-6/84 

OEP: 
7/84-12/84 

Different 

Different 

Choice-
based 
Choice-
based 

Peel & Peel (1987) 
• U.K. industrial 

WEP: 82-85 Same . . . Choice-
based 
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Authors 
• Industry3 

Validation 
Period(s)b 

Sources for 
Nonfailing & 
Failing Firms 

Firms Omitted 
Because of 
Missing Datac 

Stratification 
Methodd 

Piatt & Piatt (1990) 
• Industrial 

WEP: 72-3/86 

OEP: 4/86-87 

Different 

Different 

F: 63% 
NF: . . . 

Matched 
pair 
Matched 
pair 

Rushinek & 
Rushinek 
(1987) 

• 

WEP: . . . Same 

Spahr (1989) 
• Commercial 

banks 

WEP: 85 

OEP: 86 

Same 

Same 

F: 2% 
NF: . . . 
F: 3% 
NF: . . . 

Matched 
pair 
Matched 
pair 

Taffler (1983) 
• U.K. industrial 

WEP: 69-76 Same 

Taffler (1982) 
• U.K. industrial 

WEP: 68-73 

OEP: 74-76 

Different 

Different 

Choice-
based 
Choice-
based 

Takahashi, 
Kurokawa, 
Watase (1984) 

• Japanese 
public firms 

WEP: 61-76 

OEP: 77 

Matched 
pair 
Matched 
pair 
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Sources for Firms Omitted 
Authors Validation Nonfailing & Because of Stratification 
• Industry3 Period(s)b Failing Firms Missing Datac Methodd 

Zavgren (1985) F: 65% 
• Manufacturing NF: . . . 

WEP: 72-78 . . . Matched 
pair 

OEP: 79-80 Matched 
pair 

Zmijewski (1984b) WEP: 72-78 Different F: 37% Choice-
• Industrial NF: 33% based 

Notes: The papers in this table are a subset of those listed in table 33. The 
event studies, a simulation study, and a Value Line study in table 33 are not 
included here, since they are not primarily concerned with bankruptcy 
forecasting with statistical classification methods. " . . ind icates that this 
information could not be determined from the paper. 

a Firms are publicly traded (except as noted) with two general exceptions: credit 
unions and S&Ls, which may include a mix of publicly and privately held firms. 
"Industrial" includes all industries except utilities and financial firms. 

b WEP = validation on data from within the model estimation period. 
OEP = validation on data from outside the model estimation period. 

c F = percentage of failing firms omitted due to missing data. NF = percentage of 
nonfailing firms omitted due to missing data. The majority of authors in this table 
acknowledge that they omitted some observations due to missing data. 
However, only a few provided specific information about the number or 
percentage dropped. 
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d "Matched pair" = is a matched sample in which exactly one nonfailing firm is 
matched to each failing firm. "Choice-based" = samples drawn conditional on 
the future states (usually, failing or nonfailing). 

e BarNiv and Hershbarger (1990) compare their sample of failed life insurers 
with four sets of solvent insurers. Only the first set appears to be from the same 
source as the failed insurers. 

f Flagg, Giroux, and Wiggins (1991) define a sampling frame consisting of all 
firms in Compustat which meet certain conditions to be considered as firms 
which entered the failure process in 1975-1981. The authors use all firms in 
this frame. 

9 Mensah (1984) studies model stability across different economic periods 
identified as "recession" (1972 and 1976-1977) and "expansion" (1973-1975 
and 1978-1980). Each economic period serves as a validation period for the 
other. (In addition, Mensah applies cross-validation within each economic 
period.) 
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Table 36—Frequency of Financial Variables in the Bankruptcy Prediction 
Literature (Major Finance and Accounting Journals, 1972-1992) 

Financial Ratio or Variable3 Frequency15 

Accounts receivable / current liabilities 1 

Accounts receivable / total assets 1 

Business income / stockholders' equity0 1 

Business income / total assets 1 

Capital expenditures 1 

Capital expenditures / total net flow of fundsd 1 

Cash / current liabilities® 3 

Cash / sales 1 

Cash / total assets 3 

Cash flow / current assets 1 

Cash flow / current liabilities 1 

Cash flow / net worth 3 

Cash flow / sales 3 

Cash flow / total assets 3 

Cash flow / total debt 3 

Cash flow / total liabilities 3 

Cash flow from operations 1 

Cash flow from operations / current liabilities' 1 

Cash flow from operations / total liabilities' 1 

Current assets / current liabilities 9 

Current assets / sales 2 

Current assets / total assets 4 

Current debt / net worth 1 
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Financial Ratio or Variable3 Frequency13 

Current liabilities / current assets 1 

Current liabilities / stockholders' equity 1 

Current liabilities / total assets 2 

Cost of goods sold / accounts payable 1 

Cost of goods sold / inventory 1 

Debt / equity 1 

Dividends / total net flow of fundsd 1 

Earnings before interest and taxes / sales 1 

Earnings before interest and taxes / total assets 

Earnings before interest and taxes / total liabilities 1 

Fixed assets / net worth 1 

Fixed coverage expenses / total net flow of fundsd 1 

Funded debt / working capital9 1 

Funds from financial sources / total net flow of fundsd 1 

Funds from operations / total liabilities 1 

Funds from operations / total net flow of fundsd 1 

Interest coverage ratio 

Interest expense / cash flow 1 

Interest expense / net income 1 

Interest expense / net operating income 1 

Inventory / total assets 1 

Inventory / working capital 1 

Long-term debt / total assets 1 
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Financial Ratio or Variable3 Frequency15 

Long-term liabilities / current assets 

Market value of equity / total capitalization 

Net income 

Net income / fixed assets 

Net income / net worth 

Net income / sales 

Net income / total assets 

Net income / working capital 

Net operating income / interest expense 

Net operating income / sales 

Net operating income / total assets 

Net operating income / total debt 

Net worth / fixed assets 

Net worth / long-term liabilities 

Net worth / total assets 

Net worth / total liabilities 

No-credit interval11 

Operating expense / sales 

Other asset and liability flows / total net flow of fundsd 

Quick assets / current liabilities 

Quick assets / sales 

Quick assets / total assets 

Realized gains and losses / net income 

Retained earnings / total assets 

2 

1 

2 

1 

4 

3 

7 

1 

2 

2 

1 

1 

1 

2 

2 

3 

1 

1 

1 

5 

1 

2 

1 

2 
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Financial Ratio or Variable3 Frequency5 

Sales 1 

Sales / accounts receivable 2 

Sales / cash 3 

Sales / current assets 1 

Sales / fixed assets 3 

Sales / inventory 2 

Sales / net worth 3 

Sales / quick assets 3 

Sales / total assets 3 

Sales / working capital 4 

Total assets 3 

Total debt / total assets 4 

Total debt / net worth 1 

Total liabilities / owners' equity 1 

Total liabilities / preferred stock 1 

Total liabilities / total assets 4 

Total liabilities plus preferred stock / total assets 2 

Total net flow of funds / total assets 1 

Working capital / sales 1 

Working capital / total assets 5 

Working capital (funds flow definition) / total net flow of fundsd 1 

Working capital flow 1 

Working capital flow / total debt 1 
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Notes: Twelve papers satisfy the search criteria described in chapter 3. These 
papers are Casey and Bartczak (1985), Dambolena and Khoury (1980), Deakin 
(1972), Elam (1975), Frydman, Altman, and Kao (1985), Gentry, Newbold, and 
Whitford (1985), Hopwood, McKeown, and Mutchler (1989), Lau (1987), 
Mensah (1984), Mensah (1983), Ohlson (1984), and Zmijewski (1984b). 

a Name given in the paper or papers. 

b Number of papers out of the twelve surveyed for which the variable, a 
transformation of the variable, or a trend measure based on the variable is 
included in a final prediction model. 

c Business income = historical cost income + unrealized holding gains and 
losses. See Mensah (1983). 

d Numerator and denominator are from the flow of funds statement. See Gentry, 
Newbold, and Whitford (1985). 

e Cash usually includes marketable securities. 

f For a definition of cash flow from operations, see Casey and Bartczak (1985). 

9 See Dambolena and Khoury (1980). 

h Hopwood, McKeown, and Mutchler (1989) use Beaver's (1967) definition of 
the no-credit interval. 
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Table 37.—Predictor Variable Definitions 

Description3 Compustat Item 

Group l b 1. sqrt{ C/CL} 

2. sqrt{ C/S} 

3. C/TA 

4. log{ CA/CL} 

5. log{ CA/S} 

6. no-credit interval:0 

QA-CL 
operating expenses - D&A 

operating expenses 
= sales - operating income 

before depreciation 12 -13 

7. QA/TA 

8. S/TA 

9. WC/TA 

C = cash and short-term investments 1 
CA = total current assetsd 4 = 1 + 2 + 3 +68 
CL = total current liabilities 5 
D&A = depreciation and 

amortization expense 14 
QA = quick assets 

= cash and short-term 
investments + total receivables 1 +2 

S = net sales 12 
TA = total assets 6 
WC = working capital 

(balance sheet)d 179 = 4 - 5 
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Table 37.—Continued 

Description3 Compustat Item 

Group II 10. NI/FA 

11. Nl/S 

12. NI/TA 

13. NOI/S 

14. NOI/TA 

FA = fixed assets 
(net total property, plant, and 
equipment) 8 

Nl = net income 172 
NOI = net operating income 

(operating income after 
depreciation) 178 

S = net sales 12 
TA = total assets 6 

Group III 15. CF/TL 

16. SE/TL 

CF = cash flow 
= net income + depreciation and 
amortization expense 172 + 14 

SE = total stockholders' equitye 216 
TL = total liabilitiesf 181 
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Description3 Compustat Item 

Group IV 17. CF/NW 

18. CL/NW 

19. NI/SE 

20. S/SE 

CF = cash flow 
= net income + depreciation and 
amortization expense 172 + 14 

CL = total current liabilities 5 
Nl = net income 172 
NW = net worthe 

= total assets - total current 
liabilities - total long-term debt 6 - 5 - 9 

S = net sales 12 
SE = total stockholders' equitye 216 

Group V 21. CL/TA 

22. sqrt{ DIV/TL} 

23. LTD/TA 

24. RE/TA 

25. TL/TA 

CL = total current liabilities 5 
DIV = cash dividends 127 
LTD = total long-term debt 9 
RE = retained earnings 36 
TA = total assets 6 
TL = total liabilities* 181 
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Description3 Compustat Item 

Group VI 26. log{ MVE/TL} 

27. MVE/TC 

MVE = market value of equity 
= common shares outstanding 
x price/share at close of fiscal 
year end 

TC = total capitalization 
= stockholders' equity + total 
long-term debt 

TL = total liabilitiesf 

25 x 199 

216 + 9 

181 

Group VII 28. INV/WC 

29. LTD/WC 

30. S/WC 

INV = total inventories 
LTD = total long-term debt 
S = net sales 
WC = working capital 

(balance sheet)d 

3 
9 
12 

179 = 4 - 5 

Group VIII 31. LTUCA 

CA = total current assetsd 

LTL = long-term liabilities 
= total liabilities - total current 
liabilities 

4 = 1 + 2 + 3 +68 

181 - 5 
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Description3 Compustat Item 

Group IX 32. log{ TA} 
(measure of firm size) 

TA = total assets 6 

Notes: Numbering of the predictor variables has no special significance. 
For ease of reading, data item abbreviations are summarized below each 
group; each abbreviation is defined the same way throughout the table. 

a Abbreviations for functions: log = natural logarithm; sqrt = square root. 

b Variables are loosely grouped on the basis of cross-sectional correlations 
(across annual reports for calendar years). Otherwise, the groups have no 
special significance. 

c This definition of the no-credit interval is from Beaver (1967). 

d For a few annual reports, missing values for current assets and working 
capital are replaced by recalculating them using other data items which are 
available in Compustat. The alternative definitions listed here are provided in 
the Compustat Manual. 

e Net worth can be defined at least five different ways in terms of Compustat 
data items. Stockholders' equity is a second definition. The two definitions are 
distinguished by labeling one as "net worth" and the other as "stockholders' 
equity." However, the choice of these names is primarily for convenience and 
has no special financial significance. 

f The terms "total debt" and "total liabilities" appear to be used interchangeably 
in the literature. In the variable selection process, three other Compustat 
definitions of total debt but were rejected in favor of total liabilities (item 181). 



364 

Table 38.—Frequency and Type of Missing Values 

Predictor Variable3 Type of Missing Valueb 

Missing Combined Undefined 
Value Figure Ratio or 
Code Code T ransform 

Group 1 1. sqrt{ C/CL} 0.0% <0.1% <0.1%c 

2. sqrt{ C/S} 0.0 NAd 0.0 

3. OTA 0.0 NA 0.0 

4. log{ CA/CL} <0.2 2.0-2.7 <0.2 

5. log{ CA/S} <0.2 2.0-2.6 <0.1 

6. no-credit interval 0.0 0.3-2.8 0.0 

7. QA/TA 0.0 0.3-2.7 0.0 

8. S/TA 0.0 NA 0.0 

9. WC/TA <0.2 0.7-2.7 0.0 

Group II 10. NI/FA 0.0 NA < 0.7e 

11. Nl/S 0.0 NA 0.0 

12. NI/TA 0.0 NA 0.0 

13. NOI/S 0.0 NA 0.0 

14. NOI/TA 0.0 NA 0.0 

Group III 15. CF/TL 0.0 <0.3 <0.1 

16. SE/TL <0.2 <0.1 <0.1 
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Predictor Variable3 Type of Missing Valueb 

Missing Combined Undefined 
Value Figure Ratio or 
Code Code T ransform 

Group IV 17. CF/NW 0.0% < 0.4% 0.0% 

18. CL/NW 0.0 <0.3 0.0 

19. NI/SE <0.2 NA 0.0 

20. S/SE <0.2 NA 0.0 

Group V 21. CL/TA 0.0 <0.1 0.0 

22. sqrt{ DIV/TL} <0.2 <0.8 <0.1 

23. LTD/TA 0.0 <0.1 0.0 

24. RE/TA <0.6 NA 0.0 

25. TL/TA 0.0 <0.1 0.0 

Group VI 26. log{ MVE/TL} 1.5-2.4 <0.1 <0.1 

27. MVE/TC 1.5-2.6 <0.1 0.0 

Group VII 28. INV/WC <0.2 0.7-3.4 0.0 

29. LTD/WC <0.2 0.7-2.7 0.0 

30. S/WC <0.2 0.7-2.6 0.0 

Group VIII 31. LTL7CA <0.2 2.0-2.8 <0.1 

Group IX 32. log{ TA} 0.0 NA 0.0 



366 

Table 38.—Continued 

Notes: The data base in this study is a subset of the 1992 Compustat data 
base. The data base includes annual reports with proxy release dates which fall 
in the period 1980-1989 (alternatively, fiscal year ends which fall in the period 
October 1979-September 1989). Annual reports from Compustat are screened 
so that the data base includes only publicly traded U.S. industrial firms. (For 
more details, see Chapter 3: Research Design.) The missing data rates in this 
table are annual rates for the resulting data base. 

a See table 37 for more detailed descriptions of each predictor variable. 

b The missing value code and combined figure codes are two types of codes in 
Compustat. The rate listed for the predictor variable reflects the frequency of 
reports affected when one or more Compustat data items in the variable's 
definition have one of the codes. The category "undefined ratio or 
transformation" includes only cases where the component data items are all 
available for the variable, but the variable is undefined for algebraic reasons 
(e.g., zero in the denominator of a ratio). (For more details, see Chapter 3: 
Research Design.) 

c "< x%" means less than x% per year. 

d NA means Compustat does not report this type of code for any data items in 
the variable's definition. 

e Only Fixed Assets (FA) has more than two or three observations per year 
which result in an undefined predictor variable. Most of these cases for FA occur 
in 1980-1984. While this may degrade model performance slightly, it will not 
affect the majority of validation samples from later trial decision periods (which 
range from 1984 to 1989). 
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Predictor Variable3 Descriptive Statistics13 

Skew K Min Q1 Q2 Q3 Max 

Group 1 

1. sqrt{C/CL} 

1981 3.2 21. .CP .30 .46 .73 6.1 
1985 4.3 42. .0 .30 .51 .86 10. 
1989 3.4 22. .0 .27 .48 .84 7.6 

2. sqrt{ C/S} 

1981 13. 330. .0 .12 .19 .30 8.3 
1985 14. 300. .0 .13 .22 .37 11. 
1989 20. 510. .0 .12 .21 .37 24. 

3. C/TA 

1981 2.5 8.5 .0 .023 .054 .12 .88 
1985 2.1 5.0 .0 .023 .061 .16 .93 
1989 2.2 5.3 .0 .019 .056 .15 .92 

4. log{ CA/CL} 

1981 -.88 11. -4.5 .47 .77 1.1 4.9 
1985 -.34 6.0 -3.4 .43 .76 1.1 4.6 
1989 .057 3.1 -3.0 .39 .72 1.1 4.1 

5. log{ CA/S } 

1981 .62 10. -5.5 -1.3 -.95 -.67 4.3 
1985 .92 7.4 -4.3 -1.2 -.90 -.57 4.9 
1989 2.0 15. -4.1 -1.2 -.88 -.55 6.7 

6. rio-credit interval 

1981 14. 500. -29. -.036 .030 .11 45. 
1985 17. 980. -221. -.046 .035 .16 420. 
1989 -7.8 580. -67. -.059 .030 .16 45. 
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Predictor Variable3 Descriptive Statistics b 

Skew K Min Q1 Q2 Q3 Max 

7. QA/TA 

1981 .91 1.4 .0026 .21 .29 .39 .93 
1985 .80 .56 .0029 .19 .29 .41 .93 
1989 .82 .59 .00013 .19 .29 .41 .99 

8. S/TA 

1981 2.6 12. .0028 1.1 1.5 1.9 9.1 
1985 2.2 9.1 .0060 .90 1.3 1.8 9.3 
1989 1.8 5.6 .00078 .87 1.3 1.7 6.8 

9. WC/TA 

1981 -.28 1.0 -.92 .16 .31 .43 .87 
1985 -.39 2.0 -1.2 .15 .30 .44 .94 
1989 -.66 6.2 -2.0 .13 .28 .43 .90 

Group II 

10. NI/FA 

1981 11. 440. -18. .090 .19 .36 40. 
1985 -6.4 220. -34. .053 .17 .36 18. 
1989 18. 850. -78000. .043 .17 .36 120000. 

11. Nl/S 

1981 -35. 1300. •180. .020 .046 .075 .90 
1985 -8.6 650. -72. .016 .043 .078 63. 
1989 -46. 2200. -2500. .011 .040 .075 8.9 

12. NI/TA 

1981 -5.3 90. -1.8 .035 .065 .099 1.00 
1985 -4.5 44. -1.8 .024 .057 .093 .91 
1989 -5.6 63. -1.9 .015 .054 .091 .59 
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Predictor Variable3 

Skew K 
Descriptive Statistics b 

Min Q1 Q2 Q3 Max 

13. NOI/S 

1981 -32. 1000. -110. .045 .083 .13 1.6 
1985 -29. 870. -67. .036 .078 .13 .77 
1989 -46. 2200. -2200. .032 .073 .12 .60 

14. NOI/TA 

1981 -2.3 38. -1.5 .074 .12 .14 1.1 
1985 -3.8 40. -1.9 .050 .10 .16 .61 
1989 -3.8 43. -1.7 .042 .10 .14 .93 

Group III 

15. CF/TL 

1981 5.7 87. -2.3 .12 .21 .34 7.5 
1985 -12. 280. -16. .11 .21 .35 4.4 
1989 -9.8 210. -14. .090 .18 .34 4.7 

16. SE/TL 

1981 32. 1200. -.48 .63 .97 1.6 150. 
1985 25. 850. -.76 .61 1.0 1.8 160. 
1989 23. 680. -.58 .49 .87 1.6 160. 

Group IV 

17. CF/NW 

1981 -24. 810. -46. .14 .19 .25 20. 
1985 -36. 1400. -230. .12 .19 .24 44. 
1989 -47. 2200. -2000. .11 .19 .26 51. 

18. CL/NW 

1981 32. 1400. -55. .30 .46 .71 190. 
1985 38. 1600. -29. .25 .41 .65 780. 
1989 -43. 1900. -1600. .26 .44 .73 100. 
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Predictor Variable3 Descriptive Statistics13 

Skew K Min Q1 Q2 Q3 Max 

19. NI/SE 

1981 33. 1200. -18. .083 .14 .19 100. 
1985 -40. 1700. -320. .055 .12 .18 14. 
1989 33. 1300. -12. .041 .13 .19 100. 

20. S/SE 

1981 -18. 484. •220. 2.0 2.9 4.3 74. 
1985 45. 2000. -51. 1.7 2.5 3.9 2900. 
1989 -7.3 920. -1400. 1.6 2.6 4.2 1200. 

Group V 

21. CL/TA 

1981 2.2 15. .0066 .19 .25 .33 1.9 
1985 2.0 8.9 .0054 .17 .24 .32 1.4 
1989 2.3 16. .0062 .16 .24 .33 2.1 

22. sqrt{ DIV/TL} 

1981 2.3 15. .0 .034 .16 .24 1.8 
1985 1.5 5.4 .0 .0 .13 .22 1.4 
1989 2.5 11. .0 .0 .087 .20 1.5 

23. LTD/TA 

1981 1.0 2.2 .0 .076 .18 .27 1.3 
1985 3.8 54. .0 .054 .16 .26 3.3 
1989 2.0 8.4 .0 .054 .18 .31 2.0 

24. RE/TA 

1981 -5.3 60. -4.5 .20 .32 .44 .89 
1985 -24. 840. -23. .15 .30 .43 1.1 
1989 -14. 330. -20. .070 .24 .41 1.1 
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Predictor Variable3 Descriptive Statistics b 

Skew K Min Q1 Q2 Q3 Max 

25. TL/TA 

1981 .39 2.5 .0 .39 .51 .61 1.9 
1985 3.0 42. .0 .36 .50 .62 4.2 
1989 1.3 6.7 .0062 .38 .54 .67 2.4 

Group VI 

26. log{ MVE/TL} 

1981 .33 .21 -3.2 -.54 .19 1.0 4.8 
1985 .39 1.1 -.35 -.26 .40 1.1 7.3 
1989 .20 .89 -5.3 -.31 .37 1.2 5.5 

27. MVE/TC 

1981 5.6 54. -1.1 .49 .86 1.6 29. 
1985 4.4 91. -22. .66 1.1 1.7 31. 
1989 11. 230. -3.9 .68 1.1 1.8 50. 

Group VII 

28. INV/WC 

29. 

30. 

1981 -11. 270. -85. .48 .75 1.0 59. 
1985 6.1 1000. -820. .31 .67 1.0 940. 
1989 -15. 680. •280. .24 .65 1.0 170. 

LTD/WC 

1981 -36. 1400. -2400. .16 .50 .98 130. 
1985 40. 1800. -3500. .092 .44 1.0 14000. 
1989 -24. 830. -1300. .067 .51 1.3 270. 

S/WC 

1981 -6.9 380. -1400. 3.0 4.5 7.6 1200. 
1985 18. 640. -4700. 2.5 4.2 7.6 7300. 
1989 -11. 710. -5200. 2.4 4.1 7.6 3800. 
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Predictor Variable a Descriptive Statistics b 

Skew K Min Q1 Q2 Q3 Max 

Group VIII 

31. LTL/CA 

1981 38. 1600. -.33 .19 .38 .67 200. 
1985 25. 770. -.29 .16 .39 .77 150. 
1989 13. 250. .0 .19 .46 .92 50. 

Group IX 

32. log{ TA} 

1981 .32 -.032 -.57 3.6 4.7 6.0 12. 
1985 ,43 .013 .28 3.7 4.8 6.2 11. 
1989 ,41 .12 -.60 3.9 5.1 6.4 12. 

Notes: The data base in this study is a subset of the 1992 Compustat data 
base. The data base includes annual reports with proxy release dates which fall 
in the period 1980-1989 (alternatively, fiscal year ends which fall in the period 
October 1979-September 1989). Annual reports from Compustat are screened 
so that the data base includes only publicly traded U.S. industrial firms. (For 
more details, see Chapter 3: Research Design.) 

a See table 37 for more detailed descriptions of each predictor variable. 

b Annual descriptive statistics. Abbreviations: Skew = skewness; K = kurtosis; 
Min = minimum; Q1 = lower quartile; Q2 = median; Q3 = upper quartile; 
Max = maximum. These statistics are computed using the SAS Univariate 
Procedure (SAS version 6.07 released by the SAS Institute Inc., Cary, NC, 
1989). This procedure omits any missing values before calculating the statistics. 
All figures are rounded to two decimal places of accuracy. 

c Min = .0 indicates that the minimum was a true zero. 
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Table 40.—Selected Correlations Between Predictor Variables 

Year RE/TA log{ MVE/TL} MVE/TC 

Group I 

1. sqrt{C/CL} 1981 
1985 
1989 

0.13 
0.02 

-0.02 

0.52 
0.58 
0.52 

0.24 
0.22 
0.17 

2. sqrt{ C/S} 1981 
1985 
1989 

-0.09 
-0.07 
-0.39 

0.32 
0.36 
0.20 

0.24 
0.19 
0.35 

3. C/TA 1981 
1985 
1989 

0.07 
0.00 

-0.05 

0.45 
0.53 
0.47 

0.28 
0.26 
0.24 

4. log{ CA/CL} 1981 
1985 
1989 

0.28 
0.12 
0.15 

0.45 
0.57 
0.48 

0.11 
0.12 
0.07 

5. log{ CA/S} 1981 
1985 
1989 

-0.14 
-0.09 
-0.23 

0.31 
0.32 
0.18 

0.29 
0.15 
0.17 

6. no-credit interval 1981 
1985 
1989 

-0.01 
0.02 
0.02 

0.16 
0.03 
0.14 

0.06 
0.01 
0.03 

7. QA/TA 1981 
1985 
1989 

0.07 
0.02 
0.01 

0.33 
0.42 
0.32 

0.23 
0.22 
0.18 

8. S/TA 1981 
1985 
1989 

0.08 
0.04 
0.10 

-0.22 
-0.09 
-0.03 

-0.18 
0.00 
0.00 
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Year RE/TA log{ MVE/TL} MVE/TC 

9. WC/TA 1981 
1985 
1989 

0.24 
0.13 
0.18 

0.37 
0.52 
0.42 

0.10 
0.13 
0.09 

Group II 

10. NI/FA 1981 
1985 
1989 

0.27 
0.21 
0.00 

0.13 
0.08 
0.00 

-0.03 
0.01 
0.01 

11. Nl/S 1981 
1985 
1989 

0.16 
0.07 
0.43 

0.02 
-0.09 
-0.05 

-0.05 
-0.12 
-0.43 

12. NI/TA 1981 
1985 
1989 

0.58 
0.40 
0.65 

0.39 
0.27 
0.24 

0.04 
0.04 

-0.23 

13. NOI/S 1981 
1985 
1989 

0.19 
0.10 
0.43 

0.01 
-0.13 
-0.05 

-0.07 
-0.17 
-0.43 

14. NOI/TA 1981 
1985 
1989 

0.53 
0.38 
0.60 

0.40 
0.22 
0.19 

0.10 
0.04 

-0.18 

Group III 

15. CF/TL 

16. SE/TL 

1981 
1985 
1989 

1981 
1985 
1989 

0.46 
0.24 
0.43 

0.12 
0.02 
0.00 

0.53 
0.16 
0.20 

0.33 
0.45 
0.41 

0.15 
0.00 

-0.06 

0.08 
0.20 
0.06 
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Year RE/TA log{ MVE/TL} MVE/TC 

Group IV 

17. CF/NW 1981 0.25 0.06 -0.01 
1985 0.03 0.03 0.00 
1989 0.03 0.05 0.01 

18. CL/NW 1981 -0.12 -0.04 0.01 
1985 -0.04 -0.06 -0.01 
1989 0.03 0.05 0.02 

19. NI/SE 1981 -0.09 -0.04 -0.02 
1985 0.03 0.04 -0.01 
1989 0.05 0.00 -0.02 

20. S/SE 1981 0.00 -0.11 -0.10 
1985 -0.02 -0.06 -0.01 
1989 0.00 0.00 0.02 

Group V 

21. CL/TA 1981 -0.30 -0.38 -0.03 
1985 -0.22 -0.37 0.05 
1989 -0.21 -0.37 0.01 

22. sqrt{ DIV/TL} 1981 0.48 0.36 -0.02 
1985 0.26 0.27 0.05 
1989 0.29 0.29 0.10 

23. LTD/TA 1981 -0.37 -0.55 -0.29 
1985 -0.50 -0.56 -0.18 
1989 -0.25 -0.59 -0.24 

24. RE/TA 1981 1.00 0.25 -0.17 
1985 1.00 0.12 -0.24 
1989 1.00 0.17 -0.31 
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Year RE/TA log{ MVE/TL} MVE/TC 

25. TL/TA 1981 -0.52 -0.75 -0.25 
1985 -0.53 -0.76 -0.17 
1989 -0.35 -0.77 -0.18 

Group VI 

26. log{ MVE/TL} 1981 0.25 1.00 0.68 
1985 0.12 1.00 0.59 
1989 0.17 1.00 0.53 

27. MVE/TC 1981 -0.17 0.68 1.00 
1985 -0.24 0.59 1.00 
1989 -0.31 0.53 1.00 

Group VII 

28. INV/WC 1981 0.03 0.01 0.00 
1985 -0.03 0.00 0.07 
1989 0.01 0.00 0.00 

29. LTD/WC 1981 0.03 0.03 0.02 
1985 0.00 -0.02 -0.01 
1989 0.01 0.02 0.01 

30. S/WC 1981 0.04 0.02 0.01 
1985 -0.02 -0.02 0.04 
1989 0.01 0.00 0.01 

Group VIII 

31. LTUCA 1981 -0.06 -0.07 -0.03 
1985 -0.05 -0.14 -0.06 
1989 -0.10 -0.21 -0.07 
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Year RE/TA log{MVE/TL} MVE/TC 

Group IX 

32. log{ TA} 1981 0.19 -0.24 -0.24 
1985 0.18 -0.33 -0.24 
1989 0.24 -0.26 -0.17 

Notes: The data base in this study is a subset of the 1992 Compustat data 
base. The data base includes annual reports with proxy release dates which fall 
in the period 1980-1989 (alternatively, fiscal year ends which fall in the period 
October 1979-September 1989). Annual reports from Compustat are screened 
so that the data base includes only publicly traded U.S. industrial firms. (For 
more details, see Chapter 3: Research Design.) See table 37 for more detailed 
descriptions of each predictor variable. 
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Manufacturing3 Unregulated Industrial 

1980b 

Bankruptcy observations 
Complete data0 100.0%d 100.0% 100.0% 

(2) (5) (6) 

Nonbankruotcv observations 
Missing AR & INV replaced 0.5%e 1.3% 1.4% 

with Moody's dataf (7) (26) (30) 
Missing AR & INV not replaced 0.1 0.2 0.1 

with Moody's dataS (2) (3) (3) 
Complete data0 96.7 95.6 95.5 

(1317) (1900) (2007) 

Observations used ifor tests 97.4% 97.1% 97.1% 

Missing for other reasons'1 2.6 2.9 2.9 
(36) (58) (62) 

1981 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(5) (6) (6) 

NonbankruDtcv observations 
Missing AR & INV replaced 0.3% 1.4% 1.6% 

with Moody's data (4) (27) (32) 
Missing AR & INV not replaced 0.1 0.2 0.1 

with Moody's data (2) (3) (3) 
Complete data 97.6 95.7 95.5 

(1315) (1863) (1962) 

Observations used for tests 98.1% 97.2% 97.2% 

Missing for other reasons 1.9 2.8 2.8 
(26) (54) (57) 
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Manufacturing Unregulated Industrial 

1982 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(5) (9) (9) 

Nonbankruotcv observations 
Missing AR & INV replaced 0.4% 1.6% 1.7% 

with Moody's data (5) (30) (35) 
Missing AR & INV not replaced 0.2 0.2 0.2 

with Moody's data (3) (4) (4) 
Complete data 97.8 96.1 96.0 

(1302) (1846) (1948) 

Observations used for tests 98.4% 97.9% 97.9% 

Missing for other reasons 1.6 2.1 2.1 
(21) (40) (42) 

1983 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(3) (6) (6) 

NonbankruDtcv observations 
Missing AR & INV replaced 0.6% 1.9% 2.0% 

with Moody's data (8) (36) (41) 
Missing AR & INV not replaced 0.2 0.3 0.2 

with Moody's data (2) (5) (5) 
Complete data 97.4 95.7 95.5 

(1290) (1822) (1926) 

Observations used for tests 98.1% 97.8% 97.8% 

Missing for other reasons 1.9 2.2 2.2 
(25) (41) (45) 
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Manufacturing Unregulated Industrial 

1984 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(3) (6) (7) 

Nonbankruotcv observations 
Missing AR & INV replaced 0.6% 2.1% 2.3% 

with Moody's data (8) (42) (48) 
Missing AR & INV not replaced 0.1 0.2 0.2 

with Moody's data (2) (4) (4) 
Complete data 97.7 96.1 95.6 

(1333) (1899) (2008) 

Observations used for tests 98.5% 98.4% 98.1% 

Missing for other reasons 1.5 1.6 2.0 
(21) (32) (41) 

1985 

BankruDtcv observations 
Complete data 100.0% 100.0% 100.0% 

(6) (9) (10) 

NonbankruDtcv observations 
Missing AR & INV replaced 0.6% 2.2% 2.4% 

with Moody's data (8) (43) (49) 
Missing AR & INV not replaced 0.1 0.2 0.2 

with Moody's data (2) (4) (4) 
Complete data 97.5 95.5 95.4 

(1313) (1863) (1977) 

Observations used for tests 98.3% 97.9% 97.9% 

Missing for other reasons 1.7 2.1 2.1 
(23) (41) (43) 
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Manufacturing Unregulated Industrial 

1986 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(2) (5) (5) 

Nonbankruotcv observations 
Missing AR & INV replaced 0.4% 2.1% 2.3% 

with Moody's data (6) (41) (48) 
Missing AR & INV not replaced 0.1 0.3 0.3 

with Moody's data (2) (6) (6) 
Complete data 97.1 95.0 94.7 

(1313) (1884) (1995) 

Observations used for tests 97.7% 97.4% 97.3% 

Missing for other reasons 2.3 2.6 2.7 
(31) (52) (57) 

1987 

Bankruotcv observations 
Complete data 100.0% 83.3% 83.3% 

(2) (5) (5) 

Missing for other reasons 0.0 16.7 16.7 
(0) (1) (1) 

Nonbankruotcv observations 
Missing AR & INV replaced 0.4% 2.5% 2.7% 

with Moody's data (6) (50) (59) 
Missing AR & INV not replaced 0.2 0.4 0.4 

with Moody's data (3) (8) (8) 
Complete data 97.3 94.7 94.4 

(1323) (1913) (2025) 

Observations used for tests 97.9% 97.6% 97.5% 
Missing for other reasons 2.1 2.4 2.5 

(28) (49) (54) 
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Manufacturing Unregulated Industrial 

1988 

Bankruptcy observations 
Complete data 100.0% 85.7% 87.5% 

(5) (7) (8) 
Missing AR & INV replaced 0.0 14.3 12.5 

with Moody's data (0) (1) (1) 

Observations used for tests 100.0% 100.0% 100.0% 

NonbankruDtcv observations 
Missing AR & INV replaced 0.4% 2.1% 2.3% 

with Moody's data (5) (43) (50) 
Missing AR & INV not replaced 0.1 0.4 0.4 

with Moody's data (2) (8) (8) 
Complete data 97.3 94.9 94.7 

(1345) (1955) (2070) 

Observations used for tests 97.8% 97.4% 97.4% 

Missing for other reasons 2.2 2.6 2.6 
(30) (53) (57) 



Table 41.—Continued 

383 

Manufacturing Unregulated Industrial 

1989 

Bankruptcy observations 
Complete data 100.0% 77.8% 77.8% 

(5) (7) (7) 
Missing for other reasons 0.0 22.2 22.2 

(0) (2) (2) 

Observations used for tests 100.0% 100.0% 100.0% 

Nonbankruotcv observations 
Missing AR & INV replaced 0.0% 0.8% 0.8% 

with Moody's data (0) (16) (18) 
Missing AR & INV not replaced 0.1 0.3 0.3 

with Moody's data (1) (6) (6) 
Complete data 97.4 96.3 96.2 

(1329) (1964) (2085) 

Observations used for tests 97.5% 97.4% 97.3% 

Missing for other reasons 2.5 2.6 2.7 
(34) (54) (58) 

Notes: tests of Hypothesis 1 are conducted using report-based sampling 
frames and a one year prediction horizon. Hence, a bankruptcy observation is 
an annual report whose firm declared bankruptcy within one year of the report's 
proxy release date. Otherwise, the observation is treated as a nonbankruptcy. 
The lines in boldface represent the subtotals of bankruptcy or nonbankruptcy 
observations each year which are included in the sampling frames for this test. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 
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b Year refers to calendar year of the proxy release date for the annual report. 
This table provides an annual breakdown of observations; actual sampling 
frames may include up to six consecutive years of observations. 

c Observations in this category have complete data. This includes a small 
number of observations which had combined figure codes for data items other 
than accounts receivable (AR) or total inventories (INV). Under both missing 
data methods, these codes are replaced with zeros, and the observation is 
treated as if it had complete data provided all 32 predictor variables are defined. 

d Percent of all bankruptcy observations for the industry. Actual number of 
observations is listed in parentheses. In several years, missing data categories 
do not include any bankruptcy observations, so those lines are omitted. 

e Percent of all nonbankruptcy observations for the industry. Percentages may 
not add to the subtotal due to rounding error. 

f Observations in this category satisfy two conditions: (a) combined figure codes 
for AR and/or INV were successfully replaced with data from Moody's Manuals; 
and (b) under the procedures for missing data method #1, all 32 predictor 
variables have defined values. For sampling frames constructed with missing 
data method #2, the combined figure codes for AR and/or INV are replaced with 
zeros instead of data from Moody's. (Only three nonbankruptcy observations 
had to be dropped when a Moody's data value was switched to zero: a service 
industry report in 1983; a transportation/communications industry report in 
1987; and a transportation/ communications industry report in 1988). 

9 Observations in this category satisfy two conditions: (a) combined figure 
codes for AR and/or INV could not be replaced, since data was not available in 
Moody's Manuals; however, (b) after replacing combined figure codes with zero, 
a step taken in both missing data methods, all 32 predictors are defined. 

h Observations in this category were still missing values after either missing 
data methods #1 or #2 were applied. Hence, they were not included in any 
sampling frame. 
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Table 42.—Characteristics of the Sets of Trials in Hypothesis 1 

Discriminant 
Method & 
Industry3 

Model Later 
Estimation No. of Obs.b Validation No. of Obs.b 

Periods F NF Periods F NF 

1980-1982 21 5991 1983 6 1972 
1983-1984 13 4032 

1981-1983 21 5956 1984 7 2060 
1984-1985 17 4090 

1982-1984 22 6019 1985 10 2030 
1985-1986 15 4079 

1983-1985 23 6062 1986 5 2049 
1986-1987 10 4141 

1984-1986 22 6139 1987 5 2092 
1987-1988 14 4220 

1985-1987 20 6171 1988 9 2128 
1988-1989 16 4237 

1980-1985 44 12053 1986 5 2049 
1986-1987 10 4141 

1981-1986 43 12095 1987 5 2092 
1987-1988 14 4220 

1982-1987 42 12190 1988 9 2128 
1988-1989 16 4237 

1980-1982 20 5673 1983 6 1863 
1983-1984 12 3808 

1981-1983 21 5636 1984 6 1945 
1984-1985 15 3855 

1982-1984 21 5688 1985 9 1910 
1985-1986 14 3841 

LDA 
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Discriminant 
Method & 
Industry 

Model 
Estimation 

Periods 
No. of Obs. 
F NF 

Later 
Validation 
Periods 

No. of Obs. 
F NF 

LDA 
Unregul. 1983-1985 21 5718 1986 

1986-1987 
5 

10 
1931 
3902 

1984-1986 20 5786 1987 
1987-1988 

5 
13 

1971 
3977 

1985-1987 19 5812 1988 
1988-1989 

8 
15 

2006 
3992 

1980-1985 41 11391 1986 
1986-1987 

5 
10 

1931 
3902 

1981-1986 41 11422 1987 
1987-1988 

5 
13 

1971 
3977 

1982-1987 40 11500 1988 
1988-1989 

8 
15 

2006 
3992 

Manufact. 1980-1985 24 7923 1986 
1986-1987 

2 
4 

1321 
2653 

1981-1986 24 7918 1987 
1987-1988 

2 
7 

1332 
2684 

1982-1987 21 7929 1988 
1988-1989 

5 
8 

1352 
2682 

QDA 
Industrial 1980-1985 44 12053 1986 5 2049 

1981-1986 43 12095 1987 5 2092 

1982-1987 42 12190 1988 9 2128 
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Discriminant Model Later 
Method & Estimation No. of Obs. Validation No. of Obs. 
Industry Periods F NF Periods F NF 

QDA 
Unregul. 1980-1985 41 11391 1986 5 1931 

1981-1986 41 11422 1987 5 1971 

1982-1987 40 11500 1988 8 2006 

Notes: Each model estimation period in this table actually represents 15 
independent sets of paired trials. For each estimation period (and its later 
validation period or periods), an independent set of paired independent trials is 
conducted for each possible combination of cost ratio (10, 30, 50, 70, 90) and 
prior probability of bankruptcy (O.OO'I, 0.003, 0.005). 

a LDA = linear discriminant analysis. QDA = quadratic discriminant analysis. 
"Unregul." = unregulated industries. "Manufact." = manufacturing industries. 

b In hypothesis 1, report-based sampling designs are applied. So, observations 
are annual reports released by firms not in bankruptcy protection. 
F = bankruptcy observations (annual reports whose proxy release date was 
followed by a Chapter 11 filing within one year), and NF = nonbankruptcy 
observations (any other annual report). 
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Table 43.—Missing Data in Tests of Hypothesis 2 

Manufacturing3 Unregulated Industrial 

1980b 

Bankruptcy observations 
Complete datac 100.0%d 100.0% 100.0% 

(2) (5) (6) 

Nonbankruotcv observations 
Complete data; MVE and RE 97.4%e 97.0% 97.0% 

are not missingf (1326) (1900) (2007) 
Complete data; MVE or RE 2.2 2.3 2.4 

is missing^ (30) (46) (49) 

Complete datac 99.6% 99.4% 99.4% 

Missing for other reasonsh 0.4 0.6 0.6 
(6) (12) (13) 

1981 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(5) (6) (6) 

Nonbankruotcv observations 
Complete data; MVE and RE 98.1% 97.2% 97.2% 

are not missing (1321) (1893) (1997) 
Complete data; MVE or RE 1.6 2.1 2.1 

is missing (21) (41) (43) 

Complete data 99.6% 99.3% 99.3% 

Missing for other reasons 0.4 0.7 0.7 
(5) (13) (14) 
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Table 43.—continued 

Manufacturing8 Unregulated Industrial 

1982 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(5) (9) 0) 

Nonbankruotcv observations 
Complete data; MVE and RE 98.4% 97.9% 97.9% 

are not missing (1310) (1880) (1987) 
Complete data; MVE or RE 1.1 1.5 1.5 

is missing (15) (29) (30) 

Complete data 99.5% 99.4% 99.4% 

Missing for other reasons 0.5 0.6 0.6 
(6) (11) (12) 

1983 

Bankruotcv observations 
Complete data 100.0% 100.0% 100.0% 

(3) (6) (6) 

Nonbankruotcv observations 
Complete data; MVE and RE 98.1% 97.8% 97.7% 

are not missing (1300) (1862) (1971) 
Complete data; MVE or RE 1.4 1.6 1.7 

is missing (19) (31) (34) 

Complete data 99.5% 99.4% 99.4% 

Missing for other reasons 0.5 0.6 0.6 
(6) (11) (12) 
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Table 43.—continued 

Manufacturing3 Unregulated Industrial 

1984 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(3) (6) (7) 

NonbankruDtcv observations 
Complete data; MVE and RE 98.5% 98.4% 98.0% 

are not missing (1343) (1945) (2060) 
Complete data; MVE or RE 1.2 1.3 1.6 

is missing (17) (25) (34) 

Complete data 99.7% 99.6% 99.7% 

Missing for other reasons 0.3 0.4 0.3 
(4) (7) (7) 

1985 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(6) (9) (10) 

NonbankruDtcv observations 
Complete data; MVE and RE 98.3% 97.9% 97.9% 

are not missing (1323) (1910) (2030) 
Complete data; MVE or RE 1.6 1.7 1.7 

is missing (21) (34) (36) 

Complete data 99.9% 99.6% 99.7% 

Missing for other reasons 0.1 0.4 0.3 
(2) (7) (7) 
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Table 43.—continued 

Manufacturing3 Unregulated Industrial 

1986 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(2) (5) (5) 

Nonbankruotcv observations 
Complete data; MVE and RE 97.7% 97.4% 97.3% 

are not missing (1321) (1931) (2049) 
Complete data; MVE or RE 2.1 2.4 2.5 

is missing (29) (48) (53) 

Complete data 99.9% 99.8% 99.8% 

Missing for other reasons 0.1 0.2 0.2 
(2) (4) (4) 

1987 

BankruDtcv observations 
Complete data; MVE and RE 100.0% 83.3% 83.3% 

are not missing (2) (5) (5) 
Complete data; MVE or RE 0.0 16.7 16.7 

is missing (0) (1) (1) 

Complete data 100.0% 100.0% 100.0% 
(2) (6) (6) 

Nonbankruotcv observations 
Complete data; MVE and RE 97.9% 97.6% 97.4% 

are not missing (1332) (1971) (2091) 
Complete data; MVE or RE 1.8 2.2 2.3 

is missing (25) (44) (49) 

Complete data 99.8% 99.8% 99.7% 

Missing for other reasons 0.2 0.2 0.3 
(3) (5) (6) 
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Manufacturing3 Unregulated Industrial 

1988 

Bankruptcy observations 
Complete data 100.0% 100.0% 100.0% 

(5) (8) (9) 

Nonbankruptcv observations 
Complete data; MVE and RE 97.8% 97.4% 97.3% 

are not missing (1352) (2006) (2127) 
Complete data; MVE or RE 2.1 2.5 2.5 

is missing (29) (51) (55) 

Complete data 99.9% 99.9% 99.9% 

Missing for other reasons 0.1 0.1 0.1 
(1) (2) (3) 

1989 

Bankruptcy observations 
Complete data; MVE and RE 100.0% 77.8% 77.8% 

are not missing (3) (7) (7) 
Complete data; MVE or RE 0.0 22.2 22.2 

is missing (0) (2) (2) 

Complete data 100.0% 100.0% 100.0% 
(3) (9) (9) 

Nonbankruptcv observations 
Complete data; MVE and RE 97.5% 97.4% 97.3% 

are not missing (1330) (1986) (2109) 
Complete data; MVE or RE 2.5 2.5 2.6 

is missing (34) (52) (56) 

Complete data 100.0% 99.9% 99.9% 

Missing for other reasons 0.0 0.1 0.1 
(0) (2) (2) 
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Table 43.—continued 

Notes: Tests of Hypothesis 2 are conducted using report-based sampling 
frames and a one year prediction horizon. Hence, a bankruptcy observation is 
an annual report whose firm declared bankruptcy within one year of the report's 
proxy release date. Otherwise, the observation is treated as a nonbankruptcy. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

b Year refers to calendar year of the proxy release date for the annual report. 
This table provides an annual breakdown of observations; actual sampling 
frames may include up to six consecutive years of observations. 

c Observations in this category have complete data and are included in 
sampling frames constructed under missing data method #3. This category 
includes a small percentage of observations which had combined figure codes. 
Under both missing data methods, combined figure codes are replaced with 
zeros whenever they occur. 

d Percent of all bankruptcy observations for the industry. Aactual number of 
observations is listed in parentheses. In several of the years, the missing data 
categories do not include any bankruptcy observations, those lines are omitted. 

e Percent of all nonbankruptcy observations for the industry. Percentages may 
not add to 100.0% due to rounding error. 

f The subset of "complete data" for which market value of equity (MVE) and 
retained earnings (RE) are not missing. That is, these are the observations 
which are not omitted under missing data method #4. 

9 These observations are omitted under missing data method #4. 

h Observations in this category have a missing value in at least one of the 29 
predictor variables, even after missing data method #3 or #4 is applied. 
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Table 44.—Characteristics of the Sets of Trials in Hypothesis 2 

Model Later 
Missing Data Estimation No. of Obs.b Validation 

Method3 Periods F NF Periods 
No. of Obs.b 

F NF 

Linear Discriminant Analysis; Industrial Firms 

#3 

#4 

1980-1982 21 6113 

1980-1982 21 5991 

1983 
1983-1984 

1983 
1983-1984 

6 
13 

6 
13 

2005 
4099 

1971 
4031 

#3 

#4 

1981-1983 21 6062 

1981-1983 21 5955 

1984 
1984-1985 

1984 
1984-1985 

7 
17 

7 
17 

2094 
4160 

2060 
4090 

#3 

#4 

1982-1984 22 6116 

1982-1984 22 6018 

1985 
1985-1986 

1985 
1985-1986 

10 
15 

10 
15 

2066 
4168 

2030 
4079 

#3 

#4 

1983-1985 23 6165 

1983-1985 23 6061 

1986 
1986-1987 

1986 
1986-1987 

5 
11 

5 
10 

2102 
4242 

2049 
4140 

#3 

#4 

1984-1986 22 6262 

1984-1986 22 6139 

1987 
1987-1988 

1987 
1987-1988 

6 
15 

5 
14 

2140 
4322 

2091 
4218 
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Model Later 
Missing Data Estimation No. of Obs. Validation No. of Obs. 

Method Periods F NF Periods F NF 

#3 1985-1987 21 6308 1988 9 2182 
1988-1989 18 4347 

#4 1985-1987 20 6170 1988 9 2127 
1988-1989 16 4236 

#3 1980-1985 44 12278 1986 5 2102 
1986-1987 11 4242 

#4 1980-1985 44 12052 1986 5 2049 
1986-1987 10 4140 

#3 1981-1986 43 12324 1987 6 2140 
1987-1988 15 4322 

#4 1981-1986 43 12094 1987 5 2091 
1987-1988 14 4218 

#3 1982-1987 43 12424 1988 9 2182 
1988-1989 18 4347 

#4 1982-1987 42 12188 1988 9 2127 
1988-1989 16 4237 

Linear Discriminant Analysis; Unregulated Firms 

#3 1980-1982 20 5789 1983 6 1893 
1983-1984 12 3863 

#4 1980-1982 20 5673 1983 6 1862 
1983-1984 12 3807 
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Model 
Missing Data Estimation No. of Obs. 

Method Periods F NF 

Later 
Validation 
Periods 

No. of Obs. 
F NF 

#3 

#4 

1981-1983 21 5736 

1981-1983 21 5635 

1984 
1984-1985 

1984 
1984-1985 

6 
15 

6 
15 

1970 
3914 

1945 
3855 

#3 

#4 

1982-1984 21 5772 

1982-1984 21 5687 

1985 
1985-1986 

1985 
1985-1986 

9 
14 

9 
14 

1944 
3923 

1910 
3841 

#3 

#4 

1983-1985 21 5807 

1983-1985 21 5717 

1986 
1986-1987 

1986 
1986-1987 

5 
11 

5 
10 

1979 
3994 

1931 
3902 

#3 

#4 

1984-1986 20 5893 

1984-1986 20 5786 

1987 
1987-1988 

1987 
1987-1988 

6 
14 

5 
13 

2015 
4072 

1971 
3977 

#3 

#4 

1985-1987 20 5938 

1985-1987 19 5812 

1988 
1988-1989 

1988 
1988-1989 

8 
17 

8 
15 

2057 
4095 

2006 
3992 
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Model Later 
Missing Data Estimation No. of Obs. Validation No. of Obs. 

Method Periods F NF Periods F NF 

#3 1980-1985 41 11596 1986 5 1979 
1986-1987 11 3994 

#4 1980-1985 41 11390 1986 5 1931 
1986-1987 10 3902 

#3 1981-1986 41 11629 1987 6 2015 
1987-1988 14 4072 

#4 1981-1986 41 11421 1987 5 1971 
1987-1988 13 3977 

#3 1982-1987 41 11710 1988 8 2057 
1988-1989 17 4095 

#4 1982-1987 40 11499 1988 8 2006 
1988-1989 15 3992 

Linear Discriminant Analysis; Manufacturing Firms 

#3 1980-1985 24 8046 1986 2 1350 
1986-1987 4 2707 

#4 1980-1985 24 7923 1986 2 1321 
1986-1987 4 2653 

#3 1981-1986 24 8040 1987 2 1357 
1987-1988 7 2738 

#4 1981-1986 24 7918 1987 2 1332 
1987-1988 7 2684 
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Model Later 
Missing Data Estimation No. of Obs. Validation No. of Obs. 

Method Periods F NF Periods F NF 

#3 1982-1987 21 8055 1988 5 1381 
1988-1989 8 2745 

#4 1982-1987 21 7929 1988 5 1352 
1988-1989 8 2682 

Quadratic Discriminant Analysis; Industrial Firms 

#3 1980-1985 44 12278 1986 5 2102 

#4 1980-1985 44 12052 1986 5 2049 

#3 1981-1986 43 12324 1987 6 2140 

#4 1981-1986 43 12094 1987 5 2091 

#3 1982-1987 42 12424 1988 9 2182 

#4 1982-1987 42 12188 1988 9 2127 

Quadratic Discriminant Analysis; Unregulated Firms 

#3 1980-1985 41 11596 1986 5 1979 

#4 1980-1985 41 11390 1986 5 1931 

#3 1981-1986 41 11629 1987 6 2015 

#4 1981-1986 41 11421 1987 5 1971 

#3 1982-1987 41 11710 1988 8 2057 

#4 1982-1987 40 11499 1988 8 2006 
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Table 44.—continued 

Notes: Each model estimation period in this table actually represents 15 
independent sets of paired trials (where pairs are listed explicitly). For each 
estimation period, an independent set of trials is conducted for each possible 
combination of cost ratio (10, 30, 50, 70, 90) and prior probability of bankruptcy 
(0.001, 0.003, 0.005). 

aSee chapter 3 for a description of missing data methods #3 and #4. 

b In hypothesis 2, report-based sampling designs are applied. So, observations 
are annual reports released by firms not in bankruptcy protection. 
F = bankruptcy observations (annual reports whose release date was followed 
by a Chapter 11 filing within one year), and NF = nonbankruptcy observations 
(any other annual report). 
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Table 45.—Number and Types of Observations by Sampling Frame 
(One Year Prediction Horizon) 

Manufacturing3 Unregulated Industrial 

January 1983-December 1983b 

Report-based frames 
Bankruptcy observations 3 6 6 
Nonbankruptcy observations 1,319 1,893 2,005 

Bankruptcy proportion 0.2% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 3 6 6 
Nonbankruptcy observations 1,276 1,813 1,922 

Bankruptcy proportion 0.2% 0.3% 0.3% 

January 1984-December 1984 

Report-based frames 
Bankruptcy observations 3 6 7 
Nonbankruptcy observations 1,360 1,970 2,094 

Bankruptcy proportion 0.2% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 3 6 7 
Nonbankruptcy observations 1,317 1,889 2,010 

Bankruptcy proportion 0.2% 0.3% 0.3% 

January 1985-December 1985 

Report-based frames 
Bankruptcy observations 6 9 10 
Nonbankruptcy observations 1,344 1,944 2,066 

Bankruptcy proportion 0.4% 0.5% 0.5% 

Firm-based frames 
Bankruptcy observations 6 9 10 
Nonbankruptcy observations 1,305 1,869 1,989 

Bankruptcy proportion 0.5% 0.5% 0.5% 
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Table 45.—continued 

Manufacturing Unregulated Industrial 

January 1986-December 1986 

ReDort-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

2 
1,350 

5 
1,979 

5 
2,102 

Bankruptcy proportion 0.1% 0.3% 0.2% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

2 
1,306 

5 
1,896 

5 
2,017 

Bankruptcy proportion 0.2% 0.3% 0.2% 

January 1987-December 1987 

Report-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

2 
1,357 

6 
2,015 

6 
2,140 

Bankruptcy proportion 0.1% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

2 
1,316 

6 
1,932 

6 
2,054 

Bankruptcy proportion 0.2% 0.3% 0.3% 

January 1988-December 1988 

ReDort-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

5 
1,381 

8 
2,057 

9 
2,182 

Bankruptcy proportion 0.4% 0.4% 0.4% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

5 
1,341 

8 
1,974 

9 
2,096 

Bankruptcy proportion 0.4% 0.4% 0.4% 
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Table 45.—continued 

Manufacturing Unregulated Industrial 

January 1989-December 1989 

Report-based frames 
Bankruptcy observations 3 9 9 
Nonbankruptcy observations 1,364 2,038 2,165 

Bankruptcy proportion 0.2% 0.4% 0.4% 

Firm-based frames 
Bankruptcy observations 3 9 9 
Nonbankruptcy observations 1,324 1,960 2,084 

Bankruptcy proportion 0.2% 0.5% 0.4% 

January 1980-December 1982 

Report-based frames 
Bankruptcy observations 12 20 21 
Nonbankruptcy observations 4,023 5,789 6,113 

Bankruptcy proportion 0.3% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 12 20 21 
Nonbankruptcy observations 1,375 1,979 2,093 

Bankruptcy proportion 0.9% 1.0% 1.0% 

January 1981-December 1983 

Report-based frames 
Bankruptcy observations 13 21 21 
Nonbankruptcy observations 3,986 5,736 6,062 

Bankruptcy proportion 0.3% 0.4% 0.3% 

Firm-based frames 
Bankruptcy observations 13 21 21 
Nonbankruptcy observations 1,370 1,969 2,083 

Bankruptcy proportion 0.9% 1.1% 1.0% 
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Table 45.—continued 

Manufacturing Unregulated Industrial 

January 1982-December 1984 

Report-based frames 
Bankruptcy observations 11 21 22 
Nonbankruptcy observations 4,004 5,772 6,116 

Bankruptcy proportion 0.3% 0.4% 0.4% 

Firm-based frames 
Bankruptcy observations 11 21 22 
Nonbankruptcy observations 1,407 2,031 2,159 

Bankruptcy proportion 0.8% 1.0% 1.0% 

January 1983-December 1985 

ReDort-based frames 
Bankruptcy observations 12 21 23 
Nonbankruptcy observations 4,023 5,807 6,165 

Bankruptcy proportion 0.3% 0.4% 0.4% 

Firm-based frames 
Bankruptcy observations 12 21 23 
Nonbankruptcy observations 1,413 2,037 2,175 

Bankruptcy proportion 0.8% 1.0% 1.0% 

January 1984-December 1986 

Report-based frames 
Bankruptcy observations 11 20 22 
Nonbankruptcy observations 4,054 5,893 6,262 

Bankruptcy proportion 0.3% 0.3% 0.4% 

Firm-based frames 
Bankruptcy observations 11 20 22 
Nonbankruptcy observations 1,415 2,069 2,208 

Bankruptcy proportion 0.8% 1.0% 1.0% 
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Table 45.—continued 

Manufacturing Unregulated Industrial 

January 1985-December 1987 

ReDort-based frames 
Bankruptcy observations 10 20 21 
Nonbankruptcy observations 4,051 5,938 6,308 

Bankruptcy proportion 0.2% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 10 20 21 
Nonbankruptcy observations 1,428 2,096 2,233 

Bankruptcy proportion 0.7% 0.9% 0.9% 

January 1986-December 1988 

Report-based frames 
Bankruptcy observations 9 19 20 
Nonbankruptcy observations 4,088 6,051 6,424 

Bankruptcy proportion 0.2% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 9 19 20 
Nonbankruptcy observations 1,438 2,122 2,259 

Bankruptcy proportion 0.6% 0.9% 0.9% 

January 1980-December 1985 

ReDort-based frames 
Bankruptcy observations 24 41 44 
Nonbankruptcy observations 8,046 11,596 12,278 

Bankruptcy proportion 0.3% 0.4% 0.4% 

Firm-based frames 
Bankruptcy observations 24 41 44 
Nonbankruptcy observations 1,547 2,255 2,404 

Bankruptcy proportion 1.5% 1.8% 1.8% 
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Table 45.—continued 

Manufacturing Unregulated Industrial 

January 1981-December 1986 

ReDort-based frames 
Bankruptcy observations 24 41 43 
Nonbankruptcy observations 8,040 11,629 12,324 

Bankruptcy proportion 0.3% 0.4% 0.3% 

Firm-based frames 
Bankruptcy observations 24 41 43 
Nonbankruptcy observations 1,550 2,286 2,434 

Bankruptcy proportion 1.5% 1.8% 1.7% 

January 1982-December 1987 

Report-based frames 
Bankruptcy observations 21 41 43 
Nonbankruptcy observations 8,055 11,710 12,424 

Bankruptcy proportion 0.3% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 21 41 43 
Nonbankruptcy observations 1,576 2,329 2,485 

Bankruptcy proportion 1.3% 1.7% 1.7% 

January 1983-December 1988 

ReDort-based frames 
Bankruptcy observations 21 40 43 
Nonbankruptcy observations 8,111 11,858 12,589 

Bankruptcy proportion 0.3% 0.3% 0.3% 

Firm-based frames 
Bankruptcy observations 21 40 43 
Nonbankruptcy observations 1,591 2,359 2,517 

Bankruptcy proportion 1.3% 1.7% 1.7% 
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Table 45.—continued 

Notes: See Chapter 3 for a complete discussion of the distinction between 
report-based and firm-based sampling frames. Bankruptcy observations are 
defined somewhat differently for the two types of sampling frames. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

b Month refers to calendar month of the proxy release date for the annual report. 
Time periods in this table are the sampling periods for the tests of hypotheses 3, 
4, and 5. Model estimation periods are the three and six year sampling periods. 
Later trial decision (or, later validation) periods are the one year sampling 
periods. 
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Table 46.—Number arid Types of Observations by Sampling Frame 
(Two Year Prediction Horizon) 

Manufacturing3 Unregulated Industrial 

January 1983-December 1983b 

Report-based frames 
Bankruptcy observations 6 12 13 
Nonbankruptcy observations 1,316 1,887 1,998 

Bankruptcy proportion 0.5% 0.6% 0.6% 

Firm-based frames 
Bankruptcy observations 3 6 7 
Nonbankruptcy observations 1,276 1,813 1,922 

Bankruptcy proportion 0.2% 0.3% 0.4% 

January 1984-December 1984 

Report-based frames 
Bankruptcy observations 9 15 17 
Nonbankruptcy observations 1,354 1,961 2,084 

Bankruptcy proportion 0.7% 0.8% 0.8% 

Firm-based frames 
Bankruptcy observations 6 9 10 
Nonbankruptcy observations 1,317 1,889 2,010 

Bankruptcy proportion 0.5% 0.5% 0.5% 

January 1985-December 1985 

Report-based frames 
Bankruptcy observations 8 14 15 
Nonbankruptcy observations 1,342 1,939 2,061 

Bankruptcy proportion 0.6% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 2 5 5 
Nonbankruptcy observations 1,305 1,869 1,989 

Bankruptcy proportion 0.2% 0.3% 0.3% 
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Table 46.—continued 

Manufacturing Unregulated Industrial 

January 1986-December 1986 

ReDort-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

5 
1,347 

12 
1,972 

12 
2,095 

Bankruptcy proportion 0.4% 0.6% 0.6% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

3 
1,306 

7 
1,896 

7 
2,017 

Bankruptcy proportion 0.2% 0.4% 0.3% 

January 1987-December 1987 

Report-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

6 
1,353 

14 
2,007 

15 
2,131 

Bankruptcy proportion 0.4% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

4 
1,316 

8 
1,932 

9 
2,054 

Bankruptcy proportion 0.3% 0.4% 0.4% 

January 1988-December 1988 

Report-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

8 
1,378 

17 
2,048 

18 
2,173 

Bankruptcy proportion 0.6% 0.8% 0.8% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

3 
1,341 

9 
1,974 

9 
2,096 

Bankruptcy proportion 0.2% 0.5% 0.4% 
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Table 46.—continued 

Manufacturing Unregulated Industrial 

January 1989-December 1989 

Report-based frames 
Bankruptcy observations 15 28 30 
Nonbankruptcy observations 1,352 2,019 2,144 

Bankruptcy proportion 1.1% 1.4% 1.4% 

Firm-based frames 
Bankruptcy observations 12 19 21 
Nonbankruptcy observations 1,324 1,960 2,084 

Bankruptcy proportion 0.9% 1.0% 1.0% 

January 1980-December 1982 

Report-based frames 
Bankruptcy observations 29 45 46 
Nonbankruptcy observations 4,006 5,764 6,088 

Bankruptcy proportion 0.7% 0.8% 0.7% 

Firm-based frames 
Bankruptcy observations 17 25 25 
Nonbankruptcy observations 1,375 1,979 2,093 

Bankruptcy proportion 1.2% 1.2% 1.2% 

January 1981-December 1983 

Report-based frames 
Bankruptcy observations 27 45 56 
Nonbankruptcy observations 3,972 5,712 6,037 

Bankruptcy proportion 0.7% 0.8% 0.8% 

Firm-based frames 
Bankruptcy observations 14 24 25 
Nonbankruptcy observations 1,370 1,969 2,083 

Bankruptcy proportion 1.0% 1.2% 1.2% 
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Table 46.—continued 

Manufacturing Unregulated Industrial 

January 1982-December 1984 

ReDort-based frames 
Bankruptcy observations 23 42 45 
Nonbankruptcy observations 3,992 5,751 6,093 

Bankruptcy proportion 0.6% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 12 21 23 
Nonbankruptcy observations 1,407 2,031 2,159 

Bankruptcy proportion 0.8% 1.0% 1.1% 

January 1983-December 1985 

Reoort-based frames 
Bankruptcy observations 23 41 45 
Nonbankruptcy observations 4,012 5,787 6,143 

Bankruptcy proportion 0.6% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 11 20 22 
Nonbankruptcy observations 1,413 2,037 2,175 

Bankruptcy proportion 0.8% 1.0% 1.0% 

January 1984-December 1986 

Reoort-based frames 
Bankruptcy observations 22 41 44 
Nonbankruptcy observations 4,043 5,872 6,240 

Bankruptcy proportion 0.5% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 11 21 22 
Nonbankruptcy observations 1,415 2,069 2,208 

Bankruptcy proportion 0.8% 1.0% 1.0% 
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Table 46.—continued 

Manufacturing Unregulated Industrial 

January 1985-December 1987 

ReDort-based frames 
Bankruptcy observations 19 40 42 
Nonbankruptcy observations 4,042 5,918 6,287 

Bankruptcy proportion 0.5% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 9 20 21 
Nonbankruptcy observations 1,428 2,096 2,233 

Bankruptcy proportion 0.6% 0.9% 0.9% 

January 1986-December 1988 

Report-based frames 
Bankruptcy observations 19 43 45 
Nonbankruptcy observations 4,078 6,027 6,399 

Bankruptcy proportion 0.5% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 10 24 25 
Nonbankruptcy observations 1,438 2,122 2,259 

Bankruptcy proportion 0.7% 1.1% 1.1% 

January 1980-December 1985 

Report-based frames 
Bankruptcy observations 52 86 91 
Nonbankruptcy observations 8,018 11,551 12,231 

Bankruptcy proportion 0.6% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 28 45 47 
Nonbankruptcy observations 1,547 2,255 2,404 

Bankruptcy proportion 1.8% 2.0% 1.9% 
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Table 46.—continued 

Manufacturing Unregulated Industrial 

January 1981-December 1986 

ReDort-based frames 
Bankruptcy observations 49 86 90 
Nonbankruptcy observations 8,015 11,584 12,277 

Bankruptcy proportion 0.6% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 25 45 47 
Nonbankruptcy observations 1,550 2,286 2,434 

Bankruptcy proportion 1.6% 1.9% 1.9% 

January 1982-December 1987 

Report-based frames 
Bankruptcy observations 42 82 87 
Nonbankruptcy observations 8,034 11,669 12,380 

Bankruptcy proportion 0.5% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 21 41 44 
Nonbankruptcy observations 1,576 2,329 2,485 

Bankruptcy proportion 1.3% 1.7% 1.7% 

January 1983-December 1988 

Report-based frames 
Bankruptcy observations 42 84 90 
Nonbankruptcy observations 8,090 11,814 12,542 

Bankruptcy proportion 0.5% 0.7% 0.7% 

Firm-based frames 
Bankruptcy observations 21 44 47 
Nonbankruptcy observations 1,591 2,359 2,517 

Bankruptcy proportion 1.3% 1.8% 1.8% 
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Table 46.—continued 

Notes: See Chapter 3 for a complete discussion of the distinction between 
report-based and firm-based sampling frames. Bankruptcy observations are 
defined somewhat differently for the two types of sampling frames. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

b Month refers to calendar month of the proxy release date for the annual report. 
Time periods in this table are the sampling periods for the tests of hypotheses 3, 
4, and 5. Model estimation periods are the three and six year sampling periods. 
Later trial decision (or, later validation) periods are the one year sampling 
periods. 
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Table 47.—Number and Types of Observations by Sampling Frame 
(Three Year Prediction Horizon) 

Manufacturing3 Unregulated Industrial 

January 1983-December 1983b 

Report-based frames 
Bankruptcy observations 12 21 23 
Nonbankruptcy observations 1,310 1,878 1,988 

Bankruptcy proportion 0.9% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 6 9 10 
Nonbankruptcy observations 1,276 1,813 1,922 

Bankruptcy proportion 0.5% 0.5% 0.5% 

January 1984-December 1984 

ReDort-based frames 
Bankruptcy observations 11 20 22 
Nonbankruptcy observations 1,352 1,956 2,079 

Bankruptcy proportion 0.8% 1.0% 1.0% 

Firm-based frames 
Bankruptcy observations 2 5 5 
Nonbankruptcy observations 1,317 1,889 2,010 

Bankruptcy proportion 0.2% 0.3% 0.2% 

January 1985-December 1985 

Report-based frames 
Bankruptcy observations 11 20 21 
Nonbankruptcy observations 1,339 1,933 2,055 

Bankruptcy proportion 0.8% 1.0% 1.0% 

Firm-based frames 
Bankruptcy observations 3 6 6 
Nonbankruptcy observations 1,305 1,869 1,989 

Bankruptcy proportion 0.2% 0.3% 0.3% 
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Table 47.—continued 

Manufacturing Unregulated Industrial 

January 1986-December 1986 

ReDort-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

9 
1,343 

19 
1,965 

19 
2,088 

Bankruptcy proportion 0.7% 1.0% 0.9% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

4 
1,306 

7 
1,896 

7 
2,017 

Bankruptcy proportion 0.3% 0.4% 0.3% 

January 1987-December 1987 

Report-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

9 
1,350 

23 
1,998 

24 
2,122 

Bankruptcy proportion 0.7% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

3 
1,316 

9 
1,932 

9 
2,054 

Bankruptcy proportion 0.2% 0.5% 0.4% 

January 1988-December 1988 

Report-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

19 
1,367 

35 
2,030 

38 
2,153 

Bankruptcy proportion 1.4% 1.7% 1.7% 

Firm-based frames 
Bankruptcy observations 
Nonbankruptcy observations 

11 
1,341 

18 
1,974 

20 
2,096 

Bankruptcy proportion 0.8% 0.9% 0.9% 
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Table 47.—continued 

Manufacturing Unregulated Industrial 

January 1989-December 1989 

ReDort-based frames 
Bankruptcy observations 29 56 59 
Nonbankruptcy observations 1,338 1,991 2,115 

Bankruptcy proportion 2.1% 2.7% 2.7% 

Firm-based frames 
Bankruptcy observations 14 28 29 
Nonbankruptcy observations 1,324 1,960 2,084 

Bankruptcy proportion 1.0% 1.4% 1.4% 

January 1980-December 1982 

Report-based frames 
Bankruptcy observations 44 70 72 
Nonbankruptcy observations 3,991 5,739 6,062 

Bankruptcy proportion 1.1% 1.2% 1.2% 

Firm-based frames 
Bankruptcy observations 15 25 26 
Nonbankruptcy observations 1,375 1,979 2,093 

Bankruptcy proportion 1.1% 1.2% 1.2% 

January 1981-December 1983 

Report-based frames 
Bankruptcy observations 39 66 69 
Nonbankruptcy observations 3,960 5,691 6,014 

Bankruptcy proportion 1.0% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 12 21 23 
Nonbankruptcy observations 1,370 1,969 2,083 

Bankruptcy proportion 0.9% 1.1% 1.1% 
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Table 47.—continued 

Manufacturing Unregulated Industrial 

January 1982-December 1984 

Report-based frames 
Bankruptcy observations 34 62 67 
Nonbankruptcy observations 3,981 5,731 6,071 

Bankruptcy proportion 0.8% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 11 20 22 
Nonbankruptcy observations 1,407 2,031 2,159 

Bankruptcy proportion 0.8% 1.0% 1.0% 

January 1983-December 1985 

ReDort-based frames 
Bankruptcy observations 34 61 66 
Nonbankruptcy observations 4,001 5,767 6,122 

Bankruptcy proportion 0.8% 1.0% 1.1% 

Firm-based frames 
Bankruptcy observations 11 20 21 
Nonbankruptcy observations 1,413 2,037 2,175 

Bankruptcy proportion 0.8% 1.0% 1.0% 

January 1984-December 1986 

Report-based frames 
Bankruptcy observations 31 59 62 
Nonbankruptcy observations 4,034 5,854 6,222 

Bankruptcy proportion 0.8% 1.0% 1.0% 

Firm-based frames 
Bankruptcy observations 9 18 18 
Nonbankruptcy observations 1,415 2,069 2,208 

Bankruptcy proportion 0.6% 0.9% 0.8% 
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Table 47.—continued 

Manufacturing Unregulated Industrial 

January 1985-December 1987 

Report-based frames 
Bankruptcy observations 29 62 64 
Nonbankruptcy observations 4,032 5,896 6,265 

Bankruptcy proportion 0.7% 1.0% 1.0% 

Firm-based frames 
Bankruptcy observations 10 22 22 
Nonbankruptcy observations 1,428 2,096 2,233 

Bankruptcy proportion 0.7% 1.0% 1.0% 

January 1986-December 1988 

Report-based frames 
Bankruptcy observations 37 77 81 
Nonbankruptcy observations 4,060 5,993 6,363 

Bankruptcy proportion 0.9% 1.3% 1.3% 

Firm-based frames 
Bankruptcy observations 18 34 36 
Nonbankruptcy observations 1,438 2,122 2,259 

Bankruptcy proportion 1.2% 1.6% 1.6% 

January 1980-December 1985 

Report-based frames 
Bankruptcy observations 78 131 138 
Nonbankruptcy observations 7,992 11,506 12,184 

Bankruptcy proportion 1.0% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 26 45 47 
Nonbankruptcy observations 1,547 2,255 2,404 

Bankruptcy proportion 1.7% 2.0% 1.9% 



419 

Table 47.—continued 

Manufacturing Unregulated Industrial 

January 1981-December 1986 

Report-based frames 
Bankruptcy observations 70 125 131 
Nonbankruptcy observations 7,994 11,545 12,236 

Bankruptcy proportion 0.9% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 21 39 41 
Nonbankruptcy observations 1,550 2,286 2,434 

Bankruptcy proportion 1.3% 1.7% 1.7% 

January 1982-December 1987 

Report-based frames 
Bankruptcy observations 63 124 131 
Nonbankruptcy observations 8,013 11,627 12,336 

Bankruptcy proportion 0.8% 1.1% 1.1% 

Firm-based frames 
Bankruptcy observations 21 42 44 
Nonbankruptcy observations 1,576 2,329 2,485 

Bankruptcy proportion 1.3% 1.8% 1.7% 

January 1983-December 1988 

Report-based frames 
Bankruptcy observations 71 138 147 
Nonbankruptcy observations 8,061 11,760 12,485 

Bankruptcy proportion 0.9% 1.2% 1.2% 

Firm-based frames 
Bankruptcy observations 29 54 57 
Nonbankruptcy observations 1,591 2,359 2,517 

Bankruptcy proportion 1.8% 2.2% 2.2% 
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Table 47.—continued 

Notes: See Chapter 3 for a complete discussion of the distinction between 
report-based and firm-based sampling frames. Bankruptcy observations are 
defined somewhat differently for the two types of sampling frames. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

b Month refers to calendar month of the proxy release date for the annual report. 
Time periods in this table are the sampling periods for the tests of hypotheses 3, 
4, and 5. Model estimation periods are the three and six year sampling periods. 
Later trial decision (or, later validation) periods are the one year sampling 
periods. 
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Table 48.—Number of Reports Per Nonbankrupt Firm in Firm-based Sampling 
Frames (Industrial Firms; One Year Prediction Horizon) 

Number of Reports Per Firm 
Sampling Period 1 2 3 4 5 6 7 

Jan. 1983-Dec. 1983 1921 1 0 0 0 0 0 

Jan. 1984-Dec. 1984 2010 0 0 0 0 0 0 

Jan. 1985-Dec. 1985 1989 0 0 0 0 0 0 

Jan. 1986-Dec. 1986 2015 2 0 0 0 0 0 

Jan. 1987-Dec. 1987 2051 3 0 0 0 0 0 

Jan. 1988-Dec. 1988 2096 0 0 0 0 0 0 

Jan. 1989-Dec. 1989 2084 0 0 0 0 0 0 

Jan. 1980-Dec. 1982 143 168 1778 4 0 0 0 

Jan. 1981-Dec. 1983 150 154 1776 3 0 0 0 

Jan. 1982-Dec. 1984 230 155 1773 1 0 0 0 

Jan. 1983-Dec. 1985 174 255 1746 0 0 0 0 

Jan. 1984-Dec. 1986 213 182 1811 2 0 0 0 

Jan. 1985-Dec. 1987 217 205 1806 5 0 0 0 

Jan. 1986-Dec. 1988 196 217 1842 4 0 0 0 

Jan. 1980-Dec. 1985 180 229 134 137 184 1537 3 

Jan. 1981-Dec. 1986 199 167 222 151 160 1532 3 

Jan. 1982-Dec. 1987 221 183 179 224 163 1512 3 

Jan. 1983-Dec. 1988 194 231 184 173 220 1511 4 

Notes: The firm-based frames represented here correspond to those in table 
45. Bankrupt firms are not included above; by design, each has exactly one 
annual report when included in a firm-based sampling frame. 



422 

Table 49.—Characteristics of the Sets of Trials in Hypotheses 3, 4, 5, arid 6 

Discriminant 
Analysis 

Industry 
Category3 

Model Estimation 
Periodb 

Later Validation 
Period 

Linear Industrial 

Unregulated 

Manufacturing 

1980-
1981-
1982-
1983-
1984-
1985-
1986-

•1982 
•1983 
•1984 
•1985 
•1986 
1987 
1988 

1980-1985 
1981-1986 
1982-1987 
1983-1988 

1980-
1981-
1982-
1983-
1984-
1985-
1986-

•1982 
•1983 
•1984 
1985 
1986 
1987 
1988 

1980-1985 
1981-1986 
1982-1987 
1983-1988 

1980-1985 
1981-1986 
1982-1987 
1983-1988 

1983 
1984 
1985 
1986 
1987 
1988 
1989 

1986 
1987 
1988 
1989 

1983 
1984 
1985 
1986 
1987 
1988 
1989 

1986 
1987 
1988 
1989 

1986 
1987 
1988 
1989 
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Table 49.—continued 

Discriminant Industry Model Estimation Later Validation 
Analysis Category Period Period 

Quadratic Industrial 1980-1985 1986 
1981-1986 1987 
1982-1987 1988 
1983-1988 1989 

Unregulated 1980-1985 1986 
1981-1986 1987 
1982-1987 1988 
1983-1988 1989 

Notes: For hypotheses 3, 4, and 5, each model estimation period in this table 
actually represents 15 independent sets of paired trials (where one trial is on a 
firm-based sampling frame and the other trial is on a report-based sampling 
frame). For each estimation period, an independent set of trials is conducted for 
each possible combination of cost ratio (10, 30, 50, 70, 90) and prior probability 
of bankruptcy (see table 7). For hypothesis 6, each model estimation period in 
this table also represents 15 independent sets of trials. However, since 
hypothesis 6 concerns comparisons between discriminant and no-data Bayes 
rules, one trial in each pair need not be simulated. Specifically, expected loss 
for the no-data Bayes rule in each comparison can be analytically determined. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

Year refers to calendar year of the proxy release date for the annual report. 
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Table 50.—Characteristics of the Sets of Trials in Hypotheses 7 and 8 

Discriminant 
Analysis 

Industry 
Category9 

Model Estimation 
Periodb 

Later Validation 
Period 

Linear Industrial 1980-
1981-
1982-
1983-
1984-
1985-
1986-

-1982 
-1983 
-1984 
-1985 
-1986 
-1987 
-1988 

1980-1985 
1981-1986 
1982-1987 
1983-1988 

1983 
1984 
1985 
1986 
1987 
1988 
1989 

1986 
1987 
1988 
1989 

Unregulated 

Manufacturing 

1980-
1981-
1982-
1983-
1984-
1985-
1986-

•1982 
1983 
1984 
1985 
1986 
1987 
1988 

1980-1985 
1981-1986 
1982-1987 
1983-1988 

1980-
1981-
1982-
1983-
1984-
1985-
1986-

•1982 
•1983 
•1984 
•1985 
1986 
•1987 
1988 

1983 
1984 
1985 
1986 
1987 
1988 
1989 

1986 
1987 
1988 
1989 

1983 
1984 
1985 
1986 
1987 
1988 
1989 
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Table 50.—continued 

Discriminant Industry Model Estimation Later Validation 
Analysis Category Period Period 

Linear Manufacturing 1980-1985 1986 
1981-1986 1987 
1982-1987 1988 
1983-1988 1989 

Quadratic Industrial 1980-1985 1986 
1981-1986 1987 
1982-1987 1988 
1983-1988 1989 

Unregulated 1980-1985 1986 
1981-1986 1987 
1982-1987 1988 
1983-1988 1989 

Unregulated 1980-1985 1986 
1981-1986 1987 
1982-1987 1988 
1983-1988 1989 

Notes: Each model estimation period in this table actually represents 15 
independent sets of trials report-based sampling frames. For each estimation 
period, an independent set of trials is conducted for each possible combination 
of cost ratio (10, 30, 50, 70, 90) and prior probability of bankruptcy (see table 7). 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

b Year refers to calendar year of the proxy release date for the annual report. 
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Table 51.—Number and Types of Observations by Sampling Frame 
(Three-state Model) 

Manufacturing3 Unregulated Industrial 

January 1983-December 1983b 

Bankruptcy in first year 3 6 6 
0.23% 0.32% 0.30% 

Bankruptcy in second year 3 6 7 
0.23% 0.32% 0.35% 

Nonbankruptcy 1,316 1,887 1,998 

January 1984-December 1984 

Bankruptcy in first year 3 6 7 
0.22% 0.30% 0.33% 

Bankruptcy in second year 6 9 10 
0.44% 0.46% 0.48% 

Nonbankruptcy 1,354 1,961 2,084 

January 1985-December 1985 

Bankruptcy in first year 6 9 10 
0.44% 0.46% 0.48% 

Bankruptcy in second year 2 5 5 
0.15% 0.26% 0.24% 

Nonbankruptcy observations 1,342 1,939 2,061 

January 1986-December 1986 

Bankruptcy in first year 2 5 5 
0.15% 0.25% 0.24% 

Bankruptcy in second year 3 7 7 
0.22% 0.35% 0.33% 

Nonbankruptcy observations 1,347 1,972 2,095 
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Table 51.—continued 

Manufacturing Unregulated Industrial 

January 1987-December 1987 

Bankruptcy in first year 2 6 6 
0.15% 0.30% 0.28% 

Bankruptcy in second year 4 8 9 
0.29% 0.40% 0.42% 

Nonbankruptcy observations 1,353 2,007 2,131 

January 1988-December 1988 

Bankruptcy in first year 5 8 9 
0.36% 0.39% 0.41% 

Bankruptcy in second year 3 9 9 
0.22% 0.44% 0.41% 

Nonbankruptcy observations 1,378 2,048 2,173 

January 1989-December 1989 

Bankruptcy in first year 3 9 9 
0.22% 0.44% 0.41% 

Bankruptcy in second year 12 19 21 
0.88% 0.93% 0.97% 

Nonbankruptcy observations 1,352 2,019 2,144 

January 1980-December 1982 

Bankruptcy in first year 12 20 21 
0.30% 0.34% 0.34% 

Bankruptcy in second year 17 25 25 
0.42% 0.43% 0.43% 

Nonbankruptcy observations 4,006 5,764 6,088 
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Table 51.—continued 

Manufacturing Unregulated Industrial 

January 1981-December 1983 

Bankruptcy in first year 13 21 21 
0.33% 0.36% 0.34% 

Bankruptcy in second year 14 24 35 
0.35% 0.42% 0.57% 

Nonbankruptcy observations 3,972 5,712 6,037 

January 1982-December 1984 

Bankruptcy in first year 11 21 22 
0.27% 0.36% 0.36% 

Bankruptcy in second year 12 21 23 
0.30% 0.36% 0.37% 

Nonbankruptcy observations 3,992 5,751 6,093 

January 1983-December 1985 

Bankruptcy in first year 12 21 23 
0.30% 0.36% 0.37% 

Bankruptcy in second year 11 20 22 
0.27% 0.34% 0.36% 

Nonbankruptcy observations 4,012 5,787 6,143 

January 1984-December 1986 

Bankruptcy in first year 11 20 22 
0.27% 0.34% 0.35% 

Bankruptcy in second year 11 21 22 
0.27% 0.36% 0.35% 

Nonbankruptcy observations 4,043 5,872 6,240 
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Table 51.—continued 

Manufacturing Unregulated Industrial 

January 1985-December 1987 

Bankruptcy in first year 10 20 21 
0.25% 0.34% 0.33% 

Bankruptcy in second year 9 20 21 
0.22% 0.34% 0.33% 

Nonbankruptcy observations 4,042 5,918 6,287 

January 1986-December 1988 

Bankruptcy in first year 9 19 20 
0.22% 0.31% 0.31% 

Bankruptcy in second year 10 24 25 
0.24% 0.40% 0.41% 

Nonbankruptcy observations 4,078 6,027 6,399 

January 1980-December 1985 

Bankruptcy in first year 24 41 44 
0.30% 0.35% 0.36% 

Bankruptcy in second year 28 45 47 
0.35% 0.39% 0.38% 

Nonbankruptcy observations 8,018 11,551 12,231 

January 1981-December 1986 

Bankruptcy in first year 24 41 43 
0.30% 0.35% 0.35% 

Bankruptcy in second year 25 45 47 
0.31% 0.39% 0.38% 

Nonbankruptcy observations 8,015 11,584 12,277 
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Table 51.—continued 

Manufacturing Unregulated Industrial 

January 1982-December 1987 

Bankruptcy in first year 21 41 43 
0.26% 0.35% 0.34% 

Bankruptcy in second year 21 41 44 
0.26% 0.35% 0.35% 

Nonbankruptcy observations 8,034 11,669 12,380 

January 1983-December 1988 

Bankruptcy in first year 21 40 43 
0.26% 0.34% 0.34% 

Bankruptcy in second year 21 44 47 
0.26% 0.37% 0.37% 

Nonbankruptcy observations 8,090 11,814 12,542 

Notes: Sampling frames in this table are report-based. The three future states 
are the following: 01 = the firm declares bankruptcy sometime during the next 

year; 02 = the firm declares bankruptcy sometime during the second year from 

today (having not declared bankruptcy during the first year); 03 = the firm does 

not declare bankruptcy during the next two years. 

a Manufacturing firms are a subset of unregulated industrial firms, which in turn 
are a subset of all industrial firms. For a complete description of the industry 
categories, see Chapter 3: Research Design. 

b Month refers to calendar month of the proxy release date for the annual report. 
Time periods in this table are the sampling periods for the tests of hypothesis 9. 
Model estimation periods are the three year and six year sampling periods. 
Later trial decision (or, later validation) periods are the one year sampling 
periods. 
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Table 52.—Scale and Location Statistics for Predictor Variables 
(Two year prediction horizon) 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation3 

1. sqrt{ (C/CL) • lndx[C/CL]} 

1980-82 46 0.26b 0.14b 6,088 0.57b 0.53b 0.59b 

1981-83 46 0.29 0.15 6,037 0.62 0.59 0.56 
1982-84 45 0.37 0.25 6,093 0.68 0.77 0.40 
1983-85 45 0.42 0.28 6,143 0.70 0.74 0.38 
1984-86 44 0.44 0.28 6,240 0.71 0.75 0.36 
1985-87 42 0.41 0.37 6,287 0.71 0.65 0.46 
1986-88 45 0.37 0.39 6,399 0.71 0.66 0.52 

2. sqrt{ (C/S) • lndx[C/S]} 

1980-82 46 0.13 0.093 6,088 0.24 0.29 0.38 
1981-83 46 0.14 0.067 6,037 0.27 0.35 0.37 
1982-84 45 0.18 0.14 6,093 0.30 0.42 0.28 
1983-85 45 0.22 0.16 6,143 0.31 0.44 0.20 
1984-86 44 0.24 0.16 6,240 0.33 0.47 0.19 
1985-87 42 0.29 0.43 6,287 0.33 0.50 0.080 
1986-88 45 0.25 0.42 6,399 0.34 0.49 0.18 

3. C/TA 

1980-82 46 0.030 0.028 6,088 0.091 0.11 0.57 
1981-83 46 0.033 0.030 6,037 0.10 0.12 0.57 
1982-84 45 0.047 0.52 6,093 0.11 0.13 0.51 
1983-85 45 0.056 0.058 6,143 0.12 0.14 0.46 
1984-86 44 0.057 0.056 6,240 0.13 0.15 0.49 
1985-87 42 0.065 0.12 6,287 0.13 0.15 0.43 
1986-88 45 0.056 0.11 6,399 0.13 0.15 0.49 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

4. log{ CA/CL} 

1980-82 46 0.32 0.52 6,088 0.76 0.54 0.82 
1981-83 46 0.41 0.43 6,037 0.79 0.58 0.66 
1982-84 45 0.47 0.42 6,093 0.80 0.63 0.54 
1983-85 45 0.38 0.43 6,143 0.80 0.65 0.65 
1984-86 44 0.18 0.76 6,240 0.79 0.68 0.90 
1985-87 42 -0.12 1.2 6,287 0.78 0.69 1.3 
1986-88 45 -0.070 1.2 6,399 0.77 0.70 1.2 

5. log{ CA/S} 

1980-82 46 -1.1 0.48 6,088 -0.98 0.59 0.12 
1981-83 46 -0.98 0.55 6,037 -0.94 0.63 0.069 
1982-84 45 -0.94 0.65 6,093 -0.90 0.67 0.062 
1983-85 45 -0.92 0.65 6,143 -0.88 0.68 0.059 
1984-86 44 -0.98 0.58 6,240 -0.86 0.71 0.17 
1985-87 42 -1.0 1.1 6,287 -0.85 0.73 0.21 
1986-88 45 -1.1 1.0 6,399 -0.83 0.74 0.36 

6. no-credit interval 

1980-82 46 -0.15 0.18 6,088 0.095 1.5 0.16 
1981-83 46 -0.14 0.19 6,037 0.098 1.2 0.20 
1982-84 45 -0.072 0.26 6,093 0.13 1.8 0.11 
1983-85 45 -0.15 0.60 6,143 0.13 6.9 0.041 
1984-86 44 0.52 4.8 6,240 0.15 6.9 0.054 
1985-87 42 0.50 5.0 6,287 0.15 6.8 0.051 
1986-88 45 0.44 4.9 6,399 0.19 3.1 0.081 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

7. QA/TA 

1980-82 46 0.23 0.10 6,088 0.31 0.15 0.53 
1981-83 46 0.23 0.11 6,037 0.31 0.16 0.50 
1982-84 45 0.24 0.12 6,093 0.32 0.17 0.47 
1983-85 45 0.22 0.11 6,143 0.32 0.17 0.59 
1984-86 44 0.20 0.093 6,240 0.32 0.18 0.67 
1985-87 42 0.20 0.14 6,287 0.32 0.18 0.67 
1986-88 45 0.22 0.16 6,399 0.32 0.18 0.56 

8. S/TA 

1980-82 46 1.7 0.74 6,088 1.6 0.96 0.095 
1981-83 46 1.6 0.70 6,037 1.5 0.95 0.083 
1982-84 45 1.4 0.73 6,093 1.5 0.94 0.062 
1983-85 45 1.2 0.74 6,143 1.4 0.92 0.22 
1984-86 44 1.1 0.76 6,240 1.4 0.89 0.34 
1985-87 42 1.1 0.76 6,287 1.4 0.85 0.38 
1986-88 45 1.3 1.0 6,399 1.3 0.83 0.014 

9. WC/TA 

1980-82 46 0.14 0.22 6,088 0.30 0.19 0.84 
1981-83 46 0.16 0.20 6,037 0.30 0.20 0.70 
1982-84 4 0.19 0.17 6,093 0.30 0.22 0.50 
1983-85 45 0.14 0.19 6,143 0.30 0.22 0.73 
1984-86 44 0.052 0.32 6,240 0.30 0.23 1.1 
1985-87 42 -0.013 0.35 6,287 0.29 0.23 1.3 
1986-88 45 0.017 0.36 6,399 0.29 0.23 1.2 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

10. NI/FA 

1980-82 46 -0.53 0.99 6,088 0.40 6.6 0.14 
1981-83 46 -0.47 0.90 6,037 0.25 1.1 0.64 
1982-84 45 -0.20 0.74 6,093 0.23 2.4 0.18 
1983-85 45 -0.40 1.4 6,143 0.22 2.4 0.26 
1984-86 44 -0.37 1.3 6,240 9.9 770. 0.013 
1985-87 42 -0.68 1.6 6,287 24. 1,400. 0.018 
1986-88 45 -0.52 1.1 6,399 140. 6,600. 0.021 

11. . Nl/S 

1980-82 46 -0.10 0.30 6,088 -0.0047 2.8 0.036 
1981-83 46 -0.060 0.10 6,037 -0.027 2.8 0.012 
1982-84 45 -0.033 0.089 6,093 -0.029 2.1 0.0018 
1983-85 45 -0.073 0.17 6,143 -0.047 2.5 0.011 
1984-86 44 -0.11 0.36 6,240 -0.064 2.5 0.020 
1985-87 42 -0.46 1.5 6,287 -0.056 2.1 0.19 
1986-88 45 -0.39 1.5 6,399 -0.084 2.8 0.11 

12. NI/TA 

1980-82 46 -0.11 0.19 6,088 0.063 0.12 1.4 
1981-83 46 -0.094 0.17 6,037 0.052 0.10 1.5 
1982-84 45 -0.048 0.11 6,093 0.046 0.11 0.85 
1983-85 45 -0.084 0.19 6,143 0.042 0.11 1.1 
1984-86 44 -0.092 0.23 6,240 0.037 0.14 0.92 
1985-87 42 -0.17 0.35 6,287 0.030 0.15 1.4 
1986-88 45 -0.15 0.34 6,399 0.028 0.16 1.1 
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Table 52.—continued 

Sampling Bankruptcy Population 
Period No. Mean St. Dev. 

Nonbankruptcy Population 
No. Mean St. Dev. Separation 

13. NOI/S 

1980--82 46 -0.0065 0.084 6,088 0.042 1.9 0.025 
1981--83 46 -0.018 0.080 6,037 0.017 2.0 0.018 
1982--84 45 0.00041 0.093 6,093 0.013 1.3 0.0097 
1983--85 45 0.0021 0.11 6,143 -0.0099 1.7 0.0071 
1984--86 44 -0.024 0.21 6,240 -0.038 1.9 0.0074 
1985--87 42 -0.25 1.3 6,287 -0.056 2.0 0.097 
1986--88 45 -0.26 1.3 6,399 -0.079 3.2 0.057 

14. NOI/TA 

1980--82 46 -0.019 0.11 6,088 0.12 0.11 1.26 
1981--83 46 -0.027 0.12 6,037 0.11 0.11 1.2 
1982--84 45 -0.0073 0.096 6,093 0.097 0.11 0.92 
1983--85 45 -0.010 0.12 6,143 0.092 0.12 0.85 
1984--86 44 -0.019 0.14 6,240 0.088 0.14 0.76 
1985--87 42 -0.056 0.18 6,287 0.081 0.15 0.91 
1986--88 45 -0.083 0.21 6,399 0.078 0.16 1.0 

15. CF/TL 

1980--82 46 -0.061 0.20 6,088 0.29 1.1 0.32 
1981--83 46 -0.042 0.18 6,037 0.27 1.1 0.28 
1982--84 45 0.14 0.17 6,093 0.26 1.1 0.11 
1983--85 45 -0.018 0.21 6,143 0.24 0.52 0.50 
1984--86 44 -0.0078 0.28 6,240 0.22 0.61 0.37 
1985--87 42 -0.18 0.87 6,287 0.20 0.64 0.59 
1986--88 45 -0.15 0.84 6,399 0.20 0.62 0.56 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

16. SE/TL 

1980-82 46 0.40 0.31 6,088 1.7 16. 0.081 
1981-83 46 0.42 0.30 6,037 1.7 16. 0.080 
1982-84 45 0.54 0.40 6,093 1.8 16. 0.079 
1983-85 45 0.48 0.42 6,143 1.7 3.3 0.37 
1984-86 44 0.45 0.44 6,240 1.7 4.2 0.30 
1985-87 42 0.45 0.90 6,287 1.7 4.6 0.27 
1986-88 45 0.45 0.89 6,399 1.7 4.4 0.28 

17. CF/NW 

1980-82 46 0.57 3.2 6,088 0.15 1.9 0.22 
1981-83 46 0.43 3.1 6,037 0.16 1.3 0.21 
1982-84 45 -0.13 0.57 6,093 0.15 1.2 0.23 
1983-85 45 -0.39 2.8 6,143 0.10 3.5 0.14 
1984-86 44 -0.14 3.1 6,240 0.094 3.3 0.071 
1985-87 42 -0.092 3.6 6,287 0.068 3.8 0.042 
1986-88 45 0.14 2.2 6,399 0.11 2.0 0.012 

18. CL/NW 

1980-82 46 -0.067 5.4 6,088 0.77 12. 0.070 
1981-83 46 0.77 4.5 6,037 0.56 4.6 0.046 
1982-84 45 1.4 1.6 6,093 0.53 4.1 0.21 
1983-85 45 1.6 3.2 6,143 0.72 11. 0.080 
1984-86 44 0.55 4.2 6,240 0.77 11. 0.020 
1985-87 42 1.1 5.1 6,287 0.80 11. 0.027 
1986-88 45 0.76 4.1 6,399 0.66 3.8 0.027 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

19. NI/SE 

1980-82 46 -0.10 3.2 6,088 0.12 2.4 0.092 
1981-83 46 -0.35 3.0 6,037 0.11 2.3 0.20 
1982-84 45 -0.45 1.3 6,093 0.056 2.3 0.22 
1983-85 45 -0.74 3.5 6,143 -0.022 4.9 0.21 
1984-86 44 -0.44 3.7 6,240 -0.016 4.6 0.092 
1985-87 42 -0.0095 4.0 6,287 -0.035 4.5 0.0056 
1986-88 45 0.64 2.9 6,399 0.095 4.2 0.13 

20. S/SE 

1980-82 46 4.8 10. 6,088 3.9 18. 0.050 
1981-83 46 5.9 9.4 6,037 3.6 12. 0.19 
1982-84 45 7.4 12. 6,093 3.6 12. 0.32 
1983-85 45 6.7 12. 6,143 3.8 38. 0.076 
1984-86 44 5.6 13. 6,240 3.7 38. 0.050 
1985-87 42 3.8 6.5 6,287 3.9 38. 0.0009 
1986-88 45 0.88 21. 6,399 3.3 21. 0.12 

21. CL/TA 

1980-82 46 0.44 0.23 6,088 0.27 0.13 1.3 
1981-83 46 0.43 0.24 6,037 0.26 0.13 1.3 
1982-84 45 0.36 0.21 6,093 0.25 0.14 0.79 
1983-85 45 0.34 0.24 6,143 0.25 0.14 0.64 
1984-86 44 0.36 0.28 6,240 0.26 0.14 0.71 
1985-87 42 0.42 0.30 6,287 0.26 0.14 1.1 
1986-88 45 0.42 0.27 6,399 0.26 0.14 1.1 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

22. sqrt{ DIV/TL} 

1980-82 46 0.049 0.61 6,088 0.17 0.15 0.81 
1981-83 46 0.054 0.69 6,088 0.17 0.15 0.77 
1982-84 45 0.056 0.80 6,093 0.16 0.16 0.65 
1983-85 45 0.055 0.079 6,143 0.15 0.15 0.63 
1984-86 44 0.061 0.079 6,240 0.14 0.15 0.53 
1985-87 42 0.051 0.068 6,287 0.13 0.15 0.53 
1986-88 45 0.048 0.069 6,399 0.13 0.16 0.49 

CO
 

CVJ LTD/TA 

1980-82 46 0.26 0.16 6,088 0.19 0.14 0.50 
1981-83 46 0.26 0.17 6,037 0.19 0.15 0.47 
1982-84 45 0.27 0.18 6,093 0.18 0.15 0.60 
1983-85 45 0.32 0.20 6,143 0.18 0.16 0.88 
1984-86 44 0.32 0.20 6,240 0.18 0.17 0.82 
1985-87 42 0.29 0.25 6,287 0.19 0.18 0.56 
1986-88 45 0.34 0.46 6,399 0.20 0.18 0.78 

25. TL/TA 

1980-82 46 0.76 0.20 6,088 0.50 0.17 1.5 
1981-83 46 0.74 0.18 6,037 0.50 0.18 1.3 
1982-84 45 0.68 0.14 6,093 0.49 0.20 0.95 
1983-85 45 0.72 0.18 6,143 0.49 0.21 1.1 
1984-86 44 0.75 0.21 6,240 0.50 0.22 1.1 
1985-87 42 0.80 0.25 6,287 0.51 0.22 1.3 
1986-88 45 0.84 0.48 6,399 0.52 0.23 1.4 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

28. INV/WC 

1980-82 46 7.6 44. 6,088 1.0 9.9 0.67 
1981-83 46 -9.6 69. 6,037 1.2 14. 0.77 
1982-84 45 -10. 70. 6,093 1.3 14. 0.81 
1983-85 45 -11. 70. 6,143 1.0 19. 0.63 
1984-86 44 1.7 3.3 6,240 0.83 17. 0.051 
1985-87 42 0.79 4.9 6,287 0.82 17. 0.0022 
1986-88 45 0.63 5.2 6,399 0.93 8.5 0.035 

29. LTD/WC 

1980-82 46 0.73 28. 6,088 0.50 45. 0.0051 
1981-83 46 -5.6 39. 6,037 1.5 81. 0.088 
1982-84 45 -4.3 45. 6,093 1.9 90. 0.069 
1983-85 45 1.7 42. 6,143 3.4 207. 0.0082 
1984-86 44 8.5 27. 6,240 2.5 190. 0.032 
1985-87 42 6.5 19. 6,287 3.2 190. 0.017 
1986-88 45 1.6 25. 6,399 7.8 380. 0.016 

30. S/WC 

1980-82 46 72. 530. 6,088 14. 380. 0.15 
1981-83 46 -59. 410. 6,037 15. 410. 0.18 
1982-84 45 -66. 420. 6,093 16. 410. 0.20 
1983-85 45 -55. 410. 6,143 11. 220. 0.30 
1984-86 44 13. 92. 6,240 8.4 160. 0.028 
1985-87 42 11. 63. 6,287 8.7 170. 0.014 
1986-88 45 5.7 66. 6,399 18. 610. 0.020 
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Table 52.—continued 

Sampling Bankruptcy Population Nonbankruptcy Population 
Period No. Mean St. Dev. No. Mean St. Dev. Separation 

31. LTL/CA 

1980-82 46 0.86 1.5 6,088 0.78 4.2 0.019 
1981-83 46 0.66 0.56 6,037 0.84 4.5 0.040 
1982-84 45 0.98 1.3 6,093 0.88 4.3 0.023 
1983-85 45 1.4 1.7 6,143 0.91 3.9 0.13 
1984-86 44 1.6 1.7 6,240 1.0 5.8 0.10 
1985-87 42 24. 140. 6,287 1.1 7.1 3.2 
1986-88 45 23. 140. 6,399 1.2 9.1 2.4 

32. log{ TA} 

1980-82 46 4.6 1.5 6,088 4.8 1.8 0.14 
1981-83 46 4.5 1.5 6,037 4.9 1.8 0.19 
1982-84 45 4.7 1.6 6,093 4.9 1.8 0.11 
1983-85 45 5.1 1.8 6,143 4.9 1.8 0.075 
1984-86 44 5.6 1.9 6,240 5.0 1.8 0.34 
1985-87 42 5.5 2.2 6,287 5.0 1.8 0.26 
1986-88 45 5.2 2.2 6,399 5.1 1.8 0.077 

Notes: the sampling frames are the same as the report-based sampling frames 
described in table 46, where the future states are defined in terms of a two year 
prediction horizon. That is, an annual report is a bankruptcy observation if and 
only if the firm declared bankruptcy within the two year period following the 
release of the report. Reports are for publicly traded U.S. industrial firms. See 
table 37 for more details on the predictor variables. 

a Separation is measured as the absolute value of the difference between the 
means of the bankruptcy and nonbankruptcy subpopulations, divided by the 
pooled standard deviation. 

b All sample statistics are rounded to two digits of accuracy. 
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