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The sophistication of semiconductor growth technology has increased dramatically 

over the last twenty years. This is driven both by the expected device applications, and 

fundamental physics. In each case, it is important to understand the transport of electrons 

and holes in these materials. Device speeds are often limited by transport, while the 

transport of low-dimensional electron gases is of inherent fundamental interest. In this 

thesis I describe the use of transient grating techniques to study the transport of electrons 

and holes perpendicular to the layers of a GaAs/AlGaAs multiple quantum well (MQW). 

Because of its high electron mobility, GaAs has long been attractive for device 

applications and has been extensively studied. In the majority of transport studies, 

however, the transport is driven by electric fields. While this is the most likely 

configuration of a device, it returns only the mobility. We measure transport driven by 

carrier density gradients, and thus obtain information complementary to that obtained in 

mobility measurements. 

By interfering two counterpropagating laser pulses, we can establish a carrier 

density grating with a period of 100 nm. Using a third beam, we monitor the decay of that 



grating by diffusion. Transport over such small distances is quite fast, requiring laser 

pulses of femtosecond duration to resolve. 

Transport in a MQW can be conveniently divided into four regimes by considering 

whether the mean free path of a particle is much larger than, or of the order of, the period 

of the MQW, and whether transport proceeds by quantum mechanical tunneling, or 

thermal activation. Through modeling and experiment, we identify experimental 

signatures for each regime. By measuring transport as a function of barrier thickness, we 

differentiate transport by quantum mechanical tunneling from transport by thermal 

activation, and by measuring transport as a function of lattice temperature, we differentiate 

transport for which the mean free path is much larger than the MQW period from that in 

which it is not 



TABLE OF CONTENTS 

CHAPTER 1 INTRODUCTION 1 

CHAPTER 2 OVERVIEW OF PERPENDICULAR TRANSPORT 9 

2.1 Perpendicular Transport Regimes 9 

2.2 Perpendicular Transport Measurement 17 

2.3 Summary 21 

CHAPTER 3 EXPERIMENTAL PROCEDURE 23 

3.1 Sample Details 23 

3.2 Experimental Details 26 

3.2.1 Optical Source 26 

3.2.2 Experimental Arrangement at Sample 32 

3.2.3 Acquisition of the Data 38 

3.3 Experimental Results 43 

3.3.1 General 44 

3.3.2 Differential Transmission 47 

3.3.3 Grating Measurements 56 

3.4 Summary 64 

CHAPTER 4 EXPERIMENTAL RESULTS AND ANALYSIS 66 

4.1 Introduction 66 

4.2 Linear Absorption 67 

in 



4.2.1 General 67 

4.2.2 Atomic Tight Binding Model 69 

4.2.3 Multiple Quantum Well Tight-Binding Model 73 

4.2.4 Temperature Effects 79 

4.3 Differential Transmission 84 

4.3.1 Origin of Nonlinearity 84 

4.3.2 Temperature Effects 88 

4.3.3 Dynamics 90 

4.4 Grating Decay 95 

4.4.1 General 95 

4.4.2 Ambipolar Transport 103 

4.4.3 Transport Parameters 121 

Sequential Tunneling 122 

Multiple Levels 132 

Over-Barrier Diffusion 147 

Summary of Incoherent Transport 166 

Miniband Transport 167 

Multiple Minibands 179 

Dependence on Sample Geometry (Barrier Thickness) 186 

Dependence on Lattice Temperature 190 

4.5 Summary 195 

CHAPTER 5 CONCLUSIONS 199 

APPENDIX A 212 

IV 



APPENDIX B 221 

APPENDIX C 261 



LIST OF TABLES 

Table 3.1. Description of the active region of each of our samples 25 

Table 3.2. Exponential decay times (in ps) of differential transmission signal for MQW 

samples at various lattice temperatures 56 

Table 3.3. Exponential decay times (in ps) of diffraction efficiency at high temperatures 

for each sample, and low temperatures for selected samples 62 

Table 4.1. Differential Transmission Decay Times [ps] for each sample at various lattice 

temperatures 95 

Table 4.2. Diffusivity [cm^-s' l] obtained from diffraction efficiency and differential 

transmission measurements 120 

Table 4.3. Ratio of the electronic dielectric relaxation time to the electronic grating decay 

time calculated from the tunneling model for the samples with thin barriers 141 

Table 4.4. Ratio of the electronic grating decay rate to the hole grating decay rate 

calculated at room temperature from the miniband model 183 

Table Al. Coefficients of the harmonic terms in a Fourier expansion of the function in 

Equation A9 218 

Table Bl. Parameters used in solving the transport equations. Results are shown in Fig. 

B1 238 

Table B2. Parameters used in solving the transport equations. Results are shown in 

Fig. B2 240 

vi 



Table B3. Parameters used in solving the transport equations. Results are shown in 

Fig. B3 242 

Table B4. Parameters used in solving the transport equations. Results are shown in 

Fig. B4 244 

Table B5. Parameters used in solving the transport equations. Results are shown in 

Fig. B5 251 

Table B6. Parameters used in solving the transport equations. Results are shown in 

Fig. B6 254 

Table B7. Parameters used in solving the transport equations. Results are shown in 

Fig. B7 255 

Table B8. Parameters used in solving the transport equations. Results are shown in 

Fig. B8 257 

Table B9. Parameters used in solving the transport equations. Results are shown in 

Fig. B9 258 

vu 



LIST OF FIGURES 

Figure 1.1. Schematic diagram of a multiple quantum well, a) Material structure showing 

the alternating layers of GaAs and AlGaAs. b) Band structure showing the conduction 

and valence bands of the material structure shown above. Horizontal lines in the wells 

schematically indicate the energy states of the wells. Note that the holes, like the 

electrons, find their lowest energy in the GaAs layers and see the AlGaAs layers as 

barriers 4 

Figure 2.1. Schematic diagram of a) miniband diffusion, and b) thermally activated 

miniband diffusion 12 

Figure 2.2. Schematic diagram of a) sequential tunneling, and b)over-barrier diffusion.. 14 

Figure 2.3. Diagram of experimental arrangement 16 

Figure 3.1. Material details of structures grown for our experiments 23 

Figure 3.2. Schematic arrangement of the Coherent 7224 dye laser cavity 27 

Figure 3.3. Tuning curve of Coherent dye laser showing the spectral region over which 

the gain dye lases 29 

Figure 3.4. Expanded diagram of experimental arrangement 34 

Figure 3.5. Pinhole beam scans showing the a) horizontal and b) vertical profile of the 

laser beam at the sample position 36 

Figure 3.6. Room-temperature linear absorbance of three samples with 10 nm wells and 

varying barrier thicknesses 43 

vrn 



Figure 3.7. Spectral absorbance of a MQW sample, measured at room temperature, 

superimposed on the power spectrum of the laser pulse 45 

Figure 3.8. Natural logarithm of the ratio of T w (the probe transmission with the pump 

beam) to Tw/o (the probe transmission without the pump beam), measured for the thick 

barrier sample (TCH255) at a lattice temperature of T=170 K. Probe beam arrives 

10 psec after the pump beam passes 46 

Figure 3.9. Schematic of the change in the absorption of an exciton line under the 

assumption of a) broadening of the exciton line, which decreases absorption near the peak 

of the exciton and increases it in the wings, and b) saturation of the exciton line, which 

decreases the absorption everywhere. Our data reflects both effects, and produces a large 

decrease in absorption near the exciton peak, and small increases in the wings 49 

Figure 3.10. Differential transmission for sample TCH 255 as a function of probe delay 

(T=295 K) 53 

Figure 3.11. Differential transmission of TCH 255 for time scales of the order of the pulse 

width (Fig. 3.10 on expanded scale) 55 

Figure 3.12. Diagram of experimental arrangement. (Repeated from Ch. 2) 58 

Figure 3.13. Diffraction efficiency for samples with varying barrier widths, as a function 

of probe delay (T=295K) 58 

Figure 3.14. Diffraction efficiency of a thick barrier sample (TCH255) as a function of 

probe delay (T=295 K) 59 

Figure 3.15. Comparison of diffraction efficiency decay when exciting excitons or 

electron-hole pairs (T=295 K) 60 

ix 



Figure 3.16. Comparison of diffraction efficiency decay when exciting excitons or 

electron-hole pairs (Fig. 3.15 with longer time scale) 61 

Figure 3.17. Grating decay time and differential transmission recovery time for thick 

barrier sample (TCH255) as a function of inverse temperature 64 

Figure 4.1. Energy dispersion of the sample with the thinnest barriers (TCH258). The 

horizontal axis reflects the wavevector in units of 2TC/L, where L is the period of the 

superlattice (equal to the sum of the well and barrier thickness) 72 

Figure 4.2. Spectral position of exciton absorption peak as a function of lattice 

temperature and a fitted Varshni equation 81 

Figure 4.3. Spectral width of the excitonic absorption peak as a function of temperature, 

and a fit described in the text 83 

Figure 4.4. Diffusivity of thick barrier sample (TCH255) plotted on log scale against 

inverse temperature 121 

Figure 4.5. Schematic diagram illustrating transport by sequential tunneling. The carrier 

th 
density of the i well is reduced as carriers tunnel out at the tunneling rate I\ while it is 

increased by carriers tunneling in from adjacent wells 123 

Figure 4.6. Schematic diagram illustrating the effect of an electric field on transport by 

sequential tunneling. The presence of the electric field increases tunneling in one direction 

and slows it in the other 127 

Figure 4.7. Diffusivity obtained from grating and differential transmission measurements 

versus barrier width for high and low temperature, and the fit obtained from the tunneling 

model 143 

x 



Figure 4.8. Schematic diagram illustrating transport by over barrier diffusion. As carriers 

whose energy is larger than the barrier move away on a time scale of td , the tail of the 

Boltzmann distribution is replenished by thermalization on a time scale o f t 147 

Figure 4.9. Diffusivity of thick barrier sample (TCH 255) as a function of inverse 

temperature, with fitted diffusion coefficient from the over-barrier diffusion model 158 

Figure 4.10. Diffusivity obtained from grating and differential transmission measurements 

versus barrier width, and the fit obtained from the tunneling and over-barrier diffusion 

models 166 

Figure 4.11. Diffusivities measured at high and low temperatures as a function of barrier 

width, and fitted curves calculated from the miniband model 185 

Figure 4.12. Arrhenius plot of diffusivity of thick barrier sample (TCH 255) and fit 

calculated from the miniband diffusion model 190 

Figure 4.13. Arrhenius plot of diffusivity measured in thin barrier sample (TCH 258) and 

that predicted by the miniband diffusion model. The contradiction between experiment 

and calculation is strong evidence that the transport is not by diffusion in minibands.... 193 

Figure 5.1. Measured diffusivity shown as a function of barrier width with fitted curves 

calculated from both the miniband and tunneling/over-barrier diffusion models 201 

Figure 5.2. Measured diffusivity of sample TCH 255 (10 nm barriers) plotted against 

reciprocal temperature, along with fits calculated from both the miniband and 

tunneling/over-barrier diffusion models. Polar optical phonon scattering is assumed to 

dominate transport 203 

XI 



Figure 5.3. Diffusivity of samples for which tunneling is the dominant process, measured 

at 295 K and 120 K and plotted as a function of barrier width 205 

Figure Al. Normalized carrier density as a function of position along the grating, plotted 

for various values of the normalized single beam fluence 217 

Figure A2. Fourier components of the harmonics in a Fourier expansion of Equation A9, 

plotted as a function of the paramter a (the normalized single beam fluence) 219 

Figure Bl. Carrier density decay for the case when electron and hole diffusivities are the 

same. The fundamental grating terms decay together, and the harmonics are always zero.239 

Figure. B2. Carrier density decay when the electron diffusivity is ten times that of the 

holes, and the dielectric relaxation time is ten times faster than the grating decay time, a) 

Both the grating fundamentals and the harmonics are shown. Note that the harmonics are 

small compared to the fundamentals (<5%). b) Here the decay is shown on a logarithmic 

scale. The rapid initial decay of the electron grating immediately slows to ambipolar decay 

as the space charge field builds. An exponential decaying with the ambipolar decay time is 

shown for comparison. Electrons and holes decay together at the ambipolar decay rate.241 

Figure. B3. Carrier density decay when the electron diffusivity is ten times that of the 

holes, and the dielectric relaxation time of each species is equal to the grating decay time 

of that species, a) Both the grating fundamentals and the harmonics are shown. Note 

that the harmonics are still very small compared to the 243 

fundamentals (<7%). b) Here the decay is shown on a logarithmic scale. The rapid initial 

decay of the electron grating soon slows down, and the electrons and holes decay 

Xll 



together, at a rate somewhat slower than predicted by the ambipolar decay rate. An 

exponential decaying with the ambipolar decay time is shown for comparison 243 

Figure. B4. Carrier density decay when the electron diffusivity is ten times that of the 

holes, and the dielectric relaxation time of each species is ten times smaller than the 

grating decay time of that species, a) Both the grating fundamentals and the harmonics 

are shown. The electron decay is quite different from that of the holes. Note that the 

harmonics are again very small compared to the fundamentals (<2%). b) Here the decay 

is shown on a logarithmic scale. On 245 

this expanded scale, we see that here again the rapid initial decay of the electron grating 

slows down, and the electrons and holes decay together at a rate considerably slower than 

predicted by the ambipolar decay rate, which is shown for comparison 246 

Figure. B5. Calculations from Fig. B4 repeated. An exponential decaying with a time 

constant given by equation (B54) is shown for comparison. Note that this effective decay 

time is a much closer approximation to the actual decay than the ambipolar decay time.251 

Figure. B6. Dynamics of the carrier density using the parameters calculated for sample 

TCH 258 from the tunneling model. Note that the electron and hole gratings decay 

together at a rate about equal to (but slightly slower than) the ambipolar decay rate 254 

Figure. B7. Dynamics of the carrier density using the parameters calculated for sample 

TCH 255 from the over-barrier diffusion model. The electron and hole grating decay 

times are roughly equal. Thus, the two carrier species separate slowly enough that no 

significant space-charge field is formed. Note that the recombination time is of the order 

xui 



of the diffusive decay time. Thus, for this sample, recombination is a significant factor in 

the decay of the gratings 256 

Figure. B8. Dynamics of the carrier density using the parameters calculated for sample 

TCH 258 from the miniband model. The electron grating decays rapidly, generating a 

space-charge field that forces the electrons and holes to decay together. Note that the 

decay is slightly slower than predicted by the ambipolar decay time 257 

Figure. B9. Dynamics of the carrier density using the parameters calculated for sample 

TCH 255 from the miniband model. As with the over-barrier diffusion model, the electron 

and hole grating decay times are roughly equal. The two carrier species again separate 

slowly enough that no significant space-charge field is formed. Note also that the 

recombination time is again of the order of the diffusive decay time 259 

xiv 



CHAPTER 1 

INTRODUCTION 

The technological changes occurring in the world today are driven as never before 

by the fundamental physics of the very fast and the very small. Research proceeds on 

memory devices in which the on-off state is determined by the presence of a single 

electron.1 This is made possible by advances in semiconductor growth technology that 

allow the tailoring of devices a few nanometers in size. These nanometer scale devices, 

under the excitation of laser pulses a few hundred femtoseconds (1 fs=10"15 s) in duration, 

allow the production, transmission, and detection of electrical pulses at rates of a few 

terahertz (1012 Hz).2 These hundred femtosecond pulses, propagated over intercontinental 

distances,3 would permit the entire population of the world to converse over a single 

micron-diameter optical fiber. The realization and optimization of these devices and 

systems require that we understand the physics of these materials over nanometer spatial 

dimensions, and femtosecond time scales. 

In particular, it is of interest to understand the transport of electrons and holes in 

such materials. Quantum well lasers depend on the transport of carriers from the contacts 

to the quantum wells to initiate laser action. Quantum well optical modulators4 that 

depend on populations of electrons and/or holes to modulate and control an optical light 

beam can be switched on quite rapidly either by electrical or optical means, but depend on 



transport to switch off. Even devices in which one optical beam controls another often do 

so by optically generating electron-hole pairs, and also depend on transport to switch off. 

Transport thus determines the speed with which these devices may operate. 

In order to specialize this discussion, we first recall what a multiple quantum well 

(MQW) is. Advances in materials technology allow the growth of layered materials, 

controllable to within a single atomic layer. Structures whose layers consist of 

semiconductors are the most commonly studied MQW system (although others exist, 

consisting of, for example, thin metallic films or layers of superconducting material).5 

Even using only semiconductors, a rich diversity of MQW systems can be constructed by 

an appropriate choice of semiconductor materials.6 We will concentrate on the 

GaAs/Al0 3Gao 7As material system. That is, our multiple quantum wells consist of 

alternating layers of gallium arsenide (GaAs) and an aluminum-gallium arsenide alloy in 

which 30% of the gallium atoms have been replaced by aluminum atoms. The most 

significant result of this substitution is that the energy gap of GaAs is smaller than that of 

Al0 3Ga0 7As. Because of this, a carrier located in the GaAs layer, near the GaAs 

bandedge, will be unable to propagate through the Al^Ga^As layer (a carrier with this 

energy will be in the forbidden gap of the A^Ga^As layer). That is, such a carrier will 

see the Al0 3Gao7As layer as a "barrier". This is illustrated in Fig. 1.1, where we show a 

schematic of the MQW system under discussion. Fig. 1.1a) shows the actual material 

structure of the MQW, and Fig. 1.1b) shows the structure of the valence and conduction 

bands. Note that the GaAs/Al0 3Gao 7As material system is such that both the electrons 

and holes see the GaAs layer as the "well", and the A^Ga^As layer as the "barrier". If 



the GaAs wells are made narrow enough, the quantum mechanical nature of the energy 

states allowed for carriers in the wells becomes obvious. That is, the energy separation 

between the quantized "particle-in-a-box" states becomes larger than the lifetime 

broadening of those states. With a GaAs layer thickness of 10 nm, for example, the 

energy difference between the first and second "particle-in-a-box" electron states is about 

90 meV. For the holes, the separation is about 20 meV. The lifetime broadening 

(estimated from 8E~ft/x) is about 6-7 meV (using t-100 fs). This quantization of the 

degree of freedom associated with motion along the growth direction is the defining 

characteristic of the semiconductor quantum well. Placing many such quantum wells 

adjacent to one another, separated by the barrier layers, constitutes a multiple quantum 

well. In addition to quantizing the motion of free electrons and holes, the barriers 

significantly affect the bound electron-hole state, the exciton. 
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Figure 1.1. Schematic diagram of a multiple quantum well, a) Material structure 

showing the alternating layers of GaAs and AlGaAs. b) Band structure showing 

the conduction and valence bands of the material structure shown above. 

Horizontal lines in the wells schematically indicate the energy states of the wells. 

Note that the holes, like the electrons, find their lowest energy in the GaAs layers 

and see the AlGaAs layers as barriers. 



When the Coulomb interaction between an electron and a hole is taken into 

account, a bound state results, analogous to a hydrogen atom and referred to as an 

exciton. Because the effective masses of electrons and holes in a semiconductor are 

typically much smaller than their masses in a vacuum, the binding energy of this exciton 

will also be much smaller. There is a further reduction because the dielectric permittivity 

of a semiconductor is larger than that of the vacuum. The net effect is that the binding 

energy of an exciton in bulk GaAs is about 4 meV (which may be compared to 13.6 eV for 

a hydrogen atom). This is comparable to the lifetime broadening (except at low 

temperature), and thus excitons do not show strong effects (except at low temperature). 

When the electron and hole in question are confined in a GaAs quantum well, the binding 

energy is enhanced. In a 10 nm thick well, for example, the binding energy is closer to 

about 8-9 meV. With a binding energy in this range, the exciton has a much larger 

absorption coefficient and index of refraction than it does in bulk material. It is these 

strong excitonically-induced optical effects, and the ease with which they are modulated 

(by shifting, bleaching and broadening the excitonic absorption resonance) that make 

quantum well devices so useful in optoelectronic applications. 

One method of altering the optical properties of a MQW is to introduce a large 

density of carriers, either electrically (with a current source) or optically (linear absorption 

generates one electron-hole pair per photon absorbed). If these carriers are optically 

delivered, the switch on time is the duration of the optical pulse. Once delivered, one 



must wait for the carriers to be removed in order for the device to switch off. The carriers 

can be removed either by transport or by recombination. Recombination, in which the 

electron and hole mutually annihilate, occurs on a time scale of a few tens of picoseconds 

(1 ps=1012 s) at best (and is more generally hundreds to thousands of picoseconds). 

Transport can occur by motion of carriers in the GaAs wells, parallel to the Al^Ga^As 

barrier layers, or by motion of carriers moving perpendicular to the Al^Ga^As barrier 

layers, from one GaAs well to the next. We refer to the former as in-plane, or parallel, 

transport, and the latter as perpendicular transport. 

Studies of in-plane transport in GaAs quantum wells suggest that it proceeds very 

much like transport in bulk GaAs. The magnitude of the transport coefficients (diffusivity 

and mobility) is of the order of that measured in bulk. The behavior of these transport 

coefficients is often similar to what is observed for bulk material. For example, the 

temperature dependence of the mobility describing transport in the plane of a quantum 

well is similar to that of the mobility describing mobility in bulk, so long as the 

temperature is above about 100 K.7 8 This similarity of bulk and in-plane behavior is not 

universal (at low temperatures, for example, a strong dependence of mobility on well 

width is observed for well widths below about 10 nm), but occurs often enough that we 

may depend somewhat on the physical intuition developed from the study of bulk material. 

Therefore, we can estimate the time for an optically generated density of carriers to 

recover by in-plane transport. Transport of carriers by diffusion proceeds with a time 

constant given roughly by TD~r0
2/D, where D is the diffusivity and r0 is a characteristic 



distance over which the carrier density varies. Using r0~l |im (the smallest reasonable size 

for a population of carriers generated optically), and D-100 cm2 s1 , we get tD~100 ps 

(using quite optimistic assumptions). Thus, it seems that recombination and in-plane 

transport limit the recovery time (and thus the operating speed) of the optoelectronic 

devices we have discussed to something on the order of a few hundred picoseconds (or a 

frequency on the order of 10 GHz). The question is then raised as to whether some 

advantage can be obtained from perpendicular transport. We have embarked on an 

experimental program to experimentally resolve this question. 

The majority of studies of perpendicular transport have involved applying large 

electric fields to the MQW under study. These provide useful information, and, in fact, 

represent a likely configuration for the operation of an actual device. One limitation, 

however, is that these experiments return only the mobility. Another is that such 

experiments have limited temporal and spatial resolution. Temporal resolution is limited 

by the speed with which the field can be applied and relaxed, and spatial resolution by the 

distance scale over which the field can be varied. We can overcome these last limitations 

with transient grating techniques in a counterpropagating geometry, using femtosecond 

laser pulses, and provide information complementary to the mobility measurements. 

Specifically, we can use counterpropagating laser pulses to generate and monitor 

electron and hole populations which vary over a distance of about 100 nm. This allows 

the measurement of carrier transport by diffusion over very small distances. Using laser 

pulses whose temporal duration is less than 100 fs allows us to measure extremely fast 

processes. In this thesis, I describe the measurement of diffusive perpendicular transport 
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in GaAs/AIo 3Gao 7AS MQW'S over these distance and time scales. In the second chapter, I 

give a qualitative overview of perpendicular transport with an eye toward anticipating the 

experimental signatures one might expect In the third chapter, I describe the 

experimental procedure in detail, and show typical examples of the data obtained. In the 

fourth chapter, I discuss the extraction of diffusion coefficients from the data presented in 

Chap. 3, and the manner in which we have modeled those diffusion coefficients to 

understand the microscopic transport processes leading to the observed behavior. In the 

fifth and final chapter, I discuss the conclusions that can be drawn from our measurements. 



CHAPTER 2 

OVERVIEW OF PERPENDICULAR TRANSPORT 

In this chapter, we discuss generally the regimes of perpendicular transport in a 

multiple quantum well (MQW) or superlattice (SL), and the experimental method we use 

in an attempt to access these transport regimes. We pay particular attention to the effects 

of varying the sample geometry (in particular, the barrier thickness) and the sample 

temperature. 

2.1 Perpendicular Transport Regimes 

Perpendicular transport of earners in a MQW or SL can be conveniently divided 

into distinct transport regimes by considering the relative sizes of three distances: the 

mean free path (f), i.e. the distance a carrier travels ballistically before scattering; the 

period of the MQW or SL (L), i.e. the sum of the well and barrier thicknesses; and the 

distance over which the transport takes place. Examples of this last distance are the 

diffusion length (the distance particles diffuse before recombining) or the optical 

absorption depth9 (linear absorption in an optically thick material deposits carriers near the 

surface, which then diffuse into the interior). In our case, this transport distance is the 

period (Ag) of a short period carrier density grating, as will be discussed in more detail 
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later. We will consider only the case that Ag is much larger than other distance scales. 

Note, however, that the case Ag < I (the mean free path) implies transport of a purely 

ballistic nature, the observation of which is conceivably within the range of this 

experimental program. A final consideration, independent of those previously mentioned, 

is whether the barriers are thin enough to allow quantum mechanical tunneling. These 

comparisons, and the perpendicular transport mechanisms to which they give rise, will be 

described in the succeeding paragraphs, with reference to Fig. 2.1 and Fig. 2.2. In each of 

these figures, we show the band structure of a MQW or SL (similar to that shown in 

Fig. 1.1). Each case is discussed further below. 

Refer to Fig. 2.1 and consider the case that the mean free path (£) is much larger 

than the superlattice period (L) (this condition, I » L, can in fact be taken as a definition 

of superlattice, the phrase "multiple quantum well" being reserved for the opposite case, 

where the mean free path is of the order of or smaller than the multiple quantum well 

period). In this case, the carrier wave function will extend coherently over the periodic 

potential of the superlattice, and perpendicular transport can be described in terms of the 

band structure associated with this periodic potential (the so-called superlattice 

minibands). These extended states are suggested by the sinusoids in Fig. 2.1, and the 

minibands by the lightly shaded bands. Note that in this formalism, the superlattice 

potential is, in effect, replaced by the minibands. As will be discussed in detail in Chapter 

4, transport in a miniband depends directly on the width (in energy) of the miniband (the 

wider the miniband, the faster the transport). Furthermore, the transport will be diffusive 
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(recall that the mean free path is much less than the distance over which transport occurs). 

Since diffusive transport is limited by scattering (which is suggested in Fig. 2.1 by the 

arrows connecting the sinusoids), and scattering is strongly temperature dependent 

(particularly for T > 100 K, where, in the material system we consider, polar optical 

phonon scattering is dominant), we expect that diffusion in minibands will have a 

significant temperature dependence. When these minibands lie below the top of the 

barrier, the miniband width depends on the degree to which the wavefunction of a carrier 

in one well penetrates into the next. So, if the barriers are thin enough, the lowest 

miniband will be sufficiently wide as to dominate transport. As the barrier is made thicker, 

the penetration of the wavefunction will drop exponentially, as will the miniband width 

and thus transport through this miniband will be reduced. Thus, when barriers are thin, 

transport through minibands will be characterized by a strong temperature dependence and 

an exponential dependence on barrier width. We refer to this transport regime as 

miniband diffusion, shown schematically in Fig. 2.1a). 



a) Thin Barriers, Miniband Diffusion 

b) Thick Barriers, 
Thermally Activated Diffusion 

50 nm 
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Figure 2.1. Schematic diagram of a) miniband diffusion, and 

b) thermally activated miniband diffusion. 

As the barriers become thick, the lowest minibands will become narrow enough to 

restrict transport In this case, the dominant avenue of transport will be through the 

higher minibands. In this regime, there are two competing effects. On the one hand, only 

a small fraction of the carriers will occupy the higher minibands (exactly how small a 

fraction depends on effective mass, sample geometry, but especially on temperature, 

through the Boltzmann factor). On the other hand, transport through these higher 

minibands will be faster, since the miniband widths are larger. When barriers are thick, the 

speed of carriers in the higher minibands (as compared to the speed of carriers in lower 
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minibands) will compensate for their lower occupancy, and these higher minibands will 

then dominate transport. This is still diffusive transport and will have a strong dependence 

on temperature for the reasons mentioned above. In addition, there will be an exponential 

dependence on temperature arising from the Boltzmann factor (but note that, due to the 

temperature dependence of scattering, an Arrhenius plot of the rate of transport in this 

thick barrier regime will not produce directly the activation energy, as might be expected). 

The barrier width dependence of transport in these higher minibands is much weaker than 

for the lower minibands, especially for those minibands above the barrier. So, when 

barriers are thick, we expect that transport will be exponentially dependent on 

temperature, and only weakly dependent on barrier thickness. We refer to this transport 

regime as thermally activated miniband diffusion, shown schematically in Fig. 2.1b). 

Refer now to Fig. 2.2, and consider the case in which the mean free path is of the 

order of, or smaller than, the quantum well period. In this case, the coherence of the 

carrier wave function is disturbed by whatever scattering serves to limit the mean free 

path. Since coherence of the wave function is required to establish superlattice minibands, 

it is clearly inappropriate in this regime to describe the transport of carriers in terms of 

minibands. The signatures of transport in this incoherent regime can be very similar to 

those of coherent or miniband transport, however. When barriers are thin, for example, 

transport will be by incoherent or sequential tunneling, and will have the same exponential 

dependence on barrier thickness that we expect for coherent transport in the thin barrier 

regime (this is basically hopping transport in which the hopping range is the multiple 

quantum well period and the hopping rate is the tunneling rate)10. On the other hand, 
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when barriers are sufficiently thin that the lowest levels dominate transport, no thermal 

activation is necessary. Also, sequential tunneling will not be temperature dependent11. 
9 

Thus, when barriers are thin and the carrier wavefunction is incoherent (over a multiple 

quantum well period), we expect an exponential dependence on barrier thickness (as in the 

miniband regime) and little or no temperature dependence (in direct contrast to the 

miniband regime). We refer to this regime as sequential tunneling and is shown in Fig. 

2.2a). 

a) Thin Barriers, Sequential Tunneling 

b) Thick Barriers, Over-Barrier Diffusion 

50 nm 

Figure 2.2. Schematic diagram of a) sequential tunneling, and 

b)over-barrier diffusion. 
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Finally, when the barriers become thick enough to prohibit tunneling, transport will 

again depend on thermal activation, in this case activation over the quantum well barriers. 

This thermal activation will lead to transport exponentially dependent on temperature, as 

in the miniband case. Further, once transport is dominated by carriers that have been 

thermally activated over the barrier, we again expect little or no dependence on barrier 

thickness. So we expect that perpendicular transport in the incoherent, thick barrier 

regime will be qualitatively the same as that of the coherent, thick barrier regime (i.e. a 

weak barrier width dependence and an exponential temperature dependence). Note also 

that the transport of carriers that have been thermally activated over the barrier will most 

likely be temperature dependent. Without detailed knowledge of this temperature 

dependence it will again be impossible to extract a physically significant activation energy 

from Arrhenius plots of the transport in this regime. This transport regime is commonly 

referred to as over-barrier diffusion, and is shown schematically in Fig. 2.2b). 

The previous discussion of the transport of carriers perpendicular to the barrier 

layers (and over distances large compared to both the multiple quantum well period and 

the mean free path) can be summarized as follows. As the barrier width is increased, the 

rate of carrier transport will first decrease exponentially and then flatten out to become 

independent of barrier thickness (regardless of whether the transport is by coherent states 

or not). The barrier width at which this transition occurs roughly separates the regimes of 

transport through the barriers from that of transport over the barriers, and, in general, will 

be a very complicated function of temperature, barrier height, carrier species, and the 

material system in question. If the barriers are thick, and transport is by thermal activation 
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over the barriers, an exponential temperature dependence is expected. This again follows 

regardless of whether the transport is via coherent states or not. When barriers are thin, 

however, one can distinguish transport by coherent, extended states from transport by 

incoherent, localized states. Specifically, if barriers are thin enough that transport is by 

way of the lowest levels, no thermal activation is necessary. In this event, transport by 

sequential tunneling will not be temperature dependent, whereas a strong temperature 

dependence is expected for coherent miniband diffusion. Thus, we can distinguish 

transport through the barriers from transport over the barriers by measuring transport as a 

function of barrier thickness, and we can distinguish transport by coherent, extended states 

(i.e. through minibands) from transport by incoherent states by measuring, as a function of 

temperature, transport in samples with very thin barriers. The experimental method we 

use to make these measurements is the subject of the next section. 

Diffracted 
Probe Forward 
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Backward 
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Time-delaye 
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Figure 2.3. Diagram of experimental arrangement 
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2.2 Perpendicular Transport Measurement 

In our experiments, transport is driven by carrier density gradients. The density 

gradients are established by writing a short-period grating in the multiple quantum well 

(MQW) by the following procedure. Two nearly-counterpropagating, co-polarized pump 

pulses are spatially and temporally coincident in the MQW, as shown in Fig. 2.3. They 

interfere and create a spatially modulated intensity pattern with a period given 

approximately by XJ2i^, where X0 is the vacuum wavelength of the laser, and n0 is the 

refractive index of the material. Because the writing beams are nearly counterpropagating, 

the wavevector of the grating will be parallel to the growth direction of the MQW (i.e. the 

intensity will be modulated along the growth direction, which is perpendicular to the wells 

and barriers). The photon energy of the pump beams is tuned to the absorption edge of 

the MQW (i.e. the n=l heavy-hole exciton) and so single photon absorption of the pump 

beams will produce a modulated exciton density in the MQW with the same period as the 

pump beam intensity pattern. Note, however, that if the absorption saturates, the exciton 

density need not be a simple sinusoid even if the intensity grating is. In our experiments, 

fluences are low enough that this effect is small. See Appendix A for a more detailed 

discussion of this effect. The excitons created will be ionized into electron-hole pairs, 

resulting in a modulated free carrier density pattern. (The time scale for this has been 

measured to be about 300 fs at room temperature12). Once created, this carrier density 

grating will decay either by transport, recombination, or both. To monitor this decay we 
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depend on the nonlinear optical properties of MQW's. These are described in detail by S. 

Schmitt-Rink13, but will be briefly reviewed here. 

The presence of free carriers in the conduction and valence bands of the MQW will 

alter its optical properties.13 The exclusion principle forbids transitions into filled states. 

Thus, the presence of electrons and holes prevents optically-induced transitions into the 

states they occupy, thereby reducing direct band-to-band absorption. These free carriers 

also block transitions into excitonic states, thus reducing the excitonic absorption. In 

addition to these bleaching effects, exciton-exciton scattering and exciton-free carrier 

scattering will broaden the exciton absorption line, further altering the excitonic 

absorption. Complementary to these absorption changes, the presence of free carriers will 

also alter the index of refraction. This is clear from a Kramers-Kronig analysis, which 

relates a change in absorption to a change in refractive index and vice versa. It is these 

changes in absorption and refractive index that allow us to directly monitor the decay of 

the free-carrier grating. The change in absorption and refractive index produced by the 

carrier grating will be modulated in space just as the grating is. That is, the carrier density 

grating will produce an absorption and index grating with the same period. A weak probe 

beam can be phase-matched to scatter from this absorption and index grating and the 

power of the diffracted light can be measured as the time delay between the probe and the 

pumps is varied (see Fig. 2.3). The diffraction efficiency (defined as the energy of a 

diffracted probe pulse divided by the energy of the incident probe pulse) is proportional to 

the the square of the change in refractive index and the square of the change in absorption 
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coefficient14. For sufficiently small carrier density, each of these changes is directly 

proportional to the difference in carrier density between the maximum and minimum of the 

free-carrier grating13 (in this context, small carrier density means roughly an order of 

magnitude lower than the onset of carrier degeneracy). It follows, then, that the 

diffraction efficiency is proportional to the square of the carrier density. And so, by 

measuring the diffraction efficiency as a function of probe delay, we get a direct 

measurement of the decay of the carrier density grating. As mentioned earlier, this decay 

will occur by transport, recombination, or both. Since we are interested in measuring 

perpendicular transport, we must separate recombination (as well as transport parallel to 

the wells, should it occur) from the measured grating decay, leaving only the decay due to 

perpendicular transport. 

This separation is accomplished by measuring the change in transmission 

experienced by the probe beam under the influence of the pumps. That is, we measure the 

transmission of the probe beam (defined as the probe energy transmitted divided by the 

probe energy incident) while the pump beam(s) excite the sample and subtract from this 

the transmission of the probe beam as measured while the pumps are blocked. For a small 

change in transmission, this will be proportional to the change in the absorption coefficient 

which is, in turn, proportional to the carrier density, as described above. However, this 

change in transmission is insensitive to the presence or absence of the carrier density 

grating described above. This is because the probe averages the change in transmission 

over the sample length. That is, a series of large and small changes in transmission 
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alternating through the sample, as would be caused by the short period grating described 

above, is indistinguishable from a change in transmission that is uniform throughout the 

sample, so long as the two have the same average value, and there are many oscillations 

over the sample length. This is discussed further in Chapter Four. Therefore, this 

differential transmission measurement is sensitive to all changes in the carrier density 

except perpendicular transport, and is linear in the average carrier density. Thus, by 

resolving this differential transmission in time we measure, as a function of time, all effects 

which change the density of carriers (including recombination, or transport parallel to the 

wells) and can thereby compensate for them in the grating measurement described above. 

As a check of the results of the differential transmission measurements, we make 

photoluminescence measurements. 

In this latter measurement, the sample is excited with a short laser pulse, and a 

large population of free electron-hole pairs is created. These free electrons and holes 

undergo bimolecular recombination, emitting light whose photon energy lies near the 

energy of the bandgap. This emitted light, or luminescence, is collected and measured as a 

function of time after excitation. Photoluminescence is similar to differential transmission 

in that it is directly dependent on the carrier density (although the dependence is 

quadratic15 rather than linear, which must be considered when comparing the two results). 

In addition, it is insensitive to perpendicular transport (with the same qualifiers as apply to 

differential transmission) and thus measures the same effects that influence the temporal 

behavior of differential transmission. The advantage of differential transmission is that, as 
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a practical matter, it is easier to make the differential transmission measurement under the 

same experimental conditions as the grating measurement, and effectively at the same time 

(i.e. a minute or two between the two measurements). Thus, problems such as sample 

inhomogeneity do not arise since the measurement of the recombination time is made in 

the same place and under the same conditions as the measurement of the grating decay. 

2.3 Summary 

To summarize, we use a three-beam, short-period grating technique to measure the 

transport of carriers perpendicular to the wells and barriers of a MQW or SL. Using 

differential transmission measurements (backed up by photoluminescence measurements), 

we isolate the effects of perpendicular transport from all other effects which cause the 

short-period grating to decay. By making these measurements on MQW samples in which 

the barrier thickness is systematically varied, we can isolate classical transport over the 

barriers from quantum mechanical transport through the barriers. In each of the 

measurements described above (grating decay, differential transmission, and 

photoluminescence), the sample is placed in a refrigerator so that each measurement may 

be made as a function of temperature. With this facility, we can measure the perpendicular 

transport of carriers in thick barrier samples to confirm the expected exponential 

dependence on inverse temperature. More importantly, by measuring the temperature 

dependence of perpendicular transport in samples with very thin barriers, we can 

experimentally distinguish coherent miniband transport (which should be strongly 
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temperature dependent) from incoherent hopping transport (which should have little or no 

temperature dependence). The details of the experiments and the samples used, as well as 

the results of the measurements are described in the following chapter. 



CHAPTER 3 

EXPERIMENTAL PROCEDURE 

In this chapter, I describe in detail the samples used in our measurements, the 

details of the experiments performed on these samples, and finally the results of our 

measurements. 
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Figure 3.1. Material details of structures grown for our experiments. 

3.1 Sample Details 

Fig. 3.1 shows the basic structure of the samples used in our measurements, the 

differences between individual samples being in the composition of the active layer, which 

contains the multiple quantum well. The samples were grown by molecular beam epitaxy 

23 
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on a semi-insulating GaAs substrate. Upon this was grown a 0.9 |im GaAs buffer layer, a 

1 |im thick layer of A ^ G a ^ A s (which serves as an etch stop layer), the active region 

(which I will describe in detail later), and another 1 Jim thick layer of A ^ G a ^ A s . 

Finally, a 20 nm cap layer of GaAs was grown (to prevent oxidation of the AlGaAs). A 

ZrO anti-reflective coating was added later. A piece of sample (generally about 5 mm 

square) was glued onto a disk (either quartz or sapphire) 1 cm in diameter and 0.3 mm 

thick. An exception is the sample designated TCH74. In this case, a 1 cm square sample 

was glued onto a quartz disk 2 inches in diameter and 2 mm thick. In order that the 

sample (except the active layer) be transparent at our laser wavelengths, the GaAs 

substrate and buffer layer were then etched away, leaving exposed the A ^ G a ^ A s layer. 

As mentioned, the first Al052Ga0 48As layer grown served as an etch stop layer. The 

etching process is dramatically slower in Al052Ga04gAs than in GaAs, and thus the GaAs 

surface could be etched away without danger of damaging the active layer. Also, the 

Alo^Ga^As surface looks different than the GaAs substrate. This gives a clear visual 

indication that the GaAs substrate has been etched away. While the etching goes much 

more slowly in A ^ G a ^ A s than in GaAs, it does not stop completely. Therefore, the 

etching step makes the final thickness of the A ^ G a ^ A s layer somewhat uncertain. We 

estimate that no more than about 0.1 (im of the Al^Ga^As layer was etched away. In 

some cases, a ZrO anti-reflective coating was laid down on this etched surface. 
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Sample # of 
Wells 

Barrier 
Thickness 

[nm] 

Well 
Thickness 

[nm] 
TCH517 40 24.5 7.0 
TCH505 40 17.1 4.8 
TCH74 100 13.9 7.4 
TCH255 40 10.0 10.0 
TCH446 40 6.8 8.5 
TCH256 40 5.0 10.0 
TCH429 40 4.4 7.4 
TCH445 40 2.0 6.8 
TCH258 40 1.4 10.0 

Table 3.1. Description of the active region of each of our samples. 

The active region in each sample consists of alternating layers of GaAs and 

A ^ G a ^ A s . A layer of GaAs sandwiched between two layers of A ^ G a ^ A s 

constitutes one quantum well. Table 3.1 lists the samples we use, the number of wells in 

the active region, and the thicknesses of the GaAs wells and the A ^ G a ^ A s barriers. As 

shown in the third column, the barrier thickness is varied systematically by almost a factor 

of 20. The well width is kept approximately constant (with the exception of the sample 

designated TCH505). 

The difference between the direct bandgap of GaAs and that of Alo ̂ Gao 70As (that 

is, the bandgap offset)16 is about 0.37 eV. If 60% of this difference is reflected in the 

offset of the conduction band, and 40% in the offset of the valence band17, electrons in the 

GaAs well will see a barrier about 225 meV high and the holes will see a barrier about 150 

meV high. I will discuss the effect of this active region structure on the electron and hole 

energy states in Chapter Four, along with other aspects of our modeling. 
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3.2 Experimental Details 

I divide discussion of the experimental details into i) description and 

characterization of the laser source, ii) the experimental arrangement at the sample, and 

iii) the acquisition of the data. 

3.2.1 Optical Source 

The laser source comprises two parts; a continuous wave, mode-locked (CWML) 

Neodymium-doped yttrium-aluminum-garnet (Nd:YAG) pump laser, pumping a hybridly-

mode-locked dye laser. 

The Nd:YAG laser is a Coherent Model 76-s Antares, lasing at 1.064 |im. The 

gain medium is a rod of Neodymium-doped yttrium-aluminum-garnet (Nd:YAG) with a 

diameter of 4 mm and a length of 9 cm. Intracavity aperturing forces the laser to operate 

with a single transverse Gaussian mode, with a diameter of 1.3 mm and a divergence of 

about 1 mrad. The laser is mode-locked with a Coherent model 7600 acousto-optic 

mode-locker. This produces a train of infra-red pulses, each nominally 100 ps long 

(FWHM), with a repetition rate of 76 MHz (i.e., about 13 ns between pulses). The 

measured average power output is about 27 W, giving each pulse an energy of about 0.36 

fiJ and a peak power of about 3.6 kW. These infra-red pulses are frequency doubled to a 

wavelength of 532 nm using a crystal of potassium tri-hydrogen phosphate (KTP). The 
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efficiency of frequency doubling efficiency can be as high as 9% (giving an average power 

of 2.5 W at 532 nm), but was usually kept to about 1% (giving an average power of 1.8-2 

W at 532 nm) to preserve the life of the doubling crystal. These 532 nm pulses have a 

nominal pulse width of about 70 ps, a repetition rate of 76 MHz, a pulse energy of about 

14 nJ, and a peak power of about 200 W. It is this second-harmonic output that pumps 

the hybridly mode-locked dye-laser. 
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Figure 3.2. Schematic arrangement of the Coherent 7224 dye laser cavity. 

The dye laser is a Coherent model 7224 Cavity-Dumped Ultrafast Dye Laser (See 

Fig. 3.2). The dye laser gain medium is a 2-10"3 Molar solution of Exciton dye LDS-821 

(the details of this are as follows: 1 gram of LDS-821, mole weight 515.1, dissolved in 

approximately 100 ml of propylene carbonate, and this added to about 1 liter of ethylene 

glycol). This solution lases from about 790 nm to 930 nm (Fig. 3.3 presents a tuning 

curve showing average pulse energy output as a function of wavelength). This 

wavelength range encompasses the absorption edge of all of our samples within the 
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temperature range 80 K to 300 K. Mode-locking of the dye laser is by two simultaneously 

operating methods (hence the phrase "hybridly mode-locked"). The first of these is gain 

switching. The arrival of the 532 nm pump pulse switches on the gain. Once gain exceeds 

loss, laser action begins, depleting the gain and driving the dye laser back below threshold. 

This switches the gain off and ends laser action. For this process to operate, it is 

necessary that the time interval between 532 nm pump pulses be the same as the round trip 

time of the dye laser cavity. That is, we must match the repetition rate (and thus the 

cavity length) of the dye laser to that of the pump laser. This method of mode locking, 

called synchronously pumped mode locking18, can be used alone to produce pulses of 

duration about 1-2 ps (FWHM) and energy of about 5 nJ (obtained from the tuning 

curve). A problem with this type of mode locking is that with long (-100 ps) pump 

pulses, it is possible that after the gain is driven below threshold, continued pumping will 

raise it back above threshold, generating weak dye laser pulses after the strong initial dye 

laser pulse. These are gain recovery satellites. Suppressing them requires that the dye 

laser be operated near threshold (i.e., the pump power be set so that the gain only slightly 

exceeds the loss and thus cannot rise above threshold after the passage of the main dye 

laser pulse). The second method, called passive mode locking19, depends on the action of 

a saturable absorber. This absorber is inside the cavity of the dye laser. The saturable 

absorber serves as a high loss mechanism preventing laser action until the passage of the 

main dye laser pulse. This pulse will be of sufficient energy to bleach the absorber. Thus, 

this main pulse will see relatively low loss from the absorber. The effect is to funnel the 
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energy in the cavity into the main pulse (i.e., mode locking). Note that this is effectively 

Q-switehing in that the loss produced in the cavity by the absorber is generally high, but is 

periodically (i.e., once every round trip time of the cavity) forced low when the main pulse 

saturates the absorber. We tried several absorber dyes in this system, with the best results 

obtained by either of Exciton dye IR-140 or Exciton dye NCI. We prefer NCI because of 

its longer life (i.e., the dye NCI will last about a month, whereas IR-140 generally lasts 

less than a week). In either case, the dye concentration in the saturable absorber jet will 

be roughly 5-104 Molar, although one must optimize this concentration while monitoring 

the autocorrelation of the laser output. 
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Figure 3.3. Tuning curve of Coherent dye laser showing the spectral region over 

which the gain dye lases. 
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Another effect of the absorber jet is self-phase modulation. The absorption of the 

saturable absorber will change dynamically from its unsaturated value to its saturated 

value as the dye laser pulse passes. Accompanying this dynamic change in absorption 

coefficient will be dynamic change in the refractive index (as implied by the Kramers-

Kronig relations). The phase of the dye laser pulse is proportional to this explicitly time 

dependent refractive index20. Since the frequency is equal to the partial time derivative of 

the phase, this time dependent refractive index will generate additional frequency 

components and broaden the pulse frequency spectrum. Moreover, these additional 

frequency components will be "chirped". That is, there will be a progression of 

frequencies through the pulse, with either high frequencies leading low ones, or vice versa 

(depending on whether the refractive index increases or decreases as the intensity of the 

dye laser pulse increases). The prism sequence allows us to compensate for either type of 

chirp. By moving the prisms further into the cavity, we increase the amount of glass 

present. This slows down high frequency components relative to low frequency ones 

(since high frequencies travel slower through glass than low ones) and thus corrects 

negative chirp (high frequencies traveling ahead of low frequencies or a decrease of 

frequency with time). Positive chirp (low frequencies traveling ahead of high frequencies 

or an increase of frequency with time) can be compensated by either translating the prisms 

out of the cavity (the converse of the previous process), or, when this is no longer 

possible, by further separating the two prisms. Operationally, we monitor the 
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autocorrelation of the dye laser pulse, and carefully adjust the sequence of four prisms to 

minimize the measured temporal pulsewidth. 

Instead of a simple output coupler, we operate the dye laser with a Coherent 

model 7210 acousto-optic cavity dumper. With this, we can get higher pulse energies at a 

lower repetition rate than can be achieved with continuous-wave mode-locked (CWML) 

operation. Higher pulse energies allow us to achieve higher carrier densities, which results 

in a larger nonlinear response and thus a larger signal to noise ratio for our data. The low 

repetition rate allows us to make use of these high pulse energies without heating the 

sample. We align an acousto-optic modulator to scatter the intracavity dye pulse out of 

the cavity21. The frequency with which this cavity dumper operates is 38/n MHz, where n 

is an integer set by the user to be anything from 4 to 259 (giving a rate from 9.5 to 0.15 

MHz). However, since the time required for the dye laser to reach steady state operation 

(and thus an optimum laser pulse) is about 0.5-1 (is, any dumping rate faster than about 2 

MHz will result in reduced power and broadened temporal profile in the cavity-dumped 

pulse. For this reason, we operate the cavity dumper at either 1 or 2 MHz for our 

experiments. The dumping efficiency (defined as the ratio of the intracavity pulse energy 

to that of the pulses emitted from the laser) of the cavity dumper was about 80%. The 

average output power at a dumping rate of 1 MHz is nominally 0.35 mW, which implies a 

pulse energy of 0.35 nJ directly at the output of the cavity dumper. We measure the 

temporal profile of the pulse using a noncolinear second harmonic autocorrelation. The 

measured full-width at half-maximum (FWHM) of the autocorrelation of the pulse from 
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the dye laser will vary slightly depending on the wavelength at which the laser operates, 

and the condition of the gain and absorber dyes. It is generally in the range 100-150 fs 

(although at the extreme ends of the tuning range, it can be as long as 200 fs). If the 

temporal profile of the pulse intensity has the functional form of a squared hyperbolic 

secant (that is, I(t) ~ sech2(t/x)) as is commonly assumed with passively modelocked 

systems, the FWHM of the pulse profile is equal to the FWHM of the autocorrelation 

divided by 1.55. Thus, the FWHM of the pulse is generally in the range 65-95 fs. Using 

the maximum pulse energy of 0.35 nJ, we have a peak power in the cavity-dumped pulse 

of 3-5 kW. 

3.2.2 Experimental Arrangement at Sample 

Before reaching the sample, the dye laser output passes through a telescope (see 

Fig. 3.4) with a magnification of one. We use this telescope to adjust the divergence and 

focusing of the dye laser beam so that it approximates a plane wave near the sample site. 

After this, we split the dye laser beam into three beams using two beam splitters. One 

reflects half the beam and transmits the other half, while the other transmits 80% and 

reflects 20%. Thus, the average power of the forward pump, backward pump, and probe 

will be in the ratio 50:40:10, respectively. We attenuated the probe further using a 

combination of a polarizer and a half-wave plate, resulting in a final ratio of 50:40:1.6 

(that is, a 32:1 ratio between the probe and the forward pump). This is also the ratio of 

the irradiances of the three beams. Since the irradiance is proportional to the square of the 

electric field, the ratio of the electric fields of the three beams will be 50:45:9. The 
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average power of the forward pump immediately before the sample is 0.12 mW. With a 

repetition rate of 1 MHz, this gives a pulse energy of 0.12 nJ. Note that half of the dye 

laser output of 0.35 nJ is 0.175 nJ. The loss of 0.055 nJ is due to reflection losses from 

the optical components between the dye laser and the sample site (scattering loss from 

steering mirrors, reflections from the telescope lenses). Finally, a 20% reflection loss at 

the surface of the sample results in a pulse energy inside the sample of0.096 nJ. A pulse 

duration of 95 fs gives a peak power in the sample of 0.89 kW. We focus all three beams 

onto the sample using 7.5 cm focal length best form lenses. Fitting a Gaussian profile to a 

pinhole beam scan (see Fig. 3.5) taken at the sample site gives a half-width at 1/e of the on 

axis fluence (HWl/eF), or beam radius, of 27 |xm. Dividing the peak power by the area of 

the beam gives a forward pump irradiance of 39 MW/cm2. Using the proportions given 

earlier gives a backward pump irradiance of 31 MW/cm2 and a probe irradiance of 

1.24 MW/cm2. Finally, the fluence of each beam in the sample will be 4.2 pJ/cm2, 

3.4 (xJ/cm2, and 0.13 pJ/cm2 for the forward pump, backward pump, and probe, 

respectively. 
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Figure 3.4. Expanded diagram of experimental arrangement 

We polarize the two pump beams parallel to one another, and orthogonal to the 

probe beam. In particular, we polarize the two pump beams vertically (that is, s-

polarized) and the probe beam horizontally (i.e., p-polarized). We ensure this by placing a 

half-wave plate and Glan-Thomson polarizer in the probe beam path and establishing the 

probe beam as horizontally polarized. We then place the probe beam polarizer in the path 

of each pump beam and adjust a polarizer in the pump beam path to extinguish the 

transmission of the pump beam through the two polarizers. This ensures that the two 

pump beams are both polarized perpendicular to the probe beam, and thus parallel to each 
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other. We measured the extinction ratio (minimum transmission through the two 

polarizers divided by the maximum transmission) to be about 5105, within the 

specifications of the polarizers. However, recall that the samples are mounted on quartz 

or sapphire. It is well known that quartz and sapphire are anisotropic, and can rotate the 

polarization of a beam. With this in mind, we made a careful study of the effect our 

sample substrates have on the polarization of an incident laser beam. We found that none 

of our samples actually rotated the polarization, although in some cases the beam was 

depolarized. That is, the extinction ratio of two polarizers was larger than the previously 

measured 5-105 after passage through the substrate (this would be occur the substrate 

changed the the beam from linearly polarized to slightly elliptically polarized). 

Specifically, the extinction ratio after passage through quartz substrates was about 103, 

while passage through sapphire resulted in an extinction ratio of 102. Exceptions are the 

samples designated TCH74, TCH258, and TCH256. Although they are mounted on 

sapphire substrates, we observed no depolarizing effect 
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Figure 3.5. Pinhole beam scans showing the a) horizontal and b) vertical profile 

of the laser beam at the sample position. 

We established spatial overlap of the three beams by maximizing the transmission 

of each beam through a 30 |im diameter pinhole placed at the site of the sample. We 

established phase matching for the grating measurements by ensuring that the probe beam 

and backward pump exactly counterpropagate. We do this by adjusting the propagation 

direction of the backward pump until it and the probe beam are superimposed 
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simultaneously at three points: the sample site, approximately 70 cm toward the backward 

pump side, and approximately 30 cm toward the probe side. The forward pump beam is 

incident from the same side of the sample as the probe beam, with an angle between them 

of about 4.6°. With the beams oriented in this manner, the two pumps will write a grating 

whose grating wave vector bisects the propagation directions of the two forward beams 

(forward pump and probe) and the probe light diffracted by the grating will propagate 

back along the forward pump beam. A polarizing beam splitter separates the diffracted 

probe light from any pump light scattered back along the forward pump direction. The 

advantage of a polarizing beam splitter over a normal one (glass wedge, 50/50 beam 

splitter, etc.) is that a polarizing beam splitter provides high reflectivity for the diffracted 

probe light while still providing high transmission for the forward pump. (The reflectivity 

of the diffracted probe is greater than 99%, while the transmission of the pump is about 

88%.) The propagation direction of the forward pump makes an angle of about 5° with 

that of the probe. If we orient the sample so that the probe and forward pump have the 

same angle of incidence (i.e., 2.3°), and the plane of incidence is perpendicular to the 

sample surface, the wave vector of the intensity grating will be normal to the sample 

surface, and thus perpendicular to the multiple quantum well layers inside the sample. 

This will result in a carrier density grating perpendicular to the multiple quantum wells, as 

desired. However, in this orientation, the specular reflection of the probe beam will be in 

the same direction as the diffracted probe light This aids in aligning the detector and the 

optics that steer the diffracted probe onto the detector. But since the reflectivity of the 
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sample is about 0.20 and the diffraction efficiency is about 10"4 at best, the specular 

reflection will completely swamp the diffracted probe light when making a grating 

measurement. To avoid this, we mount the sample on a precision rotation stage and 

rotate it slightly until the specular reflection is blocked by a pinhole aperturing the 

diffracted probe light. In practice, a rotation of about 0.3° was sufficient. When rotating 

the sample in this way, the grating wave vector will no longer be perpendicular to the 

quantum well layers, but will have a component parallel to the layers. This reflects the 

presence of a sinusoidal density modulation (a density grating) within the quantum well 

layers22. We take great care to ensure that the decay of the modulation within the wells is 

negligible when compared to the decay of the modulation across the wells, the decay we 

wish to measure. We discuss this issue in more detail in Chapter Four, where we present 

the interpretation of the data. 

Finally, to measure the temperature dependence of perpendicular transport, we 

mounted our samples in a refrigerator. The refrigerator used was an MMR Technologies 

Inc. model K770T Joule-Thomson refrigerator. This refrigerator allowed us to cool our 

samples to just above the boiling point of nitrogen (80 K). In addition, the refrigerator has 

an integral heater that allowed us to heat samples up to about 400 K. 

3.2.3 Acquisition of the Data 

Using the previously mentioned polarizing beamsplitter and a steering mirror, we 

direct the diffracted probe light onto a detector. The detector used was a United Detector 

Technology UDT-555D hybrid photodetector/amplifier. This is a 1 cm diameter silicon 
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photodiode with a built in operational amplifier. We placed mechanical choppers in the 

path of both the forward pump beam and the probe beam, to use lock-in techniques to 

enhance the signal to noise ratio of our experiments. The primary benefit of chopping the 

probe beam and using a lock-in amplifier is to reject pump light scattered onto the 

detector while trying to measure either transmitted or diffracted probe light. A lock-in 

amplifier phase locked to the probe chopper will provide as output a signal proportional to 

the average probe power incident on the detector. The detector has a temporal response 

time of about 300 |is. We measured this by observing the response of the detector on an 

oscilloscope while the chopped probe beam was incident and increasing the chopping 

frequency until the detector output was sinusoidal. (The chopped probe beam represents a 

square wave and a sinusoidal response implies that the detector is only responding to the 

fundamental of that square wave.) This 300 (As response time implies that the chopping 

frequency for the probe should be less than 3 kHz. We used a chopping frequency of 1-2 

kHz for the probe beam. 

There are two reasons for adding a second mechanical chopper to the forward 

pump beam. The first is convenience when making a differential transmission 

measurement. In this experiment, we measure the transmission of the probe (defined as 

the ratio of the average power transmitted through the sample to the average power 

incident) with the forward pump present and again with the forward pump absent The 

difference between these measurements, divided by the transmission without pump, is the 

differential transmission. If the presence of the pump beam induces a change in probe 
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transmission, and we chop the pump beam, then the probe transmission will be modulated 

at the same frequency. Thus, the output of the lock-in phase-locked to the probe chopper 

will be modulated at the frequency of the pump chopper. Note, however, that the purpose 

of the lock-in amplifier is to reject all signals that are not modulated at the frequency to 

which it is phase-locked. As a practical matter, there will be a finite width around this 

chopping frequency, outside of which all signals are rejected, and within which all signals 

are passed. In order for the lock-in to pass the modulated probe transmission signal, the 

pump chopper frequency must be small enough to pass through this small frequency 

bandwidth (in our experiments, we set the pump chopper to about 15 Hz). Provided that 

the first lock-in passes the modulated probe transmission signal, a second lock-in can be 

phase-locked to the pump chopper frequency and, using the output of the first lock-in as 

input, will provide directly a signal proportional to the difference in transmission with and 

without the pump present. Note that to get a true differential transmission result, this 

output must be calibrated to get a true transmission change, and then divided by the 

transmission without pump. In most cases, however, we are interested only in the 

temporal behavior of the differential transmission and not necessarily its exact value. The 

signal provided directly from the second lock-in amplifier is sufficient for this purpose. 

The second reason for introducing a chopper into the forward pump beam 

concerns the short-period grating measurements. In this experiment, we seek to measure 

the probe light scattered from a grating formed by the two pump beams. If we chop only 

the probe beam, all scattered probe light would appear at the lock-in output, whether it be 
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the desired signal from the grating or simple linear scatter from optics or the sample 

surface. There will only be a grating, and thus a diffracted probe, when both pumps are 

present By chopping the pump beam, we modulate the appearance of the grating at the 

pump beam chopping frequency. Thus, we can distinguish the light diffracted from the 

grating from the linear scatter because the former is modulated at the pump chopper 

frequency. There is, however, a nonlinear scatter signal that also appears at the output of 

the second lock-in. Since it appears at the output of the second lock-in, it is a measure of 

the change in the probe scatter induced by the forward pump. On the other hand, this 

nonlinear scatter signal appears even if we block the backward pump, and is thus not a 

grating signal. There are two possible origins for this nonlinear scatter signal. 

One is a change in surface reflectivity induced by the pump. The other possibility 

is that the bleaching of absorption induced by the pump allows light scattered from the 

back surface to penetrate back through the sample and reach the detector. Whatever the 

origin, this weak nonlinear scatter signal is linear in the carrier density. The desired 

grating signal is quadratic in the carrier density. Therefore, there will always be a carrier 

density below which the pump-induced scatter signal will dominate the diffraction signal. 

This limited the range over which we could observe the diffraction efficiency decay to 

about two or three decades, which corresponds to about one to one and a half decades in 

the grating decay. As implied above, we can distinguish the nonlinearly scattered light 

from the diffracted light by blocking the backward pump beam. The latter signal will 
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appear only when all three beams are present This allows us to identify the desired grating 

decay signal. 

Whatever experiment is being performed, we connect the output of the second 

lock-in amplifier to a Metrabyte model DAS-20 analog-to-digital converter, which was 

itself connected to an IBM-AT microcomputer. This allowed us to automate the 

acquisition of data. The probe delay stage was a Newport PM500-8 translation stage. 

This stage has 20 centimeters of travel (which corresponds to a total time delay of about 

1.4 nanoseconds) and a resolution of 0.1 (im (which corresponds to a temporal resolution 

of 0.7 femtoseconds). The delay stage was controlled by a Newport PM500 Controller 

which was also connected to the IBM-AT computer, allowing us to automate the 

acquisition of each time delay curve. In the next section, we present the results of these 

measurements. 
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3.3 Experimental Results 

I will present the experimental results in three sections. The first will contain data 

concerning general properties of the samples and the experimental conditions, the second 

will include the differential transmission measurements, and the third will present the 

grating measurements. 

820 840 860 880 900 

Figure 3.6. Room-temperature linear absorbance of three samples with 10 nm 

wells and varying barrier thicknesses. 
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3.3.1 General 

In Fig. 3.6, we present the room-temperature linear absorbance of three of the 

samples used in our measurements, obtained by use of a spectrophotometer. The three 

samples presented are TCH 255, TCH 256, and TCH 258. The barrier widths for these 

samples are 10 nm, 5 nm and 1.4 nm, respectively, while each has a well thickness of 10 

nm. Thus, by comparing these we can observe the effect of varying the barrier width on 

the linear transmission. The general features are typical of absorption in a multiple 

quantum well.13 The absorption edge is characterized by a sharp peak, attributed to the 

n=l heavy hole exciton absorption line. The smaller peak, slightly higher in energy, is 

attributed to the n=l light hole exciton absorption line. The flat plateau is attributed to the 

continuum states. Note that as the barriers become thinner, the spacing between the light 

and heavy hole exciton absorption lines becomes smaller, so that they are no longer 

resolvable in the thinnest barrier sample (although they can be resolved at lower 

temperatures where the line widths are narrower). This is as we expect. As the barriers 

become thinner, the multiple quantum well more nearly resembles bulk material, in which 

the light and heavy hole excitonic absorption lines are superimposed. 
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Figure 3.7. Spectral absorbance of a MQW sample, measured at room 

temperature, superimposed on the power spectrum of the laser pulse. 

We took our measurements with the laser tuned to the n=l heavy hole exciton. 

We show this in Fig. 3.7. In the figure, we show again the absorption profile of sample 

TCH 255 with the laser power spectrum superimposed. As seen in the figure, the 

spectrum is broad enough that it excites not only the heavy hole exciton, but also the light 

hole exciton and the continuum states. The change this excitation produces in the linear 
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absorption profile shown (i.e., the differential transmission) is the subject of the next 

section. 

0.1 HI 

0.0 H | \ / V - ~ L . ..U\ IMl 0.0 

V 
\ / v/prylnf 

\J 
a a a ! A A A * | ^ ^ ^ ^ 

830 820 810 
Wavelength [nm] 

Figure 3.8. Natural logarithm of the ratio of Tw (the probe transmission with the 

pump beam) to Tw/0 (the probe transmission without the pump beam), measured 

for the thick barrier sample (TCH255) at a lattice temperature of T=170 K. Probe 

beam arrives 10 psec after the pump beam passes. 
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3.3.2 Differential Transmission 

As described earlier, we make differential transmission measurements in order to 

eliminate those effects that contribute to the decay of our carrier grating, but are not 

associated with perpendicular transport. 

To quantify the nonlinear absorption in our samples, we measure the probe 

transmission with the pump beam present and again without the pump beam present. We 

then calculate the ratio of these two measurements. In Fig. 3.8, we show the logarithm of 

this ratio. That is, we plot the quantity 

/(X) = ln 
TWQl) 

TWM. 
(3.1) 

where TW(X) is the wavelength-dependent probe transmission with the pump present, and 

Tw/0(X) is the wavelength-dependent probe transmission without the pump present. The 

data shown is for sample TCH 255. We show data taken at a lattice temperature of 170 K 

so that the features can be seen more clearly. Also, the probe arrives at the sample 10 ps 

after the pump has passed in order to avoid coherent effects between the two beams (That 

is, we wish to measure the effect of the electron-hole population generated by the pump 

without worrying about coherent effects which would also affect the transmitted probe 

light. This issue is discussed further in Chapter 4.) We assume that the transmission is of 

the form exp(-[oto-Aa]0, where Aa reflects the change in absorption coefficient induced 
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by the pump beam. In this case, the quantity plotted in Fig. 3.8 is Aa • I. We see large 

positive values at the position of both heavy and light hole excitons, and smaller negative 

values to either side. This indicates a saturation of the absorption into the excitonic states 

(causing an increase in transmission, and thus a positive Aa, near the peaks of the exciton 

absorption lines), and a broadening of the exciton line (causing a decrease in transmission, 

and thus a negative Aa, in the wings of the excitonic absorption lines).13 This is made 

more clear by referring to Fig. 3.9. The effect of broadening is shown in Fig. 3.9a), where 

the broadening of the exciton absorption line causes a decrease in the absorption (and an 

increase in Aa as we have defined it) near the peak of the exciton line, and an increase in 

absorption away from the peak. Saturation on the other hand, causes only a reduction in 

absorption which is largest near the exciton peak. Our data reflects both effects, with a 

large decrease in absorption near the peak, and small increases in absorption in the wings. 



49 

a) Broadening 

o; 

Ao 

hco 

hco 

b) Saturation 

a 

j 
h(o 

hco 

Figure 3.9. Schematic of the change in the absorption of an exciton line under the 

assumption of a) broadening of the exciton line, which decreases absorption near 

the peak of the exciton and increases it in the wings, and b) saturation of the 

exciton line, which decreases the absorption everywhere. Our data reflects both 

effects, and produces a large decrease in absorption near the exciton peak, and 

small increases in the wings. 

Using a value of 0.4 |im for £ (given by 40 GaAs wells times 10 nm per well), we calculate 

Aa to be about 3000 cm1 at the peak of the heavy hole exciton. We estimate the density 

of electron-hole pairs N to be 5.3* 1016 cm-3. This is a rough estimate obtained by assuming 

that every exciton generated by single photon absorption ionizes into an electron and a 
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hole. We multiply the spectral lineshape of the incident pump pulse fluence, F(o)), by the 

spectrally-resolved excitonic absorption coefficient, cx((D), divide by hoa, and integrate over 

ca That is, we take the density of excitons generated as 

Y a (00 )F(CD ) 

* g g J L 0 2 ) 

To incorporate the saturation of the absorption coefficient, we perform this calculation 

using the unsaturated (small signal) form of 0(0) and again using the fully saturated a(co), 

and average the two. To compare our results to those in the literature, we assume the 

change in absorption coefficient to be of the form Aa = c^N. That is, we assume that the 

change in the absorption coefficient is linear in the carrier density. This assumption is 

made routinely in the literature, and is simply a Taylor series expansion of a(N), truncated 

after the first variable term. This will be accurate for sufficiently small N («1018 cm 3), the 

specification of which is considered in Chapter Four, under the section on dynamics of 

differential transmission. In this expression, is the absorption change per electron-hole 

pair. We obtain a value of 5.7-1014 cm2 for which compares well with 7-1014 cm2 

obtained by Miller, et al.23. The corresponding value for the light hole exciton is 1.7-1014 

cm2. It is this carrier-induced change in absorption, as well as the associated change in 

refractive index, that we use to monitor the carrier density in our experiments. 
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Having quantified the absorption changes in our samples, we can proceed to the 

temporal measurements (i.e., change in transmission as a function of time delay between 

pump and probe). In these experiments, it is most convenient to measure the difference 

between the transmission of the probe beam with the pump beam present and with the 

pump beam absent. That is, we measure AT=Tw-Tw/o, where Tw is the transmission with 

the pump present and Tw/o is the transmission without the pump beam present. Recalling 

equation 3.1, we can write 

aehNt = Aa £ = ln 
wlo 

= ln 1+ 
A T AT 

(3.3) 
w/o J w/o 

from which we obtain 

(3.4) 

Therefore, we can measure the change in carrier density with time by measuring the 

change in transmission with time. It is convenient to measure the differential transmission 

without the backward pump present, and thus without a short period free carrier grating. 

To do this, it is important to determine that there is no difference in the measured 

absorption change with or without the free carrier grating present. In Fig. 3.10, we show 

the differential transmission measured in sample TCH 255. In one case, the measurement 
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is made with a free carrier grating present. In the other, no free carrier grating is present. 

The average carrier density over the interaction length is the same in each case. We see 

no difference in the decay of the two signals. This is as we expect, as long as the amount 

of probe energy scattered by the free-carrier grating is very small compared to the amount 

transmitted. This is so, since approximately 50% of the probe is transmitted (including 

reflections from the sample surfaces) and about 0.1-0.01% is diffracted by the free carrier 

grating. Without a free carrier grating, we calculate that the change in transmission AT 

will vary as given in Eq. 3.4. With a sinusoidal free carrier grating, we calculate AT to 

vary as 

A T ~ a e h m 
sin(AT 1)^ 

{+—^T~' (3'5> 
K ' 1 J 

where Kg is the grating wavevector and the other symbols are as previously described. 

The fraction sin(Kg^)/Kg^ will be small if the argument Kĝ  is large. Since Kg is given by 

27t/Ag, where Ag is the grating spacing, the argument Kg£ will be large if the interaction 

length i is large compared to the grating spacing Ag (that is, if there are many grating lines 

over the interaction length). There is no difference between a constant change in 

absorption or a series of large and small ones, so long as the average is the same in each 

case. For the sample shown, Kg£ is equal to 42 giving a value for sin(K/)/K/ of -0.02. 

Considering all of our samples, K$£ varies from 24 to 66, causing sin(Kg^)/Kg£ to vary 
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from ±0.04 to ±0.0004. Thus, we would expect the presence or absence of a short period 

free carrier grating to vary the change in absorption by no more than 4%. This is 

consistent with Fig. 3.10, which shows a difference between the two measurements of 

about 8%, well within the tolerance of our very simple calculation. More to the point, the 

decay times we extract from the two measurements are equal to within our experimental 

accuracy. The sharp peak near zero delay is not important to the determination of the 

carrier density decay, but does deserve some mention. 
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Figure 3.10. Differential transmission for sample TCH 255 as a function of probe 

delay (T=295 K). 
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In Fig. 3.11, we show the data of Fig. 3.10 expanded about zero delay. The 

integration of the laser pulse determines the rise time, as is expected for a cumulative 

nonlinearity. We temporally resolved the rapid decay after the peak and find a decay time 

of a few hundred femtoseconds, although a reliable decay time is impossible to obtain 

because the signal only drops by about 30% before settling into the longer lived decay. 

Others have observed this feature and have interpreted it as follows.12 We have tuned the 

laser to the n=l heavy-hole exciton and thus excite heavy-hole excitons with no excess 

energy (i.e., at temperature T = 0 K). These excitons are then ionized by the absorption of 

longitudinal polar optical phonons, creating uncorrelated electron-hole pairs. These 

electron-hole pairs are, at room temperature, about half as efficient as excitons themselves 

at bleaching the excitonic absorption.12'13 So, the differential transmission signal rises as 

we create heavy-hole excitons that saturate the absorption. These excitons ionize into 

electron-hole pairs and the differential transmission signal decreases as the absorption 

saturation is reduced. Finally, the absorption saturation caused by the electron-hole pairs 

decays with a longer time constant. The initial fast decay corresponds to the time for an 

exciton to scatter with an LO phonon. The time we measure varies from one sample to 

the next, but is in the range 200-400 fs (which is probably within the limits of experimental 

error, given the small range of the decay over which we measure the time constant). This 

time is consistent both with other measurements of this type, as well as with other 

estimates of the scattering time between excitons and LO phonons. 
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Figure 3.11. Differential transmission of TCH 255 for time scales of the order of 

the pulse width (Fig. 3.10 on expanded scale). 

After the initial excitonic ionization, the differential transmission signal due to the 

free electron-hole pairs begins to decay with a much longer time constant As discussed, 

the decay in the differential transmission signal reflects a decay in the carrier density. Our 

signal to noise ratio only allows a measurement of decay over two decades or less, but 

over that range the decay of the differential transmission signal is exponential. Since the 

differential transmission signal is proportional to the carrier density, the decay of the 

carrier density is exponential By fitting the observed exponential decays, we can extract a 

value for the density decay time. That is, the time for the density to decay to 1/e of its 
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initial value. Thus, we can easily quantify the change in carrier density. Two questions 

then arise. First, are we seeing the change of the density of electrons, of holes, or of 

electron-hole pairs? Second, by what process is the density changing? We defer an in-

depth discussion of these questions until Chapter Four. In Table 3.2, we summarize the 

measured decay times for all samples at various temperatures. A blank entry indicates that 

no measurement was made for that sample at that temperature. 

Sample TCH TCH TCH TCH TCH TCH TCH TC TCH 
517 505 74 255 446 256 429 H 258 

445 Temp. 

TCH TCH TCH TCH TCH TCH TCH TC TCH 
517 505 74 255 446 256 429 H 258 

445 
T=295K 

200 
170 
160 

150 
120 

340 
±20 

650 1.6-103 200 850 300 
±30 

200 
±50 

850 600 T=295K 

200 
170 
160 

150 
120 

235 650 

T=295K 

200 
170 
160 

150 
120 

200 

T=295K 

200 
170 
160 

150 
120 

220 680 
±20 

T=295K 

200 
170 
160 

150 
120 

180 600 

T=295K 

200 
170 
160 

150 
120 150 320 650 1000 

Table 3.2. Exponential decay times (in ps) of differential transmission signal for 

MQW samples at various lattice temperatures. 

3.3.3 Grating Measurements 

We accomplish the ultimate goal of this program, the measurement of 

perpendicular transport, in the grating measurements. The experimental arrangement near 

the sample is shown in Fig. 3.12, repeated from Ch. 2. As discussed there, the two pump 

beams approach the sample from opposite sides at an angle of about 2.5° measured from 

the normal. Using Snell's law and a refractive index of 3.5, the angle inside the sample will 
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be about 0.7°. Thus, inside the sample, the wave vectors of the two pumps will be 178.5° 

apart. That is, the two pump beams are essentially counterpropagating. The wavelength 

of the pumps inside the sample is given by Xg/nQ, where Xq is the wavelength in air, and 

no is the refractive index. Using a typical wavelength of 850 nm, this gives a wavelength 

in the sample of about 240 nm. The interference pattern will have a spatial period of 

X{/2nosin(0/2), where 0 is the angle between the pumps, inside the sample. This results in 

a grating spacing of 120 nm. The probe will approach this grating in a direction opposite 

that of the backward pump. This will ensure that it will be phase matched to the grating 

generated by the two pumps. The probe will scatter from the grating and is collected as 

described earlier. In Fig. 3.13, we show the diffracted probe light as a function of the 

relative delay between the probe and the two pumps for several samples. We show the 

decay over only about a dozen picoseconds in order to show that we resolve the 

diffraction efficiency decay of the thin barrier samples. In Fig. 3.14, we show the 

diffraction efficiency over a much longer delay time to show the decay of the diffraction 

efficiency in thick barrier samples. As in the differential transmission measurements, the 

decay of the diffraction efficiency is characterized by an initial peak, having a decay time 

on the order of a few hundred femtoseconds, which changes in less than a picosecond to a 

more slowly decaying signal. We believe the origin of the initial peak is the same as in the 

differential transmission measurements, at least in part That is, the directly created 

excitons cause a larger nonlinearity until they ionize, thus producing a larger diffracted 
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signal. In addition, however, there is another signal phase-matched to arrive at the 

detector. 
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Figure 3.12. Diagram of experimental arrangement (Repeated from Ch. 2). 
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Figure 3.13. Diffraction efficiency for samples with varying barrier widths, as a 

function of probe delay (T=295K). 



59 

Probe Delay [ps] 
Figure 3.14. Diffraction efficiency of a thick barrier sample (TCH255) as a 

function of probe delay (T=295 K) 

This other signal arises in the following manner. With the beams arranged as they 

are (refer to the section entitled Experimental Arrangement at Sample above), any grating 

written by the two forward beams (referred to as the forward pump and probe) will scatter 

light from the backward pump onto the detector. Since the two forward beams are cross-

polarized, they cannot write an intensity grating. However, they can write a polarization 

grating24, a grating in which it is the polarization of the light that varies across the sample, 

rather than the amplitude. Such a grating has been observed in GaAs/AlGaAs multiple 

quantum wells by others25 and confirmed by us in our samples. This grating will be 
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extremely short-lived,25 however, and will only contribute near zero delay. Thus, the peak 

near zero delay will consist of a contribution from excitons that have not yet ionized, as 

well as a possible contribution from a polarization grating. In any event, the peak is 

dependent on the creation of excitons. In Fig. 3.15, we show the diffraction efficiency 

near zero delay taken for two different excitation conditions. The stars show the result 

when the laser is tuned to the exciton, as before. The filled squares show the diffraction 

efficiency measured when the laser is tuned above the exciton and thus directly creates 

electron-hole pairs. The reduction in the amplitude of the peak is obvious in the latter 

case. Further, by looking at longer delays (Fig. 3.16), we can see that the decay time of 

the longer lifetime signal is the same in each case. This confirms that we see the effects of 

electron-hole pairs, even when tuned onto the exciton. 
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Figure 3.15. Comparison of diffraction efficiency decay when exciting excitons or 

electron-hole pairs (T=295 K). 
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Figure 3.16. Comparison of diffraction efficiency decay when exciting excitons or 

electron-hole pairs (Fig. 3.15 with longer time scale) 

It is this longer lived signal with which we are principally concerned. The decay of 

this signal reflects the decay of the carrier density grating. That is, as the carriers in the 

peaks of the grating move to the valleys, the probe will no longer be diffracted. It is for 

this reason that the measurement of the diffracted probe light allows us to measure the 

transport of electrons and holes. As with the differential transmission measurements, we 

can fit an exponential to the diffraction efficiency decay and extract a decay time (a time 

for the diffraction efficiency to decay to 1/e of its initial value, ignoring the excitonic peak 
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near zero delay). These times are extracted for each sample and at various temperatures. 

The results are summarized in Table 3.3. As with the differential transmission decay 

times, a blank entry indicates that no measurement as made for that sample at that 

temperature. 

Sample TCH TCH TCH TCH TCH TCH TCH TCH TCH Sample 
517 505 74 255 446 256 429 445 258 

Barrier 24.5 17.1 14 10 6.8 5 4.4 2 1.4 
[nm] 

T=295 65±5 30 90 33±2 35 15 25 3 1.5 
K 

120 70 65±15 6 1.8± 
0.15 

Table 3.3. Exponential decay times (in ps) of diffraction efficiency at high 

temperatures for each sample, and low temperatures for selected samples. 

Certain trends are immediately apparent For one, the decay time becomes dramatically 

shorter as the barrier width becomes narrower. This dramatic dependence on barrier 

thickness already suggests a role for tunneling in the decay of the grating. Further, this 

barrier width dependence is strongest for barrier widths less than about 10 nm. This 

implies that for thicker barriers, tunneling plays a less important role. Consider also the 

temperature dependence. For the thinnest barriers, there is effectively no temperature 

dependence. Since tunneling is independent of temperature,11 this is also consistent with 

tunneling. Finally, the temperature dependence becomes stronger as the barrier width 

increases. This is consistent with the need to thermally activate carriers before transport 
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can take place. This is shown more clearly in Fig. 3.17, which shows an Arrhenius plot of 

the grating decay time (which is twice the diffraction efficiency decay time) and the 

differential transmission recovery time for Sample TCH255, whose barrier thickness is 

10 nm. We see that for high temperatures the grating decay time is much shorter than the 

differential transmission recovery time, and thus transport plays a substantial role in the 

decay of the grating. As the temperature drops, the grating decay time increases until it is 

roughly equal to the recovery time, and we are unable to experimentally resolve transport 

The 10 nm barriers of TCH255 are thick enough to prohibit tunneling, and the activation 

energy one can easily extract from the transport dominated region of this Arrhenius plot 

reflects the need to activate carriers out of the wells in order for transport to occur. The 

interpretation of this activation energy is quite subtle, however. We will discuss these 

issues in greater detail in Chapter Four, where we present the models we have used to 

understand the contributions of transport to the decay of the carrier grating. 
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thick barrier sample (TCH255) as a function of inverse temperature. 

3.4 Summary 

In this chapter, we have presented the details of the experiments performed to 

measure perpendicular transport in our MQW samples. In many cases, these details will 

be of importance in the next chapter where we analyze the results of our measurements. 

For example, the spot size of the beams will be important when we consider the role of 

diffusion within the wells. We have presented representative linear absorption traces for 

our samples. These are used as a guide when calculating the electron and hole energy 
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states in our samples, as discussed in the next chapter. We have shown the results of 

differential transmission measurements, which we will use to eliminate effects which 

contribute to the decay of the grating, but do not relate to perpendicular transport. 

Finally, we have shown the results of our grating decay measurements. We analyze these 

results in the following chapter to isolate and quantify the effects of perpendicular 

transport. 



CHAPTER 4 

EXPERIMENTAL RESULTS AND ANALYSIS 

4.1 Introduction 

In this chapter, we will present the details of the models we have developed to 

analyze the data presented in the previous chapter. Modeling of the linear absorption 

provides us information on the well widths (and, to a lesser degree, the barrier widths) of 

our multiple quantum wells. It also provides us with the band structure needed in the 

calculations of the grating decay, as we shall describe later. Our model of the differential 

transmission allows some basic insight into the nonlinearities involved, the carrier species 

to which our measurements are sensitive, and most important, allows us to extract a 

carrier recombination time. This recombination time is needed in order to properly 

interpret the observed grating decay time. Specifically, both recombination and transport 

contribute to the decay of the grating. In order to study the component due to transport, 

we must separately measure and eliminate the contribution by recombination. 

Finally, and most importantly, we present the model of carrier transport we use to 

understand the observed diffraction efficiency decay. This includes a simple and well-

known description of the decay of carrier density gratings by Boltzmann transport theory, 

as well as our calculation of the transport parameters describing the motion of carriers 
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perpendicular to the layers of a multiple quantum well. This latter calculation is the main 

result of this chapter. 

4.2 Linear Absorption 

4.2.1 General 

Our modeling of the linear transmission in our samples is very simple and consists 

of calculating the location of the light and heavy hole exciton peaks. As in bulk material, 

the location of the excitonic absorption peaks is determined by two things: the size of the 

energy bandgap and the excitonic binding energy. For the latter quantity, we use the value 

calculated by Schmitt-Rink, et al.13 For a well width of around 10 nm, they calculate 

about 8 meV for the binding energy of the n=l exciton. Although there is a difference in 

the binding energy calculated for light and heavy hole excitons, this difference amounts to 

less than half an meV (about 6%). When considering that the excitonic peaks overlap one 

another and overlap the onset of continuum states, the ability to confidently specify the 

peak location to within half an meV must be questioned, especially at room temperature. 

At lower temperatures, when the excitonic peaks narrow and the continuum edge is not as 

broad, this is less of a problem. For this reason, we use 8 meV for the binding energy of 

all excitons in our samples. Adding this binding energy to the observed exciton peak 

energy, we obtain the position of the continuum edge. It is this value that we attempt to 

calculate. It may be decomposed into three terms; the undisturbed bulk GaAs band edge, 
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which we take to be 1.425 eV; the energy shift of the conduction band due to the 

confinement caused by the barrier layers; and the energy shift of the valence band due to 

the confinement caused by the barrier layers. We calculate these last two quantities to fit 

the excitonic peak location. There are many different methods by which this calculation 

may be effected, the simplest being the particle-in-a-box method from basic quantum 

mechanics. Despite its simplicity, this method works surprisingly well, and is sufficient for 

the present purpose (calculating the confined states in the quantum well). Note that this is 

a particle in a finite box, and thus requires a numerical solution. However, this method 

does not consider possible coupling from one quantum well to another, nor does it 

accommodate the repeated structure of the multiple quantum well. One effect of coupling 

between wells is to broaden the confined states. This can be understood from the 

uncertainty principle relating the energy of a state to its lifetime. If the states are coupled 

between wells, this means that a particle can make a transition from one well to another. 

That is, the lifetime in the state is decreased. If the lifetime is decreased, the energy of the 

state is broadened. If the coupling between wells is strong enough, the periodic potential 

of the multiple quantum well will give rise to minibands. To accommodate these effects, a 

more sophisticated model of the quantum well states is required. Two methods of 

calculating band structure that are only marginally more complicated (and sophisticated) 

than the particle in a finite box are the Kronig-Penney model, and the two-band tight-

binding model.26 We use the latter because it is more accurate when the period of the 

superlattice is small (on the order of a few nanometers), although in our case the 
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superlattice period is always greater than 10 nm. In this case, there is no significant 

difference between these two methods of calculation. 

4.2.2 Atomic Tight Binding Model 

The model we use to calculate the superlattice band structure is described well by 

J. Schulman,27 but I will briefly review that description here. The model is quite 

straightforward. A Hamiltonian matrix is constructed for one period of the superlattice, 

using atomic orbitals as the basis functions. The matrix dimension is given by the number 

of monolayers in one period of the superlattice. The matrix is sparse. It is essentially 

tridiagonal with two additional entries in the upper right and lower left corners. 

The on-diagonal entries are the energies at the atomic sites. In the GaAs layer, 

these energies will be zero for the anions (i.e., the As sites) and EA for the cations (i.e., the 

Ga sites), where EA is the bulk GaAs bandedge. At room temperature, we use 1.425 eV 

for this value (I discuss below the effects of temperature variations). In the AlGaAs layer, 

these energies will be -A at the anions (again, the As sites) and Eg-A for the cations (the 

Ga and A1 sites). Here, Eg is the AlxGaj_xAs bandgap and A is the valence band offset 

We take Ej, to be given by16 1.425 + 1.247-x + 1.147-(x-O.45)2-0(x-O.45) eV. 0 is the 

Heaviside step function (its effect here is that the term quadratic in x is added only if x is 

greater than 0.45). We take the valence band offset to be 40% of the total offset.17 That 

is, A = 0.4(Eg-EA). The off-diagonal elements reflect the coupling between adjacent 

atomic sites, and is taken to be V2^=2h2EKJm*A,Ba2, where EAB is as previously 
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defined, m*A,B is the effective mass in the bulk material, and a is the zincblende lattice 

constant of the material (equal to 5.65 A ) . The two remaining entries accommodate the 

fact that the basic superlattice period is repeated. This formulation assumes that the 

superlattice is infinite in extent, and thus does not accommodate effects due to the ends of 

the superlattice. Our superlattices range in length from 0.46 p.m to 1.8 (im. The mean 

free path in these materials will be of the order of 0.1 nm, at best. This is calculated from 

I « vt , , where £ is the mean free path, v is the particle's velocity, and t is the time 

between scattering events. For the velocity v, I use the group velocity in the superlattice 

minibands (I describe this calculation later) and for the mean time between collisions I use 

800 fs (the scattering time for excitons at 80 K, measured by Labergerie, et al). The point 

is that with a mean free path significantly shorter than the superlattice extent, end effects 

can be expected to play a negligible role. Thus, our assumption of an infinite superlattice 

should produce reasonable results. Note that my estimate of mean free path is very 

conservative. It may easily be orders of magnitude smaller, and is very unlikely to be 

larger. These last two entries are -VA-Y, where V A is as defined earlier, and y is a phase 

term given by y = exp[iKz(LA+LB)]. Here, La is the GaAs layer thickness, Lb is the 

AljGa^As layer thickness, and K Z is the superlattice wavevector (given by ±nrc / ( L A + L B ) , 

where n is an integer > 1 and < the number of superlattice wells). Note that y is simply the 

Bloch phase factor between superlattice unit cells. By way of example, the Hamiltonian 

for a superlattice consisting of two layers of GaAs followed by two layers of A^Ga^As is 
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H = 

EA vA 0 0 0 0 0 -vAy 
VA 0 -V . 0 0 0 0 0 

0 - V . Ea 0 0 0 0 

0 0 VA - A / 2 -V, 0 0 0 

0 0 0 -VB e b - A V, 0 0 

0 0 0 0 VB - A -V, 0 

0 0 0 0 0 -V* 

<
 1 

TEA 

-vAy 0 0 0 0 0 V. - A / 2 

(4.1) 

As is well known, the stationary energy states of the superlattice are found by calculating 

the eigenvalues of this Hamiltonian, and the wave functions are obtained by solving for the 

eigenvectors. The band structure of the superlattice minibands (i.e., the E vs. Kz 

diagrams) is obtained by calculating the energy states as a function of the superlattice 

wavevector, Kz. An example of one such band structure is shown in Fig. 4.1. These are 

the superlattice minibands in the first Brillouin zone of the superlattice conduction band. 

The horizontal line marking 1.67 eV indicates the energy minimum of the AlGaAs layers 

(the barrier layers). The parameters used are appropriate for the sample designated 

TCH 258, which has a well thickness is 10 nm and a barrier thickness of 1.4 nm. Since the 

coupling from one well to the next is the greatest for this sample, the superlattice 

minibands will be the widest This can be seen from elementary considerations of quantum 

mechanics. As is well known, any coupling between two degenerate energy states will 

remove the degeneracy and a larger coupling between states will produce a larger 

splitting. The smallest coupling will be when two wells are infinitely far apart (i.e., 
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infinitely thick banieis). As the wells come closer together (i.e., the barriers become 

thinner), the coupling between wells increases and the superlattice minibands will become 

wider. The trend is the same for all minibands, although the lower the miniband, the more 

dramatically the miniband width varies with barrio* width. The trends are the same for 

electrons and holes, although, again, the rate at which the minibands vary with barrier 

thickness is different 
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The horizontal axis reflects the wavevector in units of lit/L, where L is the period 

of the superlattice (equal to the sum of the well and barrier thickness). 
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4.2.3 Multiple Quantum Well Tight-Binding Model 

The preceding qualitative argument can be understood from the following simple 

model. Rather than treating the superlattice as a series of atomic sites, treat it as a series 

of quantum wells and apply the effective mass approximation (that is, treat the particles in 

the well as free particles with an effective mass appropriate to the material of which the 

well is composed). Then, we can use particle-in-a-box wave functions as basis states for 

the superlattice, and we can write the wave function for a system of N quantum wells as a 

linear combination of the wave functions in each individual well. That is, 

&(z) = ̂ Llcnvn(z), (4.2) 
n=l 

where v„(z) is the wave function of a particle in the n111 well. That is, v„(z) is peaked for 

values of z in the nth well and is small for values of z outside the nth well. To evaluate the 

coefficients Cn, I will use two expressions. One is that v,tti(z)= v„(z±L) where L is the 

period of the multiple quantum well. This simply says that the vn(z) are all identical in 

form, simply shifted a distance L from one another. Note that I am ignoring end effects, 

as was done in the previous tight-binding model. This assumption is discussed above, and 

is no more or less valid in the present case. The second expression is from the Bloch 

theorem for a particle in a periodic potential. This is 
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I t z + L ^ e ' ^ z ) . (4.3) 

Expressing <I>(z+L) in terms of the basis functions, we get 

Q(z + L) = ±cnvn (z+L) = ^ c , , (z). (4.4) 
n-1 n=l 

Now I simply relabel the index n as n-1. This gives us the expression 

<E<z + ̂ ) = icB_1vB(z). (4.5) 
n=l 

Note that this creates problems near the ends of the superlattice that I continue to ignore. 

From the Bloch theorem, we also have the relation 

<£(z + L) = ex^z) = i,eK'Lc„vn(z). (4.6) 
n-\ 

Comparing the expressions for 3>(z+L), we conclude that cn = exp(-iKzL)cn_i. This 

expression is sufficient for our present needs, but we can get an explicit expression for the 

c„ by normalizing <I>(z). That is, impose the condition 



75 

J \$(zfdz = 2 c > m J vH(z)vm(z)dz = 1. (4.7) 

If the overlap from one well to the next is small, we can approximate Jvtt(z)vm(z)dz=5IMn, 

where Snjn is the Kronecker delta. Note that for the vn(z) to truly constitute a basis for our 

analysis, this must be identically true. The error will be small so long as the overlap of a 

wave function from one well to another is small. Then, we have |c„|2 = 1. Using 
n 

induction, we can get c„ = exp(-iKzL)c„-i = exp(-inKzL)co, where n labels any period of the 

superlattice. Then we have 1 = S k . r = 5 W = " k . f , from which we get 
n n 

c0 = exp(iKz§)/yfN where <|> is an arbitrary phase factor and N is the number of 

superlattice periods. And so, for any n, cn = exp[/£? (<j> - nZ,)]/V# . Assume the 

Hamiltonian of the system is such that 

( v J ^ k ) = JE
,
08^-V8m±M. (4.8) 

That is, in a given well (m=n), it produces the normal particle in a box states E0, and for 

adjacent wells (n=m±l), there is a coupling V, which must be small compared to E0. 

Then, to find the stationary energy states of the superlattice, apply the time independent 

Schrodinger equation: 
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HV(z) = E$(z), (4.9) 

or 

H ^ c n v n ( z ) = E ^ c „ v „ ( z ) . (4.10) 
n 

n 

We now multiply by vm(z) and integrate over z: 

XC„J vm(z)Hvn(z)dz = E%,cn\ vm(z)v„(z)dz. (4.11) 

Using our presumption about the Hamiltonian, this results in 

X c . t e 8 „ - V 5 - l H , } = E l c „ 8 „ . (4.12) 

which is 

c . E o - v { c ^ + c ^ ) = c m E . (4.13) 

Now using = cm exp{±iKzL), we get 
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C.E« -VcJcxpfiK,L)+exp(-iK,i)] = cmE, (4.14) 

which, so long as cm is not zero, gives 

E(Kz)=E0 -2VCOS(KZL). (4.15) 

That is, this simple model predicts a cosinusoidal dispersion relation with the width of the 

superlattice minibands, 4V, determined by the coupling between wells. This cosinusoidal 

dispersion actually produces a good fit to the dispersion predicted by the previously 

described atomic tight-binding model. (When we calculate transport in the section on 

grating decay, we will approximate the actual dispersion as a cosinusoidal one with the 

width given by the atomic tight-binding model.) As we will discuss in the last section of 

this chapter, the miniband width has a direct bearing on how fast carriers may move 

perpendicular to the layers of a superlattice. Thus, an understanding of transport as a 

function of barrier thickness requires that we understand the variation of miniband width 

with barrier thickness. To understand the dependence of the superlattice miniband width 

on barrier thickness, we need to estimate the coupling V. This coupling is given by 

v = J v,*! ( z ) H v n (z)dz. (4.16) 
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Taking a hint from the wave function of a particle tunneling through an isolated barrier, 

assume that v ^ z ) « exp(-pLB)v„(z), where P =yj2m*(V0-E0)/h. With this 

assumption, we can estimate 

V « | exp(-$Ls)vn(z)Hv„(z)dz = exp(-pLfi)£0. (4.17) 

Thus, the total width of the superlattice miniband will be given roughly by 

4V » 4exp(-plj)2s0. This predicts that the miniband width will vary exponentially with 

barrier thickness, and that this exponential variation will be strongest for large p. 

Therefore, if a miniband arises from a state deep in the well (i.e., large V0-E0), its width 

will vary more dramatically with barrier thickness. The same is true of the miniband of a 

particle with a larger effective mass (e.g., the heavy holes). Conversely, if a particle has a 

small effective mass or is in a state high in the well, the miniband width will vary much less 

dramatically with barrier width. These trends predicted by the quantum well tight-binding 

model are in accord with those produced by the atomic tight-binding model. We use the 

latter in our calculations, whereas the former gives a much more intuitive understanding of 

the behavior of the minibands. 

Finally, I point out that both these models assume that the wave function is 

coherent over the entire superlattice. Physically, this means that a particle must sample the 

entire periodic potential in order for a miniband to be established. In practice, it is 

generally deemed sufficient that the wave function be coherent over about 5 to 10 periods 



79 

of the periodic potential. Coherence over a period or less is clearly inadequate if one 

wishes to use a miniband description. This point will be discussed in more detail in the last 

section on grating decay. 

4.2.4 Temperature Effects 

Lattice temperature has two effects on the linear optical properties of our multiple 

quantum wells. The first is that, as the temperature is decreased, the absorption edge 

shifts to higher energies (and thus lower wavelengths). This is the same effect that one 

sees in bulk materials, and it can be described quantitatively by the same expression used 

in bulk material if we correct for the confinement effects. That is, the band edge shift in 

bulk GaAs is described by the Varshni equation, 

E,(T)=ES( 0 ) — ( 4 . 1 8 ) 

using the parameters a = 5.405 • 10"4, b = 204, and Eg (o) = 1.519 eV. The confinement 

brought about by the barrier layers affects the bandedge in two ways. Confinement shifts 

the continuum states upward in energy (just as the barriers seen by a particle in a box shift 

its lowest energy state up), and confinement increases the excitonic binding energy, the 

amount depending on the details of the multiple quantum well structure. These two 

effects partially compensate, but the shift upwards dominates so the net effect is that the 
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absorption edge shifts toward higher energy. We calibrate this shift at some temperature 

(usually room temperature) and modify the Varshni equation as 

E ( ( D = E , ( 0 ) + E w - £ ^ , (4.19) 

where Econf is the shift in the absorption features due to confinement effects. For 

example, in sample TCH 255, we observe that the absorption edge occurs at 1.457 eV 

whereas for bulk GaAs the edge occurs at about 1.425 eV. The difference of 32 meV is 

due to the confinement in the quantum wells. In Fig. 4.2, we show the result of fitting the 

observed position of the n=l heavy hole exciton peak to this modified Varshni equation. 

Note that we plot the experimentally measured vacuum wavelength of the peak position. 

That is, we plot X(t) = he jE g(T) , where h is Planck's constant and c is the speed of light 

in vacuum. The fit is very good, within two nanometers at worst (less than 4 meV). This 

provides justification for the implicit assumption that confinement effects are not 

temperature dependent. Note that there does seem to be a trend in the disagreement. At 

low temperatures, the Varshni equation underestimates our data, and at high temperatures, 

it overestimates it. It is possible that this trend reflects a weak dependence of confinement 

energy on temperature. This proposal is hard to defend, however, because our choice of 

the parameters in the Varshni equation is not the only one. Slightly different values may 

be justifiably chosen that improve the fit. We have elected not to do so, but have used 
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published values for the parameters. The point is that the deviation between the data and 

the fit is insufficient to conclude that the confinement effects are temperature dependent 
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Figure 4.2. Spectral position of exciton absorption peak as a function of lattice 

temperature and a fitted Varshni equation. 
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The second effect of lowering the temperature is to narrow the excitonic features. 

As the temperature is lowered, the excitonic absorption lines become narrower. The 

behavior of the line width with temperature can be fit by a function of the form28 

r ( r ) = r . + — ^ — r ~ . (4.20) 
exp {tmJk,T)-l 

Such a fit is shown in Fig. 4.3. This expression shows that the width varies as the density 

of longitudinal polar optical phonons. In the function, hro^ is the LO phonon energy, 

kBT is the thermal energy, and Tw reflects the interaction between excitons and optical 

phonons. The ratio rio[exp(^coto/kBT) - i f is a measure of broadening due to optical 

phonon scattering, whereas r o reflects all other (temperature independent) scattering 

processes as well as any inhomogeneous broadening due to, for example, fluctuations in 

the thickness of the multiple quantum well layers. (These fluctuations cause a variation in 

the excitonic binding energy, and thus a broadening of the exciton absorption line). Since 

the spectral lifetime broadening of a state is related to the lifetime of that state, one can 

obtain information about scattering processes (which shorten the lifetime) from a study of 

the line width. However, there are two caveats. First, as mentioned, the line width 

contains a component due to inhomogeneous broadening, which has nothing to do with 

scattering processes. Second, any lifetimes extracted reflect scattering of excitons, not 

free electrons or holes, and are thus of marginal use when studying transport of electrons 
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and holes. Nonetheless, we have conducted such a study for our samples and obtained the 

following results. For r w , we obtained a value of 5-6 meV. With a similar sample 

geometry, Chemla, et aL obtained a value of 7 meV. At room temperature, then, the 

broadening due to optical phonon absorption is about 1.8 meV, corresponding to a 

lifetime of about 300-400 fs. Note that this is in good agreement with our differential 

transmission measurements, from which we inferred an exciton ionization time of about 

200-400 fs. I now turn to those differential transmission measurements. 
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Figure 4.3. Spectral width of the excitonic absorption peak as a function of 

temperature, and a fit described in the text 
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4.3 Differential Transmission 

4.3.1 Origin of Nonlinearity 

Recall that our differential transmission experiments measure the effect a strong 

pump pulse has on the transmission experienced by a weak probe pulse. The strong pump 

modifies the transmission principally by generating either excitons or electron-hole pairs 

(either directly or by excitonic ionization). These excitons (or free electron-hole pairs) 

block the excitonic states, thus preventing transitions into the excitonic states and reducing 

the absorption. This is essentially the same as the band-filling phenomenon (i.e., the 

Burstein shift of the absorption edge). It is intuitive that the presence of one exciton 

should prevent the creation of another at that same location due to the Pauli exclusion 

principle. It is not as obvious, however, that the presence of an electron or hole should do 

the same thing. Consider, however, that the excitonic state can be successfully described 

as a linear combination of electron and hole Bloch states29. This suggests that the exciton 

is a composite particle, composed of an electron and a hole occupying not one Bloch 

state, but a linear combination of many of them. The Pauli exclusion principle is still in 

effect with a free particle, electron or hole, interacting with the bound one. We can be 

more quantitative in these ideas by considering the Pauli exclusion principle, and the range 

over which it acts, which is the deBroglie wavelength. 

To compare the effects of a free electron, a free hole, and an exciton on the 

absorption, we consider the space each one fills. An exciton in a quantum well occupies 

an area of order n a%, where a0 is the Bohr radius of the exciton. A free particle, on the 
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other hand, occupies an area of order iti?deB, where is the deBroglie wavelength of 

the free particle. Using kBT ~ = (hkf /2m*, and k = 2rt/X,(feB, we obtain 

» h/^2m'kBT, where h is Planck's constant A particle's effectiveness in blocking 

excitonic absorption is determined by the area it occupies. The larger the area a particle 

effectively blocks from occupation by excitons, the greater its effect on excitonic 

absorption. We can calculate the ratio of an exciton's effect on excitonic absorption to 

that of the electron-hole pair into which ionizes. This ratio can be obtained experimentally 

from the ratio of the initial peak in differential transmission (due to directly generated 

excitons) to the value of differential transmission a few hundred femtoseconds later (due 

to electron-hole pairs generated by excitonic ionization). That ratio is predicted to be 

« « ! 4 — (4.2i) 
(hy2ktT)(m;' + mk-') 4n !(ft2/2M"o2)' 

where \i is the reduced mass of the electron-hole pair. Expressing the denominator in 

terms of the excitonic binding energy, we get (i/4tc2) {kBT /Ex) for the ratio. Using a far 

more sophisticated theory, Schmitt-Rink et al. obtain the result (8/14)-(kBT/Ex) for this 

ratio. So, while our value for the prefactor is obviously suspect (different from the more 

sophisticated theory by more than an order of magnitude), we have obtained the same 

dependence on physical quantities. This suggests that we have incorporated the essential 

physics in our intuitive but simple-minded picture. From our differential transmission 



86 

measurements, we obtain a ratio of about 1.5 at room temperature. This suggests that 

Schmitt-Rink's result, which predicts a ratio of about 1.8 (versus our prediction of 0.07) 

is, in fact, the quantitatively correct one. On the other hand, our calculation allows us to 

understand, intuitively and qualitatively, our experimental results. 

One conclusion suggested by our simple picture is that free electrons, with a 

smaller effective mass and thus a larger deBroglie wavelength, are more effective at 

bleaching the excitonic absorption than the heavy holes. The relevant parameter here is 

the effective mass of the particles. Since the electron is less massive than the heavy hole 

by at least a factor of five, the electron should about a factor of five more effective in 

bleaching the excitonic absorption. We must be very cautious about quantitative 

conclusions drawn from this very simple picture, but the indication is that our experiments 

may be much more sensitive to the effects of electrons than of heavy holes. However, this 

does not allow us to exclude the holes from our consideration of transport. While our 

experimental technique may not be sensitive to the presence of the heavy holes, the 

electrons certainly are. That is, the heavy holes can affect the transport of the electrons to 

which we are sensitive. Specifically, space charge fields established as the electrons and 

holes separate can dramatically change the electron transport. This is considered in the 

section on transport. 

The light holes, on the other hand, should be roughly as effective as electrons at 

bleaching the exciton. The light hole states are slightly higher in the valence band, 

however. Therefore, there will be fewer light holes than heavy holes at equilibrium. 
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Using the Boltzmann factor ( exp(AE/JtBr), where AE is the energy difference between 

the light and heavy hole minibands) implies that there will be about two-thirds as many 

light holes as heavy holes. Using analysis of the type leading to the Saha equation, we can 

incorporate the densities of states of the two species. This suggests a further reduction by 

a factor of about 3.5, or a combined effect of more than 5. That is, there are five times 

fewer light holes than heavy holes. This is calculated at room temperature. The difference 

is even larger at lower temperatures. Also, this assumes thermal equilibrium. The 

expression used, completely analogous to the Saha equation, is 

NLH mLH 

f 'V 

N HH mHH 

—exp EHH ~Elh 

, V ; 
(4.22). 

The parameters used are triw - 0.087/^, mHH - 0.31/n,,, and E m - E w = -lOmeV. The 

effective masses are those used in our band structure calculations, those that gave a good 

fit to the location of the exciton peaks. The energy difference is taken from the separation 

of the light and heavy hole excitonic peaks, and will be accurate to the extent that the 

heavy and light hole exciton binding energies are the same. (As discussed earlier, the 

calculations of Greene, et al.30 predict this difference to be about 1 meV or less.) As 

mentioned, at room temperature, this gives a ratio of about 0.19 (= 1/5.2). At lower 

temperatures, the disparity is even greater. At 120 K, for example, the ratio is around ten. 

That is, there are ten times as many heavy holes as light holes. 
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To the extent that this simple picture accurately reflects the relative effects of the 

various carrier species, we conclude that after the excitons ionize into electron hole pairs, 

the excitonic absorption bleaching that we measure is caused primarily by the electrons. If 

this is true, then when we measure the recovery of the excitonic bleaching, we are 

measuring the recovery of the photogenerated electron population. Only if this recovery is 

due to bimolecular recombination must the electron recovery be the same as that of the 

holes. Further, these results suggest that the transport we observe may be primarily the 

transport of electrons (although recall the comments about the effect of holes on electron 

transport). 

4.3.2 Temperature Effects 

It is when lowering the temperature of the system that our simple picture of 

excitonic bleaching breaks down. The results of Schmitt-Rink and coworkers suggest that 

the result shown above for the relative effects of electrons and holes is correct only for 

electron thermal energies much larger than the exciton binding energy. That is, only when 

kBT » Ex. Where our simple result predicts that, as the temperature is lowered, the 

exciton effect on excitonic absorption becomes vanishingly small when compared to the 

effect of an electron, the more sophisticated theory predicts that the ratio approaches a 

fixed value of 8/14. The lowest temperature for which we measure transport is 120 K. At 

this temperature, the thermal energy is kBT « 10meV. This is not much larger than the 

excitonic binding energy. We therefore expect that, as the temperature is lowered, the 
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efficiency with which excitons bleach the absorption will decrease relative to that of the 

free particles, until the effects are roughly equal at a temperature of about 150 K. (One 

calculates a temperature of 164 K by setting the expression (8/14) • (kBT/Ex) equal to 

one.) The ratio of exciton to electron bleaching should approach its low temperature 

value of 8/14 at a temperature of roughly 90 K (using kBT ~ Ex). All that is clear is that 

above about 200 K excitonic bleaching dominates that of electrons, and below about 50 K 

the reverse is true. In between is a transition region not adequately addressed by either 

approach. 

What we expect experimentally is that as the temperature is lowered, the initial 

transient peak in the differential transmission measurements should decrease in size and 

eventually disappear. Recall that the explanation for the peak depended on the exciton's 

being more efficient at absorption saturation than the electron-hole pairs into which it 

ionizes. As this is increasingly untrue as the temperature of the sample is reduced, one 

would expect the peak to decrease in amplitude. We observe that the peak does indeed 

decrease in amplitude as the temperature is decreased, until is not observed at a 

temperature of roughly 150 K (the exact temperature depends somewhat on the details of 

the sample geometry). Below this, however, the peak reappears and reaches a height two 

or three times that of the longer term decay, and decays on a time scale of roughly a 

picosecond. This behavior is consistent with the following interpretation. 

As previously mentioned, one contribution to the peak near zero delay is light from 

the backward pump beam scattered onto the detector by a polarization grating formed 
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between the forward pump and probe beams. This process depends on a coherent 

interaction between the pump beam and the material excitation induced by the probe 

beam. Therefore, the contribution of the polarization grating will depend strongly on the 

dephasing time of the material. As the temperature is lowered, scattering processes are 

slowed down, and the dephasing time becomes longer. The longer the dephasing time, the 

more time there is for light to diffract from this polarization grating, and thus, the stronger 

the effect. This explains why the peak is very strong at low temperatures (around 100 K), 

and not visible near about 150 K. This implies that the peak observed at higher 

temperatures has no significant component due to a polarization grating. 

Thus, we believe that we understand the initial transient peak from its behavior as 

the temperature is varied. However, as mentioned before, it is the long term decay that is 

of primary interest, rather than the transient peak. Therefore, I now turn to the dynamics 

of the differential transmission and discuss under what circumstances it reflects the 

dynamics of the carrier density. 

4.3.3 Dynamics 

Recall that the quantity measured in our differential transmission experiments is the 

change in transmission experienced by the probe beam. If we express the pump-induced 

change in the absorption coefficient as Aa, then the change in transmission, AT, defined as 

the transmission with the pump present minus the transmission with the pump absent, can 

be written as 
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AT = exp[-(a0 -Aa)£]-exp[-a0 i] = exp[-a0 ^](exp[Aa /) -1). (4.23) 

The recovery of the differential transmission is then dictated by the recovery of the change 

in absorption, Aa. Further, since the change in absorption is explicitly dependent on 

carrier density, we see here the link between the temporal recovery of the change in 

transmission and the temporal behavior of the carrier density. In this form, however, 

extracting a carrier recovery time from the temporal behavior of the transmission change is 

sensitive to the form one assumes for the dependence of -Aa(N)=a(N)-Oo on the carrier 

density, N. The analysis can be made much more straightforward by imposing two 

reasonable approximations. Referring to the General section of Experimental Results in 

Chapter 3, recall that the quantity Aa • I has a value of about 0.12. Thus, if we 

approximate exp(Aa •£)-1 as Aa • i, our error is less than 6%. So the change in 

transmission can be written as 

AT ~ exp[-a0 ^](Aa l). (4.24) 

The second approximation is that, for small carrier densities, the absorption change will be 

linear in the carrier density.13 No matter the exact form of a(N), a truncated Taylor series 

gives a linear dependence on carrier density, N. That is, we can write the change in 

absorption as -Aa = a (N)-a0 ~ -oehN,28 and the change in transmission as 
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AT « exp[-a0 T](AEHNE). (4.25) 

Here we see a direct connection between the carrier density and the observed change in 

transmission. We must now consider how small the density of carriers must be so that the 

above approximation will be reasonable. Park and coworkers31 measured the saturation of 

the excitonic absorption and fit to their data a saturation model of the form 

a {N) = a0[l +N/NSAT ]_1. Note that for N«NSAT, this reduces to the previous 

expression if we identify N^^Oo/a^. Park and coworkers extract a saturation density 

NSAT of about 1018 cm3. Using the expression NSAT = [\(2%a\ LB)- {kBT/E0), derived by 

Schmitt-Rink et al., one also obtains NSAT = 1018cm 3. Recall that aQ is the exciton Bohr 

radius (about 7 nm), L ,̂ is the MQW well width (about 10 nm), and E0 is the exciton 

binding energy (about 9 meV). On the other hand, using our results, 0^= 8000 cm1 and 

<7̂ = 5.7-1014cnr2, we obtain NSAT= 1.4-1017cnr3. Similarly, using the results of Chemla et 

al., 0^= 11,000 cm-1 and 0^= 7-10~14cnr2, we obtain NSAT = 1.6-1017cm~3. There is good 

agreement between our results and those of Chemla et al. The difference between our 

results and Schmitt-Rink's calculation can be accounted for, at least partially, by the fact 

that the Schmitt-Rink calculation discounts screening of the exciton by electrons and 

holes, and by the fact that Schmitt-Rink claims only a factor of two or three accuracy in 

his calculation. Whether these two considerations are sufficient to account for the 
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observed factor of six difference is unknown. The much longer pulses of Park, et al. (3 ns 

laser pulse width) and the dramatically different carrier recombination times (they assume 

a recombination time of 20 ns for all their samples) makes it difficult to account for the 

disparity between their results and ours. If they (and Schmitt-Rink) are correct, we are 

safely in the regime N«NSAT with a carrier density of 5.6-1016 cm 3. Even if it is the 

smaller value that is correct, the error in the assumption [ l+N/N S A T ]_1 = [ l - N/NSAT ] is 

about 15%. The excitation level we have chosen, producing a peak carrier density of 

5.6-1016 cm 3, is a reasonable compromise between the need to obtain a large signal to 

noise ratio and the desire to make the analysis as model-independent as possible. In the 

following, I will ignore the initial transient change in transmission caused by the presence 

of excitons, and focus on the slower decaying signal caused by free electron-hole pairs. 

Since the electron and hole densities are the same, at least initially, any differences in the 

absorption change caused by electrons and holes will appear in the cross section, oeh. For 

reasons discussed earlier, I believe it is the effects of the electron density that we observe 

and therefore the carrier density N in the previous expressions is the density of conduction 

band electrons. The observed exponential character of the transmission recovery excludes 

from consideration some processes that change the density of electrons and holes, the 

principal example being bimolecular recombination. If it were bimolecular recombination 

that dominated the recovery of the carrier density and thus the transmission change, we 

would expect that a function of the form32 AT(t) °c N(t) °c (l+N0Bt)~ l would fit the 

observed transmission change well (N0 is the initial carrier density, and B is the 
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bimolecular recombination coefficient). This is not the case. From this we infer that it is 

not bimolecular recombination that dominates the recovery of the photogenerated carriers. 

The exponential decay we see implies that the recovery of the carrier density is a 

monomolecular process. That is, the carrier dynamics are described by a differential 

equation of the form dN/dt = ~N/TREC whose solution is N(t) exp(-t/xREC). From 

this, we infer that the observed transmission change recovers as AT(t) <* Qxp(-t/xREC). 

That is, we can obtain directly from the differential transmission traces the recovery time 

of the carrier density. In the following table (reproduced from Chapter 3), I show the 

recovery times obtained for each of our samples. 

Sample TCH 
517 

TCH 
505 

TCH 
74 

TCH 
255 

TCH 
446 

TCH 
256 

TCH 
429 

TCH 
445 

TCH 
258 

T=295 
K 

340±2 
0 

650 1600 200 850 300 
±30 

200 
±50 

850 600 

200 235 650 
170 200 
160 220 680 

±20 
150 180 600 
120 150 320 650 1000 

Table 4.1. Differential Transmission Decay Times [ps] for each sample at various 

lattice temperatures. 

As mentioned, these times refer to a monomolecular process. The exact mechanism by 

which the carrier density recovers is not of primary importance. However, since most 
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observed recovery times are in the nanosecond to sub-nanosecond range, the most likely 

33 34 
candidate is recombination through trap states at the GaAs/Alo jGao 7As interfaces » . 

Another strong possibility is recombination through states associated with impurities in the 

Al0 3Gao 7As layers. In either event, we have directly measured the recovery time we will 

need interpret the grating measurements, to which I now turn. 

4.4 Grating Decay 

4.4.1 General 

The analysis of the grating measurements begins with the source of the initial 

grating, the dye laser pulses which write the gratings in the first place. First, in what 

follows I will ignore the transverse spatial profile of the laser pulses. The dye laser pulses 

have spatial profiles that are well described by a Gaussian function with a half-width at 1/e 

of the fluence (HWl/eF) at the sample of about 30 microns. Carriers are generated by 

single photon absorption, so the initial carrier distribution will also have a Gaussian 

distribution with a half-width at 1/e of the peak of 30 microns. This Gaussian distribution 

will then begin to diffuse in the plane of the multiple quantum well. In-plane diffusion has 

been measured in multiple quantum well samples such as ours22 with the result that in-

plane transport can be described by diffusion with a diffusivity of about 15 cm2/s. We 

have confirmed these results for our samples. Therefore, the initial Gaussian carrier 

distribution will diffuse away in a time scale given by r0
2 /4D, where r0 is the half-width at 

1/e of the peak of the carrier distribution, and D is the diffusivity describing transport in 
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the plane of the sample. Using the previously mentioned values, we get a time of 150 

nanoseconds. All other times measured in our experiments are from a few picoseconds to 

a few nanoseconds. All transport measurements give decay times of a few hundred 

picoseconds, at most Thus, we can see that in-plane diffusion of the Gaussian carrier 

distribution will play a negligible role in describing our results. For this reason, we neglect 

the transverse (i.e., in-plane) direction. 

Ignoring the transverse spatial dimension, I can write the fields of the two 

counterpropagating laser pulses as 

4) exp[i(k1 • r -co *)]exp£-y ( z - a ) 

- r - >2" \ 

z-d-vt 
exp 

PULSE ) 

+ C.C. 

J 

, (4.26) 

and 

*>•1 ̂ expfi^kj-r-co? ) ] « p [ - y ( * - z) exp 
( j v z-d + vt 

V2VT PULSE / J 
+ C.C. (4.27) 

The active region of the sample is located between z=a and z=b> a. The quantity 

d = (b + a)12 locates the center of the active region of the sample. These expressions 

describe two equal amplitude pulses, moving with speed v (=c/no), having Gaussian 

temporal profiles with a half width at 1/e of the intensity of xPULSE. Each is attenuated by 
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linear absorption as it traverses the sample. The definitions are such that the two pulses 

are overlapped at the time t=0, when the peaks are at the center of the sample. 

To find the intensity due to both pulses, we add the two fields and take the 

magnitude squared. That is, the total intensity is given by 

IT oc 

p[i(k, •r-GH)]expjj-y(z-a) 

+ exp[/(k 2 • r -a) /)]exp|~-y (fc -z) 

. NJ" 
exp 

z-d-vt 
exp 

^yflvlPULSE y 

exp 
r , N* 

z-d+vt 

\v2vtPULSE ) 
+ c.c. 

(4.28) 

Performing the algebra associated with this calculation, we arrive at the total intensity 

given by 

IT ~ 

exp[-a (z-d)]exp 

+exp[-«x (z-d )]exp 

+2 exp 

/ . \2~ 
z-d-vt 

v V* PULSE ) 

j ^ z-d+vt 

VI PULSE ) _ 
~ / . N2l \2~ 

z~d 
exp 

t 

^ PULSE j 
exp 

^ PULSE j 
exp 

PULSE J 
cos [ (k , -k 2 ) r ] 

(4.29) 

The excitons which give rise, upon ionization, to electron-hole pairs are generated 

according to the expression 
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dN(z,t) a l{z,t) 

dt HA) 
(4.30) 

Note that this equation is greatly simplified because we ignore many gain and loss terms. 

Two-photon absorption, for example, will be small so long as the irradiance I(z,t) is much 

less than a critical irradiance Ic = (a/P)/(l -exp[-a l]),35 where p is the two photon 

absorption coefficient. Using a = 8000 cm1, P « 20 cm-GW1,36 and 1= 0.4 nm, we 

obtain Ic « 1 TW-cnr2. Since the irradiance we produce in our samples is less than 

100 MW-cnr2, two-photon absorption is clearly not an issue. The loss terms due to 

recovery of the carrier population and transport occur on time scales of dozens to 

hundreds of picoseconds (and never less than about 2 ps) and are thus too slow to 

compete with linear absorption (which occurs on the time scale of the pulse, i.e., about 

100 fs). Integrating the density equation over time, we get 

N(z,+°°)x dt l(z, t) ' 

cosh[a(z-flf)] 

+exp 

f j ^ 
z-d 

PVISE y _ 

c ° s [ (k | -k 2 ) r ] 
(4.31) 

This is the carrier distribution after the passage of the two colliding laser pulses. We see 

here the expression for the carrier grating wavelength, obtained from krk2=Kg. We 
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construct our coordinate system so that k , = (271/10/̂  )[x cos zsin (o/2)] and 

k2 = (2jw0/\)[xcos(<iy2) -zsin(<i>/2)], where Xo is the vacuum wavelength of the laser 

pulse, no is the refractive index, and <I> is the angle between the two pump beams. From 

this, we obtain Kg = )[2sin(^/2)]z and thus Ag = X0/[2n0sin(^>/2)]. The 

Gaussian factor in front of the cosine term reflects the fact that the two pulses will write a 

grating only while they overlap. That is, if the pulses are only 10 microns long in space 

(given by the product of the speed of light and the temporal duration of the pulse, viPULSE), 

and the sample is 100 microns long, a grating will only be written in the center of the 

sample. Our situation is the reverse, in that the sample is only a micron or two thick. 

That is, our pulses are much thicker than our sample. This is reflected in the result if we 

evaluate the value of the Gaussian term. It will be of the order of 

exp 
t / 2 

PULSE ) _ 

:exp 
4v x 2_ 2 

PULSE J 

(4.32) 

Using £ ~ 10~6m, v = 108m, and xPVLSE «100 fs, we get a value of 0.9975. That is, 

essentially one. The hyperbolic cosine term reflects the fact that the two pulses are 

depleted as they pass through the sample. The relevant point here is that this creates a 

carrier modulation in the sample that varies on a distance scale of 1/a. The carrier density 

grating has a much more dramatic spatial variation and will therefore decay faster, by a 
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factor of (oAg) . Using a »104cm-1, and Ag ® 120nm, we get a factor of 69.44. That 

is, whatever the details of transport, the grating should decay about 70 times faster than 

the modulation caused by linear absorption. Therefore, we can ignore the effect of linear 

absorption in writing the grating. 

The Gaussian character of the temporal profile of the laser pulses implies a finite 

spectral bandwidth for the pulse. That is, the laser pulses are composed of a range of 

frequencies, rather than just one. This has two effects. First, the finite bandwidth of the 

pulses will lead to a variation of the grating spacing written by each frequency component 

That is, a spread in carrier frequencies Aw will lead to a spread in grating period AAg given 

by 

AA = — = ACQ « , (4.33) 
* 2/JQ 4nn0c 2 n^cx^ 

where A-o is the center wavelength of the pulse, n0 is the refractive index of the material, c 

is the speed of light in a vacuum, and I have used Aco -x PULSE ® 2n . Using Ag = X0j2n() 

as the mean period of the grating, the fractional change in grating spacing caused by a 

finite spectral bandwidth will be 

. (4.34) 
A g CZ pulse 
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where X0 is the center wavelength of the pulse, n0 is the refractive index of the material, c 

is the speed of light in a vacuum, and I have used A© -x PULSE ~ 2n . Using Ag = X0j2n0 

as the mean period of the grating, the fractional change in grating spacing caused by a 

finite spectral bandwidth will be 

. (4.34) 
PULSE 

That is, the fractional width of the distribution of grating periods is equal to the ratio of 

the pulse wavelength to it's spatial extent along the direction of propogation. Using 

X,0= 850nm, c = 3 • 108 m/s, and tPULSE = 100 fs, we get a fractional change of 0.028, or 

about 3%. That is, for our pulses, the effect of the finite spectral bandwidth on the 

optically generated gratings is negligible. 

The second effect of a finite bandwidth is moving gratings. That is, the grating 

written by beams with different carrier frequencies have a nonzero phase velocity, given 

roughly by Aco/Kg. This can be simplified to Ag/TPULsE. The pulses interact over a time 

period roughly equal to the temporal pulsewidth, Xpulse> and so these moving gratings will 

move a distance equal to the grating period while the pulses are interacting. This will tend 

to wash out the gratings being written. This is a fundamental difficulty, and cannot be 

circumvented by varying the pulsewidth (lengthening the pulsewidth, for example, to 
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reduce the bandwidth will slow down the moving gratings, but will lengthen the 

interaction time), but since the moving gratings are constructed from frequency 

components in the wings of the spectral distribution, they will be smaller in amplitude than 

the stationary gratings. While this state of affairs is troubling, we can expect that they will 

not wash our gratings out completely. 

Once the grating is written, the excitons will ionize on a time scale of a few 

hundred femtoseconds, and create two superimposed free carrier gratings, one consisting 

of electrons in the conduction band and the other of holes in the valence band. The 

electrons and holes are now free to move independently and wash out the grating that has 

been optically generated. In bulk material, this grating decay would be analyzed using 

ambipolar transport theory. It is by no means obvious that this should work in our 

multiple quantum well samples. However, under our experimental circumstances, we can 

describe the perpendicular transport of carriers in a manner formally equivalent to 

linearized Boltzmann transport theory. That is, the transport can be described in terms of 

a simple mobility and diffusivity. In this case, transport is formally equivalent to the 

transport in bulk. Therefore, we may incorporate the results of ambipolar transport to 

describe the perpendicular transport of carriers in our samples. For this reason, I will 

briefly review the results of ambipolar transport before describing the transport parameters 

that will be used in the ambipolar transport calculation. 
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4.4.2 Ambipolar Transport 

The transport of a superimposed electron and hole population is complicated by 

the fact that, in general, electrons and holes move at different speeds. When this happens, 

a space charge field is established that tends to retard the faster species (usually the 

electrons) and advance the slower species (usually the holes). We suppose the motion of 

carriers in response to a density gradient can be described by a diffusivity, and the motion 

in response to an electric field by a mobility. That is, we assume that the flux of carriers 

perpendicular to the multiple quantum well layers can be written as 

AN (7) 
S ^ z ) = ~ D — & - ^ M ) E s c i z ) , (4.35) 

and 

dN (7) 
S h { z ) = ~ D k ~ ! k + ^ " ( z ) £ s c ( z ) - (4.36) 

Here, the particle flux Sj is the number of carriers per unit area per unit time passing a 

particular z coordinate. The density of carriers is denoted by Nj, the diffusivity by Dj, the 

mobility by m, and the space charge field between electrons and holes, should it develop, 

by Esc. The subscript i takes on the values e or h, referring to electrons or holes, 
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respectively. Since the space charge field is a common term in each equation, we can 

eliminate it and collapse the two flux equations into one. The result can be written 

fiUlV. dN L y j 1H\ + (4.37) 

Following the normal prescription leading to ambipolar transport, we assume that the 

space-charge field in question is sufficient to force the electrons and holes to move 

together. That is, the flux of electrons S e is equal to the flux of holes Sh- If we denote 

this flux as S, then the flux equation becomes 

dN dNh 
—D \LhNh~^-Dh\ieNe —jL 

s = * dz di (4.38) 
V-kHh+\ieNe 

This expression for the flux can be greatly simplified if we may assume that the electron 

and hole densities are roughly equal, Ne~Nh. Then the expression for the flux becomes 

j h. (4.39) 
~ \ih + \Le dz \ih + \ie dz ' 

Finally, we obtain the expression for ambipolar transport if the carrier density gradients are 

roughly equal. That is, if dNjdz - dN Jdz, then the flux can be written 
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'DeVk + DkV. ^ 
Vk+Ve 

dN_ 

dz 
(4.40) 

That is, the flux of either the electrons or holes can be written as though each was 

diffusing independently, albeit with an ambipolar diffusivity given by 

^ambi — 
'Pe[ih + Dh\i,

 A 

Vh + V 
(4.41) 

« / 

One further simplification occurs if the Einstein relation between the mobility and the 

diffusivity holds. That is, if \ieh = (e/kBT)Deh, where e is the magnitude of the charge on 

the electron and kBT is the thermal energy, the ambipolar diffusivity can be written 

Dambi — 
2DeDh ' 

(4.42) 

This is the standard expression for the ambipolar diffusivity. Note that the previous 

expression is just as useful and slightly more general in that the Einstein relation is not 

invoked. 

Now let us consider to what extent the many assumptions we have made to 

simplify our problem are justified. The first assumption made was that the space charge 
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field is sufficient to force the electrons and holes to move together. This need not occur. 

Specifically, if the carrier density grating of the faster species decays completely before the 

space charge field has grown large enough to impose ambipolar transport, ambipolar 

transport will not occur. Thus, we must consider the time scale on which the space charge 

field builds and compare that to the decay of the carrier density grating in the absence of 

ambipolar transport. I review the calculation in Appendix B, but it is well known that the 

space charge field leading to ambipolar transport grows on a time scale analogous to the 

dielectric relaxation time,37 given by the ratio of the electric permittivity of the medium to 

the electrical conductivity. The conductivity due to electrons and holes will be given by 

o = eNo k\ih + eN0 e\ie, where e is the magnitude of the charge on the electron, N0 i is the 

mean density of electrons or holes, and ^ is the mobility of the electrons or holes. Note, 

however, that ambipolar transport occurs under either of two conditions. The trivial case 

is that both electron and hole transport parameters are roughly equal, the two gratings 

decay together, and no space-charge field develops. The other case that transport of one 

of the carrier species is much faster than that of the other. In this circumstance, one of the 

two terms in the conductivity must dominate. One is therefore justified in approximating 

the conductivity as due only to the faster species. For example, suppose that the electrons 

are the faster of the two species, as is often the case. Then the dielectric relaxation time 

can be written as x DI = £Z0/e\LeN0fi, where e is the relative permittivity of the medium and 

EQ is the permittivity of free space. As we review in Appendix B, the time for the electron 

grating to decay by diffusion alone is given by xdiff e = (a2 /4rc2Z)e), where Ag is the 
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period of the grating and De is the diffusivity of electrons. In order for ambipolar diffusion 

to occur, the grating decay time must be much longer than the dielectric relaxation time. 

That is, we must have 

„ A2,/47c 2D„ eN0A\ n 
t l ^ «£_L Mx » l (4.43) 

xdi ££0/e\ieN0, 4n ee0 De 

This is essentially a condition on the density of carriers in the grating. That is, ambipolar 

transport will occur if the density of carriers satisfies the relation 

47t2ee0 D 
N9,»—n-1—• (4.44) 

^ eA2
g \ie 

Note that there will be an analogous equation for the holes if they are, in fact, the faster 

species. Again, if the Einstein relation between mobility and diffusivity holds, this can be 

simplified slightly to 

4712ee0 , ^ 
H a , » ~ T 7 i ~ K T - (4.45) 

6
 S 

We can get a rough idea of the carrier density required by using typical numbers in this 

equation. In GaAs, the relative dielectric permittivity is about 10. Our grating spacing is 
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120 nm. At room temperature, the density required to establish ambipolar transport must 

satisfy N0e» 4-1016 cm"3. (Note that this is just a rough value, and this condition must 

be checked for every transport process, whether it be coherent or sequential, through the 

barriers or over them). The densities we generate are of this order, or a few times larger. 

This suggests that the electron density grating decays only a few times faster than the 

buildup of the space charge field, and the assumption of ambipolar transport is only 

marginally justified. This becomes important when we try to infer microscopic transport 

parameters from the measured grating decay times. For example, if we are to infer 

tunneling rates for our quantum wells, it is important to know whether the observed 

grating decay is an average of the electron and hole decay (if ambipolar transport occurs) 

or determined by one species only (if ambipolar transport does not occur). This will be 

discussed further in the next section on transport parameters. 

The other assumptions leading to ambipolar transport are that the electron and 

hole densities, as well as the gradient in the electron and hole densities, are roughly the 

same. This can be approached by considering the magnitude of the space charge field. 

Since it is the result of a separation of electrons and holes, its magnitude will reflect any 

difference in electron and hole density. The magnitude of the electric field can be obtained 

by calculating how large the field must be to establish ambipolar transport. That is, the 

flux of electrons is given by 
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Se(z) = -De^^—\ieNe(z)Esc(z). (4.46) 

It is also given by 

Se{z)— DJWM 

dNe(z) 

dz 
(4.47) 

if ambipolar diffusion obtains. Eliminating the flux Se(z) and using the definition 

D AMBl 
(4.48) 

we can solve for the magnitude of the space charge field and obtain 

Dh-De dNe/dz 
ESC Hft + He Ne 

(4.49) 

The carrier density will be sinusoidal with period Ag. That is, Ne(z) cos(^z) . Thus, 

we can approximate 

dNjdz KgNe 

N, ~ N, 
(4.50) 
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We again postulate that one carrier species diffuses faster than the other. If we assume 

for definiteness that it is the electrons, then we have 

Esc555 , . K t . (4.51) 
e 

We can get an expression for the difference in the carrier densities from Gauss' law of 

electrostatics. That is, since the gradient in the electric field is given by the net charge 

density over the dielectric permittivity, we can write the magnitude of the space charge 

field as 

^ r = -^-[Nh(z)-NeU)]. (4.52) 
O Z tC0 

The space charge field will have the same period as the carrier density gratings, and so we 

can approximate d Esc/dz'K,Esc = (2n/Al)Ex. Eliminating the space charge field 

from these expressions, we get 

4tc2££0£> 
K>-N'm7riT ( 4 - 5 3 > 
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for the difference in electron and hole density. If we express the assumption Nh « Ne as 

N0e/{Nk - Ne)»1, then we arrive at the relation 

e N o A \ P-e 

4n2ee0 De 
2 , 1 - E t » l . (4.54) 

In this form, we recognize that this is exactly the relation resulting from a consideration of 

the dielectric relaxation time as compared to the grating decay time. This tells us that if 

the dielectric relaxation time is short enough to establish ambipolar transport, the 

approximation Nk ~ Ne will follow directly. Finally, the assumption that 

dNjdz ~ dNh/dz follows naturally since both the electron and hole densities are 

sinusoidal in shape with the same period Ag. That is, since the spatial distribution of 

electrons and holes is described as Neh °c COS(â Z) , the relation dNjdz ~ dNhjdz 

becomes KgNh~ Kg- Ne and reduces to Nh ~ Ne. Thus, the condition on the gradients 

follows from the condition on the densities themselves, both of which follow if the 

dielectric relaxation time is short enough to establish ambipolar transport. 

We conclude that, when the transport parameters of electrons and holes are 

different, two conditions are sufficient for ambipolar diffusion to occur. First, transport of 

the faster carrier species must be much faster than that of the other. Second, we must 

have the condition 



112 

(4.55) 
47c2ee0 A 

where i identifies the faster of the two species. We've seen that this latter condition 

ensures that the dielectric relaxation time is sufficiently fast to establish ambipolar 

transport, and to ensure that the conditions Nh ~ Ne and dNjdz « dNh/dz are satisfied. 

Whether or not ambipolar transport occurs, the time development of the carrier 

density grating is determined by the continuity equation. Thus, the time development of 

the electron density grating is determined by 

dNe(z,t) d Se(z,t) Ne _ (456) 

d t d z X eMC 

and that of the hole density grating by 

dNk{z,t) dSh(z,t) Nh_ (457) 

d t d z X hJtEC 

where the expressions for the flux are as given previously. If ambipolar transport occurs, 

these expressions will take the simple form 
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— T Z — = +DAMBI—T3—~~ • ( 4 - 5 l v 
ot o z xiJtEC 

The solution to this differential equation with an initial condition of 

tyUjO) = Arw[l+cos(tf fz)] ( 4 . 5 9 ) 

is well known, and is given by 

iV,(z,r) = N0i[l + exp(-^2DAWfl/?)cos(^z)]exp(-f/xiJJ£C). ( 4 . 6 0 ) 

We see that the sinusoidal carrier modulation decays exponentially with a time constant 

obtained from 

= K ; D , „ , , + - • ( 4 . 6 1 ) 

li,GRATING i JiEC 

Recall that the diffraction efficiency decays at twice this rate, so the experimentally 

measured decay of the diffraction efficiency will be exponential with a decay time half that 

of the grating decay time. Thus, from the diffraction efficiency measurements, we obtain 

the grating decay time i i GRATmG and recall that the differential transmission measurements 
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gives us the recovery time %i REC of the carrier population. With these two parameters, we 

can easily solve for the diffusion coefficient, DAMBI, and compare it with the values 

calculated according to the prescription in the next section. 

Before turning to the calculation of the transport parameters, however, let us 

consider the cases complementary to ambipolar transport. At the opposite extreme, 

consider that transport of one carrier species is still much faster than the other, but that the 

condition 

eNoA\ 1 (4.62) 
A% 2££0 D{ 

holds. That is, the dielectric relaxation time is much slower than the grating decay time. 

This means that the density grating of the faster species will decay completely before any 

appreciable space charge field is established. From this, it follows that the flux of earners 

due to any space charge field built up will be small compared the flux due to diffusion, as 

the following calculation shows. Again, I obtain the space charge field from Gauss' law of 

electrostatics, 

KgEsc ~ ^ £ - = -^-[Nh(z)~Ne(z)l (4.63) 
u Z 
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The difference in carrier density will be at most the mean value of the carrier density, since 

one carrier grating will have decayed completely and the other little, if at all. Then, the 

field magnitude will be given approximately by E s c £ £ 0 ) N 0 i and the flux due to 

this space charge field will be 

~ ® -Not- (4.64) 
AgEE0 

The flux due to diffusion will be given by 

dN. 
S i M = D i - f o - ~ D i K

g
N i - (4-65) 

The ratio of the flux due to the space charge field to that due to diffusion will be 

^ \ljNjEsc eNpj fi, e N p [ X , 

sim D^Njd z) ~ ^2ee0 A " 4k 2ee0 Dt' 

and this quantity is, by hypothesis, much less than one. So we are justified, under these 

circumstances, in assuming that the flux of either electrons or holes is given by 



116 

S , U ) — D , ^ J & . (4.67) 
dz 

In this case, the time development of the carrier density is given by 

dNi{z,t)_ d 2Nt(z,t) N, 

dt +Ui dz2 " t,„£C 
=+Dt '7 - ^ - (4-68) 

and the carrier density grating will decay exponentially, with a decay time obtained from 

1 1 
= Ki

gDi+- . (4.69) 
GRATING t iJtEC 

In this case, the diffusion coefficient obtained from the measurements is not the ambipolar 

transport coefficient, but the diffusion coefficient of either the electrons or holes. As I 

have mentioned, I believe that our experiments would be more sensitive to the transport of 

the electrons, and so our experimental technique would return the electron diffusion 

coefficient in this regime. 

The intermediate regime is that in which transport of one species is still faster than 

the other, and the relation 
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eNoA2, n, 
47t2ee0 D{ 

2 . « - 1 ( 4 - 7 0 ) 

holds. In this case, we must retain the more general form for the flux, 

S,(z) = -D,^^-±ViiN,(z)Esc(z) ( 4 . 7 1 ) 
dz 

where the upper sign applies to the holes and the lower to the electrons. The time 

development now has the more complicated form 

dN,(z,t) 92N,(z,t) d r,_ , N,(z,t) f | , „ 
— T * — = + D i — H ~ 2 — + . ( 4 . 7 2 ) 

dt dz dz XiMC 

As before, the space charge field is obtained from Gauss' law. The solution of this more 

complete and more complicated problem is considered in the Appendix B. The point most 

significant for our experiments is that the decay is now decidedly not exponential. This is 

intuitive. Consider, for example, that it is the electrons that are the faster species. The 

electron grating will begin to decay initially with a diffusive decay time given by 

xdiff e = (a2 j4%2De). As the electron and hole populations separate, the space charge 

field developed will retard the motion of the electrons, and the diffusive grating decay will 

slow and approach the ambipolar case, which has a diffusive decay time of xdiff AMBI = 
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(Al/An'D^,) »(A214n2De). Thus, a non-exponential decay is an indicator that we 

are possibly in this transport regime intermediate between independent and ambipolar 

diffusion. In this regime, the procedure to extract transport parameters is both more 

intricate and less definitive. It is more intricate because the effects of the space charge 

field are neither weak enough to be ignored nor strong enough to impose ambipolar 

transport. Thus, the full solution to the equations 

—T:— = + D e — ^ e\z,t)Esc{z,t))—— , (4.73) 
dt dz dz XeMC 

dNh(z,t) d Nh{z,t) 3 / ( . ( .v Nk(z,t) 
— T : — = + D h — T ~ 2 — - ^hT~\Nhyz,t)Esc{z,t))-— , (4.74) 

dt dz dz thMC 

and 

( 4 . 7 5 ) 

is required to analyze the decay of the carrier gratings. It is less definitive because there 

are now four unknown parameters that must be adjusted to fit the data. Those four are 

the diffusivity and mobility for each carrier species, electrons and holes. Use of the 

Einstein relation between mobility and diffusivity, where it applies, reduces this to two 
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independent parameters. This is still more than in the either extreme case, in which there 

is only one parameter. These are either the ambipolar diffusivity in the case in which 

ambipolar transport occurs, or the electron diffusivity if it does not 

We can use the expression 

KgD-i—— (4.76) 
1 

1 GRATING ^REC 

to extract from our grating decay measurements a diffusivity, D. Since the diffraction 

efficiency is proportional to the square of the density,22 the decay time of the diffraction 

efficiency will be half that of the carrier density grating. That is, if the decay time of the 

diffraction efficiency is t D E , we can extract the diffusivity from the expression 

1 An2
 n 1 

D+ . (4.77) 
D.E. A . . IreC 

Using this equation and the experimental values presented in Chapter 3, we get the 

following values for the diffusivity. 
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Sample TCH TCH TCH TCH TCH TCH TCH TCH TCH 
517 505 74 255 446 256 429 445 258 

Barrier 24.5 17.1 14 10 6.8 5 4.4 2.0 1.4 
[nm] 

Diffusivity 0.023 0.055 0.019 0.034 0.048 0.108 0.062 0.616 1.20 
(cm^s"1) 

for 
T=295 K 

120 K 0 0.016 0.303 1.06 

Table 4.2. Diffusivity [cm2-s4] obtained from diffraction efficiency and differential 

transmission measurements. 

Similarly, Fig. 4.4 shows an Arrhenius plot of the diffusivity extracted from the 

measurements of grating decay in a thick (10 nm) barrier sample (designated TCH255). 

Note the large error bars associated with the lowest temperature measurements. This 

occurs because at the lower temperatures, transport is gradually turned off and the grating 

decay is dominated by recombination. As this limit is approached, the values of the 

diffusivity extracted become increasingly uncertain. Note also that it is trivial to fit the 

Arrhenius plot in the usual manner and extract an activation energy (by fitting to the data 

shown a function of the form exp[Eac/kT\, we obtain an activation energy of 80 meV). 

The physical interpretation of this activation energy is much more complicated, however. 

This issue, as well as others, is discussed further in the next section in which we describe 

calculations of the transport parameters extracted from our measurements. 
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Figure 4.4. Diffusivity of thick barrier sample (TCH255) plotted on log scale 

against inverse temperature. 

4.4.3 Transport Parameters 

The transport parameters we will calculate in the following sections are the 

mobility and diffusivity of the electrons and holes. The first two sections, Sequential 

Tunneling and Over-Barrier Diffusion refer to the case in which the mean free path is less 

than or of the order of the multiple quantum well period. That is, the electron and hole 

states are coherent over less than the MQW period. The last section, Miniband Transport, 

considers the opposite case, that the carrier states are extended, or that the mean free path 
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is much larger than the period of the multiple quantum well. This last section further 

considers two special cases of miniband transport, those of thin barriers and thick barriers. 

Sequential Tunneling 

There are a number of ways to arrive at an expression for the diffusivity in the 

sequential tunneling regime. Perhaps the simplest is to consider the rate of change of the 

carrier density in the ith quantum well. This density will be reduced as carriers tunnel into 

the two adjacent wells, and increased as carriers from adjacent wells tunnel into the ith 

quantum well. Refer to Fig. 4.5, and assume (for the moment) that we have only one 

confined state per quantum well. If we suppose that the density of carriers that tunnel per 

unit time is given by a tunneling rate times the density of carriers in a well, the rate of 

change of the carrier density in the ith well can be written 

dN{i)(t) 
• = -2rN(i)(t)+rNm)(t)+TN(hl)(t), (4.78) dt 

where T is the tunneling rate and N® is the density of carriers in the ith quantum well. 

There are a number of assumptions implicit in this expression. One is that the tunneling 

rate is the same for all quantum wells. Since the quantum wells are all identical, this seems 

reasonable. We also assume that the tunneling rate into or out of a quantum well is not 

dependent on the density of carriers in either well. This should be true as long as the 



123 

carrier density is not degenerate (i.e., as long as the carrier density can be described by a 

Boltzmann distribution). If the carrier density is high enough that the carrier population is 

degenerate, the exclusion principle will inhibit tunneling into an already filled state. Our 

earner densities are low enough that carrier degeneracy is not a factor. It turns out that 

this assumption, that the tunneling rate is independent of carrier density, is equivalent to 

assuming Fick's law, which says that the diffusive flux is proportional to the carrier 

gradient 

Tr ansport by Sequent tial tunneling 

N(M) N® N(I+1) 

< 
r R 

> r 
> < 

X 

ptunneling rate 

Figure 4.5. Schematic diagram illustrating transport by sequential tunneling. The 

carrier density of the i* well is reduced as carriers tunnel out at the tunneling rate 

f , while it is increased by carriers tunneling in from adjacent wells. 

Finally, we have assumed that all carriers in a particular confined state tunnel at the 

same rate. Recall that each carrier has three degrees of freedom, one associated with 
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motion perpendicular to the quantum wells and two with motion in the plane of the 

quantum wells. We assume that tunneling through a barrier is independent of motion 

parallel to the barrier. This follows from Schrodinger's equation if the potential and the 

wave function are both separable in the perpendicular and parallel directions (i.e., the 

wave function can be expressed in the form ¥(*, y,z) = y)u(z)). Schrodinger's 

equation then separates into two independent equations; 

h2 

2m* 
+ 

d x2 d y2 $(*, y) = Exy$(x, y), (4 .79) 

which is the equation for a free particle since we assume the potential in the transverse 

direction is zero, and 

h2 d 2 

' 2 m * T ? U ^ + V ^ U ^ = ( E ~ E*-> (4.80) 

which is the equation that governs motion perpendicular to the layers. Here, E is the total 

energy of a particle, and Ex y is the energy associated with motion in the plane of the 

quantum wells. We see from this that no matter what the in-plane kinetic energy (Exy), 

the motion along the growth direction will be the same. Thus, all carriers in a particular 

confined state (confined by the potential V(z)) should tunnel at the same rate, as we have 

assumed. We can rewrite the time rate of change of the carrier density as 
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dN(i)(t) ^ J N(M\t)-2NU)(t)+Na-l)(t^ 
d t L2 (4.81) 

where L is the spatial period of the multiple quantum well. Since this period is much 

smaller than the distance scale over which the carrier density varies (i.e., the period of the 

carrier density grating), the term in parentheses constitutes an approximation to the 

second derivative38 of the carrier density along the growth direction. That is, the 

expression given is an approximation to 

dN(z,t) ^,,3 2N(z,t) 
dt ~YL dz2 ' <4-82) 

This can be recognized as the diffusion equation with a diffusivity given by D = Tl}. Note 

that this is exactly the form one would expect for the diffusivity due to hopping 

transport,10 and it is perhaps most instructive to think of sequential tunneling in those 

terms. 

The presence of an electric field, such as a space charge field perhaps, can be 

incorporated in the following way. Suppose that the effect of the field is only to raise and 

lower the barriers on either side of the well layer. That is, we ignore the effect of the 

electric field on the confined states in the quantum well. This will be reasonable as long as 
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the electric field is weak enough that (8m*eEscl3A/n 4^2)<1 holds. This expression 

comes from considering the effect of an electric field on the confined states of a particle in 

a box. When this holds, the shift of the confined states due to the electric field will be less 

than 10%. Using our parameters, the field must be less than about a hundred kilovolts per 

centimeter. Measurements of the spectral shift of the excitonic absorption line produced 

by electric fields39 indicate weak effects for fields less than about 30 kV-cm1, which is 

more restrictive than our estimate. Using spectrally resolved pump-probe measurements, 

we have attempted to measure an exciton shift produced by a space charge field. We have 

found no such shift, which implies that any space charge field must be less than about 

30 kV-cm1. Finally, from the previously derived expression 

i t D 2K k j 2K 
( 4 ' 8 3 ) 

we estimate our space charge fields to be about 10-15 kV-cm1 at most. Thus, we expect 

little or no shift of the confined states due to any space charge fields that may be present 
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Effect of an Electric Field on Sequential tunneling 

Figure 4.6. Schematic diagram illustrating the effect of an electric field on 

transport by sequential tunneling. The presence of the electric field increases 

tunneling in one direction and slows it in the other. 

So, referring to Fig. 4.6, the effect of an electric field Esc can be represented as a 

potential -qEscz, where q is the charge on the particle in the well and z measures distance 

along the growth direction. The bottom of the ith well will then shift by an amount -

qEsc(iL), where L is the period of the multiple quantum well. The (i-1) well will shift by 

an amount -qEsc(i-l)L and the barrier between them will shift by -qEsc(i-'/2)L. The 

following discussion, with minor variations due to the opposite sign of the charges, holds 

equally well for electrons and holes. For definiteness, we will develop the calculation for 

electrons. Electrons in the i'h well will see the barrier lowered by an amount eEsc(L/2), 

where e is the magnitude of the charge on the electron. Electrons in the well will 
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see the barrier raised by the same amount. Therefore, electrons in the ith well are more 

likely to tunnel into the (i-i)st well than the reverse. This will cause a net flux from the ith 

well to the (i-i)st well. To calculate this flux, we calculate the flux due to tunneling from 

the ith well to the (i-i)8t well and from the (i-i)st well to the ith, and take the difference. 

The flux from one well to the other will be the number of carriers per unit area times the 

tunneling rate. So the flux from the ith well to the (i-i)st well is given by 

= Tteck*- = r(Esc= o)N,L+ N,L-
3 r 

dE, sc 
-sc (4.84) 

where I have expanded the field dependent tunneling rate in a Taylor series, keeping only 

the first two terms. The flux from the (i-l)st well to the ith well will be 

V h = l t -E s c )N H I . = r(£ s c =0 )NhlL-NhlL 
dr 

dE sc 
JSC' 

Evr—O 

(4.85) 

The net flux, which will be the difference between these, is 

-TiEsc=0)(Ni-N^L-iNt + N^L 
dr 

dE SC 

usc 
(4.86) 
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If we make the approximations dN /dz~{Ni - )/L and N «(yVi + A î_1)/2, the 

expression for the flux becomes 

Ss-TiEx=0)e~2Lj£ 
sc 

NE, sc- (4.87) 

By analogy with transport in bulk, we can identify a diffusivity given, as before, by 

D = T{ESC = 0)L2 and a mobility given by \i = 2L{dT/d Esc )|£ ^ . We write the tunneling 

rate as r(E s c) = (E„/nn h)T(Esc). That is, we postulate that the tunneling rate is the 

product of an attempt frequency (v=EJrinh) and the probability to tunnel each attempt 

[T(Esc)l- For the tunneling probability, we use the probability to tunnel through an 

isolated barrier, 7 = [l+V0
2 sinh( pLB)/AEn (vo - En)] The quantity P is defined by 

(£ K )=72m«(v 0 -E , ) , whereE, is the energy of the confined state. The space 

charge field is modeled by replacing the unshifted barrier height V0 with the shifted barrier 

height given by (V0-eEScL/2). With this, the mobility will be given by 

jx = D-eT' 
2V„( V, — 2E, )sinh( PZ,)+ V0* pL, cosh( PZ.,) 

8E , (V 0 -£ j 2 
(4.88) 
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Note that within the context of this model, the mobility and diffusivity are not connected 

by the Einstein relation. We can simplify this relation if we assume that the state occupied 

by the tunneling particle is deep in the well (i.e., assume E„«V0). In this case, the 

mobility is given by 

H . r > - f { l + % c o U i ( p L , , ) } (4.89) 

Note that we have made no assumption about the thickness of the barrier layers, only that 

the tunneling state is far from the top of the barrier. 

We now have an expression for the mobility and the diffusivity. Similar 

expressions can be derived for the holes (using the hole parameters) and so the transport 

equations are formally equivalent to those governing transport in bulk materials. This 

means that, as previously discussed, we can use all the results of ambipolar transport to 

describe our experiments. However, we have used a truncated Taylor series to obtain our 

results. Before proceeding, we should consider the validity of this approximation. 

The first term neglected in our Taylor series expansion of r(Zssc) is the term 

T 19 M i k ) 
2
 1 d ELC 

E2
SC. (4.90) 

ECR—0 
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The error of our truncated Taylor series will be of this order.40 As long as this is small 

compared to the last term retained, our truncated Taylor series will be a reasonable 

approximation to r(E5C). Recall that the last term retained is given by 

3 1 \ E k ) 
11 — 

dEx 
Esc- (4.91) 

Carrying out the algebra, the ratio of these two terms can finally be written in the form 

T2 eEscL 

Tx 4V0 

4 A c +
4 £ f * > s - 2 PZ^SC - 2S2 - (pLfi)

2 

M) ML 
(S+4E„/V0XS+PZ,C) 

(4.92) 

where C and S are shorthand for cosh(j5LB) and sinh(PLB), respectively. Note that we 

continue to assume that the tunneling state is deep in the well. As daunting as it looks, the 

term in brackets is a smooth function and is always larger than -2 and less than +1/2. 

Therefore, this ratio will be small to the extent that the potential drop from one well to the 

next (eEscL) is small compared to the height of the barrier V0. Using typical values, the 

potential drop will be a few dozen meV at most. The barrier height, on the other hand, 

will be 100-200 meV. Therefore, truncating the Taylor series at the term linear in the 

electric field is a reasonable approximation. 
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We now have a model which allows us to calculate the mobility and diffusivity 

describing the transport of particles (electrons or holes) tunneling from one quantum well 

to another by way of a single confined state. In general, there will be more than one 

confined state in a well. These other states will be higher in energy, and so a particle will 

be less likely to occupy this higher state. On the other hand, the particles in this state will 

see a lower effective barrier height, and thus the tunneling rate will be higher. Depending 

on the barrier thickness, these two effects can compensate for one another and the 

tunneling from a lightly occupied, high energy state can dominate that of a more heavily 

occupied, low energy state. We incorporate these higher levels in the following manner. 

Multiple Levels 

We assume that the particles in all subbands of a quantum well are in equilibrium. 

That is, all carriers in the quantum well will have the same temperature (thermal 

equilibrium) and the same quasi-Fermi level (diffusive equilibrium). These assumptions 

are made routinely in the literature, primarily to simplify calculations. Therefore, it is 

worthwhile to consider just when these assumptions are justified. 

Implicit in the assumption of thermal equilibrium is the assumption that the 

scattering processes that establish thermal equilibrium (i.e., processes that redistribute 

energy in the electron hole populations) are very fast when compared with all other 

processes of interest. In our case, the other processes of interest are the various 

perpendicular transport processes. Our experimental results indicate that perpendicular 
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transport in our samples occurs on a time scale ranging from a few picoseconds to a few 

hundred picoseconds. Thus, if thermalization times (i.e., the time to establish a thermal 

distribution) are significantly shorter than a few picoseconds, the assumption of thermal 

equilibrium will be justified. Stanton and coworkers41 calculate that, for carrier densities 

corresponding to those in our experiments, electron-electron scattering will thermalize a 

low energy nonequilibrium electron distribution in less than 0.2 ps. However, they do not 

address either electron-hole or hole-hole scattering in their calculations. Binder42 and 

coworkers calculate electron-electron scattering (albeit in bulk GaAs rather than quantum 

wells) and their results are in agreement with those of Stanton, et al. In addition, they 

calculate electron-hole and hole-hole scattering, and find that the scattering rates are 

roughly the same. That is, the scattering rates are less than a hundred femtoseconds. We 

must be careful in using calculations for bulk material to analyze results for our MQW 

samples. However, Erskine and coworkers43 have measured electron scattering times in 

bulk GaAs, an Al0 32Ga0 68As alloy and MQW samples. Their results were, first, that the 

scattering times are consistent with the calculations described above, and second, that 

there is only a weak variation among the various samples. This suggests that we may be 

guided by the electron-hole and hole-hole scattering results of Binder, et al. Further, 

Knox and coworkers find that a nonthermal population of electrons will thermalize in 

about 200 femtoseconds44 and a small population of nonequilibrium electrons immersed in 

a larger thermalized distribution of either electrons or holes will thermalize in much less 

than 100 femtoseconds45. This latter point is confirmed by Capasso, et al46. Thus, both 
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experimental results and theoretical calculations suggest that the assumption of thermal 

equilibrium is justified for time scales longer than about a hundred femtoseconds. 

Similarly, the assumption of diffusive equilibrium (within a well) implies that the 

scattering processes which move carriers from one confined subband in a well to another 

are very fast when compared to other processes of interest That is, they must be faster 

than a few picoseconds, our fastest measured transport time. Monte Carlo calculations by 

Goodnick and Lugli47 suggest that redistributing carriers among different confined 

subbands by electron-electron scattering takes over ten times as long as redistributing 

energy. That is, assume there are two confined subbands and that the carriers occupying 

those subbands are in neither diffusive nor thermal equilibrium. Electron-electron 

scattering will eventually redistribute the energy between the two subbands to impose 

thermal equilibrium, and will eventually redistribute the carriers between the two subbands 

and impose diffusive equilibrium. Goodnick and Lugli's calculations imply that this latter 

process is over ten times slower than the former. Thus, if rethermalization takes place on 

a time scale of about 0.1 ps or faster, then redistribution of carriers to impose diffusive 

equilibrium will occur on a time scale of the order of 1 ps48. This is uncomfortably close 

to the measured 3 ps transport times in our thinnest barrier sample, although in most of 

our experiments, transport occurs on time scales of tens or hundreds of picoseconds. We 

can take some comfort from the measurements of Tatham, et al.49, in which they measure 

the scattering time between confined subbands and obtain a time of about 0.5 ps. Due to 

admitted uncertainties in their measurement, however, the point remains that the 



135 

assumption of diffusive equilibrium is somewhat worrisome for the sample with the 

thinnest barrier (and thus the fastest transport), but probably justified for all others. 

To summarize, the assumption of thermal equilibrium (i.e., that the distribution of 

carriers in a well is characterized by a Boltzmann distribution with a single temperature) is 

justified since rethermalization takes place at least an order of magnitude faster than any 

transport we measure. The assumption of diffusive equilibrium (i.e., that the distribution 

of carriers in a well is characterized by a Boltzmann distribution with a single quasi-Fermi 

level) is justified for most of our samples, the possible exception being the sample with the 

thinnest barriers, TCH258. 

With these assumptions, (diffusive and thermal equilibrium), the density of carriers 

occupying each subband of the quantum well will be related to the density of carriers in 

the other subbands by the relations 

N?] exp {EjkT) = N<2) exp (EjkT) = • • • = N\S) exp(£./j tr) , (4.93) 

where is the density of carriers in the jth subband of the ith well, and Ej is the lowest 

energy of the jth subband. These relations are derived from the law of mass action, 

assuming that the density of states is the same for each subband. The density of states 

typically used for a quantum well subband is that of a two-dimensional ideal gas50-51. This 

invokes the effective mass approximation for motion in the plane of the quantum well, and 
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predicts that, for the nth subband, the number of states per unit area per unit energy 

interval is 

p
I 0 = ^ e ( f i - E , ) . (4.94) 

The term @(E-En) is the unit step function. This model predicts that the density of 

states will be the same only if the effective mass approximation is appropriate, and if the 

effective mass is the same for all subbands. In general, this will not be the case. While the 

effective mass approximation is generally accepted for the electron subbands, it is not at all 

clear that the effective mass will be the same for each subband. Further, the mixing 

between hole states leads to significantly nonparabolic dispersion for motion in the plane52. 

That is, applying the effective mass approximation to the hole subbands is somewhat 

dubious. However, we will proceed nonetheless. While this assumption is an 

oversimplification of the true in-plane dispersion, especially for the hole states, we believe 

it represents a reasonable first step in modeling our experiments and allows us to focus on 

transport perpendicular to the quantum well layers. Note also that in this particular case, 

the relations 

exp{EjkT) = exp (EjkT) = • • • = n\}) exp (Ej/kT) (4.95) 
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do not depend on any particular choice for the density of states, merely that the density of 

states not change from one electron subband to the next or from one hole subband to the 

next 

Using the previous set of relations (equation 4.95) and the fact that the total 

density in a well is the sum of the densities in each individual subband, we can express the 

density in each of the subbands in terms of the total density. That is, the density in the jth 

subband will be related to the total density in the well by 

exp (-Ej/kT) 
N 0 ) ^ ' ! ' A T , , ( 4 . % ) 

where the quantity Z is defined as 

Z = £ e x p ( - £ , / * r ) (4.97) 

and j ranges over the number of subbands. We now write the flux of carriers as a sum of 

the flux from each subband in a well. That is, we write the flux of electrons as 

(4.98) 
; d * j 
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If we now express the density in a given subband in terms of the total density, the flux will 

take the form 

^K/* \ E S C (499) 
} e Z j 

In this form, we can define a diffusivity and a mobility as 

V , - , e x P (-Ej/kT) 
V J l ' (4.100) Z. 

and 

V , exp( -£ . / k r ) 
7 (4.101) z. 

respectively. These are simply weighted averages of the transport parameters for the 

individual subbands where the weight is the fraction of carriers occupying that subband. 

The flux then takes the familiar form 

(4.102) 
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Similar expressions can be derived for the holes, in which the sums are taken over the hole 

states. That is, the diffusivity and mobility due to a single hole subband are given by 

Di"=rii)(£Sc=o)i2 (4.103) 

and 

= !><'•>-rf;'"-
2V,( V. - 2 E,) sinh( pt,)+V,2 pi., cosh( pL, ) 

(4.104) 

The tunneling rate r^ ; )(Esc = 0) is defined as before, using parameters for the holes. 

Multiple subbands for the holes are incorporated as they were for the electrons. That is, 

the mobility is given by 

U ) 
expl 

(4.105) 

and the diffusivity by 
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v . expf-E./fcr) 
Dt = l , , D [ " ' ' ' (4.106) 

where the sums are now over the hole subbands. Note that Zh is defined as 

A = Xyexp(-E,./fcT). (4.107) 

The resulting equation for the flux of holes is 

(4.108) 
a Z 

With this expression for the hole flux and the previous one for the electron flux, we have 

formulated the transport of carriers by sequential tunneling in a manner formally identical 

to standard Boltzmann transport. We may therefore use the results presented earlier 

under ambipolar transport to describe our experiments. That is, if the condition implying 

ambipolar transport holds (that the dielectric relaxation time be much shorter than the 

grating decay time), then the carrier density grating will decay by ambipolar diffusion with 

a diffusivity given by 

Dambi — 
Vk+Ve 

(4.109) 
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with De, Dh, [Le, and \ih given by the previous expressions. Note that this ambipolar 

diffusivity cannot be simplified by using the Einstein relation between mobility and 

diffusivity. In the tunneling model we are discussing, the electrons are the faster species, 

with transport parameters about an order of magnitude larger than those of the holes. 

This is due to their lower effective mass. Thus, in order to determine whether or not 

ambipolar transport occurs, we use the electron parameters to determine the ratio of the 

dielectric relaxation time to the electronic grating decay time (given by equation 4.43). In 

the following table, I show the result of this calculation for the samples with thin barriers 

(i.e., those samples for which transport by tunneling is significant). 

Sample Barrier 
Width [nm] 

H«/De 
[Vi] 4rc2E£0 

Ve 
De 

TCH 258 1.4 8 2.6 
TCH 445 2 13 4.3 
TCH 429 4.4 17 5.6 
TCH 256 5 17 5.6 
TCH 446 6.8 26 8.6 

Table 4.3. Ratio of the electronic dielectric relaxation time to the electronic 

grating decay time calculated from the tunneling model for the samples with thin 

barriers. 

Inspection of the grating decay results indicates that tunneling is a significant transport 

process for barriers thinner than about 5 nm. This is the barrier thickness below which 
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transport is strongly dependent upon barrier width. This is the basis of our definition of 

"thin" barriers. From the table, we see that in every case, the dielectric relaxation time is 

shorter than the grating decay time and thus ambipolar transport will obtain. On the other 

hand, the dielectric relaxation time is only a few times faster than the grating decay time, 

by less than a factor of three in the sample with thinnest barriers. Thus, it seems the 

assumption of ambipolar transport is justified, but only marginally so. In Fig. 4.7,1 plot 

the diffusion coefficient obtained from the grating decay measurements with the ambipolar 

diffusion coefficient calculated from the tunneling model I have just described. For the 

moment, focus on the room temperature results. Considering the simplicity of the model, 

and the fact that there are no adjustable parameters, the agreement is quite good for 

barrier thicknesses below about 5 nm. For barriers thicker than this, the transport is 

greatly underestimated by the tunneling model. 
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Figure 4.7. Diffusivity obtained from grating and differential transmission 

measurements versus barrier width for high and low temperature, and the fit 

obtained from the tunneling model. 

This reinforces the notion that transport through the barriers (i.e., tunneling) plays 

a dominant role only for barrier thicknesses below about 5 nm. For samples with barriers 

much thicker than this, transport over the barrier (rather than through it) will predominate, 

and for intermediate barrier thicknesses, both processes will contribute. From our 

experiments, we see a weak temperature dependence for even the thin barrier samples. 

This seems to contradict our interpretation, since sequential tunneling is independent of 

temperature,11 and our model reflects this. Note, however, that there is a temperature 
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dependence in our tunneling model. Although the tunneling rates of the various levels are 

independent of temperature, the fraction of carriers occupying the higher confined levels 

depends strongly on temperature through the Boltzmann factor. Thus, there is no 

contradiction in a temperature dependent transport from a temperature independent 

tunneling process. We can quantify this argument by referring to Fig. 4.7, and considering 

both high and low temperature results. Experimentally, we see no temperature 

dependence for the thinnest barrier sample. As the barriers become thicker, the 

temperature dependence of the tunneling transport becomes stronger. This is consistent 

with our interpretation. As the barriers become thicker, tunneling from the lowest state 

becomes less efficient and transport is by tunneling from higher lying states. The 

temperature dependence reflects the need to thermally activate carriers into these higher 

lying levels. The thicker the barrier, the more important is tunneling from higher lying 

levels, and the stronger is the temperature dependence of tunneling transport. Note also 

that for the lower temperature, the barrier width dependence of transport is stronger. 

Recall that the tunneling rate is postulated to vary as an average of expi-^Lj) over all the 

levels in a well, with =[2m*(V-EJ]1/2. At higher temperatures (when higher lying levels 

play a significant role in transport), the effective value of (\ is smaller (since V-Ex is 

smaller) and thus the barrier width dependence of transport will be weaker. These trends 

in our experimental results are certainly reflected in our calculations. Quantitatively, 

however, the agreement is somewhat disappointing. The barrier width dependence for 

both high and low temperature results is accurately reflected by the tunneling model, but 
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the temperature dependence is obviously overestimated, and this trend can be traced to the 

tunneling rate for the holes. That is, even for the thinnest barrier, tunneling of the holes is 

dominated by the upper levels, which must be thermally activated. We have postulated 

that the tunneling rate from one well to an adjacent one is given by 

r(Esc) = (En/nK h)T(Esc). While this is a reasonable first step, there is nothing inspired 

in this choice. One result of this choice for the tunneling rate is that the holes tunnel much 

more slowly than the electrons (due to their larger effective mass). The calculations of Yu 

and coworkers53 imply that at temperatures above about 50K and moderate carrier 

densities (of the order of 1017 cm 3), band-mixing effects increase the effective hole 

tunneling rates to values approaching the electron tunneling rates. In this event, our 

model predicts no temperature dependence for the thinnest barrier (as observed), since 

transport is then through the lowest states, which do not require thermal activation. 

On the other hand, if we increase the hole tunneling rate to equal that of the 

electrons, our model then greatly overestimates the tunneling rate. Using a hopping 

diffusivity of the form D~TL2 and the parameters of our thinnest barrier sample (D=l cm2-

s 1 and L=11.4 nm), we obtain a tunneling rate of about r=0.8* 1012 s 1 (or a tunneling time 

of roughly 1 ps), whereas the relation r(£'sc) = {En/mt h)T(Esc) gives a tunneling rate of 

roughly re«3-1012 s 1 for the electrons (using Ej=32 meV, V=225 meV, and m*=0.067m0) 

and a tunneling rate of rh=0.2-1012 s 1 for the heavy holes (using Et=8 meV, V=150 meV, 

and m*=0.31m0). The ambipolar diffusivity is approximately equal to twice the diffusivity 

of the slower species, and so our model predicts that ambipolar transport in the sample 
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with the thinnest barrier will proceed at a tunneling rate of about rAMBI=0.4-1012 s1 , 

within about a factor of two of the experimental tunneling rate. Incorporating higher 

heavy hole energy levels will increase the hopping rate, as will incorporating the results of 

Yu and coworkers. If the holes tunnel at a rate about equal to the electrons, we calculate 

a tunneling rate of about T«4-1012 s*1, overestimating the experimental value of r=0.8-1012 

s 1 by a factor of five. 

The calculations of Yu and coworkers were made for GaAs/AlAs double barrier 

quantum wells, as opposed to our GaAs/Al0 3Gao 7As multiple quantum wells, and so care 

must be exercised when attempting to use these calculations to explain our experiments. 

The model of transport by sequential tunneling presented here is very useful in explaining 

qualitative trends in our data when the barriers are thin enough that transport through the 

barriers is significant. However, the results of Yu and coworkers suggest that a more 

realistic and rigorous treatment of the tunneling rate, particularly of the holes, is in order. 

Referring to Fig. 4.7, we see that for barrier thicknesses greater than about 7 nm, 

the disagreement between model and experiment is significant. While the model predicts 

that transport will continue to decrease exponentially with barrier thickness, the 

experimental results are essentially independent of barrier thickness. We interpret this as a 

transition from quantum mechanical transport through the barriers (i.e., tunneling) to 

thermally activated transport over the barriers. Our model of the latter process is 

presented in the next section. 
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Transport by Over-barrier Diffusion 
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Figure 4.8. Schematic diagram illustrating transport by over barrier diffusion. As 

carriers whose energy is larger than the barrier move away on a time scale of xD , 

the tail of the Boltzmann distribution is replenished by thermalization on a time 

scale of t . 

Over-Barrier Diffusion 

The process of transport by over-barrier diffusion is illustrated schematically in 

Fig. 4.8. To model the decay of a carrier density grating by transport over the barriers of 

a multiple quantum well, we assume that all carriers with energy sufficient to overcome 

the barrier will diffuse to erase the grating. We assume further that the transport of those 

carriers can be described by a diffusivity and a mobility. That is, we model the decay of 

the grating by writing the flux of the electrons and holes, respectively, as 
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x , = - f l , ^ - n X £ s c <4 1 1°) 
O Z 

and 

5 , = - D , ^ . + ( l A E S c <4-1U) 
O Z 

where Nj' denotes the number of carriers per unit volume whose energy exceeds the 

quantum well barrier (i.e., those carriers who satisfy E = E ^ + E,^ > V, where E ^ is the 

quantum mechanical confinement energy, Ekin is the kinetic energy due to in-plane motion, 

and V is the height of the Al0 3Gao 7As potential barrier), and n, and D, are the transport 

parameters of those high energy carriers. If we assume all carriers in a well are at 

equilibrium, it is straightforward to calculate the density N/. For each subband confined to 

a well, we use a density of states appropriate for a two-dimensional ideal gas. That is, we 

assume the number of states per unit volume per unit energy interval is given by 

( 4 1 1 2 ) 

This invokes the effective mass approximation for motion in the plane, where m* is the 

effective mass describing in-plane dispersion. We assume that this effective mass is the 
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same for all subbands of a given carrier species, but note that it is straightforward to relax 

this assumption when definitive information about the effective mass of each subband is 

available. The energy Ej is the energy of the confined states in a well. The index j ranges 

over the number of subbands confined to a well, and the Heaviside step function Q(E-Ep 

assumes the value zero when its argument is negative and the value one when its argument 

is positive. Using this density of states and a Fermi-Dirac distribution function, we can 

write the total density of carriers in a well as 

W-I-rii>Ie(*-£,) r , i E
 W V ( 4 . 1 1 3 ) 

0 Lit h J v j / l + e x p [ ( E - E F ) / k T \ 

The quasi-Fermi level EP is taken to be the same for all subbands in a well. The integral is 

straightforward and is given by 

JV=^F?1"{1+exp[(E'" *')M- (4-114) 

The number of carriers per unit volume that have energy exceeding the quantum well 

barrier is similarly given by 
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where V is the height of the Al^Ga^As potential barrier. Since V >Ej in all cases, the 

step function is always one and the sum simply returns the number of subbands in a well. 

The density of carriers with energy exceeding the barrier is then given by 

^ IrTT 
N' = nln{l+exp[(EF-V)/*r]}, (4.116) 

where n is the number of subbands confined to a well. The fraction of carriers with energy 

exceeding the barrier height is then given by 

N> ln{ l+exp (£ F -v ) / tr} 

7 T = , , v T r? w i r ( 4 1 1 7 ) 
N Zln{l+exp /*7"} 

Note that this relation depends on carrier density through the quasi-Fermi level, EP. If the 

carrier distribution is nondegenerate, however, this dependence on carrier density is 

removed. That is, if Ep<0 and I Ep/kT| <1, then we can approximate ln(l+jt)« x, and the 

fraction of carriers above the barrier is given by 

N' exp[(Ef -V)/kT] n r . i 
T; z r r n = ^ A - v / t T ] . (4.ns) N ~ X e x p ^ - E ^ / w ] Z 
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Again, n is the number of subbands in a well, and Z is as defined previously, 

Z = Eexp(-E;/fer). (4.119) 

Now that we can write the density of carriers above the barrier as a simple function of the 

total carrier density, the flux equations can be written in terms of the total carrier density. 

That is, the flux equations become 

S, = - 0 : ^ - n X E i c (4120) 
o Z 

and 

= <4-121> 
O z 

where the effective (primed) transport parameters are given by 

^ '=H, ^-exp 1-VjkT] (4.122) 
V 1 J 
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and 

D\ = D\ -^-exp[-VifkT] , (4.123) 
^ J 

That is, transport by over-barrier diffusion is formally equivalent to transport in bulk 

material, with effective transport coefficients given by the true coefficients multiplied by 

the fraction of carriers whose energy exceeds the height of the barrier. As before, we can 

invoke ambipolar transport, when it obtains, and derive an effective ambipolar diffusivity 

given by 

D'AMBI — 

f WjDC ' (4.124) 

where I have assumed the mobility and diffusivity are related by the Einstein relation (i.e., 

\i/Di = e/kBT). Note that if the true (unprimed) transport parameters satisfy the Einstein 

relation, then the effective (primed) transport parameters will also. In these expressions, 

the barrier heights Vi are determined by the bandedge offset between the GaAs well and 

the Alo jGaojAs barrier. The offset, 8E, is given by16 8E(eV) = 1.247x, where x is the 

mole fraction of aluminum, This gives an offset of 0.374 eV in our samples. In addition, 

we use the 60/40 rule, which assigns 60% of the offset to the conduction band and 40% to 
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the valence band (giving an electron barrier height of Ve = 0.225 eV and a hole barrier 

height of Vh = 0.150 eV). The number of confined subbands, ne h, and the lowest energy 

levels of those states, En
e-h, are obtained as described in the section of this chapter entitled 

Atomic Tight-Binding Model. All that remains in this calculation are the two diffusion 

coefficients, De h, but it is difficult to choose appropriate values for these parameters. The 

diffusivity of carriers this high in energy (a few hundred meV above the bandedge) is 

uncertain even in bulk material. In MQW structures, the situation is even more uncertain. 

Using values appropriate for bulk GaAs (De« 125 cm2-s1 and Dh~l cm2-S''), we get 

over-barrier diffusion coefficients of D'e ~ 0.2 cm2-s1, D'h ~ 0.07 cm2-s~x, and D'AMBI -0 .1 

cm2-s-!. In the over-barrier transport regime (barrier width greater than about 10 nm), we 

measure a diffusivity of about D'OBD ~ 0.02 cm2-s_1, about a factor of 5 smaller than our 

calculations. As discussed, however, there is no reason to assume that carriers high in the 

conduction and valence bands of a MQW structure will diffuse as fast as carriers at the 

bandedge of high-quality bulk GaAs. By using smaller values of the true transport 

coefficients, De h, we can easily obtain agreement between the calculation and the 

experiment. The question is how best to do this. Since the calculated ambipolar 

diffusivity for over-barrier diffusion depends on both De and Dh, there are, strictly 

speaking, infinitely many choices for which agreement between experiment and calculation 

are obtained. Without a more definite knowledge of De and Dh, we elect to reduce both 

quantities equally. Using the values De« 21 cm2-s1 and Dh = 1.5 crn^s1 (a factor of five 

reduction), we get over-barrier diffusion coefficients of D'e ~ 0.03 cm2-s_1, D'h ~ 0.015 
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cm^s"1, and D'AMBl - 0.02 cm2-s-1. From the Einstein relation, a room-temperature 

electron diffusivity of 21 cn^-s1 corresponds to a mobility of about 825 cm2-(V s)1. This 

is close to the mobility measured in bulk A^Ga^As, where values of about 1000-2000 

cm2-(V s)1 are reported54. Thus, we can easily obtain agreement with our room 

temperature data from our model of over-barrier diffusion, using reasonable values for the 

unknown parameters. But note that we have, effectively, only one datum. In samples 

with barrier widths over about 10 nm, transport is independent of barrier width, and so 

we have only one experimentally measured diffusivity with which to compare our model. 

As a further test of this model, we consider the dependence of over-barrier diffusion on 

lattice temperature. 

Starting with the expression 

DJ(r) = D,(7-)||-exp[-V,AT]^ (4.125) 

for the diffusivity, we see that the temperature dependence of over-barrier diffusion is 

determined by two processes. The first is that the carriers must be thermally activated out 

of the wells. The temperature dependence for this process is given by the Boltzmann 

factor 
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'exp [-VjkT] 

Z. 
« exp[-(v;. - E[)lkT\ (4.126) 

' / 

Strictly speaking, the temperature here is the temperature of the carrier distribution. 

Recall that throughout our modeling, we assume that the electrons, the holes and the 

lattice are all at the same temperature. The second process affecting the temperature 

dependence of over-barrier diffusion is the temperature dependence of transport itself, 

reflected in D,(7). Our knowledge of the temperature dependence of DfT) is just as 

uncertain as our knowledge of the room temperature value. However, in the simplest 

approximation, one may write the diffusion coefficient as 

D , ' ^ u ( T ) , (4.127) 
m, * 

linear in the momentum relaxation time.55 Unfortunately, if polar optical phonon 

scattering is dominant (as is the case for GaAs at these temperatures,5657 and as is 

suggested for quantum well structures by both theoretical calculations58 and experimental 

results 7'59), a momentum relaxation time does not exist60 However, one can calculate an 

average momentum relaxation time61 given by 

, N sinh(z) 
t , ( ) - t ° ? E K ^ j ( 4 ' 1 2 8 ) 
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where Kj(z) is the first order modified Bessel function of the second kind, z is given by 

z = h(oLO/2kBT, h(aL0 is the polar optical phonon energy (taken to be 36 meV), and t 0 is a 

parameter which is independent of temperature. The diffusivity can then be written as 

D ' ( r ) = D * ? S ' (4-i29) 

where i takes on the values e and h, referring to electrons and holes, and Dj 0 is a 

temperature-independent adjustable parameter. Although there are, in principle, two 

adjustable parameters (De0 and DA 0) , we reduce these to one by requiring that the 

electron and hole diffusivities have the same ratio as in bulk GaAs. Using this expression 

for the diffusivity of carriers, and the Boltzmann factor for the fraction of carriers 

diffusing, we obtain the following expression for the effective transport coefficients 

describing over-barrier diffusion, 

sinh(z) r 

D'fJ) = P,.» zy'K'(z)[|'e xP[-V>/*7'] • (4.130) 

Using parameters for De 0 and Dh 0 that produce room temperature diffusivities of 

De(295)=42 cm^s1 and Dh(295)=3 cra2-s ', and thus effective diffusivities of 

D'e(295)=0.06 cm2-s x and D'h(295)=0.03 cm2-s1, we obtain the fit shown in Fig. 4.9. 
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Here we show the Arrhenius plot for sample TCH255 presented earlier in this chapter, 

along with a fitted diffusion coefficient obtained using Equation 4.130. Note that the 

faster electrons have a higher barrier to overcome. The net effect of this is that we are in 

the regime D'e=D'h, and so all carriers will diffuse together without establishing a space 

charge field. The quality of the fit suggests that we have incorporated the appropriate 

physics in our simple model of transport; specifically, that any description of the 

temperature dependence of transport over the barriers of a MQW must include the 

temperature dependence of that transport (dominated here by polar optical phonon 

scattering) as well as the thermal activation of carriers out of the wells. We have assumed 

that thermal activation is an instantaneous process. That is, we have assumed that when 

carriers with energies above the barrier diffuse away, it takes no time for low energy 

carriers to be scattered into the (now empty) high energy states. As a final step in the 

analysis of over-barrier diffusion, we relax that assumption. 
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Figure 4.9. Diffusivity of thick barrier sample (TCH 255) as a function of inverse 

temperature, with fitted diffusion coefficient from the over-barrier diffusion modeL 

Without the space-charge field, Equations 4.110 and 4.111 become 

' f t ' (4.131) 

where St, Dt, and N\ are defined as before. From the continuity equation, the time rate of 

change of the total carrier density is given by 
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d N{(z,t) Nj{z,t) ^ 132) 

d t 3 Z tiJlEC 

Previously, we have assumed that the fraction of carriers with energy greater than the 

barrier height, N\{z,t)/Ni(z,t), has a time-independent value given by Equation 4.118. 

Here, we assume that the density of carriers with energy greater than the barrier height 

obeys the expression 

9 Wfo) _ N-N'(z,t) [ D 3 2N-(z,t) (4 133) 
d t x 1 d z2 

That is, the density of carriers whose energy exceeds the height of the barrier is modified 

by two processes, thermalization and diffusion. (Note that we have neglected 

recombination as very slow compared to transport and thermalization). We postulate that 

thermalization drives the population of high energy carriers exponentially to an equilibrium 

value, as predicted by the linearized Boltzmann transport equation under the relaxation 

time approximation. This is modeled by the first term in equation 4.133. In the absence 

of a spatial density gradient, this term produces an exponential rise in the density N't{z,i) to 

the equilibrium value N. From equation 4.118, we recognize that N is given by 

N = iV,(z,r) |exp[-y/^r]. (4.134) 



We write Nf(z,t) and N'fat) as a trancated Fourier series, 
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Ni{z,t) = N04(t)+Nu(t)cos(Kgz), (4.135) 

and 

^ ( z , 0 = ^ ^ ) + j v y 0 c o s ( ^ ) , (4.136) 

keeping only the first z-dependent term. The equation describing the population of high 

energy carriers then separates into two equations, 

n 
3N-U) ^ W Z e X d 

KM) 

3 t 
(4.137) 

and 

n „ \ 
dN'u(t) 

d t 

wu(f)—exp 
k„T " : < w 

' w 
(4.138) 
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wherex Di [ = ( * . 2 D . r ] i is the diffusive grating decay time. The thermalization time x will 

be of the order of 10-100 femtoseconds26-29, and, for electrons and holes respectively, the 

diffusive decay time will be of the order of 0.1 and 1 picosecond (using Kg=2jc/Ag, 

Ag=120 nm, De(295)=42 cm2-s_1 and Dh(295)=3 cm2-s_1). Note that, for electrons, the 

thermalization time is of the order of the grating decay time, whereas, for holes, 

thermalization is much faster than diffusion. The terms involving the total carrier density, 

N0 i(t) and iVj ,(f), are measured to vary on a time scale of about 100 ps, and can therefore 

be considered as fixed for the purposes of solving these equations. The solution is then 

quite straightforward. For the spatially averaged density of high energy carriers, N'0i(t), 

we obtain 

n; 
N'0J(t) = N0i(t)-^-exp ^ ( O ^ e x p ' V 

kBTj 

(4.139) 

where the approximation holds for times long compared to the thermalization time. We 

see that the spatially averaged density of high energy carriers, N'0 l{t), adiabatically follows 

the spatially averaged density of all carriers, N0 i(t). Solving for N'u(t), we obtain 

#,':(*) = Ni. MTrexpl - jW^rexp 
z. 

y, T ^ 

kBT \y+iDJj Di j 

(4.140) 



162 

The approximation holds for times longer than x*, which is defined by l/x*=l/x+l/xD l- and 

will therefore be about 10-100 fs. Again, we see that the high energy carrier density 

adiabatically follows the total carrier density. Note, however, that only in the case of fast 

thermalization (x«xD t) will the fraction of carriers with energy exceeding the barrier 

agree with our earlier calculation (equation 4.118). As the time to thermalize approaches 

and exceeds the time to diffuse, the fraction of high energy carriers will decrease. As we 

will see, this will affect our interpretation of the decay of the total carrier density. 

Equation 4.132 also separates into two differential equations, given by 

3 N0J(t) N0Xt) 
(4.141) 

" ' ^RECj 

and 

dNu(t) N'(t) Nu(t) 
(4.142) 

® IREC} 

The solution of equation 4.141 is straightforward and gives 

A U / ) - A U 0 ) e t p 
\ 

t 

IftECi j 
(4.143) 
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as expected. Substituting equation 4.140 into equation 4.142 gives 

dNu(t)_ N j t ) Nu(t) 

d t TGiI- ^RECj 
(4.144) 

where xG i , the time constant for grating decay by diffusion, is defined as 

Zi ^ 
Tg ,=—exri 

ft; , + v } + T » ' ) ' (4.145) 

Equation 4.144 is easily solved to give 

Nl Xt) = Nu(0)exp 
t 

T-Gij 
;xp 

t 

XRECi j 

(4.146) 

and, with an initial condition of 

^ , . ( ^ ) = ^O[l+cos(^z)], (4.147) 

the total carrier density will be given by 
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Ni(z,t) = Nl 

- r \ 
-

\ 

t 
COs(K

gZ) 
t 

1+exp COs(K
gZ) exp 

< X ( S i J 
COs(K

gZ) 
\ 1 RECJ y 

(4.148) 

This is exactly the form we obtained earlier considering only diffusion. We see that only in 

the case of fast thermalization ( x « i D ( ) will the grating decay be dominated by diffusion, 

and only under this condition can we obtain the diffusivity directly from our 

measurements, using the relation 

Z, ^ 
tGi= — exrt «; 

\ Z, 
x + t o j - — e x p j 

' V, ^ 

knT ' D i ) IL 
exp 

k,Tj 

(4.149) 

In the opposite extreme of fast diffusion (v» i D J) , our measurement of grating decay 

gives us the thermalization time using the expression 

-

z. 
n; 

-exp 
V, N 

+ -
kBT ' T + T £ > ^ f exp 

kBTy 

!x), (4.150) 

and, in general, our measurements will return the sum of the thermalization time and the 

diffusive grating decay time (T-KDJ) using equation 4.145. The significant point here is 

that measurements of transport by over-barrier diffusion in a MQW are sensitive to the 
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time it takes carriers to move from one place to another (the true transport time, given by 

xDi in our experiments) as well as the time it takes for carriers to obtain sufficient energy 

to overcome the barriers (the thermalization time x). Only when one process is 

significantly faster than the other are we justified in ignoring it As discussed following 

equation 4.138, the diffusive decay time for electrons is about 0.1 ps, which is of the order 

of the thermalization time (unless we choose the lower limit of about 20 fs). Thus, 

electrons, because of their higher mobility, will diffuse to wipe out the grating just about 

as fast as they are thermally excited out of the wells. We must recognize that both 

thermalization and diffusion contribute to the decay of the electronic grating. The holes, 

on the other hand, will diffuse much more slowly than they are excited out of the wells, 

and so thermalization is probably not a significant factor in the decay of the hole grating. 
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Figure 4.10. Diffusivity obtained from grating and differential transmission 

measurements versus barrier width, and the fit obtained from the tunneling and 

over-barrier diffusion models. 

Summary of Incoherent Transport 

In the preceding sections, we have shown that transport by tunneling and over-

barrier diffusion in a MQW can be described in a manner formally equivalent to Boltzmann 

transport theory. That is, diffusion can be described by a diffusivity, D, independent of 

density, and drift can be described by a mobility, \i, independent of both electric field and 

density. Note that the similarity is only formal, and the Boltzmann transport equation is 

not used. The quality of the fit these models provide to our data is indicated in Fig. 4.10. 
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Note, however, that in the case of over-barrier diffusion, we have shown that transport 

measurements are sensitive not only to the time carriers take to move about, but also to 

the time required for carriers to be thermally excited out of the well. Thus, in order to 

extract a meaningful transport coefficient, one must have independent knowledge of the 

thermalization times. 

Miniband Transport 

The previous discussion of incoherent transport assumed that the particle wave 

function does not travel more than about one MQW period before some scattering event 

occurs (hence the term incoherent). The other extreme is when the scattering is slow 

enough that a particle may travel many periods before scattering. In this event, it is 

appropriate to use the superlattice minibands discussed in sections (4.2.2) and (4.2.3) to 

describe the behavior of electrons and holes in the superlattice. Using the Boltzmann 

transport equation to describe motion in these minibands allows us to again describe 

transport in terms of a mobility and a diffusivity. 

In the case of extended miniband states, we model transport using the linearized 

Boltzmann transport equation in the relaxation time approximation. We consider first the 

case of diffusion along one direction in the absence of external forces. In this case, the 

transport equation takes the form 



168 

| / = _ / _ A (4.151) 
z d z 1 

where / is the carrier distribution function, / 0 is the equilibrium distribution function, x is 

the relaxation time (which is again assumed to satisy the form given by Eq. (4.128), but 

with a different value for to), z denotes the direction along which a carrier density gradient 

exists, and vz is the component of velocity in this direction. To get an expression for / , 

we rearrange this into the form 

/ = / , - T V , | A (4.152) 
d z 

The flux of carriers in the z direction is given by 

S z = J v z / d 3 v , (4.153) 
all v 

and, using equation 4.152, this becomes 

S z = l v j 0 d 3 v - I x v l y i ^ v . (4.154) 
d l 

all v all v y ' Z 
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The first integral gives the net flux of carriers produced by an equilibrium distribution, 

which will be zero. If we assume that the quantity xv/ changes more slowly than/as v 

(and thus energy) is varied, we can write the flux as 

S « = - K ) J <4-155) 
Z \ z / average " A ? 

allv° Z 

Since the integral is over velocity, the derivative over space can be taken outside the 

integral. The flux is then given by 

S, =-{«;) T~ J fd*v, (4.156) 
Z \ Z / average O Z all v 

and, since the integral gives the carrier density, we get for the flux 

S,=-(™2,) IT-- <4-157> 
Z \ z / average ^ g 

Comparing this with Fick's law, we conclude that the diffusivity governing transport along 

the z-direction is given by the well known expression 

D={xvl) . (4.158) 
z v z / average 
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If the relaxation time is independent of energy, this can be recognized as the diffusivity of 

a gas of particles executing a random walk62. It is the form we shall use to calculate the 

diffusivity of carriers moving in a superlattice miniband. The average will be calculated 

according to the formula 

]xv2
zf0pd3v \xv2

zf0pd3k 

(xvj) J f0 p d v J / o P dsk 
all v all k states 

where p is the density of states, and k is the crystal momentum of the carriers whose 

transport is described by the diffusivity Dv The density of states is calculated in the usual 

way as 

1 
p 

where V is the volume of the superlattice, A is the area measured perpendicular to the 

growth direction, L is the length measured parallel to the growth direction, and the factor 

of 2 is due to the two-fold degeneracy due to the electron and hole spin of 1/2. Our 

carrier densities are small enough that we may assume Boltzmann statistics. Thus, the 

equilibrium distribution function is given by 
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f0=e*v[{Er-E)/kBT], (4.161) 

where EF is the quasi-Fermi level, T is the carrier temperature, kB is Boltzraann's constant, 

and the total carrier energy E is written as 

( \2 

E(KZ, * , , ) = £ „ - A c o s ( j f , L ) + ^ . (4.162) 

That is, we invoke the effective mass approximation for motion parallel to the superlattice 

layers, characterized by the effective mass m*, and the tight-binding dispersion to describe 

motion perpendicular to the superlattice layers. The differential volume of k-space can be 

written in the form 

d3k = dKzd
2kn, (4.163) 

since we are treating motion parallel and perpendicular to the layers independently. We 

assume that the superlattice is symmetric with respect to rotations about a line parallel to 

the growth direction (i.e., about Kz), and so we may write 
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d\ = In KdK = ̂ r-dE*, (4.164) 

where the last equality comes from defining the last term in equation 4.162 as En. We are 

now prepared to evaluate the integrals in equation 4.159. It is convenient to normalize the 

energies to the thermal energy, kBT. Thus, we define the total energy e=ElkBT, the mean 

energy of the miniband e0=E0/itBr, the quasi-Fermi level EF=EF/kBT, the miniband halfwidth 

8=A/kBT, and the in-plane energy en=E/kBT. With these substitutions, the integral in the 

denominator of equation 4.159 becomes 

b1 
h.2 

f - / / m*kBl 
J fo P d k — exp(eF — £01 . 2*2 

all k states \ 2jZ ft 

y (4.165) 

x J exp ( - e , , ) d e „ x j ex p(s COS [K,L])dK, 
0 

where the in-plane kinetic energy varies (in principle) from zero to infinity, and the 

superlattice momentum, KZ, varies from -it/L to +k/L. The integral over in-plane kinetic 

energy is straightforward, and gives one. The integral over superlattice momentum is not 

as straightforward, but is proportional to the modified Bessel function of order zero (also 

termed the zero-order hyperbolic Bessel function, or even the zero-order Bessel function 

of imaginary argument)63. The integral then becomes 
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J /o Pd3k = e x p f e , - t 0 ( l k 4 ) i ( f - ) o ( 5 ) , 
all k states 

(4.166) 

or 

, e f - e 0 Y m * k B T \ 

I Lrth2 } y k B T j 

(4.167) 

where we note that the integral of the distribution function times the density of states over 

all states gives the number of carriers per unit volume that occupy the superlattice in 

question. If we define the effective density of states as 

m*kRT 

N c ~ \ Lxh2 >° ) y k B T j 

(4.168) 

this expression for the density can be put in the more conventional form 

NSL — NC exp 
f E r - E ^ 

kBT ) 

(4.169) 
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To finish the calculation of diffusivity, we need to evaluate the numerator of 

equation 4.159. For the velocity along the growth direction, we use the group velocity of 

a particle in a miniband. That is, we take vz to be 

1 dE LA * x 

v ' = n T i r = i r s ^ - <4170) 

The numerator then becomes 

I x v l f o P d ' k J ^ f ] j x s m 2 ( K z L ) f 0 p d 3 k . (4.171) 
all k states V J all k states 

To derive the expression for diffusivity given by equation 4.158, one must make the 

reasonable assumption that the relaxation time varies much more slowly with energy than 

the distribution function. Making the same assumption here, and substituting the previous 

expressions for /0 , p, and (Pk, we can put equation 4.171 in the tractable form 

W j , h j x ) * p ( e , e0) x 

T / \*tL 

J ^ e x p ^ e , , ) J dKz sin2(KZL)ex p ( § COS M ) 



175 

The integral over in-plane kinetic energy gives one, as before. The integral over 

superlattice momentum is proportional to the first order hyperbolic Bessel function64. 

Thus, the numerator of our expression for diffusivity can be written 

Plugging this in for the numerator of equation 4.159 and equation 4.166 in for the 

denominator, we obtain the following expression for the diffusivity of particles moving 

perpendicular to the layers of a MQW: 

^ L2A , L(A/ifcflr) D-=ir (4174) 

This equation becomes somewhat more transparent if we consider some limiting forms. 

Consider first that the thermal energy, kBT, is much smaller than the miniband halfwidth, 

A. That is, assume that &»1. In this limit, the ratio of the Bessel functions approaches 

one (with an error of less than 20% for 8>3), and we have for the miniband diffusivity 

„ L2A , . . kBT 
d^IT l-T(^¥fwp- ( 4 - 1 7 5 > 
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For an energy dispersion given by equation 4.162, the effective mass near the bottom of 

the miniband is given by 

1 1 3 2E 

mSL h2 3 K] 

LA 
— (4-176) 

and, as long as the carriers primarily occupy states near the bottom of the band, the 

equipartition theorem implies 

=|kBT- (4-177> 

Therefore, for minibands wide compared to the thermal energy, we expect a diffusivity of 

the form 

^ 2 k„T kBT 
D'*v'%=-^%=wreiz- ( 4 - 1 7 8 ) 

which is exactly the form we obtain from equation 4.174 in the wide band limit. The other 

extreme is the narrow band limit, 8«1 . In this limit, the ratio of the Bessel functions 

approaches 8/2 (with an error of only 12% for 8 as big as 1). The diffusivity then takes 

the form 
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D.=—R-R *»R-
z h2 *2 

(A ) 1 1 f I v j r 2{ 
LA | 

x . (4.179) 

Under the current assumption, 6 « 1 , all superlattice states are equally likely to be filled (in 

the previous limit, states near the bottom of the band were preferentially filled). 

Therefore, the mean value of the square of the velocity (given by equation 4.170) will be 

(v^) = f ^ ] [ s i n 2 ( £ ? L ) ] . (4.180) 
N z 'average \ H J average 

Since the mean value of a squared sinusoid is 1/2, we expect the diffusivity given by 

equation 4.179. Its reasonable behavior for very large and very small miniband widths 

gives confidence in the form for the diffusivity given by equation 4.174. 

A similar procedure can be followed to calculate the mobility describing drift flux 

of particles in a superlattice miniband. One obtains the same result, however, by invoking 

the Einstein relation. This is to be expected since we are assuming that transport is 

described by the Boltzmann transport equation, and also that the carriers are 

nondegenerate (i.e., described in equilibrium by the Boltzmann distribution function). 

That is, the mobility describing the drift of particles in a superlattice miniband is given by 
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e AL2 I,(A/it„r) 
>'=wD-=<ir < 4 1 8 1 > 

and thus we may write the flux of carriers in a superlattice miniband as 

S „ = - D „ y ^ - n „ W , E s c , (4.182) 

for electrons, and 

= " D ^ T 7 + (4.183) 

with the mobilities and diffusivities given by equation 4.174 and 4.181. We may therefore 

use the results of ambipolar transport to describe transport in a single superlattice 

miniband. It remains to ensure that this condition still holds when transport proceeds 

through more than one superlattice miniband. We incorporate these multiple minibands in 

a manner analogous to that used in the cases of sequential tunneling and over-barrier 

diffusion. 
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Multiple Minibands 

We have written the flux along the growth direction of carriers occupying a 

superlattice miniband in the conventional way. That is, we have written the diffusive flux 

as linear in the carrier density gradient, and the drift flux as linear in both the carrier 

density and the electric field. To incorporate multiple minibands, we assume that the total 

flux is given by the sum of the flux from each individual miniband. That is, 

S, = = X - A , , (4.184) 
» » o z 

where i=e,h labels electrons or holes, j labels the minibands, and the subscript z is 

suppressed in recognition of the fact that all transport discussed in this section refers to 

transport along the growth direction. We seek to show the total diffusive flux 

proportional to the gradient of the total carrier density, and the total drift flux as linear in 

the total carrier density. First recall that the number of carriers per unit volume occupying 

a miniband is given by 

JV,.,.=exp 
r E F - E i } Y m * f c B r ^ ( K ^ 

kBT Lit Jt 
2 f o T ^ - (4.185) 

V ® J 
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Implicit in this form is the assumption that carriers in all minibands are in diffusive 

equilibrium (share the same quasi-Fermi level), that they are in thermal equilibrium (have 

the same carrier temperature, presumed equal to the lattice temperature), and that motion 

in the plane is described by the same effective mass m*. These same assumptions are 

made in the sections on sequential tunneling and over-barrier diffusion, and their 

justification is discussed at length there. The total density of carriers is the sum of the 

density in each miniband, 

»r V »r (EF
>(m*kBT^)^' 

Ar, = l A r , , , . = e x p — j - ^ S e x p KT 

' a . . n 

t*J 
ykBTj 

(4.186) 

As in the sequential tunneling case, we define a factor Zi given by 

z,=X exp 
-E; 

t f j 
ykBT j 

A l l 
v W 

(4.187) 

Taking the ratio of equations 4.185 and 4.186, we can write the density of carriers in the 

j,h miniband in terms of the total carrier density, and obtain 

exp 
-E; 

\kaT ,kBT 

Z, 
N;. (4.188) 



Using this in the expression for the flux, we get 
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-E... 

S; = 
exr 

d r{k„T 

d z 

' V 
v 

Z 

exj 

iNs 

k»T r 

rA..^ 

KT 

Z 

(4.189) 

and, assuming that D „ and Tare all independent of position along the growth 

direction, we obtain for the carrier flux 

c n d Nt 

' ~~ d z ~ (4.190) 

That is, the diffusive flux is proportional to the gradient of the total carrier density with an 

effective diffusivity given by 

exp IELL 
kBT 

Z; (4.191) 
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(which is the average of the diffusivities of all minibands, weighted by the density of 

carriers occupying each miniband) and the drift flux is proportional to the product of the 

total carrier density and the electric field with an effective mobility given by 

k„T f I k„T 

' a . . n 

exp 
*»* I Kb* 

l - W ' E n , , ' Z
M ' (4.192) 

(which is the average of the mobilities of all minibands, again weighted by the density of 

carriers occupying each miniband). Note that if the Einstein relation connects the mobility 

and diffusivity of each miniband, it also relates the average mobility to the average 

diffusivity. To complete the transport calculations, we require the parameters and A^, 

which are calculated from the atomic tight-binding model used to interpret our linear 

absorption data, and the relaxation time x, for which we again use the form given by 

equation 4.128. We are thus prepared to use the transport parameters calculated from this 

coherent miniband model, in conjunction with the results of ambipolar transport, to 

analyze our grating decay data. 

As discussed previously, the two requirements that ambipolar transport obtain are 

that transport of one carrier species dominate that of the other, and that dielectric 

relaxation be much faster than the diffusive grating decay of the faster carrier species. The 

following table addresses the first of these points. It shows the ratio of the electron 
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grating decay rate to that of the holes (which is equal to the ratio of the effective 

diffusivity of electrons to the effective diffusivity of holes). 

Sample Barrier Well De,eff /Dh,eff 

Width [nm] Width [nm] 
TCH 258 1.4 10.0 15.6 
TCH 445 2 6.8 36.6 
TCH 429 4.4 7.4 41.3 
TCH 256 5 10.0 18.8 
TCH 446 6.8 8.5 6.4 
TCH 255 10 10.0 1.6 
TCH 74 13.9 7.4 0.4 
TCH 517 24.5 7.0 3.8 

Table 4.4. Ratio of the electronic grating decay rate to the hole grating decay rate 

calculated at room temperature from the miniband model. 

We see a pattern very similar to that seen in the case of sequential tunneling and over-

barrier diffusion. For thin barriers, the miniband diffusion model predicts that electrons 

will be significantly faster than the holes, just as we saw in the sequential tunneling model 

(and, as we shall see, for the same reason). For thick barriers, on the other hand, this 

model predicts that electrons and holes will diffuse at roughly the same rate. For thin 

barriers, we must still consider whether dielectric relaxation is fast enough to establish the 

field necessary to impose ambipolar diffusion. For thick barriers, electrons and holes will 

move together regardless of the dielectric relaxation time. Recall from equation 4.45 that 

dielectric relaxation will be fast enough to the extent that the carrier density satisfies 
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(4.193) 
c A, 

In GaAs, the relative dielectric permittivity is about 10. In our experiments, the grating 

spacing is about 120 nm. At room temperature, the carrier density must satisfy 

N0 e » 4 -1016 cm'3 in order that ambipolar transport occur. At 120 K, the density must 

satisfy N0e »1.5 • 1016 cm-3. We generate carrier densities of 1017 cm-3. Thus, we are 

safely in this regime at he lower temperatures, but only marginally so at room temperature. 

Furthermore, the concerns expressed previously in the section on sequential tunneling 

about the mixing of hole states leading to faster hole transport still apply. Still, (as 

previously discussed) the exponential decay of the carrier grating signal suggests that we 

are either in the ambipolar regime, or that electron and hole transport is equally fast 

Therefore, we will proceed with the miniband calculation. 

We compare the miniband calculation with the grating decay measurements in 

Fig. 4.10. We see that the fit is quite good, using only a single adjustable parameter (the 

parameter t 0 in the relaxation time t). At room temperature, the miniband model 

accurately produces the exponential dependence on barrier width that we have attributed 

to tunneling, and the relative independence of barrier width that we have attributed to 

over-barrier diffusion. At the lower temperature, the miniband model correctly predicts 

that transport in the thicker barrier samples is too slow to be observed, but is 

disappointing when compared to the thin barrier data. This behavior is similar to that 
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observed in the sequential tunneling model. However, this cannot be remedied in the same 

manner considered in the tunneling case. This is considered further later, when we discuss 

the temperature dependence of transport in the miniband model. 
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Figure 4.11. Diffusivities measured at high and low temperatures as a function of 

barrier width, and fitted curves calculated from the miniband model. 

That is, the miniband model (based on extended particle states) predicts the same 

barrier width dependence that was predicted by the tunneling and over-barrier diffusion 

model (based on localized particle states). This may seem surprising until we consider 
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carefully the dependence of miniband transport on sample geometry, and more specifically, 

its dependence on barrier thickness. 

Dependence on Sample Geometry (Barrier Thickness) 

As we have seen, the miniband transport model predicts an exponential barrier 

width dependence for thin barriers, and a weak barrier width dependence when barriers 

are thick. The following qualitative argument illustrates the origin of this behavior. 

In the miniband model, the principal effect of increasing the barrier width is to 

narrow lower minibands to the point that they play little role in transport. Then, transport 

proceeds largely through higher minibands, their higher mobility compensating for the fact 

that fewer carriers occupy these energetically higher minibands. We can see this by 

defining an effective diffusivity for a miniband labeled by j as 

exp 
Dj*ff ~Dj 

f-Ei \ C O [ J 

Wr [ v 

i exp A l 
ykBTj 

(4.194) 

where D} is given by equation 4.174. That is, the effective diffusivity for carriers in 

miniband j is given by the diffusivity calculated from Boltzmann's equation multiplied by 

the fraction of carriers occupying miniband j at equilibrium. In the narrow band limit 

(A<kBT), this takes the form 
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D i * = 2 

exP| 

V / 

' i ? L 
\ k * T J 

l e x p l ~E> 

(4.195) 

and, approximating the summation by its first term (the majority of carriers will occupy the 

lowest miniband), we have 

~ 2 

' L A . * 

* / 
x exp 

kBT 
(4.196) 

The dependence on barrier width of the confinement energy E j , the temperature T , and the 

relaxation time X, will be weak and we will ignore it for the moment. The MQW Tight-

Binding Model discussed previously predicts that the miniband width will be given by 

equation 4.17. In fact, for all our samples and both carrier species, the miniband half-

widths can be approximated by 

A j 5 8 e x p ( - P (4.197) 
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within a factor of two. Recall that P, is the inverse of the distance a carrier penetrates into 

the barriers, given by ftp; = ̂ 2m (V-Ej), and when it is large (small penetration depth 

for states deep in the well), equation 4.197 produces a strong dependence of miniband 

width on barrier thickness. On the other hand, when Py is small (large penetration depth 

for states near the top if the well), equation 4.197 produces a weak dependence of 

miniband width on barrier thickness. The effective diffusivity for carriers in the jth 

miniband then takes the form 

^isff — 2 
E-exp(-p.Lfi)L 

M 
x exp 

( E r $ j 

kBT 
(4.198) 

It is a good approximation, even for finite wells, that E-} = j El. Using this and the fact 

that L=LW+Lb, the diffusivity becomes 

Dj*ff ~ J* 2 3h 
* l b 

+ Lw 
t expi (-2 p a ) exp 

k,T 
(4.199) 

Finally, consider only the terms that vary with barrier width or band index. We have 
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f L V 

1 + t 
exp(-2p,LB)exfl A 

kBT 
(4.200) 

Here we can clearly see faster transport in higher bands competing with the fact that 

higher bands are more lightly occupied. When the barriers are thin enough, transport by 

carriers in the lowest minibands is efficient enough to dominate. For these minibands, is 

large and we expect an exponential dependence of transport on barrier width, just as 

predicted in the sequential tunneling model (and for the same reason). As the barriers 

become thicker, the lowest minibands rapidly become so narrow that transport through 

them is negligible. Then the higher minibands, which have a much weaker dependence of 

transport on barrier width, will dominate transport even though they are much more lightly 

occupied. This is analogous to the case of over-barrier diffusion, in which only those 

carriers able to overcome the barrier contributed to transport. 

Thus, we see that it is no accident that both coherent transport (minibands) and 

incoherent transport (sequential tunneling and over-barrier diffusion) predict the observed 

barrier width dependence of transport. In both cases, the transition is from transport 

through the barriers (strong barrier width dependence) to transport over the barriers 

(weak barrier width dependence), and while either model allows us to distinguish between 

these two transport regimes, we can clearly not distinguish between the two models. To 

do this, we must consider the temperature dependence of miniband transport. 
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Dependence on Lattice Temperature 

To begin, we compare the measured temperature dependence reflected in the 

Arrhenius plot of sample TCH255, with the calculations of the miniband model in 

Fig. 4.11. We see that the fit is at least as good as that obtained in the Over-Barrier 

Diffusion model, if not better. So here again, as in the barrier width data, no distinction 

exists between the behavior predicted by either the coherent transport model or the 

incoherent transport model. 
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Figure 4.12. Arrhenius plot of diffusivity of thick barrier sample (TCH 255) and fit 

calculated from the miniband diffusion model. 



by 

191 

To understand this, consider again the diffusivity of a superlattice miniband given 

~ 2 
' L A * 

h / 
x exp 

kBT 
(4.201) 

If we consider only the temperature dependent quantities and insert the form used for the 

relaxation time, this becomes 

sinh(z) 

k,T 
(4.202) 

remembering that Kj(z) is the first order modified Bessel function of the second kind, z is 

given by z = h(jdw/2kBT, and h(Ow is the polar optical phonon energy (taken to be 

36 meV). As in the case of the over-barrier diffusion model, the temperature dependence 

of transport in the miniband model depends on two processes: thermal activation into a 

higher miniband, and the temperature dependence of the relaxation time. The activation 

energy in this case is from the lowest miniband into a higher one, rather than to the top of 

the barrier, but the principle is the same. Furthermore, when the higher miniband is near 

the top of the barrier, the two models will give numerically similar results. Thus, we 
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understand why the Miniband and Over-Barrier Diffusion (OBD) models fit our 

temperature data equally well. We also see that the "activation energy" obtained from 

transport measurements in superlattices is not, strictly speaking, an activation energy, but 

a mix of activation energy and .temperature-dependent transport The similarity of the 

results, however, again means that there is no experimental signature which distinguishes 

the two theoretical approaches. It remains to consider the temperature dependence of 

transport in thin-barrier samples. 

Considering specifically the thinnest barriers, we observe essentially no difference 

in transport at high and low temperature. When transport is dominated by the lowest 

miniband, one expects a diffusivity of the form 

sinh(z) 
< 4 - 2 0 3 ) 

From this, even without thermal activation, the miniband model predicts a five-fold 

increase in transport (due to reduced polar optical phonon scattering) as the temperature is 

reduced from room temperature to 120 K. This is consistent with the measured 

temperature dependence of in-plane transport in GaAs/Al^Ga^As heterostructures,7 and 

completely at odds with our experimental results, as can be seen by referring to Fig. 4.13. 

We show in this figure the measured diffusivity in the thin barrier sample TCH 258, and 

the diffusivity predicted by the miniband model. The contradiction is evident. In the 
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temperature dependence of transport in very thin barrier samples, then, we see a clear 

signature that transport in our samples (at least for thin barriers) is due to sequential 

tunneling and not diffusion in minibands. As confirmation of this, and to address the thick 

barrier regime, we consider one final point in miniband transport 

10 
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1 1 
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— Calculated 

8 10 
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Figure 4.13. Arrhenius plot of diffusivity measured in thin barrier sample (TCH 

258) and that predicted by the miniband diffusion model. The contradiction 

between experiment and calculation is strong evidence that the transport is not by 

diffusion in minibands. 

Recall that both the Atomic Tight-Binding model and the MQW Tight-Binding 

model of superlattice band structure depend on the coherent extent of the particle 
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wavefunction over several superlattice periods. Define the mean free path of a particle in 

a superlattice miniband traveling along the growth direction as 

1 MFP ~ VZX ~ J2 ' (4.204) 

where I have used the root-mean-square value of the group velocity obtained from 

equation 4.170. In order to justify the use of the miniband formalism, it is necessary that 

the mean free path be significantly larger than the superlattice period, L. That is, we 

require 

'T'TIV^- ( 4 2 0 5 ) 

Note that by reorganizing this into 

T'Ti^>>h (4'206) 

we see that in order for miniband transport to occur, it is sufficient that the halfwidth of 

the superlattice miniband be much larger than the lifetime broadening of the particle states. 

In our samples, the halfwidths of the minibands which contribute to transport are generally 
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about 10 meV or less. The relaxation times we use to fit our data are about a hundred 

femtoseconds (at room temperature), to about a picosecond (at 120 K), giving a lifetime 

broadening ranging from about 6.5 meV down to 0.6 meV. This suggests that the 

miniband model is completely unacceptable at room temperature (the mean free path is of 

the order of the superlattice period), but possibly justified at the lower temperatures. We 

have considered only polar optical phonon scattering, however. The very rapid 

thermalization of nonequilibrium carrier distributions requires that particle-particle 

scattering rates be less than a few hundred femtoseconds,47,65 for a lifetime broadening of 

about 3 meV. Finally, our own measurements of polarization gratings in our samples 

suggests that the scattering times in our samples are fast compared to our pulsewidth and 

thus less than 100 femtoseconds. Therefore, the rapid carrier-carrier scattering times 

present under our experimental conditions suggest that carrier wavefunctions are not 

coherent over a distance large compared to the superlattice period, a condition required to 

invoke the miniband formalism. This is consistent with the result that thin barrier 

transport is independent of temperature. 

4.5 Summary 

In this chapter, we have discussed the modeling performed to interpret our 

experimental results. Calculations done to fit the excitonic absorption peaks measured in 

linear transmission measurements allowed us to confirm the widths quoted by the crystal 
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grower for the wells in our multiple quantum wells. In addition, those calculations 

provided the widths of the superlattice minibands used in the miniband model of 

perpendicular transport. Finally, fitting the temperature dependence of the spectral 

linewidth of the exciton allowed us to infer the excitonic ionization time, which is of use 

when interpreting the initial transient peak both our differential transmission measurements 

and our grating decay measurements. 

A simple model of the nonlinearity at the heart of our differential transmission 

measurements allowed us to infer that our experiments are most likely more sensitive to 

the effect of free electrons than free holes. In addition, this model, in conjunction with a 

more sophisticated one by Schmitt-Rink and coworkers, permitted us to interpret the 

behavior of the initial transient peak in both our differential transmission and grating 

measurements as due to bleaching by excitons at high temperature, and a polarization 

grating at low temperatures. Finally, modeling the dynamics of the slower exponential 

decay of the differential transmission measurements allowed us to extract from them a 

carrier recovery time needed to properly interpret our grating measurements (i.e., to 

eliminate from our grating measurements all processes which destroy the carrier density 

grating, but do not involve perpendicular transport). 

Finally, we have presented the models used to interpret our grating decay 

measurements. A great many simplifying assumptions have been made, and their 

justification has been discussed. Modeling of our grating decay measurements was done 

in the context of ambipolar transport, which we reviewed briefly. The essential result of 
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our modeling has been the transport parameters (mobilities and diffusivities) governing 

transport in a multiple quantum well or superlattice. These calculations distinguished two 

cases: the particle mean free path is shorter than or of the order of the heterostructure 

period (a multiple quantum well) or the mean free path is much larger than the period of 

the heterostructure (a superlattice). In each case, it was shown that perpendicular 

transport could be written as formally equivalent to linearized Boltzmann transport theory, 

and the conditions under which this is appropriate were discussed. 

Under the assumption of a short mean free path, the problem was discussed in 

terms of sequential tunneling (essentially transport due to hopping) and over-barrier 

diffusion (transport effected by thermal excitation over the barrier followed by diffusion). 

Assuming a long mean free path, the calculations were made using linearized Boltzmann 

transport theory and the tight-binding band structure of a superlattice miniband. 

Transport as a function of barrier width was fit equally well by both models, and while we 

are able to distinguish transport through the barriers from transport over the barriers, there 

was no distinction between the two models. The same is seen in fitting the temperature 

dependence of transport in a thick barrier sample. The important conclusion to be drawn 

from both models is that transport over the barriers of a MQW or superlattice involves not 

only thermal activation, but also a temperature dependent transport process. There is, 

however, no distinction between the two models themselves. It is only when considering 

the temperature dependence of transport in samples with very thin barriers that we see a 

clear distinction. The observation that transport in very thin barrier samples is essentially 

independent of temperature is consistent only with sequential tunneling and not with 
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miniband transport The conclusions to be drawn from our measurements, aided by our 

modeling, are summarized in the following chapter. 



CHAPTER 5 

CONCLUSIONS 

Increasingly sophisticated semiconductor growth techniques that allow control of 

the material characteristics of a semiconductor down to the level of a single atomic layer 

(and, in some applications, to a single atom) have permitted the realization of many new 

opto-electronic devices. These include various optical logic devices (of use in a proposed 

all-optical computer), spatial light modulators, and the self electro-optic effect device 

(SEED). For their action, these devices depend on the enhancement of the carrier-induced 

nonlinear optical response produced by the confinement of carriers by the multiple 

quantum well (MQW) barriers. They are generally initiated optically and turn-on times are 

thus limited only by the temporal duration of the initiating optical pulse. To turn off and 

reset for the next cycle, however, these devices depend on removal of the carriers. 

Recombination times are a few hundred picoseconds, which provides a fundamental 

limitation on device frequencies of a few GHz. Relying on in-plane transport imposes 

similar limitations. (In GaAs, a Gaussian distribution of carriers a few microns in diameter 

will decay by in-plane transport in a few hundred picoseconds, at best. This is using a 

decay time given by r0
2/4D, where r0 is the 1/e halfwidth of the initial Gaussian, and 

D~100 cm2s_1 is the diffusion coefficient.) We have therefore embarked on an 

experimental program to measure and experimentally distinguish the various regimes of 

199 
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perpendicular transport, for the obvious technological interest as well as the intrinsic 

physical interest in transport in such novel materials. 

The experiments I have described here focus on measuring perpendicular transport 

as a function of the thickness of the barrier layers, and as a function of lattice temperature. 

In our modeling, we have considered the case that the mean free path of a particle is much 

larger than the sum of the well and barrier thicknesses (minibands), and the case that it is 

of the order of, or smaller than, the sum of the well and barrier thicknesses (tunneling and 

over-barrier diffusion). Taken together, the experiments and modeling imply the 

following. 

First, our study of transport as a function of barrier width allows us to distinguish 

transport through the barriers from transport over the barriers. Diffusivity as a function of 

barrier width is shown in Fig. 5.1. Focusing on the experimental results, we see a clear 

transition from transport strongly dependent on barrier thickness to transport only weakly 

dependent on barrier thickness. Our modeling supports the interpretation of this as a 

transition from tunneling through the barriers to diffusion over the barriers. The transition 

occurs here at a barrier thickness of about 5-7 nm, but modeling suggests that this value 

depends weakly on the structural details of the samples (barrier heights, well widths) and 

more strongly on the lattice temperature. Thus, we are able to experimentally distinguish 

transport through the barriers from transport over the barriers. But there is no 

information about whether the transport is through minibands (transport by coherent 

states), or by a combination of sequential tunneling and over-barrier diffusion (transport 
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by incoherent states). This is also seen in Fig. 5.1, where we show a fit to the 

experimental results calculated from a rainiband model and from a model of sequential 

tunneling and over-barrier diffusion (OBD). The quality of the fit is equally good in either 

case, indicating that the barrier width dependence alone does not allow one to distinguish 

transport by coherent states from transport by incoherent states. 
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Figure 5.1. Measured diffusivity shown as a function of barrier width with fitted 

curves calculated from both the miniband and tunneling/over-banier diffusion 

models. 

Second, the temperature dependence of transport over the barriers is not 

determined solely by thermal activation, but also by the effect of a temperature change on 
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the transport itself. That is, there will be two effects of reducing the lattice temperature of 

a sample in which transport is over the barriers. Transport will be slowed, since fewer 

carriers will have energy sufficient to overcome the barrier. In addition, the transport of 

those energetic carriers will generally be different, and the degree to which it changes 

depends on the nature of the scattering processes that limit transport.7 In Fig. 5.2, we 

show an Arrhenius plot of the diffusivity measured for a sample in which transport over 

the barriers dominates (sample TCH 255). Fitting a simple exponential of the form 

exp(-EACI/kT) to the data gives an "activation energy" of 80 meV. However, this number 

corresponds to no real activation energy. The electron activation energy, obtained from 

the band structure calculations, is about 190 meV; that of the holes, 140 meV. That is, an 

activation energy alone does not explain the observed temperature dependence of the 

measured diffusivity. Referring again to Fig. 5.2, we show fits calculated from the 

miniband model and from the over-barrier diffusion model. In each case, the models 

incorporate an activation energy (activation either over the barrier or into higher 

minibands) and a temperature-dependent transport parameter (the diffusivity in the over-

barrier diffusion model, and the relaxation time in the miniband model). In each case, it is 

assumed that polar optical phonon scattering is the predominant limitation on transport 

The accuracy of the fits allows us to conclude that any description of the temperature-

dependence of transport in a multiple quantum well or superlattice must include both 

thermal activation and temperature-dependent transport. However, given the error bars 

on the data (particularly at low temperature), and the rudimentary nature of the models 
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used, I think that neither fit can be recommended over the other. Thus, as with the barrier 

thickness data, there is no clear distinction between transport by coherent states (i.e., 

miniband transport) and transport by incoherent states (i.e., over-barrier diffusion). 
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Figure 5.2. Measured diffusivity of sample TCH 255 (10 nm barriers) plotted 

against reciprocal temperature, along with fits calculated from both the miniband 

and tunneling/over-barrier diffusion models. Polar optical phonon scattering is 

assumed to dominate transport. 
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On the other hand, the temperature dependence of transport in thin-barrier samples 

seems consistent only with transport by sequential tunneling. More specifically, we are led 

to this conclusion by the fact that transport in the thinnest barrier sample is independent of 

temperature. Transport by sequential tunneling in thin-barrier samples has been shown to 

be temperature-independent11 On the other hand, the mobility measured for carriers 

moving in the plane of a MQW is limited by polar optical phonon scattering, and increases 

by more than an order of magnitude as the temperature decreases from room temperature 

to 100 K.7 From the Einstein relation (|i/D=e/kBT), this suggests an increase in diffusivity 

by a more than a factor of three. From our miniband model, we calculate that the 

diffusivity of carriers moving perpendicular to the barriers will increase by a factor of five. 

In Fig. 5.3, we show the diffusivity measured at high (295 K) and low (120 K) 

temperature in samples for which tunneling is the dominant transport process. The 

diffusivity is plotted as a function of barrier width. Focusing on data for the thinnest 

barrier, we see that transport is essentially independent of temperature. This is consistent 

only with transport by sequential tunneling, and not by minibands. 
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Figure 5.3. Diffusivity of samples for which tunneling is the dominant process, 

measured at 295 K and 120 K and plotted as a function of barrier width. 

This conclusion is reinforced by considering the mean free path of carriers in our 

samples. Recall that the mean free path is the distance a carrier travels before scattering. 

In order for the miniband description to be appropriate, it is necessary that the mean free 

path of a carrier be large compared to the superlattice period. For our thinnest barrier 

sample, the measured diffusivity of about 1 cm2-s_1 implies that the time to move from one 

well to the next is about 1 ps. This is from the sequential tunneling model of diffusion, 

using D~FL2, where L=11.4 nm is the distance between wells and 1/T is the time to move 

the distance L. With measured polar optical phonon scattering times varying from a few 
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hundred femtoseconds at room temperature, to around a picosecond or two at low 

temperature,66 this implies that carriers will not move even one superlattice period before 

scattering, much less many. Using the Boltzmann transport equation, the diffusivity is of 

the form Dsv2!. Expressing the velocity in terms of the scattering time and the mean free 

path, l=vx, this gives us the mean free path as ^=VDt. A Boltzmann equation analysis 

then gives a mean free path varying from 3 nm (for t~100 fs) to 14 nm (for t~2 ps). In 

either case, the mean free path is of the order of the one MQW period, and thus a 

miniband analysis is inappropriate. Finally, thermalization times are of the order of 100 fs 

or less, suggesting that carrier-carrier scattering times are even shorter, making the 

miniband analysis even more dubious. 

While the models of transport developed in the previous chapter are very useful in 

helping us to understand the behavior of our data, I believe that the conclusions are largely 

model-independent. The transition from transport strongly dependent on barrier thickness 

to transport largely independent of barrier thickness suggests a transition from transport 

through the barriers to transport over the barriers, regardless of the exact details of the 

transport. The idea that the diffusive component of over-barrier diffusion should be 

limited by scattering and thus temperature-dependent seems straightforward, although the 

quality of the OBD fit to the data gives us confidence in this conclusion. Likewise, 

miniband transport should be limited by scattering and thus temperature-dependent. We 

observe the contrary in the sample with the thinnest barrier. This is strong evidence that 

transport is by temperature-independent11 sequential tunneling. This is confirmed when 
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we use the measured diffusivity to estimate the mean free path, and find that it is of the 

order of the MQW lattice period. 

In addition to guiding and reinforcing our conclusions, the transport models 

developed provide a guide to future work. We have assumed that in the over-barrier 

diffusion regime, transport is limited by the diffusion of carriers that have sufficient energy 

to overcome the barrier, and that the thermalization which gives those carriers that energy 

is very fast. We know from the analysis leading to Eq. 4.145 that the situation is not, in 

general, quite so simple. It is possible, in principle, to measure the decay of gratings 

written by laser pulses whose photons are energetic enough to couple the A^Ga^As 

band edge. That is, using pulses with a photon energy of about 1.8 eV (vacuum 

wavelength of about 680 nm), we can write a carrier density grating whose carriers begin 

with energy sufficient to overcome the barrier, and we start in the diffusion phase of over-

barrier diffusion. There is no difficulty accessing this wavelength with a femtosecond dye 

laser. From the OBD fit to our data, the room temperature ambipolar diffusivity of 

carriers near the top of the barrier will be about 2-3 crn^s1 (using DAMBIs2Dh), giving a 

grating decay time of (Kg
2D)1sl-2 ps and a diffraction efficiency decay time of half this. 

This is near the limit of what can be realistically resolved with a 100 fs pulse. A set of 

such measurements as a function of temperature might help confirm or deny the 

temperature dependence presumed in Eq. 4.129. This would require that a 100 fs pulse be 

maintained while tuning the laser from 680 nm to about 640 nm. While quite tedious, this 

presents no practical difficulty. Unfortunately, interpreting such data would raise the 
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converse problem; distinguishing between transport and the capture of high-energy 

carriers by the wells. Measurements in InGaAs/InP multiple quantum wells suggest that 

the time for a well to capture a carrier can be less than a picosecond. If this is also the 

case in the GaAs/AlGaAs material system, interpreting the results of the proposed 

experiments would be ambiguous. Separating the two processes involved in over-barrier 

diffusion remains an ambiguous point, and is a worthwhile topic for future research. 

Another area of research is to extend these measurements into the miniband 

regime. Decreasing the well and barrier thicknesses from the values typical of the samples 

used in our experiments will accomplish two things. First, the period of the structure will 

(quite obviously) become smaller, reducing the minimum mean free path needed to invoke 

minibands. (If invoking the miniband formalism requires that the mean free path be, for 

example, three periods of the superlattice, and we reduce the superlattice period, a shorter 

mean free path will suffice). Second, the bandwidths of the superlattice minibands will 

become larger, thus increasing the group velocity for (and mean free path of) motion along 

the growth direction. This will also decrease the grating decay time. We can find a 

condition for miniband diffusion by equating the expression for the diffusivity given by 

Eq. 4.174 to the square of the mean free path over the scattering time. This gives us 

L2A ijA/kBT) D-=ir k-T^F)-^- (51> 
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Recall that 2A is the width of the miniband, x is the scattering time, L is the superlattice 

period, I is the mean free path, and T is the temperature. This can be rearranged into 

f A ^ It(A / k j ) (I N* h/x 

KkBTj 
(5.2) 

In this form, we can impose a condition on the relative size of the mean free path and the 

superlattice period (l/L) (along with the scattering time x and the temperature T) and 

determine the miniband halfwidth necessary to realize this condition. If we optimistically 

take £IL~3 as the condition for a superlattice (and use T-100 fs at room temperature), we 

obtain A/kBT=1.25, or A=32 meV. Using t/L~5, we get A/kBT=2.27, or A=58 meV. In 

order to get such bandwidths for both electrons and holes, the superlattice period would 

need to be about 6 nm or less.67 With these sorts of parameters, the diffusivity (calculated 

from equation 5.1) would be about 35-85 cm2-sl, giving a grating decay time of at most 

100 fs. Thus, at room temperature, we cannot expect to measure grating decays in the 

miniband regime without a significant reduction of the laser pulsewidth. At lower 

temperatures, the situation is more hopeful. Consider a lattice temperature of 100 K and 

assume the scattering time is about 2 ps. Again taking PJL-3 as the condition for a 

superlattice, we get A/kBT=0.17, or As 1.5 meV. Using £/L~5, we get A/kBT=0.275, or 

A=2.4meV. (In hindsight, we are in the narrow miniband regime. Using Eq. 4.179 
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instead of Eq. 4 . 1 7 4 , we get A=V2 (£IL)(f i lx) for the miniband halfwidth.) These are 

roughly the values we calculate for our thin-barrier sample, and the miniband diffusion 

model predicts a diffusion coefficient of about 10 cm2-**1 as compared to the measured 

1 cm2-s-1. I believe the seeming contradiction stems from carrier-carrier scattering. The 

2-ps scattering time discussed above is inferred from in-plane transport measurements, in 

which it was found that the mobility is largely independent of carrier density. This implies 

that electron-electron or hole-hole scattering does not affect carrier transport, as might be 

expected since the scattering of electrons with electrons or holes with holes does not 

affect the total momentum of the electron or hole gas. (On the other hand, electron-hole 

scattering can, under special circumstances, have quite a dramatic effect, reducing and 

even reversing the mobility of the carriers.)68 However, carrier-carrier scattering can 

destroy the coherence of carriers and render inappropriate the miniband formalism, even 

though it may not significantly restrict mobility. Thus, to achieve transport in the 

miniband regime it is necessary to reduce carrier-carrier scattering. This can be done, to 

an extent, by reducing the carrier density. Accomplishing this without sacrificing signal-

to-noise is a problem, but increasing the spot size of the laser (and thus decreasing the 

fluence) can reduce the optically injected carrier density without reducing the average 

power delivered to the sample. This may maintain sufficient signal to adequately time 

resolve the grating decay. 

In summary, the question of the extent to which thermal excitation of carriers 

limits over-barrier diffusion is not cleanly resolved by our measurements. The resolution 
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of this question is an area in which further work would be quite useful. The challenging 

problem of measuring grating decay by miniband diffusion also remains. 



APPENDIX A 

THE EFFECT OF ABSORPTION SATURATION ON THE FORM OF AN 

OPTICALLY GENERATED CARRIER DENSITY GRATING 
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If a carrier density grating is written in a material for which the absorption 

coefficient is dependent on carrier density, the absorption will be different in areas of high 

density than of low density. If the absorption coefficient decreases with increasing 

density, the peaks of the grating will be "flattened" relative to the optical grating pattern. 

To explore this issue, I analyze the following simple model. Assume that the irradiance 

pattern is uniform perpendicular to the grating (I'm considering a short period grating in 

which the intensity modulation is along the direction of propagation, but the analysis is not 

limited to this case). Assume also that there is no pump depletion (the pumps are of 

uniform intensity going through the sample). Relaxing either or both of these assumptions 

will reduce the intensity in some areas of the sample and thus reduce the effects of 

absorption saturation. So these assumptions not only greatly simplify the problem at hand, 

but can also be considered the worst case scenario. With these assumptions, the optical 

fringe pattern takes the form 

/(z,f )=/(*)[ l + cos(*:,z)], (Al) 

where Kg=2n/Ag and Ag is the grating period. Assume further that the pump pulses are 

delta functions in time. So the final form of the intensity pattern is 

/ (z ,0= Fb (t) [ 1+ cos( Kg z)], (A2) 
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where 5(0 is the Dirac delta function, and F is the fluence of each pump which, under our 

assumptions, is a constant in space. I will model the absorption saturation as 

a(z,t)=a0-cehN{z,t), (A3) 

where a0 is the unsaturated (small signal) absorption coefficient, and is the absorption 

saturation cross section (the change in the absorption coefficient caused by one carrier per 

unit volume). Note that although I've written N(z,t) as a function of time, the only time 

dependence involved is that N(z,t) is zero for t < 0 and jumps immediately to its final value 

for t > 0. That is, the time dependence of N(z,t) is that of a step function. Finally, the rate 

at which the carrier density changes is given by 

3 N(z,t) a 
( A 4 ) 

where hat is the photon energy of the pump beams. Plugging in from the above 

expressions, we get 

dN(z,t)_a0F 
d t Titb 

[l+cos(AT z) l-^-NizJ) 
OCA 

5(0. (A5) 
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Because of the delta function, this is easy to integrate over time. Integrating from t=-°° to 

some time t>0, we get 

" ( Z ' ' ) = ^ [ 1 + C 0 S ( * < Z ) 1—*tf (z ,0 ) 
. <*o 

(A6) 

and, for a step function, the value at t=0 is taken to be half the final value (this is the value 

to which a Fourier expansion of a step function converges). That is, we replace N(z,0) 

with (1/2)N(z,t) and get 

W U , 0 = T ^ [ l + c o s ( ^ z ) 
ha g 

l - ^ N ( z , t ) 
2aft 

(A7) 

The term o^F/ftco is equal to the density each pump would produce in the absence of 

saturation, and for convenience I define it as N*. Solving equation (A7) for N(z,t), we get 

N*[l+cos(Kez)] 
(A8) 

l + - f — [ l + c o s ( K g z ) ] 
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This expression behaves as one might expect. The largest saturation effect occurs near the 

peaks of the grating (cos(/^)=l) and the smallest near the grating minima (cos(A^)=-l). 

Also, the saturation effect disappears for (Jeh-»0 (that is, for >0, one recovers the 

unsaturated carrier density grating, given by the numerator of equation (A8)). If we 

define f=N{z, t)IN* and a=(aehiV*)/2a0, we get the equation 

( A 9 > 
l+a[l+cos(Artz)] 

which is plotted in the following figure for various values of the parameter a (which 

correspond to varying values of the single beam fluence F). 
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Figure Al. Normalized carrier density as a function of position along the grating, 

plotted for various values of the normalized single beam fluence. 

Considering the form of equation (A9) and the plot in the figure, one is tempted to 

conclude that treating the grating as a simple sinusoid is justified only at fluences for 

which the parameter a is much less than one. However, I believe this is too pessimistic for 

the following reason. If we expand/in a Fourier cosine series, 

osUK.z), 
j=0 

(A10) 
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and calculate the first few f j for various values of a, we get the results shown in the 

following table 

a fn fi f* /. /, 
0 1 1 0 0 0 
0.01 0.985 0.980 -0.0049 0.00002 0 
0.05 0.931 0.909 -0.0216 0.00052 -1.2310-5 

0.10 0.871 0.832 -0.0379 0.00173 -7.86-10"5 

0.30 0.698 0.616 -0.0721 0.00843 -9.86-104 

0.50 0.586 0.485 -0.0833 0.0143 -0.00245 
0.70 0.506 0.397 -0.0856 0.0184 -0.00397 
0.90 0.447 0.334 -0.0842 0.0212 -0.00534 

Table Al. Coefficients of the harmonic terms in a Fourier expansion of the 

function in Equation A9. 

and plotted in the following figure. 
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Figure A2. Fourier components of the harmonics in a Fourier expansion of 

Equation A9, plotted as a function of the paramter a (the normalized single beam 

fluence). 

As you can see from the table, for a<0.10, the harmonics (j>2) are less than 5% of the DC 

component. But notice that for a as high as 0.9 the harmonics are still less than 20% of 

the DC component and less than 25% of the fundamental (the intended grating). 

Parameters typical of our experiments are as follows: 
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«0 [cm1] <14,000 

F [pj cm-2] <2 

h(a [eV] 1.45 

[cm2] <7-10-14 

Using these parameters, we get the following values for N* and a: 

N* = 1.2-10" cnr3 

a = 0.30 

Considering the form of the two graphs for a=0.30,1 believe that deformation of the 

carrier density grating by absorption saturation is negligible in our experiments. But note 

that the carrier densities generated can be significantly less than one would expect when 

using the unsaturated absorption coefficient. 
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In this appendix, I consider the decay of superimposed electron and hole density 

gratings. The carrier density is assumed to be a function of time, t, and of one spatial 

dimension, z, and the initial distribution is taken as 

Ni(z,0) = W (0)[l+cos(^z)], (Bl) 

where i takes on the values e, referring to electrons, and h, referring to holes. Also, 

K= 2it/Ag is the grating wavevector, and Ag is the grating spacing. This ignores the 

spatial variation due to, for example, the Gaussian spatial profile of the beams which write 

the grating. This assumption is discussed and justified in Chapter 4, Section 4.4.1. The 

behavior of the carrier density is governed by the continuity equation. That is, we assume 

— r +V-S i(z,t) = , i = e,h, (B2) 
" t tREC 

where Nfet) is the time and space dependent carrier density, S fat) is the number of 

carriers per unit time per unit area passing a given z-coordinate (i.e., the carrier flux), and 

xREC characterizes the exponential decay of the carrier density in the absence of transport 

Absent evidence to the contrary, we assume here that xREC is the same for electrons and 

holes. It is straightforward to relax this simplifying assumption. In the usual way, we 
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write the carrier flux as two terras. The first is a Fick's law term in which the diffusive flux 

is taken to be proportional to, and in the opposite direction of, the carrier density gradient, 

and the second is an Ohm's law term with a conductivity linear in the carrier density. That 

is, the carrier flux of electrons is taken to be 

S , = - D ( V W , - h A E s c , (B3) 

and the carrier flux of holes is taken to be 

S , = - D , V W l + | 1 ^ E s c . (B4) 

D, is the carrier diffusivity, \it is the carrier mobility, and Nt is the carrier density, where 

again i takes on the values e, referring to electrons, and h, referring to holes. While there 

is no electric field applied, we allow for the possibility that a space charge field will 

develop when (and if) the electrons and holes separate, producing a non zero charge 

density. Should they do so, the space charge field, E5C, will be given by 

V-E (B5) 
Lb0 
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where e is the magnitude of the charge on the electron, e is the relative permittivity of the 

material, and e0 is the permittivity of free space. Since we concern ourselves only with the 

density variations along the direction of the grating (taken to be the z-axis), the space 

charge field and the flux reduce to scalars. Further, we assume that the transport 

parameters (mobilities and diffusivities) are not dependent on space, either explicitly or 

implicitly. With these two assumptions, the continuity equations take the form 

d Ne{z,t) Ne(z,t) d2Ne(z,t) 3 [ATe(z,f)£JC(z,r)] ^ 

3, + ^ 3z = 0 , m 

and 

3N,(Z,I).Nt(z,t) „ 
3 , + T sec 3 z 2 + t l ' 3 ^ °- m 

We will choose our coordinates so that the initial distribution of carriers is even with 

respect to the space coordinate. Consideration of the field equation, (B5), and the 

continuity equations, (B6) and (B7), allows us to conclude that the space charge field will 

be odd with respect to z and the carrier densities will remain even. Furthermore, all 

driving terms in the continuity equations are periodic with period Ag (the period of the 

optically generated carrier density grating) or its harmonics (see below). It is thus possible 

to expand the electric field in a Fourier sine series and the carrier densities in a Fourier 
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cosine series. In general, these series would have infinitely many terms, but our 

experimental conditions are such that we can truncate the series after only a few terms. 

This is justified after the fact, in that we retain enough terms so that at the end of the 

calculation, the last term retained is small. Thus, we write the carrier densities as 

Nfat) = N0A(t)+Nu(t)cos(Kgz)+ N2,i(t)cos(2Kgz), (B8) 

and the field as 

Esc(z> 0 = £ l , S c ( O s i n ( ^ ) + - (B9) 

Note that we have included terms with higher period than the initial distributions. Such 

terms are generated by the products that appear in the flux equation. For example, a 

cosinusoidal carrier density, Â  /^cos^^z), multiplied by a sinusoidal space charge field, 

Ej s^sin^KgZ), generates a harmonic term which varies as sin(2A^). In like manner, 

higher harmonics will be produced. We ignore those higher harmonics as small compared 

to other terms of interest. Substituting (B9) into (B5), it is straightforward to obtain 
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3 = *,EUc( ' )cos(j^z) 

+ 2 K g E u c { t ) c o s { l K g z ) 

- { K a W - ^ M ] • (BIO) 

• K ( ' ) " A U ' ) ] c o s ( V ) 

H[ t f 2 >) -A^ to ]cos (2^ Z )} 

ee0 

+ 1 

4 

Equating the coefficients of the cosine functions, we obtain three equations: 

0 = K a ( ' ) - a W < ) ] 

£ u c ( ' ) = " ^ K " ( r ) " ' M , ) ] • ( b i d 

Note that the present analysis depends on the average carrier density being the same for 

electrons and holes. If this is not the case (if, for example, xREC were different for 

electrons and holes), the expansion for the field would have to be modified. 

A similar procedure is followed with the density equations. That is, the cosine 

expansions (B8) are substituted into the continuity equations (B6) and (B7). It is 

straightforward to obtain expressions for the mean carrier density of electrons and holes. 

We obtain 
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dN0j(t) _ N04(t) 

dt iREC 
i = e,h, (B12) 

which is easily integrated to give 

%/(') = Wo,/(0)exp(-fA/?£c)» i = e,h (B13) 

with N0 i(0) given by the initial condition, (B1). Note again that the first of equations 

(B11) depends on xREC being the same for electrons and holes. Equations for the 

fundamental, and the harmonic, N2/t), are more complex, but are obtained in the 

same fashion. As mentioned, the product of the density and the field, Nfisc, gives rise to 

terms in the Fourier series that are not present in the initial carrier density distribution. 

For example, substituting the expressions for the carrier density and the space charge field, 

we obtain for the electron flux 

5e = s i n ( ^ z ) | ^ D ^ - ^ 

+ sm(3K,z^-n , 

N F NUE2JC NuElsc 

2 2 

N. Elsc M F H i V 0 ^ 2 

(B14) 

+ Sm(4tf ^2^2 JSC 
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I call attention to two points. First, we see the origin of the sin(2AT )̂ terms in the carrier 

density. The product Nl e(t)El^c(t) serves as a source for the time development of N2e(t) 

(this is made more explicit below). Second, we see source terms for harmonics not 

present in our initial expansion [terms in the flux varying as s in(3^) and sin(4A^z)]. We 

see here a specific criterion for the accuracy of our expansions (B8). In order to justify 

truncating the series at the first harmonic [sin(2A^)], it must be the case that products like 

Nle(t)E2jC(t) or (which generate the higher harmonics) be small compared 

to other terms of interest [products like N0 e(t)El^t) or Nl e(t)El^c(t)]. Substituting 

from (B11), this can be roughly summarized as 

N2 i « N0 i and NX i, i = e, h. (B15) 

Making this assumption, we arrive at the following expressions for the carrier densities. 

For the DC term (mean density, repeated from above), we obtain 

<W0i N0i n 
-^-+—^- = 0,i = e,h. (B16) 
DT IREC 

The fundamental term [varying as sin(^z)] is governed by 
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, { k 2 d
 1 

dt + KSD' + XREC 

±Kgiii 
"*r F . NiAsc+Ni,iExsc 
N0,iEl,SC + 2 ^— 

(B17) 

= 0 , 

where / takes the values e, referring to electrons (in which case the lower sign is used), or 

h, referring to holes (for which the upper sign is used). Finally, the first harmonic [varying 

as sin(2X^z)] is obtained from 

V | 

dt 

±2Kg\ii 

41tf^+ 1 

XREC 
"v 

N0,iE2,SC + 
N\,iE\,SC 

(B18) 

= 0 , 

with the same conventions as in equation (B17). We can obtain a set of equations 

involving only the densities by substituting from (B11). The fundamental of the electron 

distribution is then obtained from 

dNi U 

dt 

e\ie 

ee0 

XREC 
% 

"0,e + % V u " % ) + % % " »2,e) 

(B19) 

= 0 , 

and the first harmonic from 
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^r+HD<+-XREC 
*2,e 

e[i 

ee0 
K « K * - tfV)+M"u - w u ) ] = 0 • 

(B20) 

The corresponding expressions for the holes are 

dN 
1,h 

dt 

<Vh 

V lREC y 

een 
(*o,» - N j = 0 

(B21) 

for the fundamental, and 

<^2,h ( * K 2 n , 1 

— + 4 K g D k + — 
XREC 

"2 ,h 

" N % < ) + " u K * - % ) ] = o 
CibQ 

(B22) 

for the harmonic. Recall that the DC components are given by (B16), and the initial 

conditions are 

!%(<>) = JVu(0) = W<0), Wy(0) = 0 , i = e,h. (B23) 
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As mentioned, the DC components can be found readily. Equations (B19) through (B22) 

constitute four independent equations, which are sufficient to find the four unknown 

densities. Before presenting the results of a numerical solution to these equations, it is 

worthwhile to consider their properties under a few simplifying assumptions. 

First, let us consider the space charge field we have postulated. By subtracting 

equation (B19) from (B21), ignoring terms involving N2 i as small, and substituting from 

(B11), we find that the time dependence of the electric field is determined by 

i h f l + ^ { D h N l h - o e N u ) 

, v (B24) 

+^M^h!MElsc{t)=o. 
£E() 

Here, we can conveniently identify the source and sink of the space charge field. The 

second term reflects the difference between the diffusive flux of electrons and that of 

holes. (Recall that the diffusive flux is S—D^N^KgD^f,). If there is no such difference, 

and thus no source term, no space charge field will develop. The third term in equation 

(B24) is a loss term (i.e., the sink of the space charge field, El sc). It implies an 

exponential decay of the space charge field with a time constant given by 



232 

t D , = - ^ - . (B25) 

The subscript acknowledges that this can be recognized as the dielectric relaxation time. 

We might have expected that the decay of the space charge field would be characterized 

by the dielectric relaxation time from the following. Consider a volume of the material 

formed by two faces of area A that are separated by a distance d. The capacitance of this 

volume (treated as a parallel plate capacitor) is simply ££0Aid. The resistance is equal to 

dJaA, where a is the conductivity, given in this case by 

= e(VhN0,h + V-eN0,e ) • (B26) 

The RC time constant for this "capacitor" is then given by 

_ d eenA een 
X r c = RC= A ° 2 r . (B27) 

<sA d e(\ihN0h + \ieN0^j 

That is, the RC time constant is the dielectric relaxation time. The buildup and decay of 

the space charge field is analogous to charging and discharging a capacitor, where 

"charging" is accomplished by differential diffusion (the faster diffusing species races 

ahead of the slower and establishes a space charge field) and "discharging" by conduction. 
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These two processes will balance one another (i.e., the space charge field will decay about 

as fast as it is generated) when dE^Jdt = 0. (This means there is no explicit time 

dependence for E^c. There is still an implicit time dependence due to N0 i(t), and Nl i(t).) 

This allows us to estimate the maximum space charge field as 

= K / D h N , ' h D ' N \ ' ) - (B28) 

We see here that if the space charge field is proportional to the difference in the diffusive 

flux of electrons and holes. If there is no such difference, the space charge field will be 

zero. Given that N0 e=N0 h, and making the approximation Nl e~Nl h [discussed in Section 

4.4.2, leading up to Equation (4.54)], we obtain 

E, vc(< - ~ ) - -Kg ^ h ' D ' \ N ^ . (B29) 

Since the mean density (N0 f) decays only by recombination, and the fundamental (Nu) 

decays by both recombination and diffusion, it will be true that NQ i > N1{. Thus we have 
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The largest space charge field will occur if the transport parameters of one species 

dominate those of the other, and if, for definiteness, we assume that the electrons 

dominate, we have 

hsc(' ~°°)-Kg^L = Ks (B31> 
re e 

where the equality holds whenever the Einstein equation does. Using our experimental 

parameters, we can estimate that any space-charge field will be no larger than 13 kV/cm 

(and will most likely be much less). 

Consider equation (B24) under the condition that there is no source term. That is, 

suppose that the electrons and holes diffuse together, with no charge separation and thus 

no space-charge field. This is reflected in the condition 

DhNlh=DeNlte. (B32) 

In this case, the transport equations are especially easy to solve. Equations (B19) and 

(B21) become 
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^ - + i K l D i + Z 1 - } N V = 0 ' (B33) 
XRECJ 

and equations (B20) and (B22) become 

dl 

4 K s
2 D i + - ! - W i = 0 , 

XREC) 
(B34) 

where, here again, i takes on the values e and h referring to electrons and holes. These 

equations are especially easy to solve. Using the initial conditions given by (B23), we 

obtain 

N u(?) = iV(0)exp W — 
L V REC Y J 

(B35) 

for the fundamental, and 

= 0 . (B36) 

for the first harmonic. In this case, the carrier density takes the simple form, 
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N,(z,t) = iV(0)[l + exp(-£ ̂  ) cos (^ z)] expf- —— 
V REC J 

(B37) 

An equally simple case occurs when electrons and holes diffuse differently, but the 

space charge field discussed above is sufficient to impose ambipolar diffusion. This 

condition, and the related simplifications to equations (B17) and (B18), is discussed in 

chapter 4, section 4.4.2. The intermediate case involves the solution of the full set of 

equations (B19) through (B22), along with the initial conditions (B23). 

For reasons that have nothing to do with physics, and everything to do with 

numerical computation, we make the following substitutions: 

%(')=W< 0Vo,i( ')exp(-'/tR£c) 

"l, i ( ' )= W<0)/lTi(')^P(-'A*Ec)- f 0 3 8 ' 

% ( < ) = W (0)/2,i(')e"P(-'A«£c) 

The initial conditions then become 

/o,i(0) = /l,i(0) = 1 • A j ( 0 ) = 0 , i = e , h . (B39) 

The DC component, / 0 i, is given by equation (B13) as 
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/o,i(0 = 1 ' i = e,h. (B40) 

Substituting from (B38) and (B40) into equations (B19) through (B22), we obtain 

/ \ 

IREC ) 

1 + j y ] / u - / U ) + X ( / " ~ / 2 ' ) = 0 

(B41) 

for the fundamental of the electron grating, and 

d f u + 
(4K%De)fu 

dt v 6 ee0 " V XREC 

x[(fl,h ~ fl,e)+ /l,e(/l,/i ~ /l,e)] = 0 

(B42) 

for the first harmonic. For the hole grating terms, we obtain 

(KjoAf, h + 4 ^ e x p ( - - L -

di \ * h r l h EE0 \ xREC 

1 + ~ Ae)+^(f2,h - h,e) 

0 

(B43) 

for the fundamental, and 
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+ (4KjDh)f2 h + e ^ ( }expf — 
A V * e e o ^ X r e c 

x[{fl,h ~ fl,e)+ ~ fie)]~ 0 

(B44) 

for the first harmonic. In Table B1, we show parameters chosen to make the electron and 

hole decay times identical. In addition, we choose the carrier density so that the dielectric 

relaxation time is the same as the diffusive decay times (although in this case the dielectric 

relaxation time is unimportant, since no space charge field will develop). The carrier 

recovery time chosen is typical of that of our samples (the smallest is 300 ps and the 

largest is 1.2 ns). Solving the transport equations with these parameters, we obtain the 

results shown in Figure Bl. The result is that the electron and hole fundamental gratings 

decay with an identical time constant given by Xdiff,i=(Kg
2Di)-

1
j a n ( j the harmonic terms are 

identically zero. 

Diffusivity (electron) [cm2s l] 1 
Diffusivity (hole) [craV] 1 
Mobility (electron) [cm2(Vs)1] 40 
Mobility (hole) [cm2(Vs)1] 40 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N<°>) [cm 3] 4.5-1016 

Table Bl. Parameters used in solving the transport equations. Results are shown 

in Fig. Bl. 
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Figure Bl. Carrier density decay for the case when electron and hole diffusivities 

are the same. The fundamental grating terms decay together, and the harmonics 

are always zero. 

In the following few figures, we demonstrate the behavior of the transport 

equations developed in this appendix. In each, we make the electron grating decay ten 

times faster than that of the holes. In the first case, we choose the carrier density so that 

the dielectric relaxation time for each species is ten times the grating decay time of that 

species. This is the typical ambipolar transport scenario, and the behavior is consistent 

with the analysis in Chapter 4 leading to ambipolar transport, as we expect. The transport 

parameters are shown in Table B2, and the calculated carrier decay curves in Fig. B2. 
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Diffusivity (electron) [cmV1] 1 
Diffusivity (hole) [cm2s1] 0.1 
Mobility (electron) [cm2(Vs)1] 40 
Mobility (hole) [cm2(Vs)-1] 4 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N(°>) [cm 3] 50-1016 

Table B2. Parameters used in solving the transport equations. Results are shown 

in Fig. B2. 
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Figure. B2. Carrier density decay when the electron diffusivity is ten times that of 

the holes, and the dielectric relaxation time is ten times faster than the grating 

decay time, a) Both the grating fundamentals and the harmonics are shown. Note 

that the harmonics are small compared to the fundamentals (<5%). b) Here the 

decay is shown on a logarithmic scale. The rapid initial decay of the electron 

grating immediately slows to ambipolar decay as the space charge field builds. An 

exponential decaying with the ambipolar decay time is shown for comparison. 

Electrons and holes decay together at the ambipolar decay rate. 
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In Fig. B2a), we show the fundamental grating and the first harmonic for both electrons 

and holes. The harmonics are indeed small, never more than 5% of the fundamentals. In 

Fig. B2b), we show the decay of the fundamentals on a logarithmic scale. The electron 

grating initially decays very rapidly. The space charge field builds rapidly to a value that 

imposes ambipolar transport, after which electrons and holes decay together at the 

ambipolar decay rate. An exponential that decays with a time constant given by the 

ambipolar decay time is plotted for comparison. 

Another regime is one in which one carrier species decays much faster than the 

other, and the dielectric relaxation time is of the order of the grating decay time. 

Parameters which satisfy this scenario are presented in Table B3, and the carrier decay 

curves are shown in Fig. B3. 

Diffusivity (electron) [cm2s1] 1 
Diffusivity (hole) [cm2s_1] 0.1 
Mobility (electron) [cm2(Vs)1] 40 
Mobility (hole) [cm2(Vs)_1] 4 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N^) [cm*3] 4.54-1016 

Table B3. Parameters used in solving the transport equations. Results are shown 

in Fig. B3. 
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Figure. B3. Carrier density decay when the electron diffusivity is ten times that of 

the holes, and the dielectric relaxation time of each species is equal to the grating 

decay time of that species, a) Both the grating fundamentals and the harmonics 

are shown. Note that the harmonics are still very small compared to the 

fundamentals (<7%). b) Here the decay is shown on a logarithmic scale. The 
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rapid initial decay of the electron grating soon slows down, and the electrons and 

holes decay together, at a rate somewhat slower than predicted by the ambipolar 

decay rate. An exponential decaying with the ambipolar decay time is shown for 

comparison. 

The electron grating initially decays much faster than the hole grating, but after a few 

picoseconds, the electron decay slows to a rate equal to that of the holes (who are 

themselves decaying slightly faster than their initial rate). After this, both electrons and 

holes decay at a rate somewhat slower than is predicted by the ambipolar decay rate 

derived in Chapter 4. This is somewhat surprising, and the surprise is compounded if we 

consider another regime like the one just discussed, but with a dielectric relaxation time 

much slower than the grating decay times. In Table B4, we show transport parameters for 

which the electron diffusivity is ten times larger than that of the holes, and the dielectric 

relaxation time of each carrier species is ten times smaller than the grating decay time of 

that species. The carrier decay that results is shown in Fig. B4. 

Diffusivity (electron) [cm2s_1] 1 
Diffusivity (hole) [craV1] 0.1 
Mobility (electron) [cm2(Vs)1] 40 
Mobility (hole) [cm2(V s)1] 4 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N^) [cm 3] 0.4-1016 

Table B4. Parameters used in solving the transport equations. Results are shown 

in Fig. B4. 
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Figure. B4. Carrier density decay when the electron diffusivity is ten times that of 

the holes, and the dielectric relaxation time of each species is ten times smaller than 

the grating decay time of that species, a) Both the grating fundamentals and the 

harmonics are shown. The electron decay is quite different from that of the holes. 
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Note that the harmonics are again very small compared to the fundamentals 

(<2%). b) Here the decay is shown on a logarithmic scale. On this expanded 

scale, we see that here again the rapid initial decay of the electron grating slows 

down, and the electrons and holes decay together at a rate considerably slower 

than predicted by the ambipolar decay rate, which is shown for comparison. 

The surprise here is that since the dielectric relaxation time is much longer than the grating 

decay times, it would seem that the space charge field should never build up sufficiently 

to force the electrons and holes to diffuse together, as the present analysis predicts. (Note 

that the electron grating does indeed decay significantly before the grating decay slows.) 

This behavior can be understood from the following analysis. From hindsight (the best 

kind), we see that the fundamental of the electron and hole gratings satisfy 

dNx i(t) Nu(t) . , 
— = , i = e,h, (B45) 

'>< V 

where ^characterizes the exponential decay of the electron and hole gratings, and is the 

same for each. Using the continuity equation, we can write 

V • S; = iSdW, i = h, (B46) 
xeff 
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and eliminating T^from these two equations, we obtain 

V- se -^-sh 

, e Nu h 

= 0. (B47) 

We will assume (as suggested by Fig. B4) that the ratio Nl e/Nl h has a fixed value, which 

we will denote r. (We will estimate the value of r presently). Then, the two particle fluxes 

are related by 

S e =rS A , (B48) 

where r is presumed constant. We can substitute for the flux from equations (B3) and 

(B4) and solve for the space charge field under these conditions, obtaining 

rDhVNh-DyN, 
sc »eNe+rVihNh 

(B49) 

This can be simplified by using VNg/VN^sN i ?e/N i ̂ sr , which amounts to assuming that 

the grating harmonics are small compared to the fundamentals. We then obtain 
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Esc = 3 D* „ WNe, 
VeNe + r\LkNh 

(B50) 

for the space-charge field. If we substitute this expression for the space-charge field in 

equation (B4), we can simplify to obtain 

S, = -
l + r(Nh/Ne) 

_1 + r(\ihNh/\ieNe) 
Dh VNh (B51) 

for the hole flux. That is, the holes behave as though there is no electric field and their 

diffusivity is given by the term in brackets. (I have assumed that p.h/Dh=|ae/De to obtain 

this result. If this assumption cannot be made, a slightly more complicated expression 

results). A similar expression can be derived for the electron flux, giving 

s * = -
l + r(Nh/Ne) 

1 + r(\lhNh/\ieNe) 
Dh VAL (B52) 

The effective diffusivity (the term in brackets) is density dependent. This dependence is 

weak, however, since the total density of each carrier species is dominated by the mean 

value. That is, we can approximate Nh/Ne=N()5h/No,e=l' and express the effective 

diffusivity as 
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( B 5 3 ) 

with the effective decay time of the electron and hole gratings then given by 

( V f - l f D e J r . T - J ± L - ) K } D h . (B54) 

The final step is to estimate the value of the constant r. This can be done by recognizing 

that the faster species (in the above examples, the electrons) slows down dramatically 

under the influence of the space-charge field. In the simplest approximation, we can 

assume that the diffusive flux of electrons is balanced by the drift flux, or that the 

magnitude of these two quantities is equal. That is, we assume 

(855) 

We estimate the electric field using equations (B9) and (B11), obtaining 
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ESc(^t) = EhSC(t)sin(Kgz) 

• K f t ( 0 - ^ u W ] s i n ( ^ z ) , (B56) 
Kg&O 

M Kg££Q 

where I have assumed that N l j h » N l e, and all harmonics are small. Using this 

expression, we can write equation (B55) as 

D e K g N u . \ x e N a / - ! ^ - , (B57) 

where I have again assumed that harmonics are small, and also that No e » N i e. This can 

be rearranged as 

r = - ^ « = ^ - . (B58) 
ez0K

2
gDe 

That is, the ratio r is given by the ratio of the electrons diffusive grating decay time to its 

dielectric relaxation time, and is (by hypothesis) much less than one. Note that a similar 

analysis can be undertaken if it is in fact the holes that are the faster species. We thus 

estimate that in this regime, for which the dielectric relaxation time is much longer than the 

grating decay time, the electron and hole gratings will decay with a time constant given by 
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equation (B54), where r is given by (B58). To test this, we present the calculation of 

Fig. (B4) again, along with an exponential whose decay is characterized by (B54). 

Diffusivity (electron) [cm2s4] 1 
Diffusivity (hole) [cmV1] 0.1 
Mobility (electron) [cm2(Vs)1] 40 
Mobility (hole) [cm2(Vs)_1] 4 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N<°>) [cm*3] 0.4-1016 

Table B5. Parameters used in solving the transport equations. Results are shown 

in Fig. B5. 

GO 
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Figure. B5. Calculations from Fig. B4 repeated. An exponential decaying with a 

time constant given by equation (B54) is shown for comparison. Note that this 
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effective decay time is a much closer approximation to the actual decay than the 

ambipolar decay time. 

The two gratings decay at a rate roughly equal to (but slightly faster than) the rate 

predicted by the hole diffusivity. This can be seen from equation (B53) if we recognize 

that r « l and [Xh«(Xe. Equation (B53) can then be written as 

( B 5 9 ) 

Also, a similar analysis can be undertaken if the holes are the faster species. The only 

difference from the above is that the value of r is given by 

f = A r , „ e e ° ^ Z > , = l £ ! A , ^ 

Nim
 e\^h^0,h tGJi 

and satisfies r » l , and thus the effective diffusivity will be given approximately by 

m r > 
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That is, the electron and hole gratings decay at a rate roughly equal to that of the slower 

species. This results from the following qualitative behavior. As the grating of the faster 

species decays, a space-charge field is established. This space-charge field is not strong 

enough to establish the ambipolar transport discussed in Chap. 4, and so the grating of the 

faster species will continue to decay. As it does so, the diffusive flux will become smaller 

(a smaller grating means a smaller gradient in density and thus a smaller diffusive flux). 

Eventually, the diffusive flux will become small enough that it will be balanced by the drift 

flux, no matter how weak the field may be. It is at this point that the grating decay rate of 

the faster species slows to a value equaling that of the slower species. The flux of the 

slower species is only weakly affected by the space-charge field, and so the slower species 

will decay at a rate given approximately by its unmodified diffusivity. 

In our experiments, we observe a decay of about two to three orders of magnitude 

(i.e., in our measurements, the grating decays to about 0.1-1% of its initial value before 

the signal is lost in the noise). Thus, we can expect to see the electrons and holes decay 

independently only if the dielectric relaxation time is a thousand times longer than the 

grating decay times. Recall from Chapter 4 that in our experiments, the dielectric 

relaxation time is of the order of, or a few times shorter than, the grating decay time. 

Thus, in our experiments, the electron and hole gratings decay together with a time 

constant about equal to the ambipolar decay time. 

To complete this appendix, we show the result of solving the transport equations 

using parameters calculated from the transport models presented in Chapter 4. We first 
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present the incoherent models (that is, the mean free path is of the order of the MQW 

period), which are the tunneling and over-barrier diffusion models. In Table B6 and 

Fig. B6, we present the tunneling calculations for sample TCH 258. This sample has the 

thinnest barrier and is the sample for which tunneling dominates. 

Diffusivity (electron) [cmV1] 6.15 
Diffusivity (hole) [cm2s_1] 0.98 
Mobility (electron) [cm2(Vs)1] 47 
Mobility (hole) [cm2(Vs)1] 13.9 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N(0)) [cm 3] 61016 

Table B6. Parameters used in solving the transport equations. Results are shown 

in Fig. B6. 

AMBI 

Time [psec] 

Figure. B6. Dynamics of the carrier density using the parameters calculated for 

sample TCH 258 from the tunneling model. Note that the electron and hole 
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gratings decay together at a rate about equal to (but slightly slower than) the 

ambipolar decay rate. 

In Fig. (B7), we show the grating decay obtained using the over-barrier diffusion model. 

The parameters used are presented in Table B7, and are those calculated for sample 

TCH 255. This sample has barriers thick enough that tunneling is negligible, and transport 

proceeds by over-barrier diffusion. 

Diffusivity (electron) [cm2s4] 0.0308 
Diffusivity (hole) [cmV1] 0.0151 
Mobility (electron) [cm2(Vs)4] 1.213 
Mobility (hole) [cm2(Vs)1] 0.5924 
Carrier Recovery Time [ps] 300 
Initial Carrier Density(N<°)) [cm 3] 61016 

Table B7. Parameters used in solving the transport equations. Results are shown 

in Fig. B7. 
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Figure. B7. Dynamics of the carrier density using the parameters calculated for 

sample TCH 255 from the over-barrier diffusion model. The electron and hole 

grating decay times are roughly equal. Thus, the two carrier species separate 

slowly enough that no significant space-charge field is formed. Note that the 

recombination time is of the order of the diffusive decay time. Thus, for this 

sample, recombination is a significant factor in the decay of the gratings. 

In the next two figures, we show the behavior of the transport equations for the 

same two samples, this time using the parameters calculated from the coherent, or 

miniband, model. In Table B8, we show the parameters calculated from the miniband 

model for sample TCH 258, whose barriers are thin enough that miniband transport 
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through the barriers dominates. The result of calculations using these parameters is shown 

in Fig. B8. 

Diffusivity (electron) [cm2s4] 64.12 
Diffusivity (hole) [cm2s_1] 4.13 
Mobility (electron) [cm2(Vs)1] 2523 
Mobility (hole) [cm2(Vs)4] 162.5 
Carrier Recovery Time [ps] 600 
Initial Carrier Density(N^) [cm 3] 6-1016 

Table B8. Parameters used in solving the transport equations. Results are shown 

in Fig. B8. 
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Figure. B8. Dynamics of the carrier density using the parameters calculated for 

sample TCH 258 from the miniband model. The electron grating decays rapidly, 

generating a space-charge field that forces the electrons and holes to decay 
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together. Note that the decay is slightly slower than predicted by the ambipolar 

decay time. 

In Table B9, we show the parameters calculated for TCH 255 according to the miniband 

model. This sample had barriers sufficiently thick that transport proceeds via diffusion in 

higher minibands after thermal activation. This is the miniband analog of over-barrier 

diffusion. The result of solving the transport equations with these parameters is shown in 

Fig. (B9). 

Diffusivity (electron) [cm2s*1] 0.0476 
Diffusivity (hole) [cm2s_1] 0.0290 
Mobility (electron) [cm2(Vs)1] 1.87 
Mobility (hole) [cm2(Vs)1] 1.14 
Carrier Recovery Time [ps] 300 
Initial Carrier Density(N<°)) [cm 3] 6-1016 

Table B9. Parameters used in solving the transport equations. Results are shown 

in Fig. B9. 
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Figure. B9. Dynamics of the carrier density using the parameters calculated for 

sample TCH 255 from the miniband model. As with the over-barrier diffusion 

model, the electron and hole grating decay times are roughly equal. The two 

carrier species again separate slowly enough that no significant space-charge field 

is formed. Note also that the recombination time is again of the order of the 

diffusive decay time. 

The analysis in this appendix, along with the ambipolar transport model developed 

in Chapter 4, we can make the following general observations about the decay of 

superimposed electron and hole gratings. First, the transport parameters of the electrons 

and holes will be roughly the same or significantly different. If they are the same (within 

about a factor of two), the two gratings will decay more or less together [see Fig. (B7) or 

(B9)], and nothing more need be said. If the transport parameters are significantly 
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different, then a separation of charge leading to a space-charge field will result. In this 

case, we must compare the dielectric relaxation time to the grating decay time to predict 

the behavior of the gratings. If the dielectric relaxation time is much shorter than the 

grating decay time, a space-charge field strong enough to impose ambipolar transport (as 

discussed in Chapter 4) will result, and both electron and hole gratings will decay at a rate 

appropriate to the ambipolar diffusivity. If the dielectric relaxation time is much smaller 

than the grating decay time, the electron and hole gratings will decay independently until 

the ratio r=Nt>e/Njj, satisfies Eq. (B58) or (B60) (whichever is appropriate). At this point, 

the faster species will slow down (and the slower species accelerate slightly) and decay at 

a rate given by Eq. (B54). Note that this transition will not be observed if it occurs after 

the faster grating has decayed enough that it cannot be seen. 

The final regime, in which the electron and hole transport parameters are 

significantly different, but the grating decay time is roughly equal to the dielectric 

relaxation time, must be analyzed by solving the full set of equations numerically, as 

developed in this appendix. 
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In this appendix, I present the FORTRAN source code used in the atomic tight-

binding band structure calculation (as presented in Chapter 4, Section 4.2.2). In our 

application, the source was compiled and run on a Sun Sparcstation. The code as written 

expects to have access to the standard routine EIGCC from the IMSL mathematics 

function package. If this is unavailable, some other means of calculating the eigenvalues 

(to get the particle energy states) and eigenvectors (to get the particle wave functions) of 

the Hamiltonian matrix must be provided. 

C Two band superlattice model for GaAs/GaAlAs superlattice 

C Includes electric field in the well. 

C 

DOUBLE PRECISION AR(250,250),AI(250,250),EN(250) 

DOUBLE PRECISION PSIC (250),PSIA(268375) 

DOUBLE PRECISION SZC(125000), AC(125000) 

DOUBLE PRECISION WK(125000) 

MAT=250 

60 continue 

C LA,LB = number of well,barrier monolayers per period 

C xa,xb = aluminum concentration in well, barrier 

C T = temperature in Kelvin 

C Vo = voltage across well in eV 
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C There is no field in barriers 

WRITE(06,142) 

142 formatC LA,LB,xa,xb,Temperature,Voltage '$) 

read(05,*) LA,LB,xa,xb,T,Vo 

if (la.eq.0) stop 

C IB=1 is for conduction states. If you want heavy hole states put IB=0. 

C If you want light hole states, put IB=1 and make 

C the change noted in the subroutine OVERLAP below. 

IB=1 

C If you want the wave function, put LVECT= 1. 

LVECT=0 
% 

C The valence band offset is Q times the band gap difference between 

C the well and barrier semiconductors. 

Q=0.4 

EGwell=gap(xa,T) 

EGbarr=gap(xb,T) 

EPb=-(EGbarr-EGwell) *Q 

Barr=(EGbarr-EGwell)*( 1 -Q) 

write(06,80) EGwell,EGbarr,EPb,Barr 

80 formatC Well band gap= ',f8.4/' Barrier band gap= ',f8.4/ 

2' Valence band offset= ',f8.4/' Conduction barrier height= ',f8.4) 
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lt=la+lb 

C mt is the dimension of the Hamiltonian matrix 

mt=2*lt 

C 

if(ib.eq.O) then 

C The next two lines are for heavy holes only. 

egw=4.71 

egb=4.57*xb+4.71 *( 1 -xb) 

else if (ib.eq.l) then 

egw=EGwell 

egb=EGbarr 

end if 

C 

C The Hamiltonian matrix 

CALL OVERLAP(T,xa,IB,VA) 

CALL OVERLAP(T,xb,IB,VB) 

do20i=l,mat 

do 20j=l,mat 

ar(i,j)=0. 

20 ai(i,j)=0. 

C The Hamiltonian matrix has dimensions 2*(LA+LB) 
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C Forms 2*2 diagonal blocks of the Hamiltonian matrix 

do 10 L=0,LT-1 

m=2*L 

if (L.lt.LA) then 

C for the well layers: 

C This is where the electric field is included. 

Field=Vo/LA 

C the middle of the well is at L=(LA-l.)/2. 

Voc=Field*(L-(LA-1 .)/2.) 

es=egw + Voc 

ep=0 - Voc 

v=va 

else if (L.ge.LA) then 

C for the barrier layers: 

es=egb+epb 

ep=epb 

v=vb 

end if 

ar(m+l,m+l)=es 

ar(m+2,m+2)=ep 

ar(m+l,m+2)=v 
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10 continue 

C For the anions at the interfaces between the well and barrier. 

C Since the interface anions are half in the well and half in the 

C barrier, their compositions and potentials are averaged. 

ep=-Q*(gap((xa+xb)/2,T)-EGwell) 

ar(2*LA,2*LA)= ep + LA*Field/2/2 

ar(2*LT,2*LT)= ep - LA*Field/2/2 

C Nearest neighbour off-diagonal blocks 

do 30 L=1,LT-1 

m=2*L 

if(L.lt.LA) v=va 

if(L.ge.LA) v=vb 

ar(m,m+l)=-v 

30 continue 

C Corner block 

pi=acos(-l.) 

C WZ is the superlattice wave vector in the growth direction 

C The superlattice Brillouin zone boundary is at wz=0.5. 

wz=0 
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Setting WZ=0 gives you the energy and wave function of the zone center state. In order to 

build up the full energy dispersion, you must compile and run the code for all values of wz 

ranging from -0.5 of +0.5. Note that, in principal at least, the number of states equals the 

number of quantum wells in the superlattice. 

w=2*pi*wz 

ar(l,mt)= -cos(w)*va 

ai(l,mt)= -sin(w)*va 

do 40 i=2,mt 

do40j=l,i-l 

ar(i,j)=ar(j,i) 

40 ai(ij)=-ai(j,i) 

do 130 i=l,mat 

do 130j=l,mat 

ac(2*(i+(j- l)*mat)- l)=ar(i,j) 

ac(2*(i+(j- l)*mat))=ai(i,j) 

130 continue 

C Here is the IMSL diagonalization routine. This one finds 

C all the eigenvalues and eigenvectors. If you only want 

C the eigenvalues (energies), it takes much less computer 

C time if you use some other routine which finds the eigenvalues 
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C only. The arguments are described above. 

C 

write (06,200) mt,lvect 

200 format ('dimension ',i4/'choice \il) 

write (06,*) 'calling diagonalization routine' 

C 

CALLEIGCC(ac,mt,mat,lvect,en,szc,mat,WK,ier) 

C 

write (06,*) 'diagonalization complete' 

write (06,250) ier 

250 format('error parameter ',i4) 

do 210 i=l,mt 

write (06,50) i,EN(2*I-l),EN(2*I) 

50 format(i4,2fl0.5) 

210 continue 

C do i= 1,200 

C print '(i3)',i 

C do j=l,40 

C print'(lOf 10.5)',szc(400*(i-1)+1+(j-1 )* 10) 

C enddo 

C enddo 
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if (lvect.eq.1) then 

C This puts the wave function squared into a file if you 

C want to plot it. 

write(06,*)' Which state?' 

read(05,*) ns 

OPEN (UNIT=030,FILE='s tate', ST ATU S='NE W') 

DO 1=1,It 

j=4*i 

PSIC(I)= (SZC((ns-l)*400+j-3))**2+(SZC((ns-l)*400+j-2))**2 

PSIA(I)= (SZC((ns-l)*400+j-l))**2+(SZC((ns-l)*400+j))**2 

write (06,300) psic(i),psia(i) 

300 format(2dl4.5) 

ENDDO 

DOI=l,LT 

WRITE(030,100) 1 *I,PSIC(I) 

ENDDO 

WRITE(030,100) (I+.5,PSIA(I),I= 1 ,LT) 

100 F0RMAT(1X,2E12.4) 

CLOSE (UNIT=030) 

end if 

go to 60 
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70 stop 

end 

C 

C Calculates effective mass and transfer overlap 

subroutine OVERLAP(T,x,ib,v) 

C em is the effective mass for an alloy with fraction x. 

C aeon is the lattice constant (5.6575 angstroms for GaAlAs). 

acon=5.6575 

fac=0.690032*5.6575/acon 

if(ib.eq.O) then 

eg= 4.71*(l-x)+4.57*x 

C em here is the heavy hole mass. 

em = 0.34*(l-x) + 0.53*x 

else if (ib.eq.l) then 

eg= gap(x,t) 

C To do the light hole case, just change "em" below to have 

C the light hole mass. Now it is the conduction mass 

em= 0.067 l*(l-x)+.15*x 

For the light hole states in Joel's code, substitute the following expression for em. 
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era = 0.087 + 0.063*x 

end if 

v=fac*sqrt(eg/em) 

return 

END 

C 

C GaAlAs band gap. x = A1 concentration 

C 

function gap(x,t) 

Eg=1.519-5.405e-4*t*t/(t+204.)+1.247*x 

if (x.gt..45) Eg=Eg+l. 147*(x-.45)*(x-.45) 

gap=eg 

return 

END 
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