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Four aspects of the dynamics of continuous-time dynamical systems are studied in 

this work. The relationship between the Lyapunov exponents of the original system and 

the Lyapunov exponents of induced Poincare maps is examined. The behavior of these 

Poincare maps as discriminators of chaos from noise is explored, and the possible 

Poissonian statistics generated at rarely visited surfaces are studied. This characterization 

of the dynamics via Poincare maps is used to further elaborate the properties of the 

biologically realistic neuron model of Chay. Hopf bifurcations and chaos in the Hupper-

Scholl semiconductor model are also studied, both analytically and numerically. The 

rescaled range analysis of Hurst is examined in the context of chaotic walkers governed 

by deterministic dynamical systems, and the use of this and other range statistics in 

noting the difference between noise and chaos is considered. Lastly, synchronization 

effects in networks of similar or identical interacting dynamical systems are studied. 

Synchronization of chaotic orbits, both as it pertains to approximate and exact 

synchronization is discussed. Synchronization seems to occur in a variety of dynamical 

systems, and it is found that unstable approximate synchronization may occur that has a 

long, nearly synchronous transient. The biological implications of synchronization are 

also considered. Numerical studies in this work required significant modifications and 

refinements to some existing algorithms, as well as the design of new ones. Some of 

these algorithms are a part of this dissertation. 
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CHAPTER I 

INTRODUCTION 

Nonlinear dynamics is nowadays a mature subject with applications in practically 

all areas of physics and very fertile, cross-disciplinary links to chemistry, electrical 

engineering, communication theory, biology, medicine, economics and the social 

sciences. The ideas of nonlinear dynamics have also had a significant impact on the 

recent developments in probability theory, shed new light on ergodic theory, and have 

rejuvenated and substantially modified mathematical statistics, in particular, forecasting 

theory. The ubiquity of strange attractors in systems with deceptively simple evolution 

equations, fractal boundaries between basins of attraction, singular measures required in 

the description of long-time behavior, and dynamical scaling laws induced by the self-

similarity of the underlying geometric and measure theoretic structures all gave new 

dynamical flavor to the relatively old, "static" geometry of fractal sets. This branch of 

geometry initiated by Hausdorff and Besikovitch, has been successfully promoted by 

Mandelbrot as a "true geometry of nature", who was also a pioneer in applications of this 

theory to the dynamics of fractal growth, fractional Brownian motion, and diffusion 

limited aggregation. 

It is very important to realize that many successes of nonlinear dynamics would 

be unthinkable without modem computing tools. These tools have made numerical 

experimentation with nonlinear systems relatively easy and sufficiently fast, and provided 

invaluable guidance into very rich, typically non-intuitive and geometrically complex 

behavior of a priori non-integrable systems. This progress also includes modern 



computer graphics capabilities. Poincare himself did not risk to plot structures around 

homoclinic orbits to a fixed point with tangentially intersecting stable and unstable 

manifolds, and one can hardly imagine drawing free-hand, e.g., the Mandelbrot set. This 

blend of advanced mathematics, skillful scientific programming and computing, and 

finally, a good understanding of the physical (chemical, biological, etc.) aspects of the 

system is a necessity for specialists in this new discipline - even if they restrict 

themselves to the understanding of one or two new applications. 

In this thesis we concentrate on four major themes related to applications of 

nonlinear dynamics to some specific systems, providing some new analytical results and, 

hopefully, initiating further studies of previously unsolved problems. 

The first theme examines the relation between the Lyapunov exponents of 

continuous-time dynamical systems and the Lyapunov exponents of induced Poincare 

maps. These two Lyapunov spectra are related by a simple equation when there is an 

underlying attractor. This relationship is examined (numerically) for a forced Van der 

Pol oscillator, and the Lorenz and Rossler model systems. If an orbit does not lie on an 

attractor, then the relation between these two Lyapunov spectra does not, in general, hold. 

Consequently, numerically estimating the Lyapunov spectra of induced Poincare maps 

generated by continuous-time dynamical systems may be used as a possible test of 

whether a system is truly chaotic, or just possesses (an extremely long) chaotic transient. 

One can also use Poincare maps at "rarely visited" surfaces to study the nature of 

correlations in the underlying continuous-time dynamical system. At rarely visited 

surfaces, the distributions of the times of flight should be Poissonian if the correlation 

function of the underlying dynamical system decays sufficiently rapidly [1]. Thus times 

of flight can also be used to demonstrate the existence of long range correlations present 

in a dynamical system. 



One system which may indeed possess a chaotic transient is a system of ordinary 

differential equations describing a physiologically realistic neuron due to Chay [2], Most 

biologically realistic models of neurons reduce to a nonlinear, relaxational oscillator with 

at least three different time scales in the dynamics. Such systems could be overdamped 

(as is the case with the best know example of such a system, that of Hodgkin and Huxley 

[3-6]), or could be "autonomous generators of chaos" in some regions of the parameter 

space. The later seems to be the case with the Chay system, but even the relatively 

straight forward characterization of the dynamics by means of Lyapunov spectra have not 

been examined. Many biologically realistic neuron models also lack quantitative 

measures of their possible chaos. As Rapp has stated [7], the distinction between chaotic 

solutions and complex periodic solutions with long periods and substantial harmonic 

content has not been made for most systems of biologically realistic model neurons. 

Claims about chaos have been made via qualitative visual assessment, and not via such 

quantitative measures as Lyapunov exponents, Kolmogorov entropy, or Renyi 

dimensions. 

Similar doubts exist concerning the true character of the dynamics of the Hiipper-

Scholl model. This model, describing the autonomous Hall effect in a semiconductor 

having a single conduction arid a single impurity level, is analytically shown to undergo a 

Hopf bifurcation in a two dimensional parameter subspace. This bifurcation, which is 

numerically verified, may occur when the driving current and/or the magnetic field are 

varied. Furthermore, it appears that Silnikov's criterion for the existence of a homoclinic 

orbit is met for many regions of the parameter space of this model. Thus this system may 

not exhibit "true chaos", but the irregularities of the observed trajectories may be due to a 

Smale horseshoe structure near a homoclinic orbit repelling the trajectories to a nearby 

attractor. 



The statistics of the times of flight of upcrossings of some "representative" 

variable of a dynamical system is only one characterization of rare events. Other 

statistics may also be used. One statistic is the range of the sum of deviations about some 

mean. This range, introduced by Hurst [8] to describe many empirical phenomena, can 

be used to examine long range correlations. One can further treat such sums of 

deviations, when arising from the evolution of a dynamical system along a (chaotic) 

attractor, as a "chaotic walker". This theme of analyzing the extrema of processes can 

also be used to characterize any underlying determinism. For a series of independent 

(and probably also if only weakly correlated), identically distributed random variables, 

the asymptotic behavior of such ranges are easily characterized [9]. Thus deviations from 

this expected "classical" behavior may be an indication of long-range correlations and an 

underlying dynamic process, and is another possible discriminator between chaos and 

noise (see also West and Fan, [10]). 

The final theme concerns the synchronization of chaotic orbits in systems of 

interacting dynamical systems. Synchronization in such networks can occur in several 

contexts. Firstly, it can occur among identical, interacting dynamical systems. Also, 

nearly synchronous solutions may arise when the "units" of a network (i.e., the separate 

dynamical systems) are nearly identical in terms of their "internal" parameters, and may 

also occur when units have slight differences in their interaction strengths. For the case 

of identical, interacting units, some sufficient conditions for synchronization are given. 

Numerical results demonstrating synchronization among identical, interacting dynamical 

systems are presented for three networks consisting respectively of identical interacting 

Lorenz, Rossler, and Chay units. Analytic results concerning synchronization in 

networks of interacting similar units are harder to obtain. One might expect exact 

synchronization in such networks to be impossible, but still allow for the possibility of an 

"approximate" synchronization. For at least some networks this is the case, and results 



are presented showing both when this approximate synchronization is stable, and when it 

is unstable. 

All topics discussed required extensive numerical simulations. The algorithm for 

calculating the complete Lyapunov spectra has been modified from that in standard 

usage, and the program for evaluating the Poincare maps induced by continuous-time 

dynamical systems had to be designed and written. 



CHAPTER II 

THE RELATIONSHIP BETWEEN LYAPUNOV SPECTRA FOR CONTINUOUS 

TIME DYNAMICAL SYSTEMS AND INDUCED POINCARE MAPS 

Lyapunov Exponents 

Historically the notion of Lyapunov exponents was considered in the context of 

the evolution of linear systems governed by noncommuting dynamical operators. Let us 

consider a system of first order linear equations with a continuous, bounded dynamical 

operator A(t), 

x = A(t)x, x e Rd, te R+. (2.1) 

Here R+ is the set of non-negative real numbers and A: R+ —»Rdxd, with Rdxd the space 

of d x d real matrices. Given xeRd, system (2.1) generates an evolution of the point, 

mapping it to some other point, (j>t(x), of Rd after a time t. This collection of mappings 

labeled by time is termed the flow (generated by system (2.1)). The Lyapunov exponent 

of (2.1) with initial condition x0 - <f)0(x0) is defined as 

X(x0) = lim sup-In 10,(x,)l. (2.2) 
f-»» i 

It can be proved that for every solution with x0 * 0, X(x0) is finite. Also, it can also be 

shown that for two different initial conditions x^ and x2, X (clxl + c2x2) 

< max(A(x1),A(x2)) for cx * 0 and c2 * 0, with equality holding if AOq) ^ X(x2). 



Further properties of Lyapunov exponents can be studied by defining linear 

subspaces Lc - {xQ eRd: A(JC0) < C}, but a more direct connection with nonlinear 

systems which generate an ergodic measure can be obtained via Oseledec's multiplicative 

ergodic theorem [11]. 

Theorem of Qseledec: 

Let p be a probability measure on the space M, and let T: M —> Rdxd be a 

measurable function. Additionally let / : M -» M be a measure preserving map 

such that p is ergodic. Define the matrix Tx = T(fn~1(x)) ••• T(f(x))T(x). If 

Jp(dx)ln+\\T(x)|| < oo, where ln+w = max(0,Inw), (2.3) 

then the limit 

lim(TfTnJl2n = Ax (2.4) 
n—*co 

exists for p almost all x, where T" denotes the transpose of the matrix T". The 

logarithms of the eigenvalues of Ax are also termed characteristic exponents. 

Let A(I) denote the i^1 ordered characteristic exponent, and let Ex
] be the 

subspace of Rd corresponding to eigenvalues of Ax less than or equal to exp A(,). 

For p almost all x 

l imiln| |7>| | = A(,) (2.5) 

for u e \ 
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For systems of nonlinear ordinary differential equations one is often interested in 

the attracting and/or repelling characteristics of nearby orbits on an attractor. 

Additionally, one often wants to know the average rate of expansion or contraction of an 

element of phase space, and the average behavior, in some sense, of points evolving on 

the attractor. 

Consider the system 

y = g(y\ yeRd, g:Rd->Rd. (2.6) 

Let t denote the time and the flow generated by (2.6). Additionally, let tn = nAt 

for some arbitrary but fixed non-zero interval At. Suppose the flow {ty^OOl admits a 

bounded attractor A with an invariant ergodic measure. If ye A, and if one defines 

f ( y ) = Vat(y) and T y
 t 0 b e t h e d x d (fundamental) matrix Dy y/t/j, then Oseledec's 

theorem applies. Furthermore, the characteristic exponents are the Lyapunov exponents 

of system (2.1), with A(t) being replaced by the Jacobi matrix of (2.6), Dyg. 

In the case of an iterated map in Rd, h: Rd -» Rd, the identification of T" with the 

Jacobi matrix of the /!& iterate of h(x), allows application of Oseledec's theorem if the 

flow generated by h possesses a bounded attractor with an invariant ergodic measure. 

The characteristic exponents in this case are sometimes termed Lyapunov multipliers. 

Heuristically, Lyapunov exponents measure the average rate of contraction or 

expansion along local directions on an attractor. It is not difficult to see that the average 

rate of phase space volume contraction or expansion is just the sum of the exponents. 

Knowledge of all the Lyapunov exponents, i.e. the complete Lyapunov spectrum, gives 

some indication of the effective number of degrees of freedom in the system. More 

interestingly, Lyapunov exponents can be used in estimates of different dimensions 

which can be introduced for "strange" attractors. 



Mathematical Analysis of the Problem 

Let x = g(x) be a system of ordinary differential equations in Rd whose flow 

{<pt01)} admits a bounded attractor A with an invariant ergodic measure p . For a d -1 

dimensional (orientable) manifold Y that intersects the attractor transversally, the flow 

{<pt(x)} induces a Poincare map P: T -» T. If y e A n I \ the image of y under the 

action of the Poincare map, P(y), is the next (oriented) intersection of the orbit with the 

surface. Furthermore, the flow generated by the system of ordinary differential equations 

induces a measure fi on T defined by 

ji{B) = p | u <pr
_1 (B)j, for B<zAnT. (2.7) 

If (t)^ is the mean time between oriented returns to T with respect to the measure \x, 

Ruelle and Eckmann [12] state (without proof) that 

A " , = % „ ( 2 - 8 ) 

holds. Here X{1) are the non-zero Lyapunov exponents of the continuous time dynamical 

system, and XU) are the Lyapunov multipliers of the Poincare map. 

An oudine of the proof of equation (2.8) proceeds as follows: Following the ideas 

of the previous section, the Lyapunov exponents of the continuous time dynamical 

system are given by 

lim-ln||r'«|| = A"1, (2.9) 
f II II 
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for p almost all x if ue E'^ \ E{
x'

+l). If oriented crossings of T occur at times 

Tp t2, ... Tn (0<TV t2 , ... ?n<t), then 

X{t) = lim-ln|r'w|| = lim-, r—! L = A / T \ . (2.10) 
t ^ t 11 11 ••• T„) n /\Th 

r
( T l + - - + T . H 

A(,) 

This relation holds only if u e \ £^+1) is in a direction non-tangential to the flow (i.e., 

if u corresponds to a direction with a non-zero Lyapunov exponent). 

Numerical Estimation of Poincare Maps and their Lyapunov Spectra 

The above discussed relationship between the Lyapunov exponents of a 

continuous-time dynamical system and the Lyapunov exponents of an induced Poincare 

map were examined for several systems. The fist system studied was that of Van der Pol, 

X\ =X2 
(2.11) 

x2 = £(1 - jcj )x2 - A'j + a(t), 

where a{t) is the drive. Fig. 2.1 displays the limit cycle of the unforced Van der Pol 

oscillator, while Fig. 2.2 displays a trajectory for a forced Van der Pol oscillator with 

e = 1 and a(t) = O .Scosp 7 ^ J . For the forced Van der Pol a Poincare map is easily 

generated by sampling the system once every period (Fig. 2.3). Using the program 

described in Appendix B, the Lyapunov exponents of this Poincare map were calculated, 

and the principal exponent of the Poincare map was estimated as 1.8xl0-4. As the period, 

7 , is 1.1, and the principal exponent of the continuous time dynamical system was 

1 . 4 4 X 1 0 " 4 , the principal exponent of the Poincare map, as given by (2.8), is 



11 

A(1) = X a ) • T = 1.61x10^, in close agreement with the estimated exponent. It is important 

to note that (2.8) did not hold for the second exponent. This is likely due to the inherent 

difficulties in estimating contractions on a set (the intersection of the attractor with the 

Poincare surface) that for all systems studied was approximately one-dimensional due to 

the strong contractions present in the original continuous-time dynamical systems. One 

may also argue that the poor agreement of the second exponent with equation (2.8) is due 

to the fact that most of the contraction on the attractors are the result of relatively rare 

events, and that these are not well represented in the data set representing the Poincare 

maps. 

The second system examined was that of Lorenz, 

i = <7 ( y - x ) , 

y = x ( r - z ) - y , (2.12) 

z - x y - b z . 

with <7=16, r =45.92, b - 4 . For this system, the Poincare map generated by upcrossings 

of the x = 10 and x = -13 surfaces were examined. Fig. 2.4 shows the structure of the 

Poincare map at x = 10. Most interesting is the fractal-like character of the distributions 

of the times of flight to the x = 10 surface (Fig 2.5). At both the x = \ 0 and the x = -13 

surfaces equation (2.8) was found to be valid. At the x = 10 surface, (r) =0.935, giving 

A(1)=A(1) • (t)^ = 1.40, which is similar to the estimated principal Lyapunov exponent of 

1.45 as calculated by the program outlined in Appendix B. Similarly, at the x = - 1 3 

surface, (t)^ =0.923, giving A(1) = X ( l ) - ( t ^ =1.38 - similar to the estimated principal 

Lyapunov exponent of 1.52. As in the case of the Van der Pol oscillator, the second 

exponent did not obey equation (2.8). This most likely due to the reasons stated above. 



12 

One can further study the distributions of the times of flight at rarely visited 

surfaces. For the Lorenz system, the distribution of the times of flight appears to be 

Poissonian at the rarely visited y = 35 surface (Fig. 2.6). This is an interesting problem 

related to the statistics of extrema of stochastic processes. For example, it is known that 

for a standard Gaussian process with a continuously differentiable sample path, whose 

correlation decays parabolically for small delay times and whose long-term correlation 

decays faster than logarithmically, the distribution of upcrossings of a rarely visited 

surface will be Poissonian [1]. For the Rossler system (with <2=0.15, b-0.2, and c=10) a 

similar calculation of the times of flight at the rarely visited z- 34 surface yields a 

histogram that is Poissonian only after some course graining (Fig 2.7). The apparent 

"discontinuities" in the histogram do not appear to be due to an insufficient number of 

crossings, but probably exist because the Rossler system requires a more distant surface 

in order to more adequately approximate a Poissonian distribution of the times of flight. 

The Poincare map at the y = 0 plane, as generated by the Rossler system, was 

also examined (Fig. 2.8). For this surface, the time of flight was approximately periodic 

(Fig. 2.9). Unlike the case of the Lorenz system, estimation of the principal Lyapunov 

exponent for the Poincare maps generated by the Rossler system was not straightforward. 

In the case of both the y = 0 and the x = 0 plane, the estimated Lyapunov spectra had a 

spurious positive exponent. This spurious exponent was discerned by reversing the time 

series of the Poincare map and estimating the Poincare spectra of this reversed time 

series. This gave one exponent whose value was the negative of the second exponent of 

the original time series. This indicated that the second and not the largest exponent of the 

estimated Lyapunov spectra of the (non-reversed) Poincare map was the true principal 

exponent. Its value of 0.51 for the y = 0 plane and 0.52 for the x = 0 plane was found to 

agree closely with the expected value of 0.547, as given by equation (2.8), for the 

principal Lyapunov exponent for both these surfaces. 
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Figure 2.1: Limit cycle of a Van der Pol oscillator with e = 1 and a(t) = 0. 
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Figure 2.4: Poincare map at the x = 10 surface of the Lorenz system. (b=4, r =45.92, 

and a=16.) 



17 

<Z2 

o 
cs 
8 
S3 

O u 

H 0> X> 

D 

7000 r 

0 

Time of Right 
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Figure 2.7: Histograms of the times of flight between two subsequent upcrossings of the 

z= 34 plane for the Rossler system (a= 0.15, b-0.2, c=10) using 15,000 crossings of the 

Poincare surface generated by five different orbits. Histograms with a bin width of 5, 10 

and 20 time units shown. 
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CHAPTER III 

NEURONS MODELED BY SYSTEMS OF ORDINARY DIFFERENTIAL 

EQUATIONS 

Hodgkin-Huxley System 

Lapicque [13] proposed one of the earliest models of the electrical properties of a 

nerve cell (Appendix E), but refrained from modeling or describing the physiological 

basis of the action potential. In fact, it was not until 1939 that the first intracellular 

recording of an action potential was made [14]. These measurements were made using 

the axons of Giant Squid nerve cells. (The axon is that part of the nerve which typically 

carries nerve impulses away from the cell.) Measuring the potential of the intracellular 

membrane relative to the extracellular surface, the typical action potential was found to 

consist of a sharp increase in membrane potential with a brief reversal of polarity, 

followed by a similarly drastic decline, and an afterhyperpolarization (Fig. 3.1). 

During the action potential there is a transient inward current of sodium [15], and 

it was suggested that this is due to a transient increase in the sodium permeability of the 

membrane. Later it was found that an outward potassium current occurs subsequent to 

the sodium current [16]. This potassium current, like the sodium current, was thought to 

be due to an increase in the membrane permeability. After the occurrence of an action 

potential it is difficult or impossible to cause a second action potential, and this 

refractoriness was proposed as being due to a suppression of the sodium permeability 

during the potassium current. 

22 
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The main ions in the intracellular and extracellular fluid of Giant Squid nerve 

cells are sodium, potassium and chloride. Assuming that the membrane potential, even 

during an action potential, is adequately described by the Goldman-Hodgkin-Katz 

equation (Appendix A), the membrane potential, V, is 

y = RT Pk[K], + PNalNa], + PclCll) 

F KP,lKl+PKalNa]0+Pc,[Cl]/' 
(3.1) 

If one accepts the assumption of voltage dependent permeabilities, the time course of the 

action potential may be viewed as a rise close to the level of the sodium Nernst potential 

(approximately 50 mV), with the resting potential (approximately -60 mV) being near the 

potassium Nernst potential (approximately -70 mV). 

Membrane 
Potential (mV) 

r +40 

- 0 

-70 

spike falling edge of spike 

afterhyperpolarization 

Figure 3.1: Intracellular recording of an axonal action potential in Loligo (Giant Squid). 

Adapted from Hodgkin and Huxley [14]. 
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Hodgkin and Huxley [3-6], in a celebrated series of experiments with squid 

axonal membranes, separately measured the ionic and capacitive transmembrane currents. 

The ionic current was found to consist of a potassium current IK, a sodium current INA, 

and a leakage current I, composed of other ions (e.g., chloride). Most importantly, it 

proved possible to separately block the sodium and potassium currents, allowing the 

quantitative study of each component of the ionic current. 

With an applied current IA, and membrane capacitance, C, we have 

DV 
I a = C—~ + Ihn, (3.2) 

at 

where the ionic current, ll0n, is given by 

(3-3) 

Let gK, gNa, and gt be the conductivities of the potassium, sodium and leakage currents, 

respectively. Assuming that the driving force for each of these currents is proportional to 

the deviation from the Nernst potential of the ion species, one writes 

1K=8K(V-VK), 

lN„=gN*(V-VNJ, and (3.4) 

This allows the electrophysiology of the membrane of the Giant Squid to be reduced to an 

equivalent circuit, as presented in Fig. 3.2. 
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Figure 3.2: Equivalent Circuit of the axonal membrane of Loligo (Giant Squid). 

With the potassium and sodium currents were separately blocked, and keeping the 

membrane at a constant voltage (a technique termed "voltage clamp" by neurophys-

iologists), Hodgkin and Huxley derived empirical relationships for the voltage 

dependencies of the conductances. Furthermore, by holding the membrane initially at its 

resting potential and then applying a constant depolarization, Hodgkin and Huxley were 

able to also study the time courses of the conductances. From these measurements, it was 

confirmed that the sodium conductivity was indeed transient, and that the potassium 

current asymptotically approached a steady state value. 

The potassium conductance was found to be best modeled by 

8K ~ 8Kn > (3.5) 

where gK is a constant and n is termed the potassium activation. The variable n obeys 

the relaxational kinetics 
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n = an(l-n)-pnn, we [0,1], (3.6) 

with an and pn being non-negative functions of the membrane voltage. The sodium 

conductance obeys a similar relationship, but it has both an activation and an inactivation 

variable, m and h, respectively. The sodium conductance is found to be accurately 

modeled by 

8n. = I m m X (3.7) 

where gNa is a constant (the maximal sodium conductivity). Like the potassium 

activation, the sodium activation and inactivation variables obey relaxational kinetics: 

m = ajl-m)-pmm, me[0,1] , 
(3.8) 

h = cch(l-h)-phh, h e[0,1]. 

The coefficients am, fim, ah, and are non-negative functions of the membrane 

voltage, and explicit expressions for these are given in Table I. 

With these assumptions, we have the following set of four coupled equations 

dV 
c T t = * ' n ( y K ~ ~ V ) 

+ gt(Vl-V) + IA, 

^ - = a„(l-n)-pnn, 
d t (3.9) 
dm n 

dt 

%=ak(X-h)-fith. 
dt 

These are the Hodgkin-Huxley equations describing a spatially clamped membrane. 
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Accounting for the potential propagation, along a cylindrical axon of radius a, 

one obtains the complete Hodgkin-Huxley system [17] 

c ^ - = ̂ 2 V + gKni(yil-V) + gNyh(VNa-V) 
dt 2 p 

+ g,(V,-V) + JA, 

m (3.10) 
dm /, s « 

^ = «»d -h)-phh. 

Here p its intracellular resistivity and c the axonal membrane capacitance per unit area. 

The applied current density is JA, and gK, gNa, and g, are the maximal conductances per 

unit area of their respective currents. 

Both (3.9) and (3.10) have the action potential as a natural response of the system 

to depolarizations - not as an ad hoc assumption (as in, for example, the Lapicque model 

(Appendix E)). Depending on the applied current, both (3.9) and (3.10) can elicit spike 

trains, with traveling wave solutions to (3.10) having speeds that reasonably approximate 

the observed speed of propagation of the action potential in the Giant Squid axon. The 

action potentials obtained by integrating (3.9) or (3.10) are physiologically reasonable, 

and the resting potential of the model also closely matches that of the cell. 

There are some problems with the Hodgkin-Huxley (HH) systems, though. First 

of all, although there is a flux of both potassium and sodium ions, the concentrations of 

these ionic species are not explicitly given in the model. Additionally, is an account 

made for the effect of changing concentrations on the Nernstian potentials. Also, since 

the HH systems do not have concentrations as explicit variables, the expression for the 
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resting potential cannot match that given by the Goldman-Hodgkin-Katz equation. 

Despite these limitations, variants of the Hodgkin-Huxley equations are used to model 

many types of electrogenic cells. 

Table L 

Transition rates of the Hodgkin-Huxley Systema 

or 

at 

(10 -V) 

100[exp(l-0.1V)-l] 
2.5-0.1V 

[exp(2.5-0.1^)-l] 

0.07exp(-0.05V) 

P. 

A 

exp(-V / 80) 

4exp(-V /18) 

1 

l + exp(3-0.1V) 

a V is in mV. 

Chay's Model 

One of the many variants of the Hodgkin-Huxley system is a model of neurons 

and pancreatic p -cells developed by Chay and Keizer [2,18]. In this model, the changes 

in the membrane potential with position are ignored, the inward current is considered to 

consist of Na+ and/or Ca++ ions, and the (normalized) intracellular Ca++ concentration, 

C, is introduced as an explicit variable. The potassium current has two parts: a voltage 

sensitive component obeying the Hodgkin-Huxley relationship and a Ca++ sensitive 

component. This calcium dependent potassium current is proportional to 
1+ C 

The 

relaxation times of m and h are much shorter than n, hence these can be approximated 

by their asymptotic values, m^(V) = 
a„ 

a„,+A, 
and h^(V) = 

Olu 

ah+Pi 
, respectively. 
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Letting Vn VK, and Vl denote the Nemst potentials of the lumped inward ions, the K + 

ions, and the leakage ions, respectively, one finds 

^ = g,n>iK(y, - V) + gKn(VK - V) + gKC~(VK - V) + f,(V, - V). (3.11) 
at 1 + C 

Here gn gK, gKC, and g{ are the maximal conductances divided by the membrane 

capacitance. 

Calcium is sequestered inside the cell, and its entry into the cell is governed by 

the inward current. With these assumptions, the rate of change of C may be expressed as 

dC 
^ = p[mlh„(Vc-V)-kcC], (3.12) 

where Vc is the Ca + + Nernst potential, kc is the sequestration rate, and p is a 

proportionality constant. These equations and the equation for the rate of change of the 

variable n, 

~~ - &„(!•-n) — f} n, (3.13) 
at 

constitute the Chay system. The constants and transition rates of the Chay model are 

given below in Table II. 
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Table II. 

Constants and transition rates of the Chay Modela 

0.01(20 + V) 
Pn 

A. 

0.125exp(-(V + 30) / 80) 

230(1 - exp(-0. IV - 2)) 
0.1(25 +V) 

(1 - exp(-0. IV - 2.5)) 

Pn 

A. 

230 

4exp(-(V + 50)/18) 

1 

1 + exp(-0. IV - 2) «/, 0.07 exp(-0.05 V - 2.5) Ph 

230 

4exp(-(V + 50)/18) 

1 

1 + exp(-0. IV - 2) 

8i 1800 s"l V/ 100 mV 

8K 

i o <r"> 
r- VK -75 mV 

8I 7 s-1 VI -40 mV 

kc 3.3/18 mV Vc 100 mV 

P 0.27 mV"1 s"l 

a V is in mV. 

Analysis of the Chay System 

A fixed point, (V »/i »C ), of the Chay system obeys 

neq = w. 

Ceq=mlhAVc-V)/kc 
(3.14) 

a . 
where «00 = . Using (3.14) one can obtain an implicit equation for V , 

a „ + A , 

f ( y „ ) = 0, where 
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f(V) = g,mihJV,-V) + gKn:(VK-V) 

+SKC^-(Vk-V)+uv,-V) = O. ( 3 ' 1 5 ) 

eq 

For all values of gKC in which equation (3.15) was examined only one root appeared (see 

Fig. 3.3). This suggests that the Chay system possesses a unique steady state for the 

parameter values investigated. Although no simple conditions for the uniqueness of the 

steady state seem evident, its existence can be proved. 

Consider 

lim /(V) = gK {VK -V) + f((V, - V) 
(3.16) 

and l im/(V) = D (V,-V). 

These limits (3.16) are of opposite sign if gt * 0 and gt
2 > -gKgr Since f(V) is 

continuous by inspection, f(V) possesses a real root under these conditions. One can 

further show that [Vmin,Vmax] x [0,1] x [0,Cmax] is a trapping region if the conductivities 

are all non-negative and if Vmax = max-jV^V^V^.Vj = Vc. Here Cmax and Vmm denote 

supCe<? and min{Vc ,V!,VK,Vl], respectively. 

As the parameter gKC is varied, the Chay system appears to undergo parametric 

Hopf bifurcations both into and out of periodicity [2]. Thus knowledge of the 

eigenvalues of the linearization operator at the equilibrium point will be useful in 

evaluating these bifurcations. Using the Bisection Method, the root of (3.15) was 

determined. For all values of gKC investigated, the numerically determined root met the 

condition |y| < 10"^ mV/sec. Using these estimated roots, the fixed point of the Chay 

system was determined as a function of gKC (Figs. 3.4 and 3.5), and the eigenvalues of its 

linearization operator at equilibrium were determined using the Eispack routine RC. 



32 

On the basis of visual assessment, the simulated trajectories of the Chay system 

were assumed to be chaotic for gKC =11 sec-1 and with the parameters of Table II. The 

estimated Lyapunov spectrum, (3.7,0.037, -32.42) sec*1, seems to support this claim, but 

it is important to note that such a spectrum could also have been measured from a chaotic 

transient. These estimated Lyapunov exponents were calculated using a novel program 

given in Appendix C. Fig 3.6 shows the calculated Lyapunov exponents as functions of 

the integration time. This integration time is large compared to the typical relaxation 

times of the state variables. Estimates of the errors in the calculated exponents were 

made by examining the variation of the exponents over the last 200 sec of the calculation. 

Figure 3.7 shows the time course of the membrane voltage for gKC =11 sec-1. 

Poincare maps induced by the Chay system were also studied. For none of the 

three Poincare surfaces defined, V = -45, C = 0.456, and C = 0.47 (see Figs. 3.8 and 3.9 

for the Poincare maps at V = --45 and C = 0.456), did the estimated principal Lyapunov 

exponent of the Poincare obey its relationship with the principal exponent of the 

continuous-time dynamical system (i.e., equation 2.8). Upon time reversal no spurious 

exponents were evident, as was the case in the Rossler system., nor did choosing 

downcrossings of the surface effect the results. As equation (2.8) only holds if there an 

attractor underlying the dynamics one may postulate that the observed behavior of the 

Chay system is not chaotic, but in fact a chaotic transient. As in the case of the Lorenz 

system, the distribution of the times of flight appears to be fractal (Fig. 3.10). 
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Figure 3.6: Calculated Lyapunov exponents as a function of the integration time for the 

Chay system with gKC =11 sec"l. 
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CHAPTER IV 

NONLINEARITIES IN THE DYNAMIC HALL EFFECT 

Description of the System 

Self-generated, apparently chaotic current and voltage oscillations in high purity 

semiconductors under a dc bias have been studied theoretically and experimentally under 

a variety of conditions [19-28]. Considering both the electric field and the carrier density 

as dynamical variables, Hiipper and Scholl [29] developed a model to explain the 

apparently chaotic solutions arising from the application of a transverse magnetic field in 

the impurity breakdown regime. Limiting consideration to unipolar conduction in a 

single conduction band, and neglecting the splitting of the conduction band into discrete 

Landau levels, the time dependence of the carrier density in the conduction band, n, was 

assumed to be spatially uniform and governed by the processes of thermal and impact 

ionization and trapping. Additionally, a classical treatment was used as the spacing of the 

Landau levels is much less than the ionization energy of the impurities, ETH [30]. 

For a p-type semiconductor, let ND denote the donor concentration and 

N*A =NA- ND the effective acceptor concentration. (For an n-type semiconductor NA 

and N*D = ND - NA should replace ND and NA, respectively.) With the generation-

recombination (GR) processes assumed, the time rate of change of the carrier density is 

H = XS(N"a - n) - Tsn(n + ND) + Xn{N\ -n). (4.1) 

41 
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Here Xs is the coefficient for the generation of carriers from a shallow donor level by 

infrared absorption, Ts is the (field dependent) coefficient for carrier capture (see Fig. 

4.1), and X is the (field dependent) coefficient for impact ionization. Hiipper and Scholl 

used the expression 

X(E) = X0 
E1 

2E,U 

1 + 
m* fJLgfXE? 

2E,U 

-i 
x 1 + exp 

E,n -^m'hBnE2 
-1 

(4.2) 

as the impact-ionization coefficient, for an effective mass m \ Letting the momentum 

and energy relaxation times be denoted by zm and 

Additionally, /i is the mobility for B = 0, with }1B 

and energy relaxation times be denoted by zm and Te, respectively, f\ - 2tm / Te. 

2 , and Eo = —kBTL, for a 

lattice temperature TL. The trapping coefficient is 

Ts(E) = Tl (4.3) 

E n l z l 
conduction band 

impurity level 

valence band 

Figure 4.1: Energy levels and allowed transitions of the Hiipper-Scholl model. 



43 

With an applied current density of j0, the conduction current density, j, in a 

material of permativity e is 

j = j „ - e E . (4.4) 

For a mean carrier group velocity of v, and with q-±e for holes and electrons, 

respectively, the current density is given by [31] 

j = enjiBE - qVDn - qfiBnS/Tc + fji {qnjiBE - eVDn - ejiBnVTc) x B 

+B/Z 2 [B • (enfiBE - qVDn - qjiBnVTc)l 
(4.5) 

where Tc is the carrier temperature and v = y . With an ideal current source and 

neglecting spatial inhomogeneities, one finds 

= Jo- emB
Ex + qnfiBIJBEg, 

eEy = -en\iEr (4.6) 

eEz = -enfiBEz - qnfJ,BfiBEx, 

where j0 = (j0,0,0) and B = (0,B,0) (see Fig. 4.2). Since the y component of the 

electric field has simple relaxational kinetics it can be neglected, and one obtains a 

system of three ordinary differential equations, 

n = XS(N'a -n)- Tsn(n + N0) + Xn(N\ - N), 

= L +QnVBflBE,< (4.7) 

eEz = -enn„Ez -qnnanBEx. 
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Figure 4.2: Standard Hall configuration. 

Hopf Bifurcation in the Hupper-Scholl System 

The expression for the rate of generation of carriers, / , has two real roots, one 

negative and one positive, for a fixed electric field magnitude. Letting these be denoted 

by fl_(|E|) and «+(|E|), respectively, one finds 

="(rS+X)MED - w-W)) < °- (4.8) 

It follows from the implicit function theorem that n+(\E\) is an increasing function of |E|. 

From equation (4.7) the magnitude of the equilibrium field, IeJ, is 

V2\V2 

IE, 
i ( i+(/^)2) 

«+(1e,D eft, J" 
(4.9) 



implying system (4.7) has at most one stable equilibrium, («+(|Ee|),Ee) = (we,Ee). 

The characteristic equation of the linearization operator at (ne,Ee) is 

45 

c3A
3 + c2X

2 + CjA + cG — 0 (4.10) 

where the coefficients are given by: 

c0 = ve
2(l + (^B)2) 

| E I d f 

dn n, <9|E| 

c, = v^(l + (MB)J)-2v( 

V 

df |E,| % + 

(»<>*<) 

\ 

dn ne d\E 

C2=2K -> 
on 

, Cj — 1, ve 
_ 

>,,E, 

(4.11) 

If dTs/d\E\ < 0 and dX/d\E\ > 0, the coefficients are all positive, and positive real roots 

are impossible. From the Hurwitz criteria equation (4.10) has all roots with negative real 

parts if and only if c2 > 0, cQ > 0, and 

c 1 c 2 - c 0 > 0. (4.12) 

This last inequality defines an open stability region, S, in the B, j0 plane, while in the 

complementary open region, characterized by c{c2 - c0 < 0, the characteristic equation 

has one negative root, X{B,j0), and two conjugate roots with positive real part, 

The boundary between these two regions 
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r = {(B 'A): V 2 -c 0=O} (4.13) 

characterizes the transition from a stable to a non-stable equilibrium, and hence points 

along this curve are candidates for a Hopf bifurcation. Assume that one crosses this 

boundary along a smooth path £(7), j0(y), where 7 < 0 ( 7 > 0) corresponds to the part 

of the path inside S (£/). A periodic orbit will be born in a S => U crossing if the real 

part of the complex roots, a , crosses the imaginary axis with a finite "speed" (see, e.g., 

Marsden and McCracken [32]), that is if 

da 

dy 
& 0. (4.14) 

yss 0 

The directional derivative da/dy along the selected path can be written as 

(da/dB)co$((p(y)) + (da/dj0)sin((p(y)), where cos(^>(7)) and sin(<p(7)) are the 

components of the tangent vector of the path. Using general relationships for one real 

X(B,j0) and two complex conjugate roots a(B,j0)±ip(BJ0), one obtains 

c0 = - A ( a 2 + j 3 2 ) , cx = 2aX + a2 +fi2, c2 = - A - 2 a , (4.15) 

in the region U. Differentiating (4.15) with respect to j0, and solving in terms of the 

coefficients c0, q , and c2, one finds 

da 

dh 

{dcJdQ-c&cJdQ-cAdcJdj,) 

2(C[ + c2) 
(4.16) 
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da 
The numerator in these expressions are 

da 
just the components of a vector normal to the boundary T. Consequently 

dy 

and a Hopf bifurcation occurs [33]. 

*0, 
y=0 

A Numerical Investigation of Chaos in the Hiipper-Scholl System 

At some parameter values the trajectories generated by the Hiipper-Scholl system 

appear exceedingly erratic, and may be chaotic. For B= 0.1 T this region of chaos seems 

to be entered via a period doubling cascade. Figs. 4.3 and 4.4 show one such period 

doubling as jc is varied from 0.00415 to 0.0042 A/m^. With further small increases in 

j0, each cycle becomes more complex, until, at j, = 0.0043 A/m^ the trajectory appears 

chaotic (Fig. 4.5). At still larger values of the current density, the trajectories of the 

Hiipper-Scholl system were periodic. This second transition, from chaotic to periodic 

trajectories, also appears to occur through a sequence of period doubling cascades. 

Further,, it is found numerically that Silnikov's criterion (see, e.g., Wiggins [34]) is met 

for all but the smallest values of the current density. Thus for at least some parameter 

values, the apparent randomness of the trajectories may be due to a Smale horseshoe 

structure existing in the neighborhood of a homoclinic orbit. 

For the parameters given in Table III, an apparently chaotic orbit exists for 

jo=0.02 A/m2 and B=0.1 T (see Figs. 4.6 to 4.8). The Lyapunov exponents were 

estimated for this system using the program given in Appendix C. Fig 4.9 shows the 

calculated Lyapunov exponents as a function of the integration time. After an integration 

time of 100 msec the calculated Lyapunov exponents were (2.0xl04,0, -7.62xl04) sec-1. 

Normalized to the largest positive characteristic exponent the relative rates of 
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expansion/contraction are (1, 0, -3,8). This finding supports the qualitative assessment of 

chaos and implies that the Hiipper-Scholl system may possess a strange attractor for the 

parameter values cited. The integration time is very large compared to the dielectric 

relaxation time of the field components and compared to the average interval between 

spikes of the carrier density. Estimates of errors were made by examining the variation of 

the exponents over the last 5 msec of the calculation. The second exponent was three 

orders of magnitude smaller than the other exponents, had a variation of over 100%, and 

was centered at zero. Consequently, it was assumed to be zero. 

Table III. 

Parameters of the Hiipper-Scholl Model used in the simulation of p-Ge 

i" 100 m^/Vs 
rpS 

O 3x10"12 m V 1 

K 1020 m 3 Xs 10"4 s_1 

No 

CO s 
r-O

 E,„ lOmeV 

e I6e0 
* 

m 0.35m, 

T l 4 K ri 1 

X, 6x10"12 m3s*1 

eo is the vacuum permitivity and m0 is the free electron mass. 
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Figure 4.3: Carrier concentration vs. time for the Hiipper-Scholl System with 

I =0.00415 A/m2 and B=0.1 T. 
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Figure 4.6: Phase space plot of Ez vs. Ex for p-Ge, with jo=0.02 A/m2 and B=0.1 T. 
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Figure 4.7: Phase space plot of n vs. Ez for p-Ge, with jo=0.02 A/m2 and B=0.1 T. 



54 

n (mA-3) x 10 

180 00 
1 

170.00 

160 00 

150 00 

140.00 

130 00 

120.00 

110.00 -

100 00 

90.00 

80.00 _ 

70 00 

60.00 

50.00 

40.00 

30.00 

20 00 

10.00 
" 

0.00 _ w 

0.00 2.00 4.00 6.00 8.00 
^ftnrt (sec) x 10*^ 

10.00 

Figure 4.8: n vs. time for p-Ge, with jo=0.02 A/m2 and B=0.1 T. 
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Figure 4.9: Calculated Lyapunov exponents as a function of the integration time for the 

Hiipper-Scholl System with j„=0.02 A/m2 and B=0.1 T. 



CHAPTER V 

R/S STATISTICS AND THE HURST EXPONENT FOR CHAOTIC DYNAMICAL 

SYSTEMS 

Heuristic Description of the Problem 

It is customary to say nowadays that systems with chaotic attractors are 

deterministic "generators of stochasticity." Leaving aside the numerous mathematical 

subtleties, a typical situation can be sketched as follows. Let us assume that at the instant 

t the system already resides on an arbitrary point of the attractor. The temporal evolution 

of the system is then described by a flow (or semiflow) on the attractor. For "reasonable" 

(physically interesting) systems there exists a probability distribution (generated by a 

probabilistic measure /i) concentrated on the attractor with the following basic 

properties: 

a.) jd is flow invariant. Explicitly if (p is a transformation of the flow, then for any 

measurable subset, A, on the attractor (i.e. for any subset which can be considered an 

"event" in a given probabilistic scheme) one has fi((p~l(A)) = fJ-(A). In other words, the 

pre-image of any event is an event with the same probability. This is a very natural 

property, from the physical point of view, of a stationary distribution (if the system 

resides "now" in <p_1(A) with probability ju(<p-1(A)), and if it can only arrive to A from 

(p~l(A), then for any time independent probability distribution one must have 

(A)) = fi(A)). Notice that we operate here with preimages rather than images to 

56 
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include into the scheme non-invertible semiflows (if a map is non-invertible, then 

jj,((p(A)) is not, in general, equal to jU(A)). 

b.) ji is ergodic. This means that for any "reasonable" observable (a function of state 

variables) long temporal averages along almost all trajectories will coincide with the 

"spatial" averages calculated with respect to the measure of the attractor. Note that 

"being ergodic" is always a property of a given measure and not of the dynamical system 

itself (one can construct examples with more than one invariant measure where some 

measures may not be ergodic). 

With a.) and b.) in mind, one can consider the trajectories starting at different 

points of the attractor as realizations of a stochastic process, where each trajectory is 

labeled by its initial conditions and the system "position" at any instant t is a random 

variable. Let us stress that this approach is not contradictory with "fully deterministic" 

dynamical evolution along each trajectory. On the contrary, it stresses the fact that the 

ultimate cause of "unpredictability" seen in dynamical systems is always limited 

knowledge about the system's initial conditions, superimposed with the quite different 

fates of arbitrarily close trajectories after a sufficiently long time (sensitive dependence 

on initial conditions). The first feature of our trajectories (that of being "fully 

deterministic") is shared by many standard stochastic processes. Consider, e.g., a 

stochastic process x(t) = cos(cot + 8) where each trajectory is a simple harmonic function 

with a random initial phase. Here the time course of each realization is completely 

predictable, provided the initial phase is known with certainty. More specific features of 

stochastic processes generated by chaotic dynamical systems are dictated by the 

boundedness of trajectories in the state space (thus, e.g., a system coordinate cannot have 
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a Gaussian distribution), and by the fact that two different realizations of the stochastic 

process considered cannot intersect and subsequently diverge (a consequence of the 

uniqueness theorem for continuous-time dynamical systems and a trivial fact for 

dynamical maps). The latter property is very different from, say, Brownian motion, 

where "d*ue intersections" are a rule for almost all trajectories. 

Observing a continuous-time dynamical system at equal time intervals will 

generate, in this interpretation, a stationary stochastic process (where each realization is 

call a "time series" - dynamical maps generate such series naturally). All random 

variables have then identical distributions for all instances, but due to the "repulsion of 

trajectories" (a deterministic characteristic of the motion) one expects that random 

variables not too distant in time will be strongly correlated. Intuitively, such correlations 

should ultimately decay in time as a result of sensitive dependence on initial conditions. 

Regrettably, not much is known at present about the analytic behavior of the correlation 

functions for most physically interesting chaotic dynamical systems. 

Some insight into these problems can be obtained by considering "chaotic walks" 

in the state space generated by the time series of the system's position on the chaotic 

attractor. These chaotic walks are stochastic sequences of sums of random variables 

describing the system state at the instant t. A chaotic walker, so to speak, internally and 

in a fully deterministic way calculates the magnitude and direction of each subsequent 

"jump" on the basis of the preceding jump. The chaotic trajectories generated by such 

walker could be quite amazing, and may be characterized by "strong anisotropy." An 

obvious question is then how the "mean square distance", £, for such random walks 

scales with time. It is well known that for uncorrelated or sufficiently weakly correlated 

random walks (sums of independent or weakly correlated random variables) the scaling 

law £ ~ holds. The first question that may be answered by numerical experiments is 

if deviations from this "classical" scaling law occur for some chaotic walkers. 
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The Hurst Exponent 

Let {*(«)}n€iV be a stationary scalar time series of variables x(/i) obtained from 

the observation of some "erratic" phenomenon. (Such a time series can be considered a 

realization of a stochastic process, regardless of the dynamic origin of the signal.) Define 

y(k) to be the sum of deviations from a long-term arithmetic mean, i.e. 

k f 1 " ^ 
x ( i ) — ' anc* *et ~ m a X 5 W anc* K = tmny(k). The asymptotics 

<==i V n ;=i 

of the range of these deviations, Rn = R* - Rn, was first studied by Hurst [8]. Upon 

examining the time series from a wide range of natural phenomena (water levels, porosity 

of well logs, varves, rainfall levels, river discharges, and tree rings), Hurst found that the 

quantity Rn/Sn had a power law asymptotics, 

n = const n*,H<= (0,1), (5.1) 

n ( i " Y 
where Sn = Y x(i)—Y x(j) , and where H is (now termed) the Hurst exponent. 

' = 1 V n J 

Similar "rescaled range analyses" have been used to describe other phenomena (e.g., 

sunspot activity [35] and wave-height statistics [36]). The first mathematical results 

concerning such "R/S statistics" were obtained by Feller [9], He showed that for 

independent, identically distributed random (i.i.d.) variables x(n) with finite variances, 

the Hurst exponent should have the "classical" value of 

Letting a denote the standard deviation of the time series {x(rt)}/jeAr, one can also 

study the related quantity RJa, generated by the set of random variables 
k 

y(k) = ~ ^(*(1))). This n^w range is defined by 
;=1 
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K = K - K > (5.2) 

where R* = ^ <*]?< anc* = 1 < T < ^ m a ^ s e e m c o u n t e r"i n t u i t i v e> but 

R„/SN arid RJG may have quite different distribution functions (e.g.,. even for i.i.d. 

random variables [9]). 

One can further view {v(/i)}ngA, as characterizing a random walk generated by the 

stationary stochastic process {*(«)}neJV- In this interpretation each "jump" is given by 

x(/z) - E(jc(1)). Following this line of reasoning, one may characterize such random 

walks by their asymptotic behavior. Especially interesting is the case when {*(1)} ^ is 

generated by the evolution of a dynamical system along an attractor. In many cases such 

walks give rise to anomalous diffusion (see below), which is, in general, an indication of 

long range correlations in the process Other formulations of chaotic walkers 

have been suggested [ 3 7 - 4 0 ] . These other models of diffusion are different from that of 

the present work, as generally, deterministic maps are used to generate subsequent 

positions of a walker, while this work considers such maps as generating successive 

displacements. A very recent development employs another deterministic diffusion 

scheme [41]. Using a linear Langevin equation with a deterministic "booster" process 

(generated by the ergodic logistic function), the responses of the system were studied via 

the related Fokker-Plank equation. The distributions generated by this booster process 

were then compared to those generated when a dichotomous noise replaced the booster 

process. 

Returning to our class of chaotic walks, let us note, firstly, that the range variable 

RN has a simple representation in terms of the {>'(«)}ngiV variables, leading to a useful 

inequality for RN. We have 
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Lemma 1: For any stationary stochastic point process {j(«)}neiV, 

Rn= (5.3) 
HkJZnT 

a n d !?sxW i) l - , '? inKA :) l- / ?» s 2 ns*M*) l - (5-4) 
!£££/» l£k£n' 1 

Proof: As V R* > y(k) and V -R*> ~y(I), one has Rn = max |y(£) - y(l)L with the 
1<££/j 1 £ktl£nl 

inequality (5.4) following immediately from this representation. I 

The inequality (5.4) suggests that Wn = max|>'(/:)| can be used as yet another "range" 
IZkin 

characterization. One can demonstrate that the asymptotics of Wn and Rn are similar for 

stationary and bounded stochastic processes {*M}nsiV-

Lemma 2. The expected range of a stationary and bounded stochastic process obeys an 

asymptotic power law, 

E r > 0 , (5.5) 

if and only if the quantity E(i?„) obeys the same relation, 

r>0. (5.6) 
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Furthermore, y< 1. 

Proof: As Wn -|;y(l)| <Rn< 2Wn , the asymptotics of (5.6) follows immediately from 

equation (5.5). Similarly, if equation (5.6) holds, then the asymptotics of (5.5) follow. 

Additionally, E(/?„) < 2Efmax|x(i') - E(*(l))|) < 2nE^c(i) - E(jc(1)^), which precludes an 

asymptotic power law with y > 1. • 

Using a relationship between Wn and the deviation of the temporal mean of x(i) from the 

expected value E(j(1)), 

] T ( 4 0 - E 4 i ) ) 
( = 1 

(5.7) 
n n 

it follows that the process satisfies the law of large numbers for Wn obeying 

the power law (5.5) (with a realization dependent, in general, exponent) for y < 1. In 

addition, the speed of convergence is faster of equal to n~l+r. One can also conjecture 

that e(^„) and E(/?„) have similar asymptotic behaviors, that is 

E(/?„)~AIR . (5.8) 

This relationship is investigated further in the numerical simulations given below. 



63 

Numerical Examples of Chaotic Walks and R/S Statistics 

As an example of a chaotic walk we will first consider a walk generated by the 

Henon map [42]. Letting xn and yn denote the first and second variables of the Henon 

map, 

y„i =bx„, 
(5.9) 

one may define the auxiliary variables 

£,(!) = ! > , - E « ) , 
(=1 

and^»(2) = X0'.~E(y)). 

(5.10) 

(=1 

The variables £„(1) and £„(2) describe a random walk in two dimensions, using the 

Henon map as a "generator". Since E(>>) = E(bx) = bE(x), 

n-1 

S„(2) = I ( X - E W ) = X(tai -bE{x)) = b^(x, - E ( x ) ) + bx0-bxn 
i=i <=o <=i (5.11) 

and the trajectories generated by (5.10) can be viewed as deviations from the line 

6,(2) = *£,(1) (see Fig. 5.1). 

As a second example, one can also consider a random walk generated by the 

Lorenz system, 



64 

x = o(y- x), 

y = x(r-z)-y, (5.12) 

i-xy-bz. 

By sampling a trajectory (on the attractor) every interval of time At a stochastic point 

process {(x„, yn, zn)}
 = {(*(wAr), y(nAt\ z(/?Af))}^ is obtained. Defining 

variables <*,(1) and £„(2) analogous to (5.10), the random walk generated by the Lorenz 

system gives rise to a "bracelet" structure, with each ring of the bracelet being generated 

by an orbit on one of the "wings" of the attractor (Fig. 5.2). 

The R/S statistics of several dynamical systems were also examined. The first 

system considered was the Henon map (with <2=1.4 and £>=0.3). Using fifty time series, 

each having a different initial condition and each 107 terms long, the average of the range 

characterizations Rn, Rn, and Wn, as generated by the first variable of the map, were 

studied. Assuming a power law asymptotics, the exponents of Rn, Rn, and Wn were 

measured to be 0.500,0.497, and 0.499, respectively, where the correlation coefficient, 

rfit, of the least squares fit of the data was high (r f l t - 0.999 in each case) (Fig. 5.3). 

Similarly, the range of the sum of deviations from their respective expectation values of 

the x and y variables (i.e., max £,(1) - ^ (1)1 and max £,(2) - £,(2), respectively) also 
l£i,j£n

 J
 ' 1£I,J£/I J 

appear to scale classically, having exponents of 0.490 and 0.490, respectively. By 

introducing the auxiliary variables x' and / , 

x' = xcosd + ysinO 

y = ycosO-xsinO, 0 = tan~l(b), 
(5.13) 

one can also consider the asymptotic behavior of the Henon walker with respect to 

directions parallel and perpendicular to the line y = bx. Let §„(!') and £n(2') represent 



65 

the sum of deviations of the x' and y variables from their respective expectation values, 

i.e., 6.(1') = X(x,' -E(-r')) and 4,(2') = —E(y)), respectively. As might be 
(=1 i=l 

inferred from Fig 5.1, £n(2') does not increase significantly with n (the exponent was 

found to be 0.003 with 7*^=0.875). One might also expect that £„(lf) has an asymptotics 

similar to that of £n(l). This is indeed the case, with £„(!') behaving asymptotically like 

n0M0 (with rfl =0.999). 

Yet another characterization of the walker is the asymptotic behavior of 

IXfc - E(.r))2. By analyzing the asymptotic behavior of analogous expressions for the 
j=i 

y, x\ and y variables, the exponents in each case were found to be nearly classical 

(with an exponent of 0.500 for each of these "rms" deviations) (Fig 5.4). It is important 

to note the range characterization for a single run, even one with 109 terms, did not have 

classical asymptotics. Additionally, for every length of time series considered, the 

asymptotics of the ranges varied considerably from run to run. Thus it would appear that 

the Henon map is not ergodic. 

The R/S statistics of a Lorenz walker were also examined. In considering the 

Lorenz walker, it is first important to note the rapid decorrelations of the variables (Fig. 

5.5). For all but very small At it would appear that a Lorenz walker consists of a sum of 

identically distributed "random" variables. As such, the range characterizations would be 

expected to behave classically. To a degree this appears to be the case. For the Lorenz 

system with b= 4, r=45.92, and (7=16, and with At = 0.01, the power law asymptotics of 

Rn, Rn, and Wn, are n0 526, n0'523 , and h0,514, respectively (Fig. 5.6). The deviation of 

these measured asymptotics from the expected classical value of 1/2 (the Lorenz system 

is slightly "persistent" with a scaling exponent in excess of 1/2) may be due to long range, 

"nonlinear correlations" not evident in the autocorrelation function, or be due to the 
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sample size from which the expectation values of Rn, Rn, and Wn were estimated. (Fifty 

runs of 106 terms, each with a different initial condition, were used.) 

As is well known the Lorenz equations (5.12) possess a natural 

(x,y,z) —» ( - j , - > \ z ) symmetry. Although this does not imply trajectories obeying (5.12) 

have this symmetry, this is still, to some extent, the case, and the Lorenz walker, may be 

approximated as a chaotic walker along the line y = x. Consider coordinates parallel and 

orthogonal to this line, 

x' = (x+y)/^2 
v " (5.14) 

y = (y-x)/^J2. 

After averaging over fifty runs, the asymptotic n dependence of the range of 
n 

£ „ ( 1 ) = Y f x , - E ( j c ) ) (i.e., m a x k ( ( l ) - ^ ( l ) | ) was /i0514. Analogous ranges for the y, 
15*1, ' 

1 = 1 J 

z, j1 , and / variables had the power law asymptotics «0'514, n0M0, «0514, and n° 009, 

respectively (Fig. 5.7). Thus the range of the y variable is basically constant, while the 

ranges of the x, y, z, and j ' variables have similar power law asymptotics. 

The last system examined with range analysis was that of Rossler, 

X = - y - z 

y = x + ay (5.15) 

z = b + z(x- c). 

Unlike the Lorenz system, long-term correlations exist in the Rossler system (with 

<3=0.15, £>=0.2, and c=10) (Fig. 5.8). Intuitively, these long-term correlations will cause 

the trajectories generated by the Rossler system to have a long lasting memory of its 

previous states, and so cause the range(s) to increase nonclassically, and probably anti-
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persistently (i.e., with a Hurst exponent less than 1/2). Related to this fact is the 

conjecture that for any system with a sufficiently rapid decay of correlations the behavior 
/ 

should be classical. 

After averaging over fifty runs (each of 106 terms) the n dependence of j, 

E(/?„), and E(Wn) were estimated as «0101, M014\ and n0140, respectively (Fig. 5.9). 

The fit of Rn was better than Rn or Wn, with both Rn and Wn having the same power law 

asymptotics. The rate of increase of these ranges increased for large n. Similar results 

occurred for two series of 107 terms. The asymptotic behavior of the ranges of £n(l), 

£b(2) , and £„(3) (defined as for Lorenz) were also examined (Fig. 5.10). Their power 

law dependence was found to be «0'140, /i0 370, and no m. Clearly the behavior of the 

Rossler is non-classical on the time scale of 106 At = 105 time units examined. 
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Figure 5.1: Trajectory of a Henon chaotic walker consisting of 1000 data points, a-1.4 

and b=03. 
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Figure 5.2: Trajectory of a Lorenz chaotic walker consisting of 10000 data points, using 

b-4, r-45.92, (7=16, and At = 0.01. 
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Figure 5.3: Average n dependence of the range characterizations Rn, Rn, and Wn as 

generated by the first variable of the Henon map. The average was taken using fifty runs, 

with each run having a different initial condition. The map parameters were a=1.4 and 

b=03. (r f i t refers to the correlation coefficient of the least squares fit of the data to a 

power law.) 
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and in the Henon map. The average was taken using fifty runs, with each 
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run having a different initial condition. The map parameters were a=1.4 and £>=0.3. 
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Figure 5.5: Autocorrelation function of the first variable of the Lorenz system. (b= 4, 

r-45.92, and cx=16.) 
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Figure 5.6: Average n dependence of the range characterizations Rn, Rn, and Wn as 

generated by the first variable of the Lorenz system (b=4, r=45.92, a=16). The average 

was taken using fifty runs, with each run having a different initial condition. (rfi( refers 

to the correlation coefficient of the least squares fit of the data to a power law.) 
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, etc.). The average was taken using fifty runs, 

with each run having a different initial condition. (£>=4, r =45.92, <7=16) 
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Figure 5.8: Autocorrelation function of the first variable of the Rossler system. 

(a=0.15, 6=0.2, and c=10) 



76 

10' 

10 

10' 

10 : 

e ( ^ ) = 253-«0J01; rfu 

E(i?„) = 76.5-«0141; rf 

E(Wn) = 52.2-n 

0.997 

= 0.976 
0.140, rfu =0.963 

J i,. .1 i„ I. I .1 _i l. I, u . „l I ! l..„1 1 i.-l 

10 10* 10( 

n 
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refers to the correlation coefficient of the least squares fit of the data to a power law.) 
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CHAPTER VI 

SYNCHRONIZATION OF CHAOTIC ORBITS 

Formulation of the Problem 

Consider two identical dynamical systems which influence one another via a 

common variable, v, 

w = h(v,w) (a), w' = h{v,W) (a'), v = g(v,w) (b), w,w'eR\ veR1. (6.1) 

If the systems (6.1a) and (6.1b) taken together represent a dynamical system in a chaotic 

regime, and if system (6.1a) when driven with a nonautonomous "driving" function, s(t), 

w = h(s(t\w), (6.2) 

has all Lyapunov exponents negative on almost all trajectories, then it can be shown [43] 

that synchronization of system (6.1a + 6.1b) and system (6.1a' + 6.1b) can occur. That is, 

the solutions to these systems, starting with different initial conditions, may 

asymptotically synchronize in terms of the w and W variables. 

Independently [44], it was shown that networks of interacting dynamical systems 

may also have synchronous chaotic trajectories with other forms of interactions. For 

example, a network of dynamical systems with all-to-all interactions may synchronize 

(with an arbitrarily small interaction in the limit of an infinite system). Synchronization 

of chaotic trajectories has observed in coupled nonlinear circuits (for example, see Perez, 
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et a l [45]), and may be of particular relevance for small, realistic neural networks 

exhibiting spontaneous activity [46-47]. Furthermore, approximate synchronization has 

been observed to occur in networks of similar "excitable elements" (or units), and 

examples of such approximate synchronization are given below. 

Synchronized chaos may also occur in the context of discrete-time maps. One 

example of such a system is 

N k=i (6.3) 

jd>0, p e (0,1), k = 1, ... N. 

Here each separate map is coupled to the system mean, and the interactions are arranged 

in such way that the all the differences x(
n

k) - Yn converge to zero. The average Yn is 

governed by a simple logistic dynamics and, as is well-known, is almost always chaotic 

and ergodic for fx = 4. Thus the whole system may converge to a single chaotic orbit. 

This orbit still sensitively depends on the system's initial condition, and hence the whole 

system, though asymptotically synchronous, is still unpredictable. Many other examples 

of "spatio-temporal" chaos for coupled maps were provided in a series of papers by 

Kaneko [48-51]. 

For the case of continuous-time differentiable dynamical systems, consider a 

population of identical differentiable dynamical systems with a separate unit being 

described by a low-dimensional equation of motion, 

x(i) = m(xil)\ x{i) G Rs, i = 1 (6.4) 

where x(,) is an s -dimensional vector of the state variable of the / t h unit, and 

m: Rs Rs is a vector field governing the dynamics. Assume each unit has single 
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globally asymptotically stable equilibrium, and that the unit may be excited to other 

dynamics by impulses, drives, and networking. Further assume that all the units interact 

unidirectionally, with a unit being affected via some function of the state variables of an 

input unit,. This unidirectional interaction differs from systems with coupling functions 

dependent on the state variables of both interacting units, but allows the mutual 

interaction of two units to be realized via two independent unidirectional links. The 

simplest ensemble of this type is one with all-to-all identical interactions: 

x{l)=m(xu)) + ^ j - f ( x i j ) \ i = 1,..,N, (6.5) 
)*> ^ 

where / : Rs —» Rs is the "influence function", / (0 ) = 0, initially assumed identical for 

all interacting units, and where £ measures the interaction strength. 

System (6.5) possesses symmetry with respect to the permutations of units. If 

<p{1)(t), <p(2)(0,..., <piN)(t) is a solution satisfying the initial conditions <p(l>(0) = jc^, 

(pa)(0) = x(
0
2\..., (p{N)(0) = x{

0
N\ then any permutation of the single units' orbits will be a 

solution. A solution to (6.5) with identical initial conditions for all units is then 

necessarily synchronous, 

x(l\t) = (p(t), for all i, (6.6) 

as a simple consequence of the system's symmetry and the uniqueness theorem. More 

interesting is the case of asymptotically synchronous solutions, 

t = (p(t), for all i. (6.7) 
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Let <p(ll(r), <p<2>(/),..., <p(1)(0) = j £ \ <p12)(0) = jc«>,...> <p(A"(0) = x<,°, be 

a solution of the original system (6.5). Select a solution 0(0 of the auxiliary system 

x = m(x) + ^ f ( x \ xeRs, (6.8) 

(
 N ^ 

satisfying the initial condition 0(0) = Y^\ ^x (
0

l ) . (It is assumed that this system may 
<=i ) 

have a chaotic attractor for sufficiently large N.) We will investigate the condition under 

which the solution 0(0 is a relative equilibrium of the system (6.5): t xu)(t) = 0(0 
I / 

for all i. 

Consider the N -1 identical non-autonomous auxiliary equations obtained by 

considering the independent deviations about 0(0, 

y(,) = m(0(r) + yU)) - m(0(O) + + Z 0 ) ~ (6.9) 

The composite system (6.8 + 6.9), and system (6.5) have equivalent linearization 

operators about 0(0- It follows that the stability results based upon invariant properties 

of the linearization operator (specifically, Lyapunov exponents) will be the same for both 

systems. Linear stability analysis indicates that y(,) = 0 corresponds to a stable 

equilibrium if the linearization operator, L(t), of (6.8 + 6.9) is a constant stability matrix. 

This is the case when attractors of (6.8) reduce to a fixed point, and the single unit 

"corrected" dynamics (with (e/N)f term) has a unique stable equilibrium. For periodic 

stable orbits of (6.8) this also remains true, if the characteristic exponents of L(t) are all 

negative (Floquet theory). When 0(0 is a non-periodic orbit possibly approaching (or 

staying on) a chaotic attractor, it is in general not true that the negativity of the Lyapunov 
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exponents for (6.9) implies the stability of the y{l) = 0 solution. However this will the 

case if (6.9) is (forward) regular on <j>(t) (see, e.g., Arnold [52] for a definition). 

Analytical results regarding approximate synchronization in networks of 

interacting similar dynamical systems are harder to prove. It appears that for a 

sufficiently large interaction the trajectories of the individual units in such networks may 

synchronize within some prescribed accuracy £. Several examples of such approximate 

synchronization are given below. 

Numerical Simulations 

Fig. 6.1 shows the synchronization, after a brief transient, of the variables 

from a network consisting of four identical Lorenz-type ( r =0) units with a symmetric all-

to-all interaction. The units of this network obey 

1 = a " , ( y M ' ) ) f 

- Y , 
A! 

yV=y?y?-V"yV, »• = U...4. 

<6.10) 
™ )*i 

Though only the synchronization of the jj(,) variables is shown, synchronization in terms 

of the yj0 anc* the variables also occurred and persisted for all time spans examined. 

Fig. 6.2 shows the time course of the ^(,) variables of a network consisting again of four 

Lorenz-type units, but this time with slightly different "internal" parameters b{i) = %, 

<7(1) = 20, <Jt2) = 50, cj(3) =10, cr(4) = 5, and with the asymmetric interaction matrix 



( ^ ) = f 

fo 5 i n 
7 0 7 5 
7 5 0 7 

v7 7 5 0 
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(6.11) 

Using the initial conditions = 50, y^1' = 20, = 100, y{2) = 200, y{
2

2) = 80, 

y<2) = 30, y[3) = 183, y<3) = 50, >f > = 200, y<4) = 65, y<4) = 150, yf = 60, the units only 

approximately synchronized (Fig. 6.2). This approximate synchronization appeared to be 

stable (in terms of the y{'\ vi", and y^ variables) even after a considerable integration 

time (Fig. 6.3). 

Fig. 6.4 shows the synchronization of four identical (a { , ) = 0.15, bU) = 0.2, and 

c (0 = 10) Rossler units, which interact via a symmetric interaction matrix. Each Rossler 

unit affects the j f 0 variable of other units via a linear interaction. The equations of the 

network; are 

f - > = y ^ + a ' y - \ (6.12) 

The synchronous solution was stable after an extended integration time, with 

synchronization occurring in terms of all variables (Figs. 6.5 to 6.7). It is especially 

striking that the Rossler subsystems synchronize even in term of the "stiffest" variable, 

yl ' \ Fig. 6.8 shows a projection of the trajectory of the first unit of the network. This 

"Rossler-like" structure implies chaos may be present. After using the program listed in 

Appendix C, the estimated Lyapunov spectrum of the network was (0.09, 0, -0.13, -0.13, 

-0.148, -0.5, -0.5, -0.50, -8.1, -8.2, -8.2, -8.2) after an integration of 2500 time units (see 

Fig. 6.9). Errors in the spectrum were estimated by examining the variation of the 
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calculated exponents over the last 500 time units of the integration. The second 

Lyapunov exponent varied symmetrically about zero by more than 100% and so was 

taken to be zero. It is important to note that even for a synchronous solution of the 

network equations (6.12), the units do not reduce to standard Rossler units. On the other 

hand, the similarity of the phase space trajectories (Fig. 6.8) to an uncoupled Rossler 

system and the proximity of the principal (first) Lyapunov exponent to that of an 

uncoupled Rossler system (Xl = 0.0901), implies that coupling, though producing a 

synchronization effect does not change the "quality" of the chaos. 

Figure 6.10 shows the (approximate) synchronization of a network composed of 

four similar Rossler units (b{l) =0.2, c(O = 10,with a ( 1 )=0.13, a ( 2 )=0.15, <2(3)=0.17, 

and a(4) = 0.17). After a long time interval, the solutions still seem synchronous, but an 

asynchronous transient occurs at around 300 time units (Figs. 6.11 and 6.12). At still 

longer times, the solution again appears synchronous (Fig. 6.13) (even in terms of the 

"stiffest" variable y^0). Fig. 6.14 shows a projection of the phase space trajectory of the 

first unit of the network during the first 500 time units. The projection of the trajectory, 

as in the network composed of identical Rossler subsystems, appears "Rossler-like", but 

has the addition of large excursions from the "synchronous attractor". Further integration 

reveals that the orbit becomes numerically unbounded (Fig. 6.15). This effect persisted 

despite changes in integration tolerances, and the consumption of a large amount of CPU 

time. As the system's oscillations become greater, the network breaks into two 

subsystems with (approximately) synchronous orbits (with each subsystem being 

composed of two units). This effect has been predicted by Shnol [53] in the context of 

"generalized oscillators" interacting via a common medium. Shnol discussed a hierarchy 

of synchronized states, with the simplest consisting of one synchronized subsystem (i.e. 

all units synchronize), and with more complex synchronization states consisting of 

several populations of subsystems with synchronous orbits. 
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Synchronization effects in a network of Chay units (introduced in Chap. 3) were 

also examined. One of the simplest schemes of interaction is a linear coupling of the 

intracellular calcium, C, to V. The equations describing the rates of change of the ith 

unit in a network then are 

^ = S,K>)3/>i,)(V; - VM) + gK(nM)\vK - VM) 

+ gKcJ^(VK-VM) + m - V u ' ) + ^ C w 

(6.13) 

dt 

dCM 

dt 
h{J,\Vc -V"))-kcC

u) 

Other coupling schemes can be used. For example, one can introduce a auxiliary system 

of variables that interact between the units via a nonlinear (generally sigmoidal) 

interaction [54]. These auxiliary variables may be taken to represent the density of 

neurotransmitter bound to the post synaptic neuron. Using such a scheme one can 

develop a biologically realistic model of interacting neuromimes, which, in general, will 

possess a complex dynamic "repertoire". One effect seen in such networks is that 

synchronized states are induced by synchronization on the scale of bursts [54] (i.e., 

synchronized bursting states occur). These effects mimic similar results seen in small 

biological neuronal networks [55]. 

The biological importance of synchronous activity in ensembles interacting nerve 

cells should not be underestimated. Synchronization in such networks can play a number 

of roles. The first, and most obvious of which, is that synchronization of large numbers 

of neurons may act as a generator of epileptic activity (e.g., Basar [56]). Secondly, a 

network in an active synchronous state (i.e., one with synchronous bursts) is often less 
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responsive to external stimuli [57]. Thus such active network states may act as a 

selective signal filters, with a chaotic network giving rise to what may be interpreted as a 

"generalized awareness" state [58]. Additionally, synchronous states may be important in 

the development of the central nervous system [59]. Often interacting neurons increase 

their influence on one another when simultaneously active. Thus synchronization in 

nervous tissue may lead to the development of "pools" of neurons, which may help to 

enhance coherent responses and lead to greater "fault tolerance". Synchronization may 

also influence morphogenic events in the brain (see, e.g., Meister, et al. [60]), such as 

synaptogenesis, dendritic spin formation and cell death. 

Returning to the linear coupling scheme of equations (6.13), Fig. 6.16 shows the 

apparent synchronization of the voltages of the units of a network composed of four 

identical Chay units with an identical all-to-all interaction. After a long integration time, 

the units seem to be phased locked (Fig. 6.17), with the effect occurring in terms of all 

variables, though only the time courses of the voltages are shown. After a still longer 

integration, the voltages of the units are almost exactly synchronized (Figs. 6.18 and 

6.19), but a close examination of the signal reveals very small phase differences (Fig. 

6.20). These small phase difference persisted despite changes to integration tolerances 

made during the course of the whole integration (i.e. from 0 to 10020 seconds). It may be 

conjectured, that these changes in phase decay with an extremely long relaxation time 

(possibly on the time scale of many "bursts"). 

Other interactions schemes leading to synchronous (or nearly synchronous) 

behavior have been used as well [54, 61]. One can consider, for example, arrays of 

dynamical systems with nearest neighbor interactions and examine percolative-type 

transitions above some critical (uniform or random) interaction strength. Similarly, linear 

arrays of dynamical units can be modeled, and the propagation of an impulse or a 

"current injection" studied. Some other possibilities are also evident. One can construct, 
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e.g., a system consisting of two networks in which the first network interacts with a 

second, but which is unaffected by the system state of the later. Also, dynamical systems 

can be interconnected with a "frustrated" interaction matrix. Such networks are very 

likely to possess "chaotic" trajectories (or more precisely, trajectories with a complex, 

broad-band power spectra). For a discussion of some of these schemes see Kowalski, 

Albert, et al. [54], Sherman and Rinzel [61], or Somers and Kopell [62]. 
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Figure 6.1: Synchronization of four identical Lorenz-type units. The parameters and 

initial conditions are: e(tJ) = for / * j, e{,t) = 0 , a ( , ) = bu) = y[l) = 14, 
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Figure 6.2: Approximate synchronization of four similar Lorenz-type units with an 

asymmetric interaction matrix. 
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Figure 6.3: Long-term approximate synchronization of four similar Lorenz-type units 

with an asymmetric interaction matrix. (Parameters and initial conditions as in Fig. 6.2.) 
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Figure 6.4: Synchronization of four identical Rossler units with an identical, all-to-all 

interaction, a01 = 0.15, bM = 0.2, c(,) = 10 with ew = 0.8 for i * j , and em = 0 . 
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Figure 6.5: Long-term synchronization of the y(" variables of a network consisting of 

four identical Rossler units with an identical, all-to-all interaction. (Parameters and initial 

conditions as in Fig. 6.4.) 
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Figure 6.6: Long-term synchronization of the ] variables of a network consisting of 

four identical Rossler units with an identical, all-to-all interaction. (Parameters and initial 

conditions as in Fig. 6.4.) 
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Figure 6.7: Long-term synchronization of the yvariables of a network consisting of 

four identical Rossler units with an identical, all-to-all interaction. (Parameters and initial 

conditions as in Fig. 6.4.) 



95 

CM 

10 

5 

0 

-5 

- 1 0 

-15 

- 2 0 

-25 
- 2 0 - 1 0 0 10 20 30 

y\ 
(i) 

Figure 6.8: Phase space trajectory of the first unit in a network of four identical Rossier 

subsystems. (Parameters and initial conditions as in Fig. 6.4.) 



96 

1000 1500 2000 2500 

Time 

Figure 6.9: Estimated Lyapunov exponents as a function of the integration time for a 

network of four identical Rossler subsystems. (Twelve tracks shown with parameters and 

initial conditions as in Fig. 6.4.) 
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Figure 6.10: Approximate synchronization of four similar Rossler units with an 

identical, all-to-all interaction. b{,) = 0.2, c(,) = 10, with e(tJ) = 0.8 for / * j, e(n) = 0, 

and a(1) =0.13, am =0.15, a0) =0.17, a (4 )=0.17. 
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Figure 6.11: Approximate synchronization, with an episode of asynchrony, of the y,"1 

variables of the network of Fig. 6.10. 
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Figure 6.12: Enlarged view of the asynchronous episode of Fig. 6.11. 
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Figure 6.13: Long-term approximate synchronization of the variables of the network 

of Fig. 6.10. 
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Figure 6.14: Phase space trajectory of a unit from a network of four similar Rossler 

units. (Parameters and initial conditions as in Fig. 6.10. The trajectory during the first 

500 time units is shown.) 
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Figure 6.15: Persistent asynchronous episode of the y f variables for the network of 

Fig. 6.10. 
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Figure 6.16: Apparent synchronization of the voltages of a network of four identical 

Chay units with an identical, all-to-all interaction. (The parameters used are those of 

Table n, with gKC= 11 sec'l with e = -100 mV/sec.) 
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Figure 6.17: Approximate phase-locking of the voltages of a network of four identical 

Chay units with an identical, all-to-all interaction. (The parameters and used are those of 

Table n, with gKC =11 sec"* with e = -100 mV/sec.) 
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Figure 6.18: Almost exact synchronization of the voltages of a network composed of 

four identical Chay units with an identical, all-to-all interaction. (The parameters used 

are those of Table II, with gKC = 11 sec"! with e = -100 mV/sec.) 
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Figure 6.19: Persistent, nearly exact synchronization of the voltages of a network 

composed of four identical Chay units with an identical, all-to-all interaction. (The 

parameters used are those of Table II, with gKC =11 sec"* with £ = -100 mV/sec.) 
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Figure 6.20: Enlarged view of a spike from Fig. 6.19, showing the near synchrony of the 

voltages. 



CHAPTER VII 

CONCLUSIONS AND PROPOSED FUTURE WORK 

In this work we have seen that the Poincare maps generated by continuous-time 

dynamical systems may be used as a diagnostic tool in discriminating between noise and 

chaos. We have also seen that Chay's [2] biologically realistic model of a neuron (with 

gKC = 11 sec-1) may not possess an chaotic attractor, and may in fact exhibit an extremely 

long-lived chaotic transient. The relation between the Lyapunov spectra of the 

continuous-time system and that of the induced Poincare map (equation 2.8) can be 

applied to empirical data that is sampled sufficiently frequently, and of long enough 

duration. Thus there may be, in principle, a means to distinguish between chaos and high 

dimensional noise in empirical data. Further examinations of the Chay system can be 

made. For example, one can attempt to drive the Chay system when in the nonchaotic 

regime by cyclically modulating one or more of the Nernst potentials of the model (most 

likely Vr
c) to obtain chaos. 

We have seen that the Hiipper-Scholl model of a semiconductor undergoes a Hopf 

bifurcation, and have investigated its occurrence numerically. As Silnikov's condition is 

often met for this system (for a particularly lucid exposition of the Silnikov phenomena, 

see, for example, Wiggins [34]), one might in the future consider numerically 

determining its homoclinic orbit. One might also investigate the behavior of the model 

after subjecting it to a driving current with a sinusoidal component. The analysis of 

Glennedinning and Sparrow [34] indicates that the scaling of period doubling-type 

bifurcations in such circumstances should be nonuniversal, i.e., they obey an 
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accumulation relation different from that of Feigenbaum's [63]. The Hiipper-Scholl 

system when driven by a periodic current will have its homoclinic orbit "broken", giving 

rise to, among other possibilities, "double pulse" homoclinic orbits. One can also search 

for these "double pulse" orbits numerically. 

The range statistics as generated by the first variables of the Henon, Lorenz, and 

Rossler systems have been examined. The Henon system apparently obeys a classical 

scaling with a Hurst exponent of 1/2, while the Lorenz system has a scaling that is nearly 

classical, but is somewhat "persistent" (with a Hurst exponent greater than 1/2). The 

Rossler system is almost certainly non-classical, and its anti-persistent behavior (with a 

Hurst exponent less than 1/2) is probably due to its very slowly decaying correlations. 

One direction of future work might consider the superposition of two stochastic 

processes, with one process being generated by a dynamical system and the second 

having classical range statistics. What would be the effect of the classical process on the 

dynamical system? Would the Hurst exponent of the dynamical system become 1/2 if the 

amplitude of the classical system were sufficently large ? Additionally the rigorous 

relationship between Hurst's original range characterization, Rn, and the alternative range 

characterization presented in this work, Rn, has not been analytically established. 

Although it appears that both have the same asymptotic scaling, a rigorous result would 

be more satisfactory. One may also conjecture that a large class of attractors with ergodic 

invariant measures and quickly decaying autocorrelations functions may generate 

classical Hurst exponent. 

Synchronization phenomena in networks of interacting dynamical systems have 

also been studied in this paper. Both exact and approximate synchronization of chaotic 

orbits have been observed numerically. Although not addressed in this work, one may 

want to investigate the effects of noise on such synchronization. Also, one should 

consider the conditions in which the phase locked chaotic solutions may occur. Other 
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forms of interaction can be studied, and different network "architectures" used. A partial 

list of network structures includes a linear array of coupled dynamical systems, a lattice 

of dynamical systems (possibly with only nearest neighbor interaction), and networks 

with a "frustrated" interaction. First steps in this direction were made by Kowalski, 

Albert, et al. [54]. 



APPENDIX A 

THE NERNST-PLANK EQUATION AND MEMBRANE POTENTIALS 
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Consider an ionic species of density C(r,f), valence z, and mobility jj, placed in 

an electric field of potential 0. Under these conditions, the net particle flux, J(r,r), 

depends on both diffusive and electrical forces. In the simplest scheme, these effects are 

additive 

J(r,f) = JD(r,r) + J£(r,0, (A.1) 

with JD(r,r) being the diffusive flux and J£(r,f) the flux due to the electric field. 
z 

Moreover, J£ = -jJi—CV0 and Fick's law gives 3D = -DVC, where D is the diffusion 
M 

constant. The diffusion constant is temperature dependent, and in the simplest 

approximation is given by D = where R and F are the gas and Faraday 

constants respectively. Under these assumptions, the continuity equation for C gives 

RT — = ^ V 
dt |z| 

•vc+zcvii (A.2) 

This is the time dependent Nernst-Plank equation. 

Steady-state concentration gradients across cellular membranes can be studied 

using (A.2). Considering the cellular membrane to be locally flat, let x denote the 

position along an axis perpendicular to the membrane with x = 0 corresponding to the 

extracellular surface of the membrane and x = a to its intracellular surface. With these 

assumptions, (A.2) reduces to a first order ordinary differential equation, 

(A. 3) J = - A 
RT dC „d<p 

+ zC Y 

F dx dx 

where the particle flux, J, is constant. 
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Consider the case where the particle concentration outside of the membrane is 

constant, with values of C° and Cl in the extracellular and intracellular spaces, 

respectively, i.e. 

C(x) = \C°> (A.4) 
I C , x > a. 

If the ions have difficulty penetrating the membrane, then there may be a discontinuous 

drop in the concentration at the membrane surfaces. Assume C(0) = pC° and 

C(a) = pC, where 0 < p < 1. Define the permeability coefficient, P, as the absolute 

magnitude of the flux when there is a unit concentration difference between the 

intracellular and extracellular fluids. If the concentration difference is a linear function 

of the distance within the membrane (i.e., — = —), then P = ( i, and the 
dx a ZFm 

transmembrane current j of the ions will be 

j = zaFP 

FzV ' 
C°-C exp(-——2L) 

RT 

fo(y)dy 
(A.5) 

In (A.5), an inward current of cations is a positive current, A is the integrating factor of 

(A. 3), and Vm is the membrane voltage. 

For several species of ions each with intracellular and extracellular concentrations 

of Cl
k and C°k, respectively, and with permeabilities Pk and valences zk, the 

transmembrane current of the k t h species is 
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k = huFPt 

Fz V 
Q ° - c ; e x p ( - ^ ) 

l^(y)dy 
(A.6) 

At steady-state the net current density is zero. If the electric field within the membrane is 

constant, and if all the species are monovalent, then 

V. 
RT 

In 
lPtQ 

(A.7) 

This equation is sometimes called the Goldman-Hodgkin-Katz formula. In the case of a 

single ionic species 

RT C° 
V = — l n [ — ] . 

w zF C' 
(A. 8) 

This is the Nernst potential. 

In the case of the Giant Squid the main ionic species are potassium, sodium, and 

chloride. The concentration of potassium is much greater intracellularly than it is 

externally. For sodium and chloride the situation is reversed, with high extracellular 

concentrations and low concentrations inside the cell. At rest it is found that the ratios of 

the potassium, sodium, and chloride permeabilities, PK:PNa:Pa, is 1:0.04:0.4. Using 

these facts, and equation (A.7), restricted to these ionic species, 
v - R T

 ln(
 pAKl + PtolNal + PcACll , 

m F KPK[K}0+PNa[m0^Pcl[Cll 
(A. 9) 

gives a membrane resting potential similar to that found experimentally, -60 mV. 
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Least squares estimates of the Jacobi matrix were suggested by Ruelle and 

Eckmann [12] and Sana and Sawada [64] in their discussion of methods of calculating 

Lyapunov spectra. Algorithmic improvements were suggested, among others, by Stoop 

and Meier [65]. The program used in the present work is that implemented by Kruel, et 

al. [66], with some minor modifications. This algorithm is essentially that of Stoop and 

Meier, and is described below. 

Let xk be a reference point on a d dimensional attractor and let us choose N 

points within a spherical shell of outer radius £max , and an inner radius of £min. Denoting 

these points by xk, we have 

i€{l..,N\, (B.l) 

where points within a distance emm to xk are discarded to diminish the effects of 

experimental and numerical noise. Let xk denote the image of xk after a time 

evolution of duration Tevolv = mAt (where At is the time interval between data points and 

m is a positive integer). Similarly, let xk+m denote the image of xk after the same time 

evolution. With y' = xk - xk denoting the initial displacement of a point from the 

reference point, z' = xk[+m - xk+m is the image of this displacement after an evolution time 

of xevolv. In a linear approximation z' should be related to the vector y' by z' = Aky
l, 

where Ak is the Jacobi matrix at xk. With S denoting the average square deviation from 

this expected relation, in the standard least squares method one minimizes 

( B - 2 ) 

with the minimum taken over the space of all real d x d matrices. The minimum 

condition can be written as 
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Ak=CV~\ (B.3) 

1 N 

where C and V are d x d real matrices with matrix elements ch = — a n d 
N 

1 N 

respectively. 

Reliable estimation of Ak can be difficult when C is ill-conditioned, that is, when 

some of C's eigenvalues are small in some sense. Defining the condition number of a 

matrix as the ratio of the smallest magnitude eigenvalue to the largest (see, e.g. W. H. 

Press, et al. [67]), a matrix is termed ill-conditioned if its condition number approaches 

the numerical precision of the data. If C is nearly singular, Ak will be ill-conditioned. 

This is avoided by setting a maximum reciprocal condition number Ncond for C. The 

condition number of C is computed using its singular value decomposition (W. H. Press 

et al. [67]): 

C = X 

CF, 

Y ' , N C ^ = — . (B.4) 

For each reference point, xk, a fixed number of points meeting condition (B.l) are 

chosen, which are ordered by their distance from the reference point. From the candidate 

set the N points closest to the reference point are used to determine Ak. If C is ill-

conditioned or if S is above a preset bound , the point nearest to xk is replaced with 

a point in the candidate set more distant from the reference point. This continues until C 

is no longer ill-conditioned. If N neighbors cannot be found which make the condition 

number of C less than Ncond and the mean square error less than Smax, then the reference 
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point is not used in estimating the Lyapunov spectrum of the attractor. The same 

procedure is carried out at each point of the attractor. 

The program of Kruel, et al. was tested with a data set of 25,000 points generated 

by the Henon system (for the equations defining the system, see Chap. 5). Variation of 

the number of neighbors, the reciprocal condition number, and Smax did not greatly 

change the estimated exponents. Using a=1.4 and b-0.3 as the parameters of the Henon 

system, and with £mm=10"8, N=50, t<voA=1, 5m a x=l,and Ncond=W12 as program 

parameters, the variation of the calculated exponents with £max was examined (see Fig. 

B.l). Little variation in the estimated exponents is seen with changing £max, and the 

estimated exponents of 0.42 and -1.59 closely agree with the Lyapunov exponents of 

0.418 and -1.622 as calculated by QR decomposition (see, e.g., Press et al. [67]) of the 

Jacobi matrix obtained from the dynamical equations. 
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Figure B.l : Calculated Lyapunov exponents of the Henon system vs. normalized to 

the diameter of the data set. a=1.4 and b =0.3. 
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This program calculates the Lyapunov spectrum of a continuous time dynamical 

system, x = g(x). One considers an orthonormal basis {u(}, which undergoes an 

evolution governed by the Jacobi matrix, / (x) = Dxg(x). For each integration step, At, 

of the original system several smaller integration steps are calculated for the evolution of 

the given basis. For the time interval At, the basis vectors obey the relation u, = J(x)ut, 

with a fixed / (x) . At the end of the interval At, the basis vectors are no longer 

orthonormal. The rates of expansion and contraction of the lengths of the basis vectors 

are calculated, and these are used in estimates of the Lyapunov exponents. The basis is 

then orthogonalized and renormalized, and the original system is integrated a At step. 

Using the new basis, the rates of lengthening and shortening of the basis vectors are again 

calculated over an interval of At. 

The Fortran program below uses a modified Gear algorithm [681 to integrate the 

original system. If the system ordinary differential equations is not "stiff" (see, e.g., 

Gerald and Wheatly [691), this algorithm can be replaced with a simpler one. The 

functions f and j a c f unc in the program define the system and its linearization operator, 

respectively. 
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c This is a program to determine the Lyapunov exponents of a vector 
c flow by using two separate integration steps - one for the original 
c system (xdot = f(x)) and a second for the linear system which is 
c described locally via the Jacobi matrix (lindot = J(x)*lin). The 
c original system is defined in the subroutine f, while the linearized 
c system is defined in the subroutine g. 

c Gerald Albert 5/27/92 

c n number of equations in the original system. 
c n2 n**2, the dimension of the linear system, lin. 
c y state vector of the system of interest. 
c ydot rates of change of the state vector. 
c 1 in state vector of the linearized system. lin 
c consists of n vectors each of dimension n. The 
c ith vector has indexes from (i-l)*n+l to i*n. 
c 1indot rates of change of the linearized system. 
c znorm{i) norm of the ith vector in the array lin. 
c cum(i) sum of norms of the ith vector in the array lin. 
c gsc dummy array for use by the procedure gsr. 
c linout(n2) dummy array for lin. 
c ly array of calculated Lyapunov exponents. 
c lyold array containing the last estimated Lyapunov 
c exponents. Used in determining if the 
c calcluation has converged. 
c workf dummy array for use by the integration routine 
c sdriv2. 
c iworkf dummy array for use by the integration routine 
c sdriv2. 
c gsr_error error flag used in the procedure gsr. 
c toutf time for the original system. 
c toutg time for the linearized system. 
c fname file with estimated Lyapunov exponents. 
c iname file with information necessary for a restart if 
c the calculation is interupted 
c ename file with error information 

program int 

implicit real*8 (a-h,o-z) 
external f,g 

n is the number of equations in the original system. 
parameter (n=3, n2=n*n, nroot=0, lenwf=16*n+2*nroot+5Q0, 

+ leniw=300) 
real*8 y(n),lin(n2),lindot(n2),linout(n2),znorm(n),cum(n) 

+ gsc(n),ly(n),lyold(n),workf(lenwf) 
common ydum(n) 
integer iworkf(leniw),gsr_error 
character*20 fname,iname,ename 
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c Here are the integration parameters for sdriv2. These 
c values may need to be varied from system to system. 

mstateO = 1 
mint = 3 
mxstep = 20000 
ewt = 0.0000000001 
eps = 0.0000000001 
tf = 0.0 
toutf = tf 

c Getting the information necessary for a calculation. 
write 
read ( 
write 

write 
read ( 
write 

write 
write 
read ( 
write 

write 
write 
write 
read ( 
write 

write 
write 
wr ite 
read ( 
wr ite 

write 
read ( 
write 

write 
read ( 
write 

write 
write 
write 
read 

*) 'Give the number of integration steps.' 
) nstep 
*) 'nstep = ',nstep 

*) 'Give the time per step.' 
) stpsze 
*) 'stpsze = ',stpsze 

*) 'Give the max. allowable rel. error in the' 
*) 'Lyapunov exponents for the current run.' 
) relerr 
*) 'relerr = relerr 

*) 'Give the ratio of the number of integration' 
*) 'steps performed on the orinal system to that ' 
*) 'of the linearized auxilliary system.' 
) intratio 
*) 'intratio = intratio 

*) 'Give the number of integration steps performed' 
*) 'with the rk4 algorithm. Remember that the time 
*) 'covered is intratio*stpsze.' 
) irksteps 
*) 'irksteps = ',irksteps 

*) 'Give the i/o rate.' 
) io 
*) 'io = ',io 

*) 'Give the name of the output file.' 
) fname 
*) 'The file name is: fname 

*) 'Give the name of the file that will contain 
*) 'information necessary for a restart in the' 
*) 'event of a system crash.' 

*) iname 
write (*,*) 'The file name is: ',iname 

The rate at which the restart data is written is: 
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infowrt = 10000 

write (*,*) 'Give the name of the file that will contain' 
write {*,*) 'error information.' 
read (*,*} ename 
write (*,*) 'the file name is: 1,ename 

write (*,*) 'Give the number of time steps computed' 
write (*,*) 'before the Lyapunov calculation begins.' 
write (*,*) 'This is done to avoid bad initial conditions 
read (*,*) istart 
write (*,*) 'istart = ',istart 

if (istart .gt. 0) then 
write (*,*) 'Give the i/o rate in the integration loop' 
write (*,*} 'to get rid of bad initial conditions.' 
read (*,*) iostart 
write (*,*) 'iostart = ',iostart 

end if 

c Put ic's here: 
c For the Lorenz system with Pr = 16.0, b = 4.0, and r = 45.92. 
c (Obtained after 1000.0 seconds of integration with an initial 
c condition of (1,1,1) and a time step of 0.05.) 

y(l) = 0.1733265E+002 
y(2) = 0.2397206E+002 
y(3) = 0.4109117E+002 

c Setting up initial conditions for the displacement vectors 
c the cummulant, and the Lyapunov exponents. 

do 20 i=l,n 
cum(i) =0.0 
ly(i) = 0.0 
lyold(i) =0.0 

20 continue 
do 2001 i=l,n 

do 2002 j=l,n 
inode = (i-l)*n + j 
lin(inode) = 0.0 

2002 continue 
inode = 1 + (i-1)*(n+1) 
1in(inode) = 1.0 

2 001 continue 

opening up the data and error files, 
open(6,file=ename,status='unknown' 
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open(7,file=fname,status=1 new') 
open(9,file = iname,status=1 new') 

c Doing some initial integration to ensure all points 
c used in calculating the Lyapunov exponents are in fact 
c on the attractor. 

mstatef = mstateO 
do 1166 j=l,istart 

c Integrate the original system using a modified Gear algorithm, 
call sdriv2 (n,tf,y,f,toutf,mstatef,nroot,eps,ewt, 

+ mint,workf,lenwf,iworkf,leniw,f,mxstep) 
c Giving info necessary for a restart if an integration fails 

if (iabs(mstatef) .gt. 2) then 
call intprobl(n,mstatef,toutf,y) 
stop 

endif 
if (mod{j,iostart).eq.0) then 
write (7,*) toutf,(y(k),k=l,n) 

endif 
toutf = toutf + stpsze 

1166 continue 

tf = 0.0 
tg = 0.0 
toutf = stpsze 
toutg = 0.0 

c Put restart data here. 

c Calculating the exponents 
do 100 i=l,nstep 

do 997 j=l,n 
lyold(j) = ly(j) 

997 continue 

do 2487 jill=l,intratio 
c Integrate the original system using a modified Gear algorithm, 

call sdriv2 (n,tf,y,f,toutf,mstatef,nroot,eps,ewt, 
1 mint,workf,lenwf,iworkf,leniw,f,mxstep) 

toutf = toutf + stpsze 
c Giving info necessary for a restart if an integration fails 

if (iabs(mstatef) .gt. 2) then 
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call intprob2(n,n2,mstatef,toutf,toutg,y,cum,ly,lin' 
stop 

endif 
2487 continue 

toutf = toutf - stpsze 

do 2976 ilk=l,n 
ydum(ilk) = y(ilk) 

297 6 continue 

h = dfloat(intratio)*stpsze/dfloat(irksteps) 
do 11 inky=lfirksteps 

c Integrate the linearized system using a fourth order Runge-Kutta 
c method. 

call rk4(lin,n2,toutg,h,linout,g) 
do 110 jinx=l,n2 

lin(jinx) = linout(jinx) 
110 continue 

toutg = toutg + h 
11 continue 

c Writing info necessary for a restart if there's crash, 
if (mod(i,infowrt).eq.O) then 
call crash(n,n2,toutf,toutg,y,cum,ly,lin) 

endif 

c Orthonormalize the vectors in the array lin using the Gram-Schmidt 
c renormalization procedure. 

call gsr(n,lin,znorm,gsc,gsr_error) 

c Giving info necessary for a restart if a vector is too small, 
if (gsr_error .ne. 0) then 
call probnorm(n,n2,znorm,toutf,toutg,y,cum,ly,lin) 

endif 

c Doing the exponent calculations 
do 6789 j=l,n 
cum(j) = cum(j) + dlog(znorm(j)) 
if (toutg .gt. 0.0) then 

ly(j) = cum(j)/toutg 
endif 

67 89 continue 
if (mod(i,io).eq.O) then 

Q **•*•***•**• change number *•*•*****••**•**•*•** 
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c This format may need to be changed from run to run 
write(7,'(Ix,2(el4.7,2x),$,3(el4.7,2x))') 

1 tout f,toutg, (ly(j),j=l/n) 
endif 

c Checking the convergence criteria 
err = 0.0 
small = 0.0005 
do 1117 k=l,n 

if (dabs(lyold(k)) .It. small) then 
err = err + dabs(ly(k)-lyold(k)) 

else 
err = err + dabs(ly(k)-lyold(k))/dabs(lyold(k) 

endif 
1117 continue 

if (err .It. relerr) then 
if ( i .gt. 5) stop 

endif 

toutf = toutf + stpsze 
c toutg = toutg + dfloat(intratio)*stpsze 
100 continue 

if (i .ge. nstep) then 
write (9,*) 'convergence criteria not met.' 
write (9,*) 'max. number of iterations performed' 

endif 

close(6) 
close(7) 
close(9) 
end 

c %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

subroutine crash(n,n2,toutf,toutg,y,cum,ly,1in) 
implicit real*8 (a-h,o-z) 
real*8 y(n),cum(n),ly(n),lin(n2) 

c The purpose of this routine is to give info necessary for 
c a restart if there's a crash. 

write(9,*) 
write(9,*) 
write(9,*) 'c From subroutine crash: 
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write(9,*) 
write(9 
write(9 
write(9 
wr ite (9 
wr ite(9 
wr ite (9 
write(9 
write(9 
write(9 

c The times at the time of this output 1 

c are: ' 
c toutf = ',toutf,1 toutg = ',toutg 
c The times necessary for a restart are: 

tf = ',toutf 
tg = ' ,toutf 
toutg = toutf 
toutf = t o u t f + stpsze ' 

c y of original system:' 

y(',ilk,1) = ',y(ilk) 

cum(',ilk,1) = ',cum(ilk) 

do 4845 ilk=l,n 
write(9,*) ' 

4845 continue 
do 4865 ilk=l,n 
write{9 , *) ' 

4865 continue 
write(9,*) 'c ly 1,(ly(ilk),ilk=l,n) 
write(9,*) 'c The components of the linearized system are 
do 4945 ilk=l,n2 
write(9,*) 1 lin(',ilk,') = ',lin(ilk) 

4945 continue 

return 
end 

^^^"o"b"o*o"'b*o'o'o'b'o' 

subroutine probnorm(n,n2,znorm,toutf,toutg,y,cum,ly,lin) 
implicit real*8 (a-h,o-z) 
real*8 znorm(n),y(n),cum(n),ly(n),lin(n2) 

c The purpose of this routine is to give the info necessary for 
c a restart if an exponent calculation should fail. 

write(9 
write(9 
write{9 
write(9 
write(9 
write{9 
write(9 
write(9 
write(9 

) 
) 'c This is from subroutine probnorm.' 

possible stop of the run after gsr 
znorm is ',(znorm(ilk),ilk=l,n) 

toutf = toutf 
toutg = ',toutg 
y of original system:' 

do 4845 ilk=l,n 
write(9,*) ' 

4845 continue 
do 4865 ilk=l,n 
write(9,*) ' 

4865 continue 
write(9,*) 'c ly 1,(ly{ilk),ilk=l,n) 
write(9,*) 'c The components of the linearized system are: 
do 4855 ilk=l,n2 

y(',ilk,') = ',y(ilk) 

cum(',ilk,') = cum(ilk) 
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write(9,*) 
4855 continue 

lin(',ilk, ') = ',lin(ilk) 

return 
end 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o 

subroutine intprobl(n,mstatef,toutf,y) 
implicit real*8 (a-h,o~z) 
real*8 y(n) 

c The purpose of this routine is to give the info necessary for a 
c restart if an integration fails in the first integration loop. 

write(9,*) 
write(9 
write(9 
write(9 
write(9 
write(9 
write(9 

write(9 
write(9 

'c This is from subroutine intprobl.' 

'c stoping the run in the integration loop 
'c to get rid of bad initial conditions.' 
'c abs(mstatef) > 2. In fact, mstatef = 
mstatef 
1 toutf = toutf 
'c y of original system:' 

4845 

do 4845 ilk=l,n 
write(9,*) 1 

continue 
y(',ilk,' ) = ',y(ilk) 

return 
end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

subroutine intprob2(n,n2,mstatef,toutf,toutg,y,cum, 
+ ly,lin) 
implicit real*8 (a-h,o-z) 
real*8 y(n),cum(n),ly(n),lin(n2) 

c The purpose of this routine is to give the info necessary for 
c a restart if an integration fail in the second integration loop 

write (9 *) 
write(9 *) 

write(9 *) ' c 
write(9 *) ' c 
write{9 *) 'c 
write(9 *) ' c 

Stoping the run after an integration step. 
On abs(mstate) > 2 . In fact,' 
mstatef = mstatef 
toutf = ',toutf,' toutg = 1,toutg 
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write (9,*) ' toutf = ' ,toutf 
write(9,*) 'c y of original system:' 
do 4845 ilk=l, n 
write{9,*) ' y(',ilk,') = ',y(ilk) 

4845 continue 
do 4865 ilk=l,n 
write(9,*) ' cum(',ilk,') = ',cum(ilk) 

4865 continue 
write(9,*) 'c ly ',(ly{ilk),ilk=l,n) 
write(9,*) 'c The components of the linearized system are:' 
do 4945 ilk=l,n2 
write(9,*) 1 lin(',ilk,') = ',lin(ilk) 

4945 continue 

return 
end 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o 

c Fourth order Runge-Kutta method, y is the input vector and yout is 
c the state of the system after a time interval h. 

subroutine rk4(y,n,x,h,yout,g) 

external g 
implicit real*8 (a-h,o-z) 

c This upper limit may need to be changed from run to run. 
parameter (nmax=81) 
real*8 y(n),dydx(nmax),yout(n),yt(nmax),dyt(nmax),dym(nmax; 

hh=h*0.500000000000 
h6=h/6.000000000000 
xh=x+hh 

call g(n,x,y,dydx) 
do 11 i = 1,n 
yt(i)=y(i)+hh*dydx(i) 

11 continue 

call g(n,xh,yt,dyt) 
do 12 i = l,n 
yt{i)=y(i)+hh*dyt(i) 

12 continue 

call g(n,xh,yt,dym) 
do 13 i=l,n 
yt(i)=y(i)+h*dym(i) 
dym(i)=dyt(i)+dym{i) 

13 continue 
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call g(n,x+h,yt,dyt) 
do 14 i=l,n 
yout(i)=y(i)+h6*(dydx(i)+dyt(i)+2.*dym(i; 

14 continue 

return 
end 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o 

c This is a procedure to perform Gramm-Schmidt renormalization on a 
c set of vectors u (the jth vector being u(*,j}). 

subroutine gsr(n,u,znorm,gsc, errori 

implicit real*8 (a-h,o-z) 
integer n,error 
real*8 u(n,n),znorm(n) 
real*8 gsc(n) 

error = 0 

c Orthonormalize the set of vectors. 
do 80 j =1,n 

jend = j-1 
do 55 k=l,jend 

gsc(k)=0.0 
do 50 1=1,n 

gsc(k)=gsc(k)+u(1,j)*u(l,k) 
50 continue 
55 continue 

do 65 k=l,n 
do 60 1=1,jend 
u(k,j)=u(k,j)-gsc(l)*u(k,1) 

60 continue 
65 continue 

znorm(j}=0.0 
do 7 0 k=l,n 

znorm(j)=znorm(j)+u(k,j)**2 
7 0 continue 

znorm(j) = dsqrt(znorm(j)) 
c Giving an error signal if a vector is too small 

if (znorm(j) .le. 1.0e-45) then 
error = 1 
return 

endif 
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do 85 k=l,n 
u{k,j)=u(k,j)/znorm(j 

85 continue 

80 continue 

return 
end 

O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O O 

subroutine f(n,t,y,ydot) 
implicit real*8 (a-h,o-z; 
real*8 y{n),ydot(n) 

pr = 16.0 
b = 4.0 
r = 45.92 

ydot(l) = pr*(y(2)-y(1)) 
ydot(2) = -1.0*y(1)*y(3) + r*y(l) - y(2 
ydot(3) = y (1)*y(2) - b*y(3) 

return 
end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

c In this subroutine the linearization operator is calculated. 

subroutine jacfunc(n,y,jac) 
implicit real*8 (a-h,o-z) 
integer n 
real*8 y(n), jac(n,n) 

Pr = 16.0 
b = 4.0 
r = 45.92 

c ydot(1) = pr*(y(2)-y(1)) 
c ydot(2) = -1.0*y(1)*y(3) + r*y(l) - y(2) 
c ydot(3) = y(l)*y(2) - b*y(3) 
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jac(1,1) = -1.0*Pr 
;jac(l,2) = Pr 
j ac(1,3) = 0.0 
jac(2,1) = -1.0*y(3) + r 
jac(2,2) = -1.0 
jac(2,3) = -1.0*y(1) 
jac(3,1) = y(2) 
jac (3,2) = y ( D 
jac(3,3) = -1. 0*b 

return 
end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

call g(n,x+h,yt,dyt) 
subroutine g(n,t,lin,lindot) 
implicit real*8 (a-h,o-z) 
integer n 
real*8 t,lin(n),lindot(n) 

****** Change from run to run. ******* 
real*8 ydum(3), jac(3,3), scale(3) 
common ydum(3) 

c ****** Change from run to run. ******* 
c iyes is the number of equations defining the original system, 

lyes = 3 

call jacfunc(iyes,ydum,jac! 

c Rescaling the Jacobian so the evolution is not dominated by large 
c matrix elements. 

scale(1) = 1.0dl4 
scale(2) = 100.0 
scale(3) = 100.0 

do 1 i=l,iyes 
do 2 j=l,iyes 

jac(i,j) = (scale(j)*jac(i,j))/scale(i) 
2 continue 
1 continue 

Finding the ode of the linearized system, 
do 10 i=l,iyes 

do 20 j =1,iyes 
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il = iyes*(i~l) + j 
liridot(il) = 0.000000000 
do 3 0 k=l,iyes 

i2 = iyes*(i-l) + k 

lindot(il) = lindot(il) + jac(j,k)*lin(i2 

3 0 continue 
20 continue 
10 continue 

return 
end 

O O O O O O O O O O O O O Q Q O O O O O O O O O C O G O O O O O 
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A PROGRAM TO ESTIMATE THE INDUCED POINCARE MAP GENERATED BY 

A CONTINUOUS-TIME DYNAMICAL SYSTEM 
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The program i s i estimates the induced Poincare map generated by a continuous-

time dynamical system, where the Poincare surface is restricted to being a plane. Letting 

n denote a normal vector of this plane and x0 a point of the surface, an intersection to the 

plane is determined by finding a change in the sign of the quantity n - ( y - x j , where y is 

the state vector of the system. This scheme assumes the integration step is small enough 

that any such crossing of the surface will be detected. It also assumes that a crossing will 

occur. In practice, the maximum time for a crossing to occur is set by the variable t e n d 

(set to 1 0 " in the listing below). The intersection to the Poincare surface is found using 

a linear fit of the trajectory of the continuous-time dynamical system in the neighborhood 

of the Poincare surface. This linear fit uses the central difference formula to estimate the 

direction cosines of the trajectory. 

The program uses a modified Gear algorithm [68] to integrate the continuous-time 

dynamical system, which, for many dynamical systems, can be replaced by a simpler 

routine. The equations defining the dynamical system are given in the subroutine f ex, 

which in the listing below are those of the Lorenz system. 
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c This program determines the Poincare map induced by the continuous-
c time dynamical system given in subroutine fex. The Poincare surface 
c is assummed to be a plane, and it's normal vector is stored in the 
c array norm. Upcrossing, downcrossings» or the first return to this 
c surface can be computed. The intersection with the Poincare surface 
c is found using a linear fit, with the slope being determined by the 
c central difference formula. 
c - The number of outer loops (do loops 1-9) needs to be "hard 
c coded" to the system size. 
c - An upcrossing is defined as occurring when norm*ydot >= 0.0. 
c Otherwise the crossing is considered a downcrossing. 

c Gerald Albert 6/2/93 

neq 
store 

store{*,1) 
store(*,i+1) 
store(*,neq+ 

newt ime 

oldtime 

risi 
ycross 
tcross 
yrate 
ycrossdot 

y 
atol 

rwork 

rtol 

t 
tout 
yduml 

ydum2 

xO 
norm 
m 

the number of equations in the original system, 
a storage array containing old values of the 
system and the time. 
the time. 

the ith variable of the system. 
i+1) the rate of the ith variable of the 
system. 
time of the most recent crossing of the Poincare 
surface in the desired direction. 
time of the previous crossing of the Poincare 
surface in the desired direction. 
newtime - oldtime. 
point at which the Poincare surface is crossed. 
time at which the Poincare surface is crossed. 
a rate vector corresponding to y. 
rates at the point where the Poincare surface is 
crossed. 
state vector of the system. 
array of absolute tolerances. Used for error 
checking in the modified Gear integration 
routine lsode. 
dummy array for use by the integration routine 
lsode. 
array of absolute tolerances. Used for error 
checking in the modified Gear integration 
routine lsode. 
time for the original system. 
time after going through one pass of lsode. 
dummy array associated with calculating if a 
crossing of the Poincare surface has occurred. 
dummy array associated with calculating if a 
crossing of the Poincare surface has occurred. 
point on the Poincare surface. 
normal vector of the Poincare surface. 
array of slopes calculated with the central 
difference equation. Used in estimating the 
crossover point of the Poincare surface. 
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c y Lo 
c yhi 
c ystep 
c icnum 
c 
c 
c iwork 
c 
c print__rate 
c 
c down 
c 
c newcalc 
c 
c print_time 
c 
c up 
c 
c u_and_d 
c 
c fname 
c dname 
c isav 
c 
c 
c r sav 
c 
c 
c 

array of low ends of the ranges of ic's. 
array of low ends of the ranges of ic1 s. 
array of stepping sizes over the range of ic' s. 
array whose ith component is the number of 
different values the set of i.c.'s take for the 
ith variable of the system. 
dummy array for use by the integration routine 
lsode. 
the rate at which the state vector of the system 
is written to dname. 
logical flag used to signify if only down 
crossings are calculated. 
logical flag. Used to signal if any previous 
crossings of the Poincare surface have occurred, 
logical function used to determine is a crossing 
of the Poincare surface has occurred. 
logical flag used to signify if only up 
crossings are calculated. 
logical flag used to signify if both up and down 
crossings are calculated. 
file with the estimated P-map. 
file with the state of the system. 
integer array associated with saving the initial 
values of the arrays used by the integration 
routine lsode. 
array associated with saving the initial values 
of the arrays used by the integration routine 
lsode. 

program i s i 

implicit real*8 (a-h,o-z) 
external fex 
parameter (neq=3, mf=22, lrw=22+17*neq+2*neq*neq, 
+ liw=20+neq, istoresze = 10000) 
real*8 store(istoresze,(2*neq+l)), newtime, oldtime, 
+ risi, ycross(neq), yrate(neq), ycrossdot(neq), y(neq) 
+ atol(neq), rwork(lrw), rtol, t, tout, yduml(neq), 
+ ydum2(neq), xO(neq), norm(neq), m(neq), ylo(neq), 
+ yhi(neq), ystep(neq) 
integer icnum(neq), iwork(liw), mark(neq), printctr, 

+ print_rate, cross_ctr 
Logical down, newcalc, print__time, right_type, truth, up, 

+ u_and_d, xmid 
character*20 dname, fname 

c Declarations and variables related to the srcom routine to 
c interupt/restart an integration. 

integer isav(41) 
real*8 rsav(218) 
common /IsOOOl/ rls(218), ls(39) 
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common /ehOOOl/ ieh(2 

Choose whether you want to find upcrossings, downcrossings, or both. 
Choose one option: 

u__and_d = .true, 
up = .false. 
down = „false 

c Defining the normal vector to the plane that is the Poincare surface 
norm (1) = 1.000000 
norm(2) = 0.000000 
norm(3) = 0.000000 

c Giving a point on the plane to the plane that is the Poincare 
c surface. 

x0(l) = 10.000000 
x0(2) = 0.000000 
xO(3) = 0.000000 

c Getting info on integration run. 
write(*,*) 'Give the name of the results file.1 

read(*, *) fname 
write(*,*) 1fname = ',fname 

write(*,*) 'Give the name of the sytem state file.' 
read( *, * ) dname 
write(*,*) 'dname = 1,dname 

c write(*,*) 'Give the beginning time.' 
c read(*,*) tbed 
c write(*,*) 'tbeg = ',tbeg 

tbeg = 0.0 

c write(*,*) 'Give the ending time.' 
c read(*,*) tend 
c write(*,*) 'tend = ',tend 

tend = 1.0d99 

write(*,*) 'Give the integration time need to allow the orbit 
write (*,*) 'with the ic\'s given to get on or close to an' 
write(*,*) 'attractor (if one exists).' 
read(*,*) tint 
write(*,*) 'tint = ',tint 

if (tint ,ne. 0.0) then 
write(*,*) 'Give the stepping time used in integrating the' 
write(*,*) 'ic\'s, to the point where the orbit is onto or' 
write(*,*) 'close to an attractor (if one exists).' 
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read(*,*) tintstep 
write(*,*) 'tintstep = ',tintstep 

endif 

write(*,*) 'Give the stepping time used in integrating the1 

write(*,*) 'equations when determining the Poincare map.' 
read(*,*) tstep 
write(*,*) "tstep = ' ,tstep 

write(*,*) 'Give the number of crossings to the Poincare surface', 
+ ' to occur for each ic given.' 
read(*,*) numcross 
write(*,*) 'numcross = numcross 

write(*,*) 'Give the time interval between writing out the system1 

write(*,*) 'vector to the file ',dname,'.' 
read{*,*) output_t ime 
write(*,*} 'output_time = ',output_time 

c Getting the initial conditions. 
do 10 i=l,neq 

write(*/*) 'Choosing the range of values of variable number 
+ i, ' . ' 

write(*,*) 'Choose the low end of the range of ic\'s for 
+ 'variable ' , i, ' . ' 

read{*,*) ylo{i) 
wnte(*,*) 'yloi',!,') = ',ylo(i) 

write(*,*) 'Choose the high end of the range of ic\'s for 
+ 'variable ',i,'.' 

read{*,*) yhi(i) 
write(*,*) 'yhi{',i,'} = *,yhi(i) 

write(*,*) 'Choose the stepping size over the range of ic\'s ', 
+ 'for variable ' , 1,'.' 

read(*,*) ystep{i) 
write(*,*) 'ystep(',i,1) = ',ystep(i) 

icnum(i) = int({(yhi(i)-ylo(i))/ystep(i)) + 1.5) 
10 continue 

c Saving the initial state of arrays and variables associated with the 
c integration routine Isode. 

call initial (neq,itol,rtol,atol, itask, istate, iopt,rwork, 
+ Irw,iwork,liw) 
call srcom(rsav,isav,1) 

c Opening up the files used m the program run. 
c Iserr.ode is the file that contains error messages 
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open(6,file='err.lsode1,status='unknown 1) 
open(7, file=fname,status='new') 
open(9,file=dname,status=1 new1 ) 

c Line numbers 1-9 are reserved for do loops of the components of the 
c ic's. These do loops need to be hard coded. You need neq of them, 
c The ith continue is for the ith variable. 

do 1 markl=l,icnum(1) 
do 2 mark2=l,icnum(2) 

do 3 mark3=l,icnum(3) 
c do 1 mark(l)=1,icnum(l) 
c do 2 mark(2)=1,icnum(2) 
c do 3 mark(3)=1,icnum(3) 

c Hard code as necessay. 
mark(l) = markl 
mark(2) = mark2 
mark(3) = mark3 

c Initializing variables related to the integration routine. 
call srcom(rsav,isav,2) 
call initial (neq,itol,rtol,atol,itask,istate,iopt,rwork,lrw, 

+ iwork,liw) 

c Initializing variables not related to the integration routine. 
cross_ctr = 0 
print__rate = int(output_time/tintstep + 0.5) 
printctr = 0 
t = tbeg 
tout = tbeg 
newcalc = .true. 

c iwrt is a marker for the next write position in the array store, 
iwrt = 0 

c Setting the ic's for this run. 
do 15 i=l,neq 

y(i) = ylo(i) + dfloat(mark(i)-1)*ystep(i) 
15 continue 

c Integrating to get the orbit onto or close to the attractor. 
20 continue 

call lsode(fex,neq,y,t,tout,itol, rtol, atol,itask,istate, 
+ iopt,rwork,lrw,iwork,liw,fex,mf) 

c Is it time to print the state of the system? 
if (mod(printctr,print_rate) .eq. 0) then 
write(9,'(4(lx,el2.6))') t,y(l),y(2),y(3) 
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printctr = 0 
endif 
printctr = printctr + 1 

if (istate .It. 0) go to 40 
tout = tout + tintstep 

if ((tintstep .ge. 0.0) .and. (tout .le. tint)) go to 20 
if ((tintstep .le. 0.0) .and. (tout .ge. tint)) go to 20 

c Done integrating the i.c.'s so the orbit is close to or on an 
c attractor. Now determining crossings of the Poincare surface induced 
c by the continuous-time dynamical system (in subroutine fex). 

print_rate = int(output_time/tstep + 0.5) 
25 continue 

call lsode(fex,neq,y,t,tout,itol,rtol, atol,itask,istate, 
+ iopt,rwork,Irw,iwork,liw,fex,mf) 

storing the state of the system in the array store, 
iwrt = iwrt + 1 
if (iwrt .gt. istoresze) iwrt = iwrt - istoresze 
store(iwrt,1) = t 

call fex(neq,t,y,yrate) 
do 3 0 i=l,neq 

store(iwrt,(i+1)) = y(i) 
store(iwrt,(neq+i+1)) = yrate(i) 

continue 

c Is it time to print the state of the system? 
if (mod(printctr,print_rate) .eq. 0) then 
write(9,'(4(lx,el2.6))') t,y(l),y(2),y(3) 
printctr = 0 

endif 
printctr = printctr + 1 

c Determining if a crossover of the Poincare surface has occurred. 
truth = print_time(iwrt,store, istoresze,neq,yduml,ydum2,xO,norm) 
if (truth) then 

c Interpolating to find the time at which the crossing over occurred. 
call fct(ycross,ycrossdot,newtime,iwrt,store,istoresze,neq, 

+ norm,x0,m) 

c Determining if the right type of crossing that has occurred. 
dot = 0.0 
do 31 i=l,neq 
dot = dot + norm(i)*ycrossdot(i) 

31 continue 
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right_type = (u_and_d) .or. (up .and. (dot.ge.0 . 00)) 
right_type = right_type .or. (down .and. (dot.It.0.00) 
if (right_type) then 

if (newcalc) then 
oldtime = newtime 
newcalc = .false. 

else 
risi = newtime - oldtime 
oldtime = newtime 
cross_ctr = cross_ctr + 1 

Minimal write: 
write(7,'(1(lx,el2.6))') risi 

Medium write: 
write(7,'(4(lx,e21.15),$,1(lx,e21.15 

Full write 
write(7, 

endif 
endif 

endif 

y(2) ,y (3 
t,risi,y(1), 

(4 (lx, e21.15),$,4(lx, e21.15) ) 1 ) t, risi, 
ycross(1),ycross(2) , ycross(3), ycrossdot(1), 
ycrossdot(2),ycrossdot(3) 

if (istate .It. 0) go to 40 
tout = tout + tstep 

c Checking the end of integration conditions. 
xmid = (tstep .ge. 0.0) .and. (tout .le. tend) 
xmid = xmid .and. (cross_ctr .It. numcross) 
if (xmid) then 
go to 25 

endif 
xmid = (tstep .le. 0.0) .and. (tout .ge. tend) 
xmid = xmid .and. (cross_ctr .It. numcross) 
if (xmid) then 
go to 25 

endif 

These continue statements are the ends of the do loops that iterate 
throught the initial conditions. You need neq of them. The ith 
continue is for the ith variable. 

continue 
continue 

continue 
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c If an error occurred during an integration writing the error to the 
c error file and halting the run. 
40 continue 

write(6,45)istate 
45 format (,///22h error halt., istate =,i3) 

write(6,50)iwork(11),iwork{12) , iwork(13) 
50 format(/12h no. steps =,il0,llh no. f-s =,110,llh no. j-s =,il0) 

c Lose(6 
close (7 
close{9; 
stop 
end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

c This subroutine initializes the integration subroutine lsode 
c Gerald Albert 6/14/92 

subroutine initial (neq,itol,rtol, atol, itask, istate,iopt,rwork, 
+ lrw,iwork,liw) 
implicit real*8 (a-h,o-z) 
integer iwork(liw) 
real*8 atol(neq), rwork(lrw) 

c Giving the parameters for the integration 
itol = 2 
rtol = l.d-9 
do 3 i=l,neq 

atol(i) = l.d-9 
3 continue 

itask = 1 
istate = 1 
iopt = 0 

c Getting optional inputs related to program parameters. 
iopt = 1 
do 5 i=5,10 

rwork(i) =0.0 
iwork(i) = 0 

5 continue 

c Declaring the max number of steps to take on each call of lsode 
iwork(6) = 100000 
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return 
end 

c %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

c This function determines norm*(x-xO), where norm is the normal vector 
c to the plane defining the Poincare surface, and xO is a point on this 
c plane. 

real*8 function level(neq,norm,xO,x) 
implicit real*8 (a-h,o-z) 
integer neq 
real*8 norm(neq), xO(neq), x(neq) 

level = 0.0 
do 10 i=l,neq 

level = level + norm(i)*(x(i)-xO(i)) 
10 continue 

return 
end 

c %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

c This is a function to determine if an upcrossing or a downcrossing 
c of the plane defining the Poincare surface has occurred. If it has, 
c it is time to print. Crossing of the Poincare surface is determined 
c using a real*8 function named level. 

logical function print_time(iwrt, store, istoresze,neq,yduml,ydum2, 
+ x0,norm) 
implicit real*8 (a-h,o-z) 
integer iwrt, istoresze, neq 
real*8 store(istoresze,(2*neq+l)), yduml(neq), 

+ ydum2(neq), xO(neq), norm(neq) 
c Local variables 

real*8 true_valuel, true_value2, level 

print_time = .false. 

c Finding the previous stored value 
if (iwrt .eq. 1) then 
imkr = istoresze 
else 
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imkr = iwrt - 1 
endif 

do 10 i=l,neq 
yduml(i) = store(imkr,(i+1)) 
ydum2(i) = store(iwrt,(i+1)) 

10 continue 

true_valuel = level(neq,norm,xO,yduml) 
true_value2 = level(neq,norm,xO,ydum2) 

c Checking for a downcrossing of the Poincare surface 
if (true_value2 .le. 0.0) then 

if (true_valuel .ge. 0.0) then 
print_time = .true. 
return 
endif 

endif 

c Checking for an upcrossing of the Poincare surface 
if (true_value2 .ge. 0.0) then 

if (true_valuel .le. 0.0) then 
print_time = .true. 
return 
endif 

endif 

return 
end 

c %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

c Interpolating to find the time and state of the system at which 
c crossing over occurred. fct - Find Crossover Time 

subroutine fct(ycross,ycrossdot,crosstime,iwrt,store,istoresze, 
+ neq,norm,x0,m) 
implicit real*8 (a-h,o-z) 
integer iwrt, neq 
real*8 ycross(neq), crosstime, store(istoresze,(2*neq+l)), 

+ ycrossdot(neq), norm(neq), xO(neq), m(neq) 
c local variables 

real*8 cl, t2 
logical same_point 

t2 = store(iwrt,1) 
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c Find the state of the system 2 time steps ago. This makes the 
c estimation of the slopes equivalent to using the central difference 
c formula (0(tstep**2)). 

if (iwrt .eq. 2) then 
imkr = istoresze 
tl = store(imkr,1) 

else 
imkr = iwrt - 2 
tl = store(imkr,1) 

endif 

Is the previous point the same as the present point? 
same_point = .true. 
do 5 i=l,neq 

if (store(imkr,(i+1)) .eq. store(iwrt,(i+1))) then 
same_point = same_point .and. .true. 

else 
same_point = same_point .and. .false. 

endif 
continue 

if {(tl .eq. t2) .or. same_point) then 
crosstime = tl 
do 10 i=l,neq 
ycross(i) = store(imkr,(i+1)) 
ycrossdot(i) = store(imkr,(neq+i+1; 

10 continue 
return 

endif 

c Finding the slopes used in the linear approximation that determines 
c where the crossover of the Poincare surface occurs. 

do 15 i=l,neq 
m(i) = (store(iwrt,(i+1)) - store(imkr,(i+1)))/(t2-tl) 

15 continue 

denom = 0.0 
sum = 0.0 
do 20 i=l,neq 

sum = sum + norm(i)*(xO(i) - store(imkr,(i+1))) 
denom = denom + norm(i)*m(i) 

20 continue 

if (denom .eq. 0.000) then 
crosstime = tl 

else 
crosstime = (sum/denom) + tl 

endif 
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coefl = (t2-crosstime)/(t2-tl) 
coef2 = (t1-crosstime)/(tl-t2) 
do 25 i=l,neq 
ycross(i) = coefl*store(imkr,(i+1)) 

+ + coef2*store(iwrt,(i+1)) 
ycrossdot(i) = coefl*store(imkr,(neq+i+1) 

+ + coef2*store(iwrt,(neq+i+1)) 
25 continue 

return 
end 

c %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

subroutine fex(n,t,y,ydot) 

implicit real*8 (a-h,o-z) 
real*8 y(n),ydot(n),t 
real*8 pr,r,b 

pr = 16.0 
b = 4.0 
r = 45.92 

ydot(l) = pr*y(2) - pr*y(l) 
ydot(2) = -y (1)*y(3) + r*y(l) - y(2; 
ydot(3) = y(1)*y(2) - b*y(3) 

return 
end 

c %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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Many experiments in electrophysiology have demonstrated that for a variety of 

nerve cells an action potential will, to a first approximation, occur when the membrane 

voltage exceeds some threshold, 6. Physiologically input current originates from post 

synaptic terminals or gap junctions, or it may be externally applied during the course of 

an experiment. Assuming the subthreshold response of a nerve cell may be modeled by a 

capacitive and membrane current passing in parallel through the membrane in response to 

an applied current I(t) (see Fig E.l), the membrane potential is described by 

C^- + IU(V) = I(t), for V<9. 
dt 

(E.l) 

Letting V be the deviation of the membrane voltage from the resting state, the membrane 

current, must then satisfy /M(0) = 0. 

% o 
Figure E.l: Equivalent circuit of the simplest neuronal model. 

One of the earliest models of a nerve cell was that of Lapicque [11,17]. 

Lapicque did not attempt to model the form of the depolarization during an action 

potential, but instead introduced a nonlinearity: the membrane potential is set to zero (the 

resting potential) following an action potential (i.e. when threshold is reached), and the 

threshold voltage is allowed to follow some prescribed time course. With this 
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nonlinearity, the Lapicque Model belongs to the class of fill and flush models [70-71], 

and is sometimes termed a leaky integrator [72]. 

Often it is found that it is difficult or impossible to elicit an action potential within 

a short time interval subsequent to an earlier action potential. This refractory period can 

be modeled by defining 

[0, otherwise. 

tAP is the time of occurrence of an action potential, and tR is the absolute refractory 

period. Other threshold functions used are given in Table IV. 

The Lapicque Model has some predictive powers. It adequately approximates the 

time course of the subthreshold membrane potential in the cat spinal motor neuron [73-

74], and can be used to determine the required duration of an applied current to elicit an 

action potential. Letting t denote the time required to elicit an action potential, with a 

constant membrane conductivity and threshold, the relationship between the magnitude of 

a constant applied current, I0, and t is 

f p p a r . CHS 

where Gu =1 / R. Equation (E.3) closely matches empirical "strength-duration curves" 

[75], 
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Table IV 

Some proposed threshold functions for the Lapicque ModeIa 

Threshold 

kx I t 

k / ( e t l r - I ) 

kerlt 

ke~t/T 

aFrom Holden [72] 

Proposed by 

Buller [76] 

Geisler and Goldberg [77]; Fuortes [78] 

Hagiwara [79] 

Weiss [80] 

Using a sinusoidal modulation of a constant input current 

l ( t ) = a sin(o)t + (/>) + c , (E.4) 

equation (E.l) gives as the expected density of action potentials, n ( 0 ) , 

n(<j)) = asin(0) + c, (E.5) 

for a < c. Thus the Lapicque model with input (E.4) exhibits a sinusoidally modulated 

density of action potentials independent of the input frequency co [81]. The behavior of 

the Lapicque model with other input currents, notably currents with a stochastic 

component [82], have also been investigated. 

The limitations of the Lapicque Model are that it does not consider spatial 

variations. Any description of traveling depolarization is not possible, and the model 



153 

imposes unexplained discontinuities at every occurrence of an action potential. The 

action potential remains undescribed, and is simply an event triggering a "reset" to the 

resting potential. Also, the physiological phenomena that occur during action potentials 

remain unexplained. 
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