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Signal Correlation is a digital signal processing technique which has 

a wide variety of applications, ranging from geophysical exploration to 

acoustic signal enhancements, or beamforming. This dissertation will 

consider this technique in an underwater acoustics perspective, but the 

algorithms illustrated here can be readily applied to other areas. Although 

beamforming techniques have been studied for the past fifty years, modern 

beamforming systems still have difficulty in operating in noisy 

environments, especially in shallow water. 

Multiresolution Signal Decomposition is a technique for signal 

analysis and processing which emerged from the consolidation of similar 

ideas such as the Gabor Transform, the Wavelet Transform and Subband 

Filters. This dissertation will focus on the potential application of these 

techniques in underwater acoustic beamforming. The main objective of this 

research is to show that there is a significant improvement in the signal to 

noise ratio when the original signal is projected onto orthogonal spaces of 

adjacent bandwidths. This fact is proved experimentally in a simulation 

section, where the cross-correlation algorithm is applied separately to each 

projected sequence. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Signal beamforming is a technique used for the spatial localization of 

a signal source, and for the enhancement of the reception of a target signal. 

This technique is based on the principle of spatial correlation, i.e., the 

correlation of input signals from spatially separated sensors. A 

beamforming system consists of an array of sensors for signal acquisition, 

and a collection of procedures and algorithms which combine the input 

from the various sensors. The two main objectives in beamforming are the 

enhancement of a particular signal and the spatial localization of a target 

signal. The technique of signal beamforming is of great use in a variety 

of areas, such a geophysical exploration, reception of radar signals, 

ultrasound imaging, underwater surveillance, and many others. 

The use of beamformers in underwater acoustics goes back to the 

First World War, when a sonar attempted to estimate the localization of 

German U-boats [Burdic 91]. The state-of-the-art equipment at that time 

was a stethoscope connected to a steerable hollow rod which contained air 

filled rubber bulbs. The rubber bulbs would transmit any incoming 

vibration to the stethoscope through the hollow section of the steerable rod. 

The operator would then listen to the incoming sound, and try to determine 

which side of the stethoscope had a better reception, i.e., a louder sound. 



He would then steer the sensor rod so that both sides appeared to be equally 

loud. The direction of the sound source could then be estimated to be 

normal to the sensor array. 

At the dawn of the beamforming science, it was thought that the 

human capacity for spatial localization through sound was due to the 

difference in loudness levels alone. Later on, it was discovered that in 

addition to sound levels, the human ears were also sensitive to a difference 

in phase, that is, we can perceive the difference in the time of arrival of a 

sound wavefront at both ears [Rayleigh 1909]. As the beamforming 

techniques evolved, it was discovered that the time delay estimate was 

critical for a precise localization, and, therefore, became the basis for 

modern beamforming systems which depend entirely on a good estimate of 

the time delay. 

1.2 Identification of the Problem 

The main problem discussed in this dissertation is that of the 

estimation of the time delay parameter in underwater acoustic systems. A 

good review of the subject can be found in [Burdic 1991], [Hassab 1990], 

and [Knight 1981]. Traditionally, most of the techniques used in 

underwater acoustic systems for the estimation of the time delay parameter 

employ the Fourier Transform as a frequency analysis/synthesis tool. We 

introduce here the Discrete Fourier Transform pair for periodic discrete 

functions with period N: 

x[n] = -YX[k]eJM'')k" 
N h (1.1) 



N-l 
-j(2n/N)kn X [ k ] ^ x [ n ] e - ' ^ ( 1 2 ) 

where: 

jc[n] is a real valued sequence 

X[k] is a complex valued sequence 

N is the period of the sequence x[ri\ 

Equation (1.1) is known as the Fourier synthesis equation, which expresses 

the discrete signal x[n] in terms of a Fourier Series. Equation (1.2) is 

called the Fourier Analysis equation. The sequence X[k] is known as the 

Fourier coefficient series, and it contains information about the frequency 

content of the original signal x[n]. The frequency information in (1.2) is 

also discrete. We can obtain the discrete Fourier Transform by evaluating 

the continuous Fourier Transform at discrete intervals. The continuous 

Fourier analysis equation is: 

X(eJ<0)=^x[n]e J<m (1.3) 
n=0 

By comparing (1.2) and (1.3), we see that X[k] is obtained by sampling 

X(ejm) at N discrete, equally spaced frequencies between co = 0 and co = 

2Ky i.e. : 

XW\ = X(eia) 1 ^ ^ ( 1 4 ) 



The equations above assume that the sequence x[n] is periodic; 

X(ejc0) then being the Fourier coefficients corresponding to the transform 

of one period of x[ri\. The same assumption holds if we represent x[n] as 

a single period of length N and set to zero all the other values of the 

sequence. The analysis of a signal which is not periodic requires the 

application of the Fourier transform in blocks, by means of the application 

of an analysis window of finite length. This operation can be represented 

by the convolution of the modulated sequence x[n]e~j(on with the analysis 

window: 

oo 

X[n,k]= ^w[n-m]x[m]e-j(2jl,N)km (1.5) 
m=«*> 

For a symmetric analysis window of length L, we can write: 

1-1 
X[n,k]- ^w[m\x[n + m]e~^2nlN)km (1.6) 

m=0 

The sequence X[n,k] can be thought of as the Discrete Fourier 

Transform of the sequence w[m]x[n + m]: 

w[m]x[n + m] = — n,k]ej(2jc,N)km (1.7) 
N k=0 

and we can therefore recuperate the signal in the interval from n through 

(n + L-1) using [Oppenheim 1989]: 

x[n + m] = - — Y X[n,k]ej{2n'N)km (1.8) 
Nw[m] ̂  
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The variable N is called the DFT size, and it determines the 

frequency resolution. The variable L is the number of non-zero samples in 

the windowing function w. Since we need at least as many points in the 

Fourier transform as in the signal segment we are analyzing (for 

reconstruction), the DFT size must be greater than the window length, i.e., 

N>L. 

The equations above define the windowed Fourier Transform, also 

called the time dependent Fourier Transform. We can extend the concept 

of local analysis to the entire length of the signal x[ri\ by applying the 

windowed Fourier Transform repeatedly. If we apply the windowed 

Fourier Transform at every sequence of R samples, we can represent the 

whole sequence x[n] by means of the following equation [Oppenheiml989]: 

L-1 

X[rR,k]= ^4r/?+m]w[m>~y(2,r//V)fen
 9) 

m=0 

The application of (1.9) to a signal can be illustrated by means of a 

sampling grid in time-frequency space [Oppenheim 1989], [Daubechies 

1990], and [Akansu 1993]: 



2it 
N-1 

2n/N 

0 0 

0 

0 

R 

1 

2R 

2 

3R 

3 

n 
r 

Fig. 1.1: 
Windowed FFT sampling points 

in the time-frequency plane 

The reconstruction equation for the synthesis formula above was 

given in the continuous case in [Daubechies 1990], and is also derived in 

[Akansu 1993]. A function fit) can be reconstructed from a series of its 

windowed Fourier Transforms through the following equation: 

m = I X[m, - kT0) (1.10) 
m k 

The variable Q0 is defined as the minimum frequency resolution, 

and the variable T0 is the translation parameter which shifts the windowing 

function to the analysis interval. In order to make the above equation 
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applicable to discrete time signals, we sample f ( t ) at discrete intervals, and 

form the sequence x[n]. To make the notation conformant to (1.9), we 

substitute Q0 = and T0 = R. The discrete time equivalent to (1.10) is 

therefore: 

= Xlm,k]eJ("m)h"w{n-kR) ( 1 ) ] ) 

™ m k 

This last result gives rise to interesting considerations about the relation 

between the variables R and N. In [Daubechies 1990] the condition 

Q0t0 < 2K is necessary so that (1.10) holds; furthermore, the frequency 

sampling is said to be critical as £J0T0 >2k. If we refer to (1.11), these 

conditions are equivalent to the constraint R<N, with a critical sampling 

occurring at R = N. In other words, the size of the DFT transform must be 

larger than the size of the window length which in turn must be larger than 

the interval between consecutive DFTs; or, N>L>R. This last result is 

also derived in [Oppenheim 1989]. The critical case is N = L = R, or the 

most efficient sampling grid which allows perfect reconstruction. 

1.3 Technical Difficulties in Time Delay Estimation 

The previous section outlined a method for time-frequency 

decomposition (1.11) of the discrete sequence x[n]. This type of 

decomposition is the underlying basis of modern passive array 

beamforming. We will now investigate the problems associated with this 
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approach, and explore the limits of frequency and time localization 

supported by the Fourier Transform. 

The Fourier Transform has a well-known limit for time-frequency 

localization, known as the uncertainty principle. Simply stated, the 

uncertainty principle for a Fourier Transform pair g(t)< »G(Q) is the 

constraint: 

4 (Trcrn>J- (1.12) 

where: 

, j'2ls(')l2Jt J _2 Jn2|G(n)|2<;n 
<Jr-r, 7i > and Oa-:, 13 (1.13) 

\\g(tfdt a ||G(£J)|2d£J 

The variables oT and crQ are therefore the Root Mean Squared (RMS) 

measure of the spread of the functions g(t) and G(Q), respectively. This 

result imposes a trade-off in time-frequency localization: the sharper the 

time localization, the worse the frequency resolution becomes, and 

conversely, a better frequency resolution imposes a poorer time 

localization. Furthermore, any particular trade-off between time and 

frequency localization will have to be applied to the whole time-frequency 

plane, since the Fourier Transform uses a fixed length analysis window. 

This phenomenon can be illustrated by the following grid [Akansu 1993]: 



3£2o 

2Qo 

Qo 

0 

2 g t 

2an| 

XI T2 13 

Fig. 1.2: 
The uncertainty principle and time-frequency resolution 

The STFT has been the main tool for signal analysis in underwater 

acoustics for many years. Most modern beamforming systems utilize the 

STFT in all stages of signal processing, such as frequency domain filtering, 

Signal Cross Correlation and Homomorphic Deconvolution. Nevertheless, 

modern systems continue to have a poor performance in shallow waters, 

where many short duration signals occur. It has been discovered that the 

pause for this degradation in performance is that the Fourier Transform 

does not yield an optimal distribution in the critical trade-off between time 

and frequency resolutions. Recently, another technique for signal analysis 

has been proposed, one that yields an optimal trade-off between time and 

frequency resolutions, which has been called multiresolution signal 

decomposition. The theory of multiresolution signal decomposition 
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emerged from the consolidation of different ideas, such as the Gabor 

transform, subband coding and multirate filter banks. The common thread 

in these different fields is its underlying mathematical foundation, which is 

the Wavelet Theory. 

The name Wavelet Transform was proposed by the theoreticians 

which first presented it to the world, a group known as the French School, 

represented by Morlet, a geophysicist, Grossman, a physicist and Meyer, a 

mathematician. The theory of Wavelets then received a comprehensive 

treatment by Daubechies [Daubechies 1992] and Chui [Chui 1993]. It was 

then discovered that the wavelet transform offered a common mathematical 

framework with which different techniques — such as subband coding and 

multirate filters — could be studied. In the next section, we compare the 

Wavelet Transform to the Fourier Transform, and point out the advantages 

of the former. 

1.4 The Wavelet Transform 

It is not the objective of this dissertation to rigorously reintroduce 

the Wavelet Transform, and Wavelet Theory. The reader is instead 

referred to the large bibliography in the field. A comprehensive 

introduction can be found in [Daubechies 1990], Daubechies [1992] and 

[Chui 1993]. In this section, we introduce the fundamental Wavelet 

Transform pair [Daubechies 1990] and compare the time-frequency 

sampling of the Wavelet Transform to the regular sampling of the Fourier 

Transform discussed in the previous section. 
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The Fourier transform uses as basis functions the complex 

exponential function and its translations. The Wavelet Transform, on the 

other hand, uses the concept of scaling instead of modulation. As a result, 

the basis function used in the Wavelet Transform can be real or complex. 

If we consider the following Fourier Transform pair: 

>¥(£2) (1.14) 

then, [Daubechies 1990]: 

1 / 1 

We note that a is a scaling parameter, and that an expansion in the 

time domain yields a contraction in the frequency domain, and vice versa. 

It has been shown that this relationship is nonlinear [Daubechies 1990], 

[Chui 1992]. The function y/(t) can then be indexed according to the 

scaling parameter a and a translation parameter b : 

/ x 1 ( t - b \ 
= (1.16) a J 

We are now ready to define the Wavelet Transform as the inner 

product [Akansu 1993]: 

+oo 

Wf(a,b)= J Hfab{t)f\t)dt = (Yab*f) (1.17) 
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As we can see, the Wavelet Transform is basically an inner product 

of the basis wavelet functions with the input signal (the asterisk denotes 

complex conjugation). For real functions / (and all input functions of 

interest to this dissertation are real), we can rewrite the inner product above 

as: 

+ 0 0 

Wf(a,b)= J ¥ * • ( ' ) / (t)dt = ( ¥ a b j } (1.18) 
—CO 

The basis wavelet functions are scaled and translated by the 

parameters a and b respectively. Compare this to our doubly indexed 

transform in (1.6), where X[n,k] is indexed with a time dimension n and a 

frequency dimension k, which is the parameter in the complex modulation. 

Similarly, W(a,b) has a time dimension in the translation parameter b and 

a scaling parameter a, which is related to the frequency content of the 

scaled wavelet. As was pointed out above, a contraction in the time domain 

is accompanied by an expansion in the frequency domain, so this 

corresponds to using narrow analysis windows at high frequencies and wide 

analysis windows at low frequencies. The following time-frequency 

sampling grid illustrates this phenomenon: 



13 

Fig. 1.3: 
The Wavelet Transform sampling grid 

in the time-frequency plane 

The diagram above illustrates the principal motivation for using the 

wavelet transform: nonuniform time-frequency sampling. This is a feature 

of the Wavelet Transform which is especially appealing to the analysis of 

signals in which short bursts occur in the high frequencies, and low 

frequency signals tend to change much slower. Such a paradigm is 

frequently found in nature, with abundant occurrences in the sound 

spectrum, and specifically in the underwater medium, which is of special 

interest in this dissertation. 
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1.5 Importance of the Research 

The main objective of this dissertation is the application of the 

Wavelet Transform to the digital processing of underwater acoustic signals, 

with specific applications to digital beamforming. The importance of this 

research is supported by the fact that the Wavelet Transform was 

formalized very recently, with most researchers agreeing that Wavelet 

Theory was formalized in the 1980's, by works such as [Daubechies 1988]. 

This development came long after most of the modern digital signal 

processing for underwater applications had been developed. 

The development of modern underwater signal processing techniques 

had its peak during the cold war, when nuclear submarines navigating in 

deep water posed a major threat. The objective of detecting such 

submarines lead to the development of beamforming techniques applied to 

the reception of planar wavefronts which emanate from great depths, and 

are usually of long duration. These systems therefore lack the ability to 

detect transient signals of short duration, and show severe degradation when 

in operation in shallow waters. The causes for this degradation are 

associated with the fact that the shallow water environment is rich in short 

duration transients and in non-planar wavefronts. The adequate processing 

of signals with these characteristics requires a time-frequency 

decomposition with a very accurate time delay estimation for short-time 

signals, especially at high frequencies. As we have demonstrated in the 

previous section, the sampling of the time-frequency space of the Wavelet 

Transform may provide this extra amount of precision. 

Furthermore, the development of the Wavelet Theory has been for 

many years restricted to pure mathematics, and there is a need for the 
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research of its applications in Digital Signal Processing. A number of 

advances have been reported recently in image compression, a field where 

schemes which use wavelet-based algorithms are becoming a standard. A 

few applications have already been extended to speech encoding, but the 

applications to the processing of underwater signals are still under study 

[Friedlander 1992]. This dissertation contributes to this research by 

introducing a multiresolution framework for signal beamforming which is 

based on the Wavelet Transform. 

1.6 Proposed Design and Implementation 

The beamformer proposed in* this dissertation is aimed at achieving 

superior resolution and performance in the following tasks which are 

related to underwater sonar systems. 

1.6.1 Transient Signal Detection and Target Localization 

The detection of transient signals, and the localization of targets are 

usually obtained by the cross-correlation of the input signal from at least 

two spatially separated sensors. This dissertation introduces a 

multiresolution cross-correlation algorithm which offers significant 

advantages over the traditional Fourier Transform-based approach. 

1.6.2 Time Delay Estimation 

The estimation of the time delay in the arrival of the wavefront at 

the various elements of an hydrophone array is of primary importance for 
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the beamforming operation. A procedure for the correct estimation of this 

time delay in a multiresolution environment is discussed in this dissertation. 

1.6.3 Estimation of an Optimum Frequency Bandwidth for Signal 

Reception 

Various processing techniques rely on the estimation of a frequency 

bandwidth which contains most of the energy of the target signal. The 

knowledge of this bandwidth makes possible the enhancement of the target 

signal's signature over the embedding background noise. This dissertation 

introduces a procedure for the estimation of this bandwidth based on the 

projection of the input signal onto orthogonal spaces of adjacent 

bandwidths. The projected sequences are cross-correlated, and a detection 

probability is then estimated. The projected sequence with higher detection 

rate is shown to have an optimum bandwidth for signal processing. 

1.7 Contents of the Dissertation 

This initial chapter introduces the topic of the dissertation and 

outlines the difficulties of accurately estimating the time delay in the arrival 

of wavefronts at spatially separated sensors using the Fourier Transform. 

We then introduce the Wavelet Transform which is shown to have a 

superior time-frequency localization. The discussion is then centered on the 

application of the wavelet transform to the three basic tasks associated with 

an underwater sonar system: high resolution beamforming, transient signal 

detection and optimum bandwidth estimation. 
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Chapter 2 is a review of the literature, and it contains a discussion of 

the convergent evolution of three distinct fields: Wavelet Theory, 

Multiresolution Analysis, and Multirate Filter Banks. It is shown that these 

fields converge in the formulation of two-band, paraunitary, Perfect 

Reconstruction, Finite Impulse Response Quadrature Mirror Filters (PR 

FIR-QMF). 

Chapter 3 considers the changes in time dimension and sampling rate 

in a multiresolution framework. 

Chapter 4 introduces the generalized signal correlator, a traditional 

technique for signal cross-correlation. 

Chapter 5 introduces the realization of signal cross-correlation in a 

multiresolution framework. 

Chapter 6 introduces the concept of fractional time delays, and their 

relevance in a Multiresolution environment. 

Chapter 7 contains an analytical analysis of the gains obtained by the 

application of the multiresolution algorithm instead of the traditional 

generalized cross-correlator. 

Chapter 8 presents the results of empirical experiments, which 

confirm the expectations of the analytical analysis outlined in chapter 7. 

Chapter 9 is the conclusion of the dissertation which includes a 

discussion of the advantages of the proposed design over traditional 

techniques. 



CHAPTER 2 

REVIEW OF THE LITERATURE 

2.1 Overview 

The preceding chapter introduced the Wavelet Transform as an 

alternative to the Fourier Transform for time-frequency decomposition, 

and outlined its advantages. We shall now review the evolution of the 

Wavelet Theory [Daubechies 1992] and [Chui 1992], and its parallel with 

other approaches, nominally Multiresolution Analysis [Mallat 1989] and 

Multirate Filters [Vetterli 1992] and [Crochiere 1983 ]. We shall show how 

a particular type of Multirate Filter can be used to construct orthonormal 

wavelet basis functions, which can be used in the framework of 

multiresolution signal decomposition. 

2.2 Wavelet Theory 

Comprehensive coverage of Wavelet Theory can be found in 

[Daubechies 1992] and [Chui 1992]. In this dissertation, we only introduce 

the Discrete Wavelet Transform and discuss constraints necessary to assure 

perfect reconstruction. We begin by recalling the continuous Wavelet 

Transform, which was introduced in chapter 1, where we defined the basis 

functions 1/^(0 as: 

= (2-D 

18 
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The Wavelet Transform W(a,b) is then obtained as: 

+<*» 

Wf(a,b)= Jv'MOf (.t)dl = (VatJ) (2-2) 

One of the most desirable characteristics of an analysis tool (for the 

purposes of this dissertation) is the ability to recover the enhanced signal 

after it has been processed. This operation is assured if the transform above 

is invertible. In an earlier result, from optical analysis [Klaunder 1968] and 

later [Akansu 1993], it has been shown that the transform is invertible if, 

and only if, the resolution of identity holds: 

m = ~ f \ : ~ W f ( a , b ) V Mt ) (2.3) 
C¥

 J-~Jo a 3 

where: 

c . - r K f U 

One of the most important constraints so that (2.3) holds is, of course, that 

y/(t) must satisfy the admissibility condition. A wavelet function is defined 

as admissible if [Grossman 1986]: 

cv< oo (2.5) 

An important consequence of condition (2.5) is that the DC gain ¥ (0) must 

vanish: 
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¥(0) = f y/(t)dt =0 (2.6) 
J - o o 

This result allows the interpretation [Akansu 1993] of y/(t) as the 

impulse response of a bandpass filter with fast decay. We shall use other 

analogies of the wavelet functions to bandpass filters, notably in the discrete 

domain. In order to apply the Continuous Wavelet Transform (2.2) in the 

discrete domain, we must discretize the scale and translation parameters. 

This leads to the following formulation of the representation of a function 

by means of its Wavelet Series [Rioul 1992] and [Daubechies 1990]. We 

start by discretizing a and b as: * 

a-a^ b = nb0ciQ (2.7) 

so that: 

(2.8) 

Then the representation of a continuous function / e L2 (R) by means of a 

Discrete Wavelet Series is given by [Rioul 1992] and [Akansu 1993]: 

/ O = X I X . » V » v , ( 0 (2.9) 
m n 

where the wavelet series coefficients dm „ are defined to be: m,n 

dm,n ={f(O,¥m,n(^) = -^rif(t)¥(a0
mt-nb0)dt (2.10) 

a 0 2 
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The representation by means of the Wavelet Series is only possible 

if the wavelet set {y/m<n} is complete in l}{R), in which case the set { y / m n} 

is also called affine wavelets [Akansu 1993]. Such sets are called frames 

[Daubechies 1990]. Frames do not as yet constitute a basis, and additional 

constraints must be imposed so that the wavelet set constitutes an 

orthonormal basis. For any wavelet set, it can be shown that [Daubechies 

1990]: 

s X X | ( / , v O f S f i l / f (2.11) 
m n 

where: 

= J| (2.12) 

The necessary conditions such that the wavelet family { 

constitutes a frame are that the wavelet y/(t) be admissible and that the 

following relationship holds: 

0 < A < 2 ? < o o (2.13) 

If this condition holds, then the frame bounds are restricted by the 

following relationship [Daubechies 1990]: 

V o g < v |Q| 
A < , " (2.14) 



22 

Furthermore, a frame is tight if: 

A = B = 1 (2.15) 

But the condition (2.15) for tightness does not yet ensure that the 

members of the wavelet set {\ymn} are linearly independent, because there 

might still be some redundancy in the set. We define an exact frame as a 

non-redundant frame, i.e., a frame in which the removal of a function 

leaves the frame incomplete. Finally, a tight, exact frame constitutes an 

orthonormal basis for l}{R). It is important to constrain the wavelet set so 

that it becomes an orthonormal basis because then the Parseval Relation* 

for the conservation of energy holds. This characteristic is essential to 

ensure perfect reconstruction. 

By definition, the members of the orthonormal wavelet sets {\ffm n} 

satisfy: 

1, m = ni, n = ri 
« L • (2-16) 
0 otherwise 

In the sections that follow, we shall see how we can construct 

orthonormal wavelet sets in a multiresolution analysis framework, and also 

in the context of Multirate Filter Banks. 
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2.3 Multiresolution Analysis 

Multiresolution analysis is a technique used to construct orthonormal 

wavelets of compact support by analyzing a signal at different resolutions. 

It was originally developed by [Meyer 1990] and [Mallat 1989]. We 

introduce here the mathematical definition of a multiresolution analysis 

space as it appears in [Vetterli 1992], [Chui 1992] and [Akansu 1993]. 

According to [Akansu 1993], a multiresolution analysis space consists of a 

sequence of closed subspaces [Vm\me Zj of L2(/?)> which has the 

following properties: 

(i) Containment: 

...V2 c Vx c V0 c V_j c V_2... (2.17) 

(ii) Completeness: 

n V m = (0} yjVm = L\R) (2.18) 
meZ meZ 

(iii) Scaling Property: 

fix) eVm& /(2x) e (2.19) 

for any function f(x) e I?(R). 

(iv) The Basis/Frame property: There exists a scaling function 

<j>(t) e V0 such that Vm e Z, the set 
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{ ^ I ( f ) = 2 - % 2 - " t - n ) } (2.20) 

is an orthonormal basis for Vm, i.e.: 

= (2.21) 

where 8 is the Kronecker symbol, defined by: 

sjk ~ 
1, j = * (2.22) 
0, otherwise 

i.e.: 

Furthermore, let Wm be the orthogonal complement of Vm in Vm_v 

= ; Vm ±WM (2.23) 

Finally, let the direct sum of the possibly infinite spaces Wm span 

L2(R), i.e.: 

...Wj © Wj_l...®WQ...W_j+l © W_j+2...= L2(R) (2.24) 

where the plus sign in the circle indicates the orthogonal sum. 

We are now ready for an example, which we take from [Vetterli 

1992]. Let V0 denote the space of all band-limited functions with 

frequencies in the interval { -k , tc). Then the set of functions 

<!>(x -k) = sinc(x -k) = s*n(^(* *)) ^.25) 
K(x-k) 
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with k e Z, forms an orthonormal basis for V0. Similarly, let V_x be the 

space of band-limited functions with frequencies in the interval 

(-2 n, K) u ( - K, 2 J I ) . Then the set 

V2sinc(2x-k), keZ (2.26) 

is an orthonormal basis for V^. We see then that the containment property 

is respected, since 

c (2.27) 

The scaling property is also obeyed, since if x(t) e V0, then 

x(2t) e V_x. Now, call W0 the space of bandpass functions with frequencies 

in the interval (-2/r,-7r)u(;r,2;r). We see then that the frequencies in WQ 

complement the frequencies in V0, yielding the space V_v In other words, 

W0 is the orthogonal complement of V0 with respect to V_lt and we write: 

V_! =v 0 ©w 0 (2.28) 

The equation above illustrates the fact that V_x is equivalent to VQ 

plus some added detail WQ. This interpretation is essential in understanding 

the way a signal is decomposed in a multiresolution analysis framework. 

The space WQ is defined by the wavelet basis functions which span it, and 

the space V0 is defined by the function (j>0(x), which is called the scaling 

function. By the scaling property, if {<j)0(x-k),k e Z} forms a basis for VQ 

, then {V20o (2x -k),ks Z} forms a basis for V_v Now, we can obtain 
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the function 0O (*) e fr°m 0o(2*)= 0 - i U ) e V-i* s i n c e by the 

containment property V q C ^ . To do so, we note that V_x has double the 

frequency bandwidth of VQ , and we can therefore define 0O 0 0 (in the 

discrete case) as a perfect low-pass filter with impulse response cn [Vetterli 

1992]: 

V2c„ = s i n ( ' m / 2 ) (2.29) 
7tn/2 

We can therefore write (j)0(x) as: 

0o (*) = Xcj0(2x-n) (2.30) 
fl=—oo 

The equation above illustrates how 0O (a:) can be obtained by low-

pass filtering the function <t>0(2x) = Q^ix) e V_v The orthogonal 

complement of (f>0(x) e V0 is then given by the wavelet function \f/Q(x) 

which spans the high frequency space W0. In our example, we obtain 

y/0 (x) in the discrete case by collecting the high frequency part of 

<pQ(2x) e V_v which is achieved with the convolution of <j>0(2x) e with 

the filter with impulse response cn (2.29) modulated by (-1)". An 

additional shift by one is necessary to include sine(TEt), and therefore 

y/0(x) is given by [Vetterli 1992]: 

oo 

Vo(*) = I ( - l ) V „ J 0 ( 2 i - ( i ) (2.31) 
n=—oo 
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And in general: 

VM= Z(~1)"cn-i0i(2*-/i) ; V/gZ (2.32) 

Now, since &(*) e V,. and y/^x) e Wi cover disjointed regions of 

the frequency spectrum, we have: 

Vi (x - k)L<pi (x - k) ; Vi e Z (2.33) 

Since the translates of <f)0(2x — n) in (2.31) are even, we note that the 

inner product: 

(^(x-k),Wi(x-I)) = V ; V/gZ (2.34) 

Furthermore, since y/i(x) spans all of the above result implies 

that \ffi(x) and its integer translates form an orthonormal basis for Wt. 

Finally, since the sum of all Wt spans L2(R), we can say that the function 

V«U) and its integer translates form an orthonormal basis for l}(R). We 

can write this basis as the following set: 

Vi, M = {2 p v(2'x- ;•), i,j e z} (2.35) 

Note that the equation above corresponds (2.8) with a0=2 and 

b0 = l, since in our example the halfband low-pass filters define a dyadic 

grid. 
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2.4 Multirate Filters 

The subject digital filters is immense, and the bibliography on the 

subject is abundant. Therefore, it is our objective to show how the wavelet 

basis functions defined in the above section are essentially equivalent to the 

specifications of a very special class of digital filters, named two-band, 

paraunitary, perfect reconstruction quadrature mirror filters, which we 

abbreviate as 2-band, paraunitary PF FIR-QMF. In this section we assume 

that the reader is familiar with the basics of digital signal processing 

[Oppenheim 1989], [Hamming 1990], and concentrate on demonstrating 

results from the literature which elucidate the relations between digital 

filters and the wavelet basis functions. We also assume some familiarity 

with multirate filters, and a good coverage of the subject can be found in 

[Crochiere 1986], [Vaidyanathan 1993]. The main purpose of this section is 

to define a class of digital filters which is equivalent to the orthonormal 

wavelets described in the previous section. We begin by defining each of 

the attributes in the above mentioned class of digital filters. 

2.4.1 Two-band: The two-band attribute implies frequency decomposition 

into two bands. We have seen in section 2.2 how we defined spaces based 

on the frequency span of the scaling and wavelet functions. We have also 

used a halfband low-pass filter (2.29) to define the scaling functions (2.30). 

The use of frequency decomposition by two-band filters gave rise to the 

study of multirate filter banks [Crochiere 1986], a field which is closely 

related to the multiresolution framework defined in the previous section. 
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2.4.2 Paraunitary: The paraunitary requirement implies lossless filters. 

This special class of filters has the feature that the analysis (frequency 

decomposition) and synthesis (signal recovery) filters are essentially the 

same (within a time reversal). The name paraunitary refers to the property 

that if we denote the filter matrix to be H and its time reversed version to 

be H, then: 

HH = I (2.36) 

2.4.3 Perfect Reconstruction: A perfect reconstruction system implies that 

if we apply a transform T[] to a signal, then there exists a transform T~l[] 

which permits the complete retrieval of the original signal. The perfect 

reconstruction characteristic is highly desirable in systems where no loss of 

information can occur. 

2.4.4 Finite Impulse Response: A filter (discrete time system) can be 

completely characterized by its impulse response. The impulse response is 

defined as the response of the system to a single impulse denoted 8[n - k] 

single impulse at time k, [Oppenheim 1989]). A system is called FIR 

(Finite Impulse Response) if the system response is of finite length. This 

characteristic ensures the stability of the system [Akansu 1993]. 

2.4.5 Quadrature Mirror Filters: The term quadrature filters is linked with 

a family of filters which were employed in the context of subband coding 

with the objective of lowering the sampling rate of different frequency 

components of the signal. Filters which employ quadrature modulation 
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x[n] 

perform a frequency shift of the signal by the multiplication with sinusoidal 

functions, and the signal can then be filtered and downsampled [Akansu 

1993], [Crochiere 1986], [Vaidyanathan 1993]. The overall scheme of a 

quadrature modulation is as follows: 

cos(coon) i cos(ouon) 

( 8 - » | h . [ n ] — H 0 ) 1 ho[n] 

r h,[n; R , [n ] 

y[n] 

sin(coon) sin(coon) 

Fig. 2.1: 
General scheme of a Quadrature Mirror Filter: 

x^n' is the input sequence 

is the output sequence 

<8> denotes pointwise multiplication 

h o [n ] 
denotes convolution with the 

filter whose impulse response is h()[n] 

denotes downsampling by a factor of M 

denotes upsampling by a factor of M 

© denotes pointwise addition 
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After the signal has been frequency shifted and convolved with the 

impulse responses of the filter pair, it is then downsampled by a factor of 

M. The downsampling factor is related to the frequency bandwidth of the 

filters used. This processing step is called signal decomposition, or 

encoding phase. After a signal has been encoded in this fashion, it can then 

be reconstructed with the decoding operation. The decoding procedure 

consists of first upsampling by the same factor M used in the encoding 

(accomplished by the insertion of M zeroes between adjacent samples), 

followed by the convolution with the complement of the filter pair (which is 

just a time-reversed impulse response in the case of paraunitary filters). 

Finally, the signal components are frequency shifted again, in order to 

restore the original bandwidth, and both components are added, resulting in 

the filtered sequence y[n]. 

Now, a filter pair with impulse responses /^[n] and \[n] is called a 

mirror filter if the following relationship holds: 

Al[n] = ( -1)%[»] (2.37) 

We note that the filter used in the multiresolution framework of 

section 2.3, (2.31), is a mirror filter. In the next section, we give an 

example of a multiresolution signal decomposition which is essentially 

equivalent to the application of a two-band, paraunitary PR FIR-QMF. 

2.5 Multiresolution Signal Decomposition 

In section 2.1, we showed that the wavelet functions span L?(R), and 

therefore any discrete signal x[n] e /2(Z) (the space of all square summable 
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discrete functions) can be decomposed by means of the Wavelet Series 

defined in (2.9). We now show how the signal x[n] e /2(Z) can also be 

decomposed by means of a Multiresolution Signal Decomposition. A 

Multiresolution Signal Decomposition is a decomposition of a signal by 

means of projections into spaces with adjacent frequency bands. This 

operation implies the representation of the signal by means of coefficients 

which have been named in the literature [Rioul 1992], [Vetterli 1992], 

scaling and wavelet (or detail) coefficients. The decomposition process 

results in a Multiresolution Pyramid Decomposition of the signal [Akansu 

1993], [Mallat] 1989,], [Meyer 1990], [Rioul 1992], [Vetterli 1992]. The 

operation which accomplishes this objective has been named in the literature 

Discrete Wavelet Transform (DWT). 

The decomposition of a signal cannot be realized in the discrete case 

as the infinite sum of equation (2.9). Instead, a signal is decomposed into 

wavelet coefficients series as far as possible, or desired. But since the 

wavelet function used in the decomposition process is bandwidth limited 

[Akansu 1993], a low frequency residual will always be present. The 

formulation of the DWT therefore consists of a wavelet series plus a 

residual low frequency (scaling) series. The formal presentation of this fact 

can be found in [Akansu 1993], and is rather lengthy and is not within the 

scope of this dissertation. This important fact means that the only possible 

realization in the discrete domain of signal by means of orthonormal 

wavelet basis functions of compact support is by means of 2-band, 

paraunitary, FIR quadrature mirror filters; and conversely, a 2-band, 

paraunitary PF FTR-QMF filter pair (such that the wavelet impulse response 
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respects the admissibility condition) implies an orthogonal wavelet basis of 

compact support. 

Since the wavelet function is proved to be a bandpass function, it 

now makes sense to generalize the definitions of wavelet and scaling 

functions which were used in the example in section 2.3, which are derived 

from their impulse responses. We repeat the definitions from 2.3 here for 

convenience. The scaling function was defined as a convolution of the 

higher resolution function 0(2*) with the ideal halfband low-pass filter 

with unit sample response cn: 

M*) = Xcn(j>(2x-n) (2.38) 
fizz—CO 

In the discrete domain, we approximate the ideal halfband low-pass 

filter with a Finite Impulse Response Filter (FIR) with impulse response h .̂ 

We can then represent the scaling functions <j>(x) in the discrete domain 

with the series <}>[n]: 

(l>[n] = YJhQ[ky}>[2n-k] (2.39) 
*=o 

In the Digital Signal Processing notation, this equation is realized by 

means of the decimator operator: 

ho[n] 

Fig. 2.2: 
The signal decimator 
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The block which is labeled h0 performs a convolution with the FIR 

filter with system response . The symbol ® is a downsampling 

operation, which discards every other sample. We see how discrete 

sequences are scaled by means of a convolution-downsampling combination. 

This operation is reversed by the interpolator operator, which introduces 

zeroes between two adjacent samples prior to the convolution operation: 

Fig. 2.3: 
The signal interpolator 

Similarly, the wavelet functions defined in (2.9) for the continuous 

case as: 

M 

V(x)= X ( - l ) V i ^ ( 2 * - n ) (2.40) 
rt=- oo 

can also be digitally implemented with the decimator circuit. 

Consequently, we now approximate the modulated impulse response 

.of the ideal halfband filter, ( - l y c , ^ ; using a high-pass FIR filter with 

impulse response hx. The impulse responses of the filter coefficients for the 

wavelet functions \ are related to the coefficients of the scaling function 

by: 

W n ^ i - l T h o i L - n + l] (2.41) 
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The wavelet functions are therefore represented in the discrete 

domain as: 

^n] = XAi[*M2n-*] (2-42) 
k=Q 

Note that this is equivalent to the convolution with a filter with 

impulse response \ followed by downsampling by two. Again, the digital 

circuit for the realization of the wavelet functions at different resolutions is 

the decimator. Other formulations of wavelet basis functions are possible 

using a different relationship of the impulse response (2.39) of the filters in 

(2.37) and (2.40). However, the general case does not ensure perfect 

reconstruction, and we therefore confine our attention to the so-called 

mirror filters which respect (2.41). Similarly, it is possible to decimate by 

factors other than two, but we shall limit the scope of our present discussion 

to the two-band case. 

We now double index these functions as in (2.8), setting a-2 and 

b = 1 (using a dyadic grid): 

0i>M = 2~'/2 0[2~'« - j] (2.43) 

Vi,-[n] = 2~ ,yV[2"'n-;] (2.44) 

These functions are used to obtain a multiresolution decomposition 

of a signal. In the discrete domain, the starting point of a Multiresolution 

Pyramid Decomposition is the maximum resolution space, which for 
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discrete signals is represented by the original sampling rate. Let us call this 

space VQ. Now, we wish to decompose the signal into two adjacent 

frequency bands, i.e., we divide the signal into two time series by means of 

a halfpass filter. We call the low-pass series the scaling coefficients s and 

we refer to the high-pass series as the wavelet coefficients w. We start with 

the signal x[n] e V0. Since VQ = Vl © Wj; we can express x[n] e V0 by 

means of its projections into the complementary spaces Vj and Wv The 

decomposition of the signal x[n] e VQ is therefore written: 

x[n] = £ su<pIJt [n] + X »fw Vt,( M (2.45) 
k k 

The equation above is a Discrete Wavelet Transform of the signal 

x[n], restricted to one decomposition stage, or octave. The terms wlk are 

the wavelet coefficients in the space Wl and the terms slk are the scaling 

coefficients. The wavelet coefficients have been previously defined in the 

continuous case in (2.10) as the inner product: 

(0» (0)= o t — i\b^)dt (2.46) 
ao 

In the discrete domain, and for orthonormal wavelets of compact 

support, this has been shown to be approximated with the function: 

=^x[n]y/iJ[n] (2.47) 
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Similarly, the discrete scaling coefficients are defined: 

Sij — X M (2.48) 
n ' 

The following derivation shows that the wavelet coefficients can be 

obtained from the discrete convolution of the original series x[n] e VQ with 

the filter having impulse response followed by a downsampling by 2 (as 

in the scaling operator): 

wij = yLxM¥ij[n] ; (2.46) 

n 

1 ; by (2.43) 

1 L~ l 

w<J = jfLxW'LhiM<l>l>i-2j-k] ; by (2.40) 
n k=0 

j L-1 
W = XK MXx[nMn- 2j- k] 

L-1 
Wi 1 

-./0 
k—0 n 

| L-1 Wl'j = Jf 2 [^0,2 y+* 
Jfc=0 

k=Q 

The last step shows how the wavelet coefficients are directly obtained 

from the scaling coefficients from the higher resolution space V0. These 

can be defined to be the original sequence itself, so the last equation 

W ' - J ~ ^ 2 ^ i
l h l k ~ 2 ^ s o , t (2.49) 
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reduces to : 

w > , j = - l ? Y l W
k - 2 n x l k ] (2.50) 

k=o 

in this first decomposition step. If the decomposition is continued, the next 

wavelet coefficients w2 j e V2 are obtained from the scaling coefficients 

sUj € Vx by iterating (2.48). The coefficients in (2.46) can now be defined 

in general as: 

w , J = 2 - ' ' 1 J t h l l k - 2 ' j } x [ k ] (2.51) 
k=0 

Similarly, the scaling coefficients are: 

S,J = 2 - I 2 j A o I k - 2 l j } x [ k } (2.52) 
k=0 

A signal which is decomposed in this fashion can then be 

reconstructed by reversing this process. This is accomplished by 

upsampling by 2 the scale and wavelet coefficient series followed by 

filtering with their time-reversed impulse responses (which we denote as Hq 

and , respectively). This is an operation achieved by the interpolator 

operator. We can now reconstruct the signal x[n] e V0 which has been 

decomposed into J octaves labeled j = 1,...,7 as follows: 

J L-1 _ L-1 

x[n\ — ^ /ij[w — 2 J k \ + ^ S j k h o l n - 2 ' k ] (2.53) 
j-\ *=o k=o 
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The above equation shows how the signal is reconstructed by the J 

wavelet coefficient series (which represent a detail signal) plus the low-pass 

components of the Jth approximation, and is often referred to as the 

Discrete Wavelet Transform. 

2.6 A Circuit Representation of Multiresolution Signal 
Decomposition 

The following circuit diagram is a standard implementation of signal 

decomposition and reconstruction using a 2-band Quadrature Mirror Filter 

(2-band QMF) [Vaidyanathan 1993], [Akansu 1993]: 

xfnj 

>[2 h,[n] 

ho[n] ho[n] 

R,[n] 

Fig. 2.4: 
Signal decomposition and deconstruction using a 

2-band Quadrature Mirror Filter 

As we can see, the first transform of the circuit (the left side) 

decomposes the signal x[n] into a high frequency band H and a low 

frequency band L. This is the decomposition stage of the 2-band QMF, 

which is implemented using the decimator circuit mentioned in the previous 

section. The low frequency band L is obtained by the convolution with the 

filter with impulse response HQ [n] followed by downsampling by two. 
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Similarly, the high frequency band H is obtained by the convolution with 

the filter with impulse response h^n] followed by downsampling by two. 

The reconstruction stage of the 2-band QMF is represented by the 

right side, which is composed of two interpolator subcircuits. The bandpass 

components are first upsampled by a factor of two, and then convolved with 

the time-reversed impulse responses /^[n] and h^n]. If the filters are 

complementary, and if the system allows perfect reconstruction, then the 

signal y[n] should approximate the original sequence x[n] within the 

tolerance of machine precision. 

We can now construct a circuit diagram which implements the 

Discrete Wavelet Transform of the signal x[n]. We shall use 2-band, 

paraunitary PR FIR-QMFs, for the reasons previously outlined. We shall 

furthermore assume that the filters used are half-pass filters. We can then 

compute the wavelet and scaling coefficients resulting in the first 

decomposition of the signal with the following circuit: 

x(n] 

S1 [n ] 

M 2 

ho[n] 

Fig. 2.5: 
First decomposition stage of a 
Discrete Wavelet Transform 
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We have also discussed, in the framework of multiresolution signal 

decomposition, how we can decompose the signal further, by recursively 

applying the same circuit to the scaling coefficients related to the space V{. 

x[n] 

ho[n] 

h.[n] 

Si[n] 

ho[n] 

h,[n] 

Wi[n] 

Fig. 2.6: 
Second decomposition stage of a 

Discrete Wavelet Transform 

Sa[n] 

W2[n] 

The scaling coefficients can be decomposed even further, generating 

a new octave at each decomposition. This operation is carried on for a 

finite number of octaves, yielding the following multiresolution pyramid: 



Sj[n] 

S j-t[n] 

Mn Wj[n] 
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>|n| 

Si[n]i ^h»{"j ^ S2[n] 

ht[n — W 2 [ n ] 

- * Q - * # - ^ W i [ n 

Fig. 2.7: 
The multiresolution pyramid obtained from 

the Discrete Wavelet Transform 

The signal reconstruction is obtained exactly as in the case of the 

QMF in figure 4, reversing the decomposition process, as in the following 

two-stage case: 

xjnj Mn 

& t n j 

WHn 

l n | 

Fig. 2.8: 
Signal recomposition by means of the 
Inverse Discrete Wavelet Transform 

This reconstruction process has been called Inverse Discrete Wavelet 

Transform [Rioul 1992]. 
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2.7 Efficient Implementations of the Discrete Wavelet 
Transform 

Many digital implementations for the Discrete Wavelet Transform 

have been proposed. Some examples are the Binomial QMF Wavelets 

[Akansu 1993], [Daubechies 1988], the Bernstein QMF-Wavelets [Akansu 

1993], [Cheney 1981] and straight-forward FIR implementations. The 

choice of the wavelet functions should be based on the nature of the signal 

being analyzed. For image signals, it has been shown [Mallat 1992], 

[Vetterli 1992] that FIR implementations are faster than any other 

alternative. Nevertheless, if the length of the FIR filter is larger than four, 

an implementation suggested by 0. Rioul [Rioul 1992] has better 

complexity. As the length of the filter goes beyond 64, then another 

implementation suggested by Vetterli [Vetterli 1992] is indicated. A list 

comparing the complexity of the many implementations available can be 

found in [Rioul 1992]. 

In the context of the sound signals which are the subject of this 

dissertation, a filter length of 16 or 32 is indicated due to the standard 

sampling rates utilized (filter lengths are usually powers of two). 

Therefore the best choice of implementation seems to be, at the time of the 

preparation of this document, the Rioul algorithm based on fast convolution 

[Rioul 1992]. Nevertheless, the concepts discussed in this dissertation are 

valid for any choice of implementation. The Rioul algorithm is also very 

intuitive, because it is based on fast convolution. 

Fast convolution is a technique to perform the convolution of two 

signals with reduced complexity. Although the straightforward 

implementation of signal convolution takes time proportional to the square 
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of the length of the input sequences (N2), the fast convolution takes time 

proportional to NlogN, a considerable improvement for large N. The 

basic principle underlying the idea of fast convolution is that the 

convolution of two sequences can be computed by the inverse Fourier 

Transform of the multiplication of the Fourier Transforms of each 

sequence [Oppenheim 1989]. 

Besides using fast convolution, Rioul suggests another method to save 

computation time by avoiding the downsampling process, which discards 

computed information. Rather than downsampling by two after the signal 

convolution, Rioul applies a bi-phase decomposition of the input signal. 

The bi-phase decomposition divides the signal into odd and even indexed 

sequences, which are processed separately and then combined into a process 

that does not discard any computed information. This process can be better 

illustrated by means of the z-transform of the signal, which allows a clear 

representation of this decomposition process. The z-transform of a signal is 

defined: 

X(z) = 5 > t » k " " (2.54) 
n 

We can represent the z-transform of a signal as the sum of the z-

transforms of its odd and even indexed subsequences: 

X(z) = X0(z
2) + z~lXl(z

2) (2.55) 

where: 

*„(*) = £*[2 n]z-



Xl(z) = JJx[2n + l]z~n 
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(2.56) 

The objective now is to compute the convolution of the input signal 

with the low-pass (scaling) filter with impulse response /zjn] and the high-

pass (wavelet) filter with impulse response /^[n], using bi-phase 

decomposition. Since we are going to divide the transforms of the filters 

above in even and odd parts, and index them with 0 (even part) and 1 (odd 

part), we will generate a conflict in notation. Let us then call the low-pass 

filter g[n], with z-transforms G0(z)(even part)) andG^z) (odd part). 

Similarly, let h[n] be the high-pass- filter with z-transform H0(z) and 

Hx{z). We can now compute the convolution of the function x[n] with the 

low-pass filter g[n] using bi-phase decomposition and fast convolution 

[Rioul 1992]: 

G(z)X(z) = (G0 (z
2) + z~xGx (z2))(X0 (z2) + z~xXl (z

2)) 

= G0 (Z2 )XQ (Z2) + Z~2GX (Z2 )Xx (Z2) + odd terms (2.57) 

Due to the cancellation of the odd terms, we can write the output of 

the convolution as: 

Y(z) = G(z)X(z) = G0 (z)X0 (Z) + z~lGl (z)Xt (z) (2.58) 

This last important result shows that we can compute the convolution 

G(z)X(z) as the sum of the convolutions of the even and odd parts of the 

filter and signal z-transforms. The same procedure can be repeated for the 
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calculation of the convolution with the high-pass filter h[n], followed by 

downsampling by two. This is illustrated in the circuit below, suggested in 

Rioul [1992], which to implements the operation in (2.8): 

X>(z) Low Pass 
Output: 
Input to next 
DWT Cell X(z) 

High Pass 
Xi(z) 

DWT 
Coefficients 

IFFTN 

IFFTn 

Fig. 2.9: 
The implementation of the Discrete Wavelet Transform 

using bi-phase decomposition 

We can now apply the fast convolution algorithm previously 

described, which computes the multiplication of the Fourier Transform of 

both sequences and then performs the inverse Fourier Transform. We shall 

have to compute the transforms of the filters G and H only once, and store 

them for future use. This operation is denoted by the multiplication nodes 

in the following circuit: 
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(block B/2) 
FFTN 

X(z) 

(block B) 

(block B/2) 
FFTN 

FFT(Go) 

-XgT 

FFT(Ho) ^ 

FFT(G.) 
- M 8 ) 

FFT(Hi) <» 

IFFTN 

IFFTN 

Low Pass 
Output: 
Input to next 
DWT Cell 

High Pass 
Output: 
DWT 
Coefficients 

Fig. 2.10: 
The realization of the circuit in Fig. 2.9 

using fast convolution 

In the diagram above, we start with a block of length B, and we 

divide into subsequences of length B/2. The FFT algorithm is then applied 

to the signal with a window of length N. The signal is then multiplied with 

the Fourier Transforms of the filter subsequences. The filter subsequences 

must be computed only once, also with length N. Rioul points out that the 

fast convolution algorithm does not yield a true convolution, but a circular 

one (see also [Oppenheim 1989]). The wrap-around effects can be 

suppressed if, for filters of length L, the following relationship is respected 

[Rioul 1992]: 

N>LI2 + BI2-\ (2.59) 

And the block length can therefore be defined as: 

B = 2N-(L-2) (2.60) 



The circuit which reconstructs the signal can be obtained by 

reversing the operation in Fig 2.10.: 
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Low Pass input 
Output from 
the previous 
DWT Cell 

High Pass 
Input: DWT 
Coefficients 

FFTN 

FFTN 

FFT(Go) 

FFT(Ho) 

FFT(Gi) 

4 - ® — 
FFT(H.) 

L - ® ~ 

(block B/ 
IFFTN 

IFFT N 
(block B/2) 

(block B) 

Fig. 2.11 
The Inverse Discrete Wavelet Transform 

In this dissertation, we shall use the circuit in Figs. 2.10 and 2.11 as 

the basic structures to form a multiresolution decomposition of the input 

signal. 
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2.8 Summary 

We have seen how the mathematical theory of wavelets, first 

introduced by the "French School" in the late 1980's has a common ground 

with the theory of multiresolution analysis and multirate filters. The 

intersection of these three fields is the implementation of the Discrete 

Wavelet Transform by means of 2-band, paraunitary PF FIR-QMF's. The 

following diagram illustrates graphically some of the concepts reviewed in 

this chapter, and shows how these three fields converge: 

Wavelet Theory 

Frequency 
splitting 

Scaling 
Functions 

2 band, 
paraunitary, 
perfect 
reconstruction 
FIR-QMF 

Multi-
resolution 
Analysis 

Multirate 
Filters Subband 

Coding 

Fig. 2.12: 
The interaction of Wavelet Theory, Multiresolution Analysis and 

Multirate Filter Banks 
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2.9 Footnotes 

1) Parseval's Relation: The main principle underlying Parseval's Relation is 

the conservation of energy in the Fourier Transform. It basically states that 

the energy of the Fourier Transform of a function is equal to the energy of 

the original function. Mathematically [Oppenheiml989], if the following is 

a Fourier Transform pair: 

x[n]—'—tXie'0'), 

then: 

E= 2>Mf =^-f\X(eiei)\2da>. 
2 K »=-~ -n 



CHAPTER 3 

TIME AND FREQUENCY LOCALIZATION IN 

THE DISCRETE WAVELET TRANSFORM 

3.1 The division of the signal for computation 

In the previous chapters, we have seen how we can decompose a 

signal into different components by means of multiresolution signal 

decomposition. We shall now explore the multiresolution framework, as a 

tool for estimating the time-delay parameter, which is so essential to signal 

beamforming. First, consider what happens to the time dimension in the 

multiresolution framework. The Discrete Wavelet Transform which was 

illustrated in Fig. 2.10 takes as input a block of length B, and outputs 

scaling and wavelet coefficients in blocks of length B/2. If we take the 

scaling coefficients block as input to the next DWT block, we would get the 

coefficients related to the next analysis space, with block length B/4. That 

procedure would shorten the block length at every step, and we would not 

be able to carry out the decomposition to an arbitrary number of octaves 

because the block length would quickly become too small to make any sense 

" in the discrete domain. The right procedure, according again to [Rioul 

1992], is to wait for another scaling coefficient block of length B/2, 

concatenate the two blocks, yielding a block of length B, and then 

decompose it again into scaling and wavelet coefficient blocks of length 

B/2. This process can then be repeated an arbitrary number of times, 
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being restricted only by the signal frequency bandwidth. The following 

diagram illustrates this process: 

t 
tmmzm 

g a c n n 
^ t ^ 

W i [n] 

4t 

KXXXKXXX3 

2t 

Wa[n] 

Legend: 

Fig. 3.1: 
The time dimension in the DWT 

V>>:< »!• :« represents a block of B samples, which will be split into even and odd parts, 

even part of the block above, with B/2 samples 

odd part of the block above, with B/2 samples 

is the fast convolution circuit described in chapter 2 

is a block of B/2 wavelet coefficients. 
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We can see that all the wavelet coefficient blocks have the same 

length, B/2, but they represent different time scales, due to the 

downsampling effect. Therefore, if in the original signal a block of length 

B represented a time interval of duration t, then the wavelet coefficient 

blocks Wjtn], of length B/2, also represent a time interval of length t. In 

the next decomposition stage, the wavelet coefficients w2[n], in blocks of 

length B/2, will now represent an interval of duration 2t. As this process is 

carried on, the wavelet coefficients on higher order spaces will represent 

larger and larger windows of time. This fact is consistent with our desire 

to analyze high frequency components with shorter windows and low 

frequency components with longer windows (see chapter 1). This is 

possible because the scaling coefficients, which are decomposed at every 

step, are the low-pass part of the previous stage, and we therefore will not 

have higher frequency components (above the Nyquist limit) at subsequent 

decompositions, which could imply an aliasing. 

The multiresolution decomposition of figure 3.1 will be the basic 

circuit for the remainder of this dissertation. The following illustrations 

depict the relationship between the time dimension and the size of the 

wavelet transforms blocks which are the output of this circuit. 
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Sn 

Wn 

I I I I 
I I I 111 111 n n 

W21 

W1, 

Fig. 3.2: 
The Representation of the time dimension in 

a multiresolution framework 

As we can see in Fig. 3.2, the output blocks from the multiresolution 

decomposition circuit have different duration in the time scale. 

Nevertheless, the wavelet coefficient blocks represented in the figure above 

have all the same number of samples. If we represent the wavelet blocks 

according to the block size, instead of according to their duration in time, 

as in Fig. 3.2, the following representation would be generated: 
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• • • • • • • • • • • • • • • • • • 

SN 

W* 

w2| 

Wi, 

Fig. 3.3: 
The representation of the wavelet coefficient blocks 

according to the block size (in samples). 

The most important consideration to be made, in relation to the 

estimation of the time-delay parameter in a multiresolution framework, is 

that fewer samples are available in the lower frequency coefficient blocks, 

due to the downsampling at every stage. We shall illustrate this fact in the 

.next section, when we consider a real example, based on the frequency 

bandwidth of human audition. 
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3.2 The Case of the Hearing Spectrum 

It is usually accepted that human audition is limited to frequencies 

between 22 Hz and 22 kHz (it varies from person to person, but this range 

represents the average spectrum). The Nyquist sampling rate theorem 

states that the lower bound for the sampling frequency must be at least 

twice the frequency of the highest frequency present in the sampled data, in 

order to avoid aliasing effects. Therefore, when sampling sound signals to 

be analyzed within the human hearing spectrum, we use a high-pass analog 

filter to eliminate the frequencies above 22 kHz, and we then sample the 

signal using an analog-to-digital converter at a rate of 44.1 kHz (slightly 

more than twice the top frequency). 

We shall now consider the decomposition of a sound sequence, 

sampled in the process described above. We shall assume that the filter 

length is 32, the block length is 32 and the FFT size is 64. This choice 

clearly repects the requirement in (2.58). The first decomposition stage 

will divide the sequence x[n], with frequency spectrum range 22 Hz-22 

kHz, into the wavelet coefficient series wx[n] and the scaling coefficient 

series s jn] . Since in this dissertation we are using halfband pass filters 

(other implementations are possible), the wavelet coefficients will contain 

the energy of the high frequency components, in this case, the energy of 

the spectrum contained mostly in the range 11 kHz-22 kHz (as we shall see 

in chapter 5, this bandwith reflects the main distribution of the power 

spectrum, but the wavelet sequence is not itself bandwidth limited). The 

input signal x[n] is first divided in blocks of length B (32 samples) and is 

then filtered and downsampled by two. Therefore the wavelet coefficient 
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blocks will have length B/2 (16 samples). These 32 samples will 

correspond to the time interval T, which can be obtained from the 

following relationship: 

r = ^ (3.1) 
K 

where: 

T = the time interval 

k = the number of downsampling by 2 operations 

B = the number of samples in the block 

R = the sampling rate 

The duration T of each of the B/2 wavelet coefficient blocks is 

therefore: 

r= F̂=Jnl>s7'256x10-4 (3-2) 

Similarly, the scaling coefficient blocks ^[n] will also have duration 

7.256 x 10"4 sees. In the next decomposition step, we shall decompose the 

scaling coefficient series ^[n], with a spectrum in the range 22 Hz-11 kHz 

.into adjacent frequency components and downsample by two again. As it 

has been explained in the previous section, in order to maintain the block 

size constant, we shall wait for the next block of scaling coefficients (also 

of length B/2) and then process both blocks as a single block of length B. 

The output of this decomposition step will be two blocks of length B/2, 

corresponding to the first block of the wavelet coefficient series vv2 [«] and 
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the first block of the scaling coefficient series s2[n]. The wavelet 

coefficients w2[n] represent the higher half of the spectrum of s jn] , and 

therefore have the spectrum range of 5.5 kHz-11 kHz. Similarly, the 

scaling coefficients s2[ri\ cover the lower part of the spectrum of the 

sequence ^[n], and therefore have a spectral range of 22 Hz-5.5 kHz. 

Now, consider the time span of the coefficient blocks w2[n] and 52[n] 

just obtained. They both have B/2=32 samples, but according to (3.1), the 

time interval represented is now: 

( 3 - 3 ) 

This time interval is twice the time span of each block of the 

sequence wjn] (see Fig. 3.2). If we carry out this decomposition 

procedure until the bandwidth of the scaling sequence falls below the range 

of human perception, other multiresolution sequences would be generated, 

as illustrated by the following two tables: 
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Time Frequency Localization of the Wavelet Sequences 

Sequence Block Size Time Duration F requency Range I 

x[n] 32 0.00072562 0 22000 Hz 

wl[n] 16 0.00145125 11000 22000 Hz 
w2[n] 16 0.00290249 5500 11000 Hz 
w3[n] 16 0.00580499 2750 5500 Hz 
w4[n] 16 0.01160998 1375 2750 Hz 
w5[n] 16 0.02321995 687.5 1375 Hz 
w6[n] 16 0.04643991 343.75 687.5 Hz 
w7[n] 16 0.09287982 171.875 343.75 Hz 
w8[n] 16 0.18575964 85.9375 171.875 Hz 
w9[n] 16 0.37151927 42.96875 85.9375 Hz 
wl0[n] 16 0.74303855 21.484375 42.96875 Hz 

Table 3.1 
Time-Frequency Localization of the 

Wavelet Sequences 

Time Frequency Localization of the Scaling Sequences 

Sequence 

x[n] = S0[n] 

Sl[n] 
S2[n] 
S3[n] 
S4[n] 
S5[n] 
S6[n] 
S7[n] 
S8[n] 
S9[n] 
S10[n] 

Block Size 

32 

16 
16 
16 
16 
16 
16 
16 
16 
16 
16 

Time Duration 

0.00072562 0 

0.00145125 0 
0.00290249 0 
0.00580499 0 
0.01160998 0 
0.02321995 0 
0.04643991 0 
0.09287982 0 
0.18575964 0 
0.37151927 0 
0.74303855 0 

Frequency Range 

22000 

11000 
5500 
2750 
1375 
687.5 
343.75 
171.875 
85.9375 
42.96875 
21.484375 

Hz 

Hz 
Hz 
Hz 
Hz 
Hz 
Hz 
Hz 
Hz 
Hz 
Hz 

Table 3.2 
Time-Frequency Localization of the 

Scaling Sequences 
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3.3 Summary 

We have seen how an input sequence must be divided into blocks so 

that it can be convolved with filters of specified filter lengths. We have 

also shown that these blocks suffer dilations in the time domain due to the 

subsampling process. Also, it is important to note that the subsequences 

generated at every filtering stage have spectral energy concentrated in 

limited spectral bands, as it is illustrated in the table above. The chapters 

that follow will use this time/frequency division in exploring 

multiresolution cross-correlation. 



CHAPTER 4 

SIGNAL CORRELATION I: TRADITIONAL 

TECHNIQUES 

4.1 The Acquisition Paradigm 

The detection of a signal which travels in a single path, i.e., whose 

propagation is not deviated by natural obstructions and is therefore free of 

echo effects, can be achieved through the cross-correlation function [Hassab 

1990], [Burdic 1991]. The application of the cross correlation function 

requires the acquisition of the signal through at least two spatially separated 

sensors. In this paradigm there will be a time delay in the arrival of the 

wavefront at the two sensors. We can express this phenomenon through the 

following pair of equations: 

*i(0 = ;y(0+rti(0 

z2{t)-ay(t-x) + n1{t) 

where: 

(f) is the signal received at sensor zx 

z2 (0 is the signal received at sensor z2 

y(t) is the target signal (the signal of interest) 

nx ( t) is the noise associated with the reception in zx 

n2 (t) is the noise associated with the reception in z2 

61 
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The inclusion of two different noise terms—one for each sensor—is 

made due to the fact that the noise considered is considerably different at 

both sensors. The reason for the difference in the noise signals is that the 

electrical noise may be different at both sensors, and also the two sensors 

may have slightly different acquisition characteristics, such as signal to 

noise ratio. Furthermore, the noise in the ocean channel itself may differ 

considerably at the location of each sensor. 

4.2 The Cross-Correlation Function 

The detection of a target signal in the acquisition paradigm outlined 

above may be made through the cross-correlation function. The cross-

correlation function has been traditionally defined in underwater acoustics 

literature as the multiplication of the z-transform of one sequence by the 

complex conjugate of the other. The cross correlation of the two sensor 

signals defined in the section above is therefore: 

Z* (co)Z2 (co) = a<j>y(co)e~jm + ^ (co) + <j>c (co) (4.2) 

where the asterisk denotes complex conjugation and 

Z* (co) is the complex conjugate of the z-transform of zx 

Z2 (co) is the z-transform of z2 

<py(co) = \Y<ia>f 

^ ( ® ) = W,*((U)iV2(ffl) (4.3) 

= Y'(a»N2 (£») + aY((o)e-'mNl (co) 
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The term e~jm appears because of the following property: 

Z{x(t-r)} = X(z)e-Jm (4.4) 

where the capital Z denotes "the z-transform of." The autocorrelation 

function defined above is usually implemented (for the purposes of 

underwater sound analysis) through the "generalized autocorrelator circuit" 

which is the topic of the next section. 

4.3 The Generalized Cross-Correlator Circuit 

The generalized cross-correlator is a basic tool in underwater signal 

processing, and has become a standard for signal detection and time delay 

estimation. In this section we will introduce the generalized cross-

correlation circuit and study the potential of its implementation in a 

multiresolution analysis framework. The following is a realization of the 

generalized cross-correlator as defined in [Hassab 1990]: 
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Source 
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FOURIER FOURIER 
TRANSFORM TRANSFORM 

I ^ 4 
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FOURIER 

TRANSFORM 

1 
OPTIMUM 
LINEAR 
FILTER 

Basic 
Cross-
Correlation 

PEAK 
PETECTOR 

• 
TIME DELAY ESTIMATE 

Fig. 4.1: 
The Generalized Cross-Correlator 

The generalized correlator has become a basic tool in underwater 

digital signal processing, serving two basic purposes: 

(i) Transient Detection: The detection of a signal of interest 

(usually called a transient signal, due to the fact that most signals of interest 

in the underwater environment are transient in nature) is made possible by 

the generalized cross-correlator by the property of spatial correlation. The 

output of the generalized autocorrelator will have a peak if a signal is 
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received at the two sensors with a time delay due to the spatial separation of 

the sensors. If this peak exceeds an empirical threshold, a transient signal 

has been detected. Since the noise signals are uncorrelated spatially, they 

will not contribute to a peak at the output of the correlator. 

(ii) Time Delay Estimation: Once a transient signal has been 

detected, it is desirable to calculate the time delay of the arrival of the 

wavefront at both sensors. This estimate is readily obtained from the peak 

at the time series at the output of the generalized cross-correlator (due to 

the delay factor in (4.4)). The optimum linear filter at the end has a 

function of smoothing the time series for a better detection of the peak. 

Both the detection of a target signal and the estimate of the time 

delay rely on the fact that the power of the time series generated by the 

generalized autocorrelator is peaked at the value of the time delay t . In 

order to appreciate this fact, we will calculate the inverse Fourier transform 

of (4.2) explicitly: 

r>{z;(0»z2(a>)} = ri{a<l>y(a»e-jm}+ (4.5) 

(®)} + F"'{*«(<»)} 

Now, the inverse Fourier Transform of the first factor of the right 

hand side is: 

F~x{a<i)y(co)e~jm} = F~l {a\Y {(o)f e~jan} (4.6) 
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Define £(/) to be the inverse Fourier Transform of the term 

a\Y(d))\2e~jayT. We sustain that the function £(F) will have a peak at £(T), 

as the following development will illustrate: 

£(t)=r,{a\Y(a>fe-J'"} 

f ( 0 = Ja|K(ffl)|VJ'"V*Va) (4.7) 

and therefore: 

f(T) = aJ|r(a>)|2cto (4.8) 

This last result implies that the function £(t) will have a value 

corresponding to the total power of the function y(t), which is defined: 

P{y(')} = J hcfdi = ! | l W dm (4.9) 

the last step following from Parseval's Theorem (see footnote in chapter 2). 

The power of £0) is also scaled by the constant a, which accounts for any 

loss or gain at sensor z2-
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4.4 The Choice of the Window Function 

In the previous section we showed that the output of the correlation 

function will have a peak at the time delay t due to the contribution of the 

term a\Y((D)\2 e~jm in the sum (4.5). The other terms will not contribute to 

a peak, since the other factors contain noise terms which in theory should 

not be correlated. Nevertheless, empirical results show that in practice 

certain noise sources generate false peaks in the cross-correlation output 

[Hassab 1990]. It is therefore necessary to emphasize the contribution of the 

term a\Y(a)\2e~j0)T in the sum (4.5). This effect is achieved through the 

convolution with a window function which emphasizes the spectral 

characteristics of the signal and rejects the contribution of noise signals: 

F~* {Z," (<o)Z2 (<u)lV(ffl)} = f - 1 [a</>y (w)e-
lmW(aj\ + 

F-l{<t,V2(m)W(a)} + F-<{<t,c(co)W(co)} 

(4.10) 

The search for the optimal window for signal cross-correlation has 

been the topic of intense research in underwater acoustics, and is thoroughly 

covered in [Hassab 1990]. The definition of an optimal window relies 

heavily on the expectation of the signal characteristics. The derivation of 

the optimal windows usually implies the modeling of signal and noise as 

random processes with specific mathematical expectations. Let <(j>y(co)> 

represent the expectation of the spectral distribution of the term <j>y(ca). 

Then: 

< 0 (©)>=< |y(<a)|2 >= O (o>) (4.11) 
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If we assume that the signal and noise signals are stationary Gaussian 

processes, the choice of the optimum window reduces to the following 

maximization criteria [Hassab 1990]: 

max-
|j^< (j>y (a>) > W(co)dco 

J_oo[< </>2ninj (« ) > + < <j>2
c((0) > +<7j(fi))]W(0))Jfi) 

(4.12) 

where a2 (co) is the variance of the term 0y(co), which is zero for 

deterministic signals. If we let: 

G2(CQ) = [< (J)2
NIN2 (O))> + < <j>2

C(0))> +<J2(O))] (4.13) 

and apply the Schwartz inequality, we have: 

j : 
OJco)G((o)dco 

[< 2 (co)> + <(j>2c(co)> +crJ(o))]1/2 

!~„G2(co)dQ) 

j~ ®l(Q))dco 

~~ [ < <J>2NIN2 (CO) > + < <J>2C((Q) > +<J2 ( 0 > ) ] V 2 

j r G2(o)rfffl 

f G2{co)dco 
J—oo 

(4.14) 

According to [Hassab 1990] the inequality above will reach equality 

when G(co) is proportional to 
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Oy{co)dco/^<<l>2nln2(co)> + <(j>2c(co)>+(7y((o)^2, and therefore the 

following optimum window is derived: 

< * > ( < » ) 

W(co) = lC-r—7 H 5 T (4.15) 
[< 2 (C0)> + < (j>2

c(CO) > +Cy (©)] 

This derivation gives rise to the formulation of the so-called 

"Hassab-Boucher Windows" for signal cross-correlation [Hassab 1990]. 

There are two Hassab-Boucher windows of interest for this dissertation: 

WHBJ(co), for deterministic signals, and WHBII(co), which is indicated for 

random processes. Their derivation follows straight from (4.15): 

WhbA(D) = T 5—?— - r 
[Oni (0)0^ (co)] + [Oy (fl))(0^ (co) + a2Oni (co))] 

%(a>) 

%((D)Ol2(co)-a2Oy(co) ( *16) 

Similarly, for random signals: 

w ( a , ) = 

K , (a)®., (<o)]+[l>y(<B)(®^ (6)) + a24>ni (ffl))]+[a2<t>*(ffl)] 

(4.17) 

which is essentially the same as (4.16) with the addition of the variance term 
[a2<J>y(<w)] in the denominator, or: 
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®V(A>) 
WHBn (a)) = 1 (4 18) 

4>2l (a)<t>Zi (a) ( > 

The window WHBll(co) is known to optimize the detection of a time 

delay, but it demands a good knowledge of the expected spetrum, which is 

generally not available. 

4.5 Summary 

We have seen how a time delay in the reception of two spatially 

separated sensors will provoke a peak in the cross-correlation function. 

Nevertheless, the cross terms in the .cross- correlation function include 

terms from the noise sequences, which could result in false peaks. These 

false peaks would make detection and estimation more difficult and less 

reliable. The traditional solution to this problem has been to convolve the 

input sequences with a window which emphasizes the characteristics of the 

target signals, and reduces the influence of noise. The main problem with 

this approach is that the convolution window assumes a good deal of 

knowledge about the spectral characteristics of both the target signal and the 

noise signal, a knowledge which is hardly ever available prior to detection. 

In the next chapter we shall see how signal cross-correlation can be done in 

a multiresolution framework, and how this compares to the optimal window 

described in this section. 



CHAPTER 5 

SIGNAL CORRELATION II: MULTIRESOLUTTON 

CROSS-CORRELATION 

5.1 Background 

The primary objective of this dissertation is to develop a technique 

which will improve the estimation of the time-delay parameter over 

conventional techniques. Now that we have developed a basic framework of 

multiresolution signal analysis, we proceed to show that a multiresolution 

cross-correlator has superior detection capability than the traditional 

generalized cross-correlator described in the previous section. 

We shall begin by reproducing one stage of the basic circuit for 

multiresolution signal decomposition/recomposition: 

x[n] 

ho[n] 

h.[n] 
w. 

ho[n] 

R,[n] 

^ — y [ n ] 

Fig. 5.1: 
A Single Decomposition/Recomposition Stage 

7 1 
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We have seen in chapter 3 how the wavelet blocks have different 

sampling rates. We now need to select the blocks which will be the input to 

the cross-correlation function as defined in chapter 4. In the context of 

Quadrature Mirror Filters, we would be tempted to choose the wavelet 

coefficients w^ri] as input, since they are the result of a bandpass filtering 

operation and will therefore have limited bandwidth. Nevertheless, in the 

context of multiresolution signal decomposition, it makes more sense to use 

the projection onto the subspace Wv There are two reasons for this 

approach: 

i. The wavelet coefficients are not absolutely bandwidth limited. 

The projection of the original sequence onto the space Wl on the other 

hand, is absolutely bandwidth limited, since Wx is the orthogonal 

complement of Sx with respect to S0. This distinction is rather 

mathematical, because in practice neither sequence will be bandpass limited. 

Nevertheless, since the projection onto the space Wx is a result of two 

filtering operations, we have reason to expect that it will have a negligible 

spectrum outside the filter band; 

ii. The projection onto the space Wx has double the samples of the 

blocks of the wavelet coefficients Wjbi], due to the upsampling procedure 

in the reconstruction stage. This extra degree of density will be useful 

when the time delay is fractional, i.e., it is not a multiple of the sampling 

frequency of the projection space. 

We have not yet explicitly mentioned how the projections onto the 

subspaces Wx and S{ are accomplished. But since 

S0 = 5 ! © ^ , (5.1) 
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it is not difficult to see that the projections are the terms which are added at 

the recomposition stage. If we denote 

P(w>(.) = the projection of the original sequence onto Wv and 

P{si) = the projection of the original sequence onto Sv 

we can then correctly determine their position in the circuit below: 

P(s1) 

P(w1) 

ho[n] 

Ri[n] 

ho[n] 

Fig. 5.2: 
The projection onto subspaces 

The next section will illustrate this fact in matrix notation. 
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5.2 Subspace Projections 

We have shown in chapter 2 how we can construct subspaces spanned 

by the scaling functions 0f, which respectively span the spaces V,-; and the 

wavelet functions which in turn span the spaces Wt. We shall now 

illustrate, following yet another example by [Vetterli 1992], how to project 

any discrete signal onto these spaces. The first stage is to convolve the input 

signal with the impulse response of the function <j>, which we denoted as a 

convolution with h0. Alternatively, we could represent this convolution as 

the multiplication of the vector x[n] by matrix H0 defined below: 

H0 = 
^o(L- l ) K ( L - 2 ) ^ ( 0 ) 0 0 ... 

0 0 K ( L - \ ) ... V 2 ) Ao(D*o(0)». 

(5.1) 

We note that the rows of the matrix above form an orthonormal set, 

i.e.: 

<HQ{YI 2l),h0(n 2 ( 5 . 2 ) 

which in matrix notation is the equivalent of: 

HoH; = I (5.3) 
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where the asterisk stands for Hermitian transposition. Therefore, the 

projection of the original sequence onto the space spanned by the rows of 

H0 is: 

w = H ; H 0 x (5.4) 

We note that the multiplication by H0 corresponds to upsampling by 

two followed by convolution with the impulse response h(n). Similarly, 

the projection onto the complementary space W is obtained by: 

P(wl) = B*0H0x (5.5) 

where is defined in a similar fashion, but using the impulse response 

h^in) instead. We can now identify the operations in the basic 

multiresolution circuit as matrix operations: 

x[n] 

ho[n] 
HoX 

2v|/) *J2 

h ' [ n ] — • 0 ) * - 0 ) • 

flo[n] 

fi,[n] 

P(s1)=Ho*Hox 

0—y[n] 

P(w1)=Hi*HiX 

n. • • . F iS\ 5-3: 
Projection Spaces in Multiresolution Decomposition 
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5.3 Multiresolution Cross-Correlation 

We now present a circuit which performs signal cross-correlation in 

a multiresolution framework. The basic assumption in this design is that a 

signal can be better detected in the subspace which contains the fundamental 

frequency of the signal. Therefore, the application of the cross-correlation 

function defined in chapter 4 to the projections onto the bandwidth limited 

spaces Wi would enhance the signal frequency components against the noise 

spectrum. The mathematical formulation of this operation is: 

(w, ['] = ( w D j f f c (wl)]] (5.6) 

where: 

[r] is the correlation function projected in space Wi 

PZi (wl) is the projection of the original signal received in sensor zx 

onto the space Wi. 

PZ2 (wl) is the projection of the original signal received in sensor z2 

onto the space Wi. 

We can read the equation above as follows: "The cross correlation 

of the signals zt[n] and z2[n] in the space is the inverse Fourier 

Transform of the multiplication of the complex conjugate of the Fourier 

Transform of the projection PZ{ (wl) with the Fourier Transform of the 

projection PZ2(wl)" 

Now we shall introduce the circuit which most efficiently 

implements this operation. First we recall the implementation for signal 
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reconstruction phase following Rioul's algorithm which has been exposed in 

chapter 2: 

FFT(Go) 

Po(si) 
(block B/; Low Pass Input 

Output from the __ 
previous DWT Cell 
(sequence si-1) 

FFT(Ho) 

r ® -
FFT(Gi) 

P(si) 

High Pass Input: 
DWT Coefficients 
(sequence wi-"Q 

(block B 

FFT(Hi) (block B/2) 

Pi(wi) 

IFFTN 
FFTN 

FFTN IFFTN 

Fig. 5.4: 

FFT implementation of the reconstruction stage: 

P o ( s i ) is the even part of the projection onto the space St 

P' (w i) is the odd part of the projection onto the space St 
p ( s i ) is the combined projection onto space £,• 

As we can see, the output blocks of this cell are the even and odd 

parts of the Projection onto the scale subspace S{. Projection onto the space 

S{ can be obtained by interleaving the even and odd parts, as was explained 

in chapter 2. But there is no provision in the circuit above for generating 

the projection onto the spaces If we wanted to compute the projection 

onto the space Wi as well, we would have to include some extra circuitry as 

follows: 
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FFT(Go) 

Po(si) 
(block B/; Low Pass Input 

Output from the __ 
previous DWT Cell 
(sequence si-1) P(si) 

(block B) High Pass Input: 
DWT Coefficients 
(sequence wi-1) 

(block B/2) 

Pi(8i) 

Po(wi) 
(block B/: 

P(wi) 

(block 

(block B/2) 

FFTN 

FFTN 

IFFTN 

IFFTN 

IFFTN 

IFFTN 

(block B/2) 

Pt(wi) 

Fig. 5.5: 
Calculation of the Projection onto the space Wi: 

Po(wi) is the even part of the projection onto the space Wi 

P1 (W i) ^ jhg 0<jd part of the projection onto the space Wi 

P(wi) is the combined projection onto space Wt 

Fortunately, we do not need to compute this projection implicitly, 

because we may instead calculate the bi-phase decomposition of the cross-

correlation function, and then reconstruct it by interleaving the odd and 

even indexed sequences. We consider first the bi-phase decomposition of 
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the z-transform of the projection onto the space Wt. Let Z{P(wi)} denote 

the z-transform of the projection of the original sequence onto space Wtf 

Wt(z) denote the z-transform of the sequence Wj [n] , and H(z) denote the 

z-transform of the sequence /i[n]. Then 

Z{P(wi)) = Wl(z)H(z) 

= K (z2)+z-% (z2 ) ) ( f f 0 (z
2) + z-'Ht (z2)) 

= {W0,(Z
2)H0(Z

2)) + Z-2(W1i(Z
1)H1(Z

2))+ oddterms 

(5.7) 

Due the cancellation of the odd terms, we can write: 

Z{J>(h>/)} = (W0i (z)H0 (z)) + r 1 (wit (z)H, (Z)) (5.8) 

It is apparent that we can compute the projection onto the space Wt 

by interleaving two terms: the product of the even part of the Fourier 

Transform of the wavelet sequence with the even part of the Fourier 

Transform of the high-pass filter h[n]\ and the product of the odd part of 

the Fourier Transform of the wavelet sequence with the odd part of the 

Fourier Transform of the high-pass filter h[n]. Since these terms are 

readily available in the circuit implementation shown in figure 5.4, we can 

use them to calculate the cross-correlation function in the space Wt using 

bi-phase decomposition once again. The following diagram illustrates this 

implementation: 
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Note that by using the bi-phase decomposition we used the wavelet 

coefficients before the inverse Fourier Transform operation, thus saving 

one computational stage in the cross-correlation circuit. We can also 

calculate the cross-correlation of the scaling sequences, thus obtaining 

information over a different region of the analysis spectrum. The cross-

correlation of the scaling sequences can also be computed using a bi-phase 

decomposition analogous to the previous procedure. The resulting circuit 

directs the outputs of the even and odd parts of the scaling sequences of both 

sensors to a new cross-correlation node: 
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5.4 Time Frequency Considerations 

We have seen in chapter 3 how the frequency spectrum is divided 

among octaves, and how the duration of the basic processing block changed 

in this process. The basic idea in multiresolution cross-correlation is that 

the peak in the correlation function will be strongest when the correlation 

function isolates a spectral region which contains most of the target signal's 

energy. Unfortunately, the spectrum of the target signal is not known a 

priori. The most appropriate procedure in this case is to compute the 

correlation function over all the wavelet and scaling sequences. This 

procedure can be done with the implementation of the correlation circuits 

illustrated above along the entire multiresolution decomposition pyramid 

which was discussed in chapter 2. The following graph illustrates this 

implementation: 
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Due to space considerations, the correlation circuit was illustrated as 

a single processing stage, denoted by symbols such as ( C(P(sO)0, This 

symbol can be read as "the correlation of the projected sequence sO," and 

the correlation is done for all sequences ?{.?,.} and Pfw,}, which are the 

projections of the sequences St and W(, respectively. This processing stage 

has two inputs which are the Fourier Transforms of the projected scaling or 

wavelet sequences from the two sensors. The division into even and odd 

parts for the bi-phase decomposition is not shown explicitly, but the reader 

can refer to figures 5.6 and 5.7 for the details of the bi-phase 

implementation. 

The results of the correlation sequences can then be used as input to 

a peak detection circuit, which may use a smoothing filter as a 

preprocessing stage. The strongest correlation peak will then indicate 

where the target signal's energy is concentrated, which will enable us to 

infer the time delay from the correlation of that particular sequence. The 

gains obtained with this implementation are discussed in the next chapter. 

5.5 Adaptive Multiresolution Cross-correlation 

The use of an adaptive window function which serves the double 

purpose of emphasizing the spectrum characteristics of expected target 

signals while reducing the influence of noise signals was discussed in 

chapter 4. A similar approach can be used in the multiresolution cross-

correlation circuit described above. The adaptation scheme proposed in this 

dissertation takes advantage of the fact that the scaling and wavelet 

sequences from a determined recomposition stage are added to form the 
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scaling sequence of the next reposition stage. At this point, the scaling 

sequence will contain the energy of the target signal (plus noise) which is 

located at the lower portion of a certain section of the whole spectrum, and 

the wavelet sequence will contain the energy of the signal (and noise) 

contained at the complementary region of this spectral section. It is at this 

point that these sequences can be multiplied by scaling factors which can 

emphasize the spectral characteristics of expected target signals against any 

noise. We will denote the scaling factors by (which scale the projected 

sequences P{w( }) and st (which scale the projected sequences P{s,}). The 

following circuit illustrates this scaling operation, which gives adaptive 

capability to the multiresolution cross-correlation circuit: 
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5.6 Summary 

This chapter presented the main subject of this dissertation, which is 

multiresolution signal cross-correlation. In this procedure, the cross-

correlation function is computed at all recomposition stages of the 

multiresolution pyramid, for both scaling and wavelet sequences. Since 

these sequences have different energy levels, related to the different spectral 

regions of the input signal spectrum, it is expected that the correlation 

function will have a stronger peak in the sequences whose spectrum domain 

contain the signal signature. An adaptive design of this procedure was also 

introduced which scales the wavelet and scaling sequences prior to the 

recomposition sum, an operation which will emphasize the characteristics of 

a target signal signature embedded in noise. The next chapter will analyze 

the problems associated with fractional time delays, a necessary discussion 

before the analysis of the gains obtained by both the adaptive and non-

adaptive multiresolution cross-correlation algorithms proposed in this 

chapter. 



CHAPTER 6 

FRACTIONAL TIME DELAYS 

6.1 Introduction 

Before proceeding with the analytical and experimental 

analysis of the multiresolution cross-correlation algorithms proposed 

in the previous chapter, it is necessary to consider the occurrence of 

fractional time delays. A time delay is denominated fractional when 

it is not a multiple of the sampling frequency of the sequences being 

analyzed. The term is obviously only relevant in the context of 

discretized signals. The development of the cross-correlation 

equations in chapter 4 was carried out entirely in the continuos 

domain, for simplicity. Nevertheless, the implementation proposed 

by means of the Fast Fourier Transform implies the occurrence of 

fractional time delays. 

In the discrete version of the cross-correlation pair introduced 

in chapter 4, the time delay T is expressed as the sum of an integer 

delay p and a fractional part 8: 

r=p + 8 (6.1) 

and the cross-correlation pair can now be formulated as follows 

[Hassab 1991]: 

89 
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zl[n] = y[n]+T]l[n] 

z 2 [ n ] = a ^ y [ m ] b ( n + p + S - m ) + r i 2 [ n ] ^ 6 ' 2 ^ 

m=-<» 

where: 

Zj[n] is the discrete sequence obtained by sampling zx(t) (the 

signal acquired by the sensor 

Z2[n] is the discrete sequence obtained by sampling z2(t) (the 

signal acquired by the sensor z2); 

is the discrete sequence which represents the sampled 

version of the target signal K*);' 

h M is the discrete sequence which represents the sampled 

noise sequence associated with the reception of the channel *i; 

V iW js the discrete sequence which represents the sampled 

noise sequence associated with the reception of the channel z2; 

b(0 is a continuous function which is used to reconstitute a 

continuous function from its samples. This interpolating function is 

also known as the "sync" function and is expressed as: 

b(t) = sinm/ 7Tt 
(6.3) 

The occurrence of a fractional time delay in a discrete system 

will produce ripples in the correlation function, an anomaly which is 

called the Gibbs' Phenomenon. This anomaly will complicate even 

further the process of time delay estimation, and will produce a 
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degradation in the estimate which is proportional to the signal to 

noise ratio of the acquisition system. We delay the discussion of 

signal to noise ratios to the next chapter, and introduce here the 

procedure used to estimate fractional time delays. 

There are two basic methods for estimating fractional time 

delays: the Maximum Likelihood estimation (ML) and the parabolic 

fit. This dissertation gives preference to the parabolic fit method, in 

virtue of the following disadvantages of the ML method: 

i) The ML estimate is computationally complex, requiring an 

exhaustive search of the continuous space around the peak of the 

correlation function. The parabolic fit, on the other hand, is a straight 

calculation involving only the peak sample and its right and left 

neighbors; 

ii) The ML method has a significantly high lower bound for the 

variance of the time-delay estimate, which is known as the Cramer-

Rao bound. In comparison, the parabolic fit method has a lower 

bound for the variance of the fractional time-delay estimate which is 

smaller than the Cramer-Rao bound, meaning a better estimate of 8. 

The derivation of the lower bound for both methods can be found in 

[Hassab 1991]; 

iii) The parabolic fit method is more suitable to be 

implemented in a multiresolution framework, as is shown in the next 

section; 
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iv) Although both methods show a serious degradation in low 

signal to noise ratios, the parabolic fit method proposed in the next 

section is less sensitive to false peaks. 

6.2 Multiresolution Peak Estimation 

Before introducing the method used in this dissertation for 

calculating fractional time delays, it is necessary to consider the 

variation in the time dimension, basically the number of samples per 

unit of time, in the various subsequences generated by the 

multiresolution pyramid decomposition. It must be noted that the 

original sampling rate, which is the sampling rate of sequence P(sO), 

will be reduced by a factor of two at every downsampling operation. 

The subsequences P(s2) and P(w2), for instance, will have half the 

sampling rate of the original sequence P(sl). Although it would be 

possible to increase the sampling rate of P(s2) and P(w2) through the 

interpolating sync function (or by the repetition of the upsampling-

filtering operation), this process would increase the computational 

complexity of the algorithms proposed. Furthermore, the fractional 

time delay can be estimated by a weighted average of the sequences 

in which a detection occurred, and this average will smooth the 

coarseness of the downsampled sequences. 

The multiresolution pyramid diagrams in figures 5.8 and 5.9 

illustrate how the correlation function is applied to the projected 

wavelet and scaling sequences. By keeping count of the 

downsampling/upsampling stages, one can note that sequences P(sl) 
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and P(wl) go through exactly one downsampling and one upsampling 

node before reaching the correlation circuit. The correlation function 

of these sequences will therefore have the same sampling rate of the 

original sequence, P(sO). The sequences P(s2) and P(w2), which are 

originated by the division of sequence P(sl), go through two 

downsampling nodes, and only one upsampling node. These 

sequences will therefore have half the sample density of sequence 

P(sl). The sequences which generate from P(s2) will also have half 

the sampling rate from their original sequence, and so forth. The 

following diagram illustrates the sampling rates of the various 

correlation functions used in figures 5.8 and 5.9: 
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C(P(SO)) 

Sampling Rates at Different Correlation Sequences 

C(P(S1)) 

C(P(S2)) 

- t - H - • m • m 1 1 1 1 1 M m n • m n 
C ( P ( S 3 » 

I I I 
C(P(S4)) 

0 ( P ( S 5 » 

i 

Fig. 6.1: 
Sampling Rates of different correlation sequences 

This discrepancy in sampling rates obviously implies that the 

peaks of the correlation function will probably not be on the same 

exact sample for all the correlation sequences. The following diagram 

shows a possible distribution of these peaks, which are marked by 

arrows: 
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Correlation Peaks at Different Scaling Sequences 
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Fig. 6.2: 
Distribution of the Correlation Peaks 

in different scaling sequences. 
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6.3 Multiresolution Estimation of Fractional Time Delays 

The estimation of fractional time delays in multiresolution 

sequences can be made by a recurrent search in the multiresolution 

sequences which present a detection peak. In each sequence, the 

fractional time delay is estimated by finding the peak of the parabola 

which interpolates the peak sample and its neighbors: 

' 2l-R,(p + l) + 2R(p),-R,(.p-D] ( A ) 

where: 

8 t is the fractional time delay of the ith. correlation function 

R(p)i is the value of the ith. correlation function at the detection peak 

P-

The peak sample is the pivot element for the fractional time-

delay estimation. The recurrent search algorithm starts with the 

estimation of the fractional time delay in the sequence which has the 

highest probability of detection. The final estimate will be a number 

with an integer part corresponding to the sample number of the pivot 

element, and a fractional part correspoding to the fractional time-

delay estimate. If the fractional time delay is negative, its modulus is 

added to the negative one, and the total is added to the sample 

number of the pivot element, yielding the correct estimate. For 

instance, suppose the pivot element is sample 12, and the fractional 

estimate is -0.25. The correct time delay estimate will then be: 

|-0.25|+ - 1 + 12 = 11.75 (6.5) 



97 

We shall now progress to the next sequence, which is a 

projection with one degree of higher resolution than the starting 

sequence. Since this sequence has double the sampling rate, we 

simply multiply our estimate in (6.5) by two, yielding 23.5. Should 

the higher resolution sequence contain some of the spectral energy of 

the target signal, we expect to find a detection peak in either sample 

number 23 or 24. A detection peak is defined to be a peak with a 

high probability of detection, i.e., a peak which is consistently on the 

same sample number in repetitive applications of the correlation 

function. If the next resolution sequence indeed exhibits a detection 

peak in the expected location (in -our case, in either samples 23 or 24), 

we select the detection peak to be the next pivot element, and 

perform the fractional delay estimate. We can then proceed to the 

resolution sequence one degree higher, following the same procedure 

outlined above. This process should be repeated to finer degrees of 

resolution, as long as there is a consistency between the expected 

location of the correlation peaks and their actual location. This 

process will yield a fine determination of the fractional time-delay 

estimate, which can be applied to high resolution beamforming. 

The term high resolution beamforming is used to describe a 

beamforming technique which is able to separate two or more target 

signals which occur concurrently. The procedure outlined above is 

capable of this fine separation because it progressively projects a 

peak which is found in the spectral space which contains most of the 

energy of one target signal onto higher resolution spaces, while 
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always keeping track of the original estimate. In this procedure there 

is no danger of mistaking the time-delay peak of one target signal 

with a peak generated by another target signal. Full-spectrum 

techniques, on the other hand, do not have this capability and have 

the tendency of interpreting multiple peaks as false peaks (generated 

by noise) or vice versa. The figure below illustrates the process of 

estimating a fractional time delay in a multiresolution environment: 
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Correlation Peaks at Different Scaling Sequences 

C(P(S0)) 
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C(P(S4)) 

C(P(S5)) 

Fig 6.3: 
Fractional Time Delay Estimate using 

a multiresolution parabolic fit 

In the illustration above, the dashed lines represent the 

fractional time-delay estimate for each correlation sequence, and the 

bold solid line represents the estimate of the original sequence. It 

can be noted that the estimates are consistent with the original 

location of the peak sample in the lower resolution sequence. 
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6.4 Summary 

This chapter addresses the problem of the estimation of 

fractional time delays, which is of particular importance in 

multiresolution environments. The parabolic fit method is chosen due 

to its computational efficiency, its low variance of the fractional delay, 

and its suitability of implementation in a multiresolution framework. 

Finally, this chapter introduces an algorithm for estimating the 

fractional time delay as a recurrent search of the fractional delays in 

each correlation sequence. 



CHAPTER 7 

ANALYTICAL RESULTS 

7.1 Introduction 

The gain obtained by applying the multiresolution cross-correlation 

algorithm, instead of the whole spectrum cross-correlation discussed in 

chapter 3, is basically an improvement in signal to noise ratio (SNR) at 

every decomposition stage. This improvement is a consequence of the fact 

that the paraunitary wavelet basis function used in the decomposition 

process respects the Parseval Relation of energy conservation (see footnote 

at end of chapter 2). This chapter illustrates this effect by considering 

different signal and noise power ratios and frequency bandwidths. In this 

discussion, the noise signal is assumed to be evenly distributed across the 

entire analysis spectrum. The target signal, on the other hand, is 

concentrated at certain regions of the spectrum, which are related to the 

fundamental frequency of the emanating sound source. This assumption is 

consistent with the general paradigm in underwater acoustics [Hassab 1989]. 

7.2 Signal to Noise Ratio 

One of the most important attributes of signal reception is the ratio 

which relates the portion of the input signal's energy which is related to a 

target source and the portion of the signal's energy which is related to noise 

(any other signal which is not related to a target source). This quantity is 

101 



102 

denominated "the signal to noise ratio" (SNR). The signal to noise ratio is 

measured in dbs (decibels), and is defined as: 

SM? = 101og10(-S2L 
6 l 0 U w . 

db (7.1) 

where: 

£{5} is the energy content of the target signal S; 

£{//} is the energy content of the noise signal N. 

The energy content of a signal is defined: 

«IO 

\\S{tfdt (7.2) 
—»oo 

The SNR of a received signal will determine how difficult it will be 

to detect the presence of a target signal, and how accurate the time-delay 

estimate will be. Traditional techniques show a reasonable detection 

capability for positive signal to noise ratios (which indicate that the energy 

of the target signal is greater than the energy of the noise signal). At a SNR 

of zero db, most systems start to show difficulty in detection, and inaccurate 

time-delay estimates [Burdic 1991]. At negative SNRs (when the noise 

energy is greater than the target signal energy) most full-spectrum 

techniques show severe degradation in performance, and the formation of 

false peaks in the cross-correlation function. The next sections have the 

objective of illustrating how the SNR of reception can be improved by the 
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multiresolution cross-correlation algorithms proposed in chapter 5. This 

discussion will assume that the spectrum of interest is that of human 

perception (22 Hz to 22 kHz, in average), and that the multiresolution 

decomposition was performed in 5 octaves. In the discussion that follows, it 

is important to keep track of the spectral regions represented by each of the 

projected sequences. The following table relates the projected sequences to 

their spectral localization: 

Spectral Localization of the Projected Wavelet Sequences 

Frequency Range Sequence 

0 22000 Hz 

11000 22000 Hz 
5500 11000 Hz 
2750 5500 Hz 
1375 2750 Hz 

687.5 1375 Hz 

Table 7.1: 
Spectral Localization of the Projected Wavelet Sequences 
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Spectral Localization of the Projected Scaling Sequences 

Sequence 

x[n] = P(s0) 

P(sl) 
P(s2) 
P(s3) 
P(s4) 
P(s5) 

0 

0 
0 
0 
0 
0 

Frequency Range 

22000 Hz 

11000 Hz 
5500 Hz 
2750 Hz 
1375 Hz 

687.5 Hz 

Table 7.2: 
Spectral Localization of the Projected Scaling Sequences 

7.3 Narrowband Target Signals Against Broadband Noise 

Perhaps the most common paradigm in underwater acoustics is the 

occurrence of narrowband transients over a background noise of broad 

frequency bandwidth. This case is especially common in shallow waters, 

which are rich in biological signals of various frequencies, such as snapping 

shrimp. The background noise in shallow waters can have a frequency 

range from about 0.1 to 100 kHz, covering the entire spectrum of human 

audition (and actually exceeding it in the top range). On the other hand, 

man-made noise is typically below 2 kHz, and its nature is broadband 

superimposed with narrowband and transients [Hassab 1991]. 

If we consider this paradigm, it is easy to show how the signal to 

noise ratio can be significantly improved by the multiresolution algorithms 

proposed. Assume that the original signal to noise ratio is of -lOdb, which 

means that the noise signal is 10 times stronger that the target signal: 
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SNR[Z) = lOlogu = 1 0 1 o g l „ ^ ] = -10 db (7.3) 

where: 

SNR{Z} is the signal to noise ratio of the original signal; 

E{iV} is the energy of the noise signal; 

£{5} is the energy of the target signal. 

Assume further that the noise is evenly distributed in the range 

mentioned above, from 100 Hz to 100 kHz, and that the target signal is 

concentrated in a band from 1 kHz to 2 kHz. Since the signals of interest 

fall within the spectrum of human hearing range, we shall be sampling the 

original signal at 44.1 kHz, which, according to the Nyquist theorem of 

sampling frequencies, would require the use of an analog low-pass filter at 

22 kHz. This operation filters out the noise contained in the range from 22 

kHz to 100 kHz. A significant improvement in the signal to noise ratio is 

achieved by this low-pass filtering operation, an improvement which can be 

calculated by dividing the power of the noise signal by the proportion of the 

noise spectrum which is filtered out. Define the frequency bandwith to be: 

5{S} = //{S}-L{S} (7.4) 

where: 

5(5} is the frequency bandwith of the signal S\ 

H{S] is the highest frequency component of the signal S\ 

L{5} is the lowest frequency component of the signal 5. 
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The frequency bandwidth of the noise signal in the example above 

will then be: 

B{NW} = (100000 -100) = 99900Hz (7.5) 

where: 

Nw is the whole spectrum of the noise signal N. 

Furthermore, the frequency bandwidth of the filtered noise signal 

(Nf) is: 

B{Nf} = (22000-100) = 21900Hz (7.6) 

We can now compute the ratio of the power of the filtered noise 

signal over the whole spectrum noise signal by assuming that the energy of 

the noise signal is evenly distributed: 

E[Nf)_B{Nf} 

E{NJ~B{NW) 

Therefore: 

E{Nf} = E{Nw}x 

(7.7) 

21900 
= E { A U x 5 i i i l H ' 2 1 x £ ( A U ( 7- 8 ) 
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and the new SNR is then: 

SNR{Zf} = 101og1 0f-^7^-^) = 101oglo
 1 

10x0.217 V2.1/ (7.9) 

—3.2 db 

where: 
SNR{Zf) is the signal to noise ratio of the filtered signal. 

The result above shows that the SNR had an improvement of about 

5db after filtering, and now the power of the noise signal is approximately 

twice the power of the target signal. This filtering operation is not 

particular to any digital system: it is rather a necessary operation prior to 

the digitization of the input signal. It is at the next processing stage that the 

differences in processing between traditional systems and the 

multiresolution algorithm proposed in chapter 5 will appear. 

The approach commonly taken by traditional algorithms, such as the 

generalized cross-correlator presented in chapter 4, is to take the filtered 

input signal, sampled at 44.1 kHz, with a SNR of -3.2db, and perform a 

whole spectrum cross-correlation. The problem with that approach is that 

the target signal is overimposed with the noise signal in the range 100 Hz to 

2 kHz, and the energy of the noise signal is still roughly two times greater 

than the energy of the target signal. The detection capability of the 

generalized cross-correlator will be severely compromised in these 

circumstances, and the target signal will not generate any peak in the 

correlation function. Furthermore, the high energy level of the background 
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noise will create false peaks which will induce false alarms and inaccurate 

estimates of the time- delay parameter. 

Suppose now that we use multiresolution cross-correlation in five 

octaves instead of the whole spectrum cross-correlation. The signal will be 

split at the first decomposition at 11 kHz, into the projected sequences 

P(wl) (high-pass portion) and P(sl) (low-pass portion), as is illustrated in 

the tables above. Since we assume that the noise is equally distributed, we 

can calculate the new signal to noise ratios in each of these sequences. We 

will first notice that in our (ideal) example, there is no target signal in the 

upper half of the spectrum, i.e., in sequence P(wl). The SNR in P(wl) 

would then be very low, or maybe even undefined, since the logarithm of 

zero is not defined. In practice, there would always be some high 

frequency component in the upper half of the spectrum, but it would have 

very low energy, so we can consider that the SNR in P(wl) would be less 

than -20db, which means that the target signal would be insignificant in the 

correlation function. We certainly do not expect any true peaks in the 

correlation of the projection sequence P(wl). 

Now consider the SNR in sequence P(sl). Since the spectrum of the 

input signal was divided in half, and we assume an equal distribution of the 

noise signal, we have: 

SNR{P(sX)} = 1 0 ' ° 8 I O ( 2 1 ^ 0 5 ) = X01og10f - -2.11 (7.10) 
1.05 

where $VK{P(.sl)} is the signal to noise ratio in sequence P(sl). 
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We have now gained another db in the SNR. Nevertheless, a 

negative SNR is bound to introduce false peaks, making detection difficult 

and accurate estimates of the time delay unlikely. But we have nine more 

octaves to go. Consider now the second decomposition stage. The lower 

part of the spectrum (sequence P(sl)) is now divided into the sequences 

P(w2) (5.5 kHz to 11 kHz) and P(s2) (0 to 5.5 kHz). Again, the energy of 

the target signal is insignificant in the high-pass sequence, in this case 

P(w2), and again the division of the spectrum will improve the SNR in the 

low-pass sequence P(s2). Since the division is always at the middle of the 

spectrum, the improvement will always be a factor of 0.5: 

smrwi I • l O k ^ j j g ) . 2.7 

(7.11) 

There has now been a dramatic improvement, resulting in a positive 

SNR at the low-pass sequence P(s2). The same process can be repeated 

further, given the assumption that the target signal has a top frequency 

component below 2 kHz. The corresponding SNR improvement at sequence 

P(s3) will then be: 

SNR{P(s3)} = > 0 1 o g 1 0 ( ^ i ^ ) = 1 0 > o g l o y y = 5.8 

(7.12) 
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Once again, the high-pass sequence will not contain any significant 

component from the target signal. As we refer to the frequency 

distribution table above, we see that any further division will now also 

divide the frequency components of the target signal. Nevertheless, this 

division could lead to the separation of the frequencies of interest, and could 

be of some advantage. The SNR in P(s3) is now 5.8db. As we divide the 

spectrum again, P(s3) is split into P(s4) (0 to 1375 Hz) and w4 (1375 to 

2750 Hz). Assuming a flat spectrum distribution for both target and noise 

signals, we compute the energy of the two signals in the new sequences, and 

thereafter estimate the new SNRs. We start by estimating the noise energy 

at both P(s4) and P(s5). The bandwidth of the original noise signal 

(^{A^}) was calculated above (eq. 7.5). The bandwidth of P(s4) is: 

*{tf*,4)} = (1375-0) = 1375flz (7.13) 

where: 

B{Np(s4)) is bandwidth of the noise signal's spectrum which is 

contained in the spectrum covered by the sequence P(s4). 

The ratio of the energy of the noise signal in P(s4) is therefore: 

rB{NP(s4)}^ 

v B{Nw} J 

= £ ( A ' w | x ^ ^ " 0 ' 0 1 x £ ( A ' ' " 1 ( 7 - 1 4 ) 
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Similarly, the bandwith of P(w4) is: 

B{NP{WA)} = (2750 -1375) = 1375Hz (7.15) 

which is equal the bandwith of P(s4), since we are using the wavelet basis 

which divides the spectrum into two equal bands. The ratio energy of the 

noise signal in P(w4) will then also be: 

£ { i V 4 ) } = 0-01x£:{AU (7.16) 

We now need to compute the distribution of the target signal energy 

in sequences P(s4) and P(w4). The frequency of the target signal is 

assumed to be contained in the band 0 to 2 kHz, and the target signal's 

bandwidth is therefore 2 kHz. Assuming that the target signal is evenly 

distributed in this bandwidth, we calculate the distribution of the energy of 

the target signal into the sequences P(s4) and P(w4) according to the 

proportion in which their bandwidth intersects. Since both the target signal 

and the sequence P(s4) have the lower limit zero, the intersection of their 

bandwidths is all of the spectrum region covered by P(s4), or: 

B{SP(S4)} = B{P(S4)} = \315HZ (7.17) 

where: 

is the bandwidth of the target signal's spectrum contained 

in the spectrum covered by sequence P(s4); 

5{P(^4)} is the bandwidth of the sequence P(s4). 
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Therefore, the intersection of the target signal's spectrum with the 

bandwidth of the sequence P(w4) is the complement of J5{P(>4)}: 

5{5P(w4)} = 2000 -1375 = 625Hz (7.18) 

where: 

{̂̂ p(h>4)1 is the intersection of the target signal's spectrum with the 

bandwith of the sequence P(w4). 

The distribution of the target signal's energy in sequences P(s4) and 

P(w4) will therefore be: 

^i^P(s4)}— } x 

B{SW) 
= £ { S „ , } x ( ' — 

{2000J 

s 0.69 xE{SJ 

E{Sp(w4) 1 ~ E{S\v ) X 

= 0.31x£{SJ 

B{SW} 
= £ { $ , } x f — ^ 

w V2000. 

(7.19) 

(7.20) 

where: 

£{£„} is the energy of the whole spectrum of the target signal. 

We can now calculate the signal to noise ratio in both sequences. We 

assumed that the original proportion between the target signal's energy and 

the noise signal energy was initially 1 to 10 (eq. 7.3), yielding a SNR of 



113 

-lOdb. Using the proportions obtained in eqs. 7.15, 7.16, 7.19 and 7.20, the 

SNRs in sequences P(s4) and P(w4) can now be calculated: 

SNR{P(s4)} = 101ogl0 

5,iVR{P(w4)} = 101og10 

( - £ ^ - 8 . 3 * 
u o x o . o u 

( 1x0.31 

UOxO.Ol. 
|«4.9db 

Further, we can note that the SNR in sequence P(s4) is a good 

improvement on the SNR calculated in equation 7.12. The result above 

shows how the spectral division in a multiresolution framework leads to an 

improvement in the signal to noise ratio, an improvement which is essential 

for detection and estimation of the time delay parameter. The SNR in the 

filtered signal was -3.2db, a ratio which would not generate any true peaks 

in the traditional whole spectrum correlation. The application of 

multiresolution processing using 2-band, perfect reconstruction FIR-QMFs 

improved the original SNR to 8.3db in sequence P(s4). The correlation 

function in this sequence will certainly present a true peak, leading to the 

detection of the signal and an accurate estimate of the time delay. This 

analytical result will be proved experimentally in the next chapter. 

The five-octave example depicted in tables 7.1 and 7.2 still supports 

a further division of the spectrum of interest. Nevertheless, it must be 

noted that, in our example, further divisions of the analysis spectrum would 

divide both the target signal and the noise signal's energy by exactly 2. This 

would lead to a multiplication both in the numerator and the denominator of 
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the SNR equation by 0.5, and the SNR would remain unchanged. This 

result means that all sequences which are originated from P(s4) (both 

wavelet and scaling sequences with an index higher than 4) will have the 

same SNR as P(s4), namely 8.3db. This feature of the multiresolution 

environment provides various sequences with improved SNRs which can be 

used for the confirmation of a detection peak and for providing extra 

degrees of freedom for the polynomial which calculates the fractional time 

delay. 

The most common situation regarding the spectral distribution of 

target and noise signals in passive acoustics was explored in this section. 

Still, other situations are possible, which are important in other domains, 

such as radio frequency analysis, seismic exploration, etc. The remaining 

sections in this chapter address other possibilities in the spectral 

distribution, and although no specific example is provided, an analogy to the 

development made is this section can be derived. 

7.4 Broadband Target Signals Against Broadband Noise 

In situations when both the target and noise signals have a wide 

spectral spread, the best approach is to isolate the most significant frequency 

components of the target signal. This can be accomplished in a development 

similar to that in the previous section. The worst case is obviously when the 

noise and the target signals have the same equally distributed bandwidth, in 

which case there is no improvement possible in the SNR of any of the 

sequences in tables 7.1 and 7.2. Nevertheless, we note that a broad 

bandwidth target signal cannot be evenly distributed in the spectrum space, 
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because that is a characteristic exclusively reserved for random noise. In 

other words, the worst case cannot occur, and a principal component of the 

target signal will always generate a better SNR in some of the 

multiresolution sequences. 

7.5 Narrowband Target Signals Against Narrowband Noise 

If the section above depicted the worst possible case in signal 

spectrum separation, this section certainly presents the best (and perhaps 

equally unrealistic) example. First of all, it must be noted that it is not 

possible to have a vacuum in any region of the spectrum, and therefore the 

term narrowband must be interpreted here to refer to the main frequency 

components of the signals in question. In any event, this paradigm 

continues to be the best possible case for multiresolution processing, because 

at some (possibly many) multiresolution sequences the target signal will be 

in effect entirely separated from the noise signal, yielding a signal to noise 

ratio which approaches positive infinity. This situation is common when a 

strong electrical noise is present, such as the famous "60 Hz hum" 

commonly present in recording equipment connected to an unfiltered 

alternated current source. The multiresolution framework which is the 

subject of this dissertation would be of great advantage in processing signals 

•acquired in such environments. 
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7.6 Broadband Target Signals Against Narrowband Noise 

This example is included only for completeness, because here the 

roles of target signal and noise seem to be reversed. Although such a 

situation is definitely not common in underwater acoustics, a reversed 

development of the proof in section 7.3 can be used in order to prove that 

similar gains can be obtained by the multiresolution division of the analysis 

spectrum. 

7.7 Summary 

This chapter explored the advantages of utilizing a multiresolution 

framework for signal cross-correlation, instead of the traditional full-

spectrum technique. The most common paradigm in underwater acoustics, 

which usually presents a narrowband man-made signal in a broadband 

background of noise from various sources was thoroughly explored. The 

conclusion of this analysis is that multiresolution processing can improve an 

extremely poor signal to noise ratio of -3.2db to a remarkable 8.3db. The 

importance of this improvement is based on the fact that negative signal to 

noise ratios lead to false peaks in the cross-correlatitjn function, making the 

detection of target signals unlikely, and the estimation of time delays 

inaccurate. A SNR of 8.3db, on the other hand, means that the energy of 

the target signal is almost seven times greater than the energy of the noise 

signal, and such a difference in energy levels will certainly result in an 

accurate detection and time-delay estimate. 



CHAPTER 8 

EXPERIMENTAL RESULTS 

8.1 Introduction 

The purpose of this chapter is to offer an empirical basis for the 

arguments outlined in the analytical discussion of chapter 7. Two sets of 

experiments with sound signals were designed with conditions which 

approximate the theoretical assumptions made previously: a process 

covering the lower spectral region corresponding exactly to the paradigm 

of section 7.1, and a band-limited process which covers a higher spectral 

region. These two samples of sound were processed both in a traditional 

fashion, using the generalized cross-correlator described in chapter 4, and 

also using the multiresolution algorithm of chapter 5. The results obtained 

from the traditional correlator are then compared to the correlation of the 

subsequences generated using multiresolution decomposition. A discussion 

relating the results of both experiments can be found in the section that 

concludes this chapter. 

8.2 Simulation with Data Set I: Low-pass Signal Embedded in 

Evenly Distributed Background Noise 

8.2.1 Data Set Description 

The first data set used in this empirical procedure is synthetic, i.e., 
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a sound constructed by a mathematical procedure. The use of a synthetic 

sound is of great advantage in empirical testing because it can be built to 

match exact spectral characteristics. The most common underwater sound 

paradigm was described in section 7.1 as consisting of man-made signals 

evenly distributed in the spectral band ranging from 22 Hz to 2000 Hz., 

embedded in a background noise with even distribution across the entire 

analysis spectrum. It is possible to approximate this hypothesis by using a 

random generator to construct a signal with reasonably even distribution 

across the analysis spectrum, and then filtering this signal using a bandpass 

filter. The target signal used in this section consists of a random series 

sampled at 44100 Hz filtered with a butterworth low-pass filter with cutoff 

frequency at 5000 Hz. The cutoff frequency is slightly higher than the 2000 

Hz assumed in section 7.1, because the filter used does not eliminate the 

higher frequency components at exactly the cutoff frequency, but rather 

makes a smooth cut which will concentrate the signal at the desired band 

(below 2 kHz). The time-dependent spectrum of this input signal is depicted 

in figure 7.1(a), and its power spectrum density (psd) function is depicted in 

figure 7.1(b). The psd function plots the magnitude of the Fourier 

Transform coefficients across the analysis spectrum. The y-axis shows the 

magnitude in decibels (db), with unity being used as the reference measure. 

This decibel measure should not be confused with the signal to noise ratio 

(SNR), which is a ratio of the energy of the target signal over the energy of 

the noise signal (eq. 7.1). The time-dependent power spectrum is built by 

taking successive psd measurements at every 512 samples (with a Fourier 

Window of size 512) with a 256 sample overlap. A convolution with a 

Hanning window is also used to reduce the ripples in the spectrogram which 
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are a consequence of the nonperiodic characteristic of the signal. The color 

coding in the spectrogram follows the standard color spectrum, with blue in 

the lowest position of the scale, and then progressing to warmer colors in 

this order: green, yellow, orange and red. One should then note the clear 

cutoff at 5000Hz, and the concentration of the signal's energy at the 

frequency band below 2000Hz. Figures 7.2(a) and 7.2(b) show the time-

dependent power spectrum and psd for the noise signal which will be used 

as a model for background noise. It was also made using a random 

generator, without any filtration. The absence of any bands in the 

spectrogram and the absence of a dominant region in psd show that this 

signal is evenly distributed in the frequency domain. 
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Fig. 8.1(a): 
Time-Dependent Spectrogram of the Target Signal 
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Power Spectrum Density Plot of the Target Signal 
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The target signal and the background noise were combined to form 

the input for the experiment, using the model in eq. 4.1. This operation 

was repeated at various signal to noise ratios, so as to provide a large 

comparison base. The change in signal to noise ratio is achieved by scaling 

the background noise. The following SNRs were used (in decreasing 

order): 20db, lOdb, 5db, Odb, -5db, -lOdb and -20db. The series of 

illustrations below shows the spectrogram and psd function for each of the 

different input signals. The purpose of these illustrations is to show how 

the signal fades from the spectrogram at lower SNRs. It is easy to see the 

presence of the target signal in the lower portion of the spectrogram at SNR 

= 20db in figure 7.3(a), but it will be completely undetectable through 

visual inspection below -5db. This is an important feature, because visual 

detection in the time- dependent spectrogram is still used by sonarmen as 

one of the primary means for target signal detection. There are no 

significant changes in the spectrogram below -5db, but changes in the psd 

can still be detected. The larger magnitude in the lower frequency part of 

the psd indicates that the target signal is still present. Unfortunately, at 

-20db, neither the spectrogram nor the psd plot show any traces of a target 

signal. 
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Fig. 8.4(a): 
Time-Dependent Spectrogram of the Input Signal at SNR = lOdb 
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Fig. 8.4(b): 
Power Spectrum Density plot of the Input Signal at SNR = lOdb 
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Fig. 8.5(a): 
Time-Dependent Spectrogram of the Input Signal at SNR = 5db 
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Power Spectrum Density plot of the Input Signal at SNR = 5db 
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Fig. 8.6(a): 
Time-Dependent Spectrogram of the Input Signal at SNR = Odb 
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Fig. 8.6(b): 
Power Spectrum Density plot of the Input Signal at SNR = Odb 
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Power Spectrum Density plot of the Input Signal at SNR = -5db 
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Fig. 8.8(a): 
Time-Dependent Spectrogram of the Input Signal at SNR = -lOdb 
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Fig. 8.8(b): 
Power Spectrum Density plot of the Input Signal at SNR = - lOdb 
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Fig. 8.9(a): 
Time-Dependent Spectrogram of the Input Signal at SNR = -20db 
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Power Spectrum Density plot of the Input Signal at SNR = -20db 
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As can be seen from the sequence of spectrograms above, the 

signature of the target signal fades at low signal to noise ratios, and is 

totally lost at the SNR of -20db. This effect is easily seen in figures 7.9(a) 

and 7.9(b), where it can be seen that there is no contribution of the target 

signal in either the time- dependent spectrogram or the power spectrum 

density. In fact, the frequency power distribution at -20db resembles the 

distribution of the pure background signal, depicted in figures 8.2(a) and 

8.2(b). At progressively lower SNRs, it can be seen how the target signal 

spectrum is corrupted by the background noise. This effect can be noted by 

the rippling of the plateau at the left side of the power spectrum density 

plots. The original signal has a considerably smooth plateau at the lower 

portion of the psd plot (fig. 8.2(b)). This plateau begins to gain 

irregularities at SNRs of 10, 5 and 0 db. (figs. 8.4(b), 8.5(b) and 8.6(b)), 

and at the same time the magnitude of the upper frequency components of 

the psd plot begin to rise, making the plateau less visible. This effect is 

accentuated at the SNR of -5db, and by -lOdb the plateau is barely visible, 

and so corrupted that its signature resembles that of the background noise 

(figs. 8.7(b) and 8.8(b)). Finally, there is no detectable plateau at a SNR of 

-20db. 

It has been stated in chapter 7 that the performance of detection 

algorithms deteriorates at lower signal to noise ratios. The following series 

of experiments tested the performance of the traditional full-spectrum 

generalized cross-correlator using the signals depicted above. These results 

are then compared to the performance of the multiresolution cross-

correlator presented in this dissertation, in processing the same signals. The 

plots shown in this first series of experiments will follow the notation 



131 

established in chapter 5, with si meaning the scaling sequence resulting 

from the first division of the spectrum, s2 the scaling sequence resulting 

from the second division stage, and so forth. The notation P(sl) refers to 

the projected si sequence (after upsampling and convolution with the 

synthesis scaling function) and the notation C(P(sl)) refers to the 

correlation function which takes as input two projected scaling sequences at 

level 1. The reader should refer to figure 5.8 for the circuit diagram which 

illustrates the origin of these sequences. 

In order to simulate the reception at two spatially separated sensors 

according to eq. 4.1, two sequences were used. One of these sequences is 

the reference signal (the reception at zl in eq. 4.1), constructed with the 

addition of the target signal depicted in figures 8.1(a) and 8.1(b) with the 

background noise depicted in figures 8.2(a) and 8.2(b). The other sequence 

is the delayed signal (the reception at z2, in eq. 4.1), and is constructed by 

adding a shifted version of the same target signal (figs. 8.1(a) and 8.2(b)) 

with another noise sequence with the same spectral characteristics of the 

background noise depicted in figures 8.2(a) and 8.2(b). The use of two 

different noise sequences is necessary due to the assumption that the noise 

terms in eq. 4.1 (nl and n2) are uncorrelated. The sampling rate used in 

this experiment was 44.1 kHz., and the shift used in the delayed sequence 

was 100 samples. 

8.2.2 Analysis of Experimental Results 

The results obtained at all signal to noise ratios depicted above will 

be presented, but in order to make a detailed comparison in performance, 

the results at a moderately low SNR (-5db) are discussed in more detail. 
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The following sequence of plots depicts the correlation function at SNR of 

-5db for the traditional generalized cross-correlator and for the projected 

scaling sequences P(sl),P(s2), P(s3), P(s4). This sequence of experiments 

should be related to the paradigm in section 7.2. In this experiment only 

the projected scaling sequences are shown, since the projected wavelet 

sequences do not promote any improvement in the SNR of reception due to 

their higher spectral localization, as it is argued in section 7.2. Following 

the reasoning in section 7.2, which states that there is a great improvement 

in SNR at higher order scaling sequences, it should be noted that the 

correlation function presents a clear peak at the correct delay at the 

projected sequences P(s3) and P(s4). Checking with the analytical results of 

section 7.2, we see that the SNR should actually be positive at these 

sequences. Furthermore, it should be noted that the occurrence of false 

peaks, which is abundant in the traditional full-spectrum correlation, is 

extremely rare in higher order scaling sequences, and actually nonexistent 

in sequence P(s4). 

The last commentary necessary for the appreciation of the results in 

this section is that the sampling rate is dropped by a factor of two at every 

scaling sequence (refer to fig. 5.8). Therefore, it must be noted that the 

correct position of the time-delay peak in the correlation function should 

also vary, according to the following table: 
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POSITION OF THE TIME-DELAY PEAK AT DIFFERENT RESOLUTIONS 

i 
SEQUENCE POSITION OF THE TIME DELAY PEAK 

sO (full spectrum) 100 
P(sl) 100 
P(s2) 50 
P(s3) 25 
P(s4) 12 or 13 

Table 8.1: 
Location of the Time Delay Peak 

in various projected scaling sequences 

The resolution at P(sO) is that of the original signal, which is the 

resolution used by the traditional generalized correlator of chapter 3. The 

time delay in this case should correspond to the original time delay of 100 

samples. The time delay in the projected sequence P(sl) should also be 100 

samples, since it is a result of a filter-downsample operation followed by a 

upsample-filter operation, resulting in the conservation of the original 

sampling rate. In sequence P(s2), though, the signal has been downsampled 

twice and upsampled only once, and therefore the true time delay is now at 

50 samples. The sampling rate continues to fall by a factor of two in 

sequences P(s3) and P(s4), as can be seen in figure 5.8. Therefore, the time 

delay is 25 in sequence P(s3) and 12 or 13 at sequence P(s4). The real time 

delay should be 12.5 in sequence P(s4), but since it is not a multiple of the 

sampling rate, we will have to look for it in the adjacent samples. The 

parabolic fit operation described in chapter 6 can then be used to find the 

correct value of 12.5. Finally, the correlation function was calculated using 
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a window size of 512 samples, yielding 512 correlation coefficients. These 

coefficients were then plotted in a decibel scale which uses as reference unit 

the maximum value of the entire sequence. The correlation peak can 

therefore be found at the coefficient which touches the Odb line. 

The following sequence of plots depicts the correlation function at 

the original resolution, as it is traditionally done, and also at sequences 

P(sl), P(s2), P(s3) and P(s4): 
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Fig. 8.10(a): 
Typical correlation function at the original resolution. 

A false maximum is noted at index = 30. 
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Fig. 8.10(b): 
Typical correlation function at the original resolution. 

A false peak is noted at index = 425. 
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Fig. 8.11(a): 
Typical output of the correlation function C(P(sl)). 

A false peak is noted at index = 205. 
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Fig. 8.11(b): 
Typical output of the correlation function of C(P(sl)). 

A false peak is noted at index = 80. 
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Fig. 8.12(a): 
Typical output of the correlation function C(P(s2)). 

A true peak is found at index = 50. 
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Fig. 8.12(b): 
Typical output of the correlation function C(P(s2)). 

A false peak is noted at index = 470. 
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. Rg. 8.13(a): 
Typical output of the correlation function C(P(s3)). 

A true peak is found at index = 25. 
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T • i Fig. 8.13(b): 
Typical output of the correlation function C(P(s3)). 

A true peak is found at index = 25. 
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Fig. 8.14(a): 
Typical output of the correlation function C(P(s4)). 

A true peak is clearly found at index = 12. 
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Fig. 8.14(b): 
Typical output of the correlation function C(P(s4)). 

A true peak is clearly found at index = 12. 



140 

It clearly can be seen in the preceding plots that the correlation peaks 

are correctly determined in sequences C(P(s3)) and C(P(s4)) (figs. 8.13 and 

8.14). This result is consistent with the analysis developed in chapter 7, 

where a positive SNR was calculated for these sequences. On the lower 

order sequences, the signal to noise ratio was shown to be negative, 

resulting in an increased occurrence of false peaks. In examining the 

correlation function of sequence P(s3), we note that a true peak is found in 

figure 8.12(a), but a false peak is found in figure 8.12(b). Finally, in both 

sequences P(sl) and P(s0) only false peaks are found. This result should 

clearly prove the principal claim in this dissertation, which states that the 

correlation function applied to multiresolution sequences yields a better rate 

of detection than the traditional full-spectrum correlation. In order to 

further substantiate this claim, the correlation operation at the above 

mentioned sequences was repeated for the whole extent of the 

multiresolution sequences, and the peak value (the function maximum) 

extracted. The following plots illustrate the distribution of the occurrence 

of the maxima at the 512 correlation indices used in this experiment: 
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Fig. 8.15: 
The distribution of function maxima in the correlation function 

at the original resolution (traditional cross-correlation). The peak 
was at the correct index (100) in 5% of the population. 
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detection index in C(P(s1)) 

Fig. 8.16: 
The distribution of function maxima in the correlation function 

applied to sequence P(sl). The peak was at the correct index (100) 
in 7% of the population. 
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Fig. 8.17: 
The distribution of function maxima in the correlation function 

applied to sequence P(s2). The peak was at the correct index (50) 
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. . Fig. 8.18: 
The distribution of function maxima in the correlation function 

applied to sequence P(s3). The peak was at the correct index (25) 
in 72% of the population. 
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Fig. 8.19: 
The distribution of function maxima in the correlation function 

applied to sequence P(s4). The peak was at the correct index (12) 
in 100% of the population. 

The plot sequence above shows that at the original signal to noise 

ratio of -5db, the traditional cross-correlation algorithm has a detection 

accuracy of only 5% (fig. 8.15) which is too low to determine if it could 

have been a false alarm. In contrast, the detection ratio of sequence 

C(P(s4)) is 100%, a dramatic improvement. It should be noted that the 

detection rate will not be optimal at all correlation sequences, and that in 

this particular case there is no significant improvement in the signal to noise 

ratio at the wavelet sequences (which are not shown in this example). 

Nevertheless, it is safe to claim that there will be an improvement at some 

sequences which isolate the bandwidth of the target signal (as can be seen in 

tables 7.1 and 7.2), and that this improvement will be optimal at some 

sequence (in this case, sequence P(s4)). 
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8.2.3 Analysis of the Projected Scaling Sequences 

This particular experiment follows the reasonable assumption that 

the man-made transients of interest will be concentrated in a band below 

2000 Hz, and, therefore, that the scaling sequences, which isolate the lower 

part of the spectrum at each subband division, will present the best gain in 

signal to noise ratio. The following sequence of time-dependent 

spectrograms and power spectrum density plots illustrates the division of 

the analysis spectrum in the scaling sequences. This sequence of plots was 

obtained using the same input signal that was used in the previous section, a 

target signal embedded in noise at a SNR of -5db. It should be noted in 

these plots that the higher order scaling sequences have less samples due to 

the downsampling process. It is also very important to note that the analysis 

spectrum is divided in half at each filtering stage, and therefore the y-axis 

scale of the time-dependent spectrograms is different in each plot. The 

spectrum of sequence P(sl), for instance, has the same spectral range as the 

original signal, from 0 to 22000 Hz, since it has the same sampling rate (fig. 

8.20(a)). Nevertheless, since sequence P(sl) has already been filtered by 

the scaling function, it will have a higher power spectrum density at the 

lower part of the spectrum, and will have a very low upper spectral region, 

as can be seen in figure 8.20(b). The ripples in the upper spectral region of 

figure 8.20 are a filtration residual, and have a magnitude which is 

insignificant when compared to the region of interest, and have no influence 

in the correlation function. In figure 8.21(a), however, we note that the 

sequence P(s2) has only half the spectral span of P(sl), due to the reduction 

in the sampling rate, and that the upper part of this span has also been 
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filtered. The sampling rate continues dropping by a factor of two in 

sequence P(s3) (8.22(a) and (b)), and the span of the spectrogram is now 

limited to 5500 Hz. Finally, in sequence P(s4) (figs, and 8.23(a) and (b)) 

we note that the analysis spectrum is limited to the region which is 

dominated by the target signal (below 2000 Hz), and this fact accounts for 

the superiority of the detection results in this sequence. 



146 

x 104 

I * 
<i> 

2 

1.8 

1.6 

1.4 

1.2 

^ , t, 'M> r<^' * t ~ w ' v. -y 

;^;'^' * & < ^ ^ " ~ ^ w v a**>5
 \ 

(Vlln.rf? 1 t%g3&»*0W *^c, % h '^;%
 " W# &## * 'vf 

-'> * *fcj* -«, -*4 -V >.» <v«» ^>. ^ >i,> s-/'-vul '•<««*(. ",^ .-r r '«$ ̂ -»*• ̂ -ys*-* «*<» •#•- * '*« "< •• rf» <* ^ < Au */'&*?J^'tOk.Ai'-r* 
sff-sjfify -\ 'A F< ** " ^ ^ W < "̂  »• V> ^r A * 

1« ^ % t»> ̂ Av* * s?» w <. *, ;* , * * - £ tv «%***<":>' % ̂  ̂  *** *, '* ,~V <, <#* v 6 

„«£ Vws-v .-Av; ' ;?•-*-"u.*n<p". .v . < v 
*»* * v «•»: -** - ^4 ~ ^d^WZt. ^ #3^ ^ ^ v &V5*,'* i „ \&toxkk< „• 

i^msm'i >^f i **•*> ^ - * ^ - r » ' ^ '*> m ^ . r ^ w v >,t ^ y v , J >*<• <v< '̂ ~?' ^ ^ *V , 

<\ ^ r * ,>'" , *4 ^ J - ' ' * "»* . ' *- " *^ - * ' ' ^ ^ ^>/ »^ " ' * > «./ - ^ ' V i •? **» /—» r 11h^ I>| Vv^^; 
igi ... * • v,#L, m . 

O" 1 
£ 1 

u_ 

0.8 

0.6 

0.4 

0.2 

ST* 4 

J* ^ * « 

tk * * '' 2̂* ̂  * 

*. t y j * . t h » x j . 

0.2 0.4 0.6 0.8 
Time 

Fig. 8.20(a): 
Time-Dependent Spectrogram of sequence P(sl) 
(the SNR of the signal at full resolution is -5db). 
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Fig. 8.20(b): 
Power Spectral Density Plot of sequence P(sl) 

(the SNR of the signal at full resolution is -5db). 
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Fig. 8.21(a): 
Time-Dependent Spectrogram of sequence P(s2) 
(the SNR of the signal at full resolution is -5db). 
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Fig. 8.21(b): 
Power Spectral Density Plot of sequence P(s2) 

(the SNR of the signal at full resolution is -5db). 
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Fig. 8.22(a): 
Time-Dependent Spectrogram of sequence P(s3) 
(the SNR of the signal at full resolution is -5db). 
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Fig. 8.22(b): 
Power Spectral Density Plot of sequence P(s3) 

(the SNR of the signal at full resolution is -5db). 
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Fig. 8.23(a): 
Time-Dependent Spectrogram of sequence P(s4) 
(the SNR of the signal at full resolution is -5db). 
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Fig. 8.23(b): 

Power Spectral Density Plot of sequence P(s3) 
(the SNR of the signal at full resolution is -5db). 
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8.2.4 Statistical Results 

The following table illustrates the results of the application of the 

procedure discussed in the sections above to different signal to noise ratios: 

True Detection Probability for Projected Scaling Sequences 

SNR C(P(S0)) C(P(S1)) C(P(S2)) C(P(S3)) C(P(S4)) 

5db 100% 100% 100% 100% 100% 
Odb 40% 27% 95% 100% 100% 
-5db 5% 7% 28% 72% 100% 
-lOdb 2% 0% 2% 7% 18% 
-20db 0% 0% 0% 0% 3% 

Table 8.2: 
True Detection Probability for Projected Scaling Sequences 

These results confirm that the traditional cross-correlation 

algorithm, denoted C(P(S0)) in the table above, is accurate at a positive 

signal to noise ratio of 5db. At Odb, however, a significant loss of detection 

power is noted, with a deterioration in performance by a factor of 60%. At 

negative signal to noise ratios, we note that C(P(S0)) does not yield any 

significant probability of detection. The projected scaling sequences show a 

much improved performance at negative SNRs, and the best performing 

sequence is found to be C(P(S4)). These results are easily understood if we 

•analyze the spectrum regions covered by each of the projected scaling 

sequences in question in relation to the target signal. The following power 

spectral density plot illustrates the spectral coverage of these sequences: 
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Fig. 8.24: 
Power Spectral Density Plot of the Target Signal, showing 

the spectral regions which contain the projected scaling sequences. 

Hie figure above shows P(S4)) as the only sequence which belongs to 

a spectral space which is entirely contained in the spectral region where the 

target signal is strongest, thus its improved detection capability. The 

following sequence of plots illustrates the detection capability of each 

sequence at various SNRs. The last plot in this sequence is a comparison of 

the detection capability of all the sequences considered in this section. 
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Fig. 8.25: 
Detection Probability of the sequence C(P(sO)) at various SNRs. 
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Fig. 8.26: 
Detection Probability of the sequence C(P(sl)) at various SNRs. 
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Fig. 8.27: 
Detection Probability of the sequence C(P(s2)) at various SNRs. 
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Fig. 8.28: 
Detection Probability of the sequence C(P(s3)) at various SNRs. 
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Fig. 8.29: 
Detection Probability of the sequence C(P(s4)) at various SNRs. 
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Fig. 8.30: 
Detection Probability of the projected scaling sequences at various SNRs. 
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8.3 Simulation with Data Set II: Bandpass Signal Embedded in 

Evenly Distributed Background Noise 

8.3.1 Data Set Description 

The basic purpose of this series of experiments is to measure the 

performance of multiresolution correlation when the target signal is a 

bandpass process, i.e., a process generated by bandpass filtering a random 

process. The previous section illustrated that for low-pass signals, the 

projected scaling sequences yield successively better improvements in the 

SNR ratio. With a bandpass process, however, it is expected that a few 

projected scaling sequences will yield some improvement, until a 

decomposition stage is reached where the signal's energy is directed to a 

specific projected wavelet sequence. It is with this projected wavelet 

sequence that will have the best SNR for cross-correlation. In order to 

illustrate this phenomenon, the following two-power spectral density plots 

depict the target signal frequency distribution and the related spectral 

distribution of the multiresolution projections. 
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co-150 
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Fig. 8.31: 
Power Spectral Density Plot of the Background Signal 
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1 1.5 
Frequency x 10" 

Fig. 8.32: 
Power Spectral Density Plot of the Target Signal, showing 

the spectral regions which contain the projected scaling sequences. 
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As evident from the illustration above, some of the projected scaling 

sequences optimize the SNR by reducing the analysis spectrum to a region 

where the signal is stronger. Note, however, that the signal is weak in the 

lower region of the spectrum, and, therefore, that the projected scaling 

sequences also include a spectral region where the signal is weak. The best 

improvement in signal to noise ratio is to be expected in the projected 

wavelet sequence which isolates the strongest frequency components of the 

signal, and this sequence is shown to be P(w3). 

The background process used in this experiment is similar to the one 

used in the previous section. The following sequence of power spectral 

density plots shows the characteristics of the input sequences used in this 

experiment at various signal to noise ratios: 
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Fig. 8.33: 
Power Spectrum Density plot of the Input Signal at SNR = -5db 
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Fig. 8.34: 
Power Spectrum Density plot of the Input Signal at SNR = -lOdb 
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Fig. 8.35: 

Power Spectrum Density plot of the Input Signal at SNR = -15db 
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Fig. 8.36: 
Power Spectrum Density plot of the Input Signal at SNR = -20db 
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8.3.2 Analysis of Experimental Results 

This experiment follows the same protocol used in the previous 

section. However, in this experiment both the projected scaling and wavelet 

sequences are considered. The following table shows the results of the 

cross-correlation operation of these sequences at various signal to noise 

ratios: 

True Detection Probability for Multiresolution Sequences 

SNR C(P(S0)) C(P(S1)) C(P(S2» C(P(S3)) C(P(S4)) 

-5db 100 100 100 0 0 
-lOdb 97 97 100 2 0 
-15db 27 46 97 2 0 
-20db 6 2 16 2 0 

C(P(S0)) C(P(W1)) C(P(W2» C(P(W3)) C(P(W4)) 

-5db 100 2 33 100 0 
-lOdb 97 2 2 100 0 
-15db 27 2 0 100 2 
-20db 6 2 0 47 0 

Table 8.3: 
True Detection Probability of the Multiresolution Sequences 

These results confirm the expectation that the sequence P(W3) yields 

the best results. Also, it is significant that the projected scaling sequences 

result in progressively better detection capability until sequence P(S3). At 

this point in the multiresolution decomposition process, most of the target 

signal's energy is transferred to sequence P(W3), and therefore none of the 
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subsequent sequences will yield any further improvement. Actually, after 

sequence P(W3), there is no trace of the target signal left, which accounts 

for the zero detection count in sequence P(S4). This feature of the 

multiresolution decomposition process indicates that this technique can be 

used not only as a means for SNR improvement, but also as a mechanism 

for detecting the spectral region in which most of the target signal's energy 

is concentrated. The following sequence of plots displays the information 

contained in the table above: 

C(P(sO)) Detection 
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40 
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Fig. 8.37: 
Detection Probability of the sequence C(P(sO)) at various SNRs. 
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C(P(s1)) Detection 
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Fig. 8.38: 
Detection Probability of the sequence C(P(sl)) at various SNRs. 
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Fig. 8.39: 
Detection Probability of the sequence C(P(s2)) at various SNRs. 
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Fig. 8.40: 
Detection Probability of the sequence C(P(s3)) at various SNRs. 

C(P(w1)) Detection 

100 

80 -

60 • 

40 -

20 -

n • 

-5db 
1 | 

-10db -15db 
i 

-20db 

Fig. 8.41: 
Detection Probability of the sequence C(P(wl)) at various SNRs. 
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Fig. 8.42: 
Detection Probability of the sequence C(P(w2)) at various SNRs. 
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Fig. 8.43: 
Detection Probability of the sequence C(P(w3)) at various SNRs. 
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Fig. 8.44: 

Detection Probability of the projected scaling sequences at various SNRs. 
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Fig. 8.45: 
Detection Probability of the projected wavelet sequences at various SNRs. 
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8.4 Summary of Simulation Results 

The proposed algorithm for multiresolution cross-correlation 

proposed was tested in two different conditions: 

i. The first experiment utilized a target signal obtained by low-pass 

filtering a random process. This target signal was then embedded in a 

background noise, consisting of an evenly distributed random process, at 

various signal to noise ratios. Another similar sequence was generated 

with a time delay of 100 samples in the target signal. The multiresolution 

cross-correlation algorithm was applied to these input sequences. The 

results of this experiment show that there is a dramatic improvement in 

detection capability in the lower resolution projected scaling sequences. 

ii. The second experiment followed the same protocol as the first, 

with the difference that the target signal was obtained by bandpass filtering 

a random process. The results from this experiment show that the projected 

scaling sequences yield progressive improvements in detection capability 

until the multiresolution decomposition process shifts the frequency band 

containing most of the target signal's energy to an optimal projected wavelet 

sequence. The detection capability of the following projected scaling and 

wavelet sequences then drops to insignificant levels. Nevertheless, the 

optimal projected wavelet sequence yields the best detection results, 

indicating that it contains most of the target signal's energy. This process 

also proved that multiresolution cross-correlation can be used as a method 

for estimating a bandwidth of optimal signal to noise ratio. 



CHAPTER 9 

CONCLUSIONS 

9.1 Overview 

The problem addressed in this dissertation is that of the estimation of 

the time-delay parameter in digital beamforming. The most successful 

technique traditionally used for beamforming, particularly in underwater 

acoustics, is the generalized cross-correlator. Empirical evidence, including 

some simulation tests in chapter 7 of this dissertation, have shown that the 

generalized cross-correlator has a poor performance at low signal to noise 

ratios, resulting in a low probability of detection of the time delay. 

The research contained herein presents another algorithm for signal 

beamforming, based on the projection of the input series onto orthogonal 

spaces of limited bandwidth. This projection is accomplished by the 

application of a filter matrix built with paraunitary wavelet basis functions 

(see chapter 2). The resulting sequences are often referred to in the digital 

signal processing literature as multiresolution sequences. A fast 

implementation of the projection operation was presented in chapter 3, 

•based on the fast convolution algorithm and bi-phase division of the input 

sequences. The traditional generalized correlator algorithm is presented in 

chapter 4, and chapter 5 presents an original alternative to the traditional 

algorithm, based on the separate cross-correlation of the multiresolution 

sequences. The remaining underlying theory of the multiresolution 
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algorithm, addressing the estimation of fractional time delays, is covered in 

chapter 6. 

The theoretical exposition is followed by a theoretical analysis of the 

expected results, which is developed on chapter 7. Finally, chapter 8 

contains empirical results gathered in a simulation session consisting of two 

main experiments. These experiments utilize input data which most closely 

approximate signals of interest in underwater acoustics, at various signal to 

noise ratios. 

9.2 Achievements 

It is quite clear from the simulation results that the original 

multiresolution algorithm proposed has a detection capability much higher 

than the traditional generalized cross-correlator algorithm. This 

improvement in detection capability is made possible by the fact that the 

signal to noise ratio in some of the multiresolution sequences is much higher 

than that of the original input signal. Therefore, there is a significant gain 

in the quality of reception in the resolution sequences with best SNR. Since 

the characteristics of the original signal are not lost on the projection 

procedure, the multiresolution sequence with best SNR can be used as input 

for signal beamforming and for any other parameter estimation technique. 

There are three basic uses of the original algorithm proposed: 

i. The detection of the presence of a target signal when no a priori 

knowledge of the input sequence is available; 

ii. The estimation of the time delay in the arrival of the wavefront at 

spatially separated sensors; 
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iii. The selection of an optimal signal to noise ratio frequency 

bandwidth for further processing, if detection has occurred. 

These applications are time-related, in the sense that (i) should 

usually occur before (ii). The system would therefore work as follows: 

i. The multiresolution cross-correlation algorithm is applied to all 

multiresolution sequences, and the detection probability for each sequence is 

measured and recorded; 

ii. In the case that some sequence exhibits a detection rate higher 

than an empirical threshold for detection, the multiresolution sequence with 

the highest detection probability is selected as primary sequence for time-

delay estimation; 

iii. The fractional time-delay estimation algorithm in chapter 6 is 

applied to the primary sequence, resulting in an accurate time-delay 

estimate for signal beamforming; 

iv. The traditional time-domain beamforming algorithm can then be 

applied to the primary sequence, or to the original input, depending on the 

application; 

v. Further processing can be applied to the output of the 

beamforming operation for the estimation of other target signal parameters. 

The knowledge of the frequency bandwidth with optimal signal to noise 

ratio, given by the bandwidth of the primary multiresolution sequence, can 

then be used to select a portion of the spectrum of the beamformed signal in 

a number of applications. 
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9.3 Future Extensions and Applications 

There is a great number of applications to which the findings of this 

research can be extended. The most immediate application is perhaps the 

use in frequency tracking algorithms, such as Matched Field Processing 

([Bucker 1976] and [Brienzo 1993]),and Environmental Source Tracking 

[Collins 1993]. These algorithms depend greatly on the estimation of a 

frequency bandwidth with optimum signal to noise ratio, which is a by-

product of the multiresolution cross-correlation algorithm. Furthermore, 

the use of a multiresolution sequence, as opposed to the full-spectrum input, 

greatly reduces the computational complexity of digital signal processing 

algorithms, since the sampling rate is reduced at every decomposition stage. 

Because most frequency tracking algorithms utilize very expensive 

processing techniques, such as simulated annealing, this gain in 

computational complexity should prove as important as the knowledge of 

the optimal SNR bandwidth. 

Another possible extension of this work is the application to high 

resolution beamforming. This technique is used when there are two or 

more target signals in the input sequence. The presence of multiple target 

signals will result in multiple peaks in the cross-correlation function. A 

sophisticated technique is required to differentiate these peaks from false 

ones, and to correctly estimate the time delay for each target signal. The 

application of multiresolution cross-correlation to this problem could result 

in high detection probability for multiple subsequences, with different 

positions of the detection peak. The problem of separating the peaks would 

be easy if the target signals happen to be contained in the orthogonal 
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projections, since each detection subsequence would then exhibit a different 

time-delay estimate. In the case that the target signals' bandwidth tend to 

coincide, a finer division of the spectrum would be necessary, which could 

be achieved with the application of different wavelet functions, or "voices" 

[Rioul 92]. 

An important final consideration is that the multiresolution 

sequences, which are the output of the algorithm proposed in this 

dissertation, are time-domain sequences. Furthermore, the characteristics 

of the original sequence at each frequency bandwidth are preserved in the 

decomposition process. This fact implies that any technique which is 

traditionally applied to the full spectrum of time domain sequences could be 

applied, with significant gains in resolution, to the multiresolution 

sequences. The full-spectrum output could then be obtained by the wavelet 

reconstruction process, provided the wavelet functions used in the 

decomposition process have the perfect reconstruction property. This 

important fact makes the list of the possible applications of the technique 

presented in this dissertation virtually endless. 
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