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Cooperative behavior arises from the interactions of single units that globally 

produce a complex dynamics in which the system acts as a whole. As an archetype I 

refer to a flock of birds. As a result of cooperation the whole flock gets special abilities 

that the single individuals would not have if they were alone. This research work led to 

the discovery that the function of a flock, and more in general, that of cooperative 

systems, surprisingly rests on the occurrence of organizational collapses. In this study, I 

used cooperative systems based on self-propelled particle models (the flock models) 

which have been proved to be virtually equivalent to sociological network models 

mimicking the decision making processes (the decision making model). The critical 

region is an intermediate condition between a highly disordered state and a strong 

ordered one. At criticality the waiting times distribution density between two 

consecutive collapses shows an inverse power law form with an anomalous statistical 

behavior. The scientific evidences are based on measures of information theory, 

correlation in time and space, and fluctuation statistical analysis. In order to prove the 

benefit for a system to live at criticality, I made a flock system interact with another 

similar system, and then observe the information transmission for different disturbance 

values. I proved that at criticality the transfer of information gets the maximal 

efficiency. As last step, the flock model has been shown that, despite its simplicity, is 

sufficiently a realistic model as proved via the use of 3D simulations and computer 

animations. 
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CHAPTER 1

COOPERATIVE UNITS

1.1. Collective Motion

The science of cooperative systems is a stimulating area of contemporary research,

that attracts the attention of researchers of disciplines like biology, economics, physics, so-

ciology and many other fields.

Coordinated movement in a group is abundant in nature, such in flocks of flying birds,

herds of quadrupeds, human pedestrian motion,vehicular traffic movements, and also at the

microscopic level, such as when bacteria exhibit collective motion for their survival under

unfavorable conditions.

The main target of researchers is to answer the question how all the individuals in a

group get the information about what all the others are doing, and take proper actions, i.e.

to make such decisions and organize themselves in a coordinated manner.

What is fascinating in physics are those types of phenomena of creating order out of

an initial disordered situation, following the guidelines of the so-called collective decision -

and thereby creating a field of research.

In the statistical physics approach, the individuals are taken to be particles that

can interact with each other. The basic situation is, for example, choosing between two

possibilities (i.e. a referendum or the U.S. presidential election), in which case an individual

has to make an unbiased decision. If there are no influencing factors, half of the group will

decide one possibility and the other half will choose the opposite one.

But let us suppose that the agent now is influenced by a certain number of neighbors.

We can expect that another final situation will occur; a different final non-random state

could be reached.

In this context, we have two parameters that play the role of influencing the individ-

ual’s choice: a coupling strength (the propensity to follow the neighborhood’s choice) and

the environmental noise (disturbance factor detracting from the ability to correctly perceive
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the decisions of other agents).

If we have a very poor coupling strength and a large noise, we could recover the

Random condition of 50% possibility.

We are going to illustrate recent theories describing this kind of situation to make

clearly define any attempt to find a scientific description and a physics theory. In this way

an appropriate study can be done addressing the problem towards a direction

In order to provide clarity for such a broad issue, I will begin with a brief look at all

fields of science where we can find such situations, attempt to distinguish overlapping words

and terms, separate the many fields of study, and find the common factor and the universal

pattern beyond.

1.2. Collective Phenomena in Scientific Fields

In this paragraph, I will provide an overview of about the collective behaviors present

in many important phenomena in nature.

1.2.1. Physics

The concept of flocking in physics has been related to concepts like non-equilibrium

phenomena, critical processes, phase transitions, and, more in general, self-organized dy-

namical systems that are complex systems made up of small, simple units connected to each

other, creating patterns and global structures. Examples are: superconductors, super fluids,

spontaneous magnetization et similia.

Some of the newest research on condensed matter physics has recently been issued by

liquid crystals studies [48]. Liquid crystals, in the electrohydrodynamic convection regime,

afford attractive examples of spatiotemporal chaos generated by the self-organization of many

interacting units. Moreover, the spectral properties of weak turbulence in a liquid crystal

sample can be driven by an external electric field, as a function of the applied voltage, finding

that the system dynamics are driven by events resetting the system through creation and

annihilation of coherent structures, retaining no memory of previous history.
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In the last few years, there has been an increasing interest in the fluorescence inter-

mittency of new nanomaterials, which for this reason have been called blinking quantum

dots (BQD). The properties of their power spectrum have attracted a large scientific inter-

est also because directly connected with the origin of the 1/f noise (see fig.1.1 from [45]) .

The behavior of the BQD is a prototype of complex systems in the sense that it cannot be

described by a Poissonian statistics on their waiting time distributions [6].

Fig. 1.1. Fluorescence image of several isolated quantum dots. On the right
figure shows the intensity of fluorescence as a function of time measured from
a single CdSe/ZnS coreshell nanocrystal quantum dot [45]

1.2.2. Animal Behavior Science

This is the field where we can find a lot of neat examples of cooperative motions. They

usually use terms like swarming, flocking, schooling behavior, or words like ’aggregation’ and

’cooperation’. All of these describe the coordinated behavior of large group of similar animals

(and the emergent properties of these groups) by using an information transmission process

across the group and the consequent global decision-making.

Following are some useful specific definitions of several terms we are going to be using:

Flock: This is the main example we will use during the book. We call birds “agent”

or “units”. Technically the flocking behavior is the way a group of birds moves in

organized flight into their characteristic formation: in line (typical of migrations)

or in cluster (defined by synchronized and apparently simultaneous rapid changes

in direction). As described at the beginning of the section, starling flocks are one

of the most studied groups in scientific literature.
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Swarm: This is applied in particular to insects like honey bees, ant colonies, cock-

roaches and the well-known locusts. The latter ones are the swarming phase of

grasshoppers (family Acrididae), which under certain conditions, become gregari-

ous and migratory. One of the most important studies [59] proved that an individual

locust’s response to a loss of alignment in the group appears to increase the ran-

domness of its motion, until an aligned state is again achieved. This noise-induced

alignment appears to be an intrinsic characteristic of collective coherent motion. The

term “swarm” is also used as a general word to indicate the tendency to aggregate,

synchronize and self-organizationally cooperate in groups.

Shoal: This term is used to describe any group of fish, while “school” is used only for

groups of the same species swimming in a highly synchronized manner. Questions

of shoaling behavior include identifying which individuals are responsible for the

direction of shoal movement. In the case of migratory movement, most members of

a shoal seem to know where they are going.[43] Usually schools, as well as flocks,

move in synchrony, and this explains why so much attention has been given to those

terms to describe these new topics, even in fields like Physics or Mathematics.

Herds: Here we find individuals of quadrupeds that can act together in a group

without planned direction. The herd, in this case, appears as a unit in moving

together, but its function emerges from the uncoordinated behavior of self-serving

individuals[28].

1.2.3. Biology

Another important scientific field in which the cooperative motion plays an important

role is Biology. In some typical experiments ([40], [31]), a dense group of E. coli (a bacteria)

swam in the roughly two dimensional space at an air water interface. Their collective motion

is significantly different from their motion as single cells. Groups of cells form and swim

together, other groups split and join, and the average trajectory of a single cell can be quite

erratic, see fig.1.2.
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1.2.4. Geophysics and Vulcanology

The underground activities of the Earth is one of the most interesting topics ([57]) in

our society, so advanced and hi-tech, but vulnerable to afford strikes like earthquakes and

vulcanic eruptions. An earthquake is a sudden trembling or shaking movement of the Earth’s

surface caused by the abrupt release of slowly accumulated strain. Tectonic earthquakes

are often caused by the movement of rocks along a fault, whereas volcanic earthquakes

are often caused by the movement of gases or magma. A typical large earthquake will

include a mainshock, the largest earthquake in a sequence, and may be preceded by smaller

earthquakes known as foreshocks, and followed by smaller earthquakes called aftershocks.

Earthquake swarms are generally defined as clusters of earthquakes closely spaced in

time and area that do not have a defined mainshock.

They are events where a local area experiences sequences of many earthquakes striking

in a relatively short period of time. The interesting question to answer can be: How long do

we need to wait before the big earthquake hits? Or, since earthquake swarms are one of the

events typically preceding eruptions of volcanoes, when will an eruption take place?

1.2.5. Robotics

Swarm robotics is a new approach that has emerged in the field of artificial swarm

intelligence, in which individuals coordinate their actions to accomplish tasks that are be-

Fig. 1.2. an example of an experiment on tracking E.coli movements
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yond the capabilities of a single individual. In particular, swarm robotics is focused on the

coordination of decentralized, self-organized, multi-robot systems, in order to describe such

a collective behavior as a consequence of local interactions with one another and with their

environment[50] [13].

1.2.6. Military

Whenever military operations are non-linear, dispersed, and decentralized, swarming

is an effective tactic. Whether we want to defeat enemy swarms (i.e. terrorist attacks),

or emulate them, our defense planners need to understand how military swarming works.

Swarming occurs when several units conduct a convergent attack on a target from multiple

axes. Attacks can be either long range fires or close range fire, and hit-and-run attacks.

Swarming can be pre-planned or opportunistic. Swarming usually involves pulsing whereby

units converge rapidly on a target, attack and then re-disperse.

Military swarming subsumes the use of a decentralized force against an opponent,

in a manner that emphasizes mobility, communication, unit autonomy, and coordination or

synchronization [23].

1.2.7. Human, Social and Economics Science

A collection of people can also exhibit swarm behavior [22], such as pedestrian move-

ments and traffic dynamics. A recent study [21] has demonstrated flock-like behavior in

humans when making decisions based upon the actions of others. The group of people ex-

hibited similar behavioral pattern to a flock, where if a very small percentage of the flock

changed direction the others would follow.

If one person was designated as a predator and everyone else was to avoid him, the

flock behaved very much like a school of fish.1

The findings could have major implications for directing the flow of large crowds, in

particular in disaster scenarios, during which verbal communication may be difficult.

1Another interesting discussion of the present days can be found on the msnbc channel at the address
http://on.msnbc.com/poOsrO
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Collective movements are particularly relevant in economics. In fact, it is worthwhile

to explore the possibility of using models built to describe flocking, to describe economic

herding behaviors, in order to obtain new tools to understand social events such as fashion

trends and financial markets [17].

In cognitive science and neuroscience, there are proponents of so-called swarm cog-

nition who believe the brain might work like a swarm of nerve cells, with no top-down

co-ordination. Even complex cognitive functions, such as abstract reasoning and conscious-

ness, they suggest, might simply emerge from local interactions of nerve cells doing their

waggle maneuvers. Similar to a bird in a flock (or an insect in a swarm), a neuron is individ-

ually limited only to interaction with other neurons, but the brain displays highly complex

cognitive processes.2

1.2.8. Computer Science and Complex Networks

In the last few years, several mathematical models have been proposed to reproduce

the collective behavior of flocks or schools, and swarms in general. Models, in fact, play

an fundamental role in this research; i.e. why they can provide the manner in which the

dynamics of the individual can lead to groups, and how collective behavior can emerge from

self-organization.

C. W. Reynolds [46] created a smart way of thinking by creating realistic-looking

animations of flocks of birds. In the past, when using computer graphics to animate a flock

of birds one would have to direct the path of each bird individually. Instead, he devised a

program that generated realistic flight paths for a flock using no central authority on the

flock and only local interactions between adjacent points (called ”Boids” fig. 1.3) are used

to find the flocking behavior.

2Readings about that are in [20] and in [32] where the authors say “Self-organized criticality is one of the key
concepts to describe the emergence of complexity in natural systems. The concept asserts that a system self-
organizes into a critical state where system observables are distributed according to a power law . . . Critical
behavior has been shown to bring about optimal computational capabilities, optimal transmission, storage
of information and sensitivity to sensory stimuli. In neuronal systems, the existence of critical avalanches
was predicted and later observed experimentally”

7



In this model there are three rules of interaction such as 1) collision avoidance (sepa-

ration), 2) velocity matching (alignment) between boids located within a certain radius, and

3) attraction (cohesion rule) toward boids within a shorter radius.

These 3 simple rules, if well applied, create a realistic flocking behavior.

This program is very important not only because it was the first to produce nice

computer animations (as in a scene of the Disney’s movie The Lion King in the 1994), but

also because it clearly indicates that complex behavior, like flocking, is in no need of complex

rules: from very simple rules a complex behavior can be found.

This model has been so successful to have been applied in a large number of field such

as : Interactive graphics and virtual reality, Robotics, Aerospace, Education, Evolutionary

computation, Art, Biology, Physics and other several topics.3

(a) Steer to avoid crowding with
local flock mates

(b) Steer toward the average head-
ing of local flock mates.

(c) Steer to move toward the aver-
age position of local flock mates.

Fig. 1.3. Boids model: (a) separation, (b) alignment, (c) cohesion

The flocking behavior, so, can be described by an Agent-based model which consists

of dynamically interacting rule-based agents, seen as a network in lattice-like neighborhoods.

From these single elementary elements we can see the emergence of collective phe-

nomena not directly connected to the original constituents: and one of the most modern

and important ways to study these kind of behaviors is the complex networks approach.

3To study it in detail visit the Reynolds’s website at http://www.red3d.com/cwr/boids/
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Historically, the study of networks has been mainly the domain of a branch of discrete math-

ematics known as graph theory. The last decade has witnessed the birth of a new movement

of interest and research in the study of complex networks, that is networks whose struc-

ture is irregular, complex and dynamically evolving in time and with a renewed attention

to the properties of networks of dynamical units. Among the most important contributions

given to networks in recent years we can, definitely, mention two fundamental papers,that

by Watts and Strogatz on small-world networks, appeared in Nature [55] in 1998, and that

by Barabási and Albert on scale-free networks appeared one year later in Science [8]. By

then scientists have been applied the complex networks model a big amount of problems:

transportation networks, phone call networks, the Internet and the World Wide Web, the

actors’ collaboration network in movie databases, scientific coauthorship and citation net-

works from the Science Citation Index, but also systems of interest in biology and medicine,

as neural networks or genetic, metabolic and protein networks.

All such systems can be represented in terms of nodes and edges indicating connec-

tions between nodes. In Internet, for example, the nodes represent routers and the edges

the physical connections between them. In the same way, in transport networks, the nodes

can represent the cities and the edges the highways that connect them. These edges can

have weights, which can represent the flux of car in a highway or a frequency of interactions

between two words in a language network. An important characteristic of these networks is

that they are not random, but have a more structured architecture. The topology of different

networks, as protein-protein interaction networks and Internet, for example, are very close:

they follow the power law, exhibiting a scale free structure[9] [16].

We are going to see a more detailed description of these models further in the book.

Complexity theory indicates that large populations of units can self-organize into

aggregations that generate pattern, store information, and engage in collective decision-

making. This begs the question, are all emergent properties of animal aggregations functional

or are some simply pattern? Solutions to this dilemma will necessitate a closer marriage

of theoretical and modeling studies linked to empirical work addressing the choices, and
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Fig. 1.4. Map of Scientific Collaborations. Using data from Science-
Metrix, a bibliometric consulting firm that licenses data from journal aggrega-
tors like Elsevier, Scopus and Thomson Reuter Web of Science, Olivier Beauch-
esne build an intricate map of scientific collaborations between cities all over
the world, between 2005 and 2009. The brightness of the lines is a function of
the logarithm of the number of collaborations between pair of cities and the
logarithm of the distance between those same two cities.

trajectories, of individuals constrained by membership in the group.
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1.3. On the Complex Nature of Things

One of the most interesting books dealing with very modern concepts of physics was

written during the 1st century B.C. : de Rerum Natura, whose author is the Roman poet and

Fig. 1.5. An edition of Lucretius’s De
Rerum Natura published on 1785 in Latin
language

philosopher Titus Lucretius Carus (ca. 99

BC - ca. 55 BC). This opera is a poem made

of six books in which Lucretius presents the

principles of matter and space, the nature of

atomic compounds, the materiality of soul

seen as both mind (animus) and spirit (an-

ima), and, in the remaining last three books,

the explanation of natural phenomena. As

concern with our interests here, we are going

to focus our attention on the natural philos-

ophy aspects (i.e. physics) of their writings.

The poem is essentially a poetic ex-

planation of concepts that Lucretius had

read and that he took from ancient Greek

philosophers like Democritus (4th century

BC) and, mostly, Epicurus (3rd century BC)

whom Lucretius glorifies as the hero of the

poem.

But his book is not only a didactic

poem about the atomistic physics and the philosophic thought of Epicurus, in fact Lucretius,

describing atomism in his de rerum natura, wrote very clear and compelling empirical argu-

ments for the original atomist theory, so giving a very sensitive ontological reinterpretation of

those doctrines adding more emphasis on some important concepts which, nowadays, scientist

are trying to deal with: Complex phenomena, aggregation behavior and self-organization.

For the purposes of this thesis, the most interesting part of the Lucretius’s poem
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is, in particular, the book two where the author explains the atomic motions by which the

generative matter give birth to various things and then dissolving once more. Precisely

Lucretius describes three types of motion:

Referring to atomic structure of nature, Lucretius wrote:

Illud in his quoque te rebus cognoscere avemus,

corpora cum deorsum rectum per inane feruntur

ponderibus propriis, incerto tempore ferme

incertisque locis spatio depellere paulum,

tantum quod momen mutatum dicere possis.

quod nisi declinare solerent, omnia deorsum

imbris uti guttae caderent per inane profundum

nec foret offensus natus nec plaga creata

principiis; ita nihil umquam natura creasset.

[Lucretius, De Rerum Natura II. 216-224]

the translation of which is:

When atoms move straight down through the void by their own weight, they

deflect a bit in space at a quite uncertain time and in uncertain places, just

enough that you could say that their motion has changed. But if they were

not in the habit of swerving, they would all fall straight down through the

depths of the void, like drops of rain, and no collision would occur, nor would

any blow be produced among the atoms. In that case, nature would never

have produced anything.

[from Brad Inwood, L. P. Gerson, (1994), The Epicurus Reader, page 66.

Hackett]

According to Lucretius, the unpredictable swerve occurs at unpredictable place or

time. He presented (from the previous work of Epicurus) the concept of Clinamen as spon-

taneous and unpredictable small deviations of atoms’ direction in their downward course in

the process of creation of matter.
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CHAPTER 2

STOCHASTIC PROCESS

In this chapter we introduce some fundamental concepts and properties for the un-

derstanding of future discussions. So the purpose is merely that of focusing the attention

on those aspects useful to proceed and find a base for the experimental results we will find

in the last part of this work. In the whole thesis it is possible to find just the fundamental

passages that can allow the reader to get and derive the final results. However, it is not my

intention to describe in details and with proves all the mathematical statements. References

are usually given when necessary, but the main topics in this chapter are basically referred

to [25], [47], and [15] when nothing is specified.

A stochastic process can be described with two different frameworks: on one side

there is the probability density and its evolution , on the other side the point of view of

single trajectory which evolves according to the equation of motion.

Using the approach of trajectories it is possible to introduce the concepts of events,

and it is possible to describe new phenomena. Paying the price that some problems arise

with concept like stationarity, ergodicity and approximation issues.

2.1. Probability Theory

Let’s describe a system which evolves probabilistically in time according to a time-

dependent random variable X(t), with its measure values x1, x2, x3, . . . called realizations of

that process at times t1, t2, t3, . . .. From the ensemble X(t), each value, x, has a probability

P (x, t) to happen at time t within the infinitesimal interval (x, x+dx). This P (x, t) is called

probability density function.

The joint probability density that the stochastic variable gets x1 at time t1, x2 at

time t2, . . . , xn at time tn is expressed as Pn(x1, t1;x2, t2; . . . ;xn, tn) and it has the property:

(1) Pn−1(xn−1, tn−1;xn−2, tn−2; . . . ;x1, t1) =

∫
dxnPn(xn, tn;xn−1, tn−1; . . . ;x1, t1)q
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Another property is related to the concept of conditional probability :

(2) P1|n−1(xn, tn|xn−1, tn−1; . . . ;x1, t1) =
Pn(xn, tn;xn−1, tn−1; . . . ;x1, t1)

Pn−1(xn−1, tn−1;xn−1, tn−1; . . . ;x1, t1)

It is the probability that a stochastic variable ξ(t) at time tn gets the value (event) xn

knowing that at previous times it has got the value x1 (at time t1) , x2 (at time t2) and so

on until the time tn−1.

It is possible to generalize the condition probability for a general intermediate lth

time.

The most simple kind of stochastic process is when the value of the random variable

is completely independent from his past and future values:

(3) p(xn, tn; . . . ;x1, tn) =
∏
i

p(xi, ti)

Another trivial situation is when p(xi, ti) is independent of ti, where we have the same

probability law for all the times in the process.

2.1.1. Markov Process

Another very important situation is when the stochastic variable is considered a

Markov process. In this case the following property holds true:

(4) P1|n−1(xn, tn|xn−1, tn−1; . . . ;x1, t1) = P1|1(xn, tn|xn−1, tn−1)

The meaning of this equation is that we can calculate the probability for the occurrence of

(xn, tn) just knowing the state of the system at (xn−1, tn−1)

Using recursively the property of conditional probabilities, we can describe the Markov

process with the following equation:

(5) Pn(xn, tn;xn−1, tn−1; . . . ;x1, t1) =
n∏
k=2

P1|1(xk, tk|xk−1, tk−1)P1(x1, t1)

Now using eq. (1) it is possible to write:

(6) P1|1(x3, t3|x1, t1)P1(x1|t1) =

∫
dx2P1|1(x3, t3|x2, t2)P1|1(x2, t2|x1, t1)P1(x1, t1)

14



2.1.2. Chapman-Kolmogorov Equation

The eq.(6) yields to the fundamental equation:

(7) P1|1(x3, t3|x1, t1) =

∫
dx2P1|1(x3, t3|x2, t2)P1|1(x2, t2|x1, t1)

Called the Chapman-Kolmogorov equation. Now we want to compare the Chapman-Kolmogorov

equation with general property of probabilities:

(8) P (x2, t2) =

∫
dx1P (x2, t2;x1, t1) =

∫
dx1P (x2, t2|x1, t1)P (x1, t1)

The main difference is that the eq.(8) constructs the one time probability in the future

given the conditional probability, on the contrary the Chapman-Kolmogorov eq. (7) relates

all conditional probabilities to each other, thanks to the Marcovian property of the process.

2.2. Master Equation

The differential version of the Chapman-Kolmogorov equation is called Master Equa-

tion; this kind of equations is usually used to describe the time-evolution of a system that

can be modeled as being in one state at any given time, and where switching between states

is treated probabilistically. A set of differential equations define the variation over time of

the probabilities that the system occupies each different states.

Let us start from the eq. (8) for an infinitesimal time τ = |t2 − t1| → 0 :

(9) P (x2, t1 + τ) =

∫
dx1P (x2, t1 + τ ;x1, t1) =

∫
dx1P (x2, t2|x1, t1)P (x1, t1)

where we assume that the process is stationary, that is it depends only on the time difference

and does not depend on the absolute time.

Using Taylor series expansion for the conditional probability and observing that

P (x2|x1) = δ(x1 − x2), we can write:

P (x2, t1 + τ |x1, t1) = δ(x1 − x2) +W (x2|x1)τ + o(τ 2)

where W (x2|x1) is the transition probability per unit time that the system changes from x1

to x2.

15



We must satisfy the normalization property for conditional probabilities
∫
dx2P (x2, t2|x1, t1) =

1, so now we have the correct Taylor expansion.

(10) P (x2, t1 + τ |x1, t1) = W (x2|x1)τ + (1−W0(x1)τ)δ(x1 − x2) + o(τ 2)

where

W0(x1) =

∫
W (x|x1)dx

and (1−W0(x1)τ) is the probability that no transition takes place during the interval (t1, t1+

τ).

At this point combining the derivative of Chapman-Kolmogorov eq.(7) and the eq.(10),

it is possible to write for τ → 0:

(11)
∂

∂t
P (x3|x1) =

∫
dx2

[
W (x3|x2)P (x2|x1)−W (x2|x3)P (x3|x1)

]
Noting that all transition probabilities are for a given value x1 at t1 , we may write,

suppressing redundant indices:

(12)
∂

∂t
P (x, t) =

∫ [
W (x|x′)P (x′, t)−W (x′|x)P (x, t)

]
dx′

and this is the continuous Master Equation.

If the range of X is a discrete set of states with labels n, the equation reduces to:

(13)
∂

∂t
P (n, t) =

∑
n′

[
W (n|n′)P (n′, t)−W (n′|n)P (n, t)

]
and this is the discrete Master Equation.

The meaning of Master Equation is more clear in the discrete form: the Master

equation is a gain-loss equation for the probability of each state n. The first term is the gain

due to transitions from other states n′, and the second term is the loss due to transitions

into other states n′.

The Master Equation is a linear equation for the probability P (x2, t1 + τ |x1, t1), since

the transition probability W (x|x′) is a specific characteristic of the system.
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Another representation of the master equation is :

(14)
∂

∂t
P (x3, t1 + τ |x1, t1) =

∞∫
−∞

dx2K(x3|x2)P (x2, t1 + τ |x1, t1)

2.2.1. Two-state system

An application in 2 dimension of the master equation is when we have a particle (in

the state-position n) that can move forward or backward with the same probability, and so

the transition rate is given by:

(15) W (n|n′) = δn,n′+1 + δn,n′−1

and substituting it into eq.(13), we get:

(16)
∂

∂t
Pn(t) = Pn+1(t) + Pn−1(t)− 2Pn(t)

This equation is going to be useful when we discuss about decision making models in a

2-state system.

In the case the forward and backward jump rates are different we can write

W (n|n′) = rn′δn,n′+1 + gn′δn,n′−1

and the Master Equation becomes:

(17)
∂

∂t
Pn(t) = gn+1Pn+1(t) + rn−1Pn−1(t)− (gn + rn)Pn(t)

One step processes can be subdivided based on the coefficients rn and gn.

• Linear, if the coefficients are linear functions of n

• Nonlinear, if the coefficients are nonlinear functions of n

• Constant ,if the coefficients are constant.
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The simplest case is when gn = rn = 1 how in the eq.(16).

Another case is a process such as:

rn = 0 gn = q pn(0) = δn,0

In this case, the Master equation has the form:

∂

∂t
Pn(t) = q(Pn−1(t)− Pn(t))

which has the following solution:

Pn(t) =
(qt)n

n!
e−qt

Which is clear to be a Poisson process.

2.2.2. The mean-field equation

Let us take a physical variable expressed by a Markov process X. The probability

distribution at all t > 0 is determined by the Master equation. In ordinary macroscopic

physics the fluctuations are ignored and X is treated as a non-stochastic variable with the

single valued quantity 〈X〉. The evolution of 〈X〉 is described by a deterministic differential

equation called the mean-field equation. From one side the Master equation determines the

entire probability distribution, and from the other side it is possible to derive the mean-field

equation as an approximation for the case that fluctuations are negligible.

d

dt
〈X〉 (t) =

∫
x
∂P (x, t)

∂t
dx(18)

=

∫∫ [
W (x|x′)P (x′, t)−W (x′|x)P (x, t)

]
dxdx′

=

∫∫
(x′ − x)W (x′|x)P (x, t)dxdx′

=

∫
a1(x)P (x, t)dy = 〈a1(x)〉(19)

where we define the jump moments aν(x) as:

(20) aν(x) =

∫
(x′ − x)νW (x′|x)dx′ ν = 0, 1, 2, . . .
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So, we need to focus the attention to the form of 〈a1(X)〉 in order to get the mean-field

evolution of 〈X〉 that can be written as:

d

dt
〈X〉(t) = 〈a1(X)〉(21)

= a1(〈X〉) +
1

2

〈
(X − 〈X〉)2

〉
a′′1(〈X〉) + . . .(22)

where we have used the Taylor expansion for a1(〈X〉) over 〈X〉 taking into account that:

a1(X) = a1(〈X〉) + a′1(〈X〉)(X − 〈X〉) +
1

2
a′′1(〈X〉)(X − 〈X〉)2 + . . .

If only the first term of the expansion is considered we have a linear function d〈X〉
dt

=

a1(〈X〉), but in general the evolution of 〈X〉 in time is not determined by 〈X〉 itself, but it

is influenced by the fluctuations around the average (variance). So, in order to use eq.(20),

we have to evaluate the variance as well:

d

dt
〈X2〉 =

∫∫
(x′2 − x2)W (x′|x)P (x)dxdx′

=

∫∫ [
(x′ − x)2 + 2x(x′ − x)

]
W (x′|x)P (x)dxdx′

= 〈a2(X)〉+ 2〈Xa1(X)〉

It can be rewritten in term of variance as

(23)
dσ2

dt
= 〈a2(X)〉+ 2〈(X − 〈X〉) a1(X)〉

At this point if we replace 〈X〉(t) with x(t) we can write the non-linear equation

beyond the mean-field approximation at the second order as:

ẋ = a1(x) +
1

2
σ2a′′1(x)(24)

σ̇2 = a2(x) + 2σ2a′1(x)(25)

When we consider only the first terms the mean-field approximation is used.

19



2.3. Fokker Plank Equation

Another key concept in the study of stochastic processes is the FokkerPlanck equation

that describes the time evolution of the probability density function of the observables of the

random variable. It is a second order differential equation for the probability P (x, t) and it

can be derived in three different ways (as in [47])

Let us start from the general equation (8) rewritten for small time τ (as in eq. (9)):

(26) P (x, t+ τ) =

∫
P (x, t+ τ |x′, t)P (x′, t)dx′

And the target is to find the expression for
∂P (x, t)

∂t
starting from the transition

probability P (x, t + τ |x′, t) for small τ . Assuming that all the moments of the distribution

exist:

Mn(x′, t, τ) =
〈[
ξ(t+ τ)− ξ(t)

]n〉∣∣∣
ξ(t)=x′

=

∫
(x− x′)nP (x, t+ τ |x′, t)dx(27)

Let us introduce ∆ := x− x′, in a condition that the size of a jump is small in order

to use the Taylor series according to:

P (x, t+ τ |x′, t)P (x′, t) = P (x−∆ + ∆, t+ τ |x− δ, t)P (x−∆, t)

=
∞∑
n=0

(−1)n

n!
∆n
( ∂
∂x

)n
P (x+ ∆, t+ τ |x, t)P (x, t)(28)

That is an approximation for small jumps ∆. We now use another Taylor series as

an approximation with respect to times τ for the moments Mn:

(29)
Mn(x, t, τ)

n!
= D(n)(x, t) τ +O(τ 2)

This equation defines the function D(n) related to the linear moments, Mn, of the distribution

for n ≥ 1 since for τ = 0 the initial condition is P (x, t|x′, t′) = δ(x− x′).

At this point it is possible to write the final expression:

∂

∂
P (x, t) =

∞∑
n=1

(
− ∂

∂x

)n[
D(n)(x, t)W (x, t)

]
(30)
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= LKMP (x, t)(31)

where we have introduced

(32) LKM :=
∞∑
n=1

(
− ∂/∂x

)n
D(n)(x, t)

that is called the Kramers-Moyal operator. In the same way, considering the conditional

probability P (x, t|x′, t′) as a special initial condition P (x, t′) = δ(x− x′), it is valid that:

(33)
∂

∂t
P (x, t|x′, t′) = LKMP (x, t|x′, t′)

At this point we need to observe that if the process is non-Markovian both the condi-

tional probabilities and the coefficients D(n) depend on the values of the stochastic variable

ξ(t′) at earlier times t′ < t.

If, on the contrary, the process is Markovian (as we will assume from now), the distri-

butions do not depend on earlier times, and the eqs.(30) and (33) are differential equations

of first order.

A formal solution for these equations for time-independent LKM reads:

(34) P (x, t|x′, t′) = eLKM (x)(t−t′)δ(x− x′)

that for small time differences τ = t− t′ reduces to

(35) P (x, t+ τ |x′, t) =
[
1 + LKM(x, t) · τ +O(τ 2)

]
δ(x− x′)

2.3.1. Fokker-Planck equation from Master Equation

It is possible to derive the same equation directly from the Master equation (12)

where we make use of the transition probability per unit of time W (x′|x):

(36)
∂

∂t
P (x, t) =

∫
d∆W (x−∆; ∆)P (x−∆, t)− P (x, t)

∫
d∆W (x;−∆)

where we have used the fact that W (x′|x) ≡ W (x′;x− x′) ≡ W (x′; ∆) since W goes rapidly

to zero for sizes of jumps (∆) larger and larger.
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Applying the Taylor expansion in (x−∆) around ∆ = 0 we have:

∂

∂t
P (x, t) = P (x, t)

∫
W (x; ∆)d∆− P (x, t)

∫
W (x;−∆)d∆

−
∫

∆
∂

∂x

[
W (x; ∆)P (x, t)

]
d∆ +

1

2

∫
∆2 ∂

2

∂x2

[
W (x; ∆)P (x, t)

]
d∆ + . . .

that can be reduced to an alternative shape of eq.(30) in the following way:

(37)
∂

∂t
P (x, t) =

∞∑
n=1

(−1)n

n!

∂n

∂xn
[
An(x)P (x, t)

]
where :

An(x) =

∞∫
−∞

∆nW (x; ∆)d∆

2.3.2. Fokker-Planck equation in one variable

The term Fokker-Plank equation is referred to the particular condition for which the

eq. (30) stops after the second term in the expansion, and we get;

(38)
∂

∂t
P (x, t) =

[
− ∂

∂x
D(1)(x, t) +

∂2

∂x2
D(2)(x, t)

]
P (x, t)

where we have now the Fokker-Plank operator:

(39) LFP := − ∂

∂x
D(1)(x, t) +

∂2

∂x2
D(2)(x, t)

This truncation makes sense in the case we have a slowly varying transition rates,

W (x−∆; ∆) ≈ W (x; ∆), and if we refer to the eq. (37), we can write :

(40)
∂

∂t
P (x, t) = − ∂

∂x
A(x)P (x, t) +

1

2

∂2

∂x2
B(x)P (x, t)

that is the famous expression for the typical formulation of the Fokker-Plank equation.

For the sake of completeness, we want to mention that a different approach can be

used to derive the Master Equation and the Fokker-Planck equation through the Hamiltonian

dynamics and the Liouville operator, as in [60]. This way of proceeding is typically used in

the study of statistical mechanics in quantum physics.
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2.4. Special Cases

Let us introduce now some practical examples of variable with properties we have

talked about.

A very typical situation in physics is the random motion of a particle in a fluid. But

there are many others fields like ecology, economics, psychology, computer science,chemistry,

biology where random processes are very important.

2.5. Random Walk

The path traced by a molecule as it travels in a liquid or a gas, the search path of a

foraging animal, the price of a fluctuating stock and the financial status of a gambler, are

among the most common processes described the random walk model.

Fig. 2.1. Example of a 2 Dimensional Random Walk. At each step, the walker
goes randomly a unit distance along one of the four possible 2D coordinate
directions given by the arrows points.

Mathematically it is a walk or series of steps where each steps taken by the object is

independent of previous steps. It is also known as drunken walk where the person does not

know where to go and each steps taken by him is random.

If we consider the discreet case in 1D space and the steps allowed are only two, at each

time step, the object chooses a number randomly out of {−1, 1}(left or right directions) and,

depending on that number, it will choose one of the two directions and take a step. Similar

process is followed at each time step and this continues for infinite time. Such a model
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is clear Markovian, because each event depends only on the previous one. The transition

probability to make a jump is P (y, n|x, n+ 1), where the time steps are discrete values ,the

probability to be at point x at time n is:

(41) P (x, n+ 1) =

∫
P (y, n)P (y, n|x, n+ 1)dy

In order to continue and find a solution to that equation, we make the assumptions

that condition probability (called also transition probability for short times) is homogeneous

(it depends only on the difference of the variables) and stationary (only differences on time

are important), so we can write P (y, n|x, n + 1) = P1|1(x − y).where we have omitted the

time in the expression and we have reintroduced the index 1|1 to make clear that we are in

presence of a transition probability.

Introducing the characteristic function as:

(42) p̂(k, t) =

∞∫
−∞

eikxP (x, t)dx

if we take the initial condition P (x, 0) = δ(x− x0), we can write the eq.(41) as:

(43) p̂(k, n+ 1) = p̂(k, n)p̂(k)

and since p̂(k, 0) = 1, we can write:

p̂(k, 1) = p̂(k, 0)p̂(k) , p̂(k, 2) = p̂(k, 1)p̂(k) = p̂(k, 0)p̂2(k) . . .

⇒ p̂(k, n+ 1) = p̂n+1(k)(44)

An example of random walk is when the walker moves along a line and at any time

step it decides to go ahead or backward with the same probability (1
2
) with a jump of length

a, so we can write

P1|1 =
1

2

[
δ(x− a) + δ(x+ a)

]
its Fourier transform is p̂(k) = cos(ka), and the eq.(44) becomes ]

(45) p̂(k) =
(

cos(ka)
)n+1
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In order to find the distribution P (x, n) we operate the inverse Fourier transform:

(46) P (x, n) =

∞∫
−∞

e−ikx cosn(ka)
dk

2π

Since we are looking for the limit distribution for n→∞ , we can make the approximation

cosn(ka) ≈
(
1− (ka)2

2
+ . . .

)n ≈ e−
n(ka)2

2 , so we obtain

P (x, n) ≈
∞∫

−∞

e−ikxe−
n(ka)2

2
dk

2π

=
1√

2πa2n
e−

x2

2a2n(47)

which represents a Gaussian distribution. And this is a general property of many random

processes.

A similar reasoning can be done for a two dimensional random walk, moving on a

surface and at any step the walker chooses any direction on the two-dimensional plane. The

final result is for the probability distribution is:

P (r, n) ≈ 1

πa2n
e−

r2

a2n

where r is the radial distance in polar coordinates, and expression is clearly a Gaussian

function again.

2.5.1. derivation of RW from Master Equation

If we want to get the same result of before but using the Master Equation approach,

we denote with P (j, n) the probability that a random walker is in the site j at time n.

Calling p the probability of the walker to make a jump from the left to the right, and q the

probability for the opposite jump, we can write the Master equation :

(48) P (j, n+ 1) = pP (j − 1, n) + qP (j + 1, n)

with p+ q = 1. If we consider the continuum case of the previous equation:

(49) P (x, t+ ∆t) = pP (x−∆x, t) + qP (x+ ∆x, t)
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and then let us expand it via a Taylor series in time ∆t and in space ∆x up to the second

term:

(50)


P (x, t+ ∆t) = P (x, t) + ∆t ∂

∂t
P (x, t)

P (x±∆x, t) = P (x, t)±∆x ∂
∂x
P (x, t) + 1

2
(∆x)2 ∂2

∂x2P (x, t)

and the continuous master equation (49) becomes:

(51)
∂

∂t
P (x, t) = −V ∂

∂x
P (x, t) +D

∂2

∂x2
P (x, t)

that is a special form of the Fokker-Planck equation called diffusion equation where we have

defined

D =
1

2

(∆x)2

∆t

and

V = (p− q)∆x

∆t

.

The solution of eq.(51) is a Gaussian distribution

(52) P (x, t) =
1√

4πDt
e−

(x−V t)2
4Dt

with the initial condition x = 0.

In the symmetric case p = q = 1
2

the corresponding solution is:

(53) P (x, t) =
1√

4πDt
e−

x2

4Dt

that is the classical form for that process named diffusion processes.

2.5.2. Combinatorial derivation

The same results on the random walk can be derived on the basis of probability and

combinatorial analysis.

Let us construct a one-dimensional random walk as follows: the walker makes steps

along a line, each pace being the same length. Before each step, you flip a coin. If it is heads,

you take one step forward. If it is tails, you take one step back. The coin is unbiased, so

the chances of heads or tails are equal. The target is to find the probability of landing at a

26



given spot after a given number of steps, and, in particular, to find how far away the walker

is on average from where he has started.

Fig. 2.2. homogeneous lattice sites for one-dimensional random walk.

Let N steps of equal length be taken along a line. Let p be the probability of taking

a step to the right, q the probability of taking a step to the left. If the processes is unbiased

(as in the case of coin tossing) p = q = 1/2. Then, let nf the number of steps taken to the

right (forward), and nb the number of steps taken to the left (backward). And the Let us

define the quantities:

N := nf + nb the total number of steps(54)

n := nf − nb exceeding quantity between the number of steps f. and b.(55)

⇒


nf = (N + n)/2

nb = (N − n)/2

(56)

For a walk of N steps (trials), the total number of paths ending at n (from the heads and

tails argument) is calculated as all the possible ways of drawing from two boxes (nf steps

forward and N − nf ≡ nb steps backward) over a total of N events(
N

nf

)
=

N !

nf !nb!
=

(
N
n+N

2

)
In order to find the probability distribution PN(n) of the distances n traveled after a

given number of steps N , we took one of these paths, we divide by the number of all possible

paths, which is 2N (because every drawing has a probability of 1/2):

(57) PN(n) =
N ![

N+n
2

]
!
[
N−n

2

]
!
· 1

2N

it is straightforward to see that this probability is normalized
N∑

n=−N
PN(n) = 1.

27



Fig. 2.3. the probability PN(n) of traveling a given distance n after N steps.

In the limit of very large N , we can use with a good approximation the Starling

formula lnN ! ∼= N lnN −N , and we can re-write PN(n) as:

lnPN(n) = lnN !− ln
N + n

2
!− ln

N − n
2

!−N ln 2

∼= N lnN − N + n

2
ln
N + n

2
− N − n

2
ln
N − n

2
−N ln 2

Using the further approximation ln(1 + x) ' x− 1
2
x2 we can write

ln
N ± n

2
' ln

N

2
± 2

n

N
− 1

2

( n
N

)2

and finally after some reductions we can find:

lnPn(n) ∝ −1

2

n2

N

If we use a better Starling approximation (N � n) we have lnN ! ∼= N lnN − N +

1
2

ln 2πn. This gives the complete and normalized formula:

(58) PN(n) =
1√

2πN
e−n

2/2N

a Gaussian distribution, that is the same of eq. (53) where D = 1/2 and a jump size of

∆x = 1, with the change of variables n↔ x and N ↔ t.

As last remark, it is worth to highlight that the study of a process via the probabilistic

approach suggest us to distinguish between a single evolution of a walker with the ensemble

of realizations from which the probability is built, as in fig.2.4.
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Fig. 2.4. Example of different realizations of random walks in one dimension
starting at 0. The plot shows the current position on the line (vertical axis)
versus the time steps (horizontal axis).

We have stressed the Random Walk because it is the base of many natural processes

like the Brownian motion and of diffusive processes in general.

2.6. Brownian Motion

A very important example of Markov process is the so called Brownian motion. A

Brownian particle is a mesoscopic particle immersed in a fluid , and its motion results to

be irregular and random due to the frequent collisions with the particles of the fluid. Each

collision makes the particle to change its velocity direction and intensity. And if the interval

of time of such interaction is very short (much smaller than the time the particle is moving

freely ), the correlation of the velocity at different times can be neglecting. This allows us

to treat this kind of process as Markovian process with a good approximation [15].

The erratic motion of the Brownian particle is described by:

ẋ = v(59)

v̇ = −γv +
F (x)

M
+ f(t)(60)

where −γv is the dissipative force (friction due to the fluid) that has the effect of transferring

the kinetic energy of the Brownian particle into the thermal energy of the environment.
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Fig. 2.5. Representation of a large Brownian particle immersed in a fluid of
much smaller and lighter particles. This phenomenon was found in 1827 by
the Scottish botanist R. Brown who observed a very irregular motion of pollen
particles immersed in a solvent. Only 80 years later Einstein and Smoluchowski
gave a theoretical explanation of this phenomenon.

The term f(t) mimics the random collisions between the particle with the much

smaller and lighter particles of the fluid.

And F (x) takes in account an external force that can affect the motion of the particle.

If we assume that the external force is zero we have the so called Langevin Equation:

(61)
dv

dt
= −γv + f(t)

where in particular f(t) is independent of the position variable x, and it is a zero mean

Gaussian and the correlation is

(62) 〈f(t′)f(t)〉 = Dvδ(t
′ − t)

where the average is made over an ensemble of realizations and Dv is the noise intensity of

the random force.

To be more precise, let us define the function:

(63) Φf (t
′, t′′) =

〈f(t′)f(t′′)〉
〈f 2(t)〉

The assumptions on the Brownian motion through the Langevin equation are :

Φf (t
′, t′′) = Φf (|t′ − t′′|) stationarity(64)
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τc =

∞∫
0

dtΦf (t) <∞ no time correlation(65)

As the function Φf (τ) drops instantaneously to zero it is possible write:

(66) Φf (τ) = 2τcδ(|t|)

that is the same equation as in eq.(62) with Dv = 2τc.

2.6.1. Velocity Moments

The solution of the Langevin equation eq.(61) is:

(67) v(t) = eγt
t∫

0

eγt
′
f(t′)dt′ + e−γtv(0)

Now we want to study the first and the second moment 〈v(t)〉 and 〈v2(t)〉:

(68) 〈v(t)〉 = e−γt〈v(0)〉

which is the deterministic behavior, and then,

〈v2(t)〉 = Dve
−2γt

t∫
0

dt′
t′∫

0

dt′′e−γ(t+t′)δ(t′ − t′′) +

+2−2γt

t∫
0

dt′eγ(t′)〈v(0)f(t′)〉+ 〈v2(0)〉e−2γt(69)

performing both the integrals:

(70) 〈v2(t)〉 = 〈v2(0)〉e−2γt +
Dv

2γ

(
1− e−2γt

)
where we have made the assumption that 〈v(0)f(t′)〉 = 0 (uncorrelated). For large time ,

when the system reaches the equilibrium we have:

(71) 〈v2(t→∞)〉 =
Dv

2γ
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As first remark we want to point out that it is possible to generalize the calculation

of the displacement moments (as in [47] ):

(72)


〈v(t)2n+1〉 = 0

〈v(t)2n〉 = (2n)!
2nn!

(
Dv
2γ

)
we obtain the nth moment Mn = 〈ξn〉 that can be used in the characteristic function ex-

pressed in Taylor expansion :

Cξ(k) = 1 +
∞∑
n=1

(ik)nMn/n!

That expresses the fact that, if you know all the moments of the distribution, the charac-

teristic function is fully determined. But we also have that ,as definition, the characteristic

function is Cξ(k) = 〈eikξ〉 =
∫
eikxP (x)dx, the Fourier transform of the probability density.

Considering the case of our Brownian particle’s velocity, after some analytical calcu-

lations, we have the expression

(73) P (v) =

√
γ

πDv

e−
γv2

Dv

this stationary distribution is the Maxwell distribution.

The previous result is, as already pointed out, valid when the system reaches the

equilibrium, defining v = v(t→∞). The previous result can be deduced from eq. (67) that

is a linear transformation of f(t′) into v(t), and therefore v(t) must be Gaussian distributed

because f(t′) is Gaussian distributed.

In that condition we can write the equipartition principle of energy in one dimension

:

E =
1

2
M〈v2〉 =

1

2
kBT(74)

⇒ Dv =
2γkBT

M
(75)

where kB is the Boltzmann constant, and T is the temperature of the bath. And the eq.(75)

is the so-called fluctuation-dissipation relation.

32



Another consideration can be done in the limit case γ → 0 (very small friction), and

from the eq.(69) we obtain that:

(76) 〈v2(t)〉 = 2Dv t+ 〈v2(0)〉

expressing that that fluctuation alone producing an increasing velocity. This is in conflict

with the second principle of thermodynamics. Indeed the kinetic energy of the Brownian

particle increases without limit with time.

2.6.2. Position Moments

As regard with the behavior of the displacement moments for the position x(t):

(77) x(t) =
v0

γ
(1− e−1γt) +

t∫
0

e−1γt′dt′
t′∫

0

e1γt′′f(t′′)dt′′

Assuming x(0) = 0 we can write

(78) 〈x(t)〉 =
v0

γ
(1− e−γt)

Considering now the second moment (the mean squared displacement of the particle):

〈x2(t)〉 =
v2(0)

γ2
(1− e−γt)2 +Dv

t∫
0

e−γt
′
dt′

t∫
0

e−γt
′′
dt′′

×
t′∫

0

eγt̃
′
dtt̃′1

t′′∫
0

eγt
′′
dt̃′′δ(|t̃′′ − t̃′|)

=
2kBT

Mγ
t+

v2(0)

γ2
(1− e−γt)2 − kBT

Mγ2
(3− 4e−γt + e−2γt)(79)

that in the limit t→∞ becomes:

(80) 〈x2(t→∞) ∝ 2Dxt

with Dx = kBT
Mγ

that is the famous Einstein diffusion coefficient.
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2.6.3. Fokker Plank eq. and Brownian motion

In the one of the next chapter we will discuss in details the complete Langevin equation

and the derivation of the Fokker Planck relation from it. Briefly here we want to point out

how to connect the approach of single dynamics (Langevin) to one of probability evolution.

As we have seen in chapter 2.3, we can write again the equations for a general variable

y:

∂

∂t
P (y, t) =

[
− ∂

∂y
D(1)(y, t) +

∂2

∂y2
D(2)(y, t)

]
P (y, t)

D(n)(y, t) =
1

n!
lim

∆t→0

〈∆yn〉
∆t

from the Langevin equation we can recover that:

D(1)(v, t) = −γv(81)

D(2)(v, t) = γkBT/M = Dv/2(82)

And finally the Fokker Plank equation for the Langevin velocity is:

(83)
∂

∂t
p(v, t) =

[
−γ ∂

∂v
v +

Dv

2

∂2

∂v2

]
p(v, t)

we can define the quantity :

(84) j(v, t) :=
[
−γv − Dv

2

∂

∂v

]
p(v, t)

where j has to be interpreted as a probability current. Indeed, we can write te continuity

equation:

(85)
∂p

∂t
+
∂j

∂v
= 0

When in presence of a stationary process the probability current is constant and, with natural

boundary conditions, the probability current must be zero. And for j = 0 we recover the

Maxwellian distribution:

(86) p(v) =

√
M

2πkBT
e−mv

2/2kBT
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2.7. Diffusion and Anomalous Diffusion

A general way to express a diffusion process is take a set of random variables ξ1, ξ2, ξ3, . . .

drawn from a distribution density Π(ξ) that we make the assumption to be symmetric, with

zero-mean and finite variance. Then define the sum of such variables as:

(87) x(n) =
n∑
i=0

ξi

with a distribution density p(x, n) at time n. In this way each variable is like x(1) =

ξ1 , x(2) = ξ1 + ξ2 , x(3) = ξ1 + ξ2 + ξ3 , . . ., and the procedure is called the diffusion profile.

Next, we are going to set a relation between Π(ξ) and p(x, n) and to get the time

evolution of p(x, n− 1) −→ p(x, n). We assume the assumptions:

(88)



Π(ξ) = Π(ξ) (symmetric)

〈ξ〉 =
∞∫
−∞

ξΠ(x)dξ = 0

〈ξ2〉 =
∞∫
−∞

ξ2Π(ξ)dξ <∞ (finite second moment)

This diffusive process can be expressed through the following relation:

p(x, n) =

∞∫
−∞

dξΠ(ξ)p(x− ξ, n− 1)(89)

At a time step earlier n − 1 the system is one jump before x − ξ, and it make a transition

according to the all possible values of a drawing from Π(ξ), that here plays the role of a tran-

sition probability (since it is statistically independent from p(x− ξ, n− 1), so multiplication

is justified).

Let us calculate the Fourier transform of the previous equation over the space variable

x:

(90) p̃(k, n) = Π̂(k) · p̂(k, n− 1)

Where we have taken in account the normalization of the probability we can write p̂(0, n) = 1,

and the initial condition p̂(k, n = 0) = 1.
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Iterating the eq.(90), it is possible to write:

p̃(k, n) = ˜Π(k) · ˜Π(k) · p̃(k, n− 2)

= . . .

= ˜Π(k) · · · · · ˜Π(k)︸ ︷︷ ︸
n-times

· p̃(k, 0)︸ ︷︷ ︸
=1

(91)

and finally write:

(92) p̃(k, n) =
(

Π̃(k)
)n
≡ en log Π̃(k)

At this point we want to proceed in the asymptotic regime t → ∞ ↔ k → 0, so we

can evaluate the Taylor expansion of ˆΠ(k → 0):

(93) Π̃(k) = Π̃(0) +
(∂Π̃

∂k

)
k=0

k +
(∂2Π̃

∂k2

)
k=0

k2

2
+ . . .

and the first terms are:

(94)


Π̃(0) = 1

∂Π̃
∂k

∣∣∣
k=0

= −i
∫
e−ikξξΠ̃(ξ)dξ

∣∣∣
k=0

= 〈ξ〉 ≡ 0

∂2Π̃
∂k2

∣∣∣
k=0

= −i ∂
∂k

∫
e−ikξξ ˜Π(ξ)dξ

∣∣∣
k=0

= −〈ξ2〉 ≡= −m2

At the end the Taylor series reduces to:

(95) Π̃(k) = 1− k2

2
m2

and so the eq.(92) becomes:

p̃(k, n) ' en log(1− k
2

2
m2)

' e−nm2
k2

2(96)

since for k → 0 the logarithm can be approximated with log(1 + y) ≈ y . Applying the

Laplace transformation in time we get:

ˆ̃p(k, u) =

∞∫
0

p̃(k, n)e−undn
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=

∞∫
0

en log(1− k
2

2
m2)p̃(k, n)e−undn

=
1

u+ k2m2

2
n

(97)

If we want the expression for the probability in time, is sufficient operate the Anti-

Fourier transform of eq.(96):

(98) p(x, n) =
1

2π

∞∫
−∞

dkeikxen
k2

2 m2

that is also a Gaussian give by:

(99) p(x, n) =
1√

2πm2 n
e
− x2

2m2 n for x→∞

The characteristic of a standard diffusion process is that

(100) 〈x2〉 ∼ t ⇒ x ∼ t1/2

as it is possible to verify from eq.(99) and its second moment.

Now we want to compare this formulation with the classical diffusion equation recov-

ered from the Fokker Planck equation, that in the pure diffusive case coincide with:

(101)
∂

∂t
p(x, t) = D

∂2

∂x2
p(x, t)

applying to that the Fourier-Laplace Transformation and integrating by parts we get:

(102) ˆ̃p(k, u) =
1

u+Dk2

where k is the Fourier space variable and u the Laplace time variable.

Now comparing eq.(97) and eq.(102) we get that

D =
m2

2

We will see that there are diverse systems that departs from the linear time depen-

dence of the mean displacement, and the relation is a non linear form:

(103) 〈x2(t)〉 ∼ Dαt
α
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As deeply discussed in [37], the processes with 0 ≤ α ≤ 1 are called Subdiffusion, the

processes with α > 1 are called Superdiffusion and they reflect the following properties for

the system:

α = 1;Diffusive : This corresponds to the ordinary diffusion of a random walk.

α > 1; SuperDiffusive: This case corresponds to a random walk that has a larger

probability of keeping on moving in the same direction of the previous step. For

this reason the walk is called persistent, yielding a mean-square displacement that

increase more rapidly in time than does in the ordinary diffusion.

0 ≤ α ≤ 1; SubDiffusive : Here we have that a walker has a larger probability of

stepping in the opposite direction of its previous step. This walk is called anti-

persistent because the mean-square displacement increases more slowly in time

than in the ordinary diffusion.

Usually one can use α = 2H where H is the Hurst exponent, used in those kinds of

system in which anomalous diffusion arises from the memory in time for the random steps

on a regular lattice.

2.8. Continuous Time Random Walk

An important case that goes beyond the standard diffusion processes is a model that

generalize the Random Walk and it is called Continuous Time Random Walk (or CTRW).

Here the time between successive steps (called waiting times) is random rather then

being fixed as in the ordinary random walk.

Following the work of Montroll et al. [38] and Klafter [30], let us derive such a process.

First, we will follow a general approach to recover a general description of the CTRW

and for a generalized version of the Master Equation
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2.8.1. CTRW and Generalized Master Equation

As already we have pointed out, the CTRW model is based on the idea that the

length of a given jump and the waiting time between two successive jumps, are taken from

a Probability density function w(x, t).

Working in the one-dimensional case, we define the Jump Length Function Probability

as:

(104) λ(x) :=

∞∫
0

w(x, t)dt

that is the probability that the length of a jump is in the interval (x, x+ dx).

In a similar way, we can define the Waiting Time Function Distribution as :

(105) ψ(t) =

∞∫
−∞

w(x, t)dx

that is the probability of drawing a waiting time interval in the interval (t,t+dt).

It is possible to couple the distribution w(x, t) with ψ(t) using the relation

w(x, t) = ψ(t)w(x|t)

where w(x,t) expresses the fact that to make a jump of a given length it is necessary to wait

a certain amount of time, since the velocity is finite. Typically the constraint is w(x|t) =

1

2
δ(|x| − vt) where v is the velocity of the walker.

If the conditional probability is separable, we can write :

(106) w(x, t) = ψ(t)λ(x)

and so define the characteristic waiting time and the jump length variance :

(107)


〈t〉 =

∞∫
0

tψ(t)dt

〈x2〉 =
∞∫
−∞

x2λ(x)dx
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If now we consider the probability q(x′, t′) to have just arrived in x′ at time t′, the

probability to make a jump of length ∆x in a interval of time ∆t and, consequently, arrive

in the position x = x′ + ∆x at time t = t′ + ∆t is:

(108) q(x, t) =

∞∫
−∞

dx′
t∫

0

dt′ q(x′, t′)w(x− x′, t− t′) + δ(x)δ(t)

where the second term is due to the initial condition that at time t = 0 all the walkers are

set at position x = 0.

Defining the Survival probability as the probability of not having any jump till the

time t as

Ψ(t) :=

∞∫
t

ψ(t′)dt′(109)

= 1−
t∫

0

ψ(t′)dt′

finally we can write the probability of finding the walker at position x at a certain time t:

(110) p(x, t) =

t∫
0

Ψ(t− t′)q(x, t′)dt′

that tells us that when the walker arrives in x at a certain earlier time t′ it must not jump

until the observation time t.

To connect the general CTRW to the generalized master equation, let us make the

Laplace-Fourier transformations of eqs. (108) for q(x, t) and (110) for p(x, t):

ˆ̃q(k, u) =
1

1− ˆ̃w(k, u)
(111)

ˆ̃p(k, u) = ˆ̃q(k, u)ψ̂(u)(112)

where we have used the convolution theorem to solve both the transformations and the fact

that for the survival probability the Laplace transform we have : Ψ̂ =
1− ψ̂
u

.

And finally we get the final equation:

(113) ˆ̃p(k, u) =
1

1− ˆ̃w(k, u)
Ψ̂(u)
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On the other hand, a generalized master equation can be written as:

(114)
∂

∂t
p(x, t) = −

∞∫
−∞

dx′
∞∫

0

dt′K(x− x′, t− t′)P (x′, t′)

that can be transformed in a simpler expression, using the convolution properties in time an

in space of the Laplace- Fourier transform , and, after some calculations, we get:

(115) ˆ̃p(k, u) =
ˆ̃p(k, 0)

u+ ˆ̃K(k, u)

Now, comparing this equation to eq.(114), we can conclude that in order to use the General

Master Equation to describe the CTRW, we have a memory kernel given by the following

relation:

(116)
u

1− ψ̂(u)

[
1− ˆ̃w(k, u)

]
= u+ ˆ̃K(k, u)

In the case of w(x, t) = ψ(t)λ(x) (i.e. separable), we can split:

(117) ˆ̃K(k, u) = Φ̂(u)K̃(k)

where

(118)


Φ̂(u) =

uψ̂(u)

1− ψ̂(u)

K̃(k) = 1− λ̃(k)

In conclusion, we have seen that the general formulation of the Continuous Time

Random Walk is equivalent to the Generalized Master Equation.

2.8.2. CTRW as Time Dilatation of RW

Along the mathematical profile of the previous paragraph, we can study a particular

case of the CTRW using directly the motion of a random walk, with its equations, and

recover a particular solution for the CTRW starting from the diffusion profile x(n) = ξ1 +

ξ2 + ξ3 + . . .+ ξn taken from the distribution Π(ξ) and with discrete time steps n.
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Fig. 2.6. sketch of the passage from an ordinary random walk to the CTRW,
where the jumps are made only after a certain a time τi drawn from a distribu-
tion ψ(τ), as a diffusion process that takes some time to produce a fluctuation

Referring directly to the random walk as diffusive process eq.(89), we have the for-

mula:

(119) p(x, t) =
∞∑
n=0

t∫
0

dt′
[
ψn(s)

]︸ ︷︷ ︸
(a)

n-

jumps

[
Ψ(t− t′)

]︸ ︷︷ ︸
(b)

no

jump

· p(x, n)︸ ︷︷ ︸
(c)

event

pdf

where : (a) is the probability to have n jumps and the last one happened at time t′, (b) is the

probability that no jump happens between the time t′ and t, and (c) the probability density

of the events (already shown that is a Gaussian). And the summation takes in account all

the possible values of the discrete time n. This equation is totally equivalent to the general

form eq.(110) with the appropriate substitutions.

At this point let us consider that:

ψn(t) =

t∫
0

dt′ψn−1(t′)ψ1(t− t′)(120)

⇒ ψ̂n(u) = ψ̂n−1(u) · ψ̂1(u)

= . . .
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= ψ̂n(u)(121)

where we have calculated the Laplace transform of the time-distribution that is assumed to

be renewal. The name renewal process is motivated by the fact that every time there is an

occurrence the process “starts all over again”, it renews itself. We will discuss about this

property in the next chapter. Writing the Survival probability we find the relation:

(122) Ψ̂(u) =
1

u

(
1− ψ̂(u)

)
Now, starting from the probability distribution of the ordinary random walk p(x, n) and its

Laplace transform eq.(96), we can write the Fourier - Laplace transform of the probability

distribution of the CTRW p(x, t) as:

ˆ̃p(k, u) =
∞∑
n=0

ψ̂n(u) · 1

u

(
1− ψ̂(u)

)
e−k

2m2n/2(123)

=
1− ψ̂(u)

u

∞∑
n=0

(
ψ̂(u)e−k

2m2/2
)n

︸ ︷︷ ︸
geometric series

=
1− ψ̂(u)

u

1(
1− ψ̂(u)e−k2m2/2

)
ˆ̃p(k, u) =

1

u+ Φ̂(t)
(
1− e−k2m2/2

)(124)

where in the last passage we have defined :

(125) Φ̂(u) :=
uψ̂(u)

1− ψ̂(u)

that is called Montroll function.

If now we study the asymptotic regime (t→∞⇒ k → 0) we can write the eq.(124)

as:

(126) ˆ̃p(k, u) ∼=
1

u+ Φ̂(u)k2m2/2
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At this point let us compare this equation to eq.(102) derived from the standard

diffusion equation (∂p(x, t)/∂t ∝ ∂2p(x, t)/∂t2). By analogy we expect a general formulation

of the diffusion equation, in the form of

∂

∂t
p(x, t) ∝ Dα(t)

∂2

∂x2
p(x, t)

where D(t) in this case is time-dependent.

In fact, we could write:

∂

∂t
p(x, t) = D

t∫
0

Φ(t′)
∂2

∂x2
p(x, t− t′)dt(127)

⇓ Laplace-Fourier transform

u ˆ̃p(k, u)− 1 = −k2DΦ̂(u)ˆ̃p(k, u)

⇒ ˜̂p(k, u) =
1

u+Dk2Φ̂(u)
(128)

The shape of p(x, t) depend exclusively to the time distribution ψ(t) via the Montroll

function Φ(t), but it is evident that the eq.(128) has the same expression as the eq.(124).

That is why we can write the general diffusion equation for the CTRW as in eq.(127) in the

asymptotic regime (k → 0).

As an example let us imagine ψ(t) to be an exponential distribution (that is the jump

rate of the walker is Poissonian) , so

ψ(t) = re−rt 7−→ ψ̂(u) =
r

r + u
(129)

⇒ Φ̂(u) =

ur

r + u

1− r

r + u

= r(130)

∂

∂t
p(x, t) = D r

∂2

∂x2
p(x, t)(131)

so in the case of Poissonian time distribution, the diffusive constant Dα(t) is a constant, and

this does not deviate from an ordinary diffusion process.

We also want to explore other different types of time distributions, but before that,

we want to find a generalization of the limit distribution of a stochastic variable. This allow
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us to find a very general solution for the non-ordinary diffusion equation. After that it is

also possible to use a different jump distribution Π(ξ) in the diffusive process of the random

walk.

2.9. Generalized Central Limit Theorem

The solution of a diffusive process is a Gaussian distribution, and that is actually a

general result expressed by the famous Central Limit Theorem. It states that if we have N

identical distributed stochastic variable (each one from a distribution p(x)), the sum of these

variables Y =
N∑
i=1

Xi has a distribution for N →∞ given by:

(132) p(y) =
1√

2πσXN
e
−
y −N〈x〉2

2σ2
XN

where σX is the finite variance of the variables X.

It is possible to find a generalization of Central Limit theorem following the study of

the mathematician Paul Levy [33]. First of all, it is fundamental introduce a new definition

for probabilities: the stable probability.

Let X1 and X2 be independent copies of a random variable X. Random variable X

is said to be stable if for any constants a and b the random variable aX1 + bX2 has the same

distribution as cX + d with some constants c and d.

Special popular cases of stable distribution are the normal distribution and the

Cauchy distribution.

The stability is a necessary and sufficient condition in order that p(x) is the limit

distribution for a summation of infinity stochastic variables.

Let us focus the attention on the enunciate for the Generalized Central Limit Theorem

from [26], the meaning of which is that in order that the distribution function p(x) to be

stable it is necessary and sufficient that the characteristic function be presented in the form:

(133) p̃(k) = e−b|k|
α

with 0 < α ≤ 2

45



and so we have:

(134) pα(x) =

∞∫
−∞

e−b|k|
α

cos(kx)
dk

2π

which is called Symmetric Levy Distribution.

Let us notice that for α = 2 we recover the solution for the standard diffusion,

resulting to be a Gaussian.

In any case, it is possible to find the asymptotic behavior for any value of α, and

considering the limit case (x→∞ and so k → 0), we can write:

pα(x) =

∞∫
−∞

e−b|k|
α

cos(kx)
dk

2π

∼
∞∫

−∞

(
1− b|k|α

)
cos(kx)

dk

2π

∼ A

|x|1+α
(135)

It is important to observe that since we deal with probabilities, we have to be careful

about its moments and convergence issues.

Since ∫
1

xs
dx =

1

1− s
1

xs−1

, the convergence is possible only for s > 1. Therefore the moments of a centered distribution

mk =
∫
xkp(x)dx not always exist in the asymptotic regime (x→∞)

As regard with the eq.(135) the limit distribution is a power law with s = 1+α where

α ≤ 2 in order that the Generalized Central Limit Theorem is valid.

In this range the mean (first moment-m1) is always finite, on the contrary variance

(second moment-m2) is divergent for α ≤ 1
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2.9.1. CTRW and anomalous Diffusion

At this point let us consider again the ordinary diffusive process but with a generic

propagator Π(ξ) (the jump-length distribution) written as:

(136) Π(ξ) ∝ 1

|ξ|µ
for µ ≤ 3

that provide the possibility in which the second moment of the distribution m2 can be

divergent (in opposition with assumptions at eq. (88)).

So from the eq.(90) and eq.(92), we have
(
Π̃(k)

)n
and so the distribution probability

is

(137) p̃(k, n) = e−|k|
µ−1Dn

where in our case here we have

α = µ− 1

Once we have evaluate the probability for the diffusive process for a general jump

propagator, let us write the distribution probability for the CTRW as a time dilatation as

in eq.(119):

(138)
∞∑
n=0

t∫
0

dt′ψn(t′)Ψ(t− t′)p(x, n)

but now we have p(x, n) is such that p̃(k, n) = e−|k|
α
Dn , and now the Fourier-Laplace

transform becomes:

ˆ̃p(k, u) =
∞∑
n=0

(
ψ̂(u)

)n 1

u

(
1− ψ̂(u)

)
e−|k|

αDn(139)

=
1− ψ̂(u)

u

∞∑
n=0

(
ψ̂(u)e−|k|

αDn
)n

︸ ︷︷ ︸
geometric series

=
1− ψ̂(u)

u

1(
1− ψ̂(u)e−|k|αDn

)
=

1

u+ Φ̂(t)
(
1− e−|k|αDn

)
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ˆ̃p(k, u) ' 1

u+DΦ̂(u) |k|α
(140)

that depends on the function Φ̂(u) =
uψ̂(u)

1− ψ̂(u)
. So according to the kind of ψ(t) we have

different types of diffusion that will be discussed in the next chapters when we study renewal

processes and time complexity.

2.10. Scaling and Diffusion

Another important property that is connected to the study of diffusion and anomalous

diffusion is the property of scaling of a probability distribution.

When we deal with trajectories or a generic sequence we need first to construct the

probability distribution p(x, t). So if we work with scaling of time series, we can consequently

evaluate the scaling of diffusion processes. Indeed, we interpret the numbers of a time series

as generating diffusion fluctuations, thereby shifting our attention from the time series to

the probability distribution function p(x, t), where x denotes the variable collecting the

fluctuations.

In other words, these single trajectories start at time t = 0 from x = 0, and then

spread over the x axis, as a result of their, random nature. Thus, rather than observing a

single trajectory, we are naturally led to evaluate the probability of observing it.

The general formulation for this kind of scaling is:

(141) p(x, t) =
A

tδ
F

(
x

tδ

)
where δ is the scaling exponent, and A a proportionality constant.

As we have already seen, ordinary statistical mechanics is intimately related to the

central limit theorem, thereby implying for F the Gaussian form and for the scaling exponent

the value predicted by ordinary random walk theory δ = 1/2.

As a matter of fact, we can verify that for diffusive processes we have the equation

∂/∂t p(x, t) = D∂2/∂t2 p(x, t), and the solution is the Gaussian distribution

p(x, t) =
1/(4πD)1/2

t
1
2

e
−
x2

4D t
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and it is a clear example of a physical process showing scaling, where F
( x
tδ

)
= e−

x2

4D t and

A = 1/(4πD)1/2, with the scaling coefficient δ = 1/2.

With the help of this example let us give an interpretation for the scaling. The

meaning of eq.(141) is that the process is stationary, in spite of the fact that the probability

density p(x, t) broadens with time. To stress this aspect, let us focus our attention on the

probability densities p(x, t1) and p(x, t2), at two distinct times t1 and t2, with t1, t2. Let

us squeeze the abscissa scale of the later distribution, p(x, t2), by the factor R ≡
(
t1
t2

)δ
< 1,

and then enhance the intensity of the resulting distribution density by multiplying it by the

factor 1/R > 1. If the property of eq.(141) is true, then the resulting distribution density

is identical to the former, p(x, t1). This is equivalent to interpreting the distribution density

as a form of equilibrium distribution.

In synthesis, by changing t no other change occur, provided that x is changed in such

a way as to keep the ratio
x

tδ
constant.

And the factor
A

tδ
play to role of preserving the norm of the probability p(x, t).

Fig. 2.7. A typical diffusive process with a Gaussian probability density. The
distribution begins as a Dirac delta function, indicating that all the particles
are located at the origin at time t=0, and for larger times the shape keep
spreading and becoming flatter and flatter. But with an appropriate rescaling
( x/tδ) the distribution we can always recover the same shape.

In general, diffusion processes satisfy the eq.(141) as self-similar solution but some-
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times with anomalous scaling coefficient:

(142)


δ < 0.5 sub-diffusion

δ = 0.5 ordinary-diffusion

δ > 0.5 super-diffusion

Anomalous diffusion is a typical phenomenon of many complex systems. In such systems the

second moment goes as 〈x2〉 ∼ t2δ with 0 < δ < 1. Super-Diffusion and Sub-Diffusion are

connected with the breakdown of the central limit theorem, causing a presence of long-range

correlation and broader distributions.

2.11. Langevin Equation

We have already seen that a very famous and important way to study the Brownian

motion is the Langevin equation. We have analyzed the classic case of a process characterized

by a diffusion drift against a dissipative friction.

2.11.1. Generic Langevin Equation

Now we want to take a general three dimensional case, in which we consider also the

presence of an external field F.

dx

dt
= v(143)

dv

dt
= −γv + f(t) + F(x, t)(144)

where the equation is written per unit of mass, and γv is the dissipation term (loss of energy

because of the interaction with the fluid around the Brownian particle) f(t) is the stochastic

acceleration (the random collisions with the molecules in the bath) with a zero-mean white

Gaussian distribution with 〈fj(t1)fi(t2)〉 = 2Dvδ(t1 − t2)δij

Since the process is Markovian we can write again the formula:

(145) p(x,v, t) =

∫
dx′
∫
dv′ p(x′,v′, t′|x,v, t)p(x′,v′, t′)
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as already seen, we can assume the conditional probability to be separable respect to x and v,

so we can write p(x′,v′, t′|x,v, t) = λ(v′,v)δ(∆x−vt) since we can write ∆x = x−x′ = v′∆t.

Performing the integration over the space coordinate:

(146) p(x′ + v′∆t,v, t) =

∫
dv′λ(v −∆v,v + ∆v −∆v)p(x′,v −∆v, t′)

Expanding the left hand side of the previous equation in Taylor series respect to ∆t,

and the right hand side respect to ∆v, we obtain:

(147)

(
∂

∂t
P + v · ∂

∂x
P

)
∆t =

∂

∂v

[
〈∆v〉 · P

]
+

1

2

∑
i

∑
j

∂2

∂vi∂vj

[
〈∆vi∆vj〉 · P

]
where P = p(x,v, t), and we have called:

〈∆v〉 =
∫

∆vλ(v,v + ∆v)d∆v

〈∆vi∆vj〉 =
∫

∆vi∆vj λ(v,v + ∆v)d∆v

(148)

At this point it is possible to express the same quantity directly from the Langevin

equation (144): 
〈∆v〉 =

[
− γv + F(x, t)

]
∆t

〈∆vi∆vj〉 = 2Dv ∆t δi,j +O(∆t2)

(149)

Passing to the limit ∆t→ 0, we obtain the Fokker-Planck equation in phase space :

(150)

(
∂

∂t
+ v · ∂

∂x

)
P =

∂

∂v

[(
γv − F(x, t)

)
· P
]

+Dv
∂2

∂v2
P

also called Klein Kramers equation (KKE). Let us remember that P = p(x,v, t)

2.11.1.1. Free particle equation

An easy example is when we consider a free particle at equilibrium (stationary solution

for t→∞), where we can write:

(151)
∂

∂v

[(
γvP +Dv

∂

∂v

)
P

]
= 0

that is solved imposing the Maxwell distribution P ∝ exp(mv2/kBT ) we recover the relation

Dv = γ
m
kBT
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2.11.1.2. Rayleigh equation

In the condition of no external force in the KKE eq.(150), and integrating over the

space variable x:

(152)
∂

∂t
p(v, t)p(v, t) = γ

[
∂

∂v
v +

kBT

m

∂2

∂v2

]
p(v, t)

that is the Fokker-Plank equation (called Rayleigh eq.) for the standard Langevin equation:

∂v

∂t
= −γv + f(t)

.

2.11.2. Smoluchowsky Approximation

A very important situation in the study of the Langevin equation is when the velocity

goes to the equilibrium faster then the position. because of high friction limit (for time

scales very large compared to the relaxation term 1/γ). This result on imposing v̇ = 0 in

the Langevin eq. (144), obtaining:

(153)
dx

dt
= F′(x, t) + f ′(t)

where F′ = F/γ and f ′ = f/γ.

Using the method used before (or the method we used to derive the Master Equation

through the moments of the distribution ), we can write the final result for the Fokker-Planck

equation:

(154)
∂

∂
p(x, t) = − ∂

∂x

[
D(1)(x, t) p(x, t)

]
+

∂2

∂x2

[
D(2)(x, t) p(x, t)

]
where

(155)


D(1)(x, t) = F/γ

D(2)(x, t) =
Dv

γ
≡ Dx

The same result can be recovered from the KKE equation in the limit t� 1/γ.
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2.11.3. parabolic potential

If we consider, in one dimension, the case of a parabolic potential to use in the

expression of the external force as F = −∇V :

ẋ = v(156)

v̇ = −γv + f(t)− ∂V

∂x

= −γv + f(t)− ω2x(157)

the Smoluchowsky Approximation now coincides with the underdumped regime for which

γ � ω, and the Langevin equation ca be written:

(158) ẋ =
f(t)

γ
− ω2

γ
x

and the first displacement moments can be calculated (as we did for the standard Langevin

Equation):

〈x(t)〉 = 〈x(0)〉 e−ω2t(159)

〈x2(t)〉 =
Dx

ω2
(1− e−2ω2t) + e−2ω2t〈x2(0)〉(160)

In the limit ω → 0 we recover the condition 〈x2(t)〉 → Dxt, standard diffusion An

exhaustive discussion about Langevin equation and Brownian motion can be found also in

[44].

2.12. Generalized Langevin Equation

Until now we have considered every processes to be Markovian, that is a very common

assumption, but rarely stochastic processes are really Markovian, even they can be Gaussian.

A generalized form of Langevin equation is considered when the friction variable γ is not

constant but it takes into account the memory of the dissipative force. Such a system was

introduced by Mori [39] as generalized Langevin equation.

Such a situation can be presented as expressed by the 3-D equation:

dx

dt
= v(161)

53



dv

dt
= −

t∫
0

γ(t− τ)v(τ)dτ + f(t) + F(x, t)(162)

where F is the external force, and γ(t) is the friction memory kernel, and f(t) is a Gaussian

fluctuating driving force that is assumed to have the first two moments:

〈f(t)〉 = 0 〈f(t)f(t′)〉 = 3kBTmγ(|t− t′|)

and so, having the expression for the friction function:

(163) γ(t) =
〈f(t)f(0)〉
3kBTm

in which kB is Boltzmann’s constant and T is the temperature of the fluid (bath) in which

the Brownian particle is immersed. A Markovian limit of this description is obtained when

γ(t− s) = 2γδ(t− s) in which γ is a constant and δ(t− s) is the Dirac delta function. That

choice of 〈f(t)f(t′)〉 has been made to make sure that asymptotically the velocity distribution

will tend to the Maxwell distribution.

Let us now focus the attention on the term
t∫

0

γ(t − τ)v(τ)dτ , it is called memory

integral because it depends on the evolution of the variable v. The physical meaning of this

integral is that the bath requires a finite time to respond to any fluctuations in the motion

of the system, depending on what the system did in the past. It is also plausible considered

the case that the lower limit of the memory integral (which has been set to 0 ) could be

replaced by t− tmin

From now we will continue the discussion using the three dimensional notation as if

it were one dimensional , just for a easier notation, substituting a(t)↔ a(t).

2.12.1. Velocity distribution

Let us consider first the case of free particle, without external force F = 0 of a free

particle. The solution of eq. (162) is found by Laplace transform and it is:

(164) v(t) = χ(t)v(0) +
1

m

t∫
0

χ(t− τ)f(t)dτ
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where the susceptibility is defined as:

(165) χ(t) =
m

3kBT
〈v(t)v(0)〉 = L−1

{ 1

u+ γ̂(u)

}
where γ̂ ≡ L{γ(t)} is the Laplace transformation.

Since the fluctuation f(t) is Gaussian also the distribution of the velocity v(t) is

Gaussian :

(166) P (v, t; v0) =
[ 3

2πDV (t)

] d
2
e−3
(
v(t)−χ(t)v(0)

)
/2Dv(t)

where d is the dimension of the system. and the Diffusive parameter is:

Dv(t) = 〈v(t)− χ(t)v(o)〉

=
3kBT

m
[1− χ2(t)](167)

So it is possible to find [7] the evolution probability for the velocity:

(168)
∂

∂
P (v, t|v0) = − χ̇(t)

χ(t)

∂

∂v

[
vP (v, t|v0)

]
− kBT

m

χ̇(t)

χ(t)

∂2

∂v2
P (v, t|v0)

that is the equivalent of the Rayleigh equation (152), but the friction term is time dependent.

2.12.2. Position distribution

From the Langevin equation we can write the solution for x(t) using the Laplace

transform:

(169) x(t) = x(0) + χx(t)v(0) +
1

m

t∫
0

χx(t− τ) f(t)dτ

where

(170) χx(t) =
m〈x(t)v(0)〉

3kBT
= L−1

{ 1

u2 + uγ̂(u)

}
The probability evolution for the position can be found using the Smoluchowsky

approximation [1], and get the diffusion equation

(171)
∂

∂x
P (x, t|x0) = D̃x(t)

∂2

∂x2
P (x, t|x0)
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where the diffusion function is:

(172) D̃x(t) =
kBT

m
χx(t)

However the general solution for the position probability is directly as a consequence

of f(t) being Gaussian, and defining z(t) = (x(t)− x(0)− χx(t)v(0)):

(173) P (x, t;x0, v0) =
[ 3

2πσx(t)

] d
2
e−3z(t)/2σx(t)

where σx(t) = 6kBT
m

[2
t∫

0

χx(τ)dτ − χ2
x(t)]

Let us consider the special case for the friction kernel eq.(163) as a long tail function:

(174) γ(t) =
1

tα

the equation for the second moment can be found [1]:

〈x2(t)〉 =
6kBT

m
[2

t∫
0

χx(τ)dτ − χ2
x(t)]

=
6kBT

m

[
2t2E2−α,3(−t2−α)− t2E2−α,2(−t2−α)

]
∼
t→∞

12kBT

m

tα

Γ(1 + α)
for α < 1(175)

where we have introduced the Generalized Mittag Leffler function [27]

Eα,β =
∞∑
k=0

zk

Γ(αk + β)

.

That is exactly the case of anomalous diffusion with α 6= 1 since:

(176) 〈x2(t)〉 ∼ tα for α < 1

And even if we insert the external force F = −mω2x (double potential), the displace-

ment second moment would be [1]:

〈x2〉 ∝ 1− E2
α(−ω2tα)(177)

∼
t→∞

tα for ω → 0(178)
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So we have found a sub-diffusive behavior starting from a stationary , non-Markovian

Langevin Equation.

2.13. Subdiffusive Langevin Equation

The Generalized Langevin Equation (GLE) introduced above describe an anomalous

diffusion with a correlated stochastic force. But that system has equations that are very

difficult to solve, because of the convolution
∫
dτγ(t−τ)v(τ), since the friction has a memory

kernel that influences the evolution of the trajectory.

Bu it is possible to introduce a simpler system to mimic anomalous diffusion just

reducing the GLE to a Langevin equation with a colored noise.

Let us set the friction function as

(179) γ(t) = γδ(t)

where γ is a constant.

and the Langevin Equation ca be written as:

dx

dt
= v(t)(180)

m
dv

dt
= −γv(t) + f(t)−mω2x(181)

that in the limit of Smoluchowsky approximation (v̇ ≈ 0) becomes:

(182)
dx

dt
= −mω

2

γ
x +

f(t)

γ

setting Γ = mω2/γ and g(t) = f(t)/γ that is also a Gaussian fluctuation with a given

auto-correlation

Φg(t
′, t′′) =

〈g(t′)g(t′′)〉
〈g2(t)〉.

So by analogy with We can re-write eq.(182) as:

(183) ẋ = −Γx+ g(t)
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Reducing to a one dimension variables, the solution is:

(184) x(t) =

t∫
0

e−Γ(t−t′)g(t′)dt′ + e−Γtx(0)

by analogy with the section 2.6 and in the case ω2 � γ , we obtain for the second moment:

(185) 〈x2〉 =
ω→0
〈x2

0〉+

t∫
0

dt′′
t∫

0

dt′〈g(t′)g(t′′)〉

It is necessary to make some important remarks about the correlation function of the

stochastic force in the case of a Subdiffusive process:

stationarity: Φg(t
′, t′′) = Φg(|t′ − t′′|), it depends only on the time difference.

sub-diffusion: In order to have a sub-diffusive process the necessary condition to be

fulfilled is [14] :

(186)

∫
dt′Φ(t′) = 0

to prevent the process to reach asymptotically (t→∞) the ordinary diffusion.

long-range correlation: In the case of Classical Langevin Equation we have

Φ(t) = e−t/τc −→ Φ(|t′ − t′′|) = 2τcδ(|t′ − t′′|))

that indicates a short range correlation for a good approximation of short time

memory system like Markovian process. Instead, in the sub-diffusive case we set a

long-range correlation (power-law tail ) using the Mittag Leffler (ML) function :

(187) Φ(t) = E2−α(−t2−α) with 0 < α < 1

using the properties of the Mittag Leffler function [36] such a definition satisfies the

sub-diffusive condition of eq.(186) . Since it will be useful in the next chapters, it

is important to emphasize the asymptotic behavior for:

(188) E2−a(−γat2−a) ∼


e
−γa

Γ(3−a)
t2−a for t� 1/γ

1
a
a exponential for short times

1
Γ(a−1)

1
t2−a

for t� 1/γ
1
a
a power law for long times
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Let us continue the eq.(185) under the fact that 〈g(t)〉 = 0, the second moment can

be written :

〈x2〉 = 〈x2
0〉+

t∫
0

dt′′
t∫

0

dt′〈g(t′)g(t′′)〉

= 〈x2
0〉+

t∫
0

dt′′〈g2(t)〉
t∫

0

dt′Φg(|t′′ − t′|)

= 〈x2
0〉+ 2〈g2(t)〉 t2E2−α,3(−t2−α)(189)

and since E2−α,3(−t2−α) ∼
t→∞

−
(

Γ
(
3 − (2 − α)

)
t2−α

)−1

we can write the asymptotic dis-

placement second moment as:

(190) 〈x2〉 ∼ tα with α < 1 Sub-Diffusion

So, we have shown that a sub-diffusion process an be obtained from a Langevin equation

where a stochastic random force with a long-tail autocorrelation.

The last observation is that the Langevin equation under the Smoluchowsky approx-

imation eq.(183) has a random force that is Gaussian, the probability (P (x, t)) of finding a

particle in x at time t is also a Gaussian, and as already shown in previous sections, a Fokker

Planck equation can be written and at the asymptotic regime (at equilibrium) , we have the

solution :

(191) P (x, t) =
1√

2π 〈x2〉
e
−

x2

2〈x2〉
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CHAPTER 3

COMPLEXITY AND CRITICALITY

The topic of complexity has been attracting many studies and researches in the last

few years. It is present in many fields as interdisciplinary discipline that has been increasing

its importance in the world of science. Despite of that, the field of complex systems still

lacks a comprehensive definition. We choose an approach to the Science of Complexity as

the study of emergent properties of interacting units. These emergent properties cannot be

predicted in terms of the properties of the single components, because of non linear nature

of the interaction between components.

The emergence of global collective behavior and the respective dynamical processes

follow the same route of the statistical physics towards non-equilibrium phase transition.

In deed, the interaction units obey an ordinary condition of statistical physics (for

instance Poissonian statistics of units), but the emergent properties show a deviation from

this ordinary statistics..

On the base of a phase transition perspective, the system can change its global behav-

ior according to the kind or the strength of cooperation. This can cause a transition between

different behaviors. These transitions can be visible or may be hidden by the emergence of

macroscopic coherence.

This perspective connect the study of complexity as cooperation to an intermittent

behavior of the system , that can undergo abrupt transition from one to another state, that

ca be detected through the presence of events in time evolution of the processes.

Let us imagine that a system has a dichotomous behavior, and from time to time

it looses a collective decision to stay in a given state. A failure in the system can allow to

change the state after recovering their consensus. This switching attitude reveals critical

events in time that are a signature of the specific nature of their cooperation.
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3.1. Critical Events and Time Complexity

Our interests focus on systems which exhibit complex behavior through the presence

of abrupt transition (that we will call events or failures) between different states, with a

power law distribution density of the time distances of two consecutive events.

The purpose of this chapter is to use temporal events to describe complex dynamics,

and on renewal processes such events correspond to failure processes. The renewal condition

establishes that after a failure the system is brought back to the brand new condition (as

instantaneous rejuvenation). This kind of renewal dynamics introduces a strong nonlinearity.

Following the renewal theory literature [18], it is possible to define a failure rate of a

system, as the probability that a failure occurs within a time interval (t, t+ ∆t) (in the limit

a time T ). given that there is no failure up to time T :

g(t) = lim
∆t→0+

prob(t < T ≤ t+ ∆t
∣∣t < T )

∆t
(192)

= lim
∆t→0+

1

∆t

prob(t < T ≤ t+ ∆t)

prob(t < T )

=
ψ(t)

Ψ(t)
(193)

where we have used the property

prob(t < T ≤ t+ ∆t) = ψ(T )∆t

= prob(A ∪B) = prob(A|B)prob(B)

prob(B) = prob(t < T ) = Ψ(T )

where the survival probability Ψ(t) =
∞∫
t

ψ(t′)dt′ establishes that the failure occurs at times

larger than t, as a consequence:

(194) ψ(t) = −dΨ(t)

dt

The final expression for the survival probability is:

(195) Ψ(t) = e
−

t∫
0

dt′ g(t′)
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3.1.1. Generic Failure Rate

Let us describe the possible dynamics of failure events from the form of the rate g(t).

We use a general form that allows different types of behaviors:

(196) g(t) = r0

(
1 + r1t

)η
and the Survival probability becomes:

Ψ(t) = e
−r0

t∫
0

(
1+r1t′

)η
dt′

= e
−r0

t∫
0

d
dt′

(1+r1t
′)η+1

r1(η+1)
dt′

= e
− r0
r1

1
(η+1)

[
(1+r1t)η+1−1

]
(197)

but this derivation is always possible except for η = −1 that is a singularity.

• η = −1 If we study this case we can write directly the failure rate from the rate

g(t) = r0
1+r1t

and we get the Survival probability and the probability distribution as:

Ψ(t) = e
−r0

t∫
0

d
dt′ ln(1+r1t′)dt′

= e
− r0
r1

ln(1+r1t)

Ψ(t) =
1

(1 + T t)µ−1
with µ− 1 = r0

r1
and T = 1

r1
(198)

⇒ ψ(t) =
(µ− 1)T µ−1

(T + t)µ
probability distribution(199)

or we can use the eq.(197) in the limit η → −1 for which we can use the expansion

xε ∼
ε→0

1 + ε lnx

and so the general survival probability eq.(197) becomes again:

Ψ(t) '
η→−1

e
− r0
r1

1
1+η

[(
1+(1+η) ln(1+r1t)

)
−1

]
' 1

(1 + r1t)r0/r1
(200)

that is the same expression as in eq.(198), that we definitively rewrite :

(201) Ψ(t) =
( T

T + t

)µ−1

⇒ ψ(t) = (µ− 1)
T µ−1

(T + t)µ
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it is a power law distribution, that can be normalized only for µ > 1.

Fig. 3.1. Example of a failure rate g(t) = 1
1+2t

in each region between two

consecutive events, so that the global rate function is r(t) = g(t−t1) = 1
1+2(t−t1)

for t1 ≤ t < t2.

Other behaviors for the failure rate are:

• η < −1. From the eq.(197) and for t→∞

Ψ(∞) = e
− r0
r1

1
|η|−1

leading to a condition of ” immortality ”, that is the ψ(t) is not normalized to 1.

• −1 < η < 0. In this case the form of the survival probability is sub-exponential, that

asymptotically gives rise to the so-called stretched exponential Ψ(t) ∼ e−At
η+1/(η+1),

where the mortality decreases as a function of time.(the case of infant mortality

risk.)

• η > 0. In this case we get a probability with super-exponentially depressed tails

Ψ(t) ∼ e−Bt
η+1/(η+1)

• g(t) = constant. A sub-case is represented by a constant rate, where we obtain

Ψ(t) = e−gt, and the Poissonian distribution ψ(t) = ge−gt, that is the typical be-

havior of traditional physics (e.g radioactive decay).
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Except for the last specific case (Poissonian) , every rate is a variable failure rate (the

probability of decaying), that changes over time: the system is submitted to an aging effect,

in the sense that we can recover an estimation of the age of the system (the time lapsed from

the last failure) from an estimation of g(t). This property is important because through the

aging effect the system maintains a memory of the moment of preparation.

However all the cases show abrupt events (failures) that in the specific case of power-

law distributions are called critical events. This events drive the dynamics of complex systems

we will meet in self-organization and cooperation in groups (or networks): that’s why when

we speak about complexity we actually talk of time-complexity in cooperative systems.

As last remark, we want to point out that when in the power law condition (η = −1),

the renewal character of the process requires that the power law behavior appears only

for large time (t � 1
T

), and in the adoption of sequences of finite length we can face the

impression that the process under the study obeys the Poisson statistic, but it is actually

due to the truncation of short data sequences.

3.1.2. Power Law in Waiting Time Distributions

In the case of the power law distribution of eq.(201), it has sense only in the interval

µ ∈ [1,∞). Now let us imagine that the process is renewal and that it leads the dynamics of

the system. The failure rate g(t) generates events that determine a time series {ti} with τi =

ti+1 − ti. These intervals are waiting times inside laminar regions between two consecutive

events. And, as a consequence, the waiting times τi are taken from the distribution density

ψ(τ), that can have the form of a power law:

(202) ψ(τ) = (µ− 1)
T µ−1

(T + τ)µ
1 ≤ µ <∞

as already seen.

Sequences of the kind we have just described have been studied in frequency domain

[34], and the Power Spectrum is:

(203) P (f) ∝ 1

f η
η ≡ 3− µ
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Fig. 3.2. Sample functions of renewal processes. The events are power law
distributed according the failure rate g(t). The first signal is made up with
abrupt events in time, the second plot shows an alternate system that switches
status each time interval taken from a power law distribution. In both cases
we can distinguish laminar regions between tho consecutive events.

We notice that the spectrum is divergent for f → 0 when µ fits the condition

(204) 1 < µ < 3

So, within the class of inverse power law waiting time distributions, those with µ > 3

are essentially ordinary. On the other hand, the waiting time distributions densities with

µ < 3 are not ordinary (they make P (f) diverge for η → 0).

Moreover, in order to stress the non-ordinary nature of the µ < 3 condition, let us

discuss about the first and the second moment of the distributions:

(205) 〈τn〉 :=

∞∫
0

dτ τnψ(τ)
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And using the expression (202) the moments can be found to be:

〈τ〉 =
T

µ− 2
(206)

〈τ 2〉 =
2T 2

(µ− 2)(µ− 3)
(207)

(∆τ)2 = 〈τ 2〉 − 〈τ〉2 =
µ− 1

(µ− 2)2(µ− 3)
T 2(208)

where the last expression is the width of the inverse power law distribution density. ∆τ is

so the square root of the variance, and it is always divergent for 1 < µ < 3. Now we can

summarize :

• 1 < µ < 3: Divergent width of waiting time distribution density. This define events

are Critical Events

• 1 < µ < 2: Divergent Mean Value too. These events do not satisfy ergodicity

condition and are called Crucial Events.

• µ < 1: Distribution cannot be normalized. So no process can have a distribution

density with such a value.

• µ > 3: As already told, this condition reflects an ordinary condition since the power

spectrum is no more divergent.

3.2. Renewal and Aging

A complex stochastic model usually has one or more embedded renewal processes,

this fact can be of great help for the analysis of such processes and is basic to the idea of re-

generation, which allows a process to be decomposed into independent identically distributed

blocks of random length.

3.2.1. Renewal processes

Let us go back at the concept of renewal events, pointing out its deep meaning.

We have already mentioned that a sequence of events is told renewal when between

two consecutive events there is a complete loss of memory, in the sense that the following

event is completely uncorrelated with the previous event. The renewal theory was originally

related to the study of probabilistic problems connected with the failure and replacement
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of machines. The time intervals between two consecutive failures are called waiting times.

Inside each interval we have the so-called laminar regions, where the failure rate g(t) acts.

In engineering terms, the Age-specific failure rate is the fraction of those machines which

have survived up to the time, t, which can be expected to fail in the next unit of time.

The Renewal criterion can be determined mathematically taking in account a class

of processes with independent identically distributed occurrences {τn}.

Let us call Counting Process a stochastic process {N(t), t ≥ 0} where N(t) represents

the total number of events that have occurred in [0, t].

A counting process {N(t), t ≥ 0} is a renewal process if for each n, τn is the time

between the (n − 1)st and nth arrivals and {τn, n ≥ 1} are independent with the same

distribution ψ(τ). Then, the time of the nth arrival is defined by Tn =
n∑
i=1

τn with T0 = 0.

So the counting stochastic process

N(t) = max{n : Tn ≤ t}

is a renewal process.

The name renewal process is motivated by the fact that every time there is an occur-

rence the process “starts all over again”, it renews itself.

The Poisson process is a special case of a renewal process where the time between

occurrences is exponentially distributed.

3.2.1.1. Probability Convolution

Let us make a digression, about convolution of stochastic variables. Suppose X and Y

are two independent discrete random variables with distribution functions p1(x) and p2(x).

Let Z = X + Y . We would like to determine the distribution function p3(x) of Z. To find

the probability that Z takes on the value z, where z is an arbitrary integer. Suppose that

X = k, where k is some integer. Then Z = z if and only if Y = z − k. So the event Z = z

is the union of the pairwise disjoint (because independent) events:

(X = k) and (Y = z − k)
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where k runs over the integers. Since these events are pairwise disjoint, we have the distri-

bution function of the random variable Z:

(209) P (Z = z) =
∞∑
k=0

P (X = k) · P (Y = z − k)

that is the definition of convolution between functions.

Generalizing, let Sn = X1 + X2 + . . . + Xn be the sum of n independent random

variables of an independent trials process with common distribution function p defned on

the integers. Then the distribution function of S1 is p. We can write

Sn = Sn−1 +XN

And since we know the distribution function of Xn is p, we can, by induction, find the

distribution function of Sn.

Now, let us go back to our Counting Process N(t) and passing to the continuous time

(so we have probability density ψ). In this case the sum of this variable

Tn =
n∑
k=0

τk

= Tn−1 + τn

sum of independent random variable with the same density function (because of the renewal

hypothesis). Similarly ,we can write the probability of having the n-th element in [t, dt] as

the probability to find the n− 1-th in t′ < t and that the last interval has the length t− t′ :

(210) ψn(t) =

t∫
0

ψn−1(t′)ψ(t− t′)dt′ with an event at t = 0 : ψ0(t) = δ(t)

where the convolution can be usefully pointed out using the Laplace Transformation as:

ψ̂n(u) = ψ̂n−1(u) · ψ̂(u)

= . . .

=
(
ψ̂(u)

)n
(211)

that is the practical expression of renewal processes.
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3.2.1.2. mean rate of event

We have already seen the expression for the total number N(t) of events occurred in

[0, t], and we have called it Counting Process. From its definition it is true that

P (N(t) ≥ n) = P (Tn ≤ t) = Fn(t)

where Fn(t) is the n-convolution of cumulative distribution function (CDF) with itself: Fn =

F ∗ F ∗ . . . ∗ F , that in the case of CDF ca be written as FX+Y (z) =
∫
FX(z − y) dFY (y).

And the probability that we have counted exactly n events until the time t is:

P (N(t) = n) = P (N(t) ≥ n)− P (N(t) ≥ n+ 1)

= P (Tn ≤ t)− P (Tn+1 ≤ t)

= Fn(t)− Fn+1(t)(212)

Then, we want to define the mean number of events (called the renewal function) :

m(t) = E[N(t)]

=
∞∑
n=1

n
(
P (Tn ≤ t)− P (Tn+1 ≤ t)

)
=

∞∑
n=1

n
(
Fn(t)− Fn+1(t)

)
=

∞∑
n=1

n
(
Fn(t)− Fn(t) ∗ F (t)

)
where we have used the relation between probability density CDF and Survival Probability:

F (t) =
t∫

0

ψ(t′)dt′ and Ψ(t) = 1− F (t).

Using the Laplace transform m̂(u) = L
{
m(t)

}
we have:

m̂(u) =
∞∑
n=1

n
(
F̂n(u)− F̂n(u)F̂ (u)

)
=

(
1− F̂ (u)

) ∞∑
n=1

n F̂ n(u)

=
(

1− F̂ (u)
)
F̂ (u)

d

dF̂ (u)

∞∑
n=1

F̂ n(u)
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Since the geometric series starting from n = 1 is :
∞∑
n=1

xk =
|x|<1

x

1− x
and so performing the

derivative we can find the expression for the average:

m̂(u) =
F̂ (u)

1− F̂ (u)

L−1 7→ m(t) =
∞∑
n=1

Fn(t)(213)

that in terms of probability distribution function:

(214) m(t) =

t∫
0

∞∑
n=1

ψn(t′)dt′

Finally we can find the Rate of event per unit of time as:

(215) R(t) =
d

dt
m(t) =

∞∑
n=1

ψn(t)

called mean rate of event. We will meet again this function but intuitive arguments will be

used to derive it.

3.3. Renewal Aging

Aging is a common phenomenon that is present in many physical systems, such as

spin glasses [54], supercooled liquids, polymeric glasses [29] and, in general, for complex

systems with a large number of cooperative units [41].

The nature of aging is that the distribution of waiting times depend on the time at

which the observation begins.

Let us imagine to the system were prepared at time t = 0, but that the observation

of the process started at a time to > 0. We want to know the probability of observing an

event at time t > to. Let us denote it as ψ(t, to) If the process is renewal, by disjunction and

independence we can write the waiting time distribution of age to:

ψ(t, to) =
∞∑
n=0

to∫
0

ψn(t′)ψ(t− t′)dt′(216)

= ψ(t) +
∞∑
n=1

to∫
0

ψn(t′)ψ(t− t′)dt′(217)
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Fig. 3.3. Gibbs ensemble of trajectories of renewal process. The first sequence
is taken in account for the explanation in the text, where t′ is the last event
before the observation time to. All the realizations start at time t = 0 with an
event.

the case n = 0 is ψ(t): the probability distribution if no event occurred before the observation

time to. The integral takes into account all the events that took place at an arbitrary time

t′ ≤ to. The summation takes care of the fact that an arbitrary number of events (n ≥ 1

jumps) might have occurred, and the last of which at time t′ (as in figure 3.3). The integral

is the convolution between ψn(t′) (the probability of the events) and ψ(t−t′) (the probability

of event occurrence after to)

3.3.1. Poissonian aging

Now we want to discuss the case that the waiting times have a Poissonian distribution

ψ(t) = ae−at. To use eq.(217) we have to determine the function ψn(t). Knowing that for a

renewal process we have ψ̂n(u) =
(
ψ̂(u)

)n
, we can write:

ψ̂n(u) =
( a

a+ t

)n
L−1 7→ ψn(t) =

a(at)n−1

(n− 1)!
e−at(218)
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We are now ready to evaluate the aging eq. (217) for a Poisson process:

ψ(t, to) = ψ(t) +
∞∑
n=1

to∫
0

ψn(t′)ψ(t− t′)dt′

= ae−at + a2

∞∑
n=1

to∫
0

dt′
a(at′)n−1

(n− 1)!
e−at

′
e−a(t−t′)

= ae−at + a2

∞∑
n=1

to∫
0

dt′
a(at′)n−1

(n− 1)!
e−at

′

= ae−at + a2e−at
to∫

0

dt′
∞∑
n=0

(at′)n

n!

= a−a(t−to)(219)

The meaning is that, statistically, the exponential renewal process does not produce aging,

because it does not change with delayed observation time: the probability of observing an

event at preparation time t = 0 is the same probability as if the observation started at to > 0.

3.3.2. Non-Poissonian aging

In the case that the waiting time distribution ψ(t) is a power law, we can write the

its Laplace transform [11]:

(220) ψ̂(u) =
(µ− 1)Γ(1− µ)

(uT )1−µ

[
euT − EuT

µ−1

]
where EuT

µ−1 =
∞∑
n=0

(uT )n+1−µ

Γ(n+ 2− µ)
.

Using the Taylor expansion together with the property of Gamma function Γ(1+x) =

xΓ(x), we can write:

ψ̂(u) =

[
1 +

Γ(2− µ)

Γ(3− µ)
(uT ) +

Γ(2− µ)

Γ(4− µ)
(uT )2 + . . .

= −Γ(2− µ)
[
(uT )µ−1 + (uT )µ +

1

2
(uT )µ+1 +

1

6
(uT )µ+2 + . . .

]]
(221)

From this point we have to split the problem in the case 2 < µ < 3 and in the case 1 < µ < 2.

For these two regions we will study the limiting case u→ 0.
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3.3.2.1. µ ∈ (2, 3)

(222) ψ̂(u) ' 1− 〈τ〉u− Γ(2− µ)(uT )µ−1 for u→ 0

where we have made use of the mean waiting time distribution 〈τ〉 = T
µ−2

.

At this point it is possible to write the aged survival probability just from the eq.(217):

Ψ(t, to) =

∞∫
t

∞∑
n=0

to∫
0

ψn(t′)ψ(t′′ − t′)dt′dt′′(223)

= Ψ(t) +

to∫
0

R(t′) Ψ(t− t′)dt′(224)

where R(t) =
∞∑
n=1

ψn(t) 7−→ R̂(u) =
ψ̂(u)

1− ψ̂(u)
(225)

where R(t) is the already known number of events produced per unit of time by the system

prepared at time t = 0. Using the approximated eq.(222) we can write the asymptotic

behavior:

(226) R̂(u) =
1

〈τ〉u
− Γ(2− µ)T µ−1

〈τ〉2T 3−µ
1

u3−µ for u→ 0

At this point we use the Tauberian theorem [56]:

(227)
1

uk
⇔ tk−1

Γ(k)

So the Inverse Laplace transform of R̂(u) is:

(228) R(t) ≈ 1

〈τ〉

[
1 +

T µ−2

3− µ
· 1

tµ−2

]
with 2 < µ < 3

We can see that in this region µ > 2 the system tends toward the Poisson condition

since R(t→∞) ∼ 1
〈τ〉 , but it takes it an infinite time to do.
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3.3.2.2. µ ∈ (1, 2)

In this region we can do again the proper approximations, obtaining:

(229) ψ̂(u) ' 1− Γ(2− µ)(uT )µ−1 for u→ 0

and so the Rate is:

(230) R̂(u) =
1

T 2−µT µ−1

1

uµ−1
for u→ 0

that yields

(231) R(t) ≈ 1

T µ−1Γ(2− µ)Γ(µ− 1)
· 1

t2−µ
with 1 < µ < 2

The condition µ < 2 implies, so, a stronger departure from the conventional ordinary condi-

tion. In fact in this case system lives in a perennial out of equilibrium condition. Moreover

in the case µ > 2 it was possible to prepare the system in a stationary condition, instead in

the condition µ < 2 the stationary condition is impossible.

3.3.3. Aging and Rejuvenation

At this point to obtain the survival probability we should substitute the expressions

for the rate R(t) in the eq.(224).

For numerical purposes it is more convenient to adopt the following approximated

expression:

(232) ψ(t, to) ≈
∫ to

0
dxψ(t+ y)

Kto

where R(t) has been assumed to be a flat distribution, and Kto is a suitable normalization

factor Kto =
∫ to
o

Ψ)t′dt′. This approximated formula has been proved to be numerically good

in the conditions to → 0 and to → ∞. The authors of [2] have evaluated the asymptotic

behavior of ψ(t, to) for the two regions:

• 2 < µ < 3

ψ(t, to) = ∼ 1

tµ−1
for to � t(233)

ψ(t, to) = ∼ 1

tµ
for to � t(234)
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the first equation corresponds to the infinitely aged system, because power law index changes

from µ→ µ−1. The second equation expresses the condition where we observe sojourn times

larger than to and the asymptotic exponent becomes µ: this effect is called rejuvenation.

Then

• 1 < µ < 2

ψ(t, to) = ∼ 1

tµ−1
(235)

In this case no stationary condition is reachable, and the system keeps aging forever (perennial

aging).

3.3.4. Aging Experiment

The presence of aging is also useful to test if a process is renewal or not, and we will

call that the aging experiment.

The aging experiment technique is a numerical algorithm [42] used as test to verify

the renewal behavior of the process under examination. With the help of figure 3.4, the

method proceeds as follows:

• Let us adopt a window of size ta , corresponding to the age of the network that

we want to analyze. Then we locate the left end of the window on the time of

occurrence on an event, and we record the time interval between the right end of

the window and the first event after emerging out of the window. Let us notice that

when we choose windows of smaller and smaller size the procedure corresponds to

generating ordinary histograms.

• The histograms generated by ta > 0 produce different waiting time distribution

densities, which generate survival probabilities whose relaxation can be distinctly

different from that of the ordinary survival probability. A non-ergodic renewal

process is expected to generate a relaxation that becomes slower and slower as ta

increases.

• To establish whether the aging is renewal or not, we shuffle the sequence {τ1, τ2, . . . τn, . . .}

so as to realize a new time series that is renewal (because in this way all the possible

75



correlations are destroyed).

• Then we apply the aging experiment to the new shuffled sequence, and if the two

survival probabilities coincide, we conclude that the process is renewal.

Fig. 3.4. Illustration of the aging experiment. Vertical bars on the top figure
indicate the crucial events. Horizontal bar represents aging time ta. Gray
horizontal bars on the middle figure reflects waiting times τi for the aged
system, which are represented as a sequence on time scale on bottom figure.

If at the end Ψ
(exp)
ta (τ) = Ψ

(ren)
ta (τ), the process is renewal.

Fig. 3.5. Testing for renewal property. Survival probability function Ψ(t)
for K = 1.08, g = 0.01, and network size N = 1000 (solid line) . Survival

probability Ψ
(exp)
ta (τ) aged by time ta = 200 (dashed line). Survival probability

in the renewal case Ψ
(ren)
ta (τ) (dotted line).
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CHAPTER 4

CONSENSUS AND DECISION MAKING

In this section we introduce a dynamical model generating the same non-Poisson

renewal events as those currently found in complex systems as the blinking quantum dots,

the human brain, and sociological dynamics mimicking processes where cooperative units

reach temporary consensus and set a global decision. The phenomenon of decision making is

by its nature interdisciplinary and its understanding has attracted an ever increasing number

of investigators

We introduce a connected network of interacting two-state units as a model of co-

operative decision making. Each unit in isolation generates a Poisson process with a given

rate. The important fact is that when the number of nodes is finite, the decision-making

process becomes intermittent where the decision-time distribution density is characterized

by inverse power-law behavior.

Dynamic complexity can be realized, in principle, by using a network whose structure

is not complex, fitting the fully coupled condition within a cluster. Dynamic complexity is

closely related to the phase-transition process occurring in physical systems, corresponding

to the emergence of a global behavior.

We focus the attention on two-state model that provides a description of a simple

decision-making process. The single units correspond to individuals who have to choose

between two possibilities, 1 and −1. In the absence of cooperation, the individuals act

independently ( virtually equivalent to tossing a coin).

An individual’s decision is kept for a time on the order of 1/g after which time it might

change. Cooperation within a cluster, modeled by the interactions of the two-state nodes,

implies that during the decision-making process the dynamics of each unit is influenced by

the choices made by the units to which each unit is linked. We show that an effect of

cooperation is that the decision making can be made global and, due to self-organization,

the entire network behaves as a single macroscopic unit. In the asymptotic case of all-to-all
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coupling in a dynamic network with an infinite number of units, the choice of either 1 or −1

becomes permanent. Such a model is called Decision Making Model (DMM) [10].

We will see that in the case of a finite number of nodes, the choice of either 1 or −1

does not last very long. The inter-node coupling generates intermittent behavior in the time

series representing the overall state of the cluster. The non-Poisson character of the network

time series is the most significant signature of dynamic complexity.

4.1. Two-State Stochastic Model

We imagine that the transition rate for a unit to change state is constant g. Where

we have assumed that g12 = g21 = g: the rates to go from the status |1〉 → 1 to status

|2〉 → −1 is the same than to go from |2〉 → −1 to |1〉 → 1 . This is the unbiased condition.

The probability that a unit remains in the same state after a time τ has elapsed is

the Survival probability that can be written:

(236) Ψ(τ) =
τ∏

tn=1

(1− g) = (1− g)τ ≈ e−gτ

for g � 1 and τ � 1. So the probability density function is

ψ(τ) = ge−gτ

This shows that the behavior of single unit is Poissonian, and the probability that a

unit leaves its state is therefore:

(237) p(τ) = ψ(τ)∆τ

As next step we switch on the cooperation of a network of a multitude of units.

4.2. All to All Cooperation

Now let us describe the collective behavior of a set of interacting units that finally

will yield a dynamic complexity departing from the Poisson statistics as obeyed by a single

clock. As first and general approach we are going to use an all-to-all configuration for the

network, we have that all the units are linked one with the other.
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The master equation for a single unit of a network in the Gibbs ensemble system is:

(238)


d
dt
P1(t) = −g12P1 + g21P2

d
dt
P2(t) = −g21P2 + g12P1

where P1 is the probability of finding the unit in the state |1〉, and g12 is the rate of transition

from state |1〉 to the state |2〉. Similarly, P2 is the probability of finding the unit in the state

|2〉, and g21 is the rate of transition from state |2〉 to the state |1〉.

The cooperation is set in the expression of the transition rates, that are defined in

the following way:

(239)


g12 = g0e

−K N1−N2
N

g21 = g0e
−K N2−N1

N

where g0 is the unperturbed transition rate, and K is the positive coupling parameter ac-

cording to which we can have different cooperative behavior.

We notice the in the case of all to all coupling and for infinitely large number N of

units it is true that:

frequency for |1〉 → N1

N
= P1 ← probability(240)

frequency for |2〉 → N2

N
= P2 ← probability(241)

(242)

Where it is true that

(243) N1 +N2 = N

So, we are able to write again the master equation for the all-to-all case, where the

expressions for the transition rates are:

(244)


g12 = g0e

−K(P1−P2)

g21 = g0e
−K(P2−P1)
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Let us define the difference in the probabilities:

(245) Π ≡ P1 − P2

and the master equation (238) becomes:

(246)
d

dt
Π = −(g12 + g21)Π + (g21 − g12)

and using the eq(244) we have te final expression of the master equation for the all-to-all

network:

(247)
d

dt
Π = −g0

eKΠ + e−KΠ

2
Π + g0

eKΠ − e−KΠ

2

The equilibrium condition is reached when Π̇ = 0, and so we have the equation:

(248) Πeq =
eKΠeq − e−KΠeq

eKΠeq − e−KΠeq

A trivial solution is Πeq = 0

Other solutions can be found close the value of the coupling parameter K ≈ 1, and

the approximation solutions uses the Taylor expansion of the exponential in the eq.(247):

0 = −g0Πeq(2 +K2Π2
eq) + 2g0KΠeq(249)

⇒ Πeq = ±
√

2(K − 1)

K
for K ' 1(250)

At this point let us write the eq.(247) as:

(251)
d

dt
Π = −dV

dΠ

where the equation describes the overdumped motion of a particle with position Π within

the potential V (Π).

A deeper reason for this interpretation come directly from the Smoluchowsky approx-

imation of a Langevin equation under the influence of an external potential:
ẋ = v

v̇ = −γv − ∂V
∂x

v̇ ≈ 0 Smoluchovski approx.
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(a) K = 0.8 < 1 only the trivial solution
Πeq = 0

(b) K = 3 > 1, the other solutions are Πeq →
1

(c) K = 1.1 & 1 other two solutions Πeq = ±
√

2(K−1)

K

Fig. 4.1. Numerical solutions for the equilibrium of Π, found by the intersec-
tion between the equations y = Π and y = (ekΠ − e−kΠ)/(ekΠ − e−kΠ)

⇒ d

dt
x = −1

γ

∂V

∂x

From the expression eq.(247) we can recover the equation in the Taylor expansion

close to K ' 1:

−dV
dΠ

= −g0Π(2 +K2Π2) + 2g0KΠ(252)

−dV
dΠ

= 2g0(K − 1)Π− g0K
2Π3(253)

V (Π) =
g0K

2Π4

4
− 2g0(K − 1)

Π2

2
(254)

and using the value Π = Πeq at equilibrium condition of eq.(250), the potential barrier is:

(255) Q = g0

(
K − 1

K

)2

Potential Barrier

As shown also in the fig. 4.2, for K slightly larger than the critical value Kc = 1, a

majority decision emerges. The condition of perfect consensus is reached for K → ∞. In
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(a) The double well potential V (Π) as a function of Π for g = 0.01
and different values of the coupling constant K. Solid line for K =
1.05, dashed line for K = 1.10, and dotted line for K = 1.20, all of
this values show an increasing bump that is the potential barrier
Q.

(b) The equilibrium value Πeq(K) as a function of the coupling
constant K for g = 0.01. The dashed line is the approximated
solution, and the solid line is the full solution of d

dtΠ = −dVdΠ

Fig. 4.2. Potential and Phase transition for the DMM in the all-to-all cou-
pling condition. Let us note that for K < 1, the phase transition (b) shows
that half of the units are in the state |1〉 and half are in the state |2〉. At
criticality K = Kc = 1 a bifurcation occurs and the potential develops two
wells separated by a barrier.

this case Π gets either the value of 1 or of −1. It is important to stress that, even if for

K > 1 but finite the consensus is only partial, the network is in an equilibrium condition,

where the majority and the minority keep their choice forever, with no change of opinion.
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4.3. Collective Behavior and Mean Field

Let us now introduce the collective behavior of a single network of N two-state unit:

(256) ξ(t) :=
1

N

N∑
j=1

eiΘj(t) =
N1(t)−N2(t)

N

Here Θj is the direction (in this case a 1D motion) of the j-th unit and has the value 1 if the

unit is in |1〉 and −1 is the unit is in |2〉. Then N1(t) are the number of units in the former

state at time t and N2(t) is the number of units in the latter state at time t.

In the condition of a all-to-all coupling set that all the units are identical and equiva-

lent . Further for N →∞ the occurrences become probabilities and the mean field approx-

imation becomes valid (as defined in section 2.2.2). The mean field approximation allows

the network to be considered a statistical ensemble of identical nodes. Consequently, in this

condition it holds true that:

(257) ξ(t) = P1(t)− P2(t) = Π(t) All-to-All & N →∞

The master equation (238) is exact for the all-to-all condition and the variable ξ is

identical to Π. So for t→∞ the collective parameter ξ tends as Π to reach one of the two

valleys of the potential V (Π) (the minimum symmetric points):

(258) ξ(t→∞) = ±Πmin 6= 0

that proves that a widespread synchronization occurs in the system at the onset of phase

synchronization (K > Kc). So in long time regime one state is statistically preferred to the

other state (depending on the initial condition ξ(0) ≷ 0).

4.4. Fluctuations on Cooperation

Now we introduce imperfections on the DMM, but this uncertainty is the key point

for the system to change decision ability, that is to trigger transitions from one well to the

other of the potential.
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There are two different ways the condition for which the frequency Ni/N does not

coincide with probabilities Pi: finite number of units N <∞ (finite size effect), or a lack of

all-to-all conditions (nearest neighbors).

4.4.1. Finite Size effect

In this situation the number of units is assumed to be finite 1 � N < ∞, so we

can still have the law of large numbers but the mean field approximation is not more exact.

In this way the number of units that undergo a transition from a state to another state is

affected by uncertainty, that introduce a fluctuation in the transition rates gij.

gij −→ gij + εij

the variables εij are fluctuations ( white noise) whose intensity is ∝ 1/
√
N , so that for

N →∞ the fluctuations are smaller and smaller.

This make the master equation of a system with a finite number of units equivalent

to the master equation to the master equation of a system with an infinite number of units

but with fluctuating transitional rates:

(259)


d
dt
P1 = −(g12 + ε12)P1 + (g21 + ε21)P2

d
dt
P2 = −(g21 + ε21)P2 + (g12 + ε12)P1

At this point we can write the mean field master equation for Π in the case of finite

size effect:

(260)
d

dt
Π = −∂V (Π)

∂Π
− ς(t)Π(t) + η(t) where


ς = ε12 + ε21

η = ε12 − ε21

if we assume the fluctuations to be anti-symmetric (unbiased fluctuations), we have ε12 =

−ε21. So we recover the Smoluchowsky Langevin equation in a potential, and it is valid also

for the collective parameter ξ, defined in eq.(256), and it becomes stochastic:

(261)
dξ(t)

dt
= −dV

dξ
+ η(t)

where the intensity of η(t) is proportional to 1/
√
N .
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The presence of these fluctuations has the effect of triggering transitions from one

well to the other of the potential V . Now, the phase synchronization is no more stable (like

in the exact mean field equation).

Indeed the collective variable fluctuates between the two minima for values of the

coupling parameter greater than the critical value. The single unit follows the fluctuations

of the global variable, switching back and forth from the condition where the state |1〉 is

preferred statistically to that where the state |2〉 is preferred statistically.

4.4.1.1. Sojourn times and Scaling property

Since we have a diffusion-like model described by the Langevin equation (261), we

can use the arguments we have treated in previous chapters.

Now, let us imagine infinitely many realizations of the same DMM process all with

the same initial conditions ξ = 0. We can write the probability distribution density P (ξ, t),

and it evolves in time starting from a Dirac function δ(ξ).

Now we can split the problem in two time-scales: equilibrium (t → ∞), and free-

diffusion [49]:

short scale: Let us assume we can completely neglect the fact the regression to equi-

librium of the network, that is the situation of free diffusion situation corresponding

to V (ξ) ≈ constant.

We have already seen a free diffusion process obeys a scaling distribution that

in a very general situation can be:

(262) P (ξ = 0, t) ∝ 1

tδ

where we have only considered the population at zero (ξ = 0) and so the exponential

part is equal to 1.

On the other side the population at the origin (P (0.t)) is composed of particles

that left the origin and went back to it an arbitrary large number of time, so

(263) P (0, t) ∝ R(t) =
∞∑
n=1

ψn(t).
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where

• ψn is the probability density for the network to return to the origin for the nth

time.

• R(t) is the number of returns to the origin per unit of time (zero crossing).

We have

(264) P (0, t) ∼ 1

tδ
7→
L
P̂ (u) ∼ Γ(1− δ)

u1−δ

On the other side

(265) ψ̂(u) = 1− 1

R̂(u)
≈ 1− A

Γ(1− δ)
u1−δ

where A is a constant typical from the system.

If we assume probability density to be a power law ψ̂(u) ≈ 1−Γ(2−µ)(T u)µ−1.

as in eq.(229), that comparing to eq.(265) we have:

(266) µ = 2− δ

Let us note that this derivation is based on the assumption that different time

distances between two consecutive returns to the origin are not correlated. That is

because we have made the assumption that the sequence of the recursion times is

renewal.

The case of K ' Kc = 1 where the potential barrier vanishes correspond to the

case of ordinary diffusion for which

P (ξ(t), t) =
1√

4πD t
e−ξ

2/4D t(267)

⇒ P (0, t) =
1√

4πD

1

t
1
2

(268)

that is δ = 1/2 and so µ = 1.5 as explained in fig.4.3.

long scale: For t→∞ finally the eq.(261) reaches the equilibrium with the density:

(269) Peq(ξ) ∝ e−V (ξ)/D
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(a) Temporal evolution of collective global parameter ξ(t) for the decision making model
realized on a square lattice of L = 50 × 50 nodes, with g0 = 0.01 and K = 1.70. The
crucial events are marked with between the time intervals τ between two consecutive
events.

(b) Survival probability function Ψ(τ) for the order parameter
ξ(t) evaluated on a two-dimensional lattice of size L = 50 × 50
for g0 = 0.01 and increasing values of coupling constant K. The
straight line corresponds to the slope of −0.50, namely to µ = 1.50

Fig. 4.3. Standard analysis of time sequences to detect the crucial events
as zero-crossing that is the population at zero, and the consequent survival
probability Ψ(τ)

with D = g/N . The equilibrium distribution is realized in the so-called Kramers

time scale [49]. That is way in the fig. (4.3) in the survival probability we can see

a ”shoulder” at times ∼ 1/g for which we start perceiving the ordinary exponential

behavior.
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4.4.2. Nearest Neighbors

In real networks we expected to have also another important limitation: the fact

that each unit interacts with only some of its neighbors as in fig.4.4, breaking the all-to-all

coupling.

Fig. 4.4. Example of a 2D regular lattice where each unit is connected and
interacts only with its nearest neighbors, 4 in our graph.

Consider an ensemble of networks each with N two-state stochastic units and each

unit within a given network coupled to Nc other units within that network. In this case the

transitional rates are:

(270)


g12 = g0e

−K N1−N2
Nc

g21 = g0e
−K N2−N1

Nc

where it is not true that Nc = NTOT −1 because we have only local interactions. This makes

impossible to identify the frequenciesNi/Nc with probabilities Pi, the occurrences are not

node-independent: the mean field behavior is totally lost.

Anyway it is still possible to assume a stochastic behavior of the global collective

parameter ξ defined in the same way as in eq.(256).

The best approach in this case is to operate via numerical simulations to obtain

results that express the properties of such a system. We call such a DMM network with the
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breaking of all-to-all condition and finite number of units as regular lattice DMM. In the

next chapter we will compare this kind of system with the model of the Flocks.

The fig.4.5 shows the behavior of phase transition of regular lattice DMM.

Fig. 4.5. The phase diagram for global variable ξ. Thin solid line and dashed
line are the theoretical predictions for the fully connected and two-dimensional
regular network. The thick solid line corresponds to the global states observed
for two-dimensional regular lattice (L = 100 × 100 nodes) and g0 = 0.01.
Periodic boundary conditions were applied.

As last remark we want to remind that DMM is a typical process characterized by

the presence of ergodicity breakdown.

4.5. Ergodicity Breakdown

The concept of ergodicity has been conceived by physicist and mathematicians to

analyze phenomena which exhibit an ”ergodicity breakdown”. In general complex systems

are usually considered non ergodic systems.

A stochastic process is ergodic if all his statistical means can be calculated through

a single realization of the process.

In a wider sense, weak ergodicity is expressed by :

X̄(t) = lim
T→∞

T∫
−T

X(t′)dt′ = E
[
X(t)

]
(271)
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RXX(τ) = lim
T→∞

T∫
−T

X(t′)X(t′ + τ)dt′ = E
[
X(t)X(t+ τ)

]
(272)

that is the ergodicity for the first two moments of the distribution: mean and autocorrelation.

Ergodicity is a stronger property than stationarity. Indeed it holds true that Ergod-

icity in the wide sense implies stationarity in the wide sense. It is straightforward that just

looking at the moments of the distributions as easy to see from the expressions of the average

and autocorrelation.

So if we say that a process is non-stationary it is the same as showing non ergodicity.

But stationarity does not imply ergodicity.

Many physicists think about the ergodicity breaking in terms of critical phenomena

[35], and typically it is explained as a consequence of spontaneous symmetry breaking at

critical Temperature or in general by a critical parameter that depends on the fluctuation

in the system (in the case of DMM it is due to the finite number of units and the lack of

all-to-all condition).

Ergodicity breaking is also present in systems which undergo critical dynamics and

the system is thought to be in a non equilibrium state and expected to regress to equilibrium

during its time evolution. When the system is ergodic the regression to equilibrium occurs

with a precise and fixed regression time (that is the time correlation length).

On the contrary in systems near a critical point the time correlation length of the

system increases: the process exhibits the so-called critical slowing down.

In the case of our cooperative DMM system the emergence of an inverse power law

distribution density with µ < 2. Where the mean time 〈τ〉 diverges. This implies a non-

ergodic statistics.
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CHAPTER 5

COOPERATIVE FLOCKING

Collective behavior has always attracted the attention of scientists and philosophers

since from very ancient times when men started to observe Nature. In this phenomenon one

of the most impressive features is the emerging of collective properties and skills which do

not belong to the single entity forming the group.

In the previous chapter the complex behavior of cooperative units has been addressed

in terms of decision making, where individuals have a number of options , and they have to

choose one of them. In the DMM we have only two possible decisions, i.e. the group can

decide to go left or to go right.

Once all individuals (as a group) have settled at their own decision, we can say that

a collective decision has been reached. That in terms of DMM, they reached the statistical

equilibrium. We have seen that it is a definitive situation only for all-to-all and infinite

network, in the 2D lattice DMM we have that from time to time this decision can change

according to the internal dynamics of the system.

In this chapter we are going to introduce a equivalent model, where, differently, the

cooperative behavior is performed through elements in a group classified as ”active” or Self-

Propelled Particles (SPP).

In this investigation we describe the dynamics of flocking on the base of SPP models.

In such models particles move in the space, and they have local interaction zone within which

they interact to other ”near” particles.

These models gives the chance to investigate the conditions under which collective

patterns are generated by local spatial connections.

5.1. Flock Models

In this section I introduce and discuss the self-propelled particles approach to coop-

erative moving units.
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Fig. 5.1. Screenshot of a computer video animation of a 3D flock in a virtual
landscape. Bird model and has been created with Blender, virtual landscape
has been done through Virtual Reality Toolbox, animation with MATLAB.

5.1.1. 1D-Flock

The simplest case of self-propelled particle model is the one dimensional case [19].

For this reason let us consider N -agents on a line of length L, with the use of the periodic

boundary conditions. Particle i is distinguished by its position coordinate xi and its velocity

ui. The neighbors of this particle are those particle which lie within a distance r of individual

i’s position xi. The interaction radius is a predefined constant which is the same for each

particle.

Fig. 5.2. Typical behavior of 1D Vicsek Model

Let us denote with Cri the set of neighbors of particle i, and ni(t) = |Cri | is the number

of these neighbors such that |xi(t)− xj(t)| ≤ r.

The initialization is made setting a random initial position on the line x(0) ∈ [0, L]
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and a random initial velocity u(0) ∈ {−1, 1} .

The equations that describe the model are:

xi(t+ ∆t) = xi(t) + v0ui(t) ∆t(273)

ui(t+ ∆t) = ui(t) +
[
G
(
〈u(t)〉i

)]
∆t+ ∆Q(274)

where

(275) 〈u(t)〉i =
1

ni + 1

(
ui(t) +

∑
j∈Cri

uj(t)

)
v0is the modulus of the velocity ,the function G represents the adjustment of a particle’s

velocity to the velocity of its neighbors , and scaling this speed toward 1:

(276) G(z) =
z + β sign(z)

1 + β

where in our simulation I take β = 1 as in fig.5.3

Fig. 5.3. a plot of the function G(u) versus u with β = 1

The noise term ∆Q is taken to be a random number taken from the uniform distri-

bution (different for each particle):

Q(x) =
1

η
for − η

2
≤ x ≤ η

2
and Q(x) = 0 elsewhere(277)

with mean 0 and variance η2

12
.

An important observables of the system are the average velocity U(t) = 〈ui(t)〉 (global

speed )and the global consensus (or equivalently the collective global parameter like in the
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DMM):

(278) Φ = lim
t→∞

1

T

T∫
0

1

N

∣∣∣ N∑
i=1

ui(t)
∣∣∣dt = |U(t)|

where T is the time length of the simulation. The collective parameter Φ is a measure of

the coherence of the entire flock. If its value is close to 0 the flock is not organized and it

is present a very disordered state between the individuals. When Φ is close to 1 we are in

presence of a coordinate flock (ordered state), in which each single bird moves in coordination

with the others. Switching the noise intensity (or the density) we can build a typical phase

transition diagram.

(a) small noise intensity (b) intermediate noise intensity (c) high fluctuations

Fig. 5.4. three different behaviors of global speed U(t) according to different
values of noise intensity.

Fig. 5.5. Phase transition plot of the 1D flock topological model that is
similar to the phase transition in the DMM, where the K coupling constant
plays the role of the inverse of the noise intensity η. We use the parameters
v0 = 0.1, ρ = 3 and 5 nearest neighbors.
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It is possible to generate an alternative model that we will call Topological Flock

Model, where instead of metric distances we use the topological one: we decide a given

number of neighbors with which a given particle interacts with. In this case the distance are

less important, and what is important is only the number of nearest neighbors. That is the

case that is close to the decision making model.

It is important to notice that in the Flock model we have several parameter that can

be changed, usually v0, r are fixed and we can play with the density ρ = N/L and the noise

intensity η. For computational reason I preferred to fix the density, and observe the change

of dynamics according to the noise only.

We will see that if you change the prospective it is possible to obtain another phase

transition diagram for the collective parameter versus density.

We will postpone further analysis about the phase transition φ, criticality and zero-

crossing of the global speed U(t), after the discussion of the other 2D and 3D cases of the

flock model, since all of them share very similar behaviors.

5.1.2. 2D-Flock

In the 2D Vicsek model [52] the individuals are point-like particles which move off-

lattice at constant speed v0. The interaction is chosen such that at each time step every

particle adjusts its direction of motion to the average one of its neighbors, in the presence of

some noise term accounting for the randomness of the system (i.e. environment disturbance

or a lack of a perfect average measure of the bird).

The updating rule of the 2D Vicsek model is:

xi(t+ ∆t) = xi(t) + vi(t)∆t with vi(t)→ v0e
jθi(t)(279)

θi(t+ ∆t) = arg

[∑
k∈Cri

eiθk(t)

]
+ ηξi(280)

where the sum is done over the particles inside a circle with radius r (see fig. 5.6) centered

in xi(t), η is the noise intensity and ξ(t) is a δ-correlated noise uniformly distributed with

ξ(t) ∈ [−π, π] (it is possible also to use a normal distribution).
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Fig. 5.6. Graphic version of the 2D Vicsek model where a single unit interacts
with those birds which are within its circle of radius r. The result of the
interaction is the average direction of all the connected birds.

In the 2D Flock model it possible define the global variables:

φ(t) =
1

v0N

∣∣∣∣ N∑
i=1

vi(t)

∣∣∣∣ =
1

N

∣∣∣∣ N∑
i=1

ejθi(t)
∣∣∣∣ Global alignment(281)

Φ(η, ρ) = lim
t→∞

φ(t) = lim
T→∞

1

T

T∫
0

φ(t)dt Collective parameter(282)

where the alignment is a time dependent variable that indicates how the aggregation of the

flock varies on time: it is the absolute value of the velocity of the whole group. On the

other side the collective parameter gives a number that is the average on time of the mean

consensus for specific noise and density.

In the table 5.1 we have all the parameters in the 2D model, for different values of

those values one can obtains different behaviors of the system.

Usually all of them are fixed and the noise or the density are changed.

5.1.3. Phase Transitions

As we did for the 1D flock model, we want to explore the behavior of the more

complete 2D model. A large number of simulations were done to produce different values of

the Global parameters.
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System’s parameters Effective parameters

N -number of particles ρ = N
L2 - Density

L-size of the box L′ = L
r

- Relative box size

v0-absolute value of speed I = ρ(πr2) - Average num-

ber of interactions per par-

ticle

r-radius of interaction l = vo∆t
r

Step size relative to

the interaction radius

η-noise intensity

Table 5.1. Parameters in the 2D flock model

Let us consider first the collective parameter Φ. I studied the behavior of the models

for different noise intensities and for different density of the system. Also in this case it is

possible to observe a clear phase transition from a disorganized flock to a very aligned one,

as shown in the fig.5.7.

(a) Phase transition versus noise intensity for
fixed density. Simulation data of 106 time
steps, performed for two different N number
of particles

(b) Phase Transition versus density values for a
fixed noise intensity

Fig. 5.7. Phase transition for 2D flock model of the order parameter Φ (also
called global velocity ). It can be noticed that the ideal case is reached when
the number of particles tends to become larger and larger N →∞

The theoretical behavior for the phase transition (that is for N → ∞) of the of the
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order parameter is (as the dotted line in fig.5.7:

(283) Φ ∼


(ηc − η

ηc

)β
for η < ηc

0 for η > ηc

where ηc = ηc(ρ, L) is the critical exponent and β is, like the critical temperature in ferro-

magnetic systems, the effective critical value of the noise for finite size system at density ρ.

The value β can be obtained rescaling the curves with Φ vs ηc−η
ηc

. So it is necessary to detect

the critical value ηc, and we will see how to do that. From a fit as in [52] , we obtained

β ≈ 0.4 (and for 1D flock model β ≈ 0.6 ).

The theoretical numerical ηc(ρ, L → ∞) value is determined through the maximiza-

tion of the scaling region and through the check of its increasing for N , L→∞.

In a similar way, one can write a scaling law also for the number density ρ as

(284) Φ ∼


(ρ− ρc

ρc

)λ
for ρ > ρc

0 for ρ < ρc

where λ is the critical exponent.

On the contrary, the estimation of ηc is easier and it is provided from Gaussian fit of

the order parameter fluctuations, called susceptibility [53]:

χ =
(〈
φ2(t)

〉
−
〈
φ(t)

〉2
)
L2(285)

∼ 1

(η − ηc)γ
(286)

where, as usually, 〈·〉 represents the average over the configurations.

Another global parameter is the Binder cumulant related to the kurtosis moment of

a distribution, it is defined as:

(287) B = 1− 〈φ4〉
3〈φ2〉2

if we are in the disordered state (large noise or low density) the dynamics is mainly driven

by the Gaussian fluctuations so 〈φ4〉 = µ4 = 3σ4 and so B → 0.
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In the ordered condition (very small noise) the behavior tends to be dichotomous

signal that can be described by a Bernoulli distribution with p = 1/2, so we have 〈φ4〉 =

p(1− p) and σ2 = p(1− p)(3p2 − 3p+ 1), and so B → 2/3 ≈ 0.667 .

Thanks to all these order parameters we can detect the region within which there is

the critical point. We want to remind that the critical point is where phase transition occurs

and it is the region where the system is extremely sensitive to small changes or perturbations.

Fig. 5.8. detection of the critical point using the three global parameters.

As we have just observed, the value of ηc strongly depends on the system density

ρ. Theoretical and numerical considerations indicates that the relation between the critical

noise and the number density is [53]

(288) ηc(ρ) ∼ ρκ

with κ = 1/2 in the 2D flock model.

Let us notice that the absolute value of the velocity of each particle is v0 even after

the interaction. As a consequence, this model does not preserve the momentum. Moreover,

it does not preserve neither the Galilean invariance because if we consider a moving reference

frame, the absolute velocity of the particles are no longer v0 as determined by the model.

Even if the flock model base on the Vicsek prescription is a very simple model, it is very
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(a) Surface build for 50 values of densities and
noise intensities with single time series of 105

length. An three dimensional mesh was calculated
to obtain a smoother surface.

(b) Mesh surface with colors that indicates
the strenght of the coordination (i.e. the
same as consensus or alignment) fro different
values of noise intensities and densities. It
is clear that only in a give region (the boxed
one) it is possible to obtain a complete phase
transition

Fig. 5.9. Phase transition for 2D flock model. It can be noticed that the
ideal case is reached when the number of particles tends to become larger and
larger N →∞

useful, or at least, a good base in order to describe a complex system. And also it lends

itself to a very powerful physical approach.

5.1.4. Mean-Field regimes

The flock model in 2D is similar to the XY model in ferro-magnetism , but in the

latter case the units are fixed to the node of a lattice, instead in our case the particles are

free to move in the system. This motion gives rise to long-range spatial interactions among

particles in the system.

Actually this is a very delicate point in the Vicsek model, and everything depends on

two different regimes defined by the relative interaction radius l = (vo∆t)/r.

low-velocity regime l < 0.5: In this regime essentially neighbors often remain neigh-

bor for long time remaining close because of the slow velocity respect to the inter-

action radius. This regime seems to be biologically plausible for systems like flocks

of birds, since birds can detect other birds far away compared to the distance trav-

eled by each of them per unit of time [24]. This case is also can be associated to
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the decision making model, in fact we can subdivide the box of our flock system

in smaller boxes that mimic a unit in the network of DMM. The only problem is

that in the low-velocity regime the system tends to create clusters, One of the most

characterizing feature of this model is the formation of spectacular patterns such

as fluxes and clusters. For enough low values of the noise, or at least lesser than

the critical noise (for a given density), the individuals combine in two forms: flux,

for small values of the noise, while clusters for 0 < η < etac. The former occurs

when the interaction is purely deterministic, and after an initial transient the sys-

tem breaks the rotational symmetry and a steady state showing a persistent flow

(a high alignment preventing the flock to change directions anymore). The latter

occurs when the noise is not able to preserve the symmetry but the motion is still

stochastic. And at criticality we have an anomalous behavior that we are going to

explore in the next chapter.

high-velocity regime l > 0.5: In this regime particles have very large velocity , and

two neighbors that at time t0 are within the same interaction zone, because of the

noise, at the next time step t0 + ∆t they will end up far away from each other and

interact with different particles. This implies that for v0 � 1 all spatial correlations

are lost after a single time step. But this is also the exact condition for the mean

field theory, but it departs from the DMM behavior and from cooperative systems,

and can be more likely to the small-world networks.

Another difference between the two regimes is that our low-velocity regime induces a

phase transition that is continuous (in the ideal case not derivable), and it is called second

type phase transition.

When we are in the high-velocity regime the system produces a phase transition that

has an abrupt change at the critical point so that the phase transition is discontinuous and

far from the condition of DMM.
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5.1.5. 3D-Flock

The three dimensional version of the Flock model has been used essentially to prove

the realistic behavior of such a model, that despite of its simplicity (respect to the Reynold’s

model in Chapter 1) it is able to mimic real situations like a flock of bird.

The three dimensional flock model has the following updating equation for the veloc-

ity:

(289) vi(t+ δt) = v0N̂
(
N̂
(
〈vi(t)〉Cri + ξi

))
where N̂(~u) =

~u

|~u|
the unit directional vector, ξi is the vectorial noise drawn from a uniform

distribution in a sphere of radius η (the noise intensity). Also in this case periodic boundary

condition has been used and phase transitions behave in the same way as the 1D and 2D

model.

With the purpose to show the capability of the flock model to mimic real situations,

I created a 3D model of a bird using a 3D software (Blender), the a texture was applied and

then I create the animation of flapping wings. I imported the model in MATLAB and I ran

the usual simulation with these new realistic birds. As a last step I use the Virtual Toolbox

of MATLAB to create a real landscape around the flock (see the figures 5.10 and 5.11)

5.2. Criticality in Flock Systems

At this point we want to show that the intelligence of a flock of cooperative units

emerges at criticality, as an effect of the joint action of frequent organizational collapses and

of spatial correlation as extended as the flock size [51].

These organizational collapses allows the single units to recover independence of the

others, and of a correlation as extended as the flock size. Although the units that perceive the
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Fig. 5.10. Creation of canvas wireframe of a bird, and on the right the tex-
turized version. Bones and joints has been created in order to animate the
model.

Fig. 5.11. Once the 3D blender model has been imported in MATLAB, I have
created a virtual landscape using The Virtual Reality Toolbox that extends
the capabilities of MATLAB into the world of virtual reality graphics. An
.X3D file has been created for the web and 3D viewer programs. It is possible
to move inside the flock, rotate and tilt. Landscape effect are present like sun,
sky, land, fog.

environment are only a small fraction of the total number of birds, they exert a determinant

action on the whole group during the short rearrangement phase after an organizational

collapse. These few units play the role of temporarily leaders (look-out birds) leading the

other (in that short period) free birds to set a new direction.

We call this temporary situation free-will condition (reminding the idea of Lucretius

clinamen) allows the swarm to select the new flying directions that are transmitted to all
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the units by the few danger- or resource-perceiving birds, thanks to the criticality-induced

long-range correlation.

Now we explore the temporal complexity of the flock model in analogy of the decision

making model, that is a simpler model where the relative positions of the birds are fixed and

they have only to choose between either flying to the right or the left (equivalent to a 1D

flock model as in the future section 5.4.3).

We use the occurrence of organizational collapses to define temporal complexity: we

set the origin of time at the moment of a failure occurrence, let us consider the probability

that another failure occurs in the small time interval [τ, τ + δτ ]

(290) dp = ψ(τdτ)

Temporal complexity is established by examining the asymptotic time limit of ψ(τ) which

is expected to be of the form:

(291) ψ(τ) = (µ− 1)
T µ−1

(T + τ)µ

the already known normalized inverse power law distribution.

I showed that a flock of birds at criticality generates temporal complexity, and the

waiting times between consecutive collapses is an inverse power law distribution with a power

smaller than 2- We have seen that for µ < 2 the mean time diverges and it generates the

non-ergodic condition. Using the aging experiment like in section 3.3.4, the process that

generates this power law distribution is a renewal process, in this way the critical events

(collapses) are considered as renewal events.

To detect the occurrence of organizational collapses, we monitor the alignment of

the swarm looking for the ideal condition of a vanishing φ(t) (fig.5.12), actually since φ is

a parameter derived from the absolute value of the global speed, it is not possible to get

a value of 0 for φ. As a general idea even if we are in a sub-critical condition (large noise

intensity) where the motion is driven by Gaussian fluctuation, we do not get 0.

Collapses towards 0: If we take in account our flock model in the 1D case, we have

φ(t) = |U(t)| and Φ = φ(t).
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(a) Global speed for 1D flock model, the switching
behavior is due to the change of opinion of the flock
thanks to the action of the look out units during
those organizational collapses.

(b) The case of the 1D collective parameter as the
absoulute value of the global speed. So in this case
we are able to see the big drops of coordination due
the organizational collapses.

(c) Collective parameter that is a measure of alignment of
the flock. Also in the 2D case big drops of cooperation are
clear

Fig. 5.12. Organizational collapses behavior at criticality of 1D and 2D flock
model. At criticality the waiting times distributions between two consecutive
drops obey to a non-ordinary distribution.

In general, for a variable Y = |X| where X is Gaussian random variable, the

mean value for Y is given by E[Y ] = σX
√

2/π. and var(Y ) = σ2
X(1− 2

π
).

In our case we have σ2
ui
∼ 〈ξ2〉 = η2/12, with Y = φ(t) and X = U(t) = 〈ui(t)〉.

For independent variables it holds true that

〈Z〉 =
1

N2

N∑
i=1

var(Zi) =
σ2

N

whereN is the total number of random variables (birds in the flock). So σX = σui/N .

This estimation, in the case of 1D flock model, is valid only in the limit of

large noise (sub-critical η → 1) where the random fluctuation is almost the only
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process that drives the motion (we loose completely the organizational procedure).

Then, since we set that all the bird has a random fluctuation of the same intensity,

the ”sub-critical” birds can be considered independent and it i possible to use the

equations above.

In a similar way it can be done for the 2D flock model. This explains why we are

not able to see the Phase transition Φ to be exactly zero, and that our organizational

collapses cannot ever be 0.

For these reasons we need to select a the smaller threshold S as possible, close to 0.

In general I choose a threshold much larger than the variance of φ(t): S � std(φ(t)).

As we can see in fig. 5.12, from time to time φ(t) becomes smaller than this arbi-

trary threshold signaling the transition from the organized to the non-organized state. We

make the assumption that crossing this threshold marks the occurrence of an organizational

collapse establishing the flock’s free will.

(a) 1D flock: Survival probability for the one di-
mensional bird model, at different values of the
control parameter η. The inset shows the time
mean value of the global fieldΦ, and the dashed
line has been calculated by fitting the data with a
theoretical asymptotic value of Φ ∝ (1− η/ηc)β .

(b) 2D flock: Survival probability Ψ(τ) as a function of
time. The occurrence of collapses is detected by using
the threshold S.

Fig. 5.13. Survival Probability for the flock model where it possible to realize
the presence of an inverse power law behavior for η values close to criticality.
And the power exponent µ ∼ 1.35 < 2

In fig. 5.13 we plot the survival probability Ψ(τ) =
∫∞
t
ψ(t′)dt′ where ψ(τ) is the

distribution density of the time distances between two consecutive collapses. We see that at
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criticality ψ(τ) is proportional to 1/τµ with µ close to 1.35.

The one-dimensional version of this model shows a behavior qualitatively similar to

that of the marching locusts of [12], characterized by abrupt jumps from one to the opposite

flying direction. In this case a direction change marks with no ambiguity the occurrence of

an organizational collapse and proves that the reorganization time is negligible compared to

〈τ〉. Furthermore, recovering µ = 1.35 suggests universality ( fig. 5.13 ).

We note that, although at criticality the waiting time distribution density tends to

fit the theoretical definition of temporal complexity, the inverse power law is interrupted

by a fast exponential drop. This is a consequence of the swarm’s size being finite. We find

numerically that the exponential truncation occurs at larger and larger times with increasing

the size of the flock.

In the following section we will use an analytical approach to what numerically has

been proved in [51]. showing that the DMM model shares the same properties as the bird

model.

5.3. 1D Flock Model and Decision Making Model

Let’s use the 1D Topological Vicsek model to represent a flock that lives in the low-

velocity regime.

The main point of this model is that the system (the global velocity φa) alternates

its sign (change of direction) between two states.

Let us define a new model based on a probabilistic interpretation of Vicsek’s proce-

dure.

Let us take N particles on a periodic 1D lattice of L sites, so the density is ρ = N/L.

Each particle is in the position x(i) ∈ {1, 2, . . . , L} with a velocity v(i) = ±1 , so the

two states of the particle are:

• |1〉 7−→ v(i) = 1

• |2〉 7−→ v(i) = −1
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To update the system a bird is chosen at random and we can write the probability

for that bird to flip its velocity (switching probability) as:

(292) W (i) =
1− (1− 2η)v(i)U(x(i))

2

where U is the velocity of the ”most” of the particles at the site x(i) between its n nearest

neighbors. And η is the fluctuation on following them. The model can be different choosing

different form for the function U .

5.3.1. A: Majority Model

The function U is chosen so that it represents the sign of the majority of the particles,

it means that the particle will follow the velocity of the majority of his n-neighbors with

a given uncertainty η (representing the probability to go against the majoritarian opinion).

For simplicity we use a n-odd number of neighbors, including the particle itself.

So the model becomes (muting the indexes of the particle):

(293) W =
1− vU

2
+ ηvU

Giving the table of the switching probability: where η ∈ [0, 1
2
], from total favorable to the

U = 1 U = −1

v = 1 η 1− η

v = −1 1− η η

Table 5.2. The transition probability to change direction following the ma-

jority of neighbors

majority, to totally random choice.

We use the explicit form of the majority function:

(294) U :=
n(1)− n(2)

|n(1)− n(2)|
= U12 = ±1
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for a given bird, we look for the sign of his nearest neighbors: how many of them are in the

status |1〉 and how many in the status |2〉

So the Transition probability from the two states is:
W

(i)
1→2 = 1−U12

2
+ ηU12 = 1

2

[
1− (1− 2η)U12

]
W

(i)
2→1 = 1+U12

2
− ηU12 = 1

2

[
1 + (1− 2η)U12

]
for an exponential function, the first Taylor expansion is given by ex = 1 + x + O(x2) for

x ≈ 0, so if we define k := (1− 2η) close to 0 we can write
W

(i)
1→2 = 1

2
e−kU12

W
(i)
2→1 = 1

2
e+kU12 = 1

2
e−kU21

for η ≈ 1

2

So the Decision Making model is equivalent to the Majority Model when the dynamics is

close to a random behavior for the switching probability.

5.3.2. B: Decision Flocking Model

The problem of the above modelization is that it is a raw approximation of Vicsek

model, in fact we only took the sign of the total neighbors’ direction, but it doesn’t take in

account how many of them are in a given status and how many are in the other one, but

just the majority!

One step ahead can be done if we set up a weighted version of the model, so that

U (i) =
n(1)− n(2)

n
=(295)

=
|n(1)− n(2)|

n
· n(1)− n(2)

|n(1)− n(2)|
= Ũ12(296)

And comparing this expression with that one for the simple Majority Model, we can write

(297) Ũ12 =
∆n

n
· sign(∆n) = pU · U12

where pU ≡ ∆n
n

is the weight of the neighborhood majority of every single bird, and so taking

in account the exact proportion of birds in a particular state.
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In this case we have that the switching probability becomes:

(298) W (i) =
1− vpUU

2
+ ηpUU

U = 1 U = −1

v = 1 1−pU
2

+ ηpU
1+pU

2
− ηpU

v = −1 1+pU
2
− ηpU 1−pU

2
+ ηpU

Table 5.3. The transition probability to change direction following the

weighted majority of neighbors

we can see that for pU = 1 we recover the simplest model close to a neat majority.

The other limit case is when we have about the same number of birds in each state

|1〉 and |2〉, giving pU ' 1
n

(taking an odd number of nearest neighbors)

We can summarize this noticing:

• limη→0 pU = 1 since n(i)� n(j)

• limη→ 1
2
pU = 1

n
since n(i) ∼ n(j)

Let’s write now the final equations for the Transition Probabilities:
W

(i)
1→2 = 1

2

[
1− (1− 2η)Ũ12

]
= 1

2

[
1− (1− 2η)pUU12

]
W

(i)
2→1 = 1

2

[
1 + (1− 2η)Ũ12

]
= 1

2

[
1 + (1− 2η)pUU12

]
And let’s call:

(299) kp = (1− 2η)pU

We have to make sure that kp ≈ 0 to use the taylor expansion of the exponential function.

At a first look we can conclude that it is possible only for value of η = 1/2, only at total

randomly condition, but we can be more precise and take a particular case to understand

that there is another interesting situation.
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5.3.2.1. All to All coupling

In this condition a single bird has the whole flock as neighborhood.

So n = N and pU = ∆N
N

In this case pU is exactly the Alignment function of the Vicsek model (in a all to all

case- perfect mean field case)

pu ≡ φa ∝ (ηc − η)β for N →∞

that is the phase transition of the Alignment order parameter close to criticality for η < ηc,

and for η > ηc we have φa = 0.

In this condition ηc <
1
2
:1

(300) kp = (1− 2η)(ηc − η)β ≈ 0

Also in the Vicsek model we have a critical point smaller then a completely random situation

(that is η = 1/2).

We can conclude that a good first term approximation of an exponential function can

be written: 
W

(i)
1→2 = 1

2
e−kpU12

W
(i)
2→1 = 1

2
e+kpU12 = 1

2
e−kpU21

for η ≈ ηc

So in an ALL to ALL coupling in an infinite flock, we have a perfect agreement

between the Vicsek Model and the Decision Making Model in the ideal case.

In fact we can write

(301) Wij =
1

2
e−kpUij =

1

2
e−(1−2ηc)

N(i)−N(j)
N

that is the same equation for the transition probabilities in All to All coupling in the decision

making model:

gij = g0e
−K N(i)−N(j)

N

1An exact example is the toy model for the Majority Voter Model of Physical Review E 77,061138 (2008),
for which ηc = 1/6 and β = 1/2, far from the obvious case of η = 1/2 of a total random choice.
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5.3.2.2. Finite size Flock and few neighbors

For the more realistic case in which a bird has a small number of nearest neighbors

of a finite size flock, we can invoke a situation in which the mean-field approximation is still

valid, in order to have:

(302) pU =
∆n

n
' φa

that is the condition in which the Alignment global parameter is well approximated in the

local alignment behavior for a single interaction zone of each bird.

So in general it is plausible to write the general transition probability equations close

to criticality as:

(303) Wij =
1

2
e−(1−2ηc)

n(i)−n(j)
n

so calling 
W0 = 1/2

K = (1− 2η)

Πn = n(1)−n(2)
n

where Πn represents the local direction average for each single particle among his neighbors.

In fact in the case of 1D Vicsek model the direction prescription gives the equivalent formula

Πn ≡
1

n

∑
i∈neigbors

vi

While the Alignment fiction is the total global direction given by:

ΠTOT ≡ φa(t) =
1

N

N∑
i=1

vi(t)

We can finally write: 
W

(i)
1→2 = W0 e

−KΠn

W
(i)
2→1 = W0 e

+KΠn

for η ≈ ηc
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that is the Decision Making Model in the case of a finite size Lattice with a large number

of nodes (birds), in order to maintain a good mean field approximation (in Vicsek model is

L→∞ for a given density ρ)

For this reason we can associate the 1D Vicsek model with the Decision Making Model

for a value of noise close to criticality, calling this new model the Decision flocking Model.

Then we can extend the conclusion for one model to the other one, making them

equivalent for value of the coupling parameter (the noise) close to beginning of the phase

transition.

5.4. Cooperation-induced Synchronization

In this section the intention is to shed light into the criticality-induced information

transport between the system of the same nature. And we do this analysis for both the flock

model and the decision making model.

The efficient information transmission is closely connected to the intelligence emer-

gence as a criticality phenomenon.

So, in order to explore what is the best condition for a complex system to exchange

information with another one, let us build a way to perturb a flock (or a network). We first

discuss a classical way that is based on the Fluctuation-Dissipation Theorem (FDT) and the

Linear Response Theorem (LRT) [3] [4]. We will not use this kind of weak perturbation, but

we briefly discuss this problem in the case of the decision making model.

5.4.1. Weak Global Perturbation

A classical way of perturbing a network just introduce a weak disturbance on the

waiting time distribution as described in [58], where

g12 = g0e
K(N2−N1)/N−εξp(304)

gij = g0e
−K(N2−N1)/N+εξp(305)

where ξp is the weak perturbation whose intensity is ε.
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In the all-to-all condition we can write an unique equation in terms of the probability

Π, and for ε� 1 (weak perturbation), we can write:

g12 = g0e
−KΠ−εξp(t) ' g0e

−KΠ(1− εξp(t))(306)

g21 = g0e
KΠ+εξp(t) ' g0e

KΠ(1 + εξp(t))(307)

obtaining the master equation:

(308)

d

dt
Π(t) = −g0

[
Π(t) cosh(KΠ(t))−sinh(KΠ(t))

]
+εg0ξp(t)

[
cosh(KΠ(t))−Π(t) sinh(KΠ(t))

]
if the coupling constant is close to 0 i.e. K � 1, we can write

d

dt
Π(t) ∼= −g0Π(t) + εg0ξp(t)

and the solution is:

Π(t) = εg0

∫ t

0

dt′e−g0(t−t′)ξp(t
′)

From the last equation the average response to the perturbation 〈ξs(t)〉 is:

(309) 〈ξs(t)〉 = ε

∫ t

0

dt′χ(t, t′)ξp(t
′) Linear Response Theory

in our case χ(t, t′) = g0e
−g0(t−t′). Notice that assuming K ∼ 0, we are dealing with a

possonian network (i.e. Ordinary Stochastic Resonance [58]).

The eq.(309) is valid for a general form of the linear response function χ(t, t′) =

d
dt′

Ψs(t, t
′) that in general it is not exponential.

Results from the LRT approach has been derived in [49], but now we move away from

this kind of perturbation that rests on the LRT, to apply a new perturbation that can be

more affine to complex systems.

5.4.2. Perturbation of Cooperative Systems

We prefer to use a different approach imagined as a complex local perturbation (in

opposition with the general approach of the Linear Response Theory above)

This approach is based on the way some units in a network can detect a danger

and haw they try to communicate it to the rest of the flock. It mimics a plausible way to

114



communicate a danger within a group. A number of perceptive birds are called look-out

birds or committed minority. This kind of perturbation is strong for a single individual but

it is weak because it interests only a small part of the flock. In certain condition it is possible

that the whole flock can be completely driven by this committed minority. As it easy to see,

such situation is very common in nature: swarm behavior ,colonial ants, honey bees, viruses

etc...

This kind of perturbation is the breakdown of the linear response theory, for its local

nature: a very small percentage of the units of a cooperative system is forced to adopt a

given direction. The complex nature comes out for the fact that a small initial information

can spread in the whole group thanks to the cooperative character of the system. A minority

but strong decision, can convince the rest of the group about the decision to make. It is clear

how this way of proceeding has also important application in sociological, political, military,

engineering telecommunication and robotics fields.

(a) Perturbation on a Decision Making
Model, created inserting few casual nodes
that follow a prescription directly from an
external network.

(b) In the case of flocks, we selected a small per-
centage of birds that do not respond to the dy-
namics of the flock they fly with, but they ex-
clusively follow an external flock (stimulus), these
birds are called look-out birds.

Fig. 5.14. the perturbation is operated through a committed minority (red
bullets and red birds) that is able to influence the rest of the group without
perceiving the influence of the flock they are in. This look-out birds follow
an external prescription deriving from another complex network (or another
flock)
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5.4.3. Information Transmission

An information can be transferred from a system to another through a coupling that

makes a message to be transmitted to a receiver. In our case we create an ordinary flock in

which we have a small percentage of individuals (let’s say less then 5%) that are sensitive

to a given perturbation and they follow it with no care about the rest of the flock : we call

them Look-out units.

In order to establish whether the information of the look-out birds has been success-

fully driven to the whole flock we need a measure of Information Exchange at the level of a

global field properties.

We call Look-out Birds the Input of the message transmitted to a flock that is per-

turbed creating a Perturbed system that we define as the Output .

5.4.3.1. Mutual Information

Observing an outcome of a random variable we can have a degree of randomness

(or surprise), that at each measurement gives us information about the system, and how it

can evolve. Given a source of random events one can define the degree of surprise as the

self-information of an event with a given probability pi as: Ii = − log pi. So if an event is

certain (pi = 1) there is no surprise (Ii = 0). Another example is the coin tossing in which

ptail = 1/2 and we have the maximum information since Itail = 12

If we collect all the events x1, x2, . . . , xk of a random variable X, we can define the

Entropy that expresses the degree of predictability of a random variable. It can be written

as

H(X) =
∑
i

pi · Ii

An useful equation is the so called chain rule for the Entropy for 2 different processes

X and Y , where we have

2In this case we have used the bit version in which the logarithm has base 2 so log2 1/2 = 1
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H(X, Y ) = −
∑
x

∑
y

p(x, y) log p(x, y)(310)

= −
∑
x

∑
y

p(x, y) log p(x)p(y|x)

= −
∑
x

∑
y

p(x, y) log(p(x))−
∑
x

∑
y

p(x, y) log p(y|x)

= −
∑
x

p(x) log(p(x))−
∑
x

∑
y

p(x, y) log p(y|x)

= H(X) +H(Y |X)(311)

Since we have used the relations p(x, y) = p(x)p(y|x) and
∑

y p(x, y) = p(x)

Now we can introduce the concept of Mutual Information, a measure of the mutual

dependence of the two random variables: the input process X, and the output Y .

First we can define it using the Entropy as

(312) I(X, Y ) = H(X)−H(X|Y )

We can notice that if no information is transmitted , knowing the output Y tells you

nothing about the input so H[X|Y ] = H[X], and so having H[X, Y ] = 0. If, on the contrary,

there is a prefect fidelity among input and output sources we aspect to have I[X, Y ] = H[X],

and this happens when H[X|Y ] = 0.

From the chain rule of the Entropy we have that I ≥ 0 since H(X|Y ) ≤ H(X)

Another, operational, way to define the Mutual information is the following equation

I(X, Y ) = −
∑
x,y

p(x, y) log
p(x, y)

p(x)p(y)
(313)

= −
∑
x

∑
y

p(x, y) log p(x) +
∑
x

∑
y

p(x, y) log p(x|y)(314)

= H(X)−H(X|Y )

Now let us consider the global field of the Look-out birds as the input X and let us

Y the perturbed system. Using numerical simulation for different values of the noise , I have

found that the maximum exchange of information happens close to the value of the critical
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noise ηc. In deed the Mutual information results to be maximal close the value of the critical

noise (as shown on figure 5.16).

(a) Alignments vs time for the perturbing birds (red curve)
and the output system (perturbed flock) (blue curve).

Fig. 5.15. Mutual Information as a measure of information transmission be-
tween a perturbing look-out units a the whole system (the perturbed flock).
It is evident that the peak (the maximum) of information transmission is close
to the critical point, where the system has the better compromise between its
variability (and consequently sensitivity to external stimulus) but it maintains
also the ability to have a good level of coordination to make a global decision.

Fig. 5.16. the effect of maximal transfer of information: Cooperation-induced
Synchronization . I used ηp = ηs for each simulation.

The same analysis has been done for the 1D flock model and the Decision Making

Model (DMM). In order to have an equivalent results we need to study the absolute value

of the global speed on time. In this way we focus our attention on the fluctuations around
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the mean value of the global parameter (see fig.5.17).

5.5. Concluding Remarks

This work has presented original results on cooperative behavior science showing the

presence of criticality and time complexity in decision making processes and flocking models.

Critical events are due to organizational collapses that provide the system to be

more sensitive to a change of decision. This situation has been proved with a non-ordinary

statistical physics arguments: renewal processes in presence of inverse power law distribution

on the waiting time distribution between two consecutive system failures.

These organizational collapses are fundamental for the transmission of information

between two different groups (networks). At that purpose I have introduced the cooperation-

induced synchronization effect that is present when the two systems live near to the critical

point of the phase transition. This effect implies that when systems are close to criticality

they are able to perform maximal efficiency on information communication.
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(a) Global velocity U(t) vs time of the perturbing birds’

system (red curve) and the output system (perturbed

flock) (blue curve). We transform this time series

through φ+(t) := |U(t)|, and so having a unimodal dis-

tribution.

(b) Mutual information of M(|X|, |Y |) vs time, where

|X| = φ+
X(t), and the same for |Y |.

Fig. 5.17. Analysis of Information transmission for a DMM network, for dif-

ferent values of the coupling coefficient K, where we have taken Kperturbation =

KSystem. It is clear that the peak of information happens near the criticality

region. This shows that also in the 1D case there is the cooperation-induced

synchronization effect.
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