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CHAPTER 1

INTRODUCTION

1.1. Discussion of the Problem

Consider the porous medium equation(PME),
(1) u=AWm), m>1meR.

where, u = u(x,t) > 0, x € R", n is the space dimension and ¢ € R the time.

This parabolic equation has been extensively studied in the literature due to its important
physical applications. The function u = u(x,t) models the density of an ideal gas flowing
in a homogeneous porous medium [1], [3] n < 3, the diffusion of strong thermal waves [2]
n < 3, and the spreading of viscous gravity currents [6] with n = 2.

When n = 2 and m = 4 the porous medium equation models the spreading of a film of
fluid on a horizontal surface under the action of gravity. In particular, if the free surface of
the fluid is described by the graph z = h(x,y,t), then it has been shown using lubrication
theory [6] that h satisfies

oh 9 3 g 4
2) A (1°Vh) = 12uA(h )

where g is the acceleration due to gravity and v the kinematic viscosity of the fluid. After a
change of scale Eq. (2) becomes Eq. (1) with m = 4.

To derive this equation, we neglect capillary, molecular and inertial forces and we assume
the flow has a lateral extension which is much larger than the typical thickness. Several
experimental studies (see for instance [8, 5] and references therein) show that this equation
is a good approximation provided that the lateral extension of the spreading is much larger

Contents in section 1.1 and section 1.4 of this chapter have been reproduced, either in part or in full,
from [7] J. Iaia and S. Betelu, European Journal of Applied Mathematics [doi:10.1017/S0956792512000423]

with permission from Cambridge University Press.



than the capillary length \/7/pg, where + is the surface tension, and provided that the fluid
wets the surface i.e. the contact angle with the substrate at equilibrium is zero. In order
to get a simpler, quadratic equation easier for analysis, we write the PME in terms of the

pressure v where

Equation (1) then becomes
(3) vy = (m — 1)vAv + | Vo).

1.2. Problem in Space Dimension n = 2

In the paper [7], it has been shown that in n = 2 dimensions, there are traveling wave

solutions of (3) in the form

(4) v(w,y,t) =1r(x,y,t)F(0(r,y,t)),

where

r=+/(x—ct)2+y? c>0,
9:tan_1< Y ),
T —ct

x —ct =rcosb,

and

y =rsind.

Then the function F'(0) satisfies
(5) F? —cF'sinf + F? + cFcosf + (m — 1)F(F" + F) = 0.
In that paper it has also been shown that if ¢ > 0 and
F(r)=a>0, F(r)=0,
then there is a positive solution of
F? —cF'sin@ + F? +cFcosf+ (m —1)F(F"+ F)=0 on (0,7)
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such that

if and only if ¢ > a.

In addition, when ¢ > a then F' is 27-periodic and there are solutions of (3) in the form (4).

1.3. Problem in Space Dimension n = 3

In this work, we attempt to prove a similar theorem in n = 3 dimensions. In particular,

we attempt to find traveling wave solutions of (3) in n = 3 dimensions. We assume

(6) v(z,y, z,t) = r(z,y, 2, ) F(o(x,y, 2,1)),
where
(7) r=va2+y2+ (2 —ct)?, c¢>0,

9) ¢ =tan™! (—M>
z—ct 7

and:

x = rcosfsin ¢,
y = rsinfsin ¢,

2z — ct = 1 cos ¢.
We will then show that F'(¢) satisfies

F? —cF'sing + F*+cFcos¢ + (m — 1)F (F"—I—%FHLQF) =0.
sin

Problem in section 1.3 and its solution which is virtually the most part of my dissertation have been
reproduced in elaborated form from my published article [9] L. Paudel and J. Iaia, Nonlinear Analysis(2012),

Elsevier, doi:10.1016/j.1a.2012.10.016 that I co-authored with my advisor J. Iaia.



Note that this equation has more terms than (5) and therefore requires a separate analysis

than that contained in [7]. In this paper we will prove the following theorem:

Main Theorem: Let ¢ > 0 . Consider the differential equation

(10) F? — cF'sin¢ + F? + cF cos ¢+ (m — 1)F (F” + %F + 2F) )
1mn

with

(11) F(r)=a>0, F'(m)=0.

There is a positive solution of (10)-(11) with

if and only if ¢ > a.

In addition, when ¢ > a then F' is 2m-periodic and there are solutions of (3) in the form of
(6).

If ¢ = a then F(¢) = —acos(¢) is an explicit solution of (10)-(11), and so there is not a
positive solutions of (3) with F'(0) = 0 and F'(0) = 0.

If ¢ < a and F is a solution of the equations (10)-(11), then F has a zero, z, with § < z <

and

Fe)

Pp—2zt ((b — Z)T

1.4. Some Properties of the Porous Medium Equation Relevant to Our Work

Numerous interesting properties of the solutions of the PME have been studied, and they
are nicely summarized in [11]. Some of those properties relevant to our work are summarized

as follows:

e If the initial condition u(x, 0) is non-negative, then the solution remains non-negative

for all times.



e The boundary of the set S = {x : u(x,t) = 0} is called the interface. In the PME
with m > 1 the interface can be static or move forward in the direction where u = 0,
but never backwards.
e The function u is smooth in the regions where v > 0 and ¢t > 0. At the interface,
where u = 0, u is continuous but its derivative may be discontinuous.
e The solutions satisfy the maximum principle for parabolic equations: if u;(x,0) <
ug(x,0) then uy(x,t) < us(x,t) for t > 0.
In this paper, the interface is a half line that terminates abruptly, and since only the
end point moves, we call this interface degenerate. As in all the applications of the porous
medium equation, in this paper too, the propagating half line can be interpreted as a region

empty of fluid.



CHAPTER 2

DERIVATION OF THE DIFFERENTIAL EQUATIONS

2.1. Differential Equation in Terms of the Pressure v

We assume
(12) u=co",

where, ¢ > 0,u > 0,v > 0,k € R.

Then
(13) uy = ck v,
Since

um — cm ,Uk:m’

differentiating with respect to 'x’, we get

(14) (™), = (™ vF™), = ™ km "™ o,
Again, differentiating with respect to 'x’, we get

(15) (U™) e = (™ km V"), = ™ km ((km — DwPm=22 4 Ukm_lvm) :
Proceeding similary,

(16) (U™)yy = (™ km ™ ,), = ™ km ((km — 1) 2y

2 km—1
Y +v vyy) .

(17) (™). = (™ km o* M,), = ™ km ((km — 10" 202 + 0" 1o, )
Adding (15), (16) and (17), we get
(18) Au™) = c™ km ((km — 1) 2| Vo> + 0" 1 Av) .

6



Using (13) and (18) in (1), we get
ck V" oy = ™ km ((km — 1) 72| Vo> + 0" T Av) .
Thus
c v* oy = ™ m ((km — 1)o7 2| Vol* + 0" Av)
Hence
vr = ™ m ((km — Dobm 2R g2 4 pFmo1 )
=m ™" ((km — )" * 1 Vo|* + 0" F Av)

Choosing k so that km —k —1=0 ie k= -1

then we get

2
v = me™ ! (ﬂ + v Av)

m— 1

= . ((m —1)vAv + [Vu]?).

Choosing ¢ so that

m -1
mel =1
m_1 ’
then
(19) v = (m—1)v Av + |[Vo]?,
where
—1
Cm—l — m ’
m
1.e.
1
<m — 1) m—1
c=|— ,
m
and
u=co"



equivalently,

2.2. Differential Equation in Terms of F

Using spherical coordinates, for X = (z,y,2) € R?

r=rcosfsing, y=rsinfsing, 2z —ct=rcosdq,

we have
(20) r=Va?Hy? (2 - o),
tanf = g,
x
21 0 = tan ! Q)
21) (1),
Va4 y?
t v I
an ¢ z—ct ’
2 2
) 5 — tan (_vﬂf ) |
z—ct
For a function u(r,0, ¢), from [10] by Strauss,
2 1 cos ¢ 1
23 Au = rr — Uy > : .
( ) u U —i—ru +7’2 (U¢¢+SIH¢U¢+SIDQ¢U%)
Hence,
cos ¢
24 A — — 7
(24) ¢ r2sin ¢’
Let
(25> U(‘/'E? y? Z? t) = T(I7 y? Z7 t) F(QZS(I? y7 Z7t>)'
Then
(26) Ve = T¢ F(gb) +r F/(gb) ¢t7



(27) vy =715 F(Q)+1 F'(¢) ¢,

(28) vy =1y F(0) +1 F'(¢) ¢y,

(29) v. =1 F(¢) +1 F'(9) ¢,
Differentiating (27) with respect to ‘x’, we get

Vpw = g B 4 10 F' by + 10y + 7 F' 07 + 1 F
Hence
(30) Vse = TaoF 4 20, F ¢y + 1F" Q2 + 1 F .

Similarly, differentiating (28) with respect to ‘y’ and (29) with respect to ‘z’ , we get

(31) Uy = Ty F 4 2ro F 'y + rF" Q2 + rF' by,
(32) ez = T2 B+ 20 F . + 1 F"Q2 + 1 F' ..
We have

(33) r? =2+ y*+ (2 — ct)’.

Differentiating (33) with respect to ‘t’, we get

2rry = 2(z — ct)(—c),

(34) rry = —c(z — ct),

(35) vy = M _ ceosd.

Differentiating (33) with respect to ‘x’, we get

(36) rry = X,
x

37 o

(37) re=



Differentiating (33) with respect to ‘y’, we get

(38) rry =Y,
Y

(39) Ty = ;

Differentiating (33) with respect to ‘z’, we get

(40) rr, = 2 — ct,

z—ct

(41) e = —
Differentiating (36) with respect to x, we get
(42) 72417, = 1.
Differentiating (38) with respect to y, we get
(43) rj +rry, = 1.
Differentiating (40) with respect to z, we get
(44) r2torr,, = 1.

Squaring and adding the equations (36), (38) and (40), we get

P2+l +rl) =+ (2 — )’ =17,

So

ri + 7‘3 + rﬁ =1,
ie.
(45) |Vr|* = 1.

Adding (42), (43) and (44), we get

|Vr|? + Arr = 3.

10



Using (45), we get

Arr =2,

and
2
46 Ar = —.
(16) r=>
We have
2 2

) 6= tan-! <_V_+ty ) |

Differentiating (47) with respect to ‘t’, we get

g N
d)t - 14 2492 <_1) (Z—Ct)Q (

(z—ct)?

22+ Y2+ (2 —ct)?

r2

—C)

Thus

cy/x?+y?  csing

72 r

(48) G =

Differentiating (47) with respect to ‘x’, we get

1 2x
O = I N R
x(z — ct)
((z —ct)2 + 22+ y2) /22 + 42
_ w(z—ct)

Hence

r(z —ct
(49) by = 7~2\(/T+;2
Similarly,
(50 6= LA



Differentiating (47) with respect to ‘z’, we get

¢z = (_
1+ (22_—’;?)22 (Z - Ct)2

— /x2+y2
22 4+ Y2+ (2 — ct)?

SVGET:

r2
Hence
_ /x2 + y2
(51) ¢, = - 2
Then
IVo|* = ¢7 + ¢ + ¢7
2 (z—ct)? | Yz —ct)? N (2% + y?)
- r4(x2 + yz) r4(x2 + yz) 74
(z—ct)®  (2°+9°)
N rd + ré
1
2
So,
9 1
(52) Vol = .
Since

Vr- V¢ = ra:(bx + ryd)y + Tz¢z'

Using equations (36), (38), (40),(49),(50) and (51), we have
demct) y ye—a) (—ct) (CD/FIR
N AN~ A "
@A) e—ct)  (z—ct)arty?
r3\/m r
(z —ct)\ /22 + 42 _(—a)
3

Vr - V¢ =

T
T

3
x? + y?
3

r

=0.

12



So

(53) Vr-V¢=0.

Vo> =02 + v} +v?
= (124710 1) F? 4 2r(ragy + 1ydy + 1.0, ) FF' + (97 + @2 + ¢2)r* F?

= |Vr[PF? + 2r(Vr - Vo) FF' + [Vo[*r* F"”

=F*+ F”.
Hence
(54) Vo> = F2 + F”.
AV = Vgy + Uy + Vs
= (AP)E +2(Vr - Vo) F' + [Vo|>rF" + (Ag)rF’
_2pplp 0
r r 7 sin ¢
Hence
2 1
(55) Av:—F+—F"+C().—S¢F’.
r r 7 sin ¢

Now, from the equations (25) and (55), we have

2 1
v Av = rF (—F LIF 4 ﬂF’)
r r rsin ¢

—oF?{ FF" 4 % FF'

Sin
Thus
(56) v Av = 2F2 4+ FF" 4 59 ppr
sin ¢

From equation (26), we have

vy =1 F(¢) +7 F'(¢) ¢y

13



Using (35) and (48), we get

csin ¢

vy = —ccos OF +rF’
= —ccos¢ F +csing F'.

Hence
(57) vy = —ccosg F +csing F'.

Using equations (54), (56) and (57) in

v, = (m—1) v Av + Vol

we get
Cecosd F i esind F = (m—1) (272 4 FF" 4 950 ppr) 4 g2 4 pe2.
¢ 5
S1n
Finally,
— csln + + ccos 4+ (m — —i—C,i + = 0.
58 F"? ing F' + F? F NF [ F” 2 F' +2F 0
S111

14



CHAPTER 3

SOLUTIONS OF THE DIFFERENTIAL EQUATION

We consider the differential equation

(59)  F?—csing F'+ F2+ccos¢ F + (m — 1)F (F”+ gj F +2F) = 0.
S11

By restricting ourselves to symmetric solutions about the z— axis, we assign the boundary

conditions as

(60) F(r) = a,
(61) F'(m) = 0.

3.1. Existence of the Solution F

Let H = (=) F w1 | then the differential equation (59) is reduced to

m—1

—1 m 1
(62) H"sing+ H’cosgzﬁ—( ¢ 0 <m ) Hw="1H' sin® ¢ +
m — m

m(2m — 1)
(m —1)2

Hsin ¢

1

+(mc_1) (mnz 1)mHicos¢Sin¢:0

and satisfies

(63) Hr) = (m—_l) o

(64) H'(m) = 0.

Rewriting the equation (62),

(H/Sin¢),— (mc_l) (m—l) " (mHi)’sin2¢+%Hsin¢



1
+(mc_ 0 <mﬂz 1) Hon cos¢sing =0

and integrating over ¢ to m, we get

—1

N\ m(2m — 1)
—H'sin ¢ + an (m ) H%sin%—l— m /Hsm@d@

m—1 m

m—1
+ ¢ 2m m_—l + MmN / H3 sinfcosf df = 0.
(m—1) m m—1

Dividing by sin ¢ and integrating once again over ¢ to m, we get

cm

H(r)—H(¢) = ™I g sing do+ 2m Iy
—1 (m —1)2sint
& m m é Sln

™ -1 mTil % a 1
_|_/ ; om (m_) + (L) / Hzsinfcosf db| dt.
s | (m—1)sint m m—1 ;

So,
(65)
H(gzﬁ):H(W)—/ PHwm sin@d@—/ ( / Hsmﬁd@) dt— / ( / H?stcostQ)d
[ & sint ® sint
where,
P =55 (=)
Q= (f,fo)%), and
1 n
R= iy [2m (2597 + (297

From (65), it can be shown that the map T defined by T'(H) = right hand side of (65)
is a contraction mapping , provided ¢ is sufficiently close to w. Hence by the contraction
mapping principle, 7" has a fixed point H such that T(H) = H for ¢ sufficiently close to
7. Hence the solution H of equations (62)-(64) exists in the neighborhood of ¢ = w. This

proves the existence of the solution F' of (59)-(61) in the neighborhood of ¢ = 7.

16



3.2. Preliminary Observation

Let us suppose
(66) W =F?—csing F' + F? 4 ccos¢ F.
Then

W' =2 FF'"—csing F" —ccos¢ F' +2FF + ccos¢ F' — csin ¢ F
=2F'(F"+ F) —csing(F" + F)

= (2F" — csin¢)(F" + F).
Hence
(67) W'= (2F —csing)(F" + F).

From equations (59) and (66), we have

(68) W+ (m—1)F <F”+F+ COSd’i;;in) —0.
So
F”+F:—(mYV1)F - Z:Z: F—F
Then
W' = (2F' — csin ¢) <—(m KV1)F - ZT;Z F - F> .
(69) W+ (26;1__01?;@ W = (2F' — csin¢) (-Zi’jj - F) .

Note that by using (60) and (61) in (66), we get
(70) W(r) =a* — ac
Taking the limit as ¢ — 7~ in equation (59), we get

cos ¢

SF©) —I—2F(7r)> —0.

a>—ac+(m—1)a (F”(’/T) + lim
g—m— sin

17



Using L’Hospital’s rule to calculate, we get
a’>—ac+(m—1)2 a(F"(r) + F(r)) = 0.

(@a—c)+2(m—1)(F"(r)+ F(r)) = 0.

And thus

(71) F%ﬂ+FM%:R%%%y
Hence,

(72) F'(m)+ F(7) <0 for a > ¢,
(73) F'(m)+ F(7) =0 for a = ¢,
and

(74) F'(m)+ F(m) >0 for a < c.
If we let

(75) D =cos¢ F'+sin¢ F,
Then

(76) D' = (F" + F)cos ¢.

From (82)

F' +sing F
W+(m—1)F(F”+F+COS¢ +sing ):0.

sin ¢

Using (75) and (76), we get

D' D
W (m—1)F (Cosgb + singb) =0

Therefore

F
D =0.

F
D' -1
+(m )Sinqb

cos ¢

(77) W+ (m—1)

18



From equation (67)
W'= (2F —csing)(F" + F).

Using (76), we get

/

(78) W' = (2F" — csin ¢)

cos ¢

LEMMA 3.1. The function F is symmetric about the line ¢ =7, i.e. F(m+ ¢) = F(m — ¢).

PROOF. Let F(m + ¢) = G1(¢) and F(m — ¢) = G(¢), then
Gi(¢) = F'(m +¢), Gy(¢) = —F'(r —¢),

Gi(9) = F'(m+ ¢), G3(¢) =F'(m - ¢).
So
(79) G1(0) =a = G5(0) and G{(0) = 0= G5(0).

Replacing ¢ by 7 + ¢ in equation (59), we get

) ,  cos(m+ ¢

G —csin(m+¢) G} + G3 +ccos(m+¢) Gy + (m—1)G,y (G’l + w G|+ 2G1> =0.

Thus

80 GP+csing G} + G3 — ccosp Gy + (m — 1)G4 G'1'+C,OL¢ Gy +2G, | =0.
sin ¢

Replacing ¢ by m — ¢ in equation (59), we get

G% + csin(r — ¢) Gy + G5 +ccos(m — @) Gy + (m —1)Gy [ Gy — M G,y +2Gy ) =0.
sin(m — ¢)

Thus

81 G +csing Gy + G5 — ccos ¢ Gy + (m — 1)Gy | G + C9S¢ Gy +2Gy | =0.
sin ¢

From equations (80) and (81), we see that GG and G5 satisfy the same differential equation.

19



From (79), they also satisfy the same initial conditions. Hence by the uniqueness theorem

[4],
G(0) = Ga(0).
So
F(r+¢)=F(m —¢).
This completes the proof of lemma 3.1. ([l

20



CHAPTER 4

THE CASE O <c=a

LEMMA 4.1. Forc=a, F = —acos ¢ is a solution for the system of equations (59)-(61).

PROOF. Let

W =F?_—csing F' + F* + ccos¢ F.

Then equation (59) is reduced to

W+ (m — 1)F (F”Jrcfﬂ F’+2F> = 0.
sin ¢
w cos ¢
2 — + "+ — - F'+2F = 0.
(82) (m—1)F e sin ¢ * 0
Consider the equation
(83) S e o
sin ¢
Note that for
F' = cos ¢,
F' = —sin ¢,
F" = —cos ¢,
Using in equation (83), we get
cos ¢ _
—cos ¢+ s (—sing) +2cos ¢ = 0.

Then, F' = cos ¢ is a solution for equation (83). Besides, equation (83) is a linear homoge-
neous differential equation. So, F' = k cos ¢ is a solution of equation (83) for any k.

Also, consider the equation
(84) W =F?—csing F' + F?> 4 ccos¢p F = 0.

21



Let

F'= —acoso,
then

F' = asin ¢,

F" = acos ¢.

Since ¢ = a,
W = a?sin® ¢ — csin ¢ asin ¢ + a® cos® ¢ — accos? ¢
= (a® — ac)sin® ¢ + (a® — ac) cos® ¢
= (a* — ac)
=0
Combining this with the fact that ' = —acos ¢ satisfies equation (83), we see that F' =

—acos ¢ satisfies the equation (82). Hence, whenever ¢ = a, F' = —acos ¢ is a solution for

the system of equations (59)-(61). This completes the proof of lemma 4.1. O

22



CHAPTER 5

THE CASE O <c<a

LEMMA 5.1. Let 0 < c < a. Then F has a zero on (3,7).

PROOF. By (60) we have F(r) = a > 0. Contrary to the lemma let us assume that £ > 0

on (%, 7). Then from (60)-(61) and (75)-(76) we have

=0 0(3) -+ (3)20

D'(m) = [F"(7) + F(m)] cosm = (—=1)[F"(7) + F(7)].
Using this and (71) we see
D'(7) > 0.
Therefore D is negative to the immediate left of 7 and D(5) > 0 so it follows that D has a

negative local minimum on (7, 7). So there is a p € (5, 7) such that D'(p) = 0, D’ > 0 on

(p,m] and D(p) < 0. Then it follows that

(85) D(¢) <0 on [p,m).
In addition, it follows from calculus that

(86) D"(p) > 0.

Since D'(p) = 0 and p € (5, 7), then from (78) it follows that W'(p) = 0. Next, we

differentiate (77) and see that we obtain

W/ F / / F " F / F I
(87) m_ﬁ(cow) D*(m)p +(sin¢> D*(siw)D -

Evaluating at ¢ = p (where W’(p) = D'(p) = 0), this reduces to

F(p) F'(p)sinp — F(p) cosp B
@D (p) + ( e ) D(p) = 0.

23



Since p € (g, 7r), then cosp < 0 and along with (86), we obtain

F'(p)sinp — F(p) cosp
sin? p

)0 =0
Since D(p) < 0, we then have
F'(p)sinp — F(p)cosp < 0.
Thus since p € (5, m) we have
F'(p)sinp < F(p) cosp < 0.
Hence
(88) F'(p) < 0.
Also from (60)-(61) and (71) we see that F" has a local maximum at 7. Then for some ¢ > 0
(89) F'>0

on (m —e,m). From (88) we see that F' is decreasing near p and from (89) we see that F' is
increasing to the immediate left of . Therefore there exists g € (p, m) where F' has a local

minimum and thus F'(g) = 0. Since ¢ € (p, ), using (75) and (85) we see that
0> D(q) = F'(q) cosq+ F(q)sing = F(q)sing
which contradicts the assumption F' > 0. This completes the proof of lemma 5.1. U

Due to the preceding lemma, we will now assume that there is a z with § < z < 7 such

that F'(z) =0 and
(90) F>0on (z,7].

LEMMA 5.2. Let 0 < c < a. Then D' >0 on (z,7].

™

PROOF. We assume by the way of contradiction that there exists w € (z, 7| C (F, 7| such

that D'(w) < 0. Now recall from the beginning of the proof of lemma 5.1 that D'(7w) > 0
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and D(m) = 0. Hence there exists some p € [w, 7) such that D'(p) = 0 and D' > 0 on (p, 7.
Then

(91) D"(p) >0 and D(p) < 0.

Also, from (78) we have

W'(p) = 0.
Using these facts in (87), we obtain
F(p F'(p)sinp — F(p) cosp
(92) QD”(p) + ( (») — (p) D(p) = 0.
cosp sin” p

Since p € (z,7) C (5,7),

cosp <0 and F(p) > 0,

and thus from (91) we obtain

(F'(p)sinp — F(p) cosp) D(p) > 0.
Since D(p) < 0 (by 91) we then have
F'(p)sinp — F(p)cosp <0
and so
F'(p)sinp < F(p)cosp < 0.

Thus:
F'(p) < 0.

So F' is decreasing near p and since F' has a local maximum at m, F' is increasing to the
immediate left of w. Thus, there exists ¢ € (p, ) such that F’(¢) = 0. Then from (75) we

have
(93) D(q) = F(q)sing > 0.

Now from (91) and the comments immediately preceding this lemma, D(p) < 0, D(7) = 0,
and D’ > 0 on (p,n]. Thus D(q) < 0 which is a contradiction to (93). Thus D’ > 0 on (z, 7).

This completes the proof of lemma 5.2. U
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Note: It follows from lemma 5.2 that D" = (F"+F)(cos ¢) > 0 on (z, 7). Thus F"+F < 0
on (z,7m). Since F' > 0 on (z,7) then it follows that F” < 0 on (z,7]. Thus, F’ is strictly
decreasing on (z, 7). Since F'(m) = 0 this implies F” > 0 on (z, 7). Also, since F” is strictly
decreasing on (z, 7), we see that lim F’(¢) exists (but may be infinite). Thus lim F'(¢) = A

p—zt Pp—zt

where 0 < A < 0.

LEMMA 5.3. Let 0 < ¢ < a. Then lim F’' = oco.

p—2zt

PROOF. We assume by the way of contradiction that lim F'(¢) = A, where 0 < A < oc.

Pp—zt

Now let

_1 12 2
E_Q(F + F?).

From the note after lemma 5.2 we have
F'"+ F<0and F' > 0on (z,).
Thus we see that

(94) E' = (F*+F) =F (F'+F)<0on (z,m).

N | —

Therefore F is decreasing on (z,7) and thus:

a’ _ A?
Therefore
a <A,
and since 0 < ¢ < a, we see that
(95) O0<ec<a<A

Then using (95) and the fact that |sin(z)| < 1, we see that

(96) lim W(¢) = lim [F*—cF'sin ¢+ F*+cF cos ¢] = A*—cAsinz = A(A—csin z) > 0.

d—zt p—2zt
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Next, dividing (69) by W and taking the limit as ¢ — 2%, we see (using z € (5, 7) and (95))
that

L2 F ' 24 — csi
(97) lim K C Sméb} _ cosz ( csmz) ~o

p—zt W+m—lf_m—1 F |~ sinz \ A—csinz

Next we let

2 c T sint
= Fm-1 .
(98) G=W exp (m — /q5 a0 dt)

Taking logs and differentiating we obtain

G’ w’ 2 F ¢ sing
QY = 2T
G (InG) W+m—1F m—1 F

Hence from (97),

G’ cosz [2A — csinz
99 lim — = — =B >0.
(99) ¢g£1+ G sin z (A—csinz)

From (90) and (96) observe that G > 0 to the immediate right of z. So, from (99), G’ > 0

near ¢ = z. Thus, G is increasing near ¢ = z and therefore

(100) lim G =1L >0.

p—zt
Now from (99) we have

% < 2B on (z,z+e¢).

Thus integrating on (¢, ¢1) C (2, z + €) we obtain
G(¢1)eP ™) < G(9)

and therefore

0 < G(¢1)e*PE9) < lim G(¢) = L.

¢— 2zt

Thus

(101) lim G=1L>0.

d—zt
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We already know from (96) that lim W(¢) = A(A — ¢sinz) > 0. So, from (98) and (101)

p—2t

we see

s : t
¢lir£1+ [Fm2—1(¢) exp (mc_ 7 /qs j;l(lt) dt)} is positive and finite.

Taking natural logs implies

s : t
lim |2InF +¢ / ST gt| exists and is finite.
Rewriting, we see that
(102) lim 2In F fﬁ ;l?tg i exists and is finite
Pp—2t 2In F '

Since lim F'(¢) = A it follows from L’Hopital’s rule that

¢—zt

lim F(¢) = lim F'(¢) = A.

Pp—zt (b —Z p—s2zt

Using this and the fact that § < z < 7 we see that the integral in (102) becomes unbounded

as ¢ — z7. Hence applying L’Hopital’s rule we see that

| fﬂ‘ smt dt | cs;nz) csin z
103 i =—1 — = — .
(103) Jm o = Jm e =~y

Now, from (95) we have A > a > ¢ > §sinz and so

f7r sint dt .
. Clo Foy “* csin z
104 1+ 1 =1- 0.
(104) T T 2A
However, since
(105) lim 2In F = —

p—2t

we see that (104) and (105) contradict (102). Therefore it must be the case that A = co.

This completes the proof of lemma 5.3. U

LEMMA 5.4. Let 0 < c¢c < a. Then




PROOF. Dividing (59) by F’? gives

_csing N (2m — 1)F? N cF cos ¢ N (m—1FF"  (m—1)Fcos¢ _ 0

1 1
(106) fad L2 L2 2 F'sin ¢
Since F(z) = lim F(¢) =0 and lim F'(¢) = oo (by lemma 5.3), it follows then that
Pp—2t Pp—2t
__esing . (2m—-1)F* . cFcos¢ (m—1)Fcos¢
(107) ST S T S T T Famg

Taking the limit as ¢ — z* in (106) and using (107) we see that

. (m—-1)FF"
1 + ¢1lgl+ T = 0.
Thus,
, FF" 1
qsgg F2  m-1
This completes the proof of lemma 5.4. 0

LEMMA 5.5. Let 0 < ¢ < a. Then

b2t F - m
PROOF. From lemma 5.4, it follows that given € > 0 there exists some ¢ > 0 such that

1 P +eforz<¢<z+46
m—1 € F/2 m—1 € 10r 2 z .

. 1/ !/ .
Since 1;—% =1- (%) , we may rewrite the above as

m - F /< m
—_6 R
m — 1 F’ m—1

Integrating on (¢q, ¢) gives

+eforz< < z+4.

L

Using the facts ¢hm+ F(¢1) = F(z) =0and lim F'(¢) = oo (by lemma 5.3), we see when
1—2

d—zt

taking the limit as ¢; — z* that

m—1 m—1

(L_e> (¢_z)§%§ (L+e)(¢—z)f0rz<¢<z+(5.
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Thus

o F Yeforz<dp<zt0
_ = or z z
m—1 6_(gb—z)F’_m—l ‘
Therefore
i F m
im =
¢zt (0 —2)F" m—1
Thus
J— / J—
lim (6= 2)F - 1.
Szt F m
This completes the proof of lemma 5.5. 0

LEMMA 5.6. Let 0 < ¢ < a. Then

lim F'Fm-1 exists and is positive.
Pp—2zt

ProOF. Dividing (69) by W and then dividing the numerator and denominator of the right

hand side of this expression by F’? and rewriting we see that

csin ¢) cos ¢ F
W’+ 2 I ¢ sing 2-=% )(sin¢+ﬁ)
_1F — - csin(¢) F2 cF cos(¢) *
W m-1F m-1F 1 — ey o cresld)

Then using lemma 5.2, we have

’ G’_l, [W/—I— 2 F ¢ sing
bt G oo W m—1F m—-1 F

_ 2cos(z)

| =

Sn(2) =-C<0.

Therefore G is decreasing near z and so for some L with 0 < L < oo

lim G = L.

¢—zt

Then integrating on (¢, ¢1) C (2,2 + €) we have

In (%((92))) _ /:1 %dt > /:l 20 dt = —20(1 — o).

Thus

L= lim G(¢) < G(¢y)e*C@=2),

Pp—2t

30



Thus the limit of G is a positive, finite number.

Next, choosing 0 < € < w% then by lemma 5.5 we have for some 0 > 0 that:

(¢ —2)F

1
<l——+4¢€ for z<p<z+0.
F m

Dividing by ¢ — z, and integrating on (¢, z + §) where z < ¢ < z + J gives

() 5o k0 (%)

Therefore
F 1-Lte
(z+5)§ )  bricb<sis
N
Thus, we have
1
—S%forz<¢<z+5’
F (¢ — 2) —Lte
where C'(0) = —‘i;;j;. Since 0 < € < = we see that
° 1 ° o C) () 1
——dt < dt — _ ke < 5.
/z F(t) _/Z (t—z)lmme %—e(gb ?) o0 on (2,2 +9)

Hence + is integrable on (z,z 4 §) for some § > 0. Also, on [z + &, 7] we know that F' is

bounded from below by a strictly positive constant and therefore we see that % is integrable

on (z,]. Also, since (] ;i?tg dt) = —fpi?;; <0 on (z,7) we see that
s : t
(108) ¢li>r£1+ exp (mc_ ] /qb ?I(lt) dt> exists and is finite and positive.

Since a > ¢ > 0 we see from (108) and (98) that the limit of G is positive and finite so that

lim W(gb)F%((b) exists and is positive.

p—2zt
Rewriting this using (66) we see therefore that there exists 7' > 0 such that
csing F? cFcos¢

. 2 Ll _
(109) Jim FREZT 1= 5 b = | =T >0
Again, since F(z) = ¢lim+ F =0 and ¢hm+ F’' = oo (by lemma 5.3) it follows from (107) and
—z —z
(109) that
(110) lim F2Fw1 =T > 0.

P—zt
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From the note between lemma 5.2 and lemma 5.3 we know that £/ > 0 on (z, 7) and therefore

it follows from (110) that

(111) lim F'Fwt =T > 0.
¢—zt
This completes the proof of the lemma 5.6. U

LEMMA 5.7. Let 0 < ¢ < a. Then

m—1
_ F mvVT\ ™
lim — = :
o2t (¢ — 2) " m—1
PROOF. Letting,
K = Fmn1,
then we see that
K/ ey Lle—l F/
m—1 ’
and so by (111)
lim K' = m_\/T
Pp—zt m—1
Thus from L’Hopital’s rule we see that
Fr1 K T
lim — lim Cim k=™ g
p—2zt (Z) —Z p—zt (b —Z p—2zt m—1

This completes the proof of lemma 5.7 and the proof of the main theorem in the case

0<c<a. 0

Note: We have assumed throughout chapter 5 that F' is defined and positive on (z, ).
However, if F' is defined and positive only on (zg,7) where z < zq < m, it is easy to show
that D does not have a negative local minimum on (xg, 7). A similar proof as in Lemma 5.2

shows D' > 0 on (zg, 7).

Uy

5 7r) which contradicts

If o < 7, we have shown earlier in the chapter that F' has a zero on (
that F' > 0 on (zo, 7).
If 7o > §, then by lemma 5.2 F” + F < 0 on (29, 7). Also F' > 0 on (z¢, 7). So, F" <0

on (zo, 7). Hence F" is decreasing on (zo, 7). So, lim,_, + F'(¢) exists (possibly co). Since
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F'(m) =0 and F” < 0 on (zo, ) then F'(¢) > 0 on (o, 7) and thus lim,_, + F(¢) exists.
Next we show that if lim,_, .+ F(¢) # 0 then lim,_, .« F'(¢) # 0.
Suppose limy_, .+ F'(¢) = L > 0 and lim_, .+ F"(¢) = co. We have from (10),

m — 1) cos ¢

(112) (m—1)FF"4+ F?*=TF (csin(b—( o F)—c cosd F —2(m — 1)F?.

Since (c sin ¢ — WF ) is positive, the right hand side of equation (112) converges to
oo as ¢ approaches to z;. Then,

1

(F’Fﬁ>/ — F'FwT 4 %an—lpﬂ
m_

= Lpast (m— O)FF + F7).

m
which converges to oo by equation(112). This contradicts the lemma 5.6 that limg_,,+ (]WF%)
exists and is finite. Thus if lim, + F° (¢) > 0 then lim, St E (¢) is finite. Then we can find
an interval (xg — €, ), for some € > 0, where F' is defined contradicting the maximality of

the interval (zg, 7). So g = z and F' is defined on all of (z, ).
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CHAPTER 6

THE CASE ¢ >a >0

We first observe that if a = £ then ' = 5%(1 — cos ¢) is a positive solution on (0, ) of

(58) such that

F(r)=a=—,F'(r) =0,

c
m
and

F(0)=0,F(0)=0.
We will now show that a similar result is true for all other values of a where 0 < a < c.
LEMMA 6.1. Let ¢ >a > 0. Then
D' <0 on (g,7‘t‘> and F"+F >0 on (g,w> .

PROOF. We have from (71)-(76) that D(7) = 0 and D'(7) < 0. Thus D is decreasing near

7 and if the lemma were not true then there would exist a ¢ € (5, ) with
(113) D'(q) =0, D"(q) <0, D'"<0 on(gq,7), and D >0 on [g,).

Thus from (75)

F'cos¢p+ Fsing >0 on [g,),

and therefore we see that

( F ),>O on [q,m).

cos ¢

Integrating on (¢, 7) gives
a F

COST  COS ¢

>0 on [g,),
and thus
(114) F> —acos¢ >0 on [g,n).
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Next, from (77) we have

F o F
W+ (m — 1)COS¢D + (m — 1)sin¢D =0,
and therefore from (113) and (114)
F(q)
11 =—(m—-1)——=D .
(115) Wig) = =(m=1)7 7 DPla) <0

From (113) we have D’(q) = 0 and so by (78) W'(q) = 0. Also, from (113)-(114) and the

fact that ¢ € (g, 7T), we see

(116) %;];D”(q) > 0.

Using these facts in (87), we then see

(F’(q) sin(q) — F'(g) cos(q)
sin?(q)

(117) ) D(q) <0.

Since D(q) > 0 then (117) implies
(118) F'(q)sing — F(q) cosq < 0.
In addition, from (115)
F?(q) — cF'(q)sing + F?(q) + cF(q) cosq = W(q) < 0.
Then, using (118), we obtain
(119) 0 < F?*(q) + F*(q) < cF'(q)sing — c¢F(q) cosq < 0.

This forces F(¢) = F'(q) = 0 which implies D(q) = 0 but this contradicts (113). This
completes the proof of the first part of the lemma. The second part of the lemma follows

from (76) and the fact that ¢ € (5, 7). This completes the proof of lemma 6.1. O

LEMMA 6.2. Let ¢ >a > 0. Then F' >0 on (5, ).

PROOF. By the previous lemma, D’ < 0 on (%, 7r]. Also since D(m) = 0 we then have that
D >0on (%,7). Thus from (75)

bR

F'cos¢p + Fsing >0 on (g,Tf),
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and therefore

<COZ:¢> >0 on (g,ﬂ>.

Integrating over (¢, 7), we get

—a > CCf:(b for ¢ € (g,ﬁ>,
and thus
F > —acos¢ >0 for ¢ € <g,7r) .
As F(m) = a > 0, we see that
F>0 on (g,ﬂ'] .
This completes the proof of lemma 6.2.

LEMMA 6.3. Let c>a>0. Then W <0 on (3, 7).

Proor. From lemmas 6.1 and 6.2 we have

F>0and D' <0 on (g,w].

Thus

F T
12 D' (— }
(120) p— >0 on 2,7T
Also since:

D(m)=0 and D' <0 on <g,7r] ,

then

D >0 on <E,7r] .

2
Thus
T

121 D> (—, } .
( ) sing >0 on 5 T

Hence using (120) and (121) in (77), we have
W <0 on <E,7r] )
2
This completes the proof of the lemma.
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Note: Let ¢ > a > 0. Since D(7m) =0 and D’ < 0 on (

F(3)
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FIGURE 6.1. The function F(¢) for a

0.0

0.1, m = 4 and for dimensionless

speed values ¢ = 4.0,2.0,1.0,0.50,0.25,0.15,0.12 and 0.11 (in lexicographical

order)

D(3)

> 0.

LEMMA 6.4. Let ¢ > a > 0. Then F’ (g) > 0.
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7), it follows from (75) that



PRrROOF. From lemma 6.2, we have
F>0 on (g,ﬂ.

From lemma 6.3, we have W < 0 on (7, 7]. Then by continuity,

™

W

)go,

and so from (66) we have

2 () (5)<er (3)

By the note before this lemma, F (%) > 0. Then from (122) we see that

F <g> > 0.

This completes the proof of the lemma.

LEMMA 6.5. Let ¢ >a > 0. Then F"(3)+ F(5) > 0.

PrROOF. From lemma 6.1, we have

F'+F>0 on (g,ﬁ].

And so by continuity
F'+F>0 on [g,ﬂ'] .

Now let us assume by way of contradiction that

(123) (F" + F) (g) —0.
Since F" + F > 0 on (7,7 it follows from (123) that

1/ / ™
(124) (F" + F) (§> > 0.

From equations (76)-(77), we have

F
D =0.

(125) W4+ (m—-1)F(F"+F)+ (m— 1)Sm¢
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Differentiating (125) we obtain
W/

(126)

F F
F(F'+F)+ F(F'"+F) D D' =
T+ (F"+F)+ F(F" + )+<sin¢) +(Sin¢> 0
Also note from (67), (76), and (123) that

7

>) = 0.

W(5) =D/
2
Therefore using this and (124) in (126), we obtain

(127) F’(%)D(g) <0.

From the note before lemma 6.4, we have

(128) F (g) ~D (g) >0
and thus by (127)
(129) F (g) <0.

Evaluating (66) and (125) at ¢ = 7 and using (123), (128), and (129) gives
0<F2(5) =eF' (5) +F*(5) =W(5) = ~(m-1)F* (5) <0
=) T 2 () =—m=DE(3) <0,
which is impossible. Thus the lemma must hold. This completes the proof of lemma 6.5 [
LEMMA 6.6. Let ¢ >a > 0. Then D has a local maximum at 3.
PRrROOF. From (76) we have
D'(Ey = (F" + F)(Z)cos(Z) = 0.
(5) = (F" + F)(5) cos(3) =0
Differentiating (76) we have
D" = (F" + F')cos¢ — (F" + F)sin ¢.
Thus by lemma 6.5 we have

D" (g) — —(F" +F) <g> <0.

Hence D has a local maximum at g O
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LEMMA 6.7. Letc>a>0. Ifb>0 and FF >0 on (b,%),thenF’ZOon (b,%).

Proor. Contrary to the lemma, let us assume
, T
F'(p) <0 for some p € (b, 5) )

By lemma 6.4,

F’ <g> > 0.

Thus F'is decreasing near p, increasing near Z, and so there exists a local minimum ¢ € z
) 29 )9

such that
(130) F'(q) =0 and F"(q) > 0.

From equations (59) and (66) we have

(131) W+ (m—1)F (F” + %f F 2F> —0.

sin
At ¢ = ¢, we have
F'(q) =0, F(q)F"(g) >0, and F*(q) > 0.
Using this in (131) we obtain
W(q) <0.

On the other hand, from (66) and (130) we have
W(q) = F*(q) + cF(g) cos g > 0
which is a contradiction. This completes the proof of the lemma. 0

LEMMA 6.8. Letc>a>0. Ifb>0 and F > 0 on (b, %) , then D does not have a positive

local mintmum on (b, g) .

PROOF. On the contrary, let us assume that D has a positive local minimum on (b, g)

Then there is a p € (b, g) with the following properties
(132) D(p) >0, D'(p) =0, D'(¢)>0 on <p, g) , and D"(p) > 0.
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From (78), we see that
W'(p) = 0.
Using (132) and (87) at ¢ = p, we see

<F’(p) sin(p) — F(p) cos(p)

sin® p

) D(p) <0.

Since D(p) > 0 we then have
(133) F'(p)sinp — F(p) cosp < 0.

Also note from (77) and (132) that

W) = —(m - 1) 52 D(p) <o
Using this in (66) we see

W(p) = F”?(p) — cF'(p)sinp + F*(p) + cF(p) cosp < 0.
Thus using (133) and rewriting this implies
(134) 0 < F?(p) + F*(p) < c[F'(p)sinp — F(p)cosp] <0

which is impossible. Hence the lemma must be true. This completes the proof of the

lemma. O

LEMMA 6.9. Let ¢ > a > 0. If there exists z € [0,%) such that F(z) = 0 and F > 0 on

(z,g) then
D'>0 and F'+F >0 on<z,g>.

PROOF. By lemma 6.8, we see that D does not have a positive local minimum on (z, z)_

Since F' > 0 on (z, g), by lemma 6.5 we have F’ > 0 on (z, g) This implies

(135) D =F'cos¢ + Fsing >0 on (z,g)

By lemma 6.6, D has a local maximum at 7. Therefore if there were a ¢ € (z,3) with

D’(q) < 0 then these facts along with (135) imply that D has a positive local minimum in
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(2, %) contradicting lemma 6.8.

Hence, we see that
D' >0 0n<z,g>.

This proves the first part of the lemma. The second part of the lemma follows from (76) and

the fact that cos¢ > 0 on (z, %) C (O, %) This completes the proof of the lemma. O

LEMMA 6.10. Let ¢ > a > 0. Then F has a zero on [O, %) .

Proor. Contrary to the lemma, let us assume
F>0 on [0, g) :

By lemma 6.7,
F'>0 on (O,E)7
2
and by lemma 6.9,

F'+F>0 on (O,g).
Therefore

(136) F (F + %f Fot 2F> >0 on (o, f) .

sin 2
Now, from (59) and (66) we have

W+(m—1)F(F”+MF’ +2F) =0,

sin ¢
and therefore by (136)

— (- v, COSO L Gl
W= —(m 1)F<F t s F +2F><Oon<0,2>.

By continuity

W =F?—cF'sing+ F*+cFcos¢ <0 on [0,%) .
Evaluating at ¢ = 0, we obtain
F(0) + F%(0) + cF(0) <0
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which is impossible since we are assuming F'(0) > 0. Thus the lemma must be true. This

completes the proof of the lemma. O

So now we assume that there exists z € [0, 7) such that F'(z) =0 and ' >0 on (2, 7).

LEMMA 6.11. Let ¢ > a > 0. If z € [0,%) such that F(z) =0 and F > 0 on (z,%) then

W <0 on (z, g) .
PRrOOF. By assumption

and by lemma 6.7 we see that

and by lemma 6.9 we see that

F'+F>0 on(z,%).

So
Flr S0 o) =0 on(z,z>.
sin ¢ 2
Using this inequality along with (59) and (66), we see
W=—(m-1)F F"+C,Oi¢F’—l—2F <0 on(z,z>.
sin ¢ 2
This completes the proof of the lemma. 0

LEMMA 6.12. Let ¢ > a > 0. If z is a zero of F on [O,%) and ' > 0 on (z,%) then

0< F' <csing on (z,g)
Proor. We have
s
F>0 ( ,—) .
on |z
By lemma 6.7
0
F, >0 ( 7_) )
20 on (25
and by lemma 6.11

W=F?—cF'sing+F*4+cFcos$ <0 on (z,%).
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Thus

F? _ cF'sing < —F?— cFcosé <0 on <z, f) .
This yields
(137) F'(F — ¢sing) < 0 on (z, g).
Since F’ > 0 then (137) implies
F'>0 and F' —csing <0.

Thus we conclude that

0< F' <csing on (z,%)
This completes the proof of the lemma. 0J

LEMMA 6.13. Let ¢ > a > 0. Then there exists an A with 0 < A < ¢ sinz such that

Jim, F (¢) = A.

PROOF. Let

Then
E'=F'[F"+ F].
By lemma 6.7, we know that
F'>0 on(z,z>.
2
Also, by lemma 6.9, we know that
F'+F>0 on(z,%)
and thus
E' >0 ( E) :
20 on{z 3
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Thus lim E exists. As lim F = 0, we see that lim F’? exists. Again from lemma 6.7 we
p—zt p—2t Pp—2t

have that F/ > 0 on (z, g) and so we see that there exists an A such that

lim F/ = A>0.

Pp—2zt

We also know by lemma 6.11 that

W =F?—cF'sing+ F?+ cFcos¢ <0 on (z,%)

Taking the limit as ¢ — z*, we obtain
A? — cAsinz = A(A — esinz) < 0.

Hence
0<A<csinz.

This completes the proof of the lemma. O

Notes: By lemma 6.3, lemma 6.11, and continuity we have
W=F?—cF'sing+ F*+cFcos¢ <0 on (zn].

Therefore completing the square, we have

2

(F' — gsingzﬁ)2 - (F+gcosgb)2 < %,
and therefore
(138) [F| < |F+ Scosg| +|5cosg| < S+5 =
and
(139) had §|F’—gsin¢|+|§singb| g§+§:c.

Hence F' and F’ are uniformly bounded on (z, 7).

LEMMA 6.14. lim F’ = 0.

Pp—2t
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PRrROOF. From lemma 6.13 we know that lim F' = A where 0 < A < ¢sinz. Note that if

p—2zt
z = 0 then A = 0 and the lemma is proved. So now let us suppose z > 0 and also that

0< A<csinz.

Multiplying (59) by FFI and rewriting gives:

F/
F[FIQ — cF'sing]+ (2m — 1)FF' + cF'cos¢p+ (m — 1) F'F" +

(m —1)cos ¢

F? =0.
sin ¢

Integrating this on (¢, ¢2) where z < ¢ < z+ € = ¢9 and € > 0 gives

o2 2m — 1 —1
(140) —/ ZF? — cF' sint] dt = T [F2(¢) — F? + S [F'(¢)? — F"]
s F 2 2
¢2 ‘ 92 0ost .
+c[F(¢2) cos g — F cos @] + ¢ Fsintdt+ (m —1) —— F'"* dt.
P o sint

From (138) and (139) we have that F' and F” are bounded and thus we see that the right-hand

side of (140) is bounded. Thus we see there exists an M > 0 such that

) F/
(141) F/-ﬂﬂ—wmﬂﬂgM
¢

Also, by assumption we have 0 < A < ¢sin(z) and therefore it follows from (66) that
(142)
lim W(¢) = lim [F”?—cF'sing+ F*+ cFcos¢] = lim F'[F' — csing] = A[A — csinz].

Pp—zt Pp—zt p—zt
Thus if ¢ is sufficiently close to z and ¢ > z then we see that

AlA — csin 2| -0

—[F”? — cF'sin¢| > 5

However using (141) we see that for e sufficiently small we have

(143)
b2 It i b2 It o

MZ—/ Ewwﬁpmﬂﬁzéﬁ—ﬁﬂﬂ/ F_ A “mdmvwm}
, F 2 , F

2 F(¢)

Since we have assumed 0 < A < csin z, we see that the right-hand side of (143) goes to +oo
as ¢ — 2T since ¢lim+ F(¢) = F(z) = 0 whereas the left-hand side of (143) is bounded. This
—z

is a contradiction and thus we see that either A =0 or A = csin z.
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So now we suppose z > 0 and A = ¢sin z > 0. Then we see from (142) that lim W(¢) = 0.

Pp—2t
Also

(144) lim [2F" — esin(¢)] = 24 — esin(z) = 2¢sin(z) — ¢sin(z) = ¢sin(z) > 0.

Pp—zt
And from (67)

W'= (2F" — csing)(F" + F).

By lemma 6.9 and (144), we see that W’ > 0 on (z,z + €) and since ¢lim+ W(g) =0, we see
—Z

that W is nonnegative to the immediate right of z contradicting lemma 6.11. Thus A = 0

and this completes the proof of the lemma. O
LEMMA 6.15. 2z =0.

PROOF. By lemma 6.10, we have z € [0,%). So, z > 0. Let us assume that z > 0. By

lemma 6.11, W < 0 on (z, %) Then

(145) —cF'sing +cFcos¢p < F? —cF'sing + F?>+cFcos¢p <0 on (z,%)

Since F' > 0 then by lemma 6.12, F" > 0 on (z, %), and so by (145)

and so % is bounded near z. Then there exists some finite positive number M such that

F
(146) Iz <M on (zz+e€),

Wheree>0andz+6<§.

Since F' > 0 on (z, z + €) we may divide (59) by F” and after rewriting we obtain

cos ¢

F F F
F'+0@2m—1)=F+c—=cos¢o+(m—1)=F"+(m—1)

I I I F = c¢sin ¢.

sin

Taking the limit as ¢ — 2" and using (146) and lemma 6.14 we obtain

F FFE"
¢lim+ <cﬁcosq§+ (m—1) T ) = csinz > 0.
—z
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Thus there is an ¢; > 0 with 0 < ¢; < € such that

F FF” )
cﬁcosgb%—(m—l) 7 > gsinz on (z,2 4 €1).
Thus
(m — 1)F§” > gsinz—cﬁcomﬁ on (z,z+€).
Therefore
(147) F">ﬂ5,—#cos¢ for 2 < ¢ < z + €.

2(m—-1)F m—1

Now we let ¢ > 0 and integrate (147) on (z + 0, ¢) where z + § < ¢ < 2+ € and we obtain

(148)  F' —F'(z+0) >

csin z F c ' '
2m—1) " [F(z T 5>1 — o [sing —sin(z + 9]

Now as § — 0 the left hand side of (148) goes to F'(¢) (by lemma 6.14) while the right hand
side goes to +o0o (since ¢lim+ F(¢) = F(z) = 0) yielding a contradiction. Thus we see that
—z

z = 0. This completes the proof of the lemma. O

It then follows from lemma 6.14 that

lim F'(¢) = 0.

¢—0%
We also saw earlier in lemma 3.1 that F(r — ¢) = F (7 + ¢) and therefore we see that F' is
defined on [0, 27]. And also we know from lemma 6.15 that F'(0) = F/(2r) = 0. Thus we can
extend F to be 2m-periodic on all of R and so F' satisfies (59) on all of R. Thus it follows

that:

LEMMA 6.16. F' is 2m—periodic on R.

This completes the proof of the main theorem in the case ¢ > a > 0.

Note: Throughout chapter 6 we assumed that F' is defined on (0, 7). However, if we
suppose F' is defined only on (z¢,7) for some zy > 0. Then by the similar argument as in
the note after lemma 6.13, we can show that F' and F’ are uniformly bounded on (zg, )
by ¢. Then from equation (10), it follows that |F”| < M on (xg,m — €) for some € > 0 and

some finite M > 0. So, F', F' and F" are bounded on (zg, 7 —€). So lim¢ﬁx0+ F(¢) and
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lim v F'(¢) exist. Then we can extend F' to a larger interval, contradicting maximality of

(2o, m). This gives 2o < 0. Hence F' exists on all of (0, 7).
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CHAPTER 7
FINAL COMMENTS
One can also look for solutions of (3) in spherical coordinates in R™ where n > 3. Suppose

v(xy, Toy .oy, t) = 1(21, 29, T, O)F(P(21, T2, ..., T, 1))

where

r(T1, Toy ..y Ty, t) = \/x%—|—~-+xi_1 + (@, — ct)?,

and

x2+...+x2
d(x1, Ty ..., Ty, t) = tan™! (\/ 1 )

T, —ct

One can then show that F' will satisfy

cos ¢

Sin

F? —cF'sing + F>+ cFcos¢+ (m — 1)F (F”—l—(n—2) F’—l—(n—l)F) =0.

Note that this reduces in the n = 2 and n = 3 cases to the equations obtained in the
introduction. We conjecture that a theorem similar to the Main Theorem is true in this case
as well.

In ([7]), the authors considered the behavior of solutions when a — oo and also when
a — 07. Preliminary investigations indicate that a result similar to the result in ([7]) is also

true. In fact, we conjecture that if we denote the solution of (59)-(61) as F, then

F,
lim (—) =H
a—00 a

where H satisfies

H? + H? + (m— 1)H (H” + %H’ + QH) =0,
S11
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and

a£I0n+ (max Fa) = Csin(9)

for some C' > 0.
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