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The lattice point problem in dynamical systems investigates the distribution of
certain objects with some length property in the space that the dynamics is defined. This
problem in different contexts can be interpreted differently. In the context of symbolic
dynamical systems, we are trying to investigate the growth of N(T), the number of finite
words subject to a specific ergodic length T, as T tends to infinity. This problem has been
investigated by Pollicott and Urbarnski to a great extent. We try to investigate it further,
by relaxing a condition in the context of deterministic dynamical systems. Moreover, we
investigate this problem in the context of random dynamical systems. The method for us
is considering the Fourier-Stieltjes transform of N(T) and expressing it via a Poincaré
series for which the spectral gap property of the transfer operator, enables us to apply
some appropriate Tauberian theorems to understand asymptotic growth of N(T). For

counting in the random dynamics, we use some results from probability theory.
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CHAPTER 1

INTRODUCTION

The lattice point (counting) problem in math has long history dating as far back as
Gauss circle problem. Gauss tried to obtain an asymptotic formula for number of points in
the plane with integer coordinates inside a circle of radius 7" as T' grows. Later on Sierpinski,
Walfisz, Iwaniec & Mozzochi [17], Huxley [15], Hardy [16, p. 372], Landau and Hafner [13]
contributed to problems closely related to Gauss circle problem for purpose of obtaining
better estimates.

The analogous problem in the context of hyperbolic spaces as well gained a lot of
attention starting in 1942 with (unnoticed) work of Delsarte, where he considered the hy-
perbolic plane H? and instead of Z? he considered orbit of a point z € H? under the action
of a Fuchsian group G C PSL(2,R). He obtained an asymptotic formula for number of
g € G that move z at most by T as T' grows. Here the distance is measured by a hyperbolic
metric of constant negative curvature [7]. Independently, Huber published his result on this
problem in 1956. His approach uses spectral decomposition of Laplacian operator, where G
doesn’t contain parabolic elements because he assumes the fundamental domain is compact
[14]. In the same year, Selberg extended this decomposition for the case G contains parabolic
elements where fundamental domain has finite area. He used the celebrated trace formula
for this [37, p. 77]. This helped Patterson to approach the problem in generality providing
some error term as well [30]. Along with these works, Margulis answered similar question
in higher dimensional hyperbolic space in 1969 [24, p. 48]. Several others have contributed
to this problem in different contexts including Sarnak [36], Lax & Phillips [23], Parry &
Pollicott [29], Lalley [22], Mirzakhani [26] and etc.

Recently, Pollicott & Urbanski jointly obtained an asymptotic formula in the context
of conformal dynamical systems, see corollary 3.22 or [33, p. 39]. For this, it is enough to
have graph directed Markov system in which our functions in the system are contractions

and satisfy certain properties. The most important one is the conformal property which is



angle preserving orientation preserving or orientation reversing. They use infinite theory of
graph directed Markov system developed by Mauldin & Urbaniski [25] and complex trans-
fer operator developed by Pollicott [32] to obtain an asymptotic formula for counting finite
words in the shift space for which the corresponding composition function of the system has
derivative at least e~T as T grows. Further, they introduce slightly different system in which
finitely many parabolic elements are allowed and they apply the aforementioned asymptotic
formula for this system. These two kinds of conformal systems have many applications one
of which is an asymptotic formula for the planer Apollonian circle packing problem. The
circle packing was studied in 1970s by Boyd [3] and estimates of number of circles of radius
at 1/T was obtained by him in 1980s [4]. This estimate had major improvement due to
Kontorovich & Oh in 2011 [20] and Oh & Shah in 2012 [28]. The former article focuses on
two cases: (a) number of circles of radius at least 1/T inside the biggest circle tangent to
the three circles that generate the gasket, and (b) number of circles of radius at least 1/T
between two parallel lines generating the gasket up to a period of the gasket. One year later,
the latter article obtains a similar formula for case (c¢) number of circles of radius at least 1/T
bounded in curvilinear triangle whose sides are parts of three circles tangent to each other .
The method for Kontorovich-Oh-Shah is equidistribution of expanding closed horospheres on
hyperbolic 3-manifolds G\H?® where G is geometrically finite torsion-free discrete subgroup
of PSL(2,C). Further they use Patterson-Sullivan theory of conformal density (measure) in
which the Laplacian operator has simple isolated eigenvalue —dg(2 — d¢) where d¢ is the
Hausdorff dimension of the limit set under the assumption d; > 1 [38, p. 195], [31, p. 272].

In Pollicott & Urbanski’s work the spectral theory is analyzed for the transfer operator
instead where they assume their system has D-generic property which prevents the situation
that the transfer operator admitting 1 as spectral value on the critical line Re(s) = § of the
Poincaré series except at the exponent itself s = §. The other condition they impose on the
system is strong regularity which can be perceived to be analogous to the assumption dg > 1
mentioned above.

In this dissertation, we relax the D-generic assumption to see how Pollicott & Urbanski’s



result changes, see theorem 3.19. We noticed that in this situation, we no longer obtain only
one asymptotic formula. We may obtain continuum many relations. More precisely we can
see that the ratio can converge to a full range of closed interval rather than just a point
in Pollicott & Urbanski’s result, see example 3.25. However, we can obtain lower bound
for the infimum and upper bound for the supremum. These bounds are shown to be sharp
by an example, see example 3.25. We should mention that we only assume we are given a
real-valued summable Holder-type function on the shift space. We don’t assume necessarily
the function is induced by a conformal system. Theorem 3.19 is the main result of chapter
3. This involves spectral analysis of the transfer operator which we adapt from Pollicott &
Urbanski and a Tauberian theorem 2.42 of Graham & Vaaler. Further we investigate an
asymptotic of the length for which the counting function is related to. Given T' > 0 the
maximum length contributing to the counting function is itself subject to an asymptotic
formula, see proposition 3.23. The chapter 4 investigates counting problem for a random
system. There might be different ways to define random systems. We believe our formula-
tion of random systems is one natural way; however, the counting problem in this sense gets
much harder than before. The main result of chapter 4 is corollary 4.10. This shows the
difference of counting in deterministic and random settings. The main tool in this corollary
is the law of iterated logarithm from probability theory. We further tried to find a formula
for more general systems, but with some assumptions on the random factor. The main as-
sumption restricts fluctuations of a random walk. Under this assumption we obtained some
asymptotic formulas, see theorem 4.7 and theorem 4.5. Furthermore, we constructed an
example in which the result suggested by the theorem 4.5 still holds under weaker condition,
see example 4.12.

In chapter 2, we try to mention background materials for chapters 3 and 4. We first
introduce the symbolic space. The notion of Holder continuity for real or complex functions
over the symbolic spaces comes after. Then we continue with some common dynamical
notions such as pressure, Gibbs and equilibrium measure (state). Moreover, we define prop-

erties such as strong regularity and D-generic property. The latter property is of significant



concern in this dissertation. Later, we introduce transfer operator and talk a bit about per-
turbation theory of analytic operator. This requires essential spectrum concept. We mention
the notion of graph directed Markov systems. Furthermore, we introduce random dynamics
in the context of graph directed Markov system. Finally, we briefly mention two Tauberian
theorems before we finish the preliminaries chapter with some examples.

In chapter 3 our aim is obtaining a general asymptotic formula for counting in dy-
namical systems. There is no random dynamics flavors in this chapter. First we apply
the analytic perturbation to the transfer operator to obtain a spectral representation of the
transfer operator over its maximal eigenvalues. However, we need to show these eigenvalues
are simple first. This requires introducing a weighted transfer operator. Next, we talk about
the relation between a complex function (Poincaré series), and counting function. The idea
is by taking Riemmann-Stieltjes integral against our target counting function, we obtain a
Poincaré series. Furthermore, we bring some estimates to find some upper and lower bounds
for counting finite periodic words in terms of our ordinary counting function. Then, we use
the spectral representation to argue how Graham & Vaaler’s Tauberian theorem is applicable
to imply the main theorem 3.19 . We use this theorem to obtain Pollicott & Urbanski’s for-
mula as a corollary. Finally, we talk about the asymptotic of the length that is conjectured
to contribute the most to our counting function. We provide two asymptotic formulas for
length. We finish by three examples to see how our estimates of bounds are sharp in the last
section.

In chapter 4, we just focus on random systems. We try to investigate the counting
problem for random graph directed Markov systems. The first section is devoted to formu-
lating the problem first. Next, we investigate the problem for some class of random factor A
when they follow a periodic (or eventually periodic) pattern. In the next section, we loosen
this pattern by some other conditions and we again obtain an exponential growth. Before
finishing by examples we construct a system with non-exponential growth for counting. In
this section we no longer use any Tauberian theorem and instead we compute our counting

function directly.



We would like to mention that throughout this dissertation we try to stay loyal to

the following conventions:

® e, wj,p; : letter

e F : set of letters

e w, 7,7 : finite words containing letters from F

e p, 0 : infinite one-sided sequence containing letters from F

e EY : set of infinite one-sided sequences

e T : positive real number

e 1,y : real number

e s =x + 1y : complex number

e o : shift map on EY

® My, [l,V : Measure

e f,g,h : real or complex functions on EY or on EY x A

e B: Borel sets of EY

e I : indicator function of a Borel set B € B

e 0% : space of Holder functions of exponent o

e K Q,c,c;,C,C, D, cs : constants

o L,P,Q D, F,E : operators

e £ : expected pressure (only in chapter 4)

e ¢ : spectral value or eigenvalue

e Sp : spectrum

e [' : interval of form (z, c0)

e 't : some right half plane I' x R

e Z : countable (finite or infinite) set of real or complex numbers in the closed unit
disk

e )\ : infinite two-sided sequence containing letters from Z

e Z% : set of infinite two-sided sequences

e N,(B,T),N,(T),N)(T) : counting function in T



® 1,(B,5),m,(s),m,(s) : complex function in s

e 5, f : ergodic sum of f

e 5,.(A) : random walk on the random variables {1,}.cz
e X, : a Euclidean domain

e ¢t : a point of X,

e ¢, : a function of a system on X,

o ¢ : derivative of ¢,

e ¢, : composition of functions in order of the letters appearing in w
e 7m(p) : limit point of p € EY

e J : set of all the limit points

e ) : Hausdorff dimension of the limit set J

e Int(A) : interior of the set A



CHAPTER 2

PRELIMINARIES

2.1. Shift Space

Let E be a countable (finite or infinite) set calling each of its elements a symbol, a

letter or an alphabet. By EY we mean the set of all infinite sequences of the form
€1€9€3...€...,

where each e; belongs to . We usually represent the first n symbols of such a sequence,

also called (finite) word or block, by w throughout this work, i.e.
W= e1€y...6,,

where we sometimes tend to identify w; with e; and just have
W= WiWa...Wp.

When we write |w| = n we just mean the word w has n letters. By E™ we represent
all the words of length n and by E* we represent U> ; E™. As well we use the notation |. A .|
to represent the number of common initial symbols in two sequences, i.e. for p = eje,... and

p = e\e,... we have
pAp|=me e =¢), ea=¢), .., e =¢€,, Cmi1 F# €y
One can as well introduce a metric by
d(p,p') = e~ lPnel

Further we set

i.e. we have



Now we equip BN with a metric space, which is called symbolic space. Note that the topology
on EY induce by this metric is the same as the Tychonoff topology where each E is equipped
with ordinary discrete topology. This means for any o and 3 the topologies of d, and dg are
the same, however the metrics are not equivalent for different o and f.

One can then see that the shift map o : ENY — EN given by
o(eres...) = eges...

is a continuous map.

Furthermore, we want to restrict ourselves to sequences that certain words are not
appearing. We first introduce a map A : £ x E — {0,1} (sometimes called incidence or
transition matrix). We use A.. notation instead of A(e,e’). A subshift of finite type consists

of the sequences ejeses... in EN such that

Avyes =1, Avyes =1, ey Agpersy =1, o

€n€n+1

Of course, if A only assumes the value 1, represented by A = 1, then this is just the space
introduced earlier, that is why we sometimes call (EY, o) full shift space. Additionally,
when A, ., = 1 we say ejey is A-admissible or just admissible. As well, by E% we mean
all admissible finite words of all lengths, by EJ we mean all w € E7 such that wp is an
admissible sequence, by £ we mean all w € E7; such that wp is an admissible sequence, by
E}.. we mean all w € £ such that w,w; is admissible and we say w is periodic word, by w

we mean the sequence www... and by E’} we mean all admissible words of length n. Finally,

for each finite word w of length n we define the cylinder

Wl i={p € EY: propn=uw}
PROPOSITION 2.1. For the subshift of finite type E"\ the followings hold:

a. All the cylinders form a countable clopen basis.
b. Every open set can be written as countable union of mutually disjoint cylinders.

c. It is a Polish space.



PROOF. (a). It is clear that for each positive integer n, we have countably many finite words
of length n, therefore there are only countably many cylinders. Next we show each cylinder
is a neighborhood in EY. Let w be a finite word of length n, choose any fixed p € [w], we
show [w] = N(p,e =), Note that p is in [w] iff du(p, /) < e OV iff |p A p/| > n — 1 iff
lpAp'| > niff pf € [w]. To see [w] is closed, consider a sequence {p;)}; in [w] converging to
p. This means |pg) A p| = oo which clearly implies p € [w]. Now for every open set V' and
every p € V, note that there is € > 0 such that p € N(p,e) C V. We choose n large enough
such that e=*("~1) < ¢, then obviously [p1ps...p,] = N(p,e ""V) C N(p,e) C V.

(b). The fact that an open V can be written as countable union of cylinder is clear from
part a. Then part b follows from the fact that for any two cylinders [w] and [7] that meet
each other, we have either [w] C [7] or [7] C [w]. To show this, assume p belongs to both of
the cylinders [w] and [7]. Further, assume |w| < |7|. Since p € [7], we should have p = 7p’
for some p' € EY, similarly p € [w] implies that p = wp” for some p”E". Thus 7p' = p = wp”
and since |w| < |7] so 7 = ww’ for some finite word «’. This implies [7] C [w].

(c). Note that countable product of separable space is separable and countable product of

complete metrizable space is complete metrizable. 0

We would like to mention that we only work with probability measure over Borel sets

all through this work.

DEFINITION 2.2. We call a subshift finitely irreducible if there exists a finite set {2 containing
words such that for all e, ¢’ € E there is w € € such that ewe’ is admissible. As well subshift

is called finitely primitive if it is finitely irreducible and all words in €2 are of fixed length.

Throughout this dissertation, we restrict ourselves to work with finitely irreducible

subshifts.

REMARK 2.3. Note that this notion is just a generalization of irreducible matrix when E' is
countable. In fact, finitely irreducible condition guarantees that the shift map is topologically
mixing, and finitely primitive guarantees that the shift map is topologically exact. If F is

finite then A is irreducible iff o is topologically mixing iff ¢ is transitive. Further, if E is



finite then A is primitive iff ¢ is topologically exact. It is clear that if the shift space is

finitely irreducible then the backward orbit of every element is dense, i.e.
Unzgo " (p) = B
ProPOSITION 2.4. If E is finite,
o1
logr(A) = lim — log #E7,
non
where r(A) is spectral radius of matriz A.

PRrOOF. We refer to theorem 3.2.22 [39]. O

2.2. Ergodicity

DEFINITION 2.5. For a measurable transformation 7' : X — X on a measure space (X, B)

we say a measure j is T'—invariant if for every A € B:

Further we say p is ergodic if y is T—invariant measure such that if 771(A) = A then either

w(A)=0or u(A) = 1.

We are now ready to express one of one of the main theorems in Ergodic Theory.
Before that we need the following notion of Birkhoff sum for any real function g : X — R,

we set

n—1

Sng(x) =) g(T'(x)).

i=0
THEOREM 2.6 (Birkhoff’s Ergodic Theorem). Let T : X — X be a map on probability space

(X, B, ). If u is T—invariant and ergodic measure, for any ¢ € LY(X) we have
1
—Snp(z) — / ¢dp, ae.x € X
n X
PROOF. We refer to corollary 8.2.14 in [39]. O

10



2.3. Holder Continuity

Next we want to talk about the Holder continuous maps. In Analysis textbooks [10, p.
52] we have different notions of Hélder continuity of exponent « for real or complex-valued
functions on a Euclidean space D:

e Holder at a point xg: sup,cy{|f(z) — f(zo)|/|z — x0|*} is finite, where U is a

neighborhood of xy in D.

e Holder: sup, ,p{|f(7) — f(y)|/|z —y[|*} is finite.

e Locally Holder: sup, ,cr{|f(2) = f(y)|/|x —y|*} is finite for every compact K C D.

We call each of the above suprema the Holder coefficient. Of course D can be replaced
with the metric space EY to obtain similar notions on the shift space. We denote the set of
complex-valued Hélder continuous functions of Hélder exponent « on EY by C%*(EY, C) or

simply C%“. We remind that the usual Holder coefficient is defined by:

gla = sup {M}'

p.p €EY da (/0’ IO/)

We would like to define another Hélder coefficient that is justified later. We set:

Van(f) := sup{| f(p1) — f(p2)|e®™ Dt |p1 A po| > n > 1},

and

Va(f) == sup Van(f).

n>1

There is another notion of Hélder continuity useful for our purposes.

DEFINITION 2.7. A complex-valued function f on EY is called Holder-type continuous with

exponent a > 0 if V,(f) < oc.

We define a norm on C%*(EY, C) by

(1) 19l == llglloe + Valg)-

We are ready to find relations between these different notions of Holder continuity.

PROPOSITION 2.8. The followings hold:

11



(a) On EY every complex-valued function is Holder continuous iff it is Holder-type con-
tinuous and bounded.

(b) The norm given above in 1 is equivalent to usual ||.||co. = ||.]|lco + |-]a mOTm over
C%(EY, C).

(c) (C**(EY,C),||.|la) is Banach space.

(d) A Hdélder-type continuous function is locally Hélder continuous and Hdélder contin-

uous at every point.

PROOF. a) Assume f is Holder continuous function, then there is M such that

1f(p1) = fp2)] < Md(py, p2)* = Me=®P1 2],

for every p; and py. Therefore

[f ()l < 1f (1) = Flp2)[ + [ (p2)] < M+ (p2)l-

This gives boundedness of f. For Holder-type, assuming |p; A pa| > n, it follows

ie. Vo (f) < Me ™.

For the converse, assuming that |f| < K for some constant K, and |p; A ps| = n > 1 we have

1f(p1) = fp2)|e®™ ™D < Vol f).

Therefore
£ (1) = f(p2)| < V(e "D = Vo(F)ed(py, p2)°.
In case |p1 A pa| = 0, we use boundedness of f to get
|f(p1) = fp2)| < 2K = 2Kd(p1, p2)™.

Thus

[f(p1) = flp2)| < max{2K, Vi (f)e }d(p1, p2)*,

12



for every p; and ps.

b) From the proof above we realize that V,(f) < |f|.e™® which leaves

[flla < 1 flloc + [flae™ < [[flloo + [ fla-

Furthermore |f|, < max{2K,V,(f)e*} gives us

[flloo + 1 fla < 3l flloo + Va(f)e® < (3 4 )| fla-

c¢) This is a well-known fact, see for example [10, p. 73] for a Euclidean space.

d) This is easy to show. O

REMARK 2.9. We want to justify why we used the terminology Hoélder-type:

e The Holder-type continuous functions subject of study in this dissertation in the
case of infinite alphabets are summable. This makes them unbounded and so they
are not Holder.

e Let £ = N. One can see that f : EN — R defined by f(knongng...) = Inl/n3, is
Holder continuous at each point (consider [kngngny...ng]) and locally Holder contin-
uous but is not Holder-type continuous.

e Note that locally Hélder continuous on EY wouldn’t imply continuity necessarily,
however Hoélder continuity at a point clearly implies continuity.

e Regarding Holder continuity at a point even if we were able to find a uniform bound
for Holder coefficients that worked for all the points it still doesn’t imply Holder-type
continuity necessarily.

e Over shift space with finite alphabets Holder continuity and Holder-type continuity

coincide.

Below we need to use sequence of finite words in the lemma. For that we use the

notation w;), to denote that it is not the i'" coordinate of w which we represent it by w;.

LEMMA 2.10. Let {w(; }icr be any collection of finite words with bounded length, i.e. there

exists a positive integer k such that |w)| < k for each i. If the cylinders {{wq)]}ier are

13



mutually disjoint, then the indicator function of H := Ujcrlw(y] is Hélder continuous, i.e.

1y € CO’Q(E}}],C).
Proor. We want to show there exists M > 0 such that

[T (p) — Lu(p)l < Md(p,p'),

for every p,p' € EY. If p,p/ € H , there is nothing to prove as the left hand side is 0.
Similarly if p,p" ¢ H. If p € H and p' ¢ H, then there is i such that p € [w]. But

lp A\ p| < |weyl, otherwise p’ € [w;)]. Therefore
ek < e~ 1wl < el — d(p,p).
Thus if we just pick M = e, then for each p, p’ we have

1w (p) — Lu(p)] < Md(p, o).

2.4. Basic Lemmas

LEMMA 2.11. If f : EY — C is Hélder-type continuous with V,(f) < oo then there exists

K; > 0 such that for any w € E% and any p, p' € EY where wp,wp’ are admissible we have
|Snf (wp) = Suf(wp)| < Kyd(p, o).
PROOF. We refer to [25, p. 26]. O

A sequence {a,} of real numbers is called subadditive if for every positive integer

Qm4n S A, + Qp,-

LEMMA 2.12 (Fekete’s Lemma). For every subadditive sequence {a,}, the limit of the se-

quence {%} ezists and it is equal to inf, {2},
PROOF. We refer to [25, p. 5]. O

14



LEMMA 2.13. Let f;(T) be a collection of non-negative functions defined on T > 0. Then
) < lim i A
ZhTrg inf fi(T) <liminf > | fi(T)

Proor. Of course if the collection is finite, this is clear. We show it for an infinite countable

collection. As each f; is non-negative so for each n

Z fi(l) < Z fi(T)
i=1 i
Taking liminf from both sides
<
Z lint /(7)< Hpinf > (T
This holds for each n, therefore we get the inequality. O

Unfortunately, analogous inequality for limsup doesn’t hold even if >, f;(T) is uni-

formly bounded above. Alternatively, we mention the following inequality.

LEMMA 2.14. For any two non-negative functions f(T'), g(T) defined on T > 0, we have

liminf (f(7) + ¢(T)) < liminf f(7T") + limsup g(7") < limsup (f(T) + g(T)) .

T—o0 T—o0 T—o0 T—o0

PROOF. Let [ = liminfr,o (f(7) + ¢9(7")), and g = limsup;_,, (7). For € > 0 there is Tj

such that for 7" > T we have

L=e< f(T)+9(T) < f(T)+7+e¢

l—g—2e< f(T),
which establishes the left inequality. Similar argument gives the right inequality. 0J

15



2.5. Transfer Operator

A real-valued function f on EY is called summable if
Zexp(sup f) < oo.
eck [e]
One purpose of this definition is to define an operator on the space of bounded complex-
valued continuous functions on EY. Therefore we can extend this definition to complex-

valued functions.

DEFINITION 2.15. A complex-valued function f on EY is called summable if
Zexp(sup Re(f)) < 0.
ecl [e]
DEFINITION 2.16. For a complex-valued Hélder-type summable function f we introduce

Ruelle-Perron-Frobenius operator, also known as transfer operator

,Cf : Cb(EE, C) — Cb(EE], (C)

Li(9)(p) =Y _ exp(f(ep)) glep),

eck,

where the sum is taken over all e € E' that ep is admissible, i.e. A, = 1.

REMARK 2.17. Here we would like to mention:

e If this f over shift with infinite letters is summable, then definition 2.15 yields that
Re(f) should go to —oo, i.e. f is unbounded. Therefore it is not Holder continuous,
see proposition 2.8.

e As well it is clear that when F is finite then every real-valued f is summable.

e Further one can see that this operator preserves C%*(EY, C).

Next we want to consider the adjoint operator £} acting on Cy(EY, C)* which is the
space of all regular bounded additive set functions [8, p. 262] (by additive set function we
mean complex valued function g defined on the algebra, not necessarily o-algebra, generated

by the closed sets such that g is finitely additive, not necessarily countably additive). Below
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we mention a result which for case E finite is due to Ruelle [35] and for £ infinite is due to

Mauldin-Urbanski [25, p. 50].

THEOREM 2.18. If f : EY — R is real-valued summable and Hélder-type continuous func-
tion, then the adjoint operator L} admits an eigenmeasure m with eigenvalue exp(P(f)).

This P(f) is introduced below in definition 2.20.

2.6. Pressure and Equilibrium Measure

DEFINITION 2.19. A Gibbs state for a real-valued function f on EY is a probability measure

m on EY for which there is > 1 and P € R such that:

m([w])

exp (Snf(wp) — Pn)

It is clear that a Gibbs state has full support, i.e.

Q' < <@, Ywe EY, Ywpadmissible.

supp(m) = .

Another important fact is that once we get an eigenmeasure from theorem 2.18 it follows
that it is actually a Gibbs state for f [25, p. 28]. Using this Gibbs state an invariant ergodic
Gibbs state p for f can be constructed as well [25, p. 14]. Furthermore, it is clear that if f is
Holder-type so is any constant multiple of f. However, the summable property of f doesn’t

necessarily carry on to any constant multiple of f. We set
I':'={z € R:zf summable}.

Clearly, if E is finite then I' = R and if E is infinite then definition 2.15 tells us x; € T’
implies x5 € I' for any x5 > xy, i.e. ' is half line. Therefore using the above explanation we

obtain Gibbs state for zf (z € I') as well:

(2) Q' < o0 (xsn?(fig;])_ Bl < Q., Ywe L), Vwpadmissible.

DEFINITION 2.20. The topological pressure of a real-valued function f on EY is defined by

P(f) = lim lhrl( Z exp(sup S, f)).

n—oo N, weEg [w]
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This limit exists by the Fekete’s lemma 2.12.

DEFINITION 2.21. An invariant ergodic measure p is called equilibrium state for a real-valued

function f on EY if it is a Gibbs state for f and it established the following equation:

P(f) = hy(0) + / fdu,

where h,, is Kolmogorov entropy of the shift map o. Note that in general under much weaker

assumption for f we have the following equation known as variational principle:

P(f) = sup{h, (o) + / fdul,

where the supremum is taken over invariant ergodic measures p. Furthermore, we set

Xp = —/fdu,

and call it Lyapunov exponent.

One can see that P in definition 2.19 is actually the same as the topological pressure
of f [25, p. 13]. This means
P(x)=P(zf), €T,

We can actually show this function is strictly decreasing on I' assuming some weak condition.
This is well-known fact for function systems, but here we don’t assume f is induced by a

function system and so we prove it. First we need the following lemma.

LEMMA 2.22. If i is an invariant ergodic Gibbs measure then

lim sup p(|w]) = 0.

" weEYy
PROOF. Let b, = sup,¢pn p1([w]). Note that this supremum is attained so b, is decreasing,

therefore b,, is convergent to some b. Fix 0 < € < b and for each n define
F, ={weFE} e<pu(w)}

Clearly F), is finite. If we € F,,;; then € < u([we]) < p([w]) which implies w € F),, i.e. each

F, 1 extends some of F,. If this extension process stops at moment m or in other words,
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F,, = 0 then p([w]) < € for all w € E7, i.e. b < b,, < e. Therefore this process cannot stop
and so we get at least one element p = ejezez... € EY such that € < p([e;...e,]) for each n.
This means ¢ < u({p}). We will show p is periodic and periodic orbit of p O, (p) has full
measure which is a contradiction.

Let A := U,>o0 "({p}). Clearly either 07'(A) = A or 07'(A) U {p} = A. In the latter
case u(o ' (A)) + u({p}) = u(A) which yields u({p}) = 0 using invariant property of u.
In the former case p must be periodic with some period m. Since 07!(A) = A, ergoicity

either yields pu({p}) < pu(A) = 0, or otherwise p(A) = 1. Note that for each i > 0 we have

o Hp) € a7t ({a*(p)}) s0
p({a M (p)}) < p (a7 ({o'(p)}) = n{a'(p)}),
and since p = ejé;...e,, we have

p({e}) < nl{o(p)}) < - < p({o™ " (p)}) < n{p})-

Therefore the inequalities in the above line are all equality. For each n > 0 we know o~ "({p})
meets Oy (p) in exactly one point and since p (o "({p})) = u({p}) thus the whole mass of
o "({p}) ison o " ({p}) N O4+(p). Therefore

1= u(A) = 10+ (p)).

PROPOSITION 2.23. If P(xg) < 0 for some xq then P(x) is strictly decreasing on I.

Proor. We start with the following estimate and we use 2 for it:

exp (xo s[u]p Snf — nP(a:o)> < @m([w]).

Next we use the above lemma to find N such that for every n > N and every w € E'}:

exp (a:o sup S, f — nP(:L'O)> < Qu([w]) £ Q sup u([w]) <e .

[w] weEY
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Then for all k > 0 and o’ € E&V:

] []

exp (a:o sup Spnf — kNP(a:o)> < exp (xok sup Sy f — Nk‘P(xo)> < ek,

Consider 1 < 25 in I', we use the above estimate to find

Z exp(xgsup Sprf) = Z exp(xy sup Syx f) exp <(x2 — 1) sup Snkf>

Rt ] B /] ]

To — X1

- kNP(a;O))

= Z exp(xy sup Syx.f) exp <x2; T (;,;0 sup Sprf — /fNP(a:O))> exp <

w'GEfle [w] 0 [w]

< Z exp(xy sup Spx f) exp <—kx2; x1> = exp (—kxz — l‘l) Z exp(zy sup Spx.f)
[w'] / [w’]

/- kN 0 To EN
w'eEy w'eRY

Now if we take log, divide by kN and let k& — oo, we obtain

To — T

P(ZEQ) S —

NQZ'() + P(l’1> < P(ZL‘l)

O

DEFINITION 2.24. A real-valued function f : EY — R is called regular if P(z) = 0 for some

x > 0 and is called strongly regular if it is regular and 0 < P(x) < oo for some = > 0.

REMARK 2.25. It is worth to mention

o If P(z) is strictly decreasing, it can have only one root say . Further, strong

regularity means

inf " < 4.
e The above proposition can be proved under weaker assumption: inf,cr P(z) < 0.
PROPOSITION 2.26. If f is strongly regular, the first derivative of P at § is P'(0) = —Xp,-
PROOF. We refer to proposition 2.6.13 in [25, p. 47]. O
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2.7. Spectral Analysis

We start with considering family of functions {sf} where s is usually a complex
number in the right half plane I'" = I" x R. Then definitions 2.15 and 2.16 are applicable for
such functions, however definitions 2.20 is not applicable as sf is not real anymore unless

for real s. It is clear that when s € I'" then the series

ZSEl]p lexp(sf)| = Zexp(Re(s) sup f)

ecE L€ ecE le]

converges. Thus having a Holder-type summable function, spectral theory of transfer oper-

ator on the right half plane I' makes sense. Note that

e L, := L, is an operator on C**(EY,C) for any s € T'".

e The pressure function P is defined on T'.

Another important property of the transfer operator to be discussed is D-generic
property. This property prohibits the possibility of admitting specific eigenvalue. We adopt

its definition from [33, p. 32]. Before mentioning the definition, we need an equivalency.

PROPOSITION 2.27. The following conditions are equivalent:

(i) exp(P(z) +ia) is an eigenvalue of Lyyiy : Co(EY,C) — Cy(EY,C), for some x € T.
(ii) exp(P(x)+1ia) is an eigenvalue of Loy : CO(EY,C) — C**(EY,C), for allz € T.

PROOF. We refer to Proposition 2 in [32, p. 138] and Proposition 2.3.5 in [33, p. 32]. O

DEFINITION 2.28. We say a potential f is D-generic if either of the above statements (i)
or (ii) from the above proposition fails for all non-zero y and a = 0. In other words,
Liiy: COEY,C) — C*(EY, C) doesn’t admit exp(P(z)) as eigenvalue if y # 0.

Further, we say the potential f is strongly D-generic, if either of the above statements (i)
or (ii) from the above proposition fails for all non-zero y and all real a. In other words,
Lyiiy : CO¥(EY,C) — C%(EY,C) doesn’t admit any eigenvalue of magnitude exp(P(z))

for any y # 0.
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One can obtain an alternative statement for D-generic and strongly D-generic prop-

erties.

PROPOSITION 2.29. A potential f is D-generic iff the additive subgroup generated by the

following set is not cyclic,

{Suif(@) : we B}

per

And it is strongly D-generic iff the additive subgroup generated by the following set is not

cyclic for any real B,
{S|w|f(@) - nﬂ we E;er}'

Next we would like to bring some facts from spectral theory. We mostly refer to [8],
[19], [5] or [1]. Assume B is a Banach space, £ a bounded operator on 8. The spectrum
of bounded operator £, denoted by Sp(L), is defined to be all the complex numbers ¢ such

that the operator (£ — (1) is not bijective. Further the spectral radius of £ is defined to be
r(£) :=sup{|¢| = ¢ € Sp(L)}.
There is an alternative expression of spectral radius known as the Gelfand’s formula:
r(£) = lim L]

Next we mention the essential spectrum definition. We notify that there are several
other definitions of this concept in math community, however the radius of essential spectrum
(defined below) remains the same for all the definitions. We adapt the following definition

from [5, p. 107].
DEFINITION 2.30. The complex number  belongs to the essential spectrum of the operator
L, denoted by Sp. (L), if at least one of the following condition holds:

(i) the operator (£ — ¢I) has a range which is not closed in B.
(i) Uj>oNul(L£ — (1) is infinite dimensional.

(iii) the point ¢ is a limit point of the spectrum of L.
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Furthermore, the essential spectral radius is

ress(‘c) = Sup{|<| : C E Spess(‘c)}'

Nussbaum showed the essential spectral radius as well follows a Gelfand type formula.
Before bringing his formula we need to introduce a semi-norm. Consider, K the ideal of all

bounded compact operators on B, then
= inf
I£]ls = inf |1£+C]),
defines a semi-norm on the space of bounded linear operators on B [27, p. 474].

PROPOSITION 2.31. 7¢s(£) = lim, o0 || £7]| X"
PROOF. We refer to [27, p. 477]. O

Next we briefly talk about perturbation theory of linear operator. Our main sources
are [19], [8] and [1]. It is now clear from definition 2.30 that for every r where re(L) <
r < r(L) we should have only finitely many ¢ € Sp(£) with || > r, each of which are
isolated eigenvalue with finite algebraic multiplicity. Kato calls these finite (’s, finite system
of eigenvalues [19, p. 181] or [1, p. 363]. This concept shows up in [8, p. 572] as spectral
set. According to Schwartz-Dunford, spectral set is any clopen subset of the spectrum. The
purpose is to obtain a perturbation theorem for a holomorphic family of operators L, in
complex variable s. The original idea of perturbation theory of self-adjoint operators over
Hilbert space goes back to Schrodinger. The first major math result in this area was obtained
by Rellich. Later on Sz. Nagy and Kato independently worked on this topic to generalize
Rellich’s result to a general closed operator over Banach space [18]. Many of these results
can be found in [8, VIL.6] or [19, Ch. VII] or [1, Ch. 10]. We first want to define holomorphic
family of operators. Note that there are several definitions for this but all in the context of

bounded operator-valued over a fixed Banach space coincide [1, 10.1], [1, 10.3].

DEFINITION 2.32. Let (X, ||.||) be Banach space, B(X) be the space of all bounded linear

operator on X, GG a region in the complex plane and s — L a function from G into B(X).
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We say L; is holomorphic in G if there exists an operator-valued function s — L such that

Loin — L
| ===~ L]l = 0,

for all s € G and h — 0.

We are ready to express one major result in perturbation theory of holomorphic family

of bounded operators.

THEOREM 2.33. Let Ly be holomorphic family of bounded operators from a region G into
B(X). Let sy € G and &, ...&, be finite system of eigenvalues of Ls,, each of which with
algebraic multiplicity 1. Then there is small enough neighborhood of sy such that L has the

spectral representation
n
L= &(s)Pis+D,,
i=1

where each &;(s) is holomorphic function, P;i(s) is holomorphic operator-valued function and

a projection, D(s) holomorphic operator-valued function and further
&i(s0) = &,
for eachi=1,....n.

In general if multiplicity of an eigenvalue is higher than 1 the eigenvalues may have
algebraic singularities at sg. The idea of the proof is first reducing it to the case where X is
finite dimensional and then one can apply perturbation theory of holomorphic operators in
finite dimension. For a detailed proof, first see theorem 1 in [1, p. 367|, then theorem 1 in
(1, p. 243], [1, p. 129] and [1, p. 131]. Another source of proof for the general form of the

result is theorem 9 in [8, p. 587]. As well theorem 1.8 in [19, p. 370] provides a proof.

By projection in the above theorem we mean operator with property

Pl =P;.

)

Next, we would like to see how the above spectral representation of operators is
related to spectral decomposition of operators. The following proposition is a consequence

of the celebrated spectral mapping theorem [6, p. 209].
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PROPOSITION 2.34. Suppose B(X) is a Banach algebra of operators on the Banach space

X. Let L € B(X). Further, assume the spectrum of L can be written as
Sp(ﬁ) = F1 U FQ,

for disjoint nonempty closed sets Fy, Fy. Then there is a nontrivial idempotent € € B(X)

such that

o if BL = LB, then BE = &EB.
° zfﬁl = L& and ,CQ = E(l — 8), then L = £1 + £2 and LLCQ = ,62,61 =0.
[} Sp(£1) = F1 U {0}, Sp(ﬁz) = FQ U {0}

2.8. Graph Directed Markov System

DEFINITION 2.35. We first consider directed multi-graph (V, E,4,t) and an incidence matrix
A: ExE — {0,1}, where V is the finite set of vertices, E is the countable (finite or infinite)

set of directed edges and i,¢ (initial and tail) are functions
n,t: E—V,

such that

Ap=1 = t(a) =i(b)

In addition, we have a finite family of Euclidean compact metric spaces {X, },cy and count-

able family of contractions {¢.}.cr and k € (0,1) such that
|Pe(t) — @e(s)] < K[t — ],
for all e € F and t,s € X;(). Then
S={¢: Xi(e) = Xi(e)}eEE
is called attracting graph directed Markov system.
We extend the functions ¢,¢ : £ — V' in a natural way to E as follows:
tw) :=t(wn), i(w):=i(w).
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If w e B we define:
G = Dy © ... 0 P, t Xiy(w) — Xi(w)-

Now for any p € EY the sets {¢,, p,.. p. (Xi(pn)) fn>1 form a descending sequence of non-empty

compact sets and therefore My>10,, ... (Xt(p,)) is nOn-empty. Further since
diam(¢p1p2~~~pn (Xt(pn))) < Hndiam(Xt(pn)) < Knmax{diam<Xv)}v€V7

we find that this intersection is actually a singleton and we denote it by 7(p), in this way

we have defined a map

. N
VI EA _) l—"UGVX’lM

where U,ey X, is the disjoint union of the compact spaces {X,},.

DEFINITION 2.36. The set

J =n(E})

is called the limit set of system S.

DEFINITION 2.37. We call a graph directed Markov system conformal if the following con-

ditions are satisfied for some d € N:

(a) For every v € V, X, is compact connected subset of R? and X, = Int(X,).
(b) (Open Set Condition) For all different e, ¢’ € E,

gbe (Int(Xt(e)) N gbe’ (Int(Xt(e’)) = @

(c) (Conformality) For every v € V there is an open connected W, containing X,.
Further for each e € E, ¢, extends to a C' conformal diffeomorphism from Wie)
into Wj() with Lipschitz constant bounded by .

(d) (Bounded Distortion Property) There are two constants L > 1 and o > 0 such that

for every e € £/ and every x,y € Xy

|0 (5)]
|6¢()]

where |¢L(t)| denotes the scaling factor of the derivative of ¢! at t.

_ 1’ < Lfs—t]°,
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From now on we denote the conformal graph directed Markov system simply by

CGDMS. Furthermore, we assign a real-valued function to a CGDMS:

fEY =R, f(p)=logle, (x(op))],

and we call it the potential function.

2.9. Random Dynamics

We are now ready to define random graph directed Markov system. We want to adopt
Roy-Urbariski [34] definition here. We start with directed multi-graph (V, E,4,t), a mapping
A:ExFE —{0,1} and a family of compact metric spaces {X,}, as in the previous section.
Then we employ an invertible ergodic measure preserving map 17" : (A, B,v) — (A, F,v)
on a complete probability space (A, B,v) and family of injective contractions {¢, : Xie) =

Xi(e) }eemea With Lipschitz constant at most € (0,1). For each word w we define

¢>\ - ¢A o ¢T(A) o o ¢T"‘1()\)
Y w1 o o, .

Note that for each (w,\) € (E%,A) the map ¢t — ¢(t) is continuous, the map A — ¢ ()
is measurable for each (w,t) € (E%, Xy.)) and (¢, \) — ¢} (¢) is jointly measurable for each
word w € E%. Then for every A € A, p € EY similar to deterministic graph directed Markov
system {¢) (X))} is a decreasing sequence of non-empty compact sets whose diameters

are bounded by k", so
mn21¢21p2...pn (Xt(PN))

is a singleton and we denote its only element by 7*(p). Therefore for each A\ € A this defines

a limit set

Jr = mNEY).

DEFINITION 2.38. We call a system random CGDMS if the following conditions are satisfied

for some d € N:

a) For every v € V, X, is compact connected subset of R? and X, = Int(X,).
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b) (Open Set Condition) For almost every A and all different e, ¢’ € E,

02 (Int(Xy(e))) N @Y (Int(Xyery)) = 0.

c) (Conformality) For every v € V' there is open connected W, containing X,. Further
for almost every A\ and each e € E, ¢ extends to a C* conformal diffeomorphism
from Wy into W) with Lipschitz constant bounded by k.

d) (Bounded Distortion Property) There are two constants L > 1 and o > 0 such that

for every e € I/ and every s,t € Xy,

' [(62)'(s)]

——1\ < Lis—t]°,

[(@2) ()]
for almost every A, where |(¢}) ()| denotes the scaling factor of the derivative of

(@) at t.

For a random conformal graph directed Markov system we define a random potential

f(EN,A) =R, f(p,\):=log |(¢;‘1)' (WT()‘)(J/)))’ )
We know that essential supremum of a real-valued function f on a measure space
(A, v) is defined by

esssup f :=inf{r: f(A) <r for v-almost all A € A}.
A

DEFINITION 2.39. A random potential f is called summable if

ZeXp (ess sup f (e, )\)) < 00.
eclk A

For a real number z, then x f being summable means
Zesssup [(@)'* < oo.
eclk A

We consider I' the set of all such x and 't = ' x R as before. Then one can see that

for x € ' and almost every A € A, there exists a unique bounded measurable function
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A+ PAz) := P*xf), and a unique random probability measure {m)} such that

(L) my® = e O,

for almost every A € A, see [34, p. 271]. That means P*(x) and m, are uniquely determined

by
m([ew]) = e 7@ M7 TN dmI™ (1),
e [l GO amt )

for almost every \.

REMARK 2.40. We would like to mention a few words about definition of random subshift
of finite type. Bogenschutz defines it the way that each fiber is closed in a compact set [2, p.
420]. Roy-Urbaniski generalized it to a special case of subshift of finite type with infinite
letters [34, p. 420]. Bogenschutz as well uses the infinite letter system Z, but he makes
the system compact (using one-point compactification Z, = Z, U {oo}) so that his bundle
random dynamical system theory (his PhD dissertation) applies and this doesn’t include

Roy-Urbariski random system as special case simply because [[;—, Zy is not a closed subset

of [1520Z+-
2.10. Tauberian Theorems

Before finishing the section, we mention two main Tauberian theorems needed later
on. First Ikehara & Wiener’s theorem [40, p. 127] and then Graham & Vaaler’s theorem
[12, p. 294] which is just a refinement of Ikehara-Wiener theorem. The motivation for
Ikehara-Wiener theorem was to provide a simpler proof of the prime number theorem. We
know that PNT was proved in the late 19" century. However, Ikehara & Wiener used a
theorem of Wiener to obtain the following result in the early 1930s that implies PNT [21, p.
127].

THEOREM 2.41 (Ikehara-Wiener). Let a(T') be monotone increasing function continuous

from right such that

o) = [ e aa()
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converges for Re(s) > 6 > 0. If

has continuous extension to Re(s) =0, then

e Ta(T) —

A
5 as T — oo.

In 1980s, Graham & Vaaler on their journey to study extremal (minorant and majo-
rant) function in Fourier analysis for some special classes of functions, obtained a refinement
of Ikehara-Wiener theorem as a corollary. One may want to know that the early work in con-
struction of extremal functions was done by Beurling and later on by Selberg (unpublished).

For the proof of the following result see [12, p. 294].

THEOREM 2.42 (Graham-Vaaler). Let « be a Borel measure on [0,00) and that the Laplase-

Stieltjes transform

n(s) = / e_STda(T), s = x + 2miy,

exists for Re(s) > 0. Suppose that for some number yo > 0, there is a constant A > 0
such that the analytic function n(s) — A/(s — J) extends to a continuous function on the set

{0+ 2miy : ly| <wo}. Then
Ayy Hexp(dyy ') — 1371 < 1121}1 inf e =7 [0, T
pde e

< limsup e *T [0, T

T—oo

< Ayg Hexp(yg ) — 13 exp(dyy ).

REMARK 2.43. It is worth noting that

e If n(s) — A/(s — §) has continuous extension to the whole line x = § then we may
let 1o — o0, this implies Ikehara-Wiener theorem 2.41.

e Graham & Vaaler or Korevaar 21, p. 30] assumed that A should be positive or
non-negative. But since 7 is real non-negative on the real line, this assumption can
be relaxed, i.e. A can be any complex number. Then one can see it has to be real

non-negative. Furthermore it is clear that for us the measure a (possibly infinite
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measure) is just taken to be the Borel measure generated by the right continuous,
increasing function N,(B,T), see 16 and [9, Thm 1.16]. Moreover, Graham & Vaaler

provide an example to show their bounds are both sharp.

2.11. Examples

EXAMPLE 2.44. Consider the iterated function system where in the multi-graph (V) E, i, t),
V' is Singleton {v}, E is finite ¢ = ¢t are maps from E to the only element of V' and the
mapping A : £ x E — {0, 1} is just constant 1. This is an iterated function system. Then

for the conformal graph directed Markov system we consider X, = [0, 1] and

(be(t) = aet + /867

where a, . are chosen appropriate enough from (0,1) so that we have all conditions for
conformal graph directed Markov system satisfied, see definition 2.37. Then we know from

below the definition 2.37 the potential is

f(p) =1log|(¢,,) (m(op)) | = logay,

and
Snf(p) = Z n. log ae,
ecl

where n, is just number of letter e appearing in the word p;...p,. We can find the pressure:

Q P(r) = Tim ~log 3 [lu]l” = toa(> o).

|w|=n eckE

As well we know the following should hold

(4) My ([ews...wn]) = exp(—P(z)) / |(@e)" (7 (7)) [*dma(T),

[wi...wn]
for e € E, Gibbs state m, and pressure P(x). This actually leaves

x
€

m([ews...wy)) o'

my([wr..wn]) Yoeep 02
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EXAMPLE 2.45. Consider an iterated function system containing conformal maps

¢€(t) - at +B€7 a’ /65 E (0’ ]‘)’

where [3, are appropriate enough for conformal conditions, see Definition 2.37, £ = {0, 1, ..., k—
1}, with some irreducible incidence matrix A. Then we know for this system we should have

the potential
f(w) =log|(¢w,)'(7(ow)| = log a,

and a Gibbs state has the form

() M ([ews..wn]) = exp(—=P(z)) / |(6e)” (7 (7)) ["dma(T),

(w1 ...wn]

for appropriate e € E, Gibbs state m, and pressure P(z). This actually yields
P(z) =log (my([w1...wn]) /ms([ews...wy])) + xlog a.
Note that the first term of the above sum does not depend on ¢ and it is actually equal to
1iTan log #E% /n = logr(A),

where r(A) is the spectral radius of the incidence matrix A (see Proposition 2.4). We can
see this simply by the pressure formula:

1 ER
log #E4 + xloga =logr(A) + zloga.
n

1
6 P(x) =1lim—1 W||F =1
6)  Plo)=lm=log 3 ] =lm

weERY
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CHAPTER 3

COUNTING IN DETERMINISTIC DYNAMICS

In the following section we assume we have a summable strongly regular Holder-type

function (potential) f : EY — R with P(f) = P(1) = 0.
3.1. Spectral Analysis of Transfer Operator

We recall C%(EY, C) is the Banach space of Holder continuous complex-valued func-
tions over EY, and B = B (C’O’a(Eﬁ, C)) is Banach space of all bounded linear operators
over C%*(EY C). For every s € I'" it was stated in the previous section that £, belongs to

%3. One major step is to establish holomorphy of operator L,.

LEMMA 3.1. For every n € N, the operator-valued function s+ L? is holomorphic on T'T.

PROOF. For each w € E% one can consider the (idempotent) function iy, in C%*(EY,C)

where it is defined to be 1 on £ such that w¢ is admissible and 0 otherwise. Then for each s

in the right half plane I't and g € C%*(E", C) we define F,, ,g:
(7) Fusg(p) = 1w (p) exp(s5n.f (wp))g(wp).
We want to show F, ¢ is an operator on C%*(E", C). First note that
[ Fe.s9(p)lloe < exp(Re(s) sup Snf)glle-
To find Holder coefficient of F,, g we let [p A p/| > k > 1:
[ Fuosg(p) = Fusg(p)] < lexp(sSnf(wp))g(wp) — exp(sSnf(wp'))g(wp)|

= | (exp(sSyf(wp)) — exp(sSn f(wp))) g(wp) + exp(sS, f(wp')) (9(wp) — g(wp')) |
< exp(Re(s) sup Suf)-Is|-1Sn f(wp) = S f (wp)|-l|glls
+exp(Re(s) sup Snflg(wp) — glwp')l.
By Lemma 2.11, we get

| Fu,s9(p) — Fusg(p') explak) < | Fusg(p) — Fusg(p')| explalp A p'l)
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< exp(Re(s) sup Snf)1s|-K-[|gllse + exp(Re(s) sup Snf)Valg)
< exp(Re(s) sup Snlglla( + |s|K),
where K depends only on f. Therefore we can write:

”Fw,sgna = wa,sg”oo + Va(fw,sg)

< exp(Re(s) sup Snf)llgllo + exp(Re(s) Sup Snf)llglla(l +[s[K)
< exp(Re(s) sup Snf)lglla(2 + [s|K),

SO

(8) [Feslla < exp(Re(s) sup Suf)(2 + [s]K).

Next we want to show the map s — F,, s is holomorphic on I'". As expected derivative is

F,.:9(p) =i (p). exp(sSn f(wp)).Snf(wp).g(wp),

we first need to show this defines an operator on C%*(EY, C) and then to check it is actually
bounded. Note that |S,, f| is bounded on [w] by some C, see definition 2.19. If we review all

the inequalities above and replace all the g(w...) with S, (¢¥)(w...)g(w...) we get:
175 s9lla = 175 s9lloo + Va (T 49)
< exp(Re(s) sup Snf)-lglloe-C + exp(Re(s) sup Suf)-lglla-(C + |s|KC + K)

< exp(Re(s)sup S, f)||g]l«(2C + |s|KC + K).
[w]

Fix sg in I'", we write:

(]:w,s - ]:w,so - (S - 80)]::),30) g(p)
= i) (p). (exp(sS, f(wp)) — exp(s0Snf(wp))

—(s — 50) exp(s0Sn f (wWp))Suf(wp)).g(wp),

therefore

s Fos€B
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is holomorphic iff

s+ iy (...) exp(sS, f(w...)) € CO¥*(EY,C)

is holomorphic. But

i) (..) exp(sSn f(w...)) = ip(...) exp(sipy(...) S f(w...))

and if)(...)Sn f(w...) € CO*(EY, C), thus since iy, is a constant function of s problem boils
down to holomorphy of the function s — exp(sT) for T € C**(EY, C), and this is clearly
holomorphic.
Thus the map s — F,, s defines a holomorphic B-valued function on the right half plane I'*.
Now because for s € I'", Re(s)f admits Gibbs state, B-valued function
s L= Fu.
weEn

converges and so is holomorphic on I'*. 0

PROPOSITION 3.2. The spectral radius of L, is at most e and r (L) < eP®.

PROOF. For the case E is finite we just refer to [32, p. 140]. Assuming F is infinite, the
former part is a straight-forward consequence of Ionescu Tulcea-Marinescu inequality (also

known as Lasota-Yorke type inequality) shown in [25, p. 32]:

(9) 1£29]la < Qe |glla + Cllglloo),
which leaves
(10) 1£5]la < eENQ +O).
First for every w € E* choose & € [w] arbitrarily. Then for every n > 1 consider the operator
&, on C**(EY, C) defined by:
Eg) = g(@)Ly.

weET
Therefore &, g is constant on each cylinder [w]. Tt is clear that ||€,9]|c < ||g]|co- We want to

show V,(€,9) < V,(g). Remembering definition 2.7 if m > n then clearly V,,,, = 0, in case
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1 <m < nand |p; A pa| > m there should be wy,wqy € E”% such that p; € [wi] and py € [wy],

therefore |, A W] > m and

[€a9(p1) = Eag(pa)]e®™ ™ = [g(@n) — g(@2)[e* ™Y < Vom(9)-
Thus we have:
(11) 1€n9]le < 19 lla-
Next without loss of generality assume F = N and for each N > 1 define
E%(N) ={w € E} : w,w, ...,w, < N}
EG(N+) = E}\ E4(N)
Enng = Z g(@) 1Ly

weETR(N)

Note that n and N are independent. Moreover notice that this time since we have finite sum
the operator &, y on C%*(EY, C) is of finite rank and so compact. We use triangle inequality
to write:

1£5 = LEnlla < N(LS = LIE) + (L5E0 — LIEN) la

(12) <NLUZ = En)lla + 1£5(En = Enn)la

where Z is just the identity operator. Note that 11 implies ||g—&,9|la < 2||g]|a. Furthermore,

for any p € EY if set w = p;...p, then we have |p A @| > n and

19(p) = Eag(p)] e = |g(p) — g(@)[e* ™ < Van(g) < Valg)-
Since p is arbitrarily, we obtain
lg = Engllc < Valg)e®e ™™ < [lgllaee™".

Thus using two recent inequalities and 9 we find

1L = E)glla < O (Qe"2]g]la + Cllgllace™")

(13) < G| gllae ™,
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for some constant C; > 0. Recalling F,, s from the proof of previous lemma, we can write
Fw’,s<6ng - gn,Ng) = Z g(C’D)‘Fw’,S(ﬂ[W]) - Z g(d))fw/,s(ﬂ[w])
|w|=n w€EEL(N)

= g(‘D)Fw’,S(l[w]) = g(‘*},)}—w’,S(ﬂ[w’}) or 0,

weET (N+)

depending on w’ € E%(N+) or not, so
LUEG —Eang) = Y Fus(Eng—Enng) = (@) Fus(T).
w'eky weETR (N+)
Then 8 leaves:

1£7(Eng = Ennglla < Nlglloc D [Fus(Ti)la

wEEY (N+)

<lglloo+[s|K) > exp(wsup Suf).

weEn (N+) ]

Now since A is finitely irreducible, there exists a finite set 2 C E% = U, E" such that for
every e € F and p € EY, there is w € Q with ewp being admissible. Thus there exists finite
set F' C E' such that for every e € E, there is 7 € F with er being admissible. For every
w € E choose 7, € F' with wr,, admissible. Therefore using 2 we can continue
<lglloo@+[sIE)Q* Y exp(@S,f(wr)).
weET (N+)

Moreover if we consider

cn = sup exp(sup f[j]),
j=>N

then the fact that f is summable implies that ¢y — 0. Now for each w € E%(N+) there is

w; > N so
exp(Snf(wty,)) = exp(Si—1f(wry)) + f(wieownTw) + Sn—if(Wit1.--wnTy))

< Q.en.Q = Q%cy.

Therefore for small enough € > 0 we have

L2 (Eng — Eang)lla
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< lglloo(2 + [sIK)Q* Y exp(eSuf(wr)) exp (= €) Sy f(wr)

weET (N+)
< glloo(2+ s K)Q?Q* ey > exp((z — )8 f(wr))
wEET (N+)
< gl (2 + [s[K)Q N > - L2 (1)(7) < |lglloo(2 + s K)Q N #F L7 o
TeF

This together with 10 yields
1£3(En = Ean)lla < 2+ [s|K)Q A FI L, o
< (24 |s| K)Q cy#F(Q + €)™
For large enough N we get
1£2(En = Ean)lla < e PEmDemem,

Thus since P is strictly decreasing, the above inequality combined with 12 and 13 implies

L0 — LPEy o < CrenP@emon 4 enPlz=dgman < ¢ enPle=c)g=an,
Therefore we can estimate the essential spectral radius:

Fess(£) = lim [ £2[" < T sup |27 — £, w[[" < ePE e,
Since € was chosen small enough, this completes the proof. 0

We want to introduce two operators closely related to the transfer operator. The first

operator is Ly. There is s hidden in the definition but we don’t write that. It is defined by:
Loy:=e "L,
and another operator is the weighted operator defined by:

- 1
‘ng = e_P(x) h_£5 (ghm)a

where h, is a fixed point of £, obtained in [25, p. 34] as the (compactly) convergent point

of the sequence {% St e=P@ Li(1)}. In other words h, is actually an eigenfunction of

L, corresponding to the eigenvalue e”’®). Moreover, it is clear that [ hedm, = 1.

LEMMA 3.3. There is ¢ > 0 such that h, > c.
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PROOF. To show this we use theorem 2.3.5 from [25, p. 29]. Let ny — 1 = (M + 1)tx + ry

where 0 < r, < M then

1 ng—1 ' 1 (M'i‘].)tk . 1
LS bw= L1y g Lun
(L s (- 1t
which leaves h, > - O

M+1"

LEMMA 3.4. If g € C**(EY,C) is non-negative then {= > i1 Lig} has a converging subse-

quence with limit [ gdu,, where p, is the equilibrium state of xf.

PROOF. Observe that £,(1) = 1 and so £%(1) = 1 for each j > 1. Then one can start
with [|[£2g|le < |lglle and follow the same proof of theorem 2.4.3 [25, p. 34] to find that
{% Z?:l L7 g} has a converging subsequence with limit g; € C%*(EY, C), where L,g1 = 1.

This leaves gi1h, as a fixed point of Ly. Since g is non-negative so is g; and gih,. Now

theorem 2.4.7 [25, p. 39] tells us that

(%hxm$> oot = %hxm;m d= /glhxdmxa

where m,, is eigenmeasure of £,. Therefore if one defines a measure by p;(A) = %l 4 grhedmy,

we find that

e )= [ ohadm,

1 1
= —/91 oo th, o J_ld(mo a‘l) = —/glhmdmm = 1 (A).
d J4 d /4

That leaves an invariant absolutely continuous measure with respect to m,. Then theorem
10.4.2 [39] implies that p1 must be p,, therefore the Randon-Nikodym derivative of p; with
respect to m is the same as that of p with respect to m a.e. which means g = d a.e. and
since ¢y is continuous so g1 = d = [ g1h,dm, = [ gidp, everywhere. Furthermore, it is not

hard to see that (£,)*(uz) = p see theorem 2.4.4 [25, p. 36]. Since we had
1 5
=Y Llg—=a
n“
7=1
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on a sub-sequence, then

ie. [gdu, = [

] e .
/ gdp, = / ﬁzlﬁigduz — / g1dfts,
]:

gld,u:p

O

PROPOSITION 3.5. The transfer operator L, has at most finitely many eigenvalues of modules

6P(:p

) all of which with multiplicity one.

PROOF. Previous proposition implies there are at most finitely many spectral values of

L, with modulus e”® all are isolated eigenvalues with finite (algebraic) multiplicity, see

definition 2.30. We would like to show first for each eigenvalues ¢ with |£] = €@ the

transfer operator L, acts on X := Pg (CO*(EY, C)) = U, ker(Ly — €)™ diagonally. To

see this we consider the Jordan normal form of L := L on finite dimensional space X, so

there is an invertible transformation P, such that PLP~! is the Jordan normal form of L.

Consider a k x k Jordan block in matrix representation that has 1 above the diagonal. The

n'" power of the block looks like

Then for e = [0 0

e e

(ki1>£nfk+1

S e

gn (kﬁi’)) gnkarB

- gn -

T
0 1} we have

&oeT (G ()& ()&
& (e (k1) €74 (1) €757
fn (kig)gnkarB e = (ki3)§nfk+3

é’ﬂ

40

é”n




Notice that (7)&"~! is the (k — 1) coordinate of this vector. If we equip X with the norm
||| = |z1| + ... + |x¢|, t=dim X,
and if we view e and the the above vector in X, we will have:
(7)ler= < hpzpotel < hpze i < LI < ol

for some constant Cy, where the last inequality holds by proposition 3.2 and because on finite
dimensional space all the norms are equivalent. This is clearly a contradiction. Therefore

there is no non-trivial Jordan block, i.e. L is diagonalizable. This implies
X =ker(L; —§).

It is clear that if g is in ker(£, — &) then g/h, is in ker(L, — e P(®)¢). Therefore to show each
ker(L, — £) is one dimensional, it is enough to show ker(L, — e F(®)¢) is one dimensional.

Let g € ker(L, — e~ P@¢), for each n
g = [e7"@egl = [L3g] < L3lgl.
Therefore if we apply the above lemma to the function |g| we obtain

9| < /Ig|duz-

Continuity of g and the fact that supp(u,) = EY (see explanation below the definition 2.19)
makes this inequality into equality, i.e. every eigenvector has constant modulus. It is not

hard to see that

Lig(p) =
—nP(z)
) 22 RS 0) oo e T o) 90
Moreover since £,(1) = 1 we get:
1=L3(1)(p) =
3 O exp(Sf (wp) L ().

ha (p) he (o™ wp) hy (o™ 2wp)

weEY%
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Note that every term in this sum, say u,, is positive. Eventually we find:

e "W g(p) = Llg(p) = Y uexp(iySnf(wp))g(wp).

weRY

Now note that | >, a;| = >~ |a;| implies all a; are co-linear, this along with the fact that g

has constant modulus we get

g(wp) = e "I exp(—iyS, f(wp))g(p).

This means values of g on the dense set U,a"(p) (see remark below the definition 2.2) is
determined by g(p), so g spans ker(L, — e F®)¢) as long as g has at least one non-zero point.

This shows £ is simple eigenvalue and it finishes the proof. 0

Thus everything is ready to obtain spectral representation of L, corresponding to the
eigenvalues &, &y, ..., &, of modulus e’ (@), We use the above proposition to see that for each
s =x + iy € I'T, L, has only finitely many eigenvalues &;(s), ...&,(s) of modulus e’ each
of which isolated in the spectrum and actually they are all simple eigenvalues. Therefore we

may use theorem 2.33 to obtain the following spectral representation of the transfer operator:
*Cs = 51(8)731,5 + 52(3)732,5 + ...+ gn(S)Pn,s + Dsa

where each P; 5 is projection. Note that in this equation the operators are analytic operators
and eigenvalues are analytic functions. Further, composition of every two different operators

on the right hand side vanishes by proposition 2.34. This yields
(14) LT =&(5)"Prs+ &(5) " Pas + oo+ &n(8) " Prys + DI
Finally proposition 2.34 implies:

Sp(£Ls) U{0} = {&i(s)} U{&(s)} U ... U{&als)} USP(Ds) U {0}
We finish this section with the following lemma.
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LEMMA 3.6. For every sg on the line x = 1, there is a neighborhood U of sy, 0 < 8 < 1 and

constant C' > 0 such that for every positive integer m
1Dl < CB™, s€eU.

Proor. The above spectral decomposition implies the spectral radius of Dy to be strictly
less than that of £,. Furthermore, proposition 3.2 implies 7(L,,) < e’V = 1 so for s, there

is 0 < B < 1 such that r(Dy,) < 8. Thus there is constant € and natural number ¢ such

that
D2 < G < 2
spllax — 1 — 2'
Additionally, using continuity on a small enough ball U at sy we have
s
D2 — D o < &

Combining these two recent inequalities yields || D4||, <  on U. Furthermore, there is
constant Cy such that for each integer r with 0 < r < ¢, we have ||D]|l, < Cy on U. Since

for each positive integer m we can write m = lq + r, we eventually get for some C' > 0:
(15) 1D e < C(BYY)™
on U. U

3.2. Counting and Poincaré series

Given p € EY and B C EY, for every T' > 0 we define several counting functions. (a)

The central counting function for us is
(16) N,(B,T) :=#{w € U;_ | E}} : wp admissible, wp € B, Sy, f(wp) > =T},

It is not so hard to see that this is a step function of 7', continuous from right and increasing.
In order to associate a complex function to this counting function we set N,(B,T) = 0 for
T < 0 and we consider the Laplace-Stieltjes transform of T' — N,(B,T) which we call it

Poincaré series:

n,(B,s) = /000 exp(—sT)dN,(B,T).
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We will talk about its convergence in the next proposition. Below we introduce other counting
functions appropriate for our purposes.

(b) Let H = {7(;) }scr be a countable (finite or infinite) collection of finite words of bounded
length, i.e. there exists a positive integer k such that |r;)| < k for each i € I. Further,

assume the cylinders {[7(;)]}ic; are mutually disjoint. We denote
[H] := Uierr)],

then the corresponding Poincaré series is of the form

no((H), 5) = / " exp(—sT)AN,([H].T).

=3 exp(—sT) (N,([H], T2) — Ny([H], Ti 1))

where 77 < T, < T3 < ... is the increasing sequence of discontinuities of 7" +— N,([H],T).

Eventually this sums up to

(17) no([H],s) = exp(sS, f(wp)) = > L2 (1) (p)-

n=1 wpe[H]

(c) If we require to count only words with certain initial blocks then we should define
N,(H,T) = #{w e Uy | E} : 7 € H, Twp admissible , S|, f(Twp) > —T}.
Then similarly one can see that the corresponding Poincaré series has the form
WH.9) = 3 L5 (W) )
n=1

Therefore

(18) np([H]. s) = 1,(H, ) + > L2(Lim)(p)-

n=1
(d) For any positive integer g we set
N,([H],q,T) = #{w € EY : wp admissible, wp € [H], Sy, f(wp) > =T},
then its Poincaré series would be

np([H]7 q, S) = ‘Cg(ﬂ[H])(p)'
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(e) Further we would like to deal with periodic words as well. For this purpose we define
Nper([H], T) := #{w € U;Z £} : w periodic word, w € [H], S, f(w) > =T},
(f) And
Nper(H,T) := #{w : 7 € H, 7w periodic word, S|, f(Tw) > —T}.
(g) Finally we introduce another counting function for any positive integer ¢:
Nper([H], ¢, T) := #{w : w periodic word of length ¢, @ € [H], S), f(@) > =T}.

(h) If H = E then obviously [H] is the whole space E'. In this case, we drop the notation
EY in N,(EY,T) and we simply write N,(T'), similarly Npe (7).

Next we want to find some relations between these counting functions. Note that
we do not introduce a Poincaré series for the periodic orbits, as it won’t have an ordinary
geometric series expression and therefore Tauberian theorems are not applicable, instead we
use some approximations. Now for every finite word w we pick (exactly) one w € EY such
that ww™ is admissible. From now on in this section, we assume 7 is a fix word of length

k > 0. When k£ = 0 we mean there is no word involved.

LEMMA 3.7. Let q be a positive integer, and vy € E% be any word of length q. Given any w

where Tyw s admissible and it is further a period word, then we have

| o) f (YD) = Spral f (TrwTy(77)7)| < Km0,
where K only depends on f.
PRroOF. It is enough to apply Lemma 2.11:

Sl f (TT@) = Sjru f(rywry(77) ") < Kpd(77w, 7y(77)*)* < Kpe™ ™02,

LEMMA 3.8. Let q be a positive integer, then the following inequalities hold:
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Nper([T]ﬂ Q7T) S NTT+<[T]?q7T + K)a

Z NTW(T'Y)Jr(T% T—- Ke_(k+q)a) < Nper(7,T),

yeEY
776E2+q
(i)
—(k+q)
Nper < § foyr'y T7]7T+Ke ( ) )7
yeEY
T'\/GEZJ”I

(iv) Fori > k+q
NT'y(m)‘*([T’Y]a@T) < Nep([1),4, T + K),

(v) If F is any finite subset of E% and F' = E% \ F, then

Nper([7 Z Nyt ([79], T+ Ke™ (ktq)ar)
yeF
77€E§+q
k+q—1
+ > Newt([7), T +2K) + Z N ([1],i, T + K)
~EF'
776E2+q

where K only depends on f.

PROOF. (i) Let w be a finite word contributing to Npe,.([7], ¢, T), then |w| = ¢. The fact that
w € [7] gives wy = 71 Therefore since w,w; is admissible, so is wrr™. If ¢ > k = |7], since
w € [7] sois wrTt, and if ¢ < k, since @ € [7], we can write T as m copies of w and some
remainders, i.e. T = w™w;...w,. It is clear then the first & letters of w™ tw;...w, is again
7. Thus wrr™ € [7]. It remains to show S, ¥ (wrTt) > =T — K. From our assumption

S (@) > =T, we can apply Lemma 2.11 to see that
S|w|¢(w) < S‘w‘lp(wTT+) + K.

This finishes the proof for part (i).
(ii) Let v be a word of length ¢ with 7y admissible. Let w be a finite word contributing

to N, (77, T — Ke=(*9%) " we want to show yw contributes to N, (7,T). It is clear

y(ry) T
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that, this way of contribution is injective, therefore that proves (ii). Since Tywry(77y)" is
admissible, so is 7yw. Furthermore, we know Sj ¢ (Tywry(r7)*) > =T + Ke~*+tao [f

we use the above lemma we find
—T + Kem 0% < S (rywry(79)7) < St (F7@) + Kem 07,

which shows —T" < S.,%(77W) as needed.
(iii). Let w be a finite word contributing to Ny, ([7],T) of length n. The fact that @ € [7]

gives w; = 1 Therefore since w,w; is admissible, so is wr. Note that

[7] = U'[r],

where the union is over all v with length ¢ such that 7+ is admissible. Since @ € [7], there
should be 7 such that @ € [r7]. Since wr is admissible, so is wry(77y)". Next we want
to show wry(7y)*t € [r7y]. If we separate to two cases where n > k + ¢ and n < k + ¢,
then in exactly similar manner as in part (i) we obtain this. It remains only to show
S (wry(ry)T) > =T — Ke~**9> We have already S|, ¢)(w) > —T, furthermore if we use

lemma 2.11 we see that
S0 (@) = S (wry(r7)7)| < Kd(@, 7y(m7)") < Ke "0,
where the last inequality is due to @ € [ry]. Thus from this inequality, we obtain
T — Ke~ koo < S (wry(m7)7).

This completes part (iii).
(iv) Take w that contributes to N+ ([77],¢,T). Clearly, wrr™ is admissible. Since

lw| > k + ¢ then we have clearly w7t € [77] as well. Further, note that
1S (wry(T7)F) = Spj(wrr™)| < K.

(v) Take w such that it contributes to Ny, ([7],T). If its length is less than k + ¢, then we
use part (i). This contributes to the third sum on the right hand side. If length of w is at
least k + ¢, then (iii) and (iv) tell us w contributes to either of the first two sums on the

right hand side. This finishes the proof of (v) and the lemma. O
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Below we want to prove item (v) from the above lemma without [r]. Let p € EY,
then due to our assumption that shift space is finitely irreducible, there exists a finite set

consisting of finite words
Q= {7‘(1), ceey T(T)}

such that for every finite word w there exists 7(;) € €2 with w7(;)p being admissible. Below we
have a summation over all 7(;)p, while this might not be admissible for all j =1,...,7. Note
that sum is only over those j where 7(;)p is admissible. Note that {2 and r are independent

of p.

LEMMA 3.9. If F is any finite subset of E% and F' = E%\ F, for any p € EY we have

Nper(T) < 37 Ny (], T + Ke™™)

yeEF
r r q—1
+ D Nao(FLTHE)+ ) D Noy(i, T+ K),
j=1 j=1 =1
T(4)PEEL () PEEY

where K only depends on f.

PROOF. The proof is similar to item (v) in the above lemma. Let w be a finite word
contributing to Npe(T'), pick 7(;) € Q such that wr(;)p is admissible. If |w| < ¢, clearly w is
contributing to the third term on the right hand of the inequality. If |w| > ¢ and wy...w, € F,
we want to show w contributes to N+ ([y], T+ Ke™ %) where v = wy...w,. Since w is periodic

wwy is admissible, and so is wyy™. It is clear that wyy™ € [7] as well. Further note that
Sl f(wyy™) = S f@)] < Kd(yy", @) < Ke ™.

Finally, in case |w| > ¢ and wy...w, € F’ we want to show w is contributing to the second

sum on the right hand side. This is similar to our previous case. 0

Moreover, we have the following two estimates for the eigenfunction h and the equi-

librium state .
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LEMMA 3.10. Let w be a word of length n such that wp, wp' are admissible, then we have

<1+ Kie ™
=Ry = T

where K1 only depends on h.

PrOOF. We know from [25, p. 34] that h is Holder continuous, therefore there is a constant

Ky, such that
|h(wp) — h(wp)| < Kod(wp,wp') < Koe™ ™.

Dividing by h(wp) and using lemma 3.3, we obtain

h(wp)
h(wp')

K
_ 1‘ < 0 e na < Klefna’

| = h(wp)

where Ky = KO%. ]
LEMMA 3.11. Let w be a finite word of length n such that wp is admissible, then

(1= Kye")h(wp)m(w]) < p([w]) < (1 + Kie™")h(wp)m([w]),
where K7 1s a constant depending only on h.

PrOOF. We saw in the proof of the lemma 3.4 that u(A) = [, hdm. Therefore we have

[]

(mf h) () < () < <sup h) ().

Now we use the above lemma to see

(1= Kie")h(wp) <infh <suph < (1 + Kie ")h(wp).

[w] [w]

This finishes the proof. U

PROPOSITION 3.12. The functions n,([H],s), n,(H,s) are holomorphic on Re(s) > 1, and

the function n,([H], g, s) is holomorphic on I't.
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PRrROOF. Using the relation 18, if we show 7,([H],s) is holomorphic then 7,(H,s) will be
holomorphic as well. In order to show 7,([H], s) is holomorphic we need |£7(1;n])|sc:
L2 (L)oo < 1£2(1)]oo < ) exp(Re(s) sup S, f).
weET ]

This reminds us of the pressure function. Using the fact that P is strictly decreasing on I’
from proposition 2.23, consider an arbitrary so = xo+iyo with o > 1, for any s with x > xg
there is a negative r such that P(z) < r < 0, therefore there is N such that for n > N:

1

—1In ( Z exp(z sup Snf) <,

" weET [«]

SO

1L (U)o < LD < D exp ws[upS nf) <

weky

This shows n,([H],s) converges uniformly on compact sets, thus 7,([H],s) as a sum of
holomorphic functions is holomorphic on Re(s) > 1.

The above expression of 7,([H], ¢, s) shows it is holomorphic on I't. O

PROPOSITION 3.13. If f : EY{ — R has D-generic property, then each n,([H],s) and n,(H, s)
at each point of the critical line Re(s) = 1 except s = 1 admits analytic continuation and at
s =1 admits a meromorphic extension with a simple pole and residue

h(p)

Xp

Res(n,, 1) = ——m([H]).

If we lift the D-generic property, then there exists y; > 0 such that the above statement
holds on the segment {1 + iy : |y| < y1} with the same residue at the simple pole s = 1.

Furthermore, this y, doesn’t depend on H or p.

PRrROOF. By reviewing equations 27 and 14, it is clear that we can write

o0

Z (L)

k=

Z Pls ]l[H]) + . +§n( ) n8<ﬂ[H})+D (H[H]))

k=1

20



Now we use proposition 2.23 to see |(s)| = @ < 1 if x > 1. Therefore we can continue

the above equation

= &1(5)(1 = &0(8)) T Prs(Lia) + o+ Eals) (1 = &(8)) ™ P (L) + Qu(Tmy),

where Q5 = ;7 D" converges using lemma 3.6. This is a valid relation for the Poincaré
series 1, on x > 1. We fix sy on the line x = 1, it is clear that Q,(1x)) is a holomorphic
function on the neighborhood U of sy obtained in lemma 3.6. Additionally all the projections
P, s and function ;(s) are analytic as discussed just above the equation 14. Therefore the
right hand side of the above equation is analytic on some neighborhood Uy of sg, as long
as &(sg) # 1. As we know for real s = x + 10, one of the eigenvalues of the transfer
operator is e”’®) by theorem 2.18. We let & (s) represent this eigenvalue, it is clear that

P@) and P is strictly

&1(s) is not constant on any neighborhood of s = 1 as [£(s)] = e
decreasing by proposition 2.23. Since &;(s) are isolated, simple eigenvalues and further
analytic functions identity theorem from complex analysis guarantees existence of y; > 0
for which the equations &;(s) = 1 on {1 + 4y : |y| < y1} have solution only if i = 1 and
s = 1. We deduce the right hand side of the equation above defines an analytic function on

a neighborhood of {1+1iy : 0 < |y| < y1}. Note that & (s) is simple eigenvalue, so near s = 1

we expect

(1 —¢&1(s)) ~s—1.
In other words, we find that 7,([H],s) — A/(s — 1) admits analytic extension to the segment
{1+1y:|y| <y}, where

1
A= lifinp([H], s)(s = 1) =& ()P (L) lim 18——&(8)

It is clear that using D-generic property y; can be taken to be oo. Thus, it only remains to
compute A. It is clear that & = & (1) = e = 1. To compute Py ;1 (1) first note that
,Co’Pi,l = &Pi,l for each i, SO

/Pi,l(g)dm = /ﬁopi,l(g)dm _ «Si/Pi,l(g)dm.
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This gives [P;1(g) = 0 for every g € C**(EY,C) and i # 1. Therefore with respect to the

measure m for each k:

/gz/ﬁ’é(g)z/ﬂ,l /527721 Iy +/£ Porly /Dk
:/7’1,1(9)+/D’f(g)

now implementing the inequality obtained in lemma 3.6 would yield

/9: /771,1(9)

This actually determines the action of Py since if Py ;(g) = kyh then k, = [ g, i.e.

Pia(g) = h/gdm.

And lastly

1= 51(3) 1 1— eP(x) /
L I =6
where the equality to the last follows from proposition 2.6.13 in [25, p. 47]. Thus we find

that the residue is h(p)m([H])/xu- O

3.3. Asymptotic Formula for Counting

In this section, we assume f is strongly regular, summable and Holder-type continuous
with P(1) = P(f) = 0. We keep this assumption to the end of proposition 3.18 and after
that we consider general functions with P(6) = P(5f) = 0 for some 6 > 0. We want to find
asymptotic formula for the counting functions presented in the previous section. We can
provide formula for some estimate of lower bound and upper bound of all possible values.

As well in this section by yg we mean

n

Yo = 27T

where y; was obtained in proposition 3.13. As mentioned in that proposition, this yy doesn’t

depend on H in n,([H],T). Further, we set
_ _ -1 _ _ -1 _
c=ypt (explyy) = 1), =y (ep(yg) — 1) explyy ).
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ProrosITION 3.14.

M) 1)) < timing YD) gy gy ML) RO) .
Xu T—oo  exp(T) Too  €xp(T) Xp
and
o M) () < timing YD) gy o NUHLT) o HO) .
X T—oo  exp(T) 7o exp(T) Xp
and for every positive integer q
_ N,(H],q,T) _
Ilggo exp(T) 0

PRrROOF. The first two lines of inequalities follows from proposition 3.13 and applying Graham-
Vaaler theorem 2.42. The last equality follows from proposition 3.12 and applying ITkehara-
Wiener theorem 2.41. O

PROPOSITION 3.15.

1 Ny, T) Nper(1,T) 1
c1—pu([7]) < liminf =222 < limsup 22 < cp—p([7]),
1)@#([ ]) < limin exp(T) = msup— Ty S 2XMM([ )

and

Lo e Mool D) o NP T) L
) < it =y Sy = o, )

PROOF. Let ' represents the sum over all v with length ¢ such that 77 is admissible. Then

using part (ii) of lemma 3.8, lemma 2.13 and proposition 3.14 we can write:

/

Nper T NT T 7T' - K —(k+g)a
lim inf M > lim inf () (7 ¢ )
T—oo  exp(T) T—o0 exp(T)
/ Ney(ep+ (77, T = Ke(Ftom)

> _ okt NG
> exp ( Ke ) llTIILIOI.}f exp (T — Ke—(+a)

/

= exp (_Ke—(k-l—q)a) ch h<77(77)+)m([7_,y])‘

Xu

We use lemma 3.11 at this step and continue:

o Npe(7, T) exp (—Ke~(roa) ~ ~
er\ /> > (k+q)ay—1
hTrglogf—eXp(T) >0 » > (1+ Kye )~ ul[m])

exp (—Ke () 1

= Cl 1 _|_ Klei(k+q)a X_MM([T])
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Since ¢ is arbitrary, by ¢ — oo we obtain

If we show
N, er 7T 1
lim sup el )
Tooo  €exp(T) Xy

we are done with the proof. We use lemma 3.8 part (v) for this and then we apply proposition

3.14 several times.

NT’V(T’Y)JF ([7”)/], T + Kef(kJrq)o‘)

N T ) T .
lim sup w < lim sup )
exp

Tooo  €xp(T) T—o0

yeEF
T’YEE§

k+q—1

; Nore ()6, T+ K)

N. ™|, T + 2K
Tt ([ ]7 ) lim s
exp(T)

eXp(T) T—o0

+ lim sup Z

T—o00 ~EF

T")/Eﬁ

Now the first limsup easily passes through the finite sum and we use proposition 3.14 with
H = 77, for the second limsup note that

Z NTT+<[T’}/]7T+ 2K) - NTT+([7—F/]7T+ 2K)a

yEF'
T’YEE

therefore we apply proposition 3.14 with H = 7F’ and the last limsup is clearly 0 using

again proposition 3.14. Thus we get
N er 7T
lim sup e 7)
T—o0 eXp(T)

Nyyoyt ([T7], T 4 Ke~(htae)

: Ty(Ty —(k+q)
< 2 e =y ey o (KT )
T"/EEX
_ Nowi ([FF'), T + 2K)
+ lim su exp(2K
T_,OOp exp(T + 2K) p(2K)
B h(Ty(Ty)" h(rr™
= exp (Ke~ FT99) Z czwm(h’y]) + ¢ ( )m([TF']) exp(2K).
yeEF X“ 1Y
T’YEE{

Notice that since I’ was arbitrary for e > 0 we choose F' such that

h(tT™)
Xu

s m([TF"]) exp(2K) < e,
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then we obtain

lim sup w < exp (Kef(kﬂ)a) Z cgwm([ry]) +e.

Too0c  exp(T) Ser Xu
T’YEE

Now we apply left hand side of the lemma 3.11:

. Nper([7],T) _ exp (Ke~0) 1

lim sup —- — < co—p([T7]) + e

T—oo eXp(T> 11— Klei(kJrq)a ~EF 1

Tin
Eventually we let ¢ — oo to get
) Noer([7],T) 1 1 1
limsup =22 < co—p([my]) + € = co—u([TF]) + € < co—pu([7]) + €.
T—o0 exp(T) ; 2Xu ([ ]) 2Xu ([ ]) 2Xu ([ D
T’}’EE
Since € was arbitrary we have
N, er 7T 1
timsup 2T T) 0 L),
T—oo  exp(T) Xu
O
PROPOSITION 3.16.
Nper(T
lim sup —~ (T)

S Co—.
T—oo eXp(T) X,u
PRroOOF. This proof is exactly similar to the proof of the previous proposition for limsup and

implementing lemma 3.9. U

PROPOSITION 3.17. For every open set V C EY we have

h N, T N, T h — h
c (p>m(V) < lim inf M < lim sup (V. T) < () V) +y5t (p),
Xy T—oo  exp(T) Tooo  €xp(T) Xy Xy
and
1 L No(VT) . N (T 1 — 1
cr—u(V) < liminf 2222 < limsup —2 22 < o —u(V) +y5 ' —.
1Xu,u( ) = T80 eXp(T) = T_)()op eXp(T) = 1XHM< ) Yo Xu

Proor. We know from proposition 2.1 that V' can be written as union of disjoint cylinders,

so V' = U;[r;]. Therefore using lemma 2.13 and proposition 3.14 with H = 7(; one can

write
lim inf M = liminf M Z lim inf p([T( )] )
T—oo exp(T) T—oo & exp(7T) — T—00 exp(T)
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Xu

> Z Cl%m([m)]) = Clh<p)m(v)~

For the limsup we use lemma 2.14 and the above inequality for the open set V* to find

1 ——m(V") + limsup —2——~
AR ey
U NVETY N,(V,T)

<1 2 24 BTASE A

= exp(T) * lqrfl_?;p exp(T)

N,(V',T)+ N,(V,T N, (T h

< lim sup oV T) + N (V, )SlimsupLSCQ (p)7
T—o0 eXP(T) T—o0 eXp<T) X/J,

where the last inequality holds if we apply proposition 3.14 for H = E (all the alphabets).
This yields

NV, T) < hp) Mm(VC) = clwm(V) + yO_IM.

lim sup < ¢ —C
T—o00 eXp(T) Xu Xu Xu Xu

For counting periodic words, the idea is similar. Again we implement lemma 2.13 and this

time proposition 3.15 to obtain:

Ner ;T . . Ner ) 7T . . er 7 7T
lim inf —2 V. 7) lim inf P ([T( )] ) > lim inf —2 ([T( )] )
T=oo  exp(T) T—00 exp(T) — Tooo  exp(T)
1 1
> a—p([re)) = a—u(V).
. Xu I

Applying lemma 2.14 and the above inequality for the open set V° gives us:

1 e . N(V,T)
c1—u(V) + limsup /2=~ 12
V) A S = T

N (V5 T) 1 Npe(V, T
< lim inf L) + lim sup M
T—oo  exp(T) Teo  exp(T)

< limsup Noer(V, T) + Nper (VT < lim sup Nper(T) < CQL,
T—o0 eXp(T) T—o0 eXp(T) Xu

where the last inequality is due to the above proposition. This eventually gives

) Nper(V, T') 1 J E— J R— 1
limsup 22 < cp— —1—u(V ) =c—u(V) +yg ' —.
T—o0 exp(T) 2Xu IX;L ( ) IXM ( ) 0 X
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PROPOSITION 3.18. For every Borel set B C Ei’ we have

h N,(B,T N,(B,T h — h
1 (p)m(Bo) < hminfM < lim sup o(B,T) < () (B) + y()*l@’
Xu T—oo exp(T) Tooo  exp(T) Xy X
and
1 N,..(B,T) . N,oo(B, T 1 — 1
cg—u(B?%) < liminfL) < lim sup L) <c—u(B) +yyt—.
Xu Tooo exp(T) T exp(T) Xu X

ProoF. We only prove the first line of inequalities. The other one is proved in a similar

manner. We apply the above proposition to open set B°:

N,(B°,T N, (B, T
h(p)m(Bo) < lim inf NolB°,T) < lim inf M.
Xu T—oo  exp(T) T—oo exp(T)

8]

For limsup we use lemma 2.14 and this inequality for B':

h — N,(B,T
¢l <'0)m(B ) + lim sup No(B,T)
X 7o exp(T)
- UN(BLT) N,(B.T) _ . N(T) _  h(p)
< liminf —2——2~ 4 limsup —2——~ < lim sup —2 <c ,
=N Tep(T) T o exp(T) 1o exp(T) P X,

where the last inequality holds if we apply proposition 3.14 for H = E (all the alphabets).

Thus
N,(B,T N,(B,T h h —e h — h
tmsup 2B D) gy B M) ) gy 1Oy i BU),
T—o00 eXp(T) T—00 eXp(T) Xp Xp Xu X
This finishes the proof. 0

Note that so far we focused on the systems with P(1) = 0. We want to show that
this is not restrictive and we can otherwise get corresponding counting formula as well. For
a general Holder-type function f : EY — R we remember that z € T iff 2f is summable.
Assuming strong regularity we know there exists 6 > 0 such that P(5) = 0 and infT" < 4.
Now if we consider a new function g = ¢ f, first it is clear that g as well is strongly regular.
Secondly, since P(zg) = P(20f) we have P,(1) = 0. Therefore all the results obtained above
is applicable for g. Additionally, note that S,g(p) = 05, f(p), so we find that

(19) N9(ST) = N(T).
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Moreover, it is clear

[,19 - £5f.

Therefore if Lsths = hs then Li,hs = hs, similarly if ﬁzfm(; = ms then D{gmg = mg.

Additionally, if L, avoids exp (P(6f)) = 1 as eigenvalue on

{0 +1y:0 <yl <wmolf)},

then Ly, does so on

{1+z’y:0<|y|<%}.

This implies yo(g) = yOT(f) and so
1

alg) = ()™ (e -1)

It is now enough to use proposition 3.18 for g with m = ms, u = us and h = hs to estimate:

M 0 im in —NS(B’T) imsu —Ng(B’T) c M B % _1M
a(9)= Pm(B7) < iind =SS < limsup =2 < e (g) = Pon(B) £ ()72

Furthermore, note that

Xu:—/gd,ua:—fs/fdMZCSXm-

Now we replace T" with 67" and use 19 to obtain the following estimate for f:

N,(B,T)

1 hs(p) ms(B°) < liminf —2——~

o ' (exp(oyg ) = 1)~

Xus T—oo  exp(0T)
: No(B,T) _ _ - —1hs(p) = _1hs(p)
<limsup —222 <yt (exp(dyg ) — 1) ——Hmgs(B) +yp ! )
T eXp(éT) Yo ( ( Yo ) ) X,u(; 5( ) yO X;Lg

Similarly we can obtain a formula for Nye, (B, T') which we omit its proof. We set

_ _ -1
(20) cs =1y, " (exp(dyy ') — 1)
and capture all the aforementioned arguments in the following theorem.
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THEOREM 3.19. If f: EY — R is strongly reqular Holder-type function with P(6f) = 0, for

every Borel set B C EY and p € EY we have

hs(p) L N,(BT) N,(B,T) hs(p) =, —1hs(p)
c ms(B°) < liminf —2—""2 < limsup 2~~~ < ¢ B) 4y, ! ,
5 o 5(B°) < Tooe exp(0T) — THOOP exp(6T) = ) Xon 5(B) + Yo Xna
and
1 .. Nper(B,T) . Nper(B,T) 1 — 4 1
1 pu(B°) < liminf ~2—22 < limsup —~ "~ < cs—u(B) + yg ' —.
0 Xpis (B°) T—oo  exp(d7) Tooo  €xp(6T) 5Xu5 (B) 0 Xpus

REMARK 3.20. It is important to note that

e For N, the eigenmeasure m and for NNV, the equilibrium measure p appears in the

formula.

e The bounds are sharp as shown in example 3.25 below.

Ne(BT) .on be a full closed interval, i.e.
exp(dT)

e The limit points of the ratio

{A:A:hmw

A P OT,) T, — oo as n—>oo} = [¢, C],

for some ¢,C' > 0. (see example 3.25)

COROLLARY 3.21. If f : EY — R is strongly regular Holder-type function with P(5f) = 0,

for every Borel set B C EY with boundary of measure 0 and p € EY we have

N, (B, T N, (B, T
XH T—o0 eXp(5T) T—00 exp(5T) XM XM
and
1 Ny (B, T ) Noer(B, T 1 1
cs—p(B) < liminfy < llmsupM < cs—pu(B) +yyt—.
Xy T—oo  exp(dT) Tooo  €xp(07) Xy Xy

PROOF. We just need to apply the above theorem and noting that m(0B) = 0 implies
m(B) = m(B) = m(B°). O

COROLLARY 3.22 (Pollicott-Urbariski). Let S = {¢etecr be a strongly regular conformal

graph directed Markov system with D-generic property. Let § be the Hausdorff dimension of
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the limit set of S, then for every Borel set B C EY with boundary of measure 0 and p € EY

we have

lim NP<B7T) o h&(p)

— B
oG~ oy, )

and
Nper (B, T) 1
= B).
Tt exp(07) (5)(“5“6( )

Proor. It follows from the previous corollary. Note that when § is D-generic then we are

allowed to let 19 — oo and this gives c¢5 — % from 20. 0

3.4. Asymptotic Formula for Length

Before bringing some examples we would like to talk about counting with specified
length. As indicated in the beginning of the previous section item (d) we had N,([H],q,T)
which is counting number of words w satisfying S|, f(wp) > —T of length q. We addressed
in proposition 3.14 that growth of this relative to exp(d7T) tends to 0. Therefore if we would
like to obtain fairly interesting growth we have to focus on some counting where ¢ as well

grows as 1" grows. We know N,(T') ~ C'exp(dT") but if we write

N,(T) = ZNp(Z}T),

first we should note that this sum is terminating at some point. More precisely, for p if we

set
m(T) = sup{Ju] : S f(W'p) = T, W/ € By, || < lwl}, by o= inf Sy(wp)
UJEE; wE ;L
M(T) := sup {|w| : S f(wp) > =T1, dy, = sup Sy(wp),
weE} weEY

then N,(i,T) = 0 for i > M(T), therefore

M(T)

J(T) = 3" N, ).

=1

The question we ask is which term of the above sum on the right hand side might have growth
comparable to the left hand side, i.e. for which ¢(T") the growth of N,(T")/N,(i(T),T) is not
too fast?! With the tools we have, we couldn’t answer this question, however we have some

words on that. First we prove the following.
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PROPOSITION 3.23. Both of the following limits exist:

T
i PO o MO
T—o0 T—o0

PROOF. First we prove the latter one. We set M := M (T), let w be a finite word making

the supremum possible in the definition of M(T) , then for any 7 € E}M*! we find

dy > Suf(wp) > =T > Syra(7p),

dy 2 =T > dyrg,

dM>—T> dM+1 M+1
M~ M ~ M+1 M

Therefore it is enough to show that d,,/n is convergent. To do so, we note that for arbitrary

T, v with |7| = m, |y| = n where 7yp is admissible, we can find w € Q such that Twp is as

well admissible by finitely irreducible definition 2.2. By lemma 2.11 we find:

0Smanf(Typ) = 0Sm f(Tvp) + 6Suf(vp) < 0Smf(Twp) + 650 f(vp) + Ksg
= 0Smtw| f(TwWp) = 08w f(wp) + S, f(vp) + Ksg
= 0511 f (Twp) + 65 f (o (rwp)) — 851 f (wp) + 8Snf(vp) + Ky
Now by 2 we know 5|, f < log Qs and since 2 is finite, there is C' > 0 such that
Smnf (T19) < S f (@ (rwp)) + Suf (v9) + C < dip + dy + C.

Thus we have d,, 1, < d,, + d,, + C and we can use Fekete’s lemma 2.12 with a,, = d, + C
to get convergence of d,,/n.

For the other one, note that if E' is infinite then using 2 there are infinitely many n for which
b, = —o0, therefore m(T") = sup () which we set it —oco and so m(T")/T = —oo for all T' > 0.
Let E be finite, for arbitrary 7, v with |7| = m, |y| = n where 7p and ~yp are admissible

there is w € ) such that 7w~p is admissible as well. Therefore by lemma 2.11 we find:
0Smf(Tp) + 0Suf(vp) = 0Smf(Twyp) — Ksp + 05 f(vp)

= 0S| f(Twyp) — 0S| f(wyp) — Ksp + 0Snf(vp)

= 0Smtiwtnt (TWYP) = 68 fwrp) — Ksg
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= 68 f (Twyp) + 8Smsnf (0 (rwyp)) — 611 f(wyp) — Ksy.

Now for large m it is clear that by lemma 2.11 we have §.S|,,| f(Twyp) > 6, f(Tp) — Ksy, s0

again we use 2 and the fact that £ and €2 are finite to obtain C' > 0 such that:

5Smf(7-p) + 5Snf(7p> > 5Sm+nf<0-‘w‘(7-w’7p)) -C.

This gives b,, + b, > by, — C, and once again we use Fekete’s lemma to find that b, /n is
convergent. Note that similar to above we can set m := m(T) and let w be a finite word

making the supremum possible in the definition of m(T"), so:

b_m>—T> b1 m+1‘
m -~ m ~ m+1l m

This finishes the proof. O

Note that m(T") is the cutoff integer where before that the counting problem is just
counting ZZ(IT ) #FE', while after that not all words with generic length are included in
N,(T'). We continue this omitting process till we reach to M(T") where no finite word of
length bigger is counted anymore. Furthermore, it is obvious that » < s. We know equality
and strict inequality are both possible, examples 3.25, 3.27 correspondingly. Our guess is

the following
NI

where O is just the big O notation and m(7") <i(T) < M(T). As stated, we couldn’t show
this by the tools we have. Note that this last assumption cannot be relaxed, for taking
i(T) = M(T) + 1 in example 3.25 gives

N

14+ N,(T),T) P

T Xus .

(T') = O (exp(0T)) ,

In example 3.25 we have only one choice i(T") = m(T") = M(T) and then N,(T')/N,(i(T'),T) =
1. However, computations get much harder for example 3.27. Our computations using an
asymptotic formula for partial sum of binomials [11, p. 492] suggest N,(T")/N,(i(T),T) =

O(T). In case, such a relation holds in general, it tells us that the main contributor to N,(T")
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is asymptotically N,(¢(T"),T). This is important because in some cases one needs to deal

with words of specified length rather than any length when working with N,(7T').
3.5. Examples

ExaAMPLE 3.24. Recalling Example 2.45 from previous chapter. We should note that this
system is not D-generic. Therefore we can use theorem 3.19. We know that for this system
the transfer operator L for real s = x due to Ruelle’s theorem, see [32, p. 136], has only
one eigenvalue of modulus e”’®) and this eigenvalue is e”’®), and since eigenvalue is analytic

function then for any complex s, then eigenvalue is of the form

log r(A)+slog o
€ )

which is 1 when
logr(A) 2mik
S =
—loga  —loga’

ke Z.

Therefore § = logr(A)/ —log o and 1, — 1/(s — §) has continuous extension on the segment

{s e C:s=0+2miy, |yl < —1/loga}

of the critical line. Then theorem 3.19 for yo = —1/loga, § = logr(A)/ — loga and
Xus = — [ logadus = —log « gives us the following estimate:

h N(T N(T h A
(21) V) fimint Y iy up YL Alo)r(d)

r(A) —1 T exp(0T) v exp(dT) — r(A) -1’
ExAMPLE 3.25. Recalling previous example if we consider the full shift for n = 2, i.e. the

case A=1, and a = % with maps

bo(t) = 31, nlt) = 5+ -

The limit set of this system is the Cantor set on unit interval. Therefore

£(p) = log |8, (w(op))| = log x.

3
£.1(p) = exp(s£(0p)) + exp(sf(19) = 2(3.)
h=1
r(A) =2



yo = (log3)™*
9 =log2/log3

Thus

(22) 1 < liminf N(T) < lims <
= exp(d7) — 1mTup exp(6T) —

This actually can be seen directly by computing N(T") = 9ligaltl _ 2, 80

N(T) :2(2L$J*$ . 1

23 1—€e<
(23) “= p(oT) o

) <2

for any € > 0 and T' large enough, as we got in 22.

REMARK 3.26. The above example establishes the fact that the lower bound and upper

bound in theorem 3.19 are both sharp.

ExaMPLE 3.27. Recalling example 2.44, consider the deterministic system with conformal
maps of the unit interval

1 1 1 1

on the full shift space £~ = {0,1}*°. Clearly, we have
f(p) =log|¢y, (op)l;

1 1
Spf(wp) = nglog 3 + ny log 3
where ng = ng(w) = S, 1 (wp) and ny = ny(w) = S, 1pj(wp). Basically ng is the number of

0s and n; is the number of 1s in w € E™. The pressure is calculated to be

P(x) =1lim ~log Y [|¢L|* = lim ~log Y (53
1 1 1 1 1
=lim —log(— + —)" = log(— + —
o losl(Ge T 5p)" = loslgz + 55)

And a Gibbs state by 4 can be found first on [w;], then on [wiws] and so on:

—, we B

skl
N—

1
21+
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Note that, it defines a system with D-generic property. One way to see that the system is
D-generic is by Proposition 2.29. Note that E*_. is the set of periodic words of any length

per

which is exactly £*, since we work with the full shift. Therefore if the set
_ . 1 1
{S|w|f<CU) Twe Epcr} = {n() 10g§ +n 1Og§ Mo t+ng=nc N},

generates a cyclic additive group with a generator 3, then there exist integers k, k&’ such that
kB =log1/2 and k'8 = log 1/3. This yields k/k’ = log2/log 3 is rational. The other way to
see that our system has D-generic property, is directly solving the following equation for the

eigenvalue of maximal modulus of transfer operator:

1 1
1 — = — _ — 6
§(s) =5 + 50 @
1+1 B _1+1_|1|+’1‘
29 3 20 30 T2st 0 I3sT
so by properties of the triangle inequality there exists b > 0 such that

1 1 33 3° 2k
—=b— = b= — exp(iylog3 —iylog2) = b= n

95~ 3s 95 — 2 27 Y T 1og(3/2)

But,
1 1 1 1

1 1
1= > + 5= b§ + = b§ exp(—iylog3) + 3 exp(—iylog 3)
2km

1 | 1 | |
= —exp(—iylog3) + 3 exp(—iylog3) = exp(—iylog3) = y = g3

=5
i.e. y can only be 0. Now we are ready to apply corollary 3.22 to find

N,(T) 1

— , T — oo.
exp(d7) X s
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CHAPTER 4

COUNTING IN RANDOM DYNAMICS

4.1. Counting and Poincaré series

Theorems 3.21 and 3.22 in the previous chapter addressed asymptotic counting prob-
lem in deterministic systems. Later, M. Urbanski wondered about an analogous result for
random systems. This chapter is supposed to answer his question in some special cases. We
only consider some special class of random CGDMS, with most attention toward random
CIFS. The notion of random system is what we adopt from Roy and Urbanski, see section 2.9
or [34]. For this purpose we need to specify our complete probability space with an ergodic
invertible measure preserving transformation. We consider a countable (finite or infinite) set

of complex numbers z within unit disk that are bounded away from 0:
ZC{zeC:0<e<|z| <1},

and then we set:
A= ZZ,

h coordinate of

From now on we represent an element of A by A and of course J\; is 7!
A and ¢ € Z. For the o0—Algebra B of measurable sets we just consider the Borel sets, for
the ergodic invertible measure v we consider a Bernoulli probability measure and for 7" the

we consider the shift map on A. Therefore (A, B,v,T) is just two sided full shift space with

an ergodic measure. Then we will have

o A={\= A (neAod oAt : N € Z, i€ 7}
o [N, =21, N, =20, N, = 2] ={NEAN T N, =21, N, = 20,00, N, = 2k}
« SoorPo=2) =1

o T(A (i AaA 1 A0A Agee A1) = A2y A1 AoAL A2 Age. Ao

e /(T (B))=v(B), BeB.

ik

With this measurable system (A, B,v,T), we can introduce a random system for any de-

terministic CGDMS. This process can be defined in different ways. We explain one, which
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will be our main focus in this chapter. If {¢.}.cr is a countable (finite or infinite) family of

conformal contractions, then we define

(b;\ = >\O¢e-

Note that we have to be careful with our definition so that we make sure it satisfy
definition 2.38. For instant, we need to know that Ay, chosen non-real, only makes sense
when ¢, is a complex-valued function, or this A\g should be appropriate enough so that we
make sure the image of ¢? is still Xie)- We provide some examples to address these issues. As
well note that this random CGDMS is summable (in the sense of definition 2.39) exactly for
those x that the deterministic system is summable (in the sense of definition 2.15). Therefore
without change we use the same notation I' for all these z and I'" for the right half-plane,
see above the definition 2.20. Next, we want to compute pressure and transfer operator
associated to this random CGDMS above. Referring to below the definition 2.38, we can

obtain our random potential function

Flp,2) =log|(),) (7" (0p))| =1og |(¢,,)' (w(ap)) Aol = f(p) +log |,

where f(p) is just the potential obtained from the deterministic system {¢.}ecr, see below

the definition 2.37. Therefore we get
Suf(p, ) = f(p, A) + f(op, TA) + ...+ f(o" 7 p, T"A)

= f(p) +log|Xo| + flop) +1og | M| + f(o?p) +1og | Ao + ... + (6" p) 4+ log [An_1]

(24) = Suf(p) +1og|AoAr.. An_1].
Also from the remark below definition 2.39 we obtain
PMz) = P(x) + log Aol.

for almost all A\. Therefore for the expected pressure we will have

(25) EP(x) = /}\P)‘(x)dy = P(x) + (Z v([Ao = 2]) log ]z\) x

zEZ
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Note that if there is at least one z € Z with |z| < 1, then the parenthesis above
would be a negative value. Therefore the root of this expected pressure d, is not anymore

the same as the root of the deterministic pressure 0. In fact:
op < 0.

As well it is important to note that, this expected pressure is defined on I', so
op €T

Furthermore the random transfer operator is given by

LN9)(p) = > exp(af(ep, N))glep),

eEE})

for a bounded continuous function g and x € I'. This leaves

(L)"(W)(p) = D exp(aS,flwp, X)) = D exp(@Suf(wp))Aorr Al

WEED weEy
= N1 At ["L2(1)(p).

It is important to note that this above expression is not n'” iteration of the operator
L), simply because of the random variable A that is involved. We want to investigate counting
problem in random dynamics. Let p € EY and T' > 0. Now we are ready to introduce the

appropriate counting function:

A ,_ * .
(26) N}T) :=#{w € E}, : Suf(wp, \) > —T}.
This define a Poincaré series

(27) (s) = /0 " exp(—sT)AN(T).

Alternatively, we can find another expression of 77;‘ in terms of the random transfer operator.

In fact,

m(s) =Y exp(—sT;) (N)(T3) — N)(Tiny))

n=1
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where T} < T, < T3 < ... is the increasing sequence of discontinuities of N(T'). This sums

to

7);‘(5) = Z Z exp(sS, f(wp, N))

n=1weky
=30 ep(sSufwp M) = 3L W) 0) = 30 oAt LE(D) ).
n=1wek} n=1 n=1

Let §* represent the critical line of this series. We focus on those A that the series n;\ is

convergent on x > 6 > inf .
REMARK 4.1. For example if F is finite all A\ satisfy this.

This assumption enables us to obtain another expression of this Poincaré series. In

fact by the spectral decomposition from 14 and noting that 6* € I' we can write

o0

m(s) =D o AeaPLi(1)(p)

k=1

W

IAoAr- ko1 ]® (€5 (8)Prs(1) + €5 (5)Pas(1) + ... + E5(s) Pas(1) + DE(1))

B
Il

1

(28) = (Z yxoxl...xkl\sgf(s)> Pro(1) 4 ... + (Z \)\OAl...)\k1|S§§(s)) Pos(1)

+ 3 oA At [DE(T).

k=1

It is important to note that analogue of the proposition 3.13 from the previous chap-
ter is not anymore easy to construct for random systems as the transfer operator under
consideration here is a random operator and the conventional notion of eigenvalue does not
exist here for us in this chapter. Therefore to find an asymptotic formula for 26 we may
apply Ikehara-Wiener theorem 2.41 or Garaham-Vaaler theorem 2.42 directly, depending on
the behavior of this 77;} along the vertical line z = §*. This requires to understand behavior

of each of parenthesis in 28 above, along z = 6.
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4.2. Asymptotic Formula for D-generic Potential

In this section we assume the potential function of the deterministic system & =

{be}ecr is D-generic, see definition 2.28.

DEFINITION 4.2. Wesay A € A is future periodic, if there exists k¥ € N such that ¥(\A;...) =
AoA1..., and we say it is eventually future periodic, if for some m € N we have a’“()\m/\mﬂ...) =

A A1 oee -

THEOREM 4.3. For each eventually future periodic X\, there exist C; D > 0, such that

NMNT NMNT
C’Sliminf#_' p( )
T—o0 e‘ST

Proor. We let
)\ - ...Am)\m+1)\m+2...Am+k_1)\m>\m+1Am+2...)\m+k_1...,

CLi<S) = |)\m...)\m+k,1|sfi(8)k,

Ci(S) = |)\0...>\m,1’8 (|>\m|s£l<8) -+ |)\m>\m+1|s&;<8)2 + ...+ ’)\m...>\m+k,1‘8£i(8)k> .
Then there exists a holomorphic function b;(s) such that the 7" parenthesis in 28 above, can
be written as:

a;(s)

bi(s) + as(s)ex(s) + as(s)Per(s) + as(5)n () o = Bils) + o) T s

Now since a;(s) is holomorphic function, there should be y; > 0 such that a;(s) omits 1 on
{s=x+iy: —y; <t <y, yF# 0}, unless &(s) = (m)_s, which implies that
i = 1. But in this case &;(s) meets 1 infinitely often which cannot happen as we assumed
D-generic property. This means there is yo > 0 such that for each 4, the function a; omits
lon{s=uax+iy: —yo <t <y t#0}) Therefore the i" parenthesis has continuous
extension at least on this segment and so Graham-Vaaler theorem 2.42 is applicable. This

finishes the proof. O

REMARK 4.4. Note that
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e it is easy to see that 6" is the unique root of

T

P(z) + -

log [ Am--Amik—1] = 0.

e it is clear that for many future periodic A, we have d) # dx. Therefore N)(T')
exp(0T).

If further the potential of the deterministic system S = {@¢}ecr is assumed to be

strongly D-generic (see definition 2.28), we can find an exact formula.

THEOREM 4.5. If the deterministic potential f is strongly D-generic, for each eventually
future period X\, there is a constant C' such that

NMT
lim —p< )

T—o00 eSAT

=C.

PROOF. Along the proof of previous theorem it is enough to notice that a;(s) can meet 1
only if i = 1 and s is real, which means all along the critical line of convergence (except at
the real point) we have continuous extension and therefore Ikehara-Wiener theorem 2.41 is

applicable in this case. 0

4.3. Asymptotic Formula for Random Walk of Bounded Boundary

In this section we assume Z is finite, see the beginning of the this chapter. We
adapt the notion of boundary from the theory of random walk to prove some results for our
counting problem. For each positive integer n, z € Z and A € A we let s, .(\) denote the
number of times that z appears in Ag...\,_1. It is obvious that for each A € A and n € N we
have

Z Snz(A) = n.
2€Z
DEFINITION 4.6. We say A € A is of bounded boundary if there are numbers p, ¢, [, such

that for all n € N:

nl. +p < sp:(AN) <nl. +q.
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Note that in the above definition it is clear that [, cannot be negative. This definition
basically can be perceived as a condition to prevent fluctuation in a random walk. We remind
that f is the potential function for the deterministic system S = {@¢}ecr. We set

c:= le log|z|, d:= Zlog |z|.
2€Z 2€Z
THEOREM 4.7. If g = [ + c inherits strong reqularity from f, for A of bounded boundary,

there exist constants C, D > 0 such that

LN N)T)
C'ShTrri)gf 5T §hjr{1_>sc:p ST < D.

ProOF. By the bounded boundary definition we can find the following inequalities for the

random ergodic sum:
Snf(wp) +nc+q ) log|z| < S, f(wp,A) = Suf(wp) +log |Ag... An—1]
< Suf(wp) +ne+p ) _loglz|
Next we consider a new function defined by
g:=1[+c
and its counting function as N/ (7). Then using the above inequalities we get
N/(T + qd) < N)(T) < N(T + pd).

This yields

N(T + qd) < N,;\(T) < N(T + pd)

O ST+ ad) = =pT) = xp(d (T + )

exp(6*pd).

Now it is enough T — oo and use theorem 3.19. U

REMARK 4.8. First note that when E has finite number of alphabets then ¢ inherits strong
regularity from f, then the first assumption in this theorem is redundant. Furthermore, it

is clear that every eventually periodic A is of bounded boundary. Therefore this theorem

72



implies theorem 4.3. However, it doesn’t imply theorem 4.5. Finally we can find that 6* is

the unique root of

P(z) + cx = 0.

Note that if f is just D-generic then the bounds obtained above may not necessarily be
improved. However, by imposing strongly D-generic property on f we get a better estimate

as
. (T
lim ——2 )
T—o0 exp (M)

exists. For this it is enough for us to notice
Lsg = e Ly

Pxg) = P(xf) + cx,

therefore in case L, admits e” (@)ter a5 eigenvalue, then £, must admit e”’(®) =¥ as eigenvalue,

but this cannot happen as £, does not admit any eigenvalue of modulus e?’®).

4.4. Constructing System With non-Exponential Growth for Counting

Recalling example 2.45 from section 2.11, we can construct random IFS as follows.
We let A = {z,w}? and consider a Bernoulli measure with v([\g = z]) = p, ([ = w]) = ¢,

where 0 < z < w < 1 and p 4+ ¢ = 1. Therefore we can express our deterministic system as
oi(t) =at+a;, i=0,1

and our random system as

or(t) = No(at +ay), i=0,1, \g= 2z, w.
Therefore from section 4.1, we can find the random potential:

F(p, ) =log(6,) (="M (ap))| = log(aho),
the random pressure:

P z) = P(2) + zlog \g = log r(A) + zlog(a)),
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and the expected pressure:
EP(x) = / P z)d\ = logr(A) + zlog o + 2(plog z + qlog w).
A

Note that we consider a fixed Bernoulli measure on EY for our random measure, see below
the definition 2.39. Therefore the root of this expected pressure is

logr(A)
loga + plogz + glogw’

oA =

We mention below the inequality 21 from the example 2.45 again

... N(T) . N(T)
< — <
(29) C< hmTlnf oxp(0T) = hstup xp(0T)

IN

D,
for some C, D > 0 and we remind that § = logr(A)/ — log .

THEOREM 4.9. Given the random system above, for almost all A we have

M@ N
o exp(6pT) P exp(0pT) -

PROOF. Recalling s, ,(A) from section 4.3, for an integer m one can find a sequence n; such

that s, .(A) < pn; +m < $,,41..(A). Therefore we can give the following estimate:
(30) n;loga + (pn; +m)logz + (gn; — m + 1) logw < S, f(wp, A)

< n;loga + (pn; +m — 1)log z + (qn; — m) logw.

Furthermore note that since f(p, A) and so S,(p, \) are constant negative functions in p,

then we find that for 7} := =S, f(wp, A):
N[j\(Ti) =#{we B S flwp,\) 2 =T} = #{w € E) : [w| < ny}
=#{w € E) : |w|loga > n;loga} = #{w € E} : Sy, f(wp) > n;loga}
= N,(—n;log a).

Therefore the inequality 29 above for any small enough €, there exists a large N such that

fori > N:

(31) (C = )r(A)™ < N)XTi) < (D + e)r(A)™.



Additionally, 30 gives:

exp (—0x (n;loga + (pn; + m — 1) log z + (gn; — m)logw))

< exp(OAT}) = exp(—0x S, F(wp, \)

< exp (=0, (n;loga + (pn; +m)log z + (gn; — m + 1) logw)),
which can be rewritten as
_ w _ w
r(A)"™ exp <5A(m log — + log z)) < exp(0pT;) < 1(A)™ exp <5A(m log — — log w)) :
z z
This along with 31 yields:

(C —¢€)exp (—(M(m log% —log w)) < N;;\(Ti)

w
=3 (5 l) S exp ( 5A(m10g > +10g2)> ( 6).

By passing to a subsequence, we find:

NNT;) cD—ez

z
C — oa(Zy\oam < 5 Z\oam.
(C — e)w (w) <lim 5T S (w)
If m — oo:
NMNT
lim inf ﬂ =0,
7 exp(daT)
and if m — —oo:
M)
imsup ——~>— = o0
T P exp(dxT)

O

COROLLARY 4.10. Given the random system above and any C, D,a > 0, the set of all A € A

satisfying
Cexp(aT) < N;‘(T) < Dexp(aT) as T — 0,

has v measure 0.
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4.5. Examples

EXAMPLE 4.11. In section 4.4, if we let for instance

I |
a-3,z-5,w—7.

Then it is not hard to see that we can actually get a stronger result than that of the theorem

{C’: lim LTTL)) = C’} = [0, 00].

4.9:

n—oo exp(dpT,

EXAMPLE 4.12. Recalling example 3.27 from section 3.5,

Po(t) = %t + Bo,

1

P1(t) = gt + B

Note that the potential for this system is D-generic, but it is not strongly D-generic. We let

and we consider A = {z, w}Z. Then the random maps would be

6a(a) = Nolig + o),

B(a) = Nolz + ).

Then the Poincaré series for future periodic A can be simplified as (see proof of the theorem

4.3):
1 1 s 1 1 s\ 1 1 mys s —
m(s) = ((§ + §))\0 + (; + §)2/\0>\1 + ...+ (§ + §) /\0...)\m1> 0(s)™t, x> xg
where
1 1 my\Ss S
9(8) =1- (§ + §) /\O"‘)‘m—lv

and xg is the unique real root of #(s). Using the triangle inequality we can see xg is actually

the only root of 0(s) along = = xg, see example 3.27 for the similar argument. Note

11 Ao A o1\
0(s) =1 )N Ay =1 — O%)S + (%f) ,

Gt
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so by taking derivative

0'(s) = (log \/)\0 - 1 VoA

5 —)* + log

Ao Amt % Ao At <
3 g )

. <( % /AO.Q..)\m_l)S L& /AO.?;.)\m_l)s>

If # has a root of order 2 or higher, then 6" as well vanishes at that root. Looking for such s

we should have

(32) < 3 /AO.Q..Am_l)s A //\O.é.)\m_l)5> ,

Y

’Q/)\O...)\m_l( "\L/)\O...Am_l)s log ”(/AO...Am_l( TQ/AO...Am_l)s _o

2 2 3 3

log

The latter one leaves

(33) (2)S ~log §/ Ao Am-1 —log 2
30 log %/ Ag.- Am_1 — log 3

Let [ represent the right hand side of the above equality. Note that since [ is real, then the

left hand side must be real either. This gives:

Vs

log(2/3)" €

y:

Substituting 33 into 32, yields:

<( kY /)\0.2..)\m_1>5 L /)\0.2..)\m_1)8> ,

Again the right hand of this is real, and so

/Ao A
y = lm(mlog VA Amely -

is rational,

(2)/ log( 22ty

We found two expressions for y. This is possible only if log

which cannot happen. This shows all the roots of 8 are of multiplicity one and so all the poles
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of the Poincaré series are simple. Therefore the Ikehara-Wiener theorem 2.41 is applicable.

There exists C' > 0,
A
Ny (T)
—— = C.
exp(oaT)
It is clear that we can find a similar behavior for eventually future periodic A. Fur-
thermore, as we said the above system is not strongly D-generic, however the counting had

similar result to that of strongly D-generic systems, see theorem 4.5.

ExaMPLE 4.13. If we consider a Schottky group that generates the Apollonian gasket as
our deterministic system, we know that with some modifications of the theorem 3.22 one
can obtain an exponential counting growth formula for the number of circles of radius at
least 1/7 in the packing. However, investigating the counting problem for random Schottky
group is not an easy question. But, it is good to notice that for Z as a subset of the unit
circle, the answer would be exactly the same as that of the deterministic Schottky group due
to the fact that the random ergodic sum is identical to the deterministic ergodic sum, see
4.1. This is actually expected, since each z € Z may change each limit point, but it leaves

the circles of inversions intact. In fact, these random factors play the role of rotations.
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