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Although studies of teacher preparation programs have documented positive changes in 

mathematical knowledge for teaching with preservice teachers in mathematics content courses, 

this study focused on the impact of a mathematics methods course and follow-up student 

teaching assignment.  The presumption was that preservice teachers would show growth in their 

mathematical knowledge during methods since the course was structured around active 

participation in mathematics, research-based pedagogy, and was concurrent with a two-day-per-

week field experience in a local elementary school.  Survey instruments utilized the computer 

adaptive test version of the Mathematical Knowledge for Teaching (MKT) measures from the 

Learning Mathematics for Teaching Project, and the Attitudes and Beliefs (towards mathematics) 

survey from the Mathematical Education of Elementary Teachers Project.  

A piecewise growth model analysis was conducted on data collected from 176 

participants at 5 time-points (methods, 3 time-points; student teaching, 2 time-points) over a 9 

month period.  Although the participants’ demographics were typical of U.S. undergraduate 

preservice teachers, findings suggest that initial low-level of  mathematical knowledge, and a 

deep-rooted belief that there is only one way to solve mathematics problems, limited the impact 

of the methods and student teaching courses.  The results from this study indicate that in (a) 

number sense, there was no significant change during methods (p = .392), but a significant 

decrease during student teaching (p < .001), and in (b) algebraic thinking, there was a significant 

decrease during methods (p < .001), but no significant change during student teaching (p = .653).  

Recommendations include that the minimum teacher preparation program entry requirements for 



mathematical knowledge be raised and that new teachers participate in continued professional 

development emphasizing both mathematical content knowledge and reform-based pedagogy to 

continue to peel away deep-rooted beliefs towards mathematics. 
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THE DEVELOPMENT OF ALGEBRAIC REASONING IN UNDERGRADUATE 
ELEMENTARY PRESERVICE TEACHERS 

Introduction 

Science and mathematics literacy, especially algebra, is viewed as an extension of the 

civil rights movement and a path to equal economic access for economically disadvantaged and 

minority groups (Borko & Whitcomb, 2008; Moses & Cobb, 2001).  Successful completion of 

high school mathematics classes through Algebra II or higher is strongly related to success in 

college and economic independence (National Mathematics Advisory Panel [NMAP], 2008).  

Preparing students for these demands is a focus of today’s education policy and reforms 

(Association for Supervision and Curriculum Development, 2010; National Academy of 

Sciences, 2007; NMAP, 2008).  Algebraic reasoning is an essential component of mathematics 

curriculum at all grade levels (National Council for Teachers of Mathematics, 2000).  As part of 

reform, the development of mathematics literacy begins with the development of algebraic 

reasoning in the early grades.  

Historically, early mathematics focused on computational fluency, downplaying 

generality.  The arithmetic, then algebra, curriculum structure was first developed when a small 

percentage of students progressed to a formal algebra course (Carraher, Schliemann, Brizuela & 

Earnest, 2006).  Currently, the transition from arithmetic to algebra is often difficult for 

adolescent students who are not properly prepared (Kaput, 2008).  Knowledgeable teachers in 

both content and pedagogy are needed to guide students’ learning in both mathematics content, 

and thinking and reasoning skills.  Thus, teachers of mathematics must possess not only 

computational fluency, but the ability to think logically about mathematics, purposefully select 

pedagogical strategies, and incorporate algebraic ideas in the current mathematics curriculum.  

As the demands increase for American students to have requisite 21st century knowledge 
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and skills, there is a corresponding increase in the knowledge and skills demanded of America’s 

teachers (Ball, 1989; Conference Board of the Mathematical Sciences, 2001; Fennema & Franke, 

1992; Hill, Rowan & Ball, 2005; Putnam & Borko, 2000; Stylianides & Ball, 2008).  The 

professional knowledge and cognitive demands of America’s teachers of mathematics have been 

the focus of many educational studies (e.g., Ball, Thames, & Phelps, 2008; Ma, 1999, Stigler & 

Hiebert, 1999).  The ability to teach algebraic reasoning in the early grades is conceptually 

challenging and demands that teachers have a solid understanding of the early algebra concepts 

to be taught and an equally solid command of the pedagogy necessary to teach these concepts 

effectively.  In order to teach algebraic reasoning in the early grades, teachers must have not only 

arithmetic competency, but a conceptual understanding of algebra in order to grasp the semantics 

of early algebra in meaningful ways (Schoenfeld, 2008).  

Understanding and defining the mathematical knowledge needed for teaching is a 

prerequisite for building a teacher preparation program that is intent on helping preservice 

teachers develop this professional knowledge of mathematics (Ball, 1990; Ball & Bass, 2000; 

Ball et al., 2008; Franke, Carpenter, & Battey, 2008; Hill & Ball, 2004; Hill, Schilling & Ball, 

2004; Shulman, 1986).  Studies over the last decade have addressed the need to define and 

characterize the professional knowledge of mathematics needed to foster student achievement 

leading to the development of reliable measures of this professional knowledge (Ball et al, 2008; 

Hill et al., 2005; Stigler & Hiebert, 2009).  The Mathematical Knowledge for Teaching (MKT) 

measures (see Appendix 1) that have been developed based on this framework, provide valuable 

information about the effectiveness of programs designed to help teachers’ development of 

mathematical knowledge for teaching (Hill et al., 2004).  
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The quality of mathematics teaching is highly dependent upon a teachers’ knowledge of 

mathematics.  In the United States, preservice teachers enter a teacher preparation program with 

over 15 years of educational experiences as a student.  As researchers have pointed out, U.S. 

teachers lack sound mathematical understanding and skill (Ball, 2003, Ma, 1999; Schmidt et al., 

2007; Stigler & Hiebert, 2009; Tatto, Lerman, & Novotna, 2010).  The cycle of learning for 

teachers begins in the very system we are trying to improve (Ball, 2003).  Ma (1999) described 

the three periods of mathematics learning as: (a) schooling: elementary and secondary grades, (b) 

teacher preparation program, and (c) teaching in the classroom (see Figure 1).  When Ma 

compared Chinese and U.S. teacher preparation programs, she found that Chinese teachers 

attained mathematical competence before they entered the teacher preparation program.  Thus, 

teacher educators in China were able to focus entirely on learning methods to empower students.  

On the other hand, U.S. teacher educators had to dedicate methods instructional time to 

completing school-level mathematics, due to the lack of mathematical competence exhibited by 

preservice teachers.  Recent results from the Teacher Education and Development Study in 

Mathematics, and the U.S. Department of Education (USDE), lead to concern over the low-level 

entry requirements of teacher preparation programs (Tatto et al., 2012; USDE, 2001).   

 

 

 

 

 
 
 
Figure 1.  The cycle of teacher knowledge development (Ma, 1999, p. 145).  In theory, teachers 
develop subject knowledge during three periods: first, as a student themselves, second, in the 
teacher preparation program, and third, as a teacher in the classroom.   
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Typically, U.S. teachers have a more procedural knowledge of mathematics, resulting 

from a traditional direct teaching approach that emphasizes factual and procedural knowledge 

(Gainsburg, 2012; Ma, 1999; Stigler & Hiebert, 1999).  Prospective teachers draw upon their 

personal experiences in the schooling period related to mathematics and the teaching of 

mathematics.  Learning to teach algebraic reasoning effectively in the early grades will require 

learning as well as unlearning for new teachers.  For example, prospective teachers may believe 

that teaching mathematics involves the teacher showing the students how to solve different kinds 

of problems as modeled in the schooling period.  However, these early educational learning 

experiences often interfere with the efforts of teacher preparation programs, the next period of 

mathematics learning, that incorporate ideas from educational reforms and must be unlearned in 

order to move forward.  U.S. teachers need to have both procedural and conceptual knowledge of 

mathematics, fostered by a constructivist-based, learner-centered approach that emphasizes 

problem-solving and conceptual knowledge of mathematics. 

Teacher behavior in mathematics is influenced by the teacher’s understanding of the 

mathematics content, knowledge of how students learn mathematics, teacher beliefs, and teacher 

attitudes within the social context (Eddy & Wilkerson, 2005; van der Sandt, 2007).  

Achievement and attitudes towards mathematics have a two-way relationship.  Learning is 

heavily influenced by existing knowledge, beliefs, and dispositions, which are difficult to change 

(Borko & Putnam, 1996; Foss & Kleinsasser, 1996; Kajander, 2010; White, Way, Perry, & 

Southwell, 2005/2006).  Prospective teachers bring their own attitudes and beliefs towards 

teaching and mathematics to the education programs.  These deep-rooted attitudes and beliefs 

have grown out of their own personal experiences (positive or otherwise) as they progressed 

through the education system.  Despite the efforts of teacher preparation programs to prepare 
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new teachers who are knowledgeable about the content to be taught and have proficient use of a 

range of pedagogical tools, weaknesses continue to exist in the mathematical performance of 

students in the United States (National Assessment of Educational Progress [NAEP], 2011; 

National Research Council, 2001).  On the 2011 NAEP assessment in mathematics, the 

percentage of 4th grade students and 8th grade students at or above proficient was only 40% and 

35% respectively (NAEP, 2011).    

While other studies have documented positive changes in MKT scores over a 

mathematics content course (e.g., ME.ET, 2009; Welder, 2007), this study followed the same 

group of participants over a mathematics methods course (henceforth called methods) and 

follow-up student teaching assignment (henceforth called student teaching).  The purpose of this 

study was to investigate the impact of a methods and student teaching on the development of 

mathematical knowledge for teaching in algebraic reasoning among undergraduate elementary 

preservice teachers.  The presumption was that preservice teachers would show growth during 

methods, since the course was structured around the active participation in mathematics, 

research-based content pedagogy and was concurrent with a 2-day-per-week field experience in a 

local elementary school.  Furthermore, more growth was expected during student teaching when 

preservice teachers interacted daily with students, mentors, and curriculum in the elementary 

classroom, (Ebby, 2000; Strawhecker, 2005).  Findings from this study will inform the existing 

teacher preparation program and possibly other programs that are similar about the patterns of 

development of mathematical knowledge for teaching in algebraic reasoning and factors that 

influence this development in elementary preservice teachers.  

   In order to investigate the impact of methods and student teaching, data was collected at 

5 time-points over 9 months.  A piecewise growth model was used to analyze the data collected 
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from methods and student teaching.  This type of structural equation model analysis is a 

confirmatory approach that is able to provide evidence for the relation of variables postulated in 

the model given longitudinal data over multiple phases (Byrne, 2012).  The following research 

questions developed to guide this study include  

• Research Question 1 [RQ1] What is the impact of a mathematics methods course followed by 

a student teaching assignment on the development of mathematical knowledge for teaching 

in [RQ1.A] number sense, and [RQ1.B] algebraic thinking, among undergraduate elementary 

preservice teachers? 

• Research Question 2 [RQ2] What are the relationships between changes in mathematical 

knowledge for teaching in algebraic reasoning (number sense and algebraic thinking) and 

[RQ2.A] participant demographics, [RQ2.B] prior knowledge of mathematics, and [RQ2.C] 

attitudes and beliefs towards mathematics?  

Methods 

 This longitudinal study was designed to (a) document changes in mathematical 

knowledge for teaching in number sense (arithmetic) and algebraic thinking, prerequisites to 

formal algebra (Mason, 2008; Schoenfeld, 2008; Welder & Simonsen, 2011), among a single 

group of participating elementary preservice teachers over 9 months; and (b) identify covariates 

related to this change.  Evidence for causality in this non-experimental correlational research 

design was supported by the collection of longitudinal data from the same panel of participants, 

data on exogenous variables at the beginning of the study, and the use of a piecewise growth 

model analysis (Johnson, 2001). 

Participants, N = 176, were recruited from undergraduate elementary preservice teachers 

in their fourth year of a traditional teacher preparation program.  In fall 2011, preservice teachers 
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were required to take four subject-specific methods courses, including a mathematics methods 

course, along with a field experience (2 days/week).  In the following spring 2012 semester, 

participants completed a full-time semester-long student teaching assignment.  The two 

instruments, the MKT measures (Appendix 1) and Attitudes and Beliefs (towards mathematics) 

survey, were both administered at 5 time-points over the 9 month study.  Data were collected on 

each participant’s demographics and prior knowledge of mathematics at the beginning of fall 

2011. 

Instrumentation 

Mathematical knowledge for teaching, both common content knowledge and specialized 

content knowledge, was measured using the computer adaptive test (CAT) version of the 

Mathematical Knowledge for Teaching measures (Hill et al., 2004), available through the 

Teacher Knowledge and Assessment System (TKAS).  The elementary number concepts and 

operations (NCOP) construct, and the elementary patterns, functions and algebra (PFA) 

constructs of the MKT measures were selected to assess algebraic reasoning.  The benefits of the 

CAT version of the measures were the automatic selection of items based on ability levels, and 

the efficient use of testing time.  Scores from the MKT measures were reported in standard 

deviation units (SD).  When alternate forms of the items were first developed, the multiple forms 

were equated using item response theory and scores were standardized around the expected score 

of the average K-8 teacher, M = 0, and SD = 1 (Hill et al., 2004).  A review of previous studies 

that have used the MKT measures with preservice teachers suggests that preservice teachers may 

score as low as -0.25 (SD) since preservice teachers have had less experience with students and 

curriculum (Welder & Simonsen, 2011).  The Attitudes and Beliefs (towards mathematics) 

survey, and demographics and background survey (henceforth known as background survey), 
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were adapted from the Mathematical Education of Elementary Teachers (ME.ET) Project’s 

Student Assessment, Parts 1 & 3 (ME.ET, 2006).  The Attitudes and Beliefs survey is a 21-item 

survey using a 5-point Likert scale.  Attitude and beliefs factors that were identified by the 

ME.ET Project and an interpretation of the factor scores are as follow: 

• Usefulness of mathematics - Participants believe that mathematics is a useful enterprise  

• Multiple ways of doing mathematics - Participants tend to think of mathematics as having a 
single way of solving a problem  

• Nature of mathematics - Participants view mathematics as characterized by rigor and 
precision  

• Processes of doing mathematics - Participants enjoy mathematics and see it as creative 

The background survey collected information on participants’ demographics and prior 

knowledge of mathematics.   

Analysis and Results 

An analysis of participants’ MKT scores from the 5 time-points was completed using a 

piecewise growth model analysis (Appendix 2) using Mplus statistical software (Muthén & 

Muthén, 1998-2010).  This type of structural equation modeling analysis is a confirmatory 

approach that lends itself well to the analysis of data for inferential purposes (Byrne, 2012; 

Johnson, 2001).  The presence of missing data due to absences was addressed with this software.  

Mplus employs maximum likelihood estimation under MCAR (missing completely at random) 

or MAR (missing at random), as opposed to list-wise deletion (Muthén & Muthén, 1998-2010) to 

obtain a solution.  The output provided a model of best-fit including an estimate of the mean 

initial MKT scores (i) and rates of change for methods (s1) and student teaching (s2).  The 

analysis allowed for an interpretation of statistical significance in the rates of change and the 
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inference of contributing factors: participant demographics, prior knowledge of mathematics, and 

attitudes and beliefs towards mathematics, important in the study and recommendations. 

[RQ1.A]   To examine the changes in number sense over time, a piecewise growth model 

analysis of the MKT scores in number sense (NCOP) were analyzed as two distinct pieces: 

methods (Time-points 1, 2, & 3), and student teaching (Time-points 4 & 5).  The fit indices 

confirmed the optimal fit with the data, χ2  (6, N = 176) = 8.88, p = 0.181, RMSEA = 0.05, 90% 

C.I. [0.00, 0.12], p = 0.411, (Byrne, 2012; Hu & Bentler, 1999).  A rate of change (slope) was 

estimated for the first 3 time-points, during methods (s1), and for Time-points 4 and 5, during 

student teaching (s2).  The results for the intercept, i, and slopes for methods, s1, and student 

teaching, s2, are reported in Table 1. 

The results suggested that there was a statistically significant difference between initial 

MKT scores in number sense (i = -0.55) among study participants.  Although there were no 

statistically significant changes during methods (s1), there was a statistically significant decrease 

during student teaching (s2) (see Table 1).  The results of the analysis are shown in Figure 2. 

 [RQ1.B]   To examine the changes in algebraic thinking over time, a piecewise growth 

model analysis of the MKT scores in algebraic thinking (PFA) were analyzed as two distinct 

pieces: methods (Time-points 1, 2, & 3), and student teaching experience (Time-points 4 & 5).  

The fit indices confirmed the best fit with the data, χ2  (9, N = 176) = 13.12, p = 0.157; RMSEA 

= 0.05, 90% C.I. [0.00, 0.11], p = 0.433 (Byrne, 2012; Hu & Bentler, 1999).  The results for the 

intercept, i, and slopes for methods (s1), and student teaching (s2), are reported in Table 1. 

Analysis of the data indicated that there was a statistically significant difference between 

initial MKT scores in algebraic thinking (i = -0.48) among study participants.  During methods 

(s1), there was a statistically significant decrease in algebraic thinking, though there were no 
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statistically significant changes during student teaching (s2).  The results of the analysis are 

shown in Figure 3. 

Table 1 

Results of Piecewise Growth Model Analysis for Number Sense & Algebraic Thinking 

Number Sense Algebraic Thinking 
 Estimate 

(SE) 
p-value  
(2-tailed) 

95% CI  Estimate 
(SE) 

p-value  
(2-tailed) 

95% CI 

i -0.55 (0.05) < .001* [-0.64,-0.46] i -0.48 (0.06) < .001* [-0.59,-0.36] 

s1 0.03 (0.03) .392 [-0.03,0.09] s1 -0.16 (0.03) < .001* [-0.22,-0.10] 

s2 -0.16 (0.03) < .001* [-0.21,-0.10] s2 -0.02 (0.04) .621 [-0.09,0.05] 

Note.  CI = confidence interval; * p < .001. 

 

Figure 2.  A model of MKT scores in number sense over 9 months.  A graph of the output from 
the piecewise growth model (estimated means) over the 5 time-points, illustrates the absence of 
growth in number sense for study participants during methods and student teaching.  The change 
during methods was not statistically significant. 
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Figure 3.  A model of MKT scores in algebraic thinking over 9 months.  A graph of the output 
from the piecewise growth model (estimated means) over the 5 time-points, illustrates the 
absence of growth in algebraic thinking for study participants during methods and student 
teaching.  There was a statistically significant decrease in overall scores during methods. 
 

[RQ2.A]   Comparisons of the demographics of the study participants collected by the 

background survey to the national average reported in Preparing and Credentialing the Nation’s 

Teachers (USDE, 2011) indicated that the study participants were fairly representative of U.S. 

elementary preservice teachers in a traditional teacher preparation program.  Approximately 79% 

of the participants were between the ages of 21-25 and 12.9% of the participants reported 

themselves as Hispanic.  Given that 98% of the participants reported a permanent home address 

in the same state as the teacher preparation program being studied, the results may be more 

representative of students educated in the state as opposed to the U.S. as a whole.  After using 

the Bonferroni correction at p < .05, the statistically significant covariates taken from the 

Attitudes and Beliefs survey and background survey are listed in Table 2.  
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Table 2  

Influence of Participants' Background & Attitude and Beliefs  

 Number Sense Algebraic Thinking 

Intercept (Time-point 1) Estimate (SE) 95% C.I. Estimate (SE) 95% C.I. 

Hispanic -0.36* (.13) [-0.61, -0.10] -0.35 (.16) [-0.66, -0.04] 

Advanced HS Mathematics 0.16* (.05) [0.06, 0.27] 0.11 (0.07) [-0.01, 0.25] 

AB Factor: Processes of 
doing mathematics 

0.20 (0.09) [0.03, 0.37] 0.33* (0.11) [0.12, 0.54] 

Note: * statistically significant after Bonferroni correction at p < .05. 

In particular, the demographics factor, Hispanic, was statistically significant in predicting 

initial MKT scores in number sense.  At the initial time-point, the Hispanic elementary 

preservice teachers scored approximately 0.36 (SD) below other participants in number sense.  

The results suggest that the achievement gap between Hispanic-White is still evident at the 

college-level.   

  [RQ2.B]  Indicators of prior mathematical knowledge reviewed were the: (a) number of 

mathematics courses taken (high school, college-level), (b) major focus of university study, and 

(c) results from the mathematics portion of the state college readiness exam (THEA) and/or 

mathematics scores from college entrance exams (e.g., SAT, ACT).  The number of advanced 

high school mathematics classes taken beyond Algebra II was a statistically significant predictor 

of higher initial MKT scores in number sense. Over 70% of the participants completed Algebra 

II and one other advanced high school mathematics course (see Table 2).  All participants 

reported majoring in Interdisciplinary Studies with teacher certification at the university, hence 

they were all required to satisfy one developmental algebra requirement and successfully 

complete two mathematics content courses designed for elementary teachers.  Over 72% of the 

participants reported that they completed four college-level mathematics courses, though only 
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5% reported taking calculus.  Since the participant background survey did not require 

participants to list college mathematics courses taken, it could not be determined which 

mathematics courses were taken at the university, in addition to the two required courses, nor the 

level (developmental or advanced) of the courses.  

Mathematics scores from college entrance exams were also reviewed.  A passing score of 

230 on the mathematics section of the Texas Higher Education Assessment (THEA) was a 

minimum requirement for admittance to the teacher preparation program.  Undergraduate 

preservice teachers were able to satisfy this requirement with a mathematics ACT score of 19, 

SAT score of 500, or by taking coursework at a junior college.  Due to the many options 

available to satisfy the THEA requirement, 48% of the participants had a THEA mathematics 

score (M = 255.7, SD = 16.8), 48% had an SAT mathematics score (M = 521.4, SD = 13.3), and 

24% had an ACT mathematics score (M = 21.1, SD = 4.0), on file with the university.  As a 

result of the large portion of missing data for any one exam, and the absence of a common scale, 

the THEA/ACT/SAT scores were not used as an exogenous variable in the piecewise growth 

model analysis.  An analysis of correlations between the THEA/ACT/SAT scores reported with 

the NCOP and PFA initial scores (Time-point 1) suggests there was a strong positive relationship 

between THEA mathematics scores and SAT mathematics scores with the initial MKT scores in 

number sense and algebraic thinking from Time-point 1 (see Table 3). 
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Table 3 

Correlations between Mathematics Scores on College Entrance Exams and MKT Initial Scores 

 ACT SAT NCOP1 PFA1 
THEA 
Pearson Correlation 
Sig. (2-tailed) 

 
.06 
.838 

 
.42 
.023* 

 
.40 
< .001*** 

 
.35 
.001** 

ACT 
Pearson Correlation 
Sig. (2-tailed) 

 
 

 
.77 
< .001*** 

 
.27 
.075 

 
.27 
.080 

SAT 
Pearson Correlation 
Sig. (2-tailed) 

   
.37 
.001** 

 
.40 
< .001*** 

Note.  NCOP1 and PFA1 from Time-point 1.   * p < .05, ** p < .005, *** p < .001.  

One of the assumptions for this study was that the preservice teachers had the prerequisite 

knowledge for teaching mathematics in the elementary schools, based upon the successful 

completion of the two mathematics content courses and by having a passing or higher score on 

the THEA.  According to the results of this study, the mean initial scores in NCOP (see Table 1), 

were below the expected value for preservice teachers documented in other studies, mean MKT 

score = -0.25 (SD) (Welder, 2007) and for inservice teachers, mean MKT score = 0 (SD) (Hill et 

al., 2004).  In the US, there has been ongoing concern over the low minimum entry requirements 

into teacher preparation programs (Borko & Whitcomb, 2008; Ball, 2003; Tatto et al., 2012; 

USDE, 2001) and the subsequent impact on student achievement in mathematics.  The strong 

positive correlations found between the THEA with the NCOP, initial values, and the SAT 

mathematics scores with the NCOP, initial values also suggest an association between low 

minimum requirement for mathematics content knowledge and low MKT scores at the start of 

methods (see Table 3).  Furthermore, the minimum required mathematics scores accepted for the 

teacher preparation program, ACT (19) and SAT (500), are below the College Readiness 
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benchmarks of ACT (22) and SAT (510).  These benchmarks are the minimum scores required 

for students to have a high probability of success in College Algebra (ACT, 2010).   

Overall, the results of the study suggest that there is merit to the concerns over teacher 

preparation entry requirements for mathematics content knowledge.  The low minimum 

requirements may be insufficient to discern whether prospective teachers have the necessary 

mathematical knowledge to teach mathematics effectively to young students.  The wide variety 

of acceptable assessments, the difference in acceptable or passing scores, and the low minimum 

passing scores make it difficult to predict which preservice teachers will be successful in 

developing the knowledge and skills needed for effective teaching of mathematics in the schools 

 [RQ2.C] For each completed Attitudes and Beliefs survey at each time-point, a mean 

score for each factor was calculated for each participant.  The results of the study indicate that 

one factor, processes of doing mathematics, was statistically significant in predicting initial MKT 

scores in algebraic thinking.  Participants who had a higher processes of doing mathematics 

factor score had a higher initial MKT score in algebraic thinking (see Table 2).  A further review 

of the results from the Attitudes and Beliefs survey suggests that as a group, the participants 

agreed that: (a) mathematics is useful (usefulness of mathematics), (b) mathematics is 

characterized by rigor and precision (nature of mathematics), and (c) mathematics is enjoyable 

and creative (processes of doing mathematics).  Although participants agreed overall that there 

were multiple ways to solve problems (multiple ways of doing mathematics) a repeated-

measures ANOVA analysis identified a statistically significant change in the group mean, 

towards the belief that there is a single way to solve problems (see Table 4).  There was also a 

statistically significant change in processes of doing mathematics, suggesting that participants 

found mathematics more enjoyable and creative over 9 months.  
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Table 4   

Results from Repeated-Measures ANOVA Analysis of Attitudes and Beliefs Factors 

Attitudes & Beliefs: 
Factor 

Sourceg df MS F p 

• Usefulness of mathematics Time 3.55 .28 1.84 .127 

• Multiple ways of doing 
mathematics 

Time 
Error (time) 

3.55 
507.27 

8.66 
.38 

22.96 < .001* 

• Nature of mathematics Time 3.46 .17 1.01 .396 

• Processes of doing mathematics Time 
Error (time) 

3.57 
510.22 

1.82 
.15 

12.06 < .001* 

Note.  Analysis of participants’ factor scores from Time-points 1 to 5.  g. Greenhouse-Geisser;  * p < .001. 
 

 Despite the concern over the general dislike of mathematics by elementary teachers, the 

repeated measures ANOVA analysis suggested that the participants in the study had a 

statistically significant gain in the processes of doing mathematics factor (see Table 4).  

However, even with the more positive attitude towards mathematics, this factor was not 

statistically significant as a predictor of changes in MKT scores during methods or student 

teaching in NCOP or PFA.  The result of the analysis, coupled with the low level of 

mathematical knowledge discussed earlier, suggests that even with a positive attitude, due to the 

low-level mathematical knowledge participants may have been incapable of leveraging the full 

opportunity of the methods course.  

The repeated measures ANOVA also found a statistically significant change in the 

multiple ways of doing mathematics factor (p < .001) towards a single way of solving problems 

(see Table 4).  These results suggest that the participants were more aligned with the traditional 

methods and approaches to teaching mathematics that are learned in the schooling period (Ma, 

1999; Stigler & Hiebert, 2009).  These results support findings from other studies that teacher 
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behavior is influenced by mathematical knowledge as well as attitudes and beliefs (McCrory, 

Zhang, Francis, & Young, 2009; van der Sandt, 2007).   

Summary 

Although the participants’ demographics were typical of U.S. undergraduate preservice 

teachers, findings from this study suggest that initial low-level of mathematical knowledge, and a 

deep-rooted belief that there is only one way to solve mathematics problems, limited the impact 

of the methods and student teaching courses.  By restricting the ways in which a problem is 

solved (single way), the preservice teacher is able to control the curriculum and the discourse 

surrounding the problem and still respond to student questions with authority.  The mathematical 

knowledge for teaching that is necessary to entertain alternative methods, and to assess whether 

those methods are mathematically sound, requires an in-depth understanding of mathematics as a 

wholly connected discipline, as opposed to isolated skills.  The evidence also suggests that the 

low-level of content knowledge undermines the efforts of the teacher preparation program in the 

methods course.  If preservice teachers are unable to generalize operations with numbers, a 

necessary component of algebraic thinking, then they will find it very difficult to teach algebraic 

reasoning in the early grades. 

As teacher educators, it is imperative that we break the cycle of low-quality mathematics 

learning by early intervention, opportunities to learn during the teacher preparation program, and 

continued professional development once novice teachers enter the field of teaching.  In the 

teacher preparation program, preservice teachers are given opportunities to develop a conceptual 

understanding of mathematics and to learn pedagogy related to the teaching of mathematics.  The 

teacher preparation program reviewed in this study is based on recent research-based 

pedagogical practices and the continued development of mathematical content knowledge.  
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Attitudes and beliefs towards mathematics are difficult to change without personal experiences to 

facilitate change and are especially difficult to change in only two semesters (Borko & Putnam, 

1996; Kajander, 2010; Swars, Smith, Smith, & Hart, 2009).  In practice, the influence of the 

teacher preparation program on preservice teacher behavior in mathematics is limited by the 

relatively short period of time teacher educators’ work with preservice teachers following 15+ 

years in the schooling period (see Figure 4).  

 
Figure 4.  The strong influence of schooling on teachers’ knowledge (adapted from Ma, 1999, p. 
145).  In practice, the three periods of subject knowledge development are not equally weighted.  
There is only a short period of time in which the teacher preparation program can influence a 
teacher's behavior.   
 

The results of this study support the inclusion of both mathematics content and content 

pedagogy during the teaching in the classroom period of mathematics learning for new teachers.  

Programs designed to continue the training of new teachers beyond the teacher preparation 

program include induction programs and teacher quality projects.  Induction for beginning 

teachers, in theory, acknowledges the fact that teacher preparation programs cannot provide all 

of the knowledge and skills needed to be an effective teacher.  The types of support provided in 

an induction program range from regular mentoring meetings with school administrators or 

experienced teachers to reduced course loads and planned collaboration time, and are provided 

for most beginning teachers (Ingersoll, 2012).   

Teaching 

Teacher 
Preparation 

Program 

Schooling  
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Along with various induction programs, the federally funded Teacher Quality Partnership 

(TQP) program provides grants specifically to improve the quality of new teachers.  The TQP 

grants seek to create partnerships between local districts and institutes of higher education to 

improve not only teacher preparation, but also to enhance professional development activities for 

teachers (USDE, 2012).  Recommendations include that the minimum teacher preparation entry 

requirements for mathematical knowledge be raised and that new teachers participate in 

continued professional development emphasizing both mathematical content knowledge and 

reform-based content pedagogy to continue to peel away deep-rooted beliefs towards 

mathematics. 
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Appendix 1 

Sample from the released Mathematical Knowledge for Teaching measures found at 
http://sitemaker.umich.edu/lmt/files/LMT_sample_items.pdf 
 
1. Elementary Number Concepts and Operations 
Imagine that you are working with your class on multiplying large numbers.  Among your students’ papers, you 
notice that some have displayed their work in the following ways: 
 
 

Student A Student B Student C 
   
   

x 
3 
2 

5 
5 

    
x 

3 
2 

5 
5 

    
x 

3
2 

5 
5 

 

 
+ 

1 
7 

2 
5 

5  
+ 

1 
7 

7 
0 

5 
0 

  
1 

2 
5 

5 
0 

 8 7 5  8 7 5  
+ 

1 
6 

0
0 

0 
0 

     8 7 5 
   

 

Which of these students would you judge to be using a method that could be used to multiply any two whole 
numbers?   
 Method would  work 

for all  
whole numbers 

Method would NOT 
work for all whole 
numbers 

 
I’m not sure 

  
a) Method A 
 

 
1 

 
2 

 
3 

b) Method B 
 

1 2 3 

c) Method C 
 

1 2 3 

 
2. Middle School Patterns, Functions, and Algebra 
Mrs. Smith is looking through her textbook for problems and solution methods that draw on the distributive property 
as their primary justification. Which of these familiar situations could she use to demonstrate the distributive property 
of multiplication over addition [i.e., a (b + c) = ab + ac]?  (Mark APPLIES, DOES NOT APPLY, or I’M NOT SURE for 
each.) 
 

Applies 
Does not 
apply I’m not sure 

a) Adding 
3
4

+
5
4

 

 

 
1 
 

 
2 

 
3 

b) Solving 2x – 5 = 8 for x 
 

1 
 

2 3 

c) Combining like terms in the expression 3x2 + 4y + 
2x2 – 6y 

 

 
1 
 

 
2 

 
3 

d) Adding 34 + 25 using this method:  

 

 
1 
 

 
2 

 
3 34

+25
59
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Appendix 2 

Analyzing the changes in mathematical knowledge for teaching using a piecewise growth model 

with covariates 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

y2 y3 y4 y5 y1 

i 
 

s1 
 

 
xk 

 

ε1 ε2 ε3 ε4 ε5 

s2 
 

yi = MKT Measures 
NCOP, PFA 

at time-point i, i = 1 to 5 
 

xk =Covariates 
e.g. participant demographics, 

prior knowledge of mathematics, 
attitudes and beliefs 

i = intercept, 
   MKT initial value 
s1= rate of change   
   Methods course 
s2 = rate of change 
   Student Teaching 
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EXTENDED LITERATURE REVIEW
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The review of literature begins by describing the past and current policies and concerns 

surrounding the education of our nation’s youth.  Policy debates have been fueled by the 

mediocre performance of students in the U.S. on international student achievement assessments 

and the limited improvement demonstrated on nation-wide assessments.  Furthermore, student 

achievement is closely tied to teaching and teacher quality.  In mathematics, studies have shown 

that teachers in the United States often have a poor understanding of mathematics that is passed 

on to their students, due to the emphasis on procedures and low-level thinking skills (Center for 

Research in Mathematics and Science Education, 2010; Brown, Pitvorec, Ditto, & Kelso, 2009; 

Franke, Carpenter, & Battey, 2008; Ma, 1999).  Determined to improve the quality of teaching 

and teachers, educational leaders and policy makers have sought to define teacher quality and the 

knowledge needed for teaching.  The specialized knowledge that is specific to the teaching of 

mathematics is known as mathematical knowledge for teaching. 

Algebra is considered the gatekeeper to higher learning as it serves as a prerequisite to 

higher mathematics courses.  The associated development of algebraic thinking and reasoning 

skills are essential for participating in a democratic society (Mason, 2008; Moses & Cobb, 2001).  

Yet, too many students have difficulty moving past the first algebra course in secondary schools 

particularly in minority and economically disadvantaged subgroups.  Algebra and algebraic 

reasoning are necessary to succeed in a global economy ripe with technology and economic 

independence.  American citizens who are specialists in the areas of science, technology, 

engineering, and mathematics (STEM) are needed in large numbers to secure the nation’s role as 

a global leader.  As such, studies related to the teaching and learning of algebra in the schools, 

algebra in the early grades, and teacher knowledge needed to teach algebra in the early grades 

are reviewed.   
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President Obama (2009) stated that the teacher is the single most important factor in a 

great education.  Teaching is a profession, and contrary to popular opinion, not everyone can 

teach.  As with most professions, teaching requires a certain set of skills, knowledge, and 

practice in order to be proficient.  In order to educate a skilled teacher work-force, mathematics 

educators must first define the knowledge needed for teaching then confirm that new teachers 

have learned this knowledge through teacher preparation programs.  The studies and research 

conducted on teacher knowledge and, more specifically, mathematical knowledge for teaching 

are reviewed.  The work of the researchers at the Study for Instructional Improvement led the 

way towards defining a framework for mathematical knowledge for teaching, developing, testing 

and validating the MKT measures, and providing evidence of its positive influence on student 

achievement (Hill, Schilling & Ball, 2004).  Teaching algebra in the early grades requires 

elementary teachers to not only teach arithmetic, but extend arithmetic to build algebraic 

reasoning.  Studies focused on the work of mathematics teacher educators, and the preparation of 

elementary teachers in the area of mathematics  establish the need for further study of the 

development of algebraic reasoning in elementary preservice teachers. 

A National Challenge, Past and Present 

 Educational reform in the United States, during the 1960s, focused on the improvement 

of science and mathematics curriculum.  With the Soviet Union’s launch of Sputnik, the 

American public became acutely aware of the challenge to America’s position as a world, 

political, economic, and scientific leader.  National security became a top priority and increased 

the demand for specialists in the STEM fields.  The apparent lack of top scientists and 

technology in the United States was blamed on the widening academic gap between the most 

current knowledge held by scholars and scientists, and the curriculum being taught in the 
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nation’s K-12 schools (ACT, 2006; Bruner, 1960/1977; National Academy of Sciences [NAS], 

2007; National Mathematics Advisory Panel [NMAP], 2008). 

 Despite national efforts, curriculum reforms of the 1960’s had limited success, and today, 

the United States is faced with a similar challenge.  Strengthening America’s role in scientific 

discovery and technology innovations are key steps in meeting the challenges, not only of 

economic and national security concerns, but of the health and well-being of the citizens and 

environment (Obama, 2009).  In addition to content knowledge, students must be able to think 

critically and make the transition from the academic setting to the workplace (Wagner, 2008) 

International Comparisons of Student Achievement 

 The United States has long been considered a world leader in politics, economics, 

science, and technology.  However, according to international assessments of student 

achievement, such as the Trends in International Mathematics and Science Study (TIMSS) and 

the Program for International Student Assessment (PISA), the United States is ranked in the 

middle when compared to other industrialized nations.  TIMSS assessments measure 

mathematics and science achievement of students in the 4th and 8th grade.  The TIMSS 2007 

results showed that, in mathematics, United States 4th grade students ranked 11th out of 36 

participating countries (and regions), and 8th grade students ranked  9th out of 48 participating 

countries (National Center for Educational Statistics [NCES], 2011).  The PISA assessments 

measure functional skills (mathematics literacy, reading literacy, and science literacy) that 15-

year old students have acquired as they near the end of compulsory education.  In 2009, out of 65 

countries and educational systems that participated, the United States’ average score in 

mathematics literacy (487) was lower than the Organization for Economic Cooperation and 

Development (OECD) members’ average score (496) and the U.S. placed behind 17 other OECD 
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countries (e.g., China, Japan, Russian Federation, England, and Korea) (NCES, 2011).  In 

defense of the poor showing by United States students in these international assessments, critics 

argue that the United States had one of the most diverse populations worldwide.  However, in a 

comparison of the number of students performing at an advanced level in mathematics based on 

NAEP 2005 and PISA 2006 results, only 6% of white students in the U.S. and 10.3% of U.S. 

students with a parent with a college degree scored at the advanced level while this percentage 

was more than twice in Japan and Germany, and 28% in Taiwan.  Thus, when controlling for 

race and parents’ education, international counterparts still outperformed the United States in 

mathematics (Hanushek, Peterson, & Woessmann, 2010).  

International Comparisons of Teachers and Teaching 

 Studies on student achievement also collect and analyze data on teachers and teaching 

practice, in order to identify influential instructional factors related to student achievement.  The 

1995 TIMSS Video Study reviewed videotaped lessons from randomly selected 8th grade 

classrooms in the United States, Germany, and Japan.  One of the key observations was that, 

unlike Germany or Japan, the content in the United States was fragmented and procedural, less 

challenging, less focused, and the level of mathematics content in the United States was on 

average one or more grade levels lower by international standards (Stigler & Hiebert, 1999; 

Stigler & Hiebert, 2009).  

Furthermore, differences between observed teaching practices in the different countries 

appeared to be culturally based (Stigler & Hiebert, 1999).  Students in Germany and the United 

States learned mathematics by following the teacher’s lead, with a greater percentage of 

instructional minutes being spent practicing seatwork.  In Japan, mathematical work was shared 

by the teacher and students, and connections among mathematical concepts were stressed.  
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United States teachers reported being familiar with mathematics curriculum reforms, but only a 

few actually applied these key points.  In addition, teachers from Germany and Japan were 

provided with greater practical training and daily support and time set aside regularly for 

collaboration than teachers in the United States.  The follow-up 1999 TIMSS video study 

included additional high achieving countries.  Although the teaching strategies varied, common 

components of high achieving countries included attending to important mathematical 

relationships and active engagement of all students in the work of mathematics.  In contrast, 

teaching with problems in the United States reinforced procedures or the recall of information, 

with few opportunities to learn the concepts (Stigler & Hiebert, 2009). 

 Ma (1999) studied the differences between teachers in the United States and China, as 

related to student achievement.  She observed that Chinese students typically outperformed 

United States students on international assessments.  Despite the higher level of achievement of 

Chinese students, Chinese teachers had far less mathematical education than United States 

teachers.  Chinese teachers attended normal school for 11 to 12 years while most United States 

teachers received between 16 and 18 years of formal schooling, including a bachelor’s degree.  

Hence, even with fewer years of schooling, the results suggested that the difference was that 

Chinese teachers had a deeper understanding of mathematics when they began their teaching 

careers than do United States teachers.  

National Assessments and Recommendations 

 Educational reforms to improve student achievement in the United States continue to be a 

focus of debate and policy, using the results of standardized testing and large-scale evaluations 

as evidence of student performance nationwide.  The National Assessment of Educational 

Progress (NAEP) is an ongoing and nationally representative measure of achievement of 
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elementary and secondary students in various subjects.  The Nation’s Report Card (NAEP, 2011) 

provided statistics on student performance on the 2011 assessment.  For students, a proficient 

achievement level represents solid academic performance.  In 2011, 40% of our nation’s 4th 

grade students and 35% of our nation’s 8th grade students were considered at or above proficient 

in mathematics (see Table A.1).  In addition to the low percentage of students achieving the 

proficient level in the 8th grade, the lack of college-readiness is illustrated by an increasing need 

for remedial mathematics courses at 4-year colleges and community colleges often by low-

income and minority students (Roper, 2009).  For example, in Colorado the percentage of first-

time high school graduates entering college that were placed in at least one-subject remedial 

course rose from 28.6% in 2009-10 to 31.8% in 2010-11.  The largest number of remedial 

courses taken was mathematics followed by writing (Colorado Commission on Higher 

Education, 2012). 

Table A.1  

Trend in 4th grade and 8th grade NAEP Mathematics Achievement-level Results 

 4th Grade   8th Grade    
Year % at or 

above 
Basic 

% at or 
above 

Proficient 

% at or 
above 

Advanced 

% at or 
above 
Basic 

% at or 
above 

Proficient 

% at or 
above 

Advanced 

 

2011 82 40 7 73 35 8  
2009 82 39 6 73 34 8  
2007 82 39 6 71 32 7  
2005 80 36 5 69 30 6  
2003 77 32 4 68 29 5  
Note.  Source:  http://nces.ed.gov/nationsreportcard/pubs/main2011/2012458.asp 

 All citizens, regardless of their career goals, benefit from mathematics education.  There 

is a strong relationship between the knowledge and cognitive skills gained from a strong study of 

mathematics and a country’s economic growth rate (Hanushek et al., 2010; NMAP, 2008).  

Leading the list of recommendations of the NAS is improving science and mathematics 
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education in grades K-12 in an effort to increase the strength of America’s human resources 

(NAS, 2010).  In particular, the report recommended the recruitment of 10,000 science and 

mathematics teachers, programs to strengthen the skills of current teachers, and an increase in the 

number of students qualified to complete degrees in STEM fields.  Educated students are 

prepared to solve problems, think critically, and be informed citizens.   

Algebra for All 

 Algebra is considered the gatekeeper to higher learning since it serves as a prerequisite to 

higher mathematics courses.  The earlier a student completes algebra successfully, the more 

opportunities for advanced mathematics courses in high school, and the more qualified to seek 

careers in the STEM fields (Ferrini-Mundy, Floden, McCrory, Burrill, & Sandow, 2011; 

Schoenfeld, 2008; Stein, Kaurman, Sherman, & Hillen, 2011).  Students who only progress to a 

mastery of arithmetic calculations are essentially blocked from the kind of thinking that is 

essential for participating in a democratic society (Mason, 2008; Moses & Cobb, 2001).  

Algebra is one of the five content strands of mathematics outlined in the National Council 

of Teachers of Mathematics (NCTM) Principles and Standards for School Mathematics (PSSM) 

(2000).  Algebra (along with number and operations, geometry, data analysis and probability, 

and measurement) is a curriculum strand for grades pre-kindergarten (early childhood) through 

12.  Some states (e.g., California, Minnesota) now require algebra as part of the 8th grade 

curriculum when it has traditionally been a 9th grade course.  

 The curriculum focus of teachers in the early grades helps students build a solid 

foundation of understanding and experience with number concepts and operations, especially 

fractions.  A spiral curriculum is characterized by subject matter presented to students each year 

with increasing difficulty and complexity, according to its basic structure (Bruner, 1960/1977).  
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Addressing all content strands to some degree in the early grades is essential to prepare students 

for the demands of more abstract concepts (algebra) in the middle grades and high school 

(NCTM, 2000).  In order to prepare students for the formal algebra class, teachers must ensure 

that students are being provided opportunities to develop algebraic reasoning, the ability to make 

sense of basic operations through logical generalizations, in the early grades. 

Teaching Algebra in the Early Grades 

Algebra courses present students with “concepts of abstraction and generality, the 

hallmarks of advance mathematics” (Wu, 2008, p. 2).  If algebra is to be taught in some form at 

all grade levels by all teachers, the challenge becomes to develop teacher knowledge and 

mathematical understanding needed for such a task.  All teachers must be able to navigate the 

increasing abstraction and cognitive complexity associated with the content strand as students 

move through the grades.  For example, in the lower grades, number symbols are an abstraction; 

students learn to manipulate these symbols when solving arithmetic problems.  Algebra concepts 

emphasize relationships among quantities and functions, ways of representing mathematical 

relationships, and the analysis of change.  In the upper grades, a much greater leap occurs when 

students must move from manipulating whole numbers to algebraic expressions.  A teacher’s 

knowledge of algebra must be deeper than simply knowing how to manipulate an equation to 

solve for a single variable.  A deep understanding of algebra concepts and algebraic thinking is 

needed in order to provide students with the learning opportunities necessary to develop a 

structural conception of algebraic expressions (Cavey, Whitenack & Lovin, 2006; Pomerantsev 

& Korosteleva, 2003; Welder & Simonsen, 2011).  

Arithmetic can be described as moving from the known to the unknown, e.g., 3 + 8 = ?  

Algebraic thinking, on the other hand, uses the unknown in calculations, as if it were known, 
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e.g., 3 + ? = 11 (Kaput, Blanton, & Moreno, 2008).  Computational fluency (arithmetic) 

historically has preceded algebra in mathematics curriculum (Kaput, 1999; Kaput, 2008).  As 

students continue to struggle making the transition from arithmetic to algebra, studies have 

shown that students often have to unlearn, and then relearn, mathematical concepts.  By focusing 

only on computational fluency and manipulation of specific numbers, students lack the 

understanding necessary for mathematical generalizations.  Furthermore, algebraic meaning of 

arithmetical operations is a vital component of mathematics in the early grades (Carraher, 

Schliemann, Brizuela, & Earnest, 2006; Schoenfeld, 2008) and is considered a prerequisite to 

algebra (Mason, 2008; Welder & Simonsen, 2011). 

Algebra is a mathematics content strand for grades K-12 in most states (NCTM, 2000; 

Van de Walle, Karp, & Bay-Williams, 2010).  Algebraic reasoning, including algebraic thinking, 

focuses on understanding patterns, relations, and functions, and the ability to make, use, and 

justify generalizations.  Quantitative relationships are represented and understood symbolically 

or by the use of mathematical models.  The typical algebra course taken in the middle school or 

high school consists primarily of symbol manipulation procedures and solving problems that are 

often unrelated to the real world.  To be successful, students must develop a strong mathematical 

foundation, based on concrete experiences and real-world applications. 

Readiness for Algebra in the Early Grades 

Blanton and Kaput (2004) studied how elementary students develop and express 

functions in the early grades (EC-2).  Their findings indicated that young students were, in fact, 

capable of functional thinking.  Students in the early grades were taught to recognize and 

develop patterns.  This study showed that young students were also capable of attending to co-
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variations of quantities.  For example, a kindergarten student was able to express the relationship 

that adding one more dog to a group of pets added two more eyes as well. 

Algebraic thinking involves problem solving.  According to NCTM (2010), “problem 

solving is a hallmark of mathematics activity, and a major means of developing mathematical 

knowledge” (p. 116).  The focus of algebra in the early grades should be the generalization of 

patterns and the development of algebraic reasoning (Olive, Izsak & Blanton, 2002; Warren, 

2004).  Femiano (2003) strongly suggested the use of concrete problems to teach algebra to first 

grade students.  Algebraic equations can be expressed in ordinary language.  With the use of 

number cards (or tiles) in Femiano’s study, students were encouraged to use reason and logic to 

identify the missing addends, as opposed to memorizing methods or procedures.  

The inclusion and importance of teaching algebraic thinking in the elementary grades 

leads to a concurrent challenge of ensuring that teachers are well prepared to teach early algebra 

concepts.  Studies suggest that teachers should understand the basic ideas of number theory and 

algebraic structures, the underlying concepts surrounding fractions, and how to develop algebraic 

thinking by extending simple problems with students (Blanton & Kaput, 2003; Conference 

Board of the Mathematical Sciences [CBMS], 2001; Wu, 2001).  A study of a 1-year 

professional development program for elementary teachers focused on how teachers participating 

in the professional development affected the development of algebraic reasoning in young 

students (Jacobs, Franke, Carpenter, Levi & Battey, 2007).  The 180 teachers participating in the 

study were from 19 low-performing urban elementary schools.  Professional development was 

provided for half of the participating teachers.  The professional development focused on 

algebraic reasoning.  Findings showed that the students in participating classes demonstrated a 
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better understanding of the equal sign and relational thinking than students in classes with non-

participating teachers.  

Studies of preservice teachers also demonstrate the need for a deeper understanding of 

algebraic concepts in order to meet the needs of students.  Prediger (2010) contributed to the 

ongoing process of defining and developing mathematical knowledge for teaching.  This study 

formulated sequences for the development of mathematical understanding in prospective 

teachers, related to analyzing student work and understanding student thinking by focusing on 

variables and the equal sign.  Pomerantsev and Korosteleva (2003) analyzed the errors 

commonly made by prospective elementary and middle school teachers and found that the 

teachers in the study lacked a sufficient understanding of the structures of algebraic reasoning, 

even when enrolled in advanced college-level mathematics courses such as calculus.  Stephens 

(2006) studied 30 preservice teachers and found that although these teachers demonstrated an 

understanding of the connections between relational thinking and specific student tasks, they 

were unable to anticipate student misconceptions and difficulties that may arise with these tasks. 

Developing Understanding in Students 

Research has shown that there are three key findings associated with learning and 

teaching: (a) teachers must draw out and work with the preexisting understandings that students 

bring with them; (b) teachers must teach subject matter in depth, promoting a firm foundation in 

factual knowledge and a conceptual framework that helps students organize knowledge for 

retrieval and application; and (c) metacognitive skills must be integrated into lessons, allowing 

students to develop skills that will lead them to define their own learning goals and monitor 

progress over time (Gilmore & Papadatou-Pastou, 2009; National Research Council [NRC], 

2001).  Studies conducted internationally, as well as in the United States, demonstrated the 
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importance of having students verbalize solutions and participate in social discourse when 

solving problems for the development of mathematical understanding and thinking skills (Clarke 

& Roche, 2009; Cross, 2009; Fraivillig, Murphy & Fuson, 1999; Franke et al., 2008; Iannone & 

Cockburn, 2008).  Learning mathematics with understanding is essential for the ability to use 

mathematical knowledge flexibly and apply it to novel situations (Bolden & Newton, 2008; 

NCTM, 2000).  Mathematical proficiency incorporates conceptual understanding, and factual 

and procedural knowledge.  The types of learning activities that promote students’ understanding 

of mathematical ideas were present in these studies (NCTM, 2000).  

Longitudinal studies (e.g., Boaler, 1998; Fraivillig et al., 1999; Franke, & Kazemi, 2001; 

Wood & Sellers, 1997) enabled researchers to follow groups of students to suggest causality.  A 

comparison of traditional textbook curriculum was compared to curriculum with open-ended, 

activity-based instruction (Boaler, 1998), problem-centered mathematics (Wood & Sellers, 

1997), cognitively guided instruction (Franke & Kazemi, 2001), and efforts to incorporate social 

interactions in the classroom to promote the development of mathematical thinking (Fraivillig et 

al., 1999).  Due to the nature of a longitudinal qualitative study, the participant groups were 

limited in size and location.  In particular, Boaler (1998) focused on a select population of high 

achievers, and Franke and Kazemi (2001) focused entirely on first-grade students.  On a larger 

scale, a study by Fraivillig et al. (1999) involved 10 different schools over a 5-year period and 

utilized a published instrument and protocol.  Findings from the study provided evidence that 

social interactions and discourse within the classroom supported the development of 

mathematical thinking.  

Wood and Sellers (1997) utilized quantitative data (standardized test scores) to show that 

problem-centered mathematics instruction resulted in higher test scores.  This study also 
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provided evidence that such instruction must be continued over time or else the positive results 

will lessen.  According to the NRC (2000), preexisting understandings must be engaged and 

worked with in order for new knowledge to correct misconceptions without reverting to 

preconceptions.  The Wood and Sellers (1997) study provided evidence that increased 

understanding and the development of student thinking occurred over time (2 years), and that the 

benefits were sustained upon return to a textbook-based classroom. 

Focus on the Teacher and Teacher Quality 

 Recent studies on conceptual understanding have centered on student learning in the 

areas of science and mathematics.  Research has shown that many factors influence student 

achievement, including family socio-economic status, students’ gender, parents’ education, 

motivation, textbook used, and the teacher.  Parents, community members, educational 

practitioners, researchers, and policy makers recognize that a key factor in student learning that 

can be influenced is well-prepared teachers and high-quality teaching (Borko & Whitcomb, 

2008; Boyd, Grossman, Lankford, Loch, & Wyckoff, 2009).  In order to prepare preservice 

teachers and continue the development of in-service teachers, many studies focused on how 

students learn, and their acquisition of conceptual knowledge of mathematics (Gilmore & 

Papadatou-Pastou, 2009; NRC, 2000). 

Quality teaching and effective teachers are in high demand.  Government agencies and 

private foundations spend millions of dollars each year supporting research and developing 

curriculum and educational opportunities with the hopes of bringing America’s youth back to 

high academic standards (e.g., Educate to Innovate, Exxon Mobil Math and Science Initiative, 

National Math and Science Initiative).  Teachers are directly responsible for delivering the 

curriculum in a way that enables students to develop their understanding to a level that supports 
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applying this knowledge to new or novel situations.  Quality teachers and the knowledge and 

skills effective teachers possess are a highly debated and highly emotional topic.  The 2001 No 

Child Left Behind (NCLB) legislation defined a highly qualified teacher as one who possessed a 

bachelor’s degree, full state certification or licensure and a demonstration of subject matter 

competency (United States Department of Education [USDE], 2004).   

Historically, a qualified teacher demonstrated knowledge of the content that would be 

taught to students in the classroom with little emphasis on the actual teaching method.  In more 

recent years, the emphasis has shifted from specific subject matter knowledge to general 

pedagogical knowledge (National Commission on Excellence in Education [NCEE], 1983, 

NCEE, 1999; Shulman, 1986).  In the 1980’s, subject matter knowledge was based on proxy 

measures (e.g., degrees earned, courses taken), and assessments of basic academic skills (not 

necessarily the subject matter to be taught).  Knowledge of pedagogy was based on the 

demonstration of classroom management and organization that transcend subject matter, along 

with cultural awareness (Shulman, 1986).  Today, prospective teachers qualify for entry into 

teacher preparation programs by passing teacher examinations that focus on basic academic 

skills (e.g., California Basic Education Skills Test, Texas Higher Education Assessment).  

However, if the knowledge base of teaching “lies at the intersection of content and pedagogy” 

(Shulman, 1987, p.15) then the acceptance of basic academic skills severely limit the capacity of  

teachers to transform their content knowledge into forms that are pedagogically powerful for the 

students in their classrooms. 

Knowledge Needed For Teaching 

 A knowledgeable teacher is an invaluable asset.  Throughout history, the type and depth 

of knowledge needed for teaching has been loosely defined.  Measures of teacher content 
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knowledge often relied on proxy measures have been found to be inadequate measures (Borko & 

Whitcomb, 2008).  Shulman (1986) and his colleagues proposed a new domain of teacher 

knowledge, known as pedagogical content knowledge.  Shulman (1986) observed that research 

on teacher effectiveness was designed to identify patterns of teacher behavior that accounted for 

improved student achievement.  Shulman refers to the absence of focus on subject matter in 

teacher studies as “the missing paradigm” (p. 6). 

Shulman’s distinction between content knowledge and pedagogical content knowledge 

helped to clarify the difference between the subject-matter knowledge learned in school and the 

subject-matter knowledge specific to the teaching profession.  The missing paradigm refers to “a 

blind spot with respect to content that now characterizes most research on teaching and, as a 

consequence, most of our state level programs of teacher evaluation and teacher certification” 

(Shulman, 1986, p. 8).  Shulman reframed the study of teacher knowledge in a way that focused 

more directly on the role of content in teaching.  A framework was developed by studying 

secondary teachers in English, biology, mathematics, and social studies.  The study followed 

prospective teachers from the start of their 1-year teacher preparation program through their first 

year of teaching.  The researchers conducted interviews and asked the prospective teachers to 

explain the materials they used to teach, and how they planned instruction.  Based upon this 

research, three categories of teacher content knowledge were proposed: (a) subject matter 

content knowledge, (b) pedagogical content knowledge, and (c) curricular knowledge. 

The category, subject matter content knowledge, included content knowledge that went 

beyond the facts, concepts, or accepted truths of a domain.  “The teacher need not only 

understand that something is so; the teacher must further understand why it is, on what grounds 

its warrant can be asserted, and under what circumstances our belief in its justification can be 
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weakened and even denied” (Shulman, 1986, p. 9).  Pedagogical content knowledge included 

knowledge of the subject necessary for teaching including what makes a specific topic easy or 

difficult.  Teachers must be able to represent and formulate the subject that makes it 

comprehensible to others (e.g., use of analogies, illustrations, examples, different 

representations, etc.).  Curricular knowledge included knowledge of programs, materials, and 

curricular alternatives available for instruction. 

Of particular interest was Shulman’s concept of pedagogical content knowledge.  

Shulman (1987) noted the particular importance of pedagogical content knowledge because it 

identified knowledge specific to teaching.  Pedagogical content knowledge “represents the 

blending of content and pedagogy into an understanding of how particular topics, problems, or 

issues are organized, represented, and adapted to the diverse interests and abilities of learners, 

and presented for instruction” (Shulman, 1987, p. 8).  

Mathematical Knowledge for Teaching 

 Shulman (1986; 1987), prompted researchers to look beyond content knowledge to the 

knowledge teachers need for teaching.  The work of Shulman and his colleagues established a 

foundation and a clearer definition of the teacher knowledge necessary for teaching.  Teaching is 

a professional occupation that requires a special set of skills.  Ball (1990) studied preservice 

teachers (217 elementary, 35 secondary mathematics) in an attempt to understand the subject 

matter knowledge needed by prospective mathematics teachers.  The specific mathematics topic 

of the study was the division of fractions.  Data collected through interviews and observations 

showed that preservice teachers relied on procedures and rules when asked to justify their 

answers demonstrating a very narrow understanding of the mathematics concepts behind the 

division of fractions. 
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Ma (1999) studied the differences in knowledge of elementary teachers in the United 

States and China as related to differences in student achievement.  Ma found that overall, the 

knowledge of Chinese teachers “seemed clearly coherent” while the knowledge of United States 

teachers was “clearly fragmented” (Ma, 1999, p.107).  Furthermore, the fragmented knowledge 

of the United States teachers was found to be a result of the fragmented curriculum of 

mathematics learning in the United States.  Ma defined the deep understanding of mathematics 

for teaching evident in Chinese teachers as a profound understanding of fundamental 

mathematics (PUFM).  The study showed that teachers with PUFM were able to reveal and 

represent connections between and among mathematical ideas.  These teachers were also able to 

appreciate different facets and approaches to a solution.  By providing multiple perspectives, 

explanations and justifications, their students were able to develop a flexible united body of 

knowledge.  Bruner (1960/1977) encouraged teaching the structure of the discipline and a spiral 

curriculum.  Ma (1999) also believed an understanding of the importance of basic ideas and 

longitudinal coherence evident in teachers with PUFM.  

Ball and Bass (2000) studied elementary teachers in an effort to define what 

mathematical knowledge was needed for teachers to teach mathematics effectively.  These 

researchers also began to develop new measures of teachers’ knowledge of mathematics.  Results 

from studies (e.g., Fennema & Franke, 1992; Rowan, Chiang, & Miller, 1997) indicated that a 

teacher’s mathematical content knowledge was a predictor of student achievement.  The need for 

measures of mathematical knowledge for teaching was also supported when additional studies 

found that teachers’ content knowledge, as measured by teacher exam test scores, did not 

correlate with teacher performance, suggesting that more than content knowledge is needed to 

teach effectively (Wilson, Floden, & Ferrini-Mundy, 2001).  
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Research on Mathematical Knowledge for Teaching 

Mathematical knowledge for teaching is defined as “the mathematical knowledge needed 

to carry out the work of teaching mathematics” (Ball, Thames, & Phelps, 2008, p. 375).  This 

perspective was grounded in the work teachers do.  Teachers, in their everyday work with 

students, need to professionally scrutinize, interpret, correct, and extend the often incomplete 

understandings of students (Ball, 2005).  Mathematical knowledge for teaching includes the 

mathematics expected of most adults who graduate through the education system, but knowing 

mathematics for teaching requires much more.  For example, knowing how to multiply using a 

standard algorithm is mathematical content knowledge expected of most adults.  Figure A.1 

shows a multiplication problem most adults can solve without the use of a calculator.  Teachers, 

on the other hand, also need to know how to detect mathematical errors, determine if methods 

and solutions different from the ones they are familiar with are valid, ask appropriate questions 

to probe student thinking and correct misconceptions, and use representations to make 

connections.  In short, teaching requires justifying, explaining, analyzing errors, generalizing and 

defining (Ball, 2003). 

 
 

 

 
Figure A.1 An example of a two-digit multiplication problem.  This problem from elementary 
mathematics curriculum can be solved by most adults using a standard algorithm. 

The model of mathematical knowledge for teaching (see Figure A.2) builds on Shulman’s 

three categories of teacher knowledge: (a) subject matter knowledge, (b) pedagogical content 

knowledge, and (c) curricular knowledge (Ball et al., 2008; Hill & Ball, 2004).  In this model, 

pedagogical content knowledge includes knowledge of content and students (KCS), knowledge 
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of content and teaching (KCT), and knowledge of curriculum.  Subject-matter knowledge 

includes common content knowledge (CCK) and specialized content knowledge (SCK).  SCK, 

like pedagogical content knowledge, is closely related to practice.  However, SCK can be 

developed without additional knowledge of students or teaching (Ball et al., 2008).  Teacher 

preparation programs should thus provide opportunities to develop CCK and SCK.   

 
Figure A.2.  Categories of mathematical knowledge for teaching: Shulman’s original category 
scheme (subject matter knowledge & pedagogical content knowledge) compared to the 
mathematical knowledge for teaching scheme (Ball, Thames & Phelps, 2008, p. 403).   

 

According to the model for mathematical knowledge for teaching, subject-content 

knowledge includes common content knowledge (CCK) and specialized content knowledge 

(SCK) (Ball et al., 2008).  CCK is mathematical knowledge held by well-educated adults or 

mathematicians.  CCK includes knowing definitions, notations, when a student gets a wrong 

answer.  CCK is the knowledge teachers need in order to complete the work expected of their 
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students (Hill, Ball, & Schilling, 2008).Specialized content knowledge (SCK) is the 

mathematical knowledge that is special to the work of teaching and that is unique to teachers 

(Ball, Hill, & Bass, 2005).  Students often present teachers with incomplete solutions and 

understandings of mathematics concepts.  Teachers must be able to decipher, interpret, and 

identify misconceptions in student work as well as correct errors and extend this knowledge. 

For example, well-educated adults have little difficulty multiplying 0.3 x 0.7 to obtain the 

product 0.21.  Simply understanding the procedure and obtaining the correct product, 0.21, is an 

example of CCK.  This type of knowledge, however, is insufficient to be able to respond to a 

student’s inquiries.  Fifth-grade students are likely to question why it is correct to simply count 

the decimal places in each factor, and then count over to the left that many places to place the 

decimal.  Students also learn how to work with the decimal point when adding two decimal 

numbers.  For example, adding two decimals, 0.3 + 0.7, only requires lining up the decimal 

point.  In addition to knowing the steps to follow for calculations, teachers must also be able to 

explain the concepts behind these procedures.  This knowledge necessary for the work of 

teaching is an example of SCK. 

Measures of Mathematical Knowledge for Teaching 

 The Study of Instructional Improvement (SII) project was a large-scale study of the 

effectiveness of comprehensive school reform.  This study began in 2000 and was a joint project 

between the University of Michigan, School of Education and the Consortium for Policy 

Research in Education (CPRE).  Researchers from the SII project began writing and piloting 

numerous multiple-choice items to represent mathematical knowledge for teaching, based upon 

this framework, in 2001 (Hill et al., 2004).  The challenge was to find a way to measure teachers’ 

mathematical knowledge for teaching reliably on a large scale.  “If we argue for professional 
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knowledge for teaching mathematics, the burden is on us to demonstrate that improving this 

knowledge also enhances student achievement” (Hill, Ball, & Bass, 2005, p.22).  In the past, 

personal interviews were used to conduct studies with small groups.  However, since the goal 

was to measure hundreds of teachers, more effective and efficient measures were needed. 

The items first developed to measure mathematical knowledge for teaching focused on 

knowledge and content, and combined content knowledge and knowledge of students for number 

concepts and operations (NCOP).  The newly developed forms were piloted and used to evaluate 

California’s Mathematics Professional Development Institutes (MPDI).  Despite the small 

response (data were collected on 398 out of 2300 participating teachers), the growth in teachers’ 

content knowledge was statistically significant (p < .0001) (Hill & Ball, 2004).  Over the next 10 

years, numerous pilot studies were conducted to refine the items, develop forms, and validate 

MKT measures (also known in early development as Content Knowledge for Teaching 

Mathematics or CKT-M scales) (Hill & Ball, 2004; Hill, Dean, & Goffney, 2007; Hill et al., 

2004; Schilling, Blunk, & Hill, 2008; Schilling & Hill, 2007). 

Referring back to the multiplication problem in Figure A.1, an example of how this problem 

is presented in the MKT measures is shown in Figure A.3.  The mathematical knowledge needed 

to respond to this item extends much farther than the standard algorithm.  Teachers must know 

why procedures work, which properties are true, which relationships are evident, and the 

rationale behind them (Ball, 2003).  The MKT measures are available for use by researchers 

from the Learning Mathematics for Teaching (LMT) project at the University of Michigan, Ann 

Arbor.  The MKT measures items and forms available include:  

• Elementary numbers and operations 

• Elementary patterns, functions, and algebra 

• Grades 3-8 geometry 
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• Middle school numbers and operations 

• Middle school pre-algebra and algebra 

In order to ensure the security of the items and forms, and monitor the appropriate use of the 

measures, non-released items are never published.  Researchers interested in using the measures 

are required to attend training with the LMT project leaders and staff.  An example of an item 

from the patterns, functions, and algebra construct is shown in figure A.4.  Released items from 

the MKT measures can be found at http://sitemaker.umich.edu/lmt/files/LMT_sample_items.pdf. 

Imagine that you are working with your class on multiplying large numbers.  Among your students’ 
papers, you notice that some have displayed their work in the following ways: 
 

Student A Student B Student C 
   

   
x 

3 
2 

5 
5 

    
x 

3 
2 

5 
5 

    
x 

3
2 

5 
5 

 

 
+ 

1 
7 

2 
5 

5  
+ 

1 
7 

7 
0 

5 
0 

  
1 

2 
5 

5 
0 

 8 7 5  8 7 5  
+ 

1 
6 

0
0 

0 
0 

     8 7 5 
   

 
Which of these students would you judge to be using a method that could be used to multiply any two 
whole numbers?   
 
 Method would  

work for all  
whole numbers 

Method would NOT 
work for all whole 

numbers 

 
I’m not sure 

  
d) Method A 
 

 
1 

 
2 

 
3 

e) Method B 
 

1 2 3 

f) Method C 
 

1 2 3 

Figure A.3.  An example of MKT items - elementary number concepts and operations.  Unlike 
the two-digit multiplication problem in Figure A.1, teachers determine if alternative solutions 
presented by students are mathematically correct (Learning Mathematics for Teaching,  2008, p. 
5).  
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Mrs. Smith is looking through her textbook for problems and solution methods that draw on the 
distributive property as their primary justification. Which of these familiar situations could she use to 
demonstrate the distributive property of multiplication over addition [i.e., a (b + c) = ab + ac]?  (Mark 
APPLIES, DOES NOT APPLY, or I’M NOT SURE for each.) 
  
 

Applies 
Does not 

apply I’m not sure 

e) Adding 
3
4

+
5
4

 

 

 
1 
 

 
2 

 
3 

f) Solving 2x – 5 = 8 for x 
 

1 
 

2 3 

g) Combining like terms in the expression 3x2 + 
4y + 2x2 – 6y 

 

 
1 
 

 
2 

 
3 

h) Adding 34 + 25 using this method:  

 

 
1 
 

 
2 

 
3 

 
Figure A.4.  An example of MKT items - middle school patterns, functions, and algebra.  In the 
teaching of mathematics, teachers demonstrate their understanding of mathematics concepts by 
providing examples to illustrate concepts to students (Learning Mathematics for Teaching,  2008, 
p. 26).   
 

Teachers and Mathematical Knowledge for Teaching 

The MKT measures have been used in countless evaluations of professional 

development, including the California Mathematics Professional Development Institutes.  

Furthermore, Hill, Rowan, and Ball (2005) found that teachers’ mathematical knowledge for 

teaching positively predicted student gains in mathematics achievement during the first and third 

grades.  The Content Knowledge for Teaching – Mathematics (CKT-M), an earlier version of the 

MKT measures, were used in this study (Hill, Rowan, & Ball, 2005) and allowed researchers to 

not only measure teachers’ computational knowledge and skills, but also mathematical 

knowledge for teaching. 

Findings from other studies also demonstrated the importance of mathematical 

knowledge for teaching (e.g., Ball, 1990; Brakoniecki, 2009; Ma 1999; Mullens, Murnane, & 

Willett, 1996; Stylianides & Ball, 2008).  Teacher educators, in particular, focused their efforts 

34
+25

59
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on learning how to foster the development of mathematical knowledge for teaching in 

prospective teachers.  Ma (1999) described the three periods of mathematics learning: schooling 

(K-12, college), teacher preparation program, and teaching (in the classroom), as shown in 

Figure A.5.  Teachers learn from their own schooling before entering and during a teacher 

preparation program.  Teachers also continue to learn while teaching students in the classroom 

especially during the first 2 years of full-time teaching.  New teachers must develop a deep and 

full understanding of mathematics in order to facilitate the building of connections between 

concepts (Calderhead, 1996).   

 

 

 

 

 

Figure A. 5.  The cycle of teacher knowledge development (Ma, 1999, p. 145).  In theory, 
teachers develop subject knowledge during three periods: first, as a student themselves, second, 
in the teacher preparation program, and third, as a teacher in the classroom.   
 

According to Ma (1999), in contrast with U.S. teachers, Chinese teachers attained 

mathematical competence before they entered a teacher preparation program.  During their 

teacher preparation program, connections were made between mathematics content and teaching, 

and learning school mathematics.  When Chinese teachers began their work with students, they 

were able to focus entirely on empowering students.  On the other hand, teachers in the United 

States had not attained mathematical competence and teacher educators dedicated methods 

instructional time to completing school-level mathematics. 

 
Teaching 

Teacher 
Preparation 

Program 

Schooling 
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Teachers’ Attitudes and Beliefs towards Mathematics 

Prospective teachers bring their own attitudes and beliefs towards teaching and 

mathematics to education programs.  These attitudes and beliefs towards mathematics have 

grown out of their own personal experiences (positive or otherwise) as they moved through the 

education system.  Van der Sandt (2007) adapted the research model on teacher behavior by 

Koehler and Grouws  (1992), to illustrate the relationship between teacher knowledge, teacher 

beliefs, and teacher attitudes about teaching and learning mathematics within the social and 

school context (see Figure A.6).  In a review of research on teacher learning, Borko and Putnam 

(1996) focused on how knowledge and beliefs of teachers change over time.  Beliefs influenced 

the formation of attitudes.  Findings from a study by White, Way, Perry, and Southwell 

(2005/2006) suggested achievement and attitudes towards mathematics had a two-way 

relationship.  Thus, learning was heavily influenced by existing knowledge, beliefs, and 

dispositions.  Studies also showed that teacher knowledge and beliefs are difficult to change 

(e.g., Foss & Kleinsasser, 1996; Kajander, 2010; Swars, Smith, Smith, & Hart, 2009). 

Existing knowledge and beliefs are critical factors in determining what and how teachers 

learn from educational experiences.  Strawhecker (2005) studied the influence of field 

experiences when combined with mathematics methods or mathematics content courses.  The 

sample consisted of 96 preservice teachers enrolled during a single semester.  The participants 

were enrolled in one of the following course combinations: (a) content only; (b) methods only; 

(c) methods and field experience; or (d) content, methods, and field experience.  The study 

documented changes in preservice teachers’ mathematical content knowledge and pedagogical 

content knowledge.  This study used an early version of the MKT measures (CKT-M) to measure 

pedagogical knowledge, including content knowledge, content knowledge situated in teaching, 
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and knowledge of students’ thinking.  Researchers also used an additional instrument to measure 

content knowledge.  Findings from this study suggested that the combination of field experiences 

and mathematics methods course had the greatest potential to impact the development of 

pedagogical content knowledge in preservice teachers. 

 

 Figure A.6.  Research framework for studying teacher behavior (adapted from van der Sandt, 
2007, p. 347).  Teacher behavior is influenced by teacher attitude, teacher knowledge, and 
teacher views and beliefs towards mathematics.   

Although studies have shown that attitudes and beliefs are difficult to change, further 

studies have documented that changes in attitudes and beliefs about mathematics and growth in 

mathematical knowledge for teaching were possible (e.g., Quinn, 2001; Strawhecker, 2005; 

Swars et al., 2008).  Gains in mathematical knowledge for teaching have been shown to occur in 

studies that infuse mathematics content into the methods course (e.g., Burton, Daane, & Giessen, 

2008; Kahan et al., 2003; Quinn, 2001), incorporated field experiences (e.g., Ebby, 2000; 
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Strawhecker, 2005; Swars et al., 2009), or a combination of content, field experiences, and 

pedagogy (e.g., Artzt, 1999; Ball, 1989; Ball, 2000).  

Cycles of Learning 

Teachers in the United States are caught in a cycle of low-quality mathematics learning 

(CRMSE, 2010; Ma, 1999).  “Future teachers as they enter their preparation programs have been 

exposed to a less demanding curriculum and on average have lower levels of mathematics 

knowledge than in other countries” (CRMSE, 2010, p.3).  The mathematics learned in typical 

American mathematics classes are largely based on rules and procedures.  As teachers are 

graduates of the system we seek to improve, many US teachers lack the sound mathematical 

understanding and skills needed for effective teaching (Ball, 1990; Ball, 1989; Ball, 2003; Ma, 

1999; Stigler & Hiebert, 1999).  

Stylianides and Ball (2008) researched what mathematical knowledge about proof was 

likely to be important to teachers as they ask students to engage in proof activities.  Findings 

indicated that teachers were more likely to provide insufficient proofs by example (empirical) as 

opposed to providing conceptual explanations (Stylianides & Ball, 2008).  Hence, prospective 

teachers most likely do not know mathematics to the extent they need in order to teach it (Ball et 

al., 2005).  “Low-quality school mathematics education and low-quality teacher knowledge of 

school mathematics reinforce each other” (Ma, 1999, p. 145).  

The differences between the cycles of learning, as illustrated in Ma’s comparison of 

Chinese and United States teachers, resulted in different learning experiences and achievement 

for Chinese and American students, as demonstrated on international assessments.  A 

comparison study by An, Kulm, and Wu (2004) found that although Chinese teachers have been 

found to teach with traditional, rigid practices, the Chinese system emphasized gaining correct 
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conceptual knowledge.  Furthermore, United States teachers were found to use a variety of 

activities to develop concept mastery.  These activities encouraged creativity and inquiry.  

However, in the United States, there was often a disjuncture between the use of concrete 

materials (e.g., manipulatives), and abstract thinking (including conceptual and procedural 

understanding). 

The Conference Board of the Mathematics Sciences (CBMS) (2001) stressed the 

importance of elementary mathematics curriculum.  In the early grades, young children must be 

given the opportunity to develop the foundation for reason and logic necessary for success in 

higher mathematics.  Students who fail to understand how to manipulate arithmetic expressions 

will struggle with manipulating algebraic expressions in the future.  Furthermore, teacher 

preparation programs must help prospective teachers “rekindle their own powers of 

mathematical thought” (p. 17).  Programs should build upon prospective teachers’ prior 

knowledge of mathematics, and help them to bring meaning to the mathematics concepts that 

were not present in their own learning experiences.  

Teacher Preparation Programs 

Teacher preparation programs in the United States vary in structure and duration.  To 

begin, studies on university preparation programs have been a popular subject due to the increase 

in public scrutiny over the effectiveness of university preparation programs and alternative 

certification programs (e.g., Adelman, Michele, & Bogart, 1986; Boser & Wiley, 1988; Darling-

Hammond, Chung, & Frelow, 2002).  Traditional teacher education programs generally fall into 

five structural types (Zeichner & Conklin, 2005): 

• 4-year undergraduate model  

• 5-year extended and integrated program leading to a bachelor’s degree  
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• 5-year extended and integrated program leading to a bachelor’s degree and a master’s 
degree (e.g., master of arts in teaching MAT program)  

• Fifth-year program leading to a master’s degree  

• 6-year program leading to a master’s degree 
The distinction between alternative certification programs and traditional programs is 

found in the underlying philosophy about the amount of preparation needed before assuming 

responsibility for a classroom (Stoddart & Floden, 1996).  Traditional programs provide 

coursework and supervised practice before teachers begin teaching full time.  The supervised 

practice in traditional university programs is commonly known as student teaching, or fieldwork.  

Alternative certification programs argue that teachers who know their subject (as evidenced by a 

college degree) can best learn to teach by teaching.  Advocates of alternative certification believe 

that college graduates can pick up what they need on the job with mentoring and support 

(Zeichner & Conklin, 2005).  Studies that have been conducted to compare traditional and 

alternative programs have not produced any evidence that alternative programs are less effective 

in preparing teachers or in teacher retention (Darling-Hammond et al., 2002; Houston, Marshall, 

& McDavid, 1993).  However, the characteristics of effective teacher education programs have 

been found to be more influential than the structure (4-year, 5-year, alternative certification, etc.)  

(Kennedy, 1998).  Effective programs provide opportunities for students to learn new 

approaches, practice these new approaches, and through direct interactions with students in the 

field, experience first-hand the impact these approaches have on learners (Ebby, 2000; 

Strawhecker, 2005). 

 Prospective teachers enter teacher preparation programs with knowledge, beliefs, and 

attitudes developed over the last 15 years as a student.  The teacher preparation program is an 

opportunity for teacher educators to help preservice students develop a deeper, conceptual 

knowledge of mathematics, pedagogical knowledge related to the teaching of mathematics, and 
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knowledge of how to combine the two in practice.  These opportunities should be evident in both 

mathematics content courses and mathematics methods courses taken by preservice teachers.  

The goal of teacher preparation programs for all prospective teachers is to teach them to teach 

and reinforce the need to continue developing their own content knowledge and content 

pedagogy as a classroom teacher. 

International and National Studies of Teacher Preparation Programs 

 Over a decade ago, Ma (1999) and Stigler and Hiebert (1999) made international 

comparisons of teaching practices in the U.S.  After reviewing many high achieving countries 

(based on the TIMSS results), the findings suggest that although the teaching approaches varied 

widely, the instructional practices were all characterized by student engagement, and problems 

that required the students to actively struggle with core mathematics concepts and procedures.  

Furthermore, in high achieving countries, mathematics teaching focuses in on mathematical 

relationships.  In the observations of mathematics teaching practices in the U.S., problems are 

used as well, but they are used to practice procedures or recall information with very few 

opportunities to learn the mathematics concepts in depth (Stigler & Hiebert, 2009). 

 Teacher knowledge of mathematics was a common component of studies that 

investigated the structures, approaches, and general characteristics of the mathematics 

preparation and development of teachers (Tatto, Lerman, & Novotna, 2010), and Teacher 

Education Study in Mathematics (TEDS-M)) found that most elementary teachers were educated 

as generalists with a low emphasis on mathematics content in the program overall.  Furthermore, 

the majority of mathematics content courses were taught by mathematicians.  The question was 

raised as to whether these content courses were better taught by mathematics educators.  The 

benefits of having courses taught by mathematics educators would be that this structure would 
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help teachers acquire the mathematics understanding they need for teaching (Tatto, Lerman, & 

Novotna, 2010).  

The United States Teacher Education Study in Mathematics (U.S. TEDS-M) was a part 

TEDS-M.  U.S. TEDS-M was a comparative study (60 US programs and 15 International 

programs) that focused on the teacher education preparation programs of elementary and middle 

grade teachers of mathematics.  With respect to mathematics knowledge, the United States 

preservice teachers were in the middle of the international distribution of countries.  Findings 

indicated that United States teachers were not receiving adequate mathematical training to meet 

the demands of school curriculum.  In addition, middle school teachers prepared in a secondary 

preparation program demonstrated a higher level of mathematics knowledge than those prepared 

in a middle school preparation program (Schmidt et al., 2007; U.S. TEDS-M, 2011).  

Focus on Developing Preservice Teachers Mathematical Knowledge for Teaching  

Expert teachers possess both mathematical content and mathematical pedagogical 

knowledge.  These expert teachers understand the unique structures and methods of inquiry 

associated with the knowledge domain (NRC, 2000).  Mathematics methods courses focus on the 

development of both types of knowledge.  Barlow and Reddish (2005) studied 45 students at one 

university and the effects of constructivist teaching on the conceptual understanding of 

preservice teachers.  Learning experiences designed to increase preservice teachers’ conceptual 

understanding of mathematics still resulted in the majority of participants writing procedural-

based lessons.  However, the findings of this qualitative study (with data sources that included 

pre- and post-survey, lesson plans, journal entries) suggested that mathematical knowledge 

needed to teach mathematics effectively developed over time.  Furthermore, studies indicated 
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that continued professional development and support during teaching were vital to this 

development (Barlow & Reddish, 2005; Lewis, 2007). 

The results from another study of preservice teachers (n = 30) stressed the importance of 

both mathematical content and mathematical pedagogical knowledge in a teacher’s ability to 

decompose mathematical concepts, and the ability to use this information for teaching (Morris, 

Hiebert, & Spitzer, 2009).  Furthermore, this ability does not come naturally to most preservice 

teachers, but can develop over time.  The need for teachers to be able to understand mathematical 

concepts beyond algorithms and to be able to use logic and reasoning skills effectively (Martin & 

Harrel, 1989; Simon & Blume, 1994; Thanheiser, 2009), and the importance of representations 

(transparent or opaque) in providing the flexibility to apply knowledge to problem situations (Ng 

& Lee, 2009; Pape & Tschoshanov, 2001; Zazkis & Liljedahl, 2004) was also supported.  

Teachers who are able to provide students with both visual and concrete learning experiences 

developed the ability to use representations flexibly.  

Mathematical Education of Elementary Teachers (ME.ET) Project 

The Mathematical Education of Elementary Teachers (ME.ET) Project was a 5-year 

project focused on the investigation of mathematics content courses taken by prospective 

teachers during their undergraduate education in the United States.  Seventeen institutions with 

teacher preparation programs were selected from Michigan, New York City, and South Carolina.  

Using a selection of the MKT items from the Learning Mathematics for Teaching (LMT) project 

(i.e. Hill et al., 2004), and additional items designed to collect information of attitudes and 

beliefs, and demographics, 1706 preservice elementary teachers were surveyed to assess their 

mathematical knowledge for teaching before and after completing the first mathematics course 

for teachers.  The one-semester mathematics content course focused primarily on fractions, 
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multiplication, and reasoning and proof.  Data were also collected from 41 mathematics course 

instructors (content of course, methods of instruction), and from the mathematics department 

chair or other representative at each institution (courses offered, instructors, students) across the 

three states.  

 The ME.ET project addressed the need for research on how professors affect 

undergraduate preservice elementary teachers’ mathematical knowledge (see Figure A.7).  

Findings from this multilevel study of opportunities to learn identified three variables that 

influenced growth including students’ prior knowledge, use of specifically designed textbooks, 

and the methods the instructor used to teach the course.  Measures of preservice teachers’ prior 

knowledge of mathematics included the results from forms developed for the study, using MKT 

items (pre-post-tests), and a demographic questionnaire designed to gather information about 

previous mathematics courses and college entrance exam scores.  Data from the course 

instructors on the content covered in the course, teaching methods, demographics, and teaching 

materials used (including textbook) were also collected.  

Figure A.7.  Framework from the Mathematical Education of Elementary Teachers Project 
(adapted from McCrory, 2007, p. 3).  Teacher preparation programs help preservice teachers 
develop mathematical knowledge by providing opportunities to learn.  These opportunities are 
influenced by the preservice teachers in the program as well as the program context.  
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 Preliminary analyses of the results support the recommendation to improve mathematical 

knowledge in children by improving the mathematical knowledge of elementary teachers 

(CBMS, 2001; Hill et al., 2005; McCrory, Zhang, Francis & Young, 2009).  A growth model 

using HLM was used to analyze the student and instructor data together.  Significant predictors 

included ACT/SAT score (put on a common scale), attitude towards mathematics (based on 

response to “I like mathematics”), textbook used, and method of instruction.  In particular, this 

study observed that preservice teachers who have a weak background in mathematics are 

generally not able to make up this deficit.  However, these weaker students do benefit from the 

mathematics courses of teachers. 

Teacher Knowledge and Assessment System (TKAS) 

The Teacher Knowledge Assessment System (TKAS) study addresses the need for large-

scale evaluations of professional development focused on the improvement of teachers’ 

mathematical knowledge  in teachers.  TKAS is a current research project with the overall 

objective of learning more about the contribution of teachers’ professional development in 

elementary and middle school mathematics (LMT, 2010).  Through the TKAS system, 

professional development leaders (who have completed the required LMT training) have access 

to MKT measures online.  The fixed-forms for the various constructs (e.g., number concepts and 

operations, patterns, functions, and algebra, etc.) are available, along with a computer adaptive 

test (CAT) version.  Professional development program leaders are provided with the results of 

individual teachers’ surveys that include the raw data and a score for each construct, based upon 

Item Response Theory (IRT). 

In addition to the data collected through each teacher (participant) survey, the system 

collects data from professional development providers and administrators.  The data collected 
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from these program leaders include a measure of the program leaders’ mathematical knowledge, 

personal background information, and reasons for using the MKT measures.  The focus of the 

TKAS study was to investigate the features of professional development programs that are 

associated with growth in teachers’ mathematical knowledge for teaching.  This large-scale 

evaluation was made possible by the participation of over 300 programs and over 12,000 

teachers.  Analysis of data for the TKAS study will be based on hierarchical linear models to 

estimate the average effects and variance across participating programs.  The possible covariates 

include time between assessments and background characteristics of the participants (LMT, 

2010).  

Summary of Key Points 

The review of related literature has shown that the demands of the twenty-first century 

include a flexible knowledge of mathematics, problem solving, and critical thinking skills.  The 

success of America’s youth is dependent on how well the educational system can help these 

students meet these demands as well.  In particular, the development of algebraic thinking skills 

beginning in the early grades influences future success in algebra.  Teachers who have a deep 

understanding of the mathematics subject matter and the ability to teach these skills to students 

are in high demand.  Teacher preparation programs, in particular, must provide learning 

opportunities for prospective teachers to develop their own mathematical knowledge.  

The purpose of this study was to investigate the development of mathematical knowledge 

for teaching in preservice teachers over 9 months.  This study is unique because the study (a) 

focuses on the impact of a mathematics methods course as opposed to mathematics content 

course, (b) uses a CAT version of the MKT measures to provide a more accurate characterization 

of the participants’ mathematical aptitude, and (c) employs a piecewise growth model analysis 
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that addresses longitudinal data over multiple time-points in order to infer the contributions of 

influential factors based on a theoretical model (see Figure A.8).  Greater knowledge about the 

path of development of mathematical knowledge for teaching in preservice teachers will provide 

additional information to the existing teacher preparation program and decisions regarding 

content and support. 

 
Figure A.8.  Research framework for studying undergraduate preservice teachers.  Over 9 
months, the development of mathematical knowledge for teaching among undergraduate 
elementary preservice teachers and the influence of demographics, prior knowledge of 
mathematics, and attitudes and beliefs towards mathematics were studied. 
 
  Several important areas of study emerged from the review of the literature.  To begin, 

studies focused on the effectiveness of teacher professional development or content course work 

examined participants over the course of the professional development or semester.  Additional 

studies are needed to determine the long-term effects of professional development and training.  

Do the positive effects and gains made in teacher knowledge continue after the training and are 

they observed in actual classroom teaching?  Furthermore, studies on preservice teachers’ 

mathematical knowledge for teaching often document growth within the mathematics content 



65 

course.  For most university preparation programs, these content courses are completed prior to 

methods courses and field experiences.  As the preservice teachers complete their mathematics 

methodology courses and field experiences, studies are needed to determine if preservice 

teachers are able to apply their new mathematical knowledge to the actual practice of teaching.  

Another area for study is the predictive value of teacher quality indicators on teachers’ 

development of knowledge and skills for teaching (Zeichner & Conklin, 2005), as reflected in 

the review of literature, measures of teacher quality have changed over time.  College entrance 

requirements continue to use high school GPA and college entrance exam scores as criteria for 

admission.  Furthermore, university teacher preparation programs rely on skills of basic 

knowledge (CBEST, THEA), undergraduate college GPA, and coursework for admission into 

teacher preparation programs.  From the review of literature, there is a need for studies that 

provide empirical evidence of the value of these proxy measures of mathematical knowledge, 

demographics, and commonly used measures of quality (GPA, THEA, etc.) on teacher 

knowledge, beliefs and attitudes, and practice (Zeichner & Conklin, 2005). 

Significance of This Study 

In order to address the shortage of American citizens entering the STEM fields, we need 

to focus on increasing the number of students entering the STEM fields and the number of 

qualified teachers of mathematics.  This goal is directly related to the effective teaching of 

algebraic reasoning in the early grades.  In a traditional teacher preparation program, elementary 

preservice teachers are given opportunities to learn both mathematical content knowledge and 

pedagogical strategies to effectively teach mathematics to our youth.  However, despite the 

efforts of teacher educators, students continue to struggle with mathematics, as evidenced by 

only 40% of 8th grade students at or above the proficient level on the 2011 NAEP mathematics 
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assessment.  This study focuses on the development of algebraic reasoning in undergraduate 

elementary preservice teachers in the last year of a 4-year teacher preparation program.  

This study contributed to the efforts of mathematics educators to prepare qualified 

mathematics teachers by studying undergraduate elementary preservice teachers over 9 months.  

While other studies have focused on the changes in mathematical knowledge for teaching over a 

one-semester mathematics content course (e.g., ME.ET, 2009; Welder, 2007), this study 

followed the same group of participants over a mathematics methods course and subsequent field 

experience (student teaching).  By collecting data at 5 time points during this study, an analysis 

using a piecewise growth model was possible.  This analysis, using a piecewise growth model, 

detected changes particular to the mathematics methods course (Time-points 1, 2, & 3) and 

student teaching (Time-points 4 & 5).  Prior studies have used a t-test (Welder, 2007) or 

hierarchical linear modeling growth model with two time points (ME.ET, 2009).  The Mplus 

software (Muthen & Muthen, 1998-2010) provided a maximum likelihood estimation that 

allowed model estimation without list-wise deletion.  In addition, the piecewise growth model is 

a confirmatory approach and when goodness-of-fit is adequate, it provides evidence for the 

relation of variables postulated in the model (Byrne, 2012). 

The repeated assessment using the MKT measures in number sense (NCOP) and 

algebraic thinking (PFA) was possible with the use of the CAT version available through the 

TKAS system.  In prior studies, in order to adapt the measures for the preservice population, 

forms were developed and validated using the MKT measures to target the theoretical level of 

difficulty expected for preservice teachers.  In addition to the more efficient use of time, the CAT 

system automatically adapted the items selected based on the ability of each individual 
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participant.  Thus, it was possible to administer the MKT measures in the two constructs in less 

time than pre-set forms. 

 
Assumptions and Limitations 

The following assumptions for this study were made: 

• Preservice elementary teachers had the prerequisite knowledge for teaching mathematics, 

lesson planning, and curriculum design, as indicated by the successful completion of 

prerequisite course work. 

• Preservice elementary teachers had a basic understanding of mathematics, based on a 

passing Texas Higher Education Assessment (THEA) score of 230 or higher in 

mathematics. 

The limitations of the study were as follows: 

• The sample size was limited by the number of students beginning the final year of the 

teacher preparation program in the fall 2011 and to those who progressed to the student 

teaching component in the spring 2012. 

• The convenience sample was non-random and may limit generalizability to other 

university programs. 

• The demographics of the sample were indicative of one university and may not be 

generalizable to teacher preparation programs in general.  

• Participation in the study was not connected to a course grade or participation credit.  The 

participants may not have completed the assessments to the best of their knowledge due 

to the low-stakes and high cognitive demand of the MKT measures. 
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Definition of Terms 

• Preservice teacher preparation: a 4-year undergraduate traditional education 

program designed to prepare teachers for the classroom in Early Childhood (EC) through grade 

12. 

• Mathematics methods course: university undergraduate course designed to instruct 

preservice teachers about the principles in mathematics teaching and learning in grades EC-8.  

The title of the course at this university is Mathematics in Grades EC-8. 

• Mathematics content course: university undergraduate course designed to instruct 

prospective teachers on the mathematics taught in the elementary grades.  The titles of the 

courses at this university are Mathematics for Elementary Educators I and II. 

• Mathematical knowledge for teaching:  the professional knowledge needed by 

teachers in order to teach mathematics. 

• Mathematical Knowledge for Teaching (MKT) measures: the items and forms 

developed to measure teachers’ mathematical knowledge for teaching.  These items are available 

through the Learning Mathematics for Teaching Project at the University of Michigan, Ann 

Arbor. 

• Common content knowledge (CCK):  the knowledge of mathematics commonly held 

by educated adults and mathematicians.  

• Specialized content knowledge (SCK): The knowledge of mathematics needed for 

teaching mathematics to students including the knowledge needed to understand and address 

student misconceptions, identify the structure of a concept, and understand how mathematical 

concepts relate and support one another. 
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• Pedagogical content knowledge (PCK): the knowledge of the subject matter, student 

learning, and effective teaching strategies needed to help students learn the subject matter. 

 



70 

APPENDIX B 

DETAILED METHODS
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Research Design 

 The focus of this longitudinal study was on the development of mathematical knowledge 

for teaching in algebraic reasoning among undergraduate elementary preservice teachers.  This 

study (a) documented changes in number sense and algebraic thinking based on Mathematical 

Knowledge for Teaching (MKT) measures, among the same elementary preservice teachers over 

9 months; and (b) identified factors related to these changes.  Evidence for causality in this non-

experimental research design is supported by the collection of longitudinal data from the same 

participants, data on dependent variables at the beginning of the study, and the use of a piecewise 

growth model (Johnson, 2001).  This type of structural equation model analysis is a confirmatory 

approach that is able to provide evidence for the relation of variables postulated in the model 

given longitudinal data over multiple phases. 

Participants recruited for this study were undergraduate preservice elementary teachers 

enrolled in the final year of a 4-year teacher preparation program at a large (over 34,000 

students) public university in North Texas.  During fall 2011, the participants (a) attended four 

subject specific methods courses including a mathematics methods course, Mathematics in 

Grades EC-8 (henceforth known as methods), that were scheduled for two of the days; and (b) an 

all-day field experience at an elementary school was scheduled for another 2 days.  In spring 

2012, participants completed a 5-day-a-week, all day, student teaching assignment, Student 

Teaching in pre-K through Grade 4 (henceforth known as student teaching).  This assignment 

was divided into two rotations (placements) over 15 weeks.  Recruitment for the study began 

prior to the start of fall 2011 and data were collected for all participants from this initial time 

point through spring 2012.  
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Research Questions 

The following research questions were developed to guide this study: 

1. What is the impact of a mathematics methods course followed by a student teaching 

assignment on the development of mathematical knowledge for teaching in number 

sense among undergraduate elementary preservice teachers? 

2. What is the impact of a mathematics methods course followed by a student teaching 

assignment on the development of mathematical knowledge for teaching in algebraic 

thinking among undergraduate elementary preservice teachers? 

3. What is the relationship between changes in mathematical knowledge for teaching in 

number sense and algebraic thinking, and (a) participant demographics, (b) prior 

knowledge of mathematics, and (c) attitudes and beliefs towards mathematics? 

Participant Recruitment and Sample Size 

Undergraduate elementary preservice teachers that were enrolled in the final two 

semesters of a 4-year teacher preparation program were assigned by the university field 

experience office to one of eight cadres prior to the start of fall 2011.  A cadre was composed of 

a group of approximately 22 preservice teachers assigned to the same local district for both 

semesters.  There were nine sections of the methods course offered in fall 2011.  Each cadre was 

assigned a specific section and one larger cadre was assigned two sections.  Each section of 

methods was taught by either a tenure-track professor in the College of Education, or an adjunct 

faculty member.  During fall 2011, three tenure-track professors taught four of the sections while 

the other five sections were taught by adjunct faculty members.  The methods instructors were 

informed about the study during an instructor meeting held in spring 2011. 
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There were nine cadre coordinators, one assigned to each of the cadres and two assigned 

to the largest cadre.  These individuals coordinated placements in the local schools and provided 

continued support for the preservice teachers while in the field.  Working with the cadre 

coordinators, I arranged to meet with the preservice teachers prior to the beginning of fall 2011 

for the purpose of recruitment and completion of the IRB consent form, and background and 

demographics survey.  A meeting prior to the start of the semester was not possible for three 

cadres so the study information and completion of forms were conducted at the first meeting of 

methods.  For this study, 176 participating participants out of 191 recruited participants 

completed the study through the 5 time-points.  Attrition related to the study is listed in Table 

B.1.  With the assistance of both the cadre coordinators and methods instructors, time was 

allocated for the study during regularly scheduled methods meetings or cadre meetings, so no 

further time commitment was required of participants. 

Table B.1  

Attrition of Study Participants  

Reasons for leaving the study Number of participants 

Failure to proceed to student teaching semester 
(e.g., failed course, low GPA) 
 

5 

Graduated after fall 2011 (exemption from 
student teaching) 
 

6 

Declined to participate in the study while in 
progress. 

4 

 

 The developers of the MPlus software, Muthen and Muthen (2002), recommended a 

sample size between 150 and 250 (dependent upon the presence of missing data) to keep power 

close to 0.80 (an accepted value for sufficient power).  According to Hamilton, Gagne, and 
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Hancock (2003), a sample size of 100-200 with 5 time-points will have convergence rates 

between 98.9 and 99.9.  Thus, the convenience sample of 176 participants from the university 

elementary teacher preparation program was sufficient for analysis. 

Setting 

 Undergraduate students who planned to teach in elementary (grades EC-6) schools 

majored in Interdisciplinary Studies.  The College of Education offered the following initial 

certificates: EC-6 Generalist or an EC-6 Generalist with a specialization.  Specialization 

certificates included: EC-12 Special Education, Bilingual, or English as a Second Language 

(ESL).  Over 75% of the study participants were seeking certification as an EC-6 Generalist or 

EC-6 Generalist ESL (see Table B.2).  

Table B.2  

Distribution of Study Participants’ Teaching Certification Goals 

Certification Number of participants Percentage of sample 

• EC-6 Generalist  67 38 

• EC-6 Generalist with 
Special Education EC-12 

31 18 

• EC-6 Generalist Bilingual 11 6 

• EC-6 Generalist ESL 67 38 

 

Participants completed specific education major coursework (Appendix E) for the teacher 

preparation program during the third and fourth year.  Prior to entering the last 2 years of the 

teacher preparation program, students documented successful completion of mathematics content 

courses for the Interdisciplinary Studies major, which included: Algebra, Mathematics for 

Elementary Education Majors I, and Mathematics for Elementary Education Majors II, in order 
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to continue with the program.  Students admitted to the final 2 years of the teacher preparation 

program also met the following requirements: 

• Junior status (60 + semester hours)  

• 2.75 GPA in core or 2.75 overall GPA  

• Minimum Texas Higher Education Assessment (THEA) test scores of 230 math, 240 
reading, and 220 writing  

• Completion of a degree plan  
 

The purpose of the Texas Higher Education Assessment (THEA) is to assess the reading, 

mathematics, and writing skills that entering freshman-level students should have if they are to 

perform effectively in undergraduate certificate or degree programs in Texas public colleges or 

universities (Pearson Education Inc., 2011).  Possible scores for each section (reading, 

mathematics, and writing) range from 100 to 300 and students who plan to complete the teacher 

preparation program must meet the minimum score requirements listed above before beginning 

the third year of the program.  

 The fourth and final year (two semesters) of the 4-year university teacher preparation 

program included university courses and field placements (see Table B.3).  Participants in this 

study were concurrently enrolled in four university methods courses (2 days a week) and a field 

placement (2 full days a week) in fall 2011.  In spring 2012, preservice teachers were assigned to 

a 15-week student teaching assignment (5 days a week, all day, two rotations).  The student 

teaching assignment provided preservice teachers with an opportunity to apply the content and 

content pedagogy learned in the previous semester course work to the practice of teaching, under 

the guidance of a mentor teacher.  By design, student teaching had two rotations with two 

different mentors at two different grade levels. 
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Table B.3  

Components of Final 2 Semesters of 4-year University Teacher Preparation Program 

Semester Field Placement University Courses 

1: Subject-Specific Methods 2 full days/week  • Reading & Language Arts in  
Grades EC-8  

• Science in Grades EC-6  
• Social Studies in Grades EC-6  
• Mathematics in Grades EC-8  

2: Student Teaching 5 full days/week   Generalist EC-6 (no specialization) 
• Strategies to Support Diverse 

Learners  
 

Discussion of Mathematics in Grades EC-8 

 The methods course was designed around specific course objectives and met for 170-

minutes once a week for approximately 15 weeks (see Table B.4).  

Table B.4  

Objectives for Methods Course 

 Mathematics in Grades EC-8 Course Objectives 

1. To introduce the preservice teachers to current perspectives in elementary & middle level 
mathematics curriculum.   

2. To have preservice teachers begin reflection on the practices of teaching that has influenced 
them as well as the influences of their practices on students.   

3. To develop appropriate assessment techniques that informs instructional practice and 
support student learning.   

4. To engender skills of effectively implementing elementary & middle level mathematics 
curriculum.   

5. To acquaint preservice teachers with various types of manipulatives and other concrete 
materials available for modeling and developing concepts in elementary & middle level 
mathematics.   

6. To develop facility with a variety of calculator and computer applications appropriate for 
the elementary & middle level mathematics classroom.   

7. To introduce preservice teacher s to a variety of teaching approaches for elementary & 
middle level school mathematics.   

8. To become acquainted with mathematics in a broader cultural context.   

Note.  From Mathematics in Grades EC-8 course syllabus, 2011. 
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Learning how to teach mathematics to elementary students was the focus of the methods 

course.  The university course catalog description of methods was as follows: 

Principles in mathematics teaching and learning based on national curriculum and 

assessment standards.  The learning process in the development of mathematical thinking 

and skills in children.  Students observe mathematics instruction and materials in real 

settings and experience firsthand the scope and sequence of mathematics in a 

primary/elementary/middle school setting.  Assignments, directed field experience, and 

other class activities take place on site in a school setting.  

 Methods course instructors were either tenure-track professors in the College of 

Education (3) or adjunct instructors (5).  In order to provide a consistent curriculum for all 

preservice teachers in the course, the instructors met before fall 2011 and three other times 

during the semester.  General consistencies across all courses were: (a) use of the same textbook, 

(b) common assignments (e.g., a tutoring project involving lesson plan design, assessment, and 

implementation), and (c) course activities that demonstrated a connection between cultural art 

forms and transformational geometry.  Also, the instructors developed a shared website to post 

lesson ideas and activities discussed during the meetings.  

Discussion of Student Teaching in Pre-K through Grade 4 
 

Student teaching, based on course objectives listed in Table B.5, included 40 hours per 

week in the PDS, and one hour per week seminar.  Student teaching provided an opportunity for 

preservice teachers to develop their teaching practice by working directly with elementary 

students on a daily basis, under the supervision of an inservice teacher (mentor).  Preservice 

teachers were assigned to the same mentors for spring 2012 as they had in fall 2011. 
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Table B.5  

Objectives for Student Teaching 

Student Teaching in Pre-K through Grade 4 Course Objectives 
1. Gain an awareness of fundamental areas of knowledge and the interrelationships among 

them. 
2. Gain the skills required to explore and test ideas. 
3. Have the ability to read intelligently, write clearly, and speak well. 
4. Value different ideas, perspectives, cultures, and viewpoints. 
5. Demonstrate personal and social responsibility. 
Note.  From  Student Teaching in PreK through Grade 4 course syllabus, 2011. 

Pilot Study 

 In order to inform research study decisions regarding instrumentation and procedures, a 

pilot study was conducted during fall 2010 and spring 2011 at the same university with 

preservice teachers enrolled in methods followed by student teaching.  Participants (N = 37) were 

recruited from one cadre at a scheduled meeting prior to the start of fall 2010.  Participants in 

this cadre were enrolled in one of two sections of methods, taught by the same instructor.  The 

online Teacher Knowledge Assessment System (TKAS) was used to administer the MKT 

measures (LMT, 2006).  Two pre-set forms (A and B) developed, piloted, and validated by the 

Learning Mathematics for Teaching (LMT) project from the elementary number concepts and 

operations (NCOP) construct were administered to measure mathematical knowledge in number 

sense.  The TKAS system automatically tracked the forms participants were given, pre-post-post-

test, in order to alternate forms and vary the items at each administration.  The pilot study was 

designed to provide insight into the use of the MKT measures, the procedures related to the use 

of the TKAS system, and logistic considerations for a much larger planned full-study participant 

group.  Since the MKT measures are most reliable in measuring change when the number of 

participants is 60 or greater, interpretation of the data for the pilot study (N = 37) was limited. 
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 The pilot study guided decisions made about the MKT measures and procedures used in 

this study (Appendix E).  The decision was made to use the computer adaptive test (CAT) 

version of the MKT measures to assess algebraic reasoning, using the elementary number 

concepts and operations (NCOP) construct to measure number sense, and elementary patterns, 

functions, and algebra (PFA) to measure algebraic thinking.  The use of the CAT version made 

the most efficient use of time and allowed for the inclusion of two constructs (NCOP and PFA) 

since fewer items were needed to assess the participants’ knowledge (LMT, 2010).  Furthermore, 

the equated forms available on TKAS were created and validated for inservice teachers (M = 0, 

SD = 1) so an adjustment was necessary since it was presumed that preservice teachers’ MKT 

scores would be lower.  The mean score for the pilot participants was approximately 0.5 SD 

below the average K-8 teacher.  The CAT version automatically adjusted the level of difficulty 

of test items selected based upon individual responses in order to obtain the most accurate score 

for each participant (Weiss, 2004). 

Procedure 

In order to study the development of mathematical knowledge for teaching and the 

factors that influenced the development, three instruments were used to collect individual data on 

each participant.  The data collected included (a) MKT measures in two constructs, NCOP 

(number sense) and PFA (algebraic thinking); (b) participant demographics and prior knowledge 

of mathematics; and (c) measures of attitudes and beliefs towards mathematics (see Table B.6 

and Appendix E).  The MKT measures for number sense and algebraic thinking, and the attitudes 

and beliefs survey, were administered to participants during the first scheduled meeting and 

every 6-7 weeks for a total of five times over 9 months.  A participant demographics and 

background (including indicators of prior knowledge of mathematics) survey (henceforth known 
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as background survey) was administered prior to the first administration of the MKT measures.  

The endogenous variables for this study were the participants’ MKT scores in NCOP and PFA; 

the exogenous variables were participant-related factors (background information, demographics, 

prior knowledge of mathematics, and attitudes and beliefs towards mathematics).  Prior studies 

have suggested that attitudes and beliefs directly impact the growth of mathematical knowledge 

in preservice teachers (e.g., Kajander, 2010; White et al., 2005/2006), as well as teacher behavior 

and interactions with students (Eddy & Wilkerson, 2005; van der Sandt, 2007; McCrory, Zhang, 

Francis, & Young, 2007).  

Over the course of the study, I personally facilitated the administration of all instruments 

to all participants at each of the 5 time-points (with the exception of Time-point 4).  Additional 

meetings were scheduled to make up assessments for absent participants (see Table B.6).  To 

accommodate the student teaching orientation event schedule (January, 2012) at Time-point 4, 

all participants met at the same time to complete the surveys.  Access to five computer labs on 

the same floor of a university building and the recruitment of additional proctors (four 

mathematics methods instructors and my major professor) were necessary to facilitate the 

administration of the online surveys to all participants.  Protocols and guidelines were provided 

for each proctor, to ensure that all participants completed the assessments under the same 

conditions.  
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Table B.6  

Schedule of Data Collection and Instruments  

Semester/Week Meeting 
Type 

Assessments Location Approximate 
Time 

# of 
Make-up 
Meetings  

August 2011 Cadre 
Meeting 

IRB Consent 
Forms 
Student 
Background 
Survey 

Varied 30 minutes 0 

Time-point 1 
fall 2011 
week:1&2 

Methods Student 
Background 
Survey 
MKT (CAT) 
Attitudes & 
Beliefs 

University 
classroom 

Site 
Computer     

Lab 

15 minutes 
15 minutes 
40 minutes 

1 

Time-point 2 
fall 2011 
week: 7&8 

Methods MKT (CAT) 
Attitudes & 
Beliefs 
 

Site 
Computer 

Lab 

50 minutes 5 

Time-point 3 
fall 2011 
week:13&14 

Methods MKT (CAT) 
Attitudes & 
Beliefs 
 

Site 
Computer 

Lab 

50 minutes 5 

Time-point 4 
ST Orientation 
January 2012 

Student 
Teaching 
Orientation 

MKT (CAT) 
Attitudes & 
Beliefs 
 

University 
Computer 

Lab 

50 minutes 0 

Time-point 5 
spring 2012 
week: 6&7 

Student 
Teaching  

MKT (CAT) 
Attitudes & 
Beliefs 

Site 
Computer 

Lab 

50 minutes 0 

Instrumentation 

Mathematical Knowledge for Teaching Measures 

The Teacher Knowledge Assessment System (TKAS) computer adaptive testing (CAT) 

option was the preferred method for administering the MKT measures.  The CAT method selects 

items based on a participant’s proficiency level.  The algorithm selects items from the MKT item 

database then selects the next question based upon the participant’s prior responses.  The 
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participant’s proficiency estimate is updated after each question is answered.  This process is 

repeated until the participant’s responses have reached a specified level of assessment reliability 

(LMT, 2010; Weiss, 2004).  As a result, this method substantially reduces testing time and 

provides uniformly precise estimates for each participant. 

The MKT measures were developed by researchers at the SII/LMT project to assess a 

teacher’s mathematical knowledge for teaching (Hill et al., 2004).  The items and forms were 

piloted with teachers in a large-scale study of the California Mathematics Professional 

Development Institutes (MPDI) (Hill & Ball, 2004).  As reported in Hill (2007), the range of 

piloted reliabilities (Cronbach’s alpha), based on Item Response Theory (IRT), for the forms 

measuring common content knowledge (CCK) and specialized content knowledge (SCK) for 

elementary NCOP, is .71 to .89 and between .77 to .87 for elementary PFA.  Over the last 

decade, additional constructs and multiple forms of the MKT measures have been written, 

validated, and made available for professional development program leaders to evaluate their 

programs. 

The MKT measures scores from each time-point were compared to assess growth over 

the nine-month study.  The CAT version was more appropriate for preservice teachers who had 

not the benefit of extensive classroom experience, a factor in developing specialized content 

knowledge (Ball et al., 2008).  When alternate forms of the MKT measures were created, item 

response theory (IRT) was used to equate the forms.  An IRT score of 0 with standard deviation 

1 was assigned to the expected performance of an average K-8 teacher answering 50% of the 

items correctly.  Assuming a normal distribution, 95% of the K-8 teachers would score between  

-2 and 2.  This score is reported in standard deviation units (SD).  Since the MKT fixed forms 

were designed to measure well for a restricted range, participants who deviate from this range 
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may be affected by issues with persistence and slowness, thus interfering with a good measure of 

their mathematical knowledge for teaching.  The CAT version utilizes concepts from IRT; this 

version allowed for uniformly precise estimates for each participant.  The relative ease of 

administration allowed for efficient testing at periodic intervals (Wang & Kolen, 2001; Weiss, 

2004).  Researchers have access to the MKT measures after attending a training session with the 

LMT research staff.  I attended the LMT training in June 2009.   

 For this study, participants completed the MKT measures online in a computer lab.  An 

IRT scaled score for each participant was reported by TKAS for each construct, NCOP and PFA, 

after each administration.  Since preservice teachers have not had the same opportunities to learn 

from direct contact with elementary students, the expectation was that the mean score for 

preservice teachers would be less than the average K-8 teacher.  In previous studies that used the 

LMT items with preservice teachers, researchers created forms by selecting items with 

difficulties centered from -0.25 (SD) (Welder, 2007) or with no specific difficulty adjustments 

(Charalambous, 2008; McCrory et al, 2009; Qian, Youngs, & Phelps, 2010; Sleep, 2009).  The 

CAT version used in this study automatically adjusted the level of difficulty of items selected for 

the participants of this study. 

 In addition to providing access to the MKT measures and results, data collected by the 

Teacher Knowledge Assessment System were used by the TKAS Study to examine the effects of 

professional development, using the MKT measures for large samples of teachers.  The 

combined data (MKT validated outcomes) from smaller studies will support a large-scale 

evaluation of professional development.  For this purpose, all participants are asked to complete 

a survey on their background and professional development experiences and how well the 
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program fits with their teaching at each administration.  The prompts that reflected on the MKT 

measures included:  

1. I knew the correct answers to most of the questions. 
2. The questions focused on mathematics teachers need to know. 
3. The questions included mathematics that I use frequently in teaching. 
4. I enjoyed answering the questions. 

Participants were asked to respond to these prompts using a 6-point Likert scale, 1 = strongly 

disagree and 6 = strongly agree.  Additional prompts focused on the methods course focus and 

activities. 

Participant Demographics and Prior Knowledge of Mathematics 

The background survey was adapted from the Student Assessment, Parts 1 & 3, from the 

2006-2008 Mathematical Education of Elementary Teachers (ME.ET) project conducted at 

Michigan State University (ME.ET, 2009).  The student (prospective elementary teacher) 

assessment, parts 1 & 3 (http://meet.educ.msu.edu/protocols/meet_student_pts1_3.pdf), was 

designed to collect demographic information (e.g., age, gender, SES) on each participant and 

indicators or prior knowledge of mathematics (e.g., college entrance exam mathematics scores,  

number and type of mathematics courses taken in high school and college).  The modifications 

made for the background survey were limited to degree names (Interdisciplinary Studies replaced 

Education) and the addition of the college readiness assessment (THEA) specific to Texas.  

Measures of Attitudes and Beliefs towards Mathematics 

A 21-item survey developed by the Mathematical Education of Elementary Teachers 

(ME.ET) project, Part 3 of the Student Assessment, Parts 1 & 3, was used to assess the study 

participants’ attitudes and beliefs towards mathematics at each time-point.  An online version 

was created for ease of administration and accuracy in recording responses.  Participants 
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responded to each item using a 5-point Likert scale with 1=strongly disagree and 5=strongly 

agree.  The items measured four attitudes and beliefs factors identified by the ME.ET project: (a) 

usefulness of mathematics, (b) multiple ways of doing mathematics, (c) the nature of 

mathematics, and (d) processes of doing mathematics (see Table B.7).  The factors identified by 

the ME.ET project, reliabilities (Cronbach’s alpha) and specific items for each factor, are listed 

in Table B.8.  Although there is no set interpretation of an acceptable Cronbach’s alpha 

reliability measure, in general, α > .7 is an acceptable value for the measure of internal 

consistency (George & Mallery, 2010).  

Table B.7  

Attitudes and Beliefs Survey – Description of Factors 

Factor Interpretation of “5 = strongly agree” 

• Usefulness of 
mathematics 

Participants believe that mathematics is a useful enterprise. 

• Multiple ways of 
doing mathematics 

Participants tend to think of mathematics as having a single way of 
solving a problem. 

• The nature of 
mathematics 

Participants view mathematics as characterized by rigor and 
precision. 

• Processes of doing 
mathematics 

Participants enjoy mathematics and see it as creative. 

Note. Adapted from The mathematical education of elementary teachers (ME.ET), by R. McCrory, 2007,  retrieved 
from http://meet.educ.msu.edu. 
  

The influence of the methods instructor was an identified factor in the ME.ET study 

(McCrory et al., 2009).  The primary focus of this study was on the development of 

mathematical knowledge for teaching in preservice teachers; however, the methods instructor 

type, tenure-track professors or adjunct faculty, was analyzed as a covariate in the full model.
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Table B.8  

Attitudes and Beliefs Survey – Technical Details 

Attitudes and 
Beliefs 
Factor 

             Reliability 
ME.ET            This  
                        Study* 

Corresponding Survey Items 

Usefulness 
of 
mathematics 

.75 .90 h. Mathematics is useful for solving everyday problems. 
k. Almost all people use mathematics in their jobs. 
m. If one engages in mathematical tasks, one can discover new things (connections, rules, 
concepts). 
n. Mathematics entails a fundamental benefit for society. 
o. Mathematics is useful for every profession. 

Multiple 
ways of 
doing 
mathematics 

.85 .80 f. Usually there is more than one way to solve mathematical tasks and problems. 
i. Math problems can be done correctly in only one way. 
q. Everything important about mathematics is already known by mathematicians. 
t. There is only one correct way to solve a mathematics problem. 

The nature of 
mathematics 

.70 .78 c. Mathematics is a collection of rules and procedures, which prescribe how to solve a task. 
e. Mathematical thought is characterized by abstraction and logic. 
g. Hallmarks of mathematics are clarity, precision and unambiguousness. 
j. Mathematics involves remembering and application of definitions, formulas, 
mathematical facts and procedures. 
p. Mathematics is characterized by rigor, namely rigor of definition and rigor of formal 
mathematical argumentation. 
r. To do mathematics demands much practice, correct application of routines, and problem 
solving strategies. 

Processes of 
doing 
mathematics 

.65 .65 a. I’m good at mathematics. 
b. In mathematics you can be creative 
d. Learning mathematics is mostly memorizing facts. 
l. In mathematics many things can be discovered and tried out by oneself. 
s. I like mathematics. 
u. To solve math problems you have to be taught the right procedure. 

Note.  Cronbach’s alpha reported for reliabilities.  * Reliabilities for this study, after eliminating items f, d, & u. Adapted from  “Instructor letter”, by R. 
McCrory, retrieved from http://meet.educ.msu.edu/protocols/MEET_Inst_letter-report.pdf.  Used with permission.
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Data Analysis 

Mathematical Knowledge for Teaching Measures 
 

A piecewise growth model was used to analyze participants’ scores from the MKT 

measures in NCOP and PFA, using MPlus (v. 6.12) statistical software (Muthén & Muthén, 

2010) over the course of the study.  The growth model, a confirmatory structural equation 

analysis, allows researchers to model longitudinal developmental trajectories and acceleration 

rates of groups of individuals for a better understanding of how behaviors unfold over time (Jung 

& Wickrama, 2008).  The analysis was conducted to identify the following for each construct: 

(a) changes that occurred during the mathematics methods course (Time-points 1, 2, & 3), and 

(b) changes that occurred during the full-time student teaching experience (Time-points 4 & 5) 

(see figure B.1).  

In order to address research questions 1 and 2, a piecewise growth model without 

covariates was fit to the data collected for the two constructs, NCOP and PFA.  Model fit (with 

and without covariates) was assessed by several fit indices.  The chi-square test of fit provides 

one assessment of global fit.  Global fit concerns the overall closeness of the fitted and actual 

covariance structures averaging over all variables.  A rejection of the null hypothesis (p < .05) is 

characteristic of a model that does not fit.  The root mean square error of approximation 

(RMSEA) is an index of fit that assesses the overall discrepancy between the model-implied 

covariance matrix and sample covariance matrix.  A smaller value (≤ 0.06) of RMSEA indicates 

a better model fit.  Comparative fit index (CFI) was also computed; this is an index of 

incremental fit that assesses the relative improvement of the model being tested with the baseline 

or null model.  A higher value (≥ 0.95) indicates a better model fit.  Standardized root mean 

square residual (SRMR) is an index of absolute fit that assesses how well the model reproduced 
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the sample data and estimated the amount of variance and covariance accounted for by the 

model.  A smaller value (≤ 0.08) of SRMR indicates a better model fit (Byrne, 2012; Hooper, 

Coughlan, & Mullen, 2008; Hu & Bentler, 1999). 

Once a piecewise growth model solution was obtained for each construct, the exogenous 

variables were added, and the full model was analyzed (see Figure B.1).  The number of 

parameters included in the model did not exceed 15, as required by the t-rule, t ≤ [(p)(p+1)]/2,     

t = number of parameters to be estimated, p = number of observed variables (Yoon, 2011), a 

necessary condition for model identification.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure B.1.  Piecewise growth model analysis with covariates.  The model illustrates the full 
piecewise growth model analysis with covariates over the 5 time-points.  The analysis will 
estimate the initial MKT measures’ score for the group as well as the estimated rates of change 
during methods (s1) and student teaching (s2). 
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s2 = rate of change 
   student teaching 
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Participant responses to the TKAS survey questions relating to the MKT measures were 

also reviewed and analyzed.  In order to compare the response scores of all participants over the 

duration of the study, a repeated-measures ANOVA was conducted for each question over all 

time-points, to assess changes over the 9 months.  

Participant Demographics and Prior Knowledge of Mathematics 

Data from the background survey and the mean Attitudes and Beliefs factor scores from 

Time-point 4 were entered into the analysis to identify statistically significant covariates.  The 

attitudes and beliefs factor scores from Time-point 4 were used since the reliabilities from this 

administration were the highest of all time-points.  Data collected from the background survey 

were coded and compiled prior to analysis.  The demographics covariates (see Table B.9) and 

prior knowledge of mathematics (see Table B.10) were added to the model. 

Table B.9  

Coding Scheme for Participant Demographics Covariates 

Covariate Coding and Description 
Age 1 = 21 years          2 = 22 years 

3 = 23 years          4 = 24 years 
5 = 25 years          6 = 26+ years 

Gender 1 = female             0 = male 
Ethnicity 1 = Hispanic or Latino 

0 = Not Hispanic or Latino 
Race 1 = White 

2 = Black or African American 
3 = Asian 
4 = Native Hawaiian or other Pacific Islander 
5 = American Indian or Alaska Native 
0 = two or more/no response 

SES 
Based on highest 
level of Mother’s 
education 

1 = Did not finish high school 
2 = Graduated high school 
3 = Some education after high school 
4 = Graduated college with a Bachelor’s degree 
5 = Advanced college degree 
0 = I don’t know 
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Table B.10  

Coding Scheme for Prior Knowledge of Mathematics Covariates 

Covariate Coding and Description 
College-Level Mathematics Courses  # = number of courses taken 
College-level Calculus Course 1 = yes 

0 = no 
Zip code of permanent home address 1 = Texas 

0 = other state/no response 
Highest THEA Mathematics score # = score 
Highest ACT Mathematics score # = score 
Highest SAT Mathematics score # = score 
Advanced Mathematics Courses # = number of courses taken Algebra II and higher 
 

Measures of Attitudes and Beliefs towards Mathematics 
 

The data collected from the Attitudes and Beliefs survey (N = 176, Time-points 1 to 5) 

were first analyzed (using SPSS statistical software) to estimate the reliability of the instrument 

with the study participants at each time point, then to determine if there were any changes in the 

mean over the course of the study.  A comparison of the reliability measures (Cronbach’s alpha) 

obtained by analyzing the responses from the study participants was compared to the ME.ET 

project results.  As a result, three items from the survey were eliminated before further analysis.  

A comparison of reliability measures at each of the time points supported the removal of the 

three items from the ME.ET Attitudes and Beliefs survey (See Table B.8).  

After the Attitudes and Beliefs survey items were adjusted by eliminating poor 

performing items, the reliabilities for each factor were more closely aligned with those reported 

by the ME.ET study.  Factor scores for each participant at each time-point were calculated by 

finding the mean of all responses for each factor.  An interpretation of mean scores was included 

in Table B.7.  In order to compare the mean scores of all participants over the duration of the 

study, a repeated-measures ANOVA was conducted for each factor over the 5 time-points.  In a 
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longitudinal study, this type of analysis can address questions about changes in level over time 

and the shape of the change trajectory (Heck, Thomas, & Tabata, 2010). 
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APPENDIX C 

UNABRIDGED RESULTS
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Data collection and analysis for this study was designed to address the research questions 

focused on the development of algebraic reasoning among undergraduate elementary preservice 

teachers during the final year of a 4-year university teacher preparation program.  The foundation 

for the formal algebra course taken at the secondary level is built upon the concepts taught 

through meaningful learning experiences provided in the elementary grades.  In order to 

effectively teach algebraic reasoning in the early grades, elementary teachers must have both 

mathematical content knowledge and pedagogical content knowledge of number sense (number 

concepts and operations) and algebraic thinking (patterns functions and algebra) (Schoenfeld, 

2008; Welder & Simonsen, 2011).  Teacher behavior is influenced by knowledge of mathematics 

and their attitudes, views and beliefs towards mathematics and the teaching of mathematics 

(Eddy & Wilkerson, 2005; van der Sandt, 2007).  This chapter presents the results of the data 

analysis of the development of algebraic reasoning in elementary preservice teachers divided into 

four sections. 

 The first section reports the results and analysis of the data collected from the 

Mathematical Knowledge for Teaching (MKT) measures in number sense (NCOP) and algebraic 

thinking (PFA) guided by research questions 1 and 2.  A piecewise growth model was fit to the 

data to analyze changes over 9 months.  The 5 time-points were separated into two pieces: (a) 

mathematics methods course (Time-points 1, 2, & 3); and (b) student teaching (Time-points 4 & 

5).  

The next two sections report the results of the background survey, Attitudes and Beliefs 

survey, and TKAS survey questions related to the MKT measures.  For the background survey, 

data was collected and summarized for the 176 participants who participated for the duration of 

the study.  Comparisons of the demographics of the study participants to the national average 
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reported in Preparing and Credentialing the Nation’s Teachers  (USDE, 2011) showed that the 

study participants were fairly representative of all elementary preservice teachers in a traditional 

teacher preparation program (p. 74).  Data from indicators of mathematical prior knowledge 

(e.g., ACT/SAT mathematics scores, high school mathematics classes taken, number of 

university mathematics courses taken) were also collected and summarized. 

 Next, the data collected from the Attitudes and Beliefs  survey for each participant, from 

the 5 time-points was summarized and analyzed for change over 9 months.  Using the responses 

collected from the survey, a score for each Attitudes and Beliefs factor was calculated at each 

time-point.  A repeated-measures ANOVA analysis identified any changes in attitudes and 

beliefs (as measured by the factor scores) over all 5 time-points.  In addition, participant 

responses to four TKAS survey items related to the MKT measures were analyzed for changes 

over the 5 time-points to support the findings from the Attitudes and Beliefs analysis.  

 The data collected from the MKT measures, background survey, and Attitudes and 

Beliefs survey were incorporated into a full piecewise growth model with MKT scores 

(exogenous variables), and covariates (endogenous variables).  The full model was analyzed to 

identify statistically significant covariates for changes in each construct (NCOP and PFA) guided 

by research question 3.  In addition to instructor type, and participant related factors: participant 

demographics, indicators of prior knowledge of mathematics, and attitudes and beliefs towards 

mathematics identified as possible predictors, are discussed.  

Modeling changes in Mathematical Knowledge for Teaching 

 The development of algebraic reasoning in undergraduate elementary preservice teachers 

was measured using items developed by the SII/LMT project and available in a computer 

adaptive test (CAT) version through the Teacher Knowledge and Assessment System (TKAS).  
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The two constructs necessary in the foundation of algebraic reasoning at the elementary level 

assessed were: (a) number sense [elementary number concepts and operations (NCOP) 

construct], and (b) algebraic thinking [elementary patterns, functions, and algebra (PFA) 

construct]. 

As a part of the analysis, a visual inspection of the actual participant responses for the MKT 

measures was conducted for the NCOP and PFA constructs.  The visual inspection confirmed 

that the system selected different items at each administration.  The visual inspection also 

revealed a pattern of ‘3’s’ for every item for several participants.  For many items, the responses 

are coded 1 = yes, 2 = no, and 3 = I’m not sure.  Due to the frequency of this pattern (see Table 

C.1), the growth model analysis was run without these participants, but the analysis was 

unaffected.  However, the high frequency of suspicious data at Time-point 4 and Time-point 5 

for the PFA construct was taken under consideration in the interpretation of the results. 

Table C.1  

Frequency of Suspicious Data from Participants’ MKT Scores 

Time-point 1 2 3 4 5 

NCOP 0 1 0 4 3 

PFA 1 3 0 7 7 

 

The analysis of the data collected with the MKT measures in number sense and algebraic 

thinking found that there was no statistically significant growth in either number sense or 

algebraic thinking over 9 months.  Research questions 1 and 2 are discussed in more detail as 

follows: 
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1. What is the impact of a mathematics methods course followed by a student teaching 
assignment on the development of mathematical knowledge for teaching in number 
sense among undergraduate elementary preservice teachers? 

 
To examine the changes in number sense over 9 months, a piecewise growth model analysis 

was conducted (see Figure C.1).  MKT scores in number sense (NCOP) collected for each 

participant during methods (Time-points 1, 2, & 3) and during student teaching (Time-points 4 & 

5) were partitioned into two corresponding pieces.  The fit indices confirmed the model was a 

good fit with the data, χ2  (6, N = 176) = 8.88, p = 0.181, CFI = 0.98, RMSEA = 0.05, and 

SRMR = 0.05.  The results for the intercept, i, and slopes for the mathematics methods course, 

s1, and student teaching experience, s2, are reported in Table C.2.  

Table C.2 

Results from Piecewise Growth Model Analysis - Number Sense 

 Estimate (SE) p-value (2-tailed) 95% CI 
i -0.55 (0.05) < .001* [-0.64,-0.46] 

s1 0.03 (0.03) .392 [-0.03,0.09] 
s2 -0.16 (0.03) < .001* [-0.21,-0.10] 

Note.  * p < .001. 
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Figure C. 1.  Piecewise growth model analysis of MKT scores in number sense. The diagram 
illustrates the piecewise growth model analysis of MKT measures scores in number sense 
(NCOP) over 5 time-points. 
 

Analysis of the data indicates that there was a statistically significant difference between 

initial (Time-point 1) mathematical knowledge for teaching in number sense among study 

participants.  Although there were no statistically significant changes during the methods course, 

there was a statistically significant decrease during student teaching (see Figure C.2).  The results 

suggested that participants’ initial mathematical knowledge for teaching in number sense was 

supported during methods, but was not supported in student teaching.  This result indicated that 

there could be a disconnection between what is being taught in methods and the actual teaching 

experiences found in the classroom. 
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yi = MKT Measures 
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i = intercept, 
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   Methods course 
s2 = rate of change 
   Student Teaching 
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Figure C.2.  A model of MKT scores in number sense over 9 months.  A graph of the output 
from the piecewise growth model (estimated means) over the 5 time-points, illustrates the 
absence of growth in number sense for study participants during methods and student teaching.  
The change during methods was not statistically significant. 
 

2. What is the impact of a mathematics methods course followed by a student teaching 
assignment on the development of mathematical knowledge for teaching in algebraic 
thinking among undergraduate elementary preservice teachers? 

 
To examine the changes in algebraic thinking over 9 months, a piecewise growth model analysis 

was conducted (see Figure C.3).  A rate of change (slope) was found for the first 3 time-points, 

methods course (s1), and for Time-points 4 and 5, student teaching (s2).  The fit indices 

confirmed a good fit with the data, χ2 (9, N = 176) = 13.12, p = 0.157, CFI = 0.98, RMSEA = 

0.05, and SRMR = 0.05.  The results for the intercept, i, and slopes for the methods course, s1, 

and student teaching, s2, are reported in Table C.3. 

Table C.3 

Results from Piecewise Growth Model Analysis - Algebraic Thinking 

 Estimate (SE) p-value (2-tailed) 95% CI 
i -0.48 (0.06) < .001* [-0.59,-0.36] 

s1 -0.16 (0.03) < .001* [-0.22,-0.10] 
s2 -0.02 (0.04) 0.621 [-0.09,0.05] 

Note.  * p < .001. 
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Figure C.3.  Piecewise growth model analysis of MKT scores in algebraic thinking.  The 
diagram illustrates the piecewise growth model analysis of MKT measures scores in algebraic 
thinking (PFA) over 5 time-points. 
 

Analysis of the data indicates that there was a statistically significant difference between 

initial (Time-point1) levels of mathematical knowledge for teaching in algebraic thinking among 

study participants.  There was statistically significant decrease during the methods course, and 

there were no statistically significant changes during student teaching (see Figure C.4). 
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Figure C.4.  A model of MKT scores in algebraic thinking over 9 months.  A graph of the output 
from the piecewise growth model (estimated means) over the 5 time-points, illustrates the 
absence of growth in algebraic thinking for study participants during methods and student 
teaching.  There was a statistically significant decrease in overall scores during methods. 
 

These results suggest that methods did not support the development of mathematical 

knowledge for teaching in algebraic thinking among participants.  Conversations with the 

methods instructors concluded that they purposely integrated algebraic thinking into the course 

curriculum.  However, it is difficult to determine from the indicators of prior mathematical 

knowledge (e.g., mathematics scores on college assessments, number and level of mathematics 

courses taken) if the participants’ had a strong knowledge of basic algebra on which to build.  

Participant Demographics and Prior Knowledge of Mathematics 

 A summary of participants’ demographics showed that the participants as a group were 

representative of the national average of candidates seeking elementary certification through a 

traditional university teacher preparation program (USDE, 2011).  However, since 98% of the 

participants reported their permanent residence is in Texas, the results may be more 

representative of students educated in the state as opposed to the United States as a whole.  A 

summary of participant demographics is listed in Table C.4 and Table C.5 along with the 

distribution of students in methods courses taught by tenure-track professors and adjunct faculty. 
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Table C.4  

Summary of Participant Demographics (N = 176) 

Category Frequency Valid Percent* National Avg.** 
Instructor Type    
  tenure-track professor 72 40.9  
  adjunct faculty 104 59.1  
Age 
   21 years 
   22 years 
   23 years 
   24 years 
   25 years 
   26+ years 

 
35 
36 
37 
24 
7 
36 

 
19.9 
20.5 
21.0 
13.6 
4.0 
20.5 

 
78.9 

(21-25 years) 
 
 
 

21 
   no response 1 0.6  
Gender 
   female 
   male 

 
167 
9 

 
94.9 
5.1 

 
94.5 
5.5 

Hispanic 
   yes 
   no 

 
23 
150 

 
13.1 
85.2 

 
12.7 

   no response 3 1.7  
Race 
   White 
   Black 
   Asian 
   American Indian 
   Native Hawaiian/Pacific Islander 

 
152 
11 
5 
1 
0 

 
86.4 
6.3 
2.8 
0.6 
0 

 
70 
7 
2 
1 
1 

   two or more 3 1.7 1 
   no response 4 2.3  
Note.  * Valid percent is based upon number of responses received.  ** % based on findings reported in Preparing 
and Credentialing the Nation’s Teachers (USDE, 2011). 
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Table C.5  

Summary of Participant Demographics - SES and Residency 

Category Frequency Valid Percent* 
Socioeconomic Status***   
   Did not finish high school 12 6.8 
   High school graduate 40 22.7 
   Some education after HS 62 35.2 
   Bachelor’s degree 42 23.9 
   Advanced college degree 19 10.8 
    I don’t know 1 0.6 
Location of permanent home   
   Texas 172 98.3 
   Other state/no response 4 1.7 
Note.  * Valid percent is based upon number of responses received.  

 

Measures of prior knowledge of mathematics include: (a) college entrance and readiness 

assessments, mathematics (THEA, ACT, SAT), and (b) mathematics courses taken (high school 

and college).  Applicants to 4-year universities are required to complete at least three 

mathematics courses at the high school level including Algebra and Algebra II, and Geometry.  

Based upon the information provided by each participant in this study (see Table C.6), over 70% 

completed Algebra II and one other advanced high school mathematics class.  All participants 

were seeking a degree in Interdisciplinary Studies with teacher certification which required the 

successful completion of two mathematics content courses designed for elementary teachers.  

Over 72% of the participants reported, that they completed four mathematics courses though 

only 5% reported taking calculus at the college level.  Since the background survey did not 

require participants to list college mathematics courses taken, it cannot be determined which 

specific mathematics courses (developmental or advanced) were taken at the university.   
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Table C.6  

Summary of Mathematics Classes/Courses as Reported by Participants 

 Frequency Valid Percent* 
Advanced high School 
mathematics classes taken** 
   0 classes 
   1 classes 
   2 classes 
   3 classes 

 
 

25 
64 
63 
22 

 
 

14.2 
36.1 
35.8 
12.5 

   no response 2 1.1 
   
College-level mathematics 
courses 
   2 courses 
   3 courses 
   4 courses 

 
4 
45 
127 

 

 
2.3 
25.6 
72.2 

 
College-level calculus 
   yes 
   no 

 
9 

165 

 
5.1 
94.8 

   no response 2 0.1 
Note: *Valid percent is based upon number of responses reported.  ** Algebra II and higher (e.g., precalculus, 
calculus, probability and statistics, discrete math). 
 
 A passing score of 230 on the mathematics section of the Texas Higher Education 

Assessment (THEA) is a minimum requirement for the teacher preparation program.  

Undergraduate preservice teachers may also satisfy this requirement with an ACT mathematics 

score of 19, SAT mathematics score of 500, or by taking coursework at a junior college.  Due to 

the many options available to satisfy the THEA requirement, 48% of the participants had a 

THEA, 48% had an SAT mathematics score, and only 24% had an ACT mathematics score on 

file with the university (see Table C.7).  In addition, participants often reported more than one 

assessment score (e.g., SAT, ACT and THEA; THEA and SAT).  As a result of the large portion 

of missing data for any one assessment, and the absence of a common scale, the 

THEA/ACT/SAT scores were not used in the piecewise growth model analysis.  However, an 
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analysis of correlations (see Table C.8), suggested there was a strong positive relationship 

between the THEA/ACT/SAT scores reported and the NCOP and PFA initial scores.  

Table C.7  

Summary of Participants' College Entrance Exams - Mathematics 

 # of reported 
scores* 

Range M (SD) M (National) ** 
(SD) 

THEA 85 207-297 255.7 (16.8)  
ACT 43 16-30 21.1 (4.0) 21 (5.2) 
SAT 85 370-680 521.4 (13.3) 515 (116) 
Note. *Minimum requirement for this university teacher preparation program: THEA 230 or ACT 19 or SAT 500.  
**Based on 2008 published results: ACT, Inc. (2012).  National ranks for sub scores.  Retrieved from 
http://www.actstudent.org/scores/norms2.html. The College Board, (2010). 2010 College-bound seniors total group 
profile report.  Retrieved from http://professionals.collegeboard.com/profdownload/2010-total-group-profile-report-
cbs.pdf 
 
Table C.8  
 
Correlations between Participants' College Entrance Exams Mathematics Scores and MKT 
Initial Scores 

 ACT SAT NCOP1 PFA1 
THEA 
Pearson Correlation 
Sig. (2-tailed) 

 
.06 
.838 

 
.42 
.023* 

 
.40 
< .001*** 

 
.35 
.001** 

ACT 
Pearson Correlation 
Sig. (2-tailed) 

 
 

 
.77 
< .001*** 

 
.27 
.075 

 
.27 
.080 

SAT 
Pearson Correlation 
Sig. (2-tailed) 

   
.37 
.001** 

 
.40 
< .001*** 

Note.  * p < .05, ** p < .005, *** p < .001.  

Measures of Attitudes and Beliefs towards Mathematics 

For each participant completing the attitudes and beliefs survey, a mean score (range 1-5) 

was calculated for each factor.  The factor score for each participant at each time point was the 

mean of all item scores within a particular factor (see Table C.9).  Higher mean factor scores     

(> 2.5) for the factors, usefulness of mathematics (4.17 min, 4.28 max), nature of mathematics 

http://www.actstudent.org/scores/norms2.html
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(3.61 min, 3.69 max), and processes of doing mathematics (3.61 min, 3.87 max), suggested that 

the participants view mathematics as useful, characterized by rigor and precision, and as 

enjoyable and creative.  The lower mean score (< 2.5) for the factor, multiple ways of doing 

mathematics (1.88 min, 2.41 max) suggested that participants agreed more with the view that 

there is a single way to solve problems. 

Table C.9  

Attitudes and Beliefs Survey Factors - Group Mean Scores 

Factor Time 1 
M (SD) 

Time 2 
M (SD) 

Time 3 
M (SD) 

Time 4 
M (SD) 

Time 5 
M (SD) 

• Usefulness of 
mathematics 

4.24 (.40) 4.17 (.56) 4.27 (.50) 4.23 (.60) 4.28 (.48) 

• Multiple Ways of doing 
mathematics 

1.88 (.24) 2.00 (.71) 2.11 (.77) 2.37 (.88) 2.41 (.93) 

• Nature of mathematics 3.67 (.36) 3.61 (.43) 3.65 (.49) 3.63 (.61) 3.69 (.53) 
• Processes of doing 

mathematics 
3.61 (.72) 3.69 (.72) 3.83 (.65) 3.80 (.71) 3.87 (.67) 

Note.  M = mean of participants’ factors scores at each time-point.  SD = standard deviation. 

An analysis of the factor scores of all participants using a repeated-measures ANOVA 

(see Table C.10) with a Greenhouse-Geisser correction determined that two factors had mean 

scores that were statistically significantly different over all time-points:  

(a) multiple ways of doing mathematics: F(3.55, 507.27) = 22.96, p < .001, post hoc tests 

using the Bonferroni correction revealed a slight increase in the mean value between time 

points 3 and 4 (between mathematics methods course and start of student teaching, mean 

difference = -0.26, p = .002)  

(b) processes of doing mathematics: F(3.57, 510.22) = 12.06, p  < .001, post hoc tests 

using the Bonferroni correction revealed a slight increase in the mean value for processes 

of doing mathematics between time points 2 and 3 (during mathematics methods course, 

mean difference = -0.14, p = .002) 
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Overall, more participants agreed that there was a single way to solve mathematics problems, 

and that mathematics is enjoyable and creative by the end of the study. 

Table C.10  

Results from Repeated-Measures ANOVA of Attitudes and Beliefs Factors 

Attitudes & Beliefs: 
Factor 

Sourceg df MS F p 

• Usefulness of mathematics Time 3.55 .28 1.84 .127 
• Multiple ways of doing 

mathematics 
Time 

Error (time) 
3.55 

507.27 
8.66 
.38 

22.96 < .001* 

• Nature of mathematics Time 3.46 .17 1.01 .396 
• Processes of doing 

mathematics 
Time 

Error (time) 
3.57 

510.22 
1.82 
.15 

12.06 < .001* 

Note. Included factor scores from Time-points 1 to 5.  g. Greenhouse-Geisser; * p < .001. 
 

Participants responded to TKAS survey items given after the MKT measures.  The 

responses were collected and analyzed using repeated-measures ANOVA to detect changes over 

time (see Table C.11).  The four prompts selected for review asked participants to reflect on the 

MKT measures, their own ability to answer the MKT measures, the relevance of these MKT 

items to their own teaching of mathematics, and how they felt about responding to the items.  

Table C.11  

TKAS Survey Items – Group Mean Scores 

TKAS 
Survey 

Time 1 
M (SD) 

Time 2 
M (SD) 

Time 3 
M (SD) 

Time 4 
M (SD) 

Time 5 
M (SD) 

Item#      
1 3.21 (1.23) 3.29 (1.11) 3.16 (1.14) 3.33 (1.26) 3.38 (1.21) 
2  4.59 (1.17) 4.46 (1.15) 4.12 (1.21) 4.08 (1.20) 4.05 (1.17) 
3 3.44 (1.22) 3.22 (1.21) 3.22 (1.20) 3.40 (1.24) 3.32 (1.27) 
4 2.79 (1.34) 2.61 (1.41) 2.70 (1.29) 2.67 (1.48) 2.68 (1.39) 
Note.  1 = I knew the correct answers to most of the questions; 2 = the questions focused on mathematics teachers 
need to know; 3 = the questions included mathematics that I use frequently in teaching; 4 = I enjoyed answering the 
questions.  M = mean, SD = standard deviation.  
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A repeated- measures ANOVA (see Table C.12) with the sphericity assumption satisfied, 

χ2 (9, 130) = 21.29, p = .011, determined that the mean response to the prompt, “The questions 

focused on mathematics teachers need to know,” were statistically significantly different over 9 

months (F (4, 516) = 10.58, p < .001).  Post hoc tests using the Bonferroni correction revealed 

that there was a statistically significant decrease between time 2 and time 3 (mean difference = 

0.34, p = .031) corresponding to the second half of methods.  

Table C.12  

Results from Repeated-Measures ANOVA of TKAS Survey Questions (Within-Subjects Effects) 

TKAS Survey Item 
 

Source df MS F p 

1. I knew the correct answers to most of the 
questions. 

Time 4 1.03 1.43 .223 

2. The questions focused on mathematics 
teachers need to know. 

Time 
 

4 7.83 10.58 < .001* 

3. The questions included mathematics that 
I use frequently in teaching. 

Time 4 1.33 1.36 .247 

4. I enjoyed answering the questions. Time 
 

4 0.53 .50 .735 

Note.  Included participants’ responses from Time-points 1 to 5.  * p < .001. 
 

The results of the analysis of the TKAS survey prompts suggested that statistically 

significantly fewer participants viewed the knowledge assessed on the MKT measures as 

necessary to teach mathematics over 9 months.  Given that the MKT measures assess a teacher’s 

ability to recognize alternative solutions that are mathematically correct, this result supports the 

findings from the Attitudes and Beliefs factors analysis.  In particular, there was a statistically 

significant difference in the participants’ factor scores for multiple ways of doing mathematics.  

There was a statistically significant difference in the scores over 9 months indicating that 

participants were more in agreement with a single way of solving problems by the end of the 

study. 
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The piecewise growth model analysis of the results of the MKT measures indicated that 

there was no statistically significant growth over 9 months.  Data collected from the three 

instruments were analyzed in a full model to address research question 3. 

3. What is the relationship between changes in mathematical knowledge for teaching in 
number sense and algebraic thinking, and (a) participant demographics, (b) prior 
knowledge of mathematics, and (c) attitudes and beliefs towards mathematics? 
 

The exogenous variables were added to the piecewise growth models for number sense and 

algebraic thinking: Instructor Type; Demographics: Age, Ethnicity, Race, SES; Prior knowledge 

of mathematics: number of advanced high school mathematics classes (Algebra II and higher), 

number of college-level mathematics courses, completion of college-level calculus; and 

Attitudes and Beliefs:  the factor scores from Time-point 4: usefulness of mathematics, multiple 

ways of doing mathematics, nature of mathematics, and processes of doing mathematics (see 

Figure C.9).  The Attitudes and Beliefs factor scores from Time-point 4 were used as a measure 

of each factor since the instruments’ reliabilities were highest for the participants at this time-

point. 

 The results of the full piecewise growth model analyzing the MKT scores in number 

sense, after using the Bonferroni correction at p < .05 to control for Type I error, identified the 

following significant covariates: Hispanic (ethnicity), and advanced high school mathematics 

classes (prior knowledge of mathematics) (see Table C.13).  The fit indices confirmed the model 

was a good fit with the data, χ2  (26, N = 176) = 37.43, p = .068, CFI = 0.95, RMSEA = 0.05, 

and SRMR = 0.03.  Participants who reported themselves as Hispanic scored statistically 

significantly lower (0.36 SD) than other participants at the initial point (Time-point 1).  

Participants who reported taking more advanced high school mathematics courses scored higher 

(0.16 SD) than other participants at the initial point (Time-point 1).  There were no statistically 
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significant covariates identified affecting the rates of change in number sense during methods 

and student teaching.  Although ethnicity and the number of advanced high school mathematics 

courses taken in high school influenced participants’ initial MKT measures scores, the rate of 

change for all participants was the same over 9 months.  

Table C.13  

Parameter Estimates for Covariates: Full Model for MKT Measures in Number Sense 

 Estimate (SE) p-value (2-tailed) 95% CI 
i ON    
  Instructor Type -0.176 (0.088) .045 [-0.348, -0.004] 
  Hispanic -0.355 (0.128) .005* [-0.605, -0.104] 
  SES -0.013 (0.040) .746 [-0.090, 0.065] 
  College Math -0.034 (0.085) .688 [-0.133, 0.201] 
  College calculus -0.062 (0.220) .777 [-0.493, 0.369] 
  Adv. HS Math 0.163 (0.052) .002* [0.061, 0.265] 
  Usefulness (T4) -0.084 (0.103) .417 [-0.286, 0.118] 
  Multiple (T4) -0.036 (0.055) .519 [-0.144, 0.073] 
  Nature (T4) 0.091 (0.091) .316 [-0.087, 0.268] 
  Processes (T4) 0.199 (0.085) .019 [0.032, 0.365] 
    
s1 ON    
  Instructor Type 0.075 (0.062) .224 [-0.046, 0.196] 
  Hispanic 0.168 (0.091) .065 [-0.011, 0.346] 
  SES -0.008 (0.028) .776 [-0.063, 0.047] 
  College Math 0.022 (0.060) .716 [-0.095, 0.139] 
  College calculus -0.094 (0.155) .547 [-0.398, 0.211] 
  Adv. HS Math -0.029 (0.036) .429 [-0.100, 0.043] 
  Useful (T4) 0.121 (0.073) .096 [-0.022, 0.264] 
  Multiple (T4) -0.019 (0.039) .625 [-0.096, 0.058] 
  Nature (T4) -0.135 (0.064) .034 [-0.261,-0.010] 
  Processes (T4) 0.002 (0.060) .970 [-0.115, 0.120] 
    
s2 ON    
  Instructor Type 0.020 (0.060) .743 [-0.097, 0.137] 
  Hispanic -0.166 (0.091) .069 [-0.344, 0.013] 
  SES 0.037 (0.027) .177 [-0.016, 0.090] 
  College Math 0.025 (0.058) .660 [-0.088, 0.139] 
  College calculus 0.041 (0.145) .780 [-0.244, 0.325] 
  Adv. HS Math -0.023 (0.035) .508 [-0.091, 0.045] 
  Useful (T4) 0.045 (0.071) .525 [-0.093, 0.183] 
  Multiple (T4) -0.004 (0.038) .917 [-0.078, 0.070] 
  Nature (T4) 0.093 (0.060) .122 [-0.025, 0.211] 
  Processes (T4) -0.004 (0.057) .938 [-0.117, 0.108] 
Note.  * Statistically significant after Bonferroni correction at p < .05. 
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The statistically significant covariate identified from the full model analyzing the MKT 

scores in algebraic thinking was: the Attitudes and Beliefs factor processes of doing 

mathematics.  The fit indices confirmed the model was a good fit with the data, χ2 (31, N = 176) 

= 44.52, p = .055, CFI = 0.94, RMSEA = 0.05, and SRMR = 0.03.  Participants who scored 

higher in the Attitudes and Beliefs factor processes of doing mathematics scored higher at Time-

point 1.  At the initial time point, for every point higher in this factor (mathematics is enjoyable 

and creative) initial scores in algebraic thinking were higher by 0.33 (SD) (see Table C.14, p. 

112).  

Summary of Results 

The results of the analysis of the MKT measures in NCOP and PFA over 9 months 

strongly suggested that methods and student teaching did not support the development of 

mathematical knowledge for teaching in undergraduate elementary preservice teachers.  

Although there were no statistically significant changes in NCOP during methods, there was a 

significant decrease during student teaching.  There was a statistically significant decrease in 

PFA during methods while no significant changes during student teaching.  Along with the 

statistically significant covariates mentioned earlier, it is important to note the covariates that 

were not statistically significant.  Studies on preservice teachers (e.g., ME.ET) have identified 

the instructor as a significant factor in the development of mathematical knowledge for teaching 

in preservice teachers.  The instructor type (tenure-track professor or adjunct faculty) was not 

statistically significant.  Factors associated with demographics and the ongoing achievement gap 

(minority sub-groups) were statistically significant in this analysis.  Participants who identified 

themselves as Hispanic were approximately 0.35 (SD) below the other participants on the initial 

MKT measures in NCOP. 
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Prior knowledge of mathematics has also been identified as a significant factor in the initial 

measure of mathematical knowledge for teaching.  The indicators of prior knowledge of 

mathematics commonly used for admission to teacher preparation programs, e.g., 

SAT/ACT/THEA mathematics scores, high school and college mathematics courses taken) were 

added to the full model though they were not identified as statistically significant in the analysis.  

The MKT scores for Time-point 1 were also an indicator of prior knowledge as they were 

designed to measure mathematical content knowledge and specialized content knowledge.  The 

participants in this study scored on average, -0.50 (SD), approximately 0.25 (SD) below other 

studies using the measures with preservice teachers (e.g., Welder, 2007) and 0.50 (SD) below the 

average inservice K-8 teacher.  The results of this study suggested the mathematical knowledge 

held by entering elementary preservice teachers may have been insufficient to support the 

development of mathematical knowledge for teaching during methods instruction and that any 

gains made during methods are not sustained during student teaching. 
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 Table C.14  

Parameter Estimates for Covariates: Full model for MKT measures in Algebraic Thinking 

Note.  * Statistically significant after Bonferroni correction at p < .05. 

 Estimate (SE) p-value (2 tailed) 95% C.I. 
i ON    
  Instructor Type 0.007 (0.108) .949 [-0.206, 0.219] 
  Age -0.019 (0.032) .559 [-0.082, 0.044] 
  Hispanic -0.349 (0.158) .027 [-0.660, -0.039] 
  SES -0.013 (0.050) .795 [-0.111, 0.085] 
  College Math 0.155 (0.108) .152 [-0.057, 0.368] 
  College calculus 0.241 (0.273) .376 [-0.293, 0.776] 
  Adv. HS Math 0.116 (0.066) .077 [-0.013, 0.245] 
  Usefulness (T4) 0.095 (0.130) .467 [-0.160, 0.350] 
  Multiple (T4) -0.020 (0.068) .768 [-0.154, 0.114] 
  Nature (T4) -0.098 (0.116) .397 [-0.325, 0.129] 
  Processes (T4) 0.330 (0.106) .002* [0.122, 0.539] 
    
s1 ON    
  Instructor Type -0.063 (0.063) .321 [-0.186, 0.061] 
  Age 0.019 (0.019) .314 [-0.018, 0.056] 
  Hispanic 0.146 (0.093) .115 [-0.036 0.328] 
  SES 0.067 (0.029) .021 [0.010, 0.124] 
  College Math -0.104 (0.063) .101 [-0.228, 0.020] 
  College calculus -0.280 (0.158) .076 [-0.591, -0.030] 
  Adv. HS Math 0.018 (0.038) .632 [-0.056, 0.093] 
  Usefulness (T4) 0.129 (0.076) .088 [-0.019, 0.278] 
  Multiple (T4) 0.036 (0.040) .363 [-0.042, 0.114] 
  Nature (T4) -0.100 (0.067) .136 [-0.232, 0.032] 
  Processes (T4) -0.058 (0.062) .350 [-0.179, 0.064] 
      
s2 ON    
  Instructor Type 0.117 (0.072) .105 [-0.025, 0.259] 
  Age -0.020 (0.022) .365 [-0.063, 0.023] 
  Hispanic -0.014 (0.109) .895 [-0.228, 0.200] 
  SES -0.067 (0.033) .042 [-0.132, -0.002] 
  College Math 0.127 (0.074) .086 [-0.018, 0.272] 
  College calculus 0.342 (0.175) .050 [-0.001, 0.685] 
  Adv. HS Math -0.074 (0.043) .082 [-0.158, 0.009] 
  Usefulness (T4) -0.039 (0.086) .652 [-0.207, 0.130] 
  Multiple (T4) -0.079 (0.045) .078 [-0.167, 0.009] 
  Nature (T4) 0.133 (0.075) .075 [-0.013, 0.280] 
  Processes (T4) -0.047 (0.070) .499 [-0.184, 0.089] 
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APPENDIX D 

EXTENDED DISCUSSION
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Overview of the Study 

 The success of our nation’s youth in the areas of mathematics and science is not only a 

major contributor to national economic competitiveness and well-being of American citizens, but 

the safety of the nation and quality of life (NAEP, 2011).  The successful completion of Algebra 

not only provides access to career paths in the STEM fields, but provides all citizens with the 

ability to think with flexibility and reason with logic and precision.  “Algebra represents one of 

humankinds’ great intellectual achievements – the use of symbols to capture abstractions and 

generalizations and to provide analytic power over a wide range of situations” (Schoenfeld, 

2008, p. 506).  

 The foundation for algebra in the secondary schools is built on the mathematics learned 

in the early grades.  Connections between arithmetic and algebra are anchored in the concept of 

function as algebra can be defined as a generalized arithmetic of numbers and quantities 

(Carraher et al., 2006).  Teaching algebraic reasoning in the early grades involves sense making.  

The demands on elementary teachers’ mathematical knowledge for teaching are great.  These 

teachers will be required to have a solid understanding of the early algebra concepts to be taught 

along with a solid command of relevant pedagogical techniques (Schoenfeld, 2008).  Algebraic 

reasoning involves making generalizations about number systems through conjecture and 

relational thinking.  This approach and the use of student discourse are atypical of the procedural 

didactic approach commonly seen in our public schools.   

 The purpose of this study was to investigate the impact of a methods course followed by 

student teaching on the development of algebraic reasoning among elementary preservice 

teachers over 9 months.  Participants were undergraduate Interdisciplinary Studies majors 

enrolled in the final year of a traditional teacher preparation program at a 4-year university.  The 
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methods course was designed to support preservice teachers’ continued development of 

mathematical knowledge and current research-based teaching practices.  A piecewise growth 

model, fit to the data collected from repeated measures of mathematical knowledge for teaching 

in number sense (NCOP) and algebraic thinking (PFA) suggested that the methods course 

followed by student teaching did not contribute to the development of algebraic reasoning among 

participants. 

Discussion of Results 

 The presumption was that the preservice teachers would show growth in mathematical 

knowledge for teaching during methods with even greater gains occurring during student 

teaching when the preservice teachers worked daily with students and mathematics curriculum.  

The results of this study not only did not find evidence to document growth during methods and 

student teaching, but found a decrease over 9 months.  Previous studies using the MKT measures 

with preservice teachers documented growth (McCrory et al., 2009; Welder, 2007) during 

mathematics content courses designed for preservice teachers.  Participants in this study 

completed two mathematics content courses for elementary teachers at the university to 

strengthen their mathematical content knowledge prior to methods.  The methods course was 

designed to not only support the continued development of mathematics content knowledge, but 

include opportunities to learn specialized content knowledge and content pedagogy.  Data 

collected on participants’ demographics and prior knowledge of mathematics, and Attitudes and 

Beliefs (towards mathematics) provided additional information on possible parameters 

contributing to the lack of growth in mathematical knowledge for teaching among participants. 
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Demographics 

In particular, the demographics factor, Hispanic (ethnicity) was statistically significant in 

predicting MKT scores in number sense.  In the United States, Hispanic students continue to be 

outperformed by students identified as White.  On the 2011 NAEP assessment in mathematics, 

the percentage of Hispanic students at or above proficient was 22% whereas the percentage of 

White students at or above proficient was 43%.  There has been no significant difference in the 

achievement gap over the last 6 years (Loveless, 2012; NAEP, 2011).  This White-Hispanic 

achievement gap was also evident in the results of this study.  At the initial time point, the 

Hispanic elementary preservice teachers scored approximately 0.36 (SD) below other 

participants in NCOP.  As indicated from low initial value MKT measures, Hispanic students 

enter the program with MKT scores almost 0.8 (SD) below the average classroom teacher.  

Furthermore, if these preservice teachers participated in remedial programs at in the 

elementary/secondary grades due to low achievement levels, they most likely took classes to 

improve their performance on standardized testing.  Remedial classes tend to focus on 

rudimentary skills and solving problems in a single way with little emphasis on creative problem 

solving.  

Prior Knowledge of Mathematics 

One of the assumptions for this study was that the preservice teachers had the prerequisite 

knowledge for teaching mathematics in the elementary schools based upon the successful 

completion of the two mathematics content courses and by having a passing score or higher on 

the THEA.  Prerequisites for formal Algebra include number sense and algebraic thinking 

(Schoenfeld, 2008; Welder, 2011).  According to the results of this study, the mean initial scores 

in number sense, i = -0.55, and algebraic thinking, i = -0.48, were below the mean expected 
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value for preservice teachers documented in other studies (Hill et al., 2004; Welder, 2007).  In 

the United States, there has been ongoing concern over the low minimum entry requirements into 

teacher preparation programs (Borko & Whitcomb, 2008; Ball, 2003; Tatto et al., 2012; USDE, 

2001) and the subsequent impact on student achievement in mathematics.   

The mathematics requirement for prospective teachers in the teacher preparation program 

included a score of 230 or higher on the THEA and the successful completion of three college 

level mathematics courses.  The THEA requirement could also be satisfied with a SAT 

mathematics score of 500 or an ACT mathematics score of 19.  The strong positive correlations 

found between the THEA with the NCOP and PFA initial values, and the SAT mathematics 

scores with the NCOP and PFA initial values (statistically significant at .005 level; See Table 

C.8) also illustrated association between low minimum requirement for mathematics content 

knowledge and low MKT scores at the start of methods.  Furthermore, the national average in 

2008 for mathematics was 515 SAT or 21 ACT.  Considering the national averages, the 

minimum requirement for prospective teachers in this study is below-average.  

The analysis of the full model suggested that the college level mathematics courses 

required for the teacher preparation program, i.e. the number of college level mathematics 

courses, was not a significant covariate in predicting the initial value or changes in MKT scores.  

Furthermore, the mean number of college level courses taken by the participants was 3.7 courses, 

and 127 participants reported taking four college level mathematics courses.  Prospective 

teachers are only required to complete three college level mathematics courses.  One of the three, 

Developmental Algebra, is a non-credit course that can also be satisfied by a mathematics 

placement test.  The other two mathematics courses participants are required to complete two 

courses specifically designed for Elementary teachers.  Overall, there were 127 out of the 176 
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participants (72.2%) who reported taking four college level mathematics courses while only nine 

reported taking calculus.  Although the background survey did not ask participants to report the 

specific course titles, participants on average, reported taking 1.7 more courses than required 

which may have included remedial courses.  

Overall, the results of the study suggested validated concerns over the mathematics 

content knowledge entry requirements.  The low minimum requirements may be insufficient to 

discern whether the prospective teachers have the necessary mathematical knowledge to teach 

mathematics effectively to young students.  The wide variety of acceptable assessments, the 

difference in acceptable or passing scores, and the low minimum passing scores makes it 

difficult to predict which preservice teachers will be successful in developing the knowledge and 

skills needed for effective teaching of mathematics in the schools.  The number of advanced high 

school mathematics classes taken was a statistically significant predictor of higher initial MKT 

scores in number sense though was not significant in predicting changes in MKT scores during 

methods or student teaching. 

Attitudes and Beliefs towards Mathematics 

The results of the study found that one factor, processes of doing mathematics, was 

statistically significant in predicting the initial MKT scores in algebraic thinking.  Participants 

who had a higher processes of doing mathematics factor score had a higher initial MKT score in 

PFA by 0.33 (SD) for every point higher in processes of doing mathematics.  Participants with a 

higher score for this Attitudes and Beliefs factor found mathematics enjoyable and creative.  In 

addition, despite the concern over the general dislike of mathematics by elementary teachers, the 

repeated-measures ANOVA analysis suggested the participants in the study had a statistically 

significant increase in the processes of doing mathematics factor, p < .005 over 9 months.  
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However, even with the more positive attitude towards mathematics, this factor was not 

statistically significant as a predictor of changes in MKT scores during methods or student 

teaching in NCOP or PFA.  Teacher behavior is influenced by mathematical knowledge as well 

as attitudes and beliefs.  The result of the Attitudes and Beliefs analysis coupled with the low-

level of mathematical knowledge discussed earlier suggests that even with a positive attitude, the 

lack of mathematical knowledge impeded the growth of mathematical knowledge for teaching in 

participants. 

Furthermore, the results from the repeated measures ANOVA indicated a statistically 

significant change in the multiple ways of doing mathematics factor (p < .001) towards a single 

way of solving problems.  These results suggested that the participants were more aligned with 

the traditional methods and approaches to teaching mathematics prevalent in the schools (Ma, 

1999; Stigler & Hiebert, 2009) at the end of 9 months. 

Recommendations for Practice 

• The results of the study suggest that the mathematical content knowledge of the preservice 

teachers entering the final year was insufficient to benefit from methods or student teaching.  

Furthermore, with respect to mathematics content courses, there was no evidence to suggest 

that taking more mathematics content courses prior to methods would support the 

development of mathematical knowledge for teaching.  Mathematics content courses that 

would promote the conceptual understanding of mathematics in preservice teachers should be 

structured to give them the opportunity to learn through a framework that emphasizes the 

connections between arithmetic and algebraic reasoning in the early grades (Carraher et al., 

2006, Schoenfeld, 2008).  The need for more rigorous entry requirements was recommended 

in 2001 The Initial Report of the Secretary on the Quality of Teacher Preparation and more 
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recent publications (Business-Higher Education Forum, 2007; Fuller, 2010; USDE, 2009) 

and the non-significance of the covariates related to prior knowledge of mathematics in this 

study (entry requirements) support a review of the minimum requirements.  Currently, the 

minimum required mathematics scores for ACT (19) and SAT (500) are below the College 

Readiness benchmarks ACT (22) and SAT (510).  These benchmarks are the minimum 

scores required for students to have a high probability of success in college algebra (ACT, 

2010).  The assessment of mathematical knowledge for teaching early in the teaching 

preparation program (before mathematics content courses) may help potential teachers focus 

their coursework to address any deficiencies in their mathematical knowledge to make the 

methods courses more effective.  

• Induction for beginning teachers, in theory, acknowledges the fact that teacher preparation 

programs cannot provide all of the knowledge and skills needed to be an effective teacher.  

The types of support provided in an induction program range from regular mentoring 

meetings with school administrators or experienced teachers to reduced course loads and 

planned collaboration time, and are provided for most beginning teachers (Ingersoll, 2012).  

Although mentoring is often used interchangeably with induction, mentoring is only one 

piece of a system of induction.  Participation in induction systems such as California’s 

Beginning Teacher Support and Assessment (BTSA) program using the California Formative 

Assessment and Support System for Teachers (CFASST) has been shown to have a positive 

effect on teacher performance and student achievement (Ingersoll & Strong, 2011; National 

Commission on Teaching and America’s Future, 2005).  Along with various induction 

programs, the federally funded Teacher Quality Partnership (TQP) program provides grants 

specifically to improve the quality of new teachers.   
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The TQP grants seek to create partnerships between local districts and institutes of higher 

education to improve not only teacher preparation, but also to enhance professional 

development activities for teachers (USDE, 2012).  The results of this study support the 

continuation of programs such as these.  Texas Teacher Quality Grants are awarded to 

programs that support mathematics and science teachers.  However, the projects focused on 

elementary mathematics are under-represented, with only two out of the 29 awards for 2009-

2010, and four out of the 33 awards for 2012-2013 were for elementary mathematics projects 

(Texas Higher Education Coordinating Board, 2012).  Whereas Texas Teacher Quality 

Grants focused on professional development in mathematics and science, other states, such as 

Michigan, awarded 2010-2011 funds for mathematics, science, language arts, and social 

studies.  Out of the four Michigan funded mathematics projects for grades K-12 three 

included teachers in the elementary grades (Michigan Department of Education, 2012). 

Directions for Future Research 

 The results of this study and resulting recommendations were discussed at length with a 

panel of experts to validate the conclusions expressed.  Furthermore, based on the results of this 

study, there are additional questions and areas of concern that necessitate further research.  

• Achievement Gaps.  The results of this study suggested that achievement gaps are present 

at the college level between white and Hispanic preservice teachers.  Gutierrez (2008) 

argues that there is a need for research to move beyond the acknowledgement of the 

achievement gaps to call for interventions to address these gaps.  Further analysis of the 

achievement gaps is essential to the promotion of equity in mathematics (Lubienski, 

2008).  Preservice teachers in this study were asked to rank their preference of placement 

in district specific cadres.  If preservice teachers are placed in districts with demographics 
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that closely resemble their own, then it is possible the field experience did not support the 

use of reform-based curriculum and strategies learned in the methods course.  On the 

other hand, as studies suggest ethnic matching is beneficial to young students, preservice 

teachers may benefit from matching the field placement to their own demographics 

(Eddy, & Easton-Brooks, 2011).  Further research is needed to determine if the field 

experience placements are providing preservice teachers with opportunities to learn and 

practice what they have learned in the teacher preparation program.  

• Prior knowledge of mathematics.  The use of proxy measures of prior mathematical 

knowledge is common though possibly an inefficient means of measuring mathematical 

knowledge.  Further study on the relationship between the college entrance exam 

mathematics scores and mathematical knowledge for teaching would provide information 

as to the effectiveness of the baseline scores used for program qualification.  In addition 

to a closer examination of the minimum mathematics knowledge requirements for the 

teacher preparation program, an assessment of mathematical content knowledge for 

prospective teachers during the first or second year of the 4-year program would allow 

time for identification of deficits and remediation with mathematics content prior to 

entering mathematics methods courses.  In this study, the assessments were spaced 

approximately 6 weeks apart.  By increasing the time between assessments and 

administering the initial assessment at the beginning of required mathematics content 

courses, the results would provide a better report of the impact of the full teacher 

preparation program as opposed to the final year.  The additional time in between 

assessments will also reduce the negative influence of test-taker fatigue and provide a 

more reliable measure of changes in the MKT scores of prospective teachers.  
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• Attitudes and Beliefs.  The teacher preparation program is often limited on the knowledge 

and skills it can impart on preservice teachers due to the time limitations and complexity 

of the teaching profession.  Over the course of this study, fewer participants agreed that 

the items on the MKT measures were representative of the actual knowledge needed for 

teachers in the field.  Attitudes and beliefs towards mathematics, formed over 15 or more 

school years, are difficult to change within one semester (e.g., Foss & Kleinsasser, 1996; 

Kajander, 2010; Vacc, & Bright, 1999; van der Sandt, 2007).  With the continued support 

available for new teachers through induction programs and professional development 

further research is needed to assess whether changes in attitudes and beliefs towards 

mathematics can be positively influenced through these interventions, time and 

experience.  The results of this study would also benefit from further conversations with 

the preservice teachers to understand their responses to and feelings about the MKT 

items, and how the mathematics methods curriculum learned at the university supported 

or did not support their teaching practice in the classroom.    

Conclusions 

 The mathematical knowledge needed by elementary teachers in order to teach algebraic 

reasoning to elementary students is more demanding than knowing how to teach simple 

computational algorithms.  Research conducted on algebra in the early grades revealed that the 

strategies which help students connect the basic mathematics operations with numbers to the 

generalizations characteristic of functions involves open, guided discussions with students.  

Studies have found that elementary teachers in the United States possess a limited understanding 

of mathematics that impedes the development of deep conceptual knowledge needed for today’s 

students (e.g., Ball, 1989; Tatto et al., 2012).  Although the participants’ demographics were 
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typical of U.S. undergraduate preservice teachers, findings from this study suggest that initial 

low-level of mathematical knowledge, and a deep-rooted belief that there is only one way to 

solve mathematics problems, limited the impact of the methods and student teaching courses.  It 

is often more comforting to present problems in which the answer to the problem, and the steps 

needed to solve this problem was known in advance.  By controlling the way a problem is solved 

(single way), a teacher is able to control the curriculum and discourse surrounding the problem 

and respond to student questions with authority.  The mathematical knowledge necessary to 

entertain alternative methods, and assess whether they are mathematically sound requires an in 

depth understanding of mathematics as a wholly connected discipline as opposed to isolated 

skills.  The evidence also suggested that the low-level of content knowledge undermines the 

efforts of the teacher preparation program in the methods.  Preservice teachers who are 

themselves unable to generalize operations with numbers will find it very difficult to teach 

algebraic reasoning in the early grades.  

 Equal access to algebra ensures an educated citizenry capable of logical decisions, 

competitive skills in a global economy, and economic independence.  The results of this study 

underlined the prevailing achievement gap between White and minority populations.  Teachers 

can only teach what they know.  Preservice teachers graduate from an established educational 

system characterized by accountability, and a procedural, didactic mathematics curriculum.  The 

results of this study suggested that elementary preservice teachers had a limited knowledge of 

mathematics entering the methods course.  Furthermore, the development of mathematical 

knowledge for teaching appears to be inhibited by this limitation.  

Attitudes and beliefs towards mathematics are difficult to change without personal 

experiences to facilitate change (Borko & Putnam, 1996; Kajander, 2010; Swars et al., 2009).  
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Participants who were more in agreement that mathematics is enjoyable and creative had higher 

scores on the initial values of the MKT measures.  However, this was accompanied by a 

statistically significant change towards mathematics having a single way to solve problems.  It is 

possible that when the preservice teachers returned to a K-4 classroom environment for student 

teaching, prior attitudes and beliefs about mathematics were reinforced by practices closely 

resembling their own K-12 schooling experiences.  In theory, teacher knowledge is developed 

during three periods: schooling, teacher preparation program, and teaching (see Figure A.5).  In 

practice, the influence of the teacher preparation program is limited by the relatively short period 

of time compared to the influence of the teachers’ own experiences as a student (see Figure D.1). 

As teacher educators, it is imperative that we break the cycle by early intervention, opportunities 

to learn mathematics (procedural and conceptual) before and during the teacher preparation 

program, and continued professional development (such as induction or teacher quality 

programs) once they enter the field.   

 

Figure D. 1.  The strong influence of schooling on teachers’ knowledge (adapted from Ma, 1999, 
p. 145).  In practice, the three periods of subject knowledge development are not equally 
weighted.  There is only a short period of time in which the teacher preparation program can 
influence a teacher's behavior. .
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APPENDIX E  

OTHER ADDITIONAL MATERIAL
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University Teacher Preparation Program Academic Major and Pedagogy Courses 

Academic Major Courses (EC-6) Generalist 
 

Generalist 
Bilingual 

Generalist 
ESL 

Generalist 
Spec. Ed. 

Mathematics for Elementary Educators I X X X X 

Mathematics for Elementary Educators II X X X X 

Educational Aspects of Exceptional Learners X X X X 

Principles of Language Study X X X X 

Acquisition of English as a Second Language  X X  

Computers in the Classroom X X X  

Families, Schools, & Community X    

Introduction to Early Childhood X X X X 

Environmental Processes & Assessment X X X X 

Nurturing Children’s Social Competence X X X  

Foundations of Bilingual & ESL Education  X X  

Bilingualism/Multiculturalism for English Language Learners  X X  

Family Community & Collaboration    X 

Reading & Writing (Birth through Grade 4) X X X X 

Linguistically Diverse Learners X   X 

Assessment & Evaluation of Reading X X X  

Cross-Curricular Literacy Materials & Resources X  X X 

Foundations of Education: The School Curriculum X X X X 

Teaching & Learning in Grades EC-6 X   X 

Curriculum & Assessment for Bilingual/ESL Education  X X  

Bilingual Approaches to Content-Based Learning  X   

Teaching ESL EC-12: Instructional Strategies & Resources  X X X 

Educational Assessment & Evaluation    X 

Advanced Educational Strategies    X 

Classroom & Behavioral Management Strategies    X 

Transition Education & Services    X 

Source: 2011-2012 University Catalog, Retrieved from http://www.coe.unt.edu/sites/default/files/132/152/2011-
2012_EC-6_Handout.pdf 
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Pedagogy Courses: Professional Development 
School 
  

Generalist 

 

Generalist 
Bilingual 

Generalist 
ESL 

Generalist 
Spec. Ed. 

Reading & the Language Arts in Grades EC-8 X X X X 

Sciences in Grades EC-6 X X X X 

Social Sciences in Grades EC-6 X X X X 

Mathematics in Grades EC-8 X X X X 

Strategies to Support Diverse Learners in General 

Education 

X    

Student Teaching in Pre-K through Grade 4 X X X  

Student Teaching in Pre-K through Grade 4 X X X  

Student Teaching in Special Education    X 

Source: 2011-2012 University Catalog, Retrieved from http://www.coe.unt.edu/sites/default/files/132/152/2011-
2012_EC-6_Handout.pdf   
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Instrumentation and Procedural Decisions Guided by Pilot Study  

Pilot Study – Key Points Implications for Current Study 
The online measures work best when conducted 
in a computer lab with direct connections to the 
Internet as opposed to laptops with a wireless 
connection.   

The university computer lab was reserved in 
advance for all classes to complete online 
assessments.  For sections that met off site, 
site administration provided access to school 
site computer labs.  Paper copies of attitudes 
and beliefs surveys were prepared in 
anticipation of computer issues. 
 

The mean scores for preservice teachers were 
lower than the anticipated mean of -0.5 to 0  

NCOP Mean S.D. 
September 
2010 

-0.5341 0.6454 

December 
2010 

-0.7471 0.8387 

April 2011 -0.5126 0.6594 
 

Since the equated forms available through 
TKAS and used in the pilot study were 
developed for teachers already in the 
classroom, the level of difficulty may not 
have been appropriate for the preservice 
teachers.  The CAT version of the measures 
was used in the current study to 
accommodate individual mathematical 
knowledge for teaching levels. 
 

Explanation of the study and IRB consent forms 
were completed during a cadre meeting prior to 
the beginning of the semester.   

Cadre coordinators were contacted prior to 
the start of the fall 2011 semester and when 
time permitted, explanation of the study, IRB 
consent forms, and completion of the student 
background and demographic survey was 
done during this meeting.  This reduced the 
time required to complete the instruments 
during the methods classes. 

Participants completed all surveys during a 
regularly scheduled cadre or class meeting.  No 
time was required outside of class. 

The mathematics methods instructors and 
cadre coordinators supported the current 
study, and they provided class time and 
seminar time for the participants to complete 
the assessments.  Participants were not asked 
to spend any time outside their normally 
scheduled meetings as a participant in this 
study. 
 

Individual background information was 
provided through survey items from TKAS. 

A background and demographic survey with 
more extensive questions was selected to 
provide additional information especially on 
participant prior knowledge of mathematics. 
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Process Diagram – Methods and Analysis 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Using a Growth Model for a Better Understand of How Behavior Unfolds Over Time
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