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RIOTOH SPSCTKUM PROM BREM3STRAHLUHO

Abatraot

Tho nuobor of photona of given energy radiotod in
Bremaatrahlung; oolliaion or olootrona with nuoloi Is calculilted
relativiatically. Expanaiona are obUlned for energies anttll
compurod to nog'. Tho photon apactrum la averaged over a

Maxwell distribution for tho electrons. Numerical results

aro included.
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1. Introduction

An oleotron gas la ths presence of nuclei can be
expected to produce photons by means of the Brensstrehlung
process. The photons thus produced absorb energy from the
electrons by various methods. One of these methods is the
inverse Coopton effect* which has been tree ted in LA-301luand
Yale (A)2. The present work concerns Itself with the spectrum
of the Dressstrehlung photons.

In Scotlon Il the photon spectrum is calculated for
specific incident electron energies. A aeries expansion IS
given end is uaed In conjunction with ths Bethe-Heitler formula <«
The spectrum la averaged over a Maxwell distribution of electron
energies in Sootion I11.

Humorioal calculations are described in Seotlon IV* and
tables of numerioal results are included. In particular* the
photon spectrum is given in Table 11 for eleotrons of specified

energy and in Table VI averaged over a Maxwell distribution of

eleotron energies.

*

o.f. V. Heltler* Quantum Theory of Radiation. Oxford University
2nd edition* p. ICS. Because of the relative complexity of
the reduotion of the traces and integrations over angles leading

Sq. (16) p- 165* the work was repeated independently end a
ohaok wee obtained.



Bo Total analogy of tl*e incident electron8*

k Energy of tba emitted photon*

B Total aaergy of tfca aoattarad electron.

pO#p Momenta of the Incident and aoattarad alaotrona#
respectively.

2 (M <A ).

Z Kuwleer charge.

do* Oroaa section for the emission of a photon in tha
(\e/nergy Interval dk.

. I/fc -i/8
Pa#F Hon-relativistic momenta* L2(B"*1)J # [3 (B-1)]

respectively*

S a P/ .

1Q Kinetic energy of tha li*cldent oleotron » Eq - 1.

T ELoctron temperature expreasod In units of mo2-

3(T/0) « oxp (- e*A)] (dp/dB) » alaotron energy distribution
function giving relative number of electrons par unit
anargy range; this quantity yields tha number of eleotrona
par ora with kinotio anargy batwean £0 and e&4 dfiQ
after inclusion of faetora available in Eq* (6) and is

expressed in terns of £0 in Bgc (6#1)e

* All energies art expressed In units of m8* In addition, tha

oonstants Taand o will be set equal to unity exoept vhers their
spaolfio use clarifies tha expression; e*g», in (a2»02), (a2A0),
ato9

smnr] "ewre
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%<T k)

&(Tfk)
BR

Suabtr of eleotrom p*r okS-

lormlisstlon factor for olsotron ansrgy dlstrlbutlon
Modified Bsssal function of ths sooond kind »e dsfinod
by bhittsksr and Witson.

Bunbsr of tsrgst nuclei par on5-

Busbar of photons aaittad par ona in tbs snsrgy interval
dk swaged over ths slsotron energy distribution.
Busbar of photons snittad par onB in ths snsrgy ihterval
dk# apart fron constants, as dsfinsd in Bg. (9.1).

Ratio of7t(V#k) to its non~relstlvistlo lialt.

Ths subscript HR denote* ths non-reletlviatio Unit of
ths quantity with ahloh it it usad*



XX« Photon Speotricn fon Kjeotyoos of Qivan }k££Qj>
i

The cross ceotion for the omission of a photon of energy*
k 1n 1 oollislon of an elootron of total Initial energy®. Xq

with « nnolaua at root is given by the Bethe-Hoitler formulal an

dcr « a (OH/K)(p/po) (X V LT)» (@D)
whara

1 «@3) - [B«o(@ BV P2pB] +U, Vpl )+ (Zoo/p3)-<"/p0),

T m(8 KEO/ipp0)+ ™~ ~ +P )/P3 P31+ (k/Bp p*)L™oP 0S80+

B\Bx e T\E e

lab 1
\SBo -1-PPO0J \ ~ PO/ \B-pJ ¢1)

A Z (@Vbo2) (0/fD) .

The calculations i1n this report are subjeot to the acme
limitation* as those underlying the original derivation of the
Bethe-Holtler formula. Since it ia highly Improbable that re-
finement* which have become of interest to thaoretioal physiolata

=inoo the Bethe-Hoitler paper oan be of importance in the

e Ra/



pTAOGLIOAI AppXIMtIOO thvi wiw Omitted. It Mt do AO har»
however to mention same of thorn*

*

The distortion of the slootron were function is taken

Y w

Jn/tq*fKooount only In ths fI575t Born approximation._ Hits Vsmission
acumot bs of importance for ths small values of ths nuolssr
charge shioh enter ths present problem. The effect of higher
order correction®* has been recently worked on by Msximon and
Bathe*# their results olssrly ladlosts that the effects under
discussion are important only for heavier elements* k change
In theiLr1 results hit boon recently recorded by Bathe, Msximon
and Low - this change ha}§ ib_een noted in a related (unclassified)
oonnsctiorﬁ at this laboratory without publication before the
I/resdct report was completed. It does not modify any of ths
present results*

Radiative corrections also sffept ths results in principle
hut they are very small in the present csss*

The sxpresilon in Bg* (1*1) la the result of an Integration
oLt_he ;ilifferential cross section aver the angles of ths photon

and of the final electron momentunT* Conservation of energy re-
quires that

8 L. texlman and B. A. Botha, Phja. R*v. 8~ 156 (1988).
4 Baths, Maxlmon and Low, Phjr». Rav. 9 417 (1963).

00«



V B+k tl.a)

whoru K la tho total energy of the «oatter*d electron* 1b#

oooenta and p tr# rolatod to tha total energlea by the

relatione
23,,p?0+1, E» P®W1l* <1.3)

For pmO? 80 - 1 end the quantity X+LY reduce* to

U+W )~ 0-»06/3K) [It<V 0) k + (3/u *8 <«)

~(3/0KI1-k) [1-UInh"1 [k (adk)V 'A2tvl ]} -

Tho quantity XfIX/ In Bg. (l«I) may bo expandod in poecr* of

the ncawolatlvietlc aoaenta vQ>f and'yield*

C
39?7 - 30? P?+JW?%
XtLY a ta <?V8>+
120

309 P6- 509 P4? 2-609P87?/t309P

=

029?74 - 518 pV + 629 P*

40(P8+pd)

3360

3
uhore * 2 (KO~1) * * 2 (E-D*

When tho factor (p/pQ) appoaring In Jg, (1) la included* the
expansion becomes



llllll mV

GiOutu)™ ~af LN +— 3+

16
s2P#-aapSj-K flpV +iu5” /[rpo+p \ 79 P® + 19 f
i A?s.ij+ L
m P4 - 728P8 P® e 1287 p£ n
® e Je (4)

2he noa-rolativistlo Limiting form is obtairgd direotly

from Eq«*(l) and (5) aa the lovest order tom In ?Q, giving

atr o+ 3>(dtA) (16/5 pd) la [(PO+P) / (PO-P)]. S|

TUITfMMNutu %5,y

SECmY1” U e

TS x x| AWi|p 4 »F«e* M

Un

oqi 010



A A )
AUHOK-

itin diiiijii tcHP »  ~~rrr 2 ™ 0 11
* ; *

oo o>ee*ee o0 -oJ
M «MriimMu It**;

liyi«.M «ii**«*Im »e< Qa'» A

>
4
©

in* Fhoton Spectram far £ Maxwell Distribution of Klectron Biergise

She incident electrons ere assumed to bate t Maxwell-
Boltsmarm distribution in energy given by

dH !'»|1(() 8 <1,d0) d «0 » (6)
where

8.1/8
T, ffO)»(l+e0) (8«0tt0)” mp (««.A> (8.1)

and T la the temperature o? the equilibrium distribution of

: 2 . .
electrons In units of no » C is the kinetio energy of the
electrons giventy f0 * - 1, n” Is the number of electrons
per av® and H(7) is the normalisation factor adjusted so that
[« o * N This leads to the equation

1 M 2 jlg

- » Je tt+e0)(8e0* t0)  «v (-eQ») <Ve0. &>

I f cxie expresses the Integrand in Bog# (7) in terms of BQ* €0+ 1
end Intagratee by perts, one obtains

oxp (1/T)

a *H(7) ‘]" * (7"1}

The normalisation factor may thus be expressed la terms of

The has been made of the integral representstic:) of the
Bessel function %(*) given In Eq. (4)yp* 172 of Matson's BeMel
Amotions* The notation, however, is that of Ihlttaker and

utam >%"eUs h *$s3*!is- _
%o * HVAtr%

di
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the Bessel function of in ginary argument of the second kind at

. 1/2 «al o S I
I{).[.""Al*g<l/«]-1$/TT> W [1+(16/8)T + (L05/1£0)T

- (515 / 1024) T . ] (7.2)

Ihe aeries In Ecu (7*2) results from the use of the asymptotic
topension of Ig(1/?) for m il T.

: : 5
If n. is the number of target nuclei per cm , the number

*

of photons emitted per am5 per seo in the energy interval be-
tween k and k+dk is

t0 (do-)

(8)
dor

Share vQ la the velocity of the incident electron given by
Pc/V Theintegral is carried out for constant photon energy
k over the electron energy  between the limits k and oo;

corresponding to the range vithin which conservation of energy >

allows photon amission to take place. Substitution of 8qgs» (1),
(6) and (6.1) into Bq, (8) yields

n** *H (T,J0 <UL, (9)
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fI{2#4)*H(T) k"1 JA(8V eo)  9X9 I- fio/T) P(X+LY)dto* (9,1)

with p2 m ( ao -k)(2+e0-k) and X, L and Y as in Eq. (1#l}«
The non-relativiatic photon 9pootrim is obtained by
combining Bga. (5), (6) and (8), giving

1X0)

ehere

1/2 -3/2 r oo
WHR{T k)-(2/rT) (T> (16/Sk)™oxp(-«0A)Itt[(P0o+n/(P6l,)38 d«b-

(10.1)
The integral in Eg# (10#1) oan ba put in simpler form if one

changes the independent variable from GQ to

X- (2 €0 - k)A

and integrates by parts* The result of this change is

] expC-syi) In [(V p)/(pc“p2 4 e 0T === «utp(-W2T)(x2-1f"(Ix.
1 (11)
The integral on the right aide of Eg* (11) is one of the

representations of the Bessel function X)h/2T) given by Watson2

6 Watson, Bessel PUnotlona# p. 172, Bq,U). 013



Bg. (10*1)) may they be written as

at (O m (16/3K) exp (-I/SHX0 (K2 (12)
R

The ratio of the photon spectrum calculated relatlvietioally
to that calculated non-relativistically i1a of interest iIn In-

dicating the importance of relativistic corrections for various

temperatures. It nay he written as

fe(T,-%{T,k) /tin (T.K . as

This ratio nay be written as a sorles sxpanslon la povers of

T and k» Tt one atarta with Bg. (@) for (@/po)(3*LF) *»e
Integration Indloated In Bg. (9.1) nay be written aa

KOI(T,K)/»(5)- (-«</T)[(p/p0)(X+LB)3 d 60
K
0 fr 16 24 -16k S0e] ~>80k+S2K2
1+“T >  (C«o™ X L-5+——— 1— 1 3
Til “IM"A+64K8 08"-10Tc
740C* + 3668k FIfllk*>» ~ -
225 01l
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Ono may integrate the tenna containing the logarithm by partly

i
and all the integral! in Eq. (14) nay then be written in the
form en

B-C fct (o1

The substitution eQ»k (1+x)/2 allons one to express the

integral in Eg. (A5)# for n = OF in tems of the Bessel fUnotlon
3

of imaginary argument of the seoond kind as before » giving

kW T OS2 mexp(-kI2T YK (/22
4 K < '

5.9
The iIntegral in Bq. (16) may be evaluated for other values of n
by taking derivatives of Eq. (16.1) with respeot to (—M)- (he
oan then express the derivatives of the Bessel funotlons in

terms of Iq and by means of the well known reourrenoe relations.

Using the First non-vanishing term to give one obtains

23 . 015

J

=2



for (R(T#k) to third power la either T or Kk,

<It(T»3e}«.£ CABT k8~ (ea/l60)t(493A3J20)T] - [ (K/W J/Atk/OT)]

- (315/1024) »*] , (16)

where the denominator cornea from the normalisation faotor in
Bn. (7).

Fop k«0# the ratio may be Obtained for any T by sub-
stitution of the appropriate limit for (p/p0)(X+LX) from Eq.
(1) into Bg. (9«1)« Since L —boo aa k-*0, the leading ten
In the ratio oonea only fron the L7 terns and nay be written

aa

Ziin

Heo

The leading tern la diverging and oontainfl the ftotor Xn(l/k )e
For this tern the lover limit of the integral may be set equal
to aero. One then obtains for the ratio <R(TfO) o&Ly the ratio
of the ooefflcienta of the In(lIA) terms in the expansions of

and near k« 0 giving



B(0,k) ail +m(I1/i) k * (85/160) k8V (531/4480) k' . (16.2)

a» enot Ttlaa of <£(0,k) for any k taj ba obtained by taking
the Halt aa T-*0 In Bg. (9.1), In thii Halt, contribution*

to tha Integral cone only from fO» k (p*0). Oalng Bg. (2),
on® than obtains

ilo

&(0.K)» (1+4k) 11 +(I/C)k+(5/8)k -(5/8) (I-k)[I"Inb1p2~<fki57)]}

(16.5)



XV* Euneriosl Calculations™*

the quantity X+HT In Bg* (1*1) ns ealculatsd /Or
values of k bitesan k * *05 and k ®»*9 in intervals of *05*
and numerical results are given In Table X* for eeoh k the
values of *>1 used ware 874 * " k+ .009* #05* »065* *10*
.80* .85, .50, *60* *90* for EQ 1 » k, the final electron
momentuB is sero and Bg. (8) was used* for (80-1)"k* X+LY
does not exist as a physical quantity, tt* exact expression
for X+LX in Bg* (1*1) and the expansion in Bg* (9) were used
in thoee ranges of the parandtore where each was suitable for
nunerloal work* The approxlastlon in Bo* (9) was such that*
for values of » -1 up to *9* Xgs* (1*1) end (9) differed by
lees than O*ok*

The tabulated values given in TWde Xwire plotted
against « fO for asoh value of k* Xnorder to oesry
out the integral over the energy distribution indicated in
Bo* (9*1)* the values of X+tX given in Table XXwere reed froa
the graphs for each value of k and for values of 6™ between

fO ¢ *045 and ff0»*915 In steps of ,050* These values of e0
were chosen in order to pewit using the statistical factor*
8(T* *0) * given In Bg* (6*1)* whish we oeloulated for the
Inverse Oowpton offset in Yale (IA&* The values of 8(f*f}
need are given In Table XXXfor values of 9 between *0090 end
1000 in intervals of *01854 The integration in Bg* (0*1) wes
carried out nsnerieally* using dlaptra’a rule up to 60 «*885#

iiliavi 25 *°
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Corrections far the tall of tho energy distribution were cade
by assuming a linear variation for p(XfLY) beyusl <D ».886*
The oorreotlon was most Important for large 7 and ranged from
;< to 109( when k went from .03 to .30. Tho estimated accuracy
cf the fi\n/al result for &(T,Wbtained from numerical integration
ie 05)» for T > .05 For T m» .0500, ,0375, .0250, the relatively
Iarge mtervale used for Cqg resulted in an estimated turnertainty
of ee saloh ae 6jf» Using the values of T,k) in Table XV,
thioh were oaloulated by moans of Bg. (12), one obtains the
ratio <&(T,k) In Bq.(15) with the aama limits of aoouraey Ala-
ouaaad for %(T#K).

Caloulatlona were also performed using the expansmn of
the ratlo <&(T,k) given In Bg, (16). Proa the convergence of
the expansion, these results ere estimated to be uncertain to
lees than 0J5$ over the entire range of parameters ussd above.
Because of this, values of ware obtained from these
values of the ratio ($(7,k) together with the velnee of*g(?,k)
in Table IV.

_;I'yqples Vend x1 contain the values of<$(7,k) and9jlIT k),
respectively, obtained in this way. In addition, values of the
ratio were oaloulated for klfmC 'A(,)O6 end in the Halts 7»0 from
Egs. (16.2), (16.5) and k«0 from Eq. (16.1). The value at

k «@,005 waa Included because of the relatively rapid variation

of &(T,k) batmen k « .08 &k « 0.

Qg 010
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IT an electron energy distribution other than Maxwellian
la desired, the valuta of XFfLY in Table 11 should be useful.

Fig. 1 contains plots of the values of (£ (T,K) In Table
V vs, T for various values of k shomn on the graph* Fig. 2
contains plots of the values of f11TM) la Table VI vs. T for

similar values of k.
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.050
.055
.050
*060
*065
090
*095
*100
180
185
150
*155
100
*105
*800
*810
815
.340
«845
850
870
*875
500
*505
.600
*900

05

177.9
160.1
188.6
109.6
63.40

66.78

66.19

60.54

46.89

36.87
83.81

89.06
84.91

64.66

53.40

45.36

40.77

37.74

50.58
88.70

*09.-.

69.58
57.91
56.08

45.03

59.06

36.55

53.05
S|

-.12

44.79
45.66
39.89

34.75

31.58

29.59

*86.87 1 84.58

85.89

85.58

Sable X
XfLT calculated froa Skis. (1.1) and (3).

*16

55.99
55.45

31.43

88.61

86.76

88.48
81.95

18

50.15
29.80
28.76

26.26

.84.60

80.91
80.66

21

26.00
25.77

24.88

22.79

19.60
19.48

.84

82.91
88.75
22.68

21.85

18.45
18.48

P®™MpK:

“B7

80.58
80.48
19.07

17.44
17.54

.50
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Table
XFLT obtained t.ya graphs of tha values in Table I*
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Fv=ls

>

,075

.625
.655
,885
*315

,955
,50b

.045
,675

135

765

.885

CATtfftON
PO By
WIOFII™A,  Prgssge e

P*es |M

*1500

2349
.8578
*8580
2478
,8307
.813*
1934
1739
1551
1375
,1213
,1066
,0992
,0813
«0707
*0613
*0530
.0458
,0385
,0339
.0898
,0800

0814
,0183
,0107

M
,0097
*0068

B(T*60) for

.1376 *1260
*8886 3212
.*458 «8388
.SM *8243
.8283 #2070
«2097 *18&0
*1893 .1645
*1687 .1455

, 1489 1250
*1305 1061
*1136 *09035
*09836

.08486 m06461
07894 .06451
06306 .04668
,05333 .05802
*04636 .05167
.03865 ,02634
.03878 .02107
,08760 .0mvVv
*08330
,01977 .01836
*01666 01017
,01369 ,00858
.01181 +00689
,00978 ,00670
.00029 00466
.00667 00388
,00680 00316
.00488 .00266

lj"olo 111

numerical averaging over ©leotron energy dlatrlimtlan*

-U26

*2128

2177

,2043

*1836

*1606

1361

*1175

,09069
,08234
*06888
.05655
.04030
,03788
,03091
,08514
*06040
01651
.01333
,01076
,00866
,00696
.00658
+00447
,00367
.00885
*00887
,00181
,00145
.00114

*1000

,8028
*8003
+1818
*1580
*1358
,1113
*09135
,07431
*06998
.04812
,03841
*03052
,024
019
.01499
01176
,00982
.00720
,00561
Azwt
,00339
,00863
,00806
.00167
,00183
,00094
«00078
,00055
,00048

yR875/

.1096
.1800
.1566
1303
*1056
.08480,
*06684
,05162
,03992
,03068
,02346
*01785
.01355
.01025
,00778
,00600
.00435,
,00386
,00244
,00108
,00135
=00101
.00075
,00054
,00041
.00030
.00082
.00017
.00018

.0760

1740
*1560
1201

*1007 .

07716
*05806
*04316
*03176
*02380
.61684
«01218
*00874
.00686
.00447
«00318
,00286
«00160
.00113
*00080
,00066
*00040
,00088
.00030
,00014
,00010
,00007
,00006
*00003
.00008

*1644
1877
*09683
*07086
.04969

*05458.

.02368
,01609

*01085.

«00787
*00485
*00388
«00212
.00140
,00093
,00060
.00040
,00086
.00017
.00011
.00007
.00004
,00003
,00008
.00001
«00001
-00001
,00000
,00000

*1889

..09468

*06364
«04090
*02560
.01502
,00963
,00561
*00347
.00207
.00188
«00071
.00048
,00086
,00014
-00000
*00006
*00005
.00008
,00001
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