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Abstract

The Foias constant, a true mathematical gem, is generalized to a
host of similar numbers. As is the case with all significant mathematics
it is the underlying method, due to Foias, that matters.

The Foias constant is the unique positive real number z; for which the
recursion L\n
an:(l—i—) , x>0, n=1,2,... (1)
Tn
has the property that lim,,_, o, x,, = 0o. Very likely transcendental, its 15-digit
approximation is 1.187452351126501 [4, 7]. For the fascinatingly bizarre story
of the discovery of this number and a proof, please see [2].

In this note we identify the principal features in Foias’ original proof and
streamline them into a general result. Our result gives further evidence to the
observation [2] that the connection between the sequence (1) with initial seed
the Foias constant and the Prime Number Theorem [1] must be fortuitous.

Theorem. Let (f,)22, be a sequence of strictly decreasing continuously dif-
ferentiable functions with increasing non-vanishing derivatives, all with the
same domain, (0,00), and the same range, (r,00), r > 0, and such that

E:=ﬂzozl(fnofn,10~--of1)(0,oo);A(Z), (2)

Assume that there is a number ¢ € ¥ such that
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(i) nh_)n;ofn(c) = 00.

(i) nl;rgo a, = 0o, where o, = (f;il o fn_«l}2) (¢),n=0,1,...

T _1y/

) nh_)n;o (fi") (o) =0.

(iv) liminfi > 0.
n— oo f;l(c)

Then the recursion

Tpt1 = fu(zn), 21>0, n=1,2,..., (3)

has the Foias property, namely there is an unique 1 > 0, called the Foias
number associated to the sequence of functions (fy), and denoted by c, such

that lim z,, = oco. Moreover,
n—oo

c=lim (filofy oo fh) (o). )

Examples of sequences (f,),, satisfying the hypotheses of the theorem are

N ((53+43)4+512)5
fn(m) - (1+.’II) , =1, Y= (53+43)20

) i

(5)
1

1 (e —1) -1

ful@)y=e"" r=1, %= <e3e*2,e2), c=e, a

c=e, Q=

or
n+1

= —. 6

In(n + 2) (6)
Notice that (5) is Foias’ case. An example of a sequence which might, however
does not, satisfy the hypotheses or the conclusion of the theorem is

fulz) = ﬁ, r=0, ¥=(0,00), no c exists. (7)
x

In this case, (x,,), always diverges to co.
In order to prove the Theorem we need some preparation. Fixing ¢ > 0
and a positive integer n, define a sequence (tn4m+1),.—; depending on t by

tn+m+1 = (fner ©:---0 fn) (t) (8)

We say that the sequence (t,4m+1),, has property (A) if its odd-term subse-
quence (tn42m),, is bounded above while its even-term subsequence (t,42m+1),,
diverges to co. Similarly, it has property (B) if the words odd-even are switched
in property (A).
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Lemma. In the above setting, and assuming the hypotheses (i) and (ii) of
the Theorem, for anyn = 1,2,..., define the disjoint subsets A, and B, of
(0,00) by
Ap = {t| (tn+m+1),, has property (A)}
By, :={t| (tntm+1),, has property (B)}

Then the following is true about the sets A, and B, :
(v) fu(An) = Bpy1N(r,00) and frn(By) = Apy1 N (1, 00).

(vi) Ift € Ay, and t' € B,, then (0,t] C A,, [t',00) C By, and t < t'.

(9)

(vii) Ifn is such that ag > c fork > n+1 then a,_1 € A, and f; 1 (a,) € By,.
Consequently, cn—1 < fit(am).

Proof. (v) follows immediately from (8) and the very definitions (9) of the sets
A, and B,,, while the monotonicity properties of the functions fx’s, namely the
composition of an even/odd number of fi’s is strictly increasing/decreasing,
implies (vi).

To the end of proving (vii) notice first that since ¢ € X, v, is well-defined.
In particular, o, > r,n =1,2,.... The premise of (vii) always holds true for
n sufficiently large, by (ii). Set now t = «,—; for an allowable n. Then,

tn+2 - (fn+1 o fn) (anfl) =c,

since the definition of a,—; in (ii) is equivalent to (fnt1 0 fn) (n-1) = c.
Thus, tp+2 = ¢ < apy1 yields t42 < any1, and repeating the above procedure
gives

tnta = (fnt3 0 fov2) (bns2) < (frts © fas2) (0ng1) = ¢ < angs.
More generally, by iteration
thiom < c< apiom_1, m=1,2... (10)
Now, (10) implies
tntams1 = frtom(tntom) 2 friom(c)- (11)
From (10), (11), and (i) it follows that the sequence (tn4m+1),, has property
(A) for t = ap—1, and 80 a1 € Ay,

Finally, we have a,, € A, 11 too, which is equivalent to f, () € By, by
(vi), and a1 < f; 1 () follows also from (vi). 0
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Proof of the Theorem. In view of the Lemma there are real numbers a,, b,,
n=1,2,..., such that

(0,a,) CA, C(0,a,] and (by,o0) C B, C [by,0). (12)

Also, for n large enough, more precisely for n such that ax > ¢, k =n+1,n+
2,..., we have

o1 < ap <by, < f;l(an)a and fn(an) = bn+1a fn(bn) = Op+1, (13)

from which it follows that

by, — ap, <f;1(01n) —Qn-1 f;l(an) - f;l (fn(an_1)) _
fn_+11(c) B fr;h(c) fn_«l}l(c)
foan) = £ (Fr1(0))
f;-il(c) .

By (i) we can also assume that

(14)

fag2(e) > e, or < filh(e), or fili(e)> filiofila(e) = an.

1} and ( fo 1)/ are increasing functions taking only negative values, and so
RV
[fal = —f} and |(f)

mean value theorem on the interval [ay,, f;. _il(c)] gives

= — (f_l)/ are decreasing. An application of the

n

Pt em) = S (Fha (@) < | () (@) (fidi(0) — an) < )
(£21) ()| foks 0)-
Putting together (14) and (15) leads to
bn — Ap, —1\/ 16
fuhe) <1V (@] 1o
Also, since b, < f, 1 (ay),
1
£ o) 2 [ £ (f () | =
‘(fn_l) (o)
and so by (iii),
lim |y, (by)| = oc. (17)

n— oo



FOIAS NUMBERS 25

Let now p be a positive integer such that
fot2(c) > ¢, ant1>c¢, and |f,(bn)|>2, n=pp+1,.... (18)
Another application of the mean value theorem on [a,, b,] yields
bt1 = @ntr = [fa(bn) = fulan)| = [f1(ba)] 1bn = an| > 2(bn — an),
and by iteration,
bp —an >2""P (b, —ap), n=pp+1,.... (19)

From (16) and (19) we get that

2P (b, — ayp) 1y
<#<‘(fnl) (an)a n:pap+17'--7
Fata(0)
and so, via (iii)
2=tV (p, —a,) lim ——— =0. (20)

n— o0 f;l (C)

(20) and (iv) finally give a, = b,, which by (13) and (ii) also leads to

p=0by,, n=p,p+1,..., and lim a, = occ. (21)

n—oo

Since ap—1 = (f; ' o f, 1) (¢) and f,  (op) = (f, ' o foih o f, 1) (¢) are both

in the domain of f; " o---o f, ' if p> 1, so is the interval [o,_1, f; ' (ay)].

p—1
Therefore, (f; ' o---o f, 1)) (ap) exists, and then clearly
f;;ll(ap) = ap-1, fp:lz(apfl) = 0p—2; .-, fl_l(a2) =ar. (22)
Setting now ¢ := a1, the Foias property follows, as the sequence z,1; =

fn(xn), 21 = c, is the only one diverging to oo. Furthermore,

Qn—1 = (fn_1 © ;4}1) (c) <an < (fn_l © ;4}1 ° f;—‘,}Z) (c) =
filan), n=pp+1,...
implies
(fitorofily) (Fatofuh) (@ <e<
(fito-ofidy) (o fuiio frls) (o),
if n > p is odd, since the composition of an even number of fk_l’s is a strictly
increasing function. Thus,

(fl_lo~~~of2_n,lb)(c)§c§(fl_lo~~~of2_é+1)(c), for mzl%l. (23)
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Also, the even-term sequence ((ff1 0---0 fzjé) (c))m is increasing while the
odd-term sequence ((ffl 0---0 f;ﬂiﬂ) (c))m is decreasing, for m sufficiently
large, as these claims are equivalent to as,,—2 > ¢, respectively asgm,—1 > c.
Setting

T = i —1 e —1 +': 1 —1 “e —1
c = mlgnOo (f1 0-+-0 f2m) (¢), and c*: n}gnoo (f1 o Of2m+1) (c),
(24)
we have
¢ <c<ct, (25)
and the proof of the Theorem will be complete if we can show that ¢™ = c™.

By way of contradiction, assume ¢~ # ¢t and let, say, ¢/ be such that
¢” <c <c. Then

(foms1 00 f1) (¢") > (famg10---0 f1) (c) and
(fomo -0 f1)(c") = (famo---0 fi)(c7) > (26)
(fomo--0 1) (fih o -0 fomya(€)) = a2m

(26) shows now that z,41 = fn(z,),x1 = ¢, also diverges to oo, a contradic-
tion to the Foias property. O

Remarks. 1) The exact value of the original Foias constant associated

to (5) is ¢ = T , while that associated to (6) is ¢ =

1/3 1/2
<<(.,.;1/471) 71)

Also, thanks to the prowess of Wolfram Alpha [6] a 6-digit approxi-

e
mation of the latter is ¢ = 1.375892.

2) It is possible to state a version of the Theorem without reference to the
set .. Notice that if the hypothesis (i) of the Theorem holds for some number
¢ > r, then o, is well-defined for n sufficiently large. Indeed, «,, makes sense if
and only if f,},(c) > 7, or equivalently ¢ < f,42(r). Since fnia(r) > fui2(c),
the claim follows. If now the hypotheses (i) - (iv) are met one can calculate
first, as in the Theorem, the Foias number ¢, for the sequence of functions
(fn+k—1)pey for some integer n satisfying (vii), and then backtrack from c,

down to ¢; = ¢ via the formulas
Cnok=f(Cnoks1), k=1,2,....,n—1. (27)

Any ¢ > r could then potentially work.
3) Just as in [2] one can prove that

In

. xzplnn
lim

n—00 n




FOIAS NUMBERS 27

for the sequences (z,,),., given by (5) and (6), when z; equals the corre-
sponding Foias numbers. 7(n), the prime counting function [1], also satisfies
(28). It is therefore very tempting to inquire whether there are deeper rela-
tions between Foias sequences and m(n). The answer is a resolute no! If in the

-1
Theorem it also happens that lim M =1, then lim =1, when
n—oo O[,n_l n—oo O[n_l
x1 = c. A slight modification in example (6), namely f,(z) = **/* gives
2 1
n = 111;727”:")2)’ and then for the corresponding Foias sequence (z,,)32; we
1
have lim In AR _ o
n— o0 n
4) One can replace the sequence (f,),-; by a new sequence (f7)>",, de-
fined by
f;:(.’L‘) = fn(x) - (29)

The new functions continue to be strictly decreasing, with the same domain
and range, (0,00), so the issue with the domain of a composition of inverses
disappears, an advantage. Under mild extra-hypotheses, (f,,),, and (f.),, have
the Foias property simultaneously, so how do their numbers ¢ and c* relate?
The answer is unknown to us! For comparison with 1), we include here the
Foias constant associated to the sequence derived from (6), namely c* =

1
~ 1.0097932.
In{l4+ 25—
( n(1+ rrty) >
5) There is an obvious visual analogy between Foias numbers and continued

fractions [3]. In fact, if f,, '(2) = up_1 + E, n=12,...,x € (0,00), where
x

(un),2; and (v,),-, are pre-assigned sequences of positive real numbers, and
vg = 0, then ( filto---o ,jl) (¢) approximate the generalized continued frac-

U
tion ! ;- A theorem of Sleszynski-Pringsheim [5] guarantees con-
U1 7112-&- R
V3t
vergence of this continued fraction if v, > u,+1,n =1,2,.... So, in a certain

sense the concept of Foias number generalizes the concept of continued frac-
tion.
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