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CHAPTER I 

INTRODUCTION 

Statement of the Problem 

The problem of the study is the delineation and subse-

quent application of a system of theoretical concepts 

associated with teaching addition, subtraction, multiplica-

tion, and division of whole numbers—referred to as the 

"operations of arithmetic." 

The specific purposes of the study are as follows: 

1 •» To delineate a system of theoretical concepts which 

is presented in Chapter II and will be referred to as the 

"model construct." 

2.. To utilize the delineated model construct in appli-

cation: 

a. To apply the modal construct in locating and 

cataloging "models of the operations of arithmetic" which 

are available for the purpose of instruction in the opera-

tions of arithmetic. 

b. To apply the model construct in locating and 

cataloging the "functions" of models as well as in evaluating 

these models in terms of their functions. 

c. To apply the model construct in developing 

criteria for analysis of materials used in teaching the 



operations of arithmetic and the subsequent application of 

these derived criteria to textbooks. 

d. To apply the model construct in suggesting 

further research and experimentation. 

Background and Significance 
of the Study 

During the last few decades in the United States there 

have been two movements in education developing along similar 

directions. One of the movements might be labeled the 

"modern school mathematics movement." The other movement 

might be labeled "cognitive psychology as related to teach-

ing." It appears from examining selected writings that both 

movements agree that a basic key to a person's development 

and adjustment is the nature of the concepts which he has 

learned. Thus, a primary function of the educational system 

is considered to be locating and describing appropriate con-

cepts and addressing itself directly to developing strategies 

for teaching these concepts. Mathematics instruction can be 

considered as an attempt to aid children in developing and 

using hierarchies of selected mathematical concepts such as 

the operations of arithmetic. - These are addition, subtrac-

tion, multiplication, and division as they are defined on the 

whole numbers. This study can be characterized as the 

utilization of considerations from school mathematics, mathe-

matics, and cognitive psychology in the development and 



delineation of a system of theoretical concepts bearing 

directly on teaching the operations of arithmetic. 

More particularly, this study is concerned with teaching 

the operations of arithmetic through the use of models of the 

operations. As one example of a model of an operation of 

arithmetic, repeated addition is a model of multiplication. 
* 

A model of subtraction is the usual take-away illustration 

in which a subset is removed from a single initial set. 

There are at least ten models which have been used extensive-

ly for teaching multiplication. All over the world, and for 

thousands of years, models of these operations have been 

suggested by interested persons. Euclid (19) suggested an 

interpretation of multiplication. Descartes wrote an 

arithmetic text utilizing the modular interpretations of his 

day. Bewey (23) contributed to the use of models and the 

activity method in arithmetic instruction in the United 

States. Gattegno and Cuisenaire (17) have given to the world 

a system of models for these operations and have made im-

pressive claims for them. Within the modern school 

mathematics movement there has been an energetic search for 

ways of teaching more and better mathematical knowledge to 

children through the use of modular representations. Each 

mathematics program presents within its materials models 

representing the operations of arithmetic. 

Phillip S. Jones suggested that studies which are con-

cerned with the use and functions of models, such as models 



of the operations of arithmetic, are in a significant area 

of research. In his landmark address published in the . 

fiftieth anniversary issue of The American Mathematical 

Monthly, he concluded with a declaration of significant areas 

of research in mathematics education today. The two listed 

below delimit an area of investigation of 'which this study 

is a part: 

(2) What is the role of application and 
physical models in both clarifying and motivating 
instruction? ' 

(3) What is the level of rigor which is 
sound and desirable at different stages of the 
student's development (21, pp. 54-55)? 

This study concerns itself with the role of physical models 

in instruction in the operations of arithmetic and considers 

elements of rigor to be imposed upon the relationship be.tween 

physical models and the operations of arithmetic at the 

abstract level. 

In an effort to continue providing an overview, a 

reference should be made to Bruner's list of four major 

features of a theory of instruction (3, p. 306) . .They are 

described briefly as follows: (a) specification of experi-

ences which predispose toward different types of learning, 

(b) specification of most effective sequence for presenting 

materials, (c) specification of the nature and pacing of 

rewards and punishments to fix learning and maintain activity, 

and (d) specification of ways in which the body of knowledge 

should be structured so that it can most readily be grasped 



and applied by the learner. The above categorization of the 

function of the educational endeavor presents a grid which 

allows for the relative placement of the function of this 

study. Of the four above distinct features of instruction 

and instructional theory, the immediate study concerns 

itself with function (d); it provides a characterization of 

the manner in which a segment of the body of knowledge called 

"mathematics" can be structured so that it can be effectively 

grasped and applied by the learner. In particular, it is 

concerned with the utilization of models of the operations 

of arithmetic so that the operations of arithmetic can be 

grasped by the learner. 

This study utilizes the concept of model drawn from 

mathematics. Mathematics is the study of models and model-

ing relationships at an abstract level (29), It develops 

models which are in the form of systems of abstract postulates 

and theorems which have their historical genesis in the 

practical and concrete. This characteristic of mathematics 

has been aptly described by Bourbaki in the following 

passage:^ 

From the axiomatic point of view, mathematics 
appears thus as a storehouse of abstract forms— 
the mathematical structure; and it so happens— 
without our knowing why--that certain aspects of 
empirical rea.lity fit themselves into these forms, 
as if through a kind of preadaptation. Of course, 
it cannot be denied that most of these forms had 
originally a very definite intuitive content; 
but it j.s exactly by deliberate throwing out of 
this content, that it has been possible to give 
these forms all the power which they were capable 



of displaying and to prepare them for new inter-
pretations and for the development of their full 
power (2, pp. 222-223). 

If concrete meanings are associated with the undefined terras 

in one of these mathematical structures, then the mathematical 

structure constitutes a mathematical model of the concrete 

domain. In this study the operations of arithmetic are con-

sidered to be abstract mathematical models with several 

concrete structures which model them. The abstract operations 

are referred to as models, the concrete structures are re-

ferred to as models, and the abstract and concrete domains 

are said to model each other. 

The operations of arithmetic and associated concepts 

are perhaps the least contested concerns of the schools 

within the area of transmitted knowledge. Although varied 

points of view are taken toward these concepts, it is diffi-

cult to think of a modern educational position which would 

contest their desirability for the American school. Judd is . 

an appropriate authority from whom to quote in summarizing 

the responsibility of the school in this domain: 

The child comes - .into a social environment • 
which is possessed of a highly perfected number 
system, but the child feels no need of it, and 
he is incapable of the abstract thinking that 
is necessary for the intelligent use of this 
system. To the child the number system is in 
itself a body of very complicated experience. 
. . . The deliberate effort of society is to 
give pupils, in a few years and in the most 
highly perfected form, that for which the race 
strove during long centuries (22, p. 103). 



To summarize, the background and significance of this 

study has been presented by reviewing central elements of 

the study: the operations of arithmetic, models of the 

operations of arithmetic, and the mathematical modeling 

relationship. The study has also been placed in systematic 

relationship to areas of knowledge, Bruner's analysis of the 

educational function, and Phillip S. Jones® suggested areas 

of significant research in mathematics education. 

Definitions of Terms 

For the purpose of this study, 

1. The operations of arithmetic are defined as addition, 

subtraction, multiplication, and division as they are defined 

on the set of whole numbers. 

2. A model of an operation of arithmetic is a collec-

tion of instances indicated by drawings, descriptions, 

symbols, or devices which represents the operation. One of 

the models of multiplication is repeated addition and a 

model of subtraction is the set of all situations where a 

subset is removed from a single initial set. This latter 

model is referred to as the "take-away" interpretation of 

subtraction. 

3. The term "model construct" refers to a system of 

theoretical concepts developed and/or collated by the author 

and presented in Chapter II. It is a collection of suffi-

ciently general concepts as to place a structure on the 



practice of teaching the operations of arithmetic and asso-

ciated concepts .through the use of models of the operations 

of arithmetic. 

4. The term "functions of models" refers to the uses 

and properties of models. Two commonly declared functions 

are to facilitate understanding of an operation of arithmetic 

and to facilitate habituation of facts. 

Description of the Study 

The study is not of an experimental nature but involves 

the utilization of explication. Explication is a process in 

which " . . . one begins with an imprecisely expressed idea 

and hopefully arrives at a quite precise and fruitful concept" 

(23, p. 5). Such a process involves induction, declaration 

and, from time to time, deduction and verification. 

This study also draws heavily from the philosophy of 

mathematics, and conceptual and symbolic models (4). It is 

assumed that considerations limited to this scope are worthy 

of merit. The cognitive psychology appealed to in this study 

is admittedly largely intuitive. As Anderson (1, p. 403) 

has pointed out, cognitive psychology lends itself to the 

intuitive rationalizations and experiences of the investi-

gator who is subject-matter oriented. The psychology of 

Brownell and Judd. that is the historical basis for this 

study lends itself to extension into this modern psychology. 



The following procedure was followed in the study: 

1. Related literature was researched and the model 

construct was delineated. 

2. The delineated model construct was utilized in 

application: 

a. While the literature related to the initial 

outline of the model construct was researched, search for 

distinct models was maintained. The model construct was 

applied to categorizing and cataloging this modular domain. 

The results are in Chapter III. 

b. While the literature related to the germ of 

the model construct was researched, search for stated 

functions of models also was maintained. The model construct 

was applied to describing and collating these functions. 

The results are in Chapter IV. 

c. While the literature related to the germ of the 

model construct was researched, comparisons of models in 

terms of their stated functions were noted. Further analysis 

based on .the model construct was conducted, and a survey of 

the evaluation of models in terms of their stated functions 

is presented in Chapter IV. 

d. Criteria fer analysis of materials developed 

for purposes of instruction, in the operations of arithmetic 

were derived from the model construct. These results are 

recorded in Chapter V. 
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e. These derived criteria we're applied to three 

elementary school mathematics textbook series (5, 6, 7, 8, 9, 

10, 11, 12, 13, 14, 15, 16, 25, 26, 27, 28). This analysis 

is presented in Chapter V. 

.In general terms, the procedure for collecting and 

treating data has been one of search and utilization of 

literature related to the initial germ of the model construct, 

the development of the model construct, and its application. 

Thus, a system of theoretical concepts and the demonstration 

of its productiveness in application is presented. 
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CHAPTER II 

THE MODEL CONSTRUCT 

Introduction 

This chapter is central to the study. It presents the 

collection of concepts, paradigms, and analyses which make 

up the model construct. The model construct provides a 

structure to be imposed on problems of teaching the opera-

tions of arithmetic and associated concepts through the use 

of models of the operations of arithmetic. It includes con-

cepts selected from school mathematics, mathematics, philosophy 

and history of science and mathematics, and cognitive psy-

chology, which is collated to form a view of arithmetic 

based on a mathematical form of relativism. According to 

this approach, the operations of arithmetic are considered 

to be abstract mathematical structures which represent 

elements of the physical and concrete world. This-theme is 

expanded through analyses, examples, and the development of 

educational concepts, all making up the model construct. 

Although the development presented in this chapter is 

largely limited to the operations of arithmetic and associated 

concepts, it is easily seen that many of the elements of the 

model construct are readily extended to other areas of arith-

metic. 



The concept of model is the central basis for this study 

and is represented by terras such as "model," "representation," 

"embodiment," and "concrete reflections." These terms have 

similar meanings and are used in both a noun sense and a verb 

sense. One may speak of an object or class of situations as 

being a model, a representation, an embodiment, or a concrete 

reflection; and on the other hand one may speak of an object 

or class of situations as modeling, representing, or embody-

ing another object or class. 

There are five major sections of the model construct 

following this introduction. The first presents a review of 

the operations of arithmetic and an analysis of models of 

the operations of arithmetic. Since standard mathematical 

terminology is involved in this analysis, still further 

analysis is applied to the horizontal sentence. Examples of 

models of the operations of arithmetic are then viewed 

through the concepts developed from the analysis. 

In the second major section of the model construct, the 

representational relationship between the operations of 

arithmetic at the abstract level and their models at the 

concrete level is investigated with the aid of the mathemati-

cal concept "isomorphism." A collection of educational 

concepts which result from this application and which bear 

on representation and models are presented. 

. In the third major section of the model construct, a 

distinction is made between the abstract mathematical domain 
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and its concrete modular domain. On the basis of this 

distinction, certain finer distinctions and elements of rigor 

are brought out and applied to problems of teaching the 

operations of arithmetic. 

In the fourth major section, the psychological and 

methodological aspect of the model construct is presented. 

The preceding analysis and the educational concepts of 

readiness and development are utilized in considering the 

type of learner who is likely to be using models in learning 

the operations of arithmetic. This section presents a 

simple theory of learning the operations of arithmetic 

through the use of models. The analysis of the knowledge 

consisting of the operations of arithmetic and of develop-

ment, readiness, and psychological process are then utilised 

in the description of distinctive curricula and strategies 

which utilize models of the operations of arithmetic. 

Lastly, in the fifth major section, the model construct 

as here presented is related to two major theoretical posi-

tions, that of Belth (9), and Judd and Brownell (21,89). 

This chapter then presents a system of theoretical con-

cepts entitled "The Model Construct" which provides a 

structure to be imposed on the area of teaching the operations 

of arithmetic and associated concepts through the use of 

models. 
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Analysis of Models of the Operations 
of arithmetic 

This major section of Chapter II presents, under five 

headings, several of the key concepts contributing to the 

model construct. The first of these concepts, the operations 

of arithmetic at the abstract level and some of their consti-

tuent parts, is presented under the heading of "Operations of 

Arithmetic at the Abstract Level." 

Secondly, an analysis of models of the operations of 

arithmetic entitled "modular representation of an operation 

of arithmetic" which is composed of elements entitled 

"symbolic representation," "model structure," and "correlates" 

is developed under the heading of "Three-Part Analysis of 

Models for the Operations of Arithmetic." 

A component of the above analysis, the symbolic repre-

sentation, is then discussed under the heading "Dimensions 

for Analysis of Mathematical Sentences" and a mathematical 

grammar is imposed in preparation for the succeeding section. 

Following the fourth heading, "Examples of Modular 

Representations of the Operations of Arithmetic," a model for 

each of the operations of arithmetic is viewed through the 

analysis developed thus far. 

Under the last heading, "Further Analysis of Models," 

other key concepts making up the model construct are 

developed. Thus, this major section of Chapter II develops 

the concept of a model of an operation of arithmetic through 

analysis and examples. 
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Operations of Arithmetic at the 
•̂ -bstract Level 

As was pointed out in Chapter I under "Definition of 

Terms," the operations of arithmetic are addition, subtrac-

tion, multiplication, and division, as they are defined on 

the whole numbers. The whole numbers are the numbers 0, 1, 

2, 3, . . . . At the abstract level, the whole numbers are 

considered only as a set of mathematical objects upon which 

operations are performed and relations are determined. 

In this study, an operation over the set of whole 

numbers is defined as a rule which associates each ordered 

pair of whole numbers with exactly one whole number. Multi-

plication and addition on the whole numbers are considered 

to be operations since they associate each ordered pair of 

whole numbers with exactly one whole number. Subtraction 

and division on the whole numbers are, strictly speaking, not 

operations since they sometimes fail to associate an ordered, 

pair of whole numbers with a whole number. In this study 

the term "operation of arithmetic" applies to all four— 

addition, subtraction, multiplication, and division, although 

subtraction and division are not operations. 

Throughout the study, the operations are .considered 

only as they operate on the "smaller" whole numbers. It is 

common in elementary school curriculum for teachers to be 

concerned with what, is termed "understanding the operations" 

without being concerned with the fact that the set of whole 

numbers is an infinite set. 
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Korner (94), in a study of the relation between pure and 

applied mathematics which presented several characterizations 

of the addition of natural numbers, acknowledged the sensi-

bility of this delimitation for the. purpose of his study. 

In the following statement, he pointed out that when one is 

using number in association with perceptual situations, one 

need not concern himself with the total collection of numbers 

under consideration. This relation between perceptual situa-

tions and number is also the concern of this study: 

Natural Number is certainly applicable to groups 
of perceptual objects. The statement, for 
example, that the group of apples on this table 
has the Natural Number 2 is an application of 
the concept "Natural Number"; and the truth of 
the statement is independent of whether the 
Natural Numbers form an. endless sequence or not 
(94, p. 59). 

The so-called decimal numeration system would seem to 

be a critical element of a discussion of the operations of 

arithmetic. However, except to point out in a later section 

how the concrete representations of addition and multiplica-

tion play a role in building a numeration system, this study 

does not concern itself with analysis of standard numeration 

systems. It is very conunon for children in the elementary 

school to learn a modular understanding of the operations of 

arithmetic without an extensive lesson in numeration. 

In his work with children., Dienes attacked operations 

before numeration systems. He made the following statement 

in relation to a representational game that children play: 
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By the tiine this,- and perhaps some of the 
previous games have been reached, children may 
wish to go beyond the number "nine." This should 
be allowed, or even encouraged, so long as the 
"place value" concept is not broached. By this 
is meant, for example, that the numeral "15" 
should simply be a shortened version of the word 
"fifteen," and children should not be burdened 
with thinking of fifteen as "one times ten and 
five units." This realization, and similar 
realizations, will come with the study of powers, 

later on (56, p. 23). 

There are critical elements of the operations of arith-

metic other than those mentioned here. Discussion of these 

will be postponed until appropriate concepts to be used in 

their analysis have been developed. At that time the con-

crete analogue of such, critical elements as the pairing of 

elements, the ordering of the pair, the Cartesian product 

of the set of whole numbers, the association of a pair with 

a single number, and the uniqueness of this number will be 

considered. 

Three-Part Analysis of Models for the 
Operations of Arithmetic 

The purpose of this section is to present a three-part 

analysis of representations or models of operations of 

arithmetic. The three-part analysis utilizes the terms: 

(a) "symbolic representation of an operation of arithmetic," 

(b) "model structure," and (c) "collection of correlates." 

These elements in-appropriate relationship are termed 

"modular representation of an operation of arithmetic." 

The followina material will discuss and define of +-Tia 
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Symbolic representation of an operation.—A symbolic 

representation of an operation of arithmetic is defined to be 

a collection of mathematical sentences. The term "symbolic 

representation" is used in several places in mathematical 

literature to refer to the formal mathematical statements 

associated with the operations (74, p. 134). Bruner says 

that a symbolic representation is "a set of symbolic or 

logical propositions drawn from a symbolic system that is 

governed by rules or laws for forming and transforming 

propositions" (28, p. 3.10). 

The most common symbolic representation for the opera-

tions of arithmetic in use today is referred to as the 

horizontal (or equation) form. Addition sentences are of the 

form 2 + 3 = 5 ; subtraction sentences are of the form 6 - 2 = 

4; multiplication sentences are of the form 2 x 3 = 6 ; and 

division sentences are of the form 6 t 2 = 3. Hartung and 

his associates recommend that this form- be used with children 

because it aids in the analysis of problems and that ". . . it 

corresponds to the horizontal writing and reading from left 

to right that is used with ordinary, or non-arithmetic state-

ments" (77, p. 78). 

A very common symbolic representation, especially in 

previous years, is what is termed the vertical form or 

computational form. Addition sentences in the vertical form 

appear as 2( subtraction sentences appear as 6, and 
±2 -3 
5 ~~3 
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multiplication sentences appear as 3. Division is not 
x2 
6 

commonly represented in the vertical manner. Hartung and 

his associates (77, p, 78) recommend that children be taught 

this form also, primarily because it facilitates computation 

and the use of algorisms which are usually learned after the 

child has a modular understanding of the operation. 

Another representation is the table form., named after 

Pythagoras. (69, pp. 55-56), which gives products, sums, 

differences, and quotients at the intersection of row and 

column. In the United States this form of representation is 

referred to as an addition or multiplication table. 

A symbolic representation for multiplication and 

division of the 'whole numbers which might be worthy of being 

taught is the form referred to as the "proportion equation." 

With appropriate rules for assigning meanings to symbols and 

manipulating symbols, and by maintaining the convention that 

one of the means or the extremes is the number one, one has 

a symbolic representation of multiplication and division 

which is easily extended to ratio and proportion problems and 

later to rational numbers (77, p. 90). 

Arithmetic texts used earlier in this century included 

a fraction-type symbolic representation for division. 

Thorndike (142, p. 90) recommended that division facts be 

recorded in the form 1/2 x 6 = 3. He based this practice on 
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An ordered-pair form of symbolic representation would 

have certain, advantages in that it emphasizes the ordering 

of the pair and the idea of association, whereas the hori-

zontal notation emphasizes the naming function of a sentence. 

For example, an ordered pair representation of addition 

would include sentences of the. form (2,3)—5. This notation 

and several novel forms of symbolic representation are found 

in the elementary school material published by Encyclopaedia 

Britannica Press (162). 

This discussion could be continued to describe a great 

variety of symbolic representations of the operations of 

arithmetic. Still not. described, for example, are symbol 

systems from foreign countries and earlier civilization as 

well as the computational form for division so familiar to 

almost every school child. Each of these forms could of 

course be "mapped" onto the horizontal symbolic representa-

tion by an appropriate set of rules. It is the horizontal 

form which will be used throughout this study. Hartung and 

his associates (77, p. 78), along with many other developers 

of arithmetic programs, suggest that at appropriate stages 

children be taught the rules for "mapping" one symbolic 

representation onto another. 

Model structure. •—The term "model structure" refers to 

a collection of instances which, because of their possessing 

certain properties, suggest that they have possibilities as 
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representations of the operations of arithmetic. One of the 

simplest model structures which represents addition is what 

Hartung and his associates call the additive situation (77). 

This model structure is a collection of situations in which 

each situation has the following attributes: A sequence of 

events is begun with the presence of two disjoint sets of 

objects. These objects can be actually present or pictured 

in a textbook. The two sets are joined to form a single 

resultant set. Any situation which has the above attributes 

is an instance of the additive situation model structure. 

Certain elements of this situation can be abstracted from it 

and assigned to the symbols of a symbolic representation,. 

Thus, an instance of the additive situation model structure 

which represents the addition sentence 2 + 3 =• 5 would 

involve two initial sets, one of which would have the cardinal 

number 2 and the other would have the cardinal number 3. 

A model structure, being a collection of instances, is 

a class concept. It is not intended that the terra be con-

strued to mean a teaching aid or a manipulative device. A 

manipulative device is considered to have, parts which are 

assembled into some structure and manipulated (76, p. 461). 

However, such devices are used to present instances of a 

concept or model structure. In such a case there is then a 

relationship of goodness of fit between the aid and the con-

cept. It is not uncommon to maintain a distinction between 

the concepts under discussion and the material used to teach 
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the concepts. Van Engen and Glbb maintained this distinction 

when evaluating an instructional program. In reporting the 

results of their research, they said: 

Observation of the data showed differences, however, 
in the frequency of procedures and materials used 
within a method. As has been indicated, these 
findings would be expected since differences in 
method of teaching division in this study evolved 
about the conceptual setting or the procedure 
used in guiding the learning (149, p. 29). 

In this quotation, the term "method" refers to certain 

division algorisms rationalized by appeal to certain model 

structures. The phrase "procedures and materials" refers to 

other teacher behavior and physical equipment. Thus these 

authors are making a distinction between reaching aids and 

model structures which are concepts. 

There are many such model structures related to each 

operation of arithmetic. Other examples are presented in a 

later section entitled "Examples of Modular Representations 

of the Operations of Arithmetic." 

Although some may suggest that the concrete reflections 

of the operations of arithmetic should be blended into an 

undefined, unanalyzed, stimulus field which represents an 

operation of arithmetic, according to Hartung and his asso-

ciates, the individuality of these model structures should -

be maintained especially at the early teaching stages. These 

authors said: 

.At this stage no special attention need be given 
to the fact that subtraction is the "opposite" 
of addition, or vice versa. The individuality 
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of each of these types of situations (additive, 
subtractive, multiplicative, and divisive) is 
to be preserved, and no explicit attention should 
be given to relations between them until later 
(77, p. 47). 

Since learning a model structure is subsumed under the 

process of learning a class concept, there are the usual 

types of responses which indicate that the concept has been 

learned. For example, one has evidence of a certain form of 

learning when the student can respond appropriately to both 

positive and negative instances of the concept (84) . Another 

level of learning is evinced by the student's being able to 

state the critical attributes of the concept. 

The majority of the model structures used in elementary 

school programs are what is termed "conjunctive-type concepts" 

(83, p. 116). A conjunctive concept is one in which all the 

members of the class share certain common attributes. The 

statement describing the necessary attributes of instances 

of the concept are compound statements composed of simple 

statements and the connective "and." 

Another characteristic of most of the model structures 

used in elementary programs is that they are concrete con-

cepts. Woodruff (163, p. 12 8) describes concrete concepts 

and lists the categories under which they usually fall. 

Elementary school type model structures are found under one 

of the following of his categories: (a) events, processes, 

and behaviors, (b) sensory substance, (c) dimensional and 

spatial quantitative relations. Instances of concrete 
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concepts which fall under the heading of events, processes, 

and behaviors, consist of a process which occurs and an 

effect which it produces. Woodruff gives the example: "A 

process could consist of the heating of milk to a given 

temperature prior to bottling. It produces certain modifica-

tions in bacterial activity within the milk, and as a result, 

certain effects on people who drink the milk" (163, pp. 128-

129). A brief review of the additive situation model 

structure previously described in this section will reveal 

that it is a process concept. One goes through the process 

of joining two disjoint sets of objects. The result of the 

activity is a-single set, whereas the initial condition was 

qui_te different. As a result" of many of the model structures 

associated with the operations of arithmetic being process 

concepts, many people speak of the operations of arithmetic 

as processes (137, p. 118). However, two of the products of 

this study are (1) the indication that process and operation 

are two logically different entities and (2) a characteriza-

tion of a logical relation between the two. 

In Woodruff's classification of concepts, another type' 

includes those which are termed "sensory-substance concrete"— 

concepts of qualities which one contacts directly through 

his physical senses of smelling, tasting, feeling, seeing, 

and hearing. Model structures are not subsumed directly 

under this category, but concepts from this category play an 

important role as primitive to the learning of model 
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structures. The same can be said for Woodruff's classifica-

tion of dimensional and spatial quantitative relationships 

involving size, place, time, quantity, and structure. 

According to Sherif and Cantril (133, pp. 93-94), these 

concrete concepts involve one's making personal comparisons 

with other dimensions already familiar, and orienting oneself 

temporally and spatially so as to "see" mentally and contrast 

that which is present with things already known. These 

activities are associated with the additive situation model 

structure which involves a time-oriented sequence, and the 

sets may be determined to be distinct, and disjoint by their 

spatial relation as they are arrayed before the observer. 

Thus, a model structure is a concept, usually a concrete 

concept, requiring primitive concepts as well as material 

providing instances. 

The preceding material has presented an example of a 

model structure, and a brief psychological analysis. A more 

exhaustive logical and mathematical analysis of model struc-

tures will be presented in the last part of this section of 

Chapter II. The next significant element of the three-part 

analysis is the correlates. 

Correlates.—Correlates are rules, one function of 

which is to assign elements of instances of a model structure 

to symbols and positions in instances of a symbolic repre-

sentation. Although the term "elements of instances of a 
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model structure" is more precise, it will be from this point 

on abbreviated to simply "elements of a model structure,." and 

similarly "symbols and positions of instances of a symbolic 

representation,." will be abbreviated as "symbols of a 

symbolic representation." The correlates from a model 

structure to a symbolic representation can easily be illus-

trated by referring to the additive situation model structure 

previously introduced. An additive situation in which a set 

of three objects is joined to a set of two objects to form a 

single resultant set of five objects is usually associated 

with the following instance of the horizontal form symbolic 

representation: 3 + 2 = 5 . In quest of xmderstanding this 

assignment one might concern himself with what elements of 

the additive situation are associated with the numeral 3 or 

the symbol +. The rules which make such assignments are 

termed the correlates. The task of making these assignments 

is not difficult, but the number of possible assignments and 

interpretations is large. 

The following correlates from the additive situation to 

the horizontal sentences aire suggested by Hartung and his 

associates (77): The first addend in the sentence is asso-

ciated with the cardinal number of one of the initial sets, 

the choice of which is arbitrary; therefore, for purpose of 

this example, the first addend will be associated with the 

cardinal number of the set of three objects. One might say 

that the first addend numeral indicates the cardinal number 
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of this set. The second addend will be associated with the 

cardinal number of the set of two objects. The + sign can 

be associated with the joining action, thus associating the 

operation of addition with the action of joining two sets. 

The sum will be associated with the cardinal number of the 

single resultant set. 

One notices that in the above discussion all the 

essential numerical values are known. If the additive situ-

ation was described with somewhat different quantitative 

information, then what correlates should be used? For 

example, a set of two objects is joined to a set of unknown 

cardinality to form a set of five objects. If one maintains 

the above described correlates, then he would be required to 

write an addition sentence and not the expected subtraction 

sentence. Using an open sentence format he would write 

x + 2 = 5. Thus, one answer is to assign sentences con-

sistently to additive situations by correlates stated in 

terras of structural elements of the modal structure, and not 

on the basis of the numerical information known and not 

known, 

Grossnickle and Brueckner (74, pp. 155-156) suggest 

that this consistent maintenance of correlates by structural 

elements would be nonsense if taught to children, while 

Van Engen (.148) suggests that it is appropriate to teach 

children in such a way as to maintain consistency of struc-
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prefers that children write an addition sentence when 

11. . . two or more groups of known size are given to form 

one group of unknown size" (74, p. 155). This type of 

assigning correlates might be termed assignment on the basis 

of numerical information. 

Grossnickle and Brueckner hint that the correlates 

suggested by Van Engen are simply identifying cues while in 

their plan " . . . the pupil does not look for cues as 

specifics. Instead, the cues fit into a general pattern of 

identifying an addition situation" (74, p. 156). In any 

case, whichever author is nearer being correct, two types 

of correlates have been illustrated. 

Another form of correlates other than those which map a 

model structure onto a symbolic representation is that which 

maps one model structure onto another model structure. This 

can be illustrated with the Cuisenaire, Gattegno representa-

tions of multiplication called floors and trains (68, pp. 7-

32). The train-model structure consists of a collection of 

situations, each of which has the following attributes: 

Several rods of equal length and of the same color are placed 

end to end. Adjacent and parallel to the several rods is 

placed a single rod of length equal to the combined rods. 

An end of the single longer rod is placed even with an end 

of the row of several rods making up the "train," as is 

illustrated in Figure 1. 
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Fig. 1—An instance of a rod model for multiplication 

The floor-model structure consists of a collection of situa-

tions in each of which several rods of equal length and of 

the same color are placed side by side rather than end-to-

end, This arrangement is called a "floor." Across the ends 

of the rods is placed a single rod of length equal to the 

combined widths of the rods making up the floor as illustrated 

in Figure 2. 

Fig. 2—An instance of a rod-floor model for multipli-
cation. 

By a collection of correlates, each instance of the train-

model structure is assigned to. an instance of the floor-model 

structure. A train situation with three blue rods is 

assigned to a floor situation, the floor of which is made of 

three blue rods. The correlates are the length and color 

of each of the rods in the floor are assigned to the length 

and color of each of the rods in the train. The length and 
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color of the single longer rod beside the train is assigned 

to the total "crossed-floor" arrangement. By these correlates, 

one of the model structures models or represents the other, 

and may even function as a set of symbols for the other (5 6). 

•Correlates, or the assignment of one object to another 

on some basis, are found everywhere in quantitative affairs. 

For example, quite arbitrarily certain coins are assigned 

certain monetary value. Other correlates seem less arbitrary 

and appear to be quite natural. Perhaps the most natural 

type is what is frequently termed "correlates by the law of 

fair exchange." This type is well illustrated by the Dienes 

NAD Blocks (Figure 3) used to teach numeration (50, p. 80). 

In this procedure a unit block is chosen. Longs consisting 

of a notched rod equivalent to three unit blocks placed end-

to-end, and flats consisting of a flat and notched piece of 

wood equivalent in shape and volume to three longs placed 

side by side as in the figure, are constructed for use with 

children. In this program, three unit blocks are assigned 

to a long, and three longs are assigned to a flat. 

7 7 
/ 

/ flat 

~y~7" 

ong unit 

Fig. 3--The Dienes NAD Blocks 
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One notices that these correlates do not seem so arbitrary, 

since three units are much the same, as a long in volume, 

shape, and feel. The exchange of a flat for three longs is 

equally natural. The child is quite willing to make the 

exchange since "they look and feel the same." Thus, it is 

suggested that correlates fail along a continuum from those 

which are perceptual or by the law of fair exchange to those 

which are quite arbitrary. Some psychologists have suggested 

that this continuum is of basic importance in constructing a 

developmental learning sequence which moves from less mature 

knowledge to more mature knowledge and which assigns one 

level of experience to the next higher one (5 6)-

Correlates not only exist between concrete representa-

tional materials but between symbolic representations, and 

these correlates can also be of varied quality along this 

continuum. It is not uncommon to utilize the devices of 

contrast and likeness to make correlates seem less arbitrary" 

to children. In fact, several symbolic systems may be 

chained together by correlates built with the aid of such 

devices to form the link between the initial learning material 

and the final symbolic representation. This practice will 

be referred to as the "half-way house technique." The 

following presents an example of such an attempt. 

To return to the original problem, one way 
of introducing symbolism is to provide half-way . 
houses between the experiences and the symbols 
representing the experiences. For example, if 
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and triangles, a sequence of notations such as 
the following might serve as a bridge between 
the experience and the symbols: 

Here • and O are opposites, and /\ and 

are opposites, and the following "dictionary 

of symbols" is used in the third stage: 

O s 0 s /\ t \/ t 

A further refined stage might be (3,2) and (2,4) 
leading to the conventional notation of (3,-2) 
and (-2,4) for two-dimensional vectors, and so 
on to vectors of any number of dimensions through 
the introduction of more objects in "opposite" 

positions (49, p. 161). 

It is generally agreed that for a particular characterization 

of an operation the correlates should not be changed. How-

ever , children may not know that their teachers are abiding 

by this convention. Teachers, as adults, take this convention 

so much for granted that they are likely to forget that it 

is even being made. The child who makes the statement that 

0 x 1 = 1 may simply have switched model structures or 

correlates. Therefore, as far as the meaning he attaches 

to the statement is concerned, he is perhaps correct. Rather 

than instruct the student that he is wrong, one should per-

haps instruct him that there is a convention of maintaining 

consistent correlates. Thus, it is suggested that children 

need to be taught the various correlates carefully and made 

aware of the convention that, correlates are not switched 

without at least acknowledging it. 
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A pressing problem associated with correlates, and one 

as yet unsolved, is the determination of the specificity and 

type of correlates which assign sentences to a model structure. 

For example, elementary teachers are often observed present-

ing a model structure by manipulating concrete objects in 

the presence of the child, and then simply by declaring a 

sentence, associating the sentence with the situation. This 

manner of instruction creates a very loose association. 

Modular representations of an operation of arithmetic.— 

As was stated in the beginning of this section, a modular 

representation of an operation of arithmetic is defined as 

the composite of the following placed in meaningful relation-

ship: (a) a symbolic representation of an operation of 

arithmetic, (b) a model structure, and (c) a collection of 

correlates. Figure 4 illustrates this relationship. 

Model Structure 

Correlates 

O o A ° • Symbolic Representation 

Fig. 4—Modular representation of an operation of 
arithmetic. 
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To continue v;ith the preceding example, the additive 

situation modular representation of the operation of 

addition consists of the additive situation model structure, 

the horizontal sentence symbolic representation for addition, 

and a collection of correlates. Until the definition of the 

model structure and the correlates for the additive situation 

are more precisely declared, the preceding material describes 

a family of modular representations rather than a well-defined 

single representation. The same can be said for the number-

line modular representation and the other representations one 

finds in the literature of school mathematics. 

This brief analysis suggests several areas of investi-

gation. With respect to symbolic representation, there 

remains the determination of a grammar of the mathematical 

sentence and the relation of this grammar to the concrete 

domain. Such a grammar is the subject of the next section 

of Chapter II. With respect to the model structures, other 

examples are given later in this chapter, and a catalog of 

them is presented in Chapter III. 

Dimensions for Analysis of 
Mathematical Sentences" 

The mathematical sentence is a substantial part of a 

modular representation of an operation of arithmetic. In 

continuing to analyse models of the operations of arithmetic, 

it appears appropriate to conduct some investigation and 

analysis in the area of mathematical sentences. To accomplish 
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this, a few alternative methods of analysis of mathematical 

sentences are briefly discussed and then a general and ' 

abstract mathematical grammar is developed which provides an 

analysis that is useful in continued development of the model 

construct. 

The analysis of models into symbolic representation, 

correlates, and model structures, suggests that an analysis 

of the mathematical sentence is necessary to provide for 

systematic assignment of correlates. This analysis should 

be conducted at a sufficiently abstract level as to be 

applicable to all the operations of arithmetic as well as 

to be free from as much restrictive connotation as possible. 

There i.s also the problem of outlining several standard 

meanings to be assigned to these sentences and their relation 

to the modular and abstract domain. 

In recent years, children in the United states have been 

taught the mathematical sentence and some of its mathematical 

meanings in a manner which is more in agreement with the 

interpretations of the mathematician. This trend is based 

upon an acknowledgement of mathematical standards and 

dimensions for analysis which apply to the mathematical 

sentence. However, a brief examination of school materials 

will reveal that the logical possibilities of this standard 

have not been fully explored. This fact becomes especially 

evident when mathematical sentences are related to the 

concrete domain. There are sources of standards and 
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dimensions of analysis other than the area of mathematics. 

Some of these areas are represented by the language arts 

specialist, the developmental psychologists, and the linguist. 

Each of these areas represents a somewhat different approach 

to the problems of teaching language, although the approach 

of Piaget as a developmental psychologist is similar to that 
% 

of the linguist (111, 113). 

Language of the young school age child is frequently 

characterized as being either "spontaneous" or "non-

spontaneous." The mathematics educator is admittedly 

interested in the learning of non-spontaneous language such 

as the mathematical sentence, whereas other educators have 

been distrustful of such learning, There is frequently a 

question as to whether or not the proposed acceleration in 

language facility is such that the spontaneous and instructed 

are not truly unified and internalized in a language that 

indicates understanding rather than memorization. 

The following is a discussion of several such dimen-

sions upon which to base an analysis of the mathematical 

sentence. 

The syntactic dimension.--According to Van Engen (147), 

little has been done with the syntax of the mathematical 

sentence. The syntactic dimension of analysis arises from 

the linguist's definition of a grammar that is generated 

from a Kernel sentence composed of a noun phrase and a verb 
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phrase. The linguist does not study larger components of 

language such as inference and paragraph directly. The 

maximum unit in his analysis is the sentence (15, 17). 

Simple syntactic meaning, meaning associated with words 

and symbols because of the way in which they are used in 

relation to the other words in the sentence, is not derived 

from mathematical sentences in the same manner as that which 

is usual in a sentence of the English language. One impor-

tant difference lies in the fact that a kernel sentence such 

as 3 x 5 = 15 may arise from greatly varied situations, while 

comparable everyday language does not apply to such a broad 

domain. For example, the above mathematical sentence might 

be associated with any of the following sentences describing 

a problematical situation: 

(a) If 3 pencils cost 5 cents each, what is the 

total cost? 

(b) If I spend 15 cents for 3 toys, what Is the 

average cost? 

(c) If I have 15 cents to spend for 3 items of 

the same price, what can I spend for each? 

The above example illustrates the possibility of 

application of the syntactic dimension to the study of the 

language of the child. 

Pragmatic dimension.—As the symbols in a sentence may 

derive their meaning from their relationship to the other 

symbols in the sentence, they may also derive their meaning 
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from the purpose for which they are used. Van Engen illus-

trates this type of meaning by the following discussion: 

The words "economic royalists," "capitalists," 
and "socialists" used in a political speech 
are likely to be used in order to arouse the 
emotions of the listeners. Propaganda, both 
good and bad, is usually filled with words which 
function in their "pragmatic dimension" (147, 
p. 70). 

Van Engen goes on to point out that this form of meaning of 

the sentence and its parts is not among the concerns of the 

mathematics educator when he is working within the cognitive 

domain. 

Semantic dimension. ---This dimension of the meaning of 

the sentence and its parts is of primary importance to the 

mathematics teacher. It. is within this dimension that the 

symbol-referent distinction is so frequently used. The 

child learns of an object, action, or relation, and then 

learns a word or a symbol which represents it. The object 

or action is called the referent of the symbol. In the early 

stages of learning mathematics, the correlates from the 

symbolic representation to the elements of the model struc-

ture may be a simple name-referent assignment. Thus, in 

the additive situation modular representation of addition, 

the referent of the symbol + is the action of joining, the 

running to meet, or the going together. The practice of 

having all the symbols in a sentence assigned to a concrete 

referent, especially in the early stages of learning, is 

recommended in the following passage: 
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For children a whole class of words and 
phrases, such as, "joining," "all together," 
"ran to meet," etc., refer to the action of 
combining two or more groups of objects which 
action is later symbolized by Even symbols 
such as "4-," and "x," must have referents 
in the initial stages of instruction if arith-
metic is to be taught meaningfully (147, pp. 71-72). 

Bruner and Kenney (30 - p. 54), in a report of exploratory 

research on mathematical learning by young children,, also 

suggested that it is desirable at the initial stages for 

each symbol to have a concrete concept as a referent, and 

also that it is desirable for a felt-need for symbolization 

to be present before the actual symbolization. 

Another .interesting consideration which falls under the 

heading of the semantic dimension of the sentence is the 

number of referents which a symbol has and the type of 

referent. Davis (43, p. 160) believes that in elementary 

school mathematics it is desirable for a symbol to have no 

more referents than absolutely necessary. 

Children and language.—The study of the type of 

language used by children usually comes under the heading of 

the study of child development. A noted psychologist, Piaget 

(111, 113), has done a great deal of observation and 

development of theory associated with the origin of symbolic 

process. It would seem that another important area of 

analysis of problems in teaching mathematical language to 

children would come from this and other developmental 

sources. For further reference see Ervin and Miller (59). 
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The mathematical dimension-—a mathematical grammar.— 

This section presents yet another grammar or dimension of 

analysis for the mathematical sentence; this is the mathe-

matical dimension. Along this dimension, number symbols 

become opaque and representative of truly abstract mathemati-

cal objects (56, p. xi). Even simple mathematical statements, 

such as horizontal sentences for the operations of arithmetic, 

take on these abstract meanings as the student studies 

mathematical systems, the axiomatic method, and more and 

more abstract and general mathematical models of physical 

phenomena. It is one of the functions of this study to 

develop a simple mathematical grammar for sentences associ-

ated with the operations of arithmetic and utilize it in -

further development of the model construct. 

The type of mathematical sentence central to this 

study is what Grossnickle and Brueckner (74, p. 132) have 

termed "a basic fact." They say: "A basic fact in a process 

is the combination of any two one-place numbers with the 

answer. Thus, 3 +_.4 = 7, 15 — 6 = 9, 2 x 6 = 12, and 

15 r 3 = 5 are all basic facts." Included as mathematical 

sentences will be sentences of this form, as well as this 

type with pronumerals in the place of Hindu-Arabic numerals. 

This study will not refer to sentences of the form "3 and 1 

are 4, and 1 and 3 are 4" (74, p. 137) as mathematical 

sentences. They are considered simply generalizations 
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arising from experience with certain representations of the 

operations of arithmetic (21, p. 22). 

Perhaps the basic abstract meaning of a mathematical 

sentence is presented well by Fouch and Nichols (62, p. 363) 

when they say "An equation is a statement of the form: 

' • = o ' where 1 a • and 
, Q , 

are replaced by expres-

sions consisting of numerals or variables and of symbols 

for operations." With the pronouns C and O in this 

statement, the symbol comes to central notice. Robert 

Reeorde reportedly chose this mark as a sign for equality 

because he could think of no two things more equal than its 

line segments-(62, p. 358). It is interesting to note that 

although the historical choice of symbols may be quite 

arbitrary, this choice is not always random. 

In continuing the analysis of this type of sentence, 

it seems appropriate to consider the meaning of the equal 

sign in this context. The reading of historical and philo-

sophical sources (63, 94, 157) suggests that this consideration 

is not a trivial Blatter. 

An interpretation to be adopted in this study and one 

which is common in school mathematics is based on the 

symbolic form " Lj = O ." The statement " D = O " is 

defined to mean that the symbol " O " and the symbol " O " 

both name the same mathematical object. Therefore, a sentence 

such-3s 2 + 3 = 5 means the symbol "2 + 3," and the symbol 

"5" both mime the same whole number. This interpretation 

will be termed "the number-naming function of the sentence." 
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With this interpretation, these sentences are assigned 

to an abstract level. To insist that they be interpreted 

only in a less abstract sense puts unnecessary limitations 

on their meanings. 

These statements also have a modeling function, meaning 

that they have reflections in the modular domain. These 

reflections are simply situations which are modeled by the 

abstract form, and the abstract form is considered to be a. 

multivalent mathematical abstraction. An illustration of 

this multivalency of equal and its use at the modular level 

occurs in the area of teaching the operations of arithmetic 

by models. For example, Braunfeld and Martin (16, p. 653) 

report that a sentence of the form " D = O " occurring 

in their material might mean that a machine named by " O " 

and a machine named by " O " produce final outputs of the 

same length when they are supplied with inputs of the same 

length. 

In relation to these many interpretations in a whole 

collection of modular reflections, the symbolic form 

» • = O " will be assigned the role of a mathematical, 

abstract model. It represents the class of all equivalence 

relations defined on sets. This modeling function of the 

sentence provides one reason for preserving the mathematical 

equation form for" the so-called computational facts in the 

elementary school. This modeling relationship will be 
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developed further in the section of this chapter entitled 

"Representation." 

In a basic fact sentence, on one side of the equal 

sign, one usually finds symbols of the form "3 + 4," "15 - 6," 

or "2. x 6," and on the other side of the equal sign, single 

numeral symbols such as "7," "9," and "12" are found. After 

the convention set up by Rosenquist (121, p. 23), symbols of 

the form "3 +4," "15 - 6," and "2 x 6" will be termed 

"groupings" (74, p. 132). A common convention in arithmetic 

texts today of referring to single numeral symbols as standard 

names will also be followed. Thus, in the sentence 3 + 4 = 7 , 

the phrase "3 + 4" is a grouping, and the symbol "7" is a 

standard name. The mathematical meaning of this sentence 

according to the convention established previously is that 

3 + 4 = 7 means the grouping "3 + 4" and the standard name 

"7" both name the same mathematical entity. 

A grouping has the following pattern: - A • o . The 

" A " represents the first number symbol from the left in 

the grouping, the "*" represents the operation symbol in the 

grouping, and the " O " represents the second number symbol 

from the left in the grouping." For the purpose of this 

analysis, the symbols in these positions will be referred to 

as "the first numeral in the grouping," "the operation 

sign," and "the second numeral in the grouping." For 

example, instead of referring to the symbol "6" in "6 + 2 - 3" 

as the dividend, one may refer to it as the first numeral in 
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the grouping. This terminology is desirable because it does 

not carry cognitive content which amounts to noise. They 

are not so likely to be construed to mean more than is in-

tended. 

Addition groupings, of course, are composed of the 

first numeral in the grouping, the "+" sign, and the second 

numeral in the grouping. The numbers named by the numerals 

in a grouping are frequently referred to as addends. "Addend" 

is historically a shortening of the Latin phrase, nuraerus 

addendus (134, p. 205), meaning !lnumber to be added." Of 

course, for English-speaking children, "number to be added" 

is much easier to grasp than is "addend." But, perhaps this 

more common phrase might carry some undesirable cognitive 

content. The addition grouping can be referred to as the 

"sum phrase," and the number named by the standard numeral, 

the "sum." 

In a subtraction grouping, the first numeral is said 

to name the minuend, the second numeral names the subtrahend, 

and the standard numeral and the grouping both name the 

difference. Some authors suggest that if the model struc-

ture assigned to the subtraction sentence involves the 

take-away or subtractive situation, one should refer to the 

grouping and standard numeral as the remainder? and if the 

model structure assigned to the sentence involves the com-

parison situation, one should refer to them as the difference. 

However, when one becomes aware of the multiplicity of 
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embodiments for subtraction, he is likely to deprecate the 

giving each of these symbols a different name for each 

embodiment. Similarly, perhaps one should hesitate to refer 

to the minus sign as the take-away sign since this is only 

one of the modular referents of this symbol. 

The grouping in a multiplication sentence is composed 

of parts termed first factor, multiplication or times sign, 

and second factor. Schrader (130, p. 273) gives an interest-

ing discussion of the history of the "x" sign. 

In the division sentence, the first numeral in the 

grouping is said to name the dividend (possibly from numerus 

dividendus); the second numeral is said to indicate the 

divisor, and the standard numeral the quotient. 

The above terminology is reviewed for purposes of 

analysis, not as a suggestion that the terms be taught to 

children. It is interesting, however, to consider the 

recommendations and practices of textbook writers as to 

which terr.iinology should be taught and the meaning to be 

associated with it as well as the historical source of such 

terminology (142, p. 2 26; 135, pp. 1-12). 

It is important to notice that the distinguishing 

property of a numeral in a sentence is the position which 

the symbol occupies relative to the rest of the sentence as 

well as the character of the symbol itself. Therefore, a 

symbol as well as a position configuration is critical to a 

symbolic representation. 
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Since an analysis of the mathematical sentence in terms 
S 

of its parts (except for sentences with pronumerals) has 

been built, it is now appropriate to declare the central 

mathematical function of the sentence which subsumes the 

naming function. This will be called the operation function. 

In developing this function, the symbol "W" is used to 

denote the set of whole numbers; "W X W" is read, "W cross W," 

and denotes the Cartesian product of W with W. This will 

be the set of all possible ordered pairs to be made by 

choosing both the first and second element from W. Thus, 

W X W will contain all the pairs of the form (1,2), (4,5), 

and so on. Multiplication and addition both map W X W onto 

W; that is, they associate each ordered pair in W X W with 

exactly one element in W. In this interpretation, a sentence 

of the form •• A • o = • » means that the ordered pair 

< A , o ) in W X W is associated with a single element 

denoted by which is in W. Another name for • is 

» A • o ." The sentence therefore records the operation of 

making the assignment of the ordered pair with a.single 

element and also declares a relation between the two names 

of the element in W. For example, the sentence "2 x 3 = 6" 

indicates that the ordered pair (2,3) is associated with 6 

by the operation of multiplication, and that the symbol 

"2 x 3" and the symbol "6" both name the product. 

. The question as to how the symbols of the sentences 

should be grouped for purpose of assignment by correlates to 
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elements of a model structure becomes apparent from the 

three-part analysis and the preceding analysis of the hori-

zontal sentence. One such grouping is implied in the 

following quotation from Buckingham: 

A program of informational arithmetic will 
naturally include as one of its objectives the 
development of useful number ideas. It will 
seriously question the value of the number fact 
"7 and 5 are 12" unless all three of the numbers 
involved in the fact, as well as the fact itself, 

have real meaning (32, p. 52). 

A simple extension' of Buckingham's analysis would suggest 

that in the sentence "7 + 5 = 12," the symbols "7," "5," 

and "12" should have referents, and the total sentence 

"7 + 5 = 12" should have an assigned meaning. One might 

infer that the symbols "+," "7 + 5," "-," "+ 5," are not to 

be grouped for purpose of assignment. This mathematical 

grammar stands in comparison with the other forms of analy-

sis discussed earlier and has been developed to be used in 

further analysis. 

Three levels of language.—Three levels of language are 

found in school mathematics. They are the official mathe-

matical language, the everyday language, and the meta-language. 

The official mathematical language for this limited study 

has been the relatively simple mathematical sentence asso-

ciated with the operations of arithmetic. The everyday 

language is spontaneous language and language with a . 

"culturally-determined" structure (43, p. 155). Everyday 
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language is, with some few exceptions, quite satisfactory 

for recording the observations and results associated with 

model structures which represent the operations of arithmetic 

and is used in reference to the modular domain. The third 

level of language is what has been termed by logicians the 

"meta-language11 (43, p. 159; 55, p. 28). This language is 

the medium whereby the official language is discussed. It 

is the special language of which the official language is a 

subject. The analysis of the relation between the official 

mathematical language and the everyday language is largely 

the domain of this study. This study is the development of 

a meta-1anguage—a language of concern primarily to teachers. 

Examples of Modular Representations of the 
Operations of Arithmetic 

The purpose of this section is to present one example 

of a modular representation for each of the operations of 

arithmetic. This section will demonstrate the use of the 

three-part analysis, give the reader a better notion of the 

variety and nature of representations of the operations, and 

provide example material to be referred to .in the immediately 

following sections. These examples will also serve as an 

introduction to Chapter III which presents a catalog of 

available representations and cites references for them. The 

representations described in this section have not been 

chosen because they are particularly good material for the 

classroom; instead, they have been chosen for purposes of 

demonstration, contrast, and variety. 



^ non~count-riy , perceptual represent at ion of addition. •— 

It is frequently claimed that very young children understand 

the nature of number better when they are taught to recognize 

the numerousness of a set of objects at a glance (36, 45). , 

To do this, it is common to teach children to recognize 

certain patterns. Stern (138) suggested that each number be 

structured so that a set of five objects can be recognized 

because it is arranged in a pattern such as that on the 

pattern board in Figure 5. The pattern board has depressions 

• • 

Fig. 5—Stern pattern board 

cut into it so that it accepts only five blocks in a pre-

scribed pattern. For purpose of presenting this representa-

tion, the following patterns shall have the assigned names: 

x is named single, x x is named double, x x is named 
x 

triangle, x x is named square, x x is named dominoe, 
x 

X X X X 

x x X is named track, x x x x is named lucky, and 

X X X X X x 

x x x x is named double square, and so on. With this 
X X X X 
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interpretation, 5 + 3 = S might be assigned the meaning that 

one can take a dominoe and a triangle and rearrange them 

into a double square without having any objects left over. 

If a child were given the open sentence 4 + 3 - as a 

question, he might interpret the sentence as a command to 

build a square and a triangle and then try to make a dominoe 

or a track or a lucky or a double square, or whatever it is 

possible to make without having objects left over. 

The model structure for this representation is a 

collection of situations where one begins a series of events 

with the presence of a pair of these "structured groups." 

The two groups are joined, and another standard pattern is 

formed from, the elements with the convention that no objects 

be left over. The symbolic representation is the horizontal 

sentence form. The correlates might be established as 

follows: The first numeral in the grouping is assigned to 

either one of the structured groups. After one of the 

groups has been arbitrarily chosen and assigned to the first 

numeral in the grouping, the second numeral in the grouping 

is assigned to the remaining structured group. It may be 

that the numeral is not even assigned to the cardinality of 

the set but is assigned to the pattern. This presents no 

problem logically since there is a one-to-one correspondence 

between patterns and the cardinal numbers under consideration. 

The action of putting the groupings together into a single 

grouping can be assigned to the symbol " + The standard 
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numeral on the right side of the equal sign is assigned to 

the structured grouping which results from the process. . The 

total sentence might be assigned the meaning of declaring 

the results of the process. It tells what happened, or what 

can be done with a certain initial situation. In this 

representation, the ordering of the elements associated with 

the first and second numeral in the grouping is quite 

arbitrary. It might be pointed out that the referent of a 

particular sentence is not a single situation but a whole 

class of situations, each of which can be mapped onto the 

sentence by the above rules. Thus a model structure is a 

collection of several different equivalence classes. The 

modular representation described above consists of the model 

structure, the correlates, and the symbolic representation. 

A comparison representation for subtraction. •—Almost 

every elementary school mathematics textbook contains what 

is termed "comparison, subtraction problematic situations." 

In such a situation, one is told of two disjoint sets of 

objects and asked to determine how many more there are in 

one of the sets than in the other. Children frequently 

confuse this type of situation with the take-away represen-

tation of subtraction. In a comparison situation, there is 

likely to be no indication that the process of taking away 

is being carried out. All one sees is an array of two sets, 

one of which may have more elements than the other. With 

this representation in mind, 5 - 2 = 3 might mean that one 
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of the sets contains five elements, and the other contains 

two elements, and that the set of five elements has three 

more than the set of two. If a child were given the question 

6 - 2 = , he would place before himself a set of six 

elements in a neat row; next to this he woxild place a neat 

row of two elements, possibly as indicated in Figure 6. Then 

0 o o o o o 
1 I 
X X 

Fig. 6—Comparison algorism 

he would note that an excess of four elements is present in 

the set of six elements. This excess might be called the 

difference set, and the. number which indicates its cardinal-

ity t the difference. Perhaps this is where the term difference 

originated, and the term remainder originated with the take-

away situation. 

A model structure associated with this operation might 

be described as a collection of situations where two dis-

joint sets of objects are present. One attends to the 

cardinality of each of the sets and to the excess set if 

there is one. The correlates would possibly be that the 

first numeral in the grouping is assigned to the cardinal 

number of the set which has the most objects. If neither 

set has a greater cardinal number, then it is assigned to 

either set. The second numeral in the grouping' is assigned 
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to the cardinal number of the set with fewer elements. The 

standard numeral is assigned to the cardinal number of the 

excess set, The symbol "--" might be assigned as an indica-

tion that a comparison situation is present. The total 

sentence may summarize the results of the process common to 

each situation in an equivalence class of situations. 

^ machine model for multiplication.—The representation 

to be discussed here might be termed the stick-stretcher 

model. It was developed by the University of Illinois 

Committee on School Mathematics for the purpose of teaching 

the system of rational numbers at the junior high level 

(16). Models for operations in the larger universal sets of 

rational and integer numbers can be adapted to function .as 

representations for the operations of arithmetic. In setting 

the stage for this model, a fictitious character, Sam Stilch, 

operates a stick-stretching factory in the fictitious city 

of Anabru. A 3-machine accepts the input of a stick of 

length A and produces an output of length 3A. Similarly, 

a 7-machine accepts a stick of length B and produces an out-

put of length 73. For reasons of economy, efficiency, and 

just plain intellectual interests, Mr. Stilch uses pairs of 

machines in a hookup to do the work of a single machine. 

For example, a 3-machine hooked up with a 7-machine would 

perform the same function as a 21-machine. The notion of a 

hookup of machines is analogous to the mathematical idea of 

composition of functions. The multiplication sentence, 
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" 3 x 7 = 21" might be assigned to the above described situa-

tion. The model structure for this representation is a 

collection of situations where two stretcher machines are 

combined in a hookup to perform the function of a single 

machine. The correlates are these: the first numeral in the 

grouping is assigned to the name of one of the machines in. 

the hookup, and the second numeral in the grouping is 

assigned to the other machine in the hookup. Perhaps the 

machines are ordered by taking note of which machine is 

above the other in the hookup. The grouping is assigned to 

the hookup, and the standard numeral is assigned to the 

single machine in the situation. The sentence might simply 

be a declaration that the hookup performs the same function 

as the single machine. This representation is termed an 

operation, operator, operator model. 

For several years, it has been suggested that machine 

type models "establish meaning" (61, pp. 25-26). W. W. 

Sawyer (123) has successfully used machine-type representa-

tions to teach mathematical concepts. This practice of 

building machine models of the operations is a practice close 

to the work of the applied mathematician. In applied mathe-

matics today, one is likely to think of a machine as a model 

of certain mathematical structures, and the mathematical 

structure as an abstract model of elements of the machine. 
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An abstract representation of division.—To the mathe-

matician, division is an inverse operation defined in terms 

of multiplication. In an attempt to make an elementary 

school mathematics curriculum which reflects the mathemati-

cians;' way of doing things, current textbooks have been 

written with this interpretation of division contained in 

them. This practice is not entirely new, as can be seen by 

the following statement of Thorndike: 

The division facts should not be presented 
at first in the tables, but should be derived 
each from the corresponding multiplication fact. 
They should at once be learned as separate 
associations (1^2, p. 151). 

In this interpretation, 6 T 2 means a whole number n, 

if it exists, such that n x 2 = 6. This interpretation 

appears more abstract than others because it is couched in 

terms of multiplication, and multiplication is an abstract 

model of many concrete interpretations. It is, however, no 

more abstract than the meaning assigned to the multiplication 

sentences? but if multiplication is thought of as an abstract 

model of all the various interpretations, then this inter-

pretation can be termed abstract. 

To illustrate the application of the three-part analysis, 

the model structure would be a collection of multiplication 

sentences. By a collection of correlates, each division 

sentence would be assigned to a multiplication sentence. 

The first numeral in the grouping in the division sentence 

would be assigned to the product numeral in the multiplication-



c 9 

sentence. The second numeral in the grouping in the 

division sentence would be assigned to the first numeral in 

the grouping in the multiplication sentence. The standard 

numeral in the division sentence would be assigned to the 

first numeral in the grouping in the multiplication sentence. 

The division sentence might be viewed as another way of 

stating multiplication facts or as another collection of 

names for the whole numbers. 

By way of example, one modular representation for each 

operation of arithmetic has been presented in the preceding 

material. As each example was presented, the three-part 

analysis was applied to it. The three-part analysis con-

siders a modular representation of an operation of arithmetic, 

as consisting of a model structure, a symbolic representation, 

and a collection of correlates. Next to be considered is 

an even more detailed analysis of the attributes of repre-

sentations of the operations of arithmetic. 

Fĵ rtbe_r Analysis of Models 

Thus far, the three-part analysis, extensive discussion 

of the mathemcitical sentence, and examples of modular repre-

sentations of the operations of arithmetic have been 

presented. The following and last step in the analysis 

presented in this major section deals primarily with the 

critical attributes of the model structure. For example, 

such things as the mechanism which associates two elements 
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of an instance of a model structure to form a pair, the 

mechanism which orders the pair, and the element of the 

model structure which plays the role of the concrete counter-

part of the operation of associating an ordered pair with a 

single element are subjects of the ensuing analysis. 

These critical attributes are often overlooked by 

teachers. They are automatically assumed to be evident to 

the learner. McLellan and Dewey were quite aware of the 

teacher's need for a careful analysis of the supposedly 

self-evident elements of a concrete situation, The follow-

ing passage reflects this awareness: 

There is perhaps no point at which the 
teacher is more likely to go astray than in 
assuming that objects have for a child the 
definiteness of concreteness of qualities 
which they have for us. In the application of 
the pedagogical maxim "from the concrete to 
the abstract," he is very apt to overlook the 
necessity of making sure that the "concrete" 
is really present to the child's mind. He too 
easily assumes as already existing in the con-
sciousness of the learner what can really exist 
only as the product of the mind's own activity 
in the process of definition—of discriminating 
and relating. It is a grave error to suppose 
that a triangle, a circle, a written word, a 
collection of five objects are concrete wholes, 
that is, definitely grasped mental wholes to 
the child, simply because there are certain 
physical wholes present to his senses. Definite 
ideas are thus assumed as the basis of later 
work when there is absolutely nothing correspond-
ing to them in the child's mind, in which, indeed, 
there is only a panorama of vague shifting 
imagery, with a penumbra of all sorts of 
irrelevant emotions and ideas. Thus, this noted 
maxim, when translated to mean concrete things 
before the senses, therefore concrete knowledge 
in the mind, becomes really a mischievous 
fallacy (101, p. 29). 
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Thus, without careful analysis, the teacher is not aware 

of the nature of the concrete material which is supposed to 

be before the eyes of the learner. Even the simplest 

stimulus is likely to have thousands of concomitant attributes. 

On the other hand, the treatment of the pupils should be 

spontaneous, compatible with the nature of the child, and 

perhaps not in the form of a forced mechanical analysis. 

According to McLellan and Dewey there is a place for both 

analysis and the type of thinking which deals with vague 

wholes: 

Or again, the teacher, mislead by the 
formula—first, the isolated definite particular? 
second, the interconnection; third, the organic 
whole—introduces distinction and definition 
where normally the child should deal with wholes 
in vague outline; and thus substitutes for the 
poetic arid spontaneous character of mental action 
a forced mechanical analysis out of harmony with 
the existing stage of development. . . . This 
unconscious growth towards a reflective grasp of 
number relations is seriously retarded by untimely 
analysis—untimely because it appeals to a power 
of reflection which is as yet undeveloped. 

It is obvious that these two errors are 
logically opposed to each other. One overlooks 
the need of the process of discrimination, of 
careful analysis; the other does nothing but 
analyze and define. But while logically opposed 
to each other they are often practically combined. 
They both arise from one fundamental error—the 
failure to grasp clearly the place which discrimin-
ation occupies as the transitional step in the change 
of a vague whole into a coherent whole (101, 
pp. 29, 30). 

Horizontal analysis of a model structure.—It will be 

remembered that a modular representation of an operation of 

arithmetic consists of a model structure, a symbolic repre-

sentation, and a collection of correlates. The model 
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structure is ci collection of classes of situations such that 

each class is assigned bv the correlates to an instance of 

the symbolic representation, e.g., horizontal mathematical 

sentence. The type of class of situations where every situa-

tion in the class is assigned to a single sentence will be 

called a horizontal class. By way of example, one might 

refer to the multiplicative situation modular representation 

of multiplication. In this representation several equivalent, 

disjoint sets are joined to form a single set. Any situation 

where 2 sets of 3 objects are joined to form a single set of 

6 objects is mapped onto the sentence, "2 x 3 = 6." Thus, 

the total collection of such situations might be referred to 

as the "2 x 3 = 6 horizontal class." By these same correlates, 

the 3 x 4 = 12 horizontal class would be the class of all 

situations where 3 disjoint, equivalent sets, each contain-

ing 4 elements, are joined to form a single set of 12 

elements. Therefore, the correlates not only assign 

instances of model structures to sentences, but a horizontal 

class of situations to the sentence. When one refers to a 

child's learning the multiplicative situation interpretation 

of 2 x 3 = 6, one can speak of the child's learning a class 

concept. 

Vertical analysis of a model structure.—A model struc-

ture is a collection of situations such that each situation 

is mapped onto a sentence by a collection of correlates. 

Thus, in each instance of the model structure there is an 
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element si which is mapped onto the first numeral in the 

grouping, an element s 2 which is mapped onto the second, 

numeral in the grouping, and an element S3 which is mapped 

onto the standard numeral in the grouping. For example, in 

the multiplicative situation modular representation of 

multiplication, in the situation assigned to 2 x 3 = 6, Si 

might be the cardinal number of the number of disjoint sets 

which are present to start with, s 2 might be the cardinal 

number of each of the several equivalent, disjoint sets and 

s3 might be the cardinal number of the single resultant set. 

For purpose of defining the vertical classes, Si is the set 

of all s1 which are elements of an instance of the model 

structure and are mapped onto the first numeral in the 

grouping. S 2 is the set of all s2 which are elements of an 

instance of the model structure and are mapped onto the 

second numeral in the grouping. 53 is the set of all S3 

which are elements of instances of the model structure and 

are. mapped onto the standard numeral in the sentence. Thus, 

the vertical, classes in a model structure are Si, S2, and S3 

In the multiplicative situation modular representation, Si 

is the set of cardinal numbers of the set of disjoint, 

equivalent sets with which the process is begun. S2 is the 

set of cardinail numbers of the several disjoint sets that 

are joined, and S3 is the set of cardinal numbers of the 

single resultant sets with which the process terminates. 
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For the multiplicative situation rcodel structures Sx, 

and S3 are illustrated in"Figure 7. 

2 sets 

3 sets 

4 sets 

J 

<T"~S 

0 elements 

1 element 

2 elements 

S; 

0 elements 

2 elements 

3 elements 

Fig. 7 Vertical classes of the multiplicative situation 
model structure. 

Since a model structure reflects the structure of an 

operation of arithmetic, it associates each ordered pair in 

the Cartesian product of Si an'd S2, SiXS2, with either a 

single element in S3 or with no element in S3, just as an 

operation of arithmetic associates elements in WXW with 

elements in W. 

One might say that an operation of arithmetic has one 

vertical class which is the set of whole numbers, It 
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associates ordered pairs in WXW with elements in W. A model 

structure may have as many as three vertical classes, each 

made up of different types of "numbers." These numbers may 

be operators, ordinal numbers, cardinal numbers, processes, 

states, perceptual patterns, colors, linear measures, vectors, 

scale numbers, or other types of configurations. Model 

structures may be classified by the types of elements making 

up the vertical classes. 

Given a model structure and its vertical classes, one 

can form several combinations of Cartesian products: 

SiXS 2, S,XS3, S2XSlf S2XS3, S3XSlf and S3XS2. One can then 

develop rules for assigning the pairs of these product sets 

to elements in the remaining vertical class. It is this 

pattern that is the concrete basis of the operations of 

arithmetic, including the relations between these operations 

and their properties. It is this variety of combinations 

which contributes to the multiplicity of interpretations. 

The elements of vertical classes are themselves 

equivalence classes. In the preceding figure, the element 

"2 sets" in Sx, is the class of all sx elements of instances 

of the multiplicative situation model structure where there 

are two sets, The element "0 elements," in S2, is the class 

of all s2 elements of instances of the multiplicative situa-

tion where the several sets each contain zero elements; and 

the elements "0 elements" in S, is the class of all s, 
$ if 
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elements of instances of the multiplicative situations where 

the resultant set contains zero elements. 

To make this point clearer, one might appeal to the 

Cuisenaire-Gattegno rod model for addition and Figure 8. In 

this model structure, Sj, might be the set of all colors of 

the rods used on the left end of the train, S2 might be the 

set of all colors of the rods used on the right, and S3 

might be the set of all colors of the rods used across the 

top of the train. 

i 
black 

| red yellow 

Fig, 8—Instance of Cuisenaire-Gattegno rod model for 
addition of whole numbers. 

In this interpretation, yellow is an equivalence class of 

rods (69, p. 25). All rods of one color are said to be 

equivalent. Thus each "number" is an equivalence class and 

thus a concept. The rules of equivalence must be stated and. 

attended to. It may be that equivalence of elements of 

instances of model structures are determined by color, by 

perceptual pattern, by relation between the cardinal number 

of sets, by the action carried out, or by the results which 

they precipitate. 
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Within S]XS2 there are pairs which are mapped onto the 

same element in S3. Thus, they can be considered equivalent 

in this sense. This breaks up SxXS2 into a collection of 

equivalence classes which are reflected at the symbolic level 

by families of facts or different names for the same number. 

For example, in the Cuisenaire-Gattegno rod model for addi-
t 

tion, the pairs (white, yellow), (red, crimson), (light-green, 

light-green) are all associated with dark-green in S 3. In 

this manner they are said to be equivalent (69, p. 48). 

Ordered pairs in model structures.—The ordering of 

pairs and the assignment of elements to Sx and S2 are 

critical attributes of a representation. Sometimes the 

assignment is arbitrary. For example, when a set of two 

objects is joined to a set of three objects to form a single 

set of five objects, one could ask which cardinal number is 

to be assigned to Si, and which one to S2. Usually an 

arbitrary choice is made, Hartung and his associates, 

rather than leave this choice to be made by the pupil on an 

arbitrary basis, built into this set union representation 

certain attributes and correlates which indicate to the 

pupil which element of an instance of their model structure 

is a member of S2 (80). In this model structure, which 

shall be called the "Scott, Foresman Additive Situation 

Model Structure," one begins the process with the presence 

of two disjoint sets. One of the sets remains still, and 
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the other set moves to join it. In this manner the two 

initial sets are always different in that one is moving and 

the other is sitting still. The cardinal number of the set 

which is sitting still is assigned as an element of Sx/ and 

the cardinal number of the set which is moving is assigned 

as an element of S2- In this manner, the first numeral in 

the grouping is associated with the cardinal number of the 

set which is sitting still, and the second numeral in the 

grouping is associated with the cardinal number of the set 

that is moving. It is interesting to note that children 

taught addition under such a restrictive representation seem 

to have little; difficulty extending this definition to 

handle situations which strictly speaking are not instances 

of the model structure which they learned. Quite frequently 

teachers will unconsciously make assignments to Sx and S2. 

Such unconscious assignments frequently lead to difficulties, 

the cause for which is not likely to become known to the 

teacher. 

Dien.es (5 6, p. 41) suggests an operator, operator, 

operator model for addition and subtraction of integers 

which, with slight adjustment, functions as a model for addi-

tion of whole numbers. In this representation, the operation 

of "adding three" followed by the operation of "adding four" 

will always have the same effect as the single operation of 

"adding seven." This type of model may be presented in the 

form of a game where objects are added or placed in a bag 
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on a table. In this case, the ordering of the pair is 

accomplished by appealing to the timewise order of the 

events. The child might even associate the notion "followed 

by" with the sign 

'The manner in. which this ordering is accomplished and 

the psychology of the matter is an interesting area of 

investigation. Other bases for this assignment of order 

are left-to-right juxtaposition, above and below juxtaposition, 

before and after timewise juxtaposition, operator versus 

state contrast, pure number versus measure number, and so 

on (101, p. 76). 

Process in model structures.—Imposed on a model 

structure, or as an intrinsic part of the model structure, 

is what will be called a "process." This is the series of 

events, or the rule, which assigns an ordered pair of 

elements in SiXSz with an element of S3. 

For purpose of this study, a distinction between process 

and operation will be made. As has been stated, a process 

is defined as a rule or series of events which assigns an 

ordered pair in SiXS2 with an element in S3. The word 

operation has many meanings. A very general meaning which 

is related to this study is given by the Geneva school of 

developmental psychologists. According to the Geneva 

definition, an operation is something that can be performed 

externally with concrete materials (106). A more rest-H 
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mathematical use of the term will be used in this study. 

Here an operation is considered a rule which assigns each 

element in WXW with exactly one element in W. The concrete 

reflections of this rule are the processes identified in the 

model structures. 

Frequently for a particular model structure, there are 

several processes available. Suppes (140, p. 37) suggests 

at least three different counting processes or algorisms 

associated with the additive-situation model structure. He 

describes these processes as follows; 

Using this counter, an addition problem of the 
form m + n -- can be solved in the following 
ways: 

1. The counter is initially set to 0, m 
is added and then n. [This might be interpreted 
as, the pupil counts from 0 to m and then names 
n more numerals in appropriate sequence, the 
last numeral indicating the sum.] 

2. The counter is set to m (i.e., the left-
most number) and n is then added. [This might be 
interpreted as, the pupil states the left-most 
numeral and then counts n more numerals, the last 
numeral indicating the sura.] 

3. The counter is set at n, and m is added. 
[This might be interpreted as, the pupil states 
the right-most numeral and then counts m more 
numerals in appropriate sequence, the last numeral 
indicating the sum.] 

4. The counter is set to the minimum of m 
and n. The maximum is then added. [This also 
can be interpreted in terms of counting.] 

5. The counter is set to the maximum of m 
and n. The minimum is then added. [This also 
can be .interpreted in terms of counting.] (140, 
pp. 37, 38). 

In an effort to illustrate a type of research in mathematical 

learning, Suppes has compared these processes on the basis 

of pupils' speed and accuracy while using them. 
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Measurement, and partitive division.--The distinction 

between processes associated with model structures has been 

quite apparent to educators concerned with measurement and 

partitive division (74, p. 202). For years there has been 

discussion of the difference between these two processes. 

For purpose of clarification, these terms will for now be 

discussed only in association with the divisive-situation 

model structure which is a situation in which a single set 

of objects is separated into several equivalent, disjoint 

sets. The term "partition quantitative information" will 

mean that one knows the number of objects in the single 

initial supply and the number of subsets to be formed. One 

does not know the number of objects in each subset. The 

term "measurement quantitative information" will mean that 

one knows the number of objects in the single .initial supply 

and the number of objects in each of the several equivalent, 

disjoint subsets. One does not know the number of subsets 

to be formed. 

.In contrast to partition and measurement quantitative 

information is what is termed "partition correlates" and 

"measurement correlates." Under the rule of partition 

correlates, the first numeral in the grouping indicates the 

number of objects in the single initial supply; the second 

numeral in the grouping indicates the number of subsets to 

be formed; and the standard numeral in the sentence indicates 

the number of objects in each of the. several resultant 
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subsets. The rule of measurement correlates will mean that 

the first numeral in the grouping indicates the number of 

objects in the single initial supply; the second numeral in 

the grouping indicates the number of objects in each of the 

several resultant subsets? and the standard numeral in the 

grouping indicates the number of subsets. These finer 

distinctions should clear up some of the confiision found in 

the discussions of measurement and partition division. 

The next stage in this analysis of partition and 

measurement division returns to the notion of process. The 

objective of the ensuing analysis is to demonstrate that 

several processes are available for a divisive situation 

with measurement information. McLellan and Dewey (101, 

p. 121) suggest one process. This measurement process will 

be discussed first by way of example: A set of fifteen 

pieces of candy is to be separated into several sets each 

containing three. How many sets can be made? The standard 

process is simply to count out a set of three pieces, then 

another set, and another set until the supply is exhausted. 

Lastly, one simply counts the number of subsets created in 

this manner. 

Concern is now shifted to processes which determine 

the number of resultant subsets when one has partition 

information in a divisive situation. There is some discus-

sion- in the literature as to which of two processes is best 

for use with children (77, p. 62; 101, p. 120). One of 
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these processes will be termed the "standard partitive 

process" and the other the 'McLellan, Dewey method of apply-

ing a measurement process to a situation with partitive 

information." 

The standard partition process is best described by an 

example: Fifteen pieces of candy are to be shared equally 

among three children. According to most authors the easiest 

way to determine the number that each child gets is to take 

the pieces of candy one by one and put them into three piles, 

much as one does when playing cards. Three positions are 

determined: the first position is given a piece of candy, 

then the second position, then the third position. Next, the 

first position is given a piece of candy, and then the second 

position, and so on, until the supply is exhausted. Finally, 

the cardinal number of each of the sets is determined by 

counting the number of pieces of candy in one of the sets. 

A very basic physical fact, which very young children do not 

necessarily know, is that this partition process will result 

in each of the sets having the same number of objects. Such-

primitive concepts as this will be discussed in a later 

portion of Chapter II under the heading, "Development and 

Cognitive Process and the Operations of Arithmetic." 

The McLellan, Dewey process can be illustrated with the 

same problem situation. Since three positions are determined, 

and each is to receive a piece of candy, the pupil is 

instructed to take up a set of three pieces of candy and 
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partition them out, one to each position, then to pick up 

another set of three, partition them out, and so on. This 

process is physically and psychologically somewhat different 

from the standard partition process. 

Hartung and his associates (77, p. 62} suggest that the 

divisive situation with measurement information and measure-

ment correlates be used in the initial learning of division. 

They then suggest that divisive situations with partition 

information be later introduced, that measurement correlates 

be maintained, and that the McLellan, Dewey process be 

applied (105). 

A thorough analysis such as the above suggests that 

certain questions standing by themselves are not too signifi-

cant. For example, teachers ask the question as to whether 

measurement correlates should be maintained. This question, 

looked at on the basis of the above, analysis, seems to be 

only a part of a whole series of questions, and to address -

oneself to any single one of them seems unlikely to be 

productive in conclusions which are generally useful. In 

fact, a more general question as to correlates is suggested. 

This question applies to any modular representation of the 

inverse operations and is concerned with which elements 

should be assigned to S2 and which ones to S3. 

This question of assignment can be illustrated more 

simply by referring to the take—away model for subtraction. 

-L't is common to associate tne cardinal number of the subset 
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being removed with the second numeral in the grouping. 

However, it appears equally logical to associate this 

cardinal number with the standard numeral and the cardinal 

number of the subset which remains with the second numeral 

in the grouping. As a result of experience and common 

social usager people are not tempted to make this assign-

ment. Nonetheless, it is an alternative in the same logical 

category as the choice between measurement and partition 

correlates associated with a divisive situation model 

structure. 

It is then significant to note that another critical 

element of a representation of an operation of arithmetic 

is the process associated with the model structure. It may 

appear to be intrinsic to the model structure or quite 

imposed by the teacher or the child. Also, it is claimed 

that the above analysis contributes to clearing up some 

questions, suggests further research, and provides less 

ambiguous language for the purpose of research in this area. 

The next major section in this chapter deals with the 

modular relationship between a model structure and an 

abstract operation on whole numbers and the modular relation-

ship between two model structures. 

Representation 

In the development of elements of the model construct 

thus far, an analysis of models as individual objects has 
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been presented and certain models have been viewed through 

this analysis. This next' major section of Chapter II 

develops, under four headings, further elements of the model 

construct which are concerned with the representational 

relationship between models. Thus, it is entitled "Repre-

sentation. " 

First, a form of isomorphism is defined and applied to 

characterize the representational relationship between 

models and the operations of arithmetic and among models. 

In order to apply this isomorphism, it is necessary to 

locate some general modular elements which reflect elements 

of the operations of arithmetic. 

Secondly, based on the above development, a key educa-

tional concept entitled "mapping" is identified and several 

forms of mapping are discussed. 

Thirdly, under the heading "The Dimension of Abstraction," 

mapping and isomorphism are used to relate the dimension of 

abstraction between the operations of arithmetic and the 

concrete modular domain to a similar dimension of abstraction 

in the axiomatic method. Also, two more elements of the 

model construct, a multiple embodiment characterization of 

the operations of arithmetic and a multiple embodiment 

characterization of the whole numbers under operation, are 

developed. 

Implicit in all the development thus far has been, the 

assumption that modular situations have structure and that 
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there is a relation of closeness of fit between such 

structures. Under the heading "Quality of Fit," the problem 

of closeness of fit is analyzed into several areas and dis-

cussed. The concept of embodiment versus representation is 

applied to the operations of arithmetic. Examples of poor 

quality of representation by aids, devices, and exposition 

are presented so that they may be cautioned against. 

Isomorphism 

In quest of an understanding of the representational 

relationship between a concrete structure and an abstract 

mathematical structure, one should consider several facets: 

First,.there is a one-to-one correspondence between certain 

elements of the concrete situation and the elements of the 

mathematical structure called into play. Second, one is 

able to make translations back and forth at will between the 

elements of the concrete situation and the mathematical 

structure. Third, there is a relation between the two 

structures such that when one obse.rves a result in the 

concrete situation, there is an associated result in the 

abstract structure (54, p. 145). Children can be led to 

discover these relationships between representations. When 

this happens, they have discovered the "isomorphism" between 

two structures (28). 

To give a formal definition of isomorphism, one might 

say that two structures/ each consisting of a set and an 
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operation, are isomorphic if and only if, (1) there is a 

one-to-one correspondence between the two sets, S and S1; 

and that (2) if elements a and b of S correspond to elements 

a" and b1 of S' respectivelyf then the associate of (a,b) 

under operation r defined on S corresponds with the associate 

of (a1,b1) under the operation r' defined on S1. To apply 

this definition to the imprecise concepts in the concrete 

domain will require making loose extensions and adaptions. 

MP model and G representation.—The following series of 

definitions is intended to clarify what it means for a model 

to represent an operation of arithmetic. In introducing 

these definitions, one will recall that in an earlier part 

of this chapter, it was pointed out that model structures, 

instead of being made of one vertical class, as is the case 

for an operation of arithmetic, may be made of as.many as 

three vertical classes, Sj, S2, S3. The following definition 

presents the critical structure of these model structures. 

Definition: An "HP model" consists of a vertical 

class Si, a vertical class S2, and a vertical class S3, and 

a rule P, called a process, such that each ordered pair 

(a,b), where a is an element of Sx and b is an element of 

S2, is associated with one and only one aPb which is an 

element of S 3, or with no element in S 3. In Figure 9 the 

vertical cylinders .represent the vertical classes. Each 

pair' (a,b) where a is chosen from Si and b is chosen from 
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MP Model 

Fig. 9~-An MP model 

S2 is associated with an element in S3 which is here denoted 

as aPb, or else (a,b) simply does not have an associate in 

S3. 

Next, the structure of an operation of arithmetic is 

reviewed. An operation.of arithmetic is a rule which 

assigns each element in WXW with either a single element in 

W, or with no element in W. In Figure 10 the ordered pair 

(d,e) in WXW is associated with d*e which is an element of W. 

WXW W 

(d,e) - - d*e 

Fig. 10--An operation of arithmetic 
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A structure which is a valid representation of an 

operation of arithmetic will be in a sense isomorphic to it. 

The following definition will characterize this type of iso-

morphism. In this definition, a phrase such as "arjd" will 

mean-that a is assigned to d by the correlate r1. 

Definition: A "G representation of an operation of 

arithmetic" is an MP model for which there exists a. correlate 

r i such that for each a. in S i there exists one and only one 

d in W such that arid, and there exists a correlate r2 such 

that for each b in S2 there exists one and only one e in W 

such that br2e, and there exists a correlate r3 such that 

for each c in S3 there exists one and only one f in W such 

that cr3 f, and if a is in Slf d is in W, arxd, and b is in 

S2, e is in W, br2e, then (aPb) r3 (d*e). d*e represents 

the associate of (d,e) in W under the operation *. aPb is the 

element in S3 assigned to the ordered pair (a,b) by the 

rule P. In Figure 11, the operation of arithmetic is illus- . 

trated by the lower part of the diagram. The three cylinders 

in the upper portion of the figure denote the three vertical 

classes of the MP model. The correlates represented by the 

segments labeled "rj," "r2," and "r3" are statements which 

usually associate elements of these vertical classes with 

symbols in a symbolic representation of an operation of 

arithmetic. 

Thus, when one speaks of a modeling or a representa-

tional relationship between a structure and an operation of 
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MP Model 

(d,e) 

WXW W 

Fig. 11—G representation 

arithmetic, he means that the structure is an MP model, and 

it is either a G representation or almost a G representation, 

A similar isomorphic relationship can be defined between 

two MP models. When such a relationship has been set up, 

one may say that the two structures have been mapped onto 

each other. 

Examples of MP models and G representation.—Children 

have been known to invent curious MP models in an attempt to 
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understand the exposition of their teacher. They hear 

certain words and see some demonstrations and attempt to 

build a mental model of what the teacher is doing. One 

such MP model will be labeled the "Indian Giver" model 

(147). 

An instance of the model structure associated with this 

model is as follows: Johnny gave Mary a set of five cookies 

and a set of three cookies. Then he took back the set of 

three cookies. The Indian Giver model structure is a 

collection of instances such that in each, two sets of 

objects are present initially; then one is removed. Let 

Sx be a collection of elements such that a is in Sj if and 

only if a is the number of objects in the set which was not 

removed. S2 is a collection of elements such that b is in 

S2 if and only if b is the number of elements in the set 

which was removed. S3 is a collection such that c is' in S3 

if and only if c is the number of elements in the set remain-

ing after one of the sets is removed. The rule or process 

P associated with this model is to associate the ordered 

pair (a,b), where a is in Sj and b is in S2, with the number 

of elements in the set which remains after the set contain-

ing b elements is removed. It is evident that for each 

(a,b), there is one and only one aPb in S3. Of course, 

it will turn out that aPb is equal to a. Here illustrated 

is an MP model—one which is not a valid representation - for 

an operation of arithmetic, and one which is not infrequently 

confused with some of the representations of subtraction. 
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To illustrate further the MP model and G representation 

construction, a number-line modular representation of 

multiplication is considered (141, p. 285). Each instance 

of the model structure is a situation where Roscoe, the 

cricket, jumps on a number line. He begins each series of 

jumps at the point labeled "0." He takes several jumps, 

each traversing the same distance on the number line and 

each succeeding jump initiating from the end position of the 

previous one. In Figure 12 the vertical class Sj consists 

3 jumps 

S2 

Q 
2 units 

D 3 

A 
point 6 

Fig. 12—A number-line modular representation 

of the cardinal numbers indicating the number of jumps taken. 

The vertical class S2 consists of the "measure numbers" 

which measure the length traversed by each of the several 

jumps of equal length. The vertical class S3 consists of 

the "scale numbers" which name the point at which the series 

of jromps placed Roscoe in. the end. Each of the vertical 

classes contains a different kind of number. Sj is a set 

of cardinal numbers, S2 is a set of linear measures, and S3 

is a set of scale numbers. 
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In Figure 13 the correlates are as follows: rx assigns 

each element of Sj to its' "pure or absolute value," r2 

assigns each element of S2 to its "absolute value," r3 

assigns each element of S3 to its "absolute value." The 

"absolute value" or "pure value" of each of these physical 

numbers can be declared as one of the whole numbers. 

o 
units lumps 

(3,2) 

wxw w 

Fig. 13—A number-line model as an almost G represen-
tation. 

It can be verified experimentally that this representa-

tion is isomorphic to multiplication on the whole numbers. 

If one makes the above indicated assignments from S1, S2, 

and S3 to W and performs the process associated with the 
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model structure, he will discover that if a in Sj is 

associated with d in W, and if b in S2 is associated with 

e in W, that aPb in S3 will be associated with dxe in W, 

Hence, the number-line model is a model of multiplication 

on the whole numbers, and multiplication on the whole numbers 

is a model of the number-line model. The number-line situ-* 

ation is said to be a concrete model, and the operation is 

said to be an abstract mathematical model. 

Breakdown in representation.—This particular represen-

tation is termed "an almost G representation" because certain 

imaginative extensions are needed in order for it to repre-

sent multiplication facts with zero as a factor. It seems 

that almost all of the concrete representations in their 

most naive form are only almost G representations unless 

imaginative extensions are used because of the difficulty of 

building very simple representations of the whole numbers 

one and zero. It must be remembered that these numbers were 

not admitted into the realm of the intuitive numbers until 

a relatively late date in history. 

Because of the breakdown of literally applied concrete 

representations with facts involving zero and one, it is 

often suggested by educators that these facts should not be 

taught until children reach the stage where they appreciate 

abstractions (77, p. 76). 

Grossnickle and Brueckner claim that facts such as 

0 x 4 = n can never represent a significant experience. 
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It is possible to have the grouping, 4 x 0 , 
to represent a social situation, but the reverse 
grouping, as 0 x 4, can never represent a sig-
nificant experience. A player may shoot four 
disks in a shuffleboard and his score for each 
shot may be zero. Then, his total score for 
the four shots is zero. A symbolic representa-
tion of the experience could be expressed as 
4 x 0 = 0 . On the other hand it is not possible 
to record an experience corresponding to the 
reverse grouping as 0 x 4 (74, p. 177). 

It is one of the functions of models to represent an 

operation of arithmetic in as complete a manner as possible. 

Recent efforts in mathematics education to build completely 

representative concrete structures have arisen out of the 

awareness that the usual social representations break down 

at certain stages. 

Consistency across variation.--An operation has the 

property that each ordered pair in WXW is assigned to a 

unique element in W. This uniqueness must be reflected in 

the concrete representation. The ordered pair (a,b) in 

SjXS2 must always be assigned by the process to a unique 

element in S3. For example, in the additive situation model 

structure, when one joins a set of two with a set of three 

he must always get the same result. The results of this 

process must be invariant across all the variations allowed 

within the description of the model structure. To adults, 

such consistency seems obvious, but research has uncovered 

the fact that children as late as eight years of age. fail to 

understand elements of this conservation. Quite a volume of 
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research has been conducted on children's thinking about 

conservation and invariances in time, space, number, and 

logic (151). 

In order for children to appreciate the full significance 

of the role of the representation, they must have the neces-

sary awareness of the invariance of the basic properties of 

these model structures across spatial, manipulative, and 

temporal variation. Frequently, this lawfulness of the re-

sults of a process is more a physical fact than a mathematical 

fact. The mathematics only presents an abstract representa-

tion which behaves much the same as the elements of the physi-

cal situation; To illustrate this point more clearly, the 

IQV&X model for multiplication of whole numbers is considered. 

If one places three one-ounce weights at a point on an arm of 

a fulcrum which is four units away from the point of balance, 

and places a single weight of one ounce on the other arm at 

a distance of twelve units away from the balance point, the 

result will be a balancing of the two arms. This situation 

could be considered a concrete representation of the multi-

plication fact 3 x 4 = 12. Children could use such an 

arrangement to solve open sentences and they could think of 

multiplication in terms of this representation. Although 

this representation is not a common social model, in this 

age of increased emphasis on science, it might have as much 

educational significance as other more common representations. 

However, this is slightly off the point. The point is that 
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the lawful behavior within this representation, which allows 

it to have the same kind of consistency as does multiplica-

tion, is a physical phenomenon. This is also true of most 

physical representations. It is a physical result that the 

joining a set of three objects to a set of two objects 

always produces the same result of five objects. One can 

think of physical situations involving volume which do not 

have this property of invariance across variations in 

certain physical conditions. 

Mapping One Representation Onto Another 

In the following quotation, Dienes, in his usual 

articulate manner, describes how children may recognize the 

isomorphism between two structures, and how elements of -one 

structure may be assigned to elements of another structure. 

This process of making correspondences from one structure 

to another, by whatever devious means required, will be 

called mapping. 

A child learning to recognize the situations 
in which quadratic functions are involved might 
be led to recognize the following two as relevant: 

"As many tanks go into battle as the number-

of each tank-crew. One tank gets a direct hit 
and everyone is killed in it. Six more soldiers 
are lost out of the rest of the force. At the 
end of the battle, they find seme abandoned 
enemy tanks. They find that they can bring back 
tô  their own lines their own remaining tanks as 
well as the enemy ones with equal crews, but of 
course depleted ones. Ey how many people is 
each crew depleted, and how many enemy tanks did 
. they capture?" 

"Make a square on a pegboard out of a large 
number of pegs. Then remove one row of your 
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square, and any other six pegs from the board. 
Make a rectangle out of the remaining pegs. 
Plow many more or less rows will your rectangle 
have than ycur square had , and how many more 
or less pegs will there be in each of these 
rows than in a row of the square?" 

In fact these examples are not merely 
relevant to quadratic functions, they are from 
the mathematical point of view the identical 
problem. The realization of this identity 
entails the ability to discard irrelevancies 
and retain essentials. The mathematical 
relevance lies in the number relationships 
in" the problems, not in the "dressing up." 
The "as many tanks as the number of the crew 
in each tank" corresponds to the square of pegs, 
through "as many rows of pegs as there are pegs 
in each row." The rows correspond to the tanks, 
and the pegs to the soldiers. The direct hit 
on one tank corresponds to the removal of one 
row, the six others that die correspond to the 
six other pegs that are removed. The sorting 
out of the remaining force into equal groups 
corresponds to the sorting out of the remaining 
pegs into a larger number of rows than before 
with each row being shorter than before. The 
number less in each row corresponds to the 
number by which each crew is depleted (54, p. 35). 

As a continued introduction to the notion of mapping, a 

curious situation that occurs in a School Mathematics Study 

Group publication for grade six (126, pp. EC122-134) is con-

sidered. Although this situation involves operations on 

fractions, it is presented here because it is a dramatic 

example of mapping since it is from a nationally known 

elementary school mathematics program which was designed to 

function primarily as exemplary material for others to 

follow. This example will be referred to later in discussion 

of another key concept making up the model construct entitled 

" switchincr. " It also innufrafao -- j-T-- - -> 
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of elements of the model construct outside the domain of the 

operations of arithmetic. 

The text presents to children what is termed the "by-

model" for the multiplication of fractional numbers. In 

the by-raodel, both factors are associated with the linear 

measure of a side of a rectangular region. The product is 

associated with the area of the region. In Figure 14 the 

3 X 2 
1 
6 

1 
2 

1 
3 

Fig. 14—By-model for multiplication of fractional 
numbers. 

first factor in the grouping is associated with the linear 

measurement from the upper left corner down, 1/3 unit. The 

second factor in the grouping is associated with the linear 

measurement from the upper left corner to the right, 1/2 unit, 

The grouping and the standard numeral are associated with 

the measure of the area of the shaded region. This is the 

only interpretation of multiplication of fractional numbers 

that has been carefully developed in the text up to this 

page. There is no reason to think that the children have a 

mastery of other interpretations. 
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However, on page EC-122-34, the following word problem 

is presented following the presentation of the above repre-

sentation: "John lives 1/3 mile from school. Harry lives 

only half that distance from school. How far from the 

school does Harry live?" (126, p. EC-122-34). The children 

are instructed, "Read the following carefully, write the 

relationships in the problems as a mathematical sentence, 

solve, and answer the question asked in the problem" (126, 

p. EC-122-34)., 

The child is expected to write, "1/2 x 1/3 = 21; Harry 

lives 1/6 miles from school" (128, p. 71). It seems that 

there is an immediate question as to the basis upon which 

children are supposed to write such a sentence. The problem 

does not indicate anything about a rectangular region with 

linear measure on its side. Instead, it presents a situa-

tion such as that presented in Figure 15. This situation is 

Harry's House 
1/3 mile f ' 

O School 

cr̂  
Sam's House 

q V 

Fi.g, 15-~Structure of problem situation 
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an instance of what is frequently termed the of-model for 

multiplication of fractional numbers. It will take some 

doing to relate this situation to the by-model which is the 

only model that is known. The process to accomplish this 

relation will be a mapping. Elements of the problematic 

situation will be mapped onto elements of the by-model, and, 

in turn, the by-model situation will be mapped onto the 

multiplication sentence. Then, the results of the solution 

of the equation will be mapped back onto the problematical 

situation. To do this, one can assign the one linear mile 

in the problem to a region one unit square. The 1/3 mile in 

the problem is assigned to a measurement of 1/3 unit across 

the top of the rectangular region from the upper left corner 

to the right. The "one-half" in the problem can be assigned 

to a measurement of 1/2 linear unit down from the upper left 

corner. One can then draw the appropriate lines; shade the 

region; note that it has a square measurement of 1/6 square 

unit. The 1/6 square unit is related to the product position 

.in the open sentence and then to the "1/6 linear mile from 

school." This is quite a bit of mapping to expect of a 

sixth grade child. Perhaps it is more than should be 

expected. A knowledgeable teacher might recognize the 

extreme switch in models presented in the text and refuse 

to assign this problem,- at least until the of~model has been 

taught or until some skill at mapping the of-model onto the 

by-model has been acquired. It is possibly more than should 



93 

be expected of the average teacher to be alert to this switch 

in structure. It may be that alertness to mapping and 

switching is not too much to expect of writers of text 

materials, especially those materials which are supposed to 

be exemplary. More will be said about switching and mapping 

in the next few pages and in Chapter V. In any case, two 

examples of mapping one structure onto another have been 

presented. 

Mapping sub sumption.—One of the most logically 

straightforward forms of mapping is mapping by subsumption. 

One modular representation is mapped onto another by the 

awareness that the model structure of one of the representa-

tions subsumes the other by abstraction. For example, the 

repeated set union representation of multiplication and the 

multiplicative situation representation are considered. In 

the repeated set union model, one has several sets; they are 

equivalent and disjoint and their union is formed. This 

interpretation allows one to deal with abstract sets as well 

as physically concrete sets. The multiplicative situation 

representation is limited to physically concrete or imagined 

physically concrete sets which are actually physically 

joined or imagined to be joined. Thus, in an abstract sense, 

the repeated set union model is at a level of abstraction 

above that of the multiplicative situation model structure, • 

and through several steps of abstraction, subsumes it. 
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Further examples of this type of mapping are acknowl-

edged by Harturig and his associates when they mention the 

subsumption of comparison by subtraction, and the comparison 

of division and multiplicative situations to rate structures 

(77, pp. 89, 115). 

A simpler form of subsumption occurs when one model 

structure is simply a subset of another. In this case, the 

subsumption is by generalization. This occurs, for example, 

when one allows the sets to be arranged and joined in any 

manner in model structure A, and in model structure B, one 

requires that one of the sets remain still and the other 

move to join it. In this case, one will have a simple 

example where model structure B is a subset of model struc-

ture A. 

Mapping by inserting extraneous material.--Another form 

of mapping which is less easily characterized at a general 

level occurs when extraneous material is forced upon a 

situation in order to build into it some of the properties 

of a familiar structure. This is well exemplified by the 

Scott, Foresman method of teaching children how to solve 

problems involving a comparison structure and subtraction 

computation (77, p. 34). To illustrate this, it is assumed 

that the only representation for subtraction that the chil-

dren know is the take-awav method or subtractive situation 

structure. Then they encounter the following problem 
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situation: Don had five jacks and three balls. He has how 

many more jacks than balls? If one asks teachers how to 

solve this problem, they will frequently say, "subtract three 

from five." They will say that the "five" indicates five 

jacks, the "three" indicates three balls, and that "subtract 

three from five" means to take three away from five. They 

are now led into the ridiculous position of claiming that 

if one takes three balls from five jacks, he will have two 

jacks left. This is what might be termed a ridiculous map-

ping of one structure onto another. 

Instead of this ridiculous but frequently used reason-

ing, the Scott, Foresman editors have attempted to make the 

mapping more rational by the following procedure: One may 

imagine the jacks being lined up in a row and the balls 

lined up beside them as illustrated in Figure 16. It is 

X X X v X X 
I 1 1 

o o o 

Fig., 16—Mapping by insertion of action 

imagined that a hand moves away as many jacks as there are 

ball's. Now the situation has been structured by the take-

away interpretation. A subset of three objects has been 
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removed from a set of five objects leaving a subset of two 

objects. The child who understands the take-away interpreta-

tion of subtraction is now ready to write a subtraction 

sentence by the usual correlates. In order to accomplish 

this mapping, the editors had to line up the objects, they 

had to make a one-to-one correspondence, and then insert 

into the situation the added extraneous material of someone 

removing some of the jacks. There was no suggestion in the 

problematical situation that any of these things had been 

done. 

Mapping symbolic representations.--A common type of 

mapping is the mapping of one symbolic representation onto 

another. It simply amounts to a set of correlates declaring 

which positions and symbols in one symbolic pattern are 

assigned to those in the other symbolic pattern. Skill in 

this type of mapping is a necessity if one goes very far in 

mathematics. These correlates from one symbolic pattern to 

another are perhaps the simplest type, although there seems 

to be a resistance on the part of certain learners to learn-

ing such rules without the symbols having some concrete 

content. 

Psychological mapping.—Representations are frequently 

mapped onto one another, or declared to be the same on some 

basis, by appealing to some kind of psychological analysis. 

The following discussion by McLalland and Dewey illustrates 



97 

this type of mapping: 

From the nature of subtraction as related 
to addition, there seems to be no strong reason 
for the "important distinction: that should be 
noted between "taking" one number out of another 
and finding the difference between two numbers. 
We.can not take away a given portion of a given 
quantity (to find the remainder) without con-
ceiving this given portion as part of the whole? 
we can not get a definite idea of the "difference11 

between two measured quantities without conceiving 
of the lesser as part of- the greater. If five 
dollars is given as part that has been taken from 
nine dollars, we primarily count from 5 to 9 to 
find the remainder. If five dollars and nine 
dollars are given as two quantities, we have to 
count from 5 to 9 to determine the difference. 
We have to conceive the five dollars as part of 
the nine dollars (101, p. 201). 

McLellan and Dewey have .imposed a single algorism or count-

ing process on two types of situations and declared that 

". . . there seems to be no strong reason for the . . . 

distinction." They have ignored the so-called situational 

elements. 

Mixing.—Representations which contain several different 

types of numbers are not uncommon. This might be termed 

"mixing." Swain, in discussing the teaching of cardinal and 

ordinal numbers in the following quotation, gives an example 

of mixing: 

Do some children first connect three with 
a position in a sequence, and others first 
connect three with a group of objects? Perhaps 
this question is not important. For whatever 
the sequence of learning may actually be, nearly 
all children learn very early to make both con-
nections, and to mix them freely. Relations 
like 2 + 3 = 5 can be given either a cardinal 
or ordinal interpretation. Mixed interpretations 
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are common: "From the second step (ordinal), 
take 3 steps (cardinal) up, and you will reach 
the fifth step (ordinal) (141, p. 285). 

Chaining.—Instances of model structures are frequently 

chained in time to accomplish certain ends. This type of 

combining occurs in what is frequently termed "repeated 

subtraction." A repeated subtraction situation could be 

viewed .as being made of a series of subtractive situations. 

A multiple-step problem may have a structure which can be 

characterized as a chain of simpler model structures. Such a 

multiple-step problem is one which has a structure which is 

modeled by the distributive principle of multiplication over 

addition. It may be viewed as a series of set union situa-

tions followed by a multiplicative situation. 

Adjusting.—Representations may be such that they can 

be "adjusted up" or "adjusted down." To adjust a represen-

tation down would be exemplified by making adjustments which • 

would allow one to map a representation of an operation on 

the .rational numbers, real numbers, or integers onto an 

operation on the whole numbers. The set of rationals, realst 

or integers are frequently termed "larger universal sets." 

Thus, adjusting down is changing from a larger universal set 

to a smaller universal set. Adjusting up is of course 

making adjustments in the representation for an operation on 

a smaller universal set as to map it into an operation on a 

larger universal set. Certain authors suggest that better 
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representations are these which adjust upward without the 

necessity to "change the definition completely" (120, p. 343). 

Rising reports a step-by-step upward adjustment in a forth-

coming article, "Number," in Encyclopaedia Britannica Junior. 

More will be said about this property of ease of adjustment 

in Chapter IV of this paper dealing with the functions of 

representations. 

One structure used as a set of symbols for another.— 

A result of mapping one representation onto another is that 

it allows one of them to function as a set of symbols for 

the other. In fact, bhis use of structures may be a desir-

able step in teaching the use and power of symbols- To 

accomplish this, one could expose children to an embodiment, 

then expose them to another embodiment for the same operation, 

and then lead them into an awareness of the isomorphism 

between the two embodiments. In this manner the children 

are led into using one structure as a set of symbols for the 

other. This strategy is suggested by Dienes: 

When two or more embodiments are being used 
with the intention of broadening the basis of a 
structure, a child may say: "We don't really 
need all these. They are really doing the same 
thing. Why not have just one?" This is a sug-
gestion that one of the situations be used as a 
prototype of the others, i.e. that one embodiment 
be used as a set of symbols. The road to written 
symbols is then not difficult to travel (54, p. 142). 
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Summary.—Mapping one structure onto another is perhaps 

the heart of mathematical thought. Thinking and problem-

solving can be very well characterized as the process of 

matching up structures. Mental structures serve as models 

of physical structures, and one physical structure is mapped 

onto another, thus producing a new relationship. Bruner 

suggests that this mapping, matching up, or modeling consti-

tutes a general heuristic or pattern of thinking (2 8, p. 329). 

Dienes (54, p. 34) suggests further that this type of thinking, 

as well as mathematical type structures, are not a part of 

everyday experience, and that it is a function of the school 

to provide the material for this type of thinking. 

The Dimension o_f Abstraction 

The preceding section discussed the mapping of one model 

structure onto another"in such a way as to observe that they 

are isomorphic. It is the purpose of this section to present 

a development of further concepts making up the model con-

struct which is dependent upon isomorphism and the previous 

development of the concept of mapping. The relation of 

abstraction between the modular domain and the operations 

of arithmetic at the abstract level will be contrasted with 

a similar dimension of abstraction in the axiomatic method. 

A multiple embodiment characterization of both the operations 

of arithmetic and the whole numbers under operation will be 

given. This characterization presents a systematic view of 
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the relation between the abstract operations and numbers and 

their concrete reflections. They make up two of the dominant 

concepts in the model construct. 

Abstractions fit into a hierarchy, as is exemplified by 

the following discussion from Dienes. He says in relation-

ship to the hierarchy of object, set, and number: 

The most primitive or "ground-floor" level 
is" that of single unrelated objects or events. 
These ares put together in collections or sets 
of objects or events; "to belong to a set" is 
an attribute of any object that is an element of 
the set of objects being considered. Numbers 
are attributes of collections (or of sets) but 
not of objects or of events. We cannot speak 
of a "two book," the word two applies to a 
collection of books, never to a single book or 
to any other single object. 

So objects, collections (i.e. sets) and 
numbers are on three very different levels of 
thinking.. Mathematical thinking to a great 
extent consists of passing up and down this 
hierarchy of levels and in being aware of the 
different mathematical climates that obtain at 
the various levels (50, p. 11). 

Isomorphism plays a key role in abstraction. Represen-

tations which appear in many ways to be different are found 

to act alike. Representations possess a certain structure 

in common. This structure is the abstraction, or from 

another point of view, the class of isomorphic primitive 

structures is the abstraction. 

The mathematical community has long made it a practice 

to acknowledge in its own way -these levels of abstraction. 

One of the highest levels of abstraction achieved by man is 

Art f h o a v i n m a f i r m cz. i- Vs r\r\ rpb* 4 o "h o e? rvrsnrj 
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historically to a large extent by the process of stripping 

out attributes and physical concomitants until all that is 

left is a set of opaque symbols and rules for manipulating 

them (157, p. 144). These truly abstract structures are 

often considered valuable in that they model so-called 

concrete interpretations. According to Wilder, "If S is an 

axiom system, then an interpretation of S is the assignment 

of meanings to the undefined technical terras of S in such a 

way that the axioms become true statements for all values of 

the variables . . (157, p. 24). Just as an abstract 

concept represents many instances, so an axiomatic system 

or mathematical structure represents many interpretations, 

thus producing a measure of power and economy: 

In such concepts we see one of the great 
advantages of the axiomatic method, what we 
might call the "economy aspect." For, as we 
have pointed out in Section 1, one is at liberty 
to make any interpretation he pleases and the 
theorems which have been proved in the system 
of axioms become true statements about the 
model resulting from the interpretation. The 
"economy" involved here consists of the proving, 
once and for all, of statements about a large number 
and variety of (seemingly unrelated) fields of 
study (157, p. 39). 

Historically, Whewell in mechanics and Boole in logic 

developed this practice of attribiiting to the technical terms 

(primitive terms) of an axiomatic system, their undefined 

character and variability in interpretation (158, p. 116). 

Thus, the mathematician moves up from interpretations 

(less abstract systems) to abstract systems and also moves 
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down from very abstract systems to the consideration of 

concrete representations. The mathematics educator, even at 

the elementary school level, finds himself involved in this 

constant interchange in levels of mathematical abstraction. 

The modular relationships which exist in the axiomatic method 

are analogous to the modular relationships between the 

abstract operations of arithmetic and their concrete reflec-

tions. Experience with the modular relationships associated 

with the models of the operations of arithmetic may provide 

readiness for more abstract mathematics to be encountered 

later in the educational experience. 

A multiple embodiment characterization of the operations 

of arithmetic.—The following discussion presents another 

key concept making up the model construct. A hint is taken 

from William H. Russell and Charles H. Judd which suggests 

a nice characterization of the operations of arithmetic in 

terms of their modular reflections at the concrete level. 

When speaking of the modular reflections of addition and 

subtraction, Judd said, "Certain of these arrangements are 

generically alike, and they may be classified together as 

additions. Others are generically alike in a totally 

different way and must be classified as subtractions" (89, 

p. 95). Here is a strong, hint that the operations of arith-

metic can be characterized as classes of situations.-



104 

Here the leading of Judd is followed at a somewhat 

general level, and by a multiple embodiment characterization, 

the operations of arithmetic are considered to be classifi-

cations of situations. The mathematical characterization 

that an operation of arithmetic is an operation defined on 

an opaque collection of symbols will also be held in mind. 

In both senses, the operations of arithmetic can be charac-

terized as abstractions. From the axiomatic point of view, 

the operations of arithmetic are polyvalent structures which 

have the merit of being based on simple concrete situations 

(117, p. 399). From the multiple embodiment point of view, 

an operation of arithmetic is the class of all model struc-

tures which are isomorphic on the basis outlined in the 

previous section, 

Figure 17 illustrates this multiple embodiment charac-

terization of multiplication as defined on the whole numbers. 

Each box in the second row represents a model structure. 

Repeated 
Addition 

Multiplication 
on Whole Numbers 

Cartesian 
Product of 
Sets 

Multiplicative 
Situation 

Rod 
Model 

Number 
Line 
Model etc. 

Fig. 17—-Multiplication on the whole numbers as a 
property held in common by a class of model structures or as 
a multivalent abstract operation. 



105 

If one prefers not to assume the abstract operation as 

the canonical model, then he can choose one of the model 

structures as the canonical model, or else assume the 

existence of a mental structure which is held in common by 

all the model structures and which is psychologically 

derived out of the awareness of the isomorphism (48). The 

other operations of arithmetic can be characterized in a 

similar manner. 

As a result of awareness of the multiplicity of embodi-

ments of the operations of arithmetic, a perhaps naive 

debate has arisen concerning whether one should think of 

many different types of addition, subtraction, multiplication, 

and division, or characterize each operation as one abstract 

mathematical entity with simply many interpretations at the 

concrete modular level. McLellan and Dewey, in a discussion 

of two interpretations of division, took the position that 

division is one operation on the whole numbers with several 

interpretations: 

There are not two kinds of division; there 
is one operation leading to one numerical result 
having two related meanings. It seems therefore 
unnecessary, either on psychological or practical 
grounds, to institute two kinds of division—viz., 
division (why not quotation?) in the ordinary sense 
of the word, and "partition"—when the search is 
for the numerical value of the measuring quantity. 
. . . better give one name to one operation result-
ing in two correlated meanings than to have two 
names for one and the same operation (101, p. 123). 
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Modular reflections of the whole numbers.—There are 

under treatment several reflections of numbers. Numbers 

functioning as state, operator, operand, cardinal number, 

ordinal nuraber, scale number, color, and pattern have been 

mentioned. Perhaps here is a characterization of the 

concrete foundation of whole nuraber and the nature of whole 
* 

number itself. This characterization of number is embedded 

in operation, _i. e_. , numbers are not being studied separately 

from the operations on them. Perhaps one might say that 

number, or physical or modular number, is anything that can 

systematically function as the elements of S1( S2r and S 3. 

This type of number may include many and varied interpreta-

tions. Perhaps a whole number is a pure number, an 

abstraction arising from all these modular interpretations. 

To use the Russell type of characterization, a whole number 

is a set of horizontal classes, just as a finite cardinal 

number is the set of all sets equivalent to a certain 

standard set. 

Quality of Fit 

Under the heading of "Representation," there is the 

problem of determining what is meant by quality of represen-

tation or closeness of fit. In reference to the concrete 

basis of mathematics, Judd speaks of situations being 

"generically alike" (89, pp. 95-96). Van Engen and Gibb 

speak of situations being "structurally the same" (150). 
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These considerations provide an implication that different 

situations are related by different degrees of closeness of 

fit. Scandura refers to examples that are related to a 

structure but are not a model of the structure (124, p. 736). 

The problem of accuracy of representation of a mathematical 

concept was of concern to the Cambridge Conference on School 

Mathematics; "We believe that no mathematical idea can be 

presented clearly unless it is also presented correctly" 

(35, p. 25) . 

Wertheimer was perhaps the first psychologist to make 

widely known the assumption that situations have a perceived 

and intrinsic structure, and that mental structures are 

hypothesized to exist in such a way that they fit. the 

physical situations. Since then, other psychologists have 

continued the development of this and associated constructs 

(2, 11). Van Engen and Gibb suggest that there are at least 

two domains of structure—"the physical structure" (the 

sequence of events and arrangements of objects); and "the 

psychical structure" (that which causes a given situation to 

make sense) (150, p. 38). 

Closeness of fit between two physical situations.—The 

following is a discussion of closeness of fit between physical 

situations: 

In arithmetic the child is confronted with • 
many situations of the following nature. By way 
• of verbal problems he is told that here is a 
5-group (5 apples, 5 pennies, 5 cookies). Then 
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something is said to indicate that" a 3-group 
joins the 5~group. The question now becomes, 
"What is the number associated with the result-
ing aroup?" . . . [This will be called Situation 
A.] 

Now consider the how many more are needed 
problem in arithmetic. . . . Again, by various 
combinations of words, the. child is told that here 
is a 5-group. Another group joins the 5-group 
but. we are not told how many objects it contains. 
Now the child is told that there results an 8~group. 
He is asked to determine the number associated with 
the joining group. . . . [This will be called Situa-
tion B.] 

. . . First, a group of known size (let's 
say 8) is presented. 

Second, by various combinations of words the 
child is told to remove (or forget about) a sub-
group whose associated number is 3. 

Third, the child's attention is then centered 
on the remaining group (How much is_ left?). [This 
will be called Situation C. ] (150, pp. 442-̂ 444) . 

Gibb reports that children see Situation B as being different 

from Situation C, that is they do not fit, or they have 

different structures (71). Van Engen and Gibb suggest that 

children would see Situation A and Situation B as being more' 

alike than Situation B and Situation C (150). This discus-

sion introduces the idea that physical situations have 

structure, and that relations of quality of fit exist between 

them. One way to characterize the structure of physical 

situations and closeness of fit between thera is by the 

response of children. 

Closeness of fit between concrete concept and physical 

situation.—Closeness of fit between concrete concept and 

physical situation can be illustrated by the use of the pre-
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child has learned the set union model for addition and the 

take-away model for subtraction, one could ask the question 

as to which of Situations A, B, or C fit these concepts most 

closely. Van Engen and Gibb suggest that according to 

children's responses, Situation A and Situation B would be 

rated closer to the set union model, and Situation C would * 

be rated closer to the take--awy model. Perhaps this dis-

tinction seems trivial, except that it is a common practice 

to expect children to see Situation B and Situation C as 

being alike, since both require subtraction computation. 

Closeness of fit. between an abstract concept and 

physical situation.—In the above example, the concepts 

under discussion were concrete. There is also the problem 

of closeness of fit between an abstract concept such as 

addition on the whole numbers and a physical situation. This 

is a type of question which runs into many controversies 

because of the freedom of modeling and number of levels of 

abstraction. For example, in relation to the above Situations 

A, B, and C, many teachers would argue to great length that 

Situation B is closer to subtraction than addition, and others 

would have the opposite opinion. It is true that both sub-

traction and addition on the whole numbers model Situation B. 

Judgment as to goodness of fit usually depends upon the 

hierarchy of connections one has learned between the abstract 

and the situational aspects of arithmetic. 
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In any case, as others have noted, physical structure 

does seem to influence children's thinking (105), and there 

is a problem of closeness of fit between these structures. 

Here, it is being suggested that this closeness of fit be 

analyzed in terms of closeness of fit between physical 

situations, closeness of fit between concrete concept and 

physical situation, and closeness of fit between abstract 

concept and physical sitxiations. The structures under con-

sideration are, of course, those, which are associated with 

the operations of arithmetic. 

Johnson suggests that conceptualization is affected by 

closeness of fit: "Conceptualization is therefore easier the 

more it resembles the perception of concrete objects" (86, 

p. 239}. Others suggest that visual aids be evaluated in 

terms of closeness of fit to mathematical ideas. Possibly 

the above analysis can be applied to considerations such as 

these. 

Embodiment.—According to Dienes, if a collection of 

situations, a game, a teaching aid, a model structure has 

"good enough, fit" with the mathematical structure, then it 

is termed an embodiment. If it models or symbolizes the 

mathematical structures, but it does not have "good enough 

fit," it is simply termed a representation. Most systems 

of symbols are only representations. While only some 

symbolic systems are embodiments, every embodiment can 
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function as symbolism. In the following quotations, Dienes 

discusses this distinction: 

We have seen that in a sense embodiments 
can act as symbols, but in another sense certain 
types of symbolism can act as embodiments pro-
vided the symbolism is close enough, to expressing 
the actual relationship symbolized, or at least 
a certain aspect of it. Graphs and tables of 
various kinds come under this category (49, 
p. 138). 

We saw in Example 27 an instance of the use 
of an embodiment as symbolism. This is usually 
a good bridge between the mathematical structure 
and its symbolization. The use of the Cuisenaire 
rods is based on this principle; the rods become 
for a time another symbolism—to children a much 
more suitable and convenient one—before they 
pass on to the more conventional symbols. Embodi-
ments can vary from full representation to very 
little representation. The MAB are fully repre-
sentational in the sense that the numerical 
relationships studied are truly, not only 
conventionally, embodied in the material. The 
Cuisenaire rods are also fully representational 
until the "crossing over," which no longer 
embodies but only indicates—symbolizes--the 
product. The abacus is an example of a partial 
embodiment; the number of each of the powers is 
actual, but the powers themselves are conventional. 
Passing through a series of embodiments with more 
and more conventionalized properties could be an 
aid in travelling the road from the pre-symbolic 
to the symbolic appreciation of structures (49, 
p. 135). 

Thus, according to Dienes, some relatively concrete 

representations have such arbitrary correlates that they 

are not embodiments even though they are concrete in that 

they involve the manipulation of objects. The "crossing 

over" (68, p. 31) has been stripped of structural elements, 

and as a result no longer functions as an embodiment. 
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Odd representations.—Perhaps it is appropriate at 

this time to point out some model structures which are valid 

representations but which appear awkward and without social 

application. One such structure is termed "the set replica-

tion, take-away structure." Teachers, children, and 

textbooks have been known to use it to rationalize subraction. 

A large percentage of the preservice teachers (possibly as 

much as 50 per cent) will resort to this interpretation if 

they are given a place-value packet chart and asked to 

utilize it and some tickets to rationalize the decomposition 

subtractions algorism. 

They will place in the top row of the chart a set of 

tickets, the cardinal number of which is the minuend. They 

will place in a lower row of the chart a set of tickets, the. 

cardinal number of which is the subtrahend. Then, they 

begin to take away from the chart the set of tickets on the 

lower row and realize that this does not model subtraction. 

To compensate for this, they will remove the tickets in the 

lower row and remove another set of tickets from the top 

row, the cardinal number of which is the same as the cardinal 

number of the set in the lower row. In essence then, what 

they have done is to start the series of events with the 

presence of two sets; call them the minuend set and the 

subtrahend set; then remove the subtrahend set; then remove 

a subset of the minuend set, the cardinal number of which 

is the subtrahend. Any situations which have these attributes 
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will be termed an instance of the set replication, take-away 

model structure, 

A replication set union model structure is used in the 

Addison-Wesley Grade 1 school mathematics text (58). This 

model also has a curious bent to it. The pictures reproduced 

in Figure 18 are found on page 91. In relation to the frames 

Fig. 18--Frames from Addison-Wesley, Grade 1 text 

in the picture, the teachers are given the following instruc-

tions : 

Thus in exercises such as that at the top 
of page 113, we use sets which appear to be 
identical in order to suggest the idea of 
equality. The number of objects of the two sets 
is the same ( 3 + 1 = 4 ) , but the sets themselves 
are not equal (58, p. 90). 

irom this remark xt appears that to illustrate the addition 

fact 3 + 1 = 4 by this method, one should secure a supply of 

oojects. Then, place a set of three and a set of one before 

him. Next to this collection an equivalent set is placed, 

perhaps by a matching process, and then the cardinality of the 

latter set is determined. In all, eight objects are involved 

rather than four. With appropriate correlates, this model 
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Accuracy of representation—'embodiment versus language.-• 

The following quotation presents the type of inaccuracy of 

representation which occurs when one attempts to use less 

than official mathematical language: 

Now, meta-language is always troublesome, 
and never as simple and precise as the "official" 
language. As a result, when older texts tried to 
tell the students how, for example, to "add 
numbers of unlike sign," they usually gave the 
following rule: "Subtract the smaller from the 
larger, and use the sign of the larger." 

This rule is not merely vague, it is wrong! 
Try it on 

+10 + -3 
Now, -3 is surely smaller than +10 (since it lies 
to the left on the number line), and so we must 
subtract -3 from +10, 

+10 3 
The result is, of course, +13. This already has 
the "sign of the larger," so further adjustment 
is unnecessary (43, p. 159). 

One alternative to stating rules which describe elements of 

a mathematical structure is to build an embodiment of the 

structure in the form of a physical representation. A well-

known embodiment which replaces the above rule is often 

called the number-line representation for addition of signed 

numbers. Students, by experimenting within the conventions 

of the embodiment, soon learn its regularity and patterns 

and can predict results and perform computations. In this 

approach, it is not necessary to state rules for computation, 

but each student functions at something of a subverbal level. 

In this manner, they get correct responses, they have a 

notion of some of the basic elements of the structure, and 

pernaps the structure has been more accurately represented 
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by the embodiment than it would have been by the meta-

language. 

Accuracy of representation by aids and devices. 

Accuracy of representation is involved in the larger question 

of effectiveness of sensory-perceptional aids used to provide 

instances of models. A number of investigators have pointed 

up the lack, of clear evidence for the effectiveness of 

sensory-aids (57, 72, 92, 96). Nonetheless, teachers are 

still dependent on the use of devices and continue to express 

faith .in their veracity. 

By way of illustration, the following is a discussion 

of the problems of using aids to teach subtraction. The 

discussion will be based on the use of the take-away or • 

subtractive situation in the teaching of subtraction. One 

step in evaluating accuracy can be performed by criticizing 

this conceptual representation of the operation. Another 

step is to criticize the material for providing instances of 

the subtractive situation model structure. The media 

available to most teachers are manipulative materials, pic-

torial materials, blackboard, pencil and paper, text, and 

supplementary printed materials. 

Vanderplas (145, p. 91} points out that the take-away 

type situation is .not difficult to present by manipulating 

objects before the students, but that certain pictorial 

representations either get one into difficulty or require 
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some explanation. This same awareness of difficulty of 

pictorially representing take-away situations is acknowl-

edged by Grossnickle and Brueckner (74, p. 139). In 

Figure 19 two pictorial representations are shown. In the 

OOOOO-OQ = O O O 

Fig. 19-—Two pictorial instances of the take-away model 
structure. 

figure, pictorial representation (a) is supposed to repre-

sent the process of having a set of five objects and removing 

a subset of two, leaving a subset of three objects. To 

imagine such a sequence as a result of this drawing takes a 

lot of arbitrary interpretation. One must assume that the 

two circles immediately to the right of the minus sign 

represent the same objects as are represented by two circles 

to the left of the minus sign. A similar assumption must be 

made about the three circles to the right of the equal mark. 

Each object under discussion is pictured in this pictorial 

representation twice. The minus sign here is supposed to 

represent the action of taking away. One is not supposed, 

however, to take away the circles immediately to the right 

of the minus sign, but to imagine two circles being removed 

from the referential set. If the child thinks of the two 
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pictured circles as being removed, he is left with a set of 

five objects and thus has switched to an instance of the 

Indian Giver model mentioned earlier. Van Engen also 

strongly criticizes this particular visual aid (47, p. 87). 

• Pictorial representation (b) in Figure 19 is not beyond 

reproach. It too requires some explanation. The child must 

be carefully instructed as to how the drawing is representa-

tive of a subtraction situation. 

The point of this section is that aids for teaching the 

operations of arithmetic be analyzed in terms of a two-stage 

analysis. The model structure and the correlates are to be 

carefully declared and evaluated as representatives of an 

abstraction; then the aids can be evaluated in terms of 

their quality of representation of instances of the model 

structure. Deliberate strategy can be developed to vary the 

non-critical concomitants of the concept so that the student 

and the teacher are not so much victims of the aid, but users 

of it. 

Accuracy of representation by exposition.--There is 

great room for improvement in the accuracy of exposition 

representing the modular level. The following example, 

describing the divisive situation modular representation of 

division vjith measurement information, is open to criticism: 

The basic property of this division is that 
we know the size of two sets but we do not know, 
to begin with, how many of the first set are 
contained in the second. We are comparing one 
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set with another and asking, "How many of this 

set are there in that set?" (22, p. 29). 

This statement is an attempt to describe the following 

situation: A set of objects is separated into several 

equivalent, disjoint subsets each of a known cardinality. 

The rule is to make as many such subjects as can be made 

with the initial supply. The cardinality of the initial 

supply -is known. The question is, "How many such subsets 

can be made?" 

The following are some of the possible interpretations 

of this quotation; 

1. The two sets are disjoint. The answer to the 

question is, None of these sets are contained in that set. 

2. One of the sets is a subset of the other. The 

answer is, It is contained as a subset once. 

3. The sets are disjoint, but one is to construct 

subsets which are equivalent to the set with larger 

cardinality. There is a multiplicity of answers here. 

4. The sets share some elements in common but one of 

them is not a subset of the other. The answer is t None. 

Here, quoted from a teachers' edition, is an example 

of a very poor description of instances of a model structure. 

Although it may be impossible to have a perfectly accurate 

language, it is proposed that within the concrete structure 

of arithmetic, there should be some conventions as to 

quality and accuracy of language. 
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Teaching the Concrete Structure 
of Arithmetic 

In this major section of Chapter II, conceptual elements 

of the model, construct which bear more directly on problems 

of teaching arithmetical concepts through the use of embodi-

ments of those concepts are developed in five sections. 

First, the educational concept "concrete structure of 

arithmetic" is outlined, Each of the elements of a modern 

mathematical system has its reflections at the modular level. 

These reflections can be considered to constitute the con-

crete structure of arithmetic which provides the foundation 

of the abstract level, both psychologically and mathematically; 

or provides the domain of applications of the abstract level. 

In the tentative outline of the model construct, 

reference was made to conventions of language to be associ-

ated with the use of models of the operations of arithmetic. 

These problems of language and rigor are discussed under the 

heading of "The Issue of Rules for the Use of Models" and 

several recommendations are presented. 

In the third section, one of the critical problems of 

school mathematics is located--the switching of either 

models or correlates. The concept of switching constitutes 

one of the most directly applicable concepts making up the 

model construct. 

Another conceptual element contributing to the model 

construct is the concept of the stimulus field for the 
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operations of arithmetic, In the fourth section, this 

stimulus field which involves all the modular reflections of 

the operations of arithmetic is defined and some development 

of its texture is presented. 

As a part of the model construct, it seems appropriate 

to introduce the notion of sources of knowledge alternative 

to rationalization by appeal to models of the operations of 

arithmetic. Under the heading of "Sources of Knowledge 

other than Modular Rationalization," several other forms of 

rationalization of arithmetic principles and concepts are 

contrasted with rationalization by appeal to models, 

Modular Representation of a 
Number" System 

This section presents another concept contributing to 

the model construct. It is the suggestion that not only do 

the operations of arithmetic have concrete reflections, but 

that the elements of the abstract number systems making up 

the mathematical outline of arithmetic have modular reflec-

tions. The abstract number systems constitute what might be 

termed "the abstract mathematical structure of arithmetic," 

and the systems of modular reflections of these number 

systems and their relation to the abstract domain constitute 

what might be termed "the concrete structure of axithmetic." 

It is interesting to note that it is the business of mathe-

matics education to be concerned with both the abstract 

mathematical and concrete structure of arithmetic. 
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For example, in the primary grades the study of the 

system of whole numbers is begun through its modular reflec-

tions. The system of whole numbers is composed of a set of 

mathematical objects called whole numbers. Upon this set is 

imposed a set of ordering axioms. Two operations arid two 

inverse operations are defined. These operations are 

axiomized to be commutative, associative, and related by a 

left-hand distributive property of multiplication over 

addition. Identity elements for the two operations are 

axiomized and a multiplicative zero is assumed. A cancel-

lation axiom is declared. Other elements upon which the 

system is based are a numeration system, a set of rules of 

logic for statements and proof, and conventions as to 

definition, axiom, and theorem. Each of these definitions, • 

axioms, or principles has concrete reflections. This 

collection of concrete reflections and its sub-systems make 

up the concrete structure of the system of whole numbers. 

Gattegno has put together a system of relationships on 

his Cuisenaire rods which he claims not only model isolated 

mathematical concepts, but they model the system of rational 

numbers as a whole {69, pp. 14-15). Perhaps there is some 

virtue and beauty in having as consistent a representation 

as possible—one with few changes in material, correlates, 

basic concrete contents, and symbolic representations. The 

structure of Gattegno"s system might be termed "a concrete 
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Perhaps, on the other hand, this limitation in variation 

of noncritical concomitants may result in little true mathe-

matical abstraction. An interesting associated question is 

concerned with when the variation should take place—from 

one mathematical system to another, from one modular system 

to another modular system, or from one individual modular 

reflection of a single concept to another (55, p. 25). 

It is then suggested here that arithmetic has two 

structures. It has the abstract, mathematical structure and 

the concrete structure. The concrete structure is composed 

of modular reflections of elements of the abstract structure 

and the modeling relationship between the two. 

It may be that certain educators are hesitant to burden 

children with learning mathematical structures such as 

group, ring, or field, since these structures have always 

been in the domain of university mathematics. It may be 

feared that these structures are too difficult for children 

to learn. However, a brief review of these mathematical 

structures and their concrete reflections suggests that they 

involve the same primitive concepts as those involved in the 

concrete reflections of the system of whole numbers. 

The Issues of Rules for the 
Use of Models 

In the axiomatic method in particular, and in mathe-

matics in general, there are rules for the use of mathematical 

r%*K +• <*•* m • 
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such practices as acknowledgement of divorcement from 

empiricism and immediate practicality, acute awareness and 

acknowledgement of assumptions and definitions, distinction 

between levels of abstraction and differences between 

logical entities e) t distinction between mathe-

matical proof and empirical rationalization, concern with 

existence and construction (Hilbert), and distinction 

between objects and their names (Godel). Currently there is 

a debate about how to adapt these rules to modeling practices 

in the elementary and secondary school mathematics programs. 

Most educators acknowledge the existence of standards for 

correctness of concepts and accuracy of terminology in a 

body of knowledge such as mathematics- There is a question 

as to how these should be translated into prescriptions fox* 

teaching mathematical knowledge. If certain elements of 

rigor are to be imposed upon the student, then the transition 

from the concrete modular domain to the abstract domain 

should be made in such a way as to maintain this rigor and 

equally as important, the student's appreciation of its 

value (159). 

Phillip S. Jones, in his 'article on the history of 

matnematical education published in the Fiftieth Anniversary 

Issue of The American Mathematical Monthly, listed six 

questions of prime importance to mathematics education. Two 

of these emphasized the importance of consideration of rules 

for modeling {87, p. 54). Thus far in this study, the role 



124 

of physical applications and physical models in their rela-

tion to the abstract operations of arithmetic has been . 

analyzed. At this stage, the levels of rigor which are 

sound and desirable are being considered. 

Jerome Bruner1s respected contention is that the very 

young can learn the primitive elements of a body of knowledge 

with "scrupulous intellectual honesty": 

The reader will find the chapter devoted to 
this theme introduced by the proposition that 
the foundations of any subject can be taught to 
anybody at any age in some form. . . . the basic 
ideas that lie at the heart of all science and 
mathematics . . . are as simple as they are 
powerful. To be in command of these basic ideas, 
, . . comes from learning to use them in pro-
gressively more complex forms. The early teaching 
of science, mathematics, . . . should be designed 
to teach these subjects with scrupulous intellec-
tual honesty, but with an emphasis upon the 
intuitive grasp of ideas and upon the use of 
these basic ideas (27, pp« 12-13). 

If one is to make .this assumption of Bruner's, then it 

seems necessary to address himself to the problem of pre-

senting an intellectually honest characterization of the 

relationship between the intuitive-concrete domain and the 

mature abstract mathematical domain. With respect to the 

operations of arithmetic, this concern comes under the con-

sideration of riiles for modeling. 

Other noted authors who have acknowledged the validity 

of teaching arithmetic in such a way that the scholar's 

point of view is represented are Thorndike (142, p. 228), 

McLellan and Dewey (101, p. 20), Dienes {48, pp. 34-35), 

Fehr (60, p. 86), and Chronbach (40, p. 82). 
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To answer the total question as to rules for modeling 

would be to build a prescriptive system which covers all of 

mathematics and applied mathematics. Such a task is of 

course beyond this study. Nonetheless, some of the elements 

of this problem are considered below. 

The issue of rules for modeling the whole numbers under 

operation.—With respect to rules for modeling, several 

issues arise out of the whole numbers under operation. One 

concerns the choice of interpretations of whole number which 

are more valid for the elementary school, and the other con-

cerns the quality of language which one should use in 

distinguishing between the abstract numbers and their 

modular reflections. It is only being suggested in this 

study that teachers be made aware of these distinctions and 

the problem of valid characterizations and language for 

children be explored. With respect to language standards, 

it would be desirable to find more frequent use of such 

terms as "modular interpretation," "concrete objectification," 

and "operational definition" in the professional literature 

and material for teacher training. 

Examples of awareness of the various concrete reflec-

tions of number and the use of phrases which acknowledge 

levels of abstraction can be dated back in the literature 

dealing with arithmetic teaching quite a few years. This 

practice is evidenced by the following quotation from 

Thorndike: 
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A number has not one meaning, but several. 
Thus eight means a certain point or place in the 
number series, . . .'This we will call the series • 
meaning. Eight also means the number of single 
things in a collection of eight boys, . . . This 
will be called the collection-size meaning. Eight 
also means 8 times a certain unit," . . . This we 
may call the quantity-size or ratio meaning (142, 
p. 107) . 

At other times when referring to the concrete reflections of 

number, Thorndike uses such terminology as "in objectifying 

a number" (142, p. 108). Thus, he gives an indication of 

the role of modular interpretations as is being suggested. 

Maintaining a distinction between the abstract operations 

and their modular reflections.—Swain (141, pp. 279-280) 

pointed out that in mathematics instruction, symbols are 

used which refer to the abstract domain, the concrete physi-

cal domain, and themselves. Principles in arithmetic are 

statements about number at the abstract level, the modular 

domain, and systems of numerals. Misconceptions and rote 

learning occur when these levels are not understood and 

made distinguishable in the mind. 

Meserve suggests that this distinction between mathe-

matical objects and physical objects should be emphasized in 

school mathematics: 

When mathematical systems are interpreted 
as representations of various aspects of the 
physical universe, both the relationship and 
the distinction between the sets of physical 
objects and the set of mathematical symbols 
should, be emphasized. At the elementary school 
level this may be done by emphasing [sic] that 
numbers fiave properties of their own that do 
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not depend upon the particular set of physical 
objects under consideration by the pupils. No 
formal treatment is implied or suggested—simply 
careful distinctions such as that between "3" 
and "3 apples." Such distinctions should also 
be made at all levels. Difficulties with units 
of measure, confusions regarding proofs of such 
statements as 2 + 2 = 4, and many other trouble-
' some problems may be removed by recognizing 
number symbols as elements of a mathematical 
system, a model that may be used or applied in 
several different situations (103, p. 414). 

In this quotation one finds the suggestion that the opera-

tions of arithmetic are a part of a mathematical system 

that models different, situations and that a distinction be 

maintained between the mathematical aspects and the situation-

al aspects of arithmetic. More specifically, a distinction 

should be maintained between the operations of arithmetic 

and their modular reflections. 

Similar suggestions are being heard in the more recent 

literature (60, 50, 56). 

The following quoted material presents examples from 

the school mathematics literature in which these distinc-

tions are maintained: 

There are other topics, such as division of 
fractions, which have natural interpretations 
in terms of our model (16, p. 654). 

The next two axioms are called "addition" and 
"subtraction" axioms for angles. The names 
are metaphoric of course, since we have not 
defined addition and subtraction of angles 
(90, p. 80). 

A new method of thinking of the rods and arrang-
ing them is described, representing subtraction 
(.68, p. 20), 
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In this quoted material, the authors demonstrate concern. 

with maintaining the distinction between operations on 

number and modular representations by using the terms 

"natural interpretations," "representing," and "metaphoric." 

"In spite of the widespread suggestion that these dis-

tinctions be maintained, school materials are full of 

violations of this principle. For example, on the cover of 

a Holt, Rinehart, and Winston, 1963 arithmetic textbook (22), 

the symbols "«*• + ©«#" are found. If these dots are to be 

interpreted as objects, this symbolism presents a violation, 

of the principle of distinction; and if they are to be 

interpreted as numerals, then they are a nonstandard type 

of numeral and an explanation should accompany the symbols. 

Symbols such as "2 cents + 5 cents = 7 cents," and 

"2 feet + 5 feet = 7 feet," are found in the more recent 

elementary school material published by the American Book 

Company (46). These symbols are also violations of the 

principles of maintaining a distinction between the abstract 

operations and their domain of application. More examples 

of such, violations, as well as more desirable practices, are 

found in Chapter V where criteria for analysis of textbooks 

derived from this principle are applied to certain elementary 

school mathematics textbooks. 

There are strategies available for maintaining the 

distinction between modular representations and abstract 

operations. A strategy which arises out of the model 
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construct and the awareness of multiple embodiments involves 

the presentation to students of several models before a 

standard mathematical terminology is introduced. Bruner and 

Xenney made the suggestion that this sti*ategy will result in 

less resistance to symbolism and a more mature awareness of 

its function (30, p. 55). 

Hastad reports that the experimental materials written 

by the Nordic Committee for Modernizing of School Mathe-

matics which are widely used, in Denmark and Sweden follow a 

practice of postponement along with the usage of a rather 

abstract set union model for addition (81, p. 393). Dienes 

(54, p, 135) -suggests a strategy referred to as the half-way 

house principle in which one deliberately mixes language 

according to the inclinations of the children and attempts 

to acknowledge constantly the distinction between levels of 

abstraction. However, this half-way house strategy is 

embedded in a multiple embodiment strategy and is not an 

attempt to use loose language just because it is attractive 

to the naive learner. The mixing of .language outside such 

carefully designed strategies is likely to handicap the 

child in the formulation of relatively pure abstractions 

and the appreciation of symbolism reserved for it (38, p. 41) 

Distinction between number and numeral, name and 

referent.—Another problem related to levels of language 

involves the distinction between number and numeral. Some 
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authors claim that understanding of mathematics is blocked 

by failure to .make this distinction, and others seem to feel 

that such a distinction only confuses the issue and is 

pedantic. There are many references to this issue in the 

school-mathematics literature (6f 7, 60). Dienes is perhaps 

representative of the preference that children be taught 

this distinction as is evidenced by the following: 

It is most important that the children under-
stand this difference between the actual object 
and the symbol which represents it. . . . This is 
not a quibble. It is very important for children 
to be aware of the difference between symbol and 
symbolized, for use at a later stage, when they 
come to symbolizing abstractions, such as number 
(56, p. 95). 

The recommendation is made in this paper that it seems 

at least appropriate for teachers to be knowledgeable of the 

distinction between material which is non-referential or 

non-pictorial, and material which in some way stands for 

something other than itself (139, p. 227; 8), 

Modular rationalization versus proof.--Teachers are 

often heard to claim, that the putting together of a set of 

three objects with a set of two objects to make a set of 

five objects proves that 3 + 2 = 5. Again, here is a mixing 

of levels of abstraction. If by the statement "3 + 2 = 5," 

one means a set of three objects put with a set of two 

objects makes a set of five objects, then perhaps it has 

been demonstrated experimentally that it worked that way at 
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operation on number defined within a number system, then it 

has only been shown chat addition is a consistent model of a 

certain physical situation. 'This latter point of view is 

emphasized by Meserve: 

Think of any one of the proofs that 2 + 2 = 4 . 
Many people feel that proofs of this sort are 
superfluous since any child knows that when a 
bundle is formed of two sticks and then two more 
sticks are added, there are a total of four sticks. 
The child knows this. He can count the sticks. 
But this does not prove that 2 + 2 = 4 . It simply 
demonstrates that a set or bundle consisting of 
two sticks and two sticks contains four sticks. 
A formal proof that 2 + 2 = 4 shows that the 
mathematical system is consistent in this respect 
with the sets of sticks. The proof concerns a 
property of the mathematical system—the set of 
integers; it does not have any influence on the 
physical world. A recognition of this signifi-
cance of the proof removes the circularity that 
some seem to have suspected as being present in 
mathematical proofs. Admittedly we often use 
apparent properties of physical objects to obtain 
postulates for our mathematical systems. For 
example, we may use properties of sets of discrete 
objects to obtain Peano1s Postulates and then 
develop the set of positive integers from these 
postulates. However, the proofs of properties 
of positive integers must be regarded as just 
that—proofs of properties of positive integers 
such as 2 + 2 = 4. They are not proofs for sets 
of objects. We work in the mathematical system 
instead of in the physical world. Only by work-
ing formally in the mathematical system can the 
students gain the insight that is necessary for 
an appreciation of the mathematical system as 
an entity in its own right with a multitude of 
applications (103, p. 415). 

Perhaps then the teacher should say only that he has 

illustrated that a set of two put with a set of three makes 

a set of five; and to represent this, he simply writes the 

mathematical sentence 2 + 3 = 5 . However, unless there is 
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enough variation in the concomitant representations, the 

child will likely soon come to the conclusion that 2 + 3 = 5 

has only the set union meaning. Especially should the 

teacher be aware that he has not proved in a mathematical 

sense that 2 + 3 = 5 . 

If modular rationalizations are allowed to constitute 

proof, then the little boy who attended a double header 

baseball game in which Mickey Mantle got one hit out of 

three times at bat in the first game, and two hits out of 

four times at bat in the second game, has proved that 

1/3 + 2/4 j- 5/6, He reported that since altogether Mickey 

Mantle got three hits out of seven times to bat, then 

1/3 + 2/4 = 3/7 and 3 out of 7 is not the same as 5 out of 

6. The mathematical literature is full of humorous and 

curious little illustrations where one uses a mathematical 

principle out of context and then remarks that the principle 

is not "true." Modular situations do not prove mathematical 

principles; they only model them in the concrete domain and 

demonstrate that the abstractions are valid in the sense 

that they have concrete reflections. 

Definitions based on the modular domain.--For primary 

age children and for certain segments of the population 

which do not need a high level, of mathematical literacy, it 

is perhaps appropriate for the definition of mathematical 

objects to be in terms of their concrete reflections. How-

ever, at some stage of their mathematical education, a 
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certain segment of the strident population should be freed 

from the limitations of concrete criteria for definition and 

move up to the mathematical criteria. 

Definitions are found in both the abstract and the 

concrete structure of arithmetic. A definition at the 

concrete level is termed "an ostensive definition." This 

type of definition is especially appropriate for those who 

cannot yet handle two variables within the process of making 

proportions and are limited to definitions that are based 

upon pointing, picking up, and doing (29, p. 9). Models for 

the operations of arithmetic provide much of the material 

out of which to construct such definitions. 

At the mathematical level, Russell states that a 

definition ". . . is a declaration that a certain newly 

introduced symbol or c o i r f o i n a t i o n of symbols is to mean the 

same as a certain other combination of symbols of which the 

meaning is already known" (122, p. 11), The combination of ' 

symbols being defined is technically known as the definiendum 

and the combination of symbols for which the meaning is 

already known is termed the definiens. Mathematical logicians 

generally consider that the words and symbols are being 

defined rather than the things or referents to which they 

refer. This form of definition is a part of the class of 

definitions termed in tens-tonal definitions. The point to be 

made here is t h a t intensional definitions exist at the 

concrete level as well as at the abstract level. 



134 

An alternative method of definition and a method which 

is more frequent in the world of the child is extensional 

defining. He learns to associate a word with a non-

differentiated collection of experiences, and by repeating 

and listening, gradually learns to reduce the size of the 

class of associates to form other word-class connections. 

While both intensional and extensional defining are practiced 

in the mathematics classroom, there are apparent dangers in 

both (95, p. xv). 

The use of extensional definitions even at the modular 

level may violate mathematical conventions, may teach the 

child inappropriate habits of mathematical thought, and 

may not be necessary. Perhaps it would be just as easy to 

provide readiness for the new definiens and then introduce 

new material in the Russell type format. This can be done 

at a level which does not require a lot of unnecessary 

verbiage. In this manner the child learns that new terms 

and definitions are not to be ignored but that they convey 

important information. Even at the modular level he learns 

that the label "definition" implies that the definiens is 

worthy of careful consideration and that even if the 

definiendum is already familiar, the definition contains an 

analysis that may express a notable advance over his present 

knowledge (94, p. 35). 

An example of an extensional definition at the modular 
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would be where the teacher reviews the elements of the 

rectangular array model and then aids the children in 

formulating the following modular definition: 6 is a factor 

of 18 means that one can make an array with 6 rows and so-

many columns without any objects left over. 

This modular definition brings up the question as to 

when a definition is complete or correct. For example, the 

above definition of "factor" is limited only to the rectangular 

array representation of multiplication. It does not encompass 

other concrete representations although it does satisfy the 

requirement that the elements of the definiens be primitive. 

Boyer, Brumfield, and Higgins set up the following 

criteria'for appropriateness of definition in arithmetic: 

A definition in elementary arithmetic should 
have the following characteristics: 

1. A definition should contain only words 
previously defined or sufficiently primitive to 
be accepted as undefined. 

2. A definition should be correct, but not 
necessarily complete. If it is not complete, it 
must be regarded as descriptive. 

3. A definition must be useful. This is 
the most important criterion of all. Definitions 
are the tools of the mathematician. They are 
purposefully created to attack problems (14, 
p. 2 51) . 

They gave the suggestion that definitions should be "correct" 

but not necessarily "complete." One set of dimensions of 

completeness seems to be completeness in the modular domain 

and another, completeness to a level of abstraction. This 

suggestion then introduces a form of "correctness" which 
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while they are not complete, do have a form of correctness. 

It is suggested here that as an element in the rules for 

modeling, this incompleteness be acknowledged when modular 

definitions are used. Thorndike (142, p. 227) acknowledges 

this same form of correctness. 

Another element of mathematical definitions which shocks 

many people is their apparent arbitrariness. Newman suggests 

that children learn to abide by mathematical conventions and 

agreements and acknowledge that they are arbitrary in measure 

although not random: 

Man-made definitions and agreements are an 
.integral part of society. Children must learn 
to accept them and to live with them. Often we 
explain the rationale behind what seems so 
arbitrary, but, in the last analysis, children 
must learn how far they can go with the restric-
tion which we have imposed (108, p. 381). 

In summary, the following elements of the model construct 

which bear on the use of definitions in the modular domain 

are noted: (a) Intensional definitions exist at the concrete 

level and thus the teacher has a choice of either extensional 

or intensional definition. There is a question as to which 

should be used and under what conditions. (b) Although 

modular definitions are quite concrete and easily accepted 

by the learner, they are equally as arbitrary as their 

counterparts at the abstract level. (c) In material for 

teachers and perhaps for children as well, the reservation 

that modular definitions are incomplete should be made 

apparent. Bruner follows this practice by the use of the 



phrase "a concrete form of operational definition" (30, 

p. 56). In School Mathematics Study Group Materials, phrases 

similar to the following one are used: "These diagrams are 

an aid in picturing multiplication" (128, p. 59). Marks, 

Purdy, and Kinney, in discussing the modular definitions of 

multiplication, used the terminology, "From simple models * 

such as these, . . . . A model for multiplication . . ." 

(102, p. 187). 

Levels of meaning of "=".—a college-level mathematics 

teacher might be heard objecting to one of his trigonometry 

students saying, "300° = -60°." His contention would be 

that in mathematics the only appropriate use for the symbol 

is to indicate that the symbol on the left of the equal 

mark and the symbol on the right of the equal mark both 

represent or name the same mathematical object. The symbol 

"300°" names the measure of an angle in standard position 

in terms of direction and magnitude and similarly for the 

symbol "-60°.11 These two symbols do not name the same 

direction and magnitude. Hence, the equal mark should not 

be placed between them. 

This discussion brings up the consideration of a 

certain convention in mathematics that is violated in the 

area of modeling the operations. Frequently, meanings 

other than the above are attached to mathematical statements 

involving the equal mark. For example, it is not uncommon 

to hear it said that 2 + 3 is not the same as 5 until they 



138 

are put together, and in the next breath write the sentence. 

2 + 3 = 5. In the strict'mathematical sense, this sentence 

means only that the symbol 2 + 3 names a number, and the 

symbol 5 names a number and they both name the same number. 

Yet, several other functions are assigned to such sentences; 

they must be unlearned or placed in appropriate relationship 

to the naming function. 

It then appears that there are several domains of con-

vention associated with the use of mathematical symbols. 

Since such a large percentage of school students are required 

to learn to function in these several domains, educators are 

becoming aware of the problems of negative transfer from one 

domain to another and open to suggestions which will limit 

this as much as possible. 

Dienes suggests that one way teachers unnecessarily 

violate these conventions is to mix levels of abstraction in 

one mathematical sentence. It is not uncommon to find the 

mark placed between symbols which name different logical 

entities. Dienes says: 

We do great disservice to children's learn-
ing when we put things like 

= 3 or worse - ~ ^ 

in infant school books. The left hand side of 
the ''equation" is a set, or at any rate a symbol 
for a set; the right hand side is a property of 
the set. 

A property cannot be the same as that which 
possesses the property. 

Redness is not. identical with the object 
which is red, nor is "three" identical with any 
set of three objects (52, p. 25). 



139 

Spitzer objects to the replacement of "equals" by "are" 

in mathematical sentences, and indicates a need for the. 

correct use of terminology (137, p. 105). It is quite one 

thing to determine conventions for language to be used with 

children, and another thing to develop a knowledge of these 

distinctions on the part of teachers. The following selec-

tion from a widely used methods book exemplifies the complete 

lack of concern with these issues on the part of authors: 

Write the facts on the chalkboard as 
follows: 

(a) 3 and 1 are 4 and 1 and 3 are 4 
(b) 3 + 1 = 4 and 1 + 3 = 4 
(c) The vertical form, 

3 1 
+1 or +3 
T ~T 

(74, p. 137). 

Absent in the text material is any suggestion as to the 

logical relations between these statements. 

In summary, the mathematical sentence has several 

functions. At the concrete level, it has the modeling or 

summarizing function. It describes a series of events or 

the significant elements within a model structure. At the 

formal mathematical level, the official function of a 

closed sentence is the number naming function. Currently, 

many arithmetic programs teach both functions. How much of 

the distinction bfetween these functions should be maintained 

when teaching children, and how much understanding of this 
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distinction children should have are questions open to in-

vestigation. It is only suggested here that teachers be 

taught some of these distinctions. 

Model Switching 

Switching from one modular representation to another is 

a common occurrence in elementary school mathematics 

materials. Perhaps, as some authors have suggested (41, 

p. 221), it is desirable to have a representation of an 

operation which does not require modification as one moves . 

from one universal set to another, and perhaps it is 

desirable to have one representation of an operation which 

subsumes all the possible modular situations which occur in 

the application of that operation. However, both these . 

requests seem not only impossible to satisfy but perhaps 

unrealistic in terms of the nature of the domain of modular 

reflections of the operations of arithmetic. Since such 

uniformity is impossible, and changes from one structure to 

another will always be present, changes should be -planned 

and deliberately controlled. It is unfortunate that care-

fully planned switching is not always the case. 

Teachers and authors, often unaware, make changes from 

one structure to another in the middle of the so-called 

stream, thus, introducing new material into the discussion 

without acknowledging it and without making sure that the 

learner is informed and helped over this difficulty. Many 
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of these changes are unnecessary and not in agreement with 

good mathematical taste. . This changing from one structure 

to another, termed "switching," is the subject of the 

following discussion. 

A common form of modification and switching of inter-

pretation occurs in the process of teaching an operation. 

One usually adopts a certain modular representation to be 

used in "defining" the operation, and then this representa-

tion is modified, correlates are switched, or a new 

representation is introduced in order to expand the operation 

to a larger domain. This may occur when one moves from the 

system of whole numbers to the system of rational numbers of 

arithmetic. In School Mathematics Study Group Grade 6 (126) 

program for teaching multiplication of fractional numbers, 

there is a good example of such a series of changes in' the 

modular basis for multiplication of fractions. 

Some authors (41) criticize these abrupt changes which 

are usually introduced to children by statements such as, 

"Now forget everything you have learned about operations on 

whole numbers, children. We are going to st\idy fractional 

numbers, which have a whole new set of rules" (41, p. 222). 

Although this practice injects a lack of continuity into 

the curriculum, it seems less suspect than going on into 

new material without informing the students that they need 

to expect new and different results. 
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Another form of switching occurs when one modular repre-

sentation is used for the- purpose of "defining" an operation, 

and application problems are assigned which have a different 

structure. Although these different structures can be mapped 

onto each other, many students are not capable of the kind 

of mapping which they are often called upon to perform. An, 

example of this type of switching occurs when children are 

taught subtraction by the take-away model and then given 

application problems with, the comparison structure. Unless 

the children are given careful help in the modeling or 

perhaps taught a completely new modular representation of 

subtraction, they usually fail to solve the problems. As a 

result, teachers are likely to become discouraged with 

attempting to teach applications. Much of this lack of 

success confronts the children as early as the first or 

second grades which is perhaps too early in the educational 

experience for failure in the area of creative problem 

solving. 

Examples of this type of switching can be found in the 

best of programs. In the School Mathematics Study Group 

Grade 6 (12 6, p. 34) program, .examples can be found in 

problems immediately following the rationalization of 

multiplication of fractional numbers by the by-model (these 

examples have been previously discussed under "Mapping One 

Representation Onto Another") and in School Mathematics Study 

Group, Grade 5 program (127, p. EB115-34) where the number 

line model is used to teach addition of fractional numbers. 
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There is no intention here to say that switching of 

this form should not occur. It is only to say that it should 

be done with care, Children should be given instruction in 

the required mapping. Mapping which is beyond the convenience 

and capacity of the teacher and the child should not be 

expected. 

Another form of switching occurs when a motivating 

problem is used to introduce the necessity for the use of an 

algorism in computation,, and the algorism is rationalized by 

a structure different from that possessed by the motivating 

problem. The following is a good example of this type of 

switching. 

In a methods book {102, p. 176) the following problem 

is used as a motivating problem. The problem has the 

comparison model structure, and the modular representation 

used to rationalize the algorism is the take-away modular 

representation: 

The pocket holder is used to objectify a 
problem such as: "Mary read 62 pages and Jan'e 
read 37. How many more pages did Mary read 
than Jane?" The teacher and pupils show 62 as 
six bundles of ten and 2 ones in the pocket 
holder. From this grouping of cards, 37 must 
be taken (102, p. 176). 

In the problem situation, there are two sets. One is 

the set of pages that Mary read, and the other is the set 

of pages that Jane read. Also, there is no "take-away" 

action suggested in the problem. This problem has a struc-

ture that is an instance of the comparison model structure. 
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The pocket holder is used in a manner which represents a 

completely different model structure. VJith the pocket 

holder, one set of 62 objects is used, and a subset of 37 

of these objects is taken away from the original set. This 

type of situation is an instance of the take-away model 

structure. Thus, the problem suggested to introduce the 

necessity for subtractive computation has one structure, and 

the method of rationalization of the algorism has quite 

another structure. 

Of course it is possible by being inventive to map the 

structure of the problem situation onto the structure of the 

method of rationalization of the algorism. Since the primary 

function of the introductory problem is to present the need 

for computation in something of a natural setting, it appears 

that it would have been just as easy to choose a motivating 

problem which has a structure more nearly that of the method 

of rationalization of the algorism. 

One can imagine a beginning teacher being led into a 

very difficult situation by illustrations such as the above. 

In fact teachers have attempted to teach subtraction computa-

tion with the use of the above material and have been led 

into the situation where they have placed a set of 62 objects 

in the pocket holder and another set of 37 objects in the 

pocket holder and began to remove a set of 37 objects and 

suddenly come to the awareness that such a procedure will 

fail to rationalize the algorism under discussion. The 



teachers were left in an embarrassing situation and may even 

have come to the conclusion that all the suggestions of the 

text are just added complications and not helpful. 

This type of switching occurs also in arithmetic text-

books. The following quotation presents a case where the 

motivating problem has a divisive situation model structure 

with partition information. The computational form is set 

up, and a rationalization of the algorism is begun: 

1, At Ann's party there are 63 cookies 
for 21 children. How many cookies are there 
for each child? 

3 There are 6 tens in 63. See 21)6 
21)63 Since 6 is less than 21, there will be 

63 no tens in the quotient. Change 
6 tens to 60 ones, making in all 63 
ones. 

There are as many 21's in 63 as there are 
2's in 6. 2)6 is 3. Write 3 above the 3 in 
ones' place. 

How much is 3 x 21? Each child gets ? 
cookies (22, p. 98). 

In the problem, 21 is associated with 21 sets. By reading 

the rationalization argument, one finds the phrase, "There 

are as many 2.1's in 63 as there are 2's in 6." Here the 

meaning of the 21 has changed to indicate the number of 

elements in each of the sets. The same type of structure is 

still under consideration, but' the meaning of the symbol 21 

has been changed. This amounts to a switch in correlates. 

In the motivating problem, the 21 meant one thing, and in 

the rationalizing argument for the algorism, the 21 is given 

a different modular interpretation. Another example of this 

type of switching is found in Thorndike (142, pp. 115-116). 
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A very surprising type of switching occurs where there 

is switching of models or correlates within a single rational-

izing argument. One assigns certain modular interpretations 

to the symbols in a mathematical sentence; the necessity for 

an algorism is acknowledged; the rationalizing argument is 

begun with the assigned referents; and then there is a 

change in the referential assignments of the symbols. The 

following material presents an example of this type of 

switching: 

1. A gardener has 60 bulbs. He plants them 
in rows of 20 bulbs each. How many rows of bulbs 
does he plant? 

Think; How many 20's are there in 60? 
3 20) 60 ~_? 

20)60 -See 20)6. This is 20)6 tens. We cannot 
60 put 6 tens into 20 equal groups and have 

tens in each group. So the quotient can-
not show any tens. 
See 20)60. This.is 20)60 ones. There 
are as many 20's in 60 as there are 2's 
in 6. 2)6=3. 
Write 3 in ones' place in the quotient. 
Why? 

How much is 3 x 20? (22, p. 82). 

In the first sentence,, the 20 is related to the number of 

objects in a set. The implication, is that from a supply of 

60 objects one is to make several subsets, each containing 

20 objects. This is also the structure of the motivating 

problem. Then later in the argument the following sentence 

occurs: "We cannot put 6 tens into 20 equal groups and have 

tens in each group" (22, p. 82). Here the meaning of the 

symbol 20 has been changed to mean the number of sets. Thus, 



147 

there is a switch in correlates right in the middle of a 

rationalizing argument. 

The following material presents a switching or irti.xing 

of modular representations in one paragraph and the indica-

tion by the author that certain mathematical principles are 

not modeled by the situations described. 

It has come to my attention that many 
modern texts and high school instructors do 
not mention the role played by a domain in 
dealing with properties of equality. Without 
a realization of this area one may find many 
confusing issues arising in class, challenging 
the following properties: 

If equals are multiplied by equals, the 
products are equal. 

If a = b and c = d, then ac = bd. 
If the domain does not come into the ex-

planation of this property of multiplication 
one may find the following perplexities: 

If one square mile is equal in area to one 
mile square, then it follows by this property of 
multiplication of equality that two square miles 
equals in area two miles square. This is clearly 
not so. 

If a glass is half full of water, it may 
be said to equal a glass half empty. If this, 
by assuming the glasses equal in size, etc., 
be the case, then one simply has to apply the 
property and multiply both sides of the equation 
by two to prove that a full glass of water is 
equal to an empty glass (155, p. 335). 

This quotation presents two paragraphs, each describing two 

situations, which are assigned to multiplication. A careful 

look reveals that one of the structures described in each 

paragraph is isomorphic to multiplication, and the other is 

not. No one should expect structures which are not models 

of the operations to model the properties of the operations, 
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and one should be wary when several different structures 

are mixed into one illustration. 

Questions as to consistency and switching occur in the 

area of teaching problem solving. For example, suppose that 

the child has learned the additive-situation modular repre-

sentation of addition and the subtractive-situation modular 

representation of subtraction. This means that with addition 

sentences the child associates situations where two disjoint 

sets are joined to form a single set, and with subtraction 

sentences he has learned to associate situations where from 

a single initial set a subset is removed leaving a remaining 

subset. Then he is given the following problem: "Torn had 

some blocks. Bob gave him 3 more. Then Tom had 7 blocks. 

How many blocks did Tom have to begin with?" He is told to 

write a horizontal mathematical sentence which represents 

the problem situation. The problem has the additive-situation 

model structure in that two disjoint sets are joined to form . 

a single set. To find the answer one would likely perform 

the computation 7 - 3 = n. However, this is a subtraction 

sentence and the child has learned only to assign it to take-

away or subtractive situations. Since the problem has the 

additive situation model structure, and if one is not to 

introduce some switching, one will have to write an addition 

sentence. The appropriate addition sentence mi.ght be 

"n + 3 = 7." 
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There is then a question as to whether one should main-

tain the established modular representation and write the 

sentence n + 3 = 7, or tell the student that subtraction 

gets the correct answer to the problem and tell him to 

write the sentence 7 - 3 = n. Hartung and his associates, 

in the Scott, Foresman program, follow the procedure in this 

case of teaching the children to preserve the correlates 

(80). Other authors suggest that the correlates should not 

be based upon the structural elements of the situation alone 

but on the quantitive information as well, and that children 

should write the subtraction sentence (74). 

In the divisive-situation type problems, this issue 

as to preserving correlates or switching them is well 

illustrated. The following quotation presents the policy of 

the Scott, Foresman program which is to preserve established 

correlates set up on the basis of the structural elements of 

the problematical situation: 

In the section outlining the work of Grade 
3, the two kinds of divisive situations in 
arithmetic were discussed.. Since the ability 
to distinguish between these types is important 
in problem solving, the topic is again considered 
here. In both situations there is, to begin 
with, a group of objects whose number is known; 
this group, then, is separated into equal sub-
groups. In one of the situations, the number of 
objects in each equal subgroup is known, and the 
number of such groups is to be found. For example, 
suppose that a group of 24 stamps is to be divided 
into groups of 3 stamps each. How many such groups 
can be formed? In this situation, groups of 3 
stamps may be formed, and the number of these 
groups counted. In symbols, the situation may be 
represented by the equation. 24 v 3 = n. This 
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type of situation should always be used to 
introduce the division basic facts. The 
general pattern for division may be expressed 
as follows: 

Total number 
in the 

number in 
leach of the 

number of 
. w.- . ^ ^ _ . equal i 
j original j * j equal j 1 subgroupsj 
! group I subcrroups I ' subgroups 

In the other divisive situation, the number 
of equal groups to be formed is known, and the 
number of objects in each of the equal subgroups 
is to be found. For example, suppose the 24 
stamps are to be divided into 3 equal groups. 
How many stamps will there be in each group? 
In this situation the subgroups cannot: be formed 
immediately because the number of objects to be 
put in each group is not known. In symbols, this 
situation may be represented by the equation 
24 T n = 3. Here the n holds a place for an unknown 
numeral representing the divisor (77, pp. 86-87). 

In the above material, irrespective of the quantitative infor-

mation available, the initial correlates are maintained. The 

first symbol in the grouping is associated with the number 

of objects in the initial supply. The second symbol in the 

grouping is assigned to the number of objects in each of the 

several equivalent, disjoint subsets formed; and the standard 

numeral position is associated with the number of subsets 

formed. 

Questions as to whether the established correlates are 

switched, whether and under what conditions models are 

switched, are open questions. It is hoped that this study 

has illustrated seme of the dimensions of the problem. 

Whatever is done,, it should be done deliberately and with 

the alternatives in mind. 
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In the preceding material, the practice of model and 

correlate switching has been illustrated fay considering, a 

number of types of switching. The types which have been 

presented are: switching which occurs in defining strategies 

both within and between number systems, switching which 

occurs from definition structures to application structures, 

switching which occurs from motivating problem to rational-

izing argument, switching which occurs in a single 

rationalizing argument, switching which occurs within a 

pattern which represents a principle, and finally switching 

which occurs in strategies for solving problems. To handle 

switching logically is one of the skills making up knowledge 

of modeling. A few of the forms of switching seem unnecessary 

and undesirable under the conditions in which they are found. 

This concept; of switching will be applied to analysis of 

certain well known elementary school mathematics textbooks 

in Chapter V. 

Texture of the Stimulus Field 

The set of all situations modeled by an operation of 

arithmetic will be called the stimulus field for that 

operation. Thus, the stimulus field for the operation of 

multiplication contains number-line situations, multiplicative-

situation instances, many-to-one correspondence situations, 

and so on. The total number of different types and classi-

fications within this set is beyond the imagination. All 
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t-hat one can say of this set is that it is the set of all 

situations modeled by the operation of multiplication on 

whole numbers. 

Judd, in the following historical remark, hints at the 

existence of such a stimulus field for each of the operations, 

While Judd did not make a clear distinction between the 

structure of perceptual experience and mathematical type 

structure, one can see that he did make a distinction 

between the "arithmetical phase" and the "situation phase": 

Any given arithmetical phase can appear in 
connection with a vast variety of situation 
phases, and any given situation phase may, under 
different conditions, appear in combination with 
various widelv different numerical expressions 
(89, p. 80). 

As already has been established, there is a tendency to 

separate these stimulus fields into subsets. To describe 

one of these subsets, we simply cite the fact that it is a 

set of situations and then declare the attributes which each 

situation must possess in order to be a member. It was 

established previously that if there is a clear statement of 

correlates which make such a subset into an MP model which 

is isomorphic to the operation, then this set is a model 

structure which is part of a modular representation of an 

operation of arithmetic. In this manner the stimulus field 

is separated into.a collection of model structures. A model 

structure hangs together in that it is relatively easy to 

describe, and there is a single set of correlates which map 

it onto the operation. 



153 

Some developers of theories of curriculum construction 

are concerned with a high' degree of social application to 

so-called everyday life situations (107, 161). They study 

the needs for executing various activities found to be common 

to social usage. It might be well to study these stimulus 

fields in comparison with the well-known model structures. 

If the intersection of a model structure and the social 

domain is the empty set, then the model structure has 

little apparent social utility. If the intersection is the 

model structure itself, then the model structure has great 

social utility. Thus, here is a deeper and finer-grained 

analysis of the relation between arithmetical concepts and 

social usage than has been previously developed. 

This concern with social application was expressed by 

Thorndike: 

We now turn to the problem of better organization 
to fit the needs of life. 

Life organized its arithmetical demands, not 
so much by the nature of the processes as by the 
situations involved. You are choosing Christmas 
presents, or arranging a vacation, or saving for 
a bicycle, or planning a garden, or securing 
capital to start a business, or cooking in your 
kitchen. The newer methods seek to organize 
arithmetical learning around such frequent 
instructive situations demanding arithmetic, so 
far as this can be done, with no loss to the 
learning of the purely arithmetical facts and 
principles (142, p. 96). 

Rather than attending to the structural elements such as 

actions, information, levels of abstraction (the elements 

upon which the isomorphism is dependent), Thorndike concerns 
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himself with such things as buying for Christmas, working 

at the grocery store, using money, and so on. It is a con-

tention of this paper that these elements are largely 

extraneous to the learning of the mathematical concepts and 

their modular reflections. For example, the child can learn 

just as much about the additive situation interpretation of 

addition by working with sets of pink elephants as with sets 

of apples or sets of coins. He will also be just as apt at 

social applications. On the other hand, no matter how much 

work has been done in social settings, if the child has not 

been introduced, for example, to the comparison type situa-

tion which is- modeled by subtraction in such a way as to 

understand the essential structural elements and correlates, 

he will be unable to solve intelligently this type of 

problem, 

Saul B. Sells (132)r in an outline of needed research, 

asked for a definition of mathematics in terms of the uses 

to which most people put it and the building of the inter-

mediate steps which relate formal mathematical symbols to 

experiential space. As has been pointed out, experiential 

space (the stimulus field for the operations of arithmetic) 

can be conceived of as containing many collections of 

experiential situations—a class M of model structures. 

From the social application point of view, curriculum design 

includes the location of a subset of class M, of some small 

number of model structures, such that a rule for isomorphism 
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from each model structure in class M to each model structure 

in the subset of M is made available. This provides a • 

solution to the problem couched by Sells. 

Korner (94, p. 158) made a careful investigation of the 

relation between abstract pure-mathematical structures and 

the stimulus field to which they apply. He characterizes 

the stimulus field as being made up of inexact concepts and 

the abstract mathematical field as being made up of e;xact 

concepts. He goes on to say that the study of this domain 

of inexact concepts may make clearer the hazy notion as to 

the nature of idealization of perceptual concepts: 

Without a clearer view of the logical re-
lations between inexact concepts, the thesis that 
mathematical concepts are idealizations of 
(inexact) perceptual concepts must remain much 
too hazy. To idealize is to idealize something 
into something else, and unless we know the 
starting-point as well as the finished product 
of the operationthe operation itself cannot 
be clearly understood (94, pp. 158-159). 

Three elements are identified here: the applied mathematical 

domain composed of the stimulus field, the pure mathematical 

domain, and the connections between the two. 

In the pure mathematical domain, mathematical concepts 

are exact: 

The mathematical concepts are exact, i.e. do 
not admit of border-line or neutral cases, 
whereas the corresponding empirical concepts 
are inexact. That the exactness of mathe-
matical concepts, statements and theories is 
an important feature distinguishing mathematical 
from empirical concepts has, of course, been 
clearly seen by Plato, and in more recent times— 
at least as far as geometry i s concerned—by 
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Felix Klein among others. That, whatever may 
be true of empirical concepts, mathematical 
ones are exact, has been explicitly stated by 
Frege, and has, so far as I know, been accepted 
by all philosophers of mathematics, and all mathe-
maticians. To give just one example from a 
mathematical work chosen at random: "All that 
we require for a set E to be defined," says the 
author of a well-known monograph on the Lebesgue 
integral, "is that we can say of any given object, 
whether it is or is not a member of E"^ (94, p. 158 
[1 above is 63, 2 above is 33]). 

As examples of inexact concepts, Korner includes con-

cepts such as green, blue, triangular shape, and cardinality 

of fiveness. He points out that a single name is used for 

both types of concepts, e.g.. / triangle, and five. A concept 

is inexact, if it has neutral candidates-—candidates for 

which both the refusal and the assignment agrees with the 

rule determining the set. Model structures described by-

rules which involve perceptual characteristics are inexact 

concepts: "Perceptual characteristics which in the 

philosophical literature are sometimes called 'determinables1 

or 'respects of likeness' such as 'color,1 'shape,' etc., 

ail are internally inexact" (94, p. 167). 

One can use connectives such as "and" and "or" along 

with the declaration of attributes of elements of these 

model structures to form their intersection and union. 

Korner developed an algebra of inexact sets by which one can 

operate on these model structures. 

The stimulus field for the operations on the set of 

whole numbers is related to the stimulus field for operations 
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on larger universal sets. In particular, this relation is 

one of imbededness. The larger domain is more extensive 

than the previous one but also includes an isomorphic image 

of the previous one. It is a function of mathematics educa-

tion' to make the movement from the system of whole numbers 

to larger systems and the relation of imbededness should 

play a role in the development of strategies of instruction 

(55, p. 25). 

Sources of Knowledge other than Modular 
Rationalization 

The purpose of this section is to contrast with 

rationalization and definition by appeal to modular repre-

sentations some other sources of mathematical knowledge. 

This section will not go deeply into the philosophical 

issue of the source of knowledge although educators are 

finding this area increasingly productive in developing a 

theory of instruction (25, 26). For an introduction to the 

history and source of mathematical knowledge, one can 

consult Morris Kline, Mathematics A Cultural Approach (93), 

or Courant and Robbins, What is Mathematics? (39). 

That the nature of knowledge and the type of answers 

to the question "Why?" are significant in the problems of 

education is acknowledged by Bloom: 

One of the major problems with regard to 
knowledge is determining what is knowable, for 
there are different ways in which something can 
be said to be known. Adding to this problem is 
the fact that different criteria of accuracy 
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and authenticity are applied to knowledge in 
different areas, at least the knowledge to be 
learned in school. To a large extent knowledge, 
as taught in American schools, depends upon some 
external authority; some expert or group of 
experts is the arbiter of knowledge. Some infor-
mation is the result of little more than convention 
and consensus. . . . The symbol system for punctu-
ation is solely a matter of convention. . . . Other 
information is known as the result of logical tests 
of consistency either by definition or by some 
logic of relationship. Certain kinds of geometry, 
mathematical propositions, and mathematical models • 
are examples. Finally, some knowledge or informa-
tion is known as the result of some historical, 
experiential, or pragmatic tests (13, p. 31). 

Since the knowledge being taught today is increasingly 

varied in its source and nature, it is currently being 

suggested that not only should knowledge be taught in its 

"true"'nature, but that children learn some of the elements 

of the distinction between types of knowledge. 

The source of mathematical knowledge being studied and 

characterized in this study is often called "concrete," 

"perceptual," or "physical." One conducts certain experi- -

ment.s, observes certain results, and then records his 

generalizations in the form of descriptive statements both 

in everyday language and mathematical language. For example, 

the child joins a set of three objects with a set of two 

objects and counts to determine that the resultant set has 

five objects. From principles of conservation and this 

experiment, the child concludes that it will always be the 

case that two and three make five; while another child 

understands the "why" of a complicated division algorism by 
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appealing to a strategy of manipulating objects or taking 

jumps on the number line. 

Educators, however, suggest that as convenient and 

reassuring as this concrete, modular source of mathematical 

knowledge is, other sources are both appropriate for chil-

dren and they extend their powers to a new level. 

One such source is mathematical derivation. As is 

evidenced in the following, this form of knowledge is find-

ing its way into the elementary school mathematics classroom: 

It is virtually impossible to interpret the 
process for multiplication of fractions by using 
concrete objects or by so describing problem 
situations that the word "of" in "5/6 of 3/4" 
somehow gets translated into "times." Such 
methods are useful in getting pupils to accept 
the"rule, but this acceptance should not be 
taken as evidence of genuine understanding. . . . 

The basis of the rule is mathematical rather 
than concrete (77, p. 138). 

From here the authors proceed to deduce the rule for multi-

plication of fractions from a certain assumed principle. 

Similar examples of mathematical derivation involving the 

operations of arithmetic are available. At other times 

educators express the inappropriateness of mathematical 

derivation and proof in the elementary school curriculum. 

The opinion expressed by Swain with respect to rationaliza-

tion of the algorism for multiplication is in this 

direction; 

The distributive law is applied in all our 
common computational processes. To find 2 x 34, 
we double both the 3 and the 4, getting 68, 
because 
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2 x 34 = 2 x (3 x 10 + 4 x 1) 
= 2 x (3 x 10) + 2 x (4x1) Distributive Law 
= (2x3) x 10 + (2x4) x 1 Associative Law 
= 6 x 1 0 + 8 x 1 
= 68 
• • » 

Of course it would scarcely be desirable to 
explain the above procedure to young children as 
applications of abstract laws. But the patterns 
of correct explanations are set in terms of such 
laws. It is up to the teacher (with an assist 
from the textbook writer) to devise concrete or 
familiar schemes by which to convey such explana-
tory patterns to pupils at their own level of 
comprehension (141, p. 288). 

Swain goes on to describe some modular representations for 

multiplication which can be used in place of the mathematical 

derivation. 

Fehr is quite adamant in his preference against mathe-

matical derivations used to rationalize algorisms for 

children: . . to spell out every algorism into a flow 

chart in terms of these laws, . . . is utter nonsense" (60, 

p. 85). 

Thus, it is important to note that modular rationaliza-

tion and mathematical derivation are alternative forms of 

rationalization. 

For further discussion of mathematical proof and 

derivation as it relates to elementary school curriculum, 

one can consult Adler (1) and Smith and Henderson (136). 

Thorndike relied heavily on common social usage as a 

source of mathematical knowledge. He suggested that children 

learn to assume that certain algorisms are correct because 

they get the answers which are in agreement with common social 
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practice and because they check when certain rules of check 

are applied. He rejected the use of derivation and extensive 

modular rationalization as being too complicated and not 

necessary (142). 

Stipulative mathematical definition is finding its way 

into the elementary school mathematics curriculum as an 

alternative to modular rationalization and definition. In 

the following quotation from a set of directions as to how 

to teach the conditions for equality of fractions, the 

authors point out that they are giving a mathematical defini-

tion. This relation is presented in children's textbooks in 

the same stipulative manner (79, p. 3.16): 

The basic method involves replacing the 
ratio equation by another equation that is 
equivalent to it. In the example above, the 
equation 6/15 = n/25 is replaced by the equa-
tion 6 x 25 = 15 x n. This change is 
permissible because of the mathematical 
definition of equal ratios. This definition 
may be stated as follows: Two ratios are 
equal if (and only if) the cross products are 
equal. In the example, 6/15 = n/2 5 if and only 
if ad = be. The products ad and be are often 
called the "cross products" (77, p. 126). 

It is interesting to note, that these same authors choose to 

develop the operations of arithmetic and associated concepts 

through the use of models whereas they prefer stipulative, 

mathematical definition as a source of the equality of ratios. 

Still another source of mathematical knowledge which is 

an alternative to modular rationalization is the process of 

extensi on _ Hno r\-f 
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the preservation of structure. For example,, one may define 

multiplication of fractions in the following manner: 

4 x 3/5 = 3/5 + 3/5 + 3/5 + 3/5. But, difficulty is en-

countered in using this strategy to define 3/5 x 4. To extend 

the definition one simply declares that 3/5 x 4 = 4 x 3/5. 

In this manner he avoids disregarding the previous definition, 

preserves it within the structure, and preserves the structure 

as commutative. In the University of Illinois Committee on 

School Mathematics' film, Number 4_, Adding' Real Numbers, Max 

Beberman made the statement that he preferred complete 

modular rationalization over extension in order to preserve 

structure: . not from definition by teacher or from 

desire to preserve structure but from a real world experi-

ment" (144). Thus, the process of definition by extension 

resulting from a desire for the preservation of structure 

stands as an alternative to modular rationalization. 

Knowledge arrived at inductively from a collection of 

facts or symbols stands as an alternative to modular rational-

ization. This source is illustrated by assuming that 

addition is commutative because one observes a commutative 

pattern in the addition table. This is somewhat different 

from deriving commutivity deductively from concrete repre-

sentations and principles of conservation. 

Since the appeal by Perry and E. H. Moore in 1901 and 

1902, educators have been working on the problem of develop-

ing the concrete basis for mathematical knowledge such as 
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the models for the operations of arithmetic. However, the 

problem of the mathematical, psychological relation between 

the types of knowledge (a few of which have been contrasted 

here), needs of society, and needs and characteristics of 

the child also exists. Developmental psychologists hypothe-

size that children's mental growth advances through 

* 

qualitatively distinct stages, and that these stages should 

be taken into account when knowledge in the curriculum is 

considered. For example, Piaget points out that at the age 

of eleven or twelve the child begins to be capable of formal 

operations or deductive reasoning from hypotheses. Here 

then is an area of investigation as to various types and 

sotirces of mathematical knowledge and their relationship to 

the capacity and disposition of the child. 
States, Processes, and Methods Associated 

with Teaching the Operations 
of Arithmetic 

In an attempt to consider the domain of teaching a 

particular concept such as the operations of arithmetic, one 

considers the nature of the knowledge, the nature of the 

organism, and strategies of instruction. The previous major 

sections of the model construct were primarily concerned 

with careful consideration of knowledge, in particular the 

operations of arithmetic. This major section of the model 

construct is addressed to the nature of the organism and 

strategies of instruction. 
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The first of succeeding considerations of the organism 

is the state of readiness for learning the operations of 

arithmetic as they are taught by the use of models. Analysis 

of the knowledge consisting of the operations of arithmetic 

presented in previous sections is utilized along with the 

educational concept of readiness in considering the nature 

of the learner. 

The second consideration of the organism is concerned 

with the readiness for learning the operations of arithmetic 

which seems to be determined by developmental processes. In 

this section the Piaget stages of development are reviewed 

as they relate to readiness for learning the models which 

represent the operations of arithmetic. Piaget type research 

presents significant information about how children view 

certain elements of models and the modeling relationship. 

The third consideration of the organism is concerned 

with processes associated with learning the operations of 

arithmetic through models. In this section, previous analy-

sis of the knowledge consisting- of the operations of 

arithmetic is utilized to provide a rather rigorous charac-

terization of seven mental processes which appear to be an 

integral part of the process of learning the operations of 

arithmetic and associated concepts. This section presents 

perhaps the beginnings of a simple theory of learning the 

operations of arithmetic. 
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The purpose of the fourth section is to present a view 

of the process of problem solving particularly developed on 

the basis of the general notion of model and previous analy-

sis presented in this study. The task of teaching problem 

solving associated with structures such as the operations of 

arithmetic is analyzed into three stages in order of simplic-

ity. The first of these stages involves solving problems 

which are directly subsumed under model structures already 

specifically taught. The second involves teaching the skill 

of mapping one model structure onto another, and the third 

and most mature involves teaching the general he\iristic of 

model building. 

In the fifth and final consideration of this major 

segment of the model construct, the elements of the model 

construct developed thus far are utilized in describing 

several curriculum designs and teaching strategies which are 

based upon the use of models and elements of the modeling 

relationship. A curriculum aimed at culminating in teaching 

a high degree of understanding ana skill related to the 

axiomatic method is presented. As one of the more interest-

ing of the elements of the model construct, this curriculum 

is dependent upon the use of models in a carefully planned 

strategy. It spans all grade levels rather than being 

limited to only a few. In the discussion of strategies and 

methods of instruction, another somewhat original element of 

the model construct consisting of a multiple embodiment 
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strategy for forcing abstraction is presented. This strategy 

and associated hypotheses present the basis for quite an 

extensive developmental and experimental research project. 

Thus, this major portion of the model construct is 

concerned with certain psychological and methodological 

elements of the total domain of using models of the opera-

tions of arithmetic to teach selected mathematical concepts. 

It is a demonstration of the systematic interrelatedness of 

the model construct as it utilizes elements of the analyses 

presented in the previously developed portion of the model 

construct. 

Readiness for Learning the Operations 
of Arithmetic 

Readiness for learning concepts such as the operations 

of arithmetic, viewed with broad interpretations, resides in 

physical and mental equipment, available responses, and 

motivation. Readiness seems to be paced by the unfolding of 

bodily structure (164) and residue of experience. The child 

who attempts to learn before he has developed the capacity 

to understand will be forced into makeshift processes. As 

a result, readiness for further learning is damaged as the 

person learns undesirable interpretations. 

One common solution to the problem of readiness is to 

design the curriculum in agreement with an assumed inside-

out development of the child. To follow this method of 

design, one attempts to discover the natural, needs of the 
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child and build a curriculum around them. On this basis, it 

is suggested that: 
u 

. . . a party, a week-end camping trip, driving a 
car, learning to swim . . . are the kind of ex-
periences which will be recognized as important 
for incorporation into the school curriculum. 
' The experiences mentioned are problem-centered 
(3, p. 343) . 

Those educators interested in bodies of knowledge (they are 

well-known by now) admit that under this procedure the 

student may come into contact with items of knowledge such 

as the operations of arithmetic drawn from a particular body 

of knowledge, but they hardly learn the elements of the 

structure of that body of knowledge. 

Adjustment of the curriculum to the development of the 

child by the method of postponement is another element of a 

curriculum design based upon readiness. Ilg and Ames (85), 

in their studies, built behavior gradients in arithmetic and 

made the recommendation that much of the arithmetic taught 

was placed too early in the school program. 

If one looks upon education as an outside-in process in 

which a culture that has taken centuries to evolve, and is 

rapidly changing, is attempting to bring the child up to the 

current state of evolution, then one may set about to teach 

readiness or to translate knowledge into a form consumable 

by the individual. A major function of models is to facili-

tate this translation. The notion that readiness to a large 

extent is taught is an assumption of both Bruner and other 
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current subject matter curriculum specialists: 

The curriculum 'revolution has made it plain 
even after only a decade that the idea of "readi-
ness" is a mischievous half-truth. It is a half-
truth largely because it turns out that one teaches 
readiness or provides opportunities for its nurture, 
one does not simply wait for it. Readiness, in 
these terms, consists of mastery of those simpler 
skills that permit one to reach higher skills. 
Readiness for Euclidian geometry can be gained by 
teaching intuitive geometry or by giving children 
an opportunity to build increasingly elaborate 
constructions with polygons. Or, to take the aim 
of the new, "second-generation" mathematics project, 
if you wish to teach the calculus in the eighth 
grade, then begin it in the first grade by teaching 
the kinds of ideas and skills necessary for its 
mastery later. [This last statement is made in 
reference to the report of the Cambridge Conference 
on School Mathematics.] (29, p. 26). 

From this position, one expresses interest in (a) the nature 

of the organism, (b) the nature of knowledge, and (c) strate-

gies of instruction. This Bruner analysis provides part of 

the structure of the model construct. The nature of the 

organism and strategies of instruction are of concern in this 

major section of the model construct. The previous three 

sections of the model construct were concerned with a careful 

analysis of knowledge, in particular the operations of arith-

metic. 

Perhaps the most extensive attempt at evaluating readi-

ness on the basis of age and mental age has been that of 

Washburne and his Committee of Seven (153, 154). In an 

early report, Washburne wrote: 

This much, at least, can be said with 
certainty: Multiplication facts should not 
be taught below a mental age level of 8 years, 
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4 months, nor to children who have not attained 
virtual mastery of the addition facts (152, p. 656). 

The weakness of such recommendations lies in two domains. 

First is the possibility of teaching the readiness for 

learning the concept, and the other has to do with the 

nature of knowledge. Perhaps Washburne's recommendation has 

more validity on the basis of an operationally defined 

"multiplication" in terms of the educational experiences of 

the children in his study. As has been previously pointed 

out in this study, even at the concrete modular level, there 

are many structures in the stimulus field which can be con-

sidered as representations of multiplication. Structures 

are found to differ greatly in terms of the primitive ele-

ments upon which they are based. This is to say nothing of 

the possibility of teaching readiness for a particular inter-

pretation. It is likely that even the four-year-old is able 

to achieve a certain level of success with such simple 

structures as the multiplicative situation model structure. 

Washburne indicated the possibility of weakness in his 

recommendation, but instead of appealing to a different level 

of knowledge, he appealed to improved teaching. He wrote: 

"It is entirely possible that the degree of effective 

mastery could be raised and that the mental level at which 

it can be attained could be lowered if the teaching conditions 

as a whole were improved" (152, p. 643). 
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Until one looks into the modular domain of mathematical 

and physical science it is difficult to understand Bruner's 

axiom that "any subject can be taught effectively in some 

intellectually honest form to any child at any stage of 

development" (27, p. 33). The key lies in the division of 

knowledge into levels and types, each with its own properties, 

power, and form of validity. This is where a theory of 

knowledge and a careful analysis such as that presented here 

comes into the picture. 

For many years knowledgeable people have determined 

readiness by simply asking two questions: "What does one 

need to know in order to perform this task or understand 

this concept?" and "Does this child know these items?" This 

is the "arithmetic readiness as a practical concept" as 

suggested by Brownell (18, p. 33). This procedure relies 

heavily on a logical analysis to determine the primitive 

concepts for a particular concept. Not until recently has 

this method of determining readiness been validated experi-

mentally (65, 66). Gleason made the remark; 

The experiments of Gagne are of a different 
sort. To me, their most important aspect is 
that they show that our exterior analytic 
description of a certain type of problem is 
closely related to the actual process by which 
it is solved (73, p. 139). 

Here Gleason is acknowledging that the Gagne type statistical 

research on learning sets verifies that the intuitive, 

logical analysis of the readiness for solution of a particular 
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mathematics problem has a high correlation with the degree 

of success absex-ved in experiments. 

The practical classroom method of determining readiness 

includes a careful description of the items of knowledge to 

be learned. This chapter presents such an analysis of the 

operations of arithmetic. This knowledge is characterized 

in terms of a simple class concept called a model structure, 

a collection of mathematical sentences called a symbolic 

representation, and a collection of rules which provide the 

referential relation between elements of instances of the 

concepts and the pieces of the sentences. When one chooses 

and carefully describes a modular representation of one of the 

operations of arithmetic to be taught, then by intuitive, 

logical, and developmental procedures he can attempt to 

determine the readiness necessary for the acquisition of the 

particular item of knowledge. 

Readiness for learning model structures.--If one chooses 

to use objects of a certain shape and color as elements in 

sets in his models, and describes the sets in terms of the 

properties of the objects, then he should concern himself 

with the child's ability to categorize and to recognize 

these properties and their names. The School Mathematics 

Study Group is now working on tests for the evaluation of 

readiness in this area (129, p. 23). 
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Knowledge about the characteristics of the child's 

habits of concept formation and categorizing related to 

models is useful. For example, affective qualities may 

even enter into concept formation tasks. Bruner writes: 

A second feature of early acquisition of knowledge 
is that ideas are not isolated from theii: motiva-
tional or emotional context. Thus we find children 
as old as eleven who block at naming any similar-
ity between one object they happen to like and 
another they are frightened of—say,. a cat and a 
dog~~though they are quite capable of grouping 
together water and milk as things they can drink 
(29, p. 132). 

A cognitive theory of readiness not only considers the 

elements out of which a concept is constructed, but the 

operational quality of concepts. Dienes points out that 

two types of readiness, as determined by the operational 

quality of concepts, are readiness for operational and 

constructive use of concepts such as model structures (50, 

pp. 5-6). 

Readiness for symbolization.--It is one thing to pro-

vide readiness for learning the model structure and quite 

another thing to bring the conceptual elements together in 

a mental structure form with object quality in themselves 

and then represent elements of this mental structure with 

symbols. This must be done before an understanding of the 

modular representation is complete. Dienes acknowledges 

this element of readiness for symbolizat5_on (56, p. 14). 
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Here,then, is a brief introduction to some of the ele-

ments of readiness for learning the operations of arithmetic. 

The elements reviewed are (a) the characterization of the 

knowledge and its function and validity, (b) the primitive 

concepts out of which it is purported that the concept is 

synthesized, (c) the presence of the cognitive readiness in 

the child, (d) strategies for building the cognitive readi-

ness once its conceptual elements have been hypothesized, 

and (e) the expected operational nature of the concepts once 

they are formed. The following section will be concerned 

with the possibility of unfolding cognitive structure and 

stages of development associated with chronological ages and 

their relation to teaching the operations of arithmetic. 

Development and Cognitive Processes and 
the Operations of Arithmetic 

As was stated in the previous section, one suggested 

procedure for adjusting the curriculum to the nature of the 

child is "translation" (27, p. 33). In this method one 

assumes that the child has a particular way of viewing the 

world about him. "The task of teaching a subject to a 

child . . . is one of representing the structure of the sub-

ject in terms of the child's way of viewing things" (27, 

p. 33). However, it is possible for an observer to examine 

a child for an extended period of time and see nothing that 

reveals the cognitive structure which has a definite causal 

bearing on the child's learning. Observers and educators 
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must have some models of behavior, learning, and develop-

ment in mind before they can successfully attack the task of 

characterizing the nature of the thought process of a particular 

child or age group. 

If one is looking for generalizations which apply to 

easily defined groups of learners, then a very productive 

source of information and theory is Piaget and his associates 

(109, 114, 115). Piaget's writings have concentrated on the 

cognitive aspects of behavior rather than on motivation and 

emotion, although he insists that neither aspect must be 

overlooked. He agrees with other theorists in distinguish-

ing between affective and cognitive factors. Affective 

factors release energy, while the cognitive factors determine 

how the flow will be applied. Like most contemporary psy-

chologists, Piaget starts from the biological concept of 

adaptation. Adaptation is an interplay of two complementary 

processes, which are called "assimilation" and "accommodation." 

Assimilation occurs when an organism uses something in its 

environment for some activity which is already part of its 

repertoire. Accommodation means the addition of new 

activities to an organism's repertoire or the modification 

of old activities in response to environment. The following 

is a discussion of several of the Piaget stages of develop-

ment and their relation to learning the operations of arith-

metic. 
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The period of sensori-motor intelligence.—This stage 

is not characteristic of the school-age child, although it 

is significant in that it is the beginning of intelligence. 

It is at this stage that Piaget concurs with Watson and 

Skinner by making statements to the effect that thinking 

involves internalized behavior (151) . Perhaps the mental 

activity of categorizing and forming set union (concepts 

primitive to the operations of arithmetic) come from the 

internalization of such activities as holding objects in two 

distinguishably different hands and placing them together in 

a pile. Even with somewhat older children who are deficient 

in environmental stimulation, activities such as this may 

contribute to the development of certain mathematical con-

cepts. It is at this stage that concepts primitive to 

mathematics learning such as object, causality, temporal 

succession, and symbolic processes begin to unfold. The 

first symbols and images are fractional internalized imita- • 

tion (112, 113). The child turns from "practice" games to 

"symbolic" games. He becomes open to social symbols, and 

his thoughts begin to come into line with those of other 

people. 

The use of concrete reflections of mathematical concepts 

and the manipulation of physical material is often justified 

on the bases of Piaget's description of the elements of 

thought as internalizations of actions: 
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Piaget, as we shall see later, is certainly of 
the view that thought arises out of actions, and 
mathematical concepts arise out of the actions 
the child performs with objects and not from the 
objects themselves (98, p. 18). 

The preoperational stage.--It is the preoperational 

stage, ending for Swiss children at about the chronological 

age of five or six years, which is of extreme importance in 

a discussion of teaching the operations of arithmetic. A 

very large percentage of the primary-level children in the 

United States are limited to the type of thinking which is 

characteristic of this level of maturity. Without an under-

standing of Piaget's characterization of this stage of 

development in terms of mathematical concepts, logical con-

cepts, and observations of children, the primary teacher is 

deprived of perhaps the most revealing picture of the cognitive 

structure of primary children ever to be derived from psy-

chological research. Many of Piaget's observations appear 

to bear directly on problems of teaching the concrete 

structure and -mathematical structure of arithmetic. 

Although children at this stage have a great amount of 

intelligence and genius in operating with perceptual elements, 

they are handicapped in working with relations between per-

ceptions and properties of objects. Their thoughts are 

relatively free from the impingement of external logic which 

tends to regulate the more abstract world of relations. 
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As an illustration, Piaget considers the child who was 

shown three toy cars. One was red, another blue, and the 

third was yellow. When asked which of the blue and red he 

preferred, he pointed out the red. When asked which of the 

red and yellow he preferred, he pointed out. the yellow; and 

when asked which of the yellow and blue he preferred, he 

pointed out the blue. It is interesting to note that here 

the child has defined an "order relation" on colored cars 

which is not transitive. The external logic of transitivity 

as being characteristic of order relations has not as yet 

influenced his behavior to the degree that most observers 

would automatically assume. 

At this stage the child has learned to represent some" 

of the external world through symbols. There is still not 

a clear separation of internal feelings and external reality. 

He regulates reality by crude trial-and-error methods rather 

than as a result of categorization and thought experiments 

with reversibility. In fact, according to the Geneva 

school, it is this reversibility that is the critically 

lacking factor. For example, when conducting experiments 

with objects, the preoperational child often fails to take 

advantage of reversible processes. When the shape of a clay 

ball is changed, he cannot grasp the idea that it can be 

brought back readily to its original state. As a result, he 

fails to conserve many properties critical to number concepts 

which are invariant with respect to certain transformations. 
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More specifically, he thinks that there is less weight or 

volume of clay simply because the shape of the ball of clay 

has been changed. This general concept of conservation 

bears heavily on the learning of the concrete basis of the 

operations of arithmetic. 

The following quotation bears on conservation as readi-

ness for use of the rod models for the operations of arithmetic: 

The conservation principle arises in various 
forms. There is first the conservation of 
length. If you place a block on another of 
the same length and then push one back so that 
its end projects beyond the other, a child 
under six will suppose that the two blocks are 
no longer of equal length. Not until the age 
of seven, on the average, does the child under-
stand that what is gained at one end of the 
block is lost at the other. He arrives at this 
concept of the conservation of length, be it 
noted, by a process of logic (110, p. 411). 

The child with this level of understanding of the rod model 

for addition will not realize that the constancy of the 

modular interpretations of 2 + 3 - 5 is maintained across 

transformations of moving the rods. When the 2-rod and the 

3-rod are placed end-to-end, and with ends matching the 5-rod, 

one sees the equality. If one of the sets of rods is moved 

so that its end projects beyond the end of the other, then 

2 + 3 becomes greater than or less than 5. Here then, there 

is a peculiar type of thinking to be taken into considera-

tion. One can take cognizance of this limited understanding 

and be careful not to expect too much transfer across cer-

tain transformations or else he can attempt to teach this 
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form of conservation. Another alternative is to postpone 

the teaching of addition by the rod model until conservation 

is attained. All of these considerations are dependent 

upon one's awareness of the peculiar cognitive structures of 

this age group. 

With respect to readiness for the number line and rod-

type models, Piaget's description of how children at this 

stage fail to conserve distance across certain transforma-

tions is presented: 

Experiments on a child's discovery of the con-
servation of distance are especially 
illuminating. Between two small toy trees 
standing apart from each other on a table you 
place a wall formed of a block and a thick 
piece of cardboard, and you ask the child (in 
his own language, of course) whether the trees 
are still the same distance apart. The smallest 
children think the distance has changed? they 
are simply unable to add up two parts of a 
di.stance to a total distance. Children of five 
or six believe the distance has been reduced,-
claiming that the width of the walls does not 
count as distance; in other words, a filled-up 
space does not have the same value as an empty 
space. Only near the age of seven do children 
come to the realization that intervening objects 
do not change the distance (110, p. 411). 

This type of experiment suggests certain elements of 

readiness for the number-line illustrations of the operations. 

When extra marks, numerals of different size, or arcs which 

represent jumps are placed alongside the line marked off in 

equal intervals, the child may see the distance as being 

different from what it was before the extra marks were placed 

on the line. Thus, perhaps to the child, 2 + 3 is greater 
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than 5, although he is inclined to go along with the 

teacher who insists that the two short jumps traverse the 

same distance as does the single, longer jump. 

Teachers.may assume that by rotating a rectangular array 

they are illustrating, in terms of the modular understanding, 

that multiplication is commutative while it may be that the 

child is quite sure that the number of dots in the array 

changes as the rotation takes place. 

Lovell gives the. following report of a Piaget-type 

observation which bears on readiness for models which involve 

sets, subsets, and cardinal numbers: 

In one, about twenty beads are placed in a box. 
Most of the beads are brown, the rest are white; 
all are made of wood. The child is asked if 
there are more brown beads or more wooden beads. 
To answer this the child has to consider the same 
beads twice in the process of making his com-
parison, since the brown beads are also made of 
wood. Piaget maintains that up to 7 years of 
age the child nearly always says that there are 
more brown beads than wooden ones, because there 
are many brown beads but only one or two white 
ones. The child's problem seems to be this. 
While he is centering his attention on the class 
of brown beads, he loses sight of the total class 
of wooden beads, and so he can only compare the 
class of brown beads with the complementary class 
of white beads. The child's thinking, in Piaget's 
view, is too much influenced by his perceptions, 
which can be misleading (98, p. 48). 

Here, then, is possibly a case in which the child can 

utilize the subtractive situation algorism for finding 

answers to facts but sees nothing wrong with having a 

subtrahend which is larger than the minuend. 
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During the early years of the preoperational stage, 

from three years of age to as old as five years of age, the 

concepts of object and class have immature properties. This 

may not be too much of a surprise, however, to the mathe-

matician who is aware of the late stage in history when the 

symbols "e" and "C" were invented to represent different 

logical entities. Piaget calls the type of understanding 

held at this stage the "re-concept." On a walk through the 

woods, for example, the child does not know whether he sees 

a succession of different, snails or whether the same snail 

keeps on reappearing (10, p. 181). 

The concept of object, class, and cardinality of a set 

are of course primitive to many of the models for the opera-

tions of arithmetic. Not only does the concept of set and 

element have immature elements at this stage; even as late 

as seven years of age, the concept of cardinal number of a 

set may be incomplete. Lovell gives the following example: * 

The child made a row of, say, five counters on 
a table. He then laid out a parallel row con-
taining the same number of counters by establishing 
a one-to-one correspondence, and would admit that 
the two rows contained the same number of counters. 
But when the counters in one row were spread out 
so that the perceptual correspondence was lost, 
the child 6-7 years of age would no longer agree 
that the two rows now contained the same number 
of -counters (98, p. 48). 

Piaget claims that an understanding of seriation and 

conservation are important components of the concept of 

cardinal number. Up to about five years of age the child 
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may be unable to make a series of sticks of increasing 

length. Here then is another consideration based on develop-

mental trends which bears on teaching the operations of 

arithmetic. 

It goes without saying that teachers are severely 

limited in transmitting concepts such as the operations of 

arithmetic to a child at this stage, even at the concrete 

modular level. The child's perception leads him into error. 

However, it is also at this stage that the child's thinking, 

begins to become operational. He begins to make arbitrary 

assignments; he begins to use set operations and relations 

with skill; he performs physical experiments in his mind and 

takes advantage of reversible processes with increasing 

accuracy; he is moving into the concrete operational stage. 

The concrete operational stage.—This stage is entered 

at about five or six years of age and continues until the 

age of about ten to fourteen years. It is at this stage 

that trial and error begins to be replaced with "operations." 

Operations differ from simple action in that they are 

internalized and reversible. One can mentally separate a 

set into subsets and then mentally flash back to the state 

of the original set. One can take several jumps on a number 

line and flash back to the initial point of starting. One 

can separate a mass into a lot of small portions by mental 

experiments and then imagine them being placed back together 
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to form the initial mass. The child at this stage may 

carry reversibility too far by assuming that a highly 

volatile liquid once spilled can be restored. 

These concrete operations are embedded in concrete-

operation structures which are later supplemented with 

formal operation structures called "groupments." Concrete 

operations, though they are guided by simple logic of set 

relations, are a means for structuring only immediately 

present reality. The child is not able to perform abstract 

mathematical conjecture and proof; he is not likely to • 

anticipate things not present; he is not likely to go 

systematically beyond the information given him. 

Many authors have claimed that since most elementary 

school children have not reached the formal operations stage, 

they should not be taught deductive mathematical proof. It 

is often pointed out that they are not capable of deductive 

thinking. This latter decision is erroneous. The child at 

this stage has for a good many years been using deductive 

reasoning. It is only that it is limited largely to the 

so-called concrete operations. He can learn the general 

principle that if a set of disjoint objects is separated 

into subsets, then the subsets can be joined again to form 

a single set. He can use this principle in a deductive 

manner. Adler (1) goes so far as to suggest that it is at 

grades five and six that the schools should develop definite 

strategies for teaching formal operations and deductive 
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thinking. Davis has reported success at his attempts along 

this line (42, 43). It is at this stage that perhaps chil-

dren can leave their dependence at every step on the 

concrete reflections of the operations and begin to do 

genuine mathematics. 

The formal operational stage.—This stage, beginning 

at about ten to fourteen years, is the final Piaget stage 

and initiates the child into adolescence and adulthood. The 

child finds himself mentally equal to his elders. He becomes 

capable of thinking in terms of formal propositions, he is 

able to deal with elements and relations in a wholly abstract 

and symbolic fashion (125, p. 10). 

In the concrete operational stage, perhaps the child 

should use modular reflections of the operations to ration-

alize strategies for the solution of equations (a good 

example of such a strategy is found in the Scott, Foresman 

second grade program (78, p. 130)), while at the formal 

operations stage, the child is possibly ready for locating 

truth sets for equations by utilizing formal, mathematical 

operations on equations which guarantee equivalent equations. 

This is an example of the change in type of mathematics from 

the concrete operational stage to the formal operational stage 

which is suggested by Piaget's- analysis. 

According to Piaget, it is at this stage that the cog-

nitive structures which are basic to mathematical activity 
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become mature. At the previous stages, concrete operations 

such as classification, union, intersection, and relations 

such as less than and equal, were limited in interpretation 

and not regulated by appropriate logical forms. It is at 

this stage that the child is not limited to definition and 

rationalization in terms of concrete objects such as models 

for the operations of arithmetic. However, the models may 

provide motivational devices or the domain of application 

of truly abstract concepts held in mind by the student. 

Summary.—Development in the educational process may 

amount to a sequence of cognitive structures, 

* * *' Cm' Cm+lr Cm+2' * * * 

where each structure is more suitable than any that came-

before, and each is an imperfect picture or model in com-

parison with reality or better models. Educators'in the 

process of guiding the development of these structures must , 

pass judgment on such matters as the following: 

Is this particular cognitive structure, 
C, suitable for the assimilation of the ideas 
with which we are presently working? 

Is this particular cognitive structure, 
C , a suitable one from which we can ultimately 
get to a more sophisticated structure 

Are the emotional, social, and cognitive 
aspects of our classroom such that the child 
will easily move from one cognitive structure, 
C, to various more suitable ones, / 

• • # • 

At what point is it desirable for the child 
to become aware of some of the limitations of a 
given structure, C? When should he develop the 
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new structure, C ,,? What should we, as the 
p+1 

teacher, do in order to play midwife to the birth 
of structure (43, p. 153)? 

It can be seen how the analysis of the concepts "opera-

tions of arithmetic" and review of stages of development 

suggest a sequence of cognitive structures culminating in a 

mature conception of the operations of arithmetic. Perhaps 

an early cognitive structure in such a sequence would be an 

understanding of an operation in terms of one model. Later 

cognitive structures would involve multiple embodiments and 

the process of generalization, and still later structures 

would involve multiple embodiments and the process of abstrac-

tion.. Each of the cognitive structures in such a sequence 

should have certain desirable properties, and the problem 

of methodology is viewed in terms of this sequence as is 

discussed by Davis in the above quotation. 

This last discussion brings up considerations which 

lead into a discussion of the mental processes and methods 

of teaching associated with learning the modular interpreta-

tions of the operations of arithmetic. 

Processes Associated with Learning the 
Operations of Arithmetic through 

Models 

Perhaps the optimum goal of school mathematics is to 

develop the ability to think. Thinking in arithmetic can be 

thought of in terms of solving problems or in terms of 
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following now-famous statement, Brownell endorsed the first 

of these two types of thinking as the optimum goal of mathe-

matics teaching: 

According to the "meaning" theory the 
ultimate purpose of arithmetic instruction is 
the development of the ability to think in 
quantitative situations. The word "think" is 
used advisedly: the ability merely to perform 
certain operations mechanically and automatically 
is not enough. Children must learn to analyze 
real or described quantitative situations, to 
isolate and to treat adequately the arithmetical 
elements therein, and to make whatever adjust-
ments are required by their solutions (21, p. 28). 

The form of thinking which amounts to cognitive pro-

cesses resulting in further learning is separated from this 

type of problem solving by Bruner and termed "learning." 

Bruner says: 

Learning something in a generic way is like 
leaping over a barrier. On the other side of 
the barrier is thinking. When the generic has 
been grasped, it is then that we are able to 
recognize the new problems we encounter as 
exemplars of old principles we have mastered 
(24, p. 76). 

Generic learning amounts to learning principles and concepts 

that are sufficiently general and abstract to provide a 

general disposition toward certain behavior in the presence 

of a diverse class of stimuli. In this manner, the struc-

tured system of concepts which are learned provide the power 

of thought (40, p. 77). 

In this section, processes which contribute to learning 

the operations of arithmetic so that the resultant concepts 

are sufficiently generic to be used in the manner outlined 
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by both Brownell and Brunei will be developed as still 

another set of elements making up the model construct. Since, 

internal mental processes cannot be observed, model processes 

will be developed. Seven processes—abstraction, restriction, 

generalization, analysis, symbolism, construction, and 

interpretation—are outlined. The broader processes of 

transfer, and formation of meaning and understanding, will 

be discussed. It will be noticed how the analysis of knowl-

edge presented earlier contributes to describing these mental 

processes. The first of these seven processes making up the 

model processes is abstraction. 

Abstraction.—Abstraction is the process of extracting 

what is common to a number of different situations and hold-

ing them together in a class (53). In doing so, one chooses 

to disregard many associated properties and elements as 

"noise." What is regarded as noise is quite arbitrary and, 

as Dewey so noticeably pointed out, is determined by the 

purpose in mind (47). Much of the difficulty in classroom 

learning arises at this point. The decision to attend to 

certain concomitants and ignore others is most naturally the 

result of purposefully oriented activity such as construc-

tion and analysis. Strategies for developing this 

predisposition in the learner will be considered in the next 

section. 
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Abstraction involves the stripping out of non-critical 

attributes (12 3, p. 32) and the attending to critical 

attributes which are both necessary and sufficient for 

membership in the class. In learning the operations of 

arithmetic, this process occurs when one learns to make 

appropriate responses to positive and negative instances of 

a model structure. 

Mathematical thinking not only involves the sorting out 

of elements into simple concrete concepts but the extension 

of this element-class relationship by considering the newly 

formed classes to be elements of a further class. These 

second-level classes then become elements of yet further 

classes, and so on. This process leads into higher levels 

of abstraction. One of the logical differences between this 

form of abstraction and generalization is that each class at 

a particular level becomes an element in a class at a higher 

level, whereas in generalization the current class is simply 

acknowledged as a subset of a more inclusive class. 

Isomorphism plays a key role in the process of abstrac-

tion. Representations which appear in many ways to be 

different may be found to act alike. If one disregards 

certain noise and concentrates on what is common, he acknowl-

edges a new level of abstraction. There is a new structure 

consisting of the class of previously learned structures 

found to be isomorphic to one another. It is the formation 

of these explicit relations which is so very powerful and by 
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means of which order is created from a great deal of mathe-

matical data. 

In this manner children can abstract such mathematical 

objects as the abstract mathematical group with two elements. 

By studying the addition table of even and odd integers, and 

other embodiments of the mathematical group with two elements, 

they can construct a new class, the members of which are 

embodiments of the more abstract structure. In the same way, 

they can abstract the mathematical structures which have 

been referred to here as the operations of arithmetic. 

One of the reasons that mathematical structures are con-

sidered abstract is that the range of models is so diverse 

that a typical model is impossible to locate. Another reason 

is that certain intuitive and often complex properties of 

their reflections and historical predecessors have been 

dropped. Structures are sometimes considered abstract when 

most people are aware of only one suggestive model which is 

lacking in physical attributes. It is interesting to note 

that the invention and variation of embodiments will affect 

evaluation as to its abstractness. 

Since this process of abstraction is of central impor-

tance for any theory of teaching mathematics, more work needs 

to be done in developing its characterizations as well as 

the abstract qualities of resultant mental structures (140, 

pp. -8-10) . 
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Generalization.—Generalization, as the term is used 

here, is not to be confused with abstraction. Abstraction 

is the construction of a class from its members. Generaliza-

tion involves the relation between a class and a more inclusive 

class. For example, a child learns the additive situation 

model structure and then generalizes it to a form of the set 

union model structure. The additive situation model struc-

ture is a subset of the set union model structure. General-

ization can occur by the declaration of attributes of the 

members of a class, or by placing the connective between 

descriptions of several classes. Generalization occurs when 

the student, is broadening his understanding of an operation 

by considering a more general modular representation of the 

operation of arithmetic. However, when the previously 

learned modular representations are considered as individual 

elements of a class of representations, the students are 

developing a more abstract understanding of the operation. 

Another common form of generalization that occurs with 

respect to learning the operations of arithmetic through 

the use of embodiments is the extension of the set of numbers 

to a more inclusive set containing larger numbers. Especially 

in the primary grades, the child learns the modular represen-

tation with the domain of reflections of the whole numbers 

limited to whole numbers less than twenty. A more general 

form of this type of generalization occurs when the larger 

domain is not only more extensive than the previous one, but 
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instead of containing the previous one, contains an iso-

morphic image of it. This could happen, for example, when 

the whole numbers are embedded in the integers, or as 

another example, in a permutation game where the number of 

moves is enlarged (55, p. 25). 

Generalization frequently occurs in the form of a 

conjecture that a pattern or formula found in a limited 

collection of situations will be found to possess validity 

in a larger class. As is the case in abstraction, tha 

extension is usually accomplished with the acknowledgement 

of certain irrelevancies. 

Analysis.—Analysis (48, p. 62) involves classificatory 

thinking. Attributes are coined from the elements of the 

stimulus situations providing instances of the model struc-

tures. Questions are asked about the relationships and 

regularities on these attributes. Conjectures are explored. 

Theorems, so to speak, are proved as one convinces himself 

fully that the attributes do in fact define the classes or 

relationships and regularities under consideration. This 

type of thinking is characteristic of mathematics. When 

children are found functioning along these lines, they are 

well on their way to making a part of their repertoire this 

important habit of mathematical thought. 

. Symbolization. —^Symbolization (48, p. 63) involves one's 

going to the symbol stack and associating a symbol with an 
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object or class of objects or events. The. mathematician 

usually invents symbols when he feels they are needed and 

constructs rules for manipulating symbols within a symbol 

system. These symbols aid in processing a bulk of informa-

tion, and the rules regulate thought processes. 

In mathematics, a symbol system, through its syntactical 

pattern, often models a mathematical structure or a physical 

embodiment. This phenomenon is acknowledged in the follow-

ing quotation from Bruner and Kinney: "The syntactical in-

sights about regularities in notation are matched by 

perceptual-manipulative insights about the material referents" 

(30, p. 54). -Thus, symbolization functions on more than a 

simple sentence-instance basis. There is a relation between 

a syntactical pattern on sentences and a perceptual-

manipulative pattern within instances of model structures. 

By way of example, such a syntactical pattern is: 1 + 1 = 2 , 

1 + 2 = 3 , 1 + 3 = 4 , and so on. The associated regularity 

in a physical embodiment is: If a series of experiments are 

conducted in which a second set is joined to an initial set 

containing one object, and if the cardinality of the second 

set is increased by one each time, then the cardinality of 

the single resultant set will be increased by one each time. 

This section has presented only a brief commentary on 

the nature and function of symbolism. As Dienes says: 

Very little research has been done on the 
role of language, either mathematical or meta-
mathematical, in the learning of mathematics 
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itself. . . . This role is very important in 
the general scheme of mathematical learning, 
but exactly what it is is not yet clear (5 5, 
p. 26). 

Restriction. —Whereas one form of generalization is 

accomplished by connecting descriptions of model structures 

by the connective "or," restriction (48, p. 61) is simply 

accomplished by connecting these statements with the 

connective "and." Frequently the resultant, statement describes 

an empty set. One common form of restriction occurs when one 

moves from a model structure to a subset of the model struc-

ture. 

Construction.—This process is perhaps the most "natural" 

and most easily sustained for young children. It amounts to 

the awareness of a vague whole and the progression toward 

closure by the formation of a created end product (101). In 

construction (48, p. 62), the accent is on the end-result of' 

which one has partial knowledge. It is the role of the 

teacher to make sure that the classes out of which the 

extensional class is formed are in such an array of avail-

ability that a high level of success is guaranteed. In 

other words, the end product must be such that it can be 

essentially well defined in terms of the elements and logic 

available. 
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Interpretation. -—Interpretation (48, p. 64) is the act 

of decoding mathematical language. Mathematical language is 

less rapidly decoded than everyday language, probably because 

of unfamiliarity or because of its being a more complex, less 

redundant symbolic system. Ordinary language is extremely 

redundant. It has been rated as much as 70 per cent redundant 
ft 

(48, p. 28), Interpretation of the symbolic representations 

of the operations of arithmetic usually amounts to picking 

an embodiment of the operation and then in terms of thought 

images, manipulation of objects, or the English metalanguage, 

representing elements of the embodiment. 

Transfer.—There are two types of transfer critical to 

this study of teaching and learning the operations of arith-

metic. One involves the application of knowledge of the 

operations to problematical situations. These problematical 

situations are frequently found in the form of social situa-

tions and verbal problems. The other type of transfer, which 

is becoming increasingly critical in today's long-term con-

tinuing education, is the transfer of knowledge to the task 

of learning further knowledge. This is increasingly impor-

tant as more and more students spend more years learning 

mathematics, and the schools attempt to teach more mathemati-

cal knowledge in a certain prescribed number of years. It 

is well known that students spend from twelve to sixteen 

years studying mathematics in order to reach the level of 
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mathematical literacy necessary to function in major 

components of today's culture. 

At this stage, the study will deal only briefly with 

transfer to problematical situations since this will be a 

topic of a later section. Earlier attempts at facilitating 

transfer to problematical situations appealed to the doctrine 

of identical elements which stated that "Spread of practice 

occurs only where identical elements are concerned in the 

influencing and influenced function" (143, p. 77). This 

principle of identical elements was applied to teaching 

arithmetic. The attention was not given to a critical 

analysis of the structural elements necessary for the 

preservation of isomorphism. In fact, incorrect mapping was 

very frequent. The emphasis was on the practicing of the 

response in the presence of certain very obvious concomitant 

stimuli with a minimum of logical analysis of the connection 

between the stimulus situation and the mathematical structure. 

From the point of view adopted in this paper, transfer 

of the operations of arithmetic to problems amounts to map-

ping the structure of the problematical situation onto a 

known structure on the basis of a collection of correlates 

which yield isomorphism. Following this, computation is 

carried on at the level of the mathematical model, and the 

results are translated by the correlates back into the 

language of the problem. 
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In the psychology of learning subject matter, transfer 

as the use of knowledge in learning further knowledge is of 

prime concern (64, 23, 4). Currently the elimination of 

negative transfer appears to be of as much concern as the 

facilitation of positive transfer. Negative transfer arises 

from learning incorrect habits of thought and facts, the * 

unnecessary introduction of imprecise approximations to 

knowledge, and school curriculum lagging too far behind 

developments in a field. The participants of the Cambridge 

Conference on School Mathematics expressed concern with the 

unnecessary introduction of imprecise knowledge: 

A second—and related--point concerns ths 
amount of unlearning that should figure in a 
well-designed course. The process of unlearning 
is frequently painful to both student and teacher 
and it can destroy the student's confidence. 
Thus it is seen to be particularly important to 
present the student with an intuitive and im-
precise approximation only when he is not yet 
ready for the real thing (35, p. 84). 

Much of the preceding material in this paper amounts to 

an analysis of elements contributing to negative transfer. 

For example, the validity of knowledge from various sources 

has been discussed. If a certain knowledge is taught, then 

certainly one should not claim for it more qualities than 

are valid. The examples of poor strategies of model switch-

ing presented in previous discussion suggest that if one 

wants to discourage inappropriate habits of mathematical 

thought on the part of students, then more careful design of 
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The more fundamental processes of abstraction, general-

ization, analysis, symbolization, restriction, and 

interpretation account for much of what occurs in positive 

transfer of previous learning to further learning. 

Understanding and meaning.--In the area of arithmetic 

pedagogy, the terms "meaning" and "understanding" have been 

used interchangeably. Brownell, in his original statement, 

in 1935, used the word "meaning" to denote a collection of 

understandingsJ "The meaning theory conceives of arithmetic 

as a closely knit system of understandable ideas, principles, 

and processes" (21, p. 19). In reference to the operations 

of arithmetic, he said; 

A second group of arithmetic meanings in-
cludes understanding of the fundamental operations. 
Children must know when to add, when to subtract, 
when to multiply, and when to divide , . . and 
they must also know what happens to the numbers 
used when a given operation is employed (20, 
p. 258). 

Currently it is well known that there are attempts to 

analyze the general concepts of meaning and understanding 

into more careful and productive concepts. Hendrix (82) 

pointed out that the terms "meaning" and "understanding" are 

not synonyms and, hence, to use them interchangeably only 

serves to block the thinking process. According to current 

conventions, "meaning" is the associated cognitive content 

for a word or a symbol-denotative syntactical meaning (5). 

One speaks of the meaning of a word and speaks of teaching 

in an understandingful manner. To teach for understanding, 
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one not only teaches to make clear the class subsumed by a 

principle or symbol but attempts to provide rationalization 

for the validity and existence of the symbolic structure. 

Teaching for understanding is an attempt to foster within 

the individual's repertoire the application of a dissonance-

reducing mechanism to the immediate stimulus situation so 

that the results are psychological closure and a feeling of 

things fitting in the proper place. In order to provide 

both meaning and understanding, the teacher associates model 

structures with symbolic representations. 

As Hadamard (75) pointed out, there are different 

degrees of understanding and different connotations associated 

with symbols. The following is an analysis of some of the 

degrees of meaning and understanding associated with the 

operations of arithmetic. The analysis is applicable to 

meaning, if one thinks of responses and cognitive content 

associated with symbols. It is applicable to understanding 

if one thinks in terms of closure such as "it's this way 

because 1 saw it": 

1. The student understands the operation in terms of 

only one model structure: 

a. can recognize simple instances of the model 

structure, 

b. can recognize the model structure in the midst 

of distractors, 

c. can recognize both negative and positive 

instances of the model structure, 
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d. can write a sentence associated with an 

instance of the model structure, 

e. can construct an instance of the model struc-

ture from a given sentence. 

2. The student understands the operation in terms of 

two model structures: 

a. can see isomorphism between the two model 

structures, 

b. can work with the two model structures indi-

vidually as is indicated in "1" above. 

3. The student understands the operation in terms of 

several model* structures: 

a. can see isomorphism among several model 

struct\ires f 

b. can work with each of the several model 

structures individually as is indicated in "1" above. 

4. The student can see the operation as a pattern held 

in common by several known model structures—has abstracted. 

5. The student can see the operation as a pattern held 

in common by those model structures whi.ch he knows. Also he 

can conjecture that there are some model structures with 

which he is not familiar but which are isomorphic to those 

with which he is familiar. 

6. The student can discover, invent, or correlate new 

model structures with the ooeration. 
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7. The student can understand and appreciate the 

mathematical definition of the operation. 

Problem Solving as Modeling 

This element of the model construct presents a particu-

lar view of the process of problem solving derived from the 

general notion of model and previous analysis presented in 

this study. By way of introduction to the distinctive view 

presented in this paper, the significance of problem solving 

in arithmetic is reviewed. 

Within the modern history of mathematics education one 

of the prime educational objectives has been to teach prob-

lem solving and applications. Problem solving has taken 011 

different meanings as the philosophy of educational systems 

has changed over the years. The meaningful arithmetic' 

movement, which was the most influential of the past arith-

metic movements, endorsed as its optimum goal the teaching 

of problem solving. Browne11 wrote 

According to the "meaning" theory the 
ultimate purpose of arithmetic instruction is 
the development of the ability to think in 
quantitative situations. . . . Children must 
be able to analyze real or described quanti-
tative situations, to isolate and to treat 
adequately the arithmetical elements therein, 
and to make whatever adjustments are required 
by their solutions (21, p. 28). 

During the era of this movement, emphasis was on verbal 

problems which "contain social applications that represent 

vital and real needs on the part of the children" (19, p. 267) 



202 

The meaningful arithmetic movement was largely a reaction 

against the rule-drill teaching methods which were claimed 

to have failed to "develop the ability to recognize the 

presence of . , . operations in the simplest practical 

situations in which they may be found" (156, p. 142). The 

modern educator who concerns himself with general education * 

has inherited this same concern. Today, however, there is 

concern that the problems, as well as the method of applica-

tion and analysis, be "modern" (100, p. 487). 

The second most frequently given reason for teaching 

problem solving, other than the anticipated transfer of the 

knowledge to social applications in everyday life, was based 

on the assumption that experience with applications gives 

the mathematics appropriate significance in the eyes of the 

student (99, p. 283). This is perhaps an increasingly im-

portant reason for teaching problem solving, especially as 

the connection between the mathematics being taught and its 

application becomes less obvious to the untrained eye. The 

-School Mathematics Study Group, in one of its publications, 

also endorses the contention that the student should attach 

significance to mathematics in its role of application (129, 

p. 8) . 

Problem solving as model building.—The preceding dis-

cussion of problem solving leads up to the presentation of 

an interpretation of problem solving which is precipitated 
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from the analysis thus far developed in the model construct. 

The discussion here is limited to problems the solution for 

which is achieved by appeal to the operations of arithmetic. 

The operations will be looked upon as models useful in 

application and the process of application as model building. 

In this manner, the process involved in problem solving and 

the manner in which knowledge is transferred are character-

ized in terms of the model construct. 

The problem of model building essentially amounts to 

taking two structures and comparing them for fit. Gattegno 

put it this way, 

The' field of applications is that where 
two or more structures meet then they can be 
merged and the result will be solutions to the 
practical problem envisaged (69, p. 16). 

One set of structures central to this discussion of the 

modeling process consists of the operations of arithmetic. 

As far as the mathematician is concerned, his interest in 

structures of this type does not necessarily depend on its 

fit with physical situations. Whether there are applications 

or not, the mathematician may be interested in the manipula-

tion and study of these abstract structures. The mathematical 

world can base even the operations of arithmetic on elements 

other than those in the domain of physical and extra-

mathematical applications (93, p. 579). 

The other structures involved in the fitting question 

are structures intrinsic or extrinsic to problematical 
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situations. In order for a structure to emerge in a 

problem-solver's mind, he'must, of course, have a great 

deal of knowledge about the area of application. Kline gives 

the following example of the necessity for a knowledge of the 

problematical situation in order to measure that the mathe-

matical structure has been applied correctly: 

If a farmer has two herds consisting of 10 
and 25 heads of cattle, respectively, he knows 
by adding 10 and 25 that the total number of 
cows is 35. That is, he need not count the 
cattle. Suppose, however, he brings the two 
herds of cattle to market where cows are sell-
ing for $100 apiece. Will a herd of 10 cows 
which might bring in $1000 and a herd of 25 
cows which might bring in $2500 together bring 
in $3500? Every businessman knows that when 
supply exceeds demand, the price may drop, and 
hence 35 cows may bring in only $3000. In some 
idealized world the value of the cattle may 
continue to be $3500, but in actual situations 
this need not be true (93, p. 580). 

In Kline's example, one situation has a structure which is 

modeled by addition while the other does not. Without some 

knowledge of business, simple physics, and simple animal 

husbandry, the student would not be cognizant of the key 

structural elements upon which the fit depends. Teachers of 

arithmetic applications must concern themselves with both 

mathematical and'non-mathematrcal structures and the basis 

upon which their fit is determined. 

The characterization of the critical elements of the 

structure of even the simplest of problematical situations 

is not simple. Judd reported, ". . .on the basis of 

examination of only three sets of textbooks, approximately 
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1,900 different ways of expressing the fundamental operations 

in one-step verbal problems"; and Monroe and Clark were able . 

to differentiate 333 kinds of verbal problems (52 kinds of 

"operative problems" and 281 kinds of "activity problems") 

(21, p. 7). Getzels (70, p. 241), in an incomplete analy-

sis, listed eight types of known-unknown structures. Scott 

(131) investigated children's responses to problems with 

soluble and insoluble structures, while Wilson (161) investi-

gated instruction in problem solving based on action-sequence 

structures and wanted-given structures. 

The fit between the mathematical structure and the 

problematical situation must be determined. The method of 

determining fit suggested in this study is to check for 

isomorphism between the class of situations (determined by 

the key structural elements) which subsumes the particular 

problem as an instance, and the mathematical operation in 

question. This form of analysis is no doubt too difficult 

for elementary school children, although there is some 

evidence that by the age of twelve to fourteen years this 

type of behavior is within the capacity of the student 

(151, p. 2,64). However, there is a level of model building 

that is within the capacity of younger elementary school 

children. This level is the first of three to be discussed 

in the following material. These three levels provide an 

analysis of the domain of teaching problem solving in school 

mathematics, 
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The simplest of three levels of model building.—At 

this level, the child is expected to perform an operation in 

association with a problematical situation only when that 

situation is an instance of a model structure which has 

previously been assigned to the operation. The modular 

domain from which word problems are selected is carefully 

selected and somewhat limited. 

Complex series of transformations from one model to 

another should not be required. To illustrate such an un-

desirable sex'ies of transformations, the following example 

is presented: A child encounters a problem which has a 

Cartesian product structure. He sets up a multiplication 

sentence to model it with one of the factors as an unknown. 

He translates the multiplication sentence into a division 

sentence on the basis of a rationalization of the fact that 

division and multiplication are inverse operations in terms 

of his understanding of the rectangular array model struc-

ture. He then utilizes a long division algorism which is 

rationalized on the basis of the divisive situation model 

structure with measurement information and measurement 

correlates. Then, he translates his answer to the original 

domain of the Cartesian product and checks it for reasonable-

ness,. He may check hi.s division computation by multiplication 

computation based on an algorism rationalized by application 

of the principles of numeration and the distributive property 

at something of an abstract level. This is quite a number of 
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transformations. All of these transformations might be 

necessary if the student is asked at each stage to explain 

the source of his knowledge. For the young child, a problem-

solving curriculum must be worked out so that it is within 

his capacity to grasp the key structural elements and trans-

formations . Complete analysis such as the above obviously 

cannot be required. The curriculum will, of necessity, have 

to be limited to a carefully selected groap of model struc-

tures. The student can be given training in recognizing the 

structural elements upon which the correlates depend, in 

transforming simple equations, and in translating the results 

back to the domain of application. 

Suggestions for teaching elements of the problem-

solving curriculum outlined above have been worked out over 

the past twenty years. . Prescriptions, suggestions, and 

examples are available. An excellent procedure has been 

outlined by Hartung and his associates (77). This procedure-

is a somewhat formal method of teaching problem solving and 

has been quite successful in teaching the solving of verbal 

problems which have structures which are directly subsumed 

by the modular representations taught. 

The second level of model building—teaching mapping.— 

As early as the work of Thorndike, and perhaps earlier, there 

has been an awareness that children might encounter problem 

situations which have a structure with which they are not 
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familiar but which can be modeled by a known operation. In 

the following passage, Thorndike oiitlines two elements of 

the problem presented by such new structures. He points 

out that the student needs to utilize a certain combination 

of words to ascertain the structure of problem situations 

and he needs to have this structure previously associated 

with an operation. This type of solution hinges on the use 

of verbal mediators and practice in associating the operation 

with the mediators: 

Another common difficulty is with the quick 
solution of problems like: "If it takes 5 days 
for a team to haul 36 tons of coal a certain 
distance, how long will it take the same team to 
haul 48 tons the same distance?" . . . 

It is common for teachers to assume that 
the difficulty in these cases is due to the 
pupil's failure to try to think. They often 
insist, "You could have done that, only you 
would not- think." This is sometimes the diffi-
culty, but only rarely. Usually it is very 
different. 

One part of the difficulty is the require-
ment of intelligence to see the "times" comparison 
must be made and to attach the right adjective 
(as "long" as, "quick," as "expensive," as "cheap," 
as "heavy," as "light," or whatever it may be) to 
it. The other part is the requirement of famil-
iarity with the "times" comparison and with division 
as the means of making it. The second part of 
the difficulty is preventable or curable by enough 
practice (142, p. 153). 

The solution of the problem of new structures, sxiggested 

by Thorndike, is to teach new structures separately in asso-

ciation with a particular operation. This, however, requires 

the explicit teaching of a great many structures. There is 

a procedure that alleviates the problem of teaching so many 
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distinct structures or of teaching such abstract structures 

that they are not useful to the child. This procedure is to 

teach skill in mapping. Mapping means to transform the 

pi-oblematical situation in such a way that it can be viewed 

as an instance of a more familiar structure, but in such a 

way that the mapping has a logical consistency. This device 

is acknowledged and recommended by current investigators. 

Bruner reports this heuristic as being quite natural to 

children: 

. . . what struck us about the children, as we 
observed them, is that they had not only under-
stood the abstractions they had learned but also 
had a store of concrete images that served to 
exemplify the abstractions. When they searched 
for a way to deal with new problems, the task was 
usually carried out not simply by abstract means 
but also by "matching up" images. An example 
will help here. In going from the wood-blocks 
embodiment of the quadratic to the balance-beam 
embodiment, it was interesting that the children 
"equated" concrete features on one with concrete 
features of another (30, pp. 56-57). 

The concrete images mentioned above would, in relation to the 

operations of arithmetic, be an image which is representa-

tive of a particular model structure. To equate elements of 

images would be to view one structure in terms of another. 

Thus it appears that problem-solving skill would be 

facilitated by teaching a generalized skill of mapping. A 

look at the literature will reveal attempts, some more 

deliberate than others, at doing this. Loeb (97, p. 403) sug-

gests that the "most generally useful representation of a 

number is the length of a line segment." He then proceeds 
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to demonstrate how children might learn to correlate cardinal 

numbers and distinct unique elements to the number line. He 

suggests: "One way of demonstrating the relation of line 

length to number might be to show a number of things lined 

up, as in Figure 1, for example" (97, p. 403). Figure 1 

referred to in the quotation is Figure 20 below. Dienes' (48) 

1 ~>K~ j 2. 
bird bird bird ^ 

3 birds 

Fig. 20—Mapping line length onto finite cardinal number 
of a set of concrete objects. 

multiple embodiment program for teaching "abstract mathemati-

cal models" contains techniques for developing skill in 

mapping. 

Arithmetic programs which present a limited embodiment 

of the operations of arithmetic find themselves teaching 

mapping on one form or another. One example comes from 

Gattegno (68, p. 96). A problem from one of his texts is, 

"If you have ten marbles, how-many can you give to each of 

five boys?" It is then suggested that an orange rod will 

represent the ten marbles. Next, it is suggested that the 

following question be asked, What kind of rod " . . . might 

represent a boy and at the same time represent the number of 

marbles each boy got?" The suggested answer is "Five red 
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rods would serve if the orange rod represents ten marbles" 

(68, p. 33), In this particular program, the children are 

being taught the skill of mapping the divisive situation 

model structure onto the Cuisenaire-Gattegno rod model 

structure for division of whole numbers. 

It seems that children quite naturally develop habits 

of mapping. Rapport (118) suggested that children, when 

taught the Cartesian product and rectangular array models, 

mapped them onto repeated addition. 

Bruner suggests certain key elements in teaching skill 

in mapping. They are a stock of rich imagery that arises 

from attending to the critical elements of the structures 

of problematical situations, talking about these images as 

mathematical objects, and allowing for a great deal of 

constructive activity in the modular domain. Bruner gives 

the following summarizing statement: "It is this stock of 

imagery that permits him to work at the level of heuristic, 

through convenient and non-rigorous means of exploring 

problems and relating them.to problems already mastered" 

(30, p. 59), 

The third level of model building--teaching the general 

heuristic of model building.- -'The tV7o simple levels of model 

building outlined in the previous pages hardly characterize 

completely all that goes into model building as the mathe- . 

matxcian and scientist know it. There are still elements 
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of model building to be described and, as Bruner says, more 

refinements to be made. 

In the current school mathematics literature there is 

suggestion that teaching the general heuristic of model 

building be a continuing part of the mathematics curriculum 

from elementary school to post graduate work (35, pp. 22.-23). 

The Committee on Undergraduate Programs in Mathematics of 

the Mathematical Association of America made the recommenda-

tion that teaching modeling be an important part, of the 

college mathematics program and presented principles outlin-

ing some central elements (37, p. 66) . Further discussion 

of the general heuristic of model building is found in 

Dienes (50, pp, 213-214) and Bruner (29, p. 96). 

To summarize, two primitive forms of model building 

associated with the operations of arithmetic have been out-

lined in the preceding pages. Suggestions that more refined 

and powerful model building heuri.stics can be taught follow-

ing these forms of model building have been given.. What the 

refinements are and how to execute the teaching is still to 

be worked out. The operations of arithmetic and the systems 

in which they are embedded can be used in teaching problem 

solving as model building. Further reference to model 

building in problem solving can be found in Belth (9), 

Kemeny and Snell (91), Black (12), and Polya (116). 
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Curriculum Design and Instructional Methods 
Associated with Teaching the Operations 

of Arithmetic 

The objective of this section is to continue the develop-

ment of the model construct by pointing out a few distinctive 

curriculum designs and principles of instruction and their 

relation to the use of models of the operations of arithmetic. 

^ curriculum aimed at teaching axiomatics.—Axiomatic 

formulation is perhaps the most productive, most sophisti-

cated development in the evolution of mathematics. It is not 

only productive in mathematical theorizing, but in applied 

areas as well. That it is not a completely naive or natural 

construction is evidenced by the fact that the Greeks studied 

geometry for hundreds of years before Euclid gave an 

axiomatic exposition on an Aristotelean pattern and not until 

over a thousand years later was the method successfully 

applied to the domain of numbers. It is even likely that 

the rules now set down for formulating axiomatic systems 

will be found inadequate and recast several times in the 

future. The procedures for axiomatic formulation may be so 

productive and so universal, in the world of mathematical 

application, which is casting a longer shadow every day, 

that to teach axiomatics is a desirable ultimate objective 

for school mathematics (117). An even broader method of 

thought which subsumes the axiomatic method is the conception 

of model building and the use of models and rules for model-

ing in productive thought processes. The goal of teaching 
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these heuristics no doubt subsumes the goal of teaching 

axiomatics (9). 

Quadling and his associates (117, pp. 401-402) suggest 

that a school curriculum aimed at the culmination, perhaps 

in the secondary school, of a high level of understanding of 

axiomatics, be organized on the basis of three phases. These 

phases suggested for the English school and which could 

cover the twelve grades of the American educational plan are 

the experimental phase, the analytical phase, and the 

axiomatic phase. Quadling and his associates describe the 

experimental phase thus: 

. . . this will extend over several years, and 
can be well under way by the beginning of the 
secondary school course. Permutation games, 
symmetry transformations of geometrical figures, 
"final digit" arithmetic, etc., can lead to the 
construction of finite group tables, which can 
then be examined as structures in their own right. 
Infinite groups will also come into pupil's 
experience: vectors under addition, positive 
rational numbers under multiplication, symmetries 
of the circle, etc. (117, p. 401). 

Quadling and his associates suggest that this "experi-

ential" work will gradually pass into an analytical phase. 

He describes the primary psychological process which will 

facilitate the transition. It is important to note the 

role played by embodiments in this transition: 

Whilst exploring structures children may 
discover with pleasure that two or more differ-
ent concrete situations are in fact isomorphic, 
and will be willing to accord their common 
abstract structure more careful study; it is 
only then that they will be ready for an intro-
dxiction to axiomatics (117, p. 399). 
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This experimental stage could begin in the American system 

with the kindergarten or first grade. It could culminate 

somewhere in the junior high. The embodiment of the opera-

tions of arithmetic and the elements of the model construct 

could contribute significantly to developing this type of 

curriculum. 
• 

The analytical stage is perhaps the shortest of the 

three stages in terms of time. At this stage the student 

gets experience with careful description, he becomes con-

sciously aware of the existence of polyvalent structures and 

some of their elements which are common to algebraic struc-

tures such as operation, commutivity, and inverse element. 

He has informal and formal experience with deduction and 

counter example. He begins to study the formal foundation 

of mathematical logic in the form of logical games. The 

word isomorphism may come to be used in the classroom. He 

learns algorisms for computation and solution to equations 

and their informal logical and physical basis. All of this 

is transition and readiness for the formal axiomatic stage. 

Early in the American secondary school, the generaliz-

ing, formulating, and deductive phase of the instruction in 

axiomatics begins. For example, the student learns the 

essential elements of a group, a ring, and a field. He 

constructs proof patterns in a rigid outline in order to 

provide simplicity and rigor. Existence and minimizing the 

number of axioms are studied. Formal logic is appealed to 
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for justification of connections in proofs. The rigorous 

calculus is learned along with probability. Applications of 

a less than redundant nature are sought out. They are 

attacked from the point of view of model building and curve 

fitting. Science books which are constructed from this 

point of view are studied. Skills in the manipulations of 

algebraic symbols and mathematical definitions are required. 

This curriculum may appear to be an ambitious one which 

leaves out two important mathematical curriculum objectives--

that of social applications and integration with science. 

It is the use, at all stages, of physical models common to 

social applications and science applications that allows 

this curriculum to satisfy these two objectives. The 

motivation for the pupil, of course, lies in the teaching 

strategies which appeal to the child's intrinsic interest 

in mathematical games, exploring, tabulating, manipulating 

his environment, citing objective authority, and so on. 

This curriculum design for the public school can be 

thought of as leading into several different types of 

axiomatics and applications of mathematical structures. 

Wilder (153, pp. 122-126) characterizes three types of 

axiomatics which are in use today as the "Euclidean type," 

"the working mathematician type," and the "foundational 

research type." Within the area of applied mathematics and 

sciences using mathematics, there are no doubt several 

different philosophies of axiomatics. If they are to be 
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taught in the schools, it is extremely important that the 

college mathematician and scientist acknowledge the validity 

of different approaches to mathematical thought, and tolerate 

as well as capitalize on the taste and knowledge of the in-

coming products. It is also important that they arrive at 

a delimiting statement describing a satisfactory pre-college 

mathematical experience. If the pre-college program is to 

teach mathematics, including axiomatics, it will have to do 

so under a consensus recognition of the mathematical-

scientific community. 

All three of these phases depends heavily on embodi-

ments of abstract mathematical structures and their modeling 

function. In the experiential phase, the children work 

primarily with embodiments. The transition from the experi-

ential phase to the analytic, is accomplished by the 

acknowledgement of isomorphism between embodiments and 

multivalent mathematical structures. At the axiomatic 

phase, embodiments play the role of areas of application. 

They occur in mature areas of application of mathematical 

knowledge. 

h. curriculum based on everyday social utility. —The 

relation between a curriculum based on social utility and 

the model construct has already been rather fully discussed 

under the previous heading of "Texture of the Stimulus 

Field." The method of design suggested by the model construct 

is to search the everyday stimulus field associated with the 
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operations of arithmetic for general patterns. One organizes 

these into categories called model structures. These 

categories hang together in that each one is isomorphic to a 

particular operation of arithmetic by a particular set of 

correlates. The next step is to build materials and appeal 

to psychological principles for teaching these interpreta-

tions. It is important to note that the critical attributes 

of a model structure upon which transfer to applications in 

the stimulus field is based are the elements upon which the 

isomorphisms and subsequent mappings depend. Other elements 

are largely irrelevant concomitants to be faded out by the 

process of variation. The Scott, Foresman curriculum (80, 

146) is an excellent example in the small, of certain ele-

ments of this type of design. In this program the models 

are carefully distinguished; the correlates carefully 

declared; and a deliberate strategy is worked out for teach-

ing students to respond appropriately to stimulus situations ' 

(problem solving). However, this program is based on the 

choice of only a few model structures which are more or 

less arbitrarily claimed to be the "true mathematical" 

definition of the operations. 

Other distinctive curricula.—The Cuisenaire-Gattegno 

elementary school mathematics curriculum (67, pp. 123-128) 

is interesting in that it is a program based almost entirely 

on a single set of materials (rods). These rods are ex-

hausted with respect to the models which can be made from 
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them. Almost every' embodiment in the program is couched in 

terms of length and color of rods. The design is largely 

determined by the limitations of the materials and the 

ingenuity of the inventor. 

The program developed by Dienes (50) is interesting in 

that he deliberately uses variety and variation in embodi-

ments which force abstraction on the part of the students. 

Shortly after the primary level, he moves along to represen-

tation of operations on larger universal sets. 

The Cambridge Conference on School Mathematics is con-

sidering the possibility of teaching the operations of 

arithmetic as- they are embedded in the operations on the • 

integers. The usual procedure of teaching the operations on 

the whole numbers first is tentatively omitted (34). The 

mathematics of the early grades is said to fall under the 

heading of "pre-mathematics"—-informal study gradually lead-

ing into "formal" study (35). In this program, embodiments 

of operations of arithmetic are embedded in embodiments of 

operations on the integers. 

The program of the Minnesota Mathematics and Science 

Center (104) is distinctive because it uses models that are 

unique to that program. The models of the operations on the 

whole numbers are couched in the setting of the number 

scale and the rectangular coordinate systems. Much of the 

arithmetic is done in "Squareville." These and other models 

will be described in Chapter III. 
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Selected principles of instruction in which models 

play a key role.—C. L. Hull, in his now famous description 

of how concepts are learned through variation of the logical 

attributes of the concept in the form of negative and positive 

instances, set the stage for the last forty years of research 

in concept formation and its application to classroom 

learning. Two principles of variation, perceptual and 

mathematical variation (5 5, p. 28), are no doubt an outgrowth 

of this long tradition of application and research. Embodi-

ments play a key role in these variation strategies in that 

they provide the perceptual setting of the instances of the 

concept, and they provide particular values of the mathe-

matical variables which are a part of the description of the 

mathematical set which is subsumed by the concept. To quote 

from Dienes, 

The perceptual variability principle stated 
that to abstract a mathematical structure effective-
ly, one must meet it in a number of different 
situations to perceive its purely structural 
properties (48, p. 158). 

To follow this procedure, one first presents a mathematical 

structure to the children in the form of a particular 

embodiment. Next, the same structure is introduced with 

another embodiment. It is well known that without this form 

of variation, young children tend to think in terms of 

perceptual details rather than the abstract structure. They 

attach importance to features of the embodiment which are 

irrelevant to the mathematical structure. Examples of this 
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attachment are documented in Dienes' An Experimental Study 

9̂ . Mathematics-Learning (48, p. 159). The principle of per-

ceptual variability is based on the assumption that this 

attachment can be stripped from the concept by deliberate 

strategies of variation of perceptual elements. After the 

use of several embodiments, then one attempts to force 

abstraction by bombarding the student with several embodi-

ments at once in accompaniment with certain strategies for 

handling symbolism. 

The second principle of variation is the principle of 

mathematical variability. This amounts to variation of the 

mathematical variables associated with the concept. An easy 

example of this type of variability is associated with teach-

ing numeration. One varies the base, place-value paradigm 

and perhaps even the symbols. The most common variation is 

that of the base. Instances of both types of variation are 

currently under criticism as not being appropriate fare for 

the usual elementary school curriculum (60, p. 84). Even 

generalization of numeration concepts beyond the usual base 

is thought inappropriate for most children (60, p. 84). The 

hypothesis that such variation aids in understanding of the 

base-ten application is itself still untested. 

An example of mathematical variation associated with 
i 

teaching the operations of arithmetic is the use of over-

lapping sets in teaching the set union model for addition. 

Again, possibly this variation is not. necessary in order for 
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the student to know that addition does not model the joining 

of non-disjoint sets, or perhaps this degree of generalization 

is not considered appropriate for the student. 

The Gattegno method is often criticized because of lack 

of variation of the mathematical and perceptual elements. 

However, this program does contain deliberate strategies of 

variation as can be seen from the following quotation: 

It is a great advantage that the values 
which the rods represent can be varied. Then 
when a rod is chosen as the unit, the value of 
each other rod is immediately established. If 
the white rod is taken to represent 1, the red rod 
represents 2 and the orange rod 10. However, if 
the red rod is taken as our unit, the white rod 
represents 1/2, the red rod 1, and the orange rod 
5. For this reason (among others) it is important 
not to get into the habit of referring to the white 
rod as the "l-rod" (68, p. 23). 

A third principle which is dependent for its execution . 

on embodiments is termed the principle of dynamic symboliza-

tion (5 5, p. 29). In. the usual school programming for 

teaching the operations of arithmetic, symbols are static 

objects handed to the student by the teacher. The students 

are simply instructed to associate the symbols with certain 

situations. The rules for the association are usually very 

poorly stated- According to the dynamic symbolization 

principle, the symbols take on the role of being a part of 

the constructive process. Pupils invent symbols or request 

them of the teacher. It is assumed that if children are 

confronted with the appropriate degree of complexity which 

contains patterns of which they are cognizant, they will want 
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new symbols very much as they want to abstract. With 

appropriate variation in the embodiments, children will tire 

of using a particular embodiment as the set of symbols for 

the others, and with a little encouragement, develop symbols 

and rules for manipulating them. 

The principle of image construction is fourth in this 

discussion of selected principles (55, p. 29). According to 

this principle children are encouraged to interpret what 

they see and think in the form of simple statements, imagin-

ative stories, pictures, or formulas. The students are 

encouraged to attend to mathematical structures as being 

objects themselves. They develop the habit of testing .inter-

pretations for validity of representation. This activity is 

frequently not allowed children in the usual school program. 

The teacher usually does the summarizing. 

The principles stated above are currently being used as 

working hypotheses from which to derive experimental 

hypotheses. Work along these lines is being done at the 

Harvard University Center for Cognitive Studies {48, 31). 

Much of this work is done in areas of conceptual learning 

other than the operations of arithmetic and must be trans-

lated in order to have application to this domain. There 

are, no doubt, other principles to be developed and tested 

which relate to the use of models for the operations of 

arithmetic. Both space and time, however, suggest that 

these matters be left for another study. 
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The Model Construct and Two Major 
Theoretical Positions 

The following material summarizes one current and one 

recent historical educational position and relates them to 

the model construct thus far developed. The summary of 

these positions is at best incomplete, and perhaps over-

simplified. This paper will be shown to be an instance of 

the type of thing which is the business of education accord-

ing to Be1th (9). Secondly, this study will be related to 

the arithmetic movement initiated andckfined by perhaps the 

greatest educational psychologists in the history of American 

education-—Brownell (21) and Judd (88). 

The discipline of education.--Belth (9) has expressed 

an interest in a study of the nature of knowledge and the 

processes for facilitating its use. His book, Education as 

a Discipline, addresses itself to the question: "What is 

the proper subject matter of the discipline of education" 

(9, p. v.ii)? The continuing theme is that the subject matter 

of education is the models which organize, transmit, and 

extend knowledge. The educator, according to Belth, views 

knowledge such as mathematics, physics, art, or history, not. 

as the practitioner in the field views it, but as one 

interested in the structure of knowledge. In the study of 

mathematics, for example, the mathematician proves and 

explains his theorems in the context of a particular format 

of axiomatics. He may not concern himself with the primitive 
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source of his knowledge, with other methods of axiomatics, 

or with how his creations are related to the well-being of 

mankind. He may even be hostile to the methods of other 

practitioners in his field. One can be an excellent 

researcher in mathematics and know very little of the 

structure of the body of knowledge called "mathematics," or 

even the primitive elements of notions he uses every day. 

On the other hand, the educator and the mathematics educator 

seeks out the structure of the body of knowledge; he seeks 

out the reltit.ionsh.ips between the models used; and he seeks 

out the concepts of the world in which these models are 

embedded. The educator develops and uses models making up 

the discipline of education. A large component of this 

discipline is the study of other disciplines, Belth writes: 

Let us remember that any discipline can be 
characterized as a model-making, model-using 
activity, and that in general each discipline 
creates, and is identified by, its own distinc-
tive models. . . . In the light of the analysis 
of the theory of education in this book, we 
must concern ourselves at once with the character 
of models themselves, as they are variously 
created and used by educational theorists, and 
with the forms which models take as they direct 
the development of intell igence. . . . No other • 
discipline is concerned with the two sides of a 
model in this way. 

. . . it is through educational models that 
we examine the different types of models, in. their 
particular forms (9, pp. 184-185). 

Belth defines "models" as. follows: 

To review, models are constructions of inven-
tions which serve to measure, guide, explain, 
and interpret, features and meanings of the 
activities clustered into specific disciplines 
(9, pp. 179-180). 
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A model, as has been pointed out, can be a 
diagram, a chart, a picture, a physical structure, 
a word, a concept, a formula, or a system of ideas' 
connected logically to one another. But it is, 
in one way or another, representative of or 
analogous to some event in reality (9, p. 287). 

Some models are very general and constitute the charac-

teristic models of a particular age in history. As a case 

in point, Belth describes a primitive scientific model of 

the universe: 

Even more interesting, the methods of inquiry 
which are so much a part of the modern school's 
curriculum derive from a scientific model of 
the universe, in which every element, of nature 
is bound to every other in a functional way (9, 
p. 182). 

Mathematics presents to the world a group of mathematical 

models embedded in a structured body of knowledge. These 

models have their own peculiar properties. Belth in the 

following quotation outlines the source of their power: 

But what can be said about priorities in 
curriculum? Are all models, when used educa-
tionally, equally educational? Obviously not. 
. . . they can be discovered to make different 
forms and ranges of thinking possible. They 
differ in the powers of description which they 
nurture, the explanatory ability consistent with 
them, and the further inventiveness made possible 
by them. 

Remember that the greatest danger which 
models must cope with is that of being confused 
with what is modeled, . . . . Where a model is 
readily confused with that which is being modeled, 
the range of thinking will be more limited than 
where it is less possible for such confusion to 
occur. 

. . . when we transform relationships to 
mathematical formula, we are making possible the 
-development of a type of reasoning which includes 
a growing awareness of relationships between 
thought and experience. . . . The capacity of 
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seeing a more flexible, contingent relationship 
between these models and nature is far greater 
than made possible through the use of models 
embedded in ordinary language. It is, in short, 
easier to show that mathematical symbols do not 
copy reality at all, and can therefore be more 
freely manipulated to make possible newer ways 
of handling or organizing the events of nature. 
Ordinary language and representative copies are 
less easily disconnected, and therefore make 
reconsideration of events that much more difficult 
(9, pp. 292-293). 

The process of mathematical education is 

. . . to enable learners to do . . . [mathe-
matics] , within the range of operations which 
sufficient explorations and tests have warranted; 
. . . to nurture in them a capacity to extend 
that range of operations; . . . to assist them 
in understanding how the consequence of . . . 
[mathematical] endeavors have affected the 
evolving- history of mankind (9, pp. 148-149). 

It hardly need be pointed out that the model construct 

developed in this study is an instance of the type of thing 

that is considered by Belth to be the business of education. 

However, a few elements of this study which are instances of 

the above described general paradigm will be cited. First 

of all, the notion of model in a mathematical sense has been 

used throughout this paper. The operations of arithmetic 

have been characterized as abstract models of a collection 

of concrete models. The nature of the representational 

relationship which exists between the models has been care-

fully described. The collection of concrete models has been 

v̂ ell exemplified by several examples, and a catalog of these 

is presented in Chapter III. Strategies for extending and 

abstracting models in order to increase their power have 
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been developed. The "range of operations which sufficient 

explorations and tests have warranted" (9, p. 149) has been 

outlined in the sections on readiness and development. It 

has been pointed out that models arise out of attending to 

materials from a certain disposition. The existence of a 

hierarchy of models within the body of knowledge and the 

relations between them has been acknowledged and some of the 

elements characterized. It has been demonstrated how 

primitive models combine to form modular representations of 

more extensive modular systems such as the system of whole 

numbers. The prescriptions and claims have been rather well 

limited to the domain of mathematical education, and other 

matters left to educators who study other systems. 

With respect to ascertaining the agreement between this 

paper and the authors mentioned, it is pointed out that the 

educational models which structure this attempt have been 

largely drawn from the work of Bruner. Bruner was an 

associate of Dienes at the Center for Cognitive Studies, 

Harvard University. Much of the material outlined in this 

study is an application of the work of both authors to the 

limited domain of the operations of arithmetic. 

The meaningful arithmetic movement and the model 

construct. "-In his original statement, in 19 35, Browne 11 

defined the "meaning" theory thus: "The 'meaning1 theory 

conceives of arithmetic as a closely knit system of under-

standable ideas, principles, and processes" {21, p. 19). 
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He suggested four categories of meanings, two of which 

are the subject of this study: 

A second group of arithmetic meanings in-
cludes understanding of the fundamental operations. 
Children must know when to add, when to subtract, 
when to multiply, and when to divide . . . and 
'they must also know what happens to the numbers 
used when a given operation is employed. 

A third gro\ip of meanings is composed of 
the more important principles, relationships, 
and generalizations of arithmetic, of which the 
following are typical: When zero is added to a 
number, the value of that number is unchanged. 
The product of two abstract factors remains the 
same regardless of which factor is used as 
multiplier (20, p. 253). 

In this study, "understanding of the fundamental operations" 

has been characterized in siich a way that the models used in 

the meaningful arithmetic movement are elements in the 

characterization, and further models have been added. The 

mathematical relationship between the models has been 

characterized. Thus, the concrete basis for "understanding 

of the fundamental operations" has been rigorously and 

generically developed. Understanding the operations has 

been defined in terms of combinations of models. The process 

of "knowing when to add, subtract, etc." has been analyzed 

in terms of subsumption of the problematical situation by a 

known model structure and by skill in mapping. The method of 

rationalization of generalizations such as those mentioned 

by Brownell has been subsumed under the general practice of 

modeling. The validity of these rationalizations has been 

characterized in terms of elements of a theory nf martomafi-
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terms of classes of modular reflections making up the model 

structures. 

McConnell, an articulate spokesman for the meaningful 

arithmetic movement, outlined principles to guide "how we 

teach." The following general principles which are related 

to this paper are quoted: 

Abstract ideas of number develop out of a 
great amount of concrete, meaningful experience; 
mature apprehension of number relationships can 
be attained in no other way. . . . 

Reorganization of behavior occurs as the 
child's understanding grows, and results in the 
emergence of more precise, complex, and economi-
cal patterns of behavior. 

Understanding the number system and the 
methods of operations it makes possible facili-
tates both quantitative thinking and, ultimately, 

rapid and accurate computation (99, p. 279). 

The "abstract ideas" of operation and number have been • 

defined in terms of classes of models and the process of 

stripping. Generalisation has been distinguished'from 

abstraction. Deliberate strategies more specific than 

"great amounts of concrete, meaningful experience," have been 

outlined and based on a simple theory of mathematical learn-

ing, "Mature apprehension of number relationships" has been 

characterized in terms of several levels of maturity, each 

having its own form of validity. "Understanding the number 

system and methods of operations" has been defined in terms 

of rationalization through modular reflections. 
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CHAPTER III 

AVAILABLE MODELS FOR THE OPERATIONS 

OF ARITHMETIC 

Introduction 

This chapter is a catalog of models. It satisfies a 

need for a single source to present description and reference 

for many of the models used for the purpose of instruction 

in the operations of arithmetic—addition, subtraction, 

multiplication, and division as they are defined on the 

whole numbers. There are a great many models for each of 

these operations. For example, the section of this chapter 

dealing with addition and subtraction presents at least 

twenty families of models for these two operations. Within 

each civilization, and for thousands of years, models for 

the operations have been used. Euclid suggested that multi-

plication is repeated addition (20)„ Dewey, perhaps the 

greatest educational philosopher in the history of American 

education, presented his interpretations of these operations 

(24). Gattegno and Cuisenaire (16) have given the world a 

system of models and impressive claims for them. Within the 

modern school mathematics movement there has been an energetic 

search for better ways of teaching the operations of arith-

metic to children. This chapter presents a catalog of models 
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and thus an outline of many approaches to teaching the opera-

tions of arithmetic. 

Analysis of the concepts primitive to each model are not 

given. Each model is described in terms of the concepts 

most-convenient. When possible, sources in which these 

models are discussed are cited. 

Belth, in his discussion of models in Education, out-

lines teaching in the following manner: 

The concern with identifying models, and assist-
ing the child to do the same; seeking out 
alternative meanings and models, and assisting 
the child to do so too is, in practice, the 
development of powers of thinking (2, pp. 286-287). 

Thus, according to Belth, this chapter is an important part 

of teaching in that it is a catalog of the modular reflec-

tions of the well-known mathematical models which are the 

operations of arithmetic. Teachers and pupils can, from 

experience with known models such as those to follow, develop 

their own models and interpretations. 

The catalog presents these models in families,, A 

family of models is a group of models that tend to fit 

together and to be found together in educational usage and 

discussion. Some models are included under the same heading 

because they were invented by one or two inventors or occur 

in a well-known program. Others are found together because 

they use the same type of number. Still another group is 

together as a family because they are derived in about the 

same manner. Possibly it would be desirable to build 
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taxonomies based upon a single dimension or quality, but 

this analysis will have to be done in conjunction with • 

particular objectives which are beyond the scope of this 

study. 

This chapter is only a catalog of models for the opera-

tions of arithmetic. The rationale behind each model, or 

the advantages and disadvantages, are not to be discussed. 

The succeeding Chapter IV deals with the functions of models 

and their evaluation in terms of these functions. 

This chapter and the subsequent chapters amount to 

applications of the model construct built up in Chapter II. 

One of the derivatives of the model construct is the fact 

that there is more than one interpretation at the modular 

level of each of the operations of arithmetic. This chapter 

is then a catalog of some of these interpretations. 

Each of the operations can be characterized as the 

collection of all models which represent it. If one is 

concerned with which came first, the models or the operations, 

he has the following two alternatives. He can choose one of 

the models as the canonical form and the class as the set of 

all mathematical objects isomorphic to it, and the abstract 

operation as the class, or a property held in common by all 

the objects. On the other hand, one can axiomatize the 

abstract operation and search for the modular reflections of 

it. Historically, the first of these two alternatives is 

more nearly the case. 
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Models for Addition and Subtraction 
on the Whole Numbers 

The following is a catalog of models for addition and 

subtraction. The models for addition and subtraction are 

grouped together because any model that represents addition 

also represents subtraction and vice versa. As has been 

pointed out in Chapter II, addition on the whole numbers is 

an abstract operation which assigns to each ordered pair of 

whole numbers a unique whole number. Subtraction is defined 

as the inverse of addition as follows: If a and b are each 

a whole number, the symbol a - b means a whole number x, 

if it exists,, such that x + b = a. By this rule, each 

addition sentence is translated into one subtraction 

sentence, and each subtraction sentence is translated into 

one addition sentence. 

The three-part analysis presented in Chapter II analyzes 

a model into a modular representation of an operation compos'ed 

of a model structure, a symbolic representation, and a col-

lection of correlates. If a particular model structure is 

mapped onto either addition or subtraction, then by the above 

definition, it can be mapped onto the other operation. It 

is common, at the introductory stages in school programs, to 

map a model onto only one of the operations of addition and 

subtraction, but sooner or later in the student's arithmetic 

experience, almost every model for one of these operations 

is mapped onto both operations. 
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Among the families of models to be listed below, the 

set union models are usually associated with addition, and 

the decomposition models are usually associated with sub-

traction. The other families contain models which are 

frequently associated with one or both operations. 

Families of set union models for addition and sub-

traction. --Set-union models occur in the school mathematics 

literature in at least two families. One is the additive-

situation family, and the other is the set-union family. 

The additive-situation family can be considered as a primitive 

model of the more general and abstract set-union family. 

The additive-situation family (18, 19) involves the 

joining of two disjoint sets of physical objects. The j-oin-

ing is done by actual.ly moving the objects, or else by 

imagining them being joined. The modular elements which are 

mapped onto the whole number symbols are finite cardinal 

numbers. Variations in this family occur, for example, 

when one insists that the joining be done in a particular 

manner. One might, in order to emphasize the commutative 

principle of addition, insist that one of the sets remains 

still and the other is moving toward it. Instances of this 

model may be exhibited by the teacher's actually manipulat-

ing sets of objects or by "movies" made of a sequence of 

frames which picture various states of the process of join-

ing (19). The primary structure of these models is termed 
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"action-sequence." The events take place over a period of 

time, and the emphasis is on the action of joining as opposed 

to separating or to no physical action of this type at all. 

The set union families occur in almost every elementary 

school mathematics program. They may occur in the primitive 

form of the additive situation or be extended to more abstract 

and general operations on sets. Again one deals with two 

disjoint sets of objects. The modular elements which are 

mapped onto the whole number symbols are finite cardinal 

numbers. The union may be formed by any of several standard 

procedures. One such procedure is by enumerating the ele-

ments in the sets. Another is by connecting descriptive 

statements by the connective "or." Another is by drawing 

boundary lines which denote the union by common enclosure. 

A curious variation on this interpretation is termed 

"set union with replication" (11, pp. 90-91). A psychological 

structure related to set union is that of "synthesis" (24) . 

Families of decomposition models for addition and sub-

traction.—Perhaps the most well-known and primitive of this 

family of models is the "subtract.ive-situation model" (19) , 

more often called the "take-away model." This model has an 

action-sequence structure, whereas some of the other 

decomposition models do not. An instance of this model 

would be a situation where from a single set of objects a 

subset is removed leaving a subset. The action is that of 
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separating or removing. The modular elements assigned to 

whole number symbols are finite cardinal numbers. Variations 

in this family occur when, for example, one insists on only 

one subset being moved, or allows both subsets to be moved 

away from the initial position. Another variation might 

involve the difference between actual action and imagined 

action. This model dates back to the beginning of the 

history of subtraction. It is primarily associated with 

subtraction, although there is perhaps no mathematical reason 

why it should not be associated with addition. 

Another family of models in this group is termed 

"decomposition" (37) or "component grouping" (17). At the 

more general and abstract level one might call these models 

"relative complement" (33,34) or "partitioning into two 

disjoint subsets." In these models one considers.a single 

set and then considers it decomposed or partitioned into two 

disjoint subsets the union of which is the initial set. The 

psychological structure of these models is "analysis" (24). 

They are commonly associated with both addition and subtrac-

tion. The elements assigned to the whole number symbols 

are usually finite cardinal numbers. These models may be 

static .rather than action-sequence in structure. The decom-

position may be achieved by moving objects (21), drawing 

boundary lines (37), enumeration of elements (33,34), or by 

the use of the logical connective "and" along with descrip-

tive sentences. 
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Families of comparison models for addition and sub-

traction.—These models are found in many arithmetic programs 

in the form of applications of the operations of addition 

and subtraction (18, 19) . They are very often mishandled in. 

that'they are mixed with the union and decomposition models. 

A comparison situation is one in which one considers two 

disjoint sets of objects and compares them in terms of how 

many more or how many fewer one set has than the other. The 

modular elements which are mapped onto whole number symbols 

are usually finite cardinal numbers. These models do not 

have action-sequence structure in that there is no suggestion 

that events are taking place over time. The situation is 

static. The two sets may be described by any of the usual 

methods. 

These models are more frequently mapped onto subtrac-

tion, although recently they have increasingly been mapped 

onto both operations. The matching of the elements in the 

two sets, as far as possible, by one-to-one matching is 

helpful in revealing vividly the structure of a comparison 

situation. As has already been pointed out in Chapter II, 

there are rational methods for mapping these models onto the 

more common models for addition and subtraction. 

To find an answer to a subtraction question such as 

5 ~ 3 = ? by this type of model, the student might secure a 

set of five objects and a disjoint set of three objects. 

Match the elements of the two sets, as far as possible, 
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one-to-one, and note the cardinal number of the set of 

elements which are not matched. Under the circumstances of 

this problem, there will always be two elements which are 

not matched. In this manner the child can use the model in 

algorism format to find answers to open sentences. 

Families of machine type models for addition and sub-

traction. •—In this age, machines play an increasingly important 

role. They make up systems which are concrete enough to be 

significant to the young mind. Machines are closely related 

to the interest of the mathematician in that he frequently 

builds mathematical models which represent the function of 

machines. Fehr (14) suggests, that machines provide a form 

of meaning. 

Machine models come in the form of "stick stretching 

machines" (4), "platform rollers" (15), ordinary calculating 

machines, digital and analogue computers, "Flash-Dial" (29),-

"simple minded solution generators," or "simple binary 

machines." Some of these machines are imaginary devices such 

as the stick stretching machine and the simple minded solution 

generator. Others are actual mechanical devices which 

function according to certain physical laws which model the 

operations, and still others are no more than reference 

devices such as tables and dials. Each of them has its own 

form of validity and its own peculiar relation to the opera-

tions. An increasingly popular family of machine models is 

based upon the use of a balance (8, 28). 
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For purposes of example, one of these machine-type 

models will be described briefly. The physical nature of 

the behavior of the balance under certain conditions is 

modeled by addition. For example, if equal units are 

marked off from the fulcrum on each arm of the balance, and 

if these marks are numbered outward from one on, one has a 

teaching aid which is useful in teaching addition and sub-

traction, To illustrate 2 + 3 = 5 , one variation would be 

to put a one-ounce weight on the point on one side of the 

balance point labeled "2" and another on the same side on 

the point labeled "3." On the other side one would place a 

one-ounce weight on the point labeled "5." The arm will 

then be in the balanced position. Similar procedures could 

be used to find answers to open sentences. 

In these models a great variety of modular elements 

are mapped onto the whole number symbols in the symbolic 

representation. In the above example these modular elements 

might be measures of length or names of points. In another 

method of utilizing the balance to represent addition or 

subtraction, the modular elements mapped on whole number 

symbols might be a measure of weight, or possibly even color 

of certain objects. 

Families of rod models for addition and subtraction.— 

The more well-known rod-type models for addition and sub-

traction have been developed by Gattegno and Cuisenaire (16) 
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and Stern (32). Currently many teachers are incorporating 

these models within their arithmetic program. In these 

models, rods are used, and the length or the color of the 

rod is assigned to the whole number symbols (26, p. 333). 

Constructive activities such as making trains of rods and 

analytic activities such as decomposing a rod into an 

equivalent train are both assigned to addition and subtrac-

tion as models. Variations can be accomplished by changing 

the numerical value assigned to a particular length or color. 

Families of number line models for addition and sub-

traction.—One of the new innovations accompanying the 

introduction of the modern school mathematics era was the 

extensive use of the number line. A number line is a line 

with a zero identxfied, and usually equal units are marked 

off to the right of the zero mark and labeled successively 

with whole number symbols. The numbers assigned to these 

points are termed by Swain as "scale numbers" (35, p. 290). 

Others call them "real numbers" or "point numbers." This 

model is important both for applications and further mathe-

matical learning. Variations on this theme are the "sliding 

strip" (5, p. 102), operations with rulers (22), the nomogram 

(25, p. 22), operations with pages in books (31, p. 101), 

operations with pairs of number lines (37), and rolling 

wheels on the number line. Number-line configurations can 

be used in algorism form to solve open sentences. To answer 

the question 6 + 3 = ? with a number line painted on the 
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floor, the child might walk to the point labeled "6," then 

take a jump along the line and away from the point labeled 

"0" of length three units, and note that he ends up at the 

point labeled "9." The modular elements assigned to the 

whole number symbols in these models are quite varied. They 

may be cardinal number, ordinal number, measure of length, 

name of a point, and so on. The time structure of these 

situations may be static or action-sequence depending on the 

manner in which the students are taught to address themselves 

to the situation. 

Families of structured pattern models for addition and 

subtraction.-—in these models, the elements associated with 

the whole number symbols are standard structured patterns 

such as the dominoe-five pattern or the four-four pattern 

for eight. A certain number is associated with a set of 

objects when the set can be arranged in a certain standard 

pattern without having objects left over. In these models, 

the child who is attempting to answer a question such as 

5+3=7 would take a dominoe-five pattern, 

x x 
x , and a standard triangle pattern, x , and experiment 

x x X X 

to see which standard pattern he can make wxth these objects. 

The standard pattern which he eventually makes might be 

termed the square-square pattern, x x x x. Since the 

X X X X 
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square-square pattern has been assigned to the numeral 8, 

the student would make the response, 5 + 3 = 8. There are, 

of course, many variations on this theme (32, 26). As is the 

case for other models, this one is limited to a collection 

of whole numbers, the largest of which is somewhat less 

than twenty. It is interesting to note that this model is 

not dependent upon counting. 

Families of counting models fo_r addition and subtraction. 

Swain (35) has outlined the relation between counting and 

addition and subtraction. Rational and rote counting can be 

used in models.. One could tern "rote counting" as the 

application of counting procedures without the assignment 

of certain meanings. Two common meanings resulting from 

counting are ordinal and cardinal use of number. One can 

use counting procedures rather mechanically to answer ques-

tions involving addition and subtraction open sentences. A 

student might simply respond to a question such as 2 + 3 = ? 

by appealing to a rule which tells one to say the first 

numeral "2," then say the next three counting numerals in 

order while noting the last numeral stated. . The last, numeral 

stated names the sum. This example involves the cardinal 

number of a set of uttered words, but one could supply the 

student with cards on which numerals are written and avoid 

cardinality altogether. 
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Families of models for addition and subtraction 

constructed for scaler part of vector models.—Models for 

operations on numbers which amount to ordered n-tuples of 

scaler quantities can at times be altered to make models for 

addition and subtraction on the whole numbers simple by 

holding one or more of the scaler values constant. The 

number of such examples is great, and only a few examples 

will be referred to here. Models for addition and subtrac-

tion of "signed numbers" are an example of this kind of 

structure (23). 

Dienes (9, p. 50) gives an example of a model of 

addition and subtraction of integers which is easily adapted 

to the operations on the whole numbers by this technique. 

In this model one works with sets of green and red discs. 

An ordered pair of numbers is associated with each set by 

letting the first element indicate the cardinal number of 

the subset of green discs, and the second elements indicate 

the cardinal number of the subset of red discs. The sum of 

these ordered pairs is obtained by combining the two sets 

and assigning the appropriate ordered pair to it. If one 

simply holds the number of red discs constant and establishes 

certain conventions, then he has a system isomorphic to 

addition and subtraction on the whole numbers. 

Families of models for addition and subtraction - involv-

ing operators.--The "stick-stretcher" models (3) for 
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operations on rational numbers are an example of both the 

type of model which can be adjusted to represent addition 

and subtraction on the whole numbers and the type of model 

which can be characterized as operator-operator-operator 

(op~op~op for short) and state-operator-state (state-op-state 

for short) models. In these interpretations the elements 

assigned to the whole number symbols are either the state 

consisting of the length of a stick or the operation of 

stretching a stick". 

A simpler example of a model involving operator numbers 

might be played with a bag containing about fifty marbles 

and a supply of marbles from a box. One student is the 

postman and holds the bag. Another student plays the role 

of the first operator, and another student plays the role of 

the second operator. The first operator performs the 

operation of putting into the bag perhaps six marbles. The 

second operator performs the operation of putting in the bag' 

three marbles. The postman is supposed to determine the 

single operation which will produce the same state as that 

produced by the two operations together. In a model such as 

this, the elements assigned to the whole number numerals are 

operations. Examples of many such operator and state models 

are found in Dienes (10) . 

McLellan, Dewey models for addition and subtraction.— 

In the history of American education, there have been a few 
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attempts by educators to present an exceptionally careful 

characterization of the operations of arithmetic. One such 

characterization is that of McLellan and Dewey (24). These 

authors use such terms as "the real meaning" and 'the true 

psychology" when describing their models. Their character-

ization of "number in the strict sense" is given below: 

Addition, Subtraction, Multiplication—As 
we have already seen, number in the strict sense 
is the measure of quantity. It definitely mea-
sures a given quantity by denoting how many units 
of measurement make up the quantity. All numeri-
cal operations, therefore, are phases of this 
process of measurement; these operations are 
bound together by the idea, of measurement, and 
they differ from one another in the extent and 
accuracy with which they carry out the measuring 
ideas (2'4, p. 93). 

They describe their interpretation of addition as follows: 

In addition, as we have seen, we work from 
and within a vague whole of quantity for the 
purpose of making it definite. . . . Addition 
may therefore be considered as the operation of 
finding the quantity which, as a whole, is made up 
of two or more given quantities as its parts. 
The parts are the addends (quantities to be 
added), and the result which explicitly defines 
the quantity is the sum. It follows that in 
every addition, integral or fractional, all the 
addends and the sum must be quantities of the. 
same kind--i.e./ each and all must have the same 
measuring unit (24, p. 195). 

Addition is the operation of synthesizing a vague whole, and 

subtraction is the process of analyzing a distinct, whole: 

. . . it appears that subtraction is the opera-
tion of finding the part of a given quantity 
which remains after a given part of the quantity 
has been taken away. As in addition, so in 
subtraction, all the quantities with which we 
are working--minuend, subtrahend, remainder— 
must have the same unit of measurement. Further, 



261 

as in addition we are working from within a vague 
whole by means of its given parts, so in subtrac-
tion we are working from a defined whole, through 
a defined part, in order t.o make the vaguely con-
ceived "remainder" perfectly definite (24, p. 200). 

By the following criticism they make clear some of the 

distinctions between their models and others such as the 

additive situation: 

According to the prevalent method, six when 
reached, should be simply six ones, six separate 
unities, that is—not, as in the foregoing illus-
tration, six parts of units value each. No 
matter how much the teacher is urged to have the 
pupils recognize six at a glance, and not count 
up the various unities in it separately, still 
the fact remains that; it can not, by that method, 
be grasped as a whole; while by the psychological 
method it can not be grasped in any other way 
(24, p. 106) . 

These authors level the above criticism at any model 

which does not include their interpretation of number in 

terms of "the measure of quantity." 

Minnemat-h models for addition and subtraction in the 

Cartesian plane.---The Minnesota School Mathematics and 

Science Center has developed new innovations in the teaching 

of elementary school mathematics. They introduced addition 

and subtraction by the use of various types of number lines. 

Later the student uses straight lines parallel to y = x in 

the coordinate plane to perform addition and subtraction. 

This material is introduced as a "graphic method of addition," 

"as a checking device," and as "an advance" (25, pp. xvii-1). 

By way of example, to compute 7 + 2 = x, the student draws 

the "highway" y = x + 2 in "Squareveille." He then locates 
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the 5-point on the x-axis and moves his finger up the x = 5 

line of the grid until he intersects the line y = x + 2. At 

the intersection, he runs his finger to the left along the 

y = 7 line until it intersects the y-axis. The number asso-

ciated with the resultant point on the y-axis is the sum 

7 + 2 (25, pp. xvii-17). As is the pattern in this program, 

alternative methods of addition and subtraction in "Square-

ville" are investigated. 

Addition or subtraction defined as the inverse of the 

other of the two.—One of these operations of arithmetic can 

be defined in terms of the other. Thus, if one operation is 

known,.the definition of the other as its inverse provides a 

model. For example, if the student is familiar with addition 

on the basis of some interpretation, then subtraction can be 

defined as follows: If a and b are each a whole number, 

then a - b means a whole number c, if it exists, such that 

c + b = a. 

Summary 

The above section contains thirteen headings, each of 

which indicates a collection of families of models. For 

example, the description of the collection of number-line 

models contains at least seven families. There are .listed 

here more than twenty families of models for addition and 

subtraction on the whole numbers which are easily distinguished 
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Models for Multiplication and Division 
on the Whole Numbers 

As was done with the models of addition and subtraction,' 

the models for multiplication and division are grouped 

together. Any model that represents one of these operations 

will, with the occasional exception of sentences involving 

aero and one, also represent the other. Multiplication is 

an abstract operation which assigns to each ordered pair of 

whole numbers a single whole number. Division is termed an 

inverse operation and can be defined as the inverse of multi-

plication as follows: If a and b are each a whole number, 

the symbol a •; b means a whole number c, if it exists, such 

that c x b = a. By this rule, except for those multiplica-

tion sentences with "0" in the second position in the grouping, 

each multiplication sentence is translated into one division 

sentence. Similarly division sentences can be translated 

into multiplication sentences. The following is a catalog 

of families of models for multiplication and division on the 

who 1 e n umb e r s. 

Families of set union models for multiplication and 

division.—Set union models occur in at least two families. 

The family termed "the multiplicative situation" (IS) model 

can be considered a primitive model for the more general and 

abstract set union models. 

The multiplicative situation family involves the join-

ing of several equivalent, disjoint sets to form a single 
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set. The modular elements which are mapped onto the whole 

number symbols are finite cardinal numbers. The fact that 

even this simple representation is a family of models is 

demonstrated by citing variations. One program might insist 

that all of the sets move simultaneously, while another 

would allow one of them to remain still. Instances of these 

models may be exhibited by students or teachers actually 

manipulating objects or imagining that the sets are joining. 

These models have an action-sequence structure. 

The set union family can be more abstract and general 

than the multiplicative situation. For purpose of review of 

this type model, the following representative definition of 

multiplication is given: If a and b are each a whole number, 

and a is not equal to zero, the symbol "a x b" means the 

cardinal number of the union of b sets each containing a 

elements where the sets are disjoint by pairs (27, p. 51). 

Several of the standard procedures for forming the union 

include the following: enumerating the elements, using the 

connective, "or" between descriptive statements, drawing 

boundary lines, and changing the physical proximity of the 

items. Such variations as the above point out that there 

are many variations in the set union family of models. 

Another variation oh set union models is what might be 

termed "set union with replication" (11, pp.. 90-91). 
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Families_ of decomposition models fojc multiplication and 

division.—Perhaps the most well-known and primitive of this 

family of models is the "divisive-situation model" (18). In 

the action-sequence structure of this type of model, one 

begins the process with a single initial set. This set is 

separated or decomposed into several equivalent, disjoint 

subsets. Instances of this type of model are provided in 

the form of drawings, the actual manipulation of objects, or 

descriptions. The action of separating or removing is an 

important attribute of this type of situation. There are, 

of course, variations in the quantitative information 

supplied in a particular instance and the type of mathemati-

cal sentence one writes in association with it. 

A component grouping model where one views a single set 

in components of equivalent, disjoint subsets is associated 

with both multiplication and division (13). The divisive 

situation with its emphasis of separation is used at the 

introductory stages of teaching division. 

Families of number-line models for multiplication and 

division.—There are many variations within the number-line 

group of models for multiplication and division. One usually 

thinks in terms of taking several trips or jumps of the same 

length and a single jump or trip which will be equivalent 

in some way with the several jumps (12). The modular ele-

ments associated with whole number symbols may be finite 

cardinal number, ordinal number, measure of length, or scale 
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Families of Cartesian product of sets models for 

multiplication and division.—The Cartesian product of sets 

A and B is defined as the set of all ordered pairs where the 

first elements are chosen from set A and the second elements 

are chosen from set B. Multiplication can be defined in 

terms of Cartesian product as follows: If a and b each are 

whole numbers, then a x b is the cardinal number of the 

Cartesian product of sets A and B where the cardinal number 

of set A is a, and the cardinal number of set B is b. The 

Cartesian product can be tabulated on a rectangular grid (5) 

or by enumerating the two sets on the same horizontal line 

and drawing an arrangement of intersecting lines where each 

intersection represents an ordered pair (37),. There are, of 

course, other variations within this type of model. 

Families of rectangular array models for multiplication 

and division.•—One of the early attempts at using this type 

of model in teaching children was made by Maria Montessori 

(26, p. 333). The most noted of its recent use is in the 

work of the School Mathematics Study Group (30). In this 

type of model, an instance usually consists of a rectangular 

array of dots or symbols or a rectangular grid. One factor 

may name the number of rows in the array, and the other factor 

the number of columns, while the product names the number of 

objects in the entire array. A variation is where the 

factors name the measure of sides of a rectangular region. 
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and the product names the measure of the area of a rectangular 

region. These models are easily mapped onto other models 

such as the multiplicative situation or even the Cartesian 

product of sets models. 

Families of comparison models for multiplication and 

division.—This type of model is often termed "rate," or 

"ratio" (18). It usually involves the comparison of two 

sets or two quantities in terms of "times as many as," The 

simplest Interpretation is perhaps the comparison of two 

disjoint sets of discrete objects. In this comparison, a 

many-to~one correspondence is set up between the two sets. 

The product is associated with the number of objects in the 

set which has the greater cardinal number. One of the 

factors is associated with the cardinal number of the other 

set. The other factor indicates the nature of the rnany-to-one 

correspondence. It indicates the number of objects in the 

set with the larger cardinal number which exists for each 

object in the set with the smaller cardinal number. This is 

perhaps one of the more socially applicable models for multi-

plication and division. It is also frequently mishandled in 

the process of teaching children. 

Families of rod models for multiplication and division.--

In an example of this type of model, one joins end-to-end 

several rods of the same color and length (16). Next to 

these rods is placed a single rod of length equal to that of 
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the combined rods. Frequently these rods are denoted by 

color as well as by number. 

Families of machine type models for multiplication and 

division.--Examples of machine type models are calculating 

machines of various descriptions, tables and dials (29), 

physical apparatus which model the operations of arithmetic 

(1"5) , the balance (28) , and imaginary devices such as a 

"stick stretcher" (4), and a "simple binary machine." 

Experiments with springs, wheels, etc. can be set up in such 

a way that the resultant data models the operations of 

arithmetic. Even experiments in empirical probability can be 

set up which in the long run model multiplication or division 

(7). By way of example, the simple binary machine is 

pictured in Figure 21. This is an imaginary device with a 

Fig. 21*—-Simple binary machine 
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binary input and a single output. It emphasizes several of 

the important properties of these operations. 

Families of models for multiplication and division 

constructed from scaler part of vector or by delimiting a 

universal set.—Models for operations in which the operations 

of arithmetic are embedded can be altered to make represen-

tations for the operations of arithmetic. By way of example, 

the following description of a model for multiplication of 

vectors is presented: 

One way of introducing multiplication of directed 
numbers might be as follows (for the time being 
we shall restrict ourselves to one dimension). 
Instead of having red and green counters, we might 
have some counters that are red on one side and 
green on the other, so that when we turn a 
counter over its color changes. . . . let us use 
two places on the children's tables, one for the 
multiplicand-pile and the other for the multiplier-
pile. One of the children sitting at the table 
could be the operator who operates the multiplier 
and the other child could be the one that operates 
the multiplicand. The multiplicand-pile has been 
put out as two red and the multiplier-pile as 
three green. The three green counters in the 
multiplier-pile indicated that the multiplicand-
pile has to be multiplied by three and the color 
must be left the same. So the product-pile in 
this case is going to be six red. So two red 
multiplied by three green yields six red. Now 
supposing we play it another way. Supposing the 
multiplicand-pile is now two green and the 
multiplier-pile is three red counters. This 
means that the two green ones will have to be 
multiplied by three which is six, but the multi-
plier-pile being red, the counters have of course 
to change color; they must be turned over. So 
the answer will be six red counters (9, pp. 57-58). 

If one makes certain restrictions on the above described 

model, the result will be a model isomorphic to multiplication 
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on the whole numbers. One such restriction is to limit the 

domain of counters to only green counters. 

The stick stretcher model for multiplication of 

rational numbers is another example of a model which can be 

adjusted in such a way that the resultant model is a repre-

sentation of multiplication on the whole numbers (3). 

Families of models for mult1plication and division 

involving operator numbers.—In these models, some of the 

modular elements assigned to whole number symbols may be 

operators as opposed to states. The following quotation 

describes one of Dienes1 many models involving operators: 

To a state of three-ness on the table you apply 
the operator of "times four," This means that 
perhaps on another table we wish to create a 
state in which there are four times as many 
books. We are going to consider a set of sets 
such that in each of these sets there are three 
books; thus the set of sets will consist of a 
set of three books, another set of three books, 
another set of three books, and another set of 
three books. The number property of the set of 
sets is{ of course, four and this is our operator 
which now acts as a multiplier. The new state 
which has been generated is obtained by calculat-
ing the number property of the union of all the 
sets of books that we must have just put on the 
table. This number property is twelve. So in 
this case we started with the state of three-
ness, and by an operation of "multiplication by 
four-' we have obtained a state of twelveness 
CIO, p . 3 3 ) . 

Other examples of Dienes1 models involving operators can be 

found irx Dienes (9, pp. 12, 30). The stick stretcher models 

for multiplication are another example of a model involving 

operator numbers (3)» 
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Triangle symmetry model for multiplication and division.-• 

Adler {1, p. 30) gives a definition of multiplication•of 

whole numbers in terms of crossed number lines at an acute 

angle and the properties of symmetric triangles. The follow-

ing description presents this definition in terns of Figure 22: 

If we designate by x the point that we have 
defined as the product of a and b, then x is 
its distance from 0. The triangles (0 1' a) 
and (Ob1 x) are similar, so their correspond-
ing sides are proportional. Then l:b = a:x. 
From this proportion, we find that x = a-b. 
With . . . multiplication defined by these 
constructions, the system of points on the 
half-line is isomorphic to the natural number 
system (1, pp. 30-31). 

Fig. 22--Crossed number lines and symmetric triangles 

Families of repeated addition and repeated subtraction 

models for multiplication and 'division.---Repeated addition 

is perhaps the most well-known model for multiplication. In 

a multiplication sentence associated with repeated addition, 

the second factor is usually used as the addend. The first 

factor indicates the number of times the second factor is to 

be used. The product indicates the sum (20). Addition is a 
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binary operation on whole numbers, and repeated addition is 

justified mathematically by repeated use of the commutative 

and associative laws of addition. At the concrete level, 

any of the models for addition and subtraction, listed in 

the previous section could provide the meaning associated 

with addition. 

Repeated subtraction is usually associated with division, 

Again, as in the case of repeated addition, the meaning of 

subtraction may be abstract or it may be in terms of a 

particular modular representation. 

Minnemath models for mu11ip1ication and division.—This 

program introdxices multiplication (25, pp. xviii-1) in the 

form of mappings from the whole numbers onto scale relation-

ships on various configurations of number lines. One such 

illustration is presented below in relation to Figure 23: 

Draw a pair of number lines on the board, 
one under the other, and number them. Ask the 
children if they can show what 3 • 2 = 6 means 
on the number line. The upper one should be 
marked off in an arbitrary unit, then marks 
should be placed on the lower line under every 
third mark on the upper line (25, pp. xviii-47). 
[This is the only comment in the cited text 
which bears on the figure.] 

This drawing is subsumed under the mathematical notion of a 

l-to-2 mapping. The student can follow the instructions 

outlined above and determine that the product is six. 
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Fig. 23--Minnemath number line model for multiplication 
(25, pp. xviii-48). 

At a later stage in this program, children learn 

"Multiplication in Squareville." This model is described as 

follows: 

Suppose we want to multiply 3 by 4, to solve 
the problem 4*3 = . In order to do this 
graphically, we draw a line with slope 4 through 
the origin. This line is y = 4x. Since it has 
slope 4, we know that any time we move n units 
to the right of the line and then return to the 
line, the return trip is stretched (or enlarged) 
to 4 times n or 4x. For our problem 4*3 = , 
we start at the origin, go over three units to 
the right and then return to the line y = 4x. 
We Icnow that the length of our return trip, 
which we will call d, must be the answer to our 
problem (25, pp. xix-106). 

Families of counting models for multiplication and 

division. ---The following is an example of a model for multi-

plication which might be termed a "mechanical counting 

model." The student is supplied with strips of cards 
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connected by flexible tape. To find the answer to 2 x 3 = n, 

he might go thro\?.gh the procedure illustrated in Figure 24. 

_3 £" 

Fig. 24—A mechanical counting model for multiplication 

He would lay out two strips with the numerals up to 3 exposed. 

Adjacent to these two strips he would lay out another strip 

with one card exposed for each card in the two strips. The 

results would be a strip with all the numerals up to and in-

cluding the numeral 6 exposed. The last numeral exposed 

names the product. 

McLellan, Dewey models for multiplication and division.— 

In the history of American education, perhaps two deliberate 

interpretations of the operations of arithmetic stand out as 

being distinctive—those of Thorndike (36) and those of 

McLellan and Dewey (24). The McLellan, Dewey interpretations 

seem to have the most interest for the mathematically 

inclined, not because of any inherent correctness, but 

because of their being embedded in something of a logical 

system. One notices in the following material, terms such 
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as "properly interpreted" and."absurd": 

It may be observed that the problems 
constantly used in our arithmetics, multiply 
2 by 4, divide 8 by 4, are legitimate enough 
providing they are properly interpreted, if not 
orally at least mentally, but taken literally 
.are absurd. The first expression means, of 
course, that a quantity having a value of two 
units of a certain kind is to be taken four 
times; similarly 8 t 4 means that a total 
quantity of a certain kind is measured by four 
units or by two units of the same kind (24, 
pp. 70-71). 

In continuing the discussion of their models, these 

authors say: 

Multiplication and division, being inverse 
operations, should go together, with the empha-
sis first upon multiplication. Multiplication 
should not be taught as a case of repeated 
addition, nor division as a case of subtraction. 
The factor idea (ratio or number) should in each 
case displace' the idea of aggregation (24, po. 
136-137). 

The operations of-multiplication and division, accord-

ing to these authors, must involve the "true nature of 

number." 

Multiplication or division defined as the inverse of the 

other of the two.-—If one of these operations is defined on 

some basis, the other can be defined as its inverse. Division 

can be defined as the inverse of multiplication as follows: 

If a and b are each a whole number, and b is not zero, a v b 

means a whole number y, if it exists, such that y x b = a. 

Multiplication can be defined as the inverse of division as 

follows: If a and b are each a whole number and a is not 
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zero, a x b means a whole number y, if it exists, such that 

y t a = b. If a is equal to zero, a x b means zero. This 

then gives another model for these operations. 

Summary 

The above catalog contains sixteen headings, each of 

which indicates a collection of families of models for 

multiplication and division yielding somewhat mere than 

twenty families of models of these operations which are 

easily distinguished from one another. It also contains 

.reference to more than twenty families of models for addition 

and subtraction. 
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CHAPTER IV 

EVALUATION OF MODELS IN TERMS OF THEIR 

STATED FUNCTIONS 

Introduction 

An obvious area of inquiry is the rationale for the 

existence and use'of models. Though the mathematics 

curriculum of schools depends upon models, and though the 

history of models is long, this question still could be 

asked. Each educator can state some values of certain 

models and tell some of the uses made of them, but these 

answers may not define the proper functions of models. 

Models can no doubt be used for many things; some things 

certain of them might do poorly, some they do well, and 

for some purposes they may even be indispensable. To define' 

the functions of models is to specify the things they can do 

or the properties which they possess, and at least by impli-

cation, to disclose their limitations.so that one will not 

lean upon them when some other device would serve better. 

The question as to the functions of models is one of 

the more significant questions in mathematics education 

today. In the fiftieth anniversary issue of the American 

Mathematical Monthly, Philip S. Jones, in his now-famous 

list of important problems in mathematics education today, 

asks the question as to functions of models: 
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Similarly, today mathematical education is 
faced with many important problems, . . . Some 
of these are: 

(2) What is the role of applications and 
physical models in both clarifying and motivat-
ing instruction (40, p. 54)? 

The purpose of this chapter is to present a catalog of 

the functions of models and an evaluation of models in terms 

of these functions. 

To gather data for this chapter, selected literature 

was perused and when a statement as to the use or properties 

of models was found, it was put on cards. Most of this work 

was done in conjunction with the research for writing 

Chapter II. Hundreds of such statements were found. They 

varied from declarations that models serve general educational 

goals, such as teaching people to think, to more specific 

functions such as being used in a well-planned strategy for 

forcing symbolization. As a result of this tremendous 

number and variety of functions, the problem of organizing 

a catalog of these functions became a very complicated one. 

In spite of the complexity and magnitude of the problem 

of evaluating both the models and their functions, educators 

are very much in the business of comparing, evaluating, and 

preferring. To compare mathematical curricula and instruc-

tional systems is to compare models. To compare models is 

to compare them in terms of their stated functions. 

The study of functions of models, in spite of the 

ambiguities and lack of. .rigor in the area, may contribute to 
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defining and locating the multivalent model concept. At a 

more general level than the limited domain of this study, 

scientists have an intuition that the concept of model has 

far-reaching implications. Apostel makes the suggestion 

that the study of functions will make clearer the meaning 

of "model": 

If we can give a strict and formal defini-
tion for the function of a model, we can—this 
is our final impression—hope to reach on new 
groxmds a general definition of our multiform 
concept. . . . This will be our final and most 
general hint towards the definition of model; 
any subject using a system A that is neither 
directly nor indirectly interacting with a 
system B to obtain information about the system 
B, is using A as a model for B (1, p. 36). 

This quotation also points out the fundamental function of 

models, and that is to model (i.e., to represent or reflect), 

The functions of the models in the limited domain of 

this study are instances of more general functions of models 

from the larger domain of models, In the following quote, 

Apostel points out two main functions of models in this 

larger domain. One of these functions is "to explain" and 

the other is "to simplify." He hints that the study of the 

functions of models may yield increased knowledge of these 

fundamental processes: 

Models are given as explanations of the 
systems they are models of. Why should models 
be needed for this purpose and how can they 
explain? There is perhaps no clearer refuta-
tion of the so often heard thesis according to 
which to explain is to infer, than the fact that 
explanation occurs so often, or even nearly 
always, through model-building. 
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The definition of explanation is once again 
one of the unsolved problems of the philosophy 
of science. It is thus very difficult to deter-
mine the structural properties a model should 
possess in order to be able to explain. 

It is rather paradoxical to realize that 
when a picture, a drawing, a diagram is called a 
model for a physical system, it is for the same 
reason that a formal set of postulates is called 
a model for a physical system. This reason can 
be indicated in one word: simplification {1, 

pp. 14-15). 

An important class of functions of models is the facili-

tation of general educational objectives. Some examples of 

stated functions in this domain are to teach mathematics 

(15), to teach the use of everyday arithmetic (67)r to 

facilitate mental discipline (40), to study number—the key 

to God's plan of creation (58), to teach the liberal arts 

(44, p. 486), to teach intelligent living (8), to teach" 

understanding (8), and to develop a continuing interest in 

the subject matter (15), 

To get at the difficult problem of defining these 

general functions, one usually resorts to analysis. One 

common analysis separates objectives into affective and 

cognitive components. It is the purpose of this study to 

consider primarily the cognitive domain. In the cognitive 

domain, models are considered as they relate to knowledge and 

hierarchies of concepts. 

Another method of analysis is to consider models as 

concepts functioning in a hierarchy of concepts. An example 

of such a hierarchy of concepts is the taxonomy given by 
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Gagne (30, p. 45). His categories from higher to lower 

order are: Strategies, Problem Solving, Principles, Concepts, 

Associations, Chains, Identifications, and Responses (30, 

pp. 39-45). As was discussed in Chapter II, one of the 

logical components of a model is the model structure which, 

is a simple class concept and fits in Gagne's hierarchy in 

the category "Concept." According to Gagn<£: 

A concept is acquired when a set of objects 
or events differing in physical appearance is 
identified as "a class. . . . If one can assume 
these more basic forms as having been acquired, 
then the procedure of concept learning is fairly 
simple. It consists mainly in establishing 
associations in which the variety of specific 
stimuli that make up the class to be acquired 
are represented (30, p. 40). 

The model as a concept is primitive to higher order 

learnings such as principles, problem solving, and strategies. 

It then can be evaluated in terms of the manner in which it 

facilitates these higher order processes and on the basis of: 

the particular principles it facilitates, the particular 

class of problems for which it aids in solution, and the 

higher order strategies and heuristics of which it is a part. 

The model as a collection of materials and primitive 

concepts can be evaluated on the basis of the manner in which 

it facilitates more primitive learning. A model facilitates 

learning further down in the hierarchy because the materials 

out of which it is learned are also the materials out of 

which more primitive concepts are learned. In the case of 
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involved is an example of a frequently considered important 

primitive element. A model may also have value because' it 

presents the primitive elements in a productive or powerful 

configuration. For instance, many of the elements of the 

concept nuniber are not revealed until the operations on these 

numbers are investigated. A model is then not only evaluated 

as a concept but also in terms of the common instances and 

materials associated with it. 

The above analysis is one way to approach the complex-

ity of the domain of functions based on general educational 

objectives. 

Multiple Sources of Functions? 

It is not uncommon to find functions and prescriptions 

which are claimed to be derived from an authoritative 

source. Several authoritative sources were acknowledged by 

Judd in the early history of modern education in the United 

States: 

The psychology of arithmetic teaching is 
a mixture of the psychology of the number system 
and the psychology of the learner. . . . The 
double analysis of the psychology of arithmetic • 
into the psychology of number system on the one 
hand and into the psychology of the learning 
mind on the other is the duty of the division 
of science which is known as "educational psy-
chology" (41, pp. 105-106). 

Spitzer acknowledges three areas as the sources of 

prescriptions and functions. He lists: " . . . (a) the 

field of mathematics, (b) the principles and practices of 

primary grade teaching, (c) the everyday uses of arithmetic" 

(60, p. 106), He goes on to ssv? 
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The use of such divergent, sources has produced 
some of the problems that, now exist in arith-
metic instruction. . . . it may be safely con-
cluded that conflicts are going to occur if several 
sources are used for the basic foundations of an 
arithmetic program (60, pp. 106-107). 

.McLellan and Dewey claim to derive their prescriptions 

and functions from a "psychological basis" but acknowledge 

that each subject has its own peculiar psychology. In citing 

the source of their models, they remark: "This definition 

arrived at from psychological analysis is that given by some 

of the greatest mathematicians on strictly a mathematical 

basis" (45, p. 72). 

Spitzer asks the question as to whether these conflicts 

can be avoided by either of two techniques: 

Can an adequate beginning arithmetic pro-
gram for elementary schools be based on one 
source ana thus avoid the"conflict of interests 
due to use of several sources? . . . The answer 
to such a question is a definite no. 

. . . Can we start with a mathematical 
base and incorporate into a program the best 
principles and practices of elementary educa-
tion (60, p. 107)? 

Spitzer concludes that neither of these techniques has 

resolved the difficulties of conflicting stated functions 

and prescriptions. 

Not only is there conflict of prescriptions drawn front 

different areas such as mathematics, psychology, and educa-

tion, there are conflicting functions and prescriptions 

from within each of the several broad areas. These conflicts 

arise from various persuasions within an area. They are 
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too well exemplified by comparing prescriptions from within 

psychology. Bruner acknowledged this difficulty and sug-

gested that the learning domain be separated into segments 

which are modeled by a special psychology appropriate for 

each domain. He suggested that S-R psychology based on 

contiguity and/or reinforcement is the appropriate model for 

persons operating with enactive representation and that 

Gestalt theory is the better system for analysis of the 

iconic mode (12, p. 18). 

To make the discussion a little more concrete, the 

following quotation which cites conflict between pedagogical 

and mathematical principles is presented: 

An elementary teacher may present a mathe-
matical concept 5.n such a manner that the stated 
idea is mathematically unsound, when viewed from 
a mathematical standpoint. In such a case the 
presentation becomes a deterrent to an understand-
ing of a basic mathematical principle. It is not 
unusual to find unsound mathematical principles 
advocated on the basis that they are psychologically 
and pedagogically effective. Such a principle is 
embodied in the statement that multiplication is 
"repeated addition" {2, p. 373). 

It is even not surprising to find conflicting prescrip-

tions and functions within a single program. In the 

following quotation, I-Iartung and his associates criticize 

certain concrete models for multiplication of rational 

numbers on the basis that they are not mathematical and that 

the basis of multiplication of fractions is simply a .mathe-

matical definition. Previous to this discussion of 

multiplication of rational numbers they have used extensively 
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concrete models for multiplication of whole numbers. It 

seems that these models could also be rejected on the basis 

that they are not mathematical and are only concrete illus-

trations, but the authors do not apply their standard to 

these models: 

It is virtually impossible to interpret the 
process for multiplication of fractions by using 
concrete objects or by so describing problem 
situations. . . . Such methods are useful in 
getting pxipils to accept the rule , but this 
acceptance should not be taken as evidence of 
genuine understanding. It does become clear 
that the rule "works," in that it gives a sensible 
answer, but why it works remains obscure. 

The basis of the rule is mathematical, rather 
than concrete {35, p. 138). 

For now, the appropriate suggestion seems to be to 

continue the consideration of the larger domain of cognitive 

functions. While keeping an open mind, this domain can be 

considered by the gathering of data consisting of the stated 

functions of models and imposing some organization on them, 

although it will not be as systematic as one might like it 

to be. McFarland makes an appeal for attempts along this 

line in the face of severe criticism of certain functions 

and models: • 

Condemning new ideas is not the answer. 
Investigating and determining the real reason 
for teaching such concepts in the revised mathe-
matical curriculum is more important. It would 
be better for the mathematician, the educator, 
and the elementary teacher to get together to 
determine what should be in the curriculum than 
to state now, after ten years, that some things 
are wrong and nonsensical {44, p. 488). 
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The Character.izatl.on oj£ Quality of Facilitation 
of Functions of Models 

The statement of a function delimits the manner in 

which one characterizes the quality with which that particular 

function is facilitated. If one is concerned that a model 

represent a mathematical concept, then he has a problem of 

logical argument and justification. It is claimed that if 

children have a certain response under certain treatment, 

then a problem of .definition of responses in such a way that 

observation and measurement are possible follows. 

The problems of characterization of quality of facili-

tation in the logical and mathematical domain are as 

difficult as problems of evaluation in the empirical domain. 

The arguments are long and .based on many poorly understood 

or unacknowledged premises. This will be demonstrated later 

in the chapter when certain arguments are presented. Perhaps 

the only function which can be clearly justified on the basis 

of mathematical argument is that these models, to some 

degree, do actually have a modeling relationship to each 

other and to certain mathematical abstractions. 

Many of the problems of evaluation in this domain are 

those related to inferencef implication, and judgment in 

context. For example, some treatments of models have been 

criticised because they seem to be teaching set theory to 

very young children or because the reader notices such 

symbols as French braces and automatically assumes that 
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children are being required to write these symbols. As 

McFarland points out, such judgment should be made carefully 

and in context, and that the manner in which these elements 

are being used largely determines the quality of facilitation: 

'The manner in which Venn diagrams are introduced 
would make them nonsense or sense. Since en-
closure is shown by Venn diagrams (not neces-
sarily in connection with intersection and union 
but in connection with the idea of closure of 
certain sets), their introduction to show en-
closure might provide a way to teach some concept. 

. . , Braces can be used in texts to intro-
duce to the child the proper notation,, but time 
need not be wasted having him attempt to make 
braces when he lacks coordination (44, p. 486). 

The problems of characterization of quality of facili-

tation in the empirical domain are also very difficult. Any 

statement about quality must be prefaced with extensive 

conditioning statements. 

The measuring instruments should be related to the 

treatment. Frequently, the available measuring instruments 

have no systematic relationship to the treatment. Nasca (50), 

in an experimental comparison of a Cuisenaire system of 

teaching with a traditional instructional system, used 

standardized tests in what he called a "comparative-type 

study." As a result of his experience with standardized 

tests, he makes an appeal for studies which "evaluate the 

precise contributions of such materials" (50, p. 225). He 

lists the following functions which were of interest to 

him: 
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This author would recommend that further .investi-
gations concern themselves with retention of 
ability to organize grouping relationships, 
applications to problem solving situations, pupil 
dependency upon concrete models, contribution to 
basic structure that, can be applied at later 
stages, and interrelationships of such factors 
as intelligence and number facility. It is hoped 
that investigations of the "internal" character-
istics of programs utilizing structured manipulative 
material might be encouraged and conducted in place 
of superficial "comparative" types of studies {50, 
p. 225) . 

One surmises, therefore, that this experimenter is disillusioned 

with the usual comparative type of study and the use of 

standardized tests. He .is asking for a finer grain analysis 

of the functional domain and associated measuring instruments. 

It is common to give two tests in comparing an experi-

mental treatment with a conventional treatment. One of the 

tests is the usual standardized test, and the other is a 

special made test based on the modular domain of the experi-

mental treatment. Then the usual conclusion is that there 

was no significant difference on the standardized test but 

that the experimental treatment had the advantage of giving 

significantly higher scores on the special test. All this is 

aimed at implying that such an advantage is gained from the 

experimental treatment with no loss (50). The likelihood 

that if a special test were administered which covered the 

modular domain of the conventional treatment, the conventional 

group would make the higher scores on this test is ignored. 

"As Gagne points out (30), if the functions are stated 

in terms of affective or upper level objectives the measurement 
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of the facilitation requires a longer period teaching time 

than is available to most' experimenters. These behaviors 

grow extremely slowly and are hard to define in a manner 

that lends itself to measurement. For this reason, the 

usual evaluation systems do not include measures of such 

functions. For less complex forms of behavior, measuring 

devices are more easily constructed and abundant. 

In a classroom experiment, the models function as 

materials within a total collection of materials, teacher 

behavior and student disposition. Although it is assumed 

that the nature of the model is a factor in the outcome, 

the other factors are likely to play a dominant casual role. 

Any evaluation of models as it affects the actual learning 

in the classroom will then have to be prefaced with a state-

ment that the models were used under certain conditions. The 

following quotation presents an example of this type of 

difficulty in sorting out causal elements. It is a conclu-

sion from an experiment which compared treatments based on 

different models and algorisms: 

There is no reason to expect real difference 
between the contributions of the mental functions 
of the two methods to ret-ention of skill and 
understanding that may be achieved. This seems 
to be more closely tied up with teaching procedure 
regard]ess of method of division (70, p. 87). 

In this study xt was suggested that the difference which did 

exist was more closely tied to the teaching procedure than 

to the algorisms or models used. 
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As Suppes (64) points out, the number of variations 

and possibilities in this domain of evaluation of models 

and teaching systems in which they are embedded are beyond 

current research resources. The number of variations becomes 

larger as the domain of knowledge expands. This quantity of 

variation may become manageable under the superimposition of 

a powerful theoretical grid. 

In spite of the difficulties of evaluation, educators 

still feel a compelling need for evaluation. One argument 

is that without an interconnected arrangement of objectives, 

functions, and evaluation, curriculum becomes nothing more 

than a race to be run or a list of topics. Currently school 

mathematics is coming under criticism along these lines. In 

evaluating some of the recent programs and the models used 

in them, Fehr says 

In the period of Education, dating from 1915 to 
1925, the design of an educational program was 
predicated on the formulation of a set of specific 
objectives or goals. The subject matter and 
learning activities were then formulated into an 
educational process directed toward the realiza-
tion of desirable end products. For an education 
to be meaningful, it was deemed necessary that it 
be purposeful. In many of the so-called new 
mathematics programs for the elementary schools 
there is a smattering of set theory, logic, and 
mathematical terminology presented in the complete 
absence of well-conceived goals to which this 
knowledge could be directed (2 8, p. 35). 

The consideration of specific functions and the acknowl-

edgement that there is more than one way to do something 

suggests the need for evaluation. In considering which of 
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the known treatments used in introducing operations on 

signed numbers are most reasonable to the child, members of 

the Cambridge Conference on School Mathematics make the 

following request for evaluation of the different approaches: 

'It seems quite likely that all approaches should 
be tried, since there will probably be much 
variation from student to student concerning 
what is convincing. . . . The problem is to con-
vey the inner reasonableness . . . (15, p. 37). 

It appears then that there is a rationale for evalua-

tion of models in terms of their stated functions. However, 

the brief look at the functional domain developed thus far 

suggests several problems in evaluation, one of which is the 

analysis to be placed on the domain of functions. The fol-

lowing material presents a survey of eva.luat.ion of models 

organized in terms of functions derived from the mathematical 

domain, functions derived from the assumed nature of the 

learner, and other pedagogical functions. The material 

presents both a catalog of functions and a survey of evalua- • 

tion. 

The logic of this survey of evaluation involves models, 

functions, and evaluation, For example, one can say, "Model 

A facilitates function X" or one can say, "Model A facili-

tates function X better than model Y o r better than all other 

models under consideration." 
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Evaluation on the. Basis of Functions Derived 
from the Mathematical Domain 

The assumption that erescriptions and functions should 

bs derived from the area of mathematics is found throughout 

the mathematics-education literature (10; 12; 28, p. 86; 64, 

p. 2; 15, p. 25), After acknowledging mathematics as an 

area from which to derive functions and prescriptions, 

educators then indulge in the practice of derivation and 

justification based on this source. For example, Braunfeld 

and Wolfe claim that their models are useful in teaching 

"genuine mathematical habits of thought" (5, p. 647). 

Many of the derived functions are. very general. A 

general function of models suggested by Bloom is that they 

present a way of knowing, e.g.: modular rationalization in 

contrast to axiomatisation and other sources of knowledge 

(3, p. 31). Another general function is to represent the 

element of mathematical thought which is the practice of 

couching mathematical knowledge in a manner that is self-

checking and provides its own intrinsic criteria for 

deciding correctness. This is a function satisfied by 

models (15, p. 35). 

McFarland claims another derived general, function of 

models: 

. . . everyone benefits by knowing that mathe-
matical concepts did not spring whole and entire 
from a man's mind, as they are usually presented, 

.but that imagination, intuition, and environment. 
had a great deal to do with discovery (44, p. 486). 



296 

Thus models demonstrate one domain from which mathematical 

knowledge evolves. 

Models provide the domain of application of mathematical 

concepts and models; 

Applications are, . . . certainly necessary. 
.However, the mathematics that is being applied 
in the world around us today is modern, and the 
applications that are used in the curriculum 
and textbooks should also be modern, . . . 

(44, p. 497). 

Although problem solving is frequently spoken of in terms of 

social and everyday applications, it is also an important 

domain of mathematics. On either a social or mathematical 

basis, some models may contribute more than others to this 

function of providing the domain of application. 

Models are used to facilitate teaching such general, 

mathematical elements as: modes of generalization, func-

tional thinking, logical proof, and idealization (36, pp. 

45-49). 

A broad area of mathematics is axiomatics. Models 

provide the function of making up the content of pre-

axiomatics (74 p. .12 6) . 

One of the purposes of this study is to declare that 

a general function of models is to teach the broad concept 

"model." To teach this concept is to teach such notions as: 

mathematical structures have models, there is a peculiar 

modeling re]ationship between the physical models themselves 

and the abstract mathematical models as well, models are 



297 

partial .representations,, and there are levels of abstraction. 

The following quotation is one of many which documents this 

recently recognized function: 

Even in these grades it seems desirable to empha-
size the notion of "model" which captures only a 
part, even an approximate part, of the real situa-
tion (15, p. 40). 

Other sources which document this function are Meserve (48, 

p. 414), Fehr (28, p. 88), Cambridge Conference on School 

Mathematics (15, pp. 21-23), and Chapter II of this paper. 

Although it is significant to catalog some of the 

general functions of models, a direct affront on the evalua-

tion of models in terms of these general functions is not 

made in this chapter. Instead, a survey of evaluation of 

models in terms of functions which are more specific and 

which are derived from the mathematical domain is presented 

in the following pages. 

Evaluation on the Basis of Specific Knowledge, 
Skill, and" Concept Functions Associated 

with the System of Whole Numbers 

The models being studied here are models of the opera-

tions of arithmetic and the operations of arithmetic are the 

structural basis of the system of whole numbers. A primary 

function at the conceptual level of these models is to reflect 

elements of the system of whole numbers. The following is a 

brief review of stated functions of models and subsequent 

evaluation which falls within the domain of modeling elements 

of the system of whole numbers. 
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A function which falls in this area is the function of 

being completely isomorphic to the operation in question. 

D*Augustine makes the evaluation that the repeated-addition 

model for multiplication does not facilitate this function. 

He points out that certain facts are modeled only after the 

addition of addendum definitions; 

It is a common technique to define the multipli-
cation of two whole numbers in terms of repeated 
addition. Thus, 3 x 4 = 4 + 4 + 4 - 12. Since 
there does not exist addition without at least 
two addends,, and repeated addition without at 
least three addends, in cases where the multi-
plier is either 0 or 1 or 2 the exceptions are 
handled by addendum definitions, i.e. 1 x N = N, 
0 x N = 0, and 2 x N -- N + N (19, p. 221). 

D*Augustine also makes the evaluation that the array model 

for multiplication does not completely facilitate this 

function: 

The array definition defines NX as the total 
number of elements in N rows, each cf which 
contains X elements. . . . This definition to 
some extent requires modification for the cases 
where N = 0 (19, p. 221). 

I-Iartung and his associates acknowledge that their models for 

multiplication and division (the multiplicative situation and 

divisive situation models) do not completely facilitate this 

function: 

It is impossible to demonstrate such statements 
as 0 x 6 = 0, 6 x 0 = 0 , and 0 ^ 8 = 0 by using 
objects in concrete situations, and yet state-
ments like these have a place in arithmetic 
because without them the child's idea of number 
system that is needed would be incomplete (35, 
p. 76). 



299 

The models reveal the modular reflections of the whole 

numbers themselves. Discussion of this function is presented 

in Chapter II as well as in Wheeler (72, p. 254), Gattegno 

(33), and Dienes (22). 

Hartung and his associates (35, p. 135) make the evalu-

ation that the number-line models reflect the meaning of 

equality: . . the 'number line" can be used . . . to 

develop the renaming idea" (35, p. 135). Other authors 

evaluate the balance model in terms of this function: "It 

illustrates visually what is meant by the terms 'equal' and 

'equation'" (51). 

Two other functions in this domain involve reflecting 

the true"character of operations. Two of the distinct 

characteristics of the operations are their binary character 

and that addition and multiplication are distinct and inde-

pendent from each other. Hervey (37, p. 289) makes the 

evaluation that the Cartesian product model does facilitate • 

the function of making these two operations independent. 

Bechtel and Dixon (2, p. 373), as well cis D'Augustine (19, 

p. 222), make the evaluation that the repeated-addition model 

for multiplication does not perform this function. These 

same authors make the evaluation that the Cartesian product 

model for multiplication reflects the binary character of 

multiplication,, whereas the repeated addition model does not. 

D!Augustine makes the evaluation that the repeated subtrac-

tion model for division does not completely facilitate this 
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function: " . . . one employs a repeated subtraction inter-

pretation of division, even though the interpretation needs 

modification for the cases N t 0 and N v N" (19, p. 222). 

D1 Augustine points out that the definition of division as 

the inverse of multiplication does facilitate this function: 

"One resorts to the ba,~ic definition to justify why N divided 

by zero is impossible and 'why N divided by N is one" (19, 

p. 221). 

The relations between models of the operations are 

claimed to reflect relations between the operations them-

selves. At other times these relations between models may 

not represent relations between operations but be valid 

concepts in themselves. The statement that "addition is 

joining and subtraction is separating and thus they are 

inverse operations" is not a statement about the abstract 

operations themselves but a statement about certain modular 

reflections of the operations. Other such relations are: 

division is repeated subtraction, multiplication is repeated 

addition, and multiplication and addition are composition 

operations (61, 34). Such functions as these should not be 

construed as representing relations intrinsic to the system 

of whole numbers. 

Some of the abstract operations have properties of 

associativity, commutivity, and dist.ribut. ivity. These 

properties are fundamental structural elements of much of 

mathematics. It is a function of models to reflect these 
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properties. Braunfeld makes the evaluation that the stick 

stretcher models reflect the associative and commutative 

properties of multiplication: 

An important discovery is the rearrangement 
principle: The order in which machines are 
- arranged in a hookup does not affect the job 
the hookup does._ For example, the two hookups 
3 • 4 • 7 • 5 and 3•7 * 4•5 do the same job. This 
means that whenever inputs of the same length 
are fed .into these two hookups, they will pro-
duce final outputs of the same length (5, p. 653). 

Dienes demonstrated how state-operator-state models reflect 

these properties. Bechte.1 (2, p. 374) demonstrated how the 

Cartesian product model reflects the distributive law of 

multiplication over addition and thus made an evaluation of 

the Cartesian product model in terms of this function. 

D'Augustine claims that repeated addition does not serve 

these functions well: "When he 'discovers1 the commutative 

and associative properties of multiplication, has he really 

discovered anything?" (19, p. 222). This was said in 

reference to illustrations of these properties by the repeated-

addition model. The literature is full of other such evalu-

ations in terms of demonstrations that these functions are 

facilitated by respective models. Every elementary school 

mathematics textbook contributes to this type of evaluation. 

In the system of whole numbers, properties associated 

with inequality involve the operations. Thus, models of 

the operations will model these properties and contribute to 

the definition of inequality (51). Demonstrations which 
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show how a particular model facilitates one of these 

functions amount to an evaluation of the model. The follow-

ing quoted material evaluates some rod models in terms of 

one of these functions. Figure 25 accompanies the quotation; 

Teams of three members can be formed with each 
member assigned a special task, namely: 

A selects a pair of rods which are unequal 
in length. 

B selects a pair of rods which are of equal 
length. 

C forms two trains by placing each of the 
rods of equal length end to end with each of 
those of unequal length. 

Later, when pupils feel the need for an 
adequate symbolism to depict their concrete 
operations, the teacher can introduce situations 
like those shown . . , (75). 

I$ 
1 < 2 and 
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2 + 3 

Fig. 25—Rod model rationalization of "If a < b and 
: then a + c < b + c . " 

Another publication presents a demonstration of how the rod 

mode-1 facilitates these functions (14, pp. 5051-5064). 



Other critical elements of the system of whole numbers 

are the cancellation law and related theorems. Functions of 

reflecting these principles are referred to in Suppes (65, 

pp. 18-19), and Weaver (71, p. 335). 

Evaluation on the Basis of the Function of 
Extension Beyond the System of Whole 

Numbers 

Currently many authors are concerned that the elementary 

school curriculum be built with consideration of number 

systems beyond the system of whole numbers. These other 

number systems are the system of rational number of arith-

metic, the system of integers, the system of rational numbers, 

and the system of real numbers. There is also current 

interest in evaluating models in. terms of the function of 

their being easily extended to reflect the operations and 

numbers in these systems. Several of the common models have 

come under criticism on this account. D1Augustine derived 

a standard from this concern: 

The author feels that it is better pedagogy 
to start with a basic definition which provides 
for the "fewest" possible exceptions as a universe 
is "enlarged" (19, p. 221). 

However, D'Augustine considers the possibility of another 

standard which stands in opposition to this one when applied 

to school curriculum: 

Mathematicians, in an attempt to justify the 
inclusion of definitions which continually need 
modification for the exceptions, use an argument 
that it is common practice to start with a basic 



304 

definition and modify it as the universal set 
is "enlarged" (19, p. 221). 

Perhaps, as is admitted in the first of these quotes, the 

concern with extension properties of models is primarily a 

pedagogical concern based on an assumption about the nature 

of the learner. As has been pointed out in Chapter II, a 

curriculum built around the concept "model" would not be 

dependent, upon this extension function. In fact, if it is 

the rule rather than the exception that models are limited 

in the mathematical systems which they reflect, then it 

would be undesirable to give the student the impression that 

mathematics is concerned with only models which are applicable 

to several number systems. As far as using models for defini-

tion is concerned, the choice of the initial-definition • 

models for the very yoyng can be determined on psychological 

and social standards; and the older children can learn the 

distinction between the abstract operations, their axiomatiz.ed 

properties, and the domain of modular reflections. There is 

hope that this can be accomplished, at least for those pupils 

who will be concerned with larger number system domains, 

before the exit from the first six grades by a curriculum 

using the multiple embodiment strategy. 

As long as the discussion is limited to the system of 

whole numbers, it-is evident that since the models reflect 

the operations, they in some way reflect the properties, 

relations, and primitive elements of this system. However, 
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extension outside this system is quite another problem. 

Perhaps the easiest way tc get models which are easily • 

extended to larger systems is to adjust models for elements 

of these larger systems to the limited domain of whole 

numbers. Then, the reverse of this adjustment will provide 

for the extension. However, these models are not the ones 

which have been traditional in the elementary school. 

In the area of models for multiplication, the repeated-

addition model has been coming under frequent criticism over 

the years on the basis of this function. Years ago McLellan 

and Dewey made the following evaluation of repeated-addition 

by pointing out that it fails this function: 

If anyone still maintains that addition (of 
equal addends) and multiplication are identical 
processes, let him prove by mere summing (or 
counting) that the square root of two, multi-
plied by the square root of three, is equal to 
the square root of six; or find by logarithms 
the sum of a given number of equal addends 
(45, p. 99). 

Of course, it is not. claimed today that multiplication is 

repeated addition but that repeated addition is a model of 

multiplication. The Minnemath people criticize the repeated 

addition on the same basis: 

. . . Another way is to teach multiplication 
as repeated addition: that is, to show that 
"3 times 2" can be expressed as "2 + 2 + 2" 
which is then computed by adding the numbers. 

. . [This] method is also limited, because 
it can be used easily only in the multiplication 
of integers. With difficulty, multiplication 
of fractions can be treated by repeated addition; 
but for other real numbers the method works 
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that multiplication is really not repeated 
addition; it is a unique operation with its 
own properties (49, pp. xix-1). 

Bechtel and Dixon make a similar evaluation of repeated 

addition: 

In fact, the technique of using the distributive 
property (and by logical consequence "repeated 
addition") is inefficient when applied to the 
rational number system. . . . But what simple 
principle of "repeated addition" applies to a 
product such as TT /2 (2, pp. 374-375)? 

It is interesting to note that Rappaport counters these 

claims by showing how repeated addition can be extended to 

fractions and claiming that the method of extension is not 

unreasonable. I-Iowever, his argument does not take into 

consideration the extension to negative and real numbers: 

Second, there is widespread belief that although 
multiplication of whole numbers can be shown as 
repeated additi.on, it is not possible to show 
multiplication of .fractions as repeated addition. 
It is the purpose of this article to show that 
multiplication of fractions as well as multipli-
cation of whole numbers, can be taught as repeated 
addition (54, p. 550). 

Hartung and his associates admit the limitations of the 

multiplicative situation model in this area, They suggest a 

switch to a more abstract treatment when moving to the domain 

of rational numbers: 

In the elementary school, the primitive meaning 
of multiplication is developed by means of 
situations that involve the combining of equal 
groups. . . . The meaning that becomes attached 
to multiplication by this approach is, however, 
completely inadequate when fractions are involved. 
The primitive meaning of multiplication must be 
abandoned (35, pp. 137-138). 
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Rising points out that although the Cartesian product model 

may serve well some functions within the system of whole 

numbers, it is sterile in the domain of functions under 

consideration: 

It is, in fact, the difficulty of extending 
this definition that makes it so sterile.. 
. . . Adjustments that, in effect, change 
the definition completely are necessary to 
encompass integers, rationals, and reals 
(55, p. 343). 

The rectangular array and Cartesian product models can be 

extended to a model for multiplication of integers involving 

areas with circulation (17). The stick stretcher models, 

since they are adjustments from models for fractions, can 

be extended to operations on fractions (6, p. 219). 

Gattegno (34, pp. 14-15) points out how his .rod models can 

be extended to serve as a model of a commutative field and 

the rational numbers. The Minnemath models described in 

Chapter III were developed to satisfy this function (55, 

p. 344; 49, pp. xix-1), The Cambridge Conference on School 

Mathematics recommended the number-line models because they 

facilitate this function; 

The participants found themselves essentially in 
agreement on the mathematical aims of the ele-
mentary school. Through introduction of the 
number line the child would be started immediately 
on the study of the whole real number system 
including negatives (16, p. 160). 

In considering the models for addition, it is noted 

that, several authors suggest that number—line models serve 
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Hartung and his associates (35,. p„ .136) point out how the 

additive situation model can be easily extended to include 

addition of nonnegative fractional numbers: 

The addition of fractions should be associated 
with the act of combining parts of objects. 
Subtraction should be associated with the act 
of taking part of an object away from a larger 
part or from the whole object (35, p. 136). 

Evaluation ojf Models in Terms of Other Specific 
Mathematical Skill and Concept Functions 

It is common to find claims that models serve functions 

other than those associated directly with number systems. 

For example, models car: play a central role in teaching iso-

morphism and the concept "function" (15, p. 33; 5, p. 651; 

11; 25, p. 145). Stone indicates that it seems to him that 

the operations constitute a good setting in which to teach 

the concept "function": 

For some time it has seemed to me that a natural 
and relatively easy way to begin the study of 
modern abstract algebra would be to focus atten~ 
tion on the various addition and multiplication 
tables that occur in elementary arithmetic and 
generalize to the study of arbitrary functions 
of two variables (63, pp. 10-11). 

The Cartesian product model in the form of a collection 

of ordered pairs is very close to the mathematical notions 

of relation and function. Of course, the mathematically 

trained mind can see function ideas in any model for the 

operations. Even the stick stretcher models give opportunity 

for work with graphing and the concept function (5). Bruner 

/ i n ~ - -3 r-s J 
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model can be used to teach the primitive concepts making up 

isomorphism. Not only do models give seme rather interesting 

examples of functions but they provide frcora for variation 

of mathematical and perceptual elements. 

Some models emphasize the basic elements of computers, 

especially the computer models themselves. This function is 

becoming increasingly important (57, p. 11). In fact, it 

might be possible to build a curriculum around the machine 

as the initial characterization of the operations and all 

the other models as applications. In such a curriculum, the 

child would think of addition as something which a machine 

does upon command and the usual models as applications of 

the structure inherent in the machine, Algorisms with 

pencil and paper would be learned only as emergency procedures. 

Such concepts as the additive property of area, measure-

merit, units, visual display of data, and the use of slide 

rules, tables, and desk calculators, are associated with 

certain of the models (15, p. 33). 

Each of the models serves the function of being the 

basis for many elementary number theory definitions. Van 

Engen, Hartung, and Stochl (69, p. 200) present an evaluation 

in this domain by pointing out how the rectangular array 

model, serves this type of function. The following quotation 

is related to Figure 26: 

The illustration below shows some of the patterns 
associated with square numbers. Notice that each 
pattern has the same number of dots in each row 
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as it has number of rows; the relationship between 
each of these patterns and the geometric concept 
of a square is obvious (69, p. 200). 

4 = 2? 9 -= 32 16 = 4 2 

Fig. 26—Rectangular array -model and square numbers 

The number line, rectangular array, and Cartesian 

product models have distinctive relationships to geometry. 

Thus they facilitate some of the functions related to teach-

ing geometry and the relation between number systems and 

geometry. Number lines are used in geometric coordinate 

systems and graphing. Cartesian coordinate models involve 

ordered pairs, and rectangular arrays can be presented in 

the form of a rectangular grid. 

Hartung and his associates point out how the many-to-

one models lead up to teaching percentage: 

If pupils have had a good introduction to rates 
and comparisons and their symbolization by 
ratios the idea of per cent is a relatively 
easy extension, since per cent refers to any 
comparison in x̂ hich the second term of one 
ratio is 100. The only new things to be 
learned are the term per cent and the symbol % 
(35, p. 122). " ~ 

Gattegno, in his usual style, shows how to use the rod 

models to teach numeration: "A black rod is also 7 in our 

code, an orange rod is 10. A black and orange end-to-end 

will give a length we sh^ll call_ seventeen and write as 17" 



Ill 

(34, p. 52), The structured pattern models and the multi-

plicative, additive, subtractive, ana divisive situation 

models satisfy the function of teaching the primitive con-

cept of grouping (21, 62). 

'Before facility with naming and computation with larger 

numbers can be accomplished one needs a knowledge of numera-

tion systems and algorisms for purpose of computation. 

Historically, the use of algorisms has been an important 

part of the arithmetic program. Models are used for the 

purpose of inventing and rationalising algorisms. Algorisms 

can be rationalized by appeal to formal use of properties of 

operations and numeration, but there is still a great deal of 

support for the continued use of models in this area. Fehr, 

by criticizing the more formal rationalization by properties, 

promotes this function of models: "But to . . . spell out 

every algorism into a flow chart in terms of these laws, 

. . . is utter nonsense" (28, p. 85). It is not uncommon to 

find claims that one modal does a better job of rationalizing 

a particular algorism or that a certain model determines a 

better algorism, " 

Hartung and his associates (35, pp. 97-99) made an 

evaluation of their divisive situation model by demonstrat-

ing how it can be used to rationalize a subtractive division 

algorism. D1 Augustine evaluated a repeated subtraction model 

on the basis of this type of function: 
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However, when one is interested in developing 
an efficient division algorithm, for the set 
of whole numbers, then one employs a repeated 
subtraction "interpretation" of division, even 
though this interpretation needs modification 
for the cases N + 0 and N + N (19, p. 222). 

Brueckner, Merton, and Grossnickle (9, p. 98) evaluated the 

divisive situation model by demonstrating how it rationalizes 

a long division algorism,. 

With respect to algorisms for other operations than 

division, McLellan and Dewey (45, pp. 203-205) suggest an 

algorism for subtraction computation based upon the defini-

tion of subtraction as the inverse of addition. The number-

line model also serves the function of rationalizing an 

algorism for subtraction; 

Richard Griggs, working in the Illinois Arith-
metic Project, developed a new method of 
explaining EA [equal additions algorism for 
subtraction]. The child is asked to count steps 
along the number -line: 27 + 5 steps gets us to 
32 and one giant step of 10 units gets us to 42: 
5 + 10 = 15. This is readily comprehended and 
boils down to EA. . . . But Griggs makes the 
point that his EA approach also neatly rational-
izes subtraction of a negative, number where 
borrowing cannot be used (18, p. 119). 

Gattegno demonstrated how the rod models serve the function 

of rationalizing a subtraction algorism (34, p. 52). 

One of the Cambridge Conference on School Mathematics 

reports suggests.the use of the rectangular array model to 

rationalize a multiplication computation algorism (17). 

The machine models in the form of calculating machines have 

an advantage in terms of time in execution (26). 
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Evaluation on the Basis of Functions 
Couched in Terms of the Assumed 

Nature of the Learner 

Teaching practices are based on the assumed nature of 

the learner. Models are evaluated in terms of students' 

responses to the setting in which they are used. Observation 

and interpretation are based on assumptions made about the 

nature of the learner. Judd, in the early history of modern 

American education, encouraged teachers and curriculum 

developers to attend to these- functions couched in terms of 

the assumed nature of the learner (41, p. 104). Recently, 

Brunsr, who possibly rates significance which is equal to 

that of Judd, made the following acknowledgement of this 

class of functions: 

Research cn the intellectual development 
of the child highlights the fact that at each 
stage of development the child has a character-
istic way of viewi ng the world and explaining 
it to himself. The task of teaching a subject 
to a child at any particular age is one of 
representing the structure of that subject in 
terms of the child's way of viewing things 
CIO, p. 33). 

Previous discussion of this domain of functions is presented 

in portions of Chapter II. 

The purpose of the following material is to present an 

evaluation of models on the basis of functions related to 

the assumed nature of the learner. 
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Evaluation on the Basis_ of Functions 
Related to Level of Difficulty 

By defiiiing difficulty in terms of number of correct 

responses cn test items, Hervey compared the Cartesian 

product model with the equal additions model. In attempting 

to compare these models on the basis of students' responses, 

Hervey concludes: 

First, if correct quantitative responses 
to problems can be considered a measure of their 
difficulty, the equal addends problems were sig-
nificantly less difficult than the Cartesian 
product problems. 

Second, insofar as it was possible to 
ascertain, the subjects could conceptualize equal 
addends problems more appropriately than Cartesian 
product problems in terms of the physical situation 
inherent in the problems. 

Some children were successful in their 
responses to both types of problems (37, p. 291). 

These observations were made in an experiment with sixty-

four second grade subjects who had no previous training in 

multiplication. 

With respect to partitive and measurement interpreta-

tions of the divisive situation model, Van Engen and Gibb 

make the following evaluation in terms of level of diffi-

culty: "Thus partitive situations were more difficult for 

the sub tractive group,, and measurement situations were more 

difficult for the conventional group" (70, p. 86). In this 

study the subtractive group was taught a subtractive 

division algorism rationalized cn the basis of the divisive 

situation model with measurement information and measurement 

correlates. The conventional group was taught a long 
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division algorism by methods in which the rationalization 

was less uniform. 

Gattegno makes the following evaluation of his rod 

models on the basis of level of difficulty: 

' By taking away the role of counting we have not 
suppressed anything essential, since we have 
more elementary and more permanent criteria. 
If the rods are on a table they stay there 
even if I turn away ray head to look at a fly, 
whereas if I do so while I am counting I 
forget the number reached and have to begin 
again. The child therefore has less difficulty 
in solving his problems because he uses sight 
rather than hearing or in other words because 
we replace the role of time, which requires a 
great deal of attention, by that of space, 
which is more accessible (besides the fact 
that the spatial field of perception is wider 
than that of time) (34, p. 12). 

Evaluation in terms of level of difficulty is an 

interesting and open area. However, investigation into this 

area should be on a systematic a basis as possible. This 

involves knowledge of the larger domain of models, their 

classifications, and their logical and psychological 

properties (as hinted by Gattegno above). It also involves 

knowledge of the larger domain of methods of evaluation and 

definition of this function, as well as some notion of the 

educational significance of level of difficulty. 

Evaluation on the Basis o_f Functions 
Related to Cognitive Structure 

and Style 

If one assumes that different students have different. 

styl.es of learning, than this assumption has implications in 
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the form of derived functions'for models. One conference 

was concerned with what they termed physical learners (56, 

p. 63; 52). From this concern they recommended certain 

materials and models. Bruner (11, pp. 310-312) conjectures 

that the students from various ages naturally tend to use 

different forms of representation and outlined these forms 

(12, p. 10). 

Gagn£ makes the suggestion that models be evaluated 

in terms of their relation to styles of learning which are 

primarily verbal, spatial, and numerical. He points out some 

classes of models that on the surface seem to fit this type 

of learning; • 

Well-established factors in human abilities 
are spatial, numerical, and verbal. The posses-
sion of a high degree of spatial ability should 
facilitate the learning of spatial concepts; 
high verbal ability should facilitate the learn-
ing of verbal concepts? and high numerical ability 
should facilitate the learning of symbolic concepts. 

The learning of concepts of addition and 
directed numbers may be done verbally, spatially, 
or symbolically. Verbal rules are perhaps the 
best known method, occurring in most conventional 
textbooks. Spatial concepts have been used with 
considerable success, notably in the textbook of 
the University of Illinois Committee on School 
Mathematics. Symbolic concepts Can readily be 
designed to serve the same purpose; in one form, 
they might resemble some of the symbolism of 
boolean algebra (31, p. 112). 

Van Engen (68), in evaluating the additive, subtrsctive, 

multiplicative, and divisive situation models, makes the 

assumption that the learning of young children is character-

ized by action-generalizing activity. Actions and manipula-
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the development of their number concepts. From this point 

of view it would seem that the teacher should use models 

which give the children many experiences with concrete 

objects and their manipulation. Van Engen quotes from 

Heidbreder in justifying this contention: 

Dominance in cognitive reactions seems to 
be correlated, not with maximal openness to 
inspection, nor with maximal "giveness" in 
perceptual experiences, but with the kind of 
motor reaction which human beings character-
istically employ (68, p, 85). 

Since these models involve the actions of joining and separat-

ing, it is claimed that they are appropriate for learners 

for whom these actions are dominant in the concept formation 

process, 

In the following statement, Spitzer makes the assump-

tion that students are more likely to use models and methods 

of solution that do not involve guess or trial and error. 

When choosing models which provide solution to certain types 

of problems, the implication is that models for which the 

solution process does not involve guess or trial and error 

should be used: 

While no research findings can be cited, it is 
believed that the subtraction procedure, which 
is free of guess or trial and error, will be 
used by a majority of the pupils. The multipli-
cation procedure, the one desired if the 
relationship between multiplication and division 
is to be used, requires the formation of a question 
that is to say the least, not to be obvious to seven— 
or eight-year-old pupils (61, p. 370). 
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Concern with how students view a model is often expressed. 

Perhaps a function of models is to make, a structure appear 

significant in the eyes of the learner (59). One experi-

menter observed that one model was more convincing than 

another (15, p. 37; 14). A maker of curriculum based on the 

rod models suggested that "Each number will gain personality 

which it lacks when numbers are seen as being made only of 

units" (34, p. 49). Other authors see models and the 

devices for presenting instances of models as having a 

motivational function (46; 15, p. 37). 

Rapport makes the evaluation that the Cartesian product 

model for multiplication is unrealistic whereas the repeated 

addition model would be viewed as realistic; "The effort 

to avoid repeated addition results in an unrealistic situa-

tion" (54, p, 551). Braunfeld makes the evaluation that the 

stick stretcher models are quite artificial when applied to 

addition of rational numbers and that the stick stretcher 

models for multiplication and division "make sense." These 

same generalizations might .be extended to the use of the 

stick stretcher models for operations on whole numbers. 

Braunfeld says; 

Unfortunately, however, this development 
for addition and subtraction becomes quite 
artificial at certain points. It makes no 
sense, of course( to stick with a model in 
those cases where it does not serve to clarify 
and simplify the ideas. 

Further, we believe it gives students . . . 
the reasons why the usual definitions of multi-
plication and division . . . make sense (6, p. 221). 
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Another promoter of a model makes the claim that 

children enjoy manipulating the equation balance and that 

the balance is intriguing to operate (51). They make the 

evaluation that this type of model "Allows children to dis-

cover . . . in an interesting and concrete manner" (51). 

Another promoter of a device which provides instances 

of models for the operations makes the following evaluation 

on the basis of functions in this area: " . . . students 

1 believe1 the computer answer more readily than an instruc-

tor 's blackboard explanation . . . " (26). 

These functions, although lightly treated here, are of 

real concern .to many. It is common to make inference from 

one's own responses as to the nature of responses likely to 

come from students. The response of the student is to more, 

than the model itself. It Is to the total perceived situa-

tion in which it is embedded and his current disposition. 

It is difficult to distinguish between these functions as 

well as to translate them into operational definitions. 

Many of them have a strong affective component. Nonetheless, 

they are considered by many to be important functions. 

Evaluation on the Basis of the Functions of 
Contributing to the Application of ~~ 

Principles 

From the ass.umed nature of the learner, principles are 

derived which contribute to making up methods and strategies 

of instruction. For example, the Cambridge Conference on 
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School Mathematics summarized the functions of models as they 

occur in the form of physical equipment. Embedded in this 

summary are at least three principles of pedagogy. It is a 

function of models to operate within these principles: 

Whether one thinks in terms of pre-mathematical 
experiences that are embodied in the manipulation 
of physical materials, whether one regards these 
physical objects as aids to effective communica-
tion between teacher and child, or whether one 
regards them as attractive objects that increase 
motivation, the conclusion is inescapable that 
children can-study mathematics more satisfactorily 
when each child has abundant opportunity to 
manipulate suitable physical objects (15, p. 35). 

Bruner and Kermey make certain assumptions about the 

nature of the learner and from them derive principles of 

multiple embodiment and abstraction. These principles 

utilize models; 

We have already commented upon the fact that by 
giving the child multiple embodiments of the 
same general idea, expressed in a common notation 
we lead him to "empty" the concept of specific 
sensory properties until he is able to grasp its 
abstract properties (13, p. 56). 

Other authors are interested in evaluating models in 

terms of their facilitating the application of principles of 

variation and contrast (15, p. 15; 6, p. 219). Principles 

based on the processes of generalization, analysis, syrabol-

ization, restriction, construction, interpretation, and 

transfer are facilitated by the use of models. One such 

principle based on the process of abstraction is presented 

by Paschali 
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Abstract thinking is ultimately rooted in concrete 
sensory phenomena. . - . We can appreciate abstrac-
tions without seeing concrete'applications, but 
this is not true of disadvantaged children (52, 
p. 368) . 

One such pedagogical principle suggests the practice of 

presenting old ideas in new settings with the hope of making 

the topic more compatible to the students. Braunfeld makes 

the following evaluation of the stick stretcher models on 

the basis of this function: 

What, was needed, therefore, we felt, was a new 
seventh-grade course which would deal with the 
traditional topics in fraction arithmetic from 
an entirely fresh point of view. . . . It seeks 
to solve the problem of scaring off the students 
at the very start . . . (6, p. 215). 

Another pedagogical principle suggests the use of models 

which will be easily discarded by the children and replaced 

by more mat\ire activities. Nasca makes the following eval-

uation of the Cuisenaire-Gattegno rod models on the basis 

of this function: 

The models, varied, fascinating, and colorful, 
were discarded when children began to realize' 
the significance of the names and symbols that 
were being used to describe them. With mental 
pictures of groups, grouping relationships, 
actions, and operations second-grade pupils 
were able to internalize the concrete models to 
the extent that manipulations could be performed 
mentally by means of meaningful symbols (50, 
p. 224). 

Another pedagogical principle suggests that children 

should have visual images which are associated with mathe-

matical symbols and the operations of arithmetic {13, p. 56). 
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rectangular array model, serves this function better than the 

multiplicative situation model or the repeated addition model: 

This image is more fundamental than that of 
multiplication as successive addition and it 
is not the primary image of multiplication to 
grade school children. (I interviewed several 
sets of children in grades six and seven, and 
it became quite evident that, multiplication was 
primarily a formal process without any visual 
images.) It appears to me that a considerable 
advance in the teaching of arithmetic would be 
made if multiplication were presented first as 
counting rectangular arrays and then as the area 
of recta.ngula„r figures . . . (14, pp. A-3, A-4). 

Perhaps the simplest and most often applied principle 

which prescribes the use of models is that children should 

be provided with a simple context in which to study mathe-

matical concepts. 

These functions make up perhaps the most interesting 

collection of functions of models. To use models in systems 

based upon principles, and to conduct experimentation which 

tests the hypotheses precipitated from these principles, 

seems to be a step in the direction of increased sophistica-

tion of mathematics education. It. is hoped that such 

principles can be welded into a theoretical grid which 

deductively subsumes the practices and problems of mathe-

matics education in such a way .as to yield valid predictions 

and explanations. 
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The Function cf Facilitating. 

Methods of Instruction. 

Principles and strategies based on the assumed nature 

of the learner are joined with materials to form distinctive 

methods of instruction. Several methods rely heavily on 

models and physical materials which provide instances of 

models. Several methods which are distinctive in their 

dependence upon models are discussed below: Nasca (50, 

p, 225) described the manner in which a certain model 

contributes to a method based on exploratory activity. 

Humphrey (39) suggested motor activity lessons. Fremont (29) 

outlined lessons based on experimental activity. McC.onnel 

(43) contrasted methods based upon active learning with the 

methods of Thorndike. Syer (66, p. 106) outlined the role 

of models in methods based on sensory learning. Other 

references to functions of models in this domain are Love11 

C-2/ PP• 26-46), Browne11 (7), Woodruff (76, pp. 48-51), 

Davis (20), Dienes (23, 24 , 25), Wilder (73, pp. 122-126), 

Gattegno (32), Cambridge Conference on School Mathematics 

(15), Minnesota Mathematics and Science Center (49), Stern 

(62) , and Quadling and others (53). Without the use of 

models these curriculum outlines and methods of instruction 

would not be as they are. As is indicated by Nasca, the 
development of new and broader methodologies as well as sets 

of objectives can be made possible by knowledge of models: 

All too often, curriculum specialists have been 
handicapped in content selection by traditional 
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procedures for teaching that content. With 
broader methodologies a.vai3.afcle it. becomes 
essential to reevaluate . . . (50, p. 225). 

Again, as in the case of general functions of models 

which are derived from the mathematical domain and as a 

result of the complexity of evaluation in this domain, no 

survey of evaluation of models as they facilitate methods of 

instruction is presented in this paper. However, the above 

material does characterize a significant domain of functions. 

Evaluation on the Basis of Other 
Pedagogical Functions 

Other significant pedagogical functions of models are 

considered here at the close of this chapter. 

Functions Related to the Field 
of Science 

In one of the Cambridge Conference on School Mathematics 

publications (17), addition and subtraction of segments are 

recommended because it is necessary in the teaching of 

mechanics and slope. This statement suggests functions of 

models related to fields of science. Bowen suggests that: 

The ability to take an equation in more than 
two variables and consider only the relation-
ship of two at a time holding the others constant, 
is of great importance in science (4, p. 539). 

This relation can be taught with models for the operations 

of arithmetic, Bowen also suggests the following criticism 

of models and the mode in which models are used: " . . . casual 

treatment of units, examples which are not good science, and 
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no discussion of units or physical basis for this relation-

ship" (4). Mayor points out that a certain " . . . science 

program depends on topics such as graphs, division, and 

decimals earlier than those topics are introduce^ in 
I 

traditional or new programs in mathematics" (47, p. 352). 

Possibly one should consider as functions of models tha 

group of requirements related to science and science educa-

tion. It may be desirable for models to involve more 

scientific type units than that of entity, to be related to 

graphing, segments, and measurement. Seldom are the require-

ments of science built into the very heart of arithmetic 

programs to the extent that these requirements affect the 

most central elements of arithmetic—the models for the 

operations of arithmetic. Science related topics are 

usually taught as an addendum which is written with less care 

and scrutiny than the more closely organized and inter-

dependent parts of the program. The suggestion here is 

only that there is a class of functions related to the field 

of science and they may well warrant attention in attempts 

to evaluate models for the operations of arithmetic, 

Evaluation o_f Models on the Basis of 
Social Functions" 

Functions derived from consideration of practical and 

common social usage are especially important when models and 

mathematics curriculum are considered for the group of stu-

dents whose mathematical education terminates near the 
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elementary school. The following is an evaluation of the 

repeated addition model on the basis of facilitating problem 

solving in the social domain: 

Many books for teachers and pupils have taught that 
"multiplication is a short way of doing addition 

'when the addends are all equal." . . . it 
contributes very little to problem-solving 
abilities (35, p. 72). 

The inference here is that the models promoted by these 

authors (the additive, subtractive, multiplicative, and 

divisive situation models) serve the function of facilitat-

ing problem solving. Another model for multiplication is 

evaluated in the following quote on the basis of this 

function. Of the stick stretcher models, Braunfeld says; 

This definition of multiplication also makes 
good sense when we look at a typical word 
problem in which multiplication arises. . . . 
Later we point out to the.students that they 
may picture many other magnitudes (e.g., time 
intervals, weight", velocities, etc.) as lengths 
and then apply the appropriate stretchers . . . 
(6, p. 215). 

With reference to the comparison models for multiplication 

involving many-to-one correspondences, the following evalu-

ation is made: 

In the arithmetic program of today, the ideas 
of rate and comparison are introduced and 
symbolized quite explicitly in Grade 5. Until 
that grade has been reached, the teacher has 
three choices. He can defer the teaching of 
this type of situation until . . , . This 
choice involves the risk .of leaving the pupils 
unprepared for such problems in the . . . 
activities outside school (35, p. 62). 
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Here the impliea Lion is that manv-to-one models have social 

significance. 

In the area of models for addition and subtraction, 

Thorndike makes the following evaluation of the take-away 

and comparison models: 

The difference problems as "How much taller, 
longer, heavier, older?" "How much more it costs?" 
. . . and the like will be found to be much more 
numerous and important in the life of children 
and adults than remainder problems. From these 
considerations alone the "arid" . . . form would 
seem preferable, if only one form is to be used, 
, . . (67, p. 212). 

Another method of evaluation in the social domain is to 

analyze the relation between a model and another model which 

occurs frequently in social application* Spitzer makes 

such an analysis of the repeated subtraction and repeated 

addition models in relation to the partition-division situa-

tion; 

In fact, most people agree that repeated sub-
traction is not a logical procedure for finding 
the answer to partition division questions. 
. . . The use of addition to solve partition 
division situations is subject to the same 
shortcomings as is the case of subtraction 
(61, p. 371). 

Relation of Models to 'Teachers, Standardized 
Tests, and Equipment 

With respect to an experiment in which a major inde-

pendent variable was models and algorism based on models, 

Van Engen and Gibb make the following remarks: 

A new pattern of thought is required and, hence, 
it will be d.j fficuit for some teachers to teach. 
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This is not a disadvantage of the method in 
itself even though it is a valid argument 
against introducing it into the elementary 
schools (70, p. 15). 

Here then is a suggestion as to the class of functions of 

models dependent upon the nature of the teacher. 

Hartung and his associates, in discussing a suggested 

curriculum based on the choice of certain models and 

algorisms based upon models, provide a hint as to another 

class of functions of models: 

He can defer the teaching of this type of 
situation. . . . This choice involves the risk 
of leaving the pupils unprepared for such 
problems in standardized tests . . . (35, p. 62). 

Here then is .a class of functions of models dependent upon 

their relation to standardized tests. 

Finally, some models are perhaps more easily presented 

with soft wear such as paper and ink. Others may require 

devices which are prohibitive in cost or are not available 

from a manufacturer. Such models as electx"onic and electric-

rotary calculators are beyond the purchasing ability of 

some schools. Here then is still another class of functions 

of models. 

The Function of Introductory Definition 

Most makers of curriculum feel that they must choose a 

particular model for purpose of introducing an operation of 

ariuluTsetic in the primary grades. The usual procedure is to 

teach a selected model structure in association with a 
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selected symbolic .representation and collection of correlates. 

The process is usually referred to as defining cr introducing 

the operation. As has been pointed out in Chapter II, other 

strategies involving the multiple embodiment and half-way 

house principle are available. The models that are not 

chosen for purpose of definition are often taught as applica-

tion of the initial model. Thus models serve the function of 

definition and/or application in most programs. There is 

currently quite a bit of debate as to which models serve 

best this introductory function (37, p. 291 ;r 35, p. 26). 

Summary and Conclusions 

By way of conclusion of this Chapter it is noted that 

each program or teacher, which uses a model, either implicitly 

or explicitly recommends that model. The Cuisenaire- -

Gattegno models are more common in Europe than in the United 

States (38), and of course these models are then highly 

recommended by teachers and educational systems in Europe. 

However, references to these models are conspicuously absent 

in articles on current school mathematics in the United 

States (50, p. 222). As Spitzer points out, uses of the 

multiplicative approach to the study of the division opera-

tion are still the exception rather than the rule (61, p. 371), 

Some acknowledged leaders are adamant in their opinion 

as to the place of certain models in the elementary school. 

Fehr said of the Cartesian product model that it has "no use, 
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place, or validity in the elementary school"" (27, p. 408). 

D'Augustine concludes flatly that . . the operation of 

division is defined best (mathematically and pedagogically) 

in terms of its being the inverse of multiplication" (19, 

p. 222), In a similar fashion, Bechtel and Dixon flatly 

reject the repeated addition model for multiplication: 
* 

It is not unusual to find unsound mathematical 
principles advocated on the basis that they are 
psychologically and pedagogically effective. 
Such a principle is embodied in the statement 
that multiplication is "repeated addition" (2, 

p. 373). 

This review emphasizes the fact that each writer or 

teacher has his own method of addressing himself to this 

domain. Each has his own ordering of the functions in terms 

of their importance. Each arithmetic program is based upon 

a collection of functions and assumptions as to their defini-

tion and importance. 

The domain of functions of models is as large and complex 

as the domain of principles and objectives underlying educa-

tional practices. Attempts at evaluating models in terms 

of specific functions are frustrated by the question as to 

the relation of that function to the larger domain, and 

attempts at evaluation on the basis of more general functions 

are frustrated by inconclusive results and lack of assurity 

of the significance of the relative causal factors. However, 

such a review of functions tends to remove a certain amount 

of myopia. 
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Perhaps the most obviously valid function of models is 

to model. 
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CHAPTER V 

APPLICATION OF CRITERIA DERIVED FROM THE MODEL 

CONSTRUCT TO ANALYSIS OF ELEMENTARY 

SCHOOL MATHEMATICS TEXTBOOKS 

Purpose of the Chapter 

This chapter is an application of the model construct 

to the development of ten criteria for analysis of elementary 

school mathematics textbooks. These criteria are applied to 

selected portions of three elementary school mathematics 

programs adopted in the State of Texas and used in the 

schools since September, 1965. Since it is common to 

identify these programs by their publishers, this practice 

will be followed in this chapter. The programs to be analyzed 

are published by Addi s on-We s1ey (8, 9, .10, 11, 12, 13), 

Laidlaw (14, 15, 17, 18, 19, 20), and American Book Company 

(2, 3, 4, 5, 6, 7). Each of these programs is adopted in 

Texas for Grades 1 through 6. 

There are many point of view from which to approach the 

evaluation and analysis of textbooks, and the approach 

developed here is admittedly only one of these. However, it 

strikes at what seems to be the heart of arithmetic—the 

modular domain and its relation to the abstract mathematical 

domain, 

339 
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Although textbooks come under criticism, and it is 

suggested that they be often replaced by other educational 

materials, there are still some eighty million children and 

a million teachers using them every day. There are millions 

of children using a single mathematics textbook series. 

These considerations should suggest the importance of the 

quality of textbook construction and use (1). 

Textbooks initially came into mathematics curriculum 

as a product of the presses of the Renaissance period. 

Smith (22f p. 1) reported that the first textbook on arith-

metic was the Trey 1.so Arithmetic,which appeared in 1478. 

The first book with mathematical content printed in the 

Americas was printed in Mexico City in 1556. Written by 

Juan Diez Freyle, and entitled Summario compendioso de plata 

y_ ore, it was concerned primarily with conversions between 

different coinages (16, p. 48). The first mathematics book 

written by a person in the United States was Isac Greenwood's 

Arithmetic, Vulgar and Decimal, printed in 1729. 

The method of presentation of the operations and" algor-

isms in these first mathematics textbooks in the United 

States which were used in the grammar schools and .academies 

of the day, was in the form of stated rules to be memorized, 

followed by demonstration by example, and exercises to be 

worked. Arithmetic was a secondary school subject until late 

in the nineteenth century. Colburn was the first to grade 

his textbooks, and graded series did not become common until 



341 

about 1S30 (21). Gradually arithmetic became an elementary 

school subject with textbooks written for different grade 

levels and ages of students. 

The textbooks now in use in elementary schools in the 

United States are the first generation of books from the 

Modern School Mathematics Movement and a direct outgrowth of 

the books of the Meaningful Arithmetic era. However, some 

of the current authors and editors are not holdovers from the 

previous era but are new to the arithmetic textbook field. 

It is to this latest generation of textbooks that following 

criteria will be applied in analysis. 

The analysis will present data which describes certain 

elements of each program. It will not necessarily evaluate 

the programs in terms of quality. The determination of 

quality is a stage of evaluation following the development 

of data which distinguishes between programs. For example, 

if one program is found to have a modular structure of an 

operation which subsumes that of another, then data has been 

revealed which distinguishes between programs on the basis 

of this one factor. If someone wishes to set up the rule of 

quality which declares that "If program A has a modular 

structure of an operation which subsumes that of program B, 

then in terms of this one factor program A is better than 

program B and appxy it to "che data, then there is a deter-

mination of quality based on a declared standard. 



342 

Modular Structure of Operations 
of Arithmetic 

Each elementary school mathematics program illustrates 

or .introduces the operations of arithmetic with models. One 

could then study these programs to determine what models are 

used for each operation of arithmetic. This collection of 

models and associated symbolic representations constitutes 

the modular structure of the operation developed in the 

program. This leads up to the first criterion to be listed 

under the above heading; 

1. What is the modular structure of operations of 

arithmetic presented in the program? 

This criterion is applied in analysis to the three programs 

to determine the modular structure presented in Grade 2 'for 

the operations of addition, subtraction, and multiplication. 

Grade 2 has been chosen for this analysis because it is at 

this grade that all three of these operations are covered 

thoroughly. Similar analysis is conducted to determine the 

modular structure presented in Grade 3 of the operations of 

multiplication and division. These operations are taught 

thoroughly for the first time at the Grade 3 level, and 

later grades are1, devoted to review and other topics. The 

categorization of the modular domain presented in Chapter III 

is used in this analysis. This means that attempts have been 

made to categorize each model presented in the analysis 

under one of the headings presented in Chapter III. If a 
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particular model does net seem to fit in one of these 

categories, then it is described in terras of its relation to 

several categories or simply described as a new model not 

included in the previous catalog. Also in this immediate 

analysis, the role of the model as definition or application 

is described. 

Figures 27, 28 and 29 present the modular structure of 

addition presented in Grade 2 by Addison-Wesley, Laidlaw, and 

set union 
pp. 40, 45 

symbolic 
represen 
tation 

number line 
p. 42 

decomposition 
(component 
qroupincr) 

\p: 54 • 

Fig, 27--Modular structure of addition on whole numbers 
presented in Addison-Wesley, Grade 2 (9). 
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•̂ et union 
pp. 10, 40 
(number strips and 
number-line strips) 
pp. 43-45, 60 
(counting men) 
pp. 48, 64 

number line 
p. 46 

symbolic 
represen- • 
tation 

decomposition 
(number square using 
number strips and 
number-line strips) 
p. 49 
(component grouping) 
[in algorism] 
pp. 54, 57 

Fig. 28—Modular structure of addition on whole numbers 
presented in Laidlaw, Grade 2 (15). 
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number line 
pp. 27, 60, 

(addition on 
clock) 

number strip 
[variation on 
number line] 

33 
(number ladder) 
p. 44 

hundreds board 
[blend of number 
line and set 
union] 
p. 3.9 

decomposition 
(picture line) 
[component 
grouping] 
pp. 4, 9, 86 
(component 
grouping) 

symbolic 
represen 
tation 

set union 
/ P P . GD, M 
(picture line) 
PP. 4, 9 
(column of 
strips) 
p. 116 

number strips 
cut up and 
matched 
[blend of set 
union and rod 
model]-
p. 93 

Fig. 29—Modular structure of addition on whole numbers 
presented in American Book Company, Grade 2 (4). 
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American Book Company in that order. Figures 30, 31, and 

32 present the modular structure of subtraction presented in 

decomposition 
(take away) 
p. 46 
(component 
grouping) 
p. 54 

i number line 
p. 48 

comparison 
p. 50 

symbolic 
represen 
tation 

subtraction 
as inverse 
of addition 
pp. 55, 61 

Fig. 30—Modular structure of subtraction on whole 
numbers presented in Addison-Wesley, Grade 2 (9). 
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decomposition 
(take away) p. 41 
(number strips and 

inumber-line strips, 
(take away) pp. 43-45 

I (counting men, take 
\away) pp. 48, 64 
(number square, 
component grouping) 
p. 49' ^ 

number line 
p» 46 

symbolic 

representation 

Fig. 31—Modular structure of subtraction on whole 
numbers presented in Laidiaw, Grade 2 (15). 
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decomposition 
(take away) pp. EI, CH, 55 
(picture line) [component 
grouping take away] 
pp. 9, 86 
(component grouping) p. 57 
Jbead line) p. 74 

symbolic 
representation 

number line 
pp. 33, 43, 
60, 73 

number strip 
[variation on 
number line] 
p. 38 
(number ladder) 
p. 44 

hundreds board 
[blend of number 
line and set 
union] p. 39 

>number strips cut 
I up and matched 

—{ [blend of set 
Vunion and rod 
model] p. 93 

Fig. 32--Modular structure of subtraction on whole 
numbers presented in American Book Company, Grade 2 (4). 
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Grade 2 by these programs™ The square in the center of 

each figure denotes the standard symbolic representations 

used in each program to represent the operation. The repre-

sentation held in common with greatest frequency by all 

three programs is the standard horizontal sentence. The 

line segments connecting the square to each of the circles 

denote the correlates. Correlates are the rules implied or 

stated in the program which assign elements of the models to 

pieces of the symbolic representation. The headings at the 

top of each circle is the name of the family of models 

presented in Chapter III or a new name adopted from the pro-

gram under study. The only new names in these figures are 

found in the Figures 29 and 32 which present the modular 

structures from the American Book Company program. The 

names in parentheses denote models which come under the 

heading given at the top of each circle. For example, 

component grouping and take-away are both models coming under' 

the heading of decomposition. In the square brackets is 

found explanatory remarks concerning some of the models. 

Page numbers from the teachers' editions which give the 

first encounter in the text with the model and subsequent 

critical presentations are found immediately following the 

name of the model. 

From Figures 27, 23, and 29 it can be seen that the 

modular structures given for addition in the three programs 

are, on the basis of the categories outlined in Chapter III, 
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the same with the exception of the "number strips cut up and 

matched" model presented in the American Book Company program. 

The American Book Company program has fewer distinctive 

variations on the models outlined in Chapter III as is seen 

in the blends and variations such as the number strip model 

and hundreds board model. There is likely danger in using 

these models so closely related to former models in that 

they are not explained carefully and are confused with former 

models. This program appears to have more of an emphasis 

on activities, gadgets, and variation than on distinctively 

different models and deliberate strategies for relating 

models. The different "dc-dagets" which are known to the 

authors seem to determine the modular structure of the 

operation. 

A striking difference between the modular structures 

of subtraction presented by these programs is that the 

Addlson-Wesley program presents the comparison and the 

"subtraction as inverse of addition" models more, deliberately 

and distinctly than other programs. In the Addison-Wesley 

program the comparison model is carefully mapped onto the 

take-away model. .This is done explicitly on a student page 

rather than hinted at or briefly mentioned in a commentary 

for the teacher. The comparison model is discussed on 

pages G18 and G17 in the teachers® commentary of the American 

Book- Company program but it is not explicitly related to 

subtraction sentences in this commentary. There is no 
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student page devoted to the comparison model In either the 

Laidlaw or the American Book Company Grade 2. programs. . 

In none of these programs is a clearly distinct student 

page devoted to the model which defines subtraction as the 

inverse of addition. In all three programs there is an 

attempt in the teachers' commentary to relate addition and 

subtraction by some modular relation. However, the Addison-

Wesley program does this very explicitly in the teachers' 

commentary to the extent that it has here been decided to 

list subtraction as the inverse of addition as one of the 

explicitly taught models in this program. It should be 

pointed out that to indicate a doing-undoing relationship 

between the operations or their models does not constitute 

a modular relationship between these two operations of 

arithmetic. The correlates must be declared distinctly 

enough so as to provide an algorism for subtraction facts 

and in such a way that the pieces of the subtraction 

sentence are distinctly connected to pieces of the addition 

sentence. The following quoted material is placed in the 

book close to the replicas of the student page and the 

directions for the teaching of the immediate pages, and 

thus the teacher is likely to read it and relate it to the 

lesson at hand: 

In developing subtraction skills, it is highly 
desirable to lead children to think not only 
of removing objects from a given set but also 
to think of subtraction in terms of finding a 
missing addend. The finding of missing addends 
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is an extension of the inverse relation between 
addition and subtraction, or a direct application 
of the definition of subtraction in terms of 
addition. When we define subtraction in terns 
of addition, we merely define each addend as a 
particular difference. For example, if we have 

a + b = c, 
then we say that the addend a is 

c - b 
and' the addend b is 

c - a. 

For example, in the ecruation 
3 + [ 3 = 7 , 

when children find the number four is the correct 
solution, it,is important that they see also that 
four is the same as seven minus three (9, p. 55). 

For the preparation for the lesson on pages 67 and 68 of 

the student text, the Addison-Wesley teachers' edition (9) 

gives the fol-lowing extensive directions to the teacher: -

Exhibit the equation 7 - 2 = [ ] on the 
chalkboard. When the children discover the 
solution to this equation, point out that they 
have found the missing addend in the equation 
2 + [ ] = 7. That is, when they think about 
seven take away two, they are also thinking ' 
about the equation 2 + [ ] - 7. Repeat this 
demonstration several times, each time focusing 
attention on the fact that subtraction is finding 
a missing addend (9, p. 61). 

In neither of the other two programs is this careful an 

explanation of the subtraction as the inverse of addition 

model attempted. The above characterization of this model 

is greatly improved upon in the Addison-Wesley Grade 3 

program (10). 

These purograms can be related on the bases of the 

modular representations and subsumption. With respect to 

the operation of addition, the analysis reveals that the 



modular representations represented in the programs are 

much the same. There is no striking subsumptive relation-

ship between the programs. With respect to subtraction, the 

Addison-Wesley program definitely covers a wider modular 

field, and thus subsumes the other two programs. 

Figures 33, 34, and 35 present the modular structure of 

multiplication found in the Grade 2 program of Addison-Wesley, 

repeated 
addition 
p. 176 

number 
line 
p* 176 

counting 
(skip 
counting) 
p. 177 

symbolic 
representation 

union or 
equivalent 
/sets p. 170 
(rectangular 
arrangement) 
p. 130 

Cartesian 
product 
(product 
sets) 

Fig. 33--—Modular structure of multiplication on whole 
numbers presented in Addison-Wesley, Grade 2 (9). 
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< nuriber ixne 
! r:i>. 118 r 11 9 , 
122 

repeated 
addition 
pp. 117. 

ccunting 
(counting 
pattern) 
p. 123 

Cartesian 
product 
p. 130 

union of 
equivalent 
sets 
pp. 114-116" 

symbolic 
representation 

Fig. 34--Modular representation of multiplication on 
whole numbers presented in Laidlaw, Grade 2 (15). 
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x 
'"decomposition p. 22, 76 
(component grouping, 
rect anqu.l ar a rran cxement) 
pp. 76", 77 
(picture line) p. 86 
(bead line) p. 88 

union of equivalent 
sets pp. GO, 22, 76 
(rectangular arrangement) 
pp. 76, 77 
(picture line) p. 86 
(bead line) p. 88 

number line 
p. 96 

symbolic 
representation 

Fig. 35'—Modular representation of multiplication on 
whole numbers presented in American Book Company, Grade 2 
(4). " ~ 
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Laidlaw, and American Book Company in that order. Study of 

Figures 33 and 34 will reveal that the modular domains 

associated with multiplication in the Addison-Wes1ey and the 

Laidlaw Grade 2 programs are essentially the same in terms 

of the categorization adopted, from Chapter III. Repeated 

addition, mechanical counting, and Cartesian product are * 

conspicuously absent in the American Book Company Grade 2 

program. However, decomposition is associated with multi-

plication in the American Book Company program, but in the 

other two it is not. Both Laidlaw and Addison-Wesley use 

the standard horizontal symbolism for multiplication while 

the American Book Company uses only an informal sentence of 

the form "2 threes = 6." 

None of the models for the three operations in each of 

the three programs are found to occur only in the word 

problem setting. 

Figures 36, 37, and 38 present the modular structure 

of multiplication found in the Grade 3 program of Addison-

Wesley , Laidlaw, and American Book Company, in that order. 

The models indicated below the wavy line are found initially 

in the program in the form of "word problems., Study of these 

figures will reveal that there is more variation in the 

modular structures of multiplication at the third grade than 

at the second grade level. The Addison--Wesley program has 

expanded the modular field for multiplication in the third 

grade to cover that of the second grade and additionally the 
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counting 
(skip 
counting) 

p. 199 

repeated 
addition 
pp. 176., 182 

union of 
equivalent 
sets 
pp. 176, 182 

number line 
•q. 184 

Cartesian 
product 
pp. 185-189 
{product sets) 

symbolic 
ep re s entat i on 

machine model 
p. 206 

comparison 
(times as many 
as) pp. 203 
313,350, 68, 69 

Fig. 36--Modular structure of multiplication presented 
in the Addiscn-Wesley, Grade 3 program (10). 
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repeated 
addition 
p. 214 

union of 
quivalent 
sets 

p. 215 

number 
line 
p. 218 

symbolic 
representation 

Fig. 37-—Modular structure of multiplication presented 
in the Laidlaw, Grade 3 program (17). 
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union of 
equivalent 
sets 
p. 36 

repeated 
addition 
pp. 91, 188 

nlumber line 
pp. 156, 141 
(ruler-
yardstick 
number lines) 
p. 69 

rectangular 
array 
p. 2.30 symbolic 

representation 

comparison 
(times as many 
as) pp. 139, 
80 

Fig. 38—Modular structure of multiplication presented 
in the American Book Company, Grade 3 program (2). 
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machine model and the comparison model. At the third grade 

level, the Laidlaw program has restricted the modular domain 

from that covered in the second grade. 

Both the Addison-Wesley and American Book Company 

grade three programs subsume the Laidlaw program in terms of 

the modular domain covered,. It is interesting to note that 

both Addison-Wesley and American Book Company present the 

comparison model solely in the form of word problems. Such 

an abrupt encounter on the part of the student and the 

teacher with a new model not covered previously on explanatory 

or definition pages may cause difficulty. This practice 

wi11 be discussed later, along with other forms of switching. 

Si.nce comparison and many-to-one models are easily mapped 

onto union of equivalent set models, one often finds prob-

lems which can be easily viewed through either structure. 

Only the problems with less easily mapped comparison struc-

tures have been noted under comparison in Figures 37 and 38. 

Both Laidlaw and Addison- We s 1 ey use only the standard 

horizontal and vertical symbolism for multiplication. The -

American Book Company program, as it did in the second 

grade, uses initially the form "2 fours = 8," and on page 91 

\.i) map this symbolism onto the standard horizontal symbolism. 

Figures 39, 40, and 41 present the modular structure 

of division found in the Grade 3 program of Addison-Wesley, 

Laidlaw, and American Book Company, in that order. The 

models indicated below the wavy line are found in the program 
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machine model 
p. 203 

repeated 
subtraction 
p. 220 

number line 
p. 222 

decoraDOSi 
tion 

(measurement 
division) 
p. 216 
(partition) 
pp. 221, 232 

division 
as the inverse 
of muitiplica 
tion 
p. 224 

symbolic 
representation 

comparison 
(many-to-one) 
pp. 219, 68, 69 
(times as many 
as) p. 313 

Pig. 39'—Modular structure of division presented in 
Addison-Wesley, Grade 3 program (10). 
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dec ompo sit ion 
(measurement 
division) p. 235 
(partition, asso-
ciated with 
fraction numerals) 
pp. 262, 263, 265, 

repeated 
subtraction 
p. 235 

division as 
inverse of 
multiplication 
p. 237 

symbolic 
repre s ent a tion 

number line 
p. 239 

decomposi 
tion 
(partition) 
pp. 243, 247, 
252, 268 

Fig. 40—Modular structure of division presented in the 
laidlaw, Grade 3 program (17). 
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/division as 
the inverse of 
multiplication 
pp. 92, 93 

/decomposition 
/ (measurement 
/ division) 

pp. 87, 92 
\ (partition, bead 
\ line and number 
line) p. 16,0 
(partition) 
[associated with 
fraction numerals 
only] pp. 58-60, 
80," 95," 107 

repeatea 
subtraction 
p. 92 

symbolic 
re D r e s e n t a t i on 

number line 
p. 141 
(ruler-yardstick 
number lines) 
p. 69 

Fig. 41--Modular structure of division presented in 
American Book Company, Grade 3 program (10). 
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initially in the form of word problems. It can be seen that 

the decomposition, repeated subtraction, number-line, and 

division as the inverse of multiplication models are common 

to all grade three programs. 

Switching occurs in the Laidlaw program when 

decomposition-partition models are encountered by the pupils 

for the first time in word problems. Comparison models occur 

in association with division at the grade three level only 

in the Addison-Wesley program and under the conditions of 

being initially found in word problems. Since comparison 

models are often easily mapped onto decomposition models, 

only the less easily mapped structures have been noted by 

the page numbers under comparison in Figure 39. Comparison 

occurs briefly in the American Book Company program on 

page 2 but not in association with operational symbolism (2). 

All three of the programs use the partition model in 

association with fraction numerals. In the American Book 

Company, Grade 3 program, the first encounter with this model 

is associated with fraction numerals of the form 1/2 of 

8 = 4.- Not until later in the text on page 160 (2) is 

partition associated with the 'standard horizontal division 

symbolism. In the Laidlaw program, after the initial 

encounter with partition in word problems on page 243 (17), 

partition is associated with both fraction numerals of the 

form 1/2 of 8 = 4 and the standard horizontal symbolism at 

the same time on page 2 62 {17} . 
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The symbolic representation in the Laidlaw and the 

Addison-Wesley programs for division are the standard forms 

with the exception of fraction numerals for partition in 

Laidlaw. The American Book Company, Grade 3 program uses its 

informal symbolism of the form 2 fours = 8 in association 

with division and later introduces the standard symbolism. 

The above analysis can be extended further than just 

classifying the modular domain covered in the program. The 

models can be further analyzed in terms of the types of 

instances used, the correlates stated, the quality of the 

correlates, and whether the model falls in the domain of 

definition or application. Quality of correlates is to be 

characterized primarily in terms of looseness or firmness. 

Loose correlates occur when sentences are associated with 

instances only by contiguity, repetition, and loose connect-

ing statements. Loose connecting statements occur when an 

instance of a model is associated with a sentence simply by 

saying something such as "and we write." Firmer correlates 

involve a description of the elements of the instance which 

are associated with parts of the sentence and the manner in 

which the association is to be understood. Another criterion 

to be used in analyzing textbooks involves these considera-

tions : 

2. What is the nature of each model used in the program 

in terms of its role as definition or application and 

quality of instances and correlates? 
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A model is most obviously used solely for the purpose 

of application when it occurs only in word problems. One 

could then say that it is not used to provide modular defini-

tion of an operation but instead is likely to be mapped 

onto given modular definitions and occurs only in the area 

of application. Review of the previous figures in this 

chapter will reveal which models are limited to this area of 

application. 

A complete analysis of the types of instances of models 

used in these programs is beyond the space available in this 

study. Only a few instances of questionable quality will 

be discussed here. On page II3] of the American Book Company, 

Grade 3 program (10), one finds three-frame movies as 

instances of set union and decomposition models for addition 

and subtraction. One of these movies is presented in 

Figure 42. This movie is supposed to depict the following 

series of events: There was present at first a set of four 

rabbits. A set of two rabbits joins the initial set, as is 

depicted in the second frame. The result, is a single set 

of six rabbits pictured in the third frame. However, the 

second frame presents a set of two blue rabbits joining a 

set of four black rabbits, and the third frame pictures the 

result of a set of six black rabbits. Thus, here is an 

illustration which is designed to provide an .instance of a 

certain model, but it does not. Such weak instances as this 

one and others should be accompanied by cautions and 

explanations or else be completely revised. 
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o o o o 
o o 
n 

ooo 
ooo 

— t — 

/ 
blue, all others black 

o + • 
Fig. 42-—Three-frame movie providing instance of set 

union model for addition from page H.3] of the American Book 
Company, Grade 2 teachers' edition (4, p. 113l ). 

The next area of analysis of treatment of the models in 

these programs deals with the quality of correlates. A 

complete analysis of these correlates is again beyond the 

space and resources of this study. However, some examples 

of loose, as well as well-defined, correlates from these 

programs are shown. 

For purposes of analysis -and illustration, the number-

line modular representation of subtraction, presented at 

the second grade level in each of the three programs, is 

analyzed with respect to the stated correlates in the 

teachers' commentary and on the students' page. The examples 
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The type of Instance of the ntimber-line model for sub-

traction found on the students11 page and on pages 48 and 49 

of the Addison-Wesley, Grade 2 teachers' edition (9) is pre-

sented in Figure 43. 

0 1 2 3 4 5 6 7 8 9 

9 - 3 = 6 

Fig. 43—-Type of instance of number-line model for 
subtraction found in Addison-Wesley, Grade 2 program (11, 
pp. 48 f 49). 

No more correlates than those hinted at in the figure are 

stated on the students' page. In the teachers' commentary 

there is more extensive discussion which is related to this 

and other examples and which declares the correlates. ' The 

following segmented quotations selected from the commentary 

on pages 48 and 49 of the teachers' edition (9, pp. 48, 49) 

present the declaration of correlates. 

With the children's assistance, prepare a 
number line on the chalkboard. Write the equa-

. tion 8 - 5 = 3 and demonstrate a jump of eight 
units by drawing an arrow from 0 to 8. Now, 
ask the children to use the number line to show 
the subtraction of 5 by drawing an arrow from 
the 8 back to the 3. Emphasize that first an 
arrow is drawn to the 8 and then another arrow 
is drawn back five units, and that we end up at 
3. Now point out how this is related to the 
equation 8 - 5 = 3 . 

, . . Read with them the equation. . . . 
Point out how this relates to the number-line 
jumps. Have the children do the second exercise. 
When they are finished, read them the equation . . . 
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and point out how this equation relates to the 
number-line jumps (9, p. 48). 

. . . Call attention to the two.jumps on 
the number-line, the forward jump of nine and 
the backward jump of three. Now read with the 
children the equation 9 - 3 = 6 . Point out 
that they go to 9 first, then go back three, and 
end up at 6. 

. . . Remind them, however, that the 1 0 - 7 
indicates that they should begin by taking a 
forward jump of ten, then a backward jump of 
seven (9, p. 49). 

Remembering that the correlates are the rules for 

assigning elements of the modular situation to pieces of the 

symbolic representation, one could ask the question as to 

what inferences as to correlates can be made from the above 

teachers' commentary. The following inferences are made: 

The first symbol in the grouping indicates the length and 

direction of a jump initiating from the zero point and con-

tinuing to the right. The second symbol in the grouping 

indicates a backward jump of length indicated by the number . 

associated with the numeral. The standard numeral in the 

grouping apparently names the point where one ends' up. The 

numerals in the grouping may be associated with a point, a 

length, and a direction. The standard numeral is associated 

with a point. It is interesting to note that the teachers' 

commentary makes the suggestion several times that the 

teacher is to "point out how this equation relates to the 

number line," but it does not declare this relationship. 

Although the above correlates are somewhat loose and largely 



370 

by inference, it will be seen that they are firmer than those 

discussed next. 

In Figure 44 is illustrated the type of instance of the 

number-line model for subtraction found on the student page 

pictured in the Laidlaw, Grade 2 teachers' edition on page 46 

(15, p. 46). 

1 

00
 

i i 
• 

r 

1 1 

00
 

i i 
• 

^ — 

- - ^ 

1 
a • • • * * • • 

.— 6 7 

8 - 3 = 5 

Fig. 44-rType of instance of number line model for sub-
traction found in Laidlaw, Grade 2 program (15, p. 46). 

The only other indication of correlates on the students' 

page is the statement, "Think of moves on the number line to 

solve each open sentence" (15, p. 48). The following seg-

mented quotations selected from the teachers' commentary 

present the declaration of correlates: 

Demonstrate on the board how this subtraction 
is represented on the number line. 
* * «a * • 9 • # c « • M * • * * HP 

The horizontal directed line segments 
represent numbers and operations. 

In subtraction,, the second horizontal 
directed line segment will start at the head 
of the first arrow and extend to the left. 
The direction "from right to left" will become 
closely associated with subtraction. 

. . . the difference is named by the 
numeral on the number line which is directly 
below the head of the last arrow (15, p. 46). 
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The correlates for number-line models are also discussed on 

other pages somewhat later in the text. 

The above discussion of correlates is not as extensive 

as that found in the Addison-Wesley, Grade 2 teachers' edition 

(9). The following inferences will be made as to correlates; 

The standard numeral in the sentence is associated with the 

point immediately under the head of the last arrow. The 

direction from right to left is associated with the operation 

symbol which indicates subtraction. Correlates other than 

these are not inferences from the teachers1 commentary but 

inventions. Thus, the declared correlates here are very 

loose. 

Figure 45 presents the material associated with the 

number-line model for subtraction found in the first treat-

ment of this model in the American Book Company, Grade 2 

program. 

Make these sentences true. Make marks to match 
each answer with a point on the number line. 

11 - 7 = [ ] 8 - 2 = [ ] 12 = 3 + [ ] 

"<T 

Fig. 45—Material related- to the first treatment of the 
number line model of subtraction in the American Book Company, 
Grade 2 program (4, p. 33). 

The instructions in the teachers' edition concerning this 

model are quoted below: 

Encourage use of number lines or bead frames 
for children who still need to see the sets. 
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A sheet of number lines would make Ex. 6 easier 
to correct (4, p. 3 3). 

As can be seen, the statement of correlates in this teachers' 

edition commentary and for this lesson is non-existent. 

By way of comparison of the three programs on the basis 

of quality of correlates declared for the number-line model 

for subtraction at the second grade level, it is concluded 

that the Addison-Wes1ey program has a much firmer declara-

tion of correlates. The correlates in the Laidlaw program 

are much looser, and those in the American Book Company pro-

gram are practically non-existent. 

It may not be so important that correlates be stated 

for the teacher, but it is essential that they be stated for 

the student.. A model is largely a convention and the 

correlates are simply matters of agreement, and as a result 

must be statad and agreed upon by those concerned. If a 

teachers' edition includes instructions for the teacher as 

to what to say to children and attempts to regulate the 

quality of mathematics being taught, it is in this domain of 

convention and agreement that extensive instructions should 

perhaps be given to the teacher. 

It is common in teachers' editions, as can be seen from 

such analysis as that above, to present very loose correlates 

to teachers and students. It is likely that such loose 

correlates are also given to the students in the teachers' 

exposition in front of the class. The models are presented 

to children and they are connected to the symbolic 
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representation by such loose stateraents as "and we write, 

then we think, study the arrows to determine the solution, 

then we read, these symbols express what we did." There is 

then a question as to how firm correlates should be. Nov/ to 

move on to another criterion for analysis. 

Each program presents its models in a particular rela-

tionship to the other models. Frequently a model is mapped 

onto another in such a way that it is subsumed by the other 

model. On other occasions, models may be left to stand 

independently. A more abstract model such as repeated 

addition or repeated subtraction may take on a collection 

of concrete interpretations, and simply to name it does not 

describe the interpretation put upon it. The order of 

introduction of models in the textbook plays an important 

role .in determining the relationships between models. 

Another criterion for analysis is then 

3. What is the relationship between and among the 

models making up a particular modular structure of an 

operation of arithmetic? 

Part of this analysis has already been completed in the 

previous figures presenting the modular structure of the 

operations presented in grades two and three of these pro-

grams by the inclusion in the figures of the page numbers on 

which each model is found initially in each grade-level 

teachers' edition. The order of introduction of the models 

affects the way the student and the teacher view them in 
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relationship. For examplef students are inclined to believe 

that addition is the same .as the first model which is re-

ferred to as addition by the teacher and the textbook. All 

the subsequent models are likely to be viewed in terms of 

the initial model and thus fall in the heading of variations 

and extensions of the initial model. The initial model from 

the student's point of view plays the role of definition. 

To avoid this type of obliterative subsumption, it may be 

desirable to develop strategies for maintaining the models 

as distinct and independent. 

Further analysis under this criterion is not to be 

presented here since it is sufficiently complex to require 

more space to summarize the analysis than is available in this 

study. One can see that with as many as eight models in a 

modular representation, there would be up to twenty-eight 

pairs of models to be related, not to consider relations 

between total modular representations. Some of these rela-

tions between models revealed in the teachers' commentary 

are covered, however, under the next criterion for analysis, 

. Once the modular structure of an operation becomes 

apparent from analysis, then the question as to what inter-

pretation or definition is given to an operation takes on 

new meaning. Several alternative characterizations of an 

operation are available as well as the possibility of no 

statement at all. This type of final characterization of 

1" ! l P" 1 o n 1 C* 11CVi3 1 1 v A A ^ ^ X «... J? M -1-1 
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teacher and In strategies for utilisation of models exhibited 

in the textbook. Such teacher commentary as discussion- of 

the modular relation between abstract operations and models, 

statements which summarize the modular structure of the 

operation, and cautions as to the use of standard mathe-

matical terminology, reveal the position op the nature of 

the operation taken by the program. This is then another 

criterion to be appliedi 

4. How does the program characterize] each operation 

of arithmetic? 

Again, because of limitation of space, and time, this 

analysis is limited to discussion of one limited area 

presented as example of application of this criterion. 

Grade three is chosen along with the operation of multipli-
i 

cation. The analysis is limited to characterizations which 

are declared in writing and not implied by spatial arrange-

ment, contiguity, and order of instances apd symbols. 

The following quoted material gives the stated character-

isation of multiplication on whole numbers in the Addison-

Wesley, Grade 3 teachers' edition (10). From it one can make 

inferences as to the characterization of multiplication in-

tended in this program; 

Multiplication of Cardinal Numbers (10, p. 36). 
. . . We now define the product of two 

cardinal numbers. Let s and t be any two cardinal 
numbers, and let S and T be sets from s and t 
.respectively. The product of s and t (written 
S X t, s • t, or st) is the cardinal number of the 
set s x T. 
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. . . For addition, the order principle 
states that if a and b are whole r: uir.be rs, then 
. . . (10, p. 37). 

. . . (1) if a and b are whole numbers, 
there is one and only one whole number that we 
call the product of a and b. We denote this 
number by a x b (10, p. 39). 

. . , The content .is centered around several 
different interpretations of multiplication to 
provide a broad perspective that will help 
strengthen the children's over-all understanding 
of multiplication concepts, as well as give them 
more tools for finding products. 

The organisation for the early part of the 
chapter is as follows: multiplication and equiv-
alent sets, multiplication and repeated addition, 
multiplication and the number line, multiplication 
and pairing (product sets) (10, p. 174). 

. . Demonstrating the various color com-
binations obtained by putting each cup with three 
saucers illustrates the product 2 x 3 = 6 . 

To determine whether the children understand 
how multiplication is related to the various con-
cepts developed in this chapter, you should . « . 

Following the introduction of product sets, 
a relationship is developed, between product sets 
and rectangular arrays. [Not to be confused with 
the rectangular array model described in Chapter 
III.] (10, p. 175)." 

. «. , Purpose: To introduce multiplication 
as it is associated with groups of equivalent 
sets. To relate multiplication to repeated 
addition. 

. . . Mathematics: We relate multiplication 
to groups of equivalent sets and use this rela-
tionship as a basic definition of multiplication 
because it is an extremely simple idea, eas ily 
grasped by chxldren. From this basic definition, 
the children can readily relate multiplication to 
repeated addition, skip counting, and nuraber-1 ine 
activities. Later in the chapter, multiplication 
is related to product sets, and then product sets 
are related to rectangular arrays (10, p. 176). 
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. . . The phrase "three fives" suggests the 
idea of three sets of five. Use this language 
frequently in the beginning. However, make the 
transition to the language "three times five" 
as the children become accustomed to the ideas 
of multiplication (10, p. 177). 

. . . To focus further attention on the 
relationship between rectangular arrays and 
products. 

. . . To focus further attention on repeated 
addition and its relationship to multiplication. 
. . Relating repeated addxtion to multiplication, 
, . . In relating multiplication these sets, . . . 
(10, p. 178). 

Of course, the idea of union is related to 
that of addition, which automatically leads to 
the interpretation of multiplication as repeated 
addition. 

. . . If we want to find the product 3 x 7 , 
we can think; 7 + 7 + 7 = 21 (10, p. 182). 

. . . Purpose: To show and interpret the 
multiplication concept on the number line. To 
relate multiplication to skip counting., 

. . . Show the addition and multiplication 
equation related to each number-line picture (10, 
p." 184) . 

. . . Purpose: To introduce product sets 
and their relationship to multiplication. . . . 
We now relate these set concepts to the equation 
2 x 3 = 6 . 

Here is another way to think about multiplication. 
. . . Write a multiplication equation for each 
picture (10, p. 186). 

, . , Purpose: To review multiplication 
concepts presented thus far [referring to model]„ 

Give the children a short oral review of the 
various concepts of multiplication presented so 
far. Have the children discuss the methods that 
have been used to explain multiplication and tell 
which method they prefer. 3e sure that all 



378 

methods are brought out and that their relation 
to multiplication is made clear. [What is 
their relation to multiplication?] (10, p. 190). 

. . . Purpose: To provide word-problem 
experiences with the general concept of multi-
plication [How do you do this?] (10, p. 192). 

. . . For all whole numbers a, a x 1 = a. 
For all whole numbers b, b x 0 = 0 (10, p. 195). 

. . « . 
. . . That is, the input is 4, the rule is 

"multiply by 3," and the output is 12 (10, p. 207). 

Also in the teachers' edition one finds declaration of 

correlates between sentences and models. Although they 

contribute to a characterization of multiplication, they are 

not being included here because they are assumed in the 

representation of multiplication given in this program. At 

this stage of the analysis, concern is with the declaration 

of the relation between the models and the relation of the . 

models to the modular domain other than the simple correlates, 

From the extensive quoted material, it is seen that 

this program attempts to do more toward the characterization 

of multiplication than simply to present the models to 

children and teachers. Statements as to the relation between, 

the models and between models and operations are frequent. 

In the following paragraph the above material is discussed 

in about the order listed on the previous pages and from the 

point of view of inferring the characterization of multipli-

cation given in this program. 

- From the quoted material it can be seen that cardinal 

numbers, whole numbers, and modular numbers are acknowledged. 
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However, the distinction between these number domains is not 

declared. Some of the properties of the abstract operation 

such as uniqueness are declared. The connection between the 

model and the operation of multiplication is maintained as a 

loose modular relation by the repeated use of such words as 

"interpretation, illustrates, related, as it is associated 

with, we think about multiplication like this, another way 

to think about, and methods that have been used to explain." 

The statement that multiplication is a certain model does not 

occur. The models are maintained as distinct models by 

naming them and discussing the relation between them. The 

fact that models provide algorisms for solutions to open 

sentences is acknowledged as one of the functions of models. 

Models are declared to function collectively as strengthen-

ing the child's overall- understanding. One model is 

acknowledged as the initial experience with mva.ltiplicat.ion 

and functioning as the basic modular definition of multipli-

cation , The relationships between and among the models are 

briefly described giving the impression that the strategies 

and mappings on models are deliberate. Informal terminology 

is acknowledged as only representing a limited modular 

domain. The models are reviewed in close spatial and 

temporal contiguity so that they may be seen as character-

izing the modular domain and also to perhaps force some 

abstraction. They are called "concepts of multiplication." 

It is seen that this program contains quite a definite and 
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extensive characterization of multiplication as well as its 

relation to the modular domain and the relations within the 

modular domain which contribute to the modular characteriza-

tion of multiplication. It will be found in the next two 

analyses under this heading that this characterization is 

not so definite and extensive and apparently riot so deliberate 

in the other two programs. 

The following quoted material gives the stated charac-

terization of multiplication on whole numbers in the Laidlaw, 

Grade 3 teachers' edition (17). From these selections the 

characterization of multiplication intended in this program 

can be inferred: 

• In this chapter the concept of multiplica-
tion is developed from the idea of combining 
sets of equal size. From this combining of 
equivalent sets is abstracted the idea of re-
peated addition of the same addend. Finally 
multiplication is 'seen as a quick way to 
perform this repeated addition. 

With this development as a background, the 
pupils are shown how to use the counting numbers 
. . . as both multipliers and as multiplicands 
(17, p. T 213). 

» ft # • % e * m * o • » * 

. . . Purpose: To prepare pupils to under-
stand multiplication as repeated add.iti.on, . . . 

. . . Multiplication of whole numbers is 
defined in terms of addition of whole numbers; 
that is, multiplication is based upon repeated 
addition. Therefore, an insight into the theory 
of multiplication may be gained by adding the 
same number several times. This may be illus-
trated by the combining of several equivalent 
sets (17, p. T 214). 

. . . Multiplication is a binary operation; 
that is, it is an operation performed on only two 
numbers at a time. These two numbers may be 



381 

thought of in various ways. Thus, we may think 
of them as the number to he multiplied (or 
repeatedly added) and the number of times it 
is to be multiplied (or added). We may also think 
of these numbers in terms of such sets to be joined. 

. . . Emphasize the fact that multiplication, 
like addition and subtraction, is an operation on 
the numbers and not on the things that are numbered. 

. . . A fast way to add numbers that are the 
same is to multiply (17, p. 215). 

. . . Multiplication, basically, is a concise 
way of thinking about and performing repeated 
addition upon- a given number. 

. . . The symbols 3 x 2 , 4 x 5 , and 4 x 3 are 
correctly called the names of products. The word 
product, of course, applies to the number resulting 
from multiplication, but 3 x 2 is a name for the 
number six just as truly as is 6 (17, p. T 216). 

In this program multiplication is characterized as a 

quick way to perform repeated addition, which is associated 

with the joining of equivalent, disjoint sets. A relation 

of abstraction is suggested between the modular domain and the 

operations. It is characterized as an operation on counting, 

numbers and whole numbers. The relation between these 

numbers and the modular domain is hinted at when it is 

suggested that these numbers "may be thought of in various 

ways" and that "multiplication . . . is an operation on 

numbers and not on things." The mathematical convention 

that the grouping is a name for a number is declared. Some 

relation between the models within the modular representa-

tion is hinted at when multiplication is related to repeated 

addition and repeated addition to the union of equivalent, 

d is j oint sets. 
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The following quoted material gives the stated charac-

terisation of multiplication on whole numbers in the American 

Book Company, Grade 3 teachers' edition (2). From it one can 

make inferences as to the characterization of multiplication 

intended in this program: 

. . . Multiplication is the inverse 
operation of division (see Inverse Operations). 
Multiplication can be interpreted as repeated 
addition (2, p. M 10). 

. . . Inverse Operations. . . . Likewise 
division "undoes multiplication and multiplica-
tion "undoes" division. Hence multiplication 
and division are inverse operations. For 
example, if 4 x 5 - 20, then 20 5 - 4 and 
20 t 4 = 5. This may be stated for any three 
numbers a, b, and c as: a*b means c v a, 
a f 0 and c a = b, a -/ 0 means a~*>b - c 
(2, p. M 7). 

- . . develop multiplication as a short 
way of adding (2, p. 88). 

. . . Draw from children the conclusion 
that this [multiplication] is a short way to 
find answers {2, p. 91). 

. . . Develop multiplication as a short 
way of adding (2, p. G 34). [This is repeated 
several times in the teachers' edition.] 

. . . number lines can be used with vail 
facts . . . (2, G 62), 

, . . Help pupils discover 3 x 3 , 4 x 4 , 
5 x 5 make a perfect square, also, the number 
of squares down times the number across gives 
total without adding or counting. . . . What is 
the quickest way to show answers? Multiply 
(2, p. 230). 

It can be seen that in this program multiplication is 

characterized largely as a shorthand symbolism for a longer 
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associated with the union of equivalent sets, repeated 

addition, number-line, and rectangular .array models. 

This extensive analysis reveals the wide range of 

quality of declaration of the modular domain and its rela-

tion to the operation of multiplication found in these three 

programs. If one thinks that having a carefully declared 

relationship between models and, the operation makes a program 

of better quality, then in the area of multiplication at the 

Grade three level, the Addison-Wesley program appears to be 

higher in quality. 

Symbolic Representation and Standards 
of Language 

An important part of the modular structure of each 

operation is the symbols used in association with the models 

and the operation. Programs can be analyzed on the basis of 

the symbols used and the rules they establish for handling 

them. Some programs maintain a distinction between the 

standard mathematical language and the language referring 

to the elements of the modular situation. Others have a 

mixture of mathematical symbols and symbols referring to the 

parts of a problem or model. Some programs use something 

of a half-way house principle providing a series of transitional 

languages from'the model to the abstract domain. This leads 

to the fifth criterion for analysis: 
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5. What are the conventions established for handling 

the standard mathematical symbolism' associated with the 

operations and models? 

Analysis under this heading reveals a wide variation 

in treatment of language in these three programs. By way of 

example, the following convention established in the Addison-

des ley Grade 2 teachers' edition is considered: 

Avoid saying, "Seven cents plus two cents 
equals nine cents." Children should think 
of adding numbers rather than physical ob-
jects (9, p. 45). 

Similar cautions are given in the Laidlaw Grade 2 teachers' 

edition: 

Be especially careful of.terminology in this 
discussion. The words adding, plus, and is 
equal to are used exclusively for "number con-
cepts. The words joining, put together, and 
forms are used for set concepts- (15, "pJ" 4 0). 

In contrast to these cautions the folloxving practices in 

the .American Book Company Grade 2 teachers® edition and 

student pages are found: 

0 and 6 are [ ] (4, p. 89). 

. . . 9 minus 6 leaves 3 . . . (4, p. 89), 

3£ - [ K = 16$ (4, p. 91). 

Now divide 126 into sets of 6 (2, p. 275). 

Mark the numeral that is 7 more (4, p. 98). 

All programs•slip up on these standards now and then, 

especially when the modular situation gets complicated. This 
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is evidenced from the following quote from Laidlaw Grade 4 

teachers' edition: 

How many threes are contained in the 1 of the 

1 ten (18, p. 107)? 

This is a mixing of the abstract and modular domain in one 

sentence. Such mixing has been caxitioned against. 

Switching 

Switching occurs when there is an abrupt change in the 

correlates or the models used. It can be intentional or 

unintentional. Under the conditions that it is done unin-

tentionally, problems are often created for the teacher and 

the pupil. When it is done intentionally, the difficulties 

of the teacher and the pupils can be alleviated by acknowl-

edgement of the switch and caution as to how it should be 

handled. Possibly the most frequent switching occurs in 

problem sections where one is trying to teach the student to 

think carefully and in terms of i:he details of the immediate 

situation. To accomplish this, one deliberately varies the 

modular, descriptive, and quantitative information structure 

of the problems. Problems without this deliberate variation 

are often considered only as disguised drill, especially at 

upper levels of the elementary school program. The next 

criterion for analysis of textbooks involves these consider-

ations: 

6. What switching occurs in the program and how is it 

handled? 
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Several types of switching exist in these programs. 

Some of them are more questionable than others. Some of 

these questionable forms are presented in the following 

analysis. 

'One form of switching which has already been indicated 

in this analysis is tha introduction of a new structure in 

the form of a word problem. This may or may not be undesirable 

depending on the knowledge of the children, the objectives 

of the lesson, and the manner in which it is handled. If 

the model is easily mapped onto known models, then the 

difficulty is minimized. Presenting the problems as starred 

or acknowledged as difficult is perhaps a desirable way to 

handle such switching. 

A similar form of switching is the initial introduction 

of a model in the midst' of an algorism. This type is found 

in the Laidlaw Grade 2 teachers' edition (15, p. 54) where 

the component grouping model for addition is introduced for 

the first time in the midst of the rationalization of an 

algorism for finding sums greater than ten. 

A common type of switching occurs when a teacher intro-

duces a group of word problems with the discussion of an 

example problem which has one structure and then assigns a 

group of problems which have another structure. The 

Addison-Wesley Grade 2 teachers' edition even suggests such 

a practice to teachers (9, p. 62). In the first group of 

word problems presented in grade two which involve 
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subtraction computation, and where the first two of four 

problems have the take-away structure and the second two 

have the comparison structure, the teachers' edition suggests 

that the teacher discuss with the students the first two 

problems and let the students do the second two problems on 

their own. A similar danger is found in allowing or sug-

gesting that the teacher make up her own introductory 

problems for purpose of discussion. The teacher may fre-

quently introduce unfamiliar structures, or structures which 

are not related to those in the exercise to follow. 

As the modular situation gets more complex, one is more 

likely to find more switching and possibly to be more 

tolerant-of it. Switching is frequently found in the modular 

treatment of division algorisms. One common form of switch-

ing in this area is found when a motivating problem has a 

structure different from that used to rationalize the 

algorism and computation. The need for computation is 

supposed to arise from the motivating problem. A few 

examples of this type are found in several places in these 

programs (6, pp. 231, 242; 13, pp. 197, 198). One example 

is briefly described here. It is a situation where the 

motivating problem has an "average" structure and the 

rationalization, of the following subtractive division 

algorism is in terms of the divisive situation model with 

measurement information and measurement correlates (6, p. 242). 
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Another form of switching occurs when the meaning of 

symbols within a single rationalizing argument for an 

algorism is changed. This change can be from one model to 

another or from the modular domain to the abstract domain. 

Examples of the first of these types can be found in several 

places (6, pp. 145, 243; 18, pp. 191, 192, 205). Some of 

these are discussed below. 

In the Laidlaw Grade 4 teachers' edition, one finds the 

following material in the commentary for the teacher: 

The division of the 3-digit numbers depends 
on our system of numeration. If we think of 
696 v 3 as separating 696 into 3 equivalent 
subsets,. we can rename 695 as 600 + 90 + 6 or 
6.hundreds + 9 tens + 6 ones and perform the 
operation on each digit separately to produce 
200 + 3 0 + 2 or 232 equivalent subsets (IS, 
p. T 192}. 

In this paragraph, the numeral 3 is used first to indicate 

the number of subsets and this meaning is switched over to 

the quotient 232 in the later part of the paragraph. There 

is also mixing of the abstract and modular domain in the 

phrase "separating 696 into 3 equivalent subsets." One 

cannot separate a number into subsets. 

On page 145 of the American Book Company Grade 4 

teachers1 edition, one finds a switch from measurement to 

partition in a single discussion of an algorism. The 

following motivating problem introduces a subtractive 

division algorism which is rationalized by the divisive 

situation model with measurement, information and measurement 
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correlates: :IForty-eight pupils lined up by twos in the 

school yard- How many sets of twos were there?" (6, p. 145). 

Here the numeral 2 refers to the number of children in each 

set in the motivating problem, and in a latter statement 

it refers to the number of sets. This appears to be a 

switch. If it is intended to be a deliberate variation in 

the way of viewing the problem, more explanation should 

possibly be present. 

The most common type of switching within the discussion 

and rationalisation of an algorism, and perhaps an unavoidable 

one, is that of switching from the modular domain to the 

abstract domain and perhaps back again. Examples of this 

type are found in several places (18, pp. 91, 102, 128, 195; 

17, p. 292). This practice is so prevalent in all three 

programs that these are only a few examples of this type of 

switching. In the Laidlaw Grade 3 teachers" edition, in 

association with the division computation 84 T 4, one finds • 

the following discussion of the algorism: 

Decide how many 41s are contained in the 8 of 
the 8 tens. There are 2. Since the 8 stands 
for 8 tens, write 2 in the tens place of the 
quotient (17, p. 292). 

The phrase "Decide how many 4's are contained in" suggests 

the measurement, division model and separating a single set 

of 84 objects into as many disjoint equivalent subsets,, each 

containing 2 objects, as possible. The phrase "the 8 of the 

8 tens" then switches to the abstract domain. At the 
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modular domain, there are 20 sets of 4 objects each contained 

in the "8 of the 8 tens" (a set of 80 objects). The text 

says that there are "2." If one is functioning at the 

abstract level, then he should not use the phrase "is con-

tained in." The text continues, "Since the 8 stands for 8 

tens, write 2 in the tens place of the quotient," At the 

modular level the rationalization should be stated: "Since 

there are 20 sets of 2 objects each in a set of 80 objects, 

we write the numeral 2 in the tens place of the quotient." 

This type of switching -night be. called mixing the 

modular domain and the abstract domain in a single sentence. 

It also occurs in such statements as "0 and 6 are [ ]" (4, 

p. 89) . At the modtilar level one should say, "A set of 

zero elements joined with a set of six elements will result 

in a set with how many elements?" and at the abstract level 

"0 + 6 = [ ]." In this latter example of mixing, the 

meaning is clear, but when the situation gets complex and 

the mixing and switching is fast and furious, then it is 

likely that the only person who understands is one who is 

already knowledgeable of the situation. 

Perhaps it is desirable to use more than one modular 

rationalization of an algorism. But, when the switch is 

made, the users of the materials need to be alerted to the 

switch. In the .American Bock Company, Grade 4 teachers1 

edition, the subtractive division algorism is initially 

rationalized by the divisive situation model with measurement 
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information and measurement correlates. In a later treat-

ment of this algorism {6, p. 161), the rationalizing model 

is changed to the divisive situation model with partition 

information and partition correlates. To one who is alert 

to switch in meaning of symbols, the change is obvious, but 

for the teacher under the day-to-day pressure of teaching 

duties, this lesson is likely to be a confusing mixture of 

correlates and modular interpretations. 

Thro\ighout these programs one can find other examples 

of switching. Most of them are less obvious and less 

questionable than those discussed above. On the basis of 

this analysis, it seems that there is less undesirable 

switching in these newer programs than some of those of 

previous eras. 

Modular Treatment of Algorisms, Numbers, 
Properties, and Relationships 

It is a, common practice to teach algorisms for purpose 

of computation in the elementary school mathematics program 

and to rationalize these algorisms. Algorisms can be 

rationalized by appeal to the modular domain or to the 

properties of numbers and numeration systems at the abstract 

]evel. It seems that to analyze programs in terms of the 

algorism taught and the method and quality of rationaliza-

tion provides useful detailed information which has been 

derived on the basis of the model construct. This leads to 

another criterion for analysis: 

7. What is the modular treatment of algorisms? 
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In some of the programs, the rationalization is at a 

more abstract level than others. This is true of the 

Addison-Wesley materials (9, 10, 11). In these programs, 

measurement division is used largely for the rationalization 

of division algorisms. Subtraction algorisms are usually 

rationalized by the take-away model, the comparison model, 

and at the abstract level with switching back and forth from 

the comparison mode1 to the take-away in the American Book 

Company and the Laidlaw programs (2, pp. 130, 132, 170, 171, 

247, 251, G52; 17, pp. 125, 127, 183, 206). 

One can study the modular reflections of numbers pre-

sented in a program. It is a common practice to appeal to 

models and relationships between models as reflections of 

properties of the operations and numbers, and relationships 

between them. For example, one can compare programs on the 

basis of the modular treatment given to the properties of 

zero with respect to multiplication or the distributive 

property of multiplication over addition. It is possible 

that a program chooses to treat some of the concepts by 

strategies other than appeal to the modular domain. Here 

then is another criterion for analysis of programs derived 

from the model construct: 

8. What is the modular treatment of numbers, properties, 

and relationships? 

Embedded in each of these programs is an extensive and 

complicated hierarchy of modular relationships which reflect 
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more abstract relationships. There are dozens of properties 

rationalised by appeal to nodular reflections. For purpose 

of conserving space in this paper, this analysis is not 

carried beyond the point already found in the preceding dis-

cussion. ! 

Treatment of Models and Sentences in the 
Area of Applications—Word Problems 

Models are not only used to introduce and characterise 

the operations, numbers, and their properties, but. they pro-

vide the domain of application to which the mathematical 

entities are applied as aids in analysis and problem solving. 

The question arises as to how elements of the modeling rela-

tionship' are treated in this domain. For example, what help 

does the program give the teacher and pupil in making a 

logical analysis of the word problems? How is this help 

related to the modular structure of the operations previously 

developed? What type of mapping is suggested for purpose of 

mapping unfamiliar problem structures onto familiar structures 

previously associated with mathematical sentences? What help 

g-L\>en "co connect structures witii open sentences and open 

sentences to computation? In more general terms, 

9, What is the treatment of models and sentences in 

the area of applications—word problems? 

The application of this criterion and those to follow 

is treated briefly. From the preceding analysis it is seen 
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programs in the initial form of word problems. Some care-

ful treatments to be found are the treatment of partition 

(.10 f p. 323) and the mapping of the compari son model onto 

the take-away model in the Addison-Wesley program (9, pp. 39, 

50)." The Laidlaw program states a principle of problem 

solving which declares the relationship between the structure 

of a problem and the equation written .in association with the 

problem: 

Another important point is that flexibility 
of translation is a basic feature of the modern 
approach. The logical or described sequence of 
events in the physical world do not have to be 
reflected in the sequence of terns .in the corre-
sponding mathematical sentence (15, p. 127). 

.Each of the programs suggests that children write equations 

in association with word problems. They cover the diffi-

culty of ascertaining the modular structure of a problem 

and remembering appropriate correlates with the suggestion 

that different children will get different equations. Very 

little help is given in the area of algorism for solution to 

open sentences with the pronumeral in the grouping. 

"Pedagogical Principles Concerning the 
Utilization of Models 

Users of models are interested in pedagogical principles 

declaring functions of models, rationale for choice of models, 

and strategies for the use of models. Such principles are at 

the heart of the methodology of teaching elementary school 

mathematics , and provide the basis for teaching, curriculum 
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design, and hypotheses for purpose of farther development 

and experimentation. Here then is another criterion to be 

applied; 

10. What are the pedagogical principles stated in a 

program concerning the utilization of models? 

Such principles are found by inference, implication, 

and declaration in each of these programs. Again, to 

conserve space, this analysis is treated lightly. Principles 

for the use of language have already been discussed. An 

example of a principle concerning the utilization of models 

is found in the American Book. Company Grade 3 teachers' 

edition: "Use a comparison of the bead line and the number 

line to motivate transfer to abstract thinking" (2, p. 160}., 

Here is a hint at a principle of contrast and its relation 

to the psychological process of abstraction. 

Summary 

By the preceding analysis it is demonstrated how the 

model construct precipitates a systematic analysis of ele-

mentary school mathematics programs. The above criteria and 

others derived from the model construct could be applied in 

much more extensive analysis of these and other programs. 

The analysis has revealed distinct differences between the 

programs. After 'such differences are ascertained, then 

dimensions of quality can be imposed to provide a basis for 

deciding on preference and use of programs as well as methods 
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for improving programs. It is acknowledged that this set of 

criteria and the resulting analysis is only one of many valid 

points of view. 



CHAPTER BIBLIOGRAPHY 

1. Cronbach, Lee J. and others, Text Materials in Modern 
Education; A Comprehensive Theory and Platform "for 
Research, fJrbana, Illinois, University of Illinois 
Press, 1955, 

2. Deans, Edwina, Robert B, Kane, and Robert A. Oesterle, 
Developing Mathematics 3, Teacher1s Edition, New 
York, American Book Company, 196 3. 

3. Deans, Edwina and others, Learning Mathematics 5_, 
Teacher's Edition, Hew York, American Book Company, 
19637" 

4. Deans, Edwina, Robert B, Kane, and Robert A. Oesterle, 
Modern MathematJ.es Work text, Exploring Mathematics 
2, Teacher1s Annotated Edition, New York, American 
Book" Company, 1964. 

5. Deans, Edwina, Robert B. Kane, and Robert A. Oesterle, 
Modern Mathematics Worktext, Meeting Mathematics 1, 
Teacher1 s Annotated Edition, New York, /American 
Book Company, 1964. . 

6. Deans, Edwina and others, Understanding Mathematics 4, 
Teacher's Edition, New York, American Book Company, 
196 3. 

7. Deans, Edwina and others, Unifying Mathematics 6, 
Teacher's Edition, New York/ Airier lean Bo"ok~~Companv, 
1963, 

8. Eicholz;, Robert E. and others, Elementary School Mathe-
matics , Book 1_, Teachers' Edition, Reading"," 
Massachusetts, Addison-Wesley "Publishing Company, 
Inc., 1963. 

9. Eicholz, Robert E. and others, Elementary School 
Mathematics, Book 2, Teachers' Edition, Reading, 
Massachusetts'," Addison-Wesley Publishing Company, 
Inc.,1963. 

10. Eicholz, Robert E. and others, Elementary School Mathe-
matics, Book 3, Teachers' Edition,"Reading" 
Massachusetts,, Addis on"--Wesley Publishing Company, 
Inc., 1963. 



398 

11. Eicholz, Robert E, and others, Elementary School Mathe-
mat.ics, Book. 4_r Teachers' Edition, Reading, 
MaisaHhusatts, Addison-Wesley Publishing Company, 
Inc., 1964. 

12. Eicholz, Robert E. and others, Elementary School Mathe-
matics , Book 5_, Teachers' Edition, Reading, 
Massachusetts, Addison--WesTey Publishing Company, 
Inc., 1964. 

13. Eicholz, Robert E, and others, Elementary School Mathe-
matics , Book 6, Teachers' Edition, Reading, 
Massachusetts, Addison-Wesley Publishing Company, 
Inc., 1964. 

14. Gundlach, B. H., R. C. Welch, and E. G. Buffie, Sets, 
Numbers, Numerals, 1_, Teachers' Edition, River" 
Forest, Illinois, Laidlaw Brothers Publishers, 
1964. 

15. Gundlach, B. H., R. C. Welch, and E. G. Buffie, Sets, 
Numbers, Numerals, 2, Teachers8 Edition, River 
Forest, Illinois, Laidlaw Brothers Publishers, 
1964. 

16. Jones, Phillip S., "The History of Mathematical Educa-
tion," The American Mathematical Monthly, LXXIV 
(January, 1967), 38-55. 

17. McSwain, E. T. and others, Arithmetic .3, Teachers' 
Edition, River Forest, Illinois, Laidlaw Brothers 
Publishers, 1963. 

18. McSwain, E. T. and others, Arithmetic _4, Teachers' 
Edition, River Forest, Illinois, Laid lav/ Brothers 
Publishers, 1963. 

19. McSwain, E. T. and others, Arithmetic 5, Teachers' 
Edition, River Forest, IllTnois," Laidlaw" Brothers 
Publishers, 1965. 

20. McSwain, E. T. and others, Arithmetic 6, Teachers' 
Edition, River Forest, Illinois, Laidlaw Brothers 
Publishers, 1965. 

21. Nietz, John A., "Evolution of Old Secondary-School 
Arithmetic Textbooks," The Mathematics Teacher, 
LX (April, 1967), 387-393. " ~ ~ 

22. Smith, D. E., Source Book in Mathematics, Volume One, 
New York, Dover PublicationsInc." 1~95"9~ 



CHAPTER VI 

SUMMARY AND CONCLUSIONS 

Summary 

The purpose of this study was to delimit and apply a 

system .of theoretical|concepts associated with teaching the 

operations of arithmetic. The delimited system of concepts 

was called "the model construct" and was presented in 

Chapter II. The applications of this construct were pre-

sented in subsequent chapters. 

The procedure followed was that of explication with 

fact-finding and interpretation. Explication is a process 

in which ". . , one begins with an imprecisely expressed 

idea and hopefully arrives at a quite precise and fruitful 

concept"(31, p, 5), Such a procedure involves induction, 

declaration, and from time to time deduction and verification. 

Literature which appeared to be related to, and pro-

ductive in, the development of the germ of the model construct 

was reviewed. Appropriate literature from the areas of 

mathematics education, history and foundations of mathematics, 

current cognitive psychology, and other literature related 

to the multivalent concept "model" was searched. A great 

wealth of information and ideas bearing on the problems of 

teaching the operations of arithmetic viewed from the model 
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point of view is to be found in these areas. Some of thxs 

vealth of knowledge has been tapped in this study. 

In Chapter II, the model construct was presented. The 

operations of arithmetic were reviewed from a mathematical 

point of view. Representations of these operations were 

analyzed in terms of a three-part analysis consisting of 

model structure, correlates, and symbolic representations. 

The types of symbolic representations common in the 

literature and their grammar were reviewed. Five types of 

analysis of sentences representing operations (syntactic, 

common child usage, pragmatic, mathematical, and semantic) 

were outlined. The mathematical analysis was used through-

out the study. Various points of view and conventions 

related to the use of sentences representing operations were 

reviewed. 

Examples of models of each of the operations of arith-

metic were presented in the form of the three-part analysis. 

The meaning of "representation" was analyzed still further 

by consideration of horizontal and vertical sets in model 

structures. It was shown how the vertical sets do not 

necessarily contain the same types of modular numbers. The 

familiar measurement and partitive division were analyzed 

by hhe use of the three-part analysis. 

The extended analysis was then joined with the mathe-

matical concept "isomorphism" to complete, the characterization 

of what it means for a model to represent; an operation. It 
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was pointed out that most commonly used models are almost 

G^-representati.ons except for imaginative extensions. 

The models were shown to be related, and this relating 

was characterized as mapping. Various methods of mapping 

were reviewed. Some not so obvious mappings expected of 

children in some elementary school programs were discussed. 

The. educational objective of teaching skill in mapping was 

identified. 

Dimensions of the modeling problem were discussed. 

Interpretations of "levels of abstraction" were reviewed as 

they are related to the model construct. A modular charac-

terization of .the operations of arithmetic was suggested. 

In this interpretation, an operation of arithmetic is a 

class of model structures. These model structures can be 

considered as isomorphic to the abstract operation, or as 

each of them being isomorphic to a canonical form chosen 

from the class. Issues and conventions associated with rules 

for modeling were reviewed. Modular rationalization was 

distinguished from mathematical proof, and modular definition 

was distinguished from mathematical definition at the abstract 

level. Modular reflections of whole numbers under operations 

were characterized in terms of the model analysis. The whole 

numbers under operation are the classes of elements in the 

vertical sets described in the vertical analysis of a model 

structure. Thus, finite cardinal number is one modular 

reflection of a whole number. 
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On the basis of the finer grain analysis, quality of 

fit and quality cf teaching materials were analyzed. With 

.representation being defined in terms of a modeling relation-

ship, there is then an objective basis for determining 

quality of fit that transcends personal background and 

preference. 

Since the abstract structure of arithmetic is based 

largely upon the abstract operations on the whole numbers, 

the models of these operations should then be the bases for 

a concrete structure of arithmetic. This thesis was pre-

sented, and certain regions of the molar modular relationship 

were exemplified. Some examples of abrupt changes in agree-

ments which determine a modeling relationship were reviewed 

and a general educational concept entitled "switching" was 

presented. Due to certain conditions associated with 

curriculum, school mathematics curricula are not commonly 

built with a complete concrete structure of arithmetic that * 

is free of switching. 

The stimulus field for the operations of arithmetic was 

characterized in terms of the analysis of models and methods 

of determining its texture outlined. Finally the problems 

of correctness and sources of knowledge were considered. 

The result of the development thus far outlined is a 

collection of theoretical concepts which have been defined 

and illustrated, and which, can be imposed as a structure on 

the domain of using models to teach the operations of 
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arithmetic, and associated concepts. Concepts defined and 

outlined,, such as model, model structure, correlates, 

symbolic representation, representation, embodiment, vertical 

sets, horizontal sets, MP-model, G-representation, and their 

application make up this structure which is the mathematical 

component of the model construct. The area of teaching the 

operations of arithmetic through models now has this struc-

ture imposed upon it. 

Not only can this structure be applied to the modular 

domain, but it can be applied to suggesting investigation 

in the areas of psychological states and processes as well 

as curriculum design and methods of teaching. The states 

associated with readiness and development were related to 

other elements of the model construct. Readiness for learn-

ing the operations of arithmetic was characterized as 

readiness for learning elements of the modeling relationship. 

Cognitive development was reviewed on the basis of concepts 

primitive to elements of the modular domain and its relation-

ship to the abstract domain. Information on development 

from Piaget and theories of development from Bruner were 

central to thi.s application. -Utilizing the work of Dienes, 

psychological processes were couched in terms of the model 

construct. The processes of abstraction, generalization, 

analysis, restriction, interpretation, transfer, and under-

standing, as they function in this limited domain, were 

defined, 
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Curriculum outlines for mathematics in grades one through 

twelve, couched in terms cf concepts from the model construct, 

were suggested. Distinctive instructional methods, which 

are dependent upon the use of models and the modeling rela-

tionship, were briefly reviewed. 

Since problem solving, which utilizes the operations of 

arithmetic, is a process of irtodling the concrete domain with 

the abstract mathematical models of addition, subtraction, 

multiplication, and division on the whole numbers, then the 

model construct is applicable to the area of teaching prob-

lem solving. This model building essentially consists of 

taking two structures and comparing them for fit. Teaching 

problem solving can be analyzed by use of the model construct 

into several areas. One of these is problem solving within 

the modular domain explicitly taught. The other is teaching 

simple mapping of one model onto another where the models 

are closely related in some way. The third and most mature 

under consideration is teaching the general heuristic of 

model building. This domain is a recently stated educational 

objective. It has been shown how elements of the model 

construct can be applied in an-alyzing many of the diffi-

culties .in teaching problem solving. 

The last section of Chapter II relates the model 

construct to other theoretical positions in education. 

Elements of the position taken in this study were subsumed 

under the more general position recently presented by Belth. 
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The model construct was also reviewed in relationship to 

the meaningful arithmetic movement. 

Extensive applications of the model construct were 

presented in Chapters III, IV, and V. The model construct 

suggests a modular domain for the operations of arithmetic. 

In Chapter III, the educational subset of this domain was 

categorised in terms of families of models. A family hangs 

together because similar and well defined correlates exist 

which map its model structures onto an operation. In this 

catalog of models are sixteen headings, each of which indi-

cates a collection of families of models for multiplication 

and division. More than twenty families of models for 

addition 'and subtraction were catalogued. 

It is the functions of models which declares their edu-

cational significance. . A summary of stated functions of 

models for the operations of arithmetic presented in 

Chapter IV contributes to defining models and the modeling 

relationship in terms of these functions. Functions of 

models are here considered .as uses to which models are put, 

properties ascribed to them, and by implication, their 

limitations. This functional domain was analyzed into 

several categories, and stated functions in these categories 

were reviewed, and reference to them was cited. Although 

this domain appears to be a wilderness, a look at the total 

wilderness may tend to free one from certain myopia. Also 

in Chapter IV, a very brief review of the literature which 
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purports to evaluate models in terras of their stated function 

is presented. Although very few definite conclusions are 

evident from this survey, it has been pointed out that 

several authorities are rather adamant in their preferences. 

From the model construct can be derived criteria for 

analysis of existing elementary school mathematics programs.. 

Ten such derived criteria are presented in Chapter V. They 

provide an example of how the model construct presents a 

structure which can be imposed on the problem of teaching 

the operations of arithmetic through the use of models. This 

chapter presents a systematic point of view from which to 

address oneself to the analysis and subsequent evaluation of 

these programs. Chapter V also presents the application of 

these derived criteria to three elementary school mathematics 

textbook programs adopted in the state of Texas. All the 

criteria could not be applied to all grade levels of the 

programs, but that analysis which is presented reveals wide' 

differences in the programs. The judgments as to the impli-

cations of these differences in terms of preferred quality 

and desirability of the program for certain children and 

teachers has been left for another time and to the prefer-

ences of individual educators. However, it seems that such 

scales of quality are best applied to the type of systematic 

data presented in this chapter. 

. In the chapters following Chapter II are examples of 

applications of the model construct to the problems of 
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teaching the operations of arithmetic. The educational 

modular domain has been categorized and catalogued. Models 

have been defined in terms of their commonly stated functions, 

and evaluation of these functions surveyed. Criteria for 

addressing oneself to analysis of elementary school mathe-

matics textbooks and programs have been derived and their 

application demonstrated. Thus, this study presents the 

development of a collection of theoretical concepts associated 

with teaching the operations of arithmetic and their subse-

quent application. It is obvious that these concepts have 

implication outside the limited domain of this investigation. 

Suggestions for Further Study 

It has been the purpose of this study to present a 

small theory, consisting of analysis, general concepts, and 

examples, related to the area of teaching the operations of 

arithmetic and associated concepts through the use of models 

of the operations of arithmetic. As a result of the develop-

ment thus far, suggestions for further study become apparent. 

Some of them involve the continuation of the theoretical 

development presented in this paper. Certain experimental 

and observational studies are also suggested by the model 

construct as well as a large area of development of materials 

which meet the standards suggested by the model construct 

and which present to editors, writers, teachers, and children 

many of the concepts developed in this study. Suggestions 

for further theoretical study are discussed first. 
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Suggestions for Further Theoretical 

StiKiv "" 

The concepts presented in Chapter II and making up the 

model construct are not considered to be a final mature 

product, The process of explication is never complete, and 

the nature of the problem gradually evolves into newer and 

different problems, As a suggestion for further study, it 

would seem profitable to continue the investigation conducted 

in essentially the same direction and by the same techniques. 

There still remains a wealth of productive information and 

ideas which bear upon this area of study in the literature 

of history and foundations of mathematics, cognitive psy-

chology, mathematics education, and wide areas concerned with 

the concept "model." This model concept is widely considered 

to have revolutionary consequences for the area of profes-

sional education, as well as for almost any area of theory 

building. 

One direction in which to continue this study is to 

extend the model construct thus far developed into areas of 

mathematics other than the operations of arithmetic. The 

model construct has implications for the teaching of any 

knowledge associated number systems. Some brief application 

and extension to the system of rational numbers can be 

found in the text of this dissertation. 

There is need for clearer delimitation of some of the. 

conceptual elements of the model construct. For example, 
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there is need for a clearer definition of the distinction 

between embodiment and representation than has been presented 

in this study. Up until now the study has relied on Dienes' 

brief characterization and examples (17). Another conceptual 

element of the model construct is model building in problem 

solving (7, 40). There is need for a search for a more 

mature definition of this view of problem solving than has 

been presented here and for a more precise development of the 

meaning of such terms as "mapping" and "fit." 

In the usual concrete structure of arithmetic presented 

in an arithmetic program, there is a very complicated rela-

tionship between the elements of the structure. The 

relationships are usually ignored, and teachers and students 

switch from one model to another without awareness that this 

switch has been made. It is a witness to the power of the 

mathematical structures involved that more incongruities 

than are present do not occur. Further analysis, other than 

that which has been conducted in this study, into this 

wilderness of complex relationships might uncover unexpected 

returns. No one can predict the results of such academic 

and apparently redundant investigations. 

For nearly a century now, eductors have been claiming 

to teach for understanding, to teach why as well as how, and 

to teach why something is correct. Each of these terms is 

fraught with deep and significant meanings. Encounter with 

the literature of mathematics education suggests that the 
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areas of history and philosophy of the fields of science, 

mathematics,, and knowledge has not been tapped in the analysis 

of the meanings of these terms and the implications for 

education of children. The banality of these terms even in 

the restricted domain of mathematics education for elementary 

school children needs to be farther recognized and a finer 

grain philosophical and behavioral analysis conducted. 

However, such analysis usually occurs in the midst of theory 

building from which experimentation is precipitated. Meaning 

and understanding have been characterized in a very simple 

way in this study in terms of representation and abstraction. 

Since models do explain, and the study of models amounts to 

the study of this function, then perhaps there is here an area 

for continued investigation. 

As an example of the general area of research suggested 

above, there may be a significant educational question as to 

the relative mathematical validity of various methods or 

rationalization. Methods of rationalization of mathematical 

concepts other than modular rationalization have been out-

lined in Chapter II. This question is largely mathematical 

and theoretical and should be 'considered before the relative 

psychological efficacy of the methods is considered. It may 

be that all of these methods of rationalization are part of 

the structure of mathematical knowledge, and thus should be 

taught, and their meaning and significance contrasted. This 
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issue which arises from this study could be attacked by 

further theoretical investigation into the nature of the 

foundations of mathematics. 

The area of determining standards of quality to be 

imposed on the data from elementary level mathematics text-

books presented in Chapter V is open for investigation. This 

study has not proposed to make these judgments. Considera-

tions along this line might begin with theoretical 

consideration from mathematics and perhaps debate among 

mathematicians and educators. Experimentation would then 

follow. 

Not too many years ago, the operations of arithmetic 

were taught solely by textbooks containing only printed 

letters and the teacher's exposition. Teachers today make 

use of visual aids, manipulative devices, pictures, and 

dramatization, Learning is assumed to occur through direct 

contact with objects and events which provide instances of 

concepts. The growth in the number and use of sensory-

perceptual aids has been accompanied by a corresponding 

growth of information in the field of•perception. Allport 

(1) discussed in great detail thirteen theories of perception 

and constructed further concepts himself. Bartley (2) pre-

sented still another view of perception. A more recent 

summary of research on perceptual development is given by 

Gibson (2 7). There is here an area of research in applying 

O "1 ntrvnn 4- .-i ^ ^ ~ f • • • - — 
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The above discussion presents several of the directions 

in which the continued theoretical development associated 

with the model construct could proceed. 

Suggestions for 3xperimental Research 

Basic experimental and observational research is sug-

gested by the section of the model construct which outlined 

sp'ecific strategies and psychological processes associated 

with learning the .operations of arithmetic through the use 

of models. 

Associated with the principles of variation, contrast, 

and multiple embodiment set forth by Dienes (16, p. 40) is a 

collection of hypotheses. Research based on these hypotheses 

and conducted with the embodiments of the operations of -

arithmetic and children of appropriate school age would 

possibly result in information that is more easily applied 

to the problems of public school education than if, as in 

the case of Dienes' work, they are tested with concepts 

which are not so commonly c;ssociated with the elementary 

school curriculum. Both hypotheses and the design of 

exploratory observational research are recorded in the 

references thus far cited from Dienes and Bruner. 

One of the most fascinating problems suggested by 

hypotheses associated with the above principles is the 

behavioral study of the process of abstraction. To execute 

such a study, one would adopt a behavioral definition of 
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abstracting behavior and then carry out the multiple embodi-

ment strategy by utilizing models of the operations of 

arithmetic; and at several stages, test for anticipated 

results. Once such a demonstration of the results of a 

deliberate multiple embodiment strategy is made available to 

developers of elementary school mathematics curricula, it 

might start a small revolution in the design of these programs. 

Such results would fit well into the recommendations of the 

Cambridge Conference on School Mathematics. There is also 

the experimental study of the question as to whether the 

results of this abstraction actually provide a launch pad 

for the transition from the premathematical to the mathe-

matical stage of mathematics training (7, 39). If such 

results do occur, there is promise of students being more 

accepting of the abstract mathematical domain in terms of 

attitudes and acceptance of abstract standards of meaning, 

correctness, and source of knowledge (38). 

To continue at thxs basic psychological level, there is 

need to investigate experimentally what it means to say, 

"The syntactical insights about regularity in notation are 

matched by perceptual-manipulative insights about the material 

referents" (4, p. 326), as well as the implications which 

such principles have for the utilization of symbolism in 

mathematical instruction. Bruner and Dienes suggest that 

every symbol in a symbolic representation have a modular 

referent (4, p. 326). There is the question as to why 
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children wean themselves from perceptual embodiments and 

adopt symbolic notation (25, p. 51). In more general terms, 

one could study the rcle of language in the area of learning 

the operations of arithmetic through the use of models. 

Other questions are suggested by the complex continuous 

interplay between the modular and the abstract (4, p. 327). 

The human mind makes these switches with such ease and fre-

quency that it defies investigation. Perhaps in this complex 

behavior pattern is found a difference between slower and 

brighter children in mathematics. Perusal of any elementary 

mathematics textbook from the model point of view will 

reveal the quantity of such switching required of the student 

and the teacher in following the material. Possibly certain 

strategies and precautions should be developed in this area. 

Only very basic experimental research will reveal the answer. 

Another suggested area of research is the further appli-

cation of Bruner's qualities of structures to the models of 

the operations of arithmetic and the experimental testing of 

Bruner!s hypotheses presented on the basis of these qualities 

(4, 5). This area of research has only been briefly indicated 

in Chapter IV and a great deal' of further research is open 

here. Current writings indicate a wide interest in these 

Bruner concepts and their application to problems in mathe-

matics education. 

There is a whole area of experimental research associated 

with the question as to how children view these structures as 
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already been conducted in' this area, but no doubt from points 

of view other than the modal construct. The conceptual basis 

of an investigation usually determines the observations. It 

is proposed that the model construct be imposed upon this 

domain to present a new analysis of its attributes (3, 41, 42). 

One domain of research is to study the relations between 

types of models and types of learners. Gagne (25, p. 53) 

suggested that a study be made of the relation between the 

differences in basic abilities consisting of spatial, verbal, 

and numerical factors and types of models and instances of 

models. There is the question of preferences or affinity for 

certain models by certain classifications of students. 

Possibly certain models such as those found in the Minnesota 

Mathematics and Science Center materials (37) are not 

appropriate for certain types of students unless psychological 

efficiency or savings can be demonstrated as they are 

applied to certain domains of application of the operations 

of arithmetic. Here then, is a general area of studying the 

relationship between types of models and types of learners, 

some of which are age, socio-economic status, and prognosis 

of mathematical needs. 

In Chapter II, questions to be asked about readiness for 

models of the operations of arithmetic have been presented. 

It is further proposed that these considerations should be 

extended further, and Piaget concepts be directly related to 
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experiments which study readiness for learning the operations 

of arithmetic through the use of models. Each of the models, 

as a separate logical entity, requires different readiness 

in the form of primitive mathematical concepts. Several 

suggestions as to how this can be done have been presented 

in Chapter II. 

Certain classes of models are no doubt more common to 

the domain of social usage of mathematics (26). A catalog 

of models can be used in research to provide a finer grain 

observational analysis of the domain of social usage than 

that attempted previously (42). 

Suggestions for the Development of 
Materials 

, Tied in with a theoretical investigation such as the 

model construct is the development of materials for present-

ing to editors, teachers, and children many of the concepts 

resulting from such a study. This is true especially of the 

model construct since it presents a collection of general 

concepts that apply directly to the materials and activities 

of the classroom. Suggestions for such development are 

presented below. 

In the area of improvement of textbooks, the concept of 

switching developed in this study can be further applied to 

the analysis of textbooks and journal articles written so 

that editors and users of these materials could be alerted 

to the existence of switching and guard against it m further 

construction of materials. There is a question as to how 
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much of this switching is deliberate, and how much of it is 

done in an unplanned manner because of the writer's lack of 

knowledge of the model construct. Here is also an area of 

research in teacher training. 

"Also in the area of improvement of textbooks and develop-

ment of materials is the improvement of strategies for 

establishing correlates which connect a model structure to a 

symbolic representation. The variations in correlates for a 

particular family of models ara many. Specific correlates 

were conspicuously absent in the verbal text of the students® 

and teachers' editions discussed in Chapter V (19, 20, 21, 22, 

23, 24, 9, 10, 11, 12, 13, 14, 28, 29, 33, 34, 35, 36). Very 

frequently the teacher was told to help the children to see 

the relationship between the model structure and the symbolic 

representation without this relationship being stated in the 

teachers" edition. If a teachers' edition is to tell the 

teacher what to say, then perhaps these correlates should be • 

more carefully declared. 

Another suggestion is that a "general model concept" be 

developed and taught to teachers and children. Some of the 

development of this concept has already been outlined in this 

study, and reference to its appropriateness from authorita-

tive sources has been cited (7). This study, however, does 

not claim to have developed this concept to the point that it 

is ready for integration into the school program. While the 

school program seems to be crowded enough, there is reason 
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to believe that some molar and general, abstract concepts 

such as those under consideration, have a measure of power 

and economy that more than justifies the resources devoted 

to teaching them CIS, 4). The key concept in this general 

model concept is isomorphism. This study outlines the need 

for development of multiple embodiment strategies which aid 

children in learning this concept at the modular level. 

Another collection of concepts developed in the model 

construct relates to the distinction between the abstract 

domain and the modular domain. An example of such a dis-

tinction is the distinction between proof and modular 

rationalization outlined in this study. Teachers are now 

being trained as a result of the CUPM (8) recommendations in 

the abstract mathematical structure of arithmetic. Perhaps -

their training should be also in the concrete structure of 

arithmetic and its systematic relationship to the abstract 

mathematical structure as it is outlined for the first time 

in this study. College teachers even confuse these two 

domains and think they are actually teaching mathematics to 

a student when they are really teaching premathematics (7). 

Here is an area for development of materials. 

The question as to proper conventions to be adopted in 

the area of modeling remains open. Many programs set up 

conventions of maintaining distinctions between the abstract 

domain and the modular domain that are ignored in others 

C I S , 2 0 , 2 1 , 2 2 , 2 3 , 2 4 , 9 , 1 0 , 1 1 , 1 2 , 1 3 , 1 4 , 2 8 , 2 9 , 3 3 , 

34 ; 35, 36), If stringent language conventions are desirable. 
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then this opens up an area of teacher training. The need for 

development of teacher training material in this area is 

made apparent by investigation in the current status of the 

quality of language used by many preservice teachers as is 

evidenced by the following quotations of students' descrip-

tions of the models for operations. The following written 

answers were given by students to the question, "If you 

didn't know that 2 + 3 = 5, how would you find out?" They 

are reproduced here exactly as they occurred. 

With 2 set A and B representing apples, 
Let A - a + B = b, and a = 2, and b = 3. Com-
bine the 2 sets to get one set of 5 or so C = 5. 

. . . take 2 sets of sets containing 3 objects 
each and count the objects. 

To another question the following answers were given. The 

question was, "What does ' 6 ^ 3 ' mean in association with 

sets?" 

A set which contains 3 units is into a 
t of 6 units to receive the quotient 2. 

2 sets—a set consisting of 6 objects and a set 
consisting of 3 objects--you are going to take 
away or divide the 3 set into the 6 set and come 
up with a set of 2. 

. . . one set divided into the other set gives 
another set 3 /6 = 2 . 

Let A be the set containing a cans, and B be 
the set containing b cans, and let a = 6, 
b = 3; then a T b = c. So set A is T by Set B. 

Such observations as these reveal the need for research into 

the knowledge of preservice and inservice teachers and the 

development of training materials. 
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In the elementary school programs, many questions remain 

unanswered in the area of teaching children to solve word 

problems. Most programs cover up the ambiguity of the 

connection between the modular domain and the abstract 

domain by suggesting that children will naturally find many 

ways to make the association between the symbolic represen-* 

tat.ion and the structure of the problem. The mystery is how 

children make these connections. One program has developed 

techniques for teaching problem solving in a limited modular 

domain which when used by a qualified teacher frequently 

gets 100 per cent success (30). A problem suggested by this 

study is the development of such formal .methods depending on 

model structure, correlates, and symbolic representation to 

be extended to a broader modular domain. 

Another interesting area of research with theoretical 

and methodological implications is suggested by the concept 

of constructive activity put forth by Dewey and recently by 

Bruner (6, 15, 32). Current research has shown that under 

desirable conditions, children easily get involved in almost 

any type of constructive activity, and the involvement is 

not dependent upon practicality or social necessity. There 

is need for the continued development of strategies for 

instruction in specific concepts such as the operations of 

arithmetic which utilize this psychological mechanism 

efficiently. With this development, the process of declara-

tion of correlates and attributes becomes more than mere 

pointing and describing on the part of the teachers. 
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The current programs in the United States introduce 

initially, in the mathematical experience of the child, 

models of the whole numbers under operation. Finer grain 

and more fundamental concepts could be abstracted from the 

modular domain first, and then the concepts of operation 

put together at the abstract level. Some of these more 

fundamental mathematical concepts are ordered pair-, function, 

one-to-one correspondence, set, and relation. This is only 

one of several possible curriculum design studies suggested 

by the model construct. 

To summarize, it might be pointed out that the most 

immediately productive of the suggestions as to further 

study seems to be the development of materials for present-

ing elements of the model construct to developers and users 

of arithmetic materials. It has been discovered from exper-

ience that many of these concepts can be appreciated and 

used extensively by teachers. However, the task of translat-

ing an outline and discussion such as that presented in this 

paper is an ongoing process which requires years of work. 

There is a continuous interplay between feedback from the 

student and the construction of materials. For example, it 

has been discovered that the concept of switching is not 

appreciated until the stiident has accepted the idea of 

partitioning the modular field into distinct subsets. Often 

the development of such an awareness requires time and 
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experience. The most obvious strategy for facilitating the 

notion of distinct models is the study of models and con-

trasting properties of models. 

It may be that, in the future, arithmetic methods books 

will be structured by theoretical systems such as the model 

construct so that the preparation of teachers in the area of 

arithmetic methods will not be limited to study of specific 

techniques and tricks. It would seem that increased power 

and efficiency is attained by the utilization of appropriate 

systems of concepts which subsume such specific elements. 

Conclusions 

Since the main function of this study was the develop-

ment of a collection of theoretical concepts, it is not the 

type of effort which produces extensive conclusions. However, 

there are conclusions which can be presented here. 

One such conclusion is to note that several apparently ' 

undesirable forms of model switching have been found to exist 

in materials for teachers and children. These are documented 

in Chapters II and V. 

Some twenty models for addition and subtraction and 

twenty models for multiplication and division have been 

found arid are documented in Chapter III. 

Several hundred stated functions of models have been 

located and are documented in Chapter IV. 
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This study has essentially developed a collection of 

theoretical concepts which are sufficiently general and 

precise to function as a theoretical structure to be pro-

ductively imposed on considerations associated with teaching 

the operations of arithmetic and which has obvious potential 

for extension beyond the domain of this investigation. 
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