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CHAPTER 1

INTRODUCTION

Let Diffl;)\ +p be the Vec R-module of differential operators of order < & from F'(})
to F'(A + p), where F'(\) and F(X + p) are the tensor density modules of VecR with lowest
weights A\ and A\ + p respectively. Its quotient by Diff’;;\l 4 1s of length [ and has composition
series

Fp—k),Fp—k+1),....,Flp—k+1-1).
We refer to this quotient as SQ];:lp. It splits under the projective subalgebra sl if its compo-
sition series has distinct Casimir eigenvalues. For [ < 5, we will state necessary and sufficient
conditions under which two such quotients SQI;:ZP and SQI;Z:;, are equivalent as Vec R-modules.
Our results follow from the action of VecR with respect to the projective splitting. They
extend to pseudodifferential operators: k can be taken to be an element of C.

This problem was first considered by Lecomte and Ovsienko [9]. They treated only
the case p = 0, where equivalence requires k = k’. They found that SQ';% and SQ];Z{O are
generically equivalent for [ < 4, and equivalent only in the conjugate case X' = [ — \ for
[ >5.

When p is allowed to vary, equivalence requires p—k = p' — k’. Here the length 5 case
exhibits a new phenomenon: the equivalence class of SQf{:i depends only on two invariants
in (p, A)-space, called I, and I.. After a suitable change of coordinates, the level of curves
of I, are a pencil of conics determined by four points, and those of I, are a pencil of cubics
determined by nine points. We also investigate a certain type of “lacunary” subquotient of
SQ];’; with composition series F'(p — k), F(p — k+2), F(p— k +4). The equivalence classes

of these subquotients are determined solely by I,.



CHAPTER 2

TENSOR DENSITY MODULES OF THE LIE ALGEBRA Vec R

2.1. Definitions

Vec R is the infinite-dimensional Lie algebra of polynomial vector fields on the line.
In this section we give the basic vocabulary necessary to discuss representations of VecR,
define the projective subalgebra of VecR, a copy of sly, and define the Casimir operator of

a representation of the projective subalgebra.
DEFINITION. VecR :={fD: f € Clz]}.
Here D is the usual derivative, %. The algebra operation is the usual Lie bracket:
[fD,gD] = fDogD —gDo fD=(fg —gf")D.
A basis of VecR consists of the elements e,, := "' D, n > —1. We have
[€ny em] = (M —n)emin.

We now define the projective subalgebra a of VecR, which will prove useful for our

computations. The following lemma is clear.
LEMMA 2.1. The space a := Spang{e_1, g, €1} is a subalgebra of VecR isomorphic to sls.

DEFINITION. Let m be a representation of VecR on a space V. Eigenvectors of m(eq) of
eigenvalue A\ are called \-weight vectors. If they belong to the kernel of 7(e_;), then they

are called lowest weight vectors of weight .

DEFINITION. Let (m,V') be a representation of a. The Casimir operator of 7 is defined to

be
7(Q) := 7(zD)* + n(xD) — n(D)w(2*D).

PROPOSITION 2.2. Let (7, V') be a representation of VecR. The Casimir operator commutes

with the action of sly on V.



PRrROOF. A straightforward computation shows that for any k& > —1,
(Q,ex] = (20 — k — 1)key, — (k — D)egpre_1 — (K + Dereg_1.
Taking £k =0, 1, and —1 gives the result. 0

2.2. Tensor Density Modules

The tensor density modules of VecR are deformations of the basic module C[z]. Tt
was conjectured by Kostrikin [8] and proven by Mathieu [11] that these modules, along with

their localizations, comprise all the irreducible representations of Vec R.
DEFINITION. For A in C, define 7, : Vec R — End C|z] by
m(fD)g= fg + Af'g, thatis, m\(fD)= fD+ \f.
To denote C[z] under the action y, we use the notation F()\) := da*Clz].
LEMMA 2.3. For all X in C, (7r,\, F()\)) is a Vec R-representation with
maler) (datz™) = (n+ Ak + 1)) dat2 .
ProOF. Simply check that 7, preserves the Lie bracket. 0

LEMMA 2.4. F()\) has weights A, A\ + 1, A+ 2,..., corresponding to the weight vectors da?,

dotz, detx?, ..., respectively. Up to a scalar, its unique lowest weight vector is dx?.

PROOF. The first sentence is clear. The second follows from my(e_1)dz? f = da? f'. O

LEMMA 2.5. The Casimir operator of F()) is the scalar \* — \.

PRrROOF. Apply the definition of the Casimir operator to obtain the result. 0

PROPOSITION 2.6. For all A # 0, F()) is an irreducible representation of VecR. The only

proper non-trivial Vec R-subrepresentation of F(0) is C.

PROOF. If W is a non-trivial subrepresentation of F'(\) with A\ # 0, then applying my(e_1)
repeatedly to a non-zero element of W yields dz*, and applying 7y (e;) and 7y (ez) repeatedly

to dz? yields all basis elements dz?*z*. Thus W is equal to F()).



It is clear that C is a subrepresentation of F'(0). If W is a non-trivial subrepresentation
of F(0) containing a non-constant element f, then f generates both 1 and = under my(e_1),

and x generates the rest of C[z] under my(ey). O

LEMMA 2.7. (7r_1, F(—l)) is equivalent to (ad, VecR) as a Vec R-representation.

PROOF. The reader may check that gD + dx~lg is an equivalence. 0

LEMMA 2.8. For A # p, (mx, F(X)) and (m,, F(p)) are not Vec R-equivalent.
ProoF. This is immediate from the fact that F'(\) and F(u) have different weights. O

2.3. The Tensor Density Modules Under the Projective Subalgebra
PROPOSITION 2.9. For A not in —3N, (m, F(X)) is irreducible under the action of a. For
Ain —%N, the only non-trivial a-subrepresentation of (7r,\, F()\)) 15 the space

L()) := Spang {da*z" : 0 < k < —2A}.

PROOF. Recall that the kernel of my(e_1) is Cdx?*. Since my(e1)dz*z* = (k + 2\)dz?x* L,
the kernel of my(e;) is Cdz*z™* for A € —3N, and zero otherwise. The result follows. [
2.4. Intertwining Maps

In this section we classify the Vec R- and a-intertwining maps between tensor density

modules.

LEMMA 2.10. Under VecR, F(0)/C is equivalent to F(1).

PROOF. The reader may check that f — dxf’ is a surjective Vec R-map from F(0) to F'(1)

with kernel C. The result follows. O

PROPOSITION 2.11. If €: F(A) — F(u) is a Vec R-intertwining map, then either A = . and

€ is a scalar, or A\=0, u =1, and € € CdzD.

PROOF. Assume that € : F(A\) — F(u) is a non-trivial Vec R-intertwining map. Let ky be
minimal such that e(dz*z*) # 0. Since e(dz*z*0) is an element of the kernel of 7,(e_1), it

is cdx* for some c # 0. Since € preserves weights, we have p = X + kg, thus p — A € N.



If w =X #0, then F()) is irreducible by Proposition 2.6, so Schur’s lemma implies
that e is scalar. If 4 = A = 0, then kj is zero and ¢ — ¢ annihilates 1, so we find that ¢ = c.
If w# X\, then kg > 1, so the kernel of € is nontrivial. Therefore by Proposition 2.6, A = 0,
Kere = C, and p = 1. In this case € and f + cdz f’ agree on x, so an easy argument shows

that they agree everywhere. O

PROPOSITION 2.12. If €: F(A) — F(u) is an a-intertwining map, then either A = p and €

18 a scalar, or A € —%N, p=1—X, and € is a multiple of Cdx'=2*D'=2}

PROOF. Assume that € : F(A) — F(p) is a non-trivial a-intertwining map. Let kg be minimal
such that e(dz*z*) is not zero. Since €(dx*z*0) is an element of the kernel of 7,(e_y), it
is cdx* for some nonzero scalar ¢ in C. Since € preserves weights, we have u = A + kg, so
w—AeN.

If 1 = A ¢ —iN, then F(]) is irreducible by Proposition 2.9, so Schur’s lemma implies
that € is scalar. If p =\ € —%N, then kg is 0 and € — c annihilates 1. In this case also we
obtain € = ¢. If u # A, then ky > 1 and the kernel of € is nontrivial. Therefore by Proposition
2.9, A € —iNand Kere = L()), so kg = —2A+1, and = 1 — A. The reader may check that
dot=2 D172 F()\) — F(1 — )) is an a-map. It follows easily that ¢ is a multiple thereof.

O

COROLLARY 2.13. For A € —3N, F(X)/L(\) is a-equivalent to F(1 — X).

By Lemma 2.7, we have in particular the following corollary.

COROLLARY 2.14. (ad,VecR/a) is a-equivalent to (w2, F(2)) as a VecR representation.



CHAPTER 3
EXTENSIONS OF THE TENSOR DENSITY MODULES

3.1. Home (F(X), F(w))

Let us write Hom, ,, for the space Home (F/(X), F(p)), and hy,, for the natural action

of VecR on it:

P (X)T =7, (X) o T — T o my(X).

The following well-known lemma is convenient for calculations. We leave its proof to the

reader.

LEMMA 3.1. Hom, , = dz* *C[z][[D]]. In particular, hy ,(e-1) acts surjectively on Homy ,

with kernel dao*~*C[[D]].

The following proposition is also well-known. It may be deduced from the fact that,

regarding multiplication by ¢ as an order 0 differential operator, we have

J .
D?)og= E (Z)g()DJ .

=0

PROPOSITION 3.2. Let A and p be in C, and let f and g be in C[z]. For any j in N,

hatp(gD)(da? fD7) = dl‘p((gf’ +(p—4)9g'f)D fz ( ) ( P i) g(””D“)-

3.2. 1-cohomology

Here we recall some standard facts from Lie algebra cohomology; see for example the
book by Guichardet [7]. Let us fix a representation 7 of a Lie algebra g on a space V', and

a subalgebra b of g.

DEFINITION. (1) The space of h-relative n-cochains of g with values in V is

C"(g,b, V) = Homy (A"(g/h), V).



e coboundary operator d: C"(g, b, — C" (g, b, is defined by
2) Th b d 0:C h,V C™1(g,h,V) is defined b

804(X0/\.../\Xn)::zn: (/\X) S (- )’J”oz(Xz,X /\Xk>

=0 1<j k#i,5

(3) The space Z"(g,h, V) of h-relative n-cocycles is the kernel of the restriction of 0
to C"(g,h, V).
(4) The space B"(g, b, V) of h-relative n-coboundaries is the image of the restriction
of & to C" (g, h, V).
It is well-known that the square 9 : C"(g,h,V) — C""%(g,h,V) of the coboundary
operator is zero, so B"(g,h,V) C Z™(g,h,V). The space of h-relative n-cohomology

classes of V is
H"(g,h,V):=Z"(g,5,V)/B"(g,h,V).
If we write simply C™(g,V), Z™(g,V), B"(g,V), or H"(g,V), it is understood that h = 0.

In fact, we will only consider 1-cohomology. Observe that for v in C%(g,V) =V and
a in C'(g,V) = Home(g, V), we have dv(X) = m(X)v and

da(X ANY) =m(X)a(Y) —m(Y)a(X) — afX,Y].

3.3. Extensions

Again, all of the statements in this section are elementary and may be found in
Guichardet [7]. Maintain g and b as in the previous section, and fix two representations

(1, V1) and (¢a, Vo) of g. Write h for the two-sided action of g on Home(Vi, V5):
hX)T := ¢o(X)oT — T o p1(X).

A representation 7w of g on the space V; @ V5 is called an extension of V; by V4 if it is of

the form

¢1 0
= y

a ¢y

where « : g — Homg(V1, V5). The condition that 7 is a representation is easily seen to be

simply the condition that o be a 1-cocycle. If « is h-relative, then 7|y is the direct sum

P1ly © P2l



Two extensions m and 7" of V; by V5 are equivalent if the corresponding cohomology
classes [a] and [o/] are proportional: [o/| = c[a] for some non-zero scalar ¢. This is not the
only situation in which they are equivalent, but it is the only situation in which there is an

equivalence of the form

(&1 0

€= ,
YoC2

where ¢; and ¢y are non-zero scalars and + is an element of Homc(V1, V5). Indeed, we have

the following lemma.

LEMMA 3.3. € = (071 C%) s an equivalence from m = (ﬁl £2) to w’ = (f} (;2) iof and only if

I, L
o = Za 0187.

3.4. a-split extensions of F'(\) by F(\ + p)

We now consider the case where F'(\) and F'(A 4 p) are tensor density modules of
Vec R whose Casimir operators, A2 — X and (A+p)? — (A +p), are distinct, that is, p is neither

0 nor 1 — 2\. Proofs of the following two elementary results may be found in [4].

PROPOSITION 3.4. If p is neither 0 nor 1 — 2, then every element of Z'(Vec R, Homy yy,)

is cohomologous to an element of Z'(VecR, a, Homy yp).

DEFINITION. For every A in C and p in 2+ N, define a 1-cochain B;‘ : VecR — Hom, x4, by

By(a) =0, and for k > 2
B (er) = ighansp(er) *(da” DP72).

LEMMA 3.5. The 1-cochains BZ’)\ are a-relative. Moreover, C'(Vec R, a, Homy ) is Cﬁ? for

p € 2+ N, and zero otherwise.

We remark that this lemma may be proven quickly using the facts that VecR/a is
a-equivalent to F(2), as stated in Corollary 2.14, and that, up to a scalar, dz? DP~2 is the
unique lowest weight vector in Homj 4, of weight 2.

The following theorem is due to Feigin and Fuchs [6]. Similar results were obtained

in different settings by Martin and Piard [10] over Vec S', by Bouarroudj and Ovsienko [2]



for smooth vector fields rather than polynomials, and by Boe, Nakano, and Weisner [1] in
positive characteristic.

A proof hinging on a-relativity was given in [4]. Tt can be shown that A?(VecR/a)
is a-equivalent to @ -, F'(2r + 5). Therefore, writing ws, 5 for the lowest weight vectors of
weight 2r 4+ 5 in A*(VecR/a), we see that 3, is a cocycle if and only if 93, (wa,15) = 0 for
all » in N. Moreover, since aﬁ;‘(wgr_i_g,) is itself a lowest weight vector of weight 2r + 5, it
must be a multiple of do? DP~? =% if p is in 2r + 5+ N, and zero otherwise. The multiples are

difficult to compute, but they can be deduced from results of Cohen, Manin, and Zagier [3].

THEOREM 3.6. Forp # 0 or 1 —2\, H'(VecR, Hom, »y,) = H'(VecR, a,Hom, ,;,). More-

over,

1) H'(VecR,Homy y42) is C[83] for X # —1.

2) H'(VecR,Homy »,3) is C[33] for A # —1.

3) H'(VecR,Hom, yi4) is C[B}] for A # —3.

5) H'(VecR,Hom, »16) is C[B] for A = 2(—=5 £ /19), and 0 otherwise.

1

(1) H( )
(2) H'( )
(3) H'( )
(4) H'(VecR, Homy ry5) is C[B2] for A = —4 or 0, and 0 otherwise.
(5) H( )
(6) H( )

6 VecR, Hom) x1p) s 0 in all other cases where p # 0 or 1 — 2.



CHAPTER 4

EQUIVALENCES

4.1. Differential Operators

Recall from Lemma 3.1 that Hom,, = dz* *C[z][[D]]. The space of differential
operators from F()\) to F'(u) is Diff ,, := daz*~*C|z][D]. Clearly Diff, , is a Vec R-submodule

of Hom, ,, and its order filtration

Diffliyu := Spangy,) {D°: 0 < s < k}
is also Vec R-invariant. The following result is fundamental.
LEMMA 4.1. Difflf\wrp / Diffl;;rp is Vec R-equivalent to F(p — k).

PROOF. The reader may check that daz?f D* + Diff’;;\ip — dzP~F f is an equivalence. OJ

The topic of this thesis is the set of equivalence classes of the reducible subquotients
of the collection of Vec R-modules Diff’i A+p @8 A and p vary. As we will explain, we will also

consider subquotients of modules of pseudodifferential operators.

4.2. Subquotients

DEFINITION. For A\, pin C and k, [ in N, set
kl ok okl
SQ)\J) — Dlﬁ‘)\)\_,’_p / Dlﬂ‘)\,Aer .

The subquotient SQ];’,; of Diffy 4, is of length [ and has Jordan-Hoélder composition

series
Flp—k),Flp—k+1),....,F(p—k+1-1).

In general, it does not split under VecR as the direct sum of these modules. However, as
we will now prove, it does split under the projective subalgebra a if the Casimir operators of
the composition series elements are distinct. The following lemma, which characterizes this

situation, is left to the reader.

10



LEMMA 4.2. The Casimir operators of the composition series of SQ];’; are not distinct if

and only if

(1) p—ke—-IN and p—-k+l-1€l+iN
PROPOSITION 4.3. If (1) is false, then SQI;; is a-equivalent to @221 Fp—k+i-1).

PROOF. Since F(p— k), F(p—k+1),...,F(p—k+1— 1) have distinct Casimir operators,

each is a-equivalent to the corresponding eigenspace of the Casimir operator of SQﬁfn O

In light of the preceding discussion, SQ% is equivalent to a representation ¢ of VecR
on @2:1 F(p—k-+1—1) which, when regarded as a block matrix with entries ¢,,, : VecR —

Hom,, ,,, takes the form

Tp—k 0 0 0 0
Tp—k+1 0 0 0
b Tp—k+2 0 0
Tp—k+3 0
Omn : : . 0

Tp—k+1—1

That is, ¢ is lower triangular and its diagonal entries are the tensor density actions. Moreover,
it follows from the previous proposition that the lower triangular entries ¢,,, are a-relative,
and thus by Lemma 3.5, ¢,41, = 0 and ¢y, is a multiple of 3, for p —k <n <m <
p—k+4+1—1. As in the proof of Theorem 3.6, these multiples are difficult to compute, but

may be deduced from [3]; see also [4] and [5]. The result is as follows.
THEOREM 4.4. If (1) is false, then SQ’;:; is equivalent to a representation gb];:; of VecR on

11



D, F(p—k+i—1) of the form

Tp—k 0 0 0 S 0
0 Mp—k+1 0 0 cee 0
Pp—k+2.p—k 0 Mp—k+2 0 T 0
)
¢pfk+3,pfk ¢pfk+3,pfk+1 0 Tp—k+3 " 0
0
Cp—ktl-1p-k Ppktl-lp-k+l 0 Tkt

where forp—k<n<m-—-2andm<p—k+1—1,

gbmn = bmn<>\’p) gz—n’

where by, (A, p) is the scalar defined in (3) and (4) of [5].

By definition, the parameter k in the representation gbl;; is in N, being the maximal
order of the differential operators in the subquotient. However, by an obvious Zariski density
argument based on the formula for b,,, (A, p), the formula for gbi; defines a representation of
VecR for all A, p, and k in C and all [ in N. These representations correspond to subquotients

of pseudodifferential operator modules: gbi’; is equivalent to \I/’i)\ ! \Ifﬁ_)\ﬁrp.

We conclude this section by reproducing the formulas for b,0., (A, D), butsn(A, p),
and by44,(A, p), the only by, (A, p) we will need here; see (3) and (6)-(8) of [5]. It will be

convenient to establish some preliminary notation. Set
(2) c:=2\+p—1, N:=n+3, ¢:=3c* — 2Np.

We will define by, 421, bni3n, and byia, in terms of intermediate scalars Byi2.,, Bpysn, and
Bn+4,n:

Biion(\p) i=é+2p— (N —1)° =3,

Bisn(A\p) i=V3c(¢ — (N — 2)p—3),

Buyan(Ap) = (6+ N? = 19)? —4(Np — L(N? = 6))° — 3(N? — 9)(N? + 2).

12



The formulas for b,49.5, bpysn, and b,44,, are

p—n Bn+2 n(Aup)
bn n )‘7 = — 7 )
+2, ( p) 12< 2 > n ‘l‘%

=1\ _Buysn(Ap)
bn n )\ = V3 p " nt3n !
+an(A) 18< 3 >n(n+1)(n+2)’

5 p—n Bn+4,n()‘7p)
bvan(A,p) = 4s< 4 >n(n+%)(n+g)(n+g)(n+3>'

4.3. Equivalence Classes of SQI;:;

We wish to know the conditions under which SQ])“\”lp and SQ]f\i:;, are Vec R-equivalent.
Henceforth we admit subquotients of pseudodifferential operators, so £ may be in C.

Lecomte and Ovsienko [9] examined the case that p = p’ = 0, where & = k' is
necessary for equivalence. They found that SQ’;:G and SQ];}{O are generically equivalent for
[ <4, and equivalent for [ > 5 only when X\ is A or 1 — A, the conjugate case. We will give

: . . el Kl .
necessary and sufficient conditions under which SQy’, and SQ),,, are VecR-equivalent for

[ <5.
LEMMA 4.5. If SQ];; is Vec R-equivalent to SQ];’;,, thenl =1 andp—k=9p — k.

PROOF. The two modules have the same composition series only if [ = I’ and p — k =

p — K. O

PROPOSITION 4.6. Assume that p— k = p' — k' and that (1) is false. Suppose that € is an
endomorphism of @2:1 F(p—k+1i—1). Then it is an a-equivalence from gbifn to qﬁ];i;, if
and only if, regarded as a block matriz with entries €y, : F'(m) — F(n), it is block diagonal

with non-zero scalars on the diagonal.

ProOOF. Under our assumptions, the Casimir operators of gbl;; and gbl;,,fn, are equal, and are
block diagonal with scalars on the diagonal. Since e commutes with this operator, it is also
diagonal. To see that the diagonal entries €,, are scalars, note that €., : F(n) — F(n) is an

a-equivalence and apply Proposition 2.12. O

13



PROPOSITION 4.7. Assume that p—k = p' — k' and that (1) is false. Then SQ];:; and SQ]f\l,j;,
are Vec R-equivalent if and only if there are non-zero scalars €,,, where n = p —k,p —k +
L,...,p—k+1—1, such that for all (m,n) withp—k <n,m <p—k+Il—1, andn+2 <m,

we have
(3) 6mmbmn(>\7p) = bmn()‘/ap/)enn'

Proor. If SQ];:lp and SQ]f\l,:;, are Vec R-equivalent, then there is an equivalence € from (b’;’;’
to qﬁl;:’;g,. By Proposition 4.6, € is block diagonal, and (3) is the (m, n) entry of the equation
€0 gb];’,; = ’;ﬁ;, o e. Conversely, if (3) can be solved for the €,,, then the resulting block

: o : Kl Kl
diagonal matrix € is an equivalence from ¢y’ to ¢y, . O

DEFINITION. The subquotients SQI;; and SQlf\i:fD, are said to satisfy the same vanishing
condition if b,,,(\, p) and b,,,, (X', p’) are either both zero or both non-zero for all p—k < n,

m<p—k+Il—1,and n+2 <m.

COROLLARY 4.8. If SQ’;:; and SQ]f\i:;, are Vec R-equivalent, then they satisfy the same van-
1shing condition.

Henceforth, let us write by, b, Bimn, and Bl for by, (A, p), bpn (N, 1), Bmn(A, p),

and By, (N, p') respectively. Similarly, by analogy with (2) we will write ¢ for 2\ +p' — 1
and ¢ for 3(c')? — 2Np'.

Observe that if p—k = p' — k" and (p/, ') = (p, —¢), then the formulas for the b;; show
that SQ];’,; and SQ’;:’,;, are equivalent for [ < 5. In fact, this is true for all [, as in this case
\If’/{p and \If’f_p_ »p are conjugate. This explains why the equivalence class of SQ];:; depends

only on (k,p,¢).

The following result is proven in [9] for p = 0.

THEOREM 4.9. Assume that p —k =p' — k', and definen :=p — k.

(1) SQI;; and SQ%”;/ are Vec R-equivalent.

(2) Forn # 0, SQI;’; and SQlf\i’;, are Vec R-equivalent.
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(3) Forn # 0, —%, or —1, SQ’;:; and SQlf\i:z, are Vec R-equivalent if and only if they
satisfy the same vanishing condition, that is, by2, and by, , are both zero or both
non-zero.

(4) Forn # 0, —%, -1, —%, or -2, SQ’;; and SQ];? are Vec R-equivalent if and only if
they satisfy the same vanishing condition, that is, the elements of each of the pairs

(bns2ms Union)s (bnssinits Ui pngn)s and (buisn, b, s,) are either both zero or both

non-zero.

PROOF. In all cases, the assumption on n implies that (1) is false. In Case (1), both modules
are equivalent to F'(n), and in Case (2), Theorem 4.4 implies that both modules are equivalent
to F(n) @ F(n +1). In Case (3), if both b, 12, and b, ,,, are zero, then both modules are
equivalent to @?:0 F(n +1). If both byyo, and b, ,,,, are non-zero, apply Proposition 4.7
with €,, = €p41n+1 = 1 and €,4940 = bn+2,n/b;z+2,n'

In Case (4), it is again always possible to solve (3) for e. We will only describe the

case that none of the b,,, is zero. We may take €,, = 1,

/ / /
€nt+2n+2 = bn+27n/bn+2,n; €n+3,n+3 = bn+3’n/bn+3,n7 €n+lntl = 6n+3,n+36n+3,n+1/bn+37n+1~
OJ

4.4. The Length Five Case

In this section we study the length five case, which exhibits a new phenomenon: the
equivalence classes have continuous invariants. As in Theorem 4.9, we assume throughout

that n:=p — k = p' — k’, and we maintain the notation (2). Define

Iq()‘7p) = Bn+4,n/Bn+4,n+2Bn+2,na
[c()‘ap) = Bn+4,an+3,n+1/Bn+4,n+1Bn+3,n7

Ir()\7p) = Bn+3,n+1Bn+4,n+2Bn+2,n/Bn+4,n+1Bn+3,n'

As usual we shall abbreviate I,(\,p) and I,(X,p') by I, and I,. Note that I, = I,I,. The

following theorem is our main result.
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THEOREM 4.10. Assume that k # 0, 1, 2, or 3, and that n # 0, —%, -1, —%, -2, —%,
or —3. Then SQI;’; and SQlf\i’;, are VecR-equivalent if and only if they satisfy the same

vanishing condition and one of the following mutually exclusive conditions hold:

1) Two or more of Byian, Bniant2Bnion, and Byisni1Bntsnt1Brisn are 0.

/
2 n+4,n n+4 n+2Bn+2n 3& 0, Bn+4 n+1Bn+3 n+an+3n 0, and ]q = Iq'

(1)
(2) B
(3) BusanBniant1Bnssnt1Buyan # 0, Buyany2Buion =0, and I. = I,
(4) Of the siz Byj’s, only Byyan =0, and I, = I].

(5)

5) None of the Bj;’s is zero, I, = I, and I. = I.

PROOF. By the assumption on n, (1) is false, so Proposition 4.7 applies: SQI;Z and SQ%:‘Z,
are Vec R-equivalent if and only if (3) can be solved for e.

The condition on k rules out cases in which SQI;’; is split by the image of the splitting
w3, = Diff?)’\’p @\Il;;). In these cases one can use Theorem 4.9 to determine whether SQ’;’;
and SQI;Z‘;, are equivalent. Observe that under this condition, each of the six b;;’s is zero if
and only if the corresponding B;; is zero.

Using the formulas for b;; in terms of B;;, verify that

Iy = 3NV = Dbusan brsansabosan

N(N? 1)
Ic = _%—bn+4 nbn+3 n+1 bn+4 n+1bn+3 ns
EEEE /
(V= L = 9)
Ir = _% N(}lVQ — 1) 4 bn+4,n+1bn+3,n/bn+4,n+2bn+3,n+1bn+2,n-

Thus if none of By, 144, Bntant2, Bnian is zero, then (3) gives

( b, n+4, n/bn+477’b) . (€n+4,n+4/6n,n)

= =1.
(br, +4, n+2/bn+4 nt2) (b;+27n/bn+2,n) (€n+4,n+4/€n+2,n+2) (€n+2,n+2/€n,n)

/ JR—
[q/‘[q -
Similarly, if none of B, 14, Butant1, Bntsnt+1, Bnisn 1S zero, then

I//[ _ ( ;L+4 n/bn+4 n)(b, +3, n+1/bn+3 n+1> _ (6n+4,n+4/6n,n)(€n+3,n+3/€n+1,n+l) —1
(b, +4, n+1/bn+4 n+1)( n+37n/bn+3,n> (€n+4,n+4/€n+1,n+1> (€n+3,n+3/€n,n)

The same kind of argument shows that if none of By, B3y, Bas, Bs1, and By is zero,
then I/ /I, = 1. Tt is easy to see that there are no other obstructions to equivalence beyond

the same vanishing condition. The result follows. 0J
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CHAPTER 5

THE GENERIC LENGTH FIVE CASE

In this section we study the equivalence class of SQ?\L‘Z in the generic case that none
of the six relevant B;; is zero. We maintain the same assumptions on n = p — k and on k
as in Theorem 4.10. By Case (5) of that theorem, I, and I, are complete invariants for the

equivalence class of SQ];’i, so we are reduced to studying the level curves of I, and I..

5.1. The Level Curves of I,

Consider the A-level curve I, = A of I,, which may be written

Bn+4,n - ABn+4,n+2 Bn+2,n .

In (p,¢)-coordinates, Bpi4, = 0 is a conic and B, i4,+2Bn12, = 0 is two lines. The
intersection of the conic with the two lines is four points, and these four points are on all
of the level curves of [,. Thus, the family of level curves I, = A as A varies is the pencil of
conics through four fixed points.

The center of the quadrilateral formed by these four points turns out to be (%N N2+

15

5) in (p, ¢)-coordinates. Therefore we will study the level curves in the coordinate system

~

(p, A) in which the quadrilateral is centered at the origin:

In this new coordinate system,
Bn+2,n = A + 213 + %N + 27
Bpyaniz=N—2p— 12N +2,

Buian = (A4+2N%)* —4(Np+8)* — 36(N? — 1) (N? —

25

[

PROPOSITION 5.1. In (p, A)-coordz’nates, the level curves of I, comprise the pencil of conics

through the following four points, which are inscribed in a circle:

Pyy:= (3N —2,—4N +3), Pp:=(:N+2,4N +3),

17



Qu = (5N +3,-3N=3), Qu:=(—35N-

N =

,—3N —3).

PRrROOF. Elementary algebra shows that P, and Q99 are the points of intersection of the
line B,42, = 0 and the conic B, 14, = 0. Since the transformation N — —N, p — —p,
A — A leaves B, 14, fixed and exchanges B,,19, and B, 44,42, We see that Py and Qo are
the points of intersection of B4 4,42 and By 1q,.

As is made clear by Proposition 5.3, the inscribing circle is

O

COROLLARY 5.2. At N = 0, the quadrilateral PogPy(Q0Q42 is a trapezoid with two sides
parallel to the p-azis. As N — oo, it approaches a trapezoid with two sides parallel to the

A-azis. Its diagonals have the following slopes.

(1) ProQoo and PyQio have slopes —2 and 2, respectively.

(2) PaoPya and Q20Q42 have slopes %N and —%N, respectively.

(3) PooQa2 and PyQso have slopes -3 and 3, respectively.

REMARK. Note that when N = 18—5, Pys is equal to QQ40; when N = —%, Py is equal to (Qop;
when N = %, Py is equal to Q42; and when N = —%, Pys is equal to QQo9. These are the only

values of N at which two of the four points are equal.

PROPOSITION 5.3. After multiplication by (A — 1)(A — N?)By14ni2Bnion, the equation of
the level curve I,(\,p) = A becomes

2

(A= N (A= DA +2(4 - N2)>2 —4(A- D) ((A- N+ EN(A - 1))
——L(N2-1) (5(A 1) 4(N? - 1)) (16N2(A — 1) —25(A— N2)>.

ProOF. The proof is a long but straightforward algebra exercise. 0

PROPOSITION 5.4. I, has the following types of level curves.

(1) When A =1 or N2, the level curves are parabolas.

18



(2) When (A—1)(A—N?) > 0, the level curves are hyperbolas. In particular, when A is
—9N?/(16N? —25), —2(N? —9), or 0o, the level curves are degenerate hyperbolas:
the pairs of lines given in Corollary 5.2.

(3) When (A — 1)(A — N?) < 0, the level curves are ellipses. In particular, when

A= %NQ + %, the level curve is a circle.
Proor. This is immediate from Proposition 5.3. O

We now give plots of several level curves at N = 5. The points Psg, Pjo, (D20, and Q4o
are labeled in red. The final figure in this section is an overlay of the three pairs of lines, the

two parabolas, and the circle, as well as two hyperbolas and two ellipses.

1 1 1 1 1 1 1 1
—~100 50 100

A=w A=-18.2 A=-0.0

FIGURE 5.1. When N = 5, the three pairs of lines among the level curves of

I, occur at A = oo, —0.6, and —16.2.
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FIGURE 5.2. As stated in Proposition 5.4, the two parabolas occur when

A = N? and when A =1. When N = 5, they occur at A =1 and 25.
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100 -

=100

FIGURE 5.3. Here are three ellipses, one of which is a circle. Ellipses occur
in the level curves of I, when (A — 1)(A — N?) < 0, and we get a circle when

A= %NQ + % For N =5, this is when A = 20.2.
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II | A=0
A=32 \ .
W |
5ot |
| 1o
e % :_.' T
{
_-;.:.:
-1-:».1—'I
| II

FIGURE 5.4. Here are two hyperbolas, one North-South opening and the

other East-West opening. Hyperbolas occur in the level curves of I, when

(A—1)(A— N?) > 0.
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FIGURE 5.5. Various level curves of [,(\,p) when N =5
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5.2. The Level Curves of I,

Here we briefly discuss the A-level curve I. = A of I., which may be written

BrianBnisnii = ABpiani1Buisn.
In (p, A)-coordinates,
BuvanBussns = (A 2877 —a(Np+ §)7 (V2 — 1) (W = ) (A +3)
BuisnBuiamer = (A+2Np+ IN? + BY (A — (N = £)p+ IN? + EN + 2)
X (A= (N+2)p+2N* - 3N+ 3).

Thus By y4nBnisnt1 = 0 is a conic multiplied by a line, and B, 43,Bn14n+1 = 0 is three
lines. The intersection of B, 44,Bn+3n+1 = 0 with the three lines is nine points, and these
nine points are on all of the level curves of I.. Thus the family of level curves I, = A as
A varies is the pencil of cubics through nine fixed points. (By Chasle’s theorem, it would

suffice to take any eight of the nine.)

THEOREM 5.5. Assume that k # 0, 1, 2, or 3, and that n # 0, —%, -1, —%, -2, —g, or

—3. The generic equivalence class of SQ’;:Z is six pairs of conjugate subquotients.

PRrROOF. Let us fix a subquotient SQ';’;’). Assume the six b;;’s are non-zero. By Theorem
4.10, a subquotient SQ]f\l,ji, is equivalent to SQ’;:‘; ifand only p—k =p' — &/, SQ];’; and SQ]f\l,jil
satisfy the same vanishing condition, and (A, p) and (X, p’) lie on the same level curves of
both I, and I.. By Bézout’s theorem, the number of points of intersection of a conic and a

cubic is six. O

We will now plot various level curves of I.(\, p) for N = 5. The value of A increases as
the figures progress. Note that for A = 0 we obtain the line B, ;3,11 = 0 and the hyperbola

B4, =0, while as A — 00 we obtain the three lines B, 14 ,415,43, = 0 in the limit.
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I.= —4 when N =5
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FiGURE 5.7. I.=—1 when N =5
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FIGURE 5.8. [.=0when N =5

27



/4N

FIGURE 5.9. [I.=0.5 when N =5
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FIGURE 5.10.
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I.=1.06 when N =5
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FIGURE 5.11.

I. = 1.1 when N =5
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FIGURE 5.12.
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FIGURE 5.13. I.=15 when N =5
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FIGURE 5.14. .= 250 when N =5
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5.3. The Lacunary Case

We will now define certain Vec R-subquotients of SQI;’; whose equivalence classes
depend generically only on the invariant I,(\, p). As before, let us write by, ¥,,,, Bmn, and
B! for byn(AN, D), bpn (N, 1), Bun(A, ), and By, (N, p') respectively. We assume throughout
this section that n = p’ — k' = p — k, and that it is not 0, —3, —1, —%, —2, =2, or —3. With

this condition on n, Theorem 4.4 applies.

PROPOSITION 5.6. The following block matrix defines a representation of VecR on the space

Fn)@ F(n+2)® F(n+4):
Ty, 0 0
bn+27nﬁg Tn+2 0

n+2
bn+4,n62 bn+4,n+252 Tn+4

k.5

This representation is a subquotient of SQy7,

called the lacunary subquotient Lacl;,p.

PROOF. Asisnoted in [5], for n # 0 there is a Vec R-submodule \If];i; of \I/’ip with composition
series

F(n), F(n+2), F(n+3), F(n+4),....
This submodule contains \I/f“\;f but not \I";;f. It exists because of the zeroes on the first
subdiagonal of the block matrix shown in Theorem 4.4. The lacunary subquotient is defined
to be
Lacl)ip = \Ifl;;/\lf];;‘“

O

THEOREM 5.7. Assume k #0, 1,2, or3, andn =p—k =p —k' is not 0, —%, -1, —%, -2,

—g, or —3. Then Lac’ip and Lac];;’p, are VecR-equivalent if and only if Bytan, Brianto,
and By, 12, satisfy the same vanishing condition and one of the following mutually exclusive

conditions holds:

(1) Bn+4,an+4,n+2Bn+2,n = 0.
(2) Bn+4,an+47n+QBn+27n 7£ O, and ]q = I;
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/ . . . . .
PrROOF. Let Lac’;p and Laclf\,’p/ be two lacunary subquotients. Their composition series are

the same if and only if p — k = p’ — k’. As in Propositions 4.6 and 4.7, one proves that

€nn €n,n+2 €n,n+4
€nt+2n  €nt+2n+4  En+2n+4
€nt+4n  En+dan+2 Entdnt4
is an equivalence from Lac’ip to Lac’;iyp, if and only if it is diagonal, invertible, and €,,,,b,, =

/ 3 /
byn€nn- 1f none of Byyan, Buyanto, and Byyo, is zero and [, = I, then the reader may

check that
1 0 0
€=10 b%+2,n/bn+2,n 0
0 0 b;-b+47n/bn+4,n
satisfies these properties. O
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