
 

 
 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

APPROVED: 
 
Bill Buckles, Major Professor 
Yan Huang, Committee Member 
Kamesh Namuduri, Committee Member 
Parthasarathy Guturu, Committee 

Member 
Barret Bryant, Chair of the Department of 

Computer Science and Engineering 
Costas Tsatsoulis, Dean of the College of 

Engineering 
Mark Wardell, Dean of the Toulouse 

Graduate School 

MULTI-PERSPECTIVE, MULTI-MODAL IMAGE  

REGISTRATION AND FUSION 

Mohammed Yassine Belkhouche 

Dissertation Prepared for the Degree of 

DOCTOR OF PHILOSOPHY 

 
 

UNIVERSITY OF NORTH TEXAS 
 

August 2012 



Belkhouche, Mohammed Yassine. Multi-perspective, Multi-modal Image 

Registration and Fusion. Doctor of Philosophy (Computer Science), August 2012, 94 

pp., 14 tables, 40 illustrations, references, 98 titles. 

Multi-modal image fusion is an active research area with many civilian and 

military applications. Fusion is defined as strategic combination of information collected 

by various sensors from different locations or different types in order to obtain a better 

understanding of an observed scene or situation. Fusion of multi-modal images cannot 

be completed unless these two modalities are spatially aligned. In this research, I 

consider two important problems. Multi-modal, multi-perspective image registration and 

decision level fusion of multi-modal images. In particular, LiDAR and visual imagery.  

Multi-modal image registration is a difficult task due to the different semantic 

interpretation of features extracted from each modality. This problem is decoupled into 

three sub-problems. The first step is identification and extraction of common features. 

The second step is the determination of corresponding points. The third step consists of 

determining the registration transformation parameters. Traditional registration 

methods use low level features such as lines and corners. Using these features require an 

extensive optimization search in order to determine the corresponding points. Many 

methods use global positioning systems (GPS), and a calibrated camera in order to 

obtain an initial estimate of the camera parameters. The advantages of our work over 

the previous works are the following. First, I used high level-features, which significantly 

reduce the search space for the optimization process. Second, the determination of 

corresponding points is modeled as an assignment problem between a small numbers of 

objects.  



On the other side, fusing LiDAR and visual images is beneficial, due to the 

different and rich characteristics of both modalities. LiDAR data contain 3D 

information, while images contain visual information. Developing a fusion technique that 

uses the characteristics of both modalities is very important. I establish a decision-level 

fusion technique using manifold models. 
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CHAPTER 1

INTRODUCTION

1.1. Motivations

Multi-modal image fusion is an active research area with many civilian and mil-

itary applications. Fusion is defined as strategic combination of information collected

by various sensors from different locations or different types in order to obtain a better

understanding of an observed scene or situation. Fusion of multi-modal images cannot

be completed unless these two modalities are spatially aligned. In this research, I con-

sider two important problems: Multi-modal, multi-perspective image registration, and

decision level fusion of multi-modal images. In particular, LiDAR (light detection and

ranging) and visual imagery.

Multi-modal image registration consists of three sub-problems. The first step is

identification and extraction of common features. The second step is the determination

of corresponding points. The third step consists of determining the registration transfor-

mation parameters. Traditional registration methods use low level features such as lines

and corners. Using these features require an extensive optimization search in order to de-

termine the corresponding points. Many methods use global positioning systems (GPS),

and a calibrated camera in order to obtain an initial estimate of the camera parameters.

The advantage of my work over the previous work, are the following. First, I used high

level-features, which significantly reduces the search space for the optimization process.

Second, the determination of corresponding points is modeled as an assignment problem

between a small number of objects.

On the other side, fusing LiDAR and visual is beneficial, due to the different and

rich characteristics of both modalities. LiDAR data contain 3D information, while images

contain visual information. Developing a fusion technique that uses the characteristics

of both modalities is very important. I introduce a decision-level fusion techique using

manifold models.
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1.2. Challenges

There are many challenges in registering LiDAR and visual imagery. LiDAR data

and visual images have substantial different characteristics (LiDAR is 3D point cloud

where images contain visual information) which makes the identification and extraction

of corresponding features very difficult task. Most traditional image registration methods

that attempts to used interpolated LiDAR as an image, have failed due to the different

semantic interpretation of image pixel value and gray level interpolated LiDAR. An added

challenge, is the difference between the perspective views from which the LiDAR and the

visual image are collected. Another problem is related to symmetrical scenes, many

algorithms fail to determine the correspondence points in symmetrical scenes.

1.3. Contributions

The main contributions of this research are the followings. First, I establish a

new method for LiDAR filtering (separation of terrain and object points) that achieves

greater accuracy than many previously proposed methods. The second contribution

is objects extraction and boundary determination from LiDAR point cloud, I describe

a new method for discrete objects boundary extraction. The proposed algorithm can

determine the boundaries of objects with different characteristics (convex, non-convex,

objects with holds). The third contribution is multi-perspective image registration of

LiDAR and visual imagery: The registration process is based on object matching. This

reduces the search space for the optimization process used by many other methods. The

forth contribution is related the features matching in symmetrical scenes. I introduce

multi-object shape signatures, in which a single signature is obtained for many objects

at a time. Another contribution is the shape-based registration error measurement. I

describe a new way to computed the registration error using object boundaries. My

last contribution is manifold-based decision-level fusion. I introduced new idea that uses

manifold models for decision level fusion of multi-modal data. One manifold is learned

from features extracted from each modality, then I proposed decision-level technique that

combines the decisions obtained from each manifold. The methodology and contributions
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are illustrated in figure 1.1.

LiDAR Filtering    

 

Object Extraction

Segmentation of 

optical image

Object Extraction

Registration

Decision-level 

Manifold Fusion

DEMs

Objects

Classified

LiDAR

LiDAR

Visual image - New method  for filtering LiDAR data is 

established.

New method for object 

boundary extraction from

point clouds is established 

- Registration based on objects matching

- Multiple objects Signature

- New registration error measure  

-  A decision-level fusion using 

manifolds

Figure 1.1. Research description.

1.4. Dissertation Organization

This dissertation is organized as follows. Chapter 2 describes my method for

filtering LiDAR data. In chapter 3 I review techniques used for cultural object extraction

from aerial visual images. In chapter 4, I introduce new method for object extraction from

the LiDAR point cloud. Chapter 5 introduces the multi-modal, multi-perspective image

registration method. In chapter 6, I introduce a manifold-based scheme for multi-modal

data fusion. I conclude this dissertation in chapter 7.
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CHAPTER 2

LIDAR FILTERING

2.1. Introduction

In my approach, the first step toward multi-modal registration is identification and

extraction of common features from both modalities. Cultural objects are common to

both LiDAR (light detection and ranging) and visual imagery. In this chapter I consider

extracting these objects from LiDAR data. Object extraction from LiDAR is achieved

through the filtering process. It is the most important and challenging task for informa-

tion extraction from LiDAR data. Filtering is defined as clustering or classification of

the LiDAR point cloud into terrain points (LiDAR returns from the terrain) and object

points (LiDAR returns from objects) such as cultural objects (buildings, cars, and other

structures) or natural objects such as trees. The result of this process plays a central role

for many applications. Terrain points are interpolated to generate digital terrain models

(DEMs). DEMs are very important products, they are used for vital applications such as

flood modeling, urban planning, evacuation management, battle field management and

several other applications. Other derivatives such aspect, slope, flow direction, visibility

analysis are easily extracted from DEMs. Object points are used for other application

such as building reconstruction for 3D city models and tourist information systems. Fig-

ure 2.1 shows the importance of the outcome of the filtering process and a few vital

applications. In this chapter I introduce a novel method for filtering LiDAR data. My

method is designed to overcome some of the drawbacks of many previously proposed

algorithms [20, 97, 58, 4, 35]. This chapter is organized as follows: Problem formulation

and the main challenges for filtering algorithms are given in section 2.2, this section is

followed by related work in section 2.3. Section 2.4 covers the methodology, it consists of

three parts: outliers removal, characterization of LiDAR data and the proposed filtering

algorithm. Experimental results and validation are introduced in section 2.5. I conclude

this chapter in section 2.6.
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Figure 2.1. Importance of the filtering process.

2.2. Problem Proposition and Challenges

Let PLiDAR = {p1, p2, ..., pN}, where pi = {xi, yi, zi} be the set of LiDAR raw

points. The filtering process is to classify (or cluster) this dataset into two classes (or

clusters) CT and CO such that:

• CT: is the class representing terrain points.

• CO: is the object (off-terrain) points.

• CT ∩ CO = ∅.

• CT ∪ CO = PLiDAR.

this task has proven to be a major issue in LiDAR processing. The most important

challenges and considerations that any filtering algorithm should take into account are:

• Data representation: LiDAR instruments randomly sample the scanned areas,

generating a set of 3D points irregularly spaced. Conversion to a suitable repre-

sentation such grid or triangular mesh may be required.

• LiDAR points density: Plays an important role for filtering and object detection

and extraction. When using low density LiDAR data, few returns are collected

from small objects such as cars, which makes the identification of these objects a
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difficult if not impossible task. From another point of view, filtering algorithms

that use thresholds on slope and elevation difference must consider different

thresholds for different datasets with different resolution.

• Scene complexity: In urban areas, large structures such as stadiums, flyovers

pose a serious problem for most filtering algorithms. Lower structures (fences,

vegetation and other small objects) are more likely to be misclassified as terrain

points. Hilly or sloppy terrain is another challenge.

(a) Real world scene. (b) LiDAR scanning process.

(c) Collected LiDAR point cloud. (d) Filtered LiDAR: filed points are terrain, empty
points are object.

Figure 2.2. The filtering problem.

2.3. Previous Work

In the last decade, LiDAR instruments have been widely employed to collect a

large number of 3D elevation points. Mounted on an aircraft, LiDAR instrument scans

the area of interest returning a set of point cloud represented as (x, y, z). As an active

sensor, this instrument fires a laser pulse that is reflected by objects in the scene. The

distance to that object is computed using the time elapsed between the emission and the

reception of the reflected pulse. After data collection is completed, a challenging task

comes to the surface: Information extraction. The first step towards this task is filtering.
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LiDAR filtering algorithms are classified using different criteria. These criteria

are summarized as follows:

• Terrain characteristics: Many algorithms are designed to filter LiDAR data col-

lected from a terrain with a specific properties. Using this criterion, I dis-

tinguish three main categories. Algorithms designed to work on urban areas

[77, 81]. These algorithms work mainly in relatively flat areas, and perform well

on filtering different cultural structures. The second category defines algorithms

developed for forests or wooded terrains [58, 71, 51, 72, 57]. These algorithms

are designed to for areas characterized by few returns from the terrain. The

third category are the algorithms designed for hilly and areas with steep slopes

[61].

• Data representation: Three main representations are used by most filtering

methods: Point cloud, gridded data and triangular mesh. Many algorithms

work on point cloud, however some others interpolate the data into a regular

grid in order to be able to use image processing tools to filter the data. Triangu-

lar representation has also been used by may filtering methods. The Delaunay

triangulation is the most used representation.

• Filtering features: Filtering algorithms use some assumptions in order to define

terrain points. To list a few, the smoothness of the terrain, continuity of the

terrain, the slope between two neighboring terrain points is much smaller than

that of a terrain point and off-terrain point, and the elevation difference between

two neighboring terrain points is less than the elevation difference between a

terrain and off-terrain point.

• Filtering process: Depending on the way the filtering proceeds, three categories

have been identified [61]: interpolation-based [58, 25, 37, 57], slope-based [16,

80, 86] and morphological-based filtering [20, 97].

Based on the classification proposed by Liu [61], a review of the most important algo-

rithms in each category is provided in the rest of this section.
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Robust linear prediction (or robust interpolation) is used by Kraus and Pfeifer

[58] for filtering LiDAR data. That method was initially introduced for filtering wooded

areas, however it has been extended for urban areas. Initially, it starts by approximating

the surface using equal weights for all elevations zi. Then the residuals (distance between

the point zi and the estimated surface) is computed. The key idea behind this method

is that points corresponding to negative residuals are more likely to be terrain points,

where points corresponding to positive residuals are more likely to be off-terrain (object)

points. Based on this observation, the algorithm assigns high weights to points with

negative residuals, and low weights to points with positive residuals. A weighting function

is designed for weights assignment. The method proceeds iteratively, in each iteration,

the weights are recalculated and the points with low weights are excluded from the

next iterations. Two possibilities are used to terminate the iterative process: The first

possibility is to stop the process if the residuals do not change between two successful

iterations. The second possibility is to stop the algorithm after a specified number of

iterations is reached.

If there is no change in the residuals between two iterations or when a pre-specified

number of iterations is reached. The main drawbacks of this method are the selection

of the cell size and the parameters of the weighting function. A large flat structure

(building) could be misclassified as terrain if cell size is inappropriate.

Active contours or snakes, initially introduced for image processing by Kass et al.

[55], was adopted for filtering LiDAR data by Elmqvist [35]. The surface shape is ini-

tialized by a plane under the LiDAR data. An energy function that control the surface

shape was defined. This function control the stiffness and the elasticity of the model.

The surface model converge to award the terrain points while leaving the object points

out. This method requires high density data. The main drawback of this method is when

using low resolution LiDAR data, the surface will converge towards object points.

Another interpolation-based method was introduced by Shan and Sampath [77]

for filtering LiDAR data collected from urban areas. That method works in two steps, on

8



one-dimensional LiDAR profiles. The first step is the labeling process while the second

step is an adjustment process. The method uses the slope and the elevation difference

as discrimination criteria between terrain points and object points. These criteria are

used to initially label the LiDAR points. The labeling process is followed by a linear

regression performed on local profiles segments to remove any remaining object points.

The main problem of this method is the selection of the slope and the elevation difference

thresholds.

An iterative method for LiDAR filtering based on triangular irregular network

(TIN) was introduced by Axelsson [4]. An initial TIN is build using a set of seed points.

These points are selected as the lowest point in each cell in a defined grid with a cell size

larger than the largest structure in the LiDAR data. The LiDAR points are added to the

TIN representation if they satisfy the following criteria: The distance from the point to

the triangle facet and the angles made by the lines connecting the point to the triangle

vertices are smaller than a given thresholds. Distance and angles histograms are used to

select these thresholds. This method proceeds iteratively until no point is added to the

TIN. One main drawback of this method is that returns from low structures and lower

parts of the walls could be misclassified as terrain points. Other methods that do not fit

in this classification have been introduced [83, 64, 15, 87].

2.4. Methodology

2.4.1. Outlier Removal

Outliers may create a false step edges on the DSM. Iteratively removing these

edges will create others step edges. Directly eliminating these edges will drive my method

to converge to an erroneous terrain surface, leading to a large classification error. In

the context of LiDAR data, outliers are those returns that have an unusual elevation

compared to their neighbors. I distinguish two categories of outliers: Above surface

outliers and below surface outliers(see figure 2.3). I am mostly concerned with the second

category of outliers as they are the most likely to create below surface edges. To remove

these outliers, I proceed as follows: Let pi = (xi, yi, zi) be a point in the LiDAR dataset

9



S to be tested if it is an outlier. The neighbor pj of the point pi is defined using criterion

in equation 1. The KNN (K-nearest neighbor) Npi is defined by applying equation 1

K-times excluding the previously selected points. The point pi is considered as outlier if

it satisfies the predicate described in equation 2. The threshold Th is manually selected.

(1) NN(pi) = argmin
pj∈S

{d(pi, pj)}

(2) ∀pj ∈ NN(pi), d(pi, pj) ≤ Th;

x-axis

z-axis

terrain

Above surface outlier

Below surface outlier

Figure 2.3. Example of an outlier that should be detected and removed
before starting the filtering process.

2.4.2. Characterization of LiDAR Data

There are many ways to characterize LiDAR point cloud. Among the most used

and efficient tools are the elevation difference histograms, slope histograms, density his-

tograms or density maps.

10



2.4.2.1. Elevation Difference

Elevation difference is computed between neighboring points in the Delaunay tri-

angulation graph or in k-nearest neighbor graph. This measure provides information

about the height of the structures present in the scene. The elevation difference his-

togram corresponding to terrain, will be centered around a single value, with small stan-

dard deviation. For a terrain that contains many high elevated objects, the histogram will

have many peaks centered at different values. Figure 2.4 shows the elevation difference

histograms for bare terrain area, and the same area with objects.

−2 0 2 4 6 8 10 12 14 16 18
0

200

400

600

800

1000

1200

1400

(a) Terrain points.

−2 0 2 4 6 8 10 12 14 16 18
0

50

100

150

200
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300

350

400

(b) Terrain and object points.

Figure 2.4. Elevation difference histograms.

2.4.2.2. Slope Histograms

Slope is an important feature for characterizing LiDAR data. Slope histograms

provide a good indication about the properties of the study area (flat, hilly). Figure 2.5

shows the histograms of a relatively flat area with and without objects. The slope could

be computed in many ways. One way is construct a triangular mesh, then compute the

triangle slopes. Another way is to compute the slope between adjacent points in the

k-nearest neighbor graph.

2.4.2.3. LiDAR Points Density

As mentioned earlier, point density is important for filtering algorithms. I used a

window-based method to determine the density of LiDAR data, I move a w×w window

11
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(b) Terrain and object points.

Figure 2.5. Slope histograms.

through the dataset, and count the number of points in each window. A density histogram

is constructed from the collected data. Figure 2.6 shows the density histogram for the

real world dataset used in this chapter.
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Figure 2.6. Point density histogram.

2.4.3. LiDAR Filtering

In this section, I introduce an iterative filtering process. It consists of two main

steps: Classification of the triangles in the triangular mesh into edge triangles and non

edge triangles, and the elimination of edge triangles using interpolation. Using the orig-

inal point cloud, I construct TIN-based digital surface model (DSM). A discriminant

function is used to classify triangles. This function uses two features: Triangle slope and

elevation difference. An initial classification is performed using triangles slopes. Triangles

12



with slopes higher than a selected threshold are classified as edge triangles, while trian-

gles lower than the threshold are classified as non-edge triangles. The edge-triangles are

reclassified based on the elevation difference between the highest and the lowest points of

each triangle. Only triangles where the elevation difference is less than a selected thresh-

old are considered for further processing. Edge-triangles occur mainly in the boundary

between objects and terrain, therefore triangle vertices are mixture of terrain points and

object points. I consider the highest point in the triangle as an object point, while the

two other points are left to be classified in further iterations. At the first iteration many

object points are left unclassified (eg. points on a flat building.). In order to classify

these points, I need an iterative elimination of edge-triangles. This is done by adjusting

the elevation of the object points such that the new slope of the edge-triangle is less than

the selected threshold. The new elevation is calculated using an interpolation method. I

determine the non-edge triangles adjacent to the triangle in consideration, and select the

triangle attached to the lowest point. The highest point of the edge triangle is projected

on the plan of the selected non-edge triangle. The iterative elimination of edge triangles

leads to the elimination of off-terrain objects. In each iteration only the slope of the

triangles is recalculated, and a reclassification is performed. This process is repeated

until no edge triangle is left. A graphical explanation of this process is shown in figure

2.7.

In a formal way, this process is modeled as follows: Let τ be a triangular mesh,

and ti = {p1, p2, p3} be a triangle in τ , where pi, i = 1, 2, 3 are the vertices of ti. Assume

that the elevation of the triangle vertices satisfy the condition: Zp1 ≤ Zp1 ≤ Zp1 . I define

two labeling functions: Ls(ti) and Le(ti). The function Ls(ti) assigns triangles to a set

S1, if the triangle slope is less than the threshold hs, or S2 otherwise. The sets S1 and

S2 satisfy the following conditions:

• S1 ∪ S2 = τ .

• S1 ∩ S2 = ∅.

The labeling function Ls(ti) is defined in equation 3. The labeling function Le(ti)

13



(a) Cross section: Original point cloud. (b) Cross section: Initial TIN.

(c) Classified triangles: Solid lines are non-edge
triangles, while dashed lines are edge triangles.

(d) Classifying the highest point as object and
creation of virtual points (empty circles).

(e) The new classified triangles. (f) After classifying the highest points and the
generation of virtual points.

Figure 2.7. Graphical explanation of the filtering process.

assigns a triangle to a set E1 if the elevation difference between the the highest point

and the the lowest point in the triangle exceeds some defined threshold he, or to a set E2

otherwise. This function is defined in in equation 4.

(3) Ls(ti) =

 1 if si >= hs

0 if si < hs

(4) Le(ti) =

 1 if ei >= he

0 if ei < he

The slope s of a triangle is computed as follows: Let πh be the horizontal plane

and πt be the plane containing the triangle T. I define the slope of the triangle as the

angle between the two planes πh and πt, it is computed using equation 5.
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(5) θ = cos−1

∣∣∣∣< nh, nt >

‖nh‖‖nt‖

∣∣∣∣ where 0 ≤ θ ≤ π/2.

T

nt

nh

πt 

πh 

Figure 2.8. Computation of the triangle slope.

where nh = (Ah, Bh, Ch) and nt = (At, Bt, Ct) are the normal vectors to the plane

πh and πt respectively. The normal vector to the plane πh is nh = (0, 0, 1) and the

normal nt is computed as follows: given a triangle T = {p1, p2, p3} the normal to the

plane containing this triangle is calculated by equation 6.

(6) nt = (p2 − p1)× (p3 − p1).

Different ways could be used to select the thresholds hs and he. One way is based

on previous knowledge about the characteristics of the study area, such as terrain slope

and the elevation of the lowest object. Another way to select these thresholds is to use

slope histograms and elevation difference histograms introduced earlier in this chapter in

section 2.4.2.

Edge triangles are selected as the intersection between S1 and E1 (Te = S1 ∩E1).
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After determining these triangles, I adjust the elevation of highest point of the triangles

in the set Te. Equation 7 is used, it combines both classification and the interpolation

process. The elevation of points are modified only if Ls(ti) = 1 and Le(ti) = 1, otherwise

there will be no change. An illustration example on real dataset is shown in figure 2.9.

(7) Zp3 = Zp3 + Ls(ti)× Le(ti)×
√

(xp3 − xp1)
2 + (yp3 − yp1)

2 × (sL − si).
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(j) iteration 10.

Figure 2.9. Filtering process: an illustration example.
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2.5. Experimental Results and Validation

The quantitative accuracy assessment of filtering algorithms has been a challeng-

ing task due to the lack of truth data. Accuracy assessment methods have been classified

into three main categories:

• Visual inspection: This is a subjective assessment, no quantitative assessment

is provided.

• Random sampling of ground filtered data: Methods using this technique have an

overestimated accuracy and lower errors. The reason is that the truth data are

selected from flat terrain areas and buildings points, however most errors occur

in the boundary between terrain points and off-terrain points.

• Cross tabulation with manually classified truth data: The main drawback of this

methods is that there are many complex scenes, where it very difficult even for

a human observer to accurately classify the LiDAR data.

In this chapter, I used cross-tabulation for validation. I used real world datasets

and simulated LiDAR datasets. The following measures are used to evaluate the perfor-

mance of my method:

• Overall accuracy: Evaluate the total classification accuracy, it is computed by

equation 8.

(8) Accuracy =
a+ d

a+ b+ c+ d

• Terrain accuracy: Provides information about the classification accuracy of ter-

rain points, it is computed by equation 9.

(9) Accuracy of correctly classified terrain points =
a

a+ b

• Object accuracy: Provides information about the classification accuracy of ob-
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ject points, it is computed by equation 10.

(10) Accuracy of correctly classified object points =
c

c+ d

• Total error: Indicates the total classification error, it is computed by equation

11

(11) Accuracy =
b+ c

a+ b+ c+ d

• Type I error: Is the error resulting from misclassification of terrain points as

object points, it is computed by equation 12.

(12) TypeI error =
b

a+ b

• Type II error: Is the error resulting from misclassification of object points as

terrain points, it is computed by equation 13.

(13) TypeII error =
d

c+ d

Where a, b, c and d are defined by table 2.1.

Table 2.1. Cross-tabulation validation

Terrain points Objects points
Terrain points a (terrain and classified as terrain) b (terrain but classified as objects)
Objects points c (objects but classified as terrain) d (objects and classified as objects)

I compared my method to two other well known methods: The TIN densification

developed by Axelsson [4], and the advanced DTM generation developed by Kraus and

Pfeifer [58].

2.5.1. Real World Dataset

A LiDAR point cloud dataset and its corresponding infrared imagery provided by

the state of Louisiana (http://atlas.lsu.edu) was used to test my method. The laser (Leica

Geosystems ALS40 LiDAR mapping system) instrument mounded on aircraft flying at
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8000 feet was used to collect the point cloud. The Leica Geosystems ALS40 system allows

a repetition rate of about 15,000 to 30,000 pulse per second. The collected data has a

points density of 0.18 pt/m2. From this dataset I selected two sites to test and evaluate

my method.

• Site 1: A 700 m × 700 m area from downtown New Orleans, shown in figure

2.10. This area contains complex structures that are hard to filter for many

algorithms. Very large objects such as the Superdome and ground level objects

such as cars.

(a) Infrared image. (b) Cross-section profile.

(c) Terrain points. (d) Objects points.

Figure 2.10. Site 1: Downtown New Orleans.

• Site 2: A 530 m × 690 m area, shown in figure 2.11. The complexity of flyover

structure in this area is one of the most challenging tasks for filtering algorithms.
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(a) Infrared image. (b) Cross-section profile.

(c) Terrain points. (d) Objects points.

Figure 2.11. Site 2: Complex flyover structure.

The ground truth is obtained by manually classifying the two datasets. The

comparison results for the first site shows that my method performs better that the

method proposed by Axelsson [4]. When compared to the method developed by Kraus

and Pfeifer [58], it performs better except for the object accuracy, where Kraus and

Pfeifer [58] is better. These results are summarized in table 2.2. For site 2, my method

performs better than both methods proposed by Kraus and Pfeifer [58] and Axelsson [4],

respectively. The results for the second area are summarized in table 2.3.
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Table 2.2. Comparison and accuracy assessment for site 1.

Methods
Method in [58] Method in [4] My method

Total accuracy 96.39 83.34 96.67
Terrain accuracy 94.51 94.37 95.41
Object accuracy 99.47 65.34 98.74

Total error 3.61 16.66 3.33
Type I error 5.49 5.63 4.59
Type II error 0.53 34.66 1.29

Table 2.3. Classification accuracy for dataset 2

Methods
Method in [58] Method in [4] My method

Total accuracy 96.24 86.59 99.02
Terrain accuracy 100 99.04 98.20
Object accuracy 93.77 78.43 99.55

Total error 3.74 13.41 0.98
Type I error 0 0.96 1.80
Type II error 6.23 21.57 0.45

2.5.2. Simulated LiDAR Data

A LiDAR simulator has been developed and used to generate simulated LiDAR

data. A user defined scene is scanned to generate 3D point cloud. Two datasets have

been generated. The first dataset is a flat terrain with objects with different sizes and

elevations. This dataset contains 44429 points and it is shown in figure 2.12. The second

dataset is a hilly area with 44321 points, it is shown in figure 2.13. Similarly to the

real world data, I compared my method to the two methods mentioned previously. The

comparison results is shown in table 2.4 for site 1 and table 2.5 for site 2. These results

show that my method performs better than the two other methods [58, 4].

Table 2.4. Comparison and accuracy assessment for simulated site 1

Methods
Method in [58] Method in [4] My method

Total accuracy 99.61 91.12 99.90
Terrain accuracy 97.73 99.34 99.44
Object accuracy 100 89.39 100

Total error 0.39 8.88 0.10
Type I error 2.27 0.66 0.56
Type II error 0 10.61 0
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(a) Site 1: Point cloud.
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Figure 2.12. Simulated LiDAR: Flat terrain.

Table 2.5. Comparison and accuracy assessment for simulated site 2

Methods
Method in [58] Method in [4] My method

Total accuracy 98.49 97.98 98.73
Terrain accuracy 91.21 91.19 92.65
Object accuracy 100 99.39 100

Total error 1.51 2.02 1.27
Type I error 8.79 8.81 7.35
Type II error 0 0.61 0

2.6. Conclusion

In this chapter I proposed a new method for filtering LiDAR data. My method is

designed to overcome some of drawbacks (such as seed points selection and determination

of filtering window size) of many previously proposed methods. The proposed method

proceeds iteratively. It starts by detecting edge triangles on Delaunay-based triangular
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(a) Site 2: Point cloud.
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(c) Object points.

Figure 2.13. Simulated LiDAR: Hilly terrain.

mesh. The second step is to eliminate these edges. Edge triangles are eliminated by

adjusting the elevation of the highest point in the triangle to a lower elevation using an

interpolation process. This process is repeated until no edge triangle is left. The valida-

tion process is performed on real world LiDAR and on simulated LiDAR. A comparison

to two other well known methods shows that my method performs better in almost all

tests sites. My method has one drawback. The existence of natural step edges in the

terrain surface (discontinuities), will lead to a large classification error. This problem

could be avoided by a preprocessing step for break lines detection.
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CHAPTER 3

OBJECT EXTRACTION FROM OPTICAL IMAGERY

3.1. Introduction

The second step toward LiDAR (light detection and ranging)-visual registration is

object extraction from a visual image. In this chapter I focus on recognizing cultural ob-

jects (mainly buildings) in aerial visual images. Extracting all cultural objects from aerial

images accurately is a very difficult task, especially when the image is taken at an angle

from orthonormal. Another difficulty added to this task is the overlap between buildings

and trees in urban areas. A mitigating factor is the fact that I require only a few objects

for the registration process. Therefore extracting all cultural objects in the study area is

not my objective. In this chapter I review some of the segmentation methods that can

be used for building extraction from aerial images. In the literature, segmentation meth-

ods have been classified into two main categories, edge-based methods and region-based

methods. Edge-based methods partition the image into regions using edge detection al-

gorithms. Region-based methods use some predefined similarity criteria to partition the

image into similar regions. There is a large number of segmentation methods, however

each method gives different results. There is no “correct” segmentation. In my study I

make the following assumption. A number of objects have a homogeneous color, which

makes it possible to extract these objects using edge detection or segmentation-based

methods. This assumption is justified by the fact that I usually deal with large size

aerial images containing a large number of cultural objects. This chapter is organized

as follows. Formal definition of the segmentation process is described in section 3.2. In

section 3.3, I review the most popular and successful image segmentation methods that

can be used for object extraction.

3.2. Definitions

Given an image I, a segmentation is a partitioning of I into n regions R1, R2, ..., Rn

satisfying the following criteria:
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• ∪n
i=1Ri = I.

• Ri ∩Rj = ∅ for all i and j, i 6= j.

• P (Ri) = True for i = 1, 2, ..., n.

• P (Ri ∪Rj) = False for any adjacent regions Ri and Rj.

where P is a predicate describing the properties that should be satisfied by pixels be-

longing to the same segment.

3.3. Image Segmentation Methods for Objects Extraction from Visual Imagery

Segmentation plays a central role for objects detection, image understanding and

analysis. In this section I review the following segmentation methods for object extrac-

tion:

• Edge detection based methods.

• Thresholding-based methods.

• Clustering methods.

• Region growing methods.

• Active contour methods.

• Graph-based methods.

3.3.1. Object Extraction using Edge Detection

Edge detection methods such as Canny, Sobel, Prewitt and others have been

widely used for object boundary detection. However object extraction using edge de-

tection techniques is not always successful depending on the image proposed. In clean

images, where objects have obvious boundaries, these methods perform very well. How-

ever, in many cases, depending on the type and quality of the images, these methods are

not suitable due to the following limitations:

• Edges may not be continuous: To deal with drawback, morphological operations

or edge linking strategies may be required.

• There may be small and spurious edges due to the existence of textured objects,

noise or other unwanted objects. One way to deal with this problem is to define
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criteria to filter out the unwanted edges.

3.3.2. Thresholding-based Image Segmentation

One of the earliest image segmentation methods is based on thresholding. A basic

thresholding method for object extraction consists of selecting a threshold Th that allows

separating objects of interest from the rest. A simple formulation of thresholding is the

following:

(14) g(x, y) =

 1 if I(x, y) ≤ Th

0 if I(x, y) ≥ Th

In this formulation Th is a global threshold. A local threshold can be also used by

considering local properties or neighborhood. Other methods use multiple thresholds for

object extraction. Given objects with different colors, multiple thresholds are selected

in order to filter out these objects. An important aspect in image thresholding is the

threshold selection. Histogram-based threshold selection is one of the most effective ways.

For more details about object extraction using thresholding, I refer to the following papers

[68, 76].

3.3.3. Clustering-based Image Segmentation

Several clustering algorithms have been introduced and adopted for image seg-

mentation. In this section I review the k-means algorithm, which is the one most used

for image segmentation. The basic k-means algorithm consists of the following steps.

First, a k points are selected as the clusters centroids, this can be done manually or au-

tomatically using some criteria. In the second step, each data point is assigned to one of

the k clusters based on its distance to the cluster centroid. In the third step, the clusters

centroids are recomputed with respect to the assigned points. This process is repeated

until there is no change in the centroids position. Formally, the k-means clustering al-

gorithm is described as follows. Given a dataset X = {x1, x2, ..., xn}, and a number of

clusters k, using a similarity measure dist(x, µ), the k-means algorithm minimizes the
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following objective function:

(15) Err =
k∑

i=1

∑
x∈Ci

dist(x, µi)

where µi is the centroid (mean) of the cluster Ci. When applied to image segmentation,

the k-means algorithm proceeds as follows:

• Compute the intensity histogram.

• Initialize the centroids of the clusters to the desired intensities using the his-

togram.

• Assign pixels to clusters based on the intensity distance to the clusters centroid

using the following:

(16) Ci = argminj{dist(xi, µj)}.

• Recompute the clusters centroids as follows:

(17) µi =
1

|Ci|
∑
xi∈Ci

xi.

3.3.4. Region Growing

Region growing algorithms have been also used for image segmentation and object

extraction. These methods proceed as follows. Given a set of seed points, these techniques

examine the neighboring pixels and decide which ones should be added to the region

using a predefined membership criteria. Two important decisions should be made when

using region growing. The first one is the selection of seed points, and the second is

the definition of the appropriate growing criteria. The selection of seed points can be

achieved in many ways. The simplest way is user-based, in which the user selects the

seed points inside regions of interest. The selection of growing criterion is application

and data dependent. Color is one possible factor that can be used as growing criterion

for some applications. Other applications and images require more sophisticated criteria

such as spatial and texture descriptors. One problem with region growing algorithms is
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the stopping criterion. The problem is related to the fact that the intensity value, color

or texture descriptors are only local and they do not incorporate the value of the pixels

previously added to a growing region. One way to solve this problem is to compare the

candidate pixel to the average value of pixels in that region. A simple region growing

algorithm can be described as follows: Given an image I(x, y) and a set of seed points

represented as a binary image B(x, y), with 1 at a location of a seed and 0 elsewhere.

Given a predicate P that defines the growing criteria, the region growing algorithm

proceeds as follows:

• For every pixel i in the seed points, find the set of neighbors Ni (eg. 4-neighbors,

8-neighbors).

• For each pixel j ∈ Ni evaluate the predicate P . If it is true, add the pixel j to

that region.

• Repeat steps 1 and 2 until no region is grown further.

A simple predicate P that uses the intensity values to measure the similarity between

pixels, can be defined as follows:

(18) P =

 1 if |Is − Ii| ≤ Th

0 otherwise

where Is is the intensity value of a seed point, and Ii is the intensity value of a neighboring

pixel. Th is user defined threshold.

3.3.5. Active Contour

In this section, I discuss the principals of active contour models, and briefly de-

scribe the most popular models in the literature. An active contour model uses a para-

metric evolving curve v(s) = [x(s), y(y)], with the objective to minimize an internal

energy function. Figure 3.1 shows a parametric curve and an object to be extracted.

Initially, active contour model were introduced by Kass et al. [54]. The following energy
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Figure 3.1. Active contour principle: An object to be extracted and the
contour initialization.

functions have been introduced by the authors of that paper.

(19)

E∗
snake =

∫ 1

0
Esnake(v(s)) ds

=
∫ 1

0
Eint(v(s)) + Eext(v(s)) ds

=
∫ 1

0
Eint(v(s)) + Eimg(v(s)) + Econ(v(s)) ds.

where Eint is the internal energy. The external energy Eext consists of two terms. The

image energy Eimg and the external constraints energy Econ. The internal energy of the

snake was defined as follows:

(20) Eint =
1

2
(α(s)‖vs(s)‖2 + β(s)‖vss(s)‖2).

The terms ‖vs(s)‖2 and ‖vss(s)‖2 measure the elasticity and the curvature of the snake,

respectively. The coefficients α(s) and β(s) are introduced to determine the influence

of each term (elasticity and the curvature). The image forces drive the snake toward

different image features such as edges. One proposed function for the image energy is

the following:

(21) Eimg = wline · Eline + wedge · Eedge + wterm · Eterm.

In equation 21, the image energy is defined as a weighted combination of three energies

associated with different features that a user is interested to detect in a given image. The
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following definitions of these energies were proposed by Kass et al. [54].

(22) Eline = I(x, y).

(23) Eedge = −|∇I(x, y)|2.

(24) Eterm =
∂θ

∂n⊥
.

where θ is the gradient computed on a Gaussian smoothed version of the image I, an n⊥

is the vector perpendicular to the gradient direction.

Cohen [23] proposed an extended active contour model to deal with the drawbacks

of the original model proposed by Kass et al. [54]. The new method has the following

advantages over the original snake model:

• In the original method, when the snake is not close enough to the contour, it

straightens itself to a line and fails converge on the contour. To deal with this

problem Cohen [23] introduced a new force called inflation force that allows

the snake to move toward the edges, while avoiding traps caused by weak and

spurious edges.

• The new method takes into account edges extracted by a local edge detector.

This allows the combination of edge detectors with the active contour model.

A more sophisticated active contour model has been proposed by Chan and Vese

[18]. Unlike the classical active contours models, where the curve stops evolving when

it finds an edge, this method detects objects in an image that their boundaries that are

not necessary defined by the gradient. The basic idea behind this model is as follows.

An energy function that consists of two forces were proposed (see equation 25.).

(25) F1(C) + F2(C) =

∫
inside(C)

|u0(x, y)− c1|2 dx dy +

∫
outside(C)

|u0(x, y)− c2|2 dx dy.

31



The first term of this equation represents the force that attempts to shrink the contour,

while the second term is the force attempting to expand the contour. A balancing point

between these two forces is reached when the curve is positioned on the object boundary.

The variables c1 and c2 can be viewed as the average values of the pixels inside the

contour C and outside the contour C, respectively.

3.3.6. Graph-based Image Segmentation

Graph-based image segmentation methods can be classified into two categories.

The minimum spanning tree based methods and the graph cuts based methods. Graph-

based segmentation methods represent an image as a graph G(V,E), where vi ∈ V

represents a pixel or a region, and ei ∈ E is an edge connecting two neighbor pixels.

Each edge ei connecting two vertices vi and vj, is assigned a weigh we which measures

the similarity/dissimilarity between these two vertices. Using this representation, the

segmentation problem consists of partitioning the graph G into a set of components Ci

satisfying the following conditions:

• Ci is a connected component for all i.

• Ci ∩ Cj = ∅. for all i 6= j.

• ∪i Ci = G.

3.3.6.1. Minimal Spanning Tree Based Methods

In graph theory, a spanning tree of a graph G is subgraph that contains all the

vertices of G. A graph G may have several different spanning trees. The minimum

spanning tree (MST), also known as minimum weight tree, of a weighted graph G, is the

spanning tree with the minimum weight. Many image segmentation algorithms based on

the MST have been introduced previously, each one formulate the segmentation process

in a different way. The main intuition behind these methods is to partition the graph into

disjoint components such that the edges connecting vertices from the same component

should have small weights, while edges connecting vertices from different components

should have larger weights. In the remaining of this section, I review some of the most
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important MST-based methods for image segmentation.

Earlier work on using MST for clustering have been introduced more than forty

years ago by Zahn [94]. That method is mainly used for clustering. Given a dataset

represented by a graph G, this method starts by computing the MST of G. Using the

fact that any edge in the MST is the smallest jump from some vertex to another in G, this

method defines a criterion for deleting edges leading to a set of disjoint components. The

criterion to delete edges from the MST has been defined as follows. An edge ei in MST is

deleted if its weight is significantly larger than the mean weights of the neighboring edges

from both sides. Removing all the edges satisfying this criterion leads to a segmentation

of the image.

Morris et al. [66], introduced a method similar to the previous one [94]. Their

paper starts by constructing the KNN graph G, then it finds its MST. Once the MST is

computed, the graph G is divided into several components by removing the edges with

highest weights from the MST, this guarantees that the dissimilarity between components

is maximized. The number of edges to be removed depends on the segmentation results

I want to obtain. Removing too may edges, generally leads to over segmentation, while

a small number of edges leads to a few regions. A fast implementation of this algorithm

has been provided in [60].

Felzenszwalb and Huttenlocher [36], introduced a MST based method in which

they define a predicate that is used to determine if two adjacent components should

be merged into one component. This predicate uses the ration of inter-component dis-

similarity to the within component dissimilarity to determine the existence of boundary

between segments. The first measure used by that method is called the internal difference

of a component Ci, which is the largest edge weight in the minimum spanning tree of

that component. The second measure is the difference between two components Ci and

Cj defined as the minimum edge weight connection these two components. In order to

join two adjacent components Ci and Cj, the difference between the two components is

compared to the minimum difference among the two components. If it is smaller, then
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the two components are joined to form one segment, otherwise there is evidence of a

boundary between the two components and they should be kept as separate segments.

That method can be implemented as follows, initially, it starts by considering each vertex

as a component. The edges in E are sorted based on their weights from the smaller to the

larger. Given an edge ei connecting two vertices vi and vj, if these two vertices belong

to disjoint components and the weight we is smaller than the the internal difference of

both components, then the algorithm joins the components Ci and Cj into one compo-

nent. This process is repeated for all edges ei ∈ E starting with the lowest weight to the

highest.

Other MST based clustering and segmentation methods could be found in the

following papers [92, 44, 69, 45, 3].

3.3.6.2. Graph Cuts Based Methods

Graph cuts based methods have been widely used for image segmentation and

analysis. They are classified into two main categories. Graph cuts methods which min-

imize a cost function and s/t based graph cuts methods. I discuss both categories in

this section. Before I review graph cut based segmentation methods, lets define some

concepts used by these methods. A cut is a set of edges that if deleted from the graph

will result a partition of the graph into disjoint components. A scalar called the cut

value is associated with each graph cut. A cut value that disconnects a graph G into two

components C1 and C2 is computed as follows:

(26) vcut =
∑

v∈C1,u∈C2

w(v, u).

Graph cut based algorithms attempt to find the cut that minimize the cut value defined

in equation 26. A graph cut problem is visualized in figure 3.2.

Graph Cut with Cost Funtions. One of the most successful methods is the normalized

cut method introduced by Shi and Jitendra [79]. In that paper, the authors proposed

a criterion that measures the similarity between vertices inside a component and the
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Figure 3.2. Image segmentation using gaph cuts.

dissimilarity between disjoint components. This criterion is known as normalized cut.

The authors of this paper noticed that graph cut algorithms that minimize the cut value

in equation 26, partition the graph into small components. This problem is illustrated in

figure 3.3. A new criterion has been proposed to solve this problem. The new criterion

Possible cut

Possible cut

best cut

Figure 3.3. Image segmentation using gaph cuts.

suggests that instead of minimizing the cut value, I minimize the following function

(normalized cut):

(27) Ncut(Ci, Cj) =
vcut(Ci, Cj)

assoc(Ci, V )
+

vcut(Ci, Cj)

assoc(Cj, V )
.

where assoc(C, V ) is defined as follows:

(28) assoc(C, V ) =
∑

v∈C,u∈V

w(v, u).
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The function assoc(C, V ) compute the total weight of edges connecting vertices in a

component C to the rest of vertices in the graph V . Using these new definitions and

optimizing the function in equation 27, the normalized cut paper solves the small com-

ponents problem defined in figure 3.3. The minimization problem of the Ncut equation

was formulated as a generalized eigenvalue problem:

(29) min(Ncut(C1, C2)) = min
y

yT (D −W )

yTDy
.

The matrix L = D −W is the Laplacian of G, D and W are the degree matrix and the

adjacency matrix, respectively.

Cox et al. [24] introduced a method called “ratio region”. That method incor-

porates both the boundary information and the region interior into the segmentation

process. This combination of different information is achieved through a new cost func-

tion. This function is the following:

(30) RatioRegion =
cost(P )

weight(p)
.

where cost(P ) is a cost associated with the region boundary (eg. boundary length), and

weight(P ) is the cost associated with the interior of the segmented region (eg. area of

that region).

A new cost function for graph-cut based segmentation was introduced by Wang

and Siskind [88]. This function is the following:

(31) MeanCut(C1, C2) =
cut(C1, C2|w(u, v))

cut(C1, C2|1)
.

This cost function is designed to minimize the average edge weight in the cut boundary.

s/t Graph Cut Based Methods. These methods are based on solving min-cut/max-

flow problem. The s/t based graph cut methods consider two special nodes: s (source)

and t (sink) that represents the “object” and the “background” labels, respectively. Two

different kinds of edges are used. The n-links, which are the edges between image pixels,

and the t-links, which are the edges connecting pixels to the terminal nodes (s or t).
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The idea behind the s/t methods is to find the optimal cut that completely separate the

source and the sink nodes. Among the most important work in this category are the

following papers [13, 14, 11, 12, 10].

3.4. Conclusion

A key step for my method toward multi-modal image registration is object extrac-

tion from visual images. Since there have been an extensive work for object extraction

using segmentation methods, I dedicated this chapter to review the most elegant and

successful methods that have been introduced for this purpose, and can be adopted to

achieve my goal.
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CHAPTER 4

OBJECT BOUNDARY EXTRACTION FROM POINT CLOUD

4.1. Introduction

Object boundary is an important feature for image processing and computer vision

applications. The problem of extracting the boundaries of objects represented by point

clouds has several applications such as computer graphics, computer vision, image pro-

cessing, pattern recognition and machine learning. Object boundary is very important

feature for shape description, recognition, and analysis. In computer graphics, object

boundaries are used for shape modeling, collision detection and visualization. In image

processing object boundaries are usually extracted from a segmented images and used

for different purposes such as image understanding, scene analysis, medical diagnosis,

object tracking, face recognition, and many other applications. In pattern recognition

and machine learning, boundaries can be used to define the clusters and boundaries of

training datasets that can be used for learning a classifier from one class. In this chapter,

a new method for extracting the non convex boundaries of an object represented by 2D

point clouds is established.

4.2. Related Work

Several researches have been conducted in order to extract object boundaries.

Each of which uses a different dataset as input. Most of the proposed methods are based

on image processing techniques and do not work on point clouds. Morphological opera-

tions [49, 42] have been widely used for shape extraction from images, however they have

not been extended to point clouds. Active contours [54, 89] is another effective method

used for object boundary extraction. Active contours methods have been successfully

implemented on images, but do not work on raw points. A literature review on the most

important methods used for boundary extraction using point clouds is introduced below.

1This chapter is an extension of a paper titled ”Skewness balancing algorithm for approximation of
discrete objects boundaries” that I published in the 10th IEEE IVMSP workshop. No permission from
IEEE is required to used this paper as part of a Dissertation.
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Wei [90] introduced a method for buildings boundaries extraction from airborne

LiDAR (light detection and ranging) point clouds. The method assumes a circle with a

radius α rolling around the raw points. The path traveled by the circle is the boundary

of the object. However this method requires a manual selection of a starting point and

the radius α. Another work introduced by Cheng et al. [21], integrates both LiDAR

and high resolution imagery for buildings boundaries extraction. Other methods for

extracting discrete object boundaries have been introduced by Edelsbrunner et al. [34]

and Kenmochi et al. [56]. In this chapter I introduce a new method for object boundaries

extraction from 2D point clouds.

This chapter is organized as follows: The problem proposition is given in section

4.3. Section 4.4 I introduce the procedure used to extract the boundaries of objects

represented by a set of points. This section consists of two subsections: a background

subsection in which I introduce the Delaunay triangulation and the statistical measures

for distribution characterization; a boundary extraction subsection in which the proposed

method is described. An illustration example is used to demonstrate my approach. In

section 4.5 different datasets including real world world (LiDAR) dataset are used for

testing. I conclude the paper in section 6.6.

4.3. Problem Proposition

Given an object O, randomly sampled into a set of points P = {p1, ..., pn}. As-

suming a representative number of samples, the objective is to extract an approximate

boundary Bo = {p1, ..., pk}, where k ≤ n representing this object. This formulation is

illustrated in figure 4.1.

4.4. Methodology

4.4.1. Background

In this section the necessary background need in this paper is introduced. A brief

description of the Delaunay triangulation and statistical measures of distributions are

given.
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(b) Object boundary.

Figure 4.1. Problem proposition.

4.4.1.1. Delaunay Triangulation

Given a set of points P = {p1, p2, ..., pn}, where pi = (xi, yi) is the point coordi-

nates. The Delaunay triangulation uses the criterion that inside the circle that passes

through each three points in the dataset, there is no other point to build a triangular

mesh representing the set of points. Several algorithms have been developed to construct

the Delaunay triangulation. The most used are the incremental algorithm developed by

Guibas et al. [46], the divide and conquer algorithm introduced by Cignoni et al. [22] and

the sweep line algorithm [31].

The proposed boundary extraction algorithm benefits from the following charac-

teristics of Delaunay triangulation:

• Delaunay triangulation gives a deterministic irregular triangular mesh.

• Points are connected to their closest neighbors.

The convex-hull-based Delaunay shown in algorithm 1 is used in this paper.

4.4.1.2. Statistical Measures for Characterization of the Distribution Shape

The most important statistical measure of distribution asymmetry is called skew-

ness (third moment about the mean) defined in equation 32.
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Algorithm 1 Convex-hull-based Delaunay triangulation [29].

Input: a set of n point.
Output: The Delaunay triangulation.
Find a triagple T1 that contains all the points;
Initilize the triangulation τ to the single triangle T1;
for i = 1 to n do
Insert pi into τ ;
Find the triangle t containing pi;
Connect pi to the vertices of t resulting three triangles.
Do the in circle test for the three new triangles.
Finalize the triangles that pass the test.

end for
Discard the initial triangle T1;
return τ ;

(32) sk =
1

N · σ3

N∑
i=1

(xi − µ)3.

Where N is the number of samples xi. The mean µ and the standard deviation σ

are defined in equation 33 and 34 respectively.

(33) µ =
1

N

N∑
i=1

xi.

(34) σ =

√√√√ 1

N − 1

N∑
i=1

(xi − µ)2.

Kurtosis or the forth moment is another statistical measure providing information

about the distribution tail size. It is defined in equation 35. Table 4.1 summarizes the

distribution characteristics given the skewness and the kurtosis.

(35) ku =
1

N · σ4

N∑
i=1

(xi − µ)4.
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Table 4.1. Measure of distribution shape [53].

Characteristics right left Normal
of distribution skewed skewed distribution
Skewness sk > 0 sk < 0 sk = 0
Kurtosis ku > 3 ku < 3 ku = 3

4.4.2. Boundary Extraction from Point Clouds

In this section I introduce the boundary extraction algorithm for discrete objects.

This method is described by the flowchart in figure 4.2. I start by constructing the

Delaunay triangulation using the algorithm described in section 4.4.1. Let E = Eo ∪Eno

be the set of all edges in the triangular mesh. Eo is the set of object edges and Eno the

set of non-object edges. Let LE0 be the set of edges lengths in Eo. If the object is fairly

sampled, then the distribution of LEo represented by its histogram follows a Gaussian

distribution with a mean µ and a standard deviation σ.

Boundary points

Skewness balancing

Delaunay Triangulation

Object points

Output

Processing

Input

Figure 4.2. Flowchart of the proposed method.

However due to the non-object edges introduced by the Delaunay triangulation the

distribution of LE is skewed. To illustrate this observation, let us consider the example

given in figure 4.3. The point clouds are shown in figure 3(a). The Delaunay triangulation
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is shown in figure 3(b), most the edges are short, but there are few edges that connect

some boundary parts of the object that are much longer than most of the other edges.

These edges are not part of the object boundary and will be eliminated. The histogram of

the edges lengths LE shown in figure 3(e) confirm the assumption that the edges lengths

can be approximated by a Gaussian distribution for a representatively sampled objects.

To extract the approximate boundary, I introduce the skewness balancing algorithm

2 to eliminate all the edges causing the skewness of the distribution. The Delaunay

triangulation of the object after removing the skewness is shown in figure 3(d) where all

the non boundary edges are eliminated. The object boundary is extracted using adjacency

criterion on the boundary triangles (boundary triangles have only two adjacent triangles,

where the non-boundary triangles have three adjacent triangles). The final results is

shown in figure 3(f).

Algorithm 2 Skewness balancing for boundary extraction.

Input: Point clouds.
Output: Object boundary.
τ = Delaunay(points);
E = Compute lengths(τ);
Sk = skewness(E);
while Sk ≥ Th do
E = E \ {Longest Edge};
Sk = skewness(E);

end while
Return E
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(a) Point Clouds. (b) TIN: Object and non-object edges.
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(e) Histogram of the edges lengths Lo. (f) Object boundary.

Figure 4.3. Illustration example.
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4.5. Results and Discussions

Several datasets have been selected for testing the proposed algorithm. Synthetic

data, airborne LiDAR data, a banana-shaped dataset, a bat-shaped binary dataset, and

an object containing a hole were used as test cases. Each data set has unique character-

istics. Note that the banana-shaped dataset is synthetic data used in machine learning

applications (learning from one class). In order to be able to use this method on binary

images, I need to convert the pixels representing the segmented objects into point clouds.

In this chapter I used the pixel offset (i, j) as its (x, y) coordinates. Figure 5.11 shows

the dataset used and the results. The results illustrate that the introduced method suc-

cessfully determine an approximation of the object boundary in different situations using

different objects (e.g building from LiDAR raw points, banana shape, objects with holes

and bat image). However if we look closely to the bat image 4(g) the gap between the

ears has been eliminated in the final result 4(h). This is due to the fact the length of

the edges in that area is less than the selected threshold used in the skewness balanc-

ing algorithm. One solution to this problem is to manually select a threshold using the

histogram of the edges lengths in the Delaunay triangulation.
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(a) Banana shape.

t
(b) Extracted boundary.

(c) Building from LiDAR. (d) Building boundary.

(e) Shape with a hole. (f) Extracted boundary.

(g) Bat image. (h) Bat boundary.

Figure 4.4. Tests dataset and results.
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Another way to validate my algorithm is using simulated LiDAR data. The bound-

aries of objects in the scene are known and used as ground truth. The object points are

shown in figure 5(a). The boundaries extracted by my algorithm are shown in figure

5(b). The ground truth boundaries are shown in figure 5(c). I compute the mean square

error between extracted boundaries and the ground truth.
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(a) Object points.
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(b) Extracted boundaries.

(c) Ground truth boundaries.
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(d) Overlaid results.

Figure 4.5. Boundary extraction: Simulated LiDAR.

Table 4.2. Object boundary error for the simulated LiDAR.

Objects 1 2 3 4 5 6 7 8
Error 0.0885 0.0132 0.0495 0.0701 0.0301 0.0524 0.0947 0.1007
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4.6. Conclusion

A new method for object boundaries extraction from point clouds is established.

The proposed method consists of two consecutive steps. In the first step, an irregular

triangular mesh is constructed using convex-hull-based Delaunay triangulation algorithm.

I empirically demonstrate that the distribution of the lengths of the edges belonging to the

object follows a Gaussian distribution for a fairly sampled objects. However non object

edges causes this distribution to be skewed. In the second step, the edges causing the

skewness (long edges) are iteratively removed using the introduced skewness balancing

algorithm, resulting a triangular mesh with only object edges. This method works on

point clouds as well as segmented images. It is fully automatic and does not require any

external intervention from the user.
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CHAPTER 5

MULTI-MODAL IMAGE REGISTRATION

5.1. Introduction

In this chapter I consider the multi-modal, multi-perspective image registration

problem between LiDAR (light detection and ranging) and visual imagery. This problem

has a wide range of applications in computer vision and computer graphics. In computer

graphics this problem is known as texture mapping while in computer vision it is known

as camera parameter estimation. The registration is a requirement for complementary

fusion of these two modalities. This problem is divided into three subproblems. The first

subproblem is identification and extraction of common features. The second subproblem

is determination of corresponding points. The third subproblem is finding the registra-

tion transformation that maps one dataset to the other. Identification and extraction of

common features between LiDAR and visual images is a crucial task for the registration

process. Previously proposed algorithms such as SIFT algorithm [62, 63] fail in finding

the right corresponding points due to the semantic difference between the SIFT features

extracted from each modality. In my research, I used boundaries of cultural objects as

common features, the identification and extraction of these objects from both LiDAR

and visual imagery was discussed in chapter 02 and chapter 03 respectively. The sec-

ond problem, features matching, is achieved through shape matching. Shapes extracted

from both modalities are represented by a position, scale, and rotation invariant shape

signature. Using a similarity measure between shape signatures as the cost metric for

Hungarian algorithm, corresponding objects are determined. Using the corresponding

objects, corresponding points are extracted. In the third step, the projective transfor-

mation is calculated using the corresponding points previously extracted. My approach

to the multi-modal image registration is shown in figure 5.1.

This chapter is organized as follows: Related work is described in section 5.2. In

section 5.3, a general formulation of the registration problem is given. My contributions
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to this topic are stated in section 5.4. The shape-based multi-modal image registration

method is discussed in section 5.5, this section consists of two subsections. Background

related to camera matrix estimation, and shape signatures. The registration process

introduced in section 5.6 consists of two subsections: Determination of corresponding

points used to compute the camera matrix, and the computation of registration error.

Experimental results and conclusions are introduced in section 5.7 and section 5.8, re-

spectively.

Modality 1

Identification and extraction 

of common features 

Modality 2

Features matching

Corresponding points

Registration transformation

(a) General approach to Multi-modal image
registration.

LiDAR

Cultural objects boundaries

Visual image

Shape matching matching

Corresponding points

Registration transformation

(b) LiDAR-visual registration.

Figure 5.1. Multi-modal image registration.

5.2. Related Work

Image registration has been classified into two main categories-correlation-based

and features-based [98]. Features-based registration consists mainly of three steps: Fea-

ture detection and extraction, feature matching, and determination of the registration

transformation. In multi-modal image registration, identifying common features between

the images plays a central role. Multi-modal image registration can be classified according
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to the features used for determining the transformation parameters into two categories.

Low-level feature-based methods and high-level feature based methods. The low level

feature-based methods use edges, corners, and other low-level primitives as references

to compute the transformation between the two images. The low level feature-based

methods have been used by many researchers. Ding et al. [30] propose an algorithm for

automatic texture mapping of aerial images onto LiDAR data. The proposed algorithm

consists of two steps: In the first step a rough estimate of the camera parameters is ob-

tained using vanishing points and GPS system. In the second step, 2D orthogonal corners

are extracted from both modalities. The correspondence between corners is achieved us-

ing the Hough transform and M-estimator sample consensus. The corresponding corners

are used to refine the previously estimated camera parameters. Habib et al. [48, 47] used

straight lines as a common feature to determine the registration transformation. The

correspondence between lines is achieved through the RANSAC algorithm [38]. Mastin

et al. [65] used mutual information (MI) between LiDAR and visual imagery to com-

pute the registration transformation. They proposed three different ways to determine

the mutual information between these modalities: Mutual information between LiDAR

elevation and the luminance in the optical image, mutual information between LiDAR

intensity image and the luminance in the optical image, and the joint entropy between

optical image, LiDAR elevation and LiDAR intensity image. Another algorithm that

uses low-level features was introduced by Wong and Orchard [91]. That paper uses the

fast Fourier transform (FFT) to register LiDAR with optical imagery. The proposed

algorithm extracts points of interest from one modality, and then uses a search algorithm

to find the best match in the other modality. High level feature-based techniques use re-

gions, objects, water bodies, and roads to determine the alignment between the images.

The most important high level feature-based registration methods were introduced by

[43, 26, 1, 59].
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5.3. Problem Proposition

In this chapter I consider the problem of registering 3D LiDAR data with visual

images taken from different view points, assuming near orthonormal views (a deviation

between 0o and 50o from the orthonormal view is acceptable). Given two datasets X and

Y representing two different modalities, My objective is to find a transformation T such

that:

(36) X = T Y ;

The transformation matrix T could could be any of the following transformation:

• Isometry: A transformation T is said to be an isometry if it preserve the Eu-

clidean distance, it is a composition of translation and rotation. It is represented

as follows:

(37) T =


ε cos(θ) − sin(θ) tx

ε sin(θ) cos(θ) ty

0 0 1


where ε = ±1 specifies the direction of the transformation. Isometry trans-

formation has three degrees of freedom, the rotation angle θ, a translation in

the x-direction tx, and a translation in the y-direction ty. Given three degrees of

freedom, this transformation could be computed using only two corresponding

points. Measures such as distance between two points, and angle between two

lines are invariant under the isometry transformation.

• Similarity: A similarity transformation is a an isometry with scaling, it is rep-

resented as follows:

(38) T =


S cos(θ) S − sin(θ) tx

S sin(θ) S cos(θ) ty

0 0 1
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where S is the scaling. This transformation has four degrees of freedom,

rotation, scaling, x-translation, and y-translation. It can be computed using

only two corresponding points.

• Affine: Is a non-singular linear transformation represented as follows:

(39) T =


a11 a12 tx

a21 a22 ty

0 0 1



where A =

 a11 a12

a21 a22

 is a non-singular matrix. An affine transformation

has six degrees of freedom, it can be computed using three corresponding points.

• Projective: A projective transformation is a generalization of the affine trans-

formation. The projective transformation has eight degrees of freedom, it can

be computed using four corresponding points. It is represented as follows:

(40) T =


a11 a12 tx

a21 a22 ty

v1 v2 v


Equations (37)-(40) describe 2D transformation. In this research I consider determining

the 3D projective transformation (also known as camera matrix). This particular problem

is described as follows:

(41) X = PY where P =


p11 p12 p13 p14

p21 p22 p23 p24

p31 p32 p33 p34


Finding the camera matrix P , is achieved in two steps. In the first step I need to find

the least required number of corresponding points (six points in this case) between the

two modalities. The second step is to find the solution to equation (41). In order to
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determine the matching points I proceed as follows:

• Features extraction: A set of features must be extracted from both modalities

(LiDAR and visual imagery). I used object boundaries as common features.

• Features correspondence: Matching features is a key point in determining cor-

responding points needed to solve the problem described in equation (41). I

describe a novel method for determining the corresponding points.

• Using the corresponding points, solve the system in equation (41).

5.4. Contributions

Given the work flow proposed in figure 1(b), several steps are required to register

LiDAR with visual imagery. The objective is to identify and extract common features

from both LiDAR and visual imagery. Corresponding points are extracted by matching

common features. My main contributions to this process are the followings:

• I develop a new method for determining corresponding points based on shape

matching.

• Multiple objects signature: A new method for describing shapes of multiple

objects at a time is introduced.

• New metric for computing registration error: I used dynamic time warping to

determine the registration error.

5.5. Shape-based Registration

This section is divided into two parts. In the first part I introduce the background

related to computing the camera matrix using a set of corresponding points. The second

part is dedicated to features matching, particularly shape matching used to determine

the corresponding points.

5.5.1. The Camera Matrix

In this section, I describe the necessary background of the projective camera

geometry. As defined in [50], the camera matrix P3×4 is the mapping of the 3D world
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onto the 2D image, illustrated in figure 5.2. The camera matrix P is represented by

equation (42).

Y

X

y

x

ZC

Image plane

Principal axis

Camera center

P

p

Figure 5.2. Camera projection.

(42) P = K [R|t];

Where K is the camera calibration matrix, and R is the rotation matrix. The camera

matrix can be computed using corresponding points between the 3D real world and the

image. Let Xi ↔ xi be the set of correspondence between the points in real world and

the points in the image, the camera matrix is computed by solving the following system:

(43) A P =


OT −wiX

T
i yiX

T
i

wiX
T
i 0T −xiX

T
i

−yiX
T
i xiX

T
i 0T




P 1

P 2

P 3

 = 0;

Where P i = (pi1, pi2, pi3, pi3). Six corresponding points are required to solve equa-

tion (43). However usually I have a larger number of correspondences, which leads to the
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following optimization problem.

(44) min(‖ A P ‖) such that ‖ P ‖= 1;

The solution to the optimization problem in equation (44) can be found using different

algorithms. Single value decomposition (SVD) is one way to determine the matrix P .

When using SVD, P is the unit singular vector of A corresponding to the smallest singular

value. Another algorithm used to solve this optimization problem is the direct linear

transformation (DLT). An improved non-linear algorithm is Levenberg-Marquardt (LM)

iterative minimization algorithm, it uses the DLT algorithm to obtain an initialization

of the matrix P , and then it solves the following optimization:

(45) min(‖ xi − P Xi ‖);

5.5.2. Shape Signatures

In order to match objects, a common representation of objects is required. This

representation should be transformation invariant. Shape signature is a unique represen-

tation that captures the geometric characteristics of a given object. This representation

is used to compare different shapes. In this chapter I used shape distributions introduced

by Osada et al. [67] as a shape signature. For more details about this topic I refer to the

following papers [40, 2, 96, 95, 6, 84, 85].

5.5.2.1. Boundary Representation

In this research objects are represented by a piecewise linear curve (polygonal

chain). Specifically there is a set of connected lines specifies by a sequence of boundary

points Bo represented by a vector of n points. The z components in the visual image is

set to 0, while the corresponding z from the LiDAR is only considered in the computation

process of the matrix P .

(46) Bo = [p1, p2, ..., pn];
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Where pi = (xi, yi) represents the 2D position of the ith boundary point. Figure 5.3

shows this representation.

Figure 5.3. Object boundary representation.

5.5.2.2. Boundary Sampling

Given the boundary representation in section 5.5.2.1, generating new samples is

achieved through sampling the polygonal chain. Give a sampling step ε, and a line

L = (p1, p2) connecting two consecutive points on the object boundary, I generate a

number of points with equidistant ε from each other. The coordinates of the kth new

point is computed as follows:

(47) xnew =
k ε (xp2 − xp1)

‖p2 − p1‖
; ynew =

k ε (yp2 − yp1)

‖p2 − p1‖
;

where k = 1..m, represents the kth sample. This process is illustrated in figure

5.4.

5.5.2.3. Shape Functions

A shape function is a function representing the geometric properties of the object.

Many functions have been developed and used in the literature. Given an object repre-

sented by its boundary points BOi
= [p1, ..., pn], a list of the most used shape function is

given below:
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(a) Original line. (b) Sampled line.

Figure 5.4. Boundary sampling.

• Distance from the centroid of the object to the points on the boundary: Let

cp = (xp, yp) be the centroid of the object. The centroid-based distance shape

function is described as follows:

(48) fcp =‖ cP − pi ‖;

• Distance from a reference point on the boundary to all the other points: Let

cr = (xr, yr) be a reference point on the object boundary, the reference-based

distance shape function is described as follows:

(49) fcr =‖ cr − pi ‖;

• Angles between the centroid and the points on the boundary:

(50) fαc = tan−1

(
ycp − ypi
xcp − xpi

)
;

• Angles between a reference point and all the other points on the boundary:

(51) fαr = tan−1

(
ycr − ypi
xcr − xpi

)
;

These four shape functions are illustrated in figure 5.5.
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Figure 5.5. Four different boundary-based shape functions.

5.5.2.4. Single Object Shape Distribution

Given a shape function, a set of samples is collected using this function and all

the boundary points. For example the set Sigr in equation (53) is constructed using the

shape function in (49).

(52) Sigr = {‖ cr − pi ‖, i = 1...n};

The above signature depends on the reference point ct. To remove this dependency, I

consider every point on the object boundary, which leads to the following signature:

(53) Sig = {∪ Sigr, r = 1...n};
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This representation is translation and rotation invariant, however it is not scale invariant,

therefore the following steps are required to allow comparing objects with different scales:

Given two objects A and B to be compared, I proceed as follows:

• Compute the minimum bounding rectangle (MBR) for each object.

• Find the major and the minor axis for the objects MBRs.

• The scale is computed as the ratio between major axis of the MBRs of the two

objects.

• Rescale one of the objects to the size of the other.

In order to compare shape signatures, for each object O one must construct a

probability mass function SO in the following manner:

• Quantize the set Sig into a number n of bins.

• Normalize the bins.

• Construct the histogram.

Figure 5.6 shows the signature SL of the building extracted from LiDAR and the same

building extracted from visual image, SV .

5.5.2.5. Multiple Objects Shape Distribution

In urban areas, rectangular and square buildings are very common. These shapes

create mismatching problem leading to erroneous registration. To illustrate this problem,

consider the manually generated data in figure 5.7. A number of objects are generated

in figure 7(a). The same objects are rotated, scaled and translated in figure 7(b). Object

1 in figure 7(a) can match objects 1 and 3 in figure 7(b), similarly object 2 in figure

7(a) can match objects 2 and 5 in figure 7(b). To solve this problem I introduce what

I call multiple objects shape distribution, in which two or more objects are combined

to form one signature. Formally this is described as follows: Let O1 and O2 be two

objects for witch I want to compute their shape distribution. Let O = O1 ∪O2 be the

set of boundary points of objects O1 and O2. Let cr be a reference point (cr ∈ O). The

combined signature sigO1,O2 with respect to the point cr is computed as follows:
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(a) Building boundary extracted form LiDAR.
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(b) Signature of building in figure 6(a).

(c) Building boundary extracted form visual
image.
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(d) Signature of building in figure 6(c).

Figure 5.6. Shape signature of building extracted from LiDAR (top) and
visual imagery (bottom).

(54) Sig(O1,O2) = {∪ sig(O1,O2)cr , r = 1..|O|}

where sig(O1,O2)cr is computed by:

(55) sig(O1,O2)cr = {‖ cr − pi ‖, i = 1..|O| }

The multiple object shape distribution shown in figure 5.8 clearly shows that the

combined shape distribution of objects 1, 3 and objects 4, 3 will solve the mismatching

problem caused by the existence of similar shapes in the scene.
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(a) Manually generated objects. (b) Same objects rotated, scaled and trans-
lated.

Figure 5.7. Manually generated objects to illustrate multi-objects signature.

5.5.2.6. Object Matching

KL-divergence is used measure similarity between objects shape distributions. For

a discrete distributions SL and SV , the KL-divergence is defined as follows:

(56) KL(SL, SV ) =
∑
x

SL(x) log
SL(x)

SV (x)

where SL and SV represent the signatures of the object from LiDAR and visual image

respectively. Other similarity measures between distributions are provided in the survey

by Cha [17].

A bipartite graph consisting of two sets, the LiDAR objects and the visual ob-

jects is constructed with the cost function between two objects OL and OV f(OL, OV ) =

KL(SL, SV ). This graph is given as input to the Hungarian algorithm [70, 41] to deter-

mine the best matching between objects. The Hungarian algorithm is a combinatorial

optimization method to determine the solution to the assignment problem. In the con-

text of shape matching, each LiDAR object is assigned the best matching object from

the visual image.
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(a) Signature of objects 1 and 3 from LiDAR. (b) Signature of objects 1 and 3 from visual
image.

(c) Signature of objects 4 and 3 from LiDAR. (d) Signature of objects 4 and 3 from visual
image.

Figure 5.8. Multi-objects shape signature.

5.6. Registration

The registration process is discussed in this section. I cover its two parts. The

first part is determination of corresponding points given the corresponding objects. In

the second part I introduce new metric for computing the registration error.

5.6.1. Determination of Corresponding Points

After matching objects from both modalities, corresponding points are selected by

aligning the objects shapes from both modalities. These corresponding points are used

to compute the camera matrix P defined in equation (41). Six corresponding points are

needed in this case. I propose two ways to select these points. One way, if I have more

than six objects in the scene, their centroid can be used as corresponding points. Using
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this method I can avoid the optimization problem to find the matrix P , however it leads

to larger registration error. The second way is the use the iterative closest point (ICP)

algorithm to minimize the difference between two sets of points [8, 78, 39, 73]. Given

two sets of points to be aligned and an initial estimate of the camera matrix P , the ICP

algorithm iteratively refines the initial estimated camera parameters by minimizing a

specified error metric. In each iteration, a set of points is selected from one dataset and a

search algorithm is used to find their corresponding points in the other dataset using the

characteristics of the points. This optimization problem is formally described as follows:

Given a pair of matching objects (OL, OV ), where OL is an object from LiDAR and OV is

its corresponding object in the visual image. The ICP algorithm minimizes the following

function:

(57) min(‖OL − P OV ‖).

5.6.2. Registration Error

Registration error is calculated as the distance between objects using dynamic

time warping (DTW). DTW was initially introduced to determine an optimal alignment

between two time-dependent sequences. In this section I show the use of DTW for

computing the registration error. I start by introducing the DTW principles, then I

illustrate how to use it for calculating registration error. Given two sequences X =

(x1, x2, ..., xn), Y = (y1, y2, ..., ym), and a cost function c(x, y) that defines the similarity

between two instances x and y. A cost matrix C(i, j) = c(xi, yj) defines the similarity

between each pair (xi, yj) in the the sequences. The alignment between the sequences X

and Y should minimize the overall cost.

Given two objects Oi and Oj, represented by a set of boundary points, the dy-

namic time warping distance between these two objects is computed by by finding an

optimal warping path between these objects. The optimal warping path p∗ = (p1, .., pL)

is computed as follows:
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(58) pl−1 =



(1,m− 1) if n = 1

(n− 1, 1) if m = 1

argmin{D(n− 1,m− 1),

D(n− 1,m),

D(n,m− 1)} otherwise

The starting point pl is computed as follows:

(59) pl = min
i,j

{C(i, j)} i = 1, .., N j = 1, ..,M

After selecting the starting point, both sequences need to be rearranged in order to apply

equation (58) to determine the optimal warping path. Finally, the registration error is

calculated using equation (60).

(60) Err =
L∑
l=1

C(nl,ml)

where (nl,ml) is the l-th pairwise assignment and L = max(N,M).

5.7. Experimental Results and Validation

Experimental tests were conducted on two datasets, one synthetic dataset and the

second dataset is from real world. The synthetic dataset is a lab designed model with

small objects. A 3D point cloud was collected using 3D scanner. The real world dataset

is provided by the state of Louisiana (“www.atlas.lsu.edu”).

5.7.1. Synthetic Model

The experimental tests are conducted using a synthetic 3D model shown in figure

5.10. The LiDAR data was collected using 3D laser scanner. Three sets of experiments

were performed. In Each experiment I rotated the model and, captured images from

different angles. The angle varies between 5◦ to 40◦ with increment of 5◦ from the
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orthogonal view. The digital surface model for the synthetic terrain is shown in figure

5.9. In figure 9(a), the objects were extracted using the method introduced in chapter

02. Object extraction from visual imagery is performed using the color-based image

segmentation introduced in chapter 03. Since only a few objects are required for the

registration, the objects with the lowest matching cost are selected (least KL-divergence

value). The results are shown in figure 5.11 where the objects from LiDAR and visual

image are overlaid. Table 5.1 summarize the dynamic time warping based registration

error for this particular experiment.

(a) Digital surface model. (b) Extracted Objects.

Figure 5.9. Objects extraction from LiDAR.

(a) Visual image of a synthetic model. (b) Extracted Objects.

Figure 5.10. Objects extracted from visual image.

Table 5.1. Dynamic time warping error for the synthetic model.

Objects 1 2 3 4 5 6
Error 0.0569 0.0436 0.0051 0.003 0.0137 0.0191
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Figure 5.11. Registration results.

5.7.2. Real World Data

A LiDAR dataset and its corresponding visual image from downtown New Orleans

are used. Figures 12(a) and 12(b), show the visual image for this area and the corre-

sponding LiDAR point cloud, respectively. The objects extracted from both the visual

image and LiDAR are shown in figures 12(c) and 12(d), respectively. The dynamic time

warping error for each object is shown in table 5.2.

Table 5.2. Dynamic time warping error for real world data.

Objects 1 2 3 4 5 6
Error 0.0346 0.0443 0.0222 0.0666 0.0122 0.169
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(a) Original image.
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(c) Boundaries extracted from Visual image.
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(d) Boundaries extracted from LiDAR.

(e) Registration result.

Figure 5.12. Real world data.

5.8. Conclusions

A registration method between 3D LiDAR and 2D visual imagery is proposed.

This method consists of the following steps: The first step is determination of corre-
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sponding points using shape matching. Given the objects boundaries extracted from

both LiDAR and visual imagery, I used shape distributions to characterize these objects,

then KL-divergence is used to measure the similarity between the shape distributions.

The Hungarian optimization algorithm is used determine the best assignment between a

bipartite graph consisting of LiDAR and visual objects as vertices. Using the matched

objects, I extract corresponding points and compute the camera matrix. Dynamic time

warping is used to compute the registration error. The method was validated with ex-

perimental tests conducted on a synthetic as well as on a real world dataset.
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CHAPTER 6

DECISION-LEVEL FUSION OF MULTI-MODAL DATA USING MANIFOLDS

6.1. Introduction

Multi-modal data fusion is very important for many civilian and military applica-

tions. In this chapter, I consider decision-level fusion of registered LiDAR (light detection

and ranging) and visual imagery. I introduced a manifold-based fusion technique. The

proposed method starts by learning two different manifolds. The first manifold is learned

using LiDAR features, while the second manifold is learned using visual features. Using a

decision made on each manifold individually, I proposed a decision-making scheme lead-

ing to more accurate decisions. This chapter is organized as follows. The fusion problem

is addressed in section 6.2. A review on fusion and manifold learning techniques is pro-

vided in section 6.3. The manifold-based fusion is introduced in section 6.4. A study

case is provided in section 6.5 to illustrate the proposed fusion technique. I conclude this

chapter in section 6.6.

6.2. Problem Description

Given two modalities M1 and M2, each data point in these modalities belong

to one of the classes {C1, ..., Ck}. Let {C1, ..., Ci} be the classes recognizable using M1

and {Cj, ..., Ck}, be the classes recognizable using M2. The objective is to develop a

fusion model that uses information from M1 and M2 in order to maximize the number

of recognizable classes. This problem is illustrated in figure 6.1.

6.3. Review on Manifold Learning and Data Fusion Techniques

Several well-developed theories have been used for decision-level data fusion,

among these are: The Bayesian inference, Dempster-Shafer evidential theory, neural

network, voting logic and machine learning and classification algorithms.

Hugh [33] classified the objectives of data fusion into three main categories:
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Modality 1 Modality 2

C1,...Ci

Fusion

Cj,...Ck

C1,...Ck

Figure 6.1. Multi-modal fusion problem.

• Complementary: The datasets to be fused are independent of each other, but

they can be combined to provide more complete information.

• Competitive: The measurements obtained for the same property from different

sensors are independent.

• Cooperative: In this situation, the measurements obtained from different sen-

sors are combined to extract information that are not available from individual

sensors.

Dasarathy [27] introduced a fusion model based on the nature of the input and

the output properties of the fusion model. He identify five different possibilities: Data-

In/Data-Out, Data-In/Features-Out, Data-In/Decision-Out, Features-In/Features-Out,

Features-In/Decision-Out and Decision-In/Decision-Out.

Manifold learning is new concept introduced to approach machine learning al-

gorithms such as data clustering, pattern classification, interpolation, detection, com-

pression, and several other applications. Manifold learning algorithms assume that high
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dimensional data points lie near or on a low dimensional manifold that has to be learned

from the input data, therefore manifold learning can be perceived as dimensionality re-

duction technique. Several algorithm have been introduced to learn the topology of the

underlying data such as Isomap, MDS, LLC and many others.

Dimensionality reduction method are classified into two main classes: linear and

nonlinear. Linear methods such as principal components analysis (PCA) [32], linear

discriminant analysis (LDA) have success when the dataset is linearly distributed. How-

ever real world data are highly nonlinear, therefore linear techniques are not suitable.

In the rest of this section, I review the most important algorithms used for non-linear

dimensionality reduction.

Multidimensional scaling (MDS) [9] was initially introduced for visualization pur-

poses. MDS reduce the dimensionality of the data by preserving the Euclidean distance

between the sample points in the original space and their corresponding embedding in the

low dimensional space. The distance from each point to all other is stored in a distance

matrix that represents the metric properties of the original data. The projected data

is generated in order to minimize the mean square error between the original distance

matrix and that of the projected data set.

The isometric feature mapping (Isomap) algorithm was introduced by Tenenbaum

et al. [82]. This algorithm recovers the manifold structure by preserving the geodesic

distance between all points in the dataset. Three main steps are considered to learn a

manifold using Isomap:

• For each point xi in the dataset find K-nearest neighbors and construct the

K −NN graph G(V,E), where weij = ‖xi − xj‖.

• Using the K−NN graphs, compute the geodesic distance matrix D between all

the points in the dataset.

• Use MDS to generate a low dimensional embedding that preserves the distances

between points specified in the matrix D.

Laplacian Eigenmap (LE) introduced by Belkin and Niyogi [5], is another method for
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manifold learning. That method reconstructs the manifold structure from high dimen-

sional data as follows:

• Construct the K − NN graph, where the weights of connected nodes are com-

puted using the heat kernel in equation 61, where wij = 0 for non connected

nodes.

(61) wij = e−
||xi−xj ||

2

t

• Compute the eigenvalues and eigenvectors for the problem in equation 62, where

D is a diagonal matrix Dii =
∑

j wji, L is the Laplacian matrix L = D −W , fi

are the eigenvectors and λi are the eigenvalues.

(62) Lf = λDf

• The m eigenvectors corresponding to the highest m eigenvalues are used to

compute the m-dimensional embedding.

Saul and Roweis [74], introduced new method for manifold learning called LLE (Locally

Linear Embedding). This method attempts to preserve the local neighborhood structure

of the data, it consists of three steps:

• Construct the K-NN (K-nearest neighbor) graph.

• The weights wi, that best reconstruct the data point xi using its neighbors are

computed by minimizing equation 63.

(63) ζ(W ) =
∑
i

|xi −
∑
j

wij xj|2

• Using the weights computed previously, the embedding is reconstructed such the

equation 64 is minimized.

(64) φ(Y ) =
∑
i

|yi −
∑
j

wij yj|2

Other works that use manifold for data fusion were proposed by Davenport et al.
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[28], Jamshidi et al. [52], Bengio et al. [7], Yang [93].

6.4. Decision Level Fusion Scheme using Manifolds

In this section, I propose a decision-level fusion scheme to solve the problem

described in section 6.2. Given two modalities, M1 and M2 and a set of features Fv1

characterizing data points in M1 and features Fv2 characterizing data points from M2.

Let {C1, C2, ..., Ck} be a set of classes. Each data points belong to some class Ci. The

geodesic distance between the centroid point p of the class ci and the centroid point q of

the class cj on a manifold M is defined as follows:

(65) dM(p, q) = inf{L(γ) : γ(0) = p, γ(1) = q}.

where γ : [0 1] −→ M, is the curve joining the points p and q. L(γ) is the length of

the curveγ. The projection of a point r on the curve γ is the point s that minimize the

geodesic distance between the point r and a point s on the curve γ. It is defined using

equation 65, with additional constraint that s ∈ γ. Let M1 be the manifold learned

using the feature set Fv1 and M2 be the manifold learned from the feature set Fv2.

Let p and q be the centroids of the classes ci and cj respectively. All the points in

the classes ci and cj are projected on the curve γ joining p and q. Let r be the point

that maximizes the geodesic distance between the point p and all the projected points

from class ci on the curve γ. Similarly, let s be the point that maximizes the geodesic

distance between the point q and all the projected points from class cj on the curve γ.

The classification confidence on the manifold M associated with two classes ci and cj is

computed as follows:

(66) Sci,cj = 1− dM(p, r) + dM(q, s)

dM(p, q)
.

where Sci,cj indicate the confidence of correctly classifying the classes ci and cj on the

manifold M. A value closer to one indicates a high confidence, while a value closer to

zero indicates a low confidence. The classification confidence is computed for every pair
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of classes separately for both manifolds M1 and M2. This indicator is computed using

a training set. In the testing phase, each data point is assigned a label on each manifold

using the geodesic distance:

(67) M(ci) = argmin(dM(xi − xj)).

where xi is a testing point and xj is training point, and M(ci) is the label assigned to xi

on manifold M. Given the label assigned to a testing point on manifolds M1 and M2,

I propose the following decision level fusion technique:

(68)

ci =


M1(ci) if M1(ci) = M2(ci)

M1(ci) if M1(ci) 6= M2(ci) & M1(SM1(ci),M2(ci)) > M2(SM1(ci),M2(ci))

M2(ci) if M1(ci) 6= M2(ci) & M1(SM1(ci),M2(ci)) < M2(SM1(ci),M2(ci))

where M1(SM1(ci),M2(ci)) and M2(SM1(ci),M2(ci)) are the classification confidence associ-

ated with the classes M1(ci) and M2(ci) on the manifolds M1 and M2 respectively.

6.5. Study Case

I used the proposed fusion scheme to classify data segments from a registered

LiDAR and visual imagery. I consider four classes: Buildings (B), trees (T), grass (G),

and roads (R). Using LiDAR data, one can easily distinguish between buildings and

trees, however it is very difficult to distinguish grass from road segments. Grass and road

segments, can be easily distinguished using visual features. Trees and grass cannot be

distinguished using visual features. This section consists of two parts. The first part is

dedicated to features extraction from LiDAR and visual imagery. In the second part, I

discuss test cases used to validate the proposed technique.

6.5.1. Features Extraction from LiDAR

In this section I present a set of features used to characterize, classify, or cluster

LiDAR data. Many of these features have been introduced and used in the literature

[75, 19].
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6.5.1.1. Flatness

In this section, I describe two ways to compute the flaness of a 3D area represented

by a set of points. The first method to compute the flatness value, is to divide the area

surface in 2D by its corresponding volumetric surface in 3D. This can be achieved by

using TIN representation of the points. The 2D surface will be the sum of triangles area

in 2D, while the 3D area is the sum of the triangles area in 3D. A flat area will have a

flatness value closer to one, while a non-flat area will have a value closer to zero. The

flatness computed by this method is described in equation (69):

(69) f =
2D area

3D area
.

The second method to compute the flatness value, is based on the K−NN graph. Given

a point for which I want to compute the flatness value. I start by finding the K − NN

of this point, then the flatness is computed as the sum of the graph edges in 2D divided

by its corresponding sum in 3D:

(70) f =

k∑
i=1

ei2D

k∑
i=1

ei3D

.

6.5.1.2. Normal Variation

The normal variation is computed as follows. Given a point p, let N(p) be the k

nearest neighbors of p. Using the point in the setN(p), a TIN interpolation is constructed.

A normal vector is computed for each triangle in this representation. Each normal vector

have three components: nx, ny and nz. Using these components, I compute the following

measures:

• The mean of normals with respect to x, y and z components (mean(nxi
),mean(nyi),

mean(nzi)).

• The standard deviation of normals with respect to x, y and z components
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(a) Visual image. (b) Digital surface model.

(c) Maximum elevation difference. (d) Minimum elevation difference.

Figure 6.2. Elevation difference features.

(std(nxi
), std(nyi), std(nzi)).

6.5.1.3. Elevation Difference

Given the K − NN graph, I suggest four different measures of the elevation

difference. The maximum elevation difference, witch consists of the maximum elevation

difference between a given point to each of its neighboring points. Similarly the minimum

elevation difference is the minimum of all elevation differences from a point to all its

neighbors. The average elevation difference witch is mean of all the elevation differences

from one point to all its neighbors. The forth measure of elevation difference is the

standard deviation of elevation difference between a point an all its neighbors. Given a

point pi and its K − NN points N(pi), equations (71)-(74) shows the computation of

max, min and mean, and standard deviation elevation difference measures, respectively.

(71) MaxElpi = max(abs(zpi − zpj)) pj ∈ N(pi)
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(a) Mean nx. (b) Standard deviation of nx.

(c) Mean ny (d) Standard deviation of ny.

(e) Mean nz (f) Standard deviation of nz.

Figure 6.3. Normal variation measures.

(72) MinElpi = min(abs(zpi − zpj)) pj ∈ N(pi)

(73) AvgElpi =
1

|N(pi)|

|N(pi)|∑
j=1

abs(zpi − zpj) pj ∈ N(pi)

78



(74) StdElpi =

√√√√ 1

|N(pi)|

|N(pi)|∑
j=1

(zpi − µz) pj ∈ N(pi)

Figure 6.4 shows the maximum, minimum, mean, and the standard deviation-based ele-

vation difference. The feature vector associated with each LiDAR point pi is the following

(a) Maximum elevation difference. (b) Minimum elevation difference.

(c) Mean elevation difference. (d) Standard deviation elevation difference.

Figure 6.4. Elevation difference measures.

vi = [z flatness Mean nx Mean ny Mean nz Std nx Std ny Std nz MaxEl MinEl AvgEl StdEl].

The set of features discussed above are point-based features. In the rest of this section, I

discuss segment-based features. Given a segment that consists of n points, I characterize

this segment using the following features:

• Segment Flatness: Similarly to point-based flatness, segment-based flatness can

be computed in two ways. The first way is to compute the K − NN graph for

the segment points, and then compute the flatness of the segment as the sum of

the edge lengths in 2D divided by their corresponding sum in 3D. The second
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way is based on Delaunay triangulation. In the second method, the flatness is

computed as the sum of the triangles surface in 2D, divided by the sum of the

triangles surface in 3D.

• The mean of the x-component of the normals.

• The mean of the y-component of the normals.

• The mean of the z-component of the normals.

• The standard deviation of the x-component of the normals.

• The standard deviation of the y-component of the normals.

• The standard deviation of the z-component of the normals.

• Segment maximum elevation difference: Is the maximum elevation difference

between any two in the segment.

• Segment minimum elevation difference: Is the minimum elevation difference be-

tween any two in the segment.

• Segment standard deviation of the elevation difference: This measures the stan-

dard deviation of the elevation differences between points in the segment.

6.5.2. Feature Extraction from Visual Imagery

To classify segments from visual image image, I consider the RGB and the HSV

domain. Each segment is represented using a feature vector consisting of the average R

value, average G value, average B value, average H value, average S value, and average

V value.

6.5.3. Disconnectivity of the K −NN Graph

The existence of several clusters in the dataset leads to a dis-connectivity of the

K −NN graph. This is illustrated in figures 5(a) and 5(b). The dis-connectivity of the

K −NN graph leads to learning a partial manifold representing a portion of the dataset

(incomplete manifold). I proposed two solutions to this problem. The first way to deal

with this issue, is to find the connected components in the K−NN graph G, and connect

these components. Let C1 and C2 be two components of G. Let X = {x1, ..., xn} and
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(b) Disconnected 3−NN graph.
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(c) Connecting the 3-components of the graph.

Figure 6.5. Illustration of the K −NN dis-connectivity.

Y = {y1, ..., ym} be the data points in the components C1 and C2 respectively. I connect

the point xi ∈ C1 to the point yj ∈ C2 if they satisfy the follows condition:

(75) min
xi∈C1,yj∈C2

||xi − yj||;

Figure 5(c) illustrate the components connecting using this method.

The second method to deal with the dis-connectivity problem is to learn one

manifold for each component and then align the manifolds.

6.5.4. Tests

I used two datasets. The first area is 750 m × 410 m, it consists of 35188 points.

The second area is 750 m × 400 m, and consists of 34876 points. I manually labeled a
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set of objects. Table 6.1 summarize the the characteristics of each area. I used Isomap

to learn two manifolds, Ml using LiDAR features, and Mv using visual features. Figure

6.6 shows the learned manifolds from LiDAR and visual features respectively. For each
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(a) Manifold learned using LiDAR features.
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Figure 6.6. Manifolds learned form LiDAR and visual features for area 1.

dataset, 30% of samples was randomly selected for testing. I computed the accuracy

of correctly classified samples, as well as the cross-matrix. Tables 6.2 and 6.3 show the

cross matrix for area 1, using two different testing sets. Tables 6.4 and 6.5 show the cross

matrix for area 1, using two different testing sets. These results show that the proposed

fusion method performs better that the individual decision derived from each manifold.

Number of segments Buildings Trees Grass Roads
Area 1 121 67 10 15 29
Area 2 64 20 14 10 20

Table 6.1. Characteristics of the test cites.

(a)

Classified
B T G R

B 18 0 0 0
T 0 3 0 0
G 0 0 1 4
R 0 0 3 3

(b)

Classified
B T G R

B 17 0 0 0
T 0 3 0 0
G 0 0 4 0
R 1 0 0 7

(c)

Classified
B T G R

B 18 0 0 0
T 0 3 0 0
G 0 0 4 0
R 0 0 0 7

Table 6.2. Cross-matrix. (a): LiDAR classification. (b): visual classifi-
cation. (c): fused classification.
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(a)

Classified
B T G R

B 19 0 0 0
T 0 2 0 0
G 0 0 0 5
R 0 0 5 4

(b)

Classified
B T G R

B 18 0 0 3
T 0 2 0 0
G 0 0 5 0
R 1 0 0 6

(c)

Classified
B T G R

B 19 0 0 0
T 0 2 0 0
G 0 0 5 1
R 0 0 0 8

Table 6.3. Cross-matrix. (a): LiDAR classification. (b): visual classifi-
cation. (c): fused classification.

(a)

Classified
B T G R

B 4 0 0 0
T 0 2 0 0
G 0 0 1 2
R 0 1 1 3

(b)

Classified
B T G R

B 3 0 0 0
T 0 2 0 0
G 0 1 2 0
R 1 0 0 5

(c)

Classified
B T G R

B 4 0 0 0
T 0 2 0 0
G 0 0 2 0
R 0 1 0 5

Table 6.4. Cross-matrix. (a): LiDAR classification. (b): visual classifi-
cation. (c): fused classification.

(a)

Classified
B T G R

B 6 0 0 0
T 0 3 0 0
G 0 0 0 2
R 0 1 2 2

(b)

Classified
B T G R

B 5 0 0 1
T 0 4 0 0
G 0 0 2 0
R 1 0 0 3

(c)

Classified
B T G R

B 6 0 0 0
T 0 3 0 0
G 0 0 2 0
R 0 1 0 4

Table 6.5. Cross-matrix. (a): LiDAR classification. (b): visual classifi-
cation. (c): fused classification.

6.6. Conclusion

In this chapter I proposed a new idea for decision level fusion of LiDAR and

visual imagery. I used manifolds learned from feature extracted from each modality,

and I describe a decision level method. I defined a confidence level associated with a

decision made on each manifold. A case study was provided to show the effectiveness of

my method.
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

In this dissertation, two important problems were addressed: Multi-modal im-

age registration using shape matching, and decision-level fusion using manifolds. The

outcomes of this research can be used for many application such as urban planning,

transportation projects, flood modeling, damage assessment after a disaster, change de-

tection, virtual tourism, and military operations. The most important outcomes of this

research are the following:

• I developed a new filtering method for LiDAR (light detection and ranging) data.

The proposed method outperform many existing methods, and it could be used

by other researchers. High accuracy in extracting terrain points leads to high

quality DEMs, which are very important products for several applications.

• A new method for convex and non-convex object boundary extraction from

point cloud was introduced. This method can be used for other purposes such

as clustering of spatial data.

• I introduced the concept of multi-object shape signatures. This provides a solu-

tion for corresponding points determination in symmetric scenes.

• A new measures for computing the registration error was introduced. I used

dynamic time warping between objects to computed the registration error.

• I proposed for a decision-level technique for fusing LiDAR and visual imagery.

I used features extracted from different modalities to learn different manifolds.

These manifolds are used independently to assign a label to a data point. A

method that combines the decision from each manifold was proposed to improve

the individual decisions.

This research can be extended in many ways:

• The proposed registration method is not fully automatic, therefore, it is impor-

tant to consider the automatization of that method. This is an important step
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toward real time registration.

• Extending the shape matching registration method to be used for other modal-

ities. The objective is to generalized this method. I will investigate the use of

this method to register images such IR and visual, thermal and visual, and other

modalities.

• Investigation of the use multi-object signature for content-based image retrieval.

Many content-based image retrieval algorithms use a single object for a query.

Using multiple objects for a query is more specific and informative and can im-

prove the accuracy. Multi-object signatures can be used to achieve this objective.

• The proposed decision-level fusion method has been tested only on LiDAR and

visual imagery. Extending and testing this method on other dataset in an im-

portant research direction.
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