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ABSTRACT

the

Thia phenomenon can beusual ray theory breaks down.

analyzed by mana of ar. asymptotic solution of Maxwell'a

The intensity la governed by a partialsquat Ions.
a

Thisof ordinary differential equations along rays.

example shows that light does not always propagate along

A similar phenomenon occurs In hydromagnetics.rays.

t 2

When light propagates with the wave normal In the 

direction of an optic axis of a biaxial crystal,
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differential equation within the phase surfaces, instead
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COMICAL REFRACTION IK CRYSTAL OPTICS

ARD HYDROMAGNETICS

1. Introduction.

The phenomenon of conical refraction Is an larportant

exception to the usual laws of geometrical optics. In the

interface, splits into a cone of rays (Figure 1).

energy of the corresponding wave is usually thought of as

being transported along bundles of rays. When conical

refraction takes place, a bundle of rays splits into a

conical shell of rays (Figures 2 and 3). Nevertheless,

the energy contained within the original bundle is spread

not

usual principles of geometrical optics).

I
Incoming

■»

Bundle

Figure 2

- u

I
I

Incoming

Interpoe

Figure 1

Refracted

over the entire region bounded by the conical shell, 

merely the shell itself (as one might believe from the

case of conical refraction, a single ray, upon striking an
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< »

I



Figure 3<

Thia mum that the first tarin of the asymptotic

expansion of geometrical optioa is different from sero

not only in the shaded annulus shown in Figure 3» but in

The maths-the entire disc bounded by the outer circle.

matical explanation for this phenomenon is that the

amplitude of the refracted wave is not governed by

ordinary differential equations (as is usual in geometri

cal optics), but by a hyperbolic partial differential

equation within the phase surfaces of the refracted wave.

The ray conoid of the partial differential equation is

identical with the cons of refracted rays emanating from

a point.

We ihsJ.1 demonstrate the validity of the preceding

The first is the classical casestatements in two cuses.

of propagation of light incident on a biaxial crystal In

The second case involvesthe direction of an optic axis.

5

The shaded area is 
the locus of 
enopoints of 
refracted rays.
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the propagation of a snail hydromagnetic discontinuity 

spacial case where the Alfren and sound speeds are equsd..

In harmony with the general rule that the first term in 

an asymptotic expansion is easier to compute than the

each of these problems can be reduced to 

the solution of the wave equation with three Independent 

variables.

applies only to propagation with the wave normal pointing

In a specific direction. l.e. along an optic axis. For

neighboring directions of the wave normal, ordinary

geometrical optics applies. Thus there is a change in the

asymptotic behavior of solutions when the wave normal is

near a conical point of the normal surface.

2. Crystal Optics.

Consider the following situation: we have a biaxial

cut in a plane normal to an optic axis. Therecrys

1. The equations of crystal optics are discussed In [2].

b

6

An example, given at the end of the following section, 

shows that if the incoming wave vanishes except on a small 

bundle of rays, then almost all of the energy is transported 

along the refracted rays.

It should be pointed out that the following analysis

exact solution.

This difficulty 

in the theory has not been satisfactorily resolved, and 

hinders comparison with experiments.

across a plane normal to the magnetic field, in the 



is an incoming plane wave which is normal to the surface

Let the x-axla be an opticdirection of the optic axis.

and the y,s plane be the surface of the crystal.axis,

3 y
Vacuum

x
Incoming wave *

Figure U

be unit vectors along theLet and

I
be the corresponding eigenvalues.and le t ande

be the magneticLet ti

ps rme ability.

abbreviations:

(1 - 1,2,3) ,S3
9
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1
H e±

°2

e2
We assume that

V*1

61

I I
e2 and e^ 

principal axes of the dieletric tensor of the crystal,

*3
> e2 * *3*

We shall make use of the following

of the crystal, i.e. the incoming wave propagates in the
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be unit vectors in theLet ande

equations:

ss

These equations fix the orientation of the principal 

axes of the crystal relative to the x,y and z axes*

We assume that the incoming wave has the following

form:

1) * o(i)H
(1) O)

= E(y,z)E

H E represent the magneticHere the vectors and

and electric fields; the polarization and Intensity may

and represents the frequency, anddepend upon z,u;y

l/u) indicate that wethe terms of order are interested

only in the first term in an asymptotic expansion for

The unit of time is chosen so that the large

velocity of light in vacuum is unity.

The boundary conditions on the surface of the

crystal enable us to prescirbe H and E x = O.for

8

" *2 •

- 3(y,z

*2

el» °2 e3
direction of the x,y and z axes, given by the following

°3

B1

-

(x <
iu(t-x) ©

olu(t-x)

- - 03*3 ,

- °‘n> -



we applyIn order to calculate H and E for x > 0, * *4.
the theory of asymptotic solutions of partial differential 

equations (outlined in Section l±) to Maxwell’s equations.

Accordingly, we have

X )) + 0 (i)H
2(2)
x(iza (t- )) + o (i)E exp
2

E must each be a linear combinationx > 0. andfor

of two fixed vectors:

(1)1f!(x,y, z )
(3)

E(x,y,z) - + <y

Here

9

2
(1+)

2

The scalars must satisfy theand

O

(5)
+ 2Y- r

9

I

^2 
dz

°2

Jo~2 
dx

E(x,

dy

<)a~ 2 
dy

°3

°3

&2

e2

+ cr2(x,

62

X(x,

P(l)

h(Dn

2(x,

h(2)XI

w(2) Xu

following system of equations: 
c-'1 
dx

„(2) XI

~(1) IL p(2) XL

<r 2

2 y n

= 0

(T1

1

1
0J



These equations are equivalent to the wave equation with

three independent variables. We can see thia most

by introducing new variables € and t x

4x 2

Y 5 + £ .z

Then we have

a 02=Y Y

(6)

0Y

hence

1 0 »

& o=8

see that the first term in the asymptoticThus we

expansion of the field inside the crystal is determined 

by a solution of the wave equation in three independent

variables, where the optic axis takes the place of the

Since Huygens* principle does not hold fortime axis.

For example,cannot take place. if and

E(o,
will vanishand

10

4'
<)y‘

vanish outside a small neighborhood of the 

and E(x,

r2
2

this equation, we conclude that propagation along rays

E<O,y,z)

<)<r 2
dy

T2

+ + T

J?

d >

o-2

<r2

origin, then

<)<T 1 
<)y

(X



The cone incone.

question is the ray cone of (5), which has the equation

x

and the

x - 1 with the cone ie a

circle of radius Y/ 2 *

7 t
2

2

<■ x1

Figure 5

we

shall calculate and in the interior of the

cone of conical refraction.

at the origin. The behavior of and along

11 -

- 11

z2 ♦

z ‘

outside a neighborhood of a certain cone, and in general 

will be different from zero inside the

The optic axis is a generator of this cone, 

intersection of the plane

physically meaningful example, 
2

2Y y2

the refracted rays is more complicated, and depends upon 

the shape of the source, and the distribution of intensity

As a (hopefully)
CT1

if there is a small source 

o~



within the source.• c
First we consider ths corresponding problem for the

wave equation.

bo a continuous function such thatLenina :

a2 2 1if ♦ b0 >

a,b) da db “ 1

satisfyLet

)

u (0,■ 0

■ 7 • f' -u€<0. >| ,«>

) d^ d< is Independent of1.Then

and 4,e
C2 - (IJ2 ♦ C2) > •2. If

then

U<C. let) -
2-

€ - 0 .Proof?

• J f g2(a,b) da db .(7)

Thus the energy of the Initial data is Independent of e.
But, for solutions of the wave equation. the total energy

This proves our first assertion.is independent of €•
r.

1 
21" 7

(UH

4

* u«

4

♦ 0(«2) .

and

ra

^♦u2*u2) d»x de

First we note that, for

» 0 ,

*4*



«■»

in tonas of a furol ana ntal solution!u

(a*'*t> }]

obtain (7)«

Now wo

haveFirst 1st tbs data for and

the fora

(*,£) .
«• e •(0,1,4) -

0

,b) is the function to which ths loams refexs.whore

Then wo may setand 1 - y

Hence

{
M

(8)

13 -

A i-3/2 ♦ ou2)

<r'2(o,i,c)

♦ OU2)

can use our

 p a,b) da db 
c2 h^atr*2 (Ca**jb ) *«2t"2

<r2

. *
2«Y^

u

In order to prove the second assertion, wo represent

Kxpandix^r the integrand with rospoet to «, 

lam we to obtain approximate solutions 
e-1 and o'2of (5), w (6)«

c-1

CT1

<r2



where

2

O

then

y2K> - «2

Similarly, if

Cossblnlng (0) and (9), wo obtain a general eolation of (*>).

Vo nay Interpret these results as follows: Com Ider a

where the amplitude of the wave vanishes

except on a bundle of rays of also Wo assane that •

but

assail c amp are d to the distance from the Interface to the

point of observation If the Intensity

refracted wavo la proportional to inside the sons of

conical refraction.

On the other hand. since the refracted wave carries

1U - 4

/

optic axis.

ia largo compared to the wavelength of the light.

(x » c » 1/vU).
of the incoming wave la nonsallsod so that the refracted 

wave carries unit energy, then the amplitude of the

plans wave incident on a crystal in the direction of an

O
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ana near the refracted rays la

•Mrry la transported along rays.

3.

with constant density

vector P» u

Hand

it’
o

0

Hera

and

These equations are discussed In (1J.
■

c15 -

Is the sound speed of the underlying material. 

It will be

%’
The equations for the perturbations

Hydroragnetlca.

In this section we shall apply the technique used

for crystal optica to the linearised equations of hydro- 

sagnctlas, and discuss a phenomenon of conical refraction 

exactly analogous to conical refraction In crystals.

We shall deal with the equations for cmal1 hydro- 

magnetic disturbanceo^<, whore the basic flow is at rest, 

and constant magnetic field

%

unit energy, *• conclude that the energy carried along

1-O(e ). Thus, although

%

curl (u x H )

Ho- 

are t

♦ a^ grad p - p (cwl H) x Hc

the amplitude of the refracted wave la different from 

aero inside the cone of refracted rays, almost all of the 

p is the magnetic permeability.

convenient to put our equations In aysosotrlc hyperbolic

div u » O



Letform.

d P

M H

Then our equations take the syamnetrlc fora

0♦ a dlr u

(io)

Ke look for solutions of (10) of the form

(11)

h( ) That la.la the Beaviald* atop function.whtre

the solution ahall have a jump discontinuity which

prepalates with speed in the direction of the x-axis.

(and henceWe make the additional assumption that

points in the direction of th* x-axis.

speed la equal to the sound speed. l.e.

- 16 -

%
■ft

♦ a nrad d - (curl M) x

l«ol •

curl (u x

Mo

H (and hence X) o o
and that the Alfven

- O

The propagation of such discontinuities la covered by

• 0

(’ \ 
h(t - •) u I ♦ continuous function, 

\ W /

- H^po



the asymptotic theory of partial differential equations

outlined In Section U- Accordlng to the theory we may 

represent the discontinuous part of tbe solution In the 

form

(;)■ * 1(12)

where

and are unit vectors

The scalars

must satisfy the following set ofand

equations:

- 17
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uO)
R(3)

d“> 

u{1) 

M(l)

1' e2 *3
along the x,y and s axes, respectively.
12 3d" , cr* and o*J

Here, as before.
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•A * *&’ o

2 0(13)

I £ 2<r

by meansIf we Introduce new variables

of the equations

t

ar

S

then our equations take the fora

1
0

dx

O(1U)

1 o-i

It Is easy to see thatplaner.

satisfy the following equations:and

18 -

1
5

cr-1 >

1" 7
<^3 
J*

<^2
ds

’J 3s

• 5 is <r>

d-1 ct-3

& r

<r3

• 0

aod
Jx

Thus all differentiation takes place within the

<r\ <r20 ■ const.
cr3



the firstas in the case of crystal optics,Thus ,

In the expansion of the solution is essentiallyterm

governed by the wave equation in three independent

The locus of a discontinuity initiallyvsu*iables •

localized at the origin will be the interior of a

incircular cone space•

y © “ arctan

©

Figure 6
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u. The Geometrical Optica Approximation.

In this section,

equations which govern the first term of an asymptotic

In the interests of brevity andexpansion are derived.

consider a general linear hyperbolic system

This theory is presented in greaterof first order.

2 be a vector with k components,Let

and consider the linear system

(15) o

AV In the case ofk x k matrices.Here Band are

(E,H)represents the pair of vectorsu

corresponds to Maxwell’s equations. In theand

(d,u,M)represents the triplehydromagnetic case, u

corresponds to the system (10). We looku = Cand

for formal solutions of (1$) of the form

co
(16) u

For large values of the frequency the first termGd ,

in the expansion is a good approximation to the solution

we writeu;

(x, t)u

20

crystal optics, 

oZlu = 0

■7 * Bu ~

de t al 1 in ( 3 J •
u(x1,x

iu>0(x,t) o
C cl

we shall indicate how the systems of

clarity, we

l^tx,! )w
<1U)^

,X3,t)



Upon substitution of (16) into (15), 

the following set of equations must be satisfied:

(17)

(18) (j = 0,1,...) .0

is the characteristic matrix:Here A

A

Equation (17) implies that the determinant of A must

0(x,t)vanish; hence must satisfy the characteristic

equation.

0, there are exactly

linearly independent solutions of equation (17):r

(1 = 1,..O

Then we must have

r
(19)

where

linearly Independent vectors such that

(i = l,...,r) .A 0

Now consider equation (18), setting J = O. A necessary

21 -

.,r) .

A a*J+1 + ok^(a^) =

There are also

A R(li

A a°

<)xv

o-1(x,t) R(i)

we see that

a°(x,t)

are scalar factors.

We assume that, for fixed

= 0

I



I

and sufficient condition for this equation to have a

solution is that

Z(a°) (j - l,...,r) ,0s

or

(20) (x,t) R (j = l,...,r) .

The system (20) corresponds to the system (5) in the case

of crystal optics, and the system (13) in the case of

Thus the leading term in the expansionhydromagnetics.

is determined by (20), together with appropriateof u

initial and boundary conditions.

(20) reduces to a system of ordinary differential

equations, In such cases the

differentiated along rays and theunknowns are

energy is indeed transported along bundles of rays.

the system (20)When conical refraction takes place,

is a nontrivial hyperbolic system.

represented in Figure 1 corresponds to the ray conoid of

system (20). This fact can be verified directly in the

cases of crystal optics and hydromagnetics. The general

theorem follows from a lemma of P. Courant,

quoted in (3 J, pp. 33-3U-

22

l/ J

and the cone of rays

It has been customary, both in the mathematical and

CT-1

physical literature, to treat only those cases in which

D. Lax and R.

(1b = 0

or a single equation. 
CT-1
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