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FEASIBILITY OF DETECTING ARTIFICIAL MAGNETIC ANOMALIES IN 

HYDROFRACTURED ROCK BY SUPERCONDUCTING GRADIOMETER-SQUID SYSTEMS 

W. C. Overton, Jr. 

NOTCE 

Rewueh and Development Administration, nor any of 
their employe% nor any of their contractors, 
rubcantracton. or thew employee, maker any 
unmnty,  expres or implied. or assumes any legal 
Liability or rerpondbllity for the accuracy. completenen 
or ulcfulneg of m y  informatton, apparatus, product or 
process disclosed. or represents that its UY would not 
infringe priwtcly owned nghtr. 

ABSTFACT 

We have carried out a study of the signal physics of mag- 
netic anomaly detection by superconducting gradiometer-SQUID 
systems to determine the feasibility of possible applications 
to the geothermal energy program. Such systems would make full 
use of the incredible sensitivity of the superconducting quantum 
interference device (SQUID) which can be in the range of 
Oe in practical device applications. 
anomalies in the earth's field produced by spherical distribu- 
tions of magnetic matter, we have also considered anomalies 
that would be artificially produced by flooding magnetic mate- 
rial into cracks produced by hydrofracturing in deep boreholes 
drilled into dry rock geothermal sources. The study indicates 
that surface detection by horizontal and vertical gradiometers 
of crack anomalies will not be feasible if the magnetic material 
flooding the crack is a paramagnetic solution. However, one can 
concoct a slurry to carry prepolarized ferromagnetic particles 
of a size sufficiently large to permit domain formation but 
small enough to permit rotation and alignment in the earth's 
field. In this case, the anomaly signal is large enough to per- 
mit extraction of anomaly orientation information out of the 
background of magnetic noise and earth's field gradients. The 
superconducting gradiometer-SQUID system is shown to be excep- 
tional in its capability of removing undesirable magnetic noise 
and gradients. 
would be comprised of a magnetometer o r  gradiometer that could 
be lowered into the borehole to positions opposite the forma- 
tions cracked by hydrofracturing. Even in this case, the use 
of a paramagnetic material to.produce the artificial anomaly 
will not provide signals of  sufficient amplitude to overcome 
the magnetic noise. However, the slurry containing only one 
per cent by volume of ferromagnetic particles will produce a 
crack anomaly that i s  easily detectable by magnetometer o r  by 
the superconducting gradiometer-SQUID system. 
that the orientation angle of a crack anomaly, measured with 
respect to magnetic north, can be determined by a rotatable 
magnetometer o r  gradiometer with respectable accuracy. 

In addition to magnetic 

We find the greatest promise in systems that 

The study shows 

However, 



the magnetometer measurement will contain the possibility of a 
180' ambiguity, while the gradiometer measurement eliminates the 
ambiguity and is at least twice as accurate. 
a system of two surface gradiometers can be used to determine 
the orientation of the crack anomaly if the ferromagnetic par- 
ticle volume ratio in the slurry i s  about ten per cent. In all 
of this work we assume a borehole depth of one mile and a crack 
of 2.0-mm width and radius of 300 m. Several new ideas for the 
extraction of anomaly information out of magnetic background 
noise and the presence of earth's field components and their 
gradients are proposed. 

We find also that 
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I. INTRODUCTION 

The r e c e n t  d i scovery  of  t h e  superconducting quantum i n t e r f e r e n c e  device  (SQUID) 

makes p o s s i b l e  the  d e t e c t i o n  of extremely small changes i n  magnetic f i e l d s .  

The s t a t e  o f  t h e  a r t  a t  t h e  p re sen t  time i s  such t h a t  rf SQUIDs ope ra t ing  a t  30 

MHz can d e t e c t  magnetic f i e l d  changes of 10-l' GHz -1'2, whi le  rf b ia s ing  a t  450 
MHz improves t h i s  t o  about GHZ -1'206'7 The s ta te  of p re sen t  r e sea rch  on 

microwave SQUIDs i n d i c a t e s  t h e  p o s s i b i l i t y  of d e t e c t i o n  s e n s i t i v i t i e s  i n  t h e  10 

G range.  Superconducting devices  ope ra t ing  simply as magnetometers r e q u i r e  sen- 

s i t i v i t i e s  of on ly  about 

t o  

t h e  use  of t h e  SQUID i n  conjunct ion with t h e  superconducting gradiometer comprises 

a combination t h a t  takes f u l l  advantage of t h e  i n c r e d i b l e  s e n s i t i v i t y  of t h e  SQUID 

whi le  a t  t h e  same time e l imina t ing  most o f  t h e  broad-spectrum magnetic no i se .  
T h i s  i nhe ren t  n o i s e  e l imina t ing  c a p a b i l i t y  stems from the  f ac t  t h a t  t he  gradiom- 

e te r  measures t h e  d e r i v a t i v e  of a magnetic f i e l d  component, r a t h e r  than  t h e  f i e l d  

va lue  i t s e l f .  Thus, terrestr ia l  and c e l e s t i a l  n o i s e  d i p o l e  and mul t ipo le  sources  

c o n t r i b u t e  very  small gradiometer n o i s e  s i g n a l s  because t h e  f a l l  o f f  i s  % l/r 

and/or l /r . 

1-5 

- 14 

G H ~  -'I2 because magnetic n o i s e  ampli tudes of 

G occupy a broad frequency spectrum and cause i n t e r f e r e n c e .  8 '9  However, 

9 

5 

7 

A p a r t i c u l a r  superconducting gradiometer-SQUID system i s  shown schemat ica l ly  

The SQUID i t se l f  can be i n  t h e  form of a t i n y  loop of superconducting 

Typical  loop inductances are  of t h e  o rde r  of 

Various methods of p repa ra t ion  of t h e  weak l i n k  i n  t h i s  t i n y  loop, which 

i n  Fig. 1. 

Nb depos i ted  on a rod o r  s u b s t r a t e .  

1 nH. 

comprises a Josephson junc t ion ,  t oge the r  wi th  i t s  normal metal shunt needed t o  

achieve  d e s i r e d  behavior and temperature  c h a r a c t e r i s t i c s ,  a re  very  spec ia l i zed  
10 but  are  now i n  f a i r l y  advanced s t a g e s  of  development and improvement. 

1 



ELECTRON ICs Three o r  fou r  commercial companies 

s t a f f e d  by low temperature  p h y s i c i s t s  

SQUID systems f o r  m i l i t a r y  uses" while  

groups a t  NBS (Boulder, CO) and e l s e -  

where a re  improving t h e  development of  

gradiometer-SQUID systems f o r  medical 

purposes. l2  The magnetocardiograms of 

human p a t i e n t s  obtained by t h e s e  devices 

I show t h e  same s t r u c t u r e  as convent ional  I 
I I e lectrocardiograms,  p l u s  a d d i t i o n a l  new 

I r-F!7 I I manufacture SQUIDS and gradiometer- 
I 
I 
I 

I 
I 

I I 

L _ _ _ _ _ _ _ _ _ _  J 
SHIELD f e a t u r e s ,  without t h e  need f o r  elec- 

t rodes  i n  phys ica l  con tac t  with t h e  

Schematic of superconducting gradiometer- p a t i e n t ,  l2 Research and development 

GRA DIOMETER 
Fig.  1. 

SQUID system. A l l  p a r t s  shown, except 
t h e  e l e c t r o n i c s ,  a re  a t  l i q u i d  helium and demonstration i n  t h e  area of  de t ec -  

temperatures.  Gradiometer -loops have 
common a x i s  ( v e r t i c a l  i n  t h i s  configura-  
t i o n )  and loop areas must be equal  t o  
p a r t s  i n  l o 5  t o  l o 7  and alignment t o  
common a x i s  t o  b e t t e r  than  r a d i a n s ,  
Adjustment t r i c k s  f o r  equat ing loop r e -  
sponse a r e  no t  shown. The dashed area 
r e p r e s e n t s  a superconducting s h i e l d .  
Weak l i n k  (not shown) i n  t h e  SQUID i n -  
duc tor  loop ( inductance of order  of  1 
nH) has c r i t i c a l  c u r r e n t  i n  t h e  microamp 
range. 

t i o n  and d iscovery  of magnetic anoma- 

l i es  i n  t h e  e a r t h ' s  f i e l d  a r e  being 
pursued i n  a number of  l a b o r a t o r i e s .  13  

There i s  cons iderable  i n t e r e s t  i n  t h e  

d e t e c t i o n  of magnetic anomalies pro-  

duced by submarines. 

p l i c a t i o n  r e q u i r e s  t h e  development of  

i t s  own p a r t i c u l a r  gradiometer configu-  

Each s p e c i a l  ap- 

r a t i o n  and SQUID, as well as i t s  own 

d a t a  a c q u i s i t i o n  and a n a l y s i s  system. 

The purpose of t h i s  r e p o r t  i s  t o  i n v e s t i g a t e  t h e  f e a s i b i l i t y  of t h e  app l i ca -  

t i o n  of gradiometer-SQUID systems t o  t h e  LASL geothermal energy program. This  

program involves  t h e  d r i l l i n g  of boreholes  i n t o  d r y  rock geothermal zones, t h e  

a p p l i c a t i o n  of  high p res su res  t o  borehole  f l u i d s  t o  produce hydrof rac tur ing  of  

t h e  rock zones, l o c a t i o n  of t h e  s p l i t s ,  cracks and f i s s u r e s  produced by t h e  hydro- 

f r a c t u r i n g ,  and d r i l l i n g  a second ho le  t o  i n t e r s e c t  t h i s  s t r u c t u r e . 1 4  

cal  use,  water pumped down one borehole  would flow through t h e s e  c racks  t o  the  

second borehole,  become heated by t h e  hot  rocks  i n  t h e  process ,  and emerge as 

steam t o  run  a power p;snt.14 

t a t i o n  of  t h e  c racks  produced by hydrof rac tur ing  so t h a t  t h e  second borehole can 

be d r i l l e d  i n  t h e  c o r r e c t  l o c a t i o n ,  

In  p r a c t i -  

I t  i s  thus  important t o  know i n  advance t h e  o r i en -  

c One idea  f o r  d e t e c t i n g  t h i s  o r i e n t a t i o n  

2 



emerged i n  a r e c e n t  d i scuss ion  between R. B. Duff ie ld ,  LASL Q-Division Leader and cus W. E. Keller, LASL 4-26 Group Leader. This  involved pumping magnetic material 

i n t o  t h e  borehole from whence it  flows i n t o  t h e  hydrofractured s t r u c t u r e .  The 

e a r t h ' s  f i e l d  would then  p o l a r i z e  t h i s  material thereby producing a loca l i zed  

maglLZtic anomaly. 

could be measured wi th  s u f f i c i e n t  accuracy t o  determine t h e  o r i e n t a t i o n  of  t h e  

crack produced by hydrof rac tur ing .  

The ques t ion  was then  whether o r  no t  t h e  magnetic anomaly 

Because of t h e  experience of t h e  p re sen t  au thor  i n  t h e  f i e l d  of t h e  s igna l  

phys ics  of magnetic anomaly d e t e c t i o n  by superconducting gradiometer-SQUID sys-  
t e m ~ , ~  he was asked t o  look i n t o  t h e  f e a s i b i l i t y  of t h e  above idea .  The feasi-  
b i l i t y  s tudy  i s  t h e  s u b j e c t  of t h i s  p re sen t  r epor t .  

a logging system designed t o  c a r r y  a c e r t a i n  superconducting gradiometer-SQIJID 

conf igu ra t ion  could determine t h e  o r i e n t a t i o n  of  t h e  hydrofractured crack, pro-  

vidcd t h e  matcrial forced i n t o  t h e  crack e x h i b i t s  a s u f f i c i e n t l y  l a r z e  xagne t i c  

moment per  u n i t  volume. 

are  found no t  t o  have a s u f f i c i e n t l y  l a r g e  s u s c e p t i b i l i t y .  

i zed  ferromagnet ic  p a r t i c l e s  i n  d i l u t e  s u s p n s i m  ap2ear t o  s a t i s f y  t h e  recjuire- 

ments of t h e  problem. 

opera ted  i n  a magnetometer mode, can  he used t o  d e t e c t  t h e  ex i s t ence  of  t h e  

crack anomaly, bu t  t h e  de te rmina t ion  of  t h e  c rack  o r i e n t a t i o n  c a r r i e s  with i t  

t h e  p o s s i b i l i t y  of an  ambiguity of 180'. 

f o r  r e so lv ing  this magnetometer ambiguity. 

I t  is  he re in  proven t h a t  

Known paramagnetic materials i n  s a t u r a t i o n  s o l u t i o n  

Ifoiiever, p repolar -  

I t  is a l s o  found t h a t  t h e  convent ional  f l u x  g a t e  sensor ,  

There appears  t o  be no obvious t r i c k  

We ais0 examine i n  t h i s  s tudy t h e  c a p a b i l i t i e s  of  su r f ace  magnetometers and 

of  ho r i zon ta l  and v e r t i c a l  gradiometers f o r  d e t e c t i n g  t h e  anomalies produced by 

hydrof rac ture  c racks  as well as by s p h e r i c a l  d i s t r i b u t i o n s  of magnetic material. 

In  Sec. I1 we apply  t h e  well-known formulas desc r ib ing  t h e  e a r t h ' s  f i e l d  a t  

t h e  geographic l o c a t i o n  of a nearby geothermal prospec t ,  and c a l c u l a t e  t h e  mag- 

n e t i c  moments t h i s  f i e l d  produces i n  paramagnetic substances.  We a l s o  examine 

t h e  moments t h a t  would r e s u l t  from d i s t r i b u t i o n s  of  prepolar ized  ferromagnet ic  

p a r t i c l e s .  

In  Sec. I11 we s tudy t h e  f i e l d s  a t  t h e  s u r f a c e  t h a t  a re  produced by deep 

d i s t r i b u t i o n s  of magnetic material po la r i zed  by t h e  e a r t h ' s  f i e l d .  

app ropr i a t e  expressions f o r  s p h e r i c a l  d i s t r i b u t i o n s  as well as f o r  t h e  so-ca l led  

"wedge" d i s t r i b u t i o n .  

t e g r a t i n g  expressions i n  sphe r i ca l  coord ina tes  and because t h e  wedge d i s t r i b u t i o n  

with a ve ry  small wedge ang le  A$ c l o s e l y  approximates t h e  case  of  a magnetic 
ma te r i a l  pumped i n t o  t h e  t h i n  crack produced by hydrof rac ture .  

We f i n d  t h e  

The l a t t e r  i s  chosen because of t h e  convenience of i n -  

3 



In Sec. IV we obtain expressions describing signals that will be obtained 
by both magnetometers and superconducting gradiometers located in the borehole 
opposite formations cracked by hydrofracturing. 
pressions in order to compare the magnitudes of anomaly component, the earth's 
field gradient, the influence of magnetic noise, and the effects of imperfect 
construction of gradiometers. 

In Sec. V we examine these ex- 

In Sec. VI, we analyze the signals that will be produced by spherical and 
crack distributions at points on the surface and study the relative magnitudes of 
these signals in comparison with the earth's field gradient components, magnetic 
noise, and imperfection effects. The signals produced by an actual crack distri- 
bution is compared with that produced by a wedge used to approximate the crack 
distribution. 

In Sec. VII, we give a summary and discussion of the results of the study 
and indicate several ways for overcoming the dominating and undesirable signal 
components that would otherwise prevent extracting the information contained in 
the anomaly signal. As an example, in some of the tricks proposed, we would op- 
erate two nearly identical rotating magnetometers or gradiometers in synchronism 
but otherwise at different locations. Subtraction or balancing these signals 
then eliminates much of the dominant but undesirable signal components. Such 
tricks could make feasible some otherwise unacceptable ideas. 

11. MAGNETIC POLARIZATION BY THE EARTH'S FIELD 
A. The Field Dk-ection and Components 

The magnetic material pumped into the fissures, cracks, and voids in the 
rocks surrounding the bottom of the borehole will become polarized by the earth's 
field. The direction of the magnetization vector (magnetic moment direction) 
should coincide with that of the local earth's field vector. 
ic material is composed of solid particles of a ferromagnetic substance, the 
earth's field magnitude of about 0.5 gauss will be very small compared with the 
internal spontaneous magnetization field of the particles. Nevertheless, as dis- 

cussed below in Sec. 11-c, this small earth's field should align the large 
magnetization field because of the presence of thermal interactions. In the 
case of paramagnetic substances in solution, the local paramagnetic moment 
will always be parallel to the earth's field vector. 

In case the magnet- 

The earth's field horizontal and vertical components, H and Hr, respective- 

ly, can be calculated approximately for any set of geographical coordinates by 
h 

4 



use of well-known formulasl5 f o r  a dipole located at the earth's center, e.g., Grrs 
Hh = Ho(a/r )') sin0 a e '  
Hr = 2Ho(a/ra) 3 cos0, , 

H = 0.3035, 

8 a = 6.371 x 10 cm (6371.2 km). 

0 

where a is the reference radius for a spherical earth and r is the actual radius 
of the point in question (bottom of borehole and geographical location). We will 
here assume r 
The angle Be, which is defined as the geomagnetic colatitude, can be calculated 
via the formula 

a 

= a because we are primarily interested only in field changes. a 

15 

cos0 = cosp cosp + sinp sinpo cos(A - A o ) ,  (2) e 0 

where p is the geographic colatitude, po = 11.44' is the geographic colatitude of 
the magnetic N-pole, and A. = 290.24' is the east longitude of the N-pole. 

We are presently interested in the earth's field at a location i n  the Jemez 
Mountains of New Mexico in the general vicinity of the geothermal sources near 
the Valle Grande. 
35'55"; 106°30fW which corresponds to colatitude 54.083' and east longitude 
253.5'. Substituting in Eq.  (2) we obtain Be = 45.27' and 

We arbitrarily pick the set of geographical coordinates 

H = 0.2199 Oe, h 
H = 0.4356 Oe, r 
141 = 0.4880 Oe. 

(3) 

The direction of H is the same as that of the isogonic line for the above geo- 
graphical coordinates which is about 13.7' E of true north. in Eq. 
(3) polarizes any localized magnetic material producing a vector moment 

h 
The field 

5 



such that unit vector i is parallel to the isogonic line and in the plane paral- 
le1 to the earth's surface, j is in this plane, and k is perpendicular to it 

'L % 

(vertical). The vector m is shown schematically in Fig. 2. 

% 

'L 
Using this convention, we define the angle + according to 

sin+ = m /Iml =Hh/IHI = 0.45068. , .  , 

cos+ = mz/lml = H r / I H I  = 0.89268.. . , 
m = 0 ,  

X 

Y 

X 
MAGNETIC 

J 
Fig. 2. 

Spherical coordinate system for calcu- 
lating anomaly contributions at any 
point such as Xo,Yo on the surface. A 
volume element Av at tip of vector r 
contains magnetic material, is polar- 
ized by the earth's field, and e x h i b i t s  
moment I I to m. Origin 0 is at depth 
D of borehole%elow surface, 

6 

We show in Fig. 2 the induced mag- 
netic moment vector m pointing upward 
toward magnetic south rather than down- 
ward toward magnetic north. 
tions of gradiometry it is unimportant 
whether we choose m upward o r  - m down- 
ward since the two sensing loops of the 
superconducting gradiometer are always 
connected in opposition. However, there 
is no difficulty in deducing the con- 
ventional direction of m. 

'L 

In applica- 

'L 'L 

'L 

The values of Hh, Hr in E q .  (3)  

could be in error as much as 10 per 
cent because of the presence of local 
moments not accounted for by the aver- 
age formula Eq. (1). Such sourccs give 
rise to the so-called irregular part of 

the earth's field. In addition there 
is an external part due to magnetic 
sources outside the earth's atmosphere. 
There are also diurnal fluctuations of 
amplitudes as large as 100 y (one y 
= 10 gauss). While a conventional o r  
superconducting magnetometer sees the 
various fluctuations of the earth's 
field, the superconducting gradiometer 

-5 



e s s e n t i a l l y  screens  them ou t ,  e s p e c i a l l y  i f  t h e  source i s  f a r  away. Therefore ,  6d f o r  our purposes,  we s h a l l  no t  be concerned with t h e  i r r e g u l a r  p a r t  and t h e  f l u c -  

t u a t i o n s  and w i l l  be conten t  t o  use  t h e  r e s u l t s  i n  Eq. (3) t o  i l l u s t r a t e  t h e  p r i n -  

c i p l e s  of t h i s  paper .  

in f luence  of no i se  on t h e  gradiometer s i g n a l  i n  Sec t ionV.  

B. Paramagnetics i n  Solu t ion  

However, we s h a l l  g ive  a more thorough d i scuss ion  of t h e  

The paramagnetics of immediate i n t e r e s t  a re  c e r t a i n  simple compounds t h a t  a r e  

h ighly  so lub le  i n  water and e x h i b i t ,  i n  t h e  s o l u t i o n  s ta te ,  e l e c t r o n  sp in  angular  

momenta i n  t h e  range 1 / 2  4 l  t o  7/2 fi per  magnetic ion.  

t h e  l a r g e s t  t o t a l  angular  momenta a r e  Fe, N i ,  and Co and t h e  r a re  e a r t h s  Gd, Tb, 

Dy, Ho, E r ,  Tm, C r . 1 6  Only Fe, N i ,  and Co a r e  f e a s i b l e  f o r  p re sen t  u s e  because 

it would be too  expensive t o  make up s o l u t i o n s  with l a r g e  amounts o f  r a r e  e a r t h  

atoms (hundreds t o  thousands of kg might be needed f o r  some f lood ings ) .  The ex- 

per imenta l ly  determined "effective" magnetic moment pe r  atom of Fe ,  i n  a high- 

temperature  paramagnetic s ta te ,  i s  a c t u a l l y  l a r g e r  than t h a t  of e i t h e r  N i  o r  Co. 

Moreover, bulk q u a n t i t i e s  of Fe compounds a r e  cons iderably  cheaper than  those  of 

N i  and Co. Therefore,  we w i l l  conf ine  our  subsequent d i scuss ions  t o  the  most 

reasonable  and p r a c t i c a l  materials, e.g., t h e  va r ious  so lub le  Fe compounds. 

The paramagnetic atoms with 

One f i n d s  i n  t h e  Handbookof Chemistry and Phys-ics17 a l i s t  of  t he  s o l u b i l i -  

t i e s  of t h e  v a r i o u s  F e  compounds expressed i n  terms of t h e  number of grams t h a t  

w i l l  go i n t o  s o l u t i o n  i n  100 m i l l i l i t e r s  of water a t  room temperature  and i n  hot  

water ( they do not  s t a t e  t h e  temperature of t h e  hot  water ) .  I t  i s  easy t o  ca lcu-  

l a t e  from t h e s e  d a t a  t h e  number N of paramagnetic atoms per  cm3 i n  hot  water .  

Since t h e  temperature  of p re sen t  i n t e r e s t  w i l l  be > 400 K ,  we expect t o  be a b l e  
t o  d i s s o l v e  much more paramagnetic ma te r i a l  i n  t h e  very  hot s o l u t i o n  than  i n  t h e  

t t ho t r r  water of  t h e  t a b l e s .  However, we s h a l l  here  use  t h e  conserva t ive  f i g u r e  of 

t h e  t a b l e s .  

We cons ider  two Fe compounds, e.g., FeC12 (molecular w t  91.3) and FeC13.6H20 
3 (molecular w t  270), which have hot  water s o l u b i l i t i e s  of 106 g / l o 0  cm 

3 g / l o 0  cm , r e s p e c t i v e l y .  

atoms/cm3 (FeC1) and 0 .02  NoFe+++ atomslcm (FeC13), where No = Avogadro's number 

and and r ep resen t  d i v a l e n t  and t r i v a l e n t  states, r e s p e c t i v e l y .  There i s  

not  much p o i n t  i n  cons ider ing  Co and N i  compounds and o t h e r  Fe  compounds a t  t h i s  

time because t h e i r  s o l u b i l i t i e s  are, according t o  t h e  Handbook t a b l e s ,  less than  

and 536 

These d a t a  then  lead  t o  t h e  estimates of 0.012 NoFe++ 
3 

++ +++ 

i those above' 
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c The magnetic moment pe r  u n i t  volume of a paramagnetic substance i s  given,  i n  
16 t h e  high-temperature approximation, by 

(6) 
2 2 M = N g J ( J + l )  1 . 1 ~  H/3kT, 

3 
where N = number o f  paramagnetic atoms/cm , g = Land6 g f a c t o r ,  J = L+S = t o t a l  

angular  momentum, 1.1 = Bohr magneton (0.927 x 10 erg/Oersted) ,  H = app l i ed  

f i e l d  i n  Oersted,  k = Boltzmann cons tan t ,  and T = abso lu te  temperature.  I t  i s  

convenient t o  r e w r i t e  t h e  above formula i n  t h e  form 

-20 
B 

M = N p2 H/SkT , eff (7) 

i n  which we can u s e  a c t u a l  experimental  va lues  f o r  t h e  e f f e c t i v e  magnetic moment 

pe r  atom (Note: t h i s  formula agrees  with t h e  o l d e r  c l a s s i c a l  r e s u l t  due t o  
Langevin and i s  v a l i d  only  a t  high tempera tures) .  

i s  given by 1.1 

The e f f e c t i v e  moment pe r  atom 

where n i s  t h e  e f f e c t i v e  number eff 'B, ef f = g [ J ( J + l ) ] 1 / 2  uB = n eff 
of Bohr magnetons pe r  atom. Resu l t s  f o r  neff are  t o  be found a t  a number of 

1 L  

p laces  i n  t h e  l i t e r a t u r e .  Ki t te l l "  summarizes the  r e s u l t s  f o r  F e  i o n s  as fo l lows:  

TABLE 1 

EFFECTIVE MAGNETIC MOMENTS OF FERROUS IONS 

Conf i g -  Basic 
- I on u r a t  i on Level g [J ( J + l ) ]  1'2 n -eff ( exp t l )  g ( exp t l )  

6.7 

5.92 
5/ 2 

6S 

5.4 2 . 2  

5 .9  2 .0  

Using now t h e  s o l u b i l i t i e s  given e a r l i e r  i n  t h i s  s e c t i o n ,  t h e  e a r t h ' s  f i e l d  

from Eq. (3) ,  neff from t h e  above t a b l e ,  and t h e  formula E q .  (7 ) ,  w e  ob ta in  t h e  

magnetic moment pe r  cm3 o f  s o l u t i o n  induced by t h e  e a r t h ' s  f i e l d ,  as fo l lows:  

8 



TABLE 2 

MAGNETIC MOMENTS OF FERROUS PARAMAGNETICS I N  SOLUTION 

m (Fe+++ i n  FeCl ) 
" -0 3- m_(Fe++ i n  FeCl  ) 2- T (K) 

400 5.3 10.61 x lo-'  

500 4.27 IO-' 8.49 

600 3 .56  7.07 IO-' 

When a paramagnetic s o l u t i o n  i s  flooded i n t o  a borehole  which has been pre-  

v i o u s l y  subjec ted  t o  hydrofracture ,  t h e  s o l u t i o n  w i l l  then f i l l  t h e  f i s s u r e s ,  

cracks, and voids  produced by t h e  hydrof rac tur ing .  Since t h e  t o t a l  volume of 

t hese  f i s s u r e s ,  c racks ,  and vo ids  i s  only  a small f r a c t i o n  of t h e  average rock 

volume of t h e  surrounding region,  t h e  e f f e c t i v e  moment observed a t  some d i s t a n c e  

away w i l l  be g r e a t l y  reduced. 

a s u i t a b l e  " f i l l i n g "  f a c t o r  denoted fh .  

lom3 t o  

d e f i n e  f 

t h e  end of t h e  next  s e c t i o n  and f o r  c e r t a i n  s p e c i f i c  f i l l e d  zones o t h e r  than  

spheres  i n  l a t e r  chap te r s .  

reg ion  of  f a c t o r  f 

by 

However, we can r ep resen t  t h i s  r educ t ion  by use  of 

We w i l l  e s t imate  f t o  be i n  the  range h 
depending on t h e  e f f e c t i v e n e s s  of t h e  hydrof rac tur ing  process .  We 

f o r  a uniformly hydrofractured s p h e r i c a l  reg ion  of e f f e c t i v e  r a d i u s  a t  h 

For some volume element Av loca ted  i n  a hydrofractured 

t h e  e f f e c t i v e  moment observed a t  a d i s t a n c e  can be expressed h' 

Av f h  mo(T). (8 1 
C. Ferromagnetics i n  S l u r r y  

We assume t h a t  it i s  p o s s i b l e  t o  concoct a s l u r r y  with the  fol lowing phys ica l  

and chemical c h a r a c t e r i s t i c s :  (1) I t  can be pumped i n t o  t h e  borehole  under high 

p res su res ;  ( 2 )  I t  can be forced  i n t o  t h e  cracks, f i s s u r e s ,  and voids  produced by 

previous hydrof rac tur ing  of a loca l i zed  reg ion  of rocks  surrounding t h e  bottom of 

t h e  borehole;  (3)  I t  s h a l l  be capable  of  ca r ry ing  something l i k e  1 t o  10 pe r  cen t  

by volume of p a r t i c l e s  of  some ferromagnet ic  substance;  (4) The s l u r r y  must no t  

react chemical ly  with t h e  p a r t i c l e s ,  i . e . ,  it must no t  d i s s o l v e  them. Another 

requirement i s  t h a t  t h e  magnetic "powder" o r  i r o n  f i l i n g s  

s ize  so as t o  e x h i b i t  t r u e  ferromagnet ic  behavior.  

must be of s u f f i c i e n t  
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c Assuming t h a t  t h e  above requirements  can be s a t i s f i e d  i n  p r a c t i c e ,  it should 

be p o s s i b l e  t o  a r r i v e  a t  a reasonably accu ra t e  e s t ima te  of t h e  ferromagnet ic  mo- 

ment exhib i ted  by u n i t  volume of t h e  s l u r r y .  

t o  t h e  r e l a t i o n s h i p  between p a r t i c l e  s ize ,  p a r t i c l e  shape, and t h e  d i r e c t i o n  of  

spontaneous magnet izat ion i n  t h e  p a r t i c l e  must be discussed.  If t h e  magnetiza- 

t i o n  d i r e c t i o n s  of  t h e  many p a r t i c l e s  i n  a small volume element should tend t o  be 

random, then  t h e  n e t  d i p o l e  f i e l d  a t  some d i s t a n c e  from t h e  volume element would 

be zero.  There a re  two d i s t i n c t  ways i n  which t h e  e a r t h ' s  f i e l d  can "al ign" the  

p a r t i c l e  magnet izat ion p a r a l l e l  t o  t h e  e a r t h ' s  f i e l d  d i r e c t i o n .  

n e a r l y  sphe r i ca l  F e  p a r t i c l e ,  t h e  i n t e r n a l  magnet izat ion w i l l  no t  have any p a r t i c -  

u l a r  tendency t o  a l i g n  wi th  r e s p e c t  t o  a s e t  of axes f i x e d  t o  the  p a r t i c l e  ( f o r  

example, t h e  c r y s t a l l o g r a p h i c  axes)  i f  t h e  temperature i s  high. Therefore ,  t h e  

e a r t h ' s  f i e l d ,  even though only  about 1/3000 of t h e  p a r t i c l e  i n t e r n a l  f i e l d ,  i n  

conjunct ion  wi th  t h e  l a r g e  thermal energy r e s e r v o i r  of t h e  surrounding material, 

should tend t o  a l i g n  t h e  spontaneous magnet izat ion vec tor .  

have an  elongated shape (e.g. ,  i r o n  f i l i n g s )  t h e  i n t e r n a l  magnet izat ion has a t en -  

dency t o  a l i g n  p a r a l l e l  t o  t h e  long a x i s  of  t h e  p a r t i c l e .  

e x e r t s  a weak f o r c e  t h a t  can a l i g n  t h e  p a r t i c l e  on ly  i f  t h e  v i s c o s i t y  of t h e  s l u r -  

r y  i s  small enough t o  permit  r o t a t i o n .  

v e c t o r s  are a l igned  p a r a l l e l  t o  t h e  e a r t h ' s  f i e l d ,  then  t h e  material w i l l  e x h i b i t  

t h e  maximum magnetic moment. While t h i s  maximum probably cannot be achieved i n  

p r a c t i c e ,  we expect t h e  n e t  moment can  be a l a r g e  f r a c t i o n  (perhaps 70% t o  80%) 

of maximum by proper  des ign  of t h e  s l u r r y  and choice  of p a r t i c l e s .  

However, c e r t a i n  a s p e c t s  p e r t a i n i n g  

In  t h e  case  of a 

In  case t h e  p a r t i c l e s  

The e a r t h ' s  f i e l d  then  

When a l l  of t h e  elementary magnet izat ion 

The l i s t  of  ferromagnet ic  materials t h a t  can be produced i n  t h e  form of small 

p a r t i c l e s  and s a t i s f y ,  a t  t h e  same time, t h e  requirement of a high Curie-Weiss 

temperature,  Tc, i s  e s s e n t i a l l y  l imi t ed  t o  i r o n  and a few i r o n  compounds. 

materials wi th  Tc > 700 K are considered here  t o  be acceptab le  and t h e  l i s t  of 

p o s s i b i l i t i e s  inc ludes  metallic Fe,  Fe3A1, Fe2B, F e  C r ,  Fe  P, F e P t ,  Fe3Si, and 

F e  Sn, of which only  F e  C r  and FePt appear t o  be uneconomical. Some of t h e s e  com- 

pounds appear t o  be i d e a l  from t h e  p o i n t  of  view of chemical binding energy, e.g., 

Fe2B and F e  S i ,  i n  t h a t  they  a re  u n l i k e l y  t o  be so lub le  by t h e  t y p i c a l  f l u i d s  

t h a t  would be used i n  t h e  s l u r r y .  

Only 

3 3 

3 3 

3 

However, f o r  purposes of magnetic f i e l d  c a l c u l a t i o n s  d iscussed  i n  l a te r  sec- 

t i o n s  of  t h i s  paper,  w e  s h a l l  cons ider  on ly  s o l i d  Fe p a r t i c l e s .  

temperature  f o r  s o l i d  Fe  i s  1043 K and t h e  spontaneous magnet izat ion,  

i s  1760 Oe/cm . 

The Curie-Weiss 

Mo' at O c 3 For any T < Tc t h e  spontaneous ( s a t u r a t i o n )  magnet izat ion M 
S 
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v a r i e s  between M a t  0 K and zero a t  Tc as shown by Fig .  3 .  Consider,  f o r  geo- 
0 

thermal purposes,  a temperature  between 400 K and 600 K, and note ,  e .g . ,  i n  Fig.  

3 t h a t  Ms (600 K) i s  s t i l l  0.9 Mo. Thus, s o l i d  Fe p a r t i c l e s  should be i d e a l  f o r  

u s e  i n  t h e  geothermal experiments proposed i n  Sec. I.  

In  one of t h e  proposed p r a c t i c a l  methods, we would measure t h e  magnetic f i e l d  

and f i e l d  g rad ien t  changes a t  va r ious  p o i n t s  on t h e  su r face  of  t h e  e a r t h  t h a t  are 

loca ted  a d i s t a n c e  d away from t h e  borehole ,  where d < about 1 / 2  D and D = depth 

of t h e  borehole .  

by hydrof rac tur ing  w i l l  c o n t r i b u t e  i t s  own d i p o l a r  magnetic f i e l d .  

moment, which i s  p ropor t iona l  t o  t h e  i n t e r n a l  magnet izat ion of a l l  t h e  p a r t i c l e s  

i n  Av, has  t h e  form 

Each volume element Av of  s l u r r y  forced  i n t o  t h e  c racks  produced 

The d i p o l e  

Fig.  3 .  
S a t u r a t i o n  magnet izat ion of  ferromagnet- 
i c  s o l i d  material as a func t ion  of tem- 
p e r a t u r e .  P a r t i c l e s  of s u f f i c i e n t  s i z e  
( g r e a t e r  than  10 t o  100 pm) should re- 
t a i n  remanent magnetism of 50 t o  70 p e r  
cen t  of Ms when po la r i zed  i n  s a t u r a t i o n  
f i e l d  which i s  then  reduced t o  zero. 
Refer t o  s topping p o i n t  on t y p i c a l  
h y s t e r e s i s  curve.  F e  p a r t i c l e s  hold 
promise f o r  use i n  d i l u t e  ferromagnet ic  
s l u r r y  s i n c e  T of 1043 K exceeds tem- 
p e r a t u r e  of magy geothermal sources .  

where f = s l u r r y  f i l l i n g  f a c t o r  = vol -  

ume of magnetic p a r t i c l e s  pe r  u n i t  vo l -  

ume of s l u r r y ,  and Ms i s  determined frun 

t h e  graph of Fig. 3.  

S 

When t h e  hydrof rac tur ing  produces 

a more o r  l e s s  uniform ( sphe r i ca l )  d i s -  

t r i b u t i o n  of c racks  around the  bottom of 

t h e  borehole  t h e r e  i s  t h e  a d d i t i o n a l  f i l -  

l i n g  f a c t o r  t h a t  must be taken i n t o  ac-  

count.  Let this be given by f h  = (vol- 

ume of c racks  f i l l e d  with s l u r r y ) / ( a v e r -  

age s p h e r i c a l  volume of  r e g i o n ) .  The 
5 l a t te r  volume i s  j u s t  41~p / 3 ,  where p 

= average r a d i u s  of hydrof rac tured  re- 

gion.  I t  i s  d e s i r a b l e  t h a t  t h e  q u a n t i t y  

f h  be as l a r g e  as lo-’ bu t  va lues  as 

low as must be expected. The ef-  

f e c t i v e  d i p o l e  moment f o r  such an  i d e a l -  

i zed  sphe r i ca l  reg ion  i s  then  

Av f h  f S  MS(T) . 
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c In  p r a c t i c e ,  t h e  magnetic material could be magnetized a t  t h e  su r face  j u s t  

p r i o r  t o  pumping t h e  s l u r r y  i n t o  t h e  borehole.  

f lowing t h e  s l u r r y  through a so leno ida l  magnet. 

p rev ious ly  magnetized, t h e i r  i n i t i a l  magnet izat ion w i l l  fo l low t h e  so -ca l l ed  

v i r g i n  curve p o r t i o n  of t h e  h y s t e r e s i s  curve.  

c e n t e r  is  l a r g e  enough t o  produce magnetic s a t u r a t i o n  as t h e  p a r t i c l e s  pass  

through, t h e i r  magnet izat ion w i l l  fo l low t h e  s tandard h y s t e r e s i s  curve.  

f low out  of  t h e  magnet t o  t h e  p o i n t  where t h e  f i e l d  i s  zero,  they  w i l l  then  r e t a i n  

t h e  remanent magnet izat ion corresponding t o  0 .5  t o  0.6 t imes t h e  s a t u r a t i o n  va lue .  

However, as they now move i n t o  t h e  high-temperature reg ion ,  they  w i l l  l o s e  a cer- 

t a i n  amount of t h i s  remanent magnet izat ion.  

curve of  Fig. 3 if t h e  temperature  a t  t h e  bottom of t h e  borehole  i s  known. 

This  could be accomplished by 

If t h e  p a r t i c l e s  have no t  been 

Assuming t h e  f i e l d  a t  t he  magnet 

As t hey  

The l o s s  can be est imated from t h e  

111. FIELDS AT THE SURFACE DUE TO DEEP D I P O L E  SOURCES 

A. . The Basic Equations 
The equat ions d e f i n i n g  t h e  magnetic f i e l d s  due t o  a d i p o l e  source a r e  well 

known. 

of a p a r a l l e l  component rLR e B I I {E), i n  which u n i t  vec to r  e i s  I I R ,  and a perpen- 

d i c u l a r  component e B (R), where e i s  i n  t h e  p lane  common t o  t h e  magnetic moment 

vec to r  m and vec to r  R bu t  1 t o  R .  The geometry appropr i a t e  t o  t h e  problem a t  
'L 'L r\, 

hand is ind ica t ed  i n  Fig. 2 which shows a right-handed coord ina te  system with 

o r i g i n  0 a t  t h e  bottom of  t h e  borehole,  with t h e  x -d i r ec t ion  p a r a l l e l  t o  magnetic 

south,  t h e  y -d i r ec t ion  p a r a l l e l  t o  magnetic e a s t ,  and t h e  z -d i r ec t ion  v e r t i c a l .  

The s u r f a c e  of  t h e  e a r t h  i s  a t  cons tan t  z = D (D = depth of borehole) .  Let t h e  

magnetic ma te r i a l  pumped i n t o  t h e  borehole  migra te  t o  a p o i n t  r i n  t h e  v i c i n i t y  

= 0; m i s  p a r a l l e l  t o  of 0 and e x h i b i t  a v e c t o r  moment m = i m 
% ' L x  'L 

t h e  e a r t h ' s  f i e l d  d i r e c t i o n  and makes t h e  ang le  with r e s p e c t  t o  z ,  as def ined  

i n  E q .  (5). 

One can express  t h e  f i e l d  B(R) due t o  a d i p o l e  a t  t h e  o r i g i n  of R i n  terms 

'LR 'L 

' L %  2, 

'Ll 1 'L 'Ll 

'L 

Y 'L 
+ k m Z ,  wi th  m 

A u n i t  volume loca ted  a t  t h e  t i p  of vec to r  E w i l l  c o n t r i b u t e  t o  t h e  magnetic 

f i e l d  on t h e  s u r f a c e  a n  amount p ropor t iona l  t o  6vlml = 6v m where 6v mo i s  

equiva len t  t o  (8) f o r  a paramagnetic m a t e r i a l  o r  (10) f o r  a ferromagnet ic  

s l u r r y .  

a t  a vec to r  5 from t h e  t i p  of ;F and a vec to r  R 

con t r ibu t ion  a t  Xo, Y due t o  6v m a t  r .  The components a r e  given by 

'L 0' 

The p o i n t  Xo, Y a t  which we r e q u i r e  t h e  f i e l d  and f i e l d  g r a d i e n t s  i s  
0 

from t h e  o r i g i n  0. Let 6B be t h e  'Lo 2, 

0 0 'L 

1 2  



cus 

2 2 2 1 / 2  R = [(Xo-X) + (Y,-y) + (D-Z) ] 

2 2 1/ 2 = [Ro + r - 2X0X - 2Y0y - 2Dz] , 

Note t h a t  m and m a r e  i n  u n i t s  of magnet izat ion (magnetic moment) pe r  u n i t  vo l -  

ume, i .e.,  t h e  u n i t s  a r e  Oe, t h e  same as t h e  magnetic f i e l d  AB. 
TI 0 

The ind iv idua l  x-, y-, and z-components of  6 B  can be obta ined  by expanding 41 
t h e  express ion  Eq.(ll)and us ing  m = m s in+,  m = m cos$, m = 0. One f i n d s  

X 0 Z 0 Y 

(14) 
6B(') = 26v m [(Xo-x)zsin$ + (Xo-x)(D-z)cos$]/R 5 , 

I I  0 

(15) 
6B") - 26v m [ (Xo-x) (Yo-y)sin$ + (Yo-y) (D-z)cos$]/R 5 , 

I I  - 0 

(16) 
SB(') = 26v m [(Xo-x)(D-z)sin$ + (D-z) 2 cos+]/R 5 . 

I I  0 

Simi la r ly ,  t h e  ind iv idua l  components of SB can be obtained by expanding $1 
(12). One f i n d s  

(17)  

(18) 

C19) 

= 6v mo [-(Yo-y) 2 s in$ - (D-z) 2 s in$  + (Xo-x) (D-z)cos$]/R 5 , 

= 6v mo [(Xo-x)(Y,-y)sin$ + (Yo-y)(D-z)cos$]/R 5 , 

= 6v mo [ (Xo-x) (D-z)sin$ - (Xo-x) 2 cos$ - ( Y o - y ) 2 ~ ~ ~ $ ] / R 5 .  

"1 

6BL 

"1 

The t o t a l  magnitude of any one of  t h e  above components, which we rep resen t  

as  B 'k) ,  i s  then obta ined  by r ep lac ing  Av by dxdydz and i n t e g r a t i n g  over a l l  pos- 

s i b l e  volume elements conta in ing  magnetic ma te r i a l .  
J 

This  l eads  t o  t h e  form 

CZO) BJ(k) = / / ldxdydz  8 BJ (k) . 
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i n  which 6 BJ (k)  r e p r e s e n t s  any one of t h e  expressions (14) t o  (19) with Av c 
excluded. The l i m i t s  of i n t e g r a t i o n  range over a l l  of  t h e  d i s t r i b u t e d  magnetic 

m a t e r i a l .  Upon performing t h e  i n t e g r a t i o n  over some known o r  assumed d i s t r i b u -  

t i o n  of  magnetic ma te r i a l ,  one ob ta ins  t h e  t o t a l  f o r  any component i n  t h e  form 

B. Spher ica l  D i s t r i b u t i o n s  

When t h e  magnetic material i s  d i s t r i b u t e d  over a sphe r i ca l  d i s t r i b u t i o n  of  

cracks, voids ,  and f i s s u r e s  i n  t h e  rocks,  having an e f f e c t i v e  r a d i u s  r = p,  mea- 

sured from t h e  o r i g i n  0 of Fig.  2 ,  we can  r e p l a c e  x, y, z of (14) t o  (19) by 

equiva len t  s p h e r i c a l  coord ina tes .  In  t h i s  case R i n  (13) becomes 

(22) 1/ 2 R = (R2 + r2 - 2Xor s i n e  cos@ - 2Yor s i n e  s i n @  - 2Dr cose) , 0 

+ D 2  and r i s  always < R o r  D, t h e  t o t a l  va lue  of t h e  l a s t  

Conse- 

2 
0 0 

Since  R 

fou r  terms i n s i d e  the  parentheses  w i l l  always be small compared t o  R . 
quent ly ,  t h e  expansion of  R i n  (11) and (12) i s  v a l i d  and can be expressed 

i n  t h e  form 

= Xo + Y 
0 

0 -5 

[ l - (5 /2)  (r2-2Xor s ine  cos@ - 2Yor  s i n e  s i n 4  -5 -5 R = Ro 

2 2 2 2 
-2Dr cose) /Rt  + (35/8R:)(r4 + 4X?r2 s i n  8 cos  @ + 4Y2r2  0 s i n  8 s i n  

3 3 3 +4D2r2 cos% - 4Xor s i n e  cos@ - 4Yor s i n e  s i n @  - 4Dr cos0 

2 2 +8XoYor2  s i n  8 s i n @  cos@ + 8XoDr s i n e  cos0 cos@ 

+8YoDr2 s i n e  cos8 s i n @ )  + ...I . 
If we now s u b s t i t u t e  (23) i n t o  (14) t o  (19),  r e p l a c e  Av by 

r2  s i n e  d r  d0 d@, x by r s in0  cos@, y by r s i n e  s in@,  z by r cos0 and i n t e g r a t e  r 
from 0 t o  p, 8 from 0 t o  K, @ from 0 t o  2 ~ ,  w e  o b t a i n  an  express ion  f o r  each of 

t h e  s i x  f i e l d  components i nd ica t ed  symbolical ly  by (20). 

lengthy;  e.g., f o r  Eq. (19, 60 s e p a r a t e  i n t e g r a t i o n s  are involved. 

The i n t e g r a t i o n s  are 

However on ly  a 

14 



few types of i n t e g r a t i o n s  are involved and, i n  many cases ,  t h e  i n t e g r a t i o n s  over 

0 and Cp l ead  t o  zero r e s u l t .  Although it i s  necessary  t o  perform t h e  in tegra t ion  

over terms of O(r / R  ) 

only terms of O(r /Ro). 

by inspec t ion .  

7 7  5 5  because some reduce t o  O(r / R  ), we w i l l  f i n a l l y  r e t a i n  
0 5 9  One reaches  t h e  p o i n t  where t h e  i n t e g r a t i o n s  can be done 

Performing these  i n t e g r a t i o n s  l eads  t o  t h e  fol lowing r e s u l t s :  

(25) 
3 3  2 

= (8m0p /3Ro) [Yo(Xo  s in$  + D cos$)/Ro] . B I  I 

( 2 6 )  
= (8nmop 3 3  /3Ro) [D(Xo sin$ + D cos$)/RZ + P2  cos$/5RoI 2 

B I  I 
3 3  2 2 

= (4nmop /3Ro) [DXo cos$ - ( Y z  + D 2  + 2p /5) sin$]/Ro. 

= (4nmop /3Ro) (XoYo s in$ + YoD cos$)/R,. 3 3  2 
Bl 

(27) 

(29) 
2 + 2p2/5)  cos$]/Ro a = (4nmop /3Ro) [DXo s in$ - (Xo + Yo 

3 3  2 

5 5  In  most cases terms o f  O ( r  /Ro) which a re  r e t a i n e d  above w i l l  be n e g l i g i b l e  

s i n c e  the  maximum e f f e c t i v e  p i s  no t  expected t o  exceed about 0.25 Ro. Combining 

(24) with (27 ) ,  (25) with (28),  and (26) wi th  (29) leads  t o  t h e  t o t a l  f i e l d  corn- 

a,,OgiCllt s, 

( 3 0 )  
B = (47irnop3/3R5) [(2X: - Y z  - D 2 ) s in+  + 3XoD cos$], 

X 0 

(31) 

(32)  

B = (4nmop3/3Ro) 5 

B = (4m p3/3R5) [ (2D2 - X,” - Yo) 2 cos$ + 3XoD s in+] .  

( 3 Y 0 )  (Xo sin$ + D COSIJI), 
Y 

Z 0 0 

These r e s u l t s  are  a l l  d e r i v a b l e  from t h e  s i n g l e  func t ion ,  t h e  scalar mag- 

n e t i c  p o t e n t i a l  

(33) 
3 3  V = (47rmop /3Ro)(Xo s in$ + D cos$). 
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(-aV/aYo) = B and (-aV/aD) = B Z .  by simply t ak ing  t h e  d e r i v a t i v e s  (-aV/3Xo) = 

Note t h a t  a f te r  completing t h e  i n t e g r a t i o n s ,  t h e  dimensions remain t h e  same, i . e . ,  
Bx i n  (30) has t h e  same u n i t s ,  Oe, as m while  t h e  scalar magnetic p o t e n t i a l  

func t ion  V has  t h e  u n i t s  Oe-cm. 
C. Wedge D i s t r i b u t i o n s  

BX’ Y 

0 

The a c t u a l  hydrofractured zone i s  more l i k e l y  t o  be a narrow s p l i t  i n  t h e  

rock 

tend as much as 300 m outward from t h e  bottom of t h e  borehole. Because t h e  bore- 

ho le  i s  i t s e l f  v e r t i c a l ,  t h e  s p l i t  i s  most l i k e l y  t o  have a v e r t i c a l  o r i e n t a t i o n .  

Thus, w e  can th ink  of one o r  more t h i n  s h e e t s  spreading outward from t h e  borehole  

t h a t  a re  t o  be flooded with magnetic material. This s i t u a t i o n  can be represented  

by a mathematical approximation based on t h e  same sphe r i ca l  coord ina te  formulat ion 

given i n  the  prev ious  sec t ion .  As dep ic t ed  i n  Fig. 4, one f i x e s  t h e  azimuthal 

ang le  @ a t  some a r b i t r a r y  va lue  and then  one r e p r e s e n t s  t h e  s p l i t  by p ick ing  some 

small appropr i a t e  ang le  A@. The i n t e g r a t i o n  i s  then performed as be fo re  by in -  
t e g r a t i n g  over t h e  p o l a r  ang le  8 and r a d i u s  r o u t  t o  r = p. 

t h a t  may be only  a few millimeters wide. However, it can be expected t o  ex- 

The magnetic f i e l d  components a t  t h e  s u r f a c e  due t o  such a d i s t r i b u t i o n  of 

p o l a r i z a b l e  material are  as fo l lows:  

= (2moA$p 2X(X s in$  + D cos$)/(3R2) + (~rp/8R) B I  I 
2 3 X [5(D cos$ + X sin$)(X cos@ + XY s in@)/R 

- cos@ (D cos$ + 2 X  sin+)/R] 

= (2moA@p 2Y(X sin$ + D cos$)/3R2 + (.rrp/8R) B I  I 
X [5Y(D cos$ + X sin$) (X cos@ + Y sin@)/R3 

- s in@ (D cos$ + X sin@)/R - Y cos@ sin$/R] 

3 3  

., 1 
= (2m0A@p / R  ) { 2D(D cos$ + X sin$)/R2 + (np/8R) B I  I 

3 X [5D(D cos$ + X sin$)(X cos@ + Y s in@)/R 

- D s in$ cos@/R] 

(34) 

(35) 
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G3 BL") = (moA@p 2 2 2 ( D X  cos$ - Y s in+ - D sin+)/R2 + (~rp/8R) 

X [ 5 ( D X  cos9 - Y 2 sin$- D 2 sin$) ( X  cos@ + Y s in@)/R 3 

- D cos+ cos@/R + 2 Y  s in$ sin$/R] 

2 Y ( D  cos$ + X s in+)  + (np/8R) B.L 
X [5Y(D cos$ + X sin$)(X cos$ + Y sin$)/R3 

- ( D  cos$ s in@ + X s in+  s in@ + Y s in$  cos$)/R] 

2 ( D X  s in$ - X 2 cos$ - Y 2 cos+)/R2 + (rp/8R) 

(37) 

2 2 3 X [ 5 ( D X  s in$ - Y cos$ - X cos$) (X cos@ + Y s in@)/R 

+ ( 2 X  cos@ cos$ + 2 Y  s i n @  cos$ - D cos@ sin$)/R] (39) 

l z  

Fig. 4. 
I l l u s t r a t i o n  of a A$ wedge d i s t r i b u t i o n  
as an  approximation t o  an a c t u a l  crack 
produced by hydrof rac tur ing .  Angle i$ 

of o r i e n t a t i o n  of above wedge i s  0'. 
However, c a l c u l a t i o n s  can be done f o r  
any 0'~(0~360°. Wedge wi th  A$ = 1.5 
X 10-5 r ad ians  and r a d i u s  of 300 m cor-  
responds t o  c rack  with width of 2 m 
and r a d i u s  300 m. 

I n  t h e  above r e s u l t s  w e  have omit-  

t ed  t h e  s u b s c r i p t s  on X, Y, D f o r  con- 

venience.  We have omit ted a l s o  terms 

of O(p / R  ) t h a t  were r e t a i n e d  i n  (24 )  

t o  (29 ) .  However, when w e  i n t e g r a t e d  

5 

5 5  

(24)  t o  (29)  t o  o b t a i n  t h e  t o t a l  

f i e l d  components, t h e  terms of O(p/R ) 
vanished, and no terms of O(p 4 4  / R  ) were 

present because they disappeared UPOR 

i n t e g r a t i o n  over $ from 0 t o  2 ~ .  The 

terms of O(p / R  ) w i l l  no t  d i sappear  

when we now combine (34) t o  (38) t o  

g ive  t h e  f i e l d  components f o r  t h e  wedge. 

Ord ina r i ly ,  we would omit terms of 
4 4  O(p / R  ) but  i n  t h e  case of a magnetom- 

eter lowered i n t o  t h e  borehole,  (p/R) 
could have a va lue  p o s s i b l y  between 0.4 

and 0.9 and the re fo re ,  t h e s e  terms could 

make a s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  

t o t a l  f i e l d .  

4 4  
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Summing (34) t o  (38), we f ind  f o r  t h e  n e t  f i e l d  components 

2 2 B = (2moA$p / R  )[3DX cos$ + (2X2 - Y 2  - D ) sin$]/3R 3 3  
X 

+ (moA$p 4 4  / R  ) [ - 3  (D cos$ cos$ + 3X s in$  cos$ + Y s in$ sin$)/(SR) 

+ 15X (D cos$ + X sin$) (X cos$ + Y sin$)/(8R 3 ) I  ! 

B = (2moA$p 3 3  / R  ) [Y(D cos$ + X sin$)/R 2 3 
Y 

4 4  
+ (moA$p / R  ) [-3 (D cos$ s in$  + X s in$ s in$  + Y s in$  cos$)/(SR) 

+ 15Y (D cos$ + X sin$) (X cos4 + Y sin$)/(8R3)] . 
= (2moA$p 3 3  / R  )[3DX s in$  + (2D2 - X 2  - Y2) cos$]/3R2 

BZ 

+ (m ~ $ p  4 4  / R  [-3 (D s in$  cos$ + x cos$ cos$ + Y cos#  sin$)/(^^) 
0 

(42) 
3 + 15D (D cos$ + X sin$) (X cos$ + Y s in$) /  (8R ) ]  . 

The above r e s u l t s  can be der ived  from t h e  scalar magnetic p o t e n t i a l  func t ion  

V = (2m0A$p3/3)(D cos$ + X sin$)/R 3 

4 5 
+ (m A$p / 8 ) [ 3  ( D  cos$ + X sin$)(X cos$ + Y sin$)/R 

0 

(43) 
3 - sin$ cos$/R ] 

by tak ing  t h e  d e r i v a t i v e s  (-aV/aX) , (-aV/aY) , and (-aV/aD). This  procedure pro- 

v ides  an  i n t e r n a l  check on t h e  accuracy of t h e  i n t e g r a t i o n s  t h a t  l ed  t o  (40) t o  

(42) 

Another type  of wedge d i s t r i b u t i o n  amenable t o  i n t e g r a t i o n  i s  shown i n  F ig .  

5. 

"wedge" subtends a ve ry  small ang le  A e .  
Actual ly ,  t h e r e  i s  no d i f f i c u l t y  i n  ca r ry ing  o u t  i n t e g r a t i o n s  f o r  any a r b i t r a r y  

f i x e d  ang le  8. However, we s h a l l  no t  work ou t  va r ious  examples here because the  

most probable  crack o r  s p l i t  i n  t h e  rocks  i s  more l i k e l y  t o  be of t h e  type  t h a t  

18 

In  t h i s  ske tch ,  8 = 90' while  $ v a r i e s  from about -30' t o  +150', and t h e  

This  ske tch  i s  merely i l l u s t r a t i v e .  



I z  

tmz I 7 

X 

Fig. 5. 
I l l u s t r a t i o n  of  a A8 wedge d i s t r i b u t i o n  
as an  approximation t o  a crack produced 
by hydrof rac tur ing  i n  t h e  ho r i zon ta l  
plane.  The ang le  8 f o r  t h e  wedge shown 
i s  90' a l though c a l c u l a t i o n s  can be 
r e a d i l y  done f o r  any angle .  

can be represented  approximately by t h e  

A@ type  of wedge d i s t r i b u t i o n  d iscussed  

above. 

D. Crack D i s t r i b u t i o n s  

The wedge d i s t r i b u t i o n  of t h e  pre-  

v ious  s e c t i o n  was s e l e c t e d  f o r  c a l c u l a -  

t i o n  because i t  was presumed t o  provide 

a good approximation t o  t h e  magnetic 

f i e l d s  from crack d i s t r i b u t i o n s ,  provid-  

ed t h e  wedge ang le  A@ i s  chosen so t h a t  

t h e  wedge volume equals  t h e  c rack  vo l -  

ume. However, w e  r e a l i z e d  l a t e r  on i n  

t h e  a n a l y s i s  t h a t  i t  was j u s t  as easy 

t o  c a l c u l a t e  t h e  r e s u l t s  f o r  an  a c t u a l  

crack as f o r  a wedge, i .e. ,  we can 

aga in  use  the  s p h e r i c a l  coord ina te  f o r -  

mulation. The c a l c u l a t i o n s  a r e  accom- 

p l i shed ,  as before ,  by i n t e g r a t i n g  

( I L L )  Zo (19) over t h e  volume of magnet- 

i c  ma te r i a l  contained i n  t h e  d i s t r i b u -  

t i o n .  Previously,  we have used t h e  

- 

s p h e r i c a l  coord ina te  volume element r 's in 8 d r  d8 d@, which we w r i t e  as  (r d r  d8) 

(r s i n  8 d@).  

cons t an t  width t of t h e  t h i n  crack,  t being only  of t he  o rde r  of a few mil l imeters ,  
and i n t e g r a t e  with r e s p e c t  t o  t h e  area element (r d r  de) of t h e  semic i rcu lar  a r ea .  

Again, x, y, z i n  (14 )  t o  (iq) a r e  expressed i n  s p h e r i c a l  coord ina tes  and t h e  

l i m i t s  of i n t e g r a t i o n  remain 0 G r < p,  0 < 8 G TT, while  @ remains cons t an t .  The 

i n t e g r a t i o n s  lead t o  t h e  p a r a l l e l  and perpendicular  components which must be added 

t o  g ive  t h e  n e t  f i e l d  components, i . e . ,  

of (14) and (17), (15) and (18), (16) and (19),  r e spec t ive ly .  The a c t u a l  i n -  

t e g r a t i o n s  are  j u s t  as t ed ious  as those  of  t h e  prev ious  two sec t ions ;  we o b t a i n  

However, now f o r  t h e  crack, we simply r e p l a c e  (r s i n  8 d$) by t h e  

B B are  t h e  sums of t h e  i n t e g r a l s  Bx, y' z 

t h e  F C S U l t S ,  
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2 3  2 
Bx = (vmotp /2Ro)[3Xo(Xo s in$  + D cos$)/R - sin$] 

0 

3 4  (2 motp /3Ro)[-(9Xo cos$ s in$ + 3 Yo s in@ s in$  + 3 D cos$ cos$)/Ro 

+ 1.5 Xo(Xo cos@ + Yo s i n @ )  (Xo s in$  + D cos$)/R:] (44) 

B = (nmOtp2/2R:) [3Y0(X0 sin$ + D cos$)/Ro] 2 
Y 

0 
+ (2 motp  3 4  /3Ro)[-3 (Xo s i n @  sin$ + Yo cos@ sin$ + D s i n $  cos$)/R 

(45) 
3 + 15Yo (Xo cos$ + Yo s in@)  (Xo s in$  + D cos$)/Ro], 

= (mnotp 2 3  /2Ro)[3D (Xo s in$ + D cos$)/R: - cos$] 
BZ 

+ (2 m t p  3 4  / 3 R o )  f - 3 ( X o  cos+ cos+ + Yo s in$  cos$ + D COS$ sin+)/Ro 
0 

(46) 
+ 15 D (Xo cos@ + Yo s in$)  (Xo s in$ + D cos$)/Ro] 3 

4 4  5 5  In  t h e  above, terms of order  (p / R  ), (p  / R  ), etc . ,  have been neglec ted .  

I t  i s  u s e f u l  t o  determine t h e  scalar magnetic p o t e n t i a l  func t ion  from which 

B can be der ived.  This  i s  a va luab le  exe rc i se  i n  t h a t  it provides  an  

independent check on t h e  accuracy of t h e  above i n t e g r a t i o n s .  We f i n d  f o r  t h i s  

func t ion  

Bx’ By’ 2 

2 3 V = (vmotp /2)[(X sin$ + Z cos$)/R ] 

- cos@ sin$ / R 5 ] ,  (47) 

t h e  nega t ive  d e r i v a t i v e s  of which g i v e  t h e  same r e s u l t s  as i n  (44) t o  (46), 

when evaluated a t  X = Xo,  Y = Y Z = D. 
0’ 

A comparison of  t h e  r e s u l t s  (40) - (42) f o r  t h e  wedge d i s t r i b u t i o n  with 

(44) - (46) f o r  t h e  crack d i s t r i b u t i o n  i s  q u i t e  su rp r i s ing .  In  t h e  former t h e  
4 4  p a r t  conta in ing  t h e  o r i e n t a t i o n  ang le  @ i s  ‘L (p  / R  ), whereas f o r  t h e  c rack  d i s -  

t r i b u t i o n  t h i s  p a r t  i s  % (p / R  ). However, as we s h a l l  s e e  l a te r ,  t h e  f i n a l  nu- 
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merical r e s u l t s  f o r  assumed equiva len t  ca ses  a r e  not  s i g n i f i c a n t l y  d i f f e r e n t .  

Therefore,  t h e  use  of  t he  wedge approximation t o  t h e  crack d i s t r i b u t i o n  t u r n s  

out  a good and u s e f u l  approximation, e s p e c i a l l y  f o r  t h e  c a s e  of measurements by 

magnetometers and gradiometers  s i t u a t e d  i n  t h e  borehole i t s e l f .  

I V .  FIELDS I N  THE BOREHOLE NEAR LOCAL DISTRIBUTIONS 

A. General 

The f i e l d s  produced by t h e  p o l a r i z a t i o n  of magnetic material forced  i n t o  a 

crack produced by hydrof rac tur ing  can be est imated f o r  instrument  l o c a t i o n s  near  

t h e  bottom of t h e  borehole.  We s h a l l  assume t h a t  t h e  material i n  such a crack 

w i l l  e x h i b i t  f i e l d s  similar t o  those  due t o  a uniform d i s t r i b u t i o n  of magnetic 

material i n  a wedge such as t h a t  shown i n  Fig.  4. 

t r a r y  ang le  +, r a t h e r  than  a t  @ = 0 degrees  as i n  Fig. 4, and subtend a very  small 

ang le  A+.  
maximum and minimum r a d i i  of t h e  d i s t r i b u t i o n ,  r e s p e c t i v e l y .  

c rack  produced by hydrof rac tur ing  may have a width of only a few millimeters and 

an ex ten t  of 100 t o  300 m, we would p ick  p = 100 t o  300 m, 0 < r < a few m ,  and 

a d j u s t  A$ so  t h a t  t h e  volume of t h e  wedge i s  t h e  same as t h a t  of t he  c rack ,  

c a l c u l a t e  t h e  f i e l d s  f o r  such a wedge d i s t r i b u t i o n  i n  I V .  B below. 

Let t h e  wedge be a t  any a r b i -  

3 3 The volume of such a wedge i s  2A$(p / 3  - rm/3 ) ,  where p and rm are t h e  

Since an a c t u a l  

m 
We 

I t  i s  important  a t  t h i s  p o i n t  t o  c a l l  a t t e n t i o n  t o  a very  real  problem t h a t  

w i l l  be  encountered i n  a l l  measurements by magnetometers o r  gradiometers  l oca t ed  

i n  t h e  borehole.  As w e  s h a l l  see i n  t h e  next  s ec t ion ,  t h e  magnetometer and g r a d i -  

ometer s i g n a l  formulas c a r r y  p r e f a c t o r s  of t h e  forms log (p/rm) and (l/rm - l / p ) *  

r e spec t ive ly .  These p r e f a c t o r s  i n d i c a t e  t h e  p o s s i b i l i t y  of logar i thmic  or  l/rm 

s i n g u l a r i t i e s  as  r -+ 0. However, t h i s  w i l l  no t  occur i n  p r a c t i c e  because t h e  

housing of t h e s e  instruments  w i l l  always prec lude  r = 0. Never t h e  1 es s when a 

c y l i n d r i c a l  s h e l l  of magnetic material surrounds t h e  instrument  housing i n  t h e  

bottom of t h e  borehole,  rm w i l l  be  small and t h e  magnetic s i g n a l  w i l l  e x h i b i t  a 

very  l a r g e  omnidi rec t iona l  component. This  w i l l  tend t o  obscure t h e  d i r e c t i o n a l  

information t h a t  might otherwise be provided by magnetic material loca t ed  i n  t h e  

crack o r  f r a c t u r e  some d i s t a n c e  away from t h e  bottom of t h e  borehole .  X t  should 

be p o s s i b l e  t o  e l imina te  t h i s  problem i n  p r a c t i c e  by e l imina t ing  t h e  c y l i n d r i c a l  

s h e l l  of magnetic material i n  t h e  bottom p o r t i o n s  of t h e  borehole.  

way t o  do t h i s  i s  t o  pump i n  a s u i t a b l y  small amount of nonmagnetic material imme- 

d i a t e l y  a f t e r  f looding  t h e  borehole p l u s  cracks and f r a c t u r e s  wi th  magnetic mate- 

r ia l .  

m 
m 

The obvious 

This  process  should push t h e  minimum r a d i u s  rm ou t  t o  an  accep tab le  d i s -  
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t ance  of a few m while  e l imina t ing ,  a t  t h e  same time, t h e  undes i r ab le  omnidirec- 

t i o n a l  s i g n a l  component. 

B. F i e l d s  Due t o  Local Wedge D i s t r i b u t i o n s  

A superconducting gradiometer with a x i s  i n  t h e  x-y p lane  w i l l  sense f i e l d  com- 

ponents a t  p o i n t s  descr ibed  by t h e  v e c t o r s  S and -S measured with r e s p e c t  t o  t h e  

c e n t r a l  ( v e r t i c a l )  a x i s  of t h e  borehole,  where 2 /S I  i s  < borehole d iameter ,  

we wish t o  eva lua te  t h e  f i e l d  components, as given by (14)-(1S) a t  a p o i n t  Xo 

= S cosx, Y = S sin>(, Z = d, where x i s  t h e  azimuthal angle  of t h e  p o i n t ,  mea- 

sured with r e spec t  t o  t h e  x-axis i n  Fig.  4, and d < p (p = t h e  maximum r a d i u s  of 

t h e  d i s t r i b u t i o n  of magnetic m a t e r i a l ) .  Thus, t h e  terms (X 

(D - z ) ,  i n  t h e  numerators of (14)-(19) can  then  be expressed i n  sphe r i ca l  coor- 

d i n a t e s  i n  t h e  forms 

2, 2, 

Thus, 
2, 

0 0 

- x), (Yo - y) ,  0 

- (r s i n  8 cos  @ - S cosx) ,  

- (r s i n  8 s i n  4 - S s inx) ,  

- (r COS e - d ) ,  

r e spec t ive ly .  The d i s t a n c e  from t h e  p o i n t  (S cos  x ,  S s i n  x, d) t o  a volume e l e -  

ment conta in ing  magnetic m a t e r i a l  i s  then  

R = ( r 2  + d 2  + S2 - 2rS s i n  8 cos @ cosx - 2rS  s i n  8 s i n  @ s i n x  

(49) 
1/ 2 - 2rd COS e )  . 

S u b s t i t u t i n g  ( M ) ,  (43), i n t o  (14) - (19) and i n t e g r a t i n g  over t h e  wedge 

d i s t r i b u t i o n  then  g ives  t h e  d e s i r e d  f i e l d  components. However, when S < d < p,  

t h e  in tegrands  w i l l  con ta in  s i n g u l a r i t i e s .  In  such cases  one can c a r r y  ou t  t h e  

t ransformat ion  t o  complex v a r i a b l e  form, determine t h e  po le s  of t h e  in tegrands ,  

and perform t h e  i n t e g r a t i o n s  by summation of r e s idues .  Unfortunately,  t h i s  i n -  

vo lves  a number of branch c u t s  and t h e  summation of  r e s i d u e s  on a t  l e a s t  f i v e  

Riemann shee ts .  

t h e  problem i n  t h e  p re sen t  r e p o r t .  

information can be obtained by s impl i fy ing  t h e  problem i n  t h e  fol lowing way: 

d = 0 and S be < rm, where r 

Since  t h i s  i s  r a t h e r  complicated,  we w i l l  no t  do t h i s  a spec t  of  

On t h e  o t h e r  hand, very  u s e f u l  and meaningful 

Let 
i s  t h e  minimum r a d i u s  achieved i n  p r a c t i c e  as de- m - 

scr ibed  i n  t h e  previous sec t ion .  

v a l i d  and l e a d s  t o  

In  t h i s  case, t h e  simple expansion of  R-5 i s  
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2 -7/2 + = (r2 + s ~ ) - ~ / ~  + 5 r S  s i n  e cos(x - $1 (r2 + s ... 
(50) 

-5 2 2 
x r-' + 5 r-6s s i n  e cos(x  - $1 - r o ( S  /r + ... , 

S u b s t i t u t i o n  o f  (48)-(58) i n t o  (14)- (I?) and i n t e g r a t i n g  (r ranges from 

r t o  p, 8 from 0 t o  2 ~ ) ,  we o b t a i n  m 

2 
B I  I = 2 moA$ s in+  (4/3)cos $ log(p/rm) + . r r ( l / p  - l / r m )  

X[S  cosx cos$ - (15/8) STcos2$]} - 
= 2 moA$ sin$ (4/3) s in@ cos$ log(p/rm) + ~ ( 1 / p  - l /4m)  B I  I 

= m A$ s in+  { -  (2/3) (2 s in2$  + 1)  log(p / rm)  + ~ ( l / p  - l / r m )  Bl 0 

2 X [-S s in$  s i n x  + (15/8)S1sin $ cos(x  - $) 

+ (5/8)S'dos(x - $ ) I }  ? 

('1 = m A+ s in$  { (4 /3)s in+ cos+ l o g ( p / r  Bl 0 m + T ( l / p  - l/rm) 

X [ ( S / 2 ) s i n ( x  + $) - (15/8)S1sin$ cos$] . 

- (4/3) log(p/rm) + ~ ( l / p  - l / r m )  

1 
= moA$ cos+ 

2 

{ 
X[-S  cosx cos$ + (15/8)S1cos $ - C15/8)S1sin 

where St = S cos(x - @). 

The n e t  x-component i s  t h e r e f o r e  t h e  sum B = 
B I  I X + BL 

('1 : s i m i l a r l y ,  

one ob ta ins  B and BZ. However, a d i r e c t i o n a l  magnetometer and/or a gradiometer 

loop loca ted  a t  t h e  po in t  (S cosx, S s inx ,  z = 0) w i l l  measure t h e  f i e l d  B cosx 

+ B s inx .  Combining t h e  above r e s u l t s  we t h e r e f o r e  o b t a i n  

Y 
X 

Y 
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B cosx + B s i n x  = moA@ sinq log(p / rm)  [4 cos@ cos(x  - @) - 2 cosx] 
X Y 

- S s i n q  (rmoA@/8)(l/rm - l / p )  [12 cos$ 

When we put  S = 0, we o b t a i n  t h e  d i r e c t i o n a l  s igna l  t h a t  would be measured 

by a magnetometer o r i en ted  i n  t h e  x-y p lane  a t  t h e  ang le  x. 
we r e p l a c e  S i n  (57) by (-S), and s u b t r a c t  (57) from t h i s  r e s u l t ,  we o b t a i n  

t h e  s igna l  t h a t  would be measured by a superconducting gradiometer with i t s  a x i s  

i n  t h e  x-y p lane  and o r i e n t e d  a t  t h e  angle  x. 
terms would cancel  and we would have a r e s u l t  equal t o  twice t h e  second term of 

On t h e  o t h e r  hand, i f  

In  t h i s  l a t t e r  c a s e , t h e  lead ing  

(57) 
Since m A@, p / r m ,  and wedge o r i e n t a t i o n  ang le  $ a r e  f i x e d  f o r  any given 

d i s t r i b u t i o n ,  t h e  s i g n a l  v a r i a t i o n  measured by a magnetometer t h a t  i s  r o t a t e d  i n  
t h e  x-y p lane  t o  t h e  ang le  x i s  given by 

0' 

B m (x) = Hhcosx + m 0 A@ s inq  log(p / rm)  [4  cos@ cos()( - @) - 2 cosx] 

where Hh = 0.2199 G as given by i s  t h e  ho r i zon ta l  component of t h e  e a r t h ' s  

f i e l d .  The Hhcosx term i n  (58) could,  i n  a c t u a l  p r a c t i c e ,  dominate and obscure 

t h e  l o c a l  anomaly s i g n a l  expressed by t h e  second p a r t  of ( 5 8 )  and thereby  e l i -  

minate  the  d i r e c t i o n a l  information contained i n  t h e  square bracke ts  of 

We propose i n  t h e  next  s e c t i o n  a new d a t a  processing method t h a t  employs a second 

i d e n t i c a l  magnetometer t h a t  i s  always synchronized t o  t h e  same ang le  x. 
be s u f f i c i e n t l y  f a r  away from t h e  borehole  anomaly so t h a t  t h e  anomaly p a r t  of 

i t s  s igna l  i s  neg l ig ib l e .  Subt rac t ing  t h e  s i g n a l s  from t h e s e  two magnetometers 

should then  g i v e  a s igna l  t h a t  i s  e s s e n t i a l l y  t h e  second p a r t  of (S) ,  except 

f o r  magnetic noise .  

( 3 ) ,  

(58). 

I t  w i l l  

The magnetometer anomaly d i r e c t i o n a l  func t ion  [ 2  cos@ cosO( - @) - cosx] ,  

which i s  one-half  t h e  func t ion  i n  t h e  square b racke t s  of  (53), i s  shown i n  F ig .  

6 p l o t t e d  as a func t ion  of x f o r  24 d i f f e r e n t  s p e c i f i c  va lues  of @ ( f o r  every 15 

degrees) .  Assuming t h a t  t he  H cosx p a r t  o f  t h e  experimental  magnetometer s igna l  

can be subt rac ted  away, as suggested above, then  t h e  remaining anomaly s igna l  can 

be computer-analyzed by c ross -co r re l a t ion  wi th  t h e  func t ion  [ 2  cos@ cos(x  - @) 

- cosx] ,  over a l l  x from 0 t o  360'. 

h 

This  c r o s s - c o r r e l a t i o n  w i l l  have a maximum 
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Fig. 6 .  
Normalized response of a direction-sensitive borehole magnetometer, with axis in 
the x-y plane, at position X = Y = Z = 0 as a function of angle of rotation x. 
The orientation of the magnetic anomaly (represented by a wedge distribution of 
very small angle A@) varies from @ = 0' to @ = 345' in steps of 15'. Note that 
response at any given 4 is the same as that at @ + 180'. Thus, the directional 
magnetometer response is troubled by a 180' ambiguity. 
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va lue  when t h i s  t es t  func t ion  has t h e  c o r r e c t  ang le  @. 
might be a b l e  t o  estimate t h e  d i r e c t i o n  @ of t h e  crack produced by hydrof rac ture .  

Using t h e  r e s u l t  (57) and d i f f e r e n t i a t i n g  Hh as given by ( a )  w e  o b t a i n  

Thus, by t h i s  method one 

the  s igna l  t h a t  should be observed by a gradiometer  o r i en ted  t o  t h e  angle  x. 
s i g n a l  has t h e  form 

This  

where 0 i s  t h e  func t ion  8 of (l),  

l a t i t u d e  y i n  C2). D i f f e r e n t i a t i n g  (%), w e  ob ta in  f o r  t h e  lead ing  term of 

as def ined  i n  terms of t h e  geomagnetic co- 
e 

(591 1 

- (2S/a) Ho(a/r)5(cos O,/sinBe) [-sinU cosyo 

(60) + cosy s iny  cos(X - io)] COSX. 
0 

A superconducting gradiometer loop spacing (2s) s u i t a b l e  f o r  borehole  a p p l i c a t i o n  

would be about 2.0 cm, and s i n c e  a i n  (1) i s  6.371 x 10 cm, t h e  p r e f a c t o r  

(2S/a) i s  0.314 x I t  i s  of i n t e r e s t  t o  eva lua te  t h i s  undes i r ab le  e a r t h ' s  

f i e l d  c o n t r i b u t i o n  t o  t h e  o v e r a l l  gradiometer s i g n a l  f o r  t h e  same geographical  

l o c a t i o n  d iscussed  i n  Sec.  11. A.  Using t h e  va lues  of u, y 

H = 0.3035 Oe, we ob ta in  f o r  (60) 

8 

A, and X o y  and 
0' 

0 

0.95 x 10'' cosx (Oe), 

which i s  about t e n  times t h e  s e n s i t i v i t y  o f  a 30-MHz SQUID sensor .  

The c o n t r i b u t i o n  t o  t h e  gradiometer s i g n a l  a r i s i n g  from t h e  l o c a l  anomaly 

should be cons iderably  g r e a t e r  than  (61) 
v i a  t h e  type of computer c r o s s - c o r r e l a t i o n  a n a l y s i s  d i scussed  above, 

a paramagnetic f l u i d ,  r a t h e r  than  a ferromagnet ic  s l u r r y ,  t h e  anomaly s i g n a l  w i l l  

be  of t h e  same magnitude as 
t h i s  e a r t h ' s  f i e l d  c o n t r i b u t i o n  before  doing t h e  c ros s -co r re l a t ion  a n a l y s i s  of 

t h e  experimental  r o t a t i o n  da ta .  

t h a t  a l r e a d y  descr ibed ,  by having a second i d e n t i c a l  gradiometer system on t h e  

i n  o rde r  t o  be a b l e  t o  d i s t i n g u i s h  i t  

If w e  u se  

(61). I t  w i l l  t he re fo re  be necessary t o  remove 

This  can be accomplished, i n  a manner similar t o  
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Fig. 7. 
b!ormalized response of an a x i a l - t n i c  superconducting gradiometer w5th i t s  a x i s  i n  
t h e  x-y p lane  as a func t ion  of  ro t a t io r i  a n g l e  x. These a r e  p l o t s  of t h e  func t ion  
(63) i n  which t h e  o r i e n t a t i o n  $ l  o f  t h e  magnetic anomaly ( represented  by a wedge 
d i s t r i b u t i o n  of very  small ang le  k$) v a r i e s  from +' = 0' t o  QI = 345' i n  15' steps.  
The response a t  any given i s  d i f f e r e n t  from t h a t  a t  @' + 180'. Thus, t h e  bore- 
ho le  gradionieter i s  capable  of resolvir ,g  t h e  180' ambiguity of  F i g .  6 .  
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su r face  t h a t  i s  r o t a t e d  t o  t h e  same angle  x i n  synchronism with the  r o t a t i o n  o f  

t h e  borehole  gradiometer.  

t i o n  system, t h e  end r e s u l t  w i l l  be t h e  s igna l  

When t h e  two s i g n a l s  a r e  sub t r ac t ed  i n  a d a t a  acquisi- 

ABg(x) = - (2s) s in$ (nmoA@/8) ( l / r m  - l / p )  [ 1 2  cos@ + 24 cosx cos (x  - @) 

where AB (x) i s  t h e  magnetic g rad ien t  n o i s e  component of t h e  gradiometer s i g n a l .  

If $ i s  t h e  a c t u a l  angular  o r i e n t a t i o n  of t h e  crack o r  f r a c t u r e ,  t h e  s i g n a l  
N 

(62) can be c ros s -co r re l a t ed  wi th  t h e  normalized func t ion  

f ( @ ' )  = [12  COS@'  + 24 cosx C O S &  - @"J - 45 COS@'  COS(X - $')]/81, (63) 

i n  which the  d i v i s i o n  by 81 normalizes t h e  func t ion  t o  have a maximum va lue  of 

un i ty .  The func t ion  f ( $ ' )  i s  shown i n  Fig.  7 f o r  24 f i x e d  va lues  of $ '  as a func- 

t i o n  of x f o r  0 G x  G 360°. 

t i o n  of  Fig. 6, one sees t h a t  t h e  gradiometer func t ion  e x h i b i t s  cons iderably  more 

s t r u c t u r e  than  t h e  former. 

g r e a t e r  accuracy by us ing  t h e  gradiometer system. 

Comparing t h i s  func t ion  with t h e  magnetometer func- 

Thus, one should be a b l e  t o  determine t h e  ang le  @ with 

V. THE ANOMALY SIGNALS DETECTED BY BOREHOLE INSTRUMENTS 

A. S igna l s  Detected by Magnetometer 

The s igna l  t h a t  w i l l  be  produced i n  a d i r e c t i o n - s e n s i t i v e  magnetometer such as 

a superconducting s i n g l e  loop o r  a f l u x  g a t e  magnetometer w i l l  a r i s e  from t h e  sum 

of t h e  c o n t r i b u t i o n s  

where B i s  

t h e  magnetic noise ,  and B i s  t h e  small a d d i t i o n a l  f i e l d  due t o  t h e  l o c a l  mag- 

n e t i c  anomaly. The a x i s  of  t h e  magnecomer i s  assumed o r i en ted  i n  t h e  j t h  d i r e c -  

t i o n  and it i s  convenient t o  l e t  j = 1,2,3 correspond t o  t h e  x , y , z  axes of F igs .  

2, 4. We u s e  i n  t h e  s u p e r s c r i p t  t h e  l a b e l  (c) t o  denote  t h e  i n i t i a l ,  (c)  = ( i ) ,  

conf igura t ion  of t h e  f i e l d s  p r i o r  t o  pumping t h e  magnetic material i n t o  t h e  frac- 

t u r e  and t h e  f i n a l ,  (c) = ( f ) ,  con f igu ra t ion  a f t e rwards ,  

i s  t h e  s teady  p a r t  of  t h e  j t h  component of t h e  e a r t h ' s  f i e l d ,  B 
e, j N ,  j 

A, j 
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Thus, an experimental  q u a n t i t y  t h a t  could be used t o  i n d i c a t e  t h e  ex i s t ence  

and p r o p e r t i e s  of t h e  anomaly i s  t h e  d i f f e r e n c e  B(f) - B(i) between t h e  i n i t i a l  

and f i n a l  observa t ions ,  e.g., 
j j 

Presumably, t h e  anomaly p r i o r  t o  f looding  t h e  f r a c t u r e s  with magnetic ma te r i a l  
w i l l  be  absent  so  t h a t  B( i )  = 0. 

A, j 
The s teady  components of t h e  e a r t h ’ s  f i e l d  should no t  change, even over  a 

per iod  of s eve ra l  hours,  so t h a t  Bci) and B(f) can be s e t  equal t o  t h e  average 

value.  Consequently, t h e  leading term of (65)  i s  zero, o r ,  if not ,  t h e  small 

d i f f e r e n c e  can be lumped i n t o  t h e  second square bracke ts  of 

noise .  Thus, A B .  should t ake  t h e  form 

e, j e,  j 

(65) as magnetic 

J 

Because of p r a c t i c a l  cons idera t ions ,  s eve ra l  hours of t ime may e l apse  before  

( f )  (i) con ta in  p a r t s  due N,j’ B N , j  t he  f i n a l  measurements ( f )  can be performed. Since B 

t o  t h e  d i u r n a l  v a r i a t i o n  of  t h e  e a r t h ’ s  f i e l d ,  t h e  d i f f e r e n c e  represented  by the  

square b racke t s  of (66) could amount t o  s eve ra l  t e n s  of gammas o r  even as much 

as low. This  no i se  d i f f e r e n c e  con t r ibu t ion  could e a s i l y  dominate t h e  anomaly 

s i g n a l  R so t h a t  i t s  e x t r a c t i o n  from t h e  o v e r a l l  s igna l  d i f f e r e n c e  would be 

d i f f i c u l t  o r  impossible.  

c u l t y  i f  one uses  a s p e c i a l  scheme f o r  measurement and d a t a  processing,  such as 
t h a t  descr ibed  be 1 ow . 

A, j 
However, i t  should be p o s s i b l e  t o  a l l e v i a t e  t h i s  d i f f i -  

As mentioned i n  t h e  preceding sec t ion ,  w e  propose t o  u s e  s imultaneously two 

n e a r l y  i d e n t i c a l  d i r e c t i o n a l  magnetometers having gamma-level o r  0.1-gamma-level 

s e n s i t i v i t i e s  with axes o r i en ted  i n  t h e  x-y plane.  One would be i n  t h e  borehole 

a t  va r ious  depths  (depth above anomaly c e n t e r  near  bottom of borehole  denoted by 

d) and t h e  o the r  would be on t h e  sur face  (z-coordinate  = D ) .  

ed i n  t h e  x-y p lane  so as t o  be s imultaneously a t  t h e  same ang le  x, which i s  mea- 

sured with r e s p e c t  t o  t h e  i sogonic  l i n e  (x-axis of Fig. 2 ) .  Thus, t h e  i n i t i a l  

s i g n a l s  de t ec t ed  by t h e  two magnetometers would have t h e  forms 

Both would be r o t a t -  
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+  if;') + ( 3 B  / 8 z ) ( D  - d)  N, Y 

i n  which s u p e r s c r i p t s  ( i , b )  and (i 

su r face ) ,  r e spec t ive ly .  Note t h a t  

are  expressed i n  (67) interms of f 

(i, s) 

s )  r ep resen t  ( i n i t i a l ,  borehole) and ( i n i t i a l ,  

t h e  e a r t h ’ s  f i e l d  and no i se  f i e l d  c o n t r i b u t i o n s  

r s t - o r d e r  Tay lo r ;  expansions wi th  r e s p e c t  t o  

After f looding  t h e  f r a c t u r e s  wi th  magnetic ma te r i a l ,  t h e  two s i g n a l s  de t ec t ed  

by t h e  magnetometers would have t h e  forms, 

The experimental  d a t a  would c o n s i s t  of t h e  f o u r  s i n g l e  q u a n t i t i e s  represented  

by t h e  le f t -hand  s i d e s  of (67)-(70). 

o r  magnetic t ape  as a func t ion  of t h e  ang le  x. 
can e l e c t r o n i c a l l y  o b t a i n  t h e  d i f f e r e n c e s  analogous t o  

t o  

These s i g n a l s  would be recorded on c h a r t  

A t  t h e  same time, however, one 

(67) minus ( 6 8 )  according 
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= (aB(f)/az)(D e,x - d) cosv, + ( 2 B L T ? / a z ) ( D  - d)  cosx 

I n  t h e  measurement scheme we p lan  t o  l o c a t e  t h e  sur face  magnetouieter a t  a s u f f i -  

c i e n t  d i s t a n c e  from t h e  l o c a l  anomaly i n  t h e  borehole  so t h a t  t h e  l a s t  two terms 

of (72) w i l l  be n e g l i g i b l e .  Therefore,  t h e  anonaly con t r ibu t ion  t o  t h e  d i f -  

fe rence  AB(f)(x) w i l l  be p r imar i ly  t h a t  due  t o  t h e  l a s t  two terms of (691, i .e. ,  

t h a t  due t o  t h e  l o c a l  anomaly as measured by borehole  magnetometer. 

After t h e  i n i t i a l  and f i n a l  da t a  have been obtained i n  t h e  forms k ~ B ( ~ ) ( x ) ,  

A B ( f ) ( ~ )  f o r  s eve ra l  complete r o t a t i o n s  o f  t h e  ang le  x, one can 110w ob ta in  from 

t h e  experimental  d a t a  t h e  second d i f f e rences ,  

by e l e c t r o n i c  d a t a  processing.  :Furthermore, 

c r o s s - c o r r e l a t i o n  and/or an a u t o c o r r e l a t i o n  

t h e  computer program would perform a 
c a l c u l a t i o n  on t h e  second d i f f e r e n c e  

AB1(x). 
of t h e  n o i s e  d e r i v a t i v e  c o n t r i b u t i o n s  would randomize. 

r e l a t i o n  and/or au tocor re l a t ion  a n a l y s i s  should e l imina te ,  o r  g r e a t l y  reduce,  t h e  

o v e r a l l  magnetic no i se  con t r ibu t ion .  Thus ,  t h e  n e t  A E t ( x )  should c l o s e l y  resemble 
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I t  i s  expected t h a t  over  s e v e r a l  c y c l e s  of the ang le  x, the  d i f f e r e n c e s  

Therefore ,  t h e  c r o s s  cor -  



c t h e  t rue  va lue  of t h e  func t ion  of x represented  by the last two terms of  ( 7 3 ) .  
The above scheme and procedure f o r  d a t a  a n a l y s i s  should t h e r e f o r e  permit a reason- 

a b l y  a c c u r a t e  de te rmina t ion  of t h e  d i r e c t i o n  of t h e  s p l i t  i n  the rocks  produced 

by hydro T rac t u r  ing  . 
Note t h a t  t h e  las t  two terms of (73) are equiva len t  t o  t h e  l a s t  s i n g l e  term 

of (58) i n  t h e  case d=O. The first term of (58) w i l l  cance l  ou t  when we use the 

se thod  o f  d a t a  processing j u s t  descr ibed  above. 

We now cons ider  t h e  p r a c t i c a l  p o s s i b i l i t i e s  o f  t h e  above d i scuss ion  f o r  t h e  

c a s e  i n  which t h e  borehole  magnetometer i s  loca ted  a t  (x=y=d=O), i .e. ,  a t  t h e  o r i -  

g i n  o f  Fig.  4. 

x-y plane,  it w i l l  r e c e i v e  a s i g n a l  as given by (58) with no i se  components as ex- 

pressed by (67) and (69). Let t h e  l o c a l  anomaly be due t o  a d i s t r i b u t i o n  of  mag- 

n e t i c  material i n  a c rack  of 2.0-mm width with r a d i u s  (measured from d=O) of 100m. 

I t s  volume i s  (Tr/2) (10 ) (0.2) cm . If t h e  corresponding wedge d i s t r i b u t i o n  volume 

(21~/3)p A+ i s  t o  be t h e  same, then  A@=3(0.2)/4p=l05 x r ad ians .  We shall 

choose t h e  minimum r a d i u s  r =2.0 m, p=lOO m,  and assume T=600 K. 

When t h e  a x i s  of t h i s  d i r e c t i o n a l  magnetometer i s  r o t a t e d  i n  t h e  

8 3 

3 

m 
Ne then  assume f o r  t h e  paramagnetic c a s e  t h a t  mo=7.1x10-50e a s  given i n  Table 2 .  

For t h e  ferromagnet ic  p a r t i c l e s  i n  s l u r r y ,  we a r b i t r a r i l y  assume a f i l l i n g  

f a c t o r  of 0.01, a s a t u r a t i o n  p o l a r i z a t i o n  of 0.8 x 1760 Oe, and a remanence based 

on t h e  s topping p o i n t  on t h e  h y s t e r e s i s  curve of 0.6. 

(0.01) = 9.5 Oe. 

Thus, mo = (0.6)(0.9)(1760) 

The f a c t o r  fm = 2 mod@ sin$ log(p / rm)  i s  then, f o r  a magnetometer: 

fm = 3.7 x 1 0  -9 Oe, paramagnetic so lu t ion ;  

f = 5.0 x l o m 4  Oe, 1% ferromagnet ic  p a r t i c l e  s l u r r y .  m 

Assuming t h a t  t h e  s i g n a l  process ing  can be accomplished a s  described. above, 

then  t h e  f i n a l  c r o s s - c o r r e l a t i o n  process ing  w i l l  be done on t h e  sigr?al 

(74) AfB(x) = f [ 2  cos@ cos(x  - @) - cosx] + magnetic no ise .  m 

Note t h a t  f 

of t h e  t y p i c a l  f l u x  g a t e  magnetometer bu t  i s  10  t i n e s  g r e a t e r  than  t h a t  of a 30- 

MHz superconducting SQUID magnetometer. Thus, t h e  use  of t h e  paramagnetic so lu-  

tior: i s  not f e a s i b l e ,  even when t h e  magnetometer i s  s i t u a t e d  i n  t h e  borehole ,  be- 

f o r  t h e  paramagnetic case i s  about smaller  than  t h e  s e n s i t i v i t y  m 
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cause a d a t a  a c q u i s i t i o n  system cannot be expected t o  e x t r a c t  a neaningful  s i g n a l  

of T, 10’’ Oe o u t  of a background of 0.3 Oe ( e a r t h ’ s  ho r i zon ta l  component) p lus  

magnetic no i se  of 10 t o  Oe. -7 

On t h e  o t h e r  hand, t h e  use  of a 1% ferromagnet ic  p a r t i c l e  suspension i n  s l u r -  

r y  appears  t o  be f e a s i b l e  because t h e  borehole  s i g n a l  ca r ry ing  t h e  d i r e c t i o n a l  i n -  

forniation, as expressed by (74), could be 4 t o  4000 times > t he  expected mag- 

n e t i c  no i se  amplitudes.  

ma te r i a l  ir, s l u r r y  i s  l a r g e  enough so  t h a t  a h ighly  d i r e c t i o n a l  f l u x  g a t e  mag- 

netometer could be used as t h e  sensor  inasmuch as such devices  have s e n s i t i v i t i e s  

i n  t h e  range of 

t h e  s u r f a c e  magnetometer t h a t  i s  synchronized t o  t h e  borehole magnetometer i s  

f a b r i c a t e d  t o  be as c l o s e l y  i d e n t i c a l  t o  t h e  borehole  u n i t  as poss ib l e .  

wise, t h e  s igna l  s u b t r a c t i o n s  implied i n  ( ~ 3 )  t o  ( 7 3 )  would n o t  be v a l i d  and un- 

d e s i r a b l e  s i g n a l  components would emerge. 

In  view of t h e  above d i scuss ion ,  we should ask whether t he  d i r e c t i o n  $ of 

In  fact ,  t h e  ancmaly s i g n a l  produced by 1% ferromagnet ic  

Oe. I-Iowver, one would have t o  take r a i n s  t o  be s u r e  t h a t  

Other- 

t h e  c rack  can be determined from t h e  s i n g l e  borehole  magnetometer r o t a t i o n a l  Kea- 

surement, which would produce a s i g n a l  such a s  t h a t  expressed by (bi)). Except 

f o r  no ise ,  t h i s  s i g n a l  i s  t h e  same as ( 5 8 )  i n  t h a t  t h e  l a s t  two terms of  (65’) 

are  t h e  sane  as t h e  las t  term of  ( l i 8 j .  Thus, i n  t h e  d a t a  process ing ,  we would 

be a t tempt ing  t o  e x t r a c t  t h e  d i r e c t i o n a l  information contained i n  

f m [2 cos$ cos()( - 0) - cosx] , (75) 

as i n  (74), 

noise .  For t h e  ferromagnet ic  s l u r r y  example given above, Iih i s  g r e a t e r  than  400 

fm. Thus, no ma t t e r  how soph i s t i ca t ed  t h e  d a t a  processing,  i t  w i l l  be  d i f f i c u l t  

t o  e x t r a c t  accu ra t e  + va lues  by computer c o r r e l a t i o n s  of t h e  da t a .  We t h e r e f o r e  

conclude t h a t  t h e  s i n g l e  borehole  magnetometer method would not  be a f e a s i b l e  

method f o r  l oca t ing  + with  t h e  requi red  accuracy of  f 15’. 

i n  t h e  presence o f  t h e  s teady  ho r i zon ta l  component, Hh cosx p l u s  

However, w e  show below t h a t  t h e  method i n  which t h e  borehole  magnetometer 

s i g n a l  i s  s imultaneously sub t r ac t ed  from t h e  s u r f a c e  magnetometer s i g n a l  can be 

f e a s i b l e ,  provided t h e  engineer ing requirements  can be met i n  p r a c t i c e .  Rather 

than  asking t h a t  t h e  Hh component of t h e  borehole  s i g n a l  be completely sub t r ac t ed  

from t h a t  of t h e  surface s igna l ,  which may be d i f f i c u l t  t o  do i n  p r a c t i c e ,  we a t -  

tempt t o  balance t o  t h e  ex ten t  t h a t  a small anount, s Hh, remains i n  t h e  recorded 

s igna l .  Then by r eve r s ing  t h e  s u r f a c e  s i g n a l ,  i .e.,  changing s i g n  and adding, w e  
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o b t a i n  a - s H component remaining i n  t h e  second recorded s i g n a l .  Thus, it i s  

p o s s i b l e  t o  o b t a i n  two s e p a r a t e  s i g n a l s  
h 

 AB:^) = s H~ cosx + fm 12 cos+ cos(x - Q >  - ccsxl + noise ,  (76) 

 AB(^) - = -s  1 1  h cosx + f m [2 cos4 cos(x  - $1 - cosxl + noise .  (77)  

If t h e  s i g n a l s  can be balanced t o  t h e  ex ten t  t h a t  s Hh i s  no g r e a t e r  than  about 

t e n  t imes f 

We s h a l l  cons ider  c o r r e l a t i o n s  wi th  sin>(, cosx, and with t h e  func t ion  

[ 2  cos@ cos(>( - 9) - cosx] .  To b e s t  e l imina te  random backgrourid no i se ,  t h e  com- 

pu te r  i n t e g r a t i o n s  should be c a r r i e d  over  s eve ra l  conplete  cyc le s  (0' t o  360') of 

t h e  ang le  x. 

then  va r ious  c o r r e l a t i o n  c a l c u l a t i o n s  can be done success fu l ly .  m' 

Cor re l a t ion  wi th  sirix l eads  t o  t h e  numbers 

= 2 1 ~ f  cos@ s i n @  + background (781 m I,+ 
N 
1,+ 

= 27rf cos$ s in@ + background ( 7 9 )  N1,- m 1, - 

C o r r e l a t i c n  with cosx l eads  t o  

N = TS H - .rrf cos241 + background 2,  + h rn 2 , +  

2, - 2, - N = -m Hh - 7rfm cos24 + background . 

C o r r e l a t i o n  wi th  t h e  func t ion  [2  c o s ~ ' c o s ( ~  - $ I )  - cosx.1 l eads  t o  

2 2 2 N = TS HIl(2 cos  9I-1) + 7rfm(4 cos  $ 'cos  $ + 4 cos@ cos@' s in$  s in$ '  
3 , +  

2 2 - 2 cos  @ I  - 2 cos  @ + 1)  + background 
3 , +  

= TS H cos  2@I  + .rrf cos(24 - 29') + background h m 3 , +  ' 

= -ITS H COL. 2$' + T f  cos(2$ - 2$') + background . 
N3, - h m 3 , -  



The maximum numerical va lue  of t h e  c o r r e l a t i o n  c a l c u l a t i o n  should r e s u l t  

when t h e  sum 

N3,+ + N3,- = 2 1 ~ f ~ c o s ( 2 $  - 2$') + 1 / 2  <background>3 , 

has a p o s i t i v e  maximum, i.e., then  t h e  computer input  va lue  $ I  i s  equal t o  t h e  

anomaly o r i e n t a t i o n  ang le  Cp. 

of t h e  background n o i s e  con t r ibu t ion ,  which should be zero i f  we i n t e g r a t e  over a 

g r e a t  number of cyc le s  of x, provided t h e  no i se  i s  random. 

Whenthebackground con t r ibu t ions  t o  t h e  c o r r e l a t i o n  f u n c t i c n s  a r e  s u f f i c i e n t -  

The l o c a t i o n  of t h i s  nizximum should be independent 

l y  small, we can c a l c u l a t e  f a i r l y  a c c u r a t e l y  the  sums (N + N1, ) and (Id I,+ - 
N ), and c a l c u l a t e  t h e i r  r a t i o s  which i s  now an estimate o f  t a n  29. This  

procedure w i l l  g ive  an independent de te rmina t ion  of 9, which should be j u s t  as 

a c c u r a t e  as t h a t  determined from the  riiaximuni va lue  of  (84),  except when $I i s  

c l o s e  t o  90" o r  270°. 

+ 
2,+ 

2, - 

Unfortunately,  both of t h e s e  methods f o r  determining $ from magnetometer 

d a t a  p l u s  t r i c k s  lead  t o  $ va lues  t h a t  can be ambiguous by 180°. 

he lp  toward r e so lv ing  t h i s  ambiguity by examining the  shape of  t h e  s i g n a l  as a 

func t ion  of x as shown i n  Fig.  6 .  Again, w e  see the  180" ambiguity i n  t h e  

s i g n a l  i t s e l f .  Consequently, a l though t h e  c o r r e l a t i o n  techniques lead  t o  a c c u r a t e  

$, t h e r e  i s  no way t o  avoid t h e  180" ambiguity by j u s t  us ing  only  a h o r i z o n t a l l y  

mounted r o t a t i n g  magnetometer. 

magnetometer, it should be p o s s i b l e  t o  r e s o l v e  t h e  a i b i g u i t y .  

system will no t  be clone i n  this present  work. 

B. S igna l  by Horizontal  Axial Gradiometers 

We can look f o r  

However, by t i l t i n g  the  p lane  of a second borehole  

Analysis  of  t h i s  

The s i g n a l s  t h a t  w i l l  be  de t ec t ed  by two i d e n t i c a l  gradiometers ,  one on t h e  

s u r f a c e  a t  a po in t  (X = X Y = 0, Z = P ) ,  and one a t  t h e  po in t  (X = Y = 0, 

Z = d e 0) i n  the  borehole,  r e s p e c t i v e l y ,  can be evaluated by s t ra ight forward  

procedures.  

two a x i a l  gradiometers  a re  always i n  t h e  x-y p lane  and s imultaneously o r i en ted  t o  

t h e  same ang le  x, which i s  measured with r e s p e c t  t o  t h e  X-axes of F igs ,  2,  4 ,  and 

5. 

tem i s  ind ica t ed  scliemati.cally i n  Fig. 8(b).  

The borehole  l o c a l  anora ly  s i g n a l ,  produced by f looding  t h e  crack wi th  mag- 

0' 

Fe cons ider  i n  t h i s  s e c t i o n  only  t h e  case  i n  which t h e  axes of t h e  

The arrangement of t h e s e  gradiometer loops wi th  r e s p e c t  t o  t h e  coord ina te  sys- 

n e t i c  niaterial, i s  evaluated i n  t h e  previous chapter  as shown by ( 6 2 ) ,  and con- 

t r i b u t e s  t o  t h e  s i g n a l  a t  (X = Y = 0, Z %@). We presume t h e  crack producing t h i s  
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anomaly s i g n a l  i s  o r i e n t e d  t o  a n  a r b i t r a r y  ang le  $. We presume a l s o  t h a t  t h e  

anomaly s i g n a l ,  as  measured by t h e  s u r f a c e  magnetometer, w i l l  be  s u f f i c i e n t l y  

small as  t o  be neg l ig ib l e .  However, t h e  t o t a l  s i g n a l s  generated i n  t h e s e  two 

gradiometers  w i l l  inc lude  c o n t r i b u t i o n s  due t o  t h e  g rad ien t s  of t h e  ho r i zon ta l  

components o f  t h e  e a r t h ’ s  f i e l d  as well as  g r a d i e n t s  of n o i s e  components. The 

purpose of  t h e  remainder of  t h i s  s e c t i o n  is t o  eva lua te  t h e s e  l a t t e r  c o n t r i b u t i o n s  

and t o  express  t h e  t o t a l  s i g n a l  p l u s  n o i s e  fo r  each gradiometer as well  as t h e  

d i f f e r e n c e  s i g n a l s .  
5 In  (1) €$ = Ho(a/r) s i n  Be, whi le  cos  8 i s  given by (2)  i n  terms of p, e 

t h e  geographic c o l a t i t u d e ,  A ,  t h e  geographic east  longi tude,  and cons t an t s  l~ 0’ Ao’ 
Let pb, X denote  t h e  c o l a t i t u d e  and east longi tude ,  r e spec t ive ly ,  o f  t h e  bore- 

hole ,  i .e.,  f o r  any p o s i t i o n  {X = Y = 0, any va lue  of Z ) ,  and r = a a t  t h e  su r -  

face, i.e., when Z = D. Then, f o r  any nearby p o s i t i o n  such as (X = X - S cosx, 

Y = S s inx ,  Z = D), we can eva lua te  t h e  ho r i zon ta l  component by t h e  Taylors  ex- 

pans ion ,  

b 

O I  

2 2 2  where (ap/aX) = l /a ,  ( a A / a Y )  = l / a .  In  ( 8 S ) ,  terms of o rde r  SX/a , S /a  , e t c . ,  

a r e  neg l ig ib l e .  

S imi l a r ly ,  t h e  H component a t  t h e  bottom of the  borehole  a t  p o s i t i o n  h 
(X = S cosx, Y = S s inx ,  Z = 0) ,  i . e . ,  t h e  p o s i t i o n  of t he  c e n t e r  of one of t h e  

gradiometer  superconducting loops,  w i l l  have t h e  form 

(b) = H [a./(a-D)] 3 s i n  O b  - [S cosx/(a-D)] H0 [a/(a-D)] 3 ( a  s i n  8/ap), 
% 0 

3 
+ [S sinX/(a-D)]Ho [a/(a-D)] (a s i n  

+ ... . (86) 

In  t h e  above, s u p e r s c r i p t s  ( s ) ,  (b) ,  refer  t o  s u r f a c e  and borehole,  r e s p e c t i v e l y .  

Since H i s  always p a r a l l e l  t o  t h e  X-axis, arid t h e r e  i s  never any s teady  p a r t  h 
o f  t h e  e a r t h ’ s  f i e l d  p a r a l l e l  t o  t h e  Y-axis, t h e  con t r ibu t ion  t o  t h e  gradiometer 

loops loca ted  a t  (X - S cos)() and S cosx, r e s p e c t i v e l y ,  a r e  obta ined  by simply 
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mult ip ly ing  t h e  above by cosx. 

e t e r  i s  obta ined  simply by r ep lac ing  S i n  t h e  above expressions by - S. 

ing  t h i s  r e s u l t  from t h e  above express ions  then g ives  t h e  gradiometer n e t  s i g n a l s  

except f o r  a small c c r r e c t i o n  due t o  t h e  lack of exact  p a r a l l e l i s m  of t h e  gradiom- 

e ter  loops.  The c o r r e c t i o n  is discussed a t  some length  i n  Ref. 9 ,  b c t  we s h a l l  

ignore  it i n  t h e  p re sen t  ana lys i s .  One t h u s  f i n d s  t h e  n e t  c o n t r i b u t i o n s  due t o  

t h e  e a r t h ' s  f i e l d  g r a d i e n t s  according t o  

The s i g n a l  i n  t h e  oppos i te  loop o f  each gradiom- 

Sub t rac t -  

+(2S/a)  M 0 (a  s i n  C?/ah) b s i n x  cosx + higher  o rde r  ternis, (87) 

- (2S /a ) ( l  - 4D/a) H (a  s i n  e / a h )  s inx  cos)(-  (88) 0 b 

Since 4D/a i s  of t h e  o rde r  of  (4 times one mile/4,000 m i l e s ) ,  i t s  c o n t r i b u t i o n  i s  

only  0.001 t o  0.002 of t h e  gradiometer s i g n a l  of 

s i d e r  t h e  e f f e c t  of 4D/a on the d i f f e r e n c e  s i g n a l  a t  a l a t e r  p o i n t .  

(871 However, we w i l l  con- 

The above two c o n t r i b u t i o n s  due t o  t h e  s teady  p a r t  of t h e  e a r t h ' s  f i e l d  

should be t h e  same f o r  both t h e  i n i t i a l  ( i )  (before  f looding)  and f i n a l  ( f )  ( a f t e r  

f looding)  conf igu ra t ions .  

The d e r i v a t i v e s  expressed i n  (87) - (88) a re  obtained d i r e c t l y  from ( 2 ) .  

We f i n d  

= - (cos e / s i n  e,) I-siny cosyo + C O W  s iw COS (A - Xo)lb(89)  b 0 

The numerical values  of  (79) and (80) f o r  t h e  Jemez Mountain coord ina tes  d i s -  

cussed i n  Sec. 11. A .  are 0.69380 and 0.09516, r e s p e c t i v e l y .  

We cons ider  now t h e  c o n t r i b u t i o n s  of magnetic no i se  t o  t h e  s i g n a l s  i n  t h e  

two gradiometers ,  f i r s t l y ,  f o r  t h e  case i n  which t h e  no i se  sources  a re  much fa r -  

t h e r  away than t h e  p o s i t i o n  coord ina tes  (X = Xo, Y = 0 ,  Z = D) and 
37 



(X = Y = 0, Z 0 ) ,  from t h e  borehole  p o s i t i o n  (X = Y = 0, Z = D). The de r iva -  

t i v e s  of  t h e  i n t e r f e r i n g  n o i s e  s i g n a l s  a t  t h e s e  p o i n t s  determine t h e  magnitude of 

t h e  n o i s e  components i n  t h e  gradiometer s i g n a l s .  

We cons ider  t h a t  t h e  magnetic n o i s e  a r i s i n g  from d i s t a n t  sources  such as 

l igh tn ing  and/or e x t r a t e r r e s t r i a l  sources  can be resented  i n  v e c t o r  form according 

t o  

+ $ B  . le, = i BN,x + i BN,y N, 
(41) 

The p a r t i c u l a r l y  n o i s e  c o n t r i b u t i o n s  t h a t  can be represented  v e c t o r i a l l y ,  as i n  

(91) , 
ponents wi th  r e s p e c t  t o  t h e  p o s i t i o n  (X = Y = 0, Z = D) according t o  

can be expressed i n  terms of Taylor's expansions f o r  t h e  ind iv idua l  com- 

B (S cosx, S s inx ,  Z = 0) = B (O,O,D) - S cosx (aB /ax),,, N,P N, P N,P 

N, p' OOD + S s i q  (aB 

where p s t ands  f o r  t h e  X, Y,  o r  Z component. 

s u r f a c e  p o s i t i o n  ( X = Xo - S cosx, S s inx ,  Z = D), which i s  a t  t h e  c e n t e r  of  one 

superconducting loop o f  t h e  s u r f a c e  gradiometer ,  t akes  t h e  form, 

S imi l a r ly ,  t h e  n o i s e  observed a t  t h e  

(Xo-S cosx, S s inx ,  D) = B N , p  CO,O,D> 
BN,P 

(93) + higher  o rde r  terms . 
Again r ep lac ing  S by -S i n  t h e  above, we o b t a i n  t h e  s i g n a l  from t h e  oppos i t e  gra-  

diometer loop, which i s  t o  be sub t r ac t ed  from (92) and (93 ) ,  r e spec t ive ly .  

Then, l e t t i n g  p = X, and p = Y, we o b t a i n  t h e  coniponents f o r  t h e  X-Y p lane .  Then 

mul t ip ly ing  t h e  X-component by cosx, t h e  Y-component by s i n x  and adding, we o b t a i n  

t h e  con t r ibu t ion  p a r a l l e l  t o  t h e  gradiometer axis  which i s  o r i e n t e d  t o  t h e  ang le  
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x. This procedure then  l eads  t o  t h e  s u r f a c e  and borehole no i se  c o n t r i b u t i o n s  as  

6lJ fol lows:  

+ o t h e r  no i se  con t r ibu t ions ,  

- 2SD [cosx s inx  (a  2 Bx/aYaZ) + s i n  2 x (a  2 B /aYaZ)] (i 1 
Y 

(95) + o t h e r  no i se  con t r ibu t ions ,  

where ( i )  i n d i c a t e s  t h e  i n i t i a l  s t a t e  (before  f lood ing) ,  and t h e  d e r i v a t i v e s  a r e  

understood t o  h e  evaluated a t  ( O , O , D ) ,  
r ight-hand s i d e s  of  (343 arc! (95) .  

Note t h a t  sut?scr ipt  N i s  orr,itted i n  t h e  

Sirce seve ra l  hours of time may e l apse  between t h e  i n i t i a l  ( i )  measurenients 

(before  f looding)  and t h e  f i n a l  ( f )  measurements ( a f t e r  f l ood ing) ,  we expect a 

cons iderable  change i n  t h e  magnitudes of  t h e  no i se  vec to r  B 

d e r i v a t i v e s  of i t s  conponents. Fcwever, t h e  form f o r  t h e  (E) s t a t e  will be the  

same as above except t h a t  s u p e r s c r i p t  ( i )  must be changed t o  s u p e r s c r i p t  ( f ) .  

Assuming t h a t  one can s u c c e s s f u l l y  s u b t r a c t  t h e  borehole  s igna l  from t h e  

as well as  i n  t he  %N ’ 

sur€ace s i g n a l  by some appropr i a t e  d a t a  process ing  method, t h e  r e s u l t  will be one 

i n  which the f i rs t  d e r i v a t i v e s  i n  t h e  above express ions  cance l  i n  t h c  subt rac t ion ,  

thereby leaving  only t h e  second d e r i v a t i v e  c o n t r i b u t i o n s  i n  t h e  d i f f e r e n c e  s i g n a l  
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c Since t h e  f i n a l  conf igura t ion ,  a f t e r  f looding ,  w i l l  have t h e  same form b u t  d i f -  

f e r e n t  magnitude, because of  t h e  time l a p s e  f a c t o r ,  t h e  no i se  d i f f e r e n c e  s i g n a l  

can be expressed by 

The t o t a l  i n i t i a l  s i g n a l  measured by t h e  su r face  gradiometer a t  (Xo, 0, D)  

can then  be expressed by t h e  sum of  (87) and (94). The t o t a l  i n i t i a l  s i g n a l  

measured by t h e  borehole  gradiometer a t  (O ,O,O)  can be expressed by (88) p l u s  

(95). The d i f f e r e n c e  between t h e s e  two s i g n a l s  as obta ined  by appropr i a t e  

s i g n a l  processing e l e c t r o n i c s ,  i s  

2 ABCisS)  - = (8SD/a2) Ho (8sinO/8p)bcos x 

(98) + A I D N  (i) + e l e c t r o n i c  processing noise .  

The t o t a l  f i n a l  s i g n a l  measured by t h e  su r face  gradiometer a t  (Xo, 0, D) i s  

a g a i n  t h e  SUM of ( 8 7 )  and (94), with  s u p e r s c r i p t s  changed t o  ( f )  i n  t h e  l a t -  

t e r .  S imi l a r ly ,  t h e  f i n a l  s i g n a l  measured by t h e  borehole  gradiometer i s  (88) 

p l u s  ( f ? ~ ) ,  with  s u p e r s c r i p t s  changed t o  ( f ) ,  p l u s  EOW t h e  s i g n a l  due t o  t h e  

l o c a l  anomaly a s  g iven  by (62) [ l e s s  than  A B term i n  (G2),  which we a l r eady  

inc lude  i n  ( % ) I .  
N 

The d i f f e r e n c e  between t h e s e  two f i n a l  s i g n a l s  i s  then  

- (2'rrrS sin$ moA+/8)(1/r m - 1 / p )  

+ A ~ B ~ ( ~ )  + e l e c t r o n i c  processing noise .  
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A s  a l r eady  d iscussed  f o r  t h e  two-magnetometer d a t a  a c q u i s i t i o n  system of t h e  

~ Ls previous sec t ion ,  t h e  idea  now i s  t o  record  AB 

d i f f e r e n c e  as expressed by (381, as a func t ion  of t h e  angle  x. S imi l a r ly ,  t h e  

f i n a l  measurements would c o n s i s t  of record ing  AB ( f ' s ) ,  and t h e  s imul ta -  

neous d i f f e rence ,  as expressed by (93). 

, AB (i ' b, , and t h e  s i m u  1 taneous 

Assuming t h a t  t h e  anomaly d a t a  can he  acquired i n  t h e  f o r n  (:>:I), t h e  next  

s t e p  i n  t h e  d a t a  a n a l y s i s  would be t o  c o r r e l a t e  t h e  d i f f e r e n c e  s i g n a l  with cer- 

t a i n  func t ions  such as 

f (x) = s inx  , 1 

f*(X) = cosx , 

f3(X,@') = s i n x  cosx s i n @ '  , 

f,(x,Q') = 1 2  COS@' + 24 cosx COS(X - @')  - 45 COS$ COS(X - @'). (100) 

Consider the f i rs t  c o r r e l a t i o n  with f (x). Mul t ip ly  (93) by f (x) and i n -  
1 1 

t e g r a t e  x from C t o   IT. This  l eads  t o  

F,(+) = - (2v.S s in$ moA@/8) (l/rm - l / p )  (-45 s in@ cos@) (27r/2) 

+ 7 [A'BN ( f )  + e l e c t r o n i c  no i se ]  s inx  dx . 
0 

Simi lar ly ,  mul t ip ly ing  by f 2  (x) and i n t e g r a t i n g  g ives  

F,(@) = -(27rS s in@ m0A+/8) (l/rm - l / p )  (-45 cos2@) ( 2 ~ / 2 )  

ZIT 
+ j- W ' B N  (fl + e l e c t r o n i c  noise]  cosx dx . 

0 

Note t h a t  i n  both of t h e  above cases, t h e  two leading  terms of (99) i n t e g r a t e d  

t o  zero. Thus, t h e s e  p a r t i c u l a r  c o r r e l a t i o n s  e l imina te  t h e  e a r t h ' s  f i e ld -g ra -  

d i e n t  con t r ibu t ions .  

dom, then  t h e  l a s t  i n t e g r a l s  of (101) and (102) w i l l  be  zero.  Consequently, 

Furthermore, i f  t h e  n o i s e  c o n t r i b u t i o n s  t u r n  ou t  t o  be ran-  
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G from t h e  analyzed d a t a  one can c a l c u l a t e  t h e  r a t i o  

I n t h e  event  t h a t  Fl /F2 should t u r n  ou t  t o  be l a r g e  and unwieldy i n  

c a l c u l a t i o n ,  one can then  c a l c u l a t e  t h e  r a t i o  F /F = 2 c t n  $I. The d i f f i c u l t y  

ar ises  when Q i s  near  90' o r  270'. In t h i s  case, it i s  d e s i r a b l e  t o  c o r r e l a t e  

t h e  experimental  d a t a  with t h e  func t ion  f 

t h e  computer 

2 1  

One ob ta ins  t h e  r e s u l t  3' 

+ r [ A I B N ( f )  + e l e c t r o n i c  noise]  s i n x  cosx s i n $ 1  dx . 
0 

Assuming t h e  n o i s e  c o n t r i b u t i o n  i s  random, t h e  l a s t  term again  i n t e g r a t e s  t o  zero.  

One thus  has a r e s u l t  t h a t  i s  dominated by t h e  second term of (104), e s p e c i a l l y  

when t h e  hydrof rac tured  c rack  i s  f i l l e d  wi th  ferromagnet ic  p a r t i c l e  s l u r r y .  

p re l iminary  e s t ima te  o f  c l o s e  t o  t r u e  4 will a l r e a d y  have been obta ined  by t h e  

two previous c o r r e l a t i o n s .  

r e p l a c i n g  t h i s  s t a r t i n g  va lue  by 4'' = + 180'. This  process  completely re- 

v e r s e s  t h e  s i g n s  of t h e  two s i g n i f i c a n t  c o n t r i b u t i o n s  of (104), 

n o i s e  i n t e g r a t e s  n e a r l y  t o  zero. Consequently, one has a p r a c t i c a l  wa.y i n  which 

t h e  180° ambiguity can be reso lved  i o r  t h e  case i n  which t h e  unknown 4 i s  wi th in  
abou t  10" of 90' o r  270". 

A 

Note t h a t  t h e  180' ambiguity can now be reso lved  by 

assuming t h e  

Now when t r u e  @ l i e s  i n  t h e  range  2 8 0 ° - 0 0 - 8 0 0  o r  i n  t h e  range 100°-1800-2600, 

t h e  c o r r e l a t i o n  o f  t h e  func t ion  (99) 

t h e  most r e l i a b l e  e s t ima t ion  of 4.  One ob ta ins  t h e  r e s u l t  

with t h e  func t ion  f 4 ( X , @ , $ f )  w i l l  l ead  t o  

+ (8SD/a2) H~ ( a s in  e / a q ,  (6-m s i n 4 t )  

-  I IT S s in@ mO@/8)( l / r  - l /p ) (Sv)  III 

42 



Lr) 
X [144 cos$ cos@' + 225 (cos 2 $ cos  2 $! + s in$  cos$ s i n $ '  cos$ ' ) ]  

[ A ' B  ( f )  + e l e c t r o n i c  noise]  fx(x,$,$ ' )  dX . (105) N 

The two leading  e a r t h ' s  f i e l d  terms i n  (105) 

anomaly term, and t h e  l a t t e r  i s  f u r t h e r  enhanced by t h e  c o r r e l a t i o n  process .  

Meanwhile, t h e  n o i s e  term again  i s  n e g l i g i b l e  i f  t h e  n o i s e  i s  random. Thus, the 

anomaly p a r t  of 

F4. However, t h e  180' ambiguity w i l l  s t i l l  be p re sen t  i n  t h e  c o r r e l a t i o n  with 

t h e  a c t u a l  experimental  d i f f e r e n c e  s igna l .  This  ambiguity can be reso lved ,  as 

before ,  by aga in  c o r r e l a t i n g  with t h e  func t ion  f4(x ,$ ,Qf1) ,  where @ I 1  = 

Thus, with + I '  i n  p l a c e  of  $ '  i n  (105) t h e  e f f e c t  w i l l  be  t o  change t h e  s i g n  of 

t h e  two leading  terms, while  t h e  square b racke t  i n  t h e  anomaly term becomes 

a r e  very  small compared t o  t h e  

(105) i s  by f a r  t h e  dominant p a r t  of t he  c o r r e l a t i o n  func t ion  

+ 180'. 

(106) 
2 2 -144 cos$ cos$" + 225(cos $ cos $If + s i n @  sin($1t cos$ cos@") . 

Thus, if i s  i n i t i a l l y  a good e s t ima te  of $, then  t h e  c o r r e l a t i o n  with @ I i  w i l l  

l ead  t o  a s i g n i f i c a n t l y  smaller va lue  f o r  t h e  func t ion  F On t h e  o t h e r  hand, if  

t h e  i n i t i a l  choice  4 '  i s  o f f  by 180', then  t h e  use  of 9" w i l l  g ive  a l a r g e r  va lue  

f o r  t h e  f u n c t i o n  F4. ThEs, by t h i s  process ,  we can r e s o l v e  t h e  180' ambiguity,  

when Q i s  i n  t h e  ranges d iscussed  j u s t  above. 

4' 

An example of gradiometer s i g n a l  s t r e n g t h s  can lie based on t h e  same param- 

eters used f o r  themagnetometer case i n  t h e  prev ious  s e c t i o n  [see d i scuss ion  pre- 
ceding (74)]. The hydrofractured crack has an  assumed r a d i u s  of  100 m and a 

width of  2 mm. For t h e  equiva len t  wedge volume, A$ = 1.5 x 10 r ad ians ,  P 

= 100 m. 

-5 

The gradiometer f a c t o r  

f = (2"s s i n +  moA$/8), (107) 
g 

with S = 2 cm, mo as above [see (7411, is then 

f 

f = 1.0 x 1 0  Oe-cm (prepolar ized  ferromagnet ic  1% p a r t i c l e  s l u r r y ) .  (108) 

= 7.5 x 1 0 ' ~ ~  Oe-cm (paramagnetic s o l u t i o n ) ,  
L' 

-4 
g 
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The e a r t h ’ s  s t eady  ho r i zon ta l  component g rad ien t  f a c t o r s ,  f o r  an  assumed borehole  

depth o f  one mile, a r e  

(2S/a) Ho (a s i n  e /au)b  = 0.66 x 10’’ Oe, 

-10 (2fi/a) Ilo (a s i n  e/aA), = 0.90 x 10 Oe, 

(2SD/a 2 ) H0 (a s i n  e / a U ) ,  = 0.7 x 10 -12  ne, 

(109) 
2 -13 (2SD/a ) Ho (a s i n  B / a A ) b  = 0.9 x 1 0  Oe. 

The borehole  gradiometer s i g n a l ,  by i t se l f ,  i s  tl ie combination of  (58) - (62) 

less t h e  ABN term i n  ( 6 2 ) ,  Tlus  (S8) ,  p l u s  (95),  with s u p e r s c r i p t  changed 

from ( i , b )  t o  ( f , b ) ,  p l u s  small gradiometer imperfec t ion  terms as descr ibed  below. 

We express  t h i s  combination i n  t h e  form 

AB ( f9b )  = - (2rS s in@ moA4/S)(l/rm - l / p )  [12  cos4 
6 

+ 24 cosx cos(x  - 4) - 45 cos@ cos(X - $11) 

+ ( 2 ~ / a )  H~ (a  s i n  e/aA), cosx s inx  ] 

I1 s i n  8 cosx + lil A$sin$ log (p / r  ) + ABN (f ,b)  + h { b 0 m 

x [4 cos4 cos(x  - 4)  - 2 cosx] 

+ h(B cosx + B N , y ~ i n x  ) , N, x 

i n  which h i s  a small numerical  f a c t o r ,  of t h e  o rde r  of lo-’ t o  lo-’, t h a t  r e -  

p re sen t s  t h e  imperfec t ion  o f  t h e  gradiometer .  

superconducting loops of t h e  gradiometer may no t  be exac t ly  p a r a l l e l ,  o r  because 

one loop may have a s l i g h t l y  l a r g e r  a r e a  than  t h e  o the r .  

t r i cks  i n  tlie bus iness  whereby t h e  f a c t o r  h can be reduced by f i n e  adjustments  t o  

the  above magnitude. 

e ter  s i g n a l ,  and p a r t s  conta in ing  A@, i s  n e g l i g i b l y  small, i . e . ,  of t h e  o rde r  of 

I t  comes about because t h e  two 

There a r e  a number of 

The product  of  h wi th  t h e  g rad ien t  p a r t s  of t h e  magnetom- 
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10-l' t o  @e. However, t h e  s teady  p a r t  of t h e  component H and the  x- and 

y-components of t h e  n o i s e  mix i n t o  t h e  gradiometer s i g n a l  as  s i g n i f i c a n t  Ragnetom- 

e t e r  components. We s h a l l  eva lua te  each component of (110) f o r  t he  set  of 

parameters  given above. The leading term i n  c u r l y  bracke ts ,  kihich we denote  by 

{ A I ,  i s  t h e  l o c a l  anomaly con t r ibu t ion .  
S e c .  V. A . ) ,  o n e  f i n d s  

h 

I'v'hen r = 2 m, t h e  va lue  d iscussed  i n  m 

where f(x,Q),  a s  given by ( o z ) ,  
minimum peak abso lu te  va lue  of 1 2 .  

3 . 0  x 10-l' and 0.45. x 10-l '  Oe; (paramagnetic s o l u t i o n ) ,  and 4 .@ x 10 

x Oe; (ferromagnet ic  s l u r r y ) ,  r e spec t ive ly .  T h i s  r e s u l t  i s  t o  be compared 

wi th  t h e  second term of (110) i n  square bracke ts ,  which r e p r e s e n t s  t h e  g rad ien t  

of  €Ih, and has t h e  magnitude 

has a maximum peak abso lu te  va lue  of 81, and a 

Thus, t h e  peak s igna l  range o f  { A ) i s  
-5 arid 6 .0  

(f'b) i s  not  expected t o  exceed [VH 1 ,  and gene ra l ly  The n o i s e  g rad ien t  term AB 

is  expected t o  be much smaller. Moreover, i t  i s  expected t o  be random when 

averaged over a s u i t a b l e  time scale. 

N h 

The las t  two terms of (110) a re  troublesome. For an  imperfect ion f a c t o r  
-7 i n  the range 10 < h < lo-', 

2.1 x lom8 Oe < h Ho s i n  8 b < 2.1 x Oe, (113) 

which exceeds { A )  by 2 t o  5 o r d e r s  i n  t h e  paramagnetic s o l u t i o n  case,  and i s  com- 

pa rab le  t o  { A I  i n  t h e  ferromagnet ic  s l u r r y  case. 

func t ion  f l  (x) and f,o(,@ *) ,  e l imina te s  t h i s  troublesome con t r ibu t ion .  

way t o  o b t a i n  a minimal c o n t r i b u t i o n  from t h i s  source  i s  t o  s u b t r a c t  t h e  borehole  

s i g n a l  from t h e  s u r f a c e  s igna l ,  a s  d i scussed  above. If t h e  two gradiometers  have 

similar imperfect ion f a c t o r s ,  then  t h e  magnetometer-type c o n t r i b u t i o n s  w i l l  near-  

However, c o r r e l a t i o n  with t h e  

Another 
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C Experimental observa t ion  on t h e  d i u r n a l  v a r i a t i o n  of H which we cons ider  h' 
t o  be noise ,  shows maximum excursions of 100 gamma f o r  long per iods  of s eve ra l  

hours but  on ly  of  t h e  o rde r  of  10 gamma o r  l e s s  f o r  t h e  s h o r t  per iods  needed t o  

complete t h e  borehole  gradiometer s i g n a l  a c q u i s i t i o n .  Thus t h e  n o i s e  imperfec- 

t i o n  c o n t r i b u t i o n  t o  (110) i s  expected t o  be i n  t h e  range 

which i s  g r e a t e r  than  t h e  { A /  c o n t r i b u t i o n  f o r  t h e  Paramagnetic s o l u t i o n  case bu t  

s i g n i f i c a n t l y  smal le r  than  { A I  f o r  t h e  ferromagnet ic  s l u r r y  case.  

The above a n a l y s i s  t h e r e f o r e  proves t h a t  u s ing  e i t h e r  t h e  borehole  gradiom- 

e ter  by i t s e l f ,  o r  by combining s i g n a l s  from t h e  borehole and s u r f a c e  gradiom- 

eters,  t h a t  t h e  ang le  $I of  t h e  c rack  produced by hydrof rac tur ing  can be d e t e r -  

mined. The c r o s s - c o r r e l a t i o n  of t h e  d a t a ,  as descr ibed  above, must be used i n  

t h i s  de te rmina t ion  i n  o rde r  t o  e l imina te  t h e  180' ambiguity, as d iscussed  e a r l i e r .  
We conclude a l s o  t h a t  t h e  u s e  of a paramagnetic s o l u t i o n  i n  t h e  c rack  does no t  

g ive  a l a r g e  enough magnetic moment i n  o rde r  t o  d i s t i n g u i s h  t h e  magnetic anomaly 

i n  t h e  presence of i n t e r f e r i n g  no i se  and imperfect ion s igna l s .  However, t h e  u s e  

of on ly  1% o f  ferromagnet ic  prepolar ized  p a r t i c l e s  i n  a s l u r r y  pumped i n t o  t h e  

crack,  produces an anomaly s igna l  t h a t  i s  l a r g e r  than  t h e  i n t e r f e r i n g  s i g n a l s ,  so 

t h a t  t h e  anomaly o r i e n t a t i o n  can be r e a d i l y  determined. 

The above a n a l y s i s  i s  based on a conse rva t ive  choice  of  a c rack  produced by 

hydrof rac tur ing  t h a t  i s  on ly  2 mm wide and 100 m r ad ius .  

V I .  ANOMALY DETECTION BY SURFACE GRADIOMETERS 

A. S igna l s  Due t o  Spher ica l  D i s t r i b u t i o n s  

The superconducting gradiometer s i g n a l  due t o  deep sphe r i ca l  d i s t r i b u t i o n s  

of magnetic material o f  r a d i u s  p can be c a l c u l a t e d  d i r e c t l y  from t h e  r e s u l t s  

(30 ) -  ( 3 3 ) .  

gradiometer conf igu ra t ion  and combines t h e  r e s u l t s  f o r  t h e  two loops.  

One simply s e l e c t s  t h e  appropr i a t e  Taylor's expansion f o r  a given 

For example, cons ider  an  ax ia l - type  gradiometer t h e  c e n t e r  of  which is  l o -  

ca t ed  a t  a p o i n t  on t h e  s u r f a c e  a t  (X,, Yo, D), with i t s  a x i s  i n  t h e  x-Y plane,  

and r o t a t e d  t o  a n  a r b i t r a r y  ang le  x. One loop of  t h e  gradiometer w i l l  have i t s  

c e n t e r  a t  t h e  p o i n t  (Yo  + S cosx,  Y 

(31) f o r  t h i s  case are, r e spec t ive ly ,  

+ S s inx ,  D) .  The expansions of  (30) and 
0 
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B = Bx(Xo,Yo,D) + S cosx (aBx/ax) + S s inx  (aBx/ay) (115) 
xo yo xo,yo ' X 

The magnitude of  t h e  f i e l d  v e c t o r  a t  (Xo + S cosx, Yo + S sinX,D) i n  t h e  

d i r e c t i o n  x i s  then  B cosx + B sin)(. 

of t h e  oppos i t e  gradiometer loop a t  (X - S cosx, Yo - S sinX,D) i s  obtained by 

s u b s t i t u t i n g  -S i n  t h e  p l a c e  of S i n  (115)-(116). 

which i s  p ropor t iona l  t o  t h e  d i f f e r e n c e  of t h e s e  two expressions,  is then  given 

The magnitude of t h e  f i e l d  a t  t h e  c e n t e r  
X Y 

0 
The gradiometer s i g n a l ,  

by 

2 + s i n  x (aB /ay) 
Y 

+AH], (SI + h Ho s i n  8 cosx + n o i s e  . (117) b 

The d e r i v a t i v e s  i n  (117) 

t h e  e a r t h ' s  f i e l d  h o r i z o n t a l  g rad ien t  c o n t r i b u t i o n  a.s i n  (87), , and t h e  next  t o  

las t  term i s  t h e  magnetometer component i n  t h e  gradiometer s i g n a l  due t o  gradiom- 

eter imperfect ion.  As poin ted  o u t  a t  (110),  the  imperfec t ion  f a c t o r  h can be 

made as small as lo-' t o  lo-'. 

a re  understood t o  be evaliiated a t  (X ,Y , D ) ,  A?") i s  
0 0  

The d e r i v a t i v e s  of  (30) and (31) are 

2 3 5  
(a Bx/ a Y  1 = - ~5Yo/Ro)Bx(Xo,Yo) + (4nmop /3Ko)(-2 Yo s inq )  , 

xo Yo 

2 3 5  
( a n j a y ) ,  = - (5Yo/Ro)Bx(Xo,Yo) + (4m 0 p /3R0)(3X0 sin$ + 3D cos@).  (121) 

0' 0 
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Subs t i t u t ing  (118) - (121) i n t o  (117) then  g ives  t h e  des i r ed  gradiometer 

con t r ibu t ion  from t h e  anomaly, f o r  t h e  gradiometer a x i s  i n  t h e  X-Y plane,  p l u s  

t h e  a d d i t i o n a l  small con t r ibu t ions .  The anomaly p a r t  of (117) i s  evaluated f o r  

s eve ra l  p o s i t i o n s  (X , Y  , D )  and s e v e r a l  o r i e n t a t i o n  angles ,  X I S ,  i n  Table 3.  I n  

add i t ion ,  t h e  gradiometer anomaly s i g n a l  c o n t r i b u t i o n  i s  evaluated i n  Table 3 for 

t h e  case  i n  which t h e  gradiometer  a x i s  i s  v e r t i c a l ,  i.e., p a r a l l e l  t o  Z .  

c o n t r i b u t i o n  is  obtained by d i f f e r e n t i a t i n g  (32) with r e s p e c t  t o  Z (or D). 

0 0  

This  

TABLE 3 

AXIAL SUPERCONDUCTING GRADIOMETER FUNCTIONS FOR SEVERAL GRADIOMETER 

POSITIONS ON THE SURFACE AND FOR SEVERAL ORIiiNTATIONS OF THE GRADIOMETER AXIS 

Pos i t i on  

X= 0, Y, D 

X = O , Y ,  I) 

X=O,Y,  D 

X,Y=O,D 

X,Y=O,D 

X , Y = O , D  

X=Y, D 

X=Y, D 

X=Y, D 

Axis 
Or i en ta t ion  

I Ix;x=o 

I IY;x=9C0 

I lz 

I Ix;x=o 

I [Y;x=90° 

I l z  

+45O from x 
i n  XY p lane  

-45’ from x 
i n  XY p l ane  

I l z  

Formula: [4nFm r 3 3  / R  ) 

(2s/R) X Functyog Below 

3D cos$/R 

3D (D2-4Y2)cos$ / R  3 

2 2  3 -I)(6D -9Y )COS$ /R 

2 2 [D(3D - 1 2 X  )COS$ 

+X (9D2-6X2) sin$] / R 3  

3 3(0cos$ + Xsin$)/R 

-[D(6D 2 2  -9X )COS$ 

+ X  (12D2-3X2) sin$]/R3 

2 [D (D2-8X2) cos$ 

+X (3D2-4X2) sin$] / R  

X (6D2+12X2) sin$/R3 

3 

2 2 -[D(6D -18X ) C O S $  

+X(12D2-6X2)sin$]/R3 

Function Value 
X,Y/D=1/4,1/3,1/2 

0.670 
0.893 
1.339 

1.834 
1.270 
0.0 

4.432 
3.811 
2,395 

2.721 
2.339 
1.209 

2.754 
2.671 
2.400 

5.647 
5.307 
4 .209  

1.374 
0.824 

-0.956 

0.694 
0.941 
1.451 

5.17 
4. 50 
2.69 
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G Another way i s  t o  inc rease  t h e  magnetic material i n  t h e  s l u r r y  from a 1% s l u r r y  

t o ,  say  a 10% s l u r r y .  

can be increased  t o  something l i k e  100 t imes t h e  10 

30-MHz SQUID, f o r  t h e  assumed sphe r i ca l  d i s t r i b u t i o n  of r a d i u s  p = 4.0 m. 

one should be a b l e  t o  determine t h e  r e l a t i v e  s i ze  of t h e  anomaly, i . e . ,  t h e  va lue  

of p, but  such a s i g n a l  w i l l  no t  con ta in  any d i r e c t i o n a l  information. 

We cons ider  now a second example, i .e.,  t h e  anomaly produced by a geologica l  

If bath of these t h i n g s  a re  done, then  t h e  AB component 
-1 0 Oe b a s i c  s e n s i t i v i t y  of t h e  

Thus, 

coa l  o r  o i l  depos i t ,  which i s  diamagnetic with r e s p e c t  t o  t h e  surrounding under- 

burden and overburden rocks. Such d e p o s i t s  a re  o f t e n  found i n  lens-shaped sand- 

bars .  The sand material o f  a typical sand l e n s  has a s u s c e p t i b i l i t y  of  2.5 X 10 

cgs,  while  invas ion  by o i l  ( s u s c e p t i b i l i t y  = -0.8) w i l l  reduce t h i s  t o  something 

l i k e  2.0 X cgs.  If surrounded by a t y p i c a l  s h a l e  ( s u s c e p t i b i l i t y  of 20 t o  

25 X 

e s  a l o c a l  diamagnetic d i p o l e  wi th  e f f e c t i v e  s u s c e p t i b i l i t y  of around 20 X 10"6cgs.  

Thus each cm3 of material w i l l  e x h i b i t  a n  e f f e c t i v e  moment mo=10 x 10  Oe, s i n c e  

t h e  ma te r i a l  i s  po la r i zed  by a n  e a r t h ' s  f i e l d  of magnitude 0.5 Oe. 

diometer spacing of 20 cm and a r eg ion  wi th  an  e f f e c t i v e  sphe r i ca l  r a d i u s  of 300m 

a t  a depth  of  one m i l e ,  and an  assumed l o c a t i o n  (X =1/4D, Y =0, Zo=D), w e  f i n d  t h e  

gradiometer s i g n a l  s t r e n g t h  t o  be  

-6 

cgs) ,  t h e  d i s c o n t i n u i t y  i n  s u s c e p t i b i l i t y  will be t h e  f a c t o r  t h a t  produc- 

-6 

Assuming a g r a -  

0 0 

-1 0 ABZ = 2.3 X 10 Oe + Nr + hHr + n o i s e  , ( 1 2 4 )  

where AIIr = 1.3 X Oe ( f o r  gradiometer with 20-cm loop spacing)  and w i l l  be  

cons t an t  f o r  a l l  p o s i t i o n s  c l o s e  t o  t h e  anomaly, whi le  gradiometer imperfec t ion  

f a c t o r  h should aga in  be i n  t h e  range  

w i l l  aga in  be cons tan t .  Notice i n  Table 3 t h a t  as su r face  p o s i t i o n  i s  changed, 

t h e  gradiometer c o n t r i b u t i o n  changes s i g n i f i c a n t l y ,  as ind ica t ed  by t h e  numbers 

i n  t h e  func t ion  va lue  column. 

p o s i t i o n s  while  comparing t h e  s i g n a l ,  and while  maintaining AH and hI-I f i xed ,  

w i l l  i n d i c a t e  t h e  presence and approximate l o c a t i o n  of t h e  anomaly. This i s  ac- 

complished most e f f i c i e n t l y  by p u t t i n g  t h e  gradiometer on an  a i rbo rne  platform.  

Note t h a t  t h e  f a c t o r  2.3 X 10-l' i s  o n l y  a l i t t l e  l a r g e r  than t h e  s e n s i t i v i t y  o f  

a 30-MHz SQUID. 

rangement, t h e  s i g n a l  a t  t h e  SQUID sensor  i t se l f  can be increased  by a f a c t o r  of  

20 t o  50 times t h i s  b a s i c  s e n s i t i v i t y .  

t o  lo-', and t h e  imperfec t ion  term 

Thus, movement of t h e  gradiometer  t o  d i f f e r e n t  

r r 

However, by t h e  u s e  of a superconducting f l u x  t ransformer ar- 
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B. S igna ls  Due t o  Wedge D i s t r i b u t i o n s  

Consider an a x i a l  gradiometer l oca t ed  on t h e  s u r f a c e  a t  a p o i n t  (X , Y  , D ) ,  a s  

The s igna l  r e -  

when t h e  

4 
0 0  

i n  Fig. 4, with i t s  a x i s  o r i en ted  t o  a n  a n g l e  x i n  t h e  X-Y p lane .  

sponse t o  a wedge anomaly o r i en ted  t o  any ang le  @ i s  given by (117) 
appropr i a t e  d e r i v a t i v e s  a r e  used. I n  t h i s  case, t h e  express ions  t o  be d i f f e r e n -  
t i a t e d  a r e  (40) and (41). 

diometer i s  loca ted  on t h e  i sogonic  l i n e  Y = 0, and o b t a i n  
For convenience, w e  choose t h e  case  i n  which the  gra- 

(aBx/aX),,, = (2  moA$p 3 4  /3R )(3d 3 cos$ - 12x 2 d CO!j$ - 6x 3 sin$ + 9xd2 sin$) 

+ (mod@@ 4 5  /8R ) (cos@) (81x 2 s in$ + 4Sxd cos$ - 3d 2 s in$ 

- 105 x 3 d cos$ - 105 x4 sin$) , (125) 

(aBx/aY),,, = (moA@p 4 5  /8R ) ( s in@)( -3d  2 s in$ + 15 xd cos$b + 12x2 sin$) 

4 5  2 + (m A@p /8R )(cosr$)(-3d s in+  + 15xd cos$ + 12x2 sin$) , (127) 
0 

where d = Do/Ro, x = X / R  o’ Ro = (X0 * + Dz)1/2 = R (above), and t h e  d e r i v a t i v e s  

a r e  evaluated a t  (X=Xoy Y=Y =O,  Z=D ). 

of determining t h e  angular  o r i e n t a t i o n  $ o f  t h e  wedge d i s t r i b u t i o n  i n  t h e  terms 

t h a t  are o f  t h e  o rde r  (p/R) smaller than  t h e  lead ing  terms. 

0 0 

When t h e  above r e s u l t s  are  s u b s t i t u t e d  i n t o  (117) one sees t h e  p o s s i b i l i t y  

We can g e t  an i n d i c a t i o n  of t h e  expected magnitudes o f  t h e  above cont r ibu-  

t i o n s  by assuming ( X o  = 1/4 Do, Yo=O, I)) f o r  t h e  gradiometer l o c a t i o n .  

po in t ,  t h e  above d e r i v a t i v e s  have t h e  values 
For t h i s  

(129) 
(aBx/aY) = (aBJaX) = (moA$/R)(O.lO1 s i n @ ) ( p  4 4  /l? ) , 
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G The c o n t r i b u t i o n s  t o  t h e  expected s i g n a l  produced by t h e  ho r i zon ta l  a x i a l  

gradiometer can  be w r i t t e n  down i n  terms of  t h e  above d e r i v a t i v e s ,  

t h e  e a r t h ’ s  f i e l d  c o n t r i b u t i o n  expressed by (87), i n  t h e  form 
(117), and 

ABg(x) = (2S/R)(moA@) 2 2 )(1.15 cos x + 0.6 s i n  x) 

4 4  2 2 
+ (p / R  ) [cos@ (0.695 cos x + 0.101 s i n  x)  

2 

+ s in$  (0.202) s i n x  COSX] 

+ ( 2 ~ / a )  M [ ( a s i n  0/ap) cos  x + ( a s i n  e/W) s inx  COSXJ 
0 

+ h I1 s i n e  cosx + n o i s e  . (131) 0 

If we now assume 2s = 20 cm, and, as i n  previous examples, D = one mile, 
p = 300 m, A$ = 1.5 x lo-’ r ad ians ,  m 

m a t e r i a l ) ,  w e  o b t a i n  t h e  r e l a t i v e  c o n t r i b u t i o n s  

= 9.5 Oe ( f o r  a 1% s l u r r y  of ferromagnet ic  
0 

2 (1.8 x 10’10)cos2x + (1.3 x 10 - lO)s in  x 

-11 2 -11 2 + cos$ [1.4 x 10 ) cos  x + (1.0 x 10 ) s i n  x] 

+ sin+ (1.0 x 10- l l ) s inX cosx 

+ [66.0 x 10-10cos2x + 9.0 x 10-losinX cosx] 

+ h(0.3)cosx + n o i s e  . (132) 

The anomaly c o n t r i b u t i o n  t o  t h e  s i g n a l  (wi th in  t h e  c u r l y  b racke t s )  con ta ins  
4 4  t.erms having a (p /R ) dependence t h a t  are  mul t ip l i ed  by t h e  cos$ and s i n @  and 

should, i n  p r i n c i p l e ,  permi t  t h e  de te rmina t ion  of $. Unfortunately,  t h e s e  terms 

are  always an o rde r  (p/R) smaller than  t h e  lead ing  terms. 
not  

t i o n  ana lys i s .  

s i g n a l  amplitude as well as some p o s s i b l e  means of analyzing t h e  da t a .  

t h a t  t h e  imperfect ion c o n t r i b u t i o n  may be l o 2  t o  10 

I t  Kay be t h a t  it i s  

p o s s i b l e  t o  e x t r a c t  t h e s e  terms o u t  of  t h e  t o t a l  s i g n a l  by c ros s -co r re l a -  

We d i s c u s s  l a t e r  p o s s i b l e  ways of inc reas ing  t h e  o v e r a l l  anomaly 

One of t h e  main ob jec t ions  t o  t h e  use  o f  t h e  ho r i zon ta l  a x i a l  gradiometer i s  
l a r g e r  than  t h e  anomaly con- 4 
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t r i b u t i o n .  Moreover, t h i s  c o n t r i b u t i o n  i s  modulated by cosx and, because i t  i s  

so r e l a t i v e l y  l a r g e ,  it becomes d i f f i c u l t  t o  e l imina te  v i a  c r o s s - c o r r e l a t i c n  

ana lys i s .  

In  t h e  p r e s e n t  case,  t h i s  would involve  us ing  a second hor i zon ta l  a x i a l  gradiom- 

e t e r  a t  a p o s i t i o n  where t h e  anomaly c o n t r i b u t i o n  Is n e g l i g i b l e  bu t  where t h e  

e a r t h ' s  f i e l d  g r a d i e n t  and imperfect ion c o n t r i b u t i o n s  a r e  e s s e n t i a l l y  t h e  same. 

Sub t rac t ion  o f  t h e s e  two c o n t r i b u t i o n s  would reduce t h e i r  e f f e c t  t o  t h e  p o i n t  t h a t  

c r o s s - c o r r e l a t i o n  a n a l y s i s  cculd t e  used on t h e  d i f f e r e n c e  s i g n a l  t c  d e f i n e  main- 

l y  t h e  anomaly con t r ibu t ion .  

could be increased  by a f a c t o r  of 1 0  t o  100, it should be p o s s i b l e  t o  use  t h e  

func t ion  s i n x  cosx i n  c r o s s - c o r r e l a t i o n  a n a l y s i s  t o  d e f i n e  the s in$  term. 

t o  i n c r e a s e  t h e  anomaly c o n t r i b u t i o n  would be t o  inc rease  t h e  volume of ferromag- 

n e t i c  p a r t i c l e s  i n  s l u r r y  from t h e  1% assumed i n  a l l  o f  t h e  above c a l c u l a t i o n s  t o  

10%. A s  a l r e a d y  mentioned, a second way would be t o  u s e  a one-to-ten f l u x  t r a n s -  

former i n  conjunct ion  with t h e  gradiometer.  

\*.3 
We have a l r e a d y  d iscussed  one way t o  cance l  ou t  such c o n t r i b u t i o n s .  

Ancther p o i n t  i s  t h a t ,  j f  t h e  anomaly c o n t r i b u t i o n  

One way 

Another method f o r  t h e  s tudy  of  t h e  anomaly proctuced by f i l l i n g  t h e  hydro- 

f r a c t u r e d  crack would be t o  use  a p lanar  gradiometer system such as t h a t  shown i n  

Fig. 8 (c ) .  We s h a l l  see below t h a t  t h i s  system has c e r t a i n  advantages over t h e  

a x i a l  gradiometer system. 

Tay lo r ' s  expansion o f  (42) f o r  a p o s i t i o n  (X + Scosx, Y + Ssinx, Z = D )  wi th  

r e s p e c t  t o  t h e  p o s i t i o n  (Xo,Yo,D). We cons ider  t h e  case i n  which t h e  a x i s  of t h e  

p l ane  of t h e  gradiometer i s  always i n  t h e  X-Y p l a n e  of t h e  f i g u r e  and t h e  a x i s  of  
r o t a t i o n  i s  p a r a l l e l  t o  Z and about t h e  gradiometer c e n t e r  l i n e .  

s i g n a l  i s  given by 

The p l ana r  gradiometer s i g n a l  i s  der ived  from t h e  

0 0 0 

In  t h i s  case t h e  

AB = (moA@p 3 3  / R  ) (2S/€?) [2d cosx s in$  + 2(x cosx + y sin)() cos$ 
P 

-10 d (x cosx + y s inx ) (d  cos$ + x s in$) ]  

+ (15 d/8) [ (x cosx + y sin)() (d s in+  cos$ + (x cos@ + y sin@)cos$) 

+ (d cos$ + x sin$) cos(x  - @) + cosx s in$ (x cos@ + y s i n @ ) ]  

- (75d/8) [cos@ (d cos@ + x sin+> (x cos$ + y s in+)  (x COSY, + Y s i n X > l /  
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6 + (2s cosX/a)(2 tio)(8cos e/av) + (2s s i n  X/a)(2 Mo)(3cos e/aA) 

+ 2 h l I  cose + O(h S/a) cosx + O(h S/a) s inx  + noise  . (133) 0 

I z  
I U 

7 A 

m x  / 
ll 

X 

MAGNETIC 
SOUTH 

L 

Fig. 8. 
Some of  t h e  p o s s i b l e  conf igu ra t ions  of 
superconducting gradiometers:  (a) A, 
axia l - type ,  a x i s  v e r t i c a l ;  (b) A, axia l -  
type,  ax is  i n  t h e  x-y plane,  can  be 
r o t a t e d  t o  any azimuthal ang le  x; (c) P, 
p lanar- type,  maasures z-component of  
magnetic f i e l d s ,  can be r o t a t e d  t o  any 
azimuthal angle  x; (d) P, p lanar- type,  
measures combination of X and Y compo- 
nen t s  of f i e l d s ,  can be r o t a t e d  t o  any 
azimuthal ang le  x. 

I n  t h i s  r e s u l t ,  only t h e  v e r t i c a l  

component of  t h e  e a r t h ' s  f i e l d  appears  

and it i s  mul t ip l i ed  by the  imperfection 

f a c t o r  h, which makes i t s  c o n t r i b u t i o n  

of the  order  of 3 x t o  3 x l o e 8  Oe. 

Ur l ike  Eqs. (131-132), t h i s  term i s  no t  

modulated by t h e  r o t a t i o n  angle  x,  as 

i n  t h e  previous c a s e  of t h e  a x i a l  g ra-  

diometer,  except i n  t h e  two second-or- 

de r  con t r ibu t ions ,  O(h S/a) cosx and 

O(h S/a) s i n  x, which c o n t r i b u t e  neg l i -  

g i b l e  amounts of around Oe. I t  

t h e r e f o r e  c o n t r i b u t e s  only a cons tan t  

amount as t h e  gradiometer i s  r o t a t e d .  

The v e r t i c a l  component g rad ien t  c o n t r i -  

bu t ions  a r e  about 130 x 10-l' cosx Oe 

and 18 x 10-l' s i n x  Oe, r e spec t ive ly ,  

when we assume 2s = 20 cm as i n  t h e  

previous example; t h e s e  a r e  t h e  f i f t h  

and s i x t h  from last terms of (133). 

To compare t h e  p lanar  and a x i a l  

gradiometer s i g n a l s ,  we s h a l l  u se  t h e  

same parameters as i n  (132), i . e . ,  

Xo = 1 / 4  D, Yo=O, Zo=D i n ( 1 3 3 ) .  

o b t a i n  

We 

AB = { (1.00 x 10-l') cosx + [0 .089 x 10-l' cosx cos@ 
P 

+ 0.32 x 10 -10 cos()( - 4) - 0.097 x 10-l' cosx cos 2 $1) 

- 1133 x 

+ h (0.436) + magnetic noise .  

cosx + 18 x 10-l' s inx l  
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The hydrofractured crack anomaly s i g n a l ,  as seen by t h e  p l ana r  gradiometer 

4 a t  (X ,O,D), i s  contained i n  t h e  c u r l y  b racke t s  of  (134) .  

(p / R  ) dependence i s  wi th in  t h e  square b racke t s  i n  t h e  c u r l y  bracke ts .  

t h e  a x i a l  gradiometer,  t h e s e  c o n t r i b u t i o n s  are about an o rde r  of magnitude smaller 

than  t h e  leading anomaly con t r ibu t ion  bu t  could con ta in  t h e  p o s s i b i l i t y  of de f in -  

i ng  t h e  ang le  $I of t h e  crack o r i e n t a t i o n .  

The p a r t  with t h e  
4 2  A s  with 

The advantage o f  t h i s  p a r t i c u l a r  p l ana r  gradiometer arrangement i s  t h a t  t h e  

l a r g e  imperfect ion c o n t r i b u t i o n  i s  e s s e n t i a l l y  a cons t an t  so t h a t  t h e  e a r t h ' s  

f i e l d - g r a d i e n t  c o n t r i b u t i o n s  p l u s  t h e  anomaly con t r ibu t ion  r i d e s  on top  of  it. 

The f ac t  t h a t  t h e  e a r t h ' s  f i e l d - g r a d i e n t  c o n t r i b u t i o n  i s  l a r g e  compared t o  t h e  

anomaly c o n t r i b u t i o n  i s  not  much more of a disadvantage f o r  tlie p l ana r  t han  f o r  

t h e  axial  gradiometer.  Again, t h e  bes t  way t o  e l imina te  t h i s  i s  t o  s u b t r a c t  it, 

e i t h e r  from tlie s i g n a l  obtained p r i o r  t o  producing t h e  anomaly, o r  from t h e  syn- 

chronized s i g n a l  produced by a second n e a r l y  i d e n t i c a l  gradiometer i n  which t h e  

anomaly c o n t r i b u t i o n  i s  neg l ig ib l e .  

I t  i s  beyond t h e  scope of t h e  p r e s e n t  work t o  ana lyze  t h e  s i g n a l s  p o s s i b l e  

i n  some 12 a x i a l  and p lana r  gradiometer conf igura t ions .  

most c e r t a i n  t h a t  some combinations of  two gradiometers  can essent ia1l .y  complete- 

l y  e l imina te  t h e  undes i r ab le  s i g n a l s  while  enhancing t h e  d e s i r e d  anomaly c m t r i b u -  

t i o n .  

of t h e  o r i e n t a t i o n  Q of t h e  hydrofractured crack. 

C. 

Nevertheless ,  it i s  a l -  

With some of t h e s e  it should be  p o s s i b l e  t o  ob ta in  a r e l i a b l e  d e f i n i t i o n  

S igna l s  Due t o  Crack D i s t r i b u t i o n s  

The gradiometer s i g n a l s  f o r  t h e  crack d i s t r i b u t i o n  can be c a l c u l a t e d  by d i f -  

f e r e n t i a t i n g  (Jd), (452, and (46) and then  by us ing  appropr i a t e  combinations of 
t h e s e  wi th  t h e  f a c t o r  ZS, t h e  gradiometer loop spacing. The procedure is  t o  re- 

p l a c e  f i x e d  Xo by v a r i a b l e  x, Yo by Y, D by Z,  and d i f f e r e n t i a t e  wi th  r e s p e c t  t o  

t h e s e  va r i ab le s .  We cons ider  f i r s t  t h e  s i g n a l s  produced i n  an  a x i a l  gradiometer 

wi th  v e r t i c a l  o r i e n t a t i o n .  

times t h e  f a c t o r  2s. 

anomaly i s  then  

In  t h i s  case we need only  t h e  d e r i v a t i v e  (aBz/aZ) 

For  t h i s  gradiometer  t h e  s i g n a l  c o n t r i b u t i o n  from t h e  crack 

2 3  AB = (I'rmotp / R  >(2S/R) [3(Xosin$ + 2D cos$)/R 
g 

-9s  D 2 (Xosin$ + D cos$)/R 3 ] 
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+ (2motp3/3R4) (2S/R) [-3 cos@ sin$ 

2 + 15D(Xo cos@ cos$ + Yo s in$  cos$ + D cos@ sin$)/R 

+ 15(X0 sin$ + 2 D cos$) (Xo cos$ + Yo sin$)/R2 

- 105 D2(Xosin$ + D cos$)(XO cos$ + Yo sin@)/R4] . (135) 

We s h a l l  eva lua te  t h i s  s i g n a l  c o n t r i b u t i o n  f o r  t h e  p o i n t  X = D/4, Yo = 0, 

t h e  crack i s  0.2 cm wide and has  

0 
= D f o r  t h e  c a s e  i n  which t h e  anomaly i s  f i l l e d  with t h e  1.0% ferromagnet ic  

zO 

s l u r r y ,  i.e., mo has t h e  va lue  used i n  (741, 

t h e  r a d i u s  300 m, t h e  borehole  i s  one mile deep (1609 m), and 2s = 20 cm. For 

t h e s e  assunied parameters  we o b t a i n  a t  t h e  s u r f a c e  an  anomaly contribution 

A B  = 6.6 x 10-l' + 0.99 x 10-l' cos0 Ot! , (136) g 

assuming a one-to-onc r e l a t i o n s h i p  between t h e  gradiometer s i g n a l  and t h e  f i e l d  

change a t  t h e  p o i n t  i n  t h e  s h i e l d  where t h e  SQUID i s  loca ted .  

c a l c u l a t i o n s ,  we have n o t  used t ransformer s t e p  up t o  i n c r e a s e  t h e  f i e l d  a t  t h e  

SQUID i t s e l f ,  a l though t h i s  op t ion  i s  always open i n  t h e  p r a c t i c a l  des ign  of a 

sys tern. 

As i n  a l l  previous 

In t h e  comparison of  t h i s  r e s u l t  f o r  t h e  a c t u a l  c rack  d i s t r i b u t i o n  with t h e  

we f i n d  t h e  corresponding r e s u l t  f o r  t h e  wedge d i s t r i b u t i o n  as given by (1231, 

s teady  p a r t  o f  t h e  s i g n a l  i s  seven times g r e a t e r  f o r  t h e  a c t u a l  c rack  than  t h a t  

c a l c u l a t e d  f o r  t h e  wedge, while  t h e  p a r t  of (136) 

i s  t h e  same magnitude as E f o r  t h e  wedge, This  i n t e r e s t i n g  r e s u l t  shows f u r t h e r  

t h a t  our  c a l c u l a t i o n s  f o r  t h e  wedge d i s t r i b u t i o n  are  on t h e  conserva t ive  s i d e .  

expressing t h e  cos@ dependence 

z 

The next  important  case i s  t h a t  of  t h e  s i g n a l  produced by the  c rack  d j s t r i b u -  

t i o n  i n  a ho r i zon ta l  gradiometer  r o t a t e d  t o  t h e  ang le  x. We will cons ider  t h e  

p o s i t i o n  (X = X Y = 0, Z = D), f o r  which t h e  appropr i a t e  d e r i v a t i v e s  of (44) 
and (45) are 

0' 

( a n  /ax) = (mn tp2/2R4) [ (9x  s in$ + 3d cos$) - 15 (x 3 sin$ + x 2 d cos$)] 
X 0 

3 5  2 
+ (2motp /3R ) [-9 cos@ s i n $ +  15(6x s in$  + 3xd cos$) cos$ c 
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- 105 (x4 s in+  + x 3 d cos$) C O S $ ]  , (137) 

3 5  2 .. (aBx/aY) = ( 2  m t p  /3R ) [ -3  s in$  s in$ + 15 (x s in+  + xd cos$) cos+] , (138) 0 

+ (2  n tp3/3Rs) [-3 cos@ sin$ + 15(x2 s in$ + xd cos$) cos@],  (139) 
0 

2 i n  which x = Xo/R, d = D/R, R 2  = X + D 2 ,  and (3Ex/aY:I = (2Ey/aX). The above re- 

s u l t s  were obtained by f i rs t  r ep lac ing  cons t an t s  X 

X and Y and tl:en ca r ry ing  o u t  t h e  ind ica t ed  d i f f e r e n t i a t i o n .  

n a l  becomes a func t ion  o f  r o t a t i o n  angle  x when the  above d e r i v a t i v e s  a r e  s u b s t i -  

t u t e d  i n t o  ( 1 3 ? ) .  The r e l a t i v e  magnitudes of t h e  anomaly and e a r t h ' s  f i e l d  

g rad ien t  c o n t r i b u t i o n s  w i l l  be  about t h e  same as i n  (1.32) 

but ion.  

0 
and Yo i n  ( w )  and ( 4 S j  by 

0 
The gradiometer s i g -  

f o r  t h e  wedge d i s t r i -  

IVe POW propose a method f o r  sub t r ac t ing  ou t  t h e  la rge ,  e a r t h ' s  f i e l d - g r a d i e n t  

con t r ibu t ion .  

second a t  (-Xo,O,L)) on t h e  oppos i t e  s i d e  G f  t h e  borehole.  

system, we w i l l  s u b t r a c t  t h e s e  tlio s i g n a l s ,  and then perform computer c o r r e l a t i o n  

ana lyses  on t h e  d i f f e r e n c e  s igna l .  

We w i l l  u s e  two gradiometers ,  one loca ted  a t  (Xo,O,D)  and t h e  

In t h e  d a t a  a n a l y s i s  

The d i f f e r e n c e  s i g n a l  i s  given by 

2 3  2 2 
(diff.AB) = (4S/R) (mctp / 2 R  ) [cos x (9x - 15x3) sin$ + 3 x s in+  s i n  x] 

3 4  2 3 + ( 4 S / R ) ( Z m  t p  /3R ) [cos x cos@ C O S ~ J  (45 xd - 105 x d )  
0 

+ 2 cosx s i n x  cos$ s in$  (15 xd) 

(140) + s i n  2 x cos$ cos@ (15 xd)]  + AHimp cosx + no i se  . 

Notice i n  (132) t h a t  s u b t r a c t i o n  would cance l  t h e  e a r t h ' s  f i e l d  g r a d i e n t  com- 

ponents b u t  would not  cance l  t h e  imperfec t ion  c o n t r i b u t i o n s  s i n c e  h of t h e  gra-  

diometer a t  + Xo c o u l d  not  be expected t o  be t h e  same as h a t  - Xo. 

ence i n  t h e s e  two s i g n a l s ,  shown as  AHimp i n  (1401, 

c o r r e l a t i o n s  wi th  t h e  func t ions  cos  x, o r  s i n  x, or  cosx s inx ,  because it v a r i e s  

by 

The d i f f e r -  

w i l l  d i sappear  on computer 

(&) as cosx. These c o r r e l a t i o n s ,  equiva len t  t o  t h e  fol lowing i n t e g r a t i o n s ,  a re  given 

2 2 
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[(diff .AB) cos  2 xdx = (4S/R) (7rmotp [ (3n/4) (x) (9-15~’) +  IT/^) (3x)] s in$ 

(141) } 
2 

+ (4p/3TR) [ (3T/4)(45 - 105 x )xd + (?r/lt)(lSxd)] COS$ COS$ , 

/(diff.AD) sin 2 XdX = (4S/R) (mnotp2/R3) { [ (n/4) (x) (9-15x2) + (37r/4) (3x)] s in$  

(142) 
2 

+ (4p/3KR) [(T/4)(45 - 105 x )xd + ( 3 ~ / 4 ) ( 1 5 ~ d ) ]  COS$ COS$ 

2 3  /(diff.AB) s inx  cosx dx = (4S/R) (mnotp / R  ) (4p/37rR) ( 2 ~ / 4 )  (15xd) cos$ s in@.  (143) 

These i n t e g r a t i o n s  should be c a r r i e d  o u t  over s eve ra l  complete cyc le s  of t h e  ang le  

x so t h a t  t h e  n o i s e  c o n t r i b u t i o n  w i l l  have a b e t t e r  chance of i n t e g r a t i n g  ou t  t o  

zero. If we now t a k e  t h e  r a t i o s  o f  t h e s e  computed r e s u l t s  i n  t h e  form of t h e  

r a t i o s  of (143) t o  (141) arid (143) t o  (142), we o b t a i n  

2 R1 = (4p/37rR) (3C xd cos$ s i n @ ) / [  (30 - 45 x ) x s in$ 

2 + ( 4 ~ / 5 ~ R ) ( 1 5 0  - 315 x ) xd COS$ COS@] , 
3 

R 2  = (4p/3nR) (30 xd cos$ s in$ ) / [  (18 - 15 x’) x s in$ 

(144) 

+ (4p/37rR)(90 - 105 x’) xd cos$ cos$].  (145) 

Using t h e  computed r a t i o s  R 

of  c o t  @ o r  t a n  @, e.g., 

and R 2 ,  we can  so lve  immediately f o r  $ i n  t h e  form 1 

(146) 
2 2 2 

Cot @ = [R1(10 - 15 x ) - R2(6 - 5 x ) ] / ( 8 ~  R1R2) . 
2 2 1/2 In  t h i s  r e s u l t  x i s  t h e  known q u a n t i t y  Xo/R = Xo/(Xo + D ) 

This  method of  determining @ from simultaneous measurements a t  t h e  two su r -  

I t  i s  f a c e  p o s i t i o n s  r e q u i r e s  t h a t  t h e  anomaly s i g n a l  s t r e n g t h  be l a r g e  enough. 

probable  t h a t  t h e  one pe rcen t  ferromagnet ic  s l u r r y ,  which l eads  t o  s i g n a l  s t rengths  

such as those  shown i n  (1321, i s  marginal.  However, t h e  use of a t e n  

percent  ferromagnet ic  ; l u r ry  would be adequate.  

c 
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V I I .  SUMMARY AND CONCLUSIONS 

In Sec. 11. A. we d i s c u s s  t h e  well-known formulas used t o  r ep resen t  t h e  

e a r t h ' s  f i e l d  a t  any geographical  l o c a t i o n  and p o i n t  ou t  t h a t  t h e  d i r e c t i o n  and 

magnitude of any l o c a l  paramagnetic moment (Sec. 11. B.) po l a r i zed  by t h i s  f i e l d  

w i l l  be  determined by t h e  e a r t h ' s  f i e l d  vec tor .  On t h e  o t h e r  hand, i n  t h e  case 

of  ferromagnet ic  p a r t i c l e s  i n  s l u r r y  (Sec. 11. C.), we have had t o  make t h e  as- 

sumption t h a t  it i s  p o s s i b l e  t o  prepare  a s l u r r y  t h a t  w i l l  e x h i b i t  a l a r g e  moment 

a l igned  p a r a l l e l  t o  t h e  e a r t h ' s  f i e l d  vec to r ,  a f t e r  being pumped i n t o  t h e  c rack  

produced by hydrof rac tur ing .  IJnfortunately,  u n l i k e  t h e  paramagnetic case, t h e r e  

i s  no guarantee  t h a t  t h i s  assumption w i l l  be v a l i d  i n  p r a c t i c e .  

reasonable  and compelling t o  b e l i e v e  t h e  v a l i d i t y  of t h i s  i dea .  

i n  Sec.  11. C .  some of t h e  f a c t o r s  t h a t  must be considered i n  t h e  s e l e c t i o n  of 

a ferromagnet ic  p a r t i c l e  s l u r r y  i n  order  t h a t  it may have t h e  d e s i r e d  p r o p e r t i e s .  

However, it i s  

We d i s c u s s  a l s o  

The equat ions  f o r  t h e  p a r a l l e l  and perpendicular  components 6 C  I I and 6By 
r e s p e c t i v e l y ,  o f  t h e  s t a t i c  d i p o l e  f i e l d  due t o  a volume elecient 6v conta in ing  

po la r i zed  magnetic material, a r e  expended i n t o  t h e  s i x  Car t e s i an  components in 
(14) t o  (19). Assuming t h e  magnetic moments m of a l l  such volume elements i n  

any chosen volume d i s t r i b u t i o n  are  uniform, i t  i s  then  only  necessary  t o  i n t e g r a t e  

t h e s e  express iocs  over t h e  d i s t r i b u t i o n  t o  o b t a i n  t h e  f i e l d  a t  a d i s t ance .  For 

convenience, we have chosen t o  c a r r y  ou t  t h e s e  labor ious  i n t e g r a t i o n s  i n  sphe r i -  

c a l  coord ina tes  f o r  a sphe r i ca l  d i s t r i b u t i o n  i n  Sec. 111. B . ,  f o r  a wedge d i s t r i -  

bu t ion  i n  Sec. 111. C . ,  and f o r  a crack d i s t r i b u t i o n  in  Sec. 111. D. Afte r  t h e s e  

i n t e g r a t i o n s  were c a r r i e d  o u t ,  it was easy t o  show t h a t  t h e  same r e s u l t s  could 

have been obta ined ,  i n  t h e  first p l ace ,  by simply d i f € e r e n t i a t i n g  t h e  appropr i a t e  
scalar  magnetic p o t e n t i a l  func t ion .  Unfortunately,  t h e r e  were no guide l i n e s  f o r  

determining t h i s  func t ion  i n  advance, bu t  having determined it from some of t h e  

r e s u l t s ,  it provided a check on t h e  accuracy and cons is tency  of t h e  expressions 

0 

f o r  B B and BZ. x' y'  
These r e s u l t i n g  express ions ,  ( 3 0 ) - ( 3 2 )  f o r  t h e  sphe r i ca l  d i s t r i b u t i o n ,  (40) - 

(42)  for a wedge d i s t r i b u t i o n ,  and (44>-(L16> f o r  a crack d i s t r i b u t i o n ,  then  

desc r ibe  t h e  Car t e s i an  components of t h e  o v e r a l l  s i g n a l  t h a t  would be measured by 

a magnetometer. 

Two t.ypes of magnetoneters are  envis ioned i n  t h i s  s tudy,  e.g., t h e  easy-to- 

come-by flux g a t e  magnetometer, wi th  s e n s i t i v i t y  of t h e  o rde r  of Oe, and t h e  

superconducting loop-SQIiID magnetometer, w i t h  s e n s i t i v i t y  a s  high as l C - l o  t o  

@e. Other types  such as t h e  FIhIF. magnetometer, f o r  example, car. a l s o  be 
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-8 used and t h e s e  have s e n s i t i v i t i e s  as h igh  as 10 Oe. However, no o t h e r  known 

magnetometer device  has  a s e n s i t i v i t y  approaching t h a t  of t h e  SQUID. 

s i g n a l  measured by a magnetometer would inc lude  t h e  anomaly c o n t r i b u t i o n  p l u s  a 
combination of e a r t h ' s  f i e l d  components p l u s  magnetic no i se  from a l l  sources .  

Some of t h e  p r o p e r t i e s  of  magnetic n o i s e  are d iscussed  i n  Secs. V. A .  and V.  B .  

The o v e r a l l  

On t h e  o t h e r  hand, t h e  sensor  of  a superconducting gradiometer,  such as t h e  

SQUID ind ica t ed  schemat ica l ly  i n  Fig. 1, would measure a f i e l d  t h e  va lue  of which 

i s  p ropor t iona l  t o  t h e  appropr i a t e  d e r i v a t i v e s  of  (30 ) -  (32) ,  o r  (40)- (42 ) ,  o r  

(44)-(46) ,  mu l t ip l i ed  by t h e  f a c t o r  (2S),  which i s  t h e  d i s t a n c e  of s epa ra t ion  o f  

t h e  two superconducting gradiometer loops. This  f i e l d  i s  u s u a l l y  t o  

times t h e  magnetometer f i e l d .  

enough s e n s i t i v i t y  t o  be  used i n  conjunct ion  with t h e  superconducting gradiometer 

conf igura t ion ,  a t  least  f o r  t h e  purposes w e  cons ider  here. 

n a l  a l s o  con ta ins  t h e  d e r i v a t i v e s  of  t h e  niagnetic no ise ,  r a t h e r  than  t h e  n o i s e  

i t se l f .  
t h e s e  no i se  d e r i v a t i v e s  a r e  o f t e n  n e g l i g i b l y  small. 

Consequently, on ly  t h e  SQUID sensor  has  high 

The gradiometer s i g -  

One o f  t h e  g r e a t  advantages of t h e  superconducting gradiometer i s  t h a t  

I n  a d d i t i o n  t o  t h e  c a l c u l a t i o n s  of  t h e  f i e l d s  a t  a r b i t r a r y  l o c a t i o n s  such as 

Go, yo, D) on t h e  e a r t h ' s  su r f ace ,  

t h e  f i e l d s  a t  p o s i t i o n s  i n  t h e  borehole.  

by (S cosx, S s inx ,  d << D ) ,  which i s  a p o s i t i o n  very  c l o s e  t o  t h e  c e n t e r  of t h e  

borehole  a x i s ,  and then  t o  c a r r y  ou t  t h e  ind ica t ed  i n t e g r a t i o n s  over t h e  d i s t r i b u -  

t i o n  of  magnetic material i n  t h e  crack.  I n  Sec. I V ,  t o  f a c i l i t a t e  t h e s e  i n t e g r a -  

t i o n s ,  tve a r b i t r a r i l y  select  a minimum r a d i u s  r f o r  t h e  wedge d i s t r i b u t i o n ,  and 

p ick  d = 0, and o b t a i n  t h e  anomaly f i e l d s  t h a t  would be measured by a magnetometer 

o r  gradiometer i n  t h e  borehole.  

(14)-(113) c m  %e used t o  c a l c u l a t e  

One needs only  t o  r e p l a c e  (Xo, Yo, D) 

m 

The mose u s e f u l  r e s u l t s  a r e  f o r  t h e  c a s e  of a d i r e c t i o n a l  magnetometer, o r  a 

gradiometer (which i s  always d i r e c t i o n a l )  w i t h  a x i s  i n  t h e  x-y p lane .  We cons ider  

t h e  c a s e s  i n  which t h e  axes  of  t h e s e  borehole  devices  are  r o t a t e d  i n  t h e  x-y p lane  

t o  any a r b i t r a r y  ang le  x, which i s  measured wi th  r e s p e c t  t o  magnetic south (x-axis 

of Fig. 2 ) ,  The r e s u l t s  f o r  t h e  h o r i z o n t a l  superconducting a x i a l  gradiometer are 

given by (51)-(56) 

(57). Notice  t h a t  t h i s  f i n a l  r e s u l t  i s  a func t ion  of both t h e  r o t a t i o n  ang le  

x of  t h e  gradiometer and t h e  o r i e n t a t i o n  ang le  Q The 

d i r e c t i o n a l  magnetometer s i g n a l  given by (58) inc ludes  t h e  anonaly c o n t r i b u t i o n  

as well as t h e  contr ibut . ion due t o  t h e  ho r i zon ta l  component of t h e  e a r t h ' s  f i e l d  

[(magnetic no i se  i s  excluded from t h e  formula (58)]. 

and t h e s e  a r e  combined i n t o  t h e  a c t u a l  gradiometer s i g n a l  i n  

o f  t he  crack d i s t r i b u t i o n .  

c The anomaly p o r t i o n s  of 
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t hese  s i g n a l s  a re  p l o t t e d  as a func t ion  of t h e  angle  x i n  Figs.  6, 7. 

I n  any p r a c t i c a l  a p p l i c a t i o n  t o  determine t h e  crack o r i e n t a t i o n ,  t h e  follow- 

ing  procedure would be used: 

f looding t h e  crack with magnetic ma te r i a l ,  then  l a t e r ,  a f i n a l  survey would be 

made a f t e r  f locding.  

crack information. 

between t h e s e  i n i t i a l  and f i n a l  surveys,  dur ing  which time t h e  d i u r n a l  magnetic 

no i se  cond i t ions  could change by as much as 100 'y. 

t h e r e f o r e  l e d  t o  t h e  proposal  o f  a new idea  i n  Sec. V. A .  f o r  cance l l i ng  out  t h e  

d i u r n a l  noise .  

magnetometer with t h a t  o f  a second magnetometer loca ted  a t  a Rearby p o s i t i o n  on 

t h e  s u r f a c e  a t  which t h e  anomaly c o n t r i t u t i c n  i s  n e g l i g i b l y  small .  

t i c n  of  these two s i g n a l s  would elimir.ate a l l  bu t  t h e  random compments of  t h e  

magnetic n o i s e  and some small n o i s e  g rad ien t  con t r ibu t ions .  Sub t rac t ion  would 

a l s o  e l imina te  t h e  i n t e r f e r i n g  ho r i zon ta l  Component o €  t h e  e a r t h ' s  magnetic f i e l d .  

an i n i t i a l  magnetic survey would be made p r i o r  t o  

The l a t t e r  survey s i g n a l  would con ta in  t h e  des i r ed  anora ly  

Unfortunately,  t h e r e  will always be an  unavoidable t i n e  de l ay  

Rea l i za t ion  of  t h i s  d i f f i c u l t y  

In  t h i s  scheme, we would synchronize the  r o t a t i o n  of t h e  borehole  

Thus, subt rac-  

We then  ana lyze  i n  (70)-(84) t h e  before  and a f te r  magnetometer s i g n a l  d i f -  

f e r ences  and f i n d  t h e  n e t  d i f f e r e n c e  t o  be a func t ion  of r o t a t i o n  ang le  x and 

crack o r i e n t a t i o n  ang le  4.  A procedure f o r  computerized c r o s s - c o r r e l a t i c n  ana ly-  

sis i s  ou t l ined  i n  (78)-(Gd) which should lead  t o  t h e  de te rmina t ion  of t h e  de- 

s i r e d  r e s u l t ,  namely t h e  va lue  of  t h e  ang le  +. This procedure should e l imina te  

t h e  i n t e r f e r i n g  magnetic n c i s e  con t r ibu t ions  t h a t  a r e  of  a random na tu re .  

f o r t u n a t e l y ,  t h i s  de te rmina t ion  o f  @ k e r r o r  c a r r i e s  wi th  i t  t h e  p o s s i b i l i t y  of  

an  ambiguity of 18C0. 

demonstration of t h e  f e a s i b i l i t y  of t h e  proposed scheme f o r  determining Q 2 e r r o r  
? 180°. 

j unc t ion  wi th  t h e  scheme. Unfortunately,  t h e  magnetic moment o f  t h e  crack d i s -  

t r i b u t i o n  f looded wi th  a paramagnetic s o l u t i o n  g ives  a s i g n a l  that i s  too  small 

f o r  r e l i a b l e  a n a l y s i s  t o  determine Q,. 

Un- 

Thus, t h e  work of Sec. V .  A .  can be regarded a s  t h e o r e t i c a l  

I t  i s  shown t h a t  a ferromagnet ic  p a r t i c l e  s l u r r y  must be used i n  con- 

In  Eec. V. B. we propose a similar scheme i n  which now a borehole  gradiometer 

would be r o t a t e d  i n  t h e  x-y p l ane  i n  synchronism with a second n e a r l y  i d e n t i c a l  

gradiometer loca ted  a t  an  appropr i a t e  p o s i t i o n  on t h e  sur face .  

s i g n a l s  would be subt rac ted  and it is  shown t h a t  t h i s  procedure would e l imina te  

t h e  g rad ien t  of t h e  e a r t h ' s  f i e l d  h o r i z o n t a l  component and t h e  g r a d i e n t s  of  t h e  

i n t e r f e r i n g  d i u r n a l  magnetic no ise .  

(before  f looding)  and a f i n a l  (after f looding)  survey,  t h e  a n a l y s i s  i n d i c a t e s  

t h a t  on ly  a f i n a l  survey may be necessary.  

Again, t h e  two 

Although t h e  procedure ca l l s  f o r  an  i n i t i a l  
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The r e s u l t s  of  a complete a n a l y s i s  f o r  a gradiometer r o t a t e d  i n  t h e  x-y p l ane  

These t ake  i n t o  account t h e  effects of  n o i s e  as well 

The be fo re  f looding  and a f t e r  f looding  s i g n a l  

are  embodied i n  (85)-(114),, 

as of  gradiometer imperfection. 

d i f f e r e n c e s  should con ta in  e s s e n t i a l l y  t h e  d e s i r e d  anonaly information i n  t h e  form 

of t h e  func t ion  of  (x,@) a.s shown i n  Fig.  7 p l u s  random magnetic no ise .  

pose a procedure of c ros s -co r re l a t ion  a n a l y s i s  i n  which s i g n a l  p l u s  n o i s e  is  cor -  

r e l a t e d  with t h r e e  func t ions .  This  procedure should lead  t o  t h e  de te rmina t ion  of  

t h e  crack o r i e n t a t i o n  (9 without  ambiguity and wi th  less e r r o r  than t h a t  determined 

by a n a l y s i s  of magnetometer s i g n a l s .  

thus  found t o  be t h e  scheme with t h e  g r e a t e s t  degree of t h e o r e t i c a l  f e a s i b i l i t y  

f o r  determining @. 
t h e  crack g ives  an  anomaly t h a t  i s  too  small. 

magnetic p a r t i c l e  s l u r r y  n u s t  be used. 

volume of ferromagnet ic  pa . r t i c l e s  i n  t h e  s l u r r y  be as l a r g e  as t h e  1.0 pe rcen t  

f i g u r e  used i n  t h e  a n a l y s i s  of borehole  anomaly s igna l s .  

M’e pro- 

This  superconducting gradiometer schene i s  

But aga in ,  t h e  use  of a paramagnetic s o l u t i o n  f o r  f looding  

Again, i t  i s  shown t h a t  t h e  f e r r o -  

However, it i s  not  necessary t h a t  t h e  

We d e r i v e  i n  Sec. V I .  t h e  s i g n a l s  measured by su r face  magnetometers and gra-  

diometers  due t o  s p h e r i c a l  d i s t r i b u t i o n s ,  wedge d i s t r i b u t i o n s ,  and t h e  a c t u a l  

c rack  d i s t r i b u t i o n .  The s i g n a l  func t ions  t h a t  would be  

gradiometers  by t h e  anomalies due t o  s p h e r i c a l  d i s t r i b u t i o n s  a r e  t abu la t ed  i n  

Table 3 f o r  n ine  d i f f e r e n t  a x i s  o r i e n t a t i o n s .  

t h a t  they  show how t h e  s i g n a l  s t r e n g t h  can be a func t ion  of  p o s i t i o n  on t h e  su r -  

f a c e  and t h a t  one can maximize o r  minimize t h e  anomaly p o r t i o n  of  t h e  s i g n a l  by 

proper  s e l e c t i o n  of pos i t i on .  T h i s  f a c t  then  sugges ts  a scheme i n  which one g ra -  

diometer i s  placed a t  t h e  minimum p o i n t  and a second gradiometer i s  placed a t  t h e  

maximum po in t .  

same angle  x and t h e  s i g n a l s  sub t r ac t ed .  

e a r t h ’ s  f i e l d - g r a d i e n t  components as well as  t h e  g r a d i e n t s  due t o  d i u r n a l  n o i s e  

and leave  remaining t h e  func t ion  o f  x conta in ing  t h e  d e s i r e d  anomaly information.  

produced i n  ax ia l - type  

The importance o f  t h e s e  r e s u l t s  i s  

The two gradiometers  would then  be r o t a t e d  i n  synchronism t o  t h e  

This  would e l imina te  t h e  undes i r ab le  

The wedge d i s t r i b u t i o n  w i l l  produce a s i g n a l  i n  a ho r i zon ta l  a x i a l  gradiom- 

e ter  loca ted  a t  a p o s i t i o n  (Xo, Yo = 0, D) t h a t  can be ca l cu la t ed  by s u b s t i t u t i n g  

(125) and (126) i n t o  (117). This  r e s u l t  i s  of i n t e r e s t  because i t  shows t h e  
4 4  p a r t  dependent on ( x , + )  con ta ins  t h e  p r e f a c t o r  (p /R ) while  t h e  p a r t  dependent 

on (x) a lone  i s  a n  o rde r  of magnitude l a r g e r ,  i.e., t h e  p r e f a c t o r  i s  (p / R  ). 

This  means t h a t  t h e  an,,ilitude of t h e  (x,@) p o r t i o n  must be a t  least an  o rde r  o f  

magnitude g r e a t e r  than  t h e  gradiometer b a s i c  s e n s i t i v i t y  i n  o rde r  t o  o b t a i n  (x,@) 
that can be l a t e r  analyzed t o  determine @. I n  t h e  example shown i n  (132), t h e  

3 3  
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amplitude of t h e  (x,@) p o r t i o n  of t h e  s i g n a l  i s  not  r e a l l y  l a r g e  enough f o r  l a t e r  4 d a t a  a n a l y s i s  bu t  two d i f f e r e n t  ways are suggested f o r  i nc reas ing  t h i s  by a fac- 

t o r  of  l C  t o  100. 

We c a l c u l a t e  i n  Sec. V 1 . C .  t h e  s i g n a l s  an a c t u a l  crack anomaly (not  i t s  wedge 

approximation) would produce i n  v e r t i c a l  and ho r i zon ta l  gradiometers  loca ted  on 

t h e  surface.  The r e s u l t  i n  (136) shows t h a t  t h e  crack and wedge anomalies pro- 

duce about t h e  same s i g n a l  s t r e n g t h  which lends  support  t o  t h e  va r ious  conclu- 

s i o n s  obtained ea r l i e r .  on t h e  b a s i s  of wedge anomaly ca l cu la t ions .  

Pie ob ta in  i n  (140) t h e  d i f f e r e n c e  between t h e  s i g n a l  produced i n  a horizon- 

t a l  a x i a l  gradiometer a t  t h e  p o i n t  (Xo,Yo=O,D) and t h a t  i n  a n e a r l y  i d e n t i c a l  

gradiometer a t  (-Xo,Y =O,D). This  d i f f e r e n c e ,  f o r  t h e  f i e l d s  produced by a crack 

anomaly a t  t h e  bottom of  t h e  borehole,  con ta ins  a p a r t  which i s  a func t ion  of  (x) 
with p r e f a c t o r  (p / R  ) p l u s  a func t ion  of (x,@) with  p r e f a c t o r  (p5/R ).  

amplitude of t h i s  l a t t e r  p a r t  o f  t h e  d i f f e r e n c e  s i g n a l  must be of  t h e  o rde r  o f  

10’’ Oe o r  higher  i n  o rde r  t o  process  t h e  d a t a  de f in ing  the  ang le  @. 
dure  c o n s i s t s  o f  computer c o r r e l a t i o n s  of  t h e  d i f f e r e n c e  s i g n a l  wi th  t h e  func t ion  

cos  x, s i n  x, and s inx  cosx over  s eve ra l  complete cyc le s  of t h c  ang le  x. T h i s  

procedure e l imina te s  t h e  gradiometer imperfec t ion  con t r ibu t ions  as well as any 

magnetic no i se  t h a t  i s  random. I t  i s  ipd ica t ed  i n  Sec. V I  t h a t  a crack of. 2.0-nun 

width and r a d i u s  p = 300 m w i l l  produce a l a r g e  enough anomaly i f  t h e  ferromag- 

n e t i c  p a r t i c l e  volume r a t i o  i s  about  10 percent  i n  t h e  s l u r r y  and i f  a 5-to-1 o r  

10-to-1 f l u x  t ransformer scheme is  used i n  conveying t h e  s i g n a l s  from t h e  super- 

cor,ducting gradiometer i n t o  t h e  SQUID sensor -sh ie lded  housing. Under t h e s e  con- 

d i t i o n s  t h e  use of  s u r f a c e  gradiometers  t o  determine t h e  anomaly o r i e n t a t i o n  
ang le  Q, i s  f e a s i b l e .  

0 

2 2  3 The 

The proce- 

2 2 

To summarize, w e  have c a r r i e d  ou t  a f e a s i b i l i t y  s tudy  on t h e  ques t ion  of  de- 

termining, by magnetic survey methods, t h e  o r i e n t a t i c n  ang le  @ of  a crack pro- 

duced by hydrof rac tur ing  i n  a borehole  d r i l l e d  i n t o  a ho t  rock geothermal scjurce. 

The method r e q u i r e s  f looding  a s u i t a b l e  magnetic material i n t o  t h e  crack,  thereby 

producing an  a r t i f i c i a l  magnetic anor,aly i n  t h e  e a r t h ’ s  f i e l d ,  and then  d e t e c t i n g  

t h e  ex i s t ence  and o r i e n t a t i o n  of t h e  anomaiy. 

paramagnetic s o l u t i o n  f o r  t h i s  purpose w i l l  no t  g ive  a s u f f i c i e n t l y  l a r g e  mag- 

n e t i c  moment. 

s a t i s f i e d  t h e  requirements  f o r  d e t e c t a b i l i t y  of  t h e  anomaly. 

I t  i s  fcund t h a t  t h e  u s e  of a 

Ilovever, use of p repo la r i zed  ferromagnet ic  p a r t i c l e s  i n  a s l u r r y  

A two-superconducting gradiometer scheme, with one i n  t h e  borehole  and t h e  

second one on t h e  su r face ,  provides  a f e a s i b l e  method of determining Q, * smal le r  
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e r r o r  (without t h e  180° ambiguity).  

t h e o r e t i c a l  viewpoint,  of a l l  considered i n  t h i s  r e p o r t .  However, t h e  scheme re-  

q u i r e s  a superconducting gradiometer-SQUID system t o  be housed i n  a logging de- 

v ice  housing t h a t  i s  t o  be moved i n t o  t h e  ho t  rock zone. The cryogenic  engineer-  

ing  technology f o r  such a system i s  not  now i n  ex i s t ence  and would have t o  be de- 

veloped. 

This  i s  t h e  most f e a s i b l e  system, from t h e  

€fowever, p r e s e n t  technology appears  capable  of t h i s  chal lenge.  

F i n a l l y ,  a two-superconducting gradiometer scheme, with one on t h e  s u r f a c e  a t  

a t  a p o s i t i o n  (Xo, Y=O, D) and t h e  second one, a l s o  on t h e  sur face ,  a t  (-Xo, Y = @ ,  

D)  p rovides  s t i l l  another  f e a s i b l e  method f o r  d e t e r m i n k g  @ ?r e r r o r  (without t h e  

180' ambiguity).  

above gradiometer scheme because t h e  $-dependent p a r t  o f  t h e  s i g n a l  i s  of smaller 

amp1 i tude. 

However, t he  e r r o r  i n  t h i s  scheme w i l l  be g r e a t e r  than  i n  t h e  

A l l  of t h e  above schemes r e q u i r e  t h e  u s e  of  ferromagnet ic  p a r t i c l e s  i n  s l u r r y  

i n  o rde r  t h a t  t h e  magnetic monient of t h e  crack be  s u f f i c i e n t l y  l a rge .  

t h e  f i rs t  two schemes can produce a s a t i s f a c t o r y  determinat ion of @ if t h e  p a r t i -  
c l e  volume r a t i o  i n  t h e  s l u r r y  i s  one percent  o r  less. On t h e  o t h e r  hand, t h e  

scheme us ing  only  su r face  gradiometers  will r e q u i r e  a f i v e  t o  t e n  percent  volume 

r a t i o  ir. o rde r  t o  produce a s u f f i c i e n t l y  l a r g e  c rack  magnetic moment. 

However, 
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