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A B S T R A C T  * 

0 

Creep i n s t a b i l i t y ,  t h e  runaway i n c r e a s e  of i n t e r n a l  t 

t o r e  and d e f o r m a t i o n  r a t e ,  has  been s u g g e s t e d  as 

cause o f  s u r g e s  of  c o l d  g l a c i e r s .  ble i n v e s t i g a t  

c o n s i d e r i n g  a s i m p l e  s l a b  model w h i c h  i n c l u d e s  t h e  e f f e c t  o f  

i c e  a d v e c t i o n  no rma l  t o  t h e  s u r f a c e .  Whether a s t e a d y - s t a t e  

s o l u t i o n  o f  t h e  h e a t  t r a n s f e r  e q u a t i o n  e x i s t s  depends  on t h e  

v a l u e  o f  a " s t a b i  1 i t y  pa ramete r "  p r o p o r t  i o n a  to t h e  r a t i o  

o f  t h e  r a t e  o f  d e f o r m a t i o n a l  h e a t  p r o d u c t i o n  to t h e  r a t e  a t  
- .. _ _  -.-- - -- - 

- 
w h i c h  t h i s  h e a t  i s  conduc ted  away. I f  t h e  p a r a m e t e r  exceeds . 

a c e r t a i n  c r i t i c a l  v a l u e ,  i n s t a b i l i t y  occurs a n d  b a s a l  i c e  

e v e n t u a l l y  reaches  m e l t i n g  p o i n t .  The ice mass c a n  t h e n  s t a r t  

t o  s l i d e  o v e r  i t s  bed. I f  t h e  s t a b i l i t y  p a r a m e t e r  exceeds a . 

second h i g h e r  c r i t i c a l  v a l u e ,  a l a y e r  o f  b a s a l  i c e  a t  m e l t i n g  

p o i n t  w i l l  f o r m .  The c r i t i c a l  v a l u e s  depend on g e o t h e r m a l  

h e a t  f l u x  and s t r o n g l y  on a d v e c t i o n .  Upward a d v e c t i o n ,  as i n  

t h e  a b l a t i o n  a r e a ,  dec reases  s t a b i l i t y  whereas downward advec-  

t i o n  ( a c c u m u l a t i o n )  i n c r e a s e s  i t .  O n  t h e  o the r  hand,  i f  un- 

s t a b l e  c o n d i t i o n s  e x i s t ,  a c c u m u l a t i o n  i n c r e a s e s  t h e  g r o w t h  

r a t e  o f  t h e  i n s t a b i l i t y  w h i l e  a b l a t i o n  d e c r e a s e s  It. Calcula- 

t i o n s  s u g g e s t  t h a t  c e r t a i n  n a t u r a l  i c e  masses nay b e  un 

The t i m e  f o r  t h e  i n s t a b i l i t y  t o  deve lop ,  however ,  i s  o f  t h e  - .  

o r d e r  o f  100 t o  10,000 y r . ,  whereas t h e  r e s i d e n c e  t i m e  of  the  

i c e  i n  many g l a c i e r s  i s  l e s s  t h a n  10,000 yr. M o r e o v e r ,  o b s e r -  

v e d - p e r i o d i c i t i e s  o f  g l a c i e r  su rges  a r e  b e t w e e n  10 and 100 y.r. 

I t  t h u s  appears  t h a t  c r e e p  i n s t a b i l i t y  c a n n o t  e x p l a i n  

s u r g e s .  These arguments do  n o t ,  however,  e l i m i n a t e  t h  

s i b i l i t y  o f  c r e e p  i n s t a b i l i t y  c a u s i n g  s u r g e s  i n  t h e  A n t a r c t i c  
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' I  INTRODUCTfON 

The deformation rate of ice, for a fixed stress 

with temperature. Thus a small increase in def 

by increasing the deformational heating and thu 

ture, will result in a further increase in deformation rate. 

This system has positive feedback and, under certain condi-' 

tfons, a runaway increase in temperature will result. This i s  

the process of creep instability. In a glacier frozen to its 

bed this process might 'in time raise the basal ice to melting 

point. The ice would then start to slide over its bed, 

Robin (1955) was the first to suggest this as a possible 
.- . 

mechanism o f  glacier surges; he did not, however, 

the conditions under which it might occur. 

have been derived for (a) a thick isothermal s l a b  under con- 

stant stress (Nye, 1971), (b) laminar flow under a power flow 

law in a slab of .finite thickness with base at the melting 

point (Neave and Savage, 19701, and (c) -as case (b) 

the base is below the melting point (Bozhinskiy and 

1974; Bozhinskiy, 1975). Lliboutry (1964, p. 417) a 

(1969) have also studied thermal instability in ice 

investigate 

Stability criteria 

- -  - 

In this paper we make a further theoretical analysis of creep 

instability as a possible mechanism o f  glacier 5 

main differences between our analysis and those 

. -  - 





B shear s t r e s s ,  shear  

K t h e r m a l  c o n d u c t i v i t y ,  and 

S t r a i n  r a t e  can be expresse 

of i c e  (Nye, 1953)  w h i c h  i n  

XY XY 

c 
& 

X Y  

H e r e  A and n a r e  c o n s t a n t s ,  

con 

s t r a i n  r a t e ,  k t h e r m a l  d i f f u s i v i t y ,  . 

E i s  t h e  a c t i v a t i o n  

s t a n t .  
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Here Q is the geothermal heat ux .  For time-d 

tions of ( l ) ,  t h e  initial temperature d i s t r i b u t  

must also be specified. 

We introduce dimensionless variables as follows: 

time 

constant 

T 

a 

/ & t r p n  . -.advect ion parameter 
ily5 4 (Peel et number) 
; (3: 
t (3E"'I ' 

* I  p! ' 
/ 9> /,-+ stabi 1 i ty parameter 

'---- 

y = h v o / k  

exp .(.-.E/RT.~) n+ 1 2AEh2 oB 
- - =  

geothermal parameter 4 = hEQ/K RTo 2 

The s t a b i l i t y  parameter i s  proporti 

the rate of  production of deformational heat and the ra 

which this heat is conducted to the bo 
- .. -. 

Equations (1)  and (6) become 

5 





We f i r s t  c o n s i d e r  t h i s  s i m p l i f i e d  case i n  

e s o l u t i o n s  

a r e  p o s s i b l e .  F i g u r e  1 i s  a s c h e m a t i  

t h e  p h y s i c a l  s i t u a t i o n .  The s o l i d  c u r v e s  r e p r e s e n t  t h e  r a t e  

o f  s t r a i n  h e a t i n g  f o r  t h r e e  d i f f e r e n t  v a l u e s  o f  t h e  s t a b i l i t y  

p a r a m e t e r  0. They have t h e  shape shown because f o r  l a r g e  0 

t h e  e x p o n e n t i a l  t e r m  t e n d s  t o  exp u, a c o n s t a n t .  The b r o k e n  

c u r v e  r e p r e s e n t s  t h e  r a t e  of h e a t  c o n d u c t i o n  a c r o s s  t h e  s l a b ;  

i t  w i l l  i n c r e a s e  i n d e f i n i t e l y  as el i n c r e a s e s .  (The d i m e n s i o n -  

l e s s  s u r f a c e  t e m p e r a t u r e  i s  ze ro . )  Fo 

t i o n  o f  (10)  t h e  two  h e a t  t r a n s f e r  t e  

i n t e r s e c t i o n s  of t h e  b r o k e n  and sol i d  

s o l u t i o n s .  The number o f  s o l u t i o n s  depends 

F o r  f3 l e s s  t h a n  some c r i t i c a l  v a l u e  B 

t e m p e r a t u r e )  s o l u t i o n ,  p o i n t  P. F o r  6 

c r i t i c a l  v a l u e  Bi* (>Bo*) t h e r e  is one  ( h i  

s o l u t i o n ,  p o i n t  T. F o r  e l *  > t 

. 

7 k - h e  drmensrocrless basa l  i - e m p e r a t - o ~ - r e =  

!I 

I 

_. 



more t h a n  t h  

t i n u e  to  r i s e  u n t f  i l a r l y ,  a s m a l l  

F i g u r e  2 i s  a 

t e m p e r a t u r e  a 

< @ I * ,  t h e  

p o i n t  o n  t h e  s e g m e n t  A B .  S u p p o s e  now t h a  

or. s u r f a c e  slope i n c r e a s e s  s u f f i c i e n t l y  

t h e  b a s a l -  tern 

In f a c t ,  s u b s  

a p p r o p r i a t e  t 

t e m p e r a t u r e  s 

- .  



I -  
~ 

, *  
1 '.I - 

t w h i c h  a l a y e r  f f i n i t e  t 

i n g  p o i n t  s t a r t s  t o  form. I n  some cases  o 

t e m p e r a t u r e  w i l l  be a t  m e l t i n g  p o i n t  f o r  B 
then n o  i n s t a b i l i t y .  

The F r a n k -  Kame n e t  zky app r o x  im 

p r e s s  t h e  t e m p e r a t u r e  dependence o f  t 

c o n s i s t s  i n  w r i t i n g  

E/RT = E/RTo 

The e x p o n e n t i a l  t e r m  i n  (10) 

r a t e  o f  s t r a i n  h e a t i n g  i s  r e p r e s e n t e d  b y  t h e  dotted 

F i g u r e  1 . .  I n  t h i s  case  (10) has t w o  s o l u t i o n  
- _. 

. .  t u r e  s t a b l e  one and a h i g h  t e m p e r a t u r e  u n s t a b i e . o n e m W :  r ' s .  

E.. -&sVae : I :- +?&-L-q i::::::: E+: ::e T h i s  c a s e  has .  been a n a l y s e d  

e x t e n s i v e l y ,  i n  t h e  case o f  g l a c i e r s  by Budd ( 1  

Savage ( t 9 7 0 ) ,  B o t h i n s k i y a n d  G r i g o r y a n  (1974),  

(1975) .  I t  i s  f o u n d  t h a t  t h e r e  e x i s t s  a s i n g l e  

o f  B, t h a t  depends on +, above w h i c h  t h e r e  i s  

s o l u t i o n .  Because t h e  F rank -Kamene t t ky  approx i  

r a t e s  t h e  t e m p e r a t u r e  dependence o f  t h e  s t r a i n  
- 

c r i t i c a l  v a l u e  o f  0 i s  l e s s  t h a n  @I*. Numerical c a l c u l a t i o n s  

show t h a t  t h e  r a t i o  o f  t 

0.8 f o r  8 1  = 3 ,  and 0.4 

-. 
i 



EFFECT OF’ADVECTlON 

A d v e c t i o n  m e r e l y  c 

c u r v e  i n  F i g u r e  1 

t h e  r e s u l t s  o u t l l n  

e a t  t r a n s  fe  r 

h e r s ,  1977).- L F f  

r a n g e  o f  Val 

e r  $ a p p r o  

e 1 ,  2 6 . 7 . c  
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t o  a b a s a l  

i n s t a b i l i t y  c a n n o t  O c c u r -  

t e m p e r a t u r e  above m e l t  

To use  F i g u r e  3 t o  d e t e r m i n e  t h e  

mass, t h e  v a l u e s  o f  To , vo  , h, 

The v a l u e s  o f  y,  4 ,  and I3 a r e  c 

a l u e  o f  e l * ,  f o r  t h e  g i v e n  

m ined  from F i -gu re  3 .  The I c e  mas 

a c c o r d i n g  a s  6 i s  l e s s  t h a n  

some examples.  D a t a  s o u r c e  

Weertman (1968),  and P a t e r s o n  (1972)  

n a t u r a l  i c e  masses may be c l o s e  t 

c a l c u l a t i o n s  a r e  s u b j e c t  t o  c e r t a i n  l i m i t a t i o n s :  

(a) They a r e  based on a t h e o r e t i  

c e r t a i n  a s s u m p t i o n s  t h a t  may 

model i s  a p u r e l y  t h e r m a l  on 

(b) We have  used  n u m e r i c a l  v a l u e  

and  c r e e p  a c t i v a t i o n  e n e r g y  w h i c h  

ab l e  u n c e r  t a  i n t y .  

( c )  B a s a l  s h e a r  s t r e s s  and g e o t h  

known p r e c i s e l y .  U n c e r t a i n  t 

s e r i o u s  because @ i s  p r o p o r t i o n a l  t o  0 



~~ ~ 

TIME C O N S T A N T S  

I 

To examine t h i s  u e s t i o n  a s t e a  

w i t h  bound c o n d i t i o n s  (9 )  

. s e t  o f  t h e  parameters  6 ,  y an 

t o  be j u s t  below c r i t i . c a 1  (f3 = 

n d i t i o n ,  t h e  

f i n i t e  d i f f e r e n c  

and 5 show' the 

a f t e r  t h e  s t e p  c 



L 
I 

t h a t ,  i n  cornpar iso 

a d v e c t  i o n  (accumu 

s t a b i l i t y .  However, F i g u r  

o c c u r  i n  t h e  a c c u m u l a t i o n  

t h e  absence o f  

e c t l o n  compresses 

d e v e l o p i n g .  T h i s  c o n c e n t r  

back -  p roceeds  more 

reduced.  Upward a d v e c t  i 

s t h e  l a y e r ,  d i s p e  

, as F i g u r e  5 shows. 

The t h e r m a l  r e g i m e  o f  an  i c e  mass may change i n  v a r i o u s  ways. 

For example,  s u r f a c e  t e m p e r a t u r e  may  change (changing’-$;  6 ,  a ) ,  

i c e  t h i c k n e s s  may change ( c h a n g i n g  9 ,  f3,y), b a s a l  s h e a r  s t r e s s -  

may change ( c h a n g i n g  B ) ,  or  mass b a l a n c e  may change ( c h a n g i n g  y ) .  

We c o n s i d e r  t h a t  changes i n  e a r e  t h e  mo 

t h e  e f f e c t  o f  a change i n  t h i s  v a r i a b l e  I 

t r a n s m i t t e d  t h r o u g h o u t  t h e  t h i c k n e s s  of t 

c o n c e n t r a t e d  o u r  a n a l y s i s  on p e r t u r b a t i o n  

t i m e  c o n s t a n t s  for an a p p r o p r i a t e  r a n g e  o f  v a l u e s  

We found  t h a t ,  f o r  a g i v e n  f r a c t i o n a l  s t e  

t i m e  c o n s t a n t  was v i r t u a l l y  i n d e p e n d e n t  o f  

p o r t a n t  s i m p l i f i c a t i o n .  The f a c t o r s  t h a t  

s t a b i l i t y  a r e  s t r o n g  downward a d v e c t  

1 

i n  e/ el*. 
I 
\ 



he instability 

l a r g e  changes  i n  
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DATA F O R . R E A L  I C E  MA 

4 c o n t a i n s  d a t a  f o r  some r e a l  i c e  

range  o f  v a l u e s  of t h e  v a r i o u s  p a r a m e t e r  

ce .  Data s o u r c e s  

h e r s  (1976) ,  Ho lds  

C a r n e l n  (1970),  Dansgaa 

H a t t e r s l e y - S m i t h  and o t  

Redpath (1965) ,  S.G. C o  

and G.K.C.Clarke (unpub 

R.M. K o e r n e r  (unpub l  i s h  

d a t a ) ,  Weber and A n d r i e  

f l u x  i s  unknown t h e  wor  

The c a l c u l a t i o n s  show t h a t  i f  t h e  i c e  s h e e t  a t  Byrd S t a t i o n  

i s  n e a r  a s t e a d y - s t a t e ,  t h e  b a s a l  I c e  

a f a c t  c o n f i r m e d  b y  o b s e r v a t i o n  (Gow and o t h e r s ,  

t h e  s u r f a c e  t e m p e r a t u r e  w e r e  l o w e r e d  e , 
, i c e  b e l o w  m e l t i n g  p o i n t ,  i n s t a b i l i t y  wo 

On t h e  o t h e r  hand, S t a t i o n  C r g t  

a r e  b o t h  s t r o n g l y  s t a b l e  w i t h  a f r o z e n  

g r e a t e r  downward a d v e c t  i o n  t h e r e .  Th 

caps i n  a r c t i c  Canada appear  t o  be  s t  

chosen a l l  appear  t o  be m e l t i n g  a t  t h  

a r e a s t  In t h e  c a s e  o f  W h i t e  G l a c i e r  

t e m p e r a t u r e  measurements (Mu l l ' e r ,  197 

I 

- .. ._ 

3 





c r e e p  a c t i v a t i o n  energy  E. I t  w 

because t h e  A r r h e n i u s  r e l a t i o n  w 

p r e s e n t  t h e  t e m p e r a t u r e  dependence o f  t 

m e l t i n g  p o i n t  ( H e l l o r  and Tes ta ,  - -  .. - -. - 
be abandoned. We do n o t  cons 

dence a t  p r e s e n t  a v a i l a b l e  j u  

r e l a t i o n .  We d i d  however examin  

s t a n t  of c h a n g i n g  t h e  a c t i v a t i o n  

t h e  v a l u e s  o f  CL and 4 and t h u s  a l s o  f31*. Moreover ,  a 

change i n  E has a l a r g e  e f f e c t  on t h e  v a l u e  o f  6- T h e  v a l u e  

o f  B/f3,* ,  and t h u s  t h e  a p p a r e n t  s t a b i l i t y ,  i s  t h e r e f o r e  changed.  

- 
An a n a l y s i s  t h a t  i s  p e r h a p s  more r e a l i s t i c  i s  to keep t h e  

v a l u e  o f  @ / @ I *  c o n s t a n t  and f i n d  how much a change i n  E 

a f f e c t s  t h e  t i m e  c o n s t a n t .  T a b l e  5 p r  

such  a t e s t .  The v a l u e s  of  E (54 and 

t h e  l o w e r  and upper  l i m i t s  o f  s u g g e s t e d  v a l u e  

was o b t a i n e d  by P a t e r s o n  (1977) f r o m  a n a l y s i s  of b 

s u r e  r a t e s  i n  t h e  t e m p e r a t u r e  r a n g e  - 1  

v a l u e  I s  t h a t  o f  G l e n ' s  (1955) l a b o r a t  

t e m p e r a t u r e s  between 0 and - 1 3 O C .  In 

o f  a d v e c t i o n  p a r a m e t e r  y and  t w o  v a l u  

f l u x  Q were  used  . T was t a k e n  as 25 

c o n s t a n t  a t  1.1. T a b l e  5 shows t h a t  a 

t i m e  cons t a n  t -r0 b y  n o t  more t h a n  3.  

0 
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TABLE 2. Results o f  stability calculations for glaciers ice sheets. 

TO 
(m) ' (m/yr) (*[<I * .  

V 
0 

Loca t i o n  h 

East Antarctica, central 3000 + 0.03 218 0.5 1.35 ma r g  i na 1 

Antarctica, coast 1500 + 0.5 253 1 1 . 5  marg i na 1 

Camp Century , -  

LaurentIde Ice Sheet 

1387 + 0.35 249 0*5 1.1 stable 

+ 0.3 253 0.5 100 stable 





T A B L E  4 ,  Stablllty calculatfons f o r  some natural Ice masses. 

Antarctica 
B y r d  S t a t i o n  2164  .I. 0 . 1 5  245 0 . 6  1 .85  0 . 5 8 5  

Law Dome, 74 H o l e  390 + 0 . 1 1  261 0 . 8  1 . 2  0.329 

Y 

+7* 7 1  

el . 02  
I 







i o n  of s o l u t i o n s  of equa 

n h e a t i n g  depends 

e s  o f  f3 Dashed 

w s  t h e  r a t e  

p r e s e n t  solutions 

t h e r s  a r e  s t a b l e  

d T a r e  n o t  p h y s l -  

c a l l y  r e a l t s t i c .  D o t t e d  curve  shows r a t e  o f  

s i n g  t h e  Frank-Kamenetzky a p p r o x i m a t i o n ;  t h e  i n t e r -  
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