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1. Introduction 

Recent emphasis on alternative energy sources 
together with the need for intense neutron sources 
for testing of materials for CTR has resulted in 
renewed interest in high current (~100 mA) c.w. pro­
ton and deuteron linear accelerators. (1-7) In de­
singing an accelerator for such high currents it is 
evident that beam losses in the machine must be min­
imized, which implies well matched beams, and that 
adequate acceptance under severe space charge con­
ditions must be met. This paper investigates the 
input parameters to an Alvarez type drift-tube ac­
celerator resulting from such factors. 

2. Theory 

A number of authors have investigated the ef­
fects of space charge on injection for existing 
proton linear accelerators(8-14)using as models 
either a uniformly charged ellipsoid or infinitely 
long elliptical cylinder. It has been shown(l5)that 
the elliposidal model tends to give pessimistic re­
sults in terms of maximum acceptance without beam 
loss but is a useful analytical tool for comparative 
data so it will be used in this analysis. 

Assuming that the beam bunch is a uniformly 
charged ellipsoid, one can write the non-relativistic 
beam enve lope equations< 14)taking the smooth approxi­
mation for the transverse motion as: 
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¥ ,where ¥ is obtained from the radial stabil­
i ty diagram of Smith and Gluckstern.(l6) 

2b is the bunch length in meters. 
Kt is the wave n~ber in meter-1 of the trans verse 
particle oscillations in the zero space charge ap­
proximation. (Kt = ~ where IJ.sf is the phase 
advance of t he transverse particle oscillati on per 
magnet period for zero beam current assuming +-+-. 
quadrupole configuration). 
Kt is the wave number in meter-1 of the longitudinal 
particl e oscilla tion in/ t hf zero space charge approxi­
mation K {2nE0 T sin ¢ 1 ] ~ where 
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E0 is the average electric field in volts / m. T is 
the transit time factor, ¢sis the synchronous phase). 
moc2 is the deuteron rest mass in electron volts. 
P is the area of the beam in n meter2 in the a , 
da/dn s pace. Q is the area of the beam in n meter2 
in the b, db/dn space and is proportional to the 
conventional longitudinal emittance in 6y-6¢ space 

(Q = ~ x SA. X "-6Y for beam of width ? ¢s and 
2 2n Sy3 

energy spread corresponding to± 6y). I is the beam 
current in amperes. 

f (k)is a form factor for the ellipsoid and can be 
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where Kt = Kt ( 1-IJ.t) and Kt (1-IJ.t ) where Kt' Kt 
are the modified wave numbers in the radial arid 
longitudinal directions in the presence of space 
charge and IJ. t and IJ.~ are the ratios of the space 
charge defocusing force to the restoring force in 
those directions. It can be seen that 
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Study of relationships (9) and (10) remembering 
b that r- ~ ~ shows the following: 

(a) The higher the input ~ and hence input 
energy the smaller the radial and longitudinal space 
charge forces relative to the restoring forces . 

(b) The higher the current the higher the space 
charge forces relative to the restoring forces. 

(c) The larger the phase advance per magnet 
period the lower the space charge to restoring force 
ratio in the radial direction. (Note that ~sf may 
not exceed rr if radial stability is to be maintained 
so this sets an upper limit to the initial quadrupole 
focusing field . ) 

(d) The longer the rf wavelength or the lower 
the rf frequency the smaller the ratio of longitudinal 
space charge force to restoring force . 

(e) The higher the average acceleration rate 
(=E

0
T cos J :Ds J ) the smaller the ratio of longitudinal 

space charge force with respect to the restoring 
force . (Since the m~imum attainable electric field 
gradient varies as A - ~ this conflicts with condition 
(d) above). 

(f) The larger the stable phase angle the 
smaller the longitudinal space charge to restoring 
force ratio . 

3. Practical Considerations 

In a practical design the maximum acceptable 
current may be limited by factors other than space 
charge . For example, there is an upper limit to the 
electric field gradient and quadrupole field gradient 
both of which are frequency dependent . The total beam 
emittance from the pre -accelerator and low energy beam 
transport system will also influence the results. In 
addition, for a given frequency or wavelength , there 
is a practical upper limit to the drift tube aperture 
resulting from transit time considerations . 

For this report an injection energy of 750 KeV 
has been used as a compromise between these various 
factors . For practical transit time factors this 
limits the aperture radius to about 6 . 7 X lo-3 wave­
length . Having selected the injection energy and 
maximum aperture the maximum acceleration rate is 
determined by the s;arking limit . Taking Kilpatrick's 
data as a criterion this implies a maximum accelerat­
ion rate of 1.6 MeV/m at a wavelength of 1 .5 meters 
for a stable phase angle of 40° . Space charge con­
siderations indicate that the highest practical ac ­
celeration rate and stable phase should be used for 
maximum acceptance so this value has been chosen for 
the d~sign . The electric field breakdown limit varies 
as A - ~ giving an acceleration rate of 1 . 12 MeV/m at 
A = 6m . 

The longitudinal emittance of the input beam 
is determined largely by the bunching scheme ·used 
since the beam from the d . c. pre-accelerator has 
essentially zero longitudinal emittance. It has been 
assumed that the phase width of the input beam can be 
made equal to ±¢s and that the energy spread can be 
made equal to the ''matched" energy spread given by 

liE ± m c2 ~2 b K-t (1-~ ) where b = '17~ x~A o ~ 2rr 
ll t is assumed to be about 0. 75 . 
These considerations define the longitudinal input 
beam parameters given in Table I . 

. · 

Given these parameters and a value for the 
radial emittance it is now possible to optimize the 
acceptance by varying the quadrupole gradient within 
the practical limits of attainable quadrupole grad­
ient and radially stability.(l6) Radially stability 
is determined by the operating point on the stability 
diagram (Fig. 1 ) under space charge conditions . 
For a given quadrupole gradient the operating point 
for the reference particle moves towards the ~sf = 
+ 1 stability limit as the space charge force in­
creases. 

For a given injection energy , increasing the 
wavelength clearly reduces the required quadrupole 
gradient due to the greater drift tube length avail­
able, but at the same time increases the r . f. de­
focusing force thus requiring stronger focusing 
fields. A non:~ormalized radial emittance of 
(I) 3 . 7 rr X 10 m. -rad. was chosen for there­
ference design where I is the beam current in am­
peres . This value is a conservative estimate based 
on measured values for pulsed proton currents of up 
to 400 rnA. 

5 . Numerical Kesults 

Interest at Brookhaven has centered on a 1 GeV 
proton linac with a beam current of 300 mA and a 
deuteron accelerator of 35 MeV energy and 200 mA 
beam current . For the deuteron machine the effect 
of injection energy on the acceptance was investigat­
ed at a wavelength of 3 meters or frequency of 50 
MHz . The bore radius was allowed to increase with 
energy roughly as ~ so that the aperture at 750 KeV 
is 4 . 8 em compared with 4 em at 500 KeV and 3.5 em 
at 350 KeV . This is a conservative choice and as 
can be seen from Fig. 2, gives rise to quadrupole 
fields which are readily attainable . Fig. 3 shows 

.. 

the matched beam parameters for deuterons of different 
energies for three different initial quadrupole field 
gradients . The optimum attainable beam current at 
a given injection energy is obtained when the radial 
and longitudinal acceptance limits are reaclteu aL 
the same time . This is achieved by allowing the 
initial electric and magnetic quadrupole field grad ­
ients to vary within the acceptable stability limits 
and practical quadrupole magnetic field and electrical 
sparking limits. Thus, in Fig . 2 the maximum attain­
able beam current without loss is plotted as a func­
tion of injection energy for a deuteron beam of con­
stant longitudinal emittance of 6rr X lo-4 m. rad and 
a radial emittance given by I X 3rr X 10-4m. rad where 
I i~ the beam current in amperes . For protons,with 
theLr higher ~ value,it is possible to increase the 
drift-tube aperture by almost a factor of 2 and thus 
accept a larger beam current for the same emittance 
value. Here the radial acceptance limit is defined 
as that point at which the flutter factor cauaca the 
beam to occupy 2/3 of the drift-tube aperture. 

The influence of wavelength or frequency on the 
maLclted beam parameters for protorts using the longi­
tudinal emittance values given in Table I, with a 
radial emittance of 1.11 rr X lo -4 m. rad, and a beam 
current of 300 mA is plotted in Fig. 4. It shows a 
gradial increase in the beam radius and beam length 
to wavelength ratios with increasing frequency. The 
pha~e advance per magnetic period was held constant 
at z for zero current in order co compute this set 
of curves. The increase in a/A and b/A would be greater 
(a~proximately increasing as f~) , if the longitudinal 
emLttance was held constant. 



Figures 5 and 6 show the matched beam parameters 
as a function of beam current for deuterons and pro­
tons respectively. The injection energy used is 750 
KeV in both cases and the operating frequency is 50 
MHz. Note that the higher ~ value and hence larger 
aperture for protons allows currents of up to 1.2 
amperes in the proton case compared with 0.4 amperes 
for deuterons. Calculations indicate that even at a 
frequency of 200 MHz it is possible to accept 0.4 A 
of proton current but the quadrupole field strength 
required is high (13.5 KG/em) and is probably at the 
practical limit for conventional quadrupoles. 

The effect of longitudinal emittance on the 
matched beam parameters is shown in Fig. 7 for a 
0.2 ampere deuteron current of 750 KeV energy at a 
wavelength of 6 m. Fig. 8 shows the corresponding 
effect of radial emittance for·deuterons. 

The effect of longitudinal and radial emittance 
on the matched beam parameters for a 750 KeV proton 
beam current of 0.3 amperes is shown in Figs. 9 and 
10 for wavelengths of 1.5 m, 3 m and 6 m. 

5. Conclusions 

The analysis indicates that an accelerator oper­
ating at a frequency of 50 MHz is capable of accept­
ing deuteron currents of about 0.4 amperes and pro­
ton currents of about 1.2 amperes. These values de­
pend critically on·the assumed values of beam emitt­
ance and on the ability to properly ''match" this to 
the linac acceptance. 

The analysis does not concern itself with ac­
celeration so none of the growth effects arising 
therefrom are considered. These effects and the 
effects of misalignments and quadrupole and electric 
field gradient errors may further limit the accept­
able beam current. A detailed computer study will 
be necessary to determine the full validity of the 
above. 
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TABLE I 

Frequency Wavelength Energy Longitudinal Q 2 K.f.. 
-1 MHZ Meters Spread Emittance TT Meter Meter 

(C!E)MeV t::.y M. rad 

50 6 ±0.034 3.65 X 10-5 9.12TT X 10-4 2.19 0.0342 

100 3 ±0.029 3.06 X lo-5 3.82TT X 10-4 0.458 0.0573 

200 1.5 ±0.024 2.58 X lo-5 1.61TT X 10-4 0.097 0.0968 
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Figure 6 

Figure Captions 

Radial ~tability Diagram 

Maximum Accepted Beam Current as a 
Function of Injection Energy 

Matched Beam Parameters as a Function 
of Injection Energy 

Matched Beam Parameters as a Function 
of Frequency for a Proton Beam Current 
of 0.3 Amperes 

Matched Beam Parameters as a Function of 
750 ~ev ueueeron Hearn Current 

Matched Beam Parameters as a Function of 
750 KeV Prntnn Be"!!! C•Jrroant 

Figure 7 Matched Beam Parameters as a Function of 
Longitudinal Emittance for a 750 KeV 
Deuteron Beam Current of 0.2 Amperes 

Figure 8 Matched Beam Parameters as a Function of 
Radial Emittance for a 750 KeV Deuteron 
Beam Current of 0.2 Amperes 

Figure 9 Matched Beam Parameters as a Function of 
Longitudinal Emittance for a 750 KeV 
Proton Beam Current of 0.3 Amperes 

Figure 10 Matched Beam Parameters as a Function of 
Radial Emittance for a 750 KeV Proton 
Beam Current of 0.3 Amperes 
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o - OPERATING POINT FOR STABLE PA;~TlCLE WITHOtrr SPACE CHARGE (Ib = 0) 

X - OPERATING POINT FOR STABLE PARTICLE WITH SPACE CHARGE (Ib = 0.3A) 
EINJ = 750 KeV ~sf = n/2 
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Figure 2 

MATCHED BEAM PARAMETERS AS A FUNCTION OF INjECTION 
ENERGY FOR DIFFERENT INITIAL QUADRUPOLE GRADIENTS 
WITH +-+- QUADRUPOLE CONFIGURATION, MAGNET LENGTH/ 
CELL LENGTH = 0.5, BORE RADIUS= 2cm, A6m,· ACCELERATI.ON 
RATE = I MeV/m • cps= 35°, BEAM CURRENT :s 0.2A, RADIAL 

EMITTANCE = 6 7T x 10-4 m-rod, LONGITUDINAL EMITTANCE 
67T x 10·4 m- rod DEUTERONS 
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Figure 3 

MAXIMUM ACCEPTED BEAM CURRENT AS A FUNCTION OF 
INJECTION ENERGY. ACCELERATION RATE= I MeV/m 
tf>s = 35°, MAGNET LENGTH /CELL LENGTH= 0.5 WITH 

+- +- QUADRUPOLE CONFIGURATION, X= 6m, BORE 
RADIUS INCREASING WITH {3 FROM 1.25cm AT 350 keV 
TO 2.5cm AT 750keV, LONGITUDINAL EMITTANCE = 
6 7T 10-4 m- red, RADIAL EMITTANCE= I. 3 7T I0-4 m- red. 
(I IS BEAM CURRENT IN AMPS) DEUTERONS 
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Figure 4 
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Figure 5 

MATCHED BEAM PARAMETERS AS A FUNCTION OF BEAM CURRENT 
FOR DIFFERENT INITIAL QUADRUPOLE GRADIENTS. WITH+-+­
QUADRUPOLE CONFIGURATION, MAGNET LENGTH /CELL LENGTH= 0.5, 
BORE RADIUS= 2.5cm, ~ .= 6m, ACCELERATION RATE= I MeV/m, 
¢ 5 = 35°, LONGITUDINAL EMITTANCE= 6v x I0-4 m-rod, 

RADIAL EMITTANCE= I .3v x 10- 3 m-rod, ( 1 =BEAM CURRENT 
IN AMPS), INJECTION ENERGY = 750 ke V. DEUTERONS 
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Figure 6 

MATCHED BEAM PARAMETERS A~ A FUNCTION OF BEAM CURRENT FOR 750 KeV PROTONS 
AND DIFFERENT INITIAL QUADRUPOLE GRADIENT WITH +-+- QUADRUPOLE CONFIGURATION, 
}~GNET/CELL LENGTH = 0.5, BORE RADIUS = 4 em, A = 6 m, ACCN. RATE = 0,8 MeV/m, 
¢5 = 40°, LONGITUDINAL EMITTANCE= 9.12 n X 10-4 m-rad, RADIAL EMITTANCE= 
3.7 (Ib) n x 1o-4 m-rad. 
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Figure 7 

MATCHED BEAM PARAMETERS AS A FUNCTION OF LONGITUDINAL 
EMITTANCE FOR DIFFERENT INITIAL QUADRUPOLE GRADIENTS WITH 
+-+- QUADRUPOLE CONFIGURATION, MAGNET LENGTH I CELL LENGTH = 
0.5, BORE RADIUS = 2.5 em, A.= 6m, ACCELERATION RATE = I Me VIm, 
cp

5 
=35°, RADIAL EMITTANCE= 67T x I0-4 m-rad, INJECTION ENERGY= 

750 KeY, SEAM CURRENT =0.2 AMPERES. DEUTERONS 

. -·. -·· -

X- G i = 2.4kGicm o - G i = 3 kG I ern A - G i = 4 k G/ em 

1.0 r.l 0.8 0.8 

0.6 .... 0.6 

~ i 
::1.. 

* * 0.4 ~ ·0.4 

0.2 0.2 

0 0 
0 0.2 0.4 0.6 0.8 1.0 1.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

LONGITUDINAL EMITTANCE m-rad (7Txi0-3 ). 

2.0 1\ 2.0 

1.8 1-
LONGITUDINAL 

1.8 LOSSES 

1.6 1- RADIALLY 1.6 
UNSAFE E 

1.4 1- (,) 1.4 
--'>L 

1--

1.2 1-
.c 

1.2 

- :I: 

1.0 A A 
1- 1.0 1- A /\ . A <!) - z 
UJ FULL LONGITUDINAL 

0.8 f- ..J Q8 
I ACCEPTANCE 

RADIALLY IJ.. 
..J 

0.6 ~ SAFE < 0.6 _._ 

0.4 :E ~ 0.4 < 
UJ 

0.2 - CD 
0.2 

0 I I I ,. 
1 ~ 0 

0 0.2 0.4 0.6 0.8 1.0 1.2 0 0.2 0.4 0.6 0.8 1.0 1.2 

LONGITUDINAL EMITTANCE m-r a d ( 7T x I 0-3 ) 

-- ······.--



:l 

E 
(.J -c 

U) 

~ -a 
<I 
a: 
~ 
<I 
w 

·CD 

w 
(!) 
<I 
a: 
w 
> 
<I 

. Figure 8 

. MATCHED BEAM PARAMETERS AS A FUNCTION OF RADIAL EMITTANCE 
FOR DIFFERENT IN l Tl AL QUADRUPOLE GRADIENTS, WITH +- +- . 
QUADRUPOLE CONFIGURATION, MAGNET LENGTH/CELL LENGTH = 0.5, 
8 0 R E R A D l US = 2. 5 c m , A = 6 m , A C C E L ERA T l 0 N RATE = I M e V I m , 

cp 5 = .. 35°, LONGITUDINAL EMITTANCE = 6 rr ;( 10-4 m-rad~ 
INJECTION ENERGY= 750KeV, BEAM CURRENT= 0.2 AMP. DEUTERONS 

X - G i = 2. 4 kG/ em o- Gi = 3k G /em 6.- Gi = 4k G/em 
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Figure·9 

MATCHED BEAM PARAMETERS AS A FUNCTION OF LONGITUDINAL EMITTANCE FOR 750 KeV PROTON 
CURRENT OF 0.3 A FOR +-+- QUADRUPOLE CONFIGURATION AND CONSTANT PHASE ADVANCE PER 
MAGNET PERIOD OF ~sf = n/2, MAGNET/CELL LENGTH = 0.5, BORE RADIUS/WAVE LENGTH = 
6.667 X 10-3, ¢

5 
= 40°, MAXIMUM PRACTICAL ACCELERATION RATE USED FOR EACH WAVELENGTH, 

RADIAL EMITTANCE = 1.11n X 10-4 m-rad. 
* - ), = 150 em; K "" 1.6 ~eV/m; Gi = 13.51 KG/em 
0 - A = 300 em; K = 1.12 MeV/m: Gi = 3.50 KG/em 
~ - A = 600 em; K = 0.8 MeV/m; G· = 0.915 KG/em 
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Figure 10 •' 

MATCHED BEA.~ PARA.'1ETERS A$ A FUNCTION OF RADIAL EHITTANCE FOR A 750-KeV ·PROTON CTJ".K?..ENT 
OF 0.3 A for +-+- QUADRUPOLE CONFIGURATION AND CONSTANT PHASE ADVANCE PER MAGNET PERIOD 
(~sf = n/2) MAGNET CELL LENGTH= 0.5. BORE RADIUS/WAVE LENGTH= 6.667 X 10-J, ¢ 5 = 40° 
MAXIMUM PRACTICAL ACCELERATION RATE USED FOR EACH WAVE LENGTH. 

* =LONGITUDINAL EMITTANCE = 1.61nX10-4m-rad; ),=150 em; K=l.6 MeV/m; Gi=l3.51 KG/em 
9 = LONGITliDINAL EMITTANCE = 3.82nXl0-4m-rad; A=300 em; K=l.l2 MeV/m; Gi=3.50 KG/em 
~ = LONGITUDINAL EMITTANCE = 9.12TTX10-4m-rad; A=600 em; K=0.8 MeV/m: G.= 0.91 KG/em 
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