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ABSTRACT 

The nonlinear evolution of ideal MHD internal instabilities is 

investigated in straight cylindrical geometry by means of a 3-D initial- 

value computer code. These instabilities are characterized by pairs of 

velocity vortex cells rolling off each other and helically twisted down 

the plasma column. The cells persist until the poloidal velocity 

saturates at a few tenths of the ~lf6en velocity. The nonlinear phase 

is characterized by convection around these essentially fixed vortex 

cells. For example, the initially centrally peaked temperature profile 

is convected out and around to form an annulus of high temperature 

surrounding a small region of lower temperature. Weak, centrally 

localized instabilities do not alter the edge of the plasma. Strong, 

large-scale instabilities, resulting from a stronger longitudinal equi- 

librium current, drive the plasma against the wall. After three examples 

of instability are analyzed in detail, the numerical methods and their 

verification are discussed. 



. . . . .  . . .  . .  . . .  . _ . .  , . >  . :: :.I. . INTRODUCT.ION -. .. :' :.: , . . . . . ,  ; , . .  
. . 

. . . . .  . . . .  . . .  - . . , , . . , . . . . . .  . . . . .  : . . _ ,  . .-.. . .  .. . . . . . . :  ! ' .  .. . * . . .  .: .a  j ' ;  

. . Over the past .,f ew years we rave dev,e.loped . ,.. . . . .  :a series pf computer., . . . . .  . . .  . . .  

., co.des [l-12],.designed,,to investigate..large-scale . . .  ,. . interna1,instabilities . . 
< .  

by solving the. ideal . . .  MHD..equat,ions as an initial, boundary-value problem. . . . .  .., . , . - . , . I  . i 

Starting with an unstable equilibrium and an arbitrary initial pertur- 

bation, the ,pr.imi . . tive . . .variables. . ,. (velo,c&ty -.. . ,,. magnetic field , -.pressure, and . . . . . . .  

density) a,re ,, advanced . . .  in t.ime; uptil . :the ,, fast,est . growing, . . .  instability . . : ;  . . . . . .  . ,  . . .. , . 
dominates over all. o,ther moti,on,,.>,,The nonlinear,evolution of, the insta- 

.: . . . . . . .  . . . . 

. . . . . .  ... . bi.lity ,is then followed ,on ..a. three-dimensional. grid until the plasma has . . , .. . . . . . . . . . . . . . .  . : . *  . . ,  . . <  . . : 

convectedconsiderab1y and the .poloidal velocity,,field ... saturates. ... , In . . .  ' ,  : . . . . . . .  . . . . .  . :  
' . .  

this paper, the results of three examples and,,:the verification . . .  of the . . . . , ,  " . . . . . ,,. . . ' .  

numerical methods will be analyzed in detail. 

This work is motivated by the fact that large-scale instabilities 

are observed in all tokamaks [13,14]. Some level of unstable activity 

is observed even during the normal operation of most tokamaks, as is 

evidenced by the fact that fluctuations are routinely observed 'in the 

poloidal magnetic field [15,16,17] and in soft x-rays [18,19]. Tokamaks 

operating at such a low level of current density that they appear to be 

completely free of instabilities [14] are less interesting candidates 

for thermonuclear fusion than tokamaks with some level of unstable 

activity. The experimental evidence indicates that some helical struc- 

tures, associated with large-scale instabilities, saturate at such a low 

amplitude that they enhance transport, alter the profile, or have hardly 

any effect at 311. However, when t h e  current and mass density are 

varied beyond a limited range, a disruptive instability appears suddenly 

and unpredictably [13,20], from which the 'plasma may or may not recover. 

Given the dominant role which instabilities play in tokamaks, it is more 

useful to study the effects of instabilities when they exist than to 

continue the search for completely stable equilibria. 

Sawtooth oscillations observed with the soft x-ray diagnostic occur 

under conditions for which an ideal MHD m = 1 instability may be ex- 

pected. The resistive form of the m = 1 instability has been studied by 

Waddell et al. [21] in the limit of zero beta. The present paper is 

devoted to the complementary problem of the ideal MHD m = 1 instability 



with  f f n i t e . b a t a .  We have inves t iga ted  these  i n s t a b i l i t i e s  f o r  a  

v a r i e t y  of equi l ibr ium p r o f i l e s  and shapes [l-121. I n  t h i s  paper, th ree  

examples w i l l  b e  s tudfed i-IT d 'e ta i l  i n  order  t o  represent  our t y p i c a l  

r e s u l t s .  The equi l ibr ium f o r  these  th ree  examples is  c h a r a c t e r i z e d b y  a  

s i n u s o i d a l l y  peaked cur ren t  p r o f i l e ,  high b e t a ,  and s t r a i g h t  c y l i n d r i c a l  

geometry. 
' 

~ h e ' b a s i c  f e a t u r e s  of t h e  model and computational method a r e  

descr ibed kn Section 2.  The equil ibrium used f o r  the  examples i n  t h i s  
. .  . . . 
paper is ' described. is Sect ion  3 followed by a  review of the  l i n e a r  

. . 

i n s t a b i l i t y  r e s u l t s  i n  Sect ion  4 *  Three examples of nonlinear  i n s t a b i l i t y  

evo lu t ion  a r e  analyzed i n  Section 5. The numerical methods and v e r i f i -  

c a t i o n ' t e s t s  a r e  g5ven i n  Section 6. 



2 .  MODEL 

. '  
We have s imulated t h e  non l inea r  evo lu t ion  of MHD i n s t a b i l i t i e s  by 

s o l v i n g  t h e  i d e a l  MHD equat ions  a s  an  i n i t i a l  boundary-value problem. 

The equa t ions  a r e  advanced, i n  t i m e  by u s ing  an e x p l i c i t  l e ap f rog  d i f f e r -  

ence scheme on a  3-D r ec t angu la r  C a r t e s i a n  g r i d .  S t a r t i n g  wi th  an 
... . .  , ,  . 

u n s t a b l e  equilib;ium' and'adding a  small p e r t u r b a t i o n  ( & u a l i y  t h e ' e i g e n -  
. . . .  

func t ion  cdirekponding t o  t h e  . f a s t e s t  grbwing l i n e a r  i n s t i b i l i f  ob ta ined  

from a  l i n e a r  code) we fb1low'-'the ' evo lu t ion  of the.  p r i & i t i v e ' v ~ ~ i 8 6 l e s  
. . . .  . : . 

( v e l o c i t y .  v ,  magnetic f i e l d  B:, p resshr i : '  p , ' and d e n s i t y  p) . ' fb r  '& long a s  

t h e  numerical  prokedui-e: i s  ' & l i a b l e .  F O ~  a  g iven  e q u i l i 6 r i u k ,  tf e  

r e s u l t s  fo l low a  c o n s i s t e n t  p a t t e r n  r e g a r d l e s s  of t h e  i n i t i a l  per turba-  

t i o n ,  provided t h e  p e r t u r b a t i o n  i s  s u f f i c i e n t l y  smal l .  .. 

The i d e a l  MHD equa t ions  a r e  w r i t t e n  i n  an almost conse rva t ive  form 

.> . . . . . .  i n  C a r t e s i a n .  coord,inat,es : r .  ; , . , .. .. . . :. : . .  , . 
2 .  ... f .. - . , *  . .:. 

. . .  . - , ,<! . .  , : , .  , .: . . 
; 

These :equa t ions  apply throughout t h e  domain - t h e r e  is . .no vacuum reg%on. 

The .boundarL. cond i t i ons  are. .chosen. t o  i s o l a t e  the.  system by g l o b a l l y ,  

. * conser'ving, energy', magnet.ic flaxes. , . :  and t o , t a l .  mass. The, . condi t ions  .used 
: .. 

a t  t h e  wa l l s .  a r e :  . . .  ._ . . . . . . -  . . . .  . .  . . . " .  



These cond i t i ons  a r e  c o n s i s t e n t  wi th  t h e  f i n i t e  d i f f e r e n c e  form of t h e  

equa t ions  used. The v a r i a b l e s  v  -11 , 91 ' and p a r e  t ime advanced on t h e  

boundary i n  a  way which w i l l  be d iscussed  i n  Sec t ion  6 .  

Equat ion (2.4) could be r e w r i t t e n  i n  conserva t ive  form by r ep l ac ing  

it w i t h  an  equa t ion  f o r  t h e  evo lu t ion  of  t h e  energy d e n s i t y :  

The k i n e t i c  and magnetic energy may be  e l imina ted  whenever p  i s  needed. 

Equat ion (2.4) w a s  used i n s t e a d  because i t  is simpler  and i t  avoids  

round-off e r r o r  ( t h e  smal l  d i f f e r e n c e  between l a r g e  numbers) when t h e  

k i n e t i c  o r  magnetic energy i s  much l a r g e r  than  t h e  p re s su re .  Severa l  

rearrangements  of  Eq. (2.4) were t r i e d  and had no n o t i c e a b l e  e f f e c t  on 

t h e  r e s u l t s .  

The equa t ions  a r e  w r i t t e n  i n  dimensionless  form by normalizing 

1 )  a l l  l e n g t h s  by t h e  minor r a d i u s  a ,  

2) d e n s i t y  by t h e  i n i t i a l  d e n s i t y  a t  t h e  magnetic a x i s  p o ' 
3) magnetic f i e l d s  by t h e  i n i t i a l  l o n g i t u d i n a l  vacuum magnetic 

f i e l d  a t  t h e  c e n t e r  of t h e  domain, BTo. 

These t h r e e  normal iza t ion  parameters  ( a ,  po, B ) a r e  then  used t o  
To 3 d e f i n e  r e f e r e n c e  v a l u e s  f o r  t h e  AlfGen v e l o c i t y ,  vAo E BTo/(4?po) ; 

- - 2/6n  = v~~~~~ (not  rc l ,n ted  t.o t h e  central, pl.asma p r e w u r e ,  Po - BTo 
- 

p r e s s u r e )  ; t ime, to = a/vAo; c u r r e n t  d e n s i t y ,  Jo cBTo/4na; and e l e c t r i c  

f i e l d  Eo E v  B / c ,  u s ing  Gaussian u n i t s  here .  For example, t h e  con- Ao To 
v e r s i o n  of growth r a t e  and c u r r e n t  d e n s i t y  t o  p r a c t i c a l  u n i t s  is  given 

b Y 



. . 

where:m is the ion mass, m is the.proton mass, and n is the ion number i. P 
I density. 

. Wh.en using the MHD codes, our standard procedure is to first pre- 

,pare an equilibrium, then find the fast-est growing instability using the 

linearized MHD equations, and finally follow th.e evolution of the 

instability.using the nonlinear MHD equations. We could dispense with 

the step of,finding an instability from the linearized equations and . . .  
simply use an arbitrary initial perturbation added to, the equilibrium. 

We ,could also dispense with the preparation of an equilibrium,and start 

the nonlinear evolution with an arbitrary plasma . . state. 
. . 

. We start with the ,sum of an equilibrium and an eigenfunction of the 

linearized equations for several rqasons: . . . . 
: 

, 1) The eigenfunctions of the linearized equations are unique and 

independent of the initial perturbation. Hence, for any given equilib- 

rium, we are assured of a unique nonlinear evolution if we start with a 

perturbation which is initially so small that it evolves accordit~g to 

the linearized equations long enough for the,fastest growing eigenfunc- 

.tion to dominate over all other motion. If this procedure is to be 

followed, it is economically advantageous to use the linearized equations 

to determine the fastest growing eigenfunction. 

2) We routinely check the nonlinear code by comparing the evolution 
I .  I 

at.smal1 . . levels of the perturbation against the growth rates and eigen- 

functions . . obtained from the linearized code., In order to minimize any 

initial transient, the difference.schemes used in t.he codes have been 

.made identi.ca1. It has been found that even when the equilibrium . , is not 

perfect or the codes are not identical, t.he growth rate and £0- of the 

eigenfunction agree to within several percent of the linear results. 



3) Our i n t u i t i o n  i s  based upon t h e  l i n e a r  r e s u l t s .  We f e e l  i t  

would be  more u s e f u l  t o  ex tend  t h i s  body of knowledge i n t o  t h e  realm of 

non l inea r  e v o l u t i o n  than  t o  develop a  new and s e p a r a t e  s e t  of observa- 

t i o n s  based on t h e  n o n l i n e a r  evo lu t ion  of a r b i t r a r y  f i n i t e  per turb i i t ions .  

A p o s s i b l e  d isadvantage  of always s t a r t i n g  wi th  t h e  f a s t e s t  growing 

e igen func t ion  of t h e  l i n e a r i z e d  equat ions  i s  t h a t  we might m i s s  those  

n o n l i n e a r  e f f e c t s  which depend upon t h e  coupling of two o r  more eigen- 

f u n c t i o n s  o r  upon p e r t u r b a t i o n s  which cannot be represented  a s  t he  sum 

of t hose  e igen func t ions  which a r e  a v a i l a b l e  t o  us  (on t h e  g r i d  we u s e ) .  

I n  answer t o  t h e s e  o b j e c t i o n s ,  we have t r i e d  some computer runs wi th  

b i z a r r e  i n i t i a l  p e r t u r b a t i o n s  which e x c i t e d  a  v a r i e t y  of MHD o s c i l l a t i o n s .  

During t h e  non l inea r  e v o l u t i o n ,  we observed t h a t  t h e  f a s t e s t  growing 

i n s t a b i l i t y  always enierges from t h e  background motion be fo re  t h e  t y p i c a l  

non l inea r  e f f e c t s  t a k e  p l ace .  This  happens even wi th  unusual ly l a r g e  

i n t r i a l  perrurbar ' ions.  

W e  have chosen t o  advance t h e  equat ions  i n  t ime by us ing  an e x p l i c i t  

l e a p f r o g  f i n i t e  d i f f ' e r ence  scheme [22,23] on a  3-D Car t e s i an  g r i d  because 

. i t  is  t h e  s i m p l e s t  numerical  method wi th  second-order accuracy.  The 

numer ica l  i n s t a b i l i t y  cha rac t e r i zed  by g r i d  s e p a r a t i o n  does no t  appear 

a s  long a s  t h e  v a r i a b l e s  a r e  growing i n  time. This  w i l l  be  d iscussed  

f u r t h e r  .in Sectian 5 ,  

We must avoid e q u i l i b r i a  wi th  va lues  o£ be t a  lower than  a  few 

pe rcen t  f o r  t h r e e  reasons  : 

1 )  ~ o w ' b e t a  i n s t a b i l i t i e s  tend t o  be  s p a t i a l l y  d iscont inuous  o r  

l o c a l i z e d .  For example, t h e  r a d i a l  v e l o c i t y  f o r  t h e  m = 1 i n t e r n a l  kink 

mode i n  a  c i r c u l a r  c y l i n d e r  looks l i k e  a  s t e p  func t ion  a t  t h e  r a d i u s  of 

t h e  mode-rational s u r f a c e  and the  m 2 2 modes a r e  l o c a l i z e d  nea r  t h e  

rzjidii' of t h e i r  r e s p e c t i v e  mode-rational s u r f a c e s  i n  t h e  l i m i t  of very  

low b e t a  and cond i t i ons  nea r  marginal  s t a b i l i t y  [24] .  With h igh  b e t a  

and f i n i t e  growth r a t e s ,  t h e  i n s t a b i l i t i e s  are smoother and broader  and 

t h e r e f o r e  b e t t e r  approximated by a  d i s c r e t e  g r i d .  

2) Low b e t a  i n t e r n a l  i n s t a b i l i t i e s  grow very  s lowly on t h e  AlfGen 

t r a n s i t  t ime s c a l e .  Hence t h e  lower t h e  b e t a ,  t h e  longer  our  code would 

need t o  run  i n  o r d e r  t o  fo l low an i n s t a b i l i t y  f o r  s e v e r a l  e-folding 

t imes .  



3) Finally, low beta instabilities are driven by a small difference 

between large forces. Not. only would they take longer to ... grow, but-they 
. . . . . . ,  . 

' . 
would need . ,  more . .  numerical accuracy . %  . to approximate. 

. . .  . . . , .. 



. . . . 3 .  EQUILIBRIUM 

A wide v a r i e t y  of equ i l i b r ium shapes and p r o f i l e s  has  been inves-  

t i g a t e d  w i t h  bo th  t h e  l i n e a r  and non l inea r  MHD i n s t a b i l i t y  codes.  -. 
However, a s t anda rd  a n a l y t i c  equ i l i b r ium w i l l  be  used f o r  t h e  t h r e e  

examples cons idered  i n  t h i s  paper .  

The s t a t i c  e q u i l i b r i u m  f i l l i n g  a  s t r a i g h t  c y l i n d e r  wi th  square  

c r o s s  s e c t i o n  (F ig .  1 )  i s  s p e c i f i e d  by 

p'($) = Jc 0/$, = - 'J2$ 

BT (x,Y) = 1' 

where $ is  t h e  s t r eam f u n c t i o n ,  p r o p o r t i o n a l  t o  p o l o i d a l  f l u x ,  from 

which t h e  p o l o i d a l  magnet ic  f i e l d  i s  determined such t h a t  

and where 9 and Jc a r e  t h e  c e n t r a l  v a l u e  of $ and t h e  l o n g i t u d i n a l  
C 

c u r r e n t  d e n s i t y  (a long  2).  The w a l l  i s  a  f l u x  s u r f a c e  on which $ = 0 

and p  = 0. There a r e  no  p o l o i d a l  c u r r e n t s  (8poloidal = 1 ) .  

The a n a l y t i c  s o l u t i o n  f o r  t h i s  equ i l i b r ium i s  given by 

where a and b  a r e  t h e  ha l f -wid th  and ha l f -he igh t  of t h e  r e c t a n g u l a r  

w a l l s  ( a  = b  = 1 here )  and 



The c u r r e n t  p r o f i l e ,  J T ( x ,  y) = Jc ' $ 1 ~ ~ ~  i s  e s s e n t i a l l y  pa rabo l i c .  

A l o n g i t u d i n a l  p e r i o d i c i t y  l eng th  i s  s p e c i f i e d  f o r  t h e  c y l i n d e r  i n  

t h e  3-D nonl inear . , code  . . .  matching t h e  wavelength , . .  of t h e  l i n e a r  i n s t a b i l i t y  

used a s  t h e  i n i t i a l  p e r t u r b a t i o n .  The product  form of t h e  terms i n  t h e  

non l inea r  equa t ions  a s s u r e s  t h a t  on ly  subharmonics of t h i s  wavelength 

w i l l  b e  genera ted  (nk, n  = 0 ,  1, 2 ,  ... where k  i s  t h e  wavenumber of t h e  

i n i t i a l  p e r t u r b a t i o n )  s o  t h a t  p e r i o d i c  end c o n d i t i o n s  .remain c o n s i s t e n t .  

The q-value pe r  u n i t  wavelength a t  t h e  magnetic a x i s  i s  g iven  

by [ 2 4 1  
. . .  . . . .  . . . . .  

. . . . . . . . , a .: 

where X i s  - ' the  wavelen&h div'ided b$ 2* (3 = l / k )  : . When the '  f 'luk 
. . .  .. ' : . . . . . . 

s u r f a c e s  a t  t h e  magnetic a x i s  i r e . i i r c i i l i t r ,  t h i s  reduces t b  , 

. . . . .  . . . .  . . . . . . . . . . . .  

The q-value a t  t h e  edge i s  i n f i n i t e  because t h e  p o l o i d a l  magnetic f i e l d  

h a s  s t a g n a t i o n  p o i n t s  i n  t h e  co rne r s  of t h e  r e c t a n g u l a r  w a l l s .  P l o t s  of 

q-value a s  a  f u n c t i o n  of t h e  r a d i u s  a long t h e  midplane of t h e  cy l inde r  

c r o s s  s e c t i o n  a r e  shown i n  F ig .  2  f o r  t h e  t h r e e  ca se s  t o  be  s t u d i e d  i n  

t h i s  paper .  The q-value a t  an  a r b i t r a r y  p o i n t  i s  given by 

where K i s  a  complete e l l i p t i c  i n t e g r a l  of t h e  f i r s t  kind [ 2 6 ] .  

The maximum va lue  of b e t a ,  u s ing  t h e  d e f i n i t i o n  



is the value at the center given by 

For comparison with experiments, it is useful to quote the average 

toroidal beta 

< P >  
6 . 2 :  Pmax = & -  
ave 2 
. . % BTc B$c 

which is roughly a quarter of Bmax for this equilibrium in the low-8 
limit. 

: A short cylinder, % = 1, and low central q-values, nqc = 0.6, 0.95, 

and 1.6, are used for the results presented in this,paper. See Table 1 

for a full list of conditions. The nonlinear instability code produces 

the most accurate and reliable results under these conditions of high 8 

short wavelength and broad current profile. Only qualitative agreement 

can be expected with tokamak or shock heated experiments. Results for 

longer wavelengths, lower 8, more peaked profiles, Bpoloidal # 1, and 
different geometries will be presented in future reports. 
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: . . . . . . . . . . .  . . . . . . . . 
. . \ ' !  

What fo'llows i s  a  b r i e f '  review of t h e  r e s u l t s  ' f o r  l i n e a r  f  i x e d l " '  
. . . .  . . . . I . . . .  

' ( .  
. . 

, ..-.. 
bo;ndary i n s t a b i l i t i e s  i n  . . .  a s t r a i g h t  cy l inde r  [ I ] .  ' 

. . .  . . .  . . . . . . . . .  . . . ., * 

These i n s t a b i l i t i e s  a r e  cha rac t e r i zed  by p a i r s  of b e l o c i t y  vo r t ex  . . .  . ~ . . . , . . ,  . . 
. . 

, . $ . .  - .  , . , 
, . 0 7  . . 

c e l l s  r o l l i n g  o f f  each o the r  . . .  and h e l i c a l l y  t w i s t e d  down t h e  cy l inde r .  
. . . . 

The, number .of v o r t e x  c e l l s  ... arranged az imutha l ly  around t h e  magnetic a x i s  
. . . .  . . . . . . . . . . I  . . . 

( t h e  azimuthal  . . mode number . :  m) depends upon t h e  equi l ibr ium parameters 
I: 

and t h e  wavelength a long  t h e  cy l inde r .  . I n  t h e  case  of a  c i r c u l a r  cyl- 
. . .  . . , . . . . . ., . 

i n d e r ,  i t  i s  a  theorem [ 2 7 ] '  t h a t  modes wi th  two o r  yore  v o r t i c e s  a r -  
. :.. ... , ,  , . .'. . 

ranged r a d i a l l y  from t h e  magnetic a x i s  always grow more slowly' than  the  . . . . .  , ,. . . . , : .  
mode. wi th  o n l y o n e  r - ad i a l  v o r t e x  . . . .  c e l l  f o r  any given azimuthal  mode - ' 

. . , . . - .  

number. We have obseryed only  the  f a s t e s t  growing modes i n  t he  square . . . .  . . . . . , . . .  
cy l inde r  and each of t h e  modes observed has  only  one r a d i a l  v o r t e x  c e l l .  

. . .  . . 

The , s p a t i a l  e x t e n t  of t h e  v e l o c i t y '  p a t t e r n  depends upon t h e  breadth  
. . 

of t h e  p r o f i l e  and . t h e  s t r e n g t h  of t h e  i n s t a b i l i t y .    or c e n t r a l l y  

peaked c u r r e n t  p r o f i l e s ,  t h e  i n s t a b i l i t y  concen t r a t e s  near  t h e  magnetic 

a x i s  a s  t h e  c u r r e n t  is  reduced t o  t h e  low-current marginal  po in t  and i t  

concen t r a t e s  near  t h e  w a l l  a s  t h e  c u r r e n t  i s  increased  t o  t h e  high- 

c u r r e n t  marginal  p o i n t .  Roughly speaking,  t h e  i n s t a b i l i t y  is  s t r o n g e s t  

i n s i d e  and near  t h e  mode r a t i o n a l  su r f ace .  Between t h e  marginal  p o i n t s  

and near  t h e  maximum growth r a t e ,  t h e  i n s t a b i l i t y  has  a  broad s p a t i a l  

e x t e n t  completely f i l l i n g  t h e  cy l inde r  and t h e r e  i s  a  s t r o n g  l o n g i t u d i n a l  

v e l o c i t y  which i s  maximum a t  t h e  o u t e r  edges of t h e  vo r t ex  c e l l s .  This  

v e l o c i t y  i s  d r iven  by t h e  g r a d i e n t  of t h e  per turbed  p re s su re  p a r a l l e l  t o  

t h e  magnetic f i e l d  l i n e s  wherever t h e  h e l i c i t y  of a  l i n e  of cons tan t  

p re s su re  does n o t  match t h e  h e l i c i t y  of t h e  l o c a l  f i e l d  l i n e s .  

' The per turbed  p re s su re  responds t o  t h e  v e l o c i t y  f i e l d  by forming 

m-positive maxima and m-negative minima arranged az imutha l ly  around t h e  

magnetic a x i s  and h e l i c a l l y  tw i s t ed  down t h e  plasma column. 

The per turbed  magnetic f i e l d  and perturbed c u r r e n t  d e n s i t y  c o n s i s t  

of 2-m h e l i c a l l y  tw i s t ed  v o r t e x  c e l l s ,  wi th  reg ions  of l o n g i t u d i n a l  

component nea r  t h e  c e n t e r  of each v o r t e x  c e l l ,  +90/m0 and -90/m0 respec- 

t i v e l y ,  ou t  of phase wi th  t h e  v e l o c i t y  v o r t e x  c e l l s .  



Growth r a t e  curves  a s  a  func t ion  of c e n t r a l  q-value a r e  shown i n  

F i g .  3  f o r  t h e  m = 0 ,  1, 2 ,  and 3  modes wi th  wavelengths 1, 2 ,  and 3 i n  

u n i t s  of 2 r a .  Corresponding growth r a t e  curves f o r  a  c i r c u l a r  cy l inde r  

w i t h  p a r a b o l i c  c u r r e n t  d e n s i t y  a r e  a l s o  shown f o r  comparison. These 

c i r c u l a r  c y l i n d e r ' c u r v e s  were obta ined  from a  shoot ing  code s i m i l a r  t o  

t h o s e  used i n  Refs .  [27 and 281.. The remarkably c l o s e  agreement of t h e  

curves  i n d i c a t e s  t h a t  t h e  d e t a i l s  of t h e  geometry have l i t t l e  e f f e c t  on 

t h e s e  l a rge - sca l e  i n s t a b i l i t i e s .  The f a c t  t h a t  t h e  curves d i f f e r  a t  t h e  

low-current (h igh  q-value) marginal  p o i n t s  i s  probably i n d i c a t i v e  of t h e  

inaccuracy  df t h e  i n i t i a l - v a l u e  code ( t h e  one used f o r  t h e  square  

c y l i n d e r )  as t h e  mode concen t r a t e s  nea r  t h e  magnetic a x i s . '  This i s  

e s p e c i a l l y  t r u e  f o r  t h e  h ighe r  mode numbers. I n  F i g .  3 ,  arrows po in t  t o  

t h e  t h r e e  cases  whose non l inea r  behavior  i s  s t u d i e d  i n  t h i s  paper.  The 

l i n e a r '  growth r a t e s  f o r  t h e s e  t h r e e  cases  ag ree  w e l l  w i th  t h e  circu1a.r 

c y l i n d e r  r e s u l t s .  



5. NONLINEAR RESULTS 

. . .  . .  . . .  .... . . .  . . 

. .  .We f i n d  t h a t -  t h e  nonl inear  evo lu t ion  of l a rge - sca l e  i n t e r n a l  
. . . .. 

i n s t a b i l i t i e s  i s  c h a r a c t e r i z e d  b y  :convection around e s $ e n t i a l l y [  f i xed  

v e l o c i t y  v o r t e x  c e l l s .  The p o l o i d a l  v e l o c i t y  f i e l d  e s t a b l i s h e d  by t h e  
. . . . 

l i n e a r  i n s t a b i l i t y  cont inues  t o  grow long i n t o  t h e  nonl inear  phase :' 

without  apprec iab ly  changing s t r u c t u r e  o r  wandering. The form of the. 

l i n e a r  i n s t a b i l i t y  i s  i n d i c a t i v e  of t h e  non l inea r  behavior., i n  th.is 
. . 

sense .  The e f f e c t s  of convect ion can then  be  seen  i n  t h e  evo lu t ion  of 

temperature,  p re s su re , , . dens i ty ,  magnetic f i e l d ,  and cu r ren t  d e n s i t y .  

Compression and o t h e r  d r i v i n g  terms a l s o  c o n t r i b u t e  t o  t h e  evo lu t ion .o f  

t hese  q u a n t i t i e s . .  . .  , I n  . each case,,  t h e  phys i ca l  quan t i . t i e s  grow exponen-, 

t i a l l y  a t  f i r s t ,  c o n s i s t e n t  wi th  t h e  l i n e a r  MHD r e s u l t s .  A s  t h e  maximum 

p.oloida1 v e l o c i t i e s  grow t o  a  few t e n t h s  of t h e  d l f ~ e n  v e l o c i t y  and: 
' 

apprec i ab le  convect ion occurs ,  t h e  growth r a t e s  decrease  t o  zero  and t h e  . . . . . . .  , .  ., -, 

i n s t a b i l i t y  appears  t o  s a t u r a t e . '  

It is  u s e f u l  t o  draw a  d i s t i n c t i o n  between instabilities.whi.ch-.are 

concent ra ted  near . . the c e n t e r  of ' : the plasma and those  which extend over 

most ,of  t h e  c r o s s  s e c t i o n .  The e x t e n t  of t h e  po lo ida l  v e l o c i t y  f i e l d  is  
.. . . 

a  good i n d i c a t o r  of t h i s  l o c a l i z a t i o n .  Under condi t ions  where t h e  
, . 

i d s t a b i l i t y  is cexit;ally l o c a l i z e d ,  i . e .  , cond i t i ons  near  ' t he  16"- 
. . . -  .. 

c u r r e n t  . .  , marginal  point, ,  ' t h e  r e 4 ~ l t i . n ~ '  n ~ n l i n e a r ' c o n ~ e c t i o n  . . , . . i s  . a l s o  . , . 

c e n t r a l l y  l o c a l i z e d  l eav ing  t h e  edge of t h e  plasma e s s e n t i a l l y  untouched. 

Extreme cases  of l o c a l i z a t i o n  a r e  d i f f i c u l t  t o  s imu la t e  a c c u r a t e l y  

because a  f i n e  gr id  i s  needed t o  suppor t  t h e  d e t a i l .  A.mi ld ly  l o c a l i z e d  

m = 1 i n s t a b i l i t y ,  f o r  which t h e  c e n t r a l  q-value is  0.95, i s  i l l u s t r a t e d  

by t h e  t i m e  sequences i n  Fig.  4 corresponding t o  Case I i n  Table 1. 

An i n s t a b i l i t y  wi th  broad s p a t i a l  e x t e n t  d r i v e s  t h e  plasma i n t o  t h e  

wa l l .  Nothing a c t u a l l y  passes  through t h e  w a l l  i n  t h i s  model bu t  t he  

h o t  co re  of t h e  plasma i s  squeezed up s o  c l o s e  t o  t h e  w a l l  t h a t  t r a n s p o r t  

e f f e c t s ,  which a r e  not  included i n  t he  MHD model, a r e  l i k e l y  t o  be 

l a r g e .  An example of a  broad m = 1 i n s t a b i l i t y  l ead ing  up t o  t h i s  

s t a t e ,  f o r  which t h e  c e n t r a l  equ i l i b r ium q-value i s  0 .6 ,  i s  i l l u s t r a t e d  

by t h e  time sequences i n  Fig.  5 ,  corresponding t o  Case I1 i n  Table 1. 



Table 1 

case  I" Case I1 Case T T T  

nq c e n t r a l  

6 = <P>/%B$~  
ave 

Po lo ida l  saturat ion  v e l o c i t y  0 .14  >0 .5  
- .  0.095 

Radius of mode-rational 
surf  ace  0.29 0 . 8  0.57 

Radius of  vortex  center 0 .29  0 .51  0.29 (d) 

Radius where 

v = k  
Y vy max 

Radius of  piax 
1 Radius of BTOR max 0 .29 0.46 0.38 

a For a l l  c a s e s ,  ka = 1. Grid i s  27 x 27 x 16 including polo idal  ghost po in t s .  



. . 
'  he non l inea r  consequences 'of' an m '= 2'  i n s t a b i l i t y  a r e  i l l u s t r a t e d  

i n  F ig .  6 ,  corresponding t o  case 111 i n  Table  1. ' A f i n e  g r i d  i$ needed 
. . i  ' 

t o  suppor t  t h e  d e t a i l e d  s t r u c t u r e  of an m = 2 i n s t a b i l i t y .  The grounds 
. . . . . . 

f o r  conf i d e b c e  i n  t h e  p a r t i c u l a r  ix imple  chosen (nqc = 1.6)  ' a r e  op t ima i  

i n  t h e  sense  t h a t  t h e  square  c y l i n d e r  growth r a t e  agrees  very  w e l l  wi th  . . 

t h e  c i r c u l a r  c y l i n d e r  r e s u l t  ( s e e  F ig .  3) and t h e  s t r u c t u r e  i s  moderately 

broad ,  i n  a d d i t i o n  t o  t h e  £ a c t  t h a t  much t h e  same behabior  i s  observed 
, : .  

when a  d i f f e r e n t  g r i d  i s  used ( e .g . ,  24 x '  2 4  x 20 r a t h e r  than 27 x 
. , .< 

27' x 1 6 ) .  ' 

. , . ,. 
~ e l e v a n t '  p a r a h e t e r s  f o r  a l l  t h r e e  ca se s  a r e  presen ted  i d  Table  1. 

. .  . 
~ o t e  t h a t  t h e  va lues  of b e t a  and c u r r e n t  d e n s i t y  a r e  h igh  because a '  

s h o r t  waveieigth i s  being used (A = 2na);  The l a s t  f o u r  r a d i i  given i n  . , 

t h e  t a b l e '  c h a r a c t e r i z e  t h e  s p a t i a l  e x t e n t  of t h e  i n s t a b i l i t y .  p e r t u r -  

b a t i o n  q u i n t i t i k s . a r e  i n d i c a t e d  by t h e  s u p e r s c r i p t  1 whi le  equ i l i b r ium 

q u a n t i t i e s  a r e  i n d i c a t e d  by t h e  s u p e r s c r i p t  0 .  
. . . . 

Figu re s  4 ,  5 ,  and 6 show t i m e  seque&s f o r  a  c r o s s  s e c t i o n  of 

v e l o c i t y ,  p r e s i u i e ,  per turbed  magnetic f i e l d  ( B  - BO) , p i r t u r b e d  polo ' idal  
. . - .  

c u r r e n t  d e n s i t y  [ ( J  - J,O)pol], ' r a t e  of 'change o f  v e l o c i t y  ( a v l a t ) ,  . ' 

divergence  0.f v e l o c i t y  ( V  v )  , longi t ;dinal  c u r r e n t  d e n s i t y  ( J ; )  , a i d  
, . 

% .  
. . 

mass d e n s i t y  ( p )  . ' Each frame represe* ts  a  snapshot  f  o r - ' t h e  t ime given 
,. . 

a t  t h e  t o p  of each i l l u s t r a i i o n  ( i n ' u n i t s  of ' t he  r e f e r e n c e  ~ l f ~ e n  

t ime) .  The s t r u c t u r e  shown i n  t h e s e  p l o t s  i s  h e l i c a l l y  tw i s t ed  down t h e  

c y l i n d e r  % .  ' i n  t h e  sense of a right-haxided screw a long  t h d p o s i t i v e  z-axis 

(ou t  of t h e  page) . ' For t h e  = 1 modes, t h e  p l o t s  should be  tu rned  9b0 
. . 

countercfockwise fo r '  a repre'seiltaefon s f  each succes s ive  huarter-wave- 

l e n g t h  c r o s s  s e c t i o n .  For th6  h = 2 mode, they should be  tu rned  90° 
- . .  . 

countercldckwikk f o r  each h a i f  -wavelength c r o s s  s e c t i o n .  ' TO'  a  good 

approximation,  any ' s t r u c t u r e  nea r  t h e  c e n t e r  can be  r o t a t e d  cont inuous ly  

t o  o b t a i n  i n t e rmed ia t e  c r o s s  s e c t i o n s .  
. . 

See ~ p p e n d i x  I: f o r  t h e  in format ion  needed ' to  i n t e r p r e t  t h e s e  contour  
. . . .  . 

p l o t s  and arrow p l o t s .  

I n  a l l  t h r e e  c a s e s  i t  i s  c l e a r  t h a t  t h e  evo lu t ion  of t h e  p r e s s u r e  

contours  i s  dominated by convec t ion  around t h e  v e l o c i t y  v o r t e x  p a t t e r n s .  
. . 

The e i f e c t s '  of convect ion a r e  a l s o  ev iden t  a s  t h e  s t r u c t u r e  of t h e  



pe r tu rbed  magnetic f i e l d  and c u r r e n t  d e n s i t y  evolve i n  time whi le  t h e i r  

magnitudes grow e x p o n e n t i a l l y .  The p o l o i d a l  v e l o c i t y  cont inues  t o  grow 

i n  magnitude bu t  t h e  s t r u c t u r e  and t h e  p o s i t i o n  of t h e  vo r t ex  c e l l s  do 

n o t  change apprec i ab ly  u n t i l  a  cons iderable  amount of convect ion has  

occurred .  

S ince  t h e  s p a t i a l  form of t he  p o l o i d a l  v e l o c i t y  f i e l d  does no t  

change s u b s t a n t i a l l y  dur ing  most of t h e  evo lu t ion ,  i t  i s  u s e f u l  t o  

measure t h e  magnitude of t h e  p o l o i d a l  v e l o c i t y  a t  a  f i x e d  p o i n t  i n  

space .  F igures  7 ,  8 ,  and 9 show log - l inea r  p l o t s  of t h e  maximum value  

of v a long  the  v e r t i c a l  midplane a s  a  func t ion  of time f o r  t h e  t h r e e  
Y 

c a s e s  under  cons ide ra t ion .  Also shown a r e  p l o t s  of t h e  k i n e t i c  energy 

i n t e g r a t e d  over t h e  t o t a l  volume and t h e  decrement i n  t h e  t o t a l  energy 

( k i n e t i c  p l u s  magnetic p l u s  thermodynamic) a s  a  func t ion  of t ime. 

Arrows i n d i c a t e  t h e  i n s t a n t s  i n  t ime which a r e  i l l u s t r a t e d  i n  F igs .  4 ,  

5 ,  and 6 .  

I n  a l l  t h r e e  c a s e s ,  t h e  p o l o i d a l  v e l o c i t y  shows s i g n s  of s a t u r a t i n g  

a t  a  few t e n t h s  of t h e  r e f e r e n c e  ~ l f c e n  v e l o c i t y .  The s t r o n g e r  t h e  

i n s t a b i l i t y ,  t h e  l a r g e r  t h e  s a t u r a t i o n  v e l o c i t y .  The k i n e t i c  energy 

con t inues  t o  rise a f t e r  t h e  growth of t h e  p o l o i d a l  v e l o c i t y  has  s a t u r a t e d .  

Ev iden t ly  t h e  a d d i t i o n a l  k i n e t i c  energy comes from l o n g i t u d i n a l  v e l o c i t y  

which, i n  t u r n ,  appears  t o  b e  due t o  g r a d i e n t s  of p re s su re  which b u i l d  

up a long  magnecic f i e l d  l i n e s .  

The f a c t  t h a t  t h e  energy decrement, which i s  pure ly  a  numerical  

a r t i f a c t ,  i s  t y p i c a l l y  an  o r d e r  of ,  magnitude sma l l e r  than  t h e  k i n e t i c  

energy adds confidence t o  t h e  r e s u l t s .  Th i s  decrement is  s e v e r a l  o rde r s  

of magnitude sma l l e r  t han  t h e  t o t a l  energy. 

ReturaCag t o  P i g s .  4 ,  5 ,  and 6 ,  w e  no te  t h a t  t h e  maximum pres su re  

does  n o t  change d r a s t i c a l l y  dur ing  t h e  evo lu t ion .  However, t h e  e f f e c t s  

of l o c a l  compression and expansion (V v  # 0, which i s  shown i n  t h e  

s i x t h  row of each sequence) a r e  enough t o  change t h e  topology of t h e  

i s o b a r s ,  e s p e c i a l l y  when a  narrow r i d g e  forms. Thfs can be es t imated  by 

n o t i n g  t h a t  t h e  p r e s s u r e  ( o r  any q u a n t i t y )  i s  cons tan t  i n  a  f l u i d  element 

under t h e  e f f e c t  of convect ion a lone .  I t  i s  s u f f i c i e n t  t o  i n t e g r a t e  

V v  over  time t o  e s t i m a t e  t h e  change i n  magnitude due t o  expansion. 



More,than a 20% 'change, for~example,.would be expected for the bri'dge 

,connecting' the 'two p-ressur-e.maxima'in the last frame shown in Case I. 
. . (Fig'. 4). . . 

" - In order to.understand the evolution of the magnetic field as a 

whole, 'first consider the evolution of.the total perturbatton of* the 

magnetic field from equilibrium - B I  = B - BO. As shown in Figs. 4, 5, 

and 6, the.perturbed.magnetic field consists of pairs.of longitudinal: 

bundles each surrounded with a 'roughly..vortex-like.structure, oriented 

in the direction of the left-hand rule, all helically twisted down the 

cylinder. The perturbed current density has a corresponding vortex and 

bundle-like structure.' The perturbed.magnetic field grows in magnitude 

and convects. As a result, the total longitudinal fi'eld increases nea.r 

the center and'decreases near the edge. The net poloidal magnetic field 

profile is flattened at the mode rational surface, being increased . 

somewhat near the center.and decreased near the edge. The new poloidal 

.current is paramagnetic.while the additional longitudinal current is . 

d'iamagnetic riear the center. i ' -  

:For the purpose of. gaining physical intuition,.it is useful to . - .  

wrfte'Faradayls law in the following form 

. . 

(only the conservative form of this'equation is used in.the computer 

., code).. . The first. term .on the right represents convection and the third 

term gives the effect of compression or expansion. 

Consider'an m = 1 mode. The equation for the poloidal component 

(8:) at the center of the domain is 

The condition $JO > kBO at the center is just the condition q < 1. 
z Z 

Hence, B1 continues to grow with its original form until the nonlinear 

Lern~s beconle important. Of the three nonlincnr terms on the right of 



Eq:(5.25), t h e  convec t ion  term dominates over  t h e  compression term 

because t h e  per turbed  magnet ic  f i e l d  has  a  g r e a t  d e a l  of s p a t i a l  s t r u c -  

t u r e .  For t h e  second term on t h e  r i g h t  of Eq. (5.25) ,  we no te  t h a t  t h e  

t o t a l  magnetic f i e l d  does n o t  appear t o  change i n  s t r u c t u r e ;  i t s  com- 

ponents  change on ly  i n  magnitude. S ince  t h e  v e l o c i t y  f i e l d  a l s o  changes 

l i t t l e  i n  s t r u c t u r e ,  t h i s  term t akes  t h e  same form a s  t h e  l i n e a r  con- 

t r i b u t i o n s  t o  t h e  e v o l u t i o n  of B ~ .  However, s i n c e  the  magnitude B 
X 7 

i n c r e a s e s  a t  t h e  c e n t e r ,  t h e  growth of B: dec reases  and u l t i m a t e l y  re-  

v e r s e s  t h e r e .  

Now cons ide r  t h e  e f f e c t  of an  m = 1 mode on t h e  l o n g i t u d i n a l  

magnet ic  f i e l d  a t  t h e  c e n t e r .  The middle term i n  Eq. (5.25) makes no 

c o n t r i b u t i o n  [vZ(O,O) = 01,  b u t  compression tends t o  i n c r e a s e  BZ below 

t h e  c e n t e r  and convect ion  c a r r i e s  t h i s  i nc reased  l o n g i t u d i n a l  f i e l d  i n t o  

t h e  c e n t e r  of t h e  domain. 

Consider  now t h e  t ime r a t e  of change of t h e  v e l o c i t y  f i e l d  ( f i f t h  

row i n  F i g s .  4 ,  5 ,  and 6 ) .  This  i s  a  s e n s i t i v e  i n d i c a t o r  of changes i n  

t h e  v e l o c i t y  f i e l d .  It r e p r e s e n t s  t h e  a c c e l e r a t i o n  a t  f i x e d  p o i n t s  i n  

space .  S i g n i f i c a n t  changes t a k e  p l a c e  j u s t  be fo re  and a f t e r  t h e  l a s t  

frame shown i n  each  t ime sequence. The computer runs  cont inue  a f t e r  

t h i s  t ime b u t  t h e  r e s u l t s  a r e  l e s s  c e r t a i n  i n  t h e  sense  t h a t  f i ne - sca l e  

s t r u c t u r e  r a p i d l y  appears  (which might be a  numerical a r t i f a c t ) .  The 

l a r g e s t  component of t h i s  s t r u c t u r e  is  always l o n g i t u d i n a l .  

Moderately l a r g e  i n c r e a s e s  i n  l o n g i t u d i n a l  c u r r e n t  d e n s i t y  (seventh 

row i n  F igs .  4 ,  5 ,  and 6) r e f l e c t  t h e  growth of per turbed  p o l o i d a l  

magnet ic  f i e l d  components t o  va lues  comparable t o  t h e  p o l o i d a l  e q u i l i b -  

rium f i e l d s  but  w i t h  f i n e r  s t r u c t u r e .  

F i n a l l y ,  t h e  e v o l u t i o n  of t he  mass d e n s i t y  is  i l l u s t r a t e d  ( e igh th  

row i n  F igs .  4 ,  5 ,  and 6 ) .  A uniform equ i l i b r ium d e n s i t y  was used i n  

o r d c r  t o  ohow t h c  c v o l u t i o n  of n o c n l c r  f i e l d  dominatcd by comprcooion. 

Other  computer r u n s  have i n d i c a t e d  t h a t  a l l  t h e  o t h e r  r e s u l t s  a r e  

e s s e n t i a l l y  unaf fec ted  by t h e  choice of a  mi ld ly  peaked d e n s i t y  p r o f i l e .  



6.  NUMERICAL METHODS 

The computer code used i n  t h i s  r e p o r t  t ime advances t h e  v e l o c i t y ,  

magnetic f i e l d ,  d e n s i t y ,  and p re s su re  a t  each po in t  on a  3-D Car t e s i an  

g r i d  u s ing  an  Eu le r i an  e x p l i c i t  l e ap f rog  d i f f e r e n c e  scheme. The equa- 

t i o n s  a r e  w r i t t e n  i n  conserva t ive  form (except  f o r  t h e  p re s su re  equat ion ,  

a s  expla ined  i n  Sec t ion  2) and t h e  d e r i v a t i v e s  a r e  centered  i n  t ime and 

space t o  enhance convergence. A t  any g iven  p o i n t ,  t h e  v a r i a b l e s  a r e  

known a t  one i n s t a n t  i n  t ime,  b u t  t h a t  t ime i s  d i f f e r e n t  by ha l f  a  

t imes tep  between ad jacent  g r i d  p o i n t s .  I n  p r i n c i p l e ,  t h e  evo lu t ion  i s  

followed u n t i l  t h e  e f f e c t s  under cons ide ra t ion  have run t h e i r  course .  

I n  p r a c t i c e ,  t h e  t imes tep  i s  c a l c u l a t e d  f o r  each s t e p  of t h e  i t e r a t i o n  

and t h e  evo lu t ion  must be terminated when t h e  t imes tep  begins t o  change 

no t i ceab ly .  A s imple l eap f rog  scheme wi thout  added d i f f u s i o n  i s  s u i t a b l e  

whi le  t h e  v a r i a b l e s  a r e  growing i n  t ime,  b u t  i t  breaks down (due t o  g r i d  

s epa ra t ion )  when t h e  v a r i a b l e s  s t a r t  t o  decay. 

The d i f f e r e n c e  scheme i n  t h e  l i n e a r  MHD code, which i s  used t o  

prepare  t h e  e igenfunct ion  p e r t u r b a t i o n  t o  i n i t i a l i z e  t h e  non l inea r  code, 

is  almost i d e n t i c a l  t o  t h e  d i f f e r e n c e  scheme i n  t h e  non l inea r  code. The 

v a r i a b l e s  i n  t h e  l i n e a r  code r ep re sen t  one Four i e r  harmonic along t h e  

ignorab le  coord ina te ,  Z ,  of t h e  equi l ibr ium.  The r e a l  and imaginary 

p a r t s  of t h i s  harmonic r ep re sen t  t h e  v a r i a b l e s  on p lanes  a  q u a r t e r  of a  

wavelength a p a r t .  The two o t h e r  quarter-wavelength p lanes  fo l low by 

p e r i o d i c i t y .  A d e r i v a t i v e  of a  l i n e a r i z e d  v a r i a b l e  i n  t h e  Z d i r e c t i o n  

is equ iva l en t  t o  a  f i n i t e  d i f f e r e n c e  over  f o u r  p lanes  wi th  2 DZ = l l k ,  

.where k i s  t h e  wavenumber of t h e  Four i e r  harmonic. Because t h e  l i n e a r  

and non l inea r  codes a r e  s o  much a l i k e ,  t h e r e  i s  a  con t inu i ty  of growth 

r a t e  and symmetry f o r  a s  long a s  t h e  e igenfunct ion  is  a  smal l  pe r tu r -  

b a t i o n  of t h e  equi l ibr ium.  A t r a n s i e n t  f l u c t u a t i o n  i n  t h e  growth r a t e  

occurs ,  a s  i l l u s t r a t e d  i n  F i g .  10 ,  f o r  two reasons:  t h e r e  i s  a  f i n i t e  

d i f f e r e n c e  e r r o r  i n  t h e  z -der iva t ive  depending upon t h e  number of p lanes  

used i n  t h e  non l inea r  code; and t h e  equ i l i b r ium used i s  no t  an exac t  ., 

s o l u t i o n  of f o r c e  ba lance  i n  f i n i t e  d i f f e r e n c e  form. This  makes t h e  . 
equ i l i b r ium expand o r  compress toward t h e  c e n t e r ,  changing t h e  p re s su re  



and c u r r e n t  p r o f i l e s  and thereby  changing t h e  ins tan taneous  growth r a t e .  

It i s  c l e a r  from Fig .  10  t h a t  t he  t r a n s i e n t  becomes n e g l i g i b l e  a s  t h e  

g r i d  i s  made f i n e r .  Only t h e  f i n e s t  g r i d  (27 x 27 x 16) was used i n  

p repa r ing  t h e  r e s u l t s  shown i n  Sec t ion  5.  

The boundary c o n d i t i o n s  i n  a  f i n i t e  d i f f e r e n c e  scheme r e q u i r e  

s p e c i a l  a t t e n t i o n .  W e  impose the  cond i t i ons  given by Eqs. (2 .5)-(2.8) .  

These cond i t i ons  a r e  s e l f - c o n s i s t e n t  i n  both a n a l y t i c  and f i n i t e  d i f -  

f e r e n c e  form. However, they  r ep re sen t  cond i t i ons  f o r  on ly  f i v e  out  of 

11 s c a l a r  v a r i a b l e s  ( i nc lud ing  t h e  components of E ) ;  t h e  mass d e n s i t y ,  

pe rpend icu la r  E - f i e ld ,  and p a r a l l e l  components of v  - and are s t i l l  

f r e e .  A n a l y t i c a l l y ,  t h e s e  fo l low by c o n t i n u i t y  as they evolve w i t h i n  

t h e  domain. But i n  f i n i t e  d i f f e r e n c e  form a  choice of e x t r a p o l a t i o n  

techniques  must b e  made. W e  have made a  s p e c i a l  choice ,  c a l l e d  "marching 

boundary cond i t i ons , "  i n  which these  nonzero v a r i a b l e s  a r e  advanced i n  

t ime and only  t h o s e  v a r i a b l e s  which a r e  zero  on t h e  boundary are ex t rap-  

o l a t e d  i n  o r d e r  t o  f i n d  t h e i r  d e r i v a t i v e s  perpendicular  t o  t h e  boundary. 

These boundary equa t ions  a r e  der ived  i n  t h e  fo l lowing  way. 

Consider  one form of t h e  equat ion  f o r  t h e  p a r a l l e l  component of t h e  

v e l o c i t y  a t  t h e  w a l l ,  v  : -1 I 

Since  p  = 0 ,  i t s  p a r a l l e l  g r a d i e n t  i s  zero  on t h e  w a l l .  Since yl = 0 ,  

on ly  p a r a l l e l  d e r i v a t i v e s  appear  i n  v  - V yII . F i n a l l y ,  s i n c e  Ill = 0 ,  

on ly  J_I x ell appears ,  and .JJ i s  computed us ing  only  d e r i v a t i v e s  p a r a l l e l  

t o  t h e  w a l l .  The r e s u l t i n g  equat ion  i s  

and every  term i s  known a t  t h e  wa l l .  It i s  s u r p r i s i n g  t h a t  a  c u r r e n t  

d e n s i t y  must pas s  i n t o  t h e  w a l l  i n  o rde r  t o  d r i v e  any v e l o c i t y  t h e r e .  



For another  example, c o n s i d e r - t h e  equat ion  of c o n t i n u i t y  :. 

. . 
, . 

I f  we u s e  a l i n e a r  e x t r a p o l a t i o n  of pyl through ze ro  a t  t h e  w a l l ,  we 

determine Vl . (pyl).  The. o t h e r  d e r i v a t i v e s  involve  only q u a n t i t i e s  

known a t  t h e  wa l l .  

I n . t h e  same way, B i s  advanced on t h e  w a l l  u s ing  a  l i n e a r  ex t rap-  -11 
o l a t i o n  of E through zero a t  t he  w a l l .  -11 

The e s s e n t i a l  i d e a  of marching boundary condi,t ions i s  t o  rear range  

t h e  equat ions  a n a l y t i c a l l y  u n t i l  on ly  those  q u a n t i t i e s  which a r e  zero a t  

t h e  w a l l  appear under. perpendicular  d e r i v a t i v e s .  

Another s p e c i a l  f e a t u r e  of t h e  d i f f e r e n c e  scheme concerns t he  

i n i t i a l  and f i n a l  t imes teps .  A t ime-centered l eap f rog  scheme g ives  a  

convergence e r r o r  of o rde r  (At12. However, i n  or.der t o  , s t a r t  t h e  time 

i n t e g r a t i p n  wi th  a l l - q u a n t i t i e s  g iven  a t  t h e  same t imes tep ,  o r . t o  s t o p  

t h e  . i n t e g r a t i o n  l eav ing  a l l  t h e  d a t a . a t  t h e  same t imes tep ,  a  noncentered 

t imes tep  i s  requi red  on a t  l e a s t  one of t h e  two l eap f rog  g r i d s .  We have 

found t h a t  i f  t h e  f i r s t  t imes tep  i s  nAt ,  t h e  second ( 1  + TI) A t ,  and a l l  

subsequent t imes teps  a r e  2At, t h e  choice  of rl = 1/47 d i s t r i b u t e s  t he  

e r r o r  evenly between t h e  two g r i d s .  The d e r i v a t i o n  fo l lows  by examining 

. the  second-order term i n  t h e  noncen t r a l  Taylor s e r i e s  expansion 

f ( ~ :  + a )  = f  (t) a f O ( t  + b)  + ($a2 - ab) f" ( t )  + . . . (6.30) 

which may be used t o  eva lua t e  a f / a t  wi th  v a r i o u s  combinations of non- 

centered  f i n i t e  d i f f e r e n c e s .  

A v a r i e t y  of methods have been used t o  v e r i f y  t h e  r e s u l t s  of t h e  

3-D non l inea r  evo lu t ion  code presented  here :  convergence t e s t s ;  conser- 

v a t i o n  of mass, magnetic f l u x ,  and energy; repea ted  t ime r e v e r s a l ;  

c o n t i n u i t y  of growth r a t e  and symmetry; running s i n g l e  and double pre- 

c i s i o n ;  and checking l i n e a r  growth r a t e s  a g a i n s t  o t h e r  computations.  



One example of a convergence t e s t  i s  i l l u s t r a t e d  i n  F ig .  10 ,  f o r  an 

m = 1 i n s t a b i l i t y  corresponding t o  Case 11. A s  t h e  number of g r i d  

p o i n t s  i s  inc reased  from 12 x 1 2  x 8 t o  27 x 27 x 16,  f o r  example, both 

t h e  t i m e  e v o l u t i o n  and p r o f i l e s  of t h e  v a r i a b l e s  e x h i b i t  t h e  same 

behavior .  By checking a number of c a s e s ,  i t  has  been found t h a t  an 

1 8  x 1 8  x 12 g r i d  i s  adequate  f o r  most m = 1 i n s t a b i l i t i e s  a t  h igh  b e t a .  

A 27 x 27 x 16 g r i d  was used i n  a l l  t h e  r e s u l t s  presented  i n  Sec t ion  5. 

Note t h a t  t h e s e  numbers i nc lude  ghost  p o i n t s  around t h e  p o l o i d a l  c r o s s  

s e c t i o n ,  s o  t h i s  g r i d  corresponds t o  24 x 24 x 16 i n t e r v a l s  w i t h i n  t h e  

domain. 

The d i f f e r e n c e  scheme conserves magnetic f l u x  and mass i d e n t i c a l l y .  

Loca l  conse rva t ion  of magnet ic  f l u x  (V B = 0) fo l lows  from Faraday 's  

l a w  provided f i n i t e  d i f f e r e n c e s  i n  or thogonal  d i rec t ions  commute, which 

i s  t r u e  f o r  t h e  s p a t i a l  d i f f e r e n c e  scheme used here .  Due t o  computer 

round o f f  e r r o r ,  i t  i s  observed t h a t  V B wanders from zero  by about one -.. 
p a r t  i n  l o 4  dur ing  t h e  computation. 

Conservat ion of energy i s  a u s e f u l  d i a g n o s t i c  s i n c e  energy i s  no t  

conserved e x a c t l y  by t h e  f i n i t e  d i f f e r e n c e  equa t ions ,  a s  expla ined  i n  

Sec t ion  2. Re fe r r ing  t o  F i g s .  7, 8 ,  and 9 ,  t h e  change i n  t o t a l  energy 

is  observed t o  b e  about  10% o r  l e s s  of t h e  k i n e t i c  energy,  growing a t  

t h e  same r a t e  u n t i l  t h e r e  i s  a sudden r e v e r s a l  a t  t h e  end, and is  o rde r s  

of magnitude sma l l e r  than  t h e  t o t a l  enerRy. D i f f e r e n t  forms of t h e  

p r e s s u r e  equa t ion  have been used wi th  no apparent  change i n  t h e  r e s u l t s .  

A sudden t ime r e v e r s a l  a t  t h e  end of a computer run produces a re -  

markable r e s u l t  as t h e  i n s t a b i l i t y  r e t r a c e s  i t s  s t e p s  f o r  a l eng th  of 

t i m e  which depends upon t h e  g r i d  s i z e .  I f  t ime is then  reversed  aga in ,  

t h e  i n s t a b i l i t y  evolves  t o  t h e  same f i n a l  s t a g e .  These r e s u l t s  w i l l  be 

r e p o r t e d  i n  more d e t a i l  e lsewhere by H .  R.  Hicks. 

The c o n t i n u i t y  of growth r a t e  between t h e  l i n e a r  and non l inea r  

computations i s  i l l u s t r a t e d  i n  F ig .  10. Th i s  i s  r o u t i n e l y  checked f o r  

a l l  runs .  The k i n e t i c  energy and o t h e r  v a r i a b l e s  a r e  observed t o  grow 

a t  cor respondingly  c o r r e c t  r a t e s .  Also, a l l  t h e  s p a t i a l  symmetries of 

t h e  l i n e a r  e igen func t ions  a r e  preserved dur ing  t h e  non l inea r  computation. 



No d i f f e r e n c e  i s  observed.when t h e  computation is  c a r r i e d  ou t  i n  

double p r e c i s i o n  (us ing  an  8-byte word a s  opposed t o  t h e  u s u a l  4-byte 
- .  . . . . 

word l e n g t h  on t h e  IBM 36'0191 computer).  A nominal seven decimal d i g i t s  
. . 

of accuracy appea r s  t o  b e  adequate .  
. . 

More tests and d i a g n o s t i c s  of t h e  computation a r e  ' in p rog re s s  and' . 

- .  
w i l l  be  ' r epo r t ed  i n  fu tu re '  papers .  On the '  b a s i s  of t e s t s  made t o  d a t e ,  

we have cons ide rab l e  confiden'ce i n  t h e  r e s u l t s  p resen ted  he re .  



7 .  CONCLUSIONS 

On t h e  b a s i s  of computer s imu la t ion ,  i t  i s  observed t h a t  i n t e r n a l  

i d e a l  MHD i n s t a b i l i t i e s  i n  a  s t r a i g h t  cy l inde r  a r e  cha rac t e r i zed  by 

p a i r s  of v e l o c i t y  v o r t e x  c e l l s  r o l l i n g  o f f  each o t h e r  and h e l i c a l l y  

t w i s t i n g  down t h e  plasma column. P re s su re ,  temperature,  d e n s i t y ,  

pe r tu rbed  magnetic f i e l d ,  and perturbed c u r r e n t  dens i ty  convect around 

t h e s e  e s s e n t i a l l y  f i x e d  v e l o c i t y  v o r t e x  c e l l s .  Compression and o t h e r  

e f f e c t s  a r e  a l s o  observed.  S p a t i a l  l o c a l i z a t i o n  i s  t h e  most important  

q u a l i t y  a f f e c t i n g  t h e  n o n l i n e a r  evo lu t ion .  Af t e r  a  s i g n i f i c a n t  amount 

of convec t ion ,  t h e  v e l o c i t y  v o r t e x  c e l l s  s t o p  growing and begin t o  

wander. 

A wide v a r i e t y  of d i f f e r e n t  cond i t i ons  has  been i n v e s t i g a t e d  wi th  

t h e  same model, i n c l u d i n g  t h e  e f f e c t s  of d i f f e r e n t  p r o f i l e s ,  e longated  

c r o s s  s e c t i o n s  and wavelengths,  B d i f f e r e n t  from one, and t o r o i d i c i t y .  
P  

These w i l l  b e  r epo r t ed  i n  f u t u r e  papers .  Q u a l i t a t i v e  a s p e c t s  of t h e  

r e s u l t s  shown h e r e  hold  f o r  t h e  wide range of c a s e s  s tud ied  t o  d a t e .  I n  

a d d i t i o n ,  a  number of p r o j e c t s  a r e  under way t o  i nc lude  t r a n s p o r t  and 

sou rce  terms,  d i f f e r e n t  boundary cond i t i ons ,  and improved d i a g n o s t i c s .  

I n i t i a l  v a l u e  MHD codes w i l l  cont inue t o  provide  a  very  f l e x i b l e  t o o l  

f o r  s tudy ing  l a rge - sca l e  phenomena. 
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Figure  Capt ions 

. . . . 
Fig.  1. Geometry and coo rd ina t e  systems ' f o r  t h e  s t r a i g h t  t e c t an -  

g u l a r  c y l i n d e r  w i th  s i d e s  2a x 2b x X .  The cy l inde r  has  r i g i d ,  p e r f e c t l y  

conduct ing w a l l s  a t  t h e  s i d e s  and p e r i o d i c  cond i t i ons  a t  t h e  ends.  

F ig .  2. The q-value a s  a  f u n c t i o n  of x along t h e  midplane of a  

squa re  c y l i n d e r  f o r  t h e  equ i l i b r ium s p e c i f i e d  by Eqs. (3.12) and (3.13) .  

The t h r e e  curves  correspond t o  c e n t r a l  q-values of 1 .6 ,  0 .95,  and 0.6. 

The r a d i u s  of t h e  mode-rational s u r f a c e  ( r  ) i s  i n d i c a t e d  i n  each case .  
s 

F ig .  3.  Growth r a t e  a s  a  f u n c t i o n  of c e n t r a l  q-value f o r  m = 0 ,  1, 

2 ,  and 3  modes of wavelengths 1, 2,  and 3 i n  u n i t s  of 2 ~ a .  Sol id  c u r v e s .  

r e f e r  t o  a  c y l i n d e r  w i t h  squa re  c r o s s  s e c t i o n  and equ i l i b r ium s p e c i f i e d  

by Eqs. (3.12) and (3.13) .  Dashed curves  r e f e r  t o  a  c i r c u l a r  c y l i n d e r  

w i t h  p a r a b o l i c  c u r r e n t  p r o f i l e .  . 

. . 

Fig .  4 .  Time sequences f o r  a  c r o s s  s e c t i o n  of v e l o c i t y ,  p r e s s u r e ,  

per turbed  magnetic f i e l d ,  p o l o i d a l  c u r r e n t  d e n s i t y ,  r a t e  of change of ' 

v e l o c i t y  V v ,  l o n g i t u d i n a l  c u r r e n t  d e n s i t y  and m a s s . d e n s i t y  f o r  an 

. m  = 1 i n s t a b i l i t y  wi th  nqc = 0.95, ka  = 1, y = 0.24, Case I i n  Table  1, 

r u n  1087. Time i s  i n  u n i t s  of t h e  r e f e r e n c e  Alfcen t r a n s i t  t ime.  

Minimum and maximum va lues  appear  under each frame. See Appendix I f o r  

t h e  i n t e r p r e t a t i o n  of t h e  graphs.  

F ig .  5 .  Time sequences a s  i n  F ig .  4  f o r  an m = 1 i n s t a b i l i t y  with 

nqc 
= 0.6 ,  ka  = 1, y = 0.535, Case I1 i n  Table  1, run 1088. 

F ig .  6 .  Time sequences a s  i n  F i g s .  4  and 5  f o r  an m = 2  i n s t a b i l i t y  

w i t h  nq = 1.6 ,  k a  = 1, y = 0.117, Case 111 i n  Table  1, runs  1086 and 
C 

1107. The sma l l  l o n g i t u d i n a l  components nea r  t h e  co rne r s  i n  t h e  f i r s t  

frame of & / a t  a r e  a  numerical  a r t i f a c t  of unknown o r i g i n .  



Fig. 7. Maximum poloidal velocity, kinetic energy, and decrement 

in total energy as a function of time for an m = 1 mode corresponding to 

Case I, run 1087. Total energy is 0.779. Arrows point to instants in 

time illustrated in Fig. 4. 

Fig. 8. Maximum poloidal velocity, kinetic energy, and energy 

decrement.as a function of time for Case 11, run 1088. Total energy is 

1.20. Arrows point to instants in time illustrated in Fig. 5. 

Fig. 9. Maximum poloidal velocity, kinctic energy, and energy 

decrement as.a function of time for the m = 2 mode, Case 111, runs 1086 

and 1107. Total energy is 0.598. Arrows indicate last two instants in 

time illustrated in Fig. 6; the first instant is off the graph to the - .  
left. . . 

Fig. 10. Instantaneous growth rate of the.centra1 poloidal velocity, 

vy(t), as a function of time during the nonlinear evolution of an m = 1 

instability . . with nqc = 0.6 corresponding to Case I in Section 5. The 

results are shown for three different grids. Lines with arrows indicate 

results of time reversal. 
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4 5 

APPENDIX I 

I n t e r p r e t a t i o n  of Graphs 

Data  a r e  p r e s e n t e d  on c r o s s  s e c t i o n s  of t h e  plasma c y l i n d e r  i n  t h e  

form of c o n t o u r  p l o t s  and arrow p l o t s .  I n f o r m a t i o n  needed t o  i n t e r p r e t  

t h e s e  p l o t s  i s  p r e s e n t e d  h e r e .  

The c o n t o u r  p l o t s  a r e  composed of f i v e  f i e l d s  of numbers, each 

r e p r e s e n t i n g  an  i n t e r v a l  of v a l u e s  l o g a r i t h m i c a l l y  d i s t r i b u t e d  o v e r  each 

decade.  The i n t e r v a l  7.85 G x G 10.00 i s  r e p r e s e n t e d  by 5 ' s ,  4.83 G x 

G 6.16 by 4 ' s ,  2.98 G x G 3.79 by 3 ' s ,  1 .83  G x G 2.34 by 2 ' s  and 

1 .13  G x ' G  1 . 4 4  by 1 's.  The c y c l e  r e p e a t s  o v e r  t h e  o t h e r  decades  - f o r  

example,  t h e  i n t e r v a l  78.50 G x G 100.00 i s  a g a i n  r e p r e s e n t e d  by 5 ' s .  

Space between t h e  i n t e r v a l s  i s  l e f t  b l a n k .  Nega t ive  numbers a r e  r e p r e -  

s e n t e d  by t h e  l e t t e r s  A t o  E cor responding  t o  t h e  p o s i t i v e  i n t e r v a l s  

' l a b e l e d  1 t o  5 ,  r e s p e c t i v e l y .  

The a r row p l o t s  a r e  used t o  r e p r e s e n t  v e c t o r  f i e l d s  o v e r  a c r o s s  

s e c t i o n .  Arrows r e p r e s e n t  p o l o i d a l  components w h i l e  c l o s e d  and open 

c i r c l e s  r e p r e s e n t  components i n t o  and o u t  of t h e  paper .  The l e n g t h  of 

each a r row and t h e  d i a m e t e r  of each  c i r c l e  r e p r e s e n t  t h e  magni tudes  of 

t h e  r e s p e c t i v e  components. The l e n g t h s  a r e  normal ized  s o  t h a t  t h e  

maximum v a l u e  of t h e  d iamete r  o r  t h e  x- o r  y-component of any arrow i s  

n i n e - t e n t h s  of t h e  s p a c i n g  between g r i d  p o i n t s .  
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