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• ABSTRACT 

The des ign o f f u t u r e E n g i n e e r i n g Tes t 
• R e a c t o r (ETR) t o d e m o n s t r a t e i g n i t i o n i s 

compl ica ted by the u n c e r t a i n t i e s i n the p r o ­
j e c t e d database f o r i g n i t e d plasmas. A p p l i ­
c a t i o n of u n c e r t a i n t y a n a l y s i s t o ETR des ign 
u t i l i z i n g a f i g u r e - q f - m e r i t d e f i n e d as the 
p r o b a b i l i t y of i g n i t i o n i s presented. P e r f o r ­
mance e v a l u a t i o n f rom the uncer ta in ty analysis 
i n d e n s i t y - t e m p e r a t u r e space can l o c a t e an 
optimum operat ing window fo r i g n i t i o n . 

I. INTRODUCTION 

A p r imary goal t o r the fu tu re Engineering 
Test Reactor (ETR) is to demonstrate i g n i t i o n of 
t he p lasma. Oue to the u n c e r t a i n t i e s i n the 
empir ica l sca l ing laws f rom exper imenta l da ta 
and i n the projected database f o r reactor-grade 
piasmas, an accurate assessment o f the r e q u i r e ­
ments o f a r e a c t o r design s a t i s f y i n g t h i s goal 
1s very d i f f i c u l t . The u n c e r t a i n t y spreads 1n 
the design input data resu l t i n uncer ta in ty d i s ­
t r i b u t i o n s of the plasma performance f i gu res -o f -
mer l t w i th mean values, standard dev ia t ions , and 
skewness depending on t h e i r f u n c t i o n a l depen­
dence on the input data and t h e i r d i s t r i b u t i o n s . 

We have developed systematic methodologies 
to eva lua te the uncer ta in ty in plasma i g n i t i o n 
performance by both a Monte Carlo scheme and an 
a n a l y t i c noc'el. The concept of " p robab i l i t y of 
I g n i t i o n " as a f i g u r e - o f - m e r i t f o r i g n i t i o n 
s t u d i e s had been introduced in previous work by 
the au thors* . In t h i s paper , we focus on the 
a p p l i c a t i o n o f the u n c e r t a i n t y a n a l y s i s to 
reactor i g n i t i o n performance studies and p o s s i ­
b le imp l i ca t ions fo r the design of near-term ETR 
tokamaks. The concept o f u n c e r t a i n t y a n a l y s i s 
and t he a s s o c i a t e d methodologies developed 
should have a p p l i c a b i l i t y t o n e a r - t e r m and 
fu tu re tokamak design s tud ies. 

I I . FIGURE-OF-MERIT 

I n t h i s s e c t i o n , we examine a f i g u r e - o f -
mer l t appropr ia te f o r s tudy ing the plasma p e r ­
formance in i g n i t i o n operat ion. This f i g u r e - o f -
mer i t i s then employed i n our uncer ta in ty analy­
ses o f plasma performance in Sections IV and V. 

The r e l a t i v e l i k e l i h o o d o f i g n i t i o n i n a 
plasma i s c o n v e n t i o n a l l y measured by the para­
meter " i g n i t i o n margin" defined by 

H. 
1 " t h + P. 

(1) 

where P = alpha heat ing power 
u t h = P ^ a s f f l a thermal stored energy 
7y = energy confinement time 
P^ . * rad ia t i on power toss. 

The plasma i s i n thermal e q u i l i b r i u m w i t h an 
I g n i t i o n margin of un i t y , when the alpha heat ing 
power ba lances the t o t a l plasma power l o s s . 
U s u a l l y , an i g n i t i o n margin greater than un i ty 
1s a r b i t r a r i l y assigned i n r e a c t o r des ign t o 
a t tempt to compensate f o r u n s p e c i f i e d uncer­
t a i n t i e s involved in the i g n i t i o n process. 

We have proposed a . f i g u r e - o f - m e r i t ca l led 
p r o b a b i l i t y of I g n i t i o n to c h a r a c t e r i z e the 
i g n i t i o n performance of a tokamak des ign. The 
u n c e r t a i n t y a n a l y s i s g e n e r a t e s a s p r e a d o f 
d i s t r i b u t i o n o f the i g n i t i o n margin due to the 
uncer ta in ty i n the input data. The p r o b a b i l i t y 
o f i g n i t i o n i s de f i ned as the f r a c t i o n o f ou t ­
come hav ing an i g n i t i o n margin g r e a t e r t h a n 
u n i t y . 

P(I) = Probability (Mj > 1.0) (2) 

Tbis f i g u r e - o f - m e r i t i s a s t a t i s t i c a l r e s u l t 
tha t i n c o r p o r a t e s the database u n c e r t a i n t i e s 
i n t o the power balance c a l c u l a t i o n s . I t p ro­
vides a be t t e r ana ly t i c measurement f o r e v a l u ­
a t i n g I g n i t i o n performance and the l e v e l o f 
confidence that i g n i t i o n can be achieved 
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I I I . MODELING 

A b r i e f d e s c r i p t i o n o f t h e u n c e r t a i n t y 
a n a l y s i s modeling s im i la r to Ref. 1 Is ou t l i ned 
1n t h i s sec t ion . 

A. Evaluation of Database 
The major d i f f i c u l t y 1n t he a n a l y s i s o f 

p lasma p e r f o r m a n c e Is the assessment o f an 
accurate database, e s p e c i a l l y I n the r e a c t o r 
r e l e v a n t dens i t y and temperature regimes where 
no exper imenta l v e r i f i c a t i o n 1s a v a i l a b l e . 
There are b a s i c a l l y two types o f u n c e r t a i n t y 
I n v o l v e d In e v a l u a t i n g p lasma p e r f o r m a n c e , 
namely, the i n te rp re ta t i on of the physical laws 
governing the system and the i d e n t i f i c a t i o n o f 
the plai.i id cond i t ions . 

The evaluat ion of the uncer ta in ty spread of 
t h e I n p u t v a r i a b l e s as rep resen ted by t h e i r 
s tandard d e v i a t i o n s are based on p u b l i s h e d 
r e s u l t s o r s imply estimated consistent w i th 

genera l e x p e r i m e n t a l o b s e r v a t i o n s . These 
u n c e r t a i n t y spreads are not conclusive and are 
c e r t a i n l y s u b j e c t t o f u t u r e m o d i f i c a t i o n s . 
Table 1 shows a l i s t o f unce r ta i n t y var iab les 
and our es t imat ion o f t h e i r normalized s tanda rd 
dev ia t i ons . 

8. Monte Carlo Analysis 

The Monte Car lo model consists of several 
modu les : (1 ) t h e f o r m u l a t i o n o f t h e I n p u t 
u n c e r t a i n t y v a r i a b l e d i s t r i b u t i o n s i n to mathe­
mat ical representat ion In terms o f the cumula­
t i v e p r o b a b i l i t y , (2) the random samplings o f 
the values o f the Input var iables weighted w i t h 
t h e i r d i s t r i b u t i o n p r o b a b i l i t y , and (3) the 
tokamak power balance ca lcu la t i ons . The random 
sampl ings and power balance c a l c u l a t i o n s are 
repeated f o r s u f f i c i e n t I t e ra t i ons f o r a s p e c i ­
f i e d s t a t i s t i c a l f l u c t u a t i o n to lerance I n the 
r e s u l t . 

Table ! . A L i s t o f I n p u t U n c e r t a i n t y V a r i a b l e s and T h e i r Normalized Standard 
Deviations 

uncer ta in ty var iab le 

densi ty p r o f i l e exponent a 

temperature p r o f i l e exponent a T 

elongat ion JI 

t r i a n g u l a r i t y 6 

fus ion r e a c t i v i t y <pv> 

f rac t i on fas t alpha re ta ined f 
r a 

thermal alpha f r a c t i o n C 
a 

e f fec t i ve charge 2 , . 
H-MCe enhancement H. 

fac 
energy cjnrinement time i v 
Troyon coe f f i c i en t 1 1 g 
Greenwald c o e f f i c i e n t 6 v-
bre-nsstrahlung rad ia t i on K 
synchrotron rad ia t i on P 
»a l l r e f l e c t i v i t y f R 

p r o f i l e s of the form x = x (1 - ( £ r ) B 

0 a 
Q 

Kaye-Goldstan t neo-Alcator scaling 
ewhere density limit 1s n Q m a y = ur lf**Z 

<x,> *,/<»,> 

0.5 0.63 

1.0 0.50 

2.3 0.13 

0.6 0.33 

<<7V> formula t ion 0.04 

0.99 O.10 
0.055 0.63 

1.5 0.6B 

2.0 0.34 

Tp f o rmu la t i on 0 0.30 

0.03 0.33 

0.75 0.40 

P, formulat ion 0.05 

P formulat ion 0.10 

0.9 0.20 

where 7y = v 

where p = g 
' fac 

I/aB 

X TV 
L-mode 

f o r r e f 1 ec t t o r i o f synchrot ron 
rad ia t i on 



The Monte Car lo method has the capab i l i t y 
o f modeling any form of non-symmetrical d i s t r i ­
b u t i o n s o f the Input u n c e r t a i n t y var iab les 1n 
the random sampling. I t a lso takes In to account 
the c o r r e l a t i o n between the func t iona l depen­
dence o f the plasma performance f i gu res -o f -mer i t 
on t h e u n c e r t a i n t y I n p u t v a r i a b l e s . As a 
r e s u l t , 1t generates resu l t s a c c u r a t e l y w i t h i n 
the s t a t i s t i c a l f l u c t u a t i o n . Hence, the Monte 
C a r l o model can be used t o benchmark any 
approximate models fo r the uncer ta in ty ana lys is . 

C. S e n s i t i v i t y Analysis 

A simple ana ly t i c model der ived from sensi ­
t i v i t y analysis i s also developed to p r o v i d e a 
methodology f o r ex tens i ve usage of the uncer­
t a i n t y analysis i n pa ramet r i c system s t u d i e s , 
w h i c h I s n o t f e a s i b l e w i t h the Monte Car lo 
method. 

The plasma performance f i g u r e - o f - m e r i t i s 
t r e a t e d as a f u n c t i o n U o f s e v e r a l random 
v a r i a b l e s , t ha t i s U = U ( x , , x , , . . . x ) , We 
can o b t a i n the eujpxpxlmate mean and s tandard 
dev ia t ion of U a s ' ' : 

<U>=U«x1>,<x2>,...<xr»+i FffiW (»> 
2 r n ,8U \ 2 „ 2^r i 3'U i 2 2 2 , . , 

"u \jsrj "\ k/ax^g) "1 °i w 

where <U> and a,, denote the mean and s tandard 
d e v i a t i o n o f a random d i s t r i b u t i o n U, respec­
t i v e l y . The f i r s t terms of Eqs. (2) and (3) are 
the l i n e a r approximation whi le the second terms 
are the seccnd-order non- l inear co r rec t i on . 

In t h i s s i m p l e r m e t h o d , the r e s u l t i n g 
d i s t r i b u t i o n of the u t i l i t y f u n c t i o n w i l l be 
d i s t r i b u t e d in Gaussian form. As a r e s u l t , we 
are able to cons t ruc t a Gaussian d i s t r i b u t i o n 
based on the mean and standard dev ia t ion ca lcu­
l a ted from Eqs. (3) and (4) t o approximate the 
actual u t i l i t y funct ion d i s t r i b u t i o n . 

We expect t i i s ana ly t i c model to work bes t 
f o r symmetrical input and output d i s t r i b u t i o n s . 
The accuracy o f the model may d e c r e a s e i n 
h a n d l i n g e x t r e n e l y non-symmetrical uncer ta in ty 
input d i s t r i b u t i o n s and/or the r e s u l t i n g h i g h l y 
non-symmet r i c i i l u t i l i t y funct ion d i s t r i b u t i o n . 
The v a l i d i t y of t h i s s e n s i t i v i t y model ing i s 
discussed In t.'.-e fo l lowing sect ion . 

IV. CCMPARISCN OF C.OHTE CARLO AND SENSITIVITY 
MCDEIS 

The power balance and i g n i t i o n margin c a l ­
c u l a t i o n s f o r our s t u d i e s are computed w i th a 
zero-dlmensloial prof i le-averaged tokamak power 
ba lance code MUMAK. A 4 m major-radius ETR 
tokamak design wi th major parameters l i s t e d 1n 
Table 2 are used for the ca lcu la t i ons . 

Table 2 . Parameter Set Used for the 4 m tokamak 
ETR design 

major radius R Q 4.04 m 
minor radius a 
elongation * 
triangularity 5 
plasma current I 
magnetic field B 

1.41 m 
2.3 
0.6 
16.4 MA 

minor radius a 
elongation * 
triangularity 5 
plasma current I 
magnetic field B 4.98 T 
electron temperature <T > 8.9 keV 

electron density <n e> 1.45 x 10' 

Ignition margin M. 1.30a 

aUnder Kaye-Goldston + neo-Alcator sca l ing 

A Monte Car lo a n a l y s i s I s performed w i th 
2000 runs o f Independent ly randomly sampled 
u n c e r t a i n t y v a r i a b l e s a c c o r d i n g t o t h e i r 
r e s p e c t i v e d i s t r i b u t i o n s . We n o r m a l i z e t h e 
I g n i t i o n margin histogram to a p r o b a b i l i t y d i s ­
t r i b u t i o n such tha t the area under i t i s u n i t y . 
A s e n s i t i v i t y a n a l y s i s w i t h the same plasma 
parameters and u n c e r t a i n t y sp reads i s a l s o 
per formed t o c o n s t r u c t a Gaussian d i s t r i b u t i o n 
of the I g n i t i o n margin. The resu l t i ng i g n i t i o n 
margin p r o b a b i l i t y d i s t r i b u t i o n from both the 
s e n s i t i v i t y and Monte Carlo models are compared 
1r, F1g. 1 . 

We see that the two models agree w i t h each 
o t h e r f a i r l y w e l l w i t h i n the s t a t i s t i c a l f l u c ­
tua t i on of the Monte Car lo r e s u l t s . The mean 
va lue o f the i g n i t i o n margin from the composite 
d i s t r i b u t i o n of the input v a r i a b l e s 1s s m a l l e r 
than tha t ca lcu la ted simply from the mean values 
of the uncer ta in ty Inputs . The p r o b a b i l i t y o f 
i g n i t i o n based on our est imat ion of database f o r 
the uncer ta in t ies i s 46? and 43X from the Monte 
C a r l o and s e n s i t i v i t y models, r e s p e c t i v e l y . 
Accordingly, an i l l u s i v e comfo r tab le i g n i t i o n 
margin o f - 1 . 3 a c t u a l l y t u rns out to have less 
than ha l f the chance of achieving i g n i t i o n . 

The p r o b a b i l i t y o f i g n i t i o n parameter takes 
In to account the unce r ta i n t i es i n the database 
and p r e s e n t s a more a n a l y t i c and r e l e v a n t 
f t g u r e - o f - m e r 1 t f o r assessing the chance o f 
f u l f i l l i n g the goal of plasma i g n i t i o n . The 
v a l i d i t y of the s e n s i t i v i t y model is checked by 
good agreement w i t h tne Monte Car lo model . 
Thus, we are able to apply the s e n s i t i v i t y model 
w i t h con f idence to our ex tens i ve u n c e r t a i n t y 
a n a l y s i s o f I g n i t i o n performance in r e a c t o r 

-design i n Sect ion 5. 
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Table 3. Parameter Set Used f o r t h e 5 . 8 m 
tokamak ETR design 

Ignition Margin 

F ig . 1 P r o b a b i l i t y d i s t r i b u t i o n o f t h e 
i g n i t i o n margin from Monte Car lo ( ) 
and s e n s i t i v i t y ( — ) models. 

V. APPLICATION IN REACTOR DESIGN IGNITION 
STUOIES 

Here, we apply the s e n s i t i v i t y model t o 
c l a s s i f y r e g i o n s o f va r ious p r o b a b i l i t y o f 
i g n i t i o n in (n,T) space and l oca te an optimum 
o p e r a t i n g p o i n t t ha t has the largest chance of 
achieving i g n i t i o n . 

A 5.3 meter najor radius ETR tokamak design 
i s used f o r our example here . The major pa ra ­
meters fo r the design are shown in Table 3. The 
same mean values and u n c e r t a i n t i e s database of 
the i npu t uncer ta in ty parameters of Table 2 are 
employed wi th the excep t i on of changing f to 
0 . 9 5 ana Z , f t o 1 .78 . We a lso remove a the 
d e n s i t y U n i t i n t h e burn phase where t he 
r a d i a t i o n power « t o t a l plasma heating power 
and t h e a e n s i t y l i m i t i s p r o b a b l y n o t 
app l i cab le . 

Figure 2 shows the i gn i t i on margin in (n,T) 
space fo r the machine using the mean values of 
the uncer ta in ty va r iab les . The beta l i m i t curve 
is also shown for reference. The i g n i t i o n mar­
g i n has a 5axi™m va lue of over 1.2 a t about 
" , > 1 « 10' m and T ~ 11-15 keV. A feas ib le 
i g n i t i o n window e x i s t s below the beta l i m i t in 
t h i s range of d e n s i t y and tempera tu re . This 
would be the d e s i r a b l e design window i f there 
are no uncer ta in t ies in the input va r iab les . 

major radius R 
minor radius a 
elongat ion K 
t r i a n g u l a r i t y 6 
plasma current I 

magnetic f i e l d B 

e lec t ron temperature <T y 

e lec t ron densi ty <n > 

i g n i t i o n margin M. 

5.80 m 
1.96 
2.2 
0.6 
20.0 

m 

HA 
5. .13 T 
10.0 keV 

1. .10 x 10' 

1. ,176* 

20 

"Under Goldston + neo-Alcator scaling 

Fig. 2 Contour plot of the ignition margin in 
density (nj and temperature (T=T =T.) 
space. The" mean beta limit curve is 
also shown. 

Figure 3 shows the probability of ignition 
in the same (n,T) space. The calculations there 
assume that the beta limit is a "soft limit" 
such that no major disruption will occur and the 
density and temperature are reduced to maximum 
allowable levels if the beta limit is exceeded. 
The probability of ignition tends to be larger 
at region of higher ignition margin. The region 
of highest probability of ignition of about 50% 
Is partially coincided with the maximum region 
of the ignition margin below the beta limit. An 
ignition margin of 1.2 only has a 50% chance of 
achieving Ignition for the set of uncertainties 
database used. 



F ig . 3 The p r o b a b i l i t y of i g n i t i o n for a " so f t 
beta l i m i t " . 

In F i g . 4 , we exa:.. le the p r o b a b i l i t y of 
i g n i t i o n by t r ea t i ng the beta l i m i t as a "hard 
l i m i t " . In t h i s case, the plasma w i l l be d i s ­
rupted, and hence no i g n i t i o n i f the beta l i m i t 
i s exceeded. As a r e s u l t , the p r o b a b i l i t y of 
i g n i t i o n P(I) i s modif ied t o : 

P( I ) = P ' ( I ) x Prob (below beta l i m i t ) (5) 

where P ' ( I ) i s the p r o b a b i l i t y o f i g n i t i o n 
c a l c u l a t i o n s exc lud ing the uncerta inty in beta 
U n i t . A d i s t i n c t maximum p r o b a b i l i t y o f 
i g n i t i o n o f a b o u t - 0 . 4 5 i s observed around 
n = 0.7 - 1.0 x 1 0 ^ n f J and T - 10 - 13 keV, 
fa r away from the mean beta l i m i t . The locat ion 
o f the mean beta l i m i t and i t s u n c e r t a i n t y 
spread have a s t rong i n f l u e n c e i n the proba­
b i l i t y of i g n i t i o n va l ues . The design reg ion 
f o r best chance of i g n i t i o n does not coincide 
wi th the maximum i g n i t i o n marg in . The p roba­
b i l i t y of i g n i t i o n decreases rap id ly fo r regions 
above the ^ean te ta l i m i t . Below the mean beta 
l i m i t , the p r o b a b i l i t y of I gn i t i on in the "hard 
l i m i t " assumption is s l i g h t l y less than t h a t o f 
the " so f t l i m i t " except in regimes fa r away from 
the beta 1 imi t . 

L a s t l y , we check the va r ia t i on of the pro­
b a b i l i t y or - I gn i t i on w i t h a reduc t i on o f the 
uncer ta in t ies a t t r i bu ted to a be t te r understand­
ing of the catanase. The c a l c u l a t i o n s o f the 
hard beta i i r . i t case are repeated by reducing 
the standard deviat ions of a l l the u n c e r t a i n t y 
i n p u t v a r i a b l e s by 50SS. The resu l t i ng proba­
b i l i t y o f i g n i t i o n is shown in F i g . 5. The 
q u a l i t a t i v e behav io r of the contours o f the 
p r o b a b i l i t y of i g n i t i o n remains about the same. 
The maximum va lue occurs r e l a t i v e l y c loser to 
the beta l i m i t . The maximum p r o b a b i l i t y o f 
i g n i t i o n Increases roughly by a fac tor of 1.7 to 

a f a i r l y des i rab le value of 75%. This shows the 
need t o have a b e t t e r unders tand ing o f the 
database i n order to obtain a higher p r o b a b i l i t y 
of i g n i t i o n . 

T («eV> 

F1g. 4 . The p r o b a b i l i t y of i g n i t i o n f o r a "hard 
beta l i m i t " . 

F i g . 5 The p r o b a b i l i t y of i gn i t i on fo r a "hard 
b e t a l i m i t " w i t h the u n c e r t a i n t y 
standard deviat ions reduced by 50%. 
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V I . CONCLUSION REFERENCES 
A Monte C a r l o model and an approx imate 

s e n s i t i v i t y model a re a p p l i e d t o i n c l u d e the 
u n c e r t a i n t i e s in the design parameters In order 
to compute the p r o b a b i l i t y o f i g n i t i o n . The 
p r o b a b i l i t y of i g n i t i o n is shown to be a be t te r 
working paraneter than the I g n i t i o n marg in f o r 
evaluat ing the confidence in achieving i g n i t i o n . 
The v a l i d i t y o f the s e n s i t i v i t y model a l l o w s 
e x t e n s i v e pa ramet r i c system s t u d i e s w i t h the 
p r o b a b i l i t y o f i g n i t i o n . Contours o f p roba ­
b i l i t y o f i g n i t i o n in (n ,T) space can then be 
loca ted . The optimum opera t i ng p o i n t i n (n ,T ) 
space f o r achieving i g n i t i o n can then be de ter -

• mined. Our sample study r e s u l t s i n d i c a t e a 
s i g n i f i c a n t r i s k o f not achieving i g n i t i o n f o r 

• convent ional ly appl ied i g n i t i o n margin o f 1.0 -
» 1 .5 . The c a l c u l a t i o n s o f t he p r o b a b i l 1 t y of 

I g n i t i o n and the locat ion of an optimum i g n i t i o n 
des ign p o i n t can be updated, and possib ly w i th 
improved higher p r o b a b i l i t y of i g n i t i o n , f rom a 
be t te r assessment of physics database. 
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