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Abstract: Yoffe’s linear theory of dynamic brittle fracture suggests that crack motion 

will be unstable beyond ~70% of the Rayleigh speed, a prediction that is not supported 

by experiment. We show by atomistic simulations that hyperelasticity, the elasticity of 

large strains, plays a governing role in the instability dynamics of brittle fracture. A 

simple scaling model based on an effective elastic modulus, coupled with Yoffe’s 

solution, gives successful predictions for the onset speed of the crack instability.  
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One may ask, why is it that scaling laws are of such distinguished importance? The 

answer is that scaling laws never appear by accident. G.I. Barenblatt, Scaling 

(Cambridge University Press, 2003)  

In 1951, Yoffe1 made the physically intuitive suggestion that mode I crack growth 

occurs in the direction of maximum asymptotic hoop stress and found the crack speed 

for the onset for branching to be about 70% of the Rayleigh wave speed cR .2,3 This high 

speed is rarely observed in experiment.4, 5 An obvious shortcoming in Yoffe’s analysis 

is the assumption of a constant linear elastic response for all deformations.  

We show by atomistic simulation that hyperelasticity, the elasticity of large strains, 

plays a governing role in the instability dynamics of brittle fracture: i.e., the 

hyperelasticity around the crack tip significantly influences the critical speed at which a 
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crack deviates from forward motion. Our simulation model is based on a generalized 

biharmonic potential composed of two spring constants, one associated with small 

deformations (k1, onrr ≤ .) and the other associated with large deformations (k2, ). 

This is shown in Figure 1(a). This serves as a useful model, allowing us to investigate 

the generic effects of hyperelasticity by changing the relative magnitude (� = k

onrr >

2/k1) and 

transition distance ( ) of the potential. This potential has been used to investigate the 

dynamics of cracks constrained to remain straight.

onr

6

A simple proposal for on an effective elastic modulus, coupled with Yoffe’s solution, 

gives successful predictions for the onset speed of the crack instability in nonlinear 

materials. We conclude that Yoffe’s picture of the dynamic instability in brittle fracture 

is valid. 

Modelling 

We consider the propagation of a crack in a two-dimensional crystal geometry shown in 
Figure 1(b). The slab lengths are given by  and , respectively. The crack propagates 

in the x direction, and its extension is denoted by a . The slab is loaded in mode I in the 

y direction with a constant strain rate equal to 0.00001 (all quantities given are in 

dimensionless units). A slit of length 

xl yl

200=a  is cut midway through the slab as an 

initial, atomically sharp crack. The crack initially propagates in a triangular hexagonal 

lattice with nearest neighbour distance 12246.12 6
1

0 ≈=r  along a cleavage plane with 

lowest surface fracture energy (Figure 1(c)). We assume that atomic bonds snap at a 

critical atomic snapping distance . The slab is initialized at zero temperature.  breakr

We adopt a biharmonic, interatomic potential composed of two spring constants 

14.573/72 3
1 ≈=k  and k 2 = � k1, � = 0.5625, 0.81, 1.0, 1.5 and 2.0. The spring 

constant  is associated with displacements from the equilibrium distance , and the 

second spring constant  is associated with large bond stretching for . For each 

1k 0r

2k onrr >
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k2, the values for ron are taken to be 1.1257, 1.1290, 1.1360, 1.1375, 1.1449 and 1.1550, 

respectively. There are three distinct wave velocities in elastic solid: the longitudinal 

wave speed 
ρ
µ3

=lc , the shear wave speed 
ρ
µ

=sc  and the Rayleigh wave speed 

, with the density sR cc 9225.0≈ 9165.02/3/2 3 ≈=ρ  for atomic mass . For 

small deformation, the shear modulus 

1=m

µ  = 24.8. 

  
Results 

 Figure 2 shows a comparison of crack speed histories for the biharmonic solid with 

different k2/k1 and a particular transition distance  = 1.136 expressed as �onr 0 =( /ronr 0)–1 

= 0.012. The histories are similar for �0  = 0.003, 0.006, 0.014, 0.020 and 0.029, 

corresponding to the respective . The dynamic crack instabilities for the various �  = 

k

onr

2/k1 are associated with the precipitous drops in crack speed, as indicated by the 

arrows, and are a consequence of the crack deviating from straight line motion (see 

Figure 3). The crack speed at the onset of erratic motion is defined as the instability 

speed. Figure 4 presents a log-log plot of the instability speed as a function of �  = k2/k1 

for various �0 = ( /ronr 0)–1. For each �0, the dependence is essentially linear, the slope 

approaching one-half for �0 tending to zero. This trend is required since k2/k1 = 1 for �0 

=0 and the solid is strictly harmonic with a spring constant equal to k2. Therefore, the 

instability speed will have a trivial square-root dependence on the harmonic spring 

constant k2 when normalized by k1. The other limit is =  (�onr breakr 0 =0.04235). In this 

limit, the biharmonic potential is simply the harmonic potential with spring constant k1 

and with slope equal to zero. 

Figure 5 defines, graphically, our choice for an effective harmonic spring constant keff of 

the biharmonic potential. It is simply the slope of the vector sum of the maximum 

piecewise harmonic forces defined by the biharmonic potential as shown in Figure 5; 

i.e.,  
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                    keff =  k1[( -ronr 0)/( -rbreakr 0)]+ k2[( - )/( -rbreakr onr breakr 0)] . 

By plotting in Figure 6 the instability speed as a function of �eff = keff/k1, we see a 

remarkable collapse of the data from Figure 4 onto a common straight line with slope 

equal to one-half. Hence, for determining the instability speed of a dynamic brittle 

crack, this finding allows one to model the biharmonic material as a harmonic solid with 

the effective spring constant just described. 

We apply this concept of an effective spring constant to a continuous interatomic 

potential: in particular, to the Lennard-Jones 12:6 potential. Our construction of �eff = 

keff/k1 is shown in Figure 7, and it should be self-explanatory. Consistent with our 

geometrical construction of keff  for the biharmonic potential, we adopt the slope for the 

line passing through the LJ force curve at its equilibrium and its maximum as the 

effective spring constant. We have defined the spring constant with a L-J subscript for 

sake of clarity. It is a big jump of faith to apply this simple construction to a continuous 

potential, but the prediction is quite sensible. In Figure 6, we note that it predicts an 

instability speed of ~0.42, not much different from speed of 0.36 observed in computer 

simulations.8  

For a simple harmonic solid, the instability speed is 0.73. For a nonharmonic solid, the 

instability speed is 0.73 √ keff / k1 .  

Discussion 

Recent atomistic fracture simulations of a harmonic solid have shown remarkable 

agreement between the virial hoop stress of statistical mechanics and the asymptotic 

solution of continuum mechanics.9 In that study, the atomic crack was constrained to 

propagate along a straight path so that such a comparison could be made for crack 

speeds beyond the instability speed. The main result of that study was that the hoop 
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stress near a crack tip using continuum theory is reproduced well in the atomistic 

simulations. Most important, the Yoffe prediction that the hoop stress field becomes 

bimodal above 73 percent of the Rayleigh speed is found in MD simulation results as 

well. This is shown in Figure 8.  

In Figure 4, we note that the instability speed for the strictly harmonic solid (� =1) is 

equal to 73 percent of the Rayleigh speed, in agreement with simulation and the Yoffe 

prediction. We conclude that Yoffe’s picture of the dynamic instability in brittle fracture 

is valid. It is only necessary to replace the elastic modulus for small deformation with an 

effective elastic modulus described in this study, giving successful predictions for the 

onset speed of the crack instability for nonlinear materials. The challenge is to 

demonstrate this conclusion by a mathematical analysis based on a piecewise linear 

elasticity analysis. Finally, our finding suggests that any theory that is based strictly on 

the local elastic properties in the neighbourhood of the crack tip would be incomplete. 
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Figure Captions 

Figure 1. (a) The biharmonic potential is composed of two spring constants, one 

associated with small deformations (k1, onrr ≤ .) and the other associated with large 

deformations (k2, ).  (b) The two-dimensional simulation geometry is shown, the 

slab size being given by ,  and the crack extension by a . (c) The crack initially 

propagates in a triangular hexagonal lattice with nearest neighbour distance 

onrr >

xl yl

6
1

20 =r  

along a cleavage plane with lowest surface fracture energy (denoted by dotted line).  

Figure 2. A comparison of crack speed histories is shown for the biharmonic solid with 

different k2/k1 and a particular transition distance  = 1.136 expressed as �onr 0 = ( /ronr 0) – 

1 = 0.012. The dynamic crack instabilities for the various �  = k2/k1 are indicated by the 

arrows.  

Figure 3. A picture of a crack is shown at a significant time beyond the onset of the 

instability.   

Figure 4. A log-log plot of the instability speed as a function of �  = k2/k1 is presented 

for various �0 = ( /ronr 0)– 1. 

Figure 5. The effective harmonic spring constant keff is defined graphically for the 

biharmonic potential. 

Figure 6. The instability speed is presented as a function of �eff = keff/k1. 

Figure 7. The construction of �eff = keff/k1 is shown. 
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Figure 8. Recent atomistic fracture simulations of a harmonic solid have shown 

remarkable agreement between the virial hoop stress of statistical mechanics (dots) and 

the asymptotic solution of continuum mechanics (blue lines). 

 

 

 

 

 

 

 

 

 7



8 

  

 8



9 

 

 9



10 

 10



11 

 11



12 

 12



13 

 13



14 

 14



15 

 

 15




